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ABSTRACT

The dissertation studies identification and inference problems in econometric models. In the

first chapter, I present a new identification result for partial effects of group-level variables

when economic agents select into groups. The econometric model allows for selection on

individual unobserved heterogeneity, which generally causes endogeneity of group-level vari-

ables. I use individual-level variables that have sufficient correlation with the unobserved

heterogeneity to develop a control function method. The second chapter studies statistical

inference in a class of M -estimation problems in which the standard nonparametric boot-

strap fails due to non-smoothness in the objective function. I propose a way to “reshape”

the objective function to restore bootstrap consistency. In the third chapter, I present a

novel distributional theory for a class of pairwise smoothed estimators, which highlights

non-robustness of conventional inference methods with respect to choice of tuning parame-

ters.
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CHAPTER I

Introduction

This dissertation studies two important areas in econometrics analysis, identification

and inference. The first topic, identifiability of model parameters, is particularly important

in Economics, where researchers often face data issues such as sample selection, unobserved

key variables, and missing data. Absent of these data issues, connections between observable

quantities and parameters of interest are often transparent. Yet, data issues make the con-

nection opaque, and in some cases, parameters of interest are not even uniquely determined

from the observed information.

Chapter II examines identification of partial effects of group-level variables when eco-

nomic agents select into groups. In such circumstance, a complication arises because agents

potentially base their group selection on group-level variables of interest, which creates a

well-known endogeneity issue due to sample selection.

The other two chapters study the issue of statistical inference. They focus on issues of

“robust” inference, broadly defined. Specifically, by robustness, I refer to the property that

inference procedures remain valid under different smoothness in underlying data generating

processes or different choices of tuning parameters.

Chapter III studies bootstrap distributional approximation of a class of cube root con-

vergent estimators. I show that the standard nonparametric bootstrap fails for this class of

estimators due to inability to capture the Hessian matrix. The chapter proposes reshaping

of the objective function to restore bootstrap consistency.

Chapter IV develops novel distributional results for a class of smoothed pairwise differ-

ence estimators. I show that pairwise difference estimators have a range of limit distributions

depending on tuning parameters. An important implication of this new distributional ap-

proximation is that a deviation from stringent bandwidth conditions renders conventional

inference procedures invalid.

1



CHAPTER II

Identification and Estimation of Group-Level Partial

Effects

II.1 Introduction

Policy makers often design interventions to influence individual outcomes through group-

level variables. For instance, a government may relocate disadvantaged children to higher

quality schools to improve their academic performance. Given their potential impact, many

studies in economics have sought to evaluate group-level policy interventions (see Durlauf,

2004; Durlauf and Ioannides, 2010; Graham, 2018, and references therein). Nevertheless,

estimation of group-level treatment effects is challenging. The problem is that individu-

als select into groups in part based on their unobserved characteristics, and this sorting

causes systematic dependence among group-level variables and those individual character-

istics. Therefore, comparing outcomes across groups without accounting for differences in

unobserved heterogeneity is subject to selection bias.

This paper presents a novel identification result for group-level partial effects using

observable variables that “shift” the distribution of unobserved individual heterogeneity.

Informally, a random vector W is a “shifter” for another (unobservable) random vector Θ if

the conditional distribution of Θ, given W = w, varies sufficiently with w. A key insight of

this paper is that controlling for group-level distributions of observable shifters accounts for

variation in unobserved individual heterogeneity. Thus, if there remains enough variation in

group-level variables conditional on the control variables, group-level causal effects become

identifiable.

For simplicity, suppose that unobserved individual heterogeneity Θ takes two values,

“high” and “low,” denoted by θH and θL. Then, an observable W is a shifter for Θ if

Pr(Θ = θH |W = w) is a non-constant function of w, or equivalently, if there exist w1, w2

such that the 2 × 2 matrix Π = [Pr(Θ = θl|W = wk)]k=1,2;l=H,L is non-singular. The

availability of a shifter is useful because a group-level distribution of W can be written as

2



a linear transformation of the distribution of Θ within the same group, where the matrix of

this linear transformation is Π. Since Π is non-singular, there exists a one-to-one mapping

between group-level distributions of the unobserved variable Θ and the observable shifter

W . Therefore, we can use an observable shifter to control for across-group variation in

unobserved heterogeneity distributions.

To fix ideas, consider a setting where students choose schools. Academically moti-

vated students may prefer high quality schools, and when they sort into schools based on

this preference, there will be a positive correlation between school-level teacher quality and

the proportion of highly motivated students within the school. Here, student’s motivation

corresponds to unobserved individual heterogeneity and school-level teacher quality is the

group-level variable of interest. A possible shifter for academic motivation is educational

attainment of a child’s mother. It seems reasonable to assume that the higher is a mother’s

educational attainment, the more motivated her child tends to be.

Now suppose that student’s motivation takes two values, high and low. Then, mother’s

education serves as a shifter if a child of a college graduate mother has a larger probability of

being highly motivated than a student whose mother has only a high school diploma. Pro-

vided that mother’s education is a valid shifter, there exists a one-to-one mapping between a

school-level fraction of college graduate mothers and the distribution of student types within

the school, which enables us to control for across-school variation in student’s motivation. If

school-wide teacher quality has independent variation from the school-level distribution of

mother’s education, then ceteris paribus effects of teacher quality are identifiable. Note that

mother’s education is not an instrumental variable (IV): a valid IV would be independent of

student’s motivation and be related to teacher quality.

To provide further intuition on the above argument, I describe it with simple equations.

Denote an outcome of interest by Yis (e.g., test score), where i and s index agent and group,

respectively, group-level covariates of interest by Xs (e.g., school-wide teacher quality), an

observable shifter by Wi (e.g., mother’s education), and unobserved individual heterogeneity

by Θi (e.g., academic motivation). Like the above discussion, assume Θi takes two values,

θH and θL (e.g., high and low motivation). Also, let Ji be individual i’s group choice. Here,

the interest lies in the causal effect of teacher quality on test scores. The regression equation

turns out to be

YiJi = α +X ′Jiβ +W ′
iγ + δ Pr(Θi = θH |XJi , Ji) + εiJi , E[εis|Xs,Wi, Ji = s] = 0 (II.1)

where subscript Ji is present because a researcher only observes the outcome for the group

individuals selected in the data. Since Pr(Θi = θH |Xs, Ji = s) cannot be estimated, its

3



dependence on Xs hinders the identification of β. In the school example, Pr(Θi = θH |Xs, Ji =

s) corresponds to the fraction of highly motivated students in a school with teacher quality

Xs. In this framework, the inability to control for a fraction of high motivation types

confounds naive estimates of teacher-quality effects.

As noted above, the observable shifter condition implies that there exists a linear map

from the distribution of the observable shifter to the unobserved heterogeneity distribution,

i.e., Pr(Θi = θH |Xs, Ji = s) =
∑2

l=1 dl Pr(Wi = wl|Xs, Ji = s) for some d1, d2 ∈ R. Then,

(II.1) becomes

YiJi = α +X ′Jiβ +W ′
iγ +

2∑
l=1

δdl Pr(Wi = wl|XJi , Ji) + εiJi

where the error term εiJi is uncorrelated with all the other right-hand side variables. Since

[Pr(Wi = wl|Xs, Ji = s)]l=1,2 is identifiable from the data (e.g., school-level fractions of

college graduate and high school graduate mothers), β becomes identifiable.

I generalize the argument based on the two-point supported distribution of Θ to one

with a general distribution. To formalize the idea of shifter, I use the notion of statistical

completeness, which has been applied in a wide range of nonparametric identification prob-

lems. I argue that the availability of a shifter is a reasonable assumption, especially when a

researcher observes a rich array of individual-level characteristics.

When completeness is used for identification, estimation often faces ill-posed inverse

problems, which may lead to poor finite-sample properties of estimators. The estimator in

this paper circumvents this problem by applying the completeness assumption to estimation

of a nuisance parameter of the model. By additive separability of the nuisance function from

the parameter of interest, the estimator for group-level partial effects converges at a rate of

the square root of the sample size as happens in partially linear regression models.

For implementation, a researcher first picks a set of basis functions and computes the

group-means of the observable shifters transformed by those basis functions. She then runs a

linear regression of the outcome on the group-level covariates, individual-level regressors, and

the group-means computed in the first step. I show that this procedure leads to a consistent

and asymptotically normal estimator, and I provide a consistent variance estimator. Monte

Carlo experiments demonstrate that the proposed estimator has low mean squared errors and

that the associated confidence intervals have high coverage accuracy in samples of moderate

size.

I apply this method to the problem of studying the effects of school/neighborhood char-

acteristics on years of post-secondary education and adulthood wages. I build on the analysis

of Altonji and Mansfield (2018), who also use a control function approach. This paper shows

4



that the estimation equation arising from my identification result encompasses that of Al-

tonji and Mansfield. Thus, my estimator is more robust to possible mis-specifications. I find

that the two estimators produce very similar estimates, which supports the results in Altonji

and Mansfield.

This paper employs assumptions distinct from those of existing identification strategies.

In particular, I do not require natural/quasi experimental variation as often used in IV

methods. Instead, I use the observable shifter condition, which can hold in many applications

of interest. Thus, I provide an alternative approach to identifying group-level treatment

effects. In addition, my identification result has wide applicability since the argument based

on the shifter condition extends to non-linear and nonseparable models in a straightforward

manner. From a theoretical perspective, this paper achieves new identification results using

unexploited yet empirically relevant features in triangular models, such as group structures.

Lastly, this paper applies statistical completeness in a novel way to develop a control function

approach. To elaborate on these contributions, I now review the related literature.

II.1.1 Related Literature

This paper contributes to the large empirical literature that examines causal effects of neigh-

borhood, school, and, more generally, group-level characteristics.1 A non-trivial challenge

in this literature is how to control for endogeneity arising from agents selecting into groups

(Durlauf, 2004; Graham, 2018). Many studies exploit exogenous variation in group selection

via instrumental variables (e.g., Angrist, Pathak and Walters, 2013; Kling, Liebman and

Katz, 2007; Ludwig, Duncan and Hirschfield, 2001; Oreopoulos, 2003), some studies use de-

tailed data on individual choice behavior to control for selection bias (e.g., Abdulkadiroğlu,

Pathak, Schellenberg and Walters, 2017; Dale and Krueger, 2002), and other studies use

aggregation to mitigate influence of selection (e.g., Card and Rothstein, 2007). In contrast,

I take a control function approach that complements the existing methods by exploiting a

novel, yet empirically relevant identifying condition.

This paper is most closely related to recent work by Altonji and Mansfield (2018), who

also employ a control function method. They show that group-means of individual covari-

ates play the role of control functions in their model. In contrast, I use group-means of

transformations of individual covariates as control functions, where these transformations

are basis functions (e.g., polynomials and splines). Whereas Altonji and Mansfield exploit

1A partial list includes Aaronson (1998); Abdulkadiroğlu, Pathak and Walters (2018); Altonji, Elder and
Taber (2005); Angrist and Lang (2004); Chetty and Hendren (2018); Chetty, Hendren and Katz (2016);
Dobbie and Fryer (2011); Gould, Lavy and Paserman (2004); Hanushek, Kain and Rivkin (2009); Hoxby
(2000). Also, Chetverikov, Larsen and Palmer (2016) study effects of group-level endogenous variables. They
do not consider endogeneity from selection and focus on other issues.
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specific functional forms in their model to justify their control function method, I use re-

strictions on the conditional distribution of individual-level unobserved heterogeneity given

observables to construct a control function. An advantage of my approach is that the identi-

fication argument extends to non-linear, nonseparable models in a relatively straightforward

manner and thus my results apply to a wide class of models. In addition, the estimation

equation arising from my identification result encompasses that of Altonji and Mansfield. In

fact, when certain regression functions in the model are linear, the two approaches produce

effectively the same identification result.

Another strand of the related literature is the one on control function methods, which

is also connected to triangular models. A general triangular system takes the form

Y = m(X, ε)

X = h(Z, η)

where Y is the outcome of interest, X is potentially endogenous, and Z is an instrument

independent of the unobserved heterogeneity (ε, η). In his seminal work, Heckman (1974,

1979) develops a control function approach where X is a binary variable, using additive sep-

arability and joint normality of (ε, η). Subsequent papers (e.g., Dahl, 2002; Das, Newey and

Vella, 2003; Dubin and McFadden, 1984; Lee, 1983) extend the model in different directions.

Examples include allowing for multinomial X and weakening parametric distributional as-

sumptions. Also, Newey, Powell and Vella (1999) develop a control function method for

nonparametric triangular systems and Blundell and Powell (2004) use a control function

to identify average partial effects in semiparametric limited dependent variable models. Re-

cently, Chesher (2003) and Imbens and Newey (2009) exploit strict monotonicity of functions

in unobserved heterogeneity to construct a control variate to identify the ceteris paribus ef-

fect of X on Y (see also Matzkin, 2016, and references therein). I consider a version of the

triangular model that exploits availability of multiple measurements of groups as well as an

observable shifter to construct a control function. In contrast, the earlier literature seems to

have largely focused on monotonicity restrictions and distributional assumptions on unob-

served heterogeneity as identifying conditions. The use of empirically relevant features such

as multiple measurements of groups offers a new approach to achieving identification in this

class of models.

In addition, this paper is related to the growing literature on nonparametric identifi-

cation using statistical completeness. Since the seminal work of Newey and Powell (2003),

completeness has been applied to a wide range of econometric identification problems. Exam-

ples include nonparametric IV (e.g., Chernozhukov and Hansen, 2005; Darolles, Fan, Florens
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and Renault, 2011; Hall and Horowitz, 2005; Newey and Powell, 2003), errors-in-variables

models (Hu and Schennach, 2008), nonparametric discrete choice models with unobserved

product characteristics (Berry and Haile, 2014), and nonseparable (dynamic) panel data

models (e.g., Arellano, Blundell and Bonhomme, 2017; Cunha, Heckman and Schennach,

2010; Freyberger, 2018; Sasaki, 2015). See also the survey article Hu (2017) and references

therein. My paper applies the completeness assumption in a novel way to construct a control

function.

This paper shares with the literature on network formation the feature that agents form

groups endogenously within models (e.g., Blume, Brock, Durlauf and Jayaraman, 2015;

de Paula, 2017; Graham, 2017, and see references therein). However, I consider a different

group selection mechanism from those in the network literature. In particular, in my analysis,

the utility function for group selection does not depend on other individuals’ group choices

and their characteristics. Therefore, my model excludes certain selection patterns that are

possible under network formation models. Nonetheless, the model still covers many empirical

settings of interest.

The remainder of the paper is organized as follows. Section II.2 describes the economet-

ric model and provides a heuristic discussion of the identification strategy. In Section II.3, I

formalize the identification idea. In Section II.4, I propose a simple estimator of group-level

partial effects and study its asymptotic properties. Section II.5 discusses the empirical ap-

plication and Monte Carlo experiments to examine finite-sample accuracy of the proposed

estimator. Section II.6 introduces two extensions of the model described in Section II.2.

Details of the proofs can be found in Appendix A.1.

II.2 Setup and Overview of Results

In this section, I describe the econometric model. A researcher observes “cities,” indexed by

g = 1, . . . , G. Within each city, there exist groups and agents, indexed by s ∈ S ≡ {1, . . . , S}
and i = 1, 2, . . . , N , respectively. The outcome of interest, denoted by Yisg, takes the form

Yisg = β′Xsg + γ′Wig + χsg + ωig + εisg, E[εisg|Xsg,Wig, χsg, ωig] = 0 (II.2)

where {Xsg : s ∈ S} and Wig are observable variables for groups and individuals, respec-

tively, {χsg : s ∈ S} and ωig denote unobservable characteristics for groups and individuals,

respectively, and {εisg : s ∈ S} represents unobserved idiosyncratic terms. The focus of

this paper is on group-level causal effects, captured by β in (II.2). To identify this param-

eter, I require variation in group-level variables. The presence of cities provides multiple
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measurements, or independent copies, of groups and agents, which enables identifying the

distribution of group-level covariates and within-group distributions of individual variables.

Below, I omit city index g to reduce notational burden when appropriate.

To ground the discussion on concrete terms, consider the following examples.

Example 1 (Residential Segregation and Youth Outcomes). Graham (2018) surveys issues

of residential segregation and its consequence on youth outcomes. In one example, the out-

come Yis measures adulthood wage, Wi denotes the indicator of a resident being a minority,

and Xs represents the proportion of minorities in one’s neighborhood. Here a neighbor-

hood corresponds to a group. Unobservables that enter into the equation include resident’s

innate cognitive ability (ωi) and distance from the city center to one’s neighborhood (χs).

The parameter of interest is β, which measures how the proportion of minorities in one’s

neighborhood affects an outcome of interest. �

Example 2 (Effects of School District/Neighborhood on Student Performance). Altonji

and Mansfield (2018) examine effects of school district/neighborhood on various student

outcomes. In one of their empirical specifications, Yis is years of post-secondary education,

Xs includes teacher-student ratio and distance to four-year college, Wi contains student’s

scores on standardized tests and parents’ years of education, ωi includes how much parents

value child’s academic learning, and χs represents unobserved characteristics of school. Here,

a school district/neighborhood represents a group. �

Example 3 (Effects of Hospital Ownership on Quality of Care). Sloan, Picone, Taylor and

Chou (2001) study whether private, for-profit hospitals have lower quality of care. Since

different types of patients may select into for-profit hospitals compared to public ones, selec-

tion bias is of potential concern. Here, a hospital corresponds to a group, the outcome Yis is

patient’s condition after hospitalization, Xs includes the indicator of whether the hospital is

private and for-profit, and Wi includes measures of health conditions before hospitalization.

�

In these examples, a researcher observes the outcome variable only for the group an

individual selects into. To be precise, let Jig ∈ S be the group membership of agent i. Then,

we only observe Yig :=
∑

s∈S Yisg1{Jig = s}. I model the group membership determination

as following.

Jig = J(Θig, A1g, . . . , ASg, ηi1g, . . . , ηiSg) (II.3)

where J(·) is an unknown function belonging to a nonparametric class, Θig is individual

heterogeneity affecting the selection, {Asg : s ∈ S} are characteristics of groups affecting

agents’ group choice, and {ηisg : s ∈ S} are idiosyncratic terms. One example of the selection
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equation J(·) that fits into this framework is the widely used random utility discrete choice

model. In that setting, J(Θi, A1, . . . , AS, ηi1, . . . , ηiS) = arg maxs∈S Vi(s) and Vi(s) = Θ′iAs+

ηis, where Vi(s) represents agent i’s utility choosing the group s, and the utility is specified

as the group-level features As weighted by the taste coefficient Θi plus the idiosyncratic term

ηis. Random coefficient specification allows for heterogeneous tastes for group characteristics

and accommodates complicated selection patterns.

A key restriction on the selection function J(·) is that, loosely speaking, if a researcher

were to observe all the variables, she could compare groups with different Xs holding within-

group distributions of Θi constant. That is, there must exist separate variation in Xs from

within-group distributions of individual characteristics. This condition holds, for instance,

in the random utility discrete choice model satisfying the following: given x1, x2 ∈ supp(Xs),

there exist ak ∈ supp({As : s ∈ S}|Xs = xk), k = 1, 2 satisfying a1
s − a1

s′ = a2
s − a2

s′ for all

pairs of (s, s′) ∈ S2. Alternative conditions are possible, and I formalize this assumption

as non-singularity of some conditional variance in Section II.3. Also, I accommodate the

possibility that any or all of (Θi, {ηis, As : s ∈ S}) in the selection equation is not observed,

and instead I impose that the observable Wi has non-trivial relationship with the preference

heterogeneity Θi.

An important feature of the selection equation (II.3) is that it does not depend on choices

and characteristics of other individuals, which excludes the types of models considered in

network formation literature. Yet, this does not exclude equilibrium effects. For instance, Xs

can include features of the distribution of individual characteristics within group s, which can

be empirically important since the coefficients on such variables may represent “peer effects,”

e.g., the effect of school-level minority fraction on student performance. As I will outline

below, the control function method I propose uses group-level averages of (transformed)

variables Wi. If Xs includes some features of the within-group distribution of a subvector

of Wi (e.g., mean), the subvector needs to be excluded from the construction of the control

functions.

Given the outcome and selection equations, I now state the following sampling assump-

tions to complete the model description.2

(Xg,χg,Ag)
iid∼ F, (Wig, ωig,Θig, εig,ηig)

iid∼ H (II.4)

(Wig, ωig,Θig, εig,ηig) ⊥⊥ (Xg,χg,Ag) (II.5)

(Wig, ωig, εig) ⊥⊥ ηig|Θig (II.6)

2These conditions are slightly stronger than those in Section II.3. I maintain them here for ease of
exposition.
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where Xg = {Xsg : s ∈ S}, χg = {χsg : s ∈ S}, Ag = {Asg : s ∈ S}, εig = {εisg : s ∈ S},
ηig = {ηisg : s ∈ S}, and F and H are distribution functions. Restriction (II.4) states

that the group-level features are i.i.d. copies across cities and individual-level variables are

a random draw across individuals and cities.

Condition (II.5) requires independence between individual variables and group-level

variables. One way to rationalize this independence assumption is that “nature” first draws

group-level characteristics, then subsequently samples individual characteristics whose dis-

tributions are independent of group-level variables, and finally individuals select into groups.

In Example 1, this scenario means that first neighborhoods are formed, then individuals are

drawn from the distribution that does not depend on neighborhood characteristics, and af-

ter the realizations of group- and individual-level variables, agents make decisions on which

neighborhood to live in. This assumption seems reasonable under static frameworks.

Condition (II.6) states that the idiosyncratic term in the choice equation is independent

of other individual-level variables conditional on the taste variable Θi. Independence is a

strong assumption, but such restriction has been commonly used in the literature of discrete

choice models (e.g., Briesch, Chintagunta and Matzkin, 2010). Also, here the independence

only needs to hold conditioning on the taste heterogeneity.

II.2.1 Identification Problem

In this subsection, I describe a challenge in identifying the group-level effect β. Specifically,

there are two sources of endogeneity, omitted variable bias and selection bias. The former oc-

curs from unobservability of group-level characteristics χs and potential correlation between

Xs and χs. Although this issue is practically relevant, it is well understood in the literature

and this paper has little new insight to offer on this problem. Instead, I focus on selection

bias and assume that there is no correlation between Xs and χs except in Section II.6.1. In

particular, I impose E[χs|Wi, Xs, Ji = s] = 0 for all s in this section.

For selection bias, the problem arises because the distribution of ωi, the unobservable in

the outcome equation (II.2), varies across groups and this variation is systematically related

to Xs. In the school example, the unobservable ωi represents student’s motivation, and

school characteristics affecting selection As contain the school-level teacher quality variable

Xs. If highly motivated students prefer high quality educational programs, students with

high ωi are then more likely to be in schools with higher Xs. This sorting pattern will cause

bias on the coefficient on Xs.

I now formalize selection bias in the model. Recall that we only observe the outcome

for one group, i.e., Yi =
∑

s∈S 1{Ji = s}Yis, and computing the regression function given
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observable variables yields

E[Yi|Ji = s,Xs,Wi] = E[Yis|Ji = s,Xs,Wi] = β′Xs + γ′Wi + E[ωi|Ji = s,Xs,Wi].

Identifiability of β depends on whether the conditional expectation E[ωi|Ji = s,Xs,Wi]

is constant in Xs. This model implication is closely related to the characterization of

selection bias in Heckman (1976). He formulates that E[Y |Z, {selection rule}] = Z ′β +

E[ε|Z, {selection rule}], where Z is a vector of covariates and ε is an error term. In my model

{Ji = s} corresponds to the “selection rule.” Heckman points out that many econometric

models have this characterization and that agents’ self-selection prevents identification of β

when the term E[ε|Z, {selection rule}] is non-constant.

To gain some intuition on how the selection rule operates in my model, take As = Xs

and Ji = arg maxs∈S{Θ′iXs} (i.e., I set ηis = 0 for all i and s). Then, conditioning on

{Ji = s} and X implies Θi ∈ Rs(X) where Rs(X) = {Θ : (Xs −Xs′)
′Θ > 0 for all s′ 6= s}

is a region formed by intersections of half planes. See Figure II.1 for a simple illustration.

Then, for the conditional expectation E[ωi|Ji = s,Xs,Wi],

E[ωi|Ji = s,Xs,Wi] = E[E[ωi|Ji = s,X,Wi]|Ji = s,Xs,Wi]

= E[E[ωi|Θi ∈ Rs(X),Wi]|Ji = s,Xs,Wi] (II.7)

where the second equality follows from (ωi,Θi,Wi) ⊥⊥ X. Now, to see implications of the

last display, suppose E[ωi|Θi,Wi] = E[ωi|Wi]. Then (II.7) implies E[ωi|Ji = s,Xs,Wi] =

E[ωi|Wi] and therefore no selection bias occurs. This result resembles the one in Heckman

(1976): if unobserved terms in outcome and selection equations (ωi and Θi in this model) are

independent, there is no endogeneity due to selection. On the other hand, if the conditional

mean of ωi given Θi = θ and Wi non-trivially changes with θ, then the term E[ωi|Ji =

s,Xs,Wi] varies with Xs since the shape of Rs(X) changes with Xs. The dependence of

E[ωi|Ji = s,Xs,Wi] on Xs results in non-identification of β.

Note that the above argument continues to hold even if we deviate from the simplifying

assumption As = Xs, provided that As is related to Xs, which is likely the case. For example,

Xs measures school-level teacher quality, and students are likely to use it or its proxy as a

basis of their school choice decision. Also, the conditional mean independence of ωi given Θi

is likely to fail in applications if ωi contains unobserved heterogeneity that affects people’s

preference for group characteristics Θi, e.g., if student’s motivation affects preference for

school quality.

Example 1 (Continued). Graham (2018) discusses potential sources of endogeneity that
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hinder identification of causal effects of neighborhood segregation of minorities. Among the

conditions he discusses, the no sorting on (individual) unobservables condition is relevant to

my paper. Roughly speaking, this condition requires that individuals with the same observed

covariates are similar across neighborhoods. It excludes, for example, racial minorities living

in one neighborhood differ substantially in their cognitive skills from minorities in another

neighborhood.

To formalize the “no sorting” condition, redefine γ and ωi in (II.2) by projecting ωi onto

Wi to have Cov(Wi, ωi) = 0. This is little loss of generality since γ is a nuisance parameter.

Then, the no sorting condition can be represented as

E[ωi|Wi, Ji] = E[ωi|Wi],

where for Graham Wi is the indicator of whether the person is minority. This equation

imposes no systematic difference in the average of unobserved individual heterogeneity

across neighborhoods. In my model, this condition corresponds to E[ωi|Θi,Wi] = E[ωi|Wi]

(i.e., no selection bias condition in the above). To see this point, note E[ωi|Wi, Ji] =∫
E[ωi|Wi, Ji,A,Θ]fΘA|W,J =

∫
E[ωi|Wi,Θ]fΘA|W,J , where I use (II.5) and (II.6). If ωi and

Θi are conditionally mean independent given Wi, the integral integrates to one, which im-

plies E[ωi|Wi, Ji] is independent of Ji. Therefore, no selection bias in my model translates

to the no sorting condition in Graham’s paper. Whereas Graham explores scenarios under

which this no sorting condition is plausible, I allow for failure of this condition and instead

use observable shifter variables to construct control functions. �

II.2.2 Heuristic Discussion of Identification Result

The previous subsection indicated the source of selection bias. Here, I discuss this paper’s

approach for identification emphasizing main ideas rather than technical details. For sim-

plicity, assume finite support of Θi, i.e., supp(Θi) = {θt : 1 ≤ t ≤ T}. We can view this

discrete-valued heterogeneity Θi as agents’ type and these types differ in preferences for

group attributes As.

I can rewrite the outcome equation by decomposing ωi into its mean within group Ji

and the deviation.

Yi = β′Xi+γ
′Wi+E[ωi|Ji,A]+εi, εi = εiJi , εis = ωi−E[ωi|Ji = s,A]+χs+εis (II.8)

where I write Xi ≡ XJi , εi ≡ εiJi to avoid double subscripts, and E[ωi|Ji = s,A] represents

the expectation of ωi given that the individual selected group s and the underlying group
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features are A. Conditioning on A is necessary because an agent observes and takes as

given the group features A when making group choice.3 In the above decomposition, Xi is

uncorrelated with εi, and therefore, endogeneity is present if and only if Xs has non-zero

correlation with the within-group mean E[ωi|Ji = s,A]. For this conditional expectation,

we have

E[ωi|Ji = s,A] =
T∑
t=1

E[ωi|Ji = s,A,Θi = θt] Pr(Θi = θt|Ji = s,A)

=
T∑
t=1

E[ωi|A,Θi = θt] Pr(Θi = θt|Ji = s,A)

=
T∑
t=1

E[ωi|Θi = θt] Pr(Θi = θt|Ji = s,A). (II.9)

where the second equality follows from Ji = J(Θi,A,ηi) and independence ωi ⊥⊥ ηi|Θi, and

the third equality uses A ⊥⊥ (Θi, ωi).

The last equation indicates that across-group variation in E[ωi|Ji = s,A] comes from

variation in Pr(Θi = θ|Ji = s,A). The key insight of this paper is that Pr(Θi = θ|Ji = s,A)

can be expressed as a linear function of the conditional distribution of the observable shifter

Wi given (Ji,A), and therefore, accounting for across-group variation in observable shifter

distributions solves the endogeneity problem of Xs.

To sketch the identification argument, I assume finite support of Wi, i.e., supp(Wi) =

{wl : 1 ≤ l ≤ L}. This is without loss of generality since I can always create a discrete

random variable from continuous one by binning. In the case of discretely distributed Θi,

Wi is a shifter for Θi if the matrix

Π =


Pr(Θi = θ1|Wi = w1) . . . Pr(Θi = θT |Wi = w1)

. . .

Pr(Θi = θ1|Wi = wL) . . . Pr(Θi = θT |Wi = wL)


is of full column rank. This condition formalizes the idea that the conditional distribution

of Θi given Wi = w exhibits enough variation in w. Also it requires that the cardinality of

supp(Wi) is larger than that of supp(Θi) since full column rank fails if L < T . This full

rank condition may be reasonable when a researcher observes a rich array of individual-level

3Another way to see this point is that A is invariant across individuals given Ji = s. The sample group
mean is average over i, i.e.,

∑N
i=1 1{J(Θi,A,ηi) = s}ωi/

∑N
i=1 1{J(Θi,A,ηi) = s} and A is independent

of i. Then, the sample group means converges in probability to the expecatation conditional on A. This
calculation is akin to computing probability limits of sample means over long time horizon in panel data
models. Given a variable Xit and fixed effects αi, T

−1∑T
t=1Xit →P E[Xit|αi] under suitable conditions.
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variables that are related to individual taste for group-level attributes. In the neighborhood

example, variables such as education level, health status, type of occupation, and ethnicity

are likely to have non-trivial relationships with individual taste for various neighborhood

characteristics.

Doing similar calculations to those for (II.9) and by Bayes’ rule,

Pr(Wi = w|Ji,A) =
T∑
t=1

Pr(Wi = w|Θi = θt) Pr(Θi = θt|Ji,A)

=
T∑
t=1

Pr(Θi = θt|Wi = w) Pr(Wi = w)
Pr(Θi = θt|Ji,A)

Pr(Θi = θt)

and dividing the both sides by Pr(Wi = w),

Pr(Wi = w|Ji,A)

Pr(Wi = w)
=

T∑
t=1

Pr(Θi = θt|Wi = w)
Pr(Θi = θt|Ji,A)

Pr(Θi = θt)

We can write this equation in matrix form

πw = Ππθ (II.10)

where πw = [Pr(Wi = wl|Ji,A)/Pr(Wi = wl)]
L
l=1 and πθ = [Pr(Θi = θt|Ji,A)/Pr(Θi =

θt)]
T
t=1. Since Π is of full column rank by the observable shifter assumption, we have πθ =

Gπw where G = (Π′Π)−1Π′, and the t-th element of this linear equation looks like

Pr(Θi = θt|Ji,A) = Pr(Θi = θt)
L∑
l=1

Gtl
Pr(Wi = wl|Ji,A)

Pr(Wi = wl)
≡

L∑
l=1

dtl Pr(Wi = wl|Ji,A)

whereGtl is the (t, l)th element of G and dtl is a constant independent of (Ji,A). Substituting

this last result into (II.9), we obtain

E[ωi|Ji,A] =
T∑
t=1

E[ωi|Θi = θt]
L∑
l=1

dtl Pr(Wi = wl|Ji,A)

=
L∑
l=1

δl Pr(Wi = wl|Ji,A), δl =
T∑
t=1

dtlE[ωi|Θi = θt]
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and finally the outcome equation becomes

Yi = β′Xi + γ′Wi +
L∑
l=1

δl Pr(Wi = wl|Ji,A) + εi

where Pr(Wi = wl|Ji,A) is identifiable from the data and Cov(Xi, εi) = 0. Therefore,

the vector [Pr(Wi = wl|Ji,A)]Ll=1 plays the role of a control function to account for the

endogeneity of Xs with respect to unobserved individual heterogeneity ωi.

II.3 Identification Result

In this section, I formalize the heuristics described in the preceding section. For that purpose,

I impose the following conditions on the model. Below, let Lp(µ) be the class of functions

whose pth power is integrable with respect to µ. For a random object V , I write FV for its

distribution function.

Assumption 1. Let Bg ≡ (Xg,χg,Ag).

1. Bg is a random draw across g. Conditional on Bg, (Wig,Θig, ωig, εig,ηig) is i.i.d. across

i, and (Wig,Θig, ωig, εig,ηig) is independent across g.

2. (Wig, ωig,Θig) ⊥⊥ Bg and ηig ⊥⊥ (Wig, ωig)|Θig,Bg.

Assumption 2. The distribution of B is dominated by some measure. The random vectors

(Wi,Θi) have a joint density with respect to the product measure of some σ-finite measures

µ and λ. The densities fΘ|W , fΘ, fW are bounded.

Assumption 3. The following mapping Ψ defined on L2(FΘ) is injective;

(Ψh)(w) =

∫
h(θ)fΘ|W (θ|w)dλ(θ).

Also, {fΘ|J,B(θ|s,b)/fΘ(θ) : s ∈ S,b ∈ supp(B)} ⊂ L2(FΘ).

From this assumption, Theorem 15.16 in Kress (2014) implies that there exist {τj ≥ 0 :

j ∈ N} and an orthonormal basis {φj : j ∈ N} on L2(FΘ) such that τ 2
j φj = Ψ∗Ψφj where

Ψ∗ is the adjoint operator of Ψ. Assume τj is ordered such that τj ≥ τj+1 for all j ≥ 1.
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Assumption 4. With {(τj, φj) : j ∈ N} defined above,

fΘ|J,B(·|s,b)/fΘ(·) ∈F1 =
{
f ∈ L2(FΘ) :

M∑
j=1

∣∣〈f, φj〉Θ∣∣ <∞} for all s ∈ S,b ∈ supp(B)

E[ωi|Θi = ·] ∈F2 =
{
f ∈ L2(FΘ) :

M∑
j=1

τ−1
j

∣∣〈f, φj〉Θ∣∣ <∞},
where M = sup{j : τj > 0} and 〈f, g〉Θ =

∫
fgdFΘ. M can be positive infinity.

Assumption 1 describes the sampling. Part 1 formalizes the idea that the distribution of

group-level variables and the within-group distribution of individual observables are identifi-

able from the data. Part 2 restates conditions (II.5) and (II.6) in a weaker form. Assumption

2 imposes mild restrictions on the distribution of (Θi,Wi,B).

Assumption 3 is a generalization of the full column rank condition used in the previous

section. It ensures that the integral equation, which is the infinite-dimensional analogue of

(II.10), is “invertible” in a suitable sense. This injectivity condition, usually referred to as

L2-completeness, is a high-level assumption but has been widely used in the recent econo-

metric literature on nonparametric identification (see Section II.1.1). Intuitively, injectivity

requires the density of fΘ|W (·|w) to sufficiently vary in the conditioning value w. One ex-

ample of (Θ,W ) satisfying completeness is Θ = ΓW + ν where ν given W is distributed as

Normal(0,Σ), Σ is invertible, and Γ is of full column rank. More sufficient conditions for dif-

ferent types of completeness can be found in the literature (Andrews, 2017; D’Haultfoeuille,

2011; Hu, Schennach and Shiu, 2017; Hu and Shiu, 2018; Mattner, 1993). One way to justify

this technical condition is to assume that in the population, there are a finite number of

agent types which differ in preferences. Under this assumption, injectivity reduces to the

full column rank of the conditional probability matrix as analyzed in the previous section.

The strategy of modeling unobserved heterogeneity as finite number of types has been em-

ployed in empirical studies. For instance, recent papers of Abowd, McKinney and Schmutte

(2018) and Bonhomme, Lamadon and Manresa (2018) study the consequence of worker-firm

matching on labor market earnings and model worker and/or firm heterogeneity as discrete

types. Viewing unobserved heterogeneity as finite types provides one way to rationalize As-

sumption 3. Nonetheless, completeness is applicable more generally and the condition can

hold with continuous heterogeneity variable as well.

Also, Assumption 3 imposes restrictions on the relative tail of fΘ|J,B and fΘ. In this

model, selection into groups allows the within-group distribution of Θ to differ from the

original distribution of Θ to the extent that this tail condition is satisfied. For instance, the

model excludes the case where Θ has a Gaussian tail and the within-group distribution has a
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polynomial tail. This is a high-level condition since it is not straightforward to characterize

the within-group distribution from the model primitives. Also, note the conditioning on B.

In Section II.2, I impose stronger independence assumptions and only condition on A, but

here I slightly weaken the independence assumptions and thus conditioning on B is necessary.

Assumption 4 restricts the permissible classes for fW |J,B and E[ωi|Θi]. It requires that

fΘ|J,B(θ|s,b)/fΘ(θ) =
∞∑
j=1

cj(s,b)φj(θ),
∞∑
j=1

|cj(s,b)| <∞,

E[ωi|Θi = θ] =
∞∑
j=1

djφj(θ),
∞∑
j=1

|dj/τj| <∞,

for some cj(s,b) ∈ R, dj ∈ R, j ∈ N. A restrictive, yet easily interpretable sufficient

condition is that there exist integers M and L, possibly dependent on (s,b), such that

cj(s,b) = 0 for all j > L and dj = 0 for all j > M . This condition implies that fΘ|J,B/fΘ

and E[ωi|Θi = ·] can be represented as finite linear combinations of the L2-basis {φj : j ∈ N}.
Now, I state a key lemma for the identification of group-level partial effects.

Lemma 1. Suppose Assumptions 1-4 hold. Then, there exists some function ψ such that

E[ωi|Ji = s,B] =

∫
ψ(w)dFW |J,B(w|s,B)

where FW |J,B is the conditional distribution function of Wi given Ji,B and
∫
ψ2dFW <∞.

This lemma suggests a way to control for the selection bias. To see the implication,

from (II.8),

Yi = β′Xi + γ′Wi +

∫
ψ(w)dFW |J,B(w|Ji,B) + {ωi − E[ωi|Ji,B]}+ χi + εi

= β′Xi + γ′Wi +
∞∑
k=1

δkE[pk(Wi)|Ji,B] + εi (II.11)

where χi = χJi , εi = εiJi , εi = εiJi , εis = ωi − E[ωi|Ji,B] + χs + εis, {pk : k ∈ N} is a basis

for L2(FW ), and {δk : k ∈ N} satisfies
∫

(ψ −
∑K

k=1 δkpk)
2dFW → 0 as K → ∞. The class

of approximating functions is chosen by the researcher and the conditional distribution of

Wi given Ji and B is just a within group distribution of Wi, which is identifiable from the

data. Since εi is uncorrelated from Xi, inclusion of {E[pk(Wi)|Ji,B] : k ∈ N} controls for

endogeneity arising from selection.

Example 2 (Continued). Altonji and Mansfield (2018) also use a control function approach

to address selection bias under a very similar econometric model. Despite some differences
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in imposed conditions,4 Lemma 1 generalizes their result. In particular, Proposition 1 in

Altonji and Mansfield states

E[ωi|Ji,B] = π′E[Wi|Ji,B]

for some π. By taking ψ(w) = π′w, Lemma 1 in this paper and their Proposition 1 coincide.

Lemma 1 encompassing their Proposition 1 has an important implication for estima-

tion. The estimation method considered in this paper approximates ψ using a series basis

expansion. Suppose a researcher chooses polynomial or spline basis functions. Then, the

estimation equation based on Lemma 1 specializes to the version used by Altonji and Mans-

field if series expansion terminates after the constant and linear terms. Therefore, we can

view the series-based estimation proposed in this paper as a robustified version of Altonji

and Mansfield’s control function method. �

II.3.1 Main Result

Now I formally state the identification of group-level partial effects. The object FW |J,B(·|Ji,B)

is a random distribution function, i.e., a function-valued random element. Thus, there exists

a σ-field generated by FW |J,B(·|Ji,B) and the conditional expectation given FW |J,B(·|Ji,B)

is well defined.

Assumption 5. 1. For s ∈ S, E[εig|Jig = s, FW |J,B(·|Jig,Bg)] = 0 and E[Vigεig] = 0

where εig = εiJigg and Vig = (X ′igW
′
ig)
′.

2. The matrix

E[{Vig − E[Vig|FW |J,B(·|Jig,Bg)]}{Vig − E[Vig|FW |J,B(·|Jig,Bg)]}′]

is invertible.

Assumption 5 1 imposes exogeneity of χs and excludes the case of omitted variable bias.

It also assumes that Wi is uncorrelated with {ωi−E[ωi|Ji,B]}. Since γ is not the parameter

of interest, I can rewrite the regression equation by projecting {ωi−E[ωi|Ji,B]} onto Wi to

make them uncorrelated. Part 2 is a version of the key identification condition for partially

linear models. In the regression equation (II.11), the interest lies in β and we want to “partial

out” the nuisance parameter
∫
ψdFW |J,B. Here the within-group distribution of Wi, denoted

by FW |J,B, is estimable from the data and conditional on the value of FW |J,B,
∫
ψdFW |J,B is

a constant and thus differencing eliminates this nuisance parameter.

4I elaborate on different assumptions between the two papers in Section II.5.1.
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Part 2 requires that Xs does not include functions of the within-group distribution

of Wi, e.g., the within-group mean of Wi. This follows from E[h(Wi)|FW |J,B(·|Ji,B)] =

E[h(Wi)|Ji,B] for every measurable function h.5 Sometimes it is desirable to include within-

group distributional features in Xs since they represent “peer effects” as in Example 1.

To accommodate such situations, it suffices to have a subvector W sub
i of Wi that satisfies

Assumption 3, i.e., (Θi,W
sub
i ) is L2-complete. Then, a researcher can include distributional

features of Wi in Xs provided that the included elements are not part of W sub
i .

Building on Lemma 1, the following theorem formalizes the identification of coefficients

on group-level variables.

Theorem 1. Suppose that Assumptions 1-5 hold. Then, β in the equation (II.2) is identified.

II.4 Estimation and Inference

Lemma 1 suggests an estimation method by series approximation. If a researcher observed

within-group distributions of Wig, then the estimator based on least squares is

β̂oracle = S(P′KPK)−1PKY

where PK = [PK11PK21 . . . PKNG]′, PKig = (X ′ig,W
′
ig,E[p1(Wig)|Jig,Bg], . . . ,E[pK(Wig)|Jig,Bg])

′,

K represents the number of series terms, Y = (Y11, . . . , YNG)′, and S = [IdxOdx×(dx+dw+K)]

where dx, dw denote the dimensions of X,W , respectively, Id is the d × d identity matrix,

and Od1×d2 is the d1 × d2 matrix with all elements equal to zero.

In practice, a researcher needs to estimate within-group distributions. Define the fol-

lowing object

Ê[pk(Wig)|Jig,Bg] =
N∑
j=1

pk(Wjg)1{Jjg = Jig}
/ N∑

j=1

1{Jjg = Jig}.

Then, the feasible version of the above estimator is

β̂ = S(P̂′KP̂K)−1P̂KY

where P̂K = [P̂K11 . . . P̂KNG]′ and P̂Kig = (X ′ig,W
′
ig, Ê[p1(Wig)|Jig,Bg], . . . , Ê[pK(Wig)|Jig,Bg])

′.

5This claim follows if E[h(Wi)|Ji,B] is measurable with respect to σ(FW |J,B), the σ-field generated by
FW |J,B(·|Ji,B). A σ-field on the space of distribution functions can be defined by the σ-field generated

by maps h →
∫
hdF where h ≥ 0 is a measurable function from Rk → R and F is a random distribution

function (see e.g., Kallenberg, 2017). The measurability of E[h(Wi)|Ji,B] follows from the representation
E[h(Wi)|Ji,B] =

∫
h(w)dFW |J,B(w|Ji,B).
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To analyze asymptotic properties of β̂, I impose additional assumptions. To state the

conditions, write λmax(·), λmin(·) for the maximum and minimum of eigenvalues of the argu-

ment. Let ‖ · ‖ be the Euclidean norm for vectors and the induced norm for matrices. Also,

write εig = εiJigg to avoid double subscripts.

Assumption 6. The basis functions {pk : k ∈ N} are uniformly bounded and the eigenvalues

of the matrix QK = E[PKigP
′
Kig] are bounded and bounded away from zero uniformly in K. In

addition, the class {pk : k ∈ N} is a subset of some VC-class of functions as defined in van der

Vaart and Wellner (1996). In addition, for some mx,mw > 4, E[‖Wig‖mw ]+E[‖Xsg‖mx ] <∞
for all s ∈ S.

Assumption 7. Write Aig for the σ-field generated by {Wig, Xig, Jig,E[pk(Wig)|Jig,Bg] k ∈
N}. Then, E[εig|Aig] = 0, and there exist fixed constants c1, c2, C1, C2 such that, with proba-

bility one, 0 < c1 ≤ E[εigεjg|Aig,Ajg] ≤ C1, E[ε4
ig|Aig, Jig] ≤ C2, and λmin(E[PKigP

′
Kjgεigεjg]) ≥

c2 > 0 for all K.

Assumption 8. Let rKig =
∑∞

k=K+1 δkE[pk(Wig)|Jig,Bg]. There exists some b > 0 such that

E[r2
Kig] = O(K−2b).

The above assumptions are relatively standard in the series estimation literature. How-

ever, the “basis functions” used in this procedure are conditional expectations of basis func-

tions. Therefore, there are no general sufficient conditions for λmax(QK) to be bounded

above and for λmin(QK) and λmin(E[PKigP
′
Kjgεigεjg]) to be bonded away from zero. Since

these high-level conditions may not be easily verifiable, one approach is to take a “flexible

parametric” view, which is to assume that the function ψ in Lemma 1 can be approxi-

mated by finitely many but unknown number of basis functions. In that case, the model is

essentially parametric and verifications of the conditions become straightforward.

The boundedness of basis functions in Assumption 6 holds for most of basis functions

used in practice if the support of Wig is compact. The unbounded support case would

require use of different norms. For its second part, I assume that the second moment matrix

of PKig is positive definite for all K and, in particular, that the eigenvalues are bounded

above and away from zero. However, as mentioned above, there are no general primitive

conditions for bounded eigenvalues as the series terms are the conditional expectations of

original basis functions. In the proof, I make it explicit how the estimator depends on the

minimum/maximum eigenvalues to understand how eigenvalues tending to zero/infinity may

affect the asymptotic distributional properties of the estimator.

Assumption 7 imposes boundedness of the conditional variance of εisg from above and

below and boundedness of the conditional fourth moment. The restriction on the conditional
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variance seems to be standard in the literature and I use the finite fourth moment to verify

Lindberg condition for central limit theorem. Assumption 8 controls the bias term in series

approximation. This condition can be verified for specific {pk : k ∈ N} if the function ψ

has enough smoothness (see e.g., Belloni, Chernozhukov, Chetverikov and Kato, 2015, and

references therein).

Now, I formally state the asymptotic properties of β̂. Define ξK = supw ‖(p1(w), . . . , pK(w))′‖,
and ζK = ξK + (NG)1/mw + G1/mx where mw,mx are defined in Assumption 6. In practice,

this quantity ζK is at least as large as
√
K, and below I take ζK ≥

√
K.

Theorem 2. Suppose β is identified in (II.11) and for some c > 0, Pr(Nsg/Ng ≥ c for all s ∈
S and g) → 1 where Nsg =

∑N
i=1 1{Jig = s} and Ng =

∑S
s=1Nsg. Under Assumptions 1,

6-8, if ζ2
K logK/G→ 0 and G/K2b = o(1), then

√
G(β̂oracle − β) = SQ−1

K

1√
G

G∑
g=1

ψNg + oP(1)

where

ψNg =
1

N

N∑
i=1

PKigεig.

Furthermore, if Var(χsg − E[ωig|Jig = s,Bg]) > 0 for each s and ζ4
K/G→ 0, then

Ω
−1/2
K SQ−1

K

1√
G

G∑
g=1

ψNg  Normal(0, Idx)

where

ΩK = SQ−1
K E[ψNgψ

′
Ng]Q

−1
K S′

and ‖Ω−1
K ‖ is uniformly bounded. Finally, if ζK

√
K log(NG)/N → 0, then

√
G(β̂ − β̂oracle) = oP(1).

Theorem 2 characterizes asymptotic distribution of β̂ and provides a set of sufficient

conditions under which β̂ is asymptotically equivalent to the oracle estimator β̂oracle. It also

states that the convergence rate of β̂ is
√
G rather than

√
GN . That N does not show up

in the convergence rate comes from within-group correlations of residuals. The residual εisg

contains group-level unobservable χsg, which causes within-group dependence. The within-

group correlation is formalized by the requirement Var(χsg − E[ωig|Jig = s,Bg]) > 0. As

seen below, this within-group correlation requires the standard error estimator clustered at
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group levels.

In the first part of the theorem, I assume that the number of individuals in each group

grows at a proportional rate with the city-wide number of individuals for every city. This

requires that the probability of selecting into a group is uniformly bounded away from zero

for all groups. This assumption guarantees that I can estimate the within-group means of

pk(Wig) uniformly well across groups and cities.

In the theorem, I also impose restrictions on (relative) growth rates of K, N, and G.

The first two are ζ2
K logK/N = o(1) and G/K2b → 0. These conditions are standard in

the literature except that I have ζ2
K , which includes terms related to the number of finite

moments of Wig and Xsg. The non-standard part of the requirement is ζ4
K/G → 0. This

condition requires at least fourth moments of Wig and Xsg to be finite. Particularly, it

implies that E[‖Xsg‖mx ] < ∞ with mx > 4 and E[‖Wig‖mw ] < ∞ with mw > 4 satisfying

N4/G(mw−4) → 0. The finite moment condition allows control of the rate at which the

maximum of ‖Wig‖ and ‖Xig‖ over (i, g) grows. In addition, this rate condition requires

that ξ4
K/G→ 0, which is stronger than what is used in the literature (e.g., Cattaneo, Farrell

and Feng, 2018). Since this paper’s emphasis is on the constructive identification result, I

maintain this assumption and plan to improve on this aspect of the theoretical result in the

future research.

For inference, we need a consistent estimator of the variance. A natural estimator of

ΩK is

Ω̂K = SQ̃−1
K Σ̂KQ̃−1

K S′

where Q̃K = P̂′KP̂K/GN , Σ̂K = 1
G

∑G
g=1 ψ̂Ngψ̂

′
Ng, ψ̂Ng = 1

N

∑N
i=1 P̂Kig(Yig − P̂ ′Kigθ̂), and

θ̂ = (P̂′KP̂K)−1(P̂′KY). The following theorem formalizes that this variance estimator is

consistent.

Theorem 3. In addition to the hypothesis of Theorem 2, if ζ3
K

√
K/G+ ζ3

KK
−b → 0

and for some mε > 2, E[|εisg|mε ] <∞ and ζK
√

(GN)1/mε logK/G→ 0 hold, then

‖Ω̂−1/2
K −Ω

−1/2
K ‖ = oP(1).

II.5 Numerical Results

II.5.1 Empirical Application

I employ the results of this paper to study the neighborhood/school-district effects on student

outcomes. Particularly, I use the National Longitudinal Study of 1972 (NLS72), which was

22



one of the datasets analyzed by Altonji and Mansfield (2018).6 They consider an econometric

model very similar to (II.2)-(II.3). However, the selection equation in this paper is more

general and I impose a set of different conditions to achieve identification. Their Proposition

1 implies that the outcome equation can be written as

Yis = X ′sβ +W ′
iγ + π′E[Wi|Ji,B] + εis

and the term π′E[Wi|Ji,B] plays the role of a control function to eliminate selection bias.

Lemma 1 in this paper suggests that in general the control function may not be linear in

within-group means of observable shifter Wi. Since least squares estimation based on series

expansions covers the general nonlinear case and nests the linearity case, the estimation

method proposed in this paper can test whether the linear specification is a reasonable

approximation of the data generating process.

An empirically relevant concern is that even after including control functions, there

remains “omitted variable bias” because Xs and χs are potentially correlated and a researcher

does not observe χs. That is, the least squares estimate of β converges in probability to

β̃ = β + E[XsX
′
s]
−1E[Xsχs], which includes the coefficient of linear projection of χs on Xs.

Altonji and Mansfield address this concern by developing lower bounds for some measures

of group-level effects on outcomes. They look at the impact of shifting from the 10th to the

90th quantile of the school/neighborhood characteristics, Q90(X ′sβ + χs) − Q10(X ′sβ + χs).

If X ′sβ + χs is normally distributed, this difference in quantile can be expressed as 2 ∗ 1.28 ∗√
Var(X ′sβ + χs), and Altonji and Mansfield provide conditions under which Var(X ′sβ̃) ≤

Var(X ′sβ + χs). Since Var(X ′sβ̃) is estimable from the data, this approach produces feasible

lower bounds for the object of interest.7

I follow the same lower bound approach to study the school/neighborhood contribution

to early adulthood wage earnings of students and years of post-secondary education. Table

II.1 displays estimates of measures of school/neighborhood effects on early adulthood log

wage (with two sets of regressors) and years of post-secondary education. For each outcome

variable, I estimated the regression model in two specifications. The first one uses group

means of individual covariates, which is the specification of Altonji and Mansfield, and the

second contains group means of interaction and squared terms as additional controls. In the

table, “AM” denotes the first specification and “This Paper” refers to the second. The first

and second rows are the impact of moving a student from a 10th percentile neighborhood to

6They analyze three other datasets in their paper, all of which are restricted-use. The dataset based on
NLS72 is publicly available.

7Altonji and Mansfield also look at the fraction of variance attributable to school/neighborhood quality.
They employ random effects modeling to estimate the variance of the school-level unobserved term and
decompose the variance to estimate the (lower bound of the) variance fraction.
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a 90th/50th percentile one i.e., {Φ−1(q) − Φ−1(0.1)}
√

Var(X ′sβ), q ∈ {0.9, 0.5} where Φ−1

denotes the inverse of the standard normal cumulative distribution function.

Across outcome variables and estimands, the linear and quadratic specifications produce

very similar estimates. For the log wage outcome, moving a student from a 10th percentile

school to a 90th percentile increases the wage by 17.58% ≈ (100∗exp(0.162)−100) with post-

secondary education as a control and by 17.11% without the control. For the 10th versus

the 50th percentile, the increases are 8.44% and 8.22% for the two specifications. For years

of post-secondary education, the shift from a 10th to 90th/50th percentile school induces

increases of 0.37 and 0.19 years, which correspond to 0.22 and 0.11 standard deviation,

respectively. These estimates suggest non-trivial effects of school/neighborhood quality on

how many years of education students attain after graduating from high school.

The estimates in this paper differ from those in Altonji and Mansfield to some degree.

For instance, they report the point estimates of 0.121 and 0.125 for log wage increase by

moving from the 10th percentile to the 90th percentile, which contrast with 0.158 and 0.162

in this paper. The discrepancy arises because Altonji and Mansfield use a random effects

model to estimate the variance of group-level unobservable term whereas I use the ordinary

least squares (OLS) method. When I employ the same estimation approach, the quadratic

specification still produces estimates very similar to the ones based on the specification of

Altonji and Mansfield (see Table II.3). I choose the OLS results as my main estimates for

consistency with the theoretical results proven in this paper. However, one can expect that

under appropriate conditions, methods based on random effects models will be valid using

the control function method.

Differences in Assumptions

In this subsection, I discuss the main differences between the assumptions in this paper and

those of Altonji and Mansfield (2018). Their key conditions include linearity of the regression

functions E[Wig|Θig],E[ωig|Θig] and what they term “spanning assumption.” To define the

spanning assumption, introduce the new random vector Uig and write

ωig = c′Uig

Θig = ΓWig + ∆Uig + νig

where c ∈ Rdu , Γ ∈ Rdθ×dw , and ∆ ∈ Rdθ+du are fixed parameters, and νig ∈ Rdθ is a

random vector uncorrelated with (W ′
ig, U

′
ig)
′. Let ΠUW be the matrix of coefficients for linear

projection of Uig onto Wig. Then, the spanning assumption of Altonji and Mansfield is that
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there exists a matrix R such that

∆ = (Γ + ∆ΠUW )R.

Intuitively, the spanning assumption requires that for each element of As, if Ui influences the

taste coefficient for that element of As, then either one of them has to hold: Wi affects the

taste coefficient directly by Γ having non-zero elements or indirectly by non-zero correlation

with Ui.

In this paper, I use an injectivity condition (Assumption 3) as well as restrictions on

permissible classes of densities and conditional expectations to construct a control func-

tion. Unlike Altonji and Mansfield, I do not impose linearity in conditional expectations

and instead use restrictions on the distribution, which makes the spanning assumption and

Assumption 3 quite different. In fact, there are examples where one of the two holds but

the other fails. However, if (W ′
ig, U

′
ig, ν

′
ig)
′ are jointly normal, the two conditions coincide.

Despite the differences, Lemma 1 nests Proposition 1 in Altonji and Mansfield and therefore,

the estimator proposed in this paper is generally more robust than the one in their paper.

II.5.2 Monte Carlo Experiments

In this subsection, I present results of simulation studies to investigate finite-sample proper-

ties of the proposed estimator. For the Monte Carlo experiments, I first generate characteris-

tics of individuals and groups based on distributions mimicking the empirical distributions of

the NLS72 data. Then, for each individual, I compute utility functions of choosing different

groups and then assign people to groups to maximize the sum of utilities under group size

constraints. This design builds on Altonji and Mansfield, and the realized allocation can

be viewed as an approximation to the equilibrium of a competitive market through price

mediation.

I consider three data generating processes (DGPs). The first design has E[ωi|Ji,A] =

π′E[Wi|Ji,A] for some non-stochastic vector π, and thus the linear specification of Altonji

and Mansfield is correct. For the second DGP, I take ωi to be a linear combination of some

normal random variable and binary variable 1{W ′
i τ > νi} where τ is a non-stochastic vector

and νi is an independent normal random variable. This design is meant to capture a more

realistic scenario in which non-linearity may be a issue. Here non-linearity arises due to

discreteness of part of ωi, though ωi itself is continuously distributed. For the third DGP,

I model E[ωi|Ji,A] = π1E[W 2
i |Ji,A] + π2E[W 3

i |Ji,A] to see how deviation from linearity

affects the estimator.

Table II.2 presents the mean squared error (MSE) and the coverage probability of the
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95% confidence intervals based on the proposed estimator for three different specifications:

one with perfect control on selection bias (i.e., “oracle” estimator), the linear specification

of Altonji and Mansfield, and the one including additional series approximation terms. For

DGP 1, linear specification is correct and including additional control variables does not

alter the results much. For the second DGP, the group-level expectation of ωi is Φ(W ′
i τ)

where Φ(·) is the standard normal cumulative distribution function, and both specifications

are mis-specified. Yet, the estimator with cubic splines controls outperforms the linear one.

For the third design, I made the DGP particularly difficult for the linear specification to

see how deviation from linearity affects performance of the estimator. The estimator based

on cubic spline expansion performs much better in terms of MSE and coverage probability

than the linear specification. Although this Monte Carlo study is small-scale, it indicates

usefulness of including additional control variables to reliably estimate group-level partial

effects.

II.6 Extensions

II.6.1 Instrumental Variables for Omitted Variable Bias

In the previous sections, I assume away omitted variable bias by imposing exogeneity of χsg.

If instrument variables Zsg for χsg are available, combination of the control function and

IV methods identifies the partial effects of group-level covariates under the presence of both

selection and omitted variable biases.

Assumption 9. 1. In addition to {(Yig, X ′ig,W ′
ig, Jig)

′}1≤i≤N,1≤g≤G, a researcher observes

{Zsg}s∈S,1≤g≤G and, after redefining Bg by including Zg = {Zsg : s ∈ S}, Assumption

1 holds.

2. For all s ∈ S, E[εisg|FW |J,B(·|s,Bg), Jig = s] = 0 and E[Z̃igεisg|Jig = s] = 0 where

Z̃ig = (Z ′ig,W
′
ig)
′.

3. Recall Vig = (X ′ig,W
′
ig)
′. The matrix E[Z̃ig{Vig − E[Vig|FW |J,B(·|Jig,Bg)]}′] is of full

column rank.

Theorem 4. Under the hypothesis of Lemma 1 and Assumption 9, β in (II.2) is identified.

This result is a straightforward extension of Theorem 1 but can have an important

application. For instance, if a policy intervention creates an exogenous variation in teacher

assignment to different schools and households select schools after the intervention, then
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omitted variable bias (i.e., correlation between Xsg and χsg, where Xsg measures school-

level teacher quality) can be resolved through IV but selection bias remains problematic for

identification of coefficients on Xsg. Theorem 4 establishes that the combination of IV and

control function methods achieves identification of group-level partial effects.

II.6.2 Nonparametric Identification

I extend the identification result to a more general outcome equation

Yisg = m(Xsg,Wig, εisg)

Jig = J(Bsg,Θig,ηig).

In the linear model, I distinguish among (ωig, χsg, εisg) but in this model εisg subsumes all the

unobservable components due to its nonseparability. In this model, a family of parameters

can be defined as

M(x) :=

∫
m(x,w, e)fWε(w, e)d(w, e) x ∈ X

where fWε is the joint density of (Wig, εisg) and X ⊂ supp(Xsg) is some non-empty set.

This object is called Average Structural Function (ASF) in the literature and it summarizes

partial effects of a covariate X on the outcome Y . For identification, I impose the following

conditions.

Assumption 10. 1. (Wig, εisg) ⊥⊥ ηig|Θig,Bg and (Wig, εisg,Θig) ⊥⊥ Bg. Also, (Wig, εisg)

has identical distributions across s ∈ S.

2. sups∈S,b∈supp(Bg) E[|m(x,Wig, εisg)||Jig = s,Bg = b] <∞.

3. Given non-empty X ⊂ supp(Xsg), supp(fW |J,B(·|Jig,Bg)) is invariant conditional on

Xig = x for x ∈ X .

Assumption 1 imposes independence between χsg and Xsg, stronger than mean exogene-

ity of χsg given Xsg. Thus, I assume away omitted variable bias and focus on the issue of

selection bias. Imposition of identical distributions across s ∈ S simplifies some arguments

and interpretation of the parameter. Assumption 2 is used to justify interchanging orders of

certain integrations. The requirement 3, which states that the support of fW |J,B(·|Jig,Bg) is

invariant conditional on Xig, is referred to as support condition in the literature on triangular

models, and it is considered to be a stringent assumption. Still, it holds for some special

case. If the conditional support of A given Xs = x does not vary with x, then the support
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condition holds. This sufficient condition excludes, among other things, that Xs is part of

As. This may not be so restrictive if individuals only observe a coarse version of Xs when

they make group decision. That is, As is a noisy measure of Xs.

The following theorem states the identification result for the nonseparable model.

Theorem 5. If Assumptions 1, 2, 3, and 10 hold, M(x) is identified for x ∈ X .

If the support condition is not satisfied, we can still identify different versions of ASF

as done in the literature. For instance, a conditional version of ASF is∫
m(x,w, e)fWε|fW |J,B(w, e|f)d(w, e) x ∈ X

where I condition on the random function fW |J,B(·|Jig,Bg). We can see this parameter as a

measure of the partial effect conditioning on a within-group distribution of individual char-

acteristics. For example, if εisg represents an unobservable measure of student’s motivation,

then the conditional ASF represents the average outcome for different levels of group-level

covariate X, fixing the within-school distribution of student’s motivation.
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Figure II.1. Support of Θ Partitioned by Group Choice

Notes. This is an example of partitioning of the support of Θi by {Ji = 1}, {Ji = 2}, and {Ji = 3}
(S = 3). The above figure is created based on A1 = (1, 3), A2 = (3, 2), and A3 = (4, 1) with
Ji = arg maxs∈{1,2,3}{Θ′iAs}. If Θi falls onto the red region, Ji = 1 will be chosen. Similarly, the blue
region represents Ji = 2, and the green region means Ji = 3.
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Table II.1. Estimates of School/Neighborhood Effects on Wage and Years of Post Secondary
Education

Wage w/ PS. Ed. Wage w/o PS. Ed. Yrs. PS. Ed.

AM This Paper AM This Paper AM This Paper

Q10-90

0.157 0.162 0.153 0.158 0.352 0.369

(0.017) (0.017) (0.017) (0.017) (0.079) (0.089)

Q10-50

0.078 0.081 0.076 0.079 0.176 0.185

(0.009) (0.008) (0.009) (0.008) (0.039) (0.045)

Mean

2.878 2.878 1.836

Notes. The table shows various estimates for effects of school/neighborhood quality on early adulthood
wage and years of post-secondary education. The first and second row groups (“Q10-90” and “Q10-50”)
correspond to the impact of moving from the 10th percentile school/neighborhood to the 90th/50th
percentile, respectively. The top headers indicate outcome variables in regression. “Wage w/ PS. Ed.” and
“Wage w/o PS. Ed.” refer to log wage with/without post-secondary education as a control, respectively,
and “Yrs. PS. ED.” denotes years of post-secondary education. “AM” refers to the specification used in
Altonji and Mansfield (2018) and “This Paper” specification adds within-school means of interaction and
squared terms of Wi variables. For each row group, the number in the first line is the estimate and the
number in parentheses represents the standard error estimate. The last row is the average of dependent
variables in the data sample.
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Table II.2. Results of Monte Carlo Experiments

Specification

Oracle AM This Paper

DGP 1

MSE 1.00 1.69 1.75

Coverage 0.956 0.914 0.913

DGP 2

MSE 1.00 3.88 2.36

Coverage 0.942 0.876 0.951

DGP 3

MSE 1.00 23.32 4.45

Coverage 0.959 0.498 0.922

Notes. The table presents the results of simulation studies, particularly the mean squared error (MSE)
and coverage probability of the confidence interval for different specifications. The columns “Oracle”
represents infeasible regression with unobserved heterogeneity ωi, the column “AM” corresponds to the
specification of Altonji and Mansfield, and the column “This Paper” denotes the specification with group
means of individual variables using cubic polynomial splines. Each row group presents different data
generating processes, the row “MSE” presents (relative) MSE of the corresponding estimator divided by
the MSE of the “oracle” specification, and the row “Coverage” is the coverage probability of the 95%
confidence interval constructed from the corresponding estimator. The sample size is G = 1, 000 and for
each city, N = 300 and S = 3 with each group’s size constraint being no more than 115 people.
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Table II.3. Empirical Application: Random Effects Model

Yrs. PS. Ed. Wage w/o PS. Ed. Wage w/ PS. Ed.

AM This Paper AM This Paper AM This Paper

Q10-90

No Unobs. 0.215 0.267 0.121 0.123 0.125 0.122

w/ Unobs. 0.503 0.516 0.203 0.214 0.203 0.207

Q10-50

No Unobs. 0.107 0.134 0.061 0.061 0.063 0.061

w/ Unobs. 0.251 0.258 0.102 0.107 0.102 0.104

Sample Means

1.620 2.880 2.880

Notes. The estimates come from the random effects model assuming normality of the error terms. The
column header indicates dependent variable used and “Q10-90” and “Q10-50” refer to effects of shifting
from the 10th percentile neighborhood to the 90th/50th percentile neighborhood. The estimates are based
on the lower bound on variance as described in Section II.5.1. “No Unobs” rows display variance lower
bound estimates excluding the random effect estimate from school/neighborhood contribution. “w/
Unobs” includes the random effect estimate as part of school/neighborhood contribution.

32



CHAPTER III

Bootstrap-based Inference for Cube Root Consistent

Estimators

III.1 Introduction

In a seminal paper, Kim and Pollard (1990) studied a class of M -estimators exhibiting cube

root asymptotics. These estimators not only have a non-standard rate of convergence, but

also have the property that rather than being Gaussian their limiting distributions are of

Chernoff (1964) type; that is, the limiting distribution is that of the maximizer of a Gaussian

process. In fact, in leading examples of cube root consistent estimators such as the maximum

score estimator of Manski (1975), the covariance kernel of the Gaussian process characteriz-

ing the limiting distribution depends on an infinite-dimensional nuisance parameter. From

the perspective of inference, this feature of the limiting distribution represents a nontrivial

complication relative to the conventional asymptotically normal case, where the limiting dis-

tribution is known up to the value of a finite-dimensional nuisance parameter (namely, the

covariance matrix of the limiting distribution). In particular, the dependence of the limiting

distribution on an infinite-dimensional nuisance parameter implies that resampling-based

distributional approximations seem to offer the most attractive approach to inference in es-

timation problems exhibiting cube root asymptotics. The purpose of this note is to propose

an easy-to-implement bootstrap-based distributional approximation applicable in such cases.

As does the familiar nonparametric bootstrap, the method proposed herein employs

bootstrap samples of size n from the empirical distribution function. But unlike the non-

parametric bootstrap, which is inconsistent in general (e.g., Abrevaya and Huang, 2005;
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Léger and MacGibbon, 2006), my method offers a consistent distributional approximation

for cube root consistent estimators and therefore has the advantage that it can be used to

construct asymptotically valid inference procedures. Consistency is achieved by altering the

shape of the criterion function defining the estimator whose distribution I seek to approxi-

mate. Heuristically, the method is designed to ensure that the bootstrap version of a certain

empirical process has a mean resembling the large sample version of its population counter-

part. The latter is quadratic in the problems I study, and known up to the value of a certain

matrix. As a consequence, the only ingredient needed to implement the proposed “reshape-

ment” of the objective function is a consistent estimator of the unknown matrix entering the

quadratic mean of the empirical process. Such estimators turn out to be generically available

and easy to compute.

The chapter proceeds as follows. Section III.2 is heuristic in nature and serves the

purpose of outlining the main idea underlying my approach in the M -estimation setting of

Kim and Pollard (1990). Section III.3 then makes the heuristics of Section III.2 rigorous

in a more general setting where the M -estimation problem is formed using a possibly n-

varying (observation specific) objective function, as recently studied by Seo and Otsu (2018).

Section III.4 discusses two examples covered by my general results, namely the maximum

score estimator of Manski (1975) and the conditional maximum score estimator of Honoré

and Kyriazidou (2000). Further discussion of my results is provided in Section III.5. Section

III.6 describes an extension to the case of the isotonic density estimator of Grenander (1956).

Finally, all derivations and proofs have been collected in Appendix B.1.

III.2 Heuristics

Suppose θ0 ∈ Θ ⊆ Rd is an estimand admitting the characterization

θ0 = arg max
θ∈Θ

M0(θ), M0(θ) = E[m0(z,θ)], (III.1)

where m0 is a known function, and where z is a random vector of which a random sample

z1, . . . , zn is available. Studying estimation problems of this kind for non-smooth m0, Kim
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and Pollard (1990) gave conditions under which the M -estimator

θ̂n = arg max
θ∈Θ

M̂n(θ), M̂n(θ) =
1

n

n∑
i=1

m0(zi,θ),

exhibits cube root asymptotics:

3
√
n(θ̂n − θ0) arg max

s∈Rd
{Q0(s) + G0(s)}, (III.2)

where  denotes weak convergence, Q0(s) is a quadratic form given by

Q0(s) = −1

2
s′V0s, V0 = − ∂2

∂θ∂θ′
M0(θ0),

and G0 is a non-degenerate zero-mean Gaussian process with G0(0) = 0.

Whereas the matrix V0 governing the shape of Q0 is finite-dimensional, the covari-

ance kernel of G0 in (III.2) typically involves infinite-dimensional unknown quantities. As a

consequence, the limiting distribution of θ̂n tends to be more difficult to approximate than

Gaussian distributions, implying in turn that basing inference on θ̂n is more challenging

under cube root asymptotics than in the more familiar case where θ̂n is (
√
n-consistent and)

asymptotically normally distributed.

As a candidate method of approximating the distribution of θ̂n, consider the nonpara-

metric bootstrap. To describe it, let z∗1,n, . . . , z
∗
n,n denote a random sample from the empirical

distribution of z1, . . . zn and let the natural bootstrap analogue of θ̂n be denoted by

θ̂∗n = arg max
θ∈Θ

M̂∗
n(θ), M̂∗

n(θ) =
1

n

n∑
i=1

m0(z∗i,n,θ).

Then the nonparametric bootstrap estimator of P[θ̂n − θ0 ≤ ·] is given by P∗[θ̂∗n − θ̂n ≤ ·],

where P∗ denotes a probability computed under the bootstrap distribution conditional on

the data. As is well documented, however, this estimator is inconsistent under cube root

asymptotics (e.g., Abrevaya and Huang, 2005; Léger and MacGibbon, 2006).

For the purpose of giving a heuristic, yet constructive, explanation of the inconsistency

of the nonparametric bootstrap, it is helpful to recall that a proof of (III.2) can be based on
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the representation

3
√
n(θ̂n − θ0) = arg max

s∈Rd
{Qn(s) + Ĝn(s)}, (III.3)

where (for s such that θ0 + sn−1/3 ∈ Θ)

Ĝn(s) = n2/3[M̂n(θ0 + sn−1/3)− M̂n(θ0)−M0(θ0 + sn−1/3) +M0(θ0)]

is a zero-mean random process, while

Qn(s) = n2/3[M0(θ0 + sn−1/3)−M0(θ0)]

is a non-random function that is correctly centered in the sense that arg maxs∈Rd Qn(s) = 0.

In cases where m0 is non-smooth but M0 is smooth, Qn and Ĝn are usually asymptotically

quadratic and asymptotically Gaussian, respectively, in the sense that

Qn(s)→ Q0(s) (III.4)

and

Ĝn(s) G0(s). (III.5)

Under regularity conditions ensuring among other things that the convergence in (III.4) and

(III.5) is suitably uniform in s, result (III.2) then follows from an application of a continuous

mapping-type theorem for the arg max functional to the representation in (III.3).

Similarly to (III.3), the bootstrap analogue of θ̂n admits a representation of the form

3
√
n(θ̂∗n − θ̂n) = arg max

s∈Rd
{Q̂n(s) + Ĝ∗n(s)},

where (for s such that θ̂n + sn−1/3 ∈ Θ)

Ĝ∗n(s) = n2/3[M̂∗
n(θ̂n + sn−1/3)− M̂∗

n(θ̂n)− M̂n(θ̂n + sn−1/3) + M̂n(θ̂n)]
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and

Q̂n(s) = n2/3[M̂n(θ̂n + sn−1/3)− M̂n(θ̂n)].

Under mild conditions, Ĝ∗n satisfies the following bootstrap counterpart of (III.5):

Ĝ∗n(s) P G0(s), (III.6)

where  P denotes conditional weak convergence in probability (defined as van der Vaart

and Wellner, 1996, Section 2.9). On the other hand, although Q̂n is non-random under

the bootstrap distribution and satisfies arg maxs∈Rd Q̂n(s) = 0, it turns out that Q̂n(s) 9P

Q0(s) in general. In other words, the natural bootstrap counterpart of (III.4) typically fails

and, as a partial consequence, so does the natural bootstrap counterpart of (III.2); that is,

3
√
n(θ̂∗n − θ̂n) 6 P arg maxs∈Rd{Q0(s) + G0(s)} in general.

To the extent that the implied inconsistency of the bootstrap can be attributed to the

fact that the shape of Q̂n fails to replicate that of Qn, it seems plausible that a consistent

bootstrap-based distributional approximation can be obtained by basing the approximation

on

θ̃∗n = arg max
θ∈Θ

M̃∗
n(θ), M̃∗

n(θ) =
1

n

n∑
i=1

m̃n(z∗i,n,θ),

where m̃n is a suitably “reshaped” version of m0 satisfying two properties. First, Q̃n should

be asymptotically quadratic, where Q̃n is the counterpart of Q̂n associated with m̃n :

Q̃n(s) = n2/3[M̃n(θ̂n + sn−1/3)− M̃n(θ̂n)], M̃n(θ) =
1

n

n∑
i=1

m̃n(zi,θ).

Second, G̃∗n should be asymptotically equivalent to Ĝ∗n, where

G̃∗n(s) = n2/3[M̃∗
n(θ̂n + sn−1/3)− M̃∗

n(θ̂n)− M̃n(θ̂n + sn−1/3) + M̃n(θ̂n)],

is the counterpart of Ĝ∗n associated with m̃n.
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Accordingly, let

m̃n(z,θ) = m0(z,θ)− M̂n(θ)− 1

2
(θ − θ̂n)′Ṽn(θ − θ̂n),

where Ṽn is an estimator of V0. Then

3
√
n(θ̃∗n − θ̂n) = arg max

s∈Rd
{Q̃n(s) + G̃∗n(s)},

where, by construction, G̃∗n(s) = Ĝ∗n(s) and Q̃n(s) = −s′Ṽns/2. Because G̃∗n = Ĝ∗n, G̃
∗
n(s) P

G0(s) whenever (III.6) holds. In addition, Q̃n(s) →P Q0(s) provided Ṽn →P V0. As a

consequence, it seems plausible that P∗[θ̃∗n− θ̂n ≤ ·] is a consistent estimator of P[θ̂n−θ0 ≤ ·]

if Ṽn →P V0.

III.3 Main Result

When making the heuristics of Section III.2 precise, it is of interest to consider the more

general situation where the estimator θ̂n is an approximate maximizer (with respect to

θ ∈ Θ ⊆ Rd) of

M̂n(θ) =
1

n

n∑
i=1

mn(zi,θ),

where mn is a known function, and where z1, . . . , zn is a random sample of a random vector

z. This formulation of M̂n, which reduces to that of Section III.2 when mn does not depend

on n, is adopted in order to cover certain estimation problems where, rather than admitting

a characterization of the form (III.1), the estimand θ0 admits the characterization

θ0 = arg max
θ∈Θ

M0(θ), M0(θ) = lim
n→∞

Mn(θ), Mn(θ) = E[mn(z,θ)].

In other words, the setting considered in this section is one where θ̂n approximately

maximizes a function M̂n whose population counterpart Mn can be interpreted as a regu-

larization (in the sense of Bickel and Li, 2006) of a function M0 whose maximizer θ0 is the

object of interest. The additional flexibility (relative to the more traditional M -estimation
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setting of Section III.2) afforded by the present setting is attractive because it allows us

to formulate results that cover local M -estimators such as the conditional maximum score

estimator of Honoré and Kyriazidou (2000). Studying this type of setting, Seo and Otsu

(2018) gave conditions under which θ̂n converges at a rate equal to the cube root of the

“effective” sample size and has a limiting distribution of Chernoff (1964) type. Analogous

conclusions will be drawn below, albeit under slightly different conditions.

For any n and any δ > 0, define Mn = {mn(·,θ) : θ ∈ Θ}, m̄n(z) = supm∈Mn
|m(z)|,

Θδ
0 = {θ ∈ Θ : ‖θ − θ0‖ ≤ δ}, Dδn = {mn(·,θ) − mn(·,θ0) : θ ∈ Θδ

0}, and d̄δn(z) =

supd∈Dδn |d(z)|.

Condition CRA (Cube Root Asymptotics) For a positive qn with rn = 3
√
nqn → ∞,

the following are satisfied:

(i) {Mn : n ≥ 1} is uniformly manageable for the envelopes m̄n and qnE[m̄n(z)2] =

O(1).

Also, supθ∈Θ |Mn(θ)−M0(θ)| = o(1) and, for every δ > 0, supθ∈Θ\Θδ
0
M0(θ) <

M0(θ0).

(ii) θ0 is an interior point of Θ and, for some δ > 0, M0 and Mn are twice continuously

differentiable on Θδ
0 and supθ∈Θδ

0
‖∂2[Mn(θ)−M0(θ)]/∂θ∂θ′‖ = o(1).

Also, rn‖∂Mn(θ0)/∂θ‖ = o(1) and V0 = −∂2M0(θ0)/∂θ∂θ′ is positive definite.

(iii) For some δ > 0, {Dδ′n : n ≥ 1, 0 < δ′ ≤ δ} is uniformly manageable for the en-

velopes d̄δ
′
n and qn sup0<δ′≤δ E[d̄δ

′
n (z)2/δ′] = O(1).

(iv) For every positive δn with δn = O(r−1
n ), q2

nE[d̄δnn (z)3]+q3
nr
−1
n E[d̄δnn (z)4] = o(1), and,

for all s, t ∈ Rd and for some C0 with C0(s, s) + C0(t, t)− 2C0(s, t) > 0 for s 6= t,

sup
θ∈Θδn

0

|qnE[{mn(z,θ+δns)−mn(z,θ)}{mn(z,θ+δnt)−mn(z,θ)}/δn]−C0(s, t)| = o(1).

(v) For every positive δn with δn = O(r−1
n ),

lim
C→∞

lim sup
n→∞

sup
0<δ≤δn

qnE[1{qnd̄δn(z) > C}d̄δn(z)2/δ] = 0
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and supθ,θ′∈Θδn
0
E[|mn(z,θ)−mn(z,θ′)|]/‖θ − θ′‖ = O(1).

To interpret Condition CRA, consider first the benchmark case where mn = m0 and

qn = 1. In this case, the condition is similar to, but slightly stronger than, assumptions

(ii)-(vii) of the main theorem of Kim and Pollard (1990), to which the reader is referred

for a definition of the term (uniformly) manageable. The most notable difference between

Condition CRA and the assumptions employed by Kim and Pollard (1990) is probably that

part (iv) contains assumptions about moments of orders three and four, that the displayed

part of part (iv) is a locally uniform (with respect to θ near θ0) version of its counterpart in

Kim and Pollard (1990), and that (i) can be thought of as replacing the high level condition

θ̂n →P θ0 of Kim and Pollard (1990) with more primitive conditions that imply it for

approximate M -estimators. In all three cases, the purpose of strengthening the assumptions

of Kim and Pollard (1990) is to be able to analyze the bootstrap.

More generally, Condition CRA can be interpreted as an n-varying version of a suitably

(for the purpose of analyzing the bootstrap) strengthened version of the assumptions of Kim

and Pollard (1990). The differences between Condition CRA and the i.i.d. version of the

conditions in Seo and Otsu (2018) seem mostly technical in nature, but for completeness

I highlight two differences here. First, to handle dependent data Seo and Otsu (2018)

control the complexity of various function classes using the concept of bracketing entropy. In

contrast, because I assume random sampling I can follow Kim and Pollard (1990) and obtain

maximal inequalities using bounds on uniform entropy numbers implied by the concept of

(uniform) manageability. Second, whereas Seo and Otsu (2018) controls the bias of θ̂n

through a locally uniform bound on Mn−M0, Condition CRA controls the bias through the

first and second derivatives of Mn −M0.

Under Condition CRA, the effective sample size is given by nqn. In perfect agreement

with Seo and Otsu (2018), it turns out that if θ̂n is an approximate maximizer of M̂n, then

rn(θ̂n − θ0) arg max
s∈Rd

{Q0(s) + G0(s)}, (III.7)

where Q0(s) = −s′V0s/2, and where G0 is a zero-mean Gaussian process with G0(0) = 0 and

covariance kernel C0. The heuristics of the previous section are rate-adaptive, so once again
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it stands to reason that if Ṽn is a consistent estimator of V0, then a consistent distributional

approximation can be based on an approximate maximizer θ̃∗n of

M̃∗
n(θ) =

1

n

n∑
i=1

m̃n(z∗i,n,θ), m̃n(z,θ) = mn(z,θ)− M̂n(θ)− 1

2
(θ − θ̂n)′Ṽn(θ − θ̂n),

where z∗1,n, . . . , z
∗
n,n is a random sample from the empirical distribution of z1, . . . zn.

Following (van der Vaart, 1998, Chapter 23), I say that the bootstrap-based estimator

of the distribution of rn(θ̂n − θ0) is consistent if

sup
t∈Rd

∣∣∣P∗[rn(θ̃∗n − θ̂n) ≤ t]− P[rn(θ̂n − θ0) ≤ t]
∣∣∣→P 0. (III.8)

Because the limiting distribution in (III.7) is continuous, this consistency property implies

consistency of bootstrap-based confidence intervals (e.g., van der Vaart, 1998, Lemma 23.3).

Moreover, continuity of the limiting distribution implies that (III.8) holds provided the

estimator θ̃∗n satisfies the following bootstrap counterpart of (III.7):

rn(θ̃∗n − θ̂n) P arg max
s∈Rd

{Q0(s) + G0(s)}.

Theorem 6, the main result, gives sufficient conditions for this to occur.

Theorem 6. Suppose Condition CRA holds. If Ṽn →P V0 and if

M̂n(θ̂n) ≥ sup
θ∈Θ

M̂n(θ)− oP(r−2
n ), M̃∗

n(θ̃∗n) ≥ sup
θ∈Θ

M̃∗
n(θ)− oP(r−2

n ),

then (III.8) holds.

To implement the bootstrap-based approximation to the distribution of rn(θ̂n−θ0), only

a consistent estimator of V0 is needed. A generic estimator based on numerical derivatives

is ṼND
n , the matrix whose element (k, l) is given by

Ṽ ND
n,kl = − 1

4ε2n

[
M̂n(θ̂n + ekεn + elεn)− M̂n(θ̂n + ekεn − elεn)

− M̂n(θ̂n − ekεn + elεn) + M̂n(θ̂n − ekεn − elεn)
]
,
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where ek is the kth unit vector in Rd and where εn is a positive tuning parameter. Conditions

under which this estimator is consistent are given in the following lemma.

Lemma 2. Suppose Condition CRA holds. If εn → 0 and if rnεn →∞, then ṼND
n →P V0.

More generally, if only consistency is assumed on the part of θ̂n, then ṼND
n →P V0 holds

provided εn → 0 and ‖θ̂n − θ0‖/εn →P 0. The proof of the lemma goes beyond consistency

and develops a Nagar-type mean squared error (MSE) expansion for ṼND
n under the additional

assumption that M0 is four times continuously differentiable near θ0. To be specific, assume

that

1. for some δ > 0, M0 and Mn are four times continuously differentiable on Θδ
0,

supθ∈Θδ
0
|∂4[Mn(θ)−M0(θ)]/∂θj1∂θj2∂θj3∂θj4| = o(1) for all j1, j2, j3, j4 ∈ {1, 2, · · · , d},

2. C0(s,−s) = 0 and C0(s, t) = C0(−s,−t) for all s, t ∈ Rd.

Under the additional conditions, I have the following result.

Lemma 3. ṼND
n admits an approximation V̌ND

n satisfying

ṼND
n − V̌ND

n = oP(r−3/2
n ε−3/2

n ) + o(ε2n) +O(r−1
n )

and

E[‖V̌ND
n −Vn‖2] = ε4n(

d∑
k=1

d∑
l=1

B2
kl) + r−3

n ε−3
n (

d∑
k=1

d∑
l=1

Vkl) + o(ε2n + r−3
n ε−3

n ),

where Vn = −∂2Mn(θ0)/∂θ∂θ′ and

Bkl = −1

6

(
∂4

∂θ3
k∂θl

M0(θ0) +
∂4

∂θk∂θ3
l

M0(θ0)

)
,

Vkl =
1

8
[C0(ek + el, ek + el) + C0(ek − el, ek − el)

− 2C0(ek + el, ek − el)− 2C0(ek + el,−ek + el)].

Using this theorem, I immediately obtain the asymptotic MSE-optimal tuning parameter

choice

εAMSEn =

(
3
∑d

k=1

∑d
l=1 Vkl

4
∑d

k=1

∑d
l=1 B

2
kl

)1/7

r−3/7
n .
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As the notation suggests, the constants Bkl and Vkl correspond to element (k, l) of ṼND
n , so

the asymptotic MSE-optimal tuning parameter choice for Ṽ ND
n,kl is

εAMSEn,kl =

(
3Vkl
4B2

kl

)1/7

r−3/7
n .

I close this section by summarizing the algorithm for the proposed bootstrap-based

distributional approximation.

Bootstrap-Based Approximation Let the notation and conditions in Theorem 6 hold.

Step 1. Compute θ̂n and Ṽn using the original sample z1, . . . , zn.

Step 2. Compute M̃∗
n(θ) and let θ̃∗n be an approximate maximizer thereof, both con-

structed using the nonparametric bootstrap sample z∗1,n, . . . , z
∗
n,n. (Note that Ṽn is not

recomputed at this step.)

Step 3. Repeat Step 2 B times, and then compute the empirical distribution of

rn(θ̃∗n − θ̂n).

III.4 Examples

This section discusses two econometric examples covered by the main result, namely the

maximum score estimator of Manski (1975) and the conditional maximum score estimator

of Honoré and Kyriazidou (2000). From the perspective of this paper, the main difference

between these examples is that (only) the latter corresponds to a situation where mn depends

on n.

III.4.1 The Maximum Score Estimator

To describe a version of the maximum score estimator of Manski (1975), suppose z1, . . . , zn

is a random sample of z = (y,x′)′ generated by the binary response model

y = 1(β′0x + u ≥ 0), Fu|x(0|x) = 1/2, (III.9)
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where β0 ∈ B ⊆ Rd+1 is an unknown parameter of interest, x ∈ Rd+1 is a vector of covariates,

and Fu|x(·|x) is the conditional cumulative distribution function of the unobserved error

term u given x. Following Abrevaya and Huang (2005), I employ the parameterization

β0 = (1,θ′0)′, where θ0 ∈ Rd is unknown. In other words, I assume that the first element of

β0 is positive and then normalize the (unidentified) scale of β0 by setting its first element

equal to unity. Partitioning x conformably with θ0 as x = (x1,x
′
2)′, a maximum score

estimator of θ0 ∈ Θ ⊆ Rd is any θ̂MSn approximately maximizing M̂n for

mn(z,θ) = mMS(z,θ) = (2y − 1)1(x1 + θ′x2 ≥ 0).

Regarded as a member of the class of M -estimators exhibiting cube root asymptotics,

the maximum score estimator is representative. Under easy-to-interpret primitive conditions,

the estimator is covered by the results of Section III.3. In particular, because mn does not

depend on n I can set qn = 1 when formulating primitive conditions for Condition CRA.

Specifically, I impose the following assumptions.

Condition MS Suppose the maximum score model is as above.

(i) Median(u|x) = 0 and 0 < P(y = 1|x) < 1 almost surely. The conditional distri-

bution function of u given x, denoted by Fu|x1,x2(u|x1,x2), is bounded and SF times

continuously differentiable in u and x1 with bounded derivatives for some SF ≥ 1.

(ii) The support of x is not contained in any proper linear subspace of Rd+1, E[‖x2‖2] <

∞, and conditional on x2, x1 has everywhere positive Lebesgue density.

(iii) The set Θ = {θ ∈ Rd : (1,θ′)′ ∈ B} is compact and θ0 is an interior point of Θ.

(iv) MMS
0 (θ) = E[(2y − 1)1(x1 + x′2θ ≥ 0)] is S times continuously differentiable near

θ0 for some S ≥ 2 and VMS
0 = −∂2MMS

0 (θ0)/∂θ∂θ′ is positive definite.

(v) The conditional density of x1 given x2, denoted by fx1|x2(x1|x2), is bounded and

Sf times continuously differentiable in x1 with bounded derivatives for some Sf ≥ 1.

Under these assumptions, I can deduce the following result.

Corollary MS. If Condition MS holds, then

3
√
n(θ̂MSn − θ0) arg max

s∈Rd

{
−1

2
s′VMS

0 s + G0(s)

}
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where G0 is a mean-zero Gaussian process indexed by Rd with covariance kernel CMS0 (·, ·) ,

and

VMS
0 = 2E

[
x2x

′
2fx1|x2(−x′2θ0|x2)fε|x1,x2(0| − x′2θ0,x2)

]
,

CMS0 (s, t) =
1

2
(L0(s) + L0(t)− L0(s− t)), L0(s) = E

[
fx1|x2(−x′2θ0|x2)|x′2s|

]
.

Furthermore, if a consistent estimator for the Hessian term is available (i.e., Ṽn →P VMS
0

for some estimator Ṽn), then the reshaped bootstrap consistently estimates the large sample

distribution of 3
√
n(θ̂MSn − θ0).

In addition to the generic estimator ṼND
n discussed above, the maximum score estimator

admits an example-specific consistent estimator of the V0 associated with it. Let

ṼMS
n = − 1

n

n∑
i=1

(2yi − 1)K̇n(x1i + θ′x2i)x2ix
′
2i

∣∣∣
θ=θ̂MSn

,

where, for a kernel function K and a bandwidth hn, K̇n(u) = dK̇n(u)/du and Kn(u) =

K(u/hn)/hn. As defined, ṼMS
n is simply minus the second derivative, evaluated at θ = θ̂MSn ,

of the criterion function associated with the smoothed maximum score estimator of Horowitz

(1992). The estimator ṼMS
n is consistent under mild conditions on hn and K. Concretely, I

assume the following.

Condition K

(i)
∫
RK(v)dv = 1 and lim|v|→∞ vK(v) = 0.

(ii) For all v1, v2 ∈ R, |K̇(v1)− K̇(v2)| ≤ B(v1)|v1− v2| with
∫
RB(v)dv+

∫
RB(v)2dv <

∞.

(iii)
∫
R |K̇(v)|2dv +

∫
R |vK̇(v)|dv <∞.

(iv) lim|v|→∞ v
2K(v) = 0,

∫
R vK(v)dv = 0 , and

∫
R |v|

3|K̇(v)|dv <∞.

With these restrictions on the kernel function K, I obtain the following result for ṼMS
n =

ṼMS
n (θMSn ), which improves slightly on Theorem ?? because of the additional smoothness im-

posed. Let F
(s)
u|x1,x2

(u|x1,x2) = dsFu|x1,x2(−u|u+x1, x2)/dus and f
(s)
x1|x2

(x1|x2) = dsfx1|x2(x1|x2)/dxs1.

Lemma MS. Suppose Conditions MS and K(i)-(iii) hold.
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If hn → 0, nh3
n →∞, and E[‖x2‖6] <∞, then ṼMS

n →P VMS
0 .

Furthermore, if Condition K(iv) also holds, S ≥ 4, SF ≥ 3, and Sf ≥ 2, then

ṼMS
n = ṼMS

n (θ0) +OP(n−5/6h−5/2
n ) + oP(h2

n) +OP(n−1/3),

with the term OP(n−1/3) independent of hn, and

E
[
‖ṼMS

n (θ0)−VMS
0 ‖2

]
= h4

n(
d∑

k=1

d∑
l=1

B2
kl) +

1

nh3
n

(
d∑

k=1

d∑
l=1

Vkl) + o(h4
n + n−1h−3

n )

where

Bkl = E[(e′kx2x
′
2el){F

(1)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(−x′2θ0|x2)

+ F
(2)
u|x1,x2

(0| − x′2θ0,x2)f
(1)
x1|x2

(−x′2θ0|x2)

+
1

3
F

(3)
u|x1,x2

(0| − x′2θ0,x2)fx1|x2(−x′2θ0|x2)}]
∫
v3K̇(v)dv

and

Vkl = E[(e′kx2x
′
2el)

2fx1|x2(−x′2θ0|x2)]

∫
|K̇(u)|2du.

To investigate the finite sample properties of the proposed bootstrap-based inference

procedures, I conducted a Monte Carlo experiment. Following Horowitz (2002), and to allow

for a comparison with his bootstrap-based inference method for the smoothed maximum score

estimator, I generate data from a model with d = 1, where

x = (x1, x2)′ ∼ N

 0

1

 ,

 1 0

0 1

 ,

and where ε can take three distinct distributions. Specifically, DGP 1 sets ε ∼ Logistic(0, 1)/
√

2π2/3,

DGP 2 sets ε ∼ T3/
√

3, where Tk denotes a Student’s t distribution with k degrees of free-

dom, and DGP 3 sets ε ∼ (1+2(x1 +x2)2 +(x1 +x2)4)Logistic(0, 1)/
√
π2/48. The parameter

is θ0 = 1 in all cases.

The Monte Carlo experiment employs a sample size n = 1, 000 with B = 2, 000 boot-

strap replications and S = 2, 000 simulations. For each of the three DGPs, I implement
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the standard non-parametric bootstrap, m-out-of-n bootstrap, and the proposed method

using the two estimators ṼMS
n and ṼND

n of V0. I report empirical coverage for nominal 95%

confidence intervals and their average interval length. For the case of the proposed proce-

dures, I investigate their performance using both (i) a grid of fixed tuning parameter values

(bandwidth/derivative step) around the MSE-optimal choice and (ii) infeasible and feasible

AMSE-optimal choices of the tuning parameter.

Table III.1 presents the main results, which are consistent across all three simulation de-

signs. First, as expected, the standard nonparametric bootstrap (labeled “Standard”) does

not perform well, leading to confidence intervals with an average 64% empirical coverage

rate. Second, the m-out-of-n bootstrap (labeled “m-out-of-n” ) performs somewhat better

for small subsamples, but leads to very large average interval length of the resulting confi-

dence intervals. The proposed methods, on the other hand, exhibit excellent finite sample

performance in this Monte Carlo experiment. Results employing the example-specific plug-in

estimator ṼMS
n are presented under the label “ Plug-in” while results employing the generic

numerical derivative estimator ṼND
n are reported under the label “Num Deriv”. Empirical

coverage appears stable across different values of the tuning parameters for each method,

with better performance in the case of ṼMS
n . I conjecture that n = 1, 000 is too small for the

numerical derivative estimator ṼND
n to lead to as good inference performance as ṼMS

n (e.g.,

note that the MSE-optimal choice εMSE is greater than 1). Nevertheless, empirical coverage

of confidence intervals constructed using the proposed bootstrap-based method is close to

95% in all cases except when ṼND
n is used with either the infeasible asymptotic choice εAMSE

or its estimated counterpart ε̂AMSE, and with an average interval length of at most half that

of any of the m-out-of-n competing confidence intervals. In particular, confidence intervals

based on ṼMS
n implemented with the feasible bandwidth ĥAMSE perform quite well across the

three DGPs considered.

In sum, applying the bootstrap-based inference methods proposed in this note to the

case of the Maximum Score estimator of Manski (1975) lead to confidence intervals with

very good coverage and length properties in the simulation designs considered.
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Table III.1. Simulations, Maximum Score Estimator, 95% Confidence Intervals.

(a) n = 1, 000, S = 2, 000, B = 2, 000

DGP 1 DGP 2 DGP 3

h, ε Coverage Length h, ε Coverage Length h, ε Coverage Length

Standard

0.639 0.475 0.645 0.480 0.640 0.247

m-out-of-n

m = dn1/2e 0.998 1.702 0.997 1.754 0.999 1.900

m = dn2/3e 0.979 1.189 0.979 1.223 0.985 0.728

m = dn4/5e 0.902 0.824 0.894 0.839 0.904 0.447

Plug-in: ṼMS
n

0.7 · hMSE 0.434 0.941 0.501 0.406 0.947 0.513 0.105 0.904 0.256

0.8 · hMSE 0.496 0.946 0.503 0.464 0.952 0.516 0.120 0.917 0.260

0.9 · hMSE 0.558 0.951 0.506 0.522 0.951 0.518 0.135 0.930 0.267

1.0 · hMSE 0.620 0.954 0.510 0.580 0.952 0.522 0.150 0.941 0.273

1.1 · hMSE 0.682 0.959 0.515 0.638 0.955 0.526 0.165 0.948 0.281

1.2 · hMSE 0.744 0.961 0.522 0.696 0.959 0.532 0.180 0.958 0.288

1.3 · hMSE 0.806 0.962 0.531 0.754 0.960 0.539 0.195 0.966 0.296

hAMSE 0.385 0.938 0.499 0.367 0.941 0.510 0.119 0.917 0.260

ĥAMSE 0.446 0.947 0.509 0.415 0.949 0.518 0.155 0.941 0.275

Num Deriv: ṼND
n

0.7 · εMSE 0.980 0.912 0.431 0.904 0.891 0.422 0.203 0.864 0.216

0.8 · εMSE 1.120 0.922 0.442 1.033 0.897 0.432 0.232 0.888 0.228

0.9 · εMSE 1.260 0.929 0.460 1.163 0.909 0.448 0.261 0.904 0.238

1.0 · εMSE 1.400 0.939 0.484 1.292 0.919 0.469 0.290 0.917 0.248

1.1 · εMSE 1.540 0.943 0.514 1.421 0.928 0.497 0.319 0.928 0.257

1.2 · εMSE 1.680 0.948 0.549 1.550 0.932 0.531 0.348 0.939 0.265

1.3 · εMSE 1.820 0.955 0.590 1.679 0.935 0.568 0.377 0.947 0.274

εAMSE 0.483 0.878 0.410 0.476 0.871 0.412 0.216 0.877 0.221

ε̂AMSE 0.518 0.877 0.414 0.513 0.884 0.418 0.368 0.932 0.269

Notes:
(i) Panel Standard refers to standard nonparametric bootstrap, Panel m-out-of-n refers to m-out-of-n
nonparametric bootstrap with subsample m, Panel Plug-in: ṼMS

n refers to the proposed bootstrap-based
implemented using the example-specific plug-in drift estimator, and Panel Num Deriv: ṼND

n refers to the
proposed bootstrap-based implemented using the generic numerical derivative drift estimator.
(ii) Column “h, ε” reports tuning parameter value used or average across simulations when estimated, and
Columns “Coverage” and “Length” report empirical coverage and average length of bootstrap-based 95%
percentile confidence intervals, respectively.
(iii) hMSE and εMSE correspond to the simulation MSE-optimal choices, hAMSE and εAMSE correspond to the

AMSE-optimal choices, and ĥAMSE and ε̂AMSE correspond to the ROT feasible implementation of ĥAMSE and
ε̂AMSE described in Appendix B.2.
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III.4.2 The Conditional Maximum Score Estimator

Consider the dynamic binary response model

Yt = 1(β′0Xt + γ0Yt−1 + α + ut ≥ 0), t = 1, 2, 3,

where β0 ∈ Rd and γ0 ∈ R are unknown parameters of interest, α is an unobserved (time-

invariant) individual-specific effect, and ut is an unobserved error term. Honoré and Kyri-

azidou (2000) analyzed this model and gave conditions under which β0 and γ0 are identified

up to scale. Assuming these conditions hold and assuming the first element of β0 is positive,

I can normalize that element to unity and employ the parameterization (β′0, γ0)′ = (1,θ′0)′,

where θ0 ∈ Rd is unknown.

To describe a version of the conditional maximum score estimator of Honoré and Kyr-

iazidou (2000), partition Xt after the first element as Xt = (X1t,X
′
2t)
′ and define z =

(y, x1,x
′
2,w

′)′, where y = Y2 − Y1, x1 = X12 − X11, x2 = ((X22 − X21)′, Y3 − Y0)′, and

w = X2 −X3. Assuming z1, . . . , zn is a random sample of z, a conditional maximum score

estimator of θ0 ∈ Θ ⊆ Rd is any θ̂CMSn approximately maximizing M̂n for

mn(z,θ) = mCMS
n (z,θ) = y1(x1 + θ′x2 ≥ 0)Ln(w),

where, for a kernel function L and a bandwidth bn, Ln(w) = L(w/bn)/bdn.

Through its dependence on bn, the function mCMS
n depends on n in a non-negligible way.

In particular, the effective sample size is nbdn (rather than n) in the current setting, one

would expect primitive sufficient conditions for Condition CRA to include qn = bdn in this

example. Apart from this predictable change, the properties of the conditional maximum

score estimator θ̂CMSn turn out to b qualitatively similar to those of θ̂MSn . To be specific, under

regularity conditions the conditional maximum score estimator is covered by the results of

Section III.3 and an example-specific alternative (of smoothed maximum score type) to the

generic numerical derivative estimator ṼND
n is available.

Now I describe one set of sufficient conditions. For convenience, I employ the following
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additional notation:

ψ(x1,x2,w) = {E(A(Y0, Y3)|x1,x2,w)− E(B(Y0, Y3)|x1,x2,w)}x1(x1|x2,w),

A(d0, d3) = 1(Y0 = d0, Y1 = 0, Y2 = 1, Y3 = d3),

B(d0, d3) = 1(Y0 = d0, Y1 = 1, Y2 = 0, Y3 = d3),

ϕ1(w;θ) =

∫ ∫ ∞
−x′2θ

ψ(x,x2,w)dxdFx2|w(x2|w)fw(w),

ϕ2(w) =

∫
x2ψ(−x′2θ0,x2,w)dFx2|w(x2|w)fw(w),

V(w;θ) =

∫
x2x

′
2

d

dx
ψ(x,x2,w)

∣∣∣∣
x=−x′2θ

dFx2|w(x2|w)fw(w),

and X = {Xt}3
t=1, W = {w : ‖w‖ ≤ η}, and S = R× supp(x2)×W for some η > 0.

Condition CMS Let S ≥ 1 and Sf ≥ 1 be some integers.

(i) The parameter space Θ is compact and θ0, which satisfies (1,θ′0)′ = (β′0, γ0)′, lies

in the interior of Θ.

(ii) The sample {zi}i≥1 is i.i.d. across i = 1, 2, . . . , n. The data generating process is

P(Y0 = 1|X, α) = p(X, α),

P(Yt = 1|X, α, Y0, . . . , Yt−1) = F (X′tβ0 + γ0Yt−1 + α), t = 1, 2, 3,

where F (·) is strictly increasing on the entire real line.

(iii) P(y 6= 0|x1,x2,w) > 0 on S. The density fw is continuous on W and fw(0) > 0.

(iv) The support of X1−X2 given w ≡ X2−X3 is not contained in any proper linear

subspace of Rd for all w ∈ W and E[‖x2‖2|w] ≤ C for all w ∈ W .

(v) The conditional density fx1(x1|x2,w) is positive and bounded on S. In addition,

there exists a function Bf : Rd → R+ such that, for some ε > 0,

sup
w∈W
|fx1(ṽ|x2,w)− fx1(v|x2,w)| ≤ Bf (v,x2)|ṽ − v|ε,
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with supw∈W E[‖x2‖3Bf (−x′2θ0,x2)|w] <∞.

(vi) The function ψ(x1,x2,w) is bounded and S times continuously differentiable in

x1 with bounded derivatives on S.

(vii) The functions ϕ1(w;θ) and V(w;θ) satisfy, for some ε > 0,

sup
θ∈Θ
|ϕ1(w;θ)− ϕ1(0;θ)|+ sup

θ∈Θδ
0

‖V(w;θ)−V(0;θ)‖ ≤ C‖w‖ε, w ∈ W .

The function ϕ2 is Sf times continuously differentiable onW . Also, V(0;θ0) is positive

definite.

(viii) The kernel function L(·) is bounded, compactly supported, P -th order with

1 ≤ P ≤ Sf , and
∫
L(v)dv = 1.

Under these conditions, I have the following result.

Corollary CMS. Suppose Condition CMS holds. If nbdn →∞ and nbd+3P
n → 0, then

3
√
nbdn(θ̂CMSn − θ0) arg max

s∈Rd

{
−1

2
s′VCMS

0 s + G0(s)

}

where G0 is a mean-zero Gaussian process with covariance kernel CCMS0 (·, ·), and

VCMS
0 = E[x2x

′
2ψ

(1)(−x′2θ0,x2,0)|w = 0]fw(0), ψ(1)(x,x2,w) =
d

dx
ψ(x,x2,w),

CCMS0 (s, t) = E
[
min{|x′2s|, |x′2t|}fx1|x2,w(−x′2θ0|x2,0)1{sgn(x′2s) = sgn(x′2t)}

∣∣w = 0
]
fw(0).

Furthermore, if a consistent estimator for the Hessian term is available (i.e., Ṽn →P

VCMS
0 for some estimator Ṽn), then the reshaped bootstrap consistently estimates the large

sample distribution of 3
√
nbdn(θ̂CMSn − θ0).

As previously mentioned, we can consider a case-specific estimator of VAMSE
0 . The pro-

posed estimator is

ṼCMS
n = ṼCMS

n (θ̂CMSn ), ṼCMS
n (θ) = − 1

nh2
n

n∑
i=1

yiK̇

(
x1i + x′2iθ

hn

)
x2ix

′
2iLn(wi)

where hn = o(1) is a bandwidth, and K̇(u) = dK(u)/du with K a kernel function.
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I impose Condition K on the kernel function K(·), and obtain the following result for

ṼCMS
n . Let VCMS

n = ∂2MCMS
n (θ0)/∂θ∂θ′ where MCMS

n (θ) = E[mCMS
n (z,θ)].

Lemma CMS. Suppose Condition CMS and Assumption K hold with S ≥ 2.

If hn → 0 and nbdnh
3
n →∞, and E[‖x2‖6|w] ≤ C for w ∈ W, then ṼCMS

n →P VCMS
0 .

Furthermore, if S ≥ 3, then

E
[
‖ṼCMS

n (θ0)−VCMS
n ‖2

]
= O(h4

n + (nbdnh
3
n)−1),

where the rate is sharp in the sense that there exist constants Bkl and Vkl such that

E[(Ṽ CMS
n,kl(θ0)− V CMS

n,kl)
2]

h4
nB + (nbdnh

3
n)−1V

→ 1,

where Ṽ CMS
n,kl(θ0) and V CMS

n,kl denote the (k, l)-th elements of ṼCMS
n (θ0) and VCMS

n , respectively.

III.5 Discussion

The applicability of the procedure proposed in this note extends beyond the estimators

covered by Theorem 6. For instance, it is not hard to show that the bootstrap-based distri-

butional approximation is consistent also in the more standard case where mn(z,θ) is suffi-

ciently smooth in θ to ensure that an approximate maximizer of M̂n is asymptotically normal

and that the nonparametric bootstrap is consistent. In fact, θ̃∗n is asymptotically equivalent

to θ̂∗n in that standard case, so my procedure can be interpreted as a modification of the

nonparametric bootstrap that is designed to be “robust” to the types of non-smoothness

that give rise to cube root asymptotics.

Moreover, and perhaps more importantly, the idea of reshaping can be used to achieve

consistency of bootstrap-based approximations to the distributions of certain estimators

which are not of M -estimator type, yet exhibit cube root asymptotics and have the feature

that the standard bootstrap-based approximations to their distribution are known to be in-

consistent. In particular, Section III.6 shows how the idea of reshaping a process can be used

to achieve consistency on the part of a bootstrap-based approximation to the distribution of
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the celebrated ( 3
√
n-consistent) isotonic density estimator of Grenander (1956).1

This note is not the first to propose a consistent resampling-based distributional ap-

proximation for cube root consistent estimators. For cube root asymptotic problems, the

best known consistent alternative to the nonparametric bootstrap is probably subsampling

(Politis and Romano, 1994), whose applicability was pointed out by Delgado et al. (2001).

A related method is the rescaled bootstrap (Dümbgen, 1993), whose validity in cube root

asymptotic M -estimation problems was established recently by Hong and Li (2019). In addi-

tion, case-specific smooth bootstrap methods have been proposed for leading examples such

as maximum score estimation (Patra et al., 2015) and isotonic density estimation (Kosorok,

2008; Sen et al., 2010). Like ours, each of these methods can be viewed as offering a “robust”

alternative to the nonparametric bootstrap but, unlike ours, they all achieve consistency by

modifying the distribution used to generate the bootstrap counterpart of the estimator whose

distribution is being approximated. In contrast, my method achieves consistency by means

of an analytic modification to the objective function used to construct the bootstrap-based

distributional approximation.

An alternative interpretation of my approach is available. Restating the result in (III.7)

as

rn(θ̂n − θ0) S0(G0), S0(G) = arg max
s∈Rd

{Q0(s) + G(s)},

my procedure approximates the distribution of S0(G0) by that of S̃n(Ĝ∗n), where

Ĝ∗n(s) = r2
n[M̂∗

n(θ̂n + sr−1
n )− M̂∗

n(θ̂n)− M̂n(θ̂n + sr−1
n ) + M̂n(θ̂n)]

is a bootstrap process whose distribution approximates that of G0(s) and where

S̃n(G) = arg max
s∈Rd

{Q̃n(s) + G(s)}, Q̃n(s) = −1

2
s′Ṽns,

is an estimator of S0(G). In other words, my procedure replaces the functional S0 with a con-

1The asymptotic properties of the Grenander estimator have been studied by Prakasa Rao (1969), Groene-
boom (1985a), and Kim and Pollard (1990), among others. Inconsistency of the standard bootstrap-based
approximation to the distribution of the Grenander estimator has been pointed out by Kosorok (2008) and
Sen et al. (2010), among others.

53



sistent estimator (namely, S̃n) and its random argument G0 with a bootstrap approximation

(namely, Ĝ∗n). Similar constructions have been successfully applied in other settings, two

relatively recent examples being Andrews and Soares (2010) and Fang and Santos (2018).

Finally, Seo and Otsu (2018) give conditions under which results of the form (III.7) can

be obtained also when the data is weakly dependent. It seems plausible that a version of

my procedure, implemented with resampling procedure suitable for dependent data, can be

shown to be consistent under similar conditions, but it is beyond the scope of this note to

substantiate that conjecture.

III.6 Extension: Isotonic Density Estimation

The main ideas and results can also be used to conduct valid bootstrap-based inference in

the context of isotonic density estimation, another cube root consistent estimator with a

Chernoff-type limiting distribution. See, e.g., van der Vaart and Wellner (1996, Example

3.2.14) for a modern textbook treatment of this example.

Suppose we observe x1, . . . , xn
iid∼ F where F is continuous distribution function sup-

ported on [0,∞) with non-increasing density f . An extensively-studied method of estimating

f(x0), x0 ∈ (0,∞), is nonparametric maximum likelihood estimation (NPMLE):

arg max
f∈F

1

n

n∑
i=1

log f(xi)

where F is the class of non-increasing densities supported on [0,∞). It is well known that

the solution to this problem, denoted by f̂n(x), is the left derivative at x of the least concave

majorant (LCM) of the empirical distribution function F̂n(·) = n−1
∑n

i=1 1(xi ≤ ·).

The asymptotic distributional result for the NPMLE in this setting is as follows.

Lemma ID. If f is differentiable at x0 with f (1)(x0) < 0, then

3
√
n(f̂n(x0)− f(x0)) |4f (1)(x0)f(x0)|1/3 arg max

s∈R

{
W(s)− s2

}
where W is a standard two-sided Brownian motion with W(0) = 0.
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The NPMLE estimator f̂n(x0) is not a member of the class of M -estimators considered

in this paper, but nonetheless a distributional approximation of 3
√
n(f̂n(x0) − f(x0)) can

be established using the results for cube root consistent estimators discussed herein via

the switching technique of Groeneboom (1985b). Therefore, I first outline the main idea

underlying this distributional approximation because it provides an insight to the proposed

bootstrap-based inference approach.

The NPMLE estimator is the left-derivative of the least concave majorant (LCM) of F̂n

at x0. Using this property, I have

Ŝn(a) ≤ x ⇐⇒ f̂n(x) ≤ a

where

Ŝn(a) = arg max
s≥0

{F̂n(s)− as}.

This is the switching technique alluded above. Then, I have

P
[
n1/3(f̂n(x0)− f(x0)) ≤ t

]
= P

[
Ŝn(f(x0) + n−1/3t) ≤ x0

]
.

Using the definition of Ŝn(a) and change-of-variable x = x0 + sn−1/3,

Ŝn(f(x0) + n−1/3t)

= arg max
x∈[0,∞)

{
F̂n(x)− (f(x0) + n−1/3t)x

}
= x0 + n−1/3 arg max

s∈[−n1/3x0,∞)

{
F̂n(x0 + sn−1/3)− (f(x0) + n−1/3t)(x0 + sn−1/3)

}
= x0 + n−1/3 arg max

s∈[−n1/3x0,∞)

{
F̂n(x0 + sn−1/3)− F̂n(x0)− (f(x0) + n−1/3t)sn−1/3

}
= x0 + n−1/3 arg max

s∈[−n1/3x0,∞)

{
n2/3(F̂n(x0 + sn−1/3)− F̂n(x0)− f(x0)sn−1/3)− ts

}
where I use that a maximizer is invariant under shifting and scaling of the objective function.

Therefore, to study the limit law of n1/3(f̂n(x0) − f(x0)), it suffices to look at the

asymptotic distribution of the maximizer of n2/3(F̂n(x0+sn−1/3)−F̂n(x0)−f(x0)sn−1/3)−ts.

To do that, I can first establish weak convergence of the objective function and then apply
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an argmax continuous mapping theorem.

To establish uniform weak convergence of the objective function, I let

n2/3(F̂n(x0 + sn−1/3)− F̂n(x0)− f(x0)sn−1/3)− ts = Qn(s) +Gn(s)

where

Qn(s) = n2/3
(
F (x0 + sn−1/3)− F (x0)− f(x0)sn−1/3

)
− ts,

Gn(s) = n2/3
(
F̂n(x0 + sn−1/3)− F̂n(x0)− (F (x0 + sn−1/3)− F (x0))

)
.

For the first term, using differentiability of f at x0, a Taylor expansion gives

Qn(s) =
f (1)(x0)

2
s2 − ts+ o(1),

which is non-random and the o(1) term converges uniformly with respect to s over a compact

subset of R. Note that in this M -estimation problem, the Hessian term −V0 equals f (1)(x0),

the first derivative of f at x0.

For the second term, Lindeberg-Feller CLT implies finite-dimensional convergence and

a standard maximal inequality shows stochastic equicontinuity, so I can establish that for

any compact subset S ⊂ R,

Gn(s) W(f(x0)s), s ∈ S.

Then, an argmax continuous mapping theorem implies

P
(
n1/3(f̂n(x0)− f(x0)) ≤ t

)
→ P

(
arg max

s

{
W(f(x0)s) + f (1)(x0)s2/2− ts

}
≤ 0

)
.

Rewriting the object inside the arg max operator using properties of Brownian motion (c.f.,

van der Vaart and Wellner, 1996, Problem 3.2.5), I obtain the conclusion of Lemma ID.
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III.6.1 Bootstrap-based Inference

The above discussion indicates that, if ∆̃n is the left-derivative at t0 of the LCM of some

generic function Un(x), I have

P[n1/3∆̃n ≤ t] = P
(

arg max
s

{
n2/3(Un(x0 + sn−1/3)− Un(x0))− ts

}
≤ 0

)
.

Therefore, for bootstrap validity, I need to study the bootstrap counterpart n2/3(U∗n(x0 +

sn−1/3)−U∗n(x0)) and, in particular, establish uniform weakly convergence in probability in

order to establish validity of the bootstrap distributional approximation.

However, as discussed in this chapter, in the cube root consistent case as in Kim and

Pollard (1990) the bootstrap approximation of the objective function fails at the Hessian

term. Therefore, I reshape the M -estimator as before prior to applying the bootstrap. In

particular, let ∆̃∗n be the left-derivative at x = x0 of the LCM of F̃ ∗n(x), where

F̃ ∗n(x) = F̂ ∗n(x)− F̂n(x) +
1

2
Ṽn(x− x0)2, Ṽn = f̃ (1)

n (x0),

F̂ ∗n(·) =
∑n

i=1 1(x∗i ≤ ·), and f̃
(1)
n (x0) is a consistent estimator of f (1)(x0).

The form of the above objective function exactly mimics the intuition described in the

paper: I remove the problematic drift term under the bootstrap distribution and add back

a plug-in estimate thereof.

Theorem ID. Suppose the conditions in Lemma ID hold. If f̃
(1)
n (x0)→P f

(1)(x0), then

3
√
n∆̃∗n  P |4f (1)(x0)f(x0)|1/3 arg max

s∈R

{
W(s)− s2

}
,

where ∆̃∗n be the left-derivative at x = x0 of the LCM of F̃ ∗n(x) = F̂ ∗n(x)−F̂n(x)+ 1
2
Ṽn(x−x0)2.

The above bootstrap-based construction employs the reshaped objective function F̃ ∗n(x).

Another possibility is to use F̃ ∗n(x)+ f̂n(x0)x with f̂n(x0) being the NPMLE from the original

sample. If I let f̃ ∗n(x0) be the left-derivative at x0 of the LCM of the alternative objective

function, I have

f̃ ∗n(x0)− f̂n(x0) = ∆̃∗n.
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This follows because given G(x) = g(x) + cx for some constant c, the LCM of G equals the

LCM of g plus cx. In particular, suppose that this claim is false. Then, there exists a concave

function F such that G(x) ≤ F (x) for all x and F (x̃) < Lg(x̃) + cx̃ for at least one x̃, where

Lg denotes the LCM of g. Thus, F (x̃)− cx̃ < Lg(x̃) and this implies F (x̆)− cx̆ < g(x̆) for

some x̆, but this contradicts G(x) ≤ F (x) for all x.

III.6.2 Drift Estimation

In this example the counterpart of −V0 is simply f (1)(x0), the first derivative of the Lebesgue

density f(x) at x0. Thus, the estimation of the drift term can be done using standard

nonparametric estimation techniques, already available in most software platforms. For

methodological and technical details see, for example, Wand and Jones (1995).

III.6.3 Simulation Evidence

I investigate the finite sample properties of confidence intervals for f(x0) constructed us-

ing the bootstrap-based distributional approximation whose consistency was established in

Theorem ID. I employ the DGPs and simulation setting previously considered in Sen et al.

(2010). This, as in the case of the Maximum Score estimator discussed in the paper, allows

for a direct comparison with other bootstrap-based inference methods and their numerical

performance already studied in previous work available in the literature.

I estimate f(x0) at the evaluation point x0 = 1 using a random sample of observations,

where three distinct distributions are considered: DGP 1 sets x ∼ Exponential(1), DGP 2

sets x ∼ |Normal(0, 1)|, and DGP 3 sets x ∼ |T3|. As in the case of the Maximum Score

example, the Monte Carlo experiment employs a sample size n = 1, 000 with B = 2, 000

bootstrap replications and S = 2, 000 simulations, and compares three types of bootstrap-

based inference procedures: the standard non-parametric bootstrap, m-out-of-n bootstrap,

and the proposed method using two distinct estimators of f ′(x0) (plug-in and numerical

derivative).

Table III.2 presents the numerical results for this example. I continue to report empiri-

cal coverage for nominal 95% confidence intervals and their average interval length. For the
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case of the proposed procedures, I again investigate their performance using both (i) a grid

of fixed tuning parameter value (derivative step/bandwidth) and (ii) infeasible and feasible

AMSE-optimal choice of tuning parameter. Also in this case, the numerical evidence is very

encouraging. The proposed bootstrap-based inference method leads to confidence intervals

with excellent empirical coverage and average interval length, outperforming both the stan-

dard nonparametric bootstrap (which is inconsistent) and the m-out-of-n bootstrap (which

is consistent). In particular, in this example, the plug-in method employs an off-the-shelf

kernel derivative estimator, which in this case leads to confidence intervals that are very

robust (i.e., insensitive) to the choice of bandwidth. Furthermore, when the corresponding

feasible off-the-shelf MSE-optimal bandwidth is used, the resulting confidence intervals con-

tinue to perform excellently. Finally, the generic numerical derivative estimator also leads

to very good performance of bootstrap-based infeasible and feasible confidence intervals.

In sum, this example provides a second numerical illustration of the very good finite

sample performance of inference based on the proposed bootstrap-based distributional ap-

proximation for cube root consistent estimators.
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Table III.2. Simulations, Isotonic Density Estimator, 95% Confidence Intervals.

(a) n = 1, 000, S = 2, 000, B = 2, 000

DGP 1 DGP 2 DGP 3

h, ε Coverage Length h, ε Coverage Length h, ε Coverage Length

Standard

0.828 0.146 0.808 0.172 0.821 0.155

m-out-of-n

m = dn1/2e 1.000 0.438 0.995 0.495 0.998 0.452

m = dn2/3e 0.989 0.314 0.979 0.360 0.989 0.328

m = dn4/5e 0.953 0.235 0.937 0.274 0.948 0.248

Plug-in: ṼID
n

0.7 · hMSE 0.264 0.955 0.157 0.202 0.947 0.183 0.209 0.957 0.165

0.8 · hMSE 0.302 0.954 0.157 0.231 0.946 0.182 0.239 0.952 0.165

0.9 · hMSE 0.339 0.951 0.156 0.260 0.944 0.181 0.269 0.949 0.164

1.0 · hMSE 0.377 0.949 0.154 0.289 0.941 0.180 0.299 0.948 0.163

1.1 · hMSE 0.415 0.940 0.151 0.318 0.938 0.178 0.329 0.944 0.161

1.2 · hMSE 0.452 0.934 0.147 0.347 0.934 0.176 0.359 0.939 0.158

1.3 · hMSE 0.490 0.922 0.142 0.376 0.928 0.173 0.389 0.935 0.155

hAMSE 0.380 0.949 0.154 0.300 0.940 0.180 0.333 0.943 0.161

ĥAMSE 0.364 0.950 0.155 0.290 0.941 0.180 0.401 0.930 0.154

Num Deriv: ṼND
n

0.7 · εMSE 0.726 0.954 0.158 0.527 0.947 0.183 0.554 0.952 0.165

0.8 · εMSE 0.830 0.956 0.159 0.602 0.947 0.182 0.633 0.950 0.164

0.9 · εMSE 0.933 0.956 0.160 0.678 0.944 0.181 0.712 0.949 0.163

1.0 · εMSE 1.037 0.956 0.159 0.753 0.942 0.180 0.791 0.948 0.162

1.1 · εMSE 1.141 0.955 0.159 0.828 0.940 0.179 0.870 0.946 0.161

1.2 · εMSE 1.244 0.956 0.160 0.904 0.936 0.177 0.949 0.943 0.160

1.3 · εMSE 1.348 0.960 0.163 0.979 0.935 0.176 1.028 0.940 0.159

εAMSE 0.927 0.956 0.160 0.731 0.943 0.180 0.812 0.948 0.162

ε̂AMSE 0.888 0.956 0.159 0.708 0.943 0.181 0.978 0.942 0.159

Notes:
(i) Panel Standard refers to standard nonparametric bootstrap, Panel m-out-of-n refers to m-out-of-n
nonparametric bootstrap with subsample m, Panel Plug-in: ṼID

n refers to the proposed bootstrap-based
implemented using the example-specific plug-in drift estimator, and Panel Num Deriv: ṼND

n refers to the
proposed bootstrap-based implemented using the generic numerical derivative drift estimator.
(ii) Column “h, ε” reports tuning parameter value used or average across simulations when estimated, and
Columns “Coverage” and “Length” report empirical coverage and average length of bootstrap-based 95%
percentile confidence intervals, respectively.
(iii) hMSE and εMSE correspond to the simulation MSE-optimal choices, hAMSE and εAMSE correspond to the

AMSE-optimal choices, and ĥAMSE and ε̂AMSE correspond to the ROT feasible implementation of ĥAMSE and
ε̂AMSE described in Appendix B.2.
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CHAPTER IV

Smoothed Pairwise Difference Estimators:

Distribution Theory

IV.1 Introduction

Semiparametric econometric models provide a useful way to balance flexibility and parsimo-

nious parametrization, which allows for researchers to mitigate concerns with misspecifica-

tions while retaining a reasonable requirement on sample sizes of data. Yet, implementation

of semiparametric models can be challenging because it faces estimation and inference issues

distinct from more traditional parametric models. For example, semiparametric estimators

often require tuning parameters, and sample-finite properties of such estimators are sensitive

to selection of tuning parameters.

In this paper, I study a statistical inference problem in semiparametric models, explic-

itly accounting for impact of tuning parameter selection. Specifically, I investigate a class of

smoothed pairwise difference estimators, which involves bandwidth as a tuning parameter,

and I highlight non-robustness of the conventional Gaussian distributional approximation

with respect to bandwidth choice. The estimator exhibits a range of different limit distribu-

tions depending on the bandwidth sequence. From a practical standpoint, the results of this

chapter indicate that performance of conventional inference methods is sensitive to specific

bandwidth chosen. This property makes statistical inference less credible, and this chapter

provides another piece of evidence corroborating the widespread concern about non-robust

behavior of semiparametric estimators with respect to tuning parameters (see e.g., Ichimura

and Todd, 2007).

61



There is an extensive literature on distribution theory and inference using semipara-

metric estimators (see e.g., Andrews, 1994; Newey and McFadden, 1994; Chen, 2007). More

recently, several studies have investigated impact of tuning parameter choices on statisti-

cal inference. Cattaneo et al. (2014) examine asymptotic distributional approximation of

density-weighted average derivative estimators, allowing for bandwidth sequences shrinking

at a faster rate than those entertained in previous work. Cattaneo et al. (2013) study related

distribution results for weighted average derivative estimators where the limit distribution

features asymptotic bias term, and they propose a bias-correction inference procedure. Both

of these papers develop distributional approximations valid under weaker restrictions on

tuning parameter sequences. Chernozhukov et al. (2018) also establish distribution theory,

allowing for a wider range of tuning parameters. Whereas the first two papers focus on what

they term “small bandwidth asymptotics,” the last paper examines the case where band-

width is larger. This difference stems from whether one focuses on higher-order variance or

bias. The first two look at the higher-order variance, and the latter deal with bias term. In

this paper, I follow the first approach by accommodating the higher-order variance term in

distributional approximation.

IV.2 Setup

Let θ0 ∈ Θ ⊂ Rk be an estimand of interest, which solves the following optimization problem:

θ0 = arg max
θ∈Θ

M0(θ), M0(θ) = E[E[s(z1, z2,θ)|w1 = w2]] (IV.1)

where s : Rdz × Rdz × Θ → R is known, z ∈ Rdz is a random vector, and w ∈ Rd is a

subvector of z. Note that by the conditioning w1 = w2, the characterization of θ0 uses only

the subpopulation in which a pair of observations has the same values of covariates w.

In their influential study, Honoré and Powell (2005) study an estimator of the form

θ̂n = arg max
θ∈Θ

M̂n(θ), M̂n(θ) =

(
n

2

)−1 ∑
1≤i<j≤n

s(zi, zj,θ)Khn(wi −wj)
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where {zi}ni=1 is a random sample of z, K : Rd → R is a kernel function, Kh(u) = h−dK(u/h),

and hn is a bandwidth sequence shrinking to zero.

The kernel function assigns weights to pairs of observations. If wi and wj are close to

each other, the kernel gives a large weight to the pair. On the other hand, if wi and wj are

far apart, the kernel weight is small. Then, in asymptotics where hn shrinks to zero, the

value of M̂n is determined by pairs of observations whose values of w are identical. This

behavior of kernel weighting is key to consistently estimating θ0 by θ̂n because, to precisely

characterize θ0, one needs to use only the subpopulation in which wi = wj. Yet, in a finite

sample, the event {wi = wj} has zero probability if w has a continuous distribution. Kernel

weighting enables estimation of θ0 in the absence of pairs with wi = wj by including pairs

with wi ≈ wj in finite samples.

Due to this kernel weighting, estimation of θ0 faces a trade-off of bias and variance.

When pairs with not so close values of w get non-trivial weights, the estimation is based

on a sample with wi 6≈ wj, which induces bias. On the other hand, only using pairs with

very close w’s leads to a smaller sample size, which increases variance. This trade off is

governed by the bandwidth hn. A larger hn gives non-trivial weights to more pairs, and a

smaller bandwidth results in a smaller number of observations. Then, for good finite-sample

properties of the estimator, choice of a bandwidth plays an important role.

To better understand the impact of bandwidths on the estimator, think about the case

where M̂n(θ) is smooth in the parameter and θ̂n admits a closed form representation. In

this situation, we have

√
n(θ̂n − θ0) ≈ Z +B

√
nhPn +W/

√
nhdn (IV.2)

where Z has a mean-zero normal distribution, the term B
√
nhPn is the leading bias term, and

W is a mean-zero random vector. For the bias term B
√
nhPn , the power on the bandwidth

P coincides with the order of the kernel function K(·) under enough smoothness in the data

generating process. Here, the trade-off occurs between B
√
nhPn and W/

√
nhdn. For a large

hn, the first term (bias) becomes dominant, and for a small hn, the second term (variance)

dominates.
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In the literature, existing studies impose
√
nhPn → 0 and nhdn →∞ and use a Gaussian

approximation for the distribution of
√
n(θ̂n−θ0). Although this approach may seem natural,

this requirement can impose stringent conditions on the bandwidth. Specifically, hn needs

to satisfy n−1/d � hn � n−1/(2P ), where an � bn means an/bn = o(1). When the covariate

w is multi-dimensional, this range of bandwidths can be tight. For instance, if P = 2, then

the bandwidth sequence has to lie in a tight range between n−1/d and n−1/4, and d has to

be less than four. Although one may be able to alleviate this problem using a higher-order

kernel, higher-order kernels often have poor finite sample properties.

In finite samples, this requirement on bandwidth rates manifests as non-robustness of

distributional approximation with respect to bandwidth choice. Specifically, when the theory

indicates a tight bandwidth range, the limit distribution that assumes away the bias and

variance term tends to give a poor approximation to the finite-sample distribution. This

non-robustness issue has been documented by Cattaneo et al. (2014), who show by Monte

Carlo experiments that 95% confidence intervals based on normal approximation have correct

coverage on a very tight bandwidth range.

In this paper, I present novel distributional approximation results under weaker con-

ditions on bandwidths. This new approximation provides a key step to a new inference

procedure that is less sensitive to bandwidth choice. To describe the asymptotic distribution

result, define rn = ( 1√
n

+ 1
n2hdn

)−1, which turns out to be the convergence rate of the estimator

θ̂n. Also let π0 = limn→∞
√
nhdn, which I assume to exist on the extended real line. Then,

under regularity conditions,

rn(θ̂n − θ0) 
π0

1 + π0

Z +
1

1 + π0

W , π0 ∈ [0,+∞]

where denotes convergence in distribution, Z andW are independent mean-zero Gaussian

random vectors, π0/(1 + π0) = 1 and 1/(1 + π0) = 0 if π0 = +∞.

When the bandwidth sequence satisfies the conventional restriction, namely nhdn →∞,

the distribution of
√
n(θ̂n − θ0) can be approximated by the mean-zero normal random

vector Z because π0 = +∞ in this case and the term W vanishes from the expression. This

distribution result has been established by the previous studies.
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However, as previously mentioned, the requirement nhdn → ∞ may impose stringent

conditions, which makes the conventional Gaussian approximation less credible. Indeed,

when the bandwidth requirement is violated i.e., nhdn 6→ ∞, then the limiting distribution

needs to account for the higher-order termW/
√
nhdn in (IV.2). I show that this higher-order

term has a mean-zero Gaussian distribution. Then, for the case where π0 is some positive

constant (i.e., nhdn converges to a non-zero constant), the limit distribution of rn(θ̂n − θ0)

remains normal but with larger variance. This result corresponds with the intuition that

a smaller bandwidth leads to higher variance. For the case where π0 = 0, the bandwidth

sequence is even “smaller,” or vanishes at a faster rate. In this case, the convergence rate

becomes nh
d/2
n =

√
n
√
nhdn, which is slower than

√
n because

√
nhdn → 0, and the limit

distribution features W , which has a different variance from Z.

This new distribution result highlights the impact of bandwidth on the limit distribution.

In particular, it implies that the conventional normal approximation may not be accurate

when
√
nhdn is not large. To be more precise, whether

√
nhdn is sufficiently large depends

on the underlying DGP, and thus researchers usually have little knowledge on which limit

distribution provides a good approximation. In other words, accuracy of the conventional

normal approximation may be sensitive to bandwidth choice.

IV.3 Main Result

In this section, I formally present the distributional result discussed in the previous section.

First I state the main assumption, and for the purpose, define the following objects.

mn(z1, z2,θ) = s(z1, z2,θ)Khn(w1 −w2),

`n(z,θ) = E[mn(z1, z2,θ)|z1 = z]− E[mn(z1, z2,θ)],

wn(z1, z2,θ) = mn(z1, z2,θ)− E[mn(z1, z2,θ)|z1]− E[mn(z1, z2,θ)|z2] + E[mn(z1, z2,θ)],
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Ln = {`n(·,θ) : θ ∈ Θ}, ¯̀
n(z) = sup

`∈Ln
|`(z)|

Wn = {wn(·, ·,θ) : θ ∈ Θ}, w̄n(z1, z2) = sup
w∈Wn

|w(z1, z2)|

Θδ
0 = {θ ∈ θ : ‖θ − θ0‖ ≤ δ}

Lδn = {`n(·,θ)− `n(·,θ0) : θ ∈ Θδ
0}, ¯̀δ

n(z) = sup
`∈Lδn
|`(z)|

Wδ
n = {wn(·, ·,θ)− wn(·, ·,θ0) : θ ∈ Θδ

0}, w̄δn(z1, z2) = sup
w∈Wδ

n

|w(z1, z2)|.

Here is the set of assumptions used to derive the distributional result.

Assumption SP Let rn = (n−1/2 + (n2hdn)β)−1 →∞ where β = 1/(4− γ) and γ ∈ {1, 2}.

(i) {Ln : n ≥ 1} and {Wn : n ≥ 1} are uniformly manageable for the envelops ¯̀
n and

w̄n, respectively, E[|¯̀n(z)|2] = o(n), and E[|w̄n(z1, z2)|2] = o(n2). Also, supθ∈Θ |Mn(θ)−

M0(θ)| = o(1) and, for every δ > 0, supθ∈θ\Θδ
0
M0(θ) < M0(θ0).

(ii) θ is an interior point of Θ and, for some δ > 0, M0 and Mn are twice continuously

differentiable on Θδ
0 and supθ∈Θδ

0
. Also, supθ∈Θδ

0
‖∂2[Mn(θ) −M0(θ)]/∂θ∂θ′‖ = o(1),

rn‖∂Mn(θ0)/∂θ‖ = o(1), and V0 = −∂2M0(θ0)/∂θ∂θ′ is positive definite.

(iii) For some δ > 0, {Lδ′n : n ≥ 1, δ′ ∈ (0, δ]} and {Wδ′
n : n ≥ 1, δ′ ∈ (0, δ]} are

uniformly manageable for the envelopes ¯̀δ′
n and w̄δ

′
n , respectively. Also, there exist

functions Bn : Rdz → R such that |`n(z,θ′)− `n(z,θ)| ≤ Bn(z)‖θ′−θ0‖ for θ,θ′ ∈ Θδ
0,

E|Bn(z)|2 = O(1), and supδ′∈(0,δ] h
d
nE[|w̄δ′n |2/δ′

γ] = O(1).

(iv) For every positive δn = O(r−1
n ) and all s, t ∈ Rk, there exist a positive definite

matrix Σ0 ∈ Rk×k and a function C0 : Rk × Rk → R such that

sup
θ∈Θδn

0

|r2
nE[{`n(z,θ + sδn)− `n(z,θ)}{`n(z,θ + tδn)− `n(z,θ)}]− s′Σ0t| = o(1),

sup
θ∈Θδn

0

|rγnhdnE[{wn(z1, z2,θ + sδn)− wn(z1, z2,θ)}{wn(z1, z2,θ + tδn)− wn(z1, z2,θ)}]

− C0(s, t)| = o(1),

and C0(s, s) + C0(t, t)− 2C(s, t) > 0.
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(v) For any positive δn = O(r−1
n ), r8

nn
−3E|¯̀δnn (z)|4 = o(1), r8

nn
−5E[E[|w̄δnn (z1, z2)|2|z1]2] =

o(1), r8
nn
−6E[|w̄δnn (z1, z2)|4] = o(1), r8

nn
−4E[E[|w̄δnn (z1, z2)w̄δnn (z1, z3)||z2, z3]2] = o(1),

and r8
nn
−3E[E[¯̀δnn (z1)w̄δnn (z1, z2)|z2]] = o(1).

(vi) One of the following conditions holds:

(a) [γ = 2] For some δ > 0, there exist functions B2n : Rdz × Rdz → R such that

|wn(z1, z2,θ
′)−wn(z1, z2,θ)| ≤ B2n(z1, z2)‖θ′−θ‖ for θ,θ′ ∈ Θδ

0, and hdnE[|B2n(z1, z2)|2] =

O(1).

(b) [γ = 1] For any δn = O(r−1
n ), supθ,θ′∈Θδn

0
E[|wn(z1, z2,θ

′)−wn(z1, z2,θ)|/‖θ′−θ‖] =

O(1), and limC→∞ lim supn→∞ supδ′∈(0,δn] h
d
nE[1{hdn|w̄δ

′
n (z1, z2)| > C}|w̄δ′n (z1, z2)|2/δ′] =

0.

The term uniform manageability has been employed in empirical process literature. This

condition is satisfied by many classes of functions encountered in practice, and it ensures

applicability of uniform law of large numbers and maximal inequalities. For definition, refer

to Kim and Pollard (1990).

In the above conditions, the integer γ ∈ {1, 2} shows up in multiple occasions. This num-

ber denotes smoothness of the function s(·, ·,θ) with respect to θ. For instance, if s(z1, z2,θ)

is continuously differentiable in θ almost surely, under some regularity conditions, γ will be 2.

On the other hand, in some econometric models, s(z1, z2,θ) can be discontinuous in θ (e.g.,

indicator function), and in such situations, γ = 1. There is an important qualitative differ-

ence in the limit distribution for different values of γ. When γ = 2, C0(s, t) = s′Ω0t for some

positive definite matrix Ω0, and the limit distribution remains Gaussian. In contrast, γ = 1

implies C0(αs, αt) = |α|C0(s, t) and the limit distribution becomes non-Gaussian. Theorem

7 below unifies distribution theory under varying smoothness of objective functions.

The sequence rn, which is the convergence rate of θ̂n, depends on the smoothness mea-

sure γ. From the definition, when nγ/2hdn is bounded away from zero, rn = O(
√
n), and if

nγ/2hdn → 0, rn/(n
2hdn)−1/(4−γ) → 1. Here smoothness of the objective function can affect the

convergence rate in two ways. If the function is not smooth i.e., γ = 1, then
√
n-consistency

of θ̂n is retained for a narrower range of bandwidth sequences. In addition, γ = 1 implies

that when n1/2hdn → 0, the convergence rate is cubic root of n2hdn. This resembles cubic root
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convergence rate of Kim and Pollard (1990) and Seo and Otsu (2018), who also study a class

of M -estimation problems with non-smooth objective functions. Notable differences from

these previous studies are that I study a maximizer of second-order U-statistic as opposed

to a single sum and that the estimator in this problem exhibits a range of different limit

distributions.

Most of the other conditions are standard in M -estimation literature. One exception is

the second condition, which requires rn‖∂Mn(θ0)/∂θ‖ = o(1), and it ensures that “smooth-

ing” bias is of small order. In light of the discussion on (IV.2), this paper focuses on the

variance term and is not concerned about the bias term. This perspective has been termed as

“small bandwidth asymptotics” in the literature (e.g., Cattaneo and Jansson, 2018). Another

approach has been also considered, where a “larger” bandwidth is assumed so that the vari-

ance is of smaller order and the smoothing bias has been dealt explicitly (e.g., Chernozhukov

et al., 2018). This paper takes small bandwidth asymptotics as its framework.

Now I present the formal distributional result. For the theory, the estimator needs to

maximize the objective function only approximately. The precise formulation is that θ̂n

satisfies

M̂n(θ̂n) ≥ sup
θ∈Θ

M̂n(θ)− oP(r−2
n )

where rn as defined in Assumption SP. Also, let Gn be a Gaussian process indexed by s ∈ Rk

whose mean is −s′V0s/2 and whose covariance kernel is

4
( πn

1 + πn

)2

s′Σ′0t + 2
( 1

1 + πn

)4−γ
C0(s, t), πn =

√
nγ/2hdn

Theorem 7. Under Assumption SP, if n2hdn →∞, then

lim
n→∞

sup
t∈Rk

∣∣∣∣Pr
(
rn(θ̂n − θ0) ≤ t

)
− Pr

(
arg max

s∈Rk
{Gn(s)} ≤ t

)∣∣∣∣ = 0.

To understand the implications of this result, first consider cases where πn =
√
nγ/2hdn

has a limit in the extended real line i.e., π0 = limn→∞ πn ∈ [0,+∞] and γ = 2 i.e.,

smooth objective function. When π0 = +∞, arg maxs∈Rk{Gn(s)} converges in distribution
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to Normal(0, 4V−1
0 Σ0V

−1
0 ). This scenario corresponds to the conventional case as discussed

in Section IV.2, and inference about θ0 is straightforward.

When 0 < π0 < ∞, then the limit distribution has two variance components: one is

the normal random vector with the variance 4[π0/(1 + π0)]2Σ0 and the other part involves

C0(s, t). As previously mentioned, when γ = 2, C0(s, t) = s′Ω0t for some positive definite

matrix Ω0, and the limit distribution becomes a mean-zero normal vector with the covariance

matrix V−1
0 [4(π0/(1 + π0))2Σ0 + 2(1/(1 + π0))2Ω0]V−1

0 . Note that the middle matrix is the

covariance matrix of a convex combination of two random vectors whose covariance matrices

are 4Σ0 and 2Ω0, where the weight is given by π0/(1+π0). For π0 = 0, the limit distribution

becomes a mean-zero normal vector with the covariance matrix 2V−1
0 Ω0V

−1
0 . Therefore, as

π0 ranges over [0,+∞], the limit distribution varies “continuously,” which can be seen from

the weight π0/(1 + π0) going to 1 as π0 →∞ and it vanishing as π0 → 0.

For the case γ = 1, similar results hold although there is an important difference.

If π0 = +∞, then the limit distribution is Gaussian, and the conventional distributional

approximation works. Yet, when π0 is finite, then the limit distribution becomes

arg max
s∈Rk

{
− 1

2
s′V0s +

π0

1 + π0

s′Z +
( 1

1 + π0

)3/2

W(s)
}

where Z = Normal(0, 4Σ0), W is a mean-zero Gaussian process whose covariance kernel is

2C0(·, ·), and Z ⊥⊥ W . The argmax generally does not have a closed form, and the distribution

is non-normal. As in the case with γ = 2, the limit distribution changes continuously with

π0, although interpretation as a convex combination of two normal vectors does not apply.

Note that when πn does not converge on the extended real line, arguing along subse-

quences establishes that the law of arg maxs∈Rk{Gn(s)} continues to well approximate the

distribution of rn(θ̂n − θ0). Thus, we do not need to assume that the sequence πn has a

well-defined limit.

From practical point of view, Theorem 7 may provide a better distributional approxi-

mation in samples of moderate size. The key object here is πn. If πn is “large” given the

sample size and bandwidth, then we expect that the conventional approximation works well,

provided that the bias term is also small. On the other hand, if πn is not sufficiently large,
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accounting for the additional source of variance can improve the distributional approxima-

tion. There are different ways in which πn may be small. For instance, the dimension of

conditioning covariates w can be large (e.g., d ≥ 3), and in such case, choosing a bandwidth

that makes the smoothing bias small and πn large simultaneously may not be feasible. Fur-

thermore, in practice, researchers may not know whether or not given πn is sufficiently large

because it depends on the underlying data generating process.

IV.4 Conclusion

This chapter develops a novel distributional approximation to a class of smoothed pairwise

difference estimators. I not only allow for weaker restrictions on bandwidth sequence but

also highlight potential non-robustness of conventional Gaussian approximation. Given this

robustness issue, it is desirable to construct inference procedures that automatically adapt

to different bandwidth sequences. One may conjecture that resampling methods capture the

additional variance term when the bandwidth sequence is small. However, one can show that

the standard nonparametric bootstrap fails to approximate the correct limit distribution. In

future work, I plan to address this inference problem by developing appropriately modified

bootstrap procedures that are robust with respect to bandwidth choice.
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APPENDIX A

Proofs for Chapter II

A.1 Proofs

Let Lp(µ) be the class of functions whose pth power is integrable with respect to µ. I write

FW , FΘ for the distribution of random vectors W,Θ, and so on.

A.1.1 Proof of Lemma 1

Inverse of Ψ

Recall

Ψh(w) =

∫
h(θ)fΘ|W (θ|w)dλ(θ).

Let H be the range of Ψ on L2(FΘ). I show that h ∈ H is square-integrable with respect to

FW . For any h ∈ L2(FΘ),

∫
(Ψh)2dFW =

∫ [ ∫
h(θ)fΘ|W (θ|w)dλ(θ)

]2

dFW (w)

=

∫ (
E[h(Θig)|Wig = w]

)2
dFW (w)

≤
∫ [

E[|h(Θig)|2|Wig = w]dFW (w)

= E[|h(Θig)|2] <∞.

By boundedness of fΘ|W , Ψ is a compact linear operator. Then, Theorem 15.16 in Kress

(2014) implies there exist non-negative reals {τj : j ∈ N} and orthonormal sequences {φj :
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j ∈ N}, {ϕj : j ∈ N} in L2(FΘ) and H, respectively, such that

Ψh =
∞∑
j=1

τj〈h, φj〉Θϕj

where 〈h, φ〉Θ =
∫
hφdFΘ. Also let 〈m,ϕ〉W =

∫
mϕdFW .

Without loss of generality, assume τj > 0 for all j. Define

Ψ†m =
∞∑
j=1

τ−1
j 〈m,ϕj〉Wφj.

By definition, Ψ†Ψh = h on L2(FΘ).

Integral with respect to fW |J,B

fW |J,B/fW ∈ H because

fW |J,B(w|s,b) =

∫
fW |Θ,J,B(w|θ, s,b)fΘ|J,B(θ|s,b)dλ(θ)

=

∫
fW |Θ,B(w|θ,b)fΘ|J,B(θ|s,b)dλ(θ)

=

∫
fW |Θ(w|θ)fΘ|J,B(θ|s,b)dλ(θ)

= Ψ(fΘ|J,B/fΘ)(w)fW (w)

and fΘ|J,B/fΘ ∈ L2(FΘ), where the second equality holds by J = J(Θ,A,η) and η ⊥⊥

(W,Θ)|B and the third follows from independence W ⊥⊥ B|Θ.

Then, Ψ†(fW |J,B/fW ) = fΘ|J,B/fΘ. Write m(θ) = E[ωig|Θig = θ]. If the interchange of
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integral and infinite sum is permitted,

E[ωig|Jig = s,Bg = b] =

∫
E[ωig|Θig = θ, Jig = s,Bg = b]fΘ|J,B(θ|s,b)dλ(θ)

=

∫
E[ωig|Θig = θ]fΘ|J,B(θ|s,b)dλ(θ)

=

∫
m(θ)

fΘ|J,B(θ|s,b)

fΘ(θ)
dFΘ(θ)

=

∫
m(θ)

(
Ψ†fW |J,B(·|s,b)/fW (·)

)
(θ)dFΘ(θ)

=

∫
m(θ)

[ ∞∑
j=1

τ−1
j 〈fW |J,B(·|s,b)/fW (·), ϕj〉Wφj(θ)

]
dFΘ(θ)

=
∞∑
j=1

τ−1
j 〈fW |J,B(·|s,b)/fW (·), ϕj〉W

∫
m(θ)φj(θ)dFΘ(θ) (A.1)

=

∫ [ ∞∑
j=1

τ−1
j

∫
m(θ)φj(θ)dFΘ(θ)ϕj(w)

]
fW |J,B(w|s,b)dµ(w) (A.2)

where I use ωig ⊥⊥ Bg|Θig for the second equality. To justify (A.1), it suffices to show

∞∑
j=1

∫
τ−1
j

∣∣〈fW |J,B(·|s,b)/fW (·), ϕj〉W
∣∣|m(θ)φj(θ)|dFΘ(θ) <∞.

Using fW |J,B/fW = ΨfΘ|J,B/fΘ,

〈fW |J,B(·|s,b)/fW (·), ϕj〉W = 〈Ψ(fΘ|J,B/fΘ), ϕj〉W

=
〈 ∞∑
`=1

λ`〈fΘ|J,B/fΘ, φ`〉Θϕ`, ϕj
〉
W

=
∞∑
`=1

λ`〈fΘ|J,B/fΘ, φ`〉Θ〈ϕ`, ϕj〉W

= τj〈fΘ|J,B/fΘ, φj〉Θ.

Thus, it suffices to have

∞∑
j=1

∣∣〈fΘ|J,B/fΘ, φj〉Θ
∣∣〈|m|, |φj|〉Θ ≤ ‖m‖Θ

∞∑
j=1

∣∣〈fΘ|J,B/fΘ, φj〉Θ
∣∣ <∞
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where ‖ · ‖Θ is the norm induced by 〈·, ·〉Θ and I use ‖φj‖Θ = 1 for j ∈ N. For (A.2), it

suffices to show

∞∑
j=1

∫
τ−1
j |fW |J,B(w|s,b)ϕj(w)|

∣∣〈m,φj〉Θ∣∣dµ(w)

≤
∞∑
j=1

τ−1
j

∣∣〈m,φj〉Θ∣∣[ ∫ |fW |J,B(w|s,b)|2dµ(w)

∫
|ϕj(w)|2dµ(w)

]1/2

≤ C
∞∑
j=1

τ−1
j

∣∣〈m,φj〉Θ∣∣ <∞.
Thus, the interchageability follows from Assumption 4.

Since

ψ(w) =
∞∑
j=1

τ−1
j αjϕj(w), αj = 〈m,φj〉Θ,

{αj/τj : j ∈ N} is square-summable, and {ϕj : j ∈ N} is an orthonormal set with respect to

FW , ψ is square integrable with respect to FW .

A.1.2 Proof of Theorem 1

By taking conditional expectations given FW |J,B(·|Jig,Bg),

E[YiJigg|FW |J,B(·|Jig,Bg)]

= E[XJigg|FW |J,B(·|Jig,Bg)]
′β + E[Wig|FW |J,B(·|Jig,Bg)]

′γ +

∫
ψ(w)dFW |J,B(w|Jig,Bg)

and subtracting this conditional expectation from the equation (II.11),

YiJigg − E[YiJigg|FW |J,B(·|Jig,Bg)]

=
{
XJigg − E[XJigg|FW |J,B(·|Jig,Bg)]

}′
β +

{
Wig − E[Wig|FW |J,B(·|Jig,Bg)]

}′
γ + εig.

Writing Vig = (X ′JiggW
′
ig)
′,

E[{Vig − E[Vig|FW |J,Bg ]}YiJigg] = E[{Vig − E[Vig|FW |J,Bg ]}{Vig − E[Vig|FW |J,Bg ]}′]

 β

γ

 .
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Then, the invertibility condition 2 guarantees identifiability of β.

A.1.3 Proof of Theorem 2

Below, I use the following notational conventions. For two sequences of real numbers an and

bn, an . bn means there exists a constant C not dependent on n such that an/bn ≤ C for

n large enough. For sequences of random variables Xn and Yn, Xn .P Yn means that there

exists a fixed constant C satisfying Pr(Xn ≤ CYn) → 1 as n → ∞. Given a symmetric

matrix X, I write λmax(X) and λmin(X) for largest and smallest eigenvalues of the matrix

X. Define λ̄K = λmax(QK) and λ̃ = 1/λmin(QK).

Also, define

rK =
( ∞∑
k=K+1

δkE[ρk(W11)|J11,B1], . . . ,
∞∑

k=K+1

δkE[ρk(WNG)|JNG,BG]
)′

ε = (ε11, . . . , εNG)′.

Proof. Lemma 4 below implies the first part. By Var(χs−E[ωig|Jig = s,Bg]) > 0, E[εisgεjsg] >

0 and the minimum eigenvalue of

E[ψNgψ
′
Ng] =

1

N
E[PKigP

′
Kigε

2
ig] + (1− 1/N)E[PKigP

′
Kjgεigεjg]

is bounded from below uniformly in K. In addition, ‖Q−1
K ‖ ≥ 1/λmax(QK), which is bounded

away from zero uniformly. Thus, λmin(ΩK) is bounded away from zero uniformly.

For the asymptotic normality of the oracle estimator, note ψNg is mean zero and inde-

pendent across t. I verify Lindberg’s condition. The variance matrix is the identity matrix

by construction. For any vector v, I want to show for all d > 0,

E[|v′Ω−1/2
K SQ−1

K ψNg|2I{|v′Ω−1/2
K SQ−1

K ψNg| ≥ d
√
G}]→ 0.
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Letting $ig = v′Ω
−1/2
K SQ−1

K PKig, we have v′Ω
−1/2
K SQ−1

K ψNg =
∑

i$igεig/N and |$ig| . ζK .

E[|v′Ω−1/2
K SQ−1

K ψNg|2I{|v′Ω−1/2
K SQ−1

K ψNg| ≥ d
√
G}]

≤ E
1

N

N∑
i=1

|$ig|2
1

N

N∑
i=1

|εig|2I
{∣∣∣ 1

N

N∑
i=1

|εig|2
∣∣∣1/2 ≥ d

√
G/ζK

}
≤ E[|$ig|2] sup

PKg

E
[ 1

N

N∑
i=1

|εig|2I
{∣∣∣ 1

N

N∑
i=1

|εig|2
∣∣∣1/2 ≥ d

√
G/ζK

}∣∣∣PKg

]
≤ E[|$ig|2]

ζ2
K

d2G
sup
PKg

E
[( 1

N

N∑
i=1

|εig|2
)2∣∣∣PKg

]
. ζ4

K/G→ 0.

Now I prove the asymptotic (first-order) equivalency between the oracle and feasible

estimators. Let θ = (β′, γ′, δ1, . . . , δK) and we have

β̂ − β = SQ̃−1
K P̂′K(PK − P̂K)θ/NG+ SQ̃−1

K P̂′KrK/NG+ SQ̃−1
K P̂′Kε/NG

≡ I + II + III.

For I, Lemmas 4, 5, and 7 imply that it is OP(θ̃K max{ζK ,
√
K}
√
K log(NG)/NG). For II,

the calculation done in Lemma 4 yields that it is OP(
√
λ̃KK

−b), and for III,

SQ̃−1
K P̂′Kε/NG = S{Q̃−1

K − Q̂−1
K }(P̂K −PK)′ε/NG+ S{Q̃−1

K − Q̂−1
K }P

′
Kε/NG

+ Q̂−1
K (P̂K −PK)′ε/NG+ Q̂−1

K P′Kε/NG

= Q̂−1
K P′Kε/NG+OP(λ̃2

K max{ζK ,
√
K}
√
K log(NG)/NG+ λ̃K

√
K/NG).

Lemmas for Proof of Theorem 2

Lemma 4. Assume ζ2
K λ̃

2
K λ̄K logK/G→ 0.

β̂oracle − β = SQ−1
K P′Kε/NG+OP((λ̃K)1/2K−b) +OP

( λ̃2
KζK λ̄K

√
logK

G

)
where ζK = (NG)1/mw +G1/mx + ξK.
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Proof. By decomposition, β̂oracle = β + S(P′KPK)−1P′K(rK + ε) and

β̂oracle − β = SQ−1
K P′Kε/NG+ S(P′KPK)−1P′KrK + S

{
(P′KPK/NG)−1 −Q−1

K

}
P′Kε/NG.

First, Lemma 6.2 in Belloni et al. (2015) implies

‖(P′KPK/NG)−QK‖ = OP

(√ζ2
K λ̄K logK

G

)
. (A.3)

Thus, the smallest eigenvalue of Q̂K = (P′KPK/NG) is bounded below by λmin(QK){1 +

oP(1)} if ζ2
K λ̃

2
K λ̄K logK/G→ 0. Using Frobenius norm ‖ · ‖F ,

‖(P′KPK)−1P′KrK‖2
F = r′KPKQ̂

−1/2
K Q̂−1

K Q̂
−1/2
K P′KrK/(NG)2

.P λ̃Kr
′
KPK(P′KPK)−1P′KrK/NG

. λ̃Kr
′
KrK/NG = OP(λ̃KK

−2b).

For S{(P′KPK/NG)−1 −Q−1
K }P′Kε/NG, since εig is conditionally mean zero given PKig, it

suffices to look at its variance. For the conditional variance given PK ,

N−2G−2
∥∥∥S{(P′KPK

NG

)−1

−Q−1
K

} G∑
g=1

P′KgE[εgε
′
g|PKg]PKg

{(P′KPK

NG

)−1

−Q−1
K

}′
S′
∥∥∥

≤ G−1
∥∥S{(P′KPK/NG)−1 −Q−1

K

} 1

NG

G∑
g=1

N∑
i=1

PKigP
′
Kig

{
(P′KPK/NG)−1 −Q−1

K

}′
S′
∥∥

= G−1
∥∥S{(P′KPK/NG)−1 −Q−1

K

}∥∥2‖P′KPK/NG‖ = OP

(
G−1λ̃4

K

ζ2
K λ̄

2
K logK

G

)
where I use A−1 −B−1 = B−1(B − A)A−1.

Lemma 5. Let Q̃K = (P̂′KP̂K/NG)−1. Under max{ζK ,
√
K}λ̃K

√
K log(NG)/NG→ 0,

‖Q̃−1
K ‖ .P ‖Q̂−1

K ‖
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Proof. Using Lemma 7

‖P̂′KP̂K/NG−P′KPK/NG‖ ≤ ‖P̂K −PK‖2/NG+ 2‖(P̂K −PK‖/NG

= OP
(

max{ζK ,
√
K}
√
K log(NG)/NG

)
.

Lemma 6. If Assumption 6 holds, then

max
1≤g≤G
1≤i≤N

‖P̂Kig − PKig‖ = OP(
√
K/N).

Proof. By definition,

‖P̂Kig − PKig‖2 =
K∑
`=1

( 1

NJigg

N∑
j=1

ρ`(Wjg)I{Jjg = Jig} − E[ρ`(Wjg)|Jjg = Jig,Bg]
)2

and using Nsg/N ≥ c > 0 for all s ∈ S and t with probability approaching one,

1

NJigg

N∑
j=1

ρ`(Wjg)I{Jjg = Jig} − E[ρ`(Wjg)|Jjg = Jig,Bg]

= OP(1)
1

N

∑
j 6=i

(
ρ`(Wjg)I{Jjg = Jig} − E[ρ`(Wjg)|Jjg = Jig,Bg]

)
+
ρ(Wig)

N
OP(1).

Conditional on Jig and Bg, the summand is independent across j and Corollary 4.3 in Pollard

(1989) implies that

sup
`∈N

∣∣∣ 1√
N

∑
j 6=i

(
ρ`(Wjg)I{Jjg = Jig} − E[ρ`(Wjg)|Jjg = Jig,Bg]

)∣∣∣ = OP(1).

The uniformity of the bound with respect to the conditioning variables (Jig,Bg) indicates

that the above bound hold uniformly in (i, g) ∈ {1, . . . , N} × {1, . . . , G}.

Lemma 7. Under the hypothesis of Lemma 6,

‖P′K(P̂K −PK)‖ = OP(
√
GNK log(NG) max{ζK ,

√
K}).
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Proof.

P′K(P̂K −PK) =
G∑
g=1

N∑
i=1

PKig(P̂Kig − PKig)′ ≡
G∑
g=1

Ξg.

I use Theorem 1.6 in Tropp (2012). Using Lemma 6, ‖P̂Kig − PKig‖ ≤ C
√
K/N with

probability arbitrary close to one with some large constant C and

‖Ξg‖ ≤ C

N∑
i=1

∑
j 6=i

‖PKig‖
√
K/N ≤ CζK

√
NK

For the variance terms,

‖E[ΞgΞ
′
g]‖ =

∥∥∥∥ N∑
i=1

N∑
j=1

E[PKigP
′
Kjg(P̂Kig − PKig)′(P̂Kjg − PKjg)]

∥∥∥∥
.

N∑
i=1

N∑
j=1

E[‖PKigP ′Kjg‖]K/N ≤ N2ζ2
K(K/N) = ζ2

KNK

‖E[Ξ′gΞg]‖ =

∥∥∥∥ N∑
i=1

N∑
j=1

E[(P̂Kjg − PKjg)(P̂Kig − PKig)′P ′KigPKjg]
∥∥∥∥

≤
N∑
i=1

N∑
j=1

E[‖P̂Kjg − PKjg‖‖P̂Kig − PKig‖|P ′KigPKjg|] . N2(K/N)K = K2N.

Then, Theorem 1.6 in Tropp (2012) implies

Pr
(∥∥∥ G∑

g=1

Ξg

∥∥∥ ≥M
)
≤ 2NG exp

(
−M2/2

NGK max{ζ2
K , K}+ ζK

√
NKM/3

)

and taking M =
√
TNK log(NG) max{ζK ,

√
K} shows the desired result.

Lemma 8. If Assumptions 6 and 8 hold,

‖(P̂K −PK)′ε/NG‖ = OP(
√
K/NG).
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Proof.

E‖(P̂K −PK)′ε/NG‖2 = E
∥∥∥ 1

NG

G∑
g=1

N∑
i=1

(P̂Kig − PKig)εig
∥∥∥2

=
1

N2G2

G∑
g=1

N∑
i=1

N∑
j=1

E[(P̂Kig − PKig)(P̂Kjg − PKjg)εigεjg]

. G−1K

N

1

N2

N∑
i=1

N∑
j=1

E[|εigεjg|].

A.1.4 Proof of Theorem 3

Recall

Ω̂K = SQ̃−1
K Σ̂KQ̃−1

K S′

where Q̃K = P̂′KP̂K/NG,

Σ̂K =
1

G

G∑
g=1

ψ̂Ngψ̂
′
Ng ψ̂Ng =

1

N

N∑
i=1

P̂Kig(Yig − P̂ ′Kigθ̂)

and θ̂ = (P̂′KP̂K)−1(P̂′KY). Using the lemmas below,

‖Ω̂−1/2
K −Ω

−1/2
K ‖ ≤ ‖Ω̂−1/2

K ‖‖Ω̂1/2
K −Ω

1/2
K ‖‖Ω

−1/2
K ‖ ≤ λ̃K{2λ̄−1/2

K }−1‖Ω̂K −ΩK‖

and

‖Ω̂K −ΩK‖ = OP(‖Q̂−1
K −Q−1

K ‖‖Σ̂K‖‖Q̂−1
K ‖+ ‖Q̂−1

K ‖
2‖Σ̂K −ΣK‖),

which shows the result.

Lemma 9. Under the hypothesis of Theorem 3,

∥∥∥Σ̂K −Σ
∥∥∥ = OP(ζ2

K(ζK
√
K/G+

√
K/N +K−α) + ζK

√
(NG)1/mε logK/G).
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Proof.

‖Ω̂K −ΩK‖ ≤ ‖Ω̂K −
1

G

G∑
g=1

ψNgψ
′
Ng‖+ ‖ 1

G

G∑
g=1

ψNgψ
′
Ng −ΩK‖.

For the second term, Lemma 6.2 in Belloni et al. (2015) implies that it isOP(ζK
√

(NG)1/mε logK/G).

For the first term,

Σ̂K =
1

G

G∑
g=1

(
ψ̂Ng − ψNg

)
ψ̂′Ng +

1

G

G∑
g=1

ψNg
(
ψ̂Ng − ψNg

)′
+

1

G

G∑
g=1

ψNgψ
′
Ng

and

ψ̂Ng − ψNg =
1

N

N∑
i=1

(P̂Kig − PKig)(Yig − P̂ ′Kigθ̂)−
1

N

N∑
i=1

PKig(P̂
′
Kigθ̂ − P ′Kigθ) +

1

N

N∑
i=1

PKigrig

=
1

N

N∑
i=1

(P̂Kig − PKig)(εig + rig) +
1

N

N∑
i=1

(P̂Kig − PKig)(P ′Kigθ − P̂ ′Kigθ̂)

− 1

N

N∑
i=1

PKig(P̂
′
Kigθ̂ − P ′Kigθ) +

1

N

N∑
i=1

PKigrig.

Note ‖P̂Kig − PKig‖ = OP(
√
K/N) and ‖θ̂ − θ‖ = OP(

√
K/G). The latter follows from

‖θ̂ − θ‖ = ‖Q−1
K P′Kε/NG‖+ oP(G−1/2) = OP(

√
K/G).

Then,

‖P ′Kigθ − P̂ ′Kigθ̂‖ ≤ ‖PKig‖‖θ̂ − θ‖+ ‖P̂Kig − PKig‖θ̂‖

= OP(ζK
√
K/G+

√
K/N)
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and

∥∥∥ 1

N

N∑
i=1

(P̂Kig − PKig)(εig + rig)
∥∥∥ = OP(

√
K/N)

∥∥∥ 1

N

N∑
i=1

(P̂Kig − PKig)(P ′Kigθ − P̂ ′Kigθ̂)
∥∥∥ = OP(K/N + ζKK/

√
NG)

∥∥∥ 1

N

N∑
i=1

PKig(P̂
′
Kigθ̂ − P ′Kigθ)

∥∥∥ = OP(ζ2
K

√
K/G+ ζK

√
K/N)

∥∥∥ 1

N

N∑
i=1

PKigrig

∥∥∥ = OP(ζKK
−α).

Thus, ‖ψ̂Ng − ψNg‖ = OP(ζK(ζK
√
K/G+

√
K/N +K−α)) and the conclusion follows from

‖ψNg‖+ ‖ψ̂Ng‖ = OP(ζK).

Lemma 10 (Lemma 2.2 in Schmitt (1992)). Let A and B two symmetric matrices satisfying

A � µ2
aI, B � µ2

bI, where A � B denotes A−B is positive definite. Then,

‖A1/2 −B1/2‖ ≤ {µa + µb}−1‖A−B‖.

A.1.5 Proof of Theorem 4

By taking conditional expectation give FW |J,B(·|Jig,Bg),

E[YiJigg|FW |J,B] = E[XJigg|FW |J,B]′β + E[Wig|FW |J,B]′γ +

∫
ψ(w)dFW |J,B(w|Jig,Bg).

Then, subtracting it from the original equation,

YiJigg − E[YiJigg|FW |J,B] = {Vig − E[Vig|FW |J,B]}′
 β

γ

+ εig

where Vig = (X ′Jigg,W
′
ig)
′. Then, letting Z̃ig = (Z ′Jigg,W

′
ig)
′,

E[Z̃ig{YiJigg − E[YiJigg|FW |J,B]}] = E[Z̃ig{Vig − E[Vig|FW |J,B]}′]

 β

γ


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and full column rank of the matrix implies identifiability of β.

A.1.6 Proof of Theorem 5

By the independence assumption

fW,ε|J,B(w, e|s,b) =

∫
fW,ε|J,B,Θ(w, e|s,b, θ)fΘ|J,B(θ|s,b)dθ

=

∫
fW,ε|Θ(w, e|θ)fΘ|J,B(θ|s,b)dθ

and similarly,

fW |J,B(w|s,b) =

∫
fW |Θ(w|θ)fΘ|J,B(θ|s,b)dθ.

By injectivity of Ψ, we have

Ψ†
(
fW |J,B(·|s,b)

)
(θ) = fΘ|J,B(θ|s,b).

Then, conditioning on FW |J,B(·|Jig,Bg), the function fW,ε|J,B is non-stochastic. Therefore,

E[YiJigg|XJigg = x, FW |J,B(·|Jig,Bg)]

= E[m(x,Wig, εiJig)|XJigg = x, FW |J,B(·|Jig,Bg)]

= E[E[m(x,Wig, εiJig)|XJigg = x, Jig,Bg]|XJigg = x, FW |J,B(·|Jig,Bg)]

= E
[ ∫

m(x,w, e)E[fW,ε|J,B(w, e|Jig,Bg)|XJigg = x,Bg]
∣∣XJigg = x, FW |J,B(·|Jig,Bg)

]
=

∫
m(x,w, e)E[fW,ε|J,B(w, e|Jig,Bg)|XJigg = x, FW |J,B(·|Jig,Bg)]d(w, e)

=

∫
m(x,w, e)E[fW,ε|J,B(w, e|Jig,Bg)|FW |J,B(·|Jig,Bg)]d(w, e)

where the third equality use the display below, the second-to-last equality uses the Fubini

theorem to interchange the order of integration, and the last equality uses fWε|J,B is non-
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stochastic conditional on FW |J,B. For the third equality in the above display,

E[m(x,Wig, εiJigg)|Jig,Bg] =
S∑
s=1

E[m(x,Wig, εisg)|Jig = s,Bg] Pr(Jig = s|Bg)

=
S∑
s=1

∫
m(x,w, e)fW,ε|J,B(w, e|s,Bg)d(w, e) Pr(Jig = s|Bg)

=

∫
m(x,w, e)E[fW,ε|J,B(w, e|Jig,Bg)|Bg]d(w, e).

Finally, letting ν be the measure corresponding to the distribution of FW |J,B, which is iden-

tifiable from the data,

∫
E[YiJigg|XJigg = x, FW |J,B(·|Jig,Bg) = F ]dν(F )

=

∫
m(x,w, e)E[fW,ε|J,B(w, e|Jig,Bg)|FW |J,B(·|Jig,Bg) = F ]d(w, e)dν(F )

=

∫
m(x,w, e)E[fW,ε|J,B(w, e|Jig,Bg)]d(w, e)

=

∫
m(x,w, e)fW,ε(w, e)d(w, e).

A.2 Details of DGPs for Monte Carlo Studies

The details of the DGPs used in the simulation studies are following. I use G = 1, 000 and

for each city, N = 300 and S = 3 with the constraint that each group can have at most 115

people. The final sample from the NLS72 dataset contains 917 schools, which I treated as

independent draws. This assumption is valid if schools are geographically isolated from each

other.

The econometric model generating the data is

Yis = Xsβ +W ′
iγ + ωi + χs + εis

Ji = arg max
s∈{1,2,3}

{Θ′iAs + ηis}

where β = −0.15 and γ = (−0.0003, 0.06)′ are taken from an estimate in the NLS72. Also,
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Wi has a bivariate normal distribution with mean (12.37, 10.92) and covariance matrix

 4.25 0.49

0.49 0.42

 .
The means and covariance matrix are based on the NLS72 data. The preference coefficient

Θi is generated by

Θi = Wi + ωi1 + νi

where 1 is 2×1 vector whose elements are unity and νi is a mean-zero bivariate normal with

covariance matrix

[
1 0.25

0.25 1

]
. For χs and εis, they have a mean-zero normal distribution

with standard deviation 0.446, which imitates the standard error of a regression from the

data. The idiosyncratic term ηis is drawn from mean-zero normal distribution with standard

deviation 2. For Xs, I use the empirical distribution of a school-level variable observed in the

NLS72 dataset; As consists of Xs and a binary variable that takes value 1 with probability

0.29 and has correlation of 0.25 with Xs.

For ωi, each DGP generates this variable in different ways. For DGP1, ωi has a joint

normal distribution with Wi, its mean is 2.16, variance is 0.51, and the covariance with Wi

is 0.051, 0.024. The joint normality leads to the linear specification of the control function.

For DGP2, I model

ωi = 0.1 ∗ ui + 2 ∗ I{W1i +W2i − E[W1i +W2i] > vi}

where ui has the same distribution as ωi in DGP1 (jointly normal with Wi) and vi =d

Normal(0, 0.2). For the third DGP,

ωi = 0.5 ∗W 2
1i + 0.5 ∗W 3

2i

where W1i and W2i represent the first and second component of Wi.

In terms of implementation, I generate the random variables and compute utilities of

choosing different groups for each individual. Then, I use linear programming to find an
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allocation that maximizes the sum of utilities under the group size constraint. Altonji and

Mansfield use this step in their simulation and I follow their procedure.
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APPENDIX B

Proofs for Chapter III

B.1 Proofs

B.1.1 Weak Convergence of Original Estimator

Under the assumptions of the theorem,

rn(θ̂n − θ0) = arg max
s∈Rd

{Qn(s) + Ĝn(s)}+ oP(1),

where

Qn(s) = r2
n[Mn(θ0 + sr−1

n )−Mn(θ0)]1(θ0 + sr−1
n ∈ Θ)

and

Ĝn(s) = r2
n[M̂n(θ0 + sr−1

n )− M̂n(θ0)−Mn(θ0 + sr−1
n ) +Mn(θ0)]1(θ0 + sr−1

n ∈ Θ).

Moreover, rn(θ̂n−θ0) = OP(1) by Lemmas 11 and 13 and Qn+Ĝn  Q0+G0 by Lemmas

12, 14, and 15. The result now follows from the argmax continuous mapping theorem.

Consistency

Lemma 11. Suppose Condition CRA(i) holds and suppose rn →∞. If

M̂n(θ̂n) ≥ sup
θ∈Θ

M̂n(θ)− oP(1),
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then θ̂n − θ0 = oP(1).

Proof of Lemma 11. It suffices to show that every δ > 0 admits a positive constant

cδ such that

P

[
M̂n(θ0)− sup

θ∈Θ\Θδ
0

M̂n(θ) > cδ

]
→ 1. (B.1)

By assumption, supθ∈Θ |Mn(θ)−M0(θ)| = o(1).Also, it follows from (Pollard, 1989, Theorem

4.2) that

sup
θ∈Θ
|M̂n(θ)−Mn(θ)| = OP(

√
n−1E[m̄n(z)2]) = OP(1/

√
nqn) = OP(r−3/2

n ) = oP(1).

As a consequence, for any δ > 0,

M̂n(θ0)− sup
θ∈Θ\Θδ

0

M̂n(θ) = M0(θ0)− sup
θ∈Θ\Θδ

0

M0(θ) + oP(1),

so (B.1) is satisfied with cδ = [M0(θ0)− supθ∈Θ\Θδ
0
M0(θ)]/2.

Local Behavior of Mn

If Mn is twice continuously differentiable on a neighborhood Θn of θ0, then it follows from

Taylor’s theorem that∣∣∣∣Mn(θ)−Mn(θ0) +
1

2
(θ − θ0)′Vn(θ − θ0)

∣∣∣∣ ≤ Ṁn‖θ − θ0‖+
1

2
M̈n‖θ − θ0‖2, (B.2)

for every θ ∈ Θn, where

Vn = −1

2

∂2

∂θ∂θ′
Mn(θ0), Ṁn =

∥∥∥∥ ∂∂θMn(θ0)

∥∥∥∥ , M̈n = sup
θ∈Θn

∥∥∥∥ ∂2

∂θ∂θ′
[Mn(θ)−Mn(θ0)]

∥∥∥∥ .
As an immediate consequence of (B.2), we have the following result about Qn.

Lemma 12. Suppose Condition CRA(ii) holds and suppose rn → ∞. Then, for any finite

K > 0,

sup
‖s‖≤K

|Qn(s)−Q0(s)| → 0.
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Proof of Lemma 12. Let K > 0 be given and suppose n is large enough that Kr−1
n ≤ δ,

where δ > 0 is as in Condition CRA(ii). Using (B.2) with Θn = ΘKr−1
n

0 , we have, uniformly

in s with ‖s‖ ≤ K,

|Qn(s)−Q0(s)| =
∣∣∣∣r2
n[Mn(θ0 + sr−1

n )−Mn(θ0)] +
1

2
s′V0s

∣∣∣∣
≤ 1

2
|s′(Vn −V0)s|+ rnṀn‖s‖+

1

2
M̈n‖s‖2 = K2o(1),

where the last equality uses

Vn −V0 = − ∂2

∂θ∂θ′
[Mn(θ0)−M0(θ0)]→ 0, rnṀn = rn

∥∥∥∥ ∂∂θMn(θ0)

∥∥∥∥→ 0,

and

M̈n = sup

θ∈Θ
Kr−1

n
0

∥∥∥∥ ∂2

∂θ∂θ′
[Mn(θ)−Mn(θ0)]

∥∥∥∥
≤ 2 sup

θ∈Θ
Kr−1

n
0

∥∥∥∥ ∂2

∂θ∂θ′
[Mn(θ)−M0(θ)]

∥∥∥∥+ sup

θ∈Θ
Kr−1

n
0

∥∥∥∥ ∂2

∂θ∂θ′
[M0(θ)−M0(θ0)]

∥∥∥∥→ 0,

which completes the proof.

Rate of Convergence

Lemma 13. Suppose Conditions CRA(ii) and CRA(iii) hold and suppose rn →∞. If θ̂n −

θ0 = oP(1) and if

M̂n(θ̂n) ≥ sup
θ∈Θ

M̂n(θ)− oP(r−2
n ),

then θ̂n − θ0 = OP(r−1
n ).

Proof of Lemma 13. For any δ > 0 and any positive integer C, P[rn‖θ̂n − θ0‖ > 2C ]
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is no greater than

P[sup
θ∈Θ

M̂n(θ)− M̂n(θ̂n) ≥ δr−2
n ] + P[‖θ̂n − θ0‖ > δ/2]

+
∑

j≥C,2j≤δrn

P

[
sup

2j−1<rn‖θ−θ0‖≤2j
M̂n(θ)− M̂n(θ0) ≥ −δr−2

n

]
.

By assumption, the probabilities on the first line go to zero for any δ > 0. As a consequence,

it suffices to show that the sum on the last line can be made arbitrarily small (for large n)

by making δ > 0 small and C large.

To do so, let δ > 0 be small enough so that Conditions CRA(ii) and CRA(iii) are

satisfied and

lim inf
n→∞

[λmin(Vn)− M̈ δ
n] > 0,

where λmin(·) denotes the minimal eigenvalue of the argument and

Vn = − ∂2

∂θ∂θ′
Mn(θ0), M̈ δ

n = sup
θ∈Θδ

0

∥∥∥∥ ∂2

∂θ∂θ′
[Mn(θ)−Mn(θ0)]

∥∥∥∥ .
Then, for all n large enough and for any integer pair (j, C) with j ≥ C, we have:

Mn(θ0)− sup
2j−1<rn‖θ−θ0‖≤2j

Mn(θ)− δr−2
n ≥ 22jcn(δ, C)r−2

n

where

cn(δ, C) =
1

8
[λmin(Vn)− M̈ δ

n]− 2−Crn

∥∥∥∥ ∂∂θMn(θ0)

∥∥∥∥− 2−2Cδ,

and where the inequality uses the following implication of (B.2): If λmin(Vn)−M̈ δ
n ≥ 0, then

Mn(θ0)− sup
θ∈Θ′n

Mn(θ) ≥ 1

2
[λmin(Vn)− M̈ δ

n] inf
θ∈Θ′n

‖θ − θ0‖2 − Ṁn sup
θ∈Θ′n

‖θ − θ0‖

for any subset Θ′n of Θn.

Choosing C large enough that lim infn→∞ cn(δ, C) > 2c > 0 for some c > 0, we may
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assume that cn(δ, C) > c for every n, in which case

∑
j≥C,2j≤δrn

P

[
sup

2j−1<rn‖θ−θ0‖≤2j
M̂n(θ)− M̂n(θ0) ≥ −δr−2

n

]

≤
∑

j≥C,2j≤δrn

P

[
sup

2j−1<rn‖θ−θ0‖≤2j
{M̂n(θ)− M̂n(θ0)−Mn(θ) +Mn(θ0)} ≥ 22jcn(δ, C)r−2

n

]

≤
∑

j≥C,2j≤δrn

P

[
sup

rn‖θ−θ0‖≤2j
‖M̂n(θ)− M̂n(θ0)−Mn(θ) +Mn(θ0)‖ ≥ 22jcr−2

n

]

≤
∑

j≥C,2j≤δrn

r2
nE
[
suprn‖θ−θ0‖≤2j ‖M̂n(θ)− M̂n(θ0)−Mn(θ) +Mn(θ0)‖

]
22jc

,

where the last inequality uses the Markov inequality.

Under Condition CRA(iii), qn sup0≤δ′≤δ E[d̄δ
′
n (z)2/δ′] = O(1) and it follows from (Pollard,

1989, Theorem 4.2) that the sum on the last line is bounded by a constant multiple of

∑
j≥C,2j≤δrn

r2
n

√
E[d̄

2j/rn
n (z)2]

22j
≤
√
qn sup

0≤δ′≤δ
E[d̄δ′n (z)2/δ′]

∑
j≥C

1

23j/2
,

which can be made arbitrarily small by making C large.

Weak Convergence

To show that Ĝn  G0, it suffices to show finite-dimensional convergence and stochastic

equicontinuity.

Lemma 14. Suppose Conditions CRA(iii) and CRA(iv) hold, rn →∞, and suppose Qn(s) =

o(
√
n) for every s ∈ Rd. Then Ĝn converges to G0 in the sense of weak convergence of finite-

dimensional projections.

Proof of Lemma 14. Because Ĝn(s) = n−1/2
∑n

i=1 ψn(zi; s), where

ψn(z; s) =
√
rnqn[mn(z,θ0 + sr−1

n )−mn(z,θ0)−Mn(θ0 + sr−1
n ) +Mn(θ0)]1(θ0 + sr−1

n ∈ Θ)

the result follows from the Cramér-Wold device and the Berry-Esseen inequality if it can be
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shown that, for any s, t ∈ Rd,

E[ψn(z; s)ψn(z; t)]→ C0(s, t)

and

n−1/2E[|ψn(z; s)|3]→ 0.

Let s, t ∈ Rd be given and suppose without loss of generality that θ0 + sr−1
n ,θ0 + tr−1

n ∈

Θ. Then, using Qn(s) = o(
√
n) and the representation

ψn(z; s) =
√
rnqn[mn(z,θ0 + sr−1

n )−mn(z,θ0)]− n−1/2Qn(s),

I have:

E[ψn(z; s)ψn(z; t)]

= rnqnE[{mn(z,θ0 + sr−1
n )−mn(z,θ0)}{mn(z,θ0 + tr−1

n )−mn(z,θ0)}]− n−1Qn(s)Qn(t)

→ C0(s, t)

and, using E[d̄δnn (z)3] = o(q−2
n ) (for δn = O(r−1

n )),

n−1/2E[|ψ(z; s)|3] ≤ 8n−1/2r3/2
n q3/2

n E[|mn(z,θ0 + sr−1
n )−mn(z,θ0)|3] + 8n−2|Qn(s)|3

= o(n−1/2r3/2
n q3/2

n q−2
n ) + o(n−1/2) = o(1),

as was to be shown.

Lemma 15. Suppose Conditions CRA(iii) and CRA(v) hold and suppose rn → ∞. Then,

for any finite K > 0 and for any positive ∆n with ∆n = o(1),

sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K

|Ĝn(s)− Ĝn(t)| →P 0.

Proof of Lemma 15. Let K > 0 be given. Proceeding as in the proof of (Kim and
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Pollard, 1990, Lemma 4.6) and using the fact that qnδ
−1
n E[d̄δnn (z)2] = O(1) (for δn = O(r−1

n )),

it suffices to show that

qnrn sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K

1

n

n∑
i=1

dn(zi; s, t)2 →P 0,

where dn(z; s, t) = |mn(z,θ0 + sr−1
n )−mn(z,θ0 + tr−1

n )|/2.

For any C > 0 and any s, t ∈ Rd with ‖s‖, ‖t‖ ≤ K,

qn
1

n

n∑
i=1

dn(zi; s, t)2 ≤ qn
1

n

n∑
i=1

d̄Kr
−1
n

n (zi)
2
1{qnd̄Kr

−1
n

n (zi) > C}

+ CE[dn(z; s, t)]

+ C
1

n

n∑
i=1

{dn(zi; s, t)− E[dn(z; s, t)]},

and therefore

qnrnE

 sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K

1

n

n∑
i=1

dn(z; s, t)2

 ≤ qnrnE
[
d̄Kr

−1
n

n (z)2
1{qnd̄Kr

−1
n

n (z) > C}
]

+ Crn sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K

E[dn(z; s, t)]

+ CrnE

 sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K

| 1
n

n∑
i=1

{dn(zi; s, t)− E[dn(z; s, t)]}|

 .
For large n, the first term on the majorant side can be made arbitrarily small by making

C large. Also, for any fixed C, the second term tends to zero because ∆n → 0. Finally,

(Pollard, 1989, Theorem 4.2) can be used to show that for fixed C and for large n, the last

term is bounded by a constant multiple of

rnn
1/2

√
E[d̄Kr

−1
n

n (z)2] =
√
Kr−1

n

√
qnE[d̄Kr

−1
n

n (z)2/(Kr−1
n )] = O(r−1

n ) = o(1),

which gives the result.
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B.1.2 Proof of Theorem 6

Under the assumptions of the theorem,

rn(θ̃∗n − θ̂n) = arg max
s∈Rd

{Q̃n(s) + G̃∗n(s)}+ oP(1),

where

Q̃n(s) = r2
n[M̃n(θ̂n + sr−1

n )− M̃n(θ̂n)]1(θ̂n + sr−1
n ∈ Θ) = −1

2
s′Ṽns1(θ̂n + sr−1

n ∈ Θ)

and

G̃∗n(s) = r2
n[M̃∗

n(θ̂n + sr−1
n )− M̃∗

n(θ̂n)− M̃n(θ̂n + sr−1
n ) + M̃∗

n(θ̂n)]1(θ̂n + sr−1
n ∈ Θ).

Moreover, rn(θ̃∗n − θ̂n) = OP(1) by Lemmas 16 and 18 and Q̃n + G̃∗n  P Q0 + G0

by Lemmas 17, 19, and 20. The result now follows from the argmax continuous mapping

theorem.

Consistency

Lemma 16. Suppose Condition CRA(i) holds, rn →∞, and suppose Ṽn →P V0, where V0

is positive definite. If

M̃∗
n(θ̃∗n) ≥ sup

θ∈Θ
M̃∗

n(θ)− oP(1),

then θ̃∗n − θ̂n = oP(1).

Proof of Lemma 16. It suffices to show that every δ > 0 admits a positive constant

c∗δ such that

P

M̃∗
n(θ̂n)− sup

θ∈Θ\Θ̂δ

n

M̃∗
n(θ) > c∗δ

→ 1, (B.3)
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where Θ̂δ
n = {θ ∈ Θ : ‖θ − θ̂n‖ ≤ δ}. The process M̃∗

n satisfies

M̃∗
n(θ) = M̂∗

n(θ)− M̂n(θ)− 1

2
(θ − θ̂n)′Ṽn(θ − θ̂n), M̂∗

n(θ) =
1

n

n∑
i=1

mn(z∗i,n,θ).

It follows from (Pollard, 1989, Theorem 4.2) that

sup
θ∈Θ
|M̂∗

n(θ)− M̂n(θ)| = OP(
√
n−1E[m̄n(z)2]) = OP(r−3/2

n ) = oP(1).

As a consequence, for any δ > 0,

M̃∗
n(θ̂n)− sup

θ∈Θ\Θ̂δ

n

M̃∗
n(θ) =

1

2
inf

θ∈Θ\Θ̂δ

n

(θ − θ̂n)′Ṽn(θ − θ̂n) + oP(1),

so (B.1) is satisfied with c∗δ = δ2λmin(V0 + V′0)/8.

Local Behavior of M̃n

Because

M̃n(θ) = E∗[M̃∗
n(θ)] =

1

n

n∑
i=1

m̃n(zi,θ) = −1

2
(θ − θ̂n)′Ṽn(θ − θ̂n),

we have the following result about Q̃n.

Lemma 17. Suppose rn → ∞, Ṽn →P V0, and suppose θ̂n →P θ0, where θ0 is an interior

point of Θ. Then, for any finite K > 0,

sup
‖s‖≤K

|Q̃n(s)−
(
−1

2
s′V0s

)
| →P 0.

Proof of Lemma 17. Uniformly in s with ‖s‖ ≤ K, we have:

|Q̃n(s)−
(
−1

2
s′V0s

)
| ≤ 1

2

∣∣∣s′(Ṽn −V0)s
∣∣∣+

1

2
|s′V0s|1(θ̂n + sr−1

n /∈ Θ) ≤ K2oP(1),

where the last equality uses Ṽn →P V0 and P(θ̂n + sr−1
n /∈ Θ)→ 0.

95



Rate of Convergence

Lemma 18. Suppose Condition CRA(iii) holds, θ̂n − θ0 = OP(r−1
n ) = oP(1), and suppose

Ṽn →P V0, where V0 is positive definite. If θ̃∗n − θ̂n = oP(1) and if

M̃∗
n(θ̃∗n) ≥ sup

θ∈Θ
M̃∗

n(θ)− oP(r−2
n ),

then θ̃∗n − θ̂n = OP(r−1
n ).

Proof of Lemma 18. For any δ > 0 and any positive integer C, P[rn‖θ̃∗n− θ̂n‖ > 2C+1]

is no greater than

P[sup
θ∈Θ

M̃∗
n(θ)− M̃∗

n(θ̃∗n) ≥ δr−2
n ] + P[‖Ṽn −V0‖ > δ] + P[‖θ̃∗n − θ̂n‖ > δ/4]

+P[rn‖θ̂n − θ0‖ > 2C ]

+
∑

j≥C,2j+1≤δrn

P

[
sup

2j−1<rn‖θ−θ̂n‖≤2j ,rn‖θ̂n−θ0‖≤2C ,‖Ṽn−V0‖≤δ
M̃∗

n(θ)− M̃∗
n(θ̂n) ≥ −δr−2

n

]
.

By assumption, the probabilities on the first line go to zero for any δ > 0 and the probability

on the second line can be made arbitrarily small by making C large. As a consequence, it

suffices to show that the sum on the last line can be made arbitrarily small (for large n) by

making δ > 0 small and C large.

To do so, let δ > 0 be small enough so that Condition CRA(iii) holds and

inf
‖V−V0‖≤δ

λmin(V + V′) > λmin(V0 + V′0)/2.

Then, if ‖Ṽn −V0‖ ≤ δ, we have, for any integer pair (j, C) with j ≥ C :

M̃n(θ̂n)− sup
2j−1<rn‖θ−θ̂n‖≤2j

M̃n(θ)− δr−2
n ≥ 22jc∗(δ, C)r−2

n

where

c∗(δ, C) =
1

32
λmin(V0 + V′0)− 2−2Cδ.
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Choosing C large enough that c∗(δ, C) > c∗ > 0 for some c∗ > 0 and using the fact that

M̃∗
n(θ)− M̃∗

n(θ̂n)− M̃n(θ) + M̃n(θ̂n) = M̂∗
n(θ)− M̂∗

n(θ̂n)− M̂n(θ) + M̂n(θ̂n),

we therefore have:

∑
j≥C,2j+1≤δrn

P

[
sup

2j−1<rn‖θ−θ̂n‖≤2j ,rn‖θ̂n−θ0‖≤2C ,‖Ṽn−V0‖≤δ
M̃∗

n(θ)− M̃∗
n(θ̂n) ≥ −δr−2

n

]

≤
∑

j≥C,2j+1≤δrn

P

[
sup

2j−1<rn‖θ−θ̂n‖≤2j ,rn‖θ̂n−θ0‖≤2C
{M̂∗

n(θ)− M̂∗
n(θ̂n)− M̂n(θ) + M̂n(θ̂n)} ≥ 22jc∗r−2

n

]

≤
∑

j≥C,2j+1≤δrn

P

[
sup

rn‖θ−θ̂n‖≤2j ,rn‖θ̂n−θ0‖≤2C
‖M̂∗

n(θ)− M̂∗
n(θ̂n)− M̂n(θ) + M̂n(θ̂n)‖ ≥ 22jc∗r−2

n

]

≤
∑

j≥C,2j+1≤δrn

r2
nE
[
suprn‖θ−θ0‖≤2j+1,rn‖θ′−θ0‖≤2C ‖M̂∗

n(θ)− M̂∗
n(θ′)− M̂n(θ) + M̂n(θ′)‖

]
22jc∗

,

where the last inequality uses the Markov inequality.

Under Condition CRA(iii), qn sup0≤δ′≤δ E[d̄δ
′
n (z)2/δ′] = O(1) and (Pollard, 1989, Theo-

rem 4.2) can be used to show that the sum on the last line is bounded by a constant multiple

of ∑
j≥C,2j+1≤δrn

r2
n

√
E[d̄

2j+1/rn
n (z)2]

22j
≤
√

2qn sup
0≤δ′≤δ

E[d̄δ′n (z)2/δ′]
∑
j≥C

1

23j/2
,

which can be made arbitrarily small by making C large.

Weak Convergence

To show that G̃∗n  P G0, it suffices to show finite-dimensional conditional weak convergence

in probability and stochastic equicontinuity.

Lemma 19. Suppose Conditions CRA(iii) and CRA(iv) hold, θ̂n − θ0 = OP(r−1
n ) = oP(1),

and suppose sup‖s‖≤K |Ĝn(s) + Qn(s)| = oP(
√
n) for every finite K > 0. Then G̃∗n converges

to G0 in the sense of conditional weak convergence in probability of finite-dimensional pro-

jections.
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Proof of Lemma 19. Because G̃∗n(s) = n−1/2
∑n

i=1 ψ̂n(z∗i,n; s), where

ψ̂n(z; s) =
√
rnqn[mn(z, θ̂n + sr−1

n )−mn(z, θ̂n)− M̂n(θ̂n + sr−1
n ) + M̂n(θ̂n)]1(θ̂n + sr−1

n ∈ Θ),

the result follows from the Cramér-Wold device and the Berry-Esseen inequality if it can be

shown that, for any s, t ∈ Rd,

E∗[ψ̂n(z∗; s)ψ̂n(z∗; t)] =
1

n

n∑
i=1

ψ̂n(zi; s)ψ̂n(zi; t)→P C0(s, t)

and

n−1/2E∗[|ψ̂n(z∗; s)|3] =
1

n3/2

n∑
i=1

|ψ̂n(zi; s)|3 →P 0.

Let s, t ∈ Rd be given and suppose without loss of generality that θ̂n+sr−1
n , θ̂n+tr−1

n ∈

Θ. Because rn(θ̂n − θ0) = OP(1), we have:

Q̂n(s) = r2
n[M̂n(θ̂n + sr−1

n )− M̂n(θ̂n)]1(θ̂n + sr−1
n ∈ Θ)

= {Ĝn[rn(θ̂n − θ0) + s] +Qn[rn(θ̂n − θ0) + s]} − {Ĝn[rn(θ̂n − θ0)] +Qn[rn(θ̂n − θ0)]}

= oP(
√
n)

and, using E[d̄δnn (z)4] = o(q−3
n rn) (for δn = O(r−1

n )) and (Pollard, 1989, Theorem 4.2),

rnqnE∗[{mn(z∗, θ̂n + sr−1
n )−mn(z∗, θ̂n)}{mn(z∗, θ̂n + tr−1

n )−mn(z∗, θ̂n)}]− Ĉn(s, t)

= rnqn
1

n

n∑
i=1

{mn(zi, θ̂n + sr−1
n )−mn(zi, θ̂n)}{mn(zi, θ̂n + tr−1

n )−mn(zi, θ̂n)} − Ĉn(s, t)

= oP(rnqnn
−1/2

√
q−3
n rn) = oP(1),

where

Ĉn(s, t) = rnqn E[{mn(z,θ + sr−1
n )−mn(z,θ)}{mn(z,θ + tr−1

n )−mn(z,θ)}]
∣∣
θ=θ̂n

= C0(s, t) + oP(1).
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Using these facts and the representation

ψ̂n(z; s) =
√
rnqn[mn(z, θ̂n + sr−1

n )−mn(z, θ̂n)]− n−1/2Q̂n(s),

we have:

E∗[ψ̂n(z∗; s)ψ̂n(z∗; t)]

= rnqnE∗[{mn(z∗, θ̂n + sr−1
n )−mn(z∗, θ̂n)}{mn(z∗, θ̂n + tr−1

n )−mn(z∗, θ̂n)}]− n−1Q̂n(s)Q̂n(t)

= C0(s, t) + oP(1).

and, using E[d̄δnn (z)3] = o(q−2
n ) (for δn = O(r−1

n )),

n−1/2E∗[|ψ̂n(z∗; s)|3] =
1

n3/2

n∑
i=1

|ψ̂n(zi; s)|3

≤ 8n−1/2r3/2
n q3/2

n

1

n

n∑
i=1

|mn(zi, θ̂n + sr−1
n )−mn(zi, θ̂n)|3 + 8n−2|Q̂n(s)|3

= oP(n−1/2r3/2
n q3/2

n q−2
n ) + oP(n−1/2) = oP(1),

as was to be shown.

Lemma 20. Suppose Conditions CRA(iii) and CRA(v) hold and suppose θ̂n−θ0 = OP(r−1
n ) =

oP(1). Then, for any finite K > 0 and for any positive ∆n with ∆n = o(1),

sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K

|G̃∗n(s)− G̃∗n(t)| →P 0.

Proof of Lemma 20. Let K > 0 be given. Proceeding as in the proof of (Kim and

Pollard, 1990, Lemma 4.6) and using qnδ
−1
n E[d̄δnn (z)2] = O(1) (for δn = O(r−1

n )) along with

99



the fact that θ̂n − θ0 = OP(r−1
n ), it suffices to show that, for every finite k > 0,

qnrn1{rn‖θ̂n − θ0‖ ≤ k} sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K

1

n

n∑
i=1

d̂n(z∗i,n; s, t)2

≤ qnrn sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K+k

1

n

n∑
i=1

dn(z∗i,n; s, t)2 →P 0,

where

d̂n(z; s, t) = |mn(z, θ̂n + sr−1
n )−mn(z, θ̂n + tr−1

n )|/2 = dn(z; rn(θ̂n−θ0) + s, rn(θ̂n−θ0) + t).

Let k > 0 be given. For any C > 0 and any s, t ∈ Rd with ‖s‖, ‖t‖ ≤ K + k,

qnrn
1

n

n∑
i=1

dn(z∗i,n; s, t)2 ≤ qnrn
1

n

n∑
i=1

d̄(K+k)r−1
n

n (z∗i,n)2
1{qnd̄(K+k)r−1

n
n (z∗i,n) > C}

+ CrnE[dn(z; s, t)]

+ Crn
1

n

n∑
i=1

{dn(zi,n; s, t)− E[dn(z; s, t)]}

+ Crn
1

n

n∑
i=1

{dn(z∗i,n; s, t)− E∗[dn(z∗; s, t)]},

and therefore

qnrnE

 sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K+k

1

n

n∑
i=1

dn(z∗i,n; s, t)2

 ≤ qnrnE

[
1

n

n∑
i=1

d̄(K+k)r−1
n

n (z∗i,n)2
1{qnd̄(K+k)r−1

n
n (z∗i,n) > C}

]

+ Crn sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K+k

E[dn(z; s, t)]

+ CrnE

 sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K+k

| 1
n

n∑
i=1

{dn(zi,n; s, t)− E[dn(z; s, t)]}|


+ CrnE

 sup
‖s−t‖≤∆n

‖s‖,‖t‖≤K+k

| 1
n

n∑
i=1

{dn(z∗i,n; s, t)− E∗[dn(z∗; s, t)]}|

 .
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For large n, the first term on the majorant side can be made arbitrarily small by making

C large. Also, for any fixed C, the second term tends to zero because ∆n → 0. Finally,

(Pollard, 1989, Theorem 4.2) can be used to show that for fixed C and for large n, each of

the last two terms is bounded by a constant multiple of

rnn
1/2

√
E[d̄

(K+k)r−1
n

n (z)2] =
√
K + kr−1

n

√
qnE[d̄

(K+k)r−1
n

n (z)2/({K + k}r−1
n )] = O(r−1

n ) = o(1),

which gives the result.

B.1.3 Proof of Lemmas 2 and 3

Consistency

Without loss of generality, assume P[rn|θ̂ − θ0| ≤ C] = 1 for some fixed constant C. Write

V̄n,kl(θ) = E[Ṽn,kl(θ)]. Consider the following decomposition

Ṽ ND
n,kl(θ̂n) = V̄ ND

n,kl(θ0) +
[
Ṽ ND
n,kl(θ0)− V̄ ND

n,kl(θ0)
]

+R1,n +R2,n,

where

R1,n = V̄ ND
n,kl(θ̂n)− V̄ ND

n,kl(θ0)

R2,n = Ṽ ND
n,kl(θ̂n)− Ṽ ND

n,kl(θ0)− V̄ ND
n,kl(θ̂n) + V̄ ND

n,kl(θ0).

By definition,

V̄ ND
n,kl(θ) = − 1

4ε2n

[
Mn(θ + εnek + εnel)−Mn(θ − εnek + εnel)

−Mn(θ + εnek − εnel) +Mn(θ − εnek − εnel)
]
.

Using (B.2),∣∣∣∣Mn(θ0 + εnek + εnel)−Mn(θ0) +
ε2n
2

(ek + el)
′Vn(ek + el)

∣∣∣∣ ≤ o(r−1
n εn + ε2n)
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where I use Ṁn = o(r−1
n ) and M̈n = o(1). Then,

V̄ ND
n,kl(θ0) =

1

4
[(ek + el)

′Vn(ek + el)− (ek − el)
′Vn(ek − el)] + o(r−1

n ε−1
n + 1)

= e′kVnel + o(r−1
n ε−1

n + 1).

By condition CRA(ii), we have Vn → V0. Therefore, V̄ND
n,kl(θ0) converges to e′kV0el = V0,kl.

It remains to show Ṽ ND
n,kl(θ0) − V̄ ND

n,kl(θ0) = oP(1), R1,n = oP(1), and R2,n = oP(1). First,

note that Ṽ ND
n,kl(θ0)−V̄ ND

n,kl(θ0) is mean zero and its variance is bounded by a constant multiple

of ε−4
n n−1E[d̄2εn

n (z)2] = O(n−1q−1
n ε−3

n ). Then, Ṽ ND
n,kl(θ0)− V̄ ND

n,kl(θ0) = OP((εnrn)−3/2) = oP(1).

Next, using (B.2),

Mn(θ̂n + εn[ek + el])−Mn(θ0 + εn[ek + el])

= −1

2
(θ̂n − θ0 + εn[ek + el])

′Vn(θ̂n − θ0 + εn[ek + el]) +
ε2n
2

(ek + el)
′Vn(ek + el) + o(r−1

n εn + ε2n)

≤ C(‖θ̂ − θ0‖2 + εn‖θ̂ − θ0‖) + o(r−1
n εn + ε2n),

and therefore R1,n = OP(r−2
n ε−2

n + ε−1
n r−1

n ) + o(r−1
n ε−1

n + 1) = oP(1).

Finally, by adding and subtracting M̂n(θ0) −Mn(θ0) to the left-hand side of R2,n, it

suffices to analyze

ε−2
n sup
|θ−θ0|≤Cr−1

n +2εn

∣∣∣M̂n(θ)− M̂n(θ0)− {Mn(θ)−Mn(θ0)}
∣∣∣ .

Letting tn = Cr−1
n + 2εn, and applying the maximal inequality in (Pollard, 1989, Theorem

4.2),

ε−2
n E sup

|θ−θ0|≤tn

∣∣∣M̂n(θ)− M̂n(θ0)− {Mn(θ)−Mn(θ0)}
∣∣∣

≤ Cε−2
n n−1/2(E|d̄tnn (z)|2)1/2

≤ Cε−2
n n−1/2q−1/2

n (r−1
n + εn)1/2 = O((εnrn)−3/2).

This implies that R2,n = oP(1).
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Approximate Mean Squared Error

Define V̌ND
n = ṼND

n (θ0). Since Ṽ ND
n,kl = V̌ ND

n,kl +R1,n +R2,n, the first goal is to show that R1,n =

oP(ε2n) +OP(r−1
n ) and R2,n = oP(r

−3/2
n ε

−3/2
n ). For θ, ϑ ∈ Θδ

0, using a Taylor approximation,

Mn(θ)−Mn(ϑ)

= (θ − ϑ)′
∂

∂θ
Mn(ϑ)− 1

2
(θ − ϑ)′Vn(θ − ϑ)

+
1

6

∑
j1,j2,j3

∂3Mn(ϑ)

∂θj1∂θj2∂θj3
(θj1 − ϑj1)(θj2 − ϑj2)(θj3 − ϑj3)

+
1

24

∑
j1,j2,j3,j4

∂4Mn(ϑ+ ξ)

∂θj1∂θj2∂θj3∂θj4
(θj1 − ϑj1)(θj2 − ϑj2)(θj3 − ϑj3)(θj4 − ϑj4) (B.4)

where ξ is a mean-value between 0 and θ − ϑ. Then,

Mn(θ̂n + εn[ek + el])−Mn(θ0)−Mn(θ0 + εn[ek + el]) +Mn(θ0)

= (θ̂n − θ0)′
∂

∂θ
Mn(θ0)− 1

2
(θ̂n − θ0)′Vn(θ̂n − θ0)− εn(ek + el)

′Vn(θ̂n − θ0)

+
1

6

∑
j1,j2,j3

∂3Mn(θ0)

∂θj1∂θj2∂θj3
e′j1(θ̂n − θ0)e′j2(θ̂n − θ0)e′j3(θ̂n − θ0)

+
εn
2

∑
j1,j2,j3

∂3Mn(θ0)

∂θj1∂θj2∂θj3
e′j1(ek + el)e

′
j2

(θ̂n − θ0)e′j3(θ̂n − θ0)

+
ε2n
2

∑
j1,j2,j3

∂3Mn(θ0)

∂θj1∂θj2∂θj3
e′j1(ek + el)e

′
j2

(ek + el)e
′
j3

(θ̂n − θ0)

+
ε3n
6

∑
j1,j2,j3

∂3Mn(θ0)

∂θj1∂θj2∂θj3
e′j1(ek + el)e

′
j2

(ek + el)e
′
j3

(ek + el)

+
1

24

∑
j1,j2,j3,j4

∂4Mn(θ0 + ξ1)

∂θj1∂θj2∂θj3∂θj4
e′j1(θ̂n − θ0 + εn[ek + el])e

′
j2

(θ̂n − θ0 + εn[ek + el])

× e′j3(θ̂n − θ0 + εn[ek + el])e
′
j4

(θ̂n − θ0 + εn[ek + el])

− ε4n
24

∑
j1,j2,j3,j4

∂4Mn(θ0 + ξ2)

∂θj1∂θj2∂θj3∂θj4
e′j1(ek + el)e

′
j2

(ek + el)e
′
j3

(ek + el)e
′
j4

(ek + el)
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where ξ1 and ξ2 are also mid-points as ξ. Using uniform convergence of fourth derivatives,

the last two lines equal

=
1

24

∑
j1,j2,j3,j4

∂4Mn(θ0)

∂θj1∂θj2∂θj3∂θj4
e′j1(θ̂n − θ0 + εn[ek + el])e

′
j2

(θ̂n − θ0 + εn[ek + el])

× e′j3(θ̂n − θ0 + εn[ek + el])e
′
j4

(θ̂n − θ0 + εn[ek + el])

− ε4n
24

∑
j1,j2,j3,j4

∂4Mn(θ0)

∂θj1∂θj2∂θj3∂θj4
e′j1(ek + el)e

′
j2

(ek + el)e
′
j3

(ek + el)e
′
j4

(ek + el) + oP(ε4n)

where we use ‖θ̂n − θ0‖ = oP(εn). By expanding the terms,

1

24

∑
j1,j2,j3,j4

∂4Mn(θ0)

∂θj1∂θj2∂θj3∂θj4
e′j1(θ̂n − θ0 + εn[ek + el])e

′
j2

(θ̂n − θ0 + εn[ek + el])

× e′j3(θ̂n − θ0 + εn[ek + el])e
′
j4

(θ̂n − θ0 + εn[ek + el])

=
1

24

∑
j1,j2,j3,j4

∂4Mn(θ0)

∂θj1∂θj2∂θj3∂θj4
e′j1(θ̂n − θ0)e′j2(θ̂n − θ0)e′j3(θ̂n − θ0)e′j4(θ̂n − θ0)

+
εn
6

∑
j1,j2,j3,j4

∂4Mn(θ0)

∂θj1∂θj2∂θj3∂θj4
e′j1(ek + el)e

′
j2

(θ̂n − θ0)e′j3(θ̂n − θ0)e′j4(θ̂n − θ0)

+
ε2n
2

∑
j1,j2,j3,j4

∂4Mn(θ0)

∂θj1∂θj2∂θj3∂θj4
e′j1(ek + el)e

′
j2

(ek + el)e
′
j3

(θ̂n − θ0)e′j4(θ̂n − θ0)

+
ε3n
4

∑
j1,j2,j3,j4

∂4Mn(θ0)

∂θj1∂θj2∂θj3∂θj4
e′j1(ek + el)e

′
j2

(ek + el)e
′
j3

(ek + el)e
′
j4

(θ̂n − θ0)

+
ε4n
24

∑
j1,j2,j3,j4

∂4Mn(θ0)

∂θj1∂θj2∂θj3∂θj4
e′j1(ek + el)e

′
j2

(ek + el)e
′
j3

(ek + el)e
′
j4

(ek + el).

Then, because

− 4ε2n

[
V̄ ND
n,kl(θ̂n)− V̄ ND

n,kl(θ0)
]

= Mn(θ̂n + εn[ek + el])−Mn(θ0)−Mn(θ0 + εn[ek + el]) +Mn(θ0)

−Mn(θ̂n + εn[ek − el]) +Mn(θ0) +Mn(θ0 + εn[ek − el])−Mn(θ0)

−Mn(θ̂n − εn[ek − el]) +Mn(θ0) +Mn(θ0 − εn[ek − el])−Mn(θ0)

+Mn(θ̂n − εn[ek + el])−Mn(θ0)−Mn(θ0 − εn[ek + el]) +Mn(θ0),
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we have

− 4ε2n

[
V̄ ND
n,kl(θ̂n)− V̄ ND

n,kl(θ0)
]

= ε2n
∑
j1,j2,j3

∂3Mn(θ0)

∂θj1∂θj2∂θj3
e′j1(ek + el)e

′
j2

(ek + el)e
′
j3

(θ̂n − θ0)

− ε2n
∑
j1,j2,j3

∂3Mn(θ0)

∂θj1∂θj2∂θj3
e′j1(ek − el)e

′
j2

(ek − el)e
′
j3

(θ̂n − θ0)

+ ε2n
∑

j1,j2,j3,j4

∂4Mn(θ0)

∂θj1∂θj2∂θj3∂θj4
e′j1(ek + el)e

′
j2

(ek + el)e
′
j3

(θ̂n − θ0)e′j4(θ̂n − θ0)

− ε2n
∑

j1,j2,j3,j4

∂4Mn(θ0)

∂θj1∂θj2∂θj3∂θj4
e′j1(ek − el)e

′
j2

(ek − el)e
′
j3

(θ̂n − θ0)e′j4(θ̂n − θ0) + oP(ε4n)

= OP(ε2nr
−1
n ) + oP(ε4n)

where we use r−1
n = o(εn). Note that the term OP(ε2nr

−1
n ) is independent of εn after divided

by ε2n. Therefore, R1,n = oP(ε2n) +OP(r−1
n ).

For term R2,n, consider

ε−2
n

[
M̂n(θ̂n + εne)− M̂n(θ0 + εne)−Mn(θ̂n + εne) +Mn(θ0 + εne)

]
for some d-dimensional vector e. It suffices to show

ε−2
n sup
‖s−t‖≤∆n

‖s‖,‖t‖≤C

∣∣∣M̂n(θ0 + εns)− M̂n(θ0 + εnt)−Mn(θ0 + εns) +Mn(θ0 + εnt)
∣∣∣ = oP(r−3/2

n ε−3/2
n )

for ∆n = o(1). Note that this is almost identical to the statement in Lemma 15, except that

rn in Lemma 15 is replaced by ε−1
n . Doing the same calculation,

ε−2
n sup
‖s−t‖≤∆n

‖s‖,‖t‖≤C

∣∣∣M̂n(θ0 + εns)− M̂n(θ0 + εnt)−Mn(θ0 + εns) +Mn(θ0 + εnt)
∣∣∣

≤ ε−2
n r−2

n (rnεn)1/2oP(1) = oP(r−3/2
n ε−3/2

n ).
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Now, we calculate the constants for leading bias and variance. Using (B.4),

E[V̌ ND
n,kl] = V̄ ND

n,kl(θ0)

=
1

2
e′kVnel −

ε2n
6

(
∂4Mn(θ0)

∂θ3
k∂θl

+
∂4Mn(θ0)

∂θk∂θ3
l

)
.

Thus, the constant for the leading bias is

Bkl = −1

6
lim
n→∞

(
∂4Mn(θ0)

∂θ3
k∂θl

+
∂4Mn(θ0)

∂θk∂θ3
l

)
= −1

6

(
∂4M0(θ0)

∂θ3
k∂θl

+
∂4M0(θ0)

∂θk∂θ3
l

)
.

Next, consider the variance of V̌ ND
n,kl. To save space, write

mni(ε1, ε2) = mn(zi,θ0 + ε1ek + ε2el)

Recall that

V̌ ND
n,kl = − 1

4ε2nn

n∑
i=1

[mni(εn, εn)−mni(εn,−εn)−mni(−εn, εn) +mni(−εn,−εn)]

and

V[Ṽ ND
n,kl(θ0)] =

1

16ε4nn
V (mni(εn, εn)−mni(εn,−εn)−mni(−εn, εn) +mni(−εn,−εn))

=
1

16ε4nn
E
[
{mni(εn, εn)−mni(εn,−εn)−mni(−εn, εn) +mni(−εn,−εn)}2]

− 1

n
[V̄ND

n,kl(θ0)]2

From the above calculation, the second term in the last equation is O(n−1). By condition

CRA(iv)

ε−1
n qnE[{mn(z,θ0 + sεn)−mn(z,θ0)}{mn(z,θ0 + tεn)−mn(z,θ0)}]→ C0(s, t).
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We have

lim
n→∞

ε−1
n qnE

[
{mni(εn, εn)−mni(εn,−εn)−mni(−εn, εn) +mni(−εn,−εn)}2]

= 2C0(ek + el, ek + el) + 2C0(ek − el, ek − el)− 4C0(ek + el, ek − el)− 4C0(ek + el,−ek + el)

where we use C0(s,−s) = 0 and C0(s, t) = C0(−s,−t). Then,

V[Ṽ ND
n,kl(θ0)] =

1

r3
nε

3
n

[Vkl + o(1)] +O(n−1)

where Vkl = 1
8
[C0(ek+el, ek+el)+C0(ek−el, ek−el)−2C0(ek+el, ek−el)−2C0(ek+el,−ek+el)].

B.1.4 Proof of Corollary MS

It suffices to verify that Condition MS implies Condition CRA0.

Condition CRA0(i). The manageability assumption can be verified using the same

argument as in Kim and Pollard (1990). Note that the function |mMS(z,θ)| is bounded

by unity in this example, and thus finite second moment condition holds. Arguing as in

Manski (1985), we can show that θ0 uniquely maximizes M0(θ) over the parameter set.

Well-separatedness follows from unique maximum, compactness of the parameter space, and

continuity of the function M0(θ).

Condition CRA0(ii). Conditions MS(iii) and MS(iv) imply this condition.

Condition CRA0(iii). Uniform manageability can be verified using the same argument

as in Kim and Pollard (1990). Note dδ0(z) = sup‖θ−θ0‖≤δ |1(x1 +x′2θ ≥ 0)−1(x1 +x′2θ0 ≥ 0)|.

The condition sup0<δ′≤δ E[d̄δ
′

0 (z)]/δ′ <∞ is verified in Abrevaya and Huang (2005).

Condition CRA0(iv). Since dδ0(z)2 = dδ0(z), E[dδn0 (z)3] = O(δn) and E[dδn0 (z)4] = O(δn),

which implies the first condition. As noted in Abrevaya and Huang (2005),

CMS0 (s, t) = E[min{|x′2s|, |x′2t|}1{sgn(x′2s) = sgn(x′2t)}fx1|x2(−x′2θ0|x2)].

From this representation, it follows that CMS0 (s, s) + CMS0 (t, t)− 2CMS0 (s, t) > 0 for s 6= t. Using
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2xy = x2 + y2 − (x− y)2, it suffices to show for δn = O(r−1
n ),

sup
θ∈Θδn

0

∣∣rnE|m(z1,θ + s/rn)−m(z1,θ + t/rn)|2 − L0(s− t)
∣∣ = o(1)

for L0 defined in Corollary MS. We have

E|mMS(z,θ1)−mMS(z,θ2)|2

= E1(x1 + x′2θ1 ≥ 0 > x1 + x′2θ2) + E1 (x1 + x′2θ2 ≥ 0 > x1 + x′2θ1)

= E
[
{Fx1|x2(−x′2θ2|x2)− Fx1|x2(−x′2θ1|x2)}1 (x′2θ2 < x′2θ1)

]
+ E

[
{Fx1|x2(−θ′1x2|x2)− Fx1|x2(−x′2θ2|x2)}1 (x′2θ1 < x′2θ2)

]
= E[fx1|x2(−x′2θ0|x2)x′2(θ1 − θ2)1 (x′2θ2 < x′2θ1)]

+ E[fx1|x2(−x′2θ0|x2)x′2(θ1 − θ2)1 (x′2θ1 < x′2θ2)] +R

where θ1 = θ + s/rn, θ2 = θ + t/rn, and

R = E
[
{Fx1|x2(−x′2θ2|x2)− Fx1|x2(−x′2θ0|x2)− fx1|x2(−x′2θ0|x2)x′2(−θ2 + θ0)}1(x′2θ2 < x′2θ1)

]
− E

[
{Fx1|x2(−x′2θ1|x2)− Fx1|x2(−x′2θ0|x2)− fx1|x2(−x′2θ0|x2)x′2(−θ1 + θ0)}1(x′2θ2 < x′2θ1)

]
+ E

[
{Fx1|x2(−x′2θ1|x2)− Fx1|x2(−x′2θ0|x2)− fx1|x2(−x′2θ0|x2)x′2(−θ1 + θ0)}1(x′2θ1 < x′2θ2)

]
− E

[
{Fx1|x2(−x′2θ2|x2)− Fx1|x2(−x′2θ0|x2)− fx1|x2(−x′2θ0|x2)x′2(−θ2 + θ0)}1(x′2θ1 < x′2θ2)

]
.

By continuous differentiability of fx1|x2 with bounded derivative,

|R| ≤ 4 sup
x1,x2

∣∣∣f (1)
x1|x2

(x1|x2)
∣∣∣ sup
θ∈Θδn

0

‖θ − θ0 + (s + t)r−1
n ‖2E‖x2‖2 = o(r−1

n ).

Then,

rnE|mMS(z,θ + s/rn)−mMS(z,θ + t/rn)|2

= E[fx1|x2(−x′2θ0|x2)x′2(−t + s)1(x′2t < x′2s)] + E[fx1|x2(−x′2θ0|x2)x′2(−s + t)1(x′2s < x′2t)] + o(1)

= E[fx1|x2(−x′2θ0|x2)|x′2s− x′2t|] + o(1).

108



Since the remainder term is uniformly small in θ ∈ Θδn
0 , the verification of Condition

CRA0(iv) is complete.

Condition CRA0(v). The first part easily follows from d̄δ0(z) ≤ 1, while the second part

follows from the above calculation for L0.

B.1.5 Proof of Lemma MS

Consistency

For consistency, we use Conditions MS and K(i)-(iii), E‖x2‖6 <∞, hn → 0, and nh3
n →∞.

Recall that ṼMS
n = ṼMS

n (θ̂n), set V̄MS
n (θ) = E[ṼMS

n (θ)], and note that

ṼMS
n = ṼMS

n (θ0) + [V̄MS
n (θ̂MSn )− V̄MS

n (θ0)] + [ṼMS
n − ṼMS

n (θ0)− V̄MS
n (θ̂MSn ) + V̄MS

n (θ0)].

Consistency of ṼMS
n then follows from the following four results:

V̄MS
n (θ0) = VMS

0 + o(1), (B.5)

ṼMS
n (θ0)− V̄MS

n (θ0) = oP(1), (B.6)

V̄MS
n (θ̂MSn )− V̄MS

n (θ0) = oP(1), (B.7)

ṼMS
n − ṼMS

n (θ0)− V̄MS
n (θ̂MSn ) + V̄MS

n (θ0) = OP(n−5/6h−5/2
n ). (B.8)

Equation (B.5) holds because

− E
[
Ṽ MS
n (θ0)

]
= h−2

n E
[
x2x

′
2(2y − 1)K̇ (x′β0/hn)

]
= h−1

n E
[
x2x

′
2

∫ [
1− 2Fu|x1,x2(−vhn|vhn − x′2θ0,x2)

]
K̇(v)fx1|x2(vhn − x′2θ0|x2)dv

]
= −2E

[
x2x

′
2

∫
F

(1)
u|x1,x2

(−ξ|ξ − x′2θ0,x2)vK̇(v)fx1|x2(vhn − x′2θ0|x2)dv

]

where ξ is a mean value between vhn and 0. By boundedness of fx1|x2(v|x2) and F
(1)
u|x1,x2

(−v|v−
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x′2θ0,x2) and continuity with respect to v, the dominated convergence theorem implies

∫
x2x

′
2

∫
2F

(1)
u|x1,x2

(−ξ|ξ − x′2θ0,x2)vK̇(v)fx1|x2(vhn − x′2θ0|x2)dvdFx2(x2)

→ 2E
[
x2x

′
2F

(1)
u|x1,x2

(0| − x′2θ0,x2)fx1|x2(−x′2θ0|x2)
] ∫

vK̇(v)du = VMS
0

where we use
∫
vK̇(v)dv = −1.

Equation (B.6) follows directly because the variance of V[ṼMS
n (θ0)] = O(n−1h−3

n ), as

shown below.

For Equation (B.7),

V̄MS
n (θ)

= h−2
n

∫
x2x

′
2

∫
{1− 2Fu|x1,x2(−x′β0|x1,x2)}K̇({x1 + x′2θ}/hn)fx1|x2(x1|x2)dx1dFx2(x2)

= h−1
n

∫
x2x

′
2

∫
{1− 2Fu|x1,x2(−vhn|vhn − x′2θ0,x2)}K̇(v + x′2(θ − θ0)h−1

n )

× fx1|x2(vhn − x′2θ0|x2)dvdFx2(x2)

= −2

∫
x2x

′
2

∫
vF

(1)
u|x1,x2

(−ζ|ζ − x′2θ0,x2)K̇(v + x′2(θ − θ0)h−1
n )

× fx1|x2(vhn − x′2θ0|x2)dvdFx2(x2).

where ζ lies between vhn and 0, and does not depend on θ. Then,

∥∥V̄MS
n,kl(θ)− V̄MS

n,kl(θ0)
∥∥ ≤ C‖θ − θ0‖h−1

n

(∫
B(v)dv

)
E‖x2‖3

where we use boundedness of F
(1)
u|x, fx1|x2 , and Assumption K(ii). Then, ‖θ̂MSn − θ0‖ =

OP(n−1/3) = oP(hn), which establishes the result.

Finally, we verify Equation (B.8). Using (Pollard, 1989, Theorem 4.2), it suffices to

show

E

[
sup

|θ−θ0|≤Cn−1/3

∣∣∣∣K̇ (x1 + x′2θ

hn

)
− K̇

(
x1 + x′2θ0

hn

)∣∣∣∣2 ‖x2x
′
2‖2

]
= O(n−2/3h−1

n ).
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By the assumed Lipschitz condition on K̇,

sup
|θ−θ0|≤Cn−1/3

∣∣∣∣K̇ (x1 + x′2θ

hn

)
− K̇

(
x1 + x′2θ0

hn

)∣∣∣∣ ≤ CB(x′β0/hn)‖x2‖h−1
n n−1/3,

and therefore

E

[
sup

|θ−θ0|≤Cn−1/3

∣∣∣∣K̇ (x1 + x′2θ

hn

)
− K̇

(
x1 + x′2θ0

hn

)∣∣∣∣2 ‖x2x
′
2‖2

]
≤ Cn−2/3h−2

n E
[
B(x′β0/hn)2‖x2‖6

]
≤ Cn−2/3h−1

n sup
x1,x2

fx1|x2(x1|x2)

(∫
B(v)2dv

)
E‖x2‖6,

which verifies the final result.
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Approximate Mean Squared Error

First we show that ‖V̄MS
n (θ̂MSn ) − V̄MS

n (θ0)‖ = oP(h2
n) + OP(n−1/3) for Equation (B.7) above.

Changing variables and using a Taylor expansion, we have

V̄MS
n (θ) = −h−2

n E
[
x2x

′
2

∫
{1− 2Fu|x1,x2(−x′β0|x1,x2)}K̇

(
x1 + x′2θ

hn

)
fx1|x2(x1|x2)dx1

]
= 2h−1

n

∫
x2x

′
2

∫
(vhn − x′2(θ − θ0))F

(1)
u|x1,x2

(0| − x′2θ0,x2)K̇(v)

× fx1|x2(−x′2θ0|x2)dvdFx2(x2)

+ 2h−1
n

∫
x2x

′
2

∫
|vhn − x′2(θ − θ0)|2F (1)

u|x1,x2
(0| − x′2θ0,x2)K̇(v)

× f (1)
x1|x2

(−x′2θ0|x2)dvdFx2(x2)

+ h−1
n

∫
x2x

′
2

∫
{vhn − x′2(θ − θ0)}3F

(1)
u|x1,x2

(0| − x′2θ0,x2)K̇(v)

× f (2)
x1|x2

(ξ1,n − x′2θ0|x2)dvdFx2(x2)

+ h−1
n

∫
x2x

′
2

∫
|vhn − x′2(θ − θ0)|2F (2)

u|x1,x2
(0| − x′2θ0,x2)K̇(v)

× fx1|x2(−x′2θ0|x2)dvdFx2(x2)

+ h−1
n

∫
x2x

′
2

∫
{vhn − x′2(θ − θ0)}3F

(2)
u|x1,x2

(0| − x′2θ0,x2)K̇(v)

× f (1)
x1|x2

(ξ2,n − x′2θ0|x2)dvdFx2(x2)

+
h−1
n

3

∫
x2x

′
2

∫
{vhn − x′2(θ − θ0)}3F

(3)
u|x1,x2

(−ξ3,n|ξ3,n − x′2θ0,x2)K̇(v)

× fx1|x2(vhn − x′2θ|x2)dvdFx2(x2)

where ξ1, ξ2 and ξ3 lie between vhn − x′2(θ − θ0) and 0.
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Using
∫
vK̇(v)dv = 1,

∫
K̇(v)dv = 0, and

∫
v2K̇(v)dv = 0,

V̄MS
n (θ) = 2

∫
F

(1)
u|x1,x2

(0| − x′2θ0,x2)fx1|x2(−x′2θ0|x2)x2x
′
2dFx2(x2)

− 4(θ − θ0)′
∫

x2F
(1)
u|x1,x2

(0| − x′2θ0,x2)f
(1)
x1|x2

(−x′2θ0|x2)x2x
′
2dFx2(x2)

+ h2
n

∫ ∫
v3K̇(v)F

(1)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(ξ1 − x′2θ0|x2)x2x
′
2dvdFx2(x2)

− 2(θ − θ0)′
∫

x2F
(2)
u|x1,x2

(0| − x′2θ0,x2)fx1|x2(−x′2θ0|x2)x2x
′
2dFx2(x2)

+ h2
n

∫
x2x

′
2

∫
v3K̇(v)F

(2)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(ξ2 − x′2θ0|x2)dvdFx2(x2)

+
h2
n

3

∫
x2x

′
2

∫
v3K̇(v)F

(3)
u|x1,x2

(−ξ3|ξ3 − x′2θ0,x2)fx1|x2(vhn − x′2θ|x2)dvdFx2(x2)

+O(hn‖θ − θ0‖+ ‖θ − θ0‖2 + h−1
n ‖θ − θ0‖3)

where we use boundedness and continuity of derivatives of Fu|x1,x2 and fx1|x2 and E‖x2‖6 <

∞.

For θ → θ0 as n→∞, we have

lim
n→∞

∫
x2x

′
2

∫
v3K̇(v)F

(1)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(ξ1 − x′2θ0|x2)dvdFx2(x2)

=

∫
v3K̇(v)dv

∫
F

(1)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(−x′2θ0|x2)x2x
′
2dFx2(x2),

lim
n→∞

∫
x2x

′
2

∫
v3K̇(v)F

(2)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(ξ2 − x′2θ0|x2)dvdFx2(x2)

=

∫
v3K̇(v)dv

∫
F

(2)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(−x′2θ0|x2)x2x
′
2dFx2(x2),

lim
n→∞

∫
x2x

′
2

∫
v3K̇(v)F

(3)
u|x1,x2

(−ξ3|ξ3 − x′2θ0,x2)fx1|x2(vhn − x′2θ|x2)dvdFx2(x2)

=

∫
v3K̇(v)dv

∫
F

(3)
u|x1,x2

(0| − x′2θ0,x2)fx1|x2(−x′2θ0|x2)x2x
′
2dFx2(x2).

Because P[|θ̂n − θ0| ≤ Cn−1/3] → 1, we have ‖V̄MS
n (θ̂n) − V̄MS

n (θ0)‖ = oP(h2
n) + OP(n−1/3).

Note that the term OP(n−1/3) does not depend on hn.
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Next, we derive the leading bias and variance of ṼMS
n (θ0). Specifically, we show that

V̄ MS
n,kl(θ0) = V MS

0,kl + h2
n (Bkl + o(1))

and

V[Ṽ MS
n,kl(θ0)] =

1

nh3
n

(Vkl + o(1))

where Bkl and Vkl, 1 ≤ l, k ≤ d, are defined in the statement of Lemma MS.

For the bias, a Taylor expansion gives

V̄MS
n (θ0)−VMS

0

= 2hn

∫
F

(1)
u|x1,x2

(0| − x′2θ0,x2)x2x
′
2f

(1)
x1|x2

(−x′2θ0|x2)dFx2(x2)

∫
v2K̇(v)dv

+ h2
n

∫
x2x

′
2F

(1)
u|x1,x2

(0| − x′2θ0,x2)

∫
v3K̇(v)f

(2)
x1|x2

(ξ1 − x′2θ0|x2)dvdFx2(x2)

+ hn

∫
F

(2)
u|x1,x2

(0| − x′2θ0,x2)x2x
′
2fx1|x2(−x′2θ0|x2)dFx2(x2)

∫
v2K̇(v)dv

+ h2
n

∫
x2x

′
2F

(2)
u|x1,x2

(0| − x′2θ0,x2)

∫
f

(1)
x1|x2

(ξ2 − x′2θ0|x2)v3K̇(v)dvdFx2(x2)

+
h2
n

3

∫
x2x

′
2

∫
F

(3)
u|x1,x2

(−ξ3|ξ3 − x′2θ0,x2)fx1|x2(vhn|x2)v3K̇(v)dvdFx2(x2)

where ξ1, ξ2 and ξ3 denote mean-values between 0 and vhn. Boundedness of f
(s)
x1|x2

(v|x2) and

F
(s)
u|x1,x2

(−v|v + x1,x2), k = 1, 2, 3, and continuity of these functions with respect to v imply

that

∫
x2x

′
2F

(1)
u|x1,x2

(0| − x′2θ0,x2)

∫
v3K̇(v)f

(2)
x1|x2

(ξ1 − x′2θ0|x2)dvdFx2(x2)

→
∫

x2x
′
2F

(1)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(−x′2θ0|x2)dFx2(x2)

∫
v3K̇(v)dv,

∫
x2x

′
2F

(2)
u|x1,x2

(0| − x′2θ0,x2)

∫
f

(1)
x1|x2

(ξ2 − x′2θ0|x2)v3K̇(v)dvdFx2(x2)

→
∫

x2x
′
2F

(2)
u|x1,x2

(0| − x′2θ0,x2)f
(1)
x1|x2

(−x′2θ0|x2)dFx2(x2)

∫
v3K̇(v)dv,
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∫
x2x

′
2

∫
F

(3)
u|x1,x2

(−ξ3|ξ3 − x′2θ0,x2)fx1|x2(vhn|x2)v3K̇(v)dvdFx2(x2)

→
∫

x2x
′
2F

(3)
u|x1,x2

(0| − x′2θ0,x2)fx1|x2(−x′2θ0|x2)dFx2(x2)

∫
v3K̇(v)dv.

Therefore, because
∫∞
−∞ v

2K̇(v)dv = 0,

V̄ MS
n,kl(θ0) = V MS

0,kl + h2
n (Bkl + o(1))

with Bkl the (k, l)-th element of

B =

∫
x2x

′
2

[
F

(1)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(−x′2θ0|x2)

+ F
(2)
u|x1,x2

(0| − x′2θ0,x2)f
(1)
x1|x2

(−x′2θ0|x2)

+
1

3
F

(3)
u|x1,x2

(0| − x′2θ0,x2)fx1|x2(−x′2θ0|x2)

]
dFx2(x2)

∫
v3K̇(v)dv.

Finally, the approximate variance is obtained by noting that

E[Ṽ MS
n,kl(θ0)2] =

1

nh4
n

E
[
K̇

(
x′β0

hn

)
e′kx2x

′
2el

]2

and

1

hn
E
[
K̇

(
x′β0

hn

)
e′kx2x

′
2el

]2

=

∫
(e′kx2x

′
2el)

2

∫
K̇(v)2fx1|x2(vhn − x′2θ0|x2)dvdFx2(x2)

→
∫

(e′kx2x
′
2el)

2fx1|x2(−x′2θ0|x2)dFx2(x2)

∫
K̇(v)2dv

where the last line follows by dominated convergence theorem. Since E[Ṽ MS
n,kl(θ0)] = O(1),

V[Ṽ MS
n,kl(θ0)] =

1

nh3
n

[∫
(e′kx2x

′
2el)

2fx1|x2(−x′2θ0|x2)dFx2(x2)

∫
K̇(v)2dv + o(1)

]
.

B.1.6 Proof of Corollary CMS

We verify that Condition CMS implies Condition CRA. Set qn = bdn.

Condition CRA(i). For uniform manageability, as shown for maximum score estimator,
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the class {y1{x1 + x′2θ ≥ 0} : θ ∈ Θ} has a polynomial bound on the covering number

uniform in discrete probability measures and Ln(·) does not depend on θ. See, e.g., van der

Vaart and Wellner (1996) for details. We can take m̄n(z) = |Ln(w)| and E[L2
n(w)] ≤ Cb−dn ,

which implies qnE[m̄n(z)2] = O(1).

For uniform convergence of Mn(θ) to M0(θ),

Mn(θ) =

∫
E[ψ(x1,x2,w){fx1(x1|x2,w)}−1

1{x1 + x′2θ ≥ 0}|w = vbn]L(v)fw(vbn)dv

=

∫ ∫ ∫ ∞
−x′2θ

ψ(x,x2,vbn)dxdFx2(x2|vbn)fw(vbn)L(v)dv

=

∫
ϕ1(vbn;θ)L(v)dv.

Using supθ∈Θ |ϕ1(w;θ)− ϕ1(0;θ)| ≤ C‖w‖ε for w close to 0,

sup
θ∈Θ
|Mn(θ)−M0(θ)| ≤ sup

θ∈Θ

∫
|ϕ1(vbn;θ)− ϕ1(0;θ)‖L(v)|dv

≤ Cbεn

∫
‖v‖ε|L(v)|dv = o(1).

Well-separatedness follows from uniqueness of maximizer, compactness of the parameter

space, and continuity of M0(θ) = E[y1{x1 + x′2θ ≥ 0}|w = 0]. Uniqueness of maximizer

follows from (Honoré and Kyriazidou, 2000, Lemmas 6 and 7), compactness of Θ is assumed,

and continuity follows from differentiability of M0(·) shown below.

Condition CRA(ii). By definition,

M0(θ) = E[ψ(x1,x2,w){fx1(x1|x2,w)}−1
1{x1 + x′2θ ≥ 0}|w = 0]

and

Mn(θ) =

∫
E[ψ(x1,x2,w){fx1(x1|x2,w)}−1

1{x1 + x′2θ ≥ 0}|w = vbn]L(v)fw(vbn)dv.

Since E[ψ(x1,x2,w){fx1(x1|x2,w)}−1
1{x1+x′2θ ≥ 0}|w] =

∫ ∫∞
−x′2θ

ψ(x,x2,w)dxdFx2(x2|w),
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we have

∂

∂θ
Mn(θ) =

∫ ∫
x2ψ(−x′2θ,x2,vbn)dFx2|w(x2|vbn)fw(vbn)L(v)dv,

∂

∂θ
M0(θ) =

∫
x2ψ(−x′2θ,x2,0)dFx2|w(x2|0)fw(0),

∂2

∂θ∂θ′
Mn(θ) = −

∫ ∫
x2x

′
2ψ

(1)(−x′2θ,x2,vbn)dFx2|w(x2|vbn)fw(vbn)L(v)dv,

∂2

∂θ∂θ′
M0(θ) = −

∫
x2x

′
2ψ

(1)(−x′2θ,x2,0)dFx2|w(x2|0)fw(0),

where ψ(s)(x1,x2,w) = ds

dxs1
ψ(x1,x2,w), s ∈ Z, and we use |ψ(x1,x2,w)+ψ(1)(x1,x2,w)| ≤ C

for all (x1,x2,w) ∈ S,
∫
‖x2‖2dFx2|w(x2|v) ≤ C for all v with ‖v‖ ≤ η, fw(·) is bounded

around 0, and
∫
|L(v)|dv <∞, to invoke dominated convergence theorem.

Because the function V(w;θ) =
∫

x2x
′
2ψ

(1)(−x′2θ,x2,w)dFx2|w(x2|w)fw(w) satisfies

‖V(w;θ)− ϕ(0;θ)‖ ≤ C‖w‖ε for all θ ∈ Θδ
0,

sup
θ∈Θδ

0

∣∣∣∣∂[Mn(θ)−M0(θ)]

∂θ∂θ′

∣∣∣∣ ≤ sup
θ∈Θδ

0

∫
‖V(vbn;θ)−V(0;θ)‖|L(v)|dv

≤ Cbεn

∫
‖v‖ε|L(v)|dv = o(1).

For ∂Mn(θ0)/∂θ,

∂

∂θ
Mn(θ0) =

∫
ϕ2(vbn)L(v)dv = ϕ2(0) + bPn

∑
|`|=P

∫
v`∂`ϕ2(ṽ)L(v)dv

where we use multi-index notation,
∫

v`L(v)dv = 0 for 0 < |`| < P , and ṽ lies be-

tween vbn and 0. Honoré and Kyriazidou (2000) show that, for any (d0, d3) ∈ {0, 1}2,

E[A(d0, d3)|X, α,w = 0] > E[(B(d0, d3)|X, α,w = 0] if and only if x1 + x′2θ0 > 0, which im-
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plies E[A(d0, d3)|x1 = −x′2θ0,X, α,w = 0] = E[B(d0, d3)|x1 = −x′2θ0,X, α,w = 0]. Then,

ψ(−x′2θ0,x2,0)

= E[A(Y0, Y3)−B(Y0, Y3)|x1 = −x′2θ0,x2,w = 0]fx1(−x′2θ0|x2,0)

=
∑

d0,d3∈{0,1}

Pr(Y0 = d0, Y3 = d3|x1 = −x′2θ0,x2,w = 0)fx1(−x′2θ0|x2,0)

× {E[A(d0, d3)|x1 = −x′2θ0,x2,w = 0]− E[B(d0, d3)|x1 = −x′2θ0,x2,w = 0]}

=
∑

d0,d3∈{0,1}

Pr(Y0 = d0, Y3 = d3|x1 = −x′2θ0,x2,w = 0)fx1(−x′2θ0|x2,0)

× E[E[A(d0, d3)−B(d0, d3)|x1 = −x′2θ0,X,w = 0, α]|x1 = −x′2θ0,x2,w = 0]

= 0

which implies ϕ2(0) = 0. Finally, bPn = o((nbdn)−1/3) implies that 3
√
nqn‖∂Mn(θ0)/∂θ‖ = o(1)

holds.

Positive definiteness of VCMS
0 is directly imposed in Condition CMS.

Condition CRA(iii). Uniform manageability follows from the class {y1{x1 + x′2θ ≥ 0} :

θ ∈ Θ} having a polynomial bound on the uniform covering number, since Ln(·) does not

depend on θ. See, e.g., van der Vaart and Wellner (1996) for details. For this example,

d̄δn(z) = sup
‖θ−θ0‖≤δ

1{x′2θ0 < −x1 ≤ x′2θ}|Ln(w)|+ sup
‖θ−θ0‖≤δ

1{x′2θ < −x1 ≤ x′2θ0}|Ln(w)|.

Conditional on (x2,w), x1 has bounded Lebesgue density and for bn sufficiently small,

E[d̄δn(z)2] ≤ CE[‖x2‖Ln(w)2]δ ≤ Cδb−dn

by change of variables. The constant C does not depend on δ, and therefore qn sup0<δ′≤δ E[d̄δ
′
n (z)2/δ′] =

O(1) holds.

Condition CRA(iv). Note that d̄δn(z)3 = dδn(z)|Ln(w)|2 and d̄δn(z)3 = dδn(z)|Ln(w)|3. Do-

ing a similar calculation as above, we have q2
nE[d̄δnn (z)3] = O(δn) = o(1) and q3

nr
−1
n E[d̄δnn (z)4] =

O(r−1
n δn) = o(1).
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As in the Maximum Score example, CCMS0 (s, s) + CCMS0 (t, t)− 2CCMS0 (s, t) > 0 follows from

its representation

CCMS0 (s, t) = E[min{|x′2s|, |x′2t|}fx1|x2,w(−x′2θ0|x2,0)1{sgn(x′2s) = sgn(x′2t)}|w = 0]fw(0).

Now we verify the last condition.

{mCMS
n (z,θ + δns)−mCMS

n (z,θ)}{mCMS
n (z,θ + δnt)−mCMS

n (z,θ)}

= {1(x′2(θ + δns) ≥ −x1)− 1(x′2θ ≥ −x1)}{1(x′2(θ + δnt) ≥ −x1)− 1(x′2θ ≥ −x1)}|Ln(w)|2

= 1(δn min{x′2s,x′2t} ≥ −x1 − x′2θ > 0)1{sgn(x′2s) = 1 = sgn(x′2t)}|Ln(w)|2

+ 1(δn max{x′2s,x′2t} < −x1 − x′2θ ≤ 0)1{sgn(x′2s) = −1 = sgn(x′2t)}|Ln(w)|2

= 1(δn min{|x′2s|, |x′2t|} ≥ −x1 − x′2θ > 0)1{sgn(x′2s) = sgn(x′2t)}|Ln(w)|2

and

qnδ
−1
n E[{mCMS

n (z,θ + δns)−mCMS
n (z,θ)}{mCMS

n (z,θ + δnt)−mCMS
n (z,θ)}]

= q−1
n δ−1

n

∫ ∫
{Fx1|x2,w(−x′2θ|x2,w)− Fx1|x2,w(−x′2θ − δn min{|x′2s|, |x′2t|}|x2,w)}

× 1{sgn(x′2s) = sgn(x′2t)}dFx2|w(x2|w)fw(w)L(w/bn)dw

= δ−1
n

∫ ∫
{Fx1|x2,w(−x′2θ|x2,vbn)− Fx1|x2,w(−x′2θ − δn min{|x′2s|, |x′2t|}|x2,vbn)}

× 1{sgn(x′2s) = sgn(x′2t)}dFx2|w(x2|vbn)fw(vbn)L(v)dv

=

∫ ∫
min{|x′2s|, |x′2t|}fx1|x2,w(−x′2θ + δ̃n|x2,vbn)

× 1{sgn(x′2s) = sgn(x′2t)}dFx2|w(x2|vbn)fw(vbn)L(v)dv
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where δ̃n lies between 0 and −δn min{|x′2s|, |x′2t|}. Then,

∣∣∣qnδ−1
n E[{mCMS

n (z,θ + δns)−mCMS
n (z,θ)}{mCMS

n (z,θ + δnt)mCMS
n (z,θ)}]

−
∫ ∫

min{|x′2s|, |x′2t|}fx1|x2,w(−x′2θ0|x2,vbn)

× 1{sgn(x′2s) = sgn(x′2t)}dFx2|w(x2|vbn)fw(vbn)L(v)dv
∣∣∣

≤ C‖θ − θ0‖ε sup
w∈W

E[min{|x′2s|, |x′2t|}2‖x2‖Bf (−x′2θ0,x2)|w]

∫
|L(v)|dv = O(δεn)

as θ ∈ Θδn
0 . By dominated convergence theorem,

lim
n→∞

∫ ∫
min{|x′2s|, |x′2t|}fx1|x2,w(−x′2θ0|x2,vbn)

× 1{sgn(x′2s) = sgn(x′2t)}dFx2|w(x2|vbn)fw(vbn)L(v)dv
∣∣∣

= E[min{|x′2s|, |x′2t|}fx1|x2,w(−x′2θ0|x2,0)1{sgn(x′2s) = sgn(x′2t)}|w = 0]fw(0)

= CCMS0 (s, t)

and this convergence occurs uniformly on Θδn
0 because it is independent of θ. Finally,

sup
θ∈Θδn

0

|qnE[{mn(z,θ + δns)−mn(z,θ)}{mn(z,θ + δnt)−mn(z,θ)}/δn]− CCMS0 (s, t)| = o(1),

as desired.

Condition CRA(v). The first condition follows from qnd̄
δ
n(z) ≤ supv |L(v)|.

The second condition follows from the calculation similar to the covariance kernel cal-

culation.

B.1.7 Proof of Lemma CMS

Consistency

Define V̄CMS
n (θ) = E[ṼCMS

n (θ)]. It suffices to show ‖V̄CMS
n (θ̂CMSn ) −VCMS

0 ‖ = oP(1) and ‖ṼCMS
n −

V̄CMS
n (θ̂CMSn )‖ = oP(1).

For the first requirement, changing variables, using a Taylor expansion, and using the
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fact that
∫
K̇(v)dv = 0, we have

−V̄CMS
n (θ) = h−2

n E
[
yK̇

(
x1 + x′2θ

hn

)
x2x

′
2Ln(w)

]
= h−1

n

∫
E
[∫

ψ(vhn − x′2θ,x2,w)K̇(v)dvx2x
′
2

∣∣∣∣w] fw(w)Ln(w)dw

=

∫
E
[∫

ψ(1)(ϑ− x′2θ0,x2,w)vK̇(v)dvx2x
′
2

∣∣∣∣w] fw(w)Ln(w)dw

− h−1
n (θ − θ0)′

∫
E
[∫

ψ(1)(ϑ− x′2θ0,x2,w)K̇(v)dvx2x2x
′
2

∣∣∣∣w] fw(w)Ln(w)dw,

where ϑ lies in between 0 and vhn. By boundedness of ψ(1), E[‖x2‖3|w] ≤ C for w ∈ W ,

and
∫
|K̇(v)|dv <∞, the last term is o(1) for θ = θ0 +o(hn). By continuous differentiability

of ψ(1) with respect to its first argument and boundedness of the derivative,∣∣∣∣∫ E
[∫
{ψ(1)(ϑ− x′2θ0,x2,w)− ψ(1)(−x′2θ0,x2,w)}vK̇(v)dvx2x

′
2

∣∣∣∣w] fw(w)Ln(w)dw

∣∣∣∣
≤ C

∫
E
[(

hn

∫
v2|K̇(v)|dv + ‖x2‖‖θ − θ0‖

)
‖x2‖2

∣∣∣∣w] fw(w)|Ln(w)|dw = o(1).

Thus, for θ = θ0 + o(hn),

V̄CMS
n (θ) = −

∫
vK̇(v)dv

∫
E[ψ(1)(−x′2θ0,x2,w)x2x

′
2|w]fw(w)Ln(w)dw + o(1)

= VCMS
0 + o(1).

Using ‖θ̂CMSn − θ0‖ = OP( 3
√
nbdn) = oP(hn), it follows that V̄CMS

n (θ̂CMSn )−VCMS
0 = oP(1).

To verify ṼCMS
n − V̄CMS

n (θ̂CMSn ) = oP(1), it suffices to show that, for any δn = O(r−1
n ),

sup
|θ−θ0|≤δn

∥∥∥ṼCMS
n (θ)− ṼCMS

n (θ0)− V̄CMS
n (θ) + V̄CMS

n (θ0)
∥∥∥+

∥∥∥ṼCMS
n (θ0)− V̄CMS

n (θ0)
∥∥∥ = oP(1).

It can be shown that ‖ṼCMS
n (θ0) − V̄CMS

n (θ0)‖ = oP(1) easily because below we calculate the

convergence rate of the variance, that is, V[ṼCMS
n (θ0)] = O(n−1h−3

n b−dn ). For the rest, (Pollard,
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1989, Theorem 4.2) implies that it is enough to verify

n−1h−4
n E

[
sup

|θ−θ0|≤δn

∣∣∣∣K̇ (x1 + x′2θ

hn

)
− K̇

(
x1 + x′2θ0

hn

)∣∣∣∣2 ‖x2‖4|Ln(w)|2
]

= o(1).

By the Lipschitz condition on K̇,∣∣∣∣K̇ (x1 + x′2θ

hn

)
− K̇

(
x1 + x′2θ0

hn

)∣∣∣∣ ≤ h−1
n ‖x2‖‖θ − θ0‖B

(
x1 + x′2θ0

hn

)
.

Then,

n−1h−4
n E

[
sup

|θ−θ0|≤δn

∣∣∣∣K̇ (x1 + x′2θ

hn

)
− K̇

(
x1 + x′2θ0

hn

)∣∣∣∣2 ‖x2‖2|Ln(w)|2
]

≤ n−1h−3
n (h−1

n δn)2E
[∫

B(v)2fx1(vhn|x2,w)dv‖x2‖6|Ln(w)|2
]

≤ o(1)n−1h−3
n b−dn

∫
B(v)2dv

∫
E[‖x2‖6|w = vbn]L(v)dv = o(1).

Approximate Mean Squared Error

First we calculate the order of bias. Changing variables and using a Taylor approximation,

we obtain:

V̄CMS
n (θ0) = −h−2

n

∫
E
[
ψ(x1,x2,w){fx1(x1|x2,w)}−1K̇

(
x1 + x′2θ0

hn

)
x2x

′
2

∣∣∣∣w] fw(w)Ln(w)dw

= −
∫
vK̇(v)dv

∫
E[ψ(1)(−x′2θ0,x2,w)x2x

′
2|w]fw(w)Ln(w)dw

− hn
∫
v2K̇(v)dv

∫
E[ψ(2)(−x′2θ0,x2,w)x2x

′
2|w]fw(w)Ln(w)dw

− h2
n

∫
E[

∫
ψ(3)(ϑ− x′2θ0,x2,w)K̇(v)dvx2x

′
2|w]fw(w)Ln(w)dw

where ϑ lies between 0 and vhn. Using
∫
vK̇(v)dv = −1,

∫
v2K̇(v) = 0, and boundedness of

ψ(3),

V̄CMS
n (θ0) =

∫
V(w;θ0)Ln(w)dw +O(h2

n) =
∂2

∂θ∂θ′
MCMS

n (θ0) +O(h2
n).

Finally, for the variance, changing variables and using a Taylor approximation, we ob-

122



tain:

V[Ṽ CMS
n,kl(θ0)] =

1

nh4
n

E

[
K̇

(
x1 + x′2θ0

hn

)2

(e′kx2x
′
2el)

2|Ln(w)|2
]
− 1

n
[V̄ CMS
n,kl(θ0)]2

=
1

nh3
n

E
[∫

K̇2(v)fx1(vhn − x′2θ0|x2,w)dv(e′kx2x
′
2el)

2|Ln(w)|2
]

+O(n−1)

≤ C

nh3
n

∫
K̇2(v)dv

∫
E[‖x2‖4|w]fw(w)|Ln(w)|2dw +O(n−1)

= O(n−1h−3
n b−dn ),

for all (k, l) elements of ṼCMS
n (θ0).

B.1.8 Proof of Theorem ID

Let

Z∗n(x) = F̂ ∗n(x)− F̂n(x) + f̂n(x0)(x− x0) + f̃ (1)
n (x0)(x− x0)2/2

and define

ŝ∗n(a) = sup
s≥0

{
s : Z∗n(s)− as = sup

x≥0
[Z∗n(x)− ax]

}
,

b = sup
x≥0

[Z∗n(x)− ax] .

Denote the LCM of a function f restricted on I by LIf . Since linear functions are concave,

ŝ∗n(a) < x⇒ Z∗n(x)− ax− b < 0

⇒ L[0,∞)Z∗n(x) ≤ ax+ b.

Now, for contradiction, suppose that the left-derivative of L[0,∞)Z∗n(x) is strictly greater

than a. Since L[0,∞)Z∗n(x) is concave, its derivative, denoted by DL[0,∞)Z∗n(·), satisfies

DL[0,∞)Z∗n(x̃) > a for x̃ ≤ x. By definition, L[0,∞)Z∗n(ŝ∗n(a)) = aŝ∗n(a) + b and the deriva-

tive condition implies L[0,∞)Z∗n(x) > ax + b, which is a contradiction and thus proving

DL[0,∞)Z∗n(x) = f̃ ∗n(x) ≤ a.
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Now,

f̃ ∗n(x) < a⇒ L[0,∞)Z∗n(s) < as+ b for s ≥ x

⇒ ŝ∗n(a) < x.

For the first implication, by definition,

lim
ε↓0

L[0,∞)Z∗n(s− ε)− L[0,∞)Z∗n(s)

−ε
= f̃ ∗n(s) < a for s ≥ x.

Then, there exist η > 0 such that a − η > f̃ ∗n(s) and ε0 > 0 such that −[L[0,∞)Z∗n(s − ε) −

L[0,∞)Z∗n(s)]/ε < a− η for 0 < ε < ε0. Then,

L[0,∞)Z∗n(s) < ε(a− η) + L[0,∞)Z∗n(s− ε)

≤ ε(a− η) + a(s− ε) + b

= as− εη + b

< as+ b.

Therefore, we have

ŝ∗n(a) < x ⇐⇒ f̃ ∗n(x) < a.

Then,

P∗
[
n1/3[f̃ ∗n(x0)− f̂n(x0)] < t

]
= P∗

[
ŝ∗n

(
f̂n(x0) + n−1/3t

)
< x0

]
.

Recall that ŝ∗n(a) is the maximizer of {Z∗n(s)− as : s ∈ [0,∞)}.

P∗
[
ŝ∗n

(
f̂n(x0) + n−1/3t

)
< x0

]
= P∗

[
arg max
x∈[0,∞)

{
Z∗n(x)− [f̂n(x0) + n−1/3t]x

}
< x0

]

where the argmax functional picks the largest value if the set of the maximizers consists of

more than one element.
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Letting x = x0 + n−1/3s where s is the free variable,

arg max
x∈[0,∞)

{
Z∗n(x)− [f̂n(x0) + n−1/3t]x

}
= arg max

x0+n−1/3s

{
Z∗n(x0 + n−1/3s)− [f̂n(x0) + n−1/3t][x0 + n−1/3s]

}
= x0 + n−1/3 arg max

s∈[−n1/3x0,∞)

{
Z∗n(x0 + n−1/3s)− [f̂n(x0) + n−1/3t][x0 + n−1/3s]

}
Shifting and scaling does not change the location of maximizer so

arg max
s

{
Z∗n(x0 + n−1/3s)− [f̂n(x0) + n−1/3t][x0 + n−1/3s]

}
= arg max

s

{
n2/3

[
Z∗n(x0 + n−1/3s)−Z∗n(x0)− f̂n(x0)n−1/3s

]
− ts

}
Thus,

P∗
[

arg max
x∈[0,∞)

{
Z∗n(x)− [f̂n(x0) + n−1/3t]x

}
< x0

]

= P∗
[

arg max
s∈[−n1/3x0,∞)

{
n2/3

[
Z∗n(x0 + n−1/3s)−Z∗n(x0)− f̂n(x0)n−1/3s

]
− ts

}
< 0

]
.

Now we want to establish weak convergence in probability of

{
n2/3

[
Z∗n(x0 + n−1/3s)−Z∗n(x0)− f̂n(x0)n−1/3s

]
− ts : s ∈ S

}
(B.9)

with any compact S ⊂ R.

Note that

n2/3
[
Z∗n(x0 + n−1/3s)−Z∗n(x0)− f̂n(x0)n−1/3s

]
= n2/3

[(
F̂ ∗n − F̂n

)
(x0 + n−1/3s)−

(
F̂ ∗n − F̂n

)
(x0)

]
+

1

2
f̃ (1)
n (x0)s2.

Theorem 3.2 (i) in Sen et al. (2010) implies that

n2/3
[(
F̂ ∗n − F̂n

)
(x0 + n−1/3s)−

(
F̂ ∗n − F̂n

)
(x0)

]
 P W(f(x0)s)
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as stochastic process indexed by s ∈ S.

Then, the sequence of stochastic processes in (B.9) weakly converges in probability to

W(f(x0)s) +
1

2
f (1)(x0)s2 − ts.

As noted in Problem 3.2.5 of van der Vaart and Wellner (1996),

arg max
s

{
W(f(x0)s) +

1

2
f (1)(x0)s2 − ts

}
=d |4f(x0){f (1)(x0)}−2|1/3 arg max

s

{
W(s)− s2

}
− t/|f (1)(x0)|.

Therefore, provided that

ŝ∗n = arg max
s

{
n2/3

[
Z∗n(x0 + n−1/3s)−Z∗n(x0)− f̂n(x0)n−1/3s

]
− ts : s ∈ S

}
is OP∗(1), the argmax continuous mapping theorem implies

P∗
[
n1/3[f̃ ∗n(x0)− f̂n(x0)] < t

]
→P P

[
|4f(x0)f (1)(x0)|1/3 arg max

s

{
W(s)− s2

}
< t

]
.

Now to show ŝ∗n = OP∗(1), define

ĝ∗n = arg max
s

{
Z∗n(s+ x0)−Z∗n(x0)− f̂n(x0)s− tsn−1/3

}
= arg max

s

{
F̂ ∗n(s+ x0)− F̂n(s+ x0) + f̃ (1)

n (x0)s2/2− tsn−1/3
}
.

By definition, ĝ∗n = n−1/3ŝ∗n, so we want to show n1/3ĝ∗n = OP∗(1).

Modifying the proofs of Lemmas 16–18 with M̂∗
n(θ) = F̂ ∗n(θ+x0), M̂n(θ) = F̂n(θ+x0),

and M̃∗
n(θ) = F̂ ∗n(θ+x0)−F̂n(θ+x0)+f̃

(1)
n (x0)θ2/2−tθn−1/3 (no need to center the objective

function at M̂n(θ0)), it can be shown that n1/3ĝ∗n = OP∗(1) with probability approaching one.
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B.2 Rule-of-Thumb Bandwidth Selection

We provide details on the rule-of-thumb (ROT) bandwidth selection rules used in the simula-

tions reported for the Maximum Score Estimation and Isotonic Density estimation examples.

B.2.1 Maximum Score Estimation

To construct a ROT bandwidth in this example, we choose a reference model involving fi-

nite dimensional parameters and calculate/approximate the corresponding leading constants

entering the approximate MSE of ṼMS
n (example-specific plug-in estimate) for the case of

Maximum Score estimation, and of ṼND
n (generic numerical derivative estimate).

Specifically, we assume u|x ∼ Normal(0, σ2
u(x)) and x1|x2 ∼ Normal(µ1, σ

2
1) , where we

will specify some parametric specification on σ2
u(x) = σ2

u(x1,x2). Then, in this reference

model,

F
(1)
u|x1,x2

(0| − x′2θ0,x2) = − 1

σu(−x′2θ0,x2)
φ(0),

F
(2)
u|x1,x2

(0| − x′2θ0,x2) =
1

σ2
u(−x′2θ0,x2)

φ(1)(0) = 0,

F
(3)
u|x1,x2

(0| − x′2θ0,x2) = − 1

σ3
u(−x′2θ0,x2)

φ(2)(0)

− σ
(2)
u (−x′2θ0,x2)σu(−x′2θ0,x2)− 2{σ(1)

u (−x′2θ0,x2)}2

σ3
u(−x′2θ0,x2)

φ(0),

where σ
(s)
u (x1, ·) = dsσu(x1, ·)/dxs1, and

fx1|x2(−x′2θ0|x2) =
1

σ1

φ

(
−x′2θ0 − µ1

σ1

)
,

f
(1)
x1|x2

(−x′2θ0|x2) =
1

σ2
1

φ(1)

(
−x′2θ0 − µ1

σ1

)
=

x′2θ0 + µ1

σ3
1

φ

(
−x′2θ0 − µ1

σ1

)
,

f
(2)
x1|x2

(−x′2θ0|x2) =
1

σ3
1

φ(2)

(
−x′2θ0 − µ1

σ1

)
=

((
x′2θ0 + µ1

σ1

)2

− 1

)
1

σ3
1

φ

(
−x′2θ0 − µ1

σ1

)
.
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Plug-in Estimator ṼMS
n

Given the reference model, I need to estimate

Bkl = E
[
e′kx2x

′
2el

(
F

(1)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(−x′2θ0|x2)

+
1

3
F

(3)
u|x1,x2

(0| − x′2θ0,x2)fx1|x2(−x′2θ0|x2)

)]
µ3(K̇)

where µp(K) =
∫
vpK(u)dv. Define

B̂kl =
1

n

n∑
i=1

e′kx2ix
′
2iel

{
F̂

(1)
u|x1,x2

(0| − x′2iθ̂n,x2i)f̂
(2)
x1|x2

(−x′2iθ̂n|x2i)

+
1

3
F̂

(3)
u|x1,x2

(0| − x′2iθ̂n,x2i)f̂x1|x2(−x′2iθ̂n|x2i)

}
µ3(K̇)

where the preliminary estimators θ̂n, F̂
(1)
u|x1,x2

(·), F̂ (2)
u|x1,x2

(·), f̂x1|x2(·) and f̂
(2)
x1|x2

(·) are con-

structed using maximum likelihood for the parametric reference model (i.e., heteroskedastic

Probit), together with a flexible parametric specification for σ2
u(x) = γ′p(x) with p(x) de-

noting a polynomial expansion.

Similarly, the higher order variance is

Vkl = E
[
(e′kx2x2el)

2fx1|x2(−x′2θ0|x2)
] ∫

K̇(v)2dv,

and, given the reference model, a ROT estimate is

V̂kl =

∫
K̇(v)2dv

1

n

n∑
i=1

(e′kx2ix2iel)
2f̂x1|x2(−x′2iθ̂n|x2i).

Numerical Differentiation Estimator ṼND
n

The bias constant is

Bkl = −1

6

(
∂4M0(θ0)

∂θ3
k∂θl

+
∂4M0(θ0)

∂θk∂θ3
l

)
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Given the reference model,

∂4M0(θ0)

∂θ3
k∂θl

= 2E
[
(e′kx2)3e′lx2F

(3)
u|x1,x2

(0| − x′2θ0,x2)fx1|x2(−x′2θ0|x2)
]

+ 6E
[
(e′kx2)3e′lx2F

(2)
u|x1,x2

(0| − x′2θ0,x2)f
(1)
x1|x2

(−x′2θ0|x2)
]

+ 6E
[
(e′kx2)3e′lx2F

(1)
u|x1,x2

(0| − x′2θ0,x2)f
(2)
x1|x2

(−x′2θ0|x2)
]
,

and similarly for ∂4M0(θ0)/∂θk∂θ
3
l . Then, we can estimate the bias constant by

B̂kl = − 1

n

n∑
i=1

[
(e′kx2i)

3e′lx2i + (e′lx2i)
3e′kx2i

]
×
[

1

3
F̂

(3)
u|x1,x2

(0| − x′2iθ̂n,x2i)f̂x1|x2(−x′2iθ̂n|x2i) + F̂
(1)
u|x1,x2

(0| − x′2iθ̂n,x2i)f̂
(2)
x1|x2

(−x′2iθ̂n|x2i)

]

where F̂
(1)
ε|z,x2

, F̂
(3)
ε|z,x2

, f̂z|x2 , f̂
(2)
z|x2

, etc., are as discussed above.

Finally, the variance constant is

Vkl =
1

8
[C0(ek + el, ek + el) + C0(ek − el, ek − el)− 2C0(ek + el, ek − el)− 2C0(ek + el,−ek + el)]

C0 is defined in Corollary ??. Recall that C0(s, t) = [L0(s) + L0(t)− L0(s− t)]/2. Then,

Vkl =
1

16
[2L0(ek) + 2L0(el)− L0(ek + el)− L0(−ek + el)]

with L0(s) = E
[
|x′2s|fx1|x2(−x′2θ0|x2)

]
. Then, we can estimate the variance constant by

V̂kl =
1

16

1

n

n∑
i=1

[2 |x′2iek|+ 2 |x′2iel| − |x′2i(ek + el)| − |x′2i(−ek + el)|] f̂x1|x2(−x′2iθ̂n|x2i).

B.2.2 Isotonic Density Estimation

Here we briefly outline the calculations leading to a ROT bandwidth selector for derivative

of density estimators, which are used to construct an estimate of the drift in this example.

The reference model is z ∼ Exponential(λ) where λ will be estimated from the data.
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Plug-in Estimator ṼMS
n

The plug-in estimator is the usual kernel density estimator. Assuming we use the second-

order kernel, the leading bias term is h2f (3)(x0)/2
∫
u2K(u)du and the leading variance term

is n−1h−3f(x0)
∫
K̇2(u)du. For the ROT bandwidth, we take f(x) = exp(−x/λ)/λ and

K(u) = φ(u) and we use Integrated MSE (IMSE) as the criterion. That is, we minimize

h4

∫ {
f (3)(x)

}2
dx

(∫
u2K(u)du

)2

/4 +

∫
K̇2(u)du/nh3

with respect to h. Then,
∫
u2K(u)du = 1,

∫
K̇2(u)du = 1

4
√
π
,
∫ {

f (3)(x)
}2
dx = (2λ7)−1.

Thus, the IMSE equals
h4

8λ7
+

1

4
√
πnh3

and the minimizer is

ĥAMSE = λ

(
3

2
√
π

)1/7

n−1/7.

Numerical Differentiation Estimator ṼND
n

The numerical differentiation estimator is

M0(x0 + h) +M0(x0 − h)− 2M0(x0)

h2
,

and we take M0(x) = F (x). Then, the bias constant is

1

12

d4

dx4
F (x)|x=x0 =

f (3)(x0)

12
.

The variance constant is 2f(x0). As in the plug-in estimator case, we take the IMSE, which

equals
h4

122

∫ {
f (3)(x)

}2
dx+

2

nh3
=

h4

288λ7
+

2

nh3

and the ROT bandwidth is

ĥAMSE = λ (432)1/7 n−1/7.
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APPENDIX C

Proofs for Chapter IV

C.1 Proof of Theorem 7

First suppose that π0 = limn→∞ n
γ/2qn exists on the extended real line. By change of variable,

rn(θ̂n − θ0) = arg max
s∈Rk

{r2
n[M̂n(θ0 + sr−1

n )− M̂n(θ0)]}

and by argmax continuous mapping theorem (e.g., van der Vaart and Wellner, 1996), it

suffices to show r2
n{M̂n(θ0 + · r−1

n )− M̂n(θ0)} weakly converges to G0, Gaussian process with

mean −s′V0s and the covariance kernel 4s′Σ0t(π0/(1 + π0))2 + 2C0(s, t)(1/(1 + π0))4−γ.

Lemmas 21 and 23 establish rn(θ̂n − θ0) = OP(1). Finite-dimensional convergence

of the stochastic processes {Ĝn(θ0 + sr−1
n ) : s ∈ Rk} where Ĝn(θ) = r2

n[Ln(θ) − Ln(θ0) +

Wn(θ)−Wn(θ0)] follows from Lemmas 24-27. Lemma 28 verifies the sthocastic equicotinutiy

of {Ĝn(θ0 + sr−1
n ) : s ∈ S} for any compact S ⊂ Rk. Lemma 29 shows limn→∞ r

2
n[Mn(θ0 +

sr−1
n ) −Mn(θ0)] = s′V0s uniformly in s over a bounded set. These results together imply

r2
n{M̂n(θ0 + · r−1

n )− M̂n(θ0)} weakly converges to G0.

For the case πn = nγ/2qn does not have a limit, consider convergent subsequences. Since

weak convergence holds for any convergent subsequence, the original sequence must also

converge.
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C.1.1 Consistency

Lemma 21. Suppose Assumption PS (i) holds. If M̂n(θ̂) ≥ supθ∈Θ M̂n(θ) − oP(1), then

‖θ̂ − θ0‖ = oP(1).

Proof. For any δ > 0, letting αn = oP(1),

Pr(‖θ̂ − θ0‖ > δ) ≤ Pr
(

sup
θ∈Θ\Θδ

0

M̂n(θ) ≥ M̂n(θ0)− αn
)
, (C.1)

and it suffices to show the right-hand side probability converges to zero. By Hoeffding

decomposition,

M̂n(θ) = Mn(θ) + Ln(θ) +Wn(θ)

where

Ln(θ) =
1

n

n∑
i=1

2`n(zi,θ)

Wn(θ) =

(
n

2

)−1 ∑
1≤i<j≤n

wn(zi, zj,θ).

By Theorem 4.2 in Pollard (1989) and Theorem 6 of Nolan and Pollard (1987),

E sup
θ∈Θ
|Ln(θ)| . n−1/2(E|¯̀n(z)|2)1/2

E sup
θ∈Θ
|Wn(θ)| . n−1(E|w̄n(z1, z2)|2)1/2.

Both terms are o(1) by the hypothesis. Thus,

sup
θ∈Θ
|M̂n(θ)−Mn(θ)| = oP(1),

which, combined with the assumption supθ∈Θ |Mn(θ)−M0(θ)| = o(1), implies

sup
θ∈Θ\Θδ

0

M̂n(θ)− M̂n(θ0) = sup
θ∈Θ\Θδ

0

M0(θ)−M0(θ0) + oP(1).

Since supθ∈Θ\Θδ
0
M0(θ) < M0(θ0) by the hypothesis, the desired conclusion follows.

132



C.1.2 Rates of Convergence

The following lemma is used to establish the convergence rate of θ̂n.

Lemma 22. Suppose Assumption PS (ii) holds. For 0 ≤ a < b, there exists some c > 0

such that, with n sufficiently large,

sup
a≤‖θ−θ0‖≤b

|Mn(θ)−Mn(θ0)| ≤ b
∥∥∥∂Mn(θ0)

∂θ

∥∥∥− a2c.

Proof. By Taylor expansion,

Mn(θ)−Mn(θ0) = (θ − θ0)′
∂Mn(θ0)

∂θ
+

1

2
(θ − θ0)′

∂2Mn(θ0)

∂θ∂θ′
(θ − θ0)

+
1

2
(θ − θ0)′

∂2[Mn(θ̃n)−Mn(θ0)]

∂θ∂θ′
(θ − θ0)

≤ ‖θ − θ0‖
∥∥∥∂Mn(θ0)

∂θ

∥∥∥+
1

2
‖θ − θ0‖2

(∥∥∥∂2[Mn(θ̃n)−Mn(θ0)]

∂θ∂θ′

∥∥∥− λmin(Vn)
)

where λmin(·) denotes the minimum eigenvalue and Vn = −∂2Mn(θ0)/∂θ∂θ′. For some

δ > 0, supθ∈Θδ
0
‖∂2[Mn(θ) −M0(θ)]/∂θ∂θ′‖ = o(1) and ∂2M0(θ)]/∂θ∂θ′ is continuous on

Θδ
0. Then, positive definiteness of V0 implies that for some c > 0,

lim sup
n→∞

sup
θ∈Θδ

0

∥∥∥∂2[Mn(θ̃n)−Mn(θ0)]

∂θ∂θ′

∥∥∥− λmin(Vn) < −2c.

Lemma 23. Suppose θ̂n →P θ0 and

M̂n(θ̂n) ≥ sup
θ∈Θ

M̂n(θ)− oP(r−2
n ).

If Assumption PS (ii) and (iii) hold, then rn(θ̂n − θ0) = OP(1).
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Proof. Let Sj = {θ : 2j−1 < rn‖θ − θ0‖ ≤ 2j}. For any δ > 0,

Pr(rn‖θ̂n − θn| > 2C) ≤ Pr
(

sup
θ∈Θ

M̂n(θ)− M̂n(θ̂n) > δr−2
n

)
+
∑
j≥C

2j≤rnδ

Pr
(

sup
θ∈Sj

M̂n(θ)− M̂n(θ0) ≥ −δr−2
n

)
+ Pr(‖θ̂n − θ0‖ > δ/2)

where the first and third terms go to zero as n→∞. For each of the summand, by (C.1),

Pr
(

sup
θ∈Sj

M̂n(θ)− M̂n(θ0) ≥ −δr−2
n

)
≤ Pr

(
sup
θ∈Sj

Ln(θ)− Ln(θ0) + sup
θ∈Sj

Wn(θ)−Wn(θ0) + sup
θ∈Sj

Mn(θ)−Mn(θ0) ≥ −δr−2
n

)
≤ Pr

(
sup
θ∈Sj
|Ln(θ)− Ln(θ0)|+ sup

θ∈Sj
|Wn(θ)−Wn(θ0)| ≥ 22jεr−2

n

)
,

for j large enough, where we use Lemma 22. Note ε > 0 depends on c in Lemma 22 and δ

but not on n and j as long as they are sufficiently large.

Now, Theorem 4.2 in Pollard (1989) and Theorem 6 of Nolan and Pollard (1987) imply

that

E sup
θ∈Sj
|Ln(θ)− Ln(θ0)| . n−1/2

√
E|¯̀2jr−1

n
n (z)|2 . 2jn−1/2r−1

n

E sup
θ∈Sj
|Wn(θ)−Wn(θ0)| . n−1

√
E|w̄2jr−1

n
n (z)|2 . 2γj/2n−1q−1/2

n r−γ/2n .

Then,

∑
j≥C

2j≤rnδ

Pr
(

sup
θ∈Sj

M̂n(θ)− M̂n(θ0) ≥ −δr−2
n

)
.

√
r2
n

n

∑
j≥C

2−j +

√
r4−γ
n

n2qn

∑
j≥C

2
(γ−4)j

2

and the last term can be made arbitrarily small by choosing C large.
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C.1.3 Weak Convergence

We want to show r2
n{Ln(θ0 + · r−1

n ) − Ln(θ0)} + r2
n{Wn(θ0 + · r−1

n ) −Wn(θ0)}  G0. For

that purpose, we will establish finite-dimensional convergence and stochastic equicontinuity.

Finite-Dimensional Convergence

For finite-dimensional convergence, first note that

Ĝn(θ) = r2
n{Ln(θ)− Ln(θ0)}+ r2

n{Wn(θ)−Wn(θ0)} =
n∑
i=1

gin(θ)

gin(θ) = r2
n

[
2n−1{`n(zi,θ)− `n(zi,θ)}+

(
n

2

)−1 i−1∑
j=1

{wn(zi, zj,θ)− wn(zi, zj,θ0)}
]

and with the sigma field Fin generated by g1n(θ), . . . , gin(θ),

E[gin|F(i−1)n] = E[E[gin(θ)|z1, . . . , zn]|F(i−1)n],

E[`n(zi,θ)|z1, . . . , zi−1] = 0, E[wn(zi, zj)|z1, . . . , zi−1] = 0 for j ∈ {1, . . . , i − 1}, so

{(gin(θ),Fin)}i≥1 forms a martingale difference sequence. Below, we write Fi for notational

convenience.

Using this martingale structure, we apply the result in Hyde and Brown (1970).

Lemma 24. Let {Xn,Fn}n≥0 be a martingale with X0 a.s., Xn =
∑n

i=1 Yi n ≥ 1, and Fn be

the sigma field generated by X0, X1, . . . , Xn. Define σ2
n = E[Y 2

n |Fn−1] and s2
n =

∑n
i=1 Eσ2

n.

Suppose for some δ ∈ (0, 1], E|Yn|2+2δ <∞ for all n. Then, there exists a finite constant K

depending only on δ such that

sup
t
|Pr(Xn ≤ snt)− Φ(t)| ≤ K

{
s−2−2δ
n

( n∑
i=1

E|Yi|2+2δ + E
∣∣∣ n∑
i=1

σ2
i − s2

n

∣∣∣1+δ)} 1
3+2δ

.

By the Cramer-Wold device, it suffices to consider gin :=
∑L

l=1 λlgin(θ0 +slr
−1
n ) for some

(sl, λl) ∈ Rk+1, l = 1, . . . , L.
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The above lemma implies that if, for σ2
in = E[g2

in|Fi−1] and s2
n =

∑n
i=1 Eσ2

in,

1

s4
n

n∑
i=1

E|gin|4 → 0 (C.2)

E
∣∣∣ 1

s2
n

n∑
i=1

σ2
in − 1

∣∣∣2 → 0, (C.3)

then Ĝn(θ0 + · r−1
n ) G0 in finite-dimensional sense.

Lemma 25. Suppose Assumption PS (iv) holds and π0 = limn→∞(nγ/2qn)1/(4−γ) exists in

the extended real line. Then,

lim
n→∞

s2
n =

( 1

1 + 1/π0

)2
L∑
l=1

L∑
l′=1

λlλl′4s′lΣ0sl′ +
( 1

1 + π0

)4−γ L∑
l=1

L∑
l′=1

λlλl′2C0(sl, sl′).

where we interpret 1 +∞ =∞, 1/∞ = 0, and 1/0 =∞

Proof.

s2
n =

n∑
i=1

Var(gin)

= r4
nn
−14Var

( L∑
l=1

λl{`n(z,θ0 + slr
−1
n )− `n(z,θ0)}

)

+ r4
n

(
n

2

)−1

Var

( L∑
l=1

λl{wn(z1, z2,θ0 + slr
−1
n )− wn(z1, z2,θ0)}

)

= r2
nn
−1

L∑
l=1

L∑
l′=1

λlλl′4r
2
nE{`n(z,θ0 + slr

−1
n )− `n(z,θ0)}{`n(z,θ0 + sl′r

−1
n )− `n(z,θ0)}

+
r4−γ
n

n(n− 1)qn

L∑
l=1

L∑
l′=1

λlλl′2r
γ
nqnE{wn(z,θ0 + slr

−1
n )− wn(z,θ0)}{wn(z,θ0 + sl′r

−1
n )− wn(z,θ0)}

→
( 1

1 + 1/π0

)2
L∑
l=1

L∑
l′=1

λlλl′4s′lΣ0sl′ +
( 1

1 + π0

)4−γ L∑
l=1

L∑
l′=1

λlλl′2C0(sl, sl′).

Lemma 26. Suppose Assumption PS (v) holds. Then, (C.2) holds.
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Proof. Write ˜̀
n(z) =

∑L
l=1 λl{`n(z,θ0+slr

−1
n )−`n(z,θ0)} and w̃n(z1, z2) =

∑L
l=1 λl{wn(z1, z2,θ0+

slr
−1
n )− wn(z1, z2,θ0)}. By (a+ b)s ≤ 2s−1(as + bs),

n∑
i=1

E|gin|4 . r8
nn
−4

n∑
i=1

E|˜̀n(zi)|4 + r8
nn
−8

n∑
i=1

E
∣∣∣∣ i−1∑
j=1

w̃n(zi, zj)

∣∣∣∣4
. r8

nn
−3E|˜̀n(z)|4 + r8

nn
−5E[|w̃n(z1, z2)|2|w̃n(z1, z3)|2] + r8

nn
−6E|w̃n(z1, z2)|4.

Lemma 27. Suppose Assumption PS (v) holds. Then, (C.3) holds.

Proof.

σ2
in = 4r4

nn
−2E|˜̀n(zi)|2 + r4

n

(
n

2

)−2

E
[∣∣∣ i−1∑

j=1

w̃n(zi, zj)
∣∣∣2∣∣∣Fi−1

]
+ 4r4

nn
−1

(
n

2

)−1

E
[ i−1∑
j=1

˜̀
n(zi)w̃n(zi, zj)

∣∣∣Fi−1

]
.

Add and subtract E|r2
n2n−1(n− 1)−1

∑i−1
j=1 w̃n(zi, zj)|2,

n∑
i=1

σ2
in = s2

n +
n∑
i=1

{
r4
n

(
n

2

)−2

E
[( i−1∑

j=1

w̃n(zi, zj)
)2∣∣∣Fi−1

]
− E

(
r2
n

(
n

2

)−1 i−1∑
j=1

w̃n(zi, zj)
)2

+ 4r4
nn
−1

(
n

2

)−1

E
[ i−1∑
j=1

˜̀
n(zi)w̃n(zi, zj)

∣∣∣Fi−1

]}
.

Then, since s2
n is bounded away from zero, to show (C.3), it suffices to show

r8
nn
−8E

∣∣∣∣ n∑
i=1

{
E
[( i−1∑

j=1

w̃n(zi, zj)
)2∣∣∣Fi−1

]
− E

( i−1∑
j=1

w̃n(zi, zj)
)2
}∣∣∣∣2 = o(1) (C.4)

r8
nn
−6E

∣∣∣∣ n∑
i=1

E
[ i−1∑
j=1

˜̀
n(zi)w̃n(zi, zj)

∣∣∣Fi−1

]∣∣∣∣2 = o(1). (C.5)
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For (C.4),

E
∣∣∣∣ n∑
i=1

{
E
[( i−1∑

j=1

w̃n(zi, zj)
)2∣∣∣Fi−1

]
− E

( i−1∑
j=1

w̃n(zi, zj)
)2
}∣∣∣∣2

. E
( n∑
i=1

i−1∑
j=1

{E[w̃n(zi, zj)
2|Fi−1]− E[w̃n(zi, zj)

2]}
)2

+ E
( n∑
i=1

i−1∑
j=1

j−1∑
k=1

E[w̃n(zi, zj)w̃n(zi, zk)|Fi−1]
)2

= E
( n−1∑
j=1

n∑
i=j+1

{E[w̃n(zi, zj)
2|Fi−1]− E[w̃n(z1, z2)2]}

)2

+ E
( n−2∑
k=1

n−1∑
j=k+1

n∑
i=j+1

E[w̃n(zi, zj)w̃n(zi, zk)|Fi−1]
)2

≤ n2E
n−1∑
j=1

n−1∑
k=1

{E[w̃n(zn, zj)
2|Fn−1]− E[w̃n(z1, z2)2]}{E[w̃n(zn, zk)

2|Fn−1]− E[w̃n(z1, z2)2]}

+ n2E
n−2∑
k1=1

n−1∑
j1=k1+1

n−2∑
k2=1

n−1∑
j2=k2+1

E[E[w̃n(zn, zj1)w̃n(zn, zk1)|Fn−1]E[w̃n(zn, zj2)w̃n(zn, zk2)|Fn−1]]

≤ n3E(E[w̃n(zn, z1)2|Fn−1]− E[w̃n(z1, z2)2])2 + n4E(E[w̃n(zn, z1)w̃n(zn, z2)|Fn−1])2.

For (C.5),

E
∣∣∣∣ n∑
i=1

E
[ i−1∑
j=1

˜̀
n(zi)w̃n(zi, zj)

∣∣∣Fi−1

]∣∣∣∣2

=
n∑

i1=1

n∑
i2=1

min{i1,i2}−1∑
j=1

E[E[˜̀n(zi1)w̃n(zi1 , zj)|Fj]E[˜̀n(zi2)w̃n(zi2 , zj)|Fj]]

≤ n3E[E[˜̀n(z2)w̃n(z2, z1)|F1]2].

Stochastic Equicontinuity

Lemma 28. If Assumption PS (iv)-(v) and one of Condition γ hold, then for every ε > 0
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and C > 0, we can find δ > 0 such that

lim sup
n→∞

Pr
(

sup
‖s−t‖≤δ
‖s‖∨‖t‖≤C

|Ĝn(θ0 + sr−1
n )− Ĝn(θ0 + tr−1

n )| > ε
)
< ε.

Proof. It suffices to establish stochastic equicontinuity of r2
n{Ln(θ0 + · r−1

n ) − Ln(θ0)} and

r2
n{Wn(θ0 + · r−1

n ) − Wn(θ0)}, individually. By Theorem 4.2 in Pollard (1989), for some

η > 0,

r2
nE sup

‖s−t‖≤δ
‖s‖∨‖t‖≤C

|Ln(θ0 + sr−1
n )− Ln(θ0 + tr−1

n )| . r2
nn
−1/2

(
E sup
‖θ−θ′‖≤δ
θ,θ∈Θη

0

|`n(z,θ)− `n(z,θ′)|2
)1/2

where using |`n(z,θ)− `n(z,θ′)| ≤ B1(z)‖θ−θ′‖, the last term can be made small by taking

δ small.

Now it remains to establish stochastic equicontinuity for r2
n{Wn(θ0 + · r−1

n )−Wn(θ0)}.

For the smooth case i.e., γ = 2, we have

r2
nE sup

‖s−t‖≤δ
‖s‖∨‖t‖≤C

|Wn(θ0+sr−1
n )−Wn(θ0+tr−1

n )| . r2
nn
−1
(
E sup
‖θ−θ′‖≤δ
θ,θ∈Θη

0

|wn(z1, z2,θ)−wn(z1, z2,θ
′)|2
)1/2

and by Condition: Smooth Case, the last term is of order r2
nn
−1q

−1/2
n r−1

n δ = δ
√
r4−γ
n /n2qn,
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which can be made arbitrarily small by taking δ small. For the non-smooth case (γ = 1),

r2
nE sup

‖s−t‖≤δ
‖s‖∨‖t‖≤C

|Wn(θ0 + sr−1
n )−Wn(θ0 + tr−1

n )|

. r2
nn
−1E sup

‖s−t‖≤δ
‖s‖∨‖t‖≤C

∣∣∣(n
2

)−1 ∑
1≤i<j≤n

|ωn(zi, zj,θ0 + sr−1
n ) − ωn(zi, zj,θ0 + tr−1

n )|2
∣∣∣1/2

+ r2
nn
−1E

[ ∣∣∣(n
2

)−1 ∑
1≤i<j≤n

|ω̄Cr
−1
n

n (zi, zj)|2
∣∣∣1/2

× J
(

sup
‖s−t‖≤δ
‖s‖∨‖t‖≤C

∣∣∣(n
2

)−1 ∑
1≤i<j≤n

|ωn(zi, zj,θ0 + sr−1
n )− ωn(zi, zj,θ0 + tr−1

n )|2
∣∣∣1/2

/(n
2

)−1 ∑
1≤i<j≤n

|ω̄Cr
−1
n

n (zi, zj)|2
)]

. r2
nn
−1E sup

‖s−t‖≤δ
‖s‖∨‖t‖≤C

∣∣∣(n
2

)−1 ∑
1≤i<j≤n

|ωn(zi, zj,θ0 + sr−1
n ) − ωn(zi, zj,θ0 + tr−1

n )|2
∣∣∣1/2

+ η1/2 + r2
nn
−1
(
E
∣∣∣(n

2

)−1 ∑
1≤i<j≤n

|ω̄Cr
−1
n

n (zi, zj)|2
)1/2

×
[
EJ2

(
η−1r4

nn
−2 sup

‖s−t‖≤δ
‖s‖∨‖t‖≤C

∣∣∣(n
2

)−1 ∑
1≤i<j≤n

|ωn(zi, zj,θ0 + sr−1
n )− ωn(zi, zj,θ0 + tr−1

n )|2
)]1/2

where

ωn(zi, zj,θ) = wn(z2i, z2j,θ) + wn(z2i, z2j−1,θ) + wn(z2i−1, z2j,θ) + wn(z2i−1, z2j−1,θ)

ω̄δn(z1, z2) = sup
θ∈Θδ

0

|ωn(z1, z2,θ)− ωn(z1, z2,θ0)|

and we split the expectation calculation into the event {
(
n
2

)−1∑
1≤i<j≤n |ω̄Cr

−1
n

n (zi, zj)|2 ≤

ηr−4
n n} and its complement. Then, using (a+ b)2 ≤ 2(a2 + b2), it suffices to show

r4
nn
−2E sup

‖s−t‖≤δ
‖s‖∨‖t‖≤C

(
n

2

)−1 ∑
1≤i<j≤n

∣∣wn(zi, zj,θ0 + sr−1
n )− wn(zi, zj,θ0 + tr−1

n )
∣∣2 = o(1).
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Splitting into the event {qn2w̄n(zi, zj) ≤ L} and its complement,

r4
nn
−2E sup

‖s−t‖≤δ
‖s‖∨‖t‖≤C

(
n

2

)−1 ∑
1≤i<j≤n

∣∣wn(zi, zj,θ0 + sr−1
n )− wn(zi, zj,θ0 + tr−1

n )
∣∣2

≤ r4
nn
−2q−1

n E sup
‖s−t‖≤δ
‖s‖∨‖t‖≤C

(
n

2

)−1 ∑
1≤i<j≤n

|wn(zi, zj,θ0 + sr−1
n )− wn(zi, zj,θ0 + tr−1

n )|L

+ r4−γ
n n−2q−1

n 2rγnqnE|w̄Cr
−1
n

n (z1, z2)|2I{qn2w̄Cr
−1
n

n (z1, z2) > L}

and the second term can be made arbitrarily small by choosing L large enough. For the first

term,

E sup
‖s−t‖≤δ
‖s‖∨‖t‖≤C

(
n

2

)−1 ∑
1≤i<j≤n

|wn(zi, zj,θ0 + sr−1
n )− wn(zi, zj,θ0 + tr−1

n )|

≤ E sup
‖s−t‖≤δ
‖s‖∨‖t‖≤C

∣∣∣∣(n2
)−1 ∑

1≤i<j≤n

|wn(zi, zj,θ0 + sr−1
n )− wn(zi, zj,θ0 + tr−1

n )|

− E|wn(z1, z2,θ0 + sr−1
n )− wn(z1, z2,θ0 + tr−1

n )|
∣∣∣∣

+ sup
‖s−t‖≤δ
‖s‖∨‖t‖≤C

E|wn(z1, z2,θ0 + sr−1
n )− wn(z1, z2,θ0 + tr−1

n )|.

The first term can be bounded by Theorem 6 of Nolan and Pollard (1987) and the second

term can be bounded by the bound in Assumption PS (iv).

Now, for the weak convergence of the process {r2
n[M̂n(θ0 + sr−1

n ) − M̂n(θ0)] : s ∈ Rk},

it remains to show convergence of the expectation term.

Lemma 29. Suppose Assumption PS (ii) holds. Then, for any finite L > 0,

sup
‖s‖≤L

∣∣r2
n[Mn(θ0 + sr−1

n )−Mn(θ0)] + s′V0s
∣∣ = o(1).
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Proof. By Taylor expansion,

2
∣∣∣r2
n[Mn(θ0 + sr−1

n )−Mn(θ0)] +
1

2
s′V0s

∣∣∣
≤ 2‖s‖rn

∥∥∥∂Mn(θ0)

∂θ

∥∥∥+ ‖s‖2
∥∥∥∂2Mn(θ0 + τsr−1

n )

∂θ∂θ′
− ∂2Mn(θ0)

∂θ∂θ′

∥∥∥+ ‖s‖2‖Vn −V0‖

where τ ∈ (0, 1) and Vn = ∂2Mn(θ0)/∂θ∂θ′. The first and third terms is o(1) by the

hypothesis. For the middle term, add and subtract ∂2M0(θ)/∂θ∂θ′ evaluated at θ0 + τsr−1
n

and θ0. Using uniform convergence and continuity of ∂2M0(θ)/∂θ∂θ′, the desired result

follows.
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