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ABSTRACT

The dissertation studies identification and inference problems in econometric models. In the
first chapter, I present a new identification result for partial effects of group-level variables
when economic agents select into groups. The econometric model allows for selection on
individual unobserved heterogeneity, which generally causes endogeneity of group-level vari-
ables. I use individual-level variables that have sufficient correlation with the unobserved
heterogeneity to develop a control function method. The second chapter studies statistical
inference in a class of M-estimation problems in which the standard nonparametric boot-
strap fails due to non-smoothness in the objective function. I propose a way to “reshape”
the objective function to restore bootstrap consistency. In the third chapter, I present a
novel distributional theory for a class of pairwise smoothed estimators, which highlights
non-robustness of conventional inference methods with respect to choice of tuning parame-

ters.
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CHAPTER 1

Introduction

This dissertation studies two important areas in econometrics analysis, identification
and inference. The first topic, identifiability of model parameters, is particularly important
in Economics, where researchers often face data issues such as sample selection, unobserved
key variables, and missing data. Absent of these data issues, connections between observable
quantities and parameters of interest are often transparent. Yet, data issues make the con-
nection opaque, and in some cases, parameters of interest are not even uniquely determined
from the observed information.

Chapter II examines identification of partial effects of group-level variables when eco-
nomic agents select into groups. In such circumstance, a complication arises because agents
potentially base their group selection on group-level variables of interest, which creates a
well-known endogeneity issue due to sample selection.

The other two chapters study the issue of statistical inference. They focus on issues of
“robust” inference, broadly defined. Specifically, by robustness, I refer to the property that
inference procedures remain valid under different smoothness in underlying data generating
processes or different choices of tuning parameters.

Chapter III studies bootstrap distributional approximation of a class of cube root con-
vergent estimators. I show that the standard nonparametric bootstrap fails for this class of
estimators due to inability to capture the Hessian matrix. The chapter proposes reshaping
of the objective function to restore bootstrap consistency.

Chapter IV develops novel distributional results for a class of smoothed pairwise differ-
ence estimators. I show that pairwise difference estimators have a range of limit distributions
depending on tuning parameters. An important implication of this new distributional ap-
proximation is that a deviation from stringent bandwidth conditions renders conventional

inference procedures invalid.



CHAPTER 1I

Identification and Estimation of Group-Level Partial
Effects

II.1 Introduction

Policy makers often design interventions to influence individual outcomes through group-
level variables. For instance, a government may relocate disadvantaged children to higher
quality schools to improve their academic performance. Given their potential impact, many
studies in economics have sought to evaluate group-level policy interventions (see Durlauf,
2004; Durlauf and Ioannides, 2010; Graham, 2018, and references therein). Nevertheless,
estimation of group-level treatment effects is challenging. The problem is that individu-
als select into groups in part based on their unobserved characteristics, and this sorting
causes systematic dependence among group-level variables and those individual character-
istics. Therefore, comparing outcomes across groups without accounting for differences in
unobserved heterogeneity is subject to selection bias.

This paper presents a novel identification result for group-level partial effects using
observable variables that “shift” the distribution of unobserved individual heterogeneity.
Informally, a random vector W is a “shifter” for another (unobservable) random vector © if
the conditional distribution of O, given W = w, varies sufficiently with w. A key insight of
this paper is that controlling for group-level distributions of observable shifters accounts for
variation in unobserved individual heterogeneity. Thus, if there remains enough variation in
group-level variables conditional on the control variables, group-level causal effects become
identifiable.

For simplicity, suppose that unobserved individual heterogeneity © takes two values,
“high” and “low,” denoted by 6y and 6. Then, an observable W is a shifter for © if
Pr(© = 0y|W = w) is a non-constant function of w, or equivalently, if there exist wy, wy
such that the 2 x 2 matrix II = [Pr(© = 6,|W = wy)|k=124=p, is non-singular. The

availability of a shifter is useful because a group-level distribution of W can be written as



a linear transformation of the distribution of © within the same group, where the matrix of
this linear transformation is II. Since IT is non-singular, there exists a one-to-one mapping
between group-level distributions of the unobserved variable © and the observable shifter
W. Therefore, we can use an observable shifter to control for across-group variation in
unobserved heterogeneity distributions.

To fix ideas, consider a setting where students choose schools. Academically moti-
vated students may prefer high quality schools, and when they sort into schools based on
this preference, there will be a positive correlation between school-level teacher quality and
the proportion of highly motivated students within the school. Here, student’s motivation
corresponds to unobserved individual heterogeneity and school-level teacher quality is the
group-level variable of interest. A possible shifter for academic motivation is educational
attainment of a child’s mother. It seems reasonable to assume that the higher is a mother’s
educational attainment, the more motivated her child tends to be.

Now suppose that student’s motivation takes two values, high and low. Then, mother’s
education serves as a shifter if a child of a college graduate mother has a larger probability of
being highly motivated than a student whose mother has only a high school diploma. Pro-
vided that mother’s education is a valid shifter, there exists a one-to-one mapping between a
school-level fraction of college graduate mothers and the distribution of student types within
the school, which enables us to control for across-school variation in student’s motivation. If
school-wide teacher quality has independent variation from the school-level distribution of
mother’s education, then ceteris paribus effects of teacher quality are identifiable. Note that
mother’s education is not an instrumental variable (IV): a valid IV would be independent of
student’s motivation and be related to teacher quality.

To provide further intuition on the above argument, I describe it with simple equations.
Denote an outcome of interest by Yjs (e.g., test score), where i and s index agent and group,
respectively, group-level covariates of interest by X (e.g., school-wide teacher quality), an
observable shifter by W; (e.g., mother’s education), and unobserved individual heterogeneity
by ©; (e.g., academic motivation). Like the above discussion, assume ©; takes two values,
0y and 0, (e.g., high and low motivation). Also, let J; be individual ¢’s group choice. Here,
the interest lies in the causal effect of teacher quality on test scores. The regression equation

turns out to be
Y;’]i =+ X}ZB + WZI’}/ + (SPI'(@Z = GH‘XJZ., Jl) + Eidys E[gis’Xsa VVi, Jz = S] =0 (IIl)

where subscript J; is present because a researcher only observes the outcome for the group

individuals selected in the data. Since Pr(©; = 0y|Xs, J; = s) cannot be estimated, its



dependence on X hinders the identification of 5. In the school example, Pr(©; = 04| X,, J; =
s) corresponds to the fraction of highly motivated students in a school with teacher quality
X,. In this framework, the inability to control for a fraction of high motivation types
confounds naive estimates of teacher-quality effects.

As noted above, the observable shifter condition implies that there exists a linear map
from the distribution of the observable shifter to the unobserved heterogeneity distribution,
ie, Pr(©; = 0y|Xs, J; = s) = 212:1 d; Pr(W; = w|Xs, J; = s) for some dy,dy € R. Then,
(I1.1) becomes

2
Y, = a+ X) B+ Wiy+ Y od Pr(Wi = wi| X, J;) + e,
=1

where the error term ¢;;, is uncorrelated with all the other right-hand side variables. Since
[Pr(W; = w|Xs, J; = s)|i=12 is identifiable from the data (e.g., school-level fractions of
college graduate and high school graduate mothers), 8 becomes identifiable.

I generalize the argument based on the two-point supported distribution of © to one
with a general distribution. To formalize the idea of shifter, I use the notion of statistical
completeness, which has been applied in a wide range of nonparametric identification prob-
lems. I argue that the availability of a shifter is a reasonable assumption, especially when a
researcher observes a rich array of individual-level characteristics.

When completeness is used for identification, estimation often faces ill-posed inverse
problems, which may lead to poor finite-sample properties of estimators. The estimator in
this paper circumvents this problem by applying the completeness assumption to estimation
of a nuisance parameter of the model. By additive separability of the nuisance function from
the parameter of interest, the estimator for group-level partial effects converges at a rate of
the square root of the sample size as happens in partially linear regression models.

For implementation, a researcher first picks a set of basis functions and computes the
group-means of the observable shifters transformed by those basis functions. She then runs a
linear regression of the outcome on the group-level covariates, individual-level regressors, and
the group-means computed in the first step. I show that this procedure leads to a consistent
and asymptotically normal estimator, and I provide a consistent variance estimator. Monte
Carlo experiments demonstrate that the proposed estimator has low mean squared errors and
that the associated confidence intervals have high coverage accuracy in samples of moderate
size.

I apply this method to the problem of studying the effects of school/neighborhood char-
acteristics on years of post-secondary education and adulthood wages. I build on the analysis

of Altonji and Mansfield (2018), who also use a control function approach. This paper shows
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that the estimation equation arising from my identification result encompasses that of Al-
tonji and Mansfield. Thus, my estimator is more robust to possible mis-specifications. I find
that the two estimators produce very similar estimates, which supports the results in Altonji
and Mansfield.

This paper employs assumptions distinct from those of existing identification strategies.
In particular, I do not require natural/quasi experimental variation as often used in IV
methods. Instead, I use the observable shifter condition, which can hold in many applications
of interest. Thus, I provide an alternative approach to identifying group-level treatment
effects. In addition, my identification result has wide applicability since the argument based
on the shifter condition extends to non-linear and nonseparable models in a straightforward
manner. From a theoretical perspective, this paper achieves new identification results using
unexploited yet empirically relevant features in triangular models, such as group structures.
Lastly, this paper applies statistical completeness in a novel way to develop a control function

approach. To elaborate on these contributions, I now review the related literature.

II1.1.1 Related Literature

This paper contributes to the large empirical literature that examines causal effects of neigh-
borhood, school, and, more generally, group-level characteristics.! A non-trivial challenge
in this literature is how to control for endogeneity arising from agents selecting into groups
(Durlauf, 2004; Graham, 2018). Many studies exploit exogenous variation in group selection
via instrumental variables (e.g., Angrist, Pathak and Walters, 2013; Kling, Liebman and
Katz, 2007; Ludwig, Duncan and Hirschfield, 2001; Oreopoulos, 2003), some studies use de-
tailed data on individual choice behavior to control for selection bias (e.g., Abdulkadiroglu,
Pathak, Schellenberg and Walters, 2017; Dale and Krueger, 2002), and other studies use
aggregation to mitigate influence of selection (e.g., Card and Rothstein, 2007). In contrast,
I take a control function approach that complements the existing methods by exploiting a
novel, yet empirically relevant identifying condition.

This paper is most closely related to recent work by Altonji and Mansfield (2018), who
also employ a control function method. They show that group-means of individual covari-
ates play the role of control functions in their model. In contrast, I use group-means of
transformations of individual covariates as control functions, where these transformations

are basis functions (e.g., polynomials and splines). Whereas Altonji and Mansfield exploit

LA partial list includes Aaronson (1998); Abdulkadiroglu, Pathak and Walters (2018); Altonji, Elder and
Taber (2005); Angrist and Lang (2004); Chetty and Hendren (2018); Chetty, Hendren and Katz (2016);
Dobbie and Fryer (2011); Gould, Lavy and Paserman (2004); Hanushek, Kain and Rivkin (2009); Hoxby
(2000). Also, Chetverikov, Larsen and Palmer (2016) study effects of group-level endogenous variables. They
do not consider endogeneity from selection and focus on other issues.



specific functional forms in their model to justify their control function method, I use re-
strictions on the conditional distribution of individual-level unobserved heterogeneity given
observables to construct a control function. An advantage of my approach is that the identi-
fication argument extends to non-linear, nonseparable models in a relatively straightforward
manner and thus my results apply to a wide class of models. In addition, the estimation
equation arising from my identification result encompasses that of Altonji and Mansfield. In
fact, when certain regression functions in the model are linear, the two approaches produce
effectively the same identification result.

Another strand of the related literature is the one on control function methods, which

is also connected to triangular models. A general triangular system takes the form

Y =m(X,¢)
X =h(Z,mn)

where Y is the outcome of interest, X is potentially endogenous, and Z is an instrument
independent of the unobserved heterogeneity (e,7). In his seminal work, Heckman (1974,
1979) develops a control function approach where X is a binary variable, using additive sep-
arability and joint normality of (¢,7n). Subsequent papers (e.g., Dahl, 2002; Das, Newey and
Vella, 2003; Dubin and McFadden, 1984; Lee, 1983) extend the model in different directions.
Examples include allowing for multinomial X and weakening parametric distributional as-
sumptions. Also, Newey, Powell and Vella (1999) develop a control function method for
nonparametric triangular systems and Blundell and Powell (2004) use a control function
to identify average partial effects in semiparametric limited dependent variable models. Re-
cently, Chesher (2003) and Imbens and Newey (2009) exploit strict monotonicity of functions
in unobserved heterogeneity to construct a control variate to identify the ceteris paribus ef-
fect of X on Y (see also Matzkin, 2016, and references therein). I consider a version of the
triangular model that exploits availability of multiple measurements of groups as well as an
observable shifter to construct a control function. In contrast, the earlier literature seems to
have largely focused on monotonicity restrictions and distributional assumptions on unob-
served heterogeneity as identifying conditions. The use of empirically relevant features such
as multiple measurements of groups offers a new approach to achieving identification in this
class of models.

In addition, this paper is related to the growing literature on nonparametric identifi-
cation using statistical completeness. Since the seminal work of Newey and Powell (2003),
completeness has been applied to a wide range of econometric identification problems. Exam-

ples include nonparametric IV (e.g., Chernozhukov and Hansen, 2005; Darolles, Fan, Florens



and Renault, 2011; Hall and Horowitz, 2005; Newey and Powell, 2003), errors-in-variables
models (Hu and Schennach, 2008), nonparametric discrete choice models with unobserved
product characteristics (Berry and Haile, 2014), and nonseparable (dynamic) panel data
models (e.g., Arellano, Blundell and Bonhomme, 2017; Cunha, Heckman and Schennach,
2010; Freyberger, 2018; Sasaki, 2015). See also the survey article Hu (2017) and references
therein. My paper applies the completeness assumption in a novel way to construct a control
function.

This paper shares with the literature on network formation the feature that agents form
groups endogenously within models (e.g., Blume, Brock, Durlauf and Jayaraman, 2015;
de Paula, 2017; Graham, 2017, and see references therein). However, I consider a different
group selection mechanism from those in the network literature. In particular, in my analysis,
the utility function for group selection does not depend on other individuals’ group choices
and their characteristics. Therefore, my model excludes certain selection patterns that are
possible under network formation models. Nonetheless, the model still covers many empirical
settings of interest.

The remainder of the paper is organized as follows. Section I1.2 describes the economet-
ric model and provides a heuristic discussion of the identification strategy. In Section I1.3, I
formalize the identification idea. In Section I1.4, I propose a simple estimator of group-level
partial effects and study its asymptotic properties. Section I1.5 discusses the empirical ap-
plication and Monte Carlo experiments to examine finite-sample accuracy of the proposed
estimator. Section II.6 introduces two extensions of the model described in Section II.2.

Details of the proofs can be found in Appendix A.1.

II.2 Setup and Overview of Results

Y

In this section, I describe the econometric model. A researcher observes “cities,” indexed by
g =1,...,G. Within each city, there exist groups and agents, indexed by s € S = {1,...,S}

and i = 1,2,..., N, respectively. The outcome of interest, denoted by Y;,, takes the form
}/isg = /B/ng + /YIVVig + ng + wig + Ei897 E[eisngsga Wig7 X597 wig] =0 (112)

where {X,, : s € S} and W, are observable variables for groups and individuals, respec-
tively, {xsy : § € S} and w;, denote unobservable characteristics for groups and individuals,
respectively, and {¢;;, : s € S} represents unobserved idiosyncratic terms. The focus of
this paper is on group-level causal effects, captured by /5 in (I1.2). To identify this param-

eter, I require variation in group-level variables. The presence of cities provides multiple



measurements, or independent copies, of groups and agents, which enables identifying the
distribution of group-level covariates and within-group distributions of individual variables.
Below, I omit city index g to reduce notational burden when appropriate.

To ground the discussion on concrete terms, consider the following examples.

Example 1 (Residential Segregation and Youth Outcomes). Graham (2018) surveys issues
of residential segregation and its consequence on youth outcomes. In one example, the out-
come Y;; measures adulthood wage, W, denotes the indicator of a resident being a minority;,
and Xy represents the proportion of minorities in one’s neighborhood. Here a neighbor-
hood corresponds to a group. Unobservables that enter into the equation include resident’s
innate cognitive ability (w;) and distance from the city center to one’s neighborhood ().
The parameter of interest is 3, which measures how the proportion of minorities in one’s

neighborhood affects an outcome of interest. OJ

Example 2 (Effects of School District/Neighborhood on Student Performance). Altonji
and Mansfield (2018) examine effects of school district/neighborhood on various student
outcomes. In one of their empirical specifications, Y is years of post-secondary education,
X, includes teacher-student ratio and distance to four-year college, W; contains student’s
scores on standardized tests and parents’ years of education, w; includes how much parents
value child’s academic learning, and y, represents unobserved characteristics of school. Here,

a school district /neighborhood represents a group. 0

Example 3 (Effects of Hospital Ownership on Quality of Care). Sloan, Picone, Taylor and
Chou (2001) study whether private, for-profit hospitals have lower quality of care. Since
different types of patients may select into for-profit hospitals compared to public ones, selec-
tion bias is of potential concern. Here, a hospital corresponds to a group, the outcome Y is
patient’s condition after hospitalization, X, includes the indicator of whether the hospital is
private and for-profit, and W; includes measures of health conditions before hospitalization.

O

In these examples, a researcher observes the outcome variable only for the group an
individual selects into. To be precise, let J;, € S be the group membership of agent ¢. Then,
we only observe Y, := Y Y 1{Jiy = s}. I model the group membership determination
as following.

Jig = J(Oig, A1g, - ., Asg Nitgs - - -+ MiSq) (I1.3)

where J(-) is an unknown function belonging to a nonparametric class, ©;, is individual
heterogeneity affecting the selection, {A,, : s € S} are characteristics of groups affecting

agents’ group choice, and {n;s, : s € S} are idiosyncratic terms. One example of the selection
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equation J(-) that fits into this framework is the widely used random utility discrete choice
model. In that setting, J(0;, A1, ..., Ag, i1, ..., Mis) = arg max, s Vi(s) and V;(s) = O} As+
nis, where V;(s) represents agent i’s utility choosing the group s, and the utility is specified
as the group-level features A, weighted by the taste coefficient ©; plus the idiosyncratic term
n:;s- Random coefficient specification allows for heterogeneous tastes for group characteristics
and accommodates complicated selection patterns.

A key restriction on the selection function J(-) is that, loosely speaking, if a researcher
were to observe all the variables, she could compare groups with different X, holding within-
group distributions of ©; constant. That is, there must exist separate variation in X, from
within-group distributions of individual characteristics. This condition holds, for instance,
in the random utility discrete choice model satisfying the following: given 1, xy € supp(Xj),
there exist a* € supp({A; : s € S} X, = x1), k = 1,2 satisfying a! — al, = a? — a2 for all
pairs of (s,s') € 8. Alternative conditions are possible, and I formalize this assumption
as non-singularity of some conditional variance in Section I1.3. Also, I accommodate the
possibility that any or all of (©;, {n:s, As : s € §}) in the selection equation is not observed,
and instead I impose that the observable W; has non-trivial relationship with the preference
heterogeneity ©;.

An important feature of the selection equation (II.3) is that it does not depend on choices
and characteristics of other individuals, which excludes the types of models considered in
network formation literature. Yet, this does not exclude equilibrium effects. For instance, X
can include features of the distribution of individual characteristics within group s, which can
be empirically important since the coefficients on such variables may represent “peer effects,”
e.g., the effect of school-level minority fraction on student performance. As I will outline
below, the control function method I propose uses group-level averages of (transformed)
variables W;. If X, includes some features of the within-group distribution of a subvector
of W; (e.g., mean), the subvector needs to be excluded from the construction of the control
functions.

Given the outcome and selection equations, I now state the following sampling assump-

tions to complete the model description.?

itd itd

(Xg7 Xg7 Ag) ~ F7 (VVim wiga @ig7 6ig7 nzg) ~ H (114)
(I/Vigawigv@igaeiganig) 1 (X97X97A9) (115)
(Wig, wig, €ig) L 14|04 (IL.6)

2These conditions are slightly stronger than those in Section I1.3. I maintain them here for ease of
exposition.



where Xy = {X5 : s € S}, xg = {Xsg : s € S}, Ay = {Asy 1 s € S}, €y = {€isg = 5 € S},
Nig = {Misg s € S}, and F and H are distribution functions. Restriction (I1.4) states
that the group-level features are i.i.d. copies across cities and individual-level variables are
a random draw across individuals and cities.

Condition (I1.5) requires independence between individual variables and group-level
variables. One way to rationalize this independence assumption is that “nature” first draws
group-level characteristics, then subsequently samples individual characteristics whose dis-
tributions are independent of group-level variables, and finally individuals select into groups.
In Example 1, this scenario means that first neighborhoods are formed, then individuals are
drawn from the distribution that does not depend on neighborhood characteristics, and af-
ter the realizations of group- and individual-level variables, agents make decisions on which
neighborhood to live in. This assumption seems reasonable under static frameworks.

Condition (II.6) states that the idiosyncratic term in the choice equation is independent
of other individual-level variables conditional on the taste variable ©;. Independence is a
strong assumption, but such restriction has been commonly used in the literature of discrete
choice models (e.g., Briesch, Chintagunta and Matzkin, 2010). Also, here the independence

only needs to hold conditioning on the taste heterogeneity.

11.2.1 Identification Problem

In this subsection, I describe a challenge in identifying the group-level effect 5. Specifically,
there are two sources of endogeneity, omitted variable bias and selection bias. The former oc-
curs from unobservability of group-level characteristics xs and potential correlation between
X, and x,. Although this issue is practically relevant, it is well understood in the literature
and this paper has little new insight to offer on this problem. Instead, I focus on selection
bias and assume that there is no correlation between X, and y, except in Section I1.6.1. In
particular, I impose E[x,|W;, X;, J; = s] = 0 for all s in this section.

For selection bias, the problem arises because the distribution of w;, the unobservable in
the outcome equation (I1.2), varies across groups and this variation is systematically related
to X,. In the school example, the unobservable w; represents student’s motivation, and
school characteristics affecting selection A contain the school-level teacher quality variable
X,. If highly motivated students prefer high quality educational programs, students with
high w; are then more likely to be in schools with higher X,. This sorting pattern will cause
bias on the coefficient on Xj.

I now formalize selection bias in the model. Recall that we only observe the outcome

for one group, ie., Y; = > _o1{J; = s}V, and computing the regression function given

seS
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observable variables yields
E[Yi|J; = s, X, W] = E[Yis|J; = 5, X, W] = B' X + ' W; + Elwi|J; = s, Xs, Wi).

Identifiability of 8 depends on whether the conditional expectation Elw;|J; = s, X, W]
is constant in X,. This model implication is closely related to the characterization of
selection bias in Heckman (1976). He formulates that E[Y|Z, {selection rule}| = Z'5 +
E[e|Z, {selection rule}], where Z is a vector of covariates and € is an error term. In my model
{J; = s} corresponds to the “selection rule.” Heckman points out that many econometric
models have this characterization and that agents’ self-selection prevents identification of 3
when the term E[e| Z, {selection rule}] is non-constant.

To gain some intuition on how the selection rule operates in my model, take A, = X
and J; = argmax,s{O;X,} (i.e., I set 7,5 = 0 for all ¢ and s). Then, conditioning on
{J; = s} and X implies O; € R4(X) where R4(X) = {0 : (X; — Xy)'© > 0 for all s # s}
is a region formed by intersections of half planes. See Figure II.1 for a simple illustration.
Then, for the conditional expectation E[w;|J; = s, X, Wi,

]E’[WZ|J’L = S7X8a VV’L} = ]E[E[WAJ,L = 37X7 WZ”J’L = 87X57 M/’L]

where the second equality follows from (w;, ©;, W;) 1L X. Now, to see implications of the
last display, suppose E[w;|0;, W;] = E[w;|W;]. Then (I1.7) implies Elw;|J; = s, X5, W;] =
E[w;|W;] and therefore no selection bias occurs. This result resembles the one in Heckman
(1976): if unobserved terms in outcome and selection equations (w; and ©; in this model) are
independent, there is no endogeneity due to selection. On the other hand, if the conditional
mean of w; given ©; = ¢ and W; non-trivially changes with 6, then the term E[w;|J; =
s, X5, W;] varies with X, since the shape of R4(X) changes with X,. The dependence of
Elw;|J; = s, X5, W;] on X results in non-identification of £.

Note that the above argument continues to hold even if we deviate from the simplifying
assumption A, = X, provided that A, is related to X, which is likely the case. For example,
X, measures school-level teacher quality, and students are likely to use it or its proxy as a
basis of their school choice decision. Also, the conditional mean independence of w; given ©;
is likely to fail in applications if w; contains unobserved heterogeneity that affects people’s
preference for group characteristics ©;, e.g., if student’s motivation affects preference for

school quality.

Example 1 (Continued). Graham (2018) discusses potential sources of endogeneity that
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hinder identification of causal effects of neighborhood segregation of minorities. Among the
conditions he discusses, the no sorting on (individual) unobservables condition is relevant to
my paper. Roughly speaking, this condition requires that individuals with the same observed
covariates are similar across neighborhoods. It excludes, for example, racial minorities living
in one neighborhood differ substantially in their cognitive skills from minorities in another
neighborhood.

To formalize the “no sorting” condition, redefine v and w; in (I1.2) by projecting w; onto
W; to have Cov(W;,w;) = 0. This is little loss of generality since « is a nuisance parameter.

Then, the no sorting condition can be represented as
Elw;|W;, Ji] = Elwi|[Wil,

where for Graham W; is the indicator of whether the person is minority. This equation
imposes no systematic difference in the average of unobserved individual heterogeneity
across neighborhoods. In my model, this condition corresponds to E[w;|0;, W;] = E[w;|WV;]
(i.e., no selection bias condition in the above). To see this point, note Elw;|W;, J;] =
[ Elw;|W;, J;, A, O foaw,s = [ Elw;|W;, ©] foaw,s, where I use (IL5) and (IL6). If w; and
O, are conditionally mean independent given W;, the integral integrates to one, which im-
plies E[w;|W;, J;] is independent of J;. Therefore, no selection bias in my model translates
to the no sorting condition in Graham’s paper. Whereas Graham explores scenarios under
which this no sorting condition is plausible, I allow for failure of this condition and instead

use observable shifter variables to construct control functions. O

11.2.2 Heuristic Discussion of Identification Result

The previous subsection indicated the source of selection bias. Here, I discuss this paper’s
approach for identification emphasizing main ideas rather than technical details. For sim-
plicity, assume finite support of ©;, i.e., supp(0;) = {6, : 1 < ¢t < T}. We can view this
discrete-valued heterogeneity ©; as agents’ type and these types differ in preferences for
group attributes A;.

I can rewrite the outcome equation by decomposing w; into its mean within group J;

and the deviation.
}/i = ﬁ/Xl+’y,m—|—E[wz|JZ, A]—f—gi, Ei = E&iJ;s Eis — wi—E[wiUi =S, A]+Xs+€is (118)

where I write X; = X, ¢; = ¢;5, to avoid double subscripts, and E[w;|J; = s, A] represents

the expectation of w; given that the individual selected group s and the underlying group
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features are A. Conditioning on A is necessary because an agent observes and takes as
given the group features A when making group choice.? In the above decomposition, X; is
uncorrelated with ¢;, and therefore, endogeneity is present if and only if X, has non-zero
correlation with the within-group mean E[w;|J; = s, A]. For this conditional expectation,

we have

[M]=

E[Wi’Ji = 57A] = E[Wi|Ji =5,A0,= Gt} Pr(@i = 9t|Ji = S,A)

t=1

I
[~

]E[wi|A, @z = 975] PI'(@Z = Qt\Jl =S, A)

t=1

I
[M] =

t=1

where the second equality follows from J; = J(0;, A, n;) and independence w; 1 n;|0;, and
the third equality uses A L (0;,w;).

The last equation indicates that across-group variation in E[w;|J; = s, A] comes from
variation in Pr(©; = 0|J; = s, A). The key insight of this paper is that Pr(©; = 6|J; = s, A)
can be expressed as a linear function of the conditional distribution of the observable shifter
W; given (J;, A), and therefore, accounting for across-group variation in observable shifter
distributions solves the endogeneity problem of Xj.

To sketch the identification argument, I assume finite support of W;, i.e., supp(W;) =
{w; : 1 <1 < L}. This is without loss of generality since I can always create a discrete
random variable from continuous one by binning. In the case of discretely distributed ©;,
W; is a shifter for ©; if the matrix

PI‘(@Z = 01|Wz = U)l) e Pr(@z = 6T|Wz = wl)

PI‘(@Z :01|VVZ :U}L) Pr(@z:8T|WZ:wL)

is of full column rank. This condition formalizes the idea that the conditional distribution
of ©; given W; = w exhibits enough variation in w. Also it requires that the cardinality of
supp(W;) is larger than that of supp(©;) since full column rank fails if L < 7". This full

rank condition may be reasonable when a researcher observes a rich array of individual-level

3 Another way to see this point is that A is invariant across individuals given J; = s. The sample group
mean is average over i, i.e., Zj\; 1{J(©;, A, ;) = s}w;/ Ef\il 1{J(©;,A,n;) = s} and A is independent
of i. Then, the sample group means converges in probability to the expecatation conditional on A. This
calculation is akin to computing probability limits of sample means over long time horizon in panel data
models. Given a variable X;; and fixed effects o;, 71 Zthl Xt —p E[Xt|o;] under suitable conditions.
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variables that are related to individual taste for group-level attributes. In the neighborhood
example, variables such as education level, health status, type of occupation, and ethnicity
are likely to have non-trivial relationships with individual taste for various neighborhood
characteristics.

Doing similar calculations to those for (I1.9) and by Bayes’ rule,

T
Pr(W; = w|J;,A) = Z W; = w|©; = 6,) Pr(©; = 6,|J;, A)
T
Pr(O; = 6,]J;, A
Z 0; = 0,|W; = w) Pr(W; = w) 1(Oi = 6| Ji, A)

Pr(@z = 0,5)

and dividing the both sides by Pr(W; = w),

PI‘(@Z = 9t|Ji7 A)
Pr(@l = 9,5)

Pr(W; = w|JZ, A) ZT:
Pr(VVZ —

We can write this equation in matrix form
7, = Ilmy (I1.10)
where m,, = [Pr(W; = w|J;, A)/Pr(W; = wy)|, and my = [Pr(©; = 6,|J;, A)/Pr(©; =

0;)]Z_,. Since II is of full column rank by the observable shifter assumption, we have my =
G, where G = (IT'ITI)"'IT’, and the t-th element of this linear equation looks like

Pr(W, wJZ,A
Pr(©; = 6,|J;,A) = Zaﬂ Pri ! Zdthr = w|Ji, A)

_wl

where Gy, is the (¢, [)th element of G and d;; is a constant independent of (J;, A). Substituting
this last result into (I1.9), we obtain

I
Mﬂ

Elw;|Ji, A] Elw;|©; = 6] Zdﬂ Pr(W; = wi|J;, A)

t=1

T
0 Pr(Wi = wi|J;, A), o = ZdtlE[wi|@i = 0]

1 t=1

I
M) =

~
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and finally the outcome equation becomes

L
Y, =0'X; ++'W, + 251 Pr(W; = wlJi, A) +e

=1

where Pr(W; = w|J;, A) is identifiable from the data and Cov(X;,e;) = 0. Therefore,
the vector [Pr(W; = wj|J;, A)JE, plays the role of a control function to account for the

endogeneity of X, with respect to unobserved individual heterogeneity w;.

11.3 1Identification Result

In this section, I formalize the heuristics described in the preceding section. For that purpose,
[ impose the following conditions on the model. Below, let LP(u) be the class of functions
whose pth power is integrable with respect to u. For a random object V', I write Fy, for its

distribution function.
Assumption 1. Let B, = (X, x4, Ay).

1. B, is a random draw across g. Conditional on By, (W4, ©,y, wig, €ig, Mig) 5 4.7.d. across

i, and (Wig, ©ig, wig, €ig, Mig) is independent across g.
2. (Wig,wig, ©ig) L By and iy L (Wi, wig)|Oig, By

Assumption 2. The distribution of B is dominated by some measure. The random vectors
(W3, 0;) have a joint density with respect to the product measure of some o-finite measures

p and X. The densities foyw, fo, fw are bounded.
Assumption 3. The following mapping ¥ defined on L*(Fg) is injective;
(Wh)(w) = [ h(6) e (O]} 6).

Also, {fosn(0],b)/fo(0) : s € S, b € supp(B)} € L2(Fo).

From this assumption, Theorem 15.16 in Kress (2014) implies that there exist {r; > 0:
j € N} and an orthonormal basis {¢; : j € N} on L*(Fg) such that 77¢; = ¥*W¢; where

¥* is the adjoint operator of . Assume 7; is ordered such that 7; > 7,44 for all j > 1.
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Assumption 4. With {(7;,¢;) : j € N} defined above,

<

folus(:|s,b)/fo(-) €F1 = {f € L*(Fo) : !(f, ¢j>@‘ < oo} for all s € S, b € supp(B)

J

=7

E[wl\@l = ] E.FQ = {f € LZ(F@) : 7']-71|<f, ¢j>9‘ < OO},

7j=1

where M = sup{j : ; > 0} and (f,9)o = [ fgdFe. M can be positive infinity.

Assumption 1 describes the sampling. Part 1 formalizes the idea that the distribution of
group-level variables and the within-group distribution of individual observables are identifi-
able from the data. Part 2 restates conditions (II.5) and (I1.6) in a weaker form. Assumption
2 imposes mild restrictions on the distribution of (6;, W;, B).

Assumption 3 is a generalization of the full column rank condition used in the previous
section. It ensures that the integral equation, which is the infinite-dimensional analogue of
(I1.10), is “invertible” in a suitable sense. This injectivity condition, usually referred to as
L?-completeness, is a high-level assumption but has been widely used in the recent econo-
metric literature on nonparametric identification (see Section I11.1.1). Intuitively, injectivity
requires the density of fouw(-|w) to sufficiently vary in the conditioning value w. One ex-
ample of (O, W) satisfying completeness is © = I'WW + v where v given W is distributed as
Normal(0, ), ¥ is invertible, and I is of full column rank. More sufficient conditions for dif-
ferent types of completeness can be found in the literature (Andrews, 2017; D’Haultfoeuille,
2011; Hu, Schennach and Shiu, 2017; Hu and Shiu, 2018; Mattner, 1993). One way to justify
this technical condition is to assume that in the population, there are a finite number of
agent types which differ in preferences. Under this assumption, injectivity reduces to the
full column rank of the conditional probability matrix as analyzed in the previous section.
The strategy of modeling unobserved heterogeneity as finite number of types has been em-
ployed in empirical studies. For instance, recent papers of Abowd, McKinney and Schmutte
(2018) and Bonhomme, Lamadon and Manresa (2018) study the consequence of worker-firm
matching on labor market earnings and model worker and/or firm heterogeneity as discrete
types. Viewing unobserved heterogeneity as finite types provides one way to rationalize As-
sumption 3. Nonetheless, completeness is applicable more generally and the condition can
hold with continuous heterogeneity variable as well.

Also, Assumption 3 imposes restrictions on the relative tail of fg;p and fe. In this
model, selection into groups allows the within-group distribution of © to differ from the
original distribution of © to the extent that this tail condition is satisfied. For instance, the

model excludes the case where © has a Gaussian tail and the within-group distribution has a
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polynomial tail. This is a high-level condition since it is not straightforward to characterize
the within-group distribution from the model primitives. Also, note the conditioning on B.
In Section I1.2, T impose stronger independence assumptions and only condition on A, but
here I slightly weaken the independence assumptions and thus conditioning on B is necessary.

Assumption 4 restricts the permissible classes for fy;8 and Elw;|©;]. It requires that

folm(0ls,b)/fo(8) = c;j(s,b)¢;(0), > lej(s,b)| < o,
j—l j=1
Elw;|©; = 6] = Zdquj > ldj/i| < o0,
=1

for some c¢;j(s,b) € R, d; € R, j € N. A restrictive, yet easily interpretable sufficient
condition is that there exist integers M and L, possibly dependent on (s,b), such that
¢j(s,b) = 0 for all 7 > L and d; = 0 for all j > M. This condition implies that fe;8/fe
and E[w;|©; = -] can be represented as finite linear combinations of the L*-basis {¢; : j € N}.

Now, I state a key lemma for the identification of group-level partial effects.

Lemma 1. Suppose Assumptions 1-4 hold. Then, there exists some function 1 such that
Elw;|J; = s,B| = /w(w)dFW|J,B(w|3,B)

where Fyy\ ;B 18 the conditional distribution function of W; given J;, B and wadFW < 00.

This lemma suggests a way to control for the selection bias. To see the implication,
from (IL.8),

Y, = B, + AW + /zp(w)dFWMB(w\Ji,B)  {wi — Bl JB]} + i + €&

= BX; + 7/ Wi+ Y GE[p(W:)| ], B] + & (I1.11)
where x; = XJ,, € = €y, € = €igyy Sis = wi — Elwi| i, B] + x5 + €5, {pr + k € N} is a basis
for L*(Fy), and {0y : k € N} satisfies [(¢) — 31, Owpr)?dFyw — 0 as K — oo. The class
of approximating functions is chosen by the researcher and the conditional distribution of
W; given J; and B is just a within group distribution of W;, which is identifiable from the
data. Since ¢; is uncorrelated from X;, inclusion of {E[p,(W;)|J;,B] : k € N} controls for

endogeneity arising from selection.

Example 2 (Continued). Altonji and Mansfield (2018) also use a control function approach

to address selection bias under a very similar econometric model. Despite some differences
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in imposed conditions,* Lemma 1 generalizes their result. In particular, Proposition 1 in
Altonji and Mansfield states

E[(JJi|Ji, B] = W/E[Wi|<]i, B]

for some 7. By taking ¢)(w) = 7’w, Lemma 1 in this paper and their Proposition 1 coincide.

Lemma 1 encompassing their Proposition 1 has an important implication for estima-
tion. The estimation method considered in this paper approximates 1 using a series basis
expansion. Suppose a researcher chooses polynomial or spline basis functions. Then, the
estimation equation based on Lemma 1 specializes to the version used by Altonji and Mans-
field if series expansion terminates after the constant and linear terms. Therefore, we can
view the series-based estimation proposed in this paper as a robustified version of Altonji

and Mansfield’s control function method. O

I1.3.1 Main Result

Now I formally state the identification of group-level partial effects. The object Fyy;8(-|J;, B)
is a random distribution function, i.e., a function-valued random element. Thus, there exists
a o-field generated by Fiy ;g(:|J;,B) and the conditional expectation given Fyy|;8(-|J;, B)
is well defined.

Assumption 5. 1. For s € S, Eleyg|Jig = s, Fwys(:|Jig, Bg)] = 0 and E[Vige;y] = 0

!/ 1 \/
where €ig = €1, and Vig = (X], W} ).

2. The matrix
E[{Vig - E[Vig|FW|J7B("Jigv Bg)]}{vig - E[Vig|FWIJ7B("Jigv Bg)]}/]

1s invertible.

Assumption 5 1 imposes exogeneity of xs and excludes the case of omitted variable bias.
It also assumes that W; is uncorrelated with {w; — E[w;|.J;, B]}. Since 7 is not the parameter
of interest, I can rewrite the regression equation by projecting {w; — E[w;|J;, B]} onto W; to
make them uncorrelated. Part 2 is a version of the key identification condition for partially
linear models. In the regression equation (II.11), the interest lies in 8 and we want to “partial
out” the nuisance parameter [ ¥dFyy ;5. Here the within-group distribution of W;, denoted
by Fy|;B, is estimable from the data and conditional on the value of Fyy|;g, f YdFy ;B is

a constant and thus differencing eliminates this nuisance parameter.

41 elaborate on different assumptions between the two papers in Section II.5.1.

18



Part 2 requires that X does not include functions of the within-group distribution
of W, e.g., the within-group mean of W;. This follows from E[h(W;)|Fw8(:|/;,B)] =
E[h(W;)|J;, B] for every measurable function h.5 Sometimes it is desirable to include within-
group distributional features in X, since they represent “peer effects” as in Example 1.
To accommodate such situations, it suffices to have a subvector W™ of W; that satisfies
Assumption 3, i.e., (©;, W) is L2-complete. Then, a researcher can include distributional
features of W; in X provided that the included elements are not part of W™,

Building on Lemma 1, the following theorem formalizes the identification of coefficients

on group-level variables.

Theorem 1. Suppose that Assumptions 1-5 hold. Then, 3 in the equation (11.2) is identified.

1I.4 Estimation and Inference

Lemma 1 suggests an estimation method by series approximation. If a researcher observed

within-group distributions of Wj,, then the estimator based on least squares is
Borace = S(PPr) " PrY

where P = [Px11Pro1 - .- Prnal's Prig = (Xig, Wig, Elpr(Wig)[Jig, Bl . . . Elpx (Wig)| Jig, By)',
K represents the number of series terms, Y = (Y11,...,Yng), and S = [IdIdeX(dﬁderK)]
where d,,d, denote the dimensions of X, W, respectively, I; is the d x d identity matrix,
and Oy, x4, is the d; X dy matrix with all elements equal to zero.

In practice, a researcher needs to estimate within-group distributions. Define the fol-

lowing object

]E[Pk( ig)|Jig, By Zpk io) H{Jjg = zg}/zﬂ{‘]w_ ig}-

Then, the feasible version of the above estimator is
B - S(].S/KPK)_l]_SKY

where Py = [Pry1 ... Prna) and Prig = (X[, Wi, Elpi(Wig)| Jig, Byl, - . ., Elpk (Wig)| Jig, By])'-

197

5This claim follows if E[h(W;)|J;, B] is measurable with respect to o(Fw|sB), the o-field generated by
Fwis;8(:|Ji;,B). A o-field on the space of distribution functions can be defined by the o-field generated
by maps h — f hdF where h > 0 is a measurable function from R* — R and F is a random distribution
function (see e g., Kallenberg, 2017). The measurability of E[h(W;)|J;, B] follows from the representation
E[h(Wi)|J;,B] = [ h(w)dFy| ;8 (w|J;,B).
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To analyze asymptotic properties of B , I impose additional assumptions. To state the
conditions, write Apax(+), Amin(+) for the maximum and minimum of eigenvalues of the argu-
ment. Let || - || be the Euclidean norm for vectors and the induced norm for matrices. Also,

write €;; = €;7,,4 to avoid double subscripts.

Assumption 6. The basis functions {py : k € N} are uniformly bounded and the eigenvalues
of the matrix Qi = E[PKigP;(ig] are bounded and bounded away from zero uniformly in K. In
addition, the class {px : k € N} is a subset of some VC-class of functions as defined in van der
Vaart and Wellner (1996). In addition, for some my, my, > 4, E[||[W,,||™]+E[|| Xsg||™*] < 00
forall s € S.

Assumption 7. Write A;, for the o-field generated by {W,, Xig, Jig, E[pr(Wig)|Jig, By| k €
N}. Then, Ele;4|Aig] = 0, and there exist fived constants ¢y, c2, C1, Cy such that, with proba-
bZthy one, 0< C1 S E[&Tigé’:‘ngAig, .Ajg] S Cl, E[8?9|.Aig, Jlg] S Cg, and )\min(]E[PKigP[/{jggiggjg]) Z
co >0 for all K.

Assumption 8. Let rxig = Y~ oy Ok E[pr(Wig)| Jig, By]. There exists some b > 0 such that
Elrf,) = O(K™).

The above assumptions are relatively standard in the series estimation literature. How-
ever, the “basis functions” used in this procedure are conditional expectations of basis func-
tions. Therefore, there are no general sufficient conditions for A,.x(Qg) to be bounded
above and for Ay, (Qx) and )\min(E[PKigP],(jg&?igEjg]) to be bonded away from zero. Since
these high-level conditions may not be easily verifiable, one approach is to take a “flexible
parametric” view, which is to assume that the function ¢ in Lemma 1 can be approxi-
mated by finitely many but unknown number of basis functions. In that case, the model is
essentially parametric and verifications of the conditions become straightforward.

The boundedness of basis functions in Assumption 6 holds for most of basis functions
used in practice if the support of W, is compact. The unbounded support case would
require use of different norms. For its second part, I assume that the second moment matrix
of Pk, is positive definite for all K and, in particular, that the eigenvalues are bounded
above and away from zero. However, as mentioned above, there are no general primitive
conditions for bounded eigenvalues as the series terms are the conditional expectations of
original basis functions. In the proof, I make it explicit how the estimator depends on the
minimum/maximum eigenvalues to understand how eigenvalues tending to zero/infinity may
affect the asymptotic distributional properties of the estimator.

Assumption 7 imposes boundedness of the conditional variance of €;5, from above and

below and boundedness of the conditional fourth moment. The restriction on the conditional
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variance seems to be standard in the literature and I use the finite fourth moment to verify
Lindberg condition for central limit theorem. Assumption 8 controls the bias term in series
approximation. This condition can be verified for specific {p, : k € N} if the function ¢

has enough smoothness (see e.g., Belloni, Chernozhukov, Chetverikov and Kato, 2015, and
references therein).

Now, I formally state the asymptotic properties of 3. Define £x = sup,, ||(p1(w), ..., pr(w))|,

and Cx = &g + (NG)Y™w + GY™s wwhere m,,, m, are defined in Assumption 6. In practice,

this quantity Cx is at least as large as VK, and below I take (x > VK.

Theorem 2. Suppose (3 is identified in (I1.11) and for some ¢ > 0, Pr(Nyy /N, > ¢ for all s €
S and g) — 1 where Nyy = SN 1{J;; = s} and N, = 3.7 | N,,. Under Assumptions 1,
6-8, if (2 1log K/G — 0 and G/K* = o(1), then

G
VG (B — B) = SQi—= S iy + 08(1)
K \/@ ; N P

where
X
ng = N Z PKiggig-
i=1

Furthermore, if Var(xs, — Elwig|Jiy = s,B,]) > 0 for each s and () /G — 0, then

G
1
Q! *SQR! = vy ~ Normal(0,1,,)
VG =

where
Qx = SQL E[Ungty,|Qx'S’

and ||| is uniformly bounded. Finally, if (x+/K log(NG)/N — 0, then

\/5(5) - Bamcle) = op(1).

Theorem 2 characterizes asymptotic distribution of B and provides a set of sufficient
conditions under which B is asymptotically equivalent to the oracle estimator Bomde. It also
states that the convergence rate of B is v/G rather than vVGN. That N does not show up
in the convergence rate comes from within-group correlations of residuals. The residual €;44
contains group-level unobservable 4, which causes within-group dependence. The within-
group correlation is formalized by the requirement Var(yxs; — Elwiy|Jiy = 5,Bg]) > 0. As

seen below, this within-group correlation requires the standard error estimator clustered at
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group levels.

In the first part of the theorem, I assume that the number of individuals in each group
grows at a proportional rate with the city-wide number of individuals for every city. This
requires that the probability of selecting into a group is uniformly bounded away from zero
for all groups. This assumption guarantees that I can estimate the within-group means of
pr(Wig) uniformly well across groups and cities.

In the theorem, I also impose restrictions on (relative) growth rates of K, N, and G.
The first two are (% log K/N = o(1) and G/K?* — 0. These conditions are standard in
the literature except that I have (%, which includes terms related to the number of finite
moments of W;, and X,,. The non-standard part of the requirement is (/G — 0. This
condition requires at least fourth moments of W;, and X, to be finite. Particularly, it
implies that E[||X,||™] < oo with m, > 4 and E[||W,,]|™] < co with m,, > 4 satisfying
N*/Gme=% — 0. The finite moment condition allows control of the rate at which the
maximum of ||W,,|| and || X,|| over (i,¢) grows. In addition, this rate condition requires
that &% /G — 0, which is stronger than what is used in the literature (e.g., Cattaneo, Farrell
and Feng, 2018). Since this paper’s emphasis is on the constructive identification result, I
maintain this assumption and plan to improve on this aspect of the theoretical result in the
future research.

For inference, we need a consistent estimator of the variance. A natural estimator of
Qp is

Qx = SQIE,QS
where Qx = P Pr/GN, Sx = L35 dngidhy,. ¥ng = + S0, Prig(Yig — Piipf), and
0 = (P,Pr) ' (P.Y). The following theorem formalizes that this variance estimator is

consistent.

Theorem 3. In addition to the hypothesis of Theorem 2, if (3-A/K/G+ (3 K= — 0
and for some m. > 2, El|eis,|™] < 00 and Cx+/(GN)Ym<log K/G — 0 hold, then

197 — Q2| = op(1).

II.5 Numerical Results

I11.5.1 Empirical Application

I employ the results of this paper to study the neighborhood /school-district effects on student
outcomes. Particularly, I use the National Longitudinal Study of 1972 (NLS72), which was
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one of the datasets analyzed by Altonji and Mansfield (2018).® They consider an econometric
model very similar to (I1.2)-(I1.3). However, the selection equation in this paper is more
general and I impose a set of different conditions to achieve identification. Their Proposition

1 implies that the outcome equation can be written as
Yis = X.5 + Wy + 7' E[W;|J;, B] + &4

and the term 7'E[W;|J;, B] plays the role of a control function to eliminate selection bias.
Lemma 1 in this paper suggests that in general the control function may not be linear in
within-group means of observable shifter W;. Since least squares estimation based on series
expansions covers the general nonlinear case and nests the linearity case, the estimation
method proposed in this paper can test whether the linear specification is a reasonable
approximation of the data generating process.

An empirically relevant concern is that even after including control functions, there
remains “omitted variable bias” because X, and y, are potentially correlated and a researcher
does not observe ys. That is, the least squares estimate of S converges in probability to
B=p+ E[X X/ 'E[X,x;], which includes the coefficient of linear projection of y; on Xj.
Altonji and Mansfield address this concern by developing lower bounds for some measures
of group-level effects on outcomes. They look at the impact of shifting from the 10th to the
90th quantile of the school/neighborhood characteristics, Qoo(X.0 + xs) — Quo(X.8 + xs)-
If X!+ xs is normally distributed, this difference in quantile can be expressed as 2 x 1.28 %
V/Var(X’3 + x.), and Altonji and Mansfield provide conditions under which Var(X’j3) <
Var(X'f + x.). Since Var(X’#3) is estimable from the data, this approach produces feasible

lower bounds for the object of interest.”

I follow the same lower bound approach to study the school/neighborhood contribution
to early adulthood wage earnings of students and years of post-secondary education. Table
I1.1 displays estimates of measures of school/neighborhood effects on early adulthood log
wage (with two sets of regressors) and years of post-secondary education. For each outcome
variable, I estimated the regression model in two specifications. The first one uses group
means of individual covariates, which is the specification of Altonji and Mansfield, and the
second contains group means of interaction and squared terms as additional controls. In the
table, “AM” denotes the first specification and “This Paper” refers to the second. The first

and second rows are the impact of moving a student from a 10th percentile neighborhood to

6They analyze three other datasets in their paper, all of which are restricted-use. The dataset based on
NLS72 is publicly available.

TAltonji and Mansfield also look at the fraction of variance attributable to school/neighborhood quality.
They employ random effects modeling to estimate the variance of the school-level unobserved term and
decompose the variance to estimate the (lower bound of the) variance fraction.
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a 90th/50th percentile one i.e., {®7'(q) — ®1(0.1)}+/Var(X’3), ¢ € {0.9,0.5} where &~
denotes the inverse of the standard normal cumulative distribution function.

Across outcome variables and estimands, the linear and quadratic specifications produce
very similar estimates. For the log wage outcome, moving a student from a 10th percentile
school to a 90th percentile increases the wage by 17.58% ~ (100*exp(0.162) —100) with post-
secondary education as a control and by 17.11% without the control. For the 10th versus
the 50th percentile, the increases are 8.44% and 8.22% for the two specifications. For years
of post-secondary education, the shift from a 10th to 90th/50th percentile school induces
increases of 0.37 and 0.19 years, which correspond to 0.22 and 0.11 standard deviation,
respectively. These estimates suggest non-trivial effects of school/neighborhood quality on
how many years of education students attain after graduating from high school.

The estimates in this paper differ from those in Altonji and Mansfield to some degree.
For instance, they report the point estimates of 0.121 and 0.125 for log wage increase by
moving from the 10th percentile to the 90th percentile, which contrast with 0.158 and 0.162
in this paper. The discrepancy arises because Altonji and Mansfield use a random effects
model to estimate the variance of group-level unobservable term whereas I use the ordinary
least squares (OLS) method. When I employ the same estimation approach, the quadratic
specification still produces estimates very similar to the ones based on the specification of
Altonji and Mansfield (see Table I1.3). I choose the OLS results as my main estimates for
consistency with the theoretical results proven in this paper. However, one can expect that
under appropriate conditions, methods based on random effects models will be valid using

the control function method.

Differences in Assumptions

In this subsection, I discuss the main differences between the assumptions in this paper and
those of Altonji and Mansfield (2018). Their key conditions include linearity of the regression
functions E[W;,|0,4], Elw;y|©;y] and what they term “spanning assumption.” To define the

spanning assumption, introduce the new random vector U;, and write

/
Wig = C Uig

@ig = FVVZQ + AUzg + Vig

where ¢ € R%™ T' € R%¥*% and A € R%*% are fixed parameters, and v;, € R% is a
random vector uncorrelated with (W, U; )". Let IIyy be the matrix of coefficients for linear
projection of U, onto W;,. Then, the spanning assumption of Altonji and Mansfield is that
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there exists a matrix R such that
A = (I'+ Allyw) R.

Intuitively, the spanning assumption requires that for each element of A, if U; influences the
taste coefficient for that element of A, then either one of them has to hold: W; affects the
taste coefficient directly by I'" having non-zero elements or indirectly by non-zero correlation
with U;.

In this paper, I use an injectivity condition (Assumption 3) as well as restrictions on
permissible classes of densities and conditional expectations to construct a control func-
tion. Unlike Altonji and Mansfield, I do not impose linearity in conditional expectations
and instead use restrictions on the distribution, which makes the spanning assumption and
Assumption 3 quite different. In fact, there are examples where one of the two holds but
the other fails. However, if (W] U] ,v;, )" are jointly normal, the two conditions coincide.
Despite the differences, Lemma 1 nests Proposition 1 in Altonji and Mansfield and therefore,

the estimator proposed in this paper is generally more robust than the one in their paper.

I1.5.2 Monte Carlo Experiments

In this subsection, I present results of simulation studies to investigate finite-sample proper-
ties of the proposed estimator. For the Monte Carlo experiments, I first generate characteris-
tics of individuals and groups based on distributions mimicking the empirical distributions of
the NLS72 data. Then, for each individual, I compute utility functions of choosing different
groups and then assign people to groups to maximize the sum of utilities under group size
constraints. This design builds on Altonji and Mansfield, and the realized allocation can
be viewed as an approximation to the equilibrium of a competitive market through price
mediation.

I consider three data generating processes (DGPs). The first design has Elw;|J;, A] =
©'E[W;|J;, A] for some non-stochastic vector 7, and thus the linear specification of Altonji
and Mansfield is correct. For the second DGP, I take w; to be a linear combination of some
normal random variable and binary variable 1{W/7 > 1v;} where 7 is a non-stochastic vector
and v; is an independent normal random variable. This design is meant to capture a more
realistic scenario in which non-linearity may be a issue. Here non-linearity arises due to
discreteness of part of w;, though w; itself is continuously distributed. For the third DGP,
[ model Elw;|J;, A] = mE[W?2|J;, A] + mE[W?3|J;, A] to see how deviation from linearity
affects the estimator.

Table I1.2 presents the mean squared error (MSE) and the coverage probability of the
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95% confidence intervals based on the proposed estimator for three different specifications:
one with perfect control on selection bias (i.e., “oracle” estimator), the linear specification
of Altonji and Mansfield, and the one including additional series approximation terms. For
DGP 1, linear specification is correct and including additional control variables does not
alter the results much. For the second DGP, the group-level expectation of w; is ®(W/7)
where ®(-) is the standard normal cumulative distribution function, and both specifications
are mis-specified. Yet, the estimator with cubic splines controls outperforms the linear one.
For the third design, I made the DGP particularly difficult for the linear specification to
see how deviation from linearity affects performance of the estimator. The estimator based
on cubic spline expansion performs much better in terms of MSE and coverage probability
than the linear specification. Although this Monte Carlo study is small-scale, it indicates
usefulness of including additional control variables to reliably estimate group-level partial

effects.

1I.6 Extensions

I1.6.1 Instrumental Variables for Omitted Variable Bias

In the previous sections, I assume away omitted variable bias by imposing exogeneity of x 4.
If instrument variables Z, for x,, are available, combination of the control function and
IV methods identifies the partial effects of group-level covariates under the presence of both

selection and omitted variable biases.

Assumption 9. 1. In addition to {(Yig, Xi,, W},
{Zsy}ses1<g<c and, after redefining B, by including Z, = {Zs, : s € S}, Assumption
1 holds.

Jig) Mi<i<ni1<g<a, a researcher observes

2. For all s € S, Elejog| Fwiss(+|5,By), Jig = 5] = 0 and E[deisguig = s] = 0 where
Zig = (Z},, W)

ig) 'V ig

3. Recall Viy = (X!, W.). The matriz B[Z,{Viy — E[Vig| Fiwisn(|Jig, By)}] is of full

g " ig
column rank.

Theorem 4. Under the hypothesis of Lemma 1 and Assumption 9, B in (11.2) is identified.

This result is a straightforward extension of Theorem 1 but can have an important
application. For instance, if a policy intervention creates an exogenous variation in teacher

assignment to different schools and households select schools after the intervention, then
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omitted variable bias (i.e., correlation between Xy, and x,,, where X, measures school-
level teacher quality) can be resolved through IV but selection bias remains problematic for
identification of coefficients on X,,. Theorem 4 establishes that the combination of IV and

control function methods achieves identification of group-level partial effects.

I1.6.2 Nonparametric Identification

I extend the identification result to a more general outcome equation

Yisg = m(nga Wig; 8isg)
Jig = J(Bsga @iga nzg)

In the linear model, I distinguish among (w;g, Xsg, €isg) but in this model g;,, subsumes all the
unobservable components due to its nonseparability. In this model, a family of parameters

can be defined as
M(z) = /m(a:,w,e)fwg(w,e)d(w,e) reX

where fy. is the joint density of (W4, ¢eis,) and & C supp(X,,) is some non-empty set.
This object is called Average Structural Function (ASF) in the literature and it summarizes
partial effects of a covariate X on the outcome Y. For identification, I impose the following

conditions.

Assumption 10. 1. (Wi, €is5) L miy|Oig, By and (Wig, €i59, Oig) L By. Also, (Wig, €isg)

has identical distributions across s € S.
2. SupsES,bEsupp(Bg) ]EHTTL([L‘, Wig? 8ZASQ)HJZA!] =5 Bg = b] < 0.

3. Given non-empty X C supp(Xsg), supp(fwss(-|Jig: Bg)) is invariant conditional on
Xig=x forx € X.

Assumption 1 imposes independence between y;, and X,,, stronger than mean exogene-
ity of xs4 given X,,. Thus, I assume away omitted variable bias and focus on the issue of
selection bias. Imposition of identical distributions across s € S simplifies some arguments
and interpretation of the parameter. Assumption 2 is used to justify interchanging orders of
certain integrations. The requirement 3, which states that the support of fy;8(:|Jig, By) is
invariant conditional on X, is referred to as support condition in the literature on triangular
models, and it is considered to be a stringent assumption. Still, it holds for some special

case. If the conditional support of A given X, = x does not vary with z, then the support
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condition holds. This sufficient condition excludes, among other things, that X, is part of
A, This may not be so restrictive if individuals only observe a coarse version of X, when
they make group decision. That is, A, is a noisy measure of X,.

The following theorem states the identification result for the nonseparable model.
Theorem 5. If Assumptions 1, 2, 3, and 10 hold, M(x) is identified for z € X.

If the support condition is not satisfied, we can still identify different versions of ASF

as done in the literature. For instance, a conditional version of ASF is

/m<x7 w, e)fW€|fW|J,B (w, e[ f)d(w,e) rvedX

where I condition on the random function fy;8(-|Jig, By). We can see this parameter as a
measure of the partial effect conditioning on a within-group distribution of individual char-
acteristics. For example, if €5, represents an unobservable measure of student’s motivation,
then the conditional ASF represents the average outcome for different levels of group-level

covariate X, fixing the within-school distribution of student’s motivation.
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Figure II.1. Support of © Partitioned by Group Choice

Theta2

Thetat

Notes. This is an example of partitioning of the support of ©; by {J; = 1}, {J; = 2}, and {J; = 3}
(S = 3). The above figure is created based on A; = (1,3), A3 = (3,2), and A3z = (4,1) with

J; = arg maxse{mﬁ}{@;As}. If ©; falls onto the red region, J; = 1 will be chosen. Similarly, the blue
region represents .J; = 2, and the green region means J; = 3.

29



Table I1.1. Estimates of School/Neighborhood Effects on Wage and Years of Post Secondary
Education

Wage w/ PS. Ed.  Wage w/o PS. Ed. Yrs. PS. Ed.

AM  This Paper AM  This Paper AM  This Paper
Q10-90

0.157 0.162 0.153 0.158 0.352 0.369

(0.017) (0.017) (0.017) (0.017) (0.079) (0.089)
Q10-50

0.078 0.081 0.076 0.079 0.176 0.185

(0.009) (0.008) (0.009) (0.008) (0.039) (0.045)
Mean

2.878 2.878 1.836

Notes. The table shows various estimates for effects of school/neighborhood quality on early adulthood
wage and years of post-secondary education. The first and second row groups (“Q10-90” and “Q10-50")
correspond to the impact of moving from the 10th percentile school/neighborhood to the 90th/50th
percentile, respectively. The top headers indicate outcome variables in regression. “Wage w/ PS. Ed.” and
“Wage w/o PS. Ed.” refer to log wage with/without post-secondary education as a control, respectively,
and “Yrs. PS. ED.” denotes years of post-secondary education. “AM” refers to the specification used in
Altonji and Mansfield (2018) and “This Paper” specification adds within-school means of interaction and
squared terms of W; variables. For each row group, the number in the first line is the estimate and the
number in parentheses represents the standard error estimate. The last row is the average of dependent
variables in the data sample.
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Table I1.2. Results of Monte Carlo Experiments

Specification
Oracle AM  This Paper

DGP 1
MSE 1.00  1.69 1.75
Coverage 0.956 0.914 0.913
DGP 2
MSE 1.00  3.88 2.36
Coverage 0.942 0.876 0.951
DGP 3
MSE 1.00 23.32 4.45

Coverage 0.959 0.498 0.922

Notes. The table presents the results of simulation studies, particularly the mean squared error (MSE)
and coverage probability of the confidence interval for different specifications. The columns “Oracle”
represents infeasible regression with unobserved heterogeneity w;, the column “AM” corresponds to the
specification of Altonji and Mansfield, and the column “This Paper” denotes the specification with group
means of individual variables using cubic polynomial splines. Each row group presents different data
generating processes, the row “MSE” presents (relative) MSE of the corresponding estimator divided by
the MSE of the “oracle” specification, and the row “Coverage” is the coverage probability of the 95%
confidence interval constructed from the corresponding estimator. The sample size is G = 1,000 and for
each city, N = 300 and S = 3 with each group’s size constraint being no more than 115 people.
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Table I1.3. Empirical Application: Random Effects Model

Yrs. PS. Ed. Wage w/o PS. Ed. Wage w/ PS. Ed.
AM  This Paper AM This Paper AM  This Paper
Q10-90
No Unobs. 0.215 0.267 0.121 0.123 0.125 0.122
w/ Unobs. 0.503 0.516 0.203 0.214 0.203 0.207
Q10-50
No Unobs. 0.107 0.134 0.061 0.061 0.063 0.061
w/ Unobs. 0.251 0.258 0.102 0.107 0.102 0.104
Sample Means
1.620 2.880 2.880

Notes. The estimates come from the random effects model assuming normality of the error terms. The
column header indicates dependent variable used and “Q10-90” and “Q10-50” refer to effects of shifting
from the 10th percentile neighborhood to the 90th/50th percentile neighborhood. The estimates are based
on the lower bound on variance as described in Section II.5.1. “No Unobs” rows display variance lower
bound estimates excluding the random effect estimate from school/neighborhood contribution. “w/
Unobs” includes the random effect estimate as part of school/neighborhood contribution.
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CHAPTER 111

Bootstrap-based Inference for Cube Root Consistent

Estimators

III.1 Introduction

In a seminal paper, Kim and Pollard (1990) studied a class of M-estimators exhibiting cube
root asymptotics. These estimators not only have a non-standard rate of convergence, but
also have the property that rather than being Gaussian their limiting distributions are of
Chernoff (1964) type; that is, the limiting distribution is that of the maximizer of a Gaussian
process. In fact, in leading examples of cube root consistent estimators such as the maximum
score estimator of Manski (1975), the covariance kernel of the Gaussian process characteriz-
ing the limiting distribution depends on an infinite-dimensional nuisance parameter. From
the perspective of inference, this feature of the limiting distribution represents a nontrivial
complication relative to the conventional asymptotically normal case, where the limiting dis-
tribution is known up to the value of a finite-dimensional nuisance parameter (namely, the
covariance matrix of the limiting distribution). In particular, the dependence of the limiting
distribution on an infinite-dimensional nuisance parameter implies that resampling-based
distributional approximations seem to offer the most attractive approach to inference in es-
timation problems exhibiting cube root asymptotics. The purpose of this note is to propose
an easy-to-implement bootstrap-based distributional approximation applicable in such cases.

As does the familiar nonparametric bootstrap, the method proposed herein employs
bootstrap samples of size n from the empirical distribution function. But unlike the non-

parametric bootstrap, which is inconsistent in general (e.g., Abrevaya and Huang, 2005;
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Léger and MacGibbon, 2006), my method offers a consistent distributional approximation
for cube root consistent estimators and therefore has the advantage that it can be used to
construct asymptotically valid inference procedures. Consistency is achieved by altering the
shape of the criterion function defining the estimator whose distribution I seek to approxi-
mate. Heuristically, the method is designed to ensure that the bootstrap version of a certain
empirical process has a mean resembling the large sample version of its population counter-
part. The latter is quadratic in the problems I study, and known up to the value of a certain
matrix. As a consequence, the only ingredient needed to implement the proposed “reshape-
ment” of the objective function is a consistent estimator of the unknown matrix entering the
quadratic mean of the empirical process. Such estimators turn out to be generically available
and easy to compute.

The chapter proceeds as follows. Section III.2 is heuristic in nature and serves the
purpose of outlining the main idea underlying my approach in the M-estimation setting of
Kim and Pollard (1990). Section III.3 then makes the heuristics of Section III1.2 rigorous
in a more general setting where the M-estimation problem is formed using a possibly n-
varying (observation specific) objective function, as recently studied by Seo and Otsu (2018).
Section II1.4 discusses two examples covered by my general results, namely the maximum
score estimator of Manski (1975) and the conditional maximum score estimator of Honoré
and Kyriazidou (2000). Further discussion of my results is provided in Section IIL.5. Section
I11.6 describes an extension to the case of the isotonic density estimator of Grenander (1956).

Finally, all derivations and proofs have been collected in Appendix B.1.

II1.2 Heuristics

Suppose Oy € © C R? is an estimand admitting the characterization

0, = arg max M(6), My(0) = E[my(z, 0)], (IIL.1)
0cO

where mg is a known function, and where z is a random vector of which a random sample

Z1,...,2Z, is available. Studying estimation problems of this kind for non-smooth mg, Kim
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and Pollard (1990) gave conditions under which the M-estimator

~

. . 1 —
0, = argmax M,(0), M,(0) = — mo(zi, 0),
zmax A1, (6) 0) = 5 Y mo(a0)

exhibits cube root asymptotics:

(B, — 0y) ~ argmax{ Qo(s) + Gols)}, (111.2)

scRd

where ~~ denotes weak convergence, Qy(s) is a quadratic form given by

1 0?
Q()(S) = ——S/VOS, VO =

9 0000’ Mo(6o).

and Gy is a non-degenerate zero-mean Gaussian process with Gy(0) = 0.

Whereas the matrix Vg, governing the shape of Qg is finite-dimensional, the covari-
ance kernel of Gy in (II1.2) typically involves infinite-dimensional unknown quantities. As a
consequence, the limiting distribution of 6,, tends to be more difficult to approximate than
Gaussian distributions, implying in turn that basing inference on 6, is more challenging
under cube root asymptotics than in the more familiar case where 8, is (y/n-consistent and)
asymptotically normally distributed.

As a candidate method of approximating the distribution of én, consider the nonpara-

*

metric bootstrap. To describe it, let z7 ,, . .., z,, ,, denote a random sample from the empirical

» “n.n

distribution of zy, ...z, and let the natural bootstrap analogue of 6,, be denoted by

~

0’ = arg max M,’;(G), M,’;(G) = l Zmo(z;n, 0).
0c® n‘—
Then the nonparametric bootstrap estimator of P[8, — 6y < -] is given by P*[6% — 6,, < -],
where P* denotes a probability computed under the bootstrap distribution conditional on
the data. As is well documented, however, this estimator is inconsistent under cube root
asymptotics (e.g., Abrevaya and Huang, 2005; Léger and MacGibbon, 2006).
For the purpose of giving a heuristic, yet constructive, explanation of the inconsistency

of the nonparametric bootstrap, it is helpful to recall that a proof of (II1.2) can be based on
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the representation

(0, — 0y) = argmax{Q,(s) + Gn(s)}, (II1.3)

scRd

where (for s such that 8y +sn~1/3 € ©)

~ ~ ~

Go(s) = n*3[ M, (8 +sn™'/3) — M, (8y) — My(6 + sn~'/3) 4+ My(6y)]
is a zero-mean random process, while
Qn(s) = n2/3[]\/[0(90 + Sn71/3) — M()(O(])]

is a non-random function that is correctly centered in the sense that arg maxgcgae Qn(s) = 0.
In cases where my is non-smooth but My is smooth, Q,, and G,, are usually asymptotically

quadratic and asymptotically Gaussian, respectively, in the sense that

Qn(s) = Qo(s) (I11.4)

and

~

Gn(8) ~ Go(s). (I11.5)

Under regularity conditions ensuring among other things that the convergence in (I11.4) and
(II1.5) is suitably uniform in s, result (II1.2) then follows from an application of a continuous
mapping-type theorem for the arg max functional to the representation in (I11.3).

Similarly to (IIL.3), the bootstrap analogue of 6,, admits a representation of the form

(6, — 6,) = argmax{Q,(s) + G (s)},
scRd

where (for s such that 6, +sn~'/? € ©)

G (s) = n?P M0, +sn~'/?) — M*(8,) — M,(0, +sn~/3) + M,(6,)]
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and

Qn(s) = n*3[M, (0, + sn™/3) — M,(8,,)).

Under mild conditions, G’; satisfies the following bootstrap counterpart of (IIL.5):
G () ~5 Gols), (IIL6)

where ~~p denotes conditional weak convergence in probability (defined as van der Vaart
and Wellner, 1996, Section 2.9). On the other hand, although Qn is non-random under
the bootstrap distribution and satisfies arg max  gs Qn(s) = 0, it turns out that Q,(s) —p
Qo(s) in general. In other words, the natural bootstrap counterpart of (I11.4) typically fails
and, as a partial consequence, so does the natural bootstrap counterpart of (II1.2); that is,
(0, — 0,) o arg max,cza{ Oos) + Gols)} in general.

To the extent that the implied inconsistency of the bootstrap can be attributed to the
fact that the shape of Qn fails to replicate that of @), it seems plausible that a consistent
bootstrap-based distributional approximation can be obtained by basing the approximation
on

- - 1 <
0 = argmax M (0), M 0)=—-> m,(z;,,0),
=g 0), (O = 1 a0

where m,, is a suitably “reshaped” version of myq satisfying two properties. First, Q,, should

be asymptotically quadratic, where Q,, is the counterpart of Qn associated with m,, :

~ A

Qn(s) = n2/3[Mn(0n + Sn_l/S) - Mn(én)]v Mn(e) = % Z mn(zia 0)-

Second, é;; should be asymptotically equivalent to G;, where
G (s) = n*3[M (0, + sn%) — M*(8,) — M, (6, +sn~ /%) + M,(8,)],

is the counterpart of G’; associated with m,,.
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Accordingly, let
Mn(z,0) = mo(z,0) — M, (0) — =(0 — 6,)'V,.(0 — 6,),
where \7” is an estimator of V. Then

(0, - 6,) = argmax{Q(s) + G ()},
seRd
where, by construction, G*(s) = G%(s) and Q,(s) = —s'V,s/2. Because G* = G*, G*%(s) ~p
Go(s) whenever (IIL6) holds. In addition, Q,(s) —p Qo(s) provided V,, —p Vi. As a
consequence, it seems plausible that P*[0* —8, < -] is a consistent estimator of P[8,, —6, < |

if \N/vn —P Vo.

II1.3 Main Result

When making the heuristics of Section III.2 precise, it is of interest to consider the more

A~

general situation where the estimator 6, is an approximate maximizer (with respect to

6 € © CRY) of

. 1 &
Mum:EE)%@ﬁy
=1

where m,, is a known function, and where z4, ..., z, is a random sample of a random vector
z. This formulation of M,,, which reduces to that of Section I11.2 when m,, does not depend
on n, is adopted in order to cover certain estimation problems where, rather than admitting

a characterization of the form (II1.1), the estimand 6, admits the characterization

0, = argmax M;(0), My(0) = lim M,(0), M, (0) = E[m,(z,0)].
0cO® n—00
In other words, the setting considered in this section is one where 6, approximately
maximizes a function M, whose population counterpart M, can be interpreted as a regu-
larization (in the sense of Bickel and Li, 2006) of a function M, whose maximizer 6, is the

object of interest. The additional flexibility (relative to the more traditional M-estimation
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setting of Section II1.2) afforded by the present setting is attractive because it allows us
to formulate results that cover local M-estimators such as the conditional maximum score
estimator of Honoré and Kyriazidou (2000). Studying this type of setting, Seo and Otsu
(2018) gave conditions under which 6, converges at a rate equal to the cube root of the
“effective” sample size and has a limiting distribution of Chernoff (1964) type. Analogous
conclusions will be drawn below, albeit under slightly different conditions.

For any n and any § > 0, define M,, = {my,(-,0) : 0 € O}, m,(z) = sup,,cpq, |Mm(2)],
Q) ={0 O : |06 <6}, D = {mu(,0) —mu(,6) : 8 € O3}, and d’(z) =

SUPg4eps |d(z)].

Condition CRA (Cube Root Asymptotics) For a positive g, with r, = ¢/ng, — oo,

the following are satisfied:

(i) {M,, : n > 1} is uniformly manageable for the envelopes m,, and ¢,E[m,(z)?] =
O(1).

Also, supgee |Mn(0) — Mo(0)] = o(1) and, for every & > 0, suppce\es Mo(0) <
My(6y).

(ii) By is an interior point of © and, for some § > 0, M, and M,, are twice continuously
differentiable on ©9 and SUDgco} |02[M,,(0) — My(0)]/0006’|| = o(1).

Also, 7,||0M,,(6,) /00| = o(1) and Vo = —9?M;(0,)/0008’ is positive definite.

(iii) For some § > 0, {D% : n > 1,0 < § < §} is uniformly manageable for the en-
velopes d°, and g, supg.y <5 E[dS (2)2/6'] = O(1).

(iv) For every positive 6, with 6, = O(r;1), ¢2E[d° (z)3] + ¢’ 'E[d’ (z)*] = o(1), and,
for all s,t € R? and for some Cy with Cy(s,s) + Co(t, t) — 2Co(s,t) > 0 for s # t,

esgzn |0 E[{m,(z,040,8) —m,(z,0)}{m,(z,0+0,t) —m,(z,0)}/0,] —Co(s, t)| = o(1).

(v) For every positive 8, with 8, = O(r,!),

im limsup sup ¢,E[1{q,d’(z) > C}d’(z)?*/6] =0

1
C—00 posco 0<6<6bn
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and supy g cope Ellma(z.0) —m,(z.0)])/]6 — 0] = O(1).

To interpret Condition CRA, consider first the benchmark case where m,, = mgy and
¢» = 1. In this case, the condition is similar to, but slightly stronger than, assumptions
(ii)-(vii) of the main theorem of Kim and Pollard (1990), to which the reader is referred
for a definition of the term (uniformly) manageable. The most notable difference between
Condition CRA and the assumptions employed by Kim and Pollard (1990) is probably that
part (iv) contains assumptions about moments of orders three and four, that the displayed
part of part (iv) is a locally uniform (with respect to @ near ) version of its counterpart in
Kim and Pollard (1990), and that (i) can be thought of as replacing the high level condition
6, —p 0y of Kim and Pollard (1990) with more primitive conditions that imply it for
approximate M-estimators. In all three cases, the purpose of strengthening the assumptions
of Kim and Pollard (1990) is to be able to analyze the bootstrap.

More generally, Condition CRA can be interpreted as an n-varying version of a suitably
(for the purpose of analyzing the bootstrap) strengthened version of the assumptions of Kim
and Pollard (1990). The differences between Condition CRA and the i.i.d. version of the
conditions in Seo and Otsu (2018) seem mostly technical in nature, but for completeness
I highlight two differences here. First, to handle dependent data Seo and Otsu (2018)
control the complexity of various function classes using the concept of bracketing entropy. In
contrast, because I assume random sampling I can follow Kim and Pollard (1990) and obtain
maximal inequalities using bounds on uniform entropy numbers implied by the concept of
(uniform) manageability. Second, whereas Seo and Otsu (2018) controls the bias of 8,
through a locally uniform bound on M,, — M, Condition CRA controls the bias through the
first and second derivatives of M, — M.

Under Condition CRA, the effective sample size is given by ng,. In perfect agreement

with Seo and Otsu (2018), it turns out that if 6,, is an approximate maximizer of M,, then

Tn(6, — 65) ~ argmax{Qo(s) + Go(s)}, (IIL7)
s€Rd
where Qy(s) = —s'Vs/2, and where G is a zero-mean Gaussian process with Gy(0) = 0 and

covariance kernel Cy. The heuristics of the previous section are rate-adaptive, so once again
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it stands to reason that if f/n is a consistent estimator of V{), then a consistent distributional

approximation can be based on an approximate maximizer 6; of

- 1 < R 1 U R
M(0) == n(z],,0),  1,(2,0) =m,(z,0) — M,(0) — =(0 — 6,)V,.(0—6,),
n = ’ 2
where z7 ,,,..., 7}, is a random sample from the empirical distribution of zy, ... z,.

Following (van der Vaart, 1998, Chapter 23), I say that the bootstrap-based estimator

of the distribution of r,(0,, — 6,) is consistent if

sup |P*[r (0% — 6,,) < t] — P[r, (6, — 6y) < t]| —p 0. (IIL.8)

tecRd

Because the limiting distribution in (II1.7) is continuous, this consistency property implies
consistency of bootstrap-based confidence intervals (e.g., van der Vaart, 1998, Lemma 23.3).
Moreover, continuity of the limiting distribution implies that (III.8) holds provided the

estimator é; satisfies the following bootstrap counterpart of (II1.7):

rn(0) — én) ~p arg max{ Qo(s) + Go(s)}.

scRd

Theorem 6, the main result, gives sufficient conditions for this to occur.

Theorem 6. Suppose Condition CRA holds. If V,, —p Vo and if

~

M, (6,) > sup M,(0) — op(r>?), M*(6%) > sup M*(0) — op(r;2),

n n
0c® 0c®

then (I11.8) holds.

To implement the bootstrap-based approximation to the distribution of rn(én —6y), only
a consistent estimator of Vj is needed. A generic estimator based on numerical derivatives

is VI the matrix whose element (k,1) is given by

‘N/sz =——= [Mn<én + epe, + €€,) — Mn(én + exe, — €1€y)

~ ~

- An(en — €i€y + elen) + Mn(en — €x€p — elen) )
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where ey, is the kth unit vector in R? and where e, is a positive tuning parameter. Conditions

under which this estimator is consistent are given in the following lemma.
Lemma 2. Suppose Condition CRA holds. If €, — 0 and if rpe, — 0o, then VI —p V.

More generally, if only consistency is assumed on the part of én, then VﬂD —p Vg holds
provided e, — 0 and ||6,, — || /e, —p 0. The proof of the lemma goes beyond consistency
and develops a Nagar-type mean squared error (MSE) expansion for VﬂD under the additional
assumption that M, is four times continuously differentiable near 6,. To be specific, assume

that

1. for some § > 0, My and M, are four times continuously differentiable on @},
supge@g |84[Mn(9) —MO(H)]/39j189j289j389j4| = 0(1) fOI' all jl,jg,jg,j4 < {1, 2, s ,d},
2. Co(s,—s) = 0 and Cy(s, t) = Co(—s, —t) for all s,t € R%.
Under the additional conditions, I have the following result.

Lemma 3. V' admits an approzimation V™ satisfying

VI _ V¥ — o (r32623/2) 4+ o(2) + O(r; )

n n n n

and Vo ;
E[[VI° = Vol =en(O D BR) + 1% O 0> Vi) + ol + 1%, %),
k=

where V,, = —9?M,,(0,) /9000’ and

H
—
Il
—
B
Il
—
o~
Il
—

B = — (=2 ni(00) + ~L My(60)
e \agdas, O T aeo0 0N )

1
Vkl = é[CO(ek + €, €, + el) +Co(ek — €, €, — el)

— QCo(ek +e,e; — el) — QCO(ek + e, —e; + el)].

Using this theorem, I immediately obtain the asymptotic MSE-optimal tuning parameter

choice

d d 1/7

(AMSE _ (3 Zk:1 21:1 Vkl) =37

n d d n .
4 Zk:l 21:1 le
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As the notation suggests, the constants By, and Vy; correspond to element (k,1) of VEILD, SO

the asymptotic MSE-optimal tuning parameter choice for f/ﬁ%l is

1/7
CAMSE 3V / r3/7
n,kl 4le n

I close this section by summarizing the algorithm for the proposed bootstrap-based

distributional approximation.

Bootstrap-Based Approximation Let the notation and conditions in Theorem 6 hold.
Step 1. Compute 0,, and V,, using the original sample z1, . . . , z,.
Step 2. Compute M;:(O) and let BN;'EL be an approximate maximizer thereof, both con-

structed using the nonparametric bootstrap sample z7 ,, ..., z;, (Note that V,, is not

recomputed at this step.)
Step 3. Repeat Step 2 B times, and then compute the empirical distribution of

rn(é; — én)

I1I1.4 Examples

This section discusses two econometric examples covered by the main result, namely the
maximum score estimator of Manski (1975) and the conditional maximum score estimator
of Honoré and Kyriazidou (2000). From the perspective of this paper, the main difference
between these examples is that (only) the latter corresponds to a situation where m,, depends

on n.

111.4.1 The Maximum Score Estimator

To describe a version of the maximum score estimator of Manski (1975), suppose z1, . .., Z,

is a random sample of z = (y,x’)" generated by the binary response model

y=1(8yx+u>0), Fux(0]x) =1/2, (I11.9)
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where By € B C R%*! is an unknown parameter of interest, x € R%*! is a vector of covariates,
and F,x(-|x) is the conditional cumulative distribution function of the unobserved error
term u given x. Following Abrevaya and Huang (2005), I employ the parameterization
Bo = (1,6;), where 8, € R? is unknown. In other words, I assume that the first element of
Bo is positive and then normalize the (unidentified) scale of By by setting its first element
equal to unity. Partitioning x conformably with 6y as x = (z1,x})’, a maximum score

estimator of 6, € ©® C R is any 0" approximately maximizing M, for
m,(z,0) = m"™(z,0) = 2y — 1)1(z, + 0'xy > 0).

Regarded as a member of the class of M-estimators exhibiting cube root asymptotics,
the maximum score estimator is representative. Under easy-to-interpret primitive conditions,
the estimator is covered by the results of Section II1.3. In particular, because m, does not
depend on n I can set ¢, = 1 when formulating primitive conditions for Condition CRA.

Specifically, I impose the following assumptions.

Condition MS Suppose the maximum score model is as above.
(i) Median(u|x) = 0 and 0 < P(y = 1]x) < 1 almost surely. The conditional distri-
bution function of v given x, denoted by Fy;, x,(u|z1,X2), is bounded and Sp times
continuously differentiable in u and x; with bounded derivatives for some Sr > 1.
(ii) The support of x is not contained in any proper linear subspace of R4, E[||x»]|?] <
0o, and conditional on x5, 1 has everywhere positive Lebesgue density.
(iii) The set @ = {@ € R?: (1,0')' € B} is compact and 6y is an interior point of ©.
(iv) M¥S(0) = E[(2y — 1)1 (21 + x50 > 0)] is S times continuously differentiable near
0, for some S > 2 and VIE = —92M5(0,)/0006’ is positive definite.
(v) The conditional density of ; given x, denoted by fy, x,(21]x2), is bounded and

Sy times continuously differentiable in x; with bounded derivatives for some Sy > 1.
Under these assumptions, I can deduce the following result.
Corollary MS. [If Condition MS holds, then
R 1
In(0 — 6y) ~ arg fl?dax {—§S’Vgss + QO(S)}
sE
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where Gy is a mean-zero Gaussian process indexed by R with covariance kernel Coo(-,-) ,

and

Vgs =2E [X2xl2f931\x2(_X/290|X2)f6\f61,x2 (0‘ - X/2007X2)} )
1 / /
Co (s, t) = 5(Lols) + Lo(t) = Lo(s =), Lo(s) =E [ fn o (=580 [%2) |35 ] -

Furthermore, if a consistent estimator for the Hessian term is available (i.e., V., —p \%x
for some estimator V. ), then the reshaped bootstrap consistently estimates the large sample

distribution of </n(0"S — @,).

In addition to the generic estimator V' discussed above, the maximum score estimator
admits an example-specific consistent estimator of the V| associated with it. Let

9=0rs’

- 1 < )
VMS:—— 27,_1Kn i 0/ 7 i/‘
n - ;:1( Yy V(215 + 0'X0;)XoiXy;

where, for a kernel function K and a bandwidth h,, K,(u) = dK,(u)/du and K,(u) =
K(u/hy)/hy,. As defined, V' is simply minus the second derivative, evaluated at 6 = ",
of the criterion function associated with the smoothed maximum score estimator of Horowitz
(1992). The estimator \N/'ﬂs is consistent under mild conditions on h, and K. Concretely, I

assume the following.

Condition K
(i) Jg K(v)dv =1 and limj,|e vK (v) = 0.
(i) For all vy, v, € R, |K(v1) — K (v2)] < B(v1)|vy —vo| with [, B(v)dv + [, B(v)?dv <
0.

(iii) o | K (v)|dv + Je WK (v)|dv < co.

(iv) limy00 VK (v) = 0, [vK(v)dv =0, and [ | K (v)]dv < oco.

With these restrictions on the kernel function K, I obtain the following result for Vﬂs =

V(") which improves slightly on Theorem ?? because of the additional smoothness im-

posed. Let F*)  (ulwy,Xs) = d Fyjy s (—tfud-a1, 22) /du® and £ (21]%2) = d fu o (21]%2) /.

ulzy,X2 x1|x2

Lemma MS. Suppose Conditions MS and K(i)-(iii) hold.
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If hy — 0, nh? — oo, and E[||x,]|°] < oo, then VS —p VS,

Furthermore, if Condition K(iv) also holds, S >4, Sp > 3, and Sy > 2, then
VI = V¥(0y) + Op(n /%, %/%) + 0p(h2) + Op(n~'?),

with the term Op(n~='/3) independent of h,, and

d d d d
E[[[V25(80) — VIR = ns (> D BR) + n}lg S Vi) +olhh + 07t hy %)

k=1 1=1 nok=1 1=1

where

Buu = El(efxoxsen) {F)), 1, (0] = X300, %2) /17, (—X580]x2)
+ FIE|2$)17)(2 (0| - XIQGO) X2)f$(1|)xQ(_X/200|X2)

1 o
3 FD O] = x380,52) o (B0l [ K ()

and
\@:Ewwﬁwﬂmm@%%mn/WWWM-

To investigate the finite sample properties of the proposed bootstrap-based inference
procedures, I conducted a Monte Carlo experiment. Following Horowitz (2002), and to allow
for a comparison with his bootstrap-based inference method for the smoothed maximum score

estimator, I generate data from a model with d = 1, where
, 1
x = (z1,22) ~ N : :

and where ¢ can take three distinct distributions. Specifically, DGP 1 sets ¢ ~ Logistic(0, 1)//272/3,
DGP 2 sets € ~ T3/ V/3, where T;, denotes a Student’s t distribution with & degrees of free-
dom, and DGP 3 sets & ~ (1+2(z; +9)? + (w1 +22)*)Logistic(0, 1) /1/72/48. The parameter
is Oy = 1 in all cases.
The Monte Carlo experiment employs a sample size n = 1,000 with B = 2,000 boot-
strap replications and S = 2,000 simulations. For each of the three DGPs, I implement
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the standard non-parametric bootstrap, m-out-of-n bootstrap, and the proposed method
using the two estimators \723 and \717\1? of Vy. I report empirical coverage for nominal 95%
confidence intervals and their average interval length. For the case of the proposed proce-
dures, I investigate their performance using both (i) a grid of fixed tuning parameter values
(bandwidth/derivative step) around the MSE-optimal choice and (ii) infeasible and feasible
AMSE-optimal choices of the tuning parameter.

Table III.1 presents the main results, which are consistent across all three simulation de-
signs. First, as expected, the standard nonparametric bootstrap (labeled “Standard”) does
not perform well, leading to confidence intervals with an average 64% empirical coverage
rate. Second, the m-out-of-n bootstrap (labeled “m-out-of-n” ) performs somewhat better
for small subsamples, but leads to very large average interval length of the resulting confi-
dence intervals. The proposed methods, on the other hand, exhibit excellent finite sample
performance in this Monte Carlo experiment. Results employing the example-specific plug-in
estimator \Nfﬁs are presented under the label “ Plug-in” while results employing the generic
numerical derivative estimator VﬁD are reported under the label “Num Deriv”’. Empirical
coverage appears stable across different values of the tuning parameters for each method,
with better performance in the case of Vﬁs. I conjecture that n = 1,000 is too small for the
numerical derivative estimator V' to lead to as good inference performance as V¥ (e.g.,
note that the MSE-optimal choice eyge is greater than 1). Nevertheless, empirical coverage
of confidence intervals constructed using the proposed bootstrap-based method is close to
95% in all cases except when VﬂD is used with either the infeasible asymptotic choice €xysg
or its estimated counterpart €,ysg, and with an average interval length of at most half that
of any of the m-out-of-n competing confidence intervals. In particular, confidence intervals
based on \Nfﬁs implemented with the feasible bandwidth szMSE perform quite well across the
three DGPs considered.

In sum, applying the bootstrap-based inference methods proposed in this note to the
case of the Maximum Score estimator of Manski (1975) lead to confidence intervals with

very good coverage and length properties in the simulation designs considered.
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Table II1.1. Simulations, Maximum Score Estimator, 95% Confidence Intervals.

(a) n = 1,000, S = 2,000, B = 2,000

DGP 1 DGP 2 DGP 3
h,e  Coverage Length h,e  Coverage Length h,e  Coverage Length
Standard
0.639 0475 0.645  0.480 0.640  0.247
m-out-of-n
m = [n'/?] 0.998 1.702 0.997  1.754 0.999 1.900
m = [n?3] 0.979 1.189 0.979 1.223 0.985  0.728
m = [n*"] 0.902  0.824 0.894  0.839 0.904  0.447
Plug-in: V"
0.7 - huse 0.434 0.941  0.501 0.406 0.947  0.513 0.105 0.904  0.256
0.8 - hyge 0.496 0.946  0.503 0.464 0.952  0.516 0.120 0.917  0.260
0.9 - hyse 0.558 0.951  0.506 0.522 0.951 0.518 0.135 0.930  0.267
1.0 - hyse 0.620 0.954  0.510 0.580 0.952  0.522 0.150 0.941 0.273
1.1 - hyse 0.682 0.959  0.515 0.638 0.955  0.526 0.165 0.948  0.281
1.2 hyse 0.744 0.961  0.522 0.696 0.959  0.532 0.180 0.958  0.288
1.3 hyse 0.806 0.962  0.531 0.754 0.960  0.539 0.195 0.966  0.296
hamse 0.385 0.938  0.499 0.367 0.941 0.510 0.119 0.917  0.260
Pawsz 0.446 0.947  0.509 0.415 0.949  0.518 0.155 0.941 0.275
Num Deriv: VP
0.7 - euse 0.980 0.912 0431 0.904 0.891 0.422 0.203 0.864  0.216
0.8 - ense 1.120 0.922 0.442 1.033 0.897 0.432 0.232 0.888 0.228
0.9 - euse 1.260 0.929  0.460 1.163 0.909  0.448 0.261 0.904  0.238
1.0 - ense 1.400 0.939  0.484 1.292 0.919  0.469 0.290 0.917  0.248
1.1 eusg 1.540 0.943 0.514 1.421 0.928 0.497 0.319 0.928 0.257
1.2 - eyse 1.680 0.948  0.549 1.550 0.932  0.531 0.348 0.939  0.265
1.3 - euse 1.820 0.955  0.590 1.679 0.935  0.568 0.377 0.947  0.274
€AMSE 0.483 0.878  0.410 0.476 0.871  0.412 0.216 0.877  0.221
€avsE 0.518 0.877 0.414 0.513 0.884  0.418 0.368 0.932  0.269
Notes:

(i) Panel Standard refers to standard nonparametric bootstrap, Panel m-out-of-n refers to m-out-of-n
nonparametric bootstrap with subsample m, Panel Plug-in: \Nﬂff refers to the proposed bootstrap-based
implemented using the example-specific plug-in drift estimator, and Panel Num Deriv: V’;'LD refers to the
proposed bootstrap-based implemented using the generic numerical derivative drift estimator.

(ii) Column “h, €” reports tuning parameter value used or average across simulations when estimated, and
Columns “Coverage” and “Length” report empirical coverage and average length of bootstrap-based 95%
percentile confidence intervals, respectively.

(iii) hysg and eygg correspond to the simulation MSE-optimal choices, hjuse and epysg correspond to the
AMSE-optimal choices, and fLAMSE and éuuge correspond to the ROT feasible implementation of szMSE and
éanse described in Appendix B.2.
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II1.4.2 The Conditional Maximum Score Estimator

Consider the dynamic binary response model
K:ﬂ(ﬁéxt+70}/;—l+a+ut20)v t:172a37

where By € R? and 7y € R are unknown parameters of interest, a is an unobserved (time-
invariant) individual-specific effect, and wu; is an unobserved error term. Honoré and Kyri-
azidou (2000) analyzed this model and gave conditions under which 3y and v, are identified
up to scale. Assuming these conditions hold and assuming the first element of 3 is positive,
I can normalize that element to unity and employ the parameterization (3(,70)" = (1, 6;)’,
where 0, € R? is unknown.

To describe a version of the conditional maximum score estimator of Honoré and Kyr-
iazidou (2000), partition X, after the first element as X; = (Xy;, X%,) and define z =
(y, 1, x5, W), where y = Yy =Y, 1 = X2 — Xi1, X2 = (X2 — Xg1), Y5 — ¥)’, and
w = Xy — X3. Assuming zi, ..., 2, is a random sample of z, a conditional maximum score

estimator of 8y € ©® C R is any % approximately maximizing M, for
mn(z,0) = mS™®(z,0) = yl(z; + 0'xs > 0)L, (W),

where, for a kernel function L and a bandwidth b,,, L,(w) = L(w/b,)/b..

Through its dependence on b, the function m® depends on n in a non-negligible way.
In particular, the effective sample size is nb? (rather than n) in the current setting, one
would expect primitive sufficient conditions for Condition CRA to include ¢, = b2 in this
example. Apart from this predictable change, the properties of the conditional maximum
score estimator éng turn out to b qualitatively similar to those of éﬂs To be specific, under
regularity conditions the conditional maximum score estimator is covered by the results of
Section II1.3 and an example-specific alternative (of smoothed maximum score type) to the
generic numerical derivative estimator VI is available.

Now I describe one set of sufficient conditions. For convenience, I employ the following
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additional notation:
1/}(1‘177(2;“’) - {]E(A(Yba }6)|$1,X2,W) - E<B(Y()7 }%)|$1,X2,W)}$1([E1|X27W),

A(d07d3) = :H-(}/E) = d())}/l = 07}/2 = 17}/}) = d3)7
B(do,d3) = 1(Yp = do, Y1 = 1,Y>2 = 0,Y3 = d3),

arwi0) = [ [ e w)dzdPap, ) fu(w),
o) = / Xo(— X580, X2, W) dFy (X[ W) fu (W),

, d
V(w;0) = /ng2 %@b(z,x%w)

dFXQIW(X2|W)fW(W)7

— !
r=—x50

and X = {X;}2_,, W= {w:|w| <n}, and S = R X supp(x2) x W for some 7 > 0.

Condition CMS Let S > 1 and S; > 1 be some integers.
(i) The parameter space @ is compact and 6y, which satisfies (1,80)) = (8}, 70)’, lies
in the interior of ©.

(ii) The sample {z;};>1 is i.i.d. across i = 1,2,...,n. The data generating process is
P(Yy, = 11X, a) = p(X, a),

P(n = ]_|X,(I,}/[), oo 7Yt—1) = F(X;ﬂo + 70}/;5—1 + CY), t= ]-a 2737

where F(+) is strictly increasing on the entire real line.

(iii) P(y # 0|z1,x2,w) > 0 on S. The density fy is continuous on W and f(0) > 0.
(iv) The support of X; — X, given w = Xy — X3 is not contained in any proper linear
subspace of R? for all w € W and E[||x,]]?|w] < C for all w € W.

(v) The conditional density f, (z1|x2, w) is positive and bounded on S. In addition,

there exists a function By : R — R, such that, for some € > 0,

sup | o (0]x2, W) = fo, (v]x2, W)| < By(v,%2)[0 — 0",
we
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with supyep E[||x2]|? By (—x500, X2)|W] < o0.
(vi) The function ¥ (z1,x2, w) is bounded and S times continuously differentiable in
x; with bounded derivatives on S.

(vii) The functions ¢, (w; 0) and V(w; 0) satisfy, for some € > 0,

sup |¢1(w;0) — p1(0;0)| + sup ||[V(w;0) — V(0;0)] < C||w|*, wEW.
6c® 0cO]

The function ¢, is Sy times continuously differentiable on W. Also, V(0; 8,) is positive
definite.

(viii) The kernel function L(-) is bounded, compactly supported, P-th order with
1< P <S8 and [ L(v)dv =1.

Under these conditions, I have the following result.

Corollary CMS. Suppose Condition CMS holds. If nb? — oo and nbé™3r" — 0, then

R 1
/nbd (@M — 0y) ~ arg max {—§S'V8MSS + QO(S>}

scRd

where Gy is a mean-zero Gaussian process with covariance kernel C§™(-,-), and

, d
VCMS E[X2X2¢ ( X2007X27 0)|W = O]fw(0)7 ¢(1) (IE,XQ,W) - %w(xvx%w)a

Ci®(s,t) =E [min{|x’2$|, X5t |} farxo,w (— X500 %2, 0) 1{sgn(x5s) = Sgn(xét)}‘ W = 0] Jw(0).

Furthermore, if a consistent estimator for the Hessian term is available (i.e., V., —p

VS for some estimator \7”), then the reshaped bootstrap consistently estimates the large

sample distribution of {/nbd (% — ).

As previously mentioned, we can consider a case-specific estimator of V{*. The pro-

posed estimator is

Ve VRO, VER0) =~ Sk () s o)
=1

where h,, = 0(1) is a bandwidth, and K (u) = dK (u)/du with K a kernel function.
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I impose Condition K on the kernel function K (-), and obtain the following result for

V&S, Let VIS = 92M%S(0,)/0000" where MS(0) = E[m&S(z, 0)].

Lemma CMS. Suppose Condition CMS and Assumption K hold with S > 2.
If hy — 0 and nb®h3 — oo, and E[||x,||®|w] < C for w € W, then VS —p VS

Furthermore, if S > 3, then
E |[[VES(80) — V|| = O(hy, + (nbihi) ™),

where the rate is sharp in the sense that there exist constants By, and Vi, such that

E[(V,%5(80) — V,35)?
hAB + (nbih3)-1V

— 1,

where \7@5(00) and V35§ denote the (k,1)-th elements of VS(0y) and VS| respectively.

n n 7’

II1.5 Discussion

The applicability of the procedure proposed in this note extends beyond the estimators
covered by Theorem 6. For instance, it is not hard to show that the bootstrap-based distri-
butional approximation is consistent also in the more standard case where m,(z, @) is suffi-
ciently smooth in 0 to ensure that an approximate maximizer of M, is asymptotically normal
and that the nonparametric bootstrap is consistent. In fact, é; is asymptotically equivalent
to é,’; in that standard case, so my procedure can be interpreted as a modification of the
nonparametric bootstrap that is designed to be “robust” to the types of non-smoothness
that give rise to cube root asymptotics.

Moreover, and perhaps more importantly, the idea of reshaping can be used to achieve
consistency of bootstrap-based approximations to the distributions of certain estimators
which are not of M-estimator type, yet exhibit cube root asymptotics and have the feature
that the standard bootstrap-based approximations to their distribution are known to be in-
consistent. In particular, Section I11.6 shows how the idea of reshaping a process can be used

to achieve consistency on the part of a bootstrap-based approximation to the distribution of
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the celebrated ({/n-consistent) isotonic density estimator of Grenander (1956).

This note is not the first to propose a consistent resampling-based distributional ap-
proximation for cube root consistent estimators. For cube root asymptotic problems, the
best known consistent alternative to the nonparametric bootstrap is probably subsampling
(Politis and Romano, 1994), whose applicability was pointed out by Delgado et al. (2001).
A related method is the rescaled bootstrap (Diimbgen, 1993), whose validity in cube root
asymptotic M-estimation problems was established recently by Hong and Li (2019). In addi-
tion, case-specific smooth bootstrap methods have been proposed for leading examples such
as maximum score estimation (Patra et al., 2015) and isotonic density estimation (Kosorok,
2008; Sen et al., 2010). Like ours, each of these methods can be viewed as offering a “robust”
alternative to the nonparametric bootstrap but, unlike ours, they all achieve consistency by
modifying the distribution used to generate the bootstrap counterpart of the estimator whose
distribution is being approximated. In contrast, my method achieves consistency by means
of an analytic modification to the objective function used to construct the bootstrap-based
distributional approximation.

An alternative interpretation of my approach is available. Restating the result in (II1.7)

as

Tn(én - 00) ~ 80(g0)7 SO(g) = arg max{ QO(S) + g(S)}7

scRd

my procedure approximates the distribution of So(Gy) by that of S, (G%), where
Gr(s) = r2[M (B, +sr") — M:(8,) — M, (0, +sr;;") + M, (8,)]
is a bootstrap process whose distribution approximates that of Gy(s) and where

$u(G) = argmax{Qu(s) + G(s)},  Quls) = —5sVus,

scRd

is an estimator of Sp(G). In other words, my procedure replaces the functional Sy with a con-

!The asymptotic properties of the Grenander estimator have been studied by Prakasa Rao (1969), Groene-
boom (1985a), and Kim and Pollard (1990), among others. Inconsistency of the standard bootstrap-based
approximation to the distribution of the Grenander estimator has been pointed out by Kosorok (2008) and
Sen et al. (2010), among others.
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sistent estimator (namely, S,) and its random argument G, with a bootstrap approximation
(namely, CA?;*L) Similar constructions have been successfully applied in other settings, two
relatively recent examples being Andrews and Soares (2010) and Fang and Santos (2018).
Finally, Seo and Otsu (2018) give conditions under which results of the form (II1.7) can
be obtained also when the data is weakly dependent. It seems plausible that a version of
my procedure, implemented with resampling procedure suitable for dependent data, can be
shown to be consistent under similar conditions, but it is beyond the scope of this note to

substantiate that conjecture.

II1.6 Extension: Isotonic Density Estimation

The main ideas and results can also be used to conduct valid bootstrap-based inference in
the context of isotonic density estimation, another cube root consistent estimator with a
Chernoff-type limiting distribution. See, e.g., van der Vaart and Wellner (1996, Example
3.2.14) for a modern textbook treatment of this example.

Suppose we observe xy,...,T, % F where F is continuous distribution function sup-

ported on [0, 00) with non-increasing density f. An extensively-studied method of estimating

f(z0), zo € (0,00), is nonparametric maximum likelihood estimation (NPMLE):

1 n
arg max — log f(x;
o 3 log ()

where F is the class of non-increasing densities supported on [0, 00). It is well known that
the solution to this problem, denoted by fn(a:), is the left derivative at x of the least concave
majorant (LCM) of the empirical distribution function F,(-) = n~' 327, 1(z; < -).

The asymptotic distributional result for the NPMLE in this setting is as follows.

Lemma ID. If f is differentiable at zo with fU(x¢) < 0, then

A

%(fn(l‘o) — f(xg)) ~ |4f(1)($0)f($0)|1/3 arginax {W(S) - 52}

seR

where W is a standard two-sided Brownian motion with WW(0) = 0.
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The NPMLE estimator fn(xo) is not a member of the class of M-estimators considered
in this paper, but nonetheless a distributional approximation of /n( fn(xo) — f(xp)) can
be established using the results for cube root consistent estimators discussed herein via
the switching technique of Groeneboom (1985b). Therefore, I first outline the main idea
underlying this distributional approximation because it provides an insight to the proposed
bootstrap-based inference approach.

The NPMLE estimator is the left-derivative of the least concave majorant (LCM) of F,

at xg. Using this property, I have

A

gn(a) <z <= fulr)<a

where

S,(a) = argmax{F,(s) — as}.

s>0

This is the switching technique alluded above. Then, I have

P [0t (fuan) = fla0) < 1] = B [S,(f ) 47 < o]

Using the definition of S,,(a) and change-of-variable 2 = ¢ + sn~1/3,

~

Su(f(zo) +n %)

= arg max {Fn(a:) — (f(zo) + n_1/3t)x}

z€[0,00)

=aotn argmax {Fueo +sn %) = (o) + 7o) (ao +sn”) |

s€[—nl/3zq,00)

=20+ n" Y3 argmax {Fn(xo + 5073 — B (x0) — (f(20) + n_1/3t)sn_1/3}

s€[—nt/3xq,00)

=x0+n '3 arg max {n2/3(Fn(x0 + sn_1/3) — Fn(xo) — f(xo)sn_1/3) — ts}

s€[—nl/3zq,00)

where I use that a maximizer is invariant under shifting and scaling of the objective function.
Therefore, to study the limit law of n'/3(f,(xo) — f(x0)), it suffices to look at the
asymptotic distribution of the maximizer of n?3(F, (zo+sn~'/3)— F,(z¢) — f(xo)sn~ /%) —ts.

To do that, I can first establish weak convergence of the objective function and then apply
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an argmax continuous mapping theorem.

To establish uniform weak convergence of the objective function, I let
n2/3<Fn<x0 + Sn_l/S) - Fn<x0) - f(ajO)S”_l/S) —ts = Qn(s) + Gn(s)
where

Qn(s) =n*? (F(xzo + sn™ ') = F(x) — f(xo)sn™ /%) — ts,

Go(s) = n?/® (Fn(;po +sn~3Y — (o) — (Flwo + sn™/3) — F(%))) .

For the first term, using differentiability of f at zy, a Taylor expansion gives

B f(l) (z0)
2

Qn(s) s —ts+o(1),

which is non-random and the o(1) term converges uniformly with respect to s over a compact
subset of R. Note that in this M-estimation problem, the Hessian term —Vj equals f™) (x0),
the first derivative of f at z.

For the second term, Lindeberg-Feller CLT implies finite-dimensional convergence and
a standard maximal inequality shows stochastic equicontinuity, so I can establish that for

any compact subset S C R,
Gn(s) ~ W(f(xo)s), seS.
Then, an argmax continuous mapping theorem implies
i (nl/S( Folwo) — flmo)) < t) P <arg masx {W(f(x0)s) + f (z0)s"/2 — ts} < o) .

Rewriting the object inside the arg max operator using properties of Brownian motion (c.f.,

van der Vaart and Wellner, 1996, Problem 3.2.5), I obtain the conclusion of Lemma ID.
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II1.6.1 Bootstrap-based Inference

The above discussion indicates that, if An is the left-derivative at ¢y of the LCM of some

generic function U,(z), I have
IP’[nl/3An <t=P (arg max {nz/g(Un(a:O + snil/‘g) — Un(xg)) — ts} < 0) )

Therefore, for bootstrap validity, I need to study the bootstrap counterpart n?/3(U*(zo +
sn~1/3) — U*(xy)) and, in particular, establish uniform weakly convergence in probability in
order to establish validity of the bootstrap distributional approximation.

However, as discussed in this chapter, in the cube root consistent case as in Kim and
Pollard (1990) the bootstrap approximation of the objective function fails at the Hessian
term. Therefore, I reshape the M-estimator as before prior to applying the bootstrap. In
particular, let A% be the left-derivative at = xq of the LCM of E*(x), where

Fi(x) = Fi(x) = Fa() + SVale —20)®, Vo= fD(x0),

n

DO | —

Er()y =37 1(zF < -), and F9(x) is a consistent estimator of FO(z0).
The form of the above objective function exactly mimics the intuition described in the
paper: I remove the problematic drift term under the bootstrap distribution and add back

a plug-in estimate thereof.
Theorem ID. Suppose the conditions in Lemma ID hold. If ﬁgl)(zg) —p fW(xg), then

Ay~ |4F D (x0) f20) |V arg max {W(s) — s°}

seR

where A* be the left-derivative at © = xq of the LCM of F*(x) = F;(x)—ﬁ'n(x)qL%\N/n(x—xo)Q.

The above bootstrap-based construction employs the reshaped objective function ﬁ’; (x).
Another possibility is to use ﬁ;{ (x) +fn($o)$ with fn(xo) being the NPMLE from the original
sample. If I let f*(x) be the left-derivative at xo of the LCM of the alternative objective

function, I have
Fi(@o) = fulzo) = Ay,
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This follows because given G(z) = g(x) 4 cx for some constant ¢, the LCM of G equals the
LCM of g plus cx. In particular, suppose that this claim is false. Then, there exists a concave
function F' such that G(z) < F(z) for all z and F(Z) < Lg(&) + ¢ for at least one &, where
Lg denotes the LCM of ¢g. Thus, F(Z) — ¢Z < Lg(Z) and this implies F'(Z) — c < g(x) for

some &, but this contradicts G(z) < F(x) for all .

I111.6.2 Drift Estimation

In this example the counterpart of —Vy is simply f( (), the first derivative of the Lebesgue
density f(x) at xy. Thus, the estimation of the drift term can be done using standard
nonparametric estimation techniques, already available in most software platforms. For

methodological and technical details see, for example, Wand and Jones (1995).

111.6.3 Simulation Evidence

I investigate the finite sample properties of confidence intervals for f(zq) constructed us-
ing the bootstrap-based distributional approximation whose consistency was established in
Theorem ID. I employ the DGPs and simulation setting previously considered in Sen et al.
(2010). This, as in the case of the Maximum Score estimator discussed in the paper, allows
for a direct comparison with other bootstrap-based inference methods and their numerical
performance already studied in previous work available in the literature.

I estimate f(xg) at the evaluation point zq = 1 using a random sample of observations,
where three distinct distributions are considered: DGP 1 sets x ~ Exponential(1), DGP 2
sets  ~ |[Normal(0,1)|, and DGP 3 sets x ~ |T3]. As in the case of the Maximum Score
example, the Monte Carlo experiment employs a sample size n = 1,000 with B = 2,000
bootstrap replications and S = 2,000 simulations, and compares three types of bootstrap-
based inference procedures: the standard non-parametric bootstrap, m-out-of-n bootstrap,
and the proposed method using two distinct estimators of f’(xy) (plug-in and numerical
derivative).

Table II1.2 presents the numerical results for this example. I continue to report empiri-

cal coverage for nominal 95% confidence intervals and their average interval length. For the
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case of the proposed procedures, I again investigate their performance using both (i) a grid
of fixed tuning parameter value (derivative step/bandwidth) and (ii) infeasible and feasible
AMSE-optimal choice of tuning parameter. Also in this case, the numerical evidence is very
encouraging. The proposed bootstrap-based inference method leads to confidence intervals
with excellent empirical coverage and average interval length, outperforming both the stan-
dard nonparametric bootstrap (which is inconsistent) and the m-out-of-n bootstrap (which
is consistent). In particular, in this example, the plug-in method employs an off-the-shelf
kernel derivative estimator, which in this case leads to confidence intervals that are very
robust (i.e., insensitive) to the choice of bandwidth. Furthermore, when the corresponding
feasible off-the-shelf MSE-optimal bandwidth is used, the resulting confidence intervals con-
tinue to perform excellently. Finally, the generic numerical derivative estimator also leads
to very good performance of bootstrap-based infeasible and feasible confidence intervals.

In sum, this example provides a second numerical illustration of the very good finite
sample performance of inference based on the proposed bootstrap-based distributional ap-

proximation for cube root consistent estimators.

59



Table I11.2. Simulations, Isotonic Density Estimator, 95% Confidence Intervals.

(a) n = 1,000, S = 2,000, B = 2,000

DGP 1 DGP 2 DGP 3
h,e  Coverage Length h,e  Coverage Length h,e  Coverage Length
Standard
0.828  0.146 0.808  0.172 0.821 0.155
m-out-of-n
m = [n'/?] 1.000  0.438 0.995  0.495 0.998  0.452
m = [n?3] 0.989  0.314 0.979  0.360 0.989  0.328
m = [n*"] 0.953  0.235 0.937 0274 0.948  0.248
Plug-in: VI
0.7 - hyse 0.264 0.955  0.157 0.202 0.947  0.183 0.209 0.957  0.165
0.8 - hyge 0.302 0.954  0.157 0.231 0.946  0.182 0.239 0.952  0.165
0.9 - hyse 0.339 0.951  0.156 0.260 0.944  0.181 0.269 0.949  0.164
1.0 - hyse 0.377 0.949  0.154 0.289 0.941  0.180 0.299 0.948  0.163
1.1 - hyse 0.415 0.940  0.151 0.318 0.938  0.178 0.329 0.944  0.161
1.2 - hyse 0.452 0.934  0.147 0.347 0.934  0.176 0.359 0.939  0.158
1.3 hyse 0.490 0.922  0.142 0.376 0.928  0.173 0.389 0.935  0.155
hamse 0.380 0.949  0.154 0.300 0.940  0.180 0.333 0.943  0.161
Pawse 0.364 0.950  0.155 0.290 0.941 0.180 0.401 0.930  0.154
Num Deriv: VP
0.7 - euse 0.726 0.954  0.158 0.527 0.947  0.183 0.554 0.952  0.165
0.8 - euse 0.830 0.956  0.159 0.602 0.947  0.182 0.633 0.950  0.164
0.9 - euse 0.933 0.956  0.160 0.678 0.944  0.181 0.712 0.949  0.163
1.0 - ense 1.037 0.956  0.159 0.753 0.942  0.180 0.791 0.948  0.162
1.1 - euse 1.141 0.955  0.159 0.828 0.940  0.179 0.870 0.946  0.161
1.2 - eyse 1.244 0.956  0.160 0.904 0.936  0.177 0.949 0.943  0.160
1.3 - euse 1.348 0.960  0.163 0.979 0.935  0.176 1.028 0.940  0.159
€AMSE 0.927 0.956  0.160 0.731 0.943  0.180 0.812 0.948  0.162
€avsE 0.888 0.956  0.159 0.708 0.943  0.181 0.978 0.942  0.159
Notes:

(i) Panel Standard refers to standard nonparametric bootstrap, Panel m-out-of-n refers to m-out-of-n
nonparametric bootstrap with subsample m, Panel Plug-in: \N/'ELD refers to the proposed bootstrap-based
implemented using the example-specific plug-in drift estimator, and Panel Num Deriv: V’;'LD refers to the
proposed bootstrap-based implemented using the generic numerical derivative drift estimator.

(ii) Column “h, €” reports tuning parameter value used or average across simulations when estimated, and
Columns “Coverage” and “Length” report empirical coverage and average length of bootstrap-based 95%
percentile confidence intervals, respectively.

(iii) hysg and eygg correspond to the simulation MSE-optimal choices, hjuse and epysg correspond to the
AMSE-optimal choices, and fLAMSE and éuuge correspond to the ROT feasible implementation of szMSE and
éanse described in Appendix B.2.
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CHAPTER 1V

Smoothed Pairwise Difference Estimators:

Distribution Theory

IV.1 Introduction

Semiparametric econometric models provide a useful way to balance flexibility and parsimo-
nious parametrization, which allows for researchers to mitigate concerns with misspecifica-
tions while retaining a reasonable requirement on sample sizes of data. Yet, implementation
of semiparametric models can be challenging because it faces estimation and inference issues
distinct from more traditional parametric models. For example, semiparametric estimators
often require tuning parameters, and sample-finite properties of such estimators are sensitive
to selection of tuning parameters.

In this paper, I study a statistical inference problem in semiparametric models, explic-
itly accounting for impact of tuning parameter selection. Specifically, I investigate a class of
smoothed pairwise difference estimators, which involves bandwidth as a tuning parameter,
and I highlight non-robustness of the conventional Gaussian distributional approximation
with respect to bandwidth choice. The estimator exhibits a range of different limit distribu-
tions depending on the bandwidth sequence. From a practical standpoint, the results of this
chapter indicate that performance of conventional inference methods is sensitive to specific
bandwidth chosen. This property makes statistical inference less credible, and this chapter
provides another piece of evidence corroborating the widespread concern about non-robust
behavior of semiparametric estimators with respect to tuning parameters (see e.g., Ichimura

and Todd, 2007).
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There is an extensive literature on distribution theory and inference using semipara-
metric estimators (see e.g., Andrews, 1994; Newey and McFadden, 1994; Chen, 2007). More
recently, several studies have investigated impact of tuning parameter choices on statisti-
cal inference. Cattaneo et al. (2014) examine asymptotic distributional approximation of
density-weighted average derivative estimators, allowing for bandwidth sequences shrinking
at a faster rate than those entertained in previous work. Cattaneo et al. (2013) study related
distribution results for weighted average derivative estimators where the limit distribution
features asymptotic bias term, and they propose a bias-correction inference procedure. Both
of these papers develop distributional approximations valid under weaker restrictions on
tuning parameter sequences. Chernozhukov et al. (2018) also establish distribution theory,
allowing for a wider range of tuning parameters. Whereas the first two papers focus on what
they term “small bandwidth asymptotics,” the last paper examines the case where band-
width is larger. This difference stems from whether one focuses on higher-order variance or
bias. The first two look at the higher-order variance, and the latter deal with bias term. In
this paper, I follow the first approach by accommodating the higher-order variance term in

distributional approximation.

IV.2 Setup

Let 8y € ® C R¥ be an estimand of interest, which solves the following optimization problem:

0, = ar%ggax Moy(0), My(0) = E[E[s(z1, 22, 0)|w; = W3] (IV.1)

where s : R% x R% x @ — R is known, z € R% is a random vector, and w € R? is a
subvector of z. Note that by the conditioning w; = wy, the characterization of 8y uses only
the subpopulation in which a pair of observations has the same values of covariates w.

In their influential study, Honoré and Powell (2005) study an estimator of the form

-1
6, = arg max M, (), M, (6) = (n) Z s(z;,z;,0) Ky, (W; — w;)

2
6c® 1<i<j<n
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where {z;}?_, is arandom sample of z, K : R? — R is a kernel function, K,(u) = h=?K (u/h),
and h,, is a bandwidth sequence shrinking to zero.

The kernel function assigns weights to pairs of observations. If w; and w; are close to
each other, the kernel gives a large weight to the pair. On the other hand, if w; and w; are
far apart, the kernel weight is small. Then, in asymptotics where h,, shrinks to zero, the
value of M, is determined by pairs of observations whose values of w are identical. This
behavior of kernel weighting is key to consistently estimating 6, by 6, because, to precisely
characterize 6, one needs to use only the subpopulation in which w; = w;. Yet, in a finite
sample, the event {w; = w;} has zero probability if w has a continuous distribution. Kernel
weighting enables estimation of 8 in the absence of pairs with w; = w; by including pairs
with w; ~ w; in finite samples.

Due to this kernel weighting, estimation of 6, faces a trade-off of bias and variance.
When pairs with not so close values of w get non-trivial weights, the estimation is based
on a sample with w; % w;, which induces bias. On the other hand, only using pairs with
very close w’s leads to a smaller sample size, which increases variance. This trade off is
governed by the bandwidth h,. A larger h, gives non-trivial weights to more pairs, and a
smaller bandwidth results in a smaller number of observations. Then, for good finite-sample
properties of the estimator, choice of a bandwidth plays an important role.

To better understand the impact of bandwidths on the estimator, think about the case
where ]\7[n(0) is smooth in the parameter and 6, admits a closed form representation. In

this situation, we have

Vn(B, — 6y) =~ Z + By/nhl + W/\/nhd (IV.2)

where Z has a mean-zero normal distribution, the term By/nh?’ is the leading bias term, and
W is a mean-zero random vector. For the bias term B+/nh” the power on the bandwidth
P coincides with the order of the kernel function K () under enough smoothness in the data
generating process. Here, the trade-off occurs between B+/nh! and W/ \/n_hﬁll. For a large
hy, the first term (bias) becomes dominant, and for a small h,, the second term (variance)

dominates.
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In the literature, existing studies impose \/nh! — 0 and nh¢ — oo and use a Gaussian
approximation for the distribution of \/ﬁ(én—ﬂo). Although this approach may seem natural,
this requirement can impose stringent conditions on the bandwidth. Specifically, h, needs
to satisfy n=V? < h, < n~Y@P) where a,, < b, means a,/b, = o(1). When the covariate
w is multi-dimensional, this range of bandwidths can be tight. For instance, if P = 2, then
the bandwidth sequence has to lie in a tight range between n~"/¢ and n='/4, and d has to
be less than four. Although one may be able to alleviate this problem using a higher-order
kernel, higher-order kernels often have poor finite sample properties.

In finite samples, this requirement on bandwidth rates manifests as non-robustness of
distributional approximation with respect to bandwidth choice. Specifically, when the theory
indicates a tight bandwidth range, the limit distribution that assumes away the bias and
variance term tends to give a poor approximation to the finite-sample distribution. This
non-robustness issue has been documented by Cattaneo et al. (2014), who show by Monte
Carlo experiments that 95% confidence intervals based on normal approximation have correct
coverage on a very tight bandwidth range.

In this paper, I present novel distributional approximation results under weaker con-
ditions on bandwidths. This new approximation provides a key step to a new inference

procedure that is less sensitive to bandwidth choice. To describe the asymptotic distribution

1
n2hd

result, define r,, = (\/Lﬁ + )~!, which turns out to be the convergence rate of the estimator
én. Also let mp = lim,, o y/nh<, which I assume to exist on the extended real line. Then,
under regularity conditions,

A 0 1
n On _'0 23
a °)W1+7r0 it

W, 7o € [0, +00]

where ~» denotes convergence in distribution, Z and W are independent mean-zero Gaussian
random vectors, my/(1 4+ m9) = 1 and 1/(1 + mp) = 0 if my = +00.

When the bandwidth sequence satisfies the conventional restriction, namely nh? — oo,
the distribution of \/ﬁ(én — 6y) can be approximated by the mean-zero normal random
vector Z because my = +0o0 in this case and the term VV vanishes from the expression. This

distribution result has been established by the previous studies.
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However, as previously mentioned, the requirement nh? — oo may impose stringent
conditions, which makes the conventional Gaussian approximation less credible. Indeed,
when the bandwidth requirement is violated i.e., nh? 4 oo, then the limiting distribution
needs to account for the higher-order term W/y/nhe in (IV.2). T show that this higher-order
term has a mean-zero Gaussian distribution. Then, for the case where 7 is some positive
constant (i.e., nhe converges to a non-zero constant), the limit distribution of r,(8, — 6,)
remains normal but with larger variance. This result corresponds with the intuition that
a smaller bandwidth leads to higher variance. For the case where my = 0, the bandwidth
sequence is even “smaller,” or vanishes at a faster rate. In this case, the convergence rate
becomes nhY/? = Vn/nhd, which is slower than /n because y/nh¢ — 0, and the limit
distribution features W, which has a different variance from Z.

This new distribution result highlights the impact of bandwidth on the limit distribution.
In particular, it implies that the conventional normal approximation may not be accurate
when \/n_h,‘i is not large. To be more precise, whether \/n_h;i is sufficiently large depends
on the underlying DGP, and thus researchers usually have little knowledge on which limit
distribution provides a good approximation. In other words, accuracy of the conventional

normal approximation may be sensitive to bandwidth choice.

IV.3 Main Result

In this section, I formally present the distributional result discussed in the previous section.

First I state the main assumption, and for the purpose, define the following objects.
My (21, 2, 0) = 5(21, 22, 0) K}, (W1 — Wy),

ln(z,0) = Elm, (21, 29,0)|2z1 = z| — Elm,, (21, 22, 0)],

wn<Z17Z27 H) = mn(zla Zy, 0) - E[mn(zla Zy, 0)|Z1} - E[mn(zla Z3, 0)‘Z2] + E[mn(zla Zy, 9)]7
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L, ={(,(.0):0cO}, ln(z) = sup |{(z)|

el
W, ={w,(-,-,0):0 € O}, Wy (21, 29) = suvg |w(z,22)|
we n
©y={6c6:]6-6 <}
L), = {lu(-,0) — (u(-,6) : 0 € O}, 0(2) = sup |{(z)]
LeLs
W2 = {w,(-,-,0) — wu(-,-,0,) : 0 € O}, 00 (21,25) = sup |w(zy,2zs)|.
weW?

Here is the set of assumptions used to derive the distributional result.

Assumption SP Let 7, = (n7Y2 + (n?h4)%)~! — oo where 8 = 1/(4 —7) and v € {1,2}.

(i) {£, :n > 1} and {W, : n > 1} are uniformly manageable for the envelops £, and
Wy, respectively, E[|(,(z)|?] = o(n), and E[|w,, (21, 22)|?] = o(n?). Also, supgee | M, (0)—
Mo(0)] = o(1) and, for every J > 0, supgeg\e5 Mo(0) < Mo(6o).

(ii) @ is an interior point of © and, for some 6 > 0, My and M,, are twice continuously
differentiable on @9 and SUPgees- Also, supgee; |02[M,,(6) — My(6)]/0000'|| = o(1),
TllOM,,(00) /00| = o(1), and Vg = —93?>My(0,) /0000’ is positive definite.

(iii) For some 6 > 0, {£Y : n > 1,8 € (0,6]} and {W? : n > 1,8 € (0,0]} are
6/

functions B, : R% — R such that |(,,(z,0') —(,(z,0)| < B,(z)||6' — 0, for 8,0’ € ©),
E|B,(2)]* = O(1), and supy (o g hnEllwy [2/67] = O(1).

uniformly manageable for the envelopes E‘Z and w?, respectively. Also, there exist

(iv) For every positive 8§, = O(r;!) and all s,t € R* there exist a positive definite

matrix ¥y € R¥** and a function C, : R¥ x R¥ — R such that

sup |r2E[{(,(z,0 + 88,) — l,(z,0)}{l, (2,0 +t5,) — L,(2,0)}] — s'Sot| = o(1),

6cO)"
sup |r2hiE[{wn(zl, Z,0 +80,,) — wy (21,22, 0) H{w, (21, 22,0 + t6,) — w,(21,22,0)}]
6cO)"
- CO(Sv t)’ = 0(1)7
and C()(S,S) + Co(t,t) — QC(S,t) > 0.
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(v) For any positive d,, = O(r; 1), rfln*?’]E@l” (z)[* = o(1), r®n°E[E[|wi" (21, 22)|?|21]?] =

o(1), rin K[| (2z1,22)|"] = o(1), rin *E[E[|w (21, 22) W] (21, 23)| |22, 23]%] = o(1),
and 78n3E[E[0 (2, )Wl (21, 22)|22]] = o(1).

(vi) One of the following conditions holds:

(a) [y = 2] For some § > 0, there exist functions By, : R% x R% — R such that
(W, (21, 29, 0")—w, (21, 29, 0)| < Bon(z1,25)]|0'—0)| for 8,0" € O, and hiE|| By, (21, 22)|?] =
O(1).

(b) [y = 1] For any §,, = O(r;; 1), SUDg g/ c@in El|w, (21, 22, 0") —w, (21,22, 0)|/]16'—0]]] =

O(1), and limg o0 lim sup,,_, o SUPsre(0,,] RAE[1{he |00 (21, 22)| > C}Hw? (z1,22)|%/0]

0.

The term uniform manageability has been employed in empirical process literature. This
condition is satisfied by many classes of functions encountered in practice, and it ensures
applicability of uniform law of large numbers and maximal inequalities. For definition, refer
to Kim and Pollard (1990).

In the above conditions, the integer v € {1, 2} shows up in multiple occasions. This num-
ber denotes smoothness of the function s(-, -, @) with respect to 8. For instance, if s(z1, z2, 0)
is continuously differentiable in @ almost surely, under some regularity conditions, v will be 2.
On the other hand, in some econometric models, s(z,zs, @) can be discontinuous in 6 (e.g.,
indicator function), and in such situations, v = 1. There is an important qualitative differ-
ence in the limit distribution for different values of 7. When v = 2, Cy(s, t) = s'Qpt for some
positive definite matrix €2y, and the limit distribution remains Gaussian. In contrast, v =1
implies Cy(as, at) = |a|Co(s, t) and the limit distribution becomes non-Gaussian. Theorem
7 below unifies distribution theory under varying smoothness of objective functions.

The sequence r,,, which is the convergence rate of én, depends on the smoothness mea-
sure 7. From the definition, when n?/2h¢ is bounded away from zero, r, = O(y/n), and if
n2hd — 0, r,,/(n?h¢)~1/4=7) — 1. Here smoothness of the objective function can affect the
convergence rate in two ways. If the function is not smooth i.e., v = 1, then /n-consistency
of 6, is retained for a narrower range of bandwidth sequences. In addition, v = 1 implies

that when n'/ 2h? — 0, the convergence rate is cubic root of n2h?. This resembles cubic root
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convergence rate of Kim and Pollard (1990) and Seo and Otsu (2018), who also study a class
of M-estimation problems with non-smooth objective functions. Notable differences from
these previous studies are that I study a maximizer of second-order U-statistic as opposed
to a single sum and that the estimator in this problem exhibits a range of different limit
distributions.

Most of the other conditions are standard in M-estimation literature. One exception is
the second condition, which requires r,||0M,,(6y)/00] = o(1), and it ensures that “smooth-
ing” bias is of small order. In light of the discussion on (IV.2), this paper focuses on the
variance term and is not concerned about the bias term. This perspective has been termed as
“small bandwidth asymptotics” in the literature (e.g., Cattaneo and Jansson, 2018). Another
approach has been also considered, where a “larger” bandwidth is assumed so that the vari-
ance is of smaller order and the smoothing bias has been dealt explicitly (e.g., Chernozhukov
et al., 2018). This paper takes small bandwidth asymptotics as its framework.

Now I present the formal distributional result. For the theory, the estimator needs to

maximize the objective function only approximately. The precise formulation is that 6,

satisfies

~

A4ﬁ(én> ziSUI)AZﬁ(0>'_'OP(T;2)
0O

where 7, as defined in Assumption SP. Also, let G, be a Gaussian process indexed by s € R¥

whose mean is —s'V(s/2 and whose covariance kernel is

4( il )2 ’2’t+2( ! )HC( t) /21
S S T = A/1
14+, 0 14+, R "

Theorem 7. Under Assumption SP, if n>he — oo, then

lim sup
n—oo tERk

Pr (r,(6, — 6y) < t) — Pr (arg max{G,(s)} < t) ‘ =0.

s€RF

To understand the implications of this result, first consider cases where m, = \/n?/2hd
has a limit in the extended real line i.e., my = lim, ;oo m, € [0,400] and v = 2 i.e.,

smooth objective function. When my = +o00, arg max,.ps{G,(s)} converges in distribution
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to Normal(0,4V,'3¢V,'). This scenario corresponds to the conventional case as discussed
in Section IV.2, and inference about 6 is straightforward.

When 0 < 7y < oo, then the limit distribution has two variance components: one is
the normal random vector with the variance 4[my/(1 + 7)]*E¢ and the other part involves
Co(s,t). As previously mentioned, when v = 2, Cy(s,t) = s'Q2t for some positive definite
matrix €2y, and the limit distribution becomes a mean-zero normal vector with the covariance
matrix V' [4(mo/(1 + )20 + 2(1/(1 + 70))%2] V. Note that the middle matrix is the
covariance matrix of a convex combination of two random vectors whose covariance matrices
are 43, and 2€2, where the weight is given by m/(1+m). For my = 0, the limit distribution
becomes a mean-zero normal vector with the covariance matrix 2V;'QoV,'. Therefore, as
7o ranges over [0, +00], the limit distribution varies “continuously,” which can be seen from
the weight mo/(1 + m9) going to 1 as my — oo and it vanishing as m9 — 0.

For the case v = 1, similar results hold although there is an important difference.
If 19 = +oo, then the limit distribution is Gaussian, and the conventional distributional

approximation works. Yet, when m is finite, then the limit distribution becomes

1, To 1 3/2
argmaxi — —S Vs + sZ+< ) Ws}
e { % YOS T 1+ (s)

where Z = Normal(0,4%,), W is a mean-zero Gaussian process whose covariance kernel is
2Co(+, ), and Z 1 W. The argmax generally does not have a closed form, and the distribution
is non-normal. As in the case with v = 2, the limit distribution changes continuously with
o, although interpretation as a convex combination of two normal vectors does not apply.

Note that when m, does not converge on the extended real line, arguing along subse-
quences establishes that the law of arg maxg pr{G,(s)} continues to well approximate the
distribution of rn(én — 6y). Thus, we do not need to assume that the sequence m, has a
well-defined limit.

From practical point of view, Theorem 7 may provide a better distributional approxi-
mation in samples of moderate size. The key object here is m,. If m, is “large” given the

sample size and bandwidth, then we expect that the conventional approximation works well,

provided that the bias term is also small. On the other hand, if 7, is not sufficiently large,
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accounting for the additional source of variance can improve the distributional approxima-
tion. There are different ways in which 7, may be small. For instance, the dimension of
conditioning covariates w can be large (e.g., d > 3), and in such case, choosing a bandwidth
that makes the smoothing bias small and 7, large simultaneously may not be feasible. Fur-
thermore, in practice, researchers may not know whether or not given m, is sufficiently large

because it depends on the underlying data generating process.

IV.4 Conclusion

This chapter develops a novel distributional approximation to a class of smoothed pairwise
difference estimators. I not only allow for weaker restrictions on bandwidth sequence but
also highlight potential non-robustness of conventional Gaussian approximation. Given this
robustness issue, it is desirable to construct inference procedures that automatically adapt
to different bandwidth sequences. One may conjecture that resampling methods capture the
additional variance term when the bandwidth sequence is small. However, one can show that
the standard nonparametric bootstrap fails to approximate the correct limit distribution. In
future work, I plan to address this inference problem by developing appropriately modified

bootstrap procedures that are robust with respect to bandwidth choice.
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APPENDIX A

Proofs for Chapter II

A.1 Proofs

Let LP(u) be the class of functions whose pth power is integrable with respect to u. I write

Fyw, Fo for the distribution of random vectors W, ©, and so on.

A.1.1 Proof of Lemma 1

Inverse of ¥
Recall
h(w) = [ ) fon (6lw)iNE).

Let H be the range of ¥ on L?*(Fg). I show that h € H is square-integrable with respect to
Fy. For any h € L*(Fp),

I
—— —

Jewnpary = [ [ [ 16 o @lw)ixe)] arvw)

(E[A(849)| Wiy = w])*dFyy (w)

IN

[Ell7(Oi)[*[Wig = w]dFyy (w)

Il
&=

[17(©ig)[] < o0.

By boundedness of fg, ¥ is a compact linear operator. Then, Theorem 15.16 in Kress

(2014) implies there exist non-negative reals {7; : j € N} and orthonormal sequences {¢; :
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Jj €N} {p;:j € N} in L?*(Fg) and H, respectively, such that

Uh = ZT] , 05 ew;

where (h, ¢9)o = [ h¢dFg. Also let (m, p)w = [ mpdFy .

Without loss of generality, assume 7; > 0 for all j. Define

fm = ZT m, ;) wo;.

By definition, $TWh = h on L*(Fg).
Integral with respect to fy ;8

fwiss/fw € H because

fwiss(wls,b) = /fW|e7J7B(w]9,s,b)f@|,],13(9|8,b)d)\(9)
:/fW|e,B(w|‘97b)f9|J7B(Q|S’b)d)‘(0)
— [ fwie(wl6)forsa 6l b)AE)
= ‘I’(f@|J,B/f®)(w)fW(w)
and felus/fo € L*(Fo), where the second equality holds by J = J(6©,A,n) and n L

(W, 0)|B and the third follows from independence W 1 B|©.
Then, O (fws/fw) = fosp/fo. Write m(#) = E|w;y|0;, = 0]. If the interchange of
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integral and infinite sum is permitted,

Elwig| Jig = 5, By = b] = / Elwig|Oig = 0, Jig = 5, By = b] fo18(0]s, b)dA(6)
= / E[wig|Oig = 0] fols5(0]s, b)dA(6)

iy feisn(@lsb)
- / (0) 7 T2 aro 6)

— [ m(O) (¥ Sl b)/fir () (6)Fa(6)
= [ )| o7 aamCls ) i), s 6)| aro(o)

- f;n-%fwJ,B<-|s,b>/fw<->,soj>w [mow@ime  a
-/ [i [ (016,07 (0)6,0)] Fwisn(uls Dlautu) (42
where I use wi, L B,|©,, for the second equality. To justify (A.1), it suffices to show
Z / [ Cls, b/ fr (), 00w | Im(8)6;(6) [dFo (6) < .

Using fwss/fw = ¥ feluB/ fo,

—~

(fwis (s, D)/ fw (), i) w ‘I’(f@uB/fe) ©i)w

I
”MS /\

)\e f@|J,B/f@>¢4>®W’%>W

=1

Me(felsB/ fo, de)elpr, ©j)w

o~

1

= 7;(foluB/ fo. ®;)e.

Thus, it suffices to have

Z{ (folsm/ fo, d5)e|{Iml, |d;)e < ||m||@Z [(forsB/ fo, d5)e| < 0

] 1 j:l
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where || - |lo is the norm induced by (-,-)e and I use ||¢;|le = 1 for j € N. For (A.2), it

suffices to show

Z / Tj_1|fW|J,B(w|Sv b)Soj(w)”(m, ¢j>@}d,u(w)

1/2

SZ [, é)e /\fWuBmsb\du /m ) Pdp(w)

Z ,gﬁj)@‘ < 0.
=1

| /\

Thus, the interchageability follows from Assumption 4.

Since

= rlaeiw), a5 = (m,é)e,
j=1

{oj/7; - j € N} is square-summable, and {g; : j € N} is an orthonormal set with respect to

Fyw, 9 is square integrable with respect to Fyy.

A.1.2 Proof of Theorem 1

By taking conditional expectations given Fy|;8(-|Jig, By),

E[Yis,0|Fw s (| Jig: Bg)]

= E[XJ,, gl Fwi 58 ([ Jig, By)|'B + E[Wig| Fiw 18- Jig, Bg)ly + /@Z)(w)dFWMB(ing, B,)
and subtracting this conditional expectation from the equation (II.11),

Yisiyg = ElYir,gl Fw s (-|Jig, By)]

= { X190 — E[X s, Fwism (| Jig, Bo)I} B + {Wig — E[Wig| Fiism (-1 Jig, Bg)] } 7 + €4

Writing Vg = (X7, , Wi,)',

s
g

E[{Vig — ElVig| Fw1B,]}Yis,el = E{Vig — E[ViglFwsB,1-H{Vig — E[Vig| FwsB,]}]
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Then, the invertibility condition 2 guarantees identifiability of .

A.1.3 Proof of Theorem 2

Below, I use the following notational conventions. For two sequences of real numbers a,, and
by, a, < b, means there exists a constant C' not dependent on n such that a,/b, < C for
n large enough. For sequences of random variables X, and Y,,, X,, <p Y,, means that there
exists a fixed constant C' satisfying Pr(X, < CY,) — 1 as n — oo. Given a symmetric
matrix X, I write Apax(X) and A\yin(X) for largest and smallest eigenvalues of the matrix

X. Define Ag = Amax(Qx) and X = 1/A\uin (Qx )-

Also, define
o o0 ,
ric = ( S SElp(Wi) [ Ji, B,y S 5kE[pk(WNG)|JNG,BG]>
k=K+1 k=K+1
g = (811, e ,SNg),.

Proof. Lemma 4 below implies the first part. By Var(xs—E[wig|Jig = 5, By]) > 0, E[e;54€;54] >
0 and the minimum eigenvalue of

1
E[ngtn,] = NE[PKiQPI/(ig‘SZZg] + (1 = 1/N)E[Prig Py ,EigE jg]

is bounded from below uniformly in K. In addition, ||Qx"|| > 1/Amax(Qx), which is bounded
away from zero uniformly. Thus, Apnin(2x) is bounded away from zero uniformly.

For the asymptotic normality of the oracle estimator, note ¥y, is mean zero and inde-
pendent across t. I verify Lindberg’s condition. The variance matrix is the identity matrix

by construction. For any vector v, I want to show for all d > 0,

B[V S Qi g P I{|V' Qi S Qi tong| > dVEY] — 0.
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Letting @, = v/Qy/?SQ5! Prig, we have v/, *SQ i ng = 32, @igesg/N and |miy| < Ci.

E[[v' Q. *SQi g P I{ V' *SQi g > dV G}
N N N
1 1 1 1/2
< _2: 2_}: 2 ’_2: 12 > WO
— EN — |wlg| N — |€'Lg| ]{ N — |€Zg| - d G/CK}

1 N 1 N
< E[|w;g|?] su ]E[— € 2[{’— Eigl”
<E[ gl]PKIg) N;‘ g’ N;l g‘

e Lo~ )2 4
< EfJowg| ]%supﬁ[(ﬁgw ) |Prs] S ch/G o0,

Pky

" 2 G} e

]

Now I prove the asymptotic (first-order) equivalency between the oracle and feasible

estimators. Let 0 = (5',7/,01,...,dk) and we have

B—B=8SQPy(Px —Pg)0/NG +SQ'Prrk /NG + SQ'P\e/NG
=T +1I+IIL

For I, Lemmas 4, 5, and 7 imply that it is Op(fx max{Cx, VK }/K log(NG)/NG). For 11,
the calculation done in Lemma 4 yields that it is Op(v/Ag K "), and for I1I,

SQ'Ple/NG = S{Q:' — QY (Px — Px)e/NG + S{Q:' — Q' }P)e/NG
+ Qi (Px —Py)e/NG + Q' Ple/NG
= Q'Pe/NG + Op(\2 max{(x, VK }/K10g(NG) /NG + Ax/K/NG).

Lemmas for Proof of Theorem 2

Lemma 4. Assume (3 ik log K/G — 0.

i%(CKS\Kvlog K)

Buute = B = SQE!Ple /NG + Op((Ai) V2K ) + Op (K

where (g = (NG)V/™w 4 GYma 4 &
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Proof. By decomposition, By = 8 + S(P,Px) P (rg + €) and
B — B = SQE'Pe/NG + S(PPr) 'Pyry + S{(PPx/NG) ™" — Q' }Pie/NG.
First, Lemma 6.2 in Belloni et al. (2015) implies

(PP /NG) — Q] = O (1 SN EY, (43)

Thus, the smallest eigenvalue of Qi = (P Px/NG) is bounded below by Amin(Qx){1 +
op(1)} if 2A2 Ak log K/G — 0. Using Frobenius norm || - ||,

(PP ) "Prr|? = e PrQr*Qil Qi P Pleric /(NG)?
S]p S\K’I“IKPK(P/KPK)_lleTK/NG

5 S\KT}(T’K/NG = O[[D(S\KK_m)).

For S{(P%Px/NG)™ ! — Q' }P%e/NG, since ¢, is conditionally mean zero given Pig, it

suffices to look at its variance. For the conditional variance given P,

N72G2

P/ P\ ! ¢ , PP\l )
N R (L LR
g=1
1 G N
<GY|S{(PKPk/NG)™ - QRI}N—G > PrigPriy{ PP /NG — Q' }'S|

g=1 =1

< G A% log K
= G |S{(PPi/NC) " — Qi IPKP /NG| = s (G 3, A OE L)

where Tuse A™' — B™' = B7'(B—- A)A™L. O

Lemma 5. Let Qi = (P4 Px/NG)™. Under max{(x, VK } Ak /K log(NG)/NG — 0,

1Qx I <e 11QK|

7



Proof. Using Lemma 7

|PxPx/NG — Py Pr /NG| < |Px — Pg|*/NG +2||(Px — Pk| /NG
= Op(max{Cx, VK }/Klog(NG)/NG).

Lemma 6. If Assumption 6 holds, then

max || Pig — Prigl| = O(V/K/N).
159G
1<i<N

Proof. By definition,
K

N
~ 2
|Pcig = Prcall® = > (57— D2 peWig H{Jzg = Jia} = ElpeWyy)|Jsg = Jig. Bo))

=1 Jigg j=1

1

and using Ny,/N > ¢ > 0 for all s € S and t with probability approaching one,

N
1
J Zpé(w/jgﬂ{‘]jg = Jig} — Elpe(Wig)|Jjg = Jig, By]
igd j=1
1 p(W;
=0r(l) > (peWig) I{Jjg = Jig} — Eloe(Wig)|Jig = Jig, By]) + —(NQ)OIP(D-
J#i

Conditional on J;4, and B, the summand is independent across j and Corollary 4.3 in Pollard

(1989) implies that

£eN

1
sup ’\/_N ; (pg(ng)[{Jjg = Jigh — Elpe(Wjg)|Jjg = Jig, Bg])’ = Op(1).

The uniformity of the bound with respect to the conditioning variables (J;,, B,) indicates

that the above bound hold uniformly in (i,¢9) € {1,..., N} x {1,...,G}. O

Lemma 7. Under the hypothesis of Lemma 6,

1P (Px —Px)|| = Op(v/GN K log(NG) max{(x, VK}).
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Proof.

G N

G
P/ (PK—PK ZZPKZQ PKzg PKzg = ZEQ
g=1

g=1 i=1

I use Theorem 1.6 in Tropp (2012). Using Lemma 6, ||Pxiy — Pxyyl| < C+/K/N with

probability arbitrary close to one with some large constant C' and

N
IZ4ll < CD Y N PrigllVE/N < CCxVNK

i=1 j#i

For the variance terms,

N
IEEZI = || Y  E[PrigPijy(Prig — Prig) (Picjg — Prcjg)] ‘
i=1 j=1
N N
SO CE|PrigPicj 1 E/N < N?GH(E/N) = (A NK
i=1 j=1
N N
IEEZ N = || DD El(Pxjg — Prjg)(Prig — Prig)' PicigPrcio)

i=1 j=1

N N
<Y > E[|Prjg — Prigllll Prig — Prcigll| Phesy Prcjgll S N*(K/N)K = K*N.

i=1 j=1

Then, Theorem 1.6 in Tropp (2012) implies

G
Pr (H ZEF]
g=1

> M) < 2NGexp ( —ME/2 )
- - NGK max{C%, K} 4+ (xkVNKM/3

and taking M = /TN K log(NG) max{(x, V'K } shows the desired result. O

Lemma 8. If Assumptions 6 and 8 hold,

|(Px —Px)'e/NG|| = Oe(\/K/NG).
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Proof.

1

M=
Mz

E||(Px - Pr)'s/NG|? = E|

NG
g=1 i=1
1 G N N
= vE 22

14 1

g 1

SGT

==
3|~
WE

N
Il
—
.
Il
—

E[‘Eiggjgu'

A.1.4 Proof of Theorem 3

Recall
Qx = SQ 2k Q'S
where Qi = PPy /NG,
I on, -
ZK = 5 Z ¢Ng¢ng
g=1
and 6 = (P,Px) " (P} Y). Using the lemmas below,

A—1/2 -1/2 A—1/21111HL/2
197 — Q2| < (1957211957 —

and

120 — Qcl| = Op(11QK" — Qi ISk QR + 1 Qx

which shows the result.

Lemma 9. Under the hypothesis of Theorem 3,

(Pxig — Prig)eig

. 1 &
Yng = Nz;PKig(

E[(-lf)Kig - PKig)(ijg — Pgjg)€ig€i]

}/19 - pll(zgé)

QLN < A {2202 Q% — Q|

Y22k — =k,

HSK - zH = Op(G (CxV/EJG + VEIN + K~) + Gy (NG)Vme log K/ G).
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Proof.

G G
N R 1 1
€25 — Q|| < 192 — > gl + = D gt — Q-
g=1 g=1

For the second term, Lemma 6.2 in Belloni et al. (2015) implies that it is Op((x\/(NG)/™= log K /G).
For the first term,

A 1 G " 7 1 . n ! 1 S d
Yk = a Z (¢Ng - ¢N9)ng + a Zng(ng N ng) + G Zngng
g=1 9=1 9=t
and

N N N
R 1 N PPN 1 PN 1
ng - ng = N E :(PKig - PKig)(Y;g - PII(ige) - N E :PKig(PI/(ige - Pll(ig'9> + N E :PKigTig
i=1

i=1 =1

N N
1 R 1 . A A
=5 D (Prig — Prig)(Eig +7ig) + N > (Pxig — Prig)(Piciyf — Pieiy)
=1 =1

N N
1 RSN 1
— N Z PK,-g(PI'QgQ — P[/(de) + N Z PKigTig'
i=1

i=1
Note || Pxig — Prigll = Op(y/K/N) and ||6 — 6| = Op(\/K/G). The latter follows from
160 — 0] = QK" Pe/NG| + 0p(G™/*) = Op(\/K/G).
Then,

1Pieigf = Preigfll < | Prcig 16 — 61| + 1| Prcig — Prcig 6]

= Op(Ck\/K/G + VK/N)
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and

= Op(V K/N)

1
N (PKig — Pkig)(€ig + Tig)

‘Mz HMz

@
Il
—

(Piciy = Picia) (Phig = Phesg0) | = Os (/N + G K VNG

==

==

s
Il
—

Picia(Pheyf) = Pheag)|| = Ox(GV/EG + G VKN

==

PK'ig'rig = OIP’(CKKia)'

=1

Thus, |[¥ng — Ungll = Op(Ck(Cr/K/G + /K/N + K~*)) and the conclusion follows from
9wl + lldngll = Or(Cro)- O

Lemma 10 (Lemma 2.2 in Schmitt (1992)). Let A and B two symmetric matrices satisfying
A= p2l, B = 21, where A = B denotes A — B is positive definite. Then,

1AY2 = B2 < {pa + pu} M| A = BJ.

A.1.5 Proof of Theorem 4

By taking conditional expectation give Fy|;8(-|Jig, By),

E[Yis,, ¢l Fwiss]l = E[X, ¢ Fwisl 6 + E[Wie| Fw|s8] ”Y+/¢ w)dFw ) 8(w|Jig, By).

Then, subtracting it from the original equation,
B
YiJigg - E[YiJigg‘FWlJ,B] - {V;g - E{%9|FW\J,B]} + Eig

where Vig = (X, o, Wi;)'. Then, letting Zig = (Z},,9: Wig)',

B
gl

E[Zig{Yi,,6 — E[Yis,el Fw s8]} = E[Zig{Vig — E[Vig| Fw s8]}
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and full column rank of the matrix implies identifiability of 5.

A.1.6 Proof of Theorem 5

By the independence assumption

fwess(w, els,b) :/fW,le,B,@(w,€’S,b,9)f@|J7B(9|37b)d9
= [ el l0)foyun(0ls.b)as
and similarly,
fwizs(w]s,b) :/fW|e(w|9)f@|J,B(9|S,b)d@.

By injectivity of ¥, we have

U (fiwiss(-]s,))(0) = fosm(fls,b).
Then, conditioning on Fy;8(:|Jig, By), the function fiy. ;s is non-stochastic. Therefore,

E[}/;Jiggl)(]igg =, FW|J7B('|JZ'97 Bg)]
= E[m(z, Wiy, €i5,,)| X1,y = T, Fw 158 (-| Jig, By)]

= E[E[m(x, Wig, €i5,,)| X 5,9 = @, Jig, Bgl| X 1,9 = ©, FiwsB(|Jig, By)]

— B[ [ (e, w. Bl im0 €l By) X = 2.8, X = . Fvisn(c . By )|
— [ o, €)E i am (w1 B X = 2. Fvis( 1y, Bl )

= /m(:v, w, e)E[fwess(w, e|lJig, Bg) | Fwis(:|Jig, Bg)]d(w, €)

where the third equality use the display below, the second-to-last equality uses the Fubini

theorem to interchange the order of integration, and the last equality uses fw. ;B is non-
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stochastic conditional on Fy ;. For the third equality in the above display,
Elm(z, Wig, €i,9)| Jig: By] ZE m(z, Wig, €isg)|Jig = 5, Bg] Pr(Jig = 5|By)

= Z/m(:c,w, e) fwess(w, els, By)d(w, e) Pr(J;y = s|By)
s=1
= [ e Bl fm (el BBy Jd(w. ).

Finally, letting v be the measure corresponding to the distribution of Fyy ;g, which is iden-

tifiable from the data,

[ BVins/ X0 = 2. Fuian(c 3, B) = Flav(F)
= /m(x,w,e)E[fW75|J,B(w,e|JZ-g,Bg)|FW|J7B(-|JZ-g,Bg) = Fld(w,e)dv(F)
- / (w0, )E|fuye (1, €| gy By)|d(uw, €)

:/m(x,w,e)fw,e(w,e)d(w,e).

A.2 Details of DGPs for Monte Carlo Studies

The details of the DGPs used in the simulation studies are following. I use G = 1,000 and
for each city, N = 300 and S = 3 with the constraint that each group can have at most 115
people. The final sample from the NLS72 dataset contains 917 schools, which I treated as
independent draws. This assumption is valid if schools are geographically isolated from each
other.

The econometric model generating the data is

Ks:Xsﬁ+m/7+wi+Xs+€is

J; = argmax{©’ A, + n;s}
s€{1,2,3}

where § = —0.15 and v = (—0.0003,0.06)" are taken from an estimate in the NLS72. Also,
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W; has a bivariate normal distribution with mean (12.37,10.92) and covariance matrix

4.25 0.49
0.49 0.42

The means and covariance matrix are based on the NLS72 data. The preference coefficient
O; is generated by
@i = Wi+wi1—|—1/i

where 1 is 2 X 1 vector whose elements are unity and v; is a mean-zero bivariate normal with
1 025

025 1
with standard deviation 0.446, which imitates the standard error of a regression from the

covariance matrix [ } . For y, and €;,, they have a mean-zero normal distribution

data. The idiosyncratic term 7;s is drawn from mean-zero normal distribution with standard
deviation 2. For X, I use the empirical distribution of a school-level variable observed in the
NLS72 dataset; A consists of X and a binary variable that takes value 1 with probability
0.29 and has correlation of 0.25 with X,.

For w;, each DGP generates this variable in different ways. For DGP1, w; has a joint
normal distribution with W;, its mean is 2.16, variance is 0.51, and the covariance with W;
is 0.051, 0.024. The joint normality leads to the linear specification of the control function.

For DGP2, I model
w; = 0.1 %xu; + 2% I{Wh + Wo; — E[Wh + Wgz] > UZ‘}

where u; has the same distribution as w; in DGP1 (jointly normal with W;) and v; =4

Normal(0,0.2). For the third DGP,
w; = 0.5% Wi+ 0.5 Wy,

where W7; and W, represent the first and second component of W.
In terms of implementation, I generate the random variables and compute utilities of

choosing different groups for each individual. Then, I use linear programming to find an
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allocation that maximizes the sum of utilities under the group size constraint. Altonji and

Mansfield use this step in their simulation and I follow their procedure.
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APPENDIX B

Proofs for Chapter III

B.1 Proofs

B.1.1 Weak Convergence of Original Estimator

Under the assumptions of the theorem,

rn(én — 0y) = argmax{Q,(s) + én(s)} + op(1),

scRd

where

Qn(s) = r2[M,(0y +sr; ) — M, (6,)]1(6y +sr,' € ©)

and
Go(s) = 12[M,(0y + s ') — M,(60) — M, (8 +sr') + M, (6,)]1(68y + sr ' € ©).

Moreover, (6, —8y) = Op(1) by Lemmas 11 and 13 and Q,+G,, ~ Qy+Go by Lemmas
12, 14, and 15. The result now follows from the argmax continuous mapping theorem.
Consistency

Lemma 11. Suppose Condition CRA(i) holds and suppose r, — oo. If

~

M, (8,,) > sup M, (8) — op(1),
0cO®
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then 6,, — 8y = op(1).

Proof of Lemma 11. It suffices to show that every ¢ > 0 admits a positive constant

¢s such that

P |M,(6,) — sup M,(0) >cs| — 1. (B.1)
6€0\0}

By assumption, supgeg |Mn(0)—My(0)| = o(1). Also, it follows from (Pollard, 1989, Theorem
4.2) that

sup |11,,(6) — M,(6)| = Op(v/n~'Elm,(2)?]) = Op(1/y/ngs) = Op(r,*/?) = op(1).

6coO

As a consequence, for any ¢ > 0,

M, (6y) — sup M, (6) = My(6p) — sup My(6) + op(1),
0c0\0) 0c0\0)

so (B.1) is satisfied with ¢; = [My(8y) — SUPgee\@f Moy(6)]/2. O

Local Behavior of M,

If M, is twice continuously differentiable on a neighborhood ©,, of 8y, then it follows from

Taylor’s theorem that

1 , . 1.
M, (0) — M, (6y) + 5(9 —00)'V, (0 —6y)| < M,|60 — 0 + §Mn\|0 — 6o]?, (B.2)
for every 0 € ©,,, where
V——la—gM(o) M, = 2M(e) M, = o [M,,(0) — M, (8,)]
n — 2 9000’ n\Y0/, n — o0 n\Y0 ; n — Gseugpn 0000’ n n\Y0

As an immediate consequence of (B.2), we have the following result about @Q,,.

Lemma 12. Suppose Condition CRA(ii) holds and suppose r, — oo. Then, for any finite
K >0,
sup |Qn(s) — Qo(s)| — 0.

[sl<K
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Proof of Lemma 12. Let K > 0 be given and suppose n is large enough that Kr;! <,
where § > 0 is as in Condition CRA(ii). Using (B.2) with ©,, = @éﬁ’:l, we have, uniformly
in s with ||s]| < K,

Qu(s) — Qu(s)] = |12V, (B + 7") — M, (80)] + ' Vos

IN

1 ) 1 .
5 8" (Vo = Vo)s| + 1M |s] + §Mn1\81\2 = K?%0(1),

where the last equality uses

0? . P
V,—V,= ~ 5000 [M,(0g) — My(68y)] — 0, roM, =1, %Mn(eo) — 0,
and
. o2
6cef™
0? 0?
<2 M, (0) — My(6 ———[My(0) — My(6
<2 sw i) - @)+ sw | - 6] o
0co, " e,
which completes the proof. n

Rate of Convergence

Lemma 13. Suppose Conditions CRA(1i) and CRA(iii) hold and suppose r, — oco. If 6, —
0o = op(1) and if

~

Mn(én) Z sup Mn(e) - OP(TEZL
0O

then 6, — 8y = Op(r; ).

Proof of Lemma 13. For any § > 0 and any positive integer C, P[r,||6, — 8o > 2¢]
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is no greater than

Plsup My (8) — My (8,) = 67,7 + P[]0, — 65| > 6/2]

9co
S A T ACE AT P
j>C2i<sr, LT <Tall6=boll<¥

By assumption, the probabilities on the first line go to zero for any § > 0. As a consequence,
it suffices to show that the sum on the last line can be made arbitrarily small (for large n)
by making § > 0 small and C' large.

To do so, let 6 > 0 be small enough so that Conditions CRA(ii) and CRA(iii) are
satisfied and

lim inf[Amin (V) — M) > 0,

n—oo

where Apin(+) denotes the minimal eigenvalue of the argument and

82
W[Mn(a) — M, (0o)]

92 s
V, = M, (6y), M? = sup

Then, for all n large enough and for any integer pair (j,C) with j > C, we have:

M, (60) — sup M, () — r;2 > 2% ¢, (6,C)r,?
21=1<r[|0—6 || <27
where
1 - 0
cn(6,C) = g[Amm(vn) — M°]—27%, %ano) — 2720,

and where the inequality uses the following implication of (B.2): If Apin (V) — M? > 0, then

M, (8y) — sup M,(0) >

Amin (Vi) — M?] inf ||@ — 6,||> — M, sup ||6 — 6|
0co, ECH oce!,

N —

for any subset @/, of ©,,.

Choosing C' large enough that liminf, . ¢,(0,C) > 2¢ > 0 for some ¢ > 0, we may
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assume that ¢, (d,C) > ¢ for every n, in which case

Z P [ sup Mn(a) — ]\7[n(00) > —§rn2]

2-1<r,[|0—80| <27

j>C,2i<éry,
< 2 F P {M,,(8) = M, (89) — My(6) + My(60)} > 2% ¢, (6, C)r,)”
j>C2i<sr, L2 <rnll0—60]|<27

< Y P| sup [[My(6) — My(80) — My(6) + M,(60)] = 22j07’;2]

j>C2i<ér,  Lm16—0oll<2

T%E |:Suprn||9,90||§2j ||Mn(9) - Mn(OO) - Mn(e) + MN(OO)H]

< > P :

50,29 <éry,

where the last inequality uses the Markov inequality.
Under Condition CRAL(il), g, Supg<y<s E[d2 (z)?/8'] = O(1) and it follows from (Pollard,
1989, Theorem 4.2) that the sum on the last line is bounded by a constant multiple of

2

2\ Eldy ™ (2)?) W :
s R o Y

!
J>C,21 <brn 0<d'<9 j>C

which can be made arbitrarily small by making C' large. O

Weak Convergence

To show that G,, ~ Go, it suffices to show finite-dimensional convergence and stochastic

equicontinuity.

Lemma 14. Suppose Conditions CRA (iii) and CRA (iv) hold, r,, — 00, and suppose Q,(s) =
o(y/n) for every s € Re. Then G converges to Go in the sense of weak convergence of finite-

dimensional projections.
Proof of Lemma 14. Because G, (s) = n~/2 3" 4, (z;;s), where
Vn(2:8) = \/Tnn|mn(z, 00 +sr,1) — m,(2,00) — M, (0 +sr, ') + M, (00)]1(0, +sr, ! € ©)

the result follows from the Cramér-Wold device and the Berry-Esseen inequality if it can be
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shown that, for any s,t € R?,

Ew}n(z; s)Un(2; t)] — Co(s,t)

and

n”PE[¢n(z;8) "] — 0.

Let s,t € R? be given and suppose without loss of generality that 6y +sr,; !, 0y +tr, ! €
©. Then, using @, (s) = o(y/n) and the representation

¢n(z; S) =V ann[mn(za 90 + ST';l) - mn(za 90)] - n_l/an(s)a

I have:

E[wn<z§s)wn<z§t)]
= 10 @nB[{m (2,80 +s1,1) — my(2,00) Hmn (2,00 + tr,") — mn(z,00)}] — 77 Qu(s)Qn(t)
— C()(S,t)

and, using E[d%"(z)®] = o(q;?) (for 6, = O(r; 1)),

n”VPE[Y (2 8) ) < 87V 2 g P Em (2, 00 + s, 1) — ma(z, 00)[°] + 8072|Qu(s)

= o(n %4724, %) + o(n”1?) = o(1),

as was to be shown. O

Lemma 15. Suppose Conditions CRA(1ii) and CRA(v) hold and suppose r,, — oo. Then,
for any finite K > 0 and for any positive A,, with A,, = o(1),

sup  |Gh(s) — Gu(t)] —p 0.
ls—t||<An
lIsll,[[tll<K

Proof of Lemma 15. Let K > 0 be given. Proceeding as in the proof of (Kim and
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Pollard, 1990, Lemma 4.6) and using the fact that ¢,0; 'E[d’"(z)?] = O(1) (for 8, = O(

it suffices to show that

1

. 2
nTn  SUDP E E dn<Zius7t) —P 07
ls—t]|<As, i=1
[Isll; [l <A

where d,(z;s,t) = |m,(z, 0y +sr,; ') — m,(z, 0y + tr; )] /2.
For any C' > 0 and any s, t € R? with ||s||, ||t < K,

Zd zi;8,t)? < ¢, — de“ ]l{qndKT” (z;) > C}
+ CE[d,(z;s,t)]

n c% Z{dn(zi; s,t) — E[d,(z;s,t)]},

and therefore

1 K K
qnrnE | sup —Zdn(z;s,t)2 < @B dfrnl(z)2]1{qnd£{r”l(z) > C}]
”S_tHSAn n i=1
sl lItl<K

+Cr, sup E[d,(z;s,t)]
s—tl|<A,
[Is[l, [l <F

+Cr,E | sup Z{d z;;8,t) — E[d,(z;s,t)]}|
n

[s—t||<A,
s, [t <k

For large n, the first term on the majorant side can be made arbitrarily small by making
C large. Also, for any fixed C, the second term tends to zero because A, — 0. Finally,

(Pollard, 1989, Theorem 4.2) can be used to show that for fixed C' and for large n, the last

term is bounded by a constant multiple of

rnn1/2 E[d_nKT'ZI(Z)Q] _ \/En:l\/an[CZTIfr,Tl(Z)Q/(KTT:l)] = O(T‘_l) — 0(1)7

which gives the result.
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B.1.2 Proof of Theorem 6

Under the assumptions of the theorem,

ru(0;, — 0n) = arsg;éldax{c?n(s) + G5 (s)} + op(1),
where
Qu(s) = r2[M, (0, +sr; ') — M,(0,)]1(0, +sr;' € ©) = —%s'{fnsmén +sr;le@®)
and

GZ(S) = r?z[M;(én + Srﬁl) - ;(én) - Mn(én + ST‘JI) + M:(én)]l(én + Srﬁl €0).
Moreover, rn(éj‘l — én) = Op(1) by Lemmas 16 and 18 and Qn + GZ ~p Qo + Go
by Lemmas 17, 19, and 20. The result now follows from the argmax continuous mapping

theorem.

Consistency

Lemma 16. Suppose Condition CRA(i) holds, r,, — oo, and suppose \~7n —p Vo, where V,
1s positive definite. If

M (6%) > sup M () — op(1),
0c®

then 6% — 6,, = op(1).

Proof of Lemma 16. It suffices to show that every ¢ > 0 admits a positive constant

c; such that

P | M:(0,) — sup M:(0)>ci| —1, (B.3)
0c0\6
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where @ = {0 € © : |0 — 6,|| < §}. The process M* satisfies

~ ~ ~ 1 ~” e N ~ 1 &
M, (6) = M (0) — M,(6) — 5(0 - Qn)/vn(e —0n), M, (0) = n Z mn(ZZn, 0).
1=1

It follows from (Pollard, 1989, Theorem 4.2) that

sup [M;:(6) — M, (8)| = Op(v/n'E[my(2)?]) = Op(r;,*%) = 0p(1).

As a consequence, for any 6 > 0,

o . 1 L R
M:(0,)— sup M:0)=—= inf (6—6,)V,(0-80,)+opl),
00\ 2 pco\0)
so (B.1) is satisfied with ¢ = §*Apin(Vo + V§)/8. O

Local Behavior of M,

Because

W1,(0) = EX[N(0)] =+ > a7, 0) = —5(0 — 0,V (0 = 0,),

we have the following result about Q,,.

Lemma 17. Suppose r, — oo, V,, —p Vy, and suppose én —p O, where By is an interior

point of ©. Then, for any finite K > 0,

~ 1 ,
sup |@Qn(s) — (_ES Vos) | —p 0.

Isll<K

Proof of Lemma 17. Uniformly in s with ||s|| < K, we have:

- 1 .
s'(V, — Vo)s| + 5 s'Vos| 1(0,, +sr,' ¢ ©) < K?0p(1),

Quls) ~ (~5Vis) 1 < 5

where the last equality uses V,, —p Vo and P(0,, +sr! ¢ ©) — 0. O
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Rate of Convergence

A

Lemma 18. Suppose Condition CRA(iii) holds, 8,, — 8y = Op(r,;') = op(1), and suppose

n

V., = Vo, where Vy is positive definite. If 5: —0, op(l) and if

M;;(67) = sup M;(6) — oe(r, %),
0cO

A

then 6% — 0,, = Op(r;1).
Proof of Lemma 18. For any § > 0 and any positive integer C, P[r,[|0% — 8,,|| > 2°*]

is no greater than

Plsup M;;(6) — M;(8) = 6r, %] + B[V, = Vo|| > 6] + |16, — 6.l > 6/4]
6cO

+P[r,||0, — 6] > 2]

+ ) P A sup ) M*(0) — M*(0,) > —br?
j>C2it1<sr,  [2771<rall0—0n]/<27,r 00 —00[|<2C ||V 0~V <d
By assumption, the probabilities on the first line go to zero for any 6 > 0 and the probability
on the second line can be made arbitrarily small by making C' large. As a consequence, it
suffices to show that the sum on the last line can be made arbitrarily small (for large n) by
making § > 0 small and C' large.
To do so, let § > 0 be small enough so that Condition CRA(iii) holds and

. ) / . /
||V_1{1/£||§6 )\mm(V + \% ) > /\mln(VO + \/O)/2

Then, if |V, — Vi < 4, we have, for any integer pair (j,C) with j > C' :

M, (8,) — sup M, (8) — 6r;2 > 2%¢*(5,C)r 2

2511, [|0—6,]| <29
where

1
C* (5, C) = ﬁ)\min(vo + V6) — 2_205.
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Choosing C large enough that ¢*(0, C') > ¢* > 0 for some ¢* > 0 and using the fact that

~ ~

M;(@) - M;(én) - Mn(e) + Mn(éN) = M*(O) - M;:(én> - Mn(e) + Mn(én)a

n

we therefore have:

> P[ sup M;;(0) — M;;(6,) > —673:2]
j>C2it1<sr, |27 <rnl|0=60n]<27 1|0, —60]|<2€ | V0~ Vo | <5
< > P sup mﬁwwwm@a—M4m+Mam»zf%wﬂ

j>C2it1<sr, |27 <rnl|0—60n]<27,rp |0, 60| <2€

S X e w0 50) - 00) 450> 2
j>C2it1<sr,  Lnll0—0nlI<27,rn]|0n—60]|<2¢
V2B 50, 0_onj<arenor_onj<ae |1V13(8) — NE3(8) — 1,(68) + N1,(0")|

- 227 c* ’

Jj>C 201 <oy

where the last inequality uses the Markov inequality.
Under Condition CRAL(iii), ¢, supy<y <, E[d’, (z)?/¢] = O(1) and (Pollard, 1989, Theo-
rem 4.2) can be used to show that the sum on the last line is bounded by a constant multiple

of

WE ™ (2)?] - 1
) o sf%wmmwmzww

/
J>C,20+1<5r, 0<07<9 j=C

which can be made arbitrarily small by making C' large. O

Weak Convergence

To show that é; ~p Gy, it suffices to show finite-dimensional conditional weak convergence

in probability and stochastic equicontinuity.

Lemma 19. Suppose Conditions CRA (iii) and CRA () hold, 8, — 8y = Op(r;') = op(1),
and suppose SUp|sj<x \G’n(s) + Qn(s)| = op(\/n) for every finite K > 0. Then é;‘; converges
to Gy in the sense of conditional weak convergence in probability of finite-dimensional pro-

jections.
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Proof of Lemma 19. Because G*(s) =n~ /23" ﬁn(z;n; s), where

~ ~ ~ A A A

Un(2:8) = \/Tntnlma(z, 0, +sr7Y) —mn(z,0,) — M,(0, +sr ') + M, (6,)]1(0, +sr;' € ©),

the result follows from the Cramér-Wold device and the Berry-Esseen inequality if it can be

shown that, for any s,t € R%,

n

~

" [@;n(Z*; S)qﬁn(Z*; t)] = % Z &n (Zi; S)wn(zi; t) —Pp Co(S, t)
=1

and

— * 7 * 1 - N
n PR a5 8)P) = 5 D [ (ziss)[P = 0.
i=1

Let s, t € R? be given and suppose without loss of generality that 8, +sr 1,0, +tr ! €
©. Because (8, — 68,) = Op(1), we have:

Qn(s) = TZ[Mn(én + Srgl) - Mn(én)]ﬂ(én + STEl €0)
= {Gn[rn(én - 00) + S] + Qn[rn(én - 00) + S]} - {én[rn(én - 00)] + Qn[rn(én - 00)}}
= op(v/n)

and, using E[d°"(z)*] = o(q;®r,) (for 6, = O(r;')) and (Pollard, 1989, Theorem 4.2),

~

PGB [{mn (2", 0, + sr71) — may (2", 0,) H{ma (2", 0, + tr ) — ma(z*,0,)}] — Cu(s, t)
- Tnin Z{mn(zi7 én + ST;1> - mn(zi7 én)}{mn<zz7 én + tT7:1> - mn(zi7 én)} - én(sa t)
n

i=1

= O]P’(fr’nan_l/2 V QEgrn) = OP(1)7

where

én(sa t) = Tnqn E[{mn(Z, 0 + S"“;l) - mn(z, 0)}{mn(Z7 0 + trﬁl) - mn(z, 0)}] ‘gzén

= Co(s,t) + op(1).
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Using these facts and the representation

~ ~ ~

¢n(z; S) Y rnQn[mn(Za en + ST‘;I) - mn(za On)] - n_l/QQn(s)>

we have:

E* (1 (2" 8) 1 (2" t))]
= TG B [{mn (2", 0, + s7,1) — ma(2", 0,) Hmn (2", 0, + tr, ) — (2", 0,)}] — 17" Qu(8)Qn(t)

= Co(s, t) + op(1).
and, using E[d°" (z)®] = o(q;?) (for 6, = O(r; 1)),

P ()] = Z [n(ziis

< S22 S 21,0, 4 7) = (20,0 + 87206

=1

= op(n™2r)2q3%q,%) + op(n™'1?) = 0p(1),

as was to be shown. O

Lemma 20. Suppose Conditions CRA (iii) and CRA(v) hold and suppose 6,—0, = Op(r; ) =
op(1). Then, for any finite K > 0 and for any positive A,, with A, = o(1),

sup |G (s) — G (t)] =5 0
st <A,
[ERITETS

Proof of Lemma 20. Let K > 0 be given. Proceeding as in the proof of (Kim and
Pollard, 1990, Lemma 4.6) and using ¢,0; 'E[d’"(z)?] = O(1) (for 6, = O(r;;!)) along with
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the fact that 6, — 6y = Op(r; 1), it suffices to show that, for every finite k > 0,

Qnrnl{rn”én - 00“ S k} sup Zd zn7 7

[s—t[<An
[Isll;[lt] <K

1 n
. 2
S qnTn sup - Z dn(ZZn, S, t) —P 07
ls—t]|<a, T T
sl lI¢]<K+Fk

where

do(z;5,t) = |mp (2,0, 4577Y) —mip (2, 0, +tr71)] /2 = di(2; 7000 — 0g) 45,7 (0, — B) +t).

Let k > 0 be given. For any C' > 0 and any s,t € R? with [s]|, [|t]] < K + &,

— -1
GnTn— Zd 138 6)? < g —Zd“*“” (2;,)"1{qud 0 (27,) > O}

=1

+ CryEld,(z;s, t)]

+ Crn% Z{dn(zm; s,t) — E[d.(z;s,t)]}

1 n
Cn_ dn *7 7t _E*dn *7 7t )
+ Tn;{ CHSERD [dn(2";s,t)]}

and therefore

1 n 1 n
an"E sup . Z dn(zjn; s, t)2 < QTLrn - K+k)m zn) ﬂ{qﬂ K+k)Tn ( ) > C}
Is=t|<A, T 5T ’ N4
lIsll, It <K+k

+Cr, sup E[d,(z;s,t)]
l[s—t[|<An
sl [l <K+

1 n
+Cr,E sup |ﬁ Z{dn(zi,n; s,t) —E[d,(z;s,t)]}]

[s—t]| <A i=1
LlIsl [t <+
+Cr,E sup — dn(z; ,;8,t) — E*[d
W !nz{ [dn (2755, %))}
LlIs[l. <K+
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For large n, the first term on the majorant side can be made arbitrarily small by making
C large. Also, for any fixed C, the second term tends to zero because A, — 0. Finally,
(Pollard, 1989, Theorem 4.2) can be used to show that for fixed C' and for large n, each of

the last two terms is bounded by a constant multiple of

Tnn1/2\/E[J7(1K+k)T;I(Z>2] _ \/mr;1 \/an[dgﬂ_k)T;l (Z)Q/({K + k}n;l)] — O(Tﬁl) = 0(1),

which gives the result. O]

B.1.3 Proof of Lemmas 2 and 3

Consistency

Without loss of generality, assume P[r,|§ — 8| < C] = 1 for some fixed constant C. Write

Vo (0) = E[V, 11(0)]. Consider the following decomposition
V2%, (Bu) = ViB(80) + [ViR,(80) — Vi2(80)| + Rip + Ra
where

Riy = V2(0,) — V%,(60)
Ry = Vﬁ%x(én) - VN%Z(HO) - VN]l)cl(én) + Vﬁz(%)-

n, n,
By definition,

_ 1
VN,?d(e) = [Mn(O + €pe) + €ney) — M, (0 — ener + €,€)

" 4¢€?

- Mn(e + ener — 6nel) + Mn(o — €€ — 6nel>:| .

Using (B.2),

M
[\

M,(0y + eper + ene)) — M, () + gn(ek +e) Valer+e)| <o(r, e, + )
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where I use M, = o(r;') and M, = o(1). Then,

_ 1
Vi(6o) = 2 [(er + €)' Vi(er +€) — (e, — ) Vy(er —e)] +o(r, e, +1)

=e,Vue +o(rtet +1).

By condition CRA(ii), we have V,, — V. Therefore, Vﬂ?kl(eo) converges to e, Voe; = Vj .
It remains to show V,ﬁg,(ao) — Vi%.(60) = 0p(1), Ry, = 0p(1), and Ry, = op(1). First,

note that V"2 (6) — V, (6o) is mean zero and its variance is bounded by a constant multiple

of e4n ' E[d?*"(2)?] = O(n"'q;'¢;®). Then, ‘775%1(00) - \Z{%l(eo) = Op((€,70)%?) = 0,(1).

Next, using (B.2),

Mn(én + En[ek’ + el]) - Mn(e() + En[ek‘ + el])
1 . R 2
= —§(On — 00 + en[ek + el])’Vn(On — 00 + en[ek + el]) + %(ek + el)'Vn(ek + el) + O(T;len + Ei)

< C(1|8 — 8ol* + €allf — Boll) + o(r; en + €2),

and therefore Ry, = Op(r; %€, 2 + €, ' 1) +o(r, te,t + 1) = op(1).
Finally, by adding and subtracting Mn(eo) — M, (6o) to the left-hand side of R, it

suffices to analyze

€,° sup Mn(e) - Mn<00) — {M,.(0) — M,(60)} -

n
|60—60|<Cryt+2e,

Letting ¢, = Cr; ! + 2¢,, and applying the maximal inequality in (Pollard, 1989, Theorem
4.2),

€ ’E sup  |M,(0) — M,(0,) — {M,(6) — M,(6,)}

\O—OO\Stn
< O, *n~V2(Eldy (2)]*)!/?

< C€;2n_1/2q_1/2(r7:1 + En)1/2 = O((Enrn)_g/z)'

n

This implies that Ry, = op(1).
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Approximate Mean Squared Error

Define VI = V' (6,). Since VI = V™ + Ry, + Ry, the first goal is to show that Ry, =
op(€2) + Op(r; ') and Ry, = OP(T;3/2€;3/2). For 6,9 € ©), using a Taylor approximation,

Mn(e) - Mn (79)

9 1
9 19 M’(9—_0_,19/V 9_19
= (0 =) 55 Mn(J) — 5(6 = V)V, (6 — )
! 0° My, (9)
— T 0 — 9 M0 — 9 V(0. — O
i 631 ,J2,:33 8931693280]3( o jl)( 72 ]2)( J3 ]3)
: ﬂ J1,J2,73:74 8031893266]38034 (Hjl B 19]‘1)(9]-2 o ﬁj2)(9j3 - 19]’3)(9]'4 - 19j4) (B.4)

where ¢ is a mean-value between 0 and @ — 9. Then,

Mn(én + enler +el]) — M, (00) — M, (0y + enler + er]) + M, (6o)
3

= (6, — 6;) — 5 M, (6,) — —(0 —00)'V,. (0, — 80) — en(ex + €)' Va(6, — 6p)
+ 1]1 ) S (6, 006, ~ 00), 6, )
%" Py %e}l (ex + )€}, (6, — 6o)e];, (6, — o)
+ %jl -~ %%(ek +e)e), (e, + 61)893(971 — 6o)
+ gh > %egl (ex +er)e),(er +e)e (e + e)
1

M (00 + 51) , 9 0 , é 0
* 24 Z 89]180]280336934 ejl( n= Vot En[ek T elDeJé( n — 6o+ En[ek + el])
J1,J2,33,J4
x €, (0, — 0 + €,ler, + e)e], (0, — O + e,fer, + e])

: O*M,, (0, + ,
- % 80j189](2§9J3§24 e, (ex + er)ef, (ex + e)e), (ex + er)ey, (e + )

J1,J2,73,74
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where & and & are also mid-points as . Using uniform convergence of fourth derivatives,

the last two lines equal

1 O M, (6y) R o
Y] 90,,00,,00,,00,, ej1<9n — 0y + e, ler + el])ejQ(Hn — 0y + enler, +€])

J1,J2,33:J4

~ ~

X €, (0, — O + euley, + ei))e], (0, — O + euley, + ei])
Gi 84Mn(00) 4
Cu 50, 06,,00,, 99, < (O T e (e + e)el (en + er)ey, (ex + er) + op(e,)

J1,J2,J3:94

where we use ||, — 0y|| = op(e,). By expanding the terms,

1 O* M, (6y) . A .
51 | 80j189j289j380j4e“( 0+ enler +el)e,( 0+ €nler + el)

J1,J2,793,74

~ ~

X e;3(0” — 6 + En[ek + el])e;‘4(0n — 6y + En[ek + el])

1 0'M,(60) ;.5 L o o
- ﬁ d0;,00;,00 089 € <9” o 00>ej2 <0” B eo)ejs(en - 00)6j4 (en - 00)
J1.jods.ga LTI T84
€n 84Mn 0 , , R ) R / .
" g 00,00, 8((9 '0)8(9- € (ek T el)eﬂé (0" - 00)8]-3 (en - OO)ej4 (on - 90)
G1.j2.d3.ga  JLT I2T I3 M4
€2 0* M, (0 , / o o
G1.J2:d3,44  J1 T I2T I3 T4
3 0*M,, (0 , / , o
+ Zn 0000 8(9 '0)8‘9' € (er + el)ejz(ek + el)ejg(ek + el>ej4(0n —6)
J1.d2,d3,4 1T T2 I3 I4
4 O* M, (0 , , / /
o 09;,00; a(e 40)59- e}, (ex + er)e, (e, + er)e], (er + ep)ef, (ex + ).
J1.g2,g3.ga 1T 72T TIBTEI4

Then, because

— 4¢3 [V, (8,) — V™, (60)

= M, (0, + e,ler, + €]) — M, (00) — M, () + enler + e1]) + M, (6o)
— M, (0, + enlex — 1)) + M,,(80) + M, (6y + e, [er — e]) — M, ()
— M, (8, — enler — 1)) + M, (80) + M, (8 — enler — e1]) — M, (8))

~

+ Mn(On — en[ek —+ el]) — Mn<00) — Mn(eo — en[ek —+ el]) + Mn(90)7
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we have

— 4 [V, (B.) = V1%,(60)

n,

O3 M, (6y) .
=& X g5 ag, oo (en + e) e+ eel (6, ~ )
J1,72,73
O3 M, (6y) .
2 n
— €, P m@Sl (ek — el)e;2 (ek — el)e;':,)(en — 00)
J1,72,73
0 M, (6y) R R
2 n
+ € 2. 39, 00,00,,00, e} (e, + e))e, (e, +e)e) (0, — 0)e], (0, — )
J1,J2,73,74
0*M,, (6 . .
— e (60) e (en — el)e;2(ek — el)egs(Qn — 00)e3-4(0n —00) + op(e})

00;,00,,00;,00,, "

J1,J2:J3:J4

= Op(ear, ") + op(€p)

where we use 7,! = o(e,,). Note that the term Op(€e2r,;') is independent of e, after divided
by €2. Therefore, Ry, = op(e2) + Op(r;').

For term Rj,,, consider
€2 [Mn<én +ene) — Mo(Bo + ene) — My(6, + ene) + M, (8o + ene)]
for some d-dimensional vector e. It suffices to show

6,2 sup ’Mn(oo + €n8) — M, (0 + €,t) — M, (0y + €,8) + M, (6y + Ent)‘ = op(r,*€,*?)
s—t||<An
lIsll,lItlI<C

for A, = o(1). Note that this is almost identical to the statement in Lemma 15, except that

r, in Lemma 15 is replaced by € !. Doing the same calculation,

~ ~

€2 sup | M,(0y+ €,8) — M, (0y + ext) — M, (0y + €,8) + M, (0 + ¢,t)
Is—tl|<An

lIsll:[lel<C

< e_2r;2(rnen)l/20p(1) = 0]1»(7";3/26,;3/2).

— N
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Now, we calculate the constants for leading bias and variance. Using (B.4),

E[‘V/ﬁcz} = ‘77?,21(90)
1 e
= Ee;Vnel %

0'M,(0,) | 0'M,(6,)
00200, 00,00 )

Thus, the constant for the leading bias is

B — L (DMa(80) | OM(80)) _ 1 (0*My(6y) ' My(6))
M 96306, 06,063 ) — 6\ 06306, 90,063 )

6 n—oo

Next, consider the variance of V2, . To save space, write
Mpi(€1, €2) = M (i, 6o + €15 + €2€;)

Recall that

V;L\I,?gl = _m Z [mm'(€m €n> - mm’(‘5m _€n> - mm’(_fna €n> + mm'<_€m _En)]
n i—1
and
- 1
ND e . JR— . R J— . R . JR— JR—
V[Vn,kl(OO)] - 16€$HV (mnz(ena €n> mnz(€n7 €n> mnz( €n; en) + mm( €n; En))
1
= 166%7’LE [{mm‘(Qw €n> - mm’(€m _En) - mm(—ﬁn, En) + mm(—En, _€n>}2}

1
- E[Vg?kl(eo)P

From the above calculation, the second term in the last equation is O(n™!). By condition

CRA(iv)

€, g E[{mn(z, 00 + se,) — mn(z, 00) Hm,(z, 0y + te,) — mn(z,00)}] — Cos, t).
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We have

lim Eglan [{mni(ETu En) - mni(e’m _En) - mni(_€n7 En) + mni(_€n> _€n>}2}
n—00

= 2Co(ex + e, e +e€) +2Co(er, — e, e, —e) —4Co(er + e, e, — e;) —4Co (e, + €, —ex, + €)
where we use Cy(s, —s) = 0 and Cy(s,t) = Cy(—s, —t). Then,

VIV (00)] = oz i+ o(1)] + Ol
where Vi, = £[Co(exter, ep+e€)+Co(er—er, ep—ey) —2Co(e+e;, e,—e)—2C (ep+ey, —ep+ey)).

B.1.4 Proof of Corollary MS

It suffices to verify that Condition MS implies Condition CRA,.

Condition CRAg(i). The manageability assumption can be verified using the same
argument as in Kim and Pollard (1990). Note that the function |m"(z,8)| is bounded
by unity in this example, and thus finite second moment condition holds. Arguing as in
Manski (1985), we can show that 6, uniquely maximizes My(0@) over the parameter set.
Well-separatedness follows from unique maximum, compactness of the parameter space, and

continuity of the function M,(8).
Condition CRAq(i1). Conditions MS(iii) and MS(iv) imply this condition.

Condition CRAq(4ii). Uniform manageability can be verified using the same argument
as in Kim and Pollard (1990). Note d(z) = SUD|g_gy|<s | L(71+X50 > 0) =1 (z1+x5680 > 0)].
The condition sup.ys E[d] (z)]/8’ < oo is verified in Abrevaya and Huang (2005).

Condition CRA(iv). Since d3(z)? = d5(z), E[dS" (2)?] = O(0,) and E[d}"(2)*] = O(6,),
which implies the first condition. As noted in Abrevaya and Huang (2005),

Co (s, t) = E[min{[x)s], [xjt]} 1{sgn(x}s) = sgn(xt) } fo, x, (—x560[%2)].

From this representation, it follows that Ci®(s,s) + Ci®(t,t) — 2C{E (s, t) > 0 for s # t. Using
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2zy = 2 + y* — (v — y)?, it suffices to show for 4, = O(r,; 1),

sup ‘TnIEZ|m(Z17 0+s/r,) —m(z1,0 +t/r,)|> — Lo(s — t)} =0(1)
6ce)"

for Ly defined in Corollary MS. We have

E|m'™(z,6:) — m"*(z,0,)|*
=El(z; + x50 > 0> 21 +x505) + E1 (21 + x505 > 0 > 71 + x560,)
= E [{Fo e, (—X502[%2) — Fiy sy (—X301[%2) }1 (%302 < x561)]
+ B [{Foy o (—01%2Xa) — Fiy o (—X505]%2) } 1 (X561 < X305
= E[fo, 1, (—X300|%2)x5(61 — 02)1 (x50 < x361)]

+ E[fay x (X500 [x2)x5(01 — 02)1 (x561 < x305)] + R
where 6, = 0 +s/r,, 0 =0 + t/r,, and

R =E [{Fyjxo (—%402]X2) — Fy jx, (—X500|X2) — fuyxo (—X500[%2)x5(—05 + 0) }1(x5,02 < x561)]
—E [{le|x2(—X/201‘X2) - F$1|X2(_X/200‘X2) - fivl\xz(_XI290|X2)X/2(_01 + 00)}]1(X/202 < Xéel)}
+ E [{Foy o (—%501]X2) — Fiy ey (—X500[X2) — fay o (—X500]%2)x5(— 01 + 69) }1(x50; < x50,)]

— B [{Fay o (—%502[%2) — Fiy s (—X500|X2) — fo 1o (—X500]%2)x5(— 0 + 09) }1(x56; < x,05)] .

By continuous differentiability of f,,|x, with bounded derivative,

1
fisz(fmIXz)

sup ||@ — 6y + (s + t)r;lHQEHXgHQ = o(rgl).

|R| < 4 sup
T1,X2 6cO)"

Then,

r,E|lm™(z,0 +s/r,) — m"™(z,0 +t/r,)|
= E[ /o) o (—%500[%2)%5 (=t +8) (x5t < x58)] 4 E[fa, ey (—X500[%2) %5 (—s + £) T (x58 < x5t)] + o(1)

= B[z, e (=200 [%2) [x55 — x58] + o(1).
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Since the remainder term is uniformly small in @ € ©J", the verification of Condition

CRAy(iv) is complete.

Condition CRAg(v). The first part easily follows from d3(z) < 1, while the second part

follows from the above calculation for L.

B.1.5 Proof of Lemma MS

Consistency

For consistency, we use Conditions MS and K(i)-(iii), E||x2]|® < oo, h, — 0, and nh3 — oo.

Recall that V¥ = V"(0,), set V'S(8) = E[V"S(0)], and note that

n

VMS VMS(OO) [VMS<éMS)_VMS(90)]+[VMS VMS(OO) VMS(éMS)_i_VMS(eO)]'

V3 (60) = Vi© +o(1), (B.5)
Vgs(e()) - Vgs(eo) = 0]}»(1), (BG)
V2 (0,7) — Vi (8o) = oz(1), (B.7)
VIS — V5(6y) — VI (01%) + V(8,) = Op(n~"/h,°/?) (B.8)
Equation (B.5) holds because
—E V(60|
= h’E [X2x2(2y — 1)K (X'Bo/hn)
=, 'E {xgxg/ [1 = 2F 0y o (— VR[0T, — X500, %2)] K (V) fuy s (VR — x’200|xz)dv}
= —2F {xzxg/Félxl o (—ElE = X500, X2)VK (V) far 1o (VP — X,290|X2)d1):|
where ¢ is a mean value between vh,, and 0. By boundedness of f,|x, (v[x2) and Fu|x1 (VU=
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x50, x3) and continuity with respect to v, the dominated convergence theorem implies

/XQX,2 / 2F15|19217x2<_€|§ N X/QOO’ X2)UK(U)fx1\X2 (vhy, — X,290|X2)dvde2 (x2)
— 2K |:X2X2F1£\1:2 X2 (O’ - X/2007X2)fx1\x2(—X/290|X2):| /UK(’U)du — Vgs

where we use fvf((v)dv - _

Equation (B.6) follows directly because the variance of V[V¥(8,)] = O(n"'h;?), as

n

shown below.
For Equation (B.7),
v15()
=i [ (1 2o (X Bolor x0) R (1 4+ X9 /1) oo () P ()
=i [, ({1 2 oha e — X805 (0 4 5(6 — 60)h, )
X farlxs (VI — X500|X2)dvd Fy, (X2)
_ / x2%, / () (=CIC = X80, %) K (1 + X5(6 — BB ")

X farxo (VRy, — X500|%2)dvd Fy, (x2).
where ( lies between vh,, and 0, and does not depend on 6. Then,
[9:56) ~ V500 < 10 - 6uln* [ Bloe) Elpal?

where we use boundedness of Fu‘i, Ja1xo, and Assumption K(ii). Then, 16" — 6| =
Op(n=%?) = op(hy,), which establishes the result.

Finally, we verify Equation (B.8). Using (Pollard, 1989, Theorem 4.2), it suffices to

. (x1 + x50 (21 4+ %5600\ |
K(8TRT) g (TR
(57) (M

show

E sup X952 | = O(n~*3h1).

|0—00|<Cn—1/3
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By the assumed Lipschitz condition on K,

sup
|6—60|<Cn—1/3

hy, hy,

and therefore

E sup

i (:cl +x’20) i (:1:1 +x’290)
10—60|<Cn—1/3 I, hy,

< Cn"Ph%E [B(x'Bo/hn)?[|%2°]

< Cn gt sup fua(oria) [ BP0 Bllal”.

T1,X2

2
IIXzX’z||2]

which verifies the final result.
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Approximate Mean Squared Error

First we show that ||[V¥S(8%) — V¥(8,)| = op(h2) + Op(n~'/3) for Equation (B.7) above.

Changing variables and using a Taylor expansion, we have

x1 + x50
hn,

_on- / %%, / (v, — (8 — ) L) (0] = X480, %) K (0)
% Fona( X400 2)dod P ()
st [ [ oh, = %,00 — 0P LD, ., 0] - X380, 5) K1)
X fﬂm(—x;90|x2)dvde2(x2>
iyt [, [{oh, = %408 - 60, (0] - xi005)K (0
f,(j\)m (€1.n — Xx500[%2)dvd Fy, (x2)
ot [, [ o, = %300 - 80)PES, (0] - X360, x2) K 0)
% Fora (=400 ) o ()
i [, [{oh, = %0~ 0P FE, (0~ x40, K (0

x ) (€30 — x,80|%2)dvdFy, ()

x1|x2

h—l .
+ % /XQX/Q /{vhn —x5(0 — 00)}3F15‘33217x2(_53,n|€3,n — X560, %2) K (v)

X [y jxa (Vhy — X50|%5)dvd Fy, (X2)

V() = —h°E |:X2X/2 /{1 — 2Fu|x17xQ(—x'60|x1,x2)}K ( ) forxs (I1|X2)d$1:|

where &1, & and &5 lie between vh,, — x5(0 — 6)) and 0.
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Using [vK (v)dv =1, [ K(v)dv =0, and [v?K (v)dv = 0,

ViS(9) = 2 / Fi1): o (O] = X500, X2) s s (— X480 [x2) xa 50 Fi, ()
—4(6 — 8, / Fi‘gl o (0] = X500, %2) £ (—x300]x2) %555 d F, ()
+h2 // BK (v um (0] = x’Qt‘)O,xQ)fI(ffx2 (&1 — X500 [x2)XoX5dvd i, (X2)
—2(0 - 0,) / Fﬁl o (0 = X500, X2) foy ey (35802 ) X234 0 Py ()
+ h2 /ng’2 /USK(U)F;E'?LXQ(N — X560y, Xz)fgfm (&2 — x50 [x2)dvd Fi, (x2)

/X2X2/ VK (v Fﬁxl o (—E3183 — X500, X2) fr, 1x, (VI — X50|%2)dvd Fy, (X2)

O(hu|6 — 8]l + 116 — 60]|* + h,,"[|6 — 6o]°)

where we use boundedness and continuity of derivatives of Fy, x, and f,x, and E[[x2|/® <
0.

For 8 — 6, as n — oo, we have

lim / XX, / VK ) F{}) (0] = x400,%2) £2] (€1 — x00[32) dvd F, (x2)

n—oo

= [ Ry [ F, 0= X603 £, (300l xixsd P ),

lim / X%, / R @F. (0] = x,80,%5) ) (€ — X460l dvd Py, (x2)

- /USK( )dv/Fufi (0l —X'200,Xg)fﬁfm(—X’200|X2)X2X'2dFX2(x2),

n—o0

:/U3K( )dv/Fulag1 o (O] = X500, X2) for, e (—X560[%2) X0 X5 A Fy, (X2).

lim /xgx’2 /U3K(U)F£|‘21’x2(—§3]§3 — X560, X2) far jxs (VI — X50|%2)dvd Fy, (X)

Because P[|0,, — 6y| < Cn~'/3] — 1, we have ||[V'S(0,) — V"(8,)|| = op(h2) + Op(n=1/3).
Note that the term Op(n~'/3) does not depend on h,,.
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Next, we derive the leading bias and variance of V¥$(6y). Specifically, we show that
Vn 2(00) = Vg?lil + h2 (Br + o(1))

and
1

3
nh;

V[V kl(OO)] =

n

(Vi +0(1))
where By, and Vi, 1 <[,k < d, are defined in the statement of Lemma MS.
For the bias, a Taylor expansion gives
V3 (6o) — VP
= 2hn/F£1$)17x2(0| — x200,x2)x2x2f 1|X2( x4500|X2)d Fx, (x2) /U2K(v)dv
+n2 / X%, F)) (0] = x589, %2) / K@) fE,, (& — x400|x2)dvd Fy, (xs)
+ hn/Fu(al,xQ(O‘ — X500, X2)X2X) fr, x5 (—X5600|X2)d Fy, (X2) /UZK(U)CZU
+h / xox, ) (0] — x480,%2) / (62 = X500]32) 0 K (v) dud P, ()

h? .
+g / X%, / Fyin, s (—6alEs = X300, %) foy e (0 x2)0 K (0)dvd F, ()

where &1, & and &3 denote mean-values between 0 and vh,,. Boundedness of fﬁ)‘xg(leg) and
F(S)

u|z1,X2

that

(—vlv + x1,%32), k = 1,2,3, and continuity of these functions with respect to v imply

/XQXQF,LElx) 2, (0] = X500, %2) /USK(U)lexQ (& — x50p|x2)dvd Fy, (x3)

— /xgx’QFéll‘,zth(O] —x’200,xz)fgfm(—X’QOO\XQ)deQ(XQ)/U3K(v)dv,

/ xx,FD (0] = %480, %2) / P (60 — X480 500 K (0)dud P, (x2)

—>/x2x2 - o|—x290,x2)f£|)x2(—x'200|x2)de2(X2)/U:sf((v)dv,
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[, [ F (6l = X580, 30) o (o)oK (0)dod P ()

— /XgXéFéfzhx2(O’ —X/200,XQ)fwl|x2(—X/290|X2)de2(Xg)/’UgK("U)d’U.
Therefore, because [~ V2K (v)dv = 0,

Vi (6o) = o+ he (B + o(1))

n,

with By, the (k,)-th element of

B =[x, [P, 0]~ 5380, a) 1 (st
+ Fyl) (0] = %480, %) £11), (—X560[x2)

ulxy,x2 z1|x2

1 .
+ —F(3) (Ol - X/200;X2)fx1x2<_xl200|x2):| dFX2(X2) /U3K(v)dv'

3 u|x1,x2

Finally, the approximate variance is obtained by noting that

C7MS 21 _ L . (X'Bo / ?
E[Var(60)7] = B K | eixoxse

n

, 2
—E {K (Xh_ﬁo) e;x2x’2el} = /(e;g(gxgel)Q/K(U)QfmX2 (vh,, — x560|%2)dvd Fy, (X2)

o [ (elxxsen) o (- XiBoba)dF xs) [ K0

where the last line follows by dominated convergence theorem. Since E[V;3,(60)] = O(1),

VO] = s | [ (Exaxien e (X3 x0) [ K0P +o)].

nhd

B.1.6 Proof of Corollary CMS
We verify that Condition CMS implies Condition CRA. Set ¢, = b?.
Condition CRA(i). For uniform manageability, as shown for maximum score estimator,
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the class {y1{z; + x40 > 0} : @ € O} has a polynomial bound on the covering number
uniform in discrete probability measures and L, () does not depend on 6. See, e.g., van der
Vaart and Wellner (1996) for details. We can take m,,(z) = |L,(w)| and E[L2(w)] < Cb, ¢,
which implies ¢, E[m,(z)*] = O(1).

For uniform convergence of M, (0) to My(8),

M,(8) = / EW (1, Xz, W) { fo (@1]x2, W)} L1 4+ 340 > 0} = VD,JL(V) fur (VB,)dv

/ h U(x, X9, Vb, )drdFy, (Xa|Vby,) fw (Vb)) L(V)dv
—x50

_ / o1 (Vbn: 0)L(v)dv.

Using supgee |91(w; 0) — ¢1(0;0)| < C||w]| for w close to 0,

sup [M,(6) — Ma(6)] < sup [ 11(vD,:6) ~ 1 (0:8) [L(v) v
€

< v [ IvILE) v = of).

Well-separatedness follows from uniqueness of maximizer, compactness of the parameter
space, and continuity of My(0) = E[y1{z; + x40 > 0}/w = 0]. Uniqueness of maximizer
follows from (Honoré and Kyriazidou, 2000, Lemmas 6 and 7), compactness of © is assumed,

and continuity follows from differentiability of My(-) shown below.

Condition CRA(ii). By definition,

My(0) = E[y (21, X2, W){ far (21[%2, W)} " 1{z1 + x50 > 0}|w = 0]

M,(8) = / B[4 (1, %o, W){ fo (@152, W)} " L1 + 340 > 0}w = VD,JL(v) fur(V,)dv

Since E[¢)(x1, Xg, W){ fo, (z1|x2, W)} 1 1{z;+x50 > 0}|w]| = ff_oi,QG@/J(m,XQ,W)dxdFXQ(x2|W),
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we have

0
%Mn(e) ://Xﬂp(—xge,Xg,Vbn)deQ|W(x2|Vbn)fw(vbn)L(v)dv,

55 M0(6) = [ xe0(-3,6.5%2,0)dFeu (:/0) u 0),
82
o Mu(6) = - / / x40, X, Vb ) e (%3 V) foo (VBR) L)Y,
& e :—/x bV (3,0, %, 0)d F, o (%5]0) fur (0)
2000 Mo 92X 20, X2, xolw(X2]|0) fw(0),

where ) (21, Xs, W) = dci Y(x1,X, W), s € Z, and we use |[¢(z1, X, W)+ (21, x5, W)| < C
for all (z1,%0,w) € S, [ ||x2]|?dFx,jw(x2|v) < C for all v with [[v|| < 7, fw(:) is bounded
around 0, and [ |L(v)|dv < oo, to invoke dominated convergence theorem.

Because the function V(w;0) = [ xoxht)D(—x50, X2, W)dFyyw(X2|W) fu (W) satisfies
IV(w:8) — ¢(0:0)|| < Clwl|° for all 6 € ©,

sup
0c®;

O[M,,(6) — ‘

S < s [1V(vb,58) ~ VO:0)]|L(w)lav

0O}

<t [ IvILE) v = of).

For OM,,(6,)/08,

0 -
5 Mn(60) :/@(vbn)L( )dv = ©5(0) + b Z/ v D oo (V) L(V)dv
e|=P
where we use multi-index notation, [vL(v)dv = 0 for 0 < [£] < P, and v lies be-

tween vb, and 0. Honoré and Kyriazidou (2000) show that, for any (dy,d3) € {0,1}?,
E[A(dy, d3)|X, a, w = 0] > E[(B(dy, d3)|X, o, w = 0] if and only if 21 + x,0; > 0, which im-
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plies E[A(dy, d3)|x; = —x460, X, o, w = 0] = E[B(dy, d3)|z1 = —x500, X, a, w = 0]. Then,

¢(_X§007X270)
- E[A(}/O?}%) - B(%v 1/3>|'/'U1 - _X/2007X27 W = O]fz1<_x/200|x27 0)
= Y Pr(Yo=do,Y; = ds|r1 = —x,00, X2, W = 0) o, (—x}65|x2, 0)

do,d3€{0,1}
X {E[A(do, d3)|l’1 = —X/200,X2,W = 0] — E[B(do, d3)|1’1 = —XIQOQ,XQ,W = 0]}

= Z Pr(Yy = do, Y3 = ds|v1 = —x500, X2, W = 0) f, (—%5600|x2, 0)
do,d3€{0,1}

x B[E[A(dy, d3) — B(dy, ds)|x1 = —x500, X, w = 0, a]|z; = —x5,00, X3, w = 0]

=0

which implies ¢(0) = 0. Finally, b2 = o((nb¢)~'/3) implies that ¥/nq,||0M,(8)/08] = o(1)
holds.

Positive definiteness of Vi™ is directly imposed in Condition CMS.

Condition CRA (iii). Uniform manageability follows from the class {y1{z; + x50 > 0} :
0 € ©} having a polynomial bound on the uniform covering number, since L,(-) does not

depend on 6. See, e.g., van der Vaart and Wellner (1996) for details. For this example,

d(z) = sup 1{x40y < —x1 < x,0}|L,(W)| + sup 1{x,0 < —x; < x500}|L,(W)|.
0—60l|<s l6—60]|<o

Conditional on (x2,w), 1 has bounded Lebesgue density and for b, sufficiently small,
E[d (2)%] < CE[||x]| L, (w)?§ < C6b;, 9

by change of variables. The constant C does not depend on 6, and therefore g, sup,g <5 E[d, (2)?/5'] =
O(1) holds.

Condition CRA (iv). Note that d°(z)* = d°(z)|L,(w)|* and d’(z)* = d’(z)|L,(w)|?. Do-
ing a similar calculation as above, we have ¢2E[d%" (z)?] = O(8,) = o(1) and ¢’r; 'E[d" (z)*] =

O(r;14,) = o(1).
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As in the Maximum Score example, C§* (s, s) + C§"(t,t) — 2C§" (s, t) > 0 follows from

its representation
Co (s, t) = E[min{[x)s|, [xyt]} o peow(—X200[x2, 0)I{sgn(x)s) = sgn(x)t) Hw = 0] fw(0).
Now we verify the last condition.

{mZ(z,0 + 0,8) — m&™(z,0)}{m(z,0 + 6,t) — mS™®(z,0)}
= {L(x3(0 + 6,8) = —1) — 1(x30 > —21) H{L(x3(0 + 0ut) > —21) — L(x30 > —21)}[ Ln(W)[?
= 1(0, min{x}s, xpt} > —x; — x50 > 0)1{sgn(x5s) = 1 = sgn(xyt)}| L, (w)|?

+ 1(5, max{xhs, x4t} < —x; — x50 < 0)1{sgn(x4s) = —1 = sgn(xyt)}| L, (W)|?

— 16, min|xss], X4t} >~ — x40 > 0)1{sgn(xss) = sgn(xst)}|Lo(w)]?
and

40, "E[{m™ (2,0 + 0,8) — m™(z,0)}{m™(z,0 + 6,t) — mT(z,0)}]

=18, [ [ (P (53810 ) = Foas (3,6 = G min sl e, )
X T{sgn(x45) = sgn(xpt) 14y (X2 W) fo (W) L(w /5, )b

=0t [ e (4005 ¥.) = Foes (30 — B min{ s el v}
x 1{sgn(x5s) = sgn(xst) }dFy,w(Xa|Vby,) fw(Vvb,) L(V)dv

= [ [ min{ s st} o (356 + B, vD)

x 1{sgn(xys) = sgn(x4t) }dFx,jw(X2|Vby) fw(Vby) L(V)dv
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where 4, lies between 0 and —4, min{|x}s|, |x,t|}. Then,

00 E{m(2,0 + 6,5) — m®™ (2, 0)H{m™ (2,0 + 6,6)m™ (2, 0)}]
= [ [ min{ixisl, bl o (X80l vb)

X T{sgn(xs,s) = Sgn(XIQt)}de2|W(X2|Vbn)fw(Vbn)L(V)dv‘

< Cl6 — 0] Sung[min{\XéS!, [x5t]}2 (|2 | By (—x560, x2) | W] / [L(v)|dv = O(;,)
wEe
as 0 € @g"‘ By dominated convergence theorem,

lim / / i {[35], [556 ]} For oo (—X4B0]2 VBr)
n—oo

x 1{sgn(xys) = sgn(xyt) }dFx,w(X2|Vby) fw(vb,) L(V)dv

= E[min{[x}s], [X3t[ } for xo,w (—X200 %2, 0) 1{sgn(x3s) = sgn(xyt) w = 0] fw (0)
=C5 (s, t)

and this convergence occurs uniformly on @8" because it is independent of 8. Finally,

932)% |0 E[{mn (2,0 + 6,8) — m,(z,0)}{m,(z,0 + 5,t) — m,(z,0)}/5,] — C$®(s, t)| = o(1),

as desired.

Condition CRA(v). The first condition follows from ¢,d’(z) < sup,, |L(Vv)].
The second condition follows from the calculation similar to the covariance kernel cal-

culation.

B.1.7 Proof of Lemma CMS

Consistency

Define V'(9) = E[VSS(0)]. It suffices to show |[VS(%S) — VES|| = op(1) and ||[VES —
VES(055)|| = 0s(1).

For the first requirement, changing variables, using a Taylor expansion, and using the
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fact that [ K(v)dv =0, we have

/
~vE9(0) = 178 |yt (25220 ) s, )

= h;l /]E {/@D(’Uhn — X;O,XQ,W)K(U)d’UXQXIQ

w} Fu (W) L ()i

= /IE [/w(l)(ﬁ — x,00, X, W)U K (v)dvxyx),

w} Fu (W) Lo ()

—h 10— 00)'/E {/w(l)(ﬁ — X/200,X2,W)K(U>dUX2X2X/2

w] FuW) Ly (w)dw,

where 9 lies in between 0 and vh,. By boundedness of ), E[[|x|*|w] < C for w € W,
and [ |K(v)|dv < oo, the last term is o(1) for @ = 8y +o(h,). By continuous differentiability

of (M with respect to its first argument and boundedness of the derivative,

'/E {/{@/J(l)(ﬁ — x50, X2, W) — P (—x00, X2, W) }o K (v)dvx,x)

<c [&](tn [@licwldo+ o - 6l ) e

Thus, for @ = 8, + o(hy,),

w] Fu (W) L (w)diw

w] Fu )| L(w)ldw = o(1).

VO () = — /UK(U)dU/E[w(l)(—XIQOO;X27W>X2X/2‘W]fW<W)Ln(W)dW +0(1)

= VIS 4 o(1).

Using [|0% — 6y|| = Op({/nb?) = op(h,), it follows that V(M) — VS — pp(1).
To verify VO — VOS(9MS) — p(1), it suffices to show that, for any 6, = O(r; 1),

sup || V9(8) = VE%(80) — VE%(8) + VE(60)|| + || VE*(80) — Vi¥*(80) | = ox(1).

|60—60|<6n

It can be shown that |[VS(8,) — VS(8,)|| = op(1) easily because below we calculate the

convergence rate of the variance, that is, V[V®(0,)] = O(n~'h;3b ). For the rest, (Pollard,
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1989, Theorem 4.2) implies that it is enough to verify

. T+ X/20 . T+ X/200
g (A R g (et Tl
(5 - (5

By the Lipschitz condition on K )

- L0 - 50 L0
‘K (m—x2> K (%)' < ht||x|]|0 — 60| B (M) )

n'h'E | sup

|9_90|§5n

|\X2!\4!Ln(W)\2] = o(1).

hn n hn

Then,

sup

nth ‘E

(1 + x50 (1 + x50,
o i I g et i
(5%) -5 ()

< n (01, E [ / B(v)?fm(vhm,w)dv||xQ||6|Ln<w>|2]

||X2||2|Ln(W)|2]

< 0(1)n_1h;3b;d/B(U)de/E[||x2||6|W = vb,|L(v)dv = o(1).

Approximate Mean Squared Error

First we calculate the order of bias. Changing variables and using a Taylor approximation,

we obtain:

2 w] FulW) Lo (w)dww

Ve (00) =~ B xa ) e )} R (T )
= —/UK(U)CZU/EW(D(—X'ZOO,XQ,W)szé\w]fw(w)Ln(w)dw
— hn/UQK(v)dv/]E[w(z)(—xgeg,xg,W)XQX’QIW]fW(W)Ln(W)dW

— hfb/E[/ VO (9 — x40y, X9, W) K (0)dvxoxy| W] fo (W) Ly, (W) dw

where ¥ lies between 0 and vh,,. Using [vK (v)dv = —1, [©*K(v) = 0, and boundedness of

¥,
2
V() = / V(w; 80) Ly (w)dw + O(h%) = aeaa o M7(680) + O(12).

Finally, for the variance, changing variables and using a Taylor approximation, we ob-
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tain:

VIV ()] = ——E

" nh

! E {/ K2(0) f,, (hy, — X,200|X2,W)dU(G;CXQX/Qel)2|Ln(W)|2:| +0(n™)

:nh3
< £ [ & [l fuw) ()P + O

= O0(n"'h,°b,"),

(1 + %00\
R (P loxaien L v >|] Lo o)

for all (k,1) elements of VE(8,).

B.1.8 Proof of Theorem ID

Let
Zi(x) = Fy(x) — Fu(a) + fulzo) (@ — 20) + [V (20) (z — ) /2

and define

§%(a) = sup { - Z3(5) — as = sup[Z5(x) - ax]} |

s>0 >0

b=supl|Z:(r)— ax].

>0

Denote the LCM of a function f restricted on I by L;f. Since linear functions are concave,

si(a)<x=2Z(r)—ar—b<0

= Loy 2, () < ax + 0.

Now, for contradiction, suppose that the left-derivative of L) Z;(x) is strictly greater
than a. Since L) Z;(x) is concave, its derivative, denoted by DLy .)Z;(-), satisfies
DL )Z%(%) > a for & < x. By definition, Ly ) Z(55(a)) = ad}(a) + b and the deriva-
tive condition implies Ly o) Z;(x) > ax + b, which is a contradiction and thus proving

DLjpoo)Z;(x) = fi(z) < a.
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Now,

n(x) <a= LiooyZ,(s) <as+b fors>ux

= §(a) < x.

For the first implication, by definition,

i L[Oyoo)Z;(S — E) — L[O,OO)ZZ(S)
1m

i = fi(s)<a fors>u.
€ —&

Then, there exist 7 > 0 such that a —n > f*(s) and gy > 0 such that —[Lio,00)Zr(s —€) —
Loy Z5(s)] /e < a—n for 0 < e < g Then,

L[()’oo)Z;(S) < 5(a — 77) + L[()’oo)Z;(S — 6)
<ela—n)+tals—e)+b
=as—en+b

< as+b.
Therefore, we have
§a) <z <= fi(z)<a.

Then,

~

p* [nl/?’[ 7 (20) — falo)] < t] —P [g;; ( Folwo) + n’l/?’t) < xo} .

Recall that §}(a) is the maximizer of {Z}(s) —as: s € [0,00)}.

P* [é; (fn(xo) + n_1/3t) < xo] =P [arg max {Z;(x) — [fulzo) + n_1/3t]x} < x()]

z€[0,00)

where the argmax functional picks the largest value if the set of the maximizers consists of

more than one element.
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Letting « = zo + n~"/3s where s is the free variable,

arg max {Z;(x) — [fo(o) + n_l/gt]x}

z€[0,00)

= argmax { Z; (2o +n~%5) = [falwo) + 0 [wo + 0]}

xo+n—1/3s
=10 +n"Y3 argmax {Z:L(l’o +n7Y38) — [fu(wo) + n~ 3 [z + n_l/3s]}

s€[—nl/3xp,00)

Shifting and scaling does not change the location of maximizer so

arg max { 23 (w0 + n”/s) = [fu(wo) + 0 wo +n "] |

s

= arg max {n2/3 [Z;(xo +n"Y3s) — Z*(zq) — fn(:vo)n’l/?’s] - ts}

S

Thus,

P* [arg max {Z;(x) — [fnlo) + n_1/3t]x} < :UO]

z€[0,00)

=P [ arg max {n2/3 [Z;(m +n"3s) — Z* () — fn(:vo)n_l/?’s] - ts} < O] :
se

[~n1/3z0,00)

Now we want to establish weak convergence in probability of
{n2/3 [Z:L(xo +n3s) — Z*(x0) — fn(xo)n_l/?’s} —ts:s € S} (B.9)

with any compact S C R.
Note that

n?/3 [Z;(:BO + n_1/3s) — 2 (x) — fn(xo)n_1/3s]

= (B = £2) (oo 4n78) = (B = £u) ()] + 0l
Theorem 3.2 (i) in Sen et al. (2010) implies that
n? | (£ = £) (@o+n7%) = (B = B ) (w0)| =2 W(F(0)s)

125



as stochastic process indexed by s € S.

Then, the sequence of stochastic processes in (B.9) weakly converges in probability to
L) ()62
W(f(zo)s) + §f (x0)s” — ts.

As noted in Problem 3.2.5 of van der Vaart and Wellner (1996),

S

arg max {W(f(xo)s) + %f(l)(az:o)s2 — ts}

=a |41 (o) {f1V (o)} |V arg max {W(s) — s*} — /| f O (wo)].
Therefore, provided that

§r = argmax {n2/3 [Z;(xo +n13s) — Z* () — fn(xo)nfl/:ss} —ts:s € S}

s

is Op+ (1), the argmax continuous mapping theorem implies

P* |03 (o) — ful0)] < t] —p P [!4f(a:o>f“’(xo>!”3 argmax {W(s) - 5"} <1

Now to show §f = Op«(1), define

g, = arg max {Zf;(s + x0) — Z5(20) — fulxo)s — tsn’l/‘?’}

s

= argmax {F;(S +20) — Fu(s + mo) + [V (0)s”/2 — tsn_l/g} .

S

By definition, ¢ = n~'/35*, so we want to show n'/?g* = Op-(1).
Modifying the proofs of Lemmas 16-18 with M*(8) = F*(8 + ), M,(0) = F,(6 + xy),
and M*(0) = FX(0+x0)— F,(0+x0)+ fi" (26)82 /2—t0n~1/3 (10 need to center the objective

function at M, (6y)), it can be shown that n'/3§* = Op+(1) with probability approaching one.

n —
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B.2 Rule-of-Thumb Bandwidth Selection

We provide details on the rule-of-thumb (ROT) bandwidth selection rules used in the simula-

tions reported for the Maximum Score Estimation and Isotonic Density estimation examples.

B.2.1 Maximum Score Estimation

To construct a ROT bandwidth in this example, we choose a reference model involving fi-
nite dimensional parameters and calculate/approximate the corresponding leading constants
entering the approximate MSE of Vﬁs (example-specific plug-in estimate) for the case of
Maximum Score estimation, and of VﬂD (generic numerical derivative estimate).

Specifically, we assume u|x ~ Normal(0,02(x)) and z1|x2 ~ Normal(u,0}), where we

2

will specify some parametric specification on ¢%(x) = ¢2(x1,%3). Then, in this reference

model,
1

FO o0l — %0 =———9(0
u‘wl,XQ( | X2 07X2) Uu(_X/2007X2)¢( ),

1

e (01 =360, 32) = g oy ¢ 0 =0
1
F1E|3C21,x2 (0| - X,2007X2) = ¢(2) (0)

o (x40, x2) 0 (— 3480, x2) — 2{ 0 (~x400, %5)}

0'3<—X,200, Xg)

¢(0),

where aq(f)(:vl, -) = d*oy(x1,-)/dz], and

, 1 —x56) —
for o (—X500|x2) = U_¢ (M) 7

1 01

1 —x5,0) — x5,00 + —x5,0) —
(il = Sy (TR X (200
1

01 01

1 —x'0, — '0 2 1 [—-x.0)—
i (—x,B00|x2) = — ¢ Xl [ (Xbtm) —¢ “X% T M
331"‘2 0'1 0'1 0'1 0-1 0-1
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Plug-in Estimator V'

Given the reference model, I need to estimate

Bkl =K [e;x2x’2el (F(l) (0| — X,200,X2)f(2) (—Xl200|X2>

ulx1,x2 z1|x2
1 .
b 0= X030 s (X380l ) | )

where p,(K) = [vPK (u)dv. Define

R 1 & A1 . Ao .
B = > elxaxhe {F£|21,x2(0| — X,0n, Xzi)fileQ(—X§i9n|X2z‘)
=1

1 - ~ ~ o
5 E s (0] = 300, x%>fm|m<—x;ien|xm} s (K)

where the preliminary estimators 6,,, Fﬁzhm(-), quahm(), fx1|x2(-) and fﬁ\)m() are con-
structed using maximum likelihood for the parametric reference model (i.e., heteroskedastic
Probit), together with a flexible parametric specification for o2(x) = 7'p(x) with p(x) de-
noting a polynomial expansion.

Similarly, the higher order variance is
Viu = E [(€],x2%2€1)” f1,1x, (—X500[x2) | /K(U)Zdv,

and, given the reference model, a ROT estimate is

n

~ . 1 " ~
Vkl = /K(U)2d1)ﬁ Z(e;QXQZ-XgieZ)QmeQ(—X'210n|x2i).

i=1

Numerical Differentiation Estimator VP

The bias constant is

1
B =——

: ((94M0(00) N 84M0(00)>

06300, ' 00,00}
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Given the reference model,

0*Mo(6o)

sa706, = 2 (o) s (0] = X480, 5%0) fur e (—X300 52)|

+ 6K [(G;CX2> elXQF( ) (0| - X,200,X2)f:£1) (—X/200’X2>i|

ulx1,x2 1]x%2

ulx1,x2 |x

+6E [(e;m) P (0] = x,80, %) f;f>2(—x;90|x2)},

and similarly for 0*My(6y)/06,00;. Then, we can estimate the bias constant by

. 1
Bu = n Z [(ehxai) %2 + (€7X2;) €)X

1~ - ; - -
[3F£; s (O = 0300 %00) oy (35300 300) + FL, 4 (O] = X5i00, %00) £, (35,00 21)

(1) 7(3) 7 F(2) :
where FE‘Z - Fs‘Z’XQ, frlxas fz|x2, etc., are as discussed above.

Finally, the variance constant is

1
Vkl = g [Co(ek + e, e + el) -+ C()(ek —€,e, — el) — 2C0(ek -+ €, er — el) — 2CO(ek + €, —€; + el)]

Cp is defined in Corollary ??7. Recall that Cy(s,t) = [Lo(s) + Lo(t) — Lo(s — t)]/2. Then,
1
Vi = 1_6 [2£o(ek) + 2£0(el) — Eo(ek + el) — Eo(—ek -+ el)]

with Lo(s) = E [|x58| fu1jx, (—X500[x2)]. Then, we can estimate the variance constant by
n

Vi = 16— [2 [xhser| + 2 [xhier] — [xh;(ex + er)] — [xXhi(—ex + )] fu s (X500 [X2:).-
=1

B.2.2 Isotonic Density Estimation

Here we briefly outline the calculations leading to a ROT bandwidth selector for derivative
of density estimators, which are used to construct an estimate of the drift in this example.

The reference model is z ~ Exponential(A) where A will be estimated from the data.
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Plug-in Estimator V'

The plug-in estimator is the usual kernel density estimator. Assuming we use the second-
order kernel, the leading bias term is h? f®) () /2 [ w?K (u)du and the leading variance term
is n'h 3 f(x0) [ K*(u)du. For the ROT bandwidth, we take f(z) = exp(—x/)\)/A and
K (u) = ¢(u) and we use Integrated MSE (IMSE) as the criterion. That is, we minimize

B / [FO ()} da ( / u2K(u)du>2/4+ / K2(u)du/nh?®

with respect to h. Then, [w?K(u)du = 1, [ K*(u)du = ﬁ;, f{f(3)(x)}2dx = (2\")7!

Thus, the IMSE equals
h* 1

8AT * 4/mnh?

3 \ 7
hawse = \ [ —— -7
AMSE (2\/7—1_) n

Numerical Differentiation Estimator VP

and the minimizer is

The numerical differentiation estimator is

Mo(l’(] -+ h) -+ Mg(l’o — h) — 2M0(JI0)
h? ’

and we take My(xz) = F(x). Then, the bias constant is

1 d4 f(S)(l’O)
12 dgit Wl=so =15

The variance constant is 2f(xo). As in the plug-in estimator case, we take the IMSE, which

equals
P B P
(3 d
122/{f 0} T T 288N |

and the ROT bandwidth is

}AZAMSE =\ (432)1/7 n_1/7.
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APPENDIX C

Proofs for Chapter IV

C.1 Proof of Theorem 7

First suppose that 7y = lim,, ., n7/%¢, exists on the extended real line. By change of variable,

T (0n — 0) = arg max{r2[M,(8y + sr; ) — M,(6,)]}

scRk

and by argmax continuous mapping theorem (e.g., van der Vaart and Wellner, 1996), it
suffices to show 72{ M, (04 - ;1) — M, (6,)} weakly converges to Gy, Gaussian process with
mean —s'Vgs and the covariance kernel 48’3t (o /(1 + m9))? + 2Co(s, t)(1/(1 + m0))*77.

Lemmas 21 and 23 establish r,(6, — 6y) = Op(1). Finite-dimensional convergence
of the stochastic processes {G,(0y + sr;') - s € R¥} where G,,(8) = 2[L,(0) — L,(0,) +
W,.(0) —W,(0o)] follows from Lemmas 24-27. Lemma 28 verifies the sthocastic equicotinutiy
of {Gn(8y +sr;Y) : s € S} for any compact S C R¥. Lemma 29 shows lim,_,. r2[M,, (8, +
srt) — M,(6y)] = s'"Vgs uniformly in s over a bounded set. These results together imply
r2{M,(0y + - ;') — M,(8y)} weakly converges to Gy.

For the case 7, = n?/?q, does not have a limit, consider convergent subsequences. Since

weak convergence holds for any convergent subsequence, the original sequence must also

converge.
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C.1.1 Consistency

Lemma 21. Suppose Assumption PS (i) holds. If M,() > SUPgee Mn(0) — op(1), then
16 — 60|l = o(1).

Proof. For any ¢ > 0, letting a,, = op(1),

Pr(|| — 6] > 6) < Pr (9 sup NE,(8) > NI (8) — ). (C.1)
€ 0

and it suffices to show the right-hand side probability converges to zero. By Hoeffding

decomposition,

M,(0) = M,(0)+ L,(0) + W,(0)

n n;_l gn 29

Wn(e):(;‘)1 3 wa(zi.2,.0).

1<i<j<n

By Theorem 4.2 in Pollard (1989) and Theorem 6 of Nolan and Pollard (1987),

Esup [L,(0)] < n™ ' (E|lu(2)*)"/
6cO

E sup |[W,(0)| < n’l(E|u_)n(z1, zg)]2)1/2.
0cO®

Both terms are o(1) by the hypothesis. Thus,

21618 |Mn(0> — M, (0)| = op(1),

which, combined with the assumption supgeg |Mn(0) — Mo(0)| = o(1), implies

sup M, (6) — M,(6y) = sup Mo(6) — Mo(6) + 0z(1).
0c0©\0} 0c0\0)

Since supgee\es Mo(0) < Mo(6o) by the hypothesis, the desired conclusion follows. O
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C.1.2 Rates of Convergence

The following lemma is used to establish the convergence rate of 0,,.

Lemma 22. Suppose Assumption PS (ii) holds. For 0 < a < b, there exists some ¢ > 0

such that, with n sufficiently large,

agnsggngb'M"(e) M (B0)] < bHaM - H -
Proof. By Taylor expansion,
V,(0) ~ 11,(0,) = (0~ 0,y M) Lo g PO g
+ 2o gy PO~ MOl (g g
<o |25 o ([ZLAEIION) )
where Apin(-) denotes the minimum eigenvalue and V,, = —3*M,,(0,)/9006'. For some

0 > 0, supgeey [|0*[Mn(0) — Mo(0)]/0000'|| = o(1) and 9>My(0)]/0608" is continuous on

). Then, positive definiteness of Vi implies that for some ¢ > 0,

0 [Mn(én) B Mn(OO)]
0000’

lim sup sup
n—00 96@8

H (Vi) < —2.

Lemma 23. Suppose 6, —p 0y and

M, (8,,) > sup M,(8) — oz(r;,%).
0cO

If Assumption PS (ii) and (iii) hold, then r,,(8, — 6y) = Op(1).
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Proof. Let §; = {0 : 2771 < r,||@ — || < 27}. For any § > 0,

Pr(ry |6, — 8] > 2¢) < Pr ((sup M, (6) — M, (6,) > or,.?)

0cO
+ " Pr( sup M,(6) — M, (60) > —57;;2) + Pr(||6, — 69|l > 6/2)
j>c 0cS;
29 <rpd

where the first and third terms go to zero as n — oo. For each of the summand, by (C.1),

Pr ( sup M, (0) — M, (6,) > —(57“;2)

0cS;
< Pr ( sup La(6) = Ly(60) + sup Wa(6) — Wy (80) + sup My (8) — M (6) > 7,
BES]' HGS]' OESj

< Pr ( sup | Ly, (6) — Ly (8o)| + sup [W,,(8) — W, (8o)| > 22jsr;2),
OES]‘ 9€5j

for j large enough, where we use Lemma 22. Note ¢ > 0 depends on ¢ in Lemma 22 and §
but not on n and j as long as they are sufficiently large.

Now, Theorem 4.2 in Pollard (1989) and Theorem 6 of Nolan and Pollard (1987) imply
that

E sup | L,(6) — Ly (60)| S n 2\ EIG"™ (2) S 2023

9€$j
E sup [W,(8) — Wi (00)| < n '\ E[@2 ™ (2)|2 < 209/2n g V22,
GES]'

Then,

4— )
3 P (qup 300) 0,680 > —512) 5/ 20 1 3

2
) n
j=C 95 j=C I s
27 <r,d

and the last term can be made arbitrarily small by choosing C' large. [
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C.1.3 Weak Convergence

We want to show r2{L,,(0y + - r;') — L,(00)} + r2{W,.(0p + - r;') — W,(6)} ~» Gy. For
that purpose, we will establish finite-dimensional convergence and stochastic equicontinuity.
Finite-Dimensional Convergence

For finite-dimensional convergence, first note that

Gn(e) = T?z{Ln(e) — Ln(60)} + Ti{Wn(O) —Wi(6o)} = Zgin(e)

-1 i—1

n
gin(0) =12 (20 {l,,(2;,0) — L, (z:,0)} + (2) Z{wn(zi,zj, 0) — w,(z;,2;,6)}
=1
and with the sigma field F;, generated by ¢1,(0),. .., gin(0),
E[gin| Fli-1)n] = E[E[gin(0)|21, - . ., Zp) | Fi-1)n)

E[¢,(z;,0)|21,...,2;-1] = 0, Elw,(z;,2;)|21,...,2,—1] = 0 for j € {1,...,i — 1}, so
{(9in(0), Fin) }i>1 forms a martingale difference sequence. Below, we write F; for notational
convenience.

Using this martingale structure, we apply the result in Hyde and Brown (1970).

Lemma 24. Let {X,,, F,}n>0 be a martingale with Xy a.s., X,, = 0 Y;n>1, and F,, be
the sigma field generated by Xo, X1,. .., X,. Define 02 = E[Y,2|F,_1] and s2 = > Eo2.
Suppose for some & € (0,1], E|Y,|>*? < oo for all n. Then, there exists a finite constant K

depending only on 6 such that

146 ) } 75

By the Cramer-Wold device, it suffices to consider g;, := Zle NiGin (0o +syr 1) for some
(Sl,)\l) € RkJrl, l=1,...,L.

sup | Pr(X, < sut) = @) < K{s,2 2 (Y EIVP** + B[ Y o2~ s
1p [ Pr(Xn < sut) — 2(t)] < > ElYi| Z

i=1 =1
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The above lemma implies that if, for 07, = E[¢2,|F;—1] and s2 = Y Eo?,,
1 A
n =1

1 — 2
n =1

then G’n(Oo ++ 1 1) ~ Gy in finite-dimensional sense.

Lemma 25. Suppose Assumption PS (iv) holds and my = lim,_o(n7/2q,)" =) exists in

the extended real line. Then,

L

L L L
1 4=y
. 2
nlgglo S, = <T]_/7TO> E E A )\1145120811 (1 n 7r0> E E A )\l/QC() Sl7 Sl’

=1 U'=1 =1 I'=1

where we interpret 1 + oo =00, 1/o0 =0, and 1/0 = oo

Proof.

5721 = Zva‘r(gm)
=1

L
= rin_14\far(z M{ln(z, 00 + slrgl) — Uy (z, 00)}>

=1

1 L
+rd <Z) Var(z A{wn (21,22, 00 + s, ") — wn (21, 22, 00)})

L

—r2n _1ZZAZ>\1/4T E{l, (2,00 + s ") — (2, 00)H{ln(2, 0y + 87, 1) — £o(2,60)}

I=10U=1

4—v L L
T n(nr,: g DD NN2r guE{wa(2, 00 + siry ') — wi(z, 00) Hwn(2, 00+ spry ') — wi(z,60)}
"o=1 =1
1 o L. L 1 Ny B L
- (1 + 1/7T0> ;;)‘l/\l"lszzosl’ (1 +7T0> ;;/\ZAZQCO(SZ,SZ/).

Lemma 26. Suppose Assumption PS (v) holds. Then, (C.2) holds.
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P’f’OOf. Write gn(z) = ZlL:1 Al{gn(za 90+Sl7ﬂ7:1)_€n(zy 00)} and wn(zla Z2) = Zlel )‘l{wn<zl7 Z2, 00+
ity ") — Wn(21,22,60)}. By (a+0)° <257 (a® +b°),

1—

1
Z wn(zﬁ zj)
1

j=

4

Z E|gm|* < rén? Z E|l,(z)|* + r8n~8 Z E
i=1 i=1 i=1

< r2n73]E|l7n(z)|4 + 130 R|| Wy, (21, 22) |* [0 (21, 23)|?] + 30 OB, (21, 22)| .

[
Lemma 27. Suppose Assumption PS (v) holds. Then, (C.3) holds.
Proof.
o\ 2 L )
2 _ A —2miG (o N2 A4 b (7 7. ,
o= i Bl + i) 5] S inte [ |7
=
+ 4rin~t (2) E[ 0, (2:) Wy, (24, 25) E—l} :
j=1
Add and subtract E|r22n~'(n — 1)7! 23711 Wn(2i,25)]?,
n n n —2 i—1 9 n —1 -1 9
2 _ 2 4 - 2 N
Zam = Sn—l—z {%(2) E[( 4 wn(zl,zj)) ]-"1_1} E(rn(Q) an(zl,zj)>
=1 =1 7=1 7j=1
-1 -l
—|—4rin_1(2> ]E[ 0, (2;) W, (24, 2) ]—"1_1}}
j=1
Then, since s is bounded away from zero, to show (C.3), it suffices to show
n i—1 ) i—1 5y |2
) Z{EK wn(zi,zj)) fi_l} —E(Zﬁ)n(zi,zj)> } = o(1) (C.4)
i=1 j=1 j=1
n i—1 ~ 2
r®n CR Z]E[ 0, (2:)W0y, (24, 25) ]:1—1] =o(1). (C.5)
=1 j=1
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3 {E[( antan)) [P _E(gm,zﬂ)?} 2

i=1 j=1
n i—1 j—1 9
+E( Efin (i, 7 )0 (7, 72) | Fi-1])
i=1 j=1 k=1
n—1 n 9
- E(Z Z {E[wn(zi,zj)2|-7'—i—1] — E[w, (21, ZQ)Z]}>
j=1 i=jt1
n—2 n—1 n 9
+E( S Bl (2,20 (1, 2) | Fia])
k=1 j=k+1i=j+1
n—1 n—1
<n’E ) Y {E[in (20, 2))*| For) — Eldin (21, 22)* HE (2, 24)*| Fra] — Eliiin (21, 22)°}
j=1 k=1
n— n—1 n—2 n—1

+n2EZ Z Z Z E[E[wn(zn,zjl)wn(zn,zk1)|fn_1]E[1Dn(zmsz)u?n(zn,zk2)|fn_1]]

k1=1ji=k1+1 k2=1 jo=ko+1

< W E(E[n (20, 21)?| Fri1] — E[n(21,22)%])? + n*E(E[@0n (20, 21) W00 (20, 22)| Fn_1])?.

For (C.5),
n i—1 ~ 2
E ZE[ZETL(ZZ)/IIJ”<Z“Z]) .E,1:|
i=1 j=1

n n min{ihig}fl

= Z Z Z E[E[gn(zil)wn(ziu Zj)l"t.j]E[gn(ziz)wn(Ziza z;)| ;]

i1=1145=1 j=1

< N[B[0, (22) 0 (22, 21 )| F1]?).

Stochastic Equicontinuity

Lemma 28. If Assumption PS (iv)-(v) and one of Condition v hold, then for every e > 0
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and C >0, we can find § > 0 such that

lim sup Pr < sup  |Go(0y + s ) — Gu(y + tr Y| > 6) < e.
n-so0 Js—t] <5
[slviitl<C

Proof. Tt suffices to establish stochastic equicontinuity of r2{L,(6y + - r,;') — L,(6y)} and
r2{W,(00 + - 7,;') — W,(6o)}, individually. By Theorem 4.2 in Pollard (1989), for some
n >0,

1/2
T?LE sup |Ln(00 + ST;1> - Ln(eo + tT;1)| 5 T?Ln_l/z (E sup |£n(za 0) - En(za 0/>|2>
lls—t|l<é 6—6"||<é
[slviitl<c 0,00
where using |(,,(z,0) — (,,(z,0")| < B1(z)||@ — @'||, the last term can be made small by taking
0 small.

Now it remains to establish stochastic equicontinuity for 72{W,(6y + - ;) — W, (6,)}.

For the smooth case i.e., v = 2, we have

1/2

T?LE sup |Wn(00+ST;1)_Wn(00+tr;1>| S T?Ln_l (E sup |wn(z1, Z3, 0>_wn(zla Z2, 0/) |2)
lls—t[|<é 16—0"||<é

[slvitl<c 0,00

and by Condition: Smooth Case, the last term is of order r%nflqﬁlﬂr;lé = 04/ 7 /n2q,,
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which can be made arbitrarily small by taking § small. For the non-smooth case (v = 1),

T72‘LE Sup |Wn(00 + 57”7:1) - Wn<00 + tT;1)|
l[s—tl|<d
slIviftll<C

-1 1/2
<rin'E  sup ‘ (n) Z |wn(2i, 25, 00 + 57,1 — wi(2i, 24, 00 + tr;1)|2‘

||S*t||§5 1<i<i<
Islivitli<c Stesn

—1
_ n _ rﬁl
risl () X e e

1<i<j<n

1/2

-1 1/2
X J( sup ‘ (Z) Z |wn (2, 25,00 + 571, — w(24, 25,00 + tr;l)|2’

lls—t[| <o 1<i<j<n
n -1 —1
/(3) X e

[slvitf<C

1<i<j<n
2, -1 O 1 1y 2]
Srin T E sup ‘ 5 Z |\wn (2, 2,00 + s, ") — wn (2, 25,00+ tr, )|
—t]|<6 —
iviize Isisysn
n\ -1 1/2
a4 o (B (2) > 1w (202 )
1<i<j<n
n -1 1/2
X []EJ2 (nlfrﬁn2 sup ‘ <2> Z |wn(2i, 25,00 +s7,") — wn(2i, 25, 00 + trnl)\2)}
—t[|<5 —
ivitize fsierEn

where

wn (24, 25,0) = w22, 225, 0) + Wy (22, 2251, 0) + Wy (22i-1, 225, 0) + W, (2Z2i—1, 221, 0)
@2(21722) = sup |wn(21,22,0) — wn (21,22, 00)|

0cO]

and we split the expectation calculation into the event {(g)_l ZlSKan |@g7‘51(zi,zj)\2 <

nrAn} and its complement. Then, using (a + b)? < 2(a® + b?), it suffices to show

1
rin?E  sup <n) Z !wn(zi, zj, 00 + srt) — w, (s, z;, 00 + tr;l)‘2 =o(1).

ls—ti<s \2/ A=
Is|viieli<c Stssn
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Splitting into the event {g,2w,(z;,z;) < L} and its complement,

—1
rinT?E  sup (n) Z !wn(zz',zj,go—i-srgl)—wn(zz‘,zj,90+tr;1)‘2

lls—t||<é 1<i<i<
Isvtli<c stssn

-1

n

<rin?¢;'E sup Z lw, (2, 2,00 + s1,") — wy(2i, 24, 00 + tr; 1)L
ls—tll<s  \2

1<i<g<
Isvtli<c stssn

—1 —1
R 2 g Bl (20, 22) PH{gn 20" (20, 22) > L}

and the second term can be made arbitrarily small by choosing L large enough. For the first

term,

—1
E sup <Z Z |wn(zi,zj,00+sr;1)—wn(zi,zj,00+tr;1)|

lls—t||<s 1<i<i<
Is|viti<c Stgsn
n —1
—1 —1
<E sup (2) g |wy (2,25, 600 + sr, ) — wy(2;, 25,00 + tr, )|
lviie Isi<jsn

— E|lw, (21, 22,00 + 51, ) — wn (21,22, 00 + tr, )|

-1 -1
+ sup E|wn(z1,z2,00—|—srn ) _wn<zlvz2700+trn )|
l[s—tl|<é
[sliviitll<C

The first term can be bounded by Theorem 6 of Nolan and Pollard (1987) and the second
term can be bounded by the bound in Assumption PS (iv). O

Now, for the weak convergence of the process {r2[M, (0o + sr; ') — M,(0,)] : s € RF},

it remains to show convergence of the expectation term.

Lemma 29. Suppose Assumption PS (ii) holds. Then, for any finite L > 0,

sup |r2[M, (8o +sr,') — M, (60)] +s'Vos| = o(1).
<L
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Proof. By Taylor expansion,

1
2|12 [Ma(B0 + s77,") = Ma(80)] + 55 Vos|
oM, ( 8M Oo—l—TST_l) aM 00
< - -7
< 2l || 20| o S0 2 L0 |+ st~ ol

where 7 € (0,1) and V,, = 9?°M,(0,)/00060’. The first and third terms is o(1) by the
hypothesis. For the middle term, add and subtract 0?M,(0)/0000" evaluated at 6, + Tsr,,*!
and ). Using uniform convergence and continuity of 9?My(6)/0000’, the desired result
follows. O
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