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ABSTRACT

Gradient descent (GD) is the backbone of modern machine learning optimization, and its

success is often attributed not just to efficiency but also to an intriguing phenomenon known

as implicit regularization—the tendency of GD to favor solutions that generalize well, even

without explicit constraints. While existing theoretical studies have shed light on this be-

havior, they frequently rely on idealized assumptions, such as isotropic data distributions or

benign optimization landscapes, which rarely hold in practice. This gap highlights the need

to understand implicit regularization in more realistic and challenging settings that better

reflect practical machine learning problems.

This dissertation explores implicit regularization in gradient-based learning under three

key challenges: (1) robustness to heavy-tailed outlier noise, (2) learning with non-isotropic

input distributions, and (3) developing a general theoretical framework for characterizing op-

timization trajectories. First, we study robust learning with ℓ1-loss, including robust matrix

sensing and robust deep linear networks, and show that GD implicitly preserves low-rank

structures throughout training, achieving near-linear convergence under near-optimal sam-

ple complexity. Interestingly, we prove that the ground truth corresponds to a strict saddle

point, countering the conventional wisdom that saddle points inherently impede optimiza-

tion. Second, we analyze learning with non-isotropic input distributions—a broad category

that includes unregularized matrix completion as a special case. We introduce a novel sta-

tistical decoupling technique that establishes near-optimal sample complexity guarantees

for GD without relying on standard isotropic assumptions. Lastly, we develop a unified

framework based on structured basis function decomposition, revealing that GD trajecto-

ries, when projected onto a suitable function basis, exhibit an almost monotonic progression

despite their apparent complexity.

Altogether, this work advances the theoretical understanding of implicit regularization

under realistic conditions, offering rigorous insights into how gradient descent selects gener-

alizable solutions. These results have broad implications for designing robust and efficient

learning algorithms across diverse machine learning tasks.
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CHAPTER 1

Introduction

1.1 Introduction to Empirical Risk Minimization

Machine learning (ML), especially deep learning (DL), has achieved remarkable success

across various domains, including computer vision [Krizhevsky, Sutskever, and Hinton,

2012, He, Zhang, Ren, and Sun, 2016], natural language processing [Devlin, Chang, Lee,

and Toutanova, 2019, Vaswani, Shazeer, Parmar, Uszkoreit, Jones, Gomez, Kaiser, and

Polosukhin, 2017], and robotics [Levine, Finn, Darrell, and Abbeel, 2016, Levine, Pastor,

Krizhevsky, and Quillen, 2018].

Most machine learning problems can be categorized within the empirical risk minimization

(ERM) paradigm [Devroye, Györfi, and Lugosi, 1996], which provides a systematic approach

to learning from data. Specifically, we consider a training dataset Sn = {(xi, yi)}ni=1 consist-

ing of n data points, where xi represents the input and yi represents the output. We assume

that each data point (xi, yi) is independently and identically distributed (i.i.d.) from an un-

derlying distribution D. However, real-world data is often noisy. In particular, we consider

the label noise setting, where the output is generated as yi = f ∗(xi) + ϵi, where f ∗ is the

ground truth function, and ϵi follows some noise distribution.

The objective is to approximate f ∗ using a model fθ from a predefined hypothesis class

FΘ, parameterized by θ. Ideally, f ∗ belongs to or is well-approximated by FΘ, ensuring

that our model can capture the underlying data distribution effectively. To measure how

well fθ approximates f ∗, we introduce a loss function ℓ(·, ·), which quantifies the discrepancy

between the predicted output fθ(xi) and the observed label yi. Common choices for ℓ(·, ·)
include the squared loss ℓ(y, ŷ) = (y − ŷ)2 and the absolute loss ℓ(y, ŷ) = |y − ŷ|.

Given this setup, empirical risk minimization seeks to minimize the empirical loss

min
θ∈Rd
Ln(θ) :=

1

n

n∑
i=1

ℓ(yi, fθ(xi)), (ERM)
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where Ln(·) is the empirical loss. Since this optimization problem is typically high-

dimensional and nonconvex, it is solved using first-order optimization methods. A widely

used approach is gradient descent (GD), which updates parameters iteratively

θt+1 = θt − ηt∇Ln(θt). (GD)

Here, ηt > 0 is the step size, and ∇Ln(θt) is the gradient of Ln at θt.
1 Starting from an

initial parameter θ0, GD generates an optimization trajectory {θt}Tt=0 and finally output a

solution θGD, which is typically either the last iterate, θGD = θT , or a weighted average of all

the iterates, θGD =
∑T

t=0wtθt, where the weights {wt}Tt=0 satisfy wt ≥ 0 and
∑T

t=0wt = 1.

While ERM focuses on minimizing the empirical loss, the ultimate goal is to ensure that

θGD generalizes well to unseen data. Specifically, we seek to minimize the noiseless population

loss

L(θ) := E(x,y)∼Dclean
[ℓ(y, fθ(x))] .

Here, we define the clean distribution as follows: first, we sample x ∼ Dx, the marginal

distribution of D, and then generate the noiseless output as y = f ∗(x).

Example 1 (Low-Rank Matrix Recovery). Consider a dataset {(Ai, yi)}ni=1, where each

input matrix Ai ∈ Rd×d and the corresponding output is generated as yi = ⟨Ai,X
∗⟩ + ϵi,

where X∗ is an unknown positive semidefinite (PSD) low-rank ground truth matrix with rank

r ≪ d, and ϵi represents noise.

The objective is to estimate X∗ from the given observations. A common approach is

the Burer-Monteiro (BM) factorization [Burer and Monteiro, 2003], which represents X as

X = UU⊤, where U ∈ Rd×r′ and the search rank r′ ≥ r. Since the true rank r is unknown,

we choose a search rank r′ ≥ r to ensure that the model includes a valid ground truth solution,

Θ∗ = {U ∗ ∈ Rd×r′ : U ∗U ∗⊤ = X∗}.
To estimate X∗, we minimize the empirical risk using an ℓp-loss function, leading to the

following nonconvex optimization problem

min
U∈Rd×r′

1

n

n∑
i=1

∣∣yi − 〈Ai,UU
⊤〉∣∣p . (1.1)

When the noises ϵi follow a dense light-tailed distribution such as a sub-Gaussian distribution,

the ℓ2-loss is typically used. In more challenging settings, such as those involving outlier

noise—where a fraction of the samples are grossly corrupted by extreme values—the ℓ1-loss

1When Ln is nonsmooth, we can use the subgradient instead of the gradient, leading to the subgradient
method.
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is preferred to enhance robustness. Notably, when ℓ1-loss is applied, the optimization problem

becomes nonsmooth due to the nondifferentiability of the ℓ1-loss function at the origin.

There are two major challenges for ERM to be effective.

• Optimization challenge. Usually, fθ is a highly complex function, which can be

nonconvex and nonsmooth. As a result, the empirical loss Ln(θ) in equation ERM is

generally a nonconvex optimization problem, making it difficult to find the global min-

imum. First-order methods like gradient descent can only guarantee convergence to a

stationary point, which may not be globally optimal. Additionally, in high-dimensional

spaces, the loss landscape can have multiple local minima, saddle points, and flat re-

gions, further complicating optimization.

• Statistical challenge. Our goal is to find a solution that optimizes the population

loss L(θ), but we only have access to a finite, noisy sample set drawn from the true

distribution. This discrepancy between the empirical and population objectives intro-

duces statistical challenges. Moreover, in modern deep learning, we often work in the

overparameterized regime, where the number of model parameters exceeds what is sta-

tistically necessary. Since we do not know the true underlying function f ∗, we typically

use a highly expressive model class FΘ to ensure it contains a good approximation of

f ∗. However, this flexibility introduces additional challenges: there are usually multiple

solutions that minimize the empirical loss, yet not all of them generalize well to unseen

data. In other words, overparameterization allows models to interpolate training data

perfectly while still failing to achieve low population loss. This phenomenon makes

it crucial to understand the implicit biases of optimization algorithms and develop

methods to ensure generalization.

Despite these challenges, ERM combined with first-order optimization has demonstrated

remarkable empirical success [Krizhevsky et al., 2012, He et al., 2016, Devlin et al., 2019,

Vaswani et al., 2017, Levine et al., 2016, 2018]. A key explanation is implicit regularization

[Neyshabur, Bhojanapalli, and Chakrabarti, 2017, Soudry, Hoffer, Nacson, Gunasekar, and

Srebro, 2018, Zhang, Bengio, Hardt, Recht, and Vinyals, 2017], where optimization algo-

rithms exhibit an inherent preference for solutions with favorable generalization properties.

Instead of selecting an arbitrary empirical minimizer, certain optimization dynamics bias so-

lutions toward structured forms that generalize well. This phenomenon plays a crucial role

in deep learning, where large overparameterized models can still perform well on unseen data

despite perfectly fitting the training set. Understanding the nature of implicit regularization

is essential for designing more efficient and robust learning algorithms.
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1.2 Implicit Regularization of Gradient Descent

Formally, the implicit regularization theory suggests that, despite minimizing an unregu-

larized empirical loss function, GD effectively optimizes a regularized loss function of the

form

min
θ∈Rd
Ln(θ) + λR(θ), (1.2)

where λ > 0 is the regularization strength, and R(·) is a regularizer. Common choices of

R(·) include the ℓp-regularizer ∥·∥pp and the nuclear norm regularizer ∥·∥⋆. Let us revisit the

low-rank matrix recovery example to better understand this theory.

The implicit regularization property of GD provides several important benefits:

• Optimization benefit. Implicit regularization can improve the convergence proper-

ties of GD by biasing the iterates toward those regions with benign landscape proper-

ties. This is particularly beneficial in high-dimensional problems, where the global loss

landscape can be very bad. For instance, in overparameterized models such as low-rank

matrix recovery problems, GD naturally biases solutions toward low-rank structures

so that .

• Statistical benefit. Implicit regularization helps control model complexity,

thereby reducing overfitting and enhancing generalization. By favoring solutions with

desirable structures—such as sparsity in high-dimensional regression or low-rankness

in matrix estimation—GD naturally mitigates the risk of overfitting even in regimes

where the number of parameters exceeds the number of samples. This effect has been

rigorously studied in settings like linear regression, where GD with small initializa-

tion implicitly prefers solutions with minimal ℓ2-norm, leading to lower variance and

improved predictive performance.

• Adaptivity of the implicit regularizer. Unlike explicit regularization, which re-

quires manually choosing the regularization strength λ, implicit regularization is self-

adaptive—the algorithm automatically adjusts its trajectory to align with the prob-

lem’s intrinsic structure. A poorly chosen explicit regularization strength can introduce

significant bias, harming performance. In contrast, GD dynamically discovers the cor-

rect form of regularization. For example, it naturally induces sparsity when solving

high-dimensional optimization problems via ℓ1-like implicit biases or encourages low-

rank structures in matrix recovery problems through nuclear norm regularization.

Gradient descent and its variants have been shown to exhibit implicit regularization in a

wide range of applications, including sparse recovery [Vaskevicius, Kanade, and Rebeschini,
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2019, Zhao, Yang, and He, 2019], matrix recovery [Ma, Wang, Chi, and Chen, 2017, Arora,

Cohen, Hu, and Luo, 2019a], and deep neural networks [Gunasekar, Woodworth, Bhojana-

palli, Neyshabur, and Srebro, 2018]. This phenomenon provides a compelling explanation

for why these methods achieve both efficient optimization and strong generalization, even in

overparameterized regimes.

Despite substantial theoretical progress, key gaps remain between existing theory and

practical observations. First, much of the analysis is confined to idealized settings, where

training data follows well-behaved distributions—such as isotropic Gaussian inputs and out-

puts perturbed by light-tailed noise (e.g., sub-Gaussian noise) [Ma et al., 2017, Arora et al.,

2019a, Vaskevicius et al., 2019, Razin and Cohen, 2020, Razin, Maman, and Cohen, 2021].

However, real-world data is often heavy-tailed, highly structured, or subject to complex noise

patterns, making these assumptions unrealistic in many applications. Second, most theoreti-

cal frameworks are tailored to specific problem settings and require case-by-case adjustments,

limiting their applicability to broader machine learning and optimization problems. Devel-

oping more general and robust theoretical insights remains an important challenge.

1.3 Our Contribution

As discussed in the previous section, a significant gap remains between existing theoretical

understanding and practical observations regarding the implicit regularization of gradient de-

scent. To bridge this gap, this dissertation investigates the implicit regularization properties

of gradient descent in more realistic settings, moving beyond the conventional assumptions

of well-behaved training data. Specifically, we examine scenarios where outputs are heavily

corrupted by outliers and inputs deviate from isotropy, such as in matrix completion. Addi-

tionally, we develop a unified framework for studying implicit regularization, encompassing

a wide range of important cases, including practical neural networks.

Below, we summarize the main contributions:

• Chapter 2: Robust matrix sensing [Ma and Fattahi, 2023a,b]. We study

the sub-gradient method (SubGM) for robust low-rank matrix recovery under an ℓ1-

loss formulation, where a subset of measurements may be grossly corrupted by noise.

Our focus is on an over-parameterized setting, where the rank of the true solution is

unknown and over-estimated, potentially leading to overfitting or degraded algorithmic

performance. We show that a simple SubGM with small initialization is inherently

robust to both over-parameterization and noise. Specifically, we prove that small

initialization nullifies the effect of over-parameterization, leading to an exponential
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improvement in the convergence rate. Moreover, we introduce a unified framework

that analyzes SubGM under both outlier and Gaussian noise models, demonstrating

that it converges to the true solution even in the presence of arbitrarily large and dense

noise. Notably, this holds even when globally optimal solutions do not correspond to

the ground truth. A key technical contribution is our introduction of a robust variant

of the restricted isometry property, termed Sign-RIP, which characterizes the deviation

of the ℓ1-loss sub-differential from the ideal expected loss. As a byproduct, we show

that in the case of Gaussian measurements, the sample complexity required for global

convergence of SubGM is independent of the over-parameterized rank.

• Chapter 3: Robust deep linear networks [Ma and Fattahi, 2022a]. We inves-

tigate the impact of depth on the optimization landscape of over-parameterized linear

regression using deep diagonal linear networks in a robust setting, where a subset of

measurements is heavily corrupted by noise. While deep models are generally non-

convex, we show that their optimization landscapes exhibit desirable properties. On

the negative side, we establish that for any depth N ≥ 1, there exist solutions corre-

sponding to the ground truth that are neither local nor global minima, indicating a

non-benign landscape. However, on the positive side, we prove that for any N ≥ 2,

a simple sub-gradient method is oblivious to such problematic solutions and instead

converges to a balanced solution that is both close to the ground truth and enjoys a

flat local landscape, thereby eliminating the need for early stopping. Additionally, we

empirically validate that these optimization properties extend beyond linear regression

to other robust learning tasks, such as deep matrix recovery and deep ReLU networks

trained with an ℓ1-loss.

• Chapter 4: Unregularized matrix completion [Ma and Fattahi, 2024]. We

analyze the problem of symmetric matrix completion, where the goal is to recover

a positive semidefinite matrix X⋆ ∈ Rd×d of rank r, parameterized as UU⊤, from

a subset of its observed entries. Our key result shows that vanilla gradient descent

(GD) with small initialization converges to the ground truth X⋆ without requiring

explicit regularization, accurate rank estimation, or strong initialization conditions.

In the over-parameterized setting where the search rank r′ is overestimated (r′ ≫
r), we prove that GD converges nearly linearly to an ϵ-neighborhood of X⋆ with

Ω̃(dr9) observations, independent of the over-parameterized rank r′. In the exactly-

parameterized setting (r′ = r), we further refine this result, showing that GD achieves

arbitrarily small accuracy ϵ > 0 at a faster convergence rate, provided the initialization

satisfies ∥U0∥ = O(1/d). Our analysis is enabled by a novel weakly-coupled leave-one-
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out technique, which extends beyond the classical leave-one-out method to establish

global convergence guarantees for GD.

• Chapter 5: Function basis decomposition [Ma, Guo, and Fattahi, 2023]. We

introduce a novel basis function decomposition framework for analyzing the solution

trajectory of gradient-based algorithms. Our key insight is that, despite variations

across different learning tasks, solution trajectories exhibit an approximately mono-

tonic behavior when projected onto an appropriate orthonormal function basis. This

decomposition enables a systematic analysis of the learning dynamics. Using this

framework, we provide improved convergence guarantees for gradient descent (GD) in

symmetric matrix factorization and establish a new convergence result for orthogonal

symmetric tensor decomposition. Additionally, we empirically demonstrate that this

decomposition extends to deep neural networks (DNNs), revealing that gradient-based

algorithms learn the coefficients of a particular orthonormal function basis defined by

the eigenvectors of the conjugate kernel after training. Our findings provide a fresh per-

spective on the dynamics of gradient-based optimization across different architectures,

solvers, and datasets.

1.4 Main Proof Idea: Signal-Residual Decomposition

In this section, we outline the main proof idea underlying all of our results.

In many applications, the set of ground truth solutions, defined as

Θ∗ =

{
θ∗ ∈ Rd : θ∗ = arg min

θ∈Rd

L(θ)

}
,

is typically contained within a low-dimensional subsetM, where dim(M)≪ d. For instance,

in the low-rank matrix recovery example introduced in Example 1, the ground truth solutions

lie within the set of low-rank matrices: M =
{
U ∈ Rd×r′ : rank(U) ≤ r

}
.

To analyze the optimization trajectory {θt}Tt=0, we decompose each iterate θt into two

components relative to the low-dimensional structure M:

θt = PM(θt)︸ ︷︷ ︸
signal

+P⊥
M(θt)︸ ︷︷ ︸
noise

. (1.3)

Here, we define PM(θ) = arg minθ′∈M ∥θ − θ′∥ as the projection onto M, and P⊥
M(θ) =

θ − PM(θ) as the residual component orthogonal to M. Then, we can characterize the

performance metric dist(θGD,Θ
∗) in the following signal-residual decomposition.
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Proposition 1 (Signal-residual decomposition). For any θ ∈ Rd, we have the following

decomposition

dist(θ,Θ∗) ≤ dist (PM(θ),Θ∗) + dist
(
P⊥

M(θ),Θ∗) . (1.4)

This decomposition allows us to separately analyze how the optimization dynamics evolve

within the low-dimensional structure and how much deviation occurs outside of it. Then,

the success of implicit regularization in GD typically depends on the following three key

conditions:

• Good initialization. The initialization point should be close to the low-dimensional

structureM, which includes the ground truth solutions. Although the exact structure

of M is generally unknown, a common heuristic is to use a small initialization close

to the origin2. This choice is effective in many cases since real-world models often

lie low-dimensional sets such as sparse vectors, low-rank matrices, or low-rank tensors

which all include origin. By starting in this region, GD is more likely to converge to a

well-generalizing solution rather than an arbitrary minimizer of the empirical loss.

• Controlled residual dynamic. Throughout the training process, we want the resid-

ual term Et—capturing deviations from the desired low-dimensional setM—to remain

small. The specific form of the residual dynamic depends on the problem setting, but

in many cases, its growth rate is inversely proportional to the sample size. This means

that as the number of training samples increases, the residual grows more slowly. In

fact, when the sample size exceeds a certain threshold (which often aligns with the

information-theoretic limit), we can show that the residual remains small throughout

training, ensuring stability and good generalization.

• Fast convergence of the signal dynamics. The signal component, which evolves

within the low-dimensional set M, typically converges rapidly to the ground truth

solution. This is because, when restricted toM, the empirical loss often exhibits a well-

behaved landscape properties such as local strong convexity and sharpness, enabling

efficient optimization via first-order methods. More importantly, the global minimizer

of the empirical loss within M is usually close to the minimizer of the population

loss. In other words, GD implicitly guides the optimization toward a solution that

generalizes well, rather than just overfitting to the training data.

2The reason that we do not use the exact origin is that it is usually a saddle point of the empirical loss.
Hence, we want to slightly perturb it to escape that saddle point efficiently.
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CHAPTER 2

Robust Matrix Sensing

This chapter is based on the following two papers:

• Jianhao Ma and Salar Fattahi. Global convergence of sub-gradient method for robust

matrix recovery: Small initialization, noisy measurements, and over-parameterization.

Journal of Machine Learning Research, 24(96):1–84, 2023a.

• Jianhao Ma and Salar Fattahi. Can Learning Be Explained By Local Optimality In

Low-rank Matrix Recovery? arXiv preprint arXiv:2302.10963, 2023b.

2.1 Introduction

This chapter investigates the problem of robust matrix sensing, where the goal is to recover

a low-rank positive semidefinite matrix X⋆ ∈ Rd×d from a limited number of linear measure-

ments of the form y = A(X⋆) + s, where y = [y1, y2, . . . , ym]⊤ is a vector of measurements,

A is a linear operator defined as A(·) = [⟨A1, ·⟩, ⟨A2, ·⟩, . . . , ⟨Am, ·⟩]⊤ with measurement ma-

trices {Ai}mi=1, and s = [s1, s2, . . . , sm]⊤ is a noise vector. More formally, the robust matrix

sensing is defined as

find X⋆ subject to: y = A(X⋆) + s, rank(X⋆) = r, (2.1)

where r ≤ d is the rank ofX⋆. Robust matrix sensing plays a central role in many contempo-

rary machine learning problems, including motion detection in video frames [Bouwmans and

Zahzah, 2014], face recognition [Luan, Fang, Liu, Yang, and Qian, 2014], and collaborative

filtering in recommender systems [Luo, Zhou, Xia, and Zhu, 2014]. Despite its widespread

applications, it is well-known that solving equation 2.1 is a daunting task since it amounts

to an NP-hard problem in its worst case [Natarajan, 1995, Recht, Fazel, and Parrilo, 2010].

What makes this problem particularly difficult is the nonconvexity stemming from the rank

constraint. The classical methods for solving low-rank matrix sensing problem are based on

9



convexification techniques, which suffer from notoriously high computational cost. To alle-

viate this issue, a far more practical approach is to resort to the following natural nonconvex

and nonsmooth formulation

min
U∈Rd×r′

fℓ1(U) :=
1

m

∥∥y −A (UU⊤)∥∥
1
, (2.2)

where r′ ≥ r is the search rank. The ℓ1-loss is used to robustify the solution against noisy

measurements. The above formulation is inspired by the celebrated Burer-Monteiro ap-

proach [Burer and Monteiro, 2003], which circumvents the explicit rank constraint by opti-

mizing directly over the factorized model X = UU⊤.

Perhaps the most significant breakthrough result in this line of research was presented

by Bhojanapalli, Neyshabur, and Srebro [2016], showing that, when the rank of the true

solution is known and the measurements are noiseless, the nonconvex formulation of the

problem with a smooth ℓ2-loss has a benign landscape, i.e., it is devoid of undesirable local

solutions; as a result, simple local-search algorithms are guaranteed to converge to the glob-

ally optimal solution. Such benign landscape seems to be omnipresent in other variants of

low-rank matrix sensing, including matrix completion [Ge, Jin, and Zheng, 2017, Ge, Lee,

and Ma, 2016], robust PCA [Ge et al., 2017, Fattahi and Sojoudi, 2020], sparse dictionary

learning [Sun, Qu, and Wright, 2016, Qu, Zhai, Li, Zhang, and Zhu, 2019], linear neural

networks [Kawaguchi, 2016], among others; see recent survey papers [Chi, Lu, and Chen,

2019, Zhang, Qu, and Wright, 2020].

A recurring assumption for the absence of spurious local minima is the exact param-

eterization of the rank: it is often presumed that the exact rank of the true solution is

known a priori. However, the rank of the true solution is rarely known in many applications.

Therefore, it is reasonable to choose the rank of UU⊤ conservatively as r′ > r, leading to

an over-parameterized model. This challenge is further compounded in the noisy regime,

where the injected noise in the measurements can be “absorbed” as a part of the solution,

due to the additional degrees of freedom in the model. Evidently, the existing proof tech-

niques face major breakdowns in this setting, as the problem may no longer enjoy a benign

landscape. Moreover, over-parameterization may lead to a dramatic, exponential slow-down

of the local-search algorithms—both theoretically and practically [Zhuo, Kwon, Ho, and

Caramanis, 2021, Zhang, Fattahi, and Zhang, 2021, 2022].

In this work, we study the performance of a simple sub-gradient method (SubGM) on

fℓ1(U). We prove that small initialization nullifies the effect of over-parameterization on its

performance—as if the search rank r′ were set to the true (but unknown) rank r. Moreover,

we show that SubGM converges to the ground truth at a near-linear rate even if local, or

10



(a) (b) (c)

Figure 2.1: (a) The performance of SubGM for different search ranks r′. (b) The performance of SubGM
for different corruption probabilities. (c) The performance of SubGM for different values of the initialization
scale α. In all of the simulations, the initial point U0 is chosen as αB, where B is obtained from Algorithm 2.

even global, spurious minima exist. Our proposed overarching framework is based on a

novel signal-residual decomposition of the solution trajectory: we decompose the iterations

of SubGM into low-rank (signal) and residual terms, and show that small initialization keeps

the residual term small throughout the solution trajectory, while enabling the low-rank term

to converge to the ground truth exponentially fast.

2.1.1 Power of Small Initialization

In this section, we shed light on the power of small initialization on the performance of

SubGM for robust matrix sensing. Given an initial point U0 and at every iteration t, SubGM

selects an arbitrary direction Dt from the (Clarke) sub-differential [Clarke, 1990] of the ℓ1-

loss function ∂fℓ1(Ut). Due to local Lipschitzness of the ℓ1-loss, the Clarke sub-differential

exists and can be obtained via chain rule (see [Clarke, 1990]):

∂fℓ1(Ut) =
1

m

m∑
i=1

sign
(
⟨Ai,UtU

⊤
t −X⋆⟩

) (
Ai +A⊤

i

)
Ut. (2.3)

At every iteration, SubGM updates the solution by moving towards −Dt, where Dt ∈
∂fℓ1(Ut), with a step-size ηt. To showcase the effect of small initialization on the performance

of SubGM, we consider an instance of robust matrix sensing, where the true solution X∗

is a randomly generated matrix with rank r = 3 and dimension d = 20. Furthermore,

we consider m = 500 measurements, where the measurement matrices {Ai}mi=1 have i.i.d.

standard Gaussian entries.

Property 1: Small initialization makes SubGM agnostic to over-

parameterization. Figure 2.1a shows the performance of SubGM with small initialization

11



(a) (b)

Figure 2.2: (a) The objective value of the solutions obtained via SubGM with and without small initial-
ization. (b) The error of the solutions obtained via SubGM with and without small initialization. In both
instances, the initial point is chosen as U0 = αB, where B is obtained from Algorithm 2. The initialization
scale α is chosen as α = 10−15 and α = 1, for SubGM with and without small initialization, respectively.

for both exact (r′ = 3) and over-parameterized (r′ > 3) settings, where 10% of the

measurements are grossly corrupted with noise. Our simulations uncover an intriguing

property of small initialization: neither the convergence rate nor the final error of SubGM is

affected by the over-estimation of the rank. Moreover, Figure 2.1b depicts the performance

of SubGM for the fully over-parameterized problem (i.e., r′ = d = 20) with different levels

of corruption probability (the fraction of measurements that are corrupted with noise). The

added noise values are i.i.d. and drawn from a Gaussian distribution with mean and variance

equal to 0 and 100, respectively. It can be seen that, even in the fully over-parameterized

setting, SubGM is robust against large corruption probabilities.

Property 2: Small initialization improves convergence. It is known that different

variants of the (sub-)gradient method converge linearly to the true solution, provided that the

search rank coincides with the true rank (r′ = r) [Tu, Boczar, Simchowitz, Soltanolkotabi,

and Recht, 2016, Zheng and Lafferty, 2015, Tong, Ma, and Chi, 2021, Li et al., 2020b].

However, these methods suffer from a dramatic, exponential slow-down in over-parameterized

models with noisy measurements [Zhuo et al., 2021]. Our simulations reveal that small

initialization can restore the convergence back to linear, even in the over-parameterized

and noisy settings. Figure 2.1c shows that SubGM converges linearly to an error that is

proportional to the norm of the initial point: smaller initial points lead to more accurate

solutions at the expense of a slightly larger number of iterations.

Property 3: Emergence of “spurious” global minima. Inspired by these simulations,

a natural approach to explaining the desirable performance of SubGM is by showing that

the robust matrix sensing problem enjoys a benign landscape. We refute this conjecture by
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showing that, not only does the robust matrix sensing with over-parameterized rank have

sub-optimal solutions, but also its globally optimal solutions may be “spurious”, i.e., they do

not correspond to the ground truth X∗. Figure 2.2 shows the performance of SubGM with

and without small initialization. It can be seen that SubGM converges to the ground truth

which is a local solution for the ℓ1-loss with sub-optimal objective value. On the other hand,

SubGM without small initialization converges to a high-rank solution with a strictly smaller

objective value. In other words, the ground truth is not necessarily a globally optimal

solution, and conversely, globally optimal solutions do not necessarily correspond to the

ground truth.

From a statistical perspective, our simulations support the common empirical observation

that first-order methods “generalize well”. In particular, SubGM converges to a low-rank

solution that is close to the ground truth—i.e., has a better generalization error—rather than

recovering a high-rank solution with a smaller objective value (or better training error).

The smaller objective values for higher rank solutions are precisely due to the overfitting

phenomenon: it is possible that the globally optimal solution to equation 2.2 achieves a zero

objective value by absorbing the noise into its redundant ranks. To circumvent the issue

of overfitting, a common approach is to regularize the high-rank solutions in favor of the

low-rank ones via different regularization techniques. Therefore, the desirable performance

of SubGM with small initialization can be attributed to its implicit regularization property.

In particular, we show that small initialization of SubGM is akin to implicitly regularizing

the redundant rank of the over-parameterized model, thereby avoiding overfitting; a recent

work [Stöger and Soltanolkotabi, 2021] has shown a similar property for the gradient descent

algorithm on the noiseless matrix sensing with ℓ2-loss.

2.1.2 Summary of Results

In this part, we present a summary of our results. Let σ1 and σr be the largest and smallest

(nonzero) eigenvalues of X⋆, and define the condition number κ as σ1/σr.

Theorem 1 (Convergence of SubGM; Informal). Suppose that the measurements satisfy a

direction-preserving property delineated in Section 2.3.2. Suppose that the initial point is

chosen as U0 = αB, for a special choice of B and an initialization scale α. Consider the

iterations {Ut}Tt=0 generated by SubGM applied to the robust matrix sensing with step-size

ηt = ηρt, for an appropriate choice of 0 < ρ < 1 and sufficiently small η. Then, for any

arbitrary accuracy ϵ > 0 and initialization scale α = O((ϵ/d)1/β), we have

∥∥UTU
⊤
T −X⋆

∥∥
F
≤ ϵ (2.4)
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after T = O
(
κ log2(d/ϵ)

βη

)
iterations, where 0 < β ≤ 2 is a constant depending on the parame-

ters of the problem.

The above result characterizes the performance of SubGM for the robust matrix sensing

with ℓ1-loss. In particular, it shows that SubGM converges almost linearly to the true

low-rank solution X⋆, with a final error that is proportional to the initialization scale.

Surprisingly, the required number of iterations is independent of the search rank r′ and

depends only logarithmically on d.

At the crux of our analysis lies a new restricted isometry property of the sub-differentials,

which we call Sign-RIP. Under Sign-RIP, the sub-differentials of the ℓ1-loss are δ-away from

the sub-differentials of an ideal, expected loss function (see Section 2.3.2 for precise defini-

tions). We will show that the classical notions of ℓ2-RIP [Recht et al., 2010] and ℓ1/ℓ2-RIP [Li

et al., 2020b] face major breakdowns in the presence of noise. In contrast, Sign-RIP provides

much better robustness against noisy measurements, while being no more restrictive than

its classical counterparts. We will show that, with Gaussian measurements, the Sign-RIP

holds with an overwhelming probability under two popular noise models, namely outlier

noise model and Gaussian noise model.

Our next theorem establishes the convergence of SubGM under the outlier noise model.

To streamline the presentation, we use Õ(·) and Ω̃(·) to hide the dependency on logarithmic

factors.

Theorem 2 (Convergence of SubGM under Outlier Noise Model; Informal). Suppose that the

measurement matrices {Ai}mi=1 have i.i.d. standard Gaussian entries, and a fraction p < 1

of the measurements are corrupted with arbitrarily large noise values. Suppose that the initial

point is chosen as U0 = αB, for a special choice of B and a sufficiently small initialization

scale α. Consider the iterations {Ut}Tt=0 generated by SubGM applied to the robust matrix

sensing with an exponentially decaying step-size ηt = ηρt, for an appropriate choice of 0 <

ρ < 1 and sufficiently small η. Finally, suppose that the number of measurements satisfies

m = Ω̃ (κ4dr2/(1− p)2). Then, for any arbitrary accuracy ϵ > 0 and initialization scale

α = ϵ/d, and with an overwhelming probability, we have

∥∥UTU
⊤
T −X⋆

∥∥
F
≤ ϵ, (2.5)

after T = O
(
κ log2(d/ϵ)

η

)
iterations.

We compare Theorem 2 with a recent result by Ding et al. [2021] on the convergence

of SubGM for robust matrix sensing. Theorem 2 shows that small initialization enables

SubGM to converge almost linearly, which is exponentially faster than the sublinear rate
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(a) (b)

Figure 2.3: (a) Performance of SubGM and GD under the Gaussian noise model with ℓ1- and ℓ2-loss
functions, respectively. (b) The effect of small initialization on the performance of SubGM under the Gaussian
noise model.

Õ(1/ϵ) introduced by Ding et al. [2021]. Second, Ding et al. [2021] show that SubGM

requires Ω̃(κ12dr′3) samples to converge, which depends on the search rank r′. In the over-

parameterized regime, where the true rank is small (i.e., r = O(1)) and the search rank

is large (i.e., r′ = Ω(d)), our result leads to three orders of magnitude improvement in the

required number of samples (modulo the dependency on κ). Moreover, Ding et al. [2021]

crucially rely on the equivalence between globally optimal solutions and the ground truth,

which only holds when p ≤ 1/
√
r′. We relax this assumption and show that SubGM converges

to the ground truth, even if p is arbitrarily close to 1.

Next, we turn our attention to the Gaussian noise model, and show that SubGM converges

even if the measurements are corrupted with dense Gaussian noises.

Theorem 3 (Convergence of SubGM under Gaussian Noise Model; Informal). Suppose

that the measurement matrices {Ai}mi=1 have i.i.d. standard Gaussian entries, and each

measurement is corrupted with a zero-mean Gaussian noise with a variance of at most ν2.

Suppose that the initial point is chosen as U0 = αB, for a special choice of B and a

sufficiently small initialization scale α. Consider the iterations {Ut}Tt=0 generated by SubGM

applied to the robust matrix sensing with exponentially decaying step-sizes ηt = ηρt, for an

appropriate choice of 0 < ρ < 1 and sufficiently small η. Finally, suppose that the number of

measurements satisfies m ≳ Ω̃(ν2κ4dr2). Then, with an overwhelming probability, we have

∥∥UtUt
⊤ −X⋆

∥∥
F

= Õ
(√

ν2dr2

m

)
, (2.6)

after T = O
(
κ
η

log2
(
mκ
νr

))
iterations.

Traditionally, ℓ2-loss has been used for recovering the ground truth under the Gaussian
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noise model due to its correspondence to the so-called maximum likelihood estimation. Our

paper extends the application of ℓ1-loss to this setting, proving that SubGM is robust against

not only the outlier, but also Gaussian noise levels. More precisely, Theorem 3 shows that

SubGM outputs a solution with an estimation error of Õ(
√
ν2dr2/m), which is again inde-

pendent of the search rank r′. To the best of our knowledge, the sharpest known estimation

error for gradient descent (GD) [Zhuo et al., 2021] and its variants [Zhang et al., 2021] on

ℓ2-loss is O(
√
ν2dr′/m), which scales with the search rank r′; in the fully over-parameterized

regime, our provided bound improves upon this error by a factor of O(
√
d/r). Figure 2.3

compares the performance of SubGM and GD on ℓ1- and ℓ2-losses, when the measurements

are corrupted with Gaussian noise. Candes and Plan [2011] showed that any estimate Û suf-

fers from a minimax error of ∥ÛÛ⊤ −X⋆∥F = Ω(
√
ν2dr/m). Compared to this information-

theoretic lower bound, our provided final error is sub-optimal only by a factor of
√
r.

2.2 Related Work

Landscape v.s. Trajectory Analysis: It has been recently shown that different variants

of low-rank matrix sensing (e.g., matrix completion [Ge et al., 2016], matrix sensing [Ge et al.,

2017], robust PCA [Fattahi and Sojoudi, 2020]) enjoy benign landscape. In particular, it is

shown that low-rank matrix sensing with ℓ2-loss and noiseless measurements has a benign

landscape in both exact [Ge et al., 2017, 2016, Zhang, Sojoudi, and Lavaei, 2019] and over-

parameterized [Zhang, 2021] settings. On the other hand, it is known that ℓ1-loss possesses

better robustness against outlier noise. However, there are far fewer results characterizing

the landscape of low-rank matrix sensing with ℓ1-loss. Fattahi and Sojoudi [2020] and Josz,

Ouyang, Zhang, Lavaei, and Sojoudi [2018] prove that robust matrix sensing with ℓ1-loss

has no spurious local solution, provided that with r′ = r = 1 and the measurement matrices

correspond to element-wise projections. This result was later extended to Gaussian matrices

by Ma and Fattahi [2021b]. However, it is unclear whether these results extend to higher

ranks or more general measurement matrices.

Despite its theoretical significance, benign landscape is too restrictive to hold in prac-

tice: Zhang et al. [2019] and Zhang [2021] show that spurious local minima are ubiquitous

in the low-rank matrix sensing, even under fairly mild conditions. On the other hand, our

experiments in Subsection 2.1.1 reveal that local-search algorithms may be able to avoid spu-

rious local/global solutions with proper initialization. An alternative approach to explain

the desirable performance of local-search algorithms is via trajectory analysis. It has been

recently shown that the trajectories picked up by gradient-based algorithms benefit from

implicit regularization [Gunasekar et al., 2018, Ma and Fattahi, 2022b], and incremental
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Algorithm Outlier noise model Gaussian noise model

Rank r′ = r r′ ≥ r r′ = r r′ ≥ r

GD+ℓ2-loss N/A N/A κ log
(
m
νdr

)
[25] σr

ν

√
m
d [155]

SubGM+ℓ1-loss
rκ
σr

log
(
σr
ϵ

)
[82] σ1κ

ϵ [39] N/A N/A

Our results κ2 log3
(
d
ϵ

)
(see Corollary 2) κ2 log3

(
κm
νr

)
(see Corollary 3)

Table 2.1: A comparison between the iteration complexity of different techniques. We show that
SubGM with small initialization and exponentially decaying step-size converges near-linearly to: (i) an
arbitrary accuracy in the outlier noise model, and (ii) a nearly-minimax optimal error in the Gaussian noise
model. Our derived iteration complexities are obtained from Theorems 2 and 3 after choosing an appropriate
value for the step-size; see Corollaries 2 and 3 for the precise statements.

learning [Ma et al., 2023], or behave non-monotonically over short timescales, yet consis-

tently improve over long timescales [Cohen, Kaur, Li, Kolter, and Talwalkar, 2021]. In the

context of over-parameterized low-rank matrix sensing with ℓ2-loss, Li, Ma, and Zhang [2018]

and Stöger and Soltanolkotabi [2021] use trajectory analysis to show that GD with small

initialization can recover the ground truth, provided that the measurements are noiseless.

Zhuo et al. [2021] extend this result to the noisy setting, showing that GD converges to a

minimax optimal solution at a sublinear rate, and with a number of samples that scale with

the search rank.

Iteration and Sample Complexity: Despite their guaranteed convergence, local-search

algorithms may suffer from notoriously slow convergence rates: whereas 10 digits of accu-

racy can be expected in just a few hundred iterations of GD when r′ = r, tens of thousands

of iterations might produce just 1-2 accurate digits once r′ > r [Zhang et al., 2021]. Ta-

ble 2.1 shows the iteration complexity of the existing algorithms with different loss functions,

compared to our proposed method. Evidently, under the outlier noise model, GD does not

perform well due to the sensitivity of the ℓ2-loss to outliers. On the other hand, SubGM

converges linearly in the exact setting (r′ = r), and at a significantly slower (sublinear) rate

in the over-parameterized regime (r′ > r). In contrast, our proposed SubGM algorithm with

small initialization converges near-linearly in both exact and over-parameterized regimes. In

the Gaussian noise model, it is known that GD converges linearly to a minimax optimal

solution in the exact setting, but suffers from a drastic, exponential slow-down in the over-

parameterized regime. In contrast, our proposed SubGM algorithm with small initialization

is not affected by the over-parameterization, and maintains its desirable convergence rate in

both settings.

Another important aspect of local-search algorithms is their sample complexity. Table 2.2

provides a comparison between the sample complexity of the existing algorithms, and our

proposed method. In the outlier noise model, Li, Ma, Chen, and Chi [2019] show that SubGM
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Algorithm Outlier noise model Gaussian noise model

Rank r′ = r r′ ≥ r r′ = r r′ ≥ r

GD+ℓ2-loss N/A N/A ν2κ2dr [25] ν2κ2dr′ [155]

SubGM+ℓ1-loss κ2dr2 [82]∗ κ12dr′3 [39]∗ N/A N/A

Our results κ4dr2

(1−p)2 (see Corollary 2) ν2κ4dr2 (see Corollary 3)

Table 2.2: A comparison between the sample complexity of different techniques. Our results provide
the best sample complexity bounds in the over-parameterized setting where r′ ≫ r, under both outlier and
Gaussian noise models. For simplicity, we hide the dependency on the logarithmic factors. ∗ Under an outlier
noise model, the results of [Li et al., 2020b, Ding et al., 2021] holds under the assumption p ≲ 1/

√
r′. In

contrast, our result relaxes this assumption to p < 1.

with spectral initialization on ℓ1-loss requires O(dr2) samples (modulo the condition num-

ber), provided that the true rank is known (r′ = r), and the corruption probability is upper

bounded as p ≲ 1/
√
r′. Ding et al. [2021] extend this result to the over-parameterized regime,

showing that SubGM with spectral initialization requires O(dr′3) samples to converge, under

the same assumption p ≲ 1/
√
r′. In both works, the upper bound p ≲ 1/

√
r′ is imposed to

guarantee that the global minima of the ℓ1-loss correspond to the true solution. Our result

relaxes this upper bound on the corruption probability by showing that SubGM converges

to the ground truth, even if the ground truth is not globally optimal. In the Gaussian noise

model, Zhuo et al. [2021] shows that GD recovers the true solution with O(dr′) samples. In

the over-parameterized regime, our result reduces the sample complexity to O(dr2), showing

that the sample complexity of SubGM is independent of the search rank r′.

Notations

For a rank-r matrixM ∈ Rm×n, its singular values are denoted as ∥M∥ = σ1(X) ≥ σ2(X) ≥
· · · ≥ σr(X) := σmin(X). For a square matrix X ∈ Rn×n, its eigenvalues are defined as

λ1(X) ≥ λ2(X) ≥ · · · ≥ λn(X) := λmin(X). For two matrices X and Y of the same size,

their inner product is defined as ⟨X,Y ⟩ = Tr(X⊤Y ), where Tr(·) is the trace operator. For

a matrix X, its operator and Frobenius norms are denoted as ∥X∥ and ∥X∥F, respectively.

The unit rank-r sphere is defined as Sdr = {X ∈ Rd×d : ∥X∥F = 1, rank(X) ≤ r}. We

also omit the superscript d when there is no ambiguity. We define PV as the projection

operator onto the row space of the matrix V . The notation B(X, ϵ) refers to a ball of

radius ϵ centered at X, i.e., B(X, ϵ) = {X ′ : ∥X ′ −X∥F ≤ ϵ}. The ℓq norm of a vector x is

defined as ∥x∥q = (
∑ |xi|q)1/q. Given two sequences f(n) and g(n), the notation f(n) ≲ g(n)

implies that there exists a constant C <∞ satisfying f(n) ≤ Cg(n). Moreover, the notation

f(n) ≍ g(n) implies that f(n) ≲ g(n) and g(n) ≲ f(n). Throughout the paper, the symbols
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C, c1, c2, . . . refer to universal constants whose precise value may change according to the

context. The sign function sign(·) is defined as sign(x) = x/|x| if x ̸= 0, and sign(0) = [−1, 1].

For two sets X and Y , the notation X +Y refers to their Minkowski sum. Given two scalars

a and b, the symbols a ∧ b and a ∨ b are used to denote their minimum and maximum,

respectively.

2.3 Our Overarching Framework

In this section, we present our overarching framework for the analysis of SubGM. To this

goal, we first explain why the existing techniques for studying the smooth variants of the

low-rank matrix sensing cannot be extended to their robust counterparts.

2.3.1 Failure of Existing Techniques

Figure 2.4: The number of samples to
satisfy ℓ2-RIP is independent of the noise
variance. However, the performance of ℓ2
highly depends on the noise variance.

The majority of existing methods study the be-

havior of the gradient descent on ℓ2-loss fℓ2(U) =
1
m

∥∥y −A(UU⊤)
∥∥2 by analyzing its deviation from

an “ideal”, noiseless loss function f̄ℓ2(U) = ∥UU⊤ −
X⋆∥2F. It is known that f̄ℓ2(U) = ∥UU⊤ −X⋆∥2F is

devoid of spurious local minima, and its saddle points

are strict, and hence, escapable (see [Zhang et al.,

2020, Appendix A] for a simple proof). Therefore,

by controlling the deviation of fℓ2(U ) and its gradi-

ents from f̄ℓ2(U), one can show that fℓ2(U) inherits

the desirable properties of f̄ℓ2(U ). More concretely,

the gradient of fℓ2(U) can be written as ∇fℓ2(U) =

Q(UU⊤−X⋆)U , whereQ(X) = (2/m)
∑m

i=1 (⟨Ai,X⟩ − si)
(
Ai +A⊤

i

)
. One sufficient con-

dition for ∇fℓ2(U) ≈ ∇f̄ℓ2(U) is to ensure that Q(M ) remains uniformly close to M for

every rank-(r + r′) matrix X. In the noiseless setting, this condition can be guaranteed via

ℓ2-RIP:

Definition 1 (ℓ2-RIP, Recht et al. [2010]). The linear operator A(·) satisfies ℓ2-RIP with

parameters (k, δ) if, for every rank-k matrix M , we have (1 − δ)∥M∥2F ≤ 1
m
∥A(M )∥2 ≤

(1 + δ)∥M∥2F.

Roughly speaking, ℓ2-RIP entails that the linear operatorA(·) is nearly “norm-preserving”

for every rank-k matrix. In the noiseless setting, this implies thatQ(UU⊤−X⋆) ≈ 4(UU⊤−
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X⋆), which in turn leads to ∇fℓ2(U ) ≈ ∇f̄ℓ2(U ). On the other hand, it is known that ℓ2-

RIP is satisfied under mild conditions. For instance, (k, δ)-ℓ2-RIP holds with m = Ω(dk/δ2)

Gaussian measurements [Recht et al., 2010]. However, the next proposition shows that ℓ2-

RIP is not enough to guarantee Q(M ) ≈ 4M when the measurements are subject to noise.

Proposition 2 (Ma and Fattahi [2021a]). Suppose that r′ = d and the measurement matrices

{Ai}mi=1 have i.i.d. standard Gaussian entries. Moreover, suppose that the noise vector s

satisfies si
i.i.d.∼ N (0, σ2) with probability p, and si = 0 with probability 1 − p, for every

i = 1, . . . ,m. Then we have

P

(
sup
M∈S
∥Q(M )− 4M∥F ≳

√
(1 + pσ2)d2

m

)
≥ 1

2
.

Proposition 2 sheds light on a fundamental shortcoming of ℓ2-RIP: in the presence of

noise, it is possible for the measurements to satisfy ℓ2-RIP, yet ∇fℓ2(U) may be far from

∇f̄ℓ2(U ). In particular, we show that, in order to have ∇fℓ2(U) ≈ ∇f̄ℓ2(U), the number

of measurements must grow with the noise variance. On the other hand, for any fixed δ,

ℓ2-RIP is guaranteed to be satisfied with a number of measurements that is independent of

the noise variance. Figure 2.4 shows that ℓ2-RIP cannot capture the behavior of ℓ2-loss in

the high noise regime. Other notions of RIP, such as ℓ1/ℓ2-RIP [Li et al., 2020b], are also

oblivious to the nature of the noise.

Algorithm 1 Subgradient Method

Input: measurement matrices {Ai}mi=1, measurement vector y = [y1, · · · , ym]⊤, number
of iterations T , the initial point U0;
Output: Solution X̂T = UTU

⊤
T to equation 2.2;

for t ≤ T do
Compute a sub-gradient Dt ∈ ∂fℓ1(Ut);
Select the step-size ηt (see equation 2.10);
Set Ut+1 ← Ut − ηtDt;

end for

2.3.2 Sign-RIP: A New Robust Restricted Isometry Property

To address the aforementioned challenges, we argue that, while the measurements may not

be norm-preserving in the presence of noise, they may still enjoy a “direction-preserving”

property. At the heart of our analysis lies the following decomposition of the sub-differential
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of the ℓ1-loss:

∂fℓ1(U ) = γ · ∂f̄ℓ1(U)︸ ︷︷ ︸
expected sub-differential

+
(
∂fℓ1(U)− γ · ∂f̄ℓ1(U)

)︸ ︷︷ ︸
sub-differential deviation

,

where γ is a strictly positive number. In the above decomposition, the function f̄ℓ1(U) is

called the expected loss, and it is defined as
∥∥UU⊤ −X∗

∥∥
F
. As will be shown later, f̄ℓ1(U)

captures the expectation of the empirical loss fℓ1(U), when the measurement matrices have

i.i.d. Gaussian entries. To analyze the behavior of SubGM on fℓ1(U) (Algorithm 3), we

first study the ideal scenario, where the loss deviation is zero, and hence, fℓ1(U) coincides

with its expectation. Under such an ideal scenario, we establish the global convergence

of SubGM with small initialization. We then extend our result to the general case by

carefully controlling the effect of sub-differential deviation. More specifically, we show that

the desirable performance of SubGM extends to the empirical loss fℓ1(U ), provided that the

sub-differentials are “direction-preserving”, that is, D ≈ γD̄ for every D ∈ ∂fℓ1(U) and

D̄ ∈ ∂f̄ℓ1(U), where

∂fℓ1(U)=
{(
Q+Q⊤)U : Q ∈ Q(UU⊤−X⋆)

}
, with Q(X) =

1

m

m∑
i=1

sign(⟨Ai,X⟩−si)Ai.

(2.7)

Definition 2 (ϵ-approximate rank-k matrix). We say matrix X is ϵ-approximate rank-k if

there exists a matrix X ′ with rank(X ′) ≤ k, such that ∥X −X ′∥F ≤ ϵ.

Definition 3 (Sign-RIP). The measurements are said to satisfy Sign-RIP with parameters

(k, δ, ϵ,S) and a uniformly positive and bounded scaling function φ : S → R over the set S
if for every nonzero ϵ-approximate rank-k X,Y ∈ S, and every Q ∈ Q(X), we have〈

Q− φ(X)
X

∥X∥F
,
Y

∥Y ∥F

〉
≤ φ(X)δ. (2.8)

According to our definition, the scaling function satisfies φ ≤ φ(X) ≤ φ̄,∀X ∈ S, for

some constants 0 < φ ≤ φ̄ < ∞. Without loss of generality, we assume that φ ≤ 1 ≤ φ̄.

Later, we will show that this assumption is satisfied for Gaussian measurements and different

noise models. Whenever there is no ambiguity, we say the measurements satisfy (k, δ, ϵ,S)-

Sign-RIP if they satisfy Sign-RIP with parameters (k, δ, ϵ,S) and a (possibly unknown)

uniformly positive and bounded scaling function φ : S → R.

Next, we provide the intuition behind Sign-RIP. For anyU ∈ Rd×r′ , the rank ofUU⊤−X∗

is at most r+ r′. Now, suppose that the measurements satisfy (r′ + r, δ, ϵ,S)-Sign-RIP with
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small δ and suitable choices of ϵ,S. Then, upon defining γ = φ(UU⊤ − X⋆) ≤ φ̄, we

have
∥∥D − γD̄∥∥ ≤ 2φ̄ ∥U∥ δ for every D ∈ ∂fℓ1(U) and D̄ ∈ ∂f̄ℓ1(U). In other words, for

sufficiently small δ, ∂fℓ1(U) and ∂f̄ℓ1(U ) are almost aligned under (r′+r, δ, ϵ,S)-Sign-RIP. A

caveat of this analysis is that the required parameters of Sign-RIP depend on the search rank

r′. One of the important contributions of this work is to relax this dependency by showing

that every matrix in the sequence {UtUt
⊤ −X∗}Tt=0 generated by SubGM is ϵ-approximate

rank-r, for some small ϵ > 0.

At the first glance, one may speculate that Sign-RIP is extremely restrictive: it requires

the uniform concentration of the set-valued function Q(X) over ϵ-approximate rank-k ma-

trices. However, we show that, statistically, Sign-RIP is no more restrictive than ℓ2- [Recht

et al., 2010] and ℓ1/ℓ2-RIP [Li et al., 2020b], and—unlike its classical counterparts—holds

under different noise models.

Definition 4 (Outlier Noise Model). With probability p, each entry of the noise vector s is

independently drawn from a zero mean distribution P; otherwise, it is set to zero.

Notice that our proposed noise model does not impose any assumption on the magnitude

of the nonzero elements of s, or the specific form of their distribution, which makes it

particularly suitable for modeling outliers with arbitrary magnitudes.

Definition 5 (Gaussian Noise Model). Each element of the noise vector s is independently

drawn from a Gaussian distribution with zero mean and variance ν2g <∞.

Our next two theorems characterize the sample complexity of Sign-RIP under the outlier

and Gaussian noise models.

Theorem 4 (Sign-RIP under Outlier Noise Model). Assume that the measurement matrices

{Ai}mi=1 defining the linear operator A(·) have i.i.d. standard Gaussian entries, and that

the noise vector s follows the outlier noise model with 0 ≤ p < 1 (Definition 4). Then,

with probability of at least 1 − C1e
−C2m(1−p)2δ2, (k, δ, ϵ,S)-Sign-RIP holds with parameters

k ≤ d, δ ≤ 1, S = {X : ζ ≤ ∥X∥F ≤ R} for some arbitrary R ≥ ζ > 0, ϵ ≲ ζ
√
k/m,

and a scaling function φ(X) =
√

2
π

(
1− p+ pE

[
e−s

2/(2∥X∥2F)
])

, provided that the number of

samples satisfies m ≳ dk log2(m) log(R/ζ)
(1−p)2δ2 .

The proof of the above theorem is provided in Appendix 2.B.2. Theorem 4 shows that, for

any fixed R, ζ, p, and δ, Sign-RIP is satisfied with Õ(dk) number of Gaussian measurements,

which has the same order as ℓ2- [Recht et al., 2010] and ℓ1/ℓ2-RIP [Li et al., 2020b] (modulo

logarithmic factors). However, unlike ℓ2- and ℓ1/ℓ2-RIP, Sign-RIP is not oblivious to noise.

In particular, our theorem shows that Sign-RIP holds with a number of samples that scales
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with (1 − p)−2, ultimately alleviating the issue raised in Subsection 2.3.1. Moreover, our

result does not impose any restriction on p, which improves upon the assumption p < 1/
√
r′

made by Li et al. [2020b] and Ding et al. [2021].

Theorem 5 (Sign-RIP for Gaussian noise model). Assume that the measurement matrices

{Ai}mi=1 defining the linear operator A(·) have i.i.d. standard Gaussian entries, and that the

noise vector s follows the Gaussian noise model (Definition 5). Then, with probability of

at least 1 − C1e
−C2mζ2δ2/ν2g (k, δ, ϵ,S)-Sign-RIP holds with parameters k ≤ m, δ ≤ 1, S =

{X : ζ ≤ ∥X∥F ≤ R} for some arbitrary R ≥ ζ > 0, ϵ ≲ ζ
√
k/m, and a scaling function

φ(X) =
√

2
π

∥X∥F√
∥X∥2F+ν2g

, provided that the number of samples satisfies m ≳
ν2gdk log

2(m) log(R/ζ)

ζ2δ2
.

The proof of the above theorem is provided in Appendix 2.B.3. Theorem 5 extends Sign-

RIP beyond the outlier noise model, showing that it holds even when all measurements

are corrupted with Gaussian noise. However, unlike the outlier noise model, the sample

complexity of Sign-RIP scales with the noise variance.

2.3.3 Choice of Step-size

Next, we discuss our choice of the step-size, and its effect on the performance of SubGM.

For simplicity, let ∆t = UtUt
⊤ −X⋆ and φt = φ(UtUt −X⋆). Under Sign-RIP, we have

Dt ≈ (φt/∥∆t∥F) ·∆tUt for every Dt ∈ ∂fℓ1(Ut). Therefore, the iterations of SubGM can

be approximated as Ut+1 ≈ Ut − (ηtφt/∥∆t∥F) ·∆tUt. Consequently, with the choice of

ηt = ηφ−1
t ∥∆t∥F, the iterations of SubGM reduce to

Ut+1 = Ut − η ·∆tUt + deviation.

Ignoring the deviation term, the above update coincides with the iterations of GD with

a constant step-size η, applied to the expected loss function f̄ℓ2(U) = ∥UU⊤ − X⋆∥2F.

By controlling the effect of the deviation term, we show that SubGM on f̄ℓ2(U) behaves

similarly to GD with a constant step-size. A caveat of this analysis is that the proposed

step-size ηt = ηφ−1
t ∥∆t∥F depends on X⋆, which is not known a priori. In the noiseless

scenario, Sign-RIP can be invoked to show that φ−1
t ∥∆t∥F can be accurately estimated by

fℓ1(Ut), as shown in the following lemma.

Lemma 1. Suppose that the measurements are noiseless, and satisfy (k, δ, ϵ,S)-Sign-RIP

for some δ ≤ 1, k ≤ d, ϵ ≥ 0, S ̸= ∅, and uniformly positive and bounded scaling function

φ(·). Moreover, suppose that ∆t is ϵ-approximate rank-k and ∆t ∈ S. Then, we have

(1− δ)φt ∥∆t∥F ≤ fℓ1(Ut) ≤ (1 + δ)φt ∥∆t∥F . (2.9)
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The above lemma is the byproduct of a more general result presented in Appendix 2.B.4.

It implies that, for small δ, the step-size ηt = ηfℓ1(Ut) satisfies ηt ≈ ηφt ∥∆t∥F, and hence,

Ut+1 ≈ Ut − ηφ2
t∆tUt, which again resembles the iterations of GD on f̄ℓ2(U) with the

“effective” step-size ηφ2
t .

In the noisy setting, the value of φ−1
t ∥∆t∥F cannot be estimated merely based on fℓ1(Ut),

since fℓ1(Ut) is highly sensitive to the magnitude of the noise. To alleviate this issue, we pro-

pose an exponentially decaying step-size that circumvents the need for an accurate estimate

of ∥∆t∥F. In particular, consider the following choice of step-size

ηt =
η

∥Qt∥
· ρt, where Qt ∈ Q(∆t), (2.10)

for appropriate values of η and 0 < ρ < 1. We note that the set Q(∆t) can be explicitly

characterized without any prior knowledge on ∆t:

Q(∆t) =
1

m

m∑
i=1

sign (⟨Ai,∆t⟩−si)Ai =
1

m

m∑
i=1

sign
(
⟨Ai,UtUt

⊤⟩−yi
)
Ai.

Our next lemma shows that the above choice of step-size is well-defined (i.e., Qt ̸= 0), so

long as ∆t is not too small and the measurements satisfy (k, δ, ϵ,S)-Sign-RIP.

Lemma 2. Suppose that the measurements satisfy (k, δ, ϵ,S)-Sign-RIP with δ < 2/(1+5
√
k),

k ≤ d, ϵ > 0, S ≠ ∅, and a uniformly positive and bounded scaling function φ(·). Moreover,

suppose that ∆t is ϵ-approximate rank-k, ∥∆t∥ ≥ 4ϵ, and ∆t ∈ S. Then, we have(
1−

(
1 + 5

√
k

2

)
δ

)
ηρt

φt

∥∆t∥F
∥∆t∥

≤ ηt ≤
(

1 +

(
1 + 5

√
k

2

)
δ

)
ηρt

φt

∥∆t∥F
∥∆t∥

. (2.11)

The proof of the above lemma can be found in Appendix 2.B.5. Lemma 2 implies that the

chosen step-size remains close to (ηρt/φ(∆t))(∥∆t∥F/ ∥∆t∥), as long as the error is not close

to zero. Due to Lemma 2, the iterations of SubGM with exponentially-decaying step-size

can be approximated as

Ut+1 = Ut −
(

ηρt

∥∆t∥

)
∆tUt + deviation. (2.12)

In other words, SubGM selects an approximately correct direction of descent, while the

exponentially decaying step-size ensures convergence to the ground truth.
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2.3.4 Effect of Over-parameterization

At every iteration of SubGM, the rank of the error matrix ∆t = UtUt
⊤ −X⋆ may be as

large as r + r′. Therefore, in order to guarantee the direction-preserving property of the

sub-differentials, a sufficient condition is to satisfy Sign-RIP for every rank-(r + r′) matrix.

Such crude analysis implies that the performance of SubGM may depend on the search rank

r′. In particular, with Gaussian measurements, this would increase the required number of

samples to Õ
(

dr′

(1−p)2δ2

)
, which scales linearly with the over-parameterized rank. To address

this issue, we provide a finer analysis of the iterations. Consider the eigen-decomposition of

X⋆, given as

X⋆ =
[
V V⊥

] [Σ 0

0 0

][
V ⊤

V ⊤
⊥

]⊤
= V ΣV ⊤,

where V ∈ Rd×r and V⊥ ∈ Rd×(d−r) are (column) orthonormal matrices satisfying V ⊤V⊥ =

0, and Σ ∈ Rr×r is a diagonal matrix collecting the nonzero eigenvalues of X∗. We assume

that the diagonal entries of Σ are in decreasing order, i.e., σ1 ≥ σ2 ≥ · · · ≥ σr > 0. Moreover,

without loss of generality, we assume that σ1 ≥ 1 ≥ σr. Based on this eigen-decomposition,

we introduce the signal-residual decomposition of Ut as follows:

Ut = V St + V⊥ (Ft +Gt)︸ ︷︷ ︸
Et

, where St = V ⊤Ut, Et = V ⊤
⊥ Ut, Ft = EtPSt , Gt = EtP⊥

St
.

(2.13)

In the above expression, PSt is the orthogonal projection onto the row space of St, and P⊥
St

is its orthogonal complement. It is easy to see that UtUt
⊤ = X⋆ if and only if StS

⊤
t = Σ

and EtE
⊤
t = 0. Therefore, our goal is to show that StS

⊤
t and EtE

⊤
t converge to Σ and 0,

respectively. Based on the above signal-residual decomposition, one can write

∆t = UtU
⊤
t −X⋆

= V
(
StS

⊤
t −Σ

)
V ⊤ + V StE

⊤
t V

⊤
⊥ + V⊥EtS

⊤
t V

⊤ + V⊥FtF
⊤
t V

⊤
⊥︸ ︷︷ ︸

rank-4r

+V⊥GtG
⊤
t V

⊤
⊥︸ ︷︷ ︸

small norm

.

An important implication of the above equation is that ∆t can be treated as an ϵ-approximate

rank-4r matrix, where ϵ =
∥∥V⊥GtG

⊤
t V

⊤
⊥
∥∥
F
. We show that

∥∥V⊥GtG
⊤
t V

⊤
⊥
∥∥
F

= O(
√
dα)

throughout the solution trajectory, and hence, ∆t is approximately rank-4r, provided that

the initialization scale α is small enough. To this goal, we first characterize the generalization

error ∥∆t∥ in terms of the signal term
∥∥StS⊤

t −X⋆
∥∥, cross term

∥∥StE⊤
t

∥∥, and the residual

term
∥∥EtE

⊤
t

∥∥.
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Lemma 3. We have

∥∆t∥ ≤
∥∥Σ− StS⊤

t

∥∥+ 2
∥∥StE⊤

t

∥∥+
∥∥EtE

⊤
t

∥∥ . (2.14)

The proof of the above lemma follows directly from the signal-residual decomposi-

tion equation 2.13, and is omitted for brevity. Motivated by the above lemma, we will

study the dynamics of the signal, cross, and residual terms under different settings.

2.4 Expected Loss

In this section, we consider a special scenario, where the measurements are noiseless, the

measurement matrices {Ai}mi=1 have i.i.d. standard Gaussian entries, and the number of

measurements m approaches infinity. Evidently, these assumptions do not hold in practice.

Nonetheless, our analysis of this ideal scenario will be the building block for our subse-

quent analysis. Since the number of measurements approaches infinity, the uniform law of

large numbers implies that fℓ1(U) converges to its expectation E[fℓ1(U)] almost surely, over

any compact set of U [Wainwright, 2019]. The next lemma provides the explicit form of

E[fℓ1(U)].

Lemma 4. Suppose that the measurements are noiseless and the measurement matrices

{Ai}mi=1 have i.i.d. standard Gaussian entries. Then, we have

E[fℓ1(U)] =

√
2

π

∥∥UU⊤ −X∗∥∥
F
. (2.15)

Proof. Due to the i.i.d. nature of {Ai}mi=1 and the absence of noise, one can write E[fℓ1(U )] =

E
[
|⟨A,UU⊤ −X∗⟩|

]
, where A is random matrix with i.i.d. standard Gaussian entries. It is

easy to see that ⟨A,UU⊤−X∗⟩ is a Gaussian random variable with variance
∥∥UU⊤ −X∗

∥∥2
F
.

The proof is completed by noting that, for a zero-mean Gaussian random variable X with

variance σ2, we have E[|X|] =
√

2
π
σ.

Next, we study the performance of SubGM with small initialization for f̄ℓ1(U) =√
π/2E[fℓ1(U)]. First, it is easy to see that ∂f̄ℓ1(U) =

2(UU⊤−X⋆)U
∥UU⊤−X⋆∥

F

for UU⊤ ̸= X∗.

Moreover, ∂f̄ℓ1(U) is nonempty and bounded for every U that satisfies UU⊤ = X∗. There-

fore, upon choosing the step-size as ηt = (η/2)
∥∥UU⊤ −X⋆

∥∥
F
, the update rule for SubGM

reduces to Ut+1 = Ut − ηtDt = η
(
UtU

⊤
t −X⋆

)
Ut, for any Dt ∈ ∂f̄ℓ1(Ut). In other

words, the iterations of SubGM with step-size ηt = (η/2)
∥∥UU⊤ −X⋆

∥∥
F

on f̄ℓ1(U) are
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Eigenvalue  
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Figure 2.5: The iterations of SubGM for the expected loss equation 2.15 undergo three phases: eigenvalue
learning phase, where the eigenvalues of StS

⊤
t converge to those of X∗; global convergence phase, where

the generalization error decays linearly; and local convergence phase, where the generalization error decays
sub-linearly.

equivalent to the iterations of GD with constant step-size η on the expected ℓ2-loss function

f̄ℓ2(U) = (1/4)
∥∥UU⊤ −X⋆

∥∥2
F
.

Due to this equivalence, we instead study the behavior of GD on f̄ℓ2(U). Based on the

decomposition of the generalization error in Lemma 3, we show that the iterations of SubGM

on the expected loss undergo three phases:

- Eigenvalue learning: Due to small initialization, the signal, residual, and cross terms

are small at the initial point. Therefore, the generalization error is dominated by

the signal term
∥∥StS⊤

t −Σ
∥∥ ≈ ∥Σ∥. We show that, in the first phase, SubGM im-

proves the generalization error by learning the eigenvalues of X⋆, i.e., by reducing∥∥StS⊤
t −Σ

∥∥. During this phase, the residual term
∥∥EtE

⊤
t

∥∥ will decrease at a sublin-

ear rate.

- Global convergence: Once the eigenvalues are learned to a certain accuracy, both signal

and cross terms
∥∥StS⊤

t −Σ
∥∥ and

∥∥StE⊤
t

∥∥ start to decay at a linear rate, while the

residual term maintains its sublinear decay rate.

- Local convergence: The discrepancy between the decay rates of the signal and cross

terms, and that of the residual term implies that, at some point, the residual term

becomes the dominant term, and hence, the generalization error starts to decay at a

sublinear rate.

27



(a) (b)

Figure 2.6: (a) The eigenvalues of X⋆ are learned at different rates. (b) During the eigenvalue learning
phase, the generalization error is dominated by the signal term. In the global convergence phase, both
signal and cross terms decay linearly. Finally, the residual term becomes the dominant term in the local
convergence phase, and it governs the generalization error.

Figure 2.5 illustrates the three phases of SubGM on the expected loss f̄ℓ1(U ) with a

rank-3 ground truth X∗. Here, we assume that the problem is fully over-parameterized,

i.e., r′ = d = 20. A closer look at the first phase of the algorithm reveals that SubGM

learns the eigenvalues of X∗ at different rates: the larger eigenvalues are learned faster

than the small ones (Figure 2.6a). A similar observation has been made for gradient flow

applied to low-rank matrix factorization [Li, Luo, and Lyu, 2020c], and is referred to as

incremental learning [Gidel, Bach, and Lacoste-Julien, 2019]. Finally, Figure 2.6b illustrates

the dynamics of the signal, cross, and residual terms.

Proposition 3 (Minimum eigenvalue dynamic). Consider the iterations of SubGM for the

expected loss f̄ℓ1(U) with the step-size ηt = (η/2)f̄ℓ1(Ut). Suppose that η ≲ 1/σ1, StS
⊤
t ≻ 0,

∥EtEt∥ ≤ σ1, and ∥StSt∥ ≤ 2σ1. Then, we have

λmin

(
St+1S

⊤
t+1

)
≥
(
(1 + ησr)

2 − 2η
∥∥EtE

⊤
t

∥∥)λmin

(
StS

⊤
t

)
− 2η (1 + ησr)λmin

(
StS

⊤
t

)2
.

(2.16)

The proof of Proposition 3 can be found in Appendix 2.C.1. The above proposition shows

that the minimum eigenvalue of StS
⊤
t grows exponentially fast at a rate of 1 + Θ(ησr),

provided that η and
∥∥EtE

⊤
t

∥∥ are small. This implies that the minimum eigenvalue satisfies

λmin

(
StS

⊤
t

)
≳ σr after O

(
log
(
1/λmin(S0S

⊤
0 )
)
/(ησr)

)
iterations.

Proposition 4 (Signal, cross, and residual dynamics). Consider the iterations of SubGM

for the expected loss f̄ℓ1(U), and with the step-size ηt = (η/2)f̄ℓ1(Ut). Suppose that η ≲ 1/σ1,
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∥∥StS⊤
t

∥∥ ≤ 1.01σ1 and
∥∥EtE

⊤
t

∥∥ ≤ σ1. Then, we have

∥∥Σ− St+1S
⊤
t+1

∥∥ ≤ (1− ηλmin

(
StS

⊤
t

)) ∥∥Σ− StS⊤
t

∥∥+ 5η
∥∥StE⊤

t

∥∥2 , (2.17)∥∥St+1E
⊤
t+1

∥∥ ≤ (1−ηλmin

(
StS

⊤
t

)
+2η

∥∥Σ−StS⊤
t

∥∥+2η ∥EtEt∥
) ∥∥StE⊤

t

∥∥ , (2.18)∥∥Et+1E
⊤
t+1

∥∥ ≤ ∥∥EtE
⊤
t

∥∥− η ∥∥EtE
⊤
t

∥∥2 , (2.19)∥∥St+1S
⊤
t+1

∥∥ ≤ 1.01σ1. (2.20)

The proof of Proposition 4 can be found in Appendix 2.C.2. The above proposition shows

that, once the minimum eigenvalue of StS
⊤
t approaches σr, the iterations enter the second

phase, in which the signal and cross terms start to decay exponentially fast at the rate of

1 − Θ(ησr). Moreover, it shows that the residual term is independent of λmin(StS
⊤
t ), and

decreases sublinearly throughout the entire solution path. Given these dynamics, we present

our main result.

Theorem 6 (Global convergence of SubGM for expected loss). Consider the iterations of

SubGM for the expected loss f̄ℓ1(U) with the step-size ηt = (η/2)f̄ℓ1(Ut). Suppose that

η ≲ 1/σ1 and the initial point is selected such that
∥∥U0U

⊤
0 − 2α2X⋆

∥∥ ≤ α2σr for some

α ≲
√
σr. Then, the following statements hold:

- Linear convergence: After T̄ ≲ log(σ1/α)
ησr

iterations, we have

∥∥UT̄U
⊤
T̄ −X∗∥∥ ≲ α2.

- Sub-linear convergence: For every t ≥ T̄ , we have

∥∥UtU
⊤
t −X⋆

∥∥ ≲
α2

ηα2t+ 1
.

The detailed proof of Theorem 6 is presented in Section 2.A.1. According to the

above theorem, for any accuracy ϵ > 0, one can guarantee
∥∥UT̄U

⊤
T̄
−X∗

∥∥ ≤ ϵ after

O (log(σ1/ϵ)/(ησr)) iterations, provided that α ≲
√
ϵ ∧ √σr. In Section 2.5, we will show

how to obtain an initial point that satisfies the conditions of Theorem 6.

2.5 Empirical Loss with Noiseless Measurements

A key difference between the behavior of SubGM for the empirical loss fℓ1(U) and its ex-

pected counterpart f̄ℓ1(U) is the fact that the residual term
∥∥EtE

⊤
t

∥∥ no longer enjoys a
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(a) (b)

Figure 2.7: (a) The dynamics of the signal, cross, and residual terms for the empirical loss. Unlike the
expected loss, the residual term for the empirical loss has a non-monotonic behavior. (b) The dynamics of∥∥FtF

⊤
t

∥∥ and
∥∥GtG

⊤
t

∥∥. The non-monotonic behavior of the residual term can be attributed to the dynamic

of
∥∥FtF

⊤
t

∥∥.
monotonically decreasing behavior. In particular, Figure 2.7a shows that, even with an in-

finitesimal initialization scale α, the residual term grows to a non-negligible value, before

decaying linearly to a small level. In order to analyze this behavior, we further decompose

Et as

Et = Ft +Gt, where Ft = EtPSt , and Gt = EtP⊥
St
.

Based on the above decomposition and Lemma 3, the generalization error can be written as:

∥∥UtU
⊤
t −X⋆

∥∥ ≤ ∥∥StS⊤
t −Σ

∥∥+ 2
∥∥StE⊤

t

∥∥+
∥∥FtF⊤

t

∥∥+
∥∥GtG

⊤
t

∥∥ . (2.21)

This decomposition plays a key role in characterizing the behavior of the residual term:

we show that the increasing nature of
∥∥EtE

⊤
t

∥∥ in the initial stage of the algorithm can be

attributed to the dynamic of
∥∥FtF⊤

t

∥∥. During this phase, the term
∥∥GtG

⊤
t

∥∥ also increases,

but at a much slower rate. In particular, we show that
∥∥GtG

⊤
t

∥∥ remains in the order of

αγ for some 0 < γ ≤ 2 throughout the entire solution path. In the second phase,
∥∥GtG

⊤
t

∥∥
remains roughly in the same order, while

∥∥FtF⊤
t

∥∥ decays linearly until it is dominated by∥∥GtG
⊤
t

∥∥. At the end of this phase, the overall error will be in the order ofO(αγ). Figure 2.7b

illustrates the behavior of
∥∥FtF⊤

t

∥∥ and
∥∥GtG

⊤
t

∥∥, together with
∥∥EtE

⊤
t

∥∥.

Similar to our analysis for the expected loss, our first step towards analyzing the behavior

of SubGM is to characterize the dynamic of the minimum eigenvalue of StS
⊤
t . For simplicity

of notation, we define η̄t = ηφ(∆t)
2 in the sequel. Recall that, due to our assumption on

φ(∆t)
2, we have φ2η ≤ η̄t ≤ φ̄2η, provided that ∆t ∈ S.

Proposition 5 (Minimum eigenvalue dynamic). Consider the iterations of SubGM for the
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empirical loss fℓ1(U) with the step-size ηt = (η/2)fℓ1(Ut). Suppose that the measurements

are noiseless and satisfy (4r, δ, ϵ,S)-Sign-RIP with δ ≲ 1/
√
r, ϵ =

√
d ∥Gt∥2, and S =

{X : ζ ≤ ∥X∥F ≤ R} for ζ = ϵ
(

1/δ ∨
√
d
)
and R = 5

√
rσ1. Moreover, suppose that η ≲

1/(φ̄2σ1), StS
⊤
t ≻ 0,

∥∥EtE
⊤
t

∥∥ ≤ σ1,
∥∥StS⊤

t

∥∥ ≤ 2σ1, ∆t ∈ S is ϵ-approximate rank-4r, and∥∥EtS
⊤
t (StS

⊤
t )−1

∥∥ ≤ 1/3. Then, we have

λmin

(
St+1S

⊤
t+1

)
≥
(
(1 + η̄tσr)

2 − 2η̄t
∥∥EtE

⊤
t

∥∥− 72η̄tδ ∥∆t∥F
)
λmin

(
StS

⊤
t

)
− 2η̄t (1 + η̄tσr)λmin

(
StS

⊤
t

)2
.

The proof of Proposition 5 can be found in Appendix 2.D.2. Later, we will show that the

conditions of Proposition 5 are satisfied with a sufficiently small initial point. The above

proposition shows that, in the first phase of the algorithm, λmin

(
StS

⊤
t

)
grows exponentially

with a rate of at least 1 + Ω(ηφ2σr). Comparing this result with Proposition 3 reveals that

λmin

(
St+1S

⊤
t+1

)
for the empirical loss behaves almost the same as its expected counterpart.

This will play an important role in establishing the linear convergence of SubGM for the

empirical loss. Finally, note that Sign-RIP must be satisfied for every ϵ-approximate rank-4r

matrix, where ϵ =
√
d ∥Gt∥2. Later, we will show that, with small initialization, the value of√

d ∥Gt∥2 scales with α, and hence, can be kept small throughout the iterations. Our next

proposition characterizes the behavior of the signal and cross terms for the empirical loss.

Proposition 6 (Signal and cross dynamics). Consider the iterations of SubGM for the

empirical loss fℓ1(U) with the step-size ηt = (η/2)fℓ1(Ut). Suppose that the measure-

ments are noiseless and satisfy (4r, δ, ϵ,S)-Sign-RIP with δ ≲ 1/
√
r, ϵ =

√
d ∥Gt∥2, and

S = {X : ζ ≤ ∥X∥F ≤ R} for ζ = ϵ
(

1/δ ∨
√
d
)
and R = 5

√
rσ1. Moreover, suppose that

η ≲ 1/(φ̄2σ1),
∥∥StS⊤

t

∥∥ ≤ 1.01σ1,
∥∥EtE

⊤
t

∥∥ ≤ σ1,
∥∥EtE

⊤
t

∥∥
F
≤ √rσ1, and ∆t ∈ S is ϵ-

approximate rank-4r. Then, we have

∥∥Σ− St+1S
⊤
t+1

∥∥ ≤ (1− η̄tλmin

(
StS

⊤
t

)) ∥∥Σ− StS⊤
t

∥∥+ 5η̄t
∥∥StE⊤

t

∥∥2 + 37η̄tδσ1 ∥∆t∥F ,
(2.22)∥∥St+1E

⊤
t+1

∥∥≤(1−η̄tλmin

(
StS

⊤
t

)
+2η̄t

∥∥Σ−StS⊤
t

∥∥+2η̄t
∥∥EtE

⊤
t

∥∥) ∥∥StE⊤
t

∥∥
+ 22η̄tδσ1 ∥∆t∥F , (2.23)∥∥St+1S

⊤
t+1

∥∥ ≤1.01σ1. (2.24)

The proof of this proposition is presented in Appendix 2.D.3. Proposition 6 shows that,

under Sign-RIP, the one-step dynamics of the signal and cross terms behave almost the same

as their expected counterparts, provided that δ is sufficiently small.

Finally, we provide the one-step dynamic of the residual term. To this goal, we will
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Algorithm 2 Initialization Scheme

Input: initialization scale α, measurement matrices {Ai}mi=1, measurement vector y =
[y1, · · · , ym]⊤, and the search rank r′;
Output: An initialization matrix U0 ∈ Rd×r′ ;

Obtain C ∈ 1
m

∑m
i=1 sign(yi)

Ai+A⊤
i

2
;

Compute the eigenvalue decomposition C = ΛDΛ⊤;
Define Dr′

+ as the top r′ × r′ sub-matrix of D corresponding to the r′ largest eigenvalues
of C, whose negative values are replaced by 0;

Set U0 = αΛ
(
Dr′

+

)1/2
.

separately analyze Ft and Gt, i.e., the projection of Et onto the row space of St and its

orthogonal complement. This together with Et = Ft +Gt characterizes the dynamic of the

residual term.

Proposition 7 (Residual dynamic). Consider the iterations of SubGM for the empirical loss

fℓ1(U) with the step-size ηt = (η/2)fℓ1(Ut). Suppose that the measurements are noiseless and

satisfy (4r, δ, ϵ,S)-Sign-RIP with δ ≲ 1/
√
r, ϵ =

√
d ∥Gt∥2, and S = {X : ζ ≤ ∥X∥F ≤ R}

for ζ = ϵ
(

1/δ ∨
√
d
)

and R = 5
√
rσ1. Moreover, suppose that

∥∥StS⊤
t

∥∥ ≤ 1.01σ1,∥∥EtE
⊤
t

∥∥ ≤ σ1, ∆t ∈ S is ϵ-approximate rank-4r, and ∥EtSt(StSt)
−1∥ ≤ 1/3. Then, the

following statements hold:

• If η̄t ≲ 1/ ∥∆t∥, we have

∥Gt+1∥ ≤
(

1+η̄2t

(
2
∥∥EtS

⊤
t

∥∥2+∥Et∥4+2 ∥∆t∥
∥∥EtS

⊤
t

∥∥)+7η̄tδ ∥∆t∥F
)
∥Gt∥ .

• If η ≲ 1/(φ̄2σ1), we have

∥Ft+1∥ ≤
(
1− η̄tλmin

(
StS

⊤
t

)
+ 3η̄tδ ∥∆t∥F

)
∥Ft∥+ 3η̄tδ ∥∆t∥F ∥St∥+ 6η̄t ∥∆t∥ ∥Gt∥ .

The proof of the above proposition can be found in Appendix 2.D.4. Note that the

condition η ≲ 1/(φ̄2σ1) for the dynamic of ∥Ft∥ readily implies η̄t ≲ 1/ ∥∆t∥. Therefore,

the one-step dynamic of ∥Gt∥ holds under a milder condition on the step-size. Moreover,

unlike ∥Ft∥, the dynamic of ∥Gt∥ is independent of λmin(StS
⊤
t ). At the early stages of the

algorithm, the term η̄2t

(
2
∥∥EtS

⊤
t

∥∥2 + ∥Et∥4 + 2 ∥∆t∥
∥∥EtS

⊤
t

∥∥) = O(α2) is dominated by

η̄tδ ∥∆t∥F ≈ η̄tδ ∥X⋆∥F. Therefore, ∥Gt∥ grows at a slow rate of 1 + O(1)ηδφ̄2 ∥X⋆∥F. As

the algorithm makes progress, ∥∆t∥F decreases, leading to an even slower growth rate for

∥Gt∥. This is in line with the behavior of ∥Gt∥ in Figure 2.7b: the growth rate of ∥Gt∥
decreases as SubGM makes progress towards the ground truth, and it eventually “flattens
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out” at a level proportional to the initialization scale. However, unlike ∥Gt∥, the term

∥Ft∥ does not have a monotonic behavior. In particular, according to Proposition 7, ∥Ft∥
may increase at the early stages of the algorithm, where λmin

(
StS

⊤
t

)
is negligible compared

to ∥∆t∥F. However, ∥Ft∥ will start decaying as soon as λmin

(
StS

⊤
t

)
≳ δ ∥∆t∥F, which,

according to Proposition 5, is guaranteed to happen after certain number of iterations. The

non-monotonic behavior of ∥Ft∥ is also observed in practice (see Figure 2.7b).

Before presenting the main result, we provide our proposed initialization scheme in Al-

gorithm 2. The presented initialization method is analogous to the classical spectral initial-

ization in the noiseless matrix sensing problems, with a key difference that we scale down

the norm of the initial point by a factor of α2. As will be shown later, the scaling of the ini-

tial point is crucial for establishing the linear convergence of SubGM; without such scaling,

both GD and SubGM suffer from sublinear convergence rates, as evidenced by the recent

works [Zhuo et al., 2021, Ding et al., 2021].

Theorem 7 (Global Convergence of SubGM with Noiseless Measurements). Consider the

iterations of SubGM for the empirical loss fℓ1(U) with the step-size ηt = (η/2)fℓ1(Ut).

Suppose that the initial point U0 is obtained from Algorithm 2 with an initialization scale

that satisfies α ≲ 1/(φ̄
√
d) ∧ 1/κ. Suppose that the measurements are noiseless and

satisfy (4r, δ, ϵ,S)-Sign-RIP with δ ≲ 1/
(√

rκ2φ̄4 log2 (1/α)
)
, ϵ ≍

√
dα2−O(

√
rκ2δ)δ, and

S = {X : ζ ≤ ∥X∥F ≤ R} for ζ = ϵ
(

1/δ ∨
√
d
)

and R = 5
√
rσ1. Finally, suppose that

η ≲ 1/(φ̄2σ1). Then, after t = Tend ≲ log (1/α)/(ησrφ
2) iterations, we have

∥∥UtU
⊤
t −X⋆

∥∥
F
≲ dα2−O(

√
rκ2δ).

The proof of Theorem 7 is presented in Subsection 2.A.2, and follows the same structure

as the proof of Theorem 6. However, unlike the expected loss, the final error will be in the

order of αβ(δ), for some 0 < β(δ) ≤ 2 that is a decreasing function of δ. Indeed, smaller δ will

improve the dependency of the final generalization error on α. Moreover, for an arbitrarily

small ϵ > 0, one can guarantee
∥∥UTU

⊤
T −X⋆

∥∥
F
≤ ϵ within T ≲ log(d/ϵ)/(β(δ)ησrφ

2)

iterations, provided that the initialization scale satisfies α ≲ (ϵ/d)1/β(δ).

Finally, we characterize the sample complexity of SubGM with noiseless, Gaussian mea-

surements.

Corollary 1 (Gaussian Measurements). Suppose that the measurement matrices {Ai}mi=1

have i.i.d. standard Gaussian entries. Consider the iterations of SubGM for the empirical

loss fℓ1(U), with the step-size ηt = (η/2)fℓ1(Ut) and η ≲ 1/σ1. Suppose that the initial point

U0 is obtained from Algorithm 2 with an initialization scale that satisfies α ≲ 1/
√
d ∧ 1/κ.

Finally, suppose that the number of measurements satisfies m ≳ κ4dr2 log5(1/α2) log2(m).
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Then, after t = Tend ≲ log (1/α) /(ησr) iterations, and with an overwhelming probability, we

have ∥∥UTU
⊤
T −X⋆

∥∥
F
≲ dα

2−O
(√

κ4dr2 log(1/α) log2(m)
m

)
.

The above corollary is a direct consequence of Theorem 4 after setting the corruption

probability p to zero. To the best of our knowledge, Corollary 1 is the first result showing

that, with Gaussian measurements, the sample complexity of SubGM is independent of the

search rank, provided that the initial point is sufficiently close to the origin.

2.6 Empirical Loss with Noisy Measurements

In this section, we establish the convergence of SubGM with small initialization and noisy

measurements. A key difference compared to our previous analysis is in the choice of the

step-size: in the presence of noise, the value of ηt = (η/2)fℓ1(Ut) can be arbitrarily far

from the error ηφ−1
t ∥∆t∥. To circumvent this issue, we instead propose to use the following

geometric step-size:

ηt = η · ρt

∥Qt∥
, where Qt ∈ Q(∆t). (2.25)

Our first goal is to show that, under a similar Sign-RIP condition, our previous guarantees on

SubGM extend to geometric step-size. Then, we show how our general result can be readily

tailored to specific noise models. Our next result characterizes the dynamic of λmin(StS
⊤
t )

with the above choice of step-size.

Proposition 8 (Minimum eigenvalue dynamic). Consider the iterations of SubGM on

fℓ1(U) with the step-size defined as equation 2.25. Suppose that the measurements sat-

isfy (4r, ϵ, δ,S)-Sign-RIP with δ ≲ 1/
√
r, ϵ =

√
d ∥Gt∥2, and S = {X : ζ ≤ ∥X∥F ≤ R}

for ζ = ϵ
(

1/δ ∨
√
d
)
and R = 5

√
rσ1. Moreover, suppose that StS

⊤
t ≻ 0,

∥∥EtE
⊤
t

∥∥ ≤ σ1,∥∥StS⊤
t

∥∥ ≤ 2σ1,
∥∥∥EtS

⊤
t

(
StS

⊤
t

)−1
∥∥∥ ≤ 1/3, ηρt

∥∆t∥ ≲ 1
σ1
, and ∆t ∈ S is ϵ-approximate rank-4r.

Then, we have

λmin

(
St+1S

⊤
t+1

)
≥
((

1 +
ηρt

∥∆t∥
σr

)2

− 2ηρt

∥∆t∥
∥∥EtE

⊤
t

∥∥− 384
√
rηρtδ

)
λmin

(
StS

⊤
t

)
− 2

ηρt

∥∆t∥

(
1 +

ηρt

∥∆t∥
σr

)
λmin

(
StS

⊤
t

)2
.

The proof of the above proposition is presented in Appendix 2.E.2. Recalling our discus-

sion in Section 2.3.3, SubGM with geometric step-size moves towards a direction close to
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∆t/ ∥∆t∥ with an “effective” step-size of ηρt/∥∆t∥. In light of this, the above proposition

is analogous to Proposition 5, with an additional assumption that the effective step-size

is upper bounded by 1/σ1. Proposition 8 can be used to show the exponential growth of

λmin(St+1S
⊤
t+1) in the first phase of the algorithm. To see this, note that, due to small ini-

tialization, we have ∥∆t∥ ≈ ∥X⋆∥ = σ1, λmin

(
StS

⊤
t

)2 ≪ λmin

(
StS

⊤
t

)
, and

∥∥EtE
⊤
t

∥∥ ≈ 0 at

the early stages of the algorithm. This implies that the minimum eigenvalue dynamic can

be accurately approximated as λmin

(
St+1S

⊤
t+1

)
≥ (1 + Ω(η/κ))λmin

(
StS

⊤
t

)
, which grows

exponentially fast. We next characterize the dynamics of the signal and cross terms.

Proposition 9 (Signal and cross dynamics). Consider the iterations of SubGM on fℓ1(U)

with the step-size defined as equation 2.25. Suppose that the measurements satisfy (4r, ϵ, δ,S)-

Sign-RIP with δ ≲ 1/
√
r, ϵ =

√
d ∥Gt∥2, and S = {X : ζ ≤ ∥X∥F ≤ R} for ζ =

ϵ
(

1/δ ∨
√
d
)

and R = 5
√
rσ1. Moreover, suppose that StS

⊤
t ≻ 0,

∥∥EtE
⊤
t

∥∥ ≤ σ1,∥∥StS⊤
t

∥∥ ≤ 1.01σ1,
∥∥∥EtS

⊤
t

(
StS

⊤
t

)−1
∥∥∥ ≤ 1/3, ηρt

∥∆t∥ ≲ 1
σ1
, and ∆t ∈ S is ϵ-approximate

rank-4r. Then, we have

∥∥Σ−St+1S
⊤
t+1

∥∥≤(1− ηρt

∥∆t∥
λmin

(
StS

⊤
t

))∥∥Σ− StS⊤
t

∥∥+5
ηρt

∥∆t∥
∥∥StE⊤

t

∥∥2+193
√
rηρtδσ1,

(2.26)∥∥St+1E
⊤
t+1

∥∥≤(1− ηρt

∥∆t∥
(
λmin

(
StS

⊤
t

)
−2
∥∥Σ−StS⊤

t

∥∥−2 ∥EtEt∥
))∥∥StE⊤

t

∥∥+113
√
rηρtδσ1,

(2.27)∥∥St+1S
⊤
t+1

∥∥ ≤ 1.01σ1. (2.28)

The proof of Proposition 9 is analogous to Proposition 6, and can be found in Ap-

pendix 2.E.3. Assuming ∥∆t∥ ≍ ρt, the above proposition shows that both signal and cross

terms behave similarly to their expected counterparts in Proposition 4, and their deviation

diminishes exponentially fast.

Proposition 10. Consider the iterations of SubGM on fℓ1(U) with the step-size defined

as equation 2.25. Suppose that the measurements satisfy (4r, ϵ, δ,S)-Sign-RIP with δ ≲ 1/
√
r,

ϵ =
√
d ∥Gt∥2, and S = {X : ζ ≤ ∥X∥F ≤ R} for ζ = ϵ

(
1/δ ∨

√
d
)

and R = 5
√
rσ1.

Moreover, suppose that StS
⊤
t ≻ 0,

∥∥EtE
⊤
t

∥∥ ≤ σ1,
∥∥StS⊤

t

∥∥ ≤ 1.1σ1,
∥∥∥EtS

⊤
t

(
StS

⊤
t

)−1
∥∥∥ ≤

1/3, and ∆t ∈ S is ϵ-approximate rank-4r. Then, the following statements hold:

• If η ≲ 1
∥∆t∥ , we have

∥Gt+1∥≤
(

1+
η2ρ2t

∥∆t∥2
(

2
∥∥EtS

⊤
t

∥∥2+∥Et∥4+2 ∥∆t∥
∥∥EtS

⊤
t

∥∥)) ∥Gt∥+49
√
rη0ρ

tδ ∥Gt∥ ,
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which can be further simplified as

∥Gt+1∥ ≤
(
1 + 5η2ρ2t + 49

√
rη0ρ

tδ
)
∥Gt∥ . (2.29)

• If ηρt

∥∆t∥ ≲ 1
σ1
, we have

∥Ft+1∥ ≤
(

1− ηρt

∥∆t∥
λmin

(
StS

⊤
t

)
+ 16
√
rηρtδ

)
∥Ft∥+ 16

√
rηρtδ ∥St∥+ 6ηρt ∥Gt∥ .

The proof of Proposition 10 follows that of Proposition 7, and can be found in Ap-

pendix 2.E.4. Inequality equation 2.29 implies that the growth rate of ∥Gt∥ diminishes with

t. We will use this property to show that ∥Gt∥ remains proportional to the initialization

scale α throughout the solution trajectory, which will be used to control the final general-

ization error. Moreover, unlike the dynamic of ∥Ft∥, equation 2.29 holds even when ∥∆t∥
decays faster than ησ1ρ

t; this will play a key role in the proof of our next theorem.

Theorem 8 (Global Convergence of SubGM with Noisy Measurements). Consider the it-

erations of SubGM on fℓ1(U) with the step-size defined as equation 2.25, and parameters

η ≲ 1/ (κ log(1/α)) and ρ = 1 − Θ (η/(κ log(1/α))). Suppose that the initial point U0 is

obtained from Algorithm 2 with an initialization scale that satisfies α ≲ 1/(
√
d) ∧ 1/κ ∧ φ.

Suppose that the measurements satisfy (4r, δ, ϵ,S)-Sign-RIP with δ ≲ 1/
(√

rκ2φ̄4 log2 (1/α)
)
,

ϵ ≍
√
dα2−O(

√
rκδ)δ, and S = {X : ζ ≤ ∥X∥F ≤ R} for ζ ≥ ϵ

(
1/δ ∨

√
d
)
and R = 5

√
rσ1.

Then, for any t ≥ Tend = O((κ/η) log2 (1/α)), we have

∥∥UtU
⊤
t −X⋆

∥∥
F
≲ dα2−O(

√
rκδ) ∨ ζ.

The proof of the above theorem can be found in Section 2.A.3. Upon defining β(δ) =

2 − O(
√
rκδ), the above result implies that, for any arbitrary accuracy ϵ ≥ ζ, SubGM

converges to a solution that satisfies
∥∥UtU

⊤
t −X⋆

∥∥
F
≤ ϵ within O(κ log2(d/ϵ)/(β(δ)η))

iterations, provided that α ≲ (ϵ/d)1/β(δ). Compared to the noiseless setting, the final error

in Theorem equation 8 has an additional term ζ. This is due to the fact that we only require

a lower bound on the choice of ζ; as will be explained later, this additional freedom will

be used to show the convergence of SubGM under the Gaussian noise model. Moreover,

compared to the noiseless setting, the iteration complexity of SubGM in the noisy regime

is higher by a factor of log(d/ϵ), and its step-size must be chosen more conservatively. The

higher iteration complexity is due to the lack of a prior estimate of ∥∆t∥F; to alleviate this

issue, we proposed a geometric step-size, which inevitably leads to a slightly higher iteration

complexity.
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In the proof of the above theorem, we show that SubGM already achieves a small error

after Tend iterations, and any additional iterations may in fact worsen the final error. In

fact, this is the main reason behind the early stopping of gradient descent with constant

step-size, as shown by Li et al. [2018], Stöger and Soltanolkotabi [2021]. However, we no

longer require an early stopping for SubGM. This is due to the fact that, because of their

exponentially-decaying nature, the step-sizes become so small that SubGM stops making

any meaningful progress after Tend iterations. More precisely, we control the dynamics of

SubGM in the last t − Tend iterations, showing that it does not deviate too much from the

solution at iteration Tend.

Finally, according to Theorem 8, ρ must satisfy 1−ρ = Θ (η/(κ log(1/α))), which requires

a prior knowledge of the condition number κ. However, our analysis in fact guarantees the

convergence of SubGM for any 1−Θ (η/(κ log(1/α))) ≤ ρ < 1. Therefore, if κ is not known

(or only a conservative upper bound of κ is known), ρ can be conservatively close to one at

the expense of a slower convergence rate.

Equipped with the above theorem and Theorems 4 and 5, we next characterize the be-

havior of SubGM under both outlier and Gaussian noise regimes.

Corollary 2 (Outlier Noise Model). Suppose that the measurement matrices {Ai}mi=1 have

i.i.d. standard Gaussian entries, and the noise vector s follows an outlier noise model with

a corruption probability 0 ≤ p < 1 (Definition 4). Consider the iterations of SubGM on

fℓ1(U) with the step-size defined as equation 2.10, and parameters η ≲ 1/ (κ log(1/α)) and

ρ = 1 − Θ (η/(κ log(1/α))). Suppose that the initial point U0 is obtained from Algorithm 2

with an initialization scale that satisfies α ≲ 1/
√
d∧ 1/κ∧ (1− p). Suppose that the number

of measurements satisfies m ≳ κ4dr2 log5(1/α2) log2(m)/(1− p)2. Then, for any t ≥ Tend =

O((κ/η) log2 (1/α)) and with an overwhelming probability, we have

∥∥UtU
⊤
t −X⋆

∥∥
F
≲ dα

2−O
(√

κ2dr2 log(1/α) log2(m)

(1−p)2m

)
.

Corollary 3 (Gaussian Noise Model). Suppose that the measurement matrices {Ai}mi=1 have

i.i.d. standard Gaussian entries, and the noise vector s follows a Gaussian noise model

with a variance νg < ∞ (Definition 5). Consider the iterations of SubGM on fℓ1(U) with

the step-size defined as equation 2.10, and parameters η ≲ 1/ (κ log(1/α)) and ρ = 1 −
Θ (η/(κ log(1/α))). Suppose that the initial point U0 is obtained from Algorithm 2 with an

initialization scale that satisfies α ≲ 1/
√
d ∧

√
dr/m ∧ 1/κ. Then, for any t ≥ Tend =
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O((κ/η) log2 (1/α)) and with an overwhelming probability, we have

∥∥UtU
⊤
t −X⋆

∥∥
F

= O

√ν2gκ
4dr2 log5(1/α) log2(m)

m

 .

The proof of Corollary 3 follows directly from Theorems 5 and 8 after choosing

ζ = C
√
ν2gκ

4dr2 log5(1/α) log2(m)/m,

for sufficiently large constant C. The details are omitted for brevity.

Remark 1. Our result can be readily extended to settings where the measurements are cor-

rupted with both outlier and Gaussian noise values. Consider measurements of the form

yi = ⟨Ai,X
⋆⟩+ s

(1)
i + s

(2)
i , where s

(1)
i and s

(2)
i follow the outlier and Gaussian noise models

delineated in Definitions 4 and 5. In this setting, Corollaries 2 and 3 can be combined to

show that, with m = Ω̃
(
ν2gκ

4dr2/(1− p)2
)
samples, SubGM with small initialization and

geometric step-size achieves the error
∥∥UtU

⊤
t −X⋆

∥∥2
F

= Õ
(
ν2gκ

4dr2/((1− p)2m)
)
(modulo

logarithmic factors).

Remark 2. We highlight that our required measurement number for the convergence of

SubGM must scale poly-logarithmically with the initialization scale. According to Theorems 7

and 8, the final error of SubGM depends on the initialization scale, which in turn leads to

the dependency of the final error on the measurement number. This dependency is inevitable

in the Gaussian noise regime (Corollary 3) due to the information-theoretical lower bounds.

Moreover, for the noiseless (Corollary 1) and outlier noise settings (Corollary 2), the depen-

dency of the final error on the measurement number is of the form exp(−Ω(poly(m))). As

such, to obtain an ϵ-accurate solution, the measurement number must scale as poly log(1/ϵ).

While we note that this dependency is mild, as a future research direction, we will investigate

the possibility of removing such a dependency.

2.7 Ground Truths are Strict Saddles in Noisy Setting

In this section, we show that under some mild conditions, the true solutions U∗ := {U ∗ ∈
Rd×r′ : U ∗U ∗⊤ = X∗} are strict saddle points of fℓ1(U). To this goal, we first consider the

following noise model.

Assumption 1 (Noise Model). Each measurement is independently corrupted with noise

with a corruption probability 0 ≤ p ≤ 1. Let the set of noisy measurements be denoted as
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S. For each entry i ∈ S, the value of ϵi is drawn from a distribution Po. Moreover, a

random variable ζ under the distribution Po satisfies P(|ζ| ≥ t0) ≥ p0 for some constants

0 < t0, p0 ≤ 1.

Our considered noise model is generic and includes all the “typical” noise models, in-

cluding Gaussian and outlier noise models. Intuitively, it only requires a nonzero mass at

a nonzero value. For example, suppose that for every i ∈ S, ϵi ∼ N (0, σ2). A basic anti-

concentration inequality implies that P(|ϵi| ≥ t0) = 1− P(|ϵi|/σ < t0/σ) ≥ 1− 2t0/σ, which

satisfies Assumption 2 with (t0, p0) = ((4σ)−1, 1/2). Similarly, a randomized sparse outlier

noise is expected to satisfy Assumption 2.

Our next two theorems establish the necessary and sufficient conditions for determining

the local optimality, or lack thereof, of true solutions in symmetric matrix sensing.

Theorem 9 (Sub-optimality of true solutions for symmetric matrix sensing). Suppose that

the noise satisfies Assumption 2. Suppose that r′ > r and m ≲ pp0d(r′ − r). With probability

at least 1− exp(−Ω(d(r′ − r)))− exp(−Ω(pp0m)), none of the true solutions in U∗ are local

optima of fℓ1(U). More precisely, for every U ⋆ ∈ U∗, there exists a descent direction ∆U

satisfying ∥∆U∥F = 1 such that, for every 0 < γ2 ≲ t0√
d
, we have

fℓ1(U
⋆+γ∆U)− fℓ1(U ⋆) ≲ −γ2. (2.30)

According to Theorem 9, none of the true solutions emerge as local optima of fℓ1 , unless

the number of measurements scale with the search rank r′. In particular, suppose that 2r ≤ k

and the parameters of the noise model are fixed. Then, Theorem 9 shows that, with high

probability, none of the true solutions are local optima, so long as m ≲ dk.

Theorem 10 (Optimality of true solutions for symmetric matrix sensing). Suppose that the

noise satisfies Assumption 2 with a corruption probability 0 ≤ p < 1/2. Moreover, suppose

that r′ ≥ r. The following statements hold:

• Suppose that m ≳ dr
(1−2p)4

. With probability at least 1−exp(−Ω(dr)), for every U ⋆ ∈ U∗

and γ ≥ 0, we have

min
∥∆U∥F=1

{fℓ1(U ⋆ + γ∆U)− fℓ1(U ⋆)} ≳ −
(√

2

π
+

√
dr′

m

)
γ2.

• Suppose that m ≳ dr′

(1−2p)4
. With probability at least 1− exp(−Ω(dr′)), all true solutions
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coincide with the global optima. More precisely, we have

U ⋆ ∈ U∗ ⇐⇒ U ⋆ ∈ arg min
U

fℓ1(U).

We note that the second statement of the above theorem has been previously proven

by Ding et al. [2021]. However, we include it here for completeness.

Combining Theorem 9 with the first statement of Theorem 10 leads to the following key

corollary.

Corollary 4. Suppose that the noise satisfies Assumption 2 with p0 = Θ(1) and p = Θ(1) <

1/2. Additionally, suppose that k ≳ r and dr ≲ m ≲ dr′. Then, with probability at least

1− exp(−Ω(dr′))− exp(−Ω(m)), all true solutions are critical and strict saddle points.

The above results show that the landscape of symmetric matrix sensing with ℓ1-loss and

outlier noise (with p < 1/2) undergoes two critical transitions: When m ≲ dr, exact recovery

is impossible due to the existing information theoretical barriers [Candes and Plan, 2011].

When dr ≲ m ≲ dr′, all true solutions emerge as strict saddle points. We note that this is

precisely the regime where the sub-gradient method empirically converges to one of the true

solutions [Ma and Fattahi, 2023a]. As soon as m ≳ dr′, all true solutions coincide with the

global optima.

2.8 Concluding Remarks

In this work, we study the performance of sub-gradient method (SubGM) on a nonconvex

and nonsmooth formulation of the robust matrix sensing with noisy measurements, where

the rank of the true solution r is unknown and over-estimated instead with r′ ≥ r. We

prove that the over-estimation of the rank has no effect on the performance of SubGM,

provided that the initial point is sufficiently close to the origin. Moreover, we prove that

SubGM is robust against outlier and Gaussian noise values. In particular, we show that

SubGM provably converges to the ground truth, even if the globally optimal solutions of the

problem are “spurious”, i.e., they do not correspond to the ground truth. At the heart of our

method lies a new notion of restricted isometry property, called Sign-RIP, which guarantees

a direction-preserving property for the sub-differentials of the ℓ1-loss. We show that, while

the classical notions of restricted isometry property face major breakdowns in the face of

noise, Sign-RIP can handle a wide range of noisy measurements, and hence, is better-suited

for analyzing the robust variants of low-rank matrix sensing. A few remarks are in order

next:
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Spectral vs. random initialization: In our work, we assume that the initial point is

obtained via a special form of the spectral method, followed by a norm reduction. A natural

question thus arises as to whether the spectral method can be replaced by small random

initialization. Here we briefly mention the potential technical difficulty in extending our

theoretical result to the random initialization. According to the proofs of Theorems 7 and 8,

we require the minimum eigenvalue of the signal term to dominate the maximum eigenvalues

of the cross and residual terms at the initial point. If the initial point is chosen randomly,

it is likely that such an assumption is violated. As a consequence, it is unclear how to

ensure the initial exponential growth of the signal term under our current error perturbation

analysis. Despite this theoretical hurdle, we observed in our simulations that SubGM with

small random initialization behaves almost the same as SubGM with spectral initialization.

Therefore, we conjecture that a small random initialization followed by a few iterations of

SubGM is in fact equivalent to spectral initialization; a similar result has been recently

proven by Stöger and Soltanolkotabi [2021] for gradient descent on ℓ2-loss. We consider a

rigorous verification of this conjecture as an enticing challenge for future research.

Beyond Sign-RIP: Another natural question pertains to the performance of SubGM

on problems that do not satisfy Sign-RIP. An important and relevant example is over-

parameterized matrix completion, where the linear measurement operator is an element-wise

projector that reveals partial and potentially noisy observations of a low-rank matrix. In-

deed, the performance SubGM on problems of this type requires a more refined analysis,

which is left as future work.

2.A Proofs of the Main Theorems

2.A.1 Proof of Theorem 6

Before delving into the details, we first present the general overview of our proof technique

for Theorem 6. First, we prove that the conditions of Propositions 3 and 4 hold for every

0 ≤ t < ∞. Then, we use the minimum eigenvalue dynamic in Proposition 4 to show

that λmin(StS
⊤
t ) ≥ 0.98σr after O (log(1/α2)/(ησr)) iterations. In the second phase, we

leverage the lower bound λmin(StS
⊤
t ) ≥ 0.98σr to further simplify the one-step dynamics in

Proposition 3, and show that both signal and cross terms decay linearly, while the residual

term remains in the order of α2. This phase lasts for O (log(σ1/α
2)/(ησr)) iterations, and

the generalization error can be upper bounded by α2 at the end of this phase. Finally, in

the third phase, we show that the residual term will dominate the signal and cross terms,

and the generalization error will decay at a sublinear rate.
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Lemma 5. The conditions of Propositions 3 and 4 are satisfied for every 0 ≤ t < ∞. In

particular, for any 0 ≤ t <∞, we have

∥∥EtE
⊤
t

∥∥ ≤ α2

ηα2t+ 1
, (2.31)∥∥StS⊤

t

∥∥ ≤ 1.01σ1, (2.32)

StS
⊤
t ≻ 0. (2.33)

The proof of the above lemma can be found in Appendix 2.C.3. Given Lemma 5, we

proceed to prove Theorem 6.

Phase 1: Eigenvalue Learning. Due to Proposition 3 and Lemma 5, we have

λmin

(
St+1S

⊤
t+1

)
≥
(
1 + 2ησr − 2η

∥∥EtE
⊤
t

∥∥)λmin

(
StS

⊤
t

)
− 2.01ηλ2min

(
StS

⊤
t

)
≥ (1 + 1.99ησr)λmin

(
StS

⊤
t

)
− 2.01ηλ2min

(
StS

⊤
t

)
,

(2.34)

where we used the assumption 2
∥∥EtE

⊤
t

∥∥ ≤ 2α2 ≤ 0.01σr due to our choice of α. Now, we

consider two cases:

- Suppose that T1 is the largest iteration such that λmin

(
StS

⊤
t

)
≤ σr/2.01 for every

t ≤ T1. According to equation 2.34, we have

λmin

(
StS

⊤
t

)
≥ (1 + 0.99ησr)

tλmin

(
S0S

⊤
0

)
≥ (1 + 0.99ησr)

tα2σr.

This implies that, afterO (log(1/α2)/(ησr)) iterations, we have λmin

(
StS

⊤
t

)
> σr/2.01,

and hence, T1 = O (log(1/α2)/(ησr)).

- For t > T1, let xt = σr − λmin

(
StS

⊤
t

)
. Then, according to equation 2.34, we have

xt+1 ≤ (1− 2.03ησr)xt + 2.01ηx2t + 0.02ησ2
r

≤ (1− 1.02ησr)xt + 0.02ησ2
r ,

(2.35)

where in the second inequality, we used the fact that xt = σr − λmin

(
StS

⊤
t

)
≤

1.01σr/2.01. The above inequality implies

xt+1 − 0.0196σr ≤ (1− 1.02ησr) (xt − 0.0196σr)

=⇒ xt+1 − 0.0196σr ≤ (1− 1.02ησr)
t−T1+1 (xT1 − 0.0196σr) .

Hence, we have xt ≤ 0.02σr after T3 = T1 +T2 iterations, where T2 = O (1/ησr), which

in turn shows that λmin

(
StS

⊤
t

)
≥ 0.98σr.
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The above analysis shows that λmin(StS
⊤
t ) ≥ 0.98σr for every t ≥ T3 = T1 + T2 =

O (log(1/α2)/(ησr)).

Phase 2: Global Convergence. We have 0.98σr ≤ λmin(StS
⊤
t ) ≤ 1.01σ1 for every t ≥ T3.

This, combined with the one-step signal dynamic equation 2.17, implies that

∥∥Σ− St+1S
⊤
t+1

∥∥ ≤ (1− 0.98ησr)
∥∥Σ− StS⊤

t

∥∥+ 5η
∥∥StE⊤

t

∥∥2 .
On the other hand, due to Lemma 5, we have

∥∥StE⊤
t

∥∥2 ≤ ∥∥StS⊤
t

∥∥∥∥EtE
⊤
t

∥∥ ≤ (1.01σ1)α
2.

This implies that

∥∥Σ− St+1S
⊤
t+1

∥∥ ≤ (1− 0.98ησr)
∥∥Σ− StS⊤

t

∥∥+ 6ησ1α
2 (2.36)

=⇒
∥∥Σ− St+1S

⊤
t+1

∥∥− 6σ1α
2

0.98σr
≤ (1− 0.98ησr)

(∥∥Σ− StS⊤
t

∥∥− 6σ1α
2

0.98σr

)
=⇒

∥∥Σ− St+1S
⊤
t+1

∥∥− 6σ1α
2

0.98σr
≤ (1− 0.98ησr)

t−T3+1

(∥∥Σ− ST3S⊤
T3

∥∥− 6σ1α
2

0.98σr

)
.

Therefore,

∥∥Σ− StS⊤
t

∥∥ ≤ 7κα2 for t ≥ T5 = T3 + T4, where T4 = O
(

log
(
σ1
κα2

)
ησr

)
.

Here, we use the inequality
∥∥Σ− ST3S⊤

T3

∥∥ ≤ ∥Σ∥+
∥∥ST3S⊤

T3

∥∥ ≤ 2.01σ1. On the other hand,

the one-step dynamics for the cross term equation 2.18 implies that

∥∥St+1E
⊤
t+1

∥∥ ≤ (1− ηλmin

(
StS

⊤
t

)
+ 2η

∥∥Σ− StS⊤
t

∥∥+ 2η
∥∥EtE

⊤
t

∥∥) ∥∥StE⊤
t

∥∥
≤ (1− 0.5ησr)

∥∥StE⊤
t

∥∥
=⇒

∥∥St+1E
⊤
t+1

∥∥ ≤ (1− 0.5ησr)
t−T5+1

∥∥ST5E⊤
T5

∥∥
≤ (1− 0.5ησr)

t−T5+1 (1.01α
√
σ1) , (2.37)

where the second inequality follows from the proven upper bound
∥∥Σ− StS⊤

t

∥∥ ≤ 7κα2 and

Lemma 5. Moreover, the last inequality is due to the fact that

∥∥ST5E⊤
T5

∥∥ ≤ ∥ST5∥ ∥ET5∥ ≤ 1.01α
√
σ1.
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The inequality equation 2.37 results in

∥∥StE⊤
t

∥∥ ≤ α2 for t ≥ T7 = T6 + T5 where T6 = O

 log
(√

σ1
α

)
ησr

 .

This upper bound can in turn be used in equation 2.36 further to strengthen the upper

bound on the signal term as follows

∥∥Σ− StS⊤
t

∥∥ ≤ α2 for t ≥ T8 = T7 + T6 = O
(

log
(
σ1
α2

)
ησr

)
.

Finally, invoking the signal-residual decomposition in Lemma 3, we have

∥∥UtUt
⊤ −X∗∥∥ ≤ ∥∥StS⊤

t −Σ
∥∥+ 2

∥∥StE⊤
t

∥∥+
∥∥EtE

⊤
t

∥∥ ≲ α2

for t ≥ T8 = O
(

log( σ1
α2 )

ησr

)
.

Phase 3: Sublinear convergence. Once both signal and cross terms are in the order

of α2, the residual term becomes the dominant term, while both signal and cross terms

maintain their linear decay rates. Therefore, we have

∥∥UtUt
⊤ −X∗∥∥ ≲

∥∥EtE
⊤
t

∥∥ ≲
α2

ηα2t+ 1
.

This completes the proof. □

2.A.2 Proof of Theorem 7

The proof of Theorem 7 follows the same structure as the proof of Theorem 6: first, we

use Proposition 5 to show that λmin(StS
⊤
t ) reaches 0.98σr after T1 ≲ log(1/α)/(ησrφ

2)

iterations. Given this inequality and equipped with the one-step dynamics of the signal,

cross, and residual terms (Propositions 6 and 7), we then establish the linear convergence of

SubGM to the ground truth. As a first step, we show an important property of the proposed

initialization scheme.

Lemma 6. Suppose that the measurements are noiseless and satisfy (4r, δ, ϵ,S)-Sign-RIP

where ϵ = 0, and X⋆ ∈ S. Then, the initial point U0 = V S0 + V⊥E0 generated from

Algorithm 2 satisfies ∥∥∥∥U0U
⊤
0 − α2φ(X⋆)

X⋆

∥X⋆∥F

∥∥∥∥ ≤ 2α2φ(X⋆)δ,
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The proof can be found in Appendix 2.D.5. An immediate consequence of the above

lemma is the following inequality:∥∥∥∥S0S
⊤
0 − α2φ(X⋆)

Σ

∥X⋆∥F

∥∥∥∥ ∨ ∥∥S0E
⊤
0

∥∥ ∨ ∥∥E0E
⊤
0

∥∥ ≤ 2α2φ(X⋆)δ.

Given this property of the proposed initialization scheme, we next show that the conditions

of Propositions 5, 6, and 7 are satisfied throughout solution path.

Lemma 7. We either have ∥∆t∥F ≲ dα2−O(
√
rκ2δ) for some 0 ≤ t ≤ Tend, or the conditions

of Propositions 5, 6, and 7 are satisfied for every 0 ≤ t ≤ Tend. In particular, for any

0 ≤ t ≤ Tend, we have

∥Ft∥ ≤ ηφ̄2
(

100
√
rσ1.5

1 δ + 30σ1
√
αφ̄δ

)
(t+ 1), (2.38)

∥Gt∥ ≤ α1−O(
√
rκ2δ)

√
φ̄δ, (2.39)

∥∆t∥ ≤ 5σ1, (2.40)∥∥StS⊤
t

∥∥ ≤ 1.01σ1, (2.41)

StS
⊤
t ≻ 0, (2.42)∥∥∥EtS

⊤
t

(
StS

⊤
t

)−1
∥∥∥ ≤ 1/3. (2.43)

The proof of Lemma 7 is provided in Appendix 2.D.6. Note that the inequality ∥∆t∥F ≲

dα2−O(
√
rκ2δ) for some 0 ≤ t ≤ Tend readily implies the final result. On the the other hand,

if ∥∆t∥F ≳ dα2−O(
√
rκ2δ), Lemma 7 implies that Propositions 5, 6, and 7 hold for every

0 ≤ t ≤ Tend.

Phase 1: Eigenvalue Learning. Based on Lemma 7, the conditions of Proposition 5 are

satisfied for T1 ≲ log(1/α)/(ησrφ
2), and we have

λmin

(
St+1S

⊤
t+1

)
≥
(
(1 + 2η̄tσr)− 2η̄t

∥∥EtE
⊤
t

∥∥− 72η̄tδ ∥∆t∥F
)
λmin

(
StS

⊤
t

)
− 2η̄t (1 + η̄tσr)λmin

(
StS

⊤
t

)2
. (2.44)

Due to equation 2.38 and equation 2.39, we have
∥∥EtE

⊤
t

∥∥ ≤ ∥Ft∥2 + ∥Gt∥2 ≤ 0.005σr for

every t ≲ log (1/α)/(ησrφ
2), where we used Lemma 7 and the assumed upper bounds on δ

and α. Moreover, 72δ ∥∆t∥F ≤ 150σ1δ ≤ 0.005σr, where again we used the assumed upper

bound on δ and Lemma 7. These two inequalities together with equation 2.44 lead to

λmin

(
St+1S

⊤
t+1

)
≥ (1 + 1.99η̄tσr)λmin

(
StS

⊤
t

)
− 2.01η̄tλ

2
min

(
StS

⊤
t

)
.
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The above inequality is identical to equation 2.34, after noticing that ηφ2 ≤ η̄t ≤ ηφ̄2. On

the other hand, Lemma 6 shows that λmin

(
S0S

⊤
0

)
≥ α2φ(X⋆)

(
σr

∥X⋆∥F
− 2δ

)
≥ α2φ 1

2
√
rκ

.

Therefore, using an argument analogous to the proof of Theorem 6, we have λmin(StS
⊤
t ) ≥

0.98σr for t ≥ T1 = O(log(1/α)/(ησrφ
2)). The details are omitted for brevity.

Phase 2: Global convergence. Recall the signal-residual decomposition

∥∥UtUt
⊤ −X⋆

∥∥ ≤ ∥∥Σ− StS⊤
t

∥∥+ 2
∥∥StE⊤

t

∥∥+
∥∥FtF⊤

t

∥∥+
∥∥GtG

⊤
t

∥∥ .
In what follows, we show that once λmin(StS

⊤
t ) ≥ 0.98σr, all terms in the above inequality

decay at a linear rate, except for
∥∥GtG

⊤
t

∥∥. To this goal, first note that Propositions 6 and 7

together with 0.98σr ≤ λmin(StS
⊤
t ) ≤ 1.01σ1 lead to the following one-step dynamics:

∥∥Σ− St+1S
⊤
t+1

∥∥ ≤ (1− 0.98η̄tσr)
∥∥Σ− StS⊤

t

∥∥+ 5η̄t
∥∥StE⊤

t

∥∥2 + 37η̄tδφ̄
2σ1 ∥∆t∥F , (2.45)∥∥St+1E

⊤
t+1

∥∥ ≤ (1− 0.98η̄tσr + 2η̄t
∥∥Σ− StS⊤

t

∥∥+ 2η̄t ∥EtEt∥
) ∥∥StE⊤

t

∥∥+ 22η̄tδσ1 ∥∆t∥F ,
(2.46)

∥Ft+1∥ ≤ (1− 0.98η̄tσr) ∥Ft∥+ 5
√
σ1η̄tδ ∥∆t∥F + 6η̄t ∥∆t∥ ∥Gt∥ . (2.47)

Note that, unlike
∥∥Σ− StS⊤

t

∥∥ and ∥Ft∥, the cross term
∥∥StE⊤

t

∥∥ enjoys linear decay only

under the condition
∥∥Σ− StS⊤

t

∥∥ < 0.98σr, which is not necessarily satisfied in the eigenvalue

learning phase. Our next lemma shows that this condition is satisfied shortly after the

eigenvalue learning phase.

Lemma 8. We have
∥∥Σ− StS⊤

t

∥∥ < 0.03σr, for every Tend ≥ t ≥ T1 + T2, where T2 =

O
(
log(κ)/(ησrφ

2
)
.

Proof. It is easy to see that

5η̄t
∥∥StE⊤

t

∥∥2 ≤ 5.05σ1η̄t ∥Et∥2 ≤ 5.05η̄tσ1 (∥Ft∥+ ∥Gt∥)2 ≤ 0.01η̄tσ
2
r , (2.48)

where the last inequality is due to our choice of δ and Lemma 7. Similarly, we can show

that 37η̄tδσ1 ∥∆t∥F ≤ 0.01η̄tσ
2
r . These two inequalities combined with equation 2.45 lead to

∥∥Σ− St+1S
⊤
t+1

∥∥ ≤ (1− 0.98η̄tσr)
∥∥Σ− StS⊤

t

∥∥+ 0.02η̄tσ
2
r .

This implies that
∥∥Σ− StS⊤

t

∥∥ ≤ 0.03σr after O
(
log(κ)/(ησrφ

2)
)

iterations.

The above lemma shows that the one-step dynamic of the cross term can be simplified as

∥∥St+1E
⊤
t+1

∥∥ ≤ (1− 0.49η̄tσr)
∥∥StE⊤

t

∥∥+ 22η̄tδ
2σ1 ∥∆t∥F . (2.49)
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Moreover, recall that

∥Gt+1∥ ≤
(

1 + η̄2t

(
2
∥∥EtS

⊤
t

∥∥2 + ∥Et∥4 + 2 ∥∆t∥
∥∥EtS

⊤
t

∥∥)+ 7η̄tδ ∥∆t∥F
)
∥Gt∥

≤
(
1 + 5η̄2t ∥∆t∥2 + 7η̄tδ ∥∆t∥F

)
∥Gt∥ . (2.50)

Here we use the fact that
∥∥EtS

⊤
t

∥∥∨∥Et∥2 ≤ ∥∆t∥. Now, let us define γt :=
∥∥Σ− StS⊤

t

∥∥+

2
∥∥StE⊤

t

∥∥ + ∥Ft∥2 + ∥Gt∥2 as an upper bound for the generalization error
∥∥UtUt

⊤ −X⋆
∥∥.

Combining equation 2.45, equation 2.47, equation 2.49, and equation 2.50, we have

γt+1 =
∥∥Σ− St+1S

⊤
t+1

∥∥+ 2
∥∥St+1E

⊤
t+1

∥∥+ ∥Ft+1∥2 + ∥Gt+1∥2

≤ (1− C1η̄tσr) γt + C2η̄tδσ1 ∥∆t∥F + C3η̄tσr ∥Gt∥2

≤
(
1− C1η̄tσr + C2η̄t

√
rσ1δ

)
γt + C4η̄tσr

√
d ∥Gt∥2

≤ (1− C5η̄tσr) γt + C4η̄tσr
√
d ∥Gt∥2 ,

for some universal constants C1, C2, C3, C4, C5 > 0. This implies that

γt+1 − C6

√
d ∥Gt∥2 ≤ (1− C5η̄tσr)

(
γt − C6

√
d ∥Gt∥2

)
=⇒ γt+1 − C6

√
d ∥Gt∥2 ≤ (1− C5η̄tσr)

t−(T1+T2) (γT1+T2 − C6

√
d ∥Gt∥2).

Note that γT1+T2 ≤ 0.1σr, according to Lemma 8, inequality equation 2.48, and the upper

bounds on ∥Ft∥2 and ∥Gt∥2. On the other hand, ∥Gt∥ ≤ α1−O(
√
rκ2δ)√φ̄δ, according to

Lemma 7. Therefore, after T1 + T2 + T3 iterations with T3 = O
(
log(1/α)/(ησrφ

2)
)
, we have

∥∆t∥F ≤
√
dγt ≲ dα2−O(

√
rκ2δ)φ̄δ. This completes the proof. □

2.A.3 Proof of Theorem 8

Without loss of generality, we assume that ∥∆t∥F ≥ ζ for every 0 ≤ t ≤ Tend; otherwise,

the final bound for the generalization error holds, and the proof is complete. Before delving

into the details, we first provide a general overview of our approach. The proof of Theo-

rem 8 is similar to that of Theorem 7 with a key difference that we divide our analysis into

two parts depending on the value of ∥∆t∥: if ηρt/ ∥∆t∥ ≲ 1/σ1, then ∥∆t∥ decays slower

than σ1ηρ
t. Under this assumption, we will use the one-step dynamics of the signal, cross,

and residual terms in Propositions 8, 9, and 10 to prove that ∥∆t∥ decays exponentially

fast. Alternatively, ηρt/ ∥∆t∥ ≳ 1/σ1 implies that ∥∆t∥ ≲ σ1ηρ
t, which readily establishes

the exponential decay of the generalization error. Indeed, the above two cases may occur

alternatively, which requires a more delicate analysis.
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Similar to the proof of Theorem 7, we show that SubGM undergoes two phases: (1)

eigenvalue learning phase, and (2) global convergence phase. In the first phase, we show

that λmin(StS
⊤
t ) and ∥∆t∥ converge to 0.98σr and 0.02σr, respectively. The main difference

between the proofs of Theorems 7 and 8 is the fact that the one-step dynamics of the signal,

cross, and residual terms may not hold during the entire solution trajectory. However, our

next lemma shows that they indeed hold in the first phase of our analysis.

Lemma 9. Suppose that ∥∆t∥ ≥ 0.02σr for every 0 ≤ t ≤ T̄ ≤ Tend. Then, the assumptions

of Propositions 8, 9, and 10 are satisfied for every 0 ≤ t ≤ T̄ . In particular, for any

0 ≤ t ≤ T̄ , we have

∥Ft∥ ≤
(

15
√
rηρt
√
σ1δ + 12

√
2η
√
φ̄αδ

)
(t+ 1), (2.51)

∥Gt∥ ≤ 2
√

2α1−O(
√
rκδ)
√
φ̄δ, (2.52)

∥∆t∥ ≤ 5σ1, (2.53)∥∥StS⊤
t

∥∥ ≤ 1.1σ1, (2.54)

StS
⊤
t ≻ 0, (2.55)∥∥∥EtS

⊤
t

(
StS

⊤
t

)−1
∥∥∥ ≤ 1/3. (2.56)

Moreover, for any t ≥ T̄ , we also have

∥Gt∥ ≤ 2
√

2α1−O(
√
rκδ)
√
φ̄δ. (2.57)

The proof of Lemma 9 is analogous to that of Lemma 7, and can be found in Ap-

pendix 2.E.5. Equipped with this lemma, we provide proof for the eigenvalue learning

phase.

Phase 1: Eigenvalue Learning. We will show that λmin(StS
⊤
t ) ≥ 0.98σr within t ≤ T1 =

O((κ/η) log(1/α)) iterations. After that, we prove that we only need T2 = O((κ/η) log(κ))

additional iterations to ensure that ∥∆t∥ ≤ 0.02σr; this marks the end of Phase 1. Without

loss of generality, we may assume that ∥∆t∥ ≥ 0.02σr for every t ≤ T1. To see this, suppose

that ∥∆t∥ ≤ 0.02σr for some t ≤ T1. This implies that
∥∥Σ− StS⊤

t

∥∥ ≤ ∥∆t∥ ≤ 0.02σr,

which in turn leads to λmin(StS
⊤
t ) ≥ 0.98σr. On the other hand, ∥∆t∥ ≥ 0.02σr together
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with Lemma 9 implies that the one-step dynamic in Proposition 8 holds and we have

λmin

(
St+1S

⊤
t+1

)
≥
((

1 +
ηρt

∥∆t∥
σr

)2

− 2ηρt

∥∆t∥
∥∥EtE

⊤
t

∥∥− 384
√
rηρtδ

)
λmin

(
StS

⊤
t

)
− 2

ηρt

∥∆t∥

(
1 +

ηρt

∥∆t∥
σr

)
λmin

(
StS

⊤
t

)2
≥
(

1 +
2ηρt

∥∆t∥
(
σr −O(

√
rσ1δ)

))
λmin

(
StS

⊤
t

)
− 2.01ηρt

∥∆t∥
λmin

(
StS

⊤
t

)2
≥
(

1 +
1.99ηρtσr
∥∆t∥

)
λmin

(
StS

⊤
t

)
− 2.01ηρt

∥∆t∥
λmin

(
StS

⊤
t

)2
(2.58)

where the second inequality follows from ∥∆t∥ ≥ 0.02σr and η ≲ 1, and the last inequality

follows from δ ≲ 1/(
√
rσ1). The rest of the proof for the eigenvalue learning phase is similar

to the arguments made after equation 2.34 in the proof of Theorem 6. Suppose that T ′
1

is the largest iteration such that λmin

(
StS

⊤
t

)
≤ σr/2.01 for every t ≤ T ′

1. We show that

T ′
1 = O((κ/η) log(1/α)). To see this, note that for every t ≤ T ′

1, the above inequality can be

simplified as

λmin

(
StS

⊤
t

)
≥
(

1 +
0.99ηρtσr
∥∆t∥

)
λmin

(
StS

⊤
t

)
≥ λmin

(
S0S

⊤
0

) t∏
s=0

(
1 +

ηρs

6κ

)
, (2.59)

where we used the assumption δ ≲ 1/(
√
rκ) and ∥∆t∥ ≤ 5σ1. To proceed with the proof,

we need the following technical lemma.

Lemma 10. For any α > 0, 0 < ρ < 1 and T ∈ N+, we have

exp

(
αTρT

1 + α

)
≤

T∏
t=0

(
1 + αρt

)
≤ exp

(
α

1− ρ

)
.

The proof of Lemma 10 can be found in Appendix 2.G.5. Lemma 10 together with

Lemma 6 and equation 2.59 leads to

λmin

(
StS

⊤
t

)
≥ exp

(
ηtρt

6κ+ η

)
α2φ(X⋆)

(
σr
∥X⋆∥F

− δ
)

≥ exp

(
ηtρt

6κ+ η

)
α2φ(X⋆)

(
σr√
rσ1
− δ
)

≥ exp

(
ηtρt

6κ+ η

)
α2φ(X⋆)

2
√
rκ

.
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Due to our assumption ρ = 1 − Θ(η/(κ log(1/α))), we have ρt ≥ 1 − O(ηt/(κ log(1/α))).

This together with the assumption t ≤ O((κ/η) log(1/α)) leads to ρt ≥ 1 − O(1) ≥ Ω(1).

Therefore, one can write

λmin

(
StS

⊤
t

)
≥ exp

(
Ω(1)

ηt

κ

)
α2φ(X⋆)

2
√
rκ

.

Given the above equation, it is easy to verify that after O((κ/η) log(1/α)) iterations, we

have λmin

(
StS

⊤
t

)
≥ σr/2.01. This implies that T ′

1 = O((κ/η) log(1/α)).

For t > T ′
1, define xt = σr − λmin

(
StS

⊤
t

)
. Then, arguments analogous to the proof of

Theorem 6 can be used to write

xt+1 − 0.0196σr ≤
(

1− 1.02
ηρtσr
∥∆t∥

)
(xt − 0.0196σr)

≤
(

1− ηρt

5κ

)
(xt − 0.0196σr)

≤ (xT ′
1
− 0.0196σr)

t∏
s=T ′

1

(
1− ηρt

5κ

)
.

Recall that ρt = Ω(1) for every t ≤ O((κ/η) log(1/α)). Therefore, for every T ′
1 < t ≤

O((κ/η) log(1/α)), we have

xt+1 − 0.0196σr ≤ (xT ′
1
− 0.0196σr)

(
1− Ω(1)

ησr
κ

)t−T ′
1+1

.

This in turn implies that after additional T ′′
1 = O(κ/η) iterations, we have xt+1 ≤ 0.02σr.

Therefore, we have λmin

(
StS

⊤
t

)
≥ 0.98σr after T1 = T ′

1 +T ′′
1 = O((κ/η) log(1/α)) iterations.

Now, it suffices to show that, after additional T2 = O((κ/η) log(κ)) iterations, we have

∥∆t∥ ≤ 0.02σr. To this goal, suppose that ∥∆t∥ ≥ 0.02σr for every T1 ≤ t ≤ T1 + T2.

Recalling the signal-residual decomposition equation 2.21, one can write

∥∆t∥ ≤
∥∥Σ− StS⊤

t

∥∥+ 2
∥∥StE⊤

t

∥∥+ ∥Ft∥2 + ∥Gt∥2

≤
∥∥Σ− StS⊤

t

∥∥+ 0.01σr,

where the second inequality follows from Lemma 9. Given the above inequality, ∥∆t∥ ≥
0.02σr implies that

∥∥Σ− StS⊤
t

∥∥ ≥ 0.01σr for every T1 ≤ t ≤ T1 + T2. Combined with the

one-step dynamic for the signal term, we have
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∥∥Σ− St+1S
⊤
t+1

∥∥ ≤(1− ηρt

∥∆t∥
λmin

(
StS

⊤
t

))∥∥Σ− StS⊤
t

∥∥+ 5
ηρt

∥∆t∥
∥∥StE⊤

t

∥∥2
+ 193

√
rηρtδσ1

(a)

≤
(

1− 0.98ηρt

∥∆t∥
σr

)∥∥Σ− StS⊤
t

∥∥+O
(√

rηρtδσ1
)

≤
∥∥Σ− StS⊤

t

∥∥− 0.98ηρtσr

∥∥Σ− StS⊤
t

∥∥∥∥Σ− StS⊤
t

∥∥+ 0.01σr

+O
(√

rηρtδσ1
)

≤
∥∥Σ− StS⊤

t

∥∥− 0.49ηρtσr +O
(√

rηρtδσ1
)

≤
∥∥Σ− StS⊤

t

∥∥− Ω
(
ηρtσr

)
,

(2.60)

where in (a) we used the fact that
∥∥StE⊤

t

∥∥ ≲
√
σ1 ∥Ft∥ ≲ σ1

√
rη0ρ

tδt, δ ≲

1/
(√

rκ2φ̄4 log2 (1/α)
)
, and t ≲ (κ/η) log (1/α). The above inequality leads to

∥∥Σ− StS⊤
t

∥∥ ≤ ∥∥Σ− ST1S⊤
T1

∥∥− Ω

(
t−1∑
s=T1

ηρtσr

)
.

Therefore, after T3 = T1 + O((κ/η) log κ) iterations, we have
∥∥Σ− StS⊤

t

∥∥ ≤ 0.01σr. This

completes the proof of the first phase.

Phase 2: Global Convergence. In the second phase, we show that, once ∥∆t∥ ≤ 0.02σr,

∥∆t∥ starts to decay linearly until it is dominated by
√
d ∥Gt∥2. Similar to before, we define

γt =
∥∥Σ− StS⊤

t

∥∥+ 2
∥∥StE⊤

t

∥∥+ ∥Ft∥2 + ∥Gt∥2. Our next lemma plays a central role in our

subsequent arguments:

Lemma 11. Suppose that T3 ≤ t ≤ Tend is chosen such that γs ≤ 0.1σr and ∥∆s∥ ≥√
d ∥Gs∥2, for every T3 ≤ s ≤ t. Then, we have

- γt+1 ≤ 0.1σr.

Moreover, at least one of the following statements is satisfied:

- ∥∆t+1∥ ≥
√
d ∥Gt+1∥2,

- ∥∆t+1∥ ≲
√
dα2−O(

√
rκδ).

To streamline the presentation, we defer the proof of the above lemma to Appendix 2.G.6.

According to the above lemma, we may assume that γt ≤ 0.1σr and ∥∆t∥ ≥
√
d ∥Gt∥2 for all
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iterations T3 ≤ t ≤ Tend; otherwise, we have ∥∆t∥ ≲
√
dα2−O(

√
rκδ) for some T3 ≤ t ≤ Tend,

which readily completes the proof. On the other hand, the assumptions γt ≤ 0.1σr and

∥∆t∥ ≥
√
d ∥Gt∥2 lead to

λmin

(
StS

⊤
t

)
≥ 0.9σr,

∥∥StS⊤
t

∥∥ ≤ 1.1σ1,

and ∥∥EtE
⊤
t

∥∥ ≤ 0.1σr,
∥∥∥EtS

⊤
t

(
StS

⊤
t

)−1
∥∥∥ ≤ 0.2. (2.61)

Together with our analysis in Phase 1, this implies that the one-step dynamic of Gt holds

for every 0 ≤ t ≤ Tend, and we have ∥Gt∥ ≤ 2
√

2α1−O(
√
rκδ)√φ̄δ, for every 0 ≤ t ≤ Tend.

Under the assumption ∥∆t∥ ≥
√
d ∥Gt∥2, our next lemma shows that, if ∥∆t+T3∥ ≥

0.02σrρ
t for some t ≥ 0, then there exists t′ satisfying t′ − t = O(1/η) such that ∥∆t′+T3∥ ≤

0.02σrρ
t′ . This in turn ensures that the generalization error decays by a constant factor

every O(1/η) iterations until it reaches the same order as
√
d ∥Gt∥2. In particular, we have

the following lemma:

Lemma 12. Suppose that ∥∆t∥ ≥
√
d ∥Gt∥2 for every T3 ≤ t ≤ Tend. Suppose that t0 ≥ 1

satisfies ∥∆t0+T3−1∥ ≤ 0.02σrρ
t0−1 and ∥∆t0+T3∥ > 0.02σrρ

t0. Then, after at most ∆t =

O (1/η) iterations, we have ∥∆t0+∆t+T3∥ ≤ 0.02σrρ
t0+∆t.

The proof of the above lemma is presented in Appendix 2.G.7. We show how Lemma 12

can be used to finish the proof of Theorem 8. Recall that ρ = 1 − Θ (η/(κ log(1/α))).

Let us pick T4 = O((κ/η) log2(1/α)). Simple calculation reveals that 0.02σrρ
T4 ≲ α2. Ac-

cording to Lemma 12, if ∥∆T4+T3∥ > 0.02σrρ
T4 , then there exists ∆t = O (1/η) such that

∥∆T4+T3+∆t∥ ≤ 0.02σrρ
T4+∆t ≲ α2. Combined with Lemma 11, we have ∥∆t∥F ≤

√
d ∥∆t∥ ≲

d ∥Gt∥2 ∨ ζ ≲ dα2−O(
√
rκδ) ∨ ζ after at most Tend = T3 + T4 + ∆t = O((κ/η) log2(1/α)) it-

erations. Last, note that ∥Gt∥ ≤ 2
√

2α1−O(
√
rκδ)√φ̄δ,∀t ≥ 0 as shown in Lemma 9. We

immediately derive ∥∆t∥F ≤
√
d ∥∆t∥ ≲ d ∥Gt∥2 ∨ ζ ≲ dα2−O(

√
rκδ) ∨ ζ. This completes the

proof of Theorem 8. □

2.B Proofs of Sign-RIP

2.B.1 Preliminary

We first provide the preliminary probability tools for proving Theorems 4 and 5.

Definition 6 (Sub-Gaussian random variable). We say a random variable X ∈ R with

expectation E[X] = µ is σ2-sub-Gaussian if for all λ ∈ R, we have E
[
eλ(X−µ)] ≤ e

λ2σ2

2 .
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Moreover, the sub-Gaussian norm of X is defined as ∥X∥ψ2
:= supp∈N+

{
p−1/2(E[|X|p])1/p

}
.

According to [Wainwright, 2019], the following statements are equivalent:

• X is σ2-sub-Gaussian.

• (Tail bound) For any t > 0, we have P(|X − µ| ≥ t) ≤ 2e−
t2

2σ2 .

• (Moment bound) We have ∥X∥ψ2
≲ σ.

Next, we provide the definitions of the sub-Gaussian process, ξ-net, and the covering number.

Definition 7 (Sub-Gaussian process). A zero mean stochastic process {Xθ, θ ∈ T} is a σ2-

sub-Gaussian process with respect to a metric d on a set T, if for every θ, θ′ ∈ T, the random

variable Xθ −Xθ′ is (σd(θ, θ′))2-sub-Gaussian.

Definition 8 (ξ-net and covering number). A set N is called an ξ-net on (T, d) if for every

t ∈ T, there exists π(t) ∈ N such that d(t, π(t)) ≤ ξ. The covering number N(T, d, ξ) is

defined as the smallest cardinality of an ξ-net for (T, d):

N(T, d, ξ) := inf{|N | : N is an ξ-net for (T, d)}.

Next, we introduce some additional notations which will be used throughout our argu-

ments. Define the rank-k and ϵ-approximate rank-k unit balls as:

Sk = {X ∈ Rd×d : rank(X) ≤ k, ∥X∥F = 1},
Sk,ϵ = {X ∈ Rd×d : ∥X∥F = 1 and ∃X ′ s.t. rank(X ′) ≤ k, ∥X −X ′∥F ≤ ϵ}.

For simplicity of notation, we use Nk,ξ to denote N(Sk, ∥·∥F , ξ). Moreover, we define Sk,ϵ as

the restriction of the set S to the set of ϵ-approximate rank-k matrices, i.e., Sk,ϵ = {X : X ∈
S,X is ϵ-approximate rank-k}. The following lemma characterizes the covering number of

the set of low-rank matrices with the unit norm.

Lemma 13 (Li et al. [2020b]). We have Nk,ξ = N(Sk, ∥·∥F , ξ) ≤
(

9
ξ

)(2d+1)k

.

The following well-known result characterizes a concentration bound on the supremum of

a sub-Gaussian process.

Theorem 11 (Corollary 5.25 and Theorem 5.29 in [Van Handel, 2014]). Let {Xt}t∈T be a

separable sub-Gaussian process on (T, d). Then, the following statements hold:

• We have

E
[
sup
t∈T

Xt

]
≤ 12

∫ ∞

0

√
logN(T, d, ξ)dξ.
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• For all t0 ∈ T and x ≥ 0, we have

P
(

sup
t∈T
{Xt −Xt0} ≥ C

∫ ∞

0

√
logN(T, d, ξ)dξ + x

)
≤ Ce−x

2/C diam(T)2 ,

where C <∞ is a universal constant, and diam(T) = supt,t′∈T{d(t, t′)} is the diameter

of T.

Equipped with these preliminary results, we proceed with the proof of Theorem 4.

2.B.2 Proof of Theorem 4

To provide the proof of Theorem 4, we first define the following stochastic process:

HX,Y = sup

{
1

m

m∑
i=1

sign(⟨Ai,X⟩ − si) ⟨Ai,Y ⟩ − φ(X)

〈
X

∥X∥F
,Y

〉}
,

where φ(X) :=
√

2
π

(
1− p+ pE

[
e−s

2/(2∥X∥2F)
])

, and the supremum is taken over the set-

valued function sign(·). Moreover, to streamline the presentation and whenever there is no

ambiguity, we drop the supremum when it is taken with respect to the set-valued function

sign(·). Our next lemma provides a sufficient condition for Sign-RIP.

Lemma 14. Sign-RIP holds with parameters delineated in Theorem 4, if

sup
X∈Sk,ϵ,Y ∈Sk,ϵ/ζ

HX,Y ≲ inf
X∈Sk,ϵ

φ(X)δ. (2.62)

Proof. According to the definition, Sign-RIP is satisfied if, for every X,Y ∈ Sk,ϵ and Q ∈
Q(X), we have 〈

Q− φ(X)
X

∥X∥F
,
Y

∥Y ∥F

〉
≤ φ(X)δ. (2.63)

Recall that Sk,ϵ = {X : ζ ≤ ∥X∥F ≤ R,X is ϵ-approximate rank-k}. This implies that

Y ∈ Sk,ϵ if Y / ∥Y ∥F ∈ Sk,ϵ/ζ . Hence, it suffices to restrict Y ∈ Sk,ϵ/ζ . Therefore, Sign-RIP

is satisfied if

HX,Y ≤ φ(X)δ, ∀X ∈ Sk,ϵ,Y ∈ Sk,ϵ/ζ .

Hence, to guarantee Sign-RIP, it suffices to have

sup
X∈Sk,ϵ,Y ∈Sk,ϵ/ζ

HX,Y ≤ inf
X∈Sk,ϵ

φ(X)δ.
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Relying on the above lemma, we instead focus on analyzing the stochastic process

{HX,Y }X∈Sk,ϵ,Y ∈Sk,ϵ/ζ . As a first step towards this goal, we show that the scaling function

can be used to characterize E[⟨Q,Y ⟩], for every Q ∈ Q(X).

Lemma 15. Suppose that the matrix A has i.i.d. standard Gaussian entries and the noise

satisfies Assumption 4. Then, for every Q ∈ Q(X), we have

E [⟨Q,Y ⟩] =

√
2

π

(
1− p+ pE

[
e−s

2/(2∥X∥F )
])〈 X

∥X∥F
,Y

〉
.

Proof. Without loss of generality, we assume ∥X∥F = ∥Y ∥F = 1. Let us denote u :=

⟨A,X⟩ , v := ⟨A,Y ⟩ , ρ := Cov(u, v) = ⟨X,Y ⟩. Then, we have

E [sign (⟨A,X⟩ − s) ⟨A,Y ⟩ |s ̸= 0]

= E [sign (u− s) v|s ̸= 0]

(a)
= ρE [sign(u− s)u|s ̸= 0]

= ρEs∼P

[∫ ∞

s

u
1√
2π
e−u

2/2du−
∫ s

−∞
u

1√
2π
e−u

2/2du

]
= ρEs∼P

[∫ ∞

s

u
1√
2π
e−u

2/2du+

∫ ∞

−s
u

1√
2π
e−u

2/2du

]
= 2ρEs∼P

[∫ ∞

|s|
u

1√
2π
e−u

2/2du

]
=

√
2

π
Es∼P

[∫ ∞

|s|
d
(
−e−u2/2

)]
⟨X,Y ⟩

=

√
2

π
Es∼P

[
e−s

2/2
]
⟨X,Y ⟩ ,

where, in (a), we used the fact that v|u, s ∼ N (ρu, 1 − ρ2) since s is independent of u, v.

Similarly, one can show that E [sign (⟨A,X⟩) ⟨A,Y ⟩] =
√

2
π
⟨X,Y ⟩. The proof is completed

by noting that

E [sign (s+ ⟨A,X⟩) ⟨A,Y ⟩]
= pE [sign (⟨A,X⟩ − s) ⟨A,Y ⟩ |s ̸= 0] + (1− p)E [sign (⟨A,X⟩) ⟨A,Y ⟩] .

This completes the proof.

Now, we provide an overview of our proof technique for Theorem 4. Let GY =
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supX∈Sk,ϵ
HX,Y and ḠY = GY − E[GY ] be stochastic processes indexed by Y . According

to Lemma 14, it suffices to control supY ∈Sk,ϵ/ζ GY . We consider the following decomposition:

sup
Y ∈Sk,ϵ/ζ

GY ≤ sup
Y ∈Sk,ϵ/ζ

ḠY + sup
Y ∈Sk,ϵ/ζ

E[GY ]

≤ sup
Y ∈Sk

ḠY +
ϵ

ζ
sup
Y ∈S
ḠY + sup

Y ∈Sk
E[GY ] +

ϵ

ζ
sup
Y ∈S

E[GY ], (2.64)

where the second inequality follows from Sk,ϵ/ζ ⊂ Sk + ϵ
ζ
S, and the fact that both ḠY and

E[GY ] are linear functions of Y . We control the individual terms in the above decomposition

separately. To provide an upper bound for supY ∈Sk ḠY and supY ∈S ḠY , we rely on the

following key lemma.

Lemma 16. The stochastic processes {ḠY }Y ∈Sk and {ḠY }Y ∈S are O (1/m)-sub-Gaussian

processes.

Proof. Since Sk ⊂ S, it suffices to show that {ḠY }Y ∈S isO (1/m)-sub-Gaussian. According to

Definition 17, the stochastic process
{
ḠY
}
Y ∈S is sub-Gaussian if for any arbitrary Y ,Y ′ ∈ S,

ḠY − ḠY ′ is O
(
∥Y − Y ′∥2F /m

)
-sub-Gaussian. Note that ḠY − ḠY ′ is sub-Gaussian if and

only if GY − GY ′ is sub-Gaussian with the same parameter. The latter will be proven by

checking the moment bound condition in Definition 16. For arbitrary Y ,Y ′ ∈ S, denote

∆Y = Y − Y ′. Then, for any p ∈ N+, we have

E
[
|GY − GY ′ |2p

]
≤ E

∣∣∣∣∣ sup
X∈Sk,ϵ

1

m

m∑
i=1

sign (⟨Ai,X⟩ − si) ⟨Ai,∆Y ⟩ − φ(X)

〈
X

∥X∥F
,∆Y

〉∣∣∣∣∣
2p


≤ E

[(
sup

X∈Sk,ϵ

∣∣∣∣∣ 1

m

m∑
i=1

sign (⟨Ai,X⟩ − si) ⟨Ai,∆Y ⟩
∣∣∣∣∣+ sup

X∈Sk,ϵ

∣∣∣∣φ(X)

〈
X

∥X∥F
,∆Y

〉∣∣∣∣
)2p]

≤ E

( 1

m

m∑
i=1

| ⟨Ai,∆Y ⟩ |+
√

2

π
∥∆Y ∥F

)2p


≤ 22p

E

( 1

m

m∑
i=1

| ⟨Ai,∆Y ⟩ |
)2p
+

(
2

π

)p
∥∆Y ∥2pF

 ,

where in the third inequality, we used φ(X) ≤
√

2/π, which holds for every X ∈ Rd×d.

According to [Li et al., 2020b, Appendix A.2], the random variable (1/m)
∑m

i=1 | ⟨Ai,∆Y ⟩ |
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is O
(
∥∆Y ∥2F/m

)
-sub-Gaussian with mean

√
2/π ∥∆Y ∥F. Therefore, we have

E

( 1

m

m∑
i=1

|⟨Ai,∆Y ⟩|
)2p


= E

( 1

m

m∑
i=1

|⟨Ai,∆Y ⟩| −
√

2

π
∥∆Y ∥F +

√
2

π
∥∆Y ∥F

)2p


≤ 22p

E

( 1

m

m∑
i=1

|⟨Ai,∆Y ⟩| −
√

2

π
∥∆Y ∥F

)2p
+

(
2

π

)p
∥∆Y ∥2pF


≤ 22p

(
(2p− 1)!!

1

mp
∥∆Y ∥2pF +

(
2

π

)p
∥∆Y ∥2pF

)
.

Combining the above inequalities leads to

E
[
|GY − GY ′ |2p

]1/2p ≤ 4

(
(2p− 1)!!

1

mp
∥∆Y ∥2pF +

(
2

π

)p
∥∆Y ∥2pF

)1/2p

≲

√
p

m
∥∆Y ∥F ,

given that p > m. Therefore, {GY }Y ∈S is a O (1/m)-sub-Gaussian process, which implies

that {GY }Y ∈Sk is also a O (1/m)-sub-Gaussian process.

Given that both {ḠY }Y ∈Sk and {ḠY }Y ∈S are sub-Gaussian processes, we can readily

obtain sharp concentration bounds on their suprema.

Lemma 17. The following statements hold:

E
[

sup
Y ∈Sk

ḠY
]
≲

√
dk

m
, P

(
sup
Y ∈Sk

ḠY ≥ E
[

sup
Y ∈Sk

ḠY
]

+ γ

)
≲ e−cmγ

2

; (2.65)

E
[
sup
Y ∈S
ḠY
]
≲

√
d2

m
, P

(
sup
Y ∈S
ḠY ≥ E

[
sup
Y ∈S
ḠY
]

+ γ

)
≲ e−cmγ

2

. (2.66)

Proof. The proof follows directly from Theorem 11. The details are omitted for brevity.

Equipped with the above lemma, we provide a concentration bound on supY ∈Sk,ϵ/ζ ḠY .

Lemma 18. Assume that m ≳
√
dk/γ2 and ϵ/ζ ≲

√
k/d. Then, the following inequality

holds with probability of at least 1− Ce−cmγ2:

sup
Y ∈Sk,ϵ/ζ

ḠY ≤
(

3 +

√
k

d

)
γ.
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Proof. Based on equation 2.65, we have, with probability of at least 1− Ce−cmγ2

sup
Y ∈Sk

ḠY ≤ E
[

sup
Y ∈Sk

ḠY
]

+ γ ≲

√
dk

m
+ γ ≤ 2γ,

where the last inequality follows from the assumption m ≳
√
dk/γ2. Similarly, based

on equation 2.66, the following inequalities hold with a probability of at least 1− Ce−cmγ2 :

ϵ

ζ
sup
Y ∈S
ḠY ≤

ϵ

ζ

(
E
[
sup
Y ∈S
ḠY
]

+ γ

)
≲

√
ϵ2d2

ζ2m
+
ϵγ

ζ
≤
(

1 +

√
k

d

)
γ,

where the last inequality follows from m ≳
√
dk/γ2 and ϵ/ζ ≲

√
k/d. Finally, a simple

union bound implies that

sup
Y ∈Sk,ϵ/ζ

ḠY ≤ sup
Y ∈Sk

ḠY +
ϵ

ζ
sup
Y ∈S
ḠY ≤

(
3 +

√
k

d

)
γ,

with probability of at least 1− Ce−cmγ2 , thereby completing the proof.

Recalling equation 2.64, it remains to control the terms supY ∈Sk E[GY ] and supY ∈S E[GY ].

Lemma 19. The following inequality holds:

sup
Y ∈Sk

E[GY ] ≤ sup
Y ∈S

E[GY ] ≲

√
dk

m
log2(m) log

(
R

ζ

)
. (2.67)

Due to its length, we defer the proof of Lemma 19 to Appendix 2.G.1. Equipped with

Lemmas 18 and 19, we are ready to present the proof of Theorem 4.

Proof of Theorem 4. The inequality equation 2.64 combined with Lemmas 18 and 19 implies

that the following inequality holds with probability of at least 1− Ce−cmγ2 :

sup
Y ∈Sk,ϵ/ζ

GY ≲

√
dk

m
log2(m) log

(
R

ζ

)
+ γ.

On the other hand, one can write

inf
X∈Sk,ϵ

φ(X) = inf
X∈Sk,ϵ

{√
2

π

(
1− p+ pE

[
e−s

2/(2∥X∥2F)
])}

≥
√

2

π
(1− p). (2.68)
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Therefore, upon choosing

m ≳
dk log2(m) log (R/ζ)

(1− p)2δ2 , and γ ≲ (1− p)δ,

we have

sup
Y ∈Sk,ϵ/ζ

GY = sup
X∈Sk,ϵ

Y ∈Sk,ϵ/ζ

HX,Y ≤ inf
X∈Sk,ϵ

φ(X)δ

with probability of at least 1− Ce−cm(1−p)2δ2 . This completes the proof of Theorem 4. □

2.B.3 Proof of Theorem 5

Recall that, with the outlier noise model, the scaling function takes the form φ(X) =√
2
π

(
1− p+ pE

[
e−s

2/(2∥X∥2F)
])

. Setting p = 1, and si ∼ N (0, ν2g ) immediately implies

φ(X) = Es∼N (0,ν2g )

[
e−s

2/(2∥X∥2F)
]

=
√

2
π

∥X∥F√
∥X∥2F+ν2g

. On the other hand, using the same

method in the proof of Theorem 4, we can show that the following inequality holds with

probability at least 1− Ce−cmγ2 :

sup
Y ∈Sk,ϵ/ζ

GY ≲

√
dk

m
log2(m) log

(
R

ζ

)
+ γ,

where GY is defined in the proof of Theorem 4. It remains to bound infX∈Sk,ϵ
φ(X). To

this goal, note that ∥X∥F ≥ ζ, ∀X ∈ Sk,ϵ. Hence, we have the following lower bound for the

scaling function

inf
X∈Sk,ϵ

φ(X) = inf
X∈Sk,ϵ

√
2

π

∥X∥F√
∥X∥2F + ν2g

≥
√

2

π

ζ√
ζ2 + ν2g

≳
ζ

νg
, (2.69)

provided that ζ ≲ νg. Therefore, upon choosing m ≳
ν2gdk log

2(m) log(R/ζ)

ζ2δ2
and γ ≲ ζ

νg
δ, we have

sup
Y ∈Sk,ϵ/ζ

GY = sup
X∈Sk,ϵ

Y ∈Sk,ϵ/ζ

HX,Y ≤ inf
X∈Sk,ϵ

φ(X)δ, (2.70)

with probability at least 1− C1e
−C2mζ2δ2/ν2g , which completes the proof. □

59



2.B.4 Proof of Lemma 1

Lemma 20 is a direct consequence of the following more general result:

Lemma 20. Suppose that the measurements are noiseless, and satisfy (k, δ, ϵ,S)-Sign-RIP

for any ϵ ≥ 0, S, and scaling function φ(·). Then, for any ϵ-approximate rank-k matrix

X ∈ S, we have ∣∣∣∣∣ 1

m

m∑
i=1

|⟨Ai,X⟩| − φ(X) ∥X∥F

∣∣∣∣∣ ≤ δφ(X) ∥X∥F .

Proof. According to the definition of Sign-RIP, for every ϵ-approximate rank-k matrices

X,Y ∈ S, and everyQ ∈ Q(X), we have
∣∣∣〈Q− φ(X) X

∥X∥F
, Y
∥Y ∥F

〉∣∣∣ ≤ φ(X)δ. In particular,

upon choosing Y = X, we have∣∣∣∣〈Q− φ(X)
X

∥X∥F
,X

〉∣∣∣∣ =

∣∣∣∣∣ 1

m

m∑
i=1

|⟨Ai,X⟩| − φ(X) ∥X∥F

∣∣∣∣∣ ≤ φ(X)δ ∥X∥F .

This completes the proof.

Evidently, the result of Lemma 20 can be readily recovered from the above lemma after

substituting X with ∆t. Moreover, it is worth noting that the above lemma recovers the

so-called ℓ1/ℓ2-RIP introduced in [Li et al., 2020b] with ϵ = 0 and φ(X) =
√

2/π.

2.B.5 Proof of Lemma 2

Due to Sign-RIP, we have

∥Qt∥ ≤ φ(∆t)

( ∥∆t∥
∥∆t∥F

+ δ

)
=⇒ 1

∥Qt∥
≥ 1

φ(∆t)

1

δ + ∥∆t∥
∥∆t∥F

=⇒ 1

∥Qt∥
≥ 1

φ(∆t)

∥∆t∥F
∥∆t∥

(
1− δ∥∆t∥F

∥∆t∥

)
. (2.71)

By our assumption, ∆t is ϵ-approximate rank-k. This implies that, there exists a rank-k

matrix X ′ such that ∥∆t −X ′∥F ≤ ϵ. This in turn implies that

∥∆t∥F ≤ ∥∆t −X ′∥F + ∥X ′∥F
≤ ϵ+ ∥X ′∥F
≤ ϵ+

√
k ∥X ′∥

≤ (1 +
√
k)ϵ+

√
k ∥∆t∥
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and

∥∆t∥ ≥ ∥X ′∥ − ∥∆t −X ′∥
≥ ∥X ′∥ − ϵ
≥ ∥∆t∥ − 2ϵ

≥ ∥∆t∥ /2,

where in the last inequality we used the assumption ∥∆t∥ ≥ 4ϵ. Combining the above

inequalities implies that

∥∆t∥F
∥∆t∥

≤ 2(1 +
√
k)ϵ

∥∆t∥
+ 2
√
k ≤ 1 + 5

√
k

2
.

Combining the above inequality with equation 2.71 leads to

ηt =
ηρt

∥Qt∥
≥
(

1−
(

1 + 5
√
k

2

)
δ

)
ηρt

φ(∆t)

∥∆t∥F
∥∆t∥

.

The upper bound can be derived in a similar fashion. □

2.C Proofs of the Expected Loss

2.C.1 Proof of Proposition 3

According to the update rule Ut+1 = Ut − η
(
UtU

⊤
t −X⋆

)
Ut, we have

St+1 = V ⊤Ut+1 = St − η
((
StS

⊤
t −Σ

)
St + StE

⊤
t Et

)
.

Define an auxiliary matrix M as

M := (I −Ξ)
(
St − η

(
StS

⊤
t −Σ

)
St
) (
S⊤
t − ηS⊤

t

(
StS

⊤
t −Σ

)) (
I −Ξ⊤) , (2.72)

where Ξ = ηStE
⊤
t EtS

⊤
t

(
StS

⊤
t

)−1 (
I − η

(
StS

⊤
t −Σ

))−1
. Note that, due to our assump-

tions and the choice of η, we have StS
⊤
t ≻ 0 and η

∥∥StS⊤
t −Σ

∥∥ < 1. Therefore, both

matrices StS
⊤
t and I − η

(
StS

⊤
t −Σ

)
are invertible and the matrix Ξ is well-defined. Our

goal is to first show that λmin(St+1S
⊤
t+1) ≥ λmin(M ), and then derive a lower bound for

λmin(M ). Based on the definition of Ξ, it is easy to verify that Ξ
(
St − η

(
StS

⊤
t −Σ

)
St
)

=
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StE
⊤
t EtPSt . Combining this with equation 2.72 reveals that

St+1S
⊤
t+1 −M = η2StE

⊤
t EtP⊥

St
E⊤
t EtS

⊤
t ⪰ 0.

Therefore, instead of obtaining a lower bound for λmin(St+1S
⊤
t+1), it suffices to obtain a lower

bound for λmin(M ). One can write

∥Ξ∥ ≤ η
∥∥∥StE⊤

t EtS
⊤
t

(
StS

⊤
t

)−1
∥∥∥∥∥∥(I − η (StS⊤

t −Σ
))−1

∥∥∥
≲ η

∥∥∥StE⊤
t EtS

⊤
t

(
StS

⊤
t

)−1
∥∥∥

= η
∥∥∥(StS⊤

t

)−1/2
StE

⊤
t EtS

⊤
t

(
StS

⊤
t

)−1/2
∥∥∥

≤ η
∥∥EtE

⊤
t

∥∥∥∥∥(StS⊤
t

)−1/2
StS

⊤
t

(
StS

⊤
t

)−1/2
∥∥∥

= η
∥∥EtE

⊤
t

∥∥
< 1,

(2.73)

where the last inequality is due to the assumption
∥∥EtE

⊤
t

∥∥ ≤ σ1 and the choice of η.

Therefore, we have

λmin

(
St+1S

⊤
t+1

)
≥ λmin (M )

≥ (1− ∥Ξ∥)2 λmin

((
St − η

(
StS

⊤
t −Σ

)
St
) (
S⊤
t − ηS⊤

t

(
StS

⊤
t −Σ

)))
.

(2.74)

Now it suffices to bound λmin

((
St − η

(
StS

⊤
t −Σ

)
St
) (
S⊤
t − ηS⊤

t

(
StS

⊤
t −Σ

)))
. First,

note that

St − η
(
StS

⊤
t −Σ

)
St =

(
I + ηΣ

(
I − ηStS⊤

t

)−1
) (
St − ηStS⊤

t St
)
.
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Based on the above equality, one can write

λmin

((
St − η

(
StS

⊤
t −Σ

)
St
) (
S⊤
t − ηS⊤

t

(
StS

⊤
t −Σ

)))
= λmin

((
I + ηΣ

(
I − ηStS⊤

t

)−1
) (
St − ηStS⊤

t St
)

(
S⊤
t − ηS⊤

t StS
⊤
t

) (
I + ηΣ

(
I − ηStS⊤

t

)−1
))

≥ λmin

((
I + ηΣ

(
I − ηStS⊤

t

)−1
))2

λmin

((
St − ηStS⊤

t St
) (
S⊤
t − ηS⊤

t StS
⊤
t

))
(a)

≥
(

1 + ησr
(
1− ηλmin

(
StS

⊤
t

))−1
)2
λmin

(
StS

⊤
t − 2η

(
StS

⊤
t

)2
+ η2

(
StS

⊤
t

)3)
(b)
=
(

1 + ησr
(
1− ηλmin

(
StS

⊤
t

))−1
)2

×
(
λmin

(
StS

⊤
t

)
− 2ηλmin

(
StS

⊤
t

)2
+ η2λmin

(
StS

⊤
t

)3)
≥
(

1 + ησr
(
1− ηλmin

(
StS

⊤
t

))−1
)2 (

λmin

(
StS

⊤
t

)
− 2ηλmin

(
StS

⊤
t

)2)
= (1 + ησr)

2 λmin

(
StS

⊤
t

)
− 2η (1 + ησr)λmin

(
StS

⊤
t

)2
,

(2.75)

where in (a), we used the fact that

λmin

(
I + ηΣ

(
I − ηStS⊤

t

)−1
)

= 1 + λmin

(
ηΣ
(
I − ηStS⊤

t

)−1
)

= 1 + ηλmin

(
Σ1/2

(
I − ηStS⊤

t

)−1
Σ1/2

)
≥ 1 + ησrλmin

((
I − ηStS⊤

t

)−1
)

= 1 + ησr
(
1− ηλmin

(
StS

⊤
t

))−1
,

and in (b) we used the fact that the matrices StS
⊤
t , (StS

⊤
t )2, and (StS

⊤
t )3 share the same

eigenvectors. Combining equation 2.75 with equation 2.73 and equation 2.74 completes the

proof. □

2.C.2 Proof of Proposition 4

Before delving into the details, we provide the update rule for St and Et, which will be used

frequently throughout our proof. Applying the signal-residual decomposition to Ut+1 =

Ut − η
(
UtU

⊤
t −X⋆

)
Ut leads to

St+1 = V ⊤Ut+1 = St − η
((
StS

⊤
t −Σ

)
St + StE

⊤
t Et

)
, (2.76)

Et+1 = V ⊤
⊥ Ut+1 = Et − ηEt

(
S⊤
t St +E⊤

t Et

)
. (2.77)
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Bounding
∥∥Σ− St+1S

⊤
t+1

∥∥: The update rule for St+1 leads to

Σ− St+1S
⊤
t+1

= Σ−StS⊤
t + ηStS

⊤
t

(
StS

⊤
t −Σ

)
+ η

(
StS

⊤
t −Σ

)
StS

⊤
t −η2

(
StS

⊤
t −Σ

)
StS

⊤
t

(
StS

⊤
t −Σ

)︸ ︷︷ ︸
(A)

+2ηStE
⊤
t EtS

⊤
t − η2

(
StS

⊤
t −Σ

)
StE

⊤
t EtS

⊤
t − η2StE⊤

t EtS
⊤
t

(
StS

⊤
t −Σ

)︸ ︷︷ ︸
(B)

− η2StE⊤
t EtE

⊤
t EtS

⊤
t︸ ︷︷ ︸

(C)

.

(2.78)

First, we provide an upper bound for (B). Recall that η = O (1/σ1). Moreover, we have∥∥StS⊤
t −Σ

∥∥ ≤ 2.01σ1 due to the assumption
∥∥StS⊤

t

∥∥ ≤ 1.01σ1. Therefore, one can write

∥(B)∥ ≤ 2η
∥∥StE⊤

t EtS
⊤
t

∥∥+ 2η2
∥∥StS⊤

t −Σ
∥∥∥∥StE⊤

t EtS
⊤
t

∥∥ ≤ 4η
∥∥StE⊤

t

∥∥2 .
Similarly, due to our assumption on

∥∥EtE
⊤
t

∥∥ and η, we have
∥∥EtE

⊤
t

∥∥ ≤ 1/η, which in turn

implies

∥(C)∥ ≤ η2
∥∥EtE

⊤
t

∥∥∥∥StE⊤
t

∥∥2 ≤ η
∥∥StE⊤

t

∥∥2 .
Finally, we provide an upper bound for (A). First, one can verify that

(A) =
(
Σ− StS⊤

t

) (
0.5I − ηStS⊤

t

)︸ ︷︷ ︸
(A1)

+
(
0.5I − ηStS⊤

t + η2
(
StS

⊤
t −Σ

)
StS

⊤
t

) (
Σ− StS⊤

t

)︸ ︷︷ ︸
(A2)

.

For the first term, we have

∥(A1)∥ ≤
∥∥0.5I − ηStS⊤

t

∥∥∥∥Σ− StS⊤
t

∥∥ ≤ (0.5− ηλmin

(
StS

⊤
t

)) ∥∥Σ− StS⊤
t

∥∥ .
To provide a bound for (A2), observe that

0.5I − ηStS⊤
t + η2

(
StS

⊤
t −Σ

)
StS

⊤
t = 0.5I − η

(
I + η

(
Σ− StS⊤

t

))
StS

⊤
t .

The next step in our proof is to show that, with the choice of η ≲ 1/σ1, the eigenval-

ues of
(
I + η

(
Σ− StS⊤

t

))
StS

⊤
t are nonnegative. We prove this by showing that the

eigenvalues of
(
I + η

(
Σ− StS⊤

t

))
StS

⊤
t are close to those of StS

⊤
t . First, note that

I + η
(
Σ− StS⊤

t

)
is positive definite due to our choice of step-size. Therefore, the ma-

trix D =
(
I + η

(
Σ− StS⊤

t

))1/2
is well-defined and invertable. Hence, for any 1 ≤ i ≤ r,
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we have

λi
((
I + η

(
Σ− StS⊤

t

))
StS

⊤
t

)
= λi

(
D−1

(
I + η

(
Σ− StS⊤

t

))
StS

⊤
t D

)
= λi

(
DStS

⊤
t D

)
.

To proceed with our argument, we first present a relative perturbation bound for symmetric

matrices.

Lemma 21 (Relative Perturbation Bound, Eisenstat and Ipsen [1995]). Let X ∈ Rd×d be a

symmetric matrix with eigenvalues λ1 ≥ · · · ≥ λd. Moreover, suppose R is a non-singular

matrix. Let λ̂1 ≥ · · · ≥ λ̂d be the eigenvalues of Y = R⊤XR. Then, we have∣∣∣λi − λ̂i∣∣∣ ≤ |λi|∥∥I −R⊤R
∥∥ , for all i.

Invoking Lemma 21 with X = StSt and Y = DStStD results in

∣∣λi ((I + η
(
Σ− StS⊤

t

))
StS

⊤
t

)
− λi

(
StS

⊤
t

)∣∣
≤
∣∣λi(StS⊤

t )
∣∣ ∥∥I −D2

∥∥
=
∣∣λi(StS⊤

t )
∣∣ ∥∥I − (I + η

(
Σ− StS⊤

t

))∥∥
= η

∣∣λi(StS⊤
t )
∣∣ ∥∥Σ− StS⊤

t

∥∥
≤ 0.5

∣∣λi(StS⊤
t )
∣∣ .

for every i = 1, 2, . . . , r. The above inequality implies that

λmin

((
I + η

(
Σ− StS⊤

t

))
StS

⊤
t

)
≍ λmin

(
StS

⊤
t

)
, and therefore,

λmin

((
I + η

(
Σ− StS⊤

t

))
StS

⊤
t

)
≥ 0. This leads to

∥∥0.5I − ηStS⊤
t + η2

(
StS

⊤
t −Σ

)
StS

⊤
t

∥∥
=
∥∥∥0.5I − ηStS⊤

t + η2
(
StS

⊤
t

)1/2 (
StS

⊤
t −Σ

) (
StS

⊤
t

)1/2∥∥∥
≤ 0.5− λmin

(
ηStS

⊤
t − η2

(
StS

⊤
t

)1/2 (
StS

⊤
t −Σ

) (
StS

⊤
t

)1/2)
= 0.5− λmin

(
ηStS

⊤
t − η2

(
StS

⊤
t −Σ

) (
StS

⊤
t

))
= 0.5− ηλmin

((
I + η

(
Σ− StS⊤

t

))
StS

⊤
t

)
≤ 0.5,

where in the last inequality, we used the fact that λmin

((
I + η

(
Σ− StS⊤

t

))
StS

⊤
t

)
≥ 0.

Combined with the definition of (A2), we have

∥(A2)∥ ≤
∥∥0.5I − ηStS⊤

t + η2
(
StS

⊤
t −Σ

)
StS

⊤
t

∥∥∥∥Σ− StS⊤
t

∥∥ ≤ 0.5
∥∥Σ− StS⊤

t

∥∥ ,
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which in turn implies

∥(A)∥ ≤
(
1− ηλmin(StS

⊤
t )
) ∥∥Σ− StS⊤

t

∥∥ .
Combining the derived upper bounds for (A), (B), and (C) completes the proof for the signal

dynamics. □

Bounding
∥∥St+1E

⊤
t+1

∥∥: Recalling the update rules equation 2.76 and equation 2.77, we

have
St+1E

⊤
t+1 = StE

⊤
t + η(Σ− StS⊤

t )StE
⊤
t − ηSt(S⊤

t St +E⊤
t Et)E

⊤
t︸ ︷︷ ︸

(A)

+ η2
(
StS

⊤
t −Σ

)
St(S

⊤
t St +E⊤

t Et)E
⊤
t︸ ︷︷ ︸

(B)

− ηStE⊤
t EtE

⊤
t︸ ︷︷ ︸

(C)

+ η2StE
⊤
t Et

(
S⊤
t St +E⊤

t Et

)
E⊤
t︸ ︷︷ ︸

(D)

.

We provide separate bounds for the individual terms in the above equality. First, observe

that ∥(C)∥ ≤ η
∥∥EtE

⊤
t

∥∥∥∥StE⊤
t

∥∥. Moreover, one can write

∥(B)∥ ≤ η2
∥∥Σ− StS⊤

t

∥∥∥∥St(S⊤
t St +E⊤

t Et)E
⊤
t

∥∥
≤ η2

∥∥Σ− StS⊤
t

∥∥ (∥∥StS⊤
t

∥∥+
∥∥EtE

⊤
t

∥∥) ∥∥StE⊤
t

∥∥
≤ η

∥∥Σ− StS⊤
t

∥∥∥∥StE⊤
t

∥∥ ,
where, in the last inequality, we used the assumption that

∥∥EtE
⊤
t

∥∥ ≲ σ1 and
∥∥StS⊤

t

∥∥ ≲ σ1.

Similarly, we have

∥(D)∥
(a)

≤ η2
∥∥StE⊤

t

∥∥ (∥∥StS⊤
t

∥∥+
∥∥EtE

⊤
t

∥∥) ∥∥EtE
⊤
t

∥∥
≤ η

∥∥EtE
⊤
t

∥∥∥∥StE⊤
t

∥∥ ,
where, in (a), we used

∥∥StS⊤
t

∥∥EtE
⊤
t ⪰ EtS

⊤
t StE

⊤
t ⪰ 0. Finally, we provide an upper

bound for (A).

∥(A)∥ ≤
(
η
∥∥Σ− StS⊤

t

∥∥+
∥∥I − ηStS⊤

t

∥∥) ∥∥StE⊤
t

∥∥
≤
(
η
∥∥Σ− StS⊤

t

∥∥+ 1− ηλmin

(
StS

⊤
t

)) ∥∥StE⊤
t

∥∥ .
Combining the derived bounds for (A), (B), (C), and (D) concludes the proof. □
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Bounding
∥∥Et+1E

⊤
t+1

∥∥: Due to the update rule for Et+1, one can write

Et+1E
⊤
t+1 = EtE

⊤
t − 2ηEt

(
E⊤
t Et + S⊤

t St
)
E⊤
t + η2Et

(
E⊤
t Et + S⊤

t St
)2
E⊤
t

= Et

(
I − 2η

(
E⊤
t Et + S⊤

t St
)

+ η2
(
E⊤
t Et + S⊤

t St
)2)

E⊤
t .

(2.79)

On the other hand, η ≲ 1/σ1, ∥EtEt∥ ≲ σ1, and ∥StSt∥ ≲ σ1 imply that

I − ηE⊤
t Et ≻ I − 2η

(
E⊤
t Et + S⊤

t St
)

+ η2
(
E⊤
t Et + S⊤

t St
)2 ≻ 0. (2.80)

Hence, we have

∥∥EtE
⊤
t

∥∥ =
∥∥∥Et

(
I − 2η

(
E⊤
t Et + S⊤

t St
)

+ η2
(
E⊤
t Et + S⊤

t St
)2)

E⊤
t

∥∥∥
≤
∥∥Et

(
I − ηE⊤

t Et

)
E⊤
t

∥∥
=
∥∥EtE

⊤
t − ηEtE

⊤
t EtE

⊤
t

∥∥
=
(
1− η

∥∥EtE
⊤
t

∥∥) ∥∥EtE
⊤
t

∥∥ ,
where in the last inequality, we used the fact that

∥∥EtE
⊤
t

∥∥ ≤ σ1.

Bounding
∥∥St+1S

⊤
t+1

∥∥: First, recall that

St+1S
⊤
t+1 = StS

⊤
t − 2ηStS

⊤
t StS

⊤
t + ηΣStS

⊤
t + ηStS

⊤
t Σ− 2ηStEtE

⊤
t S

⊤
t

+ η2
(
StS

⊤
t −Σ

)
StS

⊤
t

(
StS

⊤
t −Σ

)
+ η2StE

⊤
t EtE

⊤
t EtS

⊤
t

+ η2
(
StS

⊤
t −Σ

)
StEtE

⊤
t S

⊤
t + η2StEtE

⊤
t S

⊤
t

(
StS

⊤
t −Σ

)
⪯ StS⊤

t −2ηStS
⊤
t StS

⊤
t + ηΣStS

⊤
t + ηStS

⊤
t Σ + η2

(
StS

⊤
t −Σ

)
StS

⊤
t

(
StS

⊤
t −Σ

)︸ ︷︷ ︸
(A)

+ η2StE
⊤
t EtE

⊤
t EtS

⊤
t + η2

(
StS

⊤
t −Σ

)
StEtE

⊤
t S

⊤
t + η2StEtE

⊤
t S

⊤
t

(
StS

⊤
t −Σ

)︸ ︷︷ ︸
(B)

,

where the last inequality follows by noting that −2ηStEtE
⊤
t S

⊤
t ⪯ 0. Now, it is easy to see

that

∥(B)∥ ≤ η2
∥∥EtE

⊤
t

∥∥2 ∥∥StS⊤
t

∥∥+ 2η2
∥∥EtE

⊤
t

∥∥∥∥StS⊤
t

∥∥ (σ1 +
∥∥StS⊤

t

∥∥)
≤ 3η2

∥∥EtE
⊤
t

∥∥∥∥StS⊤
t

∥∥ (σ1 +
∥∥StS⊤

t

∥∥) .
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It remains to provide an upper bound for (A). One can write

(A) =StS
⊤
t − 2η

(
StS

⊤
t

)2
+ η2

((
StS

⊤
t

)3
+ ΣStS

⊤
t Σ
)

︸ ︷︷ ︸
(A1)

+ ηΣStS
⊤
t

(
I − ηStS⊤

t

)
ηStS

⊤
t

(
I − ηStS⊤

t

)
Σ︸ ︷︷ ︸

(A2)

.

For (A1), we have

∥(A1)∥ ≤
∥∥∥StS⊤

t − 2η
(
StS

⊤
t

)2
+ η2

(
StS

⊤
t

)3∥∥∥+ η2
∥∥ΣStS⊤

t Σ
∥∥

≤
∥∥∥StS⊤

t − 2η
(
StS

⊤
t

)2
+ η2

(
StS

⊤
t

)3∥∥∥+ η2σ2
1

∥∥StS⊤
t

∥∥
(a)

≤
∥∥StS⊤

t

∥∥− 2η
∥∥StS⊤

t

∥∥2 + η2
∥∥StS⊤

t

∥∥3 + η2σ2
1

∥∥StS⊤
t

∥∥ ,
where (a) follows from the fact that StS

⊤
t ,
(
StS

⊤
t

)2
,
(
StS

⊤
t

)3
share the same eigenvectors,

and the assumption η ≲ 1/σ1. On the other hand, one can easily verify that

∥(A2)∥ ≤ 2ησ1
∥∥StS⊤

t

(
I − ηStS⊤

t

)∥∥ ≤ 2ησ1

(∥∥StS⊤
t

∥∥− η ∥∥StS⊤
t

∥∥2) .
Combining the upper bounds for (A) and (B) leads to∥∥St+1S

⊤
t+1

∥∥ ≤ ((1 + ησ1)
2 + 3η2σ1

∥∥EtE
⊤
t

∥∥) ∥∥StS⊤
t

∥∥
− 2η

(
1 + ησ1 − 1.5η

∥∥EtE
⊤
t

∥∥) ∥∥StS⊤
t

∥∥2 + η2
∥∥StS⊤

t

∥∥3
(a)

≤ ((1 + 2.001σ1)
∥∥StS⊤

t

∥∥− 2η
∥∥StS⊤

t

∥∥2 + η2
∥∥StS⊤

t

∥∥3 ,
where, in (a), we used the assumption

∥∥EtE
⊤
t

∥∥ ≲ σ1 and η ≲ 1/σ1. Now, let us define the

function

f(x) := η2x3 − 2ηx2 + (1 + 2.001σ1)x.

It is easy to see that f(x) is increasing within the interval x ≤ 1/4η. On the other hand, we

have 1.01σ1 ≤ 1/4η due to our choice of η. Therefore, we have

∥∥St+1S
⊤
t+1

∥∥ ≤ f
(∥∥StS⊤

t

∥∥) ≤ f (1.01σ1) .

On the other hand, a simple calculation reveals that

f(1.01σ1) = η2(1.01σ1)
3 − 2η(1.01σ1)

2 + (1 + 2.001σ1) (1.01σ1) ≤ 1.01σ1.
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for η ≤ c/σ1 with sufficiently small constant c. This completes the proof. □

2.C.3 Proof of Lemma 5

We prove this lemma by induction on t. First, due to our choice of the initial point in

Theorem 6, we have
∥∥E0E

⊤
0

∥∥ ≤ α2,
∥∥S0S

⊤
0

∥∥ ≤ 1.01σ1 and S0S
⊤
0 ≻ 0. Now, suppose

that equation 2.31, equation 2.32, and equation 2.33 hold for t. Then, it is easy to see that

∥∥EtE
⊤
t

∥∥ ≤ ∥∥E0E
⊤
0

∥∥ ≤ α2,

due to the decreasing nature of
∥∥EtE

⊤
t

∥∥. Therefore, Proposition 4 can be invoked to show

that
∥∥St+1S

⊤
t+1

∥∥ ≤ 1.01σ1. Moreover, we have

∥∥Et+1E
⊤
t+1

∥∥ ≤ ∥∥EtE
⊤
t

∥∥− η ∥∥EtE
⊤
t

∥∥2
≤ 1

ηt+ 1
α2

− η(
ηt+ 1

α2

)2
≤ 1

η(t+ 1) + 1
α2

.

On the other hand, Proposition 3 can be used to show that

λmin

(
St+1S

⊤
t+1

)
≥
(
1 + η2σ2

r

)
λmin

(
StS

⊤
t

)
− 2η (1 + ησr)λmin

(
StS

⊤
t

)2
≥
(
1− 2ησ1 (1 + ησr) + η2σ2

r

)
λmin

(
StS

⊤
t

)
> 0,

where in the first inequality, we used
∥∥EtE

⊤
t

∥∥ ≲ σr, which follows from
∥∥EtE

⊤
t

∥∥ ≤ α2 and

our choice of α. Moreover, the last inequality follows from our choice of η. □

2.D Proofs of Empirical Loss with Noiseless Measure-

ments

2.D.1 Preliminaries

For simplicity, we define ∆t = UtUt
⊤ −X⋆. Before presenting the proofs for the empirical

loss, we first introduce a key decomposition. Recall the update rule

Ut+1 = Ut − 2ηtQtUt := Ũt+1 +RtUt, (2.81)
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where ηt = η
2

1
m

∑m
i=1 | ⟨Ai,∆t⟩ | and Qt ∈ Q(∆t). Moreover, denote Ũt+1 = Ut − η̄t∆tUt,

where η̄t = ηφ(∆t)
2 is the update rule obtained from the expected loss, and RtUt with

Rtη̄t∆t − 2ηtQt is the residual caused by the deviation of the empirical loss from its expec-

tation. Finally, we define S̃t = V ⊤Ũt, and Ẽt = V ⊤
⊥ Ũt.

Lemma 22. Suppose that the measurements satisfy Sign-RIP with parameters(
4r, δ,

√
d ∥Gt∥2

)
. Then, we have ∥Rt∥ ≤ 3η̄tδ ∥∆t∥F.

Proof. One can write

∆t =V
(
StS

⊤
t −Σ

)
V ⊤ + V StE

⊤
t V

⊤
⊥ + V⊥EtS

⊤
t V

⊤ + V⊥GtG
⊤
t V

⊤
⊥︸ ︷︷ ︸

rank-4r

+ V⊥GtG
⊤
t V

⊤
⊥︸ ︷︷ ︸

small perturbation

.

Note that
∥∥V⊥GtG

⊤
t V

⊤
⊥
∥∥
F
≤
√
d ∥Gt∥2. Therefore, ∆t is an

√
d ∥Gt∥2-approximate rank-4r

matrix. One can write

Rt =ηφ(∆t)
2∆t − 2ηtQt

=
(η

2
φ(∆) ∥∆t∥F − ηt

)
Qt +

(η
2
φ(∆) ∥∆t∥F − ηt

)
Q⊤
t

+
η

2
φ(∆t) ∥∆t∥F

(
φ(∆t)

∆t

∥∆t∥F
−Qt

)
+
η

2
φ(∆t) ∥∆t∥F

(
φ(∆t)

∆t

∥∆t∥F
−Q⊤

t

)
.

Due to the above decomposition, one can write

∥Rt∥ ≤ 2
∣∣∣η
2
φ(∆t) ∥∆t∥F − ηt

∣∣∣ ∥Qt∥+ ηφ(∆t) ∥∆t∥F
∥∥∥∥φ(X)

∆t

∥∆t∥F
−Qt

∥∥∥∥. (2.82)

First, note that |(η/2)φ(∆t) ∥∆t∥F − ηt| ≤ δ(η/2)φ(∆t) ∥∆t∥F due to Lemma 20. More-

over, due to Sign-RIP, we have ∥Qt∥ ≤ (1 + δ)φ(∆t) and
∥∥∥φ(X) ∆t

∥∆t∥F
−Qt

∥∥∥ ≤ δφ(∆t).

Combining these upper bounds with equation 2.82 completes the proof.

2.D.2 Proof of Proposition 5

Due to the proposed decomposition equation 2.81, one can write

St+1 = S̃t+1 + V ⊤RtUt. (2.83)

Our main goal is to show that the minimum eigenvalue of StS
⊤
t follows that of S̃tS̃

⊤
t —

which has been characterized in Lemma 3—plus an additional deviation caused by the
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term V ⊤RtUt. Similar to the proof of Proposition 3, we characterize the growth rate of

λmin(St+1S
⊤
t+1) by first resorting to a more tractable lower bound. Adopting the notation

introduced in Appendix 2.D, consider the following auxiliary matrix

M := (I + Ξ) S̃t+1S̃
⊤
t+1 (I + Ξ)⊤

= (I + Ξ)V ⊤ (I − η̄t∆t)UtUt
⊤ (I − η̄t∆t) (I + Ξ)⊤ ,

where Ξ := V ⊤RtUtS̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1

. Note that, according to Lemma 5, we have

S̃t+1S̃
⊤
t+1 ≻ 0 due to our assumption StS

⊤
t ≻ 0. Therefore, S̃t+1S̃

⊤
t+1 is invertible, and

hence, the matrix Ξ is well-defined. On the other hand, it is easy to see that Ξ satisfies

V ⊤RtUtS̃
⊤
t+1 = ΞS̃t+1S̃

⊤
t+1.

Based on the above equality, one can write

St+1S
⊤
t+1 −M =

(
S̃t+1S̃

⊤
t+1 + V ⊤RtUtU

⊤
t R

⊤
t V + S̃t+1U

⊤
t R

⊤
t V + V ⊤RtUtS̃

⊤
t+1

)
−
(
S̃t+1S̃

⊤
t+1 −ΞS̃t+1S̃

⊤
t+1Ξ

⊤ + ΞS̃t+1S̃
⊤
t+1 + S̃t+1S̃

⊤
t+1Ξ

⊤
)

= V ⊤RtUtU
⊤
t R

⊤
t V − V ⊤RtUtS̃

⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1

S̃t+1U
⊤
t R

⊤
t V

= V ⊤RtUt

(
I − S̃⊤

t+1

(
S̃t+1S̃

⊤
t+1

)−1

S̃t+1

)
U⊤
t R

⊤
t V

= V ⊤RtUtP⊥
S̃+1
Ut

⊤R⊤
t V

⪰ 0.

(2.84)

Therefore, we have λmin(St+1S
⊤
t+1) ≥ λmin(M). Our next goal is to provide a lower bound

for λmin(M). To this goal, we will show that the minimum eigenvalue of M is close to that

of S̃t+1S̃
⊤
t+1. Combined with the minimum eigenvalue dynamics of S̃t+1S̃

⊤
t+1 presented in

Proposition 3, this completes the proof.

To show that λmin(M) ≈ λmin(S̃t+1S̃
⊤
t+1), we will use the relative perturbation bound

presented in Lemma 21. To this goal, first we need to provide an upper bound for ∥Ξ∥.
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Bounding ∥Ξ∥. One can write

∥Ξ∥ ≤ ∥Rt∥
∥∥∥∥UtS̃

⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥

= ∥Rt∥
∥∥∥∥(I − η̄t (UtU

⊤
t −X⋆

))−1
Ũt+1S̃

⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥

≤ ∥Rt∥
∥∥∥(I − η̄t (UtU

⊤
t −X⋆

))−1
∥∥∥∥∥∥∥Ũt+1S̃

⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥

(a)

≤ 2 ∥Rt∥
∥∥∥∥Ũt+1S̃

⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥

(b)

≤ 6η̄tδ ∥∆t∥F
∥∥∥∥Ũt+1S̃

⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥ ,

(2.85)

where in (a), we used the fact that
∥∥UtUt

⊤ −X⋆
∥∥ ≲ σ1 due to our assumptions on

∥∥StS⊤
t

∥∥
and

∥∥EtE
⊤
t

∥∥, and our choice of η. Moreover, (b) follows from Lemma 22. Now, note that

Ũt+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1

= V S̃t+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1

+ V⊥Ẽt+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1

= V + V⊥Ẽt+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1

.

Therefore, we have∥∥∥∥Ũt+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥ ≤ 1 +

∥∥∥∥Ẽt+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥ .

In order to provide an upper bound for ∥Ξ∥, it suffices to bound

∥∥∥∥Ẽt+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥.

To this goal, first we present the following technical lemma, the proof of which can be found

in Appendix 2.G.2.

Lemma 23. The following statements hold:

- 1
2
≤
∥∥∥∥StS⊤

t

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥ ≤ 2 and 1

3
≤
∥∥∥StS⊤

t

(
St+1S

⊤
t+1

)−1
∥∥∥ ≤ 3;

-

∥∥∥∥Ẽt+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥ ≤ 3

∥∥∥EtS
⊤
t

(
StS

⊤
t

)−1
∥∥∥.

The second statement of the above lemma connects

∥∥∥∥Ẽt+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥ to∥∥∥EtS

⊤
t

(
StS

⊤
t

)−1
∥∥∥ which, according to our assumption, is upper bounded by 1/3. This
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upper bound, together with equation 2.85 implies that

∥Ξ∥ ≤ 12η̄tδ ∥∆t∥F .

On the other hand, applying the relative perturbation bound to M and S̃t+1S̃
⊤
t+1 implies

that ∣∣∣λmin(M )− λmin(S̃t+1S̃
⊤
t+1)

∣∣∣ ≤λmin(S̃t+1S̃
⊤
t+1)

∥∥I − (I + Ξ)(I + Ξ)⊤
∥∥

≤3 ∥Ξ∥λmin

(
S̃t+1S̃

⊤
t+1

)
≤36η̄tδ ∥∆t∥F λmin

(
S̃t+1S̃

⊤
t+1

)
.

This in turn implies that

λmin(St+1S
⊤
t+1) ≥ λmin(M)

≥ (1− 36η̄tδ ∥∆t∥F)λmin

(
S̃t+1S̃

⊤
t+1

)
≥
(
(1 + η̄tσr)

2 − 2η̄t
∥∥EtE

⊤
t

∥∥)λmin

(
StS

⊤
t

)
− 72η̄tδ

∥∥UtUt
⊤ −X⋆

∥∥
F
λmin

(
StS

⊤
t

)
− 2η̄t (1 + η̄tσr)λmin

(
StS

⊤
t

)2
,

which completes the proof. □

2.D.3 Proof of Proposition 6

Bounding
∥∥Σ− St+1S

⊤
t+1

∥∥: Recall that St+1 = S̃t+1 + V ⊤RtUt. Therefore, we have

Σ− St+1S
⊤
t+1 = Σ− S̃t+1S̃

⊤
t+1−V ⊤RtUtS̃

⊤
t+1 − S̃t+1U

⊤
t R

⊤
t V − V ⊤RtUtU

⊤
t R

⊤
t V︸ ︷︷ ︸

deviation

.

(2.86)

The main idea behind our proof is to first control the norm of the deviation term, and then

invoke Proposition 4 for Σ− S̃t+1S̃
⊤
t+1. One can write∥∥∥V ⊤RtUtS̃

⊤
t+1

∥∥∥ ≤ ∥Rt∥
∥∥∥S̃t+1U

⊤
t

∥∥∥ ≤ 3η̄tδ ∥∆t∥F
∥∥∥S̃t+1U

⊤
t

∥∥∥ ,
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where in the last inequality, we used Lemma 22. Moreover, S̃t+1U
⊤
t can be rewritten as

S̃t+1U
⊤
t =

((
I − η̄t

(
StS

⊤
t −Σ

)
St + StE

⊤
t Et

)) (
S⊤V ⊤ +E⊤V ⊤

⊥
)

=
(
I − η̄t

(
StS

⊤
t −Σ

))
StS

⊤
t V

⊤ +
(
I − η̄t

(
StS

⊤
t −Σ

))
StE

⊤
t V

⊤
⊥

+ StE
⊤
t EtS

⊤
t V

⊤ + StE
⊤
t EtE

⊤
t V

⊤
⊥ .

Note that
∥∥I − η̄t (StS⊤

t −Σ
)∥∥ ≤ 2 due to our choice of η and our assumption on StS

⊤
t .

Therefore, we have∥∥∥S̃t+1U
⊤
t

∥∥∥ ≤ 2
∥∥StS⊤

t

∥∥+ 2
∥∥StE⊤

t

∥∥+
∥∥StE⊤

t

∥∥2 +
∥∥StE⊤

t

∥∥ ∥Et∥2 ≤ 6σ1, (2.87)

where we used our assumptions on
∥∥StS⊤

t

∥∥ and
∥∥EtE

⊤
t

∥∥. Combining the above two inequal-

ities leads to ∥∥∥S̃t+1U
⊤
t R

⊤
t V
∥∥∥ =

∥∥∥V ⊤RtUtS̃
⊤
t+1

∥∥∥ ≤ 18η̄tδσ1 ∥∆t∥F . (2.88)

Using a similar technique, we have

∥∥V ⊤RtUtU
⊤
t R

⊤
t V
∥∥ ≤ 9η̄2t δ

2σ1 ∥∆t∥2F ≤ η̄tδσ1 ∥∆t∥F , (2.89)

where we used the assumed upper bounds on η and δ, and the fact that
∥∥EtE

⊤
t

∥∥ ≤ σ1,∥∥StS⊤
t

∥∥ ≤ 1.01σ1, and
∥∥EtE

⊤
t

∥∥
F
≤ √rσ1, which in turn implies ∥∆t∥F ≲

√
rσ1 due to

Lemma 3. Moreover, we have already shown in Proposition 4 that∥∥∥Σ− S̃t+1S̃
⊤
t+1

∥∥∥ ≤ (1− η̄tλmin

(
StS

⊤
t

)) ∥∥Σ− StS⊤
t

∥∥+ 5η̄t
∥∥StE⊤

t

∥∥2 .
Hence, combining the above inequalities leads to∥∥Σ− St+1S

⊤
t+1

∥∥ ≤ (1− η̄tλmin

(
StS

⊤
t

)) ∥∥Σ− StS⊤
t

∥∥
+ 5η̄t

∥∥StE⊤
t

∥∥2 + 37η̄tδσ1 ∥∆t∥F .

Bounding
∥∥St+1E

⊤
t+1

∥∥: First, note that

St+1E
⊤
t+1 = S̃t+1Ẽ

⊤
t+1 + V ⊤RtUtẼ

⊤
t+1 + S̃t+1U

⊤
t R

⊤
t V⊥ + V ⊤RtUtU

⊤
t R

⊤
t V⊥︸ ︷︷ ︸

deviation

.

Similar to the signal term, the main idea behind our proof is to first control the norm of

the deviation term, and then invoke Proposition 4 for S̃t+1Ẽ
⊤
t+1. We first provide an upper
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bound for
∥∥∥V ⊤RtUtẼ

⊤
t+1

∥∥∥
∥∥∥V ⊤RtUtẼ

⊤
t+1

∥∥∥ ≤ ∥Rt∥
∥∥∥UtẼ

⊤
t+1

∥∥∥ ≤ 3η̄tδ ∥∆t∥F
∥∥∥UtẼ

⊤
t+1

∥∥∥ .
To bound

∥∥∥UtẼ
⊤
t+1

∥∥∥, one can write

∥∥∥UtẼ
⊤
t+1

∥∥∥ ≤ ∥Ut∥
∥∥Et − η̄tS⊤

t StE
⊤
t − η̄tEtE

⊤
t Et

∥∥
≤ 2 (∥St∥+ ∥Et∥) ∥Et∥
≤ 5σ1,

where we used the assumption ∥St∥ ≤ 1.01
√
σ1 and ∥Et∥ ≤

√
σ1. Similar to equation 2.89,

we have ∥∥∥S̃t+1U
⊤
t R

⊤
t V⊥

∥∥∥ ≤ ∥∥∥S̃t+1U
⊤
t

∥∥∥ ∥Rt∥

≤
∥∥St − η̄t ((StS⊤

t −Σ
)
St + StE

⊤
t Et

)∥∥ ∥Rt∥
≤ 6η̄tδ

√
σ1 ∥∆t∥F ,

and ∥∥V ⊤RtUtU
⊤
t R

⊤
t V⊥

∥∥ ≤ ∥∥UtU
⊤
t

∥∥ ∥Rt∥2 ≤ 10σ1η̄
2
t δ

2 ∥∆t∥2F ≤ η̄tδσ1 ∥∆t∥F .

Moreover, we have already shown in Proposition 4 that∥∥∥S̃t+1Ẽ
⊤
t+1

∥∥∥ ≤ (1− η̄tλmin

(
StS

⊤
t

)
+ 2η̄t

∥∥Σ− StS⊤
t

∥∥+ 2η̄t ∥EtEt∥
) ∥∥StE⊤

t

∥∥ . (2.90)

Combining the above inequalities leads to∥∥St+1E
⊤
t+1

∥∥ ≤ (1− η̄tλmin

(
StS

⊤
t

)
+ 2η̄t

∥∥Σ− StS⊤
t

∥∥+ 2η̄t ∥EtEt∥
) ∥∥StE⊤

t

∥∥
+ 22η̄tδσ1 ∥∆t∥F .

Bounding
∥∥St+1S

⊤
t+1

∥∥: First, note that

St+1S
⊤
t+1 = S̃t+1S̃

⊤
t+1 + V ⊤RtUtS

⊤
t+1 + St+1U

⊤
t R

⊤
t V + V ⊤RtUtU

⊤
t R

⊤
t V︸ ︷︷ ︸

deviation

.
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Similar to our previous arguments, we will provide an upper bound on the deviation term,

and then resort to Proposition 4 to provide an upper bound for S̃t+1S̃
⊤
t+1. First, note that

∥∥V ⊤RtUtS
⊤
t+1

∥∥ ≤ ∥∥V ⊤RtV StS
⊤
t+1

∥∥+
∥∥V ⊤RtV⊥EtS

⊤
t+1

∥∥
≤ 3η̄tδ ∥∆t∥F

(∥∥StS⊤
t+1

∥∥+
∥∥EtS

⊤
t+1

∥∥) , (2.91)

where we used Lemma 22 in the last inequality. On the other hand∥∥StS⊤
t+1

∥∥ =
∥∥St (S⊤

t − η̄t
(
S⊤
t

(
StS

⊤
t −Σ

)
+E⊤

t EtS
⊤
t

)
+U⊤

t R
⊤
t V
)∥∥

≤
∥∥StS⊤

t

∥∥ (1 + η̄t
∥∥StS⊤

t −Σ
∥∥+ η̄t

∥∥EtE
⊤
t

∥∥)+
∥∥StU⊤

t R
⊤
t V
∥∥

≤ 2
∥∥StS⊤

t

∥∥+
∥∥StS⊤

t V
⊤R⊤

t V
∥∥+

∥∥StE⊤
t V

⊤
⊥ R

⊤
t V
∥∥

≤ 3
∥∥StS⊤

t

∥∥+ 3η̄tδ ∥∆t∥F
∥∥StE⊤

t

∥∥ .
Similarly, we have

∥∥EtS
⊤
t+1

∥∥ ≤ 3
∥∥EtS

⊤
t

∥∥+ 3η̄tδ ∥∆t∥F
∥∥EtE

⊤
t

∥∥ .
The above two inequalities combined with equation 2.91 results in

2
∥∥V ⊤RtUtS

⊤
t+1

∥∥ ≤ 216η̄tσ
2
1

√
rδ.

which follows from our assumption on ∥St∥, ∥Et∥ and δ. Similarly, one can show that

∥∥V ⊤RtUtU
⊤
t R

⊤
t V
∥∥ ≤ η̄tσ

2
1

√
rδ.

Therefore, the norm of the deviation term is upper bounded by 217η̄tσ
2
1

√
rδ. Moreover,

Proposition 4 implies∥∥∥S̃t+1S̃
⊤
t+1

∥∥∥ ≤ (1 + 2σ1η̄t + 4σ2
1 η̄

2
t

) ∥∥StS⊤
t

∥∥− 2η̄t
∥∥StS⊤

t

∥∥2 + η̄2t
∥∥StS⊤

t

∥∥3 ,
which in turn leads to

∥∥St+1S
⊤
t+1

∥∥ ≤ (1 + 2σ1η̄t + 4σ2
1 η̄

2
t

) ∥∥StS⊤
t

∥∥− 2η̄t
∥∥StS⊤

t

∥∥2 + η̄2t
∥∥StS⊤

t

∥∥3 + 217η̄tσ
2
1

√
rδ.

The rest of the proof is analogous to that of Proposition 4, and hence, omitted for brevity.□
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2.D.4 Proof of Proposition 7

Bounding ∥Gt+1∥: To provide an upper bound for ∥Gt+1∥ =
∥∥∥Et+1P⊥

St+1

∥∥∥ in terms of

∥Gt∥ =
∥∥EtP⊥

St

∥∥, it is crucial to characterize the relationship between the projection oper-

ators P⊥
St+1

and P⊥
St

. To this goal, we decompose P⊥
St+1

as follows

P⊥
St+1

= PStP⊥
St+1

+ P⊥
St
P⊥

St+1
.

Based on the above decomposition, Gt+1 can be written as

Gt+1 = Et+1PStP⊥
St+1︸ ︷︷ ︸

(A)

+Et+1P⊥
St
P⊥

St+1︸ ︷︷ ︸
(B)

.

We first study (A). Let MtDtN
⊤
t be the singular value decomposition of St, where Mt ∈

Rr×r and Nt ∈ Rr′×r are (row) orthonormal matrices, and Dt ∈ Rr×r is a diagonal matrix

collecting the singular values of St. Based on this definition, we have PSt = NtN
⊤
t . On the

other hand, we have St+1PStP⊥
St+1

= −St+1P⊥
St
P⊥

St+1
, which is equivalent to

St+1NtN
⊤
t P⊥

St+1
= −St+1P⊥

St
P⊥

St+1
. (2.92)

Our next technical lemma shows that St+1Nt is invertible.

Lemma 24. The matrix St+1Nt is invertible.

The proof of this lemma can be found in Appendix 2.G.3. Lemma equation 24 combined

with equation 2.92 leads to

N⊤
t P⊥

St+1
= − (St+1Nt)

−1 St+1P⊥
St
P⊥

St+1
.

Therefore, we have

(A) = Et+1PStP⊥
St+1

= Et+1NtN
⊤
t P⊥

St+1

= −Et+1Nt (St+1Nt)
−1 St+1P⊥

St
P⊥

St+1

= −Et+1Nt (St+1Nt)
−1 S̃t+1P⊥

St
P⊥

St+1︸ ︷︷ ︸
(A1)

−Et+1Nt (St+1Nt)
−1
(
St+1 − S̃t+1

)
P⊥

St
P⊥

St+1︸ ︷︷ ︸
(A2)

.
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We first control (A1). Observe that

S̃t+1P⊥
St

=
(
St − η̄t

(
StS

⊤
t −Σ

)
St − η̄tStE⊤

t Et

)
P⊥

St
= −η̄tStE⊤

t Gt.

Therefore, we have

(A1) = η̄tEt+1Nt (St+1Nt)
−1 StE

⊤
t GtP⊥

St+1
. (2.93)

On the other hand, note that Et+1 = Et− η̄tEt

(
S⊤
t St +E⊤

t Et

)
+V ⊤

⊥ RtUt. Hence, we have

(B) =
(
I − η̄tEtE

⊤
t

)
GtP⊥

St+1
+ V ⊤

⊥ RtV⊥GtP⊥
St+1

. (2.94)

Combining equations equation 2.93 and equation 2.94, we obtain

Gt+1 =
(
I − η̄tEtE

⊤
t + η̄tEt+1Nt (St+1Nt)

−1 StE
⊤
t

)
GtP⊥

St+1
+ V ⊤

⊥ RtV⊥GtP⊥
St+1

+ (A2),

which results in

∥Gt+1∥ ≤
∥∥I − η̄tEtE

⊤
t + η̄tEt+1Nt (St+1Nt)

−1 StE
⊤
t

∥∥︸ ︷︷ ︸
(C)

∥Gt∥+ ∥Rt∥ ∥Gt∥+ ∥(A2)∥ .

Therefore, it remains to control the terms ∥(C)∥ and ∥(A2)∥. First, we provide an upper

bound on ∥(C)∥. Define St+1Nt = (I + Ξ)StNt, where Ξ = St+1Nt (StNt)
−1 − I (note

that StNt = MtDt which implies that StNt is invertible). Hence, we have

∥(C)∥ ≤
∥∥I − η̄tEtE

⊤
t + η̄tEt+1Nt (StNt)

−1 StE
⊤
t

∥∥︸ ︷︷ ︸
(C1)

+ η̄t
∥∥Et+1Nt (StNt)

−1
∥∥∥∥(I + Ξ)−1 − I

∥∥∥∥StE⊤
t

∥∥︸ ︷︷ ︸
(C2)

.

It is shown in the proof of Lemma 24 that ∥Ξ∥ ≤ 3η̄t ∥∆t∥ ≤ 1/2. Therefore, one can

write ∥(I + Ξ)−1 − I∥ ≤ ∥Ξ∥
∥∥(I + Ξ)−1

∥∥ ≤ 6η̄t ∥∆t∥. To provide an upper bound for∥∥Et+1Nt (StNt)
−1
∥∥, one can write

Et+1Nt (StNt)
−1 = Et+1S

⊤
t

(
StS

⊤
t

)−1

=
(
Et − η̄tEt

(
S⊤
t St +E⊤

t Et

)
+ V ⊤

⊥ RtUt

)
S⊤
t

(
StS

⊤
t

)−1

=
(
I − η̄tEtE

⊤
t

)
Ht − η̄tEtS

⊤
t + V ⊤

⊥ RtUtS
⊤
t

(
StS

⊤
t

)−1

=
(
I − η̄tEtE

⊤
t

)
Ht − η̄tEtS

⊤
t + V ⊤

⊥ RtV + V ⊤
⊥ RtV⊥Ht,
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where Ht = EtS
⊤
t

(
StS

⊤
t

)−1
. Therefore, we have

∥∥Et+1Nt (StNt)
−1
∥∥ ≤ ∥Ht∥+ η̄t

∥∥EtS
⊤
t

∥∥+ ∥Rt∥ (1 + ∥Ht∥)
≤ ∥Ht∥+ η̄t

∥∥EtS
⊤
t

∥∥+ 4η̄tδ ∥∆t∥F .

Hence, we obtain

∥C2∥ ≤ 6η̄2t ∥∆t∥
(
∥Ht∥+ η̄t

∥∥EtS
⊤
t

∥∥+ η̄tδ ∥∆t∥F
) ∥∥EtS

⊤
t

∥∥ .
To control ∥(C1)∥, we use triangle inequality to arrive at the following decomposition

(C1) ≤
∥∥I − η̄tEtE

⊤
t + η̄tEtNt (StNt)

−1 StE
⊤
t

∥∥︸ ︷︷ ︸
(C11)

+ η̄2t

∥∥∥StS⊤
t EtS

⊤
t

(
StS

⊤
t

)−1
StE

⊤
t

∥∥∥︸ ︷︷ ︸
(C12)

+ η̄2t

∥∥∥EtE
⊤
t EtS

⊤
t

(
StS

⊤
t

)−1
StE

⊤
t

∥∥∥︸ ︷︷ ︸
(C13)

+ η̄t
∥∥RtUtNt (StNt)

−1 StE
⊤
t

∥∥︸ ︷︷ ︸
(C14)

.

It is easy to see that ∥(C11)∥ =
∥∥I − η̄tGtG

⊤
t

∥∥ ≤ 1, due to the assumed upper bound on η̄t

and
∥∥EtE

⊤
t

∥∥. Moreover, one can verify that ∥(C12)∥ ≤ η̄2t
∥∥EtS

⊤
t

∥∥2, ∥(C13)∥ ≤ η̄2t ∥Et∥4, and

∥(C14)∥ ≤ 3η̄2t δ ∥∆t∥F (1 + ∥Ht∥)
∥∥StE⊤

t

∥∥ ≤ 6η̄2t δ ∥∆t∥F
∥∥StE⊤

t

∥∥. Combining the derived

upper bounds for ∥C1∥ and ∥C2∥, we have

(C) ≤ 1 + η̄2t

(
2
∥∥EtS

⊤
t

∥∥2 + ∥Et∥4 + 7δ ∥∆t∥F
∥∥EtS

⊤
t

∥∥+ 6 ∥Ht∥ ∥∆t∥
∥∥EtS

⊤
t

∥∥) .
To complete the proof, it remains to provide an upper bound for ∥(A2)∥. First, note that(
St+1 − S̃t+1

)
P⊥

St
= V ⊤RtV⊥Gt. Given this equality, one can write

∥A2∥ ≤
∥∥Et+1Nt (St+1Nt)

−1 V ⊤RtV⊥GtP⊥
St+1

∥∥
≤
∥∥Et+1Nt (St+1Nt)

−1
∥∥ ∥Rt∥ ∥Gt∥

≤3η̄tδ
∥∥Et+1Nt (St+1Nt)

−1
∥∥ ∥∆t∥F ∥Gt∥ .

Therefore, it suffices to provide an upper bound for
∥∥Et+1Nt (St+1Nt)

−1
∥∥:

∥∥Et+1Nt (St+1Nt)
−1
∥∥ ≤ ∥∥Et+1Nt (StNt)

−1
∥∥∥∥StNt (St+1Nt)

−1
∥∥

≤
∥∥Et+1Nt (StNt)

−1
∥∥∥∥(I + Ξ)−1

∥∥
≤ 2

∥∥Et+1Nt (StNt)
−1
∥∥

≤ 2.
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Combining the above inequalities leads to

∥(A2)∥ ≤ 6η̄tδ ∥∆t∥F ∥Gt∥ .

Finally, combining the derived upper bounds for (C) and (A2) gives rise to the following

inequalities

∥Gt+1∥ ≤
(

1 + 2η̄2t
∥∥EtS

⊤
t

∥∥2 + η̄2t ∥Et∥4 + 6η̄2t ∥Ht∥ ∥∆t∥
∥∥EtS

⊤
t

∥∥+ 7η̄tδ ∥∆t∥F
)
∥Gt∥

≤
(

1 + 2η̄2t
∥∥EtS

⊤
t

∥∥2 + η̄2t ∥Et∥4 + 2η̄2t ∥∆t∥
∥∥EtS

⊤
t

∥∥+ 7η̄tδ ∥∆t∥F
)
∥Gt∥ .

Bounding ∥Ft+1∥ : Similar to the previous part, we use the decomposition PSt+1 =

PStPSt+1 + P⊥
St
PSt+1 to write

Ft+1 = Et+1PSt+1 = Et+1PStPSt+1︸ ︷︷ ︸
(A)

+Et+1P⊥
St
PSt+1︸ ︷︷ ︸

(B)

.

First, we provide an upper bound for ∥(B)∥:

∥(B)∥ =
∥∥Et+1P⊥

St

(
PSt+1 − PSt

)∥∥
≤
∥∥Et+1P⊥

St

∥∥∥∥PSt+1 − PSt

∥∥
=
∥∥(I − η̄tEtE

⊤
t

)
Gt + V ⊤

⊥ RtUtP⊥
St

∥∥∥∥PSt+1 − PSt

∥∥
≤
(
∥Gt∥+

∥∥V ⊤
⊥ RtV⊥Gt

∥∥) ∥∥PSt+1 − PSt

∥∥
≤ (∥Gt∥+ 3η̄tδ ∥∆t∥F ∥Gt∥)

∥∥PSt+1 − PSt

∥∥
≤ 2 ∥Gt∥

∥∥PSt+1 − PSt

∥∥ . (2.95)

To control
∥∥PSt+1 − PSt

∥∥, we use the following technical lemma.

Lemma 25 (Theorem 2.4, Chen, Chen, and Li [2016]). Let A ∈ Rm×n, and B = A+E ∈
Rm×n have the same rank. Then, we have

∥PA − PB∥ ≤
∥∥EA†∥∥ ∨ ∥∥EB†∥∥ .

Due to Proposition 5 and our assumptions, we have λmin(St+1S
⊤
t+1) ≥ λmin(StS

⊤
t ) > 0,
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and hence, both St+1S
⊤
t+1 and StS

⊤
t are rank-r. Invoking Lemma 25, we have

∥∥PSt+1 − PSt

∥∥ ≤ ∥∥∥(St+1 − St)S⊤
t

(
StS

⊤
t

)−1
∥∥∥

=
∥∥∥(−η̄t ((StS⊤

t −Σ
)
St + StE

⊤
t Et

)
+ V ⊤RtUt

)
S⊤
t

(
StS

⊤
t

)−1
∥∥∥

≤ η̄t
∥∥StS⊤

t −Σ
∥∥+ η̄t

∥∥StE⊤
t

∥∥ ∥Ht∥+ ∥Rt∥ (1 + ∥Ht∥)
≤ η̄t

∥∥StS⊤
t −Σ

∥∥+ η̄t
∥∥StE⊤

t

∥∥+ 6η̄tδ ∥∆t∥F
≤ 3η̄t ∥∆t∥ ,

(2.96)

where in the last inequality, we used the following auxiliary lemma.

Lemma 26. If ∥∆t∥ ≥
√
d ∥Gt∥2, then we have ∥∆t∥F ≤ 5

√
r ∥∆t∥.

Proof. Recall the signal-residual decomposition

∆t = V
(
StS

⊤
t −Σ

)
V ⊤ + V StE

⊤
t V

⊤
⊥ + V⊥EtS

⊤
t V

⊤ + V⊥FtF
⊤
t V

⊤
⊥ + V⊥GtG

⊤
t V

⊤
⊥ .

One can write

∥∆t∥F ≤
√
r
(∥∥StS⊤

t −Σ
∥∥+ 2

∥∥StE⊤
t

∥∥+
∥∥FtF⊤

t

∥∥)+
√
d ∥Gt∥2

= 4
√
r ∥∆t∥+ ∥∆t∥

≤ 5
√
r ∥∆t∥ ,

which completes the proof.

Combining equation 2.96 with equation 2.95 leads to

∥(B)∥ ≤ 6η̄t ∥∆t∥ ∥Gt∥ .

Next, we will provide an upper bound for (A). One can write

∥(A)∥ ≤ ∥Et+1PSt∥
≤
∥∥(Et − η̄tEt

(
E⊤
t Et + S⊤

t St
)

+ V ⊤
⊥ RtUt

)
PSt

∥∥
≤
∥∥Ft − η̄tEtE

⊤
t Ft − η̄tFtS⊤

t St
∥∥+

∥∥V ⊤
⊥ RtUtPSt

∥∥ . (2.97)
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The first term in the above inequality can be bounded as follows

∥∥Ft − η̄tEtE
⊤
t Ft − η̄tFtS⊤

t St
∥∥ ≤ ∥∥(0.5I − η̄tEtE

⊤
t

)
Ft
∥∥+

∥∥Ft (0.5I − η̄tS⊤
t St

)∥∥
≤
(∥∥0.5I − η̄tEtE

⊤
t

∥∥+
∥∥0.5I − η̄tS⊤

t St
∥∥) ∥Ft∥

≤
(
1− η̄tλmin

(
StS

⊤
t

))
∥Ft∥ .

Moreover, we have

∥∥V ⊤
⊥ RtUtPSt

∥∥ ≤ ∥Rt∥ (∥St∥+ ∥Ft∥) ≤ 3η̄tδ ∥∆t∥F (∥St∥+ ∥Ft∥) .

Therefore, we have

∥(A)∥ ≤
(
1− η̄tλmin

(
StS

⊤
t

)
+ 3η̄tδ ∥∆t∥F

)
∥Ft∥+ 3η̄tδ ∥∆t∥F ∥St∥ .

Finally, combining the derived upper bounds for (A) and (B) leads to

∥Ft+1∥ ≤
(
1− η̄tλmin

(
StS

⊤
t

)
+ 3η̄tδ ∥∆t∥F

)
∥Ft∥+ 3η̄tδ ∥∆t∥F ∥St∥+ 6η̄t ∥∆t∥ ∥Gt∥ ,

which completes the proof. □

2.D.5 Proof of Lemma 6

Recall that U0 = αB, where BB⊤ is the best rank-r′ approximation of C ∈
1
2m

∑m
i=1 sign (yi)

(
Ai +A⊤

i

)
. Since rank(X⋆) = r, Sign-RIP implies∥∥∥∥C − φ(X⋆)

X⋆

∥X⋆∥F

∥∥∥∥ ≤ φ(X⋆)δ.

Note that BB⊤ is the best rank-r′ approximation of C. We have∥∥∥∥BB⊤ − φ(X⋆)
X⋆

∥X⋆∥F

∥∥∥∥ ≤ ∥∥BB⊤ −C
∥∥+

∥∥∥∥C − φ(X⋆)
X⋆

∥X⋆∥F

∥∥∥∥
≤ |λr′+1(C)|+ φ(X⋆)δ

≤
∥∥∥∥C − φ(X⋆)

X⋆

∥X⋆∥F

∥∥∥∥+ φ(X⋆)δ

≤ 2φ(X⋆)δ.

82



Therefore, based on the definition of U0, we have∥∥∥∥U0U
⊤
0 − α2φ(X⋆)

X⋆

∥X⋆∥F

∥∥∥∥ ≤ 2α2φ(X⋆)δ.

Given this bound, one can write∥∥∥∥S0S
⊤
0 − α2φ(X⋆)

Σ

∥X⋆∥F

∥∥∥∥ =

∥∥∥∥V ⊤
(
U0U

⊤
0 − α2φ(X⋆)

X⋆

∥X⋆∥F

)
V

∥∥∥∥
≤
∥∥∥∥U0U

⊤
0 − α2φ(X⋆)

X⋆

∥X⋆∥F

∥∥∥∥
≤ 2α2φ(X⋆)δ.

Similarly, we have

∥∥S0E
⊤
0

∥∥ =

∥∥∥∥V ⊤
(
U0U

⊤
0 − α2φ(X⋆)

X⋆

∥X⋆∥F

)
V⊥

∥∥∥∥ ≤ 2α2φ(X⋆)δ,

∥∥E0E
⊤
0

∥∥ =

∥∥∥∥V ⊤
⊥

(
U0U

⊤
0 − α2φ(X⋆)

X⋆

∥X⋆∥F

)
V⊥

∥∥∥∥ ≤ 2α2φ(X⋆)δ.

This completes the proof. □

2.D.6 Proof of Lemma 7

We prove this lemma by induction on t. First, due to Lemma 6, it is easy to ver-

ify that equation 2.40-equation 2.43 hold for t = 0. Now, suppose that equation 2.40-

equation 2.42 are satisfied for t < Tend. Moreover, without loss of generality, we assume that

∥∆t∥F ≳ dα2−O(
√
rκ2δ) for every 0 ≤ t ≤ Tend; otherwise, the statement of the lemma holds.

Together with the induction hypothesis on ∥Gt∥, this implies that ∥∆t∥F ≥ ζ, for ζ > 0

defined in Propositions 5, 6, and 7.

Bounding ∥Ft+1∥: In order to apply Proposition 7, first we verify its assumptions. One

can write
∥∥EtE

⊤
t

∥∥ = ∥Ft∥2+∥Gt∥2. Therefore, we have
∥∥EtE

⊤
t

∥∥ ≤ σ1, due to the induction

hypothesis on ∥Ft∥ and ∥Gt∥. On the other hand,
∥∥StS⊤

t

∥∥ ≤ 1.01σ1 and
∥∥EtS

⊤
t (StS

⊤
t )−1

∥∥ ≤
1/3 due to our induction hypothesis. It remains to show that (4r, δ, ϵ,S)-Sign-RIP with

ϵ ≥
√
dφ̄α implies (4r, δ,

√
d ∥Gt∥2 ,S)-Sign-RIP. To show this, first note that (4r, δ, ϵ1,S)-

Sign-RIP implies (4r, δ, ϵ2,S)-Sign-RIP, for any ϵ2 ≤ ϵ1. Using this fact, it suffices to show

that
√
d ∥Gt∥2 ≤

√
dφ̄α ≲ ϵ, which is immediate due to our induction hypothesis on ∥Gt∥,
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and our choice of δ. Therefore, Proposition 7 holds and we have

∥Ft+1∥ ≤
(
1− η̄tλmin

(
StS

⊤
t

)
+ 3η̄tδ ∥∆t∥F

)
∥Ft∥+ 3η̄tδ ∥∆t∥F ∥St∥+ 6η̄t ∥∆t∥ ∥Gt∥ .

(2.98)

Due to our induction hypothesis, equation 2.98 can be simplified as

∥Ft+1∥ ≤
(
1 + 75

√
rσ1η̄tδ

)
∥Ft∥+ 80

√
rσ1.5

1 η̄tδ + 30σ1η̄t ∥Gt∥
≤∥Ft∥+ 100

√
rσ1.5

1 η̄tδ + 30σ1η̄t ∥Gt∥
≤∥Ft∥+ 100

√
rσ1.5

1 η̄tδ + 30σ1η̄t
√
αφ̄δ

≤ηφ̄2
(

100
√
rσ1.5

1 δ + 30σ1
√
αφ̄δ

)
(t+ 2),

where in the first inequality, we use Lemma 26 and the induction hypothesis on ∥∆t∥.
Moreover, in the last inequality, we used the induction hypothesis on ∥Gt∥.

Bounding
∥∥St+1S

⊤
t+1

∥∥: Similar to our previous argument, it is easy to verify that the

assumptions of Proposition 6 are satisfied at iteration t. Therefore,
∥∥St+1S

⊤
t+1

∥∥ ≤ 1.01σ1

readily follows from Proposition 6.

Bounding
∥∥Ut+1U

⊤
t+1 −X⋆

∥∥: Note that

∥∥Ut+1U
⊤
t+1 −X⋆

∥∥ ≤ ∥∥Σ− St+1S
⊤
t+1

∥∥+ 2
∥∥St+1E

⊤
t+1

∥∥+
∥∥Et+1E

⊤
t+1

∥∥ .
On the other hand, we have

∥∥Et+1E
⊤
t+1

∥∥ ≤ ∥Ft+1∥2 + ∥Gt+1∥2 ≤ 0.5σ1.

where the last inequality is due to our choice of δ and α. Similarly, we can show that∥∥St+1E
⊤
t+1

∥∥ ≤ σ1. This together with
∥∥Σ− St+1S

⊤
t+1

∥∥ ≤ ∥∥St+1S
⊤
t+1

∥∥+ σ1 ≤ 2.01σ1 leads to

∥∥Ut+1U
⊤
t+1 −X⋆

∥∥ ≤ 5σ1.

Establishing St+1S
⊤
t+1 ≻ 0: The proof follows directly from the application of Propo-

sition 5. The details are omitted due to their similarity to the proof of equation 2.33 in

Lemma 5.

Bounding
∥∥∥Et+1S

⊤
t+1

(
St+1S

⊤
t+1

)−1
∥∥∥: To streamline the proof, let Ht = EtS

⊤
t

(
StS

⊤
t

)−1
.

Our goal is to prove ∥Ht∥ ≤ 1/3 by showing the following recursive relationship.
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Lemma 27. For every 0 ≤ s ≤ t, we have

∥Hs+1∥ ≤ (1− cη̄tσr) ∥Hs∥+ c′
√
rσ1η̄tδ, (2.99)

where c, c′ > 0 are some universal constants.

The proof of Lemma 27 can be found in Appendix 2.G.4. Equipped with this lemma, we

are ready to derive the desired result. First, due to Lemma 6, we have

∥H0∥ ≤
∥∥E0S

⊤
0

∥∥
λmin(S0S⊤

0 )
≤ 2α2δφ(X⋆)

α2φ(X⋆)
(

1√
rκ
− 2δ

) ≤ 4
√
rκδ,

provided that δ ≤ 1
4
√
rκ

. On the other hand, equation 2.99 implies that

∥Ht+1∥ −
c′

c

√
rκδ ≤ (1− cη̄tσr)t+1

(
∥H0∥ −

c′

c

√
rκδ

)
≤ ∥H0∥+

c′

c

√
rκδ.

Therefore, due to our choice of δ, we have

∥Ht+1∥ ≤
(

4
√
rκ+

2c′

c

√
rκ

)
δ ≲
√
rκδ ≤ 1/3.

Bounding ∥Gt+1∥: Due to Proposition 7, we have

∥Gt+1∥ ≤
(

1 + η̄2t

(
2
∥∥EtS

⊤
t

∥∥2 + ∥Et∥4 + 6
∥∥EtSt(StSt)

−1
∥∥ ∥∆t∥

∥∥EtS
⊤
t

∥∥)
+7η̄tδ ∥∆t∥F) ∥Gt∥ .

Moreover, one can write

η̄2t
∥∥EtS

⊤
t

∥∥2 ≲ η̄t ∥Et∥2 ≲ rσ3
1 η̄

2
t δ

2t2 + σ2
1 η̄

2
tαφ̄δt

2 ≲
√
rκδ log

(
1

α

)
.

Similarly, it can be shown that

η̄2t ∥Et∥4 ∨ η̄2t ∥Ht∥ ∥∆t∥
∥∥EtS

⊤
t

∥∥ ∨ η̄tδ ∥∆t∥F ≲
√
rκδ log

(
1

α

)
.

Therefore, for some universal constant C > 0, we have

∥Gt+1∥ ≤
(

1 + C
√
rκδ log

(
1

α

))
∥Gt∥ .
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Hence, we have

∥Gt+1∥ ≤
(

1 + C
√
rκδ log

(
1

α

))t+1

∥G0∥

≤
(

1 + C
√
rκδ log

(
1

α

))C′ log(1/α)
η̄tσr

∥G0∥

≤ exp

(
C

′′√
rκ2δ log

(
1

α

))
∥G0∥

≤ α−O(
√
rκ2δ) ∥G0∥

≤ α1−O(
√
rκ2δ)

√
φ̄δ,

where in the last inequality, we used the upper bound ∥G0∥ ≤ ∥E0∥ and Lemma 6.

2.E Proofs of Empirical Loss with Noisy Measure-

ments

2.E.1 Preliminaries

Given the update rule Ut+1 = Ut − 2ηtQtUt, we consider the following decomposition

Ut+1 = Ũt+1 +RtUt, where Ũt+1 = Ut −
2ηρt

∥∆t∥
∆tUt, Rt =

2ηρt

∥∆t∥
∆t − 2ηtQt, (2.100)

In the above decomposition, Ũt+1 resembles one iteration of GD on f̄ℓ2(U) with the “effec-

tive” step-size ηρt

2∥∆t∥ . Moreover, the term RtUt captures the deviation of SubGM and GD.

Similar to the noiseless setting, the main idea behind our proof technique is to show that

Rt remains small throughout the iterations of SubGM, and consequently, SubGM behaves

similarly to GD. To this goal, we first provide an upper bound on ∥∆t∥F in terms of ∥∆t∥.

Lemma 28. Suppose that
√
d ∥Gt∥2 ≤ ∥∆t∥. Then, we have ∥∆t∥F ≤ 2(1 +

√
r) ∥∆∥.
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Proof. Due to our proposed signal-residual decomposition, one can write

∥∆t∥F (2.101)

≤

∥∥∥∥∥∥V (StS⊤
t −Σ

)
V ⊤ + V StE

⊤
t V

⊤
⊥ + V⊥EtS

⊤
t V

⊤ + V⊥FtF
⊤
t V

⊤
⊥︸ ︷︷ ︸

rank-4r

∥∥∥∥∥∥
F

+

∥∥∥∥∥∥V⊥GtG
⊤
t V

⊤
⊥︸ ︷︷ ︸

small norm

∥∥∥∥∥∥
F

≤
√

4r
∥∥V (StS⊤

t −Σ
)
V ⊤ + V StE

⊤
t V

⊤
⊥ + V⊥EtS

⊤
t V

⊤ + V⊥FtF
⊤
t V

⊤
⊥
∥∥+
√
d ∥Gt∥2

≤
√

4r ∥∆t∥+
√

4r
∥∥V⊥GtG

⊤
t V

⊤
⊥
∥∥+
√
d ∥Gt∥2

≤2(1 +
√
r) ∥∆t∥ ,

where the last inequality follows from the assumption 4r ≤ d and
√
d ∥Gt∥2 ≤ ∥∆t∥. This

completes the proof.

Equipped with this technical lemma, we next provide an upper bound on ∥Rt∥.

Lemma 29. Suppose that the measurements satisfy (4r, δ, ϵ,S)-Sign-RIP with δ < 1
4(1+

√
r)
,

ϵ =
√
d ∥Gt∥2, S = {X : ∥X∥F ≥ ζ} for ζ =

√
d ∥Gt∥2

(
1
δ
∨
√
d
)
, and

√
d ∥Gt∥2 ≤ ∥∆t∥.

Then, we have ∥Rt∥ ≤ 8(1 +
√
r)ηρtδ.

Proof. One can write

Rt =
2ηρt

∥∆t∥
∆t −

2ηρt

∥Qt∥
Qt

= − 2ηρt

∥Qt∥

(
Qt − φ(∆t)

∆t

∥∆t∥F

)
− 2ηρtφ(∆t)

∥Qt∥ ∥∆t∥F
∆t +

2ηρt

∥∆t∥
∆t

= − 2ηρt

∥Qt∥

(
Qt − φ(∆t)

∆t

∥∆t∥F

)
+
∥Qt∥ − φ(∆t)

∥∆t∥
∥∆t∥F

∥Qt∥
2ηρt

∥∆t∥
∆t.

The above equality implies that

∥Rt∥ ≤
2ηρt

∥Qt∥

∥∥∥∥Qt − φ(∆t)
∆t

∥∆t∥F

∥∥∥∥+ 2ηρt ·

∣∣∣∥Qt∥ − φ(∆t)
∥∆t∥
∥∆t∥F

∣∣∣
∥Qt∥

≤
(

1

∥Qt∥

)
2ηρtφ(∆t)δ,

(2.102)

where in the last inequality, we used Sign-RIP. Next, we provide an upper bound for 1/ ∥Qt∥.
Due to Sign-RIP, we have ∥Qt∥ ≥

(
∥∆t∥
∥∆t∥F

− δ
)
φ(∆t). On the other hand, due to Lemma 28,
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we have ∥∆t∥
∥∆t∥F

≤ 1
2(1+

√
r)

. Combining these inequalities with equation 2.102, we have

∥Rt∥ ≤
2

1
2(1+

√
r)
− δ · ηρ

tδ ≤ 8(1 +
√
r)ηρtδ,

where the last inequality is due to the assumption δ ≤ 1
4(1+

√
r)

.

2.E.2 Proof of Proposition 8

The proof is almost a line-by-line reconstruction of the proof of Proposition 5 in Ap-

pendix 2.D.2. For brevity, we only provide a sketch of the proof. Similar to equation 2.83,

one can write

St+1 = S̃t+1 + V ⊤RtUt. (2.103)

Given this decomposition, we characterize the growth rate of λmin(St+1S
⊤
t+1) by first resorting

to a more tractable lower bound. In particular, we define M := (I + Ξ) S̃t+1S̃
⊤
t+1 (I + Ξ)⊤,

where Ξ := V ⊤RtUtS̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1

. Based on the definition of M , a series of inequali-

ties analogous to equation 2.84 can be used to show that λmin(St+1S
⊤
t+1) ≥ λmin(M ). There-

fore, providing a lower bound for λmin(M ) suffices. Similar to the proof of Proposition 5,

we first show that λmin(M) ≈ λmin(S̃t+1S̃
⊤
t+1):∣∣∣λmin(M )− λmin

(
S̃t+1S̃

⊤
t+1

)∣∣∣ ≤ 3 ∥Ξ∥λmin

(
S̃t+1S̃

⊤
t+1

)
≤ 192

√
rηρtλmin

(
S̃t+1S̃

⊤
t+1

)
.

Combining the above inequality with the one-step dynamic of λmin

(
S̃t+1S̃

⊤
t+1

)
from Propo-

sition 3 completes the proof. □

2.E.3 Proof of Proposition 9

Similar to the minimum eigenvalue dynamics, the proof is identical to the proof of Proposi-

tion 6. Hence, we only provide a sketch. Similar to equation 2.86, one can write

Σ− St+1S
⊤
t+1 = Σ− S̃t+1S̃

⊤
t+1−V ⊤RtUtS̃

⊤
t+1 − S̃t+1U

⊤
t R

⊤
t V − V ⊤RtUtU

⊤
t R

⊤
t V .

Lemma 29 combined with an argument similar to Appendix 2.D.3 leads to∥∥∥V ⊤RtUtS̃
⊤
t+1 + S̃t+1U

⊤
t R

⊤
t V + V ⊤RtUtU

⊤
t R

⊤
t V
∥∥∥ ≤ 193

√
rηρtσ1δ.
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The above bound combined with the one-step dynamics of Σ − S̃t+1S̃
⊤
t+1 in Proposition 4

completes the proof for the one-step dynamics of Σ− St+1S
⊤
t+1. The dynamics of the cross

term equation 2.27 and the upper bound on
∥∥St+1S

⊤
t+1

∥∥ equation 2.28 can be deduced in a

similar fashion. The details are omitted for brevity. □

2.E.4 Proof of Proposition 10

The proof of Proposition 10 is identical to that of Proposition 7, with a key difference that

∥Rt∥ ≤ 16
√
rηρt. The details are omitted for brevity. □

2.E.5 Proof of Lemma 9

The proof is based on an inductive argument similar to the proof of Lemma 7 in Ap-

pendix 2.D.6. Due to our special initialization, it is easy to verify that the statements

of the lemma are satisfied for t = 0. Now suppose that equation 2.51-equation 2.56 are

satisfied for t. Due to Proposition 10, one can write

∥Gt+1∥ ≤
(
1 + 5η2ρ2t + 49

√
rη0ρ

tδ
)
∥Gt∥ ,

≤ exp
(
5η2ρ2t + 49

√
rηρtδ

)
∥Gt∥ ,

≤ ∥G0∥
t∏

s=0

exp
(
5η2ρ2s + 49

√
rη0ρ

sδ
)

≤ ∥G0∥ exp

(
t∑

s=0

5η2ρ2s + 49
√
rη0ρ

sδ

)

≤ ∥G0∥ exp

(
∞∑
s=0

5η2ρ2s + 49
√
rη0ρ

sδ

)

≤ ∥G0∥ exp

(
5η2

1− ρ2 +
49
√
rηδ

1− ρ

)
.

Due to ρ = 1−Θ(η/(κ log(1/α))) and η ≲ 1/(κ log(1/α)), we have

5η2

1− ρ2 ≲ ηκ log(1/α) ≤ 1/2, and
49
√
rηδ

1− ρ ≲
√
rκδ log(1/α).

Combining the above inequalities leads

∥Gt+1∥ ≤ 2 ∥G0∥α−O(
√
rκδ) ≤ 2

√
2α1−O(

√
rκδ)
√
φ̄δ,
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where the last inequality is due to our special initialization technique and Lemma 6. The

remaining bounds in Lemma 9 can be established similarly to Lemma 7. The details are

omitted for brevity. □

2.F Proofs for Strict Saddles

2.F.1 Preliminaries

In Subsection 2.F.1.1, we review basic definitions and results from variational analysis that

will be instrumental in developing our results. Then, in Subsections 2.F.1.2 to 2.F.1.5, we

lay the groundwork for certain concentration results for different classes of random variables

and random processes that will be used throughout our proofs.

2.F.1.1 Basic Properties from Variational Analysis

For a function f : Rn → R, a point x̄ is called a global optimal if it corresponds to its global

minimizer. Moreover, a point x̄ is called a local optimal if it corresponds to the minimum

of f(x) within an open ball centered at x̄. The directional derivative of f at point x in the

feasible direction d is defined as

f ′(x,d) = lim
t→0+

f(x+ td)− f(x)

t
,

provided that the limit exists. If f ′(x,d) < 0, then d is called a descent direction. For a

locally Lipschitz function f , the Clarke generalized directional derivative at the point x in

the feasible direction d is defined as

f ◦(x,d) := lim sup
y→x
t→0+

f(y + td)− f(y)

t

provided that the limit exists. It is a well-known fact that f ′(x,d) ≤ f ◦(x,d) for every

direction d if both f ′(x,d) and f ◦(x,d) exist [Clarke, 1975, Proposition 1.4]. A function

f is called subdifferentially regular if f ′(x,d) = f ◦(x,d) for every point x and direction

d [Clarke, 1990, Definition 2.3.4]. The Clarke subdifferential of f at x is defined as the

following set (see [Clarke, 1975, Definition 1.1 and Proposition 1.4]):

∂f(x) := {ψ|f ◦(x,d) ≥ ⟨ψ,d⟩, ∀d ∈ Rn}. (2.104)
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A point x̄ is called critical if 0 ∈ ∂f(x̄), or equivalently, f ◦(x̄,d) ≥ 0 for every feasible

direction d. The following properties of the critical points are adapted from Li, So, and Ma

[2020a] and will be used in our subsequent arguments.

Lemma 30. For a real-valued locally Lipschitz function f : Rn → R, we have:

1. Every local minimum of f is critical.

2. Given a point x, suppose that f ′(x,d) ≥ 0 for every feasible d ∈ Rn. Then, x is a

critical point of f .

3. Suppose that f = max1≤i≤m gi for some smooth functions g1, . . . , gm. Then, f ′(x,d)

exists for every point x and direction d. Moreover, given some point x, suppose that

f ′(x,d) < 0 for some direction d ∈ Rn. Then, x is not a critical point of f .

Proof. The first property is a direct consequence of [Clarke, 1990, Proposition 2.3.2]. The

second property follows from the basic inequality f ′(x,d) ≤ f ◦(x,d) [Clarke, 1975, Propo-

sition 1.4] and the definition of the critical points. Finally, we prove the third property.

Note that the existence of f ′(x,d) for every point x and direction d can be easily verified

via the definition of f and directional derivative. Moreover, due to [Rockafellar and Wets,

2009, Example 7.28], f is differentiably regular, and hence, f ◦(x,d) = f ′(x,d) for every

direction d. This implies that x is not critical due to the existence of a direction d for which

f ◦(x,d) = f ′(x,d) < 0. □

Utilizing the above properties, the following crucial lemma provides a sufficient condition

for the non-criticality of a point Ū for the ℓ1-loss fℓ1(U ).

Lemma 31. The directional derivative f ′
ℓ1

(Ū ,∆U) exists for every point U and direc-

tion ∆U . Moreover, given a point Ū , suppose that there exists a direction ∆U such that

f ′
ℓ1

(Ū ,∆U) < 0. Then, Ū is not a critical point of fℓ1(U).

Proof. We first define M as the class of binary functions σ : {1, . . . ,m} → {−1,+1}. It

is easy to see that fℓ1(U) = maxσ∈M gσ(U), where gσ(U) =
∑

i∈m σ(i)
(
yi −

〈
Ai,UU

⊤〉).
Note that gσ(U) is smooth for any choice of σ ∈ M. Therefore, the third property of

Lemma 30 can be invoked to complete the proof. □

Finally, following Davis and Drusvyatskiy [2022], we call a critical point x̄ of a non-

differentiable function f strict saddle if there exists a direction v such that f decreases

quadratically along v. This is formally defined as follows.

Definition 9 (Strict saddle point). A critical point x̄ of the function f is called strict saddle

if there exist v ∈ Rd, c > 0, γ̄ > 0 such that, for every 0 ≤ γ ≤ γ̄, we have

f(x̄+ γv)− f(x̄) ≤ −cγ2.

91



2.F.1.2 Orlicz Random Variables and Processes

First, we define the notion of Orlicz norm (see [Wainwright, 2019, Section 5.6] and [Ledoux

and Talagrand, 1991, Section 11.1] for more details).

Definition 10 (Orlicz function and Orlicz norm). A function ψ : R+ → R+ is called an

Orlicz function if ψ is convex, increasing, and satisfies

ψ(0) = 0, ψ(x)→∞ as x→∞.

For a given Orlicz function ψ, the Orlicz norm of a random variable X is defined as

∥X∥ψ := inf{t > 0 : E[ψ(|X|/t)] ≤ 1}.

We will use Orlicz functions and norms to study the concentration of both sub-Gaussian

and sub-exponential random variables, which are defined as follows.

Definition 11 (Sub-Gaussian and sub-exponential random variables). Define the Orlicz

function ψp(x) = exp{xp} − 1. A random variable X is called sub-Gaussian if ∥X∥ψ2
<∞.

Moreover, a random variable X is called sub-exponential if ∥X∥ψ1
< ∞. Accordingly, the

quantities ∥X∥ψ2
and ∥X∥ψ1

refer to the sub-Gaussian norm and sub-exponential norm of

X, respectively.

Lemmas 32-35 establish basic properties of sub-Gaussian and sub-exponential random

variables.

Lemma 32 (Tail bounds for sub-Gaussian and sub-exponential random variables [Wain-

wright, 2019, Section 5.6]). For a random variable X with finite Orlicz norm ∥X∥ψp
< ∞

where ψp(x) = exp{xp} − 1 and p ≥ 1, we have

P (|X| ≥ δ) ≤ 2 exp

(
− δp

∥X∥pψp

)
.

Lemma 33 (Sum of independent random variables [Vershynin, 2018, Theorems 2.6.2 and

2.8.1]). Let X1, · · · , Xn be zero-mean independent random variables.

• If each Xi is sub-Gaussian with sub-Gaussian norm ∥Xi∥ψ2
, we have

P

(∣∣∣∣∣ 1n
n∑
i=1

Xi

∣∣∣∣∣ ≥ δ

)
≤ 2 exp

(
− n2δ2∑n

i=1 ∥Xi∥2ψ2

)
.
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• If each Xi is sub-exponential with sub-exponential norm ∥Xi∥ψ1
, we have

P

(∣∣∣∣∣ 1n
n∑
i=1

Xi

∣∣∣∣∣ ≥ δ

)
≤ 2 exp

(
−nmin

{
δ2

maxi ∥Xi∥2ψ1

,
δ

maxi ∥Xi∥ψ1

})
.

Lemma 34 (Lemma 2.6.8 in [Vershynin, 2018]). Suppose that X is sub-Gaussian. We have

∥X − E[X]∥ψ2
≤ C ∥X∥ψ2

for some constant C > 0.

Lemma 35 (Lemma 2.7.7 in [Vershynin, 2018]). Let X, Y be sub-Gaussian random vari-

ables. Then XY is sub-exponential with its sub-exponential norm satisfying ∥XY ∥ψ1
≤

∥X∥ψ2
∥Y ∥ψ2

.

Next, we introduce the notion of Orlicz process.

Definition 12 (Orlicz process, Definition 5.35 in [Wainwright, 2019]). A set of zero-mean

random variables {Xt, t ∈ T } (also known as a stochastic process) is an Orlicz process with

Orlicz norm ψp (also known as ψp-process) with respect to a metric d if

∥Xt −Xt′∥ψp
≤ d(t, t′) for all t, t′ ∈ T .

According to the above definition, the size of the set T may be infinite. To control the

behavior of a ψp-process, we first need the notions of ϵ-covering and covering number.

Definition 13 (Covering and covering number). A set Nϵ(T ) is called an ϵ-covering on

(T , d) if for every t ∈ T , there exists π(t) ∈ Nϵ(T ) such that d(t, π(t)) ≤ ϵ. The covering

number N (T , d, ϵ) is defined as the smallest cardinality of an ϵ-covering for (T , d):

N (T , d, ϵ) := inf{|Nϵ(T )| : Nϵ(T ) is an ϵ-covering}.

Theorem 12 (Concentration of Orlicz process, Theorem 5.36 in [Wainwright, 2019]). Let

{Xt, t ∈ T } be a ψp-process with respect to the metric d. Then, there is a universal constant

C > 0 such that

P
(

sup
t∈T

Xt ≥ CJp(0, D) + δ

)
≤ exp(−δp/Dp).

Here D = supt,t′∈T d(t, t′) is the diameter of the set T and Jp(δ,D) =∫ D
δ

log1/p (1 +N (T , d, ϵ)) dϵ is called the generalized Dudley entropy integral.

By providing tractable upper bounds on D and Jp(δ,D), one can control the supremum

of a ψp-process. In our next section, we provide specific sub-classes of ψp-process for which

these quantities can be controlled efficiently.
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2.F.1.3 Concentration Bounds for Gaussian Processes over Grassmannian Man-

ifold

In our subsequent analysis, Gaussian processes defined over the Grassmannian manifold,

which are a specific category of Orlicz processes, will play a pivotal role. To set the stage,

we start with the definition of a Gaussian process.

Definition 14 (Gaussian process). A random process {Xt}t∈T is called a Gaussian process

if, for any finite subset T0 ⊂ T , the random vector {Xt}t∈T0 has a normal distribution.

Our next lemma characterizes the expectation of the supremum of a Gaussian process in

terms of its covering number.

Theorem 13 (Sudakov’s minoration inequality, Theorem 5.30 in [Wainwright, 2019]). Let

{Xt}t∈T be a zero-mean Gaussian process. Then, for any ϵ ≥ 0, we have

E
[
sup
t∈T

Xt

]
≥ ϵ

2

√
logN (T , d, ϵ).

Here, the metric d is defined as d(t1, t2) = (E [(Xt1 −Xt2)
2])

1/2
for any t1, t2 ∈ T .

Lemma 36 (Concentration of Gaussian Process, Lemma 6.12 in [Van Handel, 2014]). Let

{Xt}t∈T be a Gaussian process. Then supt∈T Xt is sub-Gaussian with sub-Gaussian norm

supt∈T ∥Xt∥ψ2
.

Next, we provide the definition of Grassmanian manifold.

G(n, p) = {P ∈ Rn×n : P⊤ = P ,P 2 = P , rank(P ) = p}. (2.105)

Our next lemma characterizes the covering number of the Grassmannian manifold G(n, p).

Lemma 37 (Covering number for Grassmannian manifold, Proposition 8 in [Szarek, 1982]).

For a Grassmannian manifold G(n, p), define the metric d(P1,P2) = ∥P1 − P2∥F for any

P1,P2 ∈ G(n, p). Then, for any 0 < ϵ <
√

2 min{p, n− p}, we have

(
c1
√
p

ϵ

)p(n−p)
≤ N (G(n, p), d, ϵ) ≤

(
c2
√
p

ϵ

)p(n−p)
,

for some constants c1, c2 > 0.

Lemma 38 (Lower bound of Gaussian process over Grassmannian manifold). Consider the

Gaussian process supX∈G(n,p) ⟨A,X⟩, where A is a standard Gaussian matrix and p ≤ n/2.
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Then, with probability at least 1− exp(−Ω(np)), we have

sup
X∈G(n,p)

⟨A,X⟩ ≥ c3
2

√
np2,

for c3 =
√

log(c1)/8, where c1 is the constant appeared in Lemma 37.

Proof. We first use Sudakov’s Minoration Inequality (Theorem 13) to characterize the ex-

pectation of the supremum:

E

[
sup

X∈G(n,p)
⟨A,X⟩

]
≥ sup

0<ϵ

ϵ

2

√
logN (G(n, p), ∥·∥F , ϵ)

(a)

≥ sup
0<ϵ≤

√
2p

ϵ

2

√
p(n− p) log

(
c1
√
p

ϵ

)
set ϵ=

√
p

≥ 1

2

√
(n− p)p2 log(c1)

≥ c3
√
np2.

In (a), we invoked the lower bound on the covering number N (G(n, p), ∥·∥F , ϵ) from

Lemma 37. Next, we apply Lemma 36 to control the deviation of the supremum from

its expectation. To this goal, we first note that for any X ∈ G(n, p), we have ∥⟨A,X⟩∥ψ2
≤

∥X∥F =
√
p. According to Lemma 36, supX∈G(n,p) ⟨A,X⟩ is sub-Gaussian with norm

√
p.

Due to Definition 11, we have

P

(
sup

X∈G(n,p)
⟨A,X⟩ − c3

√
np2 ≤ −δ

)
≤ P

(
sup

X∈G(n,p)
⟨A,X⟩ − E

[
sup

X∈G(n,p)
⟨A,X⟩

]
≤ −δ

)

≤ exp

{
− δ2∥∥supX∈G(n,p) ⟨A,X⟩

∥∥
ψ2
2

}
≤ exp

{
−δ2/p

}
.

Upon setting δ = c3
2

√
np2, we know that with probability at least 1− exp(−Ω(np))

sup
X∈G(n,p)

⟨A,X⟩ ≥ c3
2

√
np2,

which completes the proof. □

Our next lemma provides another useful bound on the supremum of another random

process over Grassmannian manifold.
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Lemma 39. Suppose that {Ai}mi=1 are i.i.d. standard Gaussian matrices and {wi}mi=1 are

non-negative weights. Then, we have with probability at least 1− exp(−Ω(np))

sup
X∈G(n,p)

1

m

m∑
i=1

wi ⟨Ai,X⟩2 ≤
cnp2

m

m∑
i=1

wi.

For some constant c > 0.

Proof. We first verify that 1
m

∑m
i=1wi ⟨Ai,X⟩2 is indeed a ψ1-process. To see this, for arbi-

trary two matrices X,X ′ ∈ G(n, p), we have∥∥∥∥∥ 1

m

m∑
i=1

wi

(
⟨Ai,X⟩2 − ⟨Ai,X

′⟩2
)∥∥∥∥∥

ψ1

≤ 1

n

n∑
i=1

wi

∥∥∥⟨Ai,X⟩2 − ⟨Ai,X
′⟩2
∥∥∥
ψ1

≤ 1

m

m∑
i=1

wi ∥⟨Ai,X +X ′⟩ ⟨Ai,X −X ′⟩∥ψ1

(a)

≤ 1

m

m∑
i=1

wi ∥⟨Ai,X +X ′⟩∥ψ2
∥⟨Ai,X −X ′⟩∥ψ2

≤ 1

m

(
m∑
i=1

wi

)
∥X +X ′∥F ∥X −X ′∥F

≤ 2
√
p

m

(
m∑
i=1

wi

)
∥X −X ′∥F ,

where in (a), we used Lemma 35. Therefore, 1
m

∑m
i=1wi ⟨Ai,X⟩2 is a ψ1-process. On the

other hand, we have E
[
1
m

∑m
i=1wi ⟨Ai,X⟩2

]
= 1

m

∑m
i=1wi. Next, we apply Theorem 12 to

control the concentration of supX∈G(n,p)
1
m

∑m
i=1wi ⟨Ai,X⟩2. For notational simplicity, we

denote β =
2
√
p

m

∑m
i=1wi. We have

P
(

sup
X∈G(n,p)

1

m

m∑
i=1

(
wi ⟨Ai,X⟩2 − wi

)
≥ CβJ1(0, D) + βδ

)
≤ exp(−δ/D), (2.106)

where the diameter satisfies D = supX,X′∈G(n,p) ∥X −X ′∥F ≤ 2
√
p and the generalized
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Dudley’s integral can be bounded as

J1(0, D) =

∫ D

0

log (1 +N (G(n, p), ∥·∥F , ϵ)) dϵ
(a)

≤
∫ 2

√
p

0

2(n− p)p log

(
c1
√
p

ϵ

)
dϵ

≤
∫ 2

0

2(n− p)p3/2 log
(c1
ϵ

)
dϵ

≤ c4np
3/2.

Here c4 = 2
∫ 2

0
log
(
c1
ϵ

)
dϵ is a universal constant. Then, upon choosing δ = c5np

3/2 with

c5 = Cc4 we have with probability at least 1− e−Ω(np)

sup
X∈G(n,p)

1

m

m∑
i=1

wi ⟨Ai,X⟩2 ≤
2c5np

2

m

m∑
i=1

wi.

This completes the proof. □

2.F.1.4 Gaussian Comparison Inequalities

In this subsection, we provide other useful lemmas comparing the extremum of two Gaussian

processes.

Lemma 40 (Adapted from [Ledoux and Talagrand, 1991, Corollary 3.13.]). For two Gaus-

sian processes Xi,j,k, Yi,j,k with i ∈ I, j ∈ J, k ∈ K, suppose that

• E[X2
i,j,k] = E[Y 2

i,j,k], for all i ∈ I, j ∈ J, k ∈ K;

• E[Xi,j,kXi,l,k] ≤ E[Yi,j,kYi,l,k], for all i ∈ I, j, l ∈ J, k ∈ K;

• E[Xi,j,kXl,m,k] ≥ E[Yi,j,kYl,m,k], for all i ̸= l ∈ I, j,m ∈ J, k ∈ K.

Then, we have

E
[
min
k∈K

min
i∈I

max
j∈J

Yi,j,k

]
≤ E

[
min
k∈K

min
i∈I

max
j∈J

Xi,j,k

]
.

Our next lemma is a standard concentration bound on a Lipschitz function of a Gaussian

random variable.

Lemma 41 (Proposition 5.34 in [Vershynin, 2010]). Let f be a real valued Lipschitz function

on Rn with Lipschitz constant K. Let x be the standard normal random vector in Rn. Then

for every t ≥ 0 one has

P (f(x)− E[f(x)] ≤ −t) ≤ exp(−t2/2K2).
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Equipped with the above two lemmas, we present the following result, which will play an

important role in our subsequent analysis. In what follows, a standard Gaussian matrix refers

to a matrix whose entries are independently drawn from a standard Gaussian distribution.

Lemma 42. Suppose that that integers d, d,m, k satisfy d ≥ cd and m ≤ (
√
c−1)2

4c
· dk for

some c > 1. Suppose that A ∈ Rm×dd is a standard Gaussian matrix. With probability at

least 1− exp(−Ω(dk)), we have

min
V ∈Od×k

{σmin(A · (V ⊗ Id×d))} ≥
√
c− 1

4
√
c

√
dk.

Proof. Let us denote AV = A · (V ⊗ Id×d). By Min-max Theorem for singular values, we

have

σmin(AV ) = min
u∈Rm,∥u∥=1

max
W∈Rd×k,∥W∥F=1

⟨u,AV vec(W )⟩ .

Define Xu,W,V = ⟨u,AV vec(W )⟩ as a Gaussian process. Moreover, consider an auxiliary

Gaussian process Yu,W,V =
√
2
2

(⟨g, u⟩+ ⟨GV,W ⟩) with u ∈ Rm, V ∈ Rd×k,W ∈ Rd×k, where

g ∈ Rm and G ∈ Rd×d are standard Gaussian vector and matrix. It is easy to verify that

the Gaussian processes Xu,W,V and Yu,W,V satisfy the conditions of Lemma 40. Therefore,

we have

E
[

min
V ∈Od×k

σmin(AV )

]
= E

[
min

V ∈Od×k

min
u∈Rm,∥u∥=1

max
W∈Rd×k,∥W∥F=1

Xu,W,V

]
≥ E

[
min

V ∈Od×k

min
u∈Rm,∥u∥=1

max
W∈Rd×k,∥W∥F=1

Yu,W,V

]
= E

[
min

V ∈Od×k

max
W∈Rd×k,∥W∥F=1

⟨GV,W ⟩
]

+ E
[

min
u∈Rm,∥u∥=1

⟨g, u⟩
]

≥ E
[

min
V ∈Od×k

∥GV ∥F
]
− E [∥g∥]

≥ E
[√

kσmin(G)
]
− E [∥g∥]

≥
√
k
(√

d−
√
d
)
−√m

≥
√
c− 1

2
√
c

√
dk.

Let us define f(A) = minV ∈Od×k
σmin(AV ). It is easy to verify that |f(A) − f(A′)| ≤

∥A− A′∥F, for every A,A′ ∈ Rm×dd. This implies that f(A) is Lipschitz with constant 1.

Therefore, Lemma 41 can be applied:

P(f(A)− E[f(A)] ≤ −t) ≤ exp(−t2/2) =⇒ P
(
f(A) ≥

√
c− 1

2
√
c

√
dk − t

)
≥ 1− exp(−t2/2).
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Substituting t =
√
c−1
4
√
c

√
dk in the above inequality completes the proof. □

2.F.1.5 Other Useful Lemmas

Lemma 43. Suppose that A1, · · · , Am are i.i.d. standard Gaussian matrices. For any se-

quence of scalars w1, · · · , wm, the matrix B = (
∑m

i=1w
2
i )

−1/2
∑m

i=1wiAi is a standard Gaus-

sian matrix provided that
∑m

i=1w
2
i > 0.

Proof. It is easy to see that each element of
∑m

i=1wiAi is i.i.d. and Gaussian with mean zero

and variance
∑m

i=1w
2
i . Therefore, the elements of B are all i.i.d. with standard Gaussian

distribution. □

Lemma 44. Suppose that A1, · · · , Am are i.i.d. standard Gaussian matrices and w1, · · · , wm
are nonnegative scalars with

∑m
i=1w

2
i > 0. Then, for any δ > 0 and a fixed matrix X ∈ Rn×n

with ∥X∥F = 1, we have

P

(∣∣∣∣∣ 1

m

m∑
i=1

wi| ⟨Ai,X⟩ | −
√

2

π

1

m

m∑
i=1

wi

∣∣∣∣∣ ≥ δ

)
≤ 2 exp

(
− m2δ2

C
∑m

i=1w
2
i

)
.

Proof. Note that ⟨Ai,X⟩ iid∼ N (0, 1) and E[| ⟨Ai,X⟩ |] =
√

2
π
. Due to Lemma 34, we have

∥| ⟨Ai,X⟩ | − E[| ⟨Ai,X⟩ |]∥ψ2
≤ ∥| ⟨Ai,X⟩ |∥ψ2

. Then final result follows from Lemma 33.

□

Lemma 45. Suppose that A1, · · · , Am are i.i.d. standard Gaussian matrices of the shape

d× d. We have

P
(

max
1≤i≤m

∥Ai∥F ≥
√

2dd

)
≤ exp (logm− Ω(dd)) .

Proof. For any fixed i and 1 ≤ α ≤ d, 1 ≤ β ≤ d, (Ai)[α, β]2−1 is a sub-exponential random

variable with zero mean and parameter 1. Therefore, an application of Lemma 33 implies

that P(∥Ai∥F ≥
√

1 + δ
√
dd) ≤ exp(−Ω(dd)). Setting δ = 1 followed by a union bound

leads to the final result. □

Lemma 46 (Corollary 5.35 in [Vershynin, 2010]). Consider a random matrix X ∈ RN×n

with i.i.d. entries drawn from N (0, 1) and N > n. Then for every t > 0, with probability at

least 1− 2 exp{−t2/2} one has

σmin(X) ≥
√
N −√n− t.
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Lemma 47 (Concentration of binomial random variable, [Chung and Lu, 2006]). Suppose

that X has a binomial distribution with parameters (m, p). Then, we have

P (|X − pm| ≥ δ) ≤ 2 exp(−δ2/2pm).

In particular, when choosing δ = pm
2
, we have that with probability at least 1− 2 exp(pm/4),

X ≥ pm

2
, and X ≤ 3pm

2
.

Lemma 48. Suppose that X has a binomial distribution with parameters (m, p) and 0 ≤
p < 1/2. Then, with probability at least 1− exp(−Ω((1− 2p)2m)), we have

X ≤ max

{
3

8
,
1− (1− 2p)2

2

}
·m.

Proof. We consider two cases. First, suppose that 1/4 ≤ p < 1/2. Define η = 1 − 2p.

According to Lemma 47, we have

P (X ≤ pm(1 + η)) ≥ 1− exp(−Ω(η2m))

=⇒ P
(
X ≤ 1− (1− 2p)2

2
m

)
≥ 1− exp(−Ω((1− 2p)2m)),

where the last inequality follows from the fact that pm(1 + η) = 1−(1−2p)2

2
m. On the other

hand, for 0 ≤ p ≤ 1/4, Lemma 47 implies that

P (X ≤ 3m/8) ≥ 1− exp(−Ω(m)).

Combining the above two cases leads to the desired result. □

Armed with the concentration bounds discussed above, we are now prepared to present

our main proofs.

2.F.2 Symmetric Case: Sub-optimality via Parametric Second-

order Perturbations

At the core of our analysis lies a class of parametric second-order perturbations that can

be used to show the sub-optimality of the true solutions for both symmetric matrix sensing

and symmetric matrix completion. Let X⋆ = V ⋆Σ⋆V ⋆⊤ be the eigen-decomposition of X⋆,

where V ⋆ ∈ Rd×r is an orthonormal matrix and Σ⋆ ∈ Rr×r is a diagonal matrix collecting the

nonzero eigenvalues of X⋆. Recall that Or×k := {R ∈ Rr×k : RR⊤ = Ir×r}. The following
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lemma provides another characterization of the set U = {U ∈ Rd×k : UU⊤ = X⋆}.

Lemma 49. We have

U ∈ U ⇐⇒ U = V ∗Σ⋆1/2R for some R ∈ Or×k.

Proof. If W = V ∗Σ⋆1/2R for some R ∈ Or×k, then UU⊤ = X⋆ and U ∈ U . Now, suppose

that U ∈ U . We have

UU⊤ = V ⋆Σ⋆V ⋆⊤ =⇒ Σ⋆−1/2V ⋆⊤UU⊤V ⋆Σ⋆−1/2 = Ir×r

=⇒ Σ⋆−1/2V ⋆⊤U = R for some R ∈ Or×k
=⇒ V ⋆V ⋆⊤U = V ⋆Σ⋆1/2R for some R ∈ Or×k.

Moreover, let V ⋆
⊥ be the orthogonal complement of V ⋆. We have

UU⊤ =V ⋆Σ⋆V ⋆⊤ =⇒ V ⋆
⊥
⊤UU⊤V ⋆

⊥ = 0(d−r)×(d−r) =⇒ V ⋆
⊥
⊤U = 0 =⇒ V ⋆

⊥V
⋆
⊥
⊤U = 0.

Combining the above two equalities, we have

UU⊤ = V ⋆V ⋆⊤U + V ⋆
⊥V

⋆
⊥
⊤U = V ⋆Σ⋆1/2R

for some R ∈ Or×k. This completes the proof. □

Based on the above lemma, the set of true solutions can be characterized as U =

{V ⋆Σ⋆1/2R : R ∈ Or×k}. This characterization of U will be useful in our subsequent

analysis. Our goal is to show that, for every U ⋆ ∈ U , there exists a descent direction

∆U ∈ B such that fℓ1(U
⋆ + γ∆U) − fℓ1(U ⋆) ≤ −Ω(γ2) for every 0 < γ ≤ γ̄. To this end,

for any U ⋆ ∈ U , we consider the following set of parametric second-order perturbations :

ÛX⋆ :=
{
UR : U ∈ Rd×(k−r), ∥U∥F ≤ 1, R ∈ O(k−r)×k,U

⋆R⊤ = 0
}
.

Note that any perturbation ∆U = UR ∈ ÛX⋆ is indeed second-order since:∥∥∥(U ⋆ + γ∆U)(U ⋆ + γ∆U)⊤ −U ⋆U ⋆⊤
∥∥∥
F

= γ2
∥∥UU⊤∥∥

F
≤ γ2.

Evidently, we have ÛX⋆ ⊂ B. Moreover, ÛX⋆ is non-empty since, in light of U = {V ⋆Σ⋆1/2R :

R ∈ Or×k}, there always exists R ∈ O(k−r)×k such that U ⋆R⊤ = 0. Therefore, to prove

our main result, it suffices to find Ū ∈ Bk−r := {U : U ∈ Rd×(k−r), ∥U∥F ≤ 1} such that

the direction defined as ∆U = ŪR ∈ ÛX⋆ achieves the desired decrease in the objective
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function. To this goal, note that, for every ∆U = UR ∈ ÛX⋆ , we have

fℓ1(U
⋆ + γ∆U)− fℓ1(U ⋆) =

1

m

m∑
i=1

∣∣〈Ai, γ
2UU⊤〉− ϵi∣∣− |ϵi|. (2.107)

Therefore, we need to prove the existence of Ū ∈ Bk−r for which the right-hand-side of

Equation (2.107) archives the desired bound. This can be easily done for the symmetric

matrix completion, as shown below.

2.F.3 Proof of Theorem 9

Recall that S is the index set of the noisy measurements, and define S̄ = [m]\S as the set

of clean measurements. Moreover, define St = {i : |ϵi| ≥ t0}. The set St denotes the set of

measurements for which the magnitude of noise exceeds t0.

Lemma 50. Suppose that γ ≤
√

t0
maxi{∥Ai∥F}

. For every U ∈ Bk−r, we have

1

m

m∑
i=1

∣∣〈Ai, γ
2UU⊤〉− ϵi∣∣− |ϵi| ≤ γ2 ·

(
A
(
UU⊤)+B

(
UU⊤)) ,

where

A
(
UU⊤) =

1

m

∑
i∈St

− sign(ϵi)
〈
Ai,UU

⊤〉 , B
(
UU⊤) =

1

m

∑
i ̸∈St

∣∣〈Ai,UU
⊤〉∣∣ .

Proof. We have

1

m

m∑
i=1

∣∣〈Ai, γ
2UU⊤〉− ϵi∣∣− |ϵi|

=
1

m

∑
i∈St

∣∣〈Ai, γ
2UU⊤〉− ϵi∣∣− |ϵi|︸ ︷︷ ︸
E1

+
1

m

∑
i ̸∈St

∣∣〈Ai, γ
2UU⊤〉− ϵi∣∣− |ϵi|︸ ︷︷ ︸
E2

.

To bound E2, we apply triangle inequality, which leads to

1

m

∑
i ̸∈St

∣∣〈Ai, γ
2UU⊤〉− ϵi∣∣− |ϵi| ≤ 1

m

∑
i ̸∈St

∣∣〈Ai, γ
2UU⊤〉∣∣ = γ2·B

(
UU⊤) .

Next, we provide an upper bound for E1. To this goal, we write, for every i ∈ St,∣∣〈Ai, γ
2UU⊤〉− ϵi∣∣− |ϵi| = −γ2 sign(ϵi)

〈
Ai,UU

⊤〉 ,
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where the equality follows from
∣∣〈Ai, γ

2UU⊤〉∣∣ ≤ γ2 ∥Ai∥F
∥∥UU⊤

∥∥
F
≤ maxi{∥Ai∥F}γ2 ≤

t0. This implies that E1 = γ2·A
(
UU⊤), thereby completing the proof. □

We next show that A
(
UU⊤) + B

(
UU⊤) ≤ −Ω(1) for some U ∈ Bk−r. Note that

B
(
UU⊤) ≥ 0 for everyU ∈ Bk−r, so our hope is to show that A

(
UU⊤) can take sufficiently

negative value to dominate B
(
UU⊤). As will be shown in our next lemma, this can be

established with a high probability. In particular, we show that, when the measurement

matrices follow the matrix sensing model, there exists, with high probability, U ∈ Bk−r and

coefficients CA > CB ≥ 0 such that

A
(
UU⊤) ≤ −CA, B

(
UU⊤) ≤ CB, (2.108)

Lemma 51. Define r0 = min{k − r, d/2}. Suppose that the measurement matrices are

i.i.d. standard Gaussian. Conditioned on the noise {ϵi}mi=1 and with probability at least

1− exp(−Ω(dr0)) over the randomness of the measurement matrices, there exists U ∈ Bk−r
such that Equation (2.116) holds with

CA = c

√
dr0|St|
m2

, CB = 1,

for some constant c > 0.

The proof makes extensive use of the concentration bounds for Gaussian processes over

the Grassmanina manifold, as discussed in Section 2.F.1.3. Before presenting the proof of

Lemma 51, we show its application in the proof of Theorem 9.

Proof of Theorem 9. For every U ⋆ ∈ U , there exists U ∈ Bk−r such that

1

m

m∑
i=1

∣∣〈Ai, γ
2UU⊤〉− ϵi∣∣− |ϵi| (a)≤ γ2·

(
A
(
UU⊤)+B

(
UU⊤))

(b)

≤ −(CA − CB)γ2

(c)

≤ −
(
c

√
dr0|St|
m2

− 1

)
γ2

(d)

≤ −
(
c

√
dr0pp0

2m
− 1

)
γ2

≤ − c
2

√
dr0pp0

2m
γ2
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with probability at least 1− exp(−Ω(dr0))− exp(−Ω(pp0m)), provided that

γ2 ≤ t0
maxi{∥Ai∥F}

, and m ≤ c2

8
· pp0dr0.

In the above inequality, (a) follows from Lemma 50, (b) and (c) follow from Lemma 51,

and (d) follows from the concentration of the binomial random variables (Lemma 47), which

implies |St| ≥ pp0m/2, with probability at least 1 − exp(−Ω(pp0m)). On the other hand,

Lemma 45 implies that maxi{∥Ai∥F} ≤
√

2d with probability at least 1−exp(−Ω(d2)). This

implies that
t0

maxi{∥Ai∥F}
≥ t0√

2d
≥ γ2

with probability at least 1−exp(−Ω(d2)), where the last inequality follows from our assumed

upper bound on γ2. For this choice ofU , the direction ∆U = UR ∈ ÛX⋆ achieves the desired

result in light of Equation (2.107), thereby completing the proof. □

Next, we present the proof of Lemma 51.

Proof of Lemma 51. Let C = (1/
√
r0)G(d, r0), where G(d, r0) is the Grassmanian manifold

defined as Equation (2.105) and r0 = min{k − r, d/2}. It is easy to see that if X ∈ C, then

X = UU⊤ for some U ∈ Bk−r. Consider X̄ = arg minX∈C A(X) and let X̄ = ŪŪ⊤. Note

that Ū ∈ Bk−r. We prove the desired inequality is attained at Ū .

Bounding B(X̄): According its definition, x̄ is independent of {Ai}i ̸∈St . Let {Bi}i∈St be

independent copies of the measurement matrices. We have

B(X̄) =
1

m

∑
i ̸∈St

∣∣〈Ai, X̄
〉∣∣ ≤ 1

m

∑
i ̸∈St

|
〈
Ai, X̄

〉
|+ 1

m

∑
i∈St

|
〈
Bi, X̄

〉
| ≤ 1

with probablity at least 1− exp(−Ω(m)), where in the last inequality we invoked Lemma 44

with δ = 1−
√

2
π

and wi = 1.

Bounding A(X̄). Recall that

A(X̄) = inf
X∈C

{
1

m

∑
i∈St

− sign(ϵi) ⟨Ai,X⟩
}
.

Note that, unlike B(X̄), the choice of X̄ depends on the measurement matrices involved

in A(X̄). To control this dependency, consider Ã = |St|−1/2
∑

i∈St
sign(ϵi)Ai. Invoking
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Lemma 43 with ωi = sign(ϵi), we know that Ã is a standard Gaussian matrix and hence

A(X̄) =

√
|St|
m

inf
X∈C

〈
−Ã,X

〉
= −

√
|St|
m

sup
X∈C

〈
Ã,X

〉
= −

√
|St|
m

1√
r0

sup
X∈G(d,r0)

〈
Ã,X

〉
≤ −c

√
dr0|St|
m2

,

with probability at least 1− exp−Ω(dr0), where the last inequality follows from Lemma 38.

This completes the proof of this lemma. □

2.F.4 Matching Lower Bounds

In this section, we present the proof of Theorem 10. We start with the proof of the second

statement of Theorem 10. In particular, we show that if m ≳ dk/(1−2p)4, the true solutions

coincide with the global optima. Our proof is nearly the same as the one of [Ding et al.,

2021, Theorem 2.3]. We include here for completeness.

It suffices to show that for any U ̸∈ U and U ⋆ ∈ U , we have fℓ1(U) − fℓ1(U ⋆) > 0. To

this end, let ∆X = UU⊤ −U ⋆U ⋆⊤. Then, one can write

fℓ1(U)− fℓ1(U ⋆) ≥ 1

m

∑
i∈S̄

|⟨Ai,∆X⟩|+
1

m

∑
i∈S

|⟨Ai,∆X⟩ − ϵi| − |ϵi|

≥ 1

m

∑
i∈S̄

|⟨Ai,∆X⟩| −
1

m

∑
i∈S

|⟨Ai,∆X⟩|︸ ︷︷ ︸
F

where the second inequality follows from the triangle inequality. We will show that if the

corruption probability p is strictly less than half, then F > 0 with high probability. To

this goal, we use an important property of Gaussian measurements, called ℓ1/ℓ2-restricted

isometry property (ℓ1/ℓ2-RIP), which is provided in the following lemma.

Lemma 52 (ℓ1/ℓ2-RIP [Li et al., 2020b, Charisopoulos, Chen, Davis, Dı́az, Ding, and

Drusvyatskiy, 2021]). Suppose that the measurement matrices are i.i.d. standard Gaus-

sian. For all rank-2r′ matrices X ∈ Rd×d and any δ > 01, we have with probability at

1The original statement only covers the case 0 < δ <
√

2/π. However, the proof appeared in [Li et al.,

2020b] indeed works for δ ≥
√
2/π.
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least 1− exp(−Ω(mδ2)):(√
2

π
− δ
)
∥X∥F ≤

1

m

m∑
i=1

|⟨Ai,X⟩| ≤
(√

2

π
+ δ

)
∥X∥F ,

provided that m ≥ cdr′/δ2 for some constant c > 0.

Equipped with the above lemma, we are ready to present the proof of the second statement

of Theorem 10.

Proof of the second statement of Theorem 10. Our goal is to show that, if the measurement

matrices follow the matrix sensing model, then with an overwhelming probability, we have

F ≳ ∥∆X∥F. This in turn implies that if ∆X ̸= 0 (or equivalently U ̸∈ U), then fℓ1(U)−
fℓ1(U

⋆) > 0. Notice that rank(∆X) ≤ k + r. Let Sd×dk+r = {X : X ∈ Rd×d, rank(X) ≤
k + r, ∥X∥F = 1}. It is easy to see that a sufficient condition for F ≳ ∥∆X∥F is to have

min
∆X∈Sd×d

k+r

{ 1

m

∑
i∈S̄

|⟨Ai,∆X⟩| −
1

m

∑
i∈S

|⟨Ai,∆X⟩|
}
≳ 1.

To prove the above inequality, we write

min
∆X∈Sd×d

k+r

{
1

m

∑
i∈S̄

|⟨Ai,∆X⟩| −
1

m

∑
i∈S

|⟨Ai,∆X⟩|
}
≥ min

∆X∈Sd×d
k+r

{
1

m

∑
i∈S̄

|⟨Ai,∆X⟩|
}

︸ ︷︷ ︸
F1

− max
∆X∈Sd×d

k+r

{
1

m

∑
i∈S

|⟨Ai,∆X⟩|
}

︸ ︷︷ ︸
F2

.

We next show that F1 − F2 > 0. To this goal, we provide separate lower and upper bounds

for F1 and F2. Conditioned on |S̄|, ℓ1/ℓ2-RIP (Lemma 52) with δ =
√

cd(k+r)

|S̄| can be invoked

to show that

F1 =
|S̄|
m

min
∆X∈Sd×d

k+r

{
1

|S̄|
∑
i∈S̄

|⟨Ai,∆X⟩|
}
≥ |S̄|

m

(√
2

π
−
√
cd(k + r)

|S̄|

)

with probability at least 1− exp(−Ω(d(k + r))). With the same probability, we have

F2 =
|S|
m

max
∆X∈Sd×d

k+r

{
1

|S|
∑
i∈S

|⟨Ai,∆X⟩|
}
≤ |S|

m

(√
2

π
+

√
cd(k + r)

|S|

)
.
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Combining these two inequalities, we have

F1 − F2 ≥
√

2

π

( |S̄| − |S|
m

)
−
(√
|S̄|
m

+

√
|S|
m

)√
cd(k + r)

m

≥
√

2

π

(
m− 2|S|

m

)
− 2

√
2cdk

m
(2.109)

with probability at least 1− exp(−Ω(d(k+ r))). On the other hand, since |S| has a binomial

distribution with parameters (m, p) and 0 ≤ p < 1/2, Lemma 48 can be invoked to show that
m−2|S|
m
≥ min

{
1
4
, (1− 2p)2

}
with probability at least 1− exp(−Ω((1− 2p)2m)). Combining

this inequality with Equation (2.109), we have

F1 − F2 ≥
√

2

π
min

{
1

4
, (1− 2p)2

}
− 2

√
2cdk

m
≥
(√

2

π
− 1

)
min

{
1

4
, (1− 2p)2

}
> 0,

with probability at least 1− exp(−Ω(d(k + r)))− exp(−Ω((1− 2p)2m) = 1− exp(−Ω(dk))

assuming that m ≥ 512cdk
(1−2p)4

. This completes the proof. □

Our next goal is to provide the proof of the first statement of Theorem 10. We first

note that in this case, m ≳ dr
(1−2p)4

. Therefore, the sample size is not sufficiently large for

ℓ1/ℓ2-RIP to control the deviation of the loss uniformly over the perturbation set Sd×dk+r . To

circumvent this issue, we further decompose ∆X into two parts. Consider U = U ⋆ + γ∆U

for some ∥∆U∥F ≤ 1. Therefore, we have

∆X = UU⊤ −U ⋆U ⋆⊤ = γ·U ⋆∆U⊤ + ∆UU ⋆⊤︸ ︷︷ ︸
∆X1

+γ2·∆U∆U⊤︸ ︷︷ ︸
∆X2

.

We have rank(∆X1) ≤ 2r. As a result, the effect of ∆X1 can be controlled via ℓ1/ℓ2-RIP

with m ≳ dr
(1−2p)4

. On the other hand, rank(∆X2) may be as large as k, but its magnitude is

much smaller than ∆X1 since it is controlled by the second-order term γ. With this insight,

we present the proof of the first statement of Theorem 10.

107



Proof of first statement of Theorem 10. We have

fℓ1(U
⋆+γ∆U)− fℓ1(U ⋆)

=
1

m

∑
i∈S̄

∣∣〈Ai, γ∆X1 + γ2∆X2

〉∣∣+
1

m

∑
i∈S

(
|
〈
Ai, γ∆X1 + γ2∆X2

〉
+ ϵi| − |ϵi|

)
≥ 1

m

∑
i∈S̄

∣∣〈Ai, γ∆X1 + γ2∆X2

〉∣∣− 1

m

∑
i∈S

|
〈
Ai, γ∆X1 + γ2∆X2

〉
|

≥ γ

(
1

m

∑
i∈S̄

|⟨Ai,∆X1⟩| −
1

m

∑
i∈S

| ⟨Ai,∆X1⟩ |
)
− γ2

m

m∑
i=1

| ⟨Ai,∆X2⟩ |,

where the first and second inequalities follow from triangle inequality. Note that

rank(∆X1) ≤ 2r. Similarly, we have rank(∆X2) ≤ k and ∥∆X2∥F ≤ 1. Therefore, we

have

min
∆U∈B

{fℓ1(U ⋆+γ∆U)− fℓ1(U ⋆)}

≥ γ · min
rank(∆X1)≤2r

{
1

m

∑
i∈S̄

|⟨Ai,∆X1⟩| −
1

m

∑
i∈S

| ⟨Ai,∆X1⟩ |
}

︸ ︷︷ ︸
:=G1

− γ2 max
∆X2∈Sd×d

k

{
1

m

m∑
i=1

|⟨Ai,∆X2⟩|
}

︸ ︷︷ ︸
:=G2

,

Similar to the proof of the second argument, one can show that that G1 > 0 with probability

at least 1− exp(−Ω(dr)). On the other hand, applying ℓ1/ℓ2-RIP to G2 with δ =
√

cdk
m

, we

have

G2 ≲

√
2

π
+

√
dk

m
,

with probability at least 1− exp(−Ω(dk)). Combining the above inequalities leads to

min
U⋆∈U

min
∆U∈B

{fℓ1(U ⋆+γ∆U )− fℓ1(U ⋆)} ≥ γG1 − γ2G2 ≳ −
(√

2

π
+

√
dk

m

)
γ2,

with probability at least 1− exp(−Ω(dr)). This completes the proof. □

2.F.5 Strict Saddle Nature

We finally provide the proof of Corollary 4 by combining Theorems 9 and 10.

Proof of Corollary 4. First, we prove that all true solutions become critical points with high
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probability, provided that m ≳ dr. In light of Lemma 30, it suffices to show that, with high

probability, f ′
ℓ1

(U ⋆,∆U) ≥ 0 for every U ⋆ ∈ U and every direction ∥∆U∥F = 1. According

to the definition of the directional derivative, we need to show that

lim
γ→0+

fℓ1(U
⋆ + γ∆U)− fℓ1(U ⋆)

γ
≥ 0, ∀U ⋆ ∈ U ,∀∆U : ∥∆U∥F = 1. (2.110)

The above inequality is readily implied by the first statement of Theorem 10, provided that

m ≳ dr
(1−2p)2

≍ dr. On the other hand, when m ≲ pp0d(k − r) ≍ dk, Theorem 9 can be

invoked to show that, for every U ⋆ ∈ U , there exists a direction ∥∆U∥F = 1, and scalars

c > 0 and γ̄ > 0 such that, for every 0 ≤ γ ≤ γ̄, we have

fℓ1(U
⋆ + γ∆U )− fℓ1(U ⋆) ≤ −cγ2. (2.111)

By combining the above two statements, we conclude that, when dr ≲ m ≲ dk, all true solu-

tions U ⋆ ∈ U become critical and satisfy the definition of strict saddle points (Definition 9),

with a probability stated in Corollary 4. This completes the proof. □

2.G Omitted Proofs

2.G.1 Proof of Lemma 19

To prove this lemma, we use the one-step discretization technique. First note that, for any

X ∈ Sk,ϵ, there exists a matrix in X ′ ∈ Sk such that ∥X −X ′∥F ≤ ϵ. Suppose that Nk,ξ
is a ξ-net of Sk where ξ ≥ ϵ. Based on the definition of ξ-net, there exists X ′′ ∈ Nk,ξ such

that ∥X ′ −X ′′∥F ≤ ξ. This implies that ∥X −X ′′∥F ≤ ∥X −X ′∥F + ∥X ′ −X ′′∥F ≤ 2ξ,

and hence, Nk,ξ is a 2ξ-net of Sk,ϵ. Given this fact, one can write the following chain of

inequalities for every Y ∈ S:

E [GY ] ≤ E

[
sup

X′∈Nk,ξ

1

m

m∑
i=1

sign (⟨Ai,X
′⟩ − si) ⟨Ai,Y ⟩ − φ(X ′)

〈
X ′

∥X ′∥F
,Y

〉]
︸ ︷︷ ︸

(A)

+ E

[
sup

∥X−X′∥F≤2ξ

1

m

m∑
i=1

(sign (⟨Ai,X⟩ − si)− sign (⟨Ai,X
′⟩ − si)) ⟨Ai,Y ⟩

]
︸ ︷︷ ︸

(B)

+ sup
∥X−X′∥F≤2ξ

〈
φ(X)

X

∥X∥F
− φ(X ′)

X ′

∥X ′∥F
,Y

〉
︸ ︷︷ ︸

(C)

.

(2.112)
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We control each term in the above inequality separately.

Bounding (A). To control (A), note that 1
m

∑m
i=1 sign (⟨Ai,X

′⟩ − si) ⟨Ai,Y ⟩ −
φ(X ′)

〈
X′

∥X′∥F
,Y
〉

is O (1/m)-sub-Gaussian and (A) is the supremum of the sub-Gaussian

random variable over a finite set Nk,ξ. Hence, the Maximum Inequality implies that

(A) ≲

√
dk

m
log

(
R

ξ

)
. (2.113)

Bounding (B). Invoking Hölder’s inequality, one can write

(B) ≤E
[

sup
∥X−X′∥F≤2ξ

(
1

m

m∑
i=1

|sign (⟨Ai,X⟩ − si)− sign (⟨Ai,X
′⟩ − si)|

)
max
1≤i≤m

| ⟨Ai,Y ⟩ |
]
.

Note that if | ⟨Ai,X −X ′⟩ | ≤ | ⟨Ai,X
′⟩ |−λsi, then sign(⟨Ai,X

′⟩−λsi) = sign(⟨Ai,X⟩−
λsi). Therefore, the above term can be further bounded by

(B)

≤E
[

sup
∥X−X′∥F≤2ξ

(
1

m

m∑
i=1

1 (| ⟨Ai,X −X ′⟩ | ≥ | ⟨Ai,X
′⟩ − si|)

)
max
1≤i≤m

| ⟨Ai,Y ⟩ |
]

≤E
[

sup
∥X−X′∥F≤2ξ

(
1

m

m∑
i=1

1 (| ⟨Ai,X −X ′⟩ | ≥ t) + 1 (| ⟨Ai,X
′⟩ − si| ≤ t)

)
max
1≤i≤m

| ⟨Ai,Y ⟩ |
]

≤E

[
sup

∥X−X′∥F≤2ξ

(
1

m

m∑
i=1

1 (| ⟨Ai,X −X ′⟩ | ≥ t)

)
max
1≤i≤m

| ⟨Ai,Y ⟩ |
]

︸ ︷︷ ︸
(B1)

+ E

[
sup

X′∈Nk,ξ

(
1

m

m∑
i=1

1 (| ⟨Ai,X
′⟩ − si| ≤ t)

)
max
1≤i≤m

| ⟨Ai,Y ⟩ |
]

︸ ︷︷ ︸
(B2)

.

(2.114)
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For (B1), we have

(B1) ≤ E

[(
1

m

m∑
i=1

1

(
∥Ai∥F ≥

t

2ξ

))
max
1≤i≤m

| ⟨Ai,Y ⟩ |
]

≤ E
[
1

(
∥Ai∥F ≥

t

2ξ

)]
E
[
max
j ̸=i
| ⟨Aj,Y ⟩ |

]
+ E

[
1

(
∥Ai∥F ≥

t

2ξ

)
| ⟨Ai,Y ⟩ |

]
≤ O

(
e
−C t2

ξ2
√

log (m)

)
+ E

[
1

(
∥Ai∥F ≥

t

2ξ

)
| ⟨Ai,Y ⟩ |

]
,

where C > 0 is a universal constant and t/ξ ≥
√
d. Furthermore, applying Cauchy-Schwarz

inequality, we have

E
[
1

(
∥Ai∥F ≥

t

2ξ

)
| ⟨Ai,Y ⟩ |

]
≤
√

P (2ξ ∥Ai∥F ≥ t)
√
E
[
⟨Ai,Y ⟩2

]
≲ e

−C t2

ξ2 .

Hence, we conclude that (B1) ≲ e
−C t2

ξ2
√

log (m).

Now we turn to bound (B2). Since
(

1
m

∑m
i=1 1 (| ⟨Ai,X

′⟩ − si| ≤ t)
)

max1≤i≤m | ⟨Ai,Y ⟩ |
is O (log(m)/m)-sub-Gaussian, and Nk,ξ is a finite set, the Maximum Inequality yields

(B2) ≤ sup
X′∈Nk,ξ

E

[(
1

m

m∑
i=1

1 (| ⟨Ai,X
′⟩ − si| ≤ t)

)
max
1≤i≤m

| ⟨Ai,Y ⟩ |
]

+O
(√

dk log(m) log (R/ξ)

m

)
.

(2.115)

For the first part, one can write

E

[(
1

m

m∑
i=1

1 (| ⟨Ai,X
′⟩ − si| ≤ t)

)
max
1≤i≤m

| ⟨Ai,Y ⟩ |
]

≤E [1 (| ⟨Ai,X
′⟩ − si| ≤ t)]E

[
max
j ̸=i
| ⟨Ai,Y ⟩ |

]
+ E [1 (| ⟨Ai,X

′⟩ − si| ≤ t) | ⟨Ai,Y ⟩ |]

≤
√

log(m)
t

ζ
.

Therefore, we conclude that (B) ≲
√

log(m) t
ζ

+ e
−C t2

ξ2
√

log (m) +
√

dk log(m) log(R/ξ)
m

. Finally,

it remains to bound (C) in equation 2.112.
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Bounding (C). We have

(C) = sup
∥X−X′∥F≤2ξ

{
(φ(X)− φ(X ′))

〈
X

∥X∥F
,Y

〉
+ φ(X ′)

〈
X

∥X∥F
− X ′

∥X ′∥F
,Y

〉}
≤ sup

∥X−X′∥F≤2ξ

{φ(X)− φ(X ′)}+ sup
∥X−X′∥F≤2ξ

∥∥∥∥ X

∥X∥F
− X ′

∥X ′∥F

∥∥∥∥
F

.

For the first part, we use the mean value theorem to write

|φ(X ′)− φ(X)| ≤ ∥∇φ(Z)∥F ∥X ′ −X∥F ≤ 2 ∥∇φ(Z)∥F ξ,

where Z = λX + (1 − λ)X ′, λ ∈ [0, 1]. Note that ∇φ(Z) =
√

2
π
pE
[
s2Z
∥Z∥4F

e
− s2

2∥Z∥2
F

]
. Hence,

we have

sup
∥Z∥F≥ζ

∥∇φ(Z)∥F ≲ sup
∥Z∥F≥ζ

E

[
s2

∥Z∥3F
e
− s2

2∥Z∥2
F

]

≤ 1

ζ
sup

∥Z∥F≥ζ
E

[
s2

∥Z∥2F
e
− s2

2∥Z∥2
F

]
≲

1

ζ
.

For the second part, we have

sup
∥X−X′∥F≤2ξ

∥∥∥∥ X

∥X∥F
− X ′

∥X ′∥F

∥∥∥∥
F

≤ sup
∥X−X′∥F≤2ξ

∥∥∥∥X −X ′

∥X∥F

∥∥∥∥
F

+

∥∥∥∥X (∥X ′∥F − ∥X∥F)

∥X∥F ∥X ′∥F

∥∥∥∥
F

≤ 4ξ

ζ
.

Therefore, we conclude that (C) ≲ ξ
ζ
.

Combining the derived upper bounds for (A), (B), and (C), we have

E[GY ] ≤(A) + (B) + (C)

≲

√
dk

m
log

(
R

ξ

)
+
√

log(m)
t

ζ
+ e

−C t2

ξ2
√

log (m)

+

√
dk log(m) log (R/ξ)

m
+
ξ

ζ
,

(2.116)

provided that ξ ≥ ϵ and t/ξ ≥
√
d. Let ξ ≍ ζ

√
k/m and t ≍ ζ

√
dk log (m) /m. Clearly,
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these choices of parameters satisfy t/ξ ≥
√
d. Moreover, ξ ≍ ζ

√
k/m together with the

assumption ϵ ≲ ζ
√
k/m implies that ϵ ≤ ξ. Finally, plugging these values in equation 2.116

leads to

E[GY ] ≲

√
dk

m
log2(m) log

(
R

ζ

)
,

for every Y ∈ S. This in turn implies

sup
Y ∈Sk

E[GY ] ≤ sup
Y ∈S

E[GY ] ≲

√
dk

m
log2(m) log

(
R

ζ

)
,

which completes the proof. □

2.G.2 Proof of Lemma 23

To prove 0.5 ≤
∥∥∥∥StS⊤

t

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥ ≤ 2, it suffices to show that 0.5 ≤

λmin

(
S̃t+1S̃

⊤
t+1

(
StS

⊤
t

)−1
)
≤
∥∥∥S̃t+1S̃

⊤
t+1

(
StS

⊤
t

)−1
∥∥∥ ≤ 2. For brevity, we only show

0.5 ≤ λmin

(
S̃t+1S̃

⊤
t+1

(
StS

⊤
t

)−1
)

, as the other part of the inequality can be proven in a

similar fashion. One can write

S̃t+1S̃
⊤
t+1 = StS

⊤
t − η̄tStS⊤

t

(
StS

⊤
t −Σ

)
− η̄t

(
StS

⊤
t −Σ

)
StS

⊤
t − 2η̄tStEtE

⊤
t S

⊤
t

+ η̄2t
(
StS

⊤
t −Σ

)
StS

⊤
t

(
StS

⊤
t −Σ

)
+ η̄2tStE

⊤
t EtE

⊤
t EtS

⊤
t

+ η̄2t
(
StS

⊤
t −Σ

)
StEtE

⊤
t S

⊤
t + η̄2tStEtE

⊤
t S

⊤
t

(
StS

⊤
t −Σ

)
.

(2.117)

Note that the eigenvalues of S̃t+1S̃
⊤
t+1

(
StS

⊤
t

)−1
are real and nonnegative, due to its similarity

to
(
StS

⊤
t

)−1/2
S̃t+1S̃

⊤
t+1

(
StS

⊤
t

)−1/2
. One the other hand, one can write

S̃t+1S̃
⊤
t+1

(
StS

⊤
t

)−1

=I + η̄tΣ + η̄tStS
⊤
t Σ

(
StS

⊤
t

)−1 − 2η̄tStS
⊤
t − 2η̄tStEtE

⊤
t S

⊤
t

(
StS

⊤
t

)−1

+ η̄2t
(
StS

⊤
t −Σ

)
StS

⊤
t

(
StS

⊤
t −Σ

) (
StS

⊤
t

)−1
+ η̄2tStE

⊤
t EtE

⊤
t EtS

⊤
t

(
StS

⊤
t

)−1

+ η̄2t
(
StS

⊤
t −Σ

)
StEtE

⊤
t S

⊤
t

(
StS

⊤
t

)−1
+ η̄2tStEtE

⊤
t S

⊤
t

(
StS

⊤
t −Σ

) (
StS

⊤
t

)−1
.

We will show that every term in the above decomposition, except for the first term, is in the
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order of O(η̄tσ1). First, note that

∥η̄tΣ∥ =
∥∥∥η̄tStS⊤

t Σ
(
StS

⊤
t

)−1
∥∥∥ = O(η̄tσ1).

Similarly, we have ∥∥∥2η̄tStS
⊤
t + 2η̄tStEtE

⊤
t S

⊤
t

(
StS

⊤
t

)−1
∥∥∥

≤ 2η̄t
∥∥StS⊤

t

∥∥+ 2η̄t

∥∥∥StEtE
⊤
t S

⊤
t

(
StS

⊤
t

)−1
∥∥∥

= 2η̄t
∥∥StS⊤

t

∥∥+ 2η̄t
∥∥EtE

⊤
t

∥∥∥∥∥S⊤
t

(
StS

⊤
t

)−1
St

∥∥∥
≤ 2η̄t

∥∥StS⊤
t

∥∥+ 2η̄t
∥∥EtE

⊤
t

∥∥
= O(η̄tσ1).

It is easy to see that all the remaining terms are in the order of O(η̄tσ1); we omit their proofs

for brevity. Combining the above bounds, we obtain

λmin

(
S̃t+1S̃

⊤
t+1

(
StS

⊤
t

)−1
)

= 1−O(η̄tσ1) ≥ 1/2,

where the last inequality is due to our choice of η̄t. This in turn implies that∥∥∥∥StS⊤
t

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥ ≤ 2. Similarly, we can show that

∥∥∥StS⊤
t

(
St+1S

⊤
t+1

)−1
∥∥∥ ≤ 3, by

proving λmin

(
St+1S

⊤
t+1(StS

⊤
t )−1

)
≥ 1/3. This can be shown in an analogous fashion, after

noting that

St+1S
⊤
t+1 = S̃t+1S̃

⊤
t+1 + V ⊤RtUtS̃

⊤
t+1 + S̃t+1U

⊤
t R

⊤
t V + V ⊤RtUtU

⊤
t R

⊤
t V︸ ︷︷ ︸

perturbation

.

Similar to the proof of Proposition 6, it can be shown that the norm of the perturbation term

is upper bounded by 4η̄tδ ∥∆t∥F ≤ 1/6, due to our choice of δ and η, and our assumptions

on
∥∥EtE

⊤
t

∥∥ and
∥∥StS⊤

t

∥∥.

Finally, we prove the second statement by providing an upper bound for∥∥∥∥Ẽt+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥. Due to the first part of the lemma, one can write

∥∥∥∥Ẽt+1S̃
⊤
t+1

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥ ≤ ∥∥∥Ẽt+1S̃

⊤
t+1

(
StS

⊤
t

)−1
∥∥∥∥∥∥∥StS⊤

t

(
S̃t+1S̃

⊤
t+1

)−1
∥∥∥∥

≤ 2
∥∥∥Ẽt+1S̃

⊤
t+1

(
StS

⊤
t

)−1
∥∥∥ .
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On the other hand, we have

Ẽt+1S̃
⊤
t+1 = EtS

⊤
t + η̄tEtS

⊤
t (Σ− StS⊤

t )− η̄tEt(S
⊤
t St +E⊤

t Et)S
⊤
t

+ η̄2tEt(S
⊤
t St +E⊤

t Et)S
⊤
t

(
StS

⊤
t −Σ

)
− η̄tEtE

⊤
t EtS

⊤
t + η̄2tEt

(
S⊤
t St +E⊤

t Et

)
E⊤
t EtS

⊤
t .

Let us define Ht = EtS
⊤
t

(
StS

⊤
t

)−1
. Based on this definition, one can verify that

Ẽt+1S̃
⊤
t+1

(
StS

⊤
t

)−1

=Ht + η̄tHtStS
⊤
t (Σ− StS⊤

t )
(
StS

⊤
t

)−1 − η̄tHtStS
⊤
t − 2η̄tEtE

⊤
t Ht

+ η̄2tHt

(
StS

⊤
t

)2 (
StS

⊤
t −Σ

) (
StS

⊤
t

)−1
+ η̄2tEt

(
S⊤
t St +E⊤

t Et

)
E⊤
t Ht

+ η̄2tEtE
⊤
t HtStS

⊤
t

(
StS

⊤
t −Σ

) (
StS

⊤
t

)−1
.

Now, note that∥∥∥η̄tHtStS
⊤
t (Σ− StS⊤

t )
(
StS

⊤
t

)−1
∥∥∥ ≤ η̄t ∥Ht∥

∥∥Σ− StS⊤
t

∥∥
≲ η̄tσ1 ∥Ht∥ ≤

1

12
∥Ht∥ .

Similarly, we have
∥∥η̄tHtStS

⊤
t

∥∥ ≤ 1
12
∥Ht∥ and

∥∥η̄tEtE
⊤
t Ht

∥∥ ≤ 1
12
∥Ht∥. Moreover, we have∥∥∥η̄2tHt

(
StS

⊤
t

)2 (
StS

⊤
t −Σ

) (
StS

⊤
t

)−1
∥∥∥ ≤ η̄2t ∥Ht∥

∥∥StS⊤
t

∥∥∥∥StS⊤
t −Σ

∥∥
≲ (η̄tσ1)

2 ∥Ht∥ ≤
1

12
∥Ht∥ .

In a similar fashion, it can be shown that
∥∥η̄2tEt

(
S⊤
t St +E⊤

t Et

)
E⊤
t Ht

∥∥ ≤ 1
12
∥Ht∥

and
∥∥∥η̄2tEtE

⊤
t HtStS

⊤
t

(
StS

⊤
t −Σ

) (
StS

⊤
t

)−1
∥∥∥ ≤ 1

12
∥Ht∥. Combining the derived bounds

completes the proof. □

2.G.3 Proof of Lemma 24

To prove this lemma, we show that

St+1Nt = (I + Ξ)StNt (2.118)

for some matrix Ξ with ∥Ξ∥ < 1. Before proceeding, we show that the above inequality is

enough to prove the invertibility of St+1Nt. First, note that StNt = MtDt. Therefore, the

matrix MtDt is invertible due to the assumption StS
⊤
t ≻ 0. On the other hand, ∥Ξ∥ < 1
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implies that I + Ξ is invertible, thereby completing the proof. To verify equation 2.118, it

suffices to show that Ξ = St+1Nt (StNt)
−1 − I has norm less than one. To this goal, we

write

Ξ =St+1Nt (StNt)
−1 − I

=V ⊤ (Ut − η̄t
(
UtU

⊤
t −X⋆

)
Ut +RtUt

)
Nt

(
V ⊤UtNt

)−1 −
(
V ⊤UtNt

) (
V ⊤UtNt

)−1

=V ⊤ (−η̄t (UtU
⊤
t −X⋆

)
+Rt

)
UtNt

(
V ⊤UtNt

)−1

(a)
=V ⊤ (−η̄t (UtU

⊤
t −X⋆

)
+Rt

)
UtS

⊤
t

(
StS

⊤
t

)−1

=V ⊤ (−η̄t (UtU
⊤
t −X⋆

)
+Rt

)
V + V ⊤ (−η̄t (UtU

⊤
t −X⋆

)
+Rt

)
V⊥Ht,

where Ht is defined as EtS
⊤
t

(
StS

⊤
t

)−1
. Moreover, in (a), we used the following chain of

equalities

Nt

(
V ⊤UtNt

)−1
= Nt (StNt)

−1 = NtD
−1
t M⊤

t = NtDtM
⊤
t MtD

−2
t M⊤

t = S⊤
t

(
StS

⊤
t

)−1

Therefore, we have

∥Ξ∥ ≤
∥∥−η̄t (UtU

⊤
t −X⋆

)
+Rt

∥∥ (1 + ∥Ht∥)
≤ 2η̄t ∥∆t∥+ 6η̄tδ ∥∆t∥F ≤ 3η̄t ∥∆t∥ ≤ 1/2.

(2.119)

Here we used Lemma 26, ∥∆t∥ ≲ σ1, ∥Rt∥ ≤ 3η̄tδ ∥∆t∥F, ∥Ht∥ ≤ 1/3, and our assumption

on η. This completes the proof. □

2.G.4 Proof of Lemma 27

First, note that

Es+1S
⊤
s+1 = EsS

⊤
s + η̄tEsS

⊤
s (Σ− SsS⊤

s )− η̄tEs(S
⊤
s Ss +E⊤

s Es)S
⊤
s

− η̄tEsE
⊤
s EsS

⊤
s + η̄2tEs(S

⊤
s Ss +E⊤

s Es)S
⊤
s

(
SsS

⊤
s −Σ

)
+ η̄2tEs

(
S⊤
s Ss +E⊤

s Es

)
E⊤
s EsS

⊤
s + V ⊤

⊥ RsUsS
⊤
s+1

+Es+1U
⊤
s R

⊤
s V + V ⊤

⊥ RsUsU
⊤
s R

⊤
s V .

(2.120)
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On the other hand, one can write

Ss+1S
⊤
s+1 = SsS

⊤
s + η̄tSsS

⊤
s

(
Σ− SsS⊤

s

)
+ η̄t

(
Σ− SsS⊤

s

)
SsS

⊤
s − 2η̄tSsE

⊤
s EsS

⊤
s

+ η̄2t
(
Σ− SsS⊤

s

)
SsS

⊤
s

(
Σ− SsS⊤

s

)
+ η̄2tSsE

⊤
s EsE

⊤
s EsS

⊤
s

− η̄2t
(
Σ− SsS⊤

s

)
SsE

⊤
s EsS

⊤
s − η̄2tSsE⊤

s EsS
⊤
s

(
Σ− SsS⊤

s

)
+ V ⊤RsUsS

⊤
s+1 + Ss+1U

⊤
s R

⊤
s V + V ⊤RsUsU

⊤
s R

⊤
s V .

(2.121)

Pre-multiplying equation 2.121 with Hs leads to a relationship between Ss+1S
⊤
s+1 and

Es+1S
⊤
s+1:

Es+1S
T
s+1 = HsSs+1S

⊤
s+1 + T

=⇒Hs+1 = Hs + T (Ss+1Ss+1)
−1,

where simple algebra reveals that

T = −Hs

(
η̄tΣSsS

⊤
s − 2η̄tSsE

⊤
s EsS

⊤
s + η̄2tΣSsS

⊤
s

(
Σ− SsS⊤

s

)
+η̄2tSsE

⊤
s EsE

⊤
s EsS

⊤
s − η̄2tΣSsE⊤

s EsS
⊤
s − η̄2tSsE⊤

s EsS
⊤
s

(
Σ− SsS⊤

s

))
− 2η̄tEsE

⊤
s EsS

⊤
s + η̄2tEsE

⊤
s EsS

⊤
s

(
SsS

⊤
s −Σ

)
+ η̄2tEsE

⊤
s EsE

⊤
s EsS

⊤
s

+ V ⊤
⊥ RsUsS

⊤
s+1 +Es+1U

⊤
s R

⊤
s V + V ⊤

⊥ RsUsU
⊤
s R

⊤
s V

−Hs

(
V ⊤RsUsS

⊤
s+1 + Ss+1U

⊤
s R

⊤
s V + V ⊤RsUsU

⊤
s R

⊤
s V
)
.

For simplicity, we define D = SsS
⊤
s

(
Ss+1S

⊤
s+1

)−1
in the sequel. Based on the definition of

T , one can write

Hs + T (Ss+1Ss+1)
−1 = HsAs +Bs +Cs, (2.122)

where the matrices As, Bs, and Cs are defined as

As =I − η̄tΣD − η̄2tΣ
(
SsS

⊤
s

)
Σ
(
SsS

⊤
s

)−1
D + η̄2tΣSsS

⊤
s D,

Bs = − 2η̄tSsE
⊤
s HsD − η̄2tSsE⊤

s EsE
⊤
s HsD

− η̄2tΣSsE⊤
s HsD − η̄2tSsE⊤

s EsS
⊤
s Σ

(
SsS

⊤
s

)−1
D − η̄2tSsE⊤

s EsS
⊤
s D

−
(
V ⊤RsUsS

⊤
s+1 + Ss+1U

⊤
s R

⊤
s V + V ⊤RsUsU

⊤
s R

⊤
s V
) (
Ss+1S

⊤
s+1

)−1
,

Cs =− 2η̄tEsE
⊤
s HsD + η̄2tEsE

⊤
s HsSsS

⊤
s

(
SsS

⊤
s −Σ

) (
Ss+1S

⊤
s+1

)−1

+
(
V ⊤

⊥ RsUsS
⊤
s+1 +Es+1U

⊤
s R

⊤
s V + V ⊤

⊥ RsUsU
⊤
s R

⊤
s V
) (
Ss+1S

⊤
s+1

)−1

+ η̄2tEsE
⊤
s EsE

⊤
s HsD.
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To provide an upper bound on ∥As∥, we define P =
(
I + η̄tSsS

⊤
s Σ

(
SsS

⊤
s

)−1 − η̄tSsS⊤
s

)
D

and Q = I + η̄tSsS
⊤
s Σ

(
SsS

⊤
s

)−1 − η̄tSsS⊤
s . We have

∥As∥2 = ∥I − η̄tΣP ∥2 = λmax

(
(I − η̄tPΣ)⊤ (I − η̄tΣP )

)
≤ 1 + λmax

(
−η̄tΣP − η̄tP⊤Σ + η̄2tP

⊤Σ2P
)

= 1− η̄tλmin

(
ΣP + P⊤Σ− η̄tP⊤Σ2P

)
≤ 1− η̄tλmin

(
ΣP + P⊤Σ− P⊤ΣP

)
,

where we used the fact that η ≲ 1
σ1

in the last inequality. Now it suffices to provide a lower

bound for λmin

(
ΣP + P⊤Σ− P⊤ΣP

)
. To this goal, we use the following intermediate

lemma.

Lemma 53 (Theorem 4.1. in Eisenstat and Ipsen [1998]). Given a diagonal matrix Λ ∈ Rd×d

and its perturbed variant Λ′ = ΛR for some R ∈ Rd×d, we have

min
k
|λi(Λ′)− λk(Λ)| ≤ |λi(Λ′)|

∥∥I −R−1
∥∥ .

for every i = 1, 2, · · · , d.

To apply this lemma, we choose Λ = Σ and R = P + Σ−1P⊤Σ − Σ−1P⊤ΣP , which

leads to the equality ΣP +P⊤Σ−P⊤ΣP = ΣR. Given this definition and Lemma 53, we

have

σr
1 + ∥I −R−1∥ ≤ λmin(ΣR). (2.123)

Now, we provide an upper bound for ∥I −R−1∥. First note that ∥I −R−1∥ ≤
∥I −R∥ ∥R−1∥. On the other hand

∥I −R∥ =
∥∥Σ−1

(
P⊤ − I

)
Σ (I − P )

∥∥ ≤ ∥I − P ∥2 ≤ (∥I −D∥+ ∥(I −Q)D∥)2 .

Using a similar approach to the proof of Lemma 23, we have

∥I −D∥ =
∥∥∥(St+1S

⊤
t+1 − StS⊤

t

) (
St+1S

⊤
t+1

)−1
∥∥∥ ≤ 0.1.
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On the other hand, one can write

∥(I −Q)D∥ ≤ ∥I −Q∥ ∥D∥
(a)

≤ 3 ∥I −Q∥
= η̄t

∥∥∥StS⊤
t

(
Σ− StS⊤

t

) (
StS

⊤
t

)−1
∥∥∥

≤ η̄t
∥∥Σ− StS⊤

t

∥∥
≤ 0.1,

where, in (a), we used Lemma 23. Therefore, we have ∥I −R∥ ≤ 0.04. Next, we provide an

upper bound for ∥R−1∥. Note that

R = P + Σ−1P⊤Σ (I − P ) .

By Weyl’s inequality, we have

σmin(R) ≥ σmin(P )−
∥∥Σ−1P⊤Σ (I − P )

∥∥
≥ σmin(P )− ∥P ∥ ∥I − P ∥
≥ 0.8− 1.2× 0.2 = 0.56.

Here we used the fact that ∥I − P ∥ ≤ 0.2. The above inequality implies that ∥R−1∥ =

1/σmin(R) ≤ 2. Combining the above bounds, we have

∥∥I −R−1
∥∥ ≤ ∥I −R∥ ∥∥R−1

∥∥ ≤ 0.08.

This together with equation 2.123 implies that

λmin (ΣR) ≥ 0.92σr.

Therefore, we have

∥As∥2 ≤ 1− 0.92η̄tσr =⇒ ∥As∥ ≤ 1− 0.46η̄tσr. (2.124)
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Next, we provide an upper bound for ∥Bs∥. Simple algebra reveals that

∥∥2η̄tSsE
⊤
s HsD + η̄2tSsE

⊤
s EsE

⊤
s HsD + η̄2tΣSsE

⊤
s HsD

+η̄2tSsE
⊤
s EsS

⊤
s Σ

(
SsS

⊤
s

)−1
D + η̄2tSsE

⊤
s EsS

⊤
s D

∥∥∥
≲ η̄t

∥∥SsE⊤
s

∥∥ ∥Hs∥ .

Next, we provide a bound for the remaining terms in Bs. We have∥∥∥V ⊤
⊥ RsUsS

⊤
s+1

(
Ss+1S

⊤
s+1

)−1
∥∥∥

≤ ∥Rs∥
∥∥∥(I − η̄t (UsU

⊤
s −X⋆

)
+Rs

)−1
Us+1S

⊤
s+1

(
Ss+1S

⊤
s+1

)−1
∥∥∥

≤ ∥Rs∥
∥∥∥(I − η̄t (UsU

⊤
s −X⋆

)
+Rs

)−1
∥∥∥∥∥∥Us+1S

⊤
s+1

(
Ss+1S

⊤
s+1

)−1
∥∥∥

≲ η̄tδ ∥∆s∥F
∥∥∥Us+1S

⊤
s+1

(
Ss+1S

⊤
s+1

)−1
∥∥∥ .

To proceed, we provide an upper bound for
∥∥∥Us+1S

⊤
s+1

(
Ss+1S

⊤
s+1

)−1
∥∥∥.

∥∥∥Us+1S
⊤
s+1

(
Ss+1S

⊤
s+1

)−1
∥∥∥

≤
∥∥∥V S⊤

s+1S
⊤
s+1

(
Ss+1S

⊤
s+1

)−1
+ V⊥Es+1S

⊤
s+1

(
Ss+1S

⊤
s+1

)−1
∥∥∥

≤ 1 + ∥Hs+1∥ .

Similarly, one can show that∥∥∥V ⊤
⊥ RsUsU

⊤
s R

⊤
s V

(
Ss+1S

⊤
s+1

)−1
∥∥∥ ≲ η̄2t δ

2φ̄4 ∥∆s∥2F (1 + ∥Hs∥) ≲ η̄tδ ∥∆s∥F .

Combining the derived bounds leads to

∥Bs∥ ≲ η̄t
∥∥SsE⊤

s

∥∥ ∥Hs∥+ η̄tδ ∥∆s∥F (1 + ∥Hs+1∥). (2.125)

In a similar way, one can show that

∥Cs∥ ≲ η̄t
∥∥EsE

⊤
s

∥∥ ∥Hs∥+ η̄tδ ∥∆s∥F (1 + ∥Hs+1∥). (2.126)

Substituting equation 2.124, equation 2.125, and equation 2.126 in equation 2.122 yields
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(1− c1η̄tδ ∥∆s∥F) ∥Hs+1∥ ≤
(
1− 0.46η̄tσr + c2η̄t

(∥∥SsE⊤
s

∥∥+
∥∥EsE

⊤
s

∥∥)
+c3η̄tδ ∥∆s∥F) ∥Hs∥+ c4η̄tδ ∥∆s∥F

=⇒ ∥Hs+1∥ ≤
(

1− 0.46η̄tσr + c2η̄t
(∥∥SsE⊤

s

∥∥+
∥∥EsE

⊤
s

∥∥)+ c3η̄tδ ∥∆s∥F
1− c1η̄tδ ∥∆s∥F

)
∥Hs∥

+
c4η̄tδ ∥∆s∥F

1− c1η̄tδ ∥∆s∥F
=⇒ ∥Hs+1∥ ≤ (1− c5η̄tσr) ∥Hs∥+ c6

√
rσ1η̄tδ,

where the last inequality follows from the assumed upper bound on δ, as well as equation 2.38-

equation 2.40. This completes the proof. □

2.G.5 Proof of Lemma 10

We first prove the upper bound. One can write

log

(
T∏
t=0

(
1 + αρt

))
=

T∑
t=0

log
(
1 + αρt

)
≤

∞∑
t=0

αρt =
α

1− ρ.

Hence, we have
∏T

t=0 (1 + αρt) ≤ exp
(

α
1−ρ

)
. For the lower bound, we have

log

(
∞∏
t=0

(
1 + αρt

))
=

T∑
t=0

log
(
1 + αρt

)
≥

T∑
t=0

αρt

1 + αρt

≥
T∑
t=0

αρt

1 + α

≥ α

1 + α
TρT .

Hence, we have
∏T

t=0 (1 + αρt) ≥ exp
(

α
1+α

TρT
)
. □

2.G.6 Proof of Lemma 11

We start with the proof of the first statement. We consider two cases:

- Suppose that ∥∆t∥ ≤ 0.01σrρ
t. Recall that Ut+1 = Ut− η0ρt

∥∆t∥∆tUt +RtUt. Hence, we
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have

∆t+1 =

(
Ut −

η0ρ
t

∥∆t∥
∆tUt +RtUt

)(
U⊤
t −

η0ρ
t

∥∆t∥
U⊤
t ∆

⊤
t +U⊤

t R
⊤
t

)
−X⋆.

The above equality leads to

∥∆t+1∥ ≤ ∥∆t∥+ ηρt
∥∥UtU

⊤
t

∥∥ (2 + 2 ∥Rt∥)
+ 2

∥∥UtU
⊤
t

∥∥ ∥Rt∥+
∥∥UtU

⊤
t

∥∥ ∥Rt∥2 + η2ρ2t
∥∥UtU

⊤
t

∥∥
(a)

≤ ∥∆t∥+ 4σ1ηρ
t + 4σ1ηδρ

t ∥∆t∥F + 2σ1η
2ρ2t

≤ 0.02σrρ
t.

On the other hand, we know that γt+1 ≤ 5 ∥∆t+1∥, which, together with the above

inequality, implies that γt+1 ≤ 0.1σr.

- Suppose that ∥∆t∥ ≥ 0.01σrρ
t. Therefore, we have η0ρt

∥∆t∥ ≲ 1
σ1

. On the other hand,

since γt ≤ 0.1σr, we have

λmin

(
StS

⊤
t

)
≥ 0.9σr,

∥∥StS⊤
t

∥∥ ≤ 1.1σ1,

and ∥∥EtE
⊤
t

∥∥ ≤ 0.1σr,
∥∥∥EtS

⊤
t

(
StS

⊤
t

)−1
∥∥∥ ≤ 0.2.

This implies that the assumptions of Propositions 8, 9, and 10 are satisfied at iteration

t, and we have

γt+1 ≤
∥∥Σ− St+1S

⊤
t+1

∥∥+ 2
∥∥St+1E

⊤
t+1

∥∥+ ∥Ft+1∥2 + ∥Gt+1∥2
(a)

≤
(

1− Ω(1)
σrη0ρ

t

γt

)
γt +O(1)

√
rσ1η0δρ

t +O (1)
σrη0ρ

t

∥∆t∥
∥Gt∥2

≤ γt − Ω
(
σrη0ρ

t
)

+O (1)σrη0ρ
t∥Gt∥2
∥∆t∥

(b)

≤ γt − Ω
(
σrη0ρ

t
)

+O
(
σrη0ρ

t/
√
d
)

≤ γt − Ω
(
σrη0ρ

t
)
,

where (a) follows from the one-step dynamics of the signal, cross, and residual terms

derived in Propositions 8, 9, and 10. Moreover, (b) follows from ∥∆t∥ ≥
√
d ∥Gt∥2.

Therefore, we have γt+1 ≤ γt ≤ 0.1σr.

To complete the proof of this lemma, it suffices to show that if ∥∆t+1∥ ≤
√
d ∥Gt+1∥2,
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then ∥∆t+1∥ ≤
√
dα1−O(

√
rκδ). Note that based on our assumption and Phase 1 of the proof

of Theorem 8, the one-step dynamic of Gs holds for every 0 ≤ s ≤ t + 1. Therefore, an

analysis similar to Lemma equation 9 leads to ∥∆t+1∥ ≤
√
dα1−O(

√
rκδ). □

2.G.7 Proof of Lemma 12

Since ∥∆t0+T3−1∥ ≤ 0.02σrρ
t0−1, an argument similar to the proof of Lemma 11 can be

invoked to show that ∥∆t0+T3∥ ≤ 0.03σrρ
t0 and γt0+T3 ≤ 0.15σrρ

t0 . Let ∆t be the first

time that ∥∆t0+T3+∆t∥ ≤ 0.02σrρ
t0+∆t. Note that since ∥∆t0+T3∥ > 0.02σrρ

t0 , we have

∆t ≥ 1. This implies that, for every 0 ≤ s ≤ ∆t − 1, we have ∥∆t0+T3+s∥ > 0.02σrρ
t0+s.

Therefore, equation 2.127 implies that γt0+T3+s+1 ≤ γt0+T3+s − Ω(σrηρ
t0+s). This in turn

leads to

γt0+T3+∆t ≤ γt0+T3 − Ω

(
∆t−1∑
s=0

σrηρ
t0+s

)

≤ 0.15σrρ
t0 − Ω

(
∆t−1∑
s=0

σrηρ
t0+s

)

= σrρ
t0

(
0.15− Ω

(
∆t−1∑
s=0

ηρs

))
.

Let us assume that ∆t ≲ (κ/η) log(1/α). Under this assumption, we have ρs = Ω(1) for

every s ≤ ∆t. This implies that Ω
(∑∆t−1

s=0 ηρs
)

= Ω(η∆t). Therefore, upon choosing

∆t = Ω(1/η), we have γt0+T3+∆t ≤ 0.15−Ω
(∑∆t−1

s=0 ηρs
)
≤ 0. This implies that, there must

exist t̃ ≤ ∆t such that γt0+T3+t̃ ≤ 0.02σrρ
t0+t̃. This completes the proof. □
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CHAPTER 3

Robust Deep Linear Neural Network

This chapter is based on the following paper:

• Jianhao Ma and Salar Fattahi. Blessing of depth in linear regression: Deeper models

have flatter landscape around the true solution. In Advances in Neural Information

Processing Systems, 2022c.

3.1 Introduction

Supported by the empirical success of deep models in contemporary learning tasks, it is by

now a conventional wisdom that “deeper models generalize better” He et al. [2016], Novak,

Bahri, Abolafia, Pennington, and Sohl-Dickstein [2018], Bommasani, Hudson, Adeli, Altman,

Arora, von Arx, Bernstein, Bohg, Bosselut, Brunskill, et al. [2021]. Indeed, the flurry of

recent attempts towards demystifying this phenomenon is a testament to the amount of

research it has spawned: from simple linear regression to more complex and nonlinear models,

it is shown that deeper models benefit from a range of desirable statistical properties, such

as depth separation Safran and Lee [2021], Eldan and Shamir [2016], Telgarsky [2015, 2016],

implicit bias Gunasekar et al. [2018], Arora et al. [2019a], Chou, Maly, and Rauhut [2021],

and hierarchical learning Allen-Zhu and Li [2020], to name a few.

Despite the great promise of deeper models—both theoretically and empirically—the

effect of depth on their optimization landscape has remained elusive to this day. A recent

body of work attempts to characterize the effect of depth on the loss function through

the notion of benign landscape. Roughly speaking, an optimization problem has a benign

landscape if it is devoid of spurious local minima, and its true solutions—i.e., solutions

corresponding to the ground truth—coincide with global minima. It has been shown that

2-layer Bhojanapalli et al. [2016] and multi-layer Kawaguchi [2016] linear neural networks

with nearly-noiseless data have benign landscape. However, the notion of benign landscape is

significantly stronger than what is needed in practice. For instance, the existence of spurious
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(a) 1-layer (b) 2-layer (c) 3-layer

(d) 1-layer (e) 2-layer (f) 3-layer

Figure 3.1: First row. Local landscape around the balanced true solution w⋆ = ( N
√
θ⋆, . . . , N

√
θ⋆) for 1-,

2-, and 3-layer models. x and y axis correspond to the points of the form w⋆ +αd+ βh, for different values
of α and β, where d and h are respectively the most descent sub-gradient direction and the most negatively
curved direction of the Hessian after smoothing. Second row. Generalization error and the empirical loss
of the solutions found by SubGM for 1-, 2-, and 3-layer models.

local minima may not pose any issue if an optimization algorithm can avoid them efficiently.

Another line of research focuses on characterizing the solution trajectory of different local-

search algorithms, showing that they enjoy an implicit bias that steers them away from

undesirable solutions Li, Nguyen, Hegde, and Wong [2021], Vaskevicius et al. [2019], Chou

et al. [2021], Gunasekar et al. [2018], Arora et al. [2019a], Gissin, Shalev-Shwartz, and Daniely

[2019]. However, such guarantees only apply to specific trajectories of an algorithm, thereby

falling short of any meaningful characterization of the optimization landscape around those

trajectories.

3.1.1 Our Contributions

To shed light on the effect of depth on the optimization landscape of deep models, we consider

a prototypical problem in machine learning, namely robust linear regression, where the goal

is to recover a linear model from a limited number of grossly corrupted measurements.

Given samples of the form yi = ⟨θ⋆,xi⟩+ ϵi, we study the optimization landscape of ℓ1-loss

under an N -layer model defined as y = fw(x) := ⟨w1 ⊙w2 ⊙ · · · ⊙wN ,x⟩. Our results are

summarized as follows:

- We prove that, for any N ≥ 1, there exists at least one true solution that is neither
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local nor global minimum of ℓ1-loss, provided that at least a fraction p > 0 of the

measurements are corrupted with noise.

- Despite the ubiquity of such “hidden” true solutions, we show that, for any N -layer

model with N ≥ 2, a simple sub-gradient method (SubGM) with small initialization

converges to a small neighborhood of a balanced true solution. The radius of this

neighborhood shrinks with the depth of the model, resulting in more accurate solutions.

Moreover, the balancedness of the solution implies that each layer of the model inherits

a similar sparsity pattern to the ground truth.

- We prove that deeper models take longer to train, but once trained, the algorithm will

stay close to the ground truth for a longer time. This implies that early stopping of

the algorithm becomes less crucial for deeper models.

- Finally, we prove that depth flattens the optimization landscape around the solution

obtained by SubGM. In particular, we show that, within an γ-neighborhood of the true

solution, the steepest descent direction can reduce the loss by at most O
(
γN
)
, which

decreases exponentially with N .

Motivating Example. To showcase our results, we consider an instance of robust linear

regression in the over-parameterized setting, where the dimension of θ⋆ is 500 and the number

of available samples is 300. Moreover, we assume that 10% of the measurements are corrupted

with large noise. The first row of Figure 3.1 shows the landscape around the balanced ground

truth w⋆
1 = N

√
θ⋆,w⋆

2 = N
√
θ⋆, . . . ,w⋆

N = N
√
θ⋆.1 In particular, x and y axis show the most

descent sub-gradient direction and the most negatively curved direction of the Hessian after

smoothing.2 Evidently, there is a sharp transition in the landscape of N -layer models: for

the 1-layer model, the true solution has strictly negative directions along both sub-gradient

and negative curvature. However, these descent directions almost disappear in 2- and 3-

layer models. The second row of Figure 3.1 shows the performance of SubGM on these

models. It can be observed that a 1-layer model easily overfits to noise, leading to a vacuous

generalization error. On the contrary, a 3-layer model can find a solution that generalizes

progressively better than 1- and 2-layer models, demonstrating the algorithmic benefit of the

depth.

Notations: For two vectors x,y ∈ Rd, their inner product is defined as ⟨x,y⟩ = x⊤y, and

their Hadamard product is defined as x⊙ y = [x1y1 · · · xdyd]⊤. For simplicity of notation,

1Later, we will show that a simple sub-gradient method converges to this balanced solution.
2To smoothen |x|, we replace it with

√
x2 + ϵ, for ϵ = 10−7.
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we use
∏

jwj to denote the Hadamard product of w1,w2, . . . ,wN ∈ Rd. For a vector

x, ∥x∥ , ∥x∥∞, and ∥x∥0 refer to 2-norm, ∞-norm, and the number of nonzero elements,

respectively. The symbols at ≲ bt and at = O(bt) are used to denote at ≤ Cbt, for a universal

constant C. The notation at = Θ(bt) is used to denote at = O(bt) and bt = Ω(at). The

sign(·) function is defined as sign(x) = x/|x| if x ̸= 0, and sign(0) = [−1, 1]. We denote

[n] := {1, 2, · · · , n}. For a vector x ∈ Rd, we define xa = [xa1 x
a
2 . . . xad]

⊤, for any a > 0. In

all of our probabilistic arguments, the randomness is only over the input data and noise.

3.2 Problem Formulation

We study the problem of robust and sparse linear regression, where the goal is to estimate

a k-sparse vector θ⋆ ∈ Rd (k ≪ d) from a limited number of data points {(xi, yi)}mi=1,

where yi = ⟨θ⋆,xi⟩ + ϵi, xi is i.i.d. standard Gaussian vector, and ϵi is noise. Moreover,

for simplicity of our subsequent analysis, we assume that θ⋆ is a non-negative vector. We

believe that this assumption can be relaxed without a significant change in our results.

Assumption 2 (Noise Model). Given a corruption probability p, the noise vector ϵ =

[ϵ1 · · · ϵm]⊤ ∈ Rm is generated as follows: first, a subset S ⊂ [m] with cardinality pm

is chosen uniformly at random3. Then, for each entry i ∈ S, the value of ϵi is drawn inde-

pendently from a distribution Po, and all the remaining entries are set to zero. Moreover, a

random variable ζ under the distribution Po satisfies EPo [ζ] = 0 and P(|ζ| ≥ t0) ≥ p0, for

some strictly positive constants t0 and p0.

Our considered noise model does not impose any assumption on the magnitude of the

noise or the specific form of its distribution, which makes it particularly suitable for modeling

outliers. Note that the assumption P(|ϵ| ≥ t0) ≥ p0 is very mild and satisfied for almost

all common distributions. Roughly speaking, it implies that the noise takes a nonzero value

with a nonzero probability.

To capture the input-output relationship, we consider a class of N -layer diagonal linear

neural networks of the form fw(x) = ⟨w1 ⊙ · · · ⊙wN ,x⟩, where w := (w1, · · · ,wN) collects

the weights of the layers w1, · · · ,wN ∈ Rd. Due to the sparse-and-large nature of the noise,

it is natural to minimize the so-called empirical risk with ℓ1-loss:

min
w
L(w) :=

1

m

m∑
i=1

|fw(xi)− yi| =
1

m

m∑
i=1

|⟨w1 ⊙ · · · ⊙wN ,xi⟩ − yi| . (3.1)

3Here, for simplicity we assume pm is an integer.
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Other variants of empirical risk minimization for linear regression have been studied in

the literature. For instance, Chou et al. [2021] study the solution trajectory of gradient flow

on ℓ2-loss, showing that it converges to a solution with the smallest ℓ1-norm. Similar analysis

has also appeared in more general deep linear neural networks Du and Hu [2019], Du, Hu,

and Lee [2018]. However, it is well-known that ℓ2-loss is highly sensitive to outliers, and

ℓ1-loss is a better alternative to identify and reject large-and-sparse noise.

A solution w̄ is called global if it corresponds to a global minimizer of L(w). Moreover,

a local solution w̄ corresponds to the minimum of L(w) within an open ball centered at w̄.

Finally, a true solution w̄ satisfies w̄1 ⊙ · · · ⊙ w̄N = θ⋆.

3.3 Main Results

3.3.1 Absence of Benign Landscape

We show that for any arbitrary corruption probability 0 < p < 1/2 and any number of layers

N ≥ 1, there exists at least one true solution with a strictly negative descent direction,

provided that the problem is over-parameterized, i.e., m ≲ d.

Theorem 14 (unidentifiable true solutions). Define W = {w : w1⊙ · · · ⊙wN = θ⋆} as the
set of all true solutions of an N-layer model. For any N ≥ 1 and 0 < p < 1/2, the following

statements hold:

- (Over-parameterized regime) If m ≤ 0.1d, with probability of at least 1/16, we have

inf
w⋆∈W

inf
w:∥w−w⋆∥∞≤γ

{L(w)− L(w⋆)} ≲ −p0pγ, (3.2)

for any γ ≲ t0.

- (Under-parameterized regime) If m ≳ d
(1−2p)2

, with probability of at least 1− e−Ω(d), we

have

inf
w⋆∈W

inf
w
{L(w)− L(w⋆)} ≥ 0. (3.3)

The above proposition unravels a sharp transition in the landscape of robust linear re-

gression with an N -layer model: when m ≲ d, some of the true solutions are likely to be

non-critical points, and hence, cannot be recovered via any first-order algorithm. As soon

as m ≳ d, all true solutions become global. This is in stark contrast with the recent results

on the benign landscape of robust low-rank matrix recovery with ℓ1-loss, which show that,

under the so-called restricted isometry property (RIP), all the true solutions are global and

vice versa Li et al. [2020b], Ding et al. [2021], Fattahi and Sojoudi [2020]. The vector version

of RIP is known to hold with m = Ω̃(k) samples (see e.g. Baraniuk, Davenport, DeVore, and
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Wakin [2008] for a simple proof). Theorem 14 shows that, unlike the low-rank matrix recov-

ery, RIP is not enough to guarantee the equivalence between the true and global solutions

in deep linear models.

The detailed proof of this theorem can be found in Appendix 3.C.1. Here, we provide a

proof sketch for N = 1 and N = 2 to elucidate the key ideas.

Proof sketch of Theorem 14. For 1-layer model, the set of true solutions W reduces to a

singleton {θ⋆}. Upon choosing w = θ⋆, we prove the existence of a perturbation ∥∆θ∥ ≤ γ

that satisfies L(θ⋆)− L(θ⋆ + ∆θ) < 0. The perturbed loss takes the following form

L (θ⋆+∆θ)=
1

m

∑
i∈S̄

|⟨∆θ,xi⟩|+
1

m

∑
i∈S

|⟨∆θ,xi⟩−ϵi| ,

Consider the following feasibility problem:

find α s.t. ⟨α,xi⟩ = 0,∀i ∈ S̄, ⟨α,xi⟩ = ϵi,∀i ∈ S.

Since m ≤ d and {xi}mi=1 are i.i.d. standard Gaussian vectors, they are linearly independent

almost surely. Moreover, with high probability, at least one of ϵi’s will be nonzero. Therefore,

with high probability, the above system of linear equations has at least one nonzero feasible

solution. Suppose that ᾱ ̸= 0 is one such solution. Define ∆θ = γᾱ/ ∥ᾱ∥ for some

0 < γ < ∥ᾱ∥. One can write

L (θ⋆ + ∆θ) =
1

m

(
1− γ

∥ᾱ∥

)∑
i∈S

|ϵi| < L (θ⋆) ,

implying that ∆θ is indeed a descent direction. Now, consider a 2-layer model. It is easy to

verify the existence of a true solution w = (w1,w2) such that w1⊙w2 = θ⋆ and ∥w1∥0 = d.

Consider a perturbation of the form ∆w = (0,∆w2). One can write

L (w+∆w) =
1

m

∑
i∈S̄

|⟨w1 ⊙∆w2,xi⟩|+
1

m

∑
i∈S

|⟨w1 ⊙∆w2,xi⟩−ϵi| .

Since w1 is devoid of zero elements, there exists a nonzero ∆w2 such that w1 ⊙∆w2 =

γᾱ/ ∥ᾱ∥ for γ < ∥ᾱ∥. Arguments analogous to 1-layer model can then be invoked to

show that the constructed perturbation is indeed a descent direction. A similar idea can be

naturally extended to N ≥ 3. □

Theorem 14 implies that, despite their convexity, 1-layer models are not suitable for the

robust linear regression since the set of true solutions (which is a singleton W = {θ⋆})
is unidentifiable. However, despite the existence of unidentifiable true solutions in N -layer
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models with N ≥ 2, we will show that a simple SubGM converges to a balanced true solution,

even if an arbitrarily large fraction of the measurements are corrupted with arbitrarily large

noise values. This further sheds light on the desirable landscape of deeper models in the

context of linear regression.

Algorithm 3 Sub-gradient Method

Input: Data points {(xi, yi)}mi=1, number of iterations T , the initial point w0, and the
step-size {η(t)}Tt=0;
Output: Solution w(T ) to equation 3.1;
for t ≤ T do

Select a direction d(t) from the sub-differential ∂L(w(t)) defined as:

∂wi
L(w)=

1

m

m∑
j=1

sign

(
yj−

〈∏
k

wk,xj

〉)
xj⊙

∏
k ̸=i

wk; (3.4)

Set w(t+1) ← w(t) − η(t)d(t);
end for

3.3.2 Convergence of Sub-gradient Method

At every iteration t, SubGM selects a direction d(t) from the sub-differential of the ℓ1-

loss (defined as equation 3.4), and updates the solution as w(t+1) = w(t) − η(t)d(t); see

Algorithm 3 for details. Our next two theorems characterize the performance of SubGM

with small initialization on N -layer models. We consider the cases N = 2 and N ≥ 3

separately, as SubGM behaves differently on these models. We define κ = θ⋆max/θ
⋆
min as the

condition number, where θ⋆max and θ⋆min are the maximum and minimum nonzero elements

of θ⋆, respectively.

Theorem 15 (2-layer model). Consider the iterations of SubGM {w(t)}Tt=0 applied to L(w)

with N = 2 and step-size η ≲ 1. Suppose that the initial point satisfies w
(0)
j = Θ(

√
α1),

j = 1, 2, where 0 < α ≲ d2m/k. Moreover, suppose that m ≳ k2κ2 log2(m) log(d) log(∥θ⋆∥/α)
(1−p)2 .

Then, the following statements hold with probability of 1− Ce−Ω̃(k):

• Convergence guarantee: After 1
η

log
(
1
α

)
≲ T̄ ≲ k3/2

η
log
(
1
α

)
iterations, we have

∥∥∥w(T̄ )
1 ⊙w(T̄ )

2 − θ⋆
∥∥∥ ≲ ηθ⋆max ∨

√
d2mα

1−Θ̃

(
k2√

(1−p)2m

)
.
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• Balanced property: For every 0 ≤ t ≤ T̄ , we have

∥∥∥w(t)
1 −w(t)

2

∥∥∥
∞

≲ α
0.5−Θ̃

(
k2√

(1−p)2m

)
.

• Long escape time: For every T̄ ≤ t ≤
√

m(1−p)2
k

T̄ , we have

∥∥∥w(t)
1 ⊙w(t)

2 −θ⋆
∥∥∥≲ηθ⋆max ∨

√
d2mα

0.5−Θ̃

(
k2√

(1−p)2m

)
.

Furthermore, if m ≳ d log(m)/(1− p)2, with probability of 1− Ce−Ω̃(k) and for every t ≥ T̄ ,

we have

∥∥∥w(t)
1 ⊙w(t)

2 −θ⋆
∥∥∥ ≲ ηθ⋆max∨

√
d2mα

1−Θ̃
(

k2√
m(1−p)2

)(
1−Ω

(
η/
√
d
))t−T̄

.

We provide the main idea behind the proof of Theorem 15 in Section 3.4. The formal proof

can be found in the appendix. A few observations are in order based on Theorem 15. First,

for any ϵ > 0, SubGM is guaranteed to satisfy
∥∥∥w(t)

1 ⊙w(t)
2 −θ⋆

∥∥∥ ≲ ϵ after O((1/ϵ) log (d/ϵ))

iterations, provided that η = Θ(ϵ) and α = ϵ2/(d2m). Based on our numerical results

(provided in the appendix), we believe that it is possible to establish a linear convergence

for SubGM with a geometric step-size; a rigorous verification of this conjecture is considered

future work. Second, although SubGM converges to a vicinity of a true solution quickly,

it will stay there for a significantly longer time—in particular,
√
m(1− p)2/k times longer

than its initial convergence time. Such behavior is also exemplified in our simulations (see

Figure 3.1e). After this escape time, the algorithm may slowly converge to an overfitted

solution with a better training loss. Moreover, if m ≳ d, SubGM will continuously converge

to a true solution at an exponential rate, and it will never diverge. Finally, Theorem 15 shows

that SubGM implicitly favors balanced solutions, i.e. solutions whose factors have similar

magnitudes. Combined with the convergence result of SubGM, we immediately conclude that

SubGM converges to a particular solution of the form (
√
θ⋆,
√
θ⋆). Therefore, the solution

found by SubGM will enjoy the same (approximate) sparsity pattern as θ⋆.

Theorem 16 (N -layer models). Consider the iterations of SubGM {w(t)}Tt=0 applied to L(w)

with N ≥ 3 and step-size η ≲ N−1κ−
N−2
N . Suppose that the initial point satisfies w

(0)
j =

Θ(α1/N1), where 0 < α ≲ d2m/k. Moreover, suppose that m ≳ k2κ4 log2(m) log(d) log(∥θ⋆∥/α)
(1−p)2 .

Then, the following statements hold with probability of 1− Ce−Ω̃(k):
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• Convergence guarantee: After 1
Nη
α−N−2

N ≲ T̄ ≲ k3/2

Nη
α−N−2

N iterations, we have∥∥∥∏w
(T̄ )
i −θ⋆

∥∥∥ ≲ Nηθ⋆max ∨
√
d2mα.

• Balanced property: For every 0 ≤ t ≤ T̄ , we have∣∣∣w(t)
i,l − w

(t)
j,l

∣∣∣ = O
(
α1/N

)
, for 1 ≤ i < j ≤ N, l : θ⋆l = 0,∣∣∣w(t)

i,l − w
(t)
j,l

∣∣∣ = Õ
(

N
√
θ⋆l
√
k3/m

)
, for 1 ≤ i < j ≤ N, l : θ⋆l ̸= 0.

• Long escape time: For every T̄ ≤ t ≤
√

m(1−p)2
k

T̄ , we have∥∥∥∏w
(t)
i − θ⋆

∥∥∥ ≲ Nηθ⋆max ∨
√
d2mα,

Furthermore, if m ≳ d
2N−2

N log(m)/(1 − p)2, with probability of at least 1 − Ce−Ω̃(k) and for

every t > T̄ , we have

∥∥∥∏w
(t)
i −θ⋆

∥∥∥≲Nηθ⋆max ∨
( √

d2mα√
d2mαNηd−

N−1
N (t−T̄ )+1

) N
N−2

.

The proof of this theorem can be found in the appendix. Theorem 16 sheds light on

an important benefit of N -layer models with N ≥ 3 compared to 2-layer models: for

sufficiently small step-size, deeper models improve the generalization error by a factor of

(1/α)
Θ̃
(
k2/
√

((1−p)2m)
)
. This improvement is particularly significant when both α and m are

small. However, such improvement comes at the expense of a slower convergence rate. In

particular, after setting η = Θ(ϵ/N), and α = ϵ/
√
d2m, SubGM needs O

(
(1/ϵ)1+

N−2
N

)
iter-

ations to obtain an ϵ-accurate solution. Evidently, the convergence rate deteriorates with N ,

ultimately approaching O (1/ϵ2) for infinitely deep models. This can be observed in practice:

Figures 3.1e and 3.1f show that 3-layer model enjoys a better generalization error compared

to 2-layer model, but suffers from a slower convergence rate. This slower convergence rate

also manifests itself in a more stable behavior of the algorithm: for deeper models, SubGM

stays close to the ground truth for a longer time. Finally, the balanced property of the

solution obtained via SubGM extends to N -layer models. In particular, SubGM converges

to a particular solution of the form ( N
√
θ⋆, . . . , N

√
θ⋆), thereby inheriting the same sparsity

pattern as θ⋆.
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3.3.3 Local Landscape Around Balanced Solution

In the previous section, we showed that SubGM converges to a balanced solution. In this

section, we characterize the local landscape around this balanced solution, proving that it

becomes flatter for deeper models.

Theorem 17 (flatness around balanced solution). Suppose that k log(d)/(1− 2p)2 ≲ m ≤
0.1d and p < 1/2. Let w⋆ = ( N

√
θ⋆, . . . , N

√
θ⋆). Then, for any N ≥ 2 and γ ≤ t0/

√
d∧ 1, the

following statements hold:

• With probability at least 1− e−Ω(k), we have

inf
w:∥w−w⋆∥∞≤γ

{L(w⋆)− L (w)} ≳ − d√
m
γN .

• With probability at least 1/16, we have

inf
w:∥w−w⋆∥∞≤γ

{L(w⋆)− L (w)} ≲ −√p0p
d√
m
γN .

Theorem 17 shows that, within a γ-neighborhood of w⋆, the most descent direction from

w⋆ can reduce the loss by at most O
(
d/
√
m · γN

)
, which decreases exponentially with N .

Moreover, in the noisy setting, the above theorem implies that w⋆ is likely to be neither local

nor global minimum since it has a descent direction. However, the flatness of the landscape

around w⋆ enables SubGM to stay close to the balanced solution for a long time.

Remark 3. Note that the choice of ℓ∞-ball for the perturbation set is to ensure that the size

of the possible perturbations per layer remains independent of the depth of the model. This is

indeed crucial to ensure a fair comparison between models with different depths: alternative

choices of the perturbation set, such as ℓq-ball with 1 ≤ q <∞ (e.g. ℓ2-ball) would shrink the

size of the feasible per-layer perturbations with N , thereby leading to an unfair advantage to

deeper models.

3.4 Proof Techniques

At the crux of our proof technique for Theorems 15 and 16 lies the following decomposition

of the sub-differential:

∂L(w) = ξ · ∂L̄(w)︸ ︷︷ ︸
expected subdiff.

+
(
∂L(w)− ξ · ∂L̄(w)

)︸ ︷︷ ︸
subdiff. deviation

, for some strictly positive ξ.
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In the above decomposition, L̄(w) is called expected loss, and is defined as L̄(w) =

∥w1 ⊙ · · · ⊙wN − θ⋆∥. As will be shown later, L̄(w) captures the expected behavior of

the empirical loss L(w). To analyze the behavior of SubGM on L(w), we first consider

the ideal scenario, where L(w) coincides with its expectation. Then, we extend our analy-

sis to the general case by controlling the sub-differential deviation. In particular, we show

that the desirable convergence properties of SubGM extends to L(w), provided that its

sub-differentials are “direction-preserving”, i.e., d ≈ ξd̄, for every d ∈ ∂L(w), d̄ ∈ ∂L̄(w)

and some ξ > 0. To formalize this idea, we first provide a more concise characterization of

∂L(w):

∂wi
L(w) =

{
q ⊙

∏
k ̸=i

wk :q ∈ Q
(
θ⋆ −

∏
k

wk

)}
, where Q(z)=

1

m

m∑
i=1

sign (⟨xi, z⟩+ϵi)xi.

Definition 15 (approximately sparse vectors). We say a vector v ∈ Rd is (k, ϑ)-

approximately sparse if there exists a vector u, such that ∥u∥0 ≤ k and ∥u− v∥ ≤ ϑ.

Proposition 11 (direction-preserving property). Suppose that m ≳ k log2(m) log(d) log(R/ϑ)
(1−p)2δ2 for

some R, ϑ, δ > 0. Then, with probability of at least 1 − Ce−Ω(mδ2), the following inequal-

ity holds for any q ∈ Q(z) and any (k, ϑ)-approximately sparse vector z that satisfies√
dm/kϑ log (1/ϑ) ≲ ∥z∥ ≤ R:∥∥∥∥∥q −

√
2

π

(
1− p+ pE

[
e−ϵ

2/(2∥z∥)
]) z

∥z∥

∥∥∥∥∥
∞

≤ δ. (3.5)

Moreover, if m ≳ d log(m)
(1−p)2δ2 , with probability of 1 − Ce−Ω(mδ2), equation 3.5 holds for every

z ∈ Rd.

Proposition 11 is analogous to Sign-RIP condition introduced in Ma and Fattahi [2023a,

2021b] for the robust low-rank matrix recovery, and is at the heart of our proofs for Theo-

rems 15 and 16. Suppose that θ⋆−∏kwk is a (k, ϑ)-approximately sparse and satisfies equa-

tion 3.5. Then, we have
∥∥d− d̄∥∥∞ ≤ (maxi

{∏
k ̸=iwk

})
δ, which in turn provides an upper

bound on the sub-differential deviation.

3.4.1 Proof Sketch of Theorem 15

To streamline the presentation, here we only provide simplified versions of our key ideas,

which inevitably lead to looser guarantees. To streamline the proof, we assume that θ⋆1 ≥
· · · ≥ θ⋆k > θ⋆k+1 = · · · = θ⋆d = 0. Moreover, for simplicity of notation, we denote u = w1 and
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v = w2. Consider the following decomposition:

u⊙ v = [u1v1 . . . ukvk︸ ︷︷ ︸
S

uk+1vk+1 . . . udvd︸ ︷︷ ︸
E

]⊤. (3.6)

The vectors S and E are called signal and residual terms, respectively. Evidently, we have

u⊙ v = θ⋆ if and only if S = [θ⋆1, . . . ,θ
⋆
k]

⊤ and E = 0. Based on this observation, our goal

is to show that the signal term converges to [θ⋆1, . . . ,θ
⋆
k]

⊤ exponentially fast, while the error

term remains small throughout the solution trajectory.

Lemma 54 (signal dynamic; informal). Suppose that equation 3.5 holds for z = θ⋆− u(t)⊙
v(t), and

∥∥θ⋆ − u(t) ⊙ v(t)∥∥ ≳ η ∥θ⋆∥. Then, we have

u
(t+1)
i v

(t+1)
i ≥

(
1+2η

(
θ⋆i − u(t)i v(t)i

∥u(t) ⊙ v(t) − θ⋆∥ + δi

))
u
(t)
i v

(t)
i , (3.7)

for some |δi| ≤ δ and every i = 1, . . . , k.

Lemma 55 (residual dynamic; informal). Suppose that equation 3.5 holds for z = θ⋆ −
u(t) ⊙ v(t), and

∥∥θ⋆ − u(t) ⊙ v(t)∥∥ ≳ η ∥θ⋆∥. Then, we have

(
u
(t+1)
i

)2
+
(
v
(t+1)
i

)2
≤(1+O(ηδ))

((
u
(t)
i

)2
+
(
v
(t)
i

)2)
, (3.8)

for every i = k + 1, . . . , d.

Lemma 56 (difference dynamic; informal). Suppose that equation 3.5 holds for z = θ⋆ −
u(t) ⊙ v(t), and

∥∥θ⋆ − u(t) ⊙ v(t)∥∥ ≳ η ∥θ⋆∥. Then, we have

u
(t+1)
i − v(t+1)

i =
(
u
(t)
i − v(t)i

)(
1− η θ⋆i − u(t)i v(t)i

∥u(t) ⊙ v(t) − θ⋆∥ + ηδi

)
, (3.9)

for some |δi| ≤ δ and every i = 1, . . . , d.

Convergence guarantee. For any fixed i = 1, . . . , k, we show that u
(t)
i v

(t)
i = θ⋆i ±

O(δ) ∥θ⋆∥ after O(∥θ⋆∥/(ηθ⋆i ) log(1/α)) iterations. To see this, suppose that Ti is the

largest iteration such that u
(t)
i v

(t)
i ≤ θ⋆i for every t ≤ Ti. Moreover, suppose that∥∥u(t) ⊙ v(t)∥∥ ≤ C ∥θ⋆∥, for sufficiently large C (this is proven in the appendix). Under
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these assumptions, equation 3.7 reduces to

u
(t+1)
i v

(t+1)
i ≥

(
1 + Ω(1)

ηθ⋆i
∥θ⋆∥

)
u
(t)
i v

(t)
i . (3.10)

which implies that Ti ≲ ∥θ⋆∥/(ηθ⋆i ) log(1/α). For any t > Ti, define y
(t)
i = θ⋆i − u(t)i v(t)i . One

can write

y
(t+1)
i ≤

(
1− Ω(1)

ηθ⋆i
∥θ⋆∥

)
y
(t)
i + ηδθ⋆i . (3.11)

Hence, with additional O (∥θ⋆∥ /(ηθ⋆1)) iterations, we have u
(t)
i v

(t)
i = θ⋆i ±O(δ) ∥θ⋆∥. On the

other hand, Lemma 55 implies that, for any i = k + 1, . . . , d and t ≲ ∥θ⋆∥/(ηθ⋆k) log(1/α),

we have

(
u
(t)
i

)2
+
(
v
(t)
i

)2
≲ α (1+O(ηδ))

O
(
∥θ⋆∥
ηθ⋆

k
log( 1

α)
)
≲ α1−O(

√
kκδ),

where κ = θ⋆1/θ
⋆
k is the condition number of θ⋆. Combining the above dynamics, we have

∥∥u(t)⊙v(t)−θ⋆∥∥≲η ∥θ⋆∥∨√k ∥θ⋆∥ δ∨√dα1−O(
√
kκδ).

In the appendix, we provide a more refined analysis that relaxes the dependency of the final

error on δ and κ.

Long escape time. We show in the appendix that after the first stage, the residual

becomes the dominant term in the final error. This together with Lemma 55 implies that,

for every t ≲ ∥θ⋆∥
ηθ⋆k

√
δ

log(1/α), we have ∥E∥ ≲
√
dα1−

√
kκ

√
δ.

Balanced property. We have u
(t)
i v

(t)
i ≤ θ⋆i for every i ∈ [k], and |u(t)i v(t)i | ≲ α1−O(

√
kκδ)

for every i = k + 1, . . . , d. Therefore, Lemma 56 can be invoked to verify
∣∣∣u(t+1)
i − v(t+1)

i

∣∣∣ ≤
(1 +O(ηδ))

∣∣∣u(t)i − v(t)i ∣∣∣. This in turn leads to

∣∣∣u(t)i − v(t)i ∣∣∣ ≲ √α (1 +O(ηδ))
O
(
∥θ⋆∥
ηθ⋆

k
log( 1

α)
)
≲ α0.5−O(

√
kκδ).
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(a) 2-layer matrix recovery (b) 3-layer matrix recovery (c) 4-layer matrix recovery

(d) 2-layer ReLU network (e) 3-layer ReLU network (f) 4-layer ReLU network

Figure 3.2: Deep matrix recovery (first row). The ground truth X⋆ ∈ R20×20 with rank(X⋆) = 3 is
chosen randomly. The elements of the measurement matrices are selected from N (0, 1), and the sample size
is set to m = 180. The corruption probability is set to p = 0.05 with distribution N (0, 100). We use SubGM
with step-size η = 0.001 and Gaussian initialization with an initialization scale α = 1×10−3. ReLU models
(second row). The samples are chosen from yi = sin(θ⋆⊤xi) + ϵi where θ

⋆ ∈ R50 is randomly generated
with ∥θ⋆∥0 = 2, xi ∼ N (0, I50), and ϵi ∼ N (0, 25) with corruption probability p = 0.05. The sample size is
set to be m = 1500. We use SubGM with step-size η = 0.001 and Gaussian initialization N (0, α2/N/d).

3.5 Numerical Experiments: Beyond Linear Regres-

sion

In this section, we empirically verify that the benefits of depth extend to the robust variants

of deep matrix recovery and ReLU networks with ℓ1-loss.

Deep Matrix Recovery. In low-rank matrix recovery, the goal is to recover a low-rank

matrix X⋆ ∈ Rd×d, from a limited number of noisy measurements of the form yi = ⟨Ai, X⋆⟩+
ϵi. To recover X⋆, we consider a deep factorized model of the form W1W2 . . .WN , where

Wi ∈ Rd×d for i = 1, . . . , N , and minimize the ℓ1-loss (1/m)
∑m

i=1 |yi − ⟨Ai,W1W2 · · ·WN⟩|
via SubGM. When N = 2, the above model reduces to the famous Burer-Monteiro ap-

proach Burer and Monteiro [2003]. We assume that 5% of the measurements are grossly

corrupted with noise. The first row of Figure 3.2 shows the performance of SubGM on 2-,

3-, and 4-layer models. It can be seen that the 4-layer model outperforms shallower models,

achieving a generalization error that is proportional to the step-size.
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Deep ReLU Network on Synthetic Dataset. As another experiment, we ana-

lyze the effect of depth on the performance of SubGM with ReLU networks and ℓ1-

loss. Given an input x ∈ Rd, the output of an N -layer ReLU network is defined as

fW (x) = WNσ (WN−1 · · ·σ (W1x) · · · ), where W1 ∈ Rm×d,W2, · · · ,WN−1 ∈ Rm×m, and

WN ∈ R1×m. Moreover, σ(x) = max{0, x} is the ReLU activation function. Given the

true function f ⋆(x) = sin(θ⋆⊤x), our goal is to train a ReLU model to approximate f ⋆ as

accurately as possible. To this goal, we minimize the ℓ1-loss (1/m)
∑m

i=1 |yi − fW (xi)|. The

second row of Figure 3.2 illustrates the performance of SubGM. It is worth noting that, un-

like robust linear regression and deep matrix recovery, there always exists a non-diminishing

model-mismatch error between the true and considered ReLU model (shown as a dashed

line). Nonetheless, SubGM can achieve this model-mismatch error on a 4-layer ReLU model

with only 1500 samples, even if 5% of the measurements are corrupted with large noise.

Deep ReLU Network on CIFAR Dataset. We verify that the desirable performance of

SubGM with ℓ1-loss can be extended to its stochastic variant with mini-batches on CIFAR-

10 and CIFAR-100 Krizhevsky, Hinton, et al. [2009], outperforming cross-entropy (CE) loss,

which is considered as one of the most suitable loss functions for CIFAR datasets. To show

this, we use standard ResNet architectures He et al. [2016] with ℓ1-loss and compare it with

the cross-entropy loss on noisy CIFAR datasets, where we randomize the labels of 10% of

the training dataset. For CIFAR-100 experiment, we use the “loss scaling” trick introduced

in Hui and Belkin [2020]. The training details are deferred to Section 3.B.3. The best test

accuracy for both CIFAR-10 and CIFAR-100 is reported in Table 5.1. One can see that ℓ1-

loss outperforms cross-entropy loss significantly, demonstrating that our framework may be

extended to more realistic settings. Moreover, we do observe that the deeper model performs

better on CIFAR-100, which aligns with our theoretical result. Based on our simulations,

an interesting and important future direction would be to study the optimization landscape

of ℓ1-loss with more general neural network architectures.

CIFAR-10 CIFAR-100

ResNet-18 ResNet-34 ResNet-50 ResNet-18 ResNet-34 ResNet-50

CE loss 91.52% 91.53% 90.87% 70.17% 71.22% 71.30%
ℓ1-loss 94.16% 93.13% 92.68% 73.14% 74.86% 76.46%

Table 3.1: Test accuracy for ResNets on CIFAR-10 and CIFAR-100 datasets with 10% label
noise.
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3.6 Conclusion

Modern problems in machine learning are naturally nonconvex but can be solved reasonably

well in practice. To explain this, a recent body of work has postulated that many optimization

problems in machine learning are “convex-like”, i.e., they are devoid of spurious local minima.

Our work shows that such global property is too restrictive to hold even in the context of

linear regression, and instead propose a more refined trajectory analysis to better capture the

landscape of the problem around the solution trajectory. We show that convex models may be

fundamentally ill-suited for linear models, and deeper models–despite their nonconvexity–

have provably better optimization landscape around the solution trajectory. Empirically,

we show that our analysis may extend beyond linear regression; formal verification of this

conjecture is considered an enticing challenge for future research.

3.A Related Works

Deep models: It is known that deeper models enjoy better approximation power. For

instance, [Eldan and Shamir, 2016, Telgarsky, 2015, 2016] introduce several functions that

are expressible by deep models of moderate size; yet, they cannot be approximated via any

shallow network of sub-exponential size. A recent work [Safran and Lee, 2021] shows that

depth separation may lead to optimization separation. In other words, functions that can

be expressed by deeper models can also be efficiently learned via gradient descent. Another

line of work shows that deep linear models have a strong implicit bias towards the true

solution [Gunasekar et al., 2018, Arora et al., 2019a, Chou et al., 2021], and that they benefit

from incremental learning [Gissin et al., 2019, Li et al., 2020c]. More generally, [Allen-Zhu

and Li, 2020] show that stochastic gradient descent on deep nonlinear models can provably

learn certain complex functions by automatically decomposing them into a series of simpler

ones.

Robust and sparse linear regression: Robust and sparse linear regression is a clas-

sical problem in statistics, with a wide range of applications in signal and image process-

ing. Regularized methods, including Lasso [Van de Geer, 2007, Candes and Tao, 2007,

Bickel, Ritov, and Tsybakov, 2009, Raskutti, Wainwright, and Yu, 2011], Best Subset Se-

lection [Mazumder, Radchenko, and Dedieu, 2017, Bertsimas, King, and Mazumder, 2016],

and Forward and Backward Step-wise Regression [Friedman, Hastie, Tibshirani, et al., 2001],

are considered as most widely used methods for solving robust and sparse linear regression

that come equipped with strong statistical and computational guarantees. Recently, sparse
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(a) 4-layer (b) 5-layer (c) 6-layer

Figure 3.3: The optimization trajectories of deep models (N = 4, 5, 6).

linear regression has been used to explore the implicit bias of different optimization algo-

rithms and initialization regimes. [Vaskevicius et al., 2019, Zhao et al., 2019] show that,

for some unregularized overparameterized models, gradient descent (with early stopping) for

sparse linear regression achieves minimax error rate. Moreover, [Woodworth, Gunasekar,

Lee, Moroshko, Savarese, Golan, Soudry, and Srebro, 2020] study how the scale of the initial

point controls the transition between the “kernel” (lazy training) and “rich” regimes, and

their corresponding generalization performance. [HaoChen, Wei, Lee, and Ma, 2021] use this

problem setting to explore the role of label noise in stochastic gradient descent.

3.B Additional Experiments

In this section, we provide additional experiments on the performance of SubGM on deep

models. Our goal is to verify our theoretical results and show the benefits of both small

initialization and geometric step-size. Moreover, we show that the desirable performance

of SubGM can be observed in its stochastic variant, as well as for different architectures

of ResNets with ℓ1-loss, and more realistic CIFAR-10 dataset. All simulations are run on

a desktop computer with an Intel Core i9 3.50 GHz CPU and 128GB RAM. The reported

results are for implementation in Python.

3.B.1 Deeper Linear Models

In this experiment, we study the performance of SubGM on deeper models (N = 4, 5, 6).

To accelerate the training process, we first use a large step-size η1 = 1 × 10−3, and then

progressively apply smaller step-sizes η2 = 1 × 10−4 and η3 = 1 × 10−5 as the training loss

continues to decay. As shown in Figure 3.3, deeper models share similar generalization error,

outperforming 1- and 2-layer models presented in Figure 3.1.
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(a) 2-layer, α = 0.1 (b) 2-layer, α = 0.01 (c) 2-layer, α = 0.001

(d) 3-layer, α = 0.1 (e) 3-layer, α = 0.01 (f) 3-layer, α = 0.001

Figure 3.4: The optimization trajectories of 2 and 3-layer models with different initialization size α =
0.1, 0.01, 0.001 using exponentially decayed step-size.

3.B.2 Geometric Step-size

As shown in our simulations, training N -layer models may require millions of iterations even

on a small synthetic dataset. As proven in Theorem 16, the training process may become even

slower for deeper models. In this experiment, we explore the performance of geometric (i.e.,

exponentially decaying) step-size on the same dataset. SubGM with a geometric step-size

has been widely used for the optimization of ℓ1-loss [Li et al., 2020b, Ma and Fattahi, 2021b],

and more general sharp weakly convex functions [Davis and Drusvyatskiy, 2018]. Figure 3.4

shows that a geometric steps-size can lead to a 1000-fold reduction in the required number

of iterations. Moreover, a geometric step-size improves the convergence rate to linear. The

theoretical justification of this improvement is left as an enticing challenge for future research.

Finally, it can be observed that SubGM with geometric step-size performs surprisingly well

on deeper models, achieving a generalization error in the order of 10−6. This further supports

the benefits of depth.

3.B.3 Experiments on CIFAR Dataset

In this section, we provide the training details for the experiments on both CIFAR-10 and

CIFAR-100 where 10% of the training data points are randomly labeled. For CIFAR-100
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(a) ResNet-18, ℓ1-loss (b) ResNet-34, ℓ1-loss (c) ResNet-50, ℓ1-loss

(d) ResNet-18, CE (e) ResNet-34, CE (f) ResNet-50, CE

Figure 3.5: We apply ResNet-18, 34, 50 on noisy CIFAR-10 with both ℓ1-loss and cross-entropy loss (CE).
For the training dataset, we randomly choose 10% samples and replace their labels with uniform random
labels. We use SGD with initial learning rate η = 0.1, momentum 0.9, batch size B = 32. For every 80
epochs, we decay the learning rate by a factor 0.33. We use standard data augmentation. The initialization
is set by default in PyTorch.

experiment, we use the “loss scaling” trick introduced in [Hui and Belkin, 2020]. In particular,

we denote the neural network by fθ : Rd → RC , where d is the input dimension and C is the

number of class. The standard ℓ1-loss for the one-hot encoded label vector can be written

(at a single point) as

ℓ = |fθ(x)[c]− 1|+
∑
c′ ̸=c

|fθ(x)[c′]| . (3.12)

Here c is the position of the label and fθ(x)[i] is the i-th coordinate of the prediction. The

rescaled ℓ1-loss is defined by two parameters k and M as follows:

ℓscaling = k · |fθ(x)[c]−M |+
∑
c′ ̸=c

|fθ(x)[c′]| . (3.13)

In our simulation, we choose k = 5, and M = 2. Moreover, in the CIFAR-100 experiment,

we use ℓ2-loss with the same k,M in the first 30 epochs as the warm-up phase. The evolution

of the training and test accuracy for CIFAR-10 and CIFAR-100 with both ℓ1 and CE losses

are shown in Figures 3.5 and 3.6.
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(a) ResNet-18, ℓ1-loss
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(b) ResNet-34, ℓ1-loss
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(c) ResNet-50, ℓ1-loss

(d) ResNet-18, CE (e) ResNet-34, CE (f) ResNet-50, CE

Figure 3.6: We apply ResNet-18, 34, 50 on noisy CIFAR-100 with both ℓ1-loss and cross-entropy loss (CE).
The data generator and optimizer are the same as those in CIFAR-10 experiment. For each trial, we set the
initial learning rate to be η = 0.05 and run 260 epochs and decay the learning rate with factor 0.33 for each
50 epochs.

3.C Proofs of Landscape Analysis

3.C.1 Proof of Theorem 14

Over-parameterized Regime

We first provide the proof for the 1-layer model. The values of L (θ⋆) ,L (θ⋆ + ∆θ) are

provided as

L (θ⋆) =
1

m

∑
i∈S

|ϵi|, L (θ⋆ + ∆θ) =
1

m

∑
i∈S̄

|⟨xi,∆θ⟩|+
1

m

∑
i∈S

| ⟨xi,∆θ⟩ − ϵi|. (3.14)

Here S ∈ [m] : {1, 2, . . . ,m} is the support of the noise vector ϵ = [ϵ1, · · · , ϵm]⊤, and

S̄ = [m]− S. Hence, we have

L (θ⋆ + ∆θ)− L (θ⋆) =
1

m

∑
i∈S

(| ⟨xi,∆θ⟩ − ϵi| − |ϵi|) +
1

m

∑
i∈S̄

|⟨xi,∆θ⟩| . (3.15)
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For simplicity, we denote X = [x1, · · · ,xm]⊤ ∈ Rm×d by the design matrix. To upper bound

the infimum of L (θ⋆ + ∆θ)−L (θ⋆) over the ℓ∞-norm ball {∆θ : ∥∆θ∥∞ ≤ γ}, we choose

a specific ∆θ for each realization {(xi, yi)}mi=1 and show that ∆θ lies in the ℓ∞-norm ball

with high probability. To this goal, we pick ∆θ by solving the following linear equation

X∆θ = b, (3.16)

where b[i] = sign(ϵi) (ξ ∧ |ϵi|) for i ∈ S, and b[i] = 0 otherwise. Here ξ > 0 is a hyperpa-

rameter to be tuned later. Before showing that such ∆θ lies in the ℓ∞-norm ball with high

probability, we first further upper bound L (θ⋆ + ∆θ)−L (θ⋆) for this specific choice of ∆θ.

By our construction of ∆θ, we first have

L
(
θ⋆ + ∆θ

)
− L (θ⋆) =

1

m

∑
i∈S

(
|
〈
xi,∆θ

〉
− ϵi| − |ϵi|

)
+

1

m

∑
i∈S̄

∣∣〈xi,∆θ〉∣∣
= − 1

m

∑
i∈S

ξ ∧ |ϵi|.
(3.17)

On the other hand, based on Assumption 2, each ϵi, i ∈ S has nonzero

probability to be away from zero. Hence, we can define the event E :=

{There are at least p0pm elements of |ϵ| larger than t0}. Define M0 = {i : |ϵi| ≥ t0}. Using

the tail bound of binomial distribution, we have P(E) ≥ 1
4
. Conditioned on the event E , we

have m0 = |M0| ≥ p0pm and

L
(
θ⋆ + ∆θ

)
− L (θ⋆) = − 1

m

∑
i∈S

ξ ∧ |ϵi| ≤ −p0p · (ξ ∧ t0) . (3.18)

Now it suffices to show that such ∆θ belongs to the ℓ∞-norm ball with high probability.

To this goal, we first choose a specific ∆θ satisfying X∆θ = b. We divide X = [X1,X2]

where X1 ∈ Rm×m and X2 ∈ Rm×(d−m). Note that X1 is non-singular almost surely. Hence,

we can pick ∆θ = [b⊤X1(X
⊤
1 X1)

−1,0]⊤. Next, it suffices to verify that with high probability,∥∥∆θ∥∥∞ ≤ γ, which is equivalent to

∥∥(X⊤
1 X1)

−1X⊤
1 b
∥∥
∞ ≤ γ. (3.19)
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To this goal, note that with probability at least 1− e−Ω(m)

∥∥(X⊤
1 X1)

−1X⊤
1 b
∥∥
∞ ≤

∥∥(X⊤
1 X1)

−1X⊤
1 b
∥∥

≤
∥∥∥∥∥
(

1

m
X⊤

1 X1

)−1
∥∥∥∥∥
∥∥∥∥ 1

m
X1

∥∥∥∥ ∥b∥
(a)

≲
1√
m
∥b∥

≲ ξ.

(3.20)

Here in (a) we used the fact that
∥∥∥( 1

m
X⊤

1 X1

)−1
∥∥∥ ≲ 1 and

∥∥ 1
m
X1

∥∥ ≲ 1√
m

with probability

at least 1− e−Ω(m). Hence, we only need to set ξ ≲ γ, so that the chosen ∆θ belongs to the

ℓ∞-norm ball with probability at least 1− e−Ω(m).

Combining the above steps and choosing ξ ≲ γ, we know that with probability at least
1
16

, the below upper bound holds

inf
∥∆θ∥∞≤γ

{L(θ⋆ + ∆θ)− L(θ⋆)}
w.p. 1−e−Ω(m)

≤ L(θ⋆ + ∆θ)− L(θ⋆)

w.p. 1
4≤ −p0pξ

≲ −p0pγ.

(3.21)

This completes the proof for the 1-layer model. For general N -layer models, we consider the

true solution w ∈ W with w1 = θ⋆, and w2 = · · · = wN = 1. Moreover, for ∆w we choose

∆w2 = · · ·∆wN = 0. It is easy to verify that

L(w)− L(w + ∆w) =
1

m

∑
i∈S

(| ⟨xi,∆w1⟩ − ϵi| − |ϵi|) +
1

m

∑
i∈S̄

|⟨xi,∆w1⟩| . (3.22)

Therefore, an argument similar to the 1-layer model can be used to write

inf
w∈W

inf
w′:∥w−w′∥∞≤γ

{L(w)− L(w′)} ≤ inf
∥∆w1∥∞≤γ

{L(w)− L(w + ∆w)} ≲ −p0pγ, (3.23)

with probability of 1
16

.
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Under-parameterized Regime

Given w ∈ W and any ∆w, consider w′ = w + ∆w and define

∆θ =
N∑
i=1

(θ⋆)
N−i
N ⊙

∑
j1,··· ,ji

∆wj1 ⊙ · · · ⊙∆wji . (3.24)

We have

L(w)− L(w + ∆w) =
1

m

∑
i∈S

(| ⟨xi,∆θ⟩ − ϵi| − |ϵi|) +
1

m

∑
i∈S̄

|⟨xi,∆θ⟩|

≥ 1

m

∑
i∈S̄

|⟨xi,∆θ⟩| −
1

m

∑
i∈S

|⟨xi,∆θ⟩| .
(3.25)

Hence, it suffices to show that, with probability of 1− e−Ω(d),

inf
∆θ∈Rd

{
1

m

∑
i∈S̄

|⟨xi,∆θ⟩| −
1

m

∑
i∈S

|⟨xi,∆θ⟩|
}
≥ 0. (3.26)

Note that the above inequality is invariant with respect to scaling. Hence, it suffices to show

that it holds for arbitrary ∆θ ∈ Sd−1 where Sd−1 := {x ∈ Rd : ∥x∥ = 1} is the standard

sphere. Hence, it suffices to show

inf
∆θ∈Sd−1

{
1

m

∑
i∈S̄

|⟨xi,∆θ⟩| −
1

m

∑
i∈S

|⟨xi,∆θ⟩|
}

≥ inf
∆θ∈Sd−1

{
1

m

∑
i∈S̄

|⟨xi,∆θ⟩|
}
− sup

∆θ∈Sd−1

{
1

m

∑
i∈S

|⟨xi,∆θ⟩|
}
≥ 0.

(3.27)

For the first term, applying Lemma 59, we have that with probability at least 1− e−Ω(d)

inf
∆θ∈Sd−1

1

m

∑
i∈S̄

|⟨xi,∆θ⟩| ≥
√

2

π
(1− p)−

√
(1− p)d

m
. (3.28)

Similarly, for the second part, with probability of at least 1− e−Ω(d), we have

sup
∆θ∈Sd−1

1

m

∑
i∈S

|⟨xi,∆θ⟩| ≤
√

2

π
p+

√
pd

m
. (3.29)
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Combining both parts, we have that with probability at least 1− e−Ω(d)

inf
∆θ∈Sd−1

{
1

m

∑
i∈S̄

|⟨xi,∆θ⟩|
}
− sup

∆θ∈Sd−1

{
1

m

∑
i∈S

|⟨xi,∆θ⟩|
}
≥
√

2

π
(1− 2p)− 2

√
d

m
≥ 0.

(3.30)

The last inequality follows from the fact that m ≳ d
(1−2p)2

. This completes the proof. □

3.C.2 Proof of Theorem 17

Given any ∆w = [∆w1, · · · ,∆wN ]⊤, the following equality holds for any point w = w⋆ +

∆w where w⋆ = [ N
√
θ⋆, · · · , N

√
θ⋆]⊤:

(
N
√
θ⋆ + ∆w1)⊙ · · · ⊙ (

N
√
θ⋆ + ∆wN)− θ⋆ =

N−1∑
i=1

(θ⋆)
N−i
N ⊙

∑
j1,··· ,ji

∆wj1 ⊙ · · · ⊙∆wji︸ ︷︷ ︸
:=∆θ1

+ ∆w1 ⊙ · · · ⊙∆wN︸ ︷︷ ︸
:=∆θ2

.

(3.31)

Hence, we have

L(w⋆)− L (w⋆ + ∆w) =
1

m

∑
i∈S

(| ⟨xi,∆θ1 + ∆θ2⟩ − ϵi| − |ϵi|) +
1

m

∑
i∈S̄

|⟨xi,∆θ1 + ∆θ2⟩| .

(3.32)

For simplicity, we denote Θ1 as the set of ∆θ1 defined in equation 3.31 with ∥∆w∥∞ ≤ γ.

Similarly, Θ2 is the set of ∆θ2 defined in equation 3.31 with ∥∆w∥∞ ≤ γ.

Lower bound. To prove the lower bound, one can write

L(w⋆)− L (w⋆ + ∆w) ≥ 1

m

∑
i∈S̄

|⟨xi,∆θ1 + ∆θ2⟩| −
1

m

∑
i∈S

|⟨xi,∆θ1 + ∆θ2⟩|

≥ 1

m

∑
i∈S̄

|⟨xi,∆θ1⟩| −
1

m

∑
i∈S

|⟨xi,∆θ1⟩| −
1

m

m∑
i=1

| ⟨xi,∆θ2⟩ |

(3.33)
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Hence, we have

inf
∥∆w∥∞≤γ

{L(w⋆)− L (w⋆ + ∆w)} ≥ inf
∆θ1∈Θ1

{
1

m

∑
i∈S̄

|⟨xi,∆θ1⟩| −
1

m

∑
i∈S

|⟨xi,∆θ1⟩|
}

− sup
∆θ2∈Θ2

{
1

m

m∑
i=1

| ⟨xi,∆θ2⟩ |
}
.

(3.34)

First, we bound the term inf∆θ1∈Θ1

{
1
m

∑
i∈S̄ |⟨xi,∆θ1⟩| − 1

m

∑
i∈S |⟨xi,∆θ1⟩|

}
. It is easy

to see that the vector ∆θ1 is k-sparse and has the same sparsity pattern as θ⋆. Therefore,

according to Lemma 59, there exist universal constants C, c > 0 such that the following hold

P

(
sup

∆θ1∈Θ1

∣∣∣∣∣ 1

m′ ∥∆θ1∥
∑
i∈S̄

| ⟨xi,∆θ1⟩ | −
√

2

π

∣∣∣∣∣ ≥ C

√
k

m′ + δ

)
≤ e−cm

′δ2 , (3.35)

and

P

(
sup

∆θ1∈Θ1

∣∣∣∣∣ 1

m′′ ∥∆θ1∥
∑
i∈S

| ⟨xi,∆θ1⟩ | −
√

2

π

∣∣∣∣∣ ≥ C

√
k

m′′ + δ

)
≤ e−cm

′′δ2 . (3.36)

Here m′ = (1− p)m, and m′′ = pm. The inequality equation 3.35 implies that

P

(
1

m

∑
i∈S̄

|⟨xi,∆θ1⟩| ≥ ∥∆θ1∥
(√

2

π
(1− p)− C

√
(1− p)k

m
− δ1

)
,∀∆θ1 ∈ Θ1

)

≥ 1− e−
cmδ21
1−p .

(3.37)

Similarly, the inequality equation 3.36 leads to

P

(
1

m

∑
i∈S

|⟨xi,∆θ1⟩| ≤ ∥∆θ1∥
(√

2

π
p+ C

√
pk

m
+ δ2

)
,∀∆θ1 ∈ Θ1

)
≥ 1− e−

cmδ22
p . (3.38)

Upon setting δ1 =
√

(1−p)k
m

and δ2 =
√

pk
m

, with probability of 1 − e−Ω(k), for all ∆θ1 ∈ Θ1,

we have

1

m

∑
i∈S̄

|⟨xi,∆θ1⟩| −
1

m

∑
i∈S

|⟨xi,∆θ1⟩| ≥
√

2

π
(1− 2p)− C ′

√
k

m
≥ 0. (3.39)
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In the last inequality we used the assumption m ≳ k
(1−2p)2

. The above argument implies

inf
∆θ1∈Θ1

{
1

m

∑
i∈S̄

|⟨xi,∆θ1⟩| −
1

m

∑
i∈S

|⟨xi,∆θ1⟩|
}
≥ 0, (3.40)

with probability of at least 1 − e−Ω(k). Now we turn to bound the second part

sup∆θ2∈Θ2

{
1
m

∑m
i=1 | ⟨xi,∆θ2⟩ |

}
. To this goal, we first apply Lemma 59, which leads to

P

(
sup

∆θ2∈Θ2

∣∣∣∣∣ 1

m ∥∆θ2∥
m∑
i=1

| ⟨xi,∆θ2⟩ | −
√

2

π

∣∣∣∣∣ ≥ C

√
d

m
+ δ

)
≤ e−cmδ

2

. (3.41)

Therefore, upon setting δ =
√

d
m

, with probability of 1− e−Ω(d), we have

sup
∆θ2∈Θ2

{
1

m

m∑
i=1

| ⟨xi,∆θ2⟩ |
}
≤ sup

∆θ2∈Θ2

∥∆θ2∥
(√

2

π
+ (C + 1)

√
d

m

)

≲

√
d

m
sup

∥∆w∥∞≤γ
∥∆w1 ⊙ · · · ⊙∆wN∥

=

√
d

m
sup

|∆wi[j]|≤γ

√√√√√∑
j∈[d]

∏
i∈[N ]

∆wi[j]

2

=
d√
m
γN .

(3.42)

Here ∆wi[j] is the j-th element of ∆wi. Therefore, we conclude that

inf
∥∆w∥∞≤γ

{L(w⋆)− L (w⋆ + ∆w)} ≳ − d√
m
γN , (3.43)

with probability of 1− e−Ω(k), thereby completing the proof of the lower bound.

Upper bound. To this goal, we first define a restricted set of perturbation vectors

V := {v : ∥v∥∞ ≤ γ, vi[j] = 0,∀i ∈ [N ], j ∈ supp(θ⋆)} , (3.44)
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where supp(θ⋆) is the support of θ⋆. Based on this definition, we have

inf
∥∆w∥∞≤γ

{L(w⋆)− L (w⋆ + ∆w)}

≤ inf
∆w∈V

{L(w⋆)− L (w⋆ + ∆w)}

= inf
∆w∈V

{
1

m

∑
i∈S

(| ⟨xi,∆θ2⟩ − ϵi| − |ϵi|) +
1

m

∑
i∈S̄

|⟨xi,∆θ2⟩|
}
.

(3.45)

where ∆θ2 = ∆w1 ⊙ · · · ⊙∆wN is the same as before. Note that for any ∥∆w∥∞ ≤ γ,

we have ∥∆θ2∥ ≤
√
dγN . Moreover, this bound is attainable when ∆wi ≡ [±γ, · · · ,±γ]⊤.

Hence, we have

inf
∆w∈V

{
1

m

∑
i∈S

(| ⟨xi,∆θ2⟩ − ϵi| − |ϵi|) +
1

m

∑
i∈S̄

|⟨xi,∆θ2⟩|
}

≤ inf
∥∆θ2∥≤

√
dγN

{
1

m

∑
i∈S

(| ⟨xi,∆θ2⟩ − ϵi| − |ϵi|) +
1

m

∑
i∈S̄

|⟨xi,∆θ2⟩|
}
.

(3.46)

An argument similar to the proof of Theorem 14 can be used to show that, with probability

of at least 1/16, we have

inf
∥∆θ2∥≤

√
dγN

{
1

m

∑
i∈S

(| ⟨xi,∆θ2⟩ − ϵi| − |ϵi|) +
1

m

∑
i∈S̄

|⟨xi,∆θ2⟩|
}

≲ −
√
p0p(d− k)

m

√
dγN .

(3.47)

Recalling that k ≪ d, we have with probability of 1/16

inf
∥∆w∥∞≤γ

{L(w⋆)− L (w⋆ + ∆w)} ≲ −√p0p
d√
m
γN . (3.48)

This completes the proof. □

3.D Proofs of Convergence Analysis

3.D.1 Proof of Theorem 15

For simplicity of notation, we denote u = w1 and v = w2. Moreover, without loss of

generality, we assume that the elements of θ⋆ are arranged in descending order, i.e., θ⋆1 ≥
· · · ≥ θ⋆k > θ⋆k+1 = · · · = θ⋆d = 0, and the initial point satisfies ui, vi = Θ (

√
α) ,∀i ∈ [d].

Moreover, for v ∈ Rd, we define v:i = [v1, · · · , vi]⊤ and vi: = [vi, · · · , vd]⊤. For short, we
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denote v−i = vi+1:. Finally, we define κ = θ⋆1/θ
⋆
k as the condition number. Moreover, without

loss of generality, we assume that θ⋆1 ≥ 1 ≥ θ⋆k.

First, according to Proposition 11, the sub-differential of L(u,v) is uniformly concentrated

around its population gradient. In particular, with probability at least 1−Ce−cmδ2 , we have

ui,t+1 = ui,t + η
θ⋆i − ui,tvi,t
∥ut ⊙ vt − θ⋆∥

vi,t + ηδivi,t, and |δi| ≤ δ, ∀i ∈ [d], (3.49)

vi,t+1 = vi,t + η
θ⋆i − ui,tvi,t
∥ut ⊙ vt − θ⋆∥

ui,t + ηδiui,t, and |δi| ≤ δ, ∀i ∈ [d]. (3.50)

Hence, we have

ui,t+1vi,t+1 = ui,tvi,t+η

(
θ⋆i − ui,tvi,t
∥ut ⊙ vt − θ⋆∥

+ δi

)(
u2i,t + v2i,t

)
+η2

(
θ⋆i − ui,tvi,t
∥ut ⊙ vt − θ⋆∥

+ δi

)2

ui,tvi,t.

(3.51)

Moreover, we have

u2i,t+1 + v2i,t+1

=
(
u2i,t + v2i,t

)(
1 + η2

(
(θ⋆i − ui,tvi,t)
∥ut ⊙ vt − θ⋆∥

+ δi

)2
)

+ 4η

(
θ⋆i − ui,tvi,t
∥ut ⊙ vt − θ⋆∥

+ δi

)
ui,tvi,t.

(3.52)

Signal Dynamics

We first study the behavior of the signal term St = u:k,tv:k,t for the first k components of

the model ut ⊙ vt. We divide the dynamics into k + 1 stages. In the first k stages, each

component ui,tvi,t converges to θ⋆i sequentially. Once all the components are close to the

ground truth, the distance between signal term and the ground truth ∥St − θ⋆:k∥ will further

decrease to O
(√

d2mα2 ∨ ηθ⋆1
)

.

Stage 1: In this stage, the first component u1v1 grows to θ1−δ ∥θ⋆∥ within Θ
(

∥θ⋆∥
ηθ⋆1

log
(
1
α

))
iterations. At the initial point, we have u1,0v1,0 = Θ(α). For iteration t + 1, according to

equation 3.51, we have

u1,t+1v1,t+1 ≥ u1,tv1,t + η

(
θ⋆1 − u1,tv1,t
∥ut ⊙ vt − θ⋆∥

+ δ1

)(
u21,t + v21,t

)
≥ u1,tv1,t + 2η

(
θ⋆1 − u1,tv1,t
∥ut ⊙ vt − θ⋆∥

+ δ1

)
u1,tv1,t.

(3.53)
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We further divide our analysis into two substages. In the first substage, we have u1v1 ≤ θ⋆1/2.

Note that ∥ut ⊙ vt − θ⋆∥ = O(∥θ⋆∥) and |δ1| ≤ δ ≲ 1
κ
. Hence, equation 3.53 can be further

simplified as

u1,t+1v1,t+1 ≥
(

1 +
1

4

ηθ⋆1
∥θ⋆∥

)
u1,tv1,t. (3.54)

Therefore, this stage ends within O
(

∥θ⋆∥
ηθ⋆1

log
(
1
α

))
iterations. In the second substage, we

have u1v1 ≥ θ⋆1/2. Upon defining xt = θ⋆1 − u1,tv1,t, one can write

xt+1 ≤
(

1− 2η
u1,tv1,t

∥ut ⊙ vt − θ⋆∥

)
xt − 2ηδ1ut ⊙ vt

≤
(

1− ηθ⋆1
∥θ⋆∥

)
xt + ηδθ⋆1.

(3.55)

Hence, within additional O (∥θ⋆∥ /(ηθ⋆1)) iterations, we have u1,T1v1,T1 = θ⋆1±δ ∥θ⋆∥. Overall,

within T1 = O
(

∥θ⋆∥
ηθ⋆1

log
(
1
α

))
iterations, we have u1,T1v1,T1 = θ⋆1 ± δ ∥θ⋆∥. Now, we turn to

show the lower bound on T1 by analyzing the trajectory of u21,t + v21,t. Due to equation 3.52,

when u21,t + v21,t ≤ θ⋆1
2

, we have

u21,t+1 + v21,t+1 ≤
(
u21,t + v21,t

)(
1 + 10

ηθ⋆1
∥θ⋆∥

)
. (3.56)

Hence, at least Ω
(

∥θ⋆∥
ηθ⋆1

log
(
1
α

))
iterations are needed for u21,t + v21,t to be larger than

θ⋆1
2

.

Since u21,t + v21,t ≥ u1,tv1,t, we immediately obtain T1 = Ω
(

∥θ⋆∥
ηθ⋆1

log
(
1
α

))
.

Stage 2 to Stage k : In the next k − 1 stages, each component uivi will converge to

θ⋆i ± δ ∥θ⋆∥ sequentially. To show this, we use an inductive argument. In each stage i, we

assume that the first i−1 components have already converged close to θ⋆j , ∀j ∈ [i−1]. Hence,

we have ∥ut ⊙ vt − θ⋆∥ = Θ
(∥∥∥θ⋆−(i−1)

∥∥∥). Repeating the procedure in Stage 1, we can show

that, at stage i, Ti = O
(
∥θ⋆

−(i−1)∥
ηθ⋆i

log
(
1
α

))
iterations are needed for uivi to converge to

θ⋆i ± δ ∥θ⋆∥. Overall, after T = T1 + · · ·Tk = O
(
k3/2

η
log
(
1
α

))
iterations, we have

∥∥u:k,Tv:k,T − θ⋆:k,T
∥∥ ≲
√
kδ ∥θ⋆∥ . (3.57)
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Stage k + 1: In the final stage, the signal term will quickly decrease to

O
(√

d2mα1−Θ(δ) ∨ ηθ⋆1
)

within Tk+1 = O
(
δ∥θ⋆∥
ηθ⋆k

)
iterations. To show this, we write

θ⋆:k − St+1

= θ⋆:k − St − η
u2

:k,t + v2:k,t
∥ut ⊙ vt − θ⋆∥

⊙ (θ⋆:k − St)− ηδ
(
u2
t + v2t

)
+ η2

(
θ⋆:k − St

∥ut ⊙ vt − θ⋆∥
+ δ

)2

⊙ St.
(3.58)

Here we denote δ = [δ1, · · · , δk]⊤. Note that ∥ut ⊙ vt − θ⋆∥ ≤ ∥θ⋆:k − St∥+ ∥Et∥. Moreover,

based on our assumption, we have ∥Et∥ ≲
√
dα1−Θ(δ). Finally, the balanced property implies

that |ui,t − vi,t| = O
(
α1−Θ(δ)

)
(this will be proven later). Hence, we have

∥θ⋆:k − St+1∥ ≤
∥∥∥∥(θ⋆:k − St)⊙

(
1− η u2

t + v2t
∥ut ⊙ vt − θ⋆∥

+ η2
(θ⋆:k − St)⊙ St
∥ut ⊙ vt − θ⋆∥2

)∥∥∥∥+ 4ηδ ∥θ⋆∥

≤ ∥θ⋆:k − St∥
(

1− η

2

θ⋆k
∥θ⋆:k − St∥+ ∥Et∥

)
+ 4ηδ ∥θ⋆∥

≤ ∥θ⋆:k − St∥ − 0.25ηθ⋆k + 4ηδ ∥θ⋆∥
≤ ∥θ⋆:k − St∥ − 0.1ηθ⋆k.

(3.59)

Here, we used the fact that δ ≲ 1
κ
. On the other hand, we have

∥St+1 − St∥ ≤
η

∥ut ⊙ vt − θ⋆∥
∥∥(u2

t + v2t
)
⊙ (θ⋆:k − St)

∥∥+ 4ηδ ∥θ⋆∥
(a)

≤ 2ηθ⋆1 + 4ηδ ∥θ⋆∥
≤ 3ηθ⋆1,

(3.60)

where in (a) we used Lemma 60. The above inequality indicates that the signal propagation

in each step is upper bounded by O (ηθ⋆1). Hence, we conclude that within Tk+1 = O
(
δ∥θ⋆∥
ηθ⋆k

)
iterations, we have ∥θ⋆:k − St∥ ≲

√
d2mα1−Θ(δ) ∨ ηθ⋆1. Since δ ≲ 1

κ
, the total iteration

complexity is upper bounded by T ′ = T1 + · · ·Tk+1 = O
(
k3/2

η
log
(
1
α

))
.

Residual Dynamics

Now, we analyze the residual dynamics. Instead of analyzing the dynamics of ui,tvi,t, we

analyze its surrogate u2i,t + v2i,t. Based on equation 3.52, we can naturally bound it as follows

u2i,t+1 + v2i,t+1 ≤ u2i,t + v2i,t + 6ηδui,tvi,t ≤ (1 + 3ηδ)
(
u2i,t + v2i,t

)
. (3.61)
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Therefore, during the training process, we can bound the residual term as

u2i,t + v2i,t ≲ α (1 + ηδ)
O
(

k3/2

η
log( 1

α)
)
≲ α1−O(k3/2δ). (3.62)

Hence, we have

∥Et∥ ≤
(

d∑
i=k+1

u2i,t + v2i,t

)1/2

≲
√
dα1−O(k3/2δ). (3.63)

Therefore, we conclude that within T̄ = O
(
k3/2

η
log
(
1
α

))
iterations, we have

∥uT̄ ⊙ vT̄ − θ⋆∥ ≤ ∥θ⋆:k − ST̄∥+ ∥ET̄∥ ≲
√
d2mα1−O(δ) ∨ ηθ⋆1. (3.64)

Therefore, with probability at least 1− e−C log2(m) log(d) log(∥θ⋆∥/α), we have

∥uT̄ ⊙ vT̄ − θ⋆∥ ≲
√
d2mα

1−Θ̃

(
k2√

m(1−p)2

)
∨ ηθ⋆1. (3.65)

Long Escape Time

Based on the above analysis, it can be seen that, after T̄ iterations, the residual term is the

dominant term, which may cause the algorithm to diverge, as captured by Figure 3.1. We

now show that the residual term will not diverge within T ′ =
√

m(1−p)2
k

T̄ . To this goal, recall

that for ∀k + 1 ≤ i ≤ d, we have

u2i,t+1 + v2i,t+1 ≤ (1 + 3ηδ)
(
u2i,t + v2i,t

)
. (3.66)

Hence, for t ≤ 1
6ηδ

log
(
1
α

)
, we have

u2i,t + v2i,t ≲ α (1 + 3ηδ)
1

6ηδ
log( 1

α) ≤ αe0.5 log(
1
α) =

√
α. (3.67)

The proof is completed by noticing that m = Ω̃
(

k
(1−p)2δ2

)
.

Balanced Property

To prove the balanced property, we directly calculate the dynamic of the difference ui,t−vi,t.
One can write

ui,t+1 − vi,t+1 = (ui,t − vi,t)
(

1− η θ⋆i − ui,tvi,t
∥ut ⊙ vt − θ⋆∥

− ηδi
)
. (3.68)
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Since θ⋆i − ui,tvi,t ≥ 0, we have

|ui,t+1 − vi,t+1| ≤ |ui,t − vi,t| (1 + ηδ) , (3.69)

for 0 ≤ i ≤ k. We conclude that

|ui,t − vi,t| ≤
√
α (1 + ηδ)t ≲ α0.5−Θ(k3/2δ). (3.70)

for ∀t ≲ k3/2

η
log
(
1
α

)
. On the other hand, for i ≥ k, we can write

|ui,t − vi,t| ≤
√
u2i,t + v2i,t ≲ α0.5−Θ(k3/2δ). (3.71)

The proof is completed by noticing that m = Ω̃
(

k
(1−p)2δ2

)
.

Convergence in Under-parameterized Regime

In this section, we study the under-parameterized regime, where we assume that m =

Ω̃( d
(1−p)2 ). The analysis of the signal term is the same as the over-parameterized regime

and hence omitted for brevity. Here we only analyze the residual dynamic. One can write

Et+1 = Et

(
1− η

u2
k+1:,t + v2k+1:,t

∥ut ⊙ vt − θ⋆∥

)
+ ηδk+1:

(
u2
k+1:,t + v2k+1:,t

)
+ η2

( −Et

∥ut ⊙ vt − θ⋆∥
+ δk+1:

)2

Et.

(3.72)

When the residual term becomes the dominant term, i.e., ∥θ⋆:k − St∥ ≤ ∥Et∥, we have the

simplified dynamic

∥Et+1∥ ≤
∥∥∥∥Et

(
1−0.5η

u2
k+1:,t+v

2
k+1:,t

∥ut ⊙ vt − θ⋆∥

)
+ ηδk+1:

(
u2
k+1:,t+v

2
k+1:,t

)∥∥∥∥+ 2η2
(
∥Et∥3+δ2 ∥Et∥

)
(a)

≤
∥∥∥∥Et

(
1− ηEt

∥Et∥

)∥∥∥∥+ 4ηδ ∥Et∥

≤
(

1− η√
d

)
∥Et∥+ 4ηδ ∥Et∥

(b)

≤
(

1− 0.5
η√
d

)
∥Et∥ .

(3.73)
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Here in (a) we used the balanced property, which results in u2
k+1:,t+v

2
k+1:,t ≍ 2Et. Moreover,

(b) is implied by the fact that m ≳ d
(1−p)2 , which in turn implies δ ≲ 1√

d
. Hence, we have

∥ut+1 ⊙ vt+1 − θ⋆∥ ≤
(

1− Ω

(
η√
d

))
∥ut ⊙ vt − θ⋆∥ . (3.74)

Then, for t ≥ T̄ , we have

∥ut ⊙ vt − θ⋆∥ ≲
√
d2mα

1−Θ̃

(
k2√

m(1−p)2

)(
1− Ω

(
η√
d

))t−T̄
∨ ηθ⋆1. (3.75)

3.D.2 Proof of Theorem 16

The proof of N -layer model is similar to that of 2-layer model. First, we study the signal

dynamics, showing that the first k components
∏
w

(t)
i,j converge to θ⋆j sequentially for 1 ≤

j ≤ k. We also prove that the residual term remains small along the optimization trajectory.

Based on the SubGM update rule, one can write

w
(t+1)
i = w

(t)
i + η

θ⋆ −∏w(t)
j∥∥∥θ⋆ −∏w(t)
j

∥∥∥
∏
j ̸=i

w
(t)
j + ηδ

∏
j ̸=i

w
(t)
j , and ∥δ∥∞ ≤ δ, ∀i ∈ [N ]. (3.76)

Signal Dynamics

Stage 1: In this stage, we show that
∏
wi,1 will converge to θ⋆1 within T1 = Θ

(
∥θ⋆∥
Nηθ⋆1

α−N−2
N

)
iterations. We first prove the upper bound. According to the update rule, we have

∏
w

(t+1)
i,1 =

∏
w

(t)
i,1 +

N∑
i=1

η

 θ⋆1 −
∏
w

(t)
j,1∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δ1

(∏
j ̸=i

w
(t)
j,1

)2

+ higher order terms of η

≥
∏

w
(t)
i,1 +

N∑
i=1

η

 θ⋆1 −
∏
w

(t)
j,1∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δ1

(∏
j ̸=i

w
(t)
j,1

)2

≥
∏

w
(t)
i,1 +Nη

 θ⋆1 −
∏
w

(t)
j,1∥∥∥θ⋆ −∏w(t)
j

∥∥∥ − δ
(∏w

(t)
i,1

) 2(N−1)
N

.

(3.77)

Here we use the fact that
∏
w

(t)
i,1 ≤ θ⋆1 and η ≲ 1

N
1
κ

N−2
N so that we can drop the higher order

terms. For brevity, we only show how we can drop the 2-th order term of η. The proof of
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the higher order terms is similar. One can write

η2
∑
i ̸=j

(∏
k ̸=i

w
(t)
k,1

∏
k ̸=j

w
(t)
k,1

∏
k ̸=i,j

w
(t)
k,1

)
(a)

≤ η2 (θ⋆1)
N−2
N

∑
i ̸=j

(∏
k ̸=i

w
(t)
k,1

∏
k ̸=j

w
(t)
k,1

)
(b)

≤ (N − 1)η (θ⋆1)
N−2
N η

m∑
i=1

(∏
j ̸=i

w
(t)
j,1

)2

(c)

≲ η
m∑
i=1

(∏
j ̸=i

w
(t)
j,1

)2

.

(3.78)

Here in (a) we use the balanced property and the fact that
∏
w

(t)
i,1 ≤ θ⋆1. Moreover, in (b), we

use the rearrangement Inequality. Finally in (c) we use the assumption that η ≲ N−1κ−
N−2
N .

For simplicity, we denote xt =
∏
w

(t)
i,1 . Note that

∥∥∥θ⋆ −∏w(t)
j

∥∥∥ ≤ ∥θ⋆∥. Hence, the dynamic

can be simplified as

xt+1 ≥ xt +
Nη

∥θ⋆∥ (θ⋆1 − δ ∥θ⋆∥ − xt)x
2(N−1)

N
t . (3.79)

We next show that xT ≥ θ⋆1 − 2δ ∥θ⋆∥ within T1 = Θ
(

∥θ⋆∥
Nηθ⋆1

α−N−2
N

)
iterations provided that

x0 = Θ(α). To this goal, we divide our analysis into two substages.

• xt ≤ θ⋆1
2

: In this substage, we assume that xt ≤ θ⋆1
2

. Hence, we can further simplify the

dynamic as

xt+1 ≥ xt + 0.5Nη
θ⋆1
∥θ⋆∥x

2(N−1)
N

t . (3.80)

Without loss of generality, we assume that x0 = α. Now we divide the interval [α, 0.5θ⋆1]

into a series of sub-intervals {Ik}, where Ik = [2kα, 2k+1α). In each Ik, the dynamic

can be further simplified as

xt+1 ≥
(

1 + 0.5Nη
θ⋆1
∥θ⋆∥

(
2kα
)N−2

N

)
xt. (3.81)

Therefore, the number of iterations that xt spends in each interval Ik is

O
(

∥θ⋆∥
Nηθ⋆1

(
2kα
)−N−2

N

)
. Hence, the total number of iterations is upper bounded by

O
(∑∞

k=0
∥θ⋆∥
Nηθ⋆1

(
2kα
)−N−2

N

)
= O

(
∥θ⋆∥
Nηθ⋆1

α−N−2
N

)
.

• xt ≥ θ⋆1
2

: In this substage, we define yt = θ⋆1 − δ ∥θ⋆∥ − xt. Via a similar trick, we can

show that within additional O
(

∥θ⋆∥
Nη

(θ⋆1)−
2N−2

N

)
iterations, we have xt ≥ θ⋆1 − 2δ ∥θ⋆∥.

Overall, after T1 = Θ
(

∥θ⋆∥
Nηθ⋆1

α−N−2
N

)
iterations, we have θ⋆1 − 2δ ∥θ⋆∥ ≤∏w

(T1)
i,1 ≤ θ⋆1.
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Stages 2 to k: Similarly, for component
∏
w

(t)
j,i , it takes O

(
∥θ⋆

−(i−1)∥
Nηθ⋆i

α−N−2
N

)
iterations

to attain θ⋆i − 2δ ∥θ⋆∥. Overall, Stages 2 to k take Θ
(
k
3
2

Nη
α−N−2

N

)
iterations to terminate.

Stage k + 1: In this stage, we take St =
∏
w

(t)
j,:k. Hence, we have

∥θ⋆:k − St+1∥ ≤

∥∥∥∥∥∥∥(θ⋆:k − St)

1− η
∑N

i=1

(∏
j ̸=iw

(t)
j,1

)2∥∥∥θ⋆ −∏w(t)
j

∥∥∥

∥∥∥∥∥∥∥+ 4Nηδ

√
k(θ⋆1)

2(N−1)
N

≤ ∥θ⋆:k − St∥
(

1−Nη (θ⋆k)
2(N−1)

N

∥θ⋆:k − St∥+ ∥Et∥

)
+ 4Nηδ

√
k(θ⋆1)

2(N−1)
N

≤ ∥θ⋆:k − St∥ − 0.5Nη(θ⋆k)
2(N−1)

N + 4Nηδ
√
k(θ⋆1)

2(N−1)
N

≤ ∥θ⋆:k − St∥ − 0.1Nη(θ⋆k)
2(N−1)

N .

(3.82)

Here we used the fact that
∥∥∥θ⋆ −∏w(t)

j

∥∥∥ ≤ ∥θ⋆:k − St∥ + ∥Et∥ ≤ 2 ∥θ⋆:k − St∥, and the

assumption that δ ≲ 1
N

1
κ

2N−2
N . On the other hand, we have

∥St+1 − St∥ ≤

∥∥∥∥∥∥
N∑
i=1

η

 θ⋆:k − St∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δi,:k

(∏
j ̸=i

w
(t)
j,:k

)2
∥∥∥∥∥∥

≤ 2Nη
√
k(θ⋆1)

2(N−1)
N .

(3.83)

Hence, we conclude that within O
(√

kδ
Nη

1
κ

2(N−1)
N

)
iterations, we have ∥θ⋆:k − St∥ ≲

√
d2mα ∨

Nη(θ⋆1)
2(N−1)

N . Overall, the total iteration complexity is bounded by O
(
k
3
2

Nη
α−N−2

N

)
.
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Residual Dynamics

Similar to the 2-layer model, here we study the surrogate of the residual term
∑N

i=1

(
w

(t)
i,l

)2
for l ≥ k + 1. To this goal, we first notice that

N∑
i=1

(
w

(t+1)
i,l

)2
=

N∑
i=1

(
w

(t)
i,l

)2
+ 2Nη

 −∏w
(t)
j,l∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δi,l

∏w
(t)
j,l

+ η2
N∑
i=1

 −∏w
(t)
j,l∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δi,l

2(∏
j ̸=i

w
(t)
j,l

)2

≤
N∑
i=1

(
w

(t)
i,l

)2
+ 4Nηδ

∏
w

(t)
j,l

≤
N∑
i=1

(
w

(t)
i,l

)2
+ 4Nηδ


∑N

i=1

(
w

(t)
i,l

)2
N


N
2

.

(3.84)

Hence, once we set zt =
∑N

i=1

(
w

(t)
i,l

)2
, we have the following simplified dynamic

zt+1 ≤ zt + 4Nηδ
( zt
N

)N
2
, (3.85)

with z0 = Θ
(
Nα

2
N

)
. We claim that withinO

(
1

Nηα

)
iterations, we still have zt = Θ

(
Nα

2
N

)
.

To show this, we suppose without loss of generality that z0 = Nα
2
N , and define T as the first

time that zT ≥ 2Nα
2
N . For any 0 ≤ t ≤ T − 1, we have

zt+1 ≤ zt + 4Nηδ2
N
2 α. (3.86)

We conclude that

T ≥ Nα
2
N

4Nηδ2
N
2 α

=
1

4δ2
N
2

1

η
α−N−2

N ≳
1

Nη
α−N−2

N . (3.87)

Therefore, via a basic inequality, we have

∏
w

(t)
i,l ≤


∑N

i=1

(
w

(t)
i,l

)2
N


N
2

≲ α. (3.88)
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Combining the analysis of both signal and residual terms, we conclude that within

Θ
(

1
Nη
α−N−2

N

)
iterations, we have

∥∥∥∏w
(t)
i − θ⋆

∥∥∥ ≲
√
d2mα ∨ (ηθ⋆1)

2(N−1)
N . (3.89)

Long Time Guarantee

Similar to the proof of the 2-layer model, one can show that the residual term becomes the

dominant term in the generalization error, and it stays in the order of α within Ω
(

1
Nηδ

α−N−2
N

)
iterations. The details are omitted for brevity.

Balanced Property

To prove the balanced property, we first study the dynamic of w
(t)
i,l −w

(t)
j,l , ∀l ∈ [k], i, j ∈ [N ].

To this goal, we have

w
(t+1)
i,l − w(t+1)

j,l =
(
w

(t)
i,l − w

(t)
j,l

)1− η

 θ⋆l −
∏
w

(t)
j,l∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δl

 ∏
f ̸=i,j

w
(t)
f,l

 , (3.90)

which in turn implies

∣∣∣w(t+1)
i,l − w(t+1)

j,l

∣∣∣ ≤ ∣∣∣w(t)
i,l − w

(t)
j,l

∣∣∣
1− η

 θ⋆l −
∏
w

(t)
j,l∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δl

 ∏
f ̸=i,j

w
(t)
f,l

 . (3.91)

If
∏
w

(t)
j,l ≤ θ⋆l − δ ∥θ⋆∥, the above inequality can be simplified as∣∣∣w(t)

i,l − w
(t)
j,l

∣∣∣ ≤ ∣∣∣w(0)
i,l − w

(0)
j,l

∣∣∣ ≲ α
1
N ,∀i, j ∈ [N ], l ∈ [k]. (3.92)

Once
∏
w

(t)
j,l ≥ θ⋆l − δ ∥θ⋆∥, we immediately have w

(t)
j,l = N

√
θ⋆l ± O( N

√
α). Then, we show

that w
(t)
j,l will stay close to N

√
θ⋆l . To this goal, we first observe that

(
w

(t+1)
i,l − w(t)

i,l

)
w

(t)
i,l ≡(

w
(t+1)
j,l − w(t)

j,l

)
w

(t)
j,l , ∀i, j ∈ [N ], which indicates that w

(t)
i,l increases or decreases simultane-

ously. Hence, we conclude that
∣∣∣w(t)

i,l − w
(t)
j,l

∣∣∣ ≲ δ N
√
θ⋆l .
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For the residual term, we can derive a tighter bound. First, we have

(
w

(t+1)
i,l

)2
=
(
w

(t)
i,l

)2
+ 2η

 −∏w
(t)
j,l∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δl

∏w
(t)
j,l

+ η2

 −∏w
(t)
j,l∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δl

2(∏
j ̸=i

w
(t)
j,l

)2

.

(3.93)

Since we have already shown that
∏
w

(t)
i,l ≲ α, we further have

(
w

(t+1)
i,l

)2
≤
(
w

(t)
i,l

)2
+ 4ηδα. (3.94)

Therefore, one can write
(
w

(t)
i,l

)2
≲
(
w

(0)
i,l

)2
+ 4ηδα 1

η
α−N−2

N ≲ α
2
N , which in turn implies∣∣∣w(t)

i,l − w
(t)
j,l

∣∣∣ ≤ ∣∣∣w(t)
i,l

∣∣∣+
∣∣∣w(t)

j,l

∣∣∣ ≲ α1/N .

Convergence in Under-parameterized Regime

Similar to the 2-layer model, we consider the dynamic of Et =
∏
w

(t)
i,k+1:, which is charac-

terized as follows

∥Et+1∥ ≤

∥∥∥∥∥∥Et +
N∑
i=1

η

 −Et∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δk+1:

(∏
j ̸=i

w
(t)
j,k+1:

)2
∥∥∥∥∥∥

≤

∥∥∥∥∥∥Et +Nη

 −Et∥∥∥θ⋆ −∏w(t)
j

∥∥∥ + δ1

E 2(N−1)
N

t

∥∥∥∥∥∥
≤
∥∥∥∥Et +Nη

(−Et

∥Et∥
+ δ1

)
E

2(N−1)
N

t

∥∥∥∥
≤ ∥Et∥ −Nηd−

N−1
N ∥Et∥

2N−2
N +Nηδ

∥∥∥∥E 2(N−1)
N

t

∥∥∥∥
≤ ∥Et∥ −Nηd−

N−1
N ∥Et∥

2N−2
N +Nηδ ∥Et∥

2N−2
N

≤ ∥Et∥ −Nηd−
N−1
N ∥Et∥

2N−2
N .

(3.95)

The last inequality comes from the fact that δ ≲ d−
N−1
N since we assume m ≳ d

2N−2
N

(1−p)2 . Hence,

we have

∥Et∥ ≲
(

1

Nηd−(N−1)/N(t− T̄ ) + 1/ ∥ET̄∥

) N
N−2

. (3.96)
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Since the residual term is the dominant term in the generalization error, we have

∥∥∥∏w
(t)
i − θ⋆

∥∥∥ ≲


∥∥∥∏w(T̄ )

i − θ⋆
∥∥∥∥∥∥∏w(T̄ )

i − θ⋆
∥∥∥Nηd−(N−1)/N(t− T̄ ) + 1


N

N−2

, (3.97)

which completes the proof.

3.E Proof of Proposition 11

First, we provide an upper bound of the covering number for the (k, ϑ)-approximate sparse

unit ball. We defer a preliminary discussion on covering number to Appendix 3.H .

Lemma 57. Let Tk,ϑ := {u ∈ Rd : u is (k, ϑ)-approximate sparse, ∥u∥ ≤ 1}. Then its

covering number N(Tk,ϑ, ϵ, ∥·∥) is upper bounded by

N(Tk,ϑ, ϵ, ∥·∥) ≤
(
ed

k

)k (
1 +

4

ϵ

)k
, (3.98)

provided that ϵ ≥ ϑ.

The next lemma will play a crucial role in proving Proposition 11.

Lemma 58. Suppose x ∈ Rd is a standard Gaussian vector, i.e., xi
i.i.d.∼ N (0, 1), and the

noise ϵ satisfies Assumption 2, then we have

φ(u) =
E [sign (⟨x,u⟩+ ϵ) ⟨x,v⟩]〈

u
∥u∥ ,v

〉 =

√
2

π
(1− p) +

√
2

π
pE
[
e−ϵ

2/(2∥u∥2)
]
.

The proof of this lemma can be found in Appendix 3.G.1. Now, we are ready to prove

Proposition 11. Our goal is to show that for arbitrary u ∈ A, the following inequality holds∥∥∥∥∥ 1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi − φ(u)
u

∥u∥

∥∥∥∥∥
∞

≤ δ (3.99)

with probability at least 1 − Ce−cmδ
2

provided that m ≳
k log(d) log(R) log( 1

ϑ
)

(1−p)2 . Here we de-

fine A := {u : r ≤ ∥u∥ ≤ R, u is (k, ϑ)-approximate sparse}, where r ≳
√
dm/kϑ log (1/ϑ).

Moreover, we define B := {u : r ≤ ∥u∥ ≤ R, ∥u∥0 ≤ k} and C := {(u,u′) : u ∈ A,v ∈
Bζ , ∥u− u′∥ ≤ ζ}. Here Bζ is the ζ-net of B with ζ ≳ r. Finally, we define D := {±ej}j∈[d],
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where ej forms the standard basis of Rd. Based on these definitions, we have

sup
u∈A

∥∥∥∥∥ 1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi − φ(u)
u

∥u∥

∥∥∥∥∥
∞

= sup
u∈A,v∈D

1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi) ⟨xi,v⟩ −
φ(u)

∥u∥ ⟨u,v⟩

= sup
v∈D

{
sup
u∈A

1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi) ⟨xi,v⟩ −
φ(u)

∥u∥ ⟨u,v⟩
}
.

(3.100)

We then show that for each element y ∈ D, supu∈A
1
m

∑m
i=1 sign (⟨xi,u⟩+ ϵi) ⟨xi,y⟩ −

φ(u) ⟨u,y⟩∥u∥ , j ∈ [d] is O
(

1
m

)
-sub-Gaussian random variable. To see this, note that

∥∥∥∥sign (⟨xi,u⟩+ ϵi)xi,j − φ(u)
uj
∥u∥

∥∥∥∥
ψ2

≤ ∥sign (⟨xi,u⟩+ ϵi)xi,j∥ψ2
+

√
2

π

≤ ∥xi,j∥ψ2
+

√
2

π
= O(1).

(3.101)

Here we use the property of sub-Gaussian norm. This implies that
1
m

∑m
i=1 sign (⟨xi,u⟩+ ϵi)xi,j − φ(u)

uj
∥u∥ is O

(
1
m

)
-sub-Gaussian random variable, since

it is the sample average of sign (⟨xi,u⟩+ ϵi)xi,j − φ(u)
uj
∥u∥ .

Hence, via maximal inequality, we have that for ∀t > 0,

P

(
sup
u∈A

∥∥∥∥∥ 1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi − φ(u)
u

∥u∥

∥∥∥∥∥
∞

≥ sup
y∈D

E

[
sup
u∈A

1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi) ⟨xi,y⟩ − φ(u)
⟨u,y⟩
∥u∥

]
+ t

)
≤ 2de−cmt

2

.

(3.102)

Hence, it suffices to study E
[
supu∈A

1
m

∑m
i=1 sign (⟨xi,u⟩+ ϵi)xi,1 − φ(u) u1

∥u∥

]
. To this goal,

we decompose it into two terms via triangle inequality.

E

[
sup
u∈A

1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi,1 − φ(u)
u1
∥u∥

]
≤ (A) + (B), (3.103)

where

(A) := E

[
sup
u∈Bζ

1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi,1 − φ(u)
u1
∥u∥

]
, (3.104)
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and

(B)

:= E

[
sup

(u,u′)∈C

1

m

m∑
i=1

(sign (⟨xi,u⟩+ ϵi)− sign (⟨xi,u′⟩+ ϵi))xi,1 − φ(u)
u1
∥u∥ + φ(u′)

u′1
∥u′∥

]
.

(3.105)

We first control (A). To this goal, we apply the union bound. Note that

1
m

∑m
i=1 sign (⟨xi,u⟩+ ϵi)xi,1 − φ(u) u1

∥u∥ is O( 1
m

)-sub-Gaussian and |Bζ | ≤
(
R
ζ

)Ck log(d)
. We

then have

(A) ≲

√√√√k log(d) log
(
R
ζ

)
m

. (3.106)

Now we control (B). Via triangle inequality, we first obtain

(B) ≤ E

[
sup

(u,u′)∈C

1

m

m∑
i=1

(sign (⟨xi,u⟩+ ϵi)− sign (⟨xi,u′⟩+ ϵi))xi,1

]
︸ ︷︷ ︸

(B1)

+ sup
(u,u′)∈C

{
−φ(u)

u1
∥u∥ + φ(u′)

u′1
∥u′∥

}
︸ ︷︷ ︸

(B2)

.

(3.107)

For the first part, applying Hölder’s inequality leads to

(B1) ≤ E

[
sup

(u,u′)∈C

(
1

m

m∑
i=1

| sign (⟨xi,u⟩+ ϵi)− sign (⟨xi,u′⟩+ ϵi) |
)

max
1≤i≤m

|xi,1|
]

≤ E

[
sup

(u,u′)∈C

(
1

m

m∑
i=1

1 (| ⟨xi, u− u′⟩ | ≥ |⟨xi,u⟩+ ϵi|)
)

max
1≤i≤m

|xi,1|
]

≤ E

[
sup

∥∆u∥≤ζ

(
1

m

m∑
i=1

1 (| ⟨xi,∆u⟩ | ≥ t)

)
max
1≤i≤m

|xi,1|
]

︸ ︷︷ ︸
(B3)

+ E

[
sup
u∈Bζ

(
1

m

m∑
i=1

1 (| ⟨xi,u⟩+ ϵi| ≤ t)

)
max
1≤i≤m

|xi,1|
]

︸ ︷︷ ︸
(B4)

,

(3.108)

where t > 0 is a constant to be determined later. Here, we used the fact that

1 (| ⟨xi, u− u′⟩ | ≥ |⟨xi,u⟩+ ϵi|) ≤ 1 (| ⟨xi,∆u⟩ | ≥ t) + 1 (| ⟨xi,u⟩+ ϵi| ≤ t) in the last in-
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equality. We first bound (B3)

(B3) ≤ E

[(
1

m

m∑
i=1

1 (ζ ∥xi∥ ≥ t)

)
max
1≤i≤m

|xi,1|
]

≤ E [1 (ζ ∥xi∥ ≥ t)]E
[
max
j ̸=i
|xj,1|

]
+ E [1 (ζ ∥xi∥ ≥ t) |xi,1|]

≲ e
−C t2

ζ2
√

log (m) + E [1 (ζ ∥xi∥ ≥ t) |xi,1|] ,

(3.109)

provided that t
ζ
≳
√
d. Applying Cauchy-Schwarz inequality, we have

E [1 (ζ ∥xi∥ ≥ t) |xi,1|] ≤
√
P (ζ ∥xi∥ ≥ t)

√
E
[
x2i,1
]
≤ e

−C t2

ζ2 . (3.110)

Hence, we conclude that (B3) ≲ e
−C t2

ζ2
√

log (m). Next we control (B4). Note that maxi |xi,1|
is O (log(m))-sub-Gaussian. Via union bound, we have

(B4) ≤ sup
u∈B

E
[
1 (| ⟨xi,u⟩+ ϵi| ≤ t) max

1≤i≤m
|xi,1|

]
+ C

√
k log(m) log(d) log(R

ζ
)

m
. (3.111)

For the first part, applying the similar decomposition method, we have

E
[
1 (| ⟨xi,u⟩+ ϵi| ≤ t) max

1≤i≤m
|xi,1|

]
≤ E

[
1 (| ⟨xi,u⟩+ ϵi| ≤ t) max

j ̸=i
|xi,1|

]
+ E [1 (| ⟨xi,u⟩+ ϵi| ≤ t) |xi,1|]

≲
√

log(m)
t

r
.

(3.112)

Hence, we conclude that (B4) ≲
√

log(m) t
r

+

√
k log(m) log(d) log(R

ζ
)

m
. For (B2), we first have∣∣∣∣−φ(u)

u1
∥u∥ + φ(u′)

u′1
∥u′∥

∣∣∣∣ = |φ(u′)− φ(u)| |u1|∥u∥ + φ(u′)

∣∣∣∣ u′1∥u′∥ −
u1
∥u∥

∣∣∣∣
≲ |φ(u′)− φ(u)|+ ζ.

(3.113)

For the first part, we use Mean Value Theorem to write

|φ(u′)− φ(u)| ≤ ∥∇φ(v)∥ ∥u′ − u∥ ≤ ∥∇φ(v)∥ ζ, (3.114)

where v is a point between u and u′. Note that ∇φ(v) =
√

2
π
pE
[
ϵ2v
∥v∥4 e

− ϵ2

2∥v∥2

]
. Hence, we

165



have

sup
∥v∥≥r

∥∇φ(v)∥ ≲ sup
∥v∥≥r

E
[
ϵ2

∥v∥3
e
− ϵ2

2∥v∥2

]
≤ 1

r
sup
∥v∥≥r

E
[
ϵ2

∥v∥2
e
− ϵ2

2∥v∥2

]
≲

1

r
. (3.115)

Overall, we have (B2) ≲
ζ
r
, which results in

E

[
sup
u∈A

1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi,1 − φ(u)
u1
∥u∥

]

≲
ζ

r
+ e

−C t2

ζ2
√

log (m) +
√

log(m)
t

r
+

√
k log(m) log(d) log(R

ζ
)

m
.

(3.116)

Hence, once we set ζ ≍ ϑ, and t ≍
√
dϑ log(m), together with the assumption that r ≳√

dm
k
ϑ log

(
1
ϑ

)
, we conclude that

E

[
sup
u∈A

1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi,1 − φ(u)
u1
∥u∥

]
≲

√
k log2(m) log(d) log(R

ϑ
)

m
. (3.117)

This leads to

P

sup
u∈A

∥∥∥∥∥ 1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi − φ(u)
u

∥u∥

∥∥∥∥∥
∞

≥ C

√
k log2(m) log(d) log(R

ϑ
)

m
+ δ


≤ 2de−cmδ

2

.

(3.118)

Therefore, the following inequality holds, provided that m ≳
k log2(m) log(d) log(R

ϑ
)

(1−p)2δ2

P

(
sup
u∈A

∥∥∥∥∥ 1

φ(u)

1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi −
u

∥u∥

∥∥∥∥∥
∞

≥ δ

)
≤ e−cmδ

2

. (3.119)

Now we turn to the case m ≳ d
(1−p)2 . Following the same technique, it suffices to bound

E
[
supu∈Rd

1
m

∑m
i=1 sign (⟨xi,u⟩+ ϵi)xi,1 − φ(u) u1

∥u∥

]
. To this goal, we first notice that

E

[
sup
u∈Rd

1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi,1 − φ(u)
u1
∥u∥

]

= E

[
sup

∥u∥=1,λ∈R

1

m

m∑
i=1

sign (⟨xi,u⟩+ λϵi)xi,1 − φ(u)u1

]
︸ ︷︷ ︸

(A)

.
(3.120)
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Similarly, applying one-step discretization, we have

(A) ≤ E

[
sup

u∈Sϵ,λ∈R

1

m

m∑
i=1

sign (⟨xi,u⟩+ λϵi)xi,1 − ϕ(λ)u1

]
︸ ︷︷ ︸

(B)

+ E

[
sup

∥u−u′∥≤ϵ,λ∈R

1

m

m∑
i=1

(sign (⟨xi,u⟩+λϵi)−sign (⟨xi,u′⟩+λϵi))xi,1+ϕ(λ) (u′1−u1)
]

︸ ︷︷ ︸
(C)

.

(3.121)

Here ϕ(λ) =
√

2
π
(1−p)+

√
2
π
pE
[
e−λ

2ϵ2/2
]

is the same as before. We first control (B). To this

goal, we show that supλ∈R
1
m

∑m
i=1 sign (⟨xi,u⟩+ λϵi)xi,1− ϕ(λ)u1 is O(1/m)-sub-Gaussian.

We prove it via checking the sub-Gaussian norm∥∥∥∥sup
λ∈R

sign (⟨xi,u⟩+ λϵi)xi,1 − ϕ(λ)u1

∥∥∥∥
ψ2

≤ ∥|xi,1|∥ψ2
+

√
2

π
= O(1). (3.122)

Hence, via maximum inequality, we have

(B) ≤ E

[
sup
λ∈R

1

m

m∑
i=1

sign (⟨xi,u⟩+ λϵi)xi,1 − ϕ(λ)u1

]
︸ ︷︷ ︸

(D)

+O

√d log
(
1
ϵ

)
m

 . (3.123)

To control (D), we further decompose it into two parts,

(D) ≤ E

[
sup
ν∈[0,1]

1

m

m∑
i=1

sign (ν ⟨xi,u⟩+ ϵi)xi,1 − ϕ
(

1

ν

)
u1

]
︸ ︷︷ ︸

(D1)

+ E

[
sup
λ∈[0,1]

1

m

m∑
i=1

sign (⟨xi,u⟩+ λϵi)xi,1 − ϕ(λ)u1

]
︸ ︷︷ ︸

(D2)

.

(3.124)

To control (D1) and (D2) we use arguments based on bracketing maximal inequality. We defer

a preliminary discussion on bracketing maximal inequality to Appendix 3.H. We first control

(D1). Let Tξ be defined as the ξ-net of the interval [0, 1]. We show that for any ν, ν ′ ∈ [0, 1]

such that |ν − ν ′| ≤ ξ, we can control ∥(sign(ν ⟨xi,u⟩+ ϵi)− sign(ν ′ ⟨xi,u⟩+ ϵi))xi,1∥L2(P).
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To this goal, we first have

E
[
(sign(ν ⟨xi,u⟩+ ϵi)− sign(ν ′ ⟨xi,u⟩+ ϵi))

2
x2i,1

]
≲ E [| sign(ν ⟨xi,u⟩+ ϵi)− sign(ν ′ ⟨xi,u⟩+ ϵi)|]
≤ E [1 (| (ν − ν ′) ⟨xi,u⟩ | ≥ t) + 1 (|ν ⟨xi,u⟩+ ϵi| ≤ t)]

≲ e
−C t2

ξ2 + t.

(3.125)

Upon picking t ≍ ξ log
(

1
ξ

)
, we have

∥(sign(ν ⟨xi,u⟩+ ϵi)− sign(ν ′ ⟨xi,u⟩+ ϵi))xi,1∥L2(P) ≲

√
ξ log

(
1

ξ

)
. (3.126)

Therefore, the bracketing number is bounded by N[](ε∥F∥,F , ∥·∥) ≲ C 1√
ϵ
, which in turn leads

to an upper bound on the bracketing entropy J[](1,F , L2(P)) ≲ 1. Applying Theorem 19

leads to

(D1) ≲

√
1

m
. (3.127)

Similarly, we can show that (D2) ≲
√

1
m

. Therefore, we conclude that

(B) ≲

√
d log

(
1
ϵ

)
m

. (3.128)

For (C), we can use the similar technique in the overparameterized setting (m≪ d), which

leads to

(C) ≲
√

log(m)ϵ+

√
d log(m)

m
. (3.129)

Therefore, once we set ϵ ≍
√

d
m

, we immediately obtain

(A) ≲

√
d log(m)

m
. (3.130)

Combining the derived bounds results in

P

(
sup
u∈Rd

∥∥∥∥∥ 1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi − φ(u)
u

∥u∥

∥∥∥∥∥
∞

≥ C

√
d log(m)

m
+ δ

)
≤ ec1 log(d)−c2mδ

2

.

(3.131)
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Assuming m ≳ d log(m)
(1−p)2 , the above bound reduces to

P

(
sup
u∈Rd

∥∥∥∥∥ 1

φ(u)

1

m

m∑
i=1

sign (⟨xi,u⟩+ ϵi)xi −
u

∥u∥

∥∥∥∥∥
∞

≥ δ

)
≤ e−cmδ

2

. (3.132)

3.F Auxiliary Lemmas

Lemma 59. Suppose x1, · · · , xm are i.i.d. standard Gaussian vectors with dimension d.

Then, for arbitrary δ > 0 we have

P

(
sup
∥u∥=1

∣∣∣∣∣ 1

m

m∑
i=1

| ⟨xi,u⟩ | −
√

2

π

∣∣∣∣∣ ≥ C

√
d

m
+ δ

)
≤ e−cmδ

2

. (3.133)

Here C, c are universal constants.

Proof. This lemma directly follows from the standard expectation and high probability

bounds for sub-Gaussian process. See e.g., [Ma and Fattahi, 2023a, Lemma 4] for a simple

proof.

Lemma 60. For two arbitrary vectors a, b ∈ Rn, we have

∥a⊙ b∥ ≤ ∥a∥∞ ∥b∥ . (3.134)

3.G Deferred Proofs

3.G.1 Proof of Lemma 58

Proof. To prove this lemma, it suffices to show that, for any u,v ∈ Rd, we have

E [sign (ϵ+ ⟨x,u⟩) ⟨x,v⟩] =

√
2

π
E
[
e−ϵ

2/2∥u∥2
]〈 u

∥u∥ ,v
〉
. (3.135)
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Without loss of generality, we assume that ∥u∥ = ∥v∥ = 1. Let us denote w := ⟨x,u⟩ , z :=

⟨x,v⟩ , ρ := Cov(w, z) = ⟨u,v⟩. Then

E [sign (ϵ+ ⟨x,u⟩) ⟨x,v⟩] = E [sign (ϵ+ w) z]

(a)
= ρE [sign(w + ϵ)w]

= ρEϵ
[∫ ∞

−ϵ
t

1√
2π
e−t

2/2dt−
∫ −ϵ

−∞
t

1√
2π
e−t

2/2dt

]
= ρEϵ

[∫ ∞

−ϵ
t

1√
2π
e−t

2/2dt+

∫ ∞

ϵ

t
1√
2π
e−t

2/2dt

]
= 2ρEϵ

[∫ ∞

|ϵ|
t

1√
2π
e−t

2/2dt

]
=

√
2

π
⟨u,v⟩Eϵ

[∫ ∞

|ϵ|
d
(
−e−t2/2

)]
=

√
2

π
⟨u,v⟩Eϵ

[
e−ϵ

2/2
]
.

(3.136)

Here in (a) we use the fact that z|w, ϵ ∼ N (ρw, 1−ρ2) since ϵ is independent of w, z. Hence,

we have

E [sign (ϵ+ ⟨x,u⟩) ⟨x,v⟩] =

√
2

π
E
[
e−ϵ

2/2∥u∥2
]〈 u

∥u∥ ,v
〉

(3.137)

for any u,v ∈ Rd. On the other hand, it is easy to verify that E [sign (⟨x,u⟩) ⟨x,v⟩] =√
2
π

〈
u

∥u∥ ,v
〉

. The proof is completed by noting that the corruption probability is p.

3.H Preliminaries on the Uniform Concentration

Bounds

In this section, we provide the preliminary probability tools for proving Proposition 11.

Definition 16 (Sub-Gaussian random variable). We say a random variable X ∈ R with

expectation E[X] = µ is σ2-sub-Gaussian if for all λ ∈ R, we have E
[
eλ(X−µ)] ≤ e

λ2σ2

2 .

Moreover, the sub-Gaussian norm of X is defined as ∥X∥ψ2
:= supp≥1

{
p−1/2(E[|X|p])1/p

}
.

According to [Wainwright, 2019], the following statements are equivalent:

• X is σ2-sub-Gaussian.

• (Tail bound) For any t > 0, we have P(|X − µ| ≥ t) ≤ 2e−
t2

2σ2 .

• (Moment bound) We have ∥X∥ψ2
≲ σ.
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Next, we provide the definitions of the sub-Gaussian process, ϵ-net, and covering number.

Definition 17 (Sub-Gaussian process). A zero mean stochastic process {Xθ, θ ∈ T} is a

σ2-sub-Gaussian process with respect to a metric d on a set T, if for every θ, θ′ ∈ T, the
random variable Xθ −Xθ′ is (σd(θ, θ′))2-sub-Gaussian.

Definition 18 (ϵ-net and covering number). A set N is called an ϵ-net for (T, d) if for

every t ∈ T, there exists π(t) ∈ N such that d(t, π(t)) ≤ ϵ. The covering number N(T, d, ϵ)
is defined as the smallest cardinality of an ϵ-net for (T, d):

N(T, d, ϵ) := inf{|N | : N is an ϵ-net for (T, d)}.

Definition 19 (Bracketing number, Definition 2.1.6 in [Van Der Vaart, van der Vaart,

van der Vaart, and Wellner, 1996]). Given two functions l and u, the bracket [l, u] is the set

of all functions f with l ≤ f ≤ u. An ε-bracket is a bracket [l, u] with ∥u − l∥ < ε. The

bracketing number N[ ](ε,F , ∥ · ∥) is the minimum number of ε-brackets needed to cover F .
The bracketing entropy is the logarithm of the bracketing number. In the definition of the

bracketing number, the upper and lower bounds u and l of the brackets need not belong to F
themselves but are assumed to have finite norms.

Bracketing number can be regarded as an analog of covering number, describing the

geometric complexity of the underlining function space. Although bracketing number of a

general function class is difficult to characterize, for some specific function classes, we can

easily derive upper bounds for their bracketing number. In particular, we have the following

result for Lipschitz functions.

Theorem 18 (Adapted from Theorem 2.7.11 in [Van Der Vaart et al., 1996]). Let F = {ft :

t ∈ T} be a class of functions. Suppose that for arbitrary s, t ∈ T , we have

|fs(x)− ft(x)| ≤ d(s, t)F (x), (3.138)

for some metric d on the index set, function F on the sample space, and every x. Then, for

any norm ∥·∥,
N[ ](2ε∥F∥,F , ∥ · ∥) ≤ N(ε, T, d). (3.139)

Theorem 19 (Adapted from Theorem 2.14.2 in [Van Der Vaart et al., 1996]). For a given

norm ∥·∥, define a bracketing integral of a class of functions F as

J[ ](δ,F , ∥ · ∥) =

∫ δ

0

√
1 + logN[ ](ε∥F∥,F , ∥ · ∥)dε. (3.140)
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Let F be a class of measurable functions with measurable envelope function F , we have

E

[
sup
f∈F

1

n

n∑
i=1

f(Xi)− E [f(X)]

]
≲ J[ ](1,F , L2(P))

∥F∥L2(P)√
n

, (3.141)

where P is the distribution of X, and the L2(P)-norm is defined as ∥f∥L2(P) :=(∫
Ω
f 2(ω)dP(ω)

)1/2
.
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CHAPTER 4

Unregularized Matrix Completion

This chapter is based on the following paper:

• Jianhao Ma and Salar Fattahi. Convergence of gradient descent with small initializa-

tion for unregularized matrix completion. In The Thirty Seventh Annual Conference

on Learning Theory, 2024.

4.1 Introduction

Matrix completion is a fundamental problem in the field of machine learning, where the

objective is to reconstruct a positive semidefinite (PSD) matrix of rank-r, denoted as X⋆ ∈
Rd×d, from only a subset of its observed entries. The most natural approach to solve this

problem involves minimizing the following mean squared error:

min
U∈Rd×r′

f(U) =
1

4p

∥∥PΩ(UU⊤ −X⋆)
∥∥2
F
. (MC)

Here, p represents the probability of observing each entry in X⋆, Ω denotes the set of

observed entries, and PΩ shows the projection operation onto the set of matrices supported

by Ω. When the true rank r is unknown, it is often over-estimated by the search rank r′ ≥ r,

leading to what is referred to as over-parameterized matrix completion.

A prominent application of matrix completion is in collaborative filtering [Gleich and Lim,

2011]. Additionally, it has applications in other areas, including image reconstruction [Hu,

Liu, and Jacob, 2018], fast kernel matrix approximation [Graepel, 2002, Paisley and Carin,

2010], and more recently, in teaching arithmetic to transformers [Lee, Sreenivasan, Lee, Lee,

and Papailiopoulos, 2023].

Perhaps one of the most natural approaches for solving the above optimization problem

is (vanilla) gradient descent (GD): given an initial point U0 and a fixed step-size η > 0,

generate a sequence of iterates {Ut}Tt=1 according to Ut+1 = Ut − η∇f(Ut). Despite its
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simplicity and desirable practical performance (see Figure 4.1 and the experiments in [Zheng

and Lafferty, 2016]), the conditions under which the GD converges globally to the ground

truth X⋆ have remained a long-standing mystery.

A line of research has been devoted to studying gradient-based algorithms with explicit

regularization [Sun and Luo, 2016, Zheng and Lafferty, 2016, Jain, Netrapalli, and Sanghavi,

2013, Ge et al., 2016]. These methods typically incorporate either an ℓ2,∞-norm regularizer

or a projection step to constrain the iterates within a set with ℓ2,∞-norm bounds to promote

incoherence (see Definition 2). However, the use of ℓ2,∞-norm regularization or projection

techniques often introduce more tuning parameters, and has been found to be unnecessary

in most cases [Zheng and Lafferty, 2016, Ma, Wang, Chi, and Chen, 2018]1.

On the other hand, the convergence of GD without explicit regularization was initially

tackled by Ma et al. [2018] in the context of symmetric matrix completion, and subsequently

extended by Chen, Liu, and Li [2020] to asymmetric settings. However, these studies consider

a very special case of matrix completion where GD is initialized sufficiently close to the

ground truth, and the rank of the ground truth r is known. In practice, however, GD

converges even if it is initialized far from the ground truth and the rank is over-parameterized

r′ ≫ r (see Figure 4.1).

Therefore, the following question still remains open:

Why does GD with a small initialization efficiently converge to the ground truth

of MC in the absence of explicit regularization, even in the general rank-r case

where r′ ≥ r ≥ 1?

Recently, Kim and Chung [2022] answered the above question for the special case of

rank-1 symmetric matrix completion with r′ = r = 1, but their proposed approach does not

extend to the general rank-r case. It is also worth noting that the above question has been

addressed for another class of matrix factorization problems satisfying a norm-preserving

property called restricted isometry property (RIP). Problems that satisfy this property in-

clude matrix sensing [Li et al., 2018, Stöger and Soltanolkotabi, 2021, Ma and Fattahi, 2023a]

and sparse recovery [Vaskevicius et al., 2019]. However, a significant challenge arises with

matrix completion, as it does not satisfy the restricted isometry property. Consequently, the

existing methodologies built upon RIP are not directly applicable to matrix completion.

1It is worth noting that explicit regularization can still offer significant advantages in scenarios with
extremely limited sample sizes [Sun, 2015].
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Figure 4.1: The performance of vanilla GD with small initialization and constant step-size on MC without
any explicit regularization. In all experiments, we set the dimension d = 100 and the true rank r = 3. (a):
Higher sampling rates improve the final accuracy of GD for the over-parameterized MC, but have no impact
on the exactly-parameterized MC. (b): Increasing the initialization scale hampers the final accuracy of GD
for the over-parameterized MC, but has no impact on the exactly-parameterized MC.

4.1.1 Summary of Contributions

In this work, we provide a complete answer to the aforementioned question. A comparison of

our results with other studies on unregularized matrix completion can be found in Table 4.1.

The key contributions of our work are as follows:

- Convergence of GD with small initialization in over-parameterized regime:

When the rank of the ground truth r is unknown and over-parameterized by r′ ≥ r ≥ 1,

we prove that GD with small initialization converges to the ground truth at a near-

linear rate. Surprisingly, neither the convergence rate nor the final accuracy depends

on the over-parameterized search rank r′, and they are only governed by the true rank

r. In particular, given an initial point that satisfies ∥U0∥ ≤ O(ϵ) for some ϵ > 0 and

a sampling rate of p = Ω̃(r9 log6(1/ϵ)/d), GD converges to ϵ-neighborhood of X⋆ in

O(log4(1/ϵ)) iterations. Therefore, a smaller initial point or a larger sampling rate

can improve the final error of GD. The empirical observation presented in Figure 4.1

provides further support for this result.

- Improved results in the exactly-parameterized regime: We show that GD

enjoys an improved convergence when the rank of the ground truth r is known and r′ =

r ≥ 1. In particular, given an initial point that satisfies ∥U0∥ ≤ O(1/d) and a sampling

rate of p = Ω̃(r9/d), GD converges to ϵ-neighborhood of X⋆ in O(log(1/ϵ)) iterations

for any arbitrarily small ϵ > 0. A key distinction from the over-parameterized setting

is that the final error of GD remains unaffected by the initialization scale or the sample
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Algorithm Sample complexity Computational complexity Global Exact Over-param.

[Ma et al., 2018] dr3 log3(d) κ2 log
(
1
ϵ

)
✘ ✔ ✘

[Chen et al., 2020] dr2 log(d) κ2 log
(
1
ϵ

)
✘ ✔ ✘

[Kim and Chung, 2022] d log22(d) log
(
1
ϵ

)
✔ ✱ ✘

Ours (Theorem 21) dr9 log8(d) κ4 log
(
1
ϵ

)
✔ ✔ ✘

Ours (Theorem 20) dr9 log2(d) log6
(
1
ϵ

)
κ4 log4

(
1
ϵ

)
✔ ✔ ✔

Table 4.1: Comparisons between different algorithms for matrix completion without explicit regularization.
✱ The result only holds for r′ = r = 1.

size, provided that they meet certain thresholds. This is also evident in Figure 4.1.

When r = O(1), the resulting sample complexity is information-theoretically optimal

(modulo logarithmic factors).

- Weakly-coupled leave-one-out analysis: In order to establish the implicit regu-

larization of GD for MC, a pivotal technique is a decoupling mechanism known as

leave-one-out analysis, a trick rooted in probability and random matrix theory. How-

ever, the current theory based on this technique is only effective when the iterates are

sufficiently close to the ground truth. At the crux of our technical analysis lies an

extension of the classical leave-one-out analysis to the global setting, which we term

weakly-coupled leave-one-out analysis. In essence, our proposed method relaxes the

requirement for the initial iterates to be sufficiently close to the ground truth, making

it particularly suitable for the global convergence analysis of GD.

Notations. We use bold uppercase letters X,Y to denote matrices and bold lowercase

letters x,y to denote vectors. For vectors, we use ∥·∥ to denote ℓ2-norm, and for matrices

we use ∥·∥ and ∥·∥F to denote operator norm and Frobenius norm, respectively. For matrix

X ∈ Rd1×d2 , we denote by Xi,j the (i, j)-th element of X, Xi,· the i-th row, and X·,j the j-th

column. The ℓ2,∞-norm of X, denoted as ∥X∥2,∞, is defined as maxi ∥Xi,·∥. Additionally,

we define the singular values of X ∈ Rd1×d2 as σ1(X) ≥ σ2(X) ≥ · · · ≥ σmin{d1,d2}(X) ≥ 0.

The set of all orthogonal matrices is denoted by Od1×d2 := {O ∈ Rd1×d2 : O⊤O = I}.
For two matrices X,Y ∈ Rd1×d2 , we define their Procrustes distance as dist(X,Y ) =

minO∈Od2×d2
∥X − Y O∥F. The projection matrix onto the column space of an orthogonal

matrix V ∈ Od1×d2 is defined as PV := V V ⊤.

We use the notation f(n) ≲ g(n) or f(n) = O(g(n)) when a constant C > 0 exists such

that f(n) ≤ Cg(n) for sufficiently large n. Conversely, f(n) ≳ g(n) or f(n) = Ω(g(n)) implies

the existence of a constant C > 0 such that f(n) ≥ Cg(n) for sufficiently large n. Moreover,
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we use the notations Õ(·) and Ω̃(·) to hide logarithmic dependencies on the dimension or

other parameters of the problem. Additionally, we use f(n) ≍ g(n) or f(n) = Θ(g(n)) when

f(n) ≲ g(n) and f(n) ≳ g(n).

4.2 Problem Setup and Main Results

Suppose that the singular value decomposition (SVD) of X⋆ is given by X⋆ = V ⋆Σ⋆V ⋆⊤,

where V ⋆ ∈ Od×r and Σ⋆ is an r × r diagonal matrix with diagonal elements in descending

order σ⋆1 ≥ · · · ≥ σ⋆r > 0. We denote the condition number of X⋆ as κ = σ⋆1/σ
⋆
r . Upon

defining the symmetrized operator RΩ = 1
2p

(PΩ + P⊤
Ω ), the update rule for GD can be

written as

Ut+1 = Ut − η∇f(Ut) = Ut − ηRΩ(UtU
⊤
t −X⋆)Ut, U0 = αZ (GD)

where α > 0 is the initialization scale and Z is the initialization matrix satisfying ∥Z∥ = 1.

We assume that Z satisfies the following alignment condition.

Condition 1 (Alignment). We say the matrix Z ∈ Rd×r′ with ∥Z∥ = 1 satisfies the align-

ment condition if there exists a universal constant c0 > 0 such that

σr(PV ⋆Z) ≥ c0. (alignment condition)

Intuitively, this condition necessitates that the initialization matrix should have a non-

negligible alignment with the column space of the ground truth. The following lemma

reveals that this alignment condition is satisfied for common initialization strategies with

overwhelming probability.

Lemma 61 (Sufficient condition for alignment). The following statements are satisfied:

• Gaussian initialization. Given 0.5d ≤ r′ ≤ d and Z = G/ ∥G∥, where G is a

standard Gaussian matrix, alignment condition holds with c0 = 0.1 with probability at

least 1− exp{−Ω(d)}.

• Orthogonal initialization. Given r′ = d and Z = O for any O ∈ Od×d, alignment

condition is satisfied with c0 = 1.

• Spectral initialization. Let V ΣV ⊤ be the eigendecomposition of the best rank-r′

approximation of RΩ(X⋆) measured in Frobenius norm. Given r ≤ r′ ≤ d and Z =

U/ ∥U∥, where U = V Σ1/2, alignment condition holds with c0 = 1
2κ

with probability

at least 1− 1
d3
.
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Before proceeding to the main theorem, we introduce two crucial conditions on the ground

truth X⋆ and the random observation set Ω.

Condition 2 (Incoherence). The rank-r PSD matrixX⋆ ∈ Rd×d with SVDX⋆ = V ⋆Σ⋆V ⋆⊤

is µ-incoherent for some µ ≥ 1 if ∥V ⋆∥2,∞ =
√

µ
d
∥V ⋆∥F =

√
µr
d
.

Condition 3 (Random sampling model). Each entry of X⋆ is observed independently with

probability p. In other words, P((i, j) ∈ Ω) = p independently for all 1 ≤ i, j ≤ d.

Chen [2015] shows that the incoherence condition is necessary for the recovery of the

ground truth. Intuitively, the incoherence condition with µ = O(1) entails that none of the

columns of V ⋆ have significant alignment with the standard basis vectors. Such a condition

ensures that the ground truth is far from being sparse. We note that successful recovery of

a sparse X⋆ is only achievable in a near-ideal scenario where p ≈ 1 and nearly the entirety

of X⋆ is observed. On the other hand, when µ = O(1), the recovery is possible even when

p scales with Ω̃(poly(r)/d) [Chen, 2015].

With the aforementioned conditions in place, we can now present our main result, which

establishes the global convergence of GD on MC for the over-parameterized setting.

Theorem 20 (Convergence of GD for over-parameterized MC). Let X⋆ be rank-r, and

Conditions 2 and 3 are satisfied with a sampling rate of p ≳
κ6µ4r9 log6( 1

α
) log2(d)

d
. Consider MC

with search rank r ≤ r′ ≤ d. Consider the iterates of GD with the step-size η ≍ µr√
pdσ⋆

1
and the

initial point U0 = αZ, where 0 < α ≤
√

σ⋆
1

d
and Z satisfies Condition 1. With probability

at least 1− 2
d3
, after T ≲ 1

ησ⋆
r

log
(
1
α

)
iterations, we have

∥∥UTU
⊤
T −X⋆

∥∥
F
≲

√
σ⋆1κ

2µr2

p
α.

A few observations are in order based on the above theorem.

Computational complexity. The initialization scale α governs the final accuracy of GD.

Therefore, to ensure that
∥∥UTU

⊤
T −X⋆

∥∥
F
≤ ϵ, it suffices to set the initialization scale to

α ≲
√

p
σ⋆
1κ

2µr2
ϵ. Moreover, assuming that max{κ, µ, r} = O(1) and ϵ ≤ 1/d, this accuracy is

achieved within Õ
(
log4

(
1
ϵ

))
iterations, which scales only poly-logarithmically with 1/ϵ.

Effect of over-parameterization. The level of over-parameterization in the search rank

r′ does not have any impact on either the sample complexity or the convergence of GD. As a

result, our results hold even if d2p≪ dr′. In such cases, MC has many global minima, some
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of which may not satisfy UU⊤ ≈X⋆. This sheds light on the implicit regularization of the

vanilla GD with small initialization toward low-rank solutions when applied to MC.

Sample complexity. The required sample complexity is given by d2p ≳

dr9κ6µ4 log6
(
1
α

)
log2 (d), which is optimal with respect to the dimension d up to a

logarithmic factor. This contrasts with the direct extension of the approach by Kim

and Chung [2022], which necessitates a sample size on the order of d1+Θ(κ−1). Moreover,

Theorem 20 highlights that the sampling rate p must scale with log6
(
1
ϵ

)
to attain an

accuracy level of ϵ, which in turn leads to a mild dependency of the final error on the

sampling rate. In other words, given a fixed sampling rate p, GD achieves an accuracy in

the order of exp(−Ω(pd)). We suspect that the observed dependency might be an artifact of

our proof technique and could potentially be relaxed with a more detailed analysis, similar

to that presented in [Stöger and Soltanolkotabi, 2021]. In our next theorem, we demonstrate

that in the exact-parameterization regime, it is possible to relax this mild dependency,

achieving a sample complexity that does not depend on the desired accuracy level or the

initialization scale.

Theorem 21 (Convergence of GD for exactly-parameterized MC). Let X⋆ be rank-r, and

Conditions 2 and 3 are satisfied with a sampling rate of p ≳ κ6µ4r9 log8(d)
d

. Consider MC with

search rank r′ = r. Consider the iterates of GD with the step-size η ≍ µr√
pdσ⋆

1
and the initial

point U0 = αZ, where α ≍ σ⋆
r

κ1.5d
and Z satisfies Condition 1. Given any accuracy ϵ > 0,

with probability at least 1−O
(

1
d3

)
and after T ≲ 1

ησ⋆
r

log
(
1
ϵ

)
iterations, we have

∥∥UTU
⊤
T −X⋆

∥∥
F
≤ ϵ. (4.1)

We next outline the key distinctions between the two aforementioned theorems. In the

exactly-parameterized regime, neither the sampling rate p nor the initialization scale α affect

the final error ϵ, as long as they meet certain thresholds. In contrast, a smaller initialization

scale or a larger sampling rate improves the final error in the over-parameterized regime.

Moreover, the convergence rate of GD improves from O
(
log4

(
1
ϵ

))
to O

(
log
(
1
ϵ

))
. This is

because the required sampling rate is smaller in the exactly-parameterized regime, allowing

the algorithm to adopt a more aggressive step-size.

4.3 Proof Outline

In this section, we present the key ideas underpinning our proof techniques. We begin

in Section 4.3.1 with a dynamic signal-residual decomposition. Next, in Section 4.3.2, we
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introduce the weakly-coupled leave-one-out analysis which, together with our dynamic signal-

residual decomposition, completes the proof for Theorem 20. Section 4.3.3 explains how these

techniques can be further refined to yield improved results for the exactly-parameterized

regime. Throughout this section, we occasionally omit the consideration of higher-order

terms involving the step-size η. We highlight that while this omission serves to streamline

the presentation, our rigorous proofs in the appendix carefully account for these higher-order

terms.

4.3.1 Dynamic Signal-residual Decomposition

We employ a dynamic projection scheme akin to that described by Li et al. [2018], which

decomposes the iterates Ut into two distinct components: a low-rank signal part, St, and a

residual part, Et. This decomposition is represented as follows:

Ut = St +Et, where St = PVtUt, and Et = P⊥
Vt
Ut.

Upon defining Mt = RΩ(X⋆ − UtU
⊤
t ), the dynamic orthonormal matrix Vt is recursively

defined as:

Vt+1 = Zt+1

(
Z⊤
t+1Zt+1

)−1/2
where Zt+1 = (I + ηMt)Vt and V0 = V ⋆.

Upon defining the error matrix as ∆t := X⋆ − UtU
⊤
t , our goal is to show that ∥∆t∥F

decreases efficiently to O(α). To show the benefit of the proposed dynamic signal-residual

decomposition in achieving this goal, we start by stating the one-step dynamic of the error

matrix:

∥∆t+1∥2F = ∥∆t+1∥2F − 4η
〈
∆t,MtUtU

⊤
t

〉
+O(η2). (4.2)

Therefore, to establish the convergence of ∥∆t∥F, it suffices to provide a reasonable lower-

bound for
〈
∆t,MtUtU

⊤
t

〉
. This can be achieved via the following descent lemma:

Lemma 62 (Descent lemma, informal). Suppose that
√
σ⋆
r

2
≤ σr(St), ∥St∥ ≤ 2

√
σ⋆1, and

∥Vt − V ⋆∥ ≤ 0.1. Then, we have

〈
∆t,MtUtU

⊤
t

〉
≥ σ⋆r

15
∥∆t∥2F −O

(√
σ⋆3r µr

2

p
∥Et∥+

√
rσ⋆1 ∥(I−RΩ)(∆t)∥

)
∥∆t∥F.

By combining the descent lemma with Equation (4.2), we arrive at the following expres-
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sion:

∥∆t+1∥F ≤
(

1− ησ⋆r
10

)
∥∆t∥F +O(η)

(√
σ⋆3r µr

2

p
∥Et∥+

√
rσ⋆1 ∥(I−RΩ)(∆t)∥

)
+O(η2).

(4.3)

The above inequality holds once the conditions
√
σ⋆
r

2
≤ σr(St) ≤ ∥St∥ ≤ 2

√
σ⋆1 and

∥Vt − V ⋆∥ ≤ 0.1 are met. These conditions entail that during the initial phase of the

algorithm, σr(St) must undergo a fast growth, whereas Vt must remain close to V ⋆. Under

these conditions, GD enters a fast linear convergence phase, provided that ∥(I−RΩ)(∆t)∥ ≪
∥∆t∥F. In fact, we can readily establish that ∥(I−RΩ)(∆t)∥ ≤ c ∥∆t∥ for some c > 0. How-

ever, the challenge lies in ensuring that c remains sufficiently small so as not to negate the

effect of a constant factor improvement 1− 0.1ησ⋆r in Equation (4.3). This phase continues

until GD reaches an error level controlled by ∥Et∥. Therefore, to prove the convergence of

GD, we need to establish the following properties:

• Fast growth of St: Recall that max{∥S0∥ , ∥E0∥} = O(α). We need to ensure

efficient growth of σr(St) from O(α) to
√
σ⋆
r

2
, while keeping ∥St∥ below 2

√
σ⋆1.

• Slow growth of Et: We need to show that while the signal term grows rapidly, the

residual term Et grows at a much slower rate. Specifically, we will demonstrate that

T = O
(

1
ησ⋆

r
log( 1

α
)
)

suffices to ensure
√
σ⋆
r

2
≤ σr(St) ≤ ∥St∥ ≤ 2

√
σ⋆1 while keeping

∥Et∥ = O(α).

• Small values of ∥(I−RΩ)(∆t)∥ and ∥Vt − V ⋆∥: Equally important is maintaining

control over ∥(I−RΩ)(∆t)∥ and ∥Vt − V ⋆∥. While ∥Vt − V ⋆∥ ≤ 0.1 is needed as a

crucial condition for Equation (4.3), the value of ∥(I−RΩ)(∆t)∥ directly controls the

convergence rate of GD.

To establish the above properties, we provide the one-step dynamics of St, Et, and

(I−RΩ)(∆t).

Lemma 63 (One-step dynamics, informal). Under the conditions of Theorem 20, the fol-
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lowing inequalities hold with an overwhelming probability:

∥St+1∥ ≤
(
1 + η

(
σ⋆1 − ∥St∥2 +O (σ⋆1 ∥Vt − V ⋆∥+ ∥(I−RΩ)(∆t)∥)

))
∥St∥ , (4.4)

σr(St+1) ≥
(
1 + η

(
σ⋆r − σ2

r(St)−O (σ⋆1 ∥Vt − V ⋆∥+ ∥(I−RΩ)(∆t)∥)
))
σr(St)

+O(η) · (σ⋆1 ∥Vt − V ⋆∥+ ∥(I−RΩ)(∆t)∥) ∥Et∥ , (4.5)

∥Et+1∥ ≤ (1 +O(η) · (σ⋆1 ∥Vt − V ⋆∥+ ∥(I−RΩ)(∆t)∥)) ∥Et∥ , (4.6)

∥(I−RΩ)(∆t)∥ ≤O
(√

d

p
∥∆t∥

(
∥V ⋆∥22,∞ + ∥Vt∥22,∞

)
+

√
σ⋆1µr

p
∥Et∥

)
. (4.7)

Next, we provide a high-level overview of how Lemma 63 can be used to establish the

aforementioned properties. To this goal, we only focus on the initial phase of the algorithm,

where both St and Et are small. A more formal analysis for the entire trajectory is provided

in Appendix 4.B.

To use Lemma 63, it suffices to control two key quantities: ∥Vt∥2,∞ and ∥Vt − V ⋆∥. To

illustrate this, let us assume that Vt inherits the incoherence of V ⋆, that is, ∥Vt∥2,∞ ≤
O(
√
µr/d) ≪ 1 for all 1 ≤ t ≤ T . Then, Equation (4.7) suggests that ∥(I−RΩ)(∆t)∥ ≤

c ∥∆t∥ + O(α), where c = O(µr/
√
pd) ≪ 1, thereby ensuring the necessary control over

∥(I−RΩ)(∆t)∥.
On the other hand, the small values of ∥(I−RΩ)(∆t)∥ and ∥Vt − V ⋆∥ play crucial roles

in controlling the behavior of the signal and residual terms. To illustrate this, let us assume

that at a certain point, ∥St∥ ≥ 1.5
√
σ⋆1. Given that we have considered ∥(I−RΩ)(∆t)∥

and ∥Vt − V ⋆∥ to be small, Equation (4.4) simplifies to ∥St+1∥ ≤ (1 − ηΩ(σ⋆1)) ∥St∥ +

O(ησ⋆1 ∥Et∥), effectively preventing ∥St+1∥ from further growth. With a similar reasoning,

Equation (4.5) simplifies to σr(St+1) ≥ (1 + ηΩ(σ⋆r))σr(St). Here, we have leveraged the

assumption that σ2
r(St) ≪ σ⋆r during the initial phase. This implies that σr(St) grows at

a rate of 1 + ηΩ(σ⋆r). In contrast, Equation (4.6) implies that ∥Et∥ grows at a rate of

1 + ηO(∥(I−RΩ)(∆t)∥ + σ⋆1 ∥Vt − V ⋆∥), which is significantly slower than the growth rate

of σr(St) because max{∥(I−RΩ)(∆t)∥ , σ⋆1 ∥Vt − V ⋆∥} ≪ σ⋆r . It is due to this discrepancy

in the growth rates of ∥St∥ and ∥Et∥ that GD enters the local linear convergence rate and

achieves a final error of O(α).

4.3.2 Refined Leave-one-out Analysis with Weak Coupling

Indeed, it is not immediately evident why both ∥Vt∥2,∞ and ∥Vt − V ⋆∥ would remain small.

In fact, our initial intuition might suggest the opposite: recall that GD takes an aggressively

large step size. Consequently, even a single GD update has the potential to disrupt the
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incoherence of Vt. Our key contribution is to establish that such disruption does not occur,

even when the iterates are arbitrarily far from the ground truth. In essence, we show that

despite the gradient update ∥ηRΩ(∆t)Ut∥ potentially having a magnitude of Ω̃(1), its impact

on Vt is distributed fairly evenly across its elements. As a result, it has minimal influence

on ∥Vt∥2,∞ and ∥Vt − V ⋆∥.
We start by showing that a small ∥Vt∥2,∞ implies a small ∥Vt − V ⋆∥.

Lemma 64 (Small ∥Vt∥2,∞ implies small ∥Vt − V ⋆∥F, informal). Suppose that ∥St∥ ≤ 2
√
σ⋆1

and ∥Vt − V ⋆∥ ≤ 1
2κ
. With an overwhelming probability, we have

∥Vt+1 − V ⋆∥F ≤ ∥Vt − V ⋆∥F +O(η) · σ⋆1

√
dr

p

(
∥V ⋆∥22,∞ + ∥Vt∥22,∞

)
+O(η2).

Recall that, due to the incoherence of V ⋆, we have ∥V ⋆∥2,∞ =
√
µr/d. Now, suppose

we can further establish that Vt enjoys a similar incoherence property. In such a case, the

aforementioned lemma leads to ∥Vt − V ⋆∥ ≤ ∥Vt − V ⋆∥F ≤ O
(
T · ησ⋆1

√
µ2r3

pd

)
+ O(T · η2)

for every 1 ≤ t ≤ T . Given the provided bounds on T and p, this automatically establishes

that ∥Vt − V ⋆∥ remains small throughout the iterations. Therefore, it suffices to control the

incoherence of ∥Vt∥2,∞.

Controlling ∥Vt∥2,∞, which necessitates estimating the ℓ2-norm of each row, requires a

more fine-grained analysis than what is needed for the Frobenius norm. The primary chal-

lenge lies in the intricate correlations between the orthogonal matrix Vt and the random

observation set Ω, which preclude the straightforward application of classical concentration

inequalities. To effectively decouple these correlations, we propose a technique called weakly-

coupled leave-one-out analysis. Before introducing our proposed methodology, it is essential

to grasp the core principles of the classical leave-one-out analysis.

Local leave-one-out analysis. When the search rank is exactly parameterized (r = r′)

and the initial point is sufficiently close to the ground truth U0U
⊤
0 ≈ X⋆, Ma et al. [2018]

established the incoherence of the iterates via the following leave-one-out sequences
{
U

(l)
t

}T
t=0

for each 1 ≤ l ≤ d:

dist
(
U0,U

(l)
0

)
≈ 0, and U

(l)
t+1 =

(
I − ηRΩ(l)

(
U

(l)
t U

(l)⊤
t −X⋆

))
U

(l)
t , (4.8)
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where RΩ(l) is the leave-one-out projection operator defined by

RΩ(l) =
1

2p

(
PΩ(l) + P⊤

Ω(l)

)
, and [PΩ(l)(X)]i,j =


pXi,j if i = l or j = l,

Xi,j if (i, j) ∈ Ω, i ̸= l, and j ̸= l,

0 otherwise.

The sole distinction between the projection operators RΩ(l) and RΩ is in their l-th row and l-

th column: in contrast to RΩ, the l-th row and l-th column of RΩ(l)(X) are deterministically

set to match the corresponding values of X. This seemingly minor adjustment yields two

important consequences: first, it ensures that Ut ≈ U (l)
t , and second, it guarantees that the

behavior of U
(l)
t remains independent of the random measurements in the l-th row and l-th

column. This decoupling technique is the key to controlling the deviation of ∥Ut∥2,∞. To

formalize this intuition, let us define U ⋆ = V ⋆Σ⋆1/2. One can write

∥Ut∥2,∞ = max
1≤l≤d

{∥∥∥∥[UtH
(l)
t

]
l,·

∥∥∥∥}
≤ max

1≤l≤d

{∥∥∥∥[U ⋆ −U (l)
t R

(l)
t

]
l,·

∥∥∥∥+

∥∥∥∥[UtH
(l)
t −U (l)

t R
(l)
t

]
l,·

∥∥∥∥+
∥∥∥[U ⋆]l,·

∥∥∥}
≤ max

1≤l≤d

{∥∥∥∥(U ⋆ −U (l)
t R

(l)
t

)
l,·

∥∥∥∥}︸ ︷︷ ︸
leave-one-out error

+ max
1≤l≤d

{∥∥∥UtH
(l)
t −U (l)

t R
(l)
t

∥∥∥
F

}
︸ ︷︷ ︸

proximal error

+

√
σ⋆1µr

d
.

(4.9)

Here R
(l)
t and H

(l)
t are orthogonal matrices defined as R

(l)
t = arg minO∈Or×r

∥∥U (l)
t O−U ⋆

∥∥
F

andH
(l)
t = arg minO∈Or×r

∥∥U (l)
t O−U (l)

t R
(l)
t

∥∥
F
. Although it may not be immediately obvious,

it can be shown that the l-th row of the matrix U ⋆ − U (l)
t R

(l)
t is purely deterministic.

Consequently, it becomes possible to effectively control the leave-one-out error. To tackle the

proximal error, recall that the initial point U0U
⊤
0 is assumed to be close to X⋆. Within this

region, the local landscape exhibits restricted strong convexity. This ensures that the true

iterates Ut and the leave-one-out versions U
(l)
t become increasingly close, leading to a small

proximal error. By combining these two arguments, we can guarantee the incoherence of

the true iterates. Furthermore, the incoherence of Ut automatically implies the incoherence

of Vt, given that
√
σ⋆r ∥Vt∥2,∞ ≲ ∥Ut∥2,∞ when UtU

⊤
t ≈ X⋆. For more details, we refer

interested readers to the discussions in [Ma et al., 2018].

While the classical leave-one-out analysis provides precise local guarantees within the

exactly-parameterized regimes, we shed light on its limitations when applied globally in the

over-parameterized settings. A significant challenge arises from the discrepancy of the sin-
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gular values of Ut and U
(l)
t : although they may remain close to the singular values of U ⋆

in the local regime, they can undergo substantial changes when positioned far from the true

solution. Consequently, the original measure of proximal error based on dist(Ut,U
(l)
t ) loses

its effectiveness as a reliable metric.

Instead, recall that we only require controlling Vt, which unlike Ut, has unit singular

values. This motivates us to switch to a more stable metric—the divergence between the left

column spaces of Ut and U
(l)
t . However, an additional complication is that these left column

spaces may also not align perfectly due to over-parameterization. Fortunately, by resorting

to our proposed dynamic signal-residual decomposition, we can show that the iterates Ut

are well-approximated by the low-rank signal Ut ≈ St. Therefore, it suffices to focus on

controlling the discrepancy in the column spaces of St and S
(l)
t , i.e., dist(Vt,V

(l)
t ). However,

the new proximal error dist(Vt,V
(l)
t ) can still grow exponentially. To explain the root cause

of this exponential growth, we employ matrix Taylor expansion to derive the first-order

approximations for Vt+1 and V
(l)
t+1:

Vt+1 = Vt + ηP⊥
Vt
MtVt +O(η2) and V

(l)
t+1 = V

(l)
t + ηP⊥

V
(l)
t

M
(l)
t V

(l)
t +O(η2), (4.10)

where we define M
(l)
t = RΩ(l)

(
X⋆ −U (l)

t U
(l)⊤
t

)
. To effectively control the proximal error, it

is crucial to establish an upper bound for
∥∥Mt −M (l)

t

∥∥. This distance tends to concentrate

around
∥∥UtU

⊤
t −U (l)

t U
(l)⊤
t

∥∥ ≈ ∥∥StS⊤
t − S(l)

t S
(l)⊤
t

∥∥ when the sampling rate p is sufficiently

large. However, as previously noted, the singular values of St and S
(l)
t may diverge. This

misalignment can lead to
∥∥Mt−M (l)

t

∥∥ = Ω(σ⋆1) in the worst case. Hence, the proximal error

can grow exponentially.

Weakly-coupled leave-one-out analysis. To remedy the alignment challenges identified

earlier, we propose the following refined leave-one-out sequences
{
Ṽ

(l)
t

}T
t=0

:

Ṽ
(l)
t+1 = Z̃

(l)
t+1

(
Z̃

(l)⊤
t+1 Z̃

(l)
t+1

)−1/2

where Z̃
(l)
t+1 =

(
I + ηM̃

(l)
t

)
Ṽ

(l)
t and Ṽ

(l)
0 = V ⋆. (4.11)

In this context, M̃
(l)
t is defined as:

M̃
(l)
t = RΩ(l)

(
X⋆ − Ṽ (l)

t ΣtṼ
(l)⊤
t

)
where Σt = V ⊤

t UtU
⊤
t Vt ∈ Rr×r. (4.12)

Compared to the original M
(l)
t , we replace Σ

(l)
t = V

(l)⊤
t U

(l)
t U

(l)⊤
t V

(l)
t by Σt = V ⊤

t UtU
⊤
t Vt

in the definition of M̃
(l)
t . Our analysis indicates that this adjustment significantly improves

the control over the distance
∥∥Mt − M̃ (l)

t

∥∥ = o(1) when the sampling rate p is sufficiently
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large. Hence, the proximal error grows at a much slower rate.

Despite their promise, these refined leave-one-out sequences do introduce a trade-off: the

statistical independence inherent in the original leave-one-out sequences is compromised due

to the inclusion of Σt. In other words, the l-th leave-one-out sequence
{
Ṽ

(l)
t

}T
t=0

is no longer

independent of the random measurements in the l-th row and l-th column. Nonetheless,

we demonstrate that the resulting correlation is relatively weak, primarily because Σt is a

comparatively small r × r matrix. To control this statistical coupling, we employ a novel

adaptive covering argument, which can be of independent interest. This approach effectively

mitigates the statistical coupling while incurring a mild increase in the required sample

complexity, which remains only polynomial in r.

To formalize our arguments, we can decompose the refined leave-one-out sequences

∥Vt∥2,∞ as:

∥Vt∥2,∞ ≤ ∥V ⋆ − Vt∥2,∞ + ∥V ⋆∥2,∞
= max

1≤l≤d

{∥∥∥(V ⋆ − Vt)l,·
∥∥∥}+ ∥V ⋆∥2,∞

≤ max
1≤l≤d

{∥∥∥∥(V ⋆ − Ṽ (l)
t

)
l,·

∥∥∥∥}︸ ︷︷ ︸
refined leave-one-out error (Proposition 12)

+ max
1≤l≤d

{∥∥∥Vt − Ṽ (l)
t

∥∥∥
F

}
︸ ︷︷ ︸

refined proximal error (Proposition 13)

+

√
µr

d
.

(4.13)

Next, we characterize the dynamic of the refined leave-one-out error.

Proposition 12 (Refined leave-one-out error). Suppose that p ≳ log(d)
d

and ∥V ⋆ − Vt∥ ≤ 1
2κ
.

With probability at least 1− 1
d3
, for any 1 ≤ t ≤ T ≲ 1

ησ⋆
r

log
(
1
α

)
and 1 ≤ l ≤ d, we have

∥∥∥∥(V ⋆ − Ṽ (l)
t+1

)
l,·

∥∥∥∥ ≤ (1− 0.5ησ⋆r)

∥∥∥∥(V ⋆ − Ṽ (l)
t

)
l,·

∥∥∥∥+O(η) · σ⋆1
κµ1.5r2 log

(
1
α

)√
pd2

.

A simple inductive argument based on Proposition 12 reveals that the following inequality

holds with an overwhelming probability for all 1 ≤ t ≤ T :

∥∥∥(V ⋆ − Ṽ (l)
t

)
l,·

∥∥∥ ≲
κ2µ1.5r2 log

(
1
α

)√
pd2

≤
√
µr

4d
, assuming p ≳

κ4µ2r3 log2
(
1
α

)
log(d)

d
.

Next, we characterize the dynamic of the refined proximal error.

Proposition 13 (Refined proximal error). Suppose that p ≳
κ6µ4r9 log6( 1

α
) log2(d)

d
, ∥V ⋆ − Vt∥ ≤

1
2κ
, and

∥∥Vt−Ṽ (l)
t

∥∥
F
≤
√

µr
4d
. With probability at least 1− 1

d3
, for any 1 ≤ t ≤ T ≲ 1

ησ⋆
r

log
(
1
α

)
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and 1 ≤ l ≤ d, we have

∥∥∥Vt+1 − Ṽ (l)
t+1

∥∥∥
F
≤
∥∥∥Vt − Ṽ (l)

t

∥∥∥
F

+O(η) · σ⋆1

√
κµ3r5.5 log

(
1
α

)
log (d)√

pd · d .

The above proposition implies that

∥∥∥Vt − Ṽ (l)
t

∥∥∥
F
≲ ησ⋆1

√
κµ3r5.5 log

(
1
α

)
log (d)√

pd · d · T ≲

√
κ3µ3r5.5 log3

(
1
α

)
log (d)√

pd · d ≤
√
µr

4d
.

Combining the above inequalities with the proposed decomposition in Equation (4.13) leads

to:

∥Vt∥2,∞ ≤
√
µr

4d
+

√
µr

4d
+

√
µr

d
≤
√

4µr

d
, with probably at least 1− 2

d3
.

This establishes the incoherence of Vt for all 1 ≤ t ≤ T .

4.3.3 Improved Results for Exact Parameterization

Finally, we show that our analysis in the over-parameterized regime, combined with the

following local convergence result for the exact parameterization regime by Ma et al. [2018],

readily establishes the proof of Theorem 21.

Theorem 22 (Local convergence of GD [Ma et al., 2018, Theorem 2]). Consider MC with

search rank r′ = r. Suppose that the sampling rate satisfies p ≳ µ3r3 log3(d)
d

. Consider the

iterates of GD with step-size η ≤ 2
25κσ⋆

1
. Suppose that there exists t0 ≥ 0 such that Ut0 and

the leave-one-out sequences
{
U

(l)
t0

}d
l=0

defined in Equation (4.8) satisfy:

dist (Ut0 ,U
⋆) ≤ O

(√
σ⋆rµ

3r3 log(d)

pd2

)
, (4.14)

max
{

dist
(
Ut0 ,U

(l)
t0

)
, dist

(
U

(l)
t0 ,U

⋆
)}
≤ O

(√
σ⋆rµ

3r3 log(d)

pd2

)
, for all 1 ≤ l ≤ d.

(4.15)

With probability at least 1−O
(

1
d3

)
, for all t0 ≤ t ≤ t0 +O(d5), we have

∥∥UtU
⊤
t −X⋆

∥∥
F
≤
∥∥Ut0U

⊤
t0
−X⋆

∥∥
F

(1− 0.2ησ⋆r)
t−t0 .
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To prove Theorem 21, it suffices to show that the conditions of the above theorem are

met at a certain iteration 0 ≤ t0 ≤ T . This can be achieved by leveraging our result for the

over-parameterized regime. In particular, upon choosing α = c · σ⋆
r

κ1.5d
for sufficiently small

c > 0 in Theorem 20, one can show that both Conditions (4.14) and (4.15) are satisfied

with an overwhelming probability after t0 = Õ
(

1
ησ⋆

r

)
iterations. From this iteration onward,

Theorem 22 shows that the iterations of GD enter a local linear convergence regime, which

readily establishes the final result of Theorem 21.

4.4 Conclusion and Future Directions

In this paper, we prove the convergence of vanilla gradient descent (GD) with small ini-

tialization for symmetric matrix completion. Existing convergence results for this problem

typically require explicit regularization or precise initializations. However, our work proves

that neither condition is necessary for GD to converge. Moreover, our results also apply to

the over-parameterized regime, where the rank of the true solution is unknown and over-

estimated instead.

Although our required sample complexity Õ(dr9) is optimal with respect to the dimension

d, it remains sub-optimal with respect to the rank r. Specifically, it exceeds the sample

complexity of regularized GD, which stands at Õ(dr2) [Chen and Wainwright, 2015]. We

expect our analysis can be sharpened to achieve a similar sample complexity.

We anticipate that our findings will pave the way for broader results extending beyond

symmetric matrix completion. In particular, our proposed weakly-coupled leave-one-out

analysis relaxes several stringent conditions of classical leave-one-out analysis, making it

highly applicable for the global analysis of GD. We believe that this approach, along with

potential variations, holds promise for explaining the favorable performance of GD or its

variants in various statistical learning problems.

4.A Preliminaries

4.A.1 Otuline of the Appendix

The structure of the appendix is as follows. In the remainder of this section, we introduce

additional notation. Following this, we present key intermediate lemmas (Lemmas 65 to

68) crucial for our main proofs. Section 4.B delves into a detailed proof of the signal and

residual dynamics, starting with a refined version of Lemma 63 (Proposition 14) that takes

into account the incoherence of Vt. Additionally, the proof of Lemma 62 is provided in this
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section. Moving on to Section 4.C, we present the proofs of our main theorems. Section 4.D

presents the key novelty of our paper, focusing on establishing the incoherence of Vt via

weakly-coupled leave-one-out analysis. The validation of different initialization schemes, as

presented in Lemma 61, is addressed in Section 4.E. In Section 4.F, we compile several known

results on matrix completion crucial to our arguments. Lastly, Section 4.G collects several

basic lemmas, which we include for completeness.

4.A.2 Additional Notations

We introduce some additional notations that will be used throughout the appendix. The

max-norm of X, denoted as ∥X∥max, is defined as maxi,j |Xi,j|. We define the operator

and Frobenius norm ball as Bd1×d2op (r) := {X ∈ Rd1×d2 : ∥X∥ ≤ r} and Bd1×d2F (r) := {X ∈
Rd1×d2 : ∥X∥F ≤ r}, respectively. For any matrixX, we denote its SVD asX = LXΣXR

⊤
X .

We denote Sd×d as the set of all the symmetric matrices X ∈ Rd×d. In the appendix,

Γ,Γ1,Γ2, . . . denote fixed universal constants, while C,C1, C2, c1, c2, . . . represent universal

constants whose specific values may vary depending on the context.

Throughout the appendix, our arguments are conditioned on the following good event

without further explanation. We define the random observation matrix Ω as

Ωi,j =

1 if (i, j) ∈ Ω,

0 otherwise.
(4.16)

Then, the good event can be defined as

Egood =

{∥∥∥∥Ω + Ω⊤

2p
− J

∥∥∥∥ ≤ Γ

√
d

p

}
. (4.17)

Here J is the all-one matrix. According to Lemma 75, we have P(Egood) ≥ 1− 1
d3

.

4.A.3 Important Intermediate Lemmas

Next, we collect some useful intermediate results that will be directly used throughout our

proofs. We also note that some of these intermediate results rely on concentration inequalities

for matrix completion, which are thoroughly discussed in Appendix 4.F. Before proceeding,

we define the following notations

∆t = X⋆ −UtU
⊤
t , Mt = RΩ

(
X⋆ −UtU

⊤
t

)
, and Λt = StE

⊤
t +EtS

⊤
t +EtE

⊤
t .

(4.18)
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Moreover, we introduce the following term

At = −η2MtVtV
⊤
t MtVt − 0.5η2VtV

⊤
t M

2
t Vt − 0.5η3MtVtV

⋆⊤M 2
t Vt + (I + ηMt)VtR(Yt)

(4.19)

where Yt = V ⊤
t (2ηMt + η2M 2

t )Vt and R(X) =
∑∞

k=2
(−1)k(2k)!
4k(k!)2

Xk. This notion of At will

be used when controlling the higher-order terms with respect to the step-size η. We are now

ready to statement our helper lemmas.

Lemma 65 (Helper lemma for Ut). Suppose that ∥St∥ ≤ 2
√
σ⋆1 and ∥Et∥ ≤

√
σ⋆
1µr

d
. Then,

we have ∥∥UtU
⊤
t

∥∥
F
≤ 8
√
rσ⋆1. (4.20)

Proof. Applying triangle inequality, we have∥∥UtU
⊤
t

∥∥
F
≤
∥∥StS⊤

t

∥∥
F

+ 2
∥∥StE⊤

t

∥∥
F

+
∥∥EtE

⊤
t

∥∥
F

≤ √r ∥St∥2 + 2
√
r ∥St∥ ∥Et∥+

√
d ∥Et∥2

≤ 8
√
rσ⋆1.

(4.21)

Here in the last inequality, we use the assumptions ∥St∥ ≤ 2
√
σ⋆1 and ∥Et∥ ≤

√
σ⋆
1µr

d
and

the fact that d≫ µr.

Lemma 66 (Helper lemma for Λt). Suppose that ∥St∥ ≤ 2
√
σ⋆1, ∥Vt∥2,∞ ≤ 2

√
µr
d
, and

∥Et∥ ≤
√

σ⋆
1µr

81d
. Then, conditioned on Egood, we have

∥Λt∥ ≤ 5
√
σ⋆1 ∥Et∥ ,

∥RΩ(Λt)∥ ≤ 10Γ

√
σ⋆1µr

p
∥Et∥ ,

∥(I−RΩ) (Λt)∥ ≤ 9Γ

√
σ⋆1µr

p
∥Et∥ .

(4.22)

Proof. First, we can bound ∥Λt∥ as follows

∥Λt∥ ≤
∥∥StE⊤

t

∥∥+
∥∥EtS

⊤
t

∥∥+
∥∥EtE

⊤
t

∥∥ ≤ 5
√
σ⋆1 ∥Et∥ (4.23)

where we use the assumptions ∥St∥ ≤ 2
√
σ⋆1 and ∥Et∥ ≤

√
σ⋆
1µr

d
≤ √σ⋆1. Next, we control
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∥(I−RΩ) (Λt)∥. To this end, we first apply triangle inequality to obtain

∥(I−RΩ) (Λt)∥ ≤ 2
∥∥(I−RΩ)

(
StE

⊤
t

)∥∥+
∥∥(I−RΩ)

(
EtE

⊤
t

)∥∥
(a)

≤ Γ

√
d

p
∥Et∥2,∞

(
∥Et∥2,∞ + 2 ∥St∥2,∞

)
(b)

≤ Γ

√
d

p
∥Et∥

(
∥Et∥+ 8

√
σ⋆1µr

d

)

≤ 9Γ

√
σ⋆1µr

p
∥Et∥ .

(4.24)

Here in (a), we apply Corollary 7. In (b), we use the facts that ∥Et∥2,∞ ≤ ∥Et∥ ≤
√

σ⋆
1µr

d

and

∥St∥2,∞ =
∥∥VtV ⊤

t Ut

∥∥
2,∞

Corollary 7

≤ ∥Vt∥2,∞ ∥St∥ ≤ 2

√
µr

d
· 2
√
σ⋆1 = 4

√
σ⋆1µr

d
. (4.25)

In the last inequality, we use the fact that ∥St∥ ≤ 2
√
σ⋆1 and ∥Vt∥2,∞ ≤ 2

√
µr
d

. Lastly,

applying triangle inequality leads to

∥RΩ(Λt)∥ ≤ ∥Λt∥+ ∥(I−RΩ) (Λt)∥

≤ 5
√
σ⋆1 ∥Et∥+ 9Γ

√
σ⋆1µr

p
∥Et∥

≤ 10Γ

√
σ⋆1µr

p
∥Et∥ ,

(4.26)

where the last inequality is due to p ≤ 1
25

Γ2µr.

Lemma 67 (Helper lemma for ∆t). Under the same conditions as Lemma 66 with the
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additional assumption that ∥Vt − V ⋆∥ ≤ Γ1
κµr1.5 log( 1

α)√
pd

, we have

∥∆t∥ ≤ 5σ⋆1,

∥(I−RΩ) (∆t)∥ ≤ 5Γ

√
µ2r2

pd
∥∆t∥+ 10Γ

√
σ⋆1µr

p
∥Et∥ ,

∥(I−RΩ) (∆t)∥ ≤ 21Γσ⋆1

√
µ2r2

pd
,

∥Mt∥ ≤
(

1 + 5Γ

√
µ2r2

pd

)
∥∆t∥+ 10Γ

√
σ⋆1µr

p
∥Et∥ ,

∥Mt∥ ≤ 6σ⋆1,∥∥MtP⊥
Vt

∥∥ ≤ 2Γ1σ
⋆
1

κµr1.5 log
(
1
α

)
√
pd

.

(4.27)

Proof. We first control ∥∆t∥ as follows

∥∆t∥ ≤
∥∥X⋆ − StS⊤

t

∥∥+ ∥Λt∥
≤ max{∥X⋆∥ , ∥St∥2}+ 5

√
σ⋆1 ∥Et∥

≤ 4σ⋆1 + 5
√
σ⋆1 ∥Et∥

≤ 5σ⋆1.

(4.28)

Next, we control ∥(I−RΩ) (∆t)∥. To this end, applying triangle inequality leads to

∥(I−RΩ) (∆t)∥ ≤
∥∥(I−RΩ)

(
X⋆ − StS⊤

t

)∥∥︸ ︷︷ ︸
:=(I)

+ ∥(I−RΩ)(Λt)∥︸ ︷︷ ︸
:=(II)

.
(4.29)

For (I), applying Lemma 78, we have

(I) ≤ Γ

√
d

p

∥∥X⋆ − StS⊤
t

∥∥(∥V ⋆∥22,∞ + ∥Vt∥22,∞
)

(a)

≤ 5Γ

√
µ2r2

pd

∥∥X⋆ − StS⊤
t

∥∥
≤ 5Γ

√
µ2r2

pd
(∥∆t∥+ ∥Λt∥)

(b)

≤ 5Γ

√
µ2r2

pd
∥∆t∥+ 25Γ

√
σ⋆1µ

2r2

pd
∥Et∥ .

(4.30)
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Here in (a), we use the assumption that ∥Vt∥2,∞ ≤ 2
√

µr
d

. In (b), we use the result from

Lemma 66 that ∥Λt∥ ≤ 5
√
σ⋆1 ∥Et∥. On the other hand, we know that (II) ≤ 9Γ

√
σ⋆
1µr

p
∥Et∥

due to Lemma 66. Overall, we conclude that

∥(I−RΩ) (∆t)∥ ≤ 5Γ

√
µ2r2

pd
∥∆t∥+ 25Γ

√
σ⋆1µ

2r2

pd
∥Et∥+ 9Γ

√
σ⋆1µr

p
∥Et∥

≤ 5Γ

√
µ2r2

pd
∥∆t∥+ 10Γ

√
σ⋆1µr

p
∥Et∥ .

(4.31)

In the final inequality, we make the assumption d ≥ 9µr without loss of generality. This

assumption simplifies the presentation of the proof but does not impact the final result of

the paper.

Furthermore, upon noticing that
∥∥X⋆ − StS⊤

t

∥∥ ≤ max{∥X⋆∥ , ∥St∥2} ≤ 4σ⋆1, we have

∥(I−RΩ) (∆t)∥ ≤ 5Γ

√
µ2r2

pd

∥∥X⋆ − StS⊤
t

∥∥+ ∥(I−RΩ)(Λt)∥

≤ 20Γσ⋆1

√
µ2r2

pd
+ 9Γ

√
σ⋆1µr

p
∥Et∥

≤ 21Γσ⋆1

√
µ2r2

pd
.

(4.32)

Next, combining the above two inequalities, we can control ∥Mt∥ as follows:

∥Mt∥ ≤ ∥∆t∥+ ∥(I−RΩ) (∆t)∥

≤ ∥∆t∥+ 5Γ

√
µ2r2

pd
∥∆t∥+ 10Γ

√
σ⋆1µr

p
∥Et∥

≤
(

1 + 5Γ

√
µ2r2

pd

)
∥∆t∥+ 10Γ

√
σ⋆1µr

p
∥Et∥ .

(4.33)

Furthermore, we can also bound ∥Mt∥ as

∥Mt∥ ≤ ∥∆t∥+ ∥(I−RΩ) (∆t)∥

≤ 5σ⋆1 + 21Γσ⋆1

√
µ2r2

pd

≤ 6σ⋆1.

(4.34)
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Lastly, for
∥∥MtP⊥

Vt

∥∥, we have the following decomposition

∥∥MtP⊥
Vt

∥∥ ≤ ∥∥(I−RΩ) (∆t)P⊥
Vt

∥∥+
∥∥(X⋆ −UtU

⊤
t

)
P⊥

Vt

∥∥
≤ ∥(I−RΩ) (∆t)∥+

∥∥∥V ⋆Σ (V ⋆ − Vt)⊤P⊥
Vt

∥∥∥+
∥∥UtE

⊤
t P⊥

Vt

∥∥
≤ 21Γσ⋆1

√
µ2r2

pd
+ σ⋆1 ∥V ⋆ − Vt∥+ ∥Et∥ (∥St∥+ ∥Et∥)

≤ 22Γ
σ⋆1µr√
pd

+ σ⋆1 ∥V ⋆ − Vt∥

(a)

≤ 22Γ
σ⋆1µr√
pd

+ Γ1σ
⋆
1

κµr1.5 log
(
1
α

)
√
pd

≤ 2Γ1σ
⋆
1

κµr1.5 log
(
1
α

)
√
pd

.

(4.35)

Here in (a), we apply Lemma 64.

Lemma 68 (Helper lemma for At). Under the same conditions as Lemma 66, we have

∥At∥ ≤ 300η2σ⋆21 . (4.36)

Proof. We first use triangle inequality to bound ∥At∥ as follows

∥At∥ ≤ 1.5η2 ∥Mt∥2 + 0.5η3 ∥Mt∥3 + (1 + η ∥Mt∥) ∥R(Yt)∥ . (4.37)

Next, Lemma 67 tells us that ∥Mt∥ ≤ 6σ⋆1 conditioned on Egood. For ∥R(Yt)∥, we first have

∥R(Yt)∥ ≤
∞∑
k=2

(2k)!

4k(k!)2
∥Yt∥k =

2 +
√

1− ∥Yt∥
2
√

1− ∥Yt∥
(

1 +
√

1− ∥Yt∥
)2 ∥Yt∥2 . (4.38)

Note that ∥Yt∥ ≤ ∥2ηMt + η2M 2
t ∥ ≤ 20ησ⋆1 and the right-hand side is an increasing function

of ∥Yt∥. Therefore, we derive that

∥R(Yt)∥ ≤
1

2
∥Yt∥2 ≤ 200η2σ⋆21 . (4.39)

This implies that

∥At∥ ≤ 300η2σ⋆21 . (4.40)
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4.B Proofs for Dynamic Signal-residual Decomposi-

tion

We first present a more precise version of the one-step dynamics of the signal and residual

terms.

Proposition 14. Suppose that ∥St∥ ≤ 2
√
σ⋆1, ∥Et∥ ≤

√
σ⋆
1

d
, ∥Vt∥2,∞ ≤ 2

√
µr
d

and

∥V ⋆ − Vt∥F ≤ Γ1
κµr1.5 log( 1

α)√
pd

. Then, the following dynamics hold conditioned on Egood:

σr(St+1) ≥
(
1 + 0.8ησ⋆r − ησ2

r(St)
)
σr(St)− 6Γ1η

σ⋆1κµr
1.5 log

(
1
α

)
√
pd

∥Et∥ ,

(minimal signal dynamic)

∥St+1∥ ≤ 2
√
σ⋆1, (maximal signal dynamic)

∥Et+1∥ ≤
(

1 + 2Γ1η
σ⋆1κµr

1.5 log
(
1
α

)
√
pd

)
∥Et∥ . (residual dynamic)

Additionally, if σr(St) ≥
√
σ⋆
r

2
, then

∥∥X⋆ −Ut+1U
⊤
t+1

∥∥
F
≤
(

1− 1

10
ησ⋆r

)∥∥X⋆ −UtU
⊤
t

∥∥
F

+ Γ6η

√
σ⋆31 µr

2

p
∥Et∥ .

(error dynamic)

The key distinction between the above proposition and Lemma 63 lies in a finer control

over the one-step dynamics, accompanied by additional assumptions on ∥Et∥, ∥Vt∥2,∞, and

∥Vt − V ⋆∥F. We emphasize that the one-step dynamics in Lemma 63 are derived from the

proof of this proposition. Moreover, the proof of the error dynamics (last inequality in

Proposition 14) will incorporate the proof of the descent lemma (Lemma 62).

4.B.1 Proof of Signal Dynamic

We notice that

St+1 = PVt+1 (I + ηMt) (St +Et) = (I + ηMt)St + PVt+1 (I + ηMt)Et. (4.41)

Here the second equality follows from the definition of PVt+1 .
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Maximal signal dynamic. We first provide an upper-bound for ∥St+1∥ by

∥St+1∥ ≤ ∥(I + ηMt)St∥︸ ︷︷ ︸
:=(I)

+
∥∥PVt+1 (I + ηMt)Et

∥∥︸ ︷︷ ︸
:=(II)

.
(4.42)

Next, we further control (I) by

(I) ≤ ∥(I + η∆t)St∥+ η ∥(I−RΩ) (∆t)∥ ∥St∥
(a)

≤ ∥(I + η∆t)St∥+ η · 21Γσ⋆1

√
µ2r2

pd
· 2
√
σ⋆1

≤
∥∥(I + η

(
X⋆ − StS⊤

t

))
St
∥∥+ η ∥Λt∥ ∥St∥+ 42Γη

σ⋆1.51 µr√
pd

(b)

≤
∥∥(I + η

(
X⋆ − StS⊤

t

))
St
∥∥+ 10ησ⋆1 ∥Et∥+ 42Γη

σ⋆1.51 µr√
pd

≤
∥∥(I + η

(
X⋆ − StS⊤

t

))
St
∥∥︸ ︷︷ ︸

:=(I1)

+43Γη
σ⋆1.51 µr√

pd
.

(4.43)

Here we apply Lemma 67 in (a) and (b). In the last inequality, we use the assumption that

∥Et∥ ≤
Γ
√
σ⋆
1µr√
pd

. For (I1), we further decompose it via triangle inequality as follows

(I1) ≤
∥∥PVt

(
I + η

(
X⋆ − StS⊤

t

))
St
∥∥+

∥∥∥PV ⊥
t

(
I + η

(
X⋆ − StS⊤

t

))
St

∥∥∥
=
∥∥(I + η

(
V ⊤
t V

⋆Σ⋆V ⋆⊤Vt − S̄tS̄⊤
t

))
S̄t
∥∥︸ ︷︷ ︸

:=(I1,1)

+η
∥∥∥PV ⊥

t
(V ⋆ − Vt)Σ⋆V ⋆⊤St

∥∥∥︸ ︷︷ ︸
:=(I1,2)

. (4.44)

Here we define S̄t = V ⊤
t Ut ∈ Rr×d. Note that

∥∥S̄t∥∥ = ∥St∥. For (I1,1), we have

(I1,1) ≤
∥∥(I − ηS̄tS̄⊤

t

)
S̄t
∥∥+ η

∥∥V ⊤
t V

⋆Σ⋆V ⋆⊤VtS̄t
∥∥

(a)
=
∥∥S̄t∥∥(1− η

∥∥S̄t∥∥2)+ ησ⋆1
∥∥S̄t∥∥

= ∥St∥
(
1 + ησ⋆1 − η ∥St∥2

)
.

(4.45)

where (a) follows from the fact that S̄t and S̄tS̄
⊤
t share the same eigenvectors, and the

assumption η ≲ 1/σ1. Next, we control (I1,2):

(I1,2) ≤ σ⋆1 ∥V ⋆ − Vt∥ ∥St∥ ≤ 2Γ1

κµ(σ⋆1r)
1.5 log

(
1
α

)
√
pd

. (4.46)
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Here we use Lemma 64. Therefore, we can bound (I1) by

(I1) ≤ ∥St∥
(
1 + ησ⋆1 − η ∥St∥2

)
+ 2Γ1η

κµ(σ⋆1r)
1.5 log

(
1
α

)
√
pd

. (4.47)

This leads to

(I) ≤ ∥St∥
(
1 + ησ⋆1 − η ∥St∥2

)
+ 2Γ1η

κµ(σ⋆1r)
1.5 log

(
1
α

)
√
pd

+ 43Γη
σ⋆1.51 µr√

pd

≤ ∥St∥
(
1 + ησ⋆1 − η ∥St∥2

)
+ 3Γ1η

κµ(σ⋆1r)
1.5 log

(
1
α

)
√
pd

.

(4.48)

Next, we control (II). To this end, we first notice that

PVt+1 (I + ηMt)P⊥
Vt

=
(
PVt+1 − PVt

)
P⊥

Vt
+ ηPVt+1MtP⊥

Vt
. (4.49)

Hence, we can bound (II) by

(II) ≤
∥∥PVt+1 − PVt

∥∥ ∥Et∥+ η
∥∥MtP⊥

Vt

∥∥ ∥Et∥
(a)

≤
(

2 ∥Vt+1 − Vt∥+ 2Γ1ησ
⋆
1

κµr1.5 log
(
1
α

)
√
pd

)
∥Et∥ .

(4.50)

Here we use Lemma 90 in (a). It remains to control ∥Vt+1 − Vt∥. To this end, upon noticing

that Vt+1 − Vt = ηP⊥
Vt
MtVt +At, one has

∥Vt+1 − Vt∥ ≤ η
∥∥MtP⊥

Vt

∥∥+ ∥At∥
(a)

≤ 2Γ1ησ
⋆
1

κµr1.5 log
(
1
α

)
√
pd

+ 300η2σ⋆21

≤ 3Γ1ησ
⋆
1

κµr1.5 log
(
1
α

)
√
pd

.

(4.51)

Here we apply Lemma 67 and Lemma 68 in (a). Hence, we have

(II) ≤ 5Γ1ησ
⋆
1

κµr1.5 log
(
1
α

)
√
pd

∥Et∥ . (4.52)
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Putting everything together, we obtain that

∥St+1∥ ≤ ∥St∥
(
1 + ησ⋆1 − η ∥St∥2

)
+ 3Γ1ησ

⋆
1

κµr1.5 log
(
1
α

)
√
pd

(√
σ⋆1 + 2 ∥Et∥

)
≤ ∥St∥

(
1 + ησ⋆1 − η ∥St∥2

)
+ 6Γ1ησ

⋆1.5
1

κµr1.5 log
(
1
α

)
√
pd

.

(4.53)

Next, we consider two cases separately. First, if ∥St∥ ≤ 1.5
√
σ⋆1, then we simply have

∥St+1∥ ≤ ∥St∥
(
1 + ησ⋆1 − η ∥St∥2

)
+ 6Γ1ησ

⋆1.5
1

κµr1.5 log
(
1
α

)
√
pd

≤ 1.5
√
σ⋆1 · (1 + ησ⋆1) + 6Γ1ησ

⋆1.5
1

κµr1.5 log
(
1
α

)
√
pd

≤ 2
√
σ⋆1.

(4.54)

On the other hand, if 1.5
√
σ⋆1 ≤ ∥St∥ ≤ 2

√
σ⋆1, then we have

∥St+1∥ ≤ ∥St∥
(
1 + ησ⋆1 − η ∥St∥2

)
+ 6Γ1ησ

⋆1.5
1

κµr1.5 log
(
1
α

)
√
pd

≤ 2
√
σ⋆1 (1− 1.25ησ⋆1) + 6Γ1ησ

⋆1.5
1

κµr1.5 log
(
1
α

)
√
pd

≤ 2
√
σ⋆1.

(4.55)

This completes the proof for the maximal signal dynamic.

Minimal signal dynamic. We first provide a lower-bound for σr(St+1) as follows

σr(St+1) ≥ σr((I + ηMt)St)︸ ︷︷ ︸
(I)

−
∥∥PVt+1 (I + ηMt)Et

∥∥︸ ︷︷ ︸
(II)

.
(4.56)

For (I), applying Lemma 91, we first obtain that (I) ≥ σr
(
V ⊤
t (I + ηMt)St

)
. Next, we

decompose V ⊤
t (I + ηMt)St as follows

V ⊤
t (I + ηMt)St

=
(
I + ηV ⊤

t

(
Mt + StS

⊤
t

)
Vt
(
I − ηV ⊤

t StS
⊤
t Vt

)−1
)

︸ ︷︷ ︸
:=Bt

V ⊤
t St

(
I − ηS⊤

t St
)︸ ︷︷ ︸

:=Ct

. (4.57)
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According to Lemma 92, we have

σr((I + ηMt)St) ≥ σr(Bt)σr(Ct) = σr(Bt)
(
1− ησ2

r(St)
)
σr(St), (4.58)

where in the last equality, we use the fact that St and StS
⊤
t St share the same singular space

and hence

σr(Ct) = σr(St(I − ηS⊤
t St)) =

(
1− ησ2

r(St)
)
σr(St). (4.59)

Now, it suffices to provide a lower-bound for σr(Bt). To this end, we first notice that

σr(Bt) ≥ 1 + ησr
(
V ⊤
t

(
Mt + StS

⊤
t

)
Vt
)
σr

((
I − ηV ⊤

t StS
⊤
t Vt

)−1
)

≥ 1 + ησr
(
V ⊤
t

(
Mt + StS

⊤
t

)
Vt
)
.

(4.60)

Here the second inequality is due to I − ηV ⊤
t StS

⊤
t Vt ⪯ I. To proceed, notice that

Mt + StS
⊤
t = X⋆ + (RΩ − I) (∆t)−Λt. (4.61)

Therefore, we have

σr
(
V ⊤
t

(
Mt + StS

⊤
t

)
Vt
)
≥ σr

(
V ⊤
t X

⋆Vt
)
− ∥(RΩ − I) (∆t)∥ − ∥Λt∥

≥ σr
(
V ⊤
t X

⋆Vt
)
− 21Γσ⋆1

√
µ2r2

pd
− 5
√
σ⋆1 ∥Et∥

≥ σr
(
V ⊤
t X

⋆Vt
)
− 22Γσ⋆1

√
µ2r2

pd
.

(4.62)

For the first term in the above inequality, we have

σr
(
V ⊤
t X

⋆Vt
)
≥ σr

(
Σ⋆V ⋆⊤Vt

)
− σ⋆1 ∥V ⋆ − Vt∥

≥ σ⋆r − 2σ⋆1 ∥V ⋆ − Vt∥

≥ σ⋆r − 2Γ1σ
⋆
1

κµr1.5 log
(
1
α

)
√
pd

≥ 0.95σ⋆r .

(4.63)

Therefore, we obtain

σr
(
V ⊤
t

(
Mt + StS

⊤
t

)
Vt
)
≥ 0.95σ⋆r − 22Γσ⋆1

√
µ2r2

pd
≥ 0.9σ⋆r . (4.64)
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Combining the above arguments, we have

(I) ≥ (1 + 0.9ησ⋆r)
(
1− ησ2

r(St)
)
σr(St) ≥

(
1 + 0.8ησ⋆r − ησ2

r(St)
)
σr(St). (4.65)

On the other hand, we have already derived an upper bound for (II) in the maximal signal

dynamic, which is

(II) ≤ 5Γ1ησ
⋆
1

κµr1.5 log
(
1
α

)
√
pd

∥Et∥ . (4.66)

Putting everything together, we have

σr(St+1) ≥
(
1 + 0.8ησ⋆r − ησ2

r(St)
)
σr(St)− 5Γ1η

σ⋆1κµr
1.5 log

(
1
α

)
√
pd

∥Et∥ . (4.67)

4.B.2 Proof of Residual Dynamic

First, we can expand Et+1 as below

Et+1 = P⊥
Vt+1

(I + ηMt) (St +Et) = P⊥
Vt+1

(I + ηMt)Et, (4.68)

where in the second equality, we use the fact that P⊥
Vt+1

(I + ηMt)St = 0. Then, by triangle

inequality, we obtain

∥Et+1∥ ≤
(
1 + η

∥∥MtP⊥
Vt

∥∥) ∥Et∥ ≤
(

1 + 2Γ1η
σ⋆1κµr

1.5 log
(
1
α

)
√
pd

)
∥Et∥ . (4.69)

Here in the last inequality, we use Lemma 67.

4.B.3 Proof of Error Dynamic

The core proof idea is adapted from the proof of Proposition 4.3 appeared in [Li et al., 2018].

We first expand ∥∆t+1∥2F as

∥∆t+1∥2F =
∥∥X⋆ − (I + ηMt)UtU

⊤
t (I + ηMt)

∥∥2
F

= ∥∆t∥2F − 4η
〈
X⋆ −UtU

⊤
t ,MtUtU

⊤
t

〉︸ ︷︷ ︸
(I)

+(II), (4.70)

where
(II) = 2

〈
−∆t + ηMtUtU

⊤
t , η

2MtUtU
⊤
t Mt

〉
+ η2

∥∥MtUtU
⊤
t +UtU

⊤
t Mt

∥∥2
F

+ η4
∥∥MtUtU

⊤
t Mt

∥∥2
F

(4.71)
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contains all the higher-order terms. We then provide a lower-bound for (I). To this goal, we

notice that

(I) = ∥∆tUt∥2F −
〈
∆t, (I −RΩ) (∆t)UtU

⊤
t

〉
≥ ∥∆tUt∥2F − ∥∆t∥F

∥∥UtU
⊤
t

∥∥
F
∥(I−RΩ) (∆t)∥

≥ ∥∆tUt∥2F − ∥∆t∥F · 8
√
rσ⋆1 ·

(
5Γ

√
µ2r2

pd
∥∆t∥+ 10Γ

√
σ⋆1µr

p
∥Et∥

)

= ∥∆tUt∥2F − 40Γσ⋆1

√
µ2r3

pd
∥∆t∥2F − 80Γ

√
σ⋆31 µr

2

p
∥Et∥ ∥∆t∥F .

(4.72)

Here in the last inequality, we apply Lemma 67. Next, we provide a lower-bound for ∥∆tUt∥2F.

To this goal, we first notice that

∥∆tUt∥F =
∥∥(X⋆ − StS⊤

t

)
St −ΛtSt + ∆tEt

∥∥
F

≥
∥∥(X⋆ − StS⊤

t

)
St
∥∥
F
− ∥Λt∥ ∥St∥F − ∥∆t∥F ∥Et∥

≥
∥∥(X⋆ − StS⊤

t

)
St
∥∥
F
− 10
√
rσ⋆1 ∥Et∥ − ∥∆t∥F ∥Et∥ .

(4.73)

In the last inequality we use the fact that ∥Λt∥ ≤ 5
√
σ⋆1 ∥Et∥ and ∥St∥F ≤

√
r ∥St∥ ≤

2
√
rσ⋆1 from Lemma 66. Applying Lemma 82, we can further provide a lower-bound for∥∥(X⋆ − StS⊤

t

)
St
∥∥
F

as

∥∥(X⋆ − StS⊤
t

)
St
∥∥
F
≥ σr(St)

∥∥(X⋆ − StS⊤
t

)
Vt
∥∥
F
≥
√
σ⋆r
2

∥∥(X⋆ − StS⊤
t

)
Vt
∥∥
F
. (4.74)

Next, we present the following intermediate lemma to control
∥∥(X⋆ − StS⊤

t

)
Vt
∥∥
F
.

Lemma 69. Suppose that ∥V ⋆ − Vt∥ ≤ 0.1. Then, we have

∥∥(X⋆ − StS⊤
t

)
Vt
∥∥2
F
≥ 2

5

∥∥X⋆ − StS⊤
t

∥∥2
F
. (4.75)

We first use this lemma to finish the proof of the loss dynamic and defer the proof to the

end of this section. Applying this lemma to Equation (4.74) yields

∥∥(X⋆ − StS⊤
t

)
St
∥∥
F
≥
√
σ⋆r
10

∥∥X⋆ − StS⊤
t

∥∥
F

≥
√
σ⋆r
10
∥∆t∥F −

√
σ⋆r
10
∥Λt∥F

≥
√
σ⋆r
10
∥∆t∥F − σ⋆1

√
5

2κ
∥Et∥ .

(4.76)
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Combining Equation (4.76) and Equation (4.73) leads to

∥∆tUt∥F ≥
√
σ⋆r
10
∥∆t∥F − σ⋆1

√
5

2κ
∥Et∥ − 10

√
rσ⋆1 ∥Et∥ − ∥∆t∥F ∥Et∥

≥
√
σ⋆r
10
∥∆t∥F − 20

√
rσ⋆1 ∥Et∥ .

(4.77)

This implies that

∥∆tUt∥2F ≥
σ⋆r
10
∥∆t∥2F − 13

√
r

κ
σ⋆1.51 ∥∆t∥F ∥Et∥ . (4.78)

Overall, we obtain

(I) ≥ σ⋆r
10
∥∆t∥2F−13

√
r

κ
σ⋆1.51 ∥∆t∥F ∥Et∥−40Γσ⋆1

√
µ2r3

pd
∥∆t∥2F−80C

√
σ⋆31 µr

2

p
∥Et∥ ∥∆t∥F

≥ σ⋆r
15
∥∆t∥2F−81Γ

√
σ⋆31 µr

2

p
∥Et∥ ∥∆t∥F .

(4.79)

Next, we control (II). To this end, we first notice that

−2
〈
∆t,MtUtU

⊤
t Mt

〉
≤ 2 ∥∆t∥F ∥Mt∥2

∥∥UtU
⊤
t

∥∥
F

≤ 16
√
rσ⋆1 ∥∆t∥F

(
2 ∥∆t∥+ 10Γ

√
σ⋆1µr

p
∥Et∥

)2

≤ 128
√
rσ⋆1 ∥∆t∥F

(
∥∆t∥2F + 25Γ2σ

⋆
1µr

p
∥Et∥2

)
.

(4.80)

Similarly, we have〈
MtUtU

⊤
t ,MtUtU

⊤
t Mt

〉
≤ ∥Mt∥3

∥∥UtU
⊤
t

∥∥2
F

≤ C1rσ
⋆2
1

(
∥∆t∥3F +

(σ⋆1µr)
1.5

p1.5
∥Et∥3

)
,

(4.81)

∥∥MtUtU
⊤
t +UtU

⊤
t Mt

∥∥2
F
≤ 4 ∥Mt∥2

∥∥UtU
⊤
t

∥∥2
F

≤ C2rσ
⋆2
1

(
∥∆t∥2F +

σ⋆1µr

p
∥Et∥2

)
.

(4.82)

∥∥MtUtU
⊤
t Mt

∥∥2
F
≤ C3rσ

⋆2
1

(
∥∆t∥4F +

σ⋆21 µ
2r2

p2
∥Et∥4

)
. (4.83)
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These inequalities lead to

(II) ≤ C4η
2rσ⋆21

(
∥∆t∥2F + Γ2σ

⋆
1µr

p
∥Et∥2

)
. (4.84)

Overall, we have

∥∆t+1∥2F ≤
(

1− 1

5
ησ⋆r

)
∥∆t∥2F + 324Γη

√
σ⋆31 µr

2

p
∥Et∥ ∥∆t∥F + C5η

2r
σ⋆31 µr

p
∥Et∥2

≤

(1− 1

10
ησ⋆r

)
∥∆t∥F + C6η

√
σ⋆31 µr

2

p
∥Et∥

2

,

(4.85)

which implies that

∥∆t+1∥F ≤
(

1− 1

10
ησ⋆r

)
∥∆t∥F + C6η

√
σ⋆31 µr

2

p
∥Et∥ . (4.86)

Lastly, we provide the proof of Lemma 69.

Lemma 69. First, we define P = V ⋆⊤Vt and note that StS
⊤
t = VtΣtV

⊤
t . This allows us to

write ∥∥(X⋆ − StS⊤
t

)
Vt
∥∥2
F

= ∥Σt∥2F + ∥Σ⋆P ∥2F − 2
〈
Σt,P

⊤Σ⋆P
〉
,∥∥X⋆ − StS⊤

t

∥∥2
F

= ∥Σt∥2F + ∥Σ⋆∥2F − 2
〈
Σt,P

⊤Σ⋆P
〉
.

(4.87)

Substituting the above equivalent forms into Equation (4.75), we need to show that

3 ∥Σt∥2F + 5 ∥Σ⋆P ∥2F ≥ 2 ∥Σ⋆∥2F + 6
〈
Σt,P

⊤Σ⋆P
〉
. (4.88)

To this end, we first apply the Cauchy-Schwartz inequality, which gives us 2
〈
Σt,P

⊤Σ⋆P
〉
≤

∥Σt∥2F +
∥∥P⊤Σ⋆P

∥∥2
F
. Therefore, it suffices to show that

5 ∥Σ⋆P ∥2F − 2 ∥Σ⋆∥2F − 3
∥∥P⊤Σ⋆P

∥∥2
F
≥ 0. (4.89)

This follows from

5 ∥Σ⋆P ∥2F − 2 ∥Σ⋆∥2F − 3
∥∥P⊤Σ⋆P

∥∥2
F

= tr
((
Σ⋆
(
I − PP⊤)Σ⋆

)
·
(
3PP⊤ − 2I

))
≥ 0.

(4.90)

Here we use the facts that Σ⋆
(
I − PP⊤)Σ⋆ ⪰ 0 since ∥P ∥ ≤ ∥V ⋆∥ ∥Vt∥ ≤ 1, and 3PP⊤−

2I ⪰ 0 since σr(P ) ≥ 1− ∥V ⋆ − Vt∥ ≥ 0.9. This completes the proof.
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4.C Proofs for Main Theorems

In this section, we use the one-step dynamics in Proposition 14 to prove our main theorems

under the conditions that ∥Vt∥2,∞ ≤ 2
√

µr
d

and ∥V ⋆ − Vt∥F ≤ Γ1
κµr1.5 log( 1

α)√
pd

for all 0 ≤ t ≤
T . These two conditions will be established later in Appendix 4.D.

4.C.1 Proof of Theorem 20

The proof is divided into three distinct steps.

Step 1. In the first step, we show that ∥St∥ ≤ 2
√
σ⋆1 and ∥Et∥ ≤ 2α hold for all 0 ≤ t ≤ T .

We prove this by induction. First, in the base case where t = 0, these two conditions are

naturally met because ∥S0∥ ≤ ∥U0∥ ≤ α ≤ 2
√
σ⋆1 and ∥E0∥ ≤ 2 ∥E0∥ ≤ 2α. Next, for the

induction step, we assume that ∥St∥ ≤ 2
√
σ⋆1 and ∥Et∥ ≤ 2α hold for all 0 ≤ s ≤ t, with

t ≤ T − 1. Utilizing Proposition 14, we can directly derive that ∥St+1∥ ≤ 2
√
σ⋆1. Regarding

∥Et+1∥, we have

∥Et+1∥≤
(

1 + 2Γ1η
σ⋆1κµr

1.5 log
(
1
α

)
√
pd

)t+1

α
(a)

≤
(

1 + 4Γ1η
σ⋆1κµr

1.5 log
(
1
α

)
√
pd

· (t+ 1)

)
α ≤ 2α.

(4.91)

Here in (a), we apply Lemma 93. This is valid since 4Γ1η
σ⋆
1κµr

1.5 log( 1
α)√

pd
· (t + 1) ≤ 1 for any

t ≤ T − 1 ≲ 1
ησ⋆

r
log
(
1
α

)
provided that the sampling rate satisfies p ≳

κ4µ2r3 log4( 1
α)

d
. This

completes the induction step.

Step 2. This step demonstrates that the minimal signal σr(St) grows linearly to
√
σ⋆
r

2
.

Given that we have already established ∥St∥ ≤ 2
√
σ⋆1 and ∥Et∥ ≤ 2α for all 0 ≤ t ≤ T ,

we can simplify the minimal signal dynamic in Proposition 14 as

σr(St+1) ≥
(
1 + 0.8ησ⋆r − ησ2

r(St)
)
σr(St)− 12Γ1η

σ⋆1κµr
1.5 log

(
1
α

)
√
pd

α

≥ (1 + 0.4ησ⋆r)σr(St)− 12Γ1η
σ⋆1κµr

1.5 log
(
1
α

)
√
pd

α.

(4.92)

This holds for any t that satisfies σr(St) ≤ 3
√
σ⋆
r

4
. By applying Lemma 94, we obtain

σr(St) ≥ (1 + 0.4ησ⋆r)
t

(
σr(St)− 30Γ1

κ2µr1.5 log
(
1
α

)
√
pd

α

)
. (4.93)
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At initialization, it is observed that

σr(S0)− 30Γ1

κ2µr1.5 log
(
1
α

)
√
pd

α ≥ c0α− 30Γ1

κ2µr1.5 log
(
1
α

)
√
pd

α ≥ c0
2
α, (4.94)

provided that p ≳
κ4µ2r3 log2( 1

α)
d

. Consequently, within T1 ≲ 1
ησ⋆

r
log
(
σ⋆
r

α

)
iterations, σr(St)

reaches
√
σ⋆
r

2
. It is also easy to show that σr(St) ≥

√
σ⋆
r

2
holds true for all t ≥ T1.

Step 3. This step is dedicated to demonstrating that the error
∥∥X⋆ −UtU

⊤
t

∥∥
F

converges

linearly to O(α) once σr(St) ≥
√
σ⋆
r

2
.

Based on our arguments in Step 2, where we established that σr(St) ≥
√
σ⋆
r

2
for t ≥ T1,

and leveraging Proposition 14 along with Lemma 94, we can derive that

∥∥X⋆ −UtU
⊤
t

∥∥
F
≤
(

1− 1

5
ησ⋆r

)t−T1 ∥∥X⋆ −UT1U
⊤
T1

∥∥
F

+ 3240Γ

√
σ⋆1κ

2µr2

p
α. (4.95)

Note that
∥∥X⋆ −UT1U

⊤
T1

∥∥
F
≤ ∥X⋆∥F +

∥∥UT1U
⊤
T1

∥∥
F
≤ 9
√
rσ⋆1 according to Lemma 65.

Hence, within an additional T2 = 1
ησ⋆

r
log
(
rσ⋆

1

α

)
iterations, the error converges to

O
(√

σ⋆
1κ

2µr2

p
α
)

, thus concluding the proof of Theorem 20.

4.C.2 Proof of Theorem 21

To prove this result, we first apply Theorem 20 to output a solution Ut0 and its leave-one-

out versions U
(l)
t0 that meet the initialization conditions in Theorem 22. Then, we apply

Theorem 22 to obtain the desired result.

Establishing Condition (4.14). By choosing the initialization scale α = c · σ⋆
r

κ1.5d
for

sufficiently small c > 0 and assuming the sampling rate of p ≳ κ2µ4r9 log4(d)
d

, Theorem 20

guarantees that, with probability at least 1− 1
d2

, the iterations of GD with step-size η ≍ µr√
pdσ⋆

1

satisfy

∥∥Ut0U
⊤
t0
−X⋆

∥∥
F
≤ 0.9Γ4

√
σ⋆1κ

2µr2

p

σ⋆r
κ1.5d

, for some t0 ≲
1

ησ⋆r
log

(
κ1.5d

σ⋆r

)
. (4.96)

On the other hand, Lemma 87 in the appendix implies that

dist (Ut0 ,U
⋆) ≤ 1.1

σ⋆r

∥∥Ut0U
⊤
t0
−X⋆

∥∥
F
≤ Γ4

√
σ⋆rµ

3r3 log(d)

pd2
,
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which establishes Condition (4.14).

Establishing Condition (4.15). The proof of Condition (4.15) follows a similar logic,

recognizing that the leave-one-out sequences exhibit a stronger concentration than the origi-

nal iterations. Consequently, they fulfill Condition (4.15) within at most t0 ≲ 1
ησ⋆

r
log
(
κ1.5d
σ⋆
r

)
iterations. Further details of this argument are omitted for brevity.

This shows that the initial conditions of Theorem 22 are satisfied after t0 iterations.

From this iteration onward, Theorem 22 shows that the iterations of GD enter a local linear

convergence regime, which readily establishes the final result of Theorem 21.

4.D Proofs for Incoherence Dynamic

In this section, we present our proofs for establishing the incoherence of Vt. To simplify

the presentation, we omit the “∼” from our notations. Therefore, V
(l)
t ,Z

(l)
t ,M

(l)
t , . . . in this

section refer to Ṽ
(l)
t , Z̃

(l)
t ,M̃

(l)
t , . . . defined in Section 4.3.2.

4.D.1 Proof of Lemma 64

We first state a finer variant of this lemma here.

Proposition 15 (Controlling ∥Vt − V ⋆∥F). Suppose that the stepsize satisfies η ≍ µr√
pdσ⋆

1
.

Moreover, suppose that ∥St∥ ≤ 2
√
σ⋆1, ∥Et∥ ≤

√
σ⋆
1

d
, ∥Vt∥2,∞ ≤ 2

√
µr
d

and ∥V ⋆ − Vt∥F ≤
Γ1

κµr1.5 log( 1
α)√

pd
for all t ≤ T ≲ 1

ησ⋆
r

log
(
1
α

)
. Then, conditioned on Egood, we have

∥Vt − V ⋆∥F ≤ Γ1

κµr1.5 log
(
1
α

)
√
pd

∀t ≤ T ≲
1

ησ⋆r
log

(
1

α

)
. (4.97)

Proof. First notice that Vt+1 can be rewritten as

Vt+1 = Zt+1

(
Z⊤
t+1Zt+1

)−1/2

= (I + ηMt)Vt
(
V ⊤
t (I + ηMt)

2 Vt
)−1/2

= (I + ηMt)Vt (I + Yt)
−1/2

(4.98)

where we denote Yt = V ⊤
t (2ηMt + η2M 2

t )Vt. Next, we apply Taylor expansion for the

matrix-valued function f(X) = (I+X)−1/2, which states that for anyX satisfying ∥X∥ < 1,

f(X) = (I +X)−1/2 = I − 1

2
X +R(X) where R(X) =

∞∑
k=2

(−1)k(2k)!

4k(k!)2
Xk. (4.99)
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Then, upon setting X = Yt in the above equation and plugging it into Equation (4.98) and

rearranging the subterms, we have

Vt+1 = (I + ηMt)Vt

(
I − 1

2
V ⊤
t

(
2ηMt + η2M 2

t

)
Vt +R(Yt)

)
=
(
I + ηP⊥

Vt
Mt

)
Vt +At,

(4.100)

where

At = −η2MtVtV
⊤
t MtVt − 0.5η2VtV

⊤
t M

2
t Vt − 0.5η3MtVtV

⋆⊤M 2
t Vt + (I + ηMt)VtR(Yt)

(4.101)

contains all the higher-order terms. Next, according to triangle inequality, we can provide

an upper bound for ∥V ⋆ − Vt+1∥F as follows

∥V ⋆ − Vt+1∥F ≤
∥∥V ⋆ −

(
I + ηP⊥

Vt
Mt

)
Vt
∥∥
F︸ ︷︷ ︸

:=(I)

+ ∥At∥F . (4.102)

We first control the leading term (I). To this goal, we apply triangle inequality and obtain

(I) ≤
∥∥V ⋆ −

(
I + ηP⊥

Vt

(
X⋆ −UtU

⊤
t

))
Vt
∥∥
F

+ η
∥∥(I−RΩ)

(
X⋆ −UtU

⊤
t

)
Vt
∥∥
F

≤
∥∥V ⋆ −

(
I + ηP⊥

Vt
∆t

)
Vt
∥∥
F︸ ︷︷ ︸

:=(I1)

+η
√
r ∥(I−RΩ) (∆t)∥︸ ︷︷ ︸

:=(I2)

. (4.103)

To control (I1), we further decompose it as

(I1) ≤
∥∥V ⋆ −

(
I + ηP⊥

Vt
V ⋆Σ⋆V ⋆⊤)Vt∥∥F + η

∥∥P⊥
Vt
UtU

⊤
t Vt

∥∥
F

(a)

≤
∥∥V ⋆ − Vt − ηP⊥

Vt
(V ⋆ − Vt)Σ⋆V ⋆⊤Vt

∥∥
F

+ η
√
r
∥∥EtU

⊤
t Vt

∥∥
(b)

≤
∥∥V ⋆ − Vt − ηP⊥

Vt
(V ⋆ − Vt)Σ⋆V ⋆⊤Vt

∥∥
F︸ ︷︷ ︸

:=(I1,1)

+2η
√
rσ⋆1 ∥Et∥ .

(4.104)

Here in (a), we use the fact that P⊥
Vt
Vt = 0 and the definition Et = P⊥

Vt
Ut. In (b), we use

the assumption that ∥St∥ ≤ 2
√
σ⋆1. Next, according to the orthogonality of Vt and V ⊥

t , we

can upper-bound (I1,1) as follows

(I1,1)
2 = ∥PVt(V

⋆ − Vt)∥2F +
∥∥P⊥

Vt
(V ⋆ − Vt)

(
I − ηΣ⋆V ⋆⊤Vt

)∥∥2
F

≤ ∥PVt(V
⋆ − Vt)∥2F +

∥∥P⊥
Vt

(V ⋆ − Vt)
∥∥2
F

∥∥I − ηΣ⋆V ⋆⊤Vt
∥∥2

(a)

≤ ∥PVt(V
⋆ − Vt)∥2F +

∥∥P⊥
Vt

(V ⋆ − Vt)
∥∥2
F

= ∥V ⋆ − Vt∥2F .

(4.105)
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Here (a) is due to the fact that
∥∥I − ηΣ⋆V ⋆⊤Vt

∥∥ ≤ ∥I − ηΣ⋆∥+ησ⋆1 ∥V ⋆ − Vt∥ ≤ 1−η(σ⋆r−
σ⋆1 ∥V ⋆ − Vt∥) ≤ 1 since we assume ∥V ⋆ − Vt∥ ≤ 1

2κ
. Therefore, we derive that

(I1) ≤ ∥V ⋆ − Vt∥F + 2η
√
rσ⋆1 ∥Et∥ . (4.106)

On the other hand, Lemma 67 tells us that, conditioned on Egood, we have (I2) ≤
21Γσ⋆1

√
µ2r2

pd
. Therefore, we can conclude that

(I) ≤ ∥V ⋆ − Vt∥F + 2η
√
rσ⋆1 ∥Et∥+ η

√
r · 21Γσ⋆1

√
µ2r2

pd
≤ ∥V ⋆ − Vt∥F + 22Γη

σ⋆1µr
1.5

√
pd

.

(4.107)

Next, according to Lemma 68, we can control ∥At∥F as

∥At∥F ≤
√
r ∥At∥ ≤ 300

√
rη2σ⋆21 . (4.108)

Putting everything together, we have

∥V ⋆ − Vt+1∥F ≤ ∥V ⋆ − Vt∥F + 22Γη
σ⋆1µr

1.5

√
pd

+ 300
√
rη2σ⋆21

≤ ∥V ⋆ − Vt∥F + 23Γη
σ⋆1µr

1.5

√
pd

,

(4.109)

provided that η ≍ µr√
pdσ⋆

1
. This completes the proof.

4.D.2 Proof of Proposition 12

We restate the proposition here for clarity.

Proposition 16 (Dynamic of
∥∥∥(V ⋆ − V (l)

t

)
l,·

∥∥∥). Under the same conditions as Proposi-

tion 15, for all t ≤ T ≲ 1
ησ⋆

r
log
(
1
α

)
, we have

∥∥∥∥(V ⋆ − V (l)
t+1

)
l,·

∥∥∥∥ ≤ (1− 0.5ησ⋆r)

∥∥∥∥(V ⋆ − V (l)
t

)
l,·

∥∥∥∥+ Γ2ησ
⋆
1

κµ1.5r2 log
(
1
α

)√
pd2

. (4.110)

Proof. Similar to Equation (4.100), we can express V
(l)
t+1 as

V
(l)
t+1 =

(
I + ηP⊥

V
(l)
t

M
(l)
t

)
V

(l)
t +A

(l)
t , (4.111)
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where M
(l)
t = RΩ(l)

(
X⋆ − V (l)

t ΣtV
(l)⊤
t

)
and A

(l)
t is defined as

A
(l)
t = −η2M (l)

t V
(l)
t V

(l)⊤
t M

(l)
t V

(l)
t − 0.5η2V

(l)
t V

(l)⊤
t M

(l)2
t V

(l)
t

− 0.5η3M
(l)
t V

(l)
t V (l)⊤M

(l)2
t V

(l)
t + (I + ηMt)V

(l)
t R

(
Y

(l)
t

) (4.112)

containing all the higher-order terms. Applying triangle inequality yields∥∥∥∥(V ⋆ − V (l)
t+1

)
l,·

∥∥∥∥ ≤ ∥∥∥∥(V ⋆ −
(
I + ηP⊥

V
(l)
t

M
(l)
t

)
V

(l)
t

)
l,·

∥∥∥∥+

∥∥∥∥(A(l)
t

)
l,·

∥∥∥∥
=

∥∥∥∥(V ⋆ −
(
I + ηP⊥

V
(l)
t

Ξ
(l)
t

)
V

(l)
t

)
l,·

∥∥∥∥︸ ︷︷ ︸
:=(I)

+

∥∥∥∥(A(l)
t

)
l,·

∥∥∥∥ . (4.113)

Here in the last equality, we use the fact that P⊥
V

(l)
t

M
(l)
t = P⊥

V
(l)
t

Ξ
(l)
t where Ξ

(l)
t = M

(l)
t −

V
(l)
t Σ⋆V ⋆⊤ + V

(l)
t ΣtV

(l)⊤
t . Upon noticing that P⊥

V
(l)
t

= I −P
V

(l)
t

, we further decompose (I)

as follows

(I) ≤
∥∥∥∥(V ⋆ −

(
I + ηΞ

(l)
t

)
V

(l)
t

)
l,·

∥∥∥∥︸ ︷︷ ︸
:=(I1)

+η

∥∥∥∥(PV
(l)
t
Ξ

(l)
t V

(l)
t

)
l,·

∥∥∥∥︸ ︷︷ ︸
:=(I2)

.
(4.114)

To control (I1), notice that the l-th row of M
(l)
t is equal to the l-th row of X⋆−V (l)

t ΣtV
(l)⊤
t

due to our choice of RΩ(l) . Therefore, we have

(I1) =

∥∥∥∥(V ⋆ −
(
I + η

(
X⋆ − V (l)

t ΣtV
(l)⊤
t − V (l)

t Σ⋆V ⋆⊤ − V (l)
t ΣtV

(l)⊤
t

))
V

(l)
t

)
l,·

∥∥∥∥
=

∥∥∥∥(V ⋆ −
(
I + η

((
V ⋆ − V (l)

t

)
Σ⋆V ⋆⊤

))
V

(l)
t

)
l,·

∥∥∥∥
=

∥∥∥∥((V ⋆ − V (l)
t

)(
I − ηΣ⋆V ⋆⊤V

(l)
t

))
l,·

∥∥∥∥
≤
∥∥∥∥(V ⋆ − V (l)

t

)
l,·

∥∥∥∥∥∥∥I − ηΣ⋆V ⋆⊤V
(l)
t

∥∥∥
(a)

≤ (1− 0.5ησ⋆r)

∥∥∥∥(V ⋆ − V (l)
t

)
l,·

∥∥∥∥ .
(4.115)

Here in (a), we use the fact that
∥∥∥I − ηΣ⋆V ⋆⊤V

(l)
t

∥∥∥ ≤ ∥I − ηΣ⋆∥ + ησ⋆1

∥∥∥V ⋆ − V (l)
t

∥∥∥ ≤
1− η(σ⋆r − σ⋆1

∥∥∥V ⋆ − V (l)
t

∥∥∥) ≤ 1− 0.5ησ⋆r since we have
∥∥∥V ⋆ − V (l)

t

∥∥∥ ≤ 1
2κ

according to the

following proposition.

Lemma 70 (Frobenius norm control). Under the same conditions as Proposition 15, for
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any 1 ≤ t ≤ T = 100
ησ⋆

r
log
(
1
α

)
, for all 1 ≤ l ≤ d, we have

∥∥∥V ⋆ − V (l)
t

∥∥∥
F
≤ Γ1

κµr1.5 log
(
1
α

)
√
pd

. (4.116)

The proof of the above lemma is the same as that of Proposition 15 and hence omitted

here. Next, for (I2), we first have

(I2) =

∥∥∥∥(V (l)
t V

(l)⊤
t Ξ

(l)
t V

(l)
t

)
l,·

∥∥∥∥ ≤ ∥∥∥∥(V (l)
t

)
l,·

∥∥∥∥∥∥∥V (l)⊤
t Ξ

(l)
t V

(l)
t

∥∥∥ ≤ ∥∥∥∥(V (l)
t

)
l,·

∥∥∥∥∥∥∥Ξ(l)
t

∥∥∥ .
(4.117)

For the first part, we have∥∥∥∥(V (l)
t

)
l,·

∥∥∥∥ ≤ ∥∥V ⋆
l,·
∥∥+

∥∥∥∥(V ⋆ − V (l)
t

)
l,·

∥∥∥∥ ≤√µr

d
+

∥∥∥∥(V ⋆ − V (l)
t

)
l,·

∥∥∥∥ ≤ 2

√
µr

d
. (4.118)

Here we use the assumption that

∥∥∥∥(V ⋆ − V (l)
t

)
l,·

∥∥∥∥ ≤√µr
d

. For the second part, we have

∥∥∥Ξ(l)
t

∥∥∥ =
∥∥∥(V ⋆ − V (l)

t

)
Σ⋆V ⋆⊤ − (I−RΩ(l))

(
X⋆ − V (l)

t ΣtV
(l)⊤
t

)∥∥∥
≤
∥∥∥(V ⋆ − V (l)

t

)
Σ⋆V ⋆⊤

∥∥∥+
∥∥∥(I−RΩ(l))

(
X⋆ − V (l)

t ΣtV
(l)⊤
t

)∥∥∥
(a)

≤ σ⋆1

∥∥∥V ⋆ − V (l)
t

∥∥∥+ 21Γ
σ⋆1µr√
pd

(b)

≤ σ⋆1 · Γ1

κµr1.5 log
(
1
α

)
√
pd

+ 21Γ
σ⋆1µr√
pd

≤ 2Γ1σ
⋆
1

κµr1.5 log
(
1
α

)
√
pd

.

(4.119)

Here in (a), we apply Lemma 67. In (b), we apply Lemma 70. Invoking Equations (4.118)

and (4.119) in Equation (4.117), we obtain that

(I2) ≤ 2

√
µr

d
· 2Γ1σ

⋆
1

κµr1.5 log
(
1
α

)
√
pd

= 4Γ1σ
⋆
1

κµ1.5r2 log
(
1
α

)√
pd2

. (4.120)

Next, we control the higher-order term

∥∥∥∥(A(l)
t

)
l,·

∥∥∥∥. To this end, we first notice that the l-th
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row of A
(l)
t is equal to the l-th row of

− η2∆(l)
t PV

(l)
t
V

(l)⊤
t M

(l)
t V

(l)
t − 0.5η2P
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(l)
t
M
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t − 0.5η3∆

(l)
t PV
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t
M

(l)2
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(l)
t

+
(
I + η∆

(l)
t

)
V

(l)
t R

(
Y

(l)
t

)
.

(4.121)

Therefore, we can upper-bound its operator norm by∥∥∥∥(A(l)
t

)
l,·

∥∥∥∥ ≤ ∥∥∥∥(∆(l)
t

)
l,·

∥∥∥∥(η2 ∥∥∥M (l)
t

∥∥∥+ 0.5η3
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∥∥∥R(Y (l)
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)∥∥∥)
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)
l,·

∥∥∥∥(0.5η2
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t

∥∥∥2 +
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t

)∥∥∥) . (4.122)

Next, we notice that

∥∥∥∥(V (l)
t

)
l,·
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√

µr
d

and
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)
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√
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d
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(4.123)

On the other hand, according to Lemma 68, we have
∥∥∥M (l)

t

∥∥∥ ≤ 6
√
σ⋆1 and

∥∥∥R(Y (l)
t

)∥∥∥ ≤
200η2σ⋆21 . Therefore, we derive that∥∥∥∥(A(l)

t

)
l,·

∥∥∥∥ ≤ 470η2σ⋆21

√
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d
. (4.124)

Overall, we obtain∥∥∥∥(V ⋆ − V (l)
t+1

)
l,·

∥∥∥∥ ≤ (1− 0.5ησ⋆r)
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1
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,

(4.125)

provided that η ≍ µr√
pdσ⋆

1
. This completes the proof of Proposition 16.

4.D.3 Proof of Proposition 13

We restate the proposition here for clarity.
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Proposition 17 (One-step dynamic of
∥∥Vt−V (l)

t

∥∥
F
). Suppose that the sampling rate satisfies
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κ6µ4r9 log4( 1

α
) log2(d)

d
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Proof. Note that

Vt+1 =
(
I + ηP⊥
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)
Vt +At and V

(l)
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V
(l)
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M
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)
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t +A

(l)
t . (4.127)

Hence, we can expand
∥∥∥Vt+1 − V (l)
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where
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contains all the higher-order terms.

We first control (I). Notice that P⊥
Vt
Mt = P⊥

Vt
Ξt and P⊥

V
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(4.130)

Next, we provide upper bounds for these terms separately. For (I1), applying Cauchy-Schwarz
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inequality leads to
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(4.131)

Here in (a), we apply Lemma 90. In (b), we use the result from Equation (4.119). Similarly,

(I2), we have
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. (4.132)

Next, for (I3), we further decompose it as
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(
Mt −M (l)

t + V
(l)
t Σ⋆V ⋆⊤ − V (l)

t ΣtV
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t

)
V

(l)
t

〉
=
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t ,P⊥
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(RΩ −RΩ(l))
(
X⋆ − V (l)

t ΣtV
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)
V
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〉
︸ ︷︷ ︸

:=(I3,1)

+

〈
Vt − V (l)
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Vt

(I−RΩ)

(
VtΣt

(
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t

)⊤)
V
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〉
︸ ︷︷ ︸
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+
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)
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︸ ︷︷ ︸
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+
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V
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t Σ⋆V ⋆⊤V

(l)
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︸ ︷︷ ︸

:=(I3,4)

.

(4.133)

We control these terms separately. First, we present the following key proposition, the proof

of which is deferred to the end of this section.

Proposition 18. For all 0 ≤ t ≤ T , we have

∥∥∥(RΩ −RΩ(l))
(
X⋆ − V (l)

t ΣtV
(l)⊤
t

)
V

(l)
t

∥∥∥
F
≤ Γ3σ

⋆
1

√
κµ3r5.5 log

(
1
α

)
log (d)√

pd · d . (4.134)
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For (I3,1), we have

(I3,1) ≤
∥∥∥Vt − V (l)

t

∥∥∥
F

∥∥∥(RΩ −RΩ(l))
(
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∥∥∥
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√
κµ3r5.5 log

(
1
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)
log (d)√

pd · d
∥∥∥Vt − V (l)

t

∥∥∥
F
.

(4.135)

Here in the last inequality, we use Proposition 18. Next, we apply Corollary 6 to control

(I3,2). Specifically, upon setting A = Vt, B = P⊥
Vt

(
Vt − V (l)

t

)
, C =

(
Vt − V (l)

t

)
Σt, and

D = V
(l)
t in Corollary 6, with probability at least 1− d−3, one has

(I3,2) =
〈
(I−RΩ)

(
AC⊤) ,BD⊤〉

≤ Γ

√
d

p
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√
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∥∥∥
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√
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F
.

(4.136)

Similarly, we apply Corollary 6 to control (I3,3). Upon setting A =
(
Vt − V (l)

t

)
Σt, B =

P⊥
Vt

(
Vt − V (l)

t

)
, C = Vt, and D = V

(l)
t in Corollary 6, with probability at least 1 − d−3,

one has

(I3,3) ≤ Γ

√
d

p
∥Vt∥F

∥∥∥V (l)
t

∥∥∥
2,∞

∥∥∥P⊥
Vt

(
Vt − V (l)

t

)∥∥∥
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∥∥∥
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To control
∥∥∥Vt − V (l)

t

∥∥∥
2,∞

, we apply Lemma 86:

∥∥∥Vt − V (l)
t

∥∥∥
2,∞
≤
∥∥∥Vt − V (l)

t

∥∥∥
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∥∥∥
2,∞
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t
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F

√
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∥∥∥L
V
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∥∥∥2
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≤ 3

√
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d
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F
.
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Hence, we have

(I3,3) ≤ 24Γσ⋆1

√
µ2r3

pd

∥∥∥Vt − V (l)
t

∥∥∥2
F
. (4.139)

Lastly, for (I3,4), we notice that

(I3,4) = −
〈
Vt − V (l)

t ,P⊥
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t

)
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Here in (a), we use the fact that〈
Vt − V (l)

t ,P⊥
Vt

(
Vt − V (l)

t

)
Σ⋆
〉

=
∥∥∥P⊥

Vt

(
Vt − V (l)

t

)
Σ⋆1/2
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F
≥ 0. (4.141)

In (b), we apply Proposition 15. Therefore, we obtain

(I3) ≤ C1σ
⋆
1

κµr1.5 log
(
1
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)
√
pd
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(4.142)

which implies that

(I) ≤ C2σ
⋆
1

κµr1.5 log
(
1
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)
√
pd
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(4.143)

Next, we move on to controlling (II). First, by the basic inequality 2ab ≤ a2 + b2, we bound

(II) as

(II) ≤ 2η2
∥∥∥P⊥

Vt
MtVt − P⊥

V
(l)
t

M
(l)
t V

(l)
t

∥∥∥2
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+ 2
∥∥∥At −A(l)

t

∥∥∥2
F

+ 2
〈
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t ,At −A(l)
t

〉
.

(4.144)

Next, we provide the control over
∥∥∥P⊥

Vt
MtVt − P⊥

V
(l)
t

M
(l)
t V

(l)
t

∥∥∥
F
. The remaining two terms

can be controlled in a similar fashion, so we omit their analysis. We first apply triangle

inequality to obtain∥∥∥P⊥
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For the second term, we further decompose it as∥∥∥(Mt −M (l)
t

)
V

(l)
t

∥∥∥
F
≤
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The first term can be controlled by Proposition 18. For the second term, we have∥∥∥∥(I−RΩ)

(
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Here we apply Corollary 6 in (a). Similarly, we can also control the third term as follows∥∥∥(I−RΩ)
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Combining the above inequalities leads to∥∥∥P⊥
Vt
MtVt − P⊥

V
(l)
t

M
(l)
t V

(l)
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Similarly, we can derive that
∥∥∥At −A(l)
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Putting everything together, we obtain
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4.D.4 Proof of Proposition 18

To prove this proposition, we propose a novel argument based on adaptive ϵ-nets. Upon

fixing an ϵ-net Nϵ with respect to Frobenius norm for the operator norm ball Br×rop (4σ⋆1) with

ϵ = c
d
2, we first construct a series of adaptive ϵ-nets

{
V(l)
ϵ,t

}T
t=0

in the following recursive

manner.
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∥∥∥
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}
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(4.152)

2We call a set Nϵ an ϵ-net with respect to a norm ∥·∥ for a given set S if for any element s ∈ S, there
exists an element s′ ∈ Nϵ such that ∥s− s′∥ ≤ ϵ.
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Moreover, we set V(l)
ϵ,0 = {V ⋆}. Then, we denote the best approximation of V

(l)
t in V(l)

ϵ,t as

V
(l)
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(4.153)

To proceed, we require the following key lemmas.

Lemma 71. For any 1 ≤ i ≤ j ≤ d, let pi,j be a Bernoulli random variable taking the value

pi,j = 1 if and only if (i, j) ∈ Ω. Let ri,j = 1
2p

(pi,j + pj,i). The following statements hold:

• Independent case: Suppose the sampling rate p ≳ µr
d

log
(
4r
δ

)
. Suppose that X ∈

Sd×d and V ∈ Od×r with ∥V ∥2,∞ ≤ 2
√

µr
d

are independent of rl,1, . . . , rl,d. Then, with

probability at least 1− δ, we have

∥(RΩ −RΩ(l)) (X)V ∥2F ≤
32µr log(4r/δ)

p
∥X∥2max . (4.154)

• General case: Suppose the sampling rate p ≳ log(d)
d

. For arbitrary X ∈ Rd×d and

V ∈ Rd×r, with probability at least 1− 1
d3
, we have

∥(RΩ −RΩ(l)) (X)V ∥2F ≤
2d

p
∥X∥2max ∥V ∥

2
F . (4.155)

Lemma 72. Suppose the sampling rate satisfies p ≳ µr
d

log
(
4r
δ

)
. For any 0 ≤ t ≤ T =
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100
ησ⋆

r
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(
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)
, 1 ≤ l ≤ d, with probability at least 1− 1
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, we have
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Lemma 73. Under the same conditions as Lemma 72, we have
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The proof of these lemmas is deferred to the end of this section. Now we use Lemma 73

to control the dynamic of
∥∥∥V (l)

t − V (l)
ϵ,t

∥∥∥
F
. Note that

∥∥∥V (l)
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(4.158)

Now we are ready to control (I) to (V) separately. First, Lemma 72 directly implies that

(I) ≤ Γ

√
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4
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On the other hand, applying Lemma 71 to (II) leads to
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Similarly, we have
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Overall, we derive that∥∥∥(RΩ −RΩ(l))
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The last inequality follows from the fact that ϵ = c
d
. This completes the proof of Proposi-

tion 18. □

Next, we proceed to present the proofs of Lemma 71, Lemma 72, and Lemma 73.

Lemma 71. We first expand ∥(RΩ −RΩ(l)) (X)V ∥2F as follows

∥(RΩ −RΩ(l)) (X)V ∥2F =
r∑
j=1

(
d∑

k=1

(rl,k − 1)Xl,kVk,j

)2

+
∑
i ̸=l

(ri,l − 1)2X2
i,l ∥Vl,·∥2 .

(4.163)

Next, we prove these two cases separately.

Independent case. First, we control
∑d

k=1 (rl,k − 1)Xl,kVk,j for all 1 ≤ j ≤ r via

Bernstein’s inequality (Lemma 79). To this goal, for a fixed 1 ≤ j ≤ r, upon defining

Zk = (rl,k − 1)Xl,kVk,j with E[Zk] = 0, we have

M := max
k
|Zk| ≤

1

p
∥X∥max ∥V ∥2,∞ ,

ν2 :=
d∑

k=1

Var
[
Z2
k

]
≤ 1

p

d∑
k=1

X2
l,kV

2
k,j ≤

1

p
∥X∥2max

d∑
k=1

V 2
k,j =

1

p
∥X∥2max .

(4.164)
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Here in the last equality we use the fact that
∑d

k=1 V
2
k,j = 1 since V ∈ Od×r. Therefore, due

to Bernstein’s inequality, with probability at least 1− δ
2r

, one has∣∣∣∣∣
d∑

k=1

Zk

∣∣∣∣∣ ≤ 2ν

√
log

(
4r

δ

)
+

4

3
M log

(
4r

δ

)

≤ 2 ∥X∥max√
p

√
log

(
4r

δ

)
+

4 ∥X∥max ∥V ∥2,∞
3p

log

(
4r

δ

)

≤ 4 ∥X∥max√
p

√
log

(
4r

δ

)
,

(4.165)

where we use the assumption p ≳ µr
d

log
(
4r
δ

)
. Hence, via a union bound, we know that with

probability at least 1− δ
2
, we have

r∑
j=1

(
d∑

k=1

(rl,k − 1)Xl,kVk,j

)2

≤ 16r ∥X∥2max

p
log

(
4r

δ

)
. (4.166)

Next, we can control
∑

i ̸=l (ri,l − 1)2X2
i,l ∥Vl,·∥2 as

∑
i ̸=l

(ri,l − 1)2X2
i,l ∥Vl,·∥2 ≤

d∑
i=1

(ri,l − 1)2 ∥X∥2max ∥V ∥
2
2,∞ . (4.167)

Then, we apply Bernstein’s inequality to control
∑d

k=1 (rl,k − 1)2. To this end, notice that

E
[
(rl,k − 1)2

]
=

1− p
2p
≤ 1

2p
,

M := max
k

(rl,k − 1)2 ≤
(

1

p
− 1

)2

≤ 1

p2
,

ν2 :=
d∑

k=1

Var
[
(rl,k − 1)2

]
≤ d

p3
.

(4.168)

Therefore, with probability at least 1− δ
2
, we have

d∑
k=1

(rl,k − 1)2 ≤ d

2p
+

4

3

1

p2
log

(
2

δ

)
+ 2

√
d

p3

√
log

(
2

δ

)
≤ d

p
(4.169)
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since we set p ≳ µr
d

log
(
4r
δ

)
. This implies that with probability at least 1− δ

2
, we have

∑
i ̸=l

(ri,l − 1)2X2
i,l ∥Vl,·∥2 ≤

d

p
∥X∥2max ∥V ∥

2
2,∞ . (4.170)

Finally, taking a union bound, we conclude that with probability at least 1− δ, we have

∥(RΩ −RΩ(l)) (X)V ∥2F ≤
16r ∥X∥2max log(4r/δ)

p
+
d

p
∥X∥2max ∥V ∥

2
2,∞

≤ 32µr log(4r/δ)

p
∥X∥2max .

(4.171)

General case. First, we apply Cauchy-Schwarz inequality to obtain

r∑
j=1

(
d∑

k=1

(rl,k − 1)Xl,kVk,j

)2

≤
r∑
j=1

(
d∑

k=1

(rl,k − 1)2
)(

d∑
k=1

X2
l,kV

2
k,j

)

≤
(

d∑
k=1

(rl,k − 1)2
)
·

r∑
j=1

∥X∥2max

d∑
k=1

V 2
k,j

=

(
d∑

k=1

(rl,k − 1)2
)
· ∥X∥2max ∥V ∥

2
F .

(4.172)

Next, we can control
∑

i ̸=l (ri,l − 1)2X2
i,l ∥Vl,·∥2 as follows

∑
i ̸=l

(ri,l − 1)2X2
i,l ∥Vl,·∥2 ≤

d∑
i=1

(ri,l − 1)2 ∥X∥2max ∥V ∥
2
F

=

(
d∑

k=1

(rl,k − 1)2
)
∥X∥2max ∥V ∥

2
F .

(4.173)

Here we use the fact that ri,j = rj,i,∀i, j ∈ [d]. Next, we apply Bernstein’s inequality to

control
∑d

k=1 (rl,k − 1)2. To this end, notice that

E
[
(rl,k − 1)2

]
=

1− p
2p
≤ 1

2p
,

M := max
k

(rl,k − 1)2 ≤
(

1

p
− 1

)2

≤ 1

p2
,

ν2 :=
d∑

k=1

Var
[
(rl,k − 1)2

]
≤ d

p3
.

(4.174)
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Therefore, with probability at least 1− δ, we have

d∑
k=1

(rl,k − 1)2 ≤ d

2p
+

4

3

1

p2
log

(
2

δ

)
+ 2

√
d

p3

√
log

(
2

δ

)
. (4.175)

Specifically, upon setting δ = 1
d3

, we obtain that with probability at least 1− 1
d3

, one has

d∑
k=1

(rl,k − 1)2 ≤ d

p
, (4.176)

since we set p ≳ log(d)
d

. Overall, we have

∥(RΩ −RΩ(l)) (X)V ∥2F ≤ 2

(
d∑

k=1

(rl,k − 1)2
)
∥X∥2max ∥V ∥

2
F ≤

2d

p
∥X∥2max ∥V ∥

2
F , (4.177)

with probability at least 1− 1
d3

. This completes the proof.

Lemma 72. First, for fixed Σϵ,t ∈ Nϵ and V
(l)
ϵ,t ∈ V(l)

ϵ,t , Lemma 71 implies that with probability

at least 1− δ, we have∥∥∥(RΩ −RΩ(l))
(
X⋆ − V (l)

ϵ,t Σϵ,tV
(l)⊤
ϵ,t

)
V

(l)
ϵ,t

∥∥∥2
F
≤ 32µr log(4r/δ)

p

∥∥∥X⋆ − V (l)
ϵ,t Σϵ,tV

(l)⊤
ϵ,t

∥∥∥2
max

.

(4.178)

Note that ∥∥∥X⋆ − V (l)
ϵ,t Σϵ,tV

(l)⊤
ϵ,t

∥∥∥
max
≤ ∥X⋆∥max +

∥∥∥V (l)
ϵ,t Σϵ,tV

(l)⊤
ϵ,t

∥∥∥
max

(a)

≤ ∥Σ⋆∥ ∥V ⋆∥22,∞ + ∥Σϵ,t∥
∥∥∥V (l)

ϵ,t

∥∥∥2
2,∞

≤ 9σ⋆1
µr

d
.

(4.179)

Therefore, with probability at least 1− δ, we have∥∥∥(RΩ −RΩ(l))
(
X⋆ − V (l)

ϵ,t Σϵ,tV
(l)⊤
ϵ,t

)
V

(l)
ϵ,t

∥∥∥2
F
≤ 288µ3r3 log(4r/δ)

pd2
. (4.180)

Lastly, we apply the union bound to finalize the desired result. To this end, note

that Br×rop (4σ⋆1) ⊂ Br×rF (4
√
rσ⋆1). Hence, according to Lemma 89, we know that |Nϵ| ≤(

12
√
rσ⋆

1

ϵ

)r2
which implies that

∣∣∣V(l)
ϵ,t

∣∣∣ ≤ (
6
√
rσ⋆

1

ϵ

)r2t
. Therefore, the total cardinality of
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⋃d
l=1

⋃T
t=0 V

(l)
ϵ,t is upper-bounded by∣∣∣∣∣

d⋃
l=1

T⋃
t=0

V(l)
ϵ,t

∣∣∣∣∣ ≤ d ·
T∑
t=0

(
12
√
rσ⋆1
ϵ

)r2t
≤ 2d

(
12
√
rσ⋆1
ϵ

)r2T
. (4.181)

Hence, once we set δ = 1
2d4

(
6
√
rσ⋆

1

ϵ

)−r2T
, we obtain that with probability at least 1−d−3, for

any 0 ≤ t ≤ T, 1 ≤ l ≤ d and V
(l)
ϵ,t ∈ V(l)

ϵ,t ,∥∥∥(RΩ −RΩ(l))
(
X⋆ − V (l)

ϵ,t Σϵ,tV
(l)⊤
ϵ,t

)
V

(l)
ϵ,t

∥∥∥2
F
≤ Γ

µ3r3

pd2

(
log(d) + r2T

(
rσ⋆1
ϵ

))

≤ Γ
κµ3r5.5 log

(
1
α

)
log
(
rσ⋆

1

ϵ

)
√
pd3

.

(4.182)

Here we use the fact that T ≤ 100
ησ⋆

r
log(1/α) and η = Θ

(
µ
σ⋆
1

√
r
pd

)
. This completes the

proof.

Lemma 73. The derivation of
∥∥∥V (l)

t+1 − V (l)
ϵ,t+1

∥∥∥
F

is nearly the same as that of
∥∥∥Vt+1 − V (l)

t+1

∥∥∥
F
.

First, note that

V
(l)
ϵ,t+1 =

(
I + ηP⊥

V
(l)
ϵ,t

M
(l)
ϵ,t

)
V

(l)
ϵ,t +A

(l)
ϵ,t, (4.183)

where M
(l)
ϵ,t and A

(l)
ϵ,t are defined similar to M

(l)
t and A

(l)
t . Hence, we can expand∥∥∥V (l)
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∥∥∥2
F
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∥∥∥V (l)
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M
(l)
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(4.184)

where

(II) = η2
∥∥∥∥P⊥

V
(l)
t

M
(l)
t V

(l)
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V
(l)
ϵ,t

M
(l)
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M
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)
V
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〉 (4.185)
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contains all the higher-order terms. Next, we further decompose (I) as follows

(I) =

〈
V

(l)
t − V (l)

ϵ,t ,P⊥
V

(l)
t

Ξ
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t V
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ϵ,t

)
V

(l)
ϵ,t

〉
︸ ︷︷ ︸

:=(I3)
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(4.186)

Here we define Ξ
(l)
t = M

(l)
t − V (l)

t Σ⋆V ⋆⊤ + V
(l)
t ΣtV

(l)⊤
t and Ξ
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(l)
ϵ,t − V (l)

ϵ,t Σ
⋆V ⋆⊤ +

V
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(l)⊤
ϵ,t . We control (I1) as follows
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∥∥∥Ξ(l)
ϵ,t

∥∥∥ . (4.187)

Here we apply Lemma 90 in the second inequality. For
∥∥∥Ξ(l)

ϵ,t

∥∥∥, following the same analysis

as in Equation (4.119), we have∥∥∥Ξ(l)
ϵ,t

∥∥∥ ≤ σ⋆1

∥∥∥V ⋆ − V (l)
ϵ,t
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Here in the last inequality, we use the fact that
∥∥∥V (l)

t − V (l)
ϵ,t

∥∥∥ ≤ ϵ ≤ 10Γ µr√
pd

. Plugging this

inequality into Equation (4.187), we obtain
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Similar to our derivation for (I1), it follows that (I2) ≤ σ⋆1

∥∥∥V ⋆ − V (l)
t

∥∥∥2
F

(
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∥∥∥+
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10Γ
σ⋆
1µr√
pd

)
. Lastly, to bound (I3), we further decompose it as
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(4.190)

Next, we control these terms separately. First, we apply Corollary 6 to control (I3,1). Specif-

ically, upon setting A = V
(l)
ϵ,t ,B = P⊥

V
(l)
t

(
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)
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(4.191)

Here in the last inequality, we use the fact that ∥Σϵ,t∥ ≤ 4σ⋆1 and
∥∥∥V (l)

ϵ,t

∥∥∥
2,∞
≤ 2

√
µr
d

. In a

manner akin to our derivation for (I3,1), we can also show that
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Lastly, for (I3,4), we observe that
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(4.193)

Here in (a), we use the fact that
〈
V

(l)
ϵ,t ,P⊥

V
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=
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≥ 0. In (b), we

apply Proposition 15.

Putting everything together, we obtain that
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, (4.194)

which in turn leads to
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Therefore, our final bound is established as

∥∥∥V (l)
t+1 − V (l)

ϵ,t+1
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F
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(
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κµr1.5 log

(
1
α

)
√
pd
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F

+ C3η
σ⋆1µr√
pd
ϵ. (4.196)

This completes the proof.

4.E Proofs for Different Initialization Schemes

Gaussian initialization. Suppose the search rank 0.5d ≤ r′ ≤ d. Let Z = G/ ∥G∥ where

G ∈ Rd×r′ is a standard Gaussian matrix. Before proceeding, we first introduce the following

lemma, which characterizes the concentration of the largest and smallest singular values of

a standard Gaussian matrix.

Lemma 74 (Adapted from Theorem 6.1 in [Wainwright, 2019]). Suppose that G ∈ Rd1×d2
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is a standard Gaussian matrix where d1 ≥ d2. Then, for any δ > 0, we have

P
(
∥G∥ ≥ (2 + δ)

√
d1

)
≤ exp

{
−d1δ

2

2

}
,

P
(
σmin(G) ≥ (1− δ)

√
d1 −

√
d2

)
≤ exp

{
−d1δ

2

2

}
.

(4.197)

Notice that σr(PV ⋆G) = σmin(V ⋆⊤G) where V ⋆⊤G ∈ Rr×r′ is another standard Gaussian

matrix. Hence, upon setting δ = 1
2

and noting that r′ ≥ d
2
, Lemma 74 implies that with

probability at least 1− exp{d/16}, we have

σr(PV ⋆G) ≥ 1

2

√
r′ −√r ≥ 1

4

√
d. (4.198)

On the other hand, upon setting δ = 1
2
, Lemma 74 implies that with probability at least

1− exp{d/8}, we have

G ≤ 5

2

√
d. (4.199)

Via a union bound, we know that with probability at least 1− 2 exp{d/16}, we have

σr(PV ⋆Z) =
σr(PV ⋆G)

∥G∥ ≥
√
d/4

5
√
d/2

=
1

10
. (4.200)

Hence, with probability at least 1− 2 exp{d/16}, Condition 1 is satisfied with c0 = 0.1.

Orthogonal initialization. Suppose the search rank satisfies r′ = d. Upon choosing

Z = O for some O ∈ Od×d, we have

σr(PV ⋆O) = σr(V
⋆V ⋆⊤) = 1. (4.201)

Hence, Condition 1 is satisfied with c0 = 1.

Spectral initialization. Let V ΣV ⊤ be the eigendecomposition of the best rank-r′ ap-

proximation of RΩ(X⋆) measured in Frobenius norm. Suppose r ≤ r′ ≤ d and Z = U/ ∥U∥,
where U = V Σ1/2. Corollary 7 tells us that, with probability at least 1− 1

d3
, we have

∥RΩ(X⋆)−X⋆∥ ≤ Γσ⋆1

√
µ2r2

pd
. (4.202)
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Conditioned on this event, we have

∥U∥2 = ∥RΩ(X⋆)∥ ≤ ∥X⋆∥+ ∥RΩ(X⋆)−X⋆∥ ≤ 2σ⋆1. (4.203)

On the other hand, by Weyl’s inequality, we have

σ2
r(PV ⋆U) = σr(V

⋆⊤UU⊤V ⋆)

≥ σr(V
⋆⊤RΩ(X⋆)V ⋆)− σr+1(RΩ(X⋆))

≥ σr(V
⋆⊤X⋆V ⋆)− ∥RΩ(X⋆)−X⋆∥ − σr+1(RΩ(X⋆))

≥ σ⋆r − 2 ∥RΩ(X⋆)−X⋆∥
≥ 0.5σ⋆r .

(4.204)

Combining the above two inequalities, we conclude that, with probability at least 1 − 1
d3

,

Condition 1 is satisfied with c0 = 1
2κ

.

4.F Concentration Inequalities for Matrix Completion

Recall that the sampling matrix Ω ∈ Rd×d is defined as

Ωi,j =

1 if (i, j) ∈ Ω,

0 otherwise.
(4.205)

The following lemma characterizes the concentration behavior of Ω.

Lemma 75 (Adapted from [Vu, 2018, Lemma 8]). Suppose the sampling rate satisfies p ≳
log(d)
d

. There is a universal constant Γ > 0 such that, with probability at least 1− 1
d3
, we have

∥∥∥∥Ω + Ω⊤

2p
− J

∥∥∥∥ ≤ Γ

√
d

p
. (4.206)

Here J is the all-one matrix.

The original result appeared in [Vu, 2018, Lemma 8] only holds for symmetric Bernoulli

model, i.e., Ω = Ω⊤. However, we can easily extend it to the asymmetric case via the

dilation trick [Tropp et al., 2015]. Hence, we omit the details here. Next, we have the

following extension to the leave-one-out sequences.

Corollary 5. Suppose the sampling rate satisfies p ≳ log(d)
d

. Then, with probability at least
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1− 1
d3
, for all 1 ≤ l ≤ d, we have

∥∥∥∥Ω(l) + Ω(l)⊤

2p
− J

∥∥∥∥ ≤ Γ

√
d

p
. (4.207)

Corollary 5. Note that for any 1 ≤ l ≤ d, the matrix Ω(l)+Ω(l)⊤

2p
− J can be derived from

Ω+Ω⊤

2p
− J by zeroing out the l-th row and column. Hence, the proof follows by invoking

Lemma 81 in Lemma 75.

Lemma 76 ([Chen et al., 2020, Lemma A.1] and [Chen and Li, 2019, Lemma 8]). For all

A, B, C, and D ∈ Rd×r, we have

∣∣〈(I−RΩ)
(
AC⊤) ,BD⊤〉∣∣ ≤ ∥∥∥∥Ω + Ω⊤

2p
− J

∥∥∥∥ · ∥A∥2,∞ ∥B∥F · ∥C∥F ∥D∥2,∞ . (4.208)

Moreover, for all 1 ≤ l ≤ d, we have

∣∣〈(I−RΩ(l))
(
AC⊤) ,BD⊤〉∣∣ ≤ ∥∥∥∥Ω(l) + Ω(l)⊤

2p
− J

∥∥∥∥ · ∥A∥2,∞ ∥B∥F · ∥C∥F ∥D∥2,∞ .

(4.209)

As a special case, we have

Lemma 77. For any matrix X ∈ Rd×d with the form X = UV ⊤, we have

∥(I−RΩ(l)) (X)∥ ≤ ∥(I−RΩ) (X)∥ ≤
∥∥∥∥Ω + Ω⊤

2p
− J

∥∥∥∥ ∥U∥2,∞ ∥V ∥2,∞ , ∀1 ≤ l ≤ d.

(4.210)

Note that the above two results are deterministic. Combining them with Lemma 75 leads

to the following high-probability results.

Corollary 6 ([Chen et al., 2020, Lemma 4.3 and Lemma A.1]). Suppose that the sam-

pling rate satisfies p ≳ log(d)
d

. There exists a universal constant C > 0 such that, for any

A,B,C,D ∈ Rd×r, with probability at least 1− 1
d3
, we have

∣∣〈(I−RΩ)
(
AC⊤) ,BD⊤〉∣∣ ≤ Γ

√
d

p
· ∥A∥2,∞ ∥B∥F · ∥C∥F ∥D∥2,∞ . (4.211)
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Moreover, with the same probability, for any 1 ≤ l ≤ d, we have

∣∣〈(I−RΩ(l))
(
AC⊤) ,BD⊤〉∣∣ ≤ Γ

√
d

p
· ∥A∥2,∞ ∥B∥F · ∥C∥F ∥D∥2,∞ . (4.212)

Corollary 7 ([Chen and Li, 2019, Lemma 9]). Consider an arbitrary matrix X ∈ Rd×d

decomposed as X = UV ⊤. There exists a universal constant C such that, with probability

at least 1− 1
d3
, we have

∥∥∥(I−R(l)
Ω

)
(X)

∥∥∥ ≤ ∥(I−RΩ) (X)∥ ≤ Γ

√
d

p
∥U∥2,∞ ∥V ∥2,∞ . (4.213)

Lastly, we provide a finer result for a matrix of the form X − Y .

Lemma 78. For two arbitrary symmetric matrices X,Y ∈ Rd×d, with probability at least

1− 1
d3
, we have

∥∥∥(I−R(l)
Ω

)
(X − Y )

∥∥∥ ≤ ∥(I−RΩ) (X − Y )∥ ≤ Γ

√
d

p
∥X − Y ∥

(
∥UX∥22,∞ + ∥UY ∥22,∞

)
.

(4.214)

Proof. We denote Z = X − Y with an SVD Z = LZΣZL
⊤
Z (recall that Z is symmetric).

Hence, with probability at least 1− 1
d3

, we have

∥(I−RΩ) (Z)∥
(a)

≤ Γ

√
d

p
∥LZΣZ∥2,∞ ∥LZ∥2,∞

(b)

≤ Γ

√
d

p
∥ΣZ∥ ∥LZ∥22,∞

= Γ

√
d

p
∥Z∥ ∥LZ∥22,∞

(c)

≤ Γ

√
d

p
∥Z∥

(
∥LX∥22,∞ + ∥LY ∥22,∞

)
.

(4.215)

Here in (a), we apply Corollary 7 upon setting U = LZΣZ and V = LZ . In (b), we apply

Lemma 80. Lastly, in (c), we apply Lemma 86. This completes the proof.
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4.G Auxiliary Lemmas

4.G.1 Concentration Inequalities

Lemma 79 (Bernstein’s inequality). Let X1, · · · , Xn be independent zero-mean random vari-

ables. Suppose that |Xi| ≤M almost surely, for all i and set ν2 =
∑n

i=1 Var [X2
i ]. Then, for

all positive t,

P

(∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣ ≥ t

)
≤ 2 exp

(
− t2

2ν2 + 2
3
Mt

)
. (4.216)

Or equivalently, with probability at least 1− δ, one has∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣ ≤ 2ν
√

log (2/δ) +
4

3
M log (2/δ) . (4.217)

4.G.2 Matrix Norm Inequalities

Lemma 80 ([Cape, Tang, and Priebe, 2019, Proposition 6.5]). For A ∈ Rd1×d2, and B ∈
Rd2×d3, we have

∥AB∥2,∞ ≤ ∥A∥2,∞ ∥B∥ and ∥AB∥2,∞ ≤ ∥A∥∞ ∥B∥2,∞ . (4.218)

Lemma 81 (Adapted from [Sun and Luo, 2016, Proposition A.3]). For any matrix A ∈
Rd1×d2, denote A−i,· (A·,−i) as the matrix obtained by replacing the i-th row (column) of A

by zeros, respectively. Then, we have

∥A−i,·∥ ≤ ∥A∥ and ∥A·,−j∥ ≤ ∥A∥ ,∀i ∈ [d1], j ∈ [d2]. (4.219)

Lemma 82 ([Sun and Luo, 2016, Proposition A.4]). For any two matrices A ∈ Rd1×d2 ,B ∈
Rd2×d3, we have

∥AB∥ ≤ ∥A∥ ∥B∥ and ∥AB∥F ≤ ∥A∥ ∥B∥F . (4.220)

Furthermore, if d1 ≥ d2, then

σmin(A) ∥B∥F ≤ ∥AB∥F and σmin(A) ∥B∥ ≤ ∥AB∥ . (4.221)

Lemma 83. For arbitrary matrices U ∈ Rd1×d2, Σ ∈ Rd2×d3 and V ∈ Rd4×d3, we have

∥∥UΣV ⊤∥∥
max
≤ ∥Σ∥ ∥U∥2,∞ ∥V ∥2,∞ . (4.222)
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Proof. By Cauchy-Schwartz inequality, we have

∥∥UΣV ⊤∥∥
max

= max
i,j

∣∣∣∣∣∑
k

[UΣ]i,kVj,k

∣∣∣∣∣
≤ max

i,j
∥(UΣ)i,·∥ ∥Vj,·∥

= ∥UΣ∥2,∞ ∥V ∥2,∞
≤ ∥Σ∥ ∥U∥2,∞ ∥V ∥2,∞ .

(4.223)

Here we apply Lemma 80 to derive the last inequality. This completes the proof.

Lemma 84. For any matrix A ∈ Rd1×d2, we have

∥A∥22,∞ =
∥∥AA⊤∥∥

max
. (4.224)

Proof. We write a1, · · · ,ad1 as the row vectors of A. Then, we have

∥A∥22,∞ = max
1≤i≤d1

∥ai∥2 . (4.225)

On the other hand, we can write
∥∥AA⊤

∥∥
max

as

∥∥AA⊤∥∥
max

= max
1≤i,j≤d1

|⟨ai,aj⟩| . (4.226)

First, we have
∥∥AA⊤

∥∥
max
≤ ∥A∥22,∞ since

∥∥AA⊤∥∥
max

= max
1≤i,j≤d1

|⟨ai,aj⟩| ≤ max
1≤i,j≤d1

∥ai∥ ∥aj∥ = max
1≤i≤d1

∥ai∥2 = ∥A∥22,∞ . (4.227)

Second, we have
∥∥AA⊤

∥∥
max
≥ ∥A∥22,∞ upon noting that

∥∥AA⊤∥∥
max

= max
1≤i,j≤d1

|⟨ai,aj⟩| ≥ max
i=j
|⟨ai,aj⟩| = max

1≤i≤d1
∥ai∥2 = ∥A∥22,∞ . (4.228)

Therefore, we derive that
∥∥AA⊤

∥∥
max

= ∥A∥22,∞, which completes the proof.

Lemma 85. For two PSD matrices A,B ∈ Rd×d with A ⪯ B, we have

∥A∥max ≤ ∥B∥max . (4.229)

Proof. The proof follows by the fact that for any PSD matrix A, we have ∥A∥max =
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maxi{Ai,i}. According to this fact, we immediately have

∥A∥max = max
i
{Ai,i} ≤ max

i
{Bi,i} = ∥B∥max (4.230)

since A ⪯ B. Now we turn to prove this fact. Note that we can write any PSD matrix A

as A = PP⊤. Then, according to Lemma 84, we have

∥A∥max = ∥P ∥22,∞ = max
i
∥pi∥2 = max

i
{Ai,i}. (4.231)

Here we write {pi} as the row vectors of P . This completes the proof.

Lemma 86. For Z = X − Y , we have

∥LZ∥22,∞ ≤ ∥LX∥22,∞ + ∥LY ∥22,∞ . (4.232)

Proof. We bound ∥LZ∥22,∞ as follows

∥LZ∥22,∞
(a)
=
∥∥LZL

⊤
Z

∥∥
max

(b)

≤
∥∥LXL

⊤
X +LYL

⊤
Y

∥∥
max

≤
∥∥LXL

⊤
X

∥∥
max

+
∥∥LYL

⊤
Y

∥∥
max

(c)
= ∥LX∥22,∞ + ∥LY ∥22,∞ .

(4.233)

Here (a) and (c) follow from Lemma 84. In (b), we apply Lemma 85 since LZL
⊤
Z ⪯ LXL

⊤
X +

LYL
⊤
Y . This is due to the fact that col(Z) ⊆ col(X)⊕col(Y ) which leads to LZL

⊤
Z = PZ ⪯

PX + PY . This completes the proof.

Lemma 87 ([Tu et al., 2016, Lemma 5.4]). For any X,Y ∈ Rd×r with σr(X) > 0, we have

dist2(X,Y ) ≤ 1

2
(√

2− 1
)
σ2
r(X)

∥∥XX⊤ − Y Y ⊤∥∥2
F
. (4.234)

Lemma 88. Consider a matrix U ∈ Rd1×d2 and a diagonal matrix Σ ∈ Rd2×d2. We have

∥UΣ∥2,∞ ≥ σr(Σ) ∥U∥2,∞ . (4.235)

Proof. We first write Σ = Diag{σ1, · · · , σd2}. Next, note that

∥(UΣ)l,·∥2 =

d2∑
j=1

U2
l,jσ

2
j ≥ σ2

r(Σ)

d2∑
j=1

U2
l,j = σ2

r(Σ) ∥Ul,·∥2 . (4.236)

234



Hence, taking the maximum over index l on both sides, we immediately obtain

∥UΣ∥2,∞ ≥ σr(Σ) ∥U∥2,∞ . (4.237)

4.G.3 Other Useful Inequalities

Lemma 89 (Adapted from [Vershynin, 2018, Corollary 4.2.13]). The covering number Nϵ
of Br×rF (R) satisfies the following inequality for any 0 < ϵ ≤ 1:

Nϵ ≤
(

3R

ϵ

)r2
. (4.238)

Lemma 90. For two orthogonal matrices V1,V2 ∈ Od×r, we have

∥∥V1V
⊤
1 − V2V

⊤
2

∥∥ ≤ 2 ∥V1 − V2∥ and
∥∥V1V

⊤
1 − V2V

⊤
2

∥∥
F
≤ 2 ∥V1 − V2∥F . (4.239)

Proof. Note that V1V
⊤
1 − V2V

⊤
2 = V1 (V1 − V2)

⊤ + (V1 − V2)V
⊤
2 . Hence, we have

∥∥V1V
⊤
1 − V2V

⊤
2

∥∥ ≤ ∥V1 − V2∥ (∥V1∥+ ∥V2∥) ≤ 2 ∥V1 − V2∥ . (4.240)

Similarly, for the Frobenius norm, we also have

∥∥V1V
⊤
1 − V2V

⊤
2

∥∥
F
≤ ∥V1 − V2∥F (∥V1∥+ ∥V2∥) ≤ 2 ∥V1 − V2∥F . (4.241)

This completes the proof.

Lemma 91. For arbitrary matrix X ∈ Rd1×d2 with rank(X) = r and O ∈ Od1×r, we have

σr(X) ≥ σr
(
O⊤X

)
. (4.242)

Moreover, if O = UX , we have σi(X) = σi
(
O⊤X

)
for all 1 ≤ i ≤ r.

Proof. We first prove the special case. Suppose O = UX , then we have O⊤X = ΣXV
⊤
X .

Note that this is the SVD of O⊤X with the singular value matrix ΣX . Hence, O⊤X has
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the same singluar values as X. For the general case, it follows by

σr
(
O⊤X

)
= inf

Y ∈M≤r−1

∥∥O⊤X − Y
∥∥
F

≤
∥∥O⊤X −O⊤UXΣX,−1V

⊤
X

∥∥
F

≤
∥∥O⊤σr(X)uX,−1v

⊤
X,−1

∥∥
F

≤ σr(X).

(4.243)

Here we define M≤r−1 as the set of all matrices of rank at most r − 1. We also denote

ΣX,−1 = Diag{σ⋆1(X), · · · , σr−1(X), 0}. Finally, uX,−1,vX,−1 refer to the last columns of

UX ,VX , respectively.

Lemma 92. Consider two matrices A ∈ Rr×r,B ∈ Rr×d where A is invertible and B ̸= 0.

We have

σr(AB) ≥ σr(A)σr(B). (4.244)

Proof. It directly follows by

σr(AB) = min
∥x∥=1,x∈range(B⊤)

∥ABx∥

≥ σr(A) min
∥x∥=1,x∈range(B⊤)

∥Bx∥

= σr(A)σr(B).

(4.245)

Lemma 93. For any x ∈ [0, 1
2(r−1)

) and r > 1, we have

(1 + x)r ≤ 1 + 2rx. (4.246)

Lemma 94. For the series {xt}∞t=0, the following two statements hold:

• Suppose that xt+1 ≤ Axt +B, ∀t ≥ 0 where A > 0, A ̸= 1 and x0 + B
A−1
≥ 0. Then, we

have

xt ≤ At
(
x0 +

B

A− 1

)
− B

A− 1
. (4.247)

• Suppose that xt+1 ≥ Axt −B, ∀t ≥ 0 where A > 0 and x0 − B
A−1
≥ 0. Then, we have

xt ≥ At
(
x0 −

B

A− 1

)
+

B

A− 1
. (4.248)

236



Proof. We first prove the first statement. Note that we can rewrite xt+1 ≤ Axt + B as

yt+1 ≤ Ayt where yt = xt + B
A−1

. Note that y0 ≥ 0, A > 0 by our assumption. Hence, we

derive yt ≤ Aty0 = At
(
x0 + B

A−1

)
, which implies that xt = yt − B

A−1
≤ At

(
x0 + B

A−1

)
− B

A−1
.

For the second statement, we first rewrite the condition as yt+1 ≥ Ayt where yt = xt− B
A−1

.

Then, we have yt ≥ Aty0, which implies that xt = yt + B
A−1
≥ Aty0 + B

A−1
= At

(
x0 − B

A−1

)
+

B
A−1

.

237



CHAPTER 5

Function Basis Decomposition

This chapter is based on the following paper:

• Jianhao Ma, Lingjun Guo, and Salar Fattahi. Behind the scenes of gradient descent:

A trajectory analysis via basis function decomposition. In The Eleventh International

Conference on Learning Representations, 2023.

5.1 Introduction

Learning highly nonlinear models amounts to solving a nonconvex optimization problem,

which is typically done via different variants of gradient descent (GD). But how does GD learn

nonlinear models? Classical optimization theory asserts that, in the face of nonconvexity,

GD and its variants may lack any meaningful optimality guarantee; they produce solutions

that—while being first- or second-order optimal [Nesterov, 1998, Jin, Ge, Netrapalli, Kakade,

and Jordan, 2017]—may not be globally optimal. In the rare event where the GD can recover

a globally optimal solution, the recovered solution may correspond to an overfitted model

rather than one with desirable generalization.

Inspired by the large empirical success of gradient-based algorithms in learning complex

models, recent work has postulated that typical training losses have benign landscapes : they

are devoid of spurious local minima and their global solutions coincide with true solutions—

i.e., solutions corresponding to the true model. For instance, different variants of low-rank

matrix factorization [Ge et al., 2016, 2017] and deep linear NNs [Kawaguchi, 2016] have

benign landscapes. However, when spurious solutions do exist [Safran and Shamir, 2018]

or global and true solutions do not coincide [Ma and Fattahi, 2023a], such a holistic view

of the optimization landscape cannot explain the success of gradient-based algorithms. To

address this issue, another line of research has focused on analyzing the solution trajectory of

different algorithms. Analyzing the solution trajectory has been shown extremely powerful

in sparse recovery [Vaskevicius et al., 2019], low-rank matrix factorization [Li et al., 2018,
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Stöger and Soltanolkotabi, 2021], and linear DNNs [Arora, Cohen, Golowich, and Hu, 2018,

Ma and Fattahi, 2022a]. However, these analyses are tailored to specific models and thereby

cannot be directly generalized.

In this work, we propose a unifying framework for analyzing the optimization trajectory

of GD based on a novel basis function decomposition. We show that, although the dynamics

of GD may vary drastically on different models, they behave almost monotonically when

projected onto an appropriate choice of orthonormal function basis.

Motivating example: Our first example illustrates this phenomenon on DNNs. We study

the optimization trajectories of two adaptive gradient-based algorithms, namely AdamW

and LARS, on three different DNN architectures, namely AlexNet [Krizhevsky, Sutskever,

and Hinton, 2017], ResNet-18 [He et al., 2016], and Vision Transformer (ViT) [Dosovitskiy,

Beyer, Kolesnikov, Weissenborn, Zhai, Unterthiner, Dehghani, Minderer, Heigold, Gelly,

et al., 2020] with the CIFAR-10 dataset. The first row of the Figure 5.1 shows the top-5

coefficients of the solution trajectory when projected onto a randomly generated orthonormal

basis. We see that the trajectories of the coefficients are highly non-monotonic and almost

indistinguishable (they range between -0.04 to 0.06), implying that the energy of the obtained

model is spread out on different orthogonal components. The second row of Figure 5.1 shows

the same trajectory after projecting onto an orthogonal basis defined as the eigenvectors of

the conjugate kernel after training [Long, 2021] (see Section 5.3.4 and Appendix 5.B for

more details). Unlike the previous case, the top-5 coefficients carry more energy and behave

monotonically (modulo the small fluctuations induced by the stochasticity in the algorithm)

in all three architectures, until they plateau around their steady state. In other words, the

algorithm behaves more monotonically after projecting onto a correct choice of orthonormal

basis.

5.1.1 Main Contributions

The monotonicity of the projected solution trajectory motivates the use of an appropriate

basis function decomposition to analyze the behavior of gradient-based algorithms. In this

paper, we show how an appropriate basis function decomposition can be used to provide a

much simpler convergence analysis for gradient-based algorithms on several representative

learning problems, from simple kernel regression to complex DNNs. Our main contributions

are summarized below:

- Global convergence of GD via basis function decomposition: We prove that

GD learns the coefficients of an appropriate function basis that forms the true model. In
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(f) ViT

Figure 5.1: The solution trajectories of LARS on AlexNet and ResNet-18 and AdamW on ViT with
ℓ2-loss after projecting onto two different orthonormal bases. The first row shows the trajectories of the
top-5 coefficients after projecting onto a randomly generated orthonormal basis. The second row shows the
trajectories of the top-5 coefficients after projecting onto the eigenvectors of the conjugate kernel evaluated
at the last epoch. More detail on our implementation can be found in Appendix 5.B.
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particular, we show that GD learns the true model when applied to the expected ℓ2-loss

under certain gradient independence and gradient dominance conditions. Moreover, we

characterize the convergence rate of GD, identifying conditions under which it enjoys

linear or sublinear convergence rates. Our result does not require a benign landscape

for the loss function and can be applied to both convex and nonconvex settings.

- Application in learning problems: We show that our general framework is well-

suited for analyzing the solution trajectory of GD on different representative learning

problems. Unlike the existing results, our proposed method leads to a much simpler

trajectory analysis of GD for much broader classes of models. Using our technique,

we improve the convergence of GD on the symmetric matrix factorization and provide

an entirely new convergence result for GD on the orthogonal symmetric tensor decom-

position. We also prove that GD enjoys an incremental learning phenomenon in both

problems.

- Empirical validation on DNNs: We empirically show that our proposed framework

applies to DNNs beyond GD. More specifically, we show that different gradient-based

algorithms monotonically learn the coefficients of a particular function basis defined

as the eigenvectors of the conjugate kernel after training (also known as “after ker-

nel regime”). We show that this phenomenon happens across different architectures,

datasets, solvers, and loss functions, strongly motivating the use of function basis de-

composition to study deep learning.

5.2 General Framework: Function Basis Decomposi-

tion

We study the optimization trajectory of GD on the expected (population) ℓ2-loss

min
θ∈Θ
L (θ) :=

1

2
Ex,y

[
(fθ(x)− y)2

]
. (expected ℓ2-loss)

Here the input x ∈ Rd is drawn from an unknown distribution D, and the output label y

is generated as y = f ⋆(x) + ϵ, where ϵ is an additive noise, independent of x, with mean

E[ϵ] = 0 and variance E[ϵ2] = σ2
ϵ < ∞. The model fθ(x) is characterized by a parameter

vector θ ∈ Rm, which naturally induces a set of admissible models (model space for short)

FΘ := {fθ : θ ∈ Rm}. We do not require the true model f ⋆ to lie within the model space;

instead, we seek to obtain a model fθ⋆ ∈ FΘ that is closest to f ⋆ in L2(D)-distance. In other
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words, we consider f ⋆ = fθ⋆(x) +f ⋆⊥(x), where θ⋆ = arg minθ ∥fθ − f ⋆∥L2(D).
1 To minimize

the expected ℓ2-loss, we use vanilla GD with constant step-size η > 0:

θt+1 = θt − η∇L(θt). (GD)

Definition 20 (Orthonormal function basis). A set of functions {ϕi(x)}i∈I forms an or-

thonormal function basis for the model space FΘ with respect to the L2(D)-metric if

• for any i ∈ I, we have Ex∼D[ϕ2
i (x)] = 1;

• for any i, j ∈ I such that i ̸= j, we have Ex∼D[ϕi(x)ϕj(x)] = 0;

• for any fθ ∈ FΘ, there exists a unique sequence of basis coefficients {βi(θ)}i∈I such

that fθ(x) =
∑

i∈I βi(θ)ϕi(x).

Example 2 (Orthonormal basis for polynomials). Suppose that FΘ is the class of all uni-

variate real polynomials of degree at most n, that is, FΘ = {∑n+1
i=1 θix

i−1 : θ ∈ Rn+1}. If D is

a uniform distribution on [−1, 1], then the so-called Legendre polynomials form an orthonor-

mal basis for FΘ with respect to the L2(D)-metric [Olver, Lozier, Boisvert, and Clark, 2010,

Chapter 14]. Moreover, if D is a normal distribution, then Hermite polynomials define an

orthonormal basis for FΘ with respect to the L2(D)-metric [Olver et al., 2010, Chapter 18].2

Example 3 (Orthonormal basis for symmetric matrix factorization). Suppose that the true

model is defined as fU⋆(X) = ⟨U ⋆U ⋆⊤,X⟩ with some rank-r matrix U ⋆ ∈ Rd×r, and con-

sider an “overparameterized” function class FΘ = {fU (X) : U ∈ Rd×r′} where r′ ≥ r is

an overestimation of the rank. Moreover, suppose that the elements of X ∼ D are iid with

zero mean and unit variance. Consider the eigenvalues of U ⋆U ⋆⊤ as σ1 ≥ · · · ≥ σd with

σr+1 = · · · = σd = 0, and their corresponding eigenvectors z1, . . . ,zd. It is easy to verify

that the functions ϕij(X) = ⟨ziz⊤j ,X⟩ for 1 ≤ i, j ≤ d define a valid orthogonal basis for

FΘ with respect to the L2(D)-metric. Moreover, for any fU (X), the basis coefficients can

be obtained as βij(U) = E
[〈
UU⊤,X

〉 〈
ziz

⊤
j ,X

〉]
=
〈
ziz

⊤
j ,UU

⊤〉. As will be shown in

Section 5.3.2, this choice of orthonormal basis significantly simplifies the dynamics of GD

for symmetric matrix factorization.

Given the input distribution D, we write fθ⋆(x) =
∑

i∈I βi(θ
⋆)ϕi(x), where {ϕ(x)}i∈I

is an orthonormal basis for FΘ with respect to L2(D)-metric, and {βi(θ⋆)}i∈I are the true

1Given a probability distribution D, we define the L2(D)-norm as ∥f∥2L2(D) = Ex∼D
[
f2(x)

]
.

2Both Legendre and Hermite polynomials can be derived sequentially using Gram-Schmidt procedure.
For instance, the first three Legendre polynomials are defined as P1(x) = 1/

√
2, P2(x) =

√
3/2x, and

P3(x) =
√
5/8(3x2 − 1).
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basis coefficients. For short, we denote β⋆i = βi(θ
⋆). In light of this, the expected loss can

be written as:

L(θ) =
1

2

∑
i∈I

(βi(θ)− β⋆i )2︸ ︷︷ ︸
optimization error

+
1

2
∥f ⋆⊥∥2L2(D)︸ ︷︷ ︸

approximation error

+σ2
ϵ/2︸︷︷︸

noise

. (5.1)

Accordingly, GD takes the form

θt+1 = θt − η
∑
i∈I

(βi(θt)− β⋆i )∇βi(θt). (GD dynamic)

Two important observations are in order based on GD dynamic: first, due to the decomposed

nature of the expected loss, the solution trajectory becomes independent of the approxima-

tion error and noise. Second, in order to prove the global convergence of GD, it suffices

to show the convergence of βi(θt) to β⋆i . In fact, we will show that the coefficients βi(θt)

enjoy simpler dynamics for particular choices of orthonormal basis that satisfy appropriate

conditions.

Assumption 3 (Boundedness and smoothness). There exist constants Lf , Lg, LH > 0 such

that

∥fθ∥L2(D) ≤ Lf , ∥∇fθ∥L2(D) ≤ Lg,
∥∥∇2fθ

∥∥
L2(D)

≤ LH . (5.2)

The above assumptions are common in the optimization literature [Bubeck et al., 2015]

and sometimes necessary to ensure the convergence of local-search algorithms [Patel and

Berahas, 2022]. Moreover, although these assumptions may not hold globally, all of our

subsequent results hold when Assumption 3 is satisfied within any bounded region for θ that

includes the solution trajectory. We will also relax these assumptions for several learning

problems.

Proposition 19 (Dynamic of βi(θt)). Under Assumption 3 and based on GD dynamic, we

have

βi(θt+1) = βi(θt)− η
∑
j∈I

(
βj(θt)− β⋆j

)
⟨∇βi(θt),∇βj(θt)⟩ ± O

(
η2LHL

2
fL

2
g

)
. (5.3)

The above proposition holds for any valid choice of orthonormal basis {ϕi(x)}i∈I . Indeed,

there may exist multiple choices for the orthonormal basis, and not all of them would lead

to equally simple dynamics for the coefficients. Examples of “good” and “bad” choices of

orthonormal basis were presented for DNNs in our earlier motivating example. Indeed, an

ideal choice of orthogonal basis should satisfy ⟨∇βi(θt),∇βj(θt)⟩ ≈ 0 for i ̸= j, i.e., the

gradients of the coefficients remain orthogonal along the solution trajectory. Under such
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assumption, the dynamics of βi(θt) almost decompose over different indices:

βi(θt+1) ≈ βi(θt)− η (βi(θt)− β⋆i ) ∥∇βi(θt)∥2 ±O(η2), (5.4)

where the last term accounts for the second-order interactions among the basis coefficients. If

such an ideal orthonormal basis exists, then our next theorem shows that GD efficiently learns

the true basis coefficients. To streamline the presentation, we assume that β⋆1 ≥ · · · ≥ β⋆k > 0

and β⋆i = 0, i > k for some k < ∞. We refer to the index set S = {1, . . . , k} as signal and

the index set E = I\S as residual. When there is no ambiguity, we also refer to βi(θt) as a

signal if i ∈ S.

Theorem 23 (Convergence of GD with finite ideal basis). Suppose that the initial point θ0

satisfies

βi(θ0) ≥ C1α, for all i ∈ S, (lower bound on signals at θ0)

∥fθ0∥L2(D) =

(∑
i∈I

β2
i (θ0)

)1/2

≤ C2α, (upper bound on energy at θ0)

for C1, C2 > 0 and α ≲ β⋆k. Moreover, suppose that the orthogonal function basis is finite,

i.e., |I| = d for some finite d, and the gradients of the coefficients satisfy the following

conditions for every 0 ≤ t ≤ T :

⟨∇βi(θt),∇βj(θt)⟩ = 0 for all i ̸= j, (gradient independence)

∥∇βi(θt)∥ ≥ C |βi(θt)|γ for all i ∈ S, (gradient dominance)

for C > 0 and 1/2 ≤ γ ≤ 1. Then, GD with step-size η ≲ α2γ
√
dC2LHL2

gL
2
f

β⋆2γk log−1
(
dβ⋆

k

C1α

)
satisfies:

• If γ= 1
2
, then within T =O

(
1

C2ηβ⋆
k

log
(

β⋆
k

C1α

))
iterations, we have ∥fθT−fθ⋆∥L2(D)≲α.

• If 1
2
<γ≤1, then within T =O

(
1

C2ηβ⋆
kα

2γ−1

)
iterations, we have ∥fθT−fθ⋆∥L2(D)≲α.

Theorem 23 shows that, under certain conditions on the basis coefficients and their gra-

dients, GD with constant step-size converges to a model that is at most α-away from the

true model. In particular, to achieve an ϵ-accurate solution for any ϵ > 0, GD requires

O((1/ϵ) log(1/ϵ)) iterations for γ = 1/2, and O(1/ϵ2γ) iterations for 1/2 < γ ≤ 1 (ignoring

the dependency on other problem-specific parameters). Due to its generality, our theorem

inevitably relies on a small step-size and leads to a conservative convergence rate for GD.
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Figure 5.2: The conditions of Theorem 23 are approximately satisfied for LARS on a 2-layer CNN with
MNIST dataset. Here, the coefficients are obtained by projecting the solution trajectory onto the eigenvectors
of the conjugate kernel after training. (a) The top-20 basis coefficients at a small random initial point along
with residual energy on the remaining coefficients. (b) The maximum value of | cos(∇βi(θ),∇βj(θ))| for
1 ≤ i < j ≤ 10 along the solution trajectory. (c) The scaling of ∥∇βi(θt)∥ with respect to |βi(θt)| for the
top-4 coefficients.

Later, we will show how our proposed approach can be tailored to specific learning problems

to achieve better convergence rates in each setting.

How realistic are the assumptions of Theorem 23? A natural question arises as to

whether the conditions for Theorem 23 are realistic. We start with the conditions on the

initial point. Intuitively, these assumptions entail that a non-negligible fraction of the energy

is carried by the signal at the initial point. We note that these assumptions are mild and

expected to hold in practice. For instance, We will show in Section 5.3 that, depending on

the learning task, they are guaranteed to hold with fixed, random, or spectral initialization.3

We have also empirically verified that these conditions are satisfied for DNNs with random or

default initialization. For instance, Figure 5.2a illustrates the top-20 basis coefficients at θ0

for LARS with random initialization on a realistic CNN. It can be seen that a non-negligible

fraction of the energy at the initial point is carried by the first few coefficients.

The conditions on the coefficient gradients are indeed harder to satisfy; as will be shown

later, the existence of an ideal orthonormal basis may not be guaranteed even for linear NNs.

Nonetheless, we have empirically verified that, with an appropriate choice of the orthonormal

basis, the gradients of the coefficients remain approximately independent throughout the so-

lution trajectory. Figure 5.2b shows that, when the orthonormal basis is chosen as the eigen-

vectors of the conjugate kernel after training, the maximum value of | cos(∇βi(θt),∇βj(θt))|
remains small throughout the solution trajectory. Finally, we turn to the gradient dominance

condition. Intuitively, this condition entails that the gradient of each signal scales with its

norm. We prove that this condition is guaranteed to hold for kernel regression, symmetric

3If θ0 is selected from an isotropic Gaussian distribution, then C1 and C2 may scale with k and d.
However, to streamline the presentation, we keep this dependency implicit.
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matrix factorization, and symmetric tensor decomposition. Moreover, we have empirically

verified that the gradient dominance holds across different DNN architectures. Figure 5.2c

shows that this condition is indeed satisfied for the top-4 basis coefficients of the solution tra-

jectory (other signal coefficients behave similarly). We also note that our theoretical result

on GD may not naturally extend to LARS. Nonetheless, our extensive simulations suggest

that our proposed analysis can be extended to other stochastic and adaptive variants of

GD (see Section 5.3.4 and Appendix 5.B); a rigorous verification of this conjecture is left as

future work.

5.3 Applications

In this section, we show how our proposed basis function decomposition can be used to

study the performance of GD in different learning tasks, from simple kernel regression to

complex DNNs. We start with the classical kernel regression, for which GD is known to

converge linearly Karimi, Nutini, and Schmidt [2016]. Our purpose is to revisit GD through

the lens of basis function decomposition, where there is a natural and simple choice for

the basis functions. Next, we apply our approach to two important learning problems,

namely symmetric matrix factorization and orthogonal symmetric tensor decomposition. In

particular, we show how our proposed approach can be used to improve the convergence of

GD for the symmetric matrix factorization and leads to a completely new convergence result

for the orthogonal symmetric tensor decomposition. Finally, through extensive experiments,

we showcase the promise of our proposed basis function decomposition on realistic DNNs.

5.3.1 Kernel Regression

In kernel regression (KR), the goal is to fit a regression model fθ(x) =
∑d

i=1 θiϕi(x) from the

function class FΘ = {fθ(x) : θ ∈ Rd} to observation y, where {ϕi(x)}di=1 are some known

kernel functions. Examples of KR are linear regression, polynomial regression (including

those described in Example 2), and neural tangent kernel (NTK) [Jacot, Gabriel, and Hon-

gler, 2018]. Without loss of generality, we may assume that the kernel functions {ϕi(x)}di=1

are orthonormal.4 Under this assumption, the basis coefficients can be defined as βi(θ) = θi

4Suppose that {ϕi(x)}di=1 are not orthonormal. Let {ϕ̃i(x)}i∈I be any orthonormal basis for FΘ. Then,

there exists a matrix A such that ϕi(x) =
∑

j Aij ϕ̃j(x) for every 1 ≤ i ≤ d. Therefore, upon defining

θ̃ = θ⊤A, one can write fθ̃⋆(x) =
∑

i∈I θ̃⋆i ϕ̃i(x) which has the same form as the regression model.
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and the expected loss can be written as

L(θt) =
1

2
E
[
(fθt(x)− fθ⋆(x))2

]
=

1

2
∥θ − θ⋆∥2 =

1

2

d∑
i=1

(βi(θt)− θ⋆i )2. (5.5)

Moreover, the coefficients satisfy the gradient independence condition. Therefore, an adap-

tation of Proposition 19 reveals that the dynamics of the basis coefficients are independent

of each other.

Proposition 20 (dynamics of βi(θt)). Consider GD with a step-size that satisfies 0 < η < 1.

Then,

• for i ∈ S, we have βi(θt) = β⋆i − (1− η)t(β⋆i − βi(θ0)),

• for i ̸∈ S, we have βi(θt) = (1− η)tβi(θ0).

Without loss of generality, we assume that 0 < θ⋆k ≤ · · · ≤ θ⋆1 ≤ 1 and ∥θ0∥∞ ≤ α.

Then, given Proposition 20, we have |βi(θt)| ≤ 2 + α for every 1 ≤ i ≤ k. Therefore,

the gradient dominance is satisfied with parameters (C, γ) = (1/
√

2 + α, 1/2). Since both

gradient independence and gradient dominance are satisfied, the convergence of GD can be

established with an appropriate initial point.

Theorem 24. Suppose that θ0 = α1, where α ≲ k|θ⋆k|/d. Then, within T ≲

(1/η) log (k|θ⋆1|/α) iterations, GD with step-size 0 < η < 1 satisfies ∥θT − θ⋆∥ ≲ α.

Theorem 24 reveals that GD with large step-size and small initial point converges linearly

to an ϵ-accurate solution, provided that the initialization scale is chosen as α = ϵ. This is

indeed better than our result on the convergence of GD for general models in Theorem 23.

5.3.2 Symmetric Matrix Factorization

In symmetric matrix factorization (SMF), the goal is to learn a model fU⋆(X) =

⟨U ⋆U ⋆⊤,X⟩ with a low-rank matrix U ⋆ ∈ Rd×r, where we assume that each element of

X ∼ D is iid with E[Xij] = 0 and E[X2
ij] = 1. Examples of SMF are matrix sensing Li et al.

[2018] and completion Ge et al. [2016]. Given the eigenvectors {z1, . . . ,zd} of U ⋆U ⋆⊤ and

a function class FΘ = {fU (X) : U ∈ Rd×r′} with r′ ≥ r, it was shown in Example 3 that

the functions ϕij(X) = ⟨ziz⊤j ,X⟩ define a valid orthogonal basis for FΘ with coefficients

βij(U) =
〈
ziz

⊤
j ,UU

⊤〉. Therefore, we have

L(Ut)=
1

4
E
[
(fUt(X)−fU⋆(X))2

]
=

1

4
E
[(〈

UtU
⊤
t −U ⋆U ⋆⊤,X

〉)2]
=

1

4

r′∑
i,j=1

(βij(Ut)− β⋆ij)2.
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Here, the true basis coefficients are defined as β⋆ii = σi for i ≤ r, and β⋆ij = 0 otherwise.

Moreover, one can write ∥∇βii(U)∥F = 2
∥∥ziz⊤i U∥∥F = 2

√
βii(U). Therefore, gradient

dominance holds with parameters (C, γ) = (2, 1/2). However, gradient independence does

not hold for this choice of function basis: given any pair (i, j) and (i, k) with j ̸= k, we have

⟨∇βij(U),∇βik(U)⟩ = ⟨zjz⊤k ,UU⊤⟩ which may not be zero. Despite the absence of gradient

independence, our next proposition characterizes the dynamic of βij(Ut) via a finer control

over the coefficient gradients.

Proposition 21. Suppose that γ := min1≤i≤r{σi − σi+1} > 0. Let U0 = αB, where α ≲

min
{

(ησ2
r)

Ω(σ1/γ), (σr/d)Ω(σ1/γ), (κ log2(d))−Ω(1/(ησr))
}
and the entries of B are independently

drawn from a standard normal distribution. Suppose that the step-size for GD satisfies

η ≲ 1/σ1. Then, with probability of at least 1− exp(−Ω(r′)):

• For 1 ≤ i ≤ r, we have 0.99σi ≤ βii(Ut) ≤ σi within O ((1/(ησi)) log (σi/α)) iterations.

• For t ≥ 0 and i ̸= j or i, j > r, we have |βij(Ut)| ≲ poly(α).

Proposition 21 shows that GD with small random initialization learns larger eigenvalues

before the smaller ones, which is commonly referred to as incremental learning. Incremental

learning for SMF has been recently studied for gradient flow [Arora et al., 2019a, Li et al.,

2020c], as well as GD with identical initialization for the special case r′ = d Chou, Gieshoff,

Maly, and Rauhut [2020]. To the best of our knowledge, Proposition 21 is the first result

that provides a full characterization of the incremental learning phenomenon for GD with

random initialization on SMF.

Theorem 25. Suppose that the conditions of Proposition 21 are satisfied. Then, with proba-

bility of at least 1−exp(−Ω(r′)) and within T ≲ (1/(ησr)) log (σr/α) iterations, GD satisfies

∥∥UTU
⊤
T −M ⋆

∥∥
F
≲ r′ log(d)dα2. (5.6)

It has been shown in [Stöger and Soltanolkotabi, 2021, Thereom 3.3] that GD with small

random initialization satisfies
∥∥UTU

⊤
T −M ⋆

∥∥
F
≲
(
d2/r′15/16

)
α21/16 within the same num-

ber of iterations. Theorem 25 improves the dependency of the final error on the initialization

scale α.

5.3.3 Orthogonal Symmetric Tensor Decomposition

We use our approach to provide a new convergence guarantee for GD on the orthogonal

symmetric tensor decomposition (OSTD). In OSTD, the goal is to learn fU⋆(X) = ⟨TU⋆ ,X⟩,
where U ⋆ = [u⋆1, . . . ,u

⋆
r] ∈ Rd×r and TU⋆ =

∑r
i=1 u

⋆
i
⊗l =

∑d
i=1 σizi

⊗l is a symmetric tensor
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with order l and rank r. Here, σ1 ≥ · · · ≥ σd are tensor eigenvalues with σr+1 = · · · = σd = 0,

and z1, . . . ,zd are the corresponding tensor eigenvectors. The notation u⊗l refers to the l-

time outer product of u. We assume that X ∼ D is an l-order tensor whose elements are

iid with zero mean and unit variance. Examples of OSTD are tensor regression [Tong, Ma,

Prater-Bennette, Tripp, and Chi, 2022] and completion [Liu, Musialski, Wonka, and Ye,

2012].

When the rank of TU⋆ is unknown, it must be overestimated. Even when the rank is

known, its overestimation can improve the convergence of gradient-based algorithms [Wang,

Wu, Lee, Ma, and Ge, 2020]. This leads to an overparameterized model fU (X) = ⟨TU ,X⟩,
where TU =

∑r′

i=1 ui
⊗l with an overestimated rank r′ ≥ r. Accordingly, the function class

is defined as FΘ =
{
fU (X) : U = [u1, · · · ,ur′ ] ∈ Rd×r′}. Upon defining a multi-index Λ =

(j1, · · · , jl), the functions ϕΛ(X) =
〈
⊗lk=1zjk ,X

〉
for 1 ≤ j1, . . . , jl ≤ d form an orthonormal

basis for FΘ with basis coefficients defined as

βΛ(U) = E
[
⟨TU ,X⟩

〈
⊗lk=1zjk ,X

〉]
=

r′∑
i=1

〈
u⊗l
i ,⊗lk=1zjk

〉
=

r′∑
i=1

l∏
k=1

⟨ui, zjk⟩ ,

and the expected loss can be written as

L(U) =
1

2
E
[
(fU (X)− fU⋆(X))2

]
=

1

2

∥∥∥∥∥
r′∑
i=1

u⊗l
i −

r∑
i=1

σiz
⊗l
i

∥∥∥∥∥
2

F

=
1

2

∑
Λ

(βΛ(U )− β⋆Λ)2 ,

where the true basis coefficients are β⋆Λi
= σi for Λi = (i, . . . , i), 1 ≤ i ≤ r, and β⋆Λ = 0

otherwise. Unlike KR and SMF, neither gradient independence nor gradient dominance

are satisfied for OSTD with a random or equal initialization. However, we show that

these conditions are approximately satisfied throughout the solution trajectory, provided

that the initial point is nearly aligned with the eigenvectors z1, . . . ,zr′ ; in other words,

cos(ui(0), zi) ≈ 1 for every 1 ≤ i ≤ r′.5 Assuming that the initial point satisfies this

alignment condition, we show that the entire solution trajectory remains aligned with these

eigenvectors, i.e., cos(ui(t), zi) ≈ 1 for every 1 ≤ i ≤ r′ and 1 ≤ t ≤ T . Using this

key result, we show that both gradient independence and gradient dominance are approxi-

mately satisfied throughout the solution trajectory. We briefly explain the intuition behind

our approach for gradient dominance and defer our rigorous analysis for gradient indepen-

dence to the appendix. Note that if cos(ui(t), zi) ≈ 1, then βΛi
(Ut) ≈ ⟨ui(t), zi⟩l and

∥∇βΛi
(Ut)∥F ≈ ∥∇ui

βΛi
(Ut)∥ ≈ l ⟨ui(t), z⟩l−1. Therefore, gradient dominance holds with

parameters (C, γ) = (l, (l − 1)/l). We will make this intuition rigorous in Appendix 5.G.

5We use the notations ut or u(t) interchangeably to denote the solution at iteration t.
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Proposition 22. Suppose that the initial point U0 is chosen such that ∥ui(0)∥ = α1/l and

cos(ui(0), zi) ≥
√

1− γ, for all 1 ≤ i ≤ r′, where α ≲ d−l
3
and γ ≲ (lκ)−l/(l−2). Then, GD

with step-size η ≲ 1/(lσ1) satisfies:

• For 1≤ i≤r, we have 0.99σi≤βΛi
(Ut)≤1.01σi within O

(
(1/(ηlσr))α

− l−2
l

)
iterations.

• For t ≥ 0 and Λ ̸= Λi, we have |βΛ(Ut)| = poly(α).

Proposition 22 shows that, similar to SMF, GD learns the tensor eigenvalues incremen-

tally. However, unlike SMF, we require a specific alignment for the initial point. We note that

such initial point can be obtained in a pre-processing step via tensor power method within

a number of iterations that is almost independent of d [Anandkumar, Ge, and Janzamin,

2017, Theorem 1]. We believe that Proposition 22 can be extended to random initializa-

tion; we leave the rigorous verification of this conjecture to future work. Equipped with this

proposition, we next establish the convergence of GD on OSTD.

Theorem 26. Suppose that the conditions of Proposition 22 are satisfied. Then, within

T ≲ (1/(ηlσr))α
−(l−2)/l iterations, GD satisfies

∥TUT
− TU⋆∥2F ≲ rdlγσ

l−1
l

1 α
1
l . (5.7)

Theorem 26 shows that, with appropriate choices of η and α, GD converges to a solu-

tion that satisfies ∥TUT
− TU⋆∥2F ≤ ϵ within O(dl(l−2)/ϵl−2) iterations. To the best of our

knowledge, this is the first result establishing the convergence of GD with a large step-size

on OSTD.

5.3.4 Empirical Verification on Neural Networks

In this section, we numerically show that the conjugate kernel after training (A-CK) can

be used as a valid orthogonal basis for DNNs to capture the monotonicity of the solution

trajectory of different optimizers on image classification tasks. To ensure consistency with

our general framework, we use ℓ2-loss, which is shown to have a comparable performance with

the commonly-used cross-entropy loss Hui and Belkin [2020]. In Appendix 5.B, we extend

our simulations to cross-entropy loss. The conjugate kernel (CK) is a method for analyzing

the generalization performance of DNNs that uses the second to last layer (the layer before

the last linear layer) at the initial point as the feature map [Daniely, Frostig, and Singer,

2016, Fan and Wang, 2020, Hu and Huang, 2021]. Recently, Long [2021] shows that A-CK, a

variant of CK that is evaluated at the last epoch, better explains the generalization properties
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Figure 5.3: (First row) the projected trajectory of LARS on CNNs with MNIST dataset. The test
accuracies for 2-Block, 3-Block, and 4-block CNN are 96.10%, 96.48%, 96.58%. (Second row) the projected
trajectories of different optimizers on AlexNet with the CIFAR-10 dataset. The test accuracies for LARS,
SGD, and AdamW are 90.54%, 91.03%, and 90.26%, respectively. We use the following settings for each
optimizer: (d) LARS: learning rate of 2, Nesterov momentum of 0.9, and weight decay of 1×10−4. (e) SGD:
learning rate of 2 with “linear warm-up”, Nesterov momentum of 0.9, weight decay of 1×10−4. (f) AdamW:
learning rate of 0.01.

of realistic DNNs. Surprisingly, we find that A-CK can be used not only to characterize the

generalization performance but also to capture the underlining solution trajectory of different

gradient-based algorithms.

To formalize the idea, note that any neural network whose last layer is linear can be

characterized as fθ(x) = Wψ(x), where x ∈ Rd is the input drawn from the distribution

D, ψ(x) ∈ Rm is the feature map with number of features m, and W ∈ Rk×m is the last

linear layer with k referring to the number of classes. We denote the trained model, i.e., the

model in the last epoch, by fθ∞(x) = W∞ψ∞(x). To form an orthogonal basis, we use SVD

to obtain a series of basis functions ϕi(x) = W∞,iψ∞(x) that satisfy Ex∼D[∥ϕi(x)∥2] = 1

and Ex∼D [⟨ϕi(x), ϕj(x)⟩] = δij where δij is the delta function. Hence, the coefficient βi(θt)

at each epoch t can be derived as βi(θt) = Ex∼D [⟨fθt(x), ϕj(x)⟩], where the expectation is

estimated by its sample mean on the test set. More details on our implementation can be

found in Appendix 5.B.

Performance on convolutional neural networks: We use LARS to train CNNs with

varying depths on MNIST dataset. These networks are trained such that their test accuracies
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are above 96%. Figures 5.3a-5.3c illustrate the evolution of the top-5 basis coefficients

after projecting LARS onto the orthonormal basis obtained from A-CK. It can be observed

that the basis coefficients are consistently monotonic across different depths, elucidating the

generality of our proposed basis function decomposition. In the appendix, we discuss the

connection between the convergence of the basis functions and the test accuracy for different

architectures and loss functions.

Performance with different optimizers: The monotonic behavior of the projected so-

lution trajectory is also observed across different optimizers. Figures 5.3d-5.3f show the

solution trajectories of three optimizers, namely LARS, SGD, and AdamW, on AlexNet

with the CIFAR-10 dataset. It can be seen that all three optimizers have a monotonic trend

after projecting onto the orthonormal basis obtained from A-CK. Although our theoretical

results only hold for GD, our simulations highlight the strength of the proposed basis function

decomposition in capturing the behavior of other gradient-based algorithms on DNN.

5.A Discussion and Future Direction

Extension to empirical loss and implication on generalization. The most significant

future direction is to extend our analysis of expected loss to the finite sample regime. It has

been shown that incremental learning can drive generalization [Gissin et al., 2019]. Hence,

our proposed framework is likely to explain the puzzling generalization ability of overparam-

eterized machine learning models. For such an extension, the main technical difficulty is

the relaxation of gradient independence. In the finite-sample regime, gradient independence

does not hold exactly due to the randomness of samples. Therefore, an alternative approach

would be to establish gradient independence approximately and with high probability. We

have successfully applied our framework to matrix factorization and tensor decomposition,

where gradient independence only holds approximately. Therefore, we believe that more

general guarantees on the finite sample regime are not out of reach.

Extension to other optimization algorithms. In this paper, we mainly focused on

GD as a representative of various optimization algorithms. Nonetheless, we believe that our

analysis can be adapted to investigate other local-search optimization algorithms, such as

GD with momentum [Nesterov, 1983], SGD [Robbins and Monro, 1951], and Adam [Kingma

and Ba, 2014]. Overall, our approach can offer a unified framework for examining the implicit

bias and incremental learning phenomena for different local-search algorithms.
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5.B Additional Experiments

In this section, we provide more details on our simulation and further explore the empirical

strength of the proposed basis function decomposition on different datasets, optimizers, loss

functions, and batch sizes; see Table 5.1 for a summary of our simulations in this section.

Architectures CNN AlexNet VGG11 ResNet-18 ResNet-34 ResNet-50 ViT
Datasets MNIST CIFAR-10 CIFAR-100

Optimizers SGD AdamW LARS
Losses ℓ2-loss CE loss

Table 5.1: The summary of our experiments.

5.B.1 Numerical Verification of our Theoretical Results

In this section, we provide experimental evidence to support our theoretical results on kernel

regression (KR), symmetric matrix factorization (SMF), and orthogonal symmetric tensor

decomposition (OSTD). The results are presented in Figure 5.4.

Kernel regression. We randomly generate 20 orthonormal kernel functions. The true

model is comprised of 4 signal terms with basis coefficients 10, 5, 3, 1. Figure 5.4a shows the

trajectories of the top-4 basis coefficients of GD with initial point θ0 = 5 × 10−7 × 1 and

step-size η = 0.4. It can be seen that GD learns different coefficients at the same rate, which

is in line with Proposition 20.

Symmetric matrix factorization. In this simulation, we aim to recover a rank-4 matrix

M ⋆ = V ΣV ⊤ ∈ R20×20. In particular, we assume that V ∈ R20×4 is a randomly generated

orthonormal matrix and Σ = Diag{10, 5, 3, 1}. We consider a fully over-parameterized

model where U ∈ R20×20 (i.e., r′ = 20). Figure 5.4b illustrates the incremental learning

phenomenon that was proved in Proposition 21 for GD with small Gaussian initialization

Uij
i.i.d.∼ N (0, α2), α = 5× 10−7 and step-size η = 0.04.

Orthogonal symmetric tensor decomposition. Finally, we present our simulations for

OSTD. We aim to recover a rank-4 symmetric tensor of the form T⋆ =
∑4

i=1 σiz
⊗4
i where

σi are the nonzero eigenvalues with values {10, 5, 3, 1} and zi ∈ R10 are the corresponding

eigenvectors. We again consider a fully over-parameterized model with r′ = 10. Figure 5.4c

shows the incremental learning phenomenon for GD with an aligned initial point that satisfies

cos(ui(0), zi) ≥ 0.9983, 1 ≤ i ≤ r′ and step-size η = 0.001.
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Figure 5.4: Experimental verification to support Theorems 24, 25, and 26 in Section 5.3. The first row
shows the projected trajectories of GD onto the specific basis functions we defined for each problem. The
second row shows the estimation error.

5.B.2 Derivation of Basis Functions for DNNs

In this section, we provide more details on how we evaluate our proposed orthogonal basis

induced by A-CK and calculate the corresponding coefficients βi(θt) for an arbitrary neural

network. First, recall that any neural network whose last layer is linear can be characterized

as fθ(x) = Wψ(x), where x ∈ Rd is the input drawn from the distribution D, ψ(x) ∈ Rm

is the feature map with number of features m, and W ∈ Rk×m is the last linear layer

with k referring to the number of classes. We denote the trained model, i.e., the model

in the last epoch, by fθ∞(x) = W∞ψ∞(x). To form an orthogonal basis, we use SVD to

obtain a series of basis functions ϕi(x) = W∞,iψ∞(x) that satisfy Ex∼D[∥ϕi(x)∥2] = 1 and

Ex∼D [⟨ϕi(x), ϕj(x)⟩] = δij where δij is the delta function. Hence, the coefficient βi(θt) at

each epoch t can be derived as βi(θt) = Ex∼D [⟨fθt(x), ϕj(x)⟩]. In all of our implementation,

we use the test dataset to approximate the population distribution.

Step 1: Obtaining the orthogonal basis ϕi(x). We denote Ψ = [ψ(x1), · · · , ψ(xN)] ∈
Rm×N as the feature matrix where N is the number of the test data points. We write the

SVD of Ψ as Ψ = UΣV ⊤. The right singular vectors collected in V can be used to define

the desired orthogonal basis of {ψi(x)}mi=1. To this goal, we write the prediction matrix as
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F = WΨ = W̃ Ψ̃ where W̃ = WUΣ and Ψ̃ = V ⊤. Our goal is to define a set of matrices

Ai such that ϕi(x) = Aiψ̃i(x) form a valid orthonormal basis for F = WΨ = W̃ Ψ̃. Before

designing such Ai, first note that, due to the orthogonality of {ψ̃i(x)}, we have

E
[
∥ϕi(x)∥2

]
= ∥Ai∥2F , E [⟨ϕi(x), ϕj(x)⟩] = ⟨Ai,Aj⟩ . (5.8)

Therefore, it suffices to ensure that {Ai} are orthonormal. Consider the SVD of W̃ as

W̃ =
∑

i σiuiv
⊤
i . We define Ai = uiv

⊤
i . Clearly, defined {Ai} are orthonormal. Moreover,

it is easy to see that the basis coefficients (treated as the true basis coefficients) are exactly

the singular values of W̃ .

Step 2: Obtaining the basis coefficients βi(θt). After obtaining the desired orthonor-

mal basis ϕi(x), we can calculate the coefficient βi(θt) for each epoch. Given the linear layer

Wt and the feature matrix Φt at epoch t, we can obtain the coefficients for the signal terms

by projecting the prediction matrix Ft = WtΨt onto Ψ̃ = V ⊤. In particular, we write the

prediction matrix as Pψ̃Ft = Pψ̃WtΨt = WtΨtV V
⊤ = W̃tΨ̃ where W̃t = WtΨtV . Hence,

the basis coefficients can be easily calculated as βi(θt) =
〈
W̃t,uiv

⊤
i

〉
.

5.B.3 Further Details on the Experiments

In this section, we provide more details on our experiments presented in the main body of

the paper and compare them with other DNN architectures.

All of our experiments are implemented in Python 3.9, Pytorch 1.12.1 environment

and run through a local server SLURM using NVIDIA Tesla with V100-PCIE-16GB GPUs.

We use an additional NNGeometry package for calculating batch gradient, and our imple-

mention of ViT is adapted from https://juliusruseckas.github.io/ml/cifar10-vit.html. To

ensure consistency with our theoretical results, we drop the last softmax operator and use

the ℓ2-loss throughout this section. All of our training data are augmented by RandomCrop

and RandomHorizontalFlip, and normalized by mean and standard deviation.

Experimental details for Figure 5.1. Here, we describe our implementation details

for Figure 5.1, and present additional experiments on VGG-11, ResNet-34, and ResNet-50

with the CIFAR-10 dataset. The results can be seen in Figure 5.5. We use standard data

augmentation for all architectures except for ViT. For ViT, we only use data normalization.

To obtain a stable A-CK, we trained the above models for 300 epochs. For ResNet-18,

we used LARS with a learning rate of 0.5 and applied small initialization with α = 0.3, i.e.,

we scale the default initial point by α = 0.3. For ResNet-34 and ResNet-50, we choose the
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(b) VGG-11
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(c) ViT
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(d) ResNet-18
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(e) ResNet-34
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(f) ResNet-50

Figure 5.5: Solution trajectories for different architectures trained on CIFAR-10. The test accuracies for
Alexnet, VGG-11 and ViT are 90.54%, 91.11%, 77.99%, respectively. The test accuracies for ResNet-18,
ResNet-34 and ResNet-50 are 88.31%, 93.93% and 94.06%, respectively.

default learning rate and apply small initialization with α = 0.3. For ViT, we use AdamW

with a learning rate of 0.01. The remaining parameters are set to their default values.

Experiments details for the first row of Figure 5.3. Here we conduct experiments

on MNIST dataset with different CNN architectures. The CNNs are composed of l blocks of

layers, followed by a single fully connected layer. A block of a CNN consists of a convolutional

layer, an activation layer, and a pooling layer. In our experiments, we use ReLU activation

and vary the depth of the network. For the first block, we used identity pooling. For the

remaining blocks, we used max-pooling.

For 2-block CNN, we set the convolutional layer width to 256 and 64, respectively. For

3-block CNN, we set the convolutional layer width to 256, 128, and 64, respectively. And

for 4-block CNN, we set the convolutional layer width to 256, 128, 128, and 64, respectively.

To train these networks, we used LARS with the learning rate of 0.05. The remaining

parameters are set to their default values. We run 20 epochs to calculate A-CK.

Experiments details for second row of Figure 5.3. We conduct experiments to com-

pare the performance of different optimizers on the CIFAR-10 dataset. In particular, we use

AlexNet to compare the performance of three optimizers, i.e., SGD, AdamW, LARS. For
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SGD, we set the base learning rate to be 2 with Nesterov momentum of 0.9 and weight decay

of 0.0001, together with the “linear warm-up” technique.6 For AdamW, we set the learning

rate to 0.01 and keep the remaining parameters unchanged. For LARS, we set the learn-

ing rate to 2 with Nesterov momentum of 0.9 and weight decay of 0.0001. The remaining

parameters are set to the default setting.

5.B.4 Experiments for CIFAR-100

In this section, we conduct experiments using the CIFAR-100 dataset which is larger than

both CIFAR-10 and MNIST. Our simulations are run on AlexNet, VGG-11, ViT, ResNet-18,

ResNet-34, and ResNet-50. In particular, we use the “loss scaling trick” [Hui and Belkin,

2020] defined as follows: consider the datapoint (x,y) where x ∈ Rd is the input and y ∈ Rk

is a one-hot vector with 1 at position i. Then, the scaled ℓ2-loss is defined as

ℓ2,scaling(x) = k · (fθ(x)[i]−M)2 +
∑
i′ ̸=i

(fθ(x)[i′])2, (5.9)

for some constants k,M > 0. We set these parameters to k = 1,M = 4. For AlexNet and

VGG-11, we use LARS with a base learning rate of η = 1. For ViT, we use AdamW with

a base learning rate of 0.01 and batch size of 256. For ResNet architectures, we use SGD

with a base learning rate of 0.3 and batch size of 64. We also add 5 warm-up epochs for

ResNets. All the remaining parameters for the above architectures are set to their default

values. The results can be seen in Figure 5.6. Our experiments highlight a trade-off between

the monotonicity of the projected solution trajectories and the test accuracy: in order to

obtain a higher test accuracy, one typically needs to pick a larger learning rate, which in

turn results in more sporadic behavior of the solution trajectories. Nonetheless, even with

large learning, the basis coefficients remain relatively monotonic after the first few epochs

and converge to meaningful values.

5.B.5 Experiments for Different Losses

Next, we compare the projected solution trajectories on two loss functions, namely ℓ2-loss

and cross-entropy (CE) loss. We use LARS to train AlexNet on the CIFAR-10 dataset with

both ℓ2-loss and CE loss. In particular, we add the softmax operator before training the CE

loss. For CE loss, we set the base learning rate of LARS to 1. For ℓ2-loss, we use the base

6In ”linear warm-up”, we linearly increase the learning rate in the first 5 epochs. More precisely, we set
the initial learning rate to 1× 10−5 and linearly increase it to the selected learning rate in 5 epochs. After
the first 5 epochs, the learning rate follows a regular decay scheme.
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Figure 5.6: Solution trajectories for different architectures trained on CIFAR-100. The test accuracies for
AlexNet, VGG-11, and ViT are 61.20%, 50.64%, and 50.41%, respectively. The test accuracies for ResNet-
18, ResNet-34 and ResNet-50 are 78.11%, 74.26% and 80.05%, respectively.

learning rate of 2. The remaining parameters are set to their default values. The results can

be seen in Figure 5.7. We observe that, similar to the ℓ2-loss, the solution trajectory of the

CE loss behaves monotonically after projecting onto the orthogonal basis induced by A-CK.

Inspired by these observations, another venue for future research would be to extend our

framework to general loss functions. Interestingly, the convergence of the basis coefficients is

much slower than those of the ℓ2-loss. This is despite the fact that CE loss can learn slightly

faster than ℓ2-loss in terms of test accuracy as shown by Hui and Belkin [2020].

5.B.6 Experiments for Different Batch Size

Next, we study the effect of different batch sizes on the solution trajectory. We train AlexNet

on the CIFAR-10 dataset. When testing for different batch sizes, we follow the “linear

scaling” rule, i.e., the learning rate scales linearly with the batch size. For batch size of 32,

we used SGD with a base learning rate η = 0.1 and 5 warm-up epochs. For batch size of 64,

we used SGD with a base learning rate of η = 0.2 and 5 warm-up epochs. For batch size of

256, we used LARS with a base learning rate of 1. The remaining hyperparameters are set

to their default values. The results are reported in Figure 5.8. We see that the projected

solution trajectories share a similar monotonic behavior for different batch sizes.
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(a) ℓ2-loss
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(b) CE loss

Figure 5.7: Solution trajectories of LARS on the CIFAR-10 dataset with ℓ2-loss and CE loss. The test
accuracies are 90.54% for ℓ2-loss and 91.09% for CE loss.
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(a) Batch size 32
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(b) Batch size 64
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(c) Batch size 256

Figure 5.8: Solution trajectories for AlexNet on the CIFAR-10 dataset with different batch sizes. The test
accuracies for batch size 32, 64 and 256 are 91.50%, 91.79%, and 90.12%, respectively.
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Figure 5.9: Solution trajectories for ResNet-18 on the CIFAR-10 dataset with SGD solver. The best test
accuracy is 94.45%.

5.B.7 Experiments for ResNet-18 with SGD on CIFAR-10

Lastly, we train ResNet-18 with SGD on CIFAR-10. The results can be seen in Figure 5.9.

To achieve good generalization, we use a large learning rate η = 0.3 (with 5 warm-up

epochs starting at 1 × 10−5), and decrease the learning rate by 0.33 for every 50 epochs.

Moreover, We use a large batch size 512 to better imitate the trajectory of GD. Based on the

simulation result, we can find an approximately monotonic (modulo the fluctuations caused

by the randomness of the gradients) behavior of the dynamics of the top-5 components,

which again validifies our theoretical results.

5.C Related Work

GD for general nonconvex optimization. Gradient descent and its stochastic or adap-

tive variants are considered as the “go-to” algorithms in large-scale (unconstrained) non-

convex optimization. Because of their first-order nature, they are known to converge to

first-order stationary points [Nesterov, 1998]. Only recently it has been shown that GD

[Lee, Panageas, Piliouras, Simchowitz, Jordan, and Recht, 2019, Panageas, Piliouras, and

Wang, 2019] and its variants, such as perturbed GD [Jin et al., 2017] and SGD [Fang, Lin,

and Zhang, 2019, Daneshmand, Kohler, Lucchi, and Hofmann, 2018], can avoid saddle points

and converge to a second-order stationary point. However, these guarantees do not quantify

the distance between the obtained solution and the globally optimal and/or true solutions.
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To the best of our knowledge, the largest subclass of nonconvex optimization problems for

which GD or its variants converge to meaningful solutions are those with benign landscapes.

These problems include different variants of low-rank matrix optimization with exactly pa-

rameterized rank, namely matrix completion [Ge et al., 2016], matrix sensing [Ge et al.,

2017, Zhang et al., 2021], dictionary learning [Sun et al., 2016], and robust PCA [Fattahi

and Sojoudi, 2020], as well as deep linear neural networks [Kawaguchi, 2016]. However,

benign landscape is too restrictive to hold in practice; for instance,Zhang [2021] shows that

spurious local minima are ubiquitous in the low-rank matrix optimization, even under fairly

mild conditions. Therefore, the notion of benign landscape cannot be used to explain the

success of local search algorithms in more complex learning tasks.

GD for specific learning problems. Although there does not exist a unifying framework

to study the global convergence of GD for general learning tasks, its convergence has been

established in specific learning problems, such as kernel regression (which includes neural

tangent kernel [Jacot et al., 2018]), sparse recovery [Vaskevicius et al., 2019], matrix factor-

ization [Li et al., 2018], tensor decomposition [Wang et al., 2020, Ge, Ren, Wang, and Zhou,

2021], and linear neural network [Arora et al., 2018]. In what follows, we review specific

learning tasks that are most related to our work.

The convergence of GD on kernel regression was studied far before the emergence of

deep learning. Bauer, Pereverzev, and Rosasco [2007], Raskutti, Wainwright, and Yu [2014]

establish the convergence of gradient descent on a special class of nonparametric kernel

regression called reproducing kernel Hilbert space (RKHS). Recently, Jacot et al. [2018]

discovered that under some conditions, neural networks can be approximated by a specific

type of kernel models called neural tangent kernel (NTK). Later on, a series of papers

studied the optimization [Allen-Zhu, Li, and Song, 2019b] and generalization [Allen-Zhu, Li,

and Liang, 2019a, Arora, Du, Hu, Li, and Wang, 2019b] properties of NTK. As for the matrix

factorization, Li et al. [2018], Stöger and Soltanolkotabi [2021] studied the global convergence

of GD on the symmetric matrix sensing with noiseless measurements and overestimated rank.

Later, these results were extended to noisy [Zhuo et al., 2021], asymmetric [Ye and Du, 2021],

and robust [Ma and Fattahi, 2023a] variants. Wang et al. [2020], Ge et al. [2021] studied

the dynamic of a modified GD for overcomplete nonconvex tensor decomposition. Moreover,

Razin et al. [2021], Razin, Maman, and Cohen [2022] analyzed the implicit regularization and

the incremental learning of gradient flow in hierarchical tensor decomposition and showed

its connection to neural networks.
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Conjugate kernel. Conjugate kernel (CK) at the initial point has been considered as

one of the promising methods for studying the generalization properties of DNNs [Daniely

et al., 2016, Hu and Huang, 2021, Fan and Wang, 2020]. However, similar to NTK, a

major shortcoming of CK is that it cannot fully characterize the behavior of the practical

neural networks [Vyas, Bansal, and Nakkiran, 2022]. Recent results have suggested that the

conjugate kernel evaluated after training (for both NTK and CK) can better describe the

generalization properties of DNNs [Fort, Dziugaite, Paul, Kharaghani, Roy, and Ganguli,

2020, Long, 2021]. In our work, we show that such “after kernel regime” can also be adapted

to study the optimization trajectory of practical DNNs.

5.D Proofs for General Framework

5.D.1 Proof of Proposition 19

To prove this proposition, we first combine (5.1) and (GD):

θt+1 = θt − η∇L(θt) = θt − η
∑
i∈I

(βi(θt)− β⋆i )∇βi(θt). (5.10)

For notational simplicity, we denote E(θt) = 1
2

∑
i∈E β

2
i (θt). Then, one can write

θt+1 = θt − η∇L(θt) = θt − η
∑
i∈S

(βi(θt)− β⋆i )∇βi(θt)− η∇E(θt). (5.11)

Due to the Mean-Value Theorem, there exists a ξ ∈ Rm such that

βi(θt+1) = βi

(
θt − η

∑
j∈I

(
βj(θt)− β⋆j

)
∇βj(θt)

)

= βi(θt)− η
∑
j∈I

(
βj(θt)− β⋆j

)
⟨∇βi(θt),∇βj(θt)⟩+

η2

2

〈
∇L(θt),∇2βi(ξ)∇L(θt)

〉
.

(5.12)

On the other hand, one can write∣∣〈∇L(θt),∇2βi(ξ)∇L(θt)
〉∣∣ ≤ sup

θ

∥∥∇2βi(θ)
∥∥ ∥∇L(θt)∥2 . (5.13)
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For supθ ∥∇2βi(θ)∥, we further have

sup
θ

∥∥∇2βi(θ)
∥∥ = sup

θ

∥∥∇2E[fθ(x)ϕ(x)]
∥∥

= sup
θ

∥∥E[∇2fθ(x)ϕ(x)]
∥∥

≤ sup
θ

E
[∥∥∇2fθ(x)

∥∥ |ϕ(x)|
]

(a)

≤ sup
θ

(
E
[∥∥∇2fθ(x)

∥∥2])1/2 (E [ϕ2(x)
])1/2

(b)

≤ LH .

(5.14)

Here, we used Cauchy-Schwartz inequality for (a). Moreover, for (b), we used Assumption 3

and the definition of the orthonormal basis. Hence, we have

βi(θt+1) = βi(θt)− η
∑
j∈I

(
βj(θt)− β⋆j

)
⟨∇βi(θt),∇βj(θt)⟩ ± (1/2)η2LH ∥∇L(θt)∥2 .

(5.15)

Now, it suffices to bound ∥∇L(θt)∥2. Using Cauchy-Schwarz inequality, we have

∥∇L(θt)∥2 =

∥∥∥∥∇E [1

2
(fθt − fθ⋆)2

]∥∥∥∥2
= ∥E [(fθt − fθ⋆)∇fθt ]∥2

≤ ∥fθt − fθ⋆∥2L2(D) ∥∇fθt∥
2
L2(D)

≤ 4L2
gL

2
f .

(5.16)

Therefore, we conclude that

βi(θt+1) = βi(θt)− η
∑
j∈I

(
βj(θt)− β⋆j

)
⟨∇βi(θt),∇βj(θt)⟩ ± 2η2LHL

2
gL

2
f . (5.17)

which completes the proof. □

5.D.2 Proof of Theorem 23

Proof. Invoking the gradient independence condition, Proposition 19 can be simplified as

βi(θt+1) = βi(θt)− η
∑
j∈I

(
βj(θt)− β⋆j

)
⟨∇βi(θt),∇βj(θt)⟩ ± 2η2LHL

2
gL

2
f

= βi(θt)− η (βi(θt)− β⋆i ) ∥∇βi(θt)∥2 ± 2η2LHL
2
gL

2
f .

(5.18)
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We next provide upper and lower bounds for the residual and signal terms. Recall that

S = {i ∈ I : β⋆i ̸= 0}, and E = I\S. We first consider the dynamic of the signal term

βi(θt), i ∈ S. Without loss of generality, we assume β⋆i > 0. Then, due to the gradient

dominance condition, we have the following lower bound

βi(θt+1) ≥ βi(θt)− η (βi(θt)− β⋆i ) ∥∇βi(θt)∥2 − 2η2LHL
2
gL

2
f

≥
(
1 + C2η (β⋆i − βi(θt)) β2γ−1

i (θt)
)
βi(θt)− 2η2LHL

2
gL

2
f , i ∈ S

(5.19)

Next, for the dynamic of the residual term βi(θt), i ∈ E , we have

βi(θt+1) =
(
1− η ∥∇βi(θt)∥2

)
βi(θt)± 2η2LHL

2
gL

2
f . (5.20)

Next, we show that ∥∇βi(θt)∥ ≤ Lg. One can write,

∥∇βi(θt)∥ = ∥∇E [fθt(x)ϕi(x)]∥
≤ E [∥∇fθt(x)∥ |ϕi(x)|]
≤
(
E
[
∥∇fθt(x)∥2

])1/2 (E [ϕ2(x)
])1/2

≤ Lg.

(5.21)

Due to our choice of the step-size, we have η ≲ 1
L2
g
, which in turn implies

∣∣1− η ∥∇βi(θt)∥2∣∣ ≤
1. Therefore, we have

|βi(θt+1)| ≤ |βi(θt)|+ 2η2LHL
2
gL

2
f . (5.22)

Now, we are ready to prove the theorem. We divide it into two cases.

Case 1: γ = 1
2
. In this case, since we set the step-size η ≲ α√

dC2LHL2
gL

2
f

β⋆k log−1
(
dβ⋆

k

C1α

)
,

we can simplify the dynamics of both signal and residual terms in Equation 5.19 and Equa-

tion 5.20 as follows

βi(θt+1) ≥
(
1 + 0.5C2η (β⋆i − βi(θt))

)
βi(θt) ∀i ∈ S,

|βi(θt+1)| ≤ |βi(θt)|+ 2η2LHL
2
gL

2
f ∀i ∈ E .

(5.23)

We first analyze the dynamic of signal βi(θt) for i ∈ S. To this goal, we further divide

this case into two phases. In the first phase, we assume C1α ≤ βi(θt) ≤ 1
2
β⋆i . Under this

assumption, we can simplify the dynamic of βi(θt) as

βi(θt+1) ≥
(
1 + 0.25C2ηβ⋆i

)
βi(θt). (5.24)
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Therefore, within T1 = O
(

1
C2ηβ⋆

i
log
(

β⋆
i

C1α

))
iterations, βi(θt) becomes larger than 1

2
β⋆i . In

the second phase, we assume that βi(θt) ≥ β⋆i /2 and define yt = β⋆i − βi(θt). One can write

yt+1 ≤
(
1− 0.5C2ηβi(θt)

)
yt

≤ (1− 0.25C2ηβ⋆i )yt.
(5.25)

Hence, with additional T2 = O
(

1
C2ηβ⋆

i
log
(
dβ⋆

i

α

))
, we have yt ≤ α√

d
which implies βi(θt) ≥

β⋆i − α√
d
. Next, we show that there exists a time t⋆ such that β⋆i − 1√

d
α ≤ βi(θt⋆) ≤ β⋆i + 1√

d
α.

Without loss of generality, we assume that t⋆ is the first time that βi(θt) ≥ β⋆i − 1√
d
α. Due to

the dynamic of βi(θt), the distance between two adjacent iterations can be upper bounded

as
|βi(θt+1)− βi(θt)| ≤ η |β⋆i − βi(θt)| ∥∇βi(θt)∥2 + 2η2LHL

2
gL

2
f

≤ ηL2
g |β⋆i − βi(θt)|+ 2η2LHL

2
gL

2
f .

(5.26)

In particular, for t = t⋆ − 1, we have βi(θt⋆−1) ≤ β⋆i − 1√
d
α, which in turn implies

βi(θt⋆) ≤ βi(θt⋆−1) + ηL2
g |β⋆i − βi(θt⋆−1)|+ 2η2LHL

2
gL

2
f

≤ β⋆i + 2η2LHL
2
gL

2
f

≤ β⋆i +
1√
d
α.

(5.27)

Therefore, for each i ∈ S, we have |βi(θt)− β⋆i | ≤ 1√
d
α within Ti = O

(
1

C2ηβ⋆
i

log
(
dβ⋆

i

C1α

))
iterations. Meanwhile, we can show that the residual term |βiθt)|,∀i ∈ E remains small for

maxi∈S Ti = O
(

1
C2ηβ⋆

k
log
(
dβ⋆

k

C1α

))
iterations:

|βi(θt)| ≤ |βi(θ0)|+ max
i∈S

Ti · 2η2LHL2
gL

2
f

= |βi(θ0)|+O
(

1

β⋆k
η log

(
β⋆k
C1α

)
LHL

2
gL

2
f

)
= |βi(θ0)|+O

(
1√
d
α

)
.

(5.28)

Therefore, we have that within T = O
(

1
ηβ⋆

k
log
(
dβ⋆

k

C1α

))
iterations:

∥fθT − fθ⋆∥2L2(D) =
∑
i∈S

(β⋆i − βi(θT ))2 +
∑
i∈E

β2
i (θT ) ≲ α2. (5.29)
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Case 2: 1
2
< γ ≤ 1. In this case, we have the following bounds for the signal and residual

terms

βi(θt+1) ≥
(
1 + C2η (β⋆i − βi(θt)) β2γ−1

i (θt)
)
βi(θt)− 2η2LHL

2
gL

2
f ∀i ∈ S,

|βi(θt+1)| ≤ |βi(θt)|+ 2η2LHL
2
gL

2
f ∀i ∈ E .

(5.30)

We first analyze the dynamic of the signal term βi(θt) for i ∈ S. We will show that |βi(θt)−
β⋆i | ≤ α√

k
within T = O

(
1

C2ηβ⋆
i α

2γ−1

)
iterations. Due to η ≲ α2γ

√
dC2LHL2

gL
2
f

β⋆2γk , we can further

simplify the dynamic of βi(θt) as

βi(θt+1) ≥
(
1 + 0.5C2η (β⋆i − βi(θt)) β2γ−1

i (θt)
)
βi(θt). (5.31)

Next, we divide our analysis into two phases. In the first phase, we have βi(θt) ≤ 1
2
β⋆i . We

denote the number of iterations for this phase as Ti,1. We further divide this period into

⌈log (β⋆i /2α)⌉ substages. In each Substage k, we have C12
k−1α ≤ βi(θt) ≤ C12

kα. Let tk

be the number of iterations in Substage k. We first provide an upper bound for tk. To this

goal, note that at this substage

βi(θt+1) ≥
(
1 + 0.5C2η (β⋆i − βi(θt)) β2γ−1

i (θt)
)
βi(θt)

≥
(
1 + 0.25C2ηβ⋆i β

2γ−1
i (θt)

)
βi(θt).

(5.32)

Hence, we have

tk ≤
log(2)

log (1 + 0.25C2ηβ⋆i (C12k−1α)2γ−1)
. (5.33)

Summing over tk, we obtain an upper bound for Ti,1

Ti,1 =

⌈log(β⋆
1/2α)⌉∑
i=1

tk ≲
∞∑
k=1

1

C2ηβ⋆i (C12k−1α)2γ−1
≲

1

C2ηβ⋆i (C1α)2γ−1
. (5.34)

Via a similar argument, we can show that in the second phase, we have |βi(θt)− β⋆i | ≲ 1√
d
α

within additional Ti,2 = O
(

1
C2ηβ⋆

i (C1α)2γ−1

)
iterations. Therefore, for each i ∈ S, we conclude

that |βi(θt) − β⋆i | ≤ α√
d

within Ti = Ti,1 + Ti,2 = O
(

1
C2ηβ⋆

i (C1α)2γ−1

)
iterations. Meanwhile,

for the residual term βi(θt), i ∈ E , we have

|βi(θt)| ≤ |βi(θ0)|+ max
i∈S

Ti · 2η2LHL2
gL

2
f

= |βi(θ0)|+O
(

1√
d
α

)
.

(5.35)
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Therefore,

∥fθT − fθ⋆∥2L2(D) =
∑
i∈S

(β⋆i − βi(θT ))2 +
∑
i∈E

β2
i (θT ) ≲ α2, (5.36)

within T = O
(

1
C2ηβ⋆

k(C1α)2γ−1

)
iterations. This completes the proof.

5.E Proofs for Kernel Regression

5.E.1 Proof of Proposition 20

Note that θt+1 = θt − η(θt − θ⋆), and βi(θ) = θi. Hence, for every 1 ≤ i ≤ k, we have

βi(θt+1) = βi(θt) + η(θ⋆i − βi(θt)). (5.37)

This in turn implies

β⋆i − βi(θt+1) = (1− η) (β⋆i − βi(θt)) =⇒ β⋆i − βi(θt) = (1− η)t (β⋆i − βi(θ0)) . (5.38)

For i > k, we have

βi(θt+1) = (1− η)βi(θt) =⇒ βi(θt) = (1− η)tβi(θ0), (5.39)

which completes the proof. □

5.E.2 Proof of Theorem 24

Due to our choice of initial point θ0 = α1, α ≲ |β⋆k|, we have |β⋆i − βi(θ0)| ≤ 2|β⋆i |. Hence,

by Proposition 20, we have

|β⋆i − βi(θt)| = (1− η)t |β⋆i − βi(θ0)| ≤ 2(1− η)tβ⋆i , i ∈ S (5.40)

|βi(θt)| ≤ (1− η)tα, i ∈ E . (5.41)

Therefore, to prove |β⋆i − βi(θt)| ≤ α√
k
, i ∈ S, it suffices to have

2(1− η)tβ⋆i ≤
α√
k

=⇒ t ≳
1

η
log

(
kθi
α

)
. (5.42)

267



On the other hand, to ensure |βi(θt)| ≤ α√
d
, i ∈ E , it suffices to have

(1− η)tα ≤ α√
d

=⇒ t ≳
1

η
log (d) . (5.43)

Recall that α ≲ k|θk|
d

and |θ1| ≥ |θ2| ≥ · · · ≥ |θk| > 0. Therefore, within T =

O
(

1
η

log
(
k|θ1|
α

))
iterations, we have

∥θT − θ⋆∥ ≤

√√√√ k∑
i=1

α2

k
+

d∑
i=k+1

α2

d
≤
√

2α, (5.44)

which completes the proof. □

5.F Proofs for Symmetric Matrix Factorization

5.F.1 Initialization

We start by proving that both lower bound on signals at θ0 and upper bound on energy at θ0

are satisfied with high probability. Recall that each element of U0 is drawn from N (0, α2).

The following proposition characterizes the upper and lower bounds for different coefficients

βij(U0).

Proposition 23 (Initialization). With probability at least 1− e−Ω(r′), we have

βii(U0) =
〈
ziz

⊤
i ,U0U

⊤
0

〉
≥ 1

4
r′α2, for all 1 ≤ i ≤ r, (5.45)

and

|βij(U0)| =
∣∣〈ziz⊤j ,U0U

⊤
0

〉∣∣ ≤ 4 log(d)r′α2, for all i ̸= j or i, j > r. (5.46)

Proof. First note that U⊤
0 zi ∼ N (0, α2Ir′×r′). Hence, a standard concentration bound on

Gaussian random vectors implies

P
(∣∣∣∥∥U⊤

0 zi
∥∥− α√r′∣∣∣ ≥ αδ

)
≤ 2 exp{−cδ2}. (5.47)

Via a union bound, we have that with probability of at least 1− e−Cr′ :
∥∥U⊤

0 zi
∥∥ ≤ 2α

√
r′ log(d), 1 ≤ i ≤ d,

∥∥U⊤
0 zi
∥∥ ≥ 0.5α

√
r′, ∀1 ≤ i ≤ r. (5.48)
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Given these bounds, one can write

βii(U0) =
〈
ziz

⊤
i ,U0U

⊤
0

〉
=
∥∥U⊤

0 zi
∥∥2 ≥ 1

4
r′α2 ∀1 ≤ i ≤ r, (5.49)

and

|βij(U0)| =
∣∣〈ziz⊤j ,U0U

⊤
0

〉∣∣ ≤ ∥∥U⊤
0 zi
∥∥∥∥U⊤

0 zj
∥∥ ≤ 4 log(d)r′α2 ∀1 ≤ i, j ≤ d, (5.50)

which completes the proof.

5.F.2 One-step Dynamics

In this section, we characterize the one-step dynamics of the basis coefficients. To this goal,

we first provide a more precise statement of Proposition 21 along with its proof.

Proposition 24. For the diagonal element βii(Ut), we have

βii(Ut+1) = (1 + 2η (σi − βii(Ut))) βii(Ut)− 2η
∑
j ̸=i

β2
ij(Ut)

+ η2

(∑
j,k

βij(Ut)βik(Ut)βjk(Ut)− 2σi
∑
j

β2
ij(Ut) + σ2

i βii(Ut)

)
.

(5.51)

where σi = 0 for r < i ≤ d. Moreover, for every i ̸= j, we have

βij(Ut+1) = (1 + η (σi + σj − 2βii(Ut)− 2βjj(Ut))) βij(Ut) + 2η
∑
k ̸=i,j

βik(Ut)βjk(Ut)

+ η2

(∑
k,l

βik(Ut)βkl(Ut)βlj(Ut)− (σi + σj)
∑
k

βik(Ut)βkj(Ut) + σiσjβij(Ut)

)
.

(5.52)

Proof. The iterations of GD on SMF take the form

Ut+1 = Ut − η(UtU
⊤
t −M ⋆)Ut. (5.53)

This leads to

Ut+1U
⊤
t+1 = UtU

⊤
t − η(UtU

⊤
t −M ⋆)UtU

⊤
t − ηUtU

⊤
t (UtU

⊤
t −M ⋆)

+ η2(UtU
⊤
t −M⋆)UtU

⊤
t (UtU

⊤
t −M ⋆).

(5.54)

Recall that βij(Ut) = ⟨UtU
⊤
t , ziz

⊤
j ⟩, UtU

⊤
t =

∑
i,j βij(Ut)ziz

⊤
j , and M ⋆ =

∑r
i=1 σiziz

⊤
i .
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Based on these definitions, one can write

βij(Ut+1) = ⟨Ut+1U
⊤
t+1, ziz

⊤
j ⟩

= ⟨UtU
⊤
t , ziz

⊤
j ⟩ − η⟨(UtU

⊤
t −M ⋆)UtU

⊤
t , ziz

⊤
j ⟩ − η⟨UtU

⊤
t (UtU

⊤
t −M ⋆), ziz

⊤
j ⟩

+ η2⟨(UtU
⊤
t −M⋆)UtU

⊤
t (UtU

⊤
t −M ⋆), ziz

⊤
j ⟩.

(5.55)

In light of the above equality and the orthogonality of {zi}i∈[d], the RHS of Equation 5.55

can be written in terms of βkl(Ut), 1 ≤ k, l ≤ d. In particular

〈
(UtU

⊤
t −M ⋆)UtU

⊤
t , ziz

⊤
j

〉
=

〈(∑
i,j

(
βij(Ut)− β⋆ij

)
ziz

⊤
j

)∑
i,j

βij(Ut)ziz
⊤
j , ziz

⊤
j

〉

=

〈∑
i,j

∑
k

(βik(Ut)− β⋆ik) βkj(Ut)ziz
⊤
j , ziz

⊤
j

〉
=
∑
k

(βik(Ut)− β⋆ik) βkj(Ut)

= (βii(Ut)− σi) βij(Ut) +
∑
k ̸=i

(βik(Ut)− β⋆ik) βkj(Ut).

(5.56)

Other terms in Equation 5.55 can be written in terms of βij(Ut) in an identical fashion.

Substituting these derivations back in Equation 5.55, we obtain

βij(Ut+1) = (1 + η (σi + σj)) βij(Ut)− 2η
∑
k

βik(Ut)βkj(Ut)

+ η2

(∑
k,l

βik(Ut)βkl(Ut)βlj(Ut)− (σi + σj)
∑
k

βik(Ut)βkj(Ut) + σiσjβij(Ut)

)
.

(5.57)

Note that the above equality holds for any 1 ≤ i, j ≤ r′. In particular, for i = j, we further

have

βii(Ut+1) = (1 + 2η (σi − βii(Ut))) βii(Ut)− 2η
∑
j ̸=i

β2
ij(Ut)

+ η2

(∑
j,k

βij(Ut)βik(Ut)βjk(Ut)− 2σi
∑
j

β2
ij(Ut) + σ2

i βii(Ut)

)
,

(5.58)

which completes the proof.
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5.F.3 Proofs of Proposition 21 and Theorem 25

To streamline the presentation, we prove Proposition 21 and Theorem 25 simultaneously.

The main idea behind our proof technique is to divide the solution trajectory into r substages:

in Substage i, the basis coefficient βii(Ut) converges linearly to σi while all the remaining

coefficients remain almost unchanged. More precisely, suppose that Substage i lasts from

iteration ti,s to ti,e. We will show that βii(Uti,e) ≈ σi and βij(Uti,e) ≈ βij(Uti,s). Recall that

γ = min1≤i≤r σi−σi+1 is the eigengap of the true model, which we assume is strictly positive.

Substage 1. In the first stage, we show that β11(Ut) approaches σ1 and |βij(Ut)|, i, j ≥ 2

remains in the order of poly(α) within T1 = O
(

1
ησ1

log
(
σ1
α

))
iterations. To formalize this

idea, we further divide this substage into two phases. In the first phase (which we refer to

as the warm-up phase), we show that β11(Ut) will quickly dominate the remaining terms

βij(Ut),∀(i, j) ̸= (1, 1) within O
(

1
ηγ

log log(d)
)

iterations. This is shown in the following

lemma.

Lemma 95 (Warm-up phase). Suppose that the initial point satisfies Equation 5.45 and

Equation 5.46. Then, within O
(

1
ηγ

log log(d)
)
iterations, we have

|βij(Ut)| ≤ β11(Ut) ≲ r′α2 log(d)1+σ1/γ. (5.59)

Proof. To show this, we use an inductive argument. Due to our choice of the initial point,

we have |βij(U0)| ≲ r′α2 log(d)1+σ1/γ, 1 ≤ i, j ≤ d. Now, suppose that at time t, we have

|βij(Ut)| ≲ r′α2 log(d)1+σ1/γ, 1 ≤ i, j ≤ d. Then, by Proposition 24, we have

β11(Ut+1) = (1 + 2η (σ1 − β11(Ut))) β11(Ut)− 2η
∑
j ̸=1

β2
1j(Ut)

+ η2

(∑
j,k

β1j(Ut)β1k(Ut)βjk(Ut)− 2σ1
∑
j

β2
1j(Ut) + σ2

1β11(Ut)

)
≥
(
1 + 2ησ1 −O

(
ηdr′α2 log(d)1+σ1/γ

))
β11(Ut).

(5.60)

Similarly, for the remaining coefficients βij(Ut), ∀(i, j) ̸= (1, 1), we have

|βij(Ut+1)| ≤
(
1 + η

(
σ1 + σ2 +O

(
dr′α2 log(d)1+σ1/γ

)))
|βij(Ut)| . (5.61)
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Note that the stepsize satisfies η ≲ 1
σ1

, and σ1−σ2 ≥ γ ≳ dr′α2 log(d)1+σ1/γ. Hence, we have

β11(Ut+1)

|βij(Ut+1)|
≥ 1 + 2ησ1 −O

(
ηdr′α2 log(d)1+σ1/γ

)
1 + η (σ1 + σ2 +O (dr′α2 log(d)1+σ1/γ))

β11(Ut)

|βij(Ut)|

=

(
1 +

η(σ1 − σ2 −O(dr′α2 log(d)1+σ1/γ))

1 + η(σ1 + σ2 +O(dr′α2 log(d)1+σ1/γ))

)
β11(Ut)

|βij(Ut)|

≥
(

1 +
ηγ

1 + 0.5η(σ1 + σ2)

)
β11(Ut)

|βij(Ut)|

≥ (1 + 0.5ηγ)
β11(Ut)

|βij(Ut)|
.

(5.62)

This further implies
β11(Ut)

|βij(Ut)|
≥ (1 + 0.5ηγ)t

β11(U0)

|βij(U0)|
. (5.63)

On the other hand, Equation 5.49 and Equation 5.50 imply that

β11(U0)

|βij(U0)|
≥ 1

16 log(d)
. (5.64)

Hence, within O
(

1
ηγ

log log(d)
)

iterations, we have βij(Ut) ≥ |β11(Ut)| , ∀(i, j) ̸= (1, 1).

Moreover, we have that during this phase,

|βij(Ut)| ≤ β11(Ut) ≤ r′α2 log(d) (1 + 2ησ1)
O( 1

ηγ
log log(d)) ≲ r′α2 log(d)1+σ1/γ, (5.65)

which completes the proof.

After the warm-up phase, we show that β11(Ut) quickly approaches σ1 while the remaining

coefficients remain small.

Lemma 96 (Fast growth). After the warm-up phase followed by O
(

1
ησ1

log
(
σ1
α

))
iterations,

we have

0.99σ1 ≤ β11(Ut) ≤ σ1. (5.66)

Moreover, for |βij(Ut)| ,∀(i, j) ̸= (1, 1), we have

|βij(Ut)| ≲ σ1r
′ log(d)α

2σ1−σi−σj
2σ1 . (5.67)

Before providing the proof of Lemma 96 we analyze an intermediate logistic map which,

as will be shown later, closely resembles the dynamic of βij(Ut):

xt+1 = (1 + ησ − ηxt)xt, x0 = α. (logistic map)
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The following two lemmas characterize the dynamic of a single logistic map, as well as the

dynamic of the ratio between two different logistic maps.

Lemma 97 (Iteration complexity of logistic map). Suppose that α ≤ ϵ ≤ 0.1σ. Then, for

the logistic map, we have xT ≥ σ− ϵ within T = 1
log(1+ησ)

(log(4σ/α) + log(4σ/ϵ)) iterations.

Lemma 98 (Separation between two logistic maps). Let σ1, σ2 be such that σ1 − σ2 > 0,

and

xt+1 = (1 + ησ1 − ηxt)xt, x0 = α,

yt+1 = (1 + ησ2 − ηyt)yt, y0 = α.

Then, within T = 1
log(1+ησ1)

log
(

16σ2
1

ϵα

)
iterations, we have

σ1 − ϵ ≤ xT ≤ σ1, yT ≤
16σ2

1

ϵ
α

σ1−σ2
σ1+σ2 .

The proofs of Lemmas 97 and 98 are deferred to Appendix 5.F.4. We are now ready to

provide the proof of Lemma 96.

Proof of Lemma 96. Similar to the proof of Lemma 95, we use an inductive argument.

Suppose that t0 is when the second phase starts. According to Lemma 95, we have

|βij(Ut0)| ≤ β11(Ut0) ≲ r′α2 log(d)1+σ1/γ ≲ σ1r
′ log(d)α

2σ1−σi−σj
2σ1 . Therefore, the base case of

our induction holds. Next, suppose that at some time t within the second phase, we have

|βij(Ut)| ≲ σ1α
2σ1−σi−σj

2σ1 ,∀(i, j) ̸= (1, 1). Our goal is to show that |βij(Ut+1)| ≲ σ1α
2σ1−σi−σj

2σ1 .

To this goal, we consider two cases.

Case I: i ≤ r or j ≤ r and (i, j) ̸= (1, 1). We have

|βij(Ut+1)| ≤ (1 + η (σi + σj − 2βii(Ut)− 2βjj(Ut))) |βij(Ut)|+ 2η
∑
k ̸=i,j

|βik(Ut)βjk(Ut)|

+ η2

∣∣∣∣∣
(∑

k,l

βik(Ut)βkl(Ut)βlj(Ut)−(σi + σj)
∑
k

βik(Ut)βkj(Ut)+σiσjβij(Ut)

)∣∣∣∣∣
(a)

≤
(

1 + η
(
σi + σj + ησiσj +O

(
dα

γ
σ1

)))
|βij(Ut)|.

Here in (a) we used the assumption |βij(Ut)| ≲ σ1α
2σ1−σi−σj

2σ1 ≲ σ1α
γ

2σ1 ,∀(i, j) ̸= (1, 1). Hence,

by Lemma 98, we have

|βij(Ut+1)| ≲ σ1α
2σ1−σi−σj

2σ1 , where 1 ≤ i ≤ r or 1 ≤ j ≤ r. (5.68)
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Case II: i, j ≥ r + 1. For βij(Ut) such that i, j ≥ r + 1, its dynamic is characterized by

|βij(Ut+1)| ≤ (1− η (2βii(Ut) + 2βjj(Ut))) |βij(Ut)|+ 2η
∑
k ̸=i,j

|βik(Ut)βjk(Ut)|

+ η2
∑
k,l

|βik(Ut)βkl(Ut)βlj(Ut)|

≤
(

1 + ηO
(
dα

γ
σ1

))
|βij(Ut)| .

(5.69)

Hence, for t ≲ 1
ησ1

log
(
σ1
α

)
, we have |βij(Ut)| ≤

(
1 + ηO

(
dα

γ
σ1

))O(
1

ησ1
log(σ1

α )
)
|βij(U0)| ≲

|βij(U0)| since we assume α ≲
(
σ1
d

)σ1/γ. This completes our inductive proof for |βij(Ut)| ≲
σ1α

2σ1−σi−σj
2σ1 ,∀(i, j) ̸= (1, 1) in the second phase. Finally, we turn to β11(Ut). One can write

β11(Ut+1) = (1 + 2η (σ1 − β11(Ut))) β11(Ut)− 2η
∑
j ̸=1

β2
1j(Ut)

+ η2

(∑
j,k

β1j(Ut)β1k(Ut)βjk(Ut)− 2σ1
∑
j

β2
1j(Ut) + σ2

1β11(Ut)

)
(a)

≥
(

1 + 2η
(
σ1 + 0.5ησ2

1 − β11(Ut)−O
(
dα

γ
2σ1

)))
β11(Ut)

(b)

≥
(
1 + 2η

(
0.9995σ1 + 0.5ησ2

1 − β11(Ut)
))
β11(Ut).

(5.70)

Here in (a) we used the fact that |βij(Ut)| ≲ σ1r
′ log(d)α

2σ1−σi−σj
2σ1 ≲ σ1α

γ
2σ1 , ∀(i, j) ̸= (1, 1).

In (b), we used the assumption that α ≲ σr
d
2σ1/γ. The above inequality together with

Lemma 97 entails that within 1
log(1+ησ1)

log
(
1600σ1
α

)
= O

(
1
ησ1

log
(
σ1
α

))
iterations, we have

β11(Ut) ≥ 0.99σ1. This completes the proof of Lemma 96 and marks the end of Substage

1. □

Next, we move on to Substage 2.

Substage 2. In Substage 2, we show that the second component β22(Ut) converges to σ2

within O
(

1
ησ2

log
(
σ2
α

))
iterations while the other coefficients remain small. To this goal, we

first study the one-step dynamic of β22(Ut):

β22(Ut+1) = (1 + 2η (σ2 − β22(Ut))) β22(Ut)− 2η
∑
j ̸=2

β2
2j(Ut)

+ η2

(∑
j,k

β2j(Ut)β2k(Ut)βjk(Ut)− 2σ2
∑
j

β2
2j(Ut) + σ2

2β22(Ut)

)
.

(5.71)
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Different from the dynamic of β11(Ut), not all the coefficients βij(Ut) with i = 2 or j = 2

are smaller than β22(Ut) at the beginning of Substage 2. In particular, the basis coefficient

|β12(Ut)| may be much larger than β22(Ut) at the beginning of Substage 2. To see this, note

that, according to Equation 5.68, we have β12(Ut) ≲ α
σ1−σ2
2σ1 and β22(Ut) ≲ α

2(σ1−σ2)
2σ1 . Hence,

it may be possible to have |β12(Ut)| ≍
√
β22(Ut)≫ β22(Ut). Therefore, the term 2ηβ2

12(Ut)

in Equation 5.76 must be handled with extra care. Note that if we can show σ2β22(Ut) ≫
β2
12(Ut), then 2ηβ2

12(Ut) can be combined with the first term in the RHS of Equation 5.76

and the argument made in Substage 1 can be repeated to complete the proof of Substage

2. However, our provided bound in Equation 5.68 can only imply β12(Ut)
2 ≍ β22(Ut).

Therefore, we need to provide a tighter analysis to show that β2
12(Ut)≪ σ2β22(Ut) along the

trajectory. Upon controlling β2
12(Ut), we can then show the convergence of β22(Ut) similar

to our analysis for β11(Ut) in Substage 1.

To control the behavior of β2
12(Ut), we study the ratio ω(t) :=

β2
12(Ut)

β22(Ut)
. We will show that

ω(t) ≪ σ2 along the trajectory. To this goal, we will show that ω(t) can only increase for

O( 1
ησ1

log(σ1
α

)) iterations. Therefore, its maximum along the solution trajectory happens at

T = O( 1
ησ1

log(σ1
α

)). Therefore, by bounding the maximum, we can show that ω(t) remains

small throughout the solution trajectory.

First, at the initial point, we have ω(0) ≤ 64 log2(d)r′α2, which satisfies our claim. We

next provide an upper bound for ω(t+ 1) based on ω(t). Note that

ω(t+ 1) ≤ (1 + η(σ1 + σ2 − 2β11(Ut) + poly(α)))2

(1 + η(σ2 − poly(α)))2
· β

2
12(Ut)

β22(Ut)

=

(
1 +

η(σ1 − 2β11(Ut) + poly(α))

1 + η(σ2 − poly(α))

)2

ω(t)

≤
(
1 + η (σ1 − 2β11(Ut))− 0.5η2σ1σ2

)2
ω(t)

≤
(
(1 + ησ1)

2 − 2ηβ11(Ut)− 0.4η2σ1σ2
)
ω(t).

(5.72)

Due to the first inequality, ω(t) can be increasing only until β11(Ut) ≥ σ1
2
± poly(α). On

the other hand, due to the dynamic of β11 in Substage 1, we can show that β11(Ut) ≥
σ1
2
± poly(α) in at most T = O

(
1
ησ1

log
(
σ1
α

))
iterations. Therefore, ω(t) takes its maximum

at T = O
(

1
ησ1

log
(
σ1
α

))
. On the other hand, we know that β11(Ut) satisfies

β11(Ut+1) =
(
(1 + ησ1)

2 − 2ηβ11(Ut)± η poly(α)
)
β11(Ut). (5.73)
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Hence, we can bound ω(t) as

ω(T ) ≤
T−1∏
t=0

(
(1 + ησ1)

2 − 2ηβ11(Ut)− 0.4η2σ1σ2
)
ω(0)

≤
T−1∏
t=0

(1 + ησ1)
2 − 2ηβ11(Ut)− 0.4η2σ1σ2

(1 + ησ1)2 − 2ηβ11(Ut)± η poly(α)
· β11(Ut+1)

β11(Ut)
ω(0)

(a)
=

T−1∏
t=0

(1− Ω(η2σ1σ2))
β11(Ut+1)

β11(Ut)
ω(0)

≤ 256(1− Ω(η2σ1σ2))
Tβ11(UT ) log2(d).

(5.74)

Here in (a) we used the fact that α ≲ (ησ2
r)
σ1/γ. Hence, we have

ω(T ) ≲ (1− Ω(η2σ1σ2))
Tσ1 log2(d) ≲

(
α

σ1

)Ω(ησ2)

σ1 log2(d). (5.75)

Due to our assumption α ≲
(
κ log2(d)

)−Ω( 1
ησr

)
, we conclude that ω(t) ≤ 0.01σ2. There-

fore, equation 5.76 can be lower bounded as

β22(Ut+1) ≥ (1 + 1.99η (σ2 − β22(Ut))) β22(Ut)− 2η
∑
j>2

β2
2j(Ut)

+ η2

(∑
j,k

β2j(Ut)β2k(Ut)βjk(Ut)− 2σ2
∑
j

β2
2j(Ut) + σ2

2β22(Ut)

)
.

(5.76)

The rest of the proof is a line by line reconstruction of Substage 1 and hence omitted for

brevity.

Substage 3 ≤ k ≤ r. Via an identical argument to Substage 2, we can show that for each

Substage 3 ≤ k ≤ r, we have

0.99σk ≤ βkk(Ut) ≤ σk. (5.77)

within Tk = O
(

1
ησk

log
(
σ1
α

))
iterations. This completes the proof of the first statement of

Proposition 21.

To prove the second statement of Proposition 21 as well as Theorem 25, we next control

the residual terms. First, we consider the residual term βij(Ut) where either i ≤ r or j ≤ r.

Note that βij(Ut) = βji(Ut) and hence we can assume i ≤ r without loss of generality. We

will show that βij(Ut) decreases linearly once the corresponding signal βii(Ut) converges to

the vicinity of σi. To this goal, it suffices to control the largest component βmax(Ut) :=
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maxi ̸=j,i≤r |βij(Ut)|. Without loss of generality, we assume that the index (i, j) attains the

maximum at time t, i.e., βmax(Ut) = |βij(Ut)|. One can write

|βij(Ut+1)|
≤ (1 + η (σi + σj − 2βii(Ut)− 2βjj(Ut))) |βij(Ut)|+ 2η

∑
k ̸=i,j

|βik(Ut)βjk(Ut)|

+ η2

∣∣∣∣∣
(∑

k,l

βik(Ut)βkl(Ut)βlj(Ut)− (σi + σj)
∑
k

βik(Ut)βkj(Ut) + σiσjβij(Ut)

)∣∣∣∣∣
(a)

≤ (1− η0.9(σi + σj))|βij(Ut)|
≤ (1− η0.9σr)|βij(Ut)|.

(5.78)

Here in (a) we used the fact that 0.99σi ≤ βii(Ut) ≤ σi, 1 ≤ i ≤ r and the fact that

βmax(Ut) = |βij(Ut)|. Hence, we conclude that βmax(Ut+1) ≤ (1−0.9ησr)βmax(Ut). Therefore,

within additional O
(

1
ησr

log
(
1
α

))
iterations, we have |βij(Ut)| ≤ r′ log(d)α2 for all (i, j) such

that i ≤ r, i ̸= j.

The remaining residual terms, i.e., those coefficients βij(Ut) for which i, j > r, can be

bounded via the same approach in Case II of substage 1. In particular, we can show that

|βij(Ut)| ≲ |βij(U0)| ≲ r′ log(d)α2,∀i, j > r. For brevity, we omit this step. This completes

the proof of the second statement of Proposition 21.

Finally, to prove Theorem 25, we show that once |βij(Ut)| ≤ r′ log(d)α2, ∀(i, j) ̸=
(k, k), 1 ≤ k ≤ r, the signals βkk(Ut) will further converge to σk ± O (α2) within

O
(

1
ησk

log
(
σk
α

))
iterations. To see this, we simplify the dynamic of βkk(Ut) as

βkk(Ut+1) = (1 + 2η (σk − βkk(Ut))) βkk(Ut)− 2η
∑
j ̸=k

β2
kj(Ut)

+ η2

(∑
j,l

βkj(Ut)βkl(Ut)βjl(Ut)− 2σk
∑
j

β2
kj(Ut) + σ2

kβkk(Ut)

)
= (1 + η (βkk(Ut)− σk))2 βkk(Ut)−O

(
ηdr′2 log2(d)α4

)
,

(5.79)

which leads to

σk − βkk(Ut+1) = (1− ηβkk(Ut) (2 + η(σk − βkk(Ut)))) (σk − βkk(Ut)) +O
(
ηdr′2 log2(d)α4

)
≤ (1− 1.98ησk)(σk − βkk(Ut)) +O

(
ηdr′2 log2(d)α4

)
.

(5.80)

Hence, within additional O
(

1
ησk

log
(
σk
α

))
iterations, we have |σk − βkk(Ut+1)| =

O
(

1
σk
dr′2 log2(d)α4

)
for every 1 ≤ k ≤ r.
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In conclusion, we have

∥∥UTU
⊤
T −M ⋆

∥∥2
F

=
d∑

i,j=1

(
βij(UT )− β⋆ij

)2 ≤ r′2 log2(d)d2α4. (5.81)

within O
(

1
ησr

log
(
σr
α

))
iterations. This completes the proof of Theorem 25. □

5.F.4 Analysis of the Logistic Map

In this section, we provide the proofs of Lemmas 97 and 98.

Upper Bound of Iteration Complexity

Recall the logistic map

xt+1 = (1 + ησ − ηxt)xt, x0 = α. (5.82)

Here the initial value satisfies 0 < α ≪ σ. Vaskevicius et al. [2019] provide both upper

and lower bounds for xt that follows the above logistic map. However, their bounds are not

directly applicable to our setting. Hence, we need to develop a new proof for Lemma 97.

Proof of Lemma 97. We divide the dynamic into two stages: (a) xt ≤ 1
2
σ, and (b) xt ≥ 1

2
σ.

Stage 1: xt ≤ 1
2
σ. We consider K = ⌈log

(
1
2
σ/α

)
⌉ substages, where in each Substage k,

we have αek ≤ xt ≤ αek+1. Suppose that tk is the number of iterations in Substage k. One

can write
xt+1 = (1 + ησ − ηxt)xt

≥ (1 + ησ − ηαek+1)xt.
(5.83)

Hence, it suffices to find the smallest t = tmin such that

αek(1 + ησ − ηαek+1)t ≥ αek+1. (5.84)

Solving this inequality leads to

tmin =
1

log(1 + ησ − ηαek+1)
. (5.85)
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Based on the above equality, we provide an upper bound for tmin:

tmin =
1

log(1 + ησ) + log(1− ηαek+1/(1 + ησ))
(a)

≤ 1

log(1 + ησ)− ηαek+1

1+ησ−ηαek+1

≤
1 + ηαek+1

1+ησ−ηαek+1

log(1 + ησ)
(b)

≤ 1 + ηαek+1

log(1 + ησ)
.

(5.86)

Here in (a) we used the fact that log(1 +x) ≤ x
1+x

,∀x > −1 and in (b) we used the fact that

xt ≤ 1
2
σ. Hence, we have tk ≤ 1+ηαek+1

log(1+ησ)
. Therefore, the total iteration complexity of Stage 1

is upper bounded by

T1 =
K−1∑
k=0

tk ≤
K−1∑
k=0

1 + ηαek+1

log(1 + ησ)
≤ ⌈log

(
1
2
σ/α

)
⌉+ ησ

log(1 + ησ)
≤ log(4σ/α)

log(1 + ησ)
. (5.87)

Stage 2: xt ≥ 1
2
σ. In this stage, we rewrite the equation 5.82 as

σ − xt+1 = (1− ηxt)(σ − xt). (5.88)

Via a similar trick, we can show that within additional T2 = log(4σ/ϵ)
log(1+ησ)

iterations, we have

xt ≥ σ − ϵ, which can be achieved in the total number of iterations T = T1 + T2 =
1

log(1+ησ)
(log(4σ/α) + log(4σ/ϵ)) iterations. This completes the proof of Lemma 97 □

Separation between Two Independent Signals

In this section, we show that there is a sharp separation between two logistic maps with

signals σ1, σ2 provided that σ1 ̸= σ2. In particular, suppose that σ1 − σ2 ≥ γ > 0 and

xt+1 = (1 + ησ1 − ηxt)xt, x0 = α,

yt+1 = (1 + ησ2 − ηyt)yt, y0 = α.
(5.89)

Proof of Lemma 98. By Lemma 97, we have xT ≥ σ1 − ϵ within T = 1
log(1+ησ1)

log
(

16σ2
1

ϵα

)
iterations. Therefore, it suffices to show that yt remains small for t ≤ T . To this goal, note

that

yt+1 = (1 + ησ2 − ηyt)yt ≤ (1 + ησ2)yt ≤ (1 + ησ2)
t+1α. (5.90)
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Hence, we need to bound Γ = (1 + ησ2)
T . Taking logarithm of both sides, we have

log(Γ) = T log(1 + ησ2)

= log

(
16σ2

1

ϵα

)
log(1 + ησ2)

log(1 + ησ1)
.

(5.91)

Now, we provide a lower bound for the ratio log(1 + ησ1)/ log(1 + ησ2):

log(1 + ησ1)

log(1 + ησ2)
= 1 +

log(1 + η(σ1−σ2)
1+ησ2

)

log(1 + ησ2)

≥ 1 +

η(σ1−σ2)
1+ησ2

/
(

1 + η(σ1−σ2)
1+ησ2

)
ησ2

(a)

≥ 1 +
σ1 − σ2

2σ2

=
σ1 + σ2

2σ2
,

(5.92)

where (a) follows from the assumption η ≤ 1
4σ1

. Therefore, we have

Γ = exp

{
log

(
16σ2

1

ϵα

)
2σ2

σ1 + σ2

}
=

(
16σ2

1

ϵα

)2σ2/(σ1+σ2)

. (5.93)

which implies that

yT ≤ α

(
16σ2

1

ϵα

)2σ2/(σ1+σ2)

≤ 16σ2
1

ϵ
α

σ1−σ2
σ1+σ2 . (5.94)

This completes the proof of Lemma 98. □

5.G Proof for Tensor Decomposition

In this section, we prove our results for the orthonormal symmetric tensor decomposition

(OSTD). Different from matrix factorization, we use a special initialization that aligns with

the ground truth. In particular, for all 1 ≤ i ≤ r′, we assume that sin(ui(0), zi) ≤ γ for some

small γ. We will show that ui(t) aligns with zi along the whole optimization trajectory. To

this goal, we define vij(t) = ⟨ui(t), zj⟩ for every 1 ≤ i ≤ r′ and 1 ≤ j ≤ d. Recall that Λ is

a multi-index with length l. We define |Λ|k as the number of times index k appears as one

of the elements of Λ.7 Evidently, we have 0 ≤ |Λ|k ≤ l. Based on these definitions, one can

7For instance, assume that Λ = (1, 1, 2). Then, |Λ|1 = 2 and |Λ|3 = 0.
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write

βΛ(U) =
r′∑
i=1

d∏
k=1

⟨ui, zk⟩|Λ|k =
r′∑
i=1

d∏
k=1

v
|Λ|k
ik . (5.95)

Now, it suffices to study the dynamic of vij(t). In particular, we will show that vij(t)

remains small except for the top-r diagonal elements vjj(t), 1 ≤ j ≤ r, which will approach

σ
1/l
j . To make this intuition more concrete, we divide the terms {vij(t)} into three parts:

• signal terms defined as vjj(t), 1 ≤ j ≤ r,

• diagonal residual terms defined as vjj(t), r + 1 ≤ j ≤ d, and

• off-diagonal residual terms defined as vij(t),∀i ̸= j.

Moreover, we define V (t) = maxi ̸=j |vij(t)| as the maximum element of the off-diagonal

residual terms at every iteration t. When there is no ambiguity, we will omit the dependence

on iteration t. For example, we write vij = vij(t) and V = V (t). Similarly, when there is no

ambiguity, we write βΛ(t) or βΛ in lieu of βΛ(U(t)).

Our next lemma characterizes the relationship between βΛ and vij.

Lemma 99. Suppose that maxj≥r+1

∣∣vljj∣∣ ≲ σ
l−1
l

1 V , and V ≤ σ
1/l
1 d−

1
l−1 . Then,

• For βΛj
with Λj = (j, . . . , j), we have

∣∣βΛj
− vljj

∣∣ ≤ r′V l. (5.96)

• For βΛ with at least two different indices in Λ, we have

|βΛ| ≤ 2rσ
l−1
l

1 V. (5.97)

The proof of this lemma is deferred to Appendix 5.G.1. Lemma 99 reveals that the

magnitude of βΛ can be upper bounded by maxi ̸=j |vij|. Next, we control vij by providing

both lower and upper bounds on its dynamics.

Proposition 25 (One-step dynamics for vij(t)). Suppose that we have V (t) ≲ σ
1/l
1 d−

1
l−1 and

vii(t) ≤ σ
1/l
1 ,∀1 ≤ i ≤ d. Moreover, suppose that the step-size satisfies η ≲ 1

lσ1
. Then,

• For the signal term vii(t), 1 ≤ i ≤ r, we have

vii(t+ 1) ≥ vii(t) + ηl
(
σi − vlii(t)− 2dl−1vl−2

ii (t)V 2(t)
)
vl−1
ii (t)− ldlησ

l−1
l

1 V l(t).

(5.98)
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• For the diagonal residual term vii(t), r + 1 ≤ i ≤ d, we have

vii(t+ 1) ≤ vii(t)− ηlv2l−1
ii (t) + 2ηldlσ

l−1
l

1 V l(t). (5.99)

• For the off-diagonal term V (t), we have

V (t+ 1) ≤ V (t) + 3ηlσ1V (t)l−1. (5.100)

The proof of this proposition is deferred to Appendix 5.G.2. Equipped with the above

one-step dynamics, we next provide a bound on the growth rate of vij.

Proposition 26. Suppose that the initial point satisfies sin(ui(0), zi) ≤ γ and ∥ui(0)∥ = α1/l

with α ≲ 1

dl3
, γ ≲ 1

lκ

l
l−2 . Moreover, suppose that the step-size satisfies η ≲ 1

lσ1
. Then, within

t⋆ = 8
ηlσr

α− l−2
l iterations,

• For the signal term vii(t), 1 ≤ i ≤ r, we have

∣∣vlii(t⋆)− σi∣∣ ≤ 8dl−1σ
l−2
l

i α2/lγ2. (5.101)

• For the diagonal residual term vii(t), r + 1 ≤ i ≤ d, we have

|vii(t∗)| ≤ 2α1/l. (5.102)

• For the off-diagonal term V (t), we have

V (t∗) ≤ 21/lV (0) ≤ (2α)1/lγ. (5.103)

The proof of this proposition is deferred to Appendix 5.G.3. With the above proposition,

we are ready to prove Theorem 26.

Proof of Thereom 26. We have the following decomposition

∥T− T⋆∥2F =
∑
Λ

(βΛ − β⋆Λ)2 . (5.104)

Hence, it suffices to bound each |βΛ − β⋆Λ|. Combining Lemma 99 and Proposition 26, we
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have for every
∣∣∣βΛj
− β⋆Λj

∣∣∣ , 1 ≤ j ≤ r

∣∣∣βΛj
(t⋆)− β⋆Λj

∣∣∣ Lemma 99

≤
∣∣vljj(t⋆)− σj∣∣+ r′V l(t⋆)

Proposition 26

≤ 8dl−1σ
l−2
l

j α2/lγ2 + 2dαγl

≤ 16dl−1σ
l−2
l

j α2/lγ2,

(5.105)

where in the last inequality, we used σj ≥ 1, α ≤ 1, and γ ≤ 1. For the remaining diagonal

elements βΛj
, r + 1 ≤ j ≤ d, we have

∣∣βΛj
(t⋆)
∣∣ Lemma 99

≤
∣∣vljj(t⋆)∣∣+ r′V l(t⋆)

Proposition 26

≤ 2lα + 2dαγl.

(5.106)

For the general βΛ with at least two different indices in the multi-index Λ, we have

|βΛ(t⋆)|
Lemma 99

≤ 2rσ
l−1
l

1 V (t⋆)

Proposition 26

≤ 4rσ
l−1
l

1 α1/lγ.

(5.107)

Hence, we conclude

∥T(t⋆)− T⋆∥2F ≤
r∑
i=1

16dl−1σ
l−2
l

i α2/lγ2 +
d∑

i=r+1

(
2lα + 2dαγl

)
+ dl · 4rσ

l−1
l

1 α1/lγ

≤ 8rdlγσ
l−1
l

1 α1/l,

(5.108)

which completes the proof of the theorem.

5.G.1 Proof of Lemma 99

Proof. We first analyze βΛj
. Note that

βΛj
=

r′∑
i=1

⟨ui, zj⟩l =
r′∑
i=1

vlij = vljj +
∑
i ̸=j

vlij. (5.109)

Hence, ∣∣βΛj
− vljj

∣∣ =

∣∣∣∣∣∑
i ̸=j

vlij

∣∣∣∣∣ ≤ r′V l, (5.110)
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where we used the definition of V . For general βΛ where there are at least two different

elements in the multi-index Λ, we have

|βΛ| =
∣∣∣∣∣
r′∑
j=1

∏
k∈Λ

v
|Λ|k
jk

∣∣∣∣∣
≤

r′∑
j=1

∣∣∣v|Λ|jjj V l−|Λ|j
∣∣∣

=
r∑
j=1

∣∣∣v|Λ|jjj V l−|Λ|j
∣∣∣+

r′∑
j=r+1

∣∣∣v|Λ|jjj V l−|Λ|j
∣∣∣

≤ rσ
l−1
l

1 V + (r′ − r)
(

max
j≥r+1

∣∣vljj∣∣+ V l

)
≤ 2rσ

l−1
l

1 V,

(5.111)

where in the last inequality, we used the assumption that V ≲ σ
1/l
1 d−

1
l−1 and maxj≥r+1

∣∣vljj∣∣ ≲
σ

l−1
l

1 V . This completes the proof.

5.G.2 Proof of Proposition 25

In this section, we provide the proof for Proposition 25. For simplicity and whenever there

is no ambiguity, we omit the iteration t and show iteration t + 1 with superscript ‘+’. For

instance, we write vij = vij(t) and v+ij = vij(t+ 1).

Recall that vij = ⟨ui, zj⟩. For simplicity, we denote µ = σ
1/l
1 . Hence, by our assumption,

we have vii ≤ µ,∀1 ≤ i ≤ r. We first provide the exact dynamic of vij in the following

lemma.

Lemma 100. The one-step dynamic of vij takes the following form

v+ij = vij + ηl(σj − vljj)vl−1
ij − ηl

∑
k∈[r′],k ̸=j

vlkjv
l−1
ij

− η
∑
s∈[l−1]

s
∑

Λ:|Λ|j=s

βΛ

( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
vs−1
ij .

(5.112)

Proof. Recall that L = 1
2

∑
Λ(βΛ−β⋆Λ)2 and βΛ =

∑r′

i=1

∏
k∈Λ ⟨ui, zk⟩

|Λ|k . Moreover, we have
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β⋆Λj
= σj for 1 ≤ j ≤ r, and β⋆Λ = 0 otherwise. We first calculate

∇ui
βΛ =

∑
s∈Λ

|Λ|s
( ∏
k∈Λ,k ̸=s

⟨ui, zk⟩|Λ|k
)
⟨ui, zs⟩|Λ|s−1 zs

=
∑
s∈Λ

|Λ|s
( ∏
k∈Λ,k ̸=s

v
|Λ|k
ik

)
v
|Λ|s−1
is zs.

(5.113)

Hence, the partial derivative of L(t) with respect to ui is

∇ui
L =

∑
∀Λ

(βΛ − β⋆Λ)∇ui
βΛ =

∑
Λ

(βΛ − β⋆Λ)
∑
s∈Λ

|Λ|s
( ∏
k∈Λ,k ̸=s

v
|Λ|k
ik

)
v
|Λ|s−1
is zs.

Note that {zj}j∈[d] are unit orthogonal vectors. Hence, we have

⟨∇ui
βΛ, zj⟩ =

{
|Λ|j

(∏
k∈Λ,k ̸=j v

|Λ|k
ik

)
v
|Λ|j−1
ij if j ∈ Λ

0 if j /∈ Λ.
(5.114)

By the definition of vij, its update rule can be written in the following way

v+ij =
〈
u+
i , zj

〉
(a)
= vij − η ⟨∇ui

L, zj⟩
= vij + η

∑
Λ

(β⋆Λ − βΛ) ⟨∇ui
βΛ, zj⟩

(b)
= vij + η

∑
Λ:|Λ|j≥1

(β⋆Λ − βΛ)|Λ|j
( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
v
|Λ|j−1
ij

(c)
= vij + η

∑
s∈[l]

∑
Λ:|Λ|j=s

|Λ|j(β⋆Λ − βΛ)

( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
vs−1
ij .

(5.115)

Here in (a), we used the update rule for ui. In (b), we applied equation 5.114 to exclude those

Λ without j. In (c), we simply rearranged the above equation according to the cardinality
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|Λ|j. We further isolate the term that only has vij:

v+ij
(a)
= vij + ηl(σj − βΛj

)vl−1
ij − η

∑
s∈[l−1]

s
∑

Λ:|Λ|j=s

βΛ

( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
vs−1
ij

(b)
= vij + ηl(σj − vljj)vl−1

ij − ηl
∑

k∈Λ,k ̸=j

vlkjv
l−1
ij

− η
∑
s∈[l−1]

s
∑

Λ:|Λ|j=s

βΛ

( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
vs−1
ij .

(5.116)

Here in (a), we rearranged terms and isolated the term with |Λ|j = l. Note that the

remaining terms must satisfy 1 ≤ |Λ|j ≤ l − 1, which indicates that there must be at least

2 different indexes in Λ which in turn implies β⋆Λ = 0. In (b), we used the definition of βΛj
.

This completes the proof of Lemma 100.

Equipped with Lemma 100, we are ready to prove Proposition 25.

Proof of Proposition 25. The proof is divided into three parts:

Signal Term: vii(t), 1 ≤ i ≤ r

We first consider the signal terms vii(t), 1 ≤ j ≤ r. First, upon setting i = j in Lemma 100,

we have

v+ii = vii + ηl

(
σi − vlii −

∑
k ̸=i

vlki

)
vl−1
ii − η

l−1∑
s=1

s
∑

Λ:|Λ|i=s

βΛ

( ∏
k∈Λ,k ̸=i

v
|Λ|k
ik

)
vs−1
ii

≥ vii + ηl
(
σi − vlii −mV l

)
vl−1
ii − η

l−1∑
s=1

s
∑

Λ:|Λ|i=s

βΛ

( ∏
k∈Λ,k ̸=i

v
|Λ|k
ik

)
vs−1
ii .

(5.117)
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Now we aim to control (A) = βΛ

(∏
k∈Λ,k ̸=i v

|Λ|k
ik

)
vs−1
ii for |Λ|i = s ∈ {1, . . . , l− 1}. We have

(A) =
r′∑
j=1

(∏
h∈Λ

v
|Λ|h
jh

)( ∏
k∈Λ,k ̸=i

v
|Λ|k
ik

)
v
|Λ|i−1
ii

(a)

≤
r′∑
j=1

v
|Λ|j
jj V l−|Λ|jV l−svs−1

ii

(b)

≤ v2s−1
ii V 2l−2s + r′ max

j ̸=i

∣∣∣v|Λ|jjj V 2l−s−|Λ|jvs−1
ii

∣∣∣
(c)

≤ v2l−3
ii V 2 + r′ max

j ̸=i
µ|Λ|j+s−1V 2l−s−|Λ|j

≤ v2l−3
ii V 2 + r′µl−1V l.

(5.118)

In (a), we used the fact that |vij| ≤ V, ∀i ̸= j. In (b), we isolated the term with j = i

and bounded the remaining terms with their maximum value. In (c), we used the fact that

V ≤ vii ≤ µ.

After substituting equation 5.118 into equation 5.117, we have

v+ii ≥ vii + ηl
(
σi − vlii − r′V l

)
vl−1
ii − η

l−1∑
s=1

s
∑

Λ:|Λ|i=s

(
v2l−3
ii V 2 + r′µl−1V l

)
≥ vii + ηl

(
σi − vlii − r′V l

)
vl−1
ii − η

(
v2l−3
ii V 2 + r′µl−1V l

) l−1∑
s=1

sCs
l (d− 1)l−s,

(5.119)

where Cs
l =

(
l
s

)
. Note that

∑l−1
s=1 sC

s
l (d− 1)l−s = ldl−1 − l ≤ ldl−1. Therefore, we have

vii(t+ 1) ≥ vii + ηl
(
σi − vlii − r′V l

)
vl−1
ii − ldl−1η

(
v2l−3
ii V 2 + r′µl−1V l

)
≥ vii + ηl

(
σi − vlii − r′V l − dl−1vl−2

ii V 2
)
vl−1
ii − ldl−1ηr′µl−1V l

≥ vii + ηl
(
σi − vlii − 2dl−1vl−2

ii V 2
)
vl−1
ii − ldl−1ηr′µl−1V l

≥ vii + ηl
(
σi − vlii − 2dl−1vl−2

ii V 2
)
vl−1
ii − ldlησ

l−1
l

1 V l,

(5.120)

where in the last inequality, we used the fact that r′ ≤ d.

Diagonal Residual Term: vii, r + 1 ≤ i ≤ d

In this case we consider the terms vii with r + 1 ≤ i ≤ d, which is similar to the case

1 ≤ i ≤ r. Without loss of generality, we assume that vii ≥ 0. The case vii ≤ 0 can be
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argued in an identical fashion. By equation 5.117, we have

v+ii = vii − ηl
(
vlii −

∑
k ̸=i

vlki

)
vl−1
ii − η

l−1∑
s=1

s
∑

Λ:|Λ|i=s

βΛ

( ∏
k∈Λ,k ̸=i

v
|Λ|k
ik

)
vs−1
ii

≤ vii − ηl
(
vlii − r′V l

)
vl−1
ii − η

l−1∑
s=1

s
∑

Λ:|Λ|i=s

βΛ

( ∏
k∈Λ,k ̸=i

v
|Λ|k
ik

)
vs−1
ii .

(5.121)

For (A) = βΛ

(∏
k∈Λ,k ̸=i v

|Λ|k
ik

)
vs−1
ii , we further have

(A) =
r′∑
j=1

(∏
h∈Λ

v
|Λ|h
jh

)( ∏
k∈Λ,k ̸=i

v
|Λ|k
ik

)
vs−1
ii

≥
(∏
h∈Λ

v
|Λ|h
ih

)( ∏
k∈Λ,k ̸=i

v
|Λ|k
ik

)
vs−1
ii −

∑
j ̸=i

(∏
h∈Λ

v
|Λ|h
jh

)( ∏
k∈Λ,k ̸=i

v
|Λ|k
ik

)
vs−1
ii

≥
( ∏
k∈Λ,k ̸=i

v
2|Λ|k
ik

)
v2s−1
ii︸ ︷︷ ︸

≥0

−r′ max
j ̸=i

∣∣∣v|Λ|jjj V 2l−s−|Λ|jvs−1
ii

∣∣∣
≥ −r′µl−1V l.

(5.122)

Therefore, we obtain

v+ii ≤ vii − ηl
(
vlii − r′V l

)
vl−1
ii + ηldl−1r′µl−1V l

≤ vii − ηlv2l−1
ii + 2ηldl−1r′µl−1V l.

(5.123)

Off-diagonal Residual Term: V (t)

Finally, we characterize the dynamic of V (t) = maxi ̸=j |vij(t)|. To this goal, we first consider

the dynamic of each vij such that i ̸= j. Without loss of generality, we assume that vij ≥ 0.

One can write

v+ij = vij + ηl

σj −∑
i∈[r′]

vlij

 vl−1
ij − η

∑
s∈[l−1]

s
∑

Λ:|Λ|j=s

βΛ

( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
vs−1
ij

≤ V + ηlσ1V
l−1 + ηlr′V 2l−1 − η

∑
s∈[l−1]

s
∑

Λ:|Λ|j=s

βΛ

( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
vs−1
ij

≤ V + 2ηlσ1V
l−1 − η

∑
s∈[l−1]

s
∑

Λ:|Λ|j=s

βΛ

( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
vs−1
ij ,

(5.124)
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where in the last inequality we use the assumption V ≲ σ
1/l
1 d−

1
l−1 . Similar to the previous

case, we next bound (A) = βΛ

(∏
k∈Λ,k ̸=j v

|Λ|k
ik

)
vs−1
ij . First note that |Λ|j = s ∈ [l − 1].

Hence, we have that

(A) =
r′∑
s=1

∏
k∈Λ

v
|Λ|k
sk

( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
vs−1
ij

=

( ∏
k∈Λ,k ̸=j

v
2|Λ|k
ik

)
v2s−1
ij︸ ︷︷ ︸

≥0

−r′ max
h̸=i

∣∣∣∣∣∏
k∈Λ

v
|Λ|k
hk

( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
vh−1
ij

∣∣∣∣∣
≥ −r′ max

h̸=i

∣∣∣∣∣∏
k∈Λ

v
|Λ|k
hk

( ∏
k∈Λ,k ̸=j

v
|Λ|k
ik

)
vh−1
ij

∣∣∣∣∣
≥ −r′µ|Λ|s+|Λ|iV 2l−|Λ|s−|Λ|i−1.

(5.125)

We further note that |Λ|h + |Λ|i ≤ l − s. Hence, it can be lower bounded by

(A) ≥ −r′µl−sV l+s−1 ≥ −r′µl−1V l. (5.126)

Pluggin our estimation for (A) into equation 5.124, we finally have

v+ij ≤ V + 2ηlσ1V
l−1 + ηldl−1r′µl−1V l ≤ V + 3ηlσ1V

l−1. (5.127)

The last inequality comes from the assumption that V ≤ 1
dl

. This completes the proof of

Proposition 25.

5.G.3 Proof of Proposition 26

In this section, we provide the proof of Proposition 26. We will show that the signal terms

vii(t), 1 ≤ i ≤ r quickly converge to σ
1/l
i , and the residual terms remain small. To this goal,

we first study the dynamic of V (t).

Iteration complexity of the off-diagonal residual term V (t).

To start with the proof, we first study the time required for the off-diagonal term V (t) to go

from V (0) to 21/lV (0), i.e., T1 = mint≥0{V (t) ≥ 21/lV (0)}. By Proposition 25, we know

V (t+ 1) ≤ V (t) + 3ησ1lV
l−1(t) =

(
1 + 3ηlσ1V

l−2(t)
)
V (t). (5.128)
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Hence, for 0 ≤ t ≤ T1, we have

V (t) ≤
t−1∏
s=0

(
1 + 3ηlσ1V

l−2(s)
)
V (0) ≤

(
1 + 6ηlσ1V

l−2(0)
)t
V (0).

Note that V (T1) ≥ 21/lV (0). Therefore,

(
1 + 6ηlσ1V

l−2(0)
)T1

V (0) ≥ 21/lV (0). (5.129)

Solving the above inequality for T1, we obtain

T1 ≥
log(21/l)

log(1 + 6ηlσ1V l−2(0))
≥ log(2)

6ηl2σ1V l−2(0)
. (5.130)

On the other hand, our initial point satisfies sin(ui(0), zi) ≤ γ and ∥ui(0)∥ = α1/l. Hence,

we have V (0) ≤ α1/lγ. Substituting this into the above equation, we conclude that

T1 ≥
log(2)

6ηl2σ1γl−2
α− l−2

l . (5.131)

Note that T1 ≥ log(2)
6ηl2σ1γl−2α

− l−2
l ≫ t⋆. Hence, we have V (t⋆) ≤ 21/lV (0) ≤ (2α)1/lγ.

Iteration complexity of the diagonal residual term vii(t), r + 1 ≤ i ≤ d.

Next, we show that vii(t), r + 1 ≤ i ≤ d will remain small during 0 ≤ t ≤ t⋆ = 8
ηlσr

α− l−2
l .

First by equation 5.123 in the proof of Lemma 100, we have for every 0 ≤ t ≤ t⋆

vii(t+ 1) ≤ vii(t) + 2ηldlσl−1
1 V l(t). (5.132)

Note that V (t) ≤ 21/lV (0),∀t ≤ t⋆, which leads to

vii(t) ≤ vii(0) + 4ηldlσl−1
1 γlαt

≤ vii(0) + 4ηldlσl−1
1 γlαt⋆

≤ α1/l +O
(
dlκα2/lγl

)
≤ 2α

(5.133)

for 0 ≤ t ≤ t⋆. Here we used the assumption that α ≲ 1

dl3
and γ ≲ 1

κl

1
l−2 .
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Iteration complexity of the signal term vii(t), 1 ≤ i ≤ r.

As the last piece of the proof, we show that by iteration t⋆ = 8
ηlσr

α− l−2
l , the signal vii, 1 ≤

i ≤ r will converge to the eigenvalue σ
1/l
i . First, recall that

vii(t+ 1) ≥ vii(t) + ηl
(
σi − vlii(t)− 2dl−1vl−2

ii (t)V 2(t)
)
vl−1
ii (t)− 2ldlησl−1

1 V l(t)

≥ vii(t) + ηl
(
σi − vlii(t)− 4dl−1vl−2

ii (t)α2/lγ2
)
vl−1
ii (t)− 4ldlησl−1

1 γlα,
(5.134)

where in the last inequality we used the fact that V (t) ≤ 21/lV (0) for 0 ≤ t ≤ t⋆. In light

of the above inequality, we characterize the convergence of vii using a similar method as in

[Ma and Fattahi, 2022a]. In particular, we divide our analysis into two phases.

Phase 1. In the first phase, we have vii ≤ (0.5σi)
1/l. First, since vii(0) ≥ α1/l

√
1− γ2, we

can easily conclude that vii(t+ 1) ≥ vii(t) by induction. Hence, we can simplify the dynamic

as

vii(t+ 1) ≥
(
1 + ηl(0.99σi − vlii)vl−2

ii (t)
)
vii(t) ≥

(
1 + 0.49ηlσiv

l−2
ii (t)

)
vii(t). (5.135)

Next, we further split the interval I =
[
0, 0.5σ

1/l
i

]
into N = O

(
log
(

0.5σ
1/l
i /α

))
sub-

intervals {I0, · · · , IN−1}, where Ik = [2kvii(0), 2k+1vii(0)). Let Tk collect the iterations that

vii spends in Ik. Accordingly, let |Tk| = tk be the number of iterations that vii spends within

Ik. First note that vii(t) ≥ 2kvii(0) for every t ∈ Tk. Hence, we have

(
1 + 0.49ηlσi2

(l−2)kvl−2
ii (0)

)tk ≥ 2. (5.136)

which implies

tk ≤
log(2)

0.49ηlσiv
l−2
ii (0)

2−(l−2)k. (5.137)

By summing over k = 0, · · · , N − 1, we can upper bound the required number of iterations

T3

T3 ≤
∞∑
k=0

tk ≤
∞∑
k=0

log(2)

0.49ηlσiv
l−2
ii (0)

2−(l−2)k ≤ 4

ηlσiαl−2
≤ 4

ηlσrαl−2
≪ T1, (5.138)

where the last inequality is due to our assumption γ ≲ 1
κl

1
l−2 .
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Phase 2. In the second phase, we have vii ≥ 0.5σ
1/l
i . We further simplify equation 5.134

as

vii(t+ 1) ≥ vii(t) + ηl
(
σi − 8dl−1σ

l−2
l

i α2γ2 − vlii(t)
)
vl−1
ii (t)

≥ vii(t) + ηl
(
σ̃i − vlii(t)

)
vl−1
ii (t),

(5.139)

where we denote σ̃i = σi − 8dl−1σ
l−2
l

i α2/lγ2. Then, via a similar trick, within additional

T4 ≤ 4
ηlσr

α− l−2
l iterations, we have vlii(t) ≥ σi − 8dl−1σ

l−2
l

i α2/lγ2. A similar argument on the

upper bound shows vlii(t) ≤ σi + 8dl−1σ
l−2
l

i α2/lγ2, which completes the proof. □

5.H Auxiliary Lemmas

Lemma 101 (Bernoulli inequality). For 0 ≤ x < 1
r−1

, and r > 1, we have

(1 + x)r ≤ 1 +
rx

1− (r − 1)x
. (5.140)
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CHAPTER 6

Conclusion

This dissertation has explored the implicit regularization properties of gradient descent in

realistic machine learning settings, where data may be noisy, inputs are often non-isotropic,

and models are typically overparameterized. Our findings challenge conventional assump-

tions and extend the theoretical understanding of gradient-based optimization in three key

areas: robust learning under outlier label noise, learning with non-isotropic input distribu-

tions, and a general framework for explaining implicit regularization through the lens of

function basis decomposition.

First, we investigated robust learning in the presence of outlier label noise. Our analysis

of robust matrix sensing showed that the subgradient method with ℓ1-loss implicitly pre-

serves low-rank structures and achieves nearly linear convergence under near-optimal sample

complexity. We also examined robust training in deep linear networks, where we demon-

strated that gradient descent can recover ground-truth parameters even under adversarial

label corruptions. Together, these results offer new insights into the role of optimization

geometry—such as strict saddle points—and the implicit regularization effects that enable

resilience to outliers in both shallow and deep models.

Second, we studied the challenges posed by non-isotropic input distributions. Using un-

regularized matrix completion as a representative example, we developed a novel statistical

decoupling tool to handle highly dependent and structured data. This allowed us to establish

near-optimal sample complexity bounds for gradient descent, highlighting the robustness of

gradient-based methods in practical, non-idealized data regimes. Our analysis underscores

the significance of initialization and the implicit trajectory-dependent regularization that

emerges during optimization.

Finally, we proposed a general framework to explain implicit regularization through the

lens of function basis decomposition. This perspective reveals that optimization trajecto-

ries often follow a nearly monotonic progression when projected onto a suitable function

basis. The framework unifies various phenomena observed in gradient-based learning and
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strengthens theoretical guarantees across diverse applications, including neural networks and

structured matrix factorization.

Our work bridges the gap between theory and practice by rigorously characterizing the

behavior of gradient descent in complex learning environments. Several open directions

remain for future exploration. First, extending our results to broader classes of nonconvex

problems—including deep nonlinear networks—is a natural next step. Second, improving the

sample complexity bounds for matrix completion, especially in overparameterized regimes,

may lead to more efficient algorithms. Lastly, leveraging the function basis decomposition

framework to study generalization in deep learning remains an exciting and largely open

challenge.

By advancing the theoretical understanding of implicit regularization, this dissertation

lays the groundwork for designing more robust and efficient learning algorithms. These

findings have broad implications for machine learning, signal processing, and optimization,

paving the way for future research in scalable, principled methods for real-world data anal-

ysis.
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