DOCTORAL DESERTATION SERIES
PUBLICATION: 115

AUTHOR: Robert Winter Royston, Ph. D., 19%4
University of Michigan

TITLE: A FREQUENCY FUNCTION WHICH CAN BE
TRANSFORMED INTO A GAMMA TYPE
FUNCTION BY A QUADRATIC
TRANSFORNATION OF THE VARIABLE

University Microfilms, Ann Arbor, Michigan



A FREQUENCY FUNCTION WHICH CAN BE TRANSFORMED
INTO A GAMMA TYPE FUNCTION BY A QUADRATIC
TRANSFORMATION OF THE VARIABLE

by
Robert Winter Royston

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy in the
University of Michigan
1953

Doctoral Committee:

Professor Cecil C. Craig, Chairman
‘Professor Paul S. Dwyer

Professor Cecil J. Nesbitt
Professor Willard C. Olson
Professor George Y. Rainich



A Frequency Function which can be Transformed into a
Gamma Type Function by a Quadratic
Transformation of the Variable

by
Robert Winter Royston

The random variable under consideration, =z, has as its probability density
function

2
)ZP-1 e-a(z+B) dz, -B<z< oo.

P
f(z)dz = }E,— (z+B

It is obvious that the variable x = a(z + B)Z has a Gamma type distribution.

The frequency curve f(z) is bell-shaped for p > 1/2 and J-shaped for
p £1/2, with a finite ordinate for p =1/2 and an infinite ordinate for p<1l/2.

A criterion for testing the hypothesis that a set of observations is a random
sample from a population which is distributed according to the Z-function and the
formula for the sampling variance of this criterion are developed.

The functions f_(p) = &é& and ﬁ =p - fg (p) occur in the equations
for the estimation of the parameters by the method of moments. A detailed
study of them is necessary before an investigation of the roots of these equations
can be made. It is then proven that for any set of observations there will exist
a unique set of estimates for the parameters by the method of moments. Ex-
pressions for the variances of these estimates are derived by the J -method.

In the event that estimates for the parameters are obtained by both the Z-
function and the Gamma type function, it is shown that the Percentage variances
for the estimates by the Z-function are many times smaller. A possible excep-
tion is in the case of what may be regarded as the "'scaling" parameter. In this
case the percentage variances are approximately equal.

n

2

n -3

The functions R(k) = 2 ! and P(k) = 7] (w. + k)n s+ W, represent-
i=1 (W, +k i=1 i i

ing the z variate when measured about its mean, occur in the equations for the
estimation of the parameters by the method of maximum likelihood. A detailed
study of these functions is necessary for the investigation of the roots for these
equations and the subsequent theory concerning the maximum likelihood estimators.

It is proved that there will exist a set of estimates for the pParameters by the
method of maximum likelihood unless the frequency curve is J-shaped. It is
further shown that these estimators meet all the necessary conditions for maxim-
izing the likelihood function, and that they cannot minimize it.



The validity of the conventional formulas for the variances of the maximum

likelihood estimators is established, even though the range of the variable is a
function of the parameters.

The actual determination of the parameters by each of the methods referred
to above is illustrated by numerical examples in graduation.
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PART 1

Introduction

1.1 Statement of problem. There are an infinite number of types

of distribution functions and a given random variable may obey any one
of them. The amount of information and developed theory concerning
both the population and sample characteristics vary widely with the type
of distribution function which the variable obeys. Frequently one may
known the form or type of the distribution function, f(x)dx, for x, the
random variable involved, but f(x)dx may be among that vast. class of
distribution functions about which little or even nothing is known. Now
suppose x is transformzd into some new random variable, ¢(x), with
distribution function, f| p(x)] d[¢ (x)] = g(x), then any additional informa-
tion or theory which may be available about g(x) can be utilized. This is
especially beneficial if g(x) is a member of that limited class of highly
developed distribution functions. For this reason, the problem of trans-
formation of a random variable along with the accompanying transforma-

tion of its distribution function is of importance in statistical theory.

The problem of the transformation of a variable obeying a known
distribution function has been treated in a variety of ways by several
authors. The papers referred to here in no sense form an exhaustive
list. Rather they are selected as typifying the work which has been done
along this line. Baker (Ref. 1); Edgeworth (Ref. 8, 9, & 10); Kapétyn
(Ref. 15 and 16); Rietz (Ref. 23); Wicksell (Ref. 26); and Yuan (Ref. 27)
consider the distribution function resulting from the transformation of
normally distributed variates or the inverse of this 7problem. The trans-
.formations considered in detail are of two general types: 1) powers of
the variates and 2) logarithms of the variates. Some of the writers con-

sider in detail the determination of a transformation such that the
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1.1

transformed variate is normally distributed. Olshen (Ref. 21) deals
n

with the distribution function resulting from the transformation x' = x ,

in which x is distributed according to the Pearson type 1II function.

This paper will be concerned with a three parameter transforma-
tion of a more general algebraic nature than the one used by Olshen. The
emphasis will be placed on the transformed function, the determination
of the estimates of the parameters, and the performance of the inverse

transformation in a numerical problem in graduation.

Let z, the random variable under consideration, be measured in
its natural units about zero and let it take on only real values over a
range to be specified later. Further, the probability density function of
z, f(z)dz, to be referred to as the Z-function, is such that if each =z
variate is subjected to the transformation given below, the new variate,

t, will be distributed according to a Gamma type distribution function.

The transformation and its inverse are:

(1.1.1) t=a'zz+b'z+c'
or
2
-b’ +|/(b') - 4a'(c' - t)
1.1.1 = = .
( a) = 2a' :

The probability density function® (Ref. 5) for t is given by

| 2 A%_1 -A(A+b)
(1.1.2) £(t)dt A(A + b) e dt

A
in which t is measured in standard units about its mean and -A < t< oo.

The following points relative to the Z-functions will be treated in

detail:

* This distribution function is also known as the Pearson type III function.
However, the name Gamma type function will be used in this paper.




1.1-2

1) Conditions to be imposed on the parametcrs. .

2) Analysis d the several forms which the frequency curve can
assume.

3) Determination of the parameters from a given sample by method
of moments and by m=thod of maximum likelihood, along with the var-
iance of these estimates.

4) Proof of the existence of solutions of the equations for the de-
termination of the parameters by each of the two methods.

5) Development of a criterion for testing the hypothesis that a
given sample comes from a population whose distribution function is the
Z -function.

6) Numerical illustrations.

1.2 Conditions to be imposed on the parameters. The substitution

of (1.1.1) in (1. 1. 2) gives

(1.2.1) f(z)dz =

2
2 -
[Aa'z +Ab'z-l-A(A«l»c')]A

Al
3

By writing Aa' =a; Ab' =b; (A + c')A =c; and AZ = p; then (1.1. 1a)

1
e -[Aa'zz+ Ab'z + A(A +c')]

A(2a'z + b')d=z

becomes
-bil/bz-:;ac - A(A +t)
(1.2.2)
2a
or

(1.2.2a) A(A +t) = azZ+bz+c.

Then (1. 1. 2) becomes
' 1 2 p-1 -(azZ + bz + c)
(1.2.3) f(z)dz = — (az” +bz +¢) e (2az + b) d=z .
| .

The independent parameters of the Z-function are now -a, b, c and p.




1.2
Since a',b',c' and A are real and finite, a,b,c and p are also real

and finite with p greater than zero.

In order to determine the conditions to be imposed on a,b and c
to ensure a one-to-one correspondence between values of z and t, write
A(A +t) =x. The range of values for x will be 0 < x< oo, and (1.2.2)

becomes
2
(1. 2.4) x =az + bz + c.

A one-to-one correspondence between x and z will give a like
correspondence between z and t. Further the relationships connecting
a,b,c and p with a',b',c' and A are single valued. Thus a one-to-one
correspondence between x and z in (1. 2.4) will ensure a like correspond -

ence between t and z in (1.1.1) or (1. 1. 1a).

From (1. 2. 4) the corresponding values of x and z will lie along a
parabola. See figure 1. In order that the transformation be single val-
ued only those values of x and z which lie along the upper branch of the

parabola will be considered. That is

(1.2.5) z = _b+%2‘4a(C-x)
2a

To ensure that z remains real over the entire range for x, i.e.
0 < x< oo, it is necessary and sufficient that:

1) a> 0. Itis sufficient that a>0, but for a =0 the transforma-
tion becomes linear.

2) be - 4ac > 0.

bZ - 4ac

B iti 0 = .
y writing ey

f(z)dz from (1. 2. 3) becomes

: b
(1.2.6) f(z)dz = 1 [a(z + Z%)Z - e]p-le-[a(z ¥ E) - 6] (2az + b)dz ,
P .

and the transformation (1. 2. 4) becomes




1.2
b .2
(1. 2.7) x=a(z+g) -0

Further, putting x + @ =y gives

(1.2.8) fy)dy = Z(y - 0)P 1 (¥ = 8y
P

Thus f(y)dy is a Gamma type function with the lower end of the range at 0.

This paper will be concerned only with that class of Z-functions
which can be transformed into Gamma type functions the range of whose
variables are constant with respect to the parameters of transformation.

It is obvious from (1. 2. 8) that this is equivalent to keeping © fixed. This
constant value of 8 can be taken as zero without loss of generality. Other
fixed and known values of @ can be achieved by a translation of the Gamma
type distribution into which the z distribution is transformed. The con-
ditions being imposed on the parameters of transformation thus become:

1. a > 0.

2'. bz' - 4ac = 0.

Under these two conditions the transformation (1.2.5) will give a
one-to-one correspondence between x and z over their respective ranges
and consequently a one-to-one correspondence between t and z over their
respective ranges. Further, the extremities of the ranges are correspond-

ing values in both cases. The ranges of values are:

0<x<oo; -A<t<oo; -;ng<oo.
a




-
\\“‘\

Figure 1
""The parabola of transformation'. Values of x and z to be considered
lie along the solid branch. The vertex may be above or below the x-axis

bl

depending on the sign of b. ¢ = rrek




PART 11

Analysis of the Z-function

2.1 Variation in the parameters resulting from a transformation

of the z variates.

Theorem 2.1.1. ¢ and 0 are invariant under a change in scale for
z. b and a are multiplied by the reciprocal of the scaling factor and

the square of its reciprocal respectively.

: 2
Proof: Let H(z,a,b,c) = az + bz + ¢, then from (1. 2. 3)
2
df(z,a, b, c) = df(z/k, k" a, kb, c) and thus z/k obeys the same probability
2
distribution as z with a and b replaced by k a and kb respectively.

However, if ::11 =k2a; bl = kb; and cl = ¢; then 91 =0, Ol being a func-
! s » d .
tion of al bl an <y

Theorem 2.1.2. a and 6 are invariant under a change in origin
for z. b and ¢ are replaced by bZ and <, respectively in which

bz =b + 2ad and c, = adz' + bd + ¢, d being the amount by which z is

displaced.

Proof: If 92 is a function of a, bZ, and CZ.' then 62. =0. Also

if H(z,a,b,c) is defined as in the previous theorem, then H(z +d, a, b, c)=
H(z, a, bZ' CZ)’ and it follows dif(z +d,a,b, d = df(z, a, bz, c,)
obeys the same probability distribution function as z with a and 8 in-

Thus z-d

variant, but b and ¢ replaced by b2 and c_ respectively.

2

2.2 The effect on the cumulative distribution function of varying

the parameters. This section is concerned with the parameters of the

transformation and thus p will be regarded as fixed. Further, the var-
iation in a,b, and c will be subject to the restriction that 6 is to be

kept constant.




Lemma 2.2.1 The probability of z lying within any finite interval
of the lower end of the range is a monotonic increasing function of a, but

is independent of b and c.

Proof: Let z be the lower end of the range for z and let ol be
o
any real number such that € > 0, Then the required probability is
given by

z +a 2
-1 - b
Plz €£2<2z +a) = 1 j ° (azz+bz+c)p e (az” +bz +c) (2az +b)dz

in which z =
o
. 2 .

Putting y = az + bz + c gives

1 1
) a /.Zd_ la /Zd, + 2 V6] p-1 -y
P(zogzgzoi-d):j.l—)_-. Of y e ' dy .

The above is obviously an increasing function of a for any oL > 0.

It is equally obvious, since 0 is constant, that the above function is in-

dependent of b and c.

No such specific conclusion can be isolated relative to the effect of
a variation in b and/or c. The result of varying one or both of these is

dependent upon the simultaneous variation taking place in the other par-

ameters.

In general a change in b and/or ¢ will result in a displacement of
the lower end of the range. The magnitude and direction of this displace-
ment cannot be classified according to the variation in any one parameter,
but is dependent upon the joint variation of two or three parameters. It
is a relatively simple operation to analyze this displacement for a given
set of variations. It is also obvious from Theorem 2.1.1 that a change
in b would be equivalent to a change in scale for the variate, unless ac-

companied by a counteracting change in a.




2.3 Forms assumed by the frequency function, £(z).

Subject to the condition 2' of section 1.2, the transformation
(1. 2.4) becomes
, 2 . = b .
(2.3.1) x = a(z + B)", in which B = >3 and the Z-function as
given by (1. 2. 3) becomes

P _ _ 2
(2.3.2) f(z)dz = ZPL (z + B)Zp 1 e a(z+B) d=z. —B_ﬁ z < oo.
The indecpendent parameters are now a, p, and B, with the

fourth parameter, c, being determined from the relationship

bz - 4ac = 0.

The equation for the frequency curve is now given by

P ) 2
(2.3.3) f(z) = % (z + B)ZP ! e a(z+B) with the range
for z being as in (2.3.2), i.e. -B < 2z < oo.
’ 2
If f'(z) and f"(z) represent de(zi) and d Zf(z.) respectively, then
d{(z)
(2.3.4)  £(2) = =2)[(2p - 1)(z + B)"} - 2a(z + B)] and
" _ 2 2 2
(2.3.5) f'"(z) = £(2)[(2p - 1)(z +B)“ (2p - 2) - 2a(4p - 1) + 4a”(z + B)“).

Table 1 below gives the values of f(z), f'(z), and f''(z) at the

lower end of the range for values of P in various critical sub-intervals

of the range for p, i.e. 0< p < oo.

p>1.5 ['p=1.5 [ 1<p<1.5] p=1 | .5<p<i| p=.5 | o<p<.5
£ (-B) 0 0 0 0 0 .zd"‘ )‘T-“ oo
{'(-B) 0 0 0 2a oo 0 -co
f"ErB) o |sa*pr @ 0 o fyain] o

Table 1
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Relative to the behavior of the frequency curve towards its right
extremity, which is infinite, it is obvious that f(z), f'(z), and {"(z) all

three approach zero as z becomes infinite.

In the investigation of the behavior of the curve within the interval
-B< 2z < oo, let a critical value of z be defined as any value of z for
which f'(z) vanishes and let the corresponding point on the frequency
curve be defined as a critical point of f(z). Thus a critical point of
f(z) may be either a maximum peoint, a minimum point, or a point of

inflection, depending on the sign of f'/(z).

Since f(z) # 0 for z > -B, in order to have a critical point for
f(z) inside the range from (2. 3.4) it is necessary that
-1
(2p - 1){(z + B) - 2a(z + B) vanish. Then, since z + B £ 0, the

roots of 2a(z + B)2 - (2p - 1) =0 will be critical values of z. Thus

_ -(Za)l/ZB;t V2p - 1

will represent either a maximum point, a
(23)1/2

minimum point, or a point of inflection for f(z).

~(2a)l/2B - \[2p - 1

< -B and thus lies outside the range
(Za)l/z

of admissible values for =z, there will be at most one critical point for
_ —(Za)l/ZB + Vzp -1

1 (2a) 172

will be the abscissa of a critical value for f(z).

A

Since

f(z) within the range. That is =z » if real,

If p<l/2, z, is imaginary and if p = 1/2, z, = -B, the lower
end of the range for z. Under neither of these conditions will there be

a critical point for f(z) within the range.

If p>1/2, Z, is within the range -B < z< . From (2.3.5)
f"(zl) = -4af(zl). Thus since f(zl) > 0 and from condition F section

1.2, a>o0, f"(zl) < 0, and f(zl) is a relative maximum value for the

frequency curve.
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The frequency curve takes on three distinct forms depending on

the value of p. These forms are:

1. p<1/2. A J-shaped curve with infinite ordinate at the lower
end of the range and monotonically approaching the horizontal axis as

an asymptote as z becomes infinite.

1/2 _-1/2

II. p=1/2. The curve has a finite ordinate of 2a rr
with slope of zero, at the lower end of the range. Further the curve
monotonically approaches the horizontal axis as an asymptote as =z
becomes infinite. The curve has a point of inflection at a distance of

-1/2

(2a) from the lower end of the range.

1. p>1/2. £(-B) =0 and f(z) —> 0 as z —> oo; also f(z) has
a modal ordinate of

1/2 1 1/
2a (p - %)p— /2 (P - / 2)

P
[P /2 1/2
at a distance of a (p -1/2) units to the right of the lower end of

the range.

A typical curve of each of the five distinct forms which can be as-

sumed is shown in Figure 2.
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2.3
f(z) f(z)
z —
f(z) f(z)
z 2z
z=-B 1/2 < p < 1 z=-B p=1/2
£(z)
z=-B p<1/2
Figure 2.

Typical frequency curves for values of p in critical intervals.
Ordinates are shown at the lower end of the range for z, i.e. z = - B,

in all cases.




PART II11
Estimation by Method of Mom=nts

3.1 Equations™ for the determination of estimates of the parame-

. . th
ters and procedure for their solution. If ‘/s represents the s popula-

tion moment for z about -B, then

., P a0 2
2p-1 -
YV = 4a_ j (z + B)°(z + B)“P e a(z+B) dz, or

s I'F /5

which for s =1, 2, and 3 gives

V -2 /2 f;+ °/2)
s /F‘ '

a-1/.2 /(:'+ 1/2) ; ){a: a'lp; and V— 5372 ﬁ;+3/2)

Vl= [;1 3" 5!

h
If ‘l‘s' and as represent the st moment for z about the origin

and mean respectively, the relationships between the central moments

and the parameters become

(3.1.1) £ - al/2
(3.1.2) p = (/t(z_+ k%) a
(3.1.3) (p + I/Z)fo = (4‘(3 + 34(2k + k3)a3/Z in which

f = “_——p+l/z) and k= (A + B)
o ,;' 1
It will be noticed that k = l/l is the first moment about -B. How-
ever, k will be treated as the independent parameter and B as the de -
pendent one. The independent parameters to be estimated are a, p, and

k. The mome=nt estimates for these parameters will be the solution for

the system of equations (3. 1. 1), (3.1.2), and (3. 1. 3). In the theoretical

* These equations will be referred to as the moment equations, and their
solutions will be referred to as the moment estimates for the parameters.

13
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3.1

work with these equations the population moments will continue to be
used. However, in an applied problem in graduation or estimation from
an observed sample the moments for the sample, Z, m,, and m ., would

be used.

The momeaent equations, due primarily to the presence of the func-
tion f , do not lend themselves to an exact algebraic solution. Approxi-
o
mation to any desired degree of accuracy can be obtained by the pro -

cedure outlined below.

The elimination of k between (3.1.1) and (3. 1. 2) gives

2
(3.1.4) ¢2 = aM,, in which ¢<Z> =p- .

The elimination of fo between (3. 1.1) and (3. 1. 3) with the aid of

(3.1.2) gives, since a £ 0 and can be used as a divisor,
(3.1.5) ko= 2a(Al, + 244 K).
Eliminating k from (3.1.5) gives
1/2
.1.6 t = f ).
(3 ) o Za(ﬂ3a + ZA“Z o)

Finally, the elimination of a gives as the equation for the determi-

nation of p

e

13 =7‘27-£.

The Tables of Appendix I give the value for each fo, fcz). and ¢Z
o

3 2
3.1.7 ¢ - = i i
(3.1.7) 2 0(3 ¢O + 4t ¢ t =0 in which

for values of p at small intervals from 0 through 50. By use of the

p+1/2
P
other intermediate values of p or to values of p beyond the table.

formula fo(p +1) = fo(p) the tables can easily be extended to

Solving (3.1.7) for d3 gives
2
o - foll-483)

e

(3.1.8)




3.1-2

By use of the tables of the Appendix two values of p which yicld
from (3. 1.8) a value of 43 above and below the sample value can easily
be located. A higher degree of accuracy can be obtained either by inter-
polation or actual computation of values of fo and ¢2 for intermediate
values of p. Thus by successive approximation the moment estimate of
p can be obtained to any desired degree of accuracy. The existence and

uniqueness of such an estimate will be discussed in a later section.

Knowing the momzant estimate for p the moment estimates for the
other parameters are casily obtained from the appropriate relationships.
Thesc relationships are all algebraic, in fact they are linear if proper
selection and sequence is followed. The slight modification in technique

made necessary in event of a negative skewness is discussed in Appendix

1I1.

3.2 Study of the functions fo(p) and &i(p) Before investigating

the roots of (3.1.7) it will be necessary to establish some of the proper-
ties of the functions of p which are involved in this equation. The study
of these properties will be organized as a series of lemmas. Where there
is no danger of ambiguity the argument, p, will be omitted.

2

2
Lemma 3.2.1. ¢o =p - fo is a continuous function of p over

‘ 1
(p_+ 1/2) and p > 0, each /-[;+1/2.) and

P
F is continuous and f; has no zero in the jnterval 0 < p< . Thus

the interval 0 < p < co.

Proof' Since f“

2
fo is continuous over the interval and ¢o being the difference of two
continuous functions is itself continuous.
d d
Lemma 3. 2. 2. (¢°) = for all p>0 and Lim —(——Q-)— = 1.

5 p —=>0 dp
Proof: From the definition of ¢o

(3.2.1) APy _ dfg
d o dp

and from ‘he definition of
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3.2

£, log f = log /-(—; +1/2) - log [p, which gives

(3.2.2) %’Q = fol\y(p +1/2) - w(p)] in which
.LV (p + 1/2) = d{log [(;:+ 1/2)]

dp
Replacing '\v(p) and W(p + 1/2) by their series representation (Ref. 7)
gives

S 1 1
dfo_ { ﬁ+(p+l/2)sgl s(p+l/z+s)+c+; S1 5 Ts)

in which C is the Euler constant. Thus

df L 1 '
-2 = f =\ - bstituting this i
(3.2.3) dp o szzo Z(p + ) p F s T 172) Substituting 1.s in

(3.2.1) gives

2 (0 o)
(3.2.4) 5%%-0-)= l-ff’)? 1 <1 for all p> 0.

s=o (Pp+s)(p+s+1/2) —

Thus the first part of the lemma is established.

Now to establish the second part of the lemma.

e !
o s=o (p+s)(p+s +1/2)

Ep+ 1/2 + ﬁ;+1/z)

(p+1/2) f(p + 1) /'5'

uM8

1
1(p+s)(p+S+1ﬁ)}

= 2¥y, and Lim f = Lim [ + 172

b3 1 S 1 <P 1
plir:05=l P+s)p+s+1/2) ° s=1 s(s+l72.)< s=1 2 6

Combining the above limits give

a0

2 z 1
Lim f
p-—>0 ©s=o (p+s)(p+s +1/2)

Consequently from (3. 2. 4)
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3.2
Lim -CLEQ—) = 1 and the lemma is established.
—~o0 dp
P —
Lemma 3. 2. 3. 4):: is a monotonic increasing function of p.
a($2) af
Proof: From (3.2.1) —=9% = 1 - 2f —2 and thus the lemma
dp o dp
df
will be established by showing Zfod—po— < 1 for all p>0. It will be

necessary to divide the proof into two cases according to whether

p< 1 or p> 1.

Case 1. p=< 1. By writing p+ 1/2 =q, (3.2.3) becomes
oo
dfg 2 1
—_— = f
Zfo dp o s=o (p + s)(q + s)

Differentiating the right member with respect to p gives

df
daf2f —2]
(3.2.5) °d -

23 1 15 1
= fo [Z-o (p + s)(q + s] [ s=zo (p + S)(Q"'s)‘ 2 SZO (p.;.s)")'(q+s)2

In order to show that the right member of (3. 2. 5) is positive for

all p < 1 its terms will first be considered individually.

Neglecting the exponent, the first term can be written
o
1

s=o (p + s)(q + s)

Qo
1 1 1 1

pa  p+Da+D ¥ i@y * Z, (P +s)a+s)

Since q+s<p+s +1, it follows that

Q0 Q0
: > Z

s=3 (p+s)(q+s) s=3 p+s)(p+s+1)

Resolving the right member into partial fractions and summing by tele-

scoping gives
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Qo

1 1
52_3 (p+s)(p+s+l) =~ p+3

Combining the above gives for the first term

f 1 1 1 1 1
. (p+s

)(q +s) g pa T (p+ Nq+1) @ (p+2)a+2) ' p+3

For the second term the following inequality is obvious:

2 1

a0
¢ < ¢ lz + : z l z Z 1 3
s=o (p+s)(q+s) Pq (p+1)(q+1) (p+2)(q+2) s=3(p +3)

By the use of Euler's summation formula (Ref. 18)
(o)

1 1 1 1
s < . .

s=3 (p+3)° 2(p+3)% 2p+3)> ap+3)?

Combining these two gives for the second term

QO

1
2 z < 2 lz + 1 2 l 2
s=o (p+s)(q+s) P4 (p+1)(q+1) (p+2)(q+2)
1 N 1 . 1
2 3 4
(p + 3) (p + 3) 2(p + 3)
In like manner it can be shown for the third term
(e @]
1 1 1 1 1 1
z Z z "zl =7z + 2 z * 2 2
s=o [(p + s)(q + s)] P q (p+1)(q+1) (p +2) (q + 2)
. 1 . 1 N 1

3(p+3)°  2(p+3)%  3(p+3)

Combining the above in (3. 2. 5) and collecting into one fraction gives
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3.2
] 1 1 11
o dp > -fZ [896p14 + 20, 544p 3 + 211, 872p ¢ +1,297,776p
o
, 10 9 , 8 . 7
+ 5,241,400p + 14, 585,196p  + 28,041,886p + 34,929, 921p
6 . 5 , 4 3
+19,140,159p - 22, 896,777p - 68,822,245p - 85,558,440p
- 63,487, 6.20p2 - 27,293,760 - 5,248, SOCJ
2 2 e 5 2 2 el
[76810 (p+1) (p+2) (P+3) q (qg+1) (qg+2) ]
It is obvious that the right member above is positive for any valuc
of p such that p< 1. Thus 2f %{p-g— is a monotonic increasing function

of p for p< 1.

2
Evaluating fo(l) from the table of Appendix I and 'LP (1.5) and
'LV (1) from any table of digamma functions and putting these values in
(3.2.2) gives

2f dig - = .9645 < 1.
o dp |p=1

df g

Thus since Zfo is a monotonic increasing function of p for p< 1 and

has a value less than one for p = 1 it follows that

df
—— < <
o dp 1 for all p< 1

and thus from (3.2.1)

2
dQ df
=1 - —90 > <
ap Zf o dp 0 for p< 1.

2 .
Consequently ¢o 1s a monotonic increasing function of p for all p < 1.

df = 1
C Z. > l. F o = - .
ase P rom (3. 2. 3) dp fO z 2(p + s)(q + s)

s=o
Resolving into partial fractions gives

= 1 1]
go[(p +s) (q+s)._|}'

Using the Euler summation formula gives as an asymptotic expansion
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' o B 2r 2r
d 1 1 .

(3.2.6) __d(: = f [].og 1+ — p) +— Z Z?;r (p q )
r=1 (pq)

in which BZ is the (2r)th. Bernoulli number with the nrd=ring being
r

as given in Knopp (Ref. 18). Since the right member of (3.2.6) is an

asymptotic expansion,

1 4
(3.2.7) °< f [log (1 + -z-—) + 41 + p+12 and
P P 48(pq)
as 1 1 ap+l 32p°> +24p° +8p+1
(3.’_8)—2>f[10g(1+2—-)+4 + pz- P 4p f
P P TPS 48(pq) 120p (2p +1)

Since fo > 0 both sides of (3. 2.7) can be multiplied by Zfo without

changing the sense of the inequality. This gives

S df 2 1 1 4p+l
3.2. f —2 < 1 —_
( 9) Zo dp fo[z og (1 + Zp)+ + ]

2

2Pa 24(pq)
By definition f_ = E = rc'l + 1)
fFa q (e +1)

Replacing the Gamma functions of fo by their values as given by

Stirling's formula and simplifying gives

8. - o 0<oe, <1
(3.2.10) £ = p(1 + —l—)?'p el e b !
o 2p 6 pq 0<Gz<l.

Let the right member of (3. 2. 9) be designated by N(p). Then re-
placing {i in N(p) by its value as given by (3.2.10) and taking the limit

gives

(3.2.11) Lim N(p)
p—oo

4p+l
dy(p) = Zfo—(:lfo [2. log (1 + Zl) + 21 + pz 5
P P P Pd  ,40%4°
.Z -y
2] 1 4p+l 12p + 6p +1
“lpe vt Tz 2 3 3
P 4p q 24p q .
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The coefficient of _c-IFo is positive in the above expression and thus

replacing %3%— by the right member of (3. 2. 8) gives

_dg;__pl > fi {[A(p)]Z - B(p) - C(p}} in which

1 1 4p+
Alp) = 2log (1 + 5=) + 53— + "22
P PA 45

3 2

32 + 24 + 8p + 1 :

B(p) :r P p4 3 P [A(p)]
'. 960 p q

2
1 4p+1 12 + 6p +1
C(p) = — + p22+ P 3p3
4p q 24p q
Since p > 1, Z)-<l, and thus
1 1 1 1 1
2log (1 + —) > — - + -
8 2p’ b

2 3 4
4p 12p 32p
by the property of alternating series since the first term omitted is
positive. Similarly,
1 1 1
Zlog(l+——)<—- +

2
¢p P 4p lZp3

since the first term omitted is negative. Thus

1 1 1 1 4p+1 1
Alp) > = - —5 ¢ 3 Y 2pq pzz' 1
P 4p 12p P 24p q 32p
3
B(p) < 32p +24p +8p+1 1 N 1 + 4p+1
P 3 ' 2pgq 2 2
960 p q 12p 24p q

Clearing the above of fractions and collecting like terms of A(p).

B(p), and C(p) gives

10 8 7
LA(p)]Z - B(p) - C(p) > (184320p  + _737280p9 + 731136p + 79872p

5 4 3
_ 285888p° - 210240p~ - 70224p" - 11488p

- 2.8 6 -
- 324p” + 236p + 45) (320 - 96°p q )"
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3.2
2
From the above it is obvious that A(P)]” - B(p) - C(p) > 0 for
p>1 and consequently —d—gég)— > 0 for p> 1. Thus N(p) is a monotonic
increasing function of p for all p> 1. But from (3.2.11) Lim N(p) =1
p—+co

and consequently N(p) < 1 for all p such that p > 1.

From the definition of N(p) and (3. 2. 9) for all p>1

af,

zfo 3 < N(p) <1 for p>1 andthus

2
0 _ - -2 >0 1 > 1.
3p 1 &fo ip for all p>1

2 . L . .
Therefore ¢o is a monotonic increasing function of p for p> 1.

Combining the results of case 1 and case 2 establishes the lemma.

2
Lemma 3.2. 4 ¢i > Z}_)%—l and lp;xﬂr)n ¢° = 0.

Proof: From Lemma 3.2.3 ¢i(p + 1) - ¢i(p) > 0 for all p> 0 and
2 2
f definiti = - f h
rom definition ¢o P o(p) and thus

Sp+1) = 1 -6 1) = - S in which q = -
$(p+1) =p+1-£f(p+ )=pt+l-7 _(p) in which q =p + 3

and thus

2 2 4p + 1 2
- - - — >
¢O(p + 1) ¢o(p) 1 Y oog 0.

4p£ o
Consequently
2 2
2 4p 2 4p
f < ——— > - —_—
o 4p + 1 or ¢o(p) P 4p + 1

which gives
4)2 >_P
o 4p +1
and establishes the first part of the lemma.

To establish the second part, it is obvious from the definition of fo

that its limit as p -0 is zero and thus
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Lxm[¢] =L1m (p-f)

p—~o
2 ' 2 . .
Lemma 3.2.5 ¢o =p - fo is a bounded function of p for all p > 0.

Proof: Lemma 3. 2.4 establishes zero as the lower bound. Con-
2
sequently it is necessary to show only that ¢0 has an upper bound. Fur-
ther, as a result of Ilemma 3.2.3 it is necessary to consider only large

2
values of p, or spccifically the limit of 4)0(p) as p becomes infinite.

From (3.2.10) is obtained

2 1 2P -1 1 2P -1
(3.2.12) fo(p)zp(li-g) e +(1+}_-5) e in which

J % qez)l

i=1 1'(6q)p 1

This series converges for all p > 0 and consequently J is bounded for

all such p.
For > 1
L)
o
1 1 i 1 1
log (1l + —) =1 - — -1 =1 - —
gl + 3p) 2p iz_o( Y w0 zp AP
in which Q(p) is finite for all p > -;— . Then
o(p)
1 2P -1 - 72p : .
(3.2.13) (1 Z_p-) e = e which gives

o(p)
e 2P - Q(P) Z (-0} [Q(")] =
i=1 )

. 1
Since Q(p) is finite for all p > 5 the above series will converge

absolutely over this range. Thus (3.2.13) can be written

1 2P -1 ¢
(3.2.14 1+ —) e =1-=
) () L

. 1 .
in which § is a bounded function of p for all p > 3 Then the substi-
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3.2
tution of (3.2.14) in (3.2.12) gives,

{i(p) =p - £ + J - -%L , and from definition of Cbi,

4)z= f-J+—%f.

o

1 2
Since each & and J‘ remain finite for all values of p > 5, ¢ re-

2 o
1
mains finite for all p > 3 and specifically the limit of &0 is finite as p

2
becomes infinite. Thus ¢o is a bounded function of p.

Lemma 3.2.6. ¢2=p-fi<% for all p>0 andpLin;o¢i=%.

Proof: Let the function £m of p and m be defined as follows:
For any positive integer, m,

¢i(p+m)= p+m-fi(p+m)= % - & .
Thus f is a function of p alone, but for any other value of m, E
will be aofunction of both variables. Let p take on any value in the
interval 0 < p € 1 and for each value of p in this interval let m take
on the values 0, 1, 2, - - - - - . In this way p + m will cover the inter-

val 0<p +m < o.

Then from Lemma 3.2.3,

2 2 >
(3.2.15) ¢o(p +m+ 1) - ¢o(p + m) = Em - £m+1 > 0 for any
2 2 .
p and every m. Also from the definition of fo and ¢o , recalling that
1
= + —,
19=pP+ 3

2 2
4>i(p+m+l)=p+m+l- [(-:1+m+1ﬂ =p+m+l-£q—Lr22—fi(p+m)
[.(-;J+m+l)J (p+m)

The right member above clears up to give

2
2 1 [2(p + m) + 1] 1
(p+m+1)=—- £ -
¢° 4 m 4(p + m)z_ 16 (p + m)z
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3.2
From the definition of £ this gives
m+1
2 +m)+1 1
(3.2.16) £m+l = f [2(p ) + 17° . .
4(p+m) 16 (p + m)
If m is replaced by m + 1 in the above and the resulting £ is

m+1
rcplaced by its value as given by (3. 2. 16), the result is

f - £ [Z(p+m)+I]ZlZ(p+m+.l)+l]2

m+2 m

2
4(p+m) 4(p +m + l)‘Z

[Z(p+m+l)+l]2 1

4(p+m+1)216(p+t‘n~)Z l6(p+m+l)2

Continuing this process gives for n=1, 2, 3, - - - - -

n-1
. 2
(3_z,17)£m+n = £m-ﬂl2(l> +m +i) + 1]

2
4(p + m + i)

n-1 n-2-i

5 1 .I_-I. [2(p+m+1+i+3)+1]°
i=o 16(p+m+i)2 - 4(p+m+1+i+j)?'

in which the last product is defined as 1 when i =n - 1.

Suppose that for some p, say P, and for some m, the cor-

'4
responding £m’ say €' ., the inequality Em< 0 is true. Then, if

E'm=- Jo’ we have J;>0.

If alrn+n is the corresponding function of P, + m +n, then from

(3.2.15) and the above assumption

E"rn+n$ £'rn< 0. 1f —fn= E.rn+n' then Jn>0. From

3.2.17), i = ’
( ), if P, P +m
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2(p,+i)+1 n-1 n-2-, i+j+l 1%
3&18)J fﬁ[ -1 ’ + 1 [2(py+i+itl) + 1]

s 12 7
i=o 4(pl+1) i=o 16(p +i) j=o 4(p +i+j+1)Z

Since J > 0, every factor of both terms of the right member
above is positive. Consider now the coefficient of J and its behavior

with increasing n.

n-1 4(p, +i) +1
[Z(pl +1) + l] '[ | 1 + P) which is of the
N a(p +1)°
i=o 4(pl + 1) i Py

form 1 + u, in which u i%nof the order -1 in (pl + 1) and, consequently,
2

Z u is d1vergent while iz-o u is c%vergent. Thus from a well-known

theorem (Ref. 18) the infinite product TT (1 + u, ) is divergent and as a

conseguence

LimJ:oo
n - n

Thus if any e m is negative for any p or any m, it will lead to
an unbounded sequence of fm's and will result in an unbounded value of
2
¢o for some p. This contradicts Lemma 3.2.5. Therefore, Em >0

for any p and all m and as a consequence
2 1
< — 11 > 0.
¢0 yy for a p>0

To establish the second part of the lemma, irom (3.2.15) and
(3.2.16)

£ [?_(p+m)+1]2 ) 1 < £
m 2 2 m

4p + m) 16 (p + m)

. Which gives

E < ! for any p and every m
m 44 (p + m) + 1] :
Since £m > 0 for any p and every m, then obviously

. Lim € = 0 and it follows from the definition of £
(p+m) 0 T m
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3.2-3
Lim d}z
p—.m o
Lemma 3.2.7. Lim f (4¢ - 1) =

P oo o

Proof: From Lemma 3.2.4, 4 ¢ for all p > 0.

4p + 4p + 1
Since f > 0 it can be used as a multiplier, giving
o

4f p

2
o - f < 4f 4) - f . From Lemma 3.2.6, 4 4)2 < 1, or
4p + 1 o o o o o

2
4f 4) - f < 0. Combining these two inequalities gives
ofo o

£ v
1 o 2
2. - — < - < 0.
(3.2.19) 4 ‘p + 174] 4f0 ‘)o fo

From (3.2.10)
pé. - q®
2p -1,1/2 1 2
f = — _ < <1, 008 <
P 1(1 + ) e ] e 12pq 0 91 1, O 92 1

and thus

f 1/2 po. - g _
-1 -
o _ [fl+ l)Zpe] e 2| -2

P 2p 12pq

It follows from this by the use of (3. 2. 14) that

£
Lim -2 = 0.
p—~wm p

Thus from (3. 2.19), 4f0 ¢i - fo for all values of p lies between zero

and a quantity whose limit is zero as p becomes infinite, and it follows,

2
Li - =0.
g, (4P - 1) =0

3.3 The existence of unique moment estimates of the parameters.

In section 3.1 it was shown that the moment estimates for p will satisfy

2 2
th i 3 - = . .. 3,
e equation 2 d3 4)0 + 4fo ¢° fo 0 From Lemma 3.2.3 ¢°

is a single-valued function of p. Thus showing that the above equation

has a unique root for ¢<Z) will be equivalent to showing that there exists
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a unique moment estimate for p. Further, the equations for the deter -
mination of the other parameters, once p is known, yield a unique value
in each case. Thus the existence of a unique estimate for p assures the
existence of a unique estimate of each of the other parameters. Conse -
quently, the establishment of the following thecorem will be equivalent to

proving the existence of a unique set of moment estimates of the para-

meters.

Theorem 3.3.1. The moment cquation (3.1.7), i.c.

3 2 _ .
2 d‘3¢o + 4f04>o - fo = 0, always has one and only one admissible root

for 4)0 for any finite 3"

Proof: An admissible root for (p is defined as a value of 4)
o o
such that the corresponding value of ¢i will lie within the range of

values as established in the previous Lemmas. That is
P 2 1 ) . 2 .
—_— < < -
Zp 7 1 ¢o 3’ with upper and lower limits for ¢o being

1/4 and 0, respectively.

Writing
3 2 .
F( d3. CPO. fo) = Zd.3 ¢° + 4fo ¢o - fo gives
F( d-3l ¢0, fo) E F(‘ d3n = ¢O’ fo).

Thus a change in the sign for d3 will result in a change in the sign for
the root for ¢°, but will not change the absolute value of the root. Since
p is determined from ¢i, the value of p will be invariant under a
change in the sign of d.3. Thus it will be necessary to consider only

d? > 0. As previously mentioned, a discussion of the modification

necessary to adjust for a negative skewness will te found in Appendix II.

From Lemma 3.2.3, 2 d3 ¢2 is a monotonic increasing function

of p. Further, from Lemma 3. 2.6, if the positive root for ¢o is used
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3
by taking p sufficiently large 2 43 ¢o can be made arbitrarily close
3

t0—4--

From Lemma 3.2.7, 4f0¢2' - can be made arbitrarily small

o
by taking p sufficiently large. Consequently, for any d3 > 0, there

will exist some p > 0, say po, such that

(3.3.1)  Flel, @ (p ) £ (p)1> 0.

F( ot3. q)o, f)

as functions of p will be positive, or negative, or vanish together

3
F(dB' (po’ fo) - Zd3 ¢o + 4¢Z -1
f o

O (o]

Since f_ >0 for all p> 0, F(d ¢ f) and

From the definition of ¢)§

¢,
? T=¢ol%-fo]=¢)EF§-ll—fo

»

From Lemma 3.2. 4,

Li = 0.
Lim (¢} =0
From the definition of f , it is obvious

Lim £f = 0 Also Lim ______‘pd-l)

P—*o o * P ~o /--l ii

Combining the above gives

3
Lim g—Q
o

p—~o
Thus for any finite d-3 > 0, by the selection of sufficiently small value

3
2
of p, qf'_3QLQ + 4&i can be made less than any assigned quantity,
o

and specifically it can be made less than one. Thus there will exist some

P, say pl. such that
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Flad., @ (p,) £ (p,))]
3 (Pfo - o 1 < 0, or, since fo>0 for all p > 0,
o
(3.3.2) Fla,. ¢_(p)) £ (p)] <0.

From Lemma 3.2.1, ¢)é and fo are continuous functions of p for all
p> 0 and, consequently, F( d‘3' 490, fo) is a continous function of p
over the same range. Then in view of (3. 3. 1) and (3. 3. 2) there will be
some value of p, say P such that P, < P < P and

F[d3, Po(pm)’ fo(pm)] =0. Further, each P, and P, is greater than
zero and P being between them is obviously grcater than zero. That

is, P, is an admissible value of p. Thercfore, for any finite value of

Q33 the moment equation,

2
2o @3 + 4f ¢ - f =0, will have at least one admissible
3T7o oT'o o

root for p.

To establish the uniqueness of the root for F( d_z, (Po. fo) =0, %
will be regarded as the independent variable, and fo will be regarded
as an independent parameter, subject only to the condition fo > 0. Under
this interpretation F( d'3. ¢o' fo) becomes a two parameter family of
curves. Since fo and 4)0 are mutually dependent through p, the true
curve for F( QB' ¢°, fo), for any fixed d3‘ will be a single member of
this family of curves. Consequently, this interpretation cannot reduce
the number of zeros for F( 13. ¢o’ fo). As previously noted, it will
be necessary to consider only the case d.3 > 0. Since 4)0 is now being
regarded as the independent variable, F( d.3. ¢o' fo) will be designated
by F( ¢o)' and F'( po) and F'( ¢o) will designate its first and second

partial derivative, respectively, with respect to ¢o' Then

F( 4)0) = zd3¢2 + 4{04;2 - £

F'(¢o) = 60"34><2> + 8, ¢o
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3.3
" = 8f
FY ¢o) 120, ¢P° + 8f_
Since f >0 and d. >0, F(¢ ) will have a relative minimum
4f
at Cp =0 anda rclative maximum at ¢ = -=—>2%2 . Then
o o 3d-3
F(0) = -f <0 and
2
y st ) _ f°(64f - 27d)
3d, 27 d.?'

The graph for F( ¢) will have three possible forms depending on
the value of 64fo - 27 d_s since each fo and d3 is positive.

Case 1. 64fi - 27 d_z < 0. The relative maximum point on the
curve is below the horizontal axis and there is only one zero for F( ¢)
Consequently, F( d3' ¢°, fo) = 0 has only one root and the theorem is
established since this root has been shown to be an admissible one in the

first part of the proof. A typical curve is shown in Figure 3a, page 34.

Case 2. 64£2 - 27 d.i =

0. Under this condition F( @ ) will have
o o

one positive zero and a double negative zero. A typical curve is shown

in Figure 3b, page 34.

Case 3. 64fi - 27 d§ > 0. Under this condition F( ¢o) will have

a single positive zero and two distinct negative zeros. Figure 3c on page

34 shows a typical curve.

It has been established in the first part of the proof of the theorem
that the unique positive zero in each of the above cases is an admissible
value of q) and thus in each case there will be a unique positive, ad-
missible root for the moment equation, F( d CP ) = 0. However, it
will be necessary to investigate the negative zeros for F( ¢ ) to see
whether or not they lead to admissible roots for the moment eguation,

F( d-3: ¢o' fo) = 0. Case | has already been disposed of.
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2 2 _ 8fg
Case 2. 64f° - Z’Z d_3 = 0, or d3 = 3
Under this condition
3
16 9o 2
= —_— 4 - 1 d
F(P) = £, + 40 an

33 °
F'(p)-fd) 48¢°+8

Any double root of F( ) = 0 must also be a root of F'( ) =0. Thus
Y o o

3
the negative root of F( ) =0 is = - X which gives as the root
g o o 2 g

2 3 ) 2 1
¢0 = 7 From Lemma 3.2.6, ¢o < Y for all p > 0 and, conse-

quently, the negative root in this case is not an admissible one. Thus

there is a unique root, or moment estimate, for p in this case.

2 2 3 J 306
- > > 3
Case 3. 64f° 27 d.3 0, or fo S

The two roots of F( ¢o) = 0 will have to lie on opposite sides of
4f
th i i int, i.e. = - —9 !
e abscissa of the maximum point, i.e ¢o 3 Let ¢° and
¢g represent the zeros lying to the left and right, respectively, of the

maximum point for the curve F( ¢o). Then

_ 2
¢' < _4_{9. or ¢'2> 16£5 > 3 > 1 and thus by Lemma
o 3 d, (o] 9 dz. 4
3

3.2.6, @(’) is not an admissible value of (Po'

4f .
The admissibility of ¢'C;, which lies between 0 and -3 2. will
3
be investigated now. Since
g >33 4y L
o 8. 3 d3 2
. 1
and the maximum point for the curve F{( ¢°) is to the left of ¢o =-5.

Since F(--;-) = - T—< 0, the zero for F( ¢ ) must lie tothe left of
1
¢o = _%, That is, if F(¢g) =0, ¢.c'.< -3 and, consequently, ¢'c;?> Yy
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3.3-4

and thus from Lemma 3.2.6, ¢; is not an admissible value of q)o.

Since necither of the negative zeros of F( ¢o) leads to an admissible
value of ¢o' F( d3. ¢oto) = 0 has a unique admissible root and, con-

sequently, thereexists a unique moment estimate for p in this case.

Combining the conclusions of the three cases above establishes the

theorem.

(Figures 3a, b, and c will be found on page 34.)

3.4 Formulas for the variance and covariance of the moment

estimates of the parameters. The basic relationships between the mo- -

meants and the parameters, as given in section 3.1 are:

a'l/zf = \/l; a-lp= V; a-3/2(p+1/2)f0= V

o 2 3°
. . . th ]
in which vs is the s moment for z about the unknown point -B.
. . th
In an applied problem m's , the s sample moment about -B,

would be used and the basic functional relationships from which the

moment estimates of the parameters are obtained are:

(3.4.1) a-l/zf = m'

o 1
(3.4.2) a‘lp = m)
(3.4.3) a-3/2(p+ 1/2){o = m!'

The large sample variance and covariance of sample moments

about a fixed point are: (Ref. 11)

2 .
o-i-n’ - str: Vs : Cov(m's. mi;) - vs+t B \/s vt

in which n is the mmber of observations in the sample. These give:

-1 g2
(3.4.4) g, - 2~ ¢g

ml n
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F( ¢) F( 4)

0, -f 0, -f
| o o

Figure 3a Figure 3b

F( @)

($5. 0) (

S 0)
/ b, -f)

o

(o]

Figure 3c

Typical curves for F{( dj’ ¢o' fo) in which d.3 and fo are

regarded as independent parameters subject only to the conditions

d.>0 and £ > 0.
3 o
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3.4
(3.4.5) a'fn}- = —=
(3.4.6) (]":'n. = e + 1/2)§+2p2+ %
3 a’n
(3.4.7) Cov(m'lm'z) = (fo)(2a3/2 n)'1
(3.4.8) Cov(m!. mjy) = (2p ¢ + ch‘:‘) + fo)(?.azn)-l
(3.4.9) Gov(my, my) = 3 (p + 1/2)(2a>/ %n)”?

From (3.4.1), (3.4.2), and (3.4.3) is obtained the relationsaip

]
1 M3 .
- ' 1 = .
2p my mz
Taking the differential of both sides gives
' ' ' ' ' - ' ' '
Jp _ mlrnz‘crm3 mlmst‘Z mzm?’J‘rn1
T2 T 2
t 1
2p (ml mz)

Squaring both sides and taking expected values in accordance with the
usual procedure and then substituting the relationships from (3.4.4)

through (3.4.9) gives

2 2 2
(3.4.10) 0-2 _ pl4 $5 p(p +21) + p - £2]
P nf
(o]
Similarly from (3.4.1), (3.4.2), and (3.4. 3) are obtained
t
- ml
&a = m. - m| ml
3 1 2
and

J.a méJm'l - m'l Jm'3 + m'lsz:Z |

2
m' - m m'
2( 3 1 2)

Squaring both sides and following the same procedure as above yields as

a result,
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3.4
2 2
2 a 2 - a 2 P
(3.4.11) gi=25 %+ +p] = (0 + )
nf P
o
From (3.4.2), P oo m
a 2
and

aJp-pJ‘a = a‘?'J’m'2 ,

which yields by the same procedure as before,

a 2 2 2 a 2
(3.4.12) Cov(a,p) = —Z-[4p¢ (p+1) +p -] = —¢@._ -
° o P P
nf
As previsouly noted k is the first moment about -B. That is,
k = Vl' However, this does not justify writing O‘i = a“)Z/ = %

/

since k is beingtreated as an independent parameter and its value is
determined from the moment equations rather than computed directly
from the sample data. In fact, k could not be computed until B is
known. Thus the variance for k will be gotten from the moment

equations. From (3.4.1)

and

J k- Zan; - foJa

2a3/2

- . » —— 1
From the definitions of fo. log fo = log ’-(—1') + -2-) - log ’;\ and

orfo = fol‘V(P +1/2) - Y(p)] in which Y (p) = dlog [p

dp

1t fL 3 2lW(p+1/2) - Y(p)], then

f (ﬂ.aJP -Ja)
(3.4.13) d k=t 2;.3_/2

Employing the same procedure as in the previous cases give
2
2 f 2 L2 -1
(3.4.14) 0"k =2 [(pSL - 1) (rp + pn ]
4ap
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3.4
1f B is known, the value of a and p would be completely deter -

mined by (3.4.1) andé3.4. 2) and under this condi!ion it can be shown that

(3.4. 14) becomes a: which agrees with J‘Vl However, if B were
known, k could be computed directly from the sample data, i.e. the

first moment about - B.

Multiplying both sides of (3.4.13) by Ja gives

o - dandade - (da)’] . ¢ _.1/2
2a ’

=a k, or

2 2
(3.4.15) Cov (a, k) = K(a” L O.ZL' pla)

Further
2ap

(.4.16)  Cou(p.i) = <2l l) e

The above formulas give the variances and covariances of the three
independent parameters. The dependent parameters are determined from
a, p» and k by the following relationships: A2 =p, B=k - /u'l, b = 2aB,
4ac = bz, Aa' = a, Ab' =b, and finally A(A + c') =c. By the use of these
equations and employing the sam= procedure as was used in the derivation
of the preceding formulas, the formulas for the variances of the dependent

parameters are found to be as follows:

(3.4.17) g = O-f)(4p)-l

2
(3.4.18) 0‘; = g‘i + -;%’
(3.4.19) 0'§ = 4[azp o‘; + azk.nza“; + pd‘i(Bz - kfl)]p'l
(3. 4. 20) ¢ - pial - =2ng? .+ B(x - 3B) 7]
2

(3.4.21) (]'2,= a3 (G'Z + 22)

a 4p P n
(3.4.22) G’i, = [4p? d': -b di(3b + pk Sl + 4a1))(4p”) "
(3.4.23) 0':, = [4p26i +(p+c)0'; {p+c - 2bk(pSL - 1) - ZbB} ](41>3)'l
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3.5

3.5. Comparison of the variances of the moment estimates of the

independent parametcrs as obtained from the Z-function and as obtained

from the Gamma type function. In many cases the parameters can be

estimated from a given set of obscrvations by use of either the Z-function
or the Gamma type function. When the graduation is carried out, the
Xl for the test of goodness of fit in both cases may be small. How-
ever, almost without exception in numerical problems worked by the
author, the Xl resulting from graduation by the Z-function was the
omaller. This is illustrated by the second example of section 6.1. In
these cases the criterion for the determination of which function to use
would be the relative magnitude of the sampling error of the estimates
as determined by the two methods. Consequently, an investigation into
the relative magnitude of the variances of these two sets of estimates is
in order. The quantities to be compared will be the ratio of the variancé

of the parameter to the square of the estimate of the parameater.

The Gamma type function can be written

x-B
- B, P3! T
=3 e 3 dx, B.< x < oco.

1
8 PA [ o3 ’

th
1f \/s-x represents the s moment for x about B3. then

(3.5.1) vs:x = ai P,(py + )(py +2) - -~~~ (py +s - 1) .

f(x)dx =

By method d moments P,y is determined from the relation
4

3"
d3

1f P, denotes the parameter as determined by the method of

(3.5.2) p3 =

moments from the Z-function, then from (3. 1. 8) the relationship for the

determination of P, is

(3.5. 3) d. = fo(1-4$g)
3 2 &
(o]
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3.5
in which £ and 4) are functions of P, Then the relationship between
o o

P, and P, as determined from any given set of observations is

(3.5.4) p, = 164)2
e 3 0 2 2.2
£ (1 -46¢7)

From Lemmas 3.2.4 and 3.2.6

(3.5.5) %> 4)Z>—-p— or -1<-4¢‘a

o 4p + 1 4p+l

or

1

2
o<1 -4 <

for any p > 0, and specifically for P, The above inequalities give

) 2
(3.5.6) £2(1 -44)“)Z «_fo
o o 2
(4p + 1)
Putting (3.5.5) and (3.5.6) in (3.5.4) gives
3
(3.5.7) P, > = 16p)
fo (4p1 + 1)
From the definition of 4)(2) , it follows that fi < ﬁl— and consequent-

4p1 + 1
ly (3.5.7) becomes

3.5.8 > 4p. .
( ) P, P,

That is, the estimate of p obtained by using the Gamma type function

exceeds four times the estimate obtained by use of the Z-function.

Let
e g N
= _.1. = 1
p3 = and rpl_ >
P3 . p1

Then from (3.4. 10)

2 Py 2 2 2

= — -

opl 5 4¢° p,(p, + 1) +p, - £
nfo
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3.5
2 1 2 1
. itie < S J

The inequalities ¢° yy and fo P - 7 8give

. 2

J‘; < P1(3Pé+ 1)
1 4nt
o

and consequently

8p2 + 1
(3.5.9) rpy < 2P] * _ > .
4nf0 Py

From the variance of P, as given in (Ref. 17) and the definition

of rp3 is obtained

6
] p3(p3 + 1)(p3 + 5)
P3 PN

(3.5.10)

Combining (3.5.9) and (3.5.10) gives, if the ratio [rp3][rpl]-l is

represented by RPS'PI

2 2 2
Z4(p3 + 6p3 + 5)£op1 Z‘l-(p3 + 6)plf°

R >

>
P3:P 8 1 ’
> P, (8p] + 1) Pyt

since p, > 0. From (3.5.8) P,y > 4pl and consequently

Z4(4p1 + 6)plfi lZp1 -1
R, :. > - > 12¢ 1 +
P3:P1 2 o 2
' 8pl + 1 8pl + 1

Thus for > 1 it follows immediately
P 712

2
> 12f¢
Rpy:py ~ 2%

The table of Appendix 1 shows 12 fi > 1 for p > .22. Also {Z .
o

is a monotonic increasing function of p. Thus for any p > .22, Tps3 > Tpy’
and their ratio is an increasing function of P, or p,- Further fg is of

the same order of magnitude as p, and thus RP3=P1 is of the order of

magnitude of 12 P,
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Let a, and a, designate the parameters as estimated from the

Gamma type function and the Z -function respectively. Then a, and a,
are not identically corresponding parameters, but they play similar roles

in the two functions.

For the joint estimation of , a_, and B_ the variance of a_ is
Py 23 3 3

found (Ref. 11) as follows: From (3.5. 1)

VZ:x - \Ii:x
3 Vi:x

Taking the differential of both sides, squaring, and taking the expected

value gives, after replacing \/s-x by its value in terms of as and P, as

given by (3.5.1)

2
0—2. - a3(2p3 + 3)
23 "Ps .

If ra3§ —23  then

_2p3+ 3
-_l_np3

(3.5.11) Tag

— 2 2
1f ra, = a.'al/a1 from (3.4.11)

2
_ 4¢°(p1 + 1) + P1

ra, =
1 nfz
o
2 1
d si < —,
and since ¢o i
2py + 1
(3.5.12) ra, < 2217
nf
o

, -1 .
If Ra3:al'-'_-.-' [ra3][ra1] then (3.5.11) and (3.5.12) give
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3.5
2
R > 2+ _3_. ..__f.Q___
az:a) P 2p, +1
3 1
2 1
From Lemma 3.2.6, {o > p - Y and consequently,

R s1l, ., 3 4pp +1
aza) 4 Py | |2P1 + 1]
This can be written

3(4pl - Zp3 - 1)

(3.5.13) R 35, o, 7 D)

ajz:aj > 1+

It cannot be stated on the basis of the above that Tag is greater
than Ta,- However, (3.5.13) does show that the ratio of these two quan-
titics is greater than a quantity which does not differ appreciably from one
fox_- large values of either P, °r Py Further, for small values of Py
430 is considerably less than .25 and as a consequence the inequality

(3.5.13) is not a very close one, Ra3:a1 being considerably greater than

the right member of the inequality.

Let k1 designate the parameter k as determined from the Z-func-
tion. In order to get a parameter of the Gamma type function which cor-
responds more closely to kl than does B3, consider k3 = /ui - B3. Then
k3 is the first moment about the lower limit of the range, or it is the
lower limit of the range if the variates are measured about their mean.
Since -B is the lower limit of the range for the variate which obeys the
z distribution function, and k = Ai + B, k

1 1
the z variate as k3 does for the x variate, that is, each is the lower

will play the same role for

limit of the range if the variates are measured from their mean.

To find the variance of k3, from (3.5.1), k3 =a The usual

3P3-
procedure yields

0—12<3 = E [‘=1L§(Jp3)Z + ?-a:,’p3J.p3 a, + ég(or’a3)z] X
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3.5
. . 2 . .
From the relationship a,py = MZ is obtained

2 2 2 2 4 2
§a d. LA - 4a2p2(d a,)% - aj1dp,)
3 3 3

4a3 p3
Using this in the above gives
2 4 2
0_& U.KZ + 3.3 U.]Z;)s - 2a3p30§3
. =
3 2a
From reference 11,
2
2 /tl4 -/u.a
U-Mz - n

It M4 and /az are replaced in this by their values in terms of a, and

p, as obtained from (3.5. 1) the result is

4
0‘2 i &a3 p3(p3 + 3)
MZ - n

2

Using the expressions for 0-p3 and 0.§3 which have been obtained ear-

lier in this section gives

2 2
a3p3(3p3 + 17p3 + 15)

Ticy -

3 n
From (3.5.1) k_ =a_p,, andif ry = 6-12' /k‘a , then it follows
377373 k3 k3773

3p§ + l7p3 + 15

(3. 5. 14) rk3 = np
3
. 2 . . . .
Replacing Upl in (3. 4. 14) by its value as given by (3.4.10) gives,
2 2 2 2 2
- - f f
- N TR L NN RS M R

4.'=n.lpl n
1

- a 2 . Y 2
From (3.1.1) ‘kl =a, “f_ and thus if ry, ()‘kl/kl
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2, 2 2 2 2
(P, - D[4 @ p (o + D) +p) -]+ £
(3.5.15) 1y, =

2
4 f
npl o

From definition fU = Z[\.Y(p + E.l-) - ’Iy(p)] and thus from (3. 2. 2)

df
o 2
. 5. = f “
(3.5.16) Z{O dpl o
df
and from Lemma 3. 2. 3, Zfo —épﬂ < 1. Consequently fi,n_ < 1.

df,
From (3.2.3) rry > 0, and since fo >0, (3.5.16) gives.fl > 0.

Since P, > 0, combining the above gives
P
0 < plﬁ< i

fZ

o

d>2

1
-1 < -1< O ¢ —,
1<p,dl rel 5

o 4fo
- 2 1 . 2

since Cpo < e From the table 1 of Appendix I, 4f° > 1 for P, = .44.
Also from (3. 2. 3) —d—;)l > 0, and consequently fi is a monotonic increas -
ing function of p. Thus for any P, > .44, l/4f§ < 1. Consequently for

any P, > .44, we have (pl_n.- l)‘2 < 1. Putting this in (3.5. 15) gives

2
4 ¢5o(pl +1) +p,

rkl <

4nfZ
o
2 |
Again using the inequality ¢° < 3 8ives
2 +1
(3.5. 17) rkl < —p—l—z— -
4nf
o

-1 .
If Riq:ky = [rk3][rkl] (3.5.14) and (3.5.17) gives

2. 15
Rk3:k1 > 4fo[3p3 + 17 + I;;][

: 2
. ] 4(3p, + 17)E_
1 >

Zp1 + Zpl + 1
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From (3.5.8) P, > 4p1. Putting this in the above gives

4(12p + 17) £ ,
° > 241 .

>
Ria:kg 2p, + 1

From table 1 of Appendix I, for p > .44, 24 fi > 1. Actually this
inequality is true for a much smaller value of p but this smaller value
cannot be justified here as the condition p > .44 was imposed in the der-
ivation of the inecquality (3.5.17). Further fi is an increasing function
of p and of the same order. Thus Rk3:kl increases with p and is of

the same order of magnitude as 24 P,




PART 1V

Estimation by Method of Maximum Likelihood

4.1 Equations for the determination of the maximum likelihood

estimates of the parameters and outline of the procedure for their solution.

From (2. 3. 2) the probability density function for z is

P . 2
f(z)dz = E—E— (z + B)Ap 1 e a(z+B) dz, -B<z< .
From definition, B =k - Mi . If w represents the z variate when

1
measured about the mean, i.e. W =2 - /-4.1 , the probability density func-

tion for w becomes,

P 2
(4.1.1) f(w)dw = 22— (w + k)"'P'l e 2w o -k < w < co.

[

The independent parameters are now the same as in the case by
method of moments, a, k, and p. It can be shown that the maximum
likelihood equations derived from f(z)dz and regarding a, p, and B as
the independent parameters lead to the same results as those derived
from (4.1.1) and regarding a, p, and k as the independent parameters.
Thus there is no loss in generality in the change in origin along with the

corresponding change in independent parameters.

If L=2Z log f(w)dw in which the summation is taken over the sample

values of w and n is the number of observations in the sample, then
n
(4.1.2) L =nlog 2 +nploga -nlog p+(2p -1) zlog(wi+k)
i=1
n
- a }: (w, + k)z .
i=1 i
~ dlo
If m, is the second central sample moment and 'Ly(p) = ——g—E

dp
46
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4.1

the equations* for the determination of the estimates of the parameters

by the method of maximum likelihood are:

(4.1.3) P —a(m2+k2)=
o 1
(4.1.4) (2p - 1) R - 2nak =0 Eig T
o .
(4.1.5) nlog a - n W(p) + 2 ;l log (w +k) = 0.

M. L. equations in general, and the ones occurrin: here in par -
ticular, do not lend themselves to an exact algebraic solution. Two
methods of approximating the roots for M. L. equations are given by
Fisher and Koshal (Ref. 13, 19 and 20). These methods are based on
the expansion of either the partial derivatives of L, or of L itself,
about a point, usually the moment estimates of the parameters. Neither
of these methods is applicable to the above system of equations since
3 L/&a is of order a -1 and thus if a < l which it usually is, ) L/Jai
will increase in magnitude with i. Thus the remainder term will be of
increasing magnitude unless the first approximation is extremely close
to the true roots of the system. Since there is no way of measuring the
accuracy of this first approximation, it will be necessary to determinec

the roots of the above M. L. equations by some other method.

The elimination of first a and then p between (4. 1. 3) and (4. 1. 4)

gives,
, 2
R(m2+k )
(4.1.6) p =
2
2[R(m2+k ) - nk]
and

* This system of equations will be referred to as the M. L. (Maximum
Likelihood) equations and any set of parameters which satisfy the M. L.
equations will be referred to as the'M. L.. estimates. ‘
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4.1
R
2
2[R(m, + k") - nk]

(4.1.7) a =
Eliminating a between (4.1.3) and (4.1.5) gives
} n ,
(4.1.8) n log p - n'P(p) +2 _21 log (wi+k) - n log (mz+k ) =0.
i=

For simplicity of notation the following functions of k will be

defined:

2 RK
K = (m, +Lk) P © 2Z(RK - nk)
n 2
P{k) = Tz; (wi+k)n U(k) = log P -W(pk) + log p(li()

The procedure for solving the M. L. equations now becomes: For
any value of k, R can be calculated from the sample observations and
the corresponding value of Py computed from (4.1. 6). Likewise the
value of P(k) corresponding to any k can be calculated from the sample
observations. Thus for any k, U(k) can be evaluated. Two values of
k, say kl and k?_’ c‘an be found such that U(kl) < 0 and U(kz) > 0. By
successive approximations the interval kl,kz can be shortened as much

as desired. Since U(k) is a continuous function of k, there will be

some k, say ko, between kl and kz such that U(ko) = 0.

The moment estimate of k can be used as a starting value. ' If a
calculating machine is available the above process is neither difficult
nor- complicated and U(k) can be evaluated in a short time for any k.
Having found the zero for U(k), the M. L. estimates for p and a are
obtained from (4. 1. 6) and (4. 1. 7) respectively. The M. L. estimates
for the dependent parameters can then be found from the appropriate
relationships as given in the preceding sections.

The analysis and proof of the existence of the r;ots of the M. L.

equations will be discussed in a la_ter section. Before this can be done

it will be necessary to establish some of the properties of the functions;
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4.1-2
R(k) and P(k).

4.2 Study of the functions R(k) = El Tk and
/n

n 2
P(x) = JT (wi + k)
i=1

Before investigating the roots for the M. L.. equations it will be
necnossary to establish some of the properties‘ of the functions which are
cefined above and occur in these equations. The study of these proper-
ties will be organized into a series of lemmas. Where there is no danger

of ambiguity the argument, k, will be omitted.

It is assumed that the set of observations, {wl} , i=1, 2, -+ n
satisfy the following conditions:
a) w, is finite for every i.
b) n is finite but greater than 2.
c) %1 w. = 0, i.e. the sample observations are measured from
' the mean of the sample.
d) w. ;éwj for some i and some j, i.e. m_ > 0.

2
e) wiiwj for i < j, for every i and j.

The following lemmas are valid for any set of observations which

satisfy the above conditions.

Lemma4.2.1. w, +k >0 for all i.
i )

Proof: The statement is obvious from the range of values for w,

i.e. -k< w< oo.

Corollary: k > 0. This is an immediate consequence of the Lemma

and properties c¢) and d) above.

Lemma 4.2.2 If m_ is the rth central sample moment for =z, then

Qo
nm
r=0 kr+ 1

for any k > max |wi|.
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4.2
Proof: By actual division
r
1 f r Vi
-2 () =
k + w. r=o KE +1

If k> max |w,| this series will converge absolutely for every i. Then
i

from definition of R,

n @x :
R=2 Z (-1)F !

izl r=o Kk

Since the summation over r converges absolutely for every i, the order

of summation can be reversed. Thus
oo o0 nm
1 r

R = Z (-n° r+1 Zz w: - =o(-l)r r+l

r =0 k i=1 r k

n

d(1 '
Lemma 4.2.3. R = L ogkg(k)] » in which g(k) = ” (w. + k).
i=l 1

n
Proof: By definition R = 2 \_u-_li—l: . g'(k) = d[gc(l:)] ,
i=l i

'k d[1
then R = (k) (Ref. 2), and it follows as a consequence that R = L (:.lgk g(k)] .

g(k)?
Lemma 4. 2.4 For values of k > max lwil ,
nk 2 M3 mg - My
R =k - mZ + ” + kz + terms of order k

Proof: From Lemma 4.2.2 for k > max |wi| ,

(4.2.1) n o Kk
R a0 m_
Z (-1) —
r=0 k

In order to expand the right member in a power series in k, write




51

4.2
k _ -1 -2 -3
(4. 2.2) - — = l_lk+,\o+)lk +)zk +,l3k ......
r r
2 (-0 —
r=o k
or
— -1 -2 -3 -1 -2
k= (A k+A +Ak +;\Zk +7L3k o Nm_-mk 4m k7).

Since (4.2.2) is an identity in k, the AS can be found by equating
coefficients of like powers of k. This gives: )_ ) = 1; /10 = 0; ﬂl = -mz;
2
= . = - ; = - : d = -
/\z‘z m ;i 23 m, m, /l4 m. 2m2m3 an AS m()-l-Z.mZm4
+m, -m, . Putting these values in (4. 2. 2) and multiplying both sides

3
of (4.2.1) by k gives

nk 2 -1 2 -2 -3
— = k - k - k O(k .
R m, + m, +(m2 m4) + terms O )
Corollary: Lim RK = 1.
k=00 1

k
Proof: From the previous Lemma n-lT = kz -m, + Dl(k). in which

Dl(k) is a function of degree -1 in k and is finite for all k 2 max Iwi|.
Then by division

K
:l+ Z ’

K - m_ + D (k) ke .- m, + D, (k)

2m_ - Dl(k)

2

Dl(k) is finite for all k > max iwii and m, is finite and thus the limit
of the second term of the right member above is zero as k becomes in-

finite. Consequently,

2
Lim 5% = Lim zk t m2 = 1.
k -o0 ™ k<o k- m_+ D (k)
2 1
Lemma 4. 2.5 Limv&=m.
k= -w nk

1

Proof: From the definition of R, it is obvious Lim R = o .
. k—,b-wl
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K = kz' + m,, > 0 for all k. Thus it follows Lim 51-(- = oo

k—’—wl nk

Lemma 4.2.6 R > ‘2 for any k.

L

Proof: (By mathematical induction.) Let L — w. + k, then from

Lemma 4.2.1, u > 0 for every i. Also,

2
u, u, 2u.u, + uz' - 2u.u, + u,Z (u, - u,)
i ij j i

1
u, u, u, u, u, u, -
J 1 1 ) 1 ]

for all i and all j. Then for n = 2,

u u
1 1 1 2
yru e Ly =2e (e D ze=n".
1 2 2 1
For n = 3,
u u u u u u
1 1 1 3
(ul+uz+u3)(-‘:—+u— +:l——) =3+L‘l—l+-l_1-2. +Tl +le +u—2+— >9 ;nz.
1 2 3 2 1 3 1 3 2

Thus for n =2 and n = 3,
n n
S Z Laa?
i=1 Yi=1 %

The equality can hold only if u, = uJ_ for every i and every j. However,

this is a contradiction of condition d) and thus the inequality cannot hold.

Now assume
- - 1 2
(4.2.3) Z u Z —>n".
i=1 i=1

Then




4.2
n+l n+1 ] i n o, % 1 ] %
u _— = u Z — 4+ u — + u, + 1
1
i=1 izl Y i=1  'i=1 i nt i=1 " Ynel =l
n n ] n Ul u,
) Z % 2 u_ N z [ u u + 1
i=1 izl i i=l i n+1
n u +1 u, ui u.
Z [ il + . contains n terms of the type — + =) each of
u u u, u,
i=1 i n+1l J i

which is greater than two. Thus from (4. 2. 3)

n+l n+l 1 2 2
E u.z — >n +2n+1=(n+1)
" | S, u,
i=1 i=1 1

which is the same form as (4.2.3) with n + 1 replacing n. Replacing

u, by w. + k gives
n n
1 2
—_— > .
Z (w, + k) Z e "
i=1 i=1 i

2
From condition c¢) this becomes nkR >n or R > E since from Corollary

of Lemma 4.2.1, k > 0.

k
Corollary. R > n_K_ for any k.
nk

2 2
Proof: Since m, >0, K=k + m, > k and thus E > ® and
consequently
k
R>%>n?— for any k.
n W,
Lemma 4.2.7. 2 _.._L__Z <o0.

i=1 (wi + k)

Proof: From conditions c) and d) there will be at least one i for

which wi < 0 and at least one other i for which wi > 0. Also from con-

dition e) wj Zwi for j>i. Further let the set of observations be ordered

as follows:
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w. <0 for is_nl; w. >0 for i>nl for some nl<n.
| 1

Also let wnl zwi for i_<_n1 and wnl+1 <_wi for i > nl and finally
w 2w, for all i € n.
n i

From condition c)

n-1
wn = - Z \I.Il
i=1
and
n n-1 n-1
z W > - ____E;Z_ - Z _L_Z_
i=] (wi + k) i=1 (Wi + k) i=l (w + k)
or

n

n 2 2 : n
(4.2.4) 2 —H— = “’i““’n“‘)z’(“’i*:)] =3 wwW
i=1 (wi + k) i=1 (wi + k) (wn + k) i=1

in which

2 2
W = (wn + k) - (wi + k)
i

(wn + k)z (wi + k)2

Then since w > w. for any 1 <€ n, \QIi 2 0 for every i. Also since

Wn, Zwi for ignl. (wl,11 + k)Z > (wi + k)Z for i S_nl. Consequently,

(4. 2.5) Wnl < W for i<n, .

In like fashion,

4.2.6 W > W i >
( ) Wnl+1 _\Ni for any i > n

1
Since Wn, < 0 and Wni+l > 0, and from Lemma 4. 2.1 Corollary,
k>0, (wnl + k)2 < (wnl+1 + k)Z and consequently,

(4.2.7) Vo, > Woet

Then from (4. 2. 4)
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n
(4.2.8) Z ——‘—— = Z + 2 A
i=1 (w +k) i=1 i=n1+l

From condition c),

n, n
z Wiz'.z w, =-S,
i=1 i=n_+1

1

in which S is some positive quantity. Then from (4. 2.5)

n
1 —_ —_ —_
.Z' wi\Mi > Wnl Z w. = S\Mnl
i=1
and from (4. 2.6)
n n
Z < Wn 41 Z w.l =SWn 41
.:n 1=nl+1

Combining these two inequalities with (4.2.7) gives

2 WW\ \ .W.
i 1
1-n+l

Since wigo for all igrxl and wi> 0 for 1> n; and Wiz 0 for

all 1, it follows

n)

<
z w W <0 and 2 w
i=1 1-nl+l

Thus the first term of the right member of (4. 2.8) is negative and the
second term is positive. However, the negative term has the larger
absolute value, and it follows as a consequence from (4. 2. 8)

n
Z _"f'.i.___ < 0.
i=1 (w +k)

i
n n
Corollary. z < k z

i=1 i=1 w +k)
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n n
Proof: Z 1 = z W, Z _r )

From Lemma 4.2.1 wi + k>0 for all k and thus

w, + k

o 1
s Lo
i=1 i

for all &, and the Corollary follows immeadiately from the above identity

Lemma 4. 2. 8.

RK is a monotonic increasing function of k

rel
k
Proof: Writing M = — ,» and R' =£ = - Z __
RK d i=1 (w +k)2
vives - i
dM _ {RK - k(R'K + ZRR)}
dk 2.2 )
R°K
Writing
n
1
R = _—
¢ i=1 (wi + k)Z
gives R' = -Rz and
dM _ _ (R(m, - k%) + kRp(m, + k%)
dk 2 2
R” K

From the Corollary of Lemma 4.2.7 kR2 > R and thus

am _ "™,
dk > 2 > 0.
RK

since each R and m, is obviously positive.

dM
Th — >0 11 k,
us Tk for a

and M is a monotonic increasing function
of k.

-;-IT Z/n 2
Lemma 4.2.9. P(k) = AL (w,l + k) < k= for all k.
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Proof: It is a well known inequality (Ref. 14) that for any

n
1
- >
n Z w2 (TT
i=1
From Lemma 4.2.9, w. + k >0 for every i, and thus
n 2 n 2
1 /n
- >
(4.2.9) ~ Z (w, + k)] > Tr (w, + k) .
i=1 i=1l
n
From condition c) El (wi + k) = nk and thus (4. 2.9) becomes
n 1= >
K< >Tl" (wi+k) /n.
i=1

Corollary.

n 2 n
Fr o o0’
i=1 -

<1 for every k.

K

Proof: Since mZ > 0, it follows that K > kz and thus from the
previous Lemma,

2/

R

i=1 ! Kk

& —_—

K - K

< 1.

Lemma 4.2.10. For sufficiently large values of k,

2/ 3

1 1 2 -2 -
—_ - k o(k .
+ 5 (mz m4) +terms Of )

n:kz—m +§-m k-

n
E(wi+k) 2 3

Proof: Define q_ as the sum of the products of the w's taken r at

n
a time. Then, since q, = p s w,o= o
i=l

n
E(wi+k)=kn+qzkn-2+q3k +---- q and

2 _ _ - Z/n
(4.2.10) [{-‘,-(wiw)] /n=k2(1+q2k&+q3k3+--- q k).
i=1 :
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Since qr is finite for every r < n and the expression in the parentheses
above contains a finite number of terms, it is obvious that there will
exist some k, say k', such that for k 2 k', q k 2-}»q3k.3+q4k-’4
oo+ an-n < 1. Thus the right member of (4. 2.10) can be expanded
by the binomial theorem with the expansion being valid and giving an

absolutely convergent series for any k 2 k' (Ref. 24). This expansion

gives

2/n 2 2 -1 2 2 -n 2 -2
(4.2.11) [-Tr (w +k)} / +;q2+; q3k +[; q, + —i—qz}k

N 2 . 2(2 - n) k-3
n 35 2 9,9,

n

2 2-n, 2 (2-n){(2-2n) 3}{,-4
= _ k
+[n % " 2 (a5 + 2a,a,)+ 33 9

-5
+ terms O(k 7).

s = _Z'lw:, the following relationships are obtained from
i=

Newton's formula for symmetric functions (Ref. 2).

1 1 1 2
ql_S = 0; qz—-——s S —(S

1 27293 753%3 94 73 28,) -

2~ "4
By definition Sr =nm . Putting these values in (4.2.11) gives

2/ 2 2 -1 1, 2 -2 -3
n n
k =k - - k - - .
H (wi+ ) m, + 3 m, +2.(m2 m4)k +terms O(k )
Corollary.
Le* 2
L (w. + k) /n
) 1=1 1
Lim K = 1.
k—+00

Prooi: From the previous Lemma

2/n

IR R Z—mZ+DZ(k)
i=1

in which D?_(k) is finite for large k and of degree -1 in k. Then

n 2/n
(w. + k) _
i';rl i Zmz - Dz(k)

K kz+m2
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Since Dz(k) is finite for large k, and m, is finite, the second term of
the right member approaches zero as k becomes infinite. Thus

n Z/

18 k) O

{2y (w; + K

Lim = 1.
k-*00 K

Lemma 4.2.11.

n 2/
” k n
poy (W R

K is a monotonic increasing function of k.

Proof: In the notation introduced earlier, the function in this
Pk
é ) If this function is designated by H, and H' rep-

Lemma becomes

resents its derivative with respect to k, then log H = log P(k) - log K,

and from Lemm=za 4.2. 3,

H 2 2k , _ 2Hk (RK
H-aR-® oW =% [nk -l]'

From Lemma 4.2.1 w. + k >0 for all admissible k. Consequent-
ly P(k) >0 and since K > 0, it follows that H> 0. From Lemma 4. 2. 6
% - 1>0. It follows immediately from these inequalities that H' > 0
for all admissible k, and H' > 0 for all k > W Thus H is a mono-

tonic increasing function of k for all admissible values of k.

Lemma 4.2.12. If

n ) n
R = g ———— , and g= T[] (w, + k),
2 . 2 ] i

i=1 (wi + k) i=1

then
- -4 -5
R = nan ¢ + 2(n - 3)q2_kzn + 2(n -6)q3k2n + V(k)
2~ 2

g

in which V(k) is a polynomial of degree 2n - 6 in k, consisting of a

finite number of terms each with a finite coefficient® .

* Such a polynomial will be referred to as a finite polynomial of a speci
fied degree.
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Proof: In the proof the following notation will be used:
g =
o= ——f h that 1 €< r < n and L= less those
e, w. Tk or any r suc <r< Ar:j = 9y
terms of a_ which contain wj, i.e. for n =4 q3,] = W W W, I1f R2 is
cleared of fractions, in this notation it becomz=ss
n 2
=, °r
(4.2.12) R, = _;z_— .

From the definition of gr

n-1
=-1-3
(4.2.13 = .1 k"7 with qg.; defined as unity.
gl qJ.l qO.l y
j=o

From the relationship 9. =W it is a straightforwarc operation

to obtain the general relationship for any r < n in which q_ =1 and q, = o,
< j j

4.2. 14 = -1 .

( ) a_ JZO (-1 a, ;W

Replacing the subscript 1 by i in (4.2.13)

¢ 2n-3

n-1
2 n-1-j 2n-2 - 2 ‘ 2n-4
& jzo Ui téap, tla),; 429, )

2n-5
+2q  aq,,%9, )k + v, (k)

in which Vl(k) is a finite polynomial of degree 2n - 6 in k. Putting
the relationship (4. 2. 14) in this gives

2 2n=-2 2n-3 2,..2n-4 3,.2n-5
= k - k ' - - k k) .
g, Zwi +Z(qz+3w i)k +.Z(q3 Zwiqz 2w i) +Vl( )

n n r

Since 2 w, = 0 and Z w, = Sr’ summing the above over i gives
i=1 i=l

> 2 2n-2 2n-4

n- n- 2n-5
. = nk 2 + 3S_ )k -
iZ=l g, + ( nq, z) + (qu3 4S3)k + Vz(k)

in which Vz(k)‘ is a finite polynomial of degree‘ 2n - 6 in k. Using the

relationships connecting S and Q from Lemma 4.2.10 the above
r

becomes
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n
2n- 2n-4 2n-5
(4.2.15) X g?; = nk®™ 7% 4 2(n - 3)q,k "% s 2(n - 6)q,k 74 (k)
i=1

in which V(k) is a finite polynomial of degree 2n - 6 in k. In fact V(k)

is the same function as that which was previously designated by Vz(k).

From the definition of g, the common denominator for R is ob-

2 2
viously g . Since q, =0, g can be written,

n
2 2 n n-2 n-3 2
2. = k w = Ik .. .
(4.2.16) g i':’l (= + i) (k° +q,k +q, + + qn)

Putting (4.2.15) in (4. 2. 12) gives

2n-2 2n-4 2n-5
(4.2.17) R, = 2K + 2(n-3)qpk + 2(n - 6)q3k + V(k)
2. , ¥

in which, as previously stated, V(k) is a finite polynomial of degree

2n - 6 in k.

Before stating the next lemma, the below designated functions of k

will be decfined as follows:

n 2
n (wi + k) /n
P(k) i=1
= s L2
K 5 (see Lemma 4 11)

K< +
m,

H(k) =

k
M(k) E—I%E (see Lemma 4. 2. 8)

1 . . . .
G(k) =57 Tog H(K) in which J‘ is an arbitrary non-zero

parameter, independent of k.
—_ -1
T(k) =[M(k)]

G'(k) and T'(k) will represent the derivatives of these func-

tions with res.pect to k.

As a further matter of notation, the argument k will be omitted in
writing the above functions. Exception will be made to this in case a

special value of the argument is to be used, or if such omission gives
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rise to ambiguity.

]
Lemma 4.2.13. Lim G' =0; Lim T' =0; and Lim = = 1
—00 k—o0 =00 ' J'Z

Proof: From the definition of T,

2
k“(-kR' - R) + m{-kR' + R)

nkz

in which R' = = - R2 as cefined in Lemma 4. 2.8. Thus,

(4.2.18) T' = -

From Lemma 4.2.3

r < Sllog g(k)] _ g'
dk g

ancd from (4.2.16)

n n-2 n-3 n-4
=k k K
g +q, tq, + q4k q

Consequently,

-1 -3 -
nkn + (n - Z.)qzkn +(n - 3)q3kn 4 -+ q

(4.2.19) R = n-1
g

Then using R as given in Lemma 4.2. 12 gives

2

2n- -
_4q k2772 D 9q 1k®™ 7 4 x(k)
2 3
)
g

(4.2.20) kR, -R =

in which X(k) is a finite polynomial of degree 2n - 5 in k. Similarly,

2n-1 2n-3 -

2nk“ "7 4 4(n-2)q,k nT (4n-15)q3k2n 4, X, (k)

(4.2.21) kR_+ R =
2

2
g

in which Xl(k) is a finite polynomial of degree 2n - 5 in k.

Putting (4. 2. 20) and (4. 2.21) in (4./2. 18) gives
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- - -5
4q an 3 + 9q kZn 4 2nm an + X (k)
T = 2 3 2 2
- 2
ng
Using the known relationships between qr, Sr. anc mr in the above gives
4m7k2“'3 - 3m3kzn-4 + X, (k)
(4.2.22) T' = - —
2
g

in which X3(k) is a finite polynomial of degree 2n - 5 in k.

It is obvious from (4. 2. 16) that the coefficient of an in gZ cannot
vanish. Thus for any k and any set of observations the denominator of
T' as given by (4.2.22) is of degree 2n in k. Similarly, m, # 0 and
.onsequently the numerator of T' as given by (4.2.22) is of degree
2n - 3 in k for any k and any set of observations. Thus T' is of degree

-3 in k, and since X3(k) is a finite polynomial in k it follows that

Lim T' =0 .
k-0

From the definitions of the functions concerned, G can be written

1
=J‘+ log P(k) - log K

and consequently

G

(4.2.23) G =-% [R - ==11G]

Using R from (4.2.19) gives

n-1 n-2
- k - k
ik (rxrnZ lqz) 3q3 + Y3(k)

K gK

in which Y3(k) is a finite polynomial of degree n - 3 in k. Using the

1 i i - = = d = = i -
relationships ?.qZ S2 nm, an 3q3 S:‘!'1 nm, in the above and put
ting the resulting expression for R - nk(K) in (4. 2.23) gives
-1 -
4m k" - 2m k" S Y (k) 5
(4. 2. 24) G' = - [c,]

gK




64

4.2

in which Yl(k) is a finite polynomial of degree n - 3 in k.

From the Corollary of Lemma 4. 2. 10, %im H =1 and thus
k—c0
Lim log H =0. It follows then from the definition of G that Lim G =

1
ka0 k-0 f
The first factor of the right member of (4. 2. 24) is obviously of
order k-3 since the coefficient of the leading term of neither the numer-
ator nor the denominator can vanish. Thus the quantity approaches zero
as k becomes infinite. By hypothesis J is independent of k and non-
vanishing. Consequently the second factor of the right member of (4. 2. 24)

remains finite for all k. Therefore it follows that

(4.2..&5) Lim G' = 0.
k-0

From (4.2.22) and (4. 2. 24)

: n-1 n-2 n n-2 2
k - k .
' [4m2 2m3 + Yl(k)] [k + qzk + qn] 1G]
T 2 2n-3 2n-4
k 4 k - k
l + mZ] { mZ 3m3 + X3(k)]
or
2n-1 2
k
T -
4m2k2n 1, X 4 (k)

in which each Yz(k) and X4(k) is a finite polynomial of degree 2n - 2 in

k. Since mZ #0 it is obvious from the above that

! 42 1
Lim & = Lim [G]° =—-.
k=0 T k-0 JZ
Lemma 4.2.14. 1f n, is the frequency of W, in the set of obser-
vations {wi} , i=1, 2, 3, --- n, wl being the smallest observation,
then Lim Ry _ L .

Proof: From the definition of RZ.
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1
4+ .. +

R, =——— +
2 (Wli--k)‘2 (w

+ k) (wn + k)Z

n n
2
n_ . TT (w. + k) + . Z g
R 1 1=nl+l i=ny+1l
, .=
7 (w. + k)

1

1 i=n,+1

x
o
3
7
+
z
+
M4
R
J WO |
™~N

n
Z g. consists of a finite number of terms, each having a finite

;= 1
1 n1+

number of factors. Further, (w
taking k sufficiently close to -w
every i > o, + 1. Consequently

n
Lim b g, =0

k= -w .
1 1=n1+l

and thus

1
1:

+ k) is a factor of each term. Thus by

g;

can be made arbitrarily small for
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4.2-3 n
R n AT (w +1)?
. 2 1 1=n1+1 i 1
le _‘2‘ = n Z - n— .
k-—'-w R l
1 [nl - 'l (wi +k)]
i=n. +1
1
. RZ 1
Lemma 4.2.15. Lim -5 = =
k-0 R n

Proof: Writing RZ as given by (4.2.17) of Lemma 4.2.12 and R as
given by (4.2.19) of Lemma 4.2.13 gives,

- - 2n-5
R nkzn ¢ + Z(n-3)qz.kZn 4 + 2(n -6)q3k n +V(k)

- - . 2
RZ [nkn ! + (n - .?.)q‘zkn 3 + (n-3)q3kn 4+- .- q 1]

Since each of the numerator and denominator is a polynomial of degree

1
2n - 2 in k, repeated use of 1'Hopital's rule gives Lim R2 = —.

k—-o0 RZ n

4.3 Roots of the maximum likelihood equations and the existence

of an admissible solution. Admissible values of the independent para-

meters are as follows: 0 € p< oo; 0<a<oo; and -w_ 2 € k € 00, in which
W < w. for every i > 1. Any set of values of a, p, and k which satisfies
the maximum likelihood equations and consists of admissible values for

each of the parameters will be termed an admissible solution.

Theorem 4.3.1. The M. L. equations will have no admissible solu-

tion in which p € % .
Proof: One of the M. L. equations, (4.1.4), is
(4.3.1) (2p - 1)R = 2nak.

From condition 1' of section 1.2, a > 0 and from the Corollary of Lemma
4.2.1, k> 0. Thus the right member of (4.3.1) is positive for all ad-
missible values of the parameters. From the definition of R and the fact
that W, + k20 for all k, it follows that R > 0. Thus if 2p - 1 < 0 the

left member of (4.3. 1) is negative. Consequently no set of admissible
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1
values for a, p, and k in which p < 3 can satisfy (4.3.1). If p = %,
.t would be necessary for either a or k to be zero to satisfy (4.3.1). l

From condition 1, of section 1.2 and Corollary of Lemma 4. 2.1 neither

no admissible values of a and k

1
a nor k can be zero. Thus for p = 5

can satisfy (4.3.1).

1
Thus no admissible solution for (4.3.1) can exist in which p £ 5

and since this equation is a member of the M. L. system of equations

the theorem is established.

Theorem 4.3.2. The range of values for p as determined by the

1
M. L. equations is > < p < .

Proof: The relationship, (4.1.6), for the determination of the

M.L. estimate of p for any k is

RK _ 1
2(RK - nk) — 2[1 - M(k)]

(4.3.2) P

in the notation of Lemma 4.2.8. From the Corollary of Lemma 4. 2. 6,

k
R > n—K— and thus M(k) < 1 for all k. Further from Lemma 4. 2. 5

- -l
Lim [M(k)]" =o, or Lim M(k) =0.
k—=-w k—-w
1 1
1
Using these in limits in (4.3.2) gives p > 5 for all k and Lim p = % .

k—~>-w 1

From the Corollary of Lemma 4.2.4 lI(..im M(k) =1 and thus
-0

1I:im p =oo. From Lemma 4.2.8, M(k) is a monotonic increasing func-
-0
tion of k. Consequently p, as determined from (4. 3.2) will be mono-

1
tonically increasing with k, and z< p <€ oo.

Theorem 4.3.3. The value of a as determined by the M. L. equa-

tions is positive.

Proof: From (4.1.6) the relationship for the determination of a

¥1In this section the frequent occurrence of special values for k and the
later introduction of another variable, & , make it inadvisable to con-
tinue omitting the argument in writing the functions M, H,G, and T.
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for any k is a = 2K|!1 - M(k)]}-l. From the Corollary of Lemma 4.2.6
2
M(k) € 1 for all k and consequently 1 - M(k) > 0. Since K=k + m, >0,

it is obvious that a > 0 for all k.

Theorem 4.3.4. There will exist an admissible solution for the
M. L. equations determined by any set of observations {wﬁ meeting the

conditions a) through e) of section 4.2 and for which the frequency curve

is not monotonic decreasing.

Proof: From Theorems 4.3.2 and 4. 3.3 the values of a and p as
obtained from the M. L. equations through (4.1.6) and (4.1.7) respec-
tively for any admissible value of k are admissible values. Further, the
condition that the frequency curve is not monotonic decreasing is equiv-

1
alent to the condition p > 3 Thus to establish the theorem it is sufficient

to show that some admissible value of k is a zero of the left member of
(4.1.8) in which p is regarded as a dependent parameter to be determined

by (4.1.6). That is, the theorem will be established by showing that some

admissible k is a zero for

(4.3.3) U(k) = log p,_ - \.V(pk) + log H(k),

in which P, is defined by the right member of (4. 1. 6) and H(k) is defined
in Lemma 4.2.13.

1
From Theorem 4.3.2 Lim P.=3 and consequently log Py and

k—>-w 2
\.\)(pk) each remains finite as k approaches -w- Since w. is finite
for every i and n is finite, Tr (wl + k) can be made arbitrarily small

i=1 2
by taking k suffidently close to “W - X 4+ m_ remains finite as k ap-

proaches -wl. Thus it follows,
Lim [log H(k)] = -0, and Lim U(k) = - .
k—>-w k—>-w

1

Consequently there-will be some k, say kl, such that k1> -W, and -

(4.3.4)  U(k))<0O.
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We next show that there exists some admissible k for which:

uU(k) > 0. Let & be any real and positive quantity and define the function,

435 Ee. =g RETm) g g

nk

in the notation of Lemma 4. 2. 13.

1f the £ _axis is taken as the vertical axis, the graph for
E (g, k) =0 will have the following properties:
1) £>1 for every k, from the Corollary of Lemma 4. 2. 6.
2) Lim £ =1, from the Corollary of Lemma 4. 2.4.
k-0

3) £ is a monotonic decreasing function of k, from Lemma 4.2.8.

4) Lim § = oo, from Lemma 4.2.5.
k—+-w
1
5) E (€. k) is a continuous function of each € and k over the

range 1 < £ < oo and W < k € o0, from the definitions of the functions

concerned.

Thus the graph for E(i. k) = 0 will be a continuous curve over the
interval k > W, It will approach from the right as a vertical asymptote

the line k = “Wye and will approach from above as a horizontal asymptote

the line £ = 1.

The graph for g (€., k) =0 is shown by the broken line in figure
4, page 72.

Let J be any arbitrarily assigned positive parameter and define

the function?(f, k) as fQI?WS.
E -1
(4.3.6) '? (€, k) = e'[ € ]- H(k),

with H(k) being defined as in Lemma 4.2.13. The graph for ﬁ( £, k)=0

will be a one parameter family of curves. Solving 'ﬁ (&, k) =0 for €

gives

1
(4.3.7) £ = F T HN - G(k)

in the notation_of Lemma 4.2.13.
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If the £- axis is taken as the vertical axis, the graph for ﬁ (£€.,k)
=0 as drawn from (4. 3.7) will have the following properties for any

d >o.

1
1) € > — for all k, from tae Corollary of Lemma 4.2.9.

2) Lim € = 1 , from the Corollary of Lemma 4. 2. 10.
k-~ -w
1

3) From the Corollary of Lemma 4.2.9, H(k) <1 for all admis-
sible values of k and from Lemma 4.2.11, H(k) is a monotonic increas-
ing function of k. It is obvious then that £ as defined by (4.3.7) is a
monotonic decreasing function of kL for all J > 0.

4) H(k) is a continuous function of k, increasing monotonically
from zero to arbitrarily close to unity as k increases from '\’;'1 without
limit. Thus log H(k) will vary continuously from an unbounded negative
quantity to arbitrarily close to zero as k varies over its range of values.
It is obvious that there will exist, for any finite J. >0, some Kk, say

‘:z, such that: k?_ > -w and log H(kz) = - J. From this it follows

Lim 2 = a0 foranyJ’ > 0.
k—k
2 5)'3 (&€, k) is a continuous function of each f and k over the

1
range =< &€ < co and k, < k< oo, from the definitions of the functions

concerned.

Thus the graph for ‘9 (£, k) =0 will be a continuous curve for
<> k?_ for any J. > 0. It will approach from the right the line k = kZ as a
vertical asymptote and will approach from above as a horizontal asymp-

1
tote the line z = —, as & and k respectively become infinite.

For any J > 0, the vertical asymptote for ﬁ( €., k) =0 is to the
right of the vertical asymptote for F (€, k) = 0 since k2 > W Further,
the curve for F (&, k) =0 will have a finite ordinate at k = kZ for any

d>o.

For any J> 1 the horizontal asymptote for the curve E (€, k) =0
is above the horizontal asymptote for the curve ‘3 (£, k) =0. Further,




71

4.3
the graph for 5 (€. k) =0 will have a finite abscissa for E =1 for

any J> 1.

It follows from the above that for any J> 1, the curve for
j (€, k) =0 will intersect the curve for E (£. k) =0 for some finite
k > k‘Z > W The point of intersection for these two curves is obviously

a function of J’ . For this reason kJ‘ will represent the abscissa of the

point and S. will represent its ordinate.

A typical curve for 9 (€., k) =0 for some J> 1 is shown by the

solid curve of figure 4, page 72.

We now investigate the behavior of g- ana k as J.*l an?

d
specifically the existence of £, and k

7 s it Cf=l.

That is, as J’ —~ 1, the horizontal asymptote for the curve for

Y 0

E(S, k) = 0 and for J =1 they have a common horizontal asymptote,

I

0 approaches the horizontal asymptote for the curve for

£ =1. The question to be answered is: For J =1 will the two curves

have a common point so that {} and kJ' will still exist when J =1?

There will be two possibilities:

1) ‘Iil_r.nl kqr is finite. That is, the points of intersection for the

two curves will always be to the left of some fixed point, and consequently
é.would be greater than some fixed quantity which is greater than

unity for all (;2 1. Under this condition the solution of the problem is

obvious as will be pointed out later.

2) J...im k = and Lim &€, =1. Under this condition the point
'y :
-1 d 1

. of intersection of the two curves moves to the right continuously without

approaching a finite limit point as J - 1.

The following is based on the assumption that the second of the

above possibilities is the one which prevails.

Let 21 be the ordinate for the curve ? (€, k) =0 at any point
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k:-wl k=k2

Fig. 4.

Graph showing the intersection of the curve for E (£, k) =0 and a

typical member of the system of curves for (€. k) =0 for some J> 1.
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on the curve and let £2 be the ordinate for the curve ﬁ( z, k) = 0 for
any point on the curve. Then il and gz will possess the following
properties:

a) As J decreases the vertical asymptote for ﬁ([, k) = 0 will
move to the left. However, so long as J, remains finite, this asymptote

will remain at a finite distance to the right of the line k = W For

(f: 1 the vertical asymptote for j (€, k) =0 is that value of k for

-1
which H(k) = e and for this value of k, il is finite. - Consequently

for any JZ 1 there will exist some k, say k such that, if k = k‘Z

4’
is the vertical asymptote for# (€, k) =0, then

(4.3.8) £A(k4) > ‘é;(k‘;) and k4>k2> -wo -

b) As Jdecreases continuously the horizontal asymptote of

ﬁ (€., k) =0 will move upward continuously and as J -+ 1 the asymptote

will approach the line £2 =1 from below.

c) The definitions of the functions involved give

£
4

(4.3.9) = JlT(k)] + [T(k)][log H(k)].

2
Then from the Corollary of Lemma 4. 2. 4 and the Corollary of Lemma
4.2.10

&

1
4.3.10 im = Q.
( ') ‘1:‘00?; J‘

Thus for sufficiently large k and for any J'> 1, the ordinate for
E(i, k) = 0 is greater than the ordinate for ﬁ(z » k) =0. Further, as

J—- 1 the ordinates of the two curves approach equality. From (4.3.9)

alone it cannot be stated whether the approach to equality is from
el s
T > 1 or _EL < 1. However, this conclusion can be drawn from the
2 2

following: For any J> 1 the asymptote for £Z is below the asymptote

for {

1 and consequently for any J> 1 there will exist some k, say
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1(5, such that El(k) > £2(k) for any k > k Thus it can be concluded

5"
that the ratio of (4. 3. 10) approaches unity from above. That is,

£
e L)

a) £2 as defined here is identical with G(k) as defined in Lemma

4.2.13 and from (4. 2. 23)

a &, e -k ! 2
dk T U1 g + log H(K) ’

in which Kl is positive and independent of J . Thus for any fixed k,
the rate at which £2 approaches its horizontal asymptote increases

monotonically with decreasing J

¢) From Lemma 4.2.13, since T(k) and G(k) as defined there
are identical with & and ZZ respectively,

1

q

€
Lim ﬁ-z = 1
k—~0 il JZ

¥ T4
in which fl and fz represent the derivatives with respect to k. Thus

the relative rate at which £Z and £1 approach their respective horiz-

ontal asymptotes increases with decreasing J and for J: 1 the ratio

of their slopes becomes unity or the '"tails' of these two curves of figure

4 become ''parallel'.
R 1

f) From Lemma 4.2.6 —— > — and thus from definition
nk 1(2
m
R 2 2
= — > — > .
] " (k™ + mz) 1 + kz 1

That is, El for all k is greater than a quantity which is greater than 1.

In view of b), c), d), e), and f) above, it can be stated: For
J= 1 even though the horizontal asymptotes for the curves E (€, k) =0
and ? (€, k) =0 coincide at £ - ZZ = 1. there will exist some k,

1
say k6. such that
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(4.3.11) Ez(kb) < El(kb) and k, >k, > -w .

Since each E([, k) and ‘g (€, k) is a continuous function of k for
k > kZ’ it follows as a consequence of (4.3.8) and (4.3.11) that the graphs
for E( £, k) =0 and ﬁ (€. k) =0 must intersect at some finite point

for any JZ 1.

Algebraically the above means: For any JZ 1 there will exist

a kJ and an 9 such that

RGP Ly ¢ m,]

(4.3.12) & — .
J s
and
n 2/n
T (kg + ) (e - 1)
(4.3.13) = = e £
K2 d
J. + mZ
in which

1
R(kp) = 2 S—ien

=1 Ytk

Davis (Ref. 7) gives the following asymptotic expansion for V(p)

WYip) =logp - 5= + Zl(—;};)p—;’r’-

in which B 1is the rth Bernoulli number. Then
r

1 1 1
p) < logp - 5= - + yy
2,9( 2P 12p%  120p

since the first term omitted is negative and the expansion is asymptotic.

The above is equivalent to,

1 1 ’2 2 14
logp - Yp) > 55+ 3 z—p-] '1—5[25 -

From Theorem 4.3.2., Py > %— for any k. Thus for any k,
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] < [

and as a result

1[1]Zi1]4>1[1'2
3 Zpk 15 Zpk 5 Zka

1 1 [ 1 ]2
Consequently log P -v(p k) > 5—+ ¢ |55 -

P ° %P
Putting this inequality in (4. 3. 3) gives

(4.2.14) U(k) > — [Zpl] + log H(k).

In the expression for p, as defined by (4. 1. 6) replacing T(ka) by its
equivalent as given by (4.3.12) gives
1

(4.3.15) =—— =1 = —
Zpk f;
Then from (4. 2. 13) and the definition of H(k) as given in Lemma 4.2.13,
(4.3.16) log H(kJ.) = - & - 1
ér

Letting k = kJ- and using the values as given by (4.3.15) and (4.3.16) in
(4.3.14) gives

1 1 1%
(4.3.17) U(kd.)>-§[_—-—] -(d-1).

&
If the first possibility referred to earlier in the proof is the pre-
2
vailing condition, -}- [l - —zl.— will have a finite lower limit and J can
J

be taken close enough to unity to make ((f- 1) less than this finite lower

limit. Then for the corresponding value of ka, say k%, it follows that

4.3.1 k!
( 8) u( 3) > 0 and k'3 > kZ > -w-

If the second possibility is the prevailing condition, then from
(4.3.12) and (4.3.13) ko and fJ. will exist for d =1. If kj and

E.!j' represent the values of kJ and ZJ’ rgspectively which correspond
to Cr = 1, then it follows from (4. 3. 17) that
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' 2
1
(4.3.19) U(ky) > z |1 - —1—] >0 and kj > k, > -w

¢" 2 1

3

Since each k'3 and k'3' is greater than -w, each is admissible.

Thus it can be stated that regardless of which of the two possibilities

prevail, there will exist some admissible k, say k such that

3’
(4.3.20) Uk,) >0 and k, >k, > -w, .

P(k), R(k), 'l’/(pk) and log p, are all continuous functions of k; the
latter two because p, is a continuous function of k. Thus U(k) as de-
fined by (4. 3. 3) is 2 continuous function 6f k. From (4.3.4) U(kl) <0
and from (4. 3. 20) U(k3) > 0. Consequently, there must exist some k,
say R, such that k3 >R > kl and U(‘Q) = 0.

Since each kl and k3 is an admissible value of k, and R lying

between them is obviously an admissible value of k and the theorem is

established.

»

4.4. Existence of a sufficient set of estimates. From (4.1.1) f(w)

can be written

(4.4.1) f(w) = el 198 [p+10g 2+ p log a +(2p-1) log(w+k) - a(w+k)?] _

If the following notation is adopted; A, =2p -1, A, = a,

1 2
X, =log(w +k); X, =(w+ k)%, and B, =log2 +ploga - 1°gP‘ then
(4.4.1) can be written,

B, +AX +AX
(4.4.2) f(w) = e 1 11 22

If (w 4+ k) is regarded as the variate, i.e. let w + k =x, then
f(w,a,k,p) becomes f(x,a,p) which is a continuous and non-zero function
over the admissible range for the parameters. Further the partial deriva-

tive of the function will exist for p2> 1.

Thus, if k is regarded as known, according to the familiar theore
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due to Koopman (Ref. 17) there will exist a set of jointly sufficient

estimators for a and p for p> 1. However, there does not exist a

set of jointly sufficient estimators for a, p, and k.

4.5. Analysis of the roots of the M. L.. equations relative to their

maximizing the likelihood function™ Since the roots of the M. L. equations

are zeros for the partial derivatives of the logarithm of the likelihood
function with respect to the parameters, they may represent either a
maximum point, a point of inflection, or even a minimum point for this
function. The purpose of this section is the establishment of the type of

point which the M. L.. estimates represent for the likelihood function.

Theorem 4.5.1. 1If (3.’13,?) is a solution for the M. L. equations

as given in section 4.1, then:

a) (2,9.1R) satisfy all the necessary conditions for maximizing the

likelihood function, L(wi.a,p, k), as given by (4.1.2) and
b) (4,PB.R) cannot minimize the function L(wi, a, p, k) .

Proof: In the proof the following notation will be employed:

2
Lanan = ') L
AR Zaak

AN .
evaluated at (Q, p, k), with corresponding notation for the second partial

derivatives with respect to the other parameters.

n n
2
A S A S Iny - 4°M0g [p]
R=S1wv+%®' R~ & T gz WP=—=
| i (w, +k) dp
evaluated at p =p. |H| will represent the Hessian for L(wi,a. p. k) with

each partial derivative being evaluated at (’a‘,?),/l'c\). The usual notation

relative to minors of various order of |H| will be employed. 1In all

- .
The function L(w_,a,p,k) is the logarithm of the joint frequency func-
tion of the sample. It will be referred to as the likelihood function.
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cases the elements of |H| and its minors are evaluated at (8, P, R).

Since (2,9, R) satisfy the M. L. equations: (4.1.3), (4.1.4), and
(4.1.5); the following relationships will be satisfied:

(4.5.1) $'=(mz+-ﬂz)a
(4.5.2) (29 - DR = 2na%
n
(4.5.3) nlog’a\— n#’(’ﬁ)-&- 2 12-—1 Iog(wi+,1\<)

The Hessian for L(wi. a, p, k), with the parameters being taken in

the order a, p, k becomes,
) -$ 1 -2a%k
HI = 2 - 'R
HI = > 1 wi(P) zﬁl )
a
-2afk zﬁl (2B - DR, | + 24]
. . N Al o \
in which an = R and nRZ:l = RZ.

Expanding the above determinant by method of minors and using the

relation (4.5. 2) gives

H == (2P - 1){l(tﬁz:l +’ﬁl) - zlﬁl - l{/('ﬁ) [ﬁ%(ﬁz-l’ﬁ +’§1)

~ 2 n3
—(Zp—l)R] +Z .« —
/32

By writing l.P(p) :% +A () and using the relationships (4.5.1),

(4.5.2), and (4. 5.3) the above clears up to

3 R, K(m
(4.5. 4) |H| =:17{[-2$4(‘$)l[ 2 :

a Rl(m2+

.—:

1
A

Pal 2
%) 4R (m, - &5 R
+
P

{(\2)2

Differentiating (4.5.1) and (4.5. 3) gives,
Z[ﬁ (?Z + m)) -Q]
wiR) - - 2

2.
em, b

'U)l
g
lge]
L
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From (4.1.6) it follows

2
R ( 4-‘9‘2)2
ilz_ k:ﬁ = 1 z
dk p=p Z’ﬁzl_’f{ ’l}(m + R )+/ﬁ (m -/l\(z)]
2:1 2 1" 2

From the Corollary of Lemma 4.2.7, kRZ > R for any k and

. s Y o o
= = . >

from definition nRZ RZ:l and nR R1 Thus RZ.lk Rl and as a

consequence the denominator above cannot vanish. Substituting this

expression for its equivalent in \.V “3) gives

n 1 /ﬁ‘:-[/‘zz ][R (Q-’-+m)- k]
(4.5.5) W( =,§ Az[ﬁ R(m. +2 5+ R.(m. - & )]
2:1 1172

From the definition of 4 ( ) the second term of the right member

f (4.5.5) becomes £\ (P). Putting this value in (4.5.4) gives

AN A 2 A2
2 R AR (m. +K°) -2] R
¢ 1tttV 2 1
3 Hl = - ) + g
n m. +% <
2
or
AN
2 k
A q . L @B -1 a2 2R,
3 !t =T A 1 A2
n P m._+Kk

From (4.5.1) and (4.5.2)

VS

26-1/11_ 2%
= - ¢k
P 1 m2+‘i:Z

and as a consequence, since a # 0,

(4.5.6) |H|
It !Hlll represents the minor of L?Q’ then from definition,
'
2R, -1(2F - DR, , + 2%]
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Expanding the determinant and using (4.5.2) to eliminate a gives
/\ al
. (LY dNes - R, k+R)1 o,
‘Hll = n 73 - 4R1
{
Writing [y (B) as given by (4.5.5) and putting
R, =R, R+R j
3 = Nay + 1 glves n
2 k -k
_ (2P - 1)R, R lR (m, + %) -5 A2
&lH = + 3 - 4Rl .
P ?:[R(m+k)-zf<"ﬁ]
3" 2 1
Clearing this of fractions and using the relations (4.5.1) and (4.5.2)
gives '
A N 2,2
2[R, X+R - 2Rq)
1 iH 1 _ 2:1 1 - 1
— =
11
n RR, R(m, R )+ﬁl(mz %)

As previously explained from Lemma 4.2.7, the denominator above

is positive for all k. Obviously the numerator is positive for all k.

Therefore,

4.5.7 | > 0.
If |H | represents the minor of Lana, then from definition,
22 A PP
aZ 2k
| 2
iHZZ‘ =" A A
2R (2P - 1R, , +2%

2:1
Expanding and using the relations (4.5.1) and (4.5. 2) gives

1

2 n A~ N2 A A2
—_ = k -k .
2 1H,, | "E_I[Rz:l (m, + k) +R,(m, )]
AN\ Pa)

From Lemma 4.2.7, Rz-lk > Rl and, consequently,
4.5.8 > 0.
( ) IH,, |

1f |H33‘ represents the minor of L4, then from definition

kk
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2 -9 1 L2 ,
'H.l-—-——,— =—l’l§ (’I})‘l]

In '4/’\ p) as given by (4.5.5), from the Corollary of Lemma
4.2.6, Rl(k‘Z + mz) > k for any k. Also the denominator of the second
term of the right member of (4.5.5) has been shown to be positive. Thus
it follows that ’]} 1”(’;}) -1>0, since P> 0. It can be shown, inde-
pendently of the relationship (4.5.5), from any of the several expansions

/ / .
for LP (p), (Ref. 7), that for any p>0, p ‘P(p) -1>1. Thus it

follows,

(4.5.9) 'H > 0.

33!

The following principal minors of order 1 are gotten from definition

) ! - = = - 'A— R 2 <0
(4.5.10) H szl Lo n[(2p 1)R2:1+Za] .
) ~ 1
since from Theorem 4.3.2 p > 3
‘ .
(4.5.11) H| - Hyl = Loy = -n W(P)< 0 forall $>0 from

the definition of '\y'(p), (Ref. 7).
4.5.1 . I = = -
( 2) IH,, - Hy3i = Lag

Thus from the relationships (4.5. 6) through (4.5. 12) it is evident
that the Hessian of the likelihood function vanishes and that every principal
minor of it has the sign (-l)r, in which r is the order of the minor, at
the point (’z;.?),,\k). It follows from the theorems relative to maxima and
minima of functions of several variables (Ref. 4) that (‘a‘.?. /l}) meets all
the necessary conditions of a maximum point of the likelihood function.

It further follows that (2,’1;,,1:) cannot be 2 minimum point for the likeli-

hood function. The theorem is thus established.‘

4.6. Formulas for the v:;u'iance and covariance of M. L. estimates

of the parameters. The conventional formulas for the variance of
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maximum likelihood estimates as well as the efficiency of such estimates
require either that the range of the variates be independent of the para-
meters, or that the distribution function and its derivatives with respect
to the parameters vanish at the extremity of any range which is depencdcent

on the parameters. (Ref. 17).

The range for w, whose probability density function is given by
(4.1.1), is obviously a function of the parameters. Consequently some
investigation into the behavior of the distribution function and its deriva-

tives at the lower end of the range will be necessary.

In this section for simplicity the parameters a, p, and k will
be designated by 91. Oa. and 63 respectively. Further, unless there

is a possibility of ambiguity, the arguments in f(w, 6 , 0 _, 03) will be

1’ 2
omitted and the quantity written f.

The reason for the conditions of the first paragraph is the necessity

of the two relationships:

b b P,
a) daei [_aff dw] = f—gei.dw

a i

and

b ' b 2
b) j[)(log f)] 2 (log f) ¢ dw - f 2t
a &Bi P Oj a Zoia Gj )
The usual formulas for the variance of the M. L. estimates and the
efticiency of these estimates will be valid if a) and b) are true even
though the range is dependent on the parameters. Thus it becomes neces-
sary to establish the conditions under which a) and b) are true.
In the notation of this section, f(w,a,p,k)dw becomes
6 2
20 * 20,-1 -8 (w+8,)
(4.6.1) f(w,0,,6,,8,)dw = —=— (W +86,) 2 e

f is a continuous function of w, ©

dw .

62, and 6_ over the range

1’ 3
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w. . >-0_:; 6_> -1- and ©6_ >0 . Also af is nti

1 = 3 2= 3 1 E continuous

over the same range for i =1, 2. If i =3, then 9z > 1 is necessary
for continuity at w = -93.

It is obvious that for 02 > 1/2 both f and its derivatives, except
for derivatives with respect to 63, will vanish at w = - 93 . The first
derivative with respect to 03 will vanish at w = - 93, for OZ > 1.

i

2. T T dt
Lemma 4.6.1. —D_l‘f f. dw] = o dw, i =1,2,3 for
® -8 : -0 ei
3 3
any Ol >0, OZ_>_ 1 and any 63 for:

a) all Oi in which 63 is independent of 91 and 92, or

b) Bl and 9Z are functionally dependent on 03 through either the

M. L. equations or the moment equations if n £ 2n n_. being the

1’ 1
frequency of occurrence of W in the set of observations '{wi& .

Proof: Since both f and its derivatives with respect to the para-

meters are continuous over the range of the parameters,
O. T T It de
4. - » » = - ? 0 '_1' »
wea S5 je' f(w, ©.) dw] f?_ei aw + (-0, 0,) ¢
3 3

in whicl 8 )=f(w, 6,06, 8.). Si e, = 8 >0,
in which f(w 1)— (w | 6 3) Since f( 93 Gi) 0 for I 0

2
9& > 1/2, and all 03, the second term of the right member above will
¢ ]
vanish if <23 is finite.
de.
! de
For i =3, 30 1 and the lemma is obviously true.

1f Bl and 92 are functionally independent of 03 » it is equally

obvious that the lemma is true.

Suppose now that 6., and 92 are functionally dependent on 63

1

through the M. L. equations. Then, since 91 = a and 03 =k, it follows

from (4. 1. 7) that
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2
de R
(4.6.3) 71’63 = 5 5
o o
1 2 1(nR 4-1'193112 &03R )

To investigate the denominator for zeros, refer to section 4.5. The
Hessian as delined there, when written in terms of ©  and expanded be-
i
comes, for any set of {6& , 1=1,2,3.

| n3 o2 ' 2 2 ‘
[H| = o2 18R, - 2R)) + R 11 -6, Y (e )N+R 8,155 - Y@,
2
1

v/

(zeg -1
3

From Reference 7

1
\P‘(ez) < 31- + 1 > + 3 - Further for
2 ) 606
2 2 2
2 1 1 1
20, -1>0, —_—— 2 =+ — —_— . Consequently,
2 292 -1 92 202 403
2 2
-2 . w‘(e ) > ! > 0 and since ®_ >0, it follows
20 -1 2 3 3
2 126
2
2 2 ’
—_— . > .
3R, [ze — - ¥ (ez;] 0

2

/
From section 4.5, 1 - 9Z ]‘/ (92) < 0 for any 92. Thus it is

obvious that, if for any ©,, 0. (R, - za’i) +R. =0, itwill follow that

3’ 2:1 1
|H| > 0. But from (4.5.6), |H| =0 for any set Oi‘& i=1,2,3, which
satisfy the M.L. equations. Therefore it follows that for any 61 and OZ

which are functionally dependent on 93 through the M. L. equations

2
2] - .
3(R2:1 ZRI) + Rl £ 0
From the definition of RZ-I and Rl
e_(R - ZRZ) + R, = 1 '(nR +n8_R_ - 260 RZ) ;é 0. Thus
3V 2:1 1 1 nZ 3 2 3
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2
nR + r193RZ - 263R can have no zeros among the set (913 » 1i=1,2,3

which are functionally related through the M. L. equations. It follows then

that the right member of (4. 6.3) cannot become infinite through the

vanishing of the denominator.

h]

e
To investigate the behavior of %3- as R becomes infinite
1

(4.6.3) will be written

d83 _ 1

de. z(
1

+ no_ Rz . 20.)

n
1 zeﬁ 3 "3

Since _Lim R = 00, it follows from (4.1.7) that

93w,
I.im 0. = 1
0, —~-w ) 2
3 1 Z(mZ + wl)
From Lemma 4.2. 14,
. n R, n
Lim [—+n6 —-= -ZO]:-W(—-Z).
93 -w1 R 3 RZ 3 1 1'1l
Combining these two limits gives
2(m +w2)1
. de 4 2 1
GLLn-]w deé = n
3 1 1l -w (= - 2)
1 nl

Thus for n # an.%} will remain finite as R becomes infinite.

1
From Lemma 4.2.15, since eLme R =0, it is obvious that
de 3
IL.im —3 = 0.
8_—~oco0 do
3 1
Thus for any 61. OZ, and 03 which are functionally related through
the M. L.. equations, %e—l is finite and consequently the second term of

the right member of (4. 6.12) will vanish for i=1.

1 3
M. L. equations, then from (4.1.3)

If i=2 and O, 62. and ©6_ are functionally related through the
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0. = 06 ( + BZ) d

2= 1127 Y3 an

dés3 1

a6 2, de,

2 (m + © )de + 29103
3
. de oy s .
From the argument relative to —53 it is obvious that, if
1

) (RZ ) ZR )+ Rl < 0, then |H| > 0, which is a contradiction of

(4.5.6) for any set of {Ols i =1,2,3, which are functionally related
through the M. L. equations. Thus it follows, since it has already been

2
shown that 03(R - ZRI) + Rl # 0, that

2:1

8_(R

2 1 2
- = — - >
3R, ZR1)+R Z(nR+n9 R 20_R) 0.

1 3 2 3
de Ny
Consequently, —1 as given by (4.6.3) cannot be negative. Thus, since

d93

de
each 91 and 03 is positive, the denominator of TO} as given above
2

will have no zero. herefore, for all 91. 92. and 93 , which are

de
functionally related through the M. L. equations #— will remain finite

and the second term d the right member of (4.6.2) will vanish in this
case. Thus the lemma is established for all 91, 92, and 93 which are
functionally related through the M. L. equations.

Now suppose the parameters are related functionally through the
moment equations. Replacing population moments by sample moments in
(3.1.5) gives,
doj

dOl 1 -4m26l

Z(m3 + Zm263)

(4.6.4)

From (3.1.4)
2
¢o =0m,
and from Lemma 3.2.6
¢. < 7
4

Thus, if 6, 0,, and 0, are functionally related through the moment
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equations the denominator of the right member of (4.6.4) will have no
zero.

From Theorem 3.3.1 the moment estimates are finite for any set

of observations. Thus for any mz and m3 which are finite, the nume-

rator of the right member of (4. 6. 4) is finite.

It follows from the above that for all Ol. 92, and 93 which are
functionally related through the moment equations, the right member of

(4.6.4) remains finite and, consequently, in the case i =1 the second

terms of the right member of (4. 6. 2) will vanish.

For the case i =2, again replacing population moments by sample

moments in (3. 1. 2) gives,

(4.6.5) 292 - (m, +65)28)

e
0 20

) + .
3 2 3(183 13

From (3.1.5), with population moments replaced by sample moments,

since each 61' and 93 is positive,

= 8 0
m3+ Zm293 261 .

Since 1 - 4m_6_  has already been shown to be positive, it follows that

2 1
doe
86_3 as given by (4. 6. 4) is positive. Consequently, each term of the right

1 e
member of (4.6.5) is positive and :—el > 0 for all 91, 92, and 93

which are functionally related through the moment equations. Thus
de
53— is finite over the same set of the parameters, and in this case the

2
second term or the right member of (4. 6.2) will vanish.

From the preceding it can be concluded that for i =1,2,3;

f('°3-91-92-93):—:-§- =0 forall 6,0, and 6, which are: 1) inde-
pendent, 2) functic:lmally dependent through the M. L. equations, or

3) functionally dependent through the moment equations. It follows then
that under any of these conditions the second term of the right member

of (4. 6.2) will vanish and thus the lemma is established.
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Lemma 4.6.2. If { =i(w, 6 0 , 0 ) then
oo
j )(log f)] J(IOg f) f (log f)
aeL J ae fd fdw
93 i J
for i,j=1,2,3; and for 01> o, 92_ » and any 93 if

a) 93 is independent of 92 and 91 or

b) 91, 92, and 93 are functionally related through either the

M. L. equations or the moment equations unless the frequency of the

smallest observation of the set {wi} is half the total number of

observations, i.e. n # 2n._.
1 w®

Proof: From Lemma 4.6.1 and from the fact that { f. dw =1,

3
p oi :
3—8_: f f . dw] = T dw = 0 for i=1,2,3, or
i -0
3
a0
(4.6.6) f[ (log f)] fdw = 0.
8
3
>
1t 62_ 1 and Ol> o,
D(log f) dt

f = is a continuous function of all the péra-
36i aoi

meters over their respective specified ranges and thus can be differ-
entiated with respect to Gj, j=1,2,3. Thus, differentiating (4.6.6)

with respect to 0., gives as a result,

(4.6.7) f[%é%i—’,] fdw = - f )(1og f)][ o (log f)]
%

-63 i
des
o6 | w=-% | @,
J 1 ’
For ©6_2> 1, f = 0, for i=1,2,3. Also it can be
2 0. | w=-6
i 3 des

shown as in Lemma 4. 6.1 by the substitution of j for i that
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is finite for j = 1,2,3 under the conditions set forth in the lemma. Thus
under these conditions the second term of the right member of (4.6.7)

will vanish for i, j =1,2,3. 1Itis sufficient that 92 > 1/2 except for

the case i =j =3 but for that case GZ > 1 is necessary to ensure the

vanishing of the second term.

With the vanishing of the second term of the right member of

(4.6.7) it becomes
e )

ao 2z
f )(log £) d(log £) fdw = - r)(log f)] £ dw

Yo J°; 08;
3
and the lemmma is established.

In view of Lemmas 4.6.1 and 4. 6. 2 the usual formulas and theory
concerning the variance of maximum likelihood estimators, and their
minimum variance properties (Ref. 12, 6, 17) are valid even though the

range is a function of one of the params=ters.

The Hessian used here is mt to be confused with that used in
section 4. 5. Here the elements are expected values of the second
partial derivatives. In the previous section the elements are the second
partial derivatives evaluated at the point represented by the M. L.. esti-

mator for the parameters.

Returning now to designating the parameters by a, p, and Kk,

(4.1.1) gives,
2
log f = log 2 + ploga - log ,?4- (2p - 1)log(w +k) - a(w + k) .

Taking the expected values® of the proper second partial derivatives and
¢ - [(p+1/2)

° 7

defining » as in Part 111, gives

i

* - . _ _ dlog £ | .

To ensure the existence of the integral in evaluating E ——W— it
is necessary that p > 1.
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P 2ty 1
Z 1/ T a
a a 2 a
. 1
A | a2t (4p - 3)a 2a /2 fo
- a13z p -1 p - 1/2
1 - 2al/2g, !(p)
a P - 1/2 W P
Nn A 2\ .
If &, p, and k represent the M. L. estimates of the param=ters,
then A
Ay 11 2y = AZZ . Ay A33
Var.(a) = " A ; Var. ( ) = oA Var.(p) = A
V) a4 A
1
Cov.(8.R) =—22 .  cCov.(8) = —2 ., cov.tp.D= 23
n A nA n A
The variances and covariances of the dependent parameters b, B,
c, A, a', b', and c¢' will be gotten from the formulas of section 3.4, as

these dependent parameters are related to the independent parames=ters
through the same functional relationships as in the previous section. How-
ever, whenever Var.(a), Var.(p) or Var. (k) appears in one of these
formulas, it is to be replaced by the appropriate function of a, p, anc/or

k as given by (3.4.10), (3.4.11) or (3. 4. 14).




PART V

Test Criterion for the Z-function

5.1 Criterion for testing the hypothesis that a given random sample

comes from a population whose probability density function is f(z)dz. From

section 3.1 the maments for z about -B are given by the relationship

For s =2 and s =4, (5.1.1) becomes

(5.1.2) a \/Z

anc

(5.1.3) aZ ]/4 = p(p + 1).

From the two relationships, (5.1.2) and (5.1.3), it is obvious that
for any p and any a a necessary momeant criterion for a population which

is distributed according to the Z-function is

(5.1.4) p V,-(+1) Vz

This identical moment criterion can be obtained by the following
procedure. If /(,( represents the stP moment about the origin for
the Gamma type dxstr1but10n, the relationship M = s V is easily
derived. Making this transformation on the famxhar Gamma type moment

criterion (Ref. 5) leads identically to (5. 1. 4) above.

The elimination of p from {5.1.4) by use of the relationship

= 2 _____
X

obtained from )/1. 7/2. and 1/3 as given in the early part of section

3.1 and then converting to central moments gives

92
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zﬂ3k+k(/‘(4 - sﬂi) - zI(Z@
A

, 3
From {3.1.5) k =2a(A, + Z/(Zk). Thus if /6(3 + za?_k =0, it

would follow that k =0, since a £ 0. This in turn requires that /“3 =0.

/
= 0, in which k =/(l + B.
+ ?.A(Zk

Therefore for 4/(3 #0, the denom:inator of the preceding expression can-
not vanish, and the relationship which the central moments for z and k

m:st obey becomes,
2
5 2 - - = 0.
(5.1.5) zA(3k+.(,£(4 54) z/tl3,a2 0

This is not a satisfactory test as it involves k, which is the first moment

{or z about the unknown point -B and thus could not be calculated from the

sampie data.

From the moment equations of section 3.1 is obtained the relation-
1
/2
2

(5.1.6) zd3fi+foq>o(d_4-5)-zd.34>i=o

as the relationship which the standard moments for- z and {o and ¢°

-1
ship k& = o C& . Substituting this in (5. 1.5) gives

must satisfy. However from (3. 1. 7) the standard moments for z and

[0}

(5.1.7) 2 d}¢2+4fo¢i - f_ = 0.

Since both f and ¢o are functions of p, (5.1.6) and (5.1.7) con-
o

f and ¢o must also satisfy

stitute two equations in one variable. If the variates obey the Z-function
these two equations will be consistent. It is not algebraically expedient to

eliminate p between these two equations and thereby find the functional

relationship between d-3 and d-4. Thus another method of testing the

consistency of (5.1.6) and (5. 1. 7) will have to be devised.

Eliminating ¢o from (5.1.6) and (5. 1. 7) by use of the identity

o —

¢ =P -'fz and solving the resulting equations for p and fo. noting that
o
trom Lemma 3.2.6 4¢2 - 1< 0 and thus 4) and 9 _ must have the
o o 3
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same signs, gives

1
4£/Z
(5.1.8) p = 175 173
(0‘.4-5+,6 )(d.4+3+6 )

and

2 32 d:i
° (a, -5+ 8%, +3+ 8%

(5.1.9) £

in which /8 = ( 14 - 5)Z + l()d,g .

Let p* and f: be the numerical values of p and fo respectively
obtained by substituting the sample standard moments in (5. 1. 8) and
(5.1.9). Further, let f’;* = fo(p*) as found in the tables of Appendix I.

If fz* = fz, the equations (5.1.6) and (5.1.7) will be consistent.

In order to set up the test for the hypothesis that a given set of ob-
servations comes from a population whose probability distribution function
is the Z-function consider the quantities

E 3 *

T* = pz and T** =—p—3.
f% f**
(e2) (£5%)

As previously stated, the hypothesis that the distribution has the
Z -function as its probability distribution function is equivalent to the hy-
pothesis that the equations (5.1.6) and (5.1.7) are consistent. This in

turn is equivalent to the hypothesis that T* = T**, with T** being the

_p*

2(p%)

Thus the test criterion will be:

known constant

TC=T** - T* =0.

5.2 Variance of the testing criterion. In order to investigate the

sampling error or the testing criterion developed in the preceding section

consider the quantity
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5.2 1
(5.2.1) T =P _ ’gl/z()‘* é/z)
) sgj

o]

. 2
in which /1 = d4 - 5, and /61 = d.3. Taking the differential of both

sides of (5.2.1) gives,

1
fo B8R G BT 0B 1 - B 81 8,
8 A‘:'
Since ﬂ = lz«ﬁ- 1641, JéfZlJz-& 16J'Bl. Putting this in the

above gives,

1/ _ 1
T BB 2R -QAA 8’5 +s8,1d A,
= ; .
| s B'° 82
Writing ).1 = )+ Bl/z in this, squaring, and taking expected values gives

U_Z N AT xl;a;[z -2 ﬂl Kl[;ll + Sﬁl]cov ().61) +).Z[Alll+8£1]2 %f_.
(5.2.2) T = ) |
64A,61

Converting each )~ and \gl from functions of standard moments

to functions of central moments and taking differentials, gives

A A A
M4, I4,
R

Taking expected value of each side of this and using the familiar

TP W Rk Ui Wl Ml Lo 3G SH,SA,

formulas (Ref. 11) for the variance and covariance of sample moments

about the mean gives,

ol
(5.2.3) Cov.(A4, 81) = — 2ld,, -ds(zd4+3)]+3u3[d4+zd:+8 -d.6+4¢§] .

The following familiar ftormulas for 0"2

2

and 0"'2 are given in
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reference 3,

d’ -
2 3
(5.2.4) 6.61 = — [4(o, - 60 +9)+ d3(35 L, +90 o, -120L)] .
(5.2.5) 0;: = :T[ oCB +o(4(4 o(i - 0(4 - 40(6) +80 (20, +20, 0, -0(5)].

Thus 0.?—1'* can easily be computed from (5. 2. 2) with the aid of
(5.2.3), (5.2.4), and (5.2.5) as the right m=amber in each case is in

terms of the standard moments.

In the investigation of a large sample relative to its distribution be-
ing of the Z-function type, one would compare the value of Tc as calcu-

lated by the previous section with the value of 0_,1_* as obtained from

(5.2.2).




PART V1

Numerical Illustrations

6.1 By method of moments.

Example 1. The following data relative to lost articles which were
found and turned in cam= from reference 25. I am indebted to the Bell

System Technical Journal for permission to use it.

Table 6.1.1. Lost Articles

Lost Articles 4] 1 2 3 4 5 6 7

Frequency 169 | 134 ] 74 32 11 2 o 1

If the ""Lost Articles' are represented by z, and m_ and 2 .m
th )

represent the s central and standard sample moment respectively,

then: the sample number, n = 423 and

Y/
z = 1.037825 and m, = 1.270437; mzz =1.127137
a =1.223336, a =4.888157, a =16.612754
3:m 4:m 5:m
a =71.781417, a =331.3167973, a = 1625.223052 .
6:m 7:m 8:m

First the test criterion of section 5.1 will be applied. From form-
ulas (5.1.8) and (5. 1.9) respectively, p* =.32024, and (f’")2 = .16377,
which gives T* =1.95532. Further from the table of Appendix I,
(£**)% = . 166998 and T** = 1.91762. Thus T** - T* = .0377.

Applying the formaula (5. 2. 2) gives 0',‘1,,.. = .48894. Thus
T** - &
‘q-—z— = .077106 and the hypothesis that the sample comes from a
T*
population with the Z-function for its probability distribution function is

strongly supported.

The equation (3. 1. 8) and the procedure outlined in section 3.1 yields

97
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for p =.363, 0(3 =1.223223. Thus .363 will be taken as the moment
estimate for p. Then (3.1.4) and (3. 1.2) give for p =.363, a =.127149

and k = 1.258763 respectively. From definition B =k - Z = . 220938.

The use of the relationships from sections 1.2 and 3.4 yield as val-
ues for the moment estimates of the parameters and taheir respective

standard deviations

Table 6. 1. 2. Parameters for the Z-function.
Parame=ter Value Standard deviation
P .363 .032632
a . 127149 . 009254
k 1.258763 .016696
A . 602495 .027081
B . 220938 . 057290
b .056184 .018711
c .006207 . 003355
a' .211037 .019494
b! . 093252 . 020450
c' .592194- .025172
|

The lower limit of the range for z is thus -.220938. If the observed
values are regarded as the midpoints of the ''class'" this lower limit is con-

sistent with the observed data. The transformation (1.1.1) becomes
(6-1-1) t =.211037 z2+ .093252 z - .592194.

In the graduation of this data it is necessary to use a table of in-
complete Gamma functions (Ref. 22). The argument u of that table cor-

responds to xA~! in the notation of this paper. Thus from (1. 2. 4) the
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transformation becomes
x 2
(6.1.8) u = ? = ,211037 (Z-{:.220938) .
Regarding each observed value of z as the midpoint of the class,

gracuated frequencies as shown in table 6. 1.3 are obtained.

Table 6.1.3. Graduated frequencies by Z-function.

z Graduated Frequency Observed Frequency
0 173. 297 169

1 129. 898 134

2 70.968 74

3 32.481 32

4 11.925 11

5 3.469

6 . 796

7 . 166 1

Grouping the last three classes, the resulting 72 from the table
above is found to be .9065. Since the degrecs of freedom are determined
by 6 - 4 =2, it is found P( xg > .9065) is between .50 and .70, with

linear interpolation giving . 64.

For the purpose of comparison, the results of graduating the data
of table 6. 1.1 by the Gamma type function are given here. The lower end
of the range is found to be -.804902 which is not consistent with the ob-
served data. Regarding the observed values #s the midpoint of the res-

pective classes, the graduated frequencies are shown in table 6. 1. 4.
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Table 6. 1.4. Graduated frequencies by the Gamma type function.

z Graduated Frequency Observed Frequency
-1 8.984 0

0] 148.917 169

1 146. 362 134

2 74. 184 74

3 29.463 32

4 10.307 11

5 3.334 2

6 1.046 0]

7 . 403 1

Grouping together the last three classes, the resulting y; is
found to be 13.6667. For three degrees of freedom it is found

B( )@ > 13.6667) < .0l.

Example 2. For the data of this example the 'fit'", as indicated by
the test criterion as well as the graduated frequencies, for both the Z-
function and the Gamma type function is so good as to lead one to suspect
the randomness of the sample. It is presented here to bring out two
points: The improvement in the relative magnitude of the standard devia-
tions of the parameters when estimated by the Z-function; and the improve-
ment in the already small ZZ of the Gamma type function which is

brought about by use of the Z-function.

The distribution of 1000 scores made by students on a placement

test is as follows:
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Table 6.1.5 Distribution of scores.

Score 19 20 21 22 23 24 25 26 27 28 29 ”

Frequency| 1 11 53 | 140 | 228] 244 180 | 94 | 36 10 3

—p—

Representing the scores by z, then in the notation of exai‘nple 1,
1
n = 1000, Z = 23.815, m, = 2.546775, l'nz/Z = 1. 595862, a = .179848,

3I:m
2.968457, a =1.670967, a =14.416708, a =15.058569,
5:m 6:m T:m
93.818537.

a4:m

"

“8:m
Applying the test criterion of section 5.1 gives from formulas 5.1.8

and 5.1.9 respectively: p* = 8.5849 and ({"‘)Z = 8.3387. From these ac-

cording to (5.2.1), T* =1.029524. From a table of Gamma functions,

(£**)% = 8.3388, which gives T** = 1.029513. From formula (5. 2. 2)

a;* =.217910. Thus Iﬂ‘_-_‘l‘* = .00005 and as mentioned before the

dt*

"fit'' is almost too good.

To approximate the root for (3.1.7), if F(p) designates its left
member, then F(8.31) = -.000011 and F(8.32) = .000055. Thus 8.311,
obtained by interpolation, will be taken as the moment estimate for p.
The use of the relationships as indicated in example 1 yields values of the
moment estimates for the parameters and their standard deviations as

given in the table 6. 1. 6 below.

It will be noticed that the lower limit of the range, -B, is lower than
that indicated by the observations. However, no graduated frequencies
will be found in the classes below the observed lower limit in the gradua-

tion of a set of 1000 observations as the probability of such an occurrence

is less than .00001.
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1

Table 6.1.6. Parameters for the Z-function.

Parameter Value Standard Deviation
P 8.311 . 37601
a . 0966 . 00450
k 9.1350 . 05049
B -14. 6800 .07138
b -2.8375 . 13265
c 20.8275 .99171
A 2.8829 . 06521
a . .0335 . 000843
b' -.9843 .06734
c' 4.3417 . 15477
1

The transformation (1.1.1) becomes t = .0335 z.Z -.9843z + 4.3417.

The skewness of the Gamma type function into which the Z -function is

transformed is EA = .6937.

Regarding each observed value of z as the midpoint of its class,

graduated frequencies as shown in table 6. 1.7 are obtained.

2
The % calculated from the following table is .5902. The degrees
of freedom are given by 11 - 4 = 7 and for seven degrees of freedom it

. 2
is found that P( 17 > .5902) > .99 again indicating a ''fit'"" almost too good.
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Table 6.1.7. Graduated frequencies by Z-function.
z Graduated Frequency Observed Frequency
19 1. 47 1
20 12. 34 11
21 54. 80 53
22 140.11 140
23 224. 89 228
24 240. 63 244
25 179.03 180
26 95. 51 94
27 37.38 36
28 10.94 10
29 A 2.90 3

For the purpose of comparison, the results of graduating the data

of table 6. 1.5 by the Gamma type function are given.

The criterion for the Gamma function (Ref. 3 and 5) gives

= -.01599 with the corresponding b2 =

= .02155. The notations used are that of the two references cited. Since

- . 0082587 for which 0,

the deviation in bZ is less than four -tenths of its standard deviation the

indicated "'fit" is highly significant.
For the Gamma type function as written in section 3.5 moment

estimates for the paramesaters are as follows: Py = 123.7178, a; =. 1435

and B3 = 6.0645.
Regarding each observed value as the midpoint of its class, grad-
uated frequencies as shown in table 6.1.8 are obtained. The correspond-

ing 'xz is .6668. The degrees of freedom being seven, it is found that
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6.1
P( %s > .6668) > .99,

It would appear from the above that the Gamma type function is as
well adapted to this example as the Z-function. However, an important
difference becomes apparent through consideration of the first point

mezantioned in the presentation of the example.

In the notation of section 3.5, the following values are obtained for

the parameter estimates by the Gamma type function: Tpy = . 77855,

Tag = .002024, and Ty = - 38827.

The corresponding quantities for the Z-function are: Tpy = . 00195,
fa, = .00217, and Tky = .0003056. Thus the ratios becomse: RP3=P1
= 401. 314, Ra3:a1 = .93255, and finally Rk3:kl =1270.517.

Table 6.1.8. Graduated frequencies by the Gamma type function.

z Graduated Frequency Observed Frequency
19 S 1.71 1
20 12. 47 11
21 54.08 53
22 139. 23 140
23 225.61 228
24 241.88 244
25 179.08 180
26 94. 86 94
27 37.03 : 36
28 10.98 10
29 3.07 3
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6.2 By method of maximum likeiihood. Consider again the distri-

bution of scores given in Table 6.1.5.*

In the notation of section 4, 1, taking values of k as listed below

gives the following table of values.

Table 6.2.1 Values of U(k)

k Py U(k)
'8.801 7.720546 . 000000043
8.8016 7.721596 . 000000004
8.802 7.722295 -.000000024

Designating the maximum likelihood estimates by A, /k\, etc. the
Pal
above gives as correct to four decimal places, k = 8. 8016, 'B =7.7216

A Am—
and from {4.1.7) @ =.0965. Then B =Xk - Z = - 15.0134.

The standard deviations for 4, '13. and /k\ are found from the
formulas of section 4. 6. The values of the dependent paramecters are
found from the formulas of section 1.2. The standard deviations for
these dependent parameters are found from formaulas (3.4.17) through
(3.4.23) in which O'Il), G‘z, 0'12t , are replaced by the funétional re-
lationships (3.4.10), (3.4.11), and (3.4. 14), respectively.

Table 6.2.2 gives a summary of the values of the parameters and
their respective standard deviations as obtained from the formulas

enumerated above.

* As previously noted this data 'fits'' almost too well. However, it is
selected to illustrate the tecnique of the M. L. method due to its also
showing that small though the 12 obtained previously by each the

Z -function and the Gamma type function may be, it is even smaller
here.
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6:2

Table 6. 2. 2. Parameters for the 2Z-function

Parameter Value Standard Deviation
P 7.7216 2.7727
2 8.8016 1. 6440
2 .0965 .0044
8 -15.0134 .0735
A -2.8976 . 1363
? 21.7517 1.0221
a 2.7788 . 0630
% . 0347 . 00088
B 1.0428 . 0409
2 5.0490 . 1597

N\
It will be noticed that the standard deviations for k and ’13 are
larger than in the case of the moment estimates by the Z-function. How-
A
ever, if k and /]\) are regarded as independently estimated, the re -

spective standard deviations become:

0% = . 04997, (i=-00109 and (5 =.08504 from lhe

method of ref erence 12.

The transformation (1.1. 1) becomes

t =.0347 zz - 1.0428 z + 5.0490. The skewness of the Gamma

2
type function into which the Z-function is transformed is N = .7197.

Regarding the observed values of z as the midpoints of their re-

spective classes, graduated frequencies as shown in Table 6.2.3 are

obtained.
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6.2
Table 6. 2. 3. Gfaduated Frequencies by the Z-function

z Graduated Frequencies Observed Frequencies
19 1.439 1

20 12. 142 11

21 54.770 53

22 140.517 140

23 225.170 228

24 240. 421 244
25 178. 684 180

26 95.411 94

27 37.469 36

28 11.023 10

29 2.465 r 3

30 . 489 L 0

Grouping together the last two classes, i.e. z = 29 and z =30,

the resulting )éz is found to be . 5727.

The degrees of freedom are

given by 11 - 4 =7 for which it is found P(}(; > .5727) > .99. As

in the case of this problem when graduated by the mzathod of moments

the "fit'" is almost good enough to lead one to suspect the randomness of

the sample.




APPENDIX 1
Tables of Values of fo and ﬁ.

The procedure employed in the construction of the table is as fol-

lows:
RI” +1/2)

P
such that 1< p < 2, fo(p) can be evaluated by division of the two Gamwma

From definition, fo(p) = Thus for any value of p
functions involved. These Gamma functions can be found in any of the
several tables available, e.g. (Ref. 7). Knowing the value of fo(p) for
any given value of p, values of {o(p * 1) are readily obtained by use of

the formula

p+ 1/

£ (p+1) = 2 € (p) -

Values of ¢i(p) are obtained from the definition of the function,

108
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Table 1 o(p) fo(p) and ¢°(p) for values of p

from zero through one at intervals oi two-hundredths.

P t_(p) fi(p) ¢i(p) P
.00 .00000 00000 . 00000 00000 . 00000 00000 .00
.02 .03450 17710 .00119 03722 .01881 96278 .02
.04 .06724 07699 .00452 13211 .03547 86789 .04
.06 .09839 43736 .00968 14528 .05031 85472 .06
.08 . 12811 41800 .01641 32431 .06358 67569 .08
.10 . 15653 45082 . 02450 30523 .07549 69477 .10
J12 . 18377 10726 .03377 18071 .08622 81929 J12
.14 . 20992 58559 . 04406 88650 .09593 11350 .14
.16 . 23508 87834 .05526 67361 . 10473 32639 .16
.18 . 25933 94856 .06725 69688 . 11274 30312 .18
. 20 . 28274 87525 .07994 68570 . 12005 31430 . 20
.22 .30537 97494 .09325 67913 . 12674 32087 22
.24 .32728 90358 .10711 81130 . 13288 18870 .24
.26 . 34852 74246 .12147 13657 . 13852 86343 . 26
.28 .36914 06032 . 13626 47849 . 14373 52151 .28
.30 .38916 93716 .15145 27998 . 14854 72002 . 30
32 . 40865 36117 . 16699 77744 . 15300 22256 .32
.34 . 42762 49092 . 18286 30630 . 15713 69370 . 34
.36 .44611 51521 .19901 87289 . 16098 12711 .36
.38 . 46415 27488 .21543 77742 . 16456 22258 | .38
. 40 .48176 36789 . 23209 62423 . 16790 37577 . 40
.42 .49897 17871 . 24897 28443 . 17102 71557 .42
. 44 .51579 89965 . 26604 86048 . 17395 13952 .44
. 46 .53226 55016 . 28330 65642 . 17669 34358 . 46
.48 . 54838 99444 .30073 15311 . 17926 84689 .48

|
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Continued.

£_(p) Z(p)
50 .56418 95836 .31830 98862 .18169 01138 .50
52 .57968 03875 .33602 93516 . 18397 06484 .52
54 .59487 73272 .35387 90344 . 18612 09656 .54
56 .60979 37490 .37184 84163 . 18815 15837 .56
58 .62444 15401 .38992 72370 . 19007 27630 .58
60 .63883 67725 .40811 24219 .19188 75781 .60
.62 .65298 63380 .42639 11576 . 19360 88424 .62
64 .66690 21318 . 44475 84534 . 19524 15466 .64
66 .68059 39345 .46320 81037 . 19679 18963 .66
.68 .69407 09381 .48173 44670 . 19826 55330 .68
70 .70734 17589 .50033 23639 . 19966 76361 .70
72 .72041 45026 .51899 70556 .20100 29444 .72
74 .73329 67921 .53772 41853 20227 58147 .74
76 . 74599 58167 . 55650 97585 .20349 02415 .76
78 . 75851 83539 .57535 00932 .20464 99068 .78
.80 .77087 08047 .59424 17975 . 20575 82025 . 80
.82 .78305 92196 .61318 17414 . 20681 82586 .82
84 . 79508 93235 .63216 70323 .20783 29677 . 84
86 . 80696 65383 .65119 49939 . 20880 50061 .86
88 .81869 60045 .67026 31478 . 20973 68522 . 88
.90 .83028 26003 .68936 91964 .21063 08036 .90
.92 .84173 09571 .70851 10041 .21148 89959 .92
94 .85304 54785 . 72768 65884 .21231 34116 .94
.96 .86423 03531 . 74689 41032 .21310 58968 .96
.98 .87528 95742 .76613 18387 .21386 81613 .98
.00 .88622 69254* . 78539 81633 .21470 18367 {. 1.00
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Table 2. fo(p), fo (p). and Qi(p) for values of p

from zero through ten at intervals of two-tenths.

-
—
P t_(p) ff,(p) 4’i(p) P
.0 .0000 00000 .0000 00000 .0000 00000 .0
L2 . 2827 48753 .0799 46857 . 1200 53143 .2
.4 .4817 63679 . 2320 96242 . 1679 03758 .4
.6 .6388 36772 . 4081 12421 .1918 87579 .6
.8 . 7708 70805 .5942 41798 . 2057 58203 .8
.0 .8862 26926 . 7853 98163 .2147 01837 1.0
2 .9896 20634 .9793 48999 . 2206 51001 1.2
.4 1.0839 68277 1.1749 87226 . 2250 12774 1.4
.6 1.1712 00749 1.3717 11194 . 2282 88806 1.6
.8 1.2526 65058 1.5691 69748 . 2308 30252 1.8
2.0 1.3293 40387 1.7671 45865 . 2328 54135 2.0
2.2 1.4019 62565 1.9654 99034 . 2345 00966 2.2
2. 4 1.4710 99805 2.1641 34636 .2358 65364 2.4
2.6 1.5372 00983 2.3629 86862 .2370 13138 2.6
2.8 1. 6006 27574 2.5620 08631 . 2379 91369 2.8
3.0 1. 6616 75484 2.7611 65414 . 2388 34586 3.0
3.2 1.7205 90421 2.9604 31397 . 2395 68603 3.2
3.4 1.7775 78931 3.1597 86856 .2402 13144 3.4
3.6 1.8328 16557 3.3592 16532 . 2407 83468 3.6
3.8 1.8864 53927 3.5587 08419 .2412 91581 3.8
4.0 1.9386 21398 3.7582 52925 .2417 47075 4.0
4.2 1.9894 32674 3.9578 42364 . 2421 57636 4.2
4.4 2.0389 87597 4.1574 70421 . 2425 29579 4.4
4.6 2.0873 74412 4.3571 31936 . 2428 68064 4.6
4.8 2.1346 71549 4.5568 22622 . 2431 77378 4.8
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Table 2. Continued.

p £_(p) (p) ¢-(p) p
5.0 2.1809 49073 4.7565 38859 . 2434 61141 5.0
5.2 2.2262 69897 4.9562 77654 . 2437 22346 5.2
5.4 2.2706 90733 5. 1560 36405 . 2439 63595 5.4
5.6 2.3142 62935 5.3558 12932 . 2441 87068 5. 6
5.8 2.3570 33169 5.5556 05360 . 2443 94640 5.8
6.0 2.3990 43980 5.7554 12018 . 2445 87982 6.0
6.2 2.4403 34310 5.9552 31545 . 2447 68455 6.2
6.4 2.4809°39875 6.1550 62663 . 2449 37337 6.4
6.6 2.5208 93554 6.3549 04311 . 2450 95689 6.6
6.8 2.5602 25684 6.5547 55553 . 2452 44447 6.8
7.0 2.5989 64312 6.7546 15495 . 2453 84505 7.0
7.2 2.6371 35464 6.9544 83455 . 2455 16545 7.2
7.4 2.6747 63303 7.1543 58727 . 2456 41273 7.4
7.6 2.7118 70338 7.3542 40730 . 2457 59270 7.6
7.8 2.7484 77573 7.5541 28969 . 2458 71031 7.8
8.0 2.7846 04620 7.7540 22890 . 2459 77110 8.0
8.2 2.8202 69871 7.9539 22145 . 2460 77855 8.2
8.4 2.8554 90553 8. 1538 26298 . 2461 73702 8.4
8.6 2.8902 82860 8.3537 35011 . 2462 64989 8.6
8.8 2.9246 62033 8.5536 48007 . 2463 51993 8.8
9.0 2.9586 42409 8.7535 64904 . 2464 35096 9.0
9.2 2.9922 37546 8.9534 85532 . 2465 14468 9.2
9.4 3.0254 60229 9.1534 09597 . 2465 90403 9.4
9.6 | _ 3.0583 22561 9.3533 36887 . 2466 63113 9.6
9.8 3.0908 36012 9.5532 67253 . 2467 32747 9.8
10.0 | 3.1230 11432 9.7532 00404 . 2467 99596 10.0
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le 3. f » £ N
Table o(p) o(p) and ¢°(p) for values of p

from zero through fifty at intervals of one-half.

e

p t (p) fi(p) 4>i(p) P

.0 .0000 00000 .000 00000 . 0000 00000 .0

.5 .5641 89584 .318 30989 .1816 90114 .5
1.0 . 8862 26926 . 785 39816 .2147 01837 1.0
1.5 1.1283 79168 1.273 23955 . 2267 60453 1.5
2.0 1.3293 40387 1.767 14587 . 2328 54135 2.0
2.5 1.5045 05557 2.263 53697 . 2364 63029 2.5
3.0 1.6616 75484 2.761 16541 . 2388 34586 3.0
3.5 1.8054 06668 3.259 49324 . 2405 06763 3.5
4.0 1.9386 21398 3.758 25293 . 2417 47075 4.0
4.5 2.0633 21906 4.257 29729 . 2427 02712 4.5
5.0 2.1809 49073 4.756 53886 .2434 61141 5.0
5.5 2.2925 79895 5.255 92258 . 2440 77420 5.5
6.0 2.3990 43980 5.755 41202 . 2445 87982 6.0
6.5 2.5009 96249 6.254 98224 . 2450 17757 6.5
7.0 2.5989 64312 6.754 61550 . 2453 84505 7.0
7.5 2.6933 80576 7.254 29893 . 2457 01067 7.5
8.0 2.7846 04620 7.754 02289 . 2459 77110 8.0
8.5 2.8729 39281 8.253 78011 . 2462 19882 8.5
9.0 2:9586 42409 8.753 56490 . 2464 35096 9.0
9.5 3.0419 35709 9.253 37286 . 2466 27136 9.5
10. 0 3.1230 11432 9.753 20040 . 2467 99596 | 10.0
10. 5 3.2020 37588 10. 253 04472 . 2469 55279 | 10.5
11.0 3.2791 62004 10. 752 90345 .2470 96552 | 11.0
11.5 3.3545 15568 11.252 77470 . 2472 25297 | 11.5
12.0 3.4282 14822 11.752 65687 .2473 43134 | 12.0
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Table 3. Continued.

m
p £_(p) 2(p) $(p) >
12.5 3.5003 64072 12. 252 54863 .2474 51370 | 12.5
13.0 3.5710 57106 12.752 44885 .2475 51146 | 13.0
13.5 3.6403 78635 13. 252 35661 2476 43394 | 13.5
14.0 3.7084 05456 13.752 27103 .2477 28974 | 14.0
14.5 3.7752 07473 14. 252 19146 .2478 08536 | 14.5
15.0 3.8408 48508 14. 752 11726 .2478 82739 | 15.0
15. 5 3.9053 87041 15. 252 04794 . 2479 52060 | 15.5
' 16.0 3.9688 76792 15.751 98299 . 2480 17010 | 16.0
16.5 4.0313 67268 16. 251 92205 . 2480 77950 | 16.5
17.0 4.0929 04192 16. 751 86473 . 2481 35275 |} 17.0
17. 5 4.1535 29912 17. 251 81073 . 2481 89270 | 17.5
18.0 4.2132 83727 17.751 75976 . 2482 40236 | 18.0 |
18. 5 4.2722 02195 18. 251 71160 . 2482 88405 | 18.5
19.0 4.3303 19386 18. 751 66599 . 2483 34015 | 19.0
19. 5 4.3876 67119 19. 251 62275 . 2483 77253 | 19.5
20.0 4.4442 75159 19. 751 58169 . 2484 18311 | 20.0
20.5 4.5001 71404 20. 251 54267 . 2484 57335 | 20.5
i 21.0 4.5553 82038 20.751 50551 . 248494488 | 21.0
21.5 4.6099 31682 21.251 47011 . 2485 29887 | 21.5
22.0 4.6638 43515 21.751 43633 . 2485 63668 | 22.0
22.5 4.7171 39396 22. 251 40408 . 2485 95919 | 22.5
23.0 4.7698 39959 22.751 37323 . 2486 26766 | 23.0
23.5 4.8219 64716 . 23.251 34372 . 2486 56278 | 23.5
24.0 4.8735 32132 23.751 31544 . 2486 84558 | 24.0
24.5 '4.9245 59710 24. 251 28834 .2487 11663 | 24.5
25.0 4.9750 64051 J 24.751 26231 .2487 37688 | 25.0
|
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Table 3. Continued.
p £ (p) £2(p) $>(p) p
(o] (o] (o]

25.5 5.0250 60929 25.251 23734 . 2487 62660 25.5
26.0 5.0745 65332 25.751 21331 . 2487 86691 26.0
26.5 5.1235 91535 26. 251 19022 . 2488 09782 26.5
27.0 5.1721 53127 26.751 16797 . 2488 32031 27.0
27.5 5.2202 63073 27.251 14655 . 2488 53449 27.5
28.0 5.2679 33740 27.751 12589 . 2488 74111 28.0
28. 5 5.3151 76947 28. 251 10598 . 2488 94022 28.5
29.0 5.3620 03985 28.751 08674 . 2489 13265 29.0
29.5 5.4084 25665 29.251 06817 . 2489 31826 29.5
30.0 5.4544 52330 29.751 05022 . 2489 49780 30.0
30.5 5.5000 93897 30.251 03288 .2489 67124 30.5
31.0 5.5453 59869 30.751 01608 . 2489 83923 31.0
31.5 5.5902 59371 31. 250 99984 . 2490 00165 31.5
32.0 5.6348 01157 31. 750 98408 . 2490 15921 32.0
32.5 5.6789 93647 32.250 96884 . 2490 31157 32.5
33.0 5.7228 44925 32.750 95404 . 2490 45964 33.0
33.5 5.7663 62780 33.250 93971 . 2490 60289 33.5
34. 0 5.8095 54697 33.750 92578 . 2490 74223 34.0
34.5 5.8524 27896 34. 250 91228 . 2490 87722 34.5
35.0 5.8949 89325 34. 750 89914 . 2491 00858 35.0
35.5 5.9372 45692 35,250 88641 .2491 13593 35.5
36.0 5.9792 03458 35. 750 87399 . 2491 26008 36.0 .
36.5 6.0208 68871 36. 250 86196 . 2491 38038 36.5
37.0 6.0622 47950 36. 750 85021 . 2491 49793 37.0
37.5 6.1033 46527 37.250 83883 .2491 61171 37.5
38.0 6.1441 70220 37.750 82769 . 2491 72308 38.0
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Table 3. Continued.

P t_(p) £_(p) ¢_(p) P
38.5 6.1847 24481 38.250 81691 | .2491 83094 | 38.5
39.0 6.2250 14565 38.750 80633 | .2491 93666 | 39.0
39.5 6.2650 45578 39.250 79609 | .2492 03906 | 39.5
40.0 6.3048 22444 39.750 78605 | .2492 13940 | 40.0
40.5 6.3443 49952 40.250 77631 | .2492 23687 | 40.5
41.0 6.3836 32724 40.750 76675 | .2492 33251 | 41.0
41.5 6.4226 75260 41.250 75750 | .2492 42515 | 41.5
42.0 6.4614 81903 41.750 74838 | .2492 51617 | 42.0
42.5 6.5000 56889 42.250 73956 | .2492 60440 | 42.5
43.0 6.5384 04306 42.750 73087 | .2492 69131 | 43.0
43.5 6.5765 28146 43.250 72246 | .2492 77545 | 43.5
44.0 6.6144 32263 43.750 71416 | .249285838 | 44.0
44.5 6.6521 20423 44.250 70612 | .2492 93878 | 44.5
45.0 6.6895 96265 44.750 69819 | .2493 01811 | 45.0
45.5 6.7268 63349 45.250 69052 | .2493 09484 | 45.5
46.0 6.7639 25112 45.750 68292 | .2493 17079 | 46.0
46.5 6.8007 84924 46.250 67558 | .2493 24417 | 46.5
47.0 6.8374 46037 46.750 66831 | .2493 31691 | 47.0 |
47.5 6.8739 11643 47.250 66128 | .2493 38724 | 47.5
48.0 6.9101 84824 47.750 65430 | .2493 45698 | 48.0
48.5 6.9462 68607 48.250 64756 | .2493 52439 | 48.5
49.0 6.9821 65915 48.750 64087 | .2493 59135 | 49.0
49.5 7.0178 79623 49.250 63440 | .2493 65597 | 49.5
50.0 7.0534 12505 49.750 62797 | .2493 72034 | 50.0




APPENDIX 11

Technique to be employed in a graduation problem
by mathod of moments in case of negative skewness.

At the close of section 3.1 attention was called to the fact that a
slight modification in technique will be necessary for a negative skew-
ness. Details of this modification are made evident by analysis of the
moment equations and their solution. As pointed out in section 3.3, the
only difference in finding the roots for the moment equations in the cases

d._5 > 0 and dS < 0 is in the sign of (Po. ¢o must have the same

sign as d'3.

Since each p and a is a function of (PZ, their values will be
independent of the sign of ¢o and OC3. The difference comes in the
determination of k and B.

There are two lines of procedure which may be employed in the
case of 0‘.3 < 0. Let a,: kl, etc. designate the parameszters corres-
ponding to 0(.3 < 0, while a, k, etc. represent the equivalent para-
meters corresponding to an o _ of the same absolute value but of op-

3
posite sign.

The first line of procedure is: 1f d3 < 0 and CPO < 0, then

2
a, = (-ch:_) and (al)l/z = - z%z . Then k, = %-Z would

2 (ap)’
be negative, and -Bl = - kl + u‘l would be the upper end of the range
for =z.
Further, the following relationships will hold. a, =a, kl = -k,
Bl=kl-a;=-k-M;. or B =B -2k. Then ,
b =2a,B, = 2a(B - 2k) = b - 4ak. ¢ ='°z'=bz'8:“bk+">k
1 171 1 4a.l 4a

P, =P and Al = A. The dependent parameters would then have the

following functional relationship. a = a', b'l = b' - 4a'k, and, finally

117
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c'l = c¢' -2a'k + 4b'kZ .

The transformation (1. 1. 1a) becomes, if t. represents the value

1
of t for d3< 0,

t, = a'(z - Zk)Z + b'(z - 2k) + c'.

Thus, according to this line of procedure, the values of the para-
meters are found for d3 having the same absolute value but with a |
positive sign. In finding the value of t corresponding to any given =z,
the z variate will be decreased by 2k. Further, since k is the upper
limit of the range if measured from the mean, the area corresponding

to any tl will represent the percentage of area above the corresponding

value of =z.

The second line of procedure is: Starting from the relationship

’
Bl = -(k + Al) from the first line of procedure, the other relationships

may be written: bl = -2a(k + /ll.l') and ¢, = a(k + M‘l)z , Which gives for
2a(k + ')

the dependent parameters, a) = a', b! = ="' and

N R a2 1 1 A ’

a(k + Al‘: — and the transformation (1. 1. la) now becomes
2

2 2a(k + M)z alk + )" - A

2
tlzaz- N A

'
Cl—

However, for q.3 > 0 the transformation (1.1.1a) can be written

2, 2a(k -MY)z | a( - L

A A

t= a'z

Thus it is obvious that

- 1y = - ' i i t -
tl( z, k + Ml) t{z, k »(Ll) That is, to find the value of | corres
ponding to any z, in case 43 < 0, the paramazters will be found just as

for d.s > 0, then use k + Ai as the parameter of location in place of

k - A{i. and change the sign of z. Again the area found in the table cor-

responding to any t. will be the percentage of area lying above that value

|
of z which corresponds to the tl.




10.

11.

12.

LIST OF REFERENCES

Baker, G. A., Transformation of Non-normal Frequency Distri-
butions into Normal Distributions. Annals of Mathematical
Statistics, Vol. 5(1934), p. 113.

B&cher, M., Introduction to Higher Algebra, MacM:illan Co., New
York, 1915.

Carver, H. C., Frequency Curves. Handbook of Mathematical
Statistics, H. L. Rietz, Editor-inChief, Houghton Mifflin
Company, New York, 1924. ‘

Chaundy, T., The Differential Calculus, Oxford University Press,
London, 1935.

Craig, C. C., A New Exposition and Chart for the Pearson System of
Frequency Curves. Annals of Mathematical Statistics, Vol. 7,
No. 1, March 1936, p. 16.

Cramé&r, H., Mathematical Methods of Statistics, Princecton University
Press, 1946. '

Davis, E. T., Tables of Higher Mathematical Functions, Vol. 1.
Principia Press, Inc., Bloomington, Ind., 1933.

Edgeworth, F. Y., Representation of Statistics by Mathematical
Formula. Journal of Royal Statistical Society, Vol. 61, (1898)
p- 170; Vol. 62, (1899), p. 125, and Vol. 63,(1900), p. 72.

Edgeworth, F. Y., Use of Analytical Geometry to Represent Certain
Kinds of Statistics. Journal of Royal Statistical Society, Vol.
77, (1913-14), p. 300; p. 415; p. 653; and p. 838.

Edgeworth, F. Y., On Mathematical Representation of Statistical Data.
Journal of Royal Statistical Society, Vol. 79, (1916), p. 455;
Vol. 80, (1917), p. 65; p. 266; and p. 411.

An Editorial, The Probable Errors of Frequency Constants, Bio -
metrica, Vol. 2, (1902-03), p. 273.

Fisher, R. A., On the Mathematical Foundations of Theoretical Sta-
tistics. Philosophical Transactions of the Royal Society of
London, Series A, Vol. 222 (1921), p. 309.

119



13.

14.

15.

16.

17.

18.

19.

20.

21l.

22.

23.

24.

25.

120

Fisher, R. A., Theory of Statistical Estimations. Proceedings of
the Cambridge Philosophical Society, Vol. 22, (1925), p. 700.

Hardy, G. H., Littlewood, J. E., and Polya, G.,

Inequalities.
Cambridge University Press, London, 1934.

Kapteyn, J. C., Skew Curves in Biology and Statistics. Published
by the Astronomical Laboratory at Groningen. P. Noorcdhoff,
Publisher, Groningen, 1903.

Kapteyn, J. C. and Van Uven, M. J., Skew Curves in Biology
and Statistics, 2nd. paper. Published by the Astronomical
Laboratory at Groningen, Hoitsema Brothers, Groningen, 1916.

Kendall, M. G., The Advanced Theory of Statistics, Vol. 2. Chas.
Griffin & Co. Ltd., London, 1948.

Knopp, K., Theory and Application of Infinite Series. ‘Blackie &
Sons, Ltd., London, 1949.

Koshal, R. S., Maximal Likelihood and Minimal in Relation

to Frequency Curves, Annals of Eugenics, Vol. 9 (1939), p.
209.

Koshal, R. S., Application of the Method of Maxima Likelihood to
the Improvement of Curves Fitted by Mu:thod of Moments,
Journal of Royal Statistical Society, Vol. 96 (1933), p. 303.

Olshen, C. A., Transformation of the Pearson Type 11l Distribution,
Annals of Mathematical Statistics, Vol. 9 (1938).

Pearson, E. S., Tables of Incomplete Gamma Functions. Cam-
bridge University Press, London, 1946.

Rietz, H. L. Frequency Distributions Obtained by Certain Trans-
formation of Normally Distributed Variates, Annals of Mathe-
matics, Vol. 23 (1922), p. 291.

Smail, L. L., Elements of Theory of Infinite Processes. McGraw-
Hill, New York, 1923.

Thorndike, Frances, Applications of Poisson's Probability Sum -

mation, The Bell System Technical Journal, Vol. 5, No. 4.
October 1926.




121

26. Wicksell, S. D., On the Genetic Thecory of Frequency, Arkiv fdr
' Matematik, Astronomi, och Fysik, Vol. 12 (1917), No. 20,p. 1.

27. Yuan, P. T., Logarithmic Frequency Distributions and Semi-
logarithmic Correlation Surfaces, Annals of Mathematical
Statistics, Vol. 4, (1933), p. 30.




