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by

Robert Winter Royston

The random variable under consideration, z, has as its probability density 
func tion

f(z)dz = (z + B)2p-*  e-a(z+B)2 -B < z < oo .

It is obvious that the variable x = a(z + B)2 has a Gamma type distribution.

The frequency curve f(z) is bell-shaped for p > 1/2 and J-shaped for 
P — 1/2, with a finite ordinate for p = 1/2 and an infinite ordinate for p < 1/2.

A criterion for testing the hypothesis that a set of observations is a random 
sample from a population which is distributed according to the Z-function and the 
formula for the sampling variance of this criterion are developed.

The functions fo(p) = ) and = p - f(p) occur in the equations

for the estimation of the parameters by the method of moments. A detailed 
study of them is necessary before an investigation of the roots of these equations 
can be made. It is then proven that for any set of observations there will exist 
a unique set of estimates for the parameters by the method of moments. Ex­
pressions for the variances of these estimates are derived by the j -method.

In the event that estimates for the parameters are obtained by both the Z- 
function and the Gamma type function, it is shown that the percentage variances 
for the estimates by the Z-function are many times smaller. A possible excep­
tion is in the case of what may be regarded as the "scaling" parameter. In this 
case the percentage variances are approximately equal.

J u —
The functions R(k) = £ and P(k) = 7f <Wi + k)" • w. represent­

ing the z variate when measured about its mean, occur in the equations for the 
estimation of the parameters by the method of maximum likelihood. A detailed 
study of these functions is necessary for the investigation of the roots for these 
equations and the subsequent theory concerning the maximum likelihood estimators.

It is proved that there will exist a set of estimates for the parameters by the 
method of maximum likelihood unless the frequency curve is J-shaped. It is 
further shown that these estimators meet all the necessary conditions for maxim- 
izing the likelihood function, and that they cannot minimize it.



2.

The validity of the conventional formulas for the variances of the maximum 
likelihood estimators is established, even though, the range of the variable is a 
function of the parameters.

The actual determination of the parameters by each of the methods referred 
to above is illustrated by numerical examples in graduation.



Acknowledgments

I am greatly indebted to Professor C. C. Craig for his advice 

in making this study. His constant interest in reading the manuscript 

at its various stages of development and many helpful suggestions have 

been invaluable. I wish to express my appreciation also to Professor 

H. C. Carver for reading the manuscript.



TABLE OF CONTENTS

1. Introduction.

1 1 Statement of problem........................................................................................ 1

1 .2 Conditions imposed on the parameters.......................................... 3

II Analysis of the Z -function.

2. 1 Variation in the parameters resulting from trans -

formation of the z variates......................................................................... 7

2. 2 Effect on the cumulative distribution function of 

varying the parameters........................................................................... 7

2. 3 Forms assumed by the frequency curve f(z)............................ 9

III Estimation by method of moments.

3. 1 Equations for the determination of estimates of

the parameters and procedure for their solution..................... 13
3.2 Study of the functions f (p) and {^(p)......................................... 15

o To ’
3. 3 The existence of unique moment estimates of the 

parameters........................................................................................................ 27

3.4 Formulas for the variance and covariance of the 

moment estimates of the parameters.................................... 33

3. 5 Comparison of the variances of the moment estimates 

of the independent parameters as obtained from the 

Z -function and as obtained from the Gamma type 

function................................................................................................................ 3g

IV. Estimation by method of maximum likelihood

4. 1 Equations for the determination of maximum likeli­

hood estimates of the parameters and outline of the 

procedures for their solution......................................................... 46

iii .



4. 2 V 1 Study of the functions R = ------------- and
„ i^l w. + kn ? , i

4. 3 Roots of the maximum likelihood equations and the

existence of an admissible solution.....................................................

49

66

4. 4 Existence of a sufficient set of estimates...................................... 77

4. 5 Analysis of the roots of the maximum likelihood

equations relative to their maximizing the likelihood

function........................................................................................................................... 78

4.6 Formulas for the variance and covariance of

maximum likelihood estimates................................................................ 82

V. Test criterion for the Z -function.

5. 1 Criterion for testing the hypothesis that a given 

random sample comes from a populations whose

probability density function is f(z) dz............................................... 92

5. 2 The variance of the testing criterion.................................................. 94

VI. Numerical illustrations.

6. 1 By method of moments..................................................................................... 97

6.2 By maximum likelihood method............................................................... 105

Appendix I. Tables of values for fQ(p), f^p), and ^(p)............ 108

Appendix II. Technique to be employed in a numerical

problem by method of moments for a negative 

skewness...................................................................................................... 117

List of references 119



PART I

Introduction

1 1 Statement of problem. There are an infinite number of types 

of distribution functions and a given random variable may obey any one 

of them. The amount of information and developed theory concerning 

both the population and sample characteristics vary widely with the type 

of distribution function which the variable obeys. Frequently one may 

known the form or type of the distribution function, f(x)dx, for x, the 

random variable involved, but f(x)dx may be among that vast class of 

distribution functions about which little or even nothing is known. Now 

suppose x is transformed into some new random variable, ^(x), with 

distribution function, f[ ^(x)] d[^ (x)] = g(x), then any additional informa­

tion or theory which may be available about g(x) can be utilized. This is 

especially beneficial if g(x) is a member of that limited class of highly 

developed distribution functions. For this reason, the problem of trans­

formation of a random variable along with the accompanying transforma­

tion of its distribution function is of importance in statistical theory.

The problem of the transformation of a variable obeying a known 

distribution function has been treated in a variety of ways by several 

authors. The papers referred to here in no sense form an exhaustive 

list. Rather they are selected as typifying the work which has been done 

along this line. Baker (Ref. 1); Edgeworth (Ref. 8, 9, & 10); Kapetyn 

(Ref. 15 and 16); Rietz (Ref. 23); Wicksell (Ref. 26); and Yuan (Ref. 27) 

consider the distribution function resulting from the transformation of 

normally distributed variates or the inverse of this problem. The trans­

formations considered in detail are of two general types: 1) powers of 

the variates and 2) logarithms of the variates. Some of the writers con­

sider in detail the determination of a transformation such that the

.gn
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transformed variate is normally distributed. Olshen (Ref. 21) deals 

with the distribution function resulting from the transformation x = x”, 

in which x is distributed according to the Pearson type III function.

This paper will be concerned with a three parameter transforma­

tion of a more general algebraic nature than the one used by Olshen. The 

emphasis will be placed on the transformed function, the determination 

of the estimates of the parameters, and the performance of the inverse 

transformation in a numerical problem in graduation.

Let z, the random variable under consideration, be measured in 

its natural units about zero and let it take on only real values over a 

range to be specified later. Further, the probability density function of 

z, f(z)dz, to be referred to as the Z-function, is such that if each z 

variate is subjected to the transformation given below, the new variate, 

t, will be distributed according to a Gamma type distribution function. 

The transformation and its inverse are: 

(1.1.1) t=a'z^+b'z + c' 

or _

0.1.1a) z = -b' - 4a'(c' - t)
2a'

The probability density function*  (Ref. 5) for t is given by

(1. 1.2) f(t)dt = dt

in which t is measured in standard units about its mean and -A < t < co.

The following points relative to the Z-functions will be treated in

detail:

This distribution function is also known as the Pearson type III function.
However, the name Gamma type function will be used in this paper.
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1) Conditions to be imposed on the parameters. •

2) Analysis d the several forms which the frequency curve can 

assume.

3) Determination of the parameters from a given sample by method 

of moments and by method of maximum likelihood, along with the var­

iance of these estimates.

4) Proof of the existence of solutions of the equations for the de­

termination of the parameters by each of the two methods.

5) Development of a criterion for testing the hypothesis that a 

given sample comes from a population whose distribution function is the 

Z -function.

6) Numerical illustrations.

1 2 Conditions to be imposed on the parameters. The substitution 

of ( 1. 1. 1) in ( 1. 1.2) gives

(1.2. 1 ) f(z)dz =

[Aa'z2 + Ab'z +A(A + c')]A -1 -[ Aa'z\ Ab'z + A(A + c' 11 . .
----------------r ------------------------ e " A(2a'z + b*)dz

r
By writing Aa' = a; Ab' = b; (A + c')A = c; and A2 = p; then (1. 1. la) 

becomes

(1.2.2) z = ~b ~ 4a c ~ (A  + t) 
2a

*

or

(1.2. 2a) A(A + t) = az2 + bz + c.

Then ( 1. 1.2) becomes

(1.2.3) f(z)d= (az^+bz + c)F-' (2az + b) dz .

The independent parameters of the Z-function are now a, b, c and p.
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Since a* , b1, c' and A are real and finite, a, b, c and p are also real 

and finite with p greater than zero.

In order to determine the conditions to be imposed on a, b and c 

to ensure a one-to-one correspondence between values of z and t, write 

A(A + t) = x. The range of values for x will be 0 < x < oo, and (1.2.2) 

becomes

(1.2.4) x = az^  bz + c.*

A one-to-one correspondence between x and z will give a like 

correspondence between z and t. Further the relationships connecting 

a, b, c and p with a1, b1, c*  and A are single valued. Thus a one-to-one 

correspondence between x and z in ( 1.2.4) will ensure a like correspond - 

ence between t and z in ( 1. 1. 1) or ( 1. 1. la).

From (1. 2.4) the corresponding values of x and z will lie along a 

parabola. See figure 1. In order that the transformation be single val­

ued only those values of x and z which lie along the upper branch of the 

parabola will be considered. That is

(1.2.5) z = "b > - 4a(c - x)
2a •

To ensure that z remains real over the entire range for x, i. e. 

0 < x < co, it is necessary and sufficient that:

1) a > 0. It is sufficient that a_> 0, but for a = 0 the transforma­

tion becomes linear.
2) b^ - 4ac > 0.

By writing 6 = f(z)dz from (1.2.3) becomes

(1.2.6) f(z)dz = 1 [a(z t^)2 . ejP^e-W  + (2az + b)dz ,*

and the transformation (1.2. 4) becomes
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b 2 

(1.2. 7) x = a(z + —— ) - 0 .

Further, putting x + 0 = y gives

(1.2. 8) f(y)dy -p-(y - 0)^"^ e~^y ~ °^dy.

Thus f(y)dy is a Gamma type function with the lower end of the range at 0.

This paper will be concerned only with that class of Z-functions 

which can be transformed into Gamma type functions the range of whose 

variables are constant with respect to the parameters of transformation. 

It is obvious from ( 1.2. 8) that this is equivalent to keeping 0 fixed. This 

constant value of 0 can be taken as zero without loss of generality. Other 

fixed and known values of 0 can be achieved by a translation of the Gamma 

type distribution into which the z distribution is transformed. The con­

ditions being imposed on the parameters of transformation thus become: 

1'. a > 0.
2'. b^ - 4ac = 0.

Under these two conditions the transformation (1.2.5) will give a 

one-to-one correspondence between x and z over their respective ranges 

and consequently a one-to-one correspondence between t and z over their 

respective ranges. Further, the extremities of the ranges are correspond­

ing values in both cases. The ranges of values are:
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\ 
4 
\
\

”The parabola of transformation". Values of x and z to be considered

lie along the solid branch. The vertex may be above or below the x-axis 
- ^2

depending on the sign of b. c = ----  .
4a



PART II

Analysis of the Z -function

2. 1 Variation in the parameters resulting from a transformation 

of the z variates.

Theorem 2. 1. 1. c and 0 are invariant under a change in scale for 

z b and a are multiplied by the reciprocal of the scaling factor and 

the square of its reciprocal respectively.

2
Proof: Let H(z, a, b, c) = az then from ( 1. 2. 3)

df(z, a, b, c) — df(z/k, k a, kb, c) and thus z/k obeys the same probability

distribution as

However, if a^ 

tion of a^ b ,

z with a and b 
2= k a; bj = kb; 

and ci.

replaced by k^a and kb respectively.

and c i = c; then 0^=0, 0^ being a func-

by and c respectively in whichb 2

Theorem 2. 1.2. a and 0 are invariant under a change in origin 

for z. b and c are replaced 

^2 = k + 2ad and c= ad + bd + c, d being the amount by which z is 

displaced.

Proof: If 9^ is a function of a, b^, and c^, then 6^ = 0. Also

if H(z, a, b, c) is defined as in the previous theorem, then H(z + d, a, b, c) 

H(z,a,b , c ), and it follows df(z d, a, b, c) df(z, a, b,, c k Thus z-d 

obeys the same probability distribution function as z with a and 0 in­

variant, but b and c replaced by b^ and c^ respectively.

2 2 The effect on the cumulative distribution function of varying 

the parameters. This section is concerned with the parameters of the 

transformation and thus p will be regarded as fixed. Further, the var­

iation in a, b, and c will be subject to the restriction that 0 is to be 

kept constant.

7
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Lemma 2. 2. 1 The probability of z lying within any finite interval 

of the lower end of the range is a monotonic increasing function of a, but 

is independent of b and c.

Proof: Let z be the lower o
any real number such that °C > 0.

end of the range for z and let oL be

Then the required probability is

given by

+ bz + c)P 1 -(az^ + bz + c)
(2az + b)dz

in which z = o
f V4a9 
2a

Putting y = az + bz + c gives

dy .

The above is obviously an increasing function of a for any ot > 0. 

It is equally obvious, since 9 is constant, that the above function is in­

dependent of b and c.

No such specific conclusion can be isolated relative to the effect of 

a variation in b and/or c. The result of varying one or both of these is 

dependent upon the simultaneous variation taking place in the other par­

ameters.

In general a change in b and/or c will result in a displacement of 

the lower end of the range. The magnitude and direction of this displace­

ment cannot be classified according to the variation in any one parameter, 

but is dependent upon the joint variation of two or three parameters. It 

is a relatively simple operation to analyze this displacement for a given 

set of variations. It is also obvious from Theorem 2. 1. 1 that a change 

in b would be equivalent to a change in scale for the variate, unless ac­

companied by a counteracting change in a.
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2. 3 Forms assumed by the frequency function, f(z).

Subject to the condition 2' of section 1. 2, the transformation 

( 1. 2. 4) becomes

(2. 3.1) x = a(z + B) , in which B z — , and the Z -function as 
2a

given by (1.2.3) becomes

(Z 3-2) f(z)a= . (z + .B<z<œ.r
The independent parameters are now a, p, and B, with the 

fourth parameter, c, being determined from the relationship 
b^ - 4ac - 0.

The equation for the frequency curve is now given by 

(2.3.3) t(z) = + B/f ,-a(z+B)^ with the range

for z being as in (2. 3. 2), i. e. -B S z < oo.

If f'(z) and f”(z) represent and —respectively, then
d (z)

(2. 3. 4) f (z) = f(z) [(2p - l)(z + B) - 2a(z + B)] and

(2. 3. 5) f"(z) = f(z)[(2p - l)(z +B)2(2p - 2) - 2a(4p - 1) + 4a2(z + B)2].

Table 1 below gives the values of f(z), f'(z), and f”(z) at the 

lower end of the range for values of p in various critical sub-intervals 

of the range for p, i. e. 0 < p < co.

Table 1

p> 1. 5 p= 1. 5 l<p<l. 5 p=l . 5< p< 1 p=. 5 ‘ 0<p< . 5

f (-B) 0 0 0 0 0 rfi oo

f'(-B) 0 0 0 2a oo 0 -oo

C'(-B) 0 co 0 -co -oo
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Relative to the behavior of the frequency curve towards its right 

extremity, which is infinite, it is obvious that f(z), f’(z), and f"(z) all 

three approach zero as z becomes infinite.

In the investigation of the behavior of the curve within the interval 

-B < z < co, let a critical value of z be defined as any value of z for 

which f (z) vanishes and let the corresponding point on the frequency 

curve be defined as a critical point of f(z). Thus a critical point of 

f(z) may be either a maximum point, a minimum point, or a point of 

inflection, depending on the sign of f"(z).

Since f(z) / 0 for z > -B, in order to have a critical point for 

f(z) inside the range from (2. 3. 4) it is necessary that 

(2p - l)(z + B) - 2a(z + B) vanish. Then, since z + B / 0, the 

roots of 2a(z + B) - (2p - 1) = 0 will be critical values of z. Thus 

_ _ ~(2a) B ± V2p - 1 
= ~ -------------------- 172------------- W111 represent either a maximum point, a

(2a) 
minimum point, or a point of inflection for f(z).

c;___ -(2a) 1/2# _ \/zp - p _ 
" J72--------------------B and thus lies outside the range

of admissible values for z, there will be at most one critical point for 
f(z) within the range. That is z = H^ap^B + ^2p - 1

s 1 (2a) V2 ' it real,
will be the abscissa of a critical value for f(z).

If p < 1/2, z^ is imaginary and if p = 1/2, z^ = -B, the lower 

end of the range for z. Under neither of these conditions will there be 

a critical point for f(z) within the range.

ïf p > 1/2, Z} is within the range -B < z < co. From (2. 3. 5) 

f'tzp = -4af(zp. Thus since f(z^) > 0 and from condition P section 

1.2, a > 0, f (z^) < 0, and f(z^) is a relative maximum value for the 

frequency curve.
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The frequency curve takes on three distinct forms depending on 

the value of p. These forms are:

I p < 1/2. A J-shaped curve with infinite ordinate at the lower 

end of the range and monotonically approaching the horizontal axis as 

an asymptote as z becomes infinite.

II. p = 1/2. The curve has a finite ordinate of 2a^^^' ,

with slope of zero, at the lower end of the range. Further the curve 

monotonically approaches the horizontal axis as an asymptote as z 

becomes infinite. The curve has a point of inflection at a distance of 
(2a) / from the lower end of the range.

HI. P > 1/2. f( -B) - 0 and f(z) —> 0 as z ——>00; also f(z) has 

a modal ordinate of

2a / \ P - V2 ~(p - V2)
[pf P ~ 2

. -V2 1/2
at a distance of a (p - 1/2) units to the right of the lower end of 

the range.

A typical curve of each of the five distinct forms which can be as­

sumed is shown in Figure 2
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Figure 2.

Typical frequency curves for values of p in critical intervals. 

Ordinates are shown at the lower end of the range for z, i. e. z = - B, 

in all cases.



PART III

Estimation by Method of Moments

3 • 1 Equations  for the determination of estimates of the par a m e - 

ters and procedure for their solution. If represents the s^ popula­

tion moment for z about -B, then

*

% = 4=T f (= + B)S (z + e-a(z+B) dz Qr

These equations will be referred to as the moment equations, and their 
solutions will be referred to as the moment estimates for the parameters.

P -B

\ / _ a" /2 + s/2)
% -  ÿ=î---------- ;— which for s = 1, 2, and 3 gives

% - ; K = a-p;  and V=*

/p 3 /F1
represent the sth moment for z about the origin 

and mean respectively, the relationships between the central moments 

and the parameters become

(3. 1.1) f = a1/2k a 
o

(3- 1.2) p = (XÇ+ k2)a

(3.1.3) (p + 1/2) fQ = + 3^k + k3)a3/2 in which

fo= and k = (A{ + B)

It will be noticed that k = is the first moment about -B. How­

ever , k will be treated as the independent parameter and B as the de­

pendent one. The independent parameters to be estimated are a, p, and 

k. The moment estimates for these parameters will be the solution for 

the system of equations (3. 1. 1), (3. 1. 2), and (3. 1.3). In the theoretical 

*
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work with these equations the population moments will continue to be 

used. However, in an applied problem in graduation or estimation from 

an observed sample the moments for the sample, ?, m^, and would 

be used.

The moment equations, due primarily to the presence of the func - 

tion f , do not lend themselves to an exact algebraic solution. Approxi­

mation to any desired degree of accuracy can be obtained by the pro - 

cedure outlined below.

The elimination of k between (3. 1. 1) and (3. 1. 2) gives

4*o =p -(3. 1.4) = a Xf , in whichT o 2
f2 
o

The elimination of f between (3. 1. 1) and (3. 1. 3) with the aid of

(3. 1.2) gives, since a / 0 and can be used as a divisor, 

(3. 1.5) k = 2a^^ + 2^k).

Eliminating k from (3. 1. 5) gives

(3.1.6) f = 2a(^a1/2 + 2 M f ). 
o 5 2 o

Finally, the elimination of a gives as the equation for the determi­

nation of p 

(3. 1-7) 2 ot + 4f6' - f = 0 in which —
3’o o To o 3 3/z

The Tables of Appendix I give the value for each f , f2, and d)2 
o o r o

for values of p at small intervals from 0 through 50. By use of the 

formula f (p + 1) = ———— f (p) the tables can easily be extended to
o p o

other intermediate values of p or to values of p beyond the table.

Solving (3. 1.7) for Qfj gives

(3.1.8) < . .

3 2Ü



15

3.1-2

By use of the tables of the Appendix two values of p which yield

from (3. 1.8) a value of above and below the sample value can easily

be located. A higher degree of accuracy can be obtained either by inter­
polation or actual computation of values of f and <6^ for intermediate 

o ' o
values of p. Thus by successive approximation the moment estimate of 

p can be obtained to any desired degree of accuracy. The existence and 

uniqueness of such an estimate will be discussed in a later section.

Knowing the moment estimate for p the moment estimates for the 

other parameters are easily obtained from the appropriate relationships. 

These relationships are all algebraic, in fact they are linear if proper 

selection and sequence is followed. The slight modification in technique 

made necessary in event of a negative skewness is discussed in Appendix 

II.

3 2 Study of the functions f^p) and ^^(p). Before investigating 

the roots of (3. 1.7) it will be necessary to establish some of the proper­

ties of the functions of p which are involved in this equation. The study 

of these properties will be organized as a series of lemmas. Where there 

is no danger of ambiguity the argument, p, will be omitted.

Lemma 3.2.1. (b = p - f is a continuous function of p over 
i o o r

the interval 0 < p < oo. 
r~i

Proof: Since f^ and p > 0, each /(p + 1/2) and

fp is continuous and ^p*  has no zero in the Interval 0 < p < co. Thus 

fo is continuous over the interval and being the difference of two 

continuous functions is itself continuous.
, d( ^2) d(
Lemma 3. 2. 2. / o/ — 1 for all p > 0 and Lim /O ' = 1

dP p -> 0 dp

Proof: From the definition of

(3. 2. 1) °) = 1 - 2 f ° and from the definition of
op o dp
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(3. Z. 2) a ° - ^Ql^(p + 1/2) - Tp (p)] in which

Replacing *\y  (p) and ljf(p + 1/2) by their series representation (Ref. 7)
gives

s(p + s)

in which C is the Euler constant. Thus

(3.2. 3) df
TfFT^XrrFTTTa) ' Substituting this in

(3. 2. 1 ) gives

(3.2.4) . (p + s) (p + s + 1/2) - 1 for all p > 0.

Thus the first part of the lemma is established.

Now to establish the second part of the lemma.

2 ____________ 1_________
O S=o (p + s) (p + s + 1/2)

1
2 s

00 
z
s =

00
< £

Combining the above limits give

____________1____________ _
(P + s)( p + s + 1/2) ~

Consequently from (3. 2. 4)
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p —> 0
and the lemma is established.

Lemma 3. 2. 3. monotonic increasing function of p.

Proof: From (3. 2. 1) 
dp 

will be established by showing 2f 

necessary to divide the proof into

1 - 2f - O and thus the lemma

o dp for all p > 0. It will be

two cases according to whether

Case 1. p S l. (3. 2. 3) becomes

2f o
Hi 
dp O S =o (p + s)(q + s) '

Differentiating the right member with respect to gives

(3. 2. 5)
f

Q dp 
dp

f2
s=o (p + s)(q + s ° (p + s)(q + s)^

11 —*— 
2 s=o 2. .

(p + s) (q + s)

1

P

1 1

In order to show that the right member of (3. 2. 5) i 

all p — 1 its terms will first be considered individually

Neglecting the exponent, the first term can be written

1
s -o (p + s)(q + s)

1 
pq (P+ l)(q+ 1) (p + 2)(q + 2) s^3 (P + s)(q + s) ’

1

Since q + s<p + s + l,
GO on

it follows that

s =3 (P + s)(q + s) ^3 (p + s)(p + s + 1) '

Resolving the right member into partial fractions and summing by tele­

scoping gives
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_______ 1_______  
(p+s)(p+s + l)

Combining the above gives for the first term

1
(p + s)(q + s)

-L +____ 1
pq (p + 0(q + i) + (p + 2)(q + 2) + p + 3 ■

1
p + 3 •

For the second term the following inequality is obvious:

2 s=o (p + s)(q+s)

1 + 1 
pq2 (p + i)(q + i)2

(P + 2)(q + 2)

1

By the use of Euler's summation formula (Ref. 18)

s=3 (p + 3)3 2(p + 3)2 2(p + 3)3 4(p + 3)4

Combining these two gives for the second term

2 1

(p+ s)(q + s) Pq2 (P + O(q + 1)2 (p + 2)(q + 2)2

(P + 3)2 (p + 3)3 2(p + 3)4

In like manner it can be shown for the third term

i °° , I-
1 x --------------- Î-------------- <!_!_+__________ 1 + 1

s=o [(p + s)(q + s)]z 2 [p2q2 (p + l)2(q + I)2 (p + Z)2(q + 2)2

Combining the above in (3. 2. 5) and collecting into one fraction gives
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> -f^896p14 + 20, 544p13 + 211, 872pU + 1, 297, 776p^ 

10 g r 7
+ 5,241, 400p + 14, 585,196p + 28,041, 886p + 34,929,921p

+ 19,140, 159p6 - 22, 896, 777p5 - 68, 822, 245p4 - 85, 558, 440p3 

- 63,487,620p2 - 27,293,760? - 5,248,8OoJ

[?68p^(p + 0Z(p + 2)2 (P + 3)5 q2(q + l)2(q + 2)^] ' .

It is obvious that the right member above is positive for any value

of p such that p <_ 1. Thus 2f % 9 is a monotonic increasing function o dp °
of p for p < 1. .

Evaluating f^l) from the table of Appendix I and (1.5) and 

tp ( 1) from any table of digamma functions and putting these values in 

(3. 2. 2) gives

df I2f —-Û- I , = . 9645 < 1. 
o dp I p = l

Thus since 2f^ is a monotonic increasing function of p for p <_ 1 and 

has a value less than one for p = 1 it follows that

2f 
o dp

and thus from (3.2.

dp

< 1 for all p < 1

1 - 2f ~

Consequently is a monotonic increasing function of p for all p <_ 1.

Case 2. df
dp o

Resolving into partial fractions gives

~ 2(p + s)(q + s) '

= f dp ' (p + s) ' (q + s)]r

Using the Euler summation formula gives as an asymptotic expansion
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(3.2.6)
dfo 
dp

f 
o

1 1
4pq

co , 2r 2r.
y 2r (p - q )

i / \2r=1 (pq)

in which

as given
2r

in Knopp (Ref.

Bernoulli number with the ordering being

18). Since the right member of (3. 2. 6) is an

asymptotic expansion,

(3.2.7) 41 f 
o

1
1 . 1 

---- ) + -------  2p ‘ 4qp 2
48(pq)

and

f 
o

1 — ) + 1
•P + 4pq

32p$ + 24p2 + 8p f 1

2 4
48(pq) 120p

4

Since f > 0 o 
changing the

both sides of (3. 2. 7) can be multiplied by

sense of the inequality. This gives

2f without o

(3. 2. 9) 2f < f2 
o dp o

1 
2p

1
2pq 24(pq)2 _

By definition f = (â 
o fp

2 .Replacing the Gamma functions of f by their values as given by

Stirling's formula and simplifying gives

(3. 2.10)
P®1 - 

e 6 pq
1

2

placing

t the right member of (3. 2.9) be designated by N(p). Then re - 

2 in N(p) by its value as given by (3. 2. 10) and taking the limit

gives

(3. 2. 11) N(p) = 1

dN(p) 
dp 2f 2pq , 2 2

24p q J

-d 1 
pq 2 2

12p2

24p3 q3
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The coefficient of is positive in the above expression and thus 

df dp .
replacing —— by the right member of (3. 2 8) gives 

r dp

dN(p) f2 
dp o

in which

A(p)
1

2p
1

2pq

B(p)
* 3 2

— ^^P + 24p f 8p + 1

960 p

. 2 2 24p q 

^A(p)

C(p)
i

pq , 2 2 
4p q . 3 3 24p q

Since p > 1, -— 
2p

thus1, and

4 
q

2

1—) > 1 
2p p

1_ 
12p3 32p

1

V
by the property of alternating series since the first term omitted is

positive. Similarly,

i
2p

1 
4p2

1 
12p3

since the first term omitted is Thus

1
2pq

1 
32p4

32p3 + 24pZ 4- 8p + 1

960 p q

1 
4p2

1 1
12p3 2P<1 . 2 2 24p q

P

2 2

Clearing the above of fractions and 

B(p), and C(p) gives

collecting like terms of A(p),

[A(p)]2 - B(p) - C(p) > (184320p10 + 737280p9 + 731136p8 + 79872p?

- Z85888p& - 210240p5 - 70224p4 - 11488p3 

- 324p2 + 236p + 45) (320 - 962p\8)"^ .
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From the above it is obvious that [A(p)]Z - B(p) - C(p) > 0 for 

p > 1 and consequently > 0 for p > 1. Thus N(p) is a monotonic

increasing function of p for all p > 1. But from (3. 2. 11) Um N(p) = 1 

and consequently N(p) < 1 for all p such that p > 1.

From the definition of N(p) and (3. 2. 9) for all p > 1

2f < N(p) <1 for p > 1 and thus 
o dp

= 1 - 2f —- > 0 for all p > 1. 
dp o dp

Therefore is a monotonie increasing function of p for p > 1-

Combining the results of case 1 and case 2 establishes the lemma.

Lemma 3.2.4 > 4^ ^o = ° '

Proof: From Lemma 3. 2. 3 ^(p + 1) - <£(p) > ° for all p > 0 and

from definition <t> = p - f (p) and thus » o o

^(p +1) = p + 1 -f2(p + 1) = P + I - £o(p) in 1 7

and thus

^(p + 1) - 4o(p) = 1 " fo * °
4p

Consequently 

2 a<<^1 ” <^>^-4^-1

which gives

<62 > -B-.
• o 4p + 1 

and establishes the first part of the lemma.

To establish the second part, it is obvious from the definition of fQ 

that its limit as p — O is zero and thus
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Lim [ d^] = Lim (p - f ) = 0. 
p-*o  '° p-*o  °

Lemma 3. 2. 5 = p - is a bounded function of p for all p > 0.
‘ To o

Proof: Lemma 3.2.4 establishes zero as the lower bound. Con­

sequently it is necessary to show only that has an upper bound. Fur­

ther, as a result of mma 3. 2. 3 it is necessary to consider only large 
values of p, or specifically the limit of <^(p) as p becomes infinite.

From (3. 2. 10) is obtained

(3.2. 12) f^(p) = P(1 + e"1 + (1 + e~ 1 cT in ^^h

r oo (p0 - qOJ1

d = X ----- =—; 2' F ’
i = l i ! (6q)lp

This series converges for all p > 0 and consequently cT is bounded for

all such p.

For p > y

~ ? (-1) (TTW = 1 " ^p1=0

in which Q(p) is finite for all p > — . Then

2p _ Q(p)
(3.2. 13) (1 • Aj P e'1 = e 2p which gives

f <-»' [y]'" 14
p i=l

Since Q(p) is finite for all p > y the above series will converge

absolutely over this range. Thus (3. 2 13) can be written

1 2p -% f(3.2. 14) (1 + JL) e = 1 -

in which £ is a bounded function of p for all p > Then the substi
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tution of (3. 2. 14) in (3. 2. 12) gives,

f^(p) = p - £ 
o

and from definition of à , 
1 oP

2
o £

p

Since each £ and remain

mains finite for all

becomes infinite. Thus

Lemma 3. 2.6. -• o

, 1 ,2
finite for all values of p > —, <pQ re- 

specifically the limit of is finite as p

is a bounded function of p.

-f" 
o

Proof: Let the function of

for all p > 0 and Lim A2 = — 
p — oo * ° *

and m be defined as follows:

For any positive integer, m,

2
p + m - f (p + m)

Thus £ is a function of p alone, 
o

will be a function of both variables.

but for any other value of m, C ' m
take on any value in the

interval 0 < p — 1 and for each value of in this interval let m take

on the values 0, 1, 2, In this way p + m will cover the inter -

Then from Lemma 3. 2 3,

£ 
2 2

P 4

m P

+ m

P

P

(3. 2. 15) for any
m m +1

p and every
1 

q = p + 2 ’

m. Also from the definition of fZ 
o

= p + m
(p+ m)

The right member above clears up to give

(p + m + 1) =
[2(p + m) + I]2 

m 4 (p + m)2 16 (p + m)2

%
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From the definition of £ this gives 

m+1

1
(3. 2. 16)

m 4(p f m)
2

16 (p + m)

If m is replaced by in the above and the res . is m+1

replaced by its value as given by (3. 2. 16), the result is

£ [2 (p + m) + 1]2[2 (p + m + 1) + I]2

m 4(p + m)2 4(p + m + 1)

[ 2 (p + m + 1) + 1]Z_______ __________ 1________
4 (p + m + I)2 16 (p + m)2 16 (p + m + 1)

Continuing this process gives for n = 1, 2, 3,

(3.2.17)6
m+n

n -1 2
• \ |[2(p + m + i) + 1] 
m : n 4 (p + m + i)2

n -1 n — 2 — i

J=o

in which the last product is defined as 1 when i. — n

Suppose that for some p, say Pq, and for some m, the cor­

responding f , say f , the inequality ( <0 is true. Then,
b *-m '-m m

F' = - , we have çf > 0.
m v o o

if

If Ci is the corresponding function of p + m + n, then from 
'-m+n °

(3. 2. 15) and the above assumption

Ç - < p < 0. If - (T = F . then cf > 0. From
u m+n — cm n um+n n

(3. 2. 17), if p^ = Pq + m ,
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r r ■^i[z(p1+i)+i]2 %! 1 "^k(pi+w+i) + i]2

13 218) + 7^? "o 4(p1+i+j+1)“ •

Since > 0, every factor of both terms of the right member 
v °

above is positive. Consider now the coefficient of 0q and its behavior

with increasing n.

n — 1 2
| | [2 (Pi + i) + 1]

i =o 4 (p1 + i)

4(p, + i) + 1
4 (P1 + i)2 ,

which is of the

form 1 + u in which u. is of the order -1 in /p + and, consequently, 
oo i 1 æ 2 X 1
Zu is divergent while Z u. is convergent. Thus from a well-known 
i=o i 6 i=o i oo

theorem (Ref. 18) the infinite product ]T (1 + u.) is divergent and as a

consequence

Thus if any £ is negative for any p or any m, it will lead to 

an unbounded sequence of £ * s and will result in an unbounded value of 

(fa for some p. This contradicts Lemma 3. 2. 5. Therefore, ®

for any p and all m and as a consequence

♦o for all p > 0.

To establish the second part of the lemma, from (3. 2. 15) and

(3. 2. 16)

[2 (p + m) + 1] _ 1 < £ . Which gives
4(p + m)2 16 (p + m)

for any p and every m.

Since £ > 0 for any p and every m, then obviously
m

Lim £ = 0 and it follows from the definition of
(p+m) — co m
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Lim 
p -*oo  T°

Lemma 3. 2. 7.
p -*oo

f (4 d>2 - 1) = 0 . 
o To

Proof: From Lemma 3.2.4, for all p > 0.

Since f > 0 o
it can be used as giving

4f P Lemma 3. 2. 6, 4 6
• n

0. Combining these two inequalities gives

(3. 2. 19) < 4f o

F rom (3.2. 10)

1 .2p
P»1 - qe2

12pq

and thus

«0$2
o

f 
o

f 
o

o

P

f o

£
4

2 f . 
o

e

4^

2
o

f 
o

e 0 <

e
P

1

2

pOj - qe2 j 
12pq i p

It follows from this by the use of (3. 2. 14) that

T ■ ° ALim — — 0.
p —00 p

4f 62 - f 
oTo oThus from ( 3 . 2. 19), 

and a quantity whose

for all values of p lies between zero 

limit is zero as p becomes infinite, and it follows,

Lim (4f d) - f ) = 0 
p -*oo  0 T o o

3. 3 The existence of unique moment estimates of the parameters.

In section 3. 1 it was shown that the moment estimates for p will satisfy 

the equation 2 o( + 4f - f =0. From Lemma 3. 2. 3, <P 
3*o  o • o o

is a single-valued function of p. Thus showing that the above equation 

has a unique root for will be equivalent to showing that there exists
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a unique moment estimate for p. Further, the equations for the deter­

mination of the other parameters, once p is known, yield a unique value 

in each case. Thus the existence of a unique estimate for p assures the 

existence of a unique estimate of each of the other parameters. Conse­

quently, the establishment of the following theorem will be equivalent to 

proving the existence of a unique set of moment estimates of the para­

meters .

Theorem 3. 3. 1. The moment equation (3. 1.7), i. e.

2 cL + 4f (b^ - f =0, always has one and only one admissible root 
3*o  o'o o

for A for any finite ct
•o j

Proof: An admissible root for (D is defined as a value of d) 
. 1q ' o

such that the corresponding value of will lie within the range of

values as established in the previous Lemmas. That is

-----—----- < d)< — , with upper and lower limits for being
4p + 1 To 4 o

1/4 and 0, respectively.

W riting

g = gives

Thus a change in the sign for Ct will result in a change in the sign for 

value of the root. Sincethe root for ® , but will not change the absolute

p is determined from , the value of p will be invariant under a

change in the sign of Thus it will be necessary to consider only

> 0. As previously mentioned, a discussion of the modification

necessary to adjust for a negative skewness will he found in Appendix II

From Lemma 3. 2. 3, 2 oL (b
3*o

of p. Further, from Lemma 3. 2 6,

is a monotonic increasing function

if the positive root for
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by taking p sufficiently large 2 can be made arbitrarily close

*3
to — 1 ■

From Lemma 3.2.7, 4f^^^ " fo Can be arbitrarily small

by taking p sufficiently large. Consequently, for any > 0, there

will exist some p > 0, say p^, such that

(3.3.1) n«t,. fo(Po)l>0. g

Since f >0 for all p > 0, F( cl , , f ) and ----------- ----------------
o joo Lo

as functions of p will be positive, or negative, or vanish together.

From the definition of Vo

• ° " V =
o o

From Lemma 3.2.4,

Lim [ (j) ] = 0. 
p -*  o । o

From the definition of is obvious

Lim f = 0. 
p -*  o o

Also

Combining the above gives

p -* o

Thus for any finite 0, by the selection of sufficiently small value

of p, can be made less than any assigned quantity,

made less than one. Thus there will exist some

p, say p , such that

U. £ 

p -* o f
0 .

f ,

3

£
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0> or since £o>0 forall p>0- 

o

(3.3.2) Fl 0Ly < ° '

From Lemma 3. 2. 1, and fQ are continuous functions of p forall

p > 0 and, consequently, F( cLy ^Q. fQ) is a continous function of p 

over the same range. Then in view of (3. 3. 1) and (3. 3. 2) there will be

some value of p, say p^, such that < ^o'

pi u (n ), f (p )] = 0. Further, each p and p is greater than
T o m o m 1 °

zero and p being between them is obviously greater than zero. That 
m

is, p is an admissible value of p. Therefore, for any finite value of 
m

Ct , the moment equation,
3

2 (V 6^ + 4f - f = 0 , will have at least one admissible 
3io 0^0  o*

root for p.

To establish the uniqueness of the root for F( CLy ♦o' fo> - °- t 

will be regarded as the independent variable, and fQ will be regarded 

as an independent parameter, subject only to the condition fQ > 0. Under 

this interpretation F( dy fj becomes a two parameter family of 

curves. Since f and 4*o  are mutually dependent through p, the true 

curve for F( ç£y fj, for any fixed cL 3 will be a single member of 

this family of curves. Consequently, this interpretation cannot reduce 

the number of zeros for F( Üy fy V" As previously noted, it will 

be necessary to consider only the case > 0. Since is now being

regarded as the independent variable, F( Qty fj will be designated

by F( ), and F'( ÿj and F"( <pQ) will designate its first and second 

partial derivative, respectively, with respect to ^o" Then

F( " fo
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F"( = '*̂3  4^ + 8‘o

Since f > 0 and OL > 0, F ( d>_) 
o 3 1 u

= 0 and a relative maximum at 
o

will have a relative minimum

Then

F(0) = -fQ < 0 and
f (64 f2 - 27 *2 ) 

o o 3

The graph for 

the value of 64f -o

F( 4> ) will have three possible forms depending on 

27 elf , since each f and CÉ is positive.

Case 1.

curve is below

64f2 - 27 ot2 < 0. 
O 5

The relative maximum point

the horizontal axis and there is only one zero for

on the
F( &).

Consequently, F( til y f J = ° has only one root and the theorem is

established since this root has been shown to be an admissible one in the

first part of the proof. A typical curve is shown in Figure 3a, page 34.

Case 2. 64f - 27 CL = 0.
o 3

Under this condition F( will have

one positive zero and a double negative zero. A typical curve is shown 

in Figure 3b , page 34.

Case 3. 64f2 - 27 > 0. Under this condition F( will have
' o 3

a single positive zero and two distinct negative zeros. Figure 3c on page 

34 shows a typical curve.

It has been established in the first part of the proof of the theorem 

that the unique positive zero in each of the above cases is an admissible 

value of (|) and thus in each case there will be a unique positive, ad­

missible root for the moment equation, F( ^3*  ^o’ ®' However, '

will be necessary to investigate the negative zeros for F( to see 

whether or not they lead to admissible roots for the moment equation, 

F( oL , . f ) = 0. Case 1 has already been disposed of.
3 • o o
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Case 2. 64f
2
3

8f

Under this condition

Pisté and

48

Any double root of F( (^) - 0 must also be a root of F'( ~ Thus

the ne gative root of F( — 0 is to L2 which gives as the root

; From Lemma 3. 2. 6, for all p > 0 and, conse-

quently, the negative root in this case is not an admissible one. Thus

there is a unique root, or moment estimate, for p in this case.

Case 3. 64f
2
3

f
3 V 3 *3—5---

The two roots of F( ^Q) = ® will have to lie

the abscissa of the maximum point, i. e. p.
on

4fo 
3

opposite sides of

X)" represent the zeros lying to the left and right, 
• o «

maximum point for the curve F(

respectively, of the

Then

f o

-
i6fà
_ ^2

— > — and thus by Lemma 
4 4

is not an admissible alue of -

, which lies between 0 and will
^3

8

Since

$ 2

and the maximum point for the
curve F( (^ ) is to the left of

Since F(-y) - -------—< 0 , the zero for F( A ) must lie to the

-1. That is, if F(^")=0, and, consequen

to- I 

left of
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and thus from Lemma 3. 2. 6, is not an admissible value of

Since neither of the negative zeros of F( leads to an admissible 

value of , F( oty f ) = 0 has a unique admissible root and, con­

sequently, there exists a unique moment estimate for p in this case.

Combining the conclusions of the three cases above establishes the 

theorem.

(Figures 3a, b, and c will be found on page 34. )

3. 4 Formulas for the variance and covariance of the moment 

estimates of the parameters. The basic relationships between the mo 

ments and the parameters, as given in section 3. I are:

a"^^ f = V ; a-1p = V ; a ^(p + 1/Z) f = »
o 1

in which \/ is the s^ moment for z about the unknown point -B. 
r s

In an applied problem m^ , the sth sample moment about -B, 

would be used and the basic functional relationships from which the 

moment estimates of the parameters are obtained are

(3. 4. 1) a~l/2 fQ = m^

-1 
(3.4.2) a p =

(3.4.3) a'3/2(p + 1/2) fQ = m^

The large sample variance and covariance of sample moments

about a fixed point are: (Ref. 11)

xz _
(T2 , = —■—------------ ; Cov(m', m') =

m n 5 1s
n

in which n is the number of observations in the sample. These give: 

(3.4.4) ri, ■ 4A
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Figure 3c

Typical curves for F( 0(^> f^) in which and are

regarded as independent parameters subject only to the conditions 

Ct > 0 and f >0. 
3 o
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—.2 P
(3.4.5) (Tm. = 2

2 a n

3 /? _ 1
(3.4.7) Cov(mjm'2) = (fQ)(2a n)

(3.4.8) Cov(mJ, m^) = (2p (j/ + 2 + fo)(2an)

(3.4.9) Cov (m^, m^) = 3fQ(p + l/2)(2a ^^n)

From (3.4. 1), (3.4.2), and (3.4. 3) is obtained the relationship

-L. .3.
Zp

Taking the differential of both sides gives
f m' m' cTm' - m' m' cf m' - m*  m’ (f m'

0 p 1 2_____ 3_______1 3______£________1
2p2 (mjmy2

Squaring both sides and taking expected values in accordance with the 

usual procedure and then substituting the relationships from (3.4.4) 

through (3.49) gives

(3.4.10) fl"2 = Pl^QPtP ' 41 .

P nf
o

Similarly from (3. 4. 1), (3. 4. 2), and (3.4. 3) are obtained

2a ~ m^ - m j m^

and f C 2 rp o m’j - m j d m^ + m1^ d
O a = ------------------- —------------------- ------------------------ •

2(m^ - m^)

Squaring both sides and following the same procedure as above yields as 

a result,
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2 Z 2
(3.4. 11) [4 #o(p + 1) + p] = (7 +

a nf P
o

From (3.4. 2), — —

which yields by the same procedure as before,

(3. 4. 12)

As 

k = Vj • 

since k

Cov (a, p) = [4p (p + 1) + p - fQ] -
nf o

previsouly noted is the first moment about -B 
2 2

However, this does not justify writing = (T*7
is being treated as an independent parameter and its

That is

. Ji
an

value is

determined from the moment equations rather than computed directly 

from the sample data. In fact, k could not be computed until B is 

known. Thus the variance for k will be gotten from the moment

equations . From (3.4. 1)

From the definitions of f » log f o o

Jfo = f^[^(p + 1/2) - (p)1

and

in which (p) = ----

If -CL = 2[\y (p + 1/2) - Ip (p)] , then

(3.4.13) Jk . ~ •
2a 7

Employing the same procedure as in the previous cases give

(3.4.14) (T* =-% [(p/t- d2 <r2 + ■
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If B is known, the value of a and p would be completely deter­

mined by (3.4. 1) and (3.4. 2) and under this condition it can be shown that 

(3.4. 14) becomes which agrees with However, if B were

known, k could be computed directly from the sample data, i.e. the 

first moment about - B.
Multiplying both sides of (3.4. 13) by O^a gives

= HaJlA/p - ( 4*0,  since fQ = a^k, or

(3.4. 15) Cov (a, k) = ^\ap " P ' Further

(3.4.16) Cov (p. k) = k(p"^p~ •

The above formulas give the variances and covariances of the three 

independent parameters. The dependent parameters are determined from 
a, p, and k by the following relationships: A2 = p, B = k - XCp b = 2aB, 

4ac = b2, Aa' = a, Ab' = b, and finally A(A + C) = c. By the use of these 

equations and employing the same procedure as was used in the derivation 

of the preceding formulas, the formulas for the variances of the dependent 

parameters are found to be as follows:

(3.4.17)

(3.4.18) (fg = (Tk +

(3.4.19) (T^ = 4[a^p Q-g + + P

(3.4.20) + B(2k-3B)<^J

(3.4.21) ( Jp + -^)

4P 3
(3.4.22) [4pz(T^ - b^(3b + pk/t+ 4ak)](4p )

(3.4.23) ^,=[4p2<r^+(p+c)<^{p + c-2bk(pjX-l)-2bBj](4p )"
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3.5. Comparison of the variances of the moment estimates of the 

independent parameters as obtained from the Z-function and as obtained 

from the Gamma type function. In many cases the parameters can be 

estimated from a given set of observations by use of either the Z-function 

or the Gamma type function. When the graduation is carried out, the

for the test of goodness of fit in both cases may be small. How­

ever, almost without exception in numerical problems worked by the 

author, the resulting from graduation by the Z-function was the

smaller. This is illustrated by the second example of section 6.1. In 

these cases the criterion for the determination of which function to use 

would be the relative magnitude of the sampling error of the estimates 

as determined by the two methods. Consequently, an investigation into 

the relative magnitude of the variances of these two sets of estimates is 

in order. The quantities to be compared will be the ratio of the variance 

of the parameter to the square of the estimate of the parameter.

The Gamma type function can be written

If W represents the s moment for x about B , then 
s:x . °

(3. 5. 1) V = a! p (p + l)(p, + 2)--------------- (P3 + s " 0 •
V s:x 3 3 3 5 3

By method cf moments p^ is determined from the relation

P3 2
3

If p denotes the parameter as determined by the method of

moments from the Z -function, then from (3. 1.8) the relationship for the

(3. 5. 3)

determination of
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in which f and (f> 

o To
are functions of p . Then the relationship between

p i and Pg as determined from any given set of observations is

(3. 5.4) P3 2
o

L_ 
a2.2

From Lemmas 3. 2. 4 and 3. 2. 6

(3. 5. 5)
1 45=71 ” 4p

or

2 1

for any P and specifically for Pf The above inequalities give

(3. 5.6)
2 
o (4n + i)2

Putting (3. 5. 5) and (3. 5. 6) in (3. 5.4) gives 

3

F rom the

p > -3------- •
r (4P + i) 

O 1

definition of (b , it follows that 
T o

becomes

f2 
o

2
-1—- and consequent-

(3. 5. 8) P3 1

That is, the estimate of p obtained by using the Gamma type function

exceeds four times the estimate obtained by use of the Z -function.

rP3= -----  
P3

Then from (3.4. 10)

and Pl- 2 
Pi

Pl 
nt2 2
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The inequalities
. 2 1 2À < T and f_ > p -
• o 4 0

1 .
4 S^e

and consequently

(3. 5.9) Pl
8pi + 1

P1

From the variance of p^ as given in (Ref. 17) and the definition 

of Tp$ is obtained

6p3(p3 + 1)(P3 + 5) 
(3-5. 10) rp3 = ------------ — -

Combining (3. 5. 9) and (3. 5. 10) gives, if the ratio [rp3][rpi]

represented by Rp3;p

24(p3 + 6p3 + 5)f^P1 

P3(8Pi + 1)

24(p3 + 6)p^2 

8px + 1

since p > 0. From (3. 5.8) p3 > 4Pj and consequently

RP3:P 1

24(4p x + 6)p^2

8p j + 1

12 f2 
o

12p j - 1

2
8px + 1

Thus for p i > yy it follows immediately

RP3’P1

The table of Appendix 1 shows 12 f2 > 1 for p > 22. Also f*  -

is a monotonic increasing function of p. Thus for any p > 22, rp3 > rp

and their ratio is an increasing function of por P3 Further f^ 

the same order of magnitude as pand thus Rp3;pX order o

magnitude of 12 p j •
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Let &3 and designate the parameters as estimated from the 

Gamma type function and the Z-function respectively. Then and 

are not identically corresponding parameters, but they play similar roles 

in the two functions.

For the joint estimation of p$, a$, and the variance of a$ is 

found (Ref. 11) as follows: From (3. 5. 1)

Taking the differential of both sides, squaring, and taking the expected

value gives, after replacing by its value in terms of a^ and P) as 

given by (3. 5. 1)

^2 _ a)(Zp3+ 3)
" "P3

^2
If ra3s —ÿ- then

a3

(3.5.11)

If rai = from (3.4.11)

4 4>»(P1 + 0 + Pl

and since 0^ < 
o

]_ 
4

2p j + 1
(3. 5. 12) ra < ----- •

nf o

If Ra3.ai= [r^Hra^"1 then (3.5. 11) and (3.5. 12) give
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3

P3

This can be written

3(4p1 - 2p3 - 1) 
(3. 5. 13) Ra^zai 1 + 4p^ (2p^ + 1)

It cannot be stated on the basis of the above that ra$ *- s greater 

than rai- However, (3. 5. 13) does show that the ratio of these two quan- . 

tities is greater than a quantity which does not differ appreciably from one 

for large values of either p} or p^. Further, for small values of p^ 

is considerably less than . 25 and as a consequence the inequality 

(3. 5. 13) is not a very close one, Ra^aj being considerably greater than 

the right member of the inequality.

Let designate the parameter k as determined from the Z-func- 

tion. In order to get a parameter of the Gamma type function which cor - 

responds more closely to kthan does , consider k$ - ~ Ther

k is the first moment about the lower limit of the range, or it is the 

lower limit of the range if the variates are measured about their mean. 

Since -B is the lower limit of the range for the variate which obeys the 

z distribution function, and k j = A*  + B. k, will play the same role for 

the z variate as does for the x variate, that is, each is the lower 

limit of the range if the variates are measured from their mean.

To find the variance of ky from (3. 5. 1), k^ = a3Py usual

procedure yields

(T^ - E [a^/p^2 + Za3p3cfp3<fa3 + P^^)2] -
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From the relationship obtained

r f [J/Ç]2 - - ^l^pj]2

da3Cp3 . ------------------------- -3-

Using this in the above gives

2 ^2 4^3 ‘ ^4^3^3

From reference 11,

4
! are replaced in this by their values in terms of a$ and

as obtained from (3. 5. 1) the result is

^^3^3^3 + 

n2

Using the expressions for and which have been obtained ear­

lier in this

3

section gives

= 4 +
~ n

From (3. 5. 1) = a^p^, and if r^^ = , then it follows

3p + 17p3 + 15
(3 % 14) rk3 = ----------- ‘

Replacing (Tp in (3. 4. 14) by its value as given by (3 4. 10) gives, 

j f(P,n- if h^p^pi + P + pî + 

= SK { ; —j

1 2 2From (3.1.1) k^ = a^ and thus if = <Tk/k }
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2 ,2 Z

(3. 5. 15)
fo1

definition Yl = 2 IV (p + }) - V(p) ] and thus from (3. 2. 2)

df
(3'5'16) 2fo o

df
and from Lemma 3. 2. 3, 2f o

_ _ dfo _ _
dp

and since f o
Since p 0, combining the above gives

0 < Pj .2 
o

since

Also from

From the table of Appendix

(3. 2. 3)

ing function of p.

—— > 0, and 
dp
Thus for any

f2 
o

4f2 > 1 for p = . 44. 
o 1

is a monotonic increas -

P1 Consequently for

any p^> . 44, we have (pj Putting this in (3.5. 15) gives

rl

1

P

o

1
4fê ’

4nf2

2
Again using the ine - gives

rkl 4nf2 
o

If Hkgzk 3
(3. 5. 14) and (3. 5. 17) gives

. ._^2

4f2[3p3 + 17 + 3

1
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From (3. 5. 8) > 4p^ . Putting this in the above gives

4( 12 p t + 17)
Rk3:^ 1 > 2p~Tl

> 24 f2 . 
o

From table 1 of Appendix I, for p > . 44, 24 f > 1. Actually this 

inequality is true for a much smaller value of p but this smaller value 

cannot be justified here as the condition p > . 44 was imposed in the der 
ivation of the inequality (3. 5. 17). Further f2 is an increasing function 

of p and of the same order. Thus Rk^zkincreases with p and is of 

the same order of magnitude as 24 p .



PART IV

Estimation by Method of Maximum Likelihood

4. 1 Equations for the determination of the maximum likelihood 

estimates of the parameters and outline of the procedure for their solution.

From (2. 3. 2) the probability density function for z is

f(z)dz = (z + e-a(8+B) dz _B< z< œ

From definition, B = k - . If w represents the z variate when

measured about the mean, i. e. w = z - , the probability density func­

tion for w becomes,

(4. 1. 1) f(w)dw
e~a(w+k)2 dw.

-k < w < co.

The independent parameters are now the same as in the case by

method of moments, a, k, and p. It can be shown that the maximum

likelihood equations derived from f(z)dz and regarding a, p, and B as

the independent parameters lead to the same results as those derived

from (4. 1. 1) and regarding a, p, and k as the independent parameters. 

Thus there is no loss in generality in the change in origin along with the

corresponding change in independent parameters.

If L = Z log f(w)dw in which the summation is taken over the sample

values of w and n is the number of observations in the sample, then

n
(4.1.2) L = n log 2 + np log a - n log f~p + (2p - 1) 1°g(wi + k)

If m^

- a % (w. + k)2 .
1 = 1 i

is the second central sample moment and \p(p) s

46
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the equations*  for the determination of the estimates of the parameters 

by the method of maximum likelihood are:

* This system of equations will be referred to as the M. L. (Maximum 

Likelihood) equations and any set of parameters which satisfy the M. L. 
equations will be referred to as the M. L. estimates.

2 
(4. 1.3) p - a(m^ + k ) = 0 

n i
(4. 1.4) (2p - 1) R - Znak = 0 R = T ------—r

i^l w. + k 

n
(4.1.5) n log a - n^(p) + 2 2 log (w. + k) = 0 . 

i = 1 1

M. L. equations in general, and the ones occurring here in par - 

ticular, do not lend themselves to an exact algebraic solution. Two 

methods of approximating the roots for M. L. equations are given by 

Fisher and Koshal (Ref. 13, 19 and 20). These methods are based on 

the expansion of either the partial derivatives of L, or of L itself, 

about a point, usually the moment estimates of the parameters. Neither 

of these methods is applicable to the above system of equations since
a is of order a and thus if a < l, which it usually is, ^L/é^a^ 

will increase in magnitude with i. Thus the remainder term will be of 

increasing magnitude unless the first approximation is extremely close 

to the true roots of the system. Since there is no way of measuring the 

accuracy of this first approximation, it will be necessary to determine 

the roots of the above M . L. equations by some other method.

The elimination of first à and then p between (4. 1. 3) and (4. 1.4) 

gives,

R(m + k2) 
(4. 1.6) p = ------------------------- -----------

2 [R(m^ + k ) - nk] 

and
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v R
(4.1.7) a = ---------------------- 2------------- *

2 [R(m2 + k ) - nk]

Eliminating a between (4. 1. 3) and (4. 1.5) gives 

n 2
(4. 1.8) n log p - nf(p) + 2 7 log (w. +k) - n log (m^ +k ) = 0 .

For simplicity of notation the following functions of k will be 

defined:

K = (m2 +

n
P(k) = 77*  (w- 

i =1 1

2
4 k)n

= RK
Pk = 2(RK - nk)

U(k) = log pR - lp(pR) + log

The procedure for solving the M. L. equations now becomes: For

any value of k, R can be calculated from the sample observations and

the corresponding value of Pk computed from (4. 1. 6). Likewise the

value of P(k) corresponding to any k can be calculated from the sample 

observations. Thus for any k, U(k) can be evaluated. Two values of

k, say k and k , can be 
* .

found such that U(k^) < 0 and U(k^) > 0. By 

the interval k , k^ can be shortened as much

as desired. Since U(k) is a continuous function of k, there will be

some k, say k , between 
o

ki and k such that U(kJ = 0.

The moment estimate of k can be used as a starting value. ' If a

calculating machine is available the above process is neither difficult 

nor complicated and U(k) can be evaluated in a short time for any k. 

Having found the zero for U(k), the M. L. estimates for p and a are 

obtained from (4. 1. 6) and (4. 1.7) respectively. The M. L. estimates 

for the dependent parameters can then be found from the appropriate 

relationships as given in the preceding sections.

The analysis and proof of the existence of the roots of the M. L.

equations will be discussed in a later section. Before this can be done 

it will be necessary to establish some of the properties of the functions
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R(k) and P(k).

— n 14. 2 Study of the functions R(k) — Z -----—-r and
----- —---------------------------------- i = 1 wi + K

n 2/n
P(k) = JT- (w + k) .

i=l 1
Before investigating the roots for the M. L. equations it will be 

necessary to establish some of the properties of the functions which are 

defined above and occur in these equations. The study of these proper - 

ties will be organized into a series of lemmas. Where there is no danger 

of ambiguity the argument » k, will be omitted.

It is assumed that the set of observations, ^w^ , i = 1, 2, n 

satisfy the following conditions :

a) w. is finite for every i.

b) n is finite but greater than 2. 
n

c) V w. = 0, i. e. the sample observations are measured from 
i = 1 i

the mean of the sample.

d) w, / w. for some i and some j, i. e. m^ > 0.

e) w. < w. for i < j, for every i and j.

The following lemmas are valid for any set of observations which

satisfy the above conditions.

Lemma 4.2. 1. w. + k > 0 for all i. '
i —

Proof: The statement is obvious from the range of values for w, 

i. e. - k < w < oo.

Corollary: k > 0. This is an immediate consequence of the Lemma 

and properties c) and d) above.

Lemma 4. 2.2 If m is the r^ central sample moment for z, then 
r

for any k > max | w. | .
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Proof: By actual division

r

If k > max |w.| this series will converge absolutely for every i. Then 

from definition of R,
n co

Since the summation over r converges absolutely for every i, the order 

of summation can be reversed. Thus

nm 
r r

T77
Lemma 4. 2. 3. R = —j , in which g(k) 7 / (w + k).

Proof: By definition R = If g’(k) =

and it follows as a consequence that R =
d[log g(k)] 

dk

Lemma 4. 2. 4 For values of k > max I w I , 
— i

k 2 m3 m2 ‘ m4
— = k^ - m + —— + ------- - -------- + terms of order k
R 2 k k2

Proof: From Lemma 4. 2. 2 for k > max | w. | ,

(4. 2. 1)

In order to expand the right member in a power series in k, write
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(4-2.2) -------— S

or

k = ( A k + A +A,k"^ + A k"2 + X k"^ )(m - m k 1 + m k 2 ) .

2
k - m2 + D^k)

'-loi 2 5 O 1 2

Since (4. 2. 2) is an identity in k, the Ai can be found by equating 

coefficients of like powers of k. This gives: A । “ 1; = 0; Ay = -^2'

Az = m3; A3 = m2 " m4: A4 = m5 " and ^5 -™b^2™2^4
+ m2 - . Putting these values in (4. 2. 2) and multiplying both sides

of (4. 2. 1) by k gives

nk
"R"

, 2k - m^ <™2
_ 2 _ 2

m^)k + terms 0(k ) .

Corollary:
RK 
nk

Proof: From the previous Lemma
nk
"r"

= k2 - m? + Dj(k), in which

D^(k) is a function of degree -1 

Then by division

in k and is finite for all k > max w J.

m^k 1

K 2mz - D/k)
—  = 1 + — ’ 
k - + Dj(k)---------------k - + D^(k)

D^(k) is finite for all k > max |w. | and m^ is finite and thus the limit 

of the second term of the right member above is zero as k becomes in - 

finite. Consequently,

. . R K _ .Li m = Li m
k -• 00 n k -*oo

k 4 m?

Lemma 4. 2. 5 . . RKLim —— = 00 . 
k-*  -w j nk

Proof: From the definition of R, it is obvious Lim R = 00 . 
k-*-w^
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K = k 2 > 0 for all k. Thus it follows
T RK
Lim —— 

k-*-w  j

Lemma 4. 2. 6 R > for any k.

Proof: (By mathematical induction. ) w. + k, then from

Lemma 4.2. 1, u. > 0 for every i. Also

u.

u. 
J

u.
+ -2 

U.

2u.u.
2 ,. - 2u.u.
i i J

2 2
J 2 + J

for all i and all j-

1
1

1

1 U2

Thus for n = 2 and

n

i = 1

u. u.
1 J Ui Uj

Then for n = 2,

1

U2

n

n

i =1

1

U3

- 3,

1
u.

2

3

2 n

this is a contradiction

Now assume

n n
(4. 2. 3)

Then

U1

U2

U1

2

u. 
J

U 2

U1

U2

1 U3

4

3

U1

for every i

2 n

U 2

U3

U3 2 n
2

and every j. However

of condition d) and thus the inequality cannot hold.

u.
2
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n+ 1

Z
i = 1

n 
z 
i = 1

n 
z 
i =1

n 
z 
i = 1

contains n terms of the type each of

which is greater than two. Thus from (4. 2. 3)

which is the same form as (4. 2. 3) with n + 1 replacing n. Replacing

by w+ k gives

" " 1 2
Z («i + k> Z —k >n • 

1=1 1=1 1

From condition c) this becomes nkR > n^ or R > — 

of Lemma 4. 2. 1 , k > 0.

since from Corollary

nk
—— for any k. 
K

Proof: Since m^ > 0
2 2K = k + m^ > k and thus

n > nk
k ~K and

consequently

nk
—— for any

Lemma 4. 2. 7.

k.

< 0 .

Proof: From conditions c) and d) there will be at least one i for

which w. < 0 and at least one other i for which w. > 0. Also from con­
i i

dition e) w. > w. for j > i . Further let the set of observations be ordered

as follows: T-
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1; Wi n^ for some ni

Also

w 
n

let wnj > w. for

w for all i < n.
i

and w < w for ni

and

From condition < 
n -1

w n
i = l

n W ; n- 1 W; n- 1 W;

n
(4. 2.4)

in which

(w. + k)2 (w. + k)2 i = l n
k)2

___ wi
(w. 4- k)2

n
w ;

i = 1

K^n + k)2 - 

(w. + k)2(w

(wj + k)2] 

. .2
n

n

i

W 5 
‘ (Wn

k)2 (W; + k)2

+ k)2 (w. + k)2

Then since w 
n

wn > w. for i

w. for any i < n
1 , .,2 _

nr Wni
W. > 0 for every i.

1 2
v. + k) for i < n .

Also since

Consequently

(4. 2.5) ""I i 1

In like fashion

(4. 2. 6) W for any i > n

Since < 0 and wn> 0, and from Lemma 
k > 0, (wn^ + k)^ < (wn+ J + k)2 and consequently,

(4. 2. 7) W n

Then from (4. 2. 4)
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(4.2.8)

From condition c),

nl
Z "

i = 1

in which S is some positive quantity. Then from (4. 2 5)

and from (4. 2. 6)

Combining these two inequalities with (4. 2. 7) gives

Since w. < 0 for all i < n^ and w. > 0 for i > n^ and W. > 0 for 

all i, it follows

nl _ __
S w W < 0 and / w W > 0.

Thus the first term of the right member of (4. 2. 8) is negative and the

second term is positive. However, the negative term has the larger

absolute value, and it follows as a consequence from (4. 2. 8)

t
i = l (w. + k)

i = l 1 i^+1 1 1
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n n n

Proof: % 1 = wj____  + k 2 ---------!-------
i=l w. + k f = l(w_+k)2 ‘-‘(w. +k)2

From Lemma 4. 2. 1 w. + k > 0 for all k and thus

n
5
1 = 1 1

> 0

for all k, and the Corollary follows immediately from the above identity.

Le mma 4 . 2. 8.

Proof: Writing

td v e s

nk 
RK

M =

is a monotonic increasing function of k

nk
RK

and R'
dR 
dk

1
(*i + k)2

n s 
i = 1

dM 
dk

fRK - k(R' K + 2kR) )

I r2k2 J
Writing

gives

R

R' = -R^ and

dM
dk

From the Corollary of Lemma 4. 2. 7 kR2 > R and thus

dM 
dk

2nm^

RK2

since each R and m is obviously positive.

0 ,

Thus —- > 0 for all k, and M is a monotonic increasing function 
d k

of k.

Lemma 4. 2. 9. P(k) = TT (w^ + k) <_ k for all k.
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Proof: It is a well known inequality (Ref. 14) that for any

u. > 0, 
i —

n
Z U
i = 1

From Lemma 4. 2. 9 w. + k 0 for every i, and thus

(4. 2.9)

n 
From condition c) % (w. 

i = l i

(w. + k) /n .

= nk and thus (4. 2 9) becomes

n

Corollary.

(w. + k)

—— ------ —-------------- - < 1 for every k.
K

2
Proof: Since > 0, it follows that K > k and thus from the

previous Lemma, 

4. 2. 10. sufficiently large values of k

n 2 . — 1— m _ k 2
2

2 - m+ k)i = l 2 3 3 2
“2 • 3-m4)k‘ ‘ + terms 0(k )

Proof: Define as the 
n

sum of the of the w's taken r at

a time. Then since

(w
. , n , n-2k) = k + q^k 3k

n-3 and

(4. 2. 1 (w. vn> n

q

q w. 0

n

i = l %
n 2
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Since q is finite for every r < n and the expression in the parentheses 

above contains a finite number of terms, it is obvious that there will 
-2 -3 -4

exist some k, say k', such that for k > k' , q + q^

+ • • • + q k~n < 1. Thus the right member of (4. 2. 10) can be expanded 

by the binomial theorem with the expansion being valid and giving an 

absolutely convergent series for any k > k' (Ref. 24). This expansion 

gives, 
n 2 /n 2 2 2 -1 f*2  2 - n 21 - 2

(4 2. 11) 07 (wi + = k + n ^2 + n ^3k + [n % + q2j

Ln 3n -■
+ terms 0(k ^) . 

n
If S = 2" wF, the following relationships are obtained from 

r I = 1 i
Newton's formula for symmetric functions (Ref. 2).

'll = Sj = 0; qa = - | S2: q3 = | S^. q4 = | •

By definition S = nm^. Putting these values in (4.2. 11) gives

IT (w. + k)2/n = k2 - m + y m k”1 + y(m2 - m )k 2 + terms 0(k 3) .
i =1

Proof: From the previous Lemma

yp (w+ k) /n = k2 - m^ + D^k)

in which D^(k) is finite for large k and of degree

2m - D_(k) 

k2tm2

-1 in k. Then
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m is finite, the second term of

the right member approaches zero as k becomes infinite. Thus

Lim 
k-*oo

* Such a polynomial will be referred to as a 
tied degree.

7F (w. + k) 
1 = 1 1

K

Lemma 4.2. 11.

is a monotonic increasing function of k.

Proof: In the notation introduced earlier, the function in this
P(k)Lemma becomes —-—-. If this function is designated by H, and H' rep- 
K

resents its derivative with respect to k, then log H = log P(k) - log K, 

and from Lemma 4. 2. 3,

From Lemma 4. 2. 1 w. + k > 0 for all admissible k. Consequent­

ly P(k) > 0 and since K > 0, it follows that H > 0. From Lemma 4. 2. 6 
RK A----- - 1 > 0. It follows immediately from these inequalities that H1 > 0 
nk 
for all admissible k, and H' > 0 for all k > -w . Thus H is a mono - 

tonic increasing function of k for all admissible values of k.

Lemma 4. 2. 12. If 
n i n

R = X --------------- 2 ’ and 8 = TT (w: + k) •
i=l (w^+ k) i=l

then

nk^n 4- 2(n - 3^q^k^+ 2(n -6)q^k+ V(k) 

g2

in which V(k) is a polynomial of degree 2n - 6 in k, consisting of a

finite number of terms each with a finite coefficient .

finite polynomial of a sped
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Proof: In the proof the following notation will be used:

p = -----1-----  for any r such that 1 < r < n and q • = q less those
br w_ + k 'J 
terms of q which contain Wy i.e. for n = 4 qg. = ^2^3^4 

cleared of fractions, in this notation it becomes
n 2

If Rz is

(4. 2. 12) R2

From the definition of g

n-1
(4. 2. 13) gi = 4

J=O

kn 1 j , with qo;l defined as unity.

2 
g

-w. it is a straightforward operation

to obtain the general relationship for any r <_ n in which q 1 and = 0

(4.2. 14) q wj

j=o

Replacing 

n-l

the subscript 1 by i in (4. 2. 13)

2 
gi

n-l -j 
j:i

, 2n-2

in which V^(k) is a finite polynomial of degree 2n - 6 in k. Putting

the relationship (4. 2. 14) in this gives

gZ = k^n 2 - 2w.k^n 3 + 2(q 4- 3w^)k^ + 2(q - 2w q - 2w .)k + V (k) .
1 1 6 1 * 14 1 1

n n
Since w. = 0 and wf - S , summing the above over i gives 

i=l * i=l 1 r

% g^ = nk2n 2 + (2nq + 3S )k2n 4 + (2nq - 4S )k^" 5 + V (k) 
. « 1 4 4 j j 4,
1=1

in which v2(k)e is a finite polynomial of degree 2n - 6 in k. Using the

relationships connecting S and q from Lemma 4 2. 10 the above

becomes
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(4. 2. 15) J + 2(n - 3)q^k^" 4 + 2(n - 6)q^k^ 5 + V(k)

i = 1

in which V(k) is a finite polynomial of degree 2n - 6 in k. In fact V(k)

is the same function as that which was previously designated by V^k).

From the definition of g, the common denominator for

vious ly g . Since

2(4 2. 16) g = ITl

_ 2
= °» g

(k + wY =

can be written,

is ob-

n . n-2 . n-3 x2
(k + q^k + q^k + ' + q^)

Putting (4. 2. 1 5) in (4. 2. 12) gives

(4. 2. 17)
nk^n 2 + 2(n-3)q2k^n 4 + 2(n - 6)q^k^ + V(k)

in which, as previously stated, V(k) is a finite polynomial of degree

2n - 6 in k.

Before stating the next lemma, the below designated functions of k

will be defined as follows :

H(k) =

77 («. +
i = l (see Lemma 4. 2. 1 1)

M(k) =
nk
RK

k + m^

(see Lemma 4. 2. 8)

G(k) 57TT in which O is an arbitrary non-zero
cT 4 log H(k)

parameter, independent of k.

T(k) S[M(k)]"‘

G'(k) and T'(k) will represent the derivatives of these func - 

tions with respect to k.

As a further matter of notation, the argument k will be omitted in 

writing the above functions. Exception will be made to this in case a 

special value of the argument is to be used, or if such omission gives
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rise to ambiguity.

Lemma 4. 2. 13. Lim G' = 0; Lim T' = 0; and Lim =7 - —7 •
k-*oo  k—oo k-*oo  T

Proof: From the definition of T,

k^( -kR' - R) + mz(-kR' + R)
T' = " nk2

in which R' = — = - R as defined in Lemma 4. 2. 8. 
d k 2

k2(kR2 - R) + (kR2 + R)m2

(4.2.18) T' - ----------------------------------- ----------------------- ■
nk

Thus,

From Lemma 4. 2. 3 

d[log g(k)] _ g'
R----------- dk r

and from (4. 2. 16) 

, n , n-2 , n-3 n-4
g = k 4- q2k + q^k + q^ • • • q^ -

Consequently, 

nk*  1 + (n - 2)q k" f (n - 3)q k” qn-l

(4.2. 19) R - -------------------------------- -------------------------------------------------------—

Then using R2 as given in Lemma 4. 2. 12 gives

-4q k2n 3 - 9q^k2n 4 + X(k)

(4.2.20) kR2 - R = ------------------------- - -----------------------------
g

in which X(k) is a finite polynomial of degree 2n - 5 in k. Similarly,

2nk2n 1 + 4(n-2)q k2n 3 + (4n-15)q k2 + X^(k)

(4.2.21) kR2 + R - ----------------------------------------------- - ------------------------------------------------
g

in which X^(k) is a finite polynomial of deg ree 2n - 5 in k.

Putting (4. 2. 20) and (4. 2. 21) in (4. 2. 18) gives
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4q + 9q 4 - 2nm k^" 5 + X (k)

4 * 4 4

ng

Using the known relationships between q^, , and m^ in the

4m ?k^n 3 - 3m^n 4 + X^(k)

(4.2.22) T' =--------- =----------------------2---------------------------
g

above gives

in which X^(k) is a finite polynomial of degree 2n - 5 in k.

It is obvious from (4. 2. 16) that the coefficient
, . Zn . 

of k in
2 

g cannot

vanish. Thus for any k and any set of observations the denominator of

T' as given by (4. 2. 22) is of degree 2n in k. Similarly, / 0 and

onsequently the numerator of T' as given by (4. 2. 22) is of degree

2n - 3 in k for any k and any set of observations. Thus T' is of degree 

-3 in k, and since X^(k)

Lim T' = 0 . 
k-*oo

is a finite polynomial in k it follows that

From the definitions of the functions concerned, G can be written

r =__________!____________
J*  + log p(k) - log K 

and consequently

(4.2.23) O' = - - IR - £] lG]2 . 
n ix

Using R from (4.2. 19) gives

(nm - 2q )kn 1 - 3q k” 2 + Y (k) 
UK 4 4 J D

" - gK

in which Y^(k) is a finite polynomial of degree n - 3 in k. Using the

relationships -2q^ = = nm^ and 3q^ = = nmin the above and put­

ting the resulting expression for R - nk(K) in (4. 2. 23) gives .

(4. 2. 24)

4m^kn 1 - 2m^kn 2 + Y ^k) 

gK
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in which Yt(k) is a finite polynomial of degree n - 3 in k.

From the Corollary of Lemma 4. 2 10, Lim H = 1 and thus 
k "oo 1

Lim log H = 0. It follows then from the definition of G that Lim^ G = —. 
k~*oo

The first factor of the right member of (4. 2. 24) is obviously of 

order k"3 since the coefficient of the leading term of neither the numer­

ator nor the denominator can vanish. Thus the quantity approaches zero 
as k becomes infinite. By hypothesis / is independent of k and non­

vanishing. Consequently the second factor of the right member of (4. 2. 24) 

remains finite for all k. Therefore it follows that

(4. 2. 25) Lim G' = 0 . 
k-*oo

From (4. 2. 22) and (4. 2. 24)

[4m k”~1 - 2m kn“2 + Y (k)] [k" + q k” 2 + q ] [G]
G1 2 _____ 3___________ 1 _ _______ _
T [k2 + m^J [4m^k2n 3 - 3m^k2 + X^(k)]

or

G. [4m^^ + Y2(k)] [G]2

T' 4m2k2n-1 4- X4(k)

in which each Y^k) and X4(k) is a finite polynomial of degree 2n - 2 in 

k. Since m2 0 it is obvious from the above that

Q f 2 1
Lim — = Lim [G] = —y •
k--oo T k—oo y

Lemma 4. 2. 14. If nJ is the frequency of Wj in the set of obser­

vations , i = 1, 2, 3, • •• n, w being the smallest observation,
WR % 1

then Lim —“- =   .
k-*-w 1 RZ nl

Proof: From the definition of R2»
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1

(w + k)^

in the notation of Lemma 4.2. 12Clearing of fractions gives

From definition of R,

R2

JT (w. + k/ 
1=1 i

Then for k / -w 1

n
Z g2 

i=n^l i
n -i 2

_____ i_________  
n

JT (wi +k) + 
=n^+1

consists of a finite number of terms 
i

each having a finite

number of factors. Further, 

taking k sufficiently close to -w , g, can be made arbitrarily small for

every i > n + 1. Consequently

Lim 
k-* -w 

1

= 0

and thus
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Lemma 4. 2. 1 5.

Lim —— 
k--w i

R2 1

Proof: Writing as given by (4. 2. 17) of Lemma 4. 2. 12 and R as

given by (4. 2. 19) of Lemma 4. 2. 13 gives,

R^ nk^n 2 + 2(n-3)q^k^n + 2(n - 6)q^k^n +V(k)

R2 [nk^ 1 4- (n - 2)q kn 3 + (n-3)q k” f - q J2 
6 j n -1

Since each of the numerator and denominator is a polynomial of degree
R I

2n - 2 in k, repeated use of 1* Hôpital's rule gives Lim .
k-*oo rZ n

4. 3 Roots of the maximum likelihood equations and the existence 

of an admissible solution. Admissible values of the independent para - 

meters are as follows : 0 < p < oo; 0 < a < co; and -w < k < oo, in which 

w < w^ for every i > 1. Any set of values of a, p, and k which satisfies 

the maximum likelihood equations and consists of admissible values for 

each of the parameters will be termed an admissible solution.

Theorem 4. 3. 1. The M. L. equations will have no admissible solu­

tion in which p < — .
2

Proof: One of the M. L. equations, (4. 1.4), is

(4. 3. 1) (2p - 1 )R = 2nak.

From condition 11 of section 1.2, a > 0 and from the Corollary of Lemma 

4.2. 1, k > 0. Thus the right member of (4. 3. 1) is positive for all ad­

missible values of the parameters. From the definition of R and the fact 

that w. + k 0 for all k, it follows that R > 0. Thus if 2p - 1 < 0 the 

left member of (4. 3. 1) is negative. Consequently no set of admissible
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values for a, p, and k in which p < - can satisfy (4. 3. 1). If p = - , 

it would be necessary for either a or k to be zero to satisfy (4. 3. 1). 

From condition 1, of section 1. 2 and Corollary of Lemma 4. 2. 1 neither 

a nor k can be zero. Thus for p = | no admissible values of a and k 

can satisfy (4. 3. 1).
1 

Thus no admissible solution for (4. 3. 1) can exist in which p < - 

and since this equation is a member of the M. L. system of equations 

the theorem is established.

Theorem 4.3.2. The range of values for p as determined by the 

M. L. equations is — < p < co.

Proof: The relationship, (4. 1.6), for the determination of the

M. L. estimate of p for any k is 

RK_________ 1
(4.3.2) p - Z(RK _ nk) 2[1 - M(k)]

*

in the notation of 
nk , , 

R > ---- and thus
K

Lemma 4. 2. 8.

M(k) < 1 for all

From the Corollary of Lemma 4. 2. 6,

k. Further from Lemma 4. 2. 5

[M(k)f1

1

Lim M(k) = 0 .
k—-w k—- w i 

1
Using these in limits in (4. 3. 2) gives p > — for all k and Lim p = — 

k~*-w

From the Corollary of Lemma 4. 2.4 Lim M(k) - 1 and thus 
k-*oo

Lim p = oo. From Lemma 4.2.8, M(k) is a monotonic increasing func­

tion of k. Consequently p, as determined from (4. 3. 2) will be mono­

tonically increasing with k, and — < p < co.

Theorem 4. 3. 3. The value of a as determined by the M. L. equa

tions is positive.

Proof: From (4. 1.6) the relationship for the determination of a

* In this section the frequent occurrence of special values for k and the 
later introduction of another variable, £ , make it inadvisable to con­
tinue omitting the argument in writing the functions M, H, G, and T.
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for any k is a = 2K[1 - M(k)]}"1. From the Corollary of Lemma 4.2.6 

M(k) < 1 for all k and consequently 1 - M(k) > 0. Since K = k + m^ > 0 

it is obvious that a > 0 for all k.

Theorem 4.3.4. There will exist an admissible solution for the

M. L. equations determined by any set of observations meeting the

conditions a) through e) of section 4. 2 and for which the frequency curve 

is not monotonic decreasing.

Proof: From Theorems 4. 3. 2 and 4. 3. 3 the values of a and p as

obtained from the M. L. equations through (4. 1.6) and (4. 1.7) respec­

tively for any admissible value of k are admissible values. Further, the 

condition that the frequency curve is not monotonic decreasing is equiv­

alent to the condition p > 

to show that some admissible

Thus to establish the theorem it is sufficient 

value of k is a zero of the left member of

(4. 1.8) in which p is regarded as a dependent parameter to be determined 

by (4. 1.6). That is, the theorem will be established by showing that some 

admissible k is a zero for

(4. 3. 3) U(k) = log pk - (p^) + log H(k),

in which Pk is defined by the right member of (4. 1.6) and H(k) is defined

in Lemma 4. 2. 1 3 .

From Theorem 4.3.2 Lim p = y and consequently log p and 
k-*-w . k 

\U (p ) each remains finite as k approaches -w . Since w. is finite 
• k n

for every i and n is finite, TT (w- + k) can be made arbitrarily small 
i = 1 1 2

by taking k sufficiently close to -w . k + remains finite as k ap­

proaches -w i. Thus it follows,

Lim [log H(k)l = -co, and Lim U(k) = -co . 
k--w k-*-w

1 1
Consequently the re will be some k, say k , such that k^ -w and

(4.3.4) U(k1)<0.
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We next show that there exists some admissible k for which 

U(k) > 0. Let £ be any real and positive quantity and define the function, 

(4.3.5) £ <£. k) - £ - - £ - TW 

in the notation of Lemma 4. 2. 13.

If the f -axis is taken as the vertical axis, the graph for

P (E. k) = 0 will have the following properties:

1) £ > 1 for every k, from the Corollary of Lemma 4. 2. 6.

2) Lim £ = 1, from the Corollary of Lemma 4. 2.4. 
k-oo*

3) £ is a monotonic decreasing function of k, from Lemma 4. 2. 8.

4) Lim ( = oo, from Lemma 4. 2. 5. 
k-»-w 1

5) ((. k) is a continuous function of each £ and k over the

range 1 < £ < oo and" -w < k < oo, from the definitions of the functions 

concerned.

Thus the graph for C (£» k) = 0 will be a continuous curve over the 

interval k > -w . It will approach from the right as a vertical asymptote 

the line k = -w^, and will approach from above as a horizontal asymptote 

the line £ = 1.

The graph for £ ( £ , k) = 0 is shown by the broken line in figure 

4, page 72 .

Let 0 be any arbitrarily assigned positive parameter and define 

the function , k) as follows, 

(4. 3. 6) ( f, k) = e ~

with H(k) being defined as in Lemma 4. 2 13. The graph for ( (. k) =0 

will be a one parameter family of curves. Solving (£ » k) = 0 for E

gives

(4.3.7) * V + log H(k) - G(k)

in the notation of Lemma 4. 2. 13.
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If the £- axis is taken as the vertical axis, the graph for

= 0 as drawn from (4. 3. 7) will have the following properties for any

J > 0.

1) £ > for all k, from the C or oil ar y of Lemma 4.2.9.

2) Lim f , from the Corollary of Lemma 4. 2. 10. 
k— — w । J

3) From the Corollary of Lemma 4. 2.9» H(k) < 1 for all admis­

sible values of k and from Lemma 4.2. 11, H(k) is a monotonic increas 

ing function of k. It is obvious then that £ as defined by (4. 3. 7) is a 

monotonic decreasing function of k for all </*  > 0.

4) H(k) is a continuous function of k, increasing monotonically 

from zero to arbitrarily close to unity as k increases from -Wj without 

limit. Thus log H(k) will vary continuously from an unbounded negative 

quantity to arbitrarily close to zero as k varies over its range of values. 

It is obvious that there will exist, for any finite >0, some k, say 
k , such that: k^ > -w and log H(k^) = - (f From this it follows 

Lim £ = oo for any cT >0. 
k—k j. e

Z 5) ( £, k) is a continuous function of each £ and k over the

range — < £ < oo and k < k < oo, from the definitions of the functions 
S 2

concerned.

Thus the graph for (f, k) =0 will be a continuous curve for 

k > k for any > 0. It will approach from the right the line k = k as a 

vertical asymptote and will approach from above as a horizontal asymp­

tote the line £ = , as £ and k respectively become infinite.

For any > 0, the vertical asymptote for ( f, k) = 0 is to the
right of the vertical asymptote for 3? (£, k) = 0 since k^ > -w . Further, 

the curve for (£. k) = 0 will have a finite ordinate at k = k^ for any 
cT> 0.

For any Q > 1 the horizontal asymptote for the curve C ( &» k) = 0 

is above the horizontal asymptote for the curve (£» k) = 0. Further,
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. 3
the graph for ( £ , k) = 0 will have a finite abscissa for E = 1 for 

any cf > 1

It follows from the above that for any cF > 1, tne curve for 

^ (£ , k) = 0 will intersect the curve for £ (£, k) = 0 for some finite 

k > > -wy The point of intersection for these two curves is obviously

a function of £ . For this reason k^ will represent the abscissa of the 

point and Ç will represent its ordinate.

A typical curve for , k) = 0 for some </*  > 1 is shown by the

solid curve of figure 4, page 72.

We now investigate the behavior of and k^, as (/*■*  1 and.

specifically the existence of and k^ if cT = 1.

That is, as the horizontal asymptote for the curve for

/ (£ » k) = 0 approaches the horizontal asymptote for the curve for 

f (2. k) = 0 and for & - 1 they have a common horizontal asymptote,

£ = 1. The question to be answered is: For = 1 will the two curves 

have a common point so that Ej. and k^. will still exist when = 1 ?

There will be two possibilities:

1) Lim k r is finite. That is, the points of intersection for the 
cT — 1 J

two curves will always be to the left of some fixed point, and consequently 

would be greater than some fixed quantity which is greater than
unity for all (£ > l. Under this condition the solution of the problem is 

obvious as will be pointed out later.

2) Lim k = oo and Lim €- = 1. Under this condition the point 
l J 1 v

of intersection of the two curves moves to the right continuously without

approaching a finite limit point as l

The following is based on the assumption that the second of the 

above possibilities is the one which prevails.

Let E be the ordinate for the curve (C » k) = 0 at any point
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£

% %
I
%

K

Graph showing the intersection of the curve for C (£. k) =0 and a 

typical member of the system of curves for ( £, k) = 0 for some > 1.
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on the curve and let c 

any point on the curve.

be the ordinate for the curve

Then £ and

properties:
a) As oT decreases the vertical 

move to the left. However, so long as

( £ » k) = 0 for

will possess the following

asymptote for 3 ( £, k) = 0 will
cT remains finite, this asymptote

will remain at a finite distance to the right of the line k = -w . For 
(/*  = 1 the vertical asymptote for , k) = 0 is that value of k for

which H(k) = e and for this value of k, is finite. Consequently

for any Qf > 1 there will

is the vertical asymptote

exist some k, say 

for( £, k) = 0,

k,, such that, 
4

then

if k = k-

(4.3.8) > ^(k4) and k4 > k2 > -w! •

b) As & decreases continuously the horizontal asymptote of
( £, k) = 0 will move upward continuously and as cT -*  1 the asymptote 

will approach the line = 1 from below.

c) The definitions of the functions involved give

(4.3.9) = Of[T(k)J + lT(k)][log H(k)J.

Then from the Corollary of Lemma 4. 2. 4 and the Corollary of Lemma

4. 2. 10

e
(4. 3. 10) Lim = a

. k-*oo  c 2

Thus for sufficiently large k and for any > 1, the ordinate for 
£ ( £ , k) = 0 is greater than the ordinate for , k) = 0. Further^ as

cf — 1 the ordinates of the two curves approach equality. From (4. 3. 9) 

alone it cannot be stated whether the approach to equality is from

1 However, this conclusion can be drawn from the
2 2

following: For any O > l the asymptote for £is below the asymptote 

for £ and consequently for any 5 > 1 there will exist some k, say
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k , such that C (k) > L (k) foi any k > k . Thus it can be concluded 
5 1 Z d

that the ratio of (4. 3. 10) approaches unity from above. That is,

d) as defined here is identical with G(k) as defined in Lemma

4. 2. 1 3 and from (4. 2. 23)

^2 

dk

2
1

K

in which K is positive and independent of <T . 

the rate at which approaches its horizontal 

monotonically with decreasing .

are identical wi

4.2. 13, since T(k) and 

and £ respectively,

Thus for any fixed k,

asymptote increases

G(k) as defined there

2 1 
p2

in which , represent the derivatives 

the relative rate at which and approach their respective horiz­
ontal asymptotes increases with decreasing and for (/*  = 1 the ratio 

with respect to k. Thus

of their slopes becomes unity or the "tails” of these two curves of figure 

4 become "parallel”.
R If) From Lemma 4. 2. 6 —— > —=r and thus from definition nk k2

(k2 -m>2) > 1 + -| > 1 . 

k

That is, ( for all k is greater than a quantity which is greater than 1.

In view of b), c), d), e), and f) above, it can be stated: For
J = 1 even though the horizontal asymptotes for the curves f ( C, k) = 

md k) = 0 coincide at £ = £ = 1. there will exist some k,

say k. , such that
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(4.3. 11) z' 6
(k, ) and k > k 

1 O O 6
Since each £ ( f , k) and is a continuous function of k for

for

for

k2'

any

it follows as a consequence of (4. 3. 8) and (4. 3. 11) that the graphs

, k) = 0 and (f . k) = 0 must intersect at some finite point

-«1 .

Algebraically the above means: For any Q > l there will exist

a k*  and an such that

(4. 3. 12)

aid

(4. 3. 13)

in which

R(kr )

Davis (Ref. the following asymptotic expansion for V<p>

n

2
e

2

n
1

i = l

1
P " ÏP"L^(P) = log

2r p

in which B is the r^ Bernoulli number. Then

1

since the first term omitted is

1__
12p2

negative

120p

and the expansion is asymptotic.

^%P) < log 1
P ' ÏP

£ 
3

2 21
2p

From Theorem 4. 3. 2. , > — for any k. Thus for any k,
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1

2pk

1 1 2 
2pkJ

and as a result

L kJ l kJ
logpk -V"(pk)>

1_
5

1
2pk 

r i
Zpk

£
5

Putting gives

2

2

(4.2. 14) U(k) > 12
+ log H(k).

IK

In the expression for p as defined by (4. 1.6) replacing T(kp ) by its

(4. 3. 15)
1= 1

Then from (4. 2. 13) and the definition of H(k) as given in Lemma 4. 2. 13,

(4. 3. 16) log H(kf ) =

Letting k = k^ and using the values as given by (4. 3. 15) and (4. 3. 16) in 

(4. 3. 14) gives

(4. 3. 17)
1_ 
5

2.12 &.J
If the first possibility referred to earlier in the proof is the pre-

vailing condition, — [ 1 - -y—] will have a finite lower lim 
be taken close enough to unity to make (çf - 1) less than th

can

is finite lower

limit. Then for the corresponding value of k say k^, it follows that

(4. 3. 18) U(k^) > 0 and k^

If the second possibility is

(4. 3. 12) and (4. 3. 13) k 

represent the values

and

of k

the prevailing condition, then from 

will exist for = l. If k^ and 

and £c respectively which correspond

to then it follows from (4. 3. 17) that

1

2
- w
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(4. 3. 19)
2 

> 0 and -w

Since

Thus it can

each and

be stated that

3 is greater than -w each is admissible.

regardless of which of the two possibilities

U(k%) > 5
1

3 2
3 J

prevail, there will exist some admissible k, say k^, such that

(4. 3. 20) U(k^) > 0 and k^ > > -w^ .

P(k), R(k), Ÿ(pk) and log pk are all continuous functions of k; the

Latter two because Pk is a continuous function of k. Thus U(k) as de -

fined by (4. 3. 3) is a continuous function of k. From (4.3.4) U(k^) < 0

and from (4. 3. 20)

say k, such that

u(k3) > 0. 

k3 >£ > kt

Consequently, there must exist some 

and U(t) = 0.

k,

Since each and k is an admissible value of k, and k lying

between them is obviously an admissible value of k and the theorem is 

es tablished.

4.4. Existence of a sufficient set of estimates. From (4. 1. 1 ) f(w)

can be written

(4. 4.1) f(w)
[-log fp + l°g 2 + p log a +(2p-l) log(w+k) - a(w+k) ]

If the following notation is 
X i = log (w + k); X2 = (w + k)^ 

(4. 4. 1) can be written,

adopted; 

and B

Aj = 2p - 1, A2 

= log 2 + p log a - then

4- AX + AX
(4.4.2) f(w) = e 1 11 2

If (w 4- k) is regarded as the variate, i. e. let w + k = x, then 

f(w, a, k, p) becomes f(x, a, p) which is a continuous and non -zero function 

over the admissible range for the parameters. Further the partial deriva­

tive of the function will exist for p — 1 .

Thus, if k is regarded as known, according to the familiar theorem
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due to Koopman (Ref. 17) there will exist a set of jointly sufficient 

estimators for a and p for p > 1 . However, there does not exist a 

set of jointly sufficient estimators for a, p , and k.

4.5. Analysis of the roots of the M. L. equations relative to their 

maximizing the likelihood function.  Since the roots of the M. L. equations 

are zeros for the partial derivatives of the logarithm of the likelihood 

function with respect to the parameters, they may represent either a 

maximum point, a point of inflection, or even a minimum point for this 

function. The purpose of this section is the establishment of the type of 

point which the M. L. estimates represent for the likelihood function.

*

Theorem 4.5. 1. If ( a^, ^, ^) is a solution for the M. L. equations 

as given in section 4. 1, then:

a) satisfy all the necessary conditions for maximizing the

likelihood function, L(w., a, p, k), as given by (4. 1.2) and

b) (2, ) cannot minimize the function L(w^, a, p, k) .

Proof: In the proof the following notation will be employed:

evaluated at ( a, p. k), with corresponding notation for the second partial 

derivatives with respect to the other parameters.

evaluated at p = p. | H | will represent the Hessian for L(w^, a, p, k) with 
each partial derivative being evaluated at (^, 4c). The usual notation

relative to minors of various order of | H| will be employed. In all

The function L(w., a, p, k) is the logarithm of the joint frequency func - 
tion of the sample. It will be referred to as the likelihood function.
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cases the elements of

Since ( â, &)

| H| and its minors are evaluated at (ii, &).

satisfy the M. L. equations: (4. 1.3), (4. 1.4), and

(4. 1. 5); the following will be satisfied:

(4. 5. P = (m2

(4. 5.
n

2(4. 5. 3)

The Hessian for L(w., a, p, k), with the parameters being taken in

the order a, p, 1; becomes,

3 n

a

1

1 2^

2$-2ak *>R2:ï

in which nR and nR *2

Expanding the above determinant by method of minors and using the 

r elation (4.5.2) gives

Hi = (2$ - 1) ^(^^2:1 * Rl^ " 2R1 " ^^2:l^ + RP

- (Zp - + ^l2 ^2 '

By writing 1^1$) ) and using the relationships (4. 5. 1), 

(4. 5. 2),

(4. 5.4)

and (4. 5. 3) the above clears up to
3 ( .'k (m + ^2) +^R (m - ^2)

Differentiating (4. 5. 1) and (4. 5. 3) gives,

d [k] 
dp
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From (4. 1.6) it follows

k=t 
dk

R,(m2

2:1 k 1(m2 - k )]

From the Corollary of Lemma 4. 2. 7, kR^ > R for any k and

from definition nR = R, , and nR = R,. Thus R_ 
2 2:1 1 2:1

and as a

consequence the denominator above cannot vanish. Substituting this

ives

(4. 5. 5)
Rjk

2:lk^2 l<m2 - k )]

From the definition of fp ) the second term of the right member

of (4. 5. 5) becomes Putting this value in (4. 5. 4) gives

P

2 2R1[R1(m2 R
3 

n m2 P

W = 
n

2R k

P
R1

m2

(4. 5. 1 ) and (4. 5. 2)

2 k2 P -
P* R1 - — 

m2

and as a consequence, since a / 0,

(4.5.6) |H| = 0.

If | represents the minor of Laa> then from definition, 
11 a a

2 R
2 n

2 R 2:1
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Expanding the determinant and using (4. 5.2) to eliminate a gives 
z A-f'cîWp - mS./k + 3.] 1

I Hu1 = n = 4RJ '

Writing ) as given by (4. 5 . 5) and putting

R3 =^2. gives

Clearing this of fractions and using the relations (4. 5. 1) and (4. 5. 2) 

gives 3

n 11

As previously explained from Lemma 4.2. 7, the denominator above 

is positive for all k. Obviously the numerator is positive for all k. 

Therefore, 

(4.5.7) !Hh| > 0 .

If I H ! represents the minor of then from definition,
22 a TP

2 k (2 p - 1) R2 j + 2 a

Expanding and using the relations (4. 5. 1) and (4. 5. 2) gives

(4. 5. 8)

4 ^22 । 

n

[R2 jkfm^ +^) + Rj(m2 - k )] •

22
> 0.

and, consequently,

If represents the minor of L^A • then from definition 
k k
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2 
n 
77 
a1 1

In

4. 2. 6,

P ) as
R^k2 + mp

given by (4. 5. 5), from the Corollary of Lemma

> k for any k. Also the denominator of the second

term of the right member of (4. 5. 5) has been shown to be positive. Thus

it follows that ) - 1 > 0, since p > 0. It can be shown, inde­

pendently of the relationship (4. 5. 5), from any of the
for U/(p), (Ref. 7), that for any p > 0, P ^P) - 

several expansions

1 > 1. Thus it

follows ,

The following principal minors of order 1 are 

(4.5. 10) !Hh • = L^ = -n[(2 p - 1)R^

since from Theorem 4. 3. 2 > —

(4. 5.11) H33| = L^ = -n p ) < 0

the definition of ^/^( p ), (Ref. 7). 

(4 R 1 Im M 1 = T___ = - n—- < 0.

(4.5.9) jH33; > 0.

gotten from definition

+ 2 a ] < 0.

for all > 0 from

'------“22 "33 -aa ^2a
Thus from the relationships (4. 5. 6) through (4.5. 12) it is evident 

that the Hessian of the likelihood function vanishes and that every principal 

minor of it has the sign ( -1 ) , in which r is the order of the minor, at 

the point ( a.'p, 'k). It follows from the theorems relative to maxima and 

minima of functions of several variables (Ref. 4) that ( a, p, k ) meets all 

the necessary conditions of a maximum point of the likelihood function. 

It further follows that ( a.'p.'k ) cannot be a minimum point for the likeli­

hood function. The theorem is thus established.

4. 6. Formulas for the variance and covariance of M. L. estimates

of the parameters. The conventional formulas for the variance of
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maximum likelihood estimates as well as the efficiency of such estimates 

require either that the range of the variates be independent of the para­

meters , or that the distribution function and its derivatives with respect 

to the parameters vanish at the extremity of any range which is dependent 

on the parameters. (Ref. 17).

The range for w, whose probability density function is given by 

(4. 1. 1), is obviously a function of the parameters. Consequently some 

investigation into the behavior of the distribution function and its deriva­

tives at the lower end of the range will be necessary.

In this section for simplicity the parameters a, p, and k will

is a possibility of ambiguity, the arguments in

Further, unless there 

f(w, 81, 8^, 83) will be

omitted and the quantity written f.

The reason for the conditions of the first paragraph is the necessity 

of the two relationships: .

J b b p

1 “ a 1 

and

The usual formulas for the variance of the M. L. estimates and the 

efficiency of these estimates will be valid if a) and b) are true even 

though the range is dependent on the parameters. Thus it becomes neces - 

sary to establish the conditions under which a) and b) are true.

In the notation of this section, f(w, a, p, k)dw becomes
0, 2

20 -1 -8 (w+8 )
(4. 6. 1) f(w,8 ,8 ,8 )dw = — (w + 6 ) e 1 ° dw .

f is a continuous function of w, 8 , 8^, and 8$ over the range
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and Ô Also is continuous

over the same range for = 1,2. If i = 3, then 9 > 1 is necessary 
2 —

«i>-e3; e2
£ 
1

for continuity at w = -9^.

it is obvious that for 8^ > 1/2 both f and its derivatives, except

for derivatives with respect to 6$, will vanish at w = - 9^ . The first

derivative with respect to 93 will vanish at w = - 9^, for 6^ >

Le mma 4.6. 1.
co co

J*  f • dw] = -

"®3 -%
• dw, i = 1,2,3 for

any 9 0, 62 and any 9$ for:

all 6. in which 0^ is independent of and 9^,

b) 61 and 9^ are functionally dependent on 9^ through either the

0

M. L. equations or the moment equations if n / 2n^, n^ being the

frequency of occurrence of w in the set of observations

Proof: Since both f and its derivatives with respect to the para -

meters are continuous over the range of the parameters.

in which f(w, 9 ) = f( w, 8 , 9^, 9^). Since f(-9^» 6^) = 0 for 9^
3

9z - 1/2 

vanish if

and all 
d9, .
d9.

is

9^, the second term of the right member above will 

finite.

H •

de 3 
de.- i

1 and the lemma is obviously true.

and 9^

i = 3

3
obvious that the lemma is true.

Suppose now that 9^ and 9^ are functionally dependent on 9$ 

through the M. L. equations. Then, since 9= a and 9^ = k, it follows 

from (4. 1.7) that
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(4.6. 3)
d0j
d9J

R2

2
2°2

2 8 |(nR + n - 2

To investigate the denominator for zeros, refer to section 4. 5.

Hessian as defined tlic-re, when written in terms of 0. and expanded be -

comes, for any set of ^0 

3 r
I”! - 4 11*3*2:1  

®1

i = 1,2,3.

- - *2  V'(02" +*̂3^2021

From Reference 7

Further for

28^ - 1 0,
2

2*2
1
*2

Consequently

2
202 - 1

and since > 0, it follows

'"«Z

1
«2

1

1 "4
1

^2

^'(ep > 0

° A 0 .

From section 4.5, 1 - @2

obvious that, if for any 0$, 

| H | > 0. But from (4. 5. 6),

*3*2:1

< 0 for

2Rj) 4 Rj

| Hi = 0 for any set

satisfy the M. L. equations. Therefore

any 0^. Thus it is

= 0, it will follow that

i = 1,2,3, which

it follows that for any 0^ and 0^

3
through the M. L. équations

«3^2:1
2 0.

From the definition of R and 
2:1

1*3*2:1  - 2^> + R
n

(nR + n©3R2 - 20^) A 0. Thus
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nR + n93R2 - Ze^R^ can have no zeros among the set ^9^ , i = 1,2,3 

which are functionally related through the M. L. equations. It follows then 

that the right member of (4. 6. 3) cannot become infinite through the 

vanishing of the denominator.

To investigate the behavior of as R becomes infinite

(4. 6. 3) will be written

de 3 = _____________ 1________________
d9‘ + n93^ ' 29P

R

Since ^Lim R = OO , it follows from (4. 1.7) that
*V-W1

From Lemma 4. 2 14,

eHKw.fs + ri • 29] = ■ 2) •
3 1 R *

Combining these two limits gives 
,, 2

® 3
d9 n ----  

-w dO

Thus for n

From Lemma 4. 2. 15

d9 0 .

will remain finite as R becomes infinite.

since _Lim R = 0, it is obvious that 
9^—* co

9 oo dO

Thus for any 9 , 9 , and 0 which are functionally related through 
1 JA

the M. L. equations, 3^. is finite and consequently the second term of 
1 .

the right member of (4. 6. 2) will vanish for i = 1 .

If i = 2 and 9 , 9^, and © are functionally related through the

M. L. equations, then from (4. 1.3)
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«2 and

d©3

<m2*  + 2^^^

From the
93<R2;1 - 2R^

argument relative to

then

dO -a
——J it is obvious that, if
d9 1
> 0, which is a contradiction of

(4. 5.6) for any set of i = 1,2, 3, which

through the

shown that

M. L. equations . Thus it follows » 

03(R2 - 2Rj) + Rj / 0, that

since it has already been

9/R2:l 2R2) + Rj = —y (nR + n9^R^ 29 R2) > 0 .

Cons equently,

each 01 and

dO;

% 1
n

as given by (4. 6. 3) cannot be negative. Thus, since
dO 
dO

will have no zero. Therefore, for all 9 , 0^,

functionally related through the M. L.

and 
d6 
de

< as given above 
^e^ , which are 

will remain finite

and the second term cf the right member of (4. 6. 2) ^will vanish in this

+ R

case. Thus the lemma is established for all 9 , 9^, and 93 which are 

functionally related through the M. L. equations.

Now suppose the parameters are related functionally through the

moment equations. Replacing population moments by sample moments in

(3.1. 5) gives,

(4.6.4) d03 
de, “

2(m3 2 3

2 1

F rom (3. 1.4)

4*o  = °lm2 

and from Lemma 3. 2. 6

£ 
4

Thus, if 6 ©2, and e3 are functionally related through the moment
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equations the denominator of the right member of (4.6.4) will have no 

zero.

From Theorem 3.3. 1 the moment estimates are finite for any set

of observations. the nume -

rator of the right member of (4. 6. 4) is finite.

It follows from the above that for all 

functionally related through the moment equations, the right member of 

(4. 6. 4) remains finite and, consequently, in the case i = 1 the second 

terms of the right member of (4. 6. 2) will vanish.

For the case i = 2, again replacing population moments by sample

moments in gives.

(4. 6. 5) de 2 
d93

(m2
2X de, 
3*  d@3 1 3 *

From (3. 1. 5), with population moments replaced by sample moments

8 ' and 8since each

m3 2m2®3

3 
e3
261

Since 1 - 4m^81 has already been shown to be positive, it follows that
de3 

— as given by (4. 6.4) is positive. Consequently, each term of the right

member of (4.6.5) is positive and > 0 for all 9 , 9 ,
do 1 2

which are functionally related through the moment equations.

and Og

Thus
d6o
dô— is finite over the same set of the parameters, and in 

second term or the right member of (4. 6. 2) will vanish.

this case the

From the preceding it can be concluded that for i = 1,2, 3;

, 9^, 9^) = 0 for all 9*,  9^, and 9$ which are: 1) inde­

pendent, 2) functionally dependent through the M. L. equations, or 

3) functionally dependent through the moment equations. It follows then

that under any of these conditions the second term of the right member 

of (4. 6. 2) will vanish and thus the lemma is established.
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f dw

= f (w, e

= 1,2, 3; and for 0

then

f dw

for i, j 0, and any 9$

b)

9g is independent of »2 and el

9y 8^, and 9$

%

M. L. equations or the moment equations unless the frequency of the

smallest observation of the set is half the total number of

observations, i.e. n / 2n .

Proof: From Lemma 4. 6. 1 and from the fact that £
■®3

1

1 f • dw
-% 

oo

4L dw 
^9.

for i = 1,2,3, or

if

(4. 6. 6) f dw 0.

is a continuous function of all the para­

0

meters over their respective

entiated with respect to 6 ., 
J

specified ranges and thus can be differ - 

j = 1,2,3. Thus , differentiating (4. 6. 6)

with respect to Oy gives as a result,

(4. 6. 7) f dw

For — 1

f dw

>0.

= 0, for i = 1,2,3. Also
w = -83 it can be

shown as in Lemma 4. 6. 1 by the substitution of j for i that
de 3 
de.

j
is
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finite for j = 1,2,3 under the conditions set forth in the lemma. Thus

under these conditions the second term of the right member of (4. 6. 7) 

will vanish for i, j = 1,2,3. It is sufficient that @2 except for

the case j = 3 but for that case 0 > 1 
2 — is necessary to ensure the

vanishing of the second term.

With the vanishing of the second term 

(4. 6. 7) it becomes

of the right member of

f dw f dw

and the lemma is established.

In view of Lemmas 4. 6. 1 and 4. 6. 2 the usual formulas and theory 

concerning the variance of maximum likelihood estimators, and their 

minimum variance properties (Ref. 12, 6, 17) are valid even though the 

range is a function of one of the parameters.

The Hessian used here is mt to be confused with that used in 

section 4. 5. Here the elements are expected values of the second 

partial derivatives. In the previous section the elements are the second 

partial derivatives evaluated at the point represented by the M. L. esti­

mator for the parameters.

Returning now to designating the parameters by a, p, and k, 

(4. 1. 1 ) gives,

log f = log 2 + p log a - log ^p*  + (2p - 1) log(w + k) - a(w + k) . 

Taking the expected values*  of the proper second partial derivatives and 
defining f = * 1/^) , as part m, gives

° I*
To ensure the existence of the integral in evaluating E —1 it

is necessary that p > 1. L. J
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2fo

J72
(4p - 3)a 

P - 1

- 2a1/2fp 

p - 1/2
y/'(p)

then

represent the M L. estimates of the parameters,If a, p, and k

— 11

Cov. (^,^) =

Var. (it) - Var. ( p) =

£ 
a

a

The variances and covariances of the dependent parameters b, B, 

c, A, a* , b1, and c1 will be gotten from the formulas of section 3.4, as 

these dependent parameters are related to the independent parameters 

through the same functional relationships as in the previous section. How - 

ever, whenever Var. (a), Var. (p) or Var. (k) appears in one of these 

formulas, it is to be replaced by the appropriate function of a, p, and/or 

k as given by (3.4.10), (3.4.11) or (3.4. 14).



PART V

Test Criterion for the Z -function

5. 1 Criterion for testing the hypothesis that a given random sample 

comes from a population whose probability density function is f(z)dz. From 

section 3. 1 the moments for z about -B are given by the relationship

For s = 2 and s =4, (5. 1. 1) becomes

(5 .1.2) a = P 

and

(5. 1. 3) a2 = p(p + 1).

From the two relationships, (5. 1.2) and (5. 1. 3), it is obvious that 

for any p and any a a necessary moment criterion for a population which 

is distributed according to the Z -function is

(5 1 4) P - (P + 1) = ° '

This identical moment criterion can be obtained by the following 

procedure. If represents the sth moment about the origin for
S:X . . 44# S \ .

the Gamma type distribution, the relationship ~ a eas^Y

derived. Making this transformation on the familiar Gamma type moment 

criterion (Ref. 5) leads identically to (5. 1. 4) above.

The elimination of p from (5. 1.4) by use of the relationship

obtained from as given in the early part of section

3. 1 and then converting to central moments gives

92
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J 4 4 2 3 '
• 1 ■■ ■ ------ ------ ----------- = 0, in which, k = M- + B.

+ *

From '3. 1.5) k = 2a(/^^ + 2 ^^k). Thus if + 2 Z^k = 0, it 

would follow that k = 0, since a / 0. This in turn requires that = ®•

Therefore for / 0, the denominator of the preceding expression can­

not vanish, and the relationship which the central moments for z and k 

must obey becomes , 

(5.1.5) 2^3k * 'AAa - = o.

This is not a satisfactory test as it involves k, which is the first moment 

for z about the unknown point -B and thus could not be calculated from the 

sample data.

From the moment equations of section 3. I is obtained the relation­

ship k = AL fQ . Substituting this in (5. 1. 5) gives

(5.1.6)

as the relationship which the standard moments for z and f and CP 
o I o

must satisfy. However from (3. 1.7) the standard moments for z and 

f and must also satisfy

(5. 1. 7) 2 CL (b3 + 4f (Ô2 - f = 0.
3 TO O T o o

Since both f and W are functions of p, (5. 1.6) and (5. 1. 7) con­
o • o

stitute two equations in one variable. If the variates obey the Z-function 

these two equations will be consistent. It is not algebraically expedient to 

eliminate p between these two equations and thereby find the functional 

relationship between CL^ and 0^. Thus another method of testing the 

consistency of (5. 1.6) and (5. 1.7) will have to be devised.

Eliminating from (5. 1.6) and (5. 1. 7) by use of the identity
p - f2 and solving the resulting equations for p and f^, noting that 

from Lemma 3.2.6 4 d)2 - 1 < 0 and thus d) and °C, must have the
• o • o 3
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same signs, gives

' S' P 

and

in which = ( OL^ - 5)^ + 16 OL^ .
Let p*  and f*  be the numerical values of p and respectively 

obtained by substituting the sample standard moments in (5. 1.8) and 

(5. 1.9). Further, let f**  = f (p*)  as found in the tables of Appendix I. 
o o

If f**  = f* , the equations (5. 1. 6) and (5. 1.7) will be consistent, 
o o .

In order to set up the test for the hypothesis that a given set of ob­

servations comes from a population whose probability distribution function 

is the Z-function consider the quantities

T*  = P*  ■ and T**  = —F*  ■■ .

As previously stated, the hypothesis that the distribution has the

Z -function as its probability distribution function is equivalent to the hy­

pothesis that the equations (5. 1.6) and (5. 1. 7) are consistent. This in 

turn is equivalent to the hypothesis that T*  = T** , with T**  being the 

known constant —.
Ç(p*)

Thus the test criterion will be:

T = T**  - T*  = 0. 
c

5. 2 Variance of the testing criterion. In order to investigate the 

sampling error or the testing criterion developed in the preceding section 

consider the quantity
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in which

(5. 2. 1)

and P . Taking the differential of both 

sides of (5.2. 1) gives,

j * 6
T* ' —

Since = /l^ + 16/^1' <^= 2 16 . Putting this in the 

above gives,

X^cTA ~A^A( A+â /Z) *83cT
,w ' i

aI/z
/t f A5 in this, squaring, and taking expected values gives

Converting each and from functions of standard moments

to functions of central moments and taking differentials, gives

/X q^8 Z^3 3 ^^4 ^3^4 2 ^^3 ^^3 ^^2^4

^2 ^2 ^2

Taking expected value of each side of this and using the familiar 

formulas (Ref. 11) for the variance and covariance of sample moments 

about the mean gives,

(5.2.3) Cov. ( A, âj) = 1 2[g(^ -065(2^  + 3)] + 30^[ct& + + 8 ^6 '*

The following familiar formulas for and /TZ are given in

A 4



96

5. 2 

reference 3,

(5.2.4) [4(0C& - 60^ + 9) + ^(35 o(^ +9^0^- IZOl^)] .

(5-^.5) - \-4\) +8^2^ + 206^ -tf

Thus can easily be computed from (5. 2 2) with the aid of 

(5. 2. 3), (5. 2 4), and (5. 2 5) as the right member in each case is in 

terms of the standard moments.

In the investigation of a large sample relative to its distribution be -

ing of the Z-function type, one would compare the value of T as calcu­

lated by the previous section with the value of (Tt* as obtained from

(5. 2. 2).



PART VI

Numerical Illustrations

6. 1 By method of moments .

Example 1. The following data relative to lost articles which were 

found and turned in came from reference 25. I am indebted to the Bell 

System Technical Journal for permission to use it.

Table 6. 1. 1. Lost Articles

Lost Articles 0 1 2 3 4 5 6 7

F requency 169 134 74 32 11 2 0 1

If the "Lost Articles" are represented by z, and

represent the s^ central and standard sample moment

then: the sample number, n = 423 and

m and a s s : m
respectively,

z = 1.037825

ao = 1.223336, 
3:m

a. = 71.78 1417, 
6:m

and m? = 1.270437;

a, = 4.888157,
4:m

a = 331.3167973,
7:m

1/
m a = 1. 127137

a_ = 16.612754 
5:m

a = 1625.223052 
8:m

First the test criterion of section 5. 1 will be applied. From form - 

ulas (5. 1.8) and (5. 1.9) respectively, p*  = . 32024, and (f*)  — . 16377,

which gives T*  = 1.95532. Further from the table of .Appendix I, 
(f**) 2 = . 166998 and T**  = 1.9 1762. Thus T**  - T*  = . 0377.

Applying the formula (5. 2. 2) gives 0TL*  = • 48894. Thus 
T**  - T*  _
----- w------- = .077106 and the hypothesis that the sample comes from a

VT*  ... . .
population with the Z-function for its probability distribution function is 

strongly supported.

The equation (3. 1.8) and the procedure outlined in section 3. 1 yields

97
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for p — . 363, = 1.223223 Thus . 363 will be taken as the moment

estimate for p. Then (3. 1.4) and (3. 1.2) give for p = . 363, a = . 127149 

and k = 1.258763 respectively. From definition B =' k . 220938.

The use of the relationships from sections 1.2 and 3.4 yield as val- 

aes for the moment estimates of the parameters and their respective 

standard deviations

Parameters for the Z-function.Table 6, 1.2.

Parameter Value Standard deviation

P . 363 .032632

a .127149 .009254

k 1.258763 .016696

A .602495 .027081

B .220938 .057290

b .056184 .018711

c .006207 .003355

a' .211037 .019494

b* .093252 .020450

c' .592194 .025172

The lower limit of the range for z is thus -. 220938. If the observed 

values are regarded as the midpoints of the "class" this lower limit is con­

sistent with the observed data. The transformation ( 1. 1. 1) becomes

(6. 1. 1) t = . 211037 z2 +. 093252 z - . 592194.

In the graduation of this data it is necessary to use a table of in­

complete Gamma functions (Ref. 22). The argument u of that table cor­

responds to xA~ 1 in the notation of this paper. Thus from (1.2.4) the
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transformation becomes

(6.1.2) u = 2L = . 211037 (z + . 220938)2 .

Regarding each observed value of z as the midpoint of the class, 

graduated frequencies as shown in table 6. 1.3 are obtained.

Table 6. 1.3. Graduated frequencies by Z-function.

z Graduated Frequency Observed Frequency

0 173.297 169

1 129.898 134

2 70.968 74

3 32.481 32

4 11.925 11

5 3. 469 2

6 . 796 0

7 . 166 1

Grouping the last three classes, the resulting from the table

above is found to be . 9065. Since the degrees of freedom are determined 
by 6 - 4 = 2, it is found P( yl? > . 9065) is between . 50 and . 70, with 

linear interpolation giving . 64.

For the purpose of comparison, the results of graduating the data 

of table 6.1.1 by the Gamma type function are given here. The lower end 

of the range is found to be -. 804902 which is not consistent with the ob­

served data. Regarding the observed values as the midpoint of the res­

pective classes, the graduated frequencies are shown in table 6. 1.4.
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Table 6. 1.4. Graduated frequencies by the Gamma type function.

z Graduated Frequency Observed Frequency

-1 8. 984 0

0 148.917 169

1 146.362 134

2 74.184 74

3 29 463 32

4 10.307 11

5 3. 334 2

6 1 046 0

7 . 403 1

Grouping together the last three classes, the resulting 2 .
3 lS

found to be 13.6667. For three degrees of freedom it is found 

P( > 13.6667) < .01.

Example 2. For the data of this example the "fit", as indicated by 

the test criterion as well as the graduated frequencies, for both the Z 

function and the Gamma type function is so good as to lead one to suspect 

the randomness of the sample. It is presented here to bring out two 

points: The improvement in the relative magnitude of the standard devia­

tions of the parameters when estimated by the Z-function; and the improve 

ment in the already small of the Gamma type function which is

brought about by use of the Z-function.

The distribution of 1000 scores made by students on a placement

test is as follows:



101

6. 1

Table 6.1.5 Distribution of scores.

Score 19 20 21 22 23 24 25 26 27 28 Z9

Frequency 1 11 53 140 228 244 180 94 36 10 3

Representing the scores by z, then in the notation of example 1, 

n = 1000, z = 23.815, m = 2. 546775, m = 1.595862, a = . 179848, 
Z 3:m

a = 2.968457, a_ = 1.670967, a, = 14. 416708, a_ = 15. 058569, 4:m b:m b: m 7:m
a = 93.818537.8:m

Applying the test criterion of section 5. 1 gives from formulas 5.1.8 
and 5.1.9 respectively: p*  = 8. 5849 and (f*)^  = 8. 3387. From these ac - 

cording to (5. 2. 1 ), T*  = 1.029524. From a table of Gamma functions, 
(f**) 2 = 8. 3388, which gives T**  = 1.029513. From formula (5. 2. 2) 

T**  _ ?» 
= Z17910. Thus ----------- ------ = . 00005 and as mentioned before the

1 VT*
"fit" is almost too good.

To approximate the root for (3. 1.7), if F(p) designates its left 

member, then F(8. 31) = - 000011 and F(8. 32) = . 000055. Thus 8.311, 

obtained by interpolation, will be taken as the moment estimate for p. 

The use of the relationships as indicated in example 1 yields values of the 

moment estimates for the parameters and their standard deviations as 

given in the table 6.1.6 below.

It will be noticed that the lower limit of the range, -B, is lower than 

that indicated by the observations. However, no graduated frequencies 

will be found in the classes below the observed lower limit in the gradua­

tion of a set of 1000 observations as the probability of such an occurrence 

is less than . 0000 1.
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Table 6. 1.6. Parameters for the Z -function.

Parameter Value Standard Deviation

P 8. 311 .37601

a . 0966 .00450

k 9.1350 .05049

B -14.6800 .07138

b -2 8375 .13265

c 20.8275 99171

A 2.8829 .06521

a' 0335 .000843

b* -.9843 .06734

c' 4.3417 . 15477

The transformation ( 1. 1. 1) becomes t = .0335 - .9843z +4.3417.

The skewness of the Gamma type function into which the Z-function is 

transformed is = 6937.
A

Regarding each observed value of z as the midpoint of its class, 

graduated frequencies as shown in table 6.1.7 are obtained.

The calculated from the following table is . 5902. The degrees

of freedom are given by 11 - 4=7 and for seven degrees of freedom it 

is found that P( > • 5902) > . 99 again indicating a "fit" almost too good.
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Table 6. 1.7. Graduated frequencies by Z-function.

z Graduated Frequency Observed Frequency

19 1.47 1

20 12. 34 1 1

21 54. 80 53

22 140.11 140

23 224.89 228

24 240.63 244

25 179.03 180

26 95. 51 94

27 37. 38 36

28 10. 94 10

29 2. 90 3

For the purpose of comparison, the results of graduating the data

of table 6.1.5 by the Gamma type function are given.

The criterion for the Gamma function (Ref. 3 and 5) gives

-.01599 with the corresponding b = - . 0082587 for which b2
= 02155. The notations used are that of the two references cited. Since 

the deviation in b^ is less than four - tenths of its standard deviation the 

indicated "fit" is highly significant.

For the Gamma type function as written in section 3. 5 moment

estimates for the parameters are as follows: 

and = 6.0645.

P3 = 123.7178, a3 = .1435

Regarding each observed value as the midpoint of its class, grad­

uated frequencies as shown in table 6. 1.8 are obtained. The correspond-

is . 6668. The degrees of freedom being seven, it is found that
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P( . 6668) > .99.

It would appear from the above that the Gamma type function is as 

well adapted to this example as the Z-function. However, an important 

difference becomes apparent through consideration of the first point 

mentioned in the presentation of the example.

In the notation of section 3. 5, the following values are obtained for

the parameter estimates by the Gamma type function: rp3 = .77855,

= .002024, and rk3 = .38827.

The corresponding quantities for the Z-function are: rp^ = . 00195 

raj = .00217, and r^3 = . 00030 56. Thus the ratios become: p^

= 401.314, = . 93255, and finally Rk,.k = 1270. 517.a3-ai ^3*  1

Table 6. 1.8. Graduated frequencies by the Gamma type function.

z Graduated Frequency Observed Frequency

19 1.71 1

20 12. 47 11

21 54. 08 53

22 139.23 140

23 225.61 228

24 241.88 244

25 179.08 180

26 94. 86 94

27 37. 03 36

28 10.98 10

29 3. 07 

—

3
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6. 2 By method of maximum likelihood. Consider again the distri­

bution of scores given in Table 6. 1. 5. *

* As previously noted this data "fits'1 almost too well. However, it is 
selected to illustrate the tecnique of the M. L. method due to its also 
showing that small though the obtained previously by each the 
Z-function and the Gamma type function may be, it is even smaller 
here.

In the notation of section 4, 1, taking values of k as listed below 

gives the following table of values.

Table 6. 2. 1 Values of U(k)

k Pk U(k)

8. 801 7.720546 .000000043

8.8016 7.721596 .000000004

8. 802 7.722295 -.000000024

Designating the maximum likelihood estimates by k, etc. the 

above gives as correct to four decimal places, k = 8. 8016, p = 7. 7216 

and from {4. 1.7) a = . 0965. Then B = k - z = - 15.0134.

The standard deviations for "p, and are found from the 

formulas of section 4.6. The values of the dependent parameters are 

found from the formulas of section 1.2. The standard deviations for 

these dependent parameters are found from formulas (3.4. 17) through 

<• <rt at-(3.4. 23) in which are replaced by the functional re­

lationships (3.4. 10), (3.4.11), and (3.4.14), respectively.

Table 6. 2 2 gives a summary of the values of the parameters and 

their respective standard deviations as obtained from the formulas 

enumerated above.
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Table 6. 2. 2. Parameters for the Z-function

Parameter Value Standard Deviation

7.7216 2.7727

8. 80 16 1.6440

. 0965 . 0044

£ -15. 0134 . 0735

- 2. 8976 . 1363

21.7517 1.0221

A 2. 7788 . 0630

'a' . 0347 .00088

b' -1.0428 . 0409

4' 5.0490 . 1597

It will be noticed that the standard deviations for k and p are 

larger than in the case of the moment estimates by the Z-function. How­

ever, if and are regarded as independently estimated, the re - 

spective standard deviations become:

04997, fX - .00 109 and ([X = 08504 from the 
k v a v p

method of ref erence 12.

The transformation ( 1. 1. 1) becomes

t = . 0347 z2 - 1.0428 z + 5.0490. The skewness of the Gamma 

type function into which the Z- function is transformed is = 7197.

Regarding the observed values of z as the midpoints of their re­

spective classes, graduated frequencies as shown in Table 6.2. 3 are 

obtained.
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Table 6. 2. 3. Graduated Frequencies by the Z-function

z Graduated Frequencies Observed Frequencies

19 1.439 1

20 12.142 1 1

21 54.770 53

22 140.517 140

23 225. 170 228

24 240.421 244

25 178.684 180

26 95. 411 94

27 37.469 36

28 11.023 10

29 2. 465 3

30 . 489 0

Grouping together the last two classes, i. e. z = 29 and z = 30, 

the resulting is found to be . 5727. The degrees of freedom are

given by 11 -4=7 for which it is found P ( > • 5727) > . 99. As

in the case of this problem when graduated by the method of moments 

the "fit" is almost good enough to lead one to suspect the randomness of 

the sample. '



APPENDIX I

Tables of Values of f and GT• o lo

The procedure employed in the construction of the table is as fol­

lows:

From definition, f (p) = • Thus for any value of p
° fp'

such that 1 < p < 2, f (p) can be evaluated by division of the two Gamma 

functions involved. These Gamma functions can be found in any of the 

several tables available, e. g. (Ref. 7). Knowing the value of fQ(p) for 

any given value of p. values of f^(p _ 1 ) are readily obtained by use of 

the formula

Values of (^(p) are obtained from the definition of the function, 

i. e.

= p - fo

108
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from zero through one at intervals of two-hundredths.

Table 1. fQ(p), f^p), and <^(p) for values of p

p gp)

0 N

II
 

■

P

. 00 .00000 00000 .00000 00000 .00000 00000 . 00

. 02 .03450 17710 .00119 03722 .01881 96278 . 02

. 04 .06724 07699 .00452 13211 . 03547 86789 . 04

. 06 .09839 43736 .00968 14528 .05031 85472 . 06

. 08 .12811 41800 .01641 32431 . 06358 67569 . 08

. 10 .15653 45082 .02450 30523 .07549 69477 . 10

. 12 .18377 10726 .03377 18071 .08622 81929 . 12

. 14 .20992 58559 .04406 88650 .09593 11350 . 14

. 16 .23508 87834 .05526 67361 .10473 32639 . 16

. 18 .25933 94856 .06725 69688 .11274 30312 . 1 S

. 20 .28274 87525 .07994 68570 .12005 31430 . 20

. 22 .30537 97494 .09325 67913 .12674 32087 . 22

. 24 .32728 90358 .10711 81130 .13288 18870 . 24

. 26 .34852 74246 .12147 13657 .13852 86343 . 26

. 28 .36914 06032 .13626 47849 .14373 52151 . 28

. 30 .38916 93716 . 15 145 27998 .14854 72002 . 30

. 32 .40865 36117 .16699 77744 .15300 22256 . 32

. 34 .42762 49092 . 18286 30630 .15713 69370 . 34

. 36 .44611 51521 . 19901 87289 .16098 12711 . 36

. 38 .46415 27488 .21543 77742 .16456 22258 . 38

. 40 . 48176 36789 .23209 62423 .16790 37577 . 40

. 42 .49897 17871 .24897 28443 .17102 71557 . 42

. 44 .51579 89965 . 26604 86048 .17395 13952 . 44

. 46 . 53226 55016 .28330 65642 .17669 34358 . 46

. 48 . 54838 99444 .30073 15311 .17926 84689 . 48
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Table 1. Continued.

p to(p) ^(P)
P

. 50 . 56418 95836 .31830 98862 . 18169 01138 . 50

. 52 .57968 03875 . 33602 93516 .18397 06484 . 52

. 54 . 59487 73272 .35387 90344 .18612 09656 . 54

. 56 .60979 37490 . 37184 84163 . 18815 15837 . 56

. 58 . 62444 15401 .38992 72370 . 19007 27630 . 58

. 60 . 63883 67725 .4081 1 24219 . 19188 7578 1 . 60

. 62 . 65298 63380 .42639 11576 . 19360 88424 . 62

. 64 . 66690 21318 .44475 84534 .19524 15466 . 64

. 66 .68059 39345 .46320 81037 .19679 18963 . 66

. 68 .69407 09381 .48173 44670 .19826 55330 . 68

. 70 . 70734 17589 .50033 23639 .19966 76361 . 70

. 72 .72041 45026 .51899 70556 .20100 29444 . 72

. 74 .73329 67921 .53772 41853 .20227 58147 . 74

. 76 .74599 58167 . 55650 97585 .20349 02415 . 76

. 78 . 75851 83539 .57535 00932 .20464 99068 . 78

. 80 .77087 08047 .59424 17975 .20575 82025 . 80

. 82 .78305 92196 .61318 17414 .20681 82586 . 82

. 84 . 79508 93235 .63216 70323 .20783 29677 . 84

. 86 .80696 65383 .65119 49939 .20880 50061 . 86

. 88 . 81869 60045 .67026 31478 .20973 68522 . 88

. 90 . 83028 26003 .68936 91964 .21063 08036 . 90

. 92 . 84173 09571 .70851 10041 .21148 89959 . 92

. 94 . 85304 54785 .72768 65884 .21231 34116 . 94

. 96 .86423 03531 .74689 41032 . 21310 58968 . 96

. 98 . 87528 95742 .76613 18387 . 21386 81613 .98

1.00 .88622 69254 । .78539 81633 . 21470 18367 ,1.00



Table 2. f^p), f^(p), and ^(p) for values of p 

from zero through ten at intervals of two-tenths.

1 " "
P gp) <(p)

P

. 0 .0000 00000 .0000 00000 .0000 00000 . 0

. 2 .2827 48753 .0799 46857 .1200 53143 . 2

. 4 .4817 63679 .2320 96242 .1679 03758 . 4

. 6 .6388 36772 .4081 12421 .1918 87579 . 6

. 8 .7708 70805 . 5942 41798 .2057 58203 . 8

1.0 .8862 26926 .7853 98163 .2147 01837 1.0

1 . 2 .9896 20634 .9793 48999 .2206 51001 1.2

1.4 1.0839 68277 1.1749 87226 .2250 12774 1.4

1. 6 1.1712 00749 1.3717 11194 .2282 88806 1.6

1. 8 1.2526 65058 1.5691 69748 .2308 30252 1.8

2. 0 1.3293 40387 1.7671 45865 .2328 54135 2. 0

2. 2 1.4019 62565 1.9654 99034 .2345 00966 2. 2

2. 4 1.4710 99805 2.1641 34636 .2358 65364 2. 4

2. 6 1.5372 00983 2. 3629 86862 .2370 13138 2. 6

2. 8 1.6006 27574 2.5620 08631 .2379 91369 2. 8

3.0 1.6616 75484 2.7611 65414 .2388 34586 3. 0

3. 2 1.7205 90421 2.9604 31397 .2395 68603 3. 2

3. 4 1.7775 78931 3.1597 86856 .2402 13144 3.4

3. 6 1.8328 16557 3. 3592 16532 . 2407 83468 3. 6

3. 8 1.8864 53927 3.5587 08419 .2412 91581 3. 8

4. 0 1.9386 21398 3. 7582 52925 .2417 47075 4. 0

4. 2 1 9894 32674 3.9578 42364 . 2421 57636 4. 2

4. 4 2.038987597 4.1574 70421 .2425 29579 4. 4

4. 6 2.0873 74412 4. 3571 31936 . 2428 68064 4. 6

4. 8 2.1346 71549 4. 5568 22622 .2431 77378 4. 8
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Table 2. Continued.

p gw <<p> P

5. 0 2. 1809 49073 4.7565 38859 .2434 61141 5. 0

5. 2 2.2262 69897 4.9562 77654 .2437 22346 5. 2

5.4 2.2706 90733 5.1560 36405 .2439 63595 5. 4

5. 6 2.3142 62935 5. 3558 12932 .2441 87068 5. 6

5. 8 2.3570 33169 5.5556 05360 .2443 94640 5. 8

6. 0 2.3990 43980 5. 7554 12018 . 2445 87982 6. 0

6. 2 2.4403 34310 5. 9552 31545 . 2447 68455 6. 2

6. 4 2.4809 39875 6.1550 62663 . 2449 37337 6. 4

6. 6 2.5208 93554 6. 3 549 04311 . 2450 95689 6. 6

6. 8 2.5602 25684 6.5547 55553 .2452 44447 6. 8

7. 0 2.5989 64312 6. 7546 15495 .2453 84505 7. 0

7. 2 2.6371 35464 6. 9544 83455 .2455 16545 7. 2

7. 4 2. 6747 63303 7. 1543 58727 .2456 41273 7. 4

7. 6 2. 7118 70338 7. 3542 40730 .2457 59270 7. 6

7. 8 2. 7484 77573 7.5541 28969 . 2458 71031 7. 8

8. 0 2. 7846 04620 7.7540 22890 . 2459 77110 8. 0

8. 2 2. 8202 69871 7. 9539 22145 .2460 77855 8. 2

8. 4 2. 8554 90553 8.1538 26298 .2461 73702 8. 4

8. 6 2. 8902 82860 8.3537 35011 . 2462 64989 8. 6

8. 8 2. 9246 62033 8. 5536 48007 .2463 51993 8. 8

9. 0 2. 9586 42409 8.7535 64904 . 2464 35096 9. 0

9. 2 2. 9922 37546 8.9534 85532 .2465 14468 9. 2

9.4 3. 0254 60229 9.1534 09597 .2465 90403 9.4

9. 6 . 3.058322561 9.3533 36887 .2466 63113 9. 6

9. 8 3. 0908 36012 9.5532 67253 . 2467 32747 9. 8

10. 0 * 3.1230 11432 9.7532 00404 . 2467 99596 10. 0
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Table 3. f^p), tQ(p)» and ^(p) for values of p 

from zero through fifty at intervals of one-half.

P g?) P

. 0 . 0000 00000 .000 00000 . 0000 00000 . 0

. 5 .5641 89584 .318 30989 .1816 90114 . 5

1.0 .8862 26926 .785 39816 . 2147 01837 1.0

1. 5 1.1283 79168 1.273 23955 . 2267 60453 1. 5

2. 0 1.3293 40387 1.767 14587 . 2328 54135 2. 0

2. 5 1.5045 05557 2.263 53697 .2364 63029 2. 5

3.0 1.6616 75484 2.761 16541 .2388 34586 3.0

3. 5 1.8054 06668 3.259 49324 .2405 06763 3. 5

4. 0 1.9386 21398 3.758 25293 . 2417 47075 4. 0

4. 5 2.0633 21906 4.257 29729 .2427 02712 4. 5

5.0 2. 1809 49073 4.756 53886 . 2434 61141 5. 0

5. 5 2.2925 79895 5.255 92258 . 2440 77420 5. 5

6. 0 2.3990 43980 5.755 41202 . 2445 87982 6. 0

6. 5 2. 5009 96249 6.254 98224 .2450 17757 6. 5

7. 0 2.5989 64312 6. 754 61550 .2453 84505 7. 0

7. 5 2. 6933 80576 7. 254 29893 .2457 01067 7. 5

8. 0 2. 7846 04620 7. 754 02289 .2459 77110 8. 0

8. 5 2. 8729 39281 8. 253 78011 . 2462 19882 8. 5

9. 0 2. 9586 42409 8.753 56490 . 2464 35096 9. 0

9. 5 3. 04 19 35709 9.253 37286 .2466 27136 9. 5

10. 0 3.1230 11432 9.753 20040 . 2467 99596 10. 0

10. 5 3.2020 37588 10.253 04472 .2469 55279 10. 5

11.0 3.2791 62004 10. 752 90345 .2470 96552 11.0

11.5 3.3545 15568 11.252 77470 .2472 25297 11. 5

12. 0 3 4282 14822 i 11.75265687 . 2473 43134 12. 0
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Table 3. Continued.

p gp) P

12. 5 3. 5003 64072 12.252 54863 . 2474 51370 12. 5

13. 0 3. 5710 57106 12.752 44885 .2475 51146 13.0

13. 5 3. 6403 78635 13.252 35661 .2476 43394 13. 5

14. 0 3.7084 05456 13.752 27103 .2477 28974 14. 0

14. 5 3.7752 07473 14.252 19146 .2478 08536 14. 5

15. 0 3. 8408 48508 14.752 11726 . 2478 82739 15. 0

15. 5 3. 9053 87041 15. 252 04794 .2479 52060 15. 5

Î 16.0 3.9688 76792 15.751 98299 . 2480 17010 16. 0

16. 5 4. 0313 67268 16.251 92205 .2480 77950 16. 5

17. 0 4.0929 04192 16.751 86473 .2481 35275 17. 0

17. 5 4.1535 29912 17. 251 81073 . 2481 89270 17. 5

18. 0 4.2132 83727 17.751 75976 . 2482 40236 18. 0

18. 5 4. 2722 02195 18.251 71160 . 2482 88405 18. 5

19. 0 4.3303 19386 18.751 66599 . 2483 34015 19. 0

19. 5 4.3876 67119 19.251 62275 .2483 77253 19. 5

20. 0 4.4442 75159 19.751 58169 .2484 18311 20. 0

20. 5 4. 500 1 71404 20.251 54267 .2484 57335 20. 5

i 21. o 4.5553 82038 20.751 50551 . 2484 94488 21.0

21. 5 4.6099 31682 21.251 47011 . 2485 29887 21. 5

22. 0 4.6638 43515 21.751 43633 .2485 63668 22. 0

22. 5 4.7171 39396 22.251 40408 . 2485 95919 22. 5

23. 0 4.7698 39959 22.751 37323 . 2486 26766 23. 0

23. 5 4.8219 64716 . 23.251 34372 . 2486 56278 23. 5

24. 0 4.8735 32132 23.751 31544 . 2486 84558 24. 0

24. 5 4.9245 59710 24.251 28834 . 2487 11663 24. 5

25. 0 4.9750 64051 24.751 26231 . 2487 37688 25. 0
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Table 3. Continued.

p gp) P

25. 5 5.0250 60929 25.251 23734 .2487 62660 25. 5

26. 0 5.0745 65332 25.751 21331 .2487 86691 26. 0

26. 5 5.1235 91535 26.251 19022 . 2488 09782 26. 5

27. 0 5. 1721 53127 26.751 16797 .2488 32031 27. 0

27. 5 5. 2202 63073 27.251 14655 . 2488 53449 27. 5

28. 0 5.2679 33740 27.751 12589 .2488 74111 28. 0

28. 5 5.3151 76947 28.251 10598 . 2488 94022 28. 5

29. 0 5.3620 03985 28.751 08674 . 2489 13265 29. 0

29. 5 5.4084 25665 29.251 06817 .2489 31826 29- 5

30. 0 5.4544 52330 29.751 05022 . 2489 49780 30. 0

30. 5 5.5000 93897 30.251 03288 . 2489 67124 30. 5

31.0 5.5453 59869 30.751 01608 . 2489 83923 31.0

31.5 5. 5902 59371 31.250 99984 . 2490 00165 31.5

32. 0 5. 6348 01157 31.750 98408 . 2490 15921 32. 0

32. 5 5.6789 93647 32.250 96884 .2490 31157 32. 5

33. 0 5.7228 44925 32.750 95404 . 2490 45964 33. 0

33. 5 5.7663 62780 33.250 93971 . 2490 60289 33. 5

34. 0 5.8095 54697 33.750 92578 . 2490 74223 34. 0

34. 5 5. 8524 27896 34.250 91228 . 2490 87722 34. 5

35. 0 5.8949 89325 34.750 89914 . 2491 00858 35. 0

35. 5 5.9372 45692 35.250 88641 . 2491 13593 35. 5

36. 0 5. 9792 03458 35.750 87399 . 2491 26008 36.0

36. 5 6. 0208 68871 36.250 86196 .2491 38038 36. 5

37. 0 6. 0622 47950 36.750 85021 . 2491 49793 37. 0

37. 5 6. 1033 46527 37.250 83883 . 2491 61171 37. 5

38. 0 6.1441 70220 37.750 82769 । .2491 72308 38. 0
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Table 3. Continued.

p f2 
o(p)

\ 
1

P.
^0 P

38. 5 6. 1847 24481 38.250 81691 .2491 83094 38. 5

39. 0 6.2250 14565 38.750 80633 .2491 93666 39. 0

39. 5 6.2650 45578 39.250 79609 . 2492 03906 39. 5

40. 0 6. 3048 22444 39.750 78605 . 2492 13940 40. 0

40. 5 6. 3443 49952 40.250 77631 . 2492 23687 40. 5

41.0 6. 3836 32724 40.750 76675 .2492 33251 41.0

41.5 6. 4226 75260 41.250 75750 .2492 42515 41. 5

42. 0 6. 4614 81903 41.750 74838 .2492 51617 42. 0

42. 5 6.5000 56889 42.250 73956 . 2492 60440 42. 5

43. 0 6. 5384 04306 42.750 73087 .2492 69131 43.0

43. 5 6.5765 28146 43.250 72246 .2492 77545 43. 5

44. 0 6.6144 32263 43.750 71416 .2492 85838 44. 0

44. 5 6.6521 20423 44.250 70612 .2492 93878 44. 5

45. 0 6.6895 96265 44.750 69819 .2493 01811 45. 0

45. 5 6.7268 63349 45.250 69052 . 2493 09484 45. 5

46. 0 6.7639 25112 45.750 68292 .2493 17079 46. 0

46. 5 6.8007 84924 46.250 67558 .2493 24417 46. 5

47. 0 6. 8374 46037 46.750 66831 .2493 31691 47. 0

47. 5 6.8739 11643 47.250 66128 .2493 38724 47. 5

48. 0 6.9101 84824 47.750 65430 . 2493 45698 48. 0

48. 5 6. 9462 68607 48.250 64756 . 2493 52439 48. 5

49. 0 6.9821 65915 48.750 64087 . 2493 59135 49. 0

49. 5 7.0178 79623 49.250 63440 .2493 65597 49. 5

50. 0 7. 0534 12505 49.750 62797 .2493 72034 50. 0



APPENDIX II

Technique to be employed in a graduation problem 
by method of moments in case of negative skewness.

At the close of section 3. 1 attention was called to the fact that a 

slight modification in technique will be necessary for a negative skew - 

ness. Details of this modification are made evident by analysis of the 

moment equations and their solution. As pointed out in section 3.3, the

only difference in finding the roots for the moment equations in the cases 
> 0 and < 0 is in the sign of & must have the same

sign as 3

Since each p and a is a function of , their values will be

independent of the sign of , . The difference comes in the

determination of k and B.

There are two lines of procedure which may be employed in the

case of < 0.

ponding to

t a^, kp etc. designate the parameters corres - 

while a, k, etc. represent the equivalent para-

meters corresponding to an . of the same absolute value but of op­
3

posite sign.

be

The first line of

and

procedure is: If

fa -- -------------

< 0 and

Then k}

then

would

negative, and -B would be the upper end of the range

3

1 1

= - k

for z

Further, the following relationships will hold. a*  = a, k^ = -k, 
= k - -a' = -k - A or B = B - 2k. Then

11 1 1 2 2 2
, « , , \ , b b - 8abk + 16k= 2a B, = 2a(B - 2k) = b - 4ak. c = -— = ------------ - ------------------1 1 ' 1 4a. 4a

P% = P and The dependent parameters would then have the 

following functional relationship.

117
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c1 = c1 - 2a'k + 4b*  k^ .

The transformation (1. 1. la) becomes, if t^ represents the value 

of t for < 0 ,

tj = a'(z - 2k)2 + b'(z - 2k) + c'.

Thus, according to this line of procedure, the values of the para­

meters are found for having the same absolute value but with a

positive sign. In finding the value of t corresponding to any given z, 

the z variate will be decreased by 2k. Further, since k is the upper 

limit of the range if measured from the mean, the area corresponding 

to any t^ will represent the percentage of area above the corresponding 

value of z.

The second line of procedure is: Starting from the relationship

_(k + A') from the first line of procedure, the other relationships
1 . ................. ,2

may be written: b

l 1
— and the

and c = a(k + A*  )

... b.t = -

transformation (1.1. la)

Which gives for 

and

now becomes

1

, = a(k + 2 

1 A 2
2 tj = a'z

1.2

However, for > 0 the transformation (1.1. la) can be written
। '22

t - a'z2 + ~ 1)^ + a(k ~ ^1)---- ~ A- . Thus it is obvious that
t - a z + A * A
t^-z, k + 

ponding to any 

for ^.3 > 0,

= t(z, k -

then use k +

and change the sign of

That is, to find the value of t^ corres - 

0, the parameters will be found just as 

as the parameter of location in place of 

z. Again the area found in the table cor­

responding to any t^ will be the percentage of area lying above that value

of z which corresponds to the t .
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