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ABSTRACT

A QUEUEING THEORETIC APPROACH TO THE 
ALLOCATION AND DISTRIBUTION OF 

AMBULANCES IN AN URBAN AREA

by William King Hall -

Chairman: W. Allen Spivey

The problem of ambulance allocation and distri­

bution in an urban area is considered in this research. 

A mathematical model is developed for the urban emer­
gency medical recovery system, and this model is then 

utilized to analyze the effects of alternative recovery 
vehicle distribution and allocation policies on the 
system response time. Analytical and numerical results 
are presented which provide guidance in determining the 

appropriate number and placement of ambulances for an 

urban area.
Data on emergency occurrence and service processes 

were collected from four police precincts in the City of 

Detroit, Michigan. Statistical analyses are conducted 

on these data to identify probabilistic models for the 

emergency occurrence and service processes and to esti­

mate the parameters of these models. Both medical 
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emergencies and police emergencies are analyzed, since 
many urban ambulance systems respond to both types of 

emergencies. .
These statistical analyses lead to the formula 

tion of the recovery system model as a system of queues 

in parallel. The resulting model incorporates a 
Markovian channel selection switch which is conditioned 

upon the joint state of all queues in the system and 

upon the type of emergency requiring service. Theoreti­
cal results are developed for this queueing system with 

a semi-Markov emergency occurrence process and a nega­

tive exponential emergency service process.
The recovery system model is used to study sys­

tems where one, two, three, or four ambulances are 
assigned to a police precinct. Three distribution 
policies are examined: placing the recovery vehicles in 

the regions of maximum demand, placing the recovery ve­
hicles "uniformly" throughout the precinct, and placing 

all recovery vehicles at a single station within the 
precinct. Numerical results are developed for both 
single function ambulance systems and dual-function 

police ambulance systems.
It is found that the probability that one or more 

vehicles are available at the instant of a medical emer­

gency varies from .78 for a single vehicle system to 
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approximately 1.0 for a four vehicle system. The ve­
hicle availability declines as police calls are accepted 

for service, although a "protective" dispatch policy can 

be utilized to control this decline.
Placing the recovery vehicles in the regions of 

maximum demand generally results in a higher probability 

of serving a nearby medical emergency than the other 
two distribution policies. However, the improvement 
over the "uniform" distribution policy is quite small.

The results of this research are directly appli­

cable to ambulance service in the City of Detroit. In 
addition, the methodology can be applied by other urban 

areas interested in examining potential improvements in 
the allocation and distribution of recovery vehicles.
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CHAPTER I

INTRODUCTION

1,1 1 DESCRIPTION OF THE PROBLEM AND RESEARCH METHODOLOGY 

The development of effective methods for trans­
porting the victims of emergencies to a hospital is a 
problem of much concern to modern society. Each year 
100,000 Americans die of accidental injuries and 400,000 
more suffer permanent disability (Public Health Service 

[28]). Thousands more are afflicted by sudden acute 
illness requiring immediate medical attention.

While the prevention of trauma and other medical 

emergencies is a desirable national goal, it is reason­
able to assume that these emergencies will not be elimi­
nated from our society in the near future. Consequently, 

the development of rapid, effective recovery and treat­
ment procedures is critical if we are to reduce the mor­
bidity (suffering) and mortality caused by such emergencies.

The improvement of ambulance service offers one 
such opportunity. Although the reduction in suffering 

which can be attributed to such an improvement is uncer­
tain, one surgeon estimates that 25% of the 166,000 annual 
traffic accident victims now suffering permanent disability 

would have been saved from this fate had appropriate care 

1
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been rapidly provided (Ross and Rogers [29]). Other 
studies have estimated that 20% of the total traffic acci­

dent fatalities (10,000/per year) could be avoided with 
more adequate emergency medical care (Bordner et. al.
[6] )/. in a recent retrospective study of fatal traffic 

accident victims in Washtenaw County, Michigan, it was 
concluded that 18% of these cases were "potentially 
salvagable" with more adequate emergency medical care 

(Frey [16] ) .
Unfortunately, ambulance service in this country 

has suffered from a severe lack of planning and coordi­
nation. Funeral homes have traditionally provided such 
service. However, in recent years many of these agencies 
have found that their ambulance services are unprofitable, 
and they have subsequently dropped these services. Thus, 
in some areas the ambulance service has been absorbed 

by the police department, the fire department, or some 
hospital-related agency. In others, private ambulance 
services have been developed, and in some communities, 
neighborhood volunteer groups have been formed to provide 

emergency medical recovery services. This unplanned evo­
lution is so bad that a doctor of the American Academy of 

Orthopedic Surgeons estimates that two-thirds of the 

300,000 ambulance crews are not "truly and totally compe­

tent" (Ross and Rogers [29]).
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The situation in our urban areas is exceptionally 

acute. Here the large proportion of persons unable to 
pay for ambulance service has made private and funeral 

home services especially unprofitable. The fact that 
thirteen out of our fifteen largest cities now operate 
some sort of a public ambulance system attests to this 

situation (Munro [24]) . .
The higher population density and the unique pat­

terns of injury in urban areas—traffic and industrial 
accidents, criminal injuries, etc.—create a strong de­
mand for research into public ambulance system improve­
ments. Indeed, the centralized control over such a pub­
lic service offers an ideal opportunity for planned, 

systematic improvement.
In this dissertation one such improvement will be 

explored—the effect of better distribution and allo­
cation of recovery vehicles. Utilizing terminology de­
veloped by McLaren (21), the allocation of ambulances will 

be defined as the number of vehicles assigned to the re­
covery system. The distribution of these vehicles will 

be defined as their geographical placement throughout 
the service area. Changes in either of these variables 
should immediately affect system response time—the time 

between the reporting of a medical emergency and the 
arrival of an ambulance on the scene. The potential for 
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placing the victim into contact with appropriate medical 
care faster is thereby increased, and the degree of vic­
tim morbidity/mortality is hopefully reduced. This situ 

ation is shown in Figure 1.1.
While the effects of alternative distribution and 

allocation policies can ideally be evaluated in terms of 
changed morbidity/mortality indices, in practice this is 

extremely difficult. This is true because victim mor­

bidity /mortality is affected by many other factors. 
Figure 1.1 illustrates several of these—ambulance atten­
dant training, the victim's pre-emergency physical con­
dition, the severity of the emergency, and the quality 
of medical treatment once the patient is delivered to 
the hospital emergency room. If the effects of these 
factors cannot be controlled in an experiment or removed 

from the data retrospectively, changes in the system per­
formance criteria cannot be solely attributed to improved 

ambulance distribution and/or allocation. Furthermore, 
the performance criteria themselves reduced victim 
morbidity/mortality—suffer from severe definitional and 
measurement problems. For instance, victim morbidity 

might be measured by injury severity, cost of the emer­
gency to the patient or society, days spent in the hos­

pital , or some combination of these and other factors. 
Mortality might be measured by cause of death, time until
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death, the cost to society due to lost productivity, or 

some combination of these and other indices.
Unfortunately, neither of these problems has been 

adequately resolved. Therefore, in this dissertation the 
effects of alternative distribution and allocation poli­

cies will be measured by changes related to the system 
response time. Relating these changes to quantitative 

reductions in victim morbidity and mortality is an un­
resolved research problem which will not be considered 
here. There is little question, however, that such rela­
tionships exist in many cases. Military experience in 
the rapid evacuation of combat victims attests to this 

fact.
At the same time, one must remember that reduced 

response time is not essential in order to improve or 
maintain the victim's condition for a wide variety of 

minor injuries and trauma. Unfortunately, inaccurate 
diagnosis by the layman and overreaction on the part of 
the person who calls for assistance make the determina­
tion of such situations exceptionally difficult until 
qualified medical personnel examine the victim. Since 

the recovery system has almost no ability to detect 
these cases before vehicle dispatch, rapid response to 
all medical emergencies is a valid intermediate objective.
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It is useful to study a sample realization of the 
emergency recovery process in order to precisely examine 
the effects of improved vehicle allocation and distribu­
tion. Such a sample realization is presented as Figure 

1.2.

^3 --- X4-- ----  X5
I------- 1------ 1----- -- 1---------- 1--------—1------
Tr Td Ta TL Th TS

Figure 1.2
A Sample Realization of the Emergency 

Recovery Process

The various events of interest can be conceptu­
alized as realizations of point stochastic processes 
occurring over time. The alphabetically subscripted 
symbol "T" will be utilized to denote random times of 
occurrence, and the numerically subscripted symbol X 
will be utilized to denote the resulting random time

intervals.
The following definitions are introduced:
T = Time at which the medical emergency is re- 
r ported to the recovery system,

T = Time at which a recovery vehicle is dis-
D patched to the scene of the emergency,

T = Time of ambulance arrival on-the-scene, A
T = Time of ambulance departure from the scene 
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Th = Time of ambulance arrival at the hospital, 
T = Time at which ambulance is released from the
S hospital and returns to service,

= Time between reporting and dispatch,

Xg = Transit time to the scene, 
Xg = Time on the scene, 
X4 = Transit time to the hospital,

Xg = Time out of service at the hospital.

One measure of system performance which can be 
improved through better distribution and allocation of 
ambulances is the system response time. This variable, 
denoted by S, is the sum of the time between reporting 
and dispatch and the transit time to the scene. That is:

S = x1 + x2 
or alternatively, in terms of times of occurrence :

S = T& - TR
It is important to observe that the times of 

occurrence of events and the time intervals between 
events should actually be conceptualized as stochastic 
processes. Consequently the effects of recovery vehicle 
allocation and distribution policies on the response time 
S must be measured by their effects on the distribution 

function of S or by their effects on specified parame­
ters related to this distribution function.
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At this time we shall briefly discuss the qualita 

tive effects of vehicle distribution and allocation on 
the system response time. A quantitative discussion of 

these effects is presented in Chapter III. We observe 
that by increasing the number of vehicles in the system 
(improving the vehicle allocation) the probability that 
no (vehicle is available to respond to an emergency is 

reduced. In this case the distribution of the random 
variable X^— the time between emergency reporting and 
vehicle dispatch—is modified so that there is a smaller 

probability of a longer time until dispatch. Improve­
ments in vehicle distribution have a dual effect. First, 
improved distribution necessarily means that vehicles 
are placed closer to potential emergency sites, and it 

is very likely that the average transit time to the scene 
is reduced as the travel distance between ambulances and 
emergencies is decreased. Second, such a reduction in 
transit time to the scene results in a reduction in the 
total time the ambulance is out of service. Consequently, 

it is likely that ambulances will be available a larger 
portion of the time, thereby reducing the average time 

between reporting and dispatch.
It is clear that the time interval between reporting 

and dispatch can be essentially eliminated if the system 
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is provided with enough ambulances. Furthermore, the 
transit time to the scene can be reduced to a very small 
interval if a geographic area is saturated with recovery 
vehicles. However, economic considerations preclude 
such policies. In the first place such a system would 
require many vehicles and would no doubt violate an urban 
area’s budget constraint on public ambulance service. 
Second, as the number of vehicles is increased, beyond 
some point the average utilization of these vehicles 
rapidly declines. It is unreasonable to assume that an 
urban area would rationally invest in resources which are 

not being utilized in an efficient manner.
An experimental evaluation of alternative distri­

bution and allocation policies, conducted by making con­
trolled modifications on the operating recovery system, 
is an appealing method of analysis in this situation. 
However, the large number of feasible modifications and 
the disruption in system operation introduced by these 
modifications makes experimental analysis impossible in 

this situation.
Consequently, it was decided to model the system 

and to predict the system response to the above changes 
by analyzing the resulting model. Two potential types 
of models can be developed to study the alternatives 
under consideration in this study. First, one could 
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develop an optimum-seeking procedure which leads to the 
selection of an "optimal" allocation and distribution 
policy for ambulances in an urban area. Alternatively, 
one could develop a model which "evaluates" the alterna­
tive policies under consideration by predicting their 
effects on the chosen measures of system performance.

The latter procedure has been chosen in this study, 

since substantial practical and theoretical problems 
arise in developing an optimum-seeking procedure for 
this application. For instance, the choice of an appro­
priate optimization criterion raises several unresolved 
questions. For example, should one minimize some par- ■ 
ameter of the random response time within the cost con­
straints, or should one minimize cost subject to some re­
quirements on the minimal acceptable response time?

Even when an optimization criterion is available, 
there are substantial theoretical problems in optimizing 
the recovery vehicle allocation and distribution in an 
urban area. In the first place, the system being con­
sidered involves several stochastic elements, and the 
optimum—seeking procedure must incorporate these random 
elements in a meaningful way. Second, the recovery sys 
tem is operating in a time—variant fashion; hence the 
system optimization procedure must also be capable of 
handling these dynamic properties. As a consequence of 
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these two problems, it is necessary to integrate concepts 
of both stochastic and dynamic programming in the develop­

ment of an optimum-seeking procedure.
Preliminary explorations were made to examine 

whether Markov-renewal programming (Jewell [18]) could be 
utilized in this regard. For instance, one might develop 
a Markov-renewal model where the states consist of the 

"activity" and location of all recovery vehicles at an 
instant in time. Random transitions are then made from 
state to state as emergencies occur and are serviced by 
the system. In each state one decision from a set of 
feasible decisions can be made to influence the next state 
of the system. An optimal operating policy can then be 
derived by selecting the "best" decision vectors when 

various costs are imposed upon state transitions.
Two problems arise in applying this model to the 

present problem. The first is the severe computational 
problem which arises because of the large number of feas­
ible states. For instance, if four vehicles can partici­
pate in three activities (say idle, serving a police call 
or serving an ambulance call) in ten feasible locations, 
the resulting Markov-renewal system takes on 30 possible 

states. This large number results in substantial pro­

gramming problems. The second problem is more severe, 
and it arises because of the inability of the Markov 
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renewal programming formulation to handle the "waiting" 

lines of emergencies which potentially arise when no re­
covery vehicles are available. Any model developed for a 
study of the recovery system response time in an urban area 
must consider the problem of emergency occurrences when no 
vehicles are available in a realistic fashion. Since the 
Markov-renewal programming formulation cannot easily be 
modified to resolve this problem, it is of limited useful­

ness in the present application.
These problems in developing an optimum-seeking 

procedure led to the development of a model which can be 
used to evaluate the alternative allocation and distri­
bution policies under consideration. It is felt that the 

careful exploration of this range of feasible alterna­
tives provides information which the decision makers can 
combine with economic, political, and administrative con­

siderations to determine the appropriate ambulance sys­
tem configuration for the region being analyzed.

From the earlier discussion on Markov-renewal pro­
gramming, it is clear that many useful insights can be 

gained if we apply the concepts of queueing theory to 
this problem. The sequence of emergencies occurring 
over time and space form an arrival process to the 
queueing system. These are reported, join a "waiting 
line" until an ambulance is dispatched, and are serviced 

as the recovery vehicle travels to the scene, recovers 



14

the victim, travels to the hospital, and is eventually 
released to await another call or to service a call which 

has been "waiting." '
Modifying the recovery vehicle allocation policy 

is then equivalent to changing the number of service 
channels in the system. Changes in the vehicle distribu­

tion policy potentially alter the distribution of ser­
vice times and the service channel selection mechanism.

Notice, however, that the operation of such a sys­
tem differs from that of common queueing models. First, 
the system consists of multiple channels (vehicles) 
whose service properties vary from channel to channel 

and from emergency to emergency. This is true because 
the transit time to the scene of an emergency is depen­
dent upon both the vehicle distribution and the location 
of the emergency. Second, the channel selection mechanism 

does not involve a random selection of the available 
channels. Instead, this selection is based upon the 
type of emergency and the availability of the nearest 

service channel. Third, since the arrival process con­
sists of both medical and police emergencies, the detailed 

interactions and probabilistic properties of these must 

be considered.
Research has been undertaken in this study to in­

corporate these features into a queueing theoretic model 
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which allows alternative recovery vehicle allocation and 
distribution policies to be examined in detail. In addi­

tion, the model which has been developed is based upon 
the data-analytic base underlying the system operation.

! Traditionally, many modelers have approached the 
problem of model construction by utilizing a tractable 
model whose mathematical properties are known. The re­
sulting model is then implemented by fitting the para­
meters of the model to data from the operating system. 
However, when data is available from this system, it 
generally contains much more information than that ob­
tained by estimating the parameters in a class of simple 
distributions. If analysis techniques are correctly 
applied to this data, models corresponding more closely 
to the real situation can be derived. Of course, the 
incorporation of such analysis must be selective, for 
models which are analytically intractable either must 
be simulated or simplified in order to obtain meaningful 

solutions. Nevertheless, this latter approach should 
result in more realistic models, and it is adopted here 

whenever possible.

1.2 BACKGROUND INFORMATION

The topics under consideration in this disserta­
tion arose in a study of the public ambulance system in 
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the City of Detroit. This study was conducted by the 
University of Michigan Highway Safety Research Institute, 

and it was funded by the U.S. Department of Transporta- 
tiop National Highway Safety Bureau. Interestingly 
enough, a study of ambulance distribution and allocation 

was not a part of the research originally proposed. 
However initial examination of data from, the City s 
present ambulance system revealed that relatively long 
response times arise under certain conditions.

Furthermore, a major restructuring of the City 
of Detroit ambulance system is under consideration. 
The existing system is managed by the police depart 
ment. (Police departments operate the ambulance ser­
vice in seven of the fifteen largest cities in the United 
States. Hence the results of this study should be appli­

cable to many urban areas in addition to Detroit.) A 
certain proportion of the police squad cars are station 
wagons, and these serve as both police cars and ambu­
lances on a first come-first served basis. The City is 
currently evaluating the merits of abandoning this dual 

system and adopting an independent public ambulance 
service. This decision will be primarily based upon 
medical and economic analyses. However, if such a 

^For instance, there is essentially no "in-ambulance 
medical care in the existing system. In addition, city
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decision is to be made, it is essential to determine the 
effects of the distribution and allocation of vehicles 
in the new system. At the present time these effects 
are completely unknown. However, it is logical to assume 
that they are substantially different from those in the 
existing, dual function system, where allocation is 
based upon police needs rather than emergency medical 

needs.
Hence this study will deal directly with distri 

bution and allocation problems in the City of Detroit. 
Data from the Detroit public ambulance system will be 
used to make inferences on relevant system parameters, 
and observed measures of system performance will apply 

specifically to the City of Detroit. However, the re 
suits of this study should apply to other urban areas in 

two ways. First, the existing and proposed ambulance 
systems in the City of Detroit do not drastically differ 
from those operating or under consideration in other 
urban areas. Hence, the results from this study may be 

modified to apply elsewhere. Second, the general 

decision makers feel that a substantial opportunity cost 
is incurred when the police are diverted from their pri 
mary function. This must be added to the real cost of 
using policemen as ambulance attendants, when police are 
paid $10,000-$12,000 per year and ambulance attendants 
are paid at a much lower rate.
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methodologies used in this study can be directly applied 

in other analyses. Since many metropolitan areas are 
currently reviewing their public ambulance systemsz 
these techniques should be useful in such studies. ,

Systematic research into ambulance service is a 
fairly recent activity, and there is little literature 
pertaining directly to this topic. Savas (30) in a 
study of New York City ambulance service, utilized GPSS 
simulation as the basis for a decision to allocate ambu­

lances at two stations within a district rather than one. 
His model was based upon the assumption of a Poisson 
arrival process and a log-Normal service process, both 
with parameters fitted to the data. Dunlap and Associ 

ates, in a general study of ambulance service for the 
Department of Transportation (27), discuss the general 
problem of ambulance distribution and allocation. They 
utilize a M/M/™ queueing model to illustrate the concepts, 
although the comment is made tnat the assumption of 
negative exponential service times conflicts with their 
sampled data. The assumption of an infinite number of 
service channels is also a severe compromise of realism 

in order to achieve greater model tractability.
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1.3 . DESCRIPTION OF THE EXISTING DETROIT RECOVERY

SYSTEM

1.3.1. Dual Function Police System
/ A short summary of the existing Detroit police 

ambulance system is necessary to introduce a discussion 
of the modeling of this system. The City of Detroit is 
divided into thirteen police precincts. " Squad cars and 
police stations wagons are assigned to these precincts, 
and these vehicles cross precinct boundaries only in 
special emergency situations. Since the station wagon 
ambulances are primarily utilized as squad cars, they, 
too, operate within precincts. Each squad car is assigned 

to a scout car territory (a "beat") within the precinct. 

(There are nine to eighteen of these territories per 
precinct.) The squad car patrols its assigned territory 
and responds to emergencies within the territory. Since 

there are many more territories in each precinct than 
there are squad cars, each car is likely to respond to 
calls in several territories during a single shift. Some 
attempt is made to dispatch cars to nearby territories. 
This is difficult, however, since real-time vehicle 

location information in unavailable.
These procedures apply to the station wagon ambu­

lances , except that these vehicles respond to both police 
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runs and medical emergencies on a first come-first served 
basis. Hence, there is some possibility that an ambu­
lance will be requested when all station wagons are in­

volved with police matters or when the station wagons 
are all serving some mixture of police and emergency 

medical calls.
The additional burden placed on the ambulance sys­

tem by police calls makes it useful to study the extent 
to which emergency medical response time can be reduced 
by eliminating or modifying the dual function of the 
police ambulances. Any resulting reductions in response 
time may induce city decision makers to separate the 
police and ambulance service. More important is the 
fact that the two services may be separated for other 
reasons—mainly due to the improved medical capability, 

reduced cost, and streamlined administration which are 
possible with such separation. In this situation it is 
extremely important for•the city decision makers to have 
prior information on the operational response capability 
of an independent "single-function" ambulance service.

1.3.2. Single Function Public Ambulance System
In a single function public ambulance system there 

is no a priori need to maintain the precinct distribution 

and allocation system necessary in the police system.
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However, utilization of the precinct service regions 
might be desirable for command and control purposes if 

the police were to manage the single function system. 
On the other hand, if a public ambulance system were to 
be administered by the city hospitals, locations at 
these hospitals might be desirable from an administra­
tive viewpoint. Similarly, fire stations are logical 
ambulance stations if the fire department operates the 

system.
These decisions are all based upon managerial con­

siderations of the responsible municipal agency. In 
fact, no agency has been selected to manage a single 
function public ambulance system if one is developed in 
the City of Detroit. Hence, this analysis will consider 

the allocation and distribution problem within the ex­
isting precinct boundary constraints on station location.

That is, we shall consider the police precinct as 
the basic service area. Alternative distribution and 
allocation policies are then studied with respect to this 

service region. Whrl^ placing such constraints on the 
service area may seem to be unduly restrictive, there 
is little doubt that some constraints must be placed on 
the service regions in large metropolitan areas. Other­
wise the city-wide vehicle command and control problems 

would result in reduced system effectiveness.
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The majority of the numerical results in this study 
are obtained for various recovery vehicle allocation and 
distribution policies as implemented in precinct 15 of 
the City of Detroit. This service region was selected 

for two reasons. First, it has emergency occurrence 
characteristics and emergency service problems which are 
a blend of those in the congested "inner city" precincts 
and the less-congested "outer city" precincts. Thus, in­

ferences on the effects of alternative allocation and 
distribution policies for precincts with both types of 

characteristics can be drawn from the results of pre 
cinct 15. Second, precinct 15 has a larger geographic 
area than most precincts. (See Figure 2.1) Hence, the 
results for this precinct also provide some information 
on the effects of allocation and distribution policies 
when ambulance service regions larger than the "average 

police precinct are utilized.

1.4 ORGANIZATION OF RESULTS

The organization of the presentation is as follows. 
Chapter 11 is devoted to an extensive data analysis de­

signed to determine the characteristics of urban emer­
gency occurrence and service processes. This analysis 
relies heavily upon existing statistical tools for the 
analysis of point stochastic processes, especially those 
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documented by Cox and Lewis (10)•
In Chapter III the insights obtained from the data 

analysis are utilized to develop a mathematical abstrac­
tion of the emergency medical recovery system which models 
the effects of alternative vehicle distribution and allo­
cation policies. This model is developed by extending 
the work of Cinlar ( 7) on systems of queues in parallel. 

In addition to providing a model for the recovery system 
under consideration here, the probabilistic results which 
are obtained are directly applicable to a large class of 
unresolved problems in queueing theory where the service 

channel selection is based upon the simultaneous state 
of all service channels. (The "shortest service line" 
selection mechanism is probably the most common of these.) 

The resulting recovery system model is utilized 
in Chapter IV to study various single function ambulance 
allocation and distribution policies of interest to the 
recovery system designer. The sensitivity of these poli­

cies to the model inputs is also examined through cer­
tain parameter!zations of the basic model. Policies for 
dual-function urban ambulance systems are then considered 
in Chapter V. Results for the two systems are integrated 

in Chapter VI, where the various recovery vehicle allo­

cation and distribution policies are compared.
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A brief summary and suggestions for future research 
are presented in Chapter VII. Appendix A contains refer­
ence information on various statistical tests designed 
for the analysis of Poisson processes. Appendix B de­

velops the theory which relates the stochastic process 
consisting of both ambulance and police call occurrences 
to the process consisting of police calls alone or of 
ambulance calls alone. Appendix C documents the computer 
program utilized to develop the numerical results of 

this study.



CHAPTER II

DATA ANALYSIS OF EMERGENCY OCCURRENCE 
, and service processes

In Chapter I we stressed the importance of inte­

grating the process of model development with the data 
base which describes the system under examination. 
This integration should yield a system abstraction from 

which one can develop better insights into system per­
formance. As a result, the model should ultimately 
lead to better decisions, and this, of course, is the 

basic objective in modeling.
The utilization of data analytic techniques in 

model construction is especially important in this study 
since conclusions drawn from the model as to the effects 

of the alternatives under consideration will be very 
difficult and expensive to validate experimentally. 
Therefore, various data analyses will be conducted in 
this chapter in order to examine the properties of botn 
the emergency occurrence processes and the service pro­
cesses for these emergencies. The insights gained from 
these analyses will then be utilized in Chapter III in 

the model development.

25
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It is important to note that the intent of these 
data analyses is not to identify or explain the general 
statistical processes associated with urban emergencies. 
Such a study would require more extensive data and more 
detailed analyses than those utilized here. Neverthe­

less, various interesting hypotheses on urban emergency 
processes are generated by the results of this chapter, 
and these could serve as a basis for further research.

As we indicated in Chapter 1, the development of 

models to explain probabilistic phenomena requires 

giving constant attention to the trade-off between 
tractability and realism. For instance, consider the 
problem of selecting a model for the distribution func­
tion of a random variable. In certain situations the­

oretical or asymptotic considerations will provide a 
class of potential distribution functions, and experi­
mental data can then be utilized to estimate the parameters 

of these.
In the present analysis no theory has been de­

veloped which suggests appropriate models for the emer­
gency occurrence and service processes under consider­
ation. In the absence of theory, two alternatives are 
available. First, one can use the empirical distribu­
tion function as an estimator of the various marginal 

distribution functions. Although this estimator has
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desirable statistical properties when the observations 
are independent and identically distributed (Cox 
and Lewis [10]) , its utilization in subsequent model 
analysis will yield results which are analytically in­
tractable. In this case, numerical analysis will be 

necessary to develop the insights of interest.
Therefore, one may prefer to choose parametric 

classes of distribution functions which approximate the 

empirical distribution function. In this case various 
non-parametric goodness of fit tests are available to 
examine the adequacy of these classes of functions 
against general alternatives, and parametric statistical 

tests can be conducted to examine their "goodness as 
compared to well-defined alternatives. Furthermore, 
parametric statistical inference procedures are avail­
able to estimate the parameters in the chosen class of 

models.
We have chosen the latter approach in this study. 

As we shall see, the marginal distribution functions of 

the processes we are considering can be modeled quite 
adequately with distributions from the "Gamma" class. 
Furthermore, we shall see in Chapter III that this class 
of distributions leads to tractable, analytical results 

which greatly simplify the numerical calculations. 
Finally, we shall show in Chapter IV that the conclusions 
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one draws from the model are quite insensitive to par­

ameter variations within this Gamma class.
In addition, it is possible to utilize the sta­

tistical inferences of this Chapter to develop a theo­

retical explanation of the mechanism which generates 
the emergency processes we are examining. This develop­
ment is presented in Section 2.2.3 and in Appendix B.

The sampling plan underlying the data collection 
is discussed in Section 2.1. In Section 2.2 statistical 
analyses are conducted on both the police emergency and 

medical emergency occurrence processes and their inter­
actions. The service processes for these two types of 
emergencies are analyzed in Section 2.3. Results of 

the data analyses are summarized in Section 2.4.

2.1 SAMPLING PLAN

Since this research was conducted as part of a 
comprehensive examination of urban emergency médical 
care, it was impossible to develop an independent sampling 

plan for the distribution and allocation study. However, 
a plan was developed which provides the data base neces­
sary for this study as well as information essential to 

other portions of the research project.
As we have indicated, the City of Detroit and 

most major cities in the United States are divided into 
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police precincts for vehicle command and control. Since 
the police operate the ambulance service in Detroit, the 
precincts also serve as the basic geographic units for 

ambulance allocation and distribution.
/ Four precincts were chosen as sampling units for 

the entire study. These were selected as a representa­
tive sample of the thirteen Detroit precincts in terms 
of demographic characteristics and accident experience. 
Two densely populated "inner city" precincts (Precincts 

6 and 7) and two more sparsely populated "outer city 
precincts (Precincts 15 and 16) were included in order 
to make comparisons between these two types. Figure 2.1 

shows the locations and relevant characteristics of 
these service regions. Data from the 7th and 15th pre­
cincts has been analyzed for the distribution and allo­

cation study.
In these two precincts exhaustive samples of all 

dispatches for emergency medical runs were obtained and 
analyzed for the one month period November 18-December 15 
1968. Police emergency runs in precinct 15 were simi­
larly analyzed for the same time period in order to make 
inferences on the operation of the "dual function" police 

ambulance system.
While data from this one month time frame pre­

cludes direct inferences on long term characteristics of
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the emergency occurrence and service processes, the 
series are long enough to allow one to examine potential 

hourly, daily, and weekly trends or cycles. Results 
from these examinations should provide reasonable indi­

cations as to the detailed structure of the long term 
series, and model parameterization can then be utilized 

to study system response to changes in such structure.
For instance, suppose we were to infer from the 

data that the sequence of medical emergency occurrences 
in November/December, 1968, can be satisfactorily repre­
sented as a Poisson process with rate X. We might then 
conjecture that the process maintains its Poisson nature 
throughout the year, but that the rate varies according 
to seasonal characteristics. The sensitivity of model 
conclusions to such occurrence rate variations can then 
be studied by modifying the parameter X and observing the 

subsequent system response.
For the November/December time frame and the above 

geographic regions, data for the allocation and distri 

bution study were taken from two sources. First, the 
central police communications center routinely fills out 
a dispatch ticket for each emergency to which a vehicle 
is dispatched. This ticket contains the following infor­

mation relevant to this study:
1. Time of emergency report
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2. Nature of emergency
3. Location of emergency (street and number)
4. precinct number and patrol territory of vehicle 

dispatched
5. Time of dispatch
6. Time mission completed

Second, for the purpose of this study, the operator of 
each police ambulance filled out a data form for each 
medical emergency containing the following information:

1. Time and distance to the scene of the emer­
gency

2. Time on the scene
3. Time and distance to the hospital
4. Time at the hospital transferring the victim 
The time of emergency reporting on the dispatch 

ticket is recorded to the nearest minute from an elec­
tric clock. The time of dispatch and time of mission 
completion are automatically imprinted by an electric 
clock-printer. Hence, these data should be free of biases 
or other recording errors. The major sources of potential - 
error on the dispatch ticket are in the determination of 

the nature and location of the emergency. In many cases 
vehicles are dispatched on medical emergency runs which 
turn out to be false alarms or minor injuries not requiring 

an ambulance. Unfortunately, it is nearly impossible to 
detect these a priori at the communications center, since 
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the caller generally is excited and/or confused, or else 
he refuses to give enough information to make an accurate 
diagnosis of the nature of the emergency. Hence, for 
the purpose of improved ambulance allocation and distri­

bution , information on the dispatch ticket alone was 
used to determine whether the emergency was a medical 

emergency or police emergency. For the same reason, 
emergency location information on the ticket was used to 
determine the site of the emergency, even though errors 
sometimes do occur in obtaining and recording this data 

accurately.
Time data on the ambulance attendant's sheet were 

recorded from the police officer's watch. Thus, there 
is a tendency for this data to be biased toward five 
minute intervals, even though the officers were instructed 

to make observations to the nearest minute. The data 
analysis should not be seriously affected by these, since 
such observations should be within one to two minutes of 

the true values. -
Distance data were recorded from the vehicle odo 

meter. Although this data is generally tabulated to the 
nearest mile, the fairly large residual errors in the dis­
tance time relationships indicate that more accurate dis­

tance determinations are unnecessary for this study. We 
shall discuss this point further in Section 2.3.1.
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2.2 ANALYSIS OF THE EMERGENCY OCCURRENCE PROCESSES

The sequence of times between emergency occurrences 
was partitioned into two sequences—the times between 
medical emergencies and the times between police emer­
gencies. These sequences were subjected to statistical 
analyses in order to make reasonable inferences on the 

stochastic processes underlying the realizations. 
Analyses to determine the extent and nature of the inter­
actions between the two sequences were also conducted.

2.2.1 Medical Emergency Occurrence Process.
Times between successive medical emergencies 

occurring within the study precincts during the sampling 

frames were analyzed as point stochastic processes. 
These have been studied to examine the following:

(i) The existence and nature of time trends (non­

stationarities) in the series.
(ii) The existence and nature of interdependencies 

in the detrended series (if evidence of trends 

is found in (i) above).
(iii) The nature of the marginal distribution of 

inter-emergency occurrence times (and of the 
joint distributions of such times if signifi­

cant interdependencies are found in (ii) 

above).
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As we have observed, trends emerging gradually 
and cycles with periods greater than one month cannot be 

detected due to limitations in the sampling plan. In­
stead the effects of these phenomena must be incorporated 

by a re-parameterization of the system model which has 
been constructed using the available data. Nevertheless, 
it is felt that careful analysis of the data does provide 
much insight into the detailed structure of the series of 

occurrences and also allows one to make cautious extrapo­

lations to longer time periods.
In order to obtain some preliminary insights into 

the nature of the emergency occurrence processes in pre­
cincts 7 and 15, counts of the daily number of calls to 
the police communications center for ambulance service 
were plotted against time (Figure 2.2) for the period 

November 19 to December 14, 1968. A cursory inspection 
of this data reveals no strong trends or cyclic tendencies 
The major indication is that medical emergencies seem to 
occur at a slightly higher frequency in precinct 15. No 
obvious interdependencies between the two series appear 

in the data.
For the two week period December 1, 1968, to De­

cember 14, 1968, the daily counts in precinct 15 were de­
composed into counts for each of the three police shifts,
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0000-0800, 0800-1600, 1600-2400. These counts are 

graphed in Figure 2.3.
No obvious trends or cycles are apparent within 

each shift. Further, the three shifts appear to be 

similar in both central tendency and variability.
Since no major daily or within-shift differences 

were observed in the plotted series, the entire series 

of emergency occurrences in each precinct over the one 
month period were subjected to more detailed statistical 

analysis. Interarrival times between successive calls 
for ambulance service were computed and analyzed using 
a program developed by IBM for the statistical analysis 
of series of events (SASE II). The reader is referred 
to references ( 9, 10, 19) for more detailed information 

on this program. Over the one month time period, 416 
calls for emergency ambulance series occurred in precinct 

7 and 403 such calls occurred in precinct 15. Hence, 
these realizations of the series of events should provide 
sufficient information for accurate analysis of the under­

lying processes. In addition, the sample records are 
long enough so that certain asymptotic results can be 

utilized to test various hypotheses of interest.
Failure to detect any trends in the series by 

graphical methods leads one to consider the observed 
interarrival times as realizations of (weakly) stationary
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point processes. That is, we consider the first and 
second moments of the underlying stochastic processes to 
be invariant under a time shift. Letting X± denote the 
interarrival time between the ith and (i-l)St police call 

in a precinct, this means that:

। E (XjJ = E(xi+h^ = E(X) i = 1/ 2, ••', n 

cov(Xi, xi+h) = Ch „ h = 0. 1, n-1

where the function Ch is known as the autocovariance 
function. The autocorrelation Ph is then given by C^/CQ.

It is of immediate interest to study the nature and 

extent of interdependencies between the interarrival times. 
Specifically, it is desirable to test the hypothesis that 
the observations are independent and hence form a renewal 
process (a sequence of independent identically distributed 
random variables). Tests of this hypothesis can be based 
on the sample autocorrelation function or on the sample 

periodogram. Both are discussed and presented here.
It is well known that for a stationary time series 

an unbiased estimator of E(X) is given by

and an asymptotically unbiased estimator of Ch is given by 
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n —h 
«Xj-x'Kx^-V* h-1,

3-±

where V is the covariance truncation point and 
max

. , n-h"b “ À £ *3
. n-h

Xh " n-h Xj+h

This estimator has been utilized instead of the
standard unbiased estimator of Ch since it is robust when 

small trends are present in the underlying process.
An asymptotic unbiased estimator for the auto

correlation can then be written as

^h

where

« n-h c’ = -L- y 
0,h n-h

. n-h c" = -A_ y 
0,h n-h

Wj - 2

(Xj+h - %)2

The large sample moments of this estimator are

given by Cox and Lewis (10) as:

E(ph) = 0
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= n-h pj n-h (1 + 2 y 
3=1 $

00
=ov<ph, Ph+k’ = A JViDj+k

The asymptotic normality of estimators of Phas 
been discussed and demonstrated in Anderson (4). Utilizing 

the central limit theorem, it is clear that under a re­

newal hypothesis (p j = 0; j = 1, 2, ‘' the P^ are 
asymptotically normal random variables with zero mean and 
variance equal to l/(n-h). The asymptotic covariance be­
tween the sample autocorrelations is of the order 1/n. 
Approximate tests of the renewal hypothesis can then be 
conducted by comparing the statistic /H^h Ph with the 

upper ath percentile of the normal distribution.
Using these techniques, the sample autocorrelations 

have been computed for lags up to 100 and tested for the 
data in precincts 7 and 15 (Table 2.1). In precinct 7 
significance at the .05 level was observed at lags of 39, 

64, 72, 78, and 94. In precinct 15, significance was ob­
served at lags of 2, 29, 39 and 49t We observe that in 
both cases the observed empirical probabilities of rejec­

tion are less than .05, the significance level chosen 
for this analysis. Hence this analysis lends support to

the renewal hypothesis.
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Table 2.1
Estimated Autocorrelations of Times 

Between Medical Emergencies

Precinct 15 Precinct 7

Lag (h) Ph /n-h ph Ph_______ i Ph

1 -0.011 -0.223 0.085 1. 733

2 0.098 1.965 0.025 0.511

3 0.024 0.478 -0.017 -0.350

4 -0.061 -1.214 0.012 0.250

5 -0.054 -1.084 -0.045 -0.912

6 -0.050 -0.991 -0.001 -0.024

7 -0.013 -0.265 -0.038 -0.760

8 0.025 0.499 -0.011 -0.220

9 0.062 1.225 -0.020 -0.396

10 0.079 1.571 0.080 1.603

11 0.005 0.100 0.023 0.458

12 0.015 0.287 0.061 1.228

13 -0.034 -0.667 0.033 0.666

14 0.018 0.359 0.011 0.216

15 -0.021 -0.412 0.038 0.762

16 0.020 0.39 8 0.013 0.262

17 -0.008 -0.162 -0.062 -1.235

18 -0.009 -0.183 -0.008 -0.166

19 0.018 0.350 0.009 0.176

20 0.001 0.026 0.007 0.145

21 -0.009 -0.178 0.023 0.454

22 -0.008 -0.163 0.041 0.814

23 -0.007 -0.139 -0.031 -0.621

24 0.031 0.611 -0.077 -1.520

25 0.068 1. 318 -0.063 -1.253
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Precinct 15 Precinct 7

Table 2.1 (continued)

Lag (h) Ph /n-h ph Ph /n-h ph

26 -0.061 -1.181 -0.006 -0.128
27* 0.040 0.781 -0.074 -1.463

28 -0.007 -0.132 0.042 0.835

29 0.148 2.862 -0.041 -0.814

30 0.028 0.542 -0.020 -0.384

31 -0.019 -0.362 0.055 1.083

32 0.097 1. 863 0.017 0.333

33 0.010 0.185 0.024 0.460

34 -0.036 -0.700 -0.003 -0.060

35 —0.068 -1.304 -0.050 -0.977

36 -0.022 -0.424 0.001 0.021

37 -0.002 -0.036 0.013 0.256

38 0.014 0.275 -0.064 -1.248

39 0.123 2.350 -0.111 -2.149

40 0.016 0.314 -0.021 -0.404

41 0.075 1.422 0.004 0.078

42 -0.016 -0.303 -0.096 -1.860

43 0.006 0.115 -0.073 -1.405

44 -0.048 -0.906 -0.049 -0.949

45 -0.028 • -0.535 -0.023 -0.446

46 -0.010 -0.192 -0.072 -1.379

47 0.006 0.119 0.035 0.681

48 0.006 0.112 —0.046 -0.885

49 0.113 2.126 -0.063 -1.205

50 -0.036 -0.670 0.000 0.008

51 0.016 0.304 -0.041 -0.787

52 -0.008 -0.158 0.019 0.370

53 -0.011 -0.201 -0.010 -0.195

54 -0.010 -0.190 0.018 0.336
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Precinct 15 Precinct 7
Table 2.1 (continued)

Lag (h) ;h ?n-h ph

55 0.004 0.071 -0.041 -0.779

56 0.045 • 0.844 0.013 0.252

57 0.024 0.455 0.033 0.617

58 0.038 0.714 0.002 0.046

59 -0.044 -0.820 0.016 0.293

60 -0.043 -0.804 0.098 1.857

61 -0.022 -0.415 -0.051 -0.965

62 -0.006 -0.104 0.019 0.363

63 0.034 0.633 -0.019 -0.361

64 -0.054 -0.995 0.183 3.439

65 0.067 1.227 -0.036 -0.680

66 -0.038 -0.690 0.059 1.095

67 0.005 0.096 0.013 0.247

68 -0.050 -0.919 0.027 0.501

69 -0.083 -1.514 -0.008 -0.155

70 -0.008 -0.153 -0.084 -1.556

71 0.060 1.090 -0.027 -0.494

72 -0.035 -0.643 0.129 2.392

73 0.083 1.510 -0.005 -0.097

74 0.056 1.010 0.017 0.313

75 -0.058 -1.049 0.009 0.158

76 -0.012 -0.224 0.029 0.526

77 0.030 0.541 -0.050 -0.918

78 0.000 0.006 0.112 2.067

79 -0.036 -0.656 -0.049 -0.894

80 -0.052 -0.937 -0.003 -0.064

81 0.009 0.153 0.024 0.438

82 -0.030 -0.530 -0.012 -0.226

83 0.050 0.887 -0.006 -0.112



45

Table 2.1 (continued)

Precinct 15 Precinct 7

Lag (h) Ph Ph ' Ph

84 -0.029 -0.526 0.103 1. 879
85 -0.014 -0.256 -0.001 -0.017

86 0.006 0.107 -0.054 -0.972

87 0.018 0.324 0.004 0.080

88 -0.021 -0.376 0.081 1.473

89 -0.046 -0.807 — 0.062 -1.130

90 -0.075 -1.327 -0.014 -0.249

91 -0.065 -1.154 -0.056 -1.015

92 -0.034 -0.598 -0.029 -0.528
93 -0.020 -0.354 0.025 0.441
94 0.030 0.525 0.144 2.582

95 0.024 0.414 0.082 1. 474

96 0.029 0.505 0.023 0.408

97 0.008 0.143 0.097 1. 724
98 -0.027 —0.468 -0.038 -0.685

99 -0.008 -0.145 -0.013 -0.232

100 -0.054 -0.933 -0.049 -0.873
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Since the sample autocorrelations are correlated 

for all finite record lengths, the statistical test 
utilized above is inaccurate to the extent that it ignores 
this dependence. Hence a test based upon the sample 
spectrum of the intervals is utilized to supplement the 

analysis in the time domain.
The spectrum of a stochastic process is developed 

by taking the Fourier transform of the autocovariance 
function. Unsmoothed spectral estimates can be computed 

by forming the periodogram I ( w) ,

I ( w) ~ (v/p)C I w| - t
v=+y

where k (v/p) is the lag window of the estimate 
p is the truncation point of the estimate 

For real-valued processes the above relation becomes

i p .
I(w) = - [1 + 2 X K (v/p) COS UvJCJ W - IT 

11 v=l

The Bartlett (triangular) lag window and a spectral 
truncation point of n were utilized in computations of 

the periodograms, thereby yielding the estimator

I(j) = 1 [1 + 2 (~2)Cy cos (2^) ]
v=l

j = 1, 2, *", n/2 •
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If a series is a realization of a sequence of inde­

pendent, normally distributed random variables, then Cox 
and Lewis (10) show that (1(1) , ! (n/2) } forms a se­
quence of independent exponentially distributed random 
variables with parameter X = VcQ. Since the intervals 
between ambulance calls are by definition non-negative, 

the normal assumption cannot hold. However, under a 
renewal hypothesis, the above result holds asymptotically 

as a result of the central limit theorem.
Hence an asymptotic test of the renewal process 

can be conducted by testing to determine if the sample 

periodogram follows a Poisson process. There are many 
tests for Poisson processes, and some of the more common 
of these are summarized in Appendix A. Results of applying 
these tests to periodograms calculated from the intervals 
observed in precincts 7 and 15 are presented in Table 2.2.

All statistical tests indicate that the values 
assumed by the sample periodograms are consistent with a 
Poisson process. Hence one is led to the inference that 

the observed interarrival times follow a renewal process.
A renewal process is completely identified if the 

marginal distribution of interarrival times is known. 
Therefore inference procedures to examine this distribu­

tion are developed in this section. It is well known 
that the empirical distribution function is a consistent
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estimator of the underlying marginal distribution func 
tion. The empirical distribution functions Fn(x) for 
interarrival times between ambulance calls in precincts
7 and 15 are presented in Figures 2,4 and 2.5 respectively. 

Various statistics for these empirical distribu­

tions are recorded in Table 2.3.

Table 2.3
Statistics for Marginal Distributions 

of Interarrival Times Between 
Ambulance Calls
Observed Value Observed Value

Statistic Precinct 7 Precinct 15

Mean 98.072 min 101.166 min

Variance 18738.207 . 2 min 15679.672 min^

Coefficient of -
Variation 1.396 1.238

Coefficient of
Skewness 3. 603 2.449

Kurtosis 20.950 10.462

Range 1-1120 min 1-866 min

Visual comparison of these statistics indicates 
that times between ambulance calls in the two precincts 
have approximately the same means, but that times between 
calls in precinct 15 have slightly less variability and 
skewness. There is no apparent reason for these differ­

ences, and in fact, one might expect more significant
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variations because of the demographic differences between 

the two precincts.
Although the sample coefficients of variation are 

larger than one might expect for a negative exponential 
distribution of interarrival times,1 statistical tests 

were conducted to determine if these differences could 
be attributed to chance variation. Here again, the sta­
tistical tests developed in Appendix A for Poisson pro­
cesses are valid, since a negative exponential distribu­
tion of times between.events is equivalent to a Poisson 
distribution of the number of events occurring in any 
time interval. Statistics computed for these tests are 

presented in Table 2.4.
The tests were repeated on the partial sums of 

the order statistics of the interarrival times, since 
this procedure gives increased power against a wide range 
of alternatives (see Appendix A). Results are presented 

in Table 2.5.
We observe that rejection of the Poisson hypothesis 

of interarrivals in precinct 15 is indicated by all tests 
except the upper-sided Kolmogorov test. Results in pre­
cinct 7 are not as striking, but ample evidence is pro­

vided for rejection of the Poisson hypothesis.

^The negative exponential distribution with parameter X 
has mean 1/X and variance 1/X2. Hence the coefficient 
of variation is equal to one. .
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In Appendix A it is shown that the MORAN test is 

constructed to provide high power against Gamma alterna­
tives to the Poisson hypothesis. Thus, the large values 
attained by the Moran statistics (Table 2.4) provide some 
indication that an adequate model of the marginal dis­
tribution of interarrival times between ambulance calls 

can be developed by using the Gamma distribution.
Further evidence in favor of the Gamma hypothesis 

is obtained by comparing the sample coefficients of skew­
ness and kurtosis with estimates of their theoretical 
values in the two precincts. Denoting the coefficient 
of variation by çQ, the coefficient of skewness by Sp 

and the kurtosis by it is well-known that for the 
Gamma distribution (Jackson [17]) :

2 
Ù = 25q £ 2 = 6ço

Estimates of these parameters can be found by sub­
stituting the empirical coefficients of variation, and 
these are compared with the corresponding sample esti­

mates in Table 2.6.
Inspection of Table 2.6 indicates close agreement 

between the coefficients of skewness estimated by the two 
techniques. The estimates of kurtosis are also similar 
in precinct 15, although significant variation occurs in 

precinct 7.
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Table 2.6
Comparison of Estimated and Sample Coefficients 
of Variation and Kurtosis—Gamma Distribution 

of Times Between Ambulance Calls
Precinct 7 Precinct 15

! C° 1.396 1.238

«1 = 2.79 2.48
Sample Estimate of 3.60 2. 45

2
2 0 11.70 9.30

Sample Estimate of 20.95 10.46

One logical alternative to the Gamma distribution of 
times between ambulance calls is the log-normal distri­
bution, which might arise if the events leading to these 
calls combine in a multiplicative fashion. For a log­
normal distribution, the coefficient of skewness and the 
kurtosis are related to the coefficient of variation by 

the following relations.

3 
4 = 3^0 + %o

Ç2 = 16^0 + 15^0 + 6ço +

Table 2.7 contains a comparison of these values 

for the Gamma and log-normal distribution.
In all cases much closer agreement between the 

two estimators is obtained under the Gamma hypothesis.
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Table 2.7
Comparison of Estimated Coefficients of Skewness 

and Kurtosis for Gamma and Log Normal 
Hypotheses—Time Between Ambulance

Calls

Sample Estimate of ÇQ

Precinct 7
3.60

Precinct 15
2.45

Estimate of based on
sample

Gamma
Log-Normal

2.79
6.92

2.48
5.63

Sample Estimate of C2 20.95 10.46

Estimate of Ç2 based on 
sample

Gamma
Log-Normal

11. 70
147.12

9.30
87.82

While these results lead to a qualitative accep­
tance of the Gamma model over the Log-Normal alternative, 
it is useful to apply a more sophisticated statistical 
test. Thus, tests of a Gamma model versus a Log-Normal 

alternative were conducted using the log likelihood 
ratio statistic as developed by Jackson. The test sta­

tistic is

Tg = (n/2Hn ( a2/ “2,k } + ' “l,^

where and are the maximum likelihood estimators of 
the two parameters of the log-normal distribution. These 
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are respectively the sample mean and the sample variance

of the logarithm of.the observations. The parameters k 

and y are the maximum likelihood estimators of the par­
ameters of the Gamma distribution. We now proceed to

develop these estimators.
The density function of the

given by
KX

f(x; y, k) - (-) r (k) “

Gamma distribution is

0 < x < 00 (2.1)

and the likelihood function can be written

xn k) =L(xlf* * *, U/

n
n xi

(<)nK n xr^e "1=1 /{r (k) ln
P i=i -

Hence 
" n

in L(x1# * * * , xn; y, k) = n< Jtn(^) + (k-1) _Hn xi 

(2.2)
n

- K/y J x^ - n &nr(k) 

n n
From 2.2 it is clear that x., n and Jin x± form 

i=l 1=1
sufficient statistics for y and k. Maximum likelihood
estimates can be found by taking the partial derivatives
of 2.2 with respect to k and y, and setting these equal

to zero, resulting in the equations
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„ - n

-F + F il = 0 (2.3)

* n
n &n(^) f n + 2 &n x. -

P 1=1

From equation 2.3,

£ A •
i=l _ - n = 0 (2.4)

p dKn
_ xi .
— and substituting n

this in 2.4 one obtains

_ d&nf(K) j _ £n £ - 
d<

n
V Un x. 

i=l 1
n (2.5)

This equation can be solved for < using tables of

d&nf(k) (gee, for instance, tables of the Digamma func- 
dK

tion in 1.) Results for precincts 7 and 15 are pre­

sented in Table 2.8.

Table 2.8
Maximum Likelihood Estimates for Parameters of 

Gamma Model of Interarrival Times Between 
Ambulance Calls

1.16

Precinct 7 Precinct 15

p 98.072 101.166

K .745 .770

1.14Estimated Coefficient 
of Variation (k 1/^)
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The remaining parameters in Tg are and 

a2 *, and these are estimated by

a, a = &(<) - £n(k/u)

«2^ = ♦' (K)

where *(x) is the digamma function and (x) is its 

first derivative.
The estimated asymptotic variance of Tg is given 

by Jackson as :

A A 2
_ ' " (k) _ ________ ' (K)}________ + 1/2 ]

^^9 n 4{^(ê)}2 4{4'(K)}2<K^(Ê) " Il

where Mj* ' (x) and ' * (x) are respectively the second and 
r 

third derivatives of the digamma function.
The test is implemented by utilizing the asymp­

totic normality of Tg, and by comparing Tg//V(TgT with 

the ath percentile of the standard normal distribution. 
Negative values are expected under the log-normal alter­

native .
The various statistics and the test statistics

are presented in Table 2.9.
In both precincts the Gamma hypothesis is accepted

at a .05 significance level.
In summary, we see that the Moran test, a test 

based on the higher moments of the distribution, and a
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Table 2.9
Significance Test of Gamma Distribution of Times 

Between Ambulance Calls Versus 
Log-Normal Alternative

Statistic Precinct 7 Precinct 15

n 416 403

3.783 3.842

“2 2.069 2.055

K . .745 .770

P 98.072 101.166

*(<) -1.100 -1.037

r (<) 2.567 2.443

*' ' (<) -1.388 -1.456

V ' ' (k) 2.650 r
2.868

°1,< 3.73 3.19

°2,K 2.567 2.443

T g
-28.0 -19.5

V(Tg) 224 218

Ta//V(Tq) -1.86 -1.32

likelihood .ratio test based on a log-normal alternative 
all lend credibility to the assumption of a Gamma distri 
bution of times between ambulance calls in a police 

precinct.
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It would be useful to supplement these statistical 
analyses with analyses based upon the physical mechanism 

generating calls for ambulances in an urban area. We 
shall delay this theoretical approach until Section 2.2.3.

2.2.2 Police Emergency Occurrence Process
Police emergencies occurring in Precinct 15 during 

the one month period November 19-December 14, 1968, were 

analyzed to provide some insight into this process.
During the period there were 4725 such calls. A plot of 
the number of these occurring per day is presented in

Figure 2.6.
From this figure one observes that the series is 

highly variable but that no obvious trends exist in these 
data. To test for interactions between days and weeks, a 
contingency table was developed using counts from the three 

complete weeks of police call data. The table is pre­

sented as Table 2.10.

Contingency Table to Test for Day-Week Interactions
Table 2.10

Sun.
Police
Mon.

Call
Tue.

Occurrence Process
Wed. Thur . Fri. Sat. TOT

Week 1 181 215 173 195 155 193 207 1319

Week 2 151 179 189 145 185 159 185 1193

Week 3 160 165 181 171 211 199 172 1259

TOT 492 559 543 511 551 551 564 3771
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A Chi-square test was utilized to test for day-week 
interactions, yielding an attained value of 28,339 with 
12 degrees of freedom. The .05 significance level for 
this test is 21.026 indicating a significant interaction.

However, when one examines the contribution of 
each cell to the statistic, Thursday of Week 1 is found 
to contribute 25%—four times the contribution of the 
next closest cell. This was Thanksgiving Day, and one 
would expect an abnormally low demand for police services. 

Hence the cell was corrected to the average of the re­
maining Thursday counts and the analysis was rerun. The 
corrected Chi-square statistic was 16.747, indicating no 
significant interaction. Therefore it was concluded that 

no significant day-week interactions existed over an 
average sampling period of this length.

Total daily counts were then tested to ascertain 

whether these could be distributed uniformly over the 
seven days of the week. The attained Chi-square statis­
tic was 4.099 with 6 degrees of freedom compared with a 
.05 significance level of 12.592. This indicates that a 
uniform weekly distribution of police calls is reasonable 

for the period and precinct under examination.
The series of counts for the three week period 

November 19-December 14, 1968, was decomposed into 
counts for each of the three shifts to study the variation
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within each day. The results are shown in Figure 2.7. 
These indicate that the intensity of police calls in 

shifts 2 and 3 appears to be greater than that in 
shift 1. No major differences exist between shifts 

two and three. '
. To obtain more insight into the police emergency 

occurrence process, detailed statistical analyses were 
conducted on the interarrival times between calls for 
police assistance on each of the four days November 19- 

November 22, 1969.
Statistical tests were conducted to examine the 

observed differences between shifts in more detail. We 

note that if the intensity of police calls increases 
during a day, then the interarrival times between such 
calls must decrease. From this one is led to the conjec­
ture that the expected interarrival time should be a de­

creasing function of time.
To test this hypothesis,1 2 assume that the calls 

follow a Poisson process with time dependent rate

1The counts tabulated in Figures 2.6 and 2.7 are based 
upon these calls as well as all police initiated dis­
patches. Although information on both types of dis 
patches is important in determining load on the police 
system, only calls for assistance are analyzed in de 
tail here.
2Discussion follows that of Cox and Lewis (10); pp. 45­
47.

= e near g = 0 this is equivalent to a linear
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trend in the mean of the process. Letting Nt denote the 

number of events in time t, we may write .

Pr{Nt = n} = n j (2.6)

where

u. = = f |
0 0

a+Bvjt = (eBt _ i) 
O' B

If we observe a time dependent Poisson process for

the interval (0, tQ) and if the events occur at times 
f t .... t , the likelihood function may be written

L (t^y
"Utl "(Uto-Ut^)

•z tn; X) = Xtt^e i X(t2)e z

-(utn-utn-i> -<ut0"Utn)
X(tn)e e

n 
n X(t.)e i=l 1

When X(t) = e°+Bt we may write

L(t. ,• • •, t ; a, B) = exp {na + B Ï t± - ea (e - D/B. 
1 n r=l

Clearly the two-tuple (n, X t£) forms a set of suffi- 
i=l

cient statistics of the parameters a and B- In addition, 
given B, n is sufficient for a. Hence, when a is treated 

as a nuisance parameter, the distribution of z = \
conditional on n is the appropriate distribution for
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inferences on 6. This can be found by dividing the joint 

distribution by the marginal distribution of Nt, given 

from 2.6 by

Pr{N. = n |ct, B} = ^7 ° D g 0 - 1) }
r0

yielding

enaeBz exp{e^(e6t0 . 1( j

f ( Z I a, B ) = ---- - "
-, - 1) ln exp ^-(e ° - 1) }

(2.7)

n!
(e^° - n

We observe that 2.7 is the joint distribution of 
the order statistics from a truncated exponential distri­
bution with rate parameter B and truncation point tQ. Th 

marginal distribution of this truncated negative exponen­

tial random variable is given by

f (x; Bf tQ) = -p----  0 x < t0, B / 0 (2.8)
° - 1

Hence, for all B / 0, the conditional distribution of z is 

the sum of n independent random variables distributed as 
2.8 above. For B = 0 these random variables are uniformly 
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distributed over the interval (0, tQ) with mean tQ/2 and 
variance ty/12. Hence z is asymptotically normal with 
mean ntQ/2 and variance nty/12. A test of the hypothesis 

6 = 0 can be made by comparing the attained value of 
Z ntp/ with the upper ath percentile of the standard 
t0/H7ï2 

normal distribution.
This test was conducted on the daily and within- 

day processes for the four day period November 19-Novem­
ber 22, 1968. Results are presented in Table 2.11.

Table 2.11
Tests for Trends in Daily and Within Day 

Police Call Processes 
Precinct 15

Date Daily Shifts 2 and 3 Shift 3

11/19/68 2.744* 1.497 N.A.

11/20/68 3.026* .421 N.A.

11/21/68 1.401 -1.502 N.A.

11/22/68 3.800* . 2.041* -1.343

♦Significant at the .05 level.

We observe that evidence of a significant trend is 

present in the daily series for three of the four days 
examined. This trend is not present in two of these days 

when the early morning shift is removed.

^The remaining day—November 22—had the largest number 
of police emergencies of all days during the sampling



70

These quantitative analyses confirm the earlier ob 
servation that significant daily trends do exist in the 

police emergency occurrence process. However, we note 
that these generally can be removed by decomposing the 
series into two components, one consisting of the early 
morning shift and the other made up of remaining shifts.

Tests for dependencies between interarrival times 

other than the low frequency trend observed above were 
based upon the estimated periodogram (refer to Section 
2.2.1 for a detailed discussion of these). The relevant 

test statistics are presented in Table 2.12 below.
For three out of the four days, the null hypothesis 

of no significant autocorrelations between intervals (the 

renewal hypothesis) is accepted for all tests. The 
attained values of the lower-sided Kolmogorov Smirnoff 
statistic and the Anderson Darling statistic indicate re­
jection of the hypothesis for the November 22 data. Again, 

we observe that this day represents an extreme intensity 
of police calls and thus can be considered as an "outlier.

From these two analyses it was decided to model 

the decomposed police emergency occurrence process as a 
renewal process. For the two components, tests were con- 

period, with a very large number of these occurring during 
the third shift.
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ducted to determine if the resulting marginal distribu 
tions of intervals between calls could be adequately 

modeled by negative exponential distributions. Data 
from November 22 were excluded from these analyses be­
cause of their deviant nature discussed earlier. Results 

are presented in Table 2.13.

Table 2.13
Tests for Negative Exponential Distribution 

of Times Between Police Calls
November 19-21 

Precinct 15

Statistic

Attained
Value—
Shift 1

Attained
Value—

Shift 2 &
.05 Significance

3 Level

Upper-Sided 
Kolomogorov 
Smirnoff .905 . 734 1.224

Lower-Sided 
Kolomogorov 
Smirnoff .439 .731 1.224

Two-Sided 
Kolomogorov 
Smirnoff .905 .734 1. 358

Anderson
Darling 1. 006 1.257 2.492

Moran . 39.746 214.589 (43.9, 216.1)

All tests indicate that the decomposed processes
are adequately modeled as Poisson processes. Some sample

statistics for these data are presented in Table 2.14.



73

Table 2.14
Sample Statistics for Times 

Police Calls 
11/19/68-11/21/68 

Precinct 15

between

Statistic Shift _1 Shifts 2 and 3

Mean 42.742 min., 17.223 min.

Variance 2675.798 min . 327.420 min.

Coefficient of Variation 1.210 . 1.051

Coefficient of Skewness 2.267 1.715

Range (2-219 min .) (1-94 min. )

These statistics show the large difference that 
exists between the occurrence rates in the two decomposed 

series. The mean time between events in shift 1 is almost 
three times that in shifts 2 and 3. It is well known that 

the sample mean is the maximum likelihood estimator for 
the reciprocal of the parameter of the negative exponen­
tial distribution, and we shall use this estimator here. 
Hence, in summary, the data analyses indicate that the 
police emergency occurrence process is adequately modeled 

by decomposing the daily series into two sub-series. 
These series can then be considered as realizations of re­
newal processes with negative exponentially distributed 

times between events and with mean times between events 
of seventeen minutes and forty-three minutes respectively.
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2.2.3. Interactions between Police and Medical
Emergency Occurrence Processes
Having determined the properties of the two series 

of events independently, it is natural to examine poten­
tial interdependencies between the series. A priori# 
there is no strong theoretical argument for such depen­
dencies. One would expect that police and ambulance 
calls evolve independently over time. However, tnere is 

some possibility that such calls are interrelated. For 
instance, in an urban area a large number of ambulance 
calls may be generated as the result of criminal activity. 
In this case ambulance calls may follow police calls with
a higher frequency than one would expect under a hypothe 

sis of no interaction.
To examine the possibility of interactions between 

the two types of emergencies, let ambulance calls be indi­
cated by the index 0 and let police calls be indicated by 
the index 1. Let P^ be the probability that a call is 
of type j conditional upon the previous call being of type 
i. For instance P1Q is the probability that an ambulance 
call follows a police call. Under the assumption that the
two types of call are independent P1Q = PQ0 - P.Q, where

P g is the
Letting n^

unconditional probability of an ambulance call.
equal the number of calls of type j following

calls of type i, the one month sample in precinct 15 was 
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partitioned accordingly. Results are presented in the con­
tingency table below (Table 2.15). For instance, refer 
ence to the table indicates that ambulance calls were fol 
lowed by ambulance calls 42 times during the one month 

period.

Table 2.15
Frequency Table for Transition Matrix 

Between Types of Calls
Precinct 15

0 • 1 Total

0 42 373 415

1 373 4,352 4,713

Total 415 4,713 5,128

Estimated Transition Matrix 
Between Types of Call

0 1
0 .101 .899
1 .079 .921

A Chi-square test was used to test for independence 
in this table. The attained statistic was 2.256 compared 
with a significance level of 3.84 (1 degree of freedom). 
The statistical analysis leads us to reject the hypothesis 

of Markovian transitions between the two types of calls.
The maximum likélihood estimates of the unconditional 

probabilities of the two types of emergency are then given 
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by p = 415/5128 = .081 and P = 4713/5128 = .919.
We observe that these probabilities reflect the 

influence of both calls from the public for police assis­
tance and police-initiated vehicle dispatches. These 
police-initiated activities include emergencies detected 

by police vehicles, and dispatches authorizing the re­

lease of vehicles for activities such as court appear­
ances, vehicle maintenance, and meals. Since the latter 

events are not emergency occurrences and can be 
"scheduled" in advance, it is useful to examine system 
operation when these are removed from the series of emer­
gency occurrences. In this case, the proportion of am­
bulance calls increases to approximately .214; no signifi 

cant interactions are present in the resulting series.
A realization of this series is presented below

P
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Realization of Semi—Markov Emergency 
Occurrence Process

We have been examining the statistical properties of the 
times between ambulance calls (the event a) and the times 
between police calls (the event b). However, a complete 
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description of the interactive process requires us to 
consider the stochastic processes which yield the times 

between the following four types of events.
(i) Ambulance call followed by ambulance call 

I (event c) .
; (it) Ambulance call followed by police call 

(event d) .
(iii) Police call followed by ambulance call 

(event e).
(iv) Police call followed by police call (event f). 

In Chapter III we shall see that the resulting stochas­
tic process is called a semi-Markov process. The de­
tailed properties of this type of process are discussed 
in Section 3.1. In this section we shall develop the 
statistical inferences necessary to utilize this model 
in the analysis of a recovery system which handles both 

ambulances and police calls.
Almost no literature exists on techniques for sta­

tistical inferences on semi-Markov processes. Estimators 
are required for the state transition probabilities (P±j) 

and for the distribution functions describing the times 
spent making transitions, denoted F^tx) . Moore and Pyke 

(22) discuss the problem in some detail, and they have 
developed certain non-parametric and maximum likelihood 

estimators for these processes. Further, they have 
shown that when the transition probabilities are func­
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tionally independent of the distribution function, these 
two components of the process can be estimated separately.

In this case the maximum likelihood estimators of the P 
are equal to n^/n, and the estimates for these developed 

earlier in this section apply exactly. Since we have 
found that the transitions between events can be repre­
sented by independent Bernoulli random variables, the 
transition probabilities are estimated by .214, the un­
conditional probability of an ambulance call. We denote 
this parameter by nt and its maximum likelihood estimator 

by TT.
The development of parametric inferences for the 

distribution functions of the random times between events
requires the specification of a class of potential dis 

tribution functions and the estimatron of the parameter
of this class. When the series of emergency occurrences 
is studied in this detail, the resulting sample sizes 
available to estimate the distributions of interarrival 
times for all four events are quite small. Nevertheless, 
data for a single week were examined to see what insights 
could be obtained into the underlying processes. The
statistical tests of Appendix A were utilized to deter 
mine the usefulness of the negative exponential distri­

bution as a model for the interarrival time. Results are 
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presented below (Table 2.16) . In this table denotes 
the event where emergency type j follows emergency type

Tests for Negative Exponential Distribution 
of Time Between Events in Semi-Markov 

Occurrence Process

Table 2.16

Statistic E00 E01 E11

Upper-Sided
Kolomogorov-Smirnoff .571 .163 1. 048 . 319

Lower-Sided 
Kolomogorov-Smirnoff 1.029 .604 .988 1.933*

Two-Sided .Kolomogorov-Smirnoff 1.029 .604 1.048 1.933*

Anderson-Darling 1.494 .966 ■ 1.879 5.144*

Moran 2. 833 40.435 65.881 227.196

Sample Size
♦Significant at the

18 
.05 level

49 49 202

These results indicate that the negative-exponential 

distribution provides an adequate model for F^fx) , ,
and F10(x). However, departures from the exponential pro­
cess are indicated for Fu(x). Closer inspection of the 

data from this process indicates that these departures are 
due to the occurrence of a small number of unusually long 
times. It is probable that the shorter times arises as 
the result of multiple dispatches to the same police call 
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and that the longer times represent single vehicle dis­

patches to an emergency.
In this case the interarrival times in the overall

process might be modeled as a compound process, consisting of 
two negative exponential distributions, one with an arrival 
rate corresponding to multiple vehicle emergencies, and 
one 'with a longer arrival rate corresponding to the less 
frequent single vehicle dispatches. However, this level 
of sophistication is unnecessary in the present analysis, 
for the implementation of such a model yields numerical 
results in close agreement with a much simpler model. In
fact, utilization of the negative exponential distribution 
as a model for F^x) yields results which are extremely 
accurate. (We shall discuss "this further in Section 5. L,p.l7L) 
Therefore, a negative exponential approximation for

Fll(x) is used for parameter estimation in this section. 
Maximum likelihood estimates for the mean time be

tween the four types of events, based on a negative ex 

ponential distribution, are presented in Table 2.17.
We note that the semi-Markov process is completely 

defined when these four estimates and the estimate of the 
proportion of ambulance calls in the series are specified.

The fact that the negative exponential distribution 
provides an adequate model for the interarrival times in 

this semi-Markov emergency occurrence process is not
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Table 2.17
Maximum Likelihood Estimates for Mean 

Occurrence Times in Semi-Markov
Arrival Process

Event Estimated Mean Time

Eoo 14.33 min.

E01 16.20 min.

E10 23.08 min.

E11 14.55 min.

surprising. In fact, it is very reasonable to assume 
that the occurrences of police and medical emergencies 
are distributed randomly over time, and this assumption 
leads to the negative exponential distribution of times 

between events which has been identified in this sec­

tion.
The question remains, however, whether the semi­

Markov model with negative exponential times between 
events is consistent with the Gamma distribution of 
times between ambulance calls developed in Section 2.2.1 
and with the negative-exponential distribution of times 

between police calls developed in Section 2.2.2. In 
Appendix B we derive the Laplace-Stieltjes transforms 

of the distribution functions of these two processes 
from the Laplace-Stieltjes transform the semi-Markov 
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emergency occurrence process discussed in this section. 
We then utilize these results to indicate why the earlier 
empirical results on the decomposed ambulance and police 

processes provide reasonable models for these phenomena.

2.3. ANALYSIS OF EMERGENCY SERVICE PROCESSES

We turn now to a discussion of the service pro 
cesses for both medical and police emergencies. The 
sequences of service times are again analyzed as sto­
chastic processes. However, in this situation non sta 
tionarities and interdependencies should not be present 
in the series, since successive emergencies are generally 

served by different vehicles under different environ­
mental conditions. Thus there is strong prior informa­
tion that the service intervals are realizations of inde­

pendent random variables. ■
However, the intervals may not be identically dis­

tributed. In fact, if distance to the scene affects ser­
vice time, then intervals corresponding to different dis­

tances should have different distributions. Since ve­
hicle allocation affects recovery system operation through 

this distance-service time relationship, it is important 
to study the concept in some detail. Such an analysis is 

conducted in Section 2.3.1. in the consideration of the 

ambulance service time process. The police service time
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process is discussed in 2.3.2.

2.3.1. Medical Emergency Service Process
As we saw in Chapter 1, the ambulance service 

time can be conceptualized as the sum of four indepen­
dent random variables—transit time to the scene, time 
on the scene, transit time to the hospital, and time at 
the hospital. We also observed that the effect of ve­
hicle redistribution is to reduce the average distance 
between recovery vehicles and the sites of medical 
emergencies. Theoretically, such reductions should re­
sult in decreased transit times to emergencies and con­

sequently decreased service times for these emergencies.
In this section we shall use data from the City 

of Detroit to analyze these distance-time relationships 
in more detail. This analysis will lead to a model for 

the medical emergency service process which incorporates 
the effects of alternative vehicle distribution policies. 
Since there is no reason to expect substantial differ­
ences in the distance-time relationships for different 
precincts, data from all four precincts (6, 7, 15, and 
16) which was recorded during the period November 18- 

December 15, 1968 are included in the analysis.
To obtain some preliminary insight into the re­

lationship between travel distance and travel time to
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the scene, the product moment correlation coefficient be­
tween these two variables was computed. The sample cor­
relation coefficient for a sample of 558 runs was .492, 

indicating that approximately 25% of the variation in 
travel times could be explained by distance. This 
figure was lower than one might have anticipated, and 
it indicates that the effect of improved vehicle allo­
cation on transit time to the scene of emergencies may 
not be great in an urban area. To study this problem 
in more detail a sub-sample of size 50 from precinct 15 

was subjected to further statistical analysis. The use 
of transformations (log, square root) on the dependent 
variable (travel time to the scene) did little to im­
prove the quality of the linear regression between travel 

time and distance.
Examination of a scatter plot between the two 

variables confirmed the tendency of travel time to be 
biased toward five minute intervals. It was felt that 
this bias might be confounding the underlying relation. 

Thus, recorded five minute times were uniformly "re­
distributed" about a mean of five minutes. This proce­
dure did nothing to improve the empirical relationship... 

between the variables or transformations of these.
The inability to reduce the unexplained variation 

between travel time and distance by manipulating the data
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led to a more detailed consideration of the underlying 

relationship. From this one can hypothesize at least 
two explanations for the lack of a high correlation be­
tween these variables in an urban area. First, within 
A large city there are many uncontrolled factors which 
contribute to the transit time to the scene of emer 
gencies. These include adverse weather, heavy traffic, 
vehicular mechanical problems, errors in locating the 
incident, and unforeseen obstacles such as blocked rail­
road crossings, etc. The effects of these uncontrolled 
factors and their interactions can conceivably dominate 
Uæ effects of travel distance for many situations. In 
these situations, those changes in vehicle distribution 
resulting in minor reductions in average transit dis­
tance to the scene of emergencies will not significantly 

reduce response time.
Second, it is conceivable that ambulance response 

characteristics are different for "nearby and more dis 
tant emergencies. A significant portion of the transit 

time to nearby emergencies is apt to involve the accomp­
lishment of certain "fixed" tasks—acknowledgement of the 
call, determination of the route, and initiation of the 
run. Travel to such emergencies will generally proceed 

over regular city streets. On the other hand, when 
longer distances separate the vehicle and the emergency, 
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expressway travel at higher velocities is likely to be 

utilized.
These considerations seem to indicate that pre 

cise relationships between transit time and the transit 
distance should not be expected in urban areas when dis­
tance is measured on an interval scale. Alternatively, 

the: relationship might be studied using distance mea­
sured in a ordinal scale constructed from the original 
interval scale. To examine this hypothesis, empirical 
conditional distributions of emergency service times1 

for various ranges of travel distances were constructed. 
Table 2.18 presents sample statistics for the empirical 

distributions of service time conditioned on distances 
to the scene of less than one mile, two to three miles, 

and four or more miles.

1We have previously observed that the service time can 
be conceptualized as the time from dispatch until the 
vehicle is released from the hospital. In the data 
analysis of this section this definition has been modi­
fied in two ways. First, there are many calls which re­
sult in no conveyance. The service times for these are 
taken as the time from dispatch until the driver of the 
vehicle reports he is again available. Second, it was 
found that an abnormally long time is spent by the police 
making hospital transfers. This time interval was not 
present in emergency calls answered by a professional 
ambulance service which was implemented on an experi­
mental basis as part of the project. Hence, the time 
spent at the hospital has been excluded from these es­
timated service times.

The similarity of service time statistics for dis­
tances greater than two miles tends to support the hypothesis
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Table 2.18
Statistics for Empirical Conditional 

Distributions of Ambulance 
Service Times

Distance to Scene _______
Statistic 0-1 Mile 2-3 Miles 4+ Miles

Mean (min.) 18.406 20.361 20.769
. 2Variance (min. ) 87.893 90.469 120.722

Coefficient of 
Variation .509 .467 .529

Coefficient of 
Skewness 1.504 1. 860 1.955

Range (min.) (4, 60) (6, 70) (1, 75)

Sample Size 224 228 108

of differing response characteristics for "nearby" and 

more distant emergencies. The similarity of the mean 
service times for all three distance intervals indicates 

that vehicle redistribution cannot dramatically reduce 
emergency service times in an urban area. This is true 
because transit time to the scene comprises only about 
one-third of the service time. Hence reductions in 
transit time result in proportionally smaller reductions 

in total emergency service time.
As a result of these analyses, it was decided that 

ambulance service times could be adequately modeled by 
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conditioning on distances to the scene of less than or 
equal to one mile and on distances greater than one mile. 
The empirical distribution functions of the resulting 
conditional distributions were then tested to determine 

if these followed negative exponential distributions. 
The results of these statistical tests are presented

in Table 2.19.

Table 2.19
Tests for Negative Exponential Distribution 

of Ambulance Service Times

Statistic

Less Than 
or Equal to 
One Mile

Greater Than 
One Mile

.05 Significance 
Level

Upper-Sided 
Kolmogorov 
Smirnoff .058 .341 1.224

Lower-Sided 
Kolmogorov 
Smirnoff .742 .570 1.224

Two-Sided 
Kolmogorov 
Smirnoff .742 .570 1. 358

Anderson
Darling .915 .341 2.492

Moran 53.897 78.664 (260,442)

The results of these tests indicate that the con
ditional service time distributions are fitted very well 
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by negative exponential distributions. The mean service 
time for distances less than or equal to one mile is 

18.406 minutes and the mean time for distances greater 

than one mile is 20.472 minutes.
Although the difference between these mean times 

is not large, it will be insightful to study the effect 
of this difference on alternative allocation and dis­

tribution policies. In addition, the effect of repar­
ameterizing the model to increase (and decrease) these 
mean differences should show the sensitivity of the 
model to changes in the distance-time relationships 

studied in this section.

2.3.2. Police Emergency Service Process
Since our objective in conducting an analysis of 

police emergencies is to examine how these emergencies 
influence the operation of a "dual function police 
ambulance system, it is unnecessary to study the rela­

tionship between this process and distance to the scene 
In addition, there is no prior reason to expect inter­

dependencies in the series of service times. Therefore 

the series can be analyzed as a renewal process.
Service times for 973 sequential police calls 

were obtained from precinct 15 for the period November 
18-November 29, 1968. Statistical analyses were then 
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conducted on these to determine whether the marginal 
distribution of service times could be modeled by a nega­
tive exponential distribution. The results of these 

analyses are presented in Table 2.20. 
/ -

' Table 2.20
Tests for Negative Exponential Distribution 

of Police Service Times
Precinct 15 '

Statistic Attained Value
.05 Significance 
_____Level______

Upper-Sided 
Kolmogorov Smirnoff .010 1. 224

Lower-Sided
Kolmogorov Smirnoff .722 1.224

Two-Sided
Kolmogorov Smirnoff .722 1.358

Anderson Darling 1.195 2.492

Moran 416.51 1049.0

All tests indicate that the hypothesis of a nega­

tive exponential marginal distribution should be 
accepted. Hence we shall utilize this distribution as 

a model for service times for police calls.
Sample statistics for the above data are presented 

in Table 2.21. The mean time for servicing police calls 
was thirty-eight minutes compared with mean time of 18-20
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for
Times

Attained Value
38.282 min.

2522.979 min.
.597

1.049
(1,171) min.

Table 2.21 
Sample Statistics 

Police Call Service 
Precinct 15

Statistic
Mean
Variance
Coefficient of Variation 
Coefficient of Skewness 

Range

minutes for ambulance calls.

2.4 SUMMARY OF DATA ANALYSES

We now briefly summarize the statistical infer­
ences which have been drawn from the various data analyses 

of this chapter. Data on the interarrival times between 
medical emergencies in two city precincts indicate that 
these are renewal processes. The marginal distribution 
of times between events can be modeled as a Gamma dis­
tribution with a mean time between emergencies estimated 
at 98-101 minutes. The coefficients of variation of the 

distributions were estimated to be 1.14-1.16.

1Again, the time for servicing ambulance calls was esti­
mated after excluding time spent at the hospital.
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Analysis of data on police emergencies in precinct 
15 indicates that a daily trend exists, but that this 

trend can be removed by decomposing the series into two 
components—sequences of events in shift one and those 
in shifts two and three. Both sub-series are adequately 
modeled by negative exponentially distributed times be­
tween events. The estimated mean time between police 
calls is forty-three minutes in shift one and seventeen 

minutes in shifts two and three.
Transitions between police and ambulance calls 

were found to occur at random. The unconditional proba­
bility of an ambulance call was estimated at .214 when 
only police emergencies are considered. The distribu­
tions of the random times between state transitions were 
found to follow a semi-Markov process with negative­

exponential distributions of times between events.
Data on the service processes for medical emer­

gencies in four precincts were utilized to make infer­
ences on the properties of these. It was found that dis­
tance to the scene (and hence recovery vehicle distribu­

tion) influences emergency service times, but not as a 
continuous interval variable. Analyses of the empirical 
conditional distributions of emergency service times 
indicated that transit distances of less than one mile 
resulted in measurably different average service times
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than those greater than one mile. No other significant 

differences were observed. The observed differences were 
attributed to the varying procedures for responding to 
"nearby" and more distant emergencies. Both conditional 

distributions were found to be adequately modeled as 

negative exponential random variables.
! Data on police emergency service processes were 

analyzed for a twelve day period in precinct 15. Sta­
tistical tests indicated that this service process also 

obeys a negative exponential distribution. The mean 
service time for police calls was thirty-eight minutes 
compared with a corrected mean time of 18-20 minutes for 

ambulance calls.
From these inferences' one concludes that the un­

conditional emergency service time for a recovery ve­
hicle is a random variable formed by the weighted sum 

of the three component service times. The density 
function of this random variable is therefore a mixture 
of negative exponential random variables. The mixing 
probabilities are functions of the dispatch policy, the 
placement of recovery vehicles, and the distribution of 
emergencies. We shall discuss these in more detail in 

Chapter III.
We now utilize the insights gained from the data 

analysis to develop a recovery system model suitable for 
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examining the effects of recovery vehicle allocation 
and distribution policies. The parameter estimates ob­
tained in this chapter will be utilized as guidelines for 

the implementation of this model. In addition, the sen­
sitivity of the model outputs to parameter variation will 

be explored in some detail.



CHAPTER III

DEVELOPMENT OF THE RECOVERY SYSTEM MODEL
I
I The objective of this chapter is to develop a 

mathematical model suitable for a study of the recovery 
vehicle distribution and allocation problem. This model 

will be used to examine :
(1) The effect of changing the number of recovery 

vehicles in the system.
(2) The effect of changing the distribution of these 

vehicles throughout the service region.
(3) The effect of modifying or eliminating the 

dispatch policy which assigns both police and emergency 

medical calls to the recovery vehicles.
We have chosen to model the emergency recovery 

problem as a system of queues in parallel under a multi- 
queue channel selection mechanism. Cinlar (7 ) has de­
veloped a general theory for parallel queues when the 
service channel selection mechanism is either (a) Marko­
vian, (b) dependent upon the arrival process, or (c) de­
pendent upon the state of a single queue. In the present 
section we extend these results to include channel selec­

tion switches based upon the joint states of all queues 

95
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in the system. We then apply this model to the recovery 
vehicle allocation and distribution problem. Finally, 
we show how the effects of the three factors listed 
above can be studied using the insights obtained from 

this model.

3.1 DEVELOPMENT OF THE GENERAL THEORY
Let arrivals to a system of parallel queues form 

a semi-Markov process defined by the bivariate stochastic 

process {X^Z^ where
X = Inter ar rival time between the n^ and (n-l)st 
n .

occurrence. That is, Xn = T^ - T^-l ~ 
where Tis the instant of arrival of the j 

customer.

Z = Type of the nth arrival. Assuming m classes of 
n J

customers, Zn assumes the states 0, •••, m - 1.

The theory of semi-Markov processes is well docu 
mented, and we shall review only the portions of this 
theory which are essential to this discussion. The 
application of semi-Markov processes to queueing systems 
has been considered by Neuts (2 5) and Cinlar (8 ). Such 

processes constitute a generalization of the use of re­
newal processes as models of arrival and/or service pro

cesses.
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We define the two-dimensional stochastic process 
(X , Zn; n £ 0} as that satisfying the initial conditions 

Pr(X0 = 01=1 Pr{ZQ = j) = PQ(j) 3 = °, “ * * m " 1 
m-1 

po(j) 0 £ Po(3> = 1
u j=0

and

Pr{Xn X X, Zn = j|Xj, •••, xn_i; V •••, Zn-1> = 

Pr<Xn * X, Zn = jlVl1

Such a stochastic process is called a semi-Markov 
process. One may think of this process as a Markov chain 

{Zn; n 2 0}, where the time the system spends in any 
state is a renewal random variable depending on the pre­

sent and previous states.

Let

A-j(x) = Pr{Xn^x;Zn = j|Zn_1 = i) n " 1 

and let A (x) be the matrix whose (i,j) element is A^fx), 

(i, j) = o, • • •, m - 1. Then the A^fx) are probability 

distribution functions satisfying

m-1 .y A ..(»)= 1 i = 0, 1, • • •, in - 1 
j=0

The following results follow immediately from these

definitions:
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m-1
- xlZn-l = 11 = jL

Pr(Xn 1 x|Zn = j, Zn_! = i> = =
/

We now consider the system of parallel queues re­

presented in Figure 3.1 below.

Figure 3.1 System of Queues in Parallel

Arrivals, obeying the semi-Markov process {Xn, Zn} 

are routed either to one of the r parallel queueing chan­
nels Qir •••, Qr, or they are routed past the system by 
the switch Y^. That is, the channel-selection switch is 

a random variable Yn taking on the possible values
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1, •••, r if the arrival is routed into the system and 
taking on the value 0 if the arrival is routed past the 
system. Let 2^ j = 1, r denote the state of the 
jth queue at the instant of the nth arrival to the sys­
tem. Then the r dimensional process <2^ •••, S^} is an 

imbedded stochastic process whose realizations consist 
of the vectors (s^ •••, sr) where Sj = 0, ■ • • » Nj “ 1; 
j _ i, ...r r. Here Nj is the number of possible states 
assumed by the jth queuing sub-system. We shall assume 

that Nj is finite for all j.
For instance, 2^ might be the number of customers 

n th
in the 3th queueing sub-system at the instant of the n 
arrival to the system. In this case N. - I is the capa­

city of this sub-system.
Throughout this development it will be assumed 

that service times in each channel follow a negative ex­
ponential distribution with mean 1/Bj and that these ser­
vice processes are independent. (In Section 3.2 we shall 

extend this formulation to allow the mean service times 

in each channel to depend upon the type of emergency 

being serviced.)
We now proceed to develop a probability model for 

the switch Let
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- 10 0 -

' Yn-1; Z0' " ' Zn; S0f Sn; " '

1 Y*Sg, ", S*} = Pr(Yn = k|Zn, Sn, ..., Sn)

k = 0 f 1, • • • t ic .

That is, we assume that the probability a custo­
mer ,is assigned to the kth queue or is rejected by the 

system depends only on the properties of the customer and 

on the joint state of the r queueing sub-systems at the 
instant of the customer's arrival. There is no dependence 
on the "history" of the queueing system or upon the "his­

tory" of the arrival stream.
This type of channel selection switch prevails in 

many applications. For instance, a customer of a certain 
type may demand a class of service which can be rendered 

only by a certain sub-set of service channels. Alterna­
tively , a customer seeks service by selecting the chan­

nel with the shortest waiting line.
We shall adopt the notation

Pr{Yn = k*Zn = ^n ^l' ' ‘ ' Sn = sr} = ^k^' sl' ’ “

= b%(j, sj where = (s^, " ', sr) k = 0,1, * * * #r

Also we shall represent the vector-valued stochastic pro­
cess {S*, S^, •••, S^} by Sn.
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Under these assumptions it can be shown that the 
process {Zn, S*, .... s£. Xn, n = 0, 1, is semi­

Markov.

Proof.
Pr(zn = k, sn = t, xn i x|Z0, • •• , -O' —n-1'

xl' •••> Xn-1’ = /o Pr^—n = MZ0' •' Zn! ^0' ' -n-P

xl' Xn-r U'1'

Vr(zn = k, Xn i^|Z0, •••, zn_l! ^O'

xo' Xn-1}

Since the service times are negative exponential, Sn 
depends only on Sn-1, X^, and However, the switch

l depends only on Zn_^ —n-1’ Hence, given XR,
Z n, and S ., the probability structure of Sn is com- n-1 —n-1
pletely determined.

Similarly, since {Xn, Z^} is semi-Markov, its 
probability structure depends only on Zæ^. Hence, (3.1) 

can be written

Pr(Zn = k, Sn = t, Xn s x|Z0, ., Z„_1. So, .... Sn_1.

XV .... VP - Io pr^—n “ Zn-1' Xn =

dvPr(Zn - k. X„ i v| Vl} = Pr'zn = k' -n = i' Xn-*lZn-l'-n-ll <3 
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as required.
An immediate consequence of this result is that 

the process {ZR, Sn? n 2 0} is a Markov chain, and that 
the process n 2 0} is a Markov chain if and only if 

m = 1, that is, if and only if the arrival process is a 
renewal process (sometimes denoted a GI process in 

queueing literature).
We shall now derive the transition probabilities 

for the process {Zn, S^, XnJ and for the underlying 

Markov chain {Zn, SR}. To develop these, let

7k(t, s, x) = P/Sn = t|Sn_1 = s, Yn_1 = k, Xn - x) 

k = 0, , r

Because of the independence of service times in each 
of the r queues, this relation can be written

U ■ VSn = ^-1 ■ Sr Yn-1 - \ xn “ .

Pr'Sn - 1sn-l = s2' Yn-1 ’ k' Xn "

XPk(^ = trlSn-l = Sr' Yn-1 = k' Xn = X1

r
= n*.(t. , s. , x) where 

i=l K 1 1

♦ s., x) = Pr(si = t^l si. 1 = Si, Yn-1 = k, Xn = X)

Then
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Pr<zn = j- sn = t, xn x|Zn-l " i' -n-1 = -1

= fo prtân = t|z»-l = lr -n-1 = xn = pr(zn = 3-

xn " = i}

But

pr(Sn = t|Zn_x = i, Sn_1 = s, Xn = X)

= I Pr(Sn = t, Yn_1 = kIZn-1 = 1, Sn-1 = S, Xn = X} 
k=0

“ Ï Pr'Xn-l ’ ^n-l = £' 2»-l = = ^Yn-1 " :
k=0

—n-1 = s, Xn x} x)

k=0
bk H 

£=1

k=0

♦ k(t£

k

= £' X)

Thus

k=0
s)

k=0

Xn

n 
t=l

n 
£=1

xlZn-l

*k(tr s£

x)

-n-1

dA. . (x)

x) dA. . (x)

s}
—n t

X

0

k

k

x

0

k bj,' S£

From this relation, the one-step transition proba­
bilities for the underlying Markov chain {X^, Zn) can be

written
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Pr{Zn = j/ Sn = t|Zn-1 - i, Sn-1 - s}

= f I b. (i,s) H^k(t , s , x) dA±. (x) 
0 k=0 k “ £=1 £ 3

When there is only one type of arrival, m - 1 and 
A..(x) = G(x). Then the one-step transition probabilities 

for the Markov chain {^1 can be written

= ^n-1 " = Jo Jo bk-’

These results can be conveniently put in matrix

form as follows. Assume for notational convenience that

all Queues in the system have the same number of states.

Then ir = p and = 0, 1, •••/ p-1, for 3 - 
Let P, be a mpr x mpr diagonal matrix whose 
+ pr“2s2 + ••• + sr + Dst entry is bk(i,s?.

1, ' , r.
y Y— 1 (ixp + P sT

Let dA(x)

be a mxm matrix whose (i, j) th entry is dA^tx) and let

»k(x) be a prxpr matrix whose [p4- + P s2 +
sr + 1, pf-\ + pT~2t2 + \ + 1] entry is

r *k(t&' sir x) = Yk^-' x)

Similarly let P(x) be a mpr x mpx matrix whose
[pri + + • • * + sr + 1, Prj + pr 1t1 + + tr + U

entry is Pr{Zn=j ,Sn=t, X^x| Z^_^=r, Sn-1=s}

Then P(x) = Bk /x ^k(x) « dA(x) where 0 stands for the

Kronecker product of two matrices.



For instance, consider a simple queue with no storage 

(r = 1 and p = 2). Let the semi-Markov arrival process con­
sist of one type of event (m = 1) with distribution function 
G(x), and assume customers are always accepted for service 

when 2 = 0. Thenn
0 »0 (x) = [Yq (i / j rx) ] - [Y1<i-,j,x)]
0 1] 1 Lo ol 0 " "

^Yl(0,°,x)dG(x) fQY1(0,l,x)dG(x)

= x X
/ovo(l,O,x)aG(x) /0T0(l,l.x)dG(x)

From the matrix relation for P(x) one can quickly

write

P = Y Bv / $.(x) « dA (x)
k=0 k 0 K

where P is a mpr x mpr matrix whose general element is 

Pr(Zn = j, Sn = t|Zn_1 = i, Sn-1 = s).

The imbedded Markov chain is completely specified 

from these relationships if the initial distribution is 
known. Let pQ (i,s) denote the probability the system 
is in the state (i, sr , sr) at the beginning of
operation, and let po be a row vector of size mpr whose 

(pri + pr"1s1 + + sr + element is PQ(i/£) •
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Similarly let pji,s) at the instant before the n 
arrival, and let Pn be the corresponding row vector. 
From the theory of Markov chains it is immediately clear 

that

Pn = Po

From this one can easily calculate the distribution of 

the state of the system as

m-1
Pr{S } = 1 Pr(S , Z = il

n i=0

Steady state behavior of the system can be determined 
using the limiting probabilities p = lim p. These lim­
iting probabilities exist and are independent of the 
initial distribution as a consequence of the general 
theory of Markov chains. They may be found from the 

relation

p = pP 
pl = 1

where 1 is a column vector of size mpr whose elements 

are all ones.

3.2 APPLICATION TO DISTRIBUTION/ALLOCATION PROBLEM 
In the previous section a complete set of results 

were derived for a system of r queues in parallel fed by
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a semi-Markov arrival process through a switch which de­

pends on the arrival process and on the state of the 
entire system formed by the r queues at the instant of 

arrival. In this section we utilize the features of this 
model to study the emergency vehicle distribution and 

allocation problem.
We define our system as that geographic region 

served by r emergency medical recovery vehicles. In the 
City of Detroit and in other urban areas, these vehicles 
are assigned to precincts within the city for command 
and control purposes. Hence, we shall take the precinct 

as the basic unit defining the system.
Within the precinct, we assume that emergencies 

occur according to the semi-Markov process {X*, Znl, 

where

X — Interrival time between the n and (n—1)st 

emergency entering the system.
(0 if n^1 emergency is an emergency medical call.

n il if n^ emergency is a police call.

Then the emergency occurrence process can be

described by the matrix A (x) , where

Aqq(x) A01^^
A (x) =

A10(%) Aii(x)
*
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and A^j(x) = Probability nth emergency is of class j 
and time until n^ emergency is less than

s tx given that (n-1) emergency is of 
class i.

In sections 2.2.1-2.2.2, it was shown that the 
sequence of emergency occurrences in a precinct obeys 
a Gamma process. Then for a single function ambulance 
system m = 1 and

-KX 
,x K K xK"1e U

h0W = JodAo(x), dA0(x) = (j) r(<)

In a dual function ambulance system, m=2 and from Sec­
tion 2.2.3

X X “ » XA.n(x) =n/ dF.n(x) A. , (x) = (1 -n) / dF. , (x) dF. . (x) = À. .e 13 (3.4
1U * Q 1U 11 Q 11 1J 1J

The parameters k, v, and n are estimated as in

Chapters II.
The set of states which each of the r vehicles

assume can be described as follows. We require that at 
most one emergency can be in the queueing sub-system de­
fined by each recovery vehicle at any one time. There­
fore , when an emergency is assigned to a vehicle, ser­
vice on this emergency begins immediately. This as sump, 
tion is equivalent to saying that at most r emergencies 
can be in the recovery system at one time. In addition 
to simplifying the system state space description, this 
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assumption is likely to correspond to reality. When an 
emergency occurs and no vehicles are available in the re­
covery system, the dispatcher will do everything possi­
ble to avoid making the emergency "wait" for service. 
This includes dispatching recovery vehicles from outside 
the system (vehicles from other precincts, fire rescue 
squads, or private ambulances), or possibly dispatching 
vehicles which are not equipped as ambulances (squad 

cars, detective cars, etc.).
Clearly such dispatch procedures introduce addi­

tional costs and time delays, and consequently it is 
desirable to design the recovery system to avoid "over­
flows" of the type described above. We shall show how 
such designs can be implemented and indicate how their 

effects can be measured in the next section.
Under the assumption that a single recovery ve­

hicle is assigned to at most one emergency at any time, 
we observe that the vehicle can reside in any of three 
basic states : idle, serving a police call, or serving 
a medical emergency. We have shown in Chapter II that 
police calls and ambulance calls have distinct service 
time characteristics, and thus must be analyzed separ­
ately . Since we are interested in the effects of im­

proved vehicle distribution on medical emergency service 
improvements, we extend the vehicle state "serving a 
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medical emergency" to include service requiring transit 

times to the scene of variable durations.
In Chapter II, an extensive data analysis of the 

empirical transit distance—transit time relationships 
revealed that a major source of transit time variation 

could be removed by conditioning on transit distances 
of less than one mile and on those distances greater 
than one mile. The service times for each of these 
conditional distributions were found to follow negative 

exponential distributions.
We shall now use this information in developing 

the recovery system model. Assume, in general, that 
there are J distinct classes of emergency medical ser­
vice, each corresponding to a different set of transit 

distances to the scene. Assume further that ambulance 
service time for each of these J sets of distances has 
a negative exponential distribution with mean 1/3j, 
j = 1, •••, J. Our data analysis for the City of Detroit 

indicates that J = 2 for a precinct service area, with 

distances less than one mile and those greater than one 

mile defining the classes of service.
In the notation of section 3.1, the state of ve­

hicle i at the instant of the n^ emergency is denoted 

by s\ From the above analysis we see that can 

assume four levels—idle, serving a police emergency, 
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serving an ambulance call with distance to the scene less 
than one mile, and serving an ambulance call with distance 
to the scene greater than one mile. In this case, N^, the 
total number of states a vehicle can assume, is equal to four 

for all vehicles in the recovery system. These states are 

assigned numerical codes below:

(0 vehicle i is idle.
1 vehicle i is serving a police call.

si _ 2 2 vehicle i is serving an emergency with distance 
n I to the scene less than one mile.

! 3 vehicle i is serving an emergency with distance 
' I to the scene greater than one mile.

? realization or the state space of the r vehicle re­

covery system is represented by the r—tup^e (s^, , «
where s., j = 1, , r takes on the values 0, 1, 2, 3 ac­

cording to the rules developed above.
Since the police call service processes and the con­

ditional ambulance service processes were found to follow 
negative exponential distributions in Chapter 11, equations 
for transitions between system states can be derived using 
the results of 3.1. We shall systematically proceed to de­

velop these in the remainder of this section.
To begin the discussion, we shall analyze in detail 

the switch which routes emergencies to the recovery vehicles 
for service.1 We observe that this switch must take on 

^Initially we shall describe the state space of this switch 
by a two-tuple. However, later in this section we shall map 
this two-tuple into a vector, thereby making these results 
comparable with those of Section 3.1.
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values indicating the number of the vehicle dispatched as 

well as the class of service demanded by the emergency. 
This latter decision depends upon the type of emergency, the - 
location of the emergency, and the placement of the vehicle 
which is assigned to service the emergency. Since it is de­
sirable to dispatch the closest available vehicle to medical 

emergencies, the switch must consider this factor in routing . 

an emergency to a vehicle for service.
We shall assume that the channel selection depends 

only on the type of the emergency Zn and on the state of 
the system S^, S* at the inscant of dispatch. This
assumption rules out the lenient dispatcher who looks back 

over the day's activities of each vehicle and assigns a 
vehicle which hasn't been heavily utilized. Sjnce such a 
procedure is not compatible with improved allocation and 

distribution, we shall not consider it here.
Let the random variable Yn take on values in the 

2-tuple (j,k), where j denotes the vehicle selected to 
serve the n01 emergency, j = 1, '", r and k denotes the 
class of service demanded by this emergency, k = 1, 2, 3. 
For instance, yn = (3, 1) means recovery vehicle 3 is 

assigned to a police call; yn = (6, 3) means recovery ve­
hicle 6 is assigned to a medical emergency requiring a 

transit distance to the scene greater than one mi^e. To 
^Corresponding, respectively, to police calls, ambulance 
calls requiring less than one mile transit distance, J?d 
ambulance calls requiring more than one mile transit distance
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this set of two-tuples, we add the feasible state (0); 
this state is assumed when emergencies are rejected by 
the system or are routed to vehicles outside of the sys­

tem. .
We shall now examine in detail the properties of 

Pr{Y^ = (j,k)|Zn' ^n' ' 5^' We consider first
these properties when Z* = 1; that is, when the arrival 

is a police call. Then the set of possible values for 
Y are [0, (1,1), ", (r,l)l, since the class of ser-
n 
vice k is equal to one for all police calls. We note 

that Y = 0 when the system is saturated with emergen­
cies, i.e., when S£ = sj > 0 Y j, j - 1, •••, r. In addi­
tion, there is some probability that a police call will 

not be assigned to an ambulance, even when this ambu­

lance is in an idle state.
This is true since squad cars are also allocated 

to the precinct to handle police calls. Hence it is de­

sirable to incorporate this probability structure into 
the model. We shall do this by assuming that the proba­

bility that a police call is routed to the ambulance system 
is related to the number of idle ambulances—that is, it is 

proportional to the fraction of the s.'s which are zero. 
Denote the number of idle ambulances by ♦ , where * takes on 
the values 0,l,"*,r. Then P* is the probability's police 
call is routed into the system. We further assume that 
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each of the idle ambulances is equally likely to service 

a police call. Then

V» P» if sj = 0
Pr(Yn = (j.U |Z_ = 1, sl, •••, S^) - 5=

n 0 if Sj > 0

where is the number of idle ambulances at the 

instant of the n arrival.

Notice that by varying the structure of a 
wide variety of potential switching devices can be 
modeled. For instance, if this probability is a constant, 
then P = 1/0. Alternatively, the probability may de- 

4 ...cline linearly with decreasing ambulance availability. 
Other models of interest can easily be incorporated.

We turn now to the probabilistic properties of 
the switch when tne call is a medical emergency; i.e., 
when zn “ °* Here the emergency is accepted into the 
recovery system unless all vehicles are utilized at the 
instant of arrival. That is Y* = 0 if and only if Zn= 0 and 

sj = s. > 0, Vj, j = 1, r. When an emergency 
n Î .
enters the system, the selection of a vehicle to service 
it and the service time distribution for this vehicle 
depend entirely on the state of the system, the vehicle 

placement, and the location of the emergency. Hence 
we must consider these factors in detail to develop this 

probability structure. r
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For this purpose we shall divide the service re 

gion (precinct) into D distinct sub-regions. The loca­
tion of the r recovery vehicles can then be described by 
a vector a = (a^ •••, a^) where a, is the sub-region dis­
tribution of the £th vehicle and takes on the values 

1, 2, D for 1 = 1, r- Using this formulation 
there are (?) possible distributions when no two vehicles 

are placed in the same sub-region, and D possible distri­
butions when any number up to r may be placed in the sub­
region.1 Let bd, d = 1, D denote the probability

thut a medical emergency occurs in sub-region d. We 
assume that the geographical occurrences of emergencies 

over the region is an independent, time homogeneous ran­
dom variable obeying the probability law b^, I bd " 1* 

CL— -L
Hence, given a and b = (b^, ' ', b^), the probabilities 

associated with the conditional switch are completely deter­
mined. For example, we shall work these out for a simple 
case with D = 4 ana r = 2 in this section. Let a = (1,4), 
ana let b = (4, b2, bg, b4) . As before, we utilize the 

"two level" service time distribution for medical emer­

gencies.
Hence takes on the possible values 0, 1, 2, 3. 

When Z = 0, takes on only the values 0, 2, or 3, 
n n

» 
situation which prevails when a single, permanent 

station is utilized to house the vehicles.
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corresponding to idle, serving medical emergency requiring 

transit distance less than one mile, and serving an emer­
gency requiring transit distance greater than one mile.

A schematic diagram of the situation is presented

in Figure 3.2.

bl 
Vehicle 1

b2

b3 b4 
Vehicle 2

Figure 3.2
Sample Service Area and Ambulance Allocation

We assume that all travel distances are less than one 
mile unless the vehicle travels between sub-regions one and 
rout. In this latter situation, the transit distance is 

assumed to be greater than one mile. When both vehicles 
are idle and equi-distant from an emergency, we assume that 

a random vehicle selection mechanism is used.
For instance, consider FrfY^ = (1,2)|Zn=0,S^=0,S^=0}. 

Here both vehicles are idle. Thus we dispatch vehicle, one 
on a "short" run if the emergency is in region one (with pro­
bability bp. We also dispatch vehicle one on a "short" run 

one-half of the time when the emergency is in regions two or 
. b2+bg 

three. The resulting conditional probability is b^ + g '
The following switching matrices can be developed 

using similar reasoning:
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+ b
+ bn + b b„ + b

1 
n Sn}

' Sn' Sn>Pr{Yn = (1,2)|zn

Pr{Yn = (1,3)|Zn

3

0
2 0
3 0 0 0

1 2Pr{Yn = (2,2) |Zn = 0, Sn, S^}

2 3

0
2
3

^2 + ^3 + b4 
b2 + b3 + b4

0 0
0 0
0 o



118

1 2Pr{Yn = (2,3)|= 0, Sn, S^}

n
n

The switching mechanisms for systems involving 
three or more vehicles become more complicated. These 
will be derived for realistic model implementation in 

Chapter IV.
To simplify the rotation we shall map the two di­

mensional state space of the random variable Yn into one 
dimension. To do this, let £ = 0 if Yp = 0, and let 
i = 3(j-1) + k = 3j + k - 3, for j = 1, ''/ r k - 1, 

2, 3. Then we may write

Pr(Yn = (j.k) |Zn = i, S^, 2^ = b^i, s)

where £ takes on the values 0, 1, 2, •••» 3r.
In order to completely derive the system transi­

tion probabilities, it is only necessary to define

+ ,(tpS.,x) = Pris* = = 8., Xn = X)

To do this we note that if I = 3(j - 1Î+ k 1 i' then 
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the n-1^^ emergency was routed to the i vehicle. In this 
case = 0 ; that is, the vehicle was idle at the time of 

n-1 th
the emergency reporting. The state of the i vehicle at 
time n, t., is then either equal to 0 or k depending upon 
whether or not service on the (n-1)emergency is completed 
in the interval between emergencies;-:Due to the exponential 
nature of the vehicle service process, the probabilities

-Bkx - .of these two events are 1 - e and e respectively.

Hence we may summarize this case as follows :

PrtS^ = = C, = 3(1-1) + k, Xn = x} =

0 otherwise

The other possible situation occurs when 
a = 3(j-l) + k, i / j; that is, when the (n-l)St emer­

gency is not routed to the ith vehicle for service. If 
the ith vehicle is idle (S^_1 = 0) then it remains idle 

(S^ - U) with probability 1. On the other hand, if the 
vehicle is servicing an emergency of class h, h. = 1, 2, 
3 at this time, then = h, and S* = 0 with probability 

1-e or = h with probability e . Hence we may 

summarize this case as follows :
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Pr(S^ = t.|S^_^ = 0, Yn_1 = 3(j-l) + k, Xn = x)

1 for = 0
. 0 otherwise

PrlS^ = = h, Yn_1 = 3(j-l) + k, Xn = x)

i 1-e n for = 0
-g,x e " for = h, h = 1, 2, 3 

0 otherwise

These results completely describe the structure of 
the conditional probabilities $ &(t± s^ x). These proba­
bilities can be combined with the b& (i, is) using rela­
tion ( 3.3) to yield the transition matrices describing 

system performance.
From result ( 3.2) , it is clear that the process 

{Zn, S^, ••*, S^J is Markov with 2(4)r states.

The total number of states for various numbers of 
recovery vehicles is tabulated below. Since an indepen­
dent ambulance system does not service police calls, the 
number of vehicle states and number of emergency states 
are both decreased by one, yielding (3)r total system 

states. These values are also tabulated:
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r 2 ( 4 ) r 3r

1 8 3

2 32 9

3 128 27

4 512 81

As the number of vehicles in the system increases, com­
puter procedures will be necessary to implement the re­
sulting model. We shall discuss these in more detail 

in Chapters IV and V.

3.3 MODEL UTILIZATION
We shall now show how the model developed in the 

previous two sections can be utilized to obtain insights 
into the three problems posed at the beginning of this 

chapter.
(1) Determination of the effect of eliminating 

or modifying the dispatch policy which assigns both 
police and emergency medical calls to the system of re­

covery vehicles.
(2) Determination of the effect of alternative re 

covery vehicle distribution throughout the service region.
(3) Determination of the effect of changing the 

number of recovery vehicles in the system.
We shall sequentially discuss these three prob­

lems in this section.
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(1) Elimination or modification of "dual-function" 

dispatch policy.
This can be easily accomplished by modifying the 

stochastic switch Yn so that = 1 with probability one 
— that is, so that only medical emergencies are considered 

by the system.
| in this case the process {S^, Sn, - — , S^} is 

Markovian, and steady state probability results can be 
obtained for various distribution and allocation policies. 
These can be compared with results obtained by utilizing 

variants of the "dual" switch to measure system improve­

ments .
Of special interest in these comparisons are the 

steady state probabilities that the system is saturated, 
i.e., Pr{S = s, S. > 0,Y j, j = 1, r) and the steady

— — J
state probabilities that k ambulances are idle, k = 0, 1, 

• • • , r.
The effects of modifying the dispatch policy can 

be measured by studying the changes in the above proba­
bilities when P$ y* is modified. Uniform and linearly 

decreasing values of P$ merit special attention.
(2) Changing distribution of vehicles throughout the 

recovery system.
We have seen that the distribution of the r recovery 
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vehicles in the system is completely specified by selec­
ting a "distribution" vector a = (a , •••, ar>, where the 

elements of this vector take on values 1, 2, •••, D cor­
responding to the sub-regions recovery vehicles are 

assigned to. -
We have also seen that there are (%.) or D possible 

distributions depending upon whether multiple vehicles 
!

can be placed into a single sub-region. It is clear 
that an exhaustive exploration of these possibilities 

would require a tremendous computational effort.
However, it is possible to select a subset of 

this number for evaluation. Several obvious elements 

of this subset are apparent:
(a) Placement of the r vehicles in the r sub­

regions with the largest probabilities of medical emer­
gencies, that is, with the largest by j = 1, " ' , D.

(b) Placement of the r vehicles "uniformly" 

throughout the region on the basis of geographic con­

siderations .
(c) Placement of the r vehicles according to some 

heuristic combination of (a) and (b) above. For in 
stance, one might locate r/2 vehicles in sub-regions of 
highest potential demand and place the remaining r/2 

vehicles uniformly over the service area.
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(d) Placement of all vehicles at one or possibly 
two sites within the region. This distribution may be 
necessary if an independent non-police ambulance service 
is implemented, since in this case a "patrolling" vehicle 
may be uneconomical or infeasible. For instance, if the 
fire department assumes responsibility for service, fire 
stations are obvious candidates for ambulance stations. 
Similarly, if the hospitals assume responsibility, the 
hospitals in the service region are potential fixed ambu­

lance sites. Although vehicle distribution at such fixed 
stations may force the system to operate sub-optimally, 

it is extremely important to study system performance 

under such constraints.
For these four basic distribution "strategies" and 

variants thereof, the system performance can be measured 
in several ways including the steady state saturation 
probabilities, the steady state idle probabilities, and 

the steady state probabilities that j vehicles are 
serving medical emergencies of classes two or three, 

j — 1 / ' ' f r •
This.latter measure is of interest since improved 

distribution policies should increase the probability of 
serving an emergency which requires shorter transit dis­

tance to the scene and hence a shorter service time.
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(3) Changing the number of recovery vehicles in 

the system.
The effects of changing r, the number of recovery 

vehicles, can be studied by utilizing those measures ex­
amined in (1) and (2) above. The one complicating fac­

tor is that the availability of additional recovery ve­
hicles provides a much number of feasible distribution 
policies. Nevertheless, the joint effects or the in­
creased number of vehicles and the basic distribution 
policies outlined in (2) can be studied. The change in 
the steady state probabilities that vehicles are idle 
or that the system is saturated are especially interesting 
measures of the effectiveness of increasing the number 

of vehicles.



CHAPTER IV

ALLOCATION AND DISTRIBUTION POLICIES FOR THE 
SINGLE FUNCTION PUBLIC AMBULANCE SYSTEM

In this chapter we shall utilize the model de­

veloped in Chapter III to study the operation of the single 
function public ambulance system. Analytical and numer­
ical results are presented for systems in which one, two, 
or three ambulances are assigned to a police precinct. 
Various parameter!zations of the basic model are also 
studied to determine the sensitivity of the results to 
variations in the model parameters. Numerical results 
were calculated on the University of Michigan IBM 360/67 
computing system. The Fortran program which was written 
to perform the calculations is documented in Appendix C.

4.1 RESULTS FOR A SINGLE AMBULANCE SYSTEM
To begin the discussion, calculations for the 

single ambulance system (r = 1) are carried out in some 
detail to illustrate the techniques of Chapter III and to 

obtain analytical insights into the system performance.
For the single ambulance system the switching 

probabilities can be written:

126
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Pr(ïn = HZ» = f Si' Sn> = ““l Zn = = k)

where Yn tcikes on the values 0, 2, or 3/ corresponding 
respectively to situations where the ambulance rejects 
the nth emergency, serves the emergency and travels less 
than one mile to the scene, or serves the emergency and 

travels more than one mile to the scene. Similarly 
the state of the vehicle S* takes on the values 0, 2, or 

3, corresponding to states when the vehicle is idle, 
serving an emergency requiring less than one mile transit 

distance, or serving a emergency requiring more than one 
mile transit distance. The resulting probabilities 
Pr{Y = £|Zn = 0; = k} are given by the following

matrix:

1-5

where 6 is the probability that the emergency requires 

a transit distance of less than one mile. As we have 
seen, this probability is a function of both the vehicle 

distribution and the geographical distribution of emer­

gencies.



128

For this system, the probabilities

Pr{S* = k|Yn-1 = V, - s1, f Sn-1 3r‘ Xn X}

\fhen various conditioning events are impossible (as 
in this case), values of zero are assigned to the 
corresponding probabilities.

can be written

Pr{S* = k |Yn-1 = 11 sn-l " 3' Xn = and are 

tabulated below:

V1 0 Sn-1 0 2______ 3

0 1 0 0
- ex - ox

2 1-e e 0
-Bx - B

3 1-e 0 e

o

0 2 3

0
-gx 1-e 0

-gx e

2 0 0 0

3 0 0 0
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In the above conditional probabilities, a is the 
service rate for medical emergencies requiring less than 

one mile transit distance, and B is the service rate 
for medical emergencies requiring more than one mile 

transit distance. '
. The probabilities PrtS^ = k|Yn-1 = 

are Jthen derived as follows:

Pr{S^ = k|Yn_1 = 1! » jl

= fprtsl = k|Yn-1 = l; - j! Xn = xiaAglx) 
0

where from Chapter III, we recall that

dAQ (x)
K K-l k/ x e p 

r(k)

These are tabulated below as a function of Py

where :

= (-) K/r(k) /"xk-1 e Y) dx 
p 0

= (^)K/r(<) • r (k) /(^ + y)K = ÿ]
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20

000

0

202
00
0002
000

203

00
00
000

1 
n

F a

F a

Using the notation of Chapter III, we let the matrices 
in the above table be denoted The corresponding

switching matrices can then be written.

0 00

B1 = 1 0
0 10
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The matrix of system transition probabilities 
Pris* = k|= j) is given by

3
P = J Bk\ .

k=l

Ml - PQ] + [1 "MCI - 6Pa [1 " 5lpe 

= 1 - Pa 0

1 - Ps ° PB

Inspection of this matrix indicates that the ele­
ments could be derived by methods less sophisticated 
than those utilized here for this simple system. For 
instance, the element p^^ is the probability that the 
system is idle at time of the n emergency given that 
it was idle at the time of the (n-l)st emergency. This 

s t is equal to the probability that the (n-1) emergency 
required less than one mile transit distance and that 
subsequent service was completed plus the probability 
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that the (n-1)st emergency required more than one mile 
transit distance and that service was completed. In the 

notation of this chapter this quantity is simply 
6[1 - P J + [1 - 51[1 - Pgl• The other elements of the 
matrix can be derived by a similar argument, although 
this informal procedure becomes increasingly difficult 

for more complex systems.
We recall from Chapter III that in an ergodic sys­

tem the equilibrium probabilities for each state can be 
derived from the following system of linear relations:

x1 P = x'
x'1 = 1
x' > 0

where the nxl co Iura vector x is the vector of equilibrium 

probabilities and 1 is an nxl column vector, all of whose 

elements are equal to one.
The associated system of n + 1 equations in n 

unknowns can be rewritten as :

x' (P-I) = 0
x' 1 -1 = 0

or equivalently
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Dx^ +

P21X1 + ^22 Dxn + + P2n *n
(4.1)

where P. . = 1; ] = 1, '"f n. The equilibrium

probabilities are the non-negative solutions to this 

system.
Inspection of ( 4.1) reveals that the system is 

clearly redundant, since the first equation can be 
written as a linear combination of equations 2 through 

n. We shall eliminate the redundancy by forming an 
equivalent system as suggested in by Dantzig (12). This 
carried out by finding X^ O such that - 0;
i •••, n. Then we form a system of full rank with
n equations in n unknowns by subtracting each of the 
equations 1 through n above from the (n + l)St equation 

multiplied by X^.
The resulting system can be written

(X. + 1 - Pn)X1 + (x1 - P12)x2 + ••• + (Xi - pln> xn " X1

or in matrix form

(I - G) x = X 
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where G is a non-negative square matrix whose (i,j) 

element is P. . - X., and where X is an (nxl) column vec- 
1J x

tor whose i^ element is - 0.
The solution of this system can be written

-1 x = (I - G) X

or equivalently
n 2x = (I + G + g2 + "')X_ = 11+ GX_+ GX.+'"'

Since G is non-negative, all powers of G are non-negative. 
Furthermore, since l is non-negative, each vector in the 
infinite series above is non-negative. Hence the solu­

tion x is non-negative as required.
We now apply these results to the transition ma­

trix P for the single ambulance system. In this case the 

reduced system of full rank can be written as three

$ linear equations in three unknowns :

[X^ + 1 - 6(1 - P )-(l -5) (1 " + [Xx + % "

+ + Pg - 1^3 = X1

[X2 - 6P ]x1 + [Xg + 1 ~ % lx2 + ^2^3 = X2

[X3 - (1 - 6)Pglx1 + [X3]X2 + [X3 + 1 - Pg]x3 = X3

Letting = 1 - Pg' = X3 = 0, we obtain:
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[2-P6-6(l-Pa )-(l-S) (1-P6))x1 + [Pa-%lx2 = I'Ps

[-6pa]Xi + [1-PjXg = 0

[-(l-6)pg]Xi + [1-Pg)x3 = °

which can be solved for x yielding.

H-FJ H-PB1
X1 "

_ 5Pa^-Pg]________ (4.2)
x2 " [1-Pal + 6[Pa-Pe)

[l-ô][l-Pa]PB
x3 " [1-Pal + 5[Pa-Pp]

where is the equilibrium probability of being idle, 
x2 is the equilibrium probability of serving a "short 
emergency (transit distance less than one mile), and 
x3 is the equilibrium probability of serving a "long" 

emergency (transit distance greater than one mile).
In Chapter 11 the maximum likelihood estimates 

of the parameters k, u, a, and g were found to be.

k = .77
1 p = 101.166
% = 1/18.406 = .054
g = 1/20.472 = .049
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and substituting these in 4.2 we find the maximum likeli­

hood estimates of and Pto be

P = .200 'a
I Fg = .214
I

The remaining parameter in the model is 6, the 
probability that a medical emergency will occur within 

one mile of the single recovery vehicle. This proba­
bility depends upon the geographic distribution of emer­
gencies and upon the distribution of the recovery ve­
hicles within the service region. We shall now consider 

the effects of these factors in more detail.
The geographical distribution of emergencies in 

a police precinct was estimated from the observed dis­

tribution over the one-month sampling period. Counts 
of the numbers of emergencies occurring in each patrol 
car territory were used to develop the estimates. The 
resulting estimated probabilities that a medical emer­
gency will occur in any patrol car territory are shown 

for precinct 15 in Figure 4.1.
We observe that the estimated probabilities in 

Figure 4.1 show considerable variation over the precinct. 
The maximum (.116) and the minimum (.037) occur in adja­

cent territories, although these territories are of
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substantially different size. The probabilities of emer­

gencies occurring in various regions of interest can 
then be derived by interpolating from these estimates. 
For instance, placing the single recovery vehicle in the 
beat of maximum demand (circle I) results in an esti­
mated 6 of .196. Estimates of 6 for other reasonable 

ambulance locations are tabulated below.

Location 6

I .195

II .196

III .166

IV .173

V .139

These results indicate that 5 varies from .139 to 
.196 for the five distribution policies studied above. 
The effect of a shift in this parameter (when other 
parameters are maintained at their maximum likelihood 

estimates) is tabulated below (Table 4.1).
From this tabulation we observe that the equilibrium 

idle probability (x^ is only slightly affected by the 
change in 6. This result is apparent from equation 
which shows that x^ is approximately invariant for small 

values of PQ -
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Table 4.1

£ X2 X3

.100 .7878 .0197 .1925

.139 .7883 .0274 .1843

.196 .7891 .0387 .1722

.250 .7898 . 0494 .1608

Single Vehicle Equilibrium Probabilities for 
Various Vehicle Allocations

On the other hand, the equilibrium probabilities 
x and x^ vary approximately as linear functions of 6. 

These results are also anticipated for small (Pa - '
and in fact, such linear relations hold exactly for 

Pa=V ,
For the range of 6 corresponding to the vehicle 

distributions in Figure 4.1, the equilibrium probability 

of being on a short run varies from .0274 to .0387. 
This result again indicates that vehicle distribution 

does not drastically affect the system service charac­
teristics. Furthermore, such a change in 6 increases 
the equilibrium idle probability by only .0008. Hence, 
changes in the location of a single vehicle do not sig­
nificantly modify the probability that the vehicle will 

be available at the instant of an emergency.
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It is useful to study the sensitivity of these re­
sults to changes in the emergency occurrence parameters 

(k and p) and to changes in the emergency service par­
ameters (a and B). Although the joint effect of changes 

of all four parameters is of interest, the emergency 
occurrence and service processes will be parameterized 
separately in this section for computational convenience.

Results for a range of variations in k and p are 

presented below (Table 4.2). The service parameters are 
maintained at their maximum likelihood estimates for 
these calculations. Values of x^, x^, and x^ are tabu 

lated for each (p, K, 6) combination.
Specific results of interest for these parameteri- 

zations are presented in Figures 4.2 and 4.3. We note 
in Figure 4.2 that the equilibrium idle probability in­
creases monotonically as a function of the mean time be­

tween emergencies p and k (the reciprocal of the square 
of the coefficient of variation). Variations in 6 do 
not affect the equilibrium idle probability appreciably.

In the neighborhood of the maximum likelihood es­
timates (p = 101, K = .77), a 20% error in p results in 

a maximum error in x^ of approximately .04, and a 20% 
error in k results in a maximum error of approximately 

.05. Since the gradients of the function are as large
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Table 4.2

6= .139
150 20050 100

. 50 x, .591 .698 . 749 .781
xi .054 .040 .033 .029
Xg .355 .262 .218 .190

.75 .666 .782 . 834 .864
.043 .028 .022 .018
.291 .190 .144 .118

1,00 .713 .832 .882 .908
.037 .021 .015 .012
.250 .147 .103 .080

1. 250 .745 .865 .912 .935
.032 .017 .011 .008

* .223 .118 .077 .057

6= .196

50 100 150 200
, 500 Xi .592 .698 .750 .782

xl .076 .056 .047 .041
X3 .332 .246 .203 .177

. 750 .667 .783 .834 .864
.061 .040 .031 . .025
.272 .177 .135 .111

1.000 .714 .833 .882 .909
.052 .030 .021 .017
.234 .137 .097 .074

1. 250 .746 .866 .912 .936
.046 .024 .016 .012
.208 .110 .072 .052

Sensitivity of Equilibrium Probabilities 
to Variations in Emergency

Occurrence Parameters 
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in this neighborhood as anywhere over the region of 
Figure 4.2, parameter specification errors should result 

in smaller effects elsewhere.
Inspection of Figure 4.3 reveals that the equi­

librium probability a vehicle is serving an emergency 
requiring less than one mile transit distance decreases 

monotonically as a function of 5, k, and y. Here a 20% 
error in v (again in the neighborhood of the maximum 
likelihood estimates) results in a maximum error in x^ 
of about .005 for 6 = .196 and about .007 for 6 = .139. 

A similar error in < results in a maximum error in x2 
of approximately .007 for S = .196 and approximately

.0095 for 6 = .139.
We observe that for both equilibrium probabilities 

and x2, specification errors in « seem to affect the 
estimates more than errors in u. We also note that the

a priori assumption of a Poisson emergency occurrence 
process (k = 1) results in appreciable errors in the

equilibrium probabilities. The maximum percentage error

in xj is 6.4% (.05/.78) the maximum percentage error in

x2 is 23% (.009/.039). Hence, we are able to conclude
that the equilibrium idle probability is less affected

(relative to its maximum likelihood value) by parameter

specification errors.
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We shall now study the effects of variations in 

the conditional service rates a and B. Since Pa - p$ 
appears in the earlier expressions for equilibrium proba­

bilities, we shall conduct the parameterization in terms 
of a and the ratio B/«. Results are tabulated for a 
range of these parameters in Table 4.3. The range of a 
is equivalent to mean service times from 15 to 40 minutes. 
The maximum mean service time for emergencies requiring 

transit distances greater than one mile is 80 minutes 
(corresponding to the pair a = .025, B/a = .50).

A plot of the equilibrium idle probability x^ as 
a function of a and B/a is presented in Figure 4.4. We 
observe that this probability is barely affected by vari­

ations in 6. The sensitivity to minor parameter mis­

specifications in B/a and a is also small.
A plot of the equilibrium probability of serving 

an emergency requiring less than one mile transit dis­
tance (Xg) as a function of a and B/a is presented in 

Figure 4.5. Here we observe a minor sensitivity to 

changes in the ratio B/a , but a somewhat larger sensi­
tivity to specification errors in a. We also observe 
that the probability is much more sensitive to variations 

in 6.
These sensitivity analyses of the emergency occur­

rence parameters and emergency service parameters indicate
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Ô = .139

p \ a .067
(15 min.)

.05
(20 min.)

.033
(30 min.)

.025
(40 min.)

1
XX

X 
W

 M
 H . 827 

.024 

.149

.789 

.029 

.182

.724 

.038 

.238

.674 

.045 

.281
1 

.75 .795
.023
.182

.751

.028

.221

.678 

.036 

.286

.623 

.042 

.335

.50 .739 
.022
.239

.687 

.026

.287

.604 

.032 

.364

.543 

.037 

.420

6 = .196

\ a
P / Cl\ .067 .05 .033 .025
1 . 827 .789 .724 .673

.034 

.139
.041 
.170

.054 

.222
.064
.262

.75 .797 .754 .681 .626
.033 .039 .051 .060
.170 .207 .268 . 314

. 50 .745 .694 .610 .550
.030 
.225

.036
. .270

.046

.344
. 052 
.398

Table 4.3
Sensitivity of Equilibrium Probabilities to 
Variations in Emergency Service Parameters
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that the various system equilibrium probabilities do not 

drastically change with small variations in the par­
ameters. Hence we are led to conclude that our model is 

reasonably "robust" with respect to such changes. The 
equilibrium idle probabilities are insensitive to changes 
in 6 and are only moderately sensitive to changes in the 
other four parameters. On the other hand, the equilibrium 

"busy" probabilities and xg are more sensitive to 
changes in 6, while variations in the other four par­
ameters introduce only minor variations into these values.

4.2 RESULTS FOR A TWO AMBULANCE SYSTEM
The matrix of switching probabilities for a two 

ambulance system is presented below:

Here represents the probability of a specified assign­

ment when both ambulances are idle at the time of the emer 
gency occurrence. The parameters Y and p represent the 

probabilities ambulances two and one respectively are

kJ
 / 

C
O
 

5 / 
3 N / / 
3 H

(0,0) (0,2) (0,3) (2,0) (2,2) (2,3) (3,0) (3,2) (3,3)

0 0 0 0 0 1 1 0 1 1

(1,2) Pl 0 0 P 0 0 P 0 0

(1,3) P2 0 0 '1-p 0 0 1-p 0 0

(2,2) Pl Y Y 0 0 0 0 0 0

(2,3

nj
 h

 
na
w 

W 
1 < 1-Y 1-Y 0 0 0 0 0 0
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dispatched to emergencies within one mile when the other 

vehicle is busy.
From Figure 4.1 we observe that the single vehicle 

distribution policies I and II result in non-intersecting 

one-mile service regions which include the areas of 
heaviest demand. For the two vehicle distribution in­

volving these vehicles, the estimated switching parame­
ters are = P = .195, P3 = Î = .196, and P2 = .334.

A second distribution of interest places the ve­

hicles to obtain more uniform geographical coverage as 
in Figure 4.6. Parameter estimates for this distribution 

are = p = .176, P3 = ? = -163, and P2 = .347.
A third distribution of interest is one where the 

two vehicles are constrained to operate from a single 
station. The 15th precinct police station was chosen to 

represent this distribution. Service region I in Figure 
4.1 illustrates the resulting system. Parameter esti­
mates for this distribution are P^ = P3 = .097, P = * = 

.195, and P2 = .403.
The equilibrium state probabilities for these 

three two-ambulance systems are presented in Table 4.4.
From these results several quantities of interest 

can be calculated. Certain of these are presented in 

Table 4.5 below. ‘
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Table 4.4

Distribution Policy___
9 1State (Sn, Sn) I II III

(0,0) 
(0,2) 
(0,3) 
(2,0)
(2,2)
(2,3) 
(3,0) 
(3,2) 
(3,3)

.7657 .7656 .7649

.0378 

.0724 

.0383 

.0021 

.0025 

.0623

.0343 

.0745 

.0319 

.0016 

.0022 

.0695

.0207
' .0841 
.0207 
.0011 
.0019 
.0841

. 0024 

.0165
. 0023 
.0182

.0019 

.0206

Equilibrium State Probabilities for 
Two Ambulance System

Distribution Policy
Equilibrium Result_______ I II III

Probability both vehicles idle
Probability one vehicle idle

.7657

.2108
.7656
.2102

.7649

.2096

Probability one or more 
vehicles idle .9765 .9758 .9745

Probability both vehicles on 
"short" run (less than one 
mile) .0021 .0016 .0011

Probability one vehicle on 
"short" run .0810 .0707 .0452

Probability one or more ve­
hicles on "short" run .0831 .0723 .0463

Probability both vehicles on 
"long" run (greater than one 
mi le) .0165 .0182 .0206

Probability one vehicle on 
"long" run .1396 .1485 .1720

Probability one or more ve­
hicles on "long" run .1561 .1667 .1926

Table 4.5
Equilibrium Probabilistic Results for 

the Two Ambulance System



153

Inspection of Table 4.5 indicates that both re­
covery vehicles will be idle at the instant of a medical 

emergency about 76% of the time; one or more ambulances 
will be idle at the instant of a medical emergency about 
98% of the time. Both of these equilibrium probabilities 
are essentially independent of the distribution policy.

| The equilibrium probabilities that one or more 
vehicles will be serving an emergency requiring less 
than one mile transit distance to the scene at the in­
stant of a medical emergency vary from .0831 to .0463 
depending upon the chosen distribution policy. Distri­
bution policies I and II have nearly equal values and 

both result in measurable improvements over policy III. 
A similar result holds for the equilibrium probability 

that one or more vehicles are serving an emergency re­
quiring more than one mile transit distance to the scene 

at the instant of a medical emergency.

4.3 RESULTS FOR A THREE AMBULANCE SYSTEM
We conclude this chapter by presenting results 

equivalent to those of the previous sections for a three 
vehicle independent ambulance system. The matrix of 
switching probabilities for such a system is presented 

below.
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s3 s2 S1X g (1,2) (1,3) (2,2) (2,3) (3,2) (3,3) 
n' n' n XJ___________ _____________ —-------------

000 0 61 62 53 54 ■ 65 S6
002 0 0 0 al a2 a3 a4
003 0 0 0 al a2 a3 a4
020 0 bl b2 0 0 b3 b4
022 0 0 0 0 0 p 1-p
|023 0 0 0 0 0 p 1-p

030 0 bl b2 0 0 b3 b4
032 0 0 0 0 0 p 1-p

033 0 0 0 0 0 p 1-p

200 0 C1 C2 C3 C4 0 0

202 0 0 0 $ 1- ip 0 0

203 0 0 0 4» 1- ip 0 0

220 0 V 1-v 0 0 0 0

222 1 0 0 0 0 0 0

223 1 0 0 0 0 0 0

230 0 V 1-v 0 0 0 0

232 1 1 0 0 0 0 0 0

233 \ 1 0 0 0 0 0 0

300 0 C1 C2 c3 C4 0 0

302 0 0 0 1- ip 0 0

303 0 0 0 4 1- ip 0 0

320 0 V 1-v 0 0 0 0

322 1 0 0 0 0 0 0

323 1 0 0 0 0 0 0

330 0 V 1-v 0 0 0 0

332 1 0 0 0 0 0 0

333 \ 1 0 0 0 0 0 0
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Hence 6^ is the probability of a specified assign­

ment when all vehicles are idle at the instant of an 
emergency occurrence. The parameters a^ b^ and c± are 
the probabilities of specified assignments when two of 
the three vehicles are idle; P, and v are the proba­
bilities of specified assignments when only one vehicle 

is available.
We first consider the distribution where the three 

vehicles are placed to maximize the coverage of the re­
gion of heaviest demand as in Figure 4.7. For this ve 
hide placement on the following parameter estimates 

were derived:

S1= .146 al = .146 Ê1 ' .146 C1 - .196

S2 = .107 a2 = 348 Ê2 = .105 C2 = .275 -

«3 = .146 a3 = .174 63 = .174 =3 = .195

= .225 a4 = . 332 Ê4 = .575 c4 = .334

65 = 151
L = .225 0

p = .231

A second

^ = .195

distribution

v = .196

of interest places the ve-

hides in non-intersecting one-mile service regions to 
achieve more uniform coverage of the precinct. The re 

suiting distribution is shown in Figure 4.8. The
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following parameter estimates were derived for this

model.

6X = .195 al = .196 £1 = .195 C1 = .195

02 = .136 a2 = .298 62 = .466 C2 = .334

6g = .196 a3 = .143 ^3 = .143 C3 = .196

6 . = .138 4 a4 = . 365 64 = .266 c4 = .275

6C = .143 D
L = .192 b

P = .143 = .196 V = .195

The third distribution studied here places all 
three vehicles at a single point, again at the 15th pre­
cinct police station. Parameter estimates are as fol­

lows :

«1 = 63 = % = .065 = a3 = ^ = b3 = C;L = c3 = .097

62 = «4 = «6 = "268 â2 = a4 = b2 = b4 = c2 = c4 = .403

p = = 0 = .195

The equilibrium state probabilities for these 
three alternative distributions are given in Table 4.6 
Results derived from these probabilities are tabulated 

in Table 4.7.
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DISTRIBUTION POLICY

(Sn" Sn' G»' I II III

000 .7683 .7710 .7552

002 .0285 .0360 .0165

; oo3 .0237 .0303 .0561
/
' 020 .0281 . 0363 .0165

022 .0011 .0018 . 0004

023 .0010 .0031 .0017

030 .0453 .0290 • .0533

032 .0024 * .0023 .0017

033 .0011 .0022 .0035

200 .0289 .0266 .0167

202 .0014 .0013 .0004

203 .0017 .0019 .0017

220 .0013 .0013 .0004

222 .0001 .0001 .0000

223 .0001 .0002 .0001

230 .0024 .0016 .0017

232 .0002 .0002 .0001

233 .0004 .0004 .0004

300 .0474 .0398 .0550

302 .0026 .0029 .0017

303 .0033 .0037 .0066

320 .0035 .0024 .0017

322 .0002 .0002 .0001

323 .0004 .0005 .0003

330 .0061 .0030 .0065

332 .0006 .0006 .0004

333 .0010 .0009 .0016

Table 4.6
Equilibrium Probabilities for the Three Ambulance System
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Equilibrium Result Distribution Policy

I II III

Probability Three Vehicles 
Idle .7683 .7710 .7552

Probability Two Vehicles 
Idle .2019 .1980 .2141

Probability One Vehicle 
Idle .0279 .0275 .0280

Probability One or More
Vehicle Idle .9981 .9965 .9973

Probability Three Vehicles 
on "Short" Run (less than 
one mile) .0001 .0001 .0000

Probability Two Vehicles on 
"short" run .0043 .0050 .0015

Probability One Vehicle on 
"short" run .1005 .1146 .0610

Probability One or More
Vehicles on "short" run .1049 .1197 .0625

Probability Three Vehicles on 
"Long" run (greater than 
one mile) .0010 .0009 .0016

Probability Two Vehicles on 
"long" run .0119 .0104 .0177

Probability One Vehicle on 
"long" run .1305 .1139 .1749

Probability One or More
Vehicles on "long" run .1434 .1252 .1942

Table 4.7
. Equilibrium Probabilistic Results 

For the Three Ambulance System
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Inspection of Table 4.7 indicates that all three re­
covery vehicles will be available at the instant of a 

medical emergency 75% to 77% of the time. One or more 
vehicles will be available about 99% of the time. Re­
sults for the distribution policies I and II are nearly 
identical; the equilibrium idle probabilities for dis­
tribution policy III (placing all vehicles at a single 
station) do not significantly differ from"those of 

policies I and II.
The equilibrium probabilities that one or more ve­

hicles will be serving an emergency requiring less than 

one mile transit distance to the scene at the instant 
of a medical emergency vary from .1197 to .0625 de­
pending upon the chosen distribution policy. Distribu­
tion policies I and II have nearly equal values, and both 

result in measurable improvements over policy III.

The equilibrium probabilities that one or more ve­
hicles are on runs requiring transit distances greater 
than one mile vary from :1252 to .1942. Again, results 

for policies I and II are substantially better than 

those for policy III.
We shall delay the comparison of the one, two and 

three ambulance systems until Chapter VI. In Chapter 
VI we shall compare these three systems with each other, 
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and with results for the dual function ambulance system 

which is studied in the next chapter.



CHAPTER V

ALLOCATION AND DISTRIBUTION POLICIES FOR THE 
DUAL FUNCTION PUBLIC AMBULANCE SYSTEM

As we have observed in Chapters I and II, many 
urban areas operate an ambulance system in conjunction 
with the police department. In such systems, "dual func­
tion" police-ambulance vehicles respond to police calls 
and medical emergencies on a first come-first served 
basis. Since the number of police calls being served by 
such systems is much greater than the number of ambulance 

calls, one might conjecture that a dual function system 
will not serve medical emergencies as effectively as a 
single function ambulance system. (As we have observed, 
such a loss of effectiveness will result in decreased 

vehicle availability and/or increased medical service 

time.)
We shall now examine this conjecture by applying 

the results of Chapter III to' dual function recovery 
systems incorporating one, two, and more than two ambu 
lances. We shall examine these three systems in Sections 
5.1, 5.2, and 5.3 respectively. All numerical results

16 3 
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are developed from a general purpose computer program de­

signed for the analysis of these alternative systems. 
This program is documented in Appendix C.

5.1 RESULTS FOR A SINGLE VEHICLE DUAL FUNCTION 

AMBULANCE SYSTEM

For the single vehicle, dual function ambulance 
system the switching probabilities can be written

Pr{Yn = HZ,, = 1= & S*> = Pr<ïn = = i: sM

where Y^ takes on the values 0, 1, 2, or 3, corresponding 

respectively to situations where the system rejects the 

emergency, serves the emergency as a police call, serves 
the emergency as an ambulance call requiring less than 
one mile transit distance, or serves the emergency as an 
ambulance call requiring more than one mile transit dis 

tance to the scene. The random variable takes on 
values 0 or 1, corresponding to situation where the nth 

emergency is an ambulance call or a police call. The 
vehicle state takes on values 0, 1, 2, 3, corresponding 
to states where the vehicle is idle, serving a police call, 
serving an ambulance call requiring less than one mile 
transit distance, or serving an ambulance call requiring 

more than one mile transit distance.
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The matrix of switching probabilities can then be

written as follows:

Yn^~
V

(0,0) (0,1) (1,0) (1,1) (2,0) (2,1) (3,0) (3,1)

0 0 1-4» 1 1 1 1 1 1

1 1 0 *1 0 0 0 0 0 0
2 '

6 0 0 0 0 0 0 0

3 1-6 0 0 0 0 0 0 0

where ^^is the probability a police call is accepted by 
the system when the recovery vehicle is idle, and 6 is 

the probability that a medical emergency requires a tran 
sit distance to the scene of less than one mile.

The conditional vehicle transition probabilities
Pr{S^Yn-l’ Sn-•1, Xn = x) can be written:

Yn-1 = 0

Sn
0 1 2 3

0 1 0 0 0

1 1-e-YX e-TX 0 0

2 1-e" ax 0 - ax e 0

3 l-e"Bx 0 0 o'6x
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Here y is the police call service rate, and a and 
3 are the ambulance call service rates as defined in 

Chapter IV. '
Similarly, the conditional state. transition proba­

bilities Pr(S^, ZJS^, Zn_v \_i) are derived as in 

equation 3.2:

Pr{S^,Zn|s;_1,Zn_1,Yn_1) = ^^n-l^n-l'Xn' X .

We have seen ( 3.4) that ^^PrlX^,2^12^-11 can be 

represented by the matrix

HdF00(x) (l-n)dF01(x)

ndF10(x) (l-n)dFi;L (x)

The resulting one step system transition proba­
bilities Pr{S^,Zn|S^_1,Zn_1) are then found from the fol­

lowing relation: "

= Ï ^^n^n^n-l^n-l^n-l = ^^^n-1 
&=0

= ^IZn-i^n-l1
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These are presented for this system in Table 5.1.

Where

pli = r e"yx dx = ( - ■) i, j=o,l
I y o 13 io Y

Equilibrium state probabilities can be derived 
from the one step transition probabilities by techniques 

identical to those of Section 4.1.
From Chapter 11 we recall that the maximum likeli­

hood estimates for the semi-Markov emergency occurrence 

parameters are :
*00 = 1/14 * 3

X01 = 1/16.2 
X10 = 1/23.1 
X11 = 1/14.6

The police call service rate is estimated as y = 1/38.3 

= .026.
The model parameters for ambulance operation in 

the dual system are estimated as in Chapters II and IV. 
The maximum likelihood estimate for the proportion of 
total calls which are ambulance calls was found to be 

n = .214.
We now consider the parameterin more detail. 

We have previously observed that the dual function
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recovery vehicle is one of several vehicles assigned to 
service police calls in a precinct. During actual oper­
ation the total number of vehicles and the number of 
dual function vehicles both vary from shift to shift and 

from day to day because vehicles become unavailable due 
to maintenance, court appearances, and other special 

missions.
One would expect that each available vehicle 

should service approximately the same proportion of all 
police calls. Inspection of vehicle availability statis­
tics in Precinct 15 for the November-December data col­
lection period revealed that an average of eleven vehicles 

were available during each shift. If only one of these 
were a station wagon (the dual function recovery vehicle), 

then on a random selection basis we would expect this to 
be dispatched to about one of every eleven police calls 
when it is available. As vehicles are assigned to other 

functions, this proportion should increase. Hence we 
shall parameterize the model to indicate the sensitivity 

to variations in from .10 to .50.
Since the emergency service rates are greater than 

the emergency occurrence rates, the system is ergodic, 

and the equilibrium state probabilities exist. These can 
be written Pr(S^,Zn>, and of course they are independent
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of n. The equilibrium vehicle state probabilities at
the instant of a medical emergency Fr(S^|Zfi = 0) can be

written :

Pr(S^|Zn = 0) = Pr(S^,Zn = 0)/Pr(Zn = 0) = P^^Z^ = 0)

These have been computed for the two basic single 
vehicle distribution policies of Chapter 4 (ô = .139 and 
6 = .196), and the results are presented in Table 5.1. 
Plots of the various probabilities as functions of <f> are 
presented in Figures 5.1 to 5.4. As before, a "short 
medical emergency is one requiring less than one mile 
transit distance to the scene and a "long" medical emer­
gency is one requiring more than one mile transit distance

to the scene.
Notice that when $ = 0, the equilibrium results

for this model should be identical to those for the single 
function, single vehicle system described in Section 4.1. 

Comparison of Tables 4.1 and 5.1 reveals that the corres­
ponding values are approximately equal. The small differ­
ences can be attributed to numerical errors and to differ­

ences in the semi-Markov and Gamma arrival processes 
which were specified as inputs to the two systems. From 
this we can conclude that a semi-Markov model with nega­
tive-exponential "inter-event" times is an adequate repre-
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Table 5.2
Equilibrium Vehicle State Probabilities For 

Single Vehicle Dual Function System

6 = .139
Equilibrium Vehicle 
State Probability

____
!

♦i_________ P0 P1 P2

0 .7874 0 .0272 .1854

.1 .6987 .1126 .0242 .1645

•2 .6307 .1990 .0218 .1485

. 3 .5767 .2675 .0200 .1358

.4 .5330 .3231 .0184 .1255

.5 .4967 .3691 .0172 .1169

6 = .196

*1________ P0 P1 P2 P3

0 .7883 0 .0384 .1733

.1 .6994 .1127 .0341 .1538

.2 .6312 .1992 .0308 .1388

. 3 .5772 .2678 .0282 .1269

.4 .5334 .3234 .0260 .1172

.5 .4971 . 3694 .0242 .1093



177

sentation of the dual-function emergency occurrence pro­
cess. This conclusion strengthens the inferences drawn 
from the statistical analyses which were conducted in 
Section 2.2.3 to partially identify the underlying pro­
cess. In addition, these results further indicate that 

the Gamma distribution is an adequate model for the 
distribution of times between ambulance calls.

We observe that variations in 6 do not affect the 

vehicle idle probability or the police call service pro­
bability. However, variations in 4> do introduce substan­
tial changes in these two quantities. The equilibrium 
idle probability decreases from .79 when = 0 to .49 

when $i .5.
The equilibrium probabilities of serving either of 

the two types of medical emergencies are quite insensitive 

to variations in 4» . As we saw in Chapter IV, these 
quantities are moderately sensitive to changes in 5. From 
Figures 5.3 and 5.4 we observe that this sensitivity is 

essentially uniform for all 4* y
We shall delay a more detailed discussion of these 

results until the system comparisons of Chapter VI.



178

5.2 RESULTS FOR A TWO-VEHICLE, DUAL FUNCTION AMBULANCE

SYSTEM

The matrix of switching probabilities for the two 
vehicle, dual function ambulance system are presented in 
Table 5.3. These are derived by applying the decision 

rules of Section 3.2.
1 Here the p± represent the probabilities of various 

vehicle assignments when both vehicles are idle at the 
time of an ambulance call, 6 andY represent the proba­
bilities of the assignments when one of the vehicles is 
available at the time of an ambulance call, represents 
the probability the system will accept a police call when 
one vehicle is available, and represents the probability 

of such an acceptance when two vehicles are available.
From previous results (Sections 4.2 and 5.1), es­

timates are available for all parameters in this system 
except and We shall now consider two reasonable
dispatch "strategies" giving rise to values for these 
parameters. We first consider a situation where the dis­

patcher assigns idle vehicles to police calls without ini­
tially considering the existing system state. As we indi­

cated in the previous section, the resulting system is 
likely to be operating with both parameters set at a 
value determined by the total number of vehicles in the
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Switching Probabilities for Two Vehicle Dual Function System
Table 5.3

2 1 0 (1,1) (1,2) (1,3) (2,1) (2,2) (2,3)

000 0 0 Pl P 2 0 P3 P4
001 *2/2 0 0 *2/2 0 0
010 0 0 0 0 0 6 1-6
Oil 1-*1 0 0 0 *1 0 0
020 0 0 0 0 0 6 1-6
021 1-*1 0 0 0 *1 0 0
030 0 0 0 0 0 6 1-6
031 1-*1 0 0 0 ♦1 0 0
100 0 0 Y 1“ Y 0 0 0
101 1-* 2 ♦1 0 0 0 0 0
110 1 0 0 0 0 0 0
111 1 0 0 0 0 0 0
120 1 0 0 0 0 0 0
121 1 0 0 0 0 0 0
130 1 0 0 0 0 0 0
131 1 0 0 0 0 0 0
200 0 0 Y 1-Y 0 0 0
201 H1 *1 0 0 0 0 0
210 1 0 0 0 0 0 0
211 1 0 0 0 0 0 0
220 1 0 0 0 0 0 0
221 1 0 0 0 0 0 0
230 • 1 0 0 0 0 0 0
231 1 0 0 0 0 0 0
300 0 0 Y 1-Y 0 0 0
301 w L *1 0 0 0 0 0
310 1 0 0 0 0 0 0
311 1 0 0 0 0 0 0
320 1 0 0 0 0 0 0
321 1 0 0 0 0 0 0
330 1 0 0 0 0 0 O
331 1 0 0 0 0 0 0



180

precinct. For this case we shall consider subsequent 
system performance with values of ♦ 2 ranging from

0.0 to 0.5.
A second potential dispatch strategy attempts 

to conserve recovery vehicles so that these are more 
likely to be idle at the instant of a medical emergency. 
The ^specific strategy we shall consider here allows 2 

to vary from 0.0 to 0.5, but maintains at a value of 
0.1. Under this strategy, when only one recovery vehicle 

is idle, this vehicle accepts a smaller percentage of 
police calls for service. In this way, we increase the 

probability that at least one vehicle is available to 

service a medical emergency.
Equilibrium vehicle state probabilities are pre­

sented for both of these dispatch strategies for distri­
bution policies I and II (defined in Section 4.2) in 
Table 5.3 and 5.4. Distribution policy III, which places 
all recovery vehicles at a fixed location, is no longer 
feasible in a dual function system, since all vehicles 

are on patrol when they are not serving emergencies.
Various quantities of interest derived from these 

equilibrium probabilities are tabulated in Tables 5,5 and 

5.6, and these results are plotted in Figures 5.5-5.8. 
In these results Pj(k) is the equilibrium probability that
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k vehicles are in state j, and p.(k+) is the equilibrium 

probability that k or more vehicles are in state j. For 
instance s PQ(1+) is the equilibrium probability that one 

or more vehicles are idle.
We observe that the equilibrium probabilities that 

one or more vehicles are idle and that one or more ve­
hicles are serving medical emergencies are essentially 
unaffected by the distribution policy. On the other hand, 

the equilibrium probability that one or more vehicles are 
serving "short" medical emergencies and the equilibrium 
probability that one or more vehicles are serving "long" 

medical emergencies are much more sensitive to the chosen 

distribution policy.
The effects of the two alternative dispatch strate­

gies on the equilibrium results are interesting. The 
equilibrium idle probability declines almost linearly for 
strategy I • However, when is maintained at
.1, this decline is much less severe. Similarly, the 
equilibrium probabilities that one or more vehicles are 
serving "short" and "long" emergencies are both higher 

for the second dispatch strategy.
As before, we shall postpone a more detailed dis­

cussion of these results until the system comparisons of 

Chapter VI.
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5.3 RESULTS FOR A DUAL FUNCTION SYSTEM WITH MORE THAN 

TWO VEHICLES

We observed in Chapter III that the number of sys­
tem states in our model of the dual function ambulance 
system is 2 (4)r. When r = 3, the size of the state space 
reaches 12 8 f and when r = 4, it becomes 512. Although 
the'model developed in Chapter III is completely general, 

substantial computational problems arise when the number 
of potential states is as large as those values described 

above. For instance, a sample run of the computer program 
documented in Appendix C with r — 3 required eight minutes 
of execution time and more than 20 pages of virtual memory 
on an IBM 360/67 computer. The cost for this run was 
approximately $80.00 under current University billing 

policies.
Consequently it was decided to approximate the per­

formance of a dual-function system with more than two ve 
hides to obtain some insights into the effects of such 
an allocation policy. The approximation was implemented 
by partitioning the single precinct service region into 

non-overlapping sub—regions. The techniques of the pre­
vious section were then applied to these sub-regions, and 
the results were aggregated to approximate results for 

the entire precinct.
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These results should be quite accurate, since the 
likelihood that any vehicle is dispatched on cross-region 
runs is decreased when a larger number of vehicles is 
assigned to a service region. As a result, the vehicles 
operate in smaller sub-regions a larger portion of the 
time. The approximating procedure merely forces the pro­
bability of a vehicle crossing a sub-region boundary to 

be zero.
In this section we present numerical results for 

this approximation when r = 4. A value of four was chosen 
since this is approximately the average number of dual­
function vehicles assigned to a police precinct, and since 
results for r = 3 can be approximated by interpolating be­

tween these results and those of Section 5.2.
The fifteenth precinct was divided into the two 

sub-regions as shown in Figure 5.9, and the system perfor­
mance for each of these sub-regions was modeled with r = 2. 
The properties of the emergency occurrence processes in 
the two sub-regions were developed from those of the re­
gional processes in the following way. It was assumed 
that the distributions of times between events in the sub­
region processes were negative-exponential, as were those 

in the aggregate process. The mean times between occur­
rences in the sub-process were then developed by weighting
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the mean times in the aggregate process by the reciprocal 

of the probabilities of an emergency occurrence in each 

of the sub-regions.
The resulting mean times between emergency occur­

rences in the sub-regions are tabulated below:

Sub-Region 1 Sub-Region 2

Mean Time between 
Call Followed by 
Call (min.)

Ambulance
Police

27.2 30.1

Mean Time between 
Call Followed by 
Call (min.)

Ambulance
Police

30.9 34.1

Mean Time between
Call Followed by
Call (min.)

Police
Ambulance

44.0 48.6

Mean Time between 
Call Followed by
Call (min.)

Police
Police

27.8 30.8

Probability of Ambulance 
Call .525 .475

Equilibrium vehicle state probabilities were cal­

culated for the two sub-regions, each with two recovery • 
vehicles distributed as in Figure 5.9. Results were 
calculated for a single function ambulance system

= *2 = o) and for dual function ambulance systems 
with = +2 = .1 and = <i>2 = -5. Since the equilibrium 
probabilities in the two sub-regions are independent, the 
equilibrium probabilities for the precinct can be easily 
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derived. For instance, the equilibrium probability that 

all four recovery vehicles are idle at the instant of a 
medical emergency is equal to the probability that two 
vehicles are simultaneously available in each sub—region 
at the instant of a medical emergency. Therefore, the 
probability is simply the product of the probabilities 
that* two recovery vehicles are idle in each of the sub­

regions .
The equilibrium results for the four vehicle ap­

proximation are presented in Table 5.7.
We observe that with four recovery vehicles in the 

system the equilibrium probability that one or more ve­
hicles are idle is approximately one regardless of the 
dispatch strategy. Similarly, the probabilities that one 
or more vehicles are on "long" and "short" medical emer­
gencies are insensitive to the alternative dispatch stra­
tegies. We shall discuss these results in more detail in 

the system comparisons of the next chapter.
From this discussion it is clear that the assign­

ments of four vehicles to a police precinct results in a 
system where at least one vehicle is available at the in­
stant of an ambulance call essentially "all" of the time. 
This is true even when the vehicle responds to both police 

and medical emergencies. Hence we shall not consider
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Table 5.8
Equilibrium Results for a Four Vehicle 

Dual Function System

Probability k vehicles are

o'k * 1=* 2= *1 $ 1~ $ 2— ' 5

idle at instant of medical
emergency

k 4 . 765 .655 .366
3 .202 .276 .353
2 .027 .063 .222
1 .006 .006 .052
0 0.0 0.0 .007

Probability k vehicles on 
police call at instant of
medical emergency

k 4 0.0 0.0 .002
3 0.0 0.0 .025
2 0.0 .012 .134
1 0.0 .133 .356
0 1.0 .855 .483

Probability k vehicles on 
"short" ambulance call at 
instant of medical emer-
gency

k 4 0.0 0.0 0.0
3 .001 0.0 0.0
2 .009 .006 .015
1 .145 .139 .111
0 .845 .855 .874

Probability k vehicles on 
"long" ambulance call at 
instant of medical emer-
gency

k 4 0.0 0.0 0.0
3 0.0 0.0 0.0
2 .005 .005 .004
1 .089 .074 .09 8
0 .906 .921 . 898
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distribution and allocation policies for systems with 

more than four vehicles per precinct. The results for 
the various ambulances systems with one, two# threef and 

four recovery vehicles are compared in the next chapter.



CHAPTER VI

COMPARISONS OF ALTERNATIVE RECOVERY SYSTEMS

In this chapter we shall utilize the numerical re­
sults of Chapters IV and V to compare the effects of al­
ternate ambulance allocation and distribution policies 
on the recovery system performance. To review briefly, 

the specific factors we are interested in examining are:
(1) The effects of changing the number of recovery 

vehicles assigned to the system (the vehicle 

allocation policy).
(2) The effects of changing the placement of the 

recovery vehicles assigned to the system 
(the vehicle distribution policy).

(3) The effects of modifying the dispatch policy 
which assigns both police and ambulance calls 
to the recovery vehicles (the vehicle dispacch 

policy).
Measures of system performance were discussed in 

the introduction and in Section 3.3. In these sections 
we noted that improvements in recovery vehicle availability 

and reductions in recovery vehicle service times are 
measures directly influenced by improved ambulance.

197 -
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allocation and distribution. The numerical results of 
the previous two chapters provide equilibrium vehicle 
state probabilities which are closely related to these 
measures, and we shall now use these results to develop 

the appropriate comparisons.

6.1 RECOVERY VEHICLE AVAILABILITY

We have observed that medical emergencies occurring 
when no recovery vehicles are available either must "wait" 

for* a vehicle to finish its current service, or they must 
be served by a special vehicle from outside the system. 
As we have seen, a system which forces a large number of 
emergencies to wait for recovery vehicles to become avail­

able is undesirable, since the resulting waiting times 
introduce potential, uncontrollable degradations in the 

victim's medical condition. On the other hand, a system 
which requires «.frequent external assistance is likely to 
incur substantial real.and opportunity costs, as well as 
to cause inefficiencies in the system from which the 

extra vehicle is "borrowed."
Therefore, in this section we shall examine the 

probability that all recovery vehicles are busy, or equi­
valently, the probability that one or more recovery ve­
hicles are available at the time of an ambulance c.all.
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The effects of alternative vehicle allocation, distribu 
tion, and dispatch policies are sequentially considered.

6.1.1. Allocation Effects .
Qualitatively, one expects that an increase in the 

number of recovery vehicles will decrease the probability 
that all vehicles are simultaneously busy. In fact, if 

enough vehicles are supplied to the recovery system we 
would expect that this probability should approach zero. 
Of course, the fixed and operating costs are both greater 
for a recovery system equipped with a larger number of 
vehicles, and consequently it is necessary to carefully 
explore the trade-off between vehicle availability and 

the allocation policy.
Quantitative results for the single function ambu­

lance system are presented in Table 6.1 below. (Results 

for the dual-function system are presented in Section 
*

. Table 6.1
Probability All Recovery Vehicles Busy as 

Function of Allocation Policy
Number of Probability All

Recovery Vehicles Recovery Vehicles Busy
1 . .2109

2 .0235
3 .0019 .

4 .0000
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6.1.3.) In all cases these results are for that vehicle 
distribution which maximizes the equilibrium idle proba­

bility. The model parameters are set at the maximum 

likelihood estimates.
Inspection of Table 6.1 reveals that increasing 

the number of recovery vehicles from one to two decreases 
the probability that all vehicles are busy by .1874. An 
increase to three vehicles further decreases this proba­

bility by only .0216. When four recovery vehicles are 
assigned to the police precinct, the probability is essen­

tially reduced to zero.
When two recovery vehicles are assigned to a single 

function ambulance system, at least one will be available 
approximately ninety-eight percent of the time. The sub­

stantial degradation in vehicle availability when only 
one vehicle is assigned and the moderate improvement in 

availability w&en three are assigned provide further evi­

dence in favor of a two vehicle system.

6.1.2. Distribution Effects
As we have indicated, the major effect of modifying 

the distribution of recovery vehicles should be to de­
crease vehicle service times by decreasing the transit 
time to the scene. This effect will be discussed in 
Section 6.2. In addition, by decreasing the vehicle service 
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time, the improved distribution of vehicles may. result 
in some increases in vehicle availability, and we shall 

discuss these effects at this time. Results are pre­
sented here for the single function recovery system 
only; results for the dual function system are discussed 

in Section 6.1.3.
Two distribution policies were examined for the 

single vehicle recovery system. Policy I placed the ve­
hicle in the sub-region of minimum demand, and Policy II 
placed the vehicle in the sub-region of maximum demand. 
The equilibrium probability that the vehicle is busy is 
tabulated as a function of these distribution policies

in Table 6.2:

Table 6.2
Vehicle Availability as Function 

of Distribution Policy 
r - 1

Probability All Recovery 
Vehicles Busy

.2117

.2109

Three distribution policies were examined for the 
two and three vehicle recovery systems. Policy I placed 
the vehicles in sub-regions to maximize coverage %n the 
areas of greatest vehicle demand. Policy II placed the 
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vehicles in sub-regions■to obtain uniform geographical 

coverage. Policy III placed all recovery vehicles at a 
single station to stimulate system operation when a 
single, fixed ambulance station is utilized. (The chosen 
station coincides with the one-mile service region of 
the single vehicle distribution policy II discussed earlier.) 

The equilibrium probabilities that all vehicles are busy 
are tabulated as a function of the three distribution po­

licies in Table 6.3.

Table 6.3 
Vehicle Availability as Function 

of Distribution Policy 
r = 2; r = 3

Probability All Recovery 
_____ Vehicles Busy

Policy r = 2 —-

I .0235 .0019
II* .0242 .0035
HI .0255 .0027

Inspection of Tables 6.2 and 6.3 indicates that the 
effect of vehicle distribution on ambulance availability 
is essentially negligable for all allocation policies. 
Placement of the vehicle(s) in the regions of maximum de­

mand (Policy I) results in the lowest probability that 
all recovery vehicles are busy. However, the improvement 
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over other distribution policies is very small. Small 
differences also exist between the other distribution 
policies. Hence we can conclude the placement of re­
covery vehicles does not influence ambulance availa­
bility in any substantial way for the system under 

study.

6.1.3. Dispatch Effects
When an ambulance system accepts both police and 

ambulance calls for service it is reasonable to expect 
that any given system configuration will service ambu­
lance calls less efficiently than a comparable single 
function system. We shall now examine the degradation 

in vehicle availability as a function of the percentage 
of police calls accepted for service by the recovery sys­
tem. Comparisons are made of this degradation in recovery 
systems with one, two, and four vehicles. Results for 

the three systems are presented in Figure 6.1.
In Figure 6.1 we observe a monotonic increase in 

the probability all recovery vehicles are busy at the in­
stant of a medical emergency of the proportion of police 

calls serviced. This increase is present for all three 
allocation policies examined, but the rate of increase is 

lower for the systems with a larger number of recovery 
vehicles. In fact, almost no degradation in this‘measure
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of vehicle availability is present when four vehicles are 

assigned to the recovery system.
We have seen that system performance can be sub­

stantially improved if one modifies the dispatch policy 

to "protect" the last available ambulance. Results for 
such a policy with r = 2 are also presented in Figure 
6.1. We observe that this protective policy results in 
at least a .89 probability that at least one vehicle is 

available, even when the system is accepting fifty per­
cent of all police calls for service when both vehicles 
are idle. The equivalent probability is only .78 when 

the protective policy is not utilized. Hence, we can 
conclude that a protective dispatch policy does assist in 
maincaining recovery vehicle availability when a dual 
function system is utilized. However, some degradation 

in vehicle availability still is present whenever any 

police calls are accepted for service.
We also observe that a protective dispatch policy 

may have a detrimental influence on the availability of 
vehicles to handle police calls. Since in general there 
are many more police squad cars than dual function police 
ambulances, this is not believed to be a serious problem 

in the system we are examining.
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6.2 RECOVERY VEHICLE SERVICE TIMES

As we have seen, the recovery vehicle response 
time is the sum of two random variables: the waiting time 
for an ambulance to become available and the transit time 
to the scene of an emergency. We have also observed that 

the transit time to the scene is one component of the re­
covery vehicle service time. Empirical analysis of ambu­
lance service times in the City of Detroit has revealed 
that these times are exponential, identically distributed, 

random variables when one conditions on transit distances 
of less than one mile and on transit distances greater 
than one mile. The mean service time for calls re­
quiring less than one mile to the scene has been found to 
be approximately two minutes less than that for calls re­
quiring transit distances greater than one mile to the 

scene.
Thus, transit times and subsequent system response 

times are lower in a system where a larger proportion of 
ambulance calls require less than one mile transit dis­

tance to the scene. Consequently we shall base our sys­
tem comparisons on the equilibrium probabilities that 
medical emergencies are being serviced as "short" (less 
than one mile transit distance) runs. We first consider 
the effects of alternative allocation and distribution 
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policies. We then consider the effects of alternative 

dispatch policies.

6.2.1. Allocation and Distribution Effects
The effects of allocation and distribution poli­

cies for the single function ambulance system are con­
sidered simultaneously in this section. The basic numer­

ical results are presented in Table 6.4.

Table 6.4
; Effects of Vehicle Allocation and 

Distribution on Service Times

Allocation 
Policy

Distribution
Policy

Probability one or more ve­
hicles on run requiring less 
than one mile transit distance

r -• 1 I .0274
II .0387

r - 2 I . 0831
II .0723

III .0463

r = 3 I .1049
II .1197

III .0625

r = 4 I .15

Inspection of Table 6.4 indicates that the proba­
bility one or more vehicles are serving 'short emergencies 

increases substantially with the number of vehicles, re­
gardless of the distribution policy. Given a distribution 
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policy with one recovery vehicle, a difference of .0113 
in this probability is introduced by shifting from a dis­
tribution policy which places the ambulance in the region 

of minimum demand (I) to a policy which places the ambu­

lance in the region of maximum demand (II). In the two 
and three vehicle systems, similar differences exist be­

tween those distribution policies designed to obtain maxi­
mum coverage in the region of maximum demand (I) and those 
policies designed to obtain uniform coverage of the entire 
service region (II). For these allocation policies, each 

of the two distribution plans results in a considerable 

improvement over a single-station policy (III).
It is possible that the effect of alternative allo­

cation policies on the probability one or more vehicles 

are serving "short" emergencies is due to the substan­
tially different vehicle availabilities associated with 

these policies* Consequently, the conditional proba­

bilities that a vehicle is serving a "short" emergency, 
given that the vehicle is "busy," were calculated for 
each vehicle for each allocation and distribution policy. 

Results are presented in Table 6.5.
By conditioning on the event that the vehicle is 

busy, the effects of differing allocation policies are 
essentially removed. Therefore, Table 6.5 can be-utilized
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T cible 6.5 '
Effect of Allocation and Distribution Policy 

on Conditional Probability that each 
Vehicle is on Emergency Requiring

Less Than One Mile Transit "
Distance

Probability on Short
Allocation Distribution Vehicle Emergency Given that

Policy Policy Number Vehicle is Busy

r = 1 I 1 .130
II 1 .183

r = 2 I 1 . 317
2 .346

II 1 .272
2 .284

III 1 .182
2 .182

r = 3 I .540
2 .380
3 . 365

II 1 .510
* 2 .530

3 « 382
III 1 .229

2 .229
3 .229

to study the effects of alternative distribution policies 

alone.
For r = I# a .05 increase in the conditional proba­

bility of serving a short emergency occurs when the vehicle 
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is assigned to the region of maximum demand. For r = 2, 
this probability is .182 when both vehicles are assigned 

to the same ambulance station. An average increase or 
.096 occurs when a uniform coverage distribution policy 
is utilized. Implementation of a distribution policy to 
increase coverage in the area of maximum demand results 

in an average increase of .064 over the uniform coverage 

policy.
For r = 3, the conditional probability is .229 

when all three vehicles are assigned to the same station. 

An average increase of . 145 can be obtained by imple­
menting a uniform coverage policy. In this case, how­
ever, the maximum coverage policy results in a . 046 de­

crease in the average probability.
From these results we can conclude that the distri­

bution of recovery vehicles does affect the probability 
that one or more vehicles are on a short run and the proba­
bility that any recovery vehicle is on a short run, given 

that it is busy. Placing all recovery vehicles at a 
single station results in values for these probabilities 

which are substantially lower than those for alternative 
distributions. Placing the vehicle(s) in the regions of 
maximum demand results in the highest probabilities when 
r = l and r = 2. When r = 3, the uniform coverage distxi- 
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bution results in higher values for the relevant proba­
bilities. However, no substantial difference exists be­
tween these latter two distributions for either multiple 

vehicle allocation policy.

6.2.2. Dispatch Effects
We shall now examine the probabilities that one or 

more recovery vehicles are on short runs in a dual func 
tion system. These are plotted in Figure 6.2 as a func­
tion of the proportion of police calls accepted for ser­
vice when all vehicles are idle. We observe a gradual 

reduction in this probability as more police calls are 
accepted by the system. This result holds for all allo­
cation and distribution policies. When no police ca3is 
are accepted U2 = 0), results are identical to those of 

Table 6.4. As we have seen, distribution policy HI 
(placing all vehicles at a single station) is inappropri­
ate in a dual-function system, and results are not pre­
sented for this distribution. In addition, the degrada­
tion in performance has not been calculated for the three 

vehicle allocation.
If one adopts the protective dispatch policy dis­

cussed in Section 5.2, the reduction in the probability 
that one or more vehicles are serving "short" emergencies 

is not as rapid. Results for such a protective pdli^i
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are shown by the dotted line in Figure 6.2. Nevertheless, 

some degradation in this probability is present whenever 

any police calls are accepted for service.
To study this problem in more detail, the condi­

tional probability that each vehicle is serving a "short" 

emergency, given that it is busy, was calculated for the 
various allocation and distribution policies with r = 1 
and r = 2. Results are presented in Figure 6.3. (Ob­
serve that semi-log plotting has been utilized in this 

figure.)
When the conditional probabilities are examined 

in this way, one observes that the degradation occurs at 
the same rate for each vehicle. This was not true for the 
degradation in vehicle availability studied in Section 

6.1.3.
However, when one conditions on the event that the 

vehicles are serving medical emergencies, it was found 
tnat the conditional probability of serving a "short 
emergency is constant regardless of the dispatch policy. 
From this we can conclude that the dispatch policy does 

not affect the relative proportions of time spent serving 
medical emergencies requiring less than one mile transit 

distance and serving medical emergencies requiring more 
than one mile transit distance. Instead, the decline in
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those probabilities of Figures 6.2 and 6.3 is introduced 
by the larger proportion of the vehicles' time which is 

required to service police calls as more of these are 

accepted by the system.



CHAPTER VII

SUMMARY AND CONCLUSIONS "

The "purpose of this study has been to examine im­

provements in the quality of urban ambulance service 
which can be attributed to alternative ambulance allo­
cation and distribution policies. While these improve­
ments should contribute to reduced victim mortality or 
morbidity, we have observed that it is difficult to use 
such reductions as practical measures of system perfor­
mance. This is true in part because indices of morbidity 
and mortality are difficult to define in a quantitative 

manner. Furthermore, it is extremely difficult to re­
late changes in these indices to the recovery system 
modifications we are examining. Consequently, interme­
diate measures* of system performance, which are directly 
related to the system response time, have been chosen for 
this analysis. These measures are the probability that 
a vehicle is available to respond to an emergency and 
the probability that the recovery vehicle(s) must travel 

less than one mile to the scene of a medical emergency.
Statistical analyses of emergency occurrence and 

service processes nave been conducted on data obtained

216
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from the City of Detroit to aid in the development of a 
suitable model for the recovery process and to estimate 
the parameters of the resulting model. The results of 
these analyses are briefly summarized in Table 7.1.

Three major problems were resolved in using these 
data analyses in the model development. The first of 

these involved the incorporation of transit distance 
effects into a model of vehicle service times. The fact 
that no strong relationship was found between expected 
travel time and expected travel distance led to an ab­
straction where ambulance service times were considered 

as independent, identically distributed exponential ran­
dom variables when one condiLions on ranges of transit 

distances as in Table 7.1.
Second, it was necessary to develop a model for 

the joint occurrences of police and ambulance calls, 
since these both are inputs to the dual-function ambulance 
system. It was found that a semi-Markov process provided 
a reasonable model for these occurrences. Statistical 
analyses indicated that the state transitions in this 

semi—Markov process could be adequately modeled as 
Bernoulli random variables with independent negative­

exponential times between transitions.
The third problem was in the development of a re­

covery system model which allowed emergencies to be
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serviced in a differential fashion by the recovery sys­
tem, depending both upon the state of the system and the 

type of emergency. This was resolved by extending cer­
tain results in the theory of systems of queues in par­
allel to include Markovian channel selection switches 

which are conditioned on the joint state of all queues 
in the system. In addition to solving the problem in­
volved in this application, these theoretical results 

should also be useful in the study of queueing systems 
with non-random channel assignment rules. These in­
clude systems with shortest-service line channel selec­
tion rules, preferred server selection rules, and other 

related channel selection mechanisms.
The queueing theoretic model of the recovery pro­

cess has been utilized to study the effects of the vari­
ous allocation, distribution, and dispatch options avail­

able to the system designer. Analytical and numerical 
results have been developed to determine the effects of 
these alternatives on system performance. These results 

are briefly summarized in Table 7.2.
Although the purpose of this study has been to 

model the effects of a range of alternative policies, 
these results do provide much guidance in selecting a pre­
ferred system. We observe that a two vehicle, single 
function ambulance system operating in a police precinct
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Measure of System Performance

Effect of 
Allocation
Policy

Effect of 
Distribution
Policy

Effect of 
Dispatch 
Policy

Probability one or 
more vehicles are 
busy

One Vehicle .7891
Two Vehicles .9765 
Three Vehicles .9981 
Four Vehicles 1.000

No appreciable 
Effect

Monotonic increase 
as function of pro­
portion of police 
calls accepted for 
service; rate of 
increase less for 
larger number of 
recovery vehicles

Probability a vehicle 
is serving a medical 
emergency requiring 
less than one mile 
transit distance, 
given that vehicle 
is busy
General increase as 
function of number 
of vehicles in sys­
tem (depending upon 
distribution policy)

Increase as vehicles 
are moved from single 
station to multiple 
stations
No effect on relative 
proportion of time 
spent serving "short 
or "long" medical 
emergencies

Table 7.2
Summary of Major Allocation, Distribution, 

and Dispatch Effects

results in one or more vehicles available for service 
approximately 98% of the time. A rather substantial de­
crease in availability occurs when a single vehicle sys­
tem is implemented, and a very small increase occurs when 
a three vehicle system is utilized. Furthermore, in the 
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two vehicle system, over 30% of each vehicle's activities 

will involve servicing "short" runs when the vehicles are 
distributed at separate stations located in the sub-re­

gions of maximum demand. .
If the recovery system must service both police 

and ambulance calls, availability declines monotonically 
with' the proportion of police calls accepted for service. 

In this case, it is possible that three or four vehicles 
will be necessary to maintain adequate availability. 
However, if one adopts the "protective" dispatch policy 
discussed in Chapter V, 90% vehicle availability can be 

maintained in the two-vehicle system.
Several problems which are not considered in this 

paper could serve as the basis for future research. 
First, the development of queueing theoretic models incor­
porating more sophisticated distance—service time re­
lationships is essential for studying distribution ef­
fects in larger, more complex service regions. Second, 
one might examine system performance when the idle re­

covery vehicles are "re-deployed" to maximize coverage 
as the other recovery vehicles are assigned to emer­
gencies. Finally, one might consider system performance 
when the number of vehicles assigned varies either sto 
chastically or deterministically as a consequence of 
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vehicle maintenance, differential shift assignments, and 

other special activities. In this case transient effects 
become more important, and the model analysis must include 

a detailed consideration of the time-variant system per­

formance .



APPENDIX A

STATISTICAL TESTS FOR THE POISSON PROCESS

In this appendix we briefly document the various 
statistical methods which were used in Chapter 11 to test 
for the "Poissonness" of the emergency occurrence and 
service processes. This documentation is included for 

the following reasons :
(1) to provide the readers of this paper with 

readily accessable reference material;
(2) to bring together reference information as an 

aid to future researchers who are interested 

in the statistical analysis of point processes.
It should be pointed out initially that most of 

the procedures discussed here provide tests of the Poisson 

hypothesis agaihst very general alternatives. Unfortu­

nately, the power of these tests is difficult to assess, 
since this is highly dependent upon the specific alter­
native under consideration. Consequently a variety of 

tests with differing characteristics are discussed in 
this appendix, and these are all utilized in Chapter II 
to accumulate evidence for (or against) the Poisson null 

hypothesis.

223
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The majority of the tests discussed here are based

upon the uniformity of waiting times in the conditional 
Poisson process. Let t^ be the time of the ith event in 

a Poisson process. Then when the process is observed 
until the kth event (occurring at time tQ), the k random

variables = t*i/t are independent and uniformly dis­

tributed over the interval (0, 1).
To show this consider the joint density of the

times tp 
time to

f (tiz

conditional on k events occurring in

-xt, -x (t -t ) -x(to-tK)
Xe Xe__________' ' ' Xe___________ Ê.---- ----

ki

k! 0 i tx Î t2 ••• i tK 5 to

But this is exactly the joint distribution of the order 
statistics from a uniform distribution over the interval 
(0, tQ) . The distribution of the Ufollow from a sim­

ple transformation. Hence tests for a Poisson process can 
be implemented by testing whether the independent random 

variables t^/t^ follow a uniform distribution.
The Kolmogorov-Smirnoff statistic provides one such 

test bv computing the absolute deviations between the
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empirical distribution function [F^(x)] and the cumula­
tive distribution function as defined under the null hy­
pothesis (F (x)]. Three test statistics can be calculated:

Upper-Sided < = /n sup 
-œ^X^00 fFn (x) - Fo (x) }

Lower-Sided Dn = Æ
sup

— “ —X—00 (Fo (x) - Fn (x) }

Two-Sided Dn = /n sup lFo (x) - Fn (x) 1

The empirical distribution function is given by F^(x) - i/n, 

while under the Poisson hypothesis, the cumulative dis­

tribution function of the U is given by Fq(x) — 
The null hypothesis is rejected at level a if Dn i dn, a 
where d is the ath percentile of the distribution of 

n t a
Dn under the null hypothesis. Certain results on the minimum 
power of the test are known (Massey [20]). References on this 
test include Cox and Lewis (10), Darling (13), and Parzen (26).

The Anderson-Darling test is based upon the mean 

square deviation between F^(x) and Fq(x). This test is 
derived from the Cramer-Von Mises statistic w^, where

w^ = n / [Fn(x) - Fo(x)]2 dFQ(x) 
n — 00

The Anderson-Darling test computes the weighted mean square 
error using the weight function g(x) = • ^^n the 
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data are assumed to follow a Poisson distribution, the 

resulting statistic is

-2 r1”n ’ n/0
2[i/n - u] 

u(l - u) du

n - 1/n ? {(2.-1)£nufi. + [2(n-i) + 1]In(1-u(i))J
i=l 1 1

The null hypothesis is rejected when w% > 
where w is the percentile of the distribution of 
w2.’ It is known that this test is sensitive to devia­
n
tions from "Poissonness" in the tails of the distribu­

tion (Cox and Lewis [10]), but nothing is known of the 
power of the test• References on the Anderson-Darling 
test include Anderson and Darling (2), (3).

The Kolmogorov Smirnoff and Anderson-Darling tests 
can be extended by applying them to transformations of 
the ordered tiifies to events. One modification, proposed

by Durbin ( 14), bases the tests upon the partial sums 
of the ordered interarrival times. It is known that tests 
based upon these observations give greater power against 
processes where small interarrival times between events 
become smaller and large interarrival times become longer. 
References include Durbin (14), and Cox and Lewis (10).
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The final test referenced in Chapter 11 is the 
Moran Test. As we pointed out in Section 2.2.1, this 

test is designed to provide high power against Gamma 
alternatives to the Poisson hypothesis. Specifically 
we are testing the hypothesis that k = 1 in equation 
( 2.1) , since in this case the Gamma distribution simpli­

fies to the negative exponential distribution. Recall 
from equation ( 2.5) that the maximum likelihood esti­

mator of k is given by the solution to:
" n x.V"

d« x

It can be shown that the left-hand side of thia 

equation is monotonic increasing near k = 1, and hence 
k can be written as a monotonic increasing function of 

the right-hand side (Moran [23]). Therefore a test can 
* 

be based on the statistic

where we reject the null hypothesis for Mn large. In 
practice the statistic Mu is utilized, and this given

by Bartlett (5) as:
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Mn
2n[&nx - l/nl&n x^]

1 + ^

Bartlett has shown (5) that under the Poisson hy­
pothesis M has approximately a Chi-square distribution 
with n-1 degrees of freedom. Hence, approximate signifi 

cance levels can be found by using tables oi the Chi 

square distribution. References include Cox and Lewis 

(10) .



appendix b

LAPLACE-STIELTJES TRANSFORMS OF DECOMPOSED 
EMERGENCY OCCURRENCE PROCESSES

In this appendix we shall develop the Laplace 
Stieltjes Transforms of the distribution of the times be 
tween ambulance calls and of the times between police 

calls when it is assumed that a semi-Markov process gen­
erates these processes. We shall then briefly indicate 
why the models of Sections 2.2.1 and 2.2.2 provide rea­

sonable representation of these two processes.
As we saw in Section 2.2.3, the semi-Markov pro­

cess generating the sequence of emergency occurrences is 
completely identified when the marginal distribution of 

the times between events and the proportion of ambulance 
calls in the sequence are known. In Chapter III we indi 
cated that these can be summarized in the matrix A(x),

where

A(x) =
nFoo(x)

nF10(x)

(i-n)F01(x)

(l-n)Fn (x)

The Laplace-Stieltjes transform of this matrix,

denoted A*(s), is given by

229
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A*(s) =

nFgo(s)

nF*0 (s)

(1- nlF^ts)

(1- n) F^ts)

where F^(s) - e j(x)

To generate the stochastic process consisting of
medical emergencies alone, we define the random variable

Y and let n
Y = 0 if event n n
Y = 0 if event n n

Further define
f0 ’ " °lZn

«1 - fr(Yn = 0|zn

is a medical emergency.
is a police call.

= 0} = 1
= 1} = 0

Let D be the matrix

0

0

and let Q*(s) be tne matrix (I. - D) A* (s) .
This situation is equivalent to a semi-Markov pro­

cess being decomposed by a state dependent switch. Cinxar 
( 7) has shown that the LaPlace-Stieltjes transform of 

the resulting semi-Markov process is given by B*(s), .

where .
p* (s) = A*(s) [I - Q* (s) ] 1 D
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In the present case this reduces to the single term given 

below:

B*(s) = U F*(s)
(l-H)Fg1(s)F*0(s) T 
1 - (l-n)F*1(s) J

[f*q(s) Hi-n) [Fg1(s)F*0(s) - F^(s)F^(s)]
"I 1 - (l-lDF^ts)

To generate the stochastic process consisting of

police emergencies alone, define

f0 = Pr(Yn = l|Zn = 0} = 0

fx = Pr{Yn = 1|Zn = 1}

Then let D be the matrix D =

q*(s) = (I - D)A*(s). Then B*(s)

0
_ and let fll

= A*(s)[1 - Q*(s)]"1D

is the Laplace-Stieltjes Transform of the distribution of

the time between police calls. This is given by

B*(s) = (1-n) r^ts) + 1 - nF^(s) -

= 1

*0

0

(1-n)
F^(s)+ :F;o(s)F^(s)-F;o(s)F^(s)] 

1 - nr*0(s)
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We have seen in Chapter 11 that F^U) can be modeled 

by an exponential distribution with parameter . In 
this case F*.(s) = , and both B* (s) and B*(s) can

13 Àij
be represented by ratios of polynomials. It is known 

that a non-negative random variable whose Laplace trans­
form is the ratio of two polynomials belongs to the "gen­
eral Erlangian" class of distributions (Cox and Smith [11]). 

Since the Gamma and negative exponential distributions are 
members of this class, their empirical acceptance in Chap­

ter II is not surprising.
In fact, we conjecture that the transforms B*(s) 

and B*(s) can be adequately approximated by the Laplace 
transforms of the Gamma and negative-exponential distri­
bution which were identified in Sections 2.2.1 and 2.2.2

respectively. For instance, the application under con 
sideration in this research resulted in a small value for

n and Xoo = XH = X. Then we might approximate B*(s)

as :

(l-n)F* (s)
B*(s) = ------------ ---------

1 - nF00(s)

, X \
(1-n) x+sJ = x(i-n)
1-n s+x(l-n)

A* D

In this case the approximate distribution of the 
times between police calls is negative—exponential with 
parameter X(l— n). When maximum likelihood estimators of 
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X and 11 are substituted into this relation, we obtain a 
mean time between police calls of 18.4 minutes, a result 

which closely agrees with that of Section 2.2.2.



APPENDIX C

COMPUTER PROGRAM DOCUMENTATION .

The numerical results in Chapters IV, V, and VI of 
this dissertation were calculated by programming the al­
gorithm of Chapter III on the University of Michigan IBM 

360/67 MTS Computing System. The resulting program, 
which was written in the Fortran G compiler language, is 

documented in this appendix. The purpose of this docu­
mentation xs to illustrate the relevant computational 
techniques and to provide a reference for other researchers 
wishing to adapt these results to their particular appli­

cation.
Imput data to the program consists of (1) the num­

ber of recovery vehicles in the system, (2) the estimated 

parameters of the emergency occurrence and service pro­
cesses, and (3) the parameters of the various "switching 

matrices. The output consists of the equilibrium state 
probabilities, although the Markovian state transition 

probabilities are optionally available.
The "switching" matrices Pr(Yn|S^, Z^} are de­

veloped for each vehicle distribution policy through a 
direct implementation of the decision rules of Section 

3,2. The documented program considers only the cases 

234
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r=l, r=2; larger values of r can be implemented by a 

straight-forward generalization.
The conditional state transition probabilities 

prrq 7 In , % ., Y ,} are developed from the formulaPrtbn, ZnISn_1r 6n-l n-1

(C.l)

axPr(Xn S X, zJsvP

In Section 3.1 we observed that for the model under con­

sideration, non-zero values of Yn-ir xn "
can be written as the product of terms of the form 
1-e 1 and e , where and Bj denote the various
emergency service rates. In general this product can be 

written :

n1 (1-e n2 ^l^^2^^ (c-2)
i=l 3=1

For instance, when = r2 = 1, the above product simpli­

fies to
-B.x -(B^+B-îx 

e - e J

For general density functions dxPr(Xn x, Zn|Zn-1}, 

the integration of equation ( C.l) can be performed 
numerically. However, since in our model the distribu­
tion of times between ambulance calls in a single function 
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system is Gamma and the distributions of times between 
various events in a dual function system are negative ex­
ponential, the integrations can be performed analytically. 

We note that each term in the product (C.2) is of the 
form where 5 is a linear combination of certain emer­

gency service rates. Hence the conditional state trans­
ition probabilities Pr{S^, Z^|S^_^, zn-i' Yn-1> consist of 

linear combinations of terms of the form

k x K

0

in the pure ambulance system and of terms of the form

j-(c-o

in the dual function ambulance system.
To perform the actual computation, each term of 

-B.x -B.x .the form 1-e 1 and e 3 was assigned a unique prime 
number. The product of these terms (C.2) can then be 
uniquely represented by the product of the associated 

prime numbers. Finally, the probabilities 
Pr'S Z Is , Z ., Y ,} can be found by performing Pr —n' ^n1 —n-1 n-1' n-1
a table look-up which associates a unique linear combi­

nation of elements of the form (C, 3) or (C.4) with- this 

resulting product.
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The table look-up was performed by calling the sub­
routine GETA2. The arguments to this subroutine consisted 

of the prime product calculated above and the two para­
meters associated with the emergency occurrence process. 
(The dummy parameter K=1 was used as the second parameter 
when the time between the events of interest was negative 

exponential.)
The matrix of products of primes was generated by 

observing that the matrix of probabilities P r {। —n-1' ^n-1’ 

X = x} can be computed by forming the Kronecker products 
of identical matrices whose elements are Pr{S^|Yn-]/ 

X = x) i - 1/ 2, • • • , r. In the Fortran program, these 
n 
component matrices are denoted by NS, and the resulting 

matrix uf products of primes is denoted by NSS. The 
matrix of conditional state transition probabilities is 

denoted by SS.
The Markovian transition probabilities PrtS^, n-1 

Z -} are computed according to the formula 
n— 1

fr'Yn = il&n-l' Zn-1*

The transition probabilities are stored in the matrix de­

noLed P.
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The equilibrium state probabilities were calculated 
by forming the system of linear equations previously dis­

cussed in Section 4.1. The solution to the resulting 
system was found using the University of Michigan Com­
puting Center Library Subroutine SLE1. This routine 
uses the Gaussian elimination algorithm documented by 
Forsythe and Moler in (15 ), and it performs all computa­

tion in double precision arithmetic.
A flow chart showing the program logic is presented 

as Figure C-1. This flowchart was prepared using the 
Calcomp Flowgen program on the University of Michigan High­

way Safety Research Institute IBM 1130 Computing System.
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FIGURE C.l
COMPUTER PROGRAM LOGIC

DO 1 1=1.L

DO I J=1.M

SW (I ,J) =0.

DO 2

V

= 1 .4 ▻ 2

DIMENSION SW (7.32) ,NS(4,4.4) »NSS(32.32 .7) »SS (32 ,32.7) . I MP ( 6 4)
F^(32.32) ,Y(32) .SQL (32) ------ -------------- ------

200 V______READ(5.98)MN |

M=2*4«*MN L=3«MN+1

SET MATRICES TO ZERO

COMMON ALPHA.BETA.GAMMA 
READ NO. OF VEHICLES

PG 1 OF_______
13
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SL

_ -1- , ----- -- 0-2
NS (I »J»K) =0

SL

read OCCURRENCE ANO SERVICE PARAMETERS

^ËÂÔ.S^Ô07ÊÔ^Ô7^^^

88 SL____ .... |FORMAT(8F10-3) J

93 V------- 1| FORMAT HFIO >3) |

0

SET SM MATRIX FOR R=1

IF (Mi NE.D GO TO 3

A

CONT. ON PG 3
EG-2— 13
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|rERD (5,100)PHI 1.PDEL

_ ____________V---------- --
C SET SH MATRIX FOR R=1
C _______________

______ S______SW(1,2)=1-PH11 SW (1 ,3) =1 SH (1 .4) =1SH (1.5) =1 SH (L .6) =1 SH (L .7) =1 SH (1 .8) =1 SH (2.2) =PHI 1

SH (3,1) =PDEL “I 
SH (4,1) = 1 -PDEL |

|GO TO 35

6 
£2

SET SH MATRIX FOR R=2S.

V

V
CONT. ON PG 4 PG 3 OF

13
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0

HZ 2
3

EXIT

READ (5,101) PH11 .PHI2/P1.P2.P3.P4.PGAM.P0EL]

( DO 7 NS2=1.4 y~ - - - >6

_______ S______< DO 7 NS1 = 1 ,4 y ~ ~ ~ C> 6

0

O

5_ 
£8

5_ £7

CONT. ON PG 5 PG 4 Of-----13
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Ê_ A9

Lf WS2.&T .1 -RND.NS1 -EQ -1J GOTO 10

SW 11 .J) =1SW(1»J+1)=1

| GO TO 7

fil

52.

________ S________
SW (4.J) =P2SW (6.J) =P3SW (7.J) =P4SW (1 ,J+1) =1-PH12SW (2.J*1) =PH12/2 .SW (5.J+1) =PHI2/2.

saA_ 
9

| GO TO 7
31

| SW (6.J) -FOEL

V
SW (7. J) = SW (1 ,J + 13 SW (5 . J +1

L-POEL =1-PH11 =PH11

CONT. ON PG 6 PG S OF
13
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INITIALIZE SING VEL TRANS MAT

SHO. J =PGAM

GO TO 7

V

5_
10

B3_KJ 
35 V_____
NS (1.1.11=1 I

CONTINUE

NS (1.1.3) =2NS (1.3.3) =3NS (1.1.4) =5

SW (4.J)=1-PGAM
SW (1, J + l) SW (2.J+1

=1-PH11 =PH11

NS (2.1.1) =11NS (2.2.1) =13NS (3.1.1) =2NS (3,3.1) =3NS (4.1 .1) =SNS(4.4.1)=7NS (1,1.2) =11NS(1.2.2)=13

CONT. 0^ PG 7 PG 6 OF
13
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INITIRL1ZÉ NSS MATRIX AND COMPUTE SS

IF (MN-NE .1) GO TO 37

NS(r74.4) =7

DO 36 1=1.4

DO 36 J=1■4

DO 36 K=1.4

SL

B5

V

SL

, g___  | GO TO 39

36___ S

CONT. ON PG 8 PG 7 OF_______ .
13
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NSS (K.L.7) =NS (Il .JI >4) »»NS (12 . J2.11

< DO 38 J2=l.4

DO 38 11=1.4

DO 38 Jl = l .4

DO 38 12 = 1.4

L1=L

V

38___ %

1F(MN.NE-2)CRLL SYSTEM

EL- 
37

EXIT

K=4*(11-1)+12L=4*(J1-1)+J2NSS (K.L.ll =NS (Il ,J1.1) »N5 (I2.J2.il N55 (K.L.2) =NS (I1.J1.1) *NS(I2»J2.2) NSS (K.L.31 =NS (I I .JI .1) hNS (I2.J2.3) NSS (K.L.4) =NS (Il .JI .1) «NS (I2.J2.4) NSS (K.L.S)=NS (II.JI .2) eNS (I2.J2.1J NSS (K.L.6) =NS (Il .JI .3) «NS (I2.J2.lJ

CONT. ON PG 9 PG 8 OF

I2.J2.il
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SI

39 &

V

11=(I+1)/2
SSU^jiK>=rl»GETn2 (NSS IU.J1 -K>.l.;EOO)

________________ V------------------------------------------- --- ---------------------

SS(I+1»J+1»K)=(1-PI)*GETA2(NSS(I1,J1»K),1iEll) 
COMPUTE TRANSITION MATRIX P .

_____ S_____< DO 5 1=1.M > - - ~ >10

____ s____< 00 5 J=1.M y - - - > io

I p (i =pr~]

. V

CONT. ON PG 10 PG 9 OF
13
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T

_ — - 5_____ S7 ----------------------------------- ------------------
P (I » J) =P (I »J) +SS (I *J'K) 
COMPUTE SYSTEM OF EQN

*SW (K.l)
FOR EQUILIBRIUM PROB-

I

- < DO 6 = 1 . M >

,_____ 5 1
- < DO 6 J=1.M >

- 6 \7 _

| SS (I » J » I = P(J.l) |

< DO 11 1=1»M >

J7
I RMIN=SS (I .1 ■!> I

___ i I______ _

| if (SS (1 . J » 1) -LT .RMIN) RM1N=SS (I .J.D ]

____ 12 V______ ----------- (CONTINUE I

V

CONT- ON PG PG 10 OF
13
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| =RM1 N~~|

< DO 13.1 = 1 .M >

— - — — — — — 13___ 2---- ----- --- 1| SS (1 .1 ,1) =SS (I .1 .1) -1 - J

< DO 14 1=1.M >

<00 14 J=1»M >

- 14 V_______
|P(1»J)=SS (I » J■1)

P (I ,J) =Y (I) -p tl »J)
SOLVE SYSTEM FOR EQUILIBRIUM PROB.

V 
CONT. ON PG 12 PG 11 OF
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I 
I 
I

DO 63 1 = 1 .Ml .2

GO TO 200

XL

63 V 
CONTINUE

101 ________
FORMAT(8F 7.4)

J= (1 + 1) /2 TUI (J) =SOL (I) /PI

WRITE (6.101) (SOL (I) .1 = 1 .M)M1=M -1 ______________

M2=M/2WRITE (6.101) (TUI (1) .1 = 1 .M2.1)

PG..12-QE___ U.
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98 Û| FORMAT (IB)

, v .| END |

PG 13 FINAL
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GETR2=0.

RETURN

03= (Z/ (3«BETA*Z) ) «*RKAP

G= (Z/ (GAMMA+Z)) *«RKAPG2=(Z/ (2*GAMMA+Z)) **RKAPAG= IZ/ (ALPHA+GAMMA+Z)) »*RKAPBG= (7/(BETA+GAMMA+Z) ) ««RKAP

rUNCTION GETA2 (M.RKRP.RMU)

STATE TRANSITION PROBABILITY

IF (M.NE.0) GO TO 1

COMMON ALPHA,BETA.GAMMA 
Z=RKRP/RMU .A=(Z/ (ALPHA+Z))*»RKAP0=(Z/ (BETR+Z))«sRKRPA2= (Z/ (2hALPHA+Z) ) **RKAPB2= (Z/ (2»BETA+Z) ) **RKAPAB= (Z/ (ALPHA+BETA+Z))k»RKAP A3 = (Z/ (3»RLPHA+Z) I h«RKRP

PG I OF B
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1F(M-NE -1) GO TO 2

1F (H.NE.2) GO TO 3

IF (M.NE.3) GO TO 4

ai

GETA2=1-A

GETA2 = 1 .

|RETURN

RETURN

BS

CONT. ON PG 3
PG 2__OF___8
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1F (M-NE .4) GO TO 5

IF (H.NE.5) GO TO 6

|GETA2=1-2*A*R2 ]

GETA2=A

RETURN-!

V

AB

|RETURN

V__  RETURN

V___  GETA2=1-B

CONT. ON PG 4 PG 3 OF 8
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1F (H-NE .6) GO TO 7

IF (M.NE.7) GO TO B

IF (11.NE.9) GO TO 9

£8

| GETA2=A-A2 |

|RETURN

GETA2=B

V

B3

+

+

. V
|RETURN

CONT. ON PG 5 PG 4 OF 8___
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|GETA2=A2

V
| RETURN

IF (M.NE.IO) GO TO 10

|GETA2=1-A-B+AB

VI RETURN |
--- t>l

IF (M.NE.14) GO TO 11

6 + 
B6

_____S____ GETA2=B-AB

|RETURN |

CONT. ON PG 6
PG 5 OF 8
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1F lM.NE-15) GO TO 12

JF (M-NE .21) GO TO 13

IF (M-NE.25) GO TO 14

11

| GETA2=R-RB

12

13

|RETURN

GETR2=RB

|RETURN
V

Cl

CONT. ON PG 7 PG 6 OF 8
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| GEJA2=P-2MB + B2 |

V_, RETURN I
—Oi

IF IM-NE.35) GO TO 15

I
| GET82=8-82""]

V_____ _RETURN |

IF (H.NE.49) GO TO 16

I
| GETA2=82

. v .|RETURN I

CONT. ON PG 8 PG 7 OF 8
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ET=k — 

16 g_____| WRITE (6.100) M 

_______100 V -------—i |FORMAT(' ERROR IN M'llO) |

I NOTE: A PORTION
1 OF THE SUBROUTINE 
I HAS BEEN REMOVED 
I AT THIS POINT.
I THIS LOGIC IN THE
I ACTUAL SUBROUTINE I
I CONTINUES UNTIL I 
I THE NUMBER 169 IS I 
I REACHED I

V ________ _CALL SYSTEM |

PG 8 FINAL
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