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THE BANACH ALGEBRA OF CONTINUOUS MAPPINGS

FROM A COMPACT HAUSDORFF SPACE 

TO A BANACH ALGEBRA 

by William K. Smith

A study Ie made of the Banach algebra BX of the set of 

all continuous mappings from a compact Hausdorff space x to 

a Banach algebra B. Here B is assumed to have identity e 

and to be commutative. The scalars may be either real or 

complex| in the former case it is assumed that b^e has an 

inverse for each b e Bj in the latter it is assumed that b&B 

implies b* gB, where b*(M)=b(M) for each maximal ideal M in 

B» It is shown that the maximal ideal space % of B* is 

homeomorphic to , where % is the maximal ideal space of 

B. Thus each ideal mg^ determines a subset ^(M) of °rv 

homeomorphic to X, This fact is exploited to obtain a 

theorem stating that X and X are homeomorphic if an 
isomorphism exists between B* and BY which also provides an 

isomorphism between the constant mappings in B* and those in 

moreover, this condition is necessary.
Next, further properties of B% are investigated in the 

case that B is semi-simple and a sot of necessary and 

sufficient conditions is given describing when, for given 

algebras A and B, there is a compact space X such that A is 
equivalent to B*. The conditions are based on the sets ^(M) 

mentioned above, although the points of X are bounded linear 

multiplicative transformations from A to a subalgebra B*



equivalent to B. Throughout, the numerical-valued functions 

b(M), M G^and f (N), f G Bx, , are used extensively.

If B is not semi-simple a characterisation based on 

these methods does not seem possible. It is shown however 

that if B has radical P then the radical Q of is exactly 
p%. Also if B is a direct sum of B/P and P then B^/Q is 

equivalent to (B/P)X and BX is a direct sum of BX/Q and Q.

Consideration is given to the relation between the 

maximal ideals of a Banach algebra and the T-sets Myers 

has defined in a Banach space. Roughly speaking, the 

former are related to "minimum value" whereas the latter are 

related to "maximum value". A method of enlarging each 

maximal ideal to a set more closely related to the T-set is 

given, although it is pointed out that since the ideals depend 

only upon the algebraic structure of the algebra whereas the 

definition of T-set involves the norm of the space the analogy 

probably cannot be pushed too far.

The final section specialises B to be a regular algebra 

as studied by Sllov, i.e. one such that Gelfand's topology 

for and the Stone intersection topology mentioned by 

Gelfand and sllov lead to homeomorphic spaces. It is shown 

that Bx is regular if and only if B is regular.
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§1. Introduction

in studying the system of continuous functions defined 

on a topological space X and having values in some space one 

encounters two basic questions : Does the system of functions 

determine the topological space? and What characterizes the 

system of functions? The answers to one or both of these 

questions have been given by various writers when the image 

space is the field of real numbers and when the system of 

functions is treated as a lattice, an ordered group, a linear 

lattice, a Banach space and a Banach algebra, among others• 

And Jerison [4]has generalized some of these results to the 

case where the image space is a strictly convex Banach space, 

the functions being treated as a Banach space.

This work gives consideration to these questions for X 

a compact Hausdorff space and a Banach algebra B as image 

space, the set of functions forming a Banach algebra. It is 

first (§3) found that under certain conditions the space of 
maximal ideals in B* is homeomorphic to X* , where is 

the space of maximal ideals in B. This makes it possible 

then (%4) to state conditions under which the Isomorphism of 
BX and BY implies the homeomorphism of X and Y.

The image algebra B is then ($ 5) specialized to be semi­

simple (i.e. having no radical) and the properties of the 

algebra are studied. From this study a characterization 

of BX is obtained (§6). The case where B has non-trivial 

radical is next (§7) touched on lightly.

1 -
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In § 8 a study la made of the analogy between the T-seta 

Myers [6] defined in a Banach space and the maximal ideals in 

a Banach algebra. It is found that, roughly speaking, the 

former are related to "maximum value" and the latter to 

"minimum value." A different approach to a homeomorphism 

theorem is given.

The "regular" algebras studied by Silov Ü8] are 

considered briefly in §9 where it is shown that, for compact 
X, B^ is regular if and only if B is regular.

Many of the results are true for either a real or 

complex Banach algebra, although some basic restrictions on 

B are stated in $5 2 and 3»

&2. Preliminaries; definitions, notation

Let B be a Banach algebra (normed ring) in the sense of 

Gelfand [2] , 1 .e.

1) B is a linear normed complete space.

11) a commutative and associative multiplication is 

defined in B, satisfying :

bi(bgtb^)zb^bgtb^b^ 

^(^1^2)= ( ?-"bi)b2, 2^ a scalar.

ill) B has an Identity e with respect to multiplication 

and ||e|| =1 (Hb|| denotes the norm of b 6 B) .

lv) || bibglldlbJHI bglh b1,b2£B.

The field of scalars over which B is defined may be either 

the field of real numbers or the field of complex numbers ;
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however, in the former case it will be assumed that B 

satisf ies

v) for each b G B, b^e has an inverse.

The space of maximal ideals in B will be denoted by Ÿh. . 

The topology of will be the first or preferred topology of 

If and, which makes a compact Hausdorff space and which 

makes each b G B correspond to a continuous numerical-valued 

function on . For b G B,MGhl these functions will be denoted 

by b(M); their values will be complex numbers if the scalar 

field is complex, real numbers (thanks to v ) ) if the scalar 

field is the field of reals. This topology on is defined 

in terms of neighborhoods, where if M,G%, a V(Me) is 

determined by E >0 and b1,...,bn£B as

|b1(M)-b1(M.)|<£, 1=1,

As Gelfand has shown, B is homomorphic to a subalgebra 

of the algebra of all continuous functions on Th ; the kernel 

of the homomorphism is the radical of B.

Let X be a compact Hausdorff topological space and let 

B be the set of all continuous (hence bounded) functions 
defined on X with values in B. If f,gGBX, define f+g and 

fg as

(f+g) (x)—f (x)+g(x) 

(fg) (x)=f (x)g(x). 
Also, for f G B% define the norm of f as 

(If II — sup II f (X )|j . 
xeX

With these definitions B becomes a Banach algebra. The
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identity In B is the function which is identically equal 

to e; denote It by e’, i.e. e’ (x)=e, all xéX. More 

generally, the functions constant on X form a subalgebra B' 
x

of B equivalent to B: if b £ B, then b' (x)-b, all x g X, and 

Ilb’H —sup ||b* (x)|| = ||bh .
X £ X

Denote the space of maximal ideals in B^ by .

§>3. The space .

In this section it will be shown that under certain 

conditions every ideal of % is determined by a point x £ X 

and a maximal ideal M G , and in fact 91 is homeomorphic to 

X'9% .

To this end I begin with a known [io] result.

Lemma 3.1. If xoeX and M^9h then the set (xc, Mo ) = 
= jf G B% | f (xe ) G MOJ is a maximal ideal of B^.

Proof. It is trivial to show that (xo ,MO ) is an ideal. 

Suppose (xo, Mo) is properly contained in a (proper) maximal 

ideal N; then there exists g G N such that g(xo )=bo Mo . The 

maximallty of Mo in B implies that there exist meGMo and 
b[ G B such that e=bt • bo+ m o . Let f G B% be defined by f’-gb/ ; 

then f e(xo, Mo ) , since f (xo)=e’ (xo)-g(xo )b; (xo)=e-bob, =m06M0 . 

But from this it follows that e1 G N, for 

e ’=gb,’ + (e ’-gb/ )=gb,*+f

where g g N, so gb,’ £ N and f G (x= ,Me )CN. This means N=B^, 

contradicting the assumption that N Is proper. Thus, (xo,MO) 

is a maximal ideal.
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The following lemma is due to Yood (j.oj .

Lemma ^.2. For any f G the numerical-valued function 

f (x, M) defined by f (x, M)—f (x) (M) is continuous on X % Yh. .

Proof » Let (xo ,MO ) £ ; let E>0 be given.

Let

V(XO)=^XG x| ||f (x)-f (xj||< 

let

V(Ma = {M€^|)f (x6)(M)-f (XO)(MO )|< 92}.

Let V(xo,Mo)=V(xo)*V(MO)• Then, if (x,M)€ V(xo,MO), 

I f(x,M)-f(x0,Mo)k If(x,M)-f(x. ,M)|+|f(xo,M)-f(xo,MO)|

=|f(x)(M)-f(x0)(M)|+ |f(xo)(M)-f(xo)(M 

= |(f (x)-f (xJ)(M)|+|f (x J(M)-f (x 

< )|f (x)-f (xo ))|+ |f (xo ) (M)-f (xo) (M. )| 

< 9 2+9 2- £ , 

so f(x,M) is continuous.

Theorem 3*1» Let B be a real (1.e. having real scalars) 

Banach algebra. Then for every maximal ideal Noin B% there 

is a point xo e X and a maximal ideal such that
N0 = {f G Bx I f (xo )£ mJ .

Proof. The method of proof is contrapositive. If No 

is not of the stated type, then for every xoeX and every 

there is fo£ No such that fo (xo ) Mo. This means that 

for every (xo,Mo )G X*^ there is fo G No such that fo (xo,Mo)^0. 

Since f (x,M) is continuous on X*^ , each (xo ,MO ) has a 

neighborhood V(xo,MO) such that (x,M)G V(xo,MO) implies 

fo (x,M)^O. The compactness of X*^ assures the existence of
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a finite number of neighborhoods V, , ...,Vn which cover 

X * Tn and corresponding functions f, , Ne such that

(x,M)€ Vj^ implies f t (x,M)^O. Let

(5.1) 
then f G No and moreover f(x,M) is nowhere zero. This last 

means that for each x G X, f(x) is in no maximal ideal in B, 

so that (f(x) ) exists. Now, for b in the set of regular 

elements in B the mapping (b)=b' is continuous. Thus, If 

g(x)= (f (x) ) ", 

then g= f f, so g is continuous, i.e. gÊBX. But g=fand 

hence f cannot be in the maximal ideal No, a contradiction. 

Therefore, for some xo e X, and for every ft No, f(xo)GMo.

Since No is maximal it must consist of all such f.

Theorem 5.2. Let B be a complex Banach algebra 

satisf ying

i) to each element bS B there corresponds an element 

b* such that b*(M)=bW for all (7 denotes the complex

conjugate of the number 2\);

ii) the mapping ^:B.---- >B defined by (b)=b* is 

continuous on B.

Then the conclusion of theorem 3.1 holds.

Proof. The proof is the same as that of theorem 3.1 

except for slight modifications as follows. For each 

f1 » 1=1* •••>n» define a function g^ by 

(x)-(fi(x) )*;

then 11) guarantees that g^ is continuous on X, so g^€ BX.
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Next, replace the definition of f in (3.1) by 

f। Si+••e+^nSn (5•2).

Then f é No, and the remainder of the proof is as before. 

Lemma 3«3» If B is without radical, then the mapping 

Y (b )=b», where b*(M)=b(¥.) , all M , is a continuous 

mapping.

Proof. Let Bt be the algebra with the same set of 

elements and the same algebraic structure as B, but with norm 

defined as ^b^xhb*n. Then B, will be a Banach algebra if, 

under this norm, B, is complete. This is readily seen to be 

so. In fact, let ^bn^ be a sequence in B, such that 

bn-bm ,  » 0 . This means i|b^-b* ;}--- * 0, so, by the completeness

of B, there exists b* € B such that |j b^ — b*—^0. But this 

says exactly that j’bn ” bh,—» 0, and hence E, is complete . 

Clearly B and B, are isomorphic under the identity mapping, 

so by theorem 17 of Gelfand B and B, are homeomorphic.

It now follows that the mapping Y^b)-b^ is continuous, for 

If i b^-b.. -—>0 then B, homeomorphic to E implies ij bn-bc)J — > 0, 

i.e. b*-b* -—> 0.

Combining theorem 3•2 and lemma 3•3 leads immediately to 

the following theorem.

Theorem 3*3» Let B be a complex Banach algebra without 

radical such that to each element b E B there corresponds an 

element b* such that b*(M;=b(l£) for all K t . Then the 

conclusion of theorem 3»l holds.

Lemma 3-4. The two maximal ideals (x । ,K. ) and
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of B are equal If and only If xl=x2 and M(=M2.

Proof. The "if" part Is obvious. Suppose Then

there exists b e M, , b ÿ Mg. Let b’ (x)-b, all x G X, so 

t,^(x,,M|), b* ^. ( x2, Mg ) .

Finally, suppose x, ^x2> Then there exists )\ :X—*, 

3(x!)=0, (xg^~l. Set f(x)= (x),e, so f€(xl,Ml), 

f (Xg,Mg).

Lemma 3«5« If (x,M)G X*^ corresponds to and If
f tBX, then f (x,M)=f (x) (M) Is equal to f (N) .

Proof. 1 ) Let f E N, so f (N)-0. If N corresponds to 

(x,M), then f (x) (£ M and f (x) (M)=O=f (N) .

11 ) Let f=e', the Identity in Bx. Then e ’ (N) = l.

Also, e’(x)=e, all x G X, so e * (x) (M)=e (M) = l=e * (N) .

ill ) Let f be arbitrary in BX. Let f (N)= A ;

define g=f- Ae ‘ . Then g (N )= (f- A e ’ ) (N )=f (N )- A e ’ (N )= A - A -0,

so g E N and g(N)=g(x,M), where (x,M) corresponds to N. Thus 
O=g(N)=g(x)(M)= C(f-Ae')(x)J (M)

-(f (x)- Ae’(x))(M)=(f (x)- Ae)(M) 

=f(x)(M)- A e (M)-f(x)(M)- A 

=f(x,M)-f(N), 

so f(x,M)=f(N).

Theorem 3.4. Under the hypotheses of either theorem 3.1 

or theorem 3.2 or theorem 3.3 the space is homeomorphic to 

X,^.

Proof. Let ^(x,M)=N. By lemmas 3.1 and 3.4 and any 

one of theorems 3*1, 3.2, or 3.3, A is a 1-1 mapping of Xx^ 
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onto . Since both and ^are compact Hausdorff spaces, 

homeomorphism will follow if is shown to be continuous.

Let (x0 ,MO )-No , let

V(N. |f1(N)-f1(N. )|< S, l =

Let
V1(xo)=[x6 x| l|f1(x)-f1(xo)ll< e/i l:l,...,n; 

and let

1 = 1 Vjxe).

Let fi(xo)=bi, let
V(Mo) = {M€%||b1(M)-b1(M. )|< 1=1,

Finally, let V(x0 ,MO )=V(x0 )xV(M0 ) and let (x,M)£ V(x= ,MO ),

(x,M);N. Then for 1=1,*..,n (using lemma 3*5), 

|f1(N)-f1(No)| =)f1(N)-f1(xe)(M)+f1(xo )(M)-f1(No)|

< |f^(x,M)-f^(x„ )(M)| 4-|f^Xo ) (M)-f1(xe,Me )|

= )f1(x)(M)-f1(x6 ) (M)|+ |b1(M)-b1(M0 )|

= |(f1(x)~f1(xo))(M)|+ |b1(M)-b1(Mo)|

< ||f1(x)-f1(xo )i| -b|b1(M)-b1 (Mo )[

< 9^+92= £ , 

since x € V(xo ) and M€V(MO).

Thus Y^ is a continuous, hence a homeomorphic mapping.

3 4. The homeomorphism theorem

In the sequel it will be assumed that a complex B with 

radical satisfies the hypotheses of theorem 3 • 2 and a complex 

B without radical satisfies the hypotheses of theorem 3.3.
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The literature abounds with answers (largely in the 

affirmative) to the question whether or not a structure 

(lattice, Banach space, sub-space of a Banach space, Banach 

algebra, etc.) of real- or complex-valued functions defined 

on a compact Hausdorff space determines the space. In the 

case where the image space of the functions is a Banach 

space the result is not generally true, however. M.Jerison 
[4], drawing on an example of R.H. Fox [1] , has in fact 

given an example (see below) of a Banach space B and non— 

homeomorphic compact Hausdorff spaces X and Y such that the 
X yBanach spaces B and B are equivalent. On the other hand, 

Jerison has shown for a wide class of Banach spaces that 

the Banach-space equivalence ofBX and BY, X and Y compact 

Hausdorff, implies the homeomorphism of X and Y.

Now Jerison’s counter-example involves, and his theorem 

fails to hold in the case of, a B which is itself the set of 

numerical-valued functions defined on some compact Hausdorff 

space. And this fact points up a possible difficulty of 

obtaining an analogous theorem in the present case where B 

is a Banach algebra; for all Banach algebras are either 

equivalent to the algebra of all functions on the compact 

Hausdorff space of maximal ideals or are isomorphic or 

homomorphic to a dense subalgebra thereof.

Moreover, theorem 3.4 sheds further light on the matter. 

In the first place there is the following rather trivial 

consequence : whenever the Banach algebra B has space of
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maximal Ideals which is such that homeomorphic to

, X and Y compact Hausdorff, implies X homeomorphic to 

Y, then it follows that isomorphic to implies X 

homeomorphic to Y. In particular, there is the following 

theorem.

Theorem 4.1. Let B be a Banach algebra with a finite 

number of maximal ideals. Let X and Y be compact Hausdorff 

spaces. Then if BX is isomorphic to BY the space X is 

homeomorphic to Y.

This theorem, then, covers the case where B is any 

Euclidean space, multiplication being defined coordinate­

wise .

Secondly, the Jerison-Fox counter-example applies as

well to Banach algebras. In fact, let 

111=the unit interval
{( 1 ; or 0 A $ 2, =o]

%, ^-+^<1 ; or l 2, =0 ; or A=0, l^y^ 2} ;

then X and Y are not homeomorphic although X* CÏY\ and Y*1Y1 are. 

Hence, if we let Bs C (In ) = the set of all continuous real­

valued functions defined on 911, then B^ has space of maximal 

ideals X^lYl and B^ is equivalent to the algebra of all 

continuous real-valued functions on X*^. Similarly BY has 

space of maximal ideals Y*^ and BY is equivalent to (PCY*^)- 

Therefore, as Banach algebras, BX and BY are equivalent, 

whereas X and Y are not homeomorphic. Finally it should be 

remarked that the "cancellation" problem (using = to denote
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"is homeomorphic to, " does X imply x=Y? ) is far

from simple, and the Banach algebra approach to it is probably 

not sufficiently powerful to give much of a solution. 

Consequently it is not likely that it will be possible to 

obtain a homeomorphism theorem for Banach algebras analogous 

to that obtained by Je ri son for Banach spaces.

The homeomorphism theorem which appears below makes use 

of the subalgebra B' of the constant functions in BX.

Theorem 8.2 gives a different approach.

In the subalgebra B', as was remarked in §2, the element 

b’ is the function which for all x g X takes on the value b. 

If M is a maximal ideal in B, then M* is the corresponding 

maximal ideal in B ' .

Lemma 4.1. If N=(x,M)g9^ , then NnB'-M’. 

Proof. Since
N= (x,M) = [f e BX f (x) G m}, 

it follows that

N n B ’ = (x,M)n B ’ =£b ’ £ B’| b’ (x) E m] .

But b* E B* implies b' (x)zb, all x G X, so b’ G (x,M)A B’ 

implies b G M and b * £ M*. Conversely, let b * C M*; then 

b* (x)=b G M, all x G X, so b * £ (x,M)A B' . Hence, (x,M)H B’=M*.

Lemma 4.2. If N Gand NA B'=M^ , then N=(x,Mo) for

some x G X.

Proof . We know that N~ ( x, M, ) for some MiG^. By lemma 

4.1, then, NAB’.MJ, and by hypothesis N AB' . Hence 

and by the equivalence Me=Mlv which is to say N=(x,Mo).
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Definition. For M€ŸPl, let
7((M) = £n€^| NA B*=M’} .

Theorem 4,2. For any » ^(Mo) Is homeomorphic

to X.

Proof « By theorem 3*4 is homeomorphic to X*94l , 

and (M„ ), as defined above, is a subset of . But it 

follows from lemmas 3*4, 4.1 and 4*2 that under this 

homeomorphism (between Zl and X-^A ) ^(Mo ) corresponds to 

X- Mo which is homeomorphic to X, so ^(Mo) is homeomorphic 

to X.

Theorem 4.3» Let X and Y be compact Hausdorff spaces 
and let BX be isomorphic to BY. Assume further, if the 

Isomorphism between B% and B^ is provided by a mapping , 

that furnishes an isomorphism between the subalgebra B* 
x 

of constant functions in B and B’*, the subalgebra of 
Y 

constant functions in B . Then X and Y are homeomorphic.

Proof . For NG^, let (M* ^M1 * *,

(N)-N^ Then
C^(M| N A B’=M’ " 

-[n*^^ *1 B’ *=M’ *}

= (M) .

Now the topology of the space of maximal ideals depends only 

upon the algebraic structure of the Banach algebra. It 

follows, then, from the above equation and the hypothesis 

that B and B are isomorphic that ^(M) is homeomorphic to 

^■^(M) . But A^(M) is homeomorphic to X and 7] *(M) is 
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homeomorphic to Y, so the conclusion of the theorem follows.

Conversely, suppose X and Y are homeomorphic compact 

Hausdorff spaces, .the homeomorphism being given by a 1—1, 

bicontinuous mapping (y)=x. Let B be a Banach algebra.
For each f e BX define ^(f)=g€BY by

g(y )=f((y)).

Suppose b' (x)=b, all x € X; let (b * )=b* *. Then

b * * (y )=b * ( ip (y ) )-b, all y € Y.

Thus takes constant functions into constant functions. 

Moreover, it is easily verified thatis an Isomorphic 
(and an isometric) mapping of BX on BY. Thus the following 

theorem has been proven :

Theorem 4.4. Let X and Y be homeomorphic compact 

Hausdorff spaces. Let B be a Banach algebra. Then there 
exists an isomorphism between BX and BY which is also an 

isomorphism between the subalgebra B* of constant functions 

in B and the subalgebra B** of constant functions in BY.

§5. Properties of the algebra BX

In this and the following section B will be a Banach 

algebra as described in #2, 3 and 4, with the additional 

restriction that B is without radical; thus if B is complex 

it will be assumed that B contains the conjugate elements. 

Some properties of the algebra BX will be discussed. First, 

however, three lemmas should be mentioned.



Lemma 5.1. If the Banach algebra A contains a subalgebra 

B’ which has the same identity e' as A, if M’ is a maximal

ideal in B' , N is a maximal ideal in A and M' c N; then, for

each b’& B’, b*(M’)-b'(N).

Proof . 1 ) Let b'€ M' ; then b*£ N and b* (M* )=b’ (N)-0.

ii) Let b'=e * ; then b* (M*)=b* (N) = l. ill) Let b* be an

arbitrary element of B‘; let b'(M’)=A. Then

(b«- Ze' )(M' )=b’ (M* )- Ae'(M’ ) 

3b’ (M 1 )- X = 7^ - A =0, 

so b’- Xe'£ M ' and hence b’- Ae ' G N • It follows from 1 ) 

that

0-(b‘- ^e' )(N)=b’ (N)- Ze ’ (N)-b’ (N)- Z , so 

b’ (N)- Zsb' (M* ).

Lemma 5.2 (Sllov [73 ). If the algebra B* is contained 

in the algebra A, then each maximal ideal M’ of B1 is 

contained in some maximal ideal N of A.

Lemma . 5.? « Let A and B’ be algebras, B*C A, having the 

same identity e ‘ . Then the intersection Na B’ of a maximal 

ideal N of A with B’ is a maximal ideal of B*.

Proof. It is routine to show that N H B' is an ideal in 

B’• Further, .N H B’ Is a proper ideal since the identity e' 

of B1 and A is not an element of N• It remains to show that 

Nf\B* is maximal in B’ . Assume N A B' not maximal. Then NH B' 

is contained in a proper maximal ideal M* of B‘, and there is 

m€M’, m Nn B' ; in particular, m<N. This means there exist 

scalar Z and an n € N such that e’= /\m+n. Since n=e*-Zm,
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It follows that n € B' , so newnB'CM', But this means 

e ’ r 7\ m+n£ M’ , which cannot be . Thus N B* is a maximal 

ideal in B’.

The properties of BX that will be utilized are the 

following.
X

1. B is without radical.

Proof. It will be recalled that the radical of a

Banach algebra is exactly the intersection of all maximal 

ideals . Suppose f G A N ; then for each x G X f (x ) lies in

every maximal ideal , i.e. f (x )-0, since B has only 
x the trivial radical. Thus f is the zero of B .

2. The space of maximal ideals In B^ is homeomorphic 

to X^Y^, and each maximal ideal in")] is fixed, i.e. 

implies

N= [f j f (x ) E M, some x £ X, some 

This is the result of § 3.
3. If f € BX, N=(x,M), then f (N )=f (x) (M) .

Proof. This was proven in X 3« It is stated again 

for emphasis.

4. The constant functions in B% form a subalgebra B* 

equivalent to B; the identity of Bf is that of B%.

5. The intersection of a maximal ideal N-(x,M) with 

B’ is the maximal ideal M’ that corresponds to M under the 

equivalence between B1 and B : NAB'=M', N= (x,M).

This is the result of lemma 4.1.

6. For arbitrary the set (M) is defined
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N n B ’ ;M’} .

All sets (M), M €9?^ , are homeomorphic to X (theorem 4.1 ) 

hence to each other. Let Mo be an arbitrary but fixed 

element of 99^ , let the homeomorphism between 91/M) and 

' /(Mo) be given by ; Yp 9) (m)----where ^(X,M) = 

=(x,Mo).

7 • It follows from 6 that, for N.E9/M , ) and 

^2 6 9/(Mg), ^(N^x /m (N2) if and only If N, = (xo ,M, ) and 

Ng=(Xo » Mg), for some xoe X. If in this case we define 

N, Ng ji.e. N) ~ N2 if and only if ^(Nj- (Ng) where 

N[ € ^(M । ), Ng C 9/ (Mg ) , then it is clear that ~ is an 

equivalence relation. Define [nJ - [n£9^ | N~N<J . Then, if 

No=(xo,MO)

[Nj ={N€ 91 | N=(xo,M), M =xo - 99^ . 
y

8. For each f £ B and each class [X] there is a 

unique b*€ B* such that f(N)=b’(N), each NE [nJ .

Proof. Let Nl=(x1,Mc), let f (x । )=b, let b’e B’ 

correspond to b. Then for any N € ^N(J , N= ( x । , M ), 

f(N)=f(Xj,M)sf(x,)(M) 

=b(M)sb*(M‘) 

±b'(N), 

by lemma 5»1« The uniqueness of b* follows from the fact 

that B’ is without radical, so that each element b’ is 

uniquely determined by the set of values b‘ (M* ), M* €

An alternative formulation of 8 is

8’ . For each f6 BX and each class £n^ there is a
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unique b€B such that b(M)=f ( each M € , where

N, (M J .

Proof. Let N, = (xlfMo); then ^(N,)s(xltM) and 

f ( ^M'(N । ) )=f (x । ,M)=b (M), where b=f (x , ).

9» If we define (f )-b * , where b * is the element

of B’ whose existence was stated in 8, then j is a linear 
Y 

multiplicative transformation from B to B'. Also, for each 

class [N], ||Tm|U1.

Proof. Let N,=(x,,M.), TW|] (f , )-b,', Tw (f2)=b^; 

thus b( -f, (xj and b2=f2(x, ). Then T^j (fs f2)sbjb^, since 

(x । )f g(x । ) = b| b2; also , T ( f * + f g ) sb’+bg, s Ince 

(fj-bf P ) (x । )=f, (x , )+f 2 (x t ) = b( + bp • Finally, since ||f || =sup ||f(x)||, 
x X

llTM(f)kW. so ;|TM||ÿ 1. But TM(b')=b', so ||IM|=1.

10. For each the kernel is the ideal I= I (xe ), 

where, if No = (xo,MO),
I(xJ={f|f (x J = ü}=nN. 

1 J N6[Nj

Proof. The first equality follows from the

definition of T^and the second from the facts that
LM =[(xo ,M) and /3 M^O, since B has zero radical.

X //
11. The residue class algebra B^Tr n is equivalent to 

M
B (or B* ) .

Proof. Denote the elements of /T by F,G,...

If f t ,f 2 6 F, then f( -f 2€ 1^ , or (f t-f 2) (xo)=0, so

f । (xa )=f 2(xo )=b, say . Clearly, if f G B% and f (x6)=b, then
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f i , so f 6 F. Thus the residue class F consists of
exactly all f G BX such that f (x J=b (note that b' G F) . A 

similar statement being true for each element of ,

the mapping y defined by y(F):b, where F=[f |f (x, )-b} » is a 
Xwell-defined mapping of % ' into B. Since BX contains B'

and since b'G B’ in the class F implies y(F)=b, it follows 

that y maps BX onto B. Clearly, if F^G-, y (F y (G), so

y is 1*1. (It is obvious from the foregoing that each

b’ g. B’ determines an element of T and the elements so

rX
determined make up all of T .) Next, from the way the

BX - 
operations are defined in _ it follows immediately that

y is an isomorphism.

Finally, y is an Isometry, for if y(F)=b,
Il F [J s inf ||f || = inf [ sup ||f (x)||l inf || f (xo )|| = |jb|( ; 

f G F f èF xeX f € F

conversely, since b* G F, 

||Fj=lnf HflKMWblI. 
f € F

Hence, ■[] y (F )[j = ||f|| , and y is an equivalence between 
' [N-]

and B.

12. For each f G B there is a class [Nf] such that 

l|T[Nf] (f )ll = Wl •

Proof . Since T^oj (f )=b * , where f (xo )=b, and since 

there is xf G X such that fl f (x^ )|| = ||f|j , the result follows.
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such

12 . For each f & BX there is an Ideal I= I(x^. ) 

that i|fII = IIfJ] , where F le the residue class of '
" th

which contains f. 

Proof, Let xf £ X be

since X is compact such xf exists
such that ||f (xf )|| 

. If Fë^I('Xf)
= Ml —
contains

f , then ||F|| = ||i ( x^ , since (F )-f ( x^ ) and i s an i some try .

Thus ||f||=M.

13» There is contained in a closed subalgebra 

which is equivalent to the algebra £ (x) of all continuous 

numerical-valued functions on X, viz.
= [f GBX[ f (x)= Ae, all x€x}.

Since N,Ng implies N,%(x,M।) and Ng=(x,Mg) and since If 

(x,M), f(N)=f(x)(M), it follows that

£ ={f e BX I N,~ Ng implies f (N, )=f (Ng)} .

To see this, suppose first f€C and N, — Ng, i.e. N1 = (x,Mj 

and N2=(x,M2). Then f(N,)=f(x)(M,)= \e(M,)= and 

i (Ng) = f(x)(Mg)= e(Mg)= Secondly, suppose that f is 

such that N,~N2 always implies f (N )-f (Ng) . This means 

f is constant on the class [nJ , i.e. N€ [N,J implies 

f(N)=X , say. This means, if N1 = (x,M(), that f(x)=Xe. 

Since this is true for all NG , f (x)= X,e, all x € X, so 
f G (È, .

Suppose, now, that B is a Banach algebra of the type 

under consideration, i.e. B is without radical; if the 

scalars are real, then b2+e has an inverse, any b G B, and
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if the scalars are complex B contains the conjugate elements. 

Let A be a Banach algebra without radical, let A contain a 

subalgebra B’ equivalent to B, A and B’ having the same 

identity e1 . Let the space of maximal ideals be r in A, 

il in B, 911' in B’ . By lemma 5*2 each M1 of B’ is contained 

in at least one N of A. Conversely, by lemma 5.3 each NG 

intersects B’ In a maximal ideal M‘G . Define
ŸKM);: [Ndl | NÔB':M'j.

Then % - and If the /"L (M) are all 

homeomorphic we can define, for arbitrary but fixed M

to be the homeomorphism which takes ( M ) onto O'KmJ .

Further, we can define , for N, G 9% ( M । ) 

if and only if ljM(N,)= ^(Ng) . Then 

equivalence relation. Finally, define 

if No G then [NJ={n|n= ^(n0),

and N«êQi(M ), N, N 

is clearly an

[No] =[n|n-N0] . Thus,

M G .

Theorem 5-1 » Let A and B be Banach algebras without

radicals satisfying the following conditions :

1) . A contains a subalgebra B’ equivalent to

B; A and B’ having the same identity.

2) . For arbitrary but fixed the sets
91 (M)= [ng91 | N n B'=M'j

are homeomorphic to 91 (Mo ) for all MG 911 , the homeomorphic 

mappings being designated by : 91 (M)—(Mo ) .

3 ) . For each a £ A and each class [nJ = [n ) N No 

(where N.^^ Ng if and only if N^ G 9l (M^ , 1-1,2, implies

(N1 ) = ) there is a b‘£ B’ determined by b* (N)-a(N)

for each N G [nJ , and ||b HI 9 || a|| .
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Then there is a completely regular space X such that A is 
X Xisomorphic to a subalgebra of B (here B denotes the algebra 

of bounded continuous functions from X to B ) which contains 

the constant functions and which separates points of X.

Proof « Denote by (a) the b’ which is determined by 

each class [nJ and each a G A. Then implies T^ ^T^ .

For, N, 7&Ng means, If G T (Mj and Ng € -p ( Mg ), that

f'j M jNg ) ; therefore, since each is a homeomorphism, 

Nl= m*, N । ) )/ ^^^2^ ^ = ^2* say* Hence , there exists

an a g A, a g N^, & Ng • Let T jg (a ) = b , T [pv^ (a) = bg. Then 

b’ (N, )=a (N, ) = 0 and b^(Ng^-a(N^^O (note that Ng^Ng). From 

this it follows that b^bg, for N^ (Mj) and Ng G. (M , 

and if b£=bg=b’, say, then b’(Nt)=b’(Ng)=b’(M^), by lemma 

5*1* Thus, the assertion is proved, and there is a 1-1 

correspondence between the classes [N? and the transformations 

Tr^j , since it is trivial that N^ Ng implies T^ =T^-j .

Next, for each class [Nthe transformation T^ is linear, 

multiplicative and bounded. To show this, let Tr^j (a^)=b^, 

(a2)=bg, so that a-^(N)=b{(N) and a2(N)=b^(N) for each 

N G lN0J . Then (a^+a2 )=b^ where, for each N G [N«] , 

(N )= (aj+ a2 )(N) = a2(N)4- ag(N )=b^ (N)+ bg (N) ; thus b^=b j+bg. 

Similarly, T^ (a!a2 )=b]_b^=T M (a^,)!^ (a2). That T^ is 

bounded follows from condition 3)•

Let T- be the set of all linear multiplicative 

transformations from A into B’. Topologize T' by defining 

as neighborhoods of To£ T the sets
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V(Tj=[TeT| ||T(ai)-T.(ai)h E , 1=1...........n},

where E > o and a^, . ♦ . ,an€ A are arbitrary . It is routine to 

show that with this topology T' becomes a uniform topological 

space and thus a completely regular space.

Now let X be the set of transformations • Then X, 

as a subset of T , is a completely regular space. For each 

aGA it is now possible to define a function fQ from X to B. 

in the following way : let f&(TrNj)=b, where T (a)=b* 

^equivalently, if njr provides the equivalence between B1 and 

% (b* )=b, .then fa(T M )= V(T^] (a) )= V (b* )=b]. It

follows from the way the topology is defined in T(t [n] (a) 

is a continuous function of T^] for each a) and from the fact 

that B’ and B are equivalent that f is continuous. Also, 

since from condition 3) \\TW (a )|| $ ]ja |j , |Jf a ( T j )|| = '|t^] (a)||^ M 

we see that f is bounded.

Next, the correspondence a---- >f is an isomorphism. The 

proof is simple . Let a^-----> fai, a2-----^fa2’ ai+a2-----»g. 

Then g(T^^ )=^(T^ (a^ag) )= Ÿ( T^ (ax )+T (a2 ) ) =

= V(T jv] (a^ ) )4- (a2) )=fai(TrN^ )+f a2(T [NJ ) ' i.e.

a!+a2---- ^^a^^a2' Similarly a^a^----- ^^a^a2' And if a^a^,

then there is N such that a^(N)^a2(N). This means 

%] (al)/T[^] (a2) so that fai(TrNj ^(Tr^ ), i.e. f^f^.

It is a consequence of the way the transformation TrNj 

is defined that, for each class [N] and each b'£B', 

Tqvj (b ’ )-b’ . From this we have that f^(TrN] )-b, all T^j € X, 

so the constant functions are contained in the subalgebra
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of B . Finally, Implies there Is a £ A such that

T [n,-] (a r^-] (a ) . Hence f a (T )^f a (T , so the subalgebra

separates points of X. Thus the theorem is proved.

Theorem 5.2. Let A and B be Banach algebras without 

radicals satisfying conditions 1), 2), 3) of theorem 5.1 and

4) For each a 6 A there is a class [Nj such that 

if b* is determined by a and then b*|J - ja.

Then there is a completely regular space X such that A is 
x 

equivalent to a closed subalgebra of B which contains the 

constant functions and which separates the points of X.

Proof. Drawing on theorem 5»1, we need prove only that 

the correspondence a »fa is an isometry and that the 

subalgebra is closed.

By 3) I’ fa(TltV] )|î , so sup ^fa(T^] )||$ H ,

and by 4) ||fa||= sup ||fa(T^] )'j = îkü ,

so the correspondence a ---- >fa is isometric.
x Since A is complete the equivalent subalgebra of B is 

closed, and theorem 5*2 is proved.

The natural question whether or not the hypotheses of 

theorems 5*1 and 5»2 are necessary for their conclusions is 

not an easy one to answer. An attempt will now be made to 

provide an answer, although the results obtained are 

incomplete.

To begin with, it is clear that I) is necessary for 

theorem 5*2 but not for theorem 5«1 • For if A Is equivalent 
x 

to a subalgebra of B which contains the constant functions,

t 
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these form a subalgebra of A equivalent to B. On the other 

hand, if A la only isomorphic to such a subalgebra then the 

constant functions are in general isomorphic and not 

equivalent to B.

In order to discuss conditions 2), 5) and 4) it is 

necessary to obtain some information about the space 9? of 
% 

maximal ideals in the algebra B of all continuous bounded 

mappings from a completely regular space X to B. In this 
case each set (x,M)=[fG B% [ f ( x ) € M j ls a maximal ideal of 

B^ but not all maximal ideals are of this type. The following 

lemma confirms what one would expect.

Lemma 5.4. If X is completely regular then X^] can be 

(homeomorphically) embedded in the space of maximal ideals 

of BX.

Proof. As remarked above, each point of X*ŸH determines 

a point of 4'1 . Use this to map X>4 r into H , a/(x,M)-N £ . 

Since (lemma 3*4) the Ideals (x(,M() and (x2,Mg) are equal 

if and only if x, -Xg and Mj =Mg, is a 1-1 mapping. To see 

that is continuous let a]/" (xo,Mo )zNo . Let

V(N0 ) = [n6 -V(Xx911 ); jf1(N)-f 1(Ne ))<E,i = l, 

V ( x 0 ) — |^x £ X if f (x)-f (x0 )|] < £/2,i=l,*«*,n^5 

V(MO)=[MG%J !f^(xJ(M)-fi(x.)(Mj|< 92,i = l, ...,n] .

Let V(xo,Mo)=V(xo)xV(Mo). If (x,M)€ V(xo,MO) and if 

Ay(x,M) = N, then for i=l, • , . ,n



26

|f1(N)-f1(No)| -

|f1(x,M)-f1(x0 ,M)V fi(x. ,M)-f1(xe ,MO)' 

f1(x)-fi(x0

< V2 + ^2= 6 ;

i .e. N& V(NO) and is continuous.

I next show that ' is a continuous mapping from )

to X"% . Let ) ; let Y )=(x„ .M.) . . Let a

V(x0 ,l£j=V(x, )«V(M, ) be given, where V(MO) =
- | |b^ ^^~b^ , i = l, • • • ,n j . Since X is completely

regular there is a function « :X----- » [0, E] , «(xJîO, ^(x )= e , 

x V (x o ) . Now for 1 = 1, . .. ,n define fi(x)=b|(x) and define 

fn+1(x)= M(x)e, Let
V(No) = {N€ V(X' )| | f1(N)-f1(No )]<£ , 1 = 1, ...,n+i} .

If NG V(NJ, let Y'(N)=(x,M). I assert x G V ( x o ) and M G V (M o ), 

l.e. (x,M)€ V(x6,M6). For, if 1=1, ♦. . , n,

|b1(M)-b1(Mo)| =|ft(x)(M)-f1(x)(Mo)' 

= |f j_ (x,M)-f ± (xo,Me)| 

= |fi(N)-fi(No )|< e,

so M G V ( M o ) . Also , suppose x0(xj; then

|fn+i ^^”^n+1 ^°^i=l^n+i (x,^^~f (x0,M.)|

= jfn+| (x)(M)-fn+.1 (xJ(M0 )|

= |k(x)- U (xo )j

= k(x)= E ,

so N^.V(NO). It follows that ^"'is continuous and (X*7h ) 

is a subset of 01 which is homeomorphic to X*0)^ .

Thus 01 is a compact extension of X^ , although our
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Interest remains centered on X/ %? . in fact, If we define, 

for X completely regular,

Xw/J N L

and define the class in terms of elements of X>In , then
it is clear that for BX itself conditions 2) and 5) hold. 

For, M)%XxM, so all sets - r (M) are homeomorphic to X. 

And the class [N]=x * Ar ; so each f€ BX and each class [w] 

determines a b 6 B, viz. b=f(x), such that b’(N)=f(N), each 

Ne [N], and f|b= ;,br HfB .
x 

However, even for all of B condition 4) of theorem 5.2 

need not hold. In general, of course, 4) holds only If X Is 

compact.

Moreover, the conclusion of theorems 5*1 and 5-2 Involve 
x 

not B itself but only a subalgebra A* which contains the 

constant functions and which separates points of X. If for 

this A * we define
(x,M) ' = ^f G A^ f (x) 6 m} = (x,M)Q A* , 

then (x,M)’ is a maximal ideal of A1, and the first part of 

the proof of lemma 5-4 remains valid. But the proof that 

A/ is continuous requires that A* contain a subalgebra 

equivalent to C(X). For such an A* conditions 2) and 3) 

ho id.

Remark. An equivalent formulation of conditions 3) and 

4) can be obtained as follows. Define for each class [N^J

I [nJ Z Qn.
Nê [N.I A

Then I [Nj is a closed ideal and so^ ' is a Banach algebra, 
i [nJ
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I assert contains a subalgebra isomorphic to B* . To
i ENJ

show this consider I [NjAB' . If then

M =(N| N- (Nj, MG /'H.

Thus

and, since M=0, it follows that I [Nj A B'=O G B' .

Consequently each b*G B* determines a different residue

class Fb' G J , and from the way the operations are defined 
"i W

A
in we can conclude that the mapping b ’ > F-.' Is an

I CNJ b 

isomorphism.

The alternative formulation of 3) and 4) is then

3’) For each class [Nj the algebra " is equivalent 
I [N«]

to B* .

4* ) For each a £ A there is a class [Na] such that if 

a€Fa then ||a||B||Fa|| .

Proof that 3) and 4 ) are equivalent to 3 ') and 4*X First 

assume 3 * ) and 4‘).

Let [Nq] be arbitrary, let ae G A be arbitrary. Then there 

exists b* G B* such that ae =b*(mod I[NOJ ). This means 

ac -b ‘ G I [NJ = C\ N, or (ao-b’)(N) = O for each N G [No] , so 
N-N.

Aa o(N)=b* (N), each N & [N] • Moreover, since is
ITO

equivalent to B’,
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M=M= 1*11 « I a G F xi

so condition 3) is satisfied. To show 4) holds use 4 * ).

^a so |]Fa|| = |b«|| . Then ||a|| = )|b’|| .

Now assume 3 ) and 4 ). Let a £ A and ^NOJ be arbitrary, 

let I [Njz /A N. If b’ £. B' is determined by a and [_NO~] , 
N-No

as in 3), then a(N)-b'(N), each N € [NOJ , so (a-b')(N)=0, 

» or a-b1 £ I [N^] . In other words, each a e A lies in 

the same residue class as some b’£ B1. As shown above 

(p.28), each b'£ B1 determines a residue class of ,
i M

A A
so rN-1 is Isomorphic to B’. Next, let a G F Ç 

a I [No]

Fa----- £ B’ . By 3) , || a|| l[b*|| , so ||Fa||= inf || a|| ||b*|| .
a £ Fa

But b'€Fa, so ||b']| 

equivalent to B’.

Finally, it is obvious that 41) follows from 4).

%6 Characterization of BX.

The preceding § provides a basis for a characterization 

of the algebra B^.

Theorem 6.1. Let A and B be Banach algebras without 

radical. In order that there exist a compact Hausdorff 

space X such that A is equivalent to B^ it is necessary and 

sufficient that conditions 1), 2), 3), 4) of theorem 5.2 be 

satisfied, along with the condition
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5). 1 ) For each a£A, Nx e CK , ô >0, let b' € B* 

be determined by a and [n^ . Then there exist qcNp cS 0 

such that j q(N)|< S' Implie s Jb^T\\ < 8 , where bj£3' is 

determined by a-b’ and [N].

ii) Let ü c A be the set 

0 Z [c £ A | N2=^> c(N1) = c(N2)^ .

Then for any , N2, implies there exists c £ CL such

that c(N1)^c(N2).

Proof. Properties 4, 5, 6, 8, 12, and 13 of § 5 show that 

conditions 1), 2), 3), 4) and 5ii) are necessary. To show 

that 51 ) is necessary let f £ Bx, ^i= , S > o be given.

Let f (x-Jzb, so (f ) = b* . Let f’=f-b' and q(x)-|)f ’ (x)j| e . 

Also , take 8/ - § ♦ Then q £ , for

q(xi) = ||f ’ (xj )([ e= j|f (x^ )-b ’ (x^ )|| e— jjb—bjj e—0 £ .

Also, if N=(x,M), then

q(N)=q(x) ' (x)jj .e(M)zj|f ' (x)jj .

Consequently |q(Nimplies jjf ’ (x)|| < 8 . or j] (f * )j| < S'. 

Thus, if T^rj (f')=bv, then ^b^ jî < ô • This is 5i ) .

The sufficiency. Suppose A satisfies conditions 1)-5).

Then by theorem 5.2 A is equivalent to a closed subalgebra of 
x

B where X is completely regular. It remains to show that X 
V

is compact and A is equivalent to all of B .

That X is compact will be shown by proving, first, that 

) is a closed, hence compact, subset of , and, secondly

that X is homeomorphic to Lt(Mo) . To show ) is closed

in % , recall that 9l(%J = {N£ N AB'=ML}. Hence, if
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Y ' ) then there exists bo' € N^B', bj G . Then

b' (N^ )=0, b’(M’o)^0. Let E be such that O < & < |b ô ( M , let

V(N^)= {N &? ^b’ (NHUN^k £ 7

: 1N€ ( b’ (N)/< : ; .

If N £ ' ( M 0 ) then M‘o G N, so for all b ‘ G B’ , by lemma 5*1, 

b’ (N)=b* (M'J. Thus, NG rr (Mc) implies |bUN)|>i, so 

■ (M0)mV(nP: 5 . It has been shown that an arbitrary point 

not in ’ (Mo) has a neighborhood not intersecting < (M o). Il 

follows that ’ (Mc) is closed in the compact space , so

1 (Mc) is compact.

To prove that X and (M- ) are homeomorphic use will be 

made of a lemma which will now be interposed.

Lemma 6.1. Let % be a continuous real-valued function 

def ined on X, y (T^- aERj. For each Nt'' let (N)- > (T^i ) . 

Then is continuous on .

Preof of lemma 6.1. Let N^£ V , 6>0 be given. Since > 

is continuous on X there is V(T-^-) such that Tr^e V(L. J 

implies L (Ts<; )- - (Tv-)'< £ . Suppose
J C'IJ 1 .

v*’ j -'if (^i (^i , 1=1, . .. , k ',

where a^ , . •., a^ G A. Let T^~(ai) = b^, let a5’=ai-b| . By 

hypothesis 51 ) there exist > • • • » and ~, ..., .0^ > 0

such that q^tN^Cc:" implies ^^3 (a^ ) i( < 6 . Let c = 

=mln( s', . . . >ck' ) * Let
V(N^) = {NE" , _q1(N)-q1(N1)i< V , 1 = 1, . . .,k '

= i:l,«--^>

since q^ G implies q^ (N^ ) = 0. Then, if N £V(NJ,
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| Qi (N)| < &’ , 1=1, . . . ,k, so ||(a{ )|| < & ; 1 .e .

s >|^] ^1-^141=11^] ^pil
= ^ai ^~bl li

~ ^ai *

which Is to say T^£V(T^). Thus, N £ V(N1) Implies 

which in turn Implies

I^N)- f(Ni)|= p(T^)- E-

Hence f is continuous at N-^. Since is arbitrary, f is 

continuous on t • This concludes the proof of lemma 6«I•

Now, for each N £ î (Mo) define ^(N)zT^j. I will show 

is a 1-1 continuous transformation from Q(MO) onto X.

Since (Mo) is compact Hausdorff it will follow that X is 

compact and homeomorphic to "A (Mo) . Suppose ,N2

so Ni^Ng»MN2- Then From this we

conclude that > as in the beginning of the proof of

theorem 5.1. Also, if T^j 6 X then there is No G , 

so f (N* ) = T^. Hence p is 1-1 onto . To show that is 

continuous let No £ Ÿ'(MO), let (No ) = Let
li% (ai^lr£> 1 = 1, .. .,n],

where E > O and a^ , • • .,an £ A are arbitrary . Let )=h^ 

and let a|=a^-b{, 1=1,.•.,n. Then

%] (al)=%] (ai-b^s^ (b|)

= %]^i )""bl = ^] ^al *

Also,

?a< (%])= Y(%(ai))= ^(%](al)-^(al))

= ^^3 (al )“ )=^ai *



Let K that j )=0) : then the

are continuous real-valued functions on X, since the f ' 
a L 

are continuous from X to B and the norm is a continuous 

function on a Banach space. For each NG define

£ (N)= \ ( %] ), 1 = 1,...,n. Then ft(N)-0 for N*Ne, so, in 

particular, fL (No )=O. By lemma 6.1 the are continuous 

real-valued functions on . By a theorem of Gelfand and 

Silov [3] A is isomorphic to a subalgebra of a ) which 

is dense in ( 9] ) • Hence, there exist r^ eA, i=l, ..., n, 

such that |r^ (N)- j? (N)| < any N G ~r .

Let

V(NJ = [N G |rt(N)- r^(Nj|< &/3, 1=1, ...,n

Let N € V(N0 ), i: (N) = ^ ; then, for 1=1, . . . ,n,

= |A(Tpph lp.(N)- f/Njj

[^(N)-r^ (N)^^ (N)-r1 (No ) +|rj_ (No )- ^(N

< ^/3 4- V3+ e .

The conclusion Is that NG V(NO) implies (N) £ V(T^ -j ), so 

is continuous and X is homeomorphic to Qj(Mj, hence X is 

compact.

Consider now the set G CI A :
e = [c £ a| N2=$> c(N1) = c(N2)].

First of all is non-empty, since e’(N) = l, all N 6 , so

e ' £ , and, in fact, ^e '£ Q, for any 'X . Secondly, G is

a subalgebra. To see this let °°2 C G » N^Ng € ,

N ; then
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(o1o2)(K1)5c1(N1)o2(N1)=c1(N2)c2(K£)=(c1c2J(K2).

Also, is a closed subalgebra. For, let *cr £ ,

Cn--------* a £ A . Let Nj ~ , let 1 > 0 be arbitrary. Then

a(N1)-a(N2)| 'a(N1 )-cn(N1 )'-h cn(N2 )*a (K2) ;

= > (a-cn) (L’i) — (cn-a ) (N^ 

2,a-cJ 

2 c ,

for sufficiently large n. Thus a(N^) = a(N2) and a S J .

Next, for each Né - and each c é • , T-v- ( c ) = c ( N ) e * . This

follows from the definition of Tv~and the definition of / .

By hypothesis 4)

.'c, = sup ,.f (Ln- V . 
1^-cX ° -

The foregoing properties of say exactly that _ is 

equivalent to a closed subalgebra of C(X), the algebra of all 

continuous numerical-valued functions on X. But hypothesis 

5i i) and the Stone-Weierstrass theorem [9] then imply that ' 

is equivalent to the whole of C(X).

With this result it can be shown that A is equivalent 
Y

to all of B . Since A is complete it is sufficient to show 

that A is equivalent to a dense subset of B^; i.e. if f€ B* 

and E > 0 are given it must be shown there exists a € A such 

that {[f -f(. <€. Since X is compact f (X) is a compact subset 

of B. Therefore ( Le ray and Schauder fb ] ) there is a 

continuous mapping Ç :f (X)----- B such that Uf (x ) — - (f (x ) )|; < : 
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for all x e X and "p (f (X) ) Is contained in a finite-dimensional 

linear subspace of B. Let g(x)= :(f(x)); then g g B^ and 

'! • Let b^, .. .,bn be a basis for the subspace of B

which contains g(X) . For each x £ X, g(x (x )b1+. ..(x )b ,

where each d^(x) is a uniquely determined continuous numerical­

valued function on X. But, as just shown, is equivalent 

to C (X) ; let : correspond to , 1=1, . . . ,n, under this 

equivalence. Let a1 = c1b|. Then f a (x ) = (x )b{ (x (x )bi , 

a=a^+ • • .~an , f a ( x ) =06^ ( x )b^— • » *t ( x )b^=g ( x ) , so the 

required a G A has been found, and A is equivalent to BV * * * * X. 

This completes the proof of theorem 6.1.

V
x G x. The necessary and sufficient condition that A=B is 

that for every pair of distinct points x^,Xg € X there exist 

ft & A A such that f (x^)/f (x^).

An immediate corallary of theorem 6.2 is the following.

Theorem 6.3» Let X and Y be compact Hausdorff spaces,

let A be a closed subalgebra of C(X*Y), the algebra of

continuous numerical-valued functions on X*Y. Then either of

Remark. It is readily seen that in the demonstration 

just concluded the following generalization of the Stone- 

Weierstrass theorem has been proved.

Theorem 6.2. Let X be a compact Hausdorff space and let 

B be a Banach algebra of the type under consideration. Let 
Y 

A be a closed subalgebra of the algebra B which contains 

all the constant functions, and let c be the subalgebra of 
XB consisting of those functions f such that f(x)= ,\e, all 



36

the following is a necessary and sufficient condition that 

A=C(Xxy):

1 ) x^x2 implies there exists f G A, f constant 

on Y, such that f (x^,Y)/f (xg,Y) ; and A contains the functions 

constant on X.

2 ) y^y2 implies there exists g G A, g constant 

on X, such that g(X,y1)j^g(X>y2); and A contains the functions 

constant on Y.

7• The case of a radical

The results of 5 and 6 do not hold in case B has 

non-zero radical P , for it is then no longer true that the 

collection of numbers b (M), M G , uniquely determines b. 

Indeed, not too much can be said, although the following 

facts are of some interest.

Lemma 7.1. If the Banach algebra B has radical P then 

B^ has a radical Q and Q= P %, the set of all continuous 

functions from X to P , X compact Hausdorff.

Proof. It will be recalled that the radical is equal 

to the intersection of all maximal ideals. Let f € A N- Z^\(x,M) .
N~t (x,M)GM< 

Then f (X) d A M, i.e. f (X)CZP , so, letting A N, Q C P^.
MG Ai

On the other hand, if f GP then f (X) c P= AA M, so f £ Q.
MCA

Hence, Q= P
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Theorem 7 « 1• If B has radical P, then ° /Is isomorphic 
B X xto a subalgebra of ( /p) , where Q, is the radical of B .

%
Proof . Suppose f,g£B and f=g (mod Q.). Then f-g G Q, so

f (x )-g (x ) £ P for every xg. X; that is to say for every

x g X f (x ) and g(x) lie in the same residue class of B (mod P). 

Consequently, if F € is the residue class containing f

and g, then F provides a mapping from X into /p. That is, 
if f(x):bGb£B/p, and if f^FG^/Q, then F(x)=b .

This function F is continuous on X. For, let xc C X, 

let f G F, and choose V(x0 ) such that x~V(x = ) Implies 

'' f (x )-f (xo )J < o , o > 0 arbitrary . Then for x£V(xe) 

i'|F(x)-F(xJN > W-t <x. >K

so F is continuous on X, 1.e. F € ( /p) • Since the zero of 

B/p is p and the zero of B /q is Q and since Q,= P\ it follows 

that bX/q is isomorphic to a subalgebra of (B/p)X.

In order to obtain a more satisfactory result it seems 

necessary to re strict B further.

Theorem 7.2. Suppose B has radical P. Suppose further 

that B contains a subalgebra S equivalent to /p, where if 

b GB/p corresponds to s G S, then s G b. Then B /q is 
equivalent to (B/p)X, 1.e. bX/pX=(B/p)X, symbolically.

Proof. Because of theorem 7*1 it is necessary to prove 

only that bX/q is isomorphic to all of (B/p)X and that norms 

are preserved under the isomorphism.

Let G- G (B/p)X, G (x ) =b GB/p. Let b correspond to s € S C B 

and define f(x)=s. Since G is continuous so is f, i.e. fG BX.
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The residue class F containing f then corresponds to the

function 

(%)%.

Then

& Thus B /q Is isomorphic to all of

Moreover, norms are preserved. First, let F e ^/q.

||F[f =lnf H fU = Inf [sup l|f(x)fll^ 
f£F f G F x G X

inf rsup hf(x)(mod P)] 
f G F x G X

= sup ;) F (x)f . 
X G X

To show ^Fj sup|jF(x)," 
x G X

let fçf be the function defined in

the first part of the proof ; i.e. if F(x)=b and b <—*s, then
f(x):s. Thus

sup II F (x )[| =sup p f (x )P = il f f > inf p f U If^; . 
E- X x C X f Ç F

Therefore IjF^sup pF(x)g and B^/ (B/
x ç X

Remark. The hypotheses of theorem 7.2 are sufficient to 

guarantee that B is the direct sum of B/p and P, since if 

b G B, b in the residue class b (mod P), there is unique 

s G SC B, s<----»b, such that s G b . Consequently, b-s-p G P, 

or b=s+p. It is clear that this representation is unique. 

But the proof of theorem 7.2 shows that BX contains a
qX _

subalgebra equivalent to ü /q, viz. the collection of f.

Thus we can write

/q+ Q, direct 
X y=B direct

= (B/p)X4~P^, direct, 

or, since as just stated B=B/p-HP, direct, there is a 

"binomial theorem" 
( /p+"P)X= direct.
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An example of a B satisfying the above conditions is a 

primary algebra, i .e . one with one maximal ideal M. In this 

case each b&B can be represented uniquely in the form 

b= e + m, m e M, A=b(M), so

B=B/k+M, direct, 

where or Z^e, depending on whether B is a real

algebra with scalars or complex with scalars

^8. Relation between T-set in a Banach space 

and maximal ideal in a Banach algebra

Throughout this section it will be assumed that any 

Banach space or Banach algebra under consideration is real.

In the study of real-valued continuous functions defined 

on a compact Hausdorff space X and of continuous functions 

from such an X to a Banach space, Myers [b] and Jerison [4] 

have made profitable use of the T-sets and the corresponding 

functionals F? originally introduced by Myers [6]. These 

are defined as follows.

Definition 8.1. A T-set of a Banach space is a subset T 

maximal with respect to the property that for every finite 

set of elements b1, ... ,bn e. T,

Definition 8.2. Corresponding to each T-set the 

functional FT is defined as
F (b) = lnf [||b + t)| - ||t|f] .

1 te t

These sets and functionals for a Banach space bear a 
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certain similarity to the maximal ideals and the correspond­

ing functionals which have been exploited in the preceding 

paragraphs. For one thing both types of sets satisfy a 

maximal!ty condition; and for another, if B=C(X) for compact 

X then each point xc of X determines a pair of T-sets ± To 

and F^, ( f ) =f ( xe ), whereas If C(X) is considered as a Banach 

algebra then each point x„ of X determines a maximal ideal 

and Mc(f)=f(x0). However, it would seem that it is not 

possible to push the analogy too far, since the maximal ideal 

de pends upon the algebraic structure of the Banach algebra 

and the T-set depends upon the definition of the norm in the 

Banach space.

The following tables will illustrate the points of 

similarity and of difference between T-sets and maximal 

ideals. As usual X is compact Hausdorff. For the purpose 

only of these tables the functional corresponding to a 

maximal ideal M will be denoted as Fv,(b) instead of b(lZ), 

as earlier.
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Table 1 : T-sets and maximal ideals 

in C(X) treated as a Banach space and 

as a Banach algebra.

Banach Space [6] Banach Algebra

T=ffl If (x 6 )| - Ilf =sup |f (x)j} M= [ f l f (x 0 ) zO ) 
L 1 1 x € X

i.e. f takes on its

absolute maximum at x0 

f £ T =^FT(f )=||f|| 

UT=C (X)

i.e. f takes on its absolute

minimum at xo

f € M =>FM(f ) = 0

U M=all singular elements /C(X)



42 -

Table 2 : T-sets in the Banach space where

B is a Banach space and maximal ideals in the Banach algebra 
X

B where B is a Banach algebra.

Banach Algebra

Misa maximal ideal in B 

maximal ideal (x0,M)= 

= {f|f(xj£ Mj, 

i.e.(x0,M) consists of all 

f such that f(x6)€ M.

O (xô,M)={f,f(xc) is } 
M of B singular J

U(x,M)=set of all singular f

Banach Space _4]

T is a T-set in B

T-set (xo,T)=

= 'f(x.)G Tjf (x0 )ji ■

i.e.(x o,T ) does not consist i 

of all f such that f(xs) GT, 

but only those such that also

i

F(x,,T)(^)=lk(Xo)i| , f (xj € T •

i
F(Xo >T)(f )<!!f (x„ )J , f (x Jë T , 

j(xo,T)=[f' :f(x^ ): = .ifi'J i 
T of B ' ;

U(x,T)=BX
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Two observations can be made from a study of tables 

1 and 2, viz.

i) T-sets are related to "maximum value," whereas 

maximal ideals are related to "minimum value, 11

ii) every element of a Banach space lies in some 

T-set, whereas for Banach algebras the corresponding 

statement is that every singular element lies in some maximal 

ideal.

A development based on these observations follows.

In the Banach algebra B define the functional u as

4(b)=inf b(M)।. Since b(M) is continuous on the compact 
MG^-

space there exists at least one point of at which this 

minimum is assumed. Note that b is a regular element if and 

only if u (b )>0 * Adjoin to each all regular b G B

which have i b(Lî) | = M(b). Let the resulting set be denoted 
/

by M*. Then, since each b € B lies in at least one M*,UM*=B. 
M

Since e(m)=l, it follows that u (e ) = 1 and e€ A M*. Further,

( Ae ) = | /J , and Âet A M* for all real A . 
y

The analogy between the T-sets and the M*-sets is 

stronger than between the T-sets and the maximal ideals.

This is indicated by the following (of. theorem 4.1 of [43).

Theorem 8.1. Let X be compact Hausdorff and let B be a 

(real) Banach algebra so that a maximal ideal in BX is a set 

(x*,M J={f| f (xj€ .

;



Then

(x.,M f (x, ) € u (f (xo ) )- u(f .

(The same symbol is used, for both B and. B ) .

Proof. First,
(xc,Mo )* S [f jf (x J G U(f(xj)= u(f)].

If f € (xo ,M e) the assertion is obvious, since then f(xo)€ 

and ,«(f(xo))= u(f)=O. Next, suppose f is regular and

f (x„, )*. This means |f(xo,Mo)j = m (f)> 0. Let f(xo )=be , 

a regular element of B, since f is regular in B^. I will 

show b,GMt* and ( b. ) = u ( f ) . Now f (xc , IZO )=bo (Mo ), so

Z< (be ) j f (x„ ,MO )j = h(f). Suppose U(bo ) u (f ) . Then there 

is such that {bo ()| < |bo (Mo >| , which is to say

; f (xo ,M1 ) j < ; f (x0 ,M0 ): , contradicting |f(x0,M6)|= ^(f), and 

so u (be )= u(f ) = । bo (Mo) j , and b, £ Mo*.

Second,
(x, |f (x. ) 6 %,*, Mf (xo))= «(f)j.

Suppose f k xo ) G Mo* and (f (x o ) ) = tt (f ) . If h (f (x, ) ) = 

= f<(f )=0, then f(xj£^o and fê (x.,He)c(x9,Ke)*. Next, 

suppose /t(f(xo))= %(f)>0. This implies f(x o ) is regular in 

B and f is regular in B*. Further, since f(xo)=boC ^o*. it 

states that b 0 ( M e ) j = ( b e ) = u ( f ) . But jbo (Mo)j = jf(xo ,Mo)j ,

80 । f ( x 0 ,MO ) [ x u(f ), and f€(xe,Mo)*. The theorem is proved .

There follows a list of properties of the function u , 
/ 

some of which have already been stated.
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1. /<(b)xO if and only if b is a singular element.

2. /U (b )> ü if and only if b is a regular element.

3. U (e)Z1.

4 . k (-b ) - (b) .

5 • u ( Xb )= ! A î ( b ) .

6. u (b1b2 ) > u(b ) Mbg).

Proof. We have

A(b1b2) = inf | b1b2(M)j zinf | b±(M) b2(M)|

= inf ^|b1 (M) | ♦ |b2(M)H > inf ; ^(M); inf ' b (M) 

= /Zi(b-^ ) A (bg ) .

7 . For b1#b2 regular, ^(b^b2^- u (b^^) u (b2) if and 

only if bj and b2 lie in the same Mo *.

Proof. a) Suppose 

|bp(Mo) I = ^(b2)

b1#b2C Mo*; then | b± (M„ ) | = A(b1 ), 

, and yU (b1b2)-infj b1(M)b2(M)|^

^|b1(Mj| b2(Mo )jz U(b1) U(b2).

6 that a(b^b2)- ^(b^) U (b2).

It follows from

) Conversely , suppose Mbjib2)= A (bj ) ,/'t (b2) . 

1b2e so u(b1b2) = |b1(i£0 )b2(Mo)| =

8.

= jb1(M0 )j J b2(M. . But f b-L (M o ) i .[ b2(M jl >

> h(b^) ^(bg) unless blfb2 € Mo*.

For b1#b2 regular, blfb2eM0*, we have b^e M6*.

This is a corollary of the proof of 7 .

9. For b regular, u(b ')= 1 . In general,
' sup[b(M)|

A(b ) (b"1 ) 1, and equality holds if and only if

jb(M) { is a constant £ 0.
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Proof. First, 
MÇK^-lnf |b~'(M)| =lnf ' 1 L 1 .

‘ i b (M) j sup |b (M)]

Also,

1= k (e )= U. (bb 1 ) >/ u (b ) k (b-1 ) .

By 7, u(b)A(b-/) = l If and only If b,b 1 lie in the

same Mo*. This means 'b(Mo)’ =lnf | b(M)l and also 

by the first part of 9,

' | b(M0 )l supj b(M)j

so |b(Mo )| =sup|b(M)| =inf |b(M)| . Hence |b(M)| is 

the same for all M € •

10. If B is without radical and 9% is connected, then 

A(b ) /u. (b 1 ) = 1 if and only if b= A e . In this case 

A M*=R1e .
MG %

Proof. If b= 2\e, then ^(b)=h| , u(b“')- so

4 ( b ) A (b ’ ) = 1. If u ( b ) u (b 1 ) = 1, then by 9 |b(M)( 
11 ‘ ,
is constant (= A ) on % . Since % is connected, 

either b(M)= A or b(M)= - A . But if B has no 

radical, then b(M) uniquely determines b. Moreover, 

( A e)(M)= A, so either b: Ae or b= - A e. If b^O 

is in every M* then b(M) is constant, so b=7\e. 

Also, if b= Ae, then b is in every M*.

11. If B=C ( , then for all regular b, ,A (b-) ) = J}b ‘ .

This follows from 9•



12. If B=C( , then yU is a continuous function on

the set C of regular elements of B.

Proof . By 11, U(b)=j]b . Set 7. (b )-b- 1,

(b ) -1, b|| , f ) z X , À > O. Then t and are

continuous on Ç and f is continuous on the set 

of positive reals. Hence z is continuous./
13. If B is without radical and "Hl ls connected, then 

for b regular ’|b!| = (b) If and only if b= 7,e, and

A M*=Rne.

The proof is the same as in 10.

14. Suppose B is without radical and is connected. 

Let 3 be the subalgebra of Bx consisting of all 

f€ BX such that f (x)= \e, every xé X. Then, by 

10,

2 =, (x,M*) - A {f'f (x)€ M*].
(x,M) G (x,M)€ X^ J

As a consequence of 14 and deifand's work the 

following theorem holds.

Theorem 8.2. Let X and Y be compact Hausdorff spaces, 

let B be a Banach algebra without radical and with connected 

space Al of maximal ideals. Let

Ox = 0 A ( x, M* ) = A\{fCBX| f (x) £ M*}
(x,M)& X< (x,M)€ X»^

Oy = / OA = /A [f £ BYj f (y)£ M*}.
(y,M) £ YxQk (y ,M) £ Y4h

If the algebras Q x and 0 y are isomorphic then X and Y 

are homeomorphic.



§9. B a regular (Sllov ) algebra

(In this section B is either real or complex, subject 

to the restrictions of 2, 3 and 4.)

Silov L&1 has made an extensive study of a type of 

Banach algebra which he calls regular; a regular algebra has 

also been called a Silov algebra.

Definition 9*1. The Banach algebra B is "regular" if and 

only if for every closed set FC 911 and € F there exists 

b £ B such that b(M) = O, for M € F and b(Mo )^0.

In this section it will be shown that for X compact 
B* is regular if and only If B is regular. To this end it 

will be convenient to recall an alternative method, proposed 

by Gelfand and Silov ^3] , of topologizing the space of 

maximal ideals in B. This is the Stone intersection topology 

which defines an ideal Mo to be a limit point of a subset 

S C 911 if I will denote by 91L the space so
MG S

topologized, retaining 911 as the symbol for the space with 

the original topology. In general 9hs is a compact T^ space 

but not necessarily Hausdorff. Thus it is not generally 

true that Th and are homeomorphic. The following known 

result will be of use in the sequel.

Lemma 9.1. The spaces 911 and 9%^ are homeomorphic if 

and only if B is regular.

Proof. Assume first that B is regular. The mapping 

that assigns to each M £ the same Mg9?L is clearly 1-1 onto.

- 48 -
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Moreover it 1 a continuous. For, let G be open in , 

F= 4k -G, Mo £ G ; then by hypothesis there is b B such that 

b (M o )^0, b ( M ) -0, M€F. As Gelfand and Silov j, 3^ point out, 

the set |b(M)^Oj is a vicinity V(M J of Mo in V s ; and 

V(Mo )। A F=0. Thus G = U V(M) is open in 13; s . The mapping 
M € G

is continuous; both spaces being compact and Th being 

Hausdorff, the homeomorphism follows.

Next assume and k 5 homeomorphic. Let F c 1): be 

closed, let Moé F. By hypothesis F is closed in , so 

there is V(M0 ) = [m J b (M)^o] , some b C B, such that V(Mo ) ^\F=)D. 

It follows that b(Mo)/0, b(M)=0, MéF.

The principal result of this § can now be obtained.

Theorem 9*1» If X is compact, then is regular if and 

only if B is regular.

Proof. First let B be regular so that, by lemma 9•1, 

'Al and are homeomorphic. First I will show that /1 5 and 

X* Al 5 are homeomorphic. If N,=^ff(xo )e Moj , define 1(N^) = 

- (x<^ ,M o ) 'L X" ki . Then r is a 1-1 mapping onto X» ^^ . 

Also , is continuous. Let V(xo,M o) be given. Then there 

exist V(xo ), V], (Mo ) such that V(xo)’‘V1(Me)dV(xo ,MO). Also , 

there exists V(Mo)=[M^b(M)^f0^, some b G B, such that 

V(M o )cz (M o ) ; then V(xo)*V(M„)cV(x„ ,M.). There exists

:X'-----^[0,1] , ci (x J=l, x (x)=0, x0(xo). Let f (x)= x(x)b.
Define V(NO)=[n’f(N)^0}. If N £ V(N0), f(N)=(x,M), then 

x G V(x o ), M G V(M0 ), so (x,M) G V(xo ,MO ) . For, if x £ V(xo ), 

then f (N)=f (x)(M)= <x(x)b(M) = 0(M) = 0; and if M ^V(M J, then 
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b(M)=0, and f (N )= oL (x )b (M) = oL(x ) .0=0 .

Thus if is a 1-1 continuous mapping of on X»7rL3 . 

Since % Is compact and X* rm 5 (=X^ht ) is Hausdorff, it 

follows that if'1 is continuous, l .e. and X*DrrL5 are 

homeomorphic.

The “if" part of the theorem now comes readily. Using 

= to mean “is homeomorphic to“ we have:

% =x*m^ =x%^i = .
Drawing again on lemma 9.1 we conclude that B* is regular.

XNext, assume that B is a regular algebra. Let F C Tfl 

be closed, let F, let xo G X be arbitrary. Then the set 

xo * F is closed in X*9Yt and (xo ,M6 )<£ xe* F . By hypothesis 

there Is fé such that f (xo ,MO )/0, f (xe ,M) = 0, MeF, i.e. 

(xo,M) e xax F. Let f(xo)=bo; then b o(M o)=f(xo,MO)^0, and, 

for M G F, bo(M)=f(x6,M) = 0. Thus B is regular, and the 

theorem is proved.

Remark. Silov was chiefly concerned with regular 

algebras without radical. It should be noted that the above 

result holds whether or not B has radical.

The above theorem suggests a consideration of the 
Y 

relation between the properties of B and of B . A few 

comments on this subject follow; some of the facts have been 

mentioned and proven earlier, most of them are fairly obvious.

1) BX has radical if and only if B has radical (§7).

2) BX is equivalent to C(X>9h ) If and only if B is 

equivalent to C( 3% )• If B is without radical
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(so that is also semi-simple) and B is not 

equivalent to C( ) then, by a theorem of 

Gelfand and Sllov [3j , B is isomorphic to a 

dense subalgebra of 0( ); in this case B*

is isomorphic to a dense subalgebra of C(X*?p; ) .

3) If B is complex and X is connected, then, by a

theorem of Gelfand, B% is a direct sum of 

subalgebras (each with identity) if and only if 

B is also the direct sum of subalgebras.
xOn the other hand the structure of B is generally more 

complicated than that of B. Thus If B is primary (i.e. has 

only one maximal ideal) and X has more than one point, then 
x xB is not primary. Also, B can be a field only in the 

trivial case that B is a field and X contains exactly one 
xpoint. And clearly the structure of B depends upon X• For 

x example, even if B cannot be represented as a direct sum, B 

can be provided X has, say, two components. And if B is
x

finite-dimensional, B will be flnite-dimensional only if x 

has a finite number of points.
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