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THE BANACH ALGEBRA OF CONTINUOUS MAPPINGS
FROM A COMPACT HAUSDORFF B8PACE
TO A BANAJH ALJEBRA

by William K. Smith

A study 1s made f the Banaach algobra_ax of the set of
all continuous mappings from a compact Hausdorff apace X to
a Banach algebra B. Here B is assuzed to have identity e
and to be commutative. The scalars may be either real or
complex; in the former ocaso it 1s assumed that b%re has an
inverse for each bc B; in the latter it is assumed that bec B
implies b® cB, where b*(M)=b{N] for each maximal ideal ¥ in
B. It 18 shown that the maximal ideal space 1. of B* 1s
homeomorphio to X', where ‘m is the maximal ideal space of
B. Thus each ideal Mcin determines a subset N (M) of n
homeomorphie to X, This fact is exploited tc obtain a
theorem atating that X and Y are homeomorphioc if an
isomorphism exists between BX and Bt whioh also provides an
isomorphlism between the constant mappings in B* and those in
BY; wmoreover, this oondition is necessary.

Next, further properties of a* are investigated in the
case thni B is seni-simple and a set of necessary and
sufficient conditions 1s glven describing when, for given
algebras A and B, there 1s a compact spage X such that A is
equivalent to Bx, The condlitions are based on the sets (M)
mentioned above, although the points of X are bounded linear

nultiplicative transformations from A to a subalgebra B'




equivalent to B. Throughout the numericel-valued functions

b(¥), ¥ €hand £F(N), fc Bx, MEY , are used extensively.

If B is not semi-simple & characterization based on

these methods does not seem possible. It 1ls shown however

that if B has radical P then the radiocal Q of B* 1s exactly
PX. Aleo If B 1s a direct sum of B/P and P then B/Q 18
equivalent to (B/P)x and BX is a direct sum of BX/Q and Q.

Consideration 1is given to the relation between the
meximal ideals of & Banach algebra and the T-sete liyers
has defined in a Banach space. Roughly speaking, .the
former are related to "minimum value" whereas the latter are
related to "maximum value". A method of enlarging each
maximal ideal to & set more closely related to the T-set 1s
gilven, although 1t is pointed out that since the ideals depend
only upon the algedbralc structure of the slgebra whereas the
definition of T-set involves the norm of the spage the analogy
probably cannot be pushed too far.

The final section speciallzes 3 to be a regular algebra
as studled by éilov, 1.8. one such that Gelfand's topology
for T and the Stone intersection topology mentlioned by
Gelfand and 31lov lead to homeomorphic epaces. It 1s shown

that B is regular if and only 1f B is regular.
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§1l. Introduction

In studying the system of continuocus functions defined
on a topological space X and having values in some space one
encounters two baslc questions: Does the system of functions
determine the topological space? and What characterizes the
system of functions? The answers to one or both of these
questions have been given by various writers when the image
space 1ls the fleld of real numbers and when the system of
functions 1s treated as a lattice, an ordered group, a linear
lattice, a Banach space and a Banach algebra, among others.
And Jerison [4] has generallzed some of these results to the
case where the lmage space 1s a strictly convex Banach space,
the functions being treated as a Banach space.

This work gives conslideration to these qQuestions for X
a compact Hausdorff space and a Banach algebra B as lmage
space, the set of functions forming a Banach algebra. It is
first (33) found that under certain conditions the space of
maximal ideals in Bx is homeomorphic to X+9n , where M 1s
the space of maximal 1deals in B. This makes 1t possible
then (34) to state conditions under which the isomorphism of
BX and BY implies the homeomorphism of X and Y.

The image algebra B is then (§5) speclalized to be semi-
gimple (l1.e. having no radical) and the properties of the
algebra Bx are studied. From this study a characterization
of BX 18 obtained (§6). The case where B has non-trivial
radical is next (87) touched on lightly.
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In §8 a study 1s made of the analogy between the T-sets
Myers [6] defined in a Banach space and the maximal 1deals in
a Banach algebra. It is found that, roughly speaking, the
former are related to "maximum value" and the latter to
"minimum value." A different approach to a homeomorphism
theorem 1s given.

The "regular" algebras studied by Silov L8] are
consldered briefly in 89 where it is shown that, for compact
X, BX 18 regular if and only 1f B 1s regular.

Many of the results are true for either a real or

complex Banach algebra, although some baslc restrictions on

B are stated in $% 2 and 3.

22+ Preliminaries; definitions, notation

Let B be a Banach algebra (normed ring) in the sense of
Gelfand [2] , 1.e.
1) B is a linear normed complete space.
i1) a commutative and associative multiplication is
defined in B, satlsfying:
by (bytbs)=bybytb) by
AMbyby)=( Aby )by, Aa scalar.
111) B has an identity e with respect to multiplication
and Jlelfl=1 (libll denotes the norm of be B).
iv) I bybylilioql il volls by,b, € B.
The field of scalars over which B is defined may be either

the field of real numbers or the field of complex numbers;




however, in the former case it will be assumed that B

satigfies

2-+-e has an inverse.

v) for each b€ B, b

The space of maximal ideals in B will be denoted by In.

The topology of M will be the first or preferred topology of
Gelfand, which makes i a compact Hausdorff space and which

makes each be B correspond to a continuous numerical-valued

function on @ . For b€ B,Me these functions will be denoted
by b(l); their values will be complex numbers if the scalar
field 1s complex, real numbers (thanks to v) ) if the scalar
fleld is the field of reals. This topology on M is defined
in terms of neighborhoods, where if M_€9n, a V(M.) is
determined by £>0 and Dyy,ece,bn €B as

V(Mo )= {Me M| by (M)-by (M, )|<E, 121,...,n}.

As Gelfand has shown, B is homomorphic to a subalgebra
of the algebra of all continuous functions on‘hl; the kernel
of the homomorphism is the radical of B.

let X be a compact Hausdorff topological space and let
BX be the set of all continuocus (hence bounded) functions
defined on X with values in B., If f,gEEBX, define f+g and
fg as

(f+g) (x)=f (x)+g(x)
(fg) (x)=f(x)g(x).
Also, for f GBX define the norm of f as

(£l =sup Il £(x) .
xeX

With these definitions BX becomes a Banach algebra. The
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identity in BN 1s the functlon which is identically equal

to e; denote it by e', i1.0. €'(x)=e, all xe X. More
generally, the functions constant on X form a subalgebra B!
of BX equivalent to B: if be B, then b'(x)=b, all x € X, and

ho'll =sup kb (x)l=lbll.
xe€ X

Denote the space of maximal ideals 1in Bx by?[.

23. The space M .

In thls section it will be shown that under certain
conditions every ideal of(h_is determined by a point x¢e X
and a maximal ideal Mechl, and in fact 1N is homeomorphic to
XU .

To thils end I begin with a known [10] result.

Lemma 3.1. If x.,€X and M,€9M then the set (x., M, )=

:{fé.Bx! f(x,)e MJ 18 2 maximal ideal of B>.

Proof. It is trivial to show that (x,,M,) 1s an ideal.
Suppose (x,, M,) 18 properly contained in a (proper) maximal
ldeal N; then there exists g € N such that g(x°)=b°¢ M.+ The
maximality of M, in B implies that there exist m,eM_ and
b€B such that e=b, b+m.. Let f€B" be defined by fze'-gb, ;
then f € (x,, M.), since f(x.)=e'(x.)-g(xc)b'(x,)ze=b, b, =m.cM, .
But from this 1t follows that e'€&€ N, for

e'=gb'+(e'-gb' )=gb'+f
where ge N, so gb' & N and f € (x, ,M. ) N. This means N:Bx,
contradicting the assumption that N 1s proper. Thus, (x,,M,)

is a maximal ideal.
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The following lemma 1s due to Yood [JO] .

Lemma 3.2. For any féin the numerical-valued function

f(x,M) defined by f(x,M)=f(x)(M) 18 continuous on X*Tn .
Proof. Let (x,,M,)€ X*M; let €20 be given.

Vix.)=ixe x| £ (x)-2 (x )l < &2];
let
V(Mo )={ae M| le (x,) (M)=£ (x.) (i, )] < & 2]
Let V(x,,M,)=V(x,)*V(M,). Then, 1if (x,M)&€ V(x,,M.),
£ 0x,M)=1 (x, ,M, )] $ £ (x, M) (x, ,M) |+ ] £ (x,,M)-F (x. , M. )]
= |£(x) ()=F (x0 ) M)+ [£(x0) (M)=F (x0) (/|
= [(£(x)=£ (%)) (M)|+ | £ (x,) (M)=F (x,) (1, )]
SNE(x)=F (o M+ | £ (x0) (M)=F (x5 ) (M. )]
< Earla- g,
so f(x,M) 18 continuous.

Theorem 3.1. Let B be a real (i.e. having real scalars)

Banach algebra. Then for every maximal ideal N.in BX there
1s a point x,€ X and a maximal ideal M_€9n such that
Noz{re B®| £(x.)e m.}.

Proof s The method of proof is contrapositive. If N,
18 not of the stated type, then for every x,eX and every
M,eM there 1is f.e N, such that f. (x.)¢ M.. This means that
for every (x,,M,)& XM there 1s f, & N, such that T, (x.,M_)£O.
Since f(x,M) is continuous on X*In ;{each (x,,M.) has a
neighborhood V(x,,M,) such that (x,M)€ V(x, ,M,) implies

o (x,M)£0. The compactness of X>M assures the existence of




a finite number of neighborhoods Vi, eee,V, which cover

X+ and corresponding functions f,, eee,f_¢& N,such that

n
(x,M)e Vy implies f, (x,M)£0. Let

f:f,2+...+fn2; (3.1)
then f € N, and moreover f(x,M) is nowhere zero. This last
means that for each x€ X, £f(x) is in no maximal ideal in B,
so that (f(x) )-lexists. Now, for b in the set of regular
elements in B the mapping ‘Q(b):ﬁﬂ is continuous. Thus, 1if

g(x)=(£(x) J,

then gz yYf, so g 1s continuous, i.e. gE;BX. But g-f ' and
hence f cannot be in the maximal ideal N., a contradiction.
Therefore, for some x,€ X, M, €M and for every f& N,, f(x,)e M,_.
Since N, is maximal it must consist of all such f.

Theorem 3.2. Let B be a complex Banach algebra

satisfying

1) to each element b€ B there corresponds an element
b* such that b*(M)=b(M) for all Mc (7 denotes the complex
conjugate of the number A);

1i) the mapping V:B~—>B defined by Vv (b)=b* 1is
continuous on B.
Then the conclusion of theorem 3.1 holds.

Proof. The proof is the same as that of theorem Sel
except for slight modifications as follows. For each
f;, i=1, +¢.,n, define a function 8y by
8y (x)=(f, (x) )*;

then 1i) guarantees that gy 18 continuous on X, so giein.




Next, replace the definition of f in (3.1) by

f=fl 8'+ooo+fngn (3-2).

Then fe N,, and the remailnder of the proof is as before.

lemma 3.5. If B is without radical, then the mapping

Vv (b)=b*, where b*(M)=b(¥), all M€, is a continuous
mapping.

Proof. Let B, be the algebra with the same set of
elements and the same algebralc structure as E, but with norm
defined as ,b,,= ib¥*i. Then B, will be a Banach algebra 1if,
under thls norm, B, 1s complete. Thie is readily seen to be
so. In fact, let ﬂbni be a sequence in E, such that
. bn=bp., —>C. This means hbg-bg;ﬁ——»o, 80, by the completenesse
of £, there exists b¥ < B such that |bf — b#|[—>0. But thie
seaye exactly that jbn - bam——»o, and hence B, 1lg complete,
Clearly B and E, are lgomorphic under the 1dentity mapping,

Bc ¢y theoremr 17 of Gelfand {23 E ané B, are homeocmorphic.

t rnow follows that the mappring ¢ (b)-bp¥* is continuous, for

ry

t,.=2, —> G then B homeomerrhic to

ttl

irplies i by~

v
L.l 7 O,

~ +€ . ,-:’

3%
¢]

Sr e ~
-oz. L.

t

Comoining theorer 2.z and lemma 2.7 leads immediately to
te following theorem.

Tneorel S¢5. let

8}

be a complex Bznach algebra without

radical such thatl tvo each element T € 5 there corresponde an
eiement ©¥ suck that T¥*(W)z5(l) for all ¥&€“r .., Then the

conclusion of theorem 3.1 holds.

lemmz 3.4, The two maximal ideales (x,,W,) and (x,,N-)




of Bx are equal 1f and only if x,=x., and M,=M

2 2°

Proof. The "if" part 1s obvious. Suppose M,£Ms. Then
there exists beM,, bd M,. Let b'(x)=b, all xeX, so
b'e(x,,M,), b'¢ (x5,M5).

Finally, suppose x,#xe. Then there exists )\ :X—>[0,1),
Alx,)=0, A(x5)=1. Set f(x)z A(x).e, so f €& (x,,M,),
£ & (x0,M5).

Lemma 3.5. If (x,M)€ X* corresponds to NE€N and if

£ € BX, then f(x,M)=f(x)(M) 1s equal to f(N).

Proof. 1) ILet fEN, 8o f(N)=C. If N corresponde to
(x,M), then f(x)€ M and f(x)(M)=0=F(N).
i1) Let f=e', the identity in BX. Then e'(N)=1.
Also, e'(x)=e, all x€ X, so e'(x)(M)=ze(M)=1ze'(N).

111) Let f be arbitrary in BX. Let f(N)=A;
define g=f- Ae'. Then g(N)=(f-2e')(N)=f(N)~Ae'(N)=)-A =0,
so g€ N and g(N)=g(x,M), where (x,M) corresponds to N. Thus

O=g(N)=g(x) M)z [(£= Ae')(x)] (M)

=(f(x)-Ne'(x))(M)=(f(x)- Ne) (1)

=f(x)(M)-he (M)=f(x)(M)= A

=f (x,M)-f(N),
so f(x,M)=f(N).

Theorem 3.4. Under the hypotheses of either theorem 3.1

or theorem 3.2 or theorem 3.3 the space QLis homeomorphic to
Xx .

Proof. Let q(x,M)gN. By lemmas 3.1 and 3.4 and any
one of theorems 3.1, 3.2, or 3.3, W is a 1-1 mapping of XxM




onto %\. Since both thl and‘W\are compact Hausdorff spaces,
homeomorphism will follow if q is shown to be continuous.
Let Y](x,, yMo)=N,, 1let

V(No);iNanj{fi(N)-fi(No)Fiﬁ, 1:1,...,n}.
let

v,y (xo)z{xe x| £, (x)-£ (x)lI< €/2], 121, veuyn,
and let
V(Xo)zf\igl Vi(xo).
Let f,(x.)=b;, let
VM, )={m e%]\bi(m)-bi(m. I< &2, 1:1,...,n}.
Finally, let V(x,,M,)=V(x,)*V(M,) and let (x,M)e& V(x.,M, ),
Y?(x,M):N. Then for izl;es.,n (using lemma 3.5),
[ £4 (N)=£3 (W) = )£y (N)=Fy (xo) (M)+£4 (x, ) (M)=F, (N,)]
Sry (1)1 (x0) O] + £y (x0) ()2, (x,,u, )]
= £4 (x) (M)=£5 (x, ) (M) + | by ()=by (M, )|
= [(£, ()=2, (x)) )]+ [y (M) -y (4, )]
Sy (x)=F4 (x| +]by (M)-by (M, )]
<otz €,
eince x €V(x,) and M€ V(M. ).

Thus Y]is a continuous, hence a homeomorphic mapping.

§4. The homeomorphism theorem

In the sequel it will be assumed that a complex B with
radical satisfies the hypotheses of theorem 32 and a complex

B without radical satisfles the hypotheses of theorem 330
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The literature abounds with answers (largely in the
affirmative) to the question whether or not a structure
(lattice, Banach space, sub-space of a Banach space, Banach
algebra, etc.) of real- or complex-valued functions defined
on a compact Hausdorff space determines the space. In the
case where the image space of the functlions is a Banach
space the result 1s not generally true, however. M.Jerison
L[4}, drawing on an example of R.H. Fox [1)] , has in fact
glven an example (see below) of a Banach space B and non-
homeomorphic compact Hausdorff spaces X and Y such that the
Banach spaces BX and BY are equivalent. On the other hand,
Jerigon has shown for a wide class of Banach spaces that
the Banach-space equivalence ofo and BY, X and Y compact
Hausdorff, 1mplies the homeomorphism of X and Y.

Now Jerison's counter-example involves, and his theorem
fails to hold in the case of, . a B which is itself the set of
numerical-valued functions defined on some compact Hausdorff
space. And this fact points up a possible difficulty of
obtaining an analogous theorem in the present case where B
1s a Banach algebra; for all Banach algebrae are either
equivalent to the algebra of all functions on the compact
Hausdorff space of maximal ideals or are isomorphic or
homomorphic to a dense subalgebra thereof.

Moreover, theorem 3.4 sheds further light on the matter.

In the first place there is the following rather trivial

consequence: whenever the Banach algebra B has space of




maximal 1deals QV{ which 1s such that XN homeomorphic to
Yﬁhl » X and Y compact Hausdorff, implies X homeomorphic to
Y, then it follows that B isomorphic to BY implies X

homeomorphic to Y. In particular, there is the followlng

theorem.

Theorem 4.1. Let B be a Banach algebra with a finite

number of maximal ideals. Ilet X and Y be compact Hausdorff
spaces. Then if Bx 18 1isomorphic to BY the space X is
homeomorphic to Y.

This theorem, then, covers the case where B 1s any
Euclidean space, multiplication being defined coordinate-

wise.

Secondly, the Jerison-Fox counter-example applies as

well to Banach algebras. In fact, let
M=the unit interval

x=Ux”M)|%sX+ﬁ?1;<n-0$x$2,ft=0}

yzi(x,;« | & < X+ME1; or 15 A< 2, M =03 or Az0, 1&m < 2};
then X and Y are not homeomorphic although quh_and Y*‘m are.
Hence, 1f we let B= 0 (91 )=the set of all continuous real-
valued functions defined oncnl, then Bx has space of maximal
ideals X and BX is equivalent to the algebra of all
continuous real-valued functions on XxYY. Similarly BY has
space of maximal ideals YxIY and BY 1is equivalent to (®(¥x%n ).
Therefore, as Banach algebras, Bx and BY are equivalent,
whereas X and Y are not homeomorphic. Finally it should be

remarked that the '"cancellation" problem (using = to denote




"1s homeomorphic to," does XM -Y«OV imply X=Y?) is far
from simple, and the Banach algebra approach to it is probably
not sufficlently powerful to give much of a solution.
Consequently it is not 1likely that it will be possible to
obtain a homeomorphism theorem for Banach algebras analogous
to that obtained by Jerison for Banach spaces.

The homeomorphism theorem which appears below makes use
of the subalgebra B' of the constant functions in BX.
Theorem 8.2 gives a different approach.

In the subalgebra B', as was remarked in 32, the element
b' is the function which for all x € X takes on the value b.
If M 18 a maximal ideal in B, then M' is the corresponding

maximal ideal in B'.

Lemma 4.1. If N=(x,M)c% , then NNAB'=M'.

Proof. Since
Nz(x,M)_-.{fe BX[ f(x)€E M},
1t follows that
NnB‘:(x,M)f\B':{_b'e B'[ b'(X)EM}.
But b' € B' implies b'(x)=b, all xe€ X, 80 b'C (x,M)N\ B’
implies be M and b'€ M'. Conversely, let b'€ M'; then
b'(x)=beM, all x€X, so b'E (x,M)N\ B'. Hence, (x,M)\ B'=M'.

Lemma 4.2. If Ne‘h and NN B'=M! €', then N=(x,M,) for

gome xX& X.

Proof. We know that N=(x,M,) for some M,E9Nn. By lemma
4.1, then, NNB'aM!, and by hypothesis NNB'=M!. Hence M}=-M!

and by the equivalence M.zM,, which is to say N=(x,M,).




Definition. For M€Y, let
Ql(M):{NG%ﬂ NF\B':M{}-

Theorem 4.2, For any M. €1V, Y (M.) is homeomorphic
to X.

Proof. By theorem 3.4 ‘| 1s homeomorphic to X+ ,

4

and 71(M°), as defined above, 1s a subset of Wl. But it
follows from lemmas 3,4, 4.1 and 4.2 that under this
homeomorphism (between |\ and X1 ) CHKMO) corresponds to
X*M,which is homeomorphic to X, so QQ(MO) i1s homeomorphic
to X.

Theorem 4.3. Let X and Y be compact Hausdorff spaces

and let BX be isomorphic to BY. Assume further, if the

isomorphlism between BX and BY is provided by a mapping‘@f,
that'@"furnishes an lsomorphism between the subalgebra B'
of constant functions in BX and B'%*, the subalgebra of
constant functions in BY. Then X and Y are homeomorphic.
Proof. For M'€im', NQCYL , let \F(M' J=M'® CYV ',
Y (N)zN* €4 *. Then
Jr ()] :\I/’{NEC}’L ] N/\B':M'}

= [Neeq #|nen B eaut ]

= %* (M) .
Now the topology of the space of maximal ideals depends only
upon the algebraic structure of the Banach algebra. It
follows, then, from the above equation and the hypothesis
that BX and BY are isomorphic that VY|(M) is homeomorphic to

QQ*(M). But WI(M) is homeomorphic to X and WI*(M) is
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homeomorphic to Y, so the éonclusion of the theorem follows.

Conversely, suppose X and Y are homeomorphic compact
Hausdorff spaces, .the homeomorphlism being given by a 1-1,
bicontinuous mapping @ , Q(y):x. Let B be a Banach algebra.
For each f € B* define 1Y(f):ge;BY by

g(y)=f(¥ (y)).
Suppose b'(x)=b, all x € X; let ' (b')=b'*, Then
b'#(y)=b'( $(y))=b, all ye Y,

Thus”@'takes constant functions into constant functions.
Moreover, it 1is easily verified thatiy'is an isomorphic

(and an isometric) mapping of B% on BY. Thus the followlng

theorem has been proven:

Theorem 4.4, let X and Y be homeomorphic compact
Hausdorff spaces. Let B be a Banach algebra. Then there
exists an isomorphism between BX and BY which is also an
isomorphism between the subalgebra B' of constant functions

in BX and the subalgebra B'# of constant functlions in B->.

§5. Properties of the algebra B

In this and the following section B will be a Banach
algebra as described in %2, 3 and 4, with the additional
restriction that B is without radical; thus if B 1is complex
1t will be assumed that B contains the conjugate elements.
Some properties of the algebra BX wlll be discussed. First,

however, three lemmas should be mentioned.




Lemma 5,.,1. If the Banach algebra A contains a subalgebra

B' which has the same ldentity e' as A, if M' is a maximal

ideal in B', N is a maximal ideal in A and M'C N; then, for

each b'e B', b'(M')=b'(N).

Proof. 1) let b'€ M'; then b'€ N and b'(M')=b'(N)=0.
i1) lLet b'=e'; then b'(M')=-b'(N)=1. iii) Let b' be an
arbitrary element of B'; let b'(M')=A. Then

(b'= Ae')(M')=b' (M")- Ae'(M')
=b'(M')-A=) A =0,
s0 b'- Ae'€ K' and hence b'- Ae'€ N. It follows from 1)
that
Oz(b'= Ae' ) (N)=b'(N)- Ae'(N)=b"(N)- X, so
b'(N)=A=b'(M').

lemma 5.2 (Silov [7] ). If the algebra B' is contained

In the algebra A, then each maximal ideal M' of B' is

contained in some maximal i1deal N of A.

Lemma 5.3. Let A and B' be algebras, B'C A, having the

same identity e'. Then the intersection N,\ B' of s maximal
ideal N of A with B' is a maximal ideal of B',

Proof. It is routine to show that NNB' is an ideal in
B'. Further, NN B' is a proper ideal since the ldentity e
of B' and A is not an element of N. It remains to show that
NNAB' is maximal in B'. Assume NN\B' not maximal. Then NN B'
ls contained in a proper maximal ideal W' of B', and there is
m€K', m¢ NNB'; in particular, m¢N. This means there exlist

scalar Aand an n€ N such that e's Am+n. Since n-=e'= Am,




it follows that ne¢ B', so ne NN B'C M'. But this means
e'=Am+n€ M', which cannot be. Thus N/ B' is a maximal

ideal in BR'.

The properties of B> that will be utilized are the

following.

1. B 1s without radical.

Proof., It will be recalled that the radical of a
Banach algebra 1s exactly the intersectlon of all maximal

ideals. Suppose fE/;>N; then for each xe€ X f(x) lies in
Ne

every maximal ideal ME9M, i.e. £(x)=C, since B has only
the trivial radical. Thus f 1s the zero of B-.

2. The space/h‘of maximal 1deals 1in BX is homeomorphic
to X*In, and each maximal ideal 1n‘ﬂ\1s fixed, i.e. Nécn
impliles

N:{f]f(x)e M, some X € X, some MEfW&.
This is the result of § 3.

3, If €8, N=(x,M), then f(N)=f (x)(M).

Proof. This was proven in 3 3. It is stated again
for emphasis.

4, The constant functions in BX form a subalgebra B'
equivalent to B; the identity of B' is that of B~ .

5. The intersection of a maximal ideal N=(x,M) with
B' is the maximal ideal M' that corresponds to M under the
equivalence between B' and B: NN B'=M', N=(x,M).

This 1s the result of lemma 4.1.

6. For arbltrary Me‘, the set “N(M) 1s defined




“Y((M):{Ne‘n( NﬂB'-_-M'}.
All sets ﬁl(M), Mefhl, are homeomorphic to X (theorem 4.1),
hence to each other. Let M, be an arbitrary but fixed
element of /" , let the homeomorphism between Wl(M) and
ql(mo) be given by N 3 Y%: 7{(M)——+Q1(M°), where 'qéx,M):
=(x,M.).
T It follows from 6 that, for N, eN(M,) and
N, € YV (M5), YWFN')= QM}NQ) if and only if N, =(x,,M,) and
Noz(x,,M5), for some x,&€ X. If in this case we def ine
N,~N, [l.e. N~ N, if and only if M (N )= 7, (N;) where
NIECHKM.), N2€L91(M2) , then it 1is clear that ~ 18 an
equivalence relation. Define [N,] ={Ne‘h‘|vaN;}. Then, if
Nyo=(x,,M,)
[N]={NeN| N=(x,,m), Mé‘hd =%, 9N .
8. For each f € BX and each class [N] there is a
unique b'€ B' such that f(N)zb'(N), each N& [N] .
Proof. ILet N, =(x,,M,), let f(x,)=b, let b'e B'
correspond to b. Then for any N€ [N,], Nz(x ,M),
T (N)=f(x,,M)=f(x ) (M)
=b(M)=b' (M")
=b'(N),
by lemma 5.1. The unigqueness of b' follows from the fact
that B' 1s without radical, so that each element b' ie
uniquely determined by the set of values b'(M'), M'E‘hlﬂ
An alternative formulation of 8 1s

8'. For each f € BX and each class [N,) there 1s a




unique b €B such that b(M)=f( Y]'M'(N,)), each MEC}”V(, where
N\E(}’?\(MQ).

Proof. Let N,=(x,,M_,); then q:(Nl):(x‘,M) and
T ( W;(N,)):f(x.,M)zb(M), where b=f(x,).

9. If we define Ty} (f)=-b', where b' is the element
of B' whose exlistence was stated in 8, then T&wjis a linear
multiplicative transformation from Bx to B'. Also, .for each
class [N], |Tpql=1.

Proof. Let N, =(x,,M,), T (v, ] (f,)=b/, Tw,) (£5)=bb;
thus b, =, (x,) and b,=f5(x,). Then TD%J(f\f2)=b:b', since
(£, ) (x,)=Ff, (x,)f5(x,)=b, by; also, Ty (£,+f2)=b/+b), since

(fi+1,)(x,)=f, (x, )+f5(x, )=b+Db,. Finally, since |f|=sup x|,
xe X

ITo ()< lEl, o JTysl€ 1. But Tpy(p')zb', so |Tyy|=l.
10. For each T@U the kernel 1s the ideal IU%K=I(X°)’

where, if N, =(x.,M.),
I(xo)z{f]f(xo):o}zf\N.
NE€ [N}
Proof. The first equality follows from the
definition of TW] and the second from the facts that
VYo

[Né]:{ﬁxo,M)z MEQMg and / \ M=0, since B has zero radical.
) M€

X -
11. The residue class algebra B//IW]is equivalent to
B (or B').

X
Proof . Denote the elements of B//E' by Fy,Gyeee
INo]

If f, ,f,€F, then f =f,€ I, , or (f =f5)(x.)=0, so

L

£, (x.)=f5(x,)=b, say. GClearly, if f& B™ and f(x,)zb, then
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D I@J » 80 € F. Thus the residue class F consists of

exactly all fe¢ BX such that f(x.)=b (note that b'c F). 4

similar statement being true for each element of 3%*;[],
No
the mapplng WV defined by \/ (F)=b, where F:{f]f(x°)=b}, is a

well-defined mapping of into B. Since BY

./'

z contains B'
N

and since b'€ B' in the class F implies YV (F)=b, it follows
that " maps BX onto B. Clearly, if FgG, W (F)£ < (G), so
V18 1«1. (It 1s obvious from the foregoing that each

X .
b'< B' determines an element of Q/IW] and the elements so
W,

-

I\:‘-V;}.
BX -

C o Ing

X
determined make up all of 3// ) Next, from the way the

operatlons are defined in it follows immediately that

“}"1g an isomorphism.
Finally, \ 1s an isometry, for if "}V (F)zDb,

| Fll=inf IIfl zinf [ sup Ilf(X)H] > inf || £(x.)=1bl;
fCF feF ~xeX FEF

conversely, since b'€ F,

[Pl =int [[£]<|p] =)0l .
felRr

Hence, |V(F)| =|IF|, and YV 1s an equivalence between BE/EE ]
N
and B.

12. For each f& B' there 1s a class [N.] such that
“T@W](f)“=ufl
Proof . Since Ty (f)=b', where f(x,)zb, and since

there 1s xy € X such that I£(x¢)l| z|l£]] , the result follows.
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X

12'. For each f e B™ there is an ideal Iy, =I(xg)

-

such that [|f]l-||F], where F is the residue class of

“ Iy
which contains f.
Proof. Let xy € X be such that ”f(xf)“=”fﬂ-——-

since X is compact such Xp exists. If FEEBE/Iixf) contains

f, then ||F|[z|lt (x¢)', since V' (F)zf(x¢) and \Vis an isometry.
Thus [|£] =]|7] .

13. There is contained in B> a closed subalgebra n
which is equivalent to the algebra ” (X) of all continuous
numerical=-valued functions on X, viz.

n :{féBxi f(x)z Ae, all xex}.
Since N, ~ N, implies N, =(x,M,) and NQ:(X,MQ) and since 1if
N=(x,M), £(N)=f(x)(M), it follows that

® ={feB*| N~ N, tmplies £(N,)=f(N,)]}.
To see this, suppose first fe¢® and Ny~N,, 1.ee N, z=(x,M,)
and No=(x,My). Then f£(N,)=f(x)(M,)= A (M, )= A, and
f(NE):f(x)(MQ): A,e(ME);7v. Secondly, suppose that f 1is
such that N, ~ N, always implies f(N,)=f(N,). This means
f 1s constant on the class [N,], t.e. N€ [N,] implies
f(N)=)A, say. This means, if N,=(x,M,), that f(x)= Ae.
Since this 1s true for all Ne‘h\ » T(x)z A.e, all xe X, so0
fel,

Suppose, now, that B is a Banach algebra of the type

under conslderation, i.e. B is without radical; if the

scalars are real, then b2+e hag an inverse, any b € B, and




if the scalars are complex B contains the conjugste elamentsa.
Let A be a Banach algebra wlthout radical, let A contair 2
subalgebra B' equivalent to B, A and B' having the same
ldentity e'. Let the space of maximal ideals be ! 1in A4,
in B, ‘M' in B'. By lemma 5.2 each M' of 8' 1s contained
in at least one N of A. Conversely, by lemma 5.3 each N&
intersects B' i1n a maximal 1ldeal M'<€ 9M'. Define

)z {Net] NaBtzm'f .
Then ‘y = h{#@(m) and Q1(M|)f\ﬁ1(M2)=¢. If the /.(M) are all
homeomorphlic we can define, for arbitrary but fixed M., V}M
to be the homeomorphism which takes (M) onto Y (M.).
Further, we can define, for N, € (M,) and N26Q1(M2), N,vN2
if and only if WMSN‘)z qmiNE). Then ~ 1s clearly an
equivalence relation. Finally, define [Nt]-{ ]NVVNO}. Thus,
if N, € GU(M,), then [N,]={N|N= ", (No), memf.

Theorem 5.1. ILet A and B be Banach algebras without

radicals satisfylng the following conditions:

1). A contains a subalgebra B' equivalent to
B; A and B' having the same identity.

2). For arbitrary but fixed M, €1 the sets

(M= {Ne‘hi N f\B‘:M'}

are homeomorphic to Vi (M,) for all MECWL, the homeomorphic
mappings being designated by N ,: N (M)—> N (M, ).

%3). For each 2 € A and each class [N;];{N’NAJNJ
(where N;~N, if and only if Ny € ql(Mi), i-1,2, implies
quNl)= qméNQ)) there ig a b'e B' determined by b'(N)-a(N)

for each N € [N,], and [|b'] < lal .




Then there 1is a completely regular space X such that A is
isomorphic to a subalgebra of Bx (here BX denotes the algebra
of bounded continuous functions from X to B) which contains
the constant functlons and which separates points of X.

Proof. Denote by TE“](a) the b' which 1s determined by
each class [N, and each a€ A. Then N, # N, implies Tiwy £Tm,7 o
For, N, ¥N, means, 1if N, € r (M,) and N, € "(‘;(ME), that

WMSN')é \7M5N2); therefore, since each V%qis a homeomorphism,
leﬁﬂk:( th(N,))£ q;K Mm{N5))=N,, say. Hence, there exists
an a € A, ae€ Ny, a¢N'2. Let T] (a)=p), T, ] (a):bé. Then
bl (N, )za(N, )=O and bé(Né);a(Né)#O (note that N5~N,). From
this it follows that bjfb), for Ny €V (M;) and N} < (M),
and if bi:bézb',.say, then b'(N,):b'(Né):b'(Mi), by lemma
5.1. Thus, the assertion is proved, and there is a 1-1
correspondence between the classes [Nj and the transformations
Tgﬂ , 8lnce 1t is trivial that N1~N2 implies TWJ =TD&]'

Next, for each class [N;]the transformation Tmﬂ is linear,
multiplicative and bounded. To show this, let Tg%](a1)=bi,
Try,) (a5)=bs, so that a1 (N)zbj (N) and a2(N)=bé(N) for each
Ne [ No] . Then Ty (aj+a,)=b3 where, for each N€ [N]J,
b3 (N)=(agray)(N)za) (N)+ ay(N)=bj (N)+ b3(N); thus bi=bj+bl.
Similarly, TB%](alaz)=bibé=T[MJ(al)T[NQ(32)° That T(y]1is
bounded follows from condition 3).

Let 7 be the set of all linear multiplicative
transformations from A into B'. Topologize’?’by defining

as neighborhoods of T.€ T the sets




V(To)-.-{'re ‘Tf IT(a,)-T. (ay)l< €, 1:1,...,n},
where &£>0 and al,...,ané A are arbitrary. It is routine to
show that with this topology T becomes a uniform topological
space and thus a completely regular space.

Now let X be the set of transformations Tgyy + Then X,
as a subset of T’, 1s a completely regular space. For each
aclA 1t 18 now possible to define a function fa from X to B,
in the following way: let fa(TfN])=b’ where T[N](a):b'
Eequivalently, 1f’¢’provides the equivalence between B' and
B, ¥ (b')=b, .then £, (Tpyy)z V(T (a))= v (b')=b]. It
follows from the way the topology 1s defined in GV(TIy](a)
1s a continuoug function of Ty for each a) and from the fact
that B' and B are equivalent that fa ls continuous. Also,
since from condition 3) HT@ﬁ](a)“:sﬂaﬁvﬂfa(Tgv])M=HT@n (a)]< |a]
we see that fa 1s bounded.

Next, the correspondence a-——-)fa i1s an isomorphism. The
proof is simple. lLet al——iyfal, 32———>f32, let ayta,——=ge.
Then g(Tr7 )= (T (atas))z v (Tyylag )+Ty(a,))s
= V(T 7 (31))+V(T1N] (8‘2))=fal(TiN] )+fa2(T[N] ); 1.e.
al+a2———?fai+fa2. Similarly ala2———>fa f, « And 1if ajfao,

1 a2
then there is N€T such that a)(N)fa,(N). This means

It 1s a consequence of the way the transformation TW]
is defined that, for each class (N] and each b'e B',
Trvy (b')zb'. From this we have that fy(Tpyy J=b, all Tpy€ X,

80 the constant functions are contalned in the subalgebra




X
of BY. Finally, TWJ ﬁT@M)implies there 1s a€ A such that

T)(a)ETy,)(a). Hence £ (T w1 )Efa(T,]), 80 the subalgebra

separates points of X. Thus the theorem is proved.

Theorem 5.2. Let A and B be Banach algebras without

radicals satisfying conditions 1), 2), 3) of theorem 5.1 and
4) For each a e A there is a class [N#] such that

if b' 1s determined by a and [N_ ] then [b'|z]a]
Then there 1s a completely regular space X such that A 1s
equlvalent to a closed subalgebra of BX which contains the
constant functions and which separates the pointe of X.

Proof . Drawing on theorem 5.1, we need prove only that
the correspondence a —>»f, 1s an lsometry and that the

subalgebra 1is closed.

By 3) If (Tyy Nslal, so sup |fg(Tpy)ls al,
ﬂméx
and by 4) ||fallz sup_ lf4 (TRl =lal,
€ X
M
80 the correspondence a-—-—ofa is isometric.

Since A 1s complete the equivalent subalgebra of Bx is
closed, and theorem 5.2 18 proved.

The natural question whether or not the hypotheses of
theorems 5.1 and 5.2 are necessary for theilr conclusions is
not an easy one to answer. An attempt will now be made to
provide an answer, although the results obtalned are
incomplete.

To begin with, 1t 1s clear that 1) is necessary for
theorem 5.2 but not for theorem 5.l1l. For if A 1s equivalent

to a subalgebra of BX which contains the constant functions,




these form a subalgebra of A equivalent to B. On the other
hand, i1f A 1s only 1somorphic to such a subalgebra then the
constant functlions are in general isomorphic and not
equivalent to B.

In order to discuss conditions 2), 3) and 4) it 1is
necessary to obtain some information about the space V] of
maximal ldeals 1n the algebra Bx of all continuous bounded
mappings from a completely regular space X to B. In this
case each set (x,M):{fe Bx{f(x)é.m} is a maximal 1ideal of
BX but not all maximal ideals are of this type. The following

lemma confirms what one would expect.

lemma 5.4. If X is completely regular then Xx¥\ can be

(homeomorphically) embedded in the space T of maximal ideals

of BX.

Proof. As remarked above, each point of Xx*1 determines
a point of 11 . Use this to map X% into 1 , "/ (x,M)=Ne.
Since (lemma 3.4) the 1deals (x,,M,) and (x2,M2) are equal
if and only if x,=x, and M, =M,, \}/1s a 1l«l mapping. To see
that V" is continuous let W (x,,M,)=N,. Let

V(No):{NE’Uf(XrWH)g £, (N)-4 (N, )|<€,121, eeu,n},

V(x,)={xeX [y (x)=fy (x, W< &2,1=1,000,n],

V(Ma):{Méchﬂ ffi(xo)(M)-fi(Xo)(Mo)<-5/2,1:1,-o-,n3-

Let V(x,,M,)=V(x,)*V(M,)e. If (x,M)€ V(x.,M,) and if

U (x,M)=N, then for i=z1l,...,n




£ (=24 ()| = 2, (x,0) -1, (xq,00,)]
$lry ()= (g1 £ (x, , M)=1 (x,, 1)
S (x)=F 4 (%, )i+ £y (x,) (M)=F 4 (x.) (M.)]
Era+tyo- e

N

l.ee NE&V(N.,) and Vv 1s continuous.

I next show that KVﬂis a continuous mapping from V(X=ir )
to X#ih . Let N.€ W (Xxih); let waNo)z(Xo,Mo)- .Let a
V(x,,M.)z=V(x, )xV(¥,) be given, where V(M,)=
=€ by (M)-by (,)[< E,121,...,n]. Since X is completely
regular there is a functlon «:X—=[0,¢t], «(x.)=0, w(x)=z¢,
X ¢V(x,)s Now for i=l,...,n define £, (x)zbg (x) and define
e (X)= u(x)e. Let
VIN)={NE Y (X1 )] |54 (N)=F4 (N,)]<€,121, 0eu,nti}.
If Ne V(N. ), let ¥ (N)=(x,M). I assert xeV(x.,) and Mc V(M.),
leee (x,M)€ V(x,,M.)e For, if i=1, ¢..,n,
|y (M) =by (M) = |£4 (x) (a)=Fy (x) (M, )]
=Ty (x,M)=F, (x0,M,)
=ley (N)-fy (N)|< E,
so MeV(M,). Also, suppose x £ V(x,); then
|£n0 (M=fn ., (N =8 0 (M=, (x,,u.)]
2 f L )T, (xe) (Mo )]
= | pMx)= b(x,)

;

- IK(X)_—_ E ]

so N&V(N,). It follows that "y 'is continuous and \} (X~ )
1s a subset of N which is homeomorphic to X<m .

Thus‘h 1s a compact extension of X~y , although our




interest remains centered on X+“: . In fact, if we define,
for X completely regular,

(M, ):{NE Xx 1 " N;’“\B'zmg},
and detf'ine the class [N,! in terms of elements of X»t-, then
it 1s clear that for Bx itself conditions 2) and 3) hold.
For, -(M)=X~M, so all sets -/ (M) are homeomorphic to X.
And the class "Nj=xx"1 ; so each f & BX and each class LN ]
determines a b€ B, viz. bz=f(x), such that b'(N)z=f(N), each
Ne [N], and |[p'l=lb, < lf].

However, even for all of g% condition 4) of theorem 5.2
need not hold. In general, of course, 4) holds only if X 1is
compact.

Moreover, the conclusion of theorems 5.1 and 5.2 involve
not BX itself but only a subalgebra A' which contains the
constant functions and which separates points of X. If for
this A' we define

(x,M)':};fEA‘E f(x)e M}:(x,mm A',
then (x,M)' is a maximal 1deal of A', and the first part of
the proof of lemma 5.4 remains valid. But the proof that
Wgﬂis continuous requires that A' contain a subalgebra
equivalent to C(X). For such an A' conditions 2) and 3)
hold.

Remark. An equivalent formulation of conditions 3) and

4) can be obtained as follows. Define for each class [N;]

I TN, 1=/ \N.
; - Ne€ [No—) A o
Then I [N,] is a closed ideal and so//~[ 1 is a Banach algebra.
I [N,
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A
I assert /E/E/zfontains a subalgebra isomorphic to B'. To
N,

show this consider I [N_]JNB'. If N. €}V (M,) then
[N ={N] N= Wy (wo), men].

Thus

ICN]= N\ N= N\ *ﬁa (N, ),
N~N, Mem

and, since , \ MzO, it follows that I [ N.,]/\B'=O€B'.
Mem

Consequently each b'e B' determines a different residue

class Fy € _A //: and from the way the operations are defined
b “IN,]
(e

A

in -
I[N

we can conclude that the mapping b'——#?Fﬁ is an

isomorphism.
The alternative formulation of 3) and 4) is then

3') For each class [N,] the algebra ’jLF/} 1s equivalent
I LN,

to B'.
4') For each a€ A there is a class [N,]| such that if
a € F, then |alz|Fgl .

Proof that 3) and 4) are equivalent to 3') and 4'L Firat

assume 3') and 4').

Let [N,| be arbitrary, let a.€ A be arbitrary. Then there
exists b'€ B' such that a,zb'(mod I[N,]). This means
a,-b'e I [N] :ﬁ/\NN’ or (a,=b')(N)=0 for each Ng[N.], so

) A
a.(N)zb'(N), each N€ [N,] « Moreover, since /,E/ais
I[N,

equivalent to B',




b'| =|F/ll= inf Jall<)a.l,
Porl=legl= it lal< e
so condition 3) is satisfied. To show 4) holds use 41,

Let Fy <—b' €', 5o [Fy|=|p']

. Then |a]=z|p'] .
Now assume 3) and 4). let ac A and LN,] be arbitrary,

let I[NJ: /\N. If b'eB' is determined by a and (NJ],
N ~N,

as 1n 3), then a(N)zb'(N), each NE€ [N,], so (a=b')(N)=0,

Ne[N,], or a=b'€ I[N,] . 1In other words, each ac A lies in

the same residue class as some b'€ B'. As shown abovse

(p.28), each b'e B' determines a residue class of //j%’i/s
I[N,
o N iss hic to B' t, let A
S0 -7y '8 lsomorphic to B'. Next, le aEFaE/IfNo] ’
Fg—=b'€B'. By 3), [lal 2{v'll, so ||Fg|= 1nf ||af >|b"].
aeF
A
But b'E€Fy, so |F||< |b'] . Thus |F,|=z|p'], ana T e

equivalent to B'.

Finally, it 1s obvious that 4') follows from 4).

§6. Characterization of BX.

The precedling § provides a basis for a characterization

of the algebra BX.

Theorem 6.1. et A and B be Banach algebras without
radical. In order that there exist a compact Hausdorff
space X such that A i1s equivalent to Bx it is necessary and
sufficient that conditions 1), 2), 3), 4) of theorem 5.2 be

satisfled, along with the condition
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5). 1) For each a€ A, Nj€5_, £>0, let b'e B'
be determined by a and [Nlj. Then there exist qeN,, E'>0
such that [q(N)|< &’ 1mp11es“bﬁﬂ<&§, where by€ B' 1is
determined by a-b' and [N].

i1) Let & C A be the set

noZd o~ N_ =——— - I >
n _tcEA( Ny~ Ny = o (Ny)ze(K,)) .
Then for any N,, N5, N;j7 N, lmplies there exists c € such
that c(Np)£c(N,).

Proof. Properties 4, 5, 6, 8, 12, and 13 of §5 show that
conditions 1), 2), 3), 4) and 51i) are necessary. To show
that 51) 1s necessary let féLBx, le(xl,Ml), S >0 ve glven.
Let f(x3)=b, so Ty (f)=b'. Let f'=f=b’' and q(x)z||f'(x)]je.
Also, take &' =8 . Then q €Ny, for

q(xl)zﬂf'(xl)ne;”f(xl)-b'(xl)“e:”b-bue:Oé;Ml.
Also, if N:-(x,M), then

Q(N)=q(x) ()= (x)j e (M) T (x)] .
Consequently %q(N)P{S implies nf'(x)n<5§, or qul(f')n<<?.
Thus, if Qy] (f')=by;, then Hbﬁ;%:f. This is 5i).

The sufficiency. Suppose A satisfles conditions 1)=5).
Then by theorem 5.2 A 1s equivalent to a closed subalgebra of
8 where X 1s completely regular, It remains to show that X
is compact and A 18 equivalent to all of BX.

That X 1s compact will be shown by proving, first, that
WL(Ea) 1s a closed, hence compact, subset of 9., and, secondly,

that X 1s homeomorphic to N(M,). To show T(¥,) is closed

in %, recall that T (¥,)={Ne™m NAB':ML}. Hence, 1if




- 31 -

1 Then

b (N1)=0, bI(ML)£O. Let € be such that O<e<[bl(u.) , let

¢ 7 (¥_) then there exists b!c N,/ \B', b'< ¥'.

1. ) < B B! (K. )i 7 -
VINg )= {NET  DI(N)=DL(N,)

e
-l

= 1N BIN)<E

+

If N¢ " (¥,) then ¥! < XN, so for all b'c B', by lemma 5.1,
' (N)=b'(iL). Thus, N€ “ (¥.) implies 1bL(N)ﬂ>i, 80

(M )N V(Ny)==. It has been shown that an arbitrary point
not in ' (¥.) has a neighborhood not intersecting « (¥,). It
follows that '(¥.) is closed in the compact space 80

R

(¥.) is compact.

To prove that X and " (M.) are homeomorphic use will be

made of a lemma which will now be interposed.

lemma 6.1l. let . be a continuous real-valued function

defined on X, //(?N*):7£ER1. For each N&7" 1let “(N)= }(Tﬁw).
Then ® is continuous on 7 .

Proof of lemma 6.1, Let N;%2% , £>0 be given. Since /

is continuous on X there 1is V(Tr-) such that TT~EV(TB ~)
Fagai I l)

implies !’(‘YT)° ’(Ti ):< ~ . Suppose
V(T?‘.—:):‘QI:K:[ ; _I (ai) Ix (ai) <« s 1:1,...,1{",

wWhere 83,..4,2, < A, Let Tgu(ai) Dy, let ajza;-bj. By
—_ —

nypothesis Si) there exist 4y,...,qy € Ky and :],...,.ck2>o

such that iq (H)F:a/implies QQEW(ai)¥<‘S° let

O

-min(\,,...,f 'Je Let

.V(I\l)-'a:e "_I qi(lq)-qi(Nl)‘<E ’ 1:1,.00,?& ’

-
-

- { i -1 !
:‘,‘_Nedll’l iqi(l\')"‘<’: IS i:l, 'oo,k

-

*

eince g4 € Xy 1implies qi( )=C. Then, if XN eVKhl,,
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|23 (N)] <&, 121,000k, so [Ty (af)|< o t.e.
5’>nﬁyj(a1-bi4|:H§N](ai)-ﬁN](bi)
:“T@ﬂ (ai)"bi”

=Ty (ey )Ty g (ay)),
which 18 to sa " .
y TNQV(TWJ) Thus, NEV(Nl) implies 'E[NJQV(T[NJ),
which in turn lmplies
| $n)= £ANp)| = |2 (Typ)- 4 ()< €
Hence § 1s contlinuous at N;. Since N, 1s arbitrary, £ is
continuous on 7, « This concludes the proof of lemma 6.1,
Now, for each N € 7 (M,) define Lf(N):qN]. I will show
f is a 1=1 continuous transformation from &% '(M,) onto X.

Since °r(M,) is compact Hausdorff it will follow that X is

compact and homeomorphic to 7 (M,). Suppose Ny Ny € T(M.),

N,#N5. Then Y%éNl):NlﬁNQ: Y%éNz), s0o N3~N,. From this we
conclude that qNJﬁTwi], as in the beginning of the proof of

theorem 5.1. Also, 1if QN]E X then there is N, € [N]fVﬁﬂMo),

80 f(No)qu]. Hence P is 1-1 onto. To show that { is

continuous let Ngo€ V' (M,), let ‘P(No)=q®]. let
. i ° A

VT, )= Ty | [T (21T (@gdfv€s 121, 00u,ny,
where ¢t >0 and al,...,anE.A are arbitrary. let QNJ(ai);bi
and let aj;=zay-b4, izl,...,n. Then

qu(ai):qN](ai-b{)=qN](ai)—ﬁN1(bi)

:TWJ(ai)-bi:ﬁyl(ai)-ﬂyﬂ(ai).
Also,
£a¢ (Ty1)z Y (Ty(af))= \p(Ty] (ay =Ty y(ay))
= (Tyy(ag ))= VT ylay ))=fy, (Tn1)-f5, (Tne 77 -
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Let )/-L(T@\I—J):”fa/L (Typ)|  (note that (T 7)20); then the
}, are continuous real=valued functions on X, since the f
are continuous from X to B and the norm 18 a continuous
function on a Banach space. For each Necn def ine

$AN)= J/L(TYN])’ 1=1,...,n. Then § (N)zO0 for N~N,, so, in
particular, §£ (N,)zO. By lemma 6.1 the 51 are continuous
real-valued functions on Ch « By a theorem of Gelfand and
Silov L3] A 1s isomorphic to a subalgebra of " ( ' ) which
is dense in @,(‘M ). Hence, there exist ry, €4, 1z1,...,n,.
such that |r, (N)- §£(N)|< &/3, any Ne 17 .

let

V(N,)={Ne 1|

ts3, 1:1,...,n].
let Ne V(N,), L%(N):qﬁl; then, for i=l,...,n,
[Ty @)=y el =fa; (T )-far (Ty )] =]far (Typ))
G DI ENIACI IR ACIEEAC Y
<JRN) =ry ()4 (N)-ry (N, )= §.(n,)|
< E/3+E€/3+6/3- ¢
The conclusion is that N& V(N,) implies L{(N)e V(qN;]), so ¢

)" ri

1s continuous and X l1ls homeomorphic to QL(MQ), hence X 1is
compact.
Consider now the set (O Ca:
C = {c € Al‘ Ny~ N,=—=> c(Nl)zc(Nz)}.
First of all ® is non~empty, since e'(N)z1l, all Né‘ﬁ-, 80
e'e (®* , and, in fact, %e'e(} for any A . Secondly, (1 is

a subalgebra. To see this let cl,c2<5@:, N, N, 66%1’

Nlﬁ«N2; then
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(Clcg)(Nl):Cl(Nl)c2(N1):cl(Ne)02(Ne);(clce)(Nz).

Also,  1s a closed subalgebra. For, let -c_-= |,

- i.

cn———e-aé.A. let N1~/N2, let < >0 be arvitrary. Then

a(Np)=a(Ny)| sia(Ny)=e (7)) + e (X )=a(x,)'

= 1(a=e ) (Ky) + (e =a) (K,)]

< 2ﬁa-cnf

<27,
for sufficiently large n. Thus a(Nl):a(Nz) and ag .
Next, for each Né&i_ and each c= & Ty~ (c)zc(N)e'. This

follows from the definition of Ty—and the definition of

By hypothesis 4)

~

The foregoling prorerties of & say exactly that o is
eguivalent to a closed subalgebra of C(X), the alzebra of all
continuous numerical=-valued functions on X. But hypothesls

511) and the Stone-Welerstrass theorenm [9] then imply that

is equivalent to the whole of C(X).

With this result it can be shown that A 1s egquivalent
to all of Bx. Since A i1s complete it 1s sufficient to show
that A 18 equivalent to a dense subset of BX; i.e. if féle
and 7 >0 are given it must be shown there exists a € A such
that Hfa—f;<1£. Since X is compact f(X) is a compact subset

of B. Therefore (lLeray and Schauder [51 ) there is a

continuous mapping ¢ :f(X)-—> B such that Hf(x)- ?(f(x)ﬂfﬁi
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for all x eX and ¥ (f(X)) is contained in a finite-dimensional
linear subspace of B. Let g(x)= {(f(x)); then g-;Bx and
lg=f < €. Let Dyse+s.,b Dbe a basls for the subspace of B

which contains g(X). For each x¢< X, g(x);ql(x)b1+...fqn(x)bn,
where each dl(x) 1s a uniquely determined continuous numerical-

-

valued function on X. But, as just shown, is equivalent

to C(X); let Cié.? correspond to a,, 1izl,...,n, under this
equivalence. let al:cib'. Then fat(x)zdi(x)bi(x):di(x)bi,
and if azajt...va, , fa(x)zdl(x)bl*x..+uh(x)bn:g(x), so the
requlred a& A has been found, and A 1s equivalent to BX.
This completes the proof of theorem 6.1.

Remark. It is readily seen that in the demonstration
Just concluded the following generalization of the Stone-

Welerstrass theorem has been proved.

Theorem 6.2. let X be a compact Hausdorff space and let

B be a Banach algebra of the type under consideration. Let
A be a closed subalgebra of the algebra BX which contains

all the constant functions, and let - be the subalgebra of
g% consisting of those functions f such that f(x)= Ae, all
x €X. The necessary and sufficient condition that A_—_BX is
that for every pair of distinct points xl,x2éix there exist
f& ©O A such that f(xl)ﬁf(xg).

An immediate corallary of theorem 6.2 is the following.

Theorem 6.3. Let X and Y be compact Eausdorff spaces,

let A be a closed subalgebra of C(XxY), the algebra of

continucus numerical<«valued functions on XxY. Then elther of
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the following 1s a necessary and sufficient condition that
A=C(Xx*Y):
1) X1£X, lmplies there exlists f€ A, f constant

on Y, such that f(x,,Y)£f(x,,Y); and A contains the functions

constant on X.

2) Y1£Y o implies there exists gc A, g constant

on X, such that g(X,yl)ﬁg(X,ye); and A contains the functions

constant on Y.

§ 7. The case of a radical

The results of §§5 and 6 do not hold in case B has
non-zero radical P , for i1t 1s then no longer true that the
collection of numbers b(M), M %) , uniquely determlnesb.

Indeed, not too much can be saild, although the followling

facts are of some interest.

Iemma 7.1. If the Banach algebra B has radical P then

BX has a radical Q and Q= P X, the set of all continuous

functions from X to P , X compact Hausdorff.

Proof. It will be recalled that the radical is equal

to the intersection of all maximal ideals. Let f & / \N= /ﬁ\(x,M).
V<h o (x,M)EXAN

Then £(X) c 7\ M, il.e. £(X)CP , so, letting Q= (\N, Q < PX.
M &M NEM

On the other hand, if fEI’X, then f(X)C P- f;¥M, so £ €Q.
Mern

Hence, Q=P X.
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Theorem 7.l. If B has radical P, then BX/Q is isomorphic
to a subalgebra of (B/P)x, where Q is the radical of B->.

Proof. Suppose f,ge;BX and fzg(mod Q). Then f-g<cQ, so
f(x)-g(x)E P for every x< X; that is to say for every
xeX f(x) and g(x) lie in the same residue class of B (mod P).
Consequently, if FEEBX/Q 1s the resldue class containing f
and g, then F provides a mapping from X into B/P. That 1s,
if £(x)zb€ b €B/p, and 1if feFéBx/Q,, then F(x)=b .

This function F is continuous on X. For, let x., € X,
let f€F, and choose V(x,) such that x< V(x,) implies
f(x)-f(x,)|< &, >0 arbitrary. Then for x € V(x,)

I F(x)-F(x.)' < £(x)=f(x,)]<%,

so F is continuocus on X, i.e. FéE(B/P)X. Since the zero of
B/P is P and the zero of BX/Q is Q@ and since Q:PX, it follows
that BX/Q is isomorphic to a subalgebra of (B/P)X.

In order to obtalin a more satisfactory result 1t seems

necesegary to restrict B further.

Theorem 7.2. Suppose B has radical P. Suppose further
that B contains a subalgebra S equlivalent to B/P, where 1if
E'QB/P corresponds to s £S, then s€ b. Then BX/Q is
equivalent to (B/P)X, i.e. BX/PX=(B/P)X, symbolically.

Proof. Because of theorem 7.1 it 1s necessary to prove
only that BX/Q is isomorphic to all of (B/P)X and that norms
are preserved under the isomorphlism.

),

let G%E(B/P G(x):EéEB/P. lLet D correspond to s€ S C B

and define f(x)=s. Since G 1s continuous so is f, i.e. fE.Bx.
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The residue classg F containing f then corresponds to the

. X
function G—G(B/P)X. Thus B /Q is isomorphic to all of

(B/P)X. Moreover, norms are preserved. First, let F(EBX/Q.
Then

F| =inf [ £f-1nf ! > - !
¥ in FI /_fré P 5uR x‘lf(X)H] %gfpss\;%lle(ﬁ(mod P)!

=sup ‘1 F(X))‘ .
x & X

To show F S sup|[F(x)', let TS F be the function defined in
X eX

the first part of the proof; i.e. if F(x)=b and b<—>8, then
f(x)=s. Thus

sup || F(x)| zsup [ T(x)|| 2T 2> 1nf £/

r!.
XE X X€ X feF

Therefore |F|=sup [F(x)| ana B% o= (B/p)X.
x & X

Remark. The hypotheses of theorem 7.2 are sufficient to
guarantee that B i1s the direct sum of B/P and P, since 1if
b&eB, b in the residue class b (mod P), there is unique
s< SCB, s=——-Db, such that scb. Consequently, bes=pc P,
or b=s+p. It 1is clear that this representation is unique.
But the proof of theorem 7.2 shows that BX contains a

X —
subalgebra equivalent to B /Q, viz. the collection of f.

Thus we can write
szBX/Q+ Q, direct
-B%/ X+ PX, airect
=(B/P)X4~PX, direct,
or, since as just stated Bz=B/p+P, direct, there is a

"binomial theorem"
(B/P*"P)x:(B/P)Xﬁ~PX, direct.
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An example of a B satisfying the above conditions is a
primary algebra, i.e. one with one maximal ideal ¥. In this

case each b&eB can be represented uniquely in the form
bz Ae+m, meM, A\=z=b(M), so

B:B/M-i-M, direct,
where B/Mlee or Z;e, depending on whether B is a real

algebra with scalars Rl or complex with scalars Z

1"

8. Relation between T-set in a Banach space

and maximal ideal in a Banach algebra

Throughout this section it will be assumed that any
Banach space or Banach algebra under consideration is real.

In the study of real-valued continuous functions defined
on a compact Hausdorff space X and of continuous functions
from such an X to a Banach space, Myers [6] and Jerison | 4]
have made profitable use of the T-sets and the corresponding
functionals FT originally introduced by Myers [6]. These

are defined as follcws.

Definition 8.1. A T-set of a Banach space is a subset T

maximal with respect to the property that for every finite

set of elements bl,...,bnE.T,H ] & oyl .

Definition 8.2. Corresponding to each T~set the

functional FT is deflned as

FT(b)=%réfT[Hb + il - el ] -

These sets and functionals for a Banach space bear a




certain similarity to the maximal ideals ané the corresrond-
ing functionals which have been exploited in tne Preceding
raragrapvhs. For one thing both types of sets satisfy a
maximality condition; and for another, if B=C(X) for compact
X then each point x. of X determines a pair of T-setg = T,
and FTff):f(x,), whereas if C(X) is considered as a Banach
alzebra then each point x_ of X determines a maximal ideal M,
and MX.(f)=f(x.). However, 1t would seem that it is not
poesible to push the analogy too far, since the maximal 1ideal
deprends upon the algebralc structure of the Banach algebra
and the T-get derends upon the definition of the norm in the
Zanach space.

The fecllowing tables will illustrate the points of
glmilarity and of difference bpetween T-sets and maximal
1deals. Ag usual X 1is compact Hasusdorff. For the purpose
only of these tables the functional corresponding to a
maximal ideal ¥ will be dencted as FM(b) instead of b(k),

as earlier.
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Table 1: T=-sets and maximal ideals
in C(X) treated as a Banach space and

as a Banach algebra.

T:{f[ £ (x.)

Banach Space [6] ! Banach Algebra

:Hf“zsuplf(x)ﬁ M:{f\ f(xu):o}

xe X
l.e. f takes on 1its l.ee T takes on its absolute
absolute maximum at x, minimum at x,
feT=Fg(f)=|fl feN=>Fy,(f)=0

UT=C(X) / Mzall singular elements £C(X)

- —_ -
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Table 2: T-sets in the Banach space BX where
B 1s a Banach space and maximal ideals in the Banach algebra

BX where B 1s a Banach algebra.

=— - e
Banach Space _4] Banach Algebra ‘
T 1s a T-set in B M 18 a maximal ideal in B
T-set (x,,T)-= ' maximal ideal (x,,M)=
{elnxoe n ol =lel, 0 cirlexoe u),
l..(x,,T) does not consist } l.e.(x,,M) consists of all
of all f such that f(x,) e T, f such that f(x.,)€ M.

but only those such that also

£ (x, )] = £ i

Fu“TﬂﬂﬂK&JH,ﬂxdéTiFb%mﬂfhm:ﬂm)gm
Fx,,m)(E)IE)], £ €T Py y)(£)>0, £x.)€ M

|

. 1 i

%, T)=f UE(x )z (] | LJ(xo,M)={fff<xc> is }

T of B ) M of B singular
\J(x,T)-.-BX J(x,M)=8et of all singular f

48"
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Two observations can be made from a study of tables
1 and 2, viz.
1) T-sets are related to "maximum value," whereas
maximal 1deals are related to "minimum value,"

11) every element of a 3anach space lies in some
T-set, whereas for Banach algebras the corresponding
statement 1s that every singular element liles in some maximal
ideal.

A development based on these observations follows.
In the Banach algebra B define the functional 4 as

4(b)zinf Db(K),. Since b(M) is continuous on the compact
' MC

space 1) there exists at least one point of QYlat which this
Dinimum 1s assumed. Note that b 1s a regular element if and
only if «(b)>0. Adjoin to each Le€™ all régular beB

which have |b(¥)|= /A(b). Let the resulting set be denoted

by K*. Then, since each b€ B lies in at least one M, \JM¥=-B.
M eM

Since e(m)z1l, 1t follows that t(e)=z1 and ec/\M*, Further,
' MENK

“(Ae)=|nl , and Ae€ /\ M¥* for all real X .
/ MeTL

The anaiogy between the T-sets and the M*-sets 1is
stronger than between the Tesets and the maximal ideals.
This is indicated by the following (cf. theorem 4.1 of [4]).

Theorem 8.l. 1et X be compact Hausdorff and let B be a
X

(real) Banach algebra so that a maximal ideal in B™ is a set

(xo,Me)z{f{f(xc)E.Mo}.




Then

(x.,10)%={f £(x,) €M%, w(f(x))z ef)],
(The same symbol M is used forvboth B and BX).
Proof. Filrst,
(xo,M)% S {f]f(x,)em,*,  alf(x))z ul(f)].
If £ € (x,,M,) the assertion is obvious, sihce then f(x,)< ¥,
and /m(f(x,)): 1, (f)=0. Next, suppose f 18 regular and
f €(x,,M,)*. This means |f(x,,M.)|=«(f)> 0. Let f(x,)=b.,
a regular element of B, since f 1s régular in B, I will
show b,eM.* and «(b,)=z «(f). Now f(x.,}, )j=b, (K.}, 8O
lu(bc)szf(xa,me)}zva(f). Suppose ‘u(b°)~ia(f). Then there
1s ¥,€ 9% such that |b. (1) <|b,(M,)|, which is to say
;f(xb,ml)i<{f(x°,H°X:, contradicting [f(X,,M, )= }A(f), and
s0 v (b, )= u(f):ibo(mo);, and b, € M *.
Second,

(%o, )% DL |T(x,)E U™, w(f(x.))= (f)

~ Cegnd

Suppose f{(x,)& NM,% and /x(f(xo))z;u(f). If & (f(x.)
- /Af);o, then f(x,)€¢ ¥, and T € (x,,M,)C(x,,M_)¥. Next,
guppose /m(f(xa))=/q(f)>o. This implies f(x,) 1s regular in
B and £ is regular in L. Further, since f(x,)=b, € %%, it
states that b, (¥,)

= u(b,)z m(£). But |b. (M) = f(x.,%.),
80 if(xo,mc)[: wW(f), and T € (x,,¥,)%*., The theorem is proved.
There follows a list of properties of the function ¢,

/
some of which have already been stated.
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1. Mm(b)=0 if and only if b is a singular element.
2. m(b)>0 1f and only if b is a regular element.
3. “(e):l.
4, 1&(“0): A4 (b)-
5. u(xd)= [Ala(b).
6. ,M(blbe) Z'u(bl)'u(bg).

Proof . We have

4(byb,)=1inf lblbz(M)fzinf | by (%) b, ()]
i
=inf Jbl(N”

B : ! !
« [, (M) [ > inf ' by (M) inf | b (K)]
- //H(bl) /M (b2) .
7. For by,b, regular, /4(b1b2):lu(bl)ft(b2) if and
only 1f by and b, lie 1iIn the same M, *.
Proof. a) Suppose by,bo€ M, ¥; then lbl(Mo)‘sz(bl)’

o2 (Mo)| = u(by), and ﬂ(blbguﬁ?ﬂ by (M) by (M)] s

s]bl(M°>§-jbg(mo)kluxbl>/u(b2). It follows from
6 that /u(blbe):/u(bl)/u(bg).

b) Conversely, suppose vu(blb2);,u(bl)ﬂ((b2).
Let byb,e M.*, 80 1(byb,)=|by (¥,)b,(M,)
=|py (M) o)) . But by (w.)] .
>,M(bl) I/{‘L(bz) unless bl,b

b, (M, )] >

3+
o€ M, *,
8. For bl,b2 regular, bl,bge.Mo*, we have blb2€.M°*.

This 1s a corollary of the proéf of 7.

9. For b regular,,Mibﬂ)z 1 . In general,
/ sup|[b(M)]

fu(b)/A(b”):sl, and equality holds if and only if
}b(M)f 1s a constant £ O.
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Proof. First,

m(b”)zinflb”(m)lzinf3 1 }: 1 .
; i b(M) | sup|b(M)]

M€
Also,

1= u(e)=z u(bb') > r(b) t(v).
By 7, wu(b) 4 (b')sl if and only if b,b' 1lle in the

same M.%*. This means fb(Mo)I;inf Ib(M)! and also
MEIN
by the first part of 9,

D= p M) =T . 1
‘ [p(M, )] sup|[b(M)
M e

so |b(M,)|=sup|b(M)| =inf |b(M)] . Hence |b(u)| 1is
the same for all M € 91 .

10. If B is without radical and T is connected, then
pm(0) i (67)z1 1 and only 1f b= Ae. In this case

[-\ M*: Rle .
MeM

Proof. If b= N\e, then /M(b);{ﬂf, ‘u(b”):J%; , BO
/ﬂ(b)}t(bﬂ):l. If /u(b)lu(bﬂ)zl, then by 9 |b(M)|
is constant (=X ) on M . Since /! 18 connected,
either b(M)z A or b(M)z -A . But if B has no
radical, then b(M) uniquely determines b. Moreover,
(Ae)(M)z A, so either bz-Ae or bz =Ae. If bgO
is in every M¥ then b(M) is constant, so b= he.
Also, if bz Ae, then b is 1n every M*.

11. If B=C( % ), then for all regular b, m(bv”)=!pll’ .
This follows from 9. |
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l12. If B=C( ‘Y ), then /mis a continuous function on
the set (% of regular elements of B.
Proof. By 11, u(b)=llv') . set < (b)=b,
2/ (b)=1ll, ?(.%): X', N> O. Then 1 and z are
continuous on 9/ and § 1s continuous on the set
of positive reals. Hence /M.: Fﬂz 1s continuous.

13. If B is without radical and %V is connected, then

for b regular |bll= m(b) 1f and only if b= %e, and
/

N M*-Rje.
MEM

The proof i1s the same ag in 10.
14. Suppose B 1s without radical and M is connected.
let 0 be the subalgebra of BX conslsting of all

f¢ BX such that f(x)=2A,e, every x¢ X. Then, by
10,

3 7 (x,M#*) = [\ {flf(x)g M*}.

T (x,M) € Xam (x,M) € Xxm
As a consequence of 14 and Gelfand's work the

following theorem holds.

Theorem 8.2, et X and Y be compact Hausdorff spaces,

let B be a Banach algebra without radical and with connected
space qﬂ of maximal ideals. lLet
Cx= /N (x,m) = /\lre 5| r(x)c ux}
(x,M) & Xsh (x,M) e XM

Sy = I N\(y,u%) = /\lreBY| r(y)c mx}.
(y,M)€ Y= (y,M)e ysm

If the algebras Q.x and Q’Y are lsomorphic then X and Y

are homeomorphic.




39. B a regular (Silov) algebra

(In this section B is either real or complex, subject

to the restrictions of 332, 3 and 4.)

Silov 8] has made an extensive study of a type of
Banach algebra which he calls regular; a regular algebra has

also been called a éilov algebra.

Definition 9.1. The Banach algebra B is "regular'" if and

only if for every closed set FC'M and M,¢ F there exists
b €B such that b(M)=0, for M€ F and b(M,)£O.

In this sectlion it will be shown that for X compact
B 1s regular 1f and only 1f B 1is regular. To this end it
will be convenlient to recall an alternative method, proposed
by Gelfand and Silov 3] , of topologizing the space of
maximal 1deals in B. This 1s the Stone intersection topology
which defines an ideal M, to be a limit point of a subset

ST if M,D/\M. I will denote by . the space so
Me S

topologized, retaining “/n as the symbol for the space with
the original topology. In general th le a compact Tl space
but not necessarily Hausdorff. Thus it 1s not generally

true that ™M and qH5 are homeomorphic. The following known

result will be of use in the sequel.

Lemma 9.1. The spaces ‘M and Qns are homeocmorphic 1if
and only if B is regular.

Proof. Assume first that B 1s regular. The mapping

that assigns to each Méch% the same M€ 1is clearly 1-1 onto.

- 48 -
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Moreover 1t 1s continuous. For, let G be open in M ,
Fz M. -G, M,€ G; then by hypothesis there is b< B such that
b(M,)£O, P(M)=0, MEF. As Gelfand and Silov [ 3] point out,
the set {Mib(M)ﬁO} 1s a vicinity Vv(M,) of M, in )hs ; and

V(¥,) \F=p. Thus GS=NE5X(M) is open in Miy . The mapping

is continuous; both spaces beilng compact and ‘™ being
Hausdorff, the homeomorphism follows.

Next assume T and ‘M. homeomorphic. Let F< i be
closed, let M.& F. By hypothesis F is closed in “h., so
there is V(Mo);iM}b(M)ﬁO%, some b &€ B, such that V(M.,) \F=90.
It follows that b(M,)£0, b(M)=0, McF.

The principal result of this 8 can now be obtained.

Theorem 9.1. If X is compact, then BX is regular if and

only 1f B i1s regular.

Proof. First let B be regular so that, by lemma 9.1,
. and th are homeomorphic. First I will show that /1., and
X*''M y are homeomorphic. If Noz{fif(xo)e Mo}, def ine {(NC):
=(x,,M,)< X> My . Then " is a 1-1 mapping onto X>MNi, .
Also, i{ is continuous. Let V(x,,M,) be given. Then there
exilst V(x,), V;(M,) such that V(xo)le(Mo)C:V(xo,Mo). Also,
there exists V(Mo);{M]b(M)£O§, some b <& B, such that
V(M ) Vy(M,); then V(x,) V(M,)<=V(x,,M,). There exists
&K 3 X—=>70,1], a(x,)=1, n (x)=0, x¢€V(x.). Let f(x)= 2 (x)b.
Define V(N.)=z{N'f(N)£o}. 1If NevV(N,), {(N)=(x,M), then
x<eV(x,), MeV(M,), so (x,M)cV(x,,M,). For, if x¢V(x,),

then £ (N)=f(x)}(M)= < (x)b(M)=z0(M)=C; and if M¢V(M,), then




b(M)=0, and T(N)= at(x)b(M)= A(x).0=0.

Thus % ls a 1=-1 continuous mapping of Q130n Xx7n3 .
Since WIS 1s compact and XM, (=X ) is Hausdorff, it
follows that ¢' 1s continuous, l.e. 7l and X*¥1. are
homeomorphic.

The "if" part of the theorem now comes readily. Using
= to mean "is homeomorphic to" we have:

N,y =Xy =X*m = N .
Drawing again on lemma 9.1 we conclude that Bx ls regular.

Next, assume that B is a regular algebra. Let Fc- 1
be closed, let M.,¢ F, let x,c X be arbitrary. Then the set
Xo*F 1s closed in X*m and (x,,M,)¢ x,» F. By hypothesis
there is fe BX such that f(x.,M,)£O0, £(x,,M)=0, MEF, l.e.
(x,,M) € x,»F. Let f(x,)=b.; then b, (M.)=f(x,,M,)£0, and,
for MeF, b.(M)=f(x,,M)=0. Thus B is regular, and the
theorem 1s proved.

Remafk. Silov was chlefly concerned with regular
algebras without radical. It should be noted that the above
result holds whether or not B has radical.

The above theorem suggests a consideration of the
relation between the properties of B and of Bx. A few
comments on this subject follow; some of the facts have been
mentioned and proven earlier, most of them are fairly obvious.

1) BX has radical if and only if B has radical (37).
2) B* 1is equivalent to C(X>*m ) 1f and only if B 1is

equivalent to C( v ). If B is without radical




(so that BX 1s also semli-simple) and B is not
equivalent to C( 97 ) then, by a theorem of
Gelfand and Silov [3] » B 1ls i1somorphic to a
dense subalgebra of C( %)y, ); in this case BX
1s 1somorphic to a dense subalgebra of C(X>1 ).
3) If B 1s complex and X 1s connected, then, by a
theorem of Gelfand, X is a direct sum of
subalgebras (each with identity) if and only if
B 1s also the direct sum of subalgebras.

On the other hand the structure of B* 1s gensrally more
complicated than that of B. Thus if B 1s primary (i.e. has
only one maximal ideal) and X has more than one point, then
BX l1s not primary. Also, BX can be a field only in the
trivial case that B 1ls a field and X contains exactly one
point. And clearly the structure of BX depends upon X. For
example, even 1f B cannot be represented as a direct sum, BX
can be provided X has, say, two components. And if B is
finite-dimensional, BX will be finlte-dimensicnal only if X

hag a finite number of points.




10.
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