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Chapter 0

The. art of modeling and simulation has been slow in acquiring scien-
tific credentials. The reason for this is the inherent complexity of
the subject and hence the difficulty in providing a mathematical descrip-
tion of the activity itself. In simulation the scientific aspects are
currently embedded in predominantly statistical issues concerning exper-
imental design, random number generation, monte-carlo techniques, and
nondeductive inference. It can be argued that this is so because the
sources of difficulties in simulation do not reside in the algorithmic
specification of models but father in the construction of.models and the
interpretation of simular experiments.” An attempt should be made to 
provide a conceptual basis for the process of modeling and simulation in
order to identify areas where effort can be directed to substitute more
science for art, in particular to mathematise those areas which are amen-
able to such treatment.

One such attempt has been outlined by Zeigler in a series of papers
([z11,[22],{z23),[24]) and a forthcoming book [Z5]. We shall rely on this
conceptual basis for our development without necessarily claiming that it
is the best, although it is evidently both plausible and convenient. A
brief summary of the aspects of Zeigler's ideas relevant to our investi-
gations seems appropriate.

Our knowledge of the external world stems from experimentation and
consists of input-output (I-0) observations. Because of both spatial and
temporal limitations these observations cannot be infinite in extent. As a
consequence we are unable to comprehend the entire external world but
are restricted to some subset of it via a subset of all possible I-0 obser-

vations. It is this restriction that compartmentalizes our hypotheses



about how the external world functions and gives rise to the notion of

a system. The process of rationalizing about I-0 observations consists

in positing a structure for the system, a structure which purports to
account for the I-0 observations which have been obtained and may be
obtained in the future. Of necessity structure assignment and I1-0 exper-
imentation is interactive in practice, as is well argued by Mihram ([M1],
[M2]). The fundamental postulate of this approach is that in fact the
external world is structured, and that its structure can be at least
approximately known. However, given a system and its posited structure,
the complete verification of that structure cannot usually be accomplished
because of the finiteness of I-0 experimentation; Hence we have the notion

of an experimental frame which selects only certain aspects of the system

to be verified. An experimental frame imposes a conceptual simplification
of the system, giving rise to a simplified system. This pair is conven-

iently called the base system and the lumped system respectively. Veri-

fication then proceeds via the lumped system with respect to the experi-
mental frame. Thus, the modeling situation involves, from this- perspective,
an I-0 system. Each of these systems may be given a formal description

in some mathematical system theory. The choice of the theory is part of
the translation process from the informal to the formal description, and
hence cannot be algorithmically specified. The analogy here is with
Church's thesis which asserts that intuitively computable functions are
indeed computable in a formal sense. We do likewise, and assert that

every informal system has some formal counterpart. Unlike the theory of
computable functions however, it is not yet known if all of the significant
mathematical system theories are equivalent. But this need not unduly
concern us because the subsequent development will not postulate such

equivalence; rather, we shall feel free to move from one theory to another for



convenience.

The passage from an I-0 system to a base system is called realization

or identification. In a formal sense the syntheses of acceptors for var-

ious classes of languages, the design of filters to process signals
according to some prescription, the construction of a molecular biological
theory to account for Mendelian genetics, are all properly called realization
procedures. In this broad usage of the term realization the notion of a
state space is not explicitly incorporated. Indeed it is.possible; as in
the case of perfect band-stop filters or nondeterministic automata, that
classical notions of states are dispensable. However the subsequent develop-
ment will be simplified to the extent that by realization-we shall mean
a state realization.

The relation between a base system and a lumped system will be called

a simplification. Since base systems and lumped systems yield I-0 systems-

in a natural way, the term simplification will also be used to refer to
the corresponding relation between the two I-0 systems. In fact this use
of the term is the most primitive possible., More precisely however, a
simplification relation between two mathematical systems presumes the exis-
tence of some complexity measure with respect to which the relation is
monotone,

Our investigation will be concerned with both the realization and
the simplification issues. In particular we shall address ourselves to

topological issues in addition to those of an algebraic nature.

0.1 Realizations

The provision of a good state description for an I-0 system may be
viewed as a measure of economy. For causal I-0 systems a valid state space

always exists, namely the set of all past inputs to the system. This



hardly qualifies as a good state description because it has maximal
redundancy. On the other hand the Nerode right congruence relation on
this set- yields a minimal state space with no redundancy, and so provides
an excellent state description. Intermediate between these two descriptions
lie a host of compromises, each characterized by a right congruence
relation refining Nerode congruence. We shall develop a theory of topo-
logical realization by introducing topologies into I-0 systems. Using
this theory the properties of a class of simplification procedures will
be examined.

There remain I-0 systems which may not be causal. For these a classi-
cal state description is qot-possible and the question of- realization does

not arise. However it is still possible to simplify such systems.

0.2 Simplifications

Because the most general systems are I-0 systems we will have
occasion to look at these in some detail with regard to simplifications.
To keep matters simple it will be expedient to investigate only one class
of simplification procedures, namely, homomorphisms. Homomorphisms will
be the main topic in the later chapters. In addition, the types of systems
undér consideration will be restricted to non-stochastic systems. These
choices reflect our current state of confidence in simplification pro-
cedures because homomorphisms and non-stochastic systems are familiar

concepts, whereas more exotic procedures and systems are less so.

0.3 Validity of Simplifications.

A theme which will recur throughout the investigation is that of the
validity of simplification procedures. Unlike the validity of realizations,

which is merely a requirement that an internal structure accounts precisely



for an I-0 behavior, it is not immediately clear what is meant by the
validity of a simplification procedure. Since vefification of a lumped
system is with respect to some experimental frame it is evident that
validity must refer to a hypothetical set of experiments which we are
prepared to conduct. In practice this is not by itself very useful be-
cause it is usually the case that complete verification necessitates an
infinite number of such experiments. Hence we have recourse to statistics,
to ergodicity assumptions, and the like. However, we feelvthat thére is

a more profound basis for the definition of validity which we shall now
expound.

Given a particular system theory t and the éollectioﬂ S of systems
describable in that theory, we may dra& up lists of n-ary predicates 6ver
S corresponding to familiar relations on and properties of systems. Each
predicate selects a subset of some cartesian product of S, namely, the
extension of that predicate. Some typical predicates are discussed below.
The predicates which are adduced by a particular experimemtal frame consists
in the formalization of the kinds of system theoretic questions which
may be asked relative to that frame. The validity of a simplification
procedure ‘udged by the preservation of properties and relations (de-
fined by son. frame) under that procedure. More precisely, let P:S -+ S
be some map on S, Qp its associated binary predicate, i.e., ¢p(S,S') >

P(S) = S', ¢ an n-ary predicate on S; then P is directly ¢-valid if

(81D ++ (S) (2, (S1,5])A- A0 (S ,51)) >

(8(5,5+++55,) 5 $(S],...,5"))

and P is conversely #-valid if

(Sl)""(Sn)((Qp(sl’si)A"°A¢p(sn’sg])=

(6(5},+-+,55) 2 #(S,,--.,5))



and P is strongly ¢-valid if it is both directly and conversely ¢-valid.
For brevity we shall say ¢-validity for direct ¢-validity since this is
the most common instance we shall consider.

The generalization of the above concepts is immediate. Suppose @
is a collection of predicates which are meaningful in two system theories
T and t', with associated system classes S and S'. Then a procedure
P:S-»>S8' is Q-valid if it is valid with respect to every ¢ in , and the
unprimed and primed symbols are interpreted to be in S and S' respectively.

These definitions are designed to capture formally the essential
meaning of valid simplificaticn procedures. For instance, if we consider
the predicates LINEAR, CONNE&TED and CONTINUOUS,-all of which are unary,
a homomorphism h:S~+S is LINEAR-, CONNECTED-, and CONTINUQUS- valid'if

(8)((h(S) = S') > ((LINEAR(S) A CONNECTED(S).A CONTINUOQUS (S))

o (LINEAR(S') A CONNECTED(S"') A CONTINUOUS(S')))

with the corresponding modifications for converse and strong validity.
It is presumed that these three predicates characterize some experimental
frame, i.e., completely and exactly specify the questions of interest. In
practice no such characterization is feasible because of the adaptive,
interactive and iterative nature of the modeling and simulation process.
Nevertheless what we have here is an idealization of an instant of this
dynamic process, and it is hoped that an understanding of this will enable
us to tackle the more ambitious enterprise of modeling dyanmics with
improved confidence.

Several observations are pertinent. Many predicates of interest
are not computable in the sense of Turing. A simple example of this is
the predicate LINEAR on systems defined with vector spaces over an infinite
field. This observation should give pause to those who are concerned

with effectiveness but it turns out that most questions of any depth



in systems with topology have this regretable character. (However, it

may be possible to circumvent this by appealiug to an abstract theory

of analog computability ( P4 ] or to some kind of a measure-theoretic

approximation.) Next, if S is infinite there are more predicates than

we can possibly name. This is because predicates are coextensive with

subsets of cartesian products of S. Given S the identity map I:S + S is

one which satisfies all conditions of predicate validity. Conversely,

if a procedure P:S + S is required to be valid with respeét to evefy predi-

cate it has to be the identity map because it must for any S e S satisfy

the assertion ¢(S) o ¢(P(S)) where ¢ is the predicate denoting membership

in the singleton set {S}. . Thus every meaningful simplifictation procedure

must be required to be valid with respéct to a proper subset of all possible

predicates. More is required. If P is to be a true simplification it

has to be monotonic in some complexity measure u:S + R, i.e., ¢P(Sl,82):> i

(u(Sl) > u(Sz)), the selection of u being part of the modeling process.

If Pl,P2 are two simplification procedures, and Pl is "stronger" than P2,P2

is ¢-valid implies Py is ¢-valid. For instance, if P, is a homomorphism

and Pl is a continuous homomorphism then P1 is stronger than PZ'
It should be clear that in any useful simplification some system

predicates will not be preserved. An essential feature of modeling is

the deliberate exclusion of properties to which the modeler is indifferent.-

The choice of which properties to exclude is part of the modeling process.
An examination of some of the predicates quoted as examples will

reveal that the language we are proposing to describe validity is very

"high level". A predicate such as LINEAR presumes ﬁany conceptsﬂat a

more primitive or lower level, including definitions of a vector space

and a linear transformation. A CONTINUOUS predicate presumes the defini-

tions of a continuous map, hence of a topological space. This means



that we are using the predicates as abbreviations of sentences which are
really much more complex than indicated. (The advantage gained in treating
high level predicates as our primitives is analogous to the advantages
afforded by high level programming languages or macros.) We need not
apologize for this because although it is widely accepted that all mathe-
matics can be reduced to axiomatic set theory, most mathematics is discussed
in a language using concepts at much higher levels. Occasionally we may
have to reach inside a system S to say something about individual points
within the list that describes S. Suppose S = (K,X) where K:X » X is the
system operator, X is the input and output space; then X, is a fixed point
of S if Kx, = x,. To formalize assertions like this we consider for-
mulas which are free in certain symbolé. In this case let ¥ (5,xe) be
free in the symbols S and xo, to be interpreted as '"x, is a fixed point
of S". Then if S' is a simplification of S via P:S + S, P is ¢-valid if
(8)(¢,(5,5") = (W(S,x) > ¥(8',x")))
where x' is the point assigned by P to x. This suggests that the earlier
definition of validity is a special case of a more complex definition
involving formulas. Because we are usually concerned with global pro-
perties which are characterized by predicates, this more general definition

will not be emphasized.

0.4 Higher order validity.

Thus far the definition of validity has been confined to first order
properties of systems. In this case every simplification procedure is
a homomorphism of an Q-structure (of universal algebra). Let Q be a

collection of predicate letters and S, S' be the carriers of the Q-structure.



Then the condition for P:S > S' to be an Q-structure homomorphism is
precisely what we have defined to be direct Q-validity.

In the study of systems, especially with regard to questions which
prompt people to model and simulate, topological and quasitopological
properties are as important as algebraic properties. Many of the former
are expressible in a first order language, but some are not. In the case
that a second order language is required the definition of validity has
to be generalized to allow quantification over predicates.(énd functions
in particular). To make matters more precise, suppose a(f,$,S) is a
formula free in function symbol f, unary predicate letter ¢ and variable S.
The symbol f is to be interpreted into a map f:Z + S, where Z is the 1ntegers.
Then a simplification P:S -+ S is a- Valld if

() (£) (S) (a(£,4,5) > a(P-£,4:P,P(S))).
This is a second order sentence in a 2-sorted language. More generally we’
would allow a number of function symbols, predicate letfers (of arbitrary
arity), and variables, and let P:S -~ S'. But the generalization is obvious.
The purpose of introducing a function on Z is to allow sequences to be
treated. This is adequate as long as S has the minimal structure of a
separable topological space, which will always be assumed. We consider
the use of nets to be of marginal advantage.

There is another motivation for studying topological properties.

A predicate is fuzzy if its extension has a characteristic function with
values in an interval, according to Zadeh [Zal]. A fuzzy predicate such
as ALMOST-LINEAR may be given a rigorous interpretation by identifying
systems satisfying the LINEAR predicate, taking the quotient, and finding
a topology for the quotient space which suitably 'measures'" nonlinearity.

Such a procedure is carried out for a different fuzzy predicate in the

closing chapter.
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0.5 Simplification Procedures

We recall several procedures in common use for the simplification
of systeﬁs. Given a coordinate system on the input-output or state set
for a system, each coordinate defines a variable. Omission of some var-
iables is one class of simplification pracedures. Another class arises
from the aggregation of variables. A technique for simplification which
not only clarifies structure but is also a very powerful design tool is
that of hierarchical decomposition. Other modes of decomposition are
also used. In fact hierarchical and lateral decomposition are often
employed together. Simon [S1] and Mesarovic, et al. [M3] contain good
discussions of these techniques. Relatively unexplored are procedures
which convert stochastic to deterministic systems and vice versa altﬁough
the introduction of the ubiquitous (external or internal) random 'noise'
in modeling is one aspect of such procedures. It is expected that results
in this area will be forthcoming. In our investigation we shall be dealing
exclusively with a class of procedures collectively termed "homomorphisms'.
The notion of a system homomorphism arose from algebraic automata theory.
Basically the idea is simple. For one automaton to be a homomorphic
image of another certain commutative diagrams are presented. Depending on
the "strength" of the homomorphism the objects of the commutative diagrams
may consist of the input, output or state sets, which may in turn be
coordinatized or not. Auxiliary conditions, such as the preservation
of structural dependencies in state spaces, may be imposed.

The motivation for exaﬁining homomorphisms in detail stems from
the conviction that they are simple yet realistic schemes for simplifi-
tion. A complex biological model has been simplified by Zeigler and
Weinberg using one instance of such a scheme [Z4] and successfully

simulated on a digital computer. It is not known, however, what conditions
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on homomorphisms are really necessary and/or sufficient for different
sets of system predicates to be preserved. It also turns out that many
simplification procedures are instances of homomorphisms. For example,
the aggregation procedures of economics, investigated in a control-theoretic
framework by Aoki [Al], is a homomorphism of state automata.

From another perspective homomorphisms are idealized versions of
simplifications. The nearly-decomposable systems of Ando, et al. [A2],
and the method of singular perturbations [W1] in applied mathematics
are approximate homomorphisms in the sense of diagrams that do not quite
commute. A recent paper by Park [P1] in effect applies singular perturba-
tion techniques to achieve{aﬁ approximate homomorphic simplification of
metabolic networks. To anticipate things a little, suppose h:Q - Q1 is a
map from a state space to another, and §:Q » Q and 61:Q1 > Ql are autonomous

state transition functions. For a homomorphism we require that hé = Glh.

Suppose Q1 is a metric space with metric d. Then an approximaté homomorphism
will be one such that for all geQ d(hG(q),Glh(q)) < £ for some €. The

time interval over which § and §, are defined will be the domain of

validity of the approximation. In any case strict homomorphisms arise

from idealizing these approximations, with a view to establishing the

scope and limits of such procedures.

Every set of commutative diagrams which define a class of homomorphisms
in fact define a homomorphism scheme. Instances of the scheme are obtained
b; providing conditions on the maps and objects. Throughout the investigation
we shall be considering such instances with regard to particular schemes.

An instance i of some scheme h
may contain all the conditions of another instance j of the same
scheme. If we have a chain of such instances they may be ordered in a

hierarchy. An example of such a hierarchy is the progression towards stronger
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conditions in the instances: input-output homomorphism, homomorphism,

weak structure homomorphism, strong structure homomorphism [21]. Suppose

¢, and ¢, are the associated predicates of two instances of a homomorphism

with ¢, stronger than ¢,. A justifying condition (see Zeigler [Z1
2 1 &

is a predicate on either the base or lumped system (or both) which will
allow us to deduce ¢2 knowing ¢1, that is, climb up the hierarchy. More

precisely, a justifying condition on the base system is a unary predicate

J such that

J($)A4; (S,5') > 6,(5,5")

0.6 Systems

The concept of a system was introduced earlier. Its formalization
has been carried out in the literature, and we shall merely outline sever-:
al possibilities here, leaving the details to later chapters. 1I1-0 systems
are considered in great detail in functional analytic approaches to
systems theory; for examples see Porter [P2], Naylor [N1], Saeks [S2],
Sandberg [S3], and Wilems [W2]. Systems with state arise from both control
and automata theory; for examples see Arbib ([A3],[A4]), Kalman, Falb
and Arbib [K1], and the enormous literature on either subject. Much of
the theory has been developed for discrete time systems, and with purely
algebraic structures. In the case of I-0 systems the setting is usually
continuous and the structures are analytical. In our development we shall
feel free to pass from one formulation to another depending on the con-

venience of the situation. In particular we shall sometimes be considering

systems with state and sometimes I-0 systems.



Chapter 1

In this and the next chapter a topological realization theory for
system§ is developed. This will serve as a prerequisite for linking
input-output descriptions to state descriptions of systems, and also as
part of a continuing effort to reconcile algebraic automata theory with
control theory. Some systems concepts relevant to the development
will be presented in the next section but for more complete discussions
the following references should be consulted: Kalman, Falb and Arbib
[K1], Arbib ([A3], [A4]), Naylor and Sell [N1}, and Porter t[PZ], [P3])
In these two chapters we shall focus our attention on time-invariant,

causal systems. These restrictions will be relaxed in later chapters.

1.1 Some systems concepts

In the later chapters we will encounter systems which are defined

by an input space and an output space of time functions. The time

functions are defined on (-«,®) or on Z the set of integers, and have as

range a value space. Time-invariance is easy to define using a time

set (-w,o) or Z if we first define a shift operator ST or S(1), acting
on time functions so that

(STx)(t] = x(t-1)
for any x a function of time. We will use the notation ST or S(1)
according to fhe desired emphasis, the latter being used whenever T
is to be regarded as an argument of interest. In the first two chapters
the shift 1 is only incidental, hence the operator will be denoted by
ST, but in the closing chapter it becomes paramount, and there the

A

A A
operator is denoted by S(t). Suppose f:U + ¥ is a function from an

input space to an output space of time functions, and represents an

input-output (I0) system where the time set is (-»,%). Then time-in-

13
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»H
variance of f is defined by
S ? = %S for all 1 .
T T

Suppose” now the time set is to bé altered to some semi-infinite
interval, say [0,«). A reasonable yet rigorous definition of time
invariance demands that we take the following route. Let a'be the
space of partial functions on (-«,») such that each function XEG is
defined from some t onwards, i.e., on [t,«). ? may be likewise defined.

A . .
A subspace of U consisting of all functions defined on [t,«) is denoted

A
by Ut. A shift operator ST will now be regarded as acting on G

to produce another subpsace'a£+r, i..e., it is presumed that G is
closed under {ST} , the group of shift operatoré. The shift operatpr
is slightly modified in this instance; viz.,

x(a-1) " when a-1 3t

(5,%) (@) = {

undefined otherwise

Using this modification the above definition for time invariance still
holds.
A A . A
Ut and Ut+T are topological subspaces of U. ST is an isomorphism
A A
between the subspaces, and we shall assume that Ut and Ut+T are in fact

homeomorphic. Thus ST is a homeomorphic isomorphism, i.e., an iseomor-

phism. Therefore we may record:

Definition 1.1.1

A A A
A system f is time-invariant if fST = Srf for all «.

~
Evidently, when f is time-invariant it suffices to restrict con-
A A A
sideration to U, . We shall do this and write U for U  in this context.
A
A fori rd restriction function E' on U is defined by (ETﬁ)(t) =

ﬁ(t) for tefu )}, and undefined elsewhere. The family of such functions

A
{ET}T€R+ where R_ is the non-negative reals, act on U to produce the set
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of initial segments denoted by U. Thus each element u of U is a restric-

tion of some O of &. U is called the segment space (of G). A backward

A
restriction function E; on U is defined likewise, restricting domains
to [7,=).

The binary operation of concatenation, denoted by o, is defined

as follows. Suppose u,,u el and D(ul) = [O,tl], D(uz) = [O,tz). Then

1°72
ul(t) t e [O,tl)
(uyou,) (t) = ‘
1°72 uz(t-tl) t e [tl, t1+t2)
undefined otherwise

We shall assume that under concatenation as algebraic composition U
is closed. The empty segment A is an identity, and concatenation is

associative. Hence U is a monoid.

Definition 1.1.2

. .
A system f is causal if \/G,GEU‘V%5R+ EG = E'¥ = E'fu = E'EV.

U corresponds to initial substrings in automata theory.
' A
In many applications the system f exhibits inertia in the sense

that it cannot distinguish between two input elements u, and u, which

1 2
differ only on a set of (Lebesque) measure zero on R . When such is
the case 1 may be replaced by its quotient space where input functions
differing on sets of measure zero are identified. In this instance it
is clear that the construction of U may be accomplished by considering
segments defined on closed (or open) intervals, since the function
values at the end points of segments may be arbitrarily altered. This
will be assumed whenever (Lebesque) measure is placed on R+.

In other applications it may be desirable to place more structure

A A

on U, for instance U may consist of piece-wise continuous functions. In

this particular case it is clear that the monoid structure of U remains
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intact. Our concern later is to establish some cases when the alge-
braic monoid structure is embellished to a topological monoid structure.
Particular instances of topologies on G which will be considered in
the sequel will be defined as the situation arises.

The system £ is linear when [ and ﬁ have the structure of linear
spaces, and £ is a linear transformation. More generally £ is a

A A A
homomorphism when U and Y have algebraic structures and f is an algebraic

A . .
homomorphism (preserving the structure). The system f is continuous if

A
f is continuous.

1.2 Topologies for U

The segment space U may be topolbgized in several ways giving rise

to different modes of convergence. It is pertinent to ask what is meant
*
by the assertion that a collection of segments converges to a given

segment. To answer this a different way of looking at segments is

explicated. (Dugundji [D4] is a good reference for topology.)
A

A
Consider the cartesian product U x R . The relation p on U x R,

defined by
A A _ _ A _/\
(ul’tl)p (uz,tz) <=>t, = t, and u1| = u
[O,tl) 2)

is an equivalence relation. There is a bijection between the quotient

|
20,1t

A

space 1 X R+/p and the segment space U given by [(ﬁ,t)]p » E'G. That
this is indeed a bijection is easily verified. In fact this bijection
is a monoid isomorphism between ﬁ X R+/p and U, with the concatenation
operation on the first space defined in the obvious way.

Now, G has a funétion sp;ce ;opology while R, has seﬁeral

possible topologies. (For discrete-time systems, R _ may be replaced

by Z, which is given the discrete topology). It is natural to equip
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" A
U x R_with the product topology and hence U x R _/p with the quotient
A
topology from U x R_. In this way the segment space is topologized
in a natural manner. Note that the inverse image of a segment [({,t)]p

in Ux R_is a set {(Q,t):vl[o’t) = G‘[O,t)}

Let U and Y be the value.spaces associated with the input and
output spaces G and 9 respectively (and hence of U and Y). We now
specialize the development to the case where at least U is a metric
space with a metric d. It may in fact be shown that the-theory cén be
generalized to the case where U is a uniform space or simply a topological
space, but this would complicate many proofs and obscure the essentially
simple ideas on which the theory is based.

A
The metric d in U induces a metric d' in U as follows:

[ A _ A N
' (§,8,) = sup d(d (1),8, (1))
teR+

In fact, d' is a generalized metric since it is a map into the extended

non-negative reals. We shall write d for any metric when no confusion

can arise.

3 A 3 » -
It is noted that a metric d on u may indeed arise without reference

to the metric (if any) on U. For our purposes either point of view is

acceptable.

Theorem 1.2.1

A A
The natural projection p:U x R_ u x R+/p is both continuous and

open.

Proof:

Continuity follows by definition of the quotient topology.

A
Let 8 x N be a basic open set in U x R_, i.e. 8 = {ﬁ]d(ﬁ,ﬁ°)<e,

A
ﬁer} and N = (tl,tz). Then p(8 x N)

1

{[h,t)]1:t ¢ (t;,t,) and
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restricted to [0,t) d(d,8,)<c}, so that p-l(p(e x N) = {(ﬁ,t)lt;t1
and d(ﬁ,ﬁ°)<e}. Let ¥ be an element in it. Then d(s,u°)<e, say d
d(y,u) = e-k where k > 0. The set 8' x N' where ' = {&[d(8,)

< k/2}.and N' = (tl,w) contains ¥, and is contained in p_l(p(e x N)},

so that the latter is open. Thus p(6 x N) is open, and p is open.

In the above proof it was tacitly assumed that the topology on

R _is the usual one. Suppose instead the topology on R~ was the

discrete topology. Then every point is open. An examination of the
proof shows that the theorem is also valid in this case.

Now we are in a pos@;ién to answer the question posed at the beginning
of this section.

First, it is observed that both the usual and the discrete topolo-
gies on R, are metric topologies, given respeétively by d(tl,tz) =
|t1—t2| and d(tl,t ) = 1 for all tl#tz. Since ﬁ is a metric space it
follows that G X R+ is a metric space. However, in general a X R+/p
is not metrizable, although it may be made so in a somewhat contrived
fashion to be described later. Nevertheless it is not necessary to
use the language of filters or nets when discussing convergence ‘because
it turns out that G X'R+/p = U is first-countable, hence sequences are
sufficient. To prove first-countability, note that p is open and contin-
uous implies that open sets in U are precisely the images of open sets
in G X R_. G x R is first-countable because it is metric space. Hence
U is first-countable, and sequences are adequate. . -

Let {un} be a sequence converging to u in (I, and suppose R _ has
the usual topology. Let (ﬁ,t) £ p_l(u) and 8 x N be a basic neighbor-
hood of (ﬁ,t), i.e., 8 is an g-ball about u and t ¢ N, an open interval.

Then p(® x N) is a neighborhood of u by the theorem just proved, so

that {un} must eventually lie in p(e x N). The preimage of u under
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p is a set {(ﬁa,tn):ﬁa [0,t) = ﬁ][o,tn)} so each element

of the preimage is associated with the same t Thus, to say that

{un} is_ eventually in p(6 x N) is to say that (i) tn - t and (ii)

Etﬁn-+ Etd where ﬁn and 0 are in the preimages of u and u respectively.
If instead the discrete topology for R was used, then condition

(i) is modified to tn = t eventually. In this case U is metrizable in

a trivial way, namely, a ganeralized metric d is definable by

{ 0 if D(u) #£ D(v)
d(u,v) =

d@,{ otherwise,

In this case an alternative approach to topologizing U is possible,

A
corresponding to a constructive specification of U from U: 1let Ut =

U[O’t), and then U may be regarded as the free union of {U_} .
teR
+

This free union is analogous to input space I* of automata theory, except

t

of course that it may not be a free semigroup under concatenation.
To show that this topology for U coincides with that of 0 X R+/p when
R+ has the discrete topology it suffices to observe that given ucl
we know that uaUt for some t: an open set in U containing u is, in
particular, one which is open in Ut and empty in all other components.

We examine the consequence of the two topologies imposed on R+,
beginning with the discrete topology. Let {un} be a sequence in
6 X R+/p such that u, *u Let (ﬁ,t) € p—l(u). Observe that if
(G,tv) £ p_l(u) then t = tV and Etﬁ = Ets. An open set about (ﬁ,t)
is Bux{t} where 6 is some ball of radius & about 8. 1t is evident
that {p_lp(eux{t})} = {(Q,t)lﬁto = E* for some % where d(f,f<s)

= {(0,t)|dE, EHhy<s} .

p is open implies p(eux{t}) is open, so u is evenfually in this set.
Let (ﬁh,tn) £ p-l(un). Then tn = t eventually, for otherwise u_ =

p(ﬁn,tn) cannot be in p(Gux{t}) eventually. In addition, Etﬁn > E%R
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uniformly. For, suppose otherwise. Then there exists € > 0 and a sub-
sequence {Etﬁm} such that d(Etﬁm,Etﬁ) > €. Choosing 6=¢ it is clear
that (Gm,t) is not in pnlp(eux{t}), hence u = p(um,t) cannot be in
p(aux{ta) eventually, which is a contradiction.

Conversely, suppose {(ﬁnftn)} is a sequence such that t =t
eventually and Etﬁn > Etﬁ uniformly. Let vy be the extension of Etﬁn
which agrees with ﬁ beyond t. Then p(ﬁn,t) = p(Gn,t). Also ﬁn > {4
uniformly, and certainly t -~ t. So p(ﬁn,tn) > p(l,t).

Summarizing the above discussion we state the following principle

which will be used in the sequel.

Theorem 1.2.2

-

Let abhave the topology of uniform convergence and R, the discfete
topology.

Suppose u, > ou Then for any sequence {(ﬁn,tn)} such that
(ﬁn,tn) € p_l(un), and for any (fi,t) with (4,t) € p-l(u), t =t
eventually and Etﬁn - Etﬁ uniformly.

Conversely, if {(ﬁn,tn)} is a sequence such that t =t eventually

and Etﬁn > B uniformly, then p(ﬁn,tn) +pdi,t).

Next, assume that R, has the usual topology. “The above arguemnt may
be repeated with the modification that
-1 tva _tva
{p"ple, x N} = {(v,tv)ltV e N, and d(E "V,E "2)<é}
where Nt is some open interval about t. In this case it may be verified

that tn + t and u >u uniformly on any closed interval [0,s] ¢

[0,t). Unfortunately the converse does not go through. However, by
L s
weakening the topology on U to that of pointwise convergence (thus

insisting that a metric must exist in the space U) it is possible to re-

medy this. If this is done, we have
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Theorem 1.2.3

Let a have the topology of pointwise convergence and R+ the usuai
topology.

Suppose u >u. Then for any sequence {(ﬁn,tn)} such that
@t ept(u), and for any (,t) with (@,1) e p (W), t -t and
Etﬁn > Etﬁ pointwise.

Conversely, if {(Gn,tn)} is a sequence such that t >t and

Etﬁn - Etﬁ pointwise, then p(ﬁn,tn) € p(ﬁ,t).

Before proving the theorem some remarks are in order., " With the
topology of pointwise convergence on G and the usual topology on R,
theorem 1.2.1 must be reiestablishedi To do this requirés that we
look at the images of under p of basic open sets of the form
¢ = 08 x (t-e,t+e), with 6 = {El [[ti,ei]], where [[ti,ei]] =
@ e G|G(ti) € 8,,8; open inla} .

Thus ¢ = {(§,t )|t ¢ 601 < i <nandte(t-e,tre)

We claim that

P—lp(¢) {(G,t')lt'e(t—e,t+e) and Q(ti) € ei for ti <t}

m [[ti’ei]] X (t-E,t+€)

t,<t!
i
which is open, so that p is open. To prove equality of the two sets,

t

first observe that if p(ﬁl,tl) = p(ﬁz,tz) then necessarily tl 9*
So if ($,t') € p 'p(¢) it must be that t' e (t-c,t+e). Also, e e o
for ti < t', for supposing the contrary we have V() £ ej for some
t. < t'. By assumption p(¥,t') € p(¢), so p(¥,t') = p(ﬁ,tu) for some

‘J‘ i b t =1t', and Et'ﬁ‘ = Et'Q

(u,tu) € ¢. Then by observation above u = , ,

giving $(t.) € ej, a contradiction. Thus the lefthand set is included

]

in the right. The reverse inclusion is easily verified, .so its demon-

stration is omitted.
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It is clear that U is first countable under these circumstances.

Proof of theorem:

L?F u > u, {(ﬁn,tn)} be a sequence such that (ﬁn,tn) € p-l(un),
and (4,t) e phl(u). Let ¢ = 6 x (t-e,t+e) be basic open set about
(ﬁ,?). By the result above p is open, so p(¢) is open in U. u ~u
now implies that u, is eventually in this open set, i.e., (ﬁn,tn) is
eventually in p—lp(¢). . Recall that 8 = fa [[ri,ei]]. Claim:

t, >t Suppose otherwise: then there is § >161and a subsequence
{t } such that |tm - t| > 8. Since

Pp®) = (e )]t ¢ (t-e,tve) and F(r)) 0, T, < t)
choosing € = § gives a contradiction. So tn + t. Claim:. Etﬁn > Etﬁ
pointwise. Again suppose'the contrary. Then there exist toe [0,t), a > O,
and a subsequence {ﬁm} such that d(ﬁm(to),ﬁ(to)) < a for each m. Choos-
ing T, =t and 61 ={xeU d(x,u(to)) < a} yields the required contra-
diction because ﬁn(to) must eventually be in ei.

For the converse part, let the hypotheses hold. Suppose p(ﬁh,tn)%’
p(ﬁ,t). Then there is an open set Gu about p(fi,t) = u and a subsequence
(Gﬁ,tm) such that p(ﬁm,tm) £ eu for all m. AThere is a basic open set
gu about ({,t) such that P(gu) e, %u = {:} [[ri,Ui]] x (t-g,t+e),
and (ﬁm,tm) £ eu for all m. Choose ri<t, l<i<n. This implies either
(i) tm # t or (ii) tm -+ t but um(ri) I3 Ui for each m, or equivalently
Gm(ri) # G/ri). (i) contradicts tn + t and (ii) contradicts Etﬁn > Etﬁ

pointwise. Thus the conclusions of the converse are proved.

1.3 U as a topological monoid

It was earlier noted that (U, ) is a monoid. In fact it is a
cancellative monoid. When U has topological structures as given in

the previous section it i1s possible to say more. -
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Definition 1.3.1

(S,°) as a right(left) semitopological monoid if S is both a topo-
logical space and a monoid, and »:S x S + S is continuous on the right

(left) component. If it is continuous on both right and left it is

called semitopological monoid, while if .it is jointly continuous on

both components it is called a topological monoid.

The following proposition is easy to prove:

Theorem 1.3.1

(U,o) is a topological monoid when U has the topology of uniform

convergence and R has the discrete topology.

In the case when U has the pointwise convergence topology and R+
the usual topology things are not quite as simple. However the

following is true:

Theorem 1.3.2

(U,o) is a right semitopological monoid when U has the topology

of pointwise convergence and R_ has the usual topology.

The distinction between the last two theorems reflects the differ-
ence in the power of the two modes of convergence. Without restrictions
on h theorem 1.3.2 cannot be strengthened. (See remarks on p. 25.)

In the sequel we shall call the topology in theorem 1.3.1 the
u-topology and that in theorem 1.3.2 the p-topology for short.

In a sense the u-topology is rather more fundamental. If the
system under consideration is defined on discrete time, hence taking
the time set to be the integers Z, it is natural to insist that a
sequence of segments converging to a given segment have domains of

definition that are eventually equal, i.e., the characteristic of the
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u-topology. Admittedly, '"naturalness'" is somewhat subjective, but in
attempting to bend the p-topology to yield results of the same power
as the u-topology we have to resort to a measure theoretic device.
Topological semigroups have an extensive literature, a good biblio-
graphy being contained in [D3]. We shall have occasion to use only
the most elementary properties of these objects.
In the néxt chapter these theorems will be sometimes invoked in

a rather explicit form. For reference these are stated as

Corollary .1.3.1

With the u-topology, if (un,vn] + (u,v) then u eV, > uev.

Corollary 1.3.2

With the p-topology if v, TV then uev, - uev.

1.4 Functions on U

A A A A
Every causal function f:U - Y induces a function f:U -+ ¥ in the

obvious manner, i.e., if u ¢ U and D(u) = [0,t), then f(u) = Etf(u).
For simplicity we shall hence forth denote the length of the domain of
u by |u], so that in this case |u] = t.

It should be clear that for such functions the output is synchron-

ized with the input as a matter of convention, but this can be easily

relaxed.

Lemma 1.4.1

P
f is continuous if f is continuous.

a
We shall have reason to modify U to let it be the space of functions

which are identified if they are equal almost everywhere (a.e.).

In such a case segments may be defined over closed or open intervals

without affecting any of the previous results but allowing a modifi-
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cation of the function f. For any u € U, |u| = t, the function £
cannot depend on the value to the point t, so that in factﬂthe func-
tion f .induced by f may in this instance be defined by either f:U > Y
or f:U » Y, recalling that Y is the value space of segments in Y. These
are equivalent definitions when ﬁ is a quotient space of functions
identified if they are equal a.e.

One significance of the identification of functions equal a.e.
is that instances of the proof scheme with this provision are
the various Lp spaces which pervade continuous systems theory. More
to the point is that in this case theorem 1.3.2 may be strengthened
to coincide with theorem,l.s.l, and hence Corollary 1.3.2 will also
coincide with Corollary 1.3.1. To see this we rely on the above oﬁSer;
vation that segments may now be defined over closed intervals, the
values at the end points being irrelevant. If {un} and {Vn} are two
sequences of éegments converging in the modified p-topology to u and
v respectively, the original difficulty of establishing pointwise con-
vergence of {unovn} to uev arose from the difficulty of establishing
convergence at the time point t = Iul. Clearly this difficulty vanishes
if the values at endpoints are irrelevant.

Henceforth when no explicit mention is made of the chéice of
topologies for U it is to be understood that if a conclusion is true
for the u-topology, it is also true for the modified p-topology.

We can distinguish two IO system definitions. If f:U » VY is
taken as basic we have a Mealy type system: if f:U - Y is taken

as basic we have a Moore type system.



Chapter 2

The theory of realizations of time-varying systems is complex and

unsettled. Several elegant attempts to place the problems in perspec-
tive have been made ([B2],[Z6]), but as noted by Kalman [K1] and
others these attempts have not successfully solved the problem of canon-

ical realizations. In this chapter we shall address ourselves to the

problem of time-invariant, causal systems, for which the -algebraic
problem of canonical realizations in the discrete-time case has
well-known solutions. For completeness we state without proof some
known results which are needed. We shall consider time-varying systems

r

in Chapter 6, but not from a state space perspective.

2.1 Factorizations

By the state of a system at time t we mean sufficient information
at that time which will permit the determination of future outputs
given future inputs. It should be clear that only causal systems can
be endowed with state sets. Causality in itself is an extremely general
concept, but we shall keep to our specialization in section 1.1. The
concept of a state set as employéd in pfacéice embodies an additional
constraint which may be described as determinism. Determinism is the
property of unique transitions from state to state, given an input, or
equivalently it is coextant with the existence of a map from inputs

to the function space of state-to-state functions. In automata theory

this function space is known as the semigroup of the automaton, and we

shall examine it later from our perspective.

Definition 2.1.1

Given a system f:U -~ VY, the triple (p,Q,)\) is a factorization

26
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of fif p:U-+Q, :Qx U=~ Y, and A(p(W),Vv) = Elulf(uov) for each
p(uw) € R(p), v ¢ U. Q is called the state set. p(A) is denoted by

q, and called the initial state.

It is noted that A(p(A),v) = £(v). In the subsequent development

we shall need the notion of output functions from a state, denoted

Bq:u + ¥, and defined for p(u) e R(p) by Bp(u) = S_lu‘°x, so that

qu = £, It is not an accident that the Mealy formulation of an automaton
was chosen here. The formalisms of chapter 1 in a sense forces this
choice. However, when the p-topology is chosen for U, the Moore formu-
lation will prove acceptable. The reason for this is that in this in-
stance U is in fact a quotient space where segménts equal a.e. are
identified, so that we may specify f:ﬂ + ¥ by alternatively specifying

f:U ~ Y when £ is causal. We omit a formal demonstration of this be-

cause it is simple but tedious. Hence for this instance we may modify -

the last definition.

Definition 2.1.2

Given a system f:U -+ Y the triple (p,Q,A) is a factorization of f

if p:U > Q, A:Q > Y, and the diagram

£
U > Y
"
I\ /A
3q

commutes. Q is called the state-set.

In this case again B8 __ = f.
We shall not take pains to distinguish between Moore and Mealy
formulations unless the circumstances warrant it. It will be under-

stood that whenever the p-topology is used for U we shall be at liberty

to use the former.
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The existence of factorizations in themselves is not sufficient
to guarantee the existence of state sets with the property of determin-

ism. For this we need p to have the characteristics of memory.

Definition 2.1.3 [A3]

p:U » Q is a memory function if p(ul) = p(uz) => p(u1°u) = p(uzou)-

An alternative characterization of this is:

Lemma 2.1.1
Let M be the equivalence relation induced on U x U by ulMu2 <=>
p(ul) = p(uz). Then p is a memory function if and only if M is a

right congruence.
"Proof:

Clear.

We formalize the concept of determinism as

Definition 2.1.4

A factorization (p,Q,A) of f:U » y is deterministic if there

exists a function 6:Q x U » Q such that §(p(u),v) = p(uev) for all
p(u) € R(p) and veU.

Thus in this terminology a distinction is made between causality
and determinism. The former refers to a strictly input-output
characteristic. Every deterministic system is necessarily causal, but
not vice-versa. What this implies is that a causal system may be
non-deterministic to the extent that § is a non-deterministic ''map"

to equivalent (in the automaton-theoretic sense) states.

Lemma 2.1.2

(p,Q,2) is a deterministic factorization if and only if p is a
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memory function.

Proof:

(=%) Let p(ul) = p(uz). Then p(ulov) = G(p(ul),v] = s(p(uz),v) =
p(uzov) for all vel.

(<=) Define §(p(u),v) = b(uov). Cléarly § is a map, for p(ul) =
p(uz), p(ulov) = p(u2°v) for all vel by hypothesis. For q ¢ Q/R(p),
any arbitrary definition will suffice, say, the identity action.

Suppose we begin with a right congruence M on UxU an& ask whén
does it induce a deterministic factorization? To answer this requires
two approaches, one for the Mealy and one for the Moore formulation.

For € > 0 let M be the relation on UxU defined by UMaV <=>
Elulf(uoz) = Elvlf(voZ) ZeU_ where U; = {uel||u] < e} It is clear that
M. is an equivalence relation. Further, if g > &, We have that
M, C M62 where E is the relation '"refines".

1

Then {Me,C} is a linear ordering with infimum N = g:g M_

e>0
and supremum Mf = 0 Me' For, uNv <=> uM_v for each e>0, and N is an
equivalence relation; quv <=> uM_v for some €>0, and Mf is an equi-
valence relation. Moreover N is a fact a right congruence relation
because

uNv<¢=>Ve>0 UMEV => ¢>0 uoweZ => V>0 uowM vVvew => uowNvow.
€

In fact N is the Nerode equivalence which is to be explicitly defined

in Definition 2.2.2. That N is the infimum follows from the fact that
every ME is refined by N. Similarly, since for every >0 MEE Mf,
Mf is the supremum of the ordering.
When a Moore formulation is permissible the above discussion
may be simplified. In this case f:U- Y and Mf reduces to MO’

1 U = N 3 = = =
that 1is e>0ME ”0’ because the relation quv uMov_< > f(u) f(v)

is refined by every M._.
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Lemma 2.1.3

A Tight congruence M induces a deterministic factorization
(p_,U/M,N) if M refines M.
Proof:

(i) The Moore formulation:

Let P_:U -+ U/M, A :U/M~>Y
m m

u > [u]m [u] > f(u)

We have to show

f
U >Y
u/M ,

commutes, and that GM:U/M xU~>U, is well-defined.
([u]M)V) > [u°V]M

First, A

M is well-defined because ulMu2 => f(ul) = f(uz) since M

refines Mf. Next, GM is well-defined because M is a right congruence.
Finally, let ueU. Then RM-pM(u) = >\M[u]M = f(u), so the diagram
commutes.
(ii) The Mealy formulation:
. A .
Let pm.u - U/M, m.U/M xU-=Y
u [u] (folypv) > By £ V)
and Bm:U/M x U~ Uu/Mm
([ulv) > [uevly
It has to be shown that each map is well-defined.

. . . . - . .
Am is well-defined because: ulMu2 uleuz, and since M is a

1
for zeUk, k > 0. The certainly E|u1|f(ulov) = Eluzlf(u2°v)°

right congruence, u1°vMu2°v. Sou ?vyfq2°v, giving E|u1°v|f(ulovoz)

6m is well-defined because M is a right congruence.

Every right congruence M on UxUl associated with a deterministic
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factorization (p,Q,r) of f certainly refines Mf. For the Moore
case this is so because p(ul) = p(uz) => xp(ul) = Ap{uz) =>
f(ul) - f(uz). For the Mealy case, (p(uz),v) for all

v = E Iu f(ulov). = E luz If(u2°v)

|
for all v => M L Mf. Combining this with the previous lemma yields

the following theorem.

Theorem 2.1.1

A right congruence M on UxU is associated with a deterministic
factorization if and only if M refines Mf,_

s

Henceforth all factorizations will be assumed to be deterministic

unless otherwise indicated.

2.2 Algebraic Theory

A given system f:U - Y may have many factorizationms, and.among

these factorizations there may be some which are in some sense dis-

tinguished. A partial ordering (G,g) of the set g of memory functions

(of factorizations) of the system is laid down by saying P; € Py if

the diagram

_ Q,

5
U g
P

commutes for some surjective g:Q1 > Q2. Call peg minimal if it is

minimal with respect to <.

Lemma 2.2.1

When P; € Py and P, € Pys the two factorizations (pl,Ql,Al) may be
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completely identified.
Proof:

Since G is a partial ordering, when Py €Dy and P, < py we
have P, = Py This equality is in fact a statement about the equi-
potency of Q1 and Q2, because P, € Py => there is a surjection g:Q1 > Q2
=> Q2 is equipotent to a subset of Ql’ and conversely, P, 2 Py %»Ql
is equipotent to a subset of QZ’ hence by the Schroeder-Bernstein
Theorem Q1 is equipotent to QZ‘ Thus we may completely identify'

Corollary 2.2.1

Equality in the partial ordering (G,g) is an equivalence relation

on factorizations.

Definition 2.2.1

A (p,Q,2) factorization is reachable if p is surjective and
observable if the map ¢:Q - yU given by ¥(q) = B_ is injective. It

q
is canonical if it is both reachable and observable.

In the Moore formulation the observability criterion reduces to one

concerning ¢:Q -+ Yu. When P, =Py and either is reachable Lemma 2.2.1

states that the other is reachable.

Theorem 2.2.1

A factorization is minimal if and only if it is canonical. Thus
it is unique.
Proof:

See ([K1],[A3]).
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Definition 2.2.2

ul,uzeU are Nerode-equivalent, written ulNuz, if

S E £ °v) = § E F
~fuy [Fluy 15007 = S py B |F 27V

for each vel.

Theorem 2.2.2

N is a right congruence relation on U.
Proof:

Clear.

Theorem 2.2.3

The Nerode factoriz;tion (p,U/N,2) of f:U » VY given by p:U » U/N,
AU/N x U+ Y, where p(u) = [u] and A([u],v) = Blulf(u°v), is canonical
and deterministic.

See [A3].

The notation U/N for a quotient class is standard. X is well-de-
fined because time-invariance allows the identification of all segments
related by a shift. The above theorem gives in essence a reduced
automaton in the Mealy sense with state transition function

§:U/N x U > U/N
([ul,v) > [uev]

which is well-defined because N is a right congruence.
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For the Moore formulation Theorem 2.2.3 may be restated as

Theorem 2.2.4

The Nerode factorization (p,U/N,2) of f:U » Y given by
p:U > U]N,A:UN > Y where p(u) = [u] and A([u]) = £(u) is canonical and

deterministic. In this case the diagram

f A\
U 2y
A
]\ /
U/N

commutes.

Example 2.2.1

f:e, > 8, is defined by

(xl,xz,...) —--(yl,yz,...)

n
n

where yz = Z x?/r , T >1
n . i
i=1
Z yﬁ = xf(l/r + 1/r2...) + xg(l/r2 + 1/r3...)
n=1
oo,
(where rearrangement was justified by the possitivity of the terms)
2 2
< (x1 + X, veo)/(r-1)
so that in fact the range of t is in 22.

Let X = (xl,xz, oo xk,0,0, ere)

<
|

- (yl’yZ’ vevey yz,o,o, ...)

xNy => : xi/rk = i yi/rZ
1= 1=

Suffixing a segment (1,0,0,...) to x,y, xNy =.>( xi + 1)/1-k+1 =
1

(i yi + 1)/1-‘&'1, showing that k = £ and the canonical state space is
1=

R x Z.
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Theorem 2,2.5

Let (pl,Ql,Al) and (pz,QZ,Az) be two factorizations such that
P, € Pys g:Q1 > QZ’ and let Ml’MZ be the respective associated right
congruences. Then Ml refines Mz.
Proof: '

Let ulMluz, so that p1(u1) = pl(uz). Then nz(uz) = gpICul) =

gPl (uz) = chuz), or uleuz.

Corollary 2,2.2

If M is the right congruence associated with a factorization then
refines N (Nerode equivalence).

Proof:

If (pN,QN,AN) is a Nerode factorization it is minimal by Theorems

2.2.1 and 2.2.3. Then Py is minimal in (g,g), and the result follows

by the above theorem.

Let H = {M: M is a right convergence on UxU cdrresponding to a

factorization of f}

Let & denote the relation "refines" on H. That (H,L) is a partial

ordering is clear. However a stronger assertion is true.

Theorem 2.2.6

(H,L) is a complete lattice with inf H = N, and sup H = the discrete

partition on UxU.

Proof:

For any subset {Ma}aEA of H MGE Mf for each a. then a(e-)&Ma =

inf {M“}aaA' Clearly g;kMu is a right congruence which refines Ma .

Thus arbitrary infina exist, hence arbitrary suprema. The remainder

of the assertions are easily verified.
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By Theorem 2.2.4 it is evident that (H,E) is anti-isomorphic to

(Gg) as lattices, revealing the theorem as a statement about a duality

between alternative characterizations.

In this lattice of factorizations it is easily seen that if pU + Qy

is open, then pMd1+ U/M is open for each M refined by N.

2.3 Topological Theory

The algebraic theory of factorizations may be reinforced with the
introduction of topologies on the state set. Suppose (p,Q,)) is a
factorization of f:U -~ Y. We know from theorem 2.1.1 that £here is a
right congruence relation M associated with this factorization, so that
UM« Q, and U/M = Q if ahd only if p-is surjective. The natural topo-

logy to place on U/M is the quotient topology through p, that is, a

set & is open in U/M if p—1(e) is open in U. Then p:U » U/M is contin-
uous. Because U/M€ Q for p:l - Q to be continuous it is sufficient
to say that the quotient topology on U/M is the relative topology of Q

restricted to U/M. This will be assumed throughout.

Example 2.3.1

In example 2.2.1 the guotient topology for the Nerode state space

may be inferred as follows. A basic open set in R x Z with the natural

topology is of the form.e x {m} where is an open interval and m is an
integer. All preimages of this must be segments of length m. It can be
shown that this set is pulled back into an open set in the segment space,
and hence p relative to these topologies is continuous. Conversely, a
basic open set in the segment space is mapped by p to some open seti in

R x Z, so in fact p is open. Hence the natural topology is the quotient

topology.
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Lemma 2.3.1
With the u-topology, if f is continuous
(1) M is closed

(ii) M[u] is closed for each uell.

Proof:

(i) Let (u,v) e M. Then there is a sequence (u,v ) e M such that

(un,vn) ﬁxu,v)oﬁlzlf(unoz) = Blz'(vn°z) for each ze{{. By continuity

2]

and f continuous now imply Elzlf(un°z) + E'zlfCu°z) and Elzlf(vn°z)

of monoid composition Uy U, V) >V =>u ez v oz for each z. E

Elzlf(v°z), hence (u,v) € M, and M is closed.

(ii) Let v € M[u]. Then there is a sequencetvﬁ}é:M[u],-vn +> V. So
v ez > voz for each zell. But E, ,f(v_ ez) = E,_ f(vez) so that

n 12) £ |2]

Elz!f(voz) = Elzlf(vn°z) > Elzlf(voz), showing v ¢ M[u].

With the p-topology the lemma does not hold.

For use in later proofs we record the following easy

Lemma 2.,3.2

Let X,Y,Z be topological spaces such that

commutes, r is continuous and Z has the quotient topology. Then S is

continuous,

By HomR(u) is meant the monoid of all maps U + U with right com-
position serving as monoid composition. The following scheme yields

the right regular representation ¢ for a monoid U.
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For each zell define a map M, € HomR(u) by
uz:u + U : u->uez
Then the map ¢:U - Hom, (U) : z - u, is a monoid anti-monomorphism.
Thus the representation is faithful,
In a topological context more can be said. With suitable topolo-
gies on U and HomR(U), ¢ may be continuous, and indeed a homeomorphism.
A homeomorphism which is also an isomorphism is called an iseomorphism.

Since the u-topology for U is metrizable a generalized metric for

HomR(U) is given by

d(].lzsuw] suup duCUz(u) :uw(u))

i)

sup du(uoz,u°w)
u

4, (z,w)
Thus, ¢ is actually even stronger than an iseomorphism in this case. We -

record this as

Theorem 2.3.1

With the u-topology ¢ is an isometric anti-monomorphism from

into HomR(U).

In a more general case an anti-mom morphism may be asseted. It
turns out that this weaker version of the theorem just proved is valid
for the p-topology on U if the pointwise convergence topology is
chosen for HomR(U). To see this, let 2, > Z. Then uanu) = uozn;'
which by Corollary 1.3.2 converges to ucz, Thus ¢ is continuous.
Conversely, let uzn - ﬁz pointwise. Then uzn(u) = uez u°z = uz(u)

for each u. In particular, let u = A the monoid identity. Then zﬁ-4 z.

Hence Q-l is continuous, showing that ¢ is indeed an anti-moneomorphism.

This is stated as a theorem.
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Theorem 2.3.2

With the p-topology ¢ is an anti-moneomorphism from U into
HomR(U):

For a given factorization (p,Q,)) of £, the continuity of p is
assured by the way Q is topologized. What about the continuity of A?

In the Moore formulation the commutativity of the diagram

u N Y
A
P /7\

assures that A is continuous if and only if f is continuous (lemma 2.3.2).

(N

In the Mealy formulation things are not quite as straighfforward. Here
A:Q x U > Y, because A([u],v) = Elulf(uov). The notion of convergeﬁce
in U/M <= Q has to be carefully considered. These remarks shall serve
as motivation for investigating the topological properties of state

spaces.

Some standard results which will prove useful are the following.

Lemma 2.3.3

Let M1 and M2 be right congruences. (or equivalences) on U such that

hH‘g MZ' Then the natural projections PysPy in

1 2
u B um, —E5 um,

are continuous,
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Lemma 2.3.4

Let g:lU -+ VY, and Kg denote the kernel equivalence relation on U

defined_ by quv <=> g(u) = g(v). Then

commutes, and g is continuous if and only if M is continuous.

For proofs of these lemmas any standard text on point-set topology

may be consulted. A good reference is Dugundji [D4].

r

2.4 Topological Automata

Using the theory developed in the previous sections a theory of
topological automata will be presented. For simplicity most of the
results depend on the use of the u-topology, but applies to the

modified p-topology as explained in the previous chapter.

The distinction between the Moore and Mealy formulation is displayed
here. It will be noticed that the proofs in the latter case are almost

invariably more lengthy althcugh not much more conceptually difficult.

Lemma 2.4.1

The diagram

u u uez
u z > U
v u,
u/M * 5 U/M
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commutes and u,_ is continuous. Consequently \lzgu [un] + [u] =>
[un°z] -+ [uez].
Proof: -
Define M, by uz*[u] = [uoz]. This is well-defined because M is
*
1Mu2 so that

ul-zMuz-z and hence [ul-z] = [uz-z]. The diagram commutes under this

a right congruence, namely, if U;,u, € p-l[u], then u

definition. To show continuity of M, it is sufficient by lemma 2.3.2
to show that Py, is continuous. But this is tiue because p is con-
tinuous by definition and M, is continuous by corollary 2.3.1.

It should be observed that because of the weaker conclusion of
corollary 1.3.2 this is qot.true for theAstrict.p—topology.

In the terminology of factorizations it is seen that the
mapping M, acts as follows:

Hy, ([]) = 8([ul,2)

Thus, the above lemma is in fact a statement that §:U/M x U - U/M is

continuous in U/M.

Lemma 2.4.2

[u, ]

{uz] => [ul-z] = [uz-z] for all zel.

Lemma 2.4.3

Let z *z. Then [u-zn] -+ [u-z] and is independent of the class
representative u.
Proof:

z, >z = vz > vz by corollary 1.3.1 (or 1.3.2). By continuity
of p, [v-zn] + [v-z]. Now let u ¢ p-l[v]. Then [u] = [v], and by the
previous lemma [u-z] = [v-z] and [u-zn] = [v-zn]. Thus the convergence

is independent of class representative.
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Combining lemmas 2.4.1 and 2.4.3 leads to the following result.

Theorem 2.4.1

In any factorization (p,U/M,A) of a system f the state transition

function &§:U/M x U » U/M is continuous in each component.

Proof:

Only continuity in U need be demonstrated, but this is precisely

lemma 2.4.3.

This theorem is strengthened when p is open.

Theorem 2.4.2

If p is open, &:U/M-x U > U/M is continuous.

Proof:

Consider the diagram:

(v, 2) . uz
LU > U
(> x id) lp
uMx U > U/M
([ul,2) [uz]

It is clearly commutative. Let ¢[uz] be an (open) neighborhood
of [uz] in U/M. By the continuity of p and O the set ¢ = O-lp-l(e[uz])
is open. Let (u,z) be a preimage of uz in ¢. Then there is a basic
open set @u X ¢zc: ¢, with u ¢ ¢u and z € ¢z, and @u, ¢z open in U.

(p x id) (@u X @Z) =Ppo X L which is open since p is open, hence
([ul,z) is an interior point of pe, x ¢ . Thus interior points are
mapped by (p x id) to interior points showing that (p x id) is open.

¢ is open and (p x id) is open now imply (p x id) = 6_1(6

]) is

[uz
open, so that § is continuous.
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Again this proof does not go through for the p-topology.
We observe that theorems 2.4.1 and 2.4.2 do not assume that f
is continuous. This being so it is clear that we may now answer the

question posed after theorems 2.3.2.

Theorem 2.4.3

In the Mealy formulation the output function A:Q x U > y is
continuous in each component if and only if f:y + vy is cqﬁtinuous,

(=>) Because f(u) = A(p(p),u).

(<=) For some sequence u -+ u and v, veu -+ veu by corollary 1.3.1,
so £(veu ) > £(vou), hence A([v],u) = |y Evouy) > By £lvew).
Therefore ) is continuous in U.

For some sequence [un] + [u] and any zclU, by lemma 2.4.1
[un°z] > [uez].

Define a map g:U » ¥ by g(u) = Elulf(uoz) and a relation Mz on
U such that uMZv <=> g(u) = g(v), that is, Mz is the kernel equivalence
of g. It is clear that M refines Mz' Now apply lemma 2.3.4 with
Kg = Mz. g is continuous because (i) right composition by z is con-
tinuous (ii) f is continuous, and (iii) Elu‘ is continuous. Thus n
ig continuous, where n[u]MZ = Elulf(uoz).

[un°z] -+ [u°z] now imply (by lemma 2.4.1) that [un°z]M - [u°z]M .
Hence A ([u },2) = El“,l,lf(UHOZ) = "[un]M; n [u]Mz = E|u|f(uf2) = ([U]TZ)-

Hence ) is continuous in (/M.

Theorem 2.4.4

If p is open, »:U/M x U + ¥ is continuous if and only if f is

continuous.
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Proof: (<=)

Consider the diagram

(4,v) A([ul,v)
g
Uxu > Y
(p x id) A
UM x U
([u},v)

where g is defined by g: (u,v) ~» Elulf(uov). The diagram commutes, g
is continuous since f is continuous, and p x id is open. Therefore

A is continuous. .

(=>) £() = x(p(A),v).

The above proofs could be considerably simplified if the space
U has the follawing property: If M is a right congruence (or equiva-
lence) relation on U, and if a sequence {[un]} in the quotient space
U/M converges to [v], then there exists a sequence {xn} in U converging
to x in U with x € [un] (regarded as a set) and x e [v] (regarded as
a set). In fact a weaker condition may suffice, viz., that x can be
replaced by a sequence {yn}, each Y, € [v], and d(xn,yn) + 0. One
example where such a property is indeed present is when U is a linear

space. We discuss this in the next chapter.

Definition:

A semigroup act is a continuous function S x X - X where S is

a topological semigroup and X is a Hausdorff space.

Wallace [D3] and his students have investigated semigroups from

the viewpoint of semigroup acts. In the context of the foregoing results
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the state U/M (or Q) is a semigroup act if U/M is Hausdorff and § is

continuous.

2.5 State Spaces

When p is open & is continuous, so satisfying part of the condition
for semigroup acts. The other part deals with U/M, specifically with
its separation properties. Here several sufficient conditions for

U/M to be Hausdorff are given.

Lemma 2.5.1

p is open, and U Hausdorff and M is closed => U/M is Hausdorff.

Proof:

See [D4], where the proof is given for M an equivalence relationm,

and observe that the same proof holds for M a right congruence relation.

Corollary 2.5.1

p is open => &:U x U/M ~ U/M is a monoid act.

Proof:

By lemmas 2.3.1, theorem 2.4.2, and the fact that U is Hausdorff.

Lemma 2.5.2

If £ is continuous and Y is Hausdorff then U/N is Hausdorff.
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Proof:

Let [ul] # [u2] in U/N. Then there is a z in U such that
([ul]:z) # A([uz],z). Consider the map
lz:U/N > VY

[ul =+ A([u],2)
which is certainly well-defined. Since f is continuous, by theorem

2.4.3 Az is continuous. The result now follows immediately from the

assumption that Y is Hausdorff.

Corollary 2.5.2

f is continuous and Y Hausdorff =>

§:U x U/N > U/N is a monoid act.

Stronger separation properties are obtainable only with stronger
assumptions on U, p, or £. When U has a certain structure (e.g. a
Banach space) the state space U/M may have more or less structure
(e.g. a Hilbert space or an Abelian group) depending on f. For exam-

ples of these situations consult the next chapter.

2.6 Automaton Semigroups

The semigroup of our automaton is the semigroup S of functions

{Gs}seu which map Q -+ Q, defined by Gs(q) = §(q,s), and having as
composition 8§ ° 8§ =86 . The homomorphic map y:U - QQ with
S, S $,°S
1 72 172
Y(u) = Gu gives rise to a kernel equivalence K on U which is in fact a

congruence relation called Myhill equivalence. So, algebraically,

U/K is isomorphic to S. Unfortunately, without further assumptions it

is not possible to assert that U/K and S are iseomorphic in the topological

context. Standard results [D4] are:
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Eggma 2.6.1

With the above notation, the diagram

u »S ¢ Q2
- 77
I /a
commutes, and o is an iseomorphism if and only if ¢ is an identification

(i.e., if S has the quotient topology).

Lemma 2.6.2

If U/K is compact and S is Hausdorff, then o is an iseomorphism.

Theorem 2.6.1

If T is open § is continuous and Q is Hausdorff, U/K ¥ Q +Q -

is a semigroup act.

Proof: Consider the diagram:

[U,V) ° uov
uxu >
IxH I
/K x U/K al 5 U/K
([ulg, [v1y) [uov]y

It is commutative because K is a congruence relation. The com-
position ° is continuous since U is a topological monoid, and I
is continuous by definition. Because I is open it follows that & x 1
is open, and by diagram chasing it is seen that the composition = is
continuous. Therefore (U/K,a) is a topological semigroup.

Natural topologies for QQ are the compact-open and point-open
topologies. See [D4] for details on these topologies. There is a
simple relation between these topologies for S (having the relative

topology) and that of U/K.
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Lemma 2.6.3

Let p:U »~ U/M €Q and Ti:U + U/K be open. Then the map F:U/M x U/K
- U/M given by F([u]M,[v]K) = [uv]M is joiﬂtly continuous. Hence the
quotient topology for U/K is stronger than the compact-open topology
for S(=U/K algebraically).

Proof: Consider the diagram

Uxu 2 > U
P ‘l It l/P
F
U/M x U/K c— 0 U/M
which commutes. F is well-defined because K refines M, that is,
lev2 => G(q,vl) = G(q,vé) for qeQ . : => p(vl) = p(vz) =>.Y1Mv2.
By the familiar argument, p x Il is open, so F is continuous.

The last part of the lemma is a statement of the well known fact

[D4] that the compact-open topology is the weakest topology for such

joint continuity.

Corollary 2.6.1

If T and p are open and S has the compact open topology then {¥

is continuous.

Proof: o is continuous, so § is continuous.

2.7 Noncanonical state spaces

Prior to this it was assumed that state spaces are quotients of
the input segment space and received the quotient topology. Suppose
we begin by selecting an arbitrary state space Q and some topology for
it such that pl:u + Q is continuous. The continuity assumption is a
very natural one because it is equivalent to insisting that two input

segments 'mear" each other transfer the initial state to final states
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"near" each other. The reachable portion pl(U)c: Q of the state space
still posesses the algebraic structure of being a quotient of U
with respect to some right congruence M, but in this case it receives
its topology from Q, namely the relative topology.

pl(U) can also be given the quotient topology of U via P;- Call

the relative topology TR and the quotient topology =t Because the

E
quotient topology is the strongest such that p1 is continuous, in

general TR is weaker than Tp- If p1 is also open then TR = TF,

since in this case Tp Must be the quotient topology.
As the state space of an automaton pl(U) may be reduced in the

standard manner. Denote.its reduction by pl(U)R. Algebraically

this is identical to the Nerode state-space QN. Topologically, when
pl(U) has the topology S and pl(U)R is given the quotiént topology

via pR:pl(U) > pl(U)R, denoted by SR’ the space (pl(U)R,SR) need not be
homeomorphic to (QN,SN) where SN is the Nerode space quotient topology
via p:U ~ QN = U/N. In general SR is weaker than SN. The following

theorem summarizes the above conclusions and introduces a characterization

for topological uniqueness of state spaces.

Theorem 2.7.1

1) pl(U)R has the cardinality as QN
(2) Identifying P, (U)R with QN algebraically, SR c SN
(3) If x:p() ~ QN, then x is continuous if and only if pl(U)R

is homeomorphic to QN.

(4) x 1is continuous if Py is also open.
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Proof:

u p, F . X

\ QE’“

In view of earlier results only (3) remains to be proved. This

is easily done by the appropriate pulling back of open sets, using the

commutativity of the above diagram.

Note: A preliminary version [F1] of the preceding theory was presented
at the 7t Princeton Conference, March 1973. Attention is also drawn to
an alternate theory developed by Onat and Geary [01] which came to my
notice after the above investigation was completed.



Chapter 3

3.1 Linear Systems

The theory developed in the preceding two chapters may be specialized
to the case when ? is linear, that is, some linear structure is presumed
for U and Y, and £ is a homomorphism of these spaces. For a realization
to be possible £ is assumed to be causal. To keep matters simple we
shall assume that U and Y are normed linear spaces with the norm arising
from norms in linear spaces U and Y in the way specified in Qhapter 1.

The resulting segment space U may be made into a linear space by the

following device. (Refer to the diagram below.)

-

; .
L/l w w '

For two segments u, v addition ® 1is defined by

u @® v=u +v
where u' = SlvHu|u and u'+v is the segment obtained by pointwise addition,
and is defined on [0,|v]|). Scalar multiplication is defined in the obvious
way. Using this scheme the zero of the space is not well-defined unless
we agree to identify every zero-valued segment. If this is done and we

factor it out the resulting quotient space of U is the required linear

space. We call it U'.

For convenience we consider the Moore formulation, so f:U' = Y.

Lemma 3.1.1

f(u) = f(STu) for all uel , and all TeR_.

Proof:

A
Follows from the causality and linearity of f and a standard result

51
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in systems theory [N1] which states that the zero state of a causal

linear system is unaffected by zero-valued inputs.

Lemma 3.1.2
f is linear on U'.
Proof:

Let u, vell with |v] > |u| and a be a scalar.

f(u + aov) = f(u' + av) by lemma 3.1.1
= flu') + of (v) by linearity of f
= f(u) + af(v) by lemma 3.1.1

The next result is essentially due to Kalman [K1] in a different

formulation.
Lemma 3.1.3

uNv iff u@v eckerf for u,vel'.
Proof:

uNv iff f(u-z) = £f(v-2) zell

iff f(u) + f(S|u|z) = f(v) + f(Slvlz)
iff f(u) = £(v) by lemma 3.1.1

iff fu@v) =0 by linearity.

U* may be given a norm by embedding (and extending by zero) its elements

A
into U and defining the norm of u in U' to be that of its embedding in

A
U. We have to show that this indeed defines a norm. Given u and v in U',

we first note that ||u'|] = | |lu]| since translation is an isometry, and
hence
Hu@ vl = Tt s v] < Ilut]] + [[v]. a1so [Jauf] = [a] |[u]].

So indeed this is a norm. The topological theory for linear factorizations

can now be derived as a special case of the more general theory. For this

. . A
we require the assumption that f and hence f be continuous.
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The next lemma is a standard result from functional analysis [T1]

paraphrased for our requirements.

Lemma 3.1.4

Let U' be a normed linear space and K be a closed subspace. Then
U*/K is a normed linear space with norm

Hiulll = inf [|u + k][]

kekK

Wherever f:U' -~ Y is continuous the kernel K of £ is closed. Hence
U'/X is a normed linear space. However by lemma 3.1.3 the space U'/K

is algebraically the same as U'/N. The next lemma, again a standard

result, shows that they are in fact topologically identical too, so
that the theory for topological realizations of linear systems is a

specialization of the earlier theory.

Lemma 3.1.5

The norm defined in lemma 3.1.4 generates the quotient topology

on U'/K.

Further, it is well known that the natural projection p:U' -» U'/K

is linear and continuous in this case. Hence A:U'/K -+ Y must alsc be
linear and continuous by virtue of f being so. In fact p is also open
[T1]. In this instance the condition on theorem 2.4.2 is satisfied,
so the state transition function &:U'/K x U' » U'/K is continuous. It

is easy to verify that § is actually linear as well. Therefore we have:

Theorem 3.1.1

If £:U - Y is linear and continuous then it has a canonical state
space which is linear, and the state transition and output functions are

also continuous and linear.
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3.2 Examples

A criticism of several theories of topological factorizations for
causal nonlinear systems ([D1],[S2]) is that a linear space structure
is posited for the canonical state space. In the previous section it
was shown that this is justifiable when fhe input-output map is linear.
Here we wish to provide some examples to illustrate the theory and show
that in general the canonical state space need not be linear. Furthermore
it is not clear at this moment how to tell by examining the.input-output
map itself whether its canonical state-space will have more or less

structure than the input or output space. It appears that both possi-

bilities exist. ‘

Example 3.2.1

?:ﬂl > ﬂl is defined by

(al,az,,..)u——o (sgn(al), sgn(a1+a2),...)

where sgn(x) = 1 x>0
-1 x <0
0 x=0

Then f:U > R
where U are initial segments from El.

f is nonlinear, time-invariant, causal and discontinuous.
k) k)
2@ s Z ui(1) - Z u§2)
i=1 i=1

where kl’ k2 are the "lengths'" of segments u(l) ucz) respectively.

§([ul,v) = Zui + Evl

where the summations run over the '"lengths" of u and v, for any uefu].

d is continuous

A([ul) = £(u) and X is discontinuous.
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Remarks: In this example the input space is a normed linear space. The
state space is R. We have a state transition function which is continuous

and the.discontinuities of f are reflected in A only.

.E-xalee 3.2.2

Py
f:SL2 > 22 is defined by

(X)5%X55000) > (¥y5Y5500)

~

2 2, n
where Yo = xi/r , T >1

i=1

}E; 2 o= asr syl s dant s
n= '

-

+ ...

(where rearrangement was justified by the possitivity of the terms)

$ s x5 /D)

N
so that in fact the range of f is in &

e
Let x = (xl,xz, ey xk,0,0, ees)
y = (y1,y2’ LA | yn”o’oi "')
k £ )
2 L
XNy = Z xi/rk = Z yi/r
i=1 i=1
k
. 2 k+1
Suffixing a segment (1,0,0,...) to Xx,y, xNy = Xg o+ 1}/ =
i=1

L
(Z yi + 1)/r2+1,' showing that k = % and the canonical state space is
i=1

R x Z.
Remarks: In this example the input space is a Hilbert space but the

canonical state space is not even a linear space although it is a Z module.
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Example 3.2.3

£:8C[0,=) > PC[o0,=) is defined by
(fka(t) = sup x(s) if there are an even number of
s<t zeros of x in [0,t)-
] inf x(s) ' otherwise.
s<t

BC and PC are the linear spaces of bounded continuous and piecewise
continuous functions respectively.

Without going through a formal proof we can see that the canonical
state space of f is R x R x {0,1}. The first R records the infinum up to
t, and the second R record§ fhe supremum up to t. The set {0,1}
records the condition "an even number of zeros'" or "otherwise'. Obsérve
that "otherwise" includes the cases of both an infinitely denumerable and
an uncountable number of zeros.

Remarks: In the previous two examples the Nerode spaces do retain a
linear structure if the continuous time versions were used. Here, however,
even with a continuous time structure the Nerode space cannot be given

a linear structure since {0,1} is simply a two element set.



Chapter 4

The concept of system homomorphism was explained in Chapter 0
as an idealization of a common technique in modeling and simulation.
It was also emphasized that there are many types of homomorphisms. 1In
this chapter we focus on input-output homomorphisms in which the input
segment space map from base to lumped model is a semigroup homomorphism.
From the definition given below it is seen that this corresponds to
the common procedure of batching events in discrete simulation languages.
For convenience we shall work with Moore-type specifications, the

extension to the Mealy-type specifications being quite clear from pre-

ceding developments.

4.1 Semigroup Input-Output Homomorphisms

A base system f:U -~ Y and a lumped system fl:u1 > Y1 are presumed
to exist in a certain relationship which is to be defined. The notation
is that of the previous chapters.

Definition 4.1.1

A semigroup input-output homomorphism (sioh) from f to f1 is a pair
(h,k) of maps h:U - Ul, k:Y » Yl where h is a monoid homomorphism, h,k

are surjective, and kf = flh‘

Observe that if h:U » U1 is a monoid homomorphism the kernel
equivalence induced by h is a congruence relation, and U modulo this
convergence relation is isomorphic to Ul.

From the results of the previous chapters we know that state spaces
exist for f and fl' Given state spaces Q and Q1 for these systems re-
spectively, and with the standard notation for state transition and output
functions, denote the corresponding system representations by (U,Y,Q,8,))

and (u:Yl ,le 61,)‘1) .
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Definition 4.1.2

A homomorphism from (U,Y,Q,68,1) to (Ul,Yl,Ql,Gl,Al) is a triple
(h,g,k). where (h,k) is a sioh, g:Q » Q1 is surjective, and Gl(g(q),

h(u)) = h(&(q,u)) and  (g(q)) = k(r(q)) for all qeQ, uell.

Historically a version of this type of homomorphism was used exten-
sively in algebraic structure theory of automata [ H1 ].

The connection between sioh and homomorphisms was essentially
observed by Zeigler [Z2] in a different context where sioh are analogous
to function homomorphisms. For completeness we shall briefl? outline
that development and proceed to extend it to display very satisfying
algebraic and topologicalrproperties of the collection M of all sioh.
images of a given system.

In accordance with the earlier results let us assume that Q and Q1
arise from right congruences on U and Ul, and hence that these state
spaces are reachable. We have already seen in section 2.2 that the
state realizations associated with a given system f form a complete
lattice. Here a similar result will be derived concerning M.

The present situation is:

A
P ~—>U/M —>Y

u
h l k
p Ay

where f = x-p, fl = A'P and M,M1 are right congruences on U and Ul.

Lemma 4.1.1

The composition of two memory functions is a memory function.

Proof:

Clear.
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Corollary 4.1.1

pl-h is memory function.

Proof:

Semigroup homomorphisms are memory functions.

This suggests that there ought to be a relationship between u/M
and u1/Ml under suitable circumstances. Indeed there is such a relation-
ship when M1 is the Nerode-equivalence of fl" Before proceeding to
elucidate it let us see what has to be shown if it is asserted that
there is a map g:U/M > ul/Ml which satisfies the conditions of definition
4.1.2. First, it must be Fhé case that if uMv for u,vel .then h(u)Mlh(v).
With this it follows that g may be defined by g([u]M) = pl(hu) = [hujMI.

Also k) = A\ 8> for kz[u]M

1]

kf(u) = Alpl(hu) = xlg[u]M, The state
transition relation is also satisfied, for ga([u]M,v) = g[uv]M =
[h(uV)]Ml = [(hu)(hV)]Ml = 51([hu]M1,hV) = §, (g[uly,hv).  Thus, to

establish a homomorphism given a sioh it is sufficient to show that

uMv =» h(u)Mlh(v). The next lemma gives a sufficient condition for this

to be the case.

Lemma 4.1.2
If M1 = N1 the Nerode equivalence on U1 induced by f1 then uMv =
h(u)Mlh(v).
uMv  =>  f(uw) = f(vw) all wel
=> kf(uw) = kf(vw)
=> flh(uw) = flh(ym).
= £, [hh@] = £ [h)hW]
So h(u)Nlh(v).
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Corollary 4.1.2

If (h,k) is a sioh from f to f1 there exists a map g:u/M > U/N ,

where U/N is the canonical state space of fl’ which makes (h,g,k)
1

a homomorphism.

The connection between these results and those of section 2.2
should be clear when h,k are taken to be the identity maps. The complete
lattice of section 2.2 is in fact a lattice of homomorphisms in the

special case where the input spaces are identified, and the output spaces

are identified.

4.2 The Lattice of Homomorphisms

The remarks concerning the lattice of homomorphisms may be genéfalize@.
It turns out that given a system f:U + Y the class M of all its I-0
homomorphic images forms a complete lattice under appropriate circumstanceg.
When this is the case corollary 4.1.2 says that if consideration is
restricted to the canonical state factorization of systems, M is in
fact a complete lattice of homomorphic images of (p,U/N,A), the canonical
factorization of f. f is the base system and its sioh images are the
corresponding lumped systems.

If f1 and f2 are lumped systems then a relation £ is defined by
saying that flg f, if £, is a sioh image of f

2 2 1"
lumped systems of f is denoted by C, (C,f) is a partial ordering.

If the collection of

Let R be the complete lattice of congruence relations on U and S
be the complete lattice of equivalence relations on Y, both ordered
by refinement denoted by <. Define a subset D of R x S by

(R,S)eD <=> {uRv => £(u)S£f(v) Yu,vell}

Lemma 4.2.1

D is a sublattice of R x S isomorphic to C.
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Proof:

Given f1 in C there exist maps h,k and kernel congruence R and
equivalence S induced by them respectively. If uRv then h(u) = h(v), so
flh(u) = flh(v). Hence kf(u) = kf(v), and £(u)Sf(v). Thus (R,S)eD.
Conversely, every pair (R,S)eR x S defines natural maps h,k such that

2-

and (RZ’SZ) corresponding to (hl,kl) and (h2’k2)' Because fl is a

(h,k) is an sioh to fl:U/R > Y/S. Given f, L f1 there exist pairs (Rl’sl)

homomorphic image of f2 it is clear that (RZ’SZ) g (Rl,Sl).

Define the index set I by
I = {ot:SOl e I, (M}

where I, is the projection onto the second component. If Yysy, are in
range f, say that D is f-closed if ylsa Yy for all o in I implies
Y1 U Se¥5:

The importance of this lies in the fact that it is a condition for
completeness. That D is a sublattice of R x S is in effect a restatement L
in input-output terms of a fact known about states in SP partitions

[H1]. However, without additional hypotheses D is not a complete lattice

even though R x S is complete.

Theorem 4.2.1

If D is f-closed it is complete.

Proof:

For a collection {(Ra,Sa)}, ael an index set, such that (Ra,Sa) is in
D, we claim that CgRa’%Ba) is the supremum of the collection and is in D.
For, uRav for each D implies f(u)Saf(v) for each o, hence by f-closure

f(u)&}saf(v). Since suprema exist for arbitrary subsets, so do infima.

f-closure is automatically satisfied under some coitdditions. A
typical one is the following: consider the subset D  of D defined gy
D, = {(R,S) : (R,8)eD and S is a congruence on Y}
This assumes that Y has at least the structure of a semigroup. The

next result is easily verified.
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Theorem 4.2.2

D, is f-closed.
D, is in fact isomorphic to a sublattice C_ of C where the output value

map k:Y - Y1 is a homomorphism. Combining the above results we have

the statements:

Corollary 4.2.1

C_  is a complete lattice.

Each element of C_ may be identified with its canonical (state)
realization. By corollary 4.1.2 each of these realizations is a
homomorphic image of the realization of f, that is, has associated with
it a homomorphism (h,g,k). The partiai ordering on C° is directly
transferable to that on homomorphisms, so that if Co' denotes the
partially ordered set of homomorphic images of the realization of f,

corollary 4.2.1 says that C_' is a complete lattice.

4.3 Topological Results

Suppose that in definitions 4.1.1 and 4.1.2 every map was required
to be continuous. An obvious question to ask is whether the preceding
results still hold. This depends on the choice of topologies but if
conventions chosen in the earlier chapters are adhered to the answer is
yes. The proof of this is essentially an exefcise in diagram chasing,
and we exhibit just one sample of it, viz., corollary 4.1.2. Refering
to the figure below, justified algebraically by the corollary, we have

to prove that g is indeed continuous.

Note: Part of the results reported in sections 4.2 and 4.4 were presented in
preliminary form [F2] at the 8th Princeton Conference, March 1974.




h g k
- f P xl
 — —_—
1 ul/N Y1

An open set in U /N is pulled back via Py and h to an open set in U
because p, and h are continuous. g pulls back this same open set to
a set 6 in U/M, but because p-l(e) is open and U/M has the quotient
topology, 6 is open. Hence g is continuous. Thus the corollary is
also topologically valid. - When X is continuous it is not necessarily
the case that A is continuous (even £hough h,k are by assumption)}.
However, it is easily verified that when U1 has the quotient topology
via h, A, must be continuous. This is the case when h is also open.
Since by 2.4.4 ) is continuous if and only if f is continuous, the
preceding remark gives a condition for the continuity of f1 when f is

continuous.

4.4 Lineavity

In the previous chapter it was shown that a linear f gives rise
to linear transition functions and a linear state space. Suppose now we
insist on sioh (h,k) where h,k are also linear. A simple result whose

proof is omitted is recorded as the next lemma.

Lemma 4.4.1

f linear and (h,k) linear imply f1 linear.

More interesting is the fact that in proceeding to a factorization

with the above assumptions, g:U/M > UI/N turns out to be linear also.
1



64

Lemma 4.4.2

If r,p are linear, then q is linear.

Proof:

Suppose zl,zzsz, xl,xzex such that p(xl) =z, p(xz) = 2,
Then q(z;) + q(z,) = qp(x,) + qp(x,) = r(x;) + r(x,) = r($1 + X,) =
qp(x1+x2) = q(zl+22). Also, if o is any scalar q(azl) = qp[axl) =

r(ox;) = er(x)) = aqp(x,) = aq(z,).

Corollary 4.4.1

Under the above assumptions g:U/M'+ U1/N is linear.
1

Proof:

In the commutative diagram for sioh with the linearity assumptions,

P> pl'h are linear, and g forms the third part of the mapping triangle

in the lemma.

Corollary 4.1.2 is therefore valid in the case of continuous linear

maps.

An example of linear semigroup homomorphism h is now informally

a,a
L llgl 13
b b

1 2 3

described.

a

i

In the representation above a sequence of real numbers is mapped into

another sequence such that b1 = a,+a,, b

1*25s b, = ag+a,, etc. The "batching"

of consecutive pairs to singletons gives rise to a semigroup homomorphism.
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Within the batch the assignment is a summation, i.e., linear. While
this description can be formalized and generalized it is not consiaered
to be terribly enlightening to do so. This technique is typical of a
host of aynamic simplification methods used in modeling theory.

We now turn our attention to a particular instance of homomorphism

which is called aggregation in the literature. Using Aoki's [Al}

formulation we shall examine the case where a linear map g:Q - Q1 exists
between two finite dimensional state spaces of linear machines (A,B,C)
and (Al,Bl,Cl). In particular it is desired to examine the relation

between the spectrum of A, denoted o(A), and the spectrum of A The

1
situation is (partially) depicted by:

Q—E——)Q

gl A lg

Ql——_'l—"7 Ql

Theorem 4.4.1 (Aoki)

Let Aec(A). If the eigenvectors corresponding to A are not in the
kernel of g then Aeo(Al).

Proof:

Suppose \ec(A) and q is an eigenvector corresponding to i, qf ker g.
Then Aq = A\q, so gAq = Agq # 0. Hence Algq = Agq, and Aeo(Al). More-

over, gq is an eigenvector corresponding to A.

A partial converse to this result relies on the Jordan reduction

for Al. Call an eigenvalue simple if it occurs in a Jordan block without

off-diagonal terms.

Theorem 4.4.2

If Aec(Al) and A is simple then Xecg(A).



"

66
Proof:
_ TT T,T .
From gA = Alg we have A'g" =g Al. Without loss of generality
assume that A1 is in Jordan form (otherwise reduce it and modify g
accordingly). If A1 is diagonal the truth of the lemma is obvious, the

rows of g being eigenvectors of A. If Al.is not diagonal a similar

argument yields the result for simple A.

The use of this theorem, besides being a partial converse inference,
is to delimit the types of base systems which have known lumped systems,
provided they all reside within the class of linear finite dimensional
systems, and have linear homdmorphisms as relations. Suppose linear
systems Al’AZ""’An are known to be linear homomorphic images of ah
unknown A (we identify systems with their state transition matrices).
Then by the lemma above we can give a lgggz_ggggg_on the dimension of
A by counting up the number of simple eigenvalues in Al,...,An, disre-
garding repetitions.

We conclude this section by examining the property of A being
normal. Recall that A is normal if it commutes with its adjoint A¥*,
i.e., AA* = A*A. Self-adjointness is a special case of normality. The

result in the finite dimensional case is given as:

Theorem 4.4.3

A A*
Q »Q Q »Q
g 1 l g g l’g
A v *
Q——1——Q, Q—2_,q

| Let Q,Q1 be finite dimensional unitary spaces, A is normal and linear,

g is linear, and assume that left commutative diagram holds (i.e. g is

a homomorphism from A to Al)' Then Al is normal if and only if the
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right commutative diagram holds.

Proof:
(<=) Suppose the diagram commutes. Then gA = Ag and gA* = Afg.
It suffices to show that
= * ) )
<A1Aig1,q1> <A1A1q1,q1> for all qlte.

The LHS

<A1Aigq,ql> wvhere gq = <N

= <A gA%q,q,>

= <gAA*q,q,>

= <gA*Aq,q1> by normality of A
= <AjgAq,q,>

= <AJA,£9,9;>

— *
= <AAMY9y°

(=>) Suppose A1 is normal. Use the spectral theorem [ T1 ] to obtain

the spectral decompositions of Al and A, i.e.

A

1 u.P. A=

i=1 L1 1=1

AR,
i1

™
M

1}

From gA Alg we obtain gf(A) = f(Al)g for analytic f. Choosing f(v) = v
we get f(A) = A* and f(Al) = A;, hence gA* = Afg.

The extension of the above result to the infinite dimensional case

will have to invoke compactness.

4.5 Input-output Homomorphisms

The definition of a sioh (h,k) is predicated upon the assumption
of causality and preservation of concatenation. The causality assumption
is implicit in the definition of a system being a map from a segment
space U to a value space Y. In many modeling situations causality is

not necessary, and neither is the semigroup property. Thus we may
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relax definition 4.1.1 to that of an input-output homomorphism (i-o
homomorphism) which requires the following framework. A system is an
operator K:X -~ Y where X and Y are spaces of functions defined on a
time set (e.g., R, Z, an ordered group, etc.), and given two systems
Kl’KZ’ an i-o homomorphism is a pair (h,k) such that hK1 = sz. Often
we will identify X and Y for convenience. The rest of the development
will be concentrating on i-o homomorphisms of this type. We hasten to
add that the scheme discussed in the previous section, alfhdugh it is
a state homomorphism, falls within this framework, merely by letting K
be identified with A, and X,Y, be identified with Q. Hence, whenever a
result is stated for i-o homomorphisms it is undérstood that a corres-
ponding result holds for state homomorfhisms.

In this section we shall consider various typical system theoretic
properties which are preserved under i-o homomorphisms. Stability and -
time-variance have been postponed to subsequent chapters for more detailed
investigation. For the rest of this section by homomorphism we shall mean
* i-o homomorphism.

A system K:X -+ X has a fixed point x, if Kxo = x_. The existence

of fixed points is an important property in both control and computation.

Theorem 4.5.1

If h is a homomorphism from K:X » X to K1:X1 - Xl’ then if x_ is a
fixed point of K, hXo is a fixed point of K-

Proof:

The converse is generally untrue.
Given a system K:X - Y, we say it has a (function-theoretic) property

P if K has that property as a function space map. The following results
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are elementary and their proofs are omitted. In each case h:X » Xl
is the homomorphism from K to Kl’ input and output spaces being identi-

fied, the extension to an output map k:Y +-Y1 being easy.

Theorem 4.5.2

If K is linear and h is linear, then K, is linear.

1

Theorem 4.5.3

is

If K is continuous (open) and H is continuous and opeh, K1

continuous (open).
This condition on h imposes the quotient topology on Xl.

Corollary 4.5.1

If K is continuous (open), X and Xl are complete, and h is contihuous.

and linear, then K, is continuous (open).

1 _
This follows from the open mapping theorem [T1]. .

In closing we consider a problem in the interconnection of systems.
In doing so we shall anticipate some of the development in the next
chapter. The problem consists in the question: if local linear i-o
homomorphisms are known to exist between two isomorphic networks of sys-
tems, is this sufficient to assert that a global linear i-o homomorphism
also exists? We shall make this more precise later. Initially the
primitive composition operators are defined, and it is shown that they
preserve linear homomorphisms. For simplicity we assume that the systems
in a given network are defined over a single input-output space. The
relaxation of this condition is not difficult except that consistency
conditions on interconnection must be met.

The three primitive composition operators are called series, parallel,
and feedback compositions, abbreviated respectively S,P and FB. All

three are binary. Their mode of action is best described by the schematic
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diagrams: 4
K>
>-[: >

L >

P(K,L)
>4 Kpb Ll < >—K P»>—|}L

(K, L)
S(K,L)
—>1—>—K > -
A

g L <

FB(K,L)

Whenever two arrows meet g_sﬁmmation is intended, and whenever they
separate they denote quantities identical to the sum which is effective
for that node.

An interconnection of systems is obtained by a finite number of
applications of these operators. A precise statement of our problem
can now be made. Let G

sG, be two directed, labelled, possibly multiple
1292 p Y P

edged graphs which are isomorphic. Assume that every edge in G1 has a

system and the corresponding edge in G2 has a system linearly homo-
morphic to it. Then we claim that every choice of global input
and output nodes will result in a linear homomorphism of the

overall interconnected systems. (It is evident that the type of

graphs described capture essentially the interconnections permitted.)
The demonstration of this proceeds via three lemmas. A notational

convenience is gained by letting K——E-—L mean a homomorphism exists from

K to L.

Lemma 4.5.1

h h h
If Kl——-——a\L1 and K2————5L2, then P(Kl,Kz)————aP(Ll,Lz).
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Proof:

Yy
~
[

1,x
1
Y
Y

A' 4

W

KZ}—>—. ._ﬁpi L,
It is required to show that

hy = (L1 + Lz)hx

Since y = (Kl + Kz)x
- s
hy = h‘Kl + Kz)x
= (hK1 + th)x
= (Llh + Lzh)x
= (L1 + Lz]hx
Lemma 4.5.2
If K —Jl>1, and K —Jlal, then S(K.,K )—llas(L L.)
1 1 2 2° 1’72 1°727°
Proof:

r Y hx
[ [

It is required to show that

hy

Llehx

Since vy = K2K1x

thle

= Lthlx

= Llehx

Observe that linearity of h is not used in this case.

hy

Before proceeding to the next lemma we have to discuss a point which

is reiterated in the next chapter. 1In a feedback composition of K, ,K

172
for the composed system to be well defined, (I-KzKl) must be invertible.
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Lemma 4.5.3

If K—PmL, and K—D»L, then FB(K, ,K,)—eFB(L

1 2 2 1°L2) -

Proof: -

X z hx '
e [0 ot S S g I

1

1

~

Ky

»
r'
IN I
A

It is required to show that
-1
hy = Ll(I-LZLl) hx .

Because x = (I—KZKI)Z

hx

h(1-K,K,)z

(I—Lle)hz

-1
so hz (I-L2Ll) hx

since y = Klz

hKlz

Llhz

-1
= L, (I-L,L,) " "hx.

=
<
I

Using these three lemmas we complete the proof by induction on the number
of operators. So assume the conclusion is true for all interconnections
generated by less than or equal to n operators. (The case for one
operator is in lemmas 4.5.1, 4.5.2, and 4.5.3.) Observe that a network
generated by n (or less) operators is itself a system, with i-o nodes
where a new connection is to be made to another system. Applying lemmas
4.5.1, 4.5.2 and 4.5.3 to these two systems completes the induction.
Topological consequences of this result may be obtained by appealing

to corollary 4.5.1.
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4.6 Discussion

The results on the lattice of homomorphisms is interpretable as
statements about the hierarchy of models of a given system, which in
turn may reside in some other hierarchy. The connection to decomposable
systems (e.g. Ando, et al. [A2]) is not immediate. An element of our
lattice need not be a component in a decomposition. A more correct
analogyvis that the lattice represents hierarchical descriptions in
terms of relative micro- and macro-structure. However, in special cases,
for instance in considering the homomorphic images of linear systems
whose state transition matrices (possibly infinite dimensional) are
near diagonal, some elements bf the lattice may in fact be component
subsystems.

We will now restate some of the results of this chapter from the
perspective of system predicate validity of homomorphisms.

Corollary 4.1.2 has the form of a justifying condition as explained
in chapter 0. Stated in predicate terms it is

REDUCED(S') A I-0_HOM(S,S') > STATE_HOM(S,S')

or TOP_REDUCED(S') A CONT_I-O HOM(S,S') > CONT STATE HOM(S,S')
or LIN REDUCED(S') ALIN_I-0 HOM(S,S') o LIN STATE_HOM(S,S')
or TOP_LIN_REDUCED(S') A CONT LIN_I-0 HOM(S,S') o CON_LIN STATE_HOM(S,S')

where TOP, CONT, LIN, HOM stand respectively for topological, continuous,
linear, and homomorphism, and the predicate names speak for themselves.
The various forms of corollary 4.1.2 are different instances of the
same scheme for i-o homomorphisms and (state) homomorphisms.
In section 4.4 validity of sioh was established with respect to the
LIN predicate where (h,k) were linear;
LIN I-0 HOM(S,S') o (LIN(S) o LIN(S'))

Also shown was
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CONT_OPEN_HOM(S,S') T3 (CONT(S) D CONT(S'))

Proceeding to the examination of spectra for state transition
matrices- of finite dimensional systems we stated Aoki's lemma and proved
lemma 4.4.3. Although these may be stated in predicate form the restric-
tive conditions make it cumbersome to do so.

In section 4.5 we looked at (not necessarily causal) i-o homo-
morphisms. Let the FIXPOINT (K,x) be a formula free in K and x.
where the notation is as explained in section 0.3. If FIXPOINT (K;xo)
is satisfied we mean that x  is a fixed point of K. It was shown that

I-0_HOM(S,S') o (FIXPOINT(S,x ) D FIXPOINT(S',hx ))
where h is the i-o map.

Also shown was
LIN CONT I-0 HOM(S,S')A COMPLETE(X) > COMPLETE (X')
S (CONT (S) D CONT(S'))

The next result concerns an extension theorem for local homomorphisms.
We state for one of the lemmas what form the predicate validity takes
and indicate the form of the overall statement. For the pgrallel oper-
ation we have

I—O_HOM(Sl,Si)A I-O__HOM(SZ,Sé) o (PAR(SI,SZ) > PAR(S! ,Sé))
and also

I-O_HOM(Sl,Si)/\I-O_ﬁOM(Sz,Sé)

D I-0_HOM(PAR(S,,S,), PAR(S},S}))

where PAR is the binary predicate indicating parallel composition. The
first assertion is embedded in the proof of lemma 4.5.1 and the second
is the homomorphism extension theorm for parallel composition. The
general statement for extensions can be made recursively, having as
basis two other assertions like the second one above, one for the SER

(for series) and one for the FB (for feedback) predicate.



Chapter 5

In this chapter we take up the issue of validity of homomorphisms
with respect to stability predicates. There are numerous definitions
of system stability but we shall consider only a few of them. We omit
with some reluctance the treatment of structural stability, hoping to
investigate it in future research. To begin with we shall consider
autonomous state systems and Lyapunov and asymptotic stability. We
conclude with an examination of feedback stability. In considering the

latter it turns out that several other interesting predicates are relevant.

5.1 Lyapunov Stability

Lyapunov stability was defined originally for systems governed by
differential equations. The development of dynamical systems theory has
allowed the definition to be considerably broadened. Here we take Lyapunov
stability to presume the existence of a system with state space Q which
is a normed linear space, and a state transition function &(t;t. ):Q » Q
where t,t_ are the initial and final times. Observe that the system is

autonomous.

It is presumed that the system under consideration has the property

that it has a zero solution, that is, q = 0 for all t is a valid trajectory
of the system. In discussions of Lyapunov stability it is the stability
of this trajectory that is investigated. The question asked is whether

the system is sensitive to small perturbations of this trajectory.

Definition 5.1.1

(The zero "solution" of) a system is Lyapunov stable (LS) if for

each t, > 0 and each e>0 there exists a y such that

Haoll < v => |]s(t,tdq, || < ¢

75
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for all tat .

Theorem 5.1.1

If-h:Q +-Ql is a homomorphism from system § to system & such
that h(0) = 0, and h is continuous and open, then § is LS implies 8
is LS. -
Let B(€) denote the sphere {qeQ:||q]||<el.
Let >0 be given. If we can show there exists y>0 such that for
each t_
8, (t,t,)B, (V) ¢ B, (&)
for all t>t_, the proof is complete.
Because h(0) = 0 and h is continuous, given Bl(e) there exists a
sphere B(e') such that
B(e') ¢ h—lBl(e).
§ is LS now implies there is y'>0 such that
§(t,t.) B(y') € B(e") for all t>t_
i,e. B(y') ¢ é-l(t,t;) B(e')
e 6 (t,t,)h 7B, ()
= h—ldil(t,to) B, ()
%) hB(y') € 611(t,t°) Bl(e)
But h is open, h(0) = 0, so there exists a sphere BI(Y) such that
B,(v) € hB(y")
c 671 (t,t,)B, (e)

i.e. Gl(t,to)Bl(y) C.Bl(e) for all t>t, .

Corollary 5.1.1

If h:Q ~» Q1 is a continuous linear homomorphism from § to 61 such

that Q and Q, are complete then 8 is LS implies 51 is LS.
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Proof:

By the open mapping theorem [T1] h is also open in this instance.

5.2 Asymptotic Stability

A common feature of many autonomous systems is the long-term
decay of the state to the zero point. If this is accompanied by Lyapunov
stability we have asymptotic stability.

Definition 5.2.1

A syétem is asymptotically stable (AS) if it is LS and for all qeQ,
t_eR
o
lim 8(t,t )q =0

£t

Theorem 5.2.1

If h:Q » Q1 is a homomorphism from system § to system 6. such that

1
h(0) = 0, and h is continuous and open then § is AS implies 61 is AS.

Proof:
§ is AS => 6 is LS

=> 61 is LS by theorem 5.1.1

Hence all that is required is to show that for all q; and t_

lim Gl(t,to)q1 =0

tow
Gl(t,to)q1_= 61(t,t°)hq for some qeQ
= hé(t,t )q
SO lim Gl(t,to]ql = lim hé(t,t )q
]
troo tor=
= h 1lim 5(t,t°)q since h is continuous
troo
= h(0)

= 0.
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Corollary S5.2.1

If h:Q ~ Q1 is a continuous linear homomorphism from & to 61

such that Q and Q1 are complete then 6 is AS implies &, in AS.

1
Proof:

As in corollary 5.1.1.

5.3 Bounded-input bounded-output stability

Bounded sets about the origin in the normed linear sﬁace X or X1
play an important role in some types of stability as well as-in the
problem of converse validity. In keeping with the earlier notation a
ball of radius M about the-origin is denoted by ﬁ(M) if it is X and '

by Bl(M) if it is in Xl. The use of tﬁe symbols X and X1 is deliberafe
because we will use this discussion to examine bounded-input bounded-out-
put stability, when X will stand for the input (as well as the output)
space as in the previous chapter. If h:X - Xl is such that h(0) = 0,

by the boundedness of h we mean

[{h|{ = sup ||bx|]| <=
xeX X

The point to set function h_1 implicitly defined is the proof of theorem
5.1.1 has two obvious senses of boundedness. If h_1 takes bounded sets
to bounded sets we say it is (strongly) bounded. If h—1 applied to

some bounded set U1 yields a set which contains a bounded subset U such

that h(U) = U1 then we say that it is weakly bounded. Weak boundedness

is relatively easy to satisfy. An instance of this is given in the mext

lemma.

Lemma 5.3.1

If h:X » Xl is a continuous linear surjection and X,Xl are Banach

spaces then nlois weakly bounded.
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Proof:

Refering to the commutatiye diagram,.the following assertions are
consequences of standard results in functional analysis [T1]. K, the ker-
nel of h, is closed, and hence X/K is a normed linear space, in fact a
Banach space. ¢ is an isomorphism, and is continuous because of the
open mapping theorem. Given a bounded set UlAin Xl with a bound M,
¢(U)) is bounded by M||¢]|. If x+K e ¢(U;) by the definition of the
quotient norm in X/K, there exists k eK such that I[x+kX|| < M]|o||+e.

and € is some fixed positive number. Now, consider the set U = {x+k: :
- . - x

xch—l(Ul)}. If yeU, y = x+k for some xah_l(Ul), so h(y) = h(k] hence

h(h) e Ul' Conversely, if xlsul there is x+kst such that h(x+kx) = h(x)
=X, SO Ul < h(U). Thus h(U) = Ul' By construction U is bounded by
M| o] ]+e.

Definition 5.3.1

If K:X > X is an i-o system K is bounded-input bounded-output (BIBO)

stable if bounded input sets are mapped into bounded output sets.

Theorem 5.3.1

If h:X » X1 is an i-o homomorphism from system K to system Kl’ h
is bounded and h_1 is weakly bounded, then K is BIBO stable imples K1
is BIBO stable.

Proof:

Let U1 be a bounded set in Xl. h-l is weakly bounded implies there
exists a bounded set U in X such that h(U) = Ul' Hence K1U = th(U)
= hK(U). But by BIBO stability of K, K(U) is bounded, thus by boundedness

of h, hK(U) is bounded, hence K1U is bounded.
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Corollary 5.3.1

If h:X » X1 is an i-o homomorphism from system K to system Kl’

X and Xl.are complete, and h is linear and continuous, then K is BIBO

stable imples K, is BIBO stable.

1

Proof:

Immediate from lemma 5.3.1 and theorem 5.3.1.

Other forms of bounded stability may be treated in analogous fashion.
(Strong) boundedness is not as easy to achieve. In fact if h is
linear h_1 cannot be bounded because ker h is not bounded. If boundedness
for h_1 holds the converse inference for BIBO stability can be made.

One naive example of when h—l is bounded is the following; let

h:R x R > R be given by

h(x,y)

{ x4 y ify >0

X -y ify <0

Theorem 5.3.2

If h:X » X1 is an i-0 homomorphism from system K to system K1 such

that h is bounded and h™! is bounded then K is BIBO stable if and only

if K1 is BIBO stable.

Proof:

Similar to the proof of theorem 5.3.1.

5.4 Feedback stability

Another aspect of stability theory concerns the stability of non-
linear feedback systems. The literature in this area is extensive (See
Damborg and Nayor [D2] for a bibliography) but our attention will be
directed towards the problem of homomorphic models of such systems. The

point of view we shall take in regard to feedback systems is that outlined
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in reference [D2], primarily because normed linear spaces are much
easier to deal with than the extended linear spaces of some other
references. A brief discussion of the simple nonlinear feedback system

is included, but for motivation the references should be consulted.

A schematic representation of the feedback system is shown above
where K:H -~ H is a nonlinear operator and an appropriate (normed) linear
space H is chosen to represent inputs and outputs. For reasons of
simplicity, and because it"is easy to recover z from y (zéKy), we sha}l
look at the interaction between x and y, viz., (I + K)y = x.

Here we make a slight change in convention from that in chapter 4.
In deference to the vast literature in feedbéck systems the feedback
loop is considered to be negative in sign. This change is actually quite

immaterial but convenient for purposes of cross referencing.

Definition 5.4.1 [D2]

The feedback system of the Figure is feedback stable (FB) if (i) T + K

is injective, (ii) T + K is surjective, (iii) (I + K)-1 is causal, con-

tinous and maps bounded sets into bounded sets.

As noted in the reference, this definition divides feedback stability
into five sub-issues, each of which may be examined separately (once
(I + K)_l exists).

In the modelling situation the simplification process is normally
an attempt to capture the essential features of K. Often, the internal
structure of K may give rise to a state description which may be simpli-

fied to yield a state homomorphism. If this is too difficult recourse



82

may be had to input-output homomorphisms of the type encountered earlier.
The general i-o homomorphism is not adequate in the sense that in the
modelling of a feedback system as in the figure, the simplification pro-
cess is ;learly one of capturing the essential features of K, using a
Kl:X1 -+ X1 in a new normed linear space. ~What this amounts to is that
we would insist upon a structural preservation of th® feedback loop as
well. The preservation of structure was formalised as an insistence on
the isomorphism of labelled directed graphs in the previous chapter. 1In
the interest of readability some of that development is briefly repeated
here.

Suppose we regard the i-o homomorphism as going from the subsystem

K to the subsystem Kl' Taken in isolation, this says K. h = hK, where

1
h:X » Xl. Now, we claim that this gives rise to an overall i-o homo-
morphism from the first feedback system (S8) to the second (Sl], given
that (I+K) and (I+K1) are both invertible. The overall system operator

for S is K(I+K)-l and for Sl it is Kl(I+K1)-1. To say h is an overall

i-o homomorphism is to say that hK(I+K)_1 = Kl(I+K1)—1h. This is a
consequence of hK = th because of the following chain of implications:
th = hK => h+K1h = h+hK
=> h(I+K)-1 = (I+K)—lh
_ -1 _ -1
=> th(I+K) = Kl(I+K1) h

whence, by th = hK again, we have
hK(1+K) "1 = K, (1+K) "*h.
The point to observe is that once it can be established that hy=yl at

the inputs to K and Kl’ the overall i-o homomorphism is assured. The

above formal derivation may obscure this fact, so we examine it more

closely.

Given X,X; such that hx=x1 at the overall inputs, it is clear that
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hy = h(I+K) “x
-1 -1
and Yy = (1+KX) X, = (I+K1) hx
Thus - hy =y, if h(1+K) T = (I+K1)'1h
i.e. hK = th.

The converse problem of beginning with an i-o homomorphism from S
to S1 and deducing conditions under which this induces an i-o homomor-
phism from K to Kl is difficult in the general case. When h is linear,
however, the problem is almost trivial, and no conditions on the inverti-

bility of (I+K) or (I+K1) need be imposed.

It is simply observed that

hy = h(x-2z)

= hx-hz

So hKy

]
=2
N

=Ky
= thy

and we have hK

th .

Invertibility assumptions have been invoked rather freely. Because
it is desired to investigate the conditions under which stability is
preserved under homomorphisms, it is a hypothesis that S is stable,

so by assumption I+K is invertible.

Lemma 5.4.1

If h is an i-o homomorphism from K to K1 then I+K1 is surjective

if I+K is surjective.
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Proof:

Recall that h is a surjection by definition. Then th = hK => -

(I+K1)h'= h(I+K), so (I+Kl)h is surjective, hence I+K1 is surjective.

This is one half of the invertibility condition. The other is
injectivity. It is therefore relevant to see when injectivity is pre-

served under homomorphisms.

Lemma 5.4.2

Let h be an i-0 homomorphism from F:X - X to FioiX; » Xi, and F

is invertible, then hx = hy => hF—l(x) = hF—l(y) is a necessary and

sufficient condition for Fl to be invertible.

Proof:

Since F is surjective, so is Fl. It suffices to show that the con-

dition is equivalent to injectivity of Fl'

Sufficiency: Suppose hx#¢hy, but Flhx=F1hy. Since F1h=hF, hFx=hFy.

Let the hypothesis of the condition be hFx=hFy, then because F—1 exists

1Fx=hF_1Fy=hy, a contradiction.

the conclusion says hx=hF~

Necessity: Let hx=hy. Because F'l exists let x'=F !x and y'=F—ly.
It is clear that Flhx'=F1hy' since this is equivalent to hFx'=hFy', which
is simply hx-hy. But F1 is injective by assumption, so hx'shy', that

is hF 'x=hFly.

Corollary 5.4.1

If h is an i-o homomorphism from K to Kl’ I+K is invertible, then
a necessary and sufficient condition for I+K1 to be invertible is

hx=hy => h(1+K) Ix = h(1+K)"}y.
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Proof:

h is an i-o homomorphism from I+K to I+Kl.
Another condition is the following for Hilbert spaces.

Lemma 5.4.3
Suppose X is a Hilbert space. If h is an I-0 homomorphism from
K to K, then a sufficient condition for I+K, to be invertible is
| <hkx-hKy, hx-hy>| < ||hKx-hKy|| ||hx-hy|| for all x, yeX.:

Proof:

It is easy to show [ D2 ] that I+K1 is injective if and only if
2 . 2
| 1Ky % =Ky 17+ 2<K1x1—F1y1, x1-y7> + [1x-y{ 17 5,0 for all x,,y eH;
i.e. ||th—hKy||2 + 2<hKx-hKy, hx-hy> + ||hx-hy||2 > 0 for all x,yeH

2
0 < (]|hkx-hKy[| - | |hx-hy]])

2
= | [nkx-hiy| |2 - 2] [nke-hky| | | [hx-hy| |+ | [hx-hy] ]
< Hth-hKyII2 + 2<hKx-hKy, hx-hy> + Hhx—hy]l2

if the condition is satisfied.

This condition is interpretable geometrically as a prohibition of
hKx-hKy and hx-hy being parallel, and does not depend on I+K being in-
vertible.

When all of h,K,K, are linear, and K,K, satisfy conditions appropriate'
to the spectral theorems ([N1], [T1]) then using the relation hK = th
to show hp(K) = p(Kl)h for all polynomials p, it is possible to deduce

invertibility of I+K, from that of I+K.

1

The next property to consider is causality. Strictly, the discussion
should take place within a framework similar to the Resolution Spaces of
Porter and Saeks [P2], [S2]. It suffices for our purposes to consider

. . t .
the projection operator E~ which acts as follows:
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¢ x(s) if ssgt
(E'x)(s) =
0 if x>t

Then recall that F:X » X is causal if Etx = Ety => EtFx = EtFy for x,

yeX. By assumption (I+K)‘1 is causal, and it is desired to find conditions

for the causality of (I+K)_1, given Kl is.a homomorphic image of K.

Lemma 5.4.4

If h is an i-o homomorphism from F:X + X to Flle > Xl, F is causal,

h is causal, and for every X5 ylgxl
Etxl = Etyl => Ix,yeX, hx = X, hy = y, and Etx = By

- then F1 is causal.

Proof:

t t -

If so, EFXx = E Fy as F is causal
EthFx = Etth as h is causal
t t
E Flhx = E Flhy
t t
E'Fix; = EFy,

When both F and F1 are linear, a simple criterion for causality

is obtained as follows:

Let XT be the set of functions with support contained in (T,=).

Then linear K:X + X is causal if and only if KXTGE XT for all T. See
[N1].

Lemma 5.4.5

If h is an i-o homomorphism from F:X + X to F1:Xl -+ Xl, F and F1
are linear, and F is causal, a sufficient condition for F1 to be causal
is that hxT = XlT.
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Proof:
L causal and linear => LX < XT
T
=>
hLXT < hXT
= Pl
> KhXT._ hXT
=> KX c X
lT 1T
=> K 1s causal (since it is linear).
Lemma 5.4.6

Under the same assumptions as in the previous lemma, if h-lx1 =

T
XT’ then F is causal if and only if F1 is causal.
Proof:
(=>) Follows from the previous lemma by h_lx1 = kT =>
) T
hXT = Xl -

T
(<=) Suppose F is not causal. Then there exists XeXT, Fx%XT.

Then hxexl » so F_ hxeX, since F. is causal. Hence hFxeX This says

T 1 lT 1 lT
nix # Xy, a contradiction.
1T

When h is in addition time-invariant, the previous conditions reduce

to hX, = X, and h™'X, = X.. An example of when hX, = X, is satisfied
0 10 10 0 0 10

is when h is multiplicative, i.e., (hx)(t) = g(t) x(t) where g(t):V >V

in the case where H consists of functions from R to V. It is easy to see

that h multiplicative implies h memoryless, but not vice-versa.
Continuity and boundedness predicates were discﬁssed in sections

4.5 and 5.3 respectively. More specifically in section 4.5 we showed

that if h:X » X1 is both continuous and open then F:X » X is continuous,

and that if X and Xl are complete and h is linear, the contintuity alone

of h is sufficient for this to be true. In section 5.3 it was shown

that if h is bounded and h_1 is weakly bounded then F is bounded implies
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F1 is bounded, although the terminology was somewhat different in that
context.

In our current discussion F is to be identified with (I+K)_1 and
F, with '(1+K1)'1.

We are now in a position to collect together the information in
the preceding leﬁmas to state fheorems under which FB stability is pre-
served through i-o homomorphisms. Because of the several conditions on
each subissue these theorems will be tedious to enumerate, so we have

arbitrarily selected one possibility to give the flavor of the results.

Other statements may be easily culled from the lemmas.

Theorem 5.4.1

If h:X » Xl is - linear and satisfies the following conditions

(i) hx=hy => h(I+K) *x = h(I+K) "1y, (ii) E'; = E'y, =>3x,yeX,
hx=x,, hy=y, and Etx = Ety (iii) h is continuous and open, (iv) h!

is weakly bounded; then S is FB stable implies S1 is FB stable.

The point to note about the FB predicate is that rather strong
conditions on homomorphisms have to be invoked in order that it be pre-
served. This is not altogether unexpected because the introduction of
feedback can radically alter the behavior of a system, and further, feed-
back stability is critically dependant on the nature of the feedback.

This is an instance when simple homomorphisms do not appear to suffice.

5.5 Discussion

We summarize the results on validity of homomorphic simplification
obtained in this chapter. The abbreviations used are self-explanatory.

In section 5.1 it was shown that

CONT_OPEN_I-O HOM(S,S') o (LS(S) o LS(S'))
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and
CONT_LIN I-O HOM(S,S')A COMPLETE(Q)a COMPLETE(Q')
o (LS(S) = LS(S8"))
In 5.2 i£ was shown that
CONT_OPEN_I-0 HOM(S,S') o (AS(S) o AS(S'))
and
CONT LIN_I-O HOM(S,S')~ COMPLETE (Q) A COMPLETE(Q')
o (AS(S) = AS(S")) . ’

Next, we proved that
BDD"h_WEAK-BDD_h_l_ﬂOM(S,S'):: (BIBO(S) > BIBO(S'))
CONT_LIN_I-O HOM(S,S')» COMPLETE(X) A COMPLETE (X')

> (BIBO(S) - BIBO(S')

and

BDD_h~BDD_h_1_HOM(S,S')-9 (BIBO(S) <-> BIBO(S'))
The final results given in section 5.4 can be cast into predicate
form, one for each lemma. The predicates are however too tedious to
write in complete form. In particular the conditions in the final

theorem are not particularly pleasant to restate.



Chapter 6

In systems theory the concept of slowly time varying systems has

led to the modelling of such systems by their time-invariant counter-
parts. The question of whether there are meaningful measures of degrees
of time-variance in systems is, in this context, both interesting and
important. Such a measure is proposed and its consequences examined in
this chapter.

We focus on the viewpoint that a system is an operator from a function
space to another, the function spaces consisting of functions from a time
set to a linear space. For simplicity, the domain or input space is
assumed to be the same as the range or-output space, and is a normed -
linear space. The alternative viewpoint that a system is associated with
a state space, implying causality of the system operator, will be only
incidental in this chapter.

Although our development is most concerned with deterministic sys-
tems, the theory developed may be adapted to stochastic systems. For
instance, time-invariance corresponds to the stochastic concept of sta-

tionarity.

6.1 Time-invariance

The framework within which we will work is reiterated below.

An input-output (i-0) system is a list <K,X,Y> where X is a normed

linear space of functions x:R -+ Y, Y itself being a normed linear space,
and K:X » X is the system operator.
The shift operator S(t1) acts on X as follows:
(8(1)x) (t) = x(t-1).
It is clear that S(t) is a linear operator, in fact an isometric isomorphism

on X. .

90
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Recall that the norm of an operator G on X is defined as

1G]] = sup ||Gx|] . It will always be assumed that although any
x#0 llxll

operator G may be nonlinear, G(0) = 0.

An i-0 system K:X »> X is time-invariant if KS(x) = S(t)K for all

teR.
The difference KS(t) - S(t)K appears in quantum physics as the
commutator of K and S(t), written [K,S(t)]. For convenience we follow

this convention. Thus a system K is time-invariant if and only if [K,S(1)]

for all r.

A system is time-varying if it is not time-invariant.

Denote the space of ;11 functions. from X to X by [X - X].

We denote the linear space of all bounded operators on X by B(X),
and the subspace of B(X) consisting of the time-invariant operators by

C(X). Thus C(X) € B(X) « [X > X]. A standard result [P2], [W2] is stated

as the following theorem.

Theorem 1.1

C(X) is a closed left-distributive subalgebra of B(X).

We shall drop the qualification "left-distributive'" and use the
term "algebra'" to mean a '"'left-distributive algebra'" in the sequel. Of
course when the systems are all linear the algebras become both left-
and right-distributive. Recall that an algebra is a Banach algebra when
it is closed wunder some topology, in this case the norm topology of the
operator sﬁaée;‘in other words the linear space structure of the algebra
is a Banach space.

When X is a Banach space then B(X) is a Banach algebra , and

therefore so is C(X). The multiplicative operation is operator com-
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position. However C(X) is not an ideal of B(X). Despite this it is

true that the quotient space B(X)/C(X) is a normed linear space (although

not a normed algebra) since C(X) is a closed linear subspace.

6.2 A first order measure

Beginning with the observation that [K,S(t)] is not zero for some
T in a time-varying system K, it is natural to regard the norm of
[K,S(1)] as some indication of the deviation from time-invariance for
time shift r.

A slight but useful modification will sometimes be made to our
definition of the space X._ O;casionally X will be taken to be the

space of functions defined over some closed interval of R or a semi-infin-

ite interval of R. A justification for this is that often in practice
two systems are compared for their time-varying characteristics only
over some finite duration of an experiment, and many systems are defined
for nonnegative time only.

Consider the map ¢ (K):R > [X » X] given by 1 » [K,S(t)]. Often this
map is continuous, but continuity is assumed only when needed. Observe
the map t + S(7) is sometimes not continuous in the uniform topology for
B(X), although it is practically always strongly continuous. This does

not preclude the continuity of ¢(K) where [X » X] has the uniform topology..

Example 6.2.1

If the map © > S(t) is continuous then the map ¢(K) is continuous,

because

| |KS (r+AT) -S (+AT)K-KS (1) +S (1) K| | <2| |K| | ||S(r+aT)-S(0) I.

Example 6.2.2

Let the linear operator K:Ll(-w,uﬂ—h-Ll(-m,m) be defined by the
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singular Volterra equation
t

(K ) (L) =f k(s,t)u(s)ds

=3

where k(s,t) is Lipshitz continuous with Lipshitz constant ¢ in each of

t
k(s,t)u(s-t)ds

k(s+1,tju(s)ds

"its arguments. Then

(KS(7)u) (t)

1}
—
1t
® s

(S(t)Ku) (t) k(s,t-t)u(s)ds

]
—
i T
: ~

So

[(S(T)K-KS(1) - S(r+AT)K + KS(r+at))u}l(t)

=[ [k(s+t,t) - k(s,t-1)]u(s)ds
t-1-AT
[k(s+t+AT,t) - k(s,t-t-AT)]u(s)ds

t-t-AT
= J/. [k(s+1,t) - k(s+t+Aat,t) - K(s,t-7) + k(s,t-t-AT1)]Ju(s)ds

t-1
+./. [k(s+t,t) - k(s,t-7)]u(s)ds
t-1t-AT
Therefore,
IIS(T)K - KS(T) -~ S(t+AT)K + KS(T+AT)‘|

= TTpll |1S(x)Ku - KS(t)u - S(r+At)Ku + KS(t+at)ul]
ul |=1

t-t-4T t-1
2cAT lu(s) |ds + 2cat lu(s) |ds
- t-T-AT

4cAt » 0 uniformly.

[/

n
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Thus, the map ¢(K) is continuous.

Note: The common Lipshitz constant in both arguments can be relaxed

to two different Lipshitz constants.

Lemma 6.2.1

The map ¢(7):B(X) + R given by (1)K = ||[K,S(1)]]|| is a seminorm,
and is an even function.

Proof:

Y1) (aK+L) = ||[oK+L,S(7)]]]
| 1[eX,S(1)] + [L,S(1)1]]
IallllK,étf)]II + |IL,s()1]]

la]o(TIK + w(o)L .

N

Evenness is clear and its proof is omitted.

Lemma 6.2.2
v(t) is a norm on B(X)/C(X).

Proof:

¢(t) acts on a co-set K + C(X) by

n

Y (1) (K+C(X)) = y(1)K.
Thus ${t) (K+C(X)) = 0 <=> Y(7)K = 0 <=> KeC(X).
Denote by w[a b] the map B(X) -+ R induced as follows:
w[a b]K = sup y(T)K.
2 TE
[a,b]
Then it is easily verified that w[a b] is also a seminorm on B(X) and a
norm on B(X)/C(X). In particular, denote by y by the induced map Yo

Strictly speaking y may not be finite on [X - X] so that it may sometimes

be necessary to say that ¢ is a generalized seminorm or norm, and this

will be assumed on occasion.
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¥ may serve as a measure of time-invariance in systems. Suppose
K,L are two systems such that YK = yL. Then we may conclude that their
long-term deviation from time-invariance is the same. However y alone

will mask some important differences between K and L in most cases.

Example 6.2.3

Let K and L be in B(X) where

X = C('m,m)
(Kx) (t) = cos t.x(t)
(Lx) (t) = cos 2t-x(t)

Then $K = YL = 2 but clearly K and L are periodic with different periods.

This will be made more precise in the next section.

Example 6.2.4

Let X and L map C(-»,») into itself by
(kx) (t)
(Lx) (t)

tx(t)

tzx(t)
Then YK = YL = =, but for each interval [a,b] it is seen that w[a,b]L >
w[a,b]K'

The above examples suggest that ¢ alone is not an adequate character-
ization of time-variation. This is remedied in section 6.4. But first,
a few remarks about ¢ itself are in order.

Both ¥(t) and v are (ordinary) norms on B(X)/C(X), and they are
generalized norms only on [X =+ X]/C(X). This is easily seen because

sy - seoxl| < [lksm|+lIsexkl| < 2l k]|
since it is clear that S(t) is an isometry for each t.
When B(X)/C(X) or [X ~ X]/C(X) is given the quotient norm relative to
the operator norm, that is,

[k + Cxy]| = inf|| K+C]|
CeC (x)
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it is well-known that this in fact yields the quotient topology for the
quotient space. The relation of this norm to that induced by w[a,b]
or ¢ is as follows. |

Suppose {Kn + C(X)} is a sequence converging in the quotient norm
to {K + C(X)}, i.e.,

inf| | K, - K+ C|| -~ 0.
CeC(x)

We have for each t and each CeC(X):

|1 (K -K)S () - S() (K -K) ]

||(Kn-K+C)S(r) - S(T)(Kn-K+C)||

N

2||s( || Hx -cll

2||x_-Kk+Cl|

N

So w(Kn—K+C(X)) = sup||[Kn-K,S[1)]|| )
TeR

§ 2inf || Kn-K+C|| + 0
CeC(x)

giving the result:

Lemma 6.2.3

The quotient norm on B(X)/C(X) or [X - X]/C(X) is stronger than the

Y-norm.

This leads immediately, by a corollary to the open mapping theorem
[T1] on the equivalence of comparable norms on Banach spaces to the

following result.

Theorem 6.2.1

If B(X) is a Banach space, then the y-norm is equivalent to the
quotient norm. In particular, this is true when X is a Banach space.
So in a predominantly interesting class of systems the first measure

of time-variance is in fact the natural norm of the quotient space. It
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clearly remains true that w[a b] is a net defined on the lattice
3
a,beR

of intervals in R, so induce a lattice of topologies on systems. The

upper bound is ¢ and the lower bound is the trivial topology.

6.3 Periodic and almost periodic systems

Before moving to more refined measures of time-variance in systems
we méke a small digression into an important class of systems. In linear
system theory the class‘of systéms which are described in the usual
notation by

X = A(t)x o .
where A(t) = A(t+o) for each teR, is called periodic with period o. -The
properties of such systems are well-known through the Floquet theory
[P3]. The theory has been developed primarily from an internal view-
point, that is, a state system is postulated. It would be gratifying to
have an input-output characterization of a system periodicity in the same
way that other system-theoretic properties like causality, passivity and

time-invariance are characterized, postulating only an i-0 system. One

possible approach is given here.

Definition 6.3.1

A system K is periodic if there exists o>0 such that S(o)K = KS(o).

0 is called a period of the system.

Observe that this is equivalent, in our notation, to saying [K,S(o)]
= 0,

It will follow from the next theorem that if a system is periodic
in ¢, it is also periodic in ko, where k is any integer. Also, time-in-

variant systems are trivially periodic in the sense that the periodicity
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condition is satisfied by all aeR. We call periodic systems which are

not time-invariant strictly periodic. In such cases an algebraic char-

acterization discussed after the next theorem says that there is a minimum

period which divides all other periods.

Theorem 6.3.1

The following are equivalent
(1) K is periodic with period ¢

(2) S(6)S(a)X = S(a)KS(g) for some o ¢ R

(3) S(c)KS(a) = KS(a)S(o) for some

QR
m
=

() S(0)S(a)K

S(a)KS(o) for all o e R

(5) S(o)KS(a) = KS(a)S(o) for all

R
m
~

(6) S(po)K = KS(po) for all pe Z

(1) => (2) : trivially true for o = 0.

(2) => (4) : Let (2) be true for some acR. Then (4) follows by succes-
sively pre-multiplying by S(-ua) and S(B), where B is arbi-
trary in R,

(3) => (5) : Similar to above,

(4) => (6) : Let o = 0. When p = 0 the result is trivially true. An
induction argument establishes (6) for non-negative p. The
result for negative p follows from this by the obvious pre-
and post-multiplications.

(6) => (1) : Let p =1.

It remains to show that (2) => (3) and (5) => (4). These, however, follow

by suitable pre- and post-multiplications.

At this point it is interesting to observe the following conclusions.

Suppose $(7)K is continuous_in 1, and periodic K has periods which have
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some accumulation point in R. Then K is time-invariant. To see this,

note that if ¢ and v are two periods of K, a simple application of
theorem 6.3.1 shows that lo-v| is a period of K. Because the collection
of periods accumulate, by this result arbitrarily small periods exist.
Since multiples of periods are.periods, i£ is now clear that given any
real number r there exist periods of K arbitrarily close to r. Hence,

by continuity of w(7)K, ¢(r)K = 0. Since r was arbitrary this shows that
K is time invariant.

As an immediate corollary of this we have the statement that for
systems with ¢(t)K continuous,. it is not possible for time-varying K to
have a zero commutator over an interval of R, or equivaleﬁtly, a system
which has zero commutator over an interval of R is necessarily time-in-
variant.

So, for systems which are smooth enough to have ¥ (1)K continuous,
we may re-define time-invariance as follows:

A system K is time-invariant if {1:[S(1),K] = 0} has an accumulation

In fact nothing quite as strong as continuity is required above.
It is sufficient that ¥(t)K have no discontinuities of the second kind
[R1].

It is the above statement which is the justification for experimental
i-0 verifications of time invariance in systems by observing that
[S(1),K] = 0 for a large number of t's within some small interval of R.
While a finite number of observations can never establish what is essen-
tially a non-finite property, the above statement does provide a measure

of condidence in such an experimental approach toward (partial) verifi-

cation.
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An interesting algebraic characterization of systems may be obtained

in the following way.

Let'IIK = {t:[S(1),K] = 0} for a system K. Then My = {0} if and only
if K is time varying but not periodic. Next, observe that if o, B are
periods of a periodic system K ke + 28 is also a period of K, where k,

¢eZ the set of integers. Thus HK 1s a Z-module. More can be said.

HK is a cyclic nontrivial Z-module if and only if K is strictly periodic

(i.e., periodic but not time-invariant). The positive geﬁerator of HK

is then the period (meaning the smallest period) of K. In the forward
direction the truth of the implication is obvious. In the backward direc-

tion it suffices to show that if HK is nontrivial and acy¢lic, then there

is an accumulation point of HK. Let BEHK, and B # 0. Since II, is

K
acyclic L # {kB:keZ}, so there is a in II, such that
K

kB < a < (k+1)8

K

for some keZ. Thus 0 < o -kB< B, and this shows that given arbitrary

BsHk, there exists YEHK such that 0 < y < B, i.e. there is an accumulation
point in [0,8].

These observations may be summarized by the following diagram

Ty is trivial <=> K is time varying and non-periodic

system K,

Ty is cyclic <=> K is strictly periodic

Ty is mnontrivial
\\HK is acyclic <=> K is time invariant



Example 6.3.1

For the system K in example 6.2.3,

[Xs (211) x]

cost.-x(t-2M)

[S(2m)Kx] cos (t-2N)-x(t-2I)

cost-x(t-2I)

so indeed KS(2T) S{2m)K
and it is easily seen that 20 is the minimal number for which the above
is true. Hence the system is periodic with period 2I1.
Similar reasoning will sho; that ;he system L in examplg 6.2.3
has period T .

More generally, given f a scalar-valued function, define K by

(Kx) (t) = £(t)x(t)

Then this system is periodic with period ¢ if and only if f is periodic
with period 0. If we restrict consideration to a point in the input
space X which is a constant function, the above system recaptures the
classical function-theoretic meaning of periodicity, for in this case,
say, Xo(t) =1, so

(KXy) () = £(t)x(t)

(KS(0)Xy) (t) = (KXg) (£) = £(¢)

(8(@)KX,) ()

(8(0)f) (t) = f(t-0)

and indeed K is periodic if and only if f is periodic.

ExamEIe 3.2

In the standard treatment of linear periodic systems the input-out-

put description yields a K:C(-»,o) > C(-=,x)

' t
(Ku) (t) =f P_l(t)eR(t-s)P(s)u(s)ds

Lol

where P is a matrix periodic with period o, and R is a constant matrix.

See, for example [P3]. The assumption here is that the system begins in
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the O-state.

Now,

[S(a)Ky] (t)

t
f p~t (t-o)eR(t-T)P.’(T—c)u(T-U)d'c

o«

t .
=fP_l(t)eR(t-T)P(T)u(T—cr)dr

-

t
[KS(o)u] (t) T/ P~ (t)eR (") p (s o)u(s-0)ds

t
=f P L £)eR(T)p( 5 Ju(s-o)ds

-

= [S(o)Ku] (t)

thus vindicating the reasonableness of our definition.

Beginning with this i-0 definition of periodicity, assuming
that a state system exists, it is conjectured that a Floquet-like state
"transition function must exist, and if so the definition is, in a

sense, complete.

Corollary 6.3.1

If K is periodic with period ¢ then [K,S(t)] regarded as a system
is periodic.
By expanding S(o) [K,S(7)] and [K,S(t)]S(c) and appealing to condi-

tions (4) and (5) of the theorem. (See the proof of the next lemma.)
A partial converse to the above corollary is the next result.

Corollary 6.3.2

If [K,S(1)] is periodic with period ¢ then [K,S(¢)] regarded as a
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system is time-invariant.

[K,S(7)] periodic with period o <=> S(0)KS(1) - S(a)S(0K =
KS(1)S(0) - S(t)KS(o) for all teR by theorem 6.3.1.
Rearranging terms gives.

(SK(o) ~ S(0)K)S(1) = S(1) (KS(ao) - S(c)K for all teR.

Since time-invariant operators form the O of the space [X » X]/C(X),
in this quotient space the previous two corollaries would in fact be
full converses if [K,S(1)] is independent of coset representative. That
this is indeed so may be seen from the definition of p(1), but reiterated
below for completeness.

Let Kl,K2 be elements of the coset K+(C(X). Then Kl—K = C for

2
some time-invariant C. Hence (KI-KZ)S(T)-— S(r)(Kl—Kz) = 0V, giving
Kls(r) - S(T)Kl = KZS(T) - S(T)KZ\/T, i.e., [Kl,S(T)] = [KZS(T)].

The above argument also shows that within the same coset all elements

have the same period, if any exists. This suggests the question: Does
the set P(X) of all periodic systems form a linear subspace of [X + X]?
For, if so, by the statement above on coset properties of periods, it
follows that the partition on systems induced by C(X) must refine that
induced by P(X).

That this is so is the substance of the next theorem,"

Theorem 6.3.2

P(X) is a subalgebra of [X -+ X], and [X - x]/P(X) is refined by
[X > X]/C(X).
Proof:

If K,L are periodic with periods ¢ and n, then it is easily shown

that K+L and K-L are periodic with period the lowest common multiple of
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o and n.

It is clear that oK is periodic for any scalar a.

The above theorem is a purely algebraic statement. The correspond-
ing topological statement cannot be made unless the space P(X) is closed
under the operator norm topology. It turns out that P(X) is in fact
not clased under the operator norm topology.% However, a slightly weaker

class of systems, which includes P(X), is indeed closed. To investigate

this enlarged class an input-output characterization is given.

Definition 6.3.2

A system K is called almost periodic if the following two conditions

are satisfied:
(1) For each € > 0 there exists o such that
||S(GE)K - KS(GE)||<E
(2) For each e > 0 there is 2(e) > 0 such that every interval of
length 2(e) contains a o satisfying the above inequality.

Followins the terminology of almost periodic functions we call

o€ a shift number.

The theory of periodic and almost periodic systems closely parallels

that for scalar and Banach space valued periodic and almost periodic

functions. The class of almost-periodic systems will be denoted by A(X).

It is clear that P(X)cA(X).

The difference between the above definition for almost periodicity
and that for a scalar valued almost periodic function f is that condition
(1) is, in the scalar function case,

|£(t) - £(t+o )| < € .
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It turns out that K is almost periodic if and only if ¢(t)K is almost
periodic as a scalar function. This is recorded later as .corollary 6.3.4.

Precisely the same remarks may be made about recovering the classical
meaning of almost-periodicity as were made about periodicity in the
discussion following example 6.3.1.

To eXplore some properties of P(X) and A(X) it will prove expedient

to use the commutator and its norm.

Theorem 6.3.3

If K is periodic (resp. almost periodic) then V()X is ﬁeriodic
(resp. almost periodic) as a scalar function of t.

When K is periodic the result follows from Corollary 6.3.1.

To prove it for almost periodic K we have to éxhibit, for each
>0, a shift number g such that |¢(T)K - w(t+ce)K| < g for all 1. The

demonstration of this is best separated out as the next lemma.

Lemma 6.3.1
If |[S(o)K - KS(o) || < € then
| ||S(0+T)K - KS(G)S(T)I' - |IS(T] - KS(T)II l < g

for all t .

Proof:
KS(1)S(0) - S(0)S(T)K
= KS(1)S(0) - S(1)KS(a) + S(1)KS(o) - S(a)S(1)K
So
0 & ||KS(1)S(e) - S(a)S(T)K|]| < |1KS(1) - S(OK|] J[sta)]|+]|s()] e

= ||XS(1) - S(O)K|| +€



106

Conversely,

KS(1)S(0) - S(t)KS(0)

= KS(1)S(0) - S(0)S(T)K + S(a)S(T)K - S(t)KS(0)
giving

0 g ||KkS(1) - s(DK|]| & |1KS(1)S(0) - S(0)S(T)K|]| + €

and the two inequalities prove the result.

It is evident that if Y (t)K = 0 for some T # 0 then K is necgssarily
periodic, since the commutator [K,S(TO)] = 0 in thisvcase. The simple
converse of the Theorem 6.3.3 is clearly untrue since it is possible
that ¢(t)K > 0 and yet is periodic, so K is not periodic. Thus a neces-
sary and sufficient characterization for K to be periodic.is that

Y(1)K= 0 for some nonzero t. This is recorded as a corollary.

Corollary 6.3.3

K is periodic if and only if ¢ (1)K = 0 for some non-zero t.

The situation for almost periodic systems is similar, but not quite
as simple. Whenever Y(1)K is almost periodic we have that given € > 0
there is 2(e)} such that for every interval of length 2(e) there is a
shift number > i.e., for all t
[ ¥ (t+o )K - $(K| < ¢
In particular, for 1 = 0 we have
l1s(e )k - kS(o )| < ¢

showing that K is almost periodic. We state this result as:

Corollary 6.3.4

K is almost periodic if and only if p(1)K is almost periodic.

The condition analogous to that in Corollary 6.3.3 for this case
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turns out to be not quite strong enough for sufficiency. This analogous
condition is in fact 2im inf Y(Tt)K = 0. It is clearly a necessary condi-

T+

tion for"K to be almost periodic.

For the sequel we shall need some results about almost periodic
functions. These are stated in the next lemma without proof in condensed

form in terms of algebras. A good reference is Amerio [AS].

Lemma 6.3.1

The set of (continuous) almost periodic functions is a closed

algebra.

Remark:

Continuity is an assumption which is really too strong for the truth
of the above. If we‘consider almost periodic functions in the sense of
Stepanov (see reference cited) then we may consider systems which are
more general. However we defer this more complete development to a later

report and concentrate here on more immediate issues.

Lemma 6.3.2
The set BC(X) of bounded systems for which ¢ (K) is continuous in T
is a Banach subalgebra of [X - X].
First observe that
[S(r), K+K] = e[S(7),K] + [S(r),L]
[S(t),K-L] = [S(r),K]-L + K-[S(7),L]
showing that this set is a subalgebra. That it is closed follows from

the fact that uniform limits of continuous functions are continuous, and

¢ (K):R > B(X).
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Theorem 6.3.4

The subset AC(X) of almost periodic systems in BC(X) is a Banach

subalgebra.

Proof:

Let K, L be almost periodic. It is evident that «K is almost
periodic. We wish to show K+L and K-L are almost periodic. By Corollary
6.3.4 it suffices to show that ¢{t) (K+L) and ¢(t) (K-L) are almost periodic
Also, by the same corollary and the hypotheses above, p(t)X and y(t)L
are almost periodic. .

s () (k+L) - (k+L)S(T) || < [S(0IK - KkS(x) || + ||S(0IL - LS(D)]]
and the right hand side ig a.sum of two almost periodic functions, hence
by lemma 6.3.1 is almost periodic; call it n. Observe that w(O)(K+L)
= 0 = n(0). Since n is almost periodic, for every e > 0 there is 2(¢)
such that for every interval of length 2(€) there_is a shift number O
with

|n(ce+1) - n(t)] < e for all t.

Choosing T = 0 we have the result

s ) (e} - (+L)SCo )] < e

showing that K+L is almost periodic.
Next, observe that

Hs@k-L - k-Lse)|| ¢ 18Ik - ks@)|| [IL]] + [1x]] {|S()L - LS|
and the right hand side is almost periodic. A similar argument to the

above says that K-L is almost periodic.

Finally, suppose Kn~+ K, and Kn is almost periodic for every n. Then

0< | [1S(Ky - k8] - [[8(0K - k(] |
<] 180Ky - K S(x) - S(DK + KS(1)]|
= ||5(0) (Kp-K) + (k-K )S(0) ||

¢ 2| [KKp| > 0
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So w(T)Kn + (K.
By corollary 6.3.4 $(T)Kn is almost periodic for each n, and so by lemma
6.3.1 Y(K is almost periodic. Thus, using corollary 6.3.4 again, K

is almost periodic.

Corollary 6.3.5

Regarding At(X) as a closed linear subspace of B(X),B(X)/AC(X)

is a Banach space.

It should be obvious that AC(X) is not an ideal of B(X),

6.4 Homomorphisms

Recall that a homomorphism from a system K:X > X to KI:X -+ X1

such that hK = K,h, and the system Kl may be regarded as a model of system

1
K.

Example 6.4.1

Let K:Lz(—w,m)-» Lz(-m,w). Choose an orthonormal basis for Lz(—m,m),

[ ]
calling it {en} . If K is linear, then the map h defined by
n=1 .
o k
h: ae = 2 o ey
n=1 n=1 :

yields a homomorphic system Kl whiﬁh is also linear. Kl is K restricted

to the subspace generated by {en}-
n=1

More generally [Bl] let {en} . be the nodes of a digraph. The
. n=1

branch aij exists if and only if <ej,Kx> # 0 for some x such that
<e,,x> # 0. If the infinite matrix representation of this digraph is

upper triangular except for an initial submatrix of finite dimension k,
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then the h defined above is agian a homomorphism. K is not necessarily
linear in this case, and the input-output space is any Hilbert space.
The point here is that orthonormal bases may sometimes be chosen so that
such a dependancy matrix is obtained. This emphasizes the fact that
homomorphic simplification is é basis deﬁendant procedure in practice.

When applied to state systems homomorphisms go by the name aggregation
[Al] as discussed for the finite dimensional state case in chapter 4.

The result presented in this section relates to the fime—varying
characteristics of systems which are homomorphic images of other systems.
Given a homomorphism h:X - Xl of systems K:X » X.and KI:Xl - Xl, the
following arguments may be applied.

It is first assuned that hS(t) = S(x)h for all T, that is, h is
time-invariant. This is the case for many homomorphisms schemes of
importance, and is true in particular for the example above. Notationally,
different S(t) should be used for the two sides of the equation because
they act on different spaces, but where the context is clear we indulge
in small liberties.

Whenever h is linear it is easily shown that

[S(T)K1 - KIS(T)]h = h[S(t)K-KS ()]
using th = hK and h time-invariant. This will be useful later in the

chapter. Without this assumption, however, we have:

Theorem 6.4.1

1f Kl is a homomorphic image of K and h is time-invariant then K
js time-invariant (resp. periodic) implies Kl is time-invariant (resp.

periodic). Moreover, periods are preserved.
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Proof:

It suffices to show this Zor periodic K with period o.
Because th = hK

S{o)th - thS(o)

]

S(o)hK - hKS (o)

h{S(c)K - KS(o)]
=0
But K1 is periodic with period o if
[S(G)K1 - KIS(U)]x1 =0 for all X, € Xl
and since X = hx for some xeX, this is true if S(o)th —'kIS(o)h = 0,

i.e., if S(o)th - thS(c] = (0, which is the case.

The converse inference problem is as usual much harder and requires
additional assumptions. ﬁithout further assumptions, at least the follow-
ing can be said. Suppose Kl is periodic. Let o be a period of Kl' Then
the range of S(o)}K - KS(o) must be in the kernel of h. This means that
the subset of X on which K is not periodic is "eliminated" by h in the
passage to Xl, a paraphrase of the fact that the choice of h in a model-
ling situation is partly to ignore portions of an input-output space
which do not interest the modeller. Exactly the same remarks could be
made about the time-invariance of K if K1 is time-invariant.

Almost-periodicity, unlike time-invariance and periodicity, is not
a purely algebraic concept. So the norms of the respective commutators
have to be considered. In almost all cases of interest h is norm bounded,

and this will be assumed. We turn our attention to the validity of

homomorphisms with respect to almost-periodicity. Keeping the same

notation, we have:
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|1sC0K, - K;S(D) || = sup |LS(x)K, - K,S(x)Thx]]
x1#0 r|x1||
) < sup Ln{| [IS(DK - ks 1 |Ix]]
XI#O Il x1||

s [In]} [IS(K - KS() || sup |fx||
x.#0
1 x|
-1
where x € h (xl).
Observing that the ratio is being supremised over X, but is true for
any x € h_l(xl) we may write

sk - X8| < [|h]] [[S()K - KS(2) || M

where M = sup inf_1 | x .
xl#O xeh (xl) X

Now, in cases where M is infinite, nothing can be said about the
almost-periodicity of Kl when K is almost-periodic. In case M is finite,’
it is clear that K almost periodic implies Kl almost periodic. It turns
out that M is indeed finite for many cases of interest, and in fact a
reasonable homomorphism which attempts to capture, along with other
properties, the time-varying property of K will probably yield an M
which is finite (this is clearly not a necessary condition). In the

example discussed at the beginning of this section, M is exactly 1.

These conclusions are recorded as
Theorem 6.4.2

If sup inf , 1x <™ then
xl#O xeh (xl) X,

K almost periodic => K1 almost periodic
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Corollary 6.4.1

If h is a linear transformation from X to Xl, X1 a subspace or
a quotient space of X, then

K almost periodic => K, almost periodic.

1

Analogous to the convers; problem for periodicity, h acts such
that for each e there is a g, and
| bt - Ks(o)1xl] < ef Ix]|
whenever K is almost periodic. This inequality says that even if g
is not a shift number for K, h acts on the range of S(oe)K - KS(os)

to eliminate the appearance .of non almost periodicity in the passage to

Xy-

We digress a little at this point and consider linear systems and
their adjoints. If K:X » X is a linear system, its adjoint is denoted
by K*:X* > X*, where X* is the dual space of X. When X is a Hilbert
space X = X*, and then K and K* act on the same space. If K is linear

and h is linear, K1 will be linear. Linearity will be assumed for the

time being.

Theorem 6.4.3

P(t)K = w(T)K* for all T .
S(t)* = S(-1) is easily verified. The assertion above then follows
from the fact that ||A*|| = ||A|| for linear operator A, and

[S(t)K - KS(1)]* = K*$(-1) - S(T)K*

Corollary 6.4.2

K is time-invariant (periodic, almost-periodic) if and only if K*

is time-invariant (periodic, almost-periodic).
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The relation of homomorphisms to adjoints is the following simple

one.

Theorem 6.4.4

1f h is a linear homomorphism of K:X -+ X to KI:X1 -> Xl, then h*

is a linear homomorphism of K¥:X} - X* to th* -+ X*.

1 (XI):X*

Proof:

Take the adjoint of hK = th.

The nonsurjectivity of h* is clear fmom the simple case when X is
finite dimensional, in which case dim(X*) = din(X) > dim(xl) = dim(XI]
whenever h is not an isomorphism.

The range of h* in X is a subspaﬁe X* on which K* is time—invafiant
(periodic) when KI is time-invariant (periodic), by theorem 6.4.1.

For a system K the subset (‘\{xeX:w(r)Kx = 0} is a subspace Y,
TeR ’

being the intersection of kernels of linear operators, on which K has

a time-invariant homomorphic image Kl’ as the following example shows.

Example 6.4.2

Let X be the linear space of functions from R to R2 and Xl be the

linear space of functions from R to R. Let K be defined by

(Kx) (£

(kx) (£,

1/2 x(t)1 +1/2 x(t)2 + sint

1/2 x(t)1 +1/2 x(t)2 - sint

where the subscripts denote the projections onto that component. Then
it is easily verified that h:R2 + R given by (hx)(t) = x(t)l + x(t)2

is a homomorphism of K to K1 = I the identity operator, which is time-in-
variant, but'Y°¢: R2 the time-invariant subspace of K is the trivial

{0} - subspace.
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Given K:X » X, and K*:X* » X*, denote the associated time-invar-

iant subspaces by Y_  and Z, respectively, Y € X, Zo € X*. A relation
between Y, and Z, is the following. If x ¢ Y_, then for some t,
[S(1)XK - KS(t)]x # 0. By the Hahn-Banach theorem there exists x'eX*
such that <[S(1)K - KS(t)]x,x'> # 0 which is equivalent to
<x, [K¥S(-1)-S(-t)K*]x'> # 0.. So x' ¢ Z,. Conversely, given x' ¢ Z,,
[K*S(-1) - S(-1)K*] x' # 0 for some t. Then there is x # 0 such

that 0 # <x,[K*S(-1) - S(-1)K*]x'> = <[S(1)K - KS(1)]x,x'> so x £ Y, .

6.5 Higher order measures

It was earlier observed that the measure of time-variance so far de-
veloped.is not entirely adeduate. Higher order measures.can be introduced
through Gateaux and Frechet derivatives of commutators [S(t),K] with
respect to t. For a complete discussion of these derivatives in a normed
linear space setting Kantorovich [K2] should be consulted. Here we
recall some basic definitions and results relevant to our discussion.

If K is an operator from X to Y, and X,Y are normed linear spaces,
the Gateaux (G-) derivative of K at xoex is denoted by Ktxo), defined by

K'(xa)x = lim K(x_+68x) - K(x,)
60 s

for each xeX. K'(x,) is a linear operator from X to Y.

If the convergence above is uniform in X, the derivative is called
the Frechet (F-) derivative of K at x,. The same symbol will be-used for
for both derivatives when the context is clear. If an F-derivative exists
at x_, then K is said to be differentiable at X, -

If K happens to be linear, K is differentiable at every point x
in X and K'(x,) = K. nth derivatives are denoted by superscript n.
Suppose the G-derivative of K exists in some region of X. The
derivative may be regarded as a map which associates each point x in
the region with a linear operator K'(x) from X to Y. Thus K':X - L(X,Y)

where L(X,Y) is the space of alllinear operators from X to Y, whenever
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K has G-derivatives throughout X. If K' is continuous at x_ , then

K'(x,) is also an F-derivative.

In. the case when X is one-dimensional, so that we can identify
X with the scalars, say R, it is a fact that [(R,Y) is isometrically
isomorphic to Y. If Lel(R,Y), L(r) = rL(1), so every element in the
range of L is a scalar multiple of L(1)eY. The mapping L » L(1)
is evidently the isometric isomorphism sought. Thus we can identify
L(R,Y) with Y. In particular, if b:R + Y is a (nonlinear) operator
P':R » L(R,Y), so in fact P':R > Y. The conclusion which is useful
here is that if {P } is a collection of operators from R to Y which
also cantain their first gefivatives, then {Pa}'must also contain all
higher-order derivatives. Stated more succinctly, if'{Pa} is closed
under first derivatives then it is analytic.

The P:R -+ Y above will take the form ¢(K):R -+ B(X) in our special-
ization, recalling that ¢(K) (1) = [K,S(t)]. Corresponding to y(t)K =
|1[X,S(1)1]|, the quantity Il[K,S(T)]nIl or equivalently ||¢(K)n(r)|]
will be denoted by ¢n(1)K.

If K,LeB(X) are such that ¢(K)"(1) and ¢(L)"(7) exist (either G-
or F- derivatives), then ¢(K+aL)n(r) exists for each scalar a. Therefore
the subset of B(X) consisting of systems K for which ¢(K)n(r) exists
is a linear subspace of B(X). In general this is not a closed subspace.

An explicit form for ¢(K)"(t), the nth derivative of [K,S(t)],
may be obtained. In fact it is easily verified that ¢(K)n(1) =
[K,S(T)Dn] where D is the operator on X which yields time-derivatives of
functions. 6 is a linear operator which is closed but not necessarily
bounded unless it is onto and X is a Banach space (as a consequence of the
closed graph theorem [T1]). To render the subsequent diséussion more tract-
able it will be assumed that X is a Banach space. A simple instance of

this is when X is the linear space of scalar-valued functions which
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have bounded continuous derivatives up to the n-th order, and the
norm is chosen to be the maximum of the sup-norms on each derivative.
Actually, if X is not a Banach space, all that needs to be done is
to replace norms by generalized norms in the discussion that follows.

With the assumption, ¢(K)"(t) is in B(X), so ¢(K)":R = B(X).

Lemma 6.5.1
wn(t) is a seminorm on B(X), and is an even function in rt.
Proof:

[K+aL,S(7)]™ = [K+oL,S(7)D"]

[K,S(0)D"] + afL,5()D"]

K,S(0)1" + o[L,S(0)]"

from whigh the seminorm property is immediate.

Evenness of wn in 1 is a consequence of the time-invariance of D.

Denote the set {K:wn(r)K = 0} by Dn(r). This is a closed linear
subspace of B(X). Closure follows from the equality
[K,S(1)D"] = (K-K )S(r)D" + [K_,5(x)D"]
n —
+S(1)D (Km K)
for a sequence {Km} in Dn(r) converging to K.

This yields the result:

Corollary 6.5.1

wn(r) is a norm on B(X)/Dn(T).

Paralleling the development for $(t) (y,(r) in the above notation),
it is noted that the previous lemma and corollary may be extended to
wn[a,b] where

y_[a,b]K = sup p (1)K
n te[a,b] n

whence wn[a,b] is also a seminorm on B(X), and a norm on B(X)/Dn[a,b],
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and is therefore closed. In particular, denote by ¥ the map
wn(-m,w). The map ¢ discussed easlier corresponds to ¢_,. Because of
the assumption that X is a Banach space, D" is bounded so [K,S(t)]n =

[K,S(r)Dn] is bounded. Further,

|11x,s D111 < 2] [x[] |[p"]]
showing that Yy is an ordinary seminorm for each n. Denoting the subspace

Dn(—m,w) simply by Dn it is clear that vy is a norm on BtX)/Dn.

Lemma 6.5.2

As subspaces the colleéction {Dn} forms a chain

Proof:
It suffices to show that if KsDn then KeDn+1 for arbitrary n.

1f KeDn then [K,S(T)]n = 0 for all T and the derivative of the

0 operator is 0.

Corollary 6.5.2

The quotient Sspaces {S(X)/Dn} form a reverse chain

B(X)/Dy 2 BX)/D, ..... 2B/ =2 ......

Note that in the earlier notation C(X) corresponds to Do.

A natural question arising from the foregoing is whether there is
any simple way to combine the measures ¢n(T) and wn. We confine
our remarks to wn since they also apply to wn(t) with the obvious

modifications. The answer to this question is summarized in the next

theorem.

Theorem 6.5.1

Let wn exist for n = 1,2,...k (possibly for all integers n).
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The collection {¢n} generates a topology on B(X) with a base
n=1,...,k
at 0 consisting of the family of all finite intersections
{1V(¢1) n rZV(wz) e r\rnV(wn), r, > 0 n <k
where V(wn) = {K:wn(K) < 1}. With this topology, B(X) is a locally
convex linear topological space.

Proof:

From the foregoing discussion {wn } is a collection of
n=1,...,k
seminorms on B(X). The theorem is a standard result [T1] in functional

analysis, given this fact.

It is noted that if k < 2, the locally convex topology generated
by i}

If wn exists for all integers n, and the locally convex topology generated

is weaker than that generated by {¢n}.
- n=1,...%

1,...,k

by this family is considered, it is clearly weaker than the norm topology;

(It would be interesting to discover under what circumstances it would

be équal to the norm topology, but we do not pursue this matter.)
Paraphrasing the last few results it may be §aid that each measure

vy successively refines the classification of systems according to

successively higher orders of time-variance. Thus corollary 6.5.2 states

that this refinement proceeds in an orderly fashion, with the nth order

characteristics factored out before the (n+1)th. From the viewpoint of

modelling it is the reverse of the refinement process that is relevant.

A coset in B(X)/ﬂh is the form K+ Dn’ and consists of systems which

are not distinguished insofar as (n+1)th order time-variance is neglected

A canonical map from B(X)/Dn to B(X)/I;_l coalesces two cosets K+17n

and L+Eh whenever nth order differences between K and L can be neglected.
In the previous section it was shown that an i-0 homomorphism h

from system K to system Kl’ under certain conditions, preserved the

0-th order property of K in the passage to Kl. Higher order properties
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will be investigated here.

If h is time-invariant, linear and continuous, then

4D = h lim S(8) - S(0)
50 é
= iig h S(8) - Sco) by continuity

= éig S(8)h - 5(0)h by time-invariance
and linearity

= lim S(8) - S(0) h
60 [

= Dh

Theorem 6.5.2

If h is an i-0 homomérphism which is linear, time-invariant and
continuous, KeD => D €D .
n 1™ ™n
Proof:
KeD  <=> KS(0)K™ = S(t)D"K
The above remarks on h are easily extended to show
no" = p'h

Then

"

KIS(T)an1 KIS(T)DnhX, xeX
= K, S(r)hD"x

= K]hS(T)an

= hKS(1)D"x

= hS(t)DKx, KeD_
= S(T)Dnth

= S(T)DnthX

= S(T)Dnle1
SO Klevn.

For any KeB(X), the elements of the sequence [wn(K)} may be zero
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for somé index m, in which case lemma 6.5.2 says wn(K) = 0 for n > m.

Call the least such m tke index of K. In these terms the preceding -

theorem states that linear, continuous, time-invariant i-0 homomorphisms

cannot increase the index of systems. This statement,generalizes the
corresponding statement conce}ning v, in the pervious section.
In fact the proof of theorem 6.5.2 shows that under the assumptions
about h,
h[K,5(0)]" = [K;,S()1"h

This yields a generalization of theorem 6.4.2.

Theorem 6.5.3

-

If h is linear, continuous, time-invariant and satisfies

M = sup inf 1 “x|| <o
xl#O xeh (xl) Xy

[1K,,8 1] < M[[n]] []1K,5(71"|

then

Proof:

Using the equality h[K,S('r)]n = [Kl,S(T)nh; mimic the proof of

theorem 6.4.2.

This result is paraphrased as saying that h maps a base of the
wn-induced seminorm topology on B(X) to the corresponding one on
B(Xl). Thus if {Kn} is a sequence of operators converging in the locally
convex topology (of time-varying characteristics) to'an operator K, the
homomorphic image sequenceA{hKn} must converge likewise to hK. That

the converse is generally untrue is shown by example 6.4.2.
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This section is concluded with a few miscellaneous remarks.
K is time-invariant if and only if it has index zero.
If K is periodic then ¢n(K) is periodic for each n. To prove
 this it is sufficient to note that [K,S(c)] = 0 implies S(c)[K,S(t)]n
= [K,S(o+1)]n.

For linear, bounded K it is easy to verify that ([K,S(r)]n)* =
[K*,5(~-1)]", hence b (K) = y_(K*) for all n.

The topology induced by the ¢n is not the only one that is meaning-
ful for measuring time-variance. Weighted integrals of the action of
the wn may serve the samerfﬁnction, and in some instances may prove to

be more meaningful. The purpose of the preceeding theory is to demonstrate

that such topologies are indeed available.

6.6 Discussion

The bulk of this chapter consists of an attempt to make precise
the fuzzy predicate of ''slowly time varying". It should be clear that
this kind of fuzziness cannot be removed easily by a strict numerical
ordering, for if this is possible the fuzziness would not have arisen
in the first place. Our approach was to construct a topological
measure of time-variance, thus essentially capturing the idea of a
"distance" measure without really introducing a metric. This was the
content of theorem 6.5.1 . It was shown in theorem 6.4.1 that

TIME-INV_HOM(S,S8') o (TIME-INV(S) © TIME-INV(S'))
and
TIME—INV_ﬁOM(S,S') > (PERIODIC(S) = PERIODIC(S'))

We have no convenient name for the condition placed on h in the premise
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of theorem 6.4.2. If we did, it is clear how the theorem could be
written out as above, i.e., this instance of a homomorphism is
ALMOST-PERIODIC valid. In particular Corollary 6.4.1 says that
LINEAR SUBSPACE _HOM(S,S) © (ALMOST-PERIODIC(S) :;n ALMOST-PERIODIC(S'))

With higher order measures of time-varidnce these results are general-
ized so as to replace the predicates TIME-INV and PERIODIC by more
sensitive predicates for which we do not as yet have appropriate names.
The generalization to theorem 6.5.3 has special significance as indicated
by the remarks following the theorem. Let us define a predicate
CONVERGE such that

CONVERGE ({Sn},S) <=> Sn converges to S ih the topology for

time-variance.

which is an abbreviation of a second order formula of the type discussed
in chapter 0. Then theorem 6.5.3 may be paraphrased to say that linear,.;
continuous time-variant homomorphisms are CONVERGE-valid.

Finally, looking at the index of systems as defined in the remarks
following theorem 6.5.2, the same instance of a homomorphism was shown
to be UB_INDEX valid, where UB _INDEX is a binary predicate such that

UB_INDEX(m,S) <=> m is an upper bound on the index of S.



Chapter 7

In this closing chapter we discuss a few selected open questions
motivated by the foregoing results.

In most instances of homomorphism -schemes which were tested against
systems-theoretic predicates, the particular instantiation gave suffi-
cient conditions for validity with respect to those predicates. It is
not known whether a complete characterization of valid instances with
respect to arbitrary sets of predicates is possibile. This correpsonds to
finding necessary and sufficient conditions for preservation of system
properties and relations. It is conjectured that this is in generél not
possible but I have not examined the question in detail.

The noncomputability of system predicates for continuous systems may
be mitigated by considering an analog theory of computability, as men- _
tioned in Chapter 0. Developments in this direction could lead to new
insights about continuous systems and their realizations.

System realization theory for time-varying systems was not studied
because.a canonical realization theory is not available. If one relaxes
the condition of canonicity, it should be possible to relate the i-0
theory of Chapter 6 to a state-space theory, which will exhibit the
time-varying characteristics induced by i-0 functions and vice-versa.

One predicate which was omitted is structural stability. Because
this features very prominently in modern topological dynamics it is im-
portant that this be studied in the near future. It is anticipated that
results in this area will contribute to a theory connecting local to

global system homomorphisms.

Structured homomorphisms [Z1] were not pursued in this investigation.

Since much realistic modeling is performed with coordinatized sets it

124
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would.be desirable to develop a topological theory for such homomorphisms
paralleling the preceding theory. Deeper results ought to be obtainable
because of the much richer structure accompanying these homomorphisms.
Finally, the whole issue of approximate and time-varying homomorphisms
and stochastic systems is wide open. éonvergence criteria should be
established for approximate homomorphisms, and the relation between
deterministic and nondeterministic systems via simplification prgcedures
should be investigated. There are many classical problems in the
approximation theory of systems which would benefit from being viewed
in the perspective of predicate validity. Conyersely, new procedures

may in fact be suggested by this perspective.
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