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INTRODUC TION

The convergence concept pervades most of mathe-
matics. For example, much of analysis is concerned with sequences
of functions converging to a limit function. Under appropriately
strong forms of convergence, the limit function inherits certain
properties the members of the sequence may possess. Similar
questions arise in topology concerning sequences of subsets of a
topological space.

Let X be a compact Hausdorff topological space.
For a sequence (Ai) where each A.1 is a subset of X, let lim sup Ai
denote those x € X with the property that each neighborhood of x
contains points from infinitely many of the Ai‘ Let lim inf Ai
denote those x € X with the property that each neighborhood of x
contains points from all but a finite numoer of the Ai' I
lim sup Ai = lim inf Ai’ the common set A is the limit of the
sequence (A.})_. Since lim sup Ai is always a closed subset of X,
the limit set A is always closed. Also, a sequence of subsets of
X converges to the limit set A if and only if the sequence consisting
of the closures of the members converges to A. For this reason
we consider only sequences whose members are closed subsets.
This definition of convergence was introduced by Zarankiewicz
[16]. It follows easily that, if (Ai) converges to A where each A,
is a closed connected subset of X, then A is a closed connected

subset of X. However, a stronger type of convergence is required

-1-




-2-

to insure the limit set A will be, for example, a simple closed
curve if each Ai is a simple closed curve.

G. T. Whyburn [13] introduced the concept of a
sequence (Ai) of closed subsets of a compact metric space X
converging regularly to a subset A of X. He required that the
sequence (Ai) converge in the above sense and that for each
positive number e there exist a positive number d and an integer
j such that two points of Ai at distance less than d are contained
in a connected subset of Ai with diameter less than e for all i
larger than j. Notice that in the special case where each Ai
equals A, the above definition requires that A be uniformly
locally connected. He showed, among other things, that the
limit set A is always locally connected and that the simple closed
curve property is inherited by the limit set A.

G. T. Whyburn [13], also, introduced the concept
of a sequence (Ai) of closed subsets of a compact metric space X
converging n-regularly to a subset A of X. He used the Vietoris
homology theory in formulating his definition and showed that
O -regular convergence corresponds to the above regular
convergence. Over a period of years several authors investigated
this situation. P. A. White [12] contains a summary of the results
obtained. For example, E. G. Begle [1] obtained the following
extension of the above result concerning simple closed curves:

If a sequence (Ai) of closed orientable classical 2- manifolds
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converges l-regularly to a non-degenerate set A, then A is a closed
orientable classical 2-manifold and A is homeomorphic with all

but a finite number of the Ai' The lack of a topological character-
ization of classical n-manifolds with n larger than 2 has prevented
further progress in this direction. However, using the generalized
manifold introduced by R. L. Wilder [14], E. G. Begle (1]

obtained the following result: If a sequence (Ai) of compact
orientable generalized n-manifolds converges (n-1)-regularly to

a n-dimensional set A, then A is a compact orientable general-
ized n-manifold.

G. S. Young, Jr. (15] investigated n-regulay conver-
gence of a sequence (Ai) of closed subsets of a locally compact
complete metric space X. He extended the above 2-dimensional
result of E. G. Begle to non-closed classical 2- manifolds with
boundary .

P. A. White [10] considered the problem of
extending the regular convergence theory to sequences (Ai) of
closed subsets of a possibly non-metric, compact Hausdorf{f
topological space. However, his definition of regular convergence
differs from the classical definition. He fails to relate his
definition to the classical one because of an error in the proof
of [10, Theorem. 10]. In proving [10, Theorem. 10] he uses
(10, Corollary 7.2] to show that the classical definition implies

the definition introduced earlier in his paper. However, the
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hypothesis of this corollary requires that the sequence converge in
this earlier sense.

E. E. Floyd [5] defined n-regular convergence for a
sequence (Ai) of closed subsets of a possibly non-metric, compact
Hausdorff topological space X. He used the Cech homology theory
with coefficients in a field or compact group and established the
following result: If a sequence (Ai) of closed subsets of a compact
Hausdorff topological space X converges n-regularly to A, then the
n-dimensional éech homology group of Ai is isomorphic with the
n -dimensional éech homology group of A for all but a finite number
of the Ai'

It is our intention to systematize the main results
concerning n-regular convergence using a uniform method and
placing them in the framework of a general, possibly non-metriz-
able, paracompact topological space. In a certain sense, which we
will make precise later, this is a natural setting for the n-regular
convergence theory.

Let X be a paracompact topological space. Let
C(X) denote the family of non-empty closed subsets of X. For a
collection u of open subsets of X, let N(u) denote those elements
of C(X) that have a non-empty intersection with each U € u and are
contained in the union of all Ueu. We give C(X) the topology
generated by sets of the form N(u) where 9_' is a locally finite

collection of open subsets of X. Since X may not be a
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metric space, it is natural to consider nets in C(X) in the sense of
J. L. Kelley [6] rather than sequences in C(X). We say a net (Ai)
in C(X) converges to A if it converges in the above topology. By a
closed covering of X we mean a locally finite collection e of closed
subsets of X such that each point x ¢ X is in the interior of some
Ece. For aclosed subset F of X, we let HY(F) denote the g-
dimensional reduced Cech cohomology group of F with coefficients
in a principal ideal domain L. If e and d are closed coverings of
X, we write g“> e if there exists a function » from d into e with
DC 7D for each D ¢ d and such that the natural homomorphism of
Hq(zrD) into Hq(D) is trivial for all q€n. If e is a closed covering
of X and F is a closed subset of X, we let e ~ F denote the closed
covering of F consisting of elements of the form Er\Fﬂwhere
Eee. A net ‘(Ai) in C(X) converges cohomologically n-regularly
to A if (Ai) converges to A in C(X) and for each closed covering e
of X there exists a closed covering d of X and j from the index set
I for the net such that d~A,™> e~A, for all i larger than j. We
use the abbreviation n-rc converges for this type of convergence.
We indicate a few of the results proven herein. I
(Ai) is a net in C(X) n-rc converging to A, there exists a j € I such
that Hn(Ai) and H"(A) are isomorphic for all i larger than j. If
(Ai) is a net in C(X) (n-1)-rc converging to a non-degenerate set A
and each Ai is a connected compact orientable n-dimensional
generalized manifold over a field, then A is a connected compact

orientable n-dimensional generalized manifold over the field.
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If (Ai) is a net in C(X) (n-1)-rc converging to a non-degenerate
set A, each Ai is a connected n-dimensional generalized manifold
over a field, and each x € A has an open neighborhood W such that

Wr\Ai is orientable for all i € I, then A is a connected n-dimensional

generalized manifold over the field.



CHAPTER I

1.0 We consider convergence of nets in this chapter.
Throughout this paper we let X denote a fixed topological space that
is at least paracompact. If S is a subset of X, we denote the
closure of S by S and the interior by S°. Byanbd. of xeS we

mean a subset N of X with x € NO.

1.1 Definition. A set 1 is a directed set if there is

a reflexive, transitive, binary relation > defined on I with the
additional property that for i, j € I there exists k ¢ I with k> i and
k >j. A netis a function whose domain is a directed set. A net
is in a set Y provided its range is a subset of Y. If I is a directed
set, we denote the net consisting of the pairs (i, yi) by (yi). A net
(yi) in a topological space Y converges to y € Y if for each nbd.

N of y there exists j € I such that y; € N for alli>j.

1.2 Definition. Let C(X) denote the collection of

non-empty closed subsets of X. For a collection u of open subsets
of X, let N(u) denote those elements of C(X) that have a non-empty
intersection with each U € u and are contained in the union of all
Ueu. We give C(X) the tapology generated by sets of the form
N(u) where u is a locally finite collection of open subsets of X.

A net (Ai) in C(X) converges to A means the net converges in this
topology .

1.3 Definition. If (Ai) is a net in C(X) let

lim inf Ai denote the set of all x ¢ X with the property that for each
nbd. N of x there exists j € I such that Air\N;éQ) ifi>j. Let
lim sup Ai denote the set of all x € X with the property that for

-7-
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each nbd. N of x and for each j € I there exists i € I such that
i>j and AinN;é(b. If lim inf A, equals lim sup A,, we write
lim Ai=A where A is the common set. Since lim sup Ai is always

closed, the limit set A is closed.

1.4 Proposition. Let (Ai) be a net in C(X). I (Ai)

converges to A in C(X), then lim A.1=A. If X is compact and
lim AizA, then (Ai) converges to A in C(X).

Proof. Suppose (Ai) converges to A in C(X). Let
x € A and let U be an open nbd. of x. Choose an open subset V of X
such that A € N(u) where u = (U, V). Choose j € I so that
Ai € N(u) for alli>j. Then AimU;éQ) for all i >j so that AClim inf A,.
Let x € lim sup Ai and suppose x £ A. Choose an open nbd U of x
with U ~A=@. Since X-U is a nbd. of A in C(X), there exists
j € I such that A C (X-U") for alli »j. Hence, AimU=0 for all
i >j which contradicts the choice of x. Hence, X € A so that lim sup Ai CA.
Hence, lim Ai=A.

Suppose lim Ai=A and that X is compact. Let
N(u) be a nbd. of A in C(X) and let W denote the union of all U € u.
For each x ¢ X-W, choose an open nbd. Ux of x and jx € I such that
AnU, =0 and A;~U =@ for alli>j . Since X-W is compact, a
finite number of the U_'s cover X-W. Choose j'€ I such that it is
larger than each of the jx's in the corresponding finite set. Since
X is compact, the number of elements in u will be finite. Hence,

we may choose j'' €I such that A;~U#@ for all Ueuand all i>j".



-9-

Choose j € I such that j>j' and j >j''. Then A e N(u) for all i >j.
Hence, (Ai) converges to A in C(X).
Corollary. If X is compact, lim satisfies the axiom.s of
a convergence class for C(X) as given in J. L. Kelley [6].
Example. The following example shows that
lim Ai=A does not imply convergence in C(X) in general. Let X be
the plane and let Ai be the graph of the equation x2 +1 y2= i where
i is a positive integer. Then lim Ai consists of the lines y=1, y=-1
while (Ai) does not converge to these lines in C(X).
L. Vietoris [9] showed. if X is compact, then C(X)
is a compact Hausdorff topological space. E. Michael [7] observed

the following proposition is valid

1.5 Proposition. Let (Ai) be a net in C(X) converging
to A. 1If there exists j € I such that Ai is connected for all i > j, then
A is connected.

Proof. If A is not connected, A = BuwC where B and C
are non-empty open subsets of A with BAC-0 . Choose open subsets
U and V of X with UnA =B, VhNA - C, and UnV =0Q. fu-= (U, V),
there exists j € I such that Ai € N(u) for all i >j. Hence, all but a
finite number of the Ai are not connected which contradicts our

assumptions. Hence, A is connected

1.6 Example. Let X be the plane and let A.1 be the set

of points (x, y) with y=sin(l/x) and (/i) £ x £(1/7) for i a positive integer .
Then (Ai) converges to the set A of points (x, y) with y=sin(l/x) and
0< x £(1/7) together with the points on the line segment between (0, 1)

and (0, -1). Observe that each Ai is locally connected, but A is not

locally connected.
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Remark. The above example shows a stronger form

of convergence is required to insure, for example, that A will be a

simple closed curve if each Ai is a simple closed curve.



CHAPTER II

2.0 Let L be a fixed ring that we assume to be at
least a principal ideal domain. We denote the q-dimensional reduced
éech cohomology group of X with coefficients in L by Hq(x). We
denote the g-dimensional éech cohomology of X with compact supports
and coefficients in L by hq(X). We recall, if U is an open subset of X
with U compact, then hq(U) = HY(X, X-U). If E and D are closed
subsets of X with DCE, there is a hatural homomorphism of Hq(E)
into Hq(D). We denote the image of this homomorphism by IHY(E | D) and
the kernel by KH¥(E | D). If U and V are open subsets of X with VCU,
there is a natural homomorphism of h3(V) into h9(U). We denote the
image of this_t;omomorphism by Th(V | U) and the kernel by Kh(v | U).
2.1 By a closed covering of X, we mean a locally
finite collection e of closed subsets of X such that each x € X is in the
interior of some E e e. If e and d are collections of closed subsets of
X, d refines e and we write d > e if there exists a function 7 from d into
e such that DC7D for each D ed. If d >e and for each D € d every

*
element of d that meets D is contained in 7D, we writed > e. If

d > e and for each D € d, H(7D | D) = 0 for all < n, we write d">e.

i i

i i i
If d >e and for all D? ---, DSed, 37D °~...~#D ® | D

On.. .mDIS) =0
for all q £n, we write g“»g. It follows easily that, if e, d, and c are
collections of closed subsets of X with d >*g and g“>g, then _d_n>>g.,

Remark. If g is a collection of closed subsets of X, we
let Hq(g) denote the q-dimensional reduced cohomology group of the nerve

of e. If e is a closed covering of X, it follows easily from the
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paracompactness of X that there exists an open covering u of X and

a one to one function g of e into u such that g(E) contains E for each

15 i i i
Eeceand gE ) ~gE £ @ifand only if E O~ ~EY# @,
Since X is paracompact, open coverings of this type are cofinal in the
family of open coverings of X. Hence, we may use closed coverings
of X to compute the éech cohomology groups of X. For a closed
covering e of X, there is a natural homomorphism of Hq(g) into
HY(X). We denote the image by IH3(e | X) and the kernel by KHYe | X).
In short, this notation always refers to the natural homomorphism from
the group indicated on the left to the group indicated on the right.

E.E. Floyd [5] proved a homology version of the
following theorem with X compact and the coefficient group L a field
or compact group. Using sheaf theory, E. Dyer [4] proved a
cohomology version with X compact and L a principal ideal domain.
Recently, in a course at the University of Michigan, C. N. Lee used

sheaf theory to prove the following version.

2.2 Theorem. LetE_,, Eg -, E, be closed
subsets of X with EjC Ej_lforj=0, l,.-., n. Lete, beaclosed
covering of Ej for j=-1, 0, ---, nsuch that e r$> - 'n>> o ">> e

Then
1. IHYE_|E)cHYe, |E) for all g <n,
2. KHYe,|EpcKHYej|e) for allq<n+l.

The results of this paper follow for the most part from

applications of this theorem.
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2.3 Definition. X is g-cle if for each x ¢ X and each
closed nbd. E of x there exists a closed nbd. D of x with DCE such

that IHYE | D)=0. If X is locally compact, X is 0-clc if and only if it
is locally connected. If the coefficient domain L is a field, X is g-clc
if and only if X is gq-lc in the sense of R. L. Wilder [14]. X is cle” if

X is q-clc for all g < n.

2.4 Definition. If e is a closed covering of a space X

and A is a closed subset of X, let e~ A denote the closed covering of A

consisting of elements of the form E~A where E ¢ e.

2.5 Definition. A net (Ai) in C(X) converges

cohomologically n-regularly to A if (Ai) converges to A in C(X) and for
each closed covering e of X there exists a closed covering d of X and
j € I such that gr\Ai S enA, for all 1 >j. We use the abbreviation n-rc

convergence for this type of convergence.

2.6 Proposition. Let X be compact and let (Ai) be a

net in C(X) converging to A. Suppose for each x € A and each nbd. E
of x there exists a nbd. D of x with DCTE and j € I such that
IHq(Er\A-l | Dr\A.l) =0 for allq<nand all i »i. Then (A) n-rc

converges to A.

Proof. Let e be a closed covering of X. For x ¢ EO,
E € e, choose Dx and jx with the above properties as stated in the
hypothesis. Since X is compact a finite number of the Dx's cover X.
Let d be such a cover and chocse j such that i> jx for each jX
corcesponding to an element of d. Defining the function 7 from d into
e in the obvious manner, we see that gr\A.1 ns e_ar\Ai for alli>]j.

Remark. If X is a compact metric space and L is a

field, n-rc convergence agrees with n-regular convergence defined in
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terms of the Vietoris homology theory. If X is a compact space and
L is a field, n-rc convergence agrees with the n-regular convergence

. \'4
defined in terms of the Cech homology theory.

2.7 Proposition. Let (Ai) be a net in C(X) n-rc

convergingto A. Ilfeisa closed covering of X, there exists a closed
covering d of X and j € I such that gnAin>> enA, for alli>j.

Proof. Let e be a closed covering of X. Since X is
paracompact, we may choose a closed covering c such that ¢ >* e.
Since (Ai) n-rc converges to A, we may choose a closed covering d and
j € I such that c_ir\Ai n> gr\Ai for all i > j. Hence, from 2.1 we conclude

that C_if'\Ai rB) gr\Ai for alli>j.

Remark. For a regular topological space every open

covering has an open star refinement if and only if the space is
paracompact. We used this in the above proof in choosing ¢ so that
c >* e. In this sense, a paracompact topological space provides a
natural setting for applying 2.2 to the theory of regular convergence.

2.8 Proposi_tion. Let (Ai) be a net in C(X) n-rc

converging to A. 1If e is a closed covering of X, there exists a closed
covering b of X with b >e such that, for each closed covering ¢ of X

with ¢ > b, there exists a closed covering d with d >c and j € I such that

for alli>]

1. IHq(_c_r\Ai | A) = Hq(Ai) for all q<n,

2. KHcrA, | A) CKHY(CA, | dnAy for allqe n+l.
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Proof. Let e be a closed covering of X. Choose
closed coverings e, €,, . . .. e _;, bof Xandj' eI such that
n I n n
bAA, ">>e  MA, > - 2> egNA; V2 enA

for alli>j' by 2.7. Then with A :Ej for each j in 2.2, we have
Hq(Ai)CIHq(k_)r\Ai | Ai) for allgq<nandalli>j'. Hence,

IHq(gr\Ai l Ai) = Hq(Ai) for allq<nand alli>j' since ¢c > b.

Choose closed coverings d, - . gn_l, d of
X and j)'' €1 such that
n n n n_.
dnA; ">  d NAT>> D dA, > CNA,

for alli >j'". Again by 2.2, we have KHq(g\Ai I A.l)';l(Hq(gr\Ai I dnA,)
for all q £n+l and all i >j'"'. Choose j ¢ I such that j>j' and j >j'' to

obtain the proposition.

2.9 Proposition. Let (Ai) be a net in C(X) n-rc
converging to A. Let x € A and let E and D be closed nbds. of x
with DCE®. If e is a closed covering of X, there exists a closed
covering d of X and j € I such that c_lr\(Dr\Ai) N> gr\(Er\Ai) for
all i »j.

Proof. Let e be a closed covering of X. Choose
c a closed covering of X such that ¢ >*e. Choose a closed nbd F of
x such that DCF° and FCE®. Form a new covering c' by replacing
each element C of ¢ that meets E® and X-E by the elements C~E
and C (X- FO) Since (Ai) n-rc converges to A, we may choose

a closed covering d with d >c' and j € I such that

c_ir\Ai n g'r\Ai for alli >j. Hence, c_im(Dr\Ai) 0> g'm(Er\Ai)
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for all i »j. But ¢' >*e so that we have that gn(DnAi) > gf\(Ef\Ai)

for alli>j.

2.10 Proposition. Let (Ai) be a net in C(X) n-rc
converging to A. Let x ¢ A and let E and D be closed nbds. of x
with DCE®. If ¢ is a closed covering of X, there exists a closed

covering d of X with d > e and j € I such that for all i >j

1. IHYEAA, | DmAi)CIHq(gf\(DmAi) | DHA)
for all q ¢n,
2. KHY(en(EnA)) | EnA)CKHY(en(EnA) | d~(DNA))

for all q € n+l.

Proof. Let x ¢ A and let E, D, and e be as stated in

the proposition. Choose closed sets EO, El’ e, En_1 such that
o o . . e ey e o

EOCE , EjCEj-l forj=1, 2, n-2, and DCE__,. Choose

closed coverings ey, €, * * ', €, d of X and j € I such that

AN DAAY "> e AE 1 ~A) > s e A (ENA) > en(E~A)
for all i >j by 2.9. Then from 2.2 we have that for all i >}
IHq(Ef\A.1 | Dr\Ai)CIHq@f\Dr\Ai) | D/\Ai)
for all g £n and
KHYe~E~A)) | EnA)C KHY(en(EnA)) | e |~ (E 1A
for all q <n+l. Since gh(DnAi) >gn_lr\(En_1mAi), it follows that
KHq(gh(EmAi) | EhAi)CKHq(gn(EnAi) | d~(D~AY)

for all i >»j and all q £ n+l.
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2.11 Definition A closed covering e of X is in

i i
general position relative to a closed subset F of X if E °A...~E 9~ FfQ
i i

i i i
implies that (E O)Or\~ -+~ (E q).or'lFaéQ where E 0, -+, E Q are elements

of e.

2.12 Proposition. Let e be a closed covering of a

space X, and let Fl’ IR Fs be closed subsets of X with Fsc- . -C:Fl.

Then there exists a closed covering d of X with d > e and such that d

is in general position relative to Fr forr=1..., s.

Proof. Let e be a closed covering of X. We may
assume the elements of e are well ordered. Let E! denote the first

element in this ordering. For each i,, --- select a point x(in, - -, 1)
0 0

' 1q q

i i
in (E O)or\. ..~(E q)or\(El)or\ Fl if possible. We, also, assume the
point is chosen so that it is contained in the smallest possible Fr'
Since e is locally finite, there will be only a finite number of such

points. Let G! denote the union of the finite number of elements of e

1 1 1

that meet E°. Then E® - G is an open subset of X contained in (El)o.

Since X is normal, we may choose a closed set D1 such that (El-Gl)C(Dl)O,

ch(El)o, and such that (Dl)ocontains the above mentioned finite set of

points. Then (Dl, Ez, E3, --+) is a closed covering of X, and

i i i i
DIAE °~...~E 9~ Fr;éQ for some r implies (DI)OA(E NOn...~E H°A
Fr;é(). A transfinite induction proof based on this construction shows

there exists the desired covering.

2.13 Proposition. Let (Ai) be a net in C(X) con-
verging to A. Let F be a closed subset of X with For\A;éQ), and let
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e be a closed covering of X in general position relative to F~A.
Then there exists j € I such that gr\(FnAi) and e~(F~A) may be

identified for all i >j.

Proof. Let e and F be as in the proposition. Letu

be the collection of open subsets of X consisting of Fo, X-F, and elements

of the form (EX0)°A" * "~ (E'D)° where E6A" * - ~AEMA(FAA)O.

Since (Ai) converges to A, there exists j € I such that Ai € N(u) for

alli>j. But A, € N(u) implies Elon' * "~E~(FAA)#Q if and only

if Eibr\‘ ' 'r\Eiqr\(FmAi);é(D. Hence, we may make the assertion.
Corollary. Let (Ai) be a net in C(X) converging to A.

Let e be a closed covering of X in general position relative to A.

Then there exists j e I such that e~A, and e~A may be identified

for all i >j.

2.14 Definition. If e is a collection of closed subsets
of X and E is a closed subset of X, we let hq(gn(X—E)) denote the
Cech relative group Hq(g, enE).

2.15 Lemma. Let E and D be closed subsets of X

with DCE®. Let e be a closed covering of X. Then there exists a

closed covering d of X such that
Kh%(en(X-E) |(X-E)CKh%(en(X-E) | d~(X-D))

for all q £ n where n is a fixed non-negative integer.

Proof. It is clearly enough to show we can do this for
any fixed q. Let e be a closed covering of X. th(gr\(X-E) | X-E) is
a submodule of a finitely generated L-module. Since L is a principal
ideal domain, Kh%(e~(X-E) | X-E) is finitely generated, say by

), o, Zg- For each z,. choose a closed covering (o of X with
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c,.>e suchthat z e Kh9(e~(X-E) | ¢, ~(X-E)). Choose a closed

covering d of X such thatd>c forr=1""", s. Then

z. € th(gm(X-E) | d~(X-E)) forr =1," * °, s. Since thereis a
natural homomorphism of h?(X-E) into h%(X-D), we have the

assertion.

Proposition. Let (Ai) be a net in C(X) n-rc converging
toA. Letx ¢ A and let E and D be closed nbds. of x with DCE®. If e

is a closed covering of X, there exists a closed covering d of X and

j € I such that

1. Th%A;-E | A;-D)ch®(@~(4,-D) | A;-D)

for all ¢ n and all i >j.

2. Khien(A-E) | Ai-E)Cth(gn(Ai-E) | d~(A;-D))
forallgen+l and alli>j.

Proof. Let x ¢ A and let E, D, and e be as stated in
the proposition. Choose F a closed nbd. of x with DCF° and FCEC.
_Let e' = (E, X- FO)~ Choose a closed covering b with the properties
stated in 2.8 relative to e. Choose ¢ a closed covering of X with
¢ >b, ¢ >*e', and such that ¢ is in general position relative to
A, E~A, and D~A. Choose a closed covering d and j € I with the
properties stated in 2.8 relative to ¢c. Since this holds for any
refinement of d, we may assume that d has the above general position
properties and that d has the properties expressed in 2.10 if we sub-

stitute ¢ for e in the proposition. By the lemma we may also assume

that for a fixed i' with i'> ]

Kh%(cn (A, -E) | A, -E)CKh(en(A;,-E) | dn(A;-D))
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for all g4 n+l. If i >j and q £n+l, we have in the following diagram:

HY (DnAi»i’»hq@n(Ai—D))—f’»Hq(gnAi)

/ ’

7 e
hl(cn (A, -E))-22H —Z&Hl(cnA)
7 7

hq(Ai-E)—&’Hq(Ai)

where the 7’s are natural homomorphisms and the rows are part
of an exact cohomology sequence, that the kernel of o is contained
in the kernel of rr'_ We also have that the kernel of 7, is contained
in the kernel of 77, ‘for a fixed i' with i' > j and all q £ n+l.

Let ”‘lz= 0 for some z ¢h9(cn (Ai—E)).
Then 7, #,z = 0 so that 7/:._./ $.2 = 0. Hence, ¢ f/;,z = 0 and by
exactness there exists w with ¥, w= 7;’2. For the fixed i' mentioned

above, ¢yw = 0. Buty), is independent of i by 2.13 for all i >j.

Hence f&'z = 0 for alli >j and all q £n+l. Since ¢ >e, it follows
q - - q - -
Khi(e~ (A{-E) | A;-E)CKh*(en(A;-E) | 9~ (A{-D))

for all i > j and all q £n+l.

Consider the following diagram:

HY ! d~DrA; )2enT(d (A, - -D)-Herl(dna, )——-’Hq(_r\(DmA ))

7’ y
HlenA)—H(cn(EA)))
V4

r”‘? l 7
HYa,) % CHYEAA,)

v~

y < L

@,

Hq‘l(DnAi)—i*—.hqmi-D) ——"—»Hq(Ai)————»Hq(DmAi)
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where the #'s are natural homomorphisms and the rows are part of
an exact cohomology sequence. We let K7 (17) denote the kernel

(image) of a homomorphism 7. Thenifgq<nandi>j, we have

17 = 17" = HY(A)), K 2K 77, and 1 7" c 17,77 . We show
that I ﬂ,‘”c I 77/'"' . Letxe hq(Ai-E).

If #;x = 0, choose y such that W,y = x. Choose z

suchi that ”;_”Z = ”‘;” y. Then ”./”/W/ Z = W4_ ’7%’”2@\.0,”‘”}1 =’;,@?y = q’x.
If $.x # 0; choose u such that 7, u =¢#,x. Then

3 eeu =63Fu

G; #£x = 0s Hencefgf%u = 0 so that 6,76.'11 = 0. Choose

2
/ » o 17 ”
v such that gv=zu. Then g7V =7%"%u=7"@gXx= #¢ Zx. Hence

"

Py ( Ir,”’v- 77,"x) = 0. Nowdx # 0 implies that a cocycle determining
x is not the coboundary of an element of E~A;. But d >c implies
d >*e' so that 77,""v= 7';”){.

E. E. Floyd [5] proved a homology version of the

following theorem with L a field or compact group. Our proof is a

cohomology version of his argument.

2.16 Theorem. Let (Ai) be a net in C(X) n-rc

converging to A. Then there exists j € I such that Hn(Ai) and
Hn(A) are isomorphic for all i >j.

Proof. Choose a closed covering b of X with the
properties indicated in 2.8. Let c be a closed covering of X in
general position relative to A and such that c >b. Then by 2.8
and 2.12 we may choose a closed covering d of X in general position
relative to A with d > ¢ and j' € I such that IH" (c~A; | A)) = H(A)
and KH™(cnA; | A) = KH" (A, | dnA)) if i>]'. Similarly, we
may choose a closed covering f of X in general position relative to

A with f >d and j'' €I such that KH (dA, | A)) = KH(dHA, | f~A)
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ifi>j"". Choose j el withj>j' and j >j'" and such that the properties

of 2.13 hold for ¢, d, and f. Consider the following diagram:

/
T, 7,
H'(A)=—2H"((~A) = H"'((~A) —=H"(A)

?7/:-// 7Z/

= H'(d~A)
J

77,
’6 " ’

) = H'(cnA)

/

where the 7's are natural homomorphisms and the indicated
equalities hold by 2.13.

Let z € Hn(A). We may assume that d was chosen so
that there exists w e Hn(gnA) with Ire'w = z. Hence, there exists
u € Hn(gr\Ai) with 7z7u = Zw. We may assume { was.chosen sa that
= @'w Hence lz}'}@"w = m'w = /;'u = z. Hence IH"(c~A | A)=H"(A).

Let 7;(1 = 0 for some u ¢ Hn(gr\A). We may assume now
that f is chosen so that 7{:,"1;'{1 = 0. Then 75/;’{1 = 0 so that .#,”u =0.
Hence KH" (c~A | A) = KH"(cnA | dnA),

It follows that for i >j, Hn(Ai) and Hn(A) are each
isomorphic with IH"(c~A | d~A).

The last half of this argument applies for dimension
(n+l), also.

Corollary. Let (Ai) be a net in C(X) n-rc converging
to A. If H™}(A) = 0 for all i, then H™!(A)= 0.

2.17 Theorem. Let (Ai) be a net in C(X) n-rc con-

verging to A. Then A is clc™.
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Proof. Let x ¢ A and let E be a closed nbd. of x.
Choose a closed nbd. F of x with FCE?. Let e = (E, X- F% and
choose a closed covering d of X and j' € I such that d~A, "> enA,
for all i »j. Choose D € d such that x e D°. Then II-Iq(Er\Ai | D~A,)=0
for allq4<nand alli>j. Choose a closed nbd. G of x with GcDP.
We show that IH}(E~A | G~ A) = 0 for all q €n.

Let ¢ be a closed covering of X in general position
relative to E~A, DA, and G~A. If z¢ Hq(EmAi) it may be
represented by an element z(c) ¢ Hi(c ~(E~A)) for such a c. By 2.10
choose a closed covering d of X and j'' €I such that KHq(gr\(Dr\Ai) 4
Dr\Ai)CKHq(gn (DmAi) | c_im(Gr\Ai)) forallgfnandalli>j'". We
may assume d has the above general position properties of c. Choose
jelsuchthatj>j' and j>j'" and such that the property expressed
in 2.13 holds for the relevant nerves. Let % denote the homomor-
phism of Hq(gf\(EhA)) into Hq(c_lm(GmA)), 7. the homomorphism
of Hq(gn(Er\Ai)) into Hq(gr\(Dr\Al)) and 74 the homomorphism of
Hq(gr\(DmAi)) into Hq(c_l r\(GmA,_)) where i > j. Observe that
7, = T Hence, 77}z(g) =7 - 7782(9_) = 0 for all q<n.

Hence, z ¢ KH}(E~A } GAA) for all g £n.

Corollary. Let U be an open subset of X with U™
compact. Let (Ai) be a collection of compact subsets of U such
that each point of U is in an element of some A1 and i >1{' if and
only if A, C A,. If for each x € U™ and each closed nbd. E of x,
there exists a closed nbd. D of x with DCE and j € I such that
IHYEAA, | D~A)) = Ofor all i>jand all q<n, then U™ is clc”.

Remark. E. G. Begle [l1] claimed the homology

version of the above theorem is not true for the Vietoris theory
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with coefficients in a ring with unit element.

2.18 Defin:tion. For X locally compact andx € X, we write

pr(x; X) = k, k a non-negative interger, if for each open nbd. U of x there
exists open nbds. V and W of x with W C V, V" C U, such that for any open
nbd. W' of x with W C W, hr(W' ] V) = hr(W | V) and is a free L-module of

rank k.

2.19 Definition. Let U be an open subset of X. For X

locally compact, we say X has the n-dimensional Poincare duality property
inside U if for each pair of open subsets P and Q with QC PC U,

IH" 4P | Q) is isomorphic with Ih'%(Q | P) for all q <n. For this definition
we assume ordinary cohomology groups are used in dimension 0.

2.20 Theorem. Let X be locally compact and let (Ai) be a

net in C(X) n-rc converging to A. Suppose for each X € A there exists an
open nbd. W of x and j € I such that Ai has the n-dimensional Poincare duality
property inside W~ Ai for alli >j. Then pr(x; A) = 0 for all x € A and all
r<n, and p(x; A)<1 for all x € A.

Proof. Let x ¢ A and choose W and j' € I such that A, has
the n-dimensional Poincare duality property inside W~ Ai for alli>j'.
Let U be an open nbd. of x with U~ compact. Choose open nbds. P and Q
of x withQ CPand P C (W~ U). Choose an open nbd. V of x with V" C Q
and j'' € I such that IF{QA~ A, | V~A) = Ofor all q<n and all i >j'" by the
n-rc convergence.

We show that (VA A | U~A) = 0 for all g <n. Let e bea
closed covering of X in general position relative to A, A-U, A-P, A-Q,
and A-V. Ifze hq(Vr\ A), it may be represented by an element
z(e) € h%e (VA A)) for such an €. By the proposition of 2.15, there exists

a closed covering d of X and j''' € I such that
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Khd(en(PnA) | PHA) cKhd(en(PrA)) | d(UNAY)

for all g<n+l and alli>j""'. We may assume that d has the above
general position properties of e. Choose j € I such that j >j’,
j>j'"", j>j'"", and such that the property expressed in 2.13 holds
for the relevant nerves. Since IHn-q(QhAi | VAA,) = 0 for all
q <n and all i>j, the same is the case for Ihq(VhAi | QNA,) and
hence for (VA | PA). Hence, I3 (en(VAA) | d~(U~AY) = 0
for all q<nand alli >j. Arguing as in 2.17, it follows that
(VA | U~A) = 0 for all g<n. Hence, p’ (x; A) = O for all
x € A and all g<n.

Since IH° QA | VA is isomorphic with L. when
ordinary cohomology groups are used, the above argument yields

p" (x; A)<1 for all x € A.



CHAPTER III

3.0 We consider n-rc convergence of nets in this
chapter where the elements of the net are generalized manifolds.

3.1 If X is locally compact, we write dim LX <n if
and only if h"*l(U) = 0 for each open subset U of X. This gives the
cohomology dimehsion introduced by Cohen [3].

If dim | X <n, then hd(U) = h9(X-U) = 0 for all q £n+l
and U an open subset of X. If dim LX is finite, then dim LX < n if
and only if pF(x; X) = 0 for all x ¢ X and all r Zn+l. A. Borel [2]

contains a proof for this.

3.2 Definition. A generalized n-manifold over L

is a locally compact Hausdorff topological space M such that

1. dim&LM is finite,
2. pf(x; M) =0forall xeMandallr#n,
3. p"(x; M) = 1 for all x ¢ M.

We use the standard abbreviation n-gm for such a topological space.

An orientable n-gm is an n-gm M such that for each
component W of M and U a connected open subset of W with U
compact, the natural homomorphism of hn(U) into hn(W) is an
isomorphism. A locally orientable n-gm is an n-gm M such that
each x e M has an open orientable n-gm for a neighborhood.

Remark. If Fis a proper closed subset of a
connected locally orientable n-gm, then hn(F) =0. IMisa
connected n-gm, hn(F) = 0 for all proper closed subsets of M, and
hn(M) is isomorphic with L, then M is an orientable n-gm. A. Borel

[2] contains proofs for these statements.
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3.3 Proposition. Let X be locally compact with

dim LX finite. Let (Ai) be a net in C(X) n-rc converging to A where

dim I_‘Aiﬁn for each i ¢ I. Then (Ai) q-rc converges to A for any
q and dimLAf.n. -

Proof. Let e be a closed covering of X. Choose a
closed covering f of X such that f >e and each element of f is compact.
Choose a closed covering d of X and j € I such that d~A; "> f~A; for
all i »>j. Letzdenote the function from d into f. Then, by 3.1
Hq(ﬂ'Dr\Ai) = hq(ﬂ‘Dr\Ai) = 0 for any q Z2n+l and any D e d. Hence,
gmAiq>£r\Ai for any q and all i >j. Hence, gﬁAiq> gr\Ai for
any q and all i »j. Hence, (Ai) q-rc converges to A for any q.

Let x € A and let U be an open nbd. of x. Choose
V and open nbd. of x with V. < U. Using the proposition of 2.19,
part 2., we may argue as in 2. 20 to show that Ihq(Vr\A | U~A) =0
for any fixed q with q Zn+l. Hence, pr(x; A) = 0 for all r 2 n+l.

Hence, dim LAsn by 3.1.

3.4 Theorem. Let X be locally compact and let

(Ai) n-rc converge to A where each A.1 is a connected n-gm over

L and dim LX is finite. Suppose for each x € A there exists an open
nbd. W of x and j € I such that Ai has the n-dimensional Poincare
duality property inside Wr\Ai for alli>j. Then A is a connected

n-gm over L.

Proof. By 1.5, 2.20, 3.1, and 3.3, we need only

show that pn(x; A) £0 for all x e A.
Suppose pn(x; A) = O for some x ¢ A. Choose an
open nbd W of x and j' € I such that Ai has the n-dimensional Poincare

duality property inside WmAi for alli >»j'. Let U be an open nbd. of x
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with UC W and U compact. Since pn(x; A) = 0, there exists an open
nbd P of x with P~ Z U such that Ihn(Pf\A | U~A) = 0. By the n-rc
convergence choose an open nbd. V of x with V- Z P and j'" €I such
that Ho(Ur\Ai | Vr\A.l) is isomorphic with L for all i >j'" where
ordinary cohomology groups are used. Since U and V are contained
in W, Th'"(VAA, | UnA) is isomorphic with L for alli>j'". By
part 1. of the proposition in 2.15. we may choose a closed covering
e of X in general position relative to A-U, A-P, and A-V so that
(VA | PrA) < In(en(PmA)) | PrA)) for largei. By the
lemma in 2.15, we may choose a closed covering d of X with the
above general position properties so that

Kh" (e~ (UnA) | UnA) C Kh''(e~(UnA) | d~(UnA)). Hence,
Kh™(en(PAA) | UnA) - Kh'(en(PrA) | dn(UnA)). But
Ihn(_(a_n(Pr\A) | U~A)= 0 by the choice of P. Hence, for large

i W (en(PrA,) | d~(UnA)) = 0. This together with the above
assertion concerning " (\/r\A.1 ! Pr\Ai) contradicts the fact that
Ihn(Vf\Ai | U~A,) # 0 for large 1.

3.5 Theorem. Let X be locally compact with

dim LX finite. Let (Ai) be a net in C(X) (n-1)-rc converging to
A where each A.1 is a connected n-gm over a field L and A is
non-degenerate. Suppose for each x € A there exists an open
nbd. W of x such that WnA, is an orientable n-gm over L for all i eI
Then A is a connected n-gm over L.

Proof. We first show that (Ai) n-rc converges to A.
Let e be a closed covering of X. Choose a closed covering { with
each of its elements compact, f »e, and such that for each F e f with

FOAA = O there exists a W as in the hypothesis with F = w~E° and
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(W~A)-F # O for some E ¢ ¢. Choose a closed covering d of X with
d>fand j' ¢ Isuch that d~A; "> 1nA, foralli>j'. Since (A
converges to A in C(X), there exists j ¢ I with j > j' such that
(WnAi)-D # @ for some W where D°~A # @ provided i » j. Hence,
HY(D~A,) = h"(D~A)) = 0 for all i >j and all D ed. Hence,
dAy S enA, for alli>j.

Since an orientable n-gm over a field has the

n-dimensional Poincare duality property, it follows from 3.4 that

A is a connected n-gm over L.

3.8 Theorem. Let X be compact with dim Lx finite.
Let (Ai) be a net in C(X) (n-1)-rc converging to A where each A, i8
a connected compact orientable n-gm over a field L and A is
non-degenerate. Then A is a connected compact orientable n-gm

over L.

Proof. By 3.5, A is a connected compact n-gm over

L. We show that A is orientable.
Let D be a closed nbd. of somé x e A with A-D # Q.

We show that h?(DAA) = H*(D~A) = 0. Since dim LA = n, this
will follow provided IH"(A | D~A) = 0. Choose E a closed nbd. of x
with D°CE and A-E #0. An element of H"(A) would be determined
by a closed covering e of X in general position relative to EmA and
D~A. Choose a closed covering d of X with these general position
properties such that KH“(gn(EnAi) | E~A)C KHn(gn(EmAi) | 4~ (D~A)))
for large 1 be 2.10. Since A, is orientable, h(E~A)) = HY(E~A)) = 0
for large i. Hence, for large i KHn(gr\(EhAi) | g_ﬁ(Dr\Ai)) =Hn(gr\(EmAi)).
Hence, for large 1 IH (enA | dn(DnA)) = 0. Hence,
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IH"(e~A | d~(D~A)) = 0. Hence, IH'(A | DHA) = 0.

By 2.16, hn(A) - H"(A) is isomorphic with Hn(Ai) = hn(Ai)
for large i. Hence, bn(A) is isomorphic with L. Hence, A is orientable
by the remark in 3.2.

Remark. This theorem generalizes the result of
E. G. Begle [1] mentioned in the introduction. Notice that the require-
ment that A be n-dimensional is not necessary.

P. A. White [10] gives a proof for this theorem with
the assumption that dim LA = n. However, as mentioned in the
introduction, his definition of regular convergence is not proven to

be equivalent with the standard definition.

Example. Let X be the plane and let A.1 denote the

set points (x, y) such that :rc2 + y2

= (1/i) where i ranges over the
positive integers. Then (Ai) 0-rc converges to the point (0, 0).
Hence, the above non-degeneracy assumption is necessary.

3.7 Definition. By an n-gm with boundary B we
mean a locally compact Hausdorff topological space M and a closed

subset B such that

1. Bis an (n-1)-gm,
2. M-B is an n-gm,
3. pr(x; M) = 0, for all xe B and all r.

For convenience, we say that M is a 1. o. n-gm with 1. o. boundary
B, when M is an n-gm with boundary B and M-B and B are locally
orientable.

This definition is given by F. A. Raymond [8] and

the following two propositions proven by him.
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3.8 Proposition. Let Mi be a 1. o. (orientable) n-gm

with 1. o. (orientable) boundary B, fori=1, 2. I M= M,wM, and
er\M2 = B = By, then M is a locally orientable (orientable) n-gm.

3.9 Proposition. Let M be a connected locally

orientable (orientable) n-gm, and let M' be a connected locally
orientable (orientable) (n-1)-gm imbedded as a closed subset of M.
If M-M' is separated, then M-M' is the union of exactly two disjoint
connected open sets each of whose frontiers is M', and onto each of
which M' fits as a l. 0. (orientable) n-gm with 1. o. (orientable)

boundary.

3.10 Proposition. Let (Ai) and (Bi) be nets in

C(X) n-rc converging to A and B respectively. I (Air\Bi) (n-1)-rc
converges to A~ B, then (AiuBi) n-rc converges to AuB.

Proof. Let e be a closed covering of X. Choose a
closed covering il of X and j1 € I such tnat il/\Ai“>§mAi for all
i)jl. Choose a closed covering 12 of X and j2 ¢ I such that
izr\BiT\)ghBi for all 1>, Choose a closed covering { such that
f>f,and f>f,. Choose a closed covering d of X and j € I with
j »J, and j >j, such that d~(A;~B,) "L, f~(A~B,) for all i>].
Let 7denote the map of d into f, and m’the map of f into e. For

any D € d and i > j consider the following diagram:

Hq(En(AiuBi))-i’J{q(EhAi) ® HY(E~B))

6, Vo
_ Vsl
u4 l(Fn(Air\Bi))-in(Fn(AiuBi)f&Hq(FmAi) & HYF~B)
i P l %

Hq-1(Dn(AinBi))—3-Hq(Dn(AiuBi))
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where f = 7D, E = IT’F, the rows are a portion of an exact
Mayer-Vietoris cohomology sequence, and the vertical homomor-
phisms are natural. If q¢nandi >j, the homomorphisms y, and

Y¥> have trivial images. Using this and the exactness of the rows, it
follows that the image of 6,6, is trivial for all q £n and all i >j.
Hence, the map 757 of d into e gives that c_ln[.AiuBi) n. gr\(AiuBi)

for all 1 >j. Hence, (AiuBi) n-rc converges to AvB.

3.11 Theorem. Let X be compact with dim ,LX finite
and let (Ai) be a net in C(X) (n-1)-rc converging to a non-degenerate
set A where each Ai is a connected compact orientable n-gm with
1. 0. boundary B, over a field L. H (Bi) (n-2)-rc converges to a
non-degenerate set B, A is a connected compact orientable n-gm
with connected orientable boundary B over L.

Proof. For each i let Ci denote the double of Ai

formed by attaching two distinct copies of Ai along Bi and let C
denote the double of A. F. A. Raymond [8] shows that in the above
situation each Bi is actually connected and orjentable. Hence, by
3.8 Ci is a connected compact orientable n-gm. By 3.10, (Ci) n-rc
converges to C. Hence, C is a connected compact orientable n-gm.
Similarly, B is a connected compact orientable (n-1)-gm. Since
B separates C, A is a connected compact orientable negm with
connected orientable boundary B by 3.9.

Remark. P. A. White [11}, using the paper referred
to in 3.6, proved this result with the additional assumption that
dim LA = n.

Remark. It is not known whether a n-gm is always
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locally orientable. Should this be the case, 3.5 together with the
above argument would give a similar result for the non-compact case.
Since a separable metric n-gm is a classical manifold

for n< 2, it is locally orientable. Hence, we may state the following

result.

3.12 Theorem. Let X be locally compact and

metrizable with dim; X finite. Let (Ai) be a net in C(X) l-rc
converging to a non-degenerate set A where each Ai is a classical
connected 2- manifold with connected boundary Bi' Suppose for each
X € A there exists an open nbd. W of x such that WﬁAi is a classical
orientable 2- manifold with boundary WA B, foralliel. If (Bi) 0-rc
converges to a non-degenerate set B, then A is a connected

2 -manifold with connected boundary B provided A is separable.
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