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ABSTRACT
QUANTUM CORRELATION FUNCTIONS AND
NEUTRON SCATTERING FROM SIMPLE LIQUIDS
by

Hadj Slimane Cherif

Chairman : Richard K. Osborn

The projection operator technique developed by
Zwanzig and Mori, and extended by Akcasu and Duderstadt for
the study of classical systems is utilized to calculate
quantum mechanically the total and incoherent neutron scat-
tering functions for simple liquids. These scattering func-
tions are calculated in two different ways : the hydrodyna-
mic way, where the density operator is taken to be the
dynamical variable, and the kinetic way, where the classical
phase space density operator, quantized according to Weyl's
rule, is taken to be the dynamical variable in configuration
space, The ﬁrojector used is symmetrized in order to preserve
the detailed balance property of the scattering functions.

The solution of the equation of motion of the time
correlation functions, separated now into a "frequency term"
and a '"memory term', is obtained by modeling the '"damping
term" .The thermal averages contained in these equations are

expanded in a power series in h, valid for non-degenerate



systems at high temperatures. The final form of these equa-
tions reduces exactly to the classical analog derived by
Akcésu and Duderstadt. The neutron scattering function for
a non-degenerate ideal gas is also obtained exactly from
our kinetic equations.
A closed form is given for both the total and incohe-
rent scattering functions, where quantum corrections appear

everywhere. These corrections are estimated to amount to no

more than 10%.
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CHAPTER I
INTRODUCTION

It has long been recognized that thermal neutrons,
with a mass of 1,0086 a.m.u., may have energies comparable
to those characteristic of the various modes of molecular
motions (1 - 100 meV) as well as De Broglie wavelengths of
the order of interatomic spacing (1 - 10 K ). Scattering
experiments of initially thermal monoenergetic neutrons
could provide then considerable information about the dy-
namical structure of the scatterer and may shed some light
on atomic and molecular forces present in the system.

A general theory of neutron scattering from arbitra-
ry systems of scatterers in any form - liquid, gas or solid -
was formulated by Van Hove,1 making use of the Fermi pseudo-

2 and the Born approximation.3 This theory expres-

potential
ses the differential scattering cross section as a four
dimensional Fourier transform S(k,w) of a space-time cor-
relation function G(r,t) and is in essence a generalization
0of the Zernike-Prins static approximation.4 In this appro-
ximation, the differential scattering cross section is
given in terms of the static pair distribution function
g(r).

However the calculation of G(r,t), or equivalently

its space Fourier transform 95(_15,1:) is not always possible

and is indeed tractablec only for scattering systems where



the many-particle Hamiltonian can be replaced by 2a sum of
single particle Hamiltonians as in systems of non-inter-
acting particles -ideal gases- or systems of harmonic
osciliators. The calculation of the Van Hove correlation
function G(r,t) for dilute gases (the interactions being
weak) and for crystals (assumed to be systems of harmonic
oscillators) has indeed yielded good agreement with
experiments,

On the other hand, for dense fluids, and more spe-
cifically for liquids, the interatomic interactions are
rather important, thus complicating the atomic dynamics
and the calculation of G(r,t). The many-body problem cannot
any longer be reduced, except for highly simplistic assump-
tions, to a soluble one-body problem. We are then forced
to tackle the complexities of the many-body problems in
order to obtain a theory for the differential scattering
cross section that could be compared with experiments.

It has been noted that the Van Hove correlation
function has a physical interpretation in the classical
limit, It is the conditional probability that given an atom
at the point r at time t=0, there will be an atom, the same
or another one, at the point r at time t. Also with a clas-
sical calculation of G(r,t), it is possible to avoid most
of the complexities of quantum mechanics, and use can be

made of models and methods of approach devised earlier for



the study of macroscopic and microscopic properties of clas-
sical fluids. But im order to make use of this observation,

a way to retain the quanfum characteristic of the -thermal
average in the correlation function G(r,t) has to be found
and a link between the classical and the quantum calculations
of G(r,t) has to be established. Various semi-empirical pre-

scriptions have been proposed in an attempt to establish
such a relationship.

The first prescription is due to Vineyard,5 and
consists in replacing G(r,t) simply by its classical limit.
This amounts to a development in which the neutron is trea-
ted quantum mechanically and the scatterer classically. This
approach does not treat adequately the recoil effects and
gives a zero average energy loss, beside violating the prin-
ciple of detailed balance, a property that can be derived
from the quantum mechanical nature of the thermal average.

Schofield6 suggested setting G(r,t+iA%h ), where
ﬂzi%?J equal to the classical G.(r,t) and thus improving
somewhat Vineyard's prescription. This recipe is valid to
order i and indeed satisfies the principle of detailed
balance.

Later Singwi and Sjolander7 noted that the replacement
of E‘x(_:q,t):L_= G(r,t)+G*(e,t) by its classical equivalent,
gives the same effects as the Schofield suggestion, Both of

these suggestions were given on intuitive ground. Both of



them fail to yield the correct result for the ideal mono-
atomic gas, and both of them do not satisfy the zeroth
Placzek moment.8 Any attempt to use this prescription is
therefore bound not to give the correct ideal gas limit in
the calculation of the cross section. To improve this pres-
cription, Egelstaff9 and Schofield10 suggested replacing

ta by ta-i'hﬁt in G_{(r,t), and in so doing, giving thke correct
expression for the hF term, but still not yielding the

correct ideal gas limit. Finally, Nelkin11 proposed substi-

tuting for S(&p,€) the classical expression S_(ep,€- %?:),

where Ap is the momentum transfer and € the energy transfer.
Rather than approaching this problem on intuitive

12 tried to

ground, like the above prescriptions, Rosenbaunm
approach it in a deductive fashion in which he replaced the
quantum average in G(r,t) by a phase-space average, over a
Wigner distribution of the Veyl equivalent of the operator
present in the thermal average. This procedure was success-
ful in giving the incoherent scattering function as a power
series in f with a multiplicative factor representing the
detailed balance and the recoil effects. However due to an
essential singularity in G(r,t), the coherent scattering
function could not be obtained. Rosenbaum also found that

the first term in his expression for the incoherent scattering
function was tlhe same as the one proposed empirically by

Be Aot
Singwi and Sjolander (j,,e_ letting S(k,w) =C%e 'tMm 4 (k,uJ))



At any rate, the problem of determining G(r,t) - or
S(k,w) - hinges totally on the ability of developing a tech-
nique to evaluate time cérrelation functions, be it classi-
cally or quantum mechanically. To this end, a variety of
techniques have been already developed, specially in connec-
tion with non-equilibrium statistical mechanics.13_16 Most
procedures used for the calculation of time correlation
functions belong to either one of the following two catego-
ries : the hydrodynamic-like description of the many-body
system, or the kinetic description of the system.

The hydrodynamic description has been used quite
extensively as a phenomenological theory in the study of
correlation functions in continuous media. In its most
elementary form, it makes use of the conventional hydro-
dynamic equations to describe the linear response of the
system, which in turn is related to the correlation func-
tions of interest by means of the fluctuation dissipation
1:heorem.17_18 Following the formalism described by Landau
and Lifschitz,l® Rytov2? applied this technique to calculate
correlation functions, and subsequently Mountain21 used it
to study light scattering from liquids., More recently
Kadanoff and Martin22 have developed an exact generalization
of the hydrodynamic approcach which has bzen applied by

23

Yip et al. for the interpretation of molecular dynamics

calculations as well as neutron scatiering data for 1liquid.



The generalized hydrodynamic approach consists in develoning
equations for the dynamical variables (density, current,
etc...) with frequency and wave-vector dependent transport
i24—25-26

coefficients. Mor derived such equations to study

transport properties of fluids, and very recently Akcasu

and Daniels27

used this approach to compare successfully
their results with the results of molecular dynamics cal-
culations of Rahman?® for classical liquids.

The kinetic description, on the other hand, strives
to derive an approximate kinetic equation for the microsco-
pic phase-space density f(g,p,t), which when multiplied by
f(g,p',o) thermal averaged, Fourier transformed in time and
integrated over momenta would give the scattering function
S(Eﬂu). Such a‘description, developed by Nelkin;29 has been

given theoretical justification for dilute gases30 and has

been used to interpret Brillouin scattering Irom gases.sl'32
However, because the equation used in these studies is a
Vliasov-like equation, all attemps to extend this description

to dense fluid533

and liquids has had limited success,
except for a new approach used very recently by Akcasu and
Duderstadt34 which compared successfully with Rahman's
computer experiment.

To derive either the hydrodynamic or the kinetic

equations, the starting point is the Liouville equation for

the classical dynamical variables, and the Heisenberg



equation of motion for quantum mechanical operators. One
method that has drawn considerable attention lately and
which has had fairly good success in deriving such equa-
tions is the projection operator technique first introduced

by Zwanzig,35 generalized Ly Mori,36 and extended recently

by Akcasu and Duderstadt.34

Mori's approach consists essen-
tially in utilizing projection operators similar to those
of Zwanzig to derive a '"Generalized Langevin equation" for
the time evolution of an arbitrary vector A(r,t) whose
components are dynamical variables depending on the coordi-
nates of the particles in the system. - This is in essence
the hydrodynamic approach. -~ Akcasu and Duderstadt then ex-
tended the use of projection operators to derive "Generalized
Langevin equations'" for the time evolution of dynamical va-
riables B(r,p,t) that depend on the coordinates of the
particles in the system as well as their momenta, thus
yielding the so called kinetic equations. The equations so
derived are then utilized to calculate time correlations that
are in turn related to the scattering function through the
different recipes outlined previously if a classical approach
to the problem is adopted.

It is the purpose of this study to derive both hy-
drodynamic and kinetic equations for time correlation func-
" tions quantum mechanically starting from the Heisenberg

equation of motion and using the projection operator tech-



niques. These equations will contain operators which wiil
be functionals of certain static correlation functions.
These static correlation functions will then be calculated
within certain approximations. This method of attack will
shed light on the guantum effects and their importance in
neutron scattering from liquids.

In a first chapter, the general theory of neutron
scattering from a system of particles will be derived. The
neutron scattering cross section for simple liquids will be
written explicitly in terms of the Van Hove incoherent and
total scattering functions, taking into account the spin
states of the system. The scattering function will be given
in terms of operators amenable to calculation through the
hydrodynamic or the kinetic approach by introducing operators
in phase-space which, when integrated properly over momenta
will give desired result. The properties and the equations
of motion of these operators will be studied in an appendix.
For neutron scattering from systems with interhal degrees of
freedom (rotational, for instance), the second quantization
method will be utilized to obtain the scattering cross
section in terms of time correlation functions of Wigner
density operators,

A second chapter will be devoted to deriving the
quantum hydrodynamic and kinetic equations for arbitrary

operators via the projection operator technique. For the



hydrodynamic case, a symmetrized projector will be used so
as to cast the final equation in a simpler form by using
time-reversibility invariance arguments, while in the kinetic
case, a symmetrized projector will be adequate for retaining
the detailed balance property of the time correlation func-
tion. The final equations so obtained will have a "frequency
term" corresponding to the frequency of oscillation of the
fluctuations and a "damping term" corresponding to the dam-
ping of these oscillations. In certain experiments, just the
"frequency term" is needed for the description of the system.
However for experiments with thermal neutrons, the "damping
term" is necessary for such a complete description.

Since most liquids at normal and high temperatures
are non-degenerate, the purpose of a fourth chapter will
be to show a way of evaluating quantum thermal averages
for non-degenerate systems that will be helpful in cal-
culating static correlation functions of operators of the
form 0(£,,...,gﬂ;‘§‘,..., Pw) where %'s are the position
operators of the particles and ﬁ's their momentum opera-
tors. The quantum thermal average will essentially be
expanded in powers of*{ée?, where a is some characteristic,
potential dependent wave number, In the limit as ¥ goes
to zero, the leading term of this expansion will be just

the classical thermal average.
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In a fifth and sixth chapters, the incoherent and
total scattering functions will be obtained with both the
hydrodynamic and the kinetic approaches. The corrections
to the classical scattering function due to quantum effects
will be displayed and a quantitative comparison will be
made for the case of the incoherent scattering functior.

The different kinds of quantum effects coming from the
static and dynamic terms will be contrasted. In the hydro-
dynamic case, the Markov assumption will be invoked in order
to be able to solve the equation obtained for the scattering
function, while in the kinetic case modeling of the damping
term wili be tried by assuming an exponential decay (wave
vector dependent) of the fluctuations. We shall also de-
monstrate how the detailed balance comes about in the final
expression.

A final chapter will consist of a summary and con-
clusion, with suggestions for further extension of this

approach to the study of quantum mechanical time correlation

functions.



CHAPTER 11
NEUTRON SCATTERING CROSS SECTION

Consider the following experiment where neutrons are
scattered from an arbitrary macroscopic body (though thin
enough so that multiple scattering is negligible) which
can be either in the gas, liquid or solid phase. The inci-
dent neutrons form a monoenergetic beam with momentum hk
and spin state (T >(i.e. they are in the initial state
lbL‘CL) and are scattered into states with momentum #idk
about Kk and spin \Tb(i.e. to the final state \bgt{. ).
At the same time, the scatterers undergo a transition from
an initial state |i3>to a final state |f>> (the spin states
being included in the kets |[{> and \€>), 0

The differential scattering cross section do s

dn deg
defined to be the number of neutrons scattered into an ele-

ment of solid angle dfl about iz léﬂ, having a final energy

2 2
d€¢ about EF:'E_hm per second per atom of the scatterer,

2m
divided by tgf number of incident neutrons of initial
energy eé=%%E? per square centimeter per second. For sim-

plicity consider the case where the incident beam has only

one neutron in it. Then the incident current Jj,. is just

‘:Tn’m. = —‘\7 Yine = E‘%‘: (2.1)
where Vine = 1incident velocity of the neutron
\'4 = the volume of the box enclosing our total
system.

11
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The transition probability per unit time from the initial

states to the final states of the neutron and the scatterers

as defined above is given by the golden rule':37

2
T = 2T |< g H [ng>] 3(Ee-Ep-ge) 22

ne,Ny

where :

H“S = the interaction Hamiltonian of the neutron
with the scaterers.

E, =the initial energy of the scatterers

E? = the final energy of the scatterers

In>= | BeTO|>= the initial state of the total

- system

[negy= e ZH|$>= the final state of the total

system.

The transition rate into dk will be just T multiplied

Ne, N
by the density of final states in dgp :

2
(b)th=2VP;iPcéQ-= volume in phase space (2.3)
f’ R volume of a unit cell

the factor 2 is for the two possible orientations of the

spin of the neutron,

R)dk,= mhk, dE. 40 (2.4)
/OC ) dRy (aﬂ’ﬁ) g oty
The transition rate into dEP is : 5
ns
wi(i—» =2V mhedEeda len | H |n>|e 2-5)
( ) R EEEY \ el M) 7|(
(x) é(E; - E¢ -5-.:-5;')
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The differential scattering cross section is u:(i-»f)dgg
divided by thr total number of scatterers N and the inci-
dent neutron current Jiy., Provided we sum over all final
states of the system and average over all its initial states
since the incident beam is not usually polarized and the
scatterers are in thermal equilibrum rather than in an ini-
tially prepared state. Let ptt and P; represent respectively
the probability of the neutron being in a spin state

(note that Pt; = 4) and the probability for the scatterers
to be in a state \i>. Then

2 . e 2
d o = 7 Z_ L B 2_._._—\, m E"_ . x

(x) g(EL -t - e;__e‘,)

At this point, the initial and final states of the neutron

(2.6)

are taken to be plane waves.

. i kR
h - -—l— (207)
‘—b> V‘/?.. e
;.o br_'g
Ry = = e (2.8)
‘ -P:> -'Kyya *
™)
R being the position vector of the neutron and V7’2 is due
to the box normalization, The differential scattering cross

section reads then :
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e -;(\m.-k}n 2
doo .} 22 ) P mt k € i)
) (2.9)

() 4 (.Eﬁ;_ E.¥ - €; _.€;)

This expression is still general, nevertheless the differen-
tial scattering cross section will be developed for two
cases only : the case of simple liquids (no rotational de-
grees of freedom allowed) taking into account the spin
states of the scattering medium, and the case of molécular
liquids where rotational degrees of freedom are allowed via

the method of second quantization.
2.1 SIMPLE LIQUIDS :

The interaction Hamiltonian between the neutron and
th
the j nucleus of the scattering medium shall be characte-
rized by the Fermi psew:lo-po'cent:i.a138"39 which is given by(*)

ns 2 nN
H - 2ank” 2 oh &(8 - Jgg (2.10)

m 3=

where 24 = the position of the jth nucleus
%} = the scattering length of the jtk nucleus,

The Fermi pseudo-potential, in connection with the Born

(*) Osborn and Yip40 have used a Yukawa potential instead of
the Fermi pseudo-potential to calculate the cross section.

The agreement is much better with experiment for high energy
neutron scattering.
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approximation for neutron scattering has been studied ex-
tensively in the 1literature and the range of its validity
and rigor have been demox;n:rated.‘n"44 The differential
scattering cross section becomes, using the integral repre-

sentation of the delta function

2 itz
a(x)z.élﬂ_ﬁ_ dt e * (2.11)

and the closure relation for the set ‘hcr‘b, assumed to be

complete

z‘,-% \F—CP><{"TP\-—\ (2.12)

depc\_(_). < 2nhN L J_ g &=
<t ‘C._la:'\' C-C E%u,u:) et = }_lxca\o?:,_>
where : € = €. - €;
k = Kei;iir _C,HZE
£y () = € a, & %

H = the Hamiltonian of the scatterers.
In order to sum over all initial spin states of the scatte-
ring medium, the dependence of the scattering length a; on

d

the total angular momentun j of the system has to be consi-
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. +h
dered. If Ja is the spin of the 1 particle then :

to = \ p A I 2,
By 2 =5 (2.14)

depending on whether the neutron spin is parallel (+) or

antiparallel (-), with corresponding scattering lengths

* X
a() and a(.) ap can be expressed as45

(&% _s ,E?(f)
Qg = GD 5) > c > (2.15)
4 9
(€D (_)
where 6? and are proaectlon operators defined by

(") )

Nl“

(-»)
6) \L‘? ..Ji->:0

(2.17)
These two equations are satisfied by the following two

operators :

+) 2
.- 2
6) = J - AL-\:,__'I.L-b 2I-$ +5-i%s Yu_ U 41423:5(2.18)

"z e - T+l T2l
")Li-\/& - Aé"‘lz_ ab

(G ° 2
S .3 _é.-,...u,__:,_?,
Z k.. 2
AC-VZ-A"“'V?_

¥

(2.19)

- IIH

where ¢ I = the scattering particle spin operator
S = the neutron spin operator.

The scattering length becomes :

H) g ¥1 -—-Ci—- + (2.20)
al.‘?-b ai’l‘.’l i
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EAICED ‘(q?- ay’ 1y

= A‘g +ZBX 1-:'9‘§,_

JL) (‘:,?"")j

Ag and 32 are respectively the so called coherent and in-
coherent scattering amplitudes.

Now the trace Z__ <Z'"°f a \'C'> can be evaluated

Tzl “1a = v ’

By noting that :

3
z-;.f <l I '§|t':> = ; Iﬂ‘t‘ 5" =0 (2.21)
¢~ =72 =
and
2 <TA(Te9)(1- ev=Z, <t|t LT+ @2
t""i L-—a

')
o
=
‘o
O’H
+
o}
M
—/\
ng
%
=5
R
5
¥)
R

i
‘—
H

Yo
(1

the differential scattering cross section reads :



2 SO _iteéw W b
depdQ 2T Nk S Y POy
-0
. ) L!g.n,us
AR + BiBp 3;- 0™ |7 ® T,

[Lx HERDICT ‘)]\la

For a scattering system with a spin independent Hamiltonian,

the eigenstate \C>>may be expressed as a product of spatial

and spin eigenstates

le> = \RS|m>> (2.24)
2
When exchange interactions are negligeable (;i__—-<<\with
mhoTdt

L 3

d = interatomic distance), P: can be written as a product :
P = B Bn (2.25)
When the directions of the spins of the different nuclei

are also uncorrelated :

<m| i To\m>=ip(lari) g, (2.26)
Noting that for a system in thermal equilibrium Pk is given
by
S
-BE;

where 6 = h\__‘..
-

Z = the partition function of the scattering system




we obtain :

2 _cte v W E
do - Ry |dt e *“Z_Z?__eﬁ ) (2.28)
dedn 2THN bk a=' £t Z
< 00

Loy then
2 LR A
(x)<K\(AA'Al + By %éSb e Se Ne \ <>

Using the definition of the thermal average of an operator

<O> = n € '_';HO (2.29)

and the fact that
hw= € = E; - Ep = pneutron energy change (2.30)

the expression for the cross section becomes :

2 o _(wtd o Rl n®
do _ Eﬁ&dt € LB € > eun

~00
N N then c R ®
+<3Z=71=.A<'\A"<e ce >

For the case of a monoatomic, monoisotopic system, the
differential scattering cross section is just :

cl"’-c_ _ ke {6?. 5y Cla,sd) + A?-S(\ijﬂ (2.32)

dQdw Nk
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where

twt ¥ ik ke
S(kw)-__ e 32_‘_\<e e P> s

-0

the Jy<e e~ T > (2.34)

) Lwtd ¥ ok (hea (B
LU = __..
é:\ =

S.,(k,w) and S(k,w) are respectively the incoherent and total
scattering functions.

In order to determine the problem completely, the
thermal averages indicated above have to be evaluated. For
simple liquids, where the interparticle potential plays an
important role, the evaluation of the thermal averages is
exceedingly difficult and one has to resort to models., In

any case, there are two ways of attacking the problemn.
2.1.a2a : The hydrodynamic approach @

In this approach, the density operator in configura-

tion space is defined to be :

N
Alad)= I 8(n - nyo) (.39

Its Fourier transform is :

thon

(h t) &c\n e Z.Z(n. n, U’-)) (2.36)
e Lh _é(t)
A"I
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One then proceeds to derive an equation of motion for the
above operator and solve it within certain apoproximations.
The equation of motion of ﬁxg,t) involves the current den-
sity operator Q(E,t) whosé equation of motion in turn in-
volves the pressure density operator'ﬁkg,t), etc... In so
doing, the hydrodynamic equations are generated, and then
truncated somewhere in order to be able to solve for Fﬂk,t).
Note that when F(l_:,t) is multiplied 1:>ylc’>‘(5,o)J Fourier trans-
formed in time and the thermal average is performed, the

total scattering function is obtained.
2.1.b THE KINETIC APPROACH

Instead of dealing with the density operator in con-
figuration spaceIS(E,t), we shall look for an operator de-
pending on new variables (like the momentum p for instance)
which, when the integration over the newly introduced va-
riables is carried out, we get back fg(g,t). Classically,

a single particle density operator46 in phase-space (g,g)

is introduced and defined by
N
c
f(1,p.8=2 3 -2:0)8(r-pd) (237

where gb(t) is the momentum of the i“‘particle. Similarly

a two-particle density operator is defined by

C

NN,
Pa(’l-,e AR ) EE 3(n 249 3@ -RetD) B -2, )2p-ry0) (2.38)



22

where the bar over the summation means i is different than
j. These two operators, when averaged over a proper distri-
bution, have a physical meaning. (The average shall be de-
noted by brackets <->). <:ff(£,g,tx>represents the pro-
bability of finding a particle at point r with momentum p
at time t, and <:f§(£,g,£',g',t2>¢he probability of finding
a particle at point r with momentum p at time t=0 and another
particle at point r' with momentum p' at time t. It is im-
portant to note that when ff(g,g) is integrated over the
momenta we simply get back f%ﬂg,t). ff(g,g,t) has been
utilized quite successfully for the study of plasmas.

To go to the quantum description, f?(g,g) has to be
quantized. Several recipes have been given by many authors

on how to quantize classical operators47. We shall follow

48-49

Weyl's procedure of quantization in which the Fourier

transform of the operator in question is quantized. Star-
ting from equation (2.37) and the Fourier transform of the

delta function

LR-(n - 2a®)

Z(Jl_- - '&c“’)): \ dK €

o |°F (2.39)

cL-(p - pu(®
g(‘::_ ._‘u(.t)): (Z'n)ajdﬂ e (r -7 ) (2.40)
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we obtain

RE’L y B )*"):(E—'

The rules for quantizing r and p are :

nN (A -nu® cd-(p - RelE))
Xow dt e (2.41)

R > R (2.42)
. A - :
B > R=-iR R (2.43)
Then, we define
(k-( -2 v B (p- A
P(’SP@——Z dkdt € > (2.44)
(2 M) ©=

The operators are denoted by a hat and r and p are just
c-numbers representing the laboratory coordinates of the
A A
particles. All of f (r,p,t), r;(t) and p (t) obey the
Heisenberg equation of motion. For two non-commuting opera-
N A
tors A and B, we have the following relation50
A - A A a B
A & ARy TARL ARy AN

e e =& (2.45)

where the brackets denote the commutator of the two opera-

tors. When

[3, é]’ i (2.46)

and & is a c-number, equation {2,45) reduces to
A A A A

A B ArB  ofy

€ e =e¢€ e (2.47)
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The commutator of _ﬁ‘-_ and ﬁ;_ is just

[ 2y ﬁu —l‘—' ¢h ai-c'\ %"‘b T (2.48)

t th
where and‘B mean the &« and f3 components of r ¢ and
X - xR K
8 =€ € e (2.49)

A

bl _clpg®
¢t (2.50)

®..

~ N ‘K. AB) .
fla,pt)= A Z.Sdls ae e

In a very similar manner, starting from equation (2.38),

we define the quantum analog of f (5_,2,_1_"' p',t):

N Ny CE-(A -2
F (h'a?a Ny 19 ?.n)‘?-?: z;_‘ Sdk d d{’ dR'e (x) (2.51)
k(e R () o Bep actip (BB ac Rt
e S Dt e W
- ‘: "Q' A..L' "'C’gl' ’:A
x €

The operators defined above are in configuration
space. McCoy's51 theorem has to be invoked to put these
operators in the second quantization formalism. For any
operator in the coordinate representation which can be

expressed as a sum of single particle operators

(2.52)
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changing to the second quantization representation corres-

ponds to the transformation

N A .
Z F(2) —» £ dx LP+(‘£) FO) wix) (2.53)

[ -]

+
where LP(£)= creation operator of a par- (2.54)

ticle at point r

\p (r)= destruction operator of a (2.55)

particle at point r

Similarly for any operator in the coordinate representation

which has the form

N
%(-"-u--- ) Bw): Z = g(’}c, {'-'éb (2.56)

changing to the second quantization formalism corresponds

to the transformation

N
LZ L q(2e, 2) — %sw: dxdy' WEOW )0, (xy (2.57)
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The application of equations (2.53) and (2.57) to equations
(2.50) and (2.51) gives readily

’3‘5? ayest)= o

ce. b
cp-t oy p
i &a?_e Y LYwla- L) @

0.9 siphd
p- 9 +ip-=
'?Z ("Laﬁg X,eht)= o Jdgo‘g, eL () (2.59)

(%' LR LY (- 1,0 W (2-2:%)

where S.Q stands for second quantization

By defining the following space Fourier transforms

e - ‘f‘.\()&JP_D (2.60)
A _,_\3 (ﬂ.-l\.’) A
B(ke¢ =Scb.t da' € G (ae, 2 e)
we obtain in k - space
A 9 _+LE‘@?-J@£-¢ e | A.x
£k, )= i&c\g e FTET e e (2.61)
- (2[1'5 C=t
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A N NI - R \Qap
'(:9_(\3)?,(25: (;GLZ::?;JA?O\;?' €_P—+ T —(y) (2.62)
Rt _ceeac ik ol odl By
(X)eb— P-i% e M P 3

The properties of a (r,p) are studied in appendix A and it
is shown that :
i) :i'\. (r,p) is hermitian
11)  £Y(,p) = 1, (<k,p)
iii) The equation of motion of £ (k,p) is :

p . _cfk.p) @
:—t- c\(\&.s?-) = - ‘*(:rn—r; 9\(\.@_, 'f-) (2.63)
N N, c._o.r.-w.-h h_"! _6\@ J_\._
i ) e € 53
+ (2“)3 C=' Ao

for a system with a Hamiltonian of the form :
N

s Al
H = 2 B + u (2.64)

v Z2m

where

+h
ﬁ_c = the momentum operator of the i particle

N )

b V(| -'-*s\) (2.65)

\
—a__ e ‘S:\
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iv) The integral of ?‘(E,p) over p is just F(g,t)
which is what we are after.

It would be erroneous to interpret <;?‘(£,p;t2; the
average of g‘(z,gp)over a canonical distribution, as the
probability of finding a particle at point r with mo-
mentum p at time t as in the classical case. This clearly
violates the basic principle of quantum mechanics, the
Heisenberg uncertainty principle which is represented in
the definition of f,(z,p,t) by the factor €. Bt

Finally we shall define the following operator for
the i“'particle :

Bk, 0)r o, (ar o P Het TR ¢
B s

¢ (2.66)

and the following time correlation functions

%(h) E>?'>")= < ﬁ‘(bﬂ’-;‘) g‘?(\}>?5> (2.67)

A

%5( \3:?— Bt = < FL“—":P—:*#) Pz(\'}ﬁ’.’)> (2.68)

where the brackets denote the usual thermal average. Note

A i +h A
that f.(k,p) is just the i term of f‘(g,p) since the sun-
mation over all particles has been deleted., It is also easy

to see that
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oo
cwt
S(b)“’):é—%— dt e dpc\[z'ci:(b)%g,‘g (2.69)
-oe
and
S.(hw)- 1 \dt ot ;
s(lw)s dpdp’ b, (e, 1) (2.70)

Our purpose will be to derive equations for these
two correlation functions and thus obtain the scattering

functions for simple liquids.
2.2 Molecular liquids.

In this section, we shall develop a new approach to
the problem of neutron scattering from molecular liquids(sz)
that will be more amenable to solution using the new power-
ful methods of quantum field theory. To arrive at this end,
we shall consider an aggregate of interacting particles with
internal degrees of freedom (and for simplicity we shall
assume that the atoms of each molecule in the system are
spinless). The interaction potential between the neutron and
the molecules will be assumed of the form :

n N
H 3__ 2__”i?__°_ 2. \/(r_t_._ X;, QA) (2.71)

m 3=
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where
a = the scattering length of the atoms.
.EA = the position vector of the center of mass of
the j“‘molecule
g3.= the orientation in space of the jﬂ‘molecule.
The sum is over all molecules in the systen,
The new approach consists in treating these molecules

in the second quantization. In this formalism, the Hamilto-

nian of the system becomes

"'\ = H‘“ + Hs N (2.72)
+ 20ha X a8 V(x-%,0) ¢'(x,8) 4 (%,0)

where
HN = the kinetic energy of the neutron
Hs = the Hamiltonian of the scattering systen.
The differential scattering cross section reads in the Born

approximation ( c.f. equation (2.,9))
o
2 -l;te/ﬁ 'h-')t .h !
2 -t LR-2
ds- :Z_Z_E a”_ kgl\dee da € A€ ((2.73)
ded ¢ ¢ 204N ke
= o0

(x)jc\)_( d0dxd0’ V(a -x,?)\f(r.»'—z(’, 0) (%

(6 <i|¢(x,8) wx8) F>< F| wiix) ) wix, B>
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Using the definition of the density operator

p(x,8)= ¢, 8) % (x,9) (2.78)
and its space Fourier transform

_J_> XAX & X _)_) (2.75)

as well as the closure relation {equation 2.11), the defi-

nition of the thermal average and the Fourier transform of

the potential

R
V(k 9) de e V(R @), (2.76)

it is straightforward to obtain the following expression :

2

Ijt if N
o de € 7 1dedg’ (k.8
deaQ (RN \qr J V(k,@)\l(-,@) (2.77)

(» < ple, By F*(\@, e o)

where )

3 H}. Rt
P (%, ,9,9'_: e e(h ee * (2.78)

If the Hamiltonian of the system can be written as the sum

of a translational Hamiltonian and a rotational Hamiltonian,

5 Frpns Roet '
H =H + H (2.79)
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*
and if {F#Q(GB] is the complete orthonormal set of eigen-

functions of the rotational Hamiltonian(53)
Rot

H C;’ 6) E C,E,,((e) | (2.80)

then we can expand the operators L‘)(_)_(’Q_) and LP+(¥,@) in term

of these eigenfunctions<53)

(%, ~> Z b, (8) X ney (2.81)
9)= 2 $,(9) X, ()

(2.82)

The density operator becomes then :

P82 E @ (OX DX, () (eam

At this point, we introduce the Wigner density operator in

the second quantization formalism(49)

2eik-3 4

E,d.(x,&t)=_1‘1_3§d%€ X (x-3,0) X (43,9, .80

Note immediately that

P(%.0,9 =2 7 47 () (o) F, (1, ), 2.9

* T &$,(e3 are just the Wigner D (8) functions and ¢ stands

for all three indices (1,m,n). ?except for a normalization
factor.)
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and upon taking its Fourier transform :
.h.x

P(h,@,t):%% 4{(9}%(9} Jeax € E (5K, 2.80)

After substituting this last expression in equation (2,77),

we obtain

oD

e _Let
do . o “:Sdt e "JA@A@' V{4, 0)V'(k,8)0 (2.87)

dedQ 20%N

—-DO

WL #50) g, BLL ¢ (24,.(0)

-t ‘3'05-2" +
(v)Jarsavs'dzf dx’ € <F (60 B (XKD >

With
¢ k-X

Egihﬂﬂzxdx e Foar (% (2.88)

the final expression for the cross section is just
oo

T _L'et'/
do _ oF ke (cu:e “}\@c\g'th,g)v*(\g,@')(@

-—

dedl zntnN K,

(0 2L (O ()L Z, dy () by (O

(2.89)

a
0 Jakaw < B (e L ek =
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The thermal average can be handled now by the methods of
field theory and the intermolecular interactions can be

included in a straightforward manner in the equation of
motion of Fy ,.(k,K,t).



CHAPTER 1II1

CORRELATION FUNCTIONS AND THE PROJECTION

OPERATOR TECHNIQUES

Following the line first developed by Zwanzig, gene-
ralized by Mori, and subsequently extended to dynamical
variables with continuous paranmeters in the classical case
by Akcasu and Duderstadt, we shall use the projector tech-
nique to derive an exact quantum mechanical equation for
time correlation functions, first for dynamical variables
with continuous parameters and second for dynamical varia-
bles with discrete parameters. The final equations so ob-
tained will still be difficult to solve exactly (as difficult
as solving the Heisenberg equation of motion for the operator
directly), and approximations will be required in order to '
make any progress, The projector technique is a tool to
project the information contained in the time-dependent
correlation functions onto static correlation functions,
and hence enabling one to separate mathematically the dif-
ferent terms that correspond to the different phenomena
(oscillatory motion, damping, etc...) that control the time
evolution of the correlation function. All the information
contained in the Heisenberg equation of motion is certainly
not needed; at least for the experiments performed at this
time (and certainly not for neutron scattering). But we hope

to extract most of the information detected by experiments

35
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via the projector technique from the Heisenberg equation of
motion and leave out whatever is unreachable with laboratory
tools.

The starting point, is the following equation for an

° A
arbitrary operator A :

dAwy . £\m, 'i\u:sl 3.1)
dt X

A
The operator A(t) is our dynamical variable that depends on

the coordinates of all particles in the system and that may

depend on other parameters, either discrete or continuous.

3.1 Quantum correlation functions of dynamical variables

with continuous parameters.

A

In this case the operator A(t) depends on a continuous
parameter p (as we shall see later, p will represent the la-
boratory momentum for the study of density correlation func-

tions). Let us define the operator L by :

- = _‘t.[H_,-] (3.2)

The equation of motion for ﬁ(g,t) hecomes :

d Ay = ¢ U AW
It ) L (3.3)

A projection operator will now be defined by the relation®:

* We shall adopt the convention of dropping the time depen-
dence from the operators whenever they are evaluated at
t=0,e.g. A(p) = A(p,0)
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P. - = |dpdp, <- A(P) CF‘(B\,?;)A(?.Q (3.4)

where < Aled B(q_\> =5 < A(\’XB(Q -y (q) Alp)>
(E ) = the hermitian adjoint of A(p)

and the brackets mean the thermal average with respect to
the canonical distribution D= é_ip_"\ .
For P to be a projector, it must satisfy the relation

P - P 3.5)
This is insured by including the function QSRp\,pa) in the
definition of P. Equations (3.4) and (3.5), when combined,

-\
will determine for us 49(9.,Pa) through

[dpe dle ey #'(pip)= 8r-g) @0
where

$lpopd): < M)y e

is the static correlation function,
The projector P is hermitian (as is shown in appendix

B) with respect to the thermal average of any two operators

”»

A and ﬁ, i.e.

At A +
<{PA(9.)1B (?5>+= < A(\%{Pe(p}k > (3.8)
and also commutes with SE°

One more relation will be used in the subsequent derivation,

and it is the hermitian property of L :
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<{L ﬁ(\z)l B+(‘>,-)>+: <ﬁ(93§L%(R')1+2 - (3.9)

A

P operating on A(p,t) will give us the component of ﬁ(g,t)
A

along A(p). Let us call it ﬁ“(g,t) :

Au(?-,‘t) - PA (fl)t):. d?—ld“h,(ﬁ(?ak)ﬁ(@b) C‘S\(F')V’)ﬁ(h‘ 3.10)

=Sdea T (e, pesd) Aley)
where

A A-\- -
Mlrse D-\de <ARDA (% (pee) )

(1-P) operating on ﬁ(g,t) will give us the component of
V) A
A(p,t) perpendicular to A(p) which we shall call £,(p,t) :

A

A_L(()_)i:)—; (-7 &(Pats (3.12)

With the help of equations (3.10) and (3.12), equation

(3.3) can be written as :

&‘_t/’i(‘a)l:): il AL (D) +iLA (6. (3.13)

Operating on both sides of this equation by (1-P) we obtain :

" A
d_A.\.(F.‘)!:) = (- LA (D -\r(\-P)f,\.'Al (e, (3.14)
dt

- (\"P> cb ‘A_l( ?‘J-t> +Sd??. F(P" ?z’t) F(e?')
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where
A P
Flrd)= (1-2)A(ry) (3.15)
ﬁ.(\ga3= L 3(\22) (3.16)
The solution of equation (3.%4) is trivially obtained :
A A A A A
A.L(B>"=)= U A, (e) *'jd“ U (£-v) C‘\’-ar(('-)\’-z>“)"—(‘é2;3.17)
Note that
A A
AL (ed= (1 -PD A(e) =0 (3.18)
because
A A
PA(Y = A(p (3.19)
so that
A t A
AL(P-F>=J<=‘“S°1& Tles e Fleg,t-9) (3.20
where
A vE(1- PYL
Fet)= € F(e) (3.21)

Let us consider the time evolution of (p,p,,t). Differen-

tiating equation (3.10) with respect to time yields

A A
aAu(e,a__Sa_ d Mle,p,t) A
o e d Tle,p (eo) (3.

22)
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Operating on equation (3.130 with P, we get :

iA“(PF) =Jd\?_’z r‘(‘a)\za)t)PL\_ A(?_?) + Pil A.\.(?»*‘) (3.23)

Let us combine now equations (3.22) and (3.23)

jd pe 4 M(e,pet) Aled) =Sd e Mesee ) PiLA(e) @29

+ PeL Al(‘pﬂ*:—)

After multiplying this equation by 5d95<- A.‘.(P;\),CF‘(F-’;, p%
(that is multiply (3.24) by ﬁ+(g3)¢#ﬂ(gs,gq) from the right
thus obtaining one equation, then multiply it by the same
operator from the left yielding an other equation. Add these
two equations, divide by 2,take the thermal average and then

integrate over dp.), we obtain for T(p,py,t)

3_} p(P—: 9‘1)% :Sd‘gz P(P.,?z>t> ﬂ(?l)‘?t) (3.25)

+jd\23 < ipi\' ’A-L(P’b)}N(P"QZ $(pas D)

where

A |
CL(e,, Ru)= SC\P"5 < A(E% A(Es)> c\> (3> P-u) (3.26)

With the help of the hermitian properties of P and L,
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A At A AY
<fP Aol Rz = -< Aed Alen> @

.27)

and equation (3.20), the time evolution of M(p,py,t) is just.

%E rl(\a) P-Mt) :SdE?. (e Res® —O-(Pz,\?ub (3.28)

t
‘j&'xdh C(8s oo ) 3 (Respt 9D

o
where

. " Y
3 (Respusd) 1‘""%4 Flresd Alp) 2 (R pa) €

.29)

Upon taking the Laplace transform of the above equation and

noting that

F(?) Bus °> = a('@ - E'—l) &

we obtain

S r(?a?usg "_Sd?z F‘(\?) \229)11(?13?‘*} @

*jd\?z %(‘23‘2?_,‘5) Eg(?z)\?‘ns') = Z(Y’-'\?B

with P(P)\;H 5> S T(g, pub) dt (3

Let us define the inverse functlon“(p P,,s) through the

relation

jdﬁ pﬁ(?‘) 255 P(F—) Pz>5)'-'g(€.- P—z) 3.

.30)

.31)

.32)

33)
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The equation satisfied by this inverse function is obtained
~_
by multiplying equation (3.31) by U (p,,p,s) and integrating

over p :

v (?-)\?t-,f') =95 g ) —O-(\z.)?‘b ¥ c.f(\)‘)PH 5) (3.34)

Coming back now to the Laplace transform of the equation of
A
motion of A(p,t), from equation (3.13), (3.10) and (3.20)

we have
(3.35)

(P>5> deap(Pa?zﬁ)A(?a d?a ?)\’z) (Pr.s)
+ F\(é)

let us multiply it by'Frkp‘,g,s) and integrate over dp :
s A(P-)‘-’) S"‘? -Q(P.)P)A(?u%) (3.36)
fop E(p, DA = A+ O

Taking the inverse Laplace transform and changing pa—+p,
we can cast the Heisenberg equation of motion for the

operator A in the following form :

< Ae5) -SdPa (e Alre® (3.37)

€ »
+jd.t’Sc\Ez B, gq,t-t) Alp,th) = Fpd.

The equation of motion for the correlation function is
obtained very simply from equation (3.37). Multiply the

. A,
above equation from the right by A (p') :
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d ﬁ(P,t)A(PB jdh Ce,ps) Aleed Ale) (3

dtjclpz Lle,pa,t-t) A(?a )A(")

= Fled N ()
then from the left

+ A A A
2 A AGS - ope alee Bled Alert) @

t
+<_S;d;tigd?acg ( ®, \D-Z)t'tD A+(R’) A(Rz,*—ﬁ = K‘( ‘2')%( ?_)\:)

Add these two equations, divide by 2, take the thermal

average, and remember the definition of the correlation

function ok(p,p’,t):

b (p.2® = L <Al Ked) « N R(p,9> @

and also

+(\-ML

< Fleed A= <§.& G- Al Ay s @

= <{L\. ect(w)Lﬁ(p)l{(\-P) ’ﬁ\\(\i)ga
= O

where use has been made of equation (3.18).

.38)

.39)

.40)

41)
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The final equation we are looking for is then :

(%Cb(“?) ?’,t) —Xd‘é?. ﬂ(R)Eg) dﬁ(‘?:,_,\?'.if) (3.42)
+
igcwjd"’z B(rsres) P(pe, wit- =0

where

P (e evD = < Ale.O R () (3.43)
L2 (e, R2) -:SdQ:5 < A(ﬂ K‘-(p,b?_‘_ dP"(?,,,, ®2) (3.44)

3 (e ‘?”'C)‘J“Ps <F(psd Alpdz ' (pape) ©*¥

A .;t(l-P)L. 2
F(P-_,-c).—. c (1\-0) A(@ (3.46)

The term ‘Sdgén(g,gz)<4>(gz,g',t) is called the "frequency"
term and (at' {ap, ®(p,p,,t') ¢ (p ,p',t-t) is called the
"memory" o;:"damping" term for reasons that will be apparent
later.

So far the equation for the time correlation function
C#Kg,p',t) is exact. Its quantum nature is still preserved
and buried in the evaluation of the thermal averages. To
proceed further, one should find a way of approximating this

function without losing completely its quantum nature, be
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able to calculate the static correlation exactly or appro-
ximatly and perform all the intermediate integrations in-

volved successfully.

3.2 Quantum time correlation functions of dynamical

variables with discrete parameters.

let us now turn our attention to operators that de-
rend on a discrete parameter i and which can be written as

a column with N components

A D

y A

Al = A, ) (3.47)
AL

Each of the components of A(t) is a function of the coordi-
nates of all the particles in the system. The method for
deriving the equation of motion of time correlation func-
tions involving two operators with discrete parameters is
identical with the method of the previous section, where
integrations are simply replaced by summations.

Our projector will then be defined to be :

Pozs cs Az &' A (3.48)

=\
where dpis a matrix defined through the relation

) . @' =1 (3.49)

with A A A Ax Ax A
< A, +:> =1L AW'%“ N ‘bt\”77

(3.50)
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I = the identity matrix (3.51)
. = matrix multiplication (3.52)
A A+

P-< AAZ (3.53)
A

A=1% (t=0) (3.54)
A% s n

A= the adjoint vector operator to A

Upon following all the steps of the calculations of the

previous section, we obtain the following equation for the

matrix :

P )= < Alx) A >

> (3.55)

t
S‘Ed’“) - Q. d:(t) +jdt' Wt-v). p(t)=0 (3.56)

where
L= Mg (3.57)
-Q' = ’@ é‘ y (3.58)
q:’[‘t): clg(.t)- CE-‘ (3.59)
ct(\-POL 2 At
T = {e a-HA LA > (3.60)

Again, this equation is also exact and can be solved
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only within certain approximations. If we take the hermitian
adjoint of equation (3.56) and then let t-s -t, after a

trivial manipulation, we would get

_(_7_'__ &' A (3.61)

et
\f,uh . - (3.62)

and all other definitions are still the same. This is one of
the symmetries of equation (3.56). Therefore we may choose
to do the computations with equations (3.57) -~ (3.60) or
with equations (3.61) - (3.62).

Depending on wether we want to work with the hydro-
dynamic approach or the kinetic approach for the calculation
of the time correlation function we desire, we can use
either equation (3.42) or equation (3.56). At any rate the
projector technique gives us a new way of solving the pro-
blem. However, because of the final form of the equations,
divided into a '"frequency term" and a "memory" term, it is
expected that this approach would be most suitable for the

study of dissipative systems only.



CHAPTER 1V

EVALUATION OF THERMAL AVERAGES FOR

NON-DEGENERATE SYSTEMS,

The success of the application of the theory developed
in the previous chapter for the studies of correlation func-
tions of interacting systems lies partly in the evaluation
of the static thermal averages defined in equation (3.43)
through (3.46). We shall attempt to present in this chapter
a systematic method for determining the thermal averages of
operators 6(2‘,...,iu,ﬁ‘,...,§“) that are functions of the
momentum and position operators of all the particles in the
system.

£L= the position operator of the 1% particle

g;='i“shc= the momentum operator of the 1‘“ particle.
As we shall see, this method will be valid only for non-
degenerate systems at normal and high temperatures. It
excludes immediately any study of liquid helium or even
helium gas at low temperatures.

The thermal average of an operator 0(£;,§3) is defined

to be :

A ~ "~ a ) “'ﬁH A LY -~ A
< Oy pesty>= T € O(X, % Bu-aer) (4.1)
T e PH

418



where H is the Hamiltonian of the system under consideration,

namely
2
H- 7 & v U (4.2)
¢ 2m
with (4.3)
> 2 V(|- 25))
2 © A

and i\Eﬁ{kany complete set of properly symmetrized orthonor-
mal functions since the trace can be evaluated in any such
set. The symmetrization of these functions is such as to

take properly into account the statistics of the system.(54)
For a Bose-Einstein system, such functions must be symmetric,

and for Fermi-Dirac system, they must be antisymmetric, while
for a Boltzmann system no symmetry is required. Let us choose
our eigenvectors {}\§>} to be the set of plane waves repre-

senting free particles. Then for the three different statis-

tics
pN e RieXy
\\5>: Z_(ub T\'e S for Bose-Einstein statistcs (4.4)
P <A
\K>: Z -\)P n é 37 for Fermi-Dirac statistics (4.5)
0 Sl |
\K> = M e for Boltzmann ststistics (4.6)
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where

ZP; means summation over all permutations of the K

among the particles

EA- the wave vector of the jth particle,.

The Bose-Einstein and the Fermi-Dirac statistics both
take into account the quantum degeneracies of the system,
and in the limit of no degeneracy, both of these statistics
reduce to the Boltzmann statistics, Because of the non-
degenerate property of the liquids we shall be studying, we
shall attempt to calculate thermal averages only for non-
degenerate systems,

In the large volume limit, the sum over K can be replaced

by an integral and equation (4.1) becomes

<O(x,, _"lﬂ Pu PN>__S¢‘B"1Xd[“N—_\( —l -t 5%y e ﬁ’H .
Sarsalsreafll e %)e f*“(n °“ A

-.!
(x) O(“’ ’x"a ?-r-)?“ (A‘\ ° A)

with
A ¥l = A%, A%, ... dxy
dipals dpde, - deu

Multiplying numerator and denominator by 4 and letting

p. = bk (4.8)
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we obtain

" -t l:\;. _BH
< O(X., .\xﬂ‘,?\, -‘P'bv :XC\LX|‘1(>\(.‘>‘Q( O(xl; y“"?' ) (4.9)

L e Z(B)
® (-T_‘ e * )
A-\
where 0% o .
L S N ST
L ‘V\ _@H v {‘
1,(5) Jd["u]d[ﬁ’n )e (—\; = ) (4.10)
Both equations (4.9) and (4.10) contain the operator
LE‘;K H L-@é—
i(e- ( ) o (ﬂ e ) (4.11)

which will be studied in the next section,.
4.1 THE OPERATOR I -(“ e )e (ﬂ e )

The method to study this oprator amounts essentially
to deriving a Bloch93 equation for ? and then trying to solve
it by approximations, namely in an expansion in'ﬁ.56*57

Differentiating equation (4.11) with respect to @ ,

we get
A E¥E$ N LE¥X
4dI® (e ) )I(ﬁ) (4.12)
d(& = .5 A"
with the initial condition
? (=0) = 1 . (4.13)

With the help of the Hamiltonian given by (4.2)
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N-C-%L.K‘: A
(e F M) Lo w0 L )

The 6¢'S are operators (133, - -1hY,. ) while the p;'s

(pb = hK, ) are c-numbers, Wlth the classical energy defined

s Z P!— u
by X S ’—‘“)e‘) Cv Tm +|q (4.15)
\ T (B ) el
(-:d_é --E ()-(C.) ?"‘)1(‘6) +|. -2m (v ¥ v)-I(P)
Let
. -AE(x, ) &
I € W(e) (4.16)
Then

A
The operator ¢ can now be expanded in a power series in A :

A A T A
W= +hpd+% W+ (4.18)
The terms in this series satisfy the initial conditions :

N @a(ﬁ»w) = o= Bu(pd =0 (4.19)

The first term in equation (4.18) gives us just the classical

limit of ?, namely

A - | ( PV & 1Y
Ic. = €& ‘% * J?') (4.20)
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Substituting the expansion (4.18) in equation (4.17)
and equating terms of the same order in i on both sides of

this equation, we obtain

A _ﬂu
DS {Z [ ‘_le (4.21)
3{5 - L= - .
IS N T -34
2, (8. eﬁ”{ Z o e’ (4.22)
Bﬁ L=t m

*

etc...
Remember that the operator ? will be operating on functions
of the positions of all N-particles in the system
F(E,,Ez,...,gﬂ). Making use of the properties of differential

operators contained in (4.21), we obtain

A N w
WD, _ a3 e (R) v 2 &Y, 29
0 o SO ) i

wich can be integrated over A to yield
N

w
‘H(ﬁ'}‘ o _@E'Z_ &_-(V U) + bﬁz PeeNy; (4.24)

2 <t m Loeom
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A <
The equation for LV?_(B) can also be rewritten as :

D W - ZN_ _‘r_;\_& [5?_ (SZ!‘.U)?- -pA 6_73\_1) (4.25)

- o N N )
- ﬁz— LZ_‘ ;:, '\"7&\"‘) + @a— ?_—l f_“ E\:“‘:_ (V'.& v’ssu)
2, N N
r36 (24 BGO) Z B
N w
- B E (5T L W)

where the double dots : mean a tensor product, i.e.

R Ry @s;%% = ((‘2“ %) EA"”-‘A“\) (4.26)

The integration overlB gives :

(-
A 4 N
Gy - B (> g ([Tau (4.27)
(s - £ (2 e ))



A A
Equations for W,(A), W, (B),... can be obtained in a very si-

milar manner,

A first and straightforward application of the above
equations is the calculation of the partition function Z%(B)
defined by equation (4.10).

4.1 EXPANSION OF THE PARTITION FUNCTION Zi(&)'

A
To obtain Z%(ﬁ), let the operator I(p) operate on unity
and then integrate over the positions and momenta of all the

particles in the system d‘g_t_h,] d[EN'l :

-ﬁE('!u)?.B A T A
‘Z%( A :jo\[_hlc\‘_g,;l c &\ T SRR o *..} (4.28)
2B +RAD w2, (B
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Note that Qigis Just the classical partition function Z_(g)

Z.( R) = Z( ﬁ):&o\b sie'len) e B (4.29)

so that

T A
Z%(b) = Zc(ﬁ)\l N P LOR ""\"‘<L"?_‘\>c*“‘k (4.30)
where

_@E(&)?)

< QJM"Z "jd[_u;_\c‘[g“'l e —2 (ﬁ) LPM" (4.31)

It follows immediately from equation (4.24) and (4.27) that
A

4.32

Z(P: Z. < 1> =0 (4.32)

A
because (, is an odd function of Pi; while

Z,(p)= Z(p,)<w?_\>=-£_?:__—<(v L\)>¥ (4.33)
Having at hand an expansion in powers of i for the partition

function 2 (ﬁ), we can now turn to the expansion of the

normalized operator II(P) - 3l(ﬁb
.,,((s)

4.3 EXPANSION OF 1‘1((5) = 1B
g(s)

L Hord cKoex,
e e’ (ﬂe 4 *) (4.34)

Since [’[(F,) = 1A _( z 5
%

Z,m)'



we have

Z (& fid = (A

(4.35)

An expansion in i of both sides yields

(zo(h) + HhZ (B +é2‘—z(ﬁ3-\--)(ﬁo((&) w.ﬁ,(,s),,...) (4.36)
= 1A + RTLD +-

Equating terms with the same power in fi, the series expan-

A
sion of II(B) is just :

A A - BEC(x, v
(A= LA - e Freoed (4.37)
ZC(P‘> 2"( ﬁ)
" 2 -BEX  2) A .
IL(p)y = L& | gﬁ > W, (A (4.38)
2Z.(») .
ﬁ (&= fz (B ZAB) ﬁ (A (4.39)
2 L2t 1],
L (B 2.5
ﬁE (EL_} ?‘3 A
= G, (&) +
2.0
N (2
w02 ) < (T0) Z}
2h ¢
étc...

where use has been made of equations (4.33), (4.32) and (4.16),
A N

and where \{, and \V, are given respectively by equations (4.24)

and (4.27), To arrive at equation (4.39) we have used the

following two relations :
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< pX P;>C = % g% bty (4.40)

L AN
where i and j represent the itk and j particle and o« and 3

\ W
the o(t and 3 components of the vector p, and

< (\ZE;UfZ = &

A
The knowledge of the operator IT(A) will help us de-

< Y U> (4.41)

termine the thermal average of any given operator,

4.4 THERMAL AVERAGE OF OPERATORS OF THE FORM

A A A A
o(i‘_.v--°:‘\§u; b, v---aﬁu) - F(’_‘_\ :Eq_’---’g g(é\ a-‘-;ﬁu)

The thermal average of such an operator is just

¢ BUAs

<F(v‘s.,...,%.b%(é.,---,§0>=S°‘[;,.3o\{m3 (HE™ I @

-RH A L <
(X_) e-z'—- F'(E“'"JX'B %( P\J"'J @ﬂ) (l;t e -
(
% ﬁ) ) I:.EA'-.!:‘
The operation of g(g.,...,gN) on the plane waves € % will
give us just a function of the momenta (Pys+--sDy)
%( By Bn) € = e q(Rey 320 (4.43)
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n B pH w o Bit%s
( ¢ w )e F(2-,50) 4B ,v)(“?« *‘ ) (4.44)
| )
£,

-t - %3 - H
= %(\2;,...)\2,‘) (ﬁ e % ) eﬁ €5)
£, (P

N - X
TR F (et

w (e

& (s v T1(A) F Ry 22)

A
Il(p) is given by equation (4.34), (4.37) - (4.39) and

operates on the function F(x,,...,x).

< F(’Z.,---;%u) g( éu--- éﬂ)> = \d{xu] o\{_e“’l %(?—u--- )en)&) (4.45)
- BECx L,v){‘ P0G 4 0, e }(*)

Z R

® Flrox

The first term of this expression correspond to the classical

6o &

thermal average of the function F(x,,...,x) Ge) g(p,,...,D).
A A
Note that from the expressions for W, (p) and &, (p), the above
expression would converge more rapidly as the temperature
increases (@-———- . Equation (4.45) is not really an ex-
Lo T Y
pansion in A only, rather it is an expansion in ‘E{%EL—

where a is some parameter that depends on the thermal average

of the potential and with dimensions of inverse length,
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A similar expansion is not possible for degenerate
systems because of the exchange effects introduced by the
symmetrized wave functions in the thermal average., The ther-

. L B¥e _C Bm¥
mal average would contain factors of the form*€ = €&

et. %J:’:cgglswhich would not cancel each other, and any attempt
to expand such factors would be meaningless because of the
singularity at A=0. That is why the above analysis applies
to non-degenerate systems only,

There is a certain class of operators where the posi-

tion dependence is of the form

~c ko (ag -2

Fla,ty = € (4.46)

which deserves more attention. If such operators were treated
by the method of this section, it is easy to see that a power
series in {§¥;é would be generated; and if hk is to be in-
terpreted as p, the momentum transfer, we would be leaving
out certain quantum effects. To sum such series, we shall

develop another approach for treating these operators.

4.5 THERMAL AVERAGE OF OPERATORS OF THE FORM
—c e (ac-n)
0(?_‘_.!---1_’5“)- e— ag’\(_ﬁn"-')ﬁﬂ)-

# These factors come from the symmetrized plane wave eigen-
vectors \X> and <¥\ when all the different momenta are
permutted among all the particles,
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By definition

éd\_e'('lc- -'3 ( < jc\ 4 ‘.!y‘ _c %‘.’-’.‘.p)(
< A\ R N Lxu) Lew} (9. o (4.47)
o BV ~cle. (a2 m o 8
@ e s c ‘D%(?u J\?> \;‘.E. 0 &)

A

N _C P?'!P ‘ﬁ“ -f!l(’.‘c-ﬂ) N ,C&'z
So‘?u]d‘PN-_\g(Fu 5 ) (‘J'Q 2 )g____ =y ‘\(D._, X

<€ 5(?'»"'>?'~37 vl [en] Q(PyPi)®  (4.48)

N (:Eg_.‘_? _Lb'(a.c-_,}' .‘3. L‘-ﬁ’} j "
® )"—- Dbt en
ER)]
-C‘.?'(!l_c-l_}‘g (ﬁ e:_‘_. ‘\;\\'!N

Mz

CanCaeend) _pn - e a))
L2R2e-0y) -B 4
Since the transformation & e e )

Just shiftsthe momentum operator of the i“‘ particle by-hk
and the momentum operator of the jtk particle by -ihg in H,

we have :

L‘g-(i‘e-’}éB _ﬁ\'\ ...L‘\’_"'({‘.C"I_IAB
e e e (4.43)

N ﬂH(éu"' >P L ? +he,, .)?N)
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. So
3 A CTN AW
<e Q(Esn B> Sdbﬂlc\(_e«] ARy ra) (4.50)

-Lh(‘\ -y LPpr —BH(By oy Bt S it B
o€ 3( ) H{furs bt ot

-L_EL'“
w (0 )
_1,\2 (h'_ _),
‘:jd(—)‘("ld[ e“] %(Q\y'ﬂ?n C 3(:‘D
- H(P\ By - f'\:-t‘h""-ia(’-"\'{‘;‘ﬂ’-',-uew*\"h
(Ka Ez ﬁ d )

Z,(/)

by a similar argument as the one given in equation (4.49),

Note

H( Bt riyeny fo-Bhrpe, § bk opg,a,fy ) (4.51)

Z— (é2+9-9)?- + (éc—’c\\:‘-lr\?%z

P25 2m 2 m
A N
(B +hh+ Ry + W

SE(xg,pd) + bk L. (e -vy)
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whereE(EbEp is the classical expression for the Hamiltonian.

-u \a. ( Ay - J_l_, A R
< 8 b%((’\)"')eﬂ3> = (4.52)
ok (n; - 23
jo\Lxﬂ_XCt\‘_i?u'_\ %(\3\) 3?@ e o
-p2r= gl A3 ’C_;_'\\g -(re - 'y)

® e

»Ee __
Zy(8)

The Bloch equation for the operator

N ? . .
2 e(’ .V - 2 »_‘ Y‘K{‘Y_ )‘1
—ﬁiE(*‘Jet - &‘_ Z—- (v_xe + L—-{‘ =%e v -( - ‘b

:X‘_(ﬁ) 2w L2 -

(4.53)

which incidentally operates en unity, and with the initial

condition

’SC( f.&:O) =\ (4.54)

will now be obtained,
It is :

A z N 2
o X(A_ ) E(x,pi _LZ(Y,( + 2BV, (4.55)
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Let

E(’Sc_,ﬂf "
A (\ + YALD +’cf/\zm§+)(4. 56)

\ =%
X(p)=¢€ N(A)-€
and then repeat the same procedure of section 4.2 to obtain
A n
the Bloch equation satisfied by A (p), Ao(B), etc..., After
making use of the expansion for Z%(ﬁb, and letting f(P)

operate on unity, the final result is :

¢ - PEC, vl (3
XN _ € PEC, v S\\ R A N S e us)ﬂs (4.57)
Eq(8) 2.0

where
A T N
A=z ANz o B ) Be .(V_,e\_\) (4.58)
2 &, m -
(4
L v
& L z_m_é_ V_{. ( -E‘u Y‘AU)
A 23 N 2
Al : N>\ 2+ &) A2 (W) > (4.59)
?."l €=t m
4 Y 2
= - é_.(z_ &_.vu
8 ‘0‘:‘ m ‘z'
3 v N
+ .é__‘Z.RZ E_‘;?_ Y-s-‘-‘#
G >y K=
4 N 2 g N 2
\ u -
vt S @y - 88 ()



D
.5N
S L (T ) S
g N e .YM \rz.(Y,“U- __au)
6m Rz ™ 2
I SO RN C ST ST
em
x 3 - V. \2' V-(u'Y u
v uB - (B - Fei) - ( 21)
etc...

The expansion of the thermal average of the operator
- V_z-(.’!c-&é\ N ~
e g(P.,...,Pq) is now gqppletely determined. Note
- A% Cb%‘—":'("-c- 3

the appearance of the factor © in equation

(4.52),
This method will be used to calculate thermal avera-
-ch.(a, -23)
ges containing the factor & . In appendix C the

function <§§,€:C\g-(éc-%\>,which is the Fourier transform of
the radial pair distribution function)is evaluated,

Now that we have developed a formalism for the eva-
luation of thermal averages for non-degenerate systems at
normal and high temperature, all static correlation functions

can be calculated and quantum corrections to their equivalent

classical expression obtained,



CHAPTER V

THE TOTAL NEUTRON SCATTERING FUNCTION

We have seen that the total neutron scattering func-

tion is given by

_Lb A bb"_}(‘b} 5 1
S(b,w)-.alﬁ w38 e TS e

- 3-‘
00 ik (kong
- |ae ZZ<9_ e >
‘AL €z §o

-0

S(-k,-w) is obtained from the above expression by changing

k to -5 and wto -w:

P iotz2m char _thoa
S(h_w) o laee™ ) ) ce e >  (5.2)
U] | ‘S=|
oo

(the indices i and j have been interchanged). S(k,w) and

S(-k,-w) are related to each other by the detailed balance

factor :

- ‘V.uu
S(k, D). €F

\-7-')“’) (5.3)

66
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so that
o L gmm chon® gl ny
a_"_‘xou:e APIpR _\-%eb e = o (5.4)
LIt oo 2
Z ceary _chaA(ed
1@ e >
= 3] 50w+ 5C¢k,-L
-Bk
-.:?‘J:{\ -\-e.fsukﬁch.:w)
or
SYywm
SC\r_sz)z 2 o 5 (\g.,w) (5.5)
!\ + e
where
sym T kA cleag
57, g (ae R (MY ey
n l.'.l‘3=|

\aory -t RO
+ e,"\@ b e >X

We choose to calculate st“(k,w) instead of calculating di-
rectly S(k,w) in order to have the detailed balance built in
our starting equation instead of having to unravel it at the
end of our calculations. As indicated in chapter 11,
stn(k,w), like S(k,w), can be calculated via the hydrodyna-
mic approach or via the kinetic approach, ‘

From now on, we shall take the large volume limit and



68

consider only the number of particles n contained in a unit
volume of the liquid (neon, argon or any liquid metal) whose

Hamiltonian is given by equation (2.64).
5.1 THE KINETIC APPROACH

Let us define a function<#(k,p,p',t) by

A At
Ct’(-‘-"fv P.)P,Jt)= —‘-.2_< p\C\Q.)"ﬂt) ‘Ot(‘fb?’) (5.7)
+ 8l0ee) Beee0>

A
where f (k,p,t) is given by equation (2.61). It is obvious
that

‘ > ‘wk sSym
éJt—t- db e _&dpd?, bk, e, @)= 5 (\33“’) (5.8)

-0

A
since the integration of f (k,p) over dp yields the density
operator ﬁ(&).

The equation of motion of ¢KE)B,£)t) shall be taken
to be equation (3.42) where the operator ﬁ(g, t) is simply
replaced by f‘(E,Q,t). It is again :

-gi:d’“@) P)P-')t) —Xd\az ‘Q(\gaﬁa ?z) d;'“l") Bes ?-'Jt> (5.9)

¢
+Socht'5c\pz S(, B, poyt) b, ppyt-t)= 0



with

A At
_C).("_'-) B Ba): dF‘b y4 ﬂ(\_{)ﬂ f" (\@) ?’DZ Cb—\(»}_) Pa, ‘22) (5.10)

A :\+
Bk, 0 D=\dp, <« Flep D, (\3)@24;(\@) Pa,pa) (51D

A ét(l-?)L ;\
Flep)= € (-98 (k0 (s.12)
ﬁ ( b_) P) = ‘i‘— ‘;H) rl( »-J'_) ?)'_X (5.13)

and CFiE,B,p') is determined through

S"“P—a $(k,p, Fz) dP"'(‘r.l, PQ)P_'): é(p _?_') (5.14)

In order to proceed any further, the functions and integra-
tions contained in (5.9) have to be evaluated. The function
S(E,g,g',t) has to be approximated since there is no way at
the present time of evaluating it exactly. For that purpose,
we shall assume the time dependence of the "random force"

F(g,g,t) to be of the form :

F(k,p,t) = g(k,t) (1-P) f(kx,p) (5.15)

where g(g,t) is a function that depends on time and on the
wave vector k, but not on the momentum p. This function, in

essence, indicates the way the fluctuations in the system
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are damped; and the correctness of this assumption can be

checked only by comparing our final result with real expe-

riments.
All of our calculations, are based on the evaluation

of the static correlation function :CP(E,B,p')

$lle, p,eD =l R, U0, + U(e,dltep> a6

‘—‘v‘hg _Lhoﬂ' _LQ X

m M Q e.2
35 fatay 50 TR
2(.:: - (2“)

c - - b'g' Lh'& —t ‘g,’- é
(€) e ~F b%' e AT>

L P48
€ Cx iz (2“}‘
LQ 2 L& \3'2 —Lh SL —‘:‘g'ét
we e e e s
With
~ M mom )
$Y-2 + LT (5.17)
() "“éf‘
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Do chl Morchled

2 o @_n)é‘
- 4_)- ét‘ 4 Ji/- ﬁt‘
® <€ c >
. : k. C ’ ’-HL’E‘_‘_Q?’
+-\_i AL LY eLQ‘HL"_ et = F T2 6O
e = (2“)6 ]
-0 ;_0-(?‘5 _e A\
» < € € | >
- a Lo foaihhd
+Zi&;ﬂ.’o\9' e TR e TR (0
L é-" (?.T\)‘
-L \_b('!rc --,_0 -t —__Q. \?’.c _..u!’- \3.3
(¥ < & c c ~

Using the definition of the thermal average

N
Ponr)= 5 & \dtieren 2le- )3(p - B2 -p)t0 19

(¥ ﬁéc Eﬁs) g PM (143\ e %&.ZP)
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+%LZTXC\[‘!AA[P;X 2(e-¢) 2(? -?.i)(%)

n _c Be-¥e - Y m o Be¥e
B0 e (sfa )

24 (A

P NI =

&)

* ZE—'S (390ed 3(e 82 -p)3(p'- %2 -p5)®
m  _c Fe-X AN _tefa-n)/m 1 Re-Xe
(x)ﬂégﬁ'pep e ( R‘D(Eef“‘ )
\E3 Z‘(b) -4}

The first two terms will be calculated by the method of sec-
tion (4.2), while the third term will be calculated by the

—L‘l ('Ll. 'A)
method of section (4.4) because of the factor €

Pl p)=4 ?;;Xd[!alc\[eu] 2@-@&3(?_ e (520

ISE(X') A ‘t\at\ \

“~ N -Lh-' 1Y
+ZZ dlx 4 el a(‘,,,h -9)3(?’ *—“—‘-‘—?Q e a(}()

2 aih :
-AECGeD _p2R phB(popy
(34)6‘«__2> {Hml*f)a*... Xe_ me ™ y
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A A
with W, ,%, given by equations (4.24) and (4.27), and X

L

Tkaby (4.58), (4.59). After performing the integrations over
d{xyx\ d{es) ,we obtain :

P(lsp,p)= 1 m2(p-¢) M(B-"%)X\-h?ﬁzb L B2
2 3

nm

2o 2inm®

2 3 2 1.2 2 4 2
+ BB D (p bk ) +M(pahlt K\ -%B D +""3°(v-*"%")}

0" B M (p - b M (R 5) e

Zm

2. %
| e xp oy, X\ WR Le.fo ke
eo{ T i) m»“(‘*’%ﬁ

where
M(p) = the Maxwell-Boltzman distribution (5.22)
- 3 s B
A /e e' em
- (znm )
> 2 2 V(R)
D - CZ,,<(V.5‘-U)>C_ = “SC‘E —b';-n—r Al ® (5.23)
g(R) = the classical two particle distribu- (5.24)
tion function
i i' < ‘3'(41-&&)>
e
h(k) - 7 &5 < - (5.25)
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Equation (5.21) was obtained from (5.20) by neglecting higher
order terms in #i because they introduce functionals of the
three particle distribution functions, and also because the
terms retained in the expansion are already small compared
to unity. To estimate their magnitude, let us substitute

for p, and p’ their average values, and let us consider the
case of scattering of neutrons (k = 2A° ) from liquid argon

22
at a temperature T=85.5°K and with a density n=2.1x10 cm

2 24 _2
For this liquid <'<.7_5_u_7c._ =45x10 sec¢ , so that :
m

r A
nwe | 013 (5.26)
™w

2.3
KewhD c).saclo’_5 (5.27)
thgthF' B

Neglecting (5.26) would amount to about a 13% error while the
error introduced by neglecting (5.27) is very small. The
next order terms in the expansion come roughly as the squares
6f (5.26) and (5.29) so that the error introduced by trunca-
ting the series at this point is probably less than 3%.

The expression for ¢%5,g,p') can be rewritten as :

2
Pk, \’—)?')=¥&‘—2(\°-—?')r"(a—"-‘?-_"-)&\ -%AD (5.28)

E&nm
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D D z
+ 8 3(e-0) NNH)K -GED , up’ (evey |

4

W BB M(p-BkYM (el _tf.)x. _
2

B ) - el

The inverse function dﬁkg,g,gi) is obtained from

equations (5.14) and (5.28)

2 ¢ 2 ?
Iy M(p_th\ |y _ W60 % B> (y, %
a{ (p 2){ g 4 B ('P e (5.29)
Mipste\fi o 8D ke ored| | d5'(l,p,e)
+M(p+ —i—)\‘ T T @em  Tun z(P* 3} “BE

+ th(»})M(p_-‘\'r%)Xd‘;aM(?a*-k%l_)& v\ -

SER we ) ¢ EE (a4 )

= 8(r -¢)
Like 4-(k,p,p"), 4525,2,2') is expanded as :
\ .,
&' &pp') = K (kpp") + A &l (kp,p)  (5.30)

where each term satisfies the following equations :
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O R CR OIS RCRES .50
e R“—‘“"‘(?-"%)Sc‘ea“\(eﬂ ) P 0¥

= &(p-g)
%%M(""%W *’M(P*%ﬂ Fnlle, 0, 9) (5.32)
o R(b)m(g-%)gdh MCHR L ANNIND

= - n° ROW) M(p- ’.ﬁ_l‘z)&\cnhl*'\(gﬁ &_1":) @

“‘ﬂ‘fa e (p-%2) + 42 ‘@'(?a”%)] wl&:PrF)

and

_ (5.33)
%{M(P" ‘Ez!z'“) + M(P-*)c‘a—‘e)k C\’(‘a)(\[ﬁ P—)?’\ +
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e\(\rz) M(P ’Gsh)&cl\') +x“h) (2)( 15 P2 >?)
=-n R M (p- "\—})Kd\az Mk, + "%-) G

-\
® ‘:5% b'(?—‘ x-‘%‘i) * _Qét:\ b'(\a-?_ * x‘—ag)\c\)( \)( \@J?b?')

2 gnm E‘Qnm

-LXM(R-%)[- ‘in‘_)_ . ’G\BD( x‘\n,)x

2 2 s
-LM(\>.+’%{)\:E_/5_R , ABD (p T-)] ®

Rnm Ehhm

® Cb_(:,)( b, ®> P-')

Neglecting corrections due to equation (5.33), the solution

is

P, p,0) = é(p ) (5.34)
5 M- 2y + M uy)
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_ RCW ) Mcp. - £2) ©
b3 n RO 6,00 -{—“M(p.-\’g%) + M(p+aly)
X : Lk o'tV
R O L L
' |3
_BRR LRG| MR v Rty
wm

TRy & Meta i)

where

EX¢ \33=de Mle- %) M(e + ) (5.35)
PG+ iee )

We can proceed now to calculate the '"frequency term" and
the "memory term". To evaluatef{2(k,p,p,) we need
A A
<f,(k,p) 1, (k,p ) >

; AL -~ A
< f0 ) 6 () o < [u, 6l p) © 00,0 (5.36)

AL
P A

< B Cu,0) (1,800, eﬂ>}
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From the equation of motion of f (k,p) :

; AL ] .
< Ty Be,ed> = -0 h&f“ XRD (5.37)

£« Xu,ﬁ(\@,m] ey + 81 ) (8.6 (k3] >

+
(4

-t 2B $(hk,p,p)

. n Q,‘Q ?,“-_th »3-'2."11
+J2:-;—.-Z- Xé.g__e <e {V('&(_-’.‘(‘B-

_g.;\h‘ ‘1. i .l.‘p
? e ey
o’ S_e >
(zr\)'5 =1

P _ckh kR ol
i_gd("e"'e e <eb et R

Let us separate the term i=j and i¥j :
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<800, £ (w0 '
2y le )y > = _u(\'i'_?_
+ )‘H‘-‘s PR (3.38)

. m ~ m ~Q. L K g
PRI I 25 3 PO L
2 4 (n)S = B¢ %c&dgdg € : 6

® ec{?’-e' -l \3-!'< e_c\g-(s.'-ga)

{V(".-c*'}h) _V(ﬁg_&!-{t‘;}(‘)
-t 'g' é\' LJ’ 5.
G € e - -~
M ~

¥l 3 ) | loachul cRpochlel

2 Ro(emt LZ thq.‘%cxc\ed‘q € ©e ¢ (®
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After evaluating the thermal averages according to the pre-
scription of section (4.3) and keeping only the term that

does not intoduce the three particle distribution function,

we obtain :

A A
< PCh,p P,*c \3_,‘252 - _C ("_-%\E)c\)(\g) {3)@ (5.38)

. 2
: %\z{ M(e-’%)[‘]e - £—<e-ﬁ%‘>-‘2'%
=M

(e~ %\‘_V: - &(er L%)'V% é(e-¥)

+ L B(p-hk) M(p-%k) M (g + x_&;) n BCW)
o 2 z

The frequency function, with the help of relation (5.14)

is then :

(e, p, E?_X: e Q—Z_"_\E_) (e - ) (5.38)

Rt maap)(s - Aoyl
EWARTN gm%}dﬁw,e,ea

L \Z—-(k‘:\' E‘Zk) M(p__‘\:_.a_\‘;‘) vfﬁf.‘g)&dpsmﬁ’.g,*%) 45‘(L-") ?3}?&)
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which yields :

(e ey = - (28) 3e-d) (5.39)

L&D w2 W\,
4+ L " %M(P.- T)K_?p - %(?»%—BYJX

-M(ep - "%’iﬂv: - L (e %5’9%]45'(‘3,9&3

+ \3‘(8-{\2\%3 M(P’ “x‘l) \\et‘f.‘) { -
m 2\ 4 nR(DG((W

Ve B WE.(%)

~[nBWDEWD \(kp Lh Xo
(\ An DG Il 2w (h*—f) B %.m

%p b.\s‘c»_z)> M(p.+22)
2wm G, ( W) '
e )« o)

where

)
50 - fap MUE A M58 (e -5

(5.49)
M e-BED + (s )]




83

Under assumption (5.15), we need the function
3 3t
<{(1-P) f(E,g)} f (5,2.5)>+ for the evaluation of the

""damping'" term,

<D FE] Flaey >, | (5.4

= - %.?‘ < [L\) 'ﬁ(\?)ﬂ)]‘.u) %‘*‘(‘3'.)?-.)] >+
+ z‘\—i gdp, d‘?z < Y_U,EU’.{,P)-} e:+( &'-_,?BZ Cbl(‘-z)?u?z ()

(o < f‘\(h)‘g.,)[u) E""'( \@)‘?:)17*_

where we have used the fact that
A
(1-P) £, (k,p) = O (5.42)

The calculation proceeds as before, The first term is

A A
< ‘_L\, V.(\e,eﬂ[u €+(\,. p.)]> (5.43)
-2 cikf chad, . _teyw
| 2 - -t 22 A
- Z (zn)‘ ?.—- /SZ; dt e <& [' € ](*)
L2 e > & ¢t t'.'-ci_:\_z.{ ¢ h. A,
(% \}( A, - f}p)e- - .‘Zﬂ %Agdg e 9? 2 e L Jv.'3 o

_uoLy _c 8%
@ -€ ]V( Ay -Aa) © = +



(1")(8-‘\'2'(5".&'SB R (T %\ € ’"‘Jé‘f RViy;- n¢)é‘~\’-.§>
~ ~m o

~ X . o X
L 83 3L (aneetre i ten

e K1AA YR
(D<€ A e "‘l\l( Ay -4.@&\_1- e ’lm

-C:'l’. A" ._‘,'-0. l\‘:
) € ® V(’&c-’.‘ﬁ)ﬁ = B ~
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To first order, the result is :

[u PCh)p]\U e\ ,P]>
= & <3 @y, u)>&mqp-uﬂv?

(5.44)

- g(p-th,;-ypl * Mem_;-t)\vea - £ (?*)‘%)'YP]I &le-e)

Re =2y
5 € () (a2 Vo Me- )

v- [4 tk’
W Y MCpr+ £2).

all the other terms introduce higher order particle distri-
bution functions. This expression can be rewritten by noting
the following relations :

2 <Qu P s 2u (5.45)
&< 0 ( Xd\"x“:\ _ 227
O c I
> u
= L 2 Xd[“"] e P ~u
ﬁ ] 'Zc_ 3’14}’\-\

H
|,
O
oN
R
of
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where ® and ¥ stands for the components of the vector r;

and

dU (k) < E_ 2 -|.\2 (.'lg -ltsB }U -Bu > (5.46)
s ‘\*" DJ\‘:_‘ Dl\ EYNAS

-y
= - Aix et k- (2= 3y U 1. @€
% 5 Jear o 4 s

i ~M -.BL‘
2 2. \dk € (-t“ ety

X
SOLEIRET 2.8 )43)

1"
’.—
A
o™
PA
(]
c

"
O

with

M M
° _ 1 e 2 e’ 2t U
Cohf( \’}) - < tse z o mhwz
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(5.44) becomes :

< \u, f’,(vg,p)] ‘_u, 6.C b,p.')]>+ (5.47)
= "’-%)i M(p - B2 &Y: - %(a-"%)-vp‘l

+ M(e_&-%)‘_?é - —f—“(g*"\_;’%}gq‘& Cp-2)

S Ve M(p-ER). DUW). Ve M(p'r 42

Let us turn our attention to the other term now,.

jd‘?"*‘?t < LR €, 222, 45k, e Tl ), o 374
= \dp, %2 (e-P) My nby (AR
‘& e m ®-%) L 4+ wRGL R 5

|3
0 My +2R) WEBOW hqpuhl) 1
2 ‘.M( ei't-%) +M(pz A L_:.l_)} m

(e +%) M(?z"%)

= - W RO les(e- BB gy nky( n RIDEM \oy
m L 4 acB0W) G

(# w ™M ( 9.’+'\=.~_E)
m 2
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where we have dropped terms of order h , Combining (5.48)

and (5.47),we get :

<g6\-P) f'(‘@)ﬂl £ (%, ) (5.49)

S ‘
-“Z—EiM(B-h—;){VV _%(v_k_?}z).?;x
+ Mg+ ";i‘%)‘_v: - %(p-\- ";—'g)y?l’k 8(?—’@)

+ M(p_ ‘\;h) (P th) \ﬂ CCh) 4 ke LR ‘l.

mE s MBI G(

o« (pfahl) Mg sk

Finally the expression for the damping term is :

%f( 2,05 2,0 y (550
= (k) \dey < Flb,pd il ez 45k, pypy)
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= %C \@,t)jo\pa -2 XM(‘; Lh) %("-‘Uz!)'g')

+M(‘z+‘!%i>(Y; - %(?. * %)'YP)‘\Z(?.— |

e
MCp- K0\ (- B[ B2 COpy 4 B2 W D .
' _"B(ﬁ a) \%’" D M2 14 RIBG, )

-(\'-s”:al!) M(pa + &T‘s) - B( ¢ - Po)

[M(h_ Wiy 4 M(p t.hﬂ

| _Rew M(gpa,- &;)  w®
V4 mRODGE | [ M(py-Y) + Mlps 48]

- M}\r} n RO G (W) |_ MR D)
o EMee- w2y s )

After performing the integration, we obtain :
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)&M(P —“){V é(v "-’“ v_l(s °1)

(:?(\3>") ?23"‘) (

e[ - Lo -)]} Ele- e
2 (M- g) + Mieaa )

m’- PR ALY

(po + &) _2F2 * 5
T[Mlee-22) + Mrr )|

+ath )( M (p- —)& ‘@'("" z v"l

x‘h va _é_ _-\-Eg 'Y hﬁ(\}) (*)
+M(pa -i.)\_-p = (e 7_3 ;\k(” a 2L WG 1)

Y/,
o tle-* > V- L (- B2) + B8 b 4E)
LN m m
a[M(p.- k—:_.‘) *M(p_n'-_;&ﬂ

1™
_ a¥k, ecme.c\_o] Mgyt hg2)
Tm
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_ \a w W) M(p - '\ C(\
a () (\Mm)e\ug (p-25)(p- 3& .

e [ G0W - _E_E\-\@
wmE |4 m BIDG LW 2w

4 \52(\&3(\ + ’E_é_ (g, + % 6*"»&“9‘(1336‘(\,)) (%

+

FUM (R - BEY + M(po s kb))

where

".‘("—*3?30\?- Mp-BE) M(p + %2 (Rav(e-2E)  (5.52)
] 1 Mee-58) + M(pniy]

and

K (ny=\dp Mlv- LRV M(p + 52 Fﬂ.%\ (5.53)
) ‘[M(v-“‘)ar“(w‘“)]

The last integrations will be carried out to obtain the
equation of motion and the time correlation function

$(k,p,p',t). It is just a lot of algebra., The final result
is :
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gj; 4)(\9)?)(’-’)% + L (E;“E) C\’(\})?) ) (5.54)

_oe(e-%Y) M(?_@){nﬁm dp.y V&
™ 2 \Mem&.m

+ [ nRODG, (1) Bl ARG + 2@ 2-KOD) | (x)
L mRODGW | 2™ 2w G,(W)

(¥) M(B?_-Q- L—}‘) Cb(‘.’_‘_) ?z) 'P'_,t)

e

v o 2le-th) M - )0 B “ 58 Gk |dp, @
™ A ARG ) 2m

nh
(% (e iy _Mlp2 + 52 b, £s, g5
3 Mo e ""(Rz.*%)]

- (5D 2
- (B2 {M“""“—‘éﬂ‘?p - £(e-rp) e

z (h,e,0,5)
_Mesany| v &,»fg_h..yp]d»»n
(P* 2\ p ¥ ™ (P z) %[M(e-"‘*‘.—,‘)-\v\\(‘u"-‘_‘éﬂ
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£ \MCee ) e )|

13

Neglecting the terms containing PRP(rBMD N\ 4" &'\ because
N \i3nQW) | mt

they are small as compared to other terms (for liquid argon

at k=2A°" this term is equal to 7x10” ), as well as the

last term because it is of highest order in #i, and taking

the Laplace transform in time, we obtain :
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(\Q P) Cb( ke, phe)

(5.55)
_i (e

-5 M(p- nhX“em G, (WY
m 2 A VA ARG, LYY

(“)&d‘qz ! Mles &ﬂ‘%\ CP( >¥2 '?':t)
E‘ ‘_M( ?1"&3 & “(214 k,,l})]

- (5“53\”‘“’-"“—2‘*)\?3 - & (e-%)

- Mins ¥ )[v - B (p+¥0)7, plh,p e
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~ §Cw )( {M(p &\&)‘. ﬁ(p—h“\V}

+ Mleskb)|y) - %(m%}-v\,]} $lh, v, 758D
4{Me-thy am(paiiy)
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where

2
C,(w)= v 4+ (nBRIDGW \(gh Vo, By Gy 41 K5 56)
vy wRODHGEY) 2w tm G (4

and ¢(k,p,p}0) is given by equation (5.21).

It is the solution of this equation that will give
us the total neutron scattering function., But let us look
first at two limiting cases : the ideal gas limit and the
classical limit,.

5.1 a : THE IDEAL GAS LIMIT

Upon letting the potential go to zero in equation

(5.55), we obtain

sl p,pd) +¢ Qﬁ:‘i—)%(b,e,f:,s) (5.57)
w

= % 3 (p- pa)\.M(P__&_zb_) » M(g»f’%)“\

Let us solve this equation for the scattering function, The

integration over dp' is easily carried out

~ h
Flu, g,y o n LR+ Mler i)

(5.58)
¢ S 4 hnep
™
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Let S« -iw +£ and integrate over dp :

sym \ W
S (w,wy= Re Qi n e Y."("—‘t‘—ﬂ*n("-*"’"iﬂ (5.59)
(2\1) €0 L _«lW 40 \'_1:“2- + €
L}

If we choose k to be along the z-axis we can integrate over

dp, and dp% :

57 kW)= Re R, L_ 1 |\dp [M‘\“*&S *M(P*h-%ﬂ(iﬁ)(s.sm

€-m0 2N T

W _ p gCE
1<}

Using the relation

U, P Lind(w-w)

€E—0 Ww._w' $re w - w!

and taking the real part.
SYw

5 (\s,w): %(?_&sz{_zv(mf-t%>+¥'\(m¢_f+%ﬂ (5.61)
n

From equation (5.5), we obtain the scattering function



S(\r_z_)w> = \_?—-___m 5 (h,w\ (5.62)
+ €
Vg Kh
B M(mw_ RHa
- v\; ( :An) ( V2 ?‘)

which is the correct result for neutron scattering from non-
degenerate perfect gases.
5.1.b : THE CLASSICAL LIMIT

The classical limit is obtained by letting B go to

zero everywhere in equation (5.55), The result is :
~ . (s
S d>(‘@-) 2,053 + v ("?TR) b \'-‘3 2,90 5) (5.63)

. (. M n R W YW !
-4 - ( > e . d ) (.. 7 -1
Km) e) (\w?\m)& Re (Y, pyphs)

- A2y M (% - £ A ci':c;:x\,(;a',s

+ M) &0k, p.| 87§ ‘&‘3( RED N {de, @ d(hp0,1
P)% ) F [m‘ n * m? lh+ w Riw) Fe P P21f$)

= n3(p-p) M(p) 4+ w RIW M(py M(p)

/
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This equation can be rewritten as :

s (e g ) + U Q‘ ") & (e, 0,059) (5.64)
-t ".lL n R M(E)Xd > 1 \3)_2 )
K\““\)(ngnﬁ(h;§ ‘%'CF( P> © )

- gcb,g(ﬁ% [ % + BYy }&3 > B R59)

T
. {6" cow , kY (nvid |
+ J) M(e) e &_m" n | mE \vant(n

. So\p.z_ Rz ‘?’( LI3NE -2 1N 5)

= m 3(p-8) M(p) 4w ROD M) M(ed

It is identical to the equation obtained classically by
Aksacu and Duderstadt except for minor differences due to

the fact that they used as their dynamical variables

" o (R W () .
ftle,e9= 2 © 3(p-ee®)- < fite, o)  (5:65)

C (e > e ﬂcmat\q-?.c(t)) - n3(e)M(p)

C=n
while we have used essentially the quantum analogue of :

> ~ch2 (e
£ (b,p: 2 € 3(p-Rl®) (5.66)

L=y

The solution of the classical equation along with the model

— Wt
¢ ity - € (5.67)

/
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wherecx(g) is obtained by requiring the scattering function
to have the proper form for small and large k, gave good
agreement with Rahman!s computer experiment. This suggests
that the information extracted through equation (5.64) is

adequate and compare well with the exact solution of the

Liouville equation,

5.1.c : QUANTUM CORRECTIONS TO THE CLASSICAL
EQUATION,

Returning to equation (5.55), we see that quantum
corrections appear mostly as a displagement~of the momentum

Lh

A

p by +Q%'or 4%? and as a factor e ™ | It is almost im-
possible to solve this equation exactly for the scattering
function. However we shall make the following approximations

in order to have an equation that we can solve.

M(e + &k o)
(5.68)
F{mee-5) + ety
and
: [2 % ;__ OR ___\__. (5 69)
Z{M (e -8E) + Mleal) Mg &Y M(er by )

With these approximations, equation (5.55) becomes after

integrating over dp'
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: E gt’(\@) ?)53 * L Cg—g' C’t;(\'z-)“g,s.)
™ (5.70)

W (

©
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- 52) [ B0 6o (W M(p-W)|ape 3%, pesd)
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g9 (%)\v: ¥ %vp-ex ECe,p9)

+ Q(h,d M(\a—"%> (e -*—*-?‘:—'){“é_'; C (%)
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W kb n B 40 E_‘:_ 123 G.(\_z)(n?\(b\ - ‘»\ _
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‘Xd?-a (we + %B & (h,pes9)
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Let us take k to be along the z-axis and integrate over dp,
dp7 and let p stand for p,o

After taking the Fourier trans-
form in momentum space:

?( ‘%f,s)—- Sdp o MP A

(5.71
Cb(b‘.)PJs) )
and 1etting/4:Jjé1u ywe get
C
N
d X(h,u,9) 4 3+ Ay vu Y (%,u,9) (5.72)
du I a2 "
uy . ulpw \{‘)"l T AGE
=) € e_"'—?.( w ) oye " S
('D/m n) 4 (w,q) (\( +u)

+?_nR(\a.)(l -

vy, cufpuw
_{wy € te 2 m

\~ R(H u |8 o\\((h,u.ﬁj
(D[\Mn) %{h,..) (e J:‘ ( du )u.:o

+ (a hL;h) 4 L &_z\r_» Rcss)\re’u \{(\'1,0,5))3

K= & "b(-h N 2 2= Ds ~ (5.73

% 2. g(h,5) .73)

R(sdz ™ a(l A" Vo wB(W) (5.74)
J&] % J'ED - Clwy + -

Va wBR (W) G0

2
r o LB GW(N RiW
m® (ks Ve on BIW) 6, ¢ hy
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A- .":ﬁ: :‘@- 50 L(w= kDG (W (5,75
Wwmpa QLD L4+ nRODGW

After noting that:
AY(wu, s)) - 2 X(w,o0,5 mhn(\ + n?\(\’A)
zo \<

cLU\
the solution of this first order differential equation is

just ( for u=0 only )

(k-l\)k - (=R (g e
Y(hod b e g gt 5.70)

[\ + 'ICh,s)] [K]’b-\-K L AK
@ La)> TN @y
where

-cu gl u BU?
Ru,d-__\ S\e%.\‘ W 4 ”J K

(DI ™ A %( h,9)

ty+ (5.77)

v zvras (1 e [P |

KK -A) <

T - () e o” C“"’B%UO (5.78)
(D/IM “) %(_h,s) [“-1‘5 A% AK )

'5+\<7‘- Ak .\

(© D’gx (u- “)P{ __{:_(\ A h?.(\nb)

W \Z . LW - RLD ( > ¢ &_E}X\
A < 2
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The total scattering function is then

5(h,w) = (w1 Re R ! @ (5.79)
Ve AR s T T ()

x _€
‘El%iﬁhhk

It is this equation that should be compared to the

@ (,‘A‘k)")

K- ¥ - (keRy 3 akc= Ake)
e
| g
o

results of neutron scattering experiments.But we still have
to say more about the function g(E,t). Several models have
been proposed for this function, but the model that seems
to give the best fit to the computer experiment is due to

Akcasu and Duderstadt:

-d{wt
%( V2 b - c > . (5.80)
(k) is determined by requiring, for w =0
vy _ﬁzﬂt
S(h,0d=n ( mANe Bm for large k (5.81)
h\2n
S(h,e): Do for small k 5.82)
DTk

where
D = the diffusion coefficient

5.2 THE HYDRODYNAMIC APPROACH

Any set of microscopic density operators in configu-
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ration space, which includes the number density, can be
taken to form a vector A(t) whose time evolution can be stu-
died via the projection 6perator technique of section (3.2),
However, for reasons which will be clear very shortly we
shall choose a vector A(t) with the following three com-
ponents

< ¢ koai®
é,u.): f’i(\_z,t)_. ; e (5.83)

Rolt

[ P54 )

A s )RR b
Gau-s._ -3 ke 7. (me +e 7 3) (5.84)

6= Elap - < ECe Py AC%,E) (5.85)
< 0% D

A & _tle.ag PR 2. O
EChry = - Z S"f’ e +20 g€ -® (5.86)

+ e"c\"ﬂ“ (3,:"&
.ok

555;), iégt), o (k,t) represent respectively the number
density, the current density along the vector k and
the energy density of the system,

Note that all of 5,(E,t), az(g,t) and at(g,t) are

Fourier components of hermitian operators,



107

~
| =
-

ot
~

g(l_c,t) - (5.87)

Py P> P>
"~
~~
I%
o+
A

w
~
| =
ct
~

A property of these operators and their thermal average
which will be used extensively in the subsequent calculation
is their sign change under time reversal, Since the Hamil-
tonian of our system is spin independent, any operator Q is
transformed into an operator Q' under time reversal by the

following opera.tionsz"63

Q' =k qtk™ - (5.88)

where

K = the complex conjugation operator
Q*- the hermitian adjoint of Q
Under the above transformation, each of the three components

of é transforms like

2,(k) = +a, (k) (5.89)
’a,,(k) - +a3(_l£) (5.91)

2, (k) and 33(5) are said to be even with respect to time

reversal while aL(E) is said to be odd. We will denote this
change of sign by

a (k) = € a(k) (5.92)
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where

€; = 41 for even variable
= _1 for odd variable

The thermal average of two dynamical variables ﬁc and 35

has the following property

< &; 827 2 <A ®a (B>

(5.93)
= < Q-9 (D>

The Hamiltonian of the system is invariant with res-
pect to time reversal (there are no external parameters

odd with respect to time reversal in H) so that)

A A )
<A > = < (ﬁc a‘g >, (5.94)
= € 68 < Q¢ a7
- 0O |‘¥ 6.: EA - —\

Because the liquid is isotropic, < a;(h,D a;(Wy > is inva-

riant with respect to the inversion of k—%-k and turns out

to be real.24

It is clear now why we had to choose a symmetrized
thermal average for our correlation functions,

] ~ }
< (ac(\_z) q‘;(gﬂ'z:_'f CHEHAN GBlwacwy)> (5.98)

-
-

ad -
L?_e" €y < KD -WBK Yy l<'dt(-‘=33g(-‘~3\<"' >
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= €€} < aclW) (W

Had we not symmetrized the thermal average, we would not

have been able to utilize its time reversal invariance

property. From equation (5.94), we have

e A R A&
<887 = < AlWay itz (5.96)

= < 8,008,007 = <A )8, (W)=,
T < Btw) 85(W>, = O

The reason for choosing a.s(l_i,t) in the form given by (5.85)
is obvious when we note that

a0 AT, = < ot ENW 3,

(5.97)
- < HW E:(-‘-‘\7* <?>(\g) ‘;g‘*(h)a
<pcwd W™
Since =0
A Ak
a, cw\ o/ (ed > =0
< Q, (5.98)

the three components Q‘(\g) , ﬁav_\ﬂ ’ ‘a..,(\s) are said to be
orthogonal to each other.

The time evolution of the correlation matrix
A At
<a, DAty <Ak Dok <3 (1,0 a3 DR 5.99)
* A
P(D=] <@plh,O Ateuys, < §taHETyn, <Ak BASIN

A AL
< (W OATEYZ, < dyb)ATD7 <aLBHGEM
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is given by equation (3.53). The static correlation matrix

is just
< é\\‘( IDENEY) >4 © o
5.100)
Ct) - L) < aa(hBa:c\.‘ﬁ?*_ ©
o o < AxCwAYCEY,

where we have utilized properties(5.96) and (5.97), while

its inverse is :

— o o
CF‘ <a(Wattwy (5.101)
o \ o
<d (wyafcn>,
o o )

<dy(wy D 7

the frequency matrix

0 - FLA (5.102)

becomes, after using the hermitign property of the operator

L and the fact that

é\(t) - -4, (1), (5.103)
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PP RO LHOY o
/ © <A, w)arew, 5.104)
Q| ¢ o : [« &y,
LC <domyalcuy,
o o < 808 A30w>, o
C < 8,09 a5

The damping term has to be approximated, We shall choose

the Markovian approximation, i.e.,

t
qu: b(t-t)- YT P, (5.105)

where

A and _
© = $7. X Q) X (5.106)
- )

Equation (5.105) was arrived at by expanding QN}—hﬁ
about t and keeping the first term,then letting the limits
of the time integration go from 0 tooco instead of O to t.

Because of the fact that

£(0) = (1-p)a, - o, (5.107)
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(5.108)
59 - c-gaz O
= © <&, B3 W,
e B
o © — T TAr s
<A LA LWD>
with
HO
‘:f,_-(-\ = & cfcg (5 dt (5.109)
o
‘325and qu have been set equal to zero because if we assume
X - <t
Ei’ca-(t) - e st
—_ A _ A (‘_p)é > =0
ol ()

The equation of motion for the correlation matrix, being

—

dt -~

its Laplace transform is

d &(v = .2 - *O-F (5.111)

b, = P(bk). 1 (5.112)
i — sT - Q + @

The relation between d(s) and S(k,w) is simply
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SChe Be B (ny &

2T S—Dd-tw

With the help of equations (5.111), (5.112), (5.108) and
(5.104) we obtain

A A+
S(h,g. () < AW a>,

€ (5.114)
'y - ARw
» Bae N <&,0% 830y, &, R TT0TEN _<§,§;>A<é\,a:>)
(P W I wdrans, <&, Brwyz, <A (W A0 <a A5 <380 @A AN<AR
2f X A A4 t 2 %X Ay
O R I BIRLIG: N TP DR P ™S SN Y
<QAL3  ca,ad3 <& d}>, <8 als, <d,q)7,%%3>, <q,ah

From assumption (5.110), szz‘and 85, are completely
determined except for the factor & (k) which can be evaluated
by looking at the behavior of S(k, w) for large and small va-
lues of k. (equations (5.81) and (5.82)).

The quantum corrections to the classical Sd“?g‘,m) are
contained in the evaluation of the thermal average and in

(k). If we compare equation (5.114) with éd“?gxun, we
would find them to be identical except for the definition

-
of the thermal average and the factor ( l-}e'Btuu ). It

is also interesting to note that all the thermal averages

entering our equations can be related to the usual transport
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coefficients with a k dependence. These thermal averages

can be easily calculated by the expansion method of
Chapter III, and the quantum corrections so obtained are

indeed in agreement with the corrections to the transport

coefficients calculated by Pietrass.64



CHAPTER V1

THE INCOHERENT NEUTRON SCATTERING
FUNCTION

Just like in the previous chapter, we shall proceed

to calculate the symmetrized incoherent scattering function.

sym - t - . Lz .J..('t,!' - h. J‘ ¥ (; . l
L L Z. ) EL’ - -L ( )

¢l A clee At
4 € e >

both via the kinetic and the hydrodynamic routes. The rela-
Sym
tion between S4 (k,w) and Séggu) is the same as the relation

Sym
between S (k,w) and S(k,w).

6.1 THE KINETIC APPROACH

We shall take as our dynamical variable the operator
A
fi(k,p) defined by equation (2.66) and look for the equation

of motion of the time correlation function

Rl eiD: 4 < AR ASND! (6.2)
A
x BCup) Fell, 0>

It is given by equation (3.42)

115
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f_}_x C‘?bc \3-’ ® R {:) dez nsc JP)p‘L) c\>5 C \1"_)'("2, ?, {) (6.3)

e, S, red s pp=o

with

. AL "
rglh,e, \925=Sd?3 <Plu Filhpy (e pg,e) (6.4

Cgs( \'—‘) P-.)?-e;‘§=‘g°\p_3 < Fs( h,e,t) F:( \'3_,‘2-5\)_‘_ <\5;( b, P, ?o) (6.5)

Lt.-(l )L
F.lh,p, D)z € Ci-v & Clayed (6.6)

and

Jd"a dsll; BypeY) P (h,p,eD = 3(r-2D  (6.7)

Here again we shall assume the time dependence of the ran-

[a)
dom force ¥ (k,p,t) to be of the form

A

bye,td= Qqcle, b)(t_P)@(h ) (6.8)

gs(g,t) will have to be modeled if we want to get numbers

out of our formulas; and again we shall take
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_asc\'.’bb -
Bg(k,t) = e

(6.9)

Note that ¢ (k) is different from the (k) of the previous

section, But its modeling will consist of looking at %45;»)
for small and large values of k,

The static autocorrelation function 4%ﬁ5,2,g:0) is

This is just the first
the summation over all

from (5.23), we obtain

two terms of equation (5.20) without

the particles in the system, Hence,
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Anwm

[ 2
b Ch,p, ) = "i 2(9—91){!\«(9. —‘!:%13{\ _WAD (6.11)

X 8;"“"D
+ L 15_.(9-\ "Q})}
Zkum

The inverse function C‘S‘(k,p,p') is immediately obtained
o ===

from (6.7) :
£\ WAD xw 'l (6.12)
&M(P* >\_ g..m N 24 nm? (e- >
M(p s+ N\ LpD D (e l—‘ﬂ S ALY N
+ Me s —i-)\. T 8nm thnm C 3
= 2(e -8)

or

- (e - e
i, sed = ! (6.13)

L?.[_M(e-&_:_&) A M(p.\t_z_\.‘)_l

LUBD (o ph k
2[‘1_?_,).\_2.{74(9— )\.S’MM Ztmm(p >]
v ‘.""(P.-“%*B +™M(e +t,_\g\]

b
Zle- e by Mo S| Ey L_é——(mt 31

Bnuwm

L{mce- 8y 4 mees e

A A“"
< f:.(k,p) f; (5,2_')>+ is obtained from equation (5.38) by

keeping the term i=j and dropping the sum over i,
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(*) ' 2( e - ‘?2')
[MCee-g) + (e, 1)

For the damping term, let us evaluate

< {(\- ) f;c(\f_l)p).& ?':(\@,'e.,,\z =

(6.14)

(6.15)

(6.16)



120
= - —‘E?- < (_u, ﬁ-(\e) p{“_l_\, f'f (\@Jv_,,ﬂ >y

4+ —\E?- SO\P_‘ O\ ‘2?. < ‘_L\ R 6‘_(. \f}_‘?ﬂ f;\-( \'33‘25-7_‘_(\3;(\3, \9')\22)(*)

® < 6.50}) ©2) {UJ C:(\I.L)p_-)l?‘_

(R
The second term is of order A as can be seen from equation

_ 2
(6.14) and is proportional to (A D). So we shall neglect it.
The only contribution comes from the first term which has

been evaluated in equation (5.46),
< {(' -P) ﬁc(b)eb'k AN e3> (6.17)

wml o _ W,
- z_/\;.:iwe-%)\v‘» £ (r-52)-%)\

R A | LURD

’

The function 395(5'2:22_’*") is calculated to be

A At .
‘3(\3)‘2) Re,0) = %(5\};)50\934 E(h ) £ U’.!-)P-QZ CF;C ‘5-‘)93,?13 (6.18)
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alh, (aneb M(p,’ah)\_? - B (pux -yszpl

s e ST - Bn k) To] Bleor) 0
® \ L M(e,-% )[;fm" 4-:"“?‘)(9 33’3}
Fro ] Ee e

4
_ ameed- Y+ SR )

Bl e |

The time evolution of the autocorrelation function is :

4’5 W, eeD *i(%&>¢s(\?ﬂ’-,w,t) (6.19)

SED) O B[ - -]

¢ b, (la,e,o00)
- M(P_‘\"“_\_}: \" _é,('?_.\.\&__g ‘YP £ )
23K P ™ z) %(M(R_u%)*n(mh%)]

t .
W
Jaeeopneegle- gew:
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+ M(P_+‘%‘)[VP P“'t&—'-)' ] -J\O)P)t)(*)

€2, \
+|Mle-%) + M auly]

¢ va'D LAE) kh
Ji(M(P' - K_;:t)[ N Q D, L&__(P h\:)-].;m(g-l\'ﬁ_‘%‘)i " +2‘mw\ (paka)

Tnwm

5 I‘M(e-“%) + M(e~ ""—2_\53]2

-

The solution of this equation would give us the incoherent

neutron scattering function,
6.1.a. THE IDEAL GAS LIMIT

In the 1limit as the potential goes to zero, equation

(6.19) reduces to just

4,»( nye, Bht) .\.\,Q\LX’_)C)D&C )?)?’)t‘)— (6.20)

After taking the Laplace transform and integrating over dg'

we obtain :

Sdy(, 1,0 + ¢ TR d(hrd= LM W) )] g oay
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This equation is identical to equation (5.57) except for a
factor of n missing on the right hand side. Remember that
we have to sum over all particles in the system to get

S (k,w)., Equation (6.21) has been solved in Chapter V and
we saw that it gives the correct quantum non-degenerate

ideal gas limit

6.1.b. THE CLASSICAL LIMIT

Letting A — 0, we immediately get :

’ . - 6.22
S.\’ d’sc 2, e,¢,0 * L Q;'-V—V\E) 4’5( "33 E.)P—Ijt) ( )

t
+S dr' (w t-t (___D M(_\Q} YE - _é.?_-Y Cbs(\i‘)\‘?)(‘—,at)
S Qe e (B MU - £ T el

=0

which is exactly the equation obtained classically by Akcasu,

Corngold and Duderstadt57. They solved this equation exactly

classical

for SS. (E;u) by the Fourier transform method.
6.1.c. QUANTUM CORRECTIONS TO THE
CLASSICAL EQUATION

The solution of (6.19) contains quantum corrections

to the solution of (6.22). We can solve (6.19) under appro-
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ximation (5.69) by letting

’ P e (VD
Clbb( ‘9_) ® ﬁ:‘-)-" C"s (\'}) ?—)P'rk) + ClDS (\‘!-_,‘2,()_',\:) (6.23)

After integrating ovyer dp', dp,, dpr, (pywp ) assuming k
to be along the z axis, and taking the Laplace transform,

we get the following equation :

(A} . N
s, (h,p,8) & ¢ (‘&v!;)c\:s)(k, P5) (6.24)

L or kD %(w«e\apdp‘;’ch,p,ss)
~r t Cv)
- S (| Lera @D

= £ | Mesk) + M(erti)]

{5 +.:‘3_e) +L‘“ﬂ>,%"‘\“’2‘- (6.25)
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Ewnw 24nm
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= %\ ""(P-"-*—»)K- 8D 4 B0, (n- 3
4 M(mn_k;)\. D 4 B°D (Pn.‘n\ K

3w w 2Un vt

- %scknb(w) & sa P'XC\’C:)U‘)?JQ‘ AM(y t\»\\ B0

1) D W
R %"(“t‘t}{_ o fim e ]} £[M0e 88y amep sy

Let us look at the solution of equation (6.24), Define the

Fourier transform
6o ‘:_)‘P
o) = (e €7 Tl @0
< oo

After taking the Fourier transform of equation (6.24), we

obtain
d Yll,u,9) ] (6.27)
du
' ~
+ s + Au S A A NI
H.st\gb + 4
' e
“/
= Co'a{f‘-. S
D %(s)\)-{(\g_) J\.u—l
where u-=.\m
\l 5 M

}{’(\Q: ”HS R (6.28)
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This first order equation %{s solved to give
A

2 s
- (KA (‘.{ ) 1t
c'(,(h’u’s): e ?-e s ) i Sd,\é cen JQ'%‘!‘(&;_)R[\Q 60O
o

L‘_{s *_uj’-bs‘\' R:- - A‘“} l
(R~ A
Using 53 -&ﬁ( : Rk
bro T
SS (h)u-)}t B_Q_ Q'\M‘ \(S(-h) 0,53

LN 5 oW

we get

_SYym
55 (\'_I)w) - Re -QA;».. ‘ (*)
em smes REW
e(H’t W) - A0 ) K 0

L 3
%s-‘ks' Aiks-‘

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

N E cen ‘ﬁi‘]agﬁ £3)
( ‘,_'{S("‘)sz 4 RiW) _AR (W c‘% 2N wm B

[a]
4
L 0D AR -] e-(' Ryt —AD oy

14

(b/h‘ V\> %,( h, EY)

and

(6.34)
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nE con k] t&ﬂfg
( D’lsc\n-)_ 3, A RTOWD -ARLW o\;a 00\2 67/\_ e

(=]

P, * \4:(\&) - AgRy(Wy -\ e_( A AN —P\)%
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[a] T

More corrections can be obtained by solving equation (6.25)

and adding the result to (6.34). However, because of the
2,2 .1
fact that ‘:l’-__@_?x \O—-b

Enwm
are rather small,

, the corrections due to this term

6.2. THE HYDRODYNAMIC APPROACH

To obtain the incoherent scattering approach from

the hydrodynamic approach, all we have to do is define a
A
vector B(k,t)

B(k,t) = | B,(k,t) (6.35)

whose components are
A - cho2 ()
Lty = € (6.36)

A A -¢ e - ' (t>l\
b () = . (\'J_L-(.\'SQ + € ?_.;Lﬂ) (6.37)
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A A ~ At A
bao = E(ee) - < Ei(b'mfl‘mi b (¥ (6.38)
< \°|Uﬁ) \3\ (\'.‘.-\>-\.

with
A ch.ran ko
Bl 2\ B e 4 2 Buane . B.LO (6.39)
Ew
_ch- 2 2
+ € 1=Ha9)
(5 ‘2' AL

Q,(l_c,t), bo(k,t) and by(k,t) are just the & (k,t), &,(k,t)

2,(k,t) without the summation over all the particles in the

system, |
The analysis is exactly the same as the one in section

(5.2), and the result has the same form, namely

SYWA ~
(v,w) (6.40)
> )s - S oS M A
e L + < bz \)1, > (333 91\(533 - - < c \’3\< \’3 bl>.\
W <€t \';‘:—)* < \;'5 1 2% <‘°7."2. &“ 3\33?» _ <\az\;-:> < \;‘ b‘H'>
s s
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where we have put

A r N -
LS R v S =\ (6.41)

W
n
SS(.\?)\U) = _ﬁkw (-K) (6. 42)
V4 e
: B G6L s
-x) 5:, + <‘;;“:“q tS; ‘g':tc‘g'-,'-, < - ﬁ :: ‘SX ‘\:. A
1A VAL -~ 1 U - -~ —

] a Ay i 4 < o .

w® —%l— .\,‘S:} _\- <___5,.\r:12:f.5.5 +u.|z w?" _ %yn S '<\°1_¢¢:- >
<€z\;;7% <f3\2;>+ <oy hey>, < \:’\:‘)‘ <\:3 u?‘

. x A AL
4+ < Q;t\s}s < G3\”'>*
VN2 < B8

S S
the evaluation of c.?zland °333 , proceeds in the same way as

indicated in Chapter V.



CHAPTER VII
DISCUSSION AND CONCLUSION

We have been able to obtain in Chapter V and VI a
closed form for both the total and incoherent scattering
functions using two different approaches (the kinetic and
the hydrodynamic approaches).

From the kinetic approach to the problem, we could
obtain both the correct quantum non-degenerate ideal gas
limit and the classical limit for the scattering functions,
However the hydrodynamic approach can give us only the cor-
rect classical limit (it is valid for Q;a§2<\ ). It is not
clear that the final form of the scattering functions can
be put in the form of a factor multiplying the classicaily
calculated functions like many authors have suggested. That

A% W g,
is, S(k,w) is not in the form S(kw) =€ "€ ¥ 5§ (k,w).
Quantum corrections enter everywhere in the formulas and
cannot be separeted out, Rosenbaum has shown that the inco-
herent scattering can be put in the above form, while
Shaib1y65 has demonstrated this to be true for the total
scattering function in the sense of the "Random Phase Appro-

ximation". If we were to neglect the so called "memory term"

completely, it would be possible for us to display the final
- ﬂ%w -p %0 class
4 form as € e Em S (E*°) plus other quantum corrections

of order A and higher, But neglecting the "memory term”

130
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would amount to solving essentially a Vlasov 1like equa-
tion, and this is in essence the Randum Phase Approximation,
Nelkin has shown32 that the solution of a Vlasov 1like
equation is not at all adequate for interpreting neutron
scattering experiments. He in fact solved the so called
Zwanzig equation (a modified Vlasov equation) and found

the calculated scattering function not to display the
proper features of the experimental scattering function,
Therefore the effects of the '"damping term'"”, both classical
and quantum have to be included.

Even though the classical scattering functions cal
culated by Akcasu and Duderstadt via the projection opera-
tor technique compared well with Rahman's computer experi-
ment, it is not at all certain that these same classical
scattering functions would interpret real neutron scatte-
ring experiments. Our calculations as an expansion of cer-
tain factors, not all,in powers of h , have shown that the
quantum corrections are at best of the order of 10 to 13%
for large values 0f the neutron momentum transfer 5 . The
formulas we have given are expected to give a good fit for
small as well as large values of k, while the classical
formulas are expected to be good in the small E region, At
any rate the total and incoherent scattering functions
obtained here have to be compared against neutron scattering

experiment.to find out whether our equations are
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correct or not, and what kind of improvement they give over
the classical total and incoherent scattering functions,

So far we have calculated time correlation functions
for non-degenerate systems at high and normal temperatures.
An immediate extension of this work would be the calculation
of time correlation functions for degenerate systems at
low and high temperature. A knowledge of how to evaluate
thermal averages for such systems is required before making
any progress., It would be then possible to evaluate the
differential cross section for neutron scattering by super-
fluid, as well as the electric conductivity and dielectric

functions of degenerate electron gases,



APPENDIX A
A
PROPERTIES OF £, (r,p)
From the definition of 2‘(5,2), we have
2 < cR-(n-4) @ AR cfR-e.
ﬂ(’})(-!)r- A2 dkal e )e TR TR (L)
(?_“)G (| A
A
i) £, (r,p) is hermitian

Let us take the hermitian conjugate of equation (A,1)

Ay o e cBRE ok (08 KA
P‘ (2, 0)= 2 Z &d\io\{ et Al _eL e f e = 4.2
(eryé o=
Since
Q.A .KR .p 2 , a Ny A 'PA
LR ¥ C n-Ad [ A <\ (f-’l-.. el <4 R 'y A.3
o e _e et X P e" ¢ (A.3)
ck-(a -&2) L8
- e e
we get
ad o 9 ,-C"_"\g-g_c\s-g cls(a.-W8 0, ’_L.;
Rla,e)zé—’—c.zjd\so\‘le Bovi S e T T T R (A.4)
n— L=t -

Iet K —p ~K ,and 1 —w -1; we obtain thken

AN

Q.
2. &0\\5 40 e " Pe

K. . f
- ._\_. L\S ﬂet ;_\5 -
(2“36 [

-65-3; -"‘g"\.c
e e F (A.5)
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Comparing equations (A.l) and (A.5), we see that
2t
f.(x,p) = f(x,p)
A A
1) £Yae,p) ~f, ¢k,p)
N
£, (k,p), by definition,is

> X B R : .A' ..Cp~".c
{’(\@)9 i_& (je"ge A s (A7)

(2 2m?

Its hermitian adjoint is

e~ "Fe (A.8)

CQ.P-LE\G'Q C\g.-lg‘- _L‘{*A.(
F\ -,P)-— g“’“ﬁe e € (4.9)
z“) v
Comparing equations (A.7) and (A.9), we get
A
£,°x,p) - T, (-k,p) (A.10)

Fa)
iii) The equation of motion of f|(5,2)

The Heisenberg equation of motion for f (k,p) is :

A . A
:Tt (ke p) = kE\\", ‘p\(\ﬂ‘)e)] (A.11)
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For a system Hamiltonian of the form

(S 2; L U (A.12)
= Zvn
where
m My
u- v Via, -
L 2 > (ac-ag)
we have
A - AZ A
d e = £ 2 [ £, Nl (4.13)

The kinetic energy term becomes :

S oo \gi,e (‘4,?\}- L

L
)C.ot.Em

M
2: ¢ (A.14)
o .em(?_m o

b‘?‘("}‘-thg 2 _p‘aﬁ, _L‘(’ ?\.
(*» € ﬁd) 18

Since

(A.15)
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after an integration by parts, we obtain

2 (s, fup) (4.16)

L

) A of = wh
0
2 <

s L.
L S ZSAQQ"HL

= ';"‘ (2“)"52“,\ .
A
~ - \: Q:f_'w\_‘a) ¥,| (. h)?’)

The potential energy term becomes, after evaluating the co-

mmutator:
. A \ o .,‘f-f_-\-bt-'b‘!_ul}-é\c
Lu?(h.]:L_L 7 \afe T e
‘v\ P \ )?) ‘t\ (2‘(55 r - (¥J (A-17)
™ [u,e“ B
s L. LY
=t 2 Qe°9 eet%' e b2
3 1= o
X 2wy’ AT

~

b R
o> (Vne-2pd —Vlne-k8-20))e

So the final form of the equation of motion is just

d flhe.p)= ¢ (\.z-a (. g
dt Fll,® = -¢ —..7\") Ly e) (A.18)
- Roarckhl V2 2.8,
+ L l-Z:n Atd é_{; GL- B < i (V("c".‘n)-\l("l,_..tf-n,b)e 3
X (2m

iv) RELATION BETWEEN S(k,w) and ¢(k,p,p,t)

S(k,w), as defined by equation (2.33), is
_chan. o Rreaad

> lwba o
sch,w)-.éxago\:e 22 <€ e > (4.19)

Loy &:\
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From the property of the thermal average,
c\2ng cheaed - chen
CA T-2e Ll 2 -Re
<e e > =< & S =2 >

the expression for S(k,w) can be written as

e -chope) hea
SCwy= X So\.l? ez e SIS

- 00

=

Let t —v ~-t, to obtain

wh cRe A ‘-'\3-"_‘
‘SCW¢,@5—(2‘D.§DU'€1 < e 3 Q§>

From equation (2.66) for ¢(k,p,p,t),we have then
cwt
SChw)- (w &d’f e Sd\aol\@’ $(h, g,e,b)

with the inverse Fourier transform in time

% v
S‘*v—d\e' Pl p,p,b) =Xo‘m € 5 k,w)

-0

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

Similarly, for the incoherent scattering function, we have

(k)= L Sovc e ngPdr (2, pyp,t)

with the inverse Fourier transform in time

M

e cwt
> Dedp e, p,ene = faw €™ 5,00,w0)

[ §

(A.25)

(A.26)



APPENDIX B

PROPERTIES OF THE PROJECTION
OPERATOR P,

The projection operator P is defined by

P. (upidp, <« A(ed> d5'(p, 2) Alpe) (8.1)

all the other symbols have been defined in chapter III.
We want to show that P is hermitian and that it is equal

to its square.
i) HERMITICITY PROPERTY OF P,

Consider the following symmetrized thermal average of two

arbitrary operators PB(p) and C(q)
4 A
<§~PP>(‘>,3"SC (q.)?‘ = So\p_, de, < Bl A (ed A (B.2)
- 4
3 @' ey R < Ale) C ()

For P to be hermitian, we must show that (B.2) is equal to
<%S(p) [PC(Q,\?Z .Since

< B(\z){PCCgD?‘> :Sc\x’.nd\?z < Bfw){<cc®ﬂ(pa>+(*) (B.3)

™ S, e Ales U s

and that > 15 (Pﬂﬂg *

*
< CCgd A*(a.3>f = ’a‘Q_’” D Ccq) Attpy +TA D A*(e.ycccn) (B.4)

+ +
= 3 (Tn DACey iy +Tn D gy Aled)
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= < Ale) S D>

ve get
XS
< BCeD gPC Cq)’g\-?\_:go\‘a\dgz < B(P)A+(9Q7.|, .= (\”—\)’(’-z} (B.5)

@™ < Ale)t (@),

The inverse function c\S"(R,E',o), like the function

b, P) - < Aley Al ey~
has the property

F' (poed= ¢ (res@d (B.6)

Hence

1 v
< B( g\i PLCHY >, = Sc\v.. dg. < Bl A(eds (Ra,e) (B.7)
(¥ < H(\q,)C.*C N >,

= < (PR} (D >,

abd P is indeed hermitian.
2
ii) P IS A PROJECTOR, i.e, P = P

From the definition,

PGle)= Sc‘\’-\d(‘la <GRHAT (R (., £2) Aler) (B.8)

where G(E) is an arbitrary operator.Operating on equation
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(B.8) with P , we obtain

A .
P G(e) = \dp,ctp,clpclp, < GLeOA Ced 7 F e, ge) (B9

*) < Ale2) Aled> d5' (s, ACew)

Using the relation

Sdh ey, m3) d'(ps, )= é(fe-By)  (B.10)
we get

P*Crpy = (e clpy < COm ARz &7 (e RDARYE. 1)
= F>c;(ﬁ)

Thus 2



APPENDIX C
A N __(,\3_-( Ry )1'53
CALCULATION OF ¢ J_ E; e >
[T A ("

The method developped in section (4.4) will be used
to calculate the Fourier transform of the pair distribution

ch. . 0
et 2 (Re-AD

PN
function <Z7a—' > and display it as a classical

expression plus quantum corrections,

M M, _C\'z.(h~__)_‘)\ A m
= L= % b ’
Z?<e > =% 2 \dixgdie €D
m _¢ Pe¥p -BH ) ) ' - ]
(*)(He EN ) e € - b-(ﬁt-a‘s) (De‘bfae zj
ZB(F’) -1
For equation (4.57), we have
a2 () S8 —cle. (A -a
?‘ ?“\ << = 22‘3——' A Lx,) Aen] € (C.2)
v wh.(o.
_pbhr A AR (00 -0)  pEG pu .
™ e m WA e 5P 14 t)‘(h).\h)t(ﬂ,._
PR
= A L LAY , WA
Note that
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o > —Lh_.‘(AL"h'
A()* LZ:‘ E_—' dix,yoen ©

where

-0 u
ENOE gdtm}, e

3
2 P
-6 < Zm

2N (B - Sd[g.{\e

The term of order h becomes :

ACt)z Zz' d[_;sﬂ‘lc\[‘;“le

_L“Z'(&;-&&X e_ pu

R 2P

(e

+ C"%ﬁ%? YE'(:gkcu "Q;guil

l
SRt N e |-

(c.3)

(C.4)

(C.5)
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?z_ &d&ﬂ e @ o \:L A Lk.Y, U
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2
IOV - A AT R x«ﬂt\q,(g u v L\BAX
2w 2w - N x
=0
The last term is
vy 22 whe(ac-a) -pU
A = ?; = Xo\v[vgﬂlo\-‘_g‘ae @_é___(_x) (C.7)
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G m?

2 m My ..t'\g- ("'.1."355 2 2
- B 33'¢ | -7 >,
\2- Lz A 123
M M th- Ao ~Aq
_ B 2l'3 € ¢ ’)\}:ux
2y t:la:. ﬁil"lﬁ ™ A L

2 O ¢!

TR SED S S S D G
L €= m

M A -\"1"&.-*")
The function <.ZZC >is then given by :

L} 3

V2 ¢ g ™ ¥ g
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-3 7 Z 2 > : U~
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