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Abstract
MINIMUM-FUEL THRUST-LIMITED
TRANSFER TRAJECTORIES BETWEEN COPLANAR
ELLIPTIC ORBITS
By Edward Adolph Kern
Chairman: Donald T. Greenwood

A method is developed for the efficient computation of
minimum-fuel transfer trajectories between coplanar elliptic
orbits with a thrust-limited varisble-mass rocket moving in a
central gravitation force field. Each orbit is defined through
the eccentricity, semi-latus rectum, and argument of pericenter.
Transfer time is left open. The minimum-fuel trajectory is as-
suned to consist of two thrusting phases separated by a coasting
phase.

Computation of the minimum-fuel transfer trajectory is ac-
complished by a direct integration of the rocket equations of motion
and the associated adjoint equations which are developed from
variational calculus techniques. This direct approach is made
possible by a unique transformation of the adjoint equations into a
set of equations which provide a much better understanding of the
general behavior of minimum-fuel transfer trajectories. Reasonable
estimates of the thrusting interval durations, initial thrust angle,
and ‘initial true anomaly are derived from the corresponding minimum-
fuel, two-impulse transfer trajectory. The initial value of a
newly discovered variable is used in conjunction with the initial

thrust angle to obtain the thrusting interval durations specified

AFLC-WPAFB-OCT 68 20



by the two-impulse transfer. Small adjustments in the initial
true anomaly are made to obtain the desired pericenter argument of
the final orbit. Final convergence is achieved through the use of
gensitivity coefficients which relate amall changes in the initial
values of the thrust angle, true ancmaly and the newly discovered
variable to asmall changes in the eccentricity, semi-latus rectum,
and pericenter argument of the final orbit.

Computation of the minimum-fuel transfer trajectory, including
the corresponding two-impulse transfer, is accomplished with one
program on an IBM 7094 digital computer employing primarily single-
precision arithmetic. Rapld convergence is obtained over a broad

class of transfer trajectories and rocket thrust levels.
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CHAPTER 1

INTRODUCTION

The practical problem of determining minimum-fuel transfer
trajectories between satellite orbits has received a considerable
amount of attention within the last decade. This is due primarily
to the expediencies of maximizing satellite or space vehicle payloads.
The problem can be stated as follows:

Given two elliptic orbits, find the trajectory which

will transfer a space vehicle from the first orbit

to the second orbit in such a manner that the final

mass of the vehicle is maximized.

A method for computing two-impulse minimum-fuel transfer
trajectories between non-coplanar orbits has been developed by Lee?
and McCue and Bender® using ordinary calculus procedures. The transfer
trajectory is generated by a sequence of two thrusting phases, where
the thrust levels are assumed to be of infinite magnitude. Kern and
Burghart!! recently have made the computation of minimum-fuel two-
impulse transfers more reliable and efficient by utilizing a Fletcher-
Powell®, conjugate-gradient minimization algorithm in conjunction with
the equations developed by McCue and Bender3.

For the more realistic problem of thrust-limited minimum-fuel
trajectories, most of the progress to date has resulted only in gaining
a better understanding of some of the properties of these transfer tra-
jectories?»5,6,10, but very little has been done in the development
of computational techniques. Whereas the impulsive transfer problem

-1-
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could be handled with techniques from ordinary calculus, the finite-
thrust transfer problem must be considered from the standpoint of
variational calculus. To find the minimum-fuel +transfer trajectory
it is necessary, therefore, to solve a system of non-linear differential
equations with mixed boundary conditions. Several contributions
towards gaining a better appreciation and understanding of the com-
putational complexities associated with problems of this type were
made by McCue?, and Handelsman15, who considered the related problem
of computing a thrust-limited time-fixed minimum-fuel trajectory
between two points with given position and velocity, where the position
and velocity vectors were assumed to lie in the same plane. McCue's
freatment of the problem was more realistic siﬁce he allowed for the
possibility of coast periods at the beginning and end of the transfer
trajectory while Handelsman did not.

This study considers minimum-fuel thrust-limited time-open

transfer trajectories between coplanar elliptic orbits. The problem

can pe stated in the following manner:

Given two coplanar elliptic orbits in a central-body
gravitational force field with arbitrary eccentricities,
semi-latus rectums, and arguments of pericenter. Find
the trajectory which transfers a variable mass thrust-
limited rocket from the first orbit to the second orbit
with a minimum expenditure of fuel. The minimum-fuel
trajectory is assumed to consist of a sequence of two
thrusting phases separated by a coasting phase. Time
to accomplish the transfer is left open.

As mentioned earlier, the finite-thrust problem must be
considered within the framework of variational calculus. Applying
variational principles results in a set of differential equations,

the two-body equations of motion and their associated adjoint equations,

which form the necessary conditions for the minimum-fuel trajectory.



-3-
The difficulty lies in integrating these equations to satisfy the
boundary conditions since some of the boundary conditions are given at
the initial time and the remaining at the final time. The more popular
computation techniques such as the gradient methods, quasilinearization,
etc., are not well suited to solve this problem because of the dis-
continuous nature of the rocket thrust.

The approach taken in this study is to transform the conventional
aaj;;£t variables into a set of variables which provide more insight
into the characteristics of the transfer trajectory. Differential
equations are developed for the transformed varisbles, and these equa-
tions are integrated directly along with the rocket equations of
motion to find the minimum-fuel transfer trajectory. The known two-
impulse transfer trajectory is used to assist in the choice of the
unknown initial conditions. A systematic approach is employed to force
the set of differential equations to satisfy the desired boundary
conditions.

A major assumption is that the minimum-fuel transfer trajectory
consists of two thrusting phases separated by a coasting phase. This
assumption appears valid over a large class of transfers since Marchal18
indicates that minimum-fuel one-impulse transfers are very rare (the
two orbits must be very nearly tangent) and, excluding transfers to
infinity and back, that minimum-fuel three-impulse transfers can exist

only if the sum of the eccentricities of the initial and final orbits

is greater than 1.712 .



CHAPTER 2

THE NECESSARY CONDITIONS FOR OPTIMALITY

In this chapter the basic rocket equations of motion along
with the associated adjoint equations and boundary conditions are
developed and transformed. The resulting set of equations, which are
believed to be original with this study, will prove to be of great

value in the computation of minimum-fuel trajectories.

2.1 Optimal Control Theory - Necessary Conditions

This section summarizes some of the more important concepts
from optimal control theory. The results presented here are completely
general and will be applied to the minimum-fuel problem in subsequent
sections of this chapter.

Define:

x (xl,xz,...,xn) the vector of state variables

g
t = independent variable (t, <t g_tf)

(L15%25+++54,) the vector of controls

Let the components of the state vector satisfy the system of equations

dx,

-db—tl - . (xl,X2,...,Xn,C]_,CZ,--oZ;n,t) i = 1’2,""n

with boundary conditions

Uy = Uy[xl(to),...,xn(to),to; xl(tf),...,xn(tf),tf] =0

¥ = 1,2,¢.0,9
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The control vector, Z , 1s to be chosen such that a function C of the
initial and final conditions is minimized, where
C = Clxs(tg)seeesXy(ty),tys x1(tp),eee,xpy(te),tpl
A set of necessary conditions for the control which minimizes C can be

derived from the variational formulation

tf n
5[J + f () nax, - Hat)] =0 (2-1)
o 1=

where "8" implies the first variation operator, and

X = (M1sMgse0es),) the vector of adjoint variables
n
H = E:kigi the system hemiltonian
i=1
q
J = E:qu + C the performance index
=177

Ty = constant Lagrange multipliers
The vanishing of the first variation results in the following differ-

ential equations and transversality conditions:

d-x.

EEi = %%i (1 = 1,2,00.,0) (2-2)
.

azl = _ %Ei (i =1,2,...,n) (2-3)
ai _ oH -
dt 3t : (2-4)

_ aJ _

xl(t ) = 55;??;7 (i =1,2,...,n) (2-5)
A (tp) = - 8J (1 = 1,2,...,n) (2-6)



H(t,) = - %%- (2-7)
0
H(tp) = 2 (2-8)
77 Bt

In addition, the controls should be chosen to maximize the hamiltonian.

Hence, for the case of continuous controls

%%; =0 (Ci continuous) (2-9)
2.2 Units of Length, Acceleration, and Mass

In order to obtain better scaling of the problem variables
and parameters and to make the results more readily applicable to

motion about any central-body attracting force, the following set of

units is employed throughout the study:
unit length = r* = convenient distance from attracting
center

acceleration of gravity at distance
r¥*

unit acceleration = g¥

initial mass of the rocket vehicle

unit mass
As a result of this choice of units

Vr*?g* = unit of time (in one time unit a satellite in circular
orbit of radius r* would traverse through a central

angle of one radian).

Jr¥ gt = unit of velocity (the orbital velocity of a satelite
in a circular orbit of radius r* would equal one
velocity unit).

g*r*z = gravitational parameter of the central body =

2.3 The Rocket Fquations of Motion in h, u, v, W, Coordinates

The equations for a rocket in coplanar motion about its central

attracting body are



where:

c =

v =

-

= b
2
u
=_9.-.1_.+2;=s:|_n\lf
r r2 m
uu
= r 8 4, 8 .oy
T
e _ar
T dt
=_ &

radial distance from central force

radial velocity

= transverse velocity

argument of pericenter

true anomaly

(2-10)

(2-11)

(2-12)

(2-13)

(2-14)

ratio of maximum rocket thrust to initial rocket weight

thrust intensity variable (0 <& < 1)
rocket mass
rocket effective exhaust velocity

thrust-orientation angle above local horizontal

See Fig. 2-1 .

From the fundamental two-body orbit relationships

e sin £

Vp

- P
1+ ecos f
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Pericenter

Rocket Thrust
‘\ //
/

—

‘-Reference Line

Fig. 2-1: Definition of the thrust-orientation angle
and the variables that define the rocket motion.

‘where:

e = eccentricity

p = semi-latus rectum
It follows that

e sin f = ufJﬁ (2-15)

(2-16)

i
o]
1

Y

e cos T

Dividing Eq. (2-16) into Eq. (2-15) and making use of the two-body orbit
identity

= r®u
b r 5

we have



rurue
ten £ = —

ru, - 1

<]
or
_11'11119
= ten | —4-9— (2-16)

rug - 1

Differentiating the above equation, making use of Egs. (2-10) - (2-12),
and substituting the resultant derivative into Eq. (2-13) gives, after

some simplification

do _ ai[(rzug + r)urcosW - (rzug - r)uesinW] (2-17)
at m[1 - rzug(Z/r - uﬁ - ug)]

Under a transformation to the new coordinates h, u, v, and w,

defined by
h=1 (2-18)
r
u = 11_1_‘ (2-19)
r
v =28 (2-20)
r
w = .1 (2‘21)
m
Egs. (2-10), (2-11), (2-12), (2-17) and (2-14) become
dh - _ yn (2-22)
dt
%% =v® - u? - h® + af wh sinV (2-23)
%% = - 2uv + af wh cosV (2-24)
do — afwh[(v® + h3)u cos¥ - (v - h3)v sinV] (2-25)
at h6 - v2(2h3 - u2 - v2)
du - afw” (2-26)

dt c
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2.4 The Hemiltonien, Adjoint Equations, and the Optimal Thrust-

Orientation Angle
It is now necessary to design a control such that the transfer

will be accomplished with a minimum expenditure of fuel. This optimal
control must indicate the magnitude and orientation of the thrust vector,
the duration of the thrusting phases, and the point on the initial orbit
at which the transfer is to be initiated.

As indicated in Section 2.1, the optimal or minimum-fuel con-
trol must maximize the hamiltonian. The hamiltonian (see Section 2.1)

for the system defined by Eqs. (2-22) - (2-26) is

wA
H = -uhl, + (v2-u2-h3)xu - 2uvA, + afw[h(A cos¥ + A sin¥)+ _E!] (2-27)

where
N, = adjoint variable associated with h
N = adjoint variable associated with u
N, = adjoint variable associated with v
x@ = adjoint variable associated with o
N, = adjoint variable associated with w

and, for convenience

2 3
A = A 4+ >\co(v + hd)u (2-28)
Vb6 - v2(2h° - u® - v2)
A (v2 - hd¥)v
© (2-29)

= AN =-
h n® - v2(2n® - v? - v?)
In order to maximize the hamiltonian, the optimal thrust-orientation

angle should be chosen such that

A
sinV = zg (2-30)
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(2-31)

cosV¥

1}
.‘>|<>

where

A=/ R+ K (2-32)

In future discussions, we shall refer to the variable A defined
by Eq. (2-32) as the primer. It can be shown that hA is equal to the
primer defined by LawdenS. The hamiltonian, given by Eq. (2-27) and

maximized with respect to the thrust-orientation angle, becomes
5 2 .3 WA
H= —uhh, + (v3-u®-n")\ - 2uvh, + efw(hA + V) (2-33)
u v c

The following system of adjoint equations is derived by applying

Eq. (2-3) to the above hamiltonian.

i N 30N - aFwA - &¥h (A A ) (2-34)
T - hY y T WA - 2= Ml + N -
d)\u aswh
2 = Mph + 20N+ 20V "f%" (AA + D) (2-35)
DN - ony 4 20 u - 2Buh + ) (2-36)
EE— - = u’ v A AuAuv AvAvv
dan
ax 2aFwA
EEH =~ ——¥ _ aFhp (2-38)
where:

_ 6h%v2 + 3h2v°u® - 3h8v - 3h3vy5

=\ h- (2-39)
Nun © [b® - v2(2h° - @ - v2) ]2
Mgy = M 2uv5 - 2uvSh3 (2-40)

® [h6 - v2(2h3 - u? - v2)]°
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Ay = N n® + v6 — h8v° - h%* - v%® - h&H%°
v @ [n® - v*(2h% - w? - va)]z

Ay, 9h%uv? - 3h8u - 6hSuv® + 3hcuv?
o [h6 _ v2(2h3 _ u2 _ v2)]2

A = N h® - h6v® - v%h® - uv2h3 - uiy? + 6
® [hﬁ _ v2(2h3 - uR - vz)]z

Ay = 6uvh® - 2vSu - 2vu®h® - 4vh%u
® [p® - v2(2n® - u? - v2)]°

2.5 Boundary Conditions on the Adjoint Variables

(2-41)

(2-42)

(2-43)

(2-44)

The boundary conditions on the state variables can be defined

by specifying the energy, angular momentum and argument of pericenter

for both the initisl and final orbits.

With

1!

q(t) = energy per unit mass
k(t) = angular momentum per unit mass

Ao

initial and final orbits

desired change in the argument of pericenter between the

the constraints on the state variables at the initial and final times

t, and tf are
I [B(t,) + v3(t5)] - hty) - alty) = 0 = cy

2h?(t,)

v(t,)
h2(t,)

- k(to) =0 = Co

w(t,) - 1=0=csg

%HET;;S [uZ(tf) + Vz(tf)] - h(tf) _ q(tf) =0=c,
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]
~
—~
ct
~
1]

0=05

o(te) - olty) - Ao =0=cq

Constraints ¢y, cg, cq and cs are a consequence of the given energy
and angular momentum levels of the initial and final orbits. The
initial mass of the rocket is equal to unity, as seen from constraint
cg, while the change in -pericenter argument Ao between the initial
and final orbits is taken into account by constraint c¢4 .

In addition to satisfying the above six constraints, the
optimal control must maximize the final mass or minimize the reciprocal
of the final mass

w(tf) = minimum

Hence, the J function defined in Section 2.1, is

6
J = w(tp) +Z o
i=1

or

o
I

w(tp) + m[ﬁﬁz_;_) [u®(t,)+ v3(ty)] - h(t,) - q(to)}

o

+ gl vito)

m - k(t,)] + T]S[W(to) - 1]

1 [ue(ty) + vA(tg)] - h(tg) - alte)
+n4[2h2(tf)£u<f+v £)] - hltg qf}

v(tf)

+ 15l - k(tf)] + fb[cp(tf) - o(ty) - Lo]

h?(te)

The following boundary conditions result directly from Egs. (2-5) - (2-8)

and the above expression for J .
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_ nau(ty)
A () = '%;TE§7 (2-45)
N (t) = nav(te) + N2 (2-46)

VIO mR(t)  hR(%,)

2n2v(t°) M

t,) = - 2(¢.) + v2(t.)] - -
)j,l( o} ha(to) he(‘to)[u ( o) ve( o)] 1 (2-47)
kcp(to) = - 1 (2-48)
N(to) = na (2-49)
H(t,) =0 (2-50)
A (t,) = - naulte) 2-51
u' f hz(tf) ( )
N (te) = - 714V(tf) - s (2-52)
£ h®(t;)  h3(t,)
N (bg) = 20VE) 4T [B(s.) + vR(8p)] 4 ma (2-53)
0 () n3(ty)
x(P(tf) =~ 1 (2-54)
xw(tf) =-1 (2-55)
H(tp) =0 (2-56)
It is convenient to partition the hamiltonian of Eq. (2-33) as follows.
H = H, + afuH; (2-57)
where:
Ho= - ubhy + (v - u® - B9\ - 2uvh (2-58)
H; = hA + " (2-59)

c
Evaluating H, at the initial and final times through the use of

Eqs. (2-45) - (2-47) and (2-51) - (2-53) respectively gives
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(2-60)

Il
Q

H,(t,)

(2-61)

1l
o

Hy(te)

Since time t does not appear explicitely in the hamiltonian, it follows

directly from Eq. (2-4) that

ﬂ:O
dt

or

H(t) = constent (2-62)
But, from Eqs. (2-50) and (2-56) we have that H must vanish at the
initial and final points of the trajectory. Therefore, in accordance
with Eq. (2-62), the hamiltonian must equal zero over the entire
transfer trajectory

H(t) =0 to <t <ty (2-63)

2.6 Determination of the Thrust-Intensity Control Variable and

Definition of the Switching Function

The thrust-intensity control variable £ can assume values in
the range

0< £ 1
and must be chosen to maximize the hamiltonian. From Eq. (2-57) it
follows that £ must be chosen according to the rule

E=1 Hy >0
and

£=0 H, <O
In other words, if H; is positive, the rocket should be thrusting at
maximum intensity while for H, negative, the rocket should be in a

non-thrusting or coasting phase. If H; is zero over any finite time
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interval, ¢ could take on any value in its permissible range without
affecting the hamiltonian. However, for the case of time-open transfer
trajectories, minimum-fuel thrusting arcs for which the thrust-
intensity control variable takes on intermediate values in the range
0< £<1
have been shown by Robbins9 and Kopp and Moyer14 to be non-existent.
Because of the manner in which H; controls the rocket thrust-

ing, a switching function s can be defined as

(2-64)

0
1]
=

Since A is by definition a positive quantity, we conclude that for s
positive the rocket thrust should be at maximum intensity (¥ = 1), and

for s negative the rocket thrust should be zero (7 = 0). See Fig. 2-2 .

SWITCHING FUNCTION
o
=
b
=
=

EEEEEE — Thrust

Fig. 2-2: General time behavior of the switching function
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2.7 Differential Equations for the Primer and the Thrust-Orientation

Angle

The generation of minimum-fuel trajectories is simplified
considerably through the direct integration of differential equations
for the primer A and the thrust-orientation angle V. These two
equations will replace two of the original adjoint equations. From

Eqs. (2-30) and (2-31) we have

A sinV = Au
A cos¥ = Av

Differentiating both sides of these equations gives

dA
AN ginV + A cos? ¥ = _u (2-65)
dt dt dt

dA
) cosV - A sinv &¥ = _¥ (2-66)
dt dt dt

The right-hend sides of the above two equations can be evaluated by
differentiating Eqs. (2-28) and (2-29) and then applying Egs. (2-22) -

(2-26), (2-34) - (2-38), and the fundamental two-body orbital re-

lationships
v =+p h? (2-67)
h=Jlt+tecosf (2-68)
p
u = hesin f (2-69)
Vp
where:

e = eccentricity

f = true anomaly
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p = semi-latus rectum

Eqs. (2-65) and (2-66) become, after a considerable amount of algebraic

manipulation,
aA Qv 3\ sin f
Ty ginV + A'EE cos¥ = hN + 2ul\, + 2vA, - ——9;———— (2-70)
4aA - A&Y = - - -
ey cos¥ - A s sin¥ = 2uA, 2v1'\.u Mo (2-71)

Multiplying Eq. (2-70) by sinV and Eq. (2-71) by cosV¥, adding the

resulting equations and solving for %e gives

: 3\ sin f
%e = 2ul + (h\, - -ﬂ%r——-—)sinW - chosW (2-72)

Likewise, multiplying Eqs. (2-70) and (2-71) by cosV¥ and (- sinV)

respectively, adding the resulting equations and solving for %%

ylelds
3\ sin f
av _ 1 __o -
ra 2v + K[(hxh = )cos¥ + A sinV] (2-73)

2,8 Differential Equation for the Switching Function

Direct integration of the differential equation for the switch-
ing function s will lead to further computational simplifications.

Rearranging Eq. (2-64) and differentiating both sides of the resulting

equation yields
ads ygdd -2 (2-74)

The following expression for gi results from the above equation by

differentiating Eq. (2-59) and then applying Eqs. (2-22), (2-26), (2-38)

(2-64), and (2-72).
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ds - 8 = h\ cosV - (hN, - 2}9 gin £)ein¥] + vh - s(2u + &&¥W) (2-75)
A ? e c

dt

2.9 Differential Equations for Semi-Latus Rectum, Eccentricity and

the Polar Angle §
Solving Eq. (2-67) for the semi-latus rectum gives

4]

(2-76)

71

Differentiating this equation, and simplifying the resulting derivative
with the aid of Egqs. (2-22), (2-24), (2-67), and (2-68), we find

1.5
dp _ 2afw P cos¥ (2-77)

dt 1+ecosf
The eccentricity for an elliptic orbit in terms of semi-latus rectum

and semi-major axis is

o= /1 -E (2-78)

vhere

a = semi-major axis of the elliptic orbit
The semi-major axis can be expressed in terms of h, u, and v through
application of the orbital energy equation7 to give

2
a = h (2-79)
2hd - u® - y®

Eliminating o from Eq. (2-78) by means of Eq. (2-79), differentiating
Eq. (2-78) and simplifying the resulting equation by means of Egs.
(2-22), (2-23), (2-24), (2-67), (2-68), and (2-77) results in the

differential equation for eccentricity.

2
de _ afw/p[sin £ sinV + 2cos £ + e(1 + cos f) cos¥] (2-80)
dt 1+ecosf
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Define the angle 0 as
B=f+o (2-81)

Then it follows directly from Eqs. (2-13) and (2-20) that

40 = v (2-82)
at

2.10 Introduction of the Variable v and the Development of the
Differential Equation for v
The discovery of the variable v has been a most important
factor in maeking possible the satisfactory solution of the minimum-fuel

transfer problem. This variable, which is a combination of state

varigbles and adjoint variables, is defined as
v=hy - 0 (2-83)

The desire to simplify Eqs. (2-72), (2-73), and (2-75) for
the primer, the thrust-orientation angle and the switching functiion,
respectively, led to this particular form for the variable v . Sub-

stituting v into these equations results in the following simplified

set:

dA — s - -
i 2ul + v sinV¥ chosW (2-84)
%% =2v + %‘v cosV + KmsinW) (2-85)
ds = 8 = h(\ cosV - vsin¥) + uh - s(2u + &EW) (2-86)
dt A N c

A differential equation for v can be derived by differentiating
Eq. (2-83) and then applying (2-22), (2-34), (2-39), (2-42), (2-67),
(2-68), (2-69), (2-80), (2-13), (2-20) and (2-25). This leads to the
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following remarkably simple result

%f = A h(3h®sinV - afw)

(2-87)

As is evident from Eqs. (2-84) - (2-86), the variable v influences

considerably the behavior of the primer, the thrust-orientation angle,

and the switching function. This fact along with equation (2-87),

which mekes it easy to predict the behavior of v, provides a great

deal of insight into the selection of an initial value for v and how
to vary this initial choice of v to obtain the desired transfer tra-

jectory. This will be discussed in detail in Chapter 3.

2.11 Transformation to the z, A, B Coordinates

The instantaneous orbital elements, p, e, and ¢, of the
transfer trajectory can be determined by direct integration of Egs.

(2-77), (2-80) and (2-25), respectively. However, with the aid of

Eqs. (2-67)- (2-69) we have, from Eq. (2-25)

do - afw n/h [2*+ecos f gin £ cosV - cos f sinV¥]
dt e 1+ e cos f

(2-88)

It is obvious that the above equation has a singularity at e = O and

thus would not be convenient to integrate for low values of e. The

difficulties associated with this singularity can be overcome by
1,10

defining, as suggested by DeVeubeke ’ , a new set of orbital elements

z, A, and B as follows

2

z = %_ (2-89)

A=z e cosp (2-90)

B =z e sino (2-91)
From Eq. (2-81)

0o=0-7° (2-92)
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Substituting Eq. (2-92) into Eqs. (2-90) and (2-91) and expanding
cos(B6 - £) and sin(B - f) gives

A = 2z e(cosd cos £ + sinb sin f) (2-93)

B = z e(sinf cos f - sin f cosB) (2-94)

i

From Eqs. (2-67) - (2-69) and (2-89) the above two equations become

e
1}

% sinf + (% - 2z)cosf (2-95)

B

- % cosh + (% - z)sin® (2-96)
Differentiating Eqs. (2-89), (2-95) and (2-96) and making use of

Eqs. (2-22) - (2-24) and (2-89) gives

dz - _ aéwzz cosV 2-
= A (2-97)

aa

i afw(cosh cosV + sind sinV + ﬁi cos¥ cosh) (2-98)

%% = afw(sinb cos¥ - cosB sinV + ﬁf cosV sinf) (2-99)

It is obvious by inspection that these equations cen be easily inte-

grated at very low eccentricities without loss of accuracy.

2.12 Sumary of the Necessary Conditions for Minimum-Fuel Trajectories

The differential equations (2-97), (2-98), (2-99), (2-82),
(2-26), (2-84), (2-85), (2-86), (2-87), and (2-37) are the basic set of
equations which must be integrated to find minimum-fuel trajectories.

This set is repeated and renumbered to facilitate future discussions.

dz = _ afwz® cosV (2-100)
dt h

2
%% = aFw(cosB cosV + sinb sinV + ﬁ_ cos¥ cosH) (2-101)
dB - afw(sin® cos¥ - cosd sinV + ﬁg cosV¥ sinf) (2-102)

dt
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a4 - _

= v (2-103)
dw _ afw® (2-104)
dt c

%% =2uA + v sin? - kw cos¥ (2-105)
av _ 1 -

r 2v + A(v cosV + km sinV) (2-106)
%% = A h(3h°sin¥ - afw) (2-107)
ds - s - h(\ cosV - v sin¥) + uh - s(2u + afw) (2-108)
dt A ® c

dx

—8 = -

I 0 (2-109)

The original orbital elements, p, e, and o, can be computed from z, A,

and B by means of the following identities which are easily derived from
Eqs. (2-89) - (2-91) and (2-67):

-1

© = tan (%) (2-110)
e = - ﬁosw (2-111)
p=2L (2-112)
2
2

The variables h, u, and v which must be evaluated in order to integrate
Egs. (2-100) - (2-109) are from Eqs. (2-67) - (2-69) and (2-89)

h=(1+e cos £)z° (2-113)

u=he z sin f (2-114)

- b°
v =1 (2-115)
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where the true anomaly f can be computed from Eq. (2-81) ‘as
| £=6-¢ (2-116)
In addition the thrust-intensity control variable £ is establisghed by
the switching function s as follows:
E=1 8>0 (2-117)
E=0 8 <0 (2-118)
Let the sets (py, e,s 9,) and (ps, eps ¢f) be the parameter,
eccentricity, and argument of pericenter of the given initial and final
orbits respectively. The reference line from which all angular measure-
ments are made can be defined to pass through pericenter of the initial
orbit so that
o(t,) =0 (2-119)
The initial mass of the rocket will be equal to unity since the basic
unit of mass ie taken as the initial mass of the rocket. In all optimal
control problems of this type the initial condition on one of the
adjoint variables can be selected with a certein degree of freedom
since the theory permits the scaling of the adjoint variables to any
desired positive constant. Therefore, without any loss of generality,
the primer A is given the initial value of unity.
Using the definition of the switching function given in

Eq. (2-64), we have for the hamiltonian of Eq. (2-57)
H=H +afw As (2-120)

It has been proven earlier in this chapter with Eqs. (2-60), (2-61),
and (2-63) that H, must venish at the initial and final times, and
H must remain zero throughout the entire transfer. Therefore, it
follows from Egs. (2-117), (2-118) and (2-120) that the switching

function must be less than or equal to zero at the initial and final
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points of the transfer trajectory. With s negative, the rocket is
coasting, and hence the orbital elements are remaining fixed. We shall
define the initial time t, as the time at which the rocket begins moving
out of the initial orbit and the final time ty as the time at which the
rocket attains its final orbit. Hence, the switching function must
equal zero at the initial and final times defined in this manner.

In light of the above discussion and with the aid of Egs.(2-89),
(2-90), (2-91) and (2-115), we conclude that Egs. (2-100) - (2-109)

must satisfy the following boundary conditions

2(t,) =.J%; 2(tg) = _i; (2-121)
A(ty) = z(ty)e cosa, A(tp) = z(tp)egcose, (2-122)
B(ty) = z(t,)e sina, B(ty) = z(tg)epsinge (2-123)
w(ty) =1 (2-124)
Mtg) =1 (2-125)
s(ty) =0 s(tg) =0 (2-126)
H(t,) =0 Hy(tg) = 0 (2-127)

The initial values of the angle 6, the thrust angle V¥V, the
variable v, and the adjoint variable kw are unknown. These initial
conditions must be chosen, however, so.that the required final con-
ditions are satisfied at the variable final time tp. Only three of
the missing initial conditions can be chosen independently. The fourth
missing initial condition must be chosen to satisfy the requirement

that H, vanish at the initial time.
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At the initial time

8(t,) = £(t,) (2-128)

This result follows directly from Eqs. (2-81) and (2-119). Therefore,
determining the initial value of the true anomaly f is equivalent to

finding the initial value of the angle 6 .



CHAPTER 3
DETERMINATION OF THE INITIAL-APPROXIMATE

TRANSFER TRAJECTORY

In this chapter a method for selecting the unknown initial
conditions for the set of differential Egs. (2-100) - (2-109) is
developed such that when these equations are integrated, the result-
ing transfer trajectory has final conditions which are reasonably
close to the desired final conditions. This trajectory is defined as
the initial-approximate treansfer trajectory. In Chapter 4, the initial-
approximate trangfer trajectory will be used as a starting trajectory
for computing the final transfer trajectory which more closely satis-

fies the desired boundary conditions.

3.1 Selection of the Unknown Initial Conditions — An OQutline of

the Problem

The minimum-fuel trajectory must satisfy the differential
Eqs. (2-100) - (2-109) and the boundary conditions (2-121) - (2-127).
To find a trajectory which satisfies this system of equations is a
relatively difficult task since at the initial time, the values of
the true anomaly f, the thrust angle V¥V, the variable v and the adjoint
variable Kw are unknown, The basic problem is to find that correct
combination of the initial conditions for f; ¥, v and k@ such that
when the system of equations (2-100) - (2-109) is integrated, the

boundary conditions at the final time are satisfied. The final time

-27-
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in this case is not fixed but can be defined as the time at which all
the conditions at %he end of the trajectory are satisfied.

As mentioned in Chapter 2, only three of the four unknown
initial conditions are independent. With three of the unknown initial
conditions selected, the fourth condition is fixed through the require-
ment that H, vanish at the initial time. It has proved convenient in
this study to set independently the initial conditions on f, ¥ and v

and then solve for Xw in the equation
Hy(t,) = O

The expression for Hy given by Eq. (2-58) can be transformed
through application of Eqs. (2-28) - (2-31), (2-83), and (2-67) -

(2-69) to give

g = el +e cos f)sin £ | A1 + e cos ) [siny cos £ + e cos 2f _
o p1.5 p1.5 sin f

A (1 +e cos f)

2 cosV(1 +ecos £)] - v +-2 (3-1)
e sin f

Setting Hy, equal to zero and solving for x@ yields

N =|evseinf _eAsinf [gsinycosf te cos 2f _
0 1+ecosf ple® sin f
2 cos¥(1 + e cos f)ﬂ (3-2)

t=t,
Therefore, given the eccentricity e and the semi-latus rectum p of the
initial orbit and having selected the initial values for f, V¥, and v,
the value of A can be computed from Eq. (3-2). From Egq. (2-109) it

is obvious that kw remains constant throughout the entire transfer

trajectory.
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Having reduced the number of unknown initial conditions from
four to three, we are still faced with a formidable problem in select-
ing these three initial conditions to obtain the desired transfer tra-
jectory. The first step in solving this problem is to consider the

equivalent minimum-fuel, two-impulse transfer trajectory.

3.2 Development of the Properties of the Initial-Approximate Transfer
Trajectory from the Minimum-Fuel Two-Impulse Transfer Trajectory

Using the optimum two-impulse solution as the primary input,
we desire to construct a finite-thrust transfer trajectory which,
hopefully, will serve as a good first approximation to the desired
final transfer trajectory. A discussion of the method for computing
optimal two-impulse transfers along with the associated computer
program is presented in Appendix A, As mentioned in Chapter 1, the
method is based primarily on the work done by Lee4, McCue and Bendera,
aend Kern and Burghartll. The inputs to the progrem are the eccen-
tricities and semi-latus rectums of the initial and final orbits and
the change in the argument of pericenter. The progrem then computes
the minimum-fuel two-impulse transfer and returns as output the follow-

ing information concerning this transfer.

Hy
i

true anomaly at the beginning of the first impulse

fi1 = true anomaly at the beginning of the second impulse

AVI = magnitude of the impulsive velocity change vector for
the first impulse
AVII = magnitude of the impulsive velocity change vector for

the second impulse

eccentricity of the transfer trajectory
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= semi-latus rectum of the transfer trajectory

by =

@I = thrust-orientation angle for the first impulse

WiI = thrust-orientation angle for the second impulse

Np_ = change in the argument of pericenter on the first
I impulse

Ap__ = change in the argument of pericenter on the second
II impulse

Reasonable estimates for the minimum-fuel finite-thrust
transfer trajectory can be computed from the above properties of the
two-impulse trajectory. In the discussion which follows, these esti-
mated quantities will be designated with a primed notation.

For the finite-thrust transfer trajectory, in addition to the
initial and final times t, and tf, we define the switching times t;

and t; in the following manner:

time at which the first thrusting interval is terminated

ts1

time at which the second thrusting interval is initiated

to

As a first approximation, the durations of the first and second
thrusting intervals for the finite-thrust trajectory are chosen so that
the integrals of rocket acceleration for the finite-~thrust case are
equal to the respective magnitudes of the velocity change vectors for

the impulsive case. Integrating the basic finite-thrust rocket equations

v - _ o dn -

m £ c & (3-3)
dm - _ 2 (3-4)
dt c

over the two thrusting phases (t,, ti) and (tz, tg), eliminating the
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mass between the resulting equations and solving for the time inter-

vals, we have the following estimates for the durations of the thrust-

-ing intervals

AVi
estimated duration of - —
the first thrust =¢(1-e ©) (3-5)
interval a
AVi AViI
estimated duration of - —= - I —
the second thrust —ce ° (1 -e ) (3-6)
a

interval

Reasonable estimates for the true anomalies f(t,), f(ti),
£(tz) and £(tp) of the finite-thrust trajectory at the initial time
to and the switching times t;, tz, and tp respectively are computed
from the two-impulse transfer trajectory. Let these estimates be
denoted by £'(t,), £'(t1), £'(t3) and f'(tf). The true anomaly f'(t)
is used as an initial condition on the finite-thrust trajectory. In
some cases it will prove advantageous from a convergence standpoint
to compute transfer trajectories in the backward direction. Under
these conditions the true anomaly f'(tf) will be needed to start the
computation. The angles f'(t;) and £1(tz), which are estimates of
the initial and final true anomalies for the coast trajectory, are
necessary in the actual computation of the coast trajectory and are
also used to obtain an initial estimate for the time duration of the
coast trajectory.

Initial estimates for the true anomalies f(to), £(ty), fts)
and f(tp) are computed from the corresponding two-impulse trajectory
by conjecturing that on each thrusting phase the average true anomaly

for the impulsive thrust should be equal to the true anomaly at the
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midpoint of the finite-thrust interval. For the impulsive case the

two average true anomalies are

average true anomaly on Do

the first impulse =fr - L (3-7)
2

average true anomaly on A

the second impulse =fi1 - —Ell (3-8)

Let VI and VT be approximations for the average transverse velocities
on the first and second thrusting intervals respectively of the finite-
thrust trajectory. The transverse velocity v,from Egs. (2-67) and

(2-68),is

v+ e cos £)* (3-9)
p L

Substituting average eccentricities, semi-latus rectums, and the

averags true anomalies of Eqs. (3-7) and (3-8) into Eq. (3-9) we have

e +e
1+ _t cos(fy - éfl)]z
v; = 2 2 (3-10)
po + pt 1.5
(=)
e + e o)
[1+t £ cos(fy; - _11)7?
VII = 2 £ (3-11)

2

The true anomalies at the midpoints of the thrusting phases of the
finite-thrust trajectory will then be approximately
true anomaly at the vI(tl - t,) Do

midpoint of the first = £'(t,) + -1 (3-12)
finite-thrust phase 2 2
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true anomaly at the ( - t2) Ny
midpoint of the second = f'(tg) + II - Il
finite-thrust phase 2

(3-13)

Equating the right hand sides of Eqs. (3-7) and (3-12) and solving for

£1(t,) gives

VI(tl - tO)
2

£1(ty) = f1 - (3-14)

Likewise, equating the right hand sides of Egs. (3-8) and (3-13) and

solving for f'(ts), we have

v (t, - ts)
£1(tg) = £ - %_f_. (3-15)

The changes in the true anomalies on the first and second
finite-thrust phases will be approximately vy(t; - ty) - Npr, and
vII(tf - t3) - A@II, respectively. Therefore, from Egqs. (3-14) and
(3-15), the true anomalies f£'(ti) and f'(tp) at the ends of the two

finite-thrusting phases will be as follows:

v (t1 - to)

£1(ty) = £ - _l;_zr_____ +vp(ts - t5) - Ipy (3-16)
v (tf - tg)
or
' vI(t1 - t,) .
f(t1)=f1+__T___—A<pI (3-18)
v (te = tn)
£1(tg) = £y + L f- = . Depy 1 (3-19)

A reasonable first approximation for the duration of the

coast interval can be computed by means of Kepler's Eq.7, using the
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estimated true anomalies f'(t;) and f'(tg). Let

té - ti = estimated duration of the coast trajectory

Then
-
o - ¢ = L_P_t_;z]l [E' (t3) = B (b1) - oy(sinE!(t3) - sinE'(t1))](3-20)
= ¢

where the eccentric anomalies E'(ts) and E'(t;) are computed as follows

- 1~e ]
E'(t;) = 2tan t tan £'(t) (3-21)
1+ ey 2

Wy -J

B (ts) = 2tan | /%% tan £ (ta) (3-22)
1+ ey 2.

e -

3.3 Selection of Proper Initial Values for ¥ and v to Achieve the

Desired First Thrusting Interval
The properties of the initial-approximate transfer trajectory

were derived in Section 3.2 using as a basis the minimum-fuel two-
impulse transfer. This analysis established the initial true anomaly
f and the durations of the two thrusting phases for the finite-thrust
trajectory.

It is now desired to find initial values for V¥ and v, such
that integration of Eqs. (2-100) - (2-109) will result in the initial-
approximate transfer trajectory. In this section we shall consider
selection of an initial set of ¥ and v values such that the desired
first thrusting interval is attained, or, in other words, the switching
function s exhibits the behavior shown in Fig. 3-1 . This will be
accomplished by choosing the initial value of v from some reasonable
range and then finding the initial value of ¥ to achieve the desired

switching. It is therefore necessary to establish a reasonable range

of initial values for v .
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0
to t\ TIME

SWITCHING FUNCTION

Fig. 3-1: Desired switching function behavior for
the first thrusting interval.

The initial thrust angle Wi available from the two-impulse
transfer will be used as the first estimate of the starting value for
¥ in the finite-thrust case. Culpl'7 has proved that Ti will be near
either 0° or 180°. For the transfer trajectories considered in this
study, ¥ was usually within + 5° of 0° or 180°.

With the initial value of V restricted as outlined above, it
is now possible to determine a range of possible initial values for
v . To gain a better understanding of the switching function action,

we write Eqs. (2-106), (2-108) and (2-105) in the following manner

%% = 2v + %'cos(W - B) (3-23)
de - h=s psin(¥ - p) +hu-s(2u+ a—E-cl’) (3-24)
i = in(V - -

s 2uh + psin(V - B) (3-25)

where

p :'J}\(?O + vz (3—26>

B =tan " P@J (3-27)
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With the initial value of V restricted to a small range near either
0° or 180°, the term containing sinV in Eq. (3;2) can be safely
neglected. Making use of Egs. (2-68), (2-125), and (3-9), we have

from Eq. (3-2) the following approximate expression for k¢.

’\cp o |hesin f (¥ + 2¢0s7) (3-28)
,‘/ v
P t=t,

A reasonable range of starting values for v can now be
established from the insight provided by Eqs. (3-23) - (3-28). It
is obvious from Fig. 3-1 that %% must be positive at time t, and must
became negative at some time within the interval (ty,, ti). Since the
optimum thrust intervel must be relatively small, this reversal of
%% from positive to negative must take place within a relatively short
time interval.

A closer examination of the right hand side of Eq. (3-24)
reveals under what conditions the switching function will perform in
the desired maemner. Obviously, the third term on the right hand side
of Eq. (3-24) will not be important in forming the desired switching
function characteristics since this term will be zero at the beginning

and end of the thrusting interval. Therefore, proper switching must

be provided by the combined actions of the terms & R S psin(V¥ - )

and hu of Eq. (3-24). For convenience define
F(t) = h_;\_S psin(¥ - B) + hu (3-29)

If switching is to take place, it is obvious that at times t, and t;
the following conditions must hold

F(ty) > 0 (3-30)

and
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F(ty) <O (3-31)
Since the time interval (t,, ti) is relatively small, proper switching
will be most logically accamplished if both F(t,) and F(ti) take on
relatively amall values. The term hu will ordinarily be relatively
amall since u is the non-dimensional radial velocity. Therefore, the
term 9.1'\_9 psin(V - P) must also be "small", where "small" implies
the seme order of magnitude as the term hu. It follows that either
p(ty) or sin(¥ - B)t=to must be "small". From Egs. (3-26) and (3-28)
it appears reasonable to conclude that p(t,) can be made "small" by
choosing a v(ty) with a "small" absolute value. However, in the next
section it will be shown that the second thrusting interval cannot be
attained if the absolute value of v(to) is "small". Therefore, the
term Q_ifé pein(¥ - B)t=t° must be made "small" by making sin(¥ - ﬁ)tzto

"amgl1l", This requires that either

(W - ﬁ)t=to = 00 (3_32)

or

(V- Blg=t, = 180° (3-33)

If (¥ - B),_, is near 0°,then from Eq. (3-23) & will be
t=t, dt

positive, since p, A, and v are all, by definition, positive quantities.
Therefore, the angle ¥ will be increasing and the temm Q—i-ﬁ psin(V¥ - f)
will likewise be increasing. This results in higher positive values
for %% making it impossible for the switching function to pass through
zero at time t; .

On the other hand, if the initial value of (¥ - B) is chosen to

be near 1800, it is reasonable to expect that proper switching can be
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accomplished since now, from Eq. (3-23), the initial value of %%
can be made either positive or negative depending upon the initial

value of p .
From the sbove discussion it can be concluded that if proper
switching is to take place, the initial value of the angle (¥ - p)

must be near 180°. That is
(¥ - By, ¥ 180° (3-34)

Since W(to) is either near 0° or 180° it follows from the above
equation that v(to) must be chosen so that the angle B(to) differs
from the initial thrust angle W(to) by approximately 180°. Therefore,
as a consequence of Eq. (3-27), v(to) must be negative for ¥(t ) near
0° and positive for ¥(t,) near 180°.

The above arguments have led to conclusions regarding the
sign of v(to). Further refinements on the choice of the absolute
magnitude of v(to), can be established through the following reasoning.
Since P(t,) should be near either 180° or 0°, it follows from Eq. (3-27)

that [v(t;)| should be much larger then |\ |. That is

[v(to)] > |xcp| (3-35)
If, for example

v(to) == v(to)
and

cosV = 1

then we can apply Eqs. (3-28) and (2-67) to give

k@ > egin f
O(to) ph

It is obvious, therefore, from the above analysis that,v(to)lshould
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certainly not be less than v(to) if inequality (3-35) is to be
valid. This then establishes a somewhat arbitrary lower limit on

. The maximum value of Iv(to)l can be established from the

'v(to)
requirement that %% must undergo a reversal from positive to negative

on the first thrusting interval. From inequality (3-35) and Eq. (3-26)

an approximate initial value for p will be

Since (V¥ - B)t_t is near 180° and the initial value of A, from
=%o
Eq. (2-125), is equal to unity, we have approximately from Eqs. (3-23)

end (3-36)

g_‘ﬂ ¥ 2v(ty) - [W(t,)] (3-37)
t=t,

From Eq. (3-37) it is obvious that as |v(t,)| becomes larger than

2v(to), a¥ will become increasingly negative. Therefore, the temm

dt:|t=to
h_i-§ psin(¥ - B) will become more positive since (¥ - B) will be
decreasing from an initial value near 1800. This will make impossible
a reversal of 48 from positive to negative on the first thrusting

d

interval, and hence the desired switching will not be attained. There-

fore an approximate upper limit on Iv(to)l will be

M) Fav(t,) (3-38)
max

The above conclusions concerning reasonable initial values

for v are in summary

V(to)]W(t 200 <0 (3-39)
o
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V(o) y(y y21g00 > © (3-40)

and

v(t,) < |v(to)] < 2v(t,) (3-41)

Further refinements on the choice of v(to) will be made in the next
section when establishing the desired second thrusting interval.

With v(t,) established in the range provided by inequalities
(3-39) - (3-41), it is now necessary to develop a method for adjusting
the initial thrust angle W(to) such that the switching function exhibits
the behavior shown in Fig. 3-1. The following method for finding ¥(t,)
is based upon the second derivative of the switching function. Differ-
entiating Eq. (2-108), substituting Eqs. (2-22) and (2-125) and setting
s = 0, gives for the second derivative of the switching function evalu-

ated at t = to

QEE = |[(X cosV - v sin¥)(d8 4+ uh + h 44)
. ¢ dt dt
o

+ h(dY st d¥ cos? + A QY ginV
(dt ginV + v gt cos + i )

+p Gu _ 2y - 2y ds - gfw ds] (3-42)
at at ¢ dt
t=t,

This second derivative can be evaluated with the aid of Eqs. (2-23),
(2-105) - (2-108), and (2-67) - (2-69).

The computation of the initial thrust angle is based upon
principle that the duration of the first thrusting interval is
proportional to the ratio of first and second derivatives of the

switching function evaluated at time t . In other words
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ds

(t1 - to) = - K & (3-43)
as

2
dt t:t,o

If Qig were constant over the time interval t, - t;, then the pro-
portggnality factor K in the above equation would be equal to two.

The initial thrust angle ¥(t_ ) is now computed in the following
manner. To facilitate the discussion we re-write Eq. (3-43) in the

form

ds t t

— l—

dt_ = _ o (3-44)
&#s K

at®
t=t_

To solve this equation,the initial true anomaly, f(to), is computed
fram Eq. (3-14), and a reasonable starting value for v(t_ ) can be
selected from the renge defined by inequalities (3-39) - (3-41). Using
K = 2 as a starting value, we solve Eq. (3-44) for W(to) by an iterative
type approach. The Eqé. (2-100) - (2-109) are then integrated to
determine the actual duration of the first thrusting interval. Read-
justment of the proportionality factor K will then be necessary in order
to make the actual thrusting interval equal to the desired thrusting
interval. If we define

= desired time for termination of first thrusting

Y14esired phase

t1 ctual - termination time of first thrusting interval
actuas established by integration

then a new value of K is computed according to the following rule
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t1 -t
Kiew = (1 - _desired ggjnal ) K 14 (3-45)
ldesired °

This new value of K is now substituted into Eq. (3-44), and Eq. (3-44)
is once again solved iteratively for ¥(t,). The process is repeated

until t, becomes within a certain tolerance of t; .
actual desired

This method of determining W(to) has proven very reliable
and efficient. In the actual computer program, double-precision
arithmetic is used for the iterative solution of Eq. (3-44), but the
integration of Eqs. (2-100) - (2-109) is performed in single-precision
aritimetic. For most minimum-fuel problems considered, the difference

-7
between t; can be made less 5 x 10 time units in

and tl
desired actual
three or four iterations. The computer subprograms PSISET, Y7SET, and

DURATN, described in Appendix B, are used to set W(to) in the manner
illustrated above. The subprograms Y7SET and DURATN are used for the

iterative solution of Eq. (3-44).

3.4 Selection of Proper Initial Values for ¥ and v to Achieve the

Desired Second Thrusting Interval
The durations of the thrusting intervals along the initial-

approximate transfer trajectory have been established from the minimum-
fuel two-impulse transfer. With the initial value of the true anomaly
f also derived from the two-impulse transfer, we are considering a
method for finding the initial values for the thrust orientation angle
V and the variable v such that the desired durations of the two thrust-
ing intervals are attained. In Section 3.3, after determining the
range of possible v(to) values, a method was developed for finding

W(to) such that the desired duration of the first thrusting interval
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was attained. In this section we shall develop a method for deter-

mining v(to) such that the desired duration of the second thrusting

interval is also achieved. The switching function for the complete

transfer trajectory will be as shown in Fig., 3-2 .

SWITCHING FUNCTION

|
>

Fig. 3-2: Desired switching function behavior along the

injtial-approximate transfer trajectory.

In computing the initial-approximate transfer trajectory, only the

duration (ts - tf) of the second thrusting interval is attained while

the time tz; at which this thrusting interval is initiated is left

open.

Eqs. (3-23), (3-24), (3-25), (2-107), (3-26), and (3-27)

provide a considerable amount of insight as to how v(to) should be

chosen in order to satisfy the requirements of the second thrusting

phase.

These equations are repeated for convenience

&l =2 + & cos(¥ - p) (3-46)
g_:; =h =8 poin(V - p) + bu - s(2u + %) (3-47)
g../;\ = 2ul + psin(¥V - B) (3-48)
4¥ = A h(3n® sin¥ - afw) (3-49)



p = N: + V7 (3-50)
A
B= tan'l[gE] (3-51)

Minimum-fuel transfer trajectories can be classified accord-
ing to the type of thrusting which takes place on the first and second
thrusting intervals. Let forward and rearward thrustings be defined
as thrustings along which the thrust angle V is near 0° and 180°
respectively. Then each transfer trajectory will fall into one of
the following four classes:

1. Forward-rearward

2. Rearward-forward

3. Forward-forward

4. Rearward-rearward
The corresponding minimum-fuel two-impulse transfer trajectory will
indicate the particular thrusting sequence to be employed.

Each of the above four thrusting sequences can be realized
through proper selection of v(to). However, the switching mechanics
for the first two sequences and the last two sequences are quite
notably different. Therefore, the selection of v(to) for classes one

and two will be discussed separately from classes three and four.

3.4.1 Selection of the Initiel Value of v for Forward-Rearward or

Rearward-Forward Thrusting Sequences

For discussion purposes we shall consider first the case of

a forward-rearward transfer trajectory. Hence ¥(t,) is near 0°,

B(ty) is very close to 180° and from inequalities (3-39) - (3-41) we

have for v(to)
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- 2v(t ) <vl(ty) < - vlty) (3-52)

For these two types of thrusting sequences the thrust vector
must rotate through approximately 180° along the transfer trajectory.
If, for example, v(t,) is only slightly greater than - 2v(to), then,
from Eqs. (3-46) and (3-50), %% will be slightly positive and ¥ will
increase slowly fram sn initial value near zero. With ¥ in this range,
it is evident fram Eq. (3-49) that v will increase towards zero very
slowly. Hence, p will remain relatively large (Eq. 3-50) and, con-
sequently, %% and also ¥ will remain small (Eq. 3-46). Therefore,
if v(t,) is nearly equal to -2v(t,), the inherent "stability" of
Eqs. (3-46) end (3-49) will prevent the thrust angle from increasing
significantly along the transfer trajectory. Thus, in order to
produce a 180° rotation of the thrust vector it is necessary that
v(t,) be chosen appreciably greater than -2v(t,). This choice of
v(ty) will then generate a relatively large positive %% at the
start of the transfer trajectory.

Suppose for exsmple that the initial value of v(to) is chosen
equal to -1.5v(t_ ). The initial thrust engle ¥(t,) is then determined,
as outlined in Section 3.3, to obtain the correct first thrusting inter-
vel. Let the time behavior of V¥, v, B, (¥ - B), and s for this example
case be as shown in Fig. 3-3. In addition to the times t,, ti, tg,
end tf, which define the three phases of the transfer trajectory, we
define the time tr as that time at which the variable v passes through

Zero.
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Fig. 3-3: Typical behavior of ¥, v, B, ¥ - 3, and the switching
function over an entire transfer traJectory for the case of a forward-
rearward thrusting sequence.
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We consider first the coupled behavior of v and V¥ over the
coast interval (t;, tz). For the coast phase £ = 0 , and Eq. (3-49)

becomes

dv

dt] = 3h°A sin¥ (3-53)
coast

Since v(to) was chosen so that initially %% would be positive, ¥ must
be increasing at the beginning of the transfer trajectory. As sinV¥
becomes more positive, v must increase, as is obvious from Eq. (3-53).
This increase in v from negative values towards zero causes a decrease
in p . Hence, pcos(¥ - B) takes on smaller negative values, and %%
becomes more positive. The net result is an increase in V and hence,

a corresponding increase in v, as is evident from Eq. (3-53). With
this choice of v(t,) it follows from Eq. (3-28) that |>\<P| will ordinarily
be much less than h(toﬂ. Therefore, as a consequence of Eq. (3—51), B
will remain near -180° until v approaches zero at which time P will
undergo a very rapid change from approximately 180° to 0°. The actual
manner in which P changes depends upon the sign of A , but this is not
critical to the discussion. Because of this rapid change in { at the
time t,, the angle (¥ - B) will change by almost 180°. Thus, sin(¥ - B)
reverses from negative to positive in a very short time span. This
creates a reversal in %% from negative to positive as is evident from
Eq. (3-48). At time tp the switching function again passes through
zero,and the second thrusting phase begins. 4s (V - B) increases

through 1800, %% again becomes negative, and the switching function

returns to zero at time tf.
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It is of critical importance to recognize from the above
discussion that the reversal in 48 along the coast phase takes place
very close to the time t, at which v passes through zero. Since tp
is primarily dependent on the initial value of v, the time at which
the switching function starts to increase on the coast phase can be
controlled by the initial value of v . As v(t,) is made more negative,
ty will increase.

Fig. 3-4 shows the effects on the switching function of
different choices for v(to). In each of the cases shown it is assumed
that ¥(t,) is adjusted so that the duration of the first thrusting
interval remains fixed.

As is evident from Fig. 3-4, the larger values of |v(to)]
result in larger values for t,, which in turn cause tz to be larger.

It is not immediately obvious that larger values of Iv(to)| ,
in addition to delaying the second thrust interval, actually shorten
this thrust interval. Although V¥ continues to increase throughout
the transfer trajectory, sin(V - B) remains negative until the reversal
time t, at which time [ undergoes the 180° shift. A delay in this
reversal time causes sin(¥ - B) to remain negative over a larger per-
centage of the transfer trajectory, and therefore, the switching
function becomes more negative. The time interval during which
sin(V - B) is positive is now reduced since sin(¥ - B) increases
through 180°. This reduction in the second thrusting interval caused
by an increase in h(ton is illustrated in Fig. 3-5 . In case B of
Fig. 3-5 the larger [v(ty)| causes a larger t,.. This results in
sin(¥ - B) being negative over a larger proportion of the transfer
trajectory, and consequently, the switching function tends to be more

negative. The time tp is shown in Fig. 3-5 as the time at which
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Fig. 3-4: Effect of v(t,) upon the initiation time of the
second thrusting interval (forward-rearward thrusting sequence).
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Fig. 3-5: Effect of v(t_ ) upon the length of the second
thrusting interval (forward-rearward thrusting sequence).

sin(V - B) again becomes negstive. Because of the steady increase in
V¥, this time does not vary to any large extent under reasonsble changes
in v(to).

This discussion has centered ebout the forward-rearward
thrusting sequence. Similar conclusions are applicable for the rear-
ward-forward case. In this case v(t,) is initially positive and
decreases to zero at the time t,. Increasing [v(to)l will again
cause t, to increase, resulting in a reduction in the second thrust-

ing interval.
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The preceding analysis has shown for the forward-rearward and
rearward-forward thrusting sequences that increasing |v(to)’ will
decrease the duration of the second thrusting interval. Therefore, an
iterative type approach can be employed to determine the value of v
which will yield the desired second thrusting interval duration. The
method is as follows:
1. Select an initial, reasonable v(t,). For example
v(t,) 1.5v(t,) for rearward-forward thrusting

v(ty) = - 1.5v(ty) for forward-rearward thrusting

2. Compute W(to) by the method of Section 3.3 such that the

correct first thrusting interval is attained.

3. Integrate Eqs. (2-100) - (2-109) to some time tg + At
sufficient for the transfer to be accomplished. The

time tp can be easily obtained from the two-impulse

transfer.

4. Compute the second thrust interval. If this interval is

. If too large, increase

too small, decrease |v(t,)

IV(to)

5. Repeat, using the improved value for v(to), until the
actual second thrusting interval duration as determined
from the integration is within a certain tolerance of

the desired second thrusting interval duration.

The details of the actual computation of v(to) are presented
under subroutine NUSET in Appendix B. Using the above approach with

single-precision arithmetic, it is possible in most cases to obtain
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the actual second thrust interval duration within a tolerance of

-5
5x 10 of the desired second thrust interval duration.

3.4.2 Selection of the Initial Value of v for Forward-Forward or

Rearward-Rearward Thrusting Sequences
For transfer trajectories of this type the thrust angles

on the two thrusting intervals are approximately equal. The problem
now is to find a reasonable starting value for v(to) such that this
type of thrust angle behavior can be realized and that the switching
function performs in the desired manner. It is obvious that the
thrust vector must either rotate very little or else rotate by ap-
proximately 360o along the transfer trajectory.

A brief consideration of the switching mechanics defined by
Eqs. (3-46) - (3-51) shows that the thrust vector is very unlikely
to incur a rotation of 360° along the transfer trajec%ory. Large
initial %% values can be generated by employing relatively low
|v(to)’ values. However, as discussed in Section 3.4.1 , this would
not result in a large change in V along the transfer trajectory since
v(to) would quickly pass through zero and the second thrusting interval
would be initiated prematurely, with the angle V¥ most likely changing
less than 180°. Relatively high values of |v(t,)| naturally will
lead to low rates of change in V¥, thus ruling out any possibility of
a 360° rotation of the thrust vector in this region.

The thrust vector appears most likely therefore to experience
only a amall net rotation for the types of transfers considered here.
It was pointed out in Section 3.4.1 that with |v(to)| nearly equal to
2v(ty,) the thrust angle would not increase significantly along the

transfer trajectory because of the stability afforded by the coupled

behavior of Eqs. (3-46) and (3-49).
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The above reasoning combined with computational experience
has led to the conclusion that minimum-fuel transfer trajectories
with forward-forward or rearward-rearward thrusting sequences must
be generated with |v(t,)| very nearly equal to 2v(t,). The sign of
v(ty) 1s still determined from inequalities (3-39) and (3-40). This
particular choice of v(to) causes only a s@all net change in ¥ and f on
the entire transfer trajectory. In the forward-rearward and rearward-
forward transfer trajectories, switching is accomplished with both the
angles ¥V and P changing by approximately 1800. Hence the switching
function is dominated by the temrm hhﬁr§ psin(¥ - B) appearing on the
right-hend side of Eq. (3-47). For the case of forward-forward or
rearward-rearward transfers the switching function is influenced
primarily by the first two terms on the right-hand side of Eq. (3-47),
namely Q_i_é psin(¥ - B) and hu . Successful switching is dependent
upon maintaining a rather delicate balance between these two terms.

The actual switching mechanism on transfer trajectories
of this type is rather complex. However, for the purposes of computing
the minimum-fuel transfer trajectory it is only necessary to develop
a method for establishing the desired first and second thrusting inter-
vals. The first thrusting interval can be determined by the method of
Section 3.3 . To establish the second thrusting interval we need to
determine how changes in v(to) will affect the duration of the second
thrusting interval, Transfer trajectories of this type appear to
fall into a rather consistent pattern. The following observations
derived from computational experience and a careful analysis of Egs.

(3-46) - (3-51) have made possible the develomment of a method for

computing v(tg) .
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The minimum-fuel two-impulse transfer indicates that the
thrusting intervals for transfers of this type most normally occur
within =+ 60o of apocenter and pericenter. Forward-forward transfer
trajectories normally have the initial and final thrust intervals near
pericenter and apocenter respectively, while just the opposite thrust-
ing sequence takes place on rearward-rearward transfer trajectories.

For the switching near pericenter, where the trangverse
velocity v is relatively high, the thrust angle V¥ is increasing while
for the switching near apocenter, where v is relatively low, V is
slowly decreasing. This is consistent with Eq. (3-46). Therefore,
the pericenter switching is accomplished by a reversal from positive

to negative of the tem B_i_ﬁ psin(¥ - B), and apocenter switching

is accomplished by a small increase in & R 8 psin(¥ - B) followed by a

decrease in the term hu caused by a rapidly changing eccentricity.

Since b R 8 psin(¥ - P) reverses from positive to negative
near pericenter, this term must be negative along the coast trajectory
for true anomalies less than 180° and positive for true anomalies
greater than 180 In other words, along the coast trajectory the
terms Q_ifﬁ psin(¥ - B) and hu will always be of opposite sign. Since
these two terms tend to cancel one another along the coast trajectory,
g_s will remain relatively small.

The relative magnitudes of the terms ‘L/-Tg psin(¥ - B) and
hu along the coast trajectory will establish the timing and duration
of the second thrusting phase. As the sum of these two terms is
made more negative, the second thrusting interval becomes shortemed
and delayed. From a consideration of Egs. (3-50) and (3-46) we can
conclude that decreasing |v(to)| will decrease p(to) and hence the

initial value of ¥ will increase making V larger along the coast
dt
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trajectory. The net result will be a decrease in Q_ETE psin(¥ - B)

along the coast trajectory since the angle (¥ - B) is near 180°,

Therefore %% will be more negative on the coast trajectory, and the

second thrusting interval will be delayed and shortened. Likewise,

if |v(to)| is increased, the second thrusting interval will be earlier

and of longer duration.

The ability of v(to) to influence the duration of the second

thrusting interval in the manner discussed above has led to the follow-

ing method for computing v(to) on a forward-forward or rearward-

rearward type transfer:

1.

2.

3.

50

As a starting value for v(t,) let
v(ty) = - 2v(t,) for forward-forward thrusting

v(t,) = 2v(ty) for rearvard-rearward thrusting

Compute ¥(t ) by the method of Section 3.3 to obtain the

correct first thrust interval.

Integrate Egs., (2-100) - (2-109) to some time tp + Atg

sufficient for the transfer to be accomplished.

Compute the second thrust interval. If this interval is
too small, increase |v(t°)|, if too large, decrease

b (t,)

Repeat, using the improved value for v(to), until the
actual second thrust interval dquration, as determined from
the integration, is within a certain tolerance of the

desired second thrust interval duration.
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The initial value of v(t,) is computed in the digital program

by subroutine NUSET, described in Appendix B. As mentioned previously
this same subroutine computes v(to) f:;_the case of forward-rearward

or rearward-forward transfer trajectories.



CHAPTER 4
CONVERGENCE TO THE DESIRED MINIMUM-FUEL
FINITE-THRUST TRANSFER TRAJECTORY

In Chapter 3 a technique was developed for computing a
transfer trajectory which was defined as the initial-approximate
transfer trajectory. In establishing this trajectory, the durations
of the two thrusting phases and the initial value of the true anomaly
f were derived fram the two-impulse transfer trajectory. Initial
values of the thrust angle ¥ and the variable v were then determined
such that the thrusting intervals were of the desired duration. The
initial thrust orientation angle from the two-impulse transfer was
used as a starting value when computing the initial-approximate
transfer trajectory. With few exceptions the final values of semi-
latus rectum, eccentricity, and argument of pericenter for the initial-
approximate transfer trajectory were reasonably close to the desired
final values.

In this chapter the initial values of f, ¥, and v from the
initial-approximate transfer trajectory will bé‘adjusted so that the
resulting finite-thrust transfer trajectory will have final values
which more closely match the desired final values. This will be ac-
complished by first changing only the initial true anomaly f(to) and

then changing simultaneously the initial values of f, ¥V, and v .

-57-
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4.1 Definition of the Final Condition Errors

The initial-approximate transfer trajectory has final
values of semi-latus rectum p eccentricity e and argument of pericenter
¢ which differ by a modest emount from the desired final values. In
most cases, however, these differences between the actual and desired
final values are too large to be ignored.

We define the errors in matching the final boundary conditions
in the following manner. Let p(tf)d, e(tf)d, and @(tf)d be the desired
final values of p, e, and ¢ respectively. In addition, define p(tf)a,
e(tf)a, and @(tf)& as the actual final values of p, e, and ¢ respectively
which result from direct integration of Eqs. (2-100) - (2-109). Then

the errors €., €9 €¢ are defined in the following manner

o
Ep = p(tf)d - p(tf)a (4-1)
gg = o(te)g - elte)gy (4-2)
€ = o(tp)y = olte)y (4-3)

with Ecp being expressed in radians.

4.2 Adjustment of the Initigl True Anomaly to Reduce the Argument of

Pericenter Error
To start the convergence procedure, the initial value of the
true anomaly is computed from the two-impulse transfer trajectory by
means of Eq. (3-14). Initial values of ¥ and v are then determined in
order to achieve the desired thrusting durations. The resulting trans-
fer trajectory is defined as the initial-approximate transfer trajectory.
Adjustments are now made on the initial true anomaly f£(t,) to reduce

the argument of pericenter error eCP . This is accomplished by
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recording ew and then changing f(to) slightly. With this new value of
f(to) we readjust the initial values of ¥ and v in order to achieve
the desired thrusting durations. 8¢ is recorded for this new transfer
trajectory. The above procedure yields two pairs of f(t,) and eCP
values. Subsequent values of f(to) are chosen to reduce eCP to zero
by linearly interpolating or extrapolating on the last two pairs of
initial true anomalies and argument of pericenter errors. For example
if f(to)n and e#n are the initial true anomaly and error inAargument

of pericenter respectively for the n™® 1teration and f(to)n+ and

1

th
e¢n+1are defined in a similar manner for the (n + 1) iteration,

th
then the initial true anomaly for (n + 2) = iteration will be

[
£(t,) = £(t,) Fs (4=4)
%o n+s - °’n4, ~ SLOPE 4=4
where
SLOPE = eq’nﬂ i san (4-5)
f(tdjg;l - f(E;5;

This procedure is continued until the magnitude of|€¢lbecames less than

-8
2 x 10 radians,

4.3 Definition and Computation of the Sensitivity Matrix which Relates
Sngll Changes in Tnitial Conditions to Changes in the Final

Conditions
In this study the goal is to determine precisely three unknown

initial conditions, f£(t,), ¥(t,), and v(t,), such that three pre-
specified terminal conditions, p(tf), e(tp), and @(tf), are satisfied.
Changing any of the initial conditions will result in some corre-
sponding change in each of the three terminal conditions. A sensi-

tivity matrix defined along some reference trajectory can be computed
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by varying one at a time £(t,), ¥(t ), and v(t,) and observing the
corresponding changes produced in the terminal conditions p(tf), e(tf),
and o(te). With Af(t,), A¥(t,), and Av(t,) the changes in the initial
conditions and Lp(te), Ne(tp), and Ap(te) the resulting changes in the

terminel conditions, we define a sensitivity matrix [G] as follows

Ap(tf) Ap(tf) Ap(tf)

AthOS INTEPS) Avitoi

Ne(t ) Ne(t,) De(t,)

- £ £ L1 (4-6)
el = | &gy K¥(%,) X C)
o) PR R

Afitos AWito5 Avitos_

Since p(tg), e(tp) and g(te) ere independent and £(t,), ¥(t,) and
v(to) are also independent, the matrix [G] must be non-singular.
If the right-hand sides of Eqs. (2-100) - (2-109) were continuous,
then the individual elements of the matrix [G] can be proven (ref. 19)
to be continuous functions of the initial conditions f(t,), ¥(t,)
and v(to). Continuity can also be shown for the actual case where
Eqs. (2-100) - (2-109) are discontinuous because the switching function
s is "well-behaved" over the entire trajectory. To prove this it would
be necessary to consider the three trajectory phases separately and
then show continuity at the switching points.

The matrix [G] can be used to relate small changes in the
initial conditions to the final condition errors through the follow-

ing equation
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- — — -

Af(ty) €
) -1
A¥(ty)| = [G] e (4=7)
Av(tg) Ep
With ep, €gs EcP representing the errors in the final con-

ditions, a new reference trajectory can be generated by changing the
initial conditions in accordance with Eqg. (4-7). The sensitivity
matrix [G] corresponding to this new reference trajectory can be
computed by again perturbing individually £(t,), ¥(t,), and v(t,)

and observing the resulting changes in p(tg), e(ty), and @(ty). How-
ever, it is only necessary to compute the matrix [G] by this approach
at the start of the convergence procedure. A method exists (Ref. 18)
whereby subsequent computations of the matrix [G] can be made directly
from the new reference trajectory without requiring small pertubations

of the 1nitial conditions followed by integration of the system

represent the sensitivity

matrix and the final condition errors, respectively, for the n h refer-

equations. Let [G]n, € s Eg 5 and €
n

ence trajectory. Then the initial condition changes, Af(to)n+1,

A¥(t,)p4,s 8nd AV(to)n+1, which are used to compute the (n + 1)th
reference trajectory, are, according to BEq. (4-7), as follows:
-Af( 6 )n+1_ rspn-
B¥(tg )y | = @] e (4-8)
_Av(to ):'1 41 _sCPn_

These initial condition changes can then be employed to campute the

(n + 1)th reference trajectory along with the corresponding final
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condition errors Ep » Eg s and € + The sensitivity matrix
n+y n+i cPn+1
[Gh+1] for the (n + 1)*0 reference trajectory is then computed as
follows.
e ar(s) e OY(t) e Av(t)) ]
Pnyi © n+y Pnt1 °nt Pnts °n1
Eq Af(t,) €q A¥(t,) ee Av(ty)
n+i n+i n+1 n+i n+i n+1
€ . Af(t,) & A¥(tg) € Av(ty)
6] - (6] - n+i1 n+1 n+1 n+1 n+q n+1] (4-9)
4] = - -
e AE(15)% + AW(E)% + Av(t,)?
n+1 n+1 n+1

4.4 Simultaneous Adjustment of the Initial Values of f, V¥, and v and
Convergence to the Desired Finite-Thrust Transfer Trajectory

In Section 4.2, starting with the initial-approximate transfer
trajectory developed in Chapter 3, we adjusted the initial true anomaly
until the magnitude of the argument of pericenter error for the
resulting transfer trajectory was reduced below a certain prescribed
velue. This transfer trajectory found in Section 4.2 is now used as
the initial reference trajectory for the convergence method discussed
in Section 4.3 . The sensitivity matrix [G] as defined by Eq. (4-6),
is computed for this reference trajectory by varying the initial
conditions f£(t,), ¥(t,), and v(t,) one at a time and then computing
the resultant changes in the final conditions p(tr), e(tg), and o(te).
A new reference trajectory is established by changing the initial
conditions in accordance with Eq. (4-7). The matrix [G] for this

new reference trajectory is computed by means of EKq. (4-9) .
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The initial conditions are changed in the above manner until
the final condition errors, ap, €9 and Ecp all have absolute magnitudes
which are less than 10™% . This final set of initial conditions,

£(ty), ¥(ty), end v(t,), defines the desired minimum-fuel finite-

thrust transfer trajectory.



CHAPTER 5
COMPUTATIONAL TECHNIQUES

In the process of determmining the minimum-fuel transfer
trajectory it is necessary to compute transfer trajectories for a
relatively large number of different starting conditions. In order
that the computation be efficient, it is essential that both the
total number of transfer trajectories computed and the amount of
required computation for each transfer trajectory be kept within
reasonable bounds. The techniques which make possible the efficient

computation of minimum-fuel transfer trajectories are described in

this chapter.

5.1 TIransformation to the z, A, B Coordinates for Computation of

the Coast Phase Trajectory

The basic transfer trajectory consists of two thrusting phases
separated by a coasting phase. Computation is performed in separate
stages on each of these three phases. A fixed step-size fourth-order
Runge-Kutta integration algorithm is employed to compute the two
thrusting phases of the transfer trajectory. It proves very wasteful,
however, to integrate along the coast trajectory. This section will
describe a method for transferring the system variables from the
cutoff condition at the end of the first thrusting phase to the relight
condition at the beginning of the second thrusting phase without

integrating along the coast trajectory.

~6l—
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Computation along the coast trajectory is made possible by
means of a canonical transformation suggested by DeVeubekel?1° of
the system state variables, adjoint variables, and the independent
variable t. The independent variable in this transformed set is the

polar angle 6 and the new set of state variesbles are z, A, B, w, and

t, where:
z = L (5-1)
e
A=z e cosp (5-2)
B =2 e sing (5-3)

Since z is the reciprocal of the angular momentum, z, as well as A
and B, will remain constant along the coast trajectory.

The variables z, A, and B have been utilized previously in
Chapter 2 to improve integration accuracy for low eccentricity orbits.
Using the identities of Egs. (2-18) - (2-20), and (5-1) in Eq. (2-95)

and (2-96) gives the following expressions for A and B:

= 3] - 1 6 5-
A =, sinb + (ug rue)cos (5-4)
B = - u, cosb + (ue -~ —1_)sin6 (5-5)
Tlg

To develop the canonical transformation from the set (h, u,
vy, Py W; t) to the set (t, z, A, B, w; 0),it proves convenient to
first transform to the set (r, u,, ug, 6, w; t). The canonical trans-
formation from (h, u, v, @, w; t) to (r, u,, ug, 0, w; t) is governed

by the following equation (Ref. 1).
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)\hdh + N, du t A dv + )\(Pd@ + 7\wdw - Hdt = )xrdr + )\urdur + )\u due

6

+ Ngd6 + A dw - Hat (5-6)

Taking the differentials of Eqs. (2-18) - (2-20) and (2-81) gives

dh = - dr (5-7)
e

du u

du = =X - L dr (5-8)
r r2
du u

dv:...__G-_Edr (5"9)
r 2

dp = d0 - af (5-10)

The differential df can be expressed in terms of r, u., ug and the
corresponding differentials dr, du,, and due in the following manner.

From Eqs. (2-18) - (2-20) and (2-67) - (2-69) it is easily shown that

1

e sin f = rugu (5-11)

r

and

2
e cos £ = rug - 1 (5-12)

Division of Eq. (5-11) by Eq. (5-12) gives

Tu_u
tan £ = —8 r1 (5-13)
I"l.le -
or
r’u9 u ( )
f = tan™? —2—-1' 5-14
I'U.e -1

Taking the differential of Eq. (5-14) and meking use of Egs. (2-18) -

(2-20) and (2-67) - (2-69), we have
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ar = L';_;"’ L - h*uv dr + hv(v® - hs)dur - hu(v® + h3)du9] (5-15)

From Eqs. (5-10) and (5-15) it follows that

dp = do + hg_eg lh*u v dr - bw(v® - 1®)du_ + hu(v® + h®)dug] (5-16)

Substituting Eqs. (5-7) - (5-9) and (5-16) into Eq. (5-6), applying
Eqs. (2-18) - (2-21), and equating the coefficients of like differentials,

we have

= - he\ - _ hiuv -

A h®N, - ubh - vhA + o >‘<p (5-17)
e
. =nn - hv(v® - 1°) (5-18)
Uy T u T hée® P 5=
2 3

A, =nh\n +hulv" +h7)y -1
u, v 57 . (5-19)
Ao = A (5-20)

The corresponding inverse transformation can be obtained by solving

Eq. (5-17) - (5-19) for Xh’ ku’ and kv’ to give
A 2
xhz__z-y_x - Y_ AN + 3bh%uv ) (5-21)
h® h2 Yr h® Y hee® ¥
A
u 3
A, = =L+ v(v® - h7) » (5-22)
h hsez
A
A =8 _u(v® +h%) (5-23)
v~ "h
hé e=

Solving Egs. (5-1), (5-4), and (5-5) for r, u,, and uy, gives
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= 1 -2

T z(z + A cosb + B sinf) (5-24)
up = A sin6 - B cosb (5-25)
uy =z + A cosb + B sinb (5-26)

Let L be the hamiltonian corresponding to the set (t, z, A, B,
w; 68). A canonical transformation between the corresponding adjoint
variables of the sets (r, u,, ug, 0, w; t) and (t, z, 4, B, w; 0)
is obtained by substituting the differentials of Eqs. (5-1), (5-4),
and (5-5) into the equation
Krdr + kurdur + )\uedue + kede + A dw - H4t = kzdz + XAdA

+ NgdB + Aydt + N\ dw - LdO (5-27)

and equating the coefficients of like differentials. This gives, with

the aid of Eq. (5-1)

N, = zaue(}\A cosf + Ny sind - A;) (5-28)
xur = A, 8ind - Mg cosd (5-29)
N = zxz + (1 +2

ug = - Eg- 1 EE)(KA cosf + Mg sinB) (5-30)
Ng = ANy - BA, - L (5-31)
H =- N (5-32)

The corresponding inverse relationships can be found by solving Egs.

(5-28) - (5-30) for kA, XB, and N,. This gives
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A
KA = - zig cost + Kursine + Kuecose (5-33)
1N
= -« X ginf - A_ cos6 + \_ sinB (5-34)
LB zug Yy uG
ST N (i A NS ) N A N -
2" m 1+ e M, ug (5-35)

Starting from Eq. (2-58) and making use of Eqs. (5-21) - (5-23),
(2-67) - (2-69), (2-18) - (2-20), and (5-20), it can be shown that

ANu u
H =, u, + -%-9 P, (2L, 28 (5-36)

Substitution of Eqs. (5-24) - (5-26), end (5-28) - (5-31) into

Eq. (5-36) gives

2
H, = - z(z + A cosf + B sinf) L (5-37)

The following expression for the new hamiltonian L results directly
by solving Eq. (5-37) for L, and using Eq. (5-32) and (2-57) to
eliminate H,

)\t + afwH;

L= z(z + A cosB + B sinf)~ (5-38)

Since L is the new hamiltonian and 6 is the independent variable, the

adjoint variables kz, KA’ and kB must satisfy

dx

# = - g_Iza (5-39)
aa
A-_ 3L (5-40)

a6 oA
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an
&2 = - g_TI; (5-41)

For the time open case which we are considering, Xt = 0 . Therefore,
from Eq. (5-38) it is obvious that the new hamiltonian L must remain
identically zero over the coast trajectory (£ = 0). In addition to
A, B, and z being constant over the coast trajectory, it follows,
therefore, fram Bys. (5-39) - (5-41) that A, A,, and A, will also
remain constant on the coast trajectory.

With the aid of Eq. (2-32) we have fram Eq. (2-59)

wA

2,2 2,2
H h + h + ¥ ~42

Elimination of kv and ku from Eqs. (2-28) and (2-29) by means of

Eqs. (5-22) and (5-23) gives

AV = —h— (5-43)
>\u
Au = —h-g (5‘44)

Therefore,from Eq. (5-42)

2 P wh
Hy= /A" +AN° + M (5-45)
e r c

Let
2 2
N = N TN (5-46)
8 T
Then
wA

Hy = N+ ¥ (5-47)
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The partial derivative of H; with respect to the polar angle 6 along

the coast trajectory is,from the last two equations

axu aku
OH, 1 5] r
— T ok |e— -
08 ] N| 88 06 (5-48)
coast coast

where, fram Eqs. (5-29), (5-30), and (5-26)

LY
55 =N cosb + XB sinb (5-49)
~coast
LY
u i ou
c) =2 [\, - N\, cosb - \g sinf] 8
98 Jooast ué 2 A B : 08
-[1+ Z]n, sind - A cosf] (5-50)
Ug
aue
5 = - A 8inb + B cosf (5-51)
coast

The equations developed in this section make it possible to
transfer from cutoff of the first thrusting phase to relight of the
second thrusting phase without resorting to integration along the
coast trajectory. At the cutoff and relight conditions

Hy =0 (5-52)
cutoff
or

relight

while over the remainder of the coast trajectory

HiL <0 (5-53)
oast
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Since H; must vanish at relight, a transfer to the relight
condition can be easily accomplished by finding that polar angle 6
for which H; will be zero. Making use of this principle, we formulate
the following algorithlm for transferring from cutoff to relight along
the coast trajectory. Let p, e, ¢, and w repfesent the semi-latus
rectum, eccentricity, argument of pericenter, and reciprocal of mass
respectively along the coast trajectory. For parameters which change
along the coast trajectory, the subscripts "i" and "2" refer to cutoff
and relight conditions respectively.

For discussion purposes the transfer trajectory is assumed to
be computed in the forward direction. Only slight modifications are

necessary for the case of backward trajectory computation.

1. At the cutoff condition defined by p, e, ¢, f1, w, A1,
Vi, and v; compute:

(a) eccentric anomaly, E;, where

E; = 2 tan™! 1-¢ tan L
1T+ e 2

(b) hy, ug, vy, fram Eqs. (2-67) - (2-69)

(e) N, from Eq. (2-59) and the fact that H; at cutoff
is zero

N = chi/g
w w

(d) khl from Eq. (2-83)
3N\ sin £4
= [+ 2

(e) /\11 and [\, from Egs. (2-30) and (2-31)

(f) N and A from Eqs. (2-28) and (2-29)
Vi ujg
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(g) Aoy N, 0 end N, from Egs. (5-17) - (5-19)
ry 81

(h) ri, and Ug, from Eqs. (2-18) and (2-20)

(1) ©1 from Eq. (2-81)

Compute the coast trajectory constants z, A, B and the
corresponding constant adjoints )\z’ )\A’ and )“B from Egs.

(5-1) - (5-3) and (5-33) - (5-35) with 6 = 6, .

Estimate the relight polar angle, Oz, from the minimum-
fuel,two-impulse transfer trajectory. With the notation
defined in Section 3.2 a good estimate of this angle is,
from Eq. (2-81)
92:] . = £ (tz) + Lo
estimated

where the estimated true anomaly f'(ty) is available from

Eg.o (3"15)

At the estimated relight condition compute ug, )‘u ’ )‘u ’
e
oH r
N, Hy and =L using Egs. (5-26), (5-29), (5-30), (5-46),

(5-47), and (5-48) - (5-51).

If |Hy is greater then some small number, for example if

Hi] > 2 x 10”7, then a new relight polar angle is determined

according to

end a new Hy and g.gi are computed as outlined in step four.
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6. After several iterations on steps four and five, |H1| will

became very small ([H)| <2 x 10”7), thus establishing the

correct polar angle Oy for the relight condition. A trans-~

formation back to the original system variables at the

relight condition is accomplished in the following manner.

Compute:

(a)

(b)

(e)

()
(e)

f2, hg, up, vz, u92: )‘rz’ )‘uray )‘u829 end )‘hz

from Eqs. (2-81), (2-68), (2-69), (2-67), (5-26),
(5-28), (5-29), (5-30) and (5-21) respectively.

A Auz’ and Ny from Eqs. (5-43), (5-44) end

Vg’
(2-32) respectively.

¥, from Eqs. (2-30) and (2-31)

A
Wg = tan_l _112..

2

vy from Eq. (2-83)

Eccentric anomaly E; and relight time tgp, where

£
E; = 2 ten™? 1-2 tan 2
2 [ T+ e 2]
15
to =ty + I:_LE:I [Ep - E, - e(sinEy - sinE;)]
1 -0

The method outlined above has proven to be very accurate and efficient.

Because of the excellent estimation of the relight polar angle O3

which is available from the two-impulse trajectory, only two or three

iterations on the polar angle are ordinarily required to find the

desired relight polar angle.
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5.2 Computation of the Thrusting Phases

The two thrusting phases are computed using a fixed step-size,
fourth-order Runge-Kutta integration algorithm with single-precision
aritimetic. With proper choice of step-size, application of the
fixed step-size integration routine in favor of an integration routine
employing automatic step-size control reduces the required computation
time by a factor of about three. The system hamiltonian, which must
remain zero over the entire transfer trajectory, provides a convenient
measure of integration accuracy. Integration step-size can, therefore,
be chosen so that the hamiltonian remains very amall. An experimental
investigation has led to the following formulas based on the rocket
thrust levels for computing the maximum integration step-size on the

two thrusting phases

Db o = ;21 (a > 1)
Atmax=.01+éa(1-a) (\1<a<1)

| Atmax=-2° (.05 <a<.1)
Ot = (a < .05)

This particular choice of maximum step-size results in the magnitude
of the hamiltonian seldom becoming larger than 5 x 1077,

The thrusting phases must be terminated at precisely the
instent at which the switching function s passes through zero. This
is accomplished by allowing the integration to proceed until the
switching function reverses sign and becomes negative. The values

of s and %% are computed at this time, and the integration routine

is given a new step-size
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This process is repeated until the magnitude of s becomes less than

1077,

5.3 Backward Integration of the System FEquations

For certain classes of transfer trajectories the resulting
final values of semi-latus rectum, eccentricity, and argument of
pericenter become very sensitive to amall changes in the problem
initial conditions. This is particularly true when the second
thrusting intervel is very small. For this case it becomes practi-
cally impossible to find the set of initial conditions which will
allow the switching function to provide proper switching on the
second thrusting interval. Very small changes in the initial con-
ditions on the order of 5 x 10 ° result in either too much thrusting
time or else no thrusting time for the second thrusting interval.
This difficulty is overcome by computing these transfer trajectories
in the reverse sense, starting at the desired terminal conditions
and integrating backwards in order to meet the desired initial con-
ditions. For the trajectories in this study the normal computation
mode is considered to be the forward direction. If, however, the
second thrusting interval requires a smaller velocity change magnitude
than the first thrusting interval, the trajectory is computéd in a
backward direction. In other more isolated instances a reversal in
the direction of the trajectory computation can also be used to good
advantage. Convergence becomes particularly difficult to achieve

when the eccentricity of the final orbit is less than .025. For this
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case, convergence is again more readily attained through backward
camputation of the trajectory.

For backward integration the errors in matching the initial
parameters of the desired orbit are now used as the criteria for
termination of the convergence method. Let p(to)d, e(to)d, and
¢(ty)q be the desired initial values and p(to),, e(ty),s and cp(to)a
the actual initial values for p, e, and ¢ respectively. Then, for

backward trajectory computation, the errors Ep, € , € are defined
e

P
as follows
Ep = p(to)d - p(to)a (5-54)
€y = e(to)d - e(to)a (5-55)
€p = @(to)d - cp(to)a (5-56)

with ECP expressed in radians.

5.4 Determination of the Initial Value of v

The initial value of the variable v is determined so that
the desired duration of the second thrusting interval is attained.
For most transfer trajectories, the duration of the second thrusting
interval is very sensitive to the choice of the initial value of v.
In order to limit computer time, a considersble amount of computa-
tlonal logic is required in establishing the desired initial value
of v. The general behavior of the error in the duration of the
second thrusting interval as a function of the initial value of
Ivi is shown in Figure 5-1 for the case of a forward-rearward transfer
trajectory. The maximum error in Fig, 5-1 is a consequence of the
initial |v| being too large. This causes the switching function

8 to remain negative in the manner of Fig. 3-4D resulting in a
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Fig. 5-1: Error in the duration of the second thrusting interval
as a function of the initial value of v (forward-rearward thrusting

‘sequence).

complete absencé of the second thrusting interval. On the other
hand, the minimum error is caused by the initial value of |v]|
being too small. This results in a failure of the switching func-
tion to return to zero on the second thrusting interval and there-
fore, the thrusting phase is not terminated in the normal manner.
This behavior is shown in Fig., 3-4A .

The basic computational problem is to find the initial value
of v which reduces the duration error to a amall value without
requiring an unreasonable number of trajectory computations. There-
fore, in the early stages of the computation, large changes in the
initial value of v are programmed in order to establish quickly the
minimun and maximum error bounds. Once these two error bounds have
been established, linear interpolation between these bounds is
employed, with the restriction that the interpolation always be con-
ducted between values of positive and negative error. This procedure
is followed until two initial values of v can be found for which

the errors lie within a region with upper and lower bounds of
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.75 x (maximm error) and .75 x (minimum error) respectively. From
this point on in the computation, linear interpolation or extrapo-
lation is conducted between the two most recent paeirs of initial
v and error values.

The initial value of v chosen to start the computation is
discussed in Section 3.4 . With this starting value,from ten to
fifteen trajectory computations are required to find that initial
value of v which will result in a thrust interval duration error of
less than 1074,

After the proper initial value of v has been determined, the
initial true anomaly is changed to reduce the error in the argument
of pericenter. With a new true anomaly, the duration of the second
thrusting interval will change,and the initial value of v must be
recomputed to compensate for this true anamaly change. Approximately
three to four trajectory computations are required to éstablish the

initial value of v this time because of the improved starting value.



CHAPTER 6
COMPUTER RESULTS AND LIMITATIONS OF THE
CONVERGENCE METHOD

In this chapter the results of the digital computation are

summarized, end the limitations of the convergence method are discussed.

6.1 Summarization of the Computer Results
In order to define the limits of applicability of the con-

vergence method and to eliminate any serious deficiencies in the
actual computer program, a large number of different transfer tra-
jectories are considered. The digital computer results for a number
of the trajectories are summarized in Tables 6.1 and 6.2 . The tra-
jectories in Table 6.1 have been computed by forward integration and
the trajectories in Table 6.2 by backward integration. Therf;rst six-
teen entries in Tables 6.1 and 6.2 refer to minimum-fuel transfer tra-
jectories with forward-rearward or rearward-forward thrusting sequences,
and the last four entries in each of the tables refer to trajectories
with forward-forward or rearward-rearward thrusting sequences. An
effective rocket exhaust velocity ¢ of .5 is used for all the transfer
trajectories appearing in th; tables. If the basic unit of length is
taken as the earth's radius, this effective exhaust velocity is equiv-
alent to a specific impulse of about 400 seconds. The subscripts "@"

and "a" appearing in the tables refer to desired and actual values

respectively.
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The characteristic velocities for the finite-thrust and two-
impulse transfers are given in the last two columns of Tables 6.1 and 6.2.

Characteristic velocity is defined as follows

L

[Characteristic Velocityly ._ [Impulse 1| + |Impulse 2|

impulse
[Characteristic Velocity]espsite. = © ln[w(tf)] (6-1)
thrust
Because of the gradienf method employed to compute the two-impulse
transfer, the resulting two-impulse characteristic velocities appearing
in the tables are only accurate to about the first four digits. As a
consequence, in run seventeen the finite-thrust characteristic velocity
appears lower than the two-impulse characteristic velocity. This is in
contradiction to the theory which indicates that the characteristic
velocity should decrease as the rocket thrust level increases. The effect
of the rocket thrust magnitude on the characteristic velocity is illus-
trated by the pairs of runs 2 and 3, 21 and 22, and 24 and 25.

A transfer trajectory is defined to be convergent if the absolute
magnitudes of the errors Sp’.ge; and E:CF as defined in Egs. (4;1) - (4-3)
for forward computations or in Egs. (5-54) - (5-56) for rearward com-
putations are each less than ‘IO_4 . Computation is terminated upon the
attainment of convergence. All the trajectories summarized in Tables 6.1
and 6.2 are convergent by the above definition.

The individual errors €pr Eo» and ECP for run 34 of Table 6.2
are given in Table 6.3 as a function of the iteration number. A rela-
tively large number of iterations are required to compute the transfer

trajectory of Table 6.3 . This particular transfer trajectory is
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ERROR

ITERATION || €/ x 108 e, x 10° € X 10°
——— — —

0 1.17368 -22,87911 329.3026

1 1.12581 -25.11474 349.50271

2 - .16358 1.88112 - 45.97852

3 00699 - 1.03564 29.97921

4 - .03710 .04818 1.08311

5 - .15672 .09923 2.11155

6 .01580 .00327 - .88245

7 - 04964 02363 1.04833

8 - .01092 .00512 .23766

9 - 00547 .0026/, .12189

10 - .02010 .00963 41148

11 - .01302 00654, 29120

12 - 00454 .00227 09516

8, = 03, p, = 1.25; 8p =

Table 6.3:

transfer trajectory [ep, €gs

(o)

-2, pf = 1.5, CPf - (PO = 120

Typical error behavior during convergence to a desired

and €0 defined in Eqs. (5-59) - (5-61)j;
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computed in a backward sense, starting at the desired final con-
ditions and attempting to match the desired initial conditions. The

low initial eccentricity, e = .03, results in rapid changes in the

o
argument of pericenter as the initial orbit is approached. This
causes the argument of pericenter error to be relatively large, thus
slowing down the convergence. The errors corresponding to iteration
zero are the errors for the initial-approximate transfer trajectory.
On iterations 1 - 4 the initial true anamaly f(t,) is adjusted to
reduce the argument of pericenter error E@. Iteration one obtains
the initial sensitivity relating changes in f(to) to changes in &-:(P .
The true anomaly f(to) is increased arbitrarily by .01,and ¥(t,) and
v(to) are recomputed to attain the required thrusting interval du-~
rations. At the end of iteration four, |§¢j is less than the pre-
established maximum value of 2 x 10'3, end the simultaneous adjust-
ment of £(ty), ¥(t,), and v(t ) by means of the sensitivity matrix
LG] is initiated. Computation is terminated at the end of iteration

12 with ls Iee|, and la¢lall less than 10™%. Sixteen seconds

p|’
of IBM 7094 computer time are required for this particular trajectory

camputation.

6.2 Thrust Angle Behavior Along the Minimum-Fuel Transfer Trajectory

The thrust angle behavior for runs 13 and 40 of Tables 6.1 and
6.2 are shown in Fig. 6-1 . Also included are the initial and final
true anomalies. The forward-rearward transfer, Fig. 6-14, is typified
by the thrust angle changing by approximately 180° along the transfer
trajectory, while in the case of the forward-forward thrusting sequence,
Fig. 6-1B, the thrust angle experiences only a very small net change

over the entire transfer trajectory. Fig. 6-1B shows the thrust angle
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200,
SN - THRUST
%)
% eg = 7
8 100f ef = 1-3
Pp = 1.
(5} = 150°
é ACP 15
'E RUN 13 - TABLE 6.1
2 o
B o = 176.3898
& \ f£(tp) = 210.0215
\
0 5 10 15 20
TIME
A, FORWARD-REARWARD THRUSTING
RSSN - THRUST
10 eg = .05
- P, = 1.0
ef = 505
ég Pp = 2.0
= Np = 0.0
a8 RUN 40 - TABLE 6.2
g 5
2]
=
Z o
g —10.855380
B g - 181.82354
0 1 2 3 4 5 6
TIME

B. FORWARD-FORWARD THRUSTING

Fig. 6-1: Typical thrust angle time histories along the
minimum-fuel transfer trajectory.
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behavior for the transfer between almost circular orbits (eo =ep = .05).
The thrust angle behavior and the initial and final true anomalies
bear close resemblances to the minimum-fuel two-impulse transfer

between circular orbits, better known as the Hohmann transfer.

6.3 Computer Time Requirements

All the trajectories considered in this study were computed
on an IBM 7094 digital computer. Computer time requirements ranged
from a low of ten seconds to a high of about fifty seconds,with the
higher computer times being associated with transfer trajectories
which are very sensitive to small changes in the initial conditions.
The above times asre for the finite-thrust transfer trajectory com-
putation only. Apbroximately twenty additional seconds of computer
time is required for the computation of the corresponding minimum-
fuel two-impulse transfer trajectory.

The computation time is dependent upon the various tolerances
which must be met at each stage of the convergence progrem before the
computation is allowed to proceed to the next stage. For example,
the first and second thrusting intervals must be within 107% time
units and 5 x 10”% time units respectively of the desired values
when computing the initial-approximate transfer trajectory, and the
final argument of pericenter must be within 2 x 10”2 radians of the
desired value when making the adjustment of f(t ). The above toler-
ances were established from computational experience with a large
number of transfer trajectories. No attempt was made to tailor these
tolerances to each specific transfer trajectory although it is con-
ceivable that some computer time could be saved by doing so. A

detailed computer time breakdown for six of the trajectories summarigzed
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COMPUTATION TIME (SECONDS)
Initial- Adjustment Convergence to Total
t Approximate of £(ty) to final trajectory
RUN Transfer reduce € with the sensitivity
Trajectory ? Matrix [G]
13 4 5 (2)* 2 ( 5)* 11
20 8 10 (2)* 3 (11)* 21
22 7 6 (2)* 2 (3 15
32 9 14 (2)* 4 (11)* 27
34 4 9 (4)* 3 (9) 16
40 7 36 (5)* 2 ( 5)% 45

*Integers enclosed by parenthesis indicate the number of iterations
required.

iRun numbers are consistent with Tables 6.1 and 6.2 .
Table 6.4: Summary of IBM-7094 computer time requirements for typical
transfer trajectories.
in Tables 6.1 and 6.2 is shown in Table 6.4. As is obvious from the
table, most of the computer time is consumed in establishing the
initial-approximate transfer trajectory and adjusting f(to) to reduce
€ . It has been found from experience that not much can be gained
by relaxing the tolerances in the thrust interval determinations
since larger variations in the first thrusting interval make it
difficult to set the second thrusting interval, and larger variations
in both the first and second thrusting intervals result in conver-
gence difficulties when adjusting f(to). In certain isolated instances
it is possible that some computation time could be saved by relaxing

the required tolerance on E@ when performing the adjustment of £(t,).
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This would place more of the convergence responsibility on the
matrix [G] method. The danger here is that the trajectory resulting
from the f(to) adjustment will not be close enough to the desired
trajectory to make it possible for the matrix [G] method to converge.
Some of these convergence difficulties could conceivably be overcome
by reducing the step-size when employing the matrix [G] convergence

method.

6.4 Convergence Limitations Imposed by Orbital Eccentricities and
Rocket Thrust Levels

The regions of applicability of the convergence method with
respect to orbital eccentricities and rocket thrust levels cannot be
precisely defined because of the many possible combinations of initial
and final orbits. From computational experience, however, it is
possible to define some approximate boundaries inside of which con-
vergence is usually attainable. Minimum-fuel transfer trajeéiories
have been successfully computed over the following ranges of initial

and final eccentricities e and thrust to initial weight ratios a .
1078 <e < .8
.025 < a < 1.0

Integration of the variables z, A, and B, defined in Chapter 2,
in place of e, p, and ¢ makes convergence possible for very low
eccentricities. In those instances, however, when the trajectory is
being computed in the direction of decreasing eccentricity, convergence
becomes difficult to achieve for eccentricities less than approximately

025 . This difficulty is caused by the very rapid change in argument
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of pericenter at low eccentricities. In certain cases convergence
can be achieved by reversing the computation direction.

Convergence difficulties with orbital eccentricities in
excess of .8 are due primarily to the large velocity changes and the
longer transfer times required to effect treansfers of this type.
Consequently, the thrusting and coasting intervals become longer,
and the switching function becomes more sensitive to small changes
in the initial conditions.

The convergence method fails for thrust-to-weight ratios less
than sbout .025 primarily because the initial-approximate transfer
trajectory derived from the two-impulse transfer is not sufficiently
close to the desifed final transfer trajectory to serve as a reason-
able starting trajectory. As the thrust levels are reduced, larger
characteristic velocities are required to accomplish the required
transfer. However, the thrusting intervals for the initial-approximate
transfer trajectory remein fixed since they are computed in such a
manner that the characteristic velocities on each thrusting interval
are equal to the characteristic velocities on the corresponding
thrust intervals of the equivalent two-impulse transfer. Therefore,
as the thrust-to-weight ratio is reduced, the fixed characteristic
velocity of the initial-approximate transfer trajectory becomes too
small to allow the initial-approximate transfer trajectory to be
sufficiently close to the desired final transfer trajectory. At
this point the method proposed in this study to find the minimum-fuel
transfer trajectory fails to converge.

The convergence method fails at high thrust-to-weight ratios
primarily because of the shortened thrusting interval durations. In

general the initial value of V¥ is used to set the duration of the
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first thrusting interval, and the initial value of v establishes the
duration of the second thrusting interval. As these thrusting inter-
vals become smaller, the duration of the first thrusting interval can
still be set accurately, but the duration of the second thrusting
interval becomes extremely sensitive to the choice of initial v. Very
smgll changes in v(to) produce relatively large percentage changes in
the duration of the second thrusting interval. This makes convergence
by means‘of the sensitivity matrix [G] more difficult to attain. In
addition, more preliminary trajectory computations are required to
find a value of v(t,) which will yield the desired duration for the
second thrusting interval.

Convergence is more difficult to attain for trajectcries with
forward-forward or rearward-rearward thrusting sequences. This is
primarily due to the delicate balance which must be maintained between
the terms ﬂ_‘/‘\_é psin(¥ - ) and hu of Eq. (3-47) in order to obtain the
desired switching function characteristics. Both of these terms remain
very small and are of opposite sign over most of the transfer trajectory.
This results in very amall changes in the switching function over the
entire transfer trajectory. For example, the switching function for run
thirty-nine of Table 6.2 has a maximum emplitude of about 7 x 10" % on
the first thrusting interval. The timing and duration of the second

thrusting interval depends primarily upon the integrated sum of the

terms hu and b R 8 psin(V - P) along the coast trajectory. Changes in
v(to) affect primarily the second of the above two terms. Since both
of these terms are relatively small, a small change in h'iTE psin(V - f)
when integrated over the coast trajectory can have a large relative
effect upon the switching function. This causes the timing and duration

of the second thrusting interval to be very sensitive to changes in v(to).



CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

In this chapter the important results of the study are

summarized, and recommendations for further study are made.

7.1 Summary of the Results

An efficient method for computing time-open minimum-fuel
finite-tﬁrust transfer trajectories between two given coplanar
elliptic orbits has been developed. Each orbit is defined by an
eccentricity, semi-latus rectum and argument of pericenter. The
minimum-fuel trensfer trajectory is assumed to consist of two
thrusting phases separated by a coasting phase.

Computation of the minimum-fuel transfer trajectory is
accomplished by a direct integration of the rocket equations of
motion and the associated adjoint equations which are developed
from variational calculus principles. This direct approach is
mede possible by a unique transformation of the adjoint equations
into a set of equations which provide a much better understanding
of the general behavior of minimum-fuel treajectories. The discovery
of a new varlable and the use of this variable in conjunction with
the thrust angle to obtain precise control of the thrusting interval
durations has been a very important factor in the success of the
method.

A large number of different transfer trajectories have been
computed using a 7094 digital computer with predominantly

-92-
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single-precision arithmetic. The transfer trejectories are grouped
into four main classes according to the direction of the thrust
vector on each of the two thrusting intervals. The computation of
forward-rearward and rearward-forward transfer trajectories require
approximately ten to twenty-five seconds of computer time while
forward-forward and rearward-rearward transfer trajectories require
approximately twenty to fifty seconds of computer time. Convergence
has been demonstrated over the following ranges of eccentricities

e and rocket thrust-to-weight ratios a
1078 < e <.8
025 < a <1.0

7.2 Recommendations for Further Study

Investigations should be made into extending the limits of
applicability of the method to eccentricities beyond .8 and to rocket
thrust-to-weight ratios beyond 1. With the present program,con-
vergence beyond these limits becomes difficult to achieve mainly
because of the increased sensitivity of the switching function to
amall changes in the initial conditions. Therefore, it is believed
that the convergence method could easily be extended to higher
eccentricities and higher thrust-to-weight ratios by the use of
double-precision aritlmetic throughout the entire computation.

Trensfer trajectories with forward-forward or rearward-rearward
thrusting sequences are very sensitive to small changes in the
initial conditions because of the low switching function magnitudes
associated with trajectories of this type. The use of double-precision

arithmetic should also alleviate this difficulty and meke possible the
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computation of a larger class of transfer trajectories with
forward-forward and rearward-rearward thrusting sequences.

As discussed in Section 6.4, the basic convergence method
proposed in this study fails at low rocket thrust-to-weight ratios
because the thrusting intervals, which are fixed by the two-impulse
transfer, become inadequate to generate an initial-approximate
trajectory which is sufficiently close to the desired transfer tra-
Jectory. In order to extend convergence to lower thrust-to-weight
ratios, the thrusting interval durations for the initial-approximate’
transfer trajectory should be increased as some function of the
thrust-to-weight ratio. It is believed that the results published
by Robbins® could be used directly to compute improved thrusting
interval durations and thereby extend the convergence to lower
thrust-to-weight ratios.

A very challenging underteking would be the extension of
this study to include the case of non-coplanar transfers. The two-
impulse solution is applicable to non-coplanar transfers, but a
major reworking of the finite-thrust equations would be necessary.
The inclusion of an additional state variable and adjoint variable

may pose very serious difficulties in solving the resulting two-point

boundary value problem.



APPENDIX A
DIGITAL COMPUTER PROGRAM FOR THE COMPUTATION
OF THE MINIMUM-FUEL TWO-IMPULSE

TRANSFER TRAJECTORY

In this appendix the Fortran IV digital computer program
for computing minimum-fuel two-impulse transfer trajectories is

presented. The inputs to the program are:

EO = eccentricity of the initial orbit

PO = semi-latus rectum of the initial orbit

EF = eccentricity of the final orbit

PF = semi-latus rectum of the final orbit

WMBR = change in the argument of pericenter from the initial
to final orbit
The computation is initiated by selecting ten equally spaced

points, with respect to true anomaly, on both the initial and final
orbits. A method developed by Lee® is then employed to compute the
semi-latus rectums of the minimum-fuel transfer trajectories between
each of the one hundred possible combinations of initial and final
points. The trajectories corresponding to the ten lowest total
impulses are saved, and further minimization with respect to the
semi-latus rectum and the initial and final true anomalies is ac-
complished on these ten trajectories by means of a Fletcher-Powell
conjugate-gradient algoritim®;11, In this computation use is made

of the gradient developed by McCue and Bender>.
-95-
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The output of the program consists of the following information

concerning the minimum-fuel two-impulse transfer trajectory

ET = eccentricity of the transfer trajectory
PT = semi-latus rectum of the transfer trajectory
PHIMTR = initial true anomaly
PHIZR = final true anomaly + WMBR
DLV1 = magnitude of the first impulse
DLV2 = magnitude of the second impulse
DN1R = argument of pericenter of transfer trajectory
PSIA1 = thrust orientation angle on the first impulse
PSIA2 = thrust orientation angle on the second impulse

Following are brief discriptions of the main progrem and the
subroutines utilized in this computation. The complete Fortran IV

program is also included

IPMAIN - The main progrem for computing the minimum-fuel
two-impulse transfer trajectory.

IMPLSE - The subroutine which computes the minimum-fuel
two-impulse transfer trajectory between two fixed
points in accordance with Lee4.

FUNCT - The subroutine which computes the gradient of the
total impulse in accordence with McCue and Bender3d.

GRADNT - The subroutine which supplies the logic for the
Fletcher-Powell8 conjugate-gradient convergence
method.

SMIN - The subroutine which provides for a minimization
of the impulse function along a direction derived
from the Fletcher-Powell® method.

CUBIC -~ The subroutine which performs cubic interpolation
to assist subroutine SMIN.

SMULR - The subroutine which solves the eighth-order
polynomial to assist subroutine IMPLSE.
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e IPMAIN

THL MAIN PROGRAM FOR COMPUTING ONLY THE TWO-IMPULSE
MINIMUM FUEL TRANSFER TRAJECTORY

PRIMARY INPUTS

EO = ECCENTRICITY OF THE INITIAL ORBIT

PO = SEMI-LATUS RECTUM OF THE INITIAL ORBIT

EF s ECCENTRICITY OF THE FINAL ORBIT

PF = SEMI-LATUS RECTUM OF THE FINAL ORBIT

WMBR = CHANGE IN THE ARGUMENT OF PERICENTER FROM THE FIRST

ORBIT TO THE SECOND ORBIT

MAXSAV = THE MUMBER OF FIXED POINT TRAJECTORIES WHICH
ARE USED AS STARTING POINTS FOR THE
FLETCHER-POWELL METHOD

ITMAX = MAXIMUM ALLOWABLE NUMBER OF FLETCHER-POWELL
ITERATIONS

GRADMN = MINIMUM CUTOFF VALUE OF THE GRADIENT IN THE
FLETCHER-POWELL METHOD (GRADMN = ,0001)

C IPMAIN XR7+M94,DECK

COMMON/CMN5/5110910) sMAXSAV

COMMON/CMNGE /GUNA » TUBX» TUBY » TUBZ » GUNB X ¢ GUNBY » GUNBZ » GUNB s TRANS »
1 EAXSEAYSsEAZsEBX+EBYIEBZsSLRASSLRBsWMAsWMBsDLTS»S0(3)
2 AINCHEASEBIWAXsWAY sWAZ sWEBXoWBYsWBZ +PIE»SMU» I TMAX e GRADMN »
3SMLVXsSMLVY s SMLVZ s ZLITTsTUAXs TUAY s TUAZ » TRAMG » GUNAX » GUNAY » GUNAZ
4 yPULSE s TSLRy TAPHs TBPHs TRSTAN» TRSTBsE TRAN»PERARG » TAPHDG » TBPHDG
NAMELIST/IMPULZ/MAXSAV s I1TMAX s GRADMN

READ (55 IMPULZ)

READ(551050)NR

READ(551000)EQsPOsEF s PF»WMBR

WRITE(651011)NR

WRITE{6+1003)

WRITE(6+1001)EQePO»EF +PF»WMBR

WRITE{(651005)

WRITE(6+1014 )MAXSAV » I TMAX » GRADMN

SLRA=PO

SLRB=PF

EA=FO

EB=LF

WMB=WMBR

CALL IMPLSE

DLVYTOT=S(1,1)

DLV1=S(2,s11)

DLV2=5(3,1)

PT=S5{4s1)

ET=S(5s1)

PHI1IR=S(69+1)

PHIZ2R=S(7»1)

DN1R=5(8,1)

PSIA1=5(9s1)

PSIA2=5(1Q»1)

WRITE(651010)

WRITE(6+1012)(S{Is1)sI=1s10)
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PUNCH 1050s NR
PUNCH 1000 EO’vaET'PT'EFoPF
PUNCH 1000s PHI1RsPHIZRsyDLV1eDLVZ
PUNCH 1000s DN1RsWMBR
PUNCH 1000s PSIAlsPSIAZ
GO TO 10
1000 FORMAT(6F12.7)
1001 FORMAT(1XsSF14.8)
1002 FORMAT(1X+9114)
1003 FORMAT(1HO+BX92HEOs 12X 9 2HPO 912X s2HEF 9 12X9 2HPF » 11X 9 4HWMBR }
1005 FORMAT{1HO 565X s 6HMAXSAV s9X s SHI TMAX 98X s SHGRADMN )
1009 FORMAT(1HO 26X s 6HMAXSAV»8XsSHITMAXs9X»6HICNTMX)
1010 FORMAT(S5Xs6HOLVTOT»IXs4HDLVIs9Xs4HDLV2 s 1Xe2HPT911Xe2HETe8X
1 SHPHI1R»8Xs5HPHI2R 99X s 4HDNLIR 98X s 5HPSIAL 98X +SHPSIAZ)
1011 FORI'AT(1M1+13HRUN NUMBER B-13)
1012 FORIATI10F13,.8)
1014 FORMAT(1Xs21149F14.8)
1019 FORMAT(1HOs4Xs THIWRT (1) 95Xs THIWRT(2) o5Xs THIWRT(3) 95Xs THIWRT(4))
1050 FORMAT(6112)

END
$IMPULTZ GRADMN=.0001> MAXSAV=10, ITMAX=10 $
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SUBROUTINE IMPLSE ~ °

THE SUBROUTINE WHICH COMPUTES THE MINIMUM FUEL TWO-IMPULSE
TRAMSFER TRAJECTORY BETWEEN TWO FIXED POINTS IN
ACCORDANCE WITH LEE (REFe #)

L EAKaNaNaXaka¥aka

IBFTC IMPS XR7 e M4 s DECK
SUBROUTINE IMPLSE
COMMON/CMNS /S{10910) ¢y MAXSAY
COMMON/CMNG/GUNA s TUBX s TUBY s TUBZ s GUNBX s GUANBY s GUNBZ » GUNB » TRANS ¢
1 EAX+EAYSEALIEBXsEBYEBLs SLRASSLRBsWMASsWMBDLTSeS0(3)
2 AINCIEAIEBsWAXsWAY s WAZ s WBXsWBY oWBZ »PIEsSMU9» I TMAX s GRADMN »
3SMLVXsSMLYY s SMLVZ +ZLITTs TUAXs TUAY » TUAZ » TRAMG s GUNAX » GUNAY ¢ GUNAZ
&oPULSE»TSLRyTAPHs TBPHs TRSTANs TRSTB+ETRANPERARG » TAPHDG » TBPHDG
DIMENSION A(9)sB(8)sC(8)+PAR(5+300) s TEMP(4)+ANDEP(12) sANAR(13)
AINC=0.
WMA=0,
WRITE(6+1001)
WRITE(6s1002)AINCoWMAsGRADMN» (SO(1)el®1s3)
WRITE(6»1003)
WRITE(659+1004)MAXSAY» ITMAX
WRITEt691005)
WRITE(6+1002)SLRAISLRBIEALEBWMB
PIE=3,1415926/2,
AINC=AINCH#PIE /90,
SMU=],
N6=0
WMA=WMARPIE/90.
WMB=WMB#PIE /90,
EAX=EA®RCOS(WMA)
EAY=EASSINI(WMA)
EAY=EAYRCOS(AINC)
EAZ=EA®SIN(WMA)RSIN(AINC)
EBX=EB*COS{WMB}
EBY=EB#SIN(WMB)
EBZ=Qe.
WAX=0,0
WAY=~SIN(AINC)
WAZ=COS(AINC)
wBX=0,
wWBY=0,
WBZ=21.0
DO 660 K=1,10
ANDEP (K ) =36 o #FLOATLIK)~26,
DO 660 J=1,10
ARAR{J) =36, #FLOAT(J)
BPH=ANDEP (K)
APH=ANAR{J)
AXLEsABS{APH-BPH)
AXEL=ABS(AXLE-180.)
IF(AXEL=1e)2T1,271+272
27 APH=APH+S .
272 COKTINUE
IF(AXLE=e1)2739273+274
273 APH=APH+1,
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CONTINVE
SAP=APH-BPH
APH=APHSPIE/90.
BPH=BPHRPIE/90.
ANGASAPH~WMA
ANGB=8PH~WMB
UAX=COS(APH)
UVAY=SIN(APH)#COS(AINC)
UAZ=SIN(APH)#SIM(AINC)
UBX=COS(BPH)
UBY=S5IN{(BPH)
UBZ=0.
RAMG=SLRA/{1.+EARCOS(ANGA) )
RBMG=aSLRB/ (1. +EB#COS(ANGB))
RAXSUAX#RAMG
RAY=UAYSRAMG
RAZ=RAMGH#UAZ
RBX=UBX#RBMG
RBY=UBY®RBMG
RBZ=UBZ%#RBMG
RDIFF=(RBX-RAX)##2+(RBY-RAY ) ##24+ (RBZ~RAZ) ##2
XCR=RAY#RBZ-RAZ#RBY
YCR=~RAX#RBZ+RAZ®*REBX
ICR=RAX#RBY~-RAY#RBX
XCR=XCR®%2
YCR=YCR®#2
2ZCR=ICR##2
CRPD=XCR+YCR#+ZCR
ZA=SMURRPIFF JCRPD
SUMX=EAX+UAX
SUMY=EAY+UAY
SUMZ=EAZ+UAZ
WCSX=WAYRSUMZ-WAL#SUMY
WCSY=—-WAX®SUMZ+WAZ#SUMX
WCSZ=WAX®#SUMY=WAY ®#SUMX
BX=(RBX-RAX)#WCSX
BY=(RBY-RAY) #W(CSY
BZ=(RBZ-RAZ)#WCSZ
2B=-SMU#(BX+BY+BZ) /(SQRT(SLRA) #SART (CRPD)} )
DUSUAX¥UBX+UAYRUBY+UAZRUBZ
THET=(1,-DU}/SQRT{1.-(DURR2})
U=WAY#EAZ-WAZREAY
Ve-WAXHEAZ+WAZEHEAX
W=WAXBEAY-WAY*EAX
POsUSUAX+VEUAY+WRUAZ
ZC=SMUSTHET#PO/SART(SLRA)
D=—-SMUSTHET®THET
XB=EBX+UBX
YB=EBY+UBY
TB=EBZ+UBZ
XX=WBY®TB~-WBZ#YB
YY=-WBXSTB8+WBZ#XB
22=WBX*YB-WBY®XB
TX=XX% (RBX~-RAX)
TY=YY#(RBY-RAY)}
TZ2=22% (RBX-RAX)
TMAG=TX+TY¢TZ
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E;SMngNhGI(SQRT(SLRB}*SQRTCCRPDJl
Py
AL=WBY#EBZ-WBL*EBY
BET=~WBX#EBZ+WBZ#EBX
GAM=WBX#EBY-WBY#EBX
RED=AL#UBX+BE T#UBY+GAM#UBZ
F=-SMU*THET#RED/SQRT(SLRB)
WCS=WCSX##2+WCSYHE2+WCSZWe2
AA=SMU*WCS/SLRA
DOT=UAX#(RBX—RAX ) +UAY# (RBY—RAY ) #UAZ# (RBZ~RAZ )
BB=2.0#SMU*THET#DOT/SGRT (CRPD)
G=AA+8B
SALEXX#%24YY #2922 %82
AC=SMU#SAL /SLRB
TOM=UBX#*(RBX—RAX ) +HUBY# (RBY~RAY ) +UBZ# ¢ RBZ-RAZ)
DC=24 0#SMURTHE T*TOM/SQRT ( CRPD)
RW=AC~DC
PHA=ZA#ZA# (G=RH)+ZA% (E#E-2B*ZB)
PHBASZA#ZA¥ (4o #F~4 o #2C)+ZAR (2. #ESG~2o #ZB#RH)
PHBB=2,% (E#E*ZB-E#2B%2B)
PHB=PHBA+PHBB
PHCA=ZAS( 8o #ZBHF~B o #ENZCH+2 o #ERF =2, #2B22C)
PHCBRE*E#G-RH#ZB#2ZB
PHC=PHCA+PHCB
PHDA=ZA% (4o #ZB¥D~4 o #EXD42 o #F #G=2 o #ZCBRH.
PHDB=4 o #LB#ENF~2, 8 ZCHENE~4 #ZB#2ZCHE+2,#F#2B%28
PHD=PHDA+PHDB
PHEA=D® (24 #ZA%G=20 #RH#ZA~E#E+ZB#1B)
PHEB=ZA# (FR#F—ZC¥ZC)~2482B#ZCRRH+2 o #GRERF
PHE=PHEA+PHEB
PHFASD® (4 o #F R LA~k o #ZARZC+2 o ENG~2 o #2BHRH )
PHFBu& o #F #ZB#ZC—k o #ZCHERF+2o #2ZB#FAF -2, ¥EHZCHZC
PHF=PHFA+PHFB
PHGA=D® (8o #ZB¥F—~8¢ WESZC+2+%2B#2C~2 ¢ #E*F)
PHGB=F #F#G—2C*ZC#RH
PHG3PHGA +PHGB
PHHA=DRD® (4 #ZB—4 o #E ) +D* (24 #F#G~2 s *RH#ZC)
PHHB=2 ( #F#ZCRZC—2¢ #ZCHFHF
PHH=PHHA+PHHB
PHI=D¥D# (G-RH)+D% (ZC#ZC-F#F)
USSA=SQRT (SLRA)*SQRT(CRPD)
M=8
A(1)=PHA
A(2)=PHB
A(3)=PHC
A(4)2PHD
A(5)=PHE
A(6)=PHF
A(7)=PHG
A(8)=PHH
A(9)=PHI
CALL SMULR(AsMsBsC)
DO 660 I=1+8
TIRE=ABS(C(1))
WHEEL=TIRE-,001
IF (WHEEL ) 6304630660
630 SIGN=1,
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IF(B(I)eLTe0e)SIGN=~1,
TRANS=SIGN
SLR=B(1)#B(1)
DFDPSZA#SI‘N!(ZBISORT(SLR)*ICISLRC'I-5)+DISLR"2
DGDP=ZA+SIGN® (E/SQRT(SLR)#F/SLR#¥1.5)+D/SLR##2
IF(OFDP/DGDP ) 650+ 660+ 660
650 RP=SQRT(SLR)
FOPaZA®SLR$S IGN® (ZB#2,#RP-2.#ZC/RP)+6G-D/SLR
GOP=ZA#SLR+SIGN® (2. #ESRP~2 . #F /RP ) +RH~D/SLR
S1GMA=~-DFDP /PGDP
TAU=SQRT(FOP) /SQRT (GOP)
SHOT=S@RT(FOP)+SART{GOP)
NG=NG+1
PAR({1+NG)=APH®90./PI1E
PAR(2sNG)=BPH®90./PIE
PAR(3sNG)®SLR
PAR(4+sNG)=SHOT
PAR(5sMG)=TRANS
660 COMTINUE
LIMIT=MAXSAV+]
DO 690 J=2,LIMIT -
DO 690 I=JsNG
00 670 M=1,:5
670 TEMP(M)=PAR(MsJ-1)
IF(TEMP (&) +LT+PAR(4»1}}GO TO 690
DO 680 M=1l,5
PAR(M;J~1)=PAR (M1}
680 PAR(MyI1)=TEMP(M)
690 CONTINUE
WRITE(6+1007)
WRITE(691008) ( (PAR(MyJ) sM=195)J =1 MAXSAV)
DO 710 J=1,MAXSAY
DO 700 K=1,2
700 PAR(KsJ)=PAR(K»J)RPIE/90,
TRANS=PAR(5yJ)
CALL GRADNT{PAR(1sJ)sPAR(2sJ)}sPAR(3sJ))
S5(1,J)=PULSE
S(29J)=GUNA
$(3+J)=GUNB
S(4,J)=TSLR
S$(5sJ)=ETRAN
S(6,J)=TAPHDG
$(7+J)=TBPHDG
$(8+J)=PERARG
$(9+J)=TRSTAN
$(10+J)=TRSTB
T10 CONTINUE
DO 740 I=2,MAXSAV
IF(S(1s1)elTeSI1ls12160 TO 740
DO 730 M=1sl0
730 S(Mel)=S(MsI)
740 CONTINUE
RETURN
1000 FORMAT(6F12.7)
1001 FORMAT(1Hé& 35X s 4HAINC »10X»3HWMA» 10X 9 6HORADMN»8X95HSO(1) 99Xe5HSO0(2) s
19X+5HS0(3))
1002 FORMAT(1H »8F1l4.7)
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1003 FORMAT(1HOs4X»SHMAXSAVs9IX»5HI TMAX)

1004 FORMAT(1H +2114)

1005 FORMAT(1HO s5X s 4HSLRA»10X94HSLRB»11X92HEA» L1Xs2ZHEB»11X»3HWMB)

1006 FORMAT(2I12)

1007 FORMAT(1HO»5Xs6HPHI (1) »10X+s6HPHI(2) 95X LTHSEMI-LATUS RECTUMs4 X THI
1MPULSE» 10X»SHTRANS)

1008 FORMAT(1H +5F16.8)
END
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SUBROUTINE FUNCT

THE SUBROUTINE WHICH COMPUTES THE GRADIENT OF THE TOTAL
IMPULSE IN ACCORDANCE WITH MC CUE AND BENDER (REF. 3)

IBFTC FNCT XR7 M9 4DECK

SUBROUTINE FUNCT{(PAMsPLSZ9sGRD)

DIMENSION PAM(3),6RD(3)
COMMON/CMNG6/GUNA» TUBX » TUBY » TUBZ » GUNB X » GUNBY s GUNBZ ¢« GUNB » TRANS »
1 EAXsEAYsEAZ»EBXsEBYIEBZsSLRAYSLRBsWMA s WMB»DLTS»S0(3)
2 AINCIEAIEBsWAXSWAY s WAZ o WBXsWBY sWBZ »PIE s SMU» I TMAX o GRADMN »
3SMLVX s SMLVYY sSMLVZ»ZLITTesTUAX» TUAY s TUAZ » TRAMG s GUNAX » GUNAY s GUNAZ
4 9PULSE s TSLRsTAPHs TBPHy TRSTANs TRSTBSsETRAN» PERARG

TAPH=PAM(1)

TBPH=PAM(2)

TSLR=PAM (%)

TUAX=COS(TAPH)

TUAYsSIN(TAPH)®#COS(AINC)

TUAZ=SIN(TAPH)®SINLAINC)

TuBX=COS(TBPH)

TUBY=SIN(TBPH)

TUBZ=0.

TANGA=TAPM-WMA

TANGB=TBPH-—-WMB

TRAMG=SLRA/ (1 ++EA®COS(TANGA))

TRBMGE=SLRB/ (1 ++EB#COS(TANGB))

TRAX=TRAMG#* TUAX

TRAY=TRAMGH* TUAY

TRAZ=TRAMG®TUAZ

TRBX=TRBMG*TUBX

TR8Y=TRBMG®TUBY

TRBZ=TRBMG*TUBZ
XANG=COS(TAPH) #COS{ TBPH)+SIN(TAPH) *SIN(TBPH) *#COS(AINC)
ANG=ARCOS(XANG)

COTD=COS(ANG) /SIN(ANG)

CSCD=14/SIN(ANG)

DENOM=SART (1 e—(COS(TAPH) #COS(TBPH)+SIN(TAPH)®SIN{ TBPH ) *#COS(
1 AINC))#%2)
DTHTA==(-SIN(TAPH)*COS(TBPHI+COS(TAPH}*SIN(TBPH)#COS{AINC)} )/

1 DENOM
DTHTB=x—(=COS(TAPH) #SIN(TBPH)+SINI(TAPH)*COS{TBPH)*COS(AINC))/
1 DENOM
DCSCA=-CSCO#COTD*DTHTA
DCSCB=-CSCO*COTD#DTHTB
DCOTA=~-CSCO#CSCDEDTHTA
DCOTB=-CSCDO*CSCO#DTHTB
DUAXA=~SIN(TAPN)
DUAYA=COS{TAPH) #COS{AINC)
DUAZA=COS(TAPH) #SIN(AINC)
DUBXB=~-SIN(TBPH)
DUBYBsCOS{TBPH)
bUBZB=0.
DRADP= ( TRAMG®#TRAMG*EA#SIN(TANGA) ) /SLRA
DRBDP=( TRBMG* TRBMG*EB®#SIN(TANGB! ) /SLRB
TSUMX=EAX+TUAX
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TSUMY=EAY#TUAY
TSUMZ=EAZ+TUAZ
VAX=WAY#TSUMZ-WAZ#TSUMY
VAYSWAZ#TSUMX~WAX®TSUMZ
VAZ=WAX#TSUMY~WAY#TSUMX
VAXsVAX2SQRT{ SMU/SLRA)
VAY=VAY#SQRT { SMU/SLRA)
VAZ=VAZSSQRT(SMU/SLRA)
SUMBX=EBX+TUBX
SUMBY=EBY+TUBY
SUMBZ=EBZ+TUBZ
VBX=WBY#SUMBZ-WBZ#SUMBY
VBY=WBZ#SUMBX-WBX#SUMBZ
VBZ=WBX#SUMBY-WBY*SUMBX
VBX=VBX#SQRT(SMU/SLRB)
VBY=VBY#SQRT(SMU/SLRB)
VBZ=VBZ#SQRT ( SMU/SLRB)
ANGH=ANG/2.
ZLITT=SART(SMU/TSLR) #TAN(ANGH)
TRCRX=( TRAY*TRBZ-TRAZ#TRBY) ##2
TRCRY=( TRAZ#TRBX~TRAX®#TRBZ ) ##2
TRCRZ=(TRAX#TRBY-TRAY#TRBX ) ##2
TRCR=SQRT{ TRCRX+TRCRY+TRCRZ)
SMLVX=SART (SMURTSLR ) #{ TRBX-TRAX) /TRCR
SMLVY=SQRT {SMU#TSLRI®#(TRBY~TRAY) /TRCR
SMLVZ=SQRT (SMURTSLRI#{TRBZ~TRAZ) /TRCR
GUNAX=TRANSH* { SMLYXSZLITT#TUAX]}-VAX
GUNAY=TRANSS (SMLVYY2ZLITT#TUAY)~-VAY
GUNAZ=TRANS#® (SMLVZ+ZLITT#TUAZ)~VAZ
GUNA=SQRT(GUNAX##2+GUNAYR%2+GUNAZ##2 )
GUNBX=VBX—~TRANS®* ( SMLYX-ZLITT*#TUBX)
GUNBY=VBY-TRANS* (SHMLVY-ZLITT#TUBY)
GUNBZ=VBX-TRANS# (SMLVYZ-~-ZLITT#TUBI)
GUNB=SQRT (GUNBX % 24GUNBY®&2+GUNBZ %42 )
DVAAX=—SQRT ( SMU/SLRA )} #COS{TAPH)
OVAAY=-SQRT(SMU/SLRA)#SIN(TAPH)I#COS(AINC)
OVAAZ=—-SQRT(SMU/SLRAIRSIN(TAPH)XSIN(AINC)
DVBBX=-SQART (SMU/SLRB)®#COS(TBPH)
DVBBY=~-SQRT({ SMU/SLRB)#SIN{(TBPH)
bvBesz=0,
DVTAX=SQART (SMU/TSLR ) # { {TSLR/TRANG) #TUBX® { DCSCA-CSCO*DRADP /
TRAMG) 4+ (1+~TSLR/TRBMG) # ( FUAX#DCSCA+CSCD*DUAXA ) ~TUAX*DCOTA
~COTD®DUAXA) :
DVTAY=SART (SMUFYTSLR)IS({TSLR/TRAMG ) #TUBY# (DCSCA-CSCO*
DRADP/TRAMG)+(1+~TSLR/TRBMG) * { TUAYR®DCSCA+CSCD*DUAYA) ~
TUAY#DCOTA-COTD®*DUAYA)
DVTAZ=SARTISMU/TSLR )} ®( (TSLR/TRAMG.) #*TUBZ* (DCSCA-CSCO®DRADP/
TRAMG) +(1+~TSLR/TRBMG ) ® { TUAZ*DCSCA+CSCD*DUAZA)-TUAZ*
DCOTA-COTD#*DUAZA)
DVTBX=SQRT (SMU/TSLR)I® ( (TSLR/TRAMG) * (TUBX*DCSCB+CSCDEDUBXB )
+TUAX®((1le—(TSLR/TRBMG) } #DCSCB+TSLR*#CSCO*DRBOP/ (TRBMG*
TRBMG) -DCOTB) )
DVTBY=SQRT (SMU/TSLR) #( (TSLR/TRAMG) * (TUBY*DCSCB+CSCO%DUBYB
24TUAY* ((1le~(TSLR/TRBMG) ) #DCSCB+TSLR®¥CSCD*DRBDP/
{TRBMG*TRBMG) -DCOTB))
DVTBZ=SQART (SMU/TSLR) #({ {TSLR/TRAMG) # ( TUBZ*DCSCB+CSCD*
DUBZB)+TUAZ#((1le—(TSLR/TRBMG) ) #DCSCB+TSLR*CSCO*DRBDP/
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2 TRBMG*TRBMG ) -DCOTB))
PYTAX=SQRT{SMU/TSLR) #(~(TSLR/TRBMG) *{ TUAX*DCSCA+CSCD#

1DUAXA)+TUBX#(—(1e=( TSLR/TRAMG) ) #DCSCA-TSLR#CSCO*

2 DRADP/ (TRAMG#TRAMG)+DCQTA) )}

PVTAY=SQART (SMU/TSLR)I*# (- (TSLR/TRBMG) * (TUAY#DCSCA+CSCD#*
1DUAYA) +TUBY# (= (1le=( TSLR/TRAMG) ) #DCSCA-TSLR*CSCD*

2 DRADP/( TRAMG®#TRAMG)+DCOTA))

PVTAZ=SQRT (SMU/TSLR)#(~(TSLR/TRBMG) ¥ ( TUAZ#DCSCA+CSCD#*
1DUAZA)+TUBZ# (= (1le~( TSLR/TRAMG) ) #*DCSCA-TSLR*CSCD*
DRADP/ { TRAMG®* TRAMG) +DCOTA} )
PVTBX=SQRT(SMU/TSLR)}# ((TSLR/TRBMG) * TUAX® (-DCSCB+CSCD*
DRBDP/TRBMG) ~(1«-=TSLR/TRAMG) #{ TUBX*DCSCB+CSCD#*DUBXB)
+TUBX¥DCOTB+COTD#DUBXB)
PVTBY=SQRT(SMU/TSLR)*# ({TSLR/TRBMG]) #*TUAY#*(-DCSCB+CSCD*
DRBOP/TRBMG) —(1e~TSLR/TRAMG) * (TUBY®DCSCB+CSCO*DUBYB)+TUBY*
DCOTB+COTO*DUBYB)
PVTBZ=SQRT{SMU/TSLR)#((TSLR/TRBMG) #TUAZ* (-DCSCB+CSCD*
DRBDOP/TRBMG)={1+=~TSLR/TRAMG ) *{ TUBZ#DCSCB+CSCD¥DUBZB )+
TUBZ#DCOTB+COTD*DUBZB)

RUNX=—-TRANS#PVTAX
RUNY==TRANS#PVTAY
RUNZ=-TRANS®#PVTAZ
FALLX=TRANS®*DVTBX
FALLY=TRANS*DVTBY
FALLZ=TRANS#*DVTBZ
RHITX=~TRANS#PVTBX+DVBBX
RHITY=-~TRANS®*PVTBY+DVBBY
RHITZ=-TRANS#*PVTBZ+DVBBZ
SWIM=DVTAX®#TRANS-DVAAX
SWAM=DVTAY#TRANS-DVAAY
SWUM=DVTAZ*TRANS-DVAAZ

XXXXX= ( SWIMEGUNAX+SWAMEGUNAY +SHUM¥GUNAZ ) / {GUNA) + (RUNX*GUNBX +
1 RUNY#GUNBY+RUNZ#GUNBZ) /(GUNB)

YYYYY= ( FALLX#GUNAXSFALLY®#GUNAY+FALLZ*GUNAZ) /(GUNA) +(
1 RHITX#GUNBX+RHITY*GUNBY+RHITZ#GUNBZ) /(GUNB)

DIDPO= { GUNAX® {SMLVX~ZL ITT#TUAX ) +GUNAY* (SMLYY~ZLITT®TUAY )+
1GUNAZ* (SMLVZ-ZLITT#TUAL) ) /GUNA

DIDPT=(GUNBX* (SMLVX+ZLITT#TUBX ) +GUNBY* (SMLVY+ZLITT#TUBY )+
1GUNBZ*(SMLVZ+ZLITT#TUBZ) ) /GUNB

2ZZZ=TRANS* (DIDPO-DIDPT) /(24 *TSLR)

PLS2=GUNA+GUNB
GRD{1)=XXXXX
GRD(2)=YYYYY
GRO(3)=2222
RETURN

END

N = N - N

N
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SUBROUTINE GRADNT

THE SUBROUTINE WHICH SUPPLIES THE LOGIC FOR THE FLETCHER-
POWELL CONJUGATE GRADIENT CONVERGENCE METHOD

IBFTC GRAD XR7sM94 » DECK

SUBROUTINE GRADNT{(TAPHTBPH»TSLR)
COMMON/ CMNG/GUNA » TUBX s TUBY » TUBZ s GUNBX s GUNBY s GUNBZ s GUNB » TRANS »
1 EAXSEAYIEAZsEBX+EBYoEBZ»SLRA»SLRBIWMA»WMB»DLTSe50(3) >

2 AINCIEAIEBIWAX yWAY s WAZ o WBXsWBYsWBZ +PIE +SMU s I TMAX » GRADMN »
ASMLVX s SMLYY s SMLVZ 2 ZLITT«TUAXs TUAY » TUAZ » TRAMG s GUNAX s GUNAY s GUNAZ
43PULSEsTSLRs TAPH s TBPHs TRSTAN» TRSTB+ETRAN»PERARG)» TAPHDG » TBPHDG

"‘DIMENSION VA(3),G(3)sPRM(3)sH{3+3)35G1(3)sSIG(3)sY(3)9sA(393)sHY(3)>
1 YH(3)sB(3+3)

WRITE(6+300)

MM=0

PRM(1)=TAPH

PRM(2)=TBPH

PRM(3)=TSLR

IDENTH=0

CALL FUNCT(PRM,PULSEG)
WRITE(6+301)MMsSTEPsPULSE» (PRM{I)sI=193)5(G{l)el=1l,3)
N=3

DO 10 I=14N

DO 10 J=1sN

H(IsJ)=0,

DO 20 I=1sN

M{IsIN=1,

CALL SMIN(STEP+»PRMsH+$250)
IF(STEP.LT+«00000005)G0 TO 130
DO 50 I=14N

Gl(I)=G(I)

SIG(I)=0.

DO 70 I=1,N

DO 60 J=1,N
SIG(I)=SIG(]1)-STEP*H{IsJ)®*G(J)
PRM({1)=PRM(I)+SIG(I)

MM=1+MM

PLSM=PULSE

CALL FUNCT(PRMsPULSEG)
WRITE(6:301)MMsSTEPsPULSEs (PRM(I)sI=193)9(G(1)sl=1s3)
IF((PLSM-PULSE) eLTeleE~-07)GO TO 200
IF(MM.GT.ITMAX)GO TO 200
JUMP=0

DO 75 I=1sN
IF(ABS(G(I) ) eGT«GRADMN) JUMP=25
IF(JUMP.EQ.0)GO TO 200

DO 80 I=1sN

Y(I)=G(I)~G1l(I)

SIGDTY=0.

DO 85 I=14sN
SIGDTY=SIGDTY+SIG(I)*Y(])

DO 90 I=14N

DO 90 JU=1eN
All+J)=SIGII)*SIG(J)/SIGDTY
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DO 100 1s=lsN
HY(I)=0,
YH(I)=0.
DO 110 I=1eN
DO 110 J=1sN
HY(I)=H{1eJ)#Y(J)MHY(])
YH(L)=H{Jo 1) RY(J)+YH(])
YDTHY=0Q,
DO 115 I=1sN
YOTHY=YDTHY+Y( 1) #HY (1)
DO 120 I=1l,N
DO 120 J=1,N
B(IoJ)=—HY(I)®YH{J)/YDTHY
HilsJ)=H(IsJ)+A( 19 J)4B(I9J)
GO TO 40
IDENTH=IDENTH+1
IF(IDENTHeGT«2)GO TO 260
WRITE(691004)
GO TO 5
WRITE(651005)
GO TO 200
WRITE(6,1003)
GO TO 130
TAPH=PRM(1)%#90./PIE
TBPH=PRM(2)#904./P1E
TAPHDG=TAPH
TBPHDG=TBPH
TSLR=PRM (3)
VA(1)=TRANS* ({SMLVX+ZLITT2TUAX)
VA(2)=TRANS® (SMLVYY+ZLITTRTUAY)
VA(3)=TRANSH*#(SMLVZ+ZLITT*#TUAZ)
SPEED=VA(1)##24VA(2) ##24VA(3 ) 822
BIGAX=1e/(2¢/TRAMG-SPEED/SMU)
ETRAN=SQRT (1.~-TSLR/ABIGAX)
ALPO=ARCOS{ (GUNAX®#TUAX+GUNAY*TUAY+GUNAZ#*TUAZ ) /GUNA)
IF(TSLR.LT«SLRA)ALPO==-ALPO
TRSTAN=(PIE~ALPO) #90./PIE
ZETA=ARCOS ( { GUNBX#*TUBX+GUNBY* TUBY+GUNBZ*TUBZ ) /GUNB)
IF(TSLR«GT«SLRB)ZETA=-ZETA
TRSTB=(PIE-ZETA)#904./PIE
PHASE=0.
IF(TSLR/TRAMG=1e el Te0o )PHASE=2 . #P]E
FO.‘ATAN(SQRT(TSLR/SMU)’(TUAX’VA(1)+TUAY*VA(2)+TUAZ*VA(3)l/(TSLR/
1 TRAMG—14))+PHASE )*#90,./PIE
PERARG=TAPH—-FO
WRITE(6,1001)
WRITE(691002)PULSEsTSLRyTAPH» TBPHeTRSTAN» TRSTB »ETRAN s MM
WRITE(651006)
WRITE(691007 )GUNA » GUNB » PERARG  TRANS

RETURN
FORMAT(1HO »4X » 2HMM» 9X » 4HSTEP » 9X 9 THIMPULSE » 7TX s 6HPRM( 1) 98X » 6HPRM (2 ) »

18X+ 6HPRM(3)»9Xs4HG( 1) s 1OX»4HG(2) 5 10X s4HG(3))

FORMAT(1H »I3s7X9sE14¢794F14e733E1447)

FORMAT(1HO+4X 9 THIMPULSE 98X s 10HP~TRANSFER»B8X+»6HPHI (1) 10X s 6HPHI(2) s
17Xs 14HTHRUST ANGLE=~1+4Xs1SHTHRUST ANGLE-1143Xy10HE-TRANSFER s3X,

2 10HITERATIONS)

FORMAT(1H s7F1648+110)
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1003 FORMAT (1HOs47HSUBROUTINE SMIN IS UNABLE TO FIND THE NEXT STEP)
1004 FORMAT(1H »22HMATRIX H REINITIALIZED)
1005 FORMAT(1H s66HAFTER 2 ATTEMPTS TO REDUCE IMPULSE BY REINITIALIZING
1 Ms I AM TIRED)
1006 FORMAT(1H »&XsFHIMPULSE-1+6Xs10HIMPULSE-I1+5Xs»17THTRNSFR PRG ARGMNT
194X+ 5HTRANS)
1007 FORMAT(1H s7F16.8)
END
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SUBROUTINE SMIN

C
C
C
C THE SUBROUTINE WHICH PROVIDES FOR A MINIMIZATION OF THE
C IMPULSE FUNCTION ALONG A DIRECTION DERIVED FROM THE

C FLETCHER-POWELL METHOD

C

C

$

IBFTC SMMM XR79sM94 s DECK
SUBROUTINE SMIN(CeXXsHo%)
C SINGLE-DIMENSIONAL MINIMIZATION
DIMENSION G1(10)962(10)9G3(10)9X1¢10)9X2(10)9X3(20)sXX(3)sX(10)>
1 GRX(10)sDD(10)sH(3+3)
REAL MARG
INTEGER COUNT
JAG=0
JIG=0
COUNT=1
JILL=0
SIZE=0.0
SLOPE1=0.0
SLOPEZ2=0,0
SLOPE3=0.0
C=0,0
N=3
CSTEP=0,0
DO 5 J=1sN
5 X1{(J)r=XX(J)
CALL FUNCT{(X1sVAL1sGRX)
DO 6 J=1,N
6 DD(J)=0,
DO 8 J=1N
DO 7 I=1,sN
7 DD(J)I=DD(JI-H{Js 1) #GRX( 1)
Gl(J)=GRX(J)
8 SLOPE1=SLOPEL1+Gl(J)*DD(J)
10 IF (COUNT~-1) 16+1ls16
11 C=0,0
DO 13 J=1sN
SIZE=ABS(DD(J))
IF (C=SIZE) 12+13,13
12 CaSIZE
13 CONTINUE
IF (C=240) 15915914
14 C=4,0/C
GO TO 16
15 C=240
16 IF (COUNT-2) 18,18,17
17 C=x240%C
18 DO 19 J=1sN
19 X2(J)=X1(J)+C*DD(J)
JIG=J1IG+1
§F(JIGeGTe20)6G0 TO 37
IF(X2(3)-0e)191,191,192
191 C=.9#C
GO TO 18
192 CALL FUNCT(X2»VALZ2,62)
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MARG=VAL1+0+33%#ABS(VALL)
IF (VAL2-MARG) 21,21,20
C=Qo2#C

GO TO 18

SLOPE2=0.0

JI16=0

DELC=C

00 22 JU=],N
SLOPE2=SLOPE2+G2 (J) #DD(J)
COUNT=COUNT+1

IF (VAL2-VALLl) 23,24+24
IF (SLOPE2-0.0) 25+25+24

CALL CUBICI(VALLsVAL2sSLOPELl+sSLOPE2+sCsDELC»337)

JAG=JAG+]
IF(JAG.GT«20)G0 TO 37
G0 TO 27

VAL1=VAL2

SLOPE1=SLOPE2

DO 26 J=1+N

X1tJ)=X2(J)
CSTEPsCSTEP+C
JILL=1+JILL
IF(JILL.GT«30)60 TO 37
G0 70 10

DO 28 J=1,N
X3(J)1=X1(J)+CHDD(J)
CALL FUNCTI(X3,VALS+»G3)
SLOPE3=0.0

00 31 J=1N
SLOPE3=SLOPE3¢G3 (J)#DD(J)
IF (VAL3-VALLl) 29:29,34
IF (VAL3-VAL2) 36536,30
IF (SLOPE3S-040) 32934934
VAL1=VAL3

SLOPE1=SLOPE3

00 33 J=1.N

X1(J)=sX3(J)
CSTEP=CSTEP+C

DELC=DEL C-C

GO TO 24

VAL2=VAL3

SLOPE2=SLOPE?3

DO 35 JU=1.N

X2(J)ax3(J)

DELC=C

GO TO 24

C=CSTEP+C

RETURN

RETURN )

END
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C SUBROUTINE CuBIC
C
C
C THE SUBROUTINE WHICH PERFORMS CUBIC INTERPOLATION TO ASSIST
C SUBROUTINE SMIN
C
C
SIBFTC CuBl XR7 o M4
SUBROUTINE CUBIC(VALL1sVALLZ»SLOPL»SLOP2sCCrDELLCy%)
C FITS A CUBIC POLYNOMIAL TO A ONE-DIMENSIONAL FUNCTION WITH POINT
C 1 AT ORIGINs POINT 2 AT A DISTANCE DELLC AWAY

505 FORMAT(1HO»25HBEGIN CUBIC INTERPOLATION)
510 FORMAT(1H +4E15.8)
Z=(3.0%(VALL1-VALL2)/DELLC)+SLOP1+SLOP2
TEST=Z#Z-SLOPL1*SLOP2
IFLTESTLT+061GO TO 10
Q=SQRT{(TEST)
DIS=(SLOP2+Q~-Z) /(SLOP2-SLOP1+Q+Q)
CC=DELLC#{1.0-DIS)
RETURN
10 WRITE(6»20)
RETURN 1
20 FORMAT(1H s44HCUBIC FORCED TO TAKE SQRT OQF NEGATIVE NUMBER)
END
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SUBROUTINE SMULR

THE SUBROUTINE WHICH SOLVES THE EIGHTH-ORDER POLYNOMIAL TO
ASSIST SUBROUTINE IMPLSE

ISFTC SMUSG DECK»XR79M94

SUBROUTINE SMULR (COEsN1sROQTRIROOTI)

A9 B0 N-E OE E3 EET U R 2 Sk 33 3 O 5 9 0 6 B A0 36 33k 3 3 03 06U 322 NN NN AR

POLYNOMIAL ROOT FINDER SUBROUTINE ecees
ITERATIVE METHOD FOR POLYNOMIAL EQUATIONS eeee
THIS METHOD APPROXIMATES THE FUNCTION F(Z) BY A QUADRATIC

WHICH MAY »IN GENERAL» HAVE COMPLEX COEFFICIENTS AND DOES NOT
REQUIRE A KNOWLEDGE OF THE DERIVATIVE OF F(Z) THOUGH
THE FUNCTION F(Z) MUST BE EVALUATED ONCE PER ITERATION seee

THIS SUBROUTINE FINDS REAL AND COMPLEX ROOTS OF A POLYNOMIAL
TH REAL COEFFICIENTS eees

USE OF MULLER SUBROUTINE ecee
CALL MULER (COEsN1sROOTRIROOTI) essee
COE IS THE TAG OF THE ARRAY OF COEFFICIENTS.
THE COEFFICIENTS MUST BE ORDERED FROM HIGHEST DEGREE
TO LOWEST DEGREE .
N1l IS DEGREE OF THE POLYNOMIAL .
ROOTR IS THE TAG OF THE ARRAY WHERE THE REAL PARTS
OF THE COMPLEX ROOTS ARE STORED .
ROOTI IS THE TAG OF THE ARRAY WHERE THE IMAGINARY
PARTS OF THE COMPLEX ROOTS ARE STORED seee

ALL ARITHMETIC IS IN THE COMPLEX MODE ssese
THEREFORE UNDER-FLOW IS NORMAL FOR REAL ROOTS seee

MULTIPLE ROOTS DECREASES ACCURACY OF THIS SUBROUTINE .
WHEN MULTIPLICITY IS FOUR THE ACCURACY DECREASES TO
ABOUT TWO PLACES esee

% T B3RP TN O A I W 326 A 3 A N3 B2 A 3 R %

DIMENSION COE(1)sROOTR(1)+ROOTIC(1}

N2=N1+1
N4=0
I=N1+1
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IFCCOE(L))P97»9
Ne=N&4&+1
ROOTR{N4)=0.0
ROOTI (N&)=0.0
I=]~-1
IF(N4—N1)19937»19
CONTINVE

AXR=0.8
AXI=0.,0
L=1

N3=1
ALP1R=AXR
ALPlI=AX1
=1

60 TO 99

SET1R=TEMR
BET1I=TEMI
AXR=0,85%
ALP2R=AXR
ALP2I=AX]
M=2

GO0 TO 99

SET2R=TEMR
BET21=TEMI
AXR=0,9
ALP3R=AXR
ALP31=AX]
M=3

60 T0 99

BET3R=TEMR

BET3I=TEMI]
TE1=ALP1R~ALP3R
TE2=ALPlI-ALP3I
TE5=ALP3R~ALP2R
TE6=ALP3]-ALP21
TEM=TES®TES+TE6#TES
TE3=(TE1#TES+TE2#TE6)/TEM
TE4={TE2#TES-TEL#TE6)/TEM
TE7=TE3410
TE9=TE3#TE3-TE4#*TEAL
TE10=2,0 STE3%TE4
DE1S5S=TE7#BET3R-TE4#BET3]
DE16=TET#BET3[+TE4*BET3R

TEL1=TE3#BET2R-TE4*BET2I+BET1IR-DELS
TE12=TE3®BET21+TE4*BET2R+BET11-DE16

TET=TE9=~1.0
TEl1=TE9*BET2R-TEI1O*BET2!
TE2=TE9*BET2I+TE10*BET2R

TE13=TE1-BET1R-TE7®*BET3R+TELQ*BETS1]
TE14=TE2~-BET1I-TET*BET3I-TEL1Q#BET3R

TE15=DE1S5#TE3-DE16#*TES
TE16=DE15®TE4+DE16*TE3
TE1=TE13#TE13-TE14*TE14-440

*(TELI#TE15-TEL2*#TELG)
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TE232,0 #TE13#TEl4-4.0 #(TE12*#TE1S5+TE11%TE16)
TEM= SQRTITEL1#TEL1+TE2#TE2)
IF(TE1)113+113,112
113 TE4= SQRT(0e5 =(TEM-TEL1l))
TE3=0,5 #TE2/TE4
GO VO 111

112 TE3= SQRT(0.5 *{TEM+TEL))
IF(TE2)110+2005,200

110 TE3=-TE3

200 TE4=0.5 #TE2/TE3

111 TE7=TE13+TE3
TE8=TEl4+TE4
TE9S=TE13-TE3
TE1O=TE1A-TE4L
TE1=2.,0 #TE1S
TE2=2.,0 #TE1é6
IFITETSTET+TEGHTEB-TEI#*TES-TELO#TELQ) 2049204205

204 TE7=TE9
TEB=TE1O

205 TEM=TET*TET+TES®*TES
TE3=(TELI#TET+TE2#TEB)/TEM
TE4=(TE2#TE7-TEL1#TEB) /TEM
AXR=ALP3R+TE3#TES-TE4H*TEG
AXI=ALP3I+TE3#TEG+TE4*TES

ALP&4R=AXR
ALP&I=AX]
M=4
GO TO 99
C
15 N6=1
C I3 3 A0 0 23 U0 B A B3 3540 3 2020 30 B S0 03 0138 9000 360000 0000 00 S 00 2 I
38 IF( ABS(HELL)+ ABS(BELL)-1.0E-20)18+18,16

16 TE7T= ABS(ALP3R-AXR)+ ABS(ALP3I-AXI!

IFITE7/( ABS(AXR)+ ABS(AXI))-1e0E-7)18,18,17
C R30I 308 3636 0 362 0SB0 J 30 9 T8 083 06T 96 3606 36 96 96 96 3635 36 06 36 3 3638 42 36 3630 08 2630 36 48 38 3 900 4 6 2
17 N3=N3+]

ALP1R=ALPZR

ALPlI=ALP2]

ALP2R=ALP3R

ALP2I=ALP3I

ALP3R=ALP4R

ALP3I=ALP&]

BET1R=BET2R

BET1I=BET2I

BET2R=BET3R

BET2I=BET31

BET3R=TEMR

BET31=TEMI

1F(N3~100)14,18,18
18 N4=N4+1

ROOTR(N4 ) =ALPAR

ROOTI(N&4)=ALP4]

N3=0
41 JF(N4~N1)30937,37

37 RETURN
CHS I O 320206 0630 26 0008 2053 T 0302600 30 30 S0 30 0 36 J 0000 F 30 98 306 360 006 3600 08 00 08 56 9686 3¢ 3 3 4
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IF( ABSCPROOTI(N4))-1e0E~5)109s10931
GO TO (32+10) L
AXR=ALP1R
AXI==ALP1I
ALPlI=-ALP1I
M=5

60 TO 99
BETIR=TEMR
BET1I=TEMI
AXR=ALP2R
AXI=-ALP2I
ALP21=-ALP21
M=6

GO TO 99

BET2R=TEMR

BET2I=TEMI

AXR=ALP3R

AXI=-ALP31

ALP3I=-ALP3]

L=2

M=3

TEMR=COE(1)

TEMI=0.0

DO 100 I=1,N1
TE1=TEMR®AXR-TEMI#*#AX]
TEMI=TEM]I#AXR+TEMR®AXI
TEMR=TE1+COE(1+1)

HELL=TEMR

BELL=TEMI

IF(N4)102»103,102

DO 101 IslsN4
TEM1=AXR-ROOTR(])
TEM2=AXI~ROOTI{1)
TE1=TEM1®#TEMLI+TEM2%#TEM2
TE2=(TEMR#TEML+TEMI#TEM2)/TEL
TEMI=(TEMISTEM1-TEMR#TEM2) /TE1
TEMR=TE2

GO TO (1191241315933 534)M
END



APPENDIX B
DIGITAL COMPUTER PROGRAM FOR THE COMPUTATION
OF THE MINIMUM-FUEL FINITE-THRUST

TRANSFER TRAJECTORY

In this appendix, the complete Fortran IV digital computer
program developed in this study to compute minimum-fuel finite-thrust
transfer trajectories is presented. For convenience in computation,
the state variables and the transformed adjoint variables are repre-

sented by the vector Y in the following manner:

Y(1)

0]
n

Y(2)
¥(3)
Y(4)
Y(5)
Y(6)
= ¥(7)

= O >
N n n

= >
n

v = Y(8)
Y(9)

wm
]

In addition, the adjoint variable A 1is represented by the symbol

¢
IN. The primary inputs to the program are:

EO = eccentricity of the initial orbit
PO = semi-latus rectum of the initial orbit
EF = eccentricity of the final orbit

-117-
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PF = gemi-latus rectum of the final orbit
AR = thrust to initisl weight ratio of the rocket
CR = effective rocket exhaust velocity

The primary outputs of the program are:

1. The initial values of the true anomaly f, the thrust
angle V¥, and the variable v,

2. The final values of eccentricity e, semi-latus rectum p,
and argument of pericenter ¢ .

3. The total characteristic velocity of the transfer

trajectory.

Following are brief descriptions of the main program end
the subroutines including a complete listing of the Fortran IV pro-
gram. Two main progrems, IMPFTR and FIMAIN,are included. IMPFTR
is the main program for the computation of both the two-impulse and
finite~-thrust transfer trajectories. The subprograms IMPLSE, FUNCT,
GRADNT, SMIN, CUBIC, and SMULR from Appendix A must be used in
conjunction with IMPFTR. FIMAIN is the main progrem which starts
with the minimum-fuel two-impulse transfer trajectory and computes
the corresponding minimum-fuel finite-thrust transfer trajectory.

IMPFIR - The main program for computing both the two-impulse

and the finite-thrust minimum-fuel transfer
trajectory.

FIMAIN - The main program for computing only the finite-thrust
minimum-fuel transfer trajectory

FNTRST - The subroutine which establishes the initial-approxi-
mate transfer trajectory and calls the subroutines
necessary for the execution of the convergence method.
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PSISET - The subroutine which computes the initial value
of the thrust-orientation angle so that the desired
duration of the first thrusting interval is attained.

NUSET - The subroutine which computes the initial value of
the variable v so that the desired duration of the
second thrusting interval is attained.

MIMIN - The subroutine which supplies the fixed step-size
fourth-order Runge-Kutta integration algoritim.

DURATN - The subroutine which computes the first and second
derivatives of the switching function. The deriva-
tives are used in the iterative solution of Eq. (3-44).
Double-precision aritimetic is employed.

Y7SET - The subroutine which supplies the logic for the
iterative solution of Eq. (3-44). Double-precision
arithmetic is employed throughout.

FNEW - The subroutine which camputes the right hand sides
of Eqs. (2-100) - (2-109?.

WRTOUT - The subroutine which computes the hemiltonian and
prints out the important characteristics of the
finite-thrust minimum-fuel transfer trajectory as
a function of time.

MINV - The subroutine which performs matrix inversion

F - The subroutine which computes the first derivative
of the switching function. ‘

COAST - The subroutine which performs the canonical trans-
formation to eliminate integration along the coast
interval.

PRMITR - The subroutine which controls the convergence method
based on the sensitivity matrix [G] and computes the
matrix [G] on the second and subsequent iterations.

PARHOM - The subroutine which performs the initial computation
of the sensitivity matrix [G].

ZIPPO - The subroutine which controls the computation of a
specific transfer trajectory.
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IMPFTR

THE MAIN PROGRAM FOR COMPUTING BOTH THE TWO-IMPULSE AND THE
FINITE THRUST MINIMUM FUEL TRANSFER TRAJECTOGRY

PRIMARY INPUTS
AR = THRUST TO INITIAL WEIGHT RATIO
CR = EFFECTIVE ROCKET EXMAUST VELOCITY
EQ = ECCENTRICITY OF THE INITIAL ORBIT
-
.

(aXaNaNaNaNa¥a¥aYa!

PO SEMI~-LATUS RECTUM OF THE INITIAL ORBIT

PF SEMI-LATUS RECTUM OF THE FINAL ORBIT

EF = ECCENTRICITY OF THE FINAL ORBIT

WMBR = CHANGE IN THE ARGUMENT OF PERICENTER FROM THE FIRST

ORBIT TO THE SECOND ORBIT

MAXSAV = THE NUMBER OF FIXED POINT TRAJECTORIES WHICH
ARE USED AS STARTING POINTS FOR THE
FLETCHER-POWELL METHOD

ITMAX = MAXIMUM ALLOWABLE NUMBER OF FLETCHER-POWELL
ITERATIONS

GRADMN = MINIMUM CUTOFF VALUE OF THE GRADLENT IN THE
FLETCHER-POWELL METHOD (GRADMN = .0601)

AN ONOOONNNNONNANN

IBFTC IMPFTR XR7sM949DECK
REAL MAXDIF
LOGICAL REGLAR»LBAKINOCOAS
DOUBLE PRECISION DURTOL
COMMON/CHMNL/ARsCRIPASIESH»THETASCRT sDBLDOT o CPROIPYEsPLsP2+sPSIsDRN»D
1 Y50,Y60
COMMON/CMNZ2/Y(9) sP(9) o XD(4) s IWRT(4) sTP(4) s XsDXoNoTB»IP1sLNs IFRD
1+:DSTVAR(3+3)
COMMON/CMN3/D2DIF oDI1TOL1eD1TOL2 sD2TOLsDL&sDLToDLE s JUMP »JG»
1 DLAIIsOLBII»LBAKsTGTP»T19T2+D1sD2sABXBOVsXB80OVeT2TOLL1sT2TOL2sVTIANS
2 DZRATHIDELCRTDL4I+DLBIII»THTLNR» JASH» JOSH o KOSH ¢ JECK 9 JOCK
3 s JMPTHT 9 JMPCRT ¢+ CRTLNR » LNORM
COMMON/CMNS/5(10+10) s MAXSAY
COMMON/CMNE/GUNA» TUBX s TUBY » TUBZ s GUNBX s GUNBY s GUNBZ » GUNB s TRANS »
1 EAXSEAYIEAZ+EBXsEBYvEBZsSLRAS SLRBsWMASWMB»DLTS»S0(3)
2 AINCIEAIEBsWAX e WAY sWAZ +WBXoWBY s WBZ »PTE »SMUs I TMAX » GRADMN »
ISMLVXsSMLVY o SMLVZ s ZLITToTUAX s TUAY s TUAZ » TRAMG s GUNAX » GUNAY » GUNAZ
49PULSEsTSLRsTAPHs TBPHsTRSTANS TRSTB+ ETRAN s PERARG s TAPHDG » TBPHDG
COMMON/CMN7/EQosPOsET sPTSEFsPF oPHILRsPHIZRoDLY1sDLY2+yDNIR sWMBR
1 PSIALsPSIA29ASXBOVsMAXDIF »s ICNTMXsD2TMNsDLBI s XDARL o XDARP 1 »UMP2
2 sCOASTN+IMPTRD s JMP 1y I TPRM 3 KOGMAX s KOGMIN »REGLAR
3 sAXSVNR,DLBINR)DLBZNR»DLB3NR
COMMON/CMNS / IDNWRT
COMMON/CMN9 /DURTOL
COMMON/CMPH/KAK(3) s PAR(3) sHOM (393 ) 9sEPS(3)9C(3) 9DLT29JPH
COMMON/CMN1O/ICNTsWBI(3)»ERRMINLKEY]L
COMMON/CMN12/NOROT s PRAYER»NOCOAS» SIGMA® » JOEMAX s TSTIMX
COMMON/NAMCOM/ NFNTRsNPRMsNZIPsNMIN sNFNEWoNTHT sNNUsNCOAST oNPSI »
1 NPRHMINDRNsNYTSET o NWRT oNFFRoNEXL oNEX2sNEX3 s MEX4 s NEXS sNEX6 NEXT
NAMEL IST/NAMSUB/NFNTRsNPRMsNZ IP s NMIN s NFNEWsNTHT s NNU9NCOAST »NPSI »
1 NPRHMsNDRMsNYTSEToNWRT sNFFRsNEX1yNEX2sNEX3 s NEXS s NEX5 sNEXG6 s NEXT
NAMELIST/Z/NRsARsCRIEOIPOSETsPTEFsPFsPHI1IR9PRI2R¢DLYV1»DLY2,DN1IR s
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1 WMBR,LG
NAMEL IST/INPT/MAXDIF » INRT s JMPL» ICNTMX» ASX80VsDURTOL sD2RAT»D1TOL1 s

1 D1TOL2+D2TMNsDN&I»DN4II1sDNBIsDNBIL+»DNBII1»IDNWRT9JG»T2TOLL
2 T2TOL2» JMPTHT » JMPCRT» XDAR1 s XDARP 15 JMP2 » THNLNR » COASTN s CRNLNR
3 sEPS»JPHIKEY1s INPTRD» I TPRM+KOGMAX s KOGMIN»REGLAR s IFRD ¢ LBAK
4 sNOCOASsSIGMA9» JOEMAXs TST3MX s AXBYNR s DN81NR »DN82NR » DNB3NR
NAMELIST/IMPULZ/MAXSAVs 1 TMAX» GRADMN

READ(5sNAMSUB )

READ(5¢ IMPULZ)

READ(S» INPT)

READ(5+1050)NR

READ(5+1000)ARsCR

READ{5+1000)EQsPOSEF s PF s WMBR

WRITE(6+1011)NR

WRITE{(6+1004)

WRITE(651001)AR»CR

WRITE(6+1003)

WRITE(6+2001)EQsPOsEF»PFsWMBR

WRITE(6+1005)

WRITE(651014)MAXSAV s I TMAX s GRADMN

WRITE(6+1006)
WRITE(6+1001)ASX80VsMAXDIF»T2TOL1sT2TOL2sD2RAT » XDARL s XDARP1 » THNLNR
1 »COASTN

WRITE(6+1026)

WRITE(6+1001 ) CRNLNR

WRITE(651007)

WRITE(65,1008)DURTOL

WRITE(6+1013)

WRITE(651001)01TOL1sD1TOL2sD2TMNsDNG1sDNGL] +sDNBESONBII»DNSIII

WRITE(6+1024)
WRITE(691002) ICNTMX s IDNWRT » JMP1 » JMPTHT y JMPCRT » JMP2 3 KEY1 » JPH

WRITE(6+1027)
WRITE(6+1002) I TPRM»KOGMAX s KOGMIN s REGLAR s I FRD s LBAK
WRITE(6+1025)
WRITE(6+1001)(EPS(I1)sI=1,3)
WRITE(65»1019)

WRITE(6+1002) (IWRT(1)sI=1s4)
WRITE(6+1028)
WRITE(691001)SIGMAD » TSTIMXs AXBVNR sDNBLNR s DN82NR » DN83NR
WRITE(6+1029)
WRITE(651002)NOCOAS » JOEMAX s JG
SLRA=PO

SLRB=PF

EA=EQ

EB=EF

WMB=WMBR

CALL IMPLSE

DLVTOT=S(1s1}

DLV1=S(2,1)

DLV2aS(3,41)

PT=S(4s1)

ET=S(5+1)

PHI1R=S5(6s1)

PHI2R=S5(T»1)

DN1R=S(8,1)

PSIAl1=S5(9s1)

PSIA2=5(10y1) .
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WRITE(6+1010)
WRITE(691012)(S(Is1)sI=1510)
PUNCH 1000» EQsPO+sET»PT+EFsPF
PUNMCH 1000» PHILIRsPHI2R,DLV1sDLVZ
PUNCH 1000» DNLIR»NMBR
PUNCH 1000, PSIAl»PSIA2
30 DL4I=DN&I/AR
DL4II=DNALL/AR
DLBI=DNBI
OLBII=DNBI1/AR
DLBIITI=DNSIII/AR
DLBINR=DNS1NR/AR
DL82ZNR=DN82NR/AR
DLB83NR=DNB83NR/AR
THTLNR=THNLNR/AR
CRTLNR=CRNLNR/AR
CALL FNTRST
INPTRD=0
READ(5+2)
IF(LG)5+10»20
1000 FORMAT(6F12.7)
1001 FORMAT(1Xs9F14.8)
1002 FORMAT(1X»911%)
1003 FORMAT(1HO+8X9»2HEOQ» 12Xs2HPO» 12X s 2HEF 912X 9 2HPF » 11X 4HWMBR)
1004 FORMAT{1HO+8X»s2HAR» 12Xs2HCR)
1005 FORMAT{1HO»6X s 6HMAXSAVs9X3s5HI TMAX 98X »6HGRADMN)
1006 FORMAT(1HO»6Xs6HASXBOVs8X s 6HMAXDIF s 8Xs6HT2TOL198Xs6HT2TOLZ98X
1 SHD2RAT »8X9s6HXDARL »8Xs6HXDARP1 38X s 6HTHNLNR »8X» 6HCOASTN)
1007 FORMAT(1HO+12X+s6HOURTOL)
1008 FORMAT(1X»D25416)
1009 FORMAT(1HO 96X s 6HMAXSAVsB8X»5HITMAX 99X 9 6HICNTMX )
1010 FORMAT(5Xs6HDLVYTOT+9Xe4HDLV1s9Xs4HOLV2511X9s2HPTo11Xs2HET 08X
1 SHPHILRs8Xs5HPHI2R 99X s 4HDNIR »8XsS5HPSIAL9»8Xs5HPS1A2)
1011 FORMAT{1H1l+13HRUN NUMBER B-13)
1012 FORMAT{10F13.8)
1013 FORMAT(1HO»6X96HD1TOL198X»6HD1ITOL299Xs5HD2TMN s 10Xs4HONAL »9X
1 SHDON4II 910X s4HDNBI +9Xs5HDNEI1»8Xs6HDNBIII)
1014 FORMAT(1X+2114+F1l4.8)
1019 FORMAT(1HO +4X o THIWRT (1) 95Xs THIWRT(2) s5Xs THIWRT(3) +B5X» THIWRT (4))
1024 FORMAT(1HO»6Xs6HICNTMXs8X s 6HIDNWRT s 9X s 4HIMP L9 8Xs 6HIMPTHT 98X
1 GHIMPCRT 210X s4HIMP 210X s4HKEY1911X93HJIPH)
1025 FORMAT(1HOs6X»6HEPS(1)+8Xs6HEPS(2)+8Xs6HEPS(3))
1026 FORMAT(1HO»6X 9+ 6HCRNLNR)
1027 FORMAT(1HOs6Xs5HITPRM»9X s 6HKOGMAX +8X » 6HKOGMIN» BX»6HREGLAR 10X
i 4HIFRDs 10Xy 4HLBAK)
1028 FORMAT(1HO»6Xe6HSIGMAS 38X s 6HTST3MX» 8X s 6HAXBVNR +8X » 6HDNBLNR»8X s
1 6HDNB2ZNR»8X » 6HDNB3NR)
1029 FORMAT(1HOs6X»6HNOCQOASB8X»6HJOEMAX s 8Xs2HJG)
1050 FORMAT(6112)
END
SNAMSUB NFNTR=0» NPRMeQsNZIP=OsNMIN®O s NFNEW=QsNTHT=0 s NNU=0Q s NCOAST =0
NPSI=0sNPRHM=0 s NDRN=0sNY 7SET®0 s NWRT=OsNFFR®=0sNEXL®=O'NEX2=0sNEX3=0>»

NEX&4=09sNEX5=09NEX6=0sNEXT7=0 $

SIMPULZ GRADMN=.0001> MAXSAV=10» ITMAX=10 $

SINPT MAXDIF=0001>» IWRT=195s 19209 JMP1=25s ICNTMX®20s JMP2315,
ASXB80OV=1450s DURTOL=41D-07s, D2RAT=475» JMPTHT=4 o JMPCRT=5)
KEY1=1l» JPH=1 INPTRD=0> CRNLNR=-14» I1TPRM=20s KOGMAX®Q),
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THRLUNR=,01,» COASTN=1009 EPS=+000001» +000001, +000001>»
®1TOL1=,000001» D1TOL2=.000001» D2TMN=.00001 XDAR1=¢01»
DN41%.000059y DN411=.0005» DN8I=.1l» DN811=,0005» ON8111=,000005»
REGLAR=«TRUE . » LBAK=FALSEa» [FRD=1 ,

ROGMIN=2y

MOCOAS=eFALSE«» JOEMAX®S SIGMA9=,0000001s TSTIMX=.002,
AXSYNR=1.97» ONBlMR=-.002» DN82KR=-e 00029 DNB3NR=-,00002»
XPARP1=,05, IDNWRT=1, JG=1, T2TOL1=e$y T2TOL 2%+ 00005 $
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FTMAIN

THE MAIN PROGRAM FOR COMPUTING ONLY THE FINITE THRUST MINIMUM
FUEL TRANSFER TRAJECTORY

IBFTC FTMAIN XR79M94,DECK
PRIMARY INPUTS
AR = THRUST TO INITIAL WEIGHT RATIO

= EFFECTIVE ROCKET EXHAUST VELOCITY
= ECCENTRICITY OF THE INITIAL ORBIT
PO = SEMI-LATUS RECTUM OF THE INITIAL ORBIT

= ECCENTRICITY OF THE TRANSFER TRAJECTORY

= SEMI-LATUS RECTUM OF THE TRANSFER TRAJECTORY

= ECCEMTRICITY OF THE FINAL ORBIT
SEMI-LATUS RECTUM OF THE FINAL ORBIT
WMBR = CHANGE IN THE ARGUMENT OF PERICENTER FROM THE FIRST
ORBIT TO THE SECOND ORBIT
PHIIR = TRUE ANOMALY AT WHICH THE TWO IMPULSE TRANSFER
IS INITIATED
PHIZR = (TRUE ANOMALY AT WHICH THE TwWO IMPULSE TRANSFER
IS COMPLETED) + WMBR
DLV]1 = VELOCITY CHANGE ON THE FIRST THRUST INTERVAL
OF THE TWO-IMPULSE TRANSFER TRAJECTORY
DLV2 = VELOCITY CHANGE ON THE SECOND THRUST INTERVAL
OF THE TWO-IMPULSE TRANSFER TRAJECTORY
DN1IR = CHANGE IN THE ARGUMENT OF PERICENTER ON THE
FIRSY THRUSTING PHASE OF THE TWO-IMPULSE TRANSFER
PSIAl = INITIAL THRUST ANGLE ON THE TWO-IMPULSE TRAJECTORY
PSIA2 = FINAL THRUST ANGLE ON THE TWO-IMPULSE TRAJECTORY

nnnnnnnnnnnnnnnnnnnnnnnnnunnnnnnn
a2l
n
L}

REAL MAXDIF

LOGICAL REGLAR»LBAKNOCOAS

DOUBLE PRECISION DURTOL
COMMON/CMNL/ARsCRsPASEAYTHETASCRT»DBLDOTsCPROIPIESPL1sP29PSIsDRNsD»

1 Y50,Y60
COMMON/CMN2/Y(9)sP(9) 9 XD(4) s IWRT(4) sTP(4)sXsDXsNsTBs IP1sLNs IFRD

1+DSTVAR(3:3)
COMMON/CMN3/D2DIFsD1TOLL1sD1ITOLZ29sD2TOLsDLLsDLT79DLBYyJUMP»JIG

1 DL4A4TIISDLBLIIZLBAK»TGTP»T1sT2sD1+sD2sABXBOVXB80VeT2TOL1sT2TOL2sVTANS
2 D2RATHIDELCRTsDL&I»DLBITI s THTLNR» JASH» JOSHsKOSH » JECK »JOCK

3 »JMPTHT o JMPCRT s CRTLNR s LNORM

COMMON/CMNT/EQsPOSETsPTIEFsPF sPHILIResPHIZRsDLV1sDLV2sDNIRsWMBR,

1 PSIALlsPSIA2+ASX80VsMAXDIF s ICNTMXsD2TMNsDLBI s XDAR1 s XDARP1 s JMP2

2 »COASTN+IMPTRDsJMPLl s I TPRM3s KOGMAX » KOGMIN» REGLAR

3 SAX8VNRIDLBINRIDLB2ZNR sDLB3NR

COMMON/CMNS /7 IDNWRT

COMMON/CMN9 /DURTOL
COMMON/CMPH/KAK(3) syPAR(3)sHOM (393 ) sEPS(3}9C(3)sDLT2»JPH
COMMON/CMN1O/ICNT+WB({3) yERRMINSKEY1
COMMON/CMN12/NOROT s PRAYER9sNOCOAS»SIGMA9 s JOEMAX s TST3MX
COMMON/NAMCOM/ NFNTRsNPRMsNZ IPsNMININFNEWSNTHT sNNUsNCOASTsNPSI »
1 NPRHMsNDRNsINYTSETsNWRToNFFRsNEX1sNEX2sNEX3sNEX4G sNEXS sNEXS s NEXT
NAMEL IST/NAMSUB/NFNTRINPRMsNZIP sNMIN s NFNEWSNTHT s NNUsNCOASTsNPSI »
1 NPRHMsNDRNsNY7SETsNWRTsNFFRoNEX1sNEX2sNEX3sNEX4 s NEX5 sNEXS s NEX7
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NAMELIST/Z/NRsARsCRYEQsPOSETosPT4EF sPFsPHI1IRsPHI2R»DLV1sDLV2sDN1R>

1 WMBRsLG

NAMELISTZ/INPT/MAXDIF s IWRT s JMP1 s ICNTMX s ASXBOVsDURTOL sD2RAT»DLTOLL»

1 D1TOL2,D2TMNsDN&GIsDNGI 1 sONBI +ONBI I sDNBIII s IDNWRTsJGH»T2TOL 1
2 T2TOL2 9 IMPTHT s JMPCRT » XDAR1 9 XDARP 1 » JMP2» THNLNR » COASTN » CRNLNR
3 1EPSsJPHIKEYL1+INPTRD» I TPRMsKOGMAX s KOGMINsREGLAR IFRD»LBAK

& sNOCOASsSIGMA9» JOEMAX s TSTIMXsAXEVNRsDNBLINR»ONBZNR » DNB3NR

READ (5sNAMSUB)

READ (S5 INPT)

READ(551010)NR

READ(531000)ARCR

READ (53 1000)EO»PO+sETsPToEF »PF
READ(551000)PHI1RyPHIZRsDLV1sDLVZ
READ(591000)DN1Rs» WMBR
READ(5+1000)PSIAL1sPSIA2
WRITE(6+1011)NR

WRITE(6+1002)

WRITE(6»1001)ARCR

WRITE(6+1004)
WRITE(691001)EQsPOSETsPTHEF»PF
WRITE(6+1005)
WRITE(6+s1001)PHILIRsPHIZ2RsDLV1sDLVZ
WRITE(651015)
WRITE(6»1001)DN1R+WMBR
WRITE(6+1014)
WRITE(6»1001)PSIA1sPS1IA2
WRITE(6+1006)

WRITE(6+1001)ASXBOVIMAXDIF+T2TOL1»T2TOL29D2RAToXDAR]L s XDARP 1 » THNLNR

1 +COASTN

WRITE(6+1026)

WRITE(6+1001)CRNLNR

WRITE(6+1007)

WRITE(651008 )DURTOL

WRITE(6,1012)
WRITE(651001)D1TOLL1+D1ITOL29sD2TMNsDN4I>DNGII+DNBISONBIISDNBIII
WRITE(651024)

WRITE(691010) ICNTMX s IDNWRT s JMP1 s JMP THT » JMPCRT s JMP2KEY1 » JPH
WRITE(6+1027)
WRITE(651010) I TPRM»KOGMAX s KOGMINsREGLAR s IFRDsLBAK
WRITE(6+1025)

WRITE(6+1001) (EPS(I}»sI=153)

WRITE(6,1019)

WRITE(6+1010) (IWRT(I)sImls4)

WRITE(6+1028)
WRITE(651001)SIGMAR » TST3MX s AXBVNRsDNBINR sy DNB2NR s DNB3NR
WRITE(6+1029)

WRITE(6+1010)NOCOAS» JOEMAX s JG

DLGI=DN4I /AR

DL4I1=DNATI/AR

DL81=DN8I

DLB8II=DNBII/AR

DLSIII=DN8III/AR

DLB1INR=DNB81INR/AR

DLB82NR=DN82ZNR/AR

DL83NR=DN83NR/AR

THTYLNR=THNLNR/AR

CRTLNR=CRNLNR/AR
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CALL FNTRST
INPTRD=Q
READ(5.2)
IF(LG)5+10520
1000 FORMAT(6Fl12.8)
1001 FORMAT(1H »9F1l4.7)
1002 FORMAT{1HO»8Xs2HAR» 12X+ 2HCR)
1004 FORMAT(1HO»7Xs2HEOQe 13X 9s2HPO913Xe2HET 13X e2NPT 913X 9 2HEF » 13X ¢ 2HPF )
1005 FORMAT(1HO ¢6Xs&4HPHI 1911 Xo4HPHI29»10X o 4HOLY1911Xe4HOLY2)
1006 FORMAT(1HO»6XsSHASXBOV»BX s 6HMAXDIF 98Xe6HTZ2TOL 18X e6HT2TOLZ93X
1 SHD2RAT»8Xs6HXDAR]L ¢8X9SHXDARPL»8X ¢ SHTHNLNR »8X e SHCOASTN)
1007 FORMAT(1HO»12X+6HDURTOL)
1008 FORMAT(1XsD25.16)
1010 FORMATI9114)
1011 FORMAT{1H1ls13HRUN NUMBER B-13)
1012 FORMAT(1HOs6X9s6HD1TOLLs8Xe6HD1TOL299XsSHD2TMM » 10XKe 4HONG I »9X s
1 SHON&I1910Xs&4HDNBI »9Xe5HDNSI I »8X9s6HONSILI)
1014 FORMAT(1HO»TXsSHPSIAL»9Xs5HPSIA2)
1015 FORMAT(1HOs6Xs3HDNL1+12Xs3HWMB)
1019 FORMAT{1HO»6Xs THIWRT{1) o TXs THIWRTL2) 9 TXo THIWRT(3) 9o TR+ THIWRT(4))
1024 FORMAT{1HOs6Xs6HICNTMX»8Xs6HIDNURT s X2 4HIMPLo8X o GHIMPTHT 08X »
1 6HJMPCRT 910X »4HJIMP25 10X s 4HKEY1911Xe 3HJPH)
1025 FORMAT(1HO»6X+6HEPS{1) +BXsSHEPS(2) »8Xs6HEPS(3))
1026 FORMAT(1HOs6X» 6HCRNLAR)
1027 FORMAT(1HO»6XsSHITPRM»9IX s 6HKOGHAX »8X » 6HKOGMIN » 8X 9 6HREGLARS 10X »
1 4HIFRD»10Xs&HLBAK)
1028 FORMAT(1HOs6Xs6HSIGMAD »8XsGHTSTIMX s 8X» 6HAXBVMNR 98X 9 6HONSLMR »8X o
1 6HDNB2NRs8X » 6HDNE3NR)
1029 FORMAT{1HO+6X s 5HNOCOAS»8X s 6HJOENAX s 8X s 2HJG)
END
SNAMSUB NFNTR=0» NPRMSOsNZIP=0s NMIN=0+sNFNEWSOsNTHT =0+ NNU=0 s NCOAST =0
NPSI =0 s NPRHM=QsNDRN=0OoNYTSETwO s NWRT =0 s NFFR5QsNEX1=0sNEX2509NEX3 =0
NEX4=0sNEX5=Q0 s NEX6=0sNEXT=0 $
SINPT MAXDIF=,0001» IWRT=1+5s 15200 JMPL=25, JCNTMX=20s JMP2=15,
ASX80V=1+50s DURTOL=.1D-07s D2RAT=aT75» JUPTHT =4y JMPCRT=5
KEY1l=l, JPHe1 INPTROD=0. CRMLNR=~10> ITPRM=20y KOGMAX=0+»
THNLNR=+01>» COASTA=100 EPS=.000001» +000001 > * 0000601
D1TOL1=.000001s D1TOLZ2#.000001>» D2TMN=+00001, XDAR1=.01»
PN41=.00005s DN&4II=e0005, DNB8I=el» ONS11=.0005 DN8111=.000005"
REGLAR=4TRUE. » LBAK=.FALSEes» IFRD=1 ,
KOGMIN=2»
NOCOAS=+FALSE«» JOEMAX=5, SIGMA9=,0000001s TST3MX=.002»
AXBVMNR=1.97y DNBINR=-.002» DM82NR=2-40002y DNB3NR=-<00002»
XDARP1=405, IDNWRT=1, Je=1l, T2TOL1=e5, T2TOL2%.00005 $
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SUBROUTINE FNTRST

THE SUBROUTINE WHICH ESTABLISHES THE INITIAL FINITE THRUST
TRAMSFER TRAJECTORY AND CALLS THE SUBROUTINES TO CONTRUL THE
CONVERGENCE PROCEDURE

C FNTR XR7sM9% s DECK

SUBROUTINE FNTRST

COMMON/CMN1 /AR »CRIPASEASTHETASCRT+DBLDOTsCPROSIPIEIPLsP2sPSIsDRND>
1 Y50eY60
COMMON/CHMNZ2/Y(F) 9P (9) s XD(4) o INRT(4) sTP(4) s XoDXeNsTUeIP1sLN IFRD
1,DSTVAR(3,3)

COMMON/CMN3/D2DIF sDI1TOLL»D1TOLZ2sD2TOLsDL4sDLT7sDLEB s JUMP 2JG

1 DL4II.DLBII+LBAKsTGTPsT1sT29D1sD2+ABXBOVIXBOVTZ2TOLLsT2TOLZ29VTANSY
2 D2RATDELTHT oDL&4IsDLBIII » THTLMR s JASH» JOSHsKOSH» JECK s JOCK
3 s JMPTHT » JMPCRT s CRTLNR » LNORM
COMMON/CMNT7/EQsPOsEToPT+EF+PFsPHILIRIPHIZRIDLV1sDLYZ29DN1R »WMBR »
1 PSIA1»PSIA2,ASXB80VMAXDIF s ICNTMXsD2TMNsDLBI s XDARL » XDARP1 3 UMP2
2 sCOASTNIMPTRDs JMP1y I TPRM s KOGMAX s KOGMIN s REGLAR

3 sAXBVNRsDLBINRIDLB2ZNRDLB3NR

COMMON/CMNB / IDNWRT

COMMON/CMNS /DURTOL
COMMON/CMPH/KAK(3) sPAR(3) sHOM(393)+EPS(3)9C(3)sDLT2+JPH
COMMON/CMN10/ICNToWB(3)sERRMINIKEYL

COMMON/CMN11/POLAN2
COMMON/CMN12/NOROT s PRAYER s NOCOAS»S1IGMA9 » JOEMAX » TST 3MX
COMMON/NAMCOM/ NFNTRoNPRMoNZIP sNMIN oNFNEWINTHT s NNUsNCOAST sNPSI »
1 NPRHMsNDRNsINY7SEToNWRToNFFRoNEXLIINEX2sNEX3sNEX4sNEXSsNEXSsNEXT
DIMENSION TEST(B)»TDELT(3)sDSTVIN(3+3)

REAL MAXDIF»MISS{3)sKAKsMIS3IMN

LOGICAL LBAKsTGTP+LNORMyREGLARYNOROT s NOCOST s NOCOAS
NOROT=ABS(ABS(PSIAL)—-ABS(PSIA2)).LTua%0.

Y60=1,

PIE=3.,1415926/180.

IF(«NOT.NOROT)IGO TO 30

ASXBOV=AX8VNR

DL8I=DLBI1NR

DLBII=DLB2NR

DLBI1I=DLB3NR

PHI1=PHI1R#P1E

PHI2=PHI 2R¥#P IE

IF(DN1IR«GT 4360 )DN1IR=DNIR-360+

DN1=DR1R#PIE

WMB=WMBR%P I E

JOE=0

MIS3MN=1.
PUTE THETA

DN2=WMB-DN1

X5T22EXP(DLV1/CR)

T1=CR/AR®(le~1e/X5T2)

X4Al=sPHI1-DN1/2.

EAL1=(EOQO+ET) /2.

PAl=(PO+PT) /2.

VAL1=(1le+EAL1¥COS{X4AL) ) A2 /PALRR] G5

DL&41=VAL1#T1-DN1
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TRANM1=X4A1l+DL41/2.

X4A2=PHI2-DN1-DN2/2.

EA2=(ET+EF) /2.

PA2=(PT+PF) /24

VA2= (1o +EA2#COS{X4AZ) ) ##2 /PA2RE] .5
DLT2=CR/AR®(14/X5T2~1e/IX5T2#EXP(DLVZ2#CR) ) )
DL4Z2=VA2RDLT2-DN2

TRANMZ2=XA4A2-DL&2/2.

El = 2.%ATAN(SQRTS(1e~ET)/(1e+ETII*TAN(TRANML/2¢))
E2 = 2#ATAN(SQRTI{1e—ET)I/(1e+ET))IHTANITRANM2/2+))
IF(ElelLTeOe)EL®ELl#2.,#P1E#180,
IF(E2eLToe00)E2SE242.#PIER1800
IF(ElsGT.E2)E2=E2+2,#PIE#*#180.
T2=T14(PT/(1e=ET#ET ) ) 4#]1 SH{E2-E1-ET*(SINIEZ)-SIN(EL}))
T3=T240LT2

TB=T3+e5

XD(2)=(T2-T1)/COASTN

XD{(4)=XD(2)

IF(«NOT.REGLARIGO TO 35

IFRD=1

IF(DLV1+GT.DLV2) IFRD=0Q

LBAK=DLV1+6ToeDLV2Z

IF{IFRD4EQ«0)GO TO 40
IF(ABS{PSIAl)eGT 270+ )PSIAL=SIGN(ABS(PSIAL)=360¢sPSIAL)
X80V =SIGN(ASXB80OVsABS{PSIAl)-90.)
THETAsX4Al1-DLAL/2.

WB(1l)=PF

we(2)=EF

WB(3)=WMB

POLAN2=TRANM24DN1

P1=PSIAl1#PlE

P2=(PSIAl+.1)%PIE

Y50=1,

D1=T1

02=DLT2

b=T1

PA=PO

EA=EQ

GO TO 50
IF(ABS(PSIA2)eGTe270+)PSIA28SIGN(ABS(PSIA2)-36049PSIA2)
Pl=PSIA2#PIE

P2={PS1A2+.]1)%PIE

X80V =SIGN{ASXB8QV»ABS(PSIAZ2)-90.)
THETA=X4A2+DL42/2.

wWB{(1)=PQ

WB(2)=EQ

wWB(3)=-wMB

POLAN2=TRANM1-DN2

D1=DLT2

D2=T1

D=DLT2

T2=DLT2+(T2-T1)

T1=DLT2

T3=T2+D2

Y50=EXP ((DLV1+4DLVZ2)} /CR)

PA=PF

EA=EF
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50 THETDG=THETA/PIE
JAR=-1 .
XDMIN=XDAR1+(XDARP1=XDAR1)/tel=1e)#*(AR-10)
IF(AReGTele) XDMINSXDARL /AR
IF(AReLTaeel)XDMINSAMAX] ( « 1#XDARP1 /AR s XD(2))
WRITE(691020)XDMIN
GO TO 300

60 WRITE(6,1018)
WRITE(6+1001)(XD(I)sInleé)
WRITE(691009)
WRITE(601022)T1sT2s T3, THETDG

C COMPUTE UsVTAM»HsPR
D2DIF=1.
Y(1)=PA
Y(2)=EA
Y(4)=THETA
CA=COSIY(6))
HE(1le+Y(2)#Ch) AY (1)
PR=SQRT(Y(1))
VTANSHEHRPR
ABXB8OV=ABS(X80V)
CRT=XBOV#VTAN
WRITE{(6+1101)CRTsVTAN
TGTP=SIN(Y(4))elLTo0e
DL&=DL& 1
IF(TGTP)DL&=-DL&
DL8=DLSI
CPRO=2.
ERRTMP=1,
ERRMIN=1.
JAW=0
KOG=0
ICNT=0
CRTLMR==1.
JOSH=0
JASH=0
JOCK=0
JECK=0
LNORM =, TRUE o
JUMP=JUNP1
D2TOL=10,%D2TMN
JOGO=0

90 CALL PSISET($940+3950)
CALL NUSETI($930)
JUMP = JMP 2

200 ICNT=ICNT+1
WRITE{6+1030) ICNT
205 THETDG=THETA/PIE
P2DG=P2/PIE -
Y3DG=Y(3)/PIE
CRVL=CR#*ALOG(Y(5))
WRITE(6+1003)
WRITE(6+1025) THETDGsP2DGsCRT Y (1) oY (2) »Y3DGsCRVLsTP(1)sTP(2)sTP(3)
DO 210 I=1,3
210 MISS(II=WB(I)=Y(I)
WRITE(6+1026) (MISS(I)s1m1s3)
DO 212 I=l,3 '
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212 TESTI(I)=ABS(MISS(1))
ERROR=TEST(1)¢TEST(2)+TEST(3)
WRITE(651038 )ERROR
IF(ERRGR.GT.ERRMINIGO TO 215
ERRMIN=ERROR
Y&MIN=THETA
YTMIN=P2
YSMIN=CRT
215 IF({JOE«GT+JOEMAX)GO TO 220
IF(ICNTeEQeleANDSTEST(3)«GTTSTIMX)GO TO 216
GO TO 220
216 IF(JAW)S500»500+510
220 IF((TEST(1)eLTeMAXDEF)eANDS (TEST(2)oLToMAXDIF)
1 oAND< (TEST(3)+LT+MAXDIF) GO TO 930
IF(ICNT«GT.ICNTMX)GO TO 900
GO TO 700
300 KINT=IFIX(T1/XDMIN)
IF(KINT.LT«4)GO0 TO 310
XD(1)=T1/(FLOAT(KINT)#145)
GO TO 320
310 XD(1)=T1/5.5
320 KINT=IFIX{D2/XDMIN)
IF(KINT«LTe4)GO TO 330
XD(3)aD2/(FLOAT(KINT)+1e5)
GO TO 340
330 XD(31=D2/5.5
340 GO TO 60
500 JAW=1
THET1aTHETA
DLPHI1=MISS(3)
THETA=THETA+.01
GO TO 520
510 SLOPE=(MISS(3)-~DLPHIL)/(THETA-THET1)
JOE=JOE+1
IF(ABS(MISS(3)).GT<MIS3IMN)IGO TO 515
MIS3MN=ABS(MISS{3))
THET1=THETA
515 THET1=THETA
OLPHI1=MISS(3)
THTCHA=~-MISS(3)/SLOPE
THTCHA=SIGN(AMIN1 (s 05/ARABS{THTCHA) ) s THTCHA)
THETA=THETA+THTCHA
THETDG=THETA/PIE
WRITE(6+1039) THETDG
IF(JOE«GT o JOEMAX) THETA=THTMIN
JOGO=0
520 CALL PSISET($900+3960)
CALL NUSET($900)
GO TO 208
700 KAK(1)=YAMIN
KAK(2)=YTMIN
KAK(3)=YSMIN
ICNT=ICNTMX-] TPRM
CALL PRMITR
RETURN
800 WRITE(6,1023)
RETURN
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900 WRITE(6+1031)ICNT»ITPRM
GO To 700
930 NOCOST=NOCOAS
NOCOAS=+TRUE .
CALL ZIPPO{0»4+5800+$800)
NOCOAS=NOCOST
940 RETURN
950 JOGO=JOGO+1
IF(JOGO+6T+10)GO TO 940
ABX80V=ABX8OV~-FLOAT(JOGO)®ABS(DLBI)
X80V=SIGN(ABXB8OVsXBOV)
CRT=X8OV#*#VTAN
WRITE(691101)CRT»VTAN
GO TO 90
960 JOGO=JOGO+1
IF(JOGO.GT.10)G0 TO 930
ABX8OVsABX80V-FLOAT{JOGO)*ABS(DLSBI)
X80OV=SIGN(ABXBOVX80V)
CRT=X80OV#VTAN
WRITE(6+1101)CRTSVTAN
G0 TO 520
1001 FORMATI(1H »9Fl4.7)
1003 FORMAT(1X»12HTRUE ANOMALY»2X»12HTHRUST ANGLE »6Xs3HCRT s4X»
1 12WSMI-LAT RCTMs2X912HECCENTRICITYs 2XsL1HARG PERCNTR9»2Xs
2 10HCHAR VLCTYs6XsSHTP(1)98XsSHTP{2) +8Xs5HTP(3))
1009 FORMAT(1HO»6X92HT1913Xs2HT2913Xs2HT3»13XeSHTHETA)
1017 FORMAT(45X»17HD2TOL (260 MAIN) =Fll.8)
1018 FORMAT(1HOs7XsSHXD(1)99XsSHXD(2)s9XsSHXD(3)sIXs5HXD(4))
1020 FORMAT(1Xes THXDMIN =Fll.8)
1021 FORMAT(1Xs4OHTIME INCREMENTS DECREASED BY FACTOR OF 2)
1022 FORMAT(1H +6F15.8)
1023 FORMAT(1HO»19HSTOP AT 800 OF MAIN)
1025 FORMAT(1X»10F13.8)
1026 FORMAT(1Xs15H(TEST(1)s1=1+3)+3F14e8)
1027 FORMAT(5X»yBHTDELT(1)s6XeBHTDELT(2)+6Xs8HTDELT(3))
1028 FORMAT(9X3s2HT1+12Xs2HT2912X92HT3)
1029 FORMAT(1X»83HVARIATION OF THRUST ANGLE REQUIRES THAT TIME INCREMEN
1TS BE REDUCED BY A FACTOR OF 2)
1030 FORMAT(1X»s18HITERATION NUMBER =12)
1031 FORMAT(1X+21HNO CONVERGENCE AFTER I2+16H ITERATIONS-TRY 12,
1 35H ITERATIONS ON THE THREE PARAMETERS)
1035 FORMAT(70X»3F2048)
1036 FORMAT(91X»sl17HTHE MATRIX DSTVAR)
1037 FORMAT(91Xs17HTHE MATRIX DSTVIN)
1038 FORMAT{1Xs7HERROR =F11le8)
1039 FORMAT(1X»l7HTHETA(S515 MAIN) =F13.8)
1101 FORMAT(1X»20HMAINB-(40~-)sCRTsVTANs2F15.8)
END
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SUBROUTINE PSISET

THE SUBROUTINE WHICH COMPUTES THE INITIAL VALUE OF THE THRUST
ORIENTATION ANGLE SO THAT THE DESIRED DURATION OF THE FIRST
THRUSTING INTERVAL IS ATTAINED

IBFTC PSIS XR7sM94 s DECK

_SUBROUTINE PSISET(#s%)
COMMON/CMN1/AR9CR9PASEAs THETASCRTsDBLDOT9CPROSPIE sP1sP2sPSI sDRNsD»

"1 Y50sY60

COMMON/CMN2/Y(9)sP(9) sXD(4) s IWRT(4) »TP(4) sXsDXsNsTBsIP1sLNs IFRD
1sDSTYAR(3+3)

COMMON/CMN3 /D2DIF sD1TOL1sD1TOL2sD2TOLDLGsDLT sDL8» JAMP »JG»
1 DLAIIsDLEBIISLBAKsTGTPeT1sT2sD1sD2sABXBOVIXB0VsT2TOLLsT2TOL2sVTANS
2 D2RATIDELCRTsDLAI sDLBIII s THTLST s JASH s JOSHsKOSH» JECK s JOCK
3 »JMPTHT s JMPCRT » CRTLANR

LOGICAL LBAK»TGTP

DIMENSION PZSI(2)+DIFRD1(2)

JUMP= UMPTHT

JMPOUT=JUMP+JMPTHT

1Z2=1

D1MN=1,

CALL Y7SET($800)

CALL ZIPPO(1+1+35005%600)

P20G=P2/PIE

WRITE(6+1002)P2D6G

D1DIF=D1-TP{1)

IF(ABS(D1DIF)«GTDIMN)IGO TO 50

D1IMN= ABS(DIDIF)

D1DF=D1DIF

P2MN=P2

WRITE(6,1013)D1DIF

IF({ABS(DIDIF)eLTeDITOLL1)sAND« (ABSID2DIF) «GT«D2RAT®*D2) }RETURN

IF(ABS(DIDIF)«LTeD1TOL2)RETURN

IF(1Z4GT«1)G0 TO 400

PZSI(1)=p2

DIFRD1(1)=D1DIF

12=1Z+1

IF(1Z2.GT.JUMP)GO TO 900

CPRO=(1.-DIDIF/D1)#CPRO

GO TO 40

IF(1Z2.GT+2)GO TO 410

PZSI(2)=p2

DIFRD1(2)=D1DIF

GO TO 60

PZS1(1)=PZSI(2)

DIFRD1(1)=DIFRD1(2)

P2S1(2)=P2

DIFRD1(2)=D1DIF

GO TO 60

BF(Y(9)e6Te0.)G0 TO 520

WRITE(6+1000)

RETURN 1

WRITE(651001)

RETURN 2
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800 IF(Y(9).6T.0.,)G0 TO 820
WRITE(6+1005)
RETURN 2
820 WRITE(6+1006)
RETURN 2
900 SLOPE=(PZSI(2)-P2SI(1))/(DIFRD1(2)-DIFRD1(1))
P2=PZSI(2)-DIFRD1(2)%#SLOPE
IF(1Z.6T+.JMPOUTIGO TO 950
GO TO 45
950 IF(DIMN.L.T«100+#D1TOL2)GO TO 960
WRITE(6+1050)
RETURN 1
960 P2=P2MN
P2DG=P2/PIE
WRITE(6+1007)P20G
WRITE(6,1008)D1DF
RETURN
1000 FORMAT(1HO»21HSTOP AT 500 OF PSISET)
1001 FORMAT(1MO+21HSTOP AT 420 OF PSISET)
1002 FORMAT(1Xs16HP2(40 PSISET) =F13,8)
1005 FORMAT(1HO»21HSTOP AT 800 OF PSISET)
1006 FORMAT(1HO»21HSTOP AT 820 OF PSISET)
1007 FORMAT{(1X»16HP2(960 PSISET) =F13,8)
1008 FORMAT(1Xs19HD1IDIF(960 PSISET) ®#Fl1.8)
1013 FORMAT(1Xs19HD1DIF(40 PSISET) *Fll.8)
1050 FORMAT(1HO»21HSTOP AT 950 OF PSISET)
END
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SUBROUTINE NUsFT

C
C
C
Cc THE SUBROUTINE WHICH COMPUTES THE INITIAL VALUE OF THE

C VARIABLE °*NU* SO THAT THE DESIRED DURATION OF THE SECOND
C THRUSTING INTERVAL IS ATTAINED

C

C

s

IBFTC NUST XR7+M94,DECK
SUBROUTINE NUSET (#)
COHHON/CHNI/ARQCRtPA’EA’THETAvCRTpDBLDOToCPROoPlEoPlvPZoPSI’DRN'Dc

1 Y50,4Y60 '
COMMON/CMN2/Y(9)sP(9)sXD(4) s IWRT(4) »TP(4) sX+DXsNsTBs IPLsLN» IFRD

1+DSTVAR(3+3)
COMMON/CMN3/D2DIF»D1TOL1+sD1TOL2sD2TOLsDL4sDLT7sDLE » JUMP »JGs
1 DLA4IIDLBIIZLBAK»TOTP9T1sT29D19D2sABXBOVXBOVeT2TOL1»T2TOL2sVTANS
2 DZ2RATsDELTHT oDL4IsDLBITI»THTLNR» JASH» JOSHsKOSH ¢ JECK 3 JOCK
3 2 JMPTHT s JMPCRT » CRTLNR » LNORM
COMMON/CMN12/NOROT s PRAYER yNOCOAS» SIGMA9 » JOEMAX » TST3MX
COMMON/NAMCOM/ NFNTRyNPRMINZ IPsNMINsNFNEWsNTHT s NNU»NCOAST 9NPSI »
1 NPRHMsNDRNsNY7SETsNWRTsNFFRoNEX1sNEX29NEX3 s NEX4 s NEX5 s NEX6 s NEXT
DIMENSION CRTN(2)sD2DIFN(2)CD(3)
LOGICAL LNRsNOSTEP
LOGICAL NOROT
2 JiLL=Q
IF(CRTLNR«LT+0+)GO TO 600
5 I1PO=0
KEYLNR=0
IPI=0
IF(JASHeGT+0)GO TO 10
ID=0
10 IZ=1
D2DFMN=1,
JIMP=JUMP
TMPCRT=CRT
IF(JASHeLT.1)GO TO 20
IF(JOSHeLT&2)GO TO 15
CRT=CRT+SNSTVT#DELTHT
ABX80V=ABS(CRT/VTAN)
WRITE(651013)CRT
DL8=DLBIII
JIMP=JMPCRT
15 CALL PSISET($820)
20 CALL ZIPPO(JG+49$80093800)
I1Z=]12+1
IF(1Z24GT«JIMP}GO TO 900
40 D2A=TP(3)-TP(2)
D2DIF=D2-D2A
WRITE(64+1005)D2DIF
IF( ABS(D2DIF)«GT«D2DFMN)IGO TO 45
D2DFMN=ABS(D2DIF)
D2DF=D2D1F
P2MN=p2
CRTMN=CRT
THTMN=THETA
45 JAG=0
IF(LNRPOSEQc0«OR« LNRNEG<EQ+0)GO TO 55
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IF(ABS(D2DIF)«LT«D2TOL)GO TO 300
LNR=D2DIF LT DIFPOS®D2RAT
IF(D2DIFeLTe0e ILAR=D2DIF ¢ GT«DIFNEG#*D2RAT
IF{eMOT.LNR.ANDKEYLNRLEQ.1)GO TO 700
IF(LAR)GO TO 400
50 IF(L.ROANDQIPOOEQ.O.AND.JOCK.GT.O’GO T0 500
55 IF(D2DIF.LTe0+160 TO 200
C DECREASE ABS{CRT)
CRTHI=CRT
D2HI =D2A
IF(JILL.EQ¢1)GO TO 100
IM=0
JIF(LNRPOS+EQ.01GO TO 620
60 CRTHI=CRT
D2HI=D2A
IM=IM+1
IF(IM.GTJUMP)GO TO 900
IF(IMeGTo1)DLOS2.#DL B
62 ABX80OV=ABX80OV-DLS
X80V=SIGN(ABXS0OV+XB0OV)
CRT=X80VEYTAN
WRITE(651001)CRT
JOGO=0
64 CALL PSISET($8209$920)
CALL ZIPPO(JG»4»35800+3800)
D2A=TP(3)-TP(2)
D2D1F=D2-D2A
WRITE(6+1006)D2DIF
IF(ABS(D2DIF ) «GT«D2DFMN)GO TO 65
D2DFMN=ABS(D2DIF)
D2DF=D2DI1F
P2MN=P2
CRTMN=CRT
THTMN=THETA
65 JAG=-1
IF(LNRPOSEQe0+ORLMRNEG.EQ.0)GO TO 70
IF(ABS(D2DIF )« LToD2TOL)GO TO 300
LNR=D2DIF+ LT +DIFPOSRD2RAT
IF(D2DIF eLTe0e ILMR=D2DIFeGT<DIFNEG®D2RAT
IF(LNR)GO TO 400
70 IF(D2DIF<.LT«0.2G0 TO 80
G0 TO 60
80 CRTLO=CRT
D2LO0=D2A
JILL =]
IF(LMRNEG.EQ.Q)GO TO 640
100 CRT=CRTHI+{(CRTLO-CRTHI)}/(D2LO-D2HI)*#(D2~D2Hi)
ABX80OV=ABS(CRT}/VTAN
WRITE(6+1002)CRT -
CALL PSISET($820+$820)
GO TO 20
C INCREASE ABS(CRT)
200 IF(LMRNEG.EQ.0)GO TO 660
210 CRTLO=CRT
D2L0=D2A
IF(JILLOEQ.1)GO TO 260
IM=0
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220 CRTLO=CRT
D2L.O0=D2A
IM=IM+]1
IF(IMeGT+JUMP)GO TO 900
IF(IMeGTo1)DLE=2,#DL8

222 ABX80OV=ABX8OV+DLS
X80V=SIGN(ABXBOVXBOV)
CRT=X80V#VTAN
WRITE(6+1003)CRT
JOGO=0

224 CALL PSISET($820,3940)
CALL ZIPPO(JGs4+»$800,5800)
D2A=TP(3)~TP(2)
D2DIF=D2-D2A
WRITE(6+1007)D2DIF
IF(ABS(D2DIF ) «GToD2DFMN)GO TO 225
D2DFMN=ABS(D2DIF)
D2DF=D2DIF
P2MN=P2
CRTMN=CRT
THTMN=THETA

225 JAG=1
IF (LNRPOS+EQ+0«ORLNRNEG.EQ.0)GO TO 230
IF(ABSID2DIF)«LTeD2TOLIGO TO 300
LNR=D2DIF«LT+DEIFPOS®D2RAT
IF(D2DIFeLTe0e ILNR=D2D1F«GT«DIFNEG®*D2RAT
IF(LMR)GO TO 400 :

230 IF(D2DIFe6T«0+3GO TO 240
GO TO 220

240 CRTHI=CRT
D2HI=D2A
JILL =1
IF(LNRPOS.EQ.0)GO TO 680

260 CRT=CRTLO+(CRTHI-CRTLO)/(D2HI-D2LO)*(D2-D2L0O)
ABX8OV=ABS (CRT)/VTAN
WRITE(651004)CRT
CALL PSISET(5820)
GO TO 20

300 DLB=DLBII
IF(JASH«LT«1)RETURN
DELCRT=CRT~-TMPCRT
SNSTVT =DELCRT/DELTHT
WRITE(6+1010)SNSTVT
RETURN

400 IPI=IPl+1
IF(IPIeGE«31G0 TO 410
D2DIFN{IPI)=D2DIF
CRTN(IPI)=CRT
IF(IPI«GE«21GO TO 420
IF(JAG) 709504230

410 D2DIFN(1)=D2DIFN(2)
CRTN(1)=CRTN(2)
D2DIFN(2)=D2DIF
CRTN(2)=CRT
GO TO 440

420 IF(JOSHeGT.0)GO TO 440
10=1D+1
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JF(ID«6T+2)G0O TO 440
CO(I0)={CRTN(2)-CRTN(1})/(D2DIFN(2)~-D2DLFN(1))
JOCK=1

CRTOD2=0.

0O 430 I=1,1D

CRTOD2=CRTOD2+CD (1) /FLOAT(1D)
WRITE(6+1015)CRTOD2

IF(ABS(D2DIFN(1))«LT.ABSID2DIFN(2)))GO TO 450

TEMCRT=CRT
CRT=CRT+(CRTN(2)~CRTN(1))/(D2DIFN(2)-D2DIFN(1))*(-D2DIFN(2))
GO TO 460

TEMCRT=CRTN(1)

CRT=2CRTN(1)+(CRTN(1)-CRTN(2))/7(D2DIFN{1)-D2DIFN(2))*(-D2DIFN(1))
DELCRT=CRT-TEMCRT
FIXER=ABS(DLBII)
DELCRT=SIGN{AMINL (ABS(DELCRT) »FIXER¥VTAN%#1Qe ) »DELCRT)
CRT=TEMCRT+DELCRT
ABX8OV=ABS(CRT)/VTAN
WRITE(6+1008)CRT
KEYLNR=1

CALL PSISET(3820+5820)
GO TO 20

TEMCRT=CRT
CRT=CRT~CRTOD2#D2DIF
DELCRT=CRT-TEMCRT
DELCRT=SIGN(AMINL (ABS(DELCRT) sDLBII*#VTAN®104)sDELCRT)
CRT=TEMCRT+DELCRT
ABX8OV=ABS (CRT/VTAN)
WRITE(6921014)CRT

IPO=1

GO TO 15

CRTLNR=1,

LMRPOS=0

ENRNEG=0

GO T0 5

LNRPOS=1

D1FPOS=D2DIF

GO 70 60

LMRNEG=1

DIFNEG=D2DIF

GO TO 100

LRRNEG=1

DIFNEG=D2DIF

GO TO 210

LNRPOS=1

DIFPOS=D2DIF

GO TO 260
DELCRT=DELCRT/1.25
CRT=TEMCRT+DELCRT
WRITE(691016)CRT

CALL PSISET($820,%820)
GO TO 20

WRITE(651000)

RETURN 1
IF(D2DFMNL.T.100.%#D2TOL)GO TO 910
WRITE(651050)

RETURN 1
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P2=P2Z2MN

THETA=THTMN

CRT=CRTMN

WRITE(6+1011)CRT

ABX80V=ABS(CRT)/VTAN

WRITE(6+1012)D2DF

CALL ZIPPO(JG»4+3800,5800)

GO To 300

JOGO=J0GO+1

ABX80OV=ABX8B80OV+DLE8/2.#%#J0GO
IF(JOGO«GT+5)GO TO 820
X80V=SIGN(ABXBOV+X80V)

CRT=X80V&VTAN

WRITE(6+1017)CRT

GO TO 64

JOGO=JOGO+1

IF(JOGO.6T«5)G0O TO 820
ABX80V=ABXBOV-DL8/2.%%J0GO
X80V=SIGN(ABX80OVsXBOV)

CRT=X80VEVTAN

WRITE(6+1018)CRT

GO TO 224

FORMAT(45X+21HSTOP AT 800 OF CRTSET)
FORMAT (45X s 17THCRT({60 CRTSET) =F1l1.8)
FORMAT(45Xs17THCRT{100 CRTSET) =F11.8)
FORMAT (45X s 17THCRT (220 CRTSET) =F11.8)
FORMAT (45X s 1THCRT (260 CRTSET) =Flle8)
FORMAT(45X+19HD2DIF (40 CRTSET) 2F11l.8)
FORMAT (45X 9 19HD2DIF (60 CRTSET) =Fll.8)
FORMAT (45X 19HD2DIF {220 CRTSET) =F1l.8)
FORMAT (45X 920HCRT (440 OF CRTSET) sFlle8)
FORMAT(45Xs16HCRT(20 CRTSET) =Flle8)
FORMAT (45X 920HSNSTVT (300 CRTSET) =F13.8)
FORMAT (45X 17HCRT{910 CRTSET) =Fll.8)
FORMAT (45X 9 19HD2DIF (910 CRTSET) =F1l.8)
FORMAT(45Xs17THCRT(15 CRTSET) =F1lle8)
FORMAT(45X»17THCRT{500 CRTSET) =Fll.8)
FORMAT (45X »20HCRTOD2(430 CRTSET) =F1l1le8)
FORMAT (45X 91 7THCRT(700 CRTSET) =Fll8)
FORMAT (45X 17THCRT(920 CRTSET) =Flie8)
FORMAT (45X s 17THCRT (940 CRTSET) =F11.8)
FORMAT (45X 21HSTOP AT 900 OF CRTSET)
END
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SUBROUTINE MIMIN

THE SUBROUTINE WHICH SUPPLIES THE FIXED STEPSIZE FOURTH-ORDER
RUNGE-KUTTA INTEGRATION ALGORITHM

IBFTC MIMGRL XR7:M%4,DECK

SUBROUTINE MIMIN(SN)
COMMON/CMN2/Y(9) sP(9) o XD(4) o IWRT(4) oTP(4) s XsDXsNsTBs IP1lsLMs LFRD
DIMENSION XK(993)eY0(9)
XF=FRN({X+DX)
DXMAX=XD(IP1)
Y(l)=1e/SQRT(Y(1))
ZE=sY(1)#Y(2)

PHI=Y(3)

Y{4)=Y(4)+Y(3)
Y(2)=ZE#COS(Y(3))
Y(3)=ZERSIN(Y(3))

H=XF #SN

X0=X
H=SN®#(FRN(XO+AMIN] ( SN®#HsDXMAX s SN®#DX) ) =X0)
DO 310 I=1»N

YO(I)=Y(])

CALL FNEW

X=X+o5%H

D0 330 J=1,2

DO 320 I=14N
XK(IoJ)=HEP(])
Y{I1)=YO(I)4+a5#XK(IsJ)

CALL FNEW

XaX+o5¥H

DO 340 I=1,N
XK{(I»3)=HEP(])
YUI)=YO(1)+¢XK(1+3)
CALL FNEW

DO 350 I=1sN
YCII=YOUI)+UXK(Ls1l) @2 % (XK(I92)4XK(1s3)I+HR®P(1))/6e
X=X0+H

X0=X

IF(SN)360+3505370
IF(XO0-XF}500+5005380
IF(XF~X0)500+500+380
IF(SN)3909390+400
IF(XO+H=-XF)410+410+305
IF(XF-X0-M)410+4109305
H=XF-X0

GO TO 305
Y(3)=ATANZ2(Y(3),Y(2))
Y(2)=Y(2)/4Y({1)%COS(Y(3)))
Y(l)=le/Y(1l)®u2
Y(4)=Y(4)=-Y(3)
RETURN
END

ENTRY FRN

S IBMAP ROUN DECK

FRN

TRA 1sd
ENO
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SIBFTC DRNDBL XR7,M94

[aNaXaNakaXaNaXaXal

SUBROUTINE DURATN

THE SUBROUTINE WHICH COMPUTES THE FIRST AND SECOND DERIVATIVES
OF THE SWITCHING FUNCTIONe THE DERIVATIVES ARE USED IN THE
ITERATIVE SOLUTION OF EQe (3-44)e DOUBLE-PRECISION

ARITHMETIC IS EMPLOYED.

SUBROUTINE DURATN(PSI+DRN)
LOGICAL NOROT
DOUBLE PRECISION Y(9)sP(9)sPSIsC4sCT5543C249STsHIPRoLN»A»BsU>»
1 VTAN»AD9AR»CRsUD»HD»DBLDOT s SGNsDRN» CPRO» TRANG
COMMON/CMN]1 /ARS s CRSsPASEA» THETASCRTsDBLDTS»yCPROSIPIESIPLIP2,
1 PSISsDRNSsD»Y509Y60
COMMON/CMN2/Q(9) 9Z(9)sXD(4) s IWRT(4)sTP(4)sXsDXsNsTBsIP1»LSsIFRD
1+sDSTVAR(3+3)
COMMON/CMNS / IDNWRT
AR=DBLE (ARS)
CR=DBLE (CRS)
CPRO=DBLE (CPROS)
PIE=DBLE(PIES)
Y(1)=DBLE(PA)
Y(2)=DBLE(EA)
Y{3)=0e
Y(4)=DBLE(THETA)
Y{5)=DBLE(Y50)
Y(6)=DBLE(YS60)
Y{T)=PSI
Y(8)=DBLE(CRT)
5 Y(9)=0,
Ca4=DCOS(Y(4))
CT7=DCOS(Y(7))
S4=DSIN(Y(4))
S7=DSIN(Y(7))
H=(le+Y(2)%C4) /Y (1)
PR=DSQRT(Y (1))
C24=DCOS(2.%Y(4))

C COMPUTE LN

C

C

A=Y (B)/H+Y{6) /PR*(STH(Cah+Y(2)%C24)/Sh-2%CTH(1e+Y(2)%C4))
B=—(1s+Y(2)%#C k) /(HEY(2)#54)
LN = A/B
COMPUTE DERIVATIVES OF STATE VARIABLES
18 U=Y(2)#54%H/PR
VTAN = H#M#PR
20 AD=AR%®Y(5)
Pll)=2.#ADSPR*CT/H
P(2)=ADRPRE(SARSTHCT/(1e4Y(2)RChH)#(2%CH+Y(2)% (1ot ChHR¥%2)))
P(3)=ADRPR/Y (2)¥(S4MCT/(Lla+Y{2)%CH) R (2+Y(2)RCH)-CLHRST)
Pl{4)=YTAN-P(3)
P(5)=AD®Y(5) /CR
Pl6)=2.%URY(6)4Y(8)*ST-LN*C7
P(7)=2#VTAN+LY(B)RCT+LN®ST)/Y(6)
P(B)=Y(6)H (3 ¥HERIRNST-AD®H)
PII)=(Y(9)-H)/YI6)I R (LNRCT-Y(8)*#ST)+HXU-Y(9)¥*(2.*U+AD/CR)
COMPUTE DOT
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UD=VTAN##2-U##2-Hit#J+ARRHEST

HD==U#H

DBLDOT= (LN*CT7=Y(8)#ST)#((P(9)~HD) AYLH)=(Y(9)=HI¥P(6)/Yi6)8%*2)
1 ~(Y(9)=H)/Y(6)R(P(BIRST+Y(8)#P(7)RCT+LN®P (7 )%ST )+ UD*H+UHHD
2 "P(9)'(ZO*U‘PAD/CR)-Y(9)"’(20*UD"AD"’P(5)/(Y(f’”’CR) )

SGN=-1.

IF(1FRD.EQ.1)5GN=1,

DRN=-CPRO®P (9) 7/DBLDOT#SGN

IF(IDNWRT+6T .0 )RETURN

TRANG=PSI/PIE

WRITE(6+1100)P(9)+DBLDOT+DRNs CPRO s TRANG

RETURN
1100 FORMAT(1Xs21HP9sP9DOT+DRNsCPRO»YT7095D22.12)

END
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SUBROUTINE Y7SET

C

C

C

C THE SUBROUTINE WHICH SUPPLIES THE LOGIC FOR THE ITERATIVE

C SOLUTION OF EQs (3-44)e DOUBLE~-PRECISION ARITHMETIC IS EMPLOYED
C

C
s

IBFTC Y7SETB  XR7sM9%,DECK
SUBROUTINE Y7SET(#)
DOUBLE PRECISION DsD1sD2+sP1sP2sD1T+P1T¢SLOPEsP2DLT+DURTOL
COMMON/CMN1 /AR »CRsPASEAs THETA»CRT sDBLDOT s CPROSPIE sP1SeP2SePSISs
1 DRNSsDS»Y50,Y60
COMMON/CMN9 /DURTOL
ICNT=1
P1=DBLE(P25)+400001
P2=DBLE(P2S)
D=DBLE (DS)
CALL DURATN(P1sD1)
CALL DURATN(P2sD2)
10 ICNT=ICNT+1
IF(ICNT.6T+30)G0 TO 40
IF(DABS(D2-D)oLT+DABS(D1-D) GO TO 20
D1T=p1
P1T=P1
D1=D2
P1=p2
D2=D1T
P2=P1T
20 SLOPE=(D2-D1)/(P2-P1)
P2DLT=(D~D2) /SLOPE
P2DLT=DSIGN(DMIN1(+02,DABS(P2DLT)) sP2DLT)
P1=P2
D1=D2
P2=P2+4P2DLT
CALL DURATN(PZ,D2)
IF(DABS(D2-D)+GT«DURTOL)IGO TO 10
P2SaSNGL (P2)
RETURN
40 WRITE(6+1000)
RETURN 1
1000 FORMAT{1H »39HTHIS THRUST DURATION CAMMOT BE ATTAINED)

END
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SUBROUTINE FNEW

THE SUBROUTINE WHICH COMPUTES THE RIGHT HAND SIDES OF
E@S. (2-100)-(2-109)

L EaXaNaNa¥a¥aXa)

ISFTC FNEWS XR7 yM94 s DECK
SUBROUT INE FNEW
COMMON/CMN]1 /ARsCRsPASEASTHETASCRT sDBLDOT s CPROSPIESPLIP2sPSIsDRNsD
1 Y50,Y60
COMMON/CMN2/Y(9)9P(9)sXD(4) s IWRT(4) s TP(4)sXsDXsNsTBs IPLsLN» IFRD
COMMON/CMN12/NOROT » PRAYER »NOCOAS»s SIGMAS » JOEMAX ¢ TST3MX
REAL LN
PHI=ATANZ(Y(3).Y(2))
E=Y(2)/(Y(1)#COS(PHI))
EFF=Y(4)-PHI
CF=COS(EFF)
SF=SIN(EFF)
He(lo+ERCFI®Y (1) %82
UsH#E®Y (1) #SF
V=H&H/Y (1)
C4=COS{Y(4})
CT=COS(Y(T))
S4=SINIY(4))
ST=SIN(YL(T7))
IF(IPleEQelsORIP1eEQe3)GO TO 20
10 P(1)=0.
P(2)=0,
P(3)=0Q,
Pl4)=y
P{5)=0,.
Pl6)=2,#URY(6)4+Y(8)#ST~LNRCT
PlT7)=2.%V+IY(8)RCT+LN®ST)/Y(6)
PlB)=3.#Y(6)nHRARIRST
P(P)=(H-Y(9))/YL6)#(Y(B)#ST-LN¥CT)+H*U-Y(9)#*(2.%Y)
IF(IFRD<EQ«1)RETURN
DO 15 I=1,9
15 PLL)=-P(I}Y
RETURN
20 AD=AR#Y(5)
Z5QOH=Y (] )#%2/H
P(1)=-AD#ZSQOH¥CT
P(2)=AD# (CHRCTH(1e+2SQOH)+54%#S7)
P(3)=AD* (S4#*CT*#(1e+ZSQOH)-C4*57)
Pl&)=v
P(5)=AD*Y(5) /CR
P{6)=m2,RURY(6)+Y{B) HST-LNRCT
P(T7)=2.%V+(Y(B)RCT+LN%ST)/Y(6)
P(B8)=Y(6)%#(34%HA%#IRST-AD#H)
P(9)=(H=Y(R))/Y(G)¥(Y(B)RST-LN*CT)+HH*U-Y(9)* (2 %U+AD/CR)
IF(IFRD+EQ+1)RETURN
DO 25 I=1,9
25 P(1)=-P(1)
RETURN
END
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SUBROUTINE WRTOUT

THE SUBROUTINE WHICH COMPUTES THE HAMILTONIAN AND PRINTS OUT
THE IMPORTANT CHARACTERISTICS OF THE FINITE THRUST MINIMUM
FUEL TRANSFER TRAJECTORY AS A FUNCTION OF TIME

C WRTGRL XR7sM%94,DECK
SUBROUTINE WRTOUT(IP)
COMMON/CMN1/ARsCRsPASEAY»THETASCRT »DBLDOT s CPROSPIEsP1sP29sPSI+DRNsD s

1 Y50,Y60
COMMON/CMN2/Y(9) sP(9) s XDI(4) s IWRT(4) s TP(4) s XsDXsNsTBs IPLsLNs IFRD
DIMENSION W(9)

REAL LN
IF(IP)10+100+100
CALL F

WRITE(6+1003)
WRITE(6+1000)LNsP(9)
WRITE(6+1008)

G0 TO 110

CALL F

C4=COS(Y(4))
CT=COS(Y(T))
S4=SIN(Y(4))
ST=SIN(Y(T))
H=(le+Y{2)%C4)/Y(1)
PR=SART(Y(1))
UaY(2)#SA#H/PR
HOsUR(—Y(8)+LN®(Llo+Y(2)%CH)/IY(2)8S4)+HEY(6) /PR*(ST/S4R{C4+Y(2)*

1 COS(2e#Y(4)))=2RCTH(Le+Y(2)%#C4)))
PSE=0,

IF(Y(9)¢GE«Oe ) PSE=1,
HAMLTN=HO+AR®PSE®Y(9)%Y(6)%Y(5)
DO 120 I=1,9

W{ll=Y(])

W(3)=wW{(3)/PIE

Wia)=W(4)/PIE
W(5)=CREALOG(W(5))
W(T7)=W(7)/PIE
WRITE(6+1010)Xs(W(I)sI=149)sP(9)sHAMLTN
RETURN

FORMAT(8F14.8)

FORMAT(1H »6X+s2HLN»11Xs5HY9DOT)
FORMAT{1H »6Xs1HX 96X 4HY (1) 96Xs4HY(2) 98X s4HY(3) 99X 4HY(4) s6Xs4HCRY

ILs5Xs6HY(6) 9 6Xs4HY(T) 9BXs4HY(8) s TXs4HY(9) 98Xs5HYIDOT 94X s 6HHAMLTN)
FORMAT(1Xs3F10e792F13e792F9¢65F12e63F11079E13e59FBe4sEL345)
END
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SUBROUTINE MINV
THE SUBROUTINE WHICH PERFORMS MATRIX IRVERSIO8

IBFTC MINVQR DECKsXRT M4
SUBROUTINE MINV(AsSsN)

MATRIX INVERSION SUBROUT INE
CALLING SEQUENCEese
CALL MINV(AsBsN)
A IS THE INPUT MATRIX (DIMENSIONED N X N)

B WILL BE THE INVERSE MATRIX (DIMEHSIONED N X N)
N IS THE DIMENSION OF A AND B

NOTEese
CALL MINV(AsA,N)
CAUSES THE MATRIX A TO BE REPLACED BY ITS INVERSE.

209 CELLS OF BLANK COMMON ARE USED.

DNONDOONDNANNONNANNON aNNANANAN

DIMENSION A(NsN)s B(NsN)

COMMON Is Ils I2s IPe J» J1ls MNs PEs TPE
COMMON K(10Q)s P(100)

DATA NMAX/ 100/

NN=N

IF (NN-NMAX) 10+10+500
10 IF (NN) 5009500020
20 DO 30 I=1+NN

K(I)=]

DO 30 JU=1sNN
30 BlIsJ)=A(I+J)

DO 330 I=1sNN

12=NN-1+1

PE=Q,

DO 120 I1=1s12

TPE=B(I1,1)

IF (ABS(PE)-ABS(TPE)) 10051005120
100 PE=TPE

IP=]1

120 CONTINUE

IF (PE) 16035510,160
160 DO 170 J=2sNN .
170 P(J-1)=B(IPyJ)/PE

P(NN)=1.0/PE

IP=K(1IP)

12=0

DO 310 J=1sNN

Il=J~-12

K(I1)=K(J)

IF (K(J)=IP) 2609250+260
250 12=1
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GO T0 310
260 TPE=-B(J»s1l)
DO 300 Jl=2sNN
300 B(IlsJl-1)3B(JsJ1)+TPE#P(J1~1)
B{I1lsNN)=TPE®P(NN)
310 CONTINUE
DO 320 J=1sNN
320 B{(NN»sJ)=P(J)
330 KI(NN)=IP
DO 410 I=1sNN
DO 400 J=1sNN
I1=K(J)
400 P(Il}=BlIsJ)
DO 410 J=1sNN
410 B(I+J)=P(J)
RETURN
500 WRITE (6+1000) NN
CALL FXEM(500)
510 WRITE (6+1001)
CALL FXEM(510)
RETURN
1000 FORMAT (3MON=»112+33H IS INCORRECT FOR SUBROUTINE MINV)
1001 FORMAT (4OHOSUBROUTINE MINV FINDS MATRIX A SINGULAR)
END
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SUBROUTINE F

THE SUBROUTINE WHICH COMPUTES THE FIRST DERIVATIVE OF THE
SWITCHING FUNCTION S

annnnnnn

ISFTC FFR XR7 +MP4 » DECK
SUBROUTINE F
COMMON/CMN1/ARsCRyPASJEAS THETASCRT sDBLDOT»CPROSPIEsPL9P29PSIsDRND s

1 ¥50+Y60
COMMON/CMN2/Y19)sP(9) o XD(&G) s IWRT(4) sTP(4) s XsDXoNsTBsIP1sLN» IFRD.
REAL LN
C4=COS{Y(4))

CT=COStY(7))
S43SIN(Y(4))
ST=SIN(Y(T))
Ha({le+Y(2)%C4)/Y(1)
PR=SART(Y(1))

U=Y(2)%#SA%H /PR

V=PR¥#H#H

20 AD=AR®Y(5)
PI9)=(H-Y{9))/Y(6)R(Y(B)%ST—LN#CT)+HRU-Y (9 )% (2. %U+AD/CR)
IF(IFRD+EQ«1)RETURN
P(9)=-P(9)
RETURN
END
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SUBROUTINE COAST

THE SUBROUTINE WHICH PERFORMS THE CANONICAL TRANSFORMATION TO
ELIMINATE INTEGRATION ON THE COAST INTERVAL

;NN NNONON

IBFTC COASTE XR7eM94,DECK
SUBROUTINE COAST(YsXsLNyCosTHETA2y IFRDs#*)
DIMENSION Y(9)
REAL LHsLUSLVILNILRILURSLUTSLASLBILZ oL oL MU MU
INTEGER COUNT
PIE=341415926/180.
PH1T==1,
J16=0
JACK=0
COUNT=0
S5GN=1,
FAC=1.
P=Y(1)
E=Y(2)
PHI=Y(3)
EFF=Y(4)
MU=Y(5) -
PRIMA=Y(6)
PSI=Y(T7)
CRT=Y(8)
EF1=EFF
THETASPHI+EFF
CF=COStEFF)
SF=SIN(EFF)
H=(le+E®CF) /P
SQ=SART(P)
U=H®E®#SF /5Q
VaH#H®SQ
LHs(CRT+3+%LN#*SF/E) /H
DEL=H®®ORERE
SP=SIN(PSI)
CP=COS{PSI)
LU=PRIMA%®SP +LNS (VEV-H®#3 ) #V/DEL
LV=PRIMA®CP —LN®#(V#VEH®*%3 ) ®%U/DEL
LR=—HRHE L M-URHBLU-VEHRLV+HER4RUYRV /DEL®LN
LUR=H#LU=(HRVERI-HER4%V ) JDEL®LN
LUT=HELY+ (AR R4 ¥U+HEVER2RU ) /DELR#LN
L=SQART(LUR®®2 4| UT®#%2)
LMU=~C#{ /MU
CT=COSC(THETA)
ST=SIN(THETA)
2z=H*H/Y
AzZ*ERCOS(PHI)
B=Z2ERSIN(PH])
LAZ=ZRCT/HER2BLR+STHLUR+CT*LUT
LB=—Z#ST/H*% 2 R-CT#LUR+STHLUT
LZ==(le/(ZXH)4Z/H*%2 ) #LR+LUT
THETA=THETA2

10 CT=COS(THETA)

ST=SIN(THETA)
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COUNT=COUNT+1
GF{COUNT+GT«25 'RETURN 1
UT=Z+A#CT+B#ST
LUR=LA#ST-LB#*#CT
LUT==Z8LZ/UT+ {1 +Z/UT ) #(LA®CT+LB#ST)
L=SART{LUR®E24LUT##2)
SP=LUR/L
CP=LUT/L
Hl=L+LMU/C*MU
THETDG=THETA/PIE
IF(ABS(H1) eLTee0000002:ANDePH1TeGTeQeeANDeIFRDeEQe1)GO TO 200
IF(ABS(H1) oL T200000002eANDePHLTeLTe0eeANDeIFRDsEQ.0)GO TO 200
PLURT=LA*CT+LB#ST
PUTT==-ARST+B#CT
PLUTT=Z UTH#82# (LZ-LARCT-LBRST ) #PUTT— (1. +Z/UT)* (LA®ST-LB*CT)
PLT=({LUR®PLURT+LUT*PLUTT) /L
PH1T=PLT
IF(PH1TeLTe0eeANDeIFRD4EQ.1)GO TO 100
IF(PH1T«GTe0esAND«IFRD«EQ.Q)GO TO 100
JACK=1
DELTHT=-H1/PHLT
DELTHT=SIGN(AMIN1(5.*PIEsABS(DELTHT) ) sDELTHT)
THETA=THETA+DELTHT
GO To 10
100 IF(JIGeGT«5)RETURN 1
IF(JACK+.6T«0)RETURN 1
SGN=-SGN
IF(JIGeGTel)FACR2,
IF(JIGeGT«3)FACHA,
JIG=J]1G+]
THETA=THETA2+FACHSGN#PE#*18,
GO TO 10
200 EFF=THETA-PHI
CF=COS(EFF)
SF=SIN(EFF}
H={1le+E®CF) /P
U=HRE#SF/5Q
V=HaH2SQ
LReZSH* (LARCT+LB#ST-LZ)
DEL=H##6RE#E
LH=—{R/H#82-L URBU/H*R2—LUTHV/HE#2+LN%3 , HHRR2%YRY/DEL
LUSLUR/HeLN®V® (VRV-HR®3) /DEL
LV=LUT/H-LN#U* (VEV+H*#3) /DEL
PRIMA=(LU~LN* (VRV-H%%3 )%V /DEL ) /SP
PSI=ATANZ2 (LURSLUT)
CRT=HELH~3 « #LN#SF /E
Y{4)=EFF
Y{6)=PRIMA
Y(7)=PS]
Y(8)=CRT
IF(IFRD«EQ.0)GO TO 300
ELn2,#ATAN(SQRT{(le~E )/(1le+E ))I*TAN(EF1/24))
E2m2#*ATAN(SQRT((le~E )/ (1le+E ) ) *TAN(EFF/24)}
GO To 350
300 E2=2.¥ATAN(SQRT((le—E 1/(1le+E )I*TAN(EF1/24))
E1=2#ATAN(SQRT((1le~E }/11e+E )I*TAN(EFF/24))
350 IF(ElelLTeOe)EL1=ELl+2.#PI1E*180.
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IF(E24LTe06)E23E2+2.#PIE#1800
IF(EleGT+E2)E2®E2+2. #PIE*180.
XaX+(P/(1e~E#E))#%) 5% (E2-E1-E#(SIN(EZ)-SIN(EL}))

RETURN
END
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SUBROUTINE PRMITR

THE SUBROUTINE WHICH CONTROLS THE CONVERGENCE BASED ON THE
SENSITIVITY MATRIX (G) AND COMPUTES THE MATRIX (G) ON THE
SECOND AND SUBSEQUENT ITERATIONS

IBFTC PRMTR2 XR7sM94+DECK

SUBROUTINE PRMITR

REAL KAKjsMAXDIF

COMMON/CMN1 /ARsCRsPASIEASTHETASCRT+DBLDOTsCPROYPIESPL1sP23PSIsDRN»Ds
1 Y50,Y60 .

COMMON/CMN2/Y(9) sW(9) s XD(4) s IWRT(4)} sTP(4) s XsDXsNoTBsIPL1sLN»IFRD
1sDSTVAR(3+3)
COMMON/CMNT/EQsPOsETsPTHEFsPFsPHI1RsPHIZRsDLV1»OLVZ2sDN1IRsWMBR,
1 PSIAl1sPSIA2/+ASX8OVeMAXDIF s ICNTMXsD2TMN»DL8]1 » XDARL » XDARP 1y JMP2
2 »COASTNSIMPTRD» JMP1
COMMON/CMPH/KAK(3) 9PAR(3) sHOM(393) sEPS(3)9C(3)+DLT2sJPH
COMMON/CMN10/ICNTsWB(3)sERRMINSKEY1
COMMON/CMN12/NOROT s PRAYER s NOCOASsSIGMA9 » JOEMAX » TST 3MX
LOGICAL NOCOASsNOCOST

DIMENSION PMIN{(3)sP(3)sR(3)9A(343)sTEST(3)+AINV(3+3)+sDR(3)
DO 10 =193

P{I)=KAK(I)

PMIN(I)=KAK(I)

CALL PARHOM($320)

DO 20 I=1,3

R(1)=wB(1)-PAR(I)

DO 30 I=1,3

00 30 J=1,3

A{l»J)=~HOM(Js 1) /EPS(J)*.01

ICNT=ICNT+1

WRITE(6+1002) ICNT

10UT=1

ERROR=0.

DO 50 I=1,3

TEST(I1=ABS(R(1))

ERROR=ERROR+TEST (1)

IF(TEST(I)«GT«MAXDIF)IOUT=0

WRITE(651003) (TEST(I)y1Im1,3)

WRITE{6+1004)ERROR

IF(ERRDR.GT«2.1G0 TO 200

IF(ERROR.GT+ERRMINIGO TO 70

ERRMIN=ERROR

DO 60 I=1,3

PMIN(I)}=P(])

IF(I0UT)80»80+300

CALL MINV(ASAINV,3)

DO 90 I=1,3

DP(1)=0,

PO 100 I=1,3

DO 100 J=1,3

DP(I)}=DP(1)— AINV(I»J)®R(J)¥e0l

WRITE(6+1006)(DP(1)sIm1,s3)

YOZ=e01/AR
IF(ABS(DP(1))eGTeYOZsORABStDOP(2))eGTaYOZeORsABS(DP(3))eGT.YOZ)



1190

120

130
200
210
3900

310
320

330

340
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009

1010
1011
1012

-152-

1 GO TOo 210
IFCICNT«GT«ICNTMX)GO TO 310

DO 110 I=1,3
P(I)=P(1)+DP(1)

THETA=P(1)

P2=p(2)

CRT=P(3)

YADG=THETA/PIE

YT0G=P2/PIE

WRITE(651007)
WRITE(651008)Y4DGsY7DGsCRT
CALL ZIPPO(JPH»49$320+$320)
WRITE(6+1009)

Y3DG=Y(3)/PlE
CRVL=CR®ALOG(Y(5))
WRITE(6+1008)Y(1)sY(2)sY3DGsCRVL
DO 120 I=1,3
R(I)=wB(1)-Y(1)
SMSADP=DP(1)#824DP(2)#%24+DP (3 ) 882
DO 130 I=1,3

DO 130 J=1,3
AlLoJ)=A(L2J)I+R(IIBDP(J)#,01/SMSQDP
GO TO 40

WRITE(6+1010)

GO TO 320

WRITE(6,1011)

GO TO 320

THETA=P (1)

P2=P(2)

CRT=P(3)

GO TO 330

WRITE(651012) ICNTMX
THETA=PMIN(1)

P2=PMIN(2)

CRT=PMIN(3)

WRITE(6+1004 YERRMIN

NOCOST = NOCOAS
NOCOAS=,TRUE »

CALL ZIPPO(0+4+83405+5340)
NOCOAS=NOCOST

RETURN

FORMAT(93X»12HTHE MATRIX A)
FORMAT(70X93F2048)

FORMAT(1HO » 22HNUMBER OF ITERATIONS =[2)

FORMAT(1Xs15HI{TEST(L)s1%193)93F14e8)
FORMAT(1X+ THERROR =F11.8)
FORMAT(91Xs15HTHE MATRIX AINV)
FORMAT(1Xs11HDP(1)sI=1+343F1848)

FORMAT(2X» 12HTRUE ANOMALY s3Xs 12HTHRUST ANGLE»6Xs THNU(CRT))

FORMAT{1Xs8F15.7)

FORMAT(1Xs 13HSM-LAT-RECTUM»2X s 12HECCENTRICITY +2X913HARG OF PRCNTR)

1 2Xs13HCHAR VELOCITY)

FORMAT(1Xs23HERROR TQOO LARGEsSO STQP)
FORMAT(1X+23HDP(1) TOO LARGE»SO STOP)
FORMAT(1X»32HCONVERGENCE NOT ATTAINED AFTER

END

ITERATIONS)
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SUBROUTINE PARHOM

C
C
C
C THE SUBROUTINE WHICH IS USED FOR THE FIRST-TIME COMPUTATION
C OF THE SENSITIVITY MATRIX (G)e

C

C

$

IBFTC PRHMGL XR7sM%4DECK
SUBROUTINE PARHOM(#®)
COMMON/CMN1/ARSCRsPASEAS»THETA+CRTsDBLDOTsCPROSPIEsPLsP2sPSIsDRNsD>
1 Y50»Y50
COMMON/CMN2/Y(9)sP(9)sXD(4)sIWRT(4)9TP(4) s XsDXoNsTBs IP1sLNsIFRD
COMMON/CMPH/KAK (31 s PAR(3)9oHOM(393)sEPS(3)9C(3)9DLT2sJPH
REAL KAK
OIMENSION E(343)
TP2RAT=,8
DO 5 I=1,+3
S TP(I)=0,
DO 10 I=1,3
D0 10 J=1,3
10 E(I+J)=0,
E{1s1)=EPS(])
E(2+2)=EPS(2)
E(3+3)=EPS(3)
THETA=KAK(1)
P2=KAK(2)
CRT=KAK(3)
Y&DG=THETA/PIE
Y706=P2/PIE
WRITE(6+1002)
WRITE(651001)Y4DGsYTDGsCRT
CALL ZIPPO(JPH+4+3100+3$100)
DO 20 1=1.3
20 PAR(I)=Y(])
WRITE(6+1000)
Y3DG=Y(3)/PlE
CRVL=CR#ALOG(Y(5))
WRITE(6+1001)Y(1)sY(2)sY3DGsCRVL(TP(I)si=1s4)
IF(TP(3)=TP(2)eLToTP2RAT®#DLT2IRETURN 1
00 50 J=1,3
THETAsKAK(1)}4+€(1+J)
P2=KAK(2)4E(24J)
CRT=KAK(3)+E(39J)
CALL ZIPPO(JPH+4+%$100,%100)
DO 30 I=1,3
30 HOM(Js1)=Y(])~PAR(I])
Y3DG=Y{(3)/PlE
CRVL=CR®ALOG(Y(5))
50 WRITE(6+1001)Y(1)sY(2)sY3DGsCRVLe(TP(I1}sI=1s4)
RETURN

100 RETURN 1
1000 FORMAT(7X» 9HPARAMETER»8X s FJHECCNTRCTYs5X s 15HARG OF PERICNTRs3X»

1 13HCHAR VELOCITY»S5XeSHTPUL) o TXe5HTP(2) »7TXeS5HTP(3)»7Xs5HTP(4))

1001 FORMAT(4F174844F1268)
1002 FORMAT(5Xs 12HTRUE ANOMALYs5Xs12HTHRUST ANGLE 10X 3HCRT)

END
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SUBROUTINE ZIPPO

C
C
C
[ THE SUBROUTINE WHICH CONTROLS THE COMPUTATION OF A SPECIFIC
C TRANSFER TRAJECTORY

C

C

$

ISFTC 21PP XR79M94 3 DECK
SUBROUTINE ZIPPO(NOWRTsNPsity#)
COMMON/CMN1/ARsCRIPASEASTHETASCRT yDBLDOT»CPROWPIEsPLsP29PSIsDRNsD
1 Y50,Y60
COMMON/CMNZ2/Y(9) sP(9) o XD(4 )2 IWRT(4) sTPI4) s XsDXsNsTBo IP1lsLN»IFRD
19DSTYAR(3»3) - -
COMMON/CMN11/POLAN2
COMMON/CMN12/NOROT s PRAYER s NOCOAS» SIGMAS s JOEMAX s TST3IMX
COMMON/NAMCOM,/ NFNTRsNPRMsNZIPsNMINsNFNEWsNTHT s NNUsNCOASTsNPSI »
1 NPRHMINDRNsNY7SETsNWRToNFFRoINEXL sNEX2sNEX3sNEXG s NEXS osNEXSsNEXT
DIMENSION X0(8)
LOGICAL . NOCOASsNOROT
REAL LN
PRAYER=1. -
2 N=9
120=0
121P=20
DO 5 I=ly4
5 TP(I)=0,
X=20,
IP1=1
SGN=1,.
Y{l)=PA
Y(2)=EA
Y(3)=0.
Y(4)=THETA
Y(5)=Y50Q
Y(6)=Y60
Y(7)=P2
Y(8)=CRT
Y{(9)=0.
C COMPUTE LN
C4=COS(Y(4]))
C7=COStY(T))
S4=SIN(Y(4))
ST=SIN(Y(7))
Hz{le+Y(2)%C4) /Y (1)
PR=SART(Y{(1))
A=Y (8)/H+Y(6) /PRE(STH(CH+Y(2)RCOS(2e%Y(4) ) ) /S4—2eRCTH(Le+Y(2)%C4H)
19
B=(1le+Y(2)%C4) /7 (HRY(2)%#54)
LN = A/B
IF(NOWRT 1010920
10 JYRT=0
CALL WRTOUT(-1!}
20 DX=XD(IP1)
IF(X+DXeGT«TBIGO TO 80
CALL MIMIN(l.)
1ZIP=121P+1
IF(SGN2Y(9)eLTe0e)GO TO 50
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IF(NP.GT«1)GO TO 25
IF(UIFRDeEQe1sANDeY(5)eGTe3e¢) eORtIFRDEQ@eQeANDeY(5) el Tee75))
1 RETURN 1
IF(XeGTe2%D)RETURN 1
GO TO 35
25 IF{{IFRDEQe1eANDeY(5)eGTe3e)eORe (IFRDeEQeQsANDeY(5)eLTee?75}¢0Re
1 (Y(1l)elTes2))GO TO 130

35 IF(NOWRT)40+40+20

40 JYURT=JUWRT+1
IF(JWRTLEQeIWRTI(IPL1))IGO TO 45
GO TO 20

45 CALL WRTOUT(OQ)

JWRT=0
GO TO 20

50 CALL F
IF(IZIPeLT&2)GO TO 200
120=120+1
IF(IZ0«GT«25)RETURN 1
DX==-Y{9)/P(9)

SN=l.

IF(DXelLTeOo)SN=~1,
DX=SIGN(AMINL(XD(IP1) s SN®#DX) sDX)
CALL MIMIN(SN)
IF(ABS(Y(9))GT«SIGMA9)GO TO 50
120=0

55 IF(NOWRT)60+60970

60 CALL WRTOUT(OQ)

JYWRT=0

70 TP(IPl)=X
IF(NP.EQ.IP1)IRETURN
IP1T=1P1
IPlw]

CALL F

IP1=IP1TY

DO 75 I=1,3
DSTVAR(1,IP1)=P (1)

75 IF(IPleEQe2)DSTVAR(I92)=-P(1)
IF(IP1l.EQe3)GO TO 100
SGN=-SGN
IP1=IP1+1
IF (INOCOAS)IGO TO 20
IF(IPl.EQe2)GO TO 120
GO TO 20

80 DX=TB-~X
CALL MIMIN(1l.)
IF{IPl.EQa3)TP(3)3X
IF(IP1,EQe2)GO TO 140

100 IF(NOWRT.EQe1l)RETURN
0O 110 I=1,8
110 X0(1)=Y(])
X0(3)=Y(3)/PIE
X0(4)=Y(A)/PIE
X0(T)=Y(T)/PIE
CRVL=CR®ALOG(Y(5))
CALL WRTOUTI(1])
WRITE(6+1000)
WRITE(651001)(X0(I)sXI=1,8)sCRVL
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RETURN

120 CALL COAST(YsXsLNsCRsPOLANZ+IFRD»3140)
GO TO 55

130 TP(3)=X
IF(NOWRT+EQe 1) RETURN
CALL WRTOUT(1)
RETURN

140 IF(NP,LE.3)GO TO 150
TP(2)=0.
TP(3)=0,
RETURN

150 TP(2)=TB
RETURN

200 WRITE(6+1002)

RETURN 2
1000 FORMAT(3X»9HPARAMETER»SXs IHECCNTRCTY »3X9 12HPERICNTR ARGs2X»

1 12HTRUE ANOMALYs6Xs5HXO(5) 29Xs5HXO(6) 16X 12HTHRUST ANGLE»6X»
2 SHXO0(8)95X9»12HCHAR VELOCTY)
1001 FORMAT(9F14.8)
1002 FORMAT(1HO»50HSWITCHING FUNCTION DOES NOT BECOME POSITIVE AT TO+)

END
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