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INTRODUCTION

In 1638, Galileo proposed a "new science” to be concerned with 

"the resistance which solid bodies offer to fracture” [1]. In the past 

three centuries, there have been a large number of contributors to this 

science, but the phenomenon of fracture is still not wholly understood. 

For example, fracture in bodies subjected to compressive stresses 

received relatively little attention until the past decade, and fracture in 

the presence of non-uniform compressive stress fields has not been 

dealt with at all. It is the purpose of this dissertation to develop a 

theory applicable to fracture initiation and propagation in a non-uniform 

compressive stress field.

The first criterion of fracture was postulated in 1776 by 

C. A. Coulomb [2] . Coulomb suggested that fracture would occur in a 

solid body when the shear stress on some plane in that body was large 

enough to overcome the sum of the "cohesive strength, ” C, and the 

frictional stress, -pF, caused by the compressive stress, -<t , normal 

to that plane. Thus Coulomb’s criterion can be expressed as :

17 | = C - p T

This criterion is sometimes referred to as the Coulomb-Navier 

criterion, possibly due to Navier's treatment of this theory some fifty 

years later [3] .

In 1900, Mohr proposed a criterion of the form [4] :

|t| = f(œ) (1) 

1
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where f (F) would be determined experimentally from a series of tri­

axial tests. The Mohr’s circle describing the state of stress at fracture 

is plotted for each test. The function f(cr) is then defined by the enve­

lope which is tangent to the set of Mohr's circles determined in this 

way (see figure 1). Note that in the case of the Mohr envelope being 

linear, it can be written as:

|t | = C - p. <t (2)

which is identical in form to the Coulomb criterion. Thus in the linear 

case, the criterion is referred to as the Coulomb-Mohr criterion where­

as the more general non-linear envelope is called the Mohr criterion.

The first triaxial tests were conducted by von Kârmân [5] and 

Boker [6] in 1911 and 1915, respectively. These tests were performed 

on cylindrical specimens of marble and sandstone. The applied axial 

loads were compressive. They concluded that the fracture strengths 

could be approximated by Mohr envelopes.

The Mohr criterion is empirical. Thus, although it is applicable, 

quantitatively, in predicting macroscopic fracture, it contributes little 

to an understanding of the mechanism of fracture. In papers published 

in 1921 and 1924, A. A. Griffith proposed a fracture mechanism [7,8] 

which presently enjoys widespread acceptance. Griffith hypothesized 

that materials contain microscopic flaws (now referred to as "Griffith 

cracks") at which fracture initiates. Assuming that these flaws are 

elliptical in shape, Griffith employed Inglis' solution [9] for the stress
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test 1

test 2

FIGURE 1 MOHR FRACTURE ENVELOPE
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distribution about an elliptic slit in a plane elastic body to show that 

stress concentrations develop near the crack tips. Based on energy 

considerations, he derived a criterion for fracture initiation at these 

tips. For a predominately compressive stress field (crj/^ - 1/3 

everywhere), this criterion is

(œ1-F2)2/(œ1+F2)=-8St (3)

where > v3 >F2 algebraically and is the tensile strength of the 

material. Griffith assumed that fracture is independent of intermediate 

stress, o"3 (note that in Mohr’s theory this assumption is inherent). 

Griffith also determined that the condition (3) would be satisfied at a 

preferentially-oriented flaw in the material inclined at the angle kpc 

with respect to defined by

cos 2 ipc = (ctj - <r2)/2 (Fi + F2) (4)

Murrell [ 10] later demonstrated that the fracture criterion described 

by equations (3) and (4) can be written in the form of a parabolic Mohr’s 

envelope

t2 + 4 St F = 4 S2 (5)

kindling the hope that the two criteria are, in fact, equivalent. However, 

the Griffith theory yields a very curious result. If, in equation (3), the 

case of F% = 0, F2 = - Sc is considered where Sc is the material’s com­

pressive strength, it follows that

Sc = « St
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Thus Griffith's theory predicts that, regardless of material, the com­

pressive strength is eight times the tensile strength; a result which is 

obviously incorrect.

This discrepancy led F.A. McClintock and J.B. Walsh, in 1962, 

to a modification of Griffith's theory [11] . They suggested that under 

compressive stresses, the "Griffith cracks" in the material close and 

that Griffith should therefore have considered friction between the crack 

faces. Based on this consideration, a new criterion was derived 

(again for - 1/3):

I 1
F(F% + Fl - 2FJ + (Fl - FJ (1 +^)^ = 4S (1 - F/Sf)2

where <r is the stress necessary to close a "Griffith crack" and p is 

the coefficient of friction between the crack faces (not to be confused 

with the slope, p , of the Coulomb - Mohr criterion).

Brace [12] determined that the stress, ir , required to close a 

"Griffith crack" is extremely small and thus can be quantitatively 

neglected. The criterion then reduces to:

P (Fi + ^) + (Fi - FJ (1 +p^ = 4Sfc (6)

This can be re-written in the form of a Mohr envelope:

|t| = 2St - pF (7)

which again led to the erroneous belief that the two criteria are 

equivalent.

If a range of p is considered, say . 1 5 p <1.0, equation (6) 

yields
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4. 4Sf < S < IOS, 'tc t

Although this is a more realistic result than that obtained by Griffith, 

it does not compare favorably to experimental results. In general, the 

modified Griffith theory predicts a ratio of compressive strength to 

tensile strength considerably less than what is determined in the lab 

[13] (in the case of many rocks, this ratio has been found to be two or 

three times larger than predicted by the modified Griffith theory). 

Thus, although the modified Griffith theory provides a plausible (and 

generally accepted) mechanism of fracture initiation, it fails to predict 

macroscopic fracture quantitatively in a compressive stress field. 

Conversely, the Mohr envelope provides a reasonable criterion for 

macroscopic fracture in compression, but is empirical in nature and 

thus provides no understanding of the mechanism involved. This 

apparent dilemma led investigators to undertake two experimental 

studies. One of these studies was a reassessment of the triaxial test. 

Cook and Fairhurst [14, 15] asserted that triaxial test results obtained 

previously were erroneous since the stress distribution in the specimens 

was not uniform. They suggested load platens with the same lateral 

expansion v/E as the specimens. In 1964, Brace [16] proposed a 

"dogbone" specimen to be used for triaxial testing. The thinner middle 

section was loaded hydraulically producing both radial compression and 

axial tension in this section of the specimen. The specimen was also 

subjected to a compressive axial load. Thus tests could be performed 

for a range of axial stresses spanning tension and compression. For 
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each material, Brace ran a series of tests (varying the confining 

pressure). He determined that the fracture data found in this way could 

be accurately expressed by a Mohr envelope. These envelopes, con­

trary to the modified Griffith theory, were not necessarily linear. 

Furthermore, Brace found the damage to be extensive throughout the 

specimen thus confirming the uniformity of the stress field. Perhaps 

the most significant observation made by Brace is that this extensive 

damage appeared in the specimen prior to actual failure. This damage 

appeared as a system of micro-cracks growing out of grain boundaries. 

Brace suggested that these micro-cracks ultimately coalesced to form 

the macroscopic fracture surface. This coalescence mechanism 

appeared in the compressive fields only. In tension, the ultimate 

fracture appeared to grow from a single crack. Finally, he observed 

that prior to ultimate failure, the volume of the specimen relative to 

elastic changes tended to increase.

Concurrent with the triaxial test experiments was another 

interesting study. In 1963, Brace and Bombolakis [17] cut an elliptical 

slit inclined at approximately 30° to the axis of compression in a photo - 

elastic material. Upon increasing the compressive load, they observed 

that crack growth initiated near the ends of the slit initially propagating 

normal to the slit faces (see figure 2). As the compression was further 

increased, the crack propagated in a stable manner, slowly aligning 

with the direction of the applied compressive stress. Hoek and 

Bieniawski [18] performed similar experiments in biaxial compression
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FIGURE 2 CRACK PROPAGATION FROM A CRITICAL 
GRIFFITH CRACK
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and found the same results where here the final alignment was with the 

larger of the principle compressive stresses. They also determined 

that fracture initiation near the tips of such a flaw could be predicted by 

the modified Griffith criterion. They then considered various "arrays" 

of slits and found that propagations from parallel "Griffith cracks" tend 

to coalesce. Propagation from "Griffith cracks" alligned "end-to-end" 

did not coalesce. Bieniawski, in a later paper [19] , studied crack 

propagation from flaws in more detail. He determined that these cracks 

grow in a stable manner from flaw tips until a critical energy release, 

at which point they lose stability and grow rapidly to coalesce with 

other cracks.

In 1966, Brace et. al. [20] measured the volume changes of 

specimens during deformation in triaxial compression up to failure. 

They determined that at one-third to two-thirds of the fracture stress, 

the volume of the specimens increased relative to elastic volumetric 

strain. This effect, termed dilatancy, represents an increase in the 

porosity of the material and was traced to open cracks which formed 

generally parallel to the direction of maximum compression. This 

study and experiments by Cook [21] showed that this dilatancy is 

pervasive throughout a sample loaded uniformly. Thus, according to 

these results, the compressive stress necessary to cause failure of 

a "dogbone" compression specimen is approximately two to three times 

the compressive stress necessary to initiate micro-damage in the 

specimen. Thus the "compressive strength" predicted by the modified
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Griffith theory is actually the compressive stress required to initiate 

damage and is quantitatively one-third to two-thirds of the actual com­

pressive strength of the material. This apparently explains the discre­

pancy between the modified Griffith theory and experimental results. 

The implications of this with regard to a fracture initiation criterion 

will be discussed further in Chapter 1. In figure 3, the Mohr criterion 

and modified Griffith "criterion” are shown for Norite.

Finally, in 1972, Brace et. al. [22] , employing a new technique, 

were able to observe "Griffith flaws" in several rock specimens. They 

found that grain boundaries are preferred sites for these cracks but 

that they also exist within the grains themselves.

Two excellent review articles have been published recently by 

Paul [23] and Obert [24] and the reader is referred to them for more 

detailed accounts of the history of this topic. -

At this point, the process of fracture in a uniform multiaxial 

stress field is fairly well understood. The Griffith theory provides a 

description of the fracture mechanism and the Mohr criterion appears 

to adequately predict the occurrence of macroscopic fracture and 

strength failure. In this dissertation a theory is advanced, the intent 

of which is to extend this understanding of the fracture process to non­

uniform compressive stress fields applicable to the solution of boundary­

value problems.

In Chapter I, two very important preliminary topics are dis­

cussed. First, it is shown that, in boundary-value problems, the
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modified Griffith theory as elaborated by Brace, Bieniawski, et. al. 

provides a most reasonable model of the mechanism of the fracture 

process. However, macroscopic fracture is defined by crack coales­

cence and, therefore, Mohr's criterion is applicable to macroscopic 

fracture initiation. Second, a method for stress field determination is 

presented which involves the solution of a coupled set of integral equa­

tions [25, 26] . It is shown that this method is more compatible with 

this type of analysis than the finite element method.

In Chapter II, the theory is outlined and applied to a specific 

boundary-value problem. This problem has been motivated by the 

familiar "penetration problems" of rock mechanics [2?] . The solution 

of such a problem first requires a determination of the stress field. 

The integral equation method is employed and its accuracy is assessed 

by comparison to a similar problem for which an exact solution is 

available. Once the stresses are known, a fracture analysis is done. 

Based on Mohr's criterion, a "fracture function" is defined, a contour 

map of which can be drawn throughout the body. The "peak" of this 

fracture function defines the location of fracture initiation. Crack 

growth is initiated at several points in the vicinity of this "peak" and 

growth is in accordance with the modified Griffith theory. Crack 

coalescence marks the onset of macroscopic fracture propagation. It 

is shown that this propagation is directed along the minimum gradient 

of the fracture function. Clearly, the presence of this fracture and the 

neighboring damage alters the original stress field. Thus, accurate 
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determination of subsequent growth of the fracture surface would require 

a continuous modification of the stresses as the fracture propagation 

proceeds. At present, such a modification is not possible since there 

is as yet no measure of the effect of such a process on the stresses in 

the undamaged regions of the body. However, a fracture function based 

on the stress field of the pre-fractured body is used to approximate 

ultimate fracture behavior and to gain further insight into the process 

itself. This fracture function provides estimates of both "damaged 

region" and "relative fracture velocity, " useful concepts for predicting 

ultimate fracture behavior.

A parametric study is first presented using the Coulomb-Mohr 

(linear Mohr) criterion to determine the effects of load, geometric and 

material parameters. The analysis is then expanded to include the more 

general non-linear Mohr envelope. An iterative technique based on a 

series of linear fracture envelopes is employed. The problem is con­

sidered for two rock materials and the effects of confining pressure are 

included.

Finally, in Chapter III, an experimental study is outlined in 

which specimens, trapezoidal in shape, were loaded in compression. 

The theory is employed to predict fracture initiation location and load 

and to estimate the final fracture path and ultimate load. These values 

are then measured experimentally and are found to be in excellent 

agreement with the theoretical predictions.



CHAPTER I

PRELIMINARIES

1. Introductory Remarks

The solution of a boundary-value problem in fracture mechanics 

involves several stages. It is first necessary to determine the stress 

field. Then by comparing the stress field with a fracture criterion, the 

region is searched for the location of the fracture initiation and the 

initial direction of the fracture propagation. The final step is to trace 

the path of the stable fracture growth up to the point of instability and 

ultimate rupture of the body. The applied loading at the moment of the 

instability is usually defined as the ultimate fracture load.

In the analysis which will be presented in Chapter II, the follow­

ing results will be obtained: a determination of the pre-fracture stress 

field, the location of fracture initiation, the fracture initiation load, 

the direction of initial fracture propagation, an approximation of the 

final fracture geometry, and an approximation of the ultimate fracture 

load.

To perform this analysis, two basic tools are required: a 

fracture criterion and a method for the determination of the stress 

field. The fracture criterion on which the "fracture function” of 

Chapter 11 is based is Mohr's criterion. The significance of this 

criterion is discussed in section 1. 2. The method used for the stress 

determination is an integral equation method [25, 26] , which is 

developed in section 1. 3.

14
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2. The Fracture Criterion

Mohr fracture envelopes have been used extensively in the 

study of fracture of brittle materials [23] . In general, these envelopes 

are developed phenominologically, i.e. , the Mohr's circles to which 

the envelope is tangent are defined by "strength failure" of cylindrical 

test specimens under axial load and varying confining pressure. A 

criterion developed in this way does not define fracture initiation in the 

Griffith sense. It has been shown, however, [16, 19] that it is not 

fracture initiation in the Griffith sense but rather crack coalescence 

which defines the onset of macro-fracture.

In order to understand the basic fracture mechanism, it is use­

ful to consider the lateral, volumetric and axial strain plotted versus 

axial stress. In figure 4, such a plot is shown for quartzite under zero 

confining pressure [19] . Of particular significance is the volumetric 

strain curve. This is interpreted as follows. Axial stresses in the 

vicinity of point A are sufficient to initiate growth at a number of 

critically oriented Griffith cracks. The stress field is assumed to be 

globally uniform'^ (uniaxial) and the Griffith flaws are randomly distri­

buted being located, for example, at grain boundaries [22] . As the 

stress increases, these cracks continue to grow. Such growth is 

indicated by a deviation from linearity of the volumetric strain, i.e. , 

''Most compression tests, in fact, produce non-uniform "global" stress 
states. The test specimens introduced by Brace [16] and used in [19] 
closely approximate a uniform stress state as evidenced by the uni­
form damage distribution in the specimen.
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dilatancy. This dilatancy is an increase in porosity which is a reflec­

tion of internal damage resulting from crack growth. Further increase 

in stress begins to produce coalescence of these cracks. For stresses 

beyond point B, crack coalescence is extensive throughout the speci­

men, as evidenced by large increases in dilatancy. This widespread 

damage is preliminary to the coalescence which forms the final fracture 

surface resulting in strength failure of the specimen. Thus the Griffith 

theory gives the stress level at which preferentially oriented cracks 

begin to grow while the final Mohr envelope indicates when such cracks 

have sufficiently coalesced to cause final strength failure. In the 

boundary value problem under consideration (non-uniform global stress 

field) of interest is the onset of the fracture forming the resultant chip. 

This fracture initiation is characterized by crack coalescence (as 

differentiated from initiation in the Griffith sense) and is most closely 

represented by the material strength failure (Mohr fracture envelope).

3. An Integral Equation Method

A method for stress field determination [25 , 26] is presented 

here which will be used in the fracture analysis. The accuracy of this 

method is assessed in section II. 2 and it is shown to have certain 

advantages over the finite element method in this type of analysis. In 

Appendix E, solutions are obtained for a specific boundary-value 

problem using both the Integral Equation Method and the Finite Element

Method and the results are compared.
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The development of the Integral Equation Method follows.

The region of interest is "embedded" in a region for which the

Green's function G. » is known ij >q Gij ;q represents the ij th stress

component at field point P due to a unit line force in the q direction at 

boundary point P% in a region, the surface of which contains and is 

tangent to the real surface at PL, see figure 5. The importance of this 

tangency requirement will be evident later when it will lead to Fredholm 

integral equations of the second kind. Without the tangency require­

ment, Fredholm equations of the first kind would be generated and the 

subsequent solution would be considerably more difficult. At this tan­

gent point, an unknown fictitious line load is applied creating a stress 

field in the entire fictitious region. The fictitious region is then trans­

lated and rotated so that it is tangent to the real body at some other 

boundary point P" and another fictitious line load is applied. This 

process is repeated for all boundary points of the real body and the

resultant stress field in this body is simply the sum of these contri­

butions. It is noted, however, that the coordinates in the function G..
1J .q

are translated and rotated with respect to a fixed coordinate system in

the body, this translated form being referred to as Thus the

stress components in the body can be expressed as:

= f <3 (P,Pl)t*(P 1)ds (1.1)

i, j = x,y

where P, P% are field and boundary points respectively, B is the

bounding surface of the real body and s is a measure of length along B.
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This stress field satisfies the equations of elasticity but does 

not yet satisfy the boundary conditions on B, namely:

°ij nj = 4i °n B (1.2)

where m, L are the components of the unit normal and traction vector 

respectively. Substituting (1. 1) into (1.2) and extracting the singularity 

that occurs when P and Pj coincide:

t*(P) + £4; (P,P,)t* (?,)„ (p)ds = t (P) (i,3)
B J 1 J i

i = x,y P on B 

where t^, t^ represent "fictitious" x,y traction components along B*.  

To complete the solution, equation (1. 3) is solved for the "fictitious" 

tractions. These tractions are then substituted into equation (1.1) and 

the stresses are computed.

A convenient choice for the fictitious region is the half-plane. 

Consider a line load d P' acting on the boundary of a half-plane as in 

figure 6. The stress components at a point a distance r from the point 

of application of this load are given by the Flamant-Boussinesq solution 

[28] :
_ 2 dP*  . F

^rr = 0 d.4)

The stress components at this point with respect to a cartesian system 

can be expressed as

d^xx = dœrr • e*.) 2

= ^^rr ' ^y^ (L5)

^xy = ^^rr <&r * ^r * V
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where e . is a unit vector in the i-direction. Thus

(1.6)e ~x

where r and r are the x and y components of the vector ;r . x y

Let d P*  = ds. Then

dP”1- r=(t*r x + t*? y) ds (1.7)

Combining (1.4), (1.5), (1.6) and (1.7):

(1.8)

where r 2 = r+ r2 x V From the definition of the Green's function:

d-xx = < ds

dff = (b t*ds
yy yy;q q

dFxy = ^xyiq ‘q*  dS

(1.9)

Comparing (1.8) and (1.9):

‘q

^X^ 

— 4

r t*  = - - r2
yy;q q k r4 y 

(1.10)

xy;q q ir r 4 x Y

Note that rx = x x and r = y - y' where x,y refer to the field point P 
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and x*  ,y‘ refer to the boundary point Pi on B.

Introducing the following dimensionless variables:

Pq= pTl

Pq= P/L

S = s/L

(1. H)

where P is a characteristic load and L a characteristic length, and 

substituting equation (1.10) into equation (1.3), the integral equations 

become:

p:
P?"

? f ,rx nx + rx ry ny) = Px
B x x y '

(1.12)

x yB
r n + r2 n ) dS = p x y x y y

To evaluate equations (1. 12) numerically, the boundary is divided into

intervals of arbitrary length . The tractions on each interval are

replaced by concentrated line loads at the center of each interval 

defined by:

(1.13)

p dS 
y

Using the trapezoidal rule [29] , a set of algebraic equations is obtained

which can be solved for the concentrated fictitious loads P’\ , P '. in 
xi yi

the i^h interval:
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2

j 1

(P*.  r .. + P\ r .. r ..) 

xij yij
△Si = Pxi

(1.14)

2

j f i

r .. r .. + P*.  r2..) 
xij yij yj yij

i = 1,2, • ♦ • ,N

where r^.. , are the x,y distances between centers of the sub­

divisions , and N is the number of subdivisions.

Equations (1. 14) can be solved by either matrix inversion or 

iteration. Iteration has been chosen since machine time is generally

less. These equations can be written as:

N-
P*. = P .
XI XI

(1.15)
N

J - 1

where A.. , B.. and C.. are found by comparing with equations (1.14). 
ij 1J KJ

Following Massonnet [25] , a convergence parameter, 0 <a < 1, is

introduced to facilitate convergence. The equations are then iterated

in the following form:

N
p#(n+!) = ap +(1_a)p*(n)_  y%(A..P*(")+  B..P*W)

xi xi xi ij xj ij yj
J - 1

(1.16)
N

p*(n+D  = p . + (i _a)p* (n) _ V a (B..P*. (n, + C..P*! n)) 
yi yi yi XJ XJ YJ

J -1
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where the superscripts in parentheses represents the number of the 

iteration. In all computations, the value a = 0. 8 has been used and 

convergence in general has been fairly rapid except in situations where 

there are large gradients in the boundary tractions. The initial values 

of P*.  , P*.  were always set equal to the actual tractions on the 

boundary.

Once the fictitious loads have been computed, the stresses are 

obtained from the numerical approximation of equations (1.1):

_ _ 2 A rxij + Pyj ryij
Œxxi " P/L * " ir Z- xÿ

a.m

_ L y*  Pxi Sdj + ryii r r
i P/L , fa f xij yij

where the stresses are in dimensionless form.

The equations derived in this section are included in the 

"fracture" programs of Appendices B and D.



CHAPTER II

FRACTURE ANALYSIS

1. Introductory Remarks

In this chapter, the theory is developed and applied to a 

boundary-va lue problem of practical interest (see figure 7 ). The 

solution to this problem will be useful in the development of a 

’’penetration” theory in rock mechanics [27] since it will provide a 

means of analyzing the chip formation process during penetration by 

a wedge-shaped indentor.

The problem of figure 7 is the following. A truncated quarter 

plane DBAC is loaded along the truncation boundary BA by a given 

traction distribution. The material is isotropic, homogeneous and 

elastic-brittle. Also, the truncated quarter plane is in a state of 

plane strain. In this problem, the plane strain condition insures that 

for most practical values of Poisson’s ratio (v >. 2), the principal 

stress component normal to the x-y plane is intermediate between the 

principal stresses, Fy and Wz , in the x-y plane. Thus the stress cr 

can be neglected in the fracture analysis following the assumption of 

both the Mohr criterion and the Griffith theory. It should be noted that 

the plane strain condition does not always insure the intermediacy of 

the normal stress. A criterion is derived in Appendix A which is used 

to determine whether or not the normal stress is in fact intermediate. 

This criterion should be applied at each point in a plane strain problem

26
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before application of the fracture criterion. If the normal stress is not 

intermediate but rather is the largest principal stress algebraically, 

fracture would occur in a plane oblique to the plane of the problem at 

that point rather than being a plane surface perpendicular to the problem 

plane.

The formation of the chip can be described in terms of the 

stages of fracture growth outlined earlier. (These can be followed on 

figure 7. ) As the traction on edge BA is proportionately increased, 

the stresses at some point in the region eventually satisfy the fracture 

criterion and fracture is initiated. As the traction is increased further, 

the fracture grows in a stable manner. At some point, this growth 

becomes unstable and the fracture surface protracts rapidly to the free 

boundaries. It is of interest to determine the fracture initiation load 

Pj (the total vertical load on the truncation edge BA necessary to 

initiate fracture), the location of this initiation, the geometry of the 

completed chip, and the chip formation load (the vertical load on 

the trunction edge BA at the transition between stable and unstable 

fracture growth).

In section II. 2, the application of the Integral Equation Method 

to the determination of the stress field in the truncated quarter plane 

is treated. In this analysis, a traction distribution of the following 

form will be assumed:
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0 on DB

*n = p(e/L)m (1 - cos 2^/L) on BA

0 on AC
(2. 1)

0 on DB

% = ^n on BA

0 on AC

where tn , t are the normal and tangential traction components, £ is a 

coordinate along BA (defined in figure 7) and is the coefficient of 

friction between the material and the wedge. m is a form parameter 

which, for increasing values, gives a more asymmetric and concen­

trated traction distribution, p is a scalar pressure defined by:

P COS 0£
p = ----------------------- n----------------------------------- (2.2)

L sin (6 + ÿ ) J T]m (1 - cos 2 ir 
f o

where 6 is the half-wedge angle (truncation angle) and is the friction 

angle (= tan 0^). With p defined as in equation (2.2), and m can 

be varied without affecting the value of the vertical force component, 

P/ L. Before solving for the stress field, the accuracy of the Integral 

Equation Method is assessed by comparison to a known analytical 

solution for a similar boundary-value problem.

In section II. 3, a fracture analysis is done for the case of the 

linear Coulomb-Mohr criterion. In the linear case, a dimensionless 

parametric study can be performed and this is done. Fracture initiation 

load and location are studied as functions of the geometric, loading and 

material parameters. Five parameters, in fact, define this problem.
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The geometry is defined by the truncation angle, 6 ; the form parameter, 

m, and the coefficient of friction, pip define the traction distribution; 

and the constants p. and C define the material fracture properties.

This parametric study as well as an analysis of subsequent 

fracture growth and instability are included in section 11. 4.

There are, however, many materials for which a linear fracture 

envelope is not a good representation. This nonlinearity, as in other 

non-linear problems, precludes a single dimensionless solution. Here 

it is necessary that the specific fracture envelope be known.

In section II. 5, a general analysis is developed for fracture 

initiation and early fracture growth in non-linear brittle materials and 

is applied to two such materials, Blair dolomite and quartzite. Again, 

the problem of figure 7 is considered. Of further interest, and included 

in the analysis, is the effect of hydrostatic pressure on the fracture 

initiation.

An iterative technique is developed for handling these nonlinear 

fracture envelopes based on a series of linear envelopes. This tech­

nique is then applied to the two materials mentioned above and results 

are obtained for varying hydrostatic pressure and truncation angle. 

These are presented and discussed in section II.6,

2. Stress Analysis

The Integral Equation Method of section 1. 3 will now be applied 

to the geometry of figure 7.
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There are two very important questions which arise concerning 

the numerical solution of this problem. These are: (1 ) at which points 

on the boundaries DB and AC should the boundary subdivisions begin 

and end; and (2) what should be the sizes of the subdivisions on these 

boundaries and on the boundary BA? These questions are answered by 

a comparison with a known exact solution.

The stresses in a quarter plane due to a line load applied at the 

apex are [28] , see figure 8a :

Now considering the region in figure 8b and determining the traction on

BA necessary to equilibrate the line force Q:

cos2 6

(2.4)
sin 6 cos 5

From geometry:

P2 = ê2 + (L/2)2 

cos 6 = L/2p (2.5)

sin 5 = £/p

Combining (2.3), (2.4), and (2.5

- 1/2 < £/L < 1/2
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and converting to x-y coordinate system:

Then, the stress field in the region of figure 8c is equivalent to the 

stress field in the region of figure Ba provided the tractions given by 

equations (2.7) are applied to the boundary BA.

Equations (2.7) in non-dimensional form are:

Based on this traction distribution, the exact values of the principal 

stresses at any point in the region of figure 8c are

cr 1 — 0 (2.9)

where a-! is the maximum principal stress algebraically. The numeri­

cal values for selected field points are given in Table 2.1. Of these 

field points, 1-12 are located at a distance of L/8 from the boundary, 

13-20 are L/16 from the boundary and 21-29 are L/32 from the 

boundary (see figure 9).
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TABLE 2.1

The Exact Solution for the Problem of Figure 8

Field 
Point

Coordinates (figure 8c)

^^exactx. / L i
y\/L

1 .4419 - .4419 -1.2448
2 . 3536 - .5303 -I.I969
3 .2652 - .6187 -1.0731
4 . 1768 - .7071 - .9153
5 . 1250 - .7589 - .8220
6 . 1250 - .8321 - .7436
7 . 1250 - .9571 - .6389
8 . 1250 -1.0821 - .5596
9 . 1250 -1.2071 - .4976

10 . 1250 -1.3321 - .4478
11 . 1250 -1.4571 - . 4069
12 . 1250 -1.5821 - .3728
13 . 3977 - .3977 -1.3831
14 . 2210 - . 57 45 -1.1549
15 . 0625 - .7330 - .8086
16 . 0625 - .8214 - .7165
17 . 0625 - .8321 - .7068
18 . 0625 -1.0821 - . 5369
19 . 0625 -1.3321 - . 4314
20 .0625 -1.5821 - .3609
21 . 37 57 - . 37 57 -1.4644
22 . 1989 - . 552 4 -1.1989
23 . 0625 - .6977 - . 8417
24 .0313 - .7201 - .7 956
25 .0313 - .7642 - .7 480
26 . 0313 - .8321 - .6850
27 .0313 -1.0821 - .5226
28 .0313 -1.3321 - . 4224
29 .0313 -1.5821 - .3544
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Now that the exact solution for the problem of figure 8c is 

known, the approximate method, developed in section 1. 3 can be 

applied to the same problem and its accuracy can be evaluated. To 

answer the question of boundary cut-offs (i.e. , what portions of 

boundaries DB and AC should be included), the problem was solved 

for DB and AC equal to 2L, 3L, 4L and 5L. All sub-divisions (mesh 

spacings) were of length L/8. The results for several field points 

are given in Table 2.2. This sampling gives a clear indication of the 

small sensitivity of the results on the boundary cut-offs. Therefore, 

boundary cut-offs of 2L on DB and AC are used in all subsequent 

calculations.

Several combinations of mesh spacing were considered; that 

shown in figure 9 was the best compromise between accuracy and 

computer cost. The accuracy of the method for such a mesh spacing is 

given in Table 2.3. The field points considered are shown in figure 9.

From figure 9 and Table 2.3, the boundary cut-offs and mesh 

spacing which have been chosen can be evaluated. Of those points 

located at a distance L/8 from the boundary (points 1-12), the accuracy 

was within 2.6%. Of those located L/ 16 from the boundary (points 

13-20), the accuracy was within 3.6%. At L/32 from the boundary, 

the accuracy was no worse than 5. 3%. At points farther into the field 

than L/8 but within a distance L from the truncated face, the solution 

is virtually exact. As will be seen in the fracture analysis to follow, 

fracture initiation generally is located within this region. Thus it can
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TABLE 2.2

Dependence of Integral Method Solution on Boundary Cut-off

Field 
Point

^approx

2L 3L 4L 5L

1 -1.1843 -1.1843 -1.1843 -1.1843
2 -1.1563 -1.1563 -1. 1563 -1.1563
3 -1.0649 -1.0647 -1.0647 -1.0647
4 - .9265 - .9262 - .9262 - .9262
5 - .8427 - .8425 - .8424 - .8424
6 - .7471 - .7467 - .7 466 - .7466
7 - .6277 - .6271 - .6269 - .6269
8 - .5503 - .5495 - .5492 - .5492
9 - .4911 - .4901 - .4898 - .4897

10 - .4436 - .442 3 - . 4419 - .4419
11 - .4046 - .4029 - .4025 - . 4024
12 - .3720 - .3700 - .3695 - .3694
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TABLE 2. 3

Integral Method Solution Using Mesh Spacing of Figure 9

Field 
Point (cr2) approx Error (%)

1 -1.2449 - .01
2 -1.1973 - .04
3 -1.0737 - .06
4 - .9165 - .13
5 - .8237 - .21
6 - .7396 - .54
7 - .6317 1.12
8 - .5567 .52
9 - .4994 - . 37

10 - .4571 -2.09
11 - .4175 -2. 60
12 - .3816 -2. 33
13 -1.3824 .05
14 -1.1552 - .03
15 - .8137 - .63
16 - .7020 2.03
17 - .6919 2.11
18 - .5227 2.47
19 - .4469 -3.59
20 - .3748 -3.84
21 -1.4189 3.11
22 -1.1909 .67
23 - .8455 - .45
24 - .8216 -3. 27
25 - .7166 4. 19
26 - .6611 3.48
27 - .4996 4.40
28 - .4412 -4.45
29 - . 37 32 -5.28
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be concluded that further refinement of the boundary sub-divisions is 

not warranted.

The integral method proves to be particularly useful in this 

analysis. Once the fictitious traction distribution is determined, the 

stresses anywhere in the field are found by an integration, equation 

(1. 17). This is an important feature, since it will be necessary to 

search the field for the point of fracture initiation. Also, since the 

boundary, rather than the field, is sub-divided, the resulting matrix 

is of lower order than that generated by finite elements or finite 

differences. With the integral method, the stresses can be found any­

where in the field without interpolation and are essentially exact.

3. Fracture Analysis - Linear Criterion

Fracture initiation in the material is assumed to be governed 

by the Coulomb-Mohr fracture criterion:

|t| 4- |i ct = C (2. 10)

where ~, <r are the shear and normal stress components on the plane'"' 

which maximizes j|Y| + nr} ; p. is the slope of the envelope; and C is 

the t"- intercept. Only two material constants, p and C, characterize 

incipient fracture in the isotropic case.

*When the stress component normal to the plane of the problem is the 
intermediate principal stress, the plane which maximizes equation 
(2.10) is normal to the plane of the problem.
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Equation (2. 10) is an empirical criterion. The physical signi­

ficance of this criterion and its applicability to fracture initiation in 

boundary value problems of this type is discussed in the Introduction 

and in section 1.2.

By determining the angle which maximizes |7| + p cr, substitut­

ing it back into equation (2.10) and expressing the results in principal 

stresses, eq. (2. 10) becomes

I (^ +^) + _ FJ = c (2.11)

where â7! >œ2 algebraically. There are two angles for which equation 

(2.11) is valid, representing equally probably critical directions 

(normals to critical planes)

*1,2 = Ï1 i - 2) (2.12)

where represents the angle between the normal to the first principal 

plane and the x-axis defined in figure 7. The fracture criterion and 

fracture angles are represented geometrically in figure 10.

Non - dim en s iona li zing equation (2. 11) with respect to P/L:

F (cri ,<r2 ;p) = (oy + cr2) +----- ki - <r2) = p (2.13)

where p is the dimensionless "cohesion," p = CL/P. For a given value 

of p, fracture initiation will occur at that point in the field at which 

F(cti ,<r2; p) is maximum.
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4. Numerical Results and Discussion

It is of interest to determine the effects on fracture initiation 

of the traction distribution (m, p.^), geometry (6) and material properties 

(p. ,C). Given the first three parameters, the stresses (o-j ,cr2) can be 

determined at prescribed points in the field by the integral equation 

method of section 1. 3. Then F (crj , cr2 ;p.) can be determined at these 

same points. A typical set of initial points are shown as dots in 

figure 11. Once these initial points have been examined and a point 

of maximum F has been located, the region surrounding this point is 

subdivided and a more precise location is found. The computer pro­

gram which implements this "searching" procedure is listed in 

Appendix B. The largest value of F found in this subdivided region is 

considered to be F . Equating F to p , the incipient fracture max max -

force P can be found for a given "cohesion" C and length L. A 

parametric study follows.

The traction distribution is altered by varying the form 

parameter m. Setting p.^ = 0.0 and 0 = 45°, the location and magnitude 

of fracture initiation as a function of m (and p) are depicted in figures 

11 and 13 . Although the location of fracture initiation is strongly 

dependent on traction for small values of m, the dependence of the 

magnitude Fmax is weak. Furthermore, for larger values of m, the 

dependence of fracture initiation location on traction distribution is 

also rather weak. This insensitivity of fracture initiation to traction 

distribution is most striking at the more physically realistic values of
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m (m = 5) and pi (n S 1), cf. [12] . Figures 12 and 14 depict the same

curves for pf
= 0.1, a typical value of the coefficient of friction [30] .

The effect of friction, again for large m and p = 1, is clearly small.

Thus it can be concluded that for this particular problem the effect of 

traction distribution on fracture initiation, within physically realizable 

ranges of the parameters, is minor.

The dependence of fracture initiation on wedge geometry 

(truncation angle) is shown in figure 15 for m = 5 and = 0.0. For 

sharp wedges (0 < 45°), this dependence is more noticeable than for 

blunt wedges (0 > 45°). However, again for values of p. near unity, 

the effect is small.

The effect of the material properties can be seen in figures 11 -15. 

As the slope of the fracture envelope p is increased, the fracture 

initiation point moves deeper into the material, see figures 11, 12. 

Also for increasing jx, Fmax decreases, denoting increasing forces 

necessary to cause fracture initiation. The two possible critical planes 

are shown at each point in figures 11 and 12. These planes play impor­

tant roles in the fracture propagation process.

Thus far, fracture initiation in the truncated quarter-plane has 

been defined in terms of the load, geometry and material properties. 

Now the path of the fracture propagation from the onset of incipient 

fracture to the formation of a complete chip will be examined. The 

results suggest that the fracture follows the minimum gradient of a 

contour map of the fracture function F(o"i , cr2 ;p), see equation (2. 13).
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The wedge force necessary to propagate the fracture to some point 

along this path is found using F (cri , cr2 ;p) in the same way as for 

fracture initiation. It is further suggested that the transition from 

stable to unstable fracture growth occurs at the inflection point of a 

plot of F (<ri , <r2 ;p) versus s where s is the distance measured along 

the fracture path having its origin at the point of fracture initiation. 

The wedge force calculated at this inflection point represents the chip 

formation force.

In figure 16, a typical contour map of F (<rl » cr2 ;p) is shown. 

Figure 17 depicts a closer view of the fracture initiation region. It can 

be seen in these figures that the function F , cr2 ;p.) forms a narrow 

"ridge" in the fracture initiation region with values quite close to Fmax. 

The critical planes predicted by the Coulomb-Mohr theory, equation 

(2. 12) and shown by the solid lines at each point in figure 17 represent 

the orientation of critical cracks in the modified Griffith theory (this 

interpretation is discussed in section II. 5). It is well known that crack 

propagation from such a critical Griffith crack in a compressive stress 

state begins normal to the crack surface near the tips and bends so as 

to be parallel to the largest compressive stress (see Introduction).

This is shown in figure 17b at the point of fracture initiation. However, 

it has been shown [18] that such a crack does not have the potential of 

forming the complete chip. It is suggested that fracture instead pro­

ceeds as follows. Crack growth is initiated almost simultaneously at 

several points in the vicinity of Fmax, i. e. , where Ffc^ , <r2 ;ji) « Fmax.
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Initiation occurs wherever there is a critical Griffith crack such as a 

grain boundary in the rock [zz] , oriented at an angle predicted by 

equation (Z. 1Z). Cracks propagate from each of these flaws as shown 

in figure 17b. It is the coalescence of these cracks in the region near 

Fmax that forms the actual fracture path. The extreme narrowness of 

the fracture function contours in the vicinity of the fracture initiation 

point suggests that the initial propagation direction coincides with the 

minimum gradient of F rather than in the direction predicted by 

equation (Z. 1Z).

A first approximation of the fracture propagation away from the 

fracture initiation region can also be established on the basis of this 

contour map. As the force P on the wedge increases, the region in 

which the fracture criterion, equation (Z. 13), is satisfied grows. If 

the prefracture stress field is assumed for the moment to be valid, 

then the growth of this "damaged" region is described by the contours 

in figure 16. Extensions of certain critical Griffith cracks within this 

damaged region coalesce in the manner described above to form the 

actual fracture path. This proceeds until the fracture either becomes 

unstable or reaches a boundary.

Note that the contours widen away from the fracture initiation 

point and the probable fracture path becomes more ambiguous. The 

prefracture stress field would obviously be altered by the presence of 

the fracture and damaged region. Thus a more accurate description of 

the fracture propagation would require determination of the stress 
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distribution in the fractured medium. It is felt that a better description 

of this stress distribution will result in fracture contours which are 

narrower and hence in a less ambiguous fracture path. However, 

some of this ambiguity may be inherent in the chip formation process 

as evidenced by the natural scatter in chip geometry in wedge penetra­

tion tests [31] .

A probable fracture path is shown in figure 16. It is interesting . 

to note that a sizeable shift in the proposed fracture path (away from 

the fracture initiation region) has little effect on the force versus path 

length plot, figure 18. Again this is borne out in actual wedge penetra­

tion tests, in that there appears to be considerably less scatter in chip 

formation forces than in chip geometry.

Bieniawski [19] has shown that the transition from stable to 

unstable fracture growth occurs at the inflection point of the fracture 

velocity versus fracture length plot. This can be used to establish, at 

least approximately, this transition point for the present problem. It 

can be argued that, under constant load rate, the fracture velocity is 

proportional to Ffcr^ , cr2 ;p.) along the proposed fracture path except for 

points in the vicinity of incipient fracture and in the region of unstable 

fracture growth, see figure 18. Thus the inflection point of the 

FGh , 9%;^) versus s curve is used to establish the transition from 

stable to unstable growth. Both the positions ê and value of F, i.e. , 

& = - 0.22, 0.61, and F = 0. 17 5 are taken from figure 18. The positions 

of these inflection points are shown as x*s  on figure 16. It has already
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been pointed out that the predictions for the latter stages of stable 

fracture growth are approximate. It is felt, however, that the transi­

tion values of ê and F are reasonable estimates since a fairly large 

shift in fracture path, figure 16, has little effect on figure 18.

5. Fracture Analysis - Nonlinear Criterion

A Mohr envelope can be represented in the following form:

|T 1 + F = C <Fm) (2.14)

where t, er are the dimensional shear and normal stresses on some 

plane and C are the slope and T - intercept of a linear

envelope tangent to the Mohr envelope at the point where the mean 

stress is see figure 19. From figure 19, the "material constants" 

I1 ^m}' C^m^ are given by:

(2.15) 

C(Tm)=”(œm)+ ^)^(^)

The Mohr envelope represents given input data and is further 

expressible parametrically in terms of the following polynomials :

(2.16)
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The two materials considered are Blair dolomite and quartzite.

The Mohr envelope data for these two rocks were obtained by Brace 

[16] using the special compression specimens mentioned previously 

which insure a fairly uniform axial stress distribution. With the 

envelopes given, the constants in equations (2. 16) can be found using 

a least squares fit. Details of this fitting are presented in Appendix C.

The problem of figure 7 will now be reconsidered using the non­

linear Mohr criterion instead of the linear Coulomb - Mohr criterion.

If the planes which maximize the left-hand side of equation 

(2. 14) are found and the resulting stresses on these planes expressed 

in terms of principal stresses, equation (2. 14) takes the form:

(<riT + rj) + " — (ÔFJ - ?/) = C (FJ (2. 17)

where , (r2 are the principal stresses with tri > algebraically. 

The superscript T indicates total stress due to both loading on the trun­

cated face, see figure 7, and hydrostatic pressure. There are two 

angles for which equation (2. 17) is valid,

tp! » = yi ± ; tan# (7 ) = |i (7 ) (2. 18)
* \ ft Û / Ill Ill

where y% is the angle between the x axis and the normal to the first 

principal plane. The interpretation of the angles tpi 2 , with regard to 

fracture direction, is unclear at present. As was shown in section 

II. 4, these angles do not define the direction of fracture propagation as 

is commonly believed. These directions are shown in figure 20 and,
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clearly, are not consistent with known chip formation behavior. The 

interpretation proposed in section 11. 4 that these angles represent 

directions of critically oriented Griffith cracks is not strictly correct 

either since the Mohr criterion assumes that cracks have already 

coalesced. These directions are, however, close to those predicted 

by the Griffith theory.

If the total stress is divided into its component parts:

Fj = Fi + Fh

-T - +-H or 2 = CTg + or

and substituted into equation (2. 17), the following is obtained:

P- (r ) V1 + n? (F )
-....(Fi + F2) + ------------------r — (Fi - F2) = G (F ) - p (F ) FH (2. 20) 

4 6--------------------------------------m m

Nondimensionalizing ci , <r2 with respect to P/L (see figure 7), i.e. ,

eri = 0*1  L/P , a"2 = eg L/P, equation (2.20) becomes:

ki 4- o-2) +
m i \2-------- kl - fz) (2.21)

A "fracture function" can be defined as :

K (or/ , or2^ : P (œm) , m (2.22)

This fracture function represents the value of P/L necessary to initiate

fracture at a given point in the field. The minimum value of K (K . ) 
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occurs at that point in the field at which actual fracture begins. Note 

that K is defined differently than the fracture function, F, of the linear 

case.

To find K, the stress field 0^ , cr2 must first be determined.

The traction distribution is again represented by equation (2.1) and the 

integral equation procedure outlined in Chapter I is again used, m = 5 

and 0 are used throughout this analysis.

With tri , <r2 known throughout the field for P/L = 1, Km|n can 

be found using the following iteration equations: 

(a)

— (n) (T m + tr

—(n) 0" Œ <“7 
m

—(n) — (n)
. . o' - <r(n) = m

K —

„(n) — (n) (n)_(n)U = T + p. O'

(b)

(c)

(d)

(e)

(f)

(2.23)

where the superscripts in parentheses represent the iteration cycle 

number. Note that cri , œ2 , cr^, a., p. are constants throughout the 

iteration. Assuming initially (n = 1 ) that = 0 and L (the 
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appropriate asymptotic value of the Mohr envelope, see figure 19),

can be found directly from equation (2.23a). Beginning the itera­

tion from the asymptotic value of the Mohr envelope avoids certain 

numerical difficulties, i.e. , too large an initial value of p. may result 

in an unbounded first iterant. The value of determines a new 

mean stress F from equation (2.23b), which in turn determines 
m

and from equations (2.23c) and (2.23d). The new constants 

p/1 \ are then determined from equations (2.23e), (2.23f). This 

iteration procedure continues until the convergence criterion is 

satisfied:
|K<"' - K*”-1’ 

|K(n"1,|
(2.24)

where € is usually chosen to be 0.01.

This iteration procedure should take place at every point in the 

field with that point at which Kis minimum being the fracture initiation 

point. To implement this numerically, those points shown as dots in 

figure 20 were the initially selected field points. (It is necessary to 

determine K throughout the field as in section II. 4 so that contour maps 

can be drawn. ) The iteration procedure was applied at all of these 

points and the location and value of found. The field was then 

subdivided as before and the iteration process repeated for this 

smaller field. The new value and location of was the one finally 

selected. The computer program for this nonlinear case is presented 

in Appendix D.
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6. Numerical Results and Discussion

Numerical results for the two materials considered, Blair 

dolomite and quartzite, are summarized in Table 2.4 and figures 20­

22. The confining pressures considered in these results, zero to three 

kilobars, represent moderate pressures and the materials are still in 

their brittle state [13] .

Fracture initiation locations for the various cases are shown 

in figure 20. As the confining pressure increases, the fracture 

initiation point approaches a limiting point nearer the surface. This 

indicates a decreasing "chip" size with increasing confining pressure. 

Similar results have been found experimentally by Gnirk and Cheatham 

[32] . The force necessary to initiate fracture also approaches a 

limiting value as confining pressure increases as is seen in Table 2.4. 

An important result is that fracture initiation location for a given 

traction distribution is solely dependent on p (<r ) (location on the Mohr 

envelope). This conclusion is consistent with the results of section 

II. 4. The small differences in fracture initiation point for Blair 

dolomite and quartzite at low confining pressure is due to differences 

in the slopes of their respective Mohr envelopes at low mean stress. 

Differences in the two materials are illustrated by the relative magni­

tude of the forces required to initiate fracture (Km-n), see Table 2.4. 

Mohr envelope intercepts of the various fracture initiation points of 

figure 20 are shown on figure 19, for Blair dolomite.
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TABLE 2.4

Fracture Initiation Results for Blair
Dolomite and Quartzite; m = 5, = 0.0

Material 6 o-H (kb) K . min

Blair dolomite 45° -3.0 4. 185 -11.3
-2.0 4. 185 -10.3
-1.0 4. 185 - 9.3
-0.5 3.946 - 4.9
0.0 2.708 - 2.65

30° -2.0 3.035 -10.4

60° -2.0 4.774 - 9.5

Quartzite 45° -0. 5 5.278 - 5.25
0.0 2.953 - 2.48
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Effects of wedge angle (truncation angle) on the magnitude of the 

fracture initiation force for Blair dolomite can also be seen in Table 

2.4. As expected, fracture initiation forces increase with increasing 

wedge angle. For all three wedge angles (and = - 2kb), the location 

of the fracture initiation point was identical (within the range of accu­

racy of the subdivision) relative to the truncated face. This is expected 

since the fracture initiation point is somewhat removed from the 

boundaries DB and AC of figure 7.

The analysis (determination of K throughout the field) can also 

be used to predict initial propagation of the fracture. In figures 21, 22, 

contour maps of K for Blair dolomite at zero and three kilobars con­

fining pressure are shown. Following the reasoning of section II. 4, 

it is proposed that the initial propagation of fracture follows the mini­

mum gradient of the contour plot. An interesting result is that this 

proposed path is well-defined at zero confining pressure, figure 21, 

and less so at higher confining pressure, figure 22. This would indi­

cate more ambiguity in chipping behavior at higher confining pressures. 

This has also been seen experimentally by Gnirk and Cheatham[32] .



CHAPTER III

EXPERIMENT

1. Introductory Remarks

The theoretical analysis presented in Chapter 11 provides a 

description of the fracture process from the onset of macrofracture to 

the formation of a complete fracture surface. This description in­

cludes (1 ) the magnitude of the applied force necessary to initiate 

macrofracture, (2) the location of this fracture initiation, (3) the initial 

direction of fracture propagation, (4) an estimate of the ultimate frac­

ture configuration, and (5) an estimate of the applied load necessary to 

form the complete fracture surface.

An experimental study is now presented, the purpose of which 

is to evaluate this theory. Briefly, the experiment is as follows. 

Plaster models, trapezoidal in shape, are loaded in compression 

(see figure 26). These models are confined between steel plates to 

eliminate deformation normal to the plane and thus simulate a state of 

plane strain. As the load is increased, a uniform displacement of 

surface BA results. The relationship between the total applied load 

and the displacement of surface BA is recorded on an X-Y plotter 

and it is shown that the fracture initiation load and the chip formation 

load can be determined directly from these force-displacement plots. 

Individual tests are interrupted at load levels between fracture initiation 

and chip formation and the models are removed from the test fixture 

67
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allowing inspection of the fracture development. Thus all five of the 

descriptive features determined in the theoretical analysis can be 

measured experimentally and compared to the theoretical expectations.

The presentation of this experimental study will be done in three 

sections. In section III. 2, the experiment will be discussed in greater 

detail. First, the preparation of the plaster models will be discussed 

and the relevant material properties will be determined through a series 

of standard tests. Then the experimental apparatus and the test con­

ditions will be described.

In section III. 3, a theoretical analysis similar to those done in 

Chapter 11 will be applied to the boundary value problem defined by 

this experiment. In this analysis, certain quantitative expectations 

are computed. Then in section III. 4, the experimental results are 

presented and compared to the theoretical predictions found in section 

III. 3. It is found that the theory does predict the location and initial 

direction of fracture propagation and predicts a fracture initiation load 

which is within 7% of the average result measured in the series of tests. 

Furthermore, the theory predicts the general shape of the ultimate 

fracture surface. It is also shown that, for this problem, an upper 

bound for the chip formation load can be determined. A very impor­

tant result found in these experiments is that the fracture growth is 

definitely stable during at least part of its development, there being a 

sizeable difference between the initiation and ultimate formation load 

levels.
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2. The Experiment

Plaster models have been used in a number of investigations 

dealing with fracture of elastic-brittle materials, usually as a model 

of macroscopic rock behavior [33] . Under triaxial stress conditions, 

plaster exhibits the same macroscopic fracture characteristics as 

rock [33] and the Coulomb - Mohr criterion has been used to describe 

this fracture quantitatively [33,34] . Plaster has definite advantages 

over rock as a test material. These include low cost, ready avail­

ability, moderate strength, homogeneity and controllable material 

properties. The fracture characteristics of plaster were first studied 

by Roark and Hartenburg [35] . Since then, there have been several 

studies on the effects of various mixture ratios and preparation tech­

niques on the elastic and strength properties of plaster models [33, 36], 

The type of plaster used for this study was a medium-set 

modelling plaster. To insure brittle behavior, the plaster-water ratio 

chosen was low (70 parts by weight of plaster to 100 parts by weight of 

water). Tap water at a temperature of 60° F was used. The plaster­

water mixture was stirred until all bubbles were removed and the 

mixture had begun to thicken (10 minutes). The models were cast in 

aluminum molds which had been greased to facilitate removal. The 

mixture hardened in 15-20 minutes and was then removed from the 

mold. The models were cured at room temperature (7 0° F ) for six 

months. They were stored in an upright position during this time. 

Prior to testing, the models were carefully machined to insure flat,
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smooth faces and a uniform thickness (. 450").

The elastic and strength properties of plaster depend on a large 

number of factors including: type of plaster, storage conditions, 

plaster-water ratio, preparation techniques, curing conditions and the 

age of the models at the time of testing. Thus, although these proper­

ties have been measured by other investigators, it is necessary to re­

measure these parameters using test specimens made from the same 

plaster as the models, at the same time as the models and cured under 

the same conditions. Three types of tests were conducted here to 

determine Young’s modulus (E), the compressive strength (Sc) and the 

tensile strength (S^). Test specimens were cut from several of the 

prepared models. The shapes and dimensions of these test specimens 

are shown in figure 23.

The rectangular - shaped specimen of figure 23a was used to 

determine the Young’s modulus of this plaster mixture. The specimen 

was loaded uniformly in the axial direction. Two thin Teflon sheets 

(.005" thick) were placed between the specimen ends and the loading 

surfaces of the test machine to minimize shear tractions due to friction. 

Three such tests were run and the results are shown on figure 24. 

From these results, Young’s modulus was computed as :

•pi
E = —"T~ = 4.2 x 105 psi 

A6 r

The compressive strength was determined using "dogbone" 

specimens as in figure 23b. Two tests were run. The specimens
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failed at 650# and 625# respectively. Thus, the compressive strength

was determined to be

S = = 2800#/in2
c At

where A^. is the area of the "throat" of the test specimen. The Mohr’s

circle defined by the compressive strength is drawn in figure 25.

The tensile strength was determined from the well-known

"Brazilian" test. Disc-shaped specimens, shown in figure 23c were

loaded diametrically in compression until they failed by splitting at a

load Pg. The tensile strength was then determined from

where D is the diameter and t is the thickness of the disc. The co­

efficient, .7, is a correction factor suggested by Fairhurst [37] . Two 

such tests were run, both giving a result of Pg= 500#. From the above 

equation:

S = PB=500#/in2

is the tensile strength. The Mohr’s circle described by this test is 

also drawn in figure 25.

The only relevant material property not measured here is v, 

Poisson's ratio. Barron and Larocque [36] found that Poisson’s ratio 

is insensitive to mixture ratios and is always . 24 for plaster. Thus in 

the analysis which follows, v = . 24 will be used.
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It will be assumed that the fracture criterion for plaster is 

linear (Coulomb-Mohr) and thus can be approximated by a line tangent 

to the Mohr’s circles describing the compressive and tensile strengths 

(see figure 25). The fracture properties are then:

K = .93

C = 590 psi

The loading system is shown in figure 26. The models were 

confined between two steel plates to insure plane strain conditions. 

Double layers of . 005" thick Teflon sheets were placed between the 

steel plates and the model faces to eliminate shear forces due to 

friction. A steel loading platen (.450" wide) was used (as shown in 

figure 26) to insure uniform contact along the loaded face BA. Double 

layers of Teflon were also placed between the platen and the face BA. 

The boundary conditions on face BA therefore consisted of a uniform 

vertical displacement and zero shear traction. The load was applied 

quasi-statically (50 pounds per second).

In figure 27, a schematic diagram of the data recording system 

is shown. The for ce-displacement plots obtained from this system 

provide a description of the fracture process. (This will be discussed 

in greater detail in section III. 4. ) The LVDT was calibrated using a 

Starrett dial gage, the difference being no greater than 2%. The load 

cell was calibrated using deadweight loading to within 5% error.
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3. Theoretical Results

A. Uniform Displacement Problem

The problem of interest is the following. A plaster model, the 

geometry of which is shown in figure 26 and the material properties of 

which are shown in figures 24 and 25, is subjected to a vertical dis­

placement of the upper surface BA as shown in figure 26. The base of 

the model CD is constrained in the vertical direction and all other 

boundary conditions are zero traction conditions. The model is in a 

state of plane strain.

The integral equation method, as it is formulated in section 1. 3, 

is applicable to traction boundary-value problems only. It is therefore 

necessary to convert this mixed boundary-value problem into a traction 

boundary-value problem before employing the "fracture" program. 

This conversion is accomplished through the use of a finite element 

program developed by Weaver [39] and the results are presented in 

Appendix E. There, a uniform displacement of the boundary BA is 

specified and the corresponding traction distribution is determined 

(a plot of which is drawn in figure E-3). This traction distribution is 

then used as input into the "fracture" program. The use of the integral 

method in the "fracture" program greatly facilitates the search pro­

cedure for locating the fracture initiation location.

When the traction distribution of figure E-3 and the slope of 

the fracture envelope p = . 93 are inputed into the "fracture" program,



79

the fracture function contour map of figure 28 is obtained. Clearly,

fracture initiates in the corners, the initial propagation being quite

rapid (as evidenced by the proximity of the contours). The propagation

commences at F = .25. Thus the fracture initiation load is max

CL
FL max J

1060#

where t = . 45" is the model thickness, L = 1" is the length of edge BA 

and C = 590 psi.

Once this propagation has begun, the original stress distribution 

is altered and thus the contour map should be modified. This particular 

problem is further complicated by the fact that the condition applied to 

the truncation surface is a displacement rather than a traction condition. 

Thus as the load on the truncation surface is increased beyond the 

fracture initiation load, the surface traction distribution itself will be 

altered. Since the initial damage is confined to the vicinity of the 

corners, this alteration will probably be a leveling of the non-dimen­

sional traction peaks near the corners (since the stiffness in these 

regions will be decreased). Thus the first effect on the traction distri­

bution of the propagating fracture would probably be to make this distri­

bution more uniform (see figure E-3). As the fracture continues to 

propagate, the non-dimensional applied tractions near the corners will 

continue to decrease and the non-dimensional applied tractions near the 

center of the surface BA will increase since the undamaged region will 

be providing more support than the damaged. Clearly the net result of
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this shift will be to decrease the predicted chip formation load and the 

expected chip depth, △ . Thus results for and △ obtained from 

figure 28 should be upper bounds on the actual results. From figure 

28:

Pf = 3200# 

△ = 1.05”

It should be noted that in the region between edge BA and the 

dotted line in figure 28, the criterion (A. 3) was not satisfied, i.e. , at 

points in this region, the principal stress normal to the plane is not the 

intermediate stress but is rather the maximum stress algebraically. 

As a result, some surface damage, oblique to the plane of the problem, 

may occur in this region, an effect which will be observed in some of 

the tests run in section III. 4.

B. Uniform Traction Problem

Based on the reasoning of section A, a better upper bound on the 

chip formation load and the chip geometry can be obtained if the problem 

is reconsidered for the case of a uniform traction distribution. This 

has been done and the resulting fracture function contour map is shown 

in figure 29. .

Based on figure 29:
Pf = 2400# 

△ = .85”

An important feature of figures 28 and 29 is the distinct.and 

unambiguous character of the fracture path in the vicinity of initiation
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as defined by the contours. This is contrasted by the wide contours 

which represent lower values of the fracture function. As stated 

earlier, the changing stress field may alter these contours in such a 

way that the ambiguity would be reduced. It will be seen in the experi­

ment results, however, that the latter stages of the fracture growth is 

characterized by damage on either side of the macrofracture. Such 

damage will not be found near the initiation points.

4. Experimental Results

Eight tests were conducted as described in section III, 2, the 

results of which are presented in Table 3. 1. As can be seen in the 

table, the fracture initiation loads range from 1030 pounds (2. 8% below 

the predicted value) to 1250 pounds (18.0% above the predicted value), 

the average being 1130 pounds (6.6% above the predicted value). A 

typical force displacement plot is shown in figure 30. The curve is 

linear up to point A which is to be expected of an undamaged elastic 

material. At point A, this linear behavior is suddenly disrupted. 

Test number 7 was stopped at this point and removed from the fixture. 

The damage was found to be restricted to the corners of the model 

propagating vertically as predicted. As the load is increased beyond 

point A, the stiffness of the model continuously decreases as evidenced 

by the decrease in slope of the force-displacement plot. This decrease 

in stiffness is due to an increase in damage (propagation of fracture). 

At point B, there is another sudden disruption of the plot due to the
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TABLE 3. 1

Experimental Results 
(Uniform Displacement Problem)

Test No.
Fracture 

Initiation Load
Pi

(pounds)

Chip 
Formation Load

Pf 
(pounds)

Depth 
△

(inches )

1 1030 1400 .65
2 1125 1500 . 65
3 1250 1525 .65
4 1050 1400 .60
5 1160 . 1575 .60
6 1050 1600 .60
7 1200 — — — —
8 1180 1500 .55

Average 1130 1500 .61
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formation of the chip. Several of the tests were in fact stopped just 

after point B and removed from the fixture, In each of these models, 

a completed chip was observed. Upon further increase of the load 

beyond point B, the completed chip is forced into the model. This 

chip acts like a wedge which then splits the model in a tensile fracture 

mode (mode l fracture). I his causes structural failure of the model at 

point C.

In figure 31, the result of a test which was stopped between 

points B and C is shown. The chip has been removed for clarity. 

Note the distinct, unambiguous nature of the fracture surface near the 

corners where it initiated. Subsequent growth is apparently less well 

defined as evidenced by the extensive damage at the base of the chip 

and the somewhat ragged surface of the macrofracture itself.

In Table 3. 1, two other results are given: the chip formation 

load, Pp and the chip depth, △. The averages of the seven completed 

tests are :

Pf = 1500# △ = .6!"

As expected, these results are less than the uniform traction solution: 

Pf = 2400# △ = .85"

and the uniform displacement solution:

Pf = 3200# △ = 1.05"

It is felt that this result provides a motivation for further development 

of the theory for later stages of fracture growth. This will be discussed 

further in the Closure.
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In all tests, minor surface damage, oblique to the plane, was 

observed along the edge BA. This damage was confined within the 

areas defined by the dotted lines in figures 28 and 29, areas in which 

criterion (A. 3) was not satisfied.



CLOSURE

A theory has been presented for fracture initiation and 

propagation in isotropic elastic-brittle materials subjected to non­

uniform compressive stress fields. It has been shown that macro­

scopic fracture is formed by the coalescence of cracks which have 

propagated from critical Griffith flaws in the material. This coales­

cence, it has been proposed, can best be described quantitatively by 

the empirical Mohr criterion. Based on this criterion, a "fracture 

function" has been defined, the contour map of which can be used to 

analyze the fracture process. Fracture is initiated at the extremum 

of such a contour map and propagates in the direction of the minimum 

gradient.

Such an analysis was done for a specific set of boundary-value 

problems in Chapter II. The problems considered are of practical 

interest in that they simulate the chipping phase of the penetration of a 

wedge into an elastic-brittle material. A dimensionless, parametric 

study was done applicable to materials possessing linear Mohr envel­

opes (Coulomb - Mohr ) ; the effects of load, geometric and material 

parameters were considered. The analysis was then extended to the 

more general nonlinear Mohr envelopes. Results were obtained for 

two rock materials, quartzite and Blair dolomite at zero to moderate 

confining pres sure.
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Tn Chapter III, an experimental verification of the theory was 

presented. For the problem considered, the theory accurately pre­

dicted the fracture initiation location and load and the initial direction 

of fracture propagation. It also provided an approximation of the final 

fracture path. The chip formation load found experimentally was 33% 

higher than the fracture initiation load, which appears to indicate the 

presence of stable growth.

It is felt that the experimental results obtained in Chapter III 

substantiate the theoretical predictions regarding fracture initiation 

and initial fracture propagation. Furthermore, it is felt that these 

results provide a strong motivation for future research directed toward 

modifying the theory to account for the changing stress field due to the 

presence of the propagating macrofracture and material dilatancy.



APPENDIX A

A NECESSARY AND SUFFICIENT CONDITION FOR THE 
STRESS NORMAL TO A PLANE IN A STATE OF 

PLANE STRAIN TO BE THE INTERMEDIATE PRINCIPAL STRESS

The boundary-value problems solved in Chapters II and III were 

considered to be in the state of plane strain. In such a state, for the 

problems considered, the stress <r normal to the plane is the inter - 

mediate principal stress at each point and therefore does not enter 

either the Mohr fracture criterion or the modified Griffith theory.

Plane strain does not insure that Fz is always intermediate. 

Thus, in solving plane strain problems of this type, it is important 

to check each point considered before applying the fracture criterion. 

In this appendix, a condition is derived with which this check can be 

made. •

Let Fi and tr2 be the principal stresses in the plane at a given 

point where tr, > F2 algebraically. For plane strain

Fz = v (Fi + F.) (A.l)

1 * 
where v is Poisson's ratio. It will be assumed here that 0 < v < — .

*To establish uniqueness for linear elasticity, it is necessary that the 
strain energy density be positive definite. This is satisfied for 
-1 < v < 1/2. Although some crystals exhibit v values between -1 < v 
< o, to the author’s knowledge, no isotropic materials have this range.

It is desirable to determine the conditions under which Fi > F^ > F2 .

Let o"z = (r2 + 52 » then:

5^ = v Ft + (v - 1 ) F2 (A. 2)
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and
o'i > œz > cr2 <=> <Ti - (r2 > ^ > 0

Consider two cases :

Case I Both stresses compressive, i. e. , 0 > > F %

Then |ô"21 > |F^ [ .

Let Fj = - [Fi| and F2 = - [F21 .

Equation (A. 2) becomes :

£ = - V |Fj| + (1 -V) |F2|

Now 1 - v > v

(1 -V) |f2|>v [fJ

E> o

Equation (A. 2) can be rewritten as :

52 = Fi - F2 + (v - 1 ) Fj + v F2 = Fi - F2 + (1 - v ) |fJ - v |f2|

Therefore .

52< Fl - F2 <=> (1 - v) |F1| - V |F21 < 0 <=> (1 - v) [Fl I < v |F21

or . ■
1^1 > Inl (A. 3)

Thus, when both principal stresses at a point in the plane are compres­

sive, condition (A. 3) must be satisfied for the normal stress to be 

intermediate.

Case II One stress compressive and one tensile, i.e. , Fi > 0 > F2

Let Fi = I Fi | and F2 = - | F21
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Equation (A. 2) becomes:

X - V 1^1 I + (1 - V ) I CTz I

Now 1 - v >0

v > 0 

E> o

Equation (A. 2 ) can be rewritten as :

22= Fi - a2 + (v - 1)^ + vF2 = œj - œ2 + (v - 1) [a7! | - v |f2|

Now v - 1 < 0

v > 0

• ‘ - œ2

Thus, when one in-plane principal stress is tensile and the other in­

plane principal stress is compressive, the principal stress normal to 

the plane at that point is always intermediate under plane strain 

conditions.



APPENDIX B 

"FRACTURE" COMPUTER PROGRAM- 
LINEAR FRACTURE ENVELOPE

A computer program was employed for the numerical computa­

tion of the stress field and "fracture function. " A listing of that program 

for the linear (Coulomb-Mohr) case is presented in this appendix.

A. Input Data

The following information must be provided as input (all values 

are dimensionless unless otherwise designated):

NML - total number of subdivisions on the boundary

NDB, NBA - the number of these subdivisions allotted to 

boundary segments DB and BA, respectively 

(see figure 9)

(S (1), 1=1, NML) - the lengths of the boundary subdivisions 

beginning with the right-most on boundary DB 

and listing counter-clockwise

PC - degree of accuracy desired in the iteration of 

equations (1. 15)

AL - value of the convergence parameter, «, in 

equation (1. 16)

NFPI - the number of field points at which the stress 

tensor components and "fracture function" are 

to be computed
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(XF (1), YF (1), 1=1, 
NFPI)

- coordinates of these field points with respect

to the coordinate system designated in figure 7

DIV - Once the "fracture function, " F (<ri , tr2 ; M, 

has been evaluated at each of the specified 

field points, the computer determines at 

which of these points F is a maximum. A 

grid is then set up about this point as in figure 

B- 1, the computations are repeated and a new 

location of maximum F is determined. A 

minor adjustment to the program would allow 

for further subdivisions and subsequently 

better accuracy.

THETA - the half wedge angle, 9

MU F - coefficient of friction on loaded surface,

M - form parameter, m, (see equation (2.1) )

MU - slope of the Coulomb - Mohr envelope, pi

B. Output Data

The following information is obtained as output (again, all values 

are dimensionless unless otherwise designated): ’

(LOOT (I), XB (I), YB (I)- Given the number and lengths of the boundary 
1=1, NML)

subdivisions, the computer determines the 

coordinates of the center point of each and 

assigns to each a location number. This
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(NFPI + 22).

numbering begins at the right-most subdivision 

on the boundary segment DB and proceeds 

consecutively in the counter-clockwise direc­

tion (see figure 9).

(PX (I), PY (I) 
1=1, NML)

- Components of the real traction on the 

boundary, represented by the concentrated 

real load at the center of each one of the sub­

divisions. The real traction distribution is of 

the form indicated in equation (2. 1 ) and is non- 

dimensionalized as in equation (1.11). The 

components for a given subdivision, P^ , P^., 

are then found by integration of the traction 

over that subdivision as in equation (1. 13).

(PXS (I), PYS(I), 
1=1, NML)

- Components of the fictitious traction on the 

boundary, represented by the concentrated 

load, P^ , P , at the center of each one of 
yi

the subdivisions. These are computed by

iteration as indicated in equation (1. 16).

(LOOT (I), XF (I), 
1= 1, NFP)

YF (I)- The computer also assigns a location number

to each of the field points. The set of specified 

field points (input) are numbered from 1 to 

NFPI whereas the points of the grid (figure B-1) 

are numbered from (NFPI + 1 ) to NFP =
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The computer program follows.

(SGMAXX (I), SGMAYY (I) 
SGMAXY (I), 1= 1, NFP)

- Components of the stress tensor, ^yy»

crXy, at each of the field points. These are 

computed by the use of equation (1. 17).

(SGMA1 (I), SGMA2 (I) 
ALPHA1 (I), ALPHA2 (I) 
1=1, NFP)

- Principal stresses and their directions at 

these same field points. SGMA1 (1) is the 

larger stress in an algebraic sense.

(F(I), PSI1 (I), PSI2 (I) 
1=1, NFP)

- The "fracture function," F (equation (2.13)) 

and the angles between the x-axis and the 

normals to the critical planes, ipj and ip2 

(equation (2. 12) ) at each field point.

F MAX - Maximum value of F; value of F at location 

of incipient fracture.
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C I SÛTtCPIC CASE - LINEAR CRITERION
REAL HU 
REAL <■> UE 
DIMENSION St 96) ,Xô(96) ,YB(96) ,ANX(96),ANY(96 ), 

1 PX(96),PY(96),Bit 96,96),B2(96,96) «B3( 96,96) » 
2 PXS (96 ) , FYS (96 ) , PX S N 196 ) , PYSN t96 ), SUMX(96) ,
3 SUMYt 96) ,XFt 26 7) ,YF1267) ,SGMAXX(267) ,SGMAYY 1267) ,
4 SGMAXY (267 ) , SGMAAt 26 7) ,SGMAB( 267 ) , SGMAK 267) , 
5 SGMA2(267) ,ALPHAA(267) ,ALPHAb(267) ,ALPHA!(267),
6 ALPHA2(267),Ft 267),PSILt 26 7),P SI2t 267) ,LOCT(267)

100 FORMAT ('!•) 
2G 1 FORMAT t ’OLOCT' ,L9X,'X3‘ ,35X,'YB’/’0’/

1 (14,8X,E20.3,16X,E2U.8))
33 1 FORMAT t’OLOCT’ , 19 X , * PX * ,35X,*PY */•□*/

L DEI EK M (NAT I OH OF Xb ( I ) AMD Yb ( I )
X D =0 . 0
LU 3 1=1,NOB

3 XD=XD+S(I)
I 1 =ND3 + 1
JJ=NÜ3+NüA
DO 4 1 = I 1 , J J

4 XD=XU+S( I ) SI K ( THE TA)
X8 ( 1 ) = XD-S ( D/2.0
YB(1)=0.0
Du 5 I= 2,ND^
X B ( I )= X 8 ( ( —i )- ( S ( I ) + S < I- 1 ) ) / 2.0

6 Y B ( I ) = C . 0
XB(NCH + ! ) = XG(MDb)-S<NUB)/2.0-S(NDB+1)#SIN(THETA)/ 

1 2.0

1 (14,EX,E20.6,1dX,EZD.3))
401 FORMAT ('00 I OLE =' , 14/ *0  */*  LOOT•,18X, 'PXS' ,34X,

1 'PYSV 'O'/tl 4,ÜX,L2Ü.8,16X,E2Ü.8) )
501 FORMAT ( * ÛL0 CT * , 19X , 'XF * , 35X, * YF * / ' 0 ' /

1 (I4,EX,E20.8,16X,E20.8))
601 FORMAT ( »0L0CT,17X, 'SGMAXX' ,30X,' SGMAYY' ,30X, 

1 'S GM AX Y'/10’/( 14,8 X , E20.b,16X,E20.8,16X,E20.8))
701 FORMAT ( 10 LUC T ' , 17 X , 'SGM A1 ' ,21X,•S GM A2’ ,20X , 

1 'ALPHA!’,4ÛX, ’ALPHA2'/'O'/( I 4,8X,E20.8,6X,E20.8,
2 6X,E2 0.8,6X,E2 0.8) )

801 FORMAI ('uLOCT',19X,'F',34X,'PSI!',32X,'PSI2'/'O'/ 
1 ( 14,8X, E20.8 ,L6X,Ez0.3,!6X,E2O.B))

9 01 FORMAI ( ' OF MAX =’,E20.8)
N AME L IST/ÜATA1/NML ,N0B,NBA,S,PC,AL,NFPI ,XF,YF,01V, 

1 THETA . RUF,M
NAME 1.1 ST/ÜATAd/ MU ,
READ (5,CAI Al)
WRI T E (6,DATAI) 
DU 2 i=l,267

2 LOOT( ! ) = I
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YB(NOU+1)=-S(NDB+1)*COS (THETA)/2.0
I I = NDû + 2 
JJ=^Cbf^EA 
90 6 I=11,JJ
XB ( I )=XB( I-D- (5 ( 1 )+S( I- 1) )«SIN( THETA) /2.0
Y J{I )=Vfi(I-l)-(S(I)+S([-1))«COS(THETA)/2.0 

o CONTINUE
II=hCH+HBA+2 
XÎ3( I I-l ) =0.0
Y b( I I-L ) = YB( I l-2)-b( I I-L)/Z.O-S(II-^)C0S(THETA)/Z .0 
DO 7 1 = I I , iWL 
XBI I ) = G.C

*

Y d( I ) = YB I I-l )- (S ( I )+S( I- 1) )/2.0 
7 CONTINUE

UNITE (o,ICO)
WRITE (6 ,201 ) (LUCTI I),X B(I ),Y B(I ) , 1=1,NML )

C
C D ET ER % I HAT I 00 OF AM X I I ) AMD AN Y( I) 

DO 8 I=1 , NDB 
A N X ( I ) =0. 0 

g ANY(I)=1 .0
I I=NCB+1 
JJ=NDB+MBA 
DO 9 1 = 1 I, J J 
AN XI 1 ) =-CH5< THET A)

9 ANY ( I ) = S IN (THETA )
I I= hDB + NEA H
DO IC I = I I ,NHL .
ANX( I ) = -1.0

10 ANY(I)=0.0
P 1 = 3.1415927 

C
C OhTEkMINATICH (JF PX (I ) AND PY ( I )
C h CANNOT EXCEED 5

DO 11 I=1,NCO 
P X ( I ) = C. 0

1 1 PY I I ) = 0.0
I I=NCBfNbü U 
DO 12 1=I I,NHL 
PX(I ) ^0.0

12 PYI1)=C.C
II=NCB+1
JJ=NDB+NEA
ETA=C. 0
PHIF=ATAN(YOF)
D1 N= S IMTHE TAl PHI F ) 
Ü10=COS(THE TA + PHI F ) 
01 = 0 IN/DID .
DO 19 I =1 I , J J 
A= ETA
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ET A= ET A + S ( I )
B = E T A
SA=S IU ( 2. G I «A )
SB=S ÎN (2 .0 «P 1*B)
C A =C C S ( 2.0 * P I * A )
G B = C 0 S ( 2.9 *P  I * B )
SA1=SA/(2.0«Pi)
SB l = 5B/( 2. 0*PI  )
SA2=SA / ( B . û* (P 1**3  ) )
S02=S3/(8.û*(PI*#3  ) )
SA3=SA/(32.Ü#(P I**5 ))
SB3=SB/(32.0 *( P 1**5))
CA1=CA/(^.O*(PI^*2) )
CB1 = CA/(4.9* (P 1**2)  )
CA2=CA/(lb.C*(PI**4 ))
C32=Cu/(lb.0*(PI**4) )
C A3 = C A/ ( 64 . G * ( P 1**6  ) ) ’
CB3=CB/(64.0*( PI**6 ))
IF (M.GT.O ) GG TO 13
D=D1
PX( I ) = (B-A-SBH SAI) /D
GO TC 16

1 3 IF ( P.G T . 1 ) GL T G 14
Ü= 0.5*  D1 •
PX ( I )= ( ( )/2 .Ü- ( A**2  ) / 2 . C—b *S  B 1+ A*S  A 1—CB l+CAD/D
GU TO 13

14 IF (M.GT.2) GO TG 15
D = G. 2 B 2 6 7 <r 7 * L1
PX(I J =((B** 3)/3.C-(A**3) /j.û-(3**2)* SB 1+(A**2 )*SAl

1 +2.0*532-6 .0-SA2-2.0*ü*CBlt2.0*A*CAl)/D
GU Tü 13

15 IF (P.GT.3) GU TO 16
0=3.1740091*01
PX(I ) = ((3**4)  /4.C-(A** 4)/4.0-(B**3 )*Sb 1-H A**3 )Al

1 +u.0»H*S02-û.O*A*SA2-3.O*(b**Z)*CB 1+3.0*(A**2)*CA1
2 +6.CCB2-U.jUA2)/C**

IA, TO 18
lô IF ( P . G T .4 ) GG TU 17

B = C. 114 0 ? 7 u * D1
PX ( 1 )= ( (ü' *5)/5.0-(A**5)/5.u-(B**4)*SBl  + (A**4)*SAl  

1 +12. C*  ( 3**2  ) * S B2 —12 A **2  )*S  A2-24 .0*5  83+24.0*5  A3
2 -4.0*13**3) *Co 1 + 4.0 *( A ** 3)*CA  1+ 24.0*b*CB2-24.0*A*
3 C AZ ) / C

GU Tu 13
17 L=ü.0735125*11

PX(I ) = ( (B**5 )/6.0-(A * * 6)/ù.û—(B**5  )*SBl  + (A **5)*SA1  
1 +20.0*( 3**3)*  SBZ-2 0.3*(A**3)*SA2-L2û.0*B*SB3  + 120.0*
1 A  S A 3*
2 -5.C  < 34) C31+ 5.0 ( Ac^4)CAl+6O.O(B2)CB2* *** * *****
3 — 6 0 . C  ( A   Z ) C  A 2- 120. 3CB3+  12 J. üCA3)  /D* * * * * *
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18 PY ( I ) = -01 -PX ( I )
19 CuKTIHLc

WP ITE (6,331) (LDC T( I),PX(I) ,P Y{I) , 1 = 1,NHL)
C
C JETER H I Na.T I Cf; OF PX3( I ) ANC P YS( H

DC 23 1=1,NHL
DC 2 2 J = 1,MM L
RXo=Xb(I )-X3(J)
RYÊ = ïB(I)-Y3(J)
IF (!.NE.J) GO TO 21
Bl ( I , J ) = 0.0
B2(I,J)=0.0
B3( I ,J )=C.O
GO TC 22

21 P K = A K X(I )  R X B + A N Y(I)  RY B* *
PC=lRX 8 * *2  +RY b**2)**2
Bld,J)=-2.3-5(1)*PN*(RXB**2 )/(PI*PG )
B 2(I ,J)=-2.0-S(1 )»PN#RXB*RYB/(PI*PG)
B3( I,J) = -2.0 *5(1  )-PN *(RYB**2)/(P1*PG )

22 COOT INGE
23 CONTINUE

DO 24 1=1,NML
PXS{1)=PX(I )
PYS ( I ) = P Y ( I )

24 CONTINUE .
NC IC LE = 1
GO TO 27

25 IF (NCI CLE.5T.4J) GO TO 33
NC IC L E = i i CI C L I. + 1
DC 2 o 1 = 1,x 4L
PXS( I ) =PXS HI )
PYS ( I ) = P Y S N ( 1 )

26 CONTINUE
27 Du 2 8 1=1, I ML

5OCX (I ) = 0.3
SUPY(1 ;

2 8 CUNT IOUE
DO 30 1 = 1,0:11
D(i 29 0 = 1,000
S X = P X S ( J ) -31 ( I , J dPYS(J)*B2(  I , J)
SY = PXS ( J) - ( I , J dPYS ( J ) *33  ( L, J )
SUMX(I ) = SUM X(1 HSX
SUNY ( I ) = SUMY(I)+SY

29 CONTINUE
30 CUNT IN UE

DC 31 1=1 , MOL
PXSNd ) = A L*  P X ( I ) H l.u-AL)*PXS  ( 1 )-AL*SUMX  ( I )
P Y S N( 1 ) = AL *PY(  I) K 1. ù-AL)*P  Y 5( I ) - AL*  SUMY(I )

J1 CONTINUE
CO 32 I=1,NHL
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EPXS=PL*AbS(PXS(.I  ) ) 
E P Y S = P C * A B S ( PY S ( I ) ) 
UPXS=ABS(PXSN(I)—PXS 11 )) 
DPYS=A0S(PYSM( I ) —P Y S(I)) 
IF (DPXS.GT.EPXS) Gü TO 25 
IF (DPYS.GT.EPYS> GO TO 25 

j2 CONTINUE
33 WRITE (b ,4Jl) NCICLE, (LGCT(I) ,PXSN( I ),PYSN(1),

1 1=1,NUL)
C
C DETER MIhATIUM OF S3 i ; AXX(I ) ,3GMAYY( I) ,SGMAXY(I) 

N=1 
L = L
NFP=NFP I

3 4 OÙ 35 I = L,N F P
SGMA XXII ) = J . Û 
SGMAYY( I ) = O . O 
SGPAXY(I)=0.C 

35 CONTINUE
00 3 7 I = L,N F P
Où 36 J =1,NML
RXF=XFII)-X3(J)
RY F = YF ( I )-Y P(J )
SNl=-2.Q/(PI *(  (RXF*̂2  + RYF**Z ))
SN2=PXSM(J)«RXF+PYSN(J)*RYF
SNXX=SK1*SN2«(RXF**2 )
SN Y Y= S N i^SN ( P. Y F * * 2 )
SNXY = SM *SN2*RXF*RYF
SGMAXXII)=SGMAXX(1J+SNXX .
SG1AYYII ) - S GMAY Y( I J + SNYY
SG MAXY ( I )=SGMAXY( I )+SNXY

3g CONTINUEE
37 CONTINUE

WRITE (6,133)
WRITE (6,501 ) (LUCT(I ) ,XF(I ) ,YF(I) , I=L,NFP) 
rKlTE (3 ,6J1 ) (LUCT( 1 ),SGMAXX( I).SGMAYYI I), 

1 SG MA X Y ( I ) , I =L tNFP)
C
C i)i:T ER MI NAT I CM OF SGHAl(I) AND S GM A H 1 )

U(j 41 I =L, -jF P
IF (AoS(SGfAXÀ( II-SGMAYYlI I ).LT.0.0GC01) GO TO 38 
ALPHAS ( I 1=3.5 - AT AN ( 2 .û*SGMAXY  ( I )/

1 (WAXX( I)- SUM AYY( I) ) )
GU TL 30

3 3 A L P H A A ( I ) = P I /4.0
34 S GF AA( I) = SGMAX X(J)* (COS(AL PHAA(I) )**2)+ SGMAYY(I 

1 (S I N ( AL PH A A ( I ) T ^2 ) i2 .0*5  GM AXY ( I ) *S  IN ( ALP HAA ( I ) ) * 
2 C G 3 ( AL PH A A { I H

AL PF AU ( I )= AL PHAA ( I HP 1/2.0
SuMAB( I) = SGMAXX( 1)* (CCS(ALPHAS(I H «^2)+SGMAYY( I )*
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1 (SIh(ALPHAS(I) )+2.0#SGMAXY(I) SI N(ALPHA8(I))* *
2 CUS(W PHAB(I))

I F( SG ■ * A A(I ).G T.SGH A B(I) ) GO TO 40
SGHAK 1 ) = S GM AC ( I )
SGPA2 ( I ) =S G M A A ( L )
ALPHA! (I ) = AL PH AB(I)«(180.0/PI)
AL PhAZ(I )=ALPHAAtI )*(180.0 /PI)
GO TL 41

4 0 SGPAl ( I HS3H AA( I )
SGHA2 ( I ) =SûMAB ( I ) 
ALPHA!( I )=ALPHAAtI ) *(  180.0/PI) 
AL PH AZ (I ) = ALPHAd(I )*(180  .0/PI) 

41 CONTINUE
WRITE (0,7311 (LUCTt 1),SGMA1( I),SGMA2(I),ALPHAIC I),

1 ALPHA2(I), I=L,NFP)
C
C HET ER PI RAT I CN OF F ( I ) AND PS IC I )

IF ( N.GT.l ) GO TO 47
46 READ (5,DATA 2)

WRITE (6, DAT AZ)
4/ DO 4 2 I= L,N F P

F{T )= C^U*(SGMA1 ( I )+SGMAZt 1) )/2.0)♦(SQRT(1.0+MU**2)
1 /2.OJ* (SGMaI(I)-SGMA2(I>)

PS II(I ) = ALPHAl(I)+45.0-C(A TAN(MU) IZ2.0)*(18  0.0/PI)
PS 12 (I )= ALPHA! ( I ) -4 5 ,0 + ( (AT AM (MU) )/2 .0 )*(  180.0/P I)

42 CONTINUE
TRITE (6,801 ) (L.JCT( I ) , H I) ,PS 11( I ) , PSI 2(1 ) ,

1 I = L , NF P }
FMAX=F(L)
À=aF(L)
Y=YF(L)
I I = L +1 
DO I = I I ,N F P 
IF (F( I ) . L 2 . F M A X) GO TO 43 
F N A X = F ( I ) '
X= XF ( 1 ) 
Y=YF ( I I

43 CONTINUE 
UK i TL (u,U J D F MAX ■

C '
c HURTHEP Subdivision up field

N - N + 1 
IF (NrP.ED.NFP 1 ) GO TO 50 
N= 1
L= 1 
NFP=NF PI 
GJ TO 48

5 0 L=NFPU
NF P = NF P+22
I I = L + 7
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51

5 5

uO

5 3

J J = h F P-4
DU 51 I=1 I ,JJ,5 
XF ( I )=X-2. J*DI  V 
I I=1+3 
JJ=NFP-3
DO 52 1= I I ,J J, 5 
Xr ( 1 )=X-UI V 
XF ( L) = X
I 1 = L +4
JJ = NF P-2
DU 53 I = I I ,J J, 5
XF ( I ) = X
XF(L+l)=X+DIV
I I=L + 5
J J = N F P - 1
DU 54 I = I I ,J J,5 
XF( I ) - X + D I V
XF(L +2 ) = X + 2.9VÜIV 
11 = L +6

DU 55 I =1 I , 5|FP , 5 
XF( 1 )=X + 2.Û#DIV 
JJ=Lf2
DU 5b I=L.JJ
YF ( I ) = V +2 . J *131  V 
II=L+3 
JJ=L+b
DU 5 7 I = I I,J J
YF I I > = Y + D I V
I I = L +7 
JJ=L+11 
DO 5 8 I —I I ,J J 
YF ( I )~ Y
1 I = L+12 
JJ = L+ 1 b 
DU 5 9 I = I I ,a J 
Yi ( I ) = y-ul V 
I I = L + 1 7
UIj DO I = I I » KrP 
Yr ( I ) = Y-2. 0*01  V 
GU TC 34
LU)
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NFPI+3NFPI+1

DIV

NFPI+22
DIV

Point of Fww (re-numbered as 
NFPI+10)
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APPENDIX G

POLYNOMIAL FITS OF F = F(?m) AND t = t(F ) 
FOR BLAIR DOLOMITE AND QUARTZITE m .

The coefficients a- , (L of equations (2. 16) were obtained in the 

following way. Normals were drawn to the Mohr envelope of the 

material at a number of points spanning the range of interest. The 

intercepts of these normals with the <r axis determine the values of er 

and the corresponding points on the Mohr envelope determine the 

corresponding values of F , t". Data points obtained in this way are 

shown in Table C- 1 for Blair dolomite and Table C-2 for quartzite. 

Polynomial curves were then fit to these data points using the computer 

program developed in reference [38] . Polynomials of orders 1 through 

9 were fit to the data of Tables C-1 and C-2 and the best of these fits 

was chosen in each case. The coefficients found are given in Table 

C-3.
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TABLE C-l

Points Obtained from Mohr Envelope of Blair Dolomite

âm(kl» T (kb) œ (kb)

- .7 .25 .4
- .9 .5 .3
- 1.4 1.0 0.0
- 2.0 1.3 - .25
- 2.5 1.6 - .45
- 3.6 2.4 - 1.2
- 4.4 3.1 - 1.95
- 5.9 4.2 - 3.5
- 6.45 4.75 - 4.65
- 7. 1 5.1 - 5.7
- 8.2 5.5 - 7.4
- 9.1 5.6 - 9.0
-10.0 5.6 -10.0
-11.0 5.6 -11.0
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TABLE C-2

Points Obtained from Mohr Envelope of Quartzite

F^(kb) 7 (kb) 7 (kb)

- .2 .2 .3
- 1.2 .6 .1
- 3.4 1.5 - .4
- 4.7 2.2 - .8
- 6.2 3.3 - 1.5
- 9.0 4. 6 - 2.4
-11.0 6.0 - 3.6
-11.65 7.2 - 4.6
-12.65 8. 1 - 5.55
-14.0 8.75 - 6.4
-14.8 9.55 - 7.35
-15. 8 10.4 - 8.5
-16.95 11.4 -10.1
-17.5 12.3 -12.0
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TABLE C-3

Coefficients of Least Squares Polynomial Fits 
for Blair Dolomite and Quartzite

Blair dolomite Quartzite

«0 - .90932523 .14589997
-2.2527893 -.39293411

az - .98623052 -.11661122
«3 - .27366620 -.07536858
a* - .03557571 -.01643163
O's - .00211718 -.00168279
«6 - . 0000 4702 -.00008117
a 7 .00000000 -.00000149
S .058635 .257773

Po .64800776 .37275022
Pi .25671860 .44518983
P2 - .22792865 .32929945
P3 - .10632980 .14898031
P4 - .02453351 .02914393
P 5 - .00222438 .00282896

P 6 - .00006876 .00013247
P 7 .00000000 .00000239
s .113464 .205440



APPENDIX D

"FRACTURE" COMPUTER PROGRAM- 
NONLINEAR FRACTURE ENVELOPE

The computer program of Appendix B can be modified so as to 

handle nonlinear fracture envelopes. These modifications are:

1. Replace the section C ISOTROPIC CASE - LINEAR CRITERION 

with C ISOTROPIC CASE - NONLINEAR CRITERION found in this 

appendix.

2. Replace the section C DETERMINATION OF F (I) AND PSI (1) with 

C DETERMINATION OF K(I) AND PSI (1) found in this appendix.

3. Input Data: Replace MU with MUI (initial choice of p. : and

add:

CI - initial choice of C : (in kb)

TO, • • • ,T7 - coefficients a. , equation (2. 16)

SO, • • • ,S7 - coefficients , equation (2. 16)

SIGMAX - value of 7 at which Mohr envelope is essentially

equal to asymptote (in kb)

TAUMAX - maximum value of t for Mohr envelope (in kb) 

SGMAH - hydrostatic stress (in kb)

4. Output Data: The same output is obtained as in the linear case 

except that the fracture function is now K rather than F and the 

value at the point of fracture initiation is KMIN rather than FMAX. 

Also, for each iteration, the following is obtained:
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in

(SGMAM(I), MU (I), C(I), I = 1, NFP)

- the mean stress and slope and t"- intercept of a 

linear envelope tangent to the real Mohr envelope 

at a point defined by the mean stress at each point.
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: ISGT33PIC CASE - NONLINEAR CRITERION 
REAL WJ F 
REAL MUT 
REAL MU(164)
R EAL K (164 , 10) 
REAL KM IN
DIMENSION S (96) , XB(96),YB(96),ANX (96) , ANY (96) ,

1 PX (96) , PY (96) ,U1 (96,96) ,B2 (96,96) ,83(96,96) ,
2 PXS (96) , PYS (9 6) , PXSN (96) ,PYSN (96) ,SUNX (96) ,
3 SUMY (96) , X F (164) , YE (164) , SGMAXX (164) , SSMAYY (164) ,
4 SGMAXY (164) ,SGNAA (164) , SGMAB (164) ,SGMA 1 (164) ,
5 SOM A 2 (164) , ALPU AA (164) , ALPS AB (164) , ALPHA1 (164) ,
6 AL PH A 2 (1 64) ,PSI1 (164) ,PSI2 (164) ,LOCT ( 164) ,C(164) ,
7 S GUAM (164), SIG( 164),TAU (164)

1 09 FORMAT (• 1 ' )
201 FORMAT ('0LOCT*  ,19X,’XB *, 35X,•YB’/’0'/

1 (T4,8X,E20. 8, 16X,E20.8) )
301 FO? MAT (’ 0 LOS T’ , 19 X , ' PX ’ , 35 X, ’ PY 1 / • 0 ’ /

1 (I4,3X,E20.R,16X,E20.8))
401 FORMAT ('OCICLE =’,14/•0•/’LOCT•,18X,’PXS',34X,

1 'PYS'/'0'/(I4,3X,E20.8,16X,E20.B))
591 FORMAT ( ' OLOCT' , 19X , *-XF  * , 35X, 1 Y F' /*  O' /

1 (j4,8X,E2C.8,16X,E20.8) )
601 FORMAT (•0LOCT*  ,17X,•SGMA XX' ,30X,•SGMAYY• ,30X ,

1 ' SGMAXY'/'0'/(14,PX,E20.8,16X, E20.0,16X,E20.8))
701 FORMA U ('OLOCT',17X,'SOMA1',21X,'SSMA2',2OX,

1 •ALPHA1',20X,'ALPHA2'/'0V
2 (14,8X,E20.8,6X,E20.8,6X,E20.8,6X,E20.8) )

800 FORMAT (' 01 LEGATION =' ,13)
801 FORMAT (’OLOCT1,17 X,'SG M A M’,22X,1NU’,25X,’C'/'O’/

1 ( T 4,8 X, E 2 0.8 , u X , E 2 0 . B , 6 X , E2 0.8 ) )
802 FORMAT ( 'OLOCT' , 1 9X , 'K' ,34X, ' PS11',32X,» PSI2 »/’0•/

1 (14 ,BX, E20. 8, 16X, E20.3, 16X,E20.8) )
901 FORMAT ('OCICLES =',I4,10X,'KMIN =*, E20.8)

NAM ELIST/DATA1/NN L,NUB , N SA , S,PC,AL,NF PI,X F,YF,DIV,
1 T IKTA,MUF,M

N A 1ELT8T/DATA2/MJI , CI, T 0,T1,T2,T3,T4,T5,T6,T7,S 0,
1 S 1, S2 , S 3 , S 4 , S 5 , S6 , S 7 ,
2 S TG M A X , T AU M AX ,S GM A H

READ (5,DATAI) 
WRITE (6,DATAI) 
DO 2 1=1,1 G 4

2 I, OCT ( I) = I

C DETERMINATION OF K ( D ANU PSI ( I) 
IF (N.GT.1) GO TO 4 7

48 READ (5 , DA T A 2 )
G RITE (6, DATA 2) .

47 3=1
DO 42 1=L,MEP
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M U (I) =HUI
C (I) =CI
K (T,J) = (2.0*(C  (I) -XU (I) *SGMAH)  )/(XU (I) * (SGMA1 (I) +

1 SGMA2 (I) ) + (SQRP (1 .O + MU (I) **2)  ) * (SGMA 1 (I) -SGMA2 (I) ) ) 
PSI 1 (I) = ALPHA 1 (I) +U5.0- ( (ATAS (MU (I) ) ) /2.0) ♦

1 (180.0/21)
PSI2 (I) = ALPUA 1 (I) -45.0+ ( (AI AN (MU (I) ) ) /2.0) *

1 (180. 0/P I)
42 CONTINUE .

WRITE (0,800) J 
WRITE (8,802) (LOOT (I) ,K (I,J) ,PS11 (I) ,PSI2(I) , 

1 T=L,NPP)
43 J=J+1

JP-J-1 
no 44 N FP 
SGMAX (I) =(K (I,JP)- (SGMA1 (I) +SGMA2 (I))/2.0) +SGMAH 
IF (SGMAM (I) .LT.SIGHAX) GO TO 6 1
T AU (T) =T0 + T 1*  (5GM.AM (I) ) +22*  (SGMAM (I) **2)  +T3*

1 (SGMAX(T)**3)+74*(SGMAM(I)**4)
2 +T5*  (SGMAM (I) **5)  +T6*  (SGMAM (I) **b)  +
3 T7*  (SGMA H (I ) **7)

S T G (I) =30+ 31*  (SGNAti (I) ) +32*  (SGMAM (I) **2)  +53*
1 (SGMAM (I) **«)  +S4*  (SGMAM (I) **4)
2 + 35*  (SGnAK (I) **5)  +56*  (SGMAM (I) **6)  +
3 5 7*  (SGMAM (I) **7)

MU (I) = (SIG (I) -SGMAM (I) ) /TAU (I) 
C (T) =TA U (I. ) +3 13 (I) * MU (I ) 
GO TO 62

61 mo (I) =0.0 •
C (I) = T A UMAX

62 K (I , J) = (2.0 * (C (I) - MU (I) *3  GM Ail) ) / (MU (I) *
1 (SGMA1 (I) + SG-A2 (T) ) + (SQRT (1.0 + MU (I) **2)  ) *
2 (SGMA1 (I) - SGM A2 (I) ) )

PSI1 (I) =ALPHA 1 (I) +45.0- ((ATAN (MU(£) ) )/2.O)*  (180.0/PI)
PSI 2 (T.) = A LP E A 1 (I) -45.0+ ( (AT AN (MU (I) ) ) /2.0) * (130.0/PI)

44 CONT I MU':
WRITE (3,800) J
W RITE (6,801) (LOOT (I) , SGMAM (I) ,MU (I) ,3 (I) , I = L, NFP) 
WRITE (>,802) (LOCI (I) , K (Ird) , PSI1 (I) ,PSI2 (I) , 1= L,NFP) 
I F (J.G i.O) GO TO 4 6 
DO 45 I=L,NPP

. 7 K = 0.01 0 * A & S ( K ( I , J?) )
0 \=A3S (h (I, J) -K (I, JP) ) 
I 17 (DK.GT.eK) GO TO 4 3 

45 CONTINUE
4 6 C ONTI MUM

KMIN=K(b,J) '
X=XF (L) 
Y =Y F ( L) 
CT-L+1 .
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DO 49 I = 11r NrP
TF (K (T , J) . LT.0.0) GO TO 49
I™ (K(T,J).GF.KMIN) GO TO 4 9
KMIN = K (I , J)
X =X F ( T)
Y-~YF (I)

49 CONTINUE
WHITE (6,901) J , K MI N



APPENDIX E

FINITE ELEMENT SOLUTION TO 
MIXED BOUNDARY-VALUE PROBLEM

A finite element program, developed by Weaver [39] has been 

used to solve for the stress field in the mixed boundary-value problem 

of section III, 3. In figures E-1 and E-2, the problem geometry is 

shown with elements and nodes labeled. (Due to symmetry, one- 

half the model is considered. ) A vertical displacement of -.001" was 

specified for all nodes along boundary BE ; the normal traction on 

boundary DB was specified as zero; and all shear tractions were speci­

fied as zero. The material constants, determined in section III. 2, are 

E = 4.2 x 105 psi and v = 0.24.

The values of the <r~ stress component determined by the finite 

element program are tabulated in Table E- 1 for elements along BE 

(2, 4, 6, 8, • • • , 32). These values are then integrated over the element 

length and nondimensionalized (see Table E-1 ) to yield the equivalent 

line load applied to each surface element. The traction distribution is 

plotted in figure E-3. (The shape of this distribution was in fact verified 

photoelastically. )

The loading found in this way is then used as input for the 

integral equation method in the "fracture" program.

The two solutions (finite element and integral method) are com­

pared at the points shown in figure E-4. The results are tabulated in 

Table E-2.
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TABLE E- 1

Traction Components on Truncated Edge 
Due to Uniform Displacement Condition

Element Oy (Psi) Pn

32 -669.1 .08009
30 -448.8 .05372
28 -347.8 .04162
26 -290.9 .03487
24 -259.6 .03112
22 -236.0 .02828
20 -222.3 .02659
18 -209.7 .02514
16 -202.3 .02422
14 -194.7 .02330
12 -190.3 .02276
10 -185.6 .02223

8 -183.0 .02192
6 -180. 1 .02154
4 -178. 8 .02138
2 -177.2 .02123
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It should be noted that the problems solved by these two methods 

are not quite the same. The finite element method is applied to a finite 

geometry (figure E-1) whereas the integral method, as it appears in 

the "fracture" program, is applied to the infinite truncated quarter 

plane (figure 7). Thus, Table E-2 is useful in assessing the effect of 

the boundary DF on the stress field. This effect appears to be restrict­

ed to points 40, 180 and 190 where the differences are greater than 10%. 

Thus in the region of interest for the fracture analysis, the effect of 

the boundary DF is quite small, being generally less than 5%.

Of the two methods, the integral method is felt to be more 

accurate. The accuracy of this method is examined in section 11. 2 

where it is found to be within 1% of an analytical solution at points away 

from the boundary. Since the field, rather than the boundary, is sub­

divided in the finite element method, the errors are throughout the 

field. Furthermore, the integral method yields stress at a point 

whereas the finite element method yields "averaged" stresses for each 

element. Thus the accuracy of the finite element method is also 

dependent on the element size.
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TABLE E-2

Comparison of Finite Element Solution 
and Integral Equation Solution

Point 
(integral method) or

Element 
(finite elements ) °z

0% 
% diff

1 -.43 -1.68 63 -.62 -1 .58 - 6.0
10 .00 - .42 213 . 02 - .44 4.8
20 -.01 - .63 161 -.04 - .65 3.2
30 -.32 -1.04 108 -.36 - .98 - 5.8
40 .00 - . 46 224 -.01 - .51 10.9
50 -.05 - .74 182 -.05 - .74 0.0
60 -. 46 - .74 76 -.38 - .73 - 1.4
70 -.02 - .60 221 -.00 - .62 3.3
80 -.32 - .78 124 -.24 - .75 - 3.8
90 -.01 - .53 222 -.02 - .51 - 3.8

100 -.14 - .75 199 -. 13 - .72 - 4.0
110 -.01 - . 46 233 .02 - .43 - 6.5
120 -.05 - . 63 219 -.06 - .63 0.0
130 -.17 - .72 196 -.18 - .70 - 2.8
140 -.01 - .50 232 .00 - .52 4.0
150 -.04 - .59 219 -.05 - . 63 6.8
160 -.07 - . 64 217 -.09 - .63 - 1.6
170 -. 10 - . 66 215 -.11 - .64 - 3.0
180 -.01 - .47 241 .02 - .41 -12.8
190 -.02 - .48 241 .02 - .41 -14.6
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