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CUATTLR T —e LU TARY

This study is primarily concerned with the inves-
tigation of two closely related problems in the theory of
directed graphs. Both problems involve the nutually ex-
clusive categories of connectedness; .Co (disconnected),

Cl (strictly weak), C, (strictly unilateral), and Cy
(strong).

The first problem is the de termination of the pos-
gible categories of connectedness to which a directed
graph, D, may belong when D is represented a5 the image,
under some binary operation, of two directed graphs D,
and D,, each of which belongs to a specific category of
connectedness.

The second problem is, then, the determination of
necessary and sufficient conditions on D, and D, which
will insure that D is in a particular category of con-
nectedness among those possible.

Such an investigation depends, of course, upon the
operation involved; and this study is limited to the con-
sideration of three specific operations: the tensor pro-
duct, the cartesian product, and composition. These oper-
ations have the property that the point set of the image of
(Dl,D2) under each operation is always the cartesian pro-
duct of those of D, and of Dy.

These problems are solved completely for two of the

operations under consideration, namely the cartesian pro-



duct and composition.,

It is found that the category of connectedness to
which the cartesian product D = Dy x D, belongs is en-
tirely determined by the categories of connectedness to
which D, and D, belong. Indeed, with but one excep-
tion, if Dy is in C; and D, is an Cj' then D is
in Cxs where k is the minimum of i and j. The ex-
ception occuns when 1 = j = 2 and k = 1,

Hence,; the solution of the first problem is also a
solution of the second, in the case of the cartesian pro-
duct.

Excluding trivial (one~point) directed graphs,; it is
found that, with two exceptions, the composition D = D,[D,]
is in C, if and only if D; is in C, . The two excep-
tions occur when Dy isin C, and D, is in C; -and
Cis respectively. In both these cases, k = 1 or 2, and
k = 2 1if and only if every point of D, Dbelongs to a cycle
of positive length in Dy

The third operation, tensor product, is considerably
more involved. In this instance,; again with two exceptions,
the tensor product D = D, 8D, is in Cp where k may
assume any value in the set { k' : k'= ndn(igj)} if D,
is in C; and Dy is in Cy. The first exception occurs
when 1 = j = 2, Here, k may take only the values 0 or 1.
The second exception occurs when i = j = 3, and here, k
is restricted to the values 0 or 3. Hence, the first prob-

lem is completely solved for the tensor product.

The second problem for this operation, however, pre-



sents several difficulties; and it is solved only for k = 2

and k = 3.

For example, if k = 3, then from the above, one has
i=3 =3, Thus, D) and D, are strong and may be writ-
ten as unions of cycles of lengths A150009a8y in Dl and
of lengths bl.nog,bs in D,. Excluding the possibility
that Dl or D2 is a trivial directed graph, it is found
that D = D; B D2 has ag = g.cho(al,noo,at.blgooe,bs)
strong components which are also the weak components of D.
Therefore, D 1is in C3 if and only if Dy and D, are
in C3 and ag = 1.

The problem is solved for k = 2 by investigating
the receiving and transmitting subgraphs of the tensor
product and using the above result.

. N . RN S
Thene auestions have been investipated for jran-s.

However, since a graph may be looked upon as being a
symmetric directed graph, one has, in thisg instance, only
to deal with the categories Co and C3» and.hence one
might expect certain simplifications.,

Indeed, such simplifications Qccur, but even for
graphs the problem is sometimes fairly substantial. An
example of this is a recent article by P. M. Weichsel
wherein the operation under consideration is the Kronecker,
or tensor, product. The interesting nature of his results
prompted the present study, and Chapters III and IV are
devoted to this particular operation.

Chapter V is devoted to the cartesian product and

Chapter VI to composition.



CHAPTER II -- INTRODUCTION

This section has a two-fold purpose. Initially,
the basic notation and definitions used in the body of the
manuscript are introduced, and secondly, the final para-
graphs are devoted to a general discussion of the problems

dealt with in Chapters III, IV, V and VI,

2.1 DEFINITIONS AND NOTATION

For the sake of completeness, the following basic

definitions are given.

DEFINITION 2.1A.

(1) A net N is an ordered 4-tuple N = <X,V,f,s>
where X and V are sets, V. is non-empty,; and (when
X # 0) f and s are tunctions from X into V. If X = 2,
then N is considered to be the set V.

(2) X 1is called the set of lines of N and is
denoted X(N).

(3) V is called the set of points of N and
is denoted V(N).

It should be remarked that when no confusion is -
apt to arise, the points and lines of a net N' are
denoted V', X', the points and lines of a net N, are

denoted V,, X,, and so forth.

(y) Given x in X, f(x) = v 1is called the

first point of x, and s(x) = v' is called the second

Eoint of x.
() x in X 1is called a loop if f(x) = s(x).



(6) If x and x' are in X, and x # x', then
x 1is said to.be parallel to x' if f(x) = f(x') and
s(x) = s(x'). Clearly, this relation is symmetric.

(7) A subnet N°' of N =<X,V,f,8> is any
4-tuple <X',V',f',8'> where X'cC X, VIC vV, £' = £f|X',
and s' = s|X' that is itself a net.

(8) A subnet N' of a net N is said to span
N if V' = V. This is denoted N' < N.

DEFINITION 2.1B.

(1) A directed graph (digraph) D is a net

which possesses no loops and no parallel lines,

Note that, in this case, if x is a line of a
digraph D, then the ordered pair <f(x),s(x)> com-
plete%y.determines X. Thus, a digraph may be thought of
as a collection of points, V, and a distinguished sub-
collection of the set V XV - A where [\ is the
diagonal .of V, that is Z& = {(v,v) s v 1is in V}o

(2) A subnet D' of a digraph D is easily seen

to be a digraph, and is called a subgraph of D,

DEFINITION 2:.1C. A net is said to be symmetric

if, whenever x is in X, with f(x) = v and s(x) = viy
then there exists a line x' in X such that f(x") = v'

and s(x') = v,

DEFINITION 2.1D. A multigraph is a symmetric net,

and a graph .is a symmetric digraph.

It is perhaps desirable to note that.a graph is



often defined as .a.set of points, V, and a subcollection X
of VXV - A called.lines, where as above, A igs the
diagonal .of . V.. Here again, a line x is uniquely deter-
mined by an .unordered pair.of points. The correspondence
(Vyv') === (<Kv,v'> , <v',v> ) establishes the inter-

changeability of thée definition with Definition 2.1D.

DEFINITION 2.1E. A net N 1is said.to be finite
if both V and X are finite sets, For.a finite digraph
D, p = p(D) 1is used to denote the number of points of D
and q = q(D) the number of lines of D.

In keeping with the above notation, p' and q°
are used to denote the number of points and lines of D',

P, and q; of Dl' and so forth, whenever no confusion

is apt to arise.

Throughout, finiteness is assumed, and the word
digraph .is taken to be synonymous with finite digraph. A

similar convention is adopted for graphs.

.DEFINITION 2.1F. Let D be a digraph and let

VisVgseae,sv,  Dbe in V (not necessarily distinct). Then

(1) VI’VZ'OOQ’V

n is said. to be a. sequence of’

length n-1 of D from v, . to v, if <VieVis1> is in X

for all i = 1,2,.004n-1c It is said to be a semi-sequence

of length n-1 of D between vy and v, 1if <VisVi41°
or <vj,qsvj> is.in X for i = 1,2,...4n~1. Thus every
sequence is a semi-sequence.

A semi-sequence is closed if Vy 3 Vo Otherwise



it is open.
(2) VisVosaaayVy is said to be a path of length

n-1 of D from v; to v if it is a sequence of length

n

p-1 from v; to v, with the property that i ¢ j implies

vi # Vvye Similarly, it is said to be a semi-path of
length n-1 of D between v, and v, if it is a semi-
sequence of length n-1 between vy and . vn with the

property that i # j implies v, ¥ vy

(3) V)sVgseaasVy is said to be a cycle of
length n-1 in D if | V1sVgreaosVy g is a path from vy

to wvy_3s Vvy = v, and <v 4,V > 1s in X. It 1s said

to be a semi-cycle of length n-1 in D if, VisVyseoasVpy g

is a semi-path between v; and v _;, Vv, = v, and

<Vp.19Vp2 ©or <Kvpev 12 is in X

DEFINITION 2.1G. Let D be a digraph and S C V.

Then the subgraph <S> of D defined as follows
V(LS >)

S, and

X(S>) {<u,u‘> : uyu' € S and <uu’> ¢ XL

is called.the subgraph generated by S. Thus, D = <V>

DEFINITION 2.1H.

(1) A digraph D is said to be weakly connected

(weak) if, given any .two distinct points v and v' of
D,. there exists a semi-path of D between v and v'.

Otherwise, D is called.disconnected.

(2) Let.a relation ~ be defined on V, where
v » v' 1if and.only .if. there exists a v --- v' semi-

path (that is, a.semi-path of .D between v and v').



Then clearly =~ is an equivalence relation. If T is
a ~ -equivalence class, and W =<T>, then W is called

a weak component of D,

W 1is a weak component of D if and only if W is
a maximal weak subgraph of D, Also, if wl_ and w2 are
two weak components of D such that V(Wl) ¢ V(wz)g (in
which case they are disjoint), then X(wl) r\x(wz) = 0,
Further, if wl. wzgaqng wr are all the weak components of

D, then V = glV(Wi) and X = U X(Wi)o
i i

(3) A digraph D 1is said to be unilaterally

connected (unilateral) if, given any two distinct points

v and v' of .D,; then there exists a v =--» v' path
(that is; a path of D from v to v') or there exists

a v' --»v path in D,

A subgraph U of D is called a unilateral

component of D if it is a maximal unilateral subgraph
of D. Contrary to above, however, unilateral components
of a given .digraph need_not.be pointwise or linewise
disjoint.

(4) A digraph is said to be strongly connected
(strong) if, given any two distinct points v and V' of
D, there exists a v --»v' pathin D anda V' ==>v
path in D.

(5) Let e be a relation defined on V by v a v'
if and.only if there exists a v -->v' path and a
v! ==3> v path in D. Note that this includes the case

v = vfn Then clearly # 1is an equivalence relation. If



T 1is a a-equivalence class and S =<T>», then § is

called a strong component of D. Thus, S is a strong

component of D if and only if S is a maximal strong
subgraph of D.

Here, as in (2), S; =<T>, S, =<'I‘2> and
T # T, implies X(Sl)f\ X(Sz) = @, Further, if
Slgszgooo’sr .are all the strong components of D, then

V= LUV, but O X(S;) 1is not necessarily all
i i

of X.

DEFINITION 2.1I. A digraph D is called strictly

weak if it is weak but not unilateral, and it is called

strictly unilateral if it is unilateral but not strong.

DEFINITION 2.1J. Let M be the set of all digraphs,

and let Cog = { D: Dedd and D is disconnected}.
Cy = {D : DedH and D is strictly weak},
C, = {D : Ded and D is strictly unilateral},
Cy = {D :DeH and D is strongfo

The C; (i = 0,1,2,3) are called the connectedness

categories of .

Note that U C; = O and that i # j implies
i

Cin Cj = mo

DEFINITION 2.1K. Let g be a map of X into

5 . Then g is called a binary digraph operation (or,
briefly, operation).
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2.2 GENERAL STATEMENT OF THE PROBLEM

This study will concern itself almost exclusively
with operations g wherein V(g(Dl,Dz)) =V x V24

However, the general problem may be formulated
without such a restriction. Briefly, and quite simply,
it is this.

Suppose that g is a fixed oberatione Then
(1) For each pair (i,j), 0 =i,j = 3, determine

the possible values of k for which there exists

(Dl'Dz) in C; x Cj with g(Dl.Dz) in Cro

For each such k, call.the triple (i,j,k) a

possible triple.

(II) For each possible triple (i,j,k), find nec-
essary and sufficient conditions on D, and D,

which will insure that g(Dl.Dz) is in Cro

In the case of graphs, the situation is consider-
ably simpler. A graph,.thought of as a symmetric digraph,
‘is clearly either disconnect#d or strong. These two
possibilities are then called disconnecteé and connected
respectively. .

Many specific operations on graphs have been
investigated. This has been done by various persons,
among whom are Harary, [2,3,4]; Izbicki, [5]; Berge, [11];
Sabidussi, [7,8]; Weichsel, (9]; K¥nig, [6].

However, digraph operations have been investi-
gated very little. Berge defines both the tensor product

(produit) and cartesian product (somme) of digraphs. He
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relates several applications of these operations, and
raises various questions pertaining to their structure.
But, the major source:of information on digraph operatians
is probably an appendix to the manuscript, [4], by Harary,
Norman and Cartwright, wherein a large number .of digraph

operations are defined and discussed generally.



CHAPTER III -- TENSOR PRODUCTS OF DIGRAPHS, CONNECTEDNESS

"3.1 INTRODUCTION .TO THE TENSOR PRODUCT

3.1.1. .Equivalence of two standard_definitions

The following definition is the basis of this and

the next chapter.

DEFINITION 3.1A. The tensor product of two digraphs

Dy and D;, denoted Dy B Dy, is that digraph whose
points and lines are specified by

V=1V Xx Vo, and

X = { <(uyv),(u'yv')> : (u,v),(u',v') € V, <u,u’> ¢ Xl
and <v,v"> E xz}o

Numerous examples of the tensor product will be
found in Section 3.7.

As an immediate consequence of this definition,
one sees that, for the operation of tensor product,

P = PP, and q = 9,9,

Also, when a digraph D is looked upon as an
irreflexive relation on V, the tensor product of digraphs
corresponds to the direct product of relations, wherein
(u.v) R, ® R2 (u',v') if and only if u R, u' and
v R, v'.

On the other hand, the tensor prdﬁuct may be
defined in a manner which is pogsibly more motivated in
a historical sense. This point of view was taken, for
example, by Weichsel, [9], in his investigation of graphs.

Since certain labeling procedures associated with this

12
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approeach are of use later, we will examine this more fully.

In order to.do so, the following definitions are needed.

DEFINITION 3.1B. Let D be a digraph with points
Vs {vl,vz.....vp}. Let A(D) = (ajj) be the p-by-p
matrix defined by 1 if <vi.vj> is in X
i3 .
0 otherwise.

This matrix .is called the adjacency matrix of D.

DEFINITION 3.1C. Two digraphe D and D' are

said to be isomorphic if thére exists a oene-to-one map, M,
such that Ju(V),= V! and <v,v'> is in X if and only
if </uv. ,lV') is in X',

It should be.noted that A completely describes
D in the sensé that two digraphs D and D' are iso-
morphic if and.only if their adjacency matrices are per-
mutationally equivalent. Further, any p-by-p matrix with
zero entries on.the diagonal determines a digraph uniquely
to within isomorphism. Such a matrix will be symmetric if

and only if its associated digraph is a graph.

DEFINITION 3.1D. The tensor product, A B B, of the

m-bv-n matrix A = (aij) and the r-by-s matrix B = (bij) is the

l“nl—by—sn matrix {Abll Ahlz e & o Abln}
Ab Ab « o« o AD

ABB = 21 22 2n \

[ ] o ]

lAbml Ab . . . Ab

Throughout_the .following. twe chapters, we will often
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use the expression i (mod n) or i(n) to denote the
remainder of i in {1.2,.0..n} on division by n.
0f course, (mod n) is used in congruence relations also,
but the meaning of the expression should always be clear
from context.

Furthermore, we will use the expression (i/n)¥*

to denote the smallest integer greater than or equal to i/n.,

If D' is the digraph with adjacency matrix
A B A,, the assertion is, then, that D "] D, is iso-
morphic with D'. 1In order to prove this, we need the

following lemma.

LEMMA 3.1A. Let D; and D, be digraphs with

adjacency matrices Ay = (aij) and A, = (bij) and points
vy = {ul,ogo.upl} and V, = {vlgooogvpz}. respectively.
Further, let A; ® A, = (cij) and n = py. Then,

assuming 1i,j = P1P,s the following statements are
equivalent:

(1) ¢j5 =1,

(2) 35 (4)5n)P(i/m)*(5/man = s

(3) ‘<“i(n)’uj(n)> € Xl and <V(i/n)*'v(jln)*> 3 Xzo
PROOF. To begin with, the equivalence of (1) and
(2) will be established. Let n = P;- Then,

i = qln + rl and j = qpn + 1‘2 with 0 §r1,r < N

2
These expressions are, of course, unique. Four cases must

be considered.
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(i) If r;=0 and r,> 0, then

® Ar)ryP(q,+1)(q, 1)

(i1) If r, =0 and r, > 0, then i = q,n and

cij = anrzbql(q24l)'

(iii) If r,>=0 and r, = 0, then j = q,n and
°1j * 2rinP(q +1)q,s

(iv) If r, =0 and ry = 0, then ci3y *© ananlq2°

Now note that in the expression s = qt + r,
with 0 =pr <t, one has r = s(t). Further, q is the
greatest integer less than or equal to s/t. Thus, q+1
is the least integer greater than or equal to s/t. The
equality holds in the former (and thence the latter) if
and only if r = @,

Therefore, treating the case r = 0 subject to our
convention about i(n), it is clear that each of the four

cases above is of the form cij = ai(n)j(n)b(i/n)*(j/n)*°

But, the latter expression obviously proves the
equivalence of (1) and (2).

On the other hand, the equivalence of (2) and
(3) is clear from the definition of the adjacency matrix

since ai(n)j(n)b(i/n)*(j/n)* =1 if and only if both

Ai(n)j(n) = 1 and Dbeji/pyx(y/p)n = 1o

LEMMA 3.1B. Let D, and D, be two digraphs with

adjacency matrices Ay and A, and points

V1 = {ulpuzpono.upll and V2 = {Vl.vzgooagvp2} respect-
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tively. Then D, B D, is icomorphic with the digraph D

whose adjacency matrix is A. B Ago

PROOF. Since the Kronecker product of Ay with
Aqg is P1P2-by-pP1Pss it is clear that both V(Dl B D2)

and V(D) have the same cardinality. Let Wisooo oW

PP
be the points of D with adjacency specified by
A(D) = A, B A2 = (Cij)o That is, cjj = 1 if and only
if <wj,w:> is in X(D). By Lemma 3.1A, c:;s: = 1 if

] 1]
and only if <Y3 (n)*Y5(n)”> € X, and <V(i/n)*iv(j/n)*>€ Xy
where n = Py
Thus, let p be the map df V(D) into V(D H D2)
defined by f3 2 oWy === (Ui(n)eV(i/n)t)e /3 is clearly

a map.
If P(wi) = /3(wj), then (Ui (n)sV(i/n)*) =
(uj(n)’v(j/n)*)° so that i(n) = j(n) and (i/n)* = (j/n)*.
But, 1 = qin + ry and Jj = qn + r, with 0 = rysTy=< N

in a unique way, so that, 1i(n) = j(n) implies ry = T

Thus, when i(n)

jn) and (i/n)* = (j/n)*, one has

ry =r, and q, = Qp implying i = j and wj = Wy

Consequently, ,3 is one-to-one (and therefore

]

onto).

j> .is in X(D). Then,

from above, . °ij-= l,. and using Lemma 3.1A, ‘<“i(n)°“j(n)>

Now, suppose that <Wi W

is in X, and '<vfi/n)*9v(j/n)*> is in Xoo Since digraphs

have no loops, we may use the definition of D, @D, to

2
conclude that <wi.wj> being in X(D) implies that
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<P(Wi). P(Wj)> = <(ui(n)°v(‘;"n)"‘)Q(uj(n)'v(j/n)*)> is in
X(Dl ﬂ Dz)o

The converse, namely that <f3(wi)°/3(“j)> being
in X(Dl 8 D,) implies <wi.wj> is in X(D), is proved
by reversing the steps since Lemma 3.lA asserts an

equivalence,

Thus ,3 is an isomorphism of D, B D, and D,

proving the lemma.

3.1.2 The structure of ([ DO ], B )

THEOREM 3.1A. Let D, and D, be two digraphs.

Then D, @ D, is.isomorphic with D, & D,

PROOF. The pro;f follows immediately from the well
known fact that A; @ A, is permutationally equivalent to
Ay B Aj.

It can also be shown that the map (u,v) =-=>» (v,u)

of V(D; B D,) into V(D, @ D) is such an isomorphism.

Hence, if the notation of the Introduction is used;
let [ O 1 denote the collection of isomorphism classes
of . Then the operation B may be extended to [ £ ]

in the usual manner, yielding,

COROLLARY 3.1A. ([P 1, 8 ) is a commutative semi-

group which is not a cancellation semi-group and has no

identity.

PROOF. The verification that ([® 1, @8 ) 1is a
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semi-group is immediate, and Theorem 3.1A yields the
commutativity,

Now, suppose that [K] is the identity of
(LS 1, 8). Then K in [K] implies that the cardin-
ality of V(K) is one, since D 8 K must have
P(D)p(K) = p(D) points. But since K can have no loops,
it can have no lines, and therefore q = Q399 = 0. Thus,
suppose D 1is a digraph with at least one line (such a
digraph clearly exists). Then D B K has no lines; and
is, by assumption, D. This is a clear contradiction, and
thus, [K] is no identity.

Now let b and D' be two digraphs with p = p',
but such that D and D' are not isomorphic. Such
digraphs certainly exist. Then, if Kl is the one-point
digraph described in the.Introduction, both D B Kl and
D' B K, have p = p' points and no lines and are there-
fore isomorphic. Thus, ([ O 1, 8 ) cannot be a can-
cellation semi-group.

However, even more can be said. For, if ' is
the set of all digraphs . D for which X = 0, then
O - ' still does not possess the cancellation property.

This is seen . in the following example.

U uj vVl V3
Q n o
D : ul u, D'

u ug
6 FIGURE 1 -- Two 1somo_2h1c products

o TS

Here,DﬂDl'f"‘D'ﬁDlz g9 but D % D',
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~NOTH.  The svmbol Kl will be reserved for tha tirivial

digfranh which consists of che point and no lines. Throughout

this chapter and Chapter IV, it is assumed that the set of

lines X # @ for zach digpraoh D # K;.

3.2 BASIC CONNECTEDNESS INEQUALITY AND CONSEQUENCES

Returning .to .the .problem at hand, the following
theorem gives some. information regarding categories of

connectedness.

THEOREM 3.2A. Let Dl and D2 be digraphs. If
D1 is in C; and D, is in Cj, if D, & D, is in
Cx» then k S min(i,j).

PROOF. (a) Suppose that min(i,j) = 0. Then

using Theorem 3.l1A, it may be assumed without loss of
generality that i = 0. Then, D, has at least two
distinct weak components. Let Wy be a weak component
of D3, and let B = vy - V(wl)o Clearly, by assumption,
B # ¢. Then for all vy in V(wl) and v, in B,
neither <Vj,v,> nor <vVy,vy> is in X, by definition
of W..

1

Let S { (viyu)

{(v,u) : v E V(wl) and u € Vz}o

veE B and u ¢ Vz} and
T

From above, S and T are not empty. Further,
since V(W,)U B = V,, one has SUT = V(D; & D,),

The assertion is that there is no line in
X(D; @ D,) with one end point in S and the other in T.

Suppese <(v,u),(v',u’')> is in X(D; B D,) with
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(vyu) in S and (v',u') in T. By definition, then,
<v,v'> 1is in Xy with v in B and v' in V(W,),
This is contrary to. the construction of B.

It is clear that the same argument suffices if it
is assumed that (v,u) dis.in T and (v',u') 1is in S,
Thus, D; 8 D2 is in category Coo

(b) Suppose.that min(i,j) = 1. Then, as above,

one may assume without loss of generality that i = 1. So,

by definition of C,;s there exist points v, and Vi in
vy with no directed v, --> vi or vi -=> vy path in Dy
Now, let wu, and ui be arbitrary points of D,,

and suppose (vlgul).(vz,uz),ooo9(vn9un) = (vigui) is a
(vl,ul)‘--a (vigui) path in D1 B D,. Then from the defin-

ition of tensor product, all of the lines

VIV 29V 3 V3D g 000,V 15V > = <vn_19vi> are in Xy
Whence, . vl,vzgqoo,vn_lgvi is a vy --9.vi sequence in
D;. But, this implies the existence of a v, ==> vi path
in D,, contrary to. supposition.
A similar argument suffices to show that for any
u; and ui in V2, there does not exist a (vigui) -=>
(visu;) path in D) B D). Thus, Dy B D, is in Cp s k = 1L,
(c) Suppose min(i,j) = 2, and, without loss of
generality, let i = 2. Then there exist points v, and
v . _ . .
vy 1in V1 such that there is no vV, ==> vy path in Dl°
Taking wu, and ui in V,s and supposing, as
in (b), that (vl,ul).(vz,uz)goqo,(vn_lgun_l),(vigui) is
a (vl,ul) -—> (vi,ui) path in Dl @ D, yields (in the

Same . manner) a conclusion that there exists a vy -— vi
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path in D,: a contradiction.
Thus, there is no (Vl’“l) --> (vi.ui path in
D #D), so that D, D, is in C, with k= 2,
(d) When min(i,j) = 3, the result is clear.

Thus, the theorem is proved.

This obviously implies that if D is not weak,
then D 8 D' is not weak; if D 1is not unilateral, then
DED' is not unilateral; and if D is not strong, then
D@8D' is not strong,.regardless of the nature of D'.

As a corollary to the proof of the preceding

theorem, one has the following.

COROLLARY 3.2A. Let Dl and D, be digraphs.

Then there exists a (v,u) --» (v',u') sequence in

D, B D2 if and only if there exist a v --» v' sequence

in D; and a u --» u' sequence in D, both having the

same length.

PROOF. The necessity is clear since if
(vyu) = (so.to).(sl,tll.q-q,(sn.tn) = (vi,u') is a
(vyu) -=>» (v',u') sequence in D, B Dy, then, as in the
preceding proof, one finds that
V = 839800008, is a v --» v' sequence of length
n in Dl’ and
U = tostisana,t, = u' is a u --» u' sequence of length
n in D,.

The sufficiency follows at once from the def-
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Since a path is a sequence, and since the existence
of a (u,v) =-» (u',v') sequence in D; & D, implies the
existence of a (u,v) =-» (u',v') path in D, B Dy, one

can also state

COROLLARY 3.2B, There exists a (u,v) -=» (u',v')
path in D, 8 D, if and only if there exist u --» u'

and v --» v' sequences of the same length in D; and

D, respectively.
3.3 THE STRUCTURE OF PATHS AND CYCLES
3.3.1 Definitions

Let us note the following. If D is a digraph
and P: VgsViseensV is a Vo == vV, Path of D. then
one can associate a.unique subgraph <«P®» of D with P
in the following way. P 1is a path if and only if the
lines x; = <Vi_yaVi> exist for i = 1,...,n and the
points vy are distinct. Thus, given any path P, we

may define

V(LP>»)

{vo,vl,...,vni and

{xl,xz.....xn}.

The association of P with <«&«P» is clearly

X(<KP?®)

unique.

In the same way, if L: VgsVysese Vo113V is a
cycle in D, then P: VgsVyseeesVpoy A5 a Vg ==> Vo1
path in D. A subgraph «L>» 1is associated with L in
the following manner.

V(KL») = V(LP>») and
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XCKL®) = X(KP») U {<v_,vpo) o

Here, the cycle L. and the cycles Li: VisecosVaugoVgseoosVy

i = l,i.c4n=1,. are in some sense the "same", and. the assoc-
iation of &KL®» with {L.Ll,ooa DI..“"l} is obviously

unique.

DEFINITION 3.3A. When P is a path of D of

length n and «<P>» = D (as it surely may), then D

1s called the path of length n and is denoted Pn°

When, on the other hand, L. is a cycle of D of length

n and «L>» =D, then D is called the cycle of
length n and is denoted L,-

Note that P, has n+l distinct points and L,

has n distinct points while both have n distinct lines.

Often, P and L will be used to denote both the sub-

grapbs and the sequences, but .no confusion should arise.

DEFINITION 3.3B. The union of digraphs D1 and

Dy, denoted D, U Dy, .is the digraph D whose points

and lines are given by Vv,V v, and X = Xl\J Xzo

The union is"called.disjoint whenever Vlf\ V2 = 0.

3.3.2 Paths

We now consider some special digraphs.

THEOREM 3.3A. Let n =Zm. Then,

P, & Pm =z (n-m+1)Pm + 2P + 2P

m-1 Pooee 4 2P + 2K

m=-2 1

where + denotéé.disjoint union,; the coefficients of the

Pj's denote .the .number . of copies of. Pj..in the union,; and
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K, is the digraph.with a.single point and no lines.

PROOF. Before giving a precise proof, some
plavaibility will be demonstrated.

Consider P, and Pm to
Pn: O—PeQePrQ 100 PO

be labeled as shown at the Vi vy £ Va Vnel
right. ‘Then consider the

. Pm: O*—>—0—>—Q °°° O—P—0
points of Pn [} P, to be v, u, Uy uy um+1

arranged as is shown below. IGURE 2 p p
F -~ Pp and Pp

In the following illustration, it is understood

that (i,j) represents the point (vi.uj).

2 +
s o SR SRR O o
(1,2) \..\ Q\\\\ ;\\\; (n+1,2)
N
N\
(1,32 . s . .e (n+l1,3)
) %k . . \\ . . ° \& . '
. \o\ e \o N = ~e \o °
. ¥ . o‘\ ‘0 . o N b o o
.(l.m) \ \.\Q!\ AQ\).. \\\? (n+1.m)
(1 .m+1) . o‘:o \ o\:i\‘o (n*l.m"l)
(2,m*1)  (m,m+l)(m+1,m+1)
FIGURE 3 —- Py B Py

Each path indicated which .ends at points (m+l,m+l),
.eey(n+l,m+l) has length m. Those "oreceding" and
"following" this._group bave decreasing lengths, and the
peints (l,m+l) and (ntl,l) .are isolated. These paths
must exist, b tne definition of tensor oroduct; but are
there any others?

Since n = m by assumption, n = qm + r with
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qQ Z1 and 0 =r < m
To simulate the above situation rigorously, let
P, and. Pp; be labeled as follows:

V(P,)

{Vl. [- -] gvn+l} ) X(Pn) = {(Vl 9V2>9<V2 9V3>’ o000 ,<Vn,Vn*1>} 9

V(Pm) = {ulgooopum+l}9 X(Pm) = {<019U2>9<U2 9u3>poong<um'um+1>}o
Then consider the following paths in P, & P,

Group I

(v1'“m+l)

(vl.uj).(vz.uj+l)gono.(vm_j+19um),(vm_j+29um+1)

(VlQUZ)g(Vz 9\.13)““.(vm_l,um).(vm,um+1)

.(vl,u1).(vz.uz).auq,(vm,um),(vm+1,um+l)

Group 11
(v2’u1)'(v3’“2)'°°°°(Vm+l’“m)’(vm+2°“m+1)

(Vemept 90U ) s (Vpparnog1o¥a ) se e s (Vi ypapt e 2Ype1)

] -] L

(vn_m+l’u1) .(Vn_m+2 ,02) .go Q g(vngum) [} (Vn+l 9um+l)

(vas1suy)

It is evident that each of these is in P, & P, by
the definition‘6f.tensor_product9 and that they are, indeed,
paths since their projections are paths.
| In Group . I, if (Vi'“j) is on one of these paths

P, then i= j, and.also P contains the subpath
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(Vi.uj)g(Vi+lguj+l)gooe9(Vi+k+lgum+l) where j + k = m,
Thus, k is completely determined by j since m 1is
given. Whence, Vitk+l T Viep-j+l is completely deter-
mined by i and .j. But since each path in Group I has
a disfinct poeint of the form (Vs'“m+l)°’ it follows that
the pafhs in Group I are pointwise disjoint. That ig, if
two.such paths .both .contain the point (Viouj)-— then
they both contain the point (Vi+m-j+1°“m+1)° implying
the paths are the same.

Similarly, .suppose that (vi.uj) is on a path in
Group - II. Then i =3j. If j = 1, then there is clearly
only one such.path containing (vi.uj)° If j= 1, then
any path containing (vi,uj) ‘must also contain the point
(vi-l.uj-l) precz2ding .it by construction of these paths.
Indeed, let j - k = 1., Then, by construction, a path con-
taining (vi.uj) must also contain the subpath
(Vi-kvul)D(Vi-k+i'“j-k+1)9°°°'(Vituj)° Thus, vj_= Vi-(j-1)
is completely. determined by i and j» and clearly the
term. (vi_k.ul) completely determines the path in
Group II.

Therefore, .as for Group. I, the paths in Group II
are pointwise disjoint.

However, in Grouﬁ_I., i =3, and in Group.II i = j,
So, .the paths in Group I.are pointwise disjoint from those
of.Group.II;.and-consequently._all_the_paths are pointwise
disjoint.

On .the .other hand, .it is clear that.these paths’ are
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(in aorder, from top to bottom),

Kl.Plgngoo ° ’Pm_.lppmge o0 gpmgpm_lgpm-zgoo ° .P19K19 where
the number of P 's is n-m+l; that is, from the path
with "first point" (vlgul) through the path with "first

point"® (Vn-m+1'“1)= since km + r' assumes all the values
between 1 and n-m.

Thus. the number of distinct points in these
paths is .
2lm + (m=1) + 200 + 1] + (n-m*+1)(m*+1) = (n+1)(m+1l), that
is, all the points of P, & Ppo

Evidently, it remains only to show that if
<(vi.uj).(v',u')> is a line in P, 8 Pps then this line
belongs to one of the above paths.

To see this, the definition of temsor product
assures us that <v;,v'> and <ujsu’'> are lines in Py
and P, respectively. But, this implies that v' = Vit

and u' = u,. 1 Dby the labeling of P, and P_. Then,

j+
since (vi.uj) is on some path by the above, (Vi+19“j+1)
must follow it by construction of the paths. But then,

by definition of a path, the line

<(vi;uj);(v'.u')> z <(vi,uj),(vi+l,uj+l)> is on this path,
as was to be shown,

This concludes the proof of Theorem 3.3A.

3.3.3 Cycles and the structure of L, B Ly

leferrinpg to.Definition 3.3A, we state the following

theoren.
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Ln and Lm. be cycles. Then,

Ln 8 Ly = (m,n)L[m’n], where (m,n) 1is the g.c.d. and

[(m,n] the l.c.m. of..m and n.

PROOF. Here again,

.an. intuitive description will

be given before proceeding to a rigorous proof. Suppose

Ln and Lm are

as shown at the
right. Below is
the point set of

Ln 8 L arranged

,an vi

conveniently, where Lp? Uy o

(i,j) represents
(visuj). It is

supposed that n = m.

Un+l G/J(/D Y3
um [ o ° us*l

FIGURE 4 -- L, and Lp

(l‘l) (261)(361)(.461)0 o o (o) (m_k+231°) o o] 2] (ngl)

(1,2) o (o) o o o (n,2)

(1,3) o o o 0 (n,3)

(1,k) \; o o . (n k)
N

(1,m-1) o ) o S ~o (n,m-1)

(l,m) o——7T o o o co o o O o (n,m)

FIGURE § -- O in V(Lp & Lp)
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With this picture in mind, let us label L, and

Lp as follows:
Ln: VIQVZ'occ’vngvn+l = Vl and

: ulguzgoan gumg‘-lnl+1 = ulc.
Consider paths in Ln B L, of the following form:

Ok: (Vl’uk)p(V2,uk+l)9ooo’(Vm_k+lgum)9(vm-k+2gul)90oo

°°°’(v )

am-k+j°435-1 °°°°’(Vq(k)m-k+r(k)°ur(k)=l)9

where the general term is (Vam-k+j’uj-l) for judicious

choice of a and j (that is, restricting j so that

2 =3 = m+tl);, n = q(k)m-k+r(k) where 2 = p(k)= m+l,

for all k, 1= k = m. Note, as with the general j, r(k)

can always be chosen to be between 2 and m+l, inclusive,
Each Oy has length n-1 since the v's are all

distinct.
and X, be the subgraph composed of the line X and its

end points.

Then,

m m
LEMMA 3.3A. U, B Ly = [UOQIULUXI.
1 1

PROOF. First, it is evident that Ox is com-
pletely specified when k is given, and that
r(k) = r(t) if and only if k = t. o o o (*)
The latter is so.since n+k = q(k)mtr(k); r(k)= m+l
and ntt = q(tim+r(t);, r(t)= m+l.
Thus, »r(k) = r(t) implies
n-r(k) = [q(k)-1lm + (m-k) = [q(t)-1lm +(m-t), where,
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since k,t =1, m-k and m-t are less than m. The
uniqueness of.this expression is guaranteed.by the div-
ision algorithm, and therefore m-k = m-t, or k = t.

On the other hand;. k = t obviously implies that
r(k) = r(t).

Suppose now that the point (vi,uj) is on 0y and

Ot Then by construction, they both contain the subpath

(Viguj ) ‘(Vi+l'Uj+l) gaaa g(Vi+sgum)g(Vi+s+l’UI) poao 9(Vm+i+sgum) $

Vm+isse1981) e 00 s (Vameiegepstp)

where amt+i+s+b = n. But then, r(k)-1

b - r(t)‘lg

so that r(k) = r(t) and, from (*), k = t,.

Thus, the paths 0, are pairwise pointwise dis-
joint.

But, since each .0 has length n-1 (and there-
fore has n distinct points), .and since there are m such

m
paths, one must have V(U 0,) = V(L, & L).
1

Now, let x = <(vi.uj).(v',u')> be a line in

X(Lp 8 Lp). Then the following cases are possible.

(1) v' = vj4; and u' = Uj+1 .
(2) v' = vij4; and u' = u; (here, uy = up)
(3) v! =v, and u' = U4l (here; v; = v,)
(4) ' = vy and u' = Uy (here, v; = v, and uy = “m)°

In case (1), x .is on some O, by the previous
part. That is, (v;,u;) is on some 0 ‘and, by con-

struction of 0y, .it must contain (Vi+19“j+1) which

is (v',u').. Hence 0. contains the line x.
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In case.(2), consider the path
(visup) s (viegeu3dpece s (Vpaioun) s (Vpaie1sbu1)oeco s (VameisprUp?s
where amti+b = n. Then b = r(k)-1 for some k since
r: {1.2.a.°.m} -—> {2.3.0..,m+1}_ is one-to-one and onto.
But, .by .construction then, .0, contains the subpath above
and therefore the line x.

In case (3),. x has the form <(vj,uj),(v],ui4+1)>.
But again, since r .is one-to-one and onto,. i = r(k)-1
for some k, and. x .is, by definition, x.

In case (4), x is of the form <(v,,up),(vi,u;)>.
But this is clearly also some Xj.

m m
Thus in each case,. x. is in X{[ U Ol ULV Xk]}o
1l 1l
m m
Whence, L, 8Ly =[UVU0QJUILO X ], proving the lemma.
1 1l

Now, consider. r(k). Let M = {1,2,...,m} and
M' = {2,3,...,m*1}. Then.by definition of r and by (*),
r is a one-to-one map.of M. onto. M' as . noted above.
Thus, r (mod m) is a.one-to-one map of M onto M, con-
sidering r (mod.m): k ---r(k) (mod m).

In this way, .r(r(k) (mod m)). is defined for all
k in M. This procedure may. be repeated, and the expression
r(r(rc°°r(k))) (mod m) will be taken to mean

r(r(recor(k) (mod m)) (mod m)) (mod m)) (mod m).

DEFINITION 3.3C. Let ri(k) be defined to be

r(r(re:.r(k))) (mod m) where r appears 1i times,

-

0=i=m, and rY%(k). is understood to be k.
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LEMMA 3,.3B. ri(k) = ri(k) for i =3, if and

only if ri=3(k) = k.

PRQOF. Conaider ri-1¢x)- and rI3-l(k). Since
r(ri-1(k)) and r(ri-1(k)) are in M' (above) and
assumed equal when . reduced modulo m, they must be equal
in M'. Thus,.by (*), above , ritl(x) = pI-1(k) in M.

By .a finite argument,-then, ri-i*l1(x) = rl(x),
where rl(k) = r(k) (mod m). Then, as above,
r(ri'j(k)) s .r(k) (mod . m), and hence they are equal in M'.
Thus, applying (%), ri-J(x) = k

On the other hand, the sufficiency is clear.

LEMMA 3.3C. Suppose j € M - {mi; Then, rt(k) # k

for all i, 1 =i =3=m, if and only if

Y5(k) = 0 UK 01 ()Y Xpl ()Y * 2P O0n3-1 (1) Y X -1 (k)
is a path in L, 8 L,. Otherwise, Yio is a cycle with
ion distinct.lines and.points, where i = j is the

least member of M such-that rio(k) s k.

PROOF.(a). From Lemma 3.3B, it follows that
ri(k) # X for all i, 1 =i=3j, if and only if
rS(k) # rt(k) for.all s # t, 0= s,t = j,

Thus, ri(k) # k for all i, 13 i =3, is
equivalent._to the statement that k,r%(k),ocg.rj(k) are

all distinct.. But."evidently, Okg_orl(k)gooa,orj(k) and

X Xpl(k)reeoor Xpnd(k) are distinct if and only if

Kord(k),coa,rd(k). .are distinct.
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Since Yj(k) is clearly a sequence by construction,
pi(k) # k for all i, 1=1i =3, if and only if Yj(k)
is a path. In this case, it obviously has length jn.

(b) Let i, be the least i = 3j such that
rio(k) = k. Then ri(k) # k for all i, 1 =i = ig-l.
Using part (a), then, Yio—l(k) is a path of length
(ig=-1)n. Further, k, rl(k).gaa.riO'l(k) are distinect,
and thus, Ok.onogorio—l(k) are distinct. Hence,

Y' = Yio_l(k) O 0pio-1(x) is a path of length
(ig=1)n + (n-1).

But, ri°(k) = k implies that the line
Xpio-L(k) = <(¥ps¥n(pio-1(k))-17+(Visupio(k))> =
3 <(Vn'ur(riO'1(k))-l)'(vl’“k)>' where‘the latter point,
(visux), is the first point of Ox- Thus,

Yio(k) = Y'Q Xpig-1(x) 1is a cycle of length
(ig-1)n + (n-1) + 1 = ion, as claimed.

This completes the proof of Lemma 3.3C.

It should be noted that, using the obvious in-
duction, . in the latter case above, Yj(k), for j =i,
is a sequence obtained by "retracing" lines of Yio(k);
that is, a sequence whose distinct lines are precisely
those of Yj (k).

Also, any two . such cycles in Lp @ L, are either
the same, or they are pointwise disjoint,since a point in
common implies some Oy in common, which in turn implies
that they are the same cycle by the remark of the pre-

cedih@;baragrapha
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LEMMA 3.3D. an = bm for 0O <a-=m, if and only

if r%(k) = k for all k, 1=k = m.

PROOF. Suppose an = bm, 0 <=a=< m. Then from
a previous expression, n = q(ri(k))m - rl(k) + r(ri(k))
for all. i and k, so that,
an = aq(ri(k))m + alr(ri(x)) - ri(k)] = bm. Whence one
has alr(ri(k)) - ri(k)] = mlb - aq(ri(k))1. Thus,

a-1 ] ) - a-1 )
a- ) [r(ri(x)) - ri()] = m. ¥ [b - aq(ri(k))] =
i=0 i=0

a-1 .
mab - ma. ) q(ri(k)). . o o o o o
i=0

a-l 2 i '
Now, ) [r(r'(k)) - r*(x)] =
1=0

a=1 ] .
Y [etri(k)) - r1*10)] + [e(r2-1(k)) - k1.
i%o

But, either »p(ri(k)) = ri+1(k) or r(ri(x)) = ritl(x) + m

(the latter only when r(ri(k)) = m+l). Therefore,
a=2 . .

L [r(ri(k)) - ri*tl(k)] = dm with 0 = d =< a.

i=0

Thus, cancelling a # 0 in (*%) yields1
r(r2-1(k)) - k = bm - dm - moii;q(ri(k)),_ so that,
is
r(rd-1(k)) - k = 0 (mod m).
Clearly then, 1r3(k) - k & 0 (mod m). But, »r3(k)
and. k are in M, and therefore ra(k) - k must be zero.
This proves the necessity, since k was arbitrary.

Conversely, if a<m and rd(k) = k for all Kk,

a-1 ) a-1 ) .
then a-n = me ) q(ri(k)) + ¥ [r(ri(k)) - ri(K)]
i=0 i=0

(k%)
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a=1 ]
= me ) q(rt(k)) + dm + [r(r3-1(k)) - k]
i=0

a=1. . '
T me Z q(rt(k)) + dm + sm = bm, where s is 0 or 1.
i=0

The last .expressions were obtained by summing
the above expression, n = q(ri(k))m - ri(k) + r(ri(k)),
from 0 to a-1, .which one can do since 0 <= a « m,

Thus, an = bm, proving the lemma.

From the last two lemmas, the following basic

result is obviously derived.

LEMMA 3.,3E. Suppose that (myn)> 1 and a, is

m divided by the greatest common factor of m and n.

Then Y, (K) = OUX 0.1 )V oo+ U0zag1 (k)Y Xpagl (k)

is a cycle of length agn in L, B L, for every k in M.
On the other hand, if (m,n) = 1, then

Ya(k) = 0 UK 01 (1)U *+*U0Lacl )V Xpa-1(x) is a path

of length a:n in L, B Ly for every k in M and all

d =w M.
PROOF. The proof is immediate.

Clearly in the latter case, Opm-1(x) Will be
distinct from all 05 in Yp_3(k) since k,rl(k),...,rB=1(k)
are all distinct (because Y;_j(k) is a path). But, since
r is one-to-one and onto, and since r®-1(k) # rJ(x) for

-

all j, 0=3= m2, and ri(k) # k, for all j,

1 =3j=nm1l, one must have, using previous results,

o(r®-1(k)) # rI(k) for all j, 1= j = m-1, and therefore
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r{r®1(k)) must be congruent to k modulo.. m. However,
this clearly implies rf(k) = k, so that.the sequence
!m_i(k)\JOrm-l(k)k)xrm-l(k) is a cycle of length mn, and
therefore, L, B Ly = Ly, = (m,n)L[m’n]9 where (m,n) =1
and [m,n] = mn.

In the former case of Lemma 3.3E, since ay, is m
divided by the greatest.common factor of m and n, one
has (ao,bo) = 1l, where agn = bym. Thus, since ag
divides m, and. agn = [m,n] 1is the length of every cycle
Yao(k)., and since any two of these cycles are the same or
pointwise disjoinf, there must be precisely m/a, such
distinct cycles. But, m/ag = {m,n) by hypothesis, so
that once again, L, 8 L = (m,n)L[m’n]o

Now, although we assumed m = n, the symmetry of
the result clearly implies the result stated in Theorem 3.3B.
That is, for arbitrary n and m, Lp 8 Ly = (myn)Lpg n3e

This completes the proof of Theorem 3.3B.

3.4 COMMUTATIVITY OF UNION AND TENSOR PRODUCT

It becomes necessary to .derive some results about

digraph unions.

n m
THEOREM 3.4A. Let D =UD; and D' =y Dg
1 1

where Dys-cosD,. are subgraphs of D and Di,ooogD$

are subgraphs of. D'. Then D E D' = (U [D; & DiJ.

i) J

PROOF. Let D= QU [D; B D%]; Then by definition
1,)]
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of union, V(D) = U { (vp,vi) & v € VD), w4 € V(D).

1,)
Thus, V(D)= { (v,v') : v € UV(D;) and v'¢ v vy}
1 J
But, V= UV(Dj) and V' = kg V(D%). .so0 that one obtains
i

j
V(D) = {(vyv') : vEV and v' ¢ V'} = V(D B D').

Now, suppose x=&vy,u1),(vy,uy)> is in X(D).

Then x is a line in, say, D; B Dg, whence <vy,vy> € Xj

and <uj,uy> € xi. But since X = \I)Xi and X' = S; xg,

<V1sV2> € X and <up,uy> € X', so that x is in
X(D.®.D'). Hence X(D) C X(D & D*).

The .converse is equally clear. For, suppose that
x (as above) is in X(D & D'). Then, <V1;Vy> € X and

<uj,uz> € X'. But since X = U Xj, <vp,vy> E X; for
i

some i. Similarly, <uj,uy> E'X% for some j. Thus,
x is in X(D; @& Dj) which is clearly a subset of X(D).

Hence X(D B D') C X(D).
Therefore, .X(D) = X(D & D'), completing the
proof of the theorem.

m
Lay and D' = UL}

COROLLARY 3.4A., If D = i j*
' J

»Co

where . Lal,.o.,Lan, are cycles of D and Lél,nno,Lgm are

cycles of D', then DR D' = ) [Lai B Lf,j]°
1]

3.5. _ POSSIBLE CATEGORIES WHEN D AND D' ARE STRONG

The .result _above leads to the following theorem.


COROLLARY_3.UA
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It is well known (see for example [3]) that a
digraph D is in C3 if and only if D is weak and
can be written as a union of cycles (that is, every

point and line of D is on a cycle).

THEOREM 3.5A. If D€ C; and D'g Cy, then

DED € CyuCy.

PROOF. Since D ¢ C3 .implies that D is a
union of cycles (and similarly for D'), one can apply

the above corollary to.get D B D' = U [Ly; & ng]
1]
where the notation should be clear.

But either Lai | L£j is a cycle or a disjoint
union of cycles from Theorem 3.3B. Thus; DB D' 1is a
union of cycles.

If D@ D' is weak, then it is strong, using the
remark above. But, if D B D' is not weak, it is in Cg.

Therefore, D B D' is in CpU C; as claimed.

3.6 POSSIBLE CATEGORIES WHEN D AND D' ARE STRICTLY
UNILATERAL

DEFINITION 3.6A. Let D be a digraph and S a

set of points S EEAV. ' The coboundary of S, denoted U(S),

is the set of lines x, of D, having the property that
if x = <u,v> theneither (i). u €S and VEV -5

or (ii) v'€ S and u eV - S,
Two lines x and x' of the coboundary U(S) of S are

called .similarly directed when f(x) € S if and only if
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f(x') € s.

DEFINITION 3.6B. Let D be a digraph with S& V,

and let U(S). be.fhe-coboundary.of. S. Then we let
Ug (S
U (8)

{x: xeuUs) and f(x) ¢ s} and

{x: x € UGS) and s(x) e s}.
Note that.these sets are the equivalence classes of U(S)

under the equivalence relation."similarly directed",

DEFINITION 3.6C. Let D be a digraph with S & V.

Then, S (and <S8>) 1is . called isolated if U(S) = o,
is called a receiver if UO(S) = @ and Ur(s) # o,
is called“a"transmitter if UO(S) # 0 and UI(S) = 0,

and is called a pass if UO(S) # © and UI(S) 0,

S is called.an independent set (of V) if X(<S>)

is empty, and .a dependent set otherwise.

It is well know that if D is in Cos then
D has a unique receiving strong componént9 S. Let
B = U(V(S)) be the coboundary of V(S) in D. Since
S is a receiving subgraph, B is not empty and
U(V(S)) = up(v(s)),

Let K' = V - V(S), and K =<K'>. Then,
D=KUB US, where the subgraphs K, B ,S are
pairwise line disjoint and. V(K) N V(S) = 0. This de-
composition of any digraph D. in category C, leads to

the following theorem.

THEOREM 3.,6A. If D, € C2 and D, € C2, then
DlﬂDZE Coucle
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PROOF. To prove the theorem, it suffices to
show that there exist points. (u,v) and (u',v') in
vV(D, ® D;) such that no (u,v) --» (u’,v') path and
no (u',v') --» (u,v) path exists in D, 8 D,.

Let Dy = K3 O By U S; where, as above, Sj
is the receiving strong component of Dj;, Bj = U(V(S;)),
and Kj =<V; = V(§;)> for 1i = 1,2,

Also, take (u,v) in K, B S, and (u',v') in
S; @ K;. Suppose (u,v) = (ul,vl)goeog(ungvn) = (u',v")
is a (u,v) -=-> (u',v’) path in D; & Dy. Then,
ViseoosV, is a v --> v' sequence in D, where v g V(S;)
and v' ¢ V(K,). It is well known, however, that any path
between K, and So contains exactly one line of By »

Let P': v = Vl = Vi'Végoon|v; = Vn = VU

be a v --» v' subpath of the sequence ViseoosVno Then

<v{,vis+1> € B, for some i. But <v},vis1> being a line
of P' implies v] is in V(Sy), whereas wvi,vi,; Dbeing

in B, implies vi is in V(Kp). Since V(S,) NV(K;) = 0,

this is clearly . impossible, and _hence there does not exist
a (u,v) == (u',v') path in D; E D;.

Conversely, if . (u',v') = (ulgvl),oao,(un.vn) = (u,v)
is a (u',v') --» (u,v) path in D; & D;, then

u' = Ujsocoply. = u is @ u' -->u sequence in D Let

10

P': u?,:-uiéué.ooo.u z=.u be a subpath of this sequence.

t

s -
. Then w' is in V(S;) and u is in V(Ky), and the line
<ui.ui+i> is in both B; and P' for some i. This,; in

turn, leads to.a.contradiction as above.
»
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Thus; there does not exist a (u',v') == (u,v)
path in D; H Dy.
Consequently, D B D, e CyV Clg,proving the

theorem.

3.7 DETERMINATION OF POSSIBLE TRIPLES FOR TENSOR PRODUCT

3.7.1 Table. l.-- Possible Triples

Now, recalling.the notation of the Introduction,
we are in a position to determine the possible triples,
(i,j,k),. for.all i and j, 0= i,3= 3, and
g: Ox P --> P defined by g(Dl.Dz) = D, B Dy This

is done in the form.of a table for convenience.

TABLE 1 -- Possible

Triples for B

To .begin with, since D, 8D, ~ D, 8 Dy, clearly
Table 1.will be symmetric.about the diagonal.

From Theorem 3.2A, Theorem 3.5A and Theorem 3.6A,
it is easy to.see that no._other values are possible in
Table 1.

Also, .Theorem.3.3A guarantees that 0 is in
some triple (2,2,0), .and Theorem 3.3B guarantees that

the triples (3,3,0). and .(3,3,3) . are.possible.



42

Since .disconnected digraphs exist, Theorem 3.2A

assures one that the triples (i,0,0) .are possible for

i = 0'192’30

3.7.2° Examples . to show that certain trigles

are possible for tensor product

To.see that the remaining values in Table 1 are

assumed; consider the following simple examples.
We first consider the triples (1,1,0) and (1,1;1),

FIGURE 6 -~ The Triple (1,1,0)

Dy s 4 o 4 ug (1,1) (2,1) (3,1)
Dp: o—>—0—&—0 D; B Dy o . ° (3,2)

o
(1,3) (2,3) (3,3)
In D; @ Dy, (i,j) represents the point (ui,vj)o

Here Dl.e Cl' D2 € C1 and D, B D2 € C,. Thus, the

1 0

triple (1,1,0) is. possible.

FIGURE 7 .-- The Triple (1.,1,1)

(2,1)(3,1)
Dy: 9.1_>_g\2_,<;gs_<_gu (1,1)a_ 8 . O(4,1)

Dz: Dl B D2:
Vi v, : (1,3)0

.. (1,4)0
(i,3) represents (ui,vj)

(1,5)c

(2,5)(3,5)

Here, D, € Cl’ .Dz € Cl and Dl B D, € Cl. Hence
the triple A(l,l,l).:is.possible,
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This verifies the (1,1,i) entries in Table 1.
Now; let us consider the triples of the form

(1,2,1i),

FIGURE 8 -- The Triple (1,2.0)

u u u (2,1)
Dy: ot > o2 53 (1,1) Q\\&\jl/ﬂ//o (3,1)
Dy o—3>—0—>—0 D 3
2 o % %5 , B Dy: (1,2) o\\*\\c//‘(/o (3,2)
(1,3) © © (3,3)

.. (2,3)
Here; (i,j) represents (uigvj)° ?

In this case, Dl € Clg D2 (3 c29 and Dl B D2 £ Coo

Consider the example of Figure 7. Take D, as
given, and form D' from D, as follows: V' = V, and
X' = X, U {<u3,u,‘>}° Then, D, B D, spans D' & D, so
that using Theorem 3.2A, D' & D, € Cy. Whence; in this

] 9
case D' € C29 D2 € Cl and D' ® D2 € Cl°
Therefore, from the above two cases, both triples

(1,2,0) and (1,2,1) are possible in Table 1.

FIGURE 9 -- The Triple (2.!,1)

sz Dl B D2:
3 Yy VY

Here; (i,j) represents (ui,vj)°

In this instance, D; € C,, D, € C, and D, BD

2 e’Cld
Since we have already.seen that (2,2,0) is possible,
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this verifies the (2,2,i) entries in Table 1.

For triples .of the form (2,3,i), .one has the

following examples.

FIGURE.1Q0 -- The Triple (2,3,0)

u u
Dy: ot > 52 (1,1) (2,1)

Dz: Vl w v2 Dl a D2: (lg2) (2’2)
Vs (1,3) (2,3)
The pair (i;j) represents. the point (ui,vj)o

Here, Dle C2, D2€ C3 and Dll D2€ Coo Thus
(2,3,0) is possible.

FIGURE 11 -- The Triple (2,3.1)
U N S (a0 a_ %8 5 0
Dyt vy Q;;::i \2) Dy B Dy: (1,2) (3,2)
vy (1,3) v (3,3)

(2,3)

As usual, (i,j) represents (ui,Vj)°

In this case, Dl (3 C29 D2 [ C3 and Dl | D2 t Clo

FIGURE 12 -- The Triple (2,3,2)

1,1 (2,1)(3,1) (1)

Dyt vy q<<::i(v2 D; & D,p:(1,2) (4,2)
’ (1,3) (4,3)

V3
(2,3)(3,3)

D, : 1>~Up . U3~y

(i;)) represents the point (ui’Vj)o
In this inst&née, Dl € C2. D2 € C3 .and Dl B D2 [ Czo

Thérefore, . these three cases verify the (2,3,i)lentriesg
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It remains only to verify that (1,3,0) and

(1,3,1) are possible,

FIGURE 13 -- The Triple (1,3,0)

u u uj 2,1
D;: o£—>—o£<r-o (1,1) ( ) (3,1)
D, B Dy:

Dy: (:) (1,2) (3,2)
Vl V2 (2’2

As usual, (i,j) represents the point (ui,Vj)o

Here, Dy & Cl9 D, € 03 ~and D1 B D2 £ C0° so that

(1,3,0) is possible.

FIGURE .14 -- The Triple (1.3.1)

2“3
Dl: Dl H D2

u; o ou, o ou,  ug (1,1)(2,1)(3,1)(4,1)(5,1)

(1,2)(2,2)(3,2)(4,2)(5,2)
The pair (i,j) represents the point (uigvj-)°
In this instance, D€ C;, Dye C; and D; B D, e Cy.
Thus, the .above illustrations verify the triples
(1,3;0) and (1,3,1).
This completes the verification that Table 1 rep-
resents the collection . of all possible triples for tensor

product.



CHAPTER IV -- TENSOR PRODUCTS OF DIGRAPHS: STRUCTURE

Referring to Table 1 of the previous chapter, one
sees that if the triple (i,j,k) is possible and k = 3,
then i = j = 3. However, since (3,3,0) is also
possible, if D; and D, are strong, it does not follow
that' Dy B D, is strong.

Clearly, a similar statement may be made about
the triples. (2,3,2) and (3,2,2). since these are the
only possible triples, (i,j,k), in which k equals two.

In keeping with the problem ocutlined in the
Introduction, necessary and sufficient conditions are
derived .in this chapter which will insure D, B D, is in

Cx for each of the possible triples, (i,j,k), above,

4.1 RECEIVING, TRANSMITTING AND ISOLATED SUBGRAPHS

In order. to obtain.some necessary and/or sufficient

conditions on D3 in C; and D, .in Cs;. that will

5
insure that D; @ D, be in Cy for a specific k in
a possible triple (i,j,k), the following is noted.

If D B D, . .has a weak (or strong) component
W#D) &D,, then either.there are subgraphs D and Dj
of Dj .and .D,..respectively, such_that W = D] B Dj or
there are not. Examples of the latter are obvious from
Theorém 3.3B.

However, the following development yields infor-

mation in case W does,.indeed have a representation as

D} & DJ.

46
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4.1.1 Coboundaries in Dy & D,

LEMMA 4.1A. Let D, and D, be two digraphs,

S, (— Vl. Sz‘:: V2 with either §, # V; or 5, #V,.
Then x = <(u,v),(u',v')> is in the coboundary
U[V(<Sl> B <S2>)] if and only if
(i) either (u,v) or (u',v') is in S; X S,, but
not both, and
(ii) (1) <u,u’>€ U(S;) and <v,v'>¢ U(S,) L X(<852),

or,(2) <v,v'>€ U(Sy) and <u,u'>e U(S;) L X(<85;>),

PROOF. Note first that the fact that one of the
S; 1is a proper subset of Vi implies that V(<S;> H <S,>)
is a proper subset of V(D) E Dy), so that, U[V(<S;> & <5,>)1
is defined. Further, note that V(LS,7 B KS,>) = Sy X Sy
For the necessity, suppose x = <(u,v),(u',v')”
is in U(S; x Sz)o Then by definition of coboundary,
either (u,v) or (u',v') 1is in S; X Sy, .but not both.
Further, since x is in X(D, B Dz), one has <u,u’> in
X, and <v,v'> in Xy
If (u.v)_»is in S1 x Sz,. then clearly
<u,u'> is in u(s;) © X(<S5;>) and <v,v'> is in
U(8,;) U X(<S,>) since either u' is in §, or not,
and v' is in S, or not.
Similarly, (u',v') being in S; X 8, implies
<u,u'> 1is in U(S3) U X(£8;>) and <v,v'> is in
U(S7) L XK8y>).
Now, suppose that <u,u’> were not in u(s;)).

Then <u,u'> must. be in X(<S8;>) from above, so that
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u and u' are in S;. If, in addition, <(v,v'> were
not in U(S;), then <v,v'> would be in X(<8,>). So,
if <u,u'> is not in_ U(S;),. and <v,v'> is not in
U(Sz),..then both f(x). and s(x) are in S, X S,. This
is a clear.contradiction.

Hence either <u,u’'> is in U(S;) or <v,v'> |is
in U(S;). This, together with the above, establishes the
necessity of conditions (i) and (ii).

To prove the sufficiency, note first that either
(i) or (ii) implies that x is in X(D; 8 Dy). If (u,v)
is in §, x Sas it is sufficient to show that (u',v') is
not in S, x S, in order that x be in U(S; x S,). But,
if (u',v') were in S§; X S, then <u,u'> would be in
X(<8;>) and <v,v'> would be in X(<S5>), contrary to
(i) and (ii). Thus, (u',v') is not in S; x S5, and x
is in U(s; x s,).

This completes the proof of Lemma 4.1A.

4.1.2 Receiving subgraphs in D; B EZ

Having the above characterization of lines in a

coboundary, one can.prove the following.

THEOREM 4.1A. Let D; and D, be digraphs,

Sl'cvl. Sz: Vz With Sl # Vl or 82 # V2o Then

<S> 8.<5,> is a receiver if and only if the following

holds for. i =1 and j =2 or for j =1 and i = 2;
S; is a receiver, and

either (1) Sj is a receiver,
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(ii) Sj is isolated and dependent or
55 % Vs
(iii) Sj is a transmitter and dependent

and S; is independent,
or, (iv) Sj is a pass and S; is
independent.

The following lemma is needed for the proof of

Theorem Uu.1lA.

LEMMA 4.1B. Let D, and D, be digraphs,

Slc:: Vl. 32 c Vv, with S, # V1 or §, # Voo Then,
if <§;> B<S,> is a receiver, S or S, must be a

receiver,

PROOF' OF LEMMA. Suppose S; and S, are not

receivers. Then from Lemma 4.lA, at least one must not
be isolated. Thus, there is a line <u,u'> in UO(Sl)
since Sl is not a receiver, where it is assumed without
loss of generality that. S, .is not isolated.

Now, using Lemma 4.1A, there is a line <v,v'>
in Uy(S,) x X(<S8,>) since S, is not a receiver.

From this, one is able to conclude that (u,v)
is in §; x S, and (u',v') is not in S, X S;. Using
this and the above, Lemma 4.l1A then implies that the line
x = <(u,v),(u',v')> is in UO(Sl X S,),. which is an
obvious contradiction.

This concludes the proof of Lemma 4.1B.

PROOF: OF THEQREM. To begin with, the following
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statements are proved.

(I) If <8;> B<§,> is a receiver and Up(§;> = @ or
S = Vo, then S, is dependent, and

(II) If <S;> B<S,> is a receiver and UO(Sz) # 0, then
S, must be. independent.

First recall.that .throughout Chapters III and IV it
is assumed that a point set of any digraph is a dependent
set. Hence, in (I), if 8§, = V,» then §, is dependent.

For the remainder of (I), since <S> B <S,> is
a receiver, there exists x = <(u,v),(u’,v*')> in
UI(S1 X Sz)a So, (u,v) is not in §; X 8, and (u’,v")
is. Thus, one must have <v,v'> in X, with v' in 8.
If v is not in S,, then <v,v'> is in U;(S,) contrary
to the assumption that Uj(S,) = @. Therefore, v' is in
Sgy and <v,v'> is in X(<S,>), implying that S, is
dependent.

For. (II), suppose that <u,u’> is in X(§;> ).
Take <v,v'> 1in UO(Sz), which is, by assumption, not
empty. Then v is in S, and v' 1is not in So. But,
clearly u 1is in §,, so that (u,v) is in 5y X 82 and
(u'yv') 1is not in S, X S,. Hence, by Lemma 4.1A, one
has <(u,v),(u',v')> in Uo(Sl X S,); a contradiction.
Thus, X(<S;>) = @, and 8S; is independent.

Let us now prove the necessity of the theorem.

From Lemma 4.1B, one sees that Sy or S, must
be .a receiver.. We shall assume that 8; is a receiver,
This may be done without loss. of generality because of

the obvious .symmetry.
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If we further suppose that S, is not a receiver,
then there are four.possibilities: namely,
(a) Uy(S;) = @ and Uy(S,) = @ (S, isolated)
(b) Sy =V,
(e) U;(S,) = @ and Ug(S,) # @ (S, a transmitter), or
(d) U;(S3) # @ and Up(S8) # 8 (S, a pass).

However, using (I) and (II), above, it is clear

that (a) implies S, is isolated and dependent;

(b) implies S, = V, and S, is dependent;

(c) implies S, is a transmitter and dependent

and Sj; is independent;

(d) implies S, is a pass and S; is independent.

But, then, (a).and (b) imply condition (ii), (c)
implies condition (iii), and (d) implies condition (iv),
for i =1 and j = 2,

So, if <S§;> B <S,> is a receiver, S, is a
receiver and S, 1is not a receiver, then either (ii),
(iii) or.(iv) must be true for i =1 and j = 2. This
proves the necessity of the conditions (i), (ii), (iii)
and (iv) when it is assumed that S; 1is a receiver.

As previously .remarked, however, the symmetry
Plus the fact that either S; or. S, is a receiver proves
the necessity .of the conditions.

Now, .in establishing the sufficiency of the con-
ditions, one need.only examine the case i = 1 and j = 2
because of the symmetry.

(A) Suppese. .S; and S, .are receivers, and let

<u,u'> be in Ur(S;). .and <v,v'> be in Ur(S,;). Then,
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(u',v') is in S; X S,, and, using Lemma 4.1A, one has
that <(u,v),(u',v')> is in UI(S1 X S3)
We must now show that Up(Sy x §y) = 0,
Let x = <(u,v),(u',v')> be in Ucs, x S5)s Then
either (u,v) or (u',v') is in §; x S,s .but not both;
and (I) <u,u'>. 1is in U(S;) and <v,v'> is in
U(Sp) U X(K55>)

or, (II) <v,v'> 1is in U(S;) and <u,u'> is in
U(S;) U X(<8;>)

by Lemma 4,1A.

In case (I), u' is in S and u is not in
Sl since .S1 is a receiver. Therefore, (u,v) 1is not
in S1 X 8,y so.that (u',v') is in S; X S;, and x is
in Up(s; x S;). Since x was arbitrary, Up(sy x s5)
must be. U(S; x S,), and <S;> B <8,> is a receiver.

(B) Suppose S;. is a receiver, X(<S,>) # @, and S,

is isolated or S = V,. Then there exist <u,u'> in
Ur(S;) and <v,v'> in X(<S,>). Here, u 1is not in S1»
u' is in S; and (u',v') is in S; X S,. Whence, by
Lemma 4.1A, <(u,v),(u',v')> is in UI(Sl X Sp),

Thus, UI(Sl x 82) £ 0.

Now, suppose that <(u,v),(u',v')> is in U(s; x 32)°
Then, by Lemma 4.lA, one must have <u,u'> in U(s;) and
<v,v'> in X(<S,>) since, by supposition, one cannot have
<v,v'> in u(sy).

Therefore, u' is in S, since S, is a receiver,
and v' 1is in S, That is, . (u',v') is in 83 X8, so

that, again, U(S; x §,) = UI(Sl X 8,);. and.consequently,
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<81> B <S> is a receiver.

(C) For (iii), we suppose that S, is a receiver,
So a transmitter, and that both X(<S;>) = & and
X(<8,2) ¢# 0.

Then, the facts that S; is a receiver and
X(<S82>) # 0 imply that UI(Sl X S,) # 8. That is, if
<u,u'> 1is in Ur(S;) and <v,v}> is in X(<8,>), then
(u',v') 1is in S; X Sp» (uyv) is not in Sy x S,5 and
<(u,v),(u',v')> 1is in u(s, x 82); the latter from Lemma
b.1A.

Now, if x = <(u,v),(u',v')> is in U(S; X S,),
then, using Lemma 4.1A, cu,u'> is in U(5;) U X(KS8;>) =
= U(S;), the equality because X(<8,>) = 0. Thus, since
S; is a receiver, u is not in S§; and u' is in S0
However, (u,v) or (u',v') is in Sl X 82' but not both,
by Lemma 4.1A, s0 that since u is not in Sy» it must
be that (u',v') is in S1 X qu Once again, then, x is
in UI(S1 X S2), and <Sl> B <82> is a receiver.

(D) Here, we have that S, is a receiver, ‘UQ(SZ) 0,
U;(S,# 0 and X(<S5,>) = 0.

In the same manner as in (C), U; (s, x 82) 7 0,
using the fact that S, is a receiver and U;(S,) # 0.

Thus, using Lemma 4.1A, if x = <(u,v),(u',v')> is
in U(s,; x Sz)._.then <u,u'> must be in Ur(S;)y since
X(<8;) = 0. But since (u,v) or (u',v') is in $; % 8§,
(but not both), and u 1is not in S;» one has (u',v')
in §; x S,y and again, <8;> B8<S,> 1is a receiver,

Thus, any of the possibilities in Theorem 4.1A
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imply that <S> @ <S5,> 1is a receiver when i = 1 and

J = 2. As remarked, the symmetry assures that this is

true for j =1 and i = 2, concluding the proof of

the theorem.

4.1.3 Transmitting subgraphs in D, B D,

There is a dual theorem giving necessary and
sufficient conditions for <S§;> @ <S,> to be a transmitter,
the proof of which is completely analagous to that of
Theorem 4.1A. For this reason, the proof will be omitted,
but the theorem and the lemma corresponding to Lemma 4.1B

are as follows.

THEOREM 4.1B. Let D; and D, be digraphs,

S1€= Vi» S; <V, with §, #V, or S, # V,. Then,

<5;> B <S,> is a transmitter if and only if the following

holds for i =1 and j 2 or for j =1 and i = 2.

S; 1is a. transmitter, and
either (i) Sj is a transmitter,
(ii) Sj is isolated and dependent or
. = V.
SJ j°
(iii) Sj is a receiver and dependent

and S; is independent,
or, (iv) Sj is a pass and §; 1is
independent.

LEMMA 4.1C. Let Dy and D, be digraphs, S; <V

1’

l> | <82>

is a transmitter, S; or S, must be a transmitter.

S, C V2, with Sl ¥ Vl or §, # V2° Then if <SS
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4.1.4 Isoclated subgraphs in D) B Dy

THEOREM 4.1C. Let D, and D, be digraphs,
Sl C Vl,t 32 C: VZ With Sl # Vl or S2 ’ Vzo Then’
<§;> @ <S,> 1is isolated if and only if

(1) Sy is isolated and

(i) S, is isoclated or Sy = Vp,
or, (ii) S; 1is independent,
or (2) S, is isolated and
(i) S; is isolated or 8§, =V,

or, (ii) 8, 1is independent,

or (3) Neither S; nor S, is isolated,.both S, and
S, are independent, and Uj(Sl) # @ if and
only if Uj(sz) =@ for j =0,I.

PROOF. It is clear that given S; and S,,
either S; and S, are isolated, S, is isolated and
Sy is not, S, is isolated and S; 1is not, or neither
S; mor S, is isolated. Thus, (1) through (3) cover all

possibilities in this regard. Recall that V('<Sl> 8 <s,> )

2
is the set S, % Syo

First, consider the necessity.
(1) Suppese S, is isolated. If there exist lines

<u,u'> in X(<S;>) and <v,v'> in U(S,), then u and

“'

.are in S; and either v or v' is in So. Hence,
either (u,v) or (u',v') is in S3 X Sp. But, either
v or. v' is not in S,y 50 that (u,v) or (u',v') is

not in S, x S, Then, Lemma 4.1A implies that U(S) x 8,)
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contains the line <(u,v),(u’,v')>,

Thus, if <8;> B <S> is isolated and S1 is
isolated, .then either S, is isolated, $1 is inde-
pendent, or Sp = V2°
2) Obviously, (2) is the symmetric counterpart of (1),
so that, <S,> E <§,> isolated and S, isolated implies
the remainder of (2).

(3) Now, suppose that U(S;) # @ and U(S,) # 0.

Then, if <u,u'> is in XS1>) and <v,v'> is in u(s,),
one has (u',v') or (u,v) in Sy X S, but not both,

80 that Lemma 4.1A implies <S5,> #<S,> is not isolated.
Thus, X(<5;>) = 0.

Similarly, X(<8,>) = @,

Now, if Upg(S;) # @, then Ug(S,) = @ since
<u,u'> in Uo(Sl) and <v,v'> in UO(Sz) implies,
using Lemma 4.1A, that <(u,v),(u',v')> is in Ug(s, x 82)°

On the other hand, if UO(SZ) = 0, .then U;(S,;) # 0
since U(Sz) # 0. But, if <u,u'> is in UI(Sl), take
<vyv'> in U;(S;). Then, as above, <(u,v),(u',v')>
would be in U(s; x S,). Hence, if <S;> @ <S,> is iso-
lated, UI(Sl) = 0, and, since U(S;) # @, one has
UO(Sl) # @ as desired.

Similarly, U;(S3) # @ if and only if UI(SZ) = @.

Therefore, the necessity of (1), (2) or (3) is
proved.

For the sufficiency, consider (1) first.

(1),(i) Here, S, and §, are isolated. Thus U(Sl)

and U(S;) . are.both .empty, and from Lemma 4.lA, then,
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U(s, x 82) = @, implying <§;> B<LS,> is isolated.
(1),(ii) In thfis case, U(S;) = @ and X(<Sl>) = @,
Then, U(S;) U X(KS;>) = @, and, referringto Lemma 4.1A,
U(S; x S,) = @. Again one has that <S5;> B<S,> is
isolated.

By symmetry, this also éstablishes the sufficiency
of (2),(i) and (2),(ii).
) Note that in this instance, if <(u,v),(u',v')>
is in U(Sl X 82), then <u,u'> is in U(Sy) and <v,v'>
is in U(S,;), using Lemma 4.1A.

But, <u,u’'> is in UO(Sl) if and only if
<v,v'> 1is in UI(Sz)' and <u,u'> 1is in UI(Sl) if and
only if <«v,v'> is in UO(SZ)' by hypothesis.

Thus, either wu. 1is in Sy u' is not in 81
v is not in S,, and v' is in S,; or u' is in Sy
u 1is not in Sy v' 1is not in Sy» @and v is in 8,

In either instance, neither (u,v) nor (u',v')
is in §; x S,, contradicting the definition of U(S1 x 8,),

Therefore, U(S; x 52) t @, and <Si> B <S5,> is

isolated.

This completes the proof of Theorem 4.1C.

For the sake of completeness, one, of course,
has that <§;> B <S,> is a pass if and only if it is

neither isolated, a receiver, nor a transmitter.

COROLLARY 4.,1A. Let Dy and D, be digraphs.

. Then D; B D, is in Co if there exist sets SlC‘ V1
and . Sz<:: V2 satisfying (1), (2) or (3) of Theorem 4.1C.
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The proof is immediate since the existence of an
isolated subgraph in Dy B D, obviously implies D, B D,

is disconnected.

4.2 INDEPENDENT SETS AND R-T COMPATIBILITY

The case in which S; or S, is an independent
set is important because quite often one is concerned
with point receivers and transmitters in digraphs. When

this is the situation, one has the following.

COROLLARY 4.2A. Suppose D; and D, are digraphs,

S, C V

1 1? S, & V2 with S, # V:L or §; # V,. Also

suppose that both Sl and 82 are independent. Then

<S;> B<S,> is a receiver (transmitter) if and only if

either (1) S;1 and S; are receivers (transmitters),

(2) S; 1is a receiver (transmitter) and S, is
a pass,

or, (3) S, is a receiver (transmitter) and §, is

a pass.

COROLLARY 4.,2B. Suppose D, and D, are digraphs,

S]C Vi, S, € V, with S; #V, or S, # V,. Also
suppose that both Sl and S, are independent. Then,
<S;> B <8,> 1is isolated if and only if either
(1) S, or 85 1is isolated,
or, (2) Neither S, nmor S, is isolated, and Uj(sl) 0
if and only if Uj(Sz) =@ for j=1,0.

In particular,



59

COROLLARY 4.2C. If Dy and D, are digraphs with

u in V, and v in V,, and if either
(i) u or v is isolated
or (ii) u 1is a transmitter (receiver) and v 1is a
receiver (transmitter),

then (u,v) is isolated in D; B D,, and therefore

D, B D, is in Cg.
This result motivates the following definition.

DEFINITION 4.2A. Two digraphs D; and D, are

said to be R-T compatible if the following conditions are

satisfied.

(1) 1If Di» (D2 respectively), has a point receiver,

then D,, (Dl)° has no point transmitter,

and (2) If Dys (D2). has a point transmitter, then

Dy, (Dl). has no point receiver.
Then, using Corollary 4.2C, one clearly has:

COROLLARY 4.2D., If D1 and D, are two digraphs,

and if D, B D, is weak, then D; and D, are R-T

compatible.

It is obvious from Theorem 3.3B that R-T compatibility
of digraphs D; and. D, is not sufficient for D, @ D2
to be weak since strong digraphs possess no transmitting
and receiving subgraphs, and are therefore R-T compatible

vacuously.
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4,3 SPECIAL SUBGRAPHS OF Dy D-EZ

4.3.1 Projections of strong components in the

tensor product of strong digraphs

The following lemma will be found useful throughout

the remainder of the chapter.

LEMMA 4.3A. If D, and D, are strong digraphs,

and K is a strong component of Dy B D2, then the pro-
jections of K are onto Vi and Vzo- That 1is,

Pl[V(K)] = V; and PZ[V(K)] = Vye

PROOF. Let
S= {u: (uv) is in V(K) for some v in V2}°

The assertion is, then, that § = V;. Clearly,

S C Vlo

First, let us note that, from Corollary 3.4A, K
is a union of cycles. Thus, there is some cycle C in
K. Let C be labeled (UO.VO).oan'(un’Vn) = (uo,vo)o

Then Sl: UpgeUysecasly = Ug is a closed sequence
in S ; and 82: VgsVysceosVp = Vg is a closed sequence
in Dj;. It should be noted that K cannot be a point, and
consequently, n = 2 throughout the above.

Let u be an element of V,. We would like to
show that there exists a point v of V, such that (u,v)
is in V(K), implying that u is in S,

Since D, is strong,.there exists a u --> uj

path, wlz u = ua,ui,aoo,ué = ug in Dy
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Taking the vi“s from S,;, let k = an + b (b =« n)

Vn_b9 Vi = Vn_(b_l)gooo. V£ = Vo.oco

and let vj =
ooo’vl!r..b - VO'ooug v:\"b"t = Vt’ouog Vk = voo

Since Wy is a path, (u,vn_b) = (uagva),ooop

(ugsvy) = (ugsvg) is a (uyvy_yp) == (ug,vg) path in
D, @D, with (ug,vy) on the cycle C.

We would now like to demonstrate the existence
of a C =--» (uyv,_ ) path, which would clearly imply
that (u,v,_p) is in K.

However, this " need not be done directly. The
existence of a (u,v_) -->»C path implies that (u,v,_p)
is in the same weak component as C, and therefore it is
in the same weak component as K. But, from Corollary 3.4A,
the weak components of Dl | D2 are also strong, and thus
(u,v,_;) and K are in the same strong component of
D; & D,. However; this clearly .implies that (uyvy_p)
is in V(K), which in turn implies that u is in S.

Thus, V, C S, proving the lemma.

4.3.2 Particular receiviqg and transmitting

subgraghs

LEMMA 4.3B. Let D1 be in C2 and D2 be in C3°

Further, let S, and S, be the receiving and transmit-

ting strong components, respectively, of Dlo Then,
(1) Sp 8 D, is the maximal receiver in D, B D,
which is the union of receiving strong com-

ponents of D, @& D2,
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(ii) S, 8 D, is the maximal transmitter in D, 8 D,
which is the union of transmitting strong com-
ponents of Dl B D29

(iii) if s, @ D, is strong, it is maximally so,

and, (iv) if Sy B Dy is strong, it is maximally so.

PROOF. It is immediate that Sp B D, 1is a recei-
ver and that S, B D, is a transmitter in D; & D,, using
Theorem 4.1A and Theorem 4.1B.

Further, S B D, and S @ D, are unions of
strong .components of D, H Dzo This may be seen as
follows, for S, ® Dzo

From Theorem 3.5A;, S, B D, is a union of cycles
since S, is in C3 and D, 1is in C3» so that S, B D,
is in Cg U C3. Thus,; every weak component of S, 8D, is
strong. Let the components be wl9 w2,nao. wso Then,

Sp B Dy, = U W;. Clearly the W, are receiving subgraphs.
7 ,

i
Suppose W5 is not a strong component of D, 8 D,.
Then Wj is a proper subgraph of W, where W is a
strong component of D) & D,. It is clear that we may
assume that V(Wj) is a proper subset of V(W) since
the proper containment of W: in W cannot be solely

J
a matter of lines.

But, Lemma 4.3A implies that Pl[V(wj)] = V(S,),
so that P;[V(W;)] is properly contained in P,[V(W)]
since, obviously, P2[V(Wj)].= PLLV(W)] = V(Dy).

But, <P,[V(W)]> is strong since if u and u’

are in P;[V(W)]; then (u,v) and (u',v') are in
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V(W) for some v and v' in V(Dz). However, W is
strong by assumption, so there exist (u,v) --» (u',v')
and (u’yv') --> (u,v) paths in W, clearly implying
the existence of u --» u' and u' --» u paths in
<P, [V(W) 1>,

However, from above, Pl[V(Wj)J = V(S,); so
that S,. is properly contained in the strong digraph
<P;[V(W)1>, a contradiction.

Thus, the W;'s are all strong components of

Dl @ D2| and Sr B Dz s k.) Wio
1

This, by the way proves (iii) by applying the

above when wj = Sr a D2°

tv centinucethe proof of (i), suppose D' is a
receiving subgraph of D; 8 D, that can be written as
a union of receiving strong components of D, & D,.

Let D" be any one of these components of which
D' 1is composed.

We saw above that <P,[V(D")]> is strong in Dy
Thus, there is a strong component D! of D, such

1

that D" C Di @ Dy.

Also we know.that P,[V(D")] = V(D) from Lemma
4.3A; so that if <u,u'> is in UO[V(Di)]" then (u,j)
is in V(D") for some v in. Voo But. u' is not in
V(Di)9 so that for any v', (u',v') 1is not in v(bj 8 D,),
and thus (u',v') 1is not in V(D"),
But, v 1is in V, and D, is strong, so that

od(v) > 0. Hence <v,v'> is in X2 for some v' in Vyo
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Therefore, x = <(u,v),(u',v')> is in X(D1 ] D2) with
(uyv) in V(D"™) and (u',v') not in V(D"). That is,
x is.in UpLV(D")];, which is a contradiction since D"
is a receiver by hypothesis.

Thus, Di. is a strong component of Dl with
UO[V(Di)] = @. Since Dy is in C,s» D is not isolated,
and therefore, UI[V(Di)] = U[V(Di)] # O, implying that
D] is a receiver,

However, a strictly unilateral digraph has a
unique receiving strong component, and therefore Di = Spe
So, we have D" C S, @ Dy.

But D' was the union of receiving strong com-
ponents of D; B Dy, and D" was an arbitrary one of
these components. Thus, D' C Sp @ Dy, proving (i),

Because of the symmetry, a completely similar
argument suffices to prove (ii) and (iv), and it will

not be given here.

4.3.3 Sufficient conditions that D, R D, be weak,

and their consequences

LEMMA 4.3C. If D; is a unilateral digraph and

D, is a strong digraph, and if there are subgraphs

D) C D1 and D%.C: D, such that D] @ D) is strong

2
but not a point, then Dy B D, is weak.

PROOF. By hypothesis, Di B D% contains a

complete closed sequence

S: (UO ,vo).(ul ng) gaoco ,(un_l,vn_l) ,(un.vn) = (uo 9V0)
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with n > 0. Then, UgsUysecosly 15Uy = uy is a complete

closed sequence . in Di and

VgsViseeosVp_ 19V = Vg is a
complete closed sequence in Dj.
Let (uy,v) be in V(D, B D2)a

Since D; 1is in Cy U C3s there is a u --3> yg

path or a ug --» u path in D,s and since D, is in C3s
there is a v =~->» Vo and a vy --» v path in Dy
Suppose Wiz u = WgsWisaoosWy = Uug is a u --> ug

path in D; and that Wot v = wﬁ,wigooo,wﬁ = v is a

V ==> vy path in Dy
Suppose k = m. Then, since W, is a path,

(uyv) = (WaeWidcaoolw_,wi),(w 419V ecoo s (W gv )
0°*0 m®"m m+l1°®Y] k®'k-m(mod n)

is a (u,v) --> Di B D) path since wy = uy and the point
(uoovk—m(mod‘n)) is in V(Di B D%)u

If, on the other hand, k < m, then
(u,v) = (wogwa),aoa,(wk,wk),(ulgwi+1),oeo,(um_k(mod n) "%’
is a (u,v) --> D] 8 D) path since w} = vy and the point
(um-k(mod n)*%y) is in Di @ Di.

If, instead, Wi: Ug = Tostysecasty = u were a
ug == u path in‘wpl' then a similar construction yields

a D] B D5 -=> (u,v) path.

For example, if s > t, 1let s t=an +b (b< n),

and let Va = vn=b9 Vi = Vn_b*lgnoo’vl; = VO = vngooog

VAo ¥ VpopsccosVasp = VgseaesVansp = Vg = Vi_¢. Here it is
rassumed that.,WéE Vg % Zgsecas2Zy =V is a Vg == v path.
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Then,
(uOgva) = (to ,Va) pgaaao g(ts_tgv;_t) '(ts_t+1’zl) pasdo ’(ts.zt)

is a Di B D% --<>» (u,v) path since (u,v) = (tgy2y).
The same. type construction works if s <= t,

vielding a Di B D%.--a»(u,v) path.

Thus, every point (u,v) im V(D1 B D2) is

connected via.a path with D, & D%“ Since Di

assumed to be strong, this obviously implies D, & D, is

B Dé was

weak, completing the proof of the lemma.

It might be well to remark that the assumption
that D, be strong was necessary, in that if neither
D; nor ADZ. were strong,.the existence of receivers and
transmitters in both D, and D, implies the possibility
of isclated subgraphs of D, 8D, in accordance with

Theorem 4.1C,

As a corollary, one has the following.

COROLLARY 4.3A. If D, and D, are both strong
digraphs, then D, & D, is strong if and only if there
are subgraphs Di _ Dl
is strong but not a point.,

andi Di [ D2 such that Di B D%

PROOF. Lemma 4.3C implies that D, @ D, is weak.
But; from Thecrem 3.5A, one. then concludes that D1 | D2

is strong.

Conversely, if D, B D, is stfong, then one may

let Di = Dl and D% = D2.

Refering to Table 1, this can clearly.be stated in
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the form:

COROLLARY 4.3B. Given two digraphs Dl and D,,

then D, ® D, is strong if and only if
(1) D; and D, are strong, and
3 ] 1] 3 [ 0
(2) there exist D, Dl and D), C D2 with Dj & D; # Ky

1] 9
and D1 a D2 strong.

This is a characterization of strong connectedness
under the tensor product. However, it is not as "useful"
as one might desire. Such a characterization will be given

later, in Theorem 4.6A and its attendant corollaries.

b. 4 CHARACTERIZATION OF CATEGORY Cy

Now, as has been previously noted, a digraph D
is in category. C, if and only if D is weak and has
a unique receiving strong component and a unique trans-
mitting strong component.

Using this and the previous two lemmas, one

obtains the following result.

THEOREM 4.4A. If D; is in C;, Dy is in (3,
Sy is the receiving strong component of Dy and S, is
the transmitting strong component of Dy, then D, 8 D, is

in C, if and only if S, 8 D, .and St B D, are strohg.

"PROOF. For the necessity, we refer to the above
remark and Lemma 4.3B. If D, & D,. is in Cy;s with re-
ceiving strong component S} and transmitting strong

component S{.,then,.from.Lemma 4.3B and above,



68
Sg = S, 8 D, and S% =S, 8 D,

For example, S, C Sp 8 D, by (i) of Lemma 4.3B
since S, 1is . a receiving strong component of D, 8 D,.

But, the above remark implies S, B D, & S;
since S, R D, is a union of strong components of
D; 8 D, both of which must be receivers in D, B D,.
However, there is only one.such strong component in
D, ® D2, namely S;.. so that we have the desired result.

In precisely the same way, St B D, = Si.

Thus, clearly, Sp B D, and St 8 D, are strong;
completing the proof of the necessity.

On- the other hand, .for the sufficiency, V(S, & D,)
contains more than a single point since, as always in this
chapter, we assume that Vo, has this property.

Hence, S, B D, # Kl and St 8 D, # Kl’ and
using Lemma 4.3C,.we conclude that D, B D, is weak .

But, from Lemma 4.3B, S, & D, is the maximal
receiving subgraph in D, 8D, and S¢ B D, the maximal
transmitting subgraph in D) B D, that can be written as
unions of receiving and transmitting components of
D, # D, respectively. Since both are strong, by Lemma 4.3B
they are maximally strong, or strong components of
Dy &D,.

Thus, S, # D, 1is the only receiving strong
component and Sy @ D, the only transmitting strong
component of D; #.D,. Hence, D; B D, is weak and has
a4uniqueAreceiving.stroné“;omponpnt and a unique trans-

mitting strong component, implying that D, # D, is in Cyo
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This concludes the proof of Theorem 4,4A.

COROLLARY 4.4A. Let D, and D, be digraphs.
Then D; @ D, is in C, if and only if
(1) Either (Dl'Dz) or (D,,D;) is in C, X C;, and
(2) If D; € C, with receiving strong component S, and
transmitting strong component St» then S, E D, and

St @ D, are strong,.or a similar criterion if D, € C,.

PROOF. To prove the necessity, it is only necessary
to refer to Table 1. to conclude that if D, & D, is in Cos
then (1) holds. But (1) and D; B D, in C, imply (2)
using Theorem u4.4A.

Obviously, the sufficiency follows .immediately

from Theorem u4.4A.

It should be noted, then, that if "useful" necessary
and sufficjent conditions for the tensor product of two
strong digraphs to be strong were known, not only would this
characterize the strong case, but it would finish the
characterization of the strictly unilateral case using
Corollary u4.U4A,

So, for the present, we will turn our attention
toward a characterization of the situation when D, & D,

is strong.

4.5 CHARACTERIZATION OF Cg3

4.5.,1 Certain.sufficient conditions

We will begin by deriving some sufficient conditions
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which will lend certain insight into the final result.,
With sequences, as with paths; of a digraph, one

can .associate a subgraph. This is done as follows.

DEFINITION 4.5A. Let D be a digraph and S a

sequence in D, Then S is associated with a subgraph
«KS» of D as follows.,

V(&S>») = {v : v is a point in S}, and

<u,v> 1is in X(KS>») if and only if u and v are
in V(K8»), u is adjacent to v in S, and u
precedes v in S. (Réferring to Definition 2.1F, the

latter clearly implies that <u,v> is in X).

For example, in the

digraph D shown at the
. D: ul
right, suppose S is given ug u,

by S: Uqp5Ug gyl uge

KS>» ¢ uy ‘ u,
Then, <«&«LS>» is the
u

subgraph illustrated. 3
FIGURE 15 -- The subgraph <S>

It is obvious that many sequences may be assoc-
iated with a single subgraph in this way.

Then one has:

LEMMA 4.5A. Let D, and D, be digraphs con-
taining closed sequences S; and S, of lengths n,> 0
and n, > 0 respectively. If .(nl,n2) =1, then

<Sl>> - «82» is strong.

PROQF. Let Sl and 52 be labeled as _follows.
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Sl: Ugslypoooyl

n = uo and 82: Vogvlgooc'vnz s v°o

1
We may assume without loss of generality that
Ny > n3. Then; form the sequence S in D B D, whose

points are (ul,vi), 1i-= 1,25.005nyn,, where

1 - f =
Ui ® Y% (med ny) and v, = Vi (mod ny)°
Then (i;,i;) = (j;53;) if and only if
il s jl(mod.nl) and il £ jy(mod n2);, or equivalently,

if and only if i1 g 3 (mod,nlnz) since (nj;ny) = 1.

This is so, even though as points, u;

i may be

the same as uj for i # j since S; is a sequence,

and similarly for the vk'so

Thus, S contains all possible (“i°vj) with

IA

0=i=

ny and 0 =j=n,, so surely the points of S
are precisely those in V(L8> & LS,» ).

Furthermore, (uﬁlnz’vﬁlnz) = (ug,vg) so that 8
is closed.
Hence, <«§;» B «8,>> contains a complete

closed sequence and.is, therefore, strong. This completes

the proof of Lemma u.5A.

COROLLARY 4.5A. Let D, and D, be strong
digraphs with closed.sequences S, and S, of lengths
n; > 0 and n, > 0 respectively. If (“1'“2) = l,'
then D; @ D, is strong.

This result follows immediately from Corollary 4.3B

and the preceding lemma.

It should.be remarked that, at present, .no counter-
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example or .proof _has been found to the conjecture that
if D, 8 D, is strong, then there will exist closed

sequences S, in D1 and Sz. in D2A satisfying the

conditions .of Corollary u4.5A.

L g

COROLLARY 4.5B: Let Dy and D, be strong

digraphs with cycles th and an of lengths ,"1”10
and np; > 0 respectively. Then if (ny,n,) = 1,
D, B D, is strong.

This, of course, is an obvious special case of
Corollary 4.5A. Referring to Theorem 3.3B, it also follows
éirectly.from Corollary 4.3B.

To see that this is

not a necessary.condition

that D; & Dz. be strong, Dlﬁ

consider .the digraphs

given at the .right. Here
FIGURE 16 -- A counterexample

(6,15) = 3 and
(10,15) = 5. Note, however, that (6,10,15) = 1. Cccau:e
D, @ D2 has, .in .this case,.225 points, it will not be

shown. However, it is strong.

4,5.2 Additivity of rP

Now recall. that the expression ri(k) was defined
in Definition 3.3C. Referring to this, we state the

following lemma.
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LEMMA 4,5B. rP is additive modulo m for all b.
That is, rPl(k+a) (mod m)] = {rb[k (med m)] + a} (mod m).

PROQF. . (I) For .k =« m,. we assert that

rl(x+1) = [ol(k) + 1) (mod m). Referring to the expression

°a nase 29 for 0,, r(k) is defined by the condition

R =q(k)m -k + r(k) where 2= r(k)= m+l. Thus,

n = qlkm - k + r(k) = q(k+1dm - (k+1) + r(k+1), and hence

q(k)m + [r(k) - 1] = q(k+1dm + [r(k+l) - 2] = n + (k-1).
Hence, if r(k) - 1 = m, then.one has from the

above expression that pl(k+l) = Irlex) + 1] (mod m).
But, if r(k) - 1« m, then the uniqueness of

the division algorfthm assures ome that »r(k) - 1 =

= r(k+l) - 2 using the above expression, sc that, again

ene has rl(k+1) [rl(k) + 1] (mod m).

{II) If k=m, then k+l s 1l (mod .m), and one
=q(l)m = 1 ¢+ r(l) = q(mdm - m + r(m) =
= [q(m) - 11lm + r(m).
{a) If ri(m)<.m, then since r(l) - 1= m, the
division algorithm implies (1) - 1 & r(m) (mod m). But,
since k = m, this is .r[(k+l) (mod m)] & [£(k) + 1] (mod m).
Thus, rl[(k+1) (mod m)] = [ri(k) + 1] (mod m).
b)) If r(m) Em, then 0 =r(m) -m=<m and
r(}) - 1 =m, so that, by the division algorithm, one has
r(m) - m & [r(1) - 1] (mod m), or
[r(m) + 1] - r(1) 2.0 (mod m).
Thus, [rl(k) + 1] (mod m) = rl{(k+l) (mod m)].

(III) Let k be arbitrary. Then k (mod m) is
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less than or equal to my; and therefore k (mod m) falls
into case (I) or (II). Hence
rl1{(k+1) (mod m)] = {rl[k (mod m)] + 1} (mod m).

(IV) Thus; for any k and a one has

rl{(k+a) (mod m)]

rlt(k+a-l+l) (mod m)]

{rll(k+a-1) (mod m)] + 1} (mod m)
{rllk (mod m)] + (a-1) + 1} (mod m)

{rllk (mod m)] + a} (mod m)
using the obvious induction.
(V) Now; assume that
rP-1[(k+a) (mod m)] = {rP-1[k (mod m)] + a} (mod m). Then,
rPl(k+a) (mod m)]

r{rb-1[(k+a) (mod m)]} (mod m)

r{(rP~1(k (mod m)) + al (mod m)}

{rb[k (mod m)] + a} (mod m),

proving Lemma 4.5B.

4.5.3 Further insight into the structure of L, & Lp

LEMMA 4.5C. Let L, and Ly be cycles labeled

La: UjsUppocaslgyuy and Ly: V1sV2s0ca3VyeVye Then,

(i) L B L, has (a;b) components,

(ii) For a given u = ug, (u,vi) and (u,v4) are in the
same strong component of L, @ Ly if and only if

i=s3j (mod (a,;b)), and

(iii) For a given Vv = vy, (uj,v) and (uj,v) are in the
same strong component of L, 8 L, if and only if

i 3j (mod (a;b)).

PROOF. Part (i) is immediate from Theorem 3.3B.
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To prove part (ii), take (uyvy) and let (u,v) )
be the point with the property that k' is the first
integer greater than one such that k = k' (mod b) and
(u,vy) is in the same component, say B;, as (u,vy).
Lemmas 3.3C and 3.3D guarantee such a k' exists.

From Lemma 3.3C; it is easily seen that (u,vk)
and (u;vy) are in the same strong component of L, B Ly
if and only if rd(1) = k for some d.

But, using Lemma 4.5B, and letting t = k - 1, one

has rd(x)

rd(1 + t) = [p9(1) + t] (mod b)

= (k + t) (mod b) = [k + (0 + 1)t] (mod b).
Now suppose rd[(k + jt) (mod b)] = [k + (3 + 1)t) (mod b).
Then, r9{[k + (j+1)t] (mod b))} = rd{[(k+jt) + t] (mod b)}
{r90(k + jt) (mod b)] + t} (mod b)
{[k + (G+1)t]1 + t} (mod b)

+

[k + (j + 2)t] (mod b).
Thus, rd [k

+

(3*+1)t] (mod b) = [k + (3j+2)t] (mod b)
for a1l j.

A simple induction argument then yields
rdf{[k + (3+1)t] (mod b)} = p(3*2)d(k) = p(i*+3)d(q).

That is, r9(k) = (k + t) (mod b) fmom above, so
r(3*1)d g

rjd[rd(k)] = pdd{k + t (mod b)]

[rdd(k) + t] (mod B) = [(k + jt) + t] (mod b)

[k + (3 + 1)t] (mod b),

using the obvious induction step.

So; under the above assumptions on (u,vl) and

(u,vk)9 one finds that,

B = {(usvp) s (uyvi) 5 (W4 (i) (mog b)) se e s (UaVikact) (moa b))sooc}
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is a subset of V(Bl)o

Now consider the point (u,viy) for any i such
that 2= i = k'-1., Sinoe k' was assumed to be the
smallest integer greater than one such that (ugvy ),
with k = k' (mod b), was in By, (u,vi) is not in By,

But then, (u'v[k+(j-l)t+(i-l)] (mod b)’ 18 not
in B; for any i with 2 = i= k'-1 and any j since
rid(i) = [r3d(1) + (i-1)] (mod B) = [ k + (-1t + (i-1)] (mod b).

However,

]
A

-

{V[k+(j-1)t+(iul)] (mod b) ¢ 3 =0, 1= i-1= k'-2} =

= V(Lp) - Pz[Bi] since, for any s>k, s -k = mt + n
with m =0 and 0 <n <t, and for any s < k, s =t
if s = k-1, and s = n=< k-1 otherwise,

But when i-1 1is zero or k'-1, the point

(UsV[k+(§-1)t+(i-1)] (mod b)) is in Bf.

Thus, only the points of Bf{ are points of By
of the form (u,vg) since if (u,vg) were in V(By) - Bi,
then s = [k + (jg - 1)t + (iy ~ 1)3 (mod b) = riod(i,) =
= (jotr + i ) (mod b); implying that (u,vio) is in Bl
with i, = k', a contradiction.

Further, for each (u;vy;) with 1 =i =k'-1,

B.{ = {(u9vi)9(uiv(i+t)(mod b))goong(“gV(i+ct) (mod b))’ooo}
determines a unique strong component Bi of Ly B L.

This is so since, if B{t”\Bg = (uyv), then

(uyv) = (UsV(i4c7¢)(mod b)) = (u’v(j+c"t)(mod p)) with,
say, i = 3j. But, this implies that rc'd(i) = rc"d (§),

or if c¢" =c¢', r(°"°°9)d(j) = i, so that (u,vy) is in
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Bﬁv This evidently implies BI = Bé by definition of BI.
One reaches the same conclusion if c¢' = c".
Now, by Lemma 4.3A, if K is a component of
La 8 L5, then P,[V(K)] = V(Ly), so there is at least one
(u,vj) in K for any given u in V(L,). Hence, the
Bj are the only components of Ly @ L,. But, there are
k' - 1 distinct B; and (a,b) components (by part (i)).
Therefore, k' - 1 = (a;b), which proves (ii) if
t >0 since, then; k' - 1=k - 1 = t, and clearly,
from abave, (u,v;) and (ugvj) are in the same component
if and only if i =2 j (mod t).
If t =0, then k' = b + 1, and there are
b = (a,b) distinct components, each point (u;v;) belong-
ing to exactly one of these. Here, of course, for i;j = b
and i # j, one has i £ j (mod b) and (uy,v;) and (ugvj)
are in different components,; consistent with (ii).
For part (iii); consider (uj,v) and (uj,v) for

-
=

fixed v 1in V(Lb)o We may assume that 1 j. But, if
i = j, we are clearly done. Thus assume i < j.

Then (uj,vk) (here, v = v} ) 1is on some path Ogs

as are  (Uj.)sV(k-1)(mod b)?s(¥3-25V(k-2) (mod b)) se°-
ceesand  (uj,V[K.(5-i)J(mod b))°

That is,
(U3 s¥[ke(3-1) J(mod b)? o2 (U5_19V(k-1) (mod b)?»(¥3sVk)
is a subpath of O0Og .

So obviously, (uj,v}) and (ujgvk) are in the

same strong component of L, B Ly if and only if (uj,vy)
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(“i9v[k—(j»i)](mod p)) are in the same strong com-

ponent. However, by part (ii), this will be the wcase if

and only if k = {[k-(j-i)] (mod b)} (mod (a,b)). But

this means k £ [k-(j-i)+cb] (mod (a,b)), which is eq-

uivalent to i = j (mod (a,b)), as desired.

This completes the proof of Lemma 4.5C,

4.5.4 Extension of the results in Section 4.5.3

DEFINITION 4,5B. We say that the set of cycles

{_Lai s i o= 1,2,nea,t} possesses the path intersection

property (P-I property) if the following conditions are

satisfied.

and

(1) Laim Lai+1 # w fOI‘ i.= lgzgooogt"lg

i
(2) If the intersection [ U Laj](W L
j=1

. in
aj+1 contains

more that one point, and if u and u' are
two distinct such points, then there is some
path between u and u' common to both Lai+1

i
and [UL;.] for i =1,;2;...,t=1,
j=1 3

LEMMA 4.5D. Let Lal,noe,Lat be cycles possessing

the P-I property, and let Lbl be a cycle. Then
t

(1)

(2)

(3)

If D' = L. th D = DY
;:a ajs en 8 Lbl has
ag = (alguoo,at,bl) strong components,

If Lbl is labeled V1°v2’°°°°“b1’vl° then for u

in V', (u,vj) and (u,Vj) are in the same strong

component of D if and only if i = j (mod ag), and

If Lak is labeled ul,uzgnao,uakgul for any k, and
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v 1is in V(Lbl), then (uj,v) and (uj,v) are in
the same strong component of D if and only if

i

j (mod aj).

PROOF. The proof is by induction on 't, the number
of cycles Laje

From Lemma 4.5C, the statements (1), (2) and (3)
are true if t = L,

Suppose (1), (2) and (3) are true for t-1 cycles.

Then, by choice, La19°°°'La possess the P-1I property,

t-1
and we may assume (1), (2) and (3) for Dy = Di - | Lbl9
t-1
where Dy = U Lg;o
1 i=1

Let u be in V(Lat_l)(\ V(Lat)a Then we have:

{A) (uyvj) and (u,vj) are in the same strong com-
ponent, C; of D; if and only if i = j (mod a')
where a' = (algeeogat-lgbl)’ and

(B) (u,vi) and (u,vj) are in the same strong com-

ponent of Lat B Lbl if and only if i = j (mod a")

where a" = (at’b1)°

Now, let {Bi} .be the set of strong components
of D; with (u,vj) in V(Bj). Similarly, let {Bi} be
the set of strong components of Lat B Lbl with (u,vji)
in  V(B]).

Then we assert that B F\B% # @ if and only if

there is a point (u,vg) in both. The sufficiency is

obvious.,

The necessity of this may be seen as follows. 1If
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t-1

( &)Laj].r\Lat contains only one point (which must be u)
ja1

then clearly we are done. If not, suppose (u'.vt) is in

Bif”\B§ with u' # u. Then label La, as follows:

Lapi v = UgsUgssscply, = u'.ur+1..o..un = us The P-I prop-

erty implies that either P: u = UQsUsesaslp = u' or

P;:lu° = UppUp4lseeasUy = U 1is common to both Lat and
[ U La-]ﬁ
j=1 7J

Assume without loss of generality that it is P'.
Then there is a (u',vy ) --> (u,vg) path in both B; and
Bj for some s. But, this clearly implies (uyvg) is in

both B; and Bﬁ. as desired.

Now, <(u,vg) is in both Bj and BS if and only

if i =28 (mod a') and j = (mod a") using (A) and (B)

above, and this happens if and only if i = j (mod (a’;a"))
or equivalently i = j (mod ag).
Hence B; M 35 # @ if and only if i =z j (mod ag).
Now it is evident that (u,v;) and (u,vj) are in
the same component of D = D' R Lbl if and only if there

‘B' ’00998'

is a sequence B; = 31193! ig . |

ig QB{P = B! such

J

that Bi, M Bik+l # @ and B{an Bi 4y ¥ @ for

K = 132,0009r-1 and n = 2,3,..,,r=2,

But from above, this happens if and only if there
exists a sequence i = iloi29°°°-ir = j such that
izi; (mod ag)

i, & i (mod a,)

i,-1 = J (mod ag) which, of course, happens if and only
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if iz 3 (mod ag) s
Thus, we have (usvi) and (u.vj) is the same
strong component of D if and only if i = j (mod ap),

where u 1is in V(L )N V(Lat)o

at-1

Therefore, (u,vl).(u.vz),ooo.(u,vaé) all belong
to distinct components of D, and any other point of the
form (u,v)) belongs to one of these.

Since D' and Lp, are strong, if K is any
strong component of D, then it contains some point of
the form (u,v,) for any given u in V(D') using Lemma
4.3A. Hence, since there are a, distinct strong com-
ponents of D containing points of the form (u,vy),
there must be ag = (al'aZ’°°°'at°bl) strong components
of D, proving (1),

Now, if u 1is any point of D', then u is in

V(La, ) for some k. Suppose L is labeled as follows,
k ak

La) : ul,uz,oou.uak,ul, and let u = U,. Further, suppose
that wu,; is in V(Lak)(\ V(Lak+1)u Note that this is

always possible except when k = t. 1In this case, take up

in V(Lat)f\ V(Lat l) as above. The following argument

is still valid.

Then, (u,,v;) and (un,vj) are in the same
strong component of D if and only if the points
(UpsV(itm-n)(mod by)) and  (Up,V(j4n_n)(mod by)) are in
the same component of D.

We may apply the same argument as above to the two
k

t
subgraphs D = [V LaiJ B Lbl and Dy = [ W Lai] B Lblo

i=1 i=k+1
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Let B; be the strong component of Dj containing
the point (up,vij) and Bl the component of D, con-
taining the same point for i = 1;2,...,b;. AS above, we
conclude that Bj; M B; # @ if and only if i = j (mod ajy)y
and also as above; (upsV(i+m-n)(mod bl)) is in the same
component as (“mﬂv(j+man)(mod bl)) if and only if one has
[(i - j)(mod bj)] = 0 (mod ag); or i 2 j (mod ay).

This proves (2).

Part (3) is a consequence of (2). For, suppose uj

and uj are points of L , which is assumed labelsd

Lak: ul.qz.ouguak,uln From Theorem 3.4A, the digraph

D = ;f [(La; @ Lp,)o Let v = vy be in V(Lp, ). Then,
if i< 33 (uj,vy) and (uj,vm), are in the same component

of D if and only if (“j'v(m+j-i)(mod bl)) and (“j‘vm)

are in the same component of D since, if we assume that

Lbl is labeled V1sV2seecsVpysVls then the path

(uj V) s (Ui415V(mt1) (mod by)?sev o2 (U5sV(mei-i)(mod b)) 38
in a subpath of some O in 1Lg B8 Ly, .

But then, using part (2), (uj,vy) and (uj,vpy)
are in the same component of D 1if and only if one has
m:= [(m+j - id(mod by)] (mod ay)s

As before, this is equivalent to i = j (mod ag),

as desired.

Thus, .Lemma 4.5D is proved.

4.5.5 Heuristic description of general aims

At this point, it would be well to state the general
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aim of this development. We wish to show that .if D; and
D, are strong digraphs with cycles Lal’oeo’Lat and
Lblgonongs respectively, then D; B D, will h;ve
ag = (al,uoc,at.blgoon,bs) strong components.

Now;, we assert that the cycles of, say, D, could
is

be rearranged in the form Lai,ooa.La{qg wherein La{

not necessarily different from La% when i is different
from 3j, in such a manner that the set Las possesses
1

the P-I property.

This is so since the graph D, defined by

V(DC) {-Lai t 1= l.2,noogt} and

X(0E) = {(Lg;slay) ¢ LyyN Ly, # 0 and i ¢ 3]

is connected because D is strong, and hence Dc contains
4 complete sequence.

Now, such a complete sequence may be generated,
albeit inefficiently, as follows. Begin at an arbitrary
point, Lai.' and continue along lines subject only to the
restriction that lines already.used be avoided if possible.
When the latter is no longer possible, backtrack until it
is once again possible to choose a "new" line. When,
using this procedure, it is not possible to traverse a line
not already included, then we are finished.

Hence, if we assume we have chosen £ = {Laig i=1,0009s}
(s = t) such that it possesses the P-I property, then
take any cycle L. such that L. M Lag # 0. We may assume
without loss of generality that L, is not in &L,

If the set & {L,] possesses the P-I property,
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we are doneo So; assume that there are points- u and u’
in LoNI L)L.g] such .that u and u' have no path
between thznlconnon to L, and [ L3L351° Then by assump-
tion, L, i8 U 2 uUj,saayup = 0f 93r+lpnon'un s u, and

we may assume without loss of generality that there is no
uj (1 = 1l,cacer) in Lg F\[ljih,llo .
Further there is a u; -->»u path, P, in \vaLag
since the latter is clearly strofg. >
Let P'; u = U s¥ppaacsly = u'. Then PUP' is

a union of cyocles at least one of which does not belong to

[LJ L.l]; and any such cycle may be chosen as Laé+1
J sl
since it will intersect [ L)Lanl only .on the path P,
j=1 '

Then proceed from Laq+1

Since such a procedure does generate a complete se-
quence, as remarked above, we obtain a set of cycles {L.{}
possessing the P-I property, as asserted.

Hereg Cl‘ariy>(‘i'a§.noaga{ﬂ) s (al.é29eoogat)o
!

Similarly, D, = U Lpj with {Lb5] possessing
i=1
the P-I property.
So, given that D; and D, . are. strong digraphs
with cycles L, ,cc0,L .and L seoply . respectivel
y a;’ G W by°* »bg P Y

we may write

t' S'
D = U Lt and D, = (U Lpi with {L;:} and
i in aj 2 531 bJ a1]

{Lbj} possessing the P-I property, and

(ai.non'a{ﬂgbigonn.bgﬂ) = (.lgonn'at.bl’ooupbs)o

The approach will then be as follows. The digraph
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\ t' t!
D' = (VU Lyl B L,y = UI[La; 8 Lyt] has
11 3 S Ut e Sl
a' = (ajsa}yco.csagibj) .strong components according

to.Lemma 4.5D. In a similar fashion,

s'. s' 8'
" = ~
D" = Lai_n [;IE'Fbig_ ;:;[Lai B Lbil =~ ;:a[Lbi | Lai]

has a" = (ai}bi.aaa.b;.) strong components.

Having done this, certain subgraphs Di of D, & D2

will be defined for i

lgz'ionngmin(S',t') haVing th‘

properties (1) bt

n

<
C
<

and

N .
(2) D, @D, = U D' where N = min(s',t’).
i=1

Then by induction gn k, it will be shown that

k .
O D' has a, = (a',a") ‘strong components for all
i=1

k = min(s',t'). But, the latter and (2) will clearly imply

that D} 8 D, has a, components also.

4.6 RIGQROUS DEVELOPMENT OF SECTION 4.5.5

In accordance with the outline of Section 4.5.5, we

state the following lemma.

L;MMA 4.6A. Let D; and B, be strong digraphs

a
t! 8
Let Dy = U L,i1 and Dy = U ILpt with L1 and
P e 27 0™ {Lay}

with cygcles L ’nno’Lat and Lblgnnnngs resppctively.
]

{Lb5} possessing the P-I property. Further, let

t' 'i
D' = 'U]_[Lai a Lbi] and D" = 'ul[La'l B Lbél' and let
i= j=

a_°.=. (algnen’at’bl.one.ba)o Then.
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(1) D'U D" has a, sStrong components,

(2) If u is in V(Lai) and v, and v, are in V(ng)
for some. j, then .(u,v,) and (u,v,) are in the
same strong component of D'\ D" if and only if
m-z n (med.ag), assuming that ng is labeled
Lbiz ViseoosVhisVys and

J

(3) If v is in V(Lbi) and u

m and u, are in V(La%)

for some Jj, then (um.v) and (u,;v) are in the
same strong component of D'\ D" if and only if
m =.n (mod a,), . assuming that Laj is labeled

La§: u1’o oo 9Uau. 'u10

PROOF. For (1), take u in V(Lai)' and let
By, Bz.ana.ABbi be the components of D' such that
(u.vj) is in Bj, for each vy in V(Lbi)°

Also let Bigisigqnag Bﬁ. be the components of
' 1

D" such that ‘(u,vj). is in B!'.
J
Then Bir”\B§ # @ if and only if there is some
(uyvg) in both, which happens if and only if there is an

s with i =35 (mod a!)._ a' .= (al.nno,at’bi) and
j 8 (mod a"), a" = (ajsbjscccybg)e
Thus, B; M B} # 0 if and only if i = j (mod ag)
where ag = (a',a") = (aj,0c0058psD3s000sbg)e
Then for (u.vi) and (u.vj) in V(Lai B Lbi)s
one clearly has that (u,v;j) and (u.vj) belong to the

same component of D' U D" if and only if there is a

sequence Bj * Bj,, Bl veios Bi_ 4 Bi, © By with
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. M BY I M i
Blk B1k+1 # @ and Blk Bik#l # @ for the obvious

values of k in each instance.

But from the previous remark, this is true if and
only if i = i; (mod ag), i; = iz (mod agdeesip_1 ® j (mod ag),
or equivalently, if and only if i = j (med ag).,

Now;, any component B of D'\U D" intersects
either D' or D", and therefore must contain scme B,
or B; which, in turn intersect BA and By respectively.,
Hence B contains By U By for some n, and therefore
contains a point (u,v,) for the given u and some Vi
in Vilpi).

On the other hand, if (u,vl) is in B, then
from above, (“°v(jao+1)(modbi)) is in B for all j, and
if (u,vy) is in B, then m = [(ja° + 1) (mod bi)] for
some J.

Thus, the points (u,vl),(u.vz),oon.(u.vao) are in
different components of D'U D", and if B is any com-
ponent of D'UL D", it must contain one of these points.,
This obviously implies that D' D" has exactly &, dis-
tinct strong components, .completing the proof of part (1)
of Lemma 4.6A.

We prove part (2) by induction on j. From the
proof of part (1), the statement is true for j = 1.

Assume that it is trus for j = k <« s', and take vy, and
Vnp in V(Lbﬂ+l) where we assume Lbi+1 to be labeled

Lbﬁ+1‘ Vl!v2'°°°’vbi41'vl‘ Further assume that n > m.

Then, (ug,vn) and (ug,v,) are in the same



88

strong component of D' D" if and only if (ug,vy) and

(W[ g-(n-m) J(mod ai)’vm) are in the same component, where

Lai is assumed labeled._ul.uz.n“,uai,uln

Suppose v, is in V(Lbﬁ) r\V(Lbi+l)° Then (ug,vy)

and (ug,v,) are in the same component of D' U D" if
and only if (“(sfbﬁ+1-m+t)(mod ai)’vt) and
(“(.4bﬁ+1—n+t)(mod Ai)’vt) are in the same component using
the preceding expressions.

However, these points are of the form (ud,vé) and
(ug,v¢) in Las B Lpg, with, say, d = e. Here, it is
assumed that Lpg is labeled vi,vi,.au,vgi,vi, and

Vg = v¢ for some ¢, since vy is in both V(Lps) and

V(Lbi+1) by assumption. But, these are in the same
strong .component of D'V D" if and only if (u,4,vy) and

(“d'vtc-(e-d)](mod b) ) are, which by hypothesis happens

if and only if ¢ = {lc - (e - d)] (mod bﬁ)} (mod ay), or
equivalently, hbg + r¢c + e = d (mod apg) where r =h =0
if e-d<c for some c=<Db}, and h =0, r = 2 if

e -d=c for all such ¢,

The former case is equivalent to d = e (mod ag),
and in the latter case, we may label the cycle Lbﬁ so
that ¢ .= by, and again get d = e (mod ag).

Thus, (ug,vy) and (ug,v,) are in the same strong
component of D' U D" if and only if one has
[(s + bgy; - m + t)(mod aj)] & [(s + bg4z - n + t)(mod a3)]

modulo a,,.or, . if and only if [(n—m)(mod.ai)] = 0 (mod ag).
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Therefore, (us,vm) and (us,vn) are in the
Same strong component of D'\U D" if and only if
n £ wm (mod ay). This proves part (2).

The symmetry of the situation then establishes

part (3), concluding the proof of the lemma.
We will also need the following lemma.

LEMMA 4.6B. Suppose Dy = Ly U Laz where Lai

a
1l
ig a cycle of length ajs and D, = Lblk) ng where Lj

J
is a cycle of length b:, are strong digraphs. Then,

D=D; 8D, = .k{[Lai | Lbj] .has the same number of
1,)
strong components as has D'U D", where

M (L g L (L BEL d
D* = al b1] (O a, bl] an

D" = [L B L (L B L, ]

PROOF. If uw is a point of La;, and Lb,y is

assumed labeled V15V2'°°“'Vb1"1' then we know from

Lemma 4.6A that (u,vj) and (u.Vj) are .in the same
strong component of D'\ D" if and only if i = j (mod ao)
where a, = (al,az.bl,bz)o

In particular.this is true when u is a point of
L.lfW Lazv which cannot be empty since Dy is strong.

So, take u in V(La,) f\V(ng). and let Bl,“o,Bb2
be the components of D'\U D" containing the points
(u,vi),ooo,(u.vgz) respectively, for Lb2 labeled
vi,ooo,vgz,vio Alsg let Bi...a.Béz be the components of

L B L contdining these same ~eints reshactivele,
62 2
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Then Bj f\B§ # @ if and only if there exists

a point (u,vg) in both.
Hence;, B; M Bé # @ if and only if i = s (mod ag)

and j £ s (mod (ap,bz)); or equivalently i

j (mod a))
since (ao.(azpbz)) = ago
However (u.vi) and (ugvg) are in the same strong

component of D if and only if there is a sequence

Bj = Bji,s B{z, Big» B{u,onogBit_lgB{t = B% such that

By M B{m+l # @ and B{an Bin+l #F0 for m= l;coo,t=1
and n = 2,...,t-2,
This, of ‘course, happens if and only if i = i, (mod ay),
i2 2 i3(mod ag) oo, ito1 = J (mod ay), or if and only if
i=3j (mod agy).
Thus, the points (u,vi),(u.v%).oon,(u.véo) belong
to distinct strong components of D. On the other hand,
given any strong .component of D, it must contain a point
of the form (u,vg) since it contains some component of
La, a Lb2 which in turn has this property, using Lemma U4.3A,
But a component of D containing (u,vg) . must contain
one of the above a, points; and hence there must be a

o
distinct strong components in D, proving Lemma 4.6B.

Continuing with the outline given previously, we

state the following definition.

t! s’
DEFINITION 4,6A. Let Dl = ;:&Lai and D2 = ;rahba
with {Lai} and {Lbﬁ} possessing the P-I property. Let

s' t'
DX = [jk_) (Lalo‘ B Lbﬁ)] U [i&:)k(La{ g Lbf()] for k = min(s',t"),
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Here, clearly D! = D'\ D*, where D' and D"

are as given in Lemma 4.6A.

N
LEMMA 4,6C. Let D = UDX with N = min(s’,t').

k=1
Then D=D1!D20
PROQF. Clearly D C Dl a D2 = wilL,y 8 Lb?]o
= i3 2 A
But, if. Laigl'b! is arbitrary with i =t° and j =s8’,
J
then either i =3j or j =i,
s' .
When i = j, Lyt 8Lyt C UL, 8 Lyt C Db
Is a: bJ £ ot a{ by ' 9
and if j =i, La} B Lpy < U (L. B Lyy] < D,
J k=3 k J
Thus, L,y B Lpy & D' UDJ <= D, so that D =D; BD

3 2°

THEOREM 4.6A. If Dy and D, are strong digraphs

with cycles LalponogLat and Lblgouo,Lbs respectively,

where L, has length n, then D; B D, has

ag = (algooo.atgblgoaagbs) strong components (which are,

of course, .also._weak components).

.tv
PROQOF. As before, we let D, = O L, and
—_— 1 so1 3
89
D = U Lbi with {Lai} and {ng} both possessing
j=1

the P-I property.

m .
Form the union D';‘ = O Dk; where DX is
k=1

defined in Definition 4.6A, and m = min(s’,t’').
Then, we prove by induction that:
(1) D1:1 has. . a, strong coémponents for all m such that

l1=m= min(s',t'),
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and

(2) 1If Ly @ Lbi C Dgy, u is in V(La{) and v,

vy are in V(ng). then (u;v,) and (uyvy) are in
the same strong component 2f Dy if and only if

¢ % d (mod .a,), where ng is assumed labeled
VI?VZQDOQ.Vbi.VI. and

(3) 1I1f Lai a Lbi C Dgps u, and wu_. are in V(La{) and

c e

v is in V(Lp1), then (u,sv) and fuy,v) are in
the same stron: component of DA if and only if

¢ §d (mod a,), where Laj is .assumed labeled
“1'“2°°°°'“a{'“1°

To begin with, we see that for m = 1, we have
D} = 0 = pt = D'V D". But, if La{ B Lbi is a subgraph
1 [ P = B 4
of Dl’ then aj a; or bj b). Refering to Lemma 4.6A,
then, we see that (1), (2) and . (3) are true if m = 1.
Suppose (1), (2) and (3) are true for
m~-1 =< min(s',t'), and consider Dn'nl‘ Here Dp = Dy (D',
where, D' = DR,
Referring .once again to Lemma 4.6A, one finds that
(A) D' has a‘' = (agsacssatiobpoaaasbgi) strong com-
ponents,

{B) If wu is in V(Laé). v: and v: are in V(Lbﬁ)

i 3

for some k, m= k= s', then (uyv;) and (u,vj)
are in the same strong component of D' if and only
if i 8 j (mod a'), assuming Lbi to be labeled

vl!vZ.oon‘vb;gvlg and

(C) If u; and uj; are in V(Lai) for some k, with

m=k=1t', and v is in V(Lb,;)’ then (u;,v)
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and (uj.v) are in the same component of D' if and
only if i = j (mod a’'), assuming that Lai is

l‘beled UI ,u2 pooco .uaﬁgu:lo

Now, heuristically, we have the situation shown
below: recalling, however, that La{ is not necessarily
distinct from Lyt for i # j (and similarly for the Lp‘s).

J

The pair (i,j) represents La{ R Lbﬁ‘

pl —> |
{1, 2,01 . o o o o |LE'.1)
—
(1.2) i (2.2 o o o o o o [ (t",2)
Q.1 ¢2,3) ] o o e e o (t',3)
\ o

o o ° o o

pe-i—F%
(1 .m~1)(2 ‘m“l) ° [} o I (mgm"l) o o © {tn gm"ll
w Dm _->l \ ) =
| (1.m) | (2.m) | e o o Km=l,m) _(m.m)_'lmtl.gnu o o o LEtiomd.!
1.m+1){(2, m+1) o o o (m_sn_ltl)j

I et |
lgﬁn (2,8%) .. (mys'):.

FIGURE 17 -- The union of the DK

If the addition of D' to Dj_, changes the
number of strong components between Dp_ ; and Dys then
D; Wwill have fewer than Dy_j3. This is so since; for
every u in V(La&)(\ V(Laﬁ_l)o one has (u,v) in D’
for every v in V(Lbé), which is the case since

La¢

m-1 ﬂ Lb& C Dl;1-1°

But, if B' is a component of D', then it contains
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s)
either some component, Bj, of _E)[La; a Lﬁ%] or some
t! R
component, Bj), of U [La; @ Lp*]l, and therefore con-
izm i m

tains one of both.since such components intersect in

Laﬁ . Lb&o

_ s'
Suppese B O Bj. Then P2[V(Bi)] = V(ng)
j=m

where, clearly, . the latter cohtains V(Lb&)a Hence, for
every v, in V(Lbl;l)9 there is a ug in V(Laﬁ) such
that (u ,v,) is in V(By). 1If U, is not in

V(Laé)(ﬁ V(I..alvn_l)9 and uj is; with say, k = j, then
(“j’v[n-(j-k)](mod bﬁ)) is in the same component, as
(uk,vn), namely Bi. and uj is in V(Laé)rﬂ V(Laé-1)°

Therefore, every component B’ of D' contains
a point (u,v) of La} a Lpy with u in V(Lap)  V(Lgg 47
This clearly implies that B' intersects some component,
By, of Dg-1 since (u,v) is in V(Dp.1). Hence the
number of components decreases if it changes.

But the number of components can decrease only if
some component of D' intersects two distinct components
of D&_lo Thus, for the proof of (l), it suffices to show
that any component of D' intersects at most one component
of Dp.i- This, too, will be proved by induction.

Let B' be a component of D'. Then from above,

B' contains a point (ui,vj) of Laf 8 Lpy with the point
uj in V(Laﬁ)(ﬂ V(Lal;_l)o This point also belongs to a
component, B;, of Dj_3, and hence B'MN B, # 0.

Suppose (ug,vy) 'is in B'MN B, for some other

component, By, of DJ_;, and suppose (ugyvy) 'is a
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point in Laj @ Lpt. Now, if uc # uj, then a trans-
lation of the previous typ?s will assure that some (ugovy)
is in B' M B, if and only if (hcgvd) is, where

k = {[d - (i-¢)] (mod bé)} or k=d+¢c-1it eb) with
e >0,

Thus, (ui,vjl and (uigvk) are in B', but not
both in By, implying j # k (mod a') and j Z k (mod ay)
which is a clear contradiction since a, divides a'.

Therefore, if B'(M B, # @, the point of inter-
section is in Lat & Lps,. for some i, 0 <i= s'-m, or
in La&+j 8 Lpe for some j; 0 <] = t'-m.

Suppose that B' M B, = @ in all Lay & Lblgrbi
for i= k <s'-m, and suppose that B'MN By # 0 in

Laan ﬂ’l‘b';\ with Bz # Blo

+k+l’
Then we have B' Y B; # @ in La! B Lpe,, and
B'M B, #0 in Lyt 8 Lyp',. .. with By # By,
So, if we look at the subgraph
D= (Laﬁ—l 8 Lb&+k)kJ(La$ B Lb$+k)kJ(La$_l ] Lb$+k+l)’
we see clearly that D kJ(La& B Lb&+k+1) has fewer com-

ponents than does D, contradicting Lemma 4.6B.
Therefore, for any component B; of Dp.1 not
equal to B, B'"M B =0 in all L,: & Ly¢ . for

Am m+i
i=s'-m, or equivalently, in all subgraphs of the form

Lat B Lba with m= j =s',
In precisely the same way, B' M B, = @ in all
subgraphs Lay & Lp: with m=i =t', so that one has

B'™ B, = @ in all of D'. This, of course, implies that
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B' intersects only By, so that, given any component B'
of D', it intersects exactly one component, B, of Dp-1-

But, then, we can clearly conclude that Dy has
the same number of components as does Dp.; for all m,
However, Di has a, strong components, and therefore,
Dy bas a, strong components for all m = min(s®,t’),
proving part (1),

For the proof of (2); 1let L‘i | ng C Dp

with u in V(Lai) and v

c and vy in V(Lb%)o

The assertion is that (u,v.) and (u,vd) are
in the same component of D} if and only if c £ d (mod ag)
with Lb5 assumed.labeled cyeclically.

This is true for m = 1 by Lemma 4.6A, as already
remarked.

Suppose it is true for all k = m-l-< min(s',t’),
Then if Lai a ng is in Dp-1s We are obviously done.
So, suppose La{ | ng C D' = Dm,

Let Bi and B; be components of D', and suppose
(u.vc) is in V(Bi) and (u,v4) is in V(Bé)o Then
clearly, (u.vc) and (u.vd) belong to the same component
of Dp if and only if thereé is some component B of Dp.1
such that B MB] #@ and B MB) # 0.
But, .if u.= ug, and u, is in V(Lap) r\V(Lai_l)g

then  (Up4V(can_k)(mod bﬁ)) and  (upsV(gen-k) (mod b%))

belong to Bj and .Bi.,respectively. and also to B
(recalling that they must belong to B since, for example,

Bi intersects exactly .one component of D&_l)o
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But both these points can belong to B in
L‘i-l | ng if and only if
{l(c*n-k) - (d*n-k)] (mod bJ!)'} # 0 (mod a,) by the
induction hypothesis, or eauivalently, if and only if
¢ ® d (mod ay).
This proves (2).
wow, (3) follows from (2) using the symmetry of
the situation, completing the proof of (1), (2) and (3).
Thus, in particular, Dﬁin(s“,t') = Dy 8 D from
Lemma 4.6C, and Dﬁin(s',t') has a, strong components

from above, proving Theorem 4.6A.

Having also obtained the following facts, we

state the corollary:

COROLLARY 4.6A. If D, and D,. are strong digraphs

with cycles Lal.ooo. L, and Lbl,ao.,Lb respectively,
t 8

and agy = (al’coo.’at.bl.nnn.bs)g then

(1) D, ® D2 is strong.if and only if ag = 1,

i j

(2) If u is in V(La,) and v; and v. are in V(me)
where it is assumed that me is labeled vl.ooOQmegvlp

then (u,vi) and (u.vj) are in the same strong com-

‘ponent of Dy 8 D, if and only if i

) (mod a,);, and

(3) If uw; and uj are in V(Ly ) and v is in V(Lp)
where it is assumed that Lan is labeled Ulsoooyla sl]s
then .(uj,v) and (uj,v) are in the same strong com-

ponent of D) B D, if and only if i = j (mod ajl.

PROOF. Part (1) .is immediately evident from the
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theorem; .and parts (2) and (2) are equally evident since
these conditions are true for D&in(s",t")’ and since

La & Lp is some Lai B Lb% and conversely.

4,7 APPLICATIONS OF THE CHARACTERIZATION OF C3

4.7.1 2-cycles and graphs

COROLLARY 4.7A. Suppose Dy and D, are strong

digraphs such that Dy or D; has a cycle of length two.
Then D; B D; will be strong if and only if D; or D,
has a cycle of odd length. Otherwise, D; B D, will have
two strong components which are also the weak components

Of Dl ﬁ Dzo

PROOF. If D; has cycles Lal,-,”ogLat and D,
has cycles Lbl,ono,Lb s then D, B D, is strong if and
s
only if 8, = (@150c0,843P150009bg) equals one,; by
Corollary 4.6A.

Suppose that some aj or bj is 2. Then if

ag = 1, some aj or bj must be an odd number; implying

the existence of an odd cycle in D; or D,,

Conversely, if Dy or D, has an odd cycle; say
of length 2m - 1, then (2,2m-1) = 1, so that ag = 1
and D; @ D, is strong.

Clearly, if a, # 1, then ag = 2. But then,

D, E D2 has two strong components by Theorem 4.5A. These
strong components are, of course, the weak components of

Dl | D2 also.
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CORQLLARY 4.7B. 1If D1 and D2 are connected

graphs, then D, B D, will be connected if and only if
D or D, has an odd cycle. Otherwise D; @ D, will

have two components.

PROOF. Since D, and D, are connected graphs,

they are strong symmetric digraphs. Thus, Dl and D2
are strong.digraphs both of which contain a cycle of length

two. Applying Corollary 4.7A yields the desired result.

The above result (Corollary 4.7B) is known, and
is due to Weichsel, [9]. As remarked in the Introduction,

it was this particular result that stimulated the present

investigation.,

4.7.2 Category C,

Refering to Theorem 4.4A, we can state the following.

COROLLARY 4,7C. If Dy is in Cas D2 is strong,

S, the receiving strong component of Dy, and §; the
transmitting strong component of Dy, and if a, is the

g:C.d. of the cycle lengths of cycles of S b the

r? ©

g.cod. of the .cycle lengths of cycles of St’ and d° the
g:cad. of the cycle lengths of cycles of Dys then D, B D2
is in C, if and only if (agyd,) = 1 and (bg,d,) = 1o

PROOF. The result follows directly from Theorem 4.u4A
wherein it is stated that D) @ D will be in C, if and

only if S, & D2 and Sy @ D, are strong, and from Corollary
4,6A,



100

0f course, the criteria of Corollary 4.7C are

ammenable to simplification as per Corollary 4.7A when-

ever S., St' or D, has a cycle of length two. This

is particularly true whenever D, has such a cycle.
2

4.8 DISCUSSION OF WEAK CONNECTEDNESS

Before proceeding to the investigation of other
operations, it should be remarked that, to date, no
necessary and sufficient conditions are known that will
insure that D, & D, will be weak.

If such a criterion were known, it wbuld complete
the investigation of connectedness of tensor products of
digraphs, at least in theory, since not weak characterizes
category C; and weak but not unilateral characterizes
category C1° The above results, when combined, yield
a means of characterizing the unilateral case, of course.

After considerable investigation, the writer feels
one can say almost certainly that a characterization of
weak connectedness will involve more of what might well
be called "fine structure" of the digraphs D, and D,.

That is, at present it appears that any such result
will depend more on the manner in which D1 and D2 are
"put together" than do the above results, which depend
only upon connectedness of various H;nds and lengths of
cycles.
| This is clearly true for the necessary condition
of R-T compatibility (cf., Definition 4.2A and Corollary 4.2D).

However, certain results indicate an even more general
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dependence upon lengths of certain types of paths and their
relation to certain strong components.

The results alluded to are not presented here
because of their prohibitive length balanced against the
fact that they lend very limited insight into an extremely

small class of weak digraphs.



CHAPTER V -- CARTESIAN PRODUCTS OF DIGRAPHS

Sol DEFINITIONS AND STRUCTURE OF (L £ 1, x )

DEFINITION 5.1A. The cartesian product of two

digraphs D; and Dy denoted Dy x D,, is the digraph
D whose points and lines are

V(D)

"

v, x V2 = {(u,v) ¢ u € V1 and v E Vz}g and
X(D)

{ <uyv) (u' v > ¢ (u,v),(u',v') € V(D), and

either u u’' and <v,,v> ¢ X,

or v vi and <u,u'> ¢ Xl } o

THEQREM 5.1A. Given two digraphs D, and D,

D1 x D2 1s 1somorphic to D2 x D1°

PROOF. If we define a map /u:V(D1 X D2) ---9V(D2 X Dl)

by /u(ugv) = (vyu), then it is clear that /u is one-to-one

and onto.

Now, let x = <(u,v),;(u',v')> be in X(D; X Dy)o

Then either, (i) u = u' and <v,v'> 1is in X,

or, (ii) v v and <u,u’> is in X

lb
In either case;, it is clear that the pair

x' = <(vyu),(v',u’')> 1is in X(D, X Dl) by definition

of the cartesian product. But, x' = /Jx
so that if x is in X(D1 x D2), then }Lx = x' is in
X(Dy X D),

The converse is equally evident from (i) and (ii),

and therefore Dl x D2 = D2 x Dlo

102

</u(u,v)g /u(u“

IRTAND DN
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THEOREM 5.1B. ([ D 1, X ) is a commutative

semi-group with identity.

PROOF. That ([ £ 1, x.) is a semi-group is a
straightforward verification, and the commutativity
follows from Theorem 5.1A.

The one point digraph K, determines the identity
class [Kl]o To see this, let D, be an arbitrary
digraph. Then, if we denote K, by {vl}9 we have
V(D) x K;)

{(u.vl) S U € Vl} and

X(D, x Kl) = {<(u9vl)9(u°,vl)> : uu' € V, and <u,u" € xlln
Thus, the map P (u,v;) = u is a one-to-one map

of V(D x Kl) onto V, having the property that, for

all x = <(u.v1).(u',vl)> in X(D; x l(l)9 the image

<1)(u.vl). D(u'.vl)> = <u,u’> is in X; and conversely.

That is, D is an isomorphism between Dy x K; and Dyo
Since ([ £ 1, x ) is commutative, however, it

follows that [K;]1 is the identity of this semi-group.

Because of this relationship, we will allow the
possibilities that digraphs in this chapter may be K, and

may have. independent point sets.

9.2 DISCONNECTEDNESS

5.2.1 Characterization of disconnectedness

THEOREM 5.2A. Let D; and D, be digraphs.

Them D, x D; is disconnected . if and only if D, or D,

is disconnected.
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PROQOF. For the sufficiency, we may, using Theorem
5.1A, .assume without loss of generality that D, is
disconnected. .Then. there exist points u and u' in V1
such that there is no semi-path between them in D

Take arbitrary points v and v' in Vo, and

suppose that S: (u.v)=(u0,v0).(gl.vl).qan.(ungvn)=(u"°v°)

is a (uyv) -=- (u',v'") semi-path in D, x D,.
By our assumption, up # u,; and we are assured
that there exists uj ¥ u; in S. Suppose that uil is

such that 'il is the first j with uy different from

Uiy = g in S. Then, Ug 3 Uy = eoo = uj -1 # uj o

Using Definitions 2.1F and 4.5A, then

Vo # V) F e Vij-1 = vi and either

19
<(uil,vil).(uil-l,vil_l)> or <(uil_1,vil_l),(uil,vil)>

is in X(D, % D,). Hence, <ui1.uil_l> or <uil_19uil>

is imn X;, so that <uil,uio> or <nio.uil> 1s in Xy

by choice of iye

Now, assume that sequence ug = uioguilgoosguik

of points in P;IV(S)] has been found satisfying

(1) ij=— it if and only if j= t, and

(2) <“i-'"i-+l> or <uij+1' Uij> is in X, for each j,
k-

| )

J

J

A

0 1.

Then choose Uiy, in Pl[V(S)] such that it is
the first uj WwWith j =i, such that uj # uj, e
If no such Uipe1 exists, then uik = up = u'y; and

the above sequence of points defines a ug --- u, semi-
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sequence in D, implying .the existence of a u --- y'
semi-path in Dy which is a clear contradiction.

But, for such a uik+1" the sequence UiogUilgooo|uik+l
clearly satisfies condition (1). For (2), note that

u; # uj -1+ and therefore, as above,
k+l k+1 -

. . = . . P
eyt igey-17 T <Vipyyo¥y,> or

<uik+1“1’uik+1> = <uik’uik+1> is in Xqo

Thus there exists a sequence of points of Dy,

S1: u = uio'“11'°°°°“is = u' satisfying (1) and (2), and
in particular (2). So, S; is a u --- u' semi-sequence
in D;, and therefore there exists a u --- u’ semi-path
in D,; a contradiction,

Hence, S cannot exist, and therefore, for arbitrary
v and v' in V,, (u,v) and (u',v") belong to dif-
ferent weak components of D; x Dy implying that D1 X D,
is disconnected.

To prove the necessity, suppose D, and D, are
weak, and let (u,v) and (u',v') be arbitrary points of
D} X D,.

Then there exist u --- u' and v --- y¢ semi-paths
Sl: u=u0.ul.ooo.un=uf and Sy v=v0.vl,°°a,vm=v' in D1
and D; respectively.

Thus, clearly (u,v) = (uo.vo).(ul,vo).oeo
ooo.(un.vo),(un.vl),(un.vz).oao,(un.vm) = (u'sv') is a
(uyv) === (u',v') semi-path in D; x Dy, and hence D x D

2
is weak.,
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This is an obvious contradiction which completes

the proof of Theorem 5.2A.

Since a digraph D is weak if and only if it is

not disconnected, one evidently has:

COROLLARY 5.2A. Let Dl and D, be digraphs.

Then Dy x D, is weak if and only if Dl and D2 are

weak.

5.2.2 Structure. of weak components

LEMMA 5.2A. Let D, and D, be digraphs. Then

W is a weak component of D; X D, if and only if there
are weak components Di of D; and D, of D, such that

W = D!

1 x D).

PROOF. Let .W be a weak component of D, X D..

1 2
- Consider P;[V(W)] = {u : (u,v) &€ V(W) for some v ¢ Vz}o
Take u and u' in P;[V(W)]. Then (u,v) and
(u',v') are in V(W) for some v and v' in Voo But,
- since W is a weak component of Dj X D,, there exists
a (u,v) --- (u',v') semi-path
S: (u,v) = (ug.vo),(ul.vl).ooo.(un,vn) = (u',v') in W,
From the proof of Theorem 5.2A, either wu = u' or
there exists a u --- u' semi-path in <Py VW) D>,
Thus, <P1[V(W)]> is weak.
In the same way, <P,[V(W)]> is also weak. But then,
Corollary 5.2A implies that

W' = <P;IV(W)]> x <P,LV(W)]> is weak.
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Clearly, however, V(W) C V(W'), and if

x = <(u,v),(u',v')> 1is in X(W), then either

(1) u = u' in P,(V(W)] and <v,v> X(KP,IV(W)1>); or

(ii) v v' in P,[V(W)] and <u,u’> _X¢<P1[V(W)]>)9 and

therefore, x 1is in X(W').

Thus, W C W'. However, W is a weak component
by hypothesis, and W' is weak from above, so that W = W',
or W = <P1IV(W)]1> x <Pp[V(W) 1>,

To prove the necessity, then, it will suffice to
show that <P,[V(W)]> and <P,LV(W)]> are weak components
of Dl and D, respectively.

We know that <P;[V(W)]> is weak. So, suppose that
<P;[(V(W)]> § W;, where W, is a weak component of Dy .
Then there is a point u in V(W) - Pl[V(W)] such that
<u,u’> or <u',u> is in the coboundary Ulp,LviWw)1]. so,
(u',v') is in V(W) for some v' in Vos. and  (u,v')
is in V(D; x Dy) - V(W) with <u,u’ or <u',u> in X o
Thus, <(u,v'),(u’,v')> or <(u',v'),(u,v')> is in uw),
a clear contradiction.

Therefore, <P1[V(W)]> 'is a weak component of Dys

and in precisely . the same manner, <P,[V(W)]> is a weak
component of Dpo

From above, then, W = Di X Dég where Di and
D, are weak components of D; and D, respectively.

To prove the sufficiency, let Di and D% be weak
components of D; and D, respectively. Then, from B
1 x Dzn
But, if <(u,v),(u’',v?)> is in U[V(D{ X D3)], then

Corollary 5.24, Di x D5 is weak in D



108

either (i) u

u' and <v,v'> is in X

or, (ii) v vl and <u,u’> 1is in X, and
also, by definition of U[V(Dl X Dy)1; either
(iii) <(u,v) is in v(Dp; x D,) and (u',v') is not, or
(iv) (u',v') 1is in V(D, x D,) and (u,v) is not,

If (i) is the case, then for (iii) or (iv), u = u°
is in Vi since, if not, neither (uyv) nor (u',v")
would be in V(Di X D) = v, x Vo« But then, (iii) and
(iv) become (iii)* v 1is in V% and v' 1is not;,

and (iv)* v' is in V2 and v is not.

Thus, case (i) leads to the contradictory con-
clusion that <v,v'> is in U(v3).

Similarly, case (ii) leads to the conclusion that
<u,u'> is in U(Vi)9 which is,; again, a contradiction.

Therefore, one must have U[V(Di x D3] = 0,
implying that Di x D% is a weak component of Dy x D,.

This completes the proof of Lemma 5.2A.

5.3 PATH STRUCTURE OF THE CARTESIAN PRODUCT

LEMMA 5,3A. Let D, and D, be digraphs. Then

there exists a (u,v) --» (u',v') path in Dy x D, if
and only.if there exists a u --» u° path in D, and a
v ==> v' path in Dy
PROOF. Let. S: (u,v)=(u09v0)gooag(unevn)=(u“gv”)
be a (u,v) ~->» (u',v"') path in Dy x D,. We can clearly
assume that (u,v) # (u',v'),. and using Theorem 5.1A, we

can assume without.loss of generality that u # u',
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Because of the latter assumption, we may let ui,
be the first Uy different from Uig =Yg in P;(S).
Then wuj = Uy = ceo = Ui - # Ui« But, using Definitions
2.1F and &.5A, this implies that <uio,uil> is in Xy
Now, assume that a sequence of points
ug = UigaUijeecesliy in P,(S) has been found satisfying
(1) ij = i, if and only if j = t, and
(2) <“ijb“ij+1> is in X, for each 3, 0 =3j = kel
Then choose Uie1 such that 1ip,;. is the first
j =i, with uj # uj, in P;(8),

If no such exists, then wuj, = u

K ns and

Yigel
U S UjgaUjigsccoslj, = Uy = u' is a u --> u' sequence
in D3, implying the existence of a u --> u' path in D,.

If Uiy exists, then > and

w3 £ uj -1 = uj
ey 7 Mgl 1x
vik+l = vik+l'l' so that <uik+l°uik+l’l> = <uik+19uik>
is in X;, and by choice, ~ikey > dgo
' Thus, UiO’Ui190009Uik*l satisfies (1) and (2),
and hence, there is a sequence of points in Pl(S),

' satisfying {2), which implies

u =.ui€snilgfooQUis = u
the existence of a u =--» u' path in Din So that
clearly, using Theorem 5.1A; there is also a v =-3> v?
path in D,.

Conversely, if u = uogul,.oogun = u’' and

v = VO.vlgooo.vm =‘V are u ““9’“0 and V ==> V' paths

in Dl and D, respectively, then (u,v) = (ugsvgds (ugyvg),
;oo’(un’vO).(un’vl)’ooo’(un’vm) = (quvo) is a

(uyv) --> (u',v') path in D; X D, s ‘concluding. the proof.
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Sl FORMS OF CONNECTEDNESS

S.4.1 Characterization.of a unilateral product

THEOREM S.4A. Let D, and. D, be digraphs. Then
D; x D, is unilateral if and only if D; and D, are

unilateral and D; or D, is strong.

PROOF. The proof depends heavily upon Lemma 5.3A.

For the necessity,.let u and u' be in Vs and
v and v' be in V,. Then (u,v) and (u'yv') are in
V(D; x D;), and since Dy x D, is unilateral, there
exists (i) a (u,v) --> (u',v') path in D, X D,

or, (ii) a (u',v') =-=-» (u,v) path in Dy x D2°

Using Lemma 5.3A, (i) implies that there is a
u -->u' path in D, anda v --» v’ path in D,, and
(ii) implies there is a u' --3 u path in Dl and a
vl --> v path in D,. In either event, then, D, and D,
are unilateral.

Buf, if both D, and D, are in Cos then there
exist points wu and u' in D, and v and vl in Dy
such that no u' --»u path exists in D; and no v --» v’
path exists im D,. So, if there were a (u,v) --3 (u®,v')
path in D; X D,, then there would.be a Vv -=>v! path
in D,, a contradiction. And, if. there were a
(u'yv') --> (u,v) path in D; X D,; then there would be
a u' -->u path in Dys again a contradiction. Thus,
if Dy x D, 4is unilateral, then D; and D, must be

unilateral, and D; or D, must be strong.



For the .sufficiency, we may suppose without loss
of.generality that. D;. is strong and D, is unilateral.
Take (u,v) and (u',v!) arbitrarily in V(D, x D).
Then one must have
) (i) a u -->u' path in D;, and

(ii) a wu' =->u path in Dy, and
(iii) a v =->v' path in D,; or
) (iv) a v' --» v path in Dy,

If (iii) is the case, then using (i) and Lemma 5.34,
there is a (u,v) =--> (u',v') path in D; X D,.

If (iv) is the case, . then using (ii) and Lemma 5.3A,
there is a (u',v') --» (u,v) path in D; x D,.

Thus, there is a (u,v) =-» (u',v') path or a
(u'yv') -->» (u,v) path in D; X Dy, which implies that

Dl X D2 is unilateral.,

This, in turn, .completes 'the proof of Theorem 5.Uu4A.

5.4.2 Characterization of C; under cartesian product

Now, since D; x D, is in Cj if and only if

Dy x D, is weak but not unilateral, we may state:

THEOREM 5.4B. Let D; and D, be digraphs. Then

Dy x D, is in c, if and only if
(1) D; and D, are weak digraphs, and
(2) 1If D19 (D, respectively), is strong, then

Dy (Dl respectively), 1is strictly weak.

PROOF. From Corollary %.2A, condition (1) is equi-

valent to D; x D, being weak. But, from.Theorem 5.4A,
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Dy x D, is not unilateral if and only if
) either (i) D1 or D, is not unilateral,
« or (ii) D, and D, are strictly unilateral.
Otherwise, Dl and D2 are unilateral, and Dl or
D, is strong.
Thus, by the remark preceeding. the statement of
the theorem, D, x D, is in Cy if and only if (1)

and (3) are true. But, if D; were strong, then (ii)

is not true, so that (i) must be true, implying D, is

strictly weak.

Similarly, if D, is strong, then D, must be
strictly weak,.and therefore, if D, x D, is in Cys
then (1) . and (2) must be *rue.

Conversely, . (1) implies that D1 x D, is weak,
and (2) implies (3) since, if neither D, mor D, is
strong, then D; and D, are strictly unilateral or D4
or D, is not unilateral. But if, say,. D, is strong,
then D, is strictly weak, and therefore not unilateral.

So, (1) and.(2) imply that Dy x D, is weak but
notAunilateral,.or.equivalently that D, x D, is

strictly weak.

S.4.3. Characterization of C3 under cartesian product

THEQREM 5.4C. Let D; and Dy . be digraphs. Then,

Dy x D, 1is strong if and only if D; and D, .are strong.

PROOF. For-the.sufficiency,.suppose that (u,v)

and (u',v') are arbitrary points of Dy x D,. Then since
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D; and D, are strong,.there exist
(i) a u --> ' path in D,,
(ii) a u' --3»u path in Dy»

(iii) a v --»v' path in D,, and
(iv) a v' --»>v path in D,.

Using Lemma &.3A, then, (i) and (iii) imply that
there is a (u,v) --> (u',v') path in Dy D,, and
(ii) and (iv) imply that there is a . (u’,v') == (u,v)
path in D x Dz. Thus, D, x D, is strong.

Conversely, if Dl x D2 is strong, and if u and
u' are.in V, and v and v! are in V,» then (u,v)
and (u',v') are in V(D; x D,);, and there is

(i) a (u,v) == (u',v') path in D, X D,, and
(ii) a (u',v') --3 (u,v) path in Dy X Dy

Using Lemma 5.3A, (i) implies that there is a
u --»u' path in D; and a v --3» v' path in D,, and
(ii) implies.that there is a u°’ --9‘u. path in D; and
a v' -->v path in D,. Hence, D; and D, are strong.

This concludes the proof of Theorem 5.u4C.

S5.4.4 Characterization of C; under cartesian product

Now, by definition, D, X D, is in C, if and only
if Dy x D, is unilateral_but not strong. But, D, X D,
is not strong.if and only if D; or D, is not strong by

Theorem 5.4C. Thus,.using Theorem 5.3A, one has:

THEOREM S.4D. Let D; and D, be digraphs. Then,

D; x D2 is in Cy if and only .if either
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(1) D, is strong and D, is in C,, or
(2) D, is strong and D, is in C,.

PROOF. Suppose Dl and D2 are unilateral and
Dl or D, is strong, but not both. Then D, x D, is
unilateral using .Theorem S5.4A, but Dy X D, is not strong
by Theorem 5.4C. Hence Dl.x D2 is in C2°
Conversely, suppose Dl X Dg is in C2° Then
Theorem 5.4A implies that D; and D, are unilateral
and that D; or D, is strong. But, D, and D, cannot
both be strong.since this would imply that D, x D, was

strong by Theorem 5.4C. Thus, 1if D,y is strong, then D

2
must be in C,, and similarly, if D, were strong, then
D, would, of necessity, be in Cj.

This completes the proof of Theorem 5.u4D.

5.5 TABLE 2 -- POSSIBLE TRIPLES UNDER CARTESIAN PRODUCT

Referring to Chapter I, we give the possible triples
in table form. Here, Table 2, below, implicitly contains
all necessary.and .sufficient conditions that the triple
(1,j,k) be possible.since.each pair (i,j) determines a

unique possible triple, (i,j,k).

—
(D2 o 2 | 3
0 a 0 0 0
TABLE 2 -- Possible
1 0 1 1l 1
triples for x
2 0] 1 1 2
3 0 1l 2 3

Verification is immediate using Theorems 5.2A,5.4B;5.%C 5.4D,



CHAPTER VI -- COMPOSITION OF DIGRAPHS

6.1 PRELIMINARIES

6.1.1 Definitions and line structure of D;[D,]

DEFINITION 6.1A. Let Dl and D, be digraphs.

Then the digraph D; -+»> D, is defined as follows:

V(D <> D) [u :u eV, or uce VZ} =V, V,s and

{<uyu'™ : u,u’ ¢ v,V V2, and either

<u,u'> e X, U X or u ¢V and u' ¢ V, t.
1l 2 1 2

DEFINITION 6.1B. Let D, and D2 ‘be digraphs, and

let V1 = {ul,uzgoon,upl}n Then let D2i be defined for

i < 192.ooogpl as fOllOHSZ

VziA- {(ui,v) s v € VZ} 0

X2 = {<(ui,v).(ui,v?)> 3 <vyv'> E x2}°
Clearly D,; = D2 for each 1i = lgooogplo

We then define the egmposition of D; into D;, denoted

D;(D,] to be that.digraph with points and lines:
V(D3[D,1) = V; x V,, and

. 1
X(Dl[Dzl) = [iL_)lxzi]U [iuj{X(Dzi -+=p Dzj)3 <uiguj> € Xl}]o
= 9

LEMMA 25. Let D; and D, be digraphs. Then;,
x = <(u,v),(u’,v')> 1is in X(Dl[Dzl) if and only if
either (1) <uyu'> is in X,

or (2) wu =u'" and <v,v'> 1is in Xgo

PROOF. For the necessity, we first note the obvious,

namely, that either u = u’ or u # u',

115
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Suppose u # u'. Then (u,v) is in Voi for
some 1, and (u',v') is in sz for some j, with
i#j.

So, since x = <(u,v),;{u',v')> is in X(Dl[Dzl)g
and x is in no Dyks x must be in X(Dzi -t > D2j)°
which implies Doy 4—9»D2j is a subgraph of Dl[D2]°
This, however, implies that <uiguj> 2 <uyu'> is in X
so that, if u # u';, then (1) holds.

19

But, if u = u', then (u,v) and (u',v’') are in
the same Dzj by definition of Dl[D2]n However, by defin-
ition of Dy3s if x is in X235 then <v,v'> is in X,
so that if u = u', then (2) holds.

To prove the sufficiency; suppose. (1) is true, and
let x = <(u,v),(u',v')>. Since <u,u’> 1is in X1
u#u' and u is in Dyje u' is in Dzj with i ¢ j,
But, then, Dj; <> Dpj must be a subgraph of D,[D,J; so
that x 1is in X(D;[D,1) since x is in Dpj ~k> Dpjo

On the other hand, if (2) is true, then (u,v) and
(u',v') are distinct points of some D,;. But, using the
definition of Dyjs if <v,v'> is in Xo, them x 1is in
x?i - X(Dl[D2])o

Thus . the .sufficiency .is proved; completing the proof

of the lemma.

6.1.2 Relation _of composition to previous operations

Recalling.the definition of a spanning subgraph,

we state the following .corollary.
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COROLLARY 6.1A. If D; and D, are digraphs; then
(i) p; ® D, £ DI[D2]’ and
(ii) Dl X Dz < Dl[Dz]o

PROOF. First we remark that

V(Dy & D,) = V(D) x Dy) = V(D1[D,1) = V; x V,.

For (i), suppose that x = <(uy,v),(u',v')> is in
X(D; B D;). Then, <u,u’> is in X; by definition, so
that, using Lemma 6.1A, x is in X(D3IDy31) . Thus,
Dl ﬂ D2 < Dl[D2]°

For (ii), suppose x = <(u,v),(u',v")> is in

X(D; x D). Then, by definition of Dy x Dy, either
(@) u =u' and <vyv'> is in Xy, or
(b) v =v' and <u,¥*> is in Xy o
Case (a) is the same as condition (2) of Lemma 6.1A,
and hence x is in X(D,[(D,1),
But, case (b) clearly implies condition (1) of

Lemma 6.1A, yielding the same conclusion. Thus,

Dl x D2 { Dl[D2]°

6.1.3. Structure of ([ P 1.[ ])

THEOREM 6.1A. (L O 1,[ 1) is a non-commutative

semi-group with identity.

PROOF. The fact that ([ I 1,[ 1) is a semi-group
follows directly from. the validity of the statement:
<(u,v,w),(u',v',w')> is in both X(D;(Dy[D31]) and
X((D3[D,1)[D3]) if and.only if either

(1) <u,u'> is in X;s
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(ii) uw = u' and <vyv'> 1is in X;, or

(iii) uw =u'y v = v' and <¢w,w'> is in X3
‘the verification of which is immediate upon twice applying
Lemma 6.1A.

We assert that ([K;] is the identity of ([ ® 1,[ 1).
For, suppose K; = {ui}o Then, V(Kl[DZJ) = {(ulgv)g v E Vz}g
and X(Kl[Dzl) : Xp1 = { <(u1,v),(p1,v°)> 2 <v9v?>€'X2}o

As in Theorem 5.1A, K,[D,] is isomorphic to D,
under the map V¥ (uj,v) = v,

Also, if K3 = {v,}, then
v(D,[K; 1)
X(Dl[KI])

{(u.vl) ¢ ut V1}9 and

{<(ui.v1).(uj&vl)> 3 <uiguj>£ xl} since
DZi = (ui.vl) is isomorphic to Kl for all i = lDOOOQpl
in this instance.

Again, then, Dl[K1] = Dy, so that [Kl] is,
indeed, the identity of ([ O 1,[ 1.

So, as with the cartesian product, we will allow
one point digraphs and digraphs with independent point
sets in this chapter.

To see that ([ & 1,[ N

Dla i Dzs O
is not commutative, let D, and
D, be as shown at.the right.

Since w, has degree Dl[Dzlz
5 in D2[D1], and the degree
of every point in D,[D,] is
less than 5; they cannot be

.isomorphic.
FIGURE 18 _== An _example
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6.2  DISCONNECTEDNESS.UNDER COMPOSITION

THEOREM.6.2A. Let D1 and D2 be digraphs,

Then Dl[D2] is disconnected if and only if either Dl

is disconnected; or D, = K, and D, is disconnected,

PROOF. For the necessity, it is clear that if
D, = Kl’ then D2 must be disconnected in order that
Kl[Dzl be disconnected. So, suppose that D; # Ky
Then if Dy[D,] is disconnected, there exist
distinct points (u,v) and (u',v') in V(Dl[D2])
such that there is no (u,v) --> (u',v') semi-path in
D; (D],
(1) Suppose u = u', and suppose that D, were weak.
Then there exists a line <u,u3> or <uj,u> in Dy (that
is, u is not isoclated). If <u,u;> is in X, s then
D2i ~-> D23 is a subgraph of D;[D,], .where u = u; ~ and
Let (u;,vj) be a point of D2j° Then by definition
of D;[D;J, both x = <(u,v),;(u;,vy)> and
x' = <(u',v').(u1.vl)> .are in  X(Dy; -havsz) and hence
in X(Dl[Dzl) since (u,v) # (u',v') and both . are in Dyjy o
But then, x,x' defines a (u,v) --3> (u',v")
semi-path in Dl[DZJ: a contradiction. 4A.similar conclusion
is reached if it is assumed that <uz,u> 1is in D,. Thus,
if u = u', then D; must be in Cg.

(II) Now, suppose u # u', and suppose D, is weak. Let

U = MgyUjjsaacsu, =.u' bea u---u* semi-path (n =0).

Then by Lemma 6.1A, one has, for any i = 051,000on-1,
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<(ui.v1).(ui+l.v2)> or <(ui+1'vl)°(“i°vz)>' is in X(Dy[D,1)
for _any vi and v, in Voo Also, since u; ¥ Uy for

i#j and i,j = 05l5...4n, one has (u,vl) Ed (“iovz) for
i=1,...4n and any vy and v, in Voo

Thus. (uo.V).(ul,v').(uzgvv).aoop(ungvv) is a

(uyv) =—- (u',v') semi-path in D1(D,]1; once again a con-
tradiction. Thus, D; must be disconnected.
To prove the sufficiency, suppose D, 1is disconnected.

Then there exist distinct points u and u' in V, such
that there is no u --- u' semi-path in D;. Take v
arbitrarily in Vo» and suppose there were a

(Uyv) === (u',v) semi-path in Dl[D2]9 say

S: (u,v) = (“O'Vo)'(“l-vl)’9°°-‘“nwvn) = (u'yv). Then,

fOP. i - o.l.oougn_l. <(ui.Vi)9(ui+IQVi+l)> or
<(Ui+1.Vi+l),(Ui.Vi)>. is in X(Dl[D23)°

Let i, be the first .i such that u; # uj, = Yge
Such an i nmust exist since u, = u' #u = ug. Then,
using Lemma 6.l1A, the above implies that <uio,ui1> or
<“il'“io> is in X0

Suppose now, that a sequence Syt ug = uiogouoguik
of points in P,(S) has been found satisfying

(1) ij >'it if and only if j = t, and
(ii) <wu. ,u; > or <u;, u: > is in X, for
15351 *5-1"71 1
j = l’ooo’ko
Then let i,,;. be the first j > i) such that

uy # uj, « If there is no such ig4;, then Uip T uy T uly

and S; defines a. u.--- u' semi-sequence in. D;s which
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is a contradiction.,

But, if 1i,,; exists; then from above and Lemma
6.14A, <uik’uik+1> or <uik+l°uik? i8 in X, and hence
Sgt niu,uil.ooo,uik+l is a sequance of points of P, (8)
satisfying (i) and (ii). Thus, there exists a sequence
of points S': Up = WigeUjysecesUi = Uy = ¥' in P, (S)
satisfying (i) and (ii). This S', however, defines a
U --- u' semi-sequence in D; contrary to the assumption
that no u --- u' semi-path exists in Dy

Therefore § must not exist, implying that D;[D,]
is disconnected.

If Dy = K,, then clearly K,(D,] 1is disconnected
when D, is disconnected. This concludes the proof of

Theorem 6,2A.
The following corollary is immediate.

COROLLARY 6.,2A. Let D, and D; be digraphs.

Then D3[(D,] is weak if and only if D; 1is weak, and if
Dy = Kl? then,_D2 is weak,

6.3. PATH_STRUCTURE .OF .COMPOSITION

As with previous operations, let us detérmine the

path structure.of composition.

. -LEMMA 6.3A. Let D; and D, be digraphs. Then

there exists a (u,v).--» (u',v') path in D1LDy]l if and
only if one of.the following is true:

(1) u = u' and there is a v --3» v' path in Dy,
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(2) u=u'" and u belongs to a cycle of Dy having
positive length, or

(3) u # u' and there is a uy --> u’ path in D,

PROOF. To prove the necessity, suppose that
(u,v) and (u',v') are distinct points of Dl[D2]g and
that P: (u,v) = (uo,vo).noo,(unsvn) = (u',v') is a
(uy,v) --> (u',v') path in Dl[D2]o Then
<(ui'Vi)g(ui+l'Vi+l)> iS in X(Dl[Dz]) fOI" i = osoooin“lo
If u=4', 1let ug = Ui, and let il be the
first j such that j =1, and uy # uj e
Then Lemma 6.1A implies <uioguil> is in X;. As
in the proof of the previous theorem; we may continue in
this way and obtain a sequence (closed in this case)
u s uio.uil.ooo.uis =u' = u, Thus, if u = u', then

either u = Ug = U; = ceo = u or u belongs to a

n‘
cycle of D having positive length.
1l

But, if u = Ug Uy = cce = u., then v; # £
for i #3j in P since P 1is a Path. Further, since
<(“i'vi)'(“i+1'vi+1)> = <(u.vi),(u,vi+l)> is in X(Dl[DZJ)9
Lemma 6.1A implies that <visVvi+1” 1is in X, for all i,
i=0,.00en-1, .and .therefore, v = VgsVyisaoasVy = V! is a
v --> v' path in Dy

Thus, if u = u', then there is a v «-> y! path
in Dy, or u belongs to a cycle of Dy which has
positive length,

If, on the other hand, u # u', then there is,

indeed, a first i, such that i; > iy and uj, # uigs
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and the above procedure generates a u --3 y' sequence,
implying the existence of a u --> u' path in D,
Therefore, if there is a (u;v) --5 (u',v') path
in D;ID;1, then (1), (2) or (3) must hold.
For the sufficiency, suppose (1) is true. Let
V = VgsVisesasVy, = V' be a v -->v' path in D, with
n > 0 (the latter, since (u,v) and (u',v') are distinct
and u = u').
Then (u,v) = (ugvo),(u,vl)gooaa(u,vn) = (u',v")
is a (u,v) --> (u',v') path in Dl[D2] since vy # v3
for 1 # j implies that (uyvy) # (ugvj) for i # j, and
since <vj,vi+3> is in X, implies, using Lemma 6.1A,
that the line <(u,v;j),(u,vj43)> is in X(D;[Dy; 1),

If (2) is true, let u = UgsUpsecsslUy = u be a

n
cycle in D; containing u and with n = 0. Then, using
Lemma 6.14, <(ujsv)y(ujy34v')> is in X(Dl[Dzl) for
i=0,c00yn-1 and for any v and v' in Vyo

Thus, .if v . # v', then
(u,v) = (uo,v).(ul.v?).(uz,v'),aaag(un,VV) = (u',v') is
a (u,v) --» (u',v"') path in Dl[Dzln since only uy = uy
and v # v',

Finally, if (3) is true, then u # uv' and
U = UgjpUjsecosuy = u' is @ u -->u' path in D,. Thus,
from Lemma 6.1A, <(ujsv)ye(uj4yv')> is in X(D,[D, 1)

for any v and v' in Voo Hence,

(u,v) = (uo,v),(ul,v').(uz.v'),ooa.(un,v") (u';v') 1is
a (u,v) --> (u',v') path in D;(D,], completing the proof

of Lemma 6.3A.
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6ol FORMS OF .CONNECTEDNESS

6.4.1 Characterization of unilateral composition

THEOREM 6.4A. Let D, and D, be digraphs. Then

D,(D,]1 is unilateral if and only if
(i) D; is unilateral and each point is on a positive cycle,

or, (ii) D1 and D2 are unilateral.

PROOF. Suppose that Dl[DZJ is unilateral. If
D; = Ky, then D; 1is unilateral and Kl[D2] = D, Iis
unilateral. So, supguse D, # K;s» and let u and u' be
distinct elements of Vi» and let v be in Voo

Then there is a (u,v) --> (u',v) or a
(u';,v) --> (u,v) path in D,[D,]. By Lemma 6.3A, then,
there is a u --»u' path ora u' --3u path in Dy
so tﬁat D, is unilateral.

Now, if D, is not. unilateral, then there are
peints v and v' in D, such that there does not exist
a v-->v' ora v' --3»v path in D,. Take wu in Vla
Then since Dl[DzJ is unilateral, there is a
(uyv) -->» (u,v') ora (u,v') --» (u,v) path in Dl[D2]°
But, Lemma 6.3A then .implies the existence of a cycle
containing u since there is no v -->v' op v' --> v
path in Dy,

Thus, either D, and D, are both unilateral,
or D is unilateral and every point belongs to a cycle

of positive length.

Hence, the necessity of Theorem 6.4A is proved.
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To prove the sufficiency of conditions (i) and (ii),
suppose (u,v) and (u',v') are distinct points of Dl[D2]°
(I) If u=u' and D; is unilateral with each of its
points on a cycle of positive length, then u 1is on a
cycle u = ugyuUjsecoyuy = u' = u of D, with n = 0.

Thus, using Lemma 6.1A,
(u,v) = (ue,v).(ul.v'.oae.(un.v') = (uev') = (u',v') is

a (u,v) --> (u',v') path in Dl[D2]o

(II) If u=u'" and D, is unilateral, then, v # v’

and there is a v --»>v' ora v' --»v path in D,.
Suppose there is a v --» v' path in Dy. Then Lemma 6.3A
implies that there is a (u,v) --> (u',v') path in Dl[D2]u
Similarly, if there is a v' --» v path in D,, ‘then
there is a (u',v') --> (u,v) path in Dl[D2]°

(III) If w # u' and Dy is unilateral, then there is a

u-->u' ora u' -->u path in Dys implying by Lemma
6.3A that there is a (u,v) --» (u',v') or a
(u'y,v') =-> (u,v) path in D,[D, 1.

Hence, if (i) is assumed,; then (I) and (III)
guarantee that 4D1[D2] is unilateral. If, on the other
hand, (ii) is true, then (II) and (III) imply the same

result.

This concludes_the proof of Theorem 6.4A.

6.4.2 Characterization of Cy

COROLLARY 6.4A. Let D; and D, be digraphs.

Then D;[D,] is in C; if and only if
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(2) 1If D, is unilateral, D, # Kl’ then
(1) Dy e CD v Cl’ and
(ii) there exists a point u in V(D) that
does not lie on a cycle of D; having

positive length.

PROQOF. D;[D,1 is in C, if and only if D,(D,]
is weak and not unilateral.

Using Corollary 6.2A, this occurs if and only if
(1) is true and Dl[DZJ..is not unilateral. But, using
Theorem 6.4A, the latter happens if and only if (2) holds.

This completes the proof of Corollary 6.4A.

6.4.3 Characterization of Cj

THEOREM 6.4B. Let D, and D, be digraphs.

Then D;[(D,] is strong if and only if either
(1) D, = K, and D, is strong, or

(ii) D +# K, and Dy is strong.

PROQOF. For the necessity, if D, = Kl’ then

clearly D, = Kl[D2] must be strong. If D, # K, let

1
u and u' be distinct points of D;s and let v be in

V,. Then since D,[D,] is strong, there is a

(uyv) == (u',v) path and a (u';v) --» (u,v) path in
D;(D;], and.using Lemma 6.1A, there is thus a u == '
and a u! -->u path in Dlo
Therefore, either Dy = Kl and D, 1is strong; or



127

D, # Ky, and D; is strong, proving the necessity of

conditions (i) and (ii).

For the sufficiency, we first note that if D, =

1 * Ky

then . K;(D;] =~ D, is strong if D, is strong.

Now, suppose that (u,v) and (u',v’') are distinct
points of Dl[D2]°
(I) If u=u', then Vv # v'., We may suppose that
D, # K,, so that wu is on a cycle of D, of length
greater than zero since D1 is assumed strong. But then,
Lemma 6.3A implies that there is a (u,v) --» (u',v') and
a (u',v') --» (u,v) path in Dl[D2]o Hence D,[D,] is
strong.
{II) If u # u'; then there is a u --»u' and a

u'

--3 u path in D;s implying that there is a
(uyv) ~=>(u',v') and a (u',v') --3 (u,v) path in
D(D,]. Once again, D,;[D,] is strong.

This concludes the proof of Theorem 6.4B.

6.4.4 Characterization of C?

COROLLARY 6.4B. Let D, and D, be digraphs.

Then D;ID,] is in C, if and only if D; & C, and either
(1) D, is unilateral, or

(ii) every point of D; 1lies on a cycle of positive length.

PROOF. D;[(D,] is in C, if and only if D, [D,]
is unilateral .but._not strong.
Rephrasing Theorem 6.4A, we see that D,[D,] is

unilateral if and only if D, is unilateral and either
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(a) D, is unilateral, or
(b) every point of D, lies on a cycle of positive
length.

On the other hand, Theorem 6.4B implies that D1[D2]
is not strong if and only if D; is not strong: ignoring
the case D, = Kl°
Thus, combining the above, one is 1led to the

result of the corollary. It should be noted that we have

chosen, here,to omit the case Dl = Kl°

6.5 TABLE 3 -- POSSIBLE TRIPLES UNDER COMPOSITION

The above results lead to the following table of

possible triples, where it is assumed that P, =1, pp = 1.

o2l o 1 2 3
0 0 1 1,2 3
1 0 1 1,2 3 TABLE 3 -- Possible
2 0 1 2 3 triples for ( ]
3 “ 0 1 2 3

Here, with two exceptions; the table implicitly
contains the necessary and sufficient conditions that
D,[D;] be in C, since each pair (i;j) determines a
unique possible triple (i;j k) except the pairs (2,0)
and (2,1). In the case of the two exceptions;, D;[D,]

is in C, if and only if every point of .Dy Dbelongs to

a cycle.of.Dl having positive length,



APPENDIX I -~ REACHABILITY

In this appendix, a brief investigation of a

concept closely related to connectedness is carried out,

DEFINITION l. Let D be a digraph with

V 2 {Vlgvzgunogvpgo Then vy

from v; if there exists a vy == V5 path in D. The

reachability matrix, R(D), of D is defined by the

is said to be reachable

conditions: R = (rij) with

j i
0 otherwise.

r: =

{ 1 if v. 1is reachable from wv.
1]

Since v; is always reachable from v,;s the entries

rji are all equal to 1.

With this definition in mind, the purpose of the
appendix is to develop expressions for R(D; © D,) in
terms of Al'AZ'Rl and R2 when the operation o is
B,*x, and [ ].

Obviously such results will depend upon the labeling
of the digraphs Di» D, and Dl © D,. Since the point set
V(Dl o D2) =V x V2 in all cases, we will assume, as in
Lemna 3.1A, that V) = {uj,ecosupi}s Vv, = {vieeoivp, ]

and V(D; © D2) = {wlgono.wplpz} where w:. 1is given by

2

Wi = (ui(n)gv(i/n)*) WIth n = plo

In the following definition, the various conventions

of notation adhered to in this appendix are introduced.

129
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DEFINITION 2. The symbol # is used to denote

boolean operations. For example, if m and .n are non-
negative integers, the expression (m + n)# will represent
the result of the addition of m and n in boolean terms.
If A = (aij) is a matrix, A # is understood to
be the matrix A # = (aijﬂio
Also, if A

(aij) is an n-by-n matrix, then

the entries of A™ will be denoted a{?)o

Further,; for.any matrix M = (aij)D the matrix

diag(M) = (a{j) is defined by aij é&jaij

is the Kronecker delta, 6 { 1 if i = j
iJ:

where (Sij

0 if 1 # 3.
We denote the n-by-n identity matrix by I

and the n-by-n universal matrix by J,» where J, = (cij)
with ciy = 1 for.all i and j, 1 =1i,j= n.

The following result appears in the Harary,

Norman and Cartwright manuscript, [4].

THEOREM 1. Let D be a digraph with V = {vlgooogvp}

and adjacency matrix A = (aiiDn Then the 1i,j entry,

aég) # of A" # equals 1 if and only if there exists

in D at least one vi -°%>Vj sequence of length n.

Note that a{?) # =1 for some n =1 if and only

if v; Dbelongs to some cycle of length m = 0, where

km = n.

THEOREM 2. R(Dy X D,) = R; B R,.
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PROOF. Let Ry = (aj5), Ry = (bj5) and
R(Dl X D2) = (Cij)a Further, let Rl R R2 = (Qij)g and
ns plo

Then, from Lemma 3.1A, c{j = ai(n)j(n)b(i/n)*(j/n)*

where, by assumption, wy in D, x D, is the point

Wi = (Uin)sV(isn)n)e
Then ©j4 T 1 if and only if there is a
(ui(n)"’(i/n)*) =Wy -——)wj = (uj(n)*"'(j/n)*) path in

D; x D,, which, according to Lemma 5.3A, happens if and
only if there exists a Yi(n) "= Yy(n) path in D, and
& V¢i/n)w ~=>V(j/n)* Path in Dy,

However, the latter occurs if anq only if
ai(n)j(n) = 1 and b(i/n)*(j/n)* = 1, which; from above,

occurs if and only if «c!f

ij = 1,

Thus, cij = 1 if and only if cij = 1, proving
the theorem.
‘ PlP2 o
THEOREM 3. R(D, & D,) = [kga (A] B A)) +.IP1P2] #.
PROOF. Let R(D, 8 D,) = (c;:), &K @ aX = (cK.)
—_— 1 2 137% 2 ij’e
P1P;
"and Y ¥ B A% 41 = (dj:). Also, let A, = (a;.)
A2 s (bij)o
The assertion is, then, that Ciq = dij ¥.
But, obviously, P1Py K 6
dij = €i3 * M3
k=1
where, (5-- is the Kronecker delta.

1

CASE I, If i = j, then cjj = l by definition of
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R(D; @ Dp). But, 1f 1= J, d45 =1, so that
dyg # = (1 + ):'clfj) # =1 since ):,cl.fj 3 0.
k k
Hence, cij = dy 4 # 1t 1 = j.
PPy

Case II. When 1 £ j, then djj = E;; iy since 1§ =
By definition of R(Dl = D2), iy = 1 if and only if
there is a (ui (n)V(1/n)* *) =Wy --3 Wy = (UJ(n),V(J/h)*)
path in D; ® Dy. By Corollary 4, this occurs if and only
if there exist ui(n) --> uj(n) and v(i/h)* --> V(J/n)*

sequences of the same length in Dl and D2 respectively.

But, this happens if and only if a£"(‘r)l)3(n) Z

and bg?)h)*(j/h)* =1 for some m, using Theorem 22.

Thus, Cij =1 1f and only if

C?J = j(_r(nn))j(n) bii/)n)*(j/n)* Z1 for some m. Further,

we may assume that m \<plp2 since if there 1s a

B D

Wy =-2 wJ path P of length m in D then

1 27
certalnly P contains at most plp2 points, and hence

P has length less than plpz, so that m P1Po.

But then, P1Po
d = Vd Cl‘c
d k=l 1J

so that dij # =1 if and only if there is some m £ PyPs
such that cfly = 1.

Therefore, Ciy = 1 1if and only if diJ # =1,
or cyjy = dyy #, as desired.

This concludes the proof of Theorem 24.

THEOREM 25. For Dy and D, digraphs, one has

( . ) P1Po
R(Dy[D,]) = {[R; - Ip, * :/l_;diag(A‘f)] B Jp, + Ip ERy|#.




133

PROOF. Let R(D;[D,1) = (ej3) and

PP,
- 3 k -
(Ry « Ip, + kg; diag(A))] @ Jp, + Ip) B Ry = (c}i).
The assertion.is that c!. # = c.

ij°
Further, let A; = (ajj)s Ry = (rijd)y Ry = (ri3),

ij
and PLP2 K
Ry - Ip; + ) diag(A7) = (bys).
k=2
Then, using . Lemma 3.1A,

|} - o .
%ij * Pimymyt? 6i(n)j(n) T(i/n)*(j/n)*° DBut clearly

PaF2 (k) -
P 508

Pitm)ita) ¥ Titm)im) 6i(n)j(n) W& TEmIM )i

so that cly = rj(ny5(n) - é&(n)j(n) +
P,P
1%2
\ (k)
+ 5i(n>j<n)“h/n)*(j/n)* + k>;2 6i(n)j(n) 3 (n)j(n)°

Using this expression, we examine two cases.
. . . . -
CASE I. 1i(n) # j(n). In this case, ci; # = Pi(n)j(n) "
CASE II. i(n) = j(n). In this case,

P1P,
1 - (k)
€ij $o= {’ii/n)*(j/n)* * kzé ai(n)i(n)} LE

Hence, we conclude from these that c{j # =1
if and only if
(1) uj(y) # Uj(n) and there is a wuj(y) -=> Uj(n)
path in Dl (from Case I),
(2) uj(n) = uj(n) and there is a Vii/m)r == V(§/n)*

path in D, (when ri; nya(j/nyx = 1)s

or (3) uj(n) * Wj(p) and uj(p) belongs to a cycle of



)

o (k) -
D, of positive length (when a3 (i) ° 1.

But referring to Lemma 6.3A, one sees immediately

that Cjy ° 1 if and only if (1), (2) or (3) is true,

Therefore; c¢;: = 1 if and only if c!. # =1,
ij 1j

concluding the proof of. the theorem.
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