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This study is primarily concerned with the inves­

tigation of two closely related problems in the theory of 

directed graphs. Both problems involve the mutually ex­

clusive categories of connectedness; CQ (disconnected), 

0% (strictly weak), C2 (strictly unilateral), and C3 

(strong)»

The first problem is the de termination of the pos­

sible categories of connectedness to which a directed 

graph, D, may belong when D is represented as the image, 

under some binary operation, of two directed graphs 

and Dg, each of which belongs to a specific category of 

connectedness 0

The second problem is, then, the determination of 

necessary and sufficient conditions on and D2 which 

will insure that D is in a particular category of con­

nectedness among those possible 0

Such an investigation depends, of course, upon the

operation involved; and this study is limited to the con­

sideration of three specific operations : the tensor pro­

duct, the cartesian product, and composition « These oper­

ations have the property that the point set of the image of 

(Di»D2) under each operation is always the cartesian pro­

duct of those of Dj and of D2 »

These problems are solved completely for two of the 

operations under consideration, namely the cartesian pro-
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duct and composition 0

It is found that the category of connectedness to 

which the cartesian product D = x D2 belongs is en­

tirely determined by the categories of connectedness to 

which Dj and D2 belong0 Indeed, with but one excep­

tion, if is in and D2 is in C j, then D is

in Ck, where k is the minimum of i and j 0 The ex­

ception occurs when i = j = 2 and k = 1.

Hence e the solution of the first problem is also a 

solution of the second 9 in the case of the cartesian pro­

duct,,

Excluding trivial (one-point) directed graphsf it is 

found that» with two exceptions ? the composition D = D^ED?] 

is in Ck if and only if is in Ck= The two excep­

tions occur when is in C2 and D2 is in CQ and 

Cj, respectively « In both these cases, k = 1 or 29 and 

k = 2 if and only if every point of belongs to a cycle 

of positive length in

The third operation $ tensor product 9 is considerably 

more involved,, In this instance, again with two exceptions, 

the tensor product D - D1 B Dj is in Ck where k may 

assume any value in the set { k' : k'= min(i,j)} if D± 

is in C| and D2 is in Cj„ The first exception occurs 

when i = j = 2 o Here, k may take only the values 0 or L 

The second exception occurs when i = j = 3, and here, k 

is restricted to the values 0 or 3„ Hence, the first prob ­

lem is completely solved.for the tensor producto

The second problem for this operation, however, pre­
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sents several difficulties; and it is solved only for k = 2 
and k = 3.

For example, if k = 3, then from the above, one has 

“ 3 ~ Thusj Dj and Dg are strong and may be writ­

ten as unions of cycles of lengths aj,... ,at in and 

of lengths bp0, o ,bs in DgB Excluding the possibility 

that D^ or Dg is a trivial directed graph, it is found 

that D = Dx B Dg has aQ = g.c.d.(ai,...,at,bi,.o.,bs) 

strong components which are also the weak components of D= 

Therefore, D is in C3 if and only if D^ and Dg are 

in Cj and Sq — 1„

The problem is solved for k = 2 by investigating 

the receiving and transmitting subgraphs of the tensor 

product and using the above result.

I’.iosG nuestiom have been investipated for praohs.

However, since a graph may be looked upon as being a 

symmetric directed graph, one has, in this instance, only 

to deal with the categories Cp and C3, and hence one 

might expect certain simplifications.

Indeed, such simplifications occur, but even for 

graphs the problem is sometimes fairly substantial. An 

example of this is a recent article by P. M. Weichsel 

wherein the operation under consideration is the Kronecker, 

or tensor, product, The interesting nature of his results 

prompted the present study, and Chapters III and IV are 

devoted to this particular operation.

Chapter V is devoted to the cartesian product and 

Chapter VI to composition.



CHAPTER II — INTRODUCTION

This section has a two-fold purposee Initially, 

the basic notation and definitions used in the body of the 

manuscript are introduced, and secondly, the final para­

graphs are devoted to a general discussion of the problems 

dealt with in Chapters III, IV, V and VI»

2.1 DEFINITIONS AND NOTATION

For the sake of completeness, the following basic 

definitions are given»

DEFINITION 2»1A»

(1) A net N is an ordered 4-tuple N = <X,V,f,s> 

where X and V are sets » V is non-empty, and (when 

X X 0) f and s are functions from X into V» If X = 0, 

then N is considered to be the set V»

(2) X is called the set of lines of N and is 

denoted X(N).

(3) V is called the set of points of N and 

is denoted V(N)»

It should be remarked that when no confusion is 

apt to arise, the points and lines of a net N* are 

denoted V, X’ , the points and lines of a net N^ are 

denoted V^, X^, and so forth»

(4) Given x in X, f(x) = v is called the 

first point of x, and s (x) ® v’ is called the second 

point of X»

(S) x in X is called a loop if f(x) = s(x) »

4
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(6) If x and x’ are in X, and x # x', then 

x is said to.be parallel to x’ if f(x) = f(x') and 

s(x) = s(x')o Clearly, this relation is symmetric»

(7) A subnet N' of N = < X,V,fes> is any 

4-tuple <X',V',f',s'> where X' C X, V' C V, f = fix’, 

and s’ = six’ that is itself a net«

(8) A subnet N’ of a net N is said to span 

N if V* = Vo This is denoted N’ No

DEFINITION 2 oIBo

(1) A directed graph (digraph) D is a net 

which possesses no loops and no parallel lines. 

Note that, in this case, if x is a line of a 

digraph D, then the ordered pair <f(x),s(x)> com­

pletely determines x« Thus, a digraph may be thought of 

as a collection of points, V, and a distinguished sub­
collection of the set V x v - △ where △ is the 

diagonal of V, that is △ = {(v,v) s v is in v}0

(2) A subnet D’ of a digraph D is easily seen

to be a digraph, and is called a subgraph of Do

DEFINITION 2olCa A net is said to be symmetric 

if, whenever x is in X, with f (x ) = v and s (x ) = v\ 

then there exists a line x* in X such that f(x’) = v’ 

and s(x*) = v.

DEFINITION 2,ID, A multigraph is a symmetric net, 

and a graph is a symmetric digraph.

It is perhaps desirable to note that a graph is 
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often defined as _a.set of points, V, and a subcollection X 
of V x v - A called.lines » where as above, A is the 

diagonal of V. Here again, a line x is uniquely deter­

mined by an unordered pair. of points. The correspondence 

(v,v‘)----( < v,v*> , <v’ ,v > ) establishes the inter­

changeability of the definition with Definition 2.ID,

DEFINITION 2dEo A net N is said to be finite 

if both V and X are finite sets. For.a finite digraph 

D, p = p(D) is used to denote the number of points of D 

and q = q(D) the number of lines of Do

In keeping with the above notation, p’ and q’ 

are used to denote the number of points and lines of D', 

Pl and q^ of D^, and so forth, whenever no confusion 

is apt to arise.

Throughout, finiteness is assumed, and the word 

digraph is taken to be synonymous with finite digraph. A 

similar convention is adopted for graphs.

DEFINITION 2.IF. Let D be a digraph and let

Vi,v2,« =.,vn be in V (not necessarily distinct). Then 

(1) Vj,V2.,vn is said to be a sequence of 

length n-1 of D from v, to v_ if < v• , v. . > is in X"" x — n i’
for all i = l,2,.oo ,n-l. It is said to be a semi-sequence 

of length n-1 of D between v^ and vn if <vi»vi+i>

or < vi+i,Vi> is in X for i = 1,2,...,n-1. Thus every

sequence is a semi-sequence.

A semi-sequence is closed if v^ = v^. Otherwise
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it is open.

(2) v19v2 9« o o ,vn is said to be a path of length 

h-1 of D from to vR if it is a sequence of length 

p-1 from to vn with the property that i t j implies 

V£ # Vj = Similarly, it is said to be a semi-path of 

length n-1 of D between and if it is a semi­

sequence of length n-1 between and vR with the 

property that i # j implies X v.. e

(3) VpV2,...,vn is said to be a cycle of

length n-1 in D if is a path from

to v_ i, v. = v_ and <v„ ,»v > is in X. It is said n-i’ 1 n n-i n
to be a semi-cycle of length n-1 in D if, vltv2,.«.,vn-1 

is a semi-path between and vn_i» = vR and

or <vn»vn-l> 18 in X1

DEFINITION 2.1G. Let D be a digraph and S CL V»

Then the subgraph < S > of D defined as follows

V«S» = S, and
X«S>) = [<u,u’> : u,u* E S and <u,u*> E x}8 

is called.the subgraph generated by S. Thus, D = <VX

DEFINITION 2.!^

(1) A digraph D is said to be weakly connected 

(weak) if, given any two distinct points v and v* of 

D, there exists a semi-path of D between v and v8 . 

Otherwise, D is called disconnected.

(2) Let a relation ** be defined en V, where 

v w v’ if and.only if there exists a v ----  v’ semi­

path (that is, a semi-path of D between v and v’).
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Then clearly * is an equivalence relation» If T is 

a ~ -equivalence class, and W = < T>, then W is called 

a weak component of D.

W is a weak component of D if and only if W is 

a maximal weak subgraph of D« Also, if and W2 are 

two weak components of D such that V(W^) # V(Wg). (in 

which case they are disjoint), then X(W1) ClXCWj) = 0» 

Further, if ,» » =, Wp are all the weak components of

D, then V = U V(W. ) and X = U X(WJO 
i 1 i 1

(3) A digraph D is said to be unilaterally 

connected (unilateral) if, given any two distinct points 

v and v" of D, then there exists a v —> v’ path 

(that isj a path of D from v to v’) or there exists 

a v’ v path in D.

A subgraph U of D is called a unilateral 

component of D if it is a maximal unilateral subgraph 

of Da Contrary to above, however, unilateral components 

of a given digraph need not be pointwise or linewise 

disjoint.

(4) A digraph is said to be strongly connected 

(strong) if. given any two distinct points v and v’ of 

D, there exists a v —> v’ path in D and a v’ v 

path in D.

(5) Let ** be a relation defined on V by v — v" 

if and.only if there exists a v —» v’ path and a 

v‘ —v path in Do Note that this includes the case

v = v*» Then clearly *» is an equivalence relation. If
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T is a ««-equivalence class and S = <T>, then S is 

called a strong component of Do Thus, S is a strong 

component of D if and only if S is a maximal strong 

subgraph of Do

Here, as in (2), , S2 = < T2> and

T1 * T2 implies X(S^) O X(Sg) = 0» Further, if 

^1»^2•° *0’^r all the strong components of D, then 

V = Y ^^i^> but Y XCS^) is not necessarily all

of X.

DEFINITION 2olio A digraph D is called strictly 

weak if it is weak but not unilateral, and it is called 

strictly unilateral if it is unilateral but not strong=

DEFINITION 201Jo Let <0 be the set of all digraphs, 
and let Cq = £ D ; D £ <0 and D is disconnected},

Ci = {D ; D t <0 and D is strictly weak},

C2 = [û : D & 0 and D is strictly unilateral},

C3 = {d ; D E J0 and D is strong}o

The Ci (i = 0,1,2,3) are called the connectedness 

categories of <0=

Note that U = 0 and that i / j implies 
i

Ci n Cj = 0„

DEFINITION 2 0 IK. Let g be a map of 0 x into 
0 o Then g is called a binary di graph operation (or, 

briefly, operation),
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2 ° 2 GENERAL STATEMENT OF THE PROBLEM

This study will concern itself almost exclusively

with operations g wherein 

However, the general 

without such a restriction» 

it is this.

V(g(D1,D2)) = Vx X V2. 

problem may be formulated

Briefly, and quite simply,

Suppose that g is a fixed operation» Then

(I) For each pair (i , j ), 0 = i,j = 3, determine 

the possible values of k for which there exists 

(DltD2) in c. with g(D1,D2) in Ck» 

For each such k, call the triple (i,j,k) a 

possible triple »

(II) For each possible triple (i,j,k), find nec­

essary and sufficient conditions on and D2 

which will insure that g(D1,D2) is in Ck»

In the case of graphs, the situation is consider­

ably simpler. A graph, thought of as a symmetric digraph, 

is clearly either disconnected or strong. These two 

possibilities are then called disconnected and connected 

respectively. .

Many specific operations on graphs have been 

investigated. This has been done by various persons, 

among whom are Harary, [2,3*4]; Izbicki, [5]; Berge, [1]; 

Sabidussi, [7,8]; Weichsel, [9]; Kônig, [6].

However, digraph operations have been investi­

gated very little. Berge defines both the tensor product 

(produit) and cartesian product (somme) of digraphs. He
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relates several applications of these operations, and 

raises various questions pertaining to their structure. 

But » the major source of information on digraph operations 

is probably an appendix to the manuscript, [U], by Harary, 

Norman and Cartwright, where in a large number of digraph 

operations are defined and discussed generally »



CHAPTER III — TENSOR PRODUCTS OF DIGRAPHS, CONNECTEDNESS

3.1 INTRODUCTION TO THE TENSOR PRODUCT

3.1.1 Equivalence of two standard.definitions

The following definition is the basis of this and 

the next chapter.

DEFINITION 3.1A. The tensor product of two digraphs 

0% and Dg » denoted D^ H Dg » is that digraph whose 

points and lines are specified by 

V = Vx x v2, and

X = { <(u,v),(u*,v’)> ; (u.v),(u’,v8) t V. <u,u"> 6 

and <v,v> E X2) =

Numerous examples of the tensor product will be 

found in Section 3.7.

As an immediate consequence of this definition, 

one sees that, for the operation of tensor product, 

P = P%P2 and q = q^.

Also, when a digraph D is looked upon as an 

irreflexive relation on V, the tensor product of digraphs 

corresponds to the direct product of relations, wherein 

(u.v) R^ H Rg (u’,v’> if and only if u R^ u* and 

v R2 v ’.

On the other hand, the tensor prüüuct may be 

defined in a manner which is possibly more motivated in 

a historical sense. This point of view was taken, for 

example, by Weichsel, [9], in his investigation of graphs. 

Since certain labeling procedures associated with this

12
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approach are of use later, we will examine this more fully»

In order to do so, the following definitions are needed.

DEFINITION 3. IB. Let D
V - (v1,v2,...»Vp). Let A(D) = 

matrix defined by (1

be a digraph with points

(a^j) be the p-by-p 

if <Vj.»Vj> is in X 

otherwise.

This matrix is called the adjacency matrix of D<

DEFINITION 3.IC. Two digraphs D and D* are 

said to be isomorphic if there exists a one-to-one map, p 

such that ^(V) = V* and <v,v’> is in X if and only 

if < uv, uv*> is in X*.

It should be noted that A completely describes

D in the sense that two digraphs D and D' are iso­

morphic if and only if their adjacency matrices are per- 

mutationally equivalent. Further, any p-by-p matrix with 

zero entries on the diagonal determines a digraph uniquely 

to within isomorphism. Such a matrix will be symmetric if 

and only if its associated digraph is a graph.

DEFINITION 3. ID. The tensor product, ABB, of the

m-by-n matrix A = (a^j) and the r-by-s matrix B = (b^j) is the

rm-by-sn matrix Abu ^12 e . . Ab^

A I B =
Ab2i 

•

Abj 2 * . . Ab2n
6

Ab , ml ^.2 • 6 6 Abmn

Throughout.the following two chapters, we will often 



use the expression i (mod n) or i(n) to denote the 

remainder of i in ( 1,2 ,... ,n) on division by n. 

Of course, (mod n) is used in congruence relations also, 

but the meaning of the expression should always be clear 

from context. ........

Furthermore, we will use the expression (i/n)* 

to denote the smallest integer greater than or equal to i/n.

If D' is the digraph with adjacency matrix

Ai 8 Ag » the assertion is, then, that 8 is iso­

morphic with O' a in order to prove this, we need the 

following lemma.

LEMMA 3.1A Let and 02 be digraphs with

adjacency matrices

vi - £ui » ° ° ° »up-3
Ai = 

and

and

Further, let A^ 8 A2 = (Cij) and

A2 = (b^j) and points 

v^^ , respectively.

i = P-,. Then e

assuming i,j = p^Pg, the following statements are 

equivalent ;

(1) Cij = 1,

(2) ai(n)j(n)b(i/n)*(j/n)* = 1’

(3) <"i(n)'"j(n)> ^1 and <V(i/n)*'V(j/n)*> Xg.

PROOF. To begin with, the equivalence of (1) and

(2) will be established. Let n = Pj. Then, 

i = q^n * r^ and j = q2n + r2 with 0 = r^.rg < n. 

These expressions are, of course, unique. Four cases must 

be considered.
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(i) If » 0 and r2 * ° » then

(ii)

(iii)

(iv)

Ci] = ar1r2b(q1+l)(q2+l)

If r1 = 0 and r2 * 09

CH = anr2bqi(q2tl>*

If * 0 and r2 = 0,

Cij " ar1nb(q1+l)q2 9

If = 0 and r# = 0,

then i = q^n and

then j = q2n and

then = annbqiq2.

Now note that in the expression s = qt + r, 

with 0 = r < t, one has r = s(t)a Furthere q is the 

greatest integer less than or equal to s/to Thus $ q + 1 

is the least integer greater than or equal to s/t« The 

equality holds in the former (and thence the latter) if 

and only if r = 0.

Therefore9 treating the case r = 0 subject to our 

convention about i(n), it is clear that each of the four 

cases above is of the form c^ = ai(n)j(n>b(i/n)*<j/n>*- 

But, the latter expression obviously proves the 

equivalence of (1) and (2)«

On the other hand, the equivalence of (2) and

(3) is clear from the definition of the adjacency matrix 

since ai(n)j(n)b(i/n)*(j/n)* = 1 if and only if both 

ai(n)j(n) = 1 and b(i/n)*(j/n)* = lo

LEMMA 3» 1Bo Let and D2 be two digraphs with

adjacency matrices and A2 and points

{ vand V2 = 1*2 P2 respect-
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tively« Then 8 D? is isomorphic with the digraph D 

whose adjacency matrix is B A2=

PROOF, Since the Kronecker product of A^ with

A2 is PiP2*by~PlP2e is clear that both V(D^ I Dj)

and V(D) have the same cardinality. Let w.»,», 9w
1 P1P2

be the points of D with adjacency specified by

A(D) = Aj H A2 = (c^j)a That ise c^j = 1 if and only 

if <w^9Wj> is in X(D) = By Lemma 3,1A» c^j = 1 if 

and only if < ui(n) ,Uj(n)> e X1 and < v(i/n).,v( j/n)»>e X2, 

where n = p^»

Thus, let p be the map df V(D) into V(D^ S D2) 

defined by ; w^  » ("i(n)»^(i/n)*)° ft is clearly 

a map.

If ^(wp = p (Wj ) # then (ui(n) 6v(i/n)*> =

= (Uj(n)»v(j/n)*> 9 so that i(n) = j(n) and (i/n)* = (j/n)* = 

But» i = q^n + r^ and j = q2n + r2 with 0 = r^»r2 < n» 

in a unique way, so that, i(n) = j(n) implies r^ = r2. 

Thus » when i(n) = j(n) and (i/n)* = (j/n)*, one has 

r^ = r2 and q^ = q2 » implying i = j and w^ s w.,

Consequently, p is one-to-one (and therefore 

onto)«

Now» suppose that < w^ ,w^> is in X(D) « Then

from above» c^ - 1,. and using Lemma 3.1A» <u^(n) »Uj (n)> 

is in X^ and < v(i/n)* »v(j/n)*^ in X2° Since digraphs

have no loops » we may use the definition of 8 D2 to

conclude that <W£»Wj> being in X(D) implies that
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<p(wi)l n)*)»(Uj(n),V(jyn)*)> is in

X(DX a d2)=

The converse e namely that < ^3(w^)»(Wj)> being 

in X(D^ 8 D2) implies <,Wj> is in X(D)e is proved 

by reversing the steps since Lemma 301A asserts an 

equivalence °

Thus e p is an isomorphism of Dj 8 D2 and D, 

proving the lemmao

3olo2 The structure of ([<0 ], B )

THEOREM 3 «1A. Let Dj and D2 be two digraphs » 

Then 8 Dg is.isomorphic with D2 8

PROOFo The proof follows immediately from the well 

known fact that A^ 8 A2 is permutationally equivalent to 

A2 a A^«

It can also be shown that the map (u,v) —» (v9u) 

of V(Dj B D2) into V(D2 8 Dj) is such an isomorphism.

Hence, if the notation of the Introduction is used, 

let [S ] denote the collection of isomorphism classes 

of <0 « Then the operation 8 may be extended to [ 0 ] 

in the usual manner, yielding,

COROLLARY 3 »1AO (E Jd J, 8 ) is a commutative semi­

group which is not a cancellation semi-group and has no 

identityo

PROOF, The verification that ([0 ], 8 ) is a 
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semi-group is immediate » and Theorem 3.1A yields the

commutativity,

Now, suppose that [K] is the identity of 

(C J » 8 )= Then K in [K] implies that the cardin­

ality of V(K) is one, since D 8 K must have 

p(D)p(K) = p(D) points . But since K can have no loops, 

it can have no lines s and therefore q - q^qg = 0 0 Thus, 

suppose D is a digraph with at least one line (such a 

digraph clearly exists)0 Then D B K has no lines t and 

ist by assumption 6 Do This is a clear contradiction, and 

thus, [K] is no identity.

Now let D and D’ be two digraphs with p = p8 e 

but such that D and D8 are not isomorphic. Such 

digraphs certainly exist. Then, if is the one-point 

digraph described in the Introduction, both D B and 

D’ B have p = p8 points and no lines and are there­

fore isomorphic. Thus, ([£ ], B ) cannot be a can­

cellation semi-group.

However, even more can be said. For, if 8 is

the set of all digraphs D for which X = 0, then

®' still does not possess the cancellation property

This is seen in the following example.

Here, D B & D’ B % Dg, but D D8.

FIGURE 1
~ v 6 
Two isomorphic products
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1- te symbol will be reserved for the trivial 

digraph which consists of one point and no lines. Throughout 

this chapter and Chapter IV, it is assumed that the set of 

lines X i 0 for each digraph D / K-|.

3o3 BASIC CONNECTEDNESS INEQUALITY AND CONSEQUENCES

Returning.to.the.problem at hande the following 

theorem gives some.information regarding categories of 

connectedness «

THEOREM 3.2Ao Let and Dg be digraphs « If 

is in and Dg is in Cj e if D^ H Dg is in

Ck, then k = min(i, j ) 0

PROOFo (a) Suppose that min(i,j) = 0» Then 

using Theorem 301A* it may be assumed without loss of 

generality that i = 0. Then, D^ has at least two 

distinct weak components e Let be a weak component 

of Dj, and let B = - V(W^)0 Clearly, by assumption,

B 0 = Then for all v^ in V(Wj) and Vg in B, 

neither <Vj,Vg> nor < Vg ,v^> is in by definition 

of W^o

Let S = { (v,u) : v E B and u E Vg] and

T = { (v,u) : v 6 VCwp and u £ Vg) »

From above, S and T are not empty. Further,

since V(W1) U B = V1, one has S U T = V(DX H D2)=

The assertion is that there is no line in

X<D^ H D2) with one end point in S and the other in To 

Suppose <(v,u),(v',u')> is in X(D^ K D2) with
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(v,u) in S and (v\u') in To By definition, then, 

<v,v’> is in with v in B and v' in V(W1)o 

This is contrary to the construction of B»

It is clear that the same argument suffices if it 

is assumed that (v,u) is in T and (v\u') is in S = 

Thus, Dj H D2 is in category CQo

(b) Suppose that min(i,j) = 1= Then, as above, 

one may assume without loss of generality that i = 10 So, 

by definition of Cj, there exist points and v£ in 

V1 with no directed —» v| or v| —» path in D^.

Now, let u^ and u^ be arbitrary points of D2, 

and suppose (v^,u^),(v2,u2),o o o,(,u^) - (v,u^) is a 

(V1,U1> —» (v^,u|) path in H D2« Then from the defin­

ition of tensor product, all of the lines

<v1,v2>,<v2,v3>,» » = i<vn_1$vn> = <vn_1,v|> are in X^. 

Whence, viev2,Q 0 0 »vn-1,v| is a sequence in

D^o But, this implies the existence of a v| path

in D^, contrary to supposition0

A similar argument suffices to show that for any 

u^ and u| in V2, there does not exist a (v|sup —> 

(v^.u^) path in B D2 » Thus, B D2 is in Ck, k = 1» 

(c) Suppose min(i,j) = 2, and, without loss of 

generality, let i = 2 « Then there exist points and 

v| in V1 such that there is no path in D^=

Taking u^ and u^ in V2, and supposing, as 

in (b), that (,u^),(v2,u2)$ o o o,(v^_p,(v^,u^) is 

a —•> (v|,u|) path in B D2 yields (in the

same. manner) a conclusion that there exists a
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path in D^; a contradiction.

Thus, there is no (v^,u^) (v^,u|) path in

$1 * D2 • 80 ® d2 in with k = 2.

(d) When min(i,j) = 3, the result is cleare

Thus e the theorem is proved0

This obviously implies that if D is not weak, 

then D B D* is not weak; if D is not unilateral, then 

D B D’ is not unilateral; and if D is not strong, then 

D B D’ is not strong, regardless of the nature of D8 »

As a corollary to the proof of the preceding 

theorem, one has the following.

COROLLARY 3.2A. Let and D2 be digraphs. 

Then there exists a (v,u) —> (v’,u8) sequence in

B D2 if and only if there exist a v —> v’ sequence 

in Dj and a u —* u* sequence in D2 both having the 

same length.

PROOF. The necessity is clear since if 

(v»u) - (Sq,tg),(sj,tj),.,(s^,tp) - (v ,u) is a 

(v,u) (v*,u‘) sequence in B D2, then, as in the

preceding proof, one finds that 

v ~ 80,sl»’° °»sn a v —v8 sequence of length 
n in D^, and 

u = tQ,t^,»o. ,tR = u8 is a u —> u* sequence of length 

n in D2o

The sufficiency follows at once from the def­

inition of tensor product.
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Since a path is a sequence, and since the existence 

of a (u,v) -*-* (u*,v*) sequence in ■ D2 implies the

existence of a (u,v) —» (u',v') path in g D2, one 

can also state

COROLLARY 3.28. There exists a (u,v) —» (u\v*) 

path in 1 D2 if and only if there exist u u*

and v —> v’ sequences of the same length in and

D2 respectively.

3.3 THE STRUCTURE OF PATHS AND CYCLES

3.3.1 Definitions

Let us note the following. If D is a digraph 

and P: Vq.v^. .. ,vn is a vQ —» vn path of D. then 

one can associate a unique subgraph <P> of D with P 

in the following way. P is a path if and only if the 

lines ,v^> exist for i = l,...,n and the

points Vj are distinct. Thus, given any path P, we 

may define

V(<P» ) = [vq ,v1,... ,vR| and

X( <P> ) - ^x^,x2 ,... .x^ .

The association of P with «P> is clearly 

unique.

In the same way, if L: Vq.v^,...,vn-1,vQ is à 

cycle in D, then P: vQ ,v1,... ,vn-1 xs a vQ vn-1 

path in D. A subgraph 4CL» is associated with L in 

the following manner.

V(«L») = V(«P») and
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X(«L») = X(«PX>) U {<vn„1»vQ>} .

Here, the cycle L. and the cycles Lh vif'»vn*i»v0M«»»v. 

i = l,o » »,n-l,. are in some sense the "same", and the assoc­
iation of «L» with { L ,L1, « o » 9Ln”lj is obviously 

unique,

DEFINITION 3,3A, When P is a path of D of 

length n and « P» = D (as it surely may) B then D 

is called the path of length n and is denoted Pn« 

When, on the other hand, _L is a cycle of D of length 

n and L» = D, then D is called the cycle of

length n and is denoted Lno

Note that Pn has n+1 distinct points and Ln 

has n distinct points while both have n distinct lines. 

Often, P and L will be used to denote both the sub­

graphs and the sequences, but no confusion should arise.

DEFINITION 3,3B, The union of digraphs D^ and

D2 » denoted D^U Dg, is the digraph D whose points

and lines are given by V = Vg and X1X = 0 x2.
The union is called disjoint whenever v^n Vg = 0,

3,3,2 Paths

We now consider some special digraphs,

THEOREM 3.3A. Let n = m. Then,

Pn ■ pm = <n-mtl)P|n + 2P|n_1 + 2Pm_2 ♦ ... + 2PX + 2^ 

where + denotes disjoint union, the coefficients of the 

Pj*s denote the number of copies of Pj in the union, and



is the digraph with a single point and no lines•

PROOF. Before giving a precise proof, some 

plausibility will be demonstrated. 

Consider Pn and Pm to 

be labeled as shown at the 

right, then consider the 

points of Pn ■ Pm to be 

arranged as is shown below.

In the following illustration, it is understood

(n+1,1) 

(n+1,2) 

(n+1,3)

(n+l,m) 

(n*l,m*l)

FIGURE 2 — Pn and P.

FIGURE 3 — Pn ■ Pm

Each path indicated which ends at points (m+l,m+l), 

...,(n+l,m+l> has length m. Those "preceding" and 

"following" this group have decreasing lengths, and the 

points (l,m+ll and (n+1,1) are isolated. These paths 

must exist, b” the definition of tensor product; but are 

there any others?

Since n = m by assumption, n = qm * r with
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q = 1 and 0 = r -= m=

To simulate.the above situation rigorously, let 

Pn and Pm be labeled as follows:

V(Pn> = {vlt66 o evn+1)e X(Pn) = {<vlev2>»<v2,v3>,o,o,<vnevn+1>}9 

v<pm> = (up’-.Um+ih X (Pm) ={<ulsU2>><u2,u3>,.(.!<u1I1,uffl+1>]0

Then consider the following paths in Pn S Pmo 

Group I 

<Vi'Um+l)

<v1,Uj),(v2»Uj+1)8oO«•<vm_j+leum)9(vm_j+29um+1)

(v18u2)6(v2,u3),6O a i(vm_1,um),(vm9um+1)

^V1»U1^ »(V2tU2)8aaa 6 < Vm 8 Um ) , ( Vm+j 8 j )

Group II

(v29u1),(v3»u2),0 0 o8(ym+19um),(vm+2 »um+1)

(^km+r' »ul^ » ^vkm+r“ +1 »u2 ° °0 ’^(k+Dm+r’ + l'Vp

^n-m+l»0!1 •(vn-m+2*u2) »°0 0 » (*n+l»Um+l) 

(vn+l,ui)

It is evident that each of these is in Pn B Pm by 

the definition of tensor product, and that they are, indeed, 

paths since their projections are paths «

In Group I, if (v£,Uj) is on one of these paths 

P, then i S j, and also P contains the subpath
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(Vi»U])»(Vi+i,Uj+i),o..,(Vi+k+i»Um+i) where j + k = m. 

Thus,, k is completely determined by j since m is 

given» Whence9 ?!+%+! - Vi+m-j+1 completely deter­

mined by i and . j ». But since each path in Group I has 

a distinct point of the form (vs,um+1)6 it follows that 

the paths in Group I are pointwise disjoint» That is, if 

two.such paths both contain the point (v^,Uj),. then 

they both contain the point (vi+m_j+1,um+1), implying 

the paths are the same»

Similarly, suppose that (vitUj) is on a path in 

Group II» Then i * j» If j = 1, then there is clearly 

only one such path containing (v^Uj)» If j * 1, then 

any path containing (v^gUj) must also contain the point 

(vi-l»uj-i) preceding it by construction of these paths. 

Indeed, let j - k = 1» Then, by construction, a path con­

taining (v^.Uj) must also contain the subpath 

(vi-k»ul) »(vi-k+l»uj-k+P • »(vi»uj Thus, vi-k= vi-( 

is completely.determined by i and j, and clearly the 

term (v£_k,Uj) completely determines the path in 

Group II.

Therefore, as for Group I, the paths in Group II 

are pointwise.disj oint»

However, in Group I, i = j, and in Group II i * j. 

So, the paths in Group I are pointwise disjoint from those 

of Group II, and.consequently,.all the paths are pointwise 

disjoint.

On the other hand, it is clear that these paths' are
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(in order, from top to bottom)e 

Kl»Pl'P2*'°'»Pmrl»Pm»°°'»Pm»Pm-l'Pm-2»'"°*Pi'Kl» where 

the number of Pm’a is n-m+lg that is, from the path 

with "first point" (v^up through the path with "first 

point" ^vn-m+l»u1^9 since km + r’ assumes all the values 

between 1 and n-m.

Thus.the number of distinct points in these 

paths is

2[ m + (m-1) + ooo + 1] + (n-m+1)(m+1) = (n+1)(m+1), that 

is» all the points of Pn H Pmo

Evidently » it remains only to show that if 

<(V£,Uj),(v* ,u’)> is a line in Pn H PB, then this line 

belongs to one of the above paths «

To see this, the definition of tensor product 

assures us that <vi,v*> and <uj »u*> are lines in Pn 

and Pm respectively. But, this implies that v* = vi+1 

and u* = Uj+1 by the labeling of Py and P^. Then, 

since (v^,Uj) is on some path by the above » <vi+i»uj + 1) 

must follow it by construction of the paths » But then, 

by definition of a path, the line

»Uj),(v’,u‘ )> = <(Vi,uj),(v£+^,Uj + 1)> is on this path, 

as was to be shown.

This concludes the proof of Theorem 3.3A6 

3.3.3 Cycles and the structure of 1^ 8 Lm

Peferrinr to.Definition 3»3A, we state the following 

theorem.
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THEOREM 3.3B. Let Ln and be cycleso Then, 

Ln B Lm = (m,n)L[m,n]» where (m,n) is the g.c = d. and 

[m,n] the l.Cam. of .m and n<

PROOF. Here again, an intuitive description will

be given before proceeding to a rigorous proof. Suppose

Ln and L^ are

as shown at the

right. Below is 

the point set of

u3Ln B Lm arranged 

conveniently, where

(i ,3 ) represents

FIGURE 4 — Ln and Lju
<Vi,Uj). It is 

supposed that n ~ m.

(2,1)(3,1)(4,1) (m-k+2,1)

(l,k)

(1,1)

(1,2)

(1,3)

(1,m-l)

(l,m)

o

o

o

o

o

o

o

o

o

o

(m-k+1,m)

o

o

o

o

Oj

o

o

o

o

o

o

o

o

o

o

o

o

o

o

(n,k)

(n, 3 )

(n,2)

(n9l)

(n ,m)—"o o o
(2,m)(3,m)(4,m)

FIGURE 5 — 0k in V(Ln B L^)
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With this picture in mind8 let us label Ln and

Lm as follows 8

^n: ^i ' - ' - '^n+l " V1 and

hn' "i»Ug ,o & « »u^@u^+2 = Up

Consider paths in 8 L* of the following forms 

°ks ^vl»uk^•v2»uk+l^»»•••^vm-k+l’um^»(vm-k+2 ^l^ »0 0 °

° ° ° ’ (vam-k+ j ^j-l^ 8 0 6 0 8 (\(k)m-k+r(k) 8"r(k)-l^8

where the general term is (*am-k+j8Uj-i> for judicious 

choice of a and j (that is, restricting j so that 

2 = 3 = m+l)# n = q(k)m-k+r(k) where 2 = r(k> = m+18 

for all k, 1 = k = m0 Note, as with the general j„ r(k) 

can always be chosen to be between 2 and m+1, inclusive0

Each 0k has length n-1 since the v's are all 

distinct.

Further, let xk = «vn,ur.(k)_1), (v1>Ur(k) (mod m))>, 

and Xk be the subgraph composed of the line xk and its 

end points.

Then,

m m
LEMMA 3a3Ao B Lm = [ U 0^] U [ U X^].

PROOF. First, it is evident that 0k is com­

pletely specified when k is given, and that

r(k) = r(t) if and only if k = t. 0 o 0 0 (♦ )

The latter is so since n+k = q(k)m+r(k)s r(k)= m+1 

and n+t = q(t)m+r(t)$ r(t)= m+1.

Thus, r(k) ~ r(t) implies

n-r(k) = [q(k)-l]m + (m-k)= [q(t)-l]m +(m-t), where,
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since k,t = 1, m-k and m-t are less than n. The 

uniqueness of.this expression is guaranteed by the div­

ision algorithm, and therefore m-k = m-t, or k = to 

On the other hand, k = t obviously implies that 

r(k) = r(t)o

Suppose now that the point (vi$Uj) is on 0k and 

0t. Then by construction, they both contain the subpath 

<vi,Uj),<V£+1,Uj+1),000,<Vj + s!Um)e(vi + s+l»ul^ e o o 0 ,(vm+£ + s,Um), 

^Vm+i+s+l»ul^ »'° °’(vam+i+s+b»ub^

where am+i+s+b = ne But then, r(k)-l = b = r(t)-l, 

so that r(k) = r(t) and, from (*), k = to

Thus, the paths 0k are pairwise pointwise dis­

joint.

But, since each 0% has length n-1 (and there­

fore has n distinct points), and since there are m such 
m

paths, one must have V( (J 0%) = V(L^ 8 L^).

Now, let x = <(v£,Uj),(v’,u’)> be a line in

X(Ln 8 Lm)o Then the following cases are possibleo

(1) v1 = Vi+i and u’ = Uj+1 ►

(2) ve = V£+1 and u’ = Uj (here, Uj = um>

(3) v1 = v^ and u’ = Uj+^ (here, v^ = v^)

(U) v1 = V] and u’ = u, (here, v^ = v_ and u- = u„),* - a a n j m
In case (1), x is on some 0k by the previous 

part. That is, (v^,Uj) is on some 0k and, by con­

struction of 0k, it must contain (v£+1,Uj+1) which 

is (v*,u')o Hence 0k contains the line x.
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In case (2),consider the path 

(*i,Um)ieU^)» o 6 o,<vm+£,1^)»(vm+£+1pU^)» « « » »<*am+i+b*Ub)» 

where am+i+b = n. Then b = r(k)-l for some k since 
r: (1,2e.» = —» [2,3,».e,mtl}. is one-to-one and onto»

But,.by.construction then, .0% contains the subpath above 

and therefore the line x.

In case (3), x has the form <(vn,U£),(v^,Ui+^)>. 

But again, since r is one-to-one and onto,. i = r(k)-l 

for some k, and x is, by definition, x^.

In case (4), x is of the form <(Vn*Um),(vi,Ui)>, 

But this is clearly also some xk« 
t “ m

Thus in each case, x is in X{[ U0k]kj[OXk]}« 

m m
Whence, 8 Lm = [ U Oi, ] U [ .U ] , proving the lemma «

1 1

Now, consider r(k). Let M = {1,2,» » »,m} and 

M* = {2,3,06»,mtl]e Then.by definition of r and by (*), 

r is a one-to-one map.of M onto M' as noted above. 

Thus, r (mod m) is a .one-?to-one map of M onto M, con­

sidering r (mod m) : k —r(k) (mod m) »

In this way, r(r(k) (mod m)) is defined for all 

k in M» This procedure may,be repeated, and the expression 

r(r(re e or(k))) (mod m) will be taken to mean 

r(r(r"»r(k) (mod m)) (mod m)) (mod m)) (mod m)0

DEFINITION 3.3C» Let r^(k) be defined to be 

r(r(r° »-r(k))) (mod m) where r appears i times, 

0 = i = m, and r°(k). is understood to be k»
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LEMMA 3»3Bo ^(k) = r3(k) for i = j, if and 

only if yi~3(k) = k«

PROOF» Coneider r^-1(k) and ri'^Ck)» Since 

r(yi-l(k)) and r(r?"^(k)) are in M’ (above) and 

assumed equal when reduced modulo m, they must be equal 

in M'o Thus6.by (*), above » ri~l(k) = r^^Ck) in M»

By a finite argument, then » r^"3+1(k) = r1(k)0 

where rl(k) = r(k) (mod m)» Thene as above e 

r(rx"^(k)) « r(k) (mod m), and hence they are equal in M’» 

Thus, applying (*), ri-j(k) = k

On the other hand, the sufficiency is clear»

LEMMA 3» 3C» Suppose j € M - (m}» Then, r^(k) # k 

for all i, 1 = i = j = m, if and only if 

Y j (k) = 0kU 0rl(k Xrl (k)U...U 0^-1 (k)U Xrj.1(k) 

is a path in Ln H L^» Otherwise, Yio is a cycle with 

ion distinct lines and points, where io = j is the 

least member of M such that rio(k) = k»

PROOF»(a). From Lemma 3»3B, it follows that 

yi(k) i k for all i, l = i = j, if and only if 

rs(k) * r^(k) for all s # t, 0 .5 s,t 5 j0

Thus, r^(k) i k for all .i, 1 = i = j, is 

equivalent to the statement that k,r^(k),» »»,r3(k) are 

all distinct» But, evidently, 0k» °rl(k)®° °0*°r3(k) 

Xk, Xrl(k),» » », Xrj(k) are distinct if and only if 

k,rl(k),»»«,ri(k) are distinct»
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Since Yj(k) is clearly a sequence by construction 

^(k) * k for all i, 1 = i = j , if and only if Yj(k) 

is a path. In this case, it obviously has length jn.

(b) Let io be the least i = j such that 

r^O(k) = k. Then ^(k) * k for all i, l Si = io-l. 

Using part (a), then, Y^Q_^(k) is a path of length 

Further, k, r^(k) ,.. . ,r^°~^(k) are distinct, 

and thus, 0^,...»0r^o“i(k) are distinct. Hence, 

Y' = Y^Q_^(k) U Oyio-l(k) is a path of length 

(io-l)n + (n-1).

But, rx°(k) = k implies that the line 

xrio-l(k) = ^^n'^r(r^o~^<k) )-l^ ' ^l'^r^o(k> =

~ <^vn,ur(rio-l(k) )-l^ » ^1»^^ • where the latter point, 

<vl.Uk>» is the first point of 0k. Thus, 

Yig(k) = Y’U Xyio-l(k) is a cycle of length 

(io'Dn + (n-1) + 1 = ion, as claimed.

This completes the proof of Lemma 3.3C.

It should be noted that, using the obvious in­

duction, in the latter case above, Yj(k) , for j io, 

is a sequence obtained by "retracing" lines of Y^(k) < 

that is, a sequence whose distinct lines are precisely 

those of YiQ(k).

Also, any two such cycles in Ln H are either 

the same, or they are pointwise dis joint.,since a point in 

common implies some 0k in common, which in turn implies 

that they are the same cycle by the remark of the pre- 

cedihg paragraph.

vl.Uk
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LEMMA 3o 3Do an = bm for 0 « a * m, if and only 

if ra(k) = k for all k9 1 = k = m.

PROOFo Suppose an = bm, 0 * a -* ma Then from 

a previous expression, n = q(ri(k))m - r^-(k) + r(ri(k)) 

for all i and k, so that, 

an = aq(r1(k))m + a[r(ri(k)) - ^(k)] = bm. Whence one 

has aErCr^k)) - ^(k)] = m[b - aqC^Ck)) ], Thus, 

. a-1
a" Cr(ri(k)) - r^(k)] = m- ? [b - aq(ri(k))] = 

i=0 i=o
a-1 .

= ®ab - ma» £ q(r^(k)). o , e 6 0 0
i =0

Now, T Cr(rx(k)) - ^(k)] = 
1 = 0 

a—1 , .
= £ [r(r^(k)> - r1+^(k)] + [r(ra'^(k)) - k]. 

1=0
But, either r(r^(k)) = r^+^Ck) or r(r^(k)) = r^iCk) + m 

(the latter only when r(r^(k)) = m+l)a Therefore, 
a 1*2
Z Cr(ri(k)) - ri + l(k) ] = dm with 0 < d<a< 
i = 0

Thus, cancelling a / O in (**) yieldsj 

_ a-1 .
r(ra (k)) - k = bm - dm - m° £ q(r^(k)), so that, 

i=0 

r(ra“l(k)) - k • 0 (mod m).

Clearly then, ra(k) - k e 0 (mod m)^ But, ra(k) 

and k are in M, and therefore ra(k) - k must be zero. 

This proves the necessity, since k was arbitrary»

Conversely, if a -e m and ^(k) = k for all k, 

a-1 . a-1
then a»n = m- g q(r1(k)) ♦ T [r(r1(k)) - ^(k)] 

i=0 1=0

(**)
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a-1 .
= m<> Y* q(r^(k) ) + dm + [r(ra~^(k) ) - k] 

1=0 
a—1 .

« m« y q(r^(k)) + dm + sm = bm, where s is 0 or 1. 
i=0

The last expressions were obtained by summing 

the above expression, n = q(r^(k))m - r^(k) + r(r^(k)), 

from 0 to a-1, which one can do since 0 -c a -= m0 

Thus, an = bm, proving the lemma,

From the last two lemmas, the following basic 

result is obviously derived»

LEMMA 3»3Ec Suppose that (m,n) 1 and ao is

m divided by the greatest common factor of m and n » 

Then ïaQ(k) = 0kUXkU0rl(k)U .. .U0ra5l(k) U Xra5l(k) 

is a cycle of length a^n in for every k in M»

On the other hand, if (m,n) = 1, then

Yg(k) = 0kUXkU0pl(k)U°°°U0ya_i(k)UXya-l(k) a Pa^ 

of length a«n in Ln B Lm for every k in M and all 

a m»

PROOF » The proof is immediate»

Clearly in the latter case, Opm-l(k) will be 

distinct from all Oj in Ym_^(k) since k,rl(k),».»,rm~l(k) 

are all distinct (because Ym_^(k) is a path)o But, since 

r is one-to-one and onto, and since r^-l(k) * ri(k) for 

all j, 0 = j S m-2, and ri (k) # k, for all j

1 = j * m-1, one must have, using previous results, 

r(rm“^(k)) * ri(k) for all j, 1 = j = m-1, and therefore
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rir^^Ck)) must be congruent to k modulo, m. However, 

this clearly implies rm(k) = k, so that the sequence 

^m-l^^^r^-^(k)^^r™~^(k) a cyd® of length mn, and 

therefore, Ln 8 Lm = = (m,n)L[^ where (m,n) = 1

and [m,n] = mn«

In the former case of Lemma 3O 3E, since ao is m 

divided by the greatest common factor of m and n, one 

has (ao,bo) = 1, where aon = bomo Thus, since ao 

divides m, and. aon = [m,n] is the length of every cycle 

Ya^tk)» and since any two of these cycles are the same or 

pointwise disjoint, there must be precisely m/ao such 

distinct cycles. But, m/ao = <m,n) by hypothesis, so 

that once again, 8 1^ = (m,n)L[m>nj0

Now, although we assumed m = n, the symmetry of 

the result clearly.implies the result stated in Theorem 3 » 3B« 

That is, for arbitrary n and m, Ln 8 = (m,n)L[m#n].

This completes the proof of Theorem 3» 3B«

3.4 COMMUTATIVITY OF UNION AND TENSOR PRODUCT

It becomes necessary to derive some results about 

digraph unions.

n m
THEOREM 3.4A. Let D = U D: and D* = u D!

1 1 3

where D1,...,Dn are subgraphs of D and D|,...,D^ 

are subgraphs of D'. Then D 8 D* = u CD: 8 D>].
i,j 3

PROOF. Let D - kJ [D: 8 DO. Then by definition
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of union, V(D) = { (vm,v^) : vm e V(Di>, £ V(Dj)}.

Thus, V(D) = { (v,v') : v E U V(Df) and v* £ W V(D!)}. 
i J 3

But, V = U V(Di> and V = U V(D! ), so that one obtains 
1 j :

V(D) - { (v,v‘) : v £ V and v’ £ V'} = V(D 8 D’),

Now, suppose x=«v1,u1),(v2,u2)> is in X(D),

Then x is a line in, say, 8 Dj, whence <v^,v2> £

and <uleu2> e X!. But since x = o Xi and X’ = U X! »
i j 3

<V1>V2^ 6 % and <u^,u2> E X1, so that x is in

X(D 8 D')o Hence X(D) CZ X(D 8 D').

The.converse is equally clear» For, suppose that 

x (as above) is in X(D 8 D'). Then, <v19v2> G X and 

<ultu2> e X*. But since X = U X^, <v^,v2> E Xi for 

some io Similarly, <u^,u2> E X« for some j„ Thus, 

x is in X(Di 8 Dj) which is clearly a subset of x(D)« 

Hence X(D 8 D') C X(D).

Therefore, X(D) = X(D 8 D*), completing the

proof of the theoreme

COROLLARY 3.UA»
n m

If D = U Lai and D' = U L^,

where are cycles of D and bm are

cycles of D’, then D 8 D' = U [La. 8 Li.]o 
i,j 1

3.5 POSSIBLE CATEGORIES WHEN D AND D8 ARE STRONG

The result above leads to the following theorem.

COROLLARY_3.UA
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It is well known (see for example [3]) that a 

digraph D is in C3 if and only if D is weak and 

can be written as a union of cycles (that is, every 

point and line of D is on a cycle)0

THEOREM 3 o5Ab If D £ C3 and D9 e C3 e then 

D B D’ e Co U C3o

PROOF. Since D e C3 implies that D is a

union of cycles (and similarly for D*) one can apply

the above corollary to get D B D9 = U [La. B U.J 
id 1

where the notation should be clear.

But either B is a cycle or a disjoint

union of cycles from Theorem 3.3B. Thus, D B D9 is a 

union of cycles.

If D B D9 is weak, then it is strong, using the 

remark above. But, if DBD1 is not weak, it is in Co = 

Therefore, D B D* is in Co U C3 as claimed.

3.6 POSSIBLE CATEGORIES WHEN D AND D9 ARE STRICTLY

UNILATERAL

DEFINITION 3.6A. Let D be a digraph and S a 

set of points S Ç V. The coboundary of S, denoted U(S),

is the set of lines x, of D, having the property that

if x = <u,v> then either (i) u € S and v E V - S

or (ii) v E S and u EV- S.

Two lines x and x’ of the coboundary U(S) of S are 

called similarly directed when f(x) £ s if and only if
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f(x’) e s.

DEFINITION 3o6Bo Let D be a digraph with S V8

and let U(S) be the coboundary of S» Then we let

U0(S) = (x ; x e U(S) and f(x) e s} and

Uj(S) = {x ; x E U(S) and s(x) E s}„

Note that,these sets are the equivalence classes of U(S) 

under the equivalence relation."similarly directed"«

DEFINITION 3o6Co Let D be a digraph with S Vo 

Then» S (and <S>) is called isolated if U(S) = 0, 

is called a receiver if UQ(S) = 0 and Uj(S) * 0, 

is called a transmitter if UQ(S) * 0 and Uj(S) = 0, 

and is called a pass if UQ(S) # 0 and ^(S) * 06

S is called an independent set (of V) if x«S>) 

is empty, and .a dependent set otherwise 0

It is well.know that if D is in C2» then 

D has a unique receiving strong componente So Let 

B = U(V(S)) be the coboundary of V(S) in Do Since 

S is a receiving subgraph, B is not empty and 

U(V(SD = UI(V(S))o

Let K’ = V - V(S), and K = <K’>6 Then, 

D = K U B w S, where the subgraphs K, B ,S are 

pairwise line disjoint and V(K) n V(S) = 0. This de­

composition of any digraph D in category C2 leads to 

the following theorem »

THEOREM 3o6Ao If D^ E C2 and D2 E C2, then

Dx ï D2 E CQ U Cp
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PROOF. To prove the theorem$ it suffices to 

show that there exist points (uev) and (u’,v') in 

V(D^ 8 D2) such that no (u,v) —» (u*,v’) path and 

no (u*,v’) —» (u,v) path exists in 8 D2«

Let U Bi U Si where » as above, Si

is the receiving strong component of Di » Bi = U(V(Si>), 

and Ki = <V± - V(Si» for i = 1,2.

Also, take (u,v) in K^ B S2 and (u1,ve) in 

S^ 8 K2 o Suppose (u,v) = <u19Vi),...,(un#vn) = (u°,v°) 

is a (u,v) —» (u’9v’) path in D^ 8 D2« Thene 

Vp.«. ,vn is a v —» v’ sequence in D2 where v g V(S2) 

and ve £ V(K2)o It is well known, however, that any path 

between K2 and S2 contains exactly one line of B2 »

Let P* s v = Vi = v|,v^ ,ooo ,v^ = vn = v8 

be a v —» v’ subpath of the sequence Vp..o,vno Then 

<*î»vl+l> £ B2 for some i. But <v^,v{+i> being a line 

of P1 implies v| is in V(Sg), whereas vl»vl+i being

in B2 implies v| is in V(K2 ) 0 Since V(S2 ) V(K2) = 0,

this is clearly impossible, and hence there does not exist 

a (u,v) —-5» (u',v’> path in D^ 8 D2 »

Conversely, if (u’,v8) = (Uj^ gV^),..., (un ,vn> = (u,v) 

is a (u*,v*) —» (u,v) path in D^ 8 D2, then 

u* = u^, o o o ,un = u is a u’ —»u sequence in D^o Let 

P*: u’ = u^,u2,« » »,Ug.= u be a subpath of this sequence » 

Then u' is in V(S^) and u is in V(K^), and the line 

<u|,u|+1> is in both B^ and P’ for some io This, in 

turn, leads to a contradiction as above =
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Thus6 there does not exist a (u' @v' ) —.> (uev) 

path in ■ D2«

Consequently, Dj I D2 E Cg U C^, proving the 

theorem »

3.7 DETERMINATION OF POSSIBLE TRIPLES FOR TENSOR PRODUCT

3,7,1 Table I.tt Possible Triples

Now, recalling.the notation of the Introduction, 

we are in a position to determine the possible triples, 

(i,j ,k), for.all i and j, 0 = i,j = 3, and 

gs S x JD —» S defined by gtDpDj) = B D2, This 

is done in the form.of a table for convenience.

0 1 2 3

0 0 0 0 0

1 0 o.i 0,1 0,1
2 0 0,1 0,1 0,1,2

-

3 0 0,1 0,1,2 0,3

TABLE 1 — Possible

Triples for B

To begin with, since Dj B D2 = D2 B Dp clearly 

Table 1 will be symmetric about the diagonal. 

From Theorem 3.2A, Theorem 3, SA and Theorem 3,SA, 

it is easy to see that no other values are possible in 

Table 1, 

Also,.Theorem 3» 3A guarantees that 0 is in 

some triple (2,2,0), .and Theorem 3.3B guarantees that 

the triples (3,3,0) and (3,3,3) are possible.
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Since disconnected digraphs exist» Theorem 3.2A 

assures one that the triples (i,0,0) are possible for 

i = 0,1,2,3.

3.7.2 Examples to show that certain triples

are possible for tensor product

To see that the remaining values in Table 1 are 

assumed, consider the following simple examples.

We first consider the triples (1,1,0) and (1,1,1).

FIGURE 6 — The Triple (1,1,0)

Dp (y>

D2= < ;3 D1 8 Dg; o o (3,2)

(1,3) (2°3> (3,3)

In a D2, (i,j) represents the point (ui#Vj).

Here Dj É Cp D2 E and D1 B Dg £ CQ. Thus, the 

triple (1,1,0) is possible.

FIGURE 7 — The Triple (1,1,1)

L D1 8D2

V5

Here, € C^, D2 E Cand g D2 € C^. Hence 

the triple (1,1,1) is possible.
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This verifies the (lBlei) entries in Table 1.

Now9 let us consider the triples of the form

(1.2

FIGURE 8 — The Triple (1,2,0)

Djj o^—>—<—o3

D2 s o----- >—o—>----o
V1 v2 v3

Here, (i,j) represents

In this case, D± E Cp D2 E C2, and D1 B D2 E Cq =

Consider the example of Figure 7, Take D2 as 

given, and form D* from as follows: V” = V-^ and 

X' = U {<u3 »U|t>) o Then, B Dg spans D’ 8 so 

that using Theorem 3.2A, D’ H D2 £ Cp Whence, in this 

case D’ E C2, D2 € and D1 H D2 £ C10

Therefore, from the above two cases, both triples 

(1,2,0) and (1,2,1) are possible in Table 1 =

FIGURE 9 — The Triple (2 >1,1)

(1,2)

Di B D2 : (1,3)

(1,4)

In this instance, Dj e C2, D2 € C2 and B D2 £

Since we have already seen that (2,2,0) is possible,
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this verifies the (2,2,i) entries in Table L

For triples of the form (2,3,^), one has the 

following examples=

FIGURE IQ -- The Triple (2,3,0)

The pair (i,j) represents the point (u^,Vj)«

Here, Dx £ C2, D2 € C3 and B D2 € Cq. Thus,
(2,3,0) is possible.

FIGURE 11 - The Triple (2,3,1)

v

V

(2.1)

(2,3)

(3,1)

(3,2)

(3,3)

(1,1)

Dx B D2: (1,2)

(1,3)

As usual, (i,j) represents (u^,Vj)0

In this case, E C2, D2 e C3 and 8 D2 £ C16

FIGURE 12 — The Triple (2,3,2)

(2,3)(3,3)

(4,2)

(4,3)

(i»j) represents the point

In this instance, £ C2,

(uitVj).

D2 C C3 and 8 D2 £ C2.

Therefore, these three cases verify the (2,3,i) entries.
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It remains only to verify that (1,3,0) and

(1,3,1) are possible0

FIGURE 13 — The Triple (1,3,0)

U1 Un UQ (O 1)D1S O-1- >-o2 <. oJ (1,1) CL JO (3,1)
s Di I Dn :

Dg: <CV> (1,2) c< (3,2)
^^2 (2,2)

As usual, (i,j) represents the point (u^,Vj)0 

Here, Dx e C1# D2 £ C3 and Dj 8 DgE CQ, so that 

(1,3,0) is possible»

FIGURE 14 — The Triple (1,3,1)

The pair (i,3) represents the point (u^,vj)„

In this instance, E Cj, D2 e C3 and Dj B D2 E C^»

Thus, the above illustrations verify the triples 

(1,3,0) and (1,3,1)»

This completes the verification that Table 1 rep­

resents the collection of all possible triples for tensor 

product»
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Referring to Table 1 of the previous chapter, one 

sees that if the triple (i, j,k) is possible and k = 3, 

then i = j = 3. However, since (3,3,0) is also 

possible, if D^ and Dg are strong, it does not follow 

that D^ 3 Dg is strong. 

Clearly, a similar statement may be made about 

the triples (2,3,2) and (3,2,2) since these are the 

only possible triples, (i,j,k), in which k equals two, 

in keeping with the problem outlined in the 

introduction, necessary and sufficient conditions are 

derived in this chapter which will insure D^ B Dg is in 

Ck for each of the possible triples, (i,j,k), above.

Hal RECEIVING, TRANSMITTING AND ISOLATED SUBGRAPHS

In order to obtain.some necessary and/or sufficient 

conditions on Dj in C^ and Dg in Cj that will 

insure that D^ B Dg be in C^ for a specific k in 

a possible triple (i,j,k), the following is noted.

If @ Dg has a weak (or strong) component 

W # D^ 8 Dg, then either there are subgraphs Dj and Dg 

of D| and .Dg. respectively. Such.that W = D| B Dj or 

there are not. Examples of the latter are obvious from 

Theorem 3.36.

However,.the.following development yields infor­

mation in case W does,indeed have a representation as 

a Dg.

46
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*+□ lol Coboundaries in g D2

LEMMA 4«1Ao Let and Dg . be two digraphs#

CI V^, S2Œ V2 with either S1 * or S2 X Vj. 

Then x = <(u#v),(u’#v*)> is in the coboundary 

ULV«S^> g <S2>)] if and only if 

(i) either (u,v) or (u’,v') is in x S2, but 

not both, and

(ii) (1) <u,u’>EU(S1) and <v,v*>£ U(S2) U X«S2>), 

or, (2) <v,v’>E U(S2) and <u,u'> £ UCSj^) O X«S1>).

PROOF□ Note first that the fact that one of the 

Si is a proper subset of implies that VKsp g <S2>) 

is a proper subset of V(DX g D2)9 so that, U[V«S1> g <S2>) ] 

is defined. Further, note that V«S1> g <S2>) = x s2«

For the necessity, suppose x = <(u,v),(u*,v*)> 

is in U(Sj x S2)0 Then by definition of coboundary, 

either (u,v) or (u',v') is in S^ x s2, but not both. 

Further, since x is in XCD^ g D2>, one has <u,u’> in 

X^ and <v,v’> in Xg.

If (u,v) is in Sj x S2, then clearly 

<u,u*> is in UCS^) O X«Si>) and <v,v’> is in 

U(S2) U X«S2>) since either u* is in or not, 

and v* is in S2 or not.

Similarly, (u’,v') being in S^ x s2 implies 

<u,u*> is in U(S^) U X«S^>) and <v,v’> is in x 

U(S2) U X«S%>).

Now, suppose that <u,u’> were not in UCS^). 

Then <u,u*> must be in X(<S^>) from above, so that
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u and u° are in S1# If, in addition, <v,v’> were 

not in U(S2), then <v,v*> would be in X«S2>). So, 

if <u,u*> is not in U(S^>, and <v,v’> is not in

U(S2), . then both f (x) and s(x) are in Sx x S2# This

is a clear contradiction.

Hence either <u,u’> is in U(S^) or cv,v‘> is

in U(S2). This, together with the above, establishes the

necessity of conditions (i) and (ii).

To prove the sufficiency, note first that either 

Ci) or (ii) implies that x is in X(D^ H D2). If (u,v) 

is in x S2, it is sufficient to show that (u’,v‘) is 

not in x S2 in order that x be in U(S^ x s2 ). But, 

if (u* ,v* ) were in x s2, then <u,u’> would be in 

X«Sj>) and <v,v’> would be in X«S2>), contrary to 

(i) and (ii). Thus, (u',v’) is not in Sj x s2, and x 

is in x s2)«

This completes the proof of Lemma 4.1A.

4.1.2 Receiving subgraphs in B D1

Having the above characterization of lines in a

coboundary, one can prove the following.

THEOREM 4.1A. Let Dand D2 be digraphs,

S1 Vl» * s2 V2 with * Vx or S2 X V2. Then 

<SX> B <S2> is a receiver if and only if the following 

holds for. i = 1 and j = 2 or for j = 1 and i = 2»

Si is a receiver, and 

either (i) Sj is a receiver,
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(ii) Sj is isolated and dependent or 

sj ' vr

(iii) Sj is a transmitter and dependent 

and is independent,

or, (iv) Sj is a pass and is 

independent.

The following lemma is needed for the proof of

Theorem 4,1A,

LEMMA 4, IB, Let and D2 be digraphs, 

V^, S2 CZ V2 with i V1 or S2 # V2 0 Then, 

if <S^> 8 <S2> is a receiver, S1 or S2 must be a 

receiver,

PROOF OF LEMMA, Suppose S1 and S2 are not 

receivers. Then from Lemma 4,1A, at least one must not 

be isolated, Thus, there is a line <u,u’> in U^S^) 

since S^ is not a receiver, where it is assumed without 

loss of generality that S^ is not isolated.

Now, using Lemma 4.1A, there is a line <v,v’> 

in Uq(S2) x X«S2>) since S2 is not a receiver. 

From this, one is able to conclude that (u,v) 

is in S^ x S2 and (u’,v') is not in S^ x S2, Using 

this and the above, Lemma 4,lA then implies that the line 

x = <(u,v),(u* ,v*)> is in U^S^ x S2), which is an 

obvious contradiction.

This concludes the proof of Lemma 4,IB,

PROOF OF THEOREM, To begin with, the following 
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statements are provedo

(I) If <S^> B <S2> is a receiver and Uj(S2> = 0 or

S2 = V2 9 then S2 is dependent, and

(II) If < S]> B <S2> is a receiver and Uq(S2) * 0, then 

must be independent.

First recall.that throughout Chapters III and IV it 

is assumed that a point set of any digraph is a dependent 

set. Hence, in (1), if S2 = V2, then S2 is dependent. 

For the remainder of (I), since <S^> B <S2> is 

a receiver, there exists x = <(u$v)9(u”9v”)> in

x S2), So, (u,v) is not in x s2 and (u',v°) 

is, Thus, one must have <v,v’> in X2 with v’ in S2, 

If v is not in S2, then <v,v’> is in Uj(S2) contrary 

to the assumption that Uj(S2) = 0, Therefore, v’ is in 

S2, and <v,v’> is in X«S2>), implying that S2 is 

dependent.

For (II), suppose that <u,u’> is in X«S^> ), 

Take <v,v*> in Uq(S2), which is, by assumption, not 

empty. Then v is in S2 and v’ is not in S2, But, 

clearly u is in S^, so that (u,v) is in Sj x S2 and 

(u* ,v*) is not in x s2= Hence, by Lemma 4.1A, one 

has <(u,v),(u*,v*)> in Uq(S^ x S2); a contradiction, 

Thus, X«S1>) = 0, and is independent.

Let us now prove the necessity of the theorem.

From Lemma U,IB, one sees that or S2 must 

be a receiver. We shall assume that is a receiver. 

This may be done without loss of generality because of 

the obvious symmetry.
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If we further suppose that S2 is not a receiver, 

then there.are four possibilities: namely, 

(a) UjCSp = 0 and UQ(S2) = 0 (S2 isolated)

(b) S2 = V2 

(c) Uj(S2) = 0 and Uq(S2) # 0 (S2 a transmitter), or

(d) Uj(S2) * 0 and UQ(S2) * 0 (S2 a pass).

However, using (I) and (II), above, it is clear 

that (a) implies S2 is isolated and dependent ;

(b) implies S2 = V2 and S2 is dependent;

(c) implies S2 is a transmitter and dependent 

and Si is independent ;

(d) implies S2 is a pass and Sj is independent. 

But, then, (a) and (b) imply condition (ii), (c) 

implies condition (iii), and (d) implies condition (iv), 

for i = 1 and j = 2.

So, if < S^> 8 <S2> is a receiver, is a 

receiver and S2 is not a receiver, then either (ii), 

(iii) or (iv) must be true for i = 1 and j = 2. This 

proves the necessity of the conditions (i), (ii), (iii) 

and (iv) when it is assumed that is a receiver.

As previously remarked, however, the symmetry 

plus the fact that either Sor S2 is a receiver proves 

the necessity of the conditions.

Now, in establishing the sufficiency of the con­

ditions , one need only examine the case i = 1 and j = 2 

because of the symmetry. 

(A) Suppose and S2 are receivers, and let 

<u,u*> be in Uj(S^). and <v,v’> be in Uj(S2). Then,
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(u*,v*) is in Sx x Sg » and, using Lemma 4e1A, one has 

that <(u,v),(ultv*)> is in x Sg).

We must now show that UqCSj x s2) = 0,

Let x = <(u,v),(u',v')> be in U(S^ x s2). Then 

either (u,v) or (u’,v') is in x S2, but not both; 

and (I) <u,u'> is in UCSj) and <v,v’> is in

U(S2) O X«S2>) 

or, (II) <v,v> is in U(S2) and <u,u'> is in

U(Si) U X«S1>)

by Lemma 4.1A.

In case (I), u' is in and u is not in

S1 since is a receiver. Therefore, (u,v) is not

in Sj x S2, so that (u*,v’) is in Sj x s2, and x is 

in x S2). Since x was arbitrary, U^CS^ x S2)

must be U(Sj x S2), and < S^> B <S2> is a receiver. 

1®Z Suppose Si. is a receiver, X«S2» i 0, and S2 

is isolated or S2 = V2. Then there exist < u,u*> in 

Ul(S}) and <v,v'> in X«S2>). Here, u is not in S^, 

u’ is in Si and (u* ,V) is in Si x S2. Whence, by 

Lemma 4.ÎA, <(u,v),(u',v')> is in UI(S1 x s2).

Thus, UjCSi x s2) * 0.

Now, suppose that <(u,v),(u*,v*)> is in U(Si x s2). 

Then, by Lemma 4.1A, one must have <u,u’> in U(Si> and 

<v,v’> in X«S2>) since, by supposition, one cannot have 

<v,v’> in U(S2).

Therefore, u* is in Si since S^ is a receiver, 

* and v’ is in S2. That is, (u’,v’) is in Si % S2 so 

that, again, U(Si x S2) = Uj(S^ x S2); and.consequently,
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<Sj> K <Sg> is a receivero 

(C) For (iii), we suppose that Sj is a receiver, 

S2 a transmitter, and that both XKSj>) = 0 and 

X«S2>) * 0.

Then, the facts that Sis a receiver and 

X«S2>) * 0 imply that x S2) * 0, That is, if

<u,u'> is in UjCSl) and <v,v’> is in X«S2>), then 

(u’,v*) is in Sj x S2 , (u$v) is not in x S2, and

<(u,v),(u',v')> is in U(Sj x S2) ; the latter from Lemma 

4.1A.

Now, if x = <(u,v), (u’ ,v’ » is in U(Sj x S2) , 

then, using Lemma 4.1A, <u,u’> is in U(Sp U XKSj» = 

= U(Si>, the equality because XKS^» = 0» Thus, since 

is a receiver, u is not in and u’ is in Sp 

However, (u,v) or (u’,v') is in S1 x S2, but not both, 

by Lemma 4» 1A, so that since u is not in S^, it must 

be that (u’,v’) is in x S2. Once again, then, x is

in Uj(S^ x Sg), and <S^> g <S2> is a receiver» 

(D) Here, we have that is a receiver, Uq(S2) # 0, 

0 and X«S1>) = 0.

In the same manner as in (C) , UjCSj x S2) * 0, 

using the fact that is a receiver and ^(Sj) * 0.

Thus , using Lemma 4»lA, if x = <(u,v), (u* 8v* )> is 

in x S2), then <u,u’> must be in Uj(Sj), since 

X«Siy> = 0o But since (u,v) or (u* ,v* ) is in x S2 

(but not both), and u is not in S^, one has (u',v*) 

in x S2, and again, <S^> g <S2> is a receiver»

Thus, any of the possibilities in Theorem 4»1A
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imply that <Sj> g <Sg> is a receiver when i = 1 and 

j = 2» As remarked, the symmetry assures that this is 

true for j = 1 and i = 2, concluding the proof of 

the theorem.

U»l»3 Transmitting subgraphs in P, g p?

There is a dual theorem giving necessary and 

sufficient conditions for <SX> g <S2> to be a transmitter, 

the proof of which is completely analagous to that of 

Theorem 4.1A. For this reason, the proof will be omitted, 

but the theorem and the lemma corresponding to Lemma 4 » IB 

are as follows.

THEOREM 4,IB, Let and P2 be digraphs, 

S1CZ V1, s2 C V2 with S1 * or S2 # V2. Then, 

8 <S2> is a transmitter if and only if the following 

holds for i = 1 and j = 2 or for j = 1 and i = 2 »

S£ is a transmitter, and

either (i) Sj is a transmitter,

(ii) Sj is isolated and dependent or

si ' vr

(iii) Sj is a receiver and dependent 

and is independent, 

or, (iv) Sj is a pass and Si is 

independent.

LEMMA 4.IC, Let and P2 be digraphs, C

S2 CZ V2, with Sx # Vx or S2 * V2. Then if <sp g <S2> 

is a transmitter, Sj or S2 must be a transmitter.



55

4ola4 Isolated subgraphs in B D2

THEOREM U.1C. Let and D2 be digraphs, 

S1 C V^, S2 C V2 with * Vx or S2 4 V2. Then, 

<Sj> B <S2> is isolated if and only if 

(1) is isolated and

(i) Sg is isolated or S2 = V2,

or, (ii) Sj is independent,

or (2) Sg is isolated and

(i) Sj is isolated or

or, (ii) S2 is independent,

or (3) Neither nor S2 is isolated, both and 

S2 are independent, and UjCS^) # 0 if and 

only if Uj(Sg) = 0 for j = 0,1»

PROOF » It is clear that given and S2, 

either Sj and S2 are isolated, Sj is isolated and 

S2 is not, S2 is isolated and is not, or neither 

nor S2 is isolated0 Thus, (1) through (3) cover all 

possibilities in this regard. Recall that V( < B <S2> ) 

is the set Sj x s2.

First, consider the necessity.

(1) Suppose S^ is isolated. If there exist lines 

<u,u’> in X«S1>) and <v,v’> in U(S2), then u and 

u’ are in and either v or v' is in S2. Hence, 

either (u,v) or (u*,v") is in Sj x s2. But, either 

v or v’ is not in S2, so that (u,v) or (u* ,v*) is 

not in S^ x S2. Then, Lemma U.1A implies that U(Sj x s2)
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contains the line <(u,v)e(u’ ,v*)>.

Thus, if <S^> H <S2> is isolated and is 

isolated, then either S2 is isolated, is inde­

pendent, or S2 = V2. 

(2) Obviously, (2) is the symmetric counterpart of (1), 

so that, <Sj> H <S2> isolated and S2 isolated implies 

the remainder of (2).

(3) Now, suppose that Utsp * 0 and U(S2) / 06 

Then, if <u,u*> is in XKS^» and <v,v*> is in U(S2) 

one has (u*,v*) or (u,v) in x S2, but not both, 

so that Lemma 4. LA implies <Sp H<S2> is not isolated. 

Thus, XKSj» = 0 =

Similarly, X«S2>) = 0»

Now, if Uq(S^) # 0, then Uq(S2) = 0 since 

<u,u’> in Uq(S1) and <v,v*> in UQ(S2) implies, 

using Lemma 4.1A, that <(u,v),(u*,v* » is in UO(SX x S2> 

On the other hand, if UQ(S2) = 0, then Uj(S2) * 0 

since U(S2) * 0. But, if <u,u*> is in Uj(S1>, take 

<v,v’> in Uj(S2)o Then, as above, <(u,v),(u',v')> 

would be in U(S^ x S2>« Hence, if <Sp H <S2> is iso­

lated, Uj(S^) = 0, and, since U(S^) i 0, one has 

U0(Si> 4 0 as desired.

Similarly, Uj(Sj) 4 0 if and only if Uj(S2> = 0. 

Therefore, the necessity of (1), (2) or (3) is 

proved.

For the sufficiency, consider (1) first.

(1),(i) Here, S^ and S2 are isolated. Thus U(sp 

and U(S2> are both empty, and from Lemma 4.1A, then,
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IKS^ x Sg) = 0, implying <S^> 8 <S2> is isolated.

(1),(ii) In this case, LKSj) = 0 and X«S^>) = 0.

Then, UlS^lO X«S^>) = 0, and* referring to Lemma 4.1A, 

U(S^ x Sg) = 0o Again one has that <S^> 8 <S2> is 

isolated.

By symmetry, this also establishes the sufficiency 

of (2) ,(i) and (2)8(ii).

(3) Note that in this instance, if <(u,v),(u',v')>

is in U(S^ x S2), then <u,u'> is in U(S^) and <v,v’> 

is in U(S2), using Lemma 4.1A.

But, <u,u’> is in Uq(S^) if and only if 

<v,v*> is in Uj(S2)» and <u,u*> is in Uj(S1> if and 

only if <v,v*> is in UQ(S2), by hypothesis.

Thus, either u> is in Sj, u* is not in S^, 

v is not in S2, and v' is in S2; or u' is in ,

u is not in S^, v* is not in Sg, and v is in Sg.

In either instance, neither (u,v) nor (u’,v’)

is in x S2, contradicting the definition of U(S^ x S2). 

Therefore, UCSj x S2) - 0, and <8^ 8 <S2> is 

isolated.

This completes the proof of Theorem 4.IC.

For the sake of completeness, one, of course, 

has that <S^> 8 <S2> is a pass if and only if it is 

neither isolated, a receiver, nor a transmitter.

COROLLARY 4.1A. Let Dj and D2 be digraphs.

Then Dj 8 D2 is in CQ if there exist sets 8^ C 

and S2 CL Vg satisfying (1), (2) or (3) of Theorem 4.IC.
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The proof is immediate since the existence of an 

isolated subgraph in H D2 obviously implies Dj ■ D2 

is disconnected o 

4.2 INDEPENDENT SETS AND R-T COMPATIBILITY

The case in which S.^ or S2 is an independent 

set is important because quite often one is concerned 

with point receivers and transmitters in digraphs. When 

this is the situation, one has the following.

COROLLARY 4*2A* Suppose Dj and D2 are digraphs, 

Si d V^, S2 CZ V2 with Si t V1 or S2 # V2* Also 

suppose that both S1 and S2 are independent. Then 

<Si> H<S2> is a receiver (transmitter) if and only if 

either (1) Si and S2 are receivers (transmitters),

(2) Si is a receiver (transmitter) and S2 is

a pass,

or, (3) S2 is a receiver (transmitter) and Si is

a pass*

COROLLARY 4*28* Suppose Di and D2 are digraphs, 

^l ^l' s2 C V2 with Si X or S2 V2= Also 

suppose that both S1 and S2 are independent. Then, 

<Si> H <S2> is isolated if and only if either

(1) S1 or S2 is isolated, 

or, (2) Neither S^ nor S2 is isolated, and (S^ # 0 

if and only if LL(S2) = 0 for j = 1,0.

In particular,
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COROLLARY 4.2C» If Dj and Dg are digraphs with 

u in and v in Vg , and if either 

(i) u or v is isolated 

or (ii) u is a transmitter (receiver) and v is a 

receiver (transmitter)$

then (u,v) is isolated in D1 H Dg, and therefore 

Dj g Dg is in CQ.

This result motivates the following definition»

DEFINITION 4o2Ao Two digraphs D1 and Dg are 

said to be R-T compatible if the following conditions are 

satisfied»

(1) If Dp (Dg respectively)9 has a point receiver, 

then Dg, (D^, has no point transmitter, 

and (2) If Dp (Dg), has a point transmitter, then

Dg, (Dj), has no point receiver»

Then, using Corollary 4»2C, one clearly has:

COROLLARY 4»2D» If D^ and Dg are two digraphs, 

and if D1 8 Dg is weak, then Dj and Dg are R-T 

compatible »

It is obvious from,Theorem 303B that R-T compatibility 

of digraphs and Dg is not sufficient for 8 Dg 

to be weak since strong digraphs possess no transmitting 

and receiving subgraphs, and are therefore R-T compatible 

vacuously»
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Uo3 SPECIAL SUBGRAPHS OF Dx B D

4 = 3.1 Projections of strong components in the

tensor product of strong digraphs

The following lemma will be found useful throughout 

the remainder of the chapter.

LEMMA 4 0 3A. If and Dg are strong digraphs, 

and K is a strong component of Dj 8 Dg » then the pro­

jections of K are onto V^ and Vg. That is, 

P^[V(K)] = Vx and Pg[V(K)] = Vg.

PROOF. Let
S = { u ; (u,v) is in V(K) for some v in Vg}.

The assertion is, then, that S = Vj. Clearly, 

S C vio

First, let us note that, from Corollary 3.4A, K 

is a union of cycles. Thus, there is some cycle C in 

K. Let C be labeled (Uq,Vq),...,(u^, ) - (Uq,Vq ).

Then S^: uQ,u1,...,un = u0 is a closed sequence 

in S 9 and Sg: vQ,v1,...,vn = vQ is a closed sequence 

in D2« It should be noted that K cannot be a point, and 

consequently, n = 2 throughout the above.

Let u be an element of Vj. We would like to 

show that there exists a point v of Vg such that (u9v) 

is in V(K), implying that u is in S.

Since is strong, there exists a u —Ug 

path, Wjj u = Uq,u|,...,u£ = Uq in D^.
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Taking the w”s from S2 » let k = an + b (b * n) 

and let = vn_b, = vn_(b-1),,0, , = vQ ,...

° ° ° »vn+b = ^0*°°°» vn+b+t = Vt»°°*» vk = v0°

Since is a path, (u,vn_b> = (uq,v^),» o », 

^k^k) = (uo*VQ) is a (u,vn-b) —» (u0 evQ) path in 

Dj S D2 with (uq,Vq) on the cycle Co

We would now like to demonstrate the existence 

of a C -(u,vn_b) path, which would clearly imply 

that (u,vn=-b) is in K.

However, this"need not be done directly□ The 

existence of a (u,vn_b) —» C path implies that (u,vn_b) 

is in the same weak component as C, and therefore it is 

in the same weak component as K e But, from Corollary 3.4A, 

the weak components of H D2 are also strong, and thus 

(u,vn-b) and K are in the same strong component of 

Dj B Dg. However, this clearly implies that (u,vn_b) 

is in V(K), which in turn implies that u is in S=

Thus, CZ S, proving the lemma.

4.3.2 Particular receiving and transmitting 

subgraphs .

LEMMA 4.3B. Let be in Cg and Dg be in Cg. 

Further, let Sp and St be the receiving and transmit­

ting strong components, respectively, of D^. Then,

(i) Sr B Dg is the maximal receiver in B Dg 

which is the union of receiving strong com­

ponents of D^ B Dg,
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(ii) St H Dg is the maximal transmitter in Dj ■ Dg 

which is the union of transmitting strong com­

ponents of 8 Dg,

(iii) if Sp 8 Dg is strong6 it is maximally so, 

and, (iv) if 8 Dg is strong» it is maximally so.

PROOF. It is immediate that Sr 8 Dg is a recei­

ver and that St 8 Dg is a transmitter in D^ 8 Dg, using 

Theorem 4o 1A and Theorem 4. IB.

Further, Sp 8 Dg and St 8 Dg are unions of 

strong components of D^ 8 Dg = This may be seen as 

follows, for Sr 8 Dg .

From Theorem 3 « SA, Sp 8 Dg is a union of cycles 

since Sr is in C3 and Dg is in C3, so that Sr 8 Dg 

is in CgU C3. Thus, every weak component of Sp 8 Dg is 

strong. Let the components be W19 Wg,»0», Wg0 Then, 

Sr 8 Dg = U Clearly the are receiving subgraphs.

Suppose Wj is not a strong component of D^ 8 Dg. 

Then Wj is a proper subgraph of W, where W is a 

strong component of Dj 8 Dg. It is clear that we may 

assume that V(Wj) is a proper subset of V(W) since 

the proper containment of Wj in W cannot be solely 

a matter of lines «

But, Lemma 4.3A implies that Pj[V(Wj)] = V(Sr), 

so that PjEVCWj)] is properly contained in PjEV(W)] 

since, obviously, P2[V(Wj)] = P2LV(W)] = V(D2).

But, < P1EV(W)]> is strong since if u and u° 

are in P^EV(W)]9 then (u,v) and (u’,v') are in
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V(W) for some v and v* in V(Dg). However, W is 

strong by assumption, so there exist (u,v) —(u*,v*) 

and (u’av’) —(u,v) paths in W, clearly implying 

the existence of u —» u’ and u’ —> u paths in 

<P1[V(W)]>o

However, from above, P1tV(Wj)J = V(Sp)9 so 

that Sr is properly contained in the strong digraph 

<P^[V(W)J>, a contradiction.

Thus, the ’s are all strong components of

D1 8 D2, and Sp B D2 = U

This, by the way proves (iii) by applying the 

above when Wj = Sp B Dg, 

cc-1j nue the proof of (i), suppose D* is a 

receiving subgraph of B Dg that can be written as 

a union of receiving strong components of Dj B Dg.

Let D" be any one of these components of which 

D' is composed.

We saw above that <P1EV(D")]> is strong in D^, 

Thus, there is a strong component D| of Dj such 

that D” C DJ B Dg.

Also we know that PEEVED")] = VED£) from Lemma 

4o3A, so that if <u,u’> is in UQEV(Dp], then Eu,v) 

is in VED") for some v in Vg0 But u‘ is not in 

V(D|), so that for any v», Eu*,v*) is not in V(Df B Dg) 

and thus (u“ ,v’ ) is not in V(D"K

But, v is in Vg and Dg is strong, so that 

od(v) » Do Hence <v,v’> is in Xg for some v’ in Vg,
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Therefore, x = <(u,v),(u\v')> is in X(D1 H D^) with 

(u,v) in V(D") and (u\v') not in V(D”)0 That is, 

x is.in Uq[V(D")], which is a contradiction since D" 

is a receiver by hypothesis0

Thus, D£ is a strong component of with 

U0CV(D|)] = 0. Since is in C2, D| is not isolated, 

and therefore, UjEVtDp] = UEVCDp] * 09 implying that 

D| is a receivero

However, a strictly unilateral digraph has a 

unique receiving strong component, and therefore D| = Sr« 

So, we have D” CI Sp H D2o

But D’ was the union of receiving strong com­

ponents of El D2, and D” was an arbitrary one of 

these componentso Thus, D1 C Sp B D2, proving (i)0

Because of the symmetry, a completely similar 

argument suffices to prove (ii) and (iv), and it will 

not be given here.

4° 3.3 Sufficient conditions that D, B Do be weak, 

and their consequences

LEMMA 4.3C. If Dj is a unilateral digraph and 

D2 is a strong digraph, and if there are subgraphs 

D1 and D£ d Dg such that D| B D’ is strong

but not a point, then Dx B D2 is weak.

PROOF. By hypothesis, D| B Dj contains a 

complete closed sequence

S? (u0 »v0) a(u1,v1), (un,vn) = (u0 ,vQ)
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with n * O» Then g Uq $u^e 0 0 » $un„i »un = Uq is a complete 

closed .sequence in D| and v0,V1»...evn_1,vn = v0 is a 

complete closed sequence in Dg»

Let (uev) be in VCDj H D2)»

Since Dj is in C2 U Cg, there is a u ug 

path or a u0 u path in D1S and since D2 is in C3, 

there is a v —> Vq and a Vq - y path in D20

Suppose u = WQ$w1$Ooo9Wk = u0 is a u uQ 

path in and that W2; v = 8w{,»..,w^ = v is a

v —* Vq path in D2«

Suppose k î» m0 Then, since is a path, 
(u,v) =

is a (u,v) —» D| 8 D2 path since wk = uQ and the point 

<U0»Vk-m(mod n)> is in V(D^ H D^).

If, .on the other hand, k-= m, then

(u,v) = (wQ,w6),...,(wk,w&),(ui,w^+i),...,(Um_k(mQd n)»wm) 

is a (u,v) D{ 8 path since = vQ and the point 

^um-k(mod n),wm^ ® ^2°

If, instead, Wjj uq = tQ,tj,0oo,ts = u were a 

uq —f u path in then a similar construction yields

a D-[ 8 D2 » (u,v) path.

For example, if s > t, let s - t = an + b (b < n), 

and let = vn=b, v| = vn_b+1,.e„,v^ = vQ = 

vn - Vn-b*°°°»Vn+b = VQ,o,o,v^n+& - ^Q = v^_t« Here it is 

assumed that W2; vq = Zg,» o «,= v is a Vg — v path o
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Then,

is à 6 Dj > (u,v) path since (u9v) = (tg ,zt)0 

The same type construction works if set, 

yielding a D| a D* (u,v) path.

Thus, every point (u,v) in V(D1 8 D2) is 

connected via a path with D| 8 Dj. Since D| 8 Dj was 

assumed to be strong, this obviously implies 8 D2 is 

weak, completing the proof of the lemma.

It might be well to remark that the assumption 

that D2 be strong was necessary, in that if neither 

nor D2 were strong, the existence of receivers and 

transmitters in both and D2 implies the possibility 

of isolated subgraphs of Dj 8 D2 in accordance with 

Theorem 4. IC.

As a corollary, one has the following.

COROLLARY 4.3A. If and Dg are both strong 

digraphs, then 8 D2 is strong if and only if there 

are subgraphs D| C and DJ Œ D2 such that 8 D2 

is strong but not a point.

PROOF. Lemma 4.3C implies that 8 D2 is weak. 

But, from Theorem 3 »5A, one then concludes that 8 D2 

is strong.

Conversely, if 8 Dg is strong, then one may 

let D| = and D2 = Dg.

Refering to Table 1, this can clearly be stated in



67

the form?

COROLLARY 4.3B» Given two digraphs and Dg» 

then B Dg is strong if and only if 

(li Dj and Dg are strong, and 

(2) there exist <Z_ and D’ CL Dg with D^ B Dg # 

and D£ S Dg strong.

This is a characterization of strong connectedness 

under the tensor product. However, it is not as "useful" 

as one might desire. Such a characterization will be given 

later, in Theorem 4.6A and its attendant corollaries.

4.4 CHARACTERIZATION OF CATEGORY C2

Now, as has been previously noted, a digraph D 

is in category. Cg if and only if D is weak and has 

a unique receiving strong component and a unique trans­

mitting _strong component.

Using this and the previous two lemmas, one 

obtains the following result.

THEOREM 4.4A. If Dj. is in C2, D2 is in C3, 

Sr is the receiving strong component of Dj and St is 

the transmitting strong component of D^, then D^ B Dg is 

in C2 if and only if Sr B D2 and St B Dg are stroh*.

PROOF. For the necessity, we refer to the above 

remark and Lemma 4.3B. If D^ B Dg is in Cg, with re­

ceiving strong component Sp and transmitting strong 

component , then, from Lemma 4.38 and above,
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= Sr H D2 and = St H D2»

For example, Œ Sp H D2 by (i) of Lemma 4.88 

since is a receiving strong component of B D2.

But, the above remark implies Sr B D2 CL 

since Sr B D2 is a union of strong components of 

Dj B D2 both of which must be receivers in B D2. 

However, there is only one such strong component in

B D2, namely , so that we have the desired result « 

In precisely the same way, St B D2 = S{.

Thus, clearly, Sr B D2 and B D2 are strong ; 

completing the proof of the necessity.

On the other hand, for the sufficiency, V(Sr B D2) 

contains more than a single point since, as always in this 

chapter, we assume that V2 has this property.

Hence, Sp B D2 # K1 and St B D2 # Klt and 

using Lemma 4.3C,we conclude that B D2 is weak.

But, from Lemma 4.3B, Sr B D2 is the maximal 

receiving subgraph in D± B D2 and St B D2 the maximal 

transmitting subgraph in Dj B D2 that can be written as 

unions of receiving and transmitting components of 

D1 8 D2 respectively. Since both are strong, by Lemma 4.3B 

they are maximally strong, or strong components of 

D1 8 v

Thus, Sr B D2 is the only receiving strong 

component and St B D2 the only transmitting strong 

component of B D2. Hence, B D2 is weak and has 

a unique receiving strong component and a unique trans­

mitting strong component, implying that B D2 is in C2.
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This concludes the proof of Theorem

COROLLARY U « UAa Let and D2 be digraphs .

Then Dj S D2 is in C2 if and only if

(1) Either tD2) or (DgeD^) is in C2 x C3# and

(2) If e C2 with receiving strong component Sp and 

transmitting strong component St, then Sr 8 D2 and 

St 8 D2 are strong, or a similar criterion if D2 E C2.

PROOF. To prove the necessity, it is only necessary 

to refer to Table 1 to conclude that if 8 D2 is in C2,

then (1) holds » But (1) and 8 D2 in C2 imply (2)

using Theorem U»4A»

Obviously, the sufficiency follows immediately 

from Theorem 4» 4A»

It should be.noted, then, that if "useful" necessary 

and sufficient conditions for the tensor product of two 

strong digraphs to be strong were known, not only would this 

characterize the strong case, but it would finish the 

characterization of the strictly unilateral case using 

Corollary U»4A»

So, for the present, we will turn our attention 

toward a characterization of the situation when 8 D2 

is strong.

4.5 CHARACTERIZATION OF C3

4.5.1 Certain sufficient conditions

We will begin by deriving some sufficient conditions 
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which will.lend certain insight into the final result.

With sequences, as with paths » of a digraph, one 

can associate a subgraph. This is done as follows.

DEFINITION 4o5Ao Let D be a digraph and S a 

sequence in D. Then S is associated with a subgraph 

«S^* of D as follows.

V(<<S») = { v ; v is a point in S J, and

<u,v> is in X(«S» ) if and only if u and v are 

in V( «S» ) , u is adjacent to v in S, and u 

precedes v in S. (Referring to Definition 2„IF, the 

latter clearly implies that <u,v> is in X) .

For example, in the 

digraph D shown at the 
. D: Un o <

right, suppose S is given u^<—'u^

by Ss Un,Ug,Ug,Un,Un. r

«S» : Un o^ > o Un 
Then, «S» is the 1 2

subgraph illustrated. 3
FIGURE 15 — The subgraph <KS»

It is obvious that many sequences may be assoc­

iated with a single subgraph in this way.

Then one has :

LEMMA UoSA. Let D^ and Dg be digraphs con­

taining closed sequences Sj and S2 of lengths nj=» 0 

and n2 * 0 respectively0 If (nien2 > = 1, then

S «Sg^ is strong «

PROOFo Let Sj and Sg be labeled as follows.
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$1* = - Uq and Sg : Vq 8v^9 o « « »

We may assume without loss of generality that

n2* n^o Then, form the sequence S in B D2 whose 

points are (u|tvp, i = 1,2 e0.0 9n1n2 , where 

U1 * ui(mod nJ and vi = vi(mod n2)-

Then (i^,i^) = if and only if

= j^(mod n^) and i= j^(mod ng), or equivalently, 

if and only if i^ = (mod n^) since (n^,n^) = l0 

This is so, even though as points, u^ may be 

the same as u j for if] since Sj is a sequence, 

and similarly for the vk* s.

Thus, S 

0 = i = n^ and

contains all possible (u^Vj) with 

0 = j = n2, so surely the points of S

are precisely those in V(«S1» B «S2»)o

Furthermore, = (u0,v0) so that S

is closed.

Hence, «S^» B «$2» contains a complete

closed sequence and is, therefore, strong. This completes 

the proof of Lemma 4.5A.

COROLLARY 4.5A. Let Dj and D2 be strong 

digraphs with closed sequences S1 and S2 of lengths 

nl * ° and n2> Q respectively. If (n^,n2) = 1, 

then B D2 is strong.

This result follows immediately from Corollary 4.33

and the preceding lemma.

It should be remarked that, at present, no counter-
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example or proof has b<ten found to the conjecture that 

if 8 D2 is strong, then there will exist closed 

sequences in and S2 in Dg satisfying the 

conditions of.Corollary 4.5A.

COROLLARY ^=5Bà Let and

digraphs with cycles and

and n2 0 respectively0 Then if

D2 be strong

of lengths n^ 0

( n ,n 2 ) = 1,

8 D2 is strongo

This, of course„ is an obvious special case of

Corollary U»5A» Referring to Theorem 30 3B9 it also follows 

directly from Corollary U,3B.

To see that this is 

not a necessary.condition 

that Dx 8 D2 be strong, 

consider the digraphs 

given at the right. Here 

(6,15) = 3 and FIGURE 16 — A counterexample

d2

(10,15) = 5. Note, however, that (6,10,15) = 1.

8 D2 has, in .this case,.225 points, it will not be 

shown. However, it is strong.

4.5.2 Additivity of r&

Now recall.that the expression rx(k) was defined 

in Definition 3.3C. Referring to this, we state the 

following lemma.
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LEMMA U.5B. rb is additive modulo m for all b.

That is, r^[(k+a) (mod m)] = (r^[k (mod m)] ♦ a] (mod m).

PROOFo (I) For k m, we assert that
r (ktl) - [r^(k) ♦ 13.(mod m)« Referring to the expression 

on na/e 29 for 0^, r(k) is defined by the condition 

n = q(k)m - k + r(k) where 2 = r(k) = mtl. Thus, 

n = q(k)m - k ♦ r(k) = q(ktl)m - (k*l) + r(k+l)^ and hence 

q(k)m + [r(k) - 1] = q(k+l)m ♦ [r(k+l) - 23 - n ♦ (k-1).

Hence, if r(k) - 1 = m, then one has from the 
above expression that r^ktl) = [^(k) t 13 (mod m).

But, if r(k) - 1 « m, then the uniqueness of 

the division algorithm assures one that r(k) - 1 = 

~ - 2 using the above expression, sc that, again
one has rX(k+l) = Lr^k) + 13 (mod m).

IIH If k = m, then k+1 ■ 1 (mod m), and one 

has n = q(l)m -It r(l) = q(m)m - m ♦ r(m) =

- Eq(m) - 13m ♦ r(m).

là! If r(m) < m, then since r(l) l^m, the 

division algorithm implies r(l) - Ie r(m) (mod m). But, 

since k = m, this is r[(k+l) (mod m)3 1 Er(k) + 13 (mod m).
Thus, r1[(k+1) (mod m)3 = [^(k) + 13 (mod m).

(&) If r(m) = m, then 0 = r(m) - m « m and 

r(l) - 1 5 m, so that, by the division algorithm, one has 

r(m) -me Er(1) - 13 (mod m), or 

Er(m) + 13 - r(l) % 0 (mod m).

Thus, Erl(k) ♦ 13 (mod m) = ^[(k+l) (mod m)3.

(IIP Let k be arbitrary. Then k (mod m) is



74

less than or equal to m9 and therefore k (mod m) falls 

into case (I) or (II). Hence

r^[(k+l) (mod m)] = {r^Ck (mod m)] + 1] (mod m)«

(iyl Thus e for any k and a one has 

r1[(k+a) (mod m) ] = r^Kk+a-l+l) (mod m) ]

= {rl[(k+a-D (mod m)] + 1} (mod m) 

= (rl[k (mod m) ] + (a-1) + 1} (mod m) 

= {r^[k (mod m)] + a} (mod m) 

using the obvious induction »

(V) Nowg assume that 

rb^Uk+a) (mod m) ] = {rb~l[k (mod m)] + a ] (mod m). Then, 

rb[(k+a) (mod m)] = rfrb-l[(k+a) (mod m)]} (mod m)

= rl{[rb~l(k (mod m)) + a] (mod m)} 

= {rb[k (mod m)] + a } (mod m), 

proving Lemma 4.SB.

4.5.3 Further insight into the structure of L I L.

LEMMA 4.5C. Let La and L^ be cycles labeled 

ba ° ui 8^2 » ■> o. ,ua,Uj and L^ : V1 » v2 »0 ° ” »vb »vl° Then, 

(i) La S L^ has (a,b) components, 

(ii) For a given u = u^, (u,v^) and (u,vj) are in the 

same strong component of La 8 Lb if and only if 

i = j (mod (a,b)), and

(iii) For a given v = vk, (u^,v) and (uj,v) are in the 

same strong component of La 8 Lb if and only if 

i s ] (mod (a,b)).

PROOF. Part (i) is immediate from Theorem 3.3B.
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To prove part (ii) e take (u^) and let (u,v%) 

be the point with the property that k' is the first 

integer greater than one such that k = k’ (mod b) and 

(u,Vk) is in the same component, say B1# as (u,^) = 

Lemmas 3.3C and 3«3D guarantee such a k’ exists «

From Lemma 3 « 3C e it is easily seen that (u * v%) 

and (usv^) are in the same strong component of La B L^ 

if and only if rd(l) = k for some d«

But, using Lemma 4« 5B, and letting t = k - 1, one 
has rd(k) = rd(l + t) = [rd(l) + t] (mod b)

= (k + t) (mod b) = [k + (0 + l)t] (mod b). 

Now suppose rd[(k + jt) (mod b)] = [k + (j + l)t) (mod b)« 

Then, rd{[k + (j+l)t] (mod b)J = rdf[(k+jt) + t] (mod b)}

= {rd[(k + jt) (mod b)J + t } (mod b)

= {[k + (j + l)t] + t } (mod b) 

= [k + (j + 2)t] (mod b)« 
Thus, rd [k + (j+l)t] (mod b) = [k + (j+2)t] (mod b) 

for all j «

A simple induction argument then yields 
rd{[k + (j+l)t] (mod b)} = r<3+2)d(k) = r(j+3)d(1)o

That is, rd(k) = (k + t) (mod b) ft®m above, so 

y(j+l)d(k) = rid[rd(k)] = rid[k + t (mod b) ]

= Crid(k) + t] (mod b) = [(k + jt) + t] (mod b) 

= [k + (j + l)t] (mod b), 

using the obvious induction step»

So, under the above assumptions on (u,v^) and 

(u * ^k)* one finds that,
Bi = {(u,v1),(u,vk),(u,v(k+t)(mod b)),oo,,(u,v(k+ct)(|nod b))8 « « «
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is a subset of V(B^)o

Now consider the point (u^) for any i such 

that 2 = i = k8 -1, Since k8 was assumed to be the 

smallest integer greater than one such that (u,vk), 

with k = k1 (mod b)e was in B1# (u,vi) is not in B^» 

But then, (u»v[k+(j-l)t+(i-l)] (mod b)) is 

in Bj for any i with 2 = i = k8 -1 and any j since 

rid(i) = Crid(i) + (i-1)] (mod b) = [ k + (j-l)t + (i-1)] (mod b).

However, 

vCk+(j-l)t+(i“l)] (mod b) : 3 = °» 1 = i-1 = k°-2} = 

= V(L^) - Pg[Bj] since, for any s * k, s - k = mt + n 

with m = 0 and 0 < n « t, and for any s < k, s = t 

if s = k-1, and s = n « k-1 otherwise »

But when i-1 is zero or k'-l, the point 

^^[k+(j-l)t+(i-D] (mod b) > is in Bi°

Thus, only the points of B| are points of B^ 

of the form (u,vs) since if (u,vs) were in V(B^) - Bj, 
then s = [k + (jo - l)t + (io - 1)] (mod b) = r^od(iQ) = 

= (jot + iQ) (mod b); implying that (u,viQ) is in B^ 

with io*= k8, a contradictiono

Further, for each (u,) with 1 = i = k8-1, 
Bj = { (u^) , (u,V(i+t)(mod b) ° ° « (u»v(i+ct) (mod b) ° ° ! 

determines a unique strong component of La H L^o 

This is so since, if B| O B^ = (u,v), then 

(u»v) = b)} = ("»^(j+c"t) (mod b)1

say » i * 3 ° But, this implies that r^ °d(i) = rc”d (j), 

or if c" * c”, r<a"-c8)d(j) = so that (u#Vi) i8 in
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Bj » This evidently implies = B! by definition of B|o 

One reaches the same conclusion if c’ c"«

Nowe by Lemma 3Ae if K is a component of

8 » then [V(K)] = V ( La ), so there is at least one

(UjVp in K for any given u in V(La) » Hence, the 

Bi are the only components of La 8 Lb0 But e there are 

k’ - 1 distinct B^ and (aeb) components (by part (i))0 

Therefore, k’ - 1 = (aeb)e which proves (ii) if 

t ** 0 since e then » kg - l = k- l = t, and clearly, 

from above » (uev^) and (ueVj) are in the same component 

if and only if i = j (mod t)»

If t = 0 e then k’ = b + 1, and there are 

b = (a,b) distinct components, each point (U9V^) belong­

ing to exactly one of these0 Here, of course e for i ej = b 

and i # j, one has i £ j (mod b) and (u8v^) and (u8Vj) 

are in different components g consistent with (ii) «

For part (iii)9 consider (u^gv) and (uj,v) for 

fixed v in V(Lb)» We may assume that i = j 0 But 6 if 

i = 3» we are clearly done» Thus assume i < j.

Then (Uj 8vk) (here, v = v^) is on some path 0s a 

as are V(k-1) (mod b)5 » (uj-2 »v(k-2) (mod bP»006

» o o 8and <ui8v[k„(j„i)](mod b))0

That is 8

(Ui'V[k-(j-i) ](mod b)J 9 °0 0 ’ (uj“l’v(k-l) (mod b))9^j9^k) 

is a subpath of 0s »

So obviously 8 (u^gV^) and (Uj 8vk) are in the

same strong component of La 8 Lb if and only if (u^8vk)
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and <ui»v[k-(j-i)](mod b)> in the same strong com­

ponent = HoweverB by part (ii) e this will be the case if 

and only if k = {[k-(j-i)] (mod b)} (mod (a.b)). But 

this means k = [k-(j-i)+cb] (mod (a,b)), which is eq­

uivalent to i % j (mod (a9b))e as desired.

This completes the proof of Lemma 4,5C» 

4,8,4 Extension of the results in Section 4,8,8

DEFINITION 40SB, We say that the set of cycles
£ : i = 1(2,,,o ,t] possesses the path intersection

property (P-I property) if the following conditions are 

satisfied.

and

(1)

(2)

a a j 4 0 for

If the intersection
j=l

1,2 t-l9

contains

more that one point e and if u and u’ are

two distinct such points, then there is some

the

(1)

(2)

path between u and u

and [ U La.] for 
3 = 1 3

LEMMA 4,8D, Let

P-I property g and let

D1 then
Lbi

D

1

Lat

in

common to both L.

,2 t—1

be cycles possessing

be a cycle, Then

D’ B has

,oo>attbj) 

is labeled

strong components

V’ , (UgVjP and

V1 »v2 » ° ° ° * vl9 then for u

(u9Vj) are in the same strong

(3)

component of D if and only if i = j (mod aQ)8 and

If Lak is labeled u^,u^ g,,,>^i for any k9 and



79

v is in VCL^), then (u^»v) and (uj ,v) are in 

the same strong component of D if and only if

i = j (mod aQ)o

PROOFo The proof is by induction on t, the number

of cycles

From Lemma 4.SC the statements (1), (2) and (3)

are true if t = 1

Suppose (1), (2 ) and (3) are true for t-1 cycles

Then, by choice, L^, e t-i possess the P-I propertye

and we may assume (1), (2) and 
t-1

(3) for Di = D8 H Lbl,

where Di

Let u be in V(Lat-1) A V(L, Then we have :

(A) (u.vp

ponent 8

and (u,Vj) are in the same 

C, of Di if and only if i

strong com-

j (mod a8)

(B)

of D1
the

in

where

<uevi)

ponent

where

a8 bq), and

and (u,Vj) are in the same strong com

of

a"

L_ H Lh if and only if at d1
(at)o

Now, let (bJ be the set of strong

i ! j (mod aM)

components

with (u,Vi) in V(Bj)0 Similarly, let

set of strong components of

V(B? )

Then we assert that

there is a point (u,vs)
i J 

in botha

be

B L with

4 0 if and only if

The sufficiency is

obvious

The necessity of this may be seen as follows□ If
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contains only one point (which must be u)
3 = 1 J 

then clearly we are done. If not, suppose (u*,v^) is in 

Bi n BÎ with u' 4 u. Then label Lat as follows: 

Lat: u - UgeU^,.- « ,ur = u' ,.. « = u. The P-I prop­

erty implies that either Pa u = u0 ,u1>0..Bur = u’ or 

P^^u’ = ur » ur +1 » ° ° ° « un = u is common to both Lat and 

Laj]"

Assume without loss of generality that it is p\ 

Then there is a (u’,v^) —> (u,v3) path in both Bi and 

Bj for some s. But, this clearly implies (u, vg) is in 

both Bi and B!, as desired.

Now, (u,vs) is in both Bi and Bj if and only 

if i = s (mod a’) and j = (mod a” ) using (A) and (B) 

above, and this happens if and only if i = j (mod (a1,a")) 

or equivalently i = j (mod ao).

Hence Bi A B! 4 0 if and only if i = j (mod ao).

Now it is evident that (u,v±) and (u,vj) are in 

the same component of D = D’ B if and only if there 

is a sequence Bi = B± ,Bî ,Bi . o.B« = B$ such
i . j r ™ 1 r J

that Bi n B{ # 0 and B» n Bi , 4 0 for x An -^n+i

k = 1,2,...,r-l and n = 2,3,... ,r-2.

But from above, this happens if and only if there 

exists a sequence i = i19i2 ..,ir = j such that 

i 2 i2 (mod ao) 

i; * ig (mod aQ) 

ir-l 5 j (mod ao) which, of course, happens if and only
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if i E j (mod aQ)0

Thust we have (u8) and (u,vj) is the same 

strong component of D if and only if i = j (mod ao), 

where u is in V(L, ) n V(L_^). t-i at
Therefore, (u»v^)8(u»V2)»o00t(u,va^) all belong

to distinct components of D, and any other point of the 

form (u,v%) belongs to one of these□

Since D’ and are stronge if K is any

strong component of D, then it contains some point of 

the form (u,vk) for any given u in V(D’) using Lemma 

U«3Ao Hence9 since there are aQ distinct strong com­

ponents of D containing points of the form (u,vk), 

there must be ao = (apa2So,at,b^) strong components 

of D, proving (1)0

Now» if u is any point of D* » then u is in 

V(Lak) for some k. Suppose Lak is labeled as follows, 

Lak ° » = » o #^ak *^1 » let u = una Further, suppose

that Um is in V(La^) O V(La^+^)0 Note that this is 

always possible except when k = t. In this case, take um 

in V(La^) V(La^ ) as above « The following argument

is still valido

Then, (un »v^) and (un,vj) are in the same 

strong component of D if and only if the points 

(Um'V(ifm-n)(mod b1)) (um»v(j+m-n)(mod b1)) are in

the same component of Do

We may apply the same argument as above to the two 
k t

subgraphs Dg = [U Là ] B Lbi and Du = L U L.]ik
1 = 1 1 1 H i=k+l 1 ^1
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Let B: be the strong component of Dg containing

the point (um,vp and Bj the component of con-

taining the same point for

conclude that B; A B' 0

i * l,2,ooo,bj 

if and only if

As above, we

j (mod ao)|

and also as above, (um,v(i+m=n)(mod bl>) is in the same

component as (um9v(j+m=n)(mod b^) if and only if one has

[ (i - j ) (mod bp] = 0 (mod ao), or 

This proves (2),

i = j (mod

Part (3) is a consequence of suppose u^

and uj are points of Lak, which is assumed labeled

»a^ ? ।u^ ,ooo, u.^,uo From Theorem 3 o 4A, the digraph

of

are

Lbi

i=r Di
i * 3» (ui,v^)

Let v = vm be in V^b^o Then,

and (uj,vm) are in the

D if and only if (Uj,v

in the same component of

(m+j-i)(mod b^)' 

D since, if we

is labeled

same component

and

assume that

,vb1»vis then the path

(2)o For,

o

D

m

^ui »vm^9 (ui + l»v(m+l> (mod bp ^uj,v(m+j-i)(mod b^)

in a subpath of some On in Lak H L^1=

But then, using part (2), (u^,vm) and (uj,vm

are in the same component of D if and only if one has

m = [(m + j - i)(mod b%)]

As before, this ie

(mod aQ)o 

equivalent to i = j (mod ao),

as desired

Thus, Lemma U05D is proved

Heuristic description of general aims

At this point, it would be well to state the general
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aim of this development0 We wish to show that if D1 and
Dg are strong digraphs with cycles

« =-,Lbs respectively9 then Dj 

ao = (apQooja^bpooojbg) strong components0

Now, we assert that the cycles of8 say6 Dj could

be rearranged in the form Lap0 » 0 eLap0, wherein Lao is ai

not necessarily different from when^3
from j, in such a manner that the eet 

is different

possesses
the P-I propertyo

This is so since the graph Dq defined by

V(Dq) - £ : i - 112 > o » 0 tt] and

X(DC) = { (L ,La. ) : La. L_. # 0 and i i j}
* Q 2 ® j a 2 d j w

is connected because D is strong» and hence Dq contains 

a complete sequence o

Now» such a complete sequence may be generated»

albeit inefficiently » as follows « Begin at an arbitrary 

point » La|» and continue along lines subject only to the 

restriction that lines already used be avoided if possible0

When the latter is no longer possible, backtrack until it 

is once again possible to choose a "new" line. When, 

using this procedure, it is not possible to traverse a line 

not already included, then we are finished.

Hence, if we assume we have chosen Z = { Lau i=le... »s 

(s * t) such that it possesses the P-I property, then 

take any cycle Lc such that Lc O La^ i 0. We may assume 

without loss of generality that Lc is not in £ .

If the set £ w fLg) possesses the P-1 property,
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we are done» So* assume that there are points u and u* 
8

in L» n [ u L_%] such that u and u ’ have no path 
j = ! *3 s

between them common to Lc and [ u L&1]& Then by assump- 
3 = 1 3 .

tion, Le is u = u1M » a ,ur = u’ »ur+1» ao 0 *Ujj = u, and 

we may assume without loss of generality that there is no
8 

u^ (i = 1»,« o,r) in Lq [ U L&*]» 
i = l 1 s

Further there is a u’ —» u path* P, in kJ Lat 
3=1 3 

since the latter is clearly strong.

Let P" ? u = UpU2M»«,ur.= u’« Then PUP" is 

a union of cycles at least one of which does not belong to 
s

[ U Laî], and any such cycle may be chosen as La« 
j=1 J s 8 x

since it will intersect [ O La»] only on the pmth P»
3 = 1 3

Then proceed from La^^»

Since such a procedure does generate a complete se­

quence * as remarked above, we obtain a set of cycles (La|] 

possessing the P-I property, as asserted»

Here* clearly

Similarly, D2 

the P-I property »

(a|,a£ « û » o*a^i) 
8 '

= U L^i with 
i = l x

[Lbj] possessing

(*1»®2 « »*t3 6

So, given that D% and D2 are strong digraphs 

with cycles La^,»oû,La^ and L^, aa » ,L^^ respectively, 

we may write 
t' s'

Di = u Lai and D2 = O Lhi with [Lai ] and
i=l 1 j=l 3 v

[Lb^] possessing the P-I property, and

(a| , e » o ,8^ t *b^,a a a , b^ t ) — (ipt ■ û *8^ ,b^,o a o , bg )

The approach will then be as follows» The digraph
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t* t’
D* - [ kJ L- । 3 I Lk i - kJ [ La i 8 Ljj • 3 has1 = 1 D1 1 = 1 1 1

a’ = (a|,a^ r » » ta{« »b|) strong components according 

to.Lemma HoSDe In a similar fashion, 
s' s' s *

0" ' " Lbp - O^Lb- 8 La-3

has a" = (a^,bpaa«,bgi) strong components «

Having done this » certain subgraphs of 8 D2 

will be defined for i = 1,2èaa«,min(s',t') having the 

properties (1) = D' U D", and
N .

(2) D-, 8 = U D1 where N = minis' ,t' ) o
i = l

Then by induction qn k, it will be shown that 
k 4 
O D has ao = la* ta") strong components for all 
i = l

k = minis ' ,t' ). But, the latter and 12 ) will clearly imply 

that 8 Dg has aQ components also.

4.6 RIGOROUS DEVELOPMENT OF SECTION 4.5.5

In accordance with the outline of Section 4.5.5, we

state the following lemma.

LEMMA 4.6A. Let and be strong digraphs

with cycles

Let D

,La^ and L^^ 
8 ' 

and D2 = U with { Lai| and

s

possessing the P-I property. Further, let

s
D* a! 8 Lhi3 andai D1 D" b«3, and let

ao - b Then
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(1) D*u D" has a@ strong components 9

(2) If u is in V(Lat ) and vm and vn are in V(« ) 
1 3

for some j, then (u,vm) and (u,vn) are in the 

same strong component of D‘U D" if and only if

m = n (mod.ao), assuming that L^! is labeled

Lfe t ° v 9 o o o jVjji j , and

(3) If v is in V(L^p and and un are in V(Lai) 

for some j, then (um,v) and (un»v) are in the 

same strong component of D1U D" if and only if 

m = n (mod ao), assuming that Lai is labeled

PROOF For (1), take u in V(LaO 

be the components of D°

, and let

such that

(u,Vj) is in Bj, for each Vj in V(Lbj).

Also.let । ।a t a t be the components of

D" such that (u,Vj) is in 

(u,v3) in both, which happens if and only if there is an 

s with i * s (mod a* ), a” .= (a1M 0 « ,at,bp and 

j ê s (mod a”)» a" - (a^,b19» »0,bs)0

Thus, B| fl Bj H if and only if i = j (mod ao) 

where = (a* 9a ) = (a^ 9 o o « 9a^9b9 o□o 9b3)o

Then for (u,v^) and (u,Vj ) in V(La^ K L^) $

One clearly has that (utV£) and (utVj) belong to the 

same component of D"U D” if and only if there is a 

sequence Bi a ®ii» » » » » » Bin-1* B^n = BJ w^th
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81%^ 4 0 and 4 0 for the obvious

values of k in each instance.

But from the previous remark, this is true if and 

only if i s i2 (mod aQ), i2 « i3 (mod a^». ein_^ » j (mod a0) t 

or equivalently» if and only if i i j (mod ao)«

Now9 any component B of D' U D" intersects 

either D’ or D", and therefore must contain some Bn 

or ®n which, in turn intersect B^ and Bm respectively0 

Hence B contains Bn O B^ for some n, and therefore 

contains a point (u»vn) for the given u and some vn 

in V(Lbp.

On the other hand, if (u,vp is in B, then 

from above, (u,v(jao+1)(modbp> is in B for all j, and

if (u,vm) is in B, then m = [(jao + l) (mod b^)J for 

some j«

Thus, the points (u,v^), (u,v2) »<> » «, (u,VaQ) are in 

different components of D* O D", and if B is any com­

ponent of D' W D", it must contain one of these points. 

This obviously implies that D'U D" has exactly <Q dis­

tinct strong components, completing the proof of part (1) 

of Lemma Ue6A.

We prove part (2) by induction on j„ From the 

proof of part (1), the statement is true for j = l0 

Assume that it is true for j = k « s*, and take v„ and 

in where we assume to be labeled

^b^+i' v^,v2,» ». Further assume that n *- m.

Then, (ue»va) and (ua»vn> are in the same
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strong component of D9 U D" if and only if (ua,vm) and

^u[s-(n-m)](mod a£)®vm^ are in the same component, where

is assumed labeled u1,u2 ,« » «,uat ,u^

Suppose vt is in Then <us ,vm)

and (us,vn) are in the same component of D8 U D" if

and only if (U(s+b^i-m*t)(mod ap'^t' 

^u(e*b^+^Tn*t>(mod a|>,vt^ are in the same component using

the preceding expressions.

However, these points are of the form (u^,Vg) and

<u*,vA) in U« B Lb^, with, say, d = Here, is

assumed that is labeled ,... ,t »vp and

for some c, since vt is

by assumption. But, these

in both V(L&&) 

are in the same

and

strong component of D" if and only if (Uj,v^) and

(ud»vtc-(e-d)](mod b^) 1 

if and only if c = { [c -

are, which

(e

by hypothesis happens

or

c
J

K

equivalently, hb^ + rc + e = d (mod ao) where r = h = 0 

if e - d -= c for some c < bj^, and h * ût r : 2 if 

e - d = c for all such c.

The former case is equivalent to dee (mod ao), 

and in the latter case, we may label the cycle so

that c = b£, and again get d = e (pod ao).

Thus, (u8,vm) and (us,vn) are in the same strong

component of D9 U D" if and only if one has

[ (s + b£+1 - m + t) (mod ap] s [(s ♦ b^*^ - n + t) (mod ap] 

modulo ao, or,.if and only if L(n-m)(mod ap] a 0 (mod ao).
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Therefore, (us,vm) and (ug evn) are in the 

same strong component of D'u D" if and only if 

n = m (mod ao)= This proves part (2).

The symmetry of the situation then establishes 

part (3), concluding the proof of the lemma0

We will also need the following lemma«

LEMMA Uo6Bo Suppose Di = L&2 where Lai

is a cycle of length a^ and D2 = L^O Lb2 where Lb. 

ie a cycle of length bj, are strong digraphs. Then, 

D - H D2 3 U C L*i 1 .] has the same number of

strong components as has D'O D", where

* ^a^ H U EL<2 8 L^] and

DH = CLai H U » L^L

PROOF, If u is a point of Lap and L^ is 

assumed labeled iv2,«,,»vi» then we know from 

Lemma 4.6A that (u,v^) and (ueVj) are in the same 

strong component of D'W D" if and only if i s j (mod aQ) 

where ao = (a^aj ,b1Bb2).

In particular.this is true when u is a point of 

LaiLa2 » which cannot be empty since Dx is strong.

So, take u in V(Lax) V(La2). and let Blt...,Bb 

be the components of D' U D" containing the points

(u,vp,.,,,(u,vb2> respectively8 for Lbg labeled 

be the components of

La 2 ® Lbg contdimnp these same ne-in tn res’.’ect i vel-.
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Then Bj 0 if and only if there exists

a point (u»vs) in both»

Hencee B! # 0 if and only if i ■ s (mod aQ)

and j = s (mod (a; »bg ) ), or equivalently i = j (mod aQ) 

since (ao,(a2 eb2)) = ao»

However (u,v|) and (u9vî ) are in the same strong 

component of D if and only if there is a sequence 

®i - ®i^» * ®i3 » o a o = such that

Bi Bj # 0 and B[ A B; 4 0 for m = 19 » o o et-l xm im+l xn 1n+l

and n = 2,0 « « ,t-2. 

This t of course e happens if and only if i ~ i2 (mod ao) $ 

i2 = i3(mod ao)|10It ^t-1 - 3 (mod ao), or if and only if 

i = 3 (mod a0)o

Thus, the points (u,vp,(u,vp,to.,(u,v' ) belong X 4 «Q

to distinct strong components of Da On the other hand, 

given any strong component of D, it must contain a point 

of the form (u,Vg) since it contains some component of 

La8 g which in turn has this property9 using Lemma 463Ao 

But a component of D containing (u9Vg) must contain 

one of the above ao points9 and hence there must be aQ 

distinct strong components in D9 proving Lemma 4a6Ba

Continuing with the outline given previously, we

state the following definition

t° s'
DEFINITION 4a BA Let D^ and Dg =

with La|] and {Lb«}_ 
s' 3

possessing the P-I property 
t'

i=i ] 
Let

for k = min(s0
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Here e clearly D1 = D° U D", where D” and D"

are as given in Lemma

LEMMA U o 6C » Let D = jDk 
k=l

Then D = Dj 8 D?o

with N = min(s°9t’)«

PROOF o Clearly

But, if La| B L^ is 

then either i = j or

When i = j, L

and if j * i, La| B

Thus, La| B L^

D (— D, B Do • U [La • B Lk < ] «
1 2 id 1 3

arbitrary with i = t° and j = s\

j •* i o 
s' i

a ! ® i*b ! —- U [ La y B L^ » ] CL D , 
1 ] f k=i 1 k

Lb! CI U LL-0 BLb!]CD]o
] k=j ak °3

! CZ U CZ D, so that D = Dj B Dg o

THEOREM U o6A 

with cycles L^,»»
D1 
and

and D2 are strong digraphs

Lbl Lb respectively.

has length n, then B Dg has

t,b1,oao,bg) strong components (which are 8

of course,also,weak components).

PROOF» As before, we 

s’
D2 = U Lb! with {Latj 

3 = 1 3 %
the P-I property »

t’ 
let D, = U Lao and 

1 i=l

and J Lb !| both possessing

Form the union D” = m U , where is 
k = l

defined in Definition 4»6A, and m = min(s’,t°)»

Then, we prove by induction that : ■
~ A

(1) D^ has a@ strong components for all m such that

1 S m = min ( s ’, t ’ ),
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(2) If Laj l Lbj C Dy, u is in V(LaD and vc and 

vd ar^ io VCLb»), then (uevc) and (u,vd) are in 

the same strong component of % if and only if

old (mod ao), where is assumed labeled

(3)

^1**2*' '**b'*Vl* end

If La| ■ L&J e D^e uc and are in V(Lap and 

v is in V(Lb«), then (uc,v) and 1ud,v) are in 

the same strong component of Dy if and only if 

cid (mod aQ), where Lat is assumed labeled

U^ > ^2 » 0 0 0 » Uy »।U^ o

To begin with, we see that for m = 1, we have

~ D'U D"o But, if La| ■ Lfaj is a subgraph 

df D^ then aj = a^ or bj = b^. Refering to Lemma 4.6A, 

then, we see that (1), (2) and (3) are true if m = 1»

Suppose (1), (2) and (3) are true for 

m-1 « min (s’ ,t* ), and consider D^ Here Dy = ^UD'» 

where, D1 = D®.

Referring.once again to Lemma «U6A, one finds that 

(A) D* has a’ = (aÿ,»■«,a^t »by,e » a,b^ «) strong com­

ponents ,

(B) If u is in V(La^), and Vj are in V(L&&) 

for some k, m 3 k= s', then (u,vj) and (u,Vj) 

are in the same strong component of D' if and only 

if i ■ j (mod a'), assuming L^ to be labeled 

^>^2 > ' ' '^l ' ®d

(C) If U£ and Uj are in VU^) for some k, with 

m 5 k S t’, and v is in V(Lb« ), then (u^ ,v)win I
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and (Uj #v) are in the same component of D” if and

only if i = j (mod a8)9 assuming that La« is

labeled U1»u2 » »ua^ul

Now, heuristically, we have the situation shown

belowi recalling, however, that Laj is not necessarily

distinct from La; for i j (and similarly for the 8 s)0 

The pair (i,j) represents La| H L&!

(l.m+1)

(1.2)
_I1.11

(l.sD

2,m+lJ

(2_^s_J|

42.11 
-12.2)

(mtn m+1t1'

(m-1.2) (m.2 ) fm+1.2]

(m-1.3)

>t°,m-l) 
!

(m,s8)'i

FIGURE 17 — The union of the

If the addition of D8 to changes the

number of strong components between and D^, then

will have fewer than Dl.^o This is so since, for 

every u in V(La») V ( La 9 3), one has (u$v) in D9 m m-1
for every v in V()» which is the case since 

Lam-1 B Œ Dm-1°
But, if B8 is a component of D8, then it contains
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. s '
either some component, » of u [La' fl Lb?] or some

1 j=m * Î 
t' 

componente Bi, of u [Laî fl Lf], and therefore con- 
i=m 1 m 

tains one of both.since such components intersect in

Lam *

Suppose B ZD B|o Then P2EV(Bp ] = U V(L&! ) 
j =m 3 

where, clearly, the latter contains V(Lb^)= Hence, for 

every vn in V(Lb«), there is a uv in V(La«) such “ m ®m
that (,v^) is in V(B|)0 If u^ is not in 

V(^a’) V(La’ _), and u^ is, with say, k =» j $ thenm m—1 J
(U]*V[n_(j-k)](mod b^)is in same component as 

(Uk»*n)* namely B{, and u^ is in V(Lat) n V(La« n)« ** ** * j
Therefore, every component B’ of D8 contains 

a point (u,v) of La> H Lh> with u in V(La») V(La» ,)» m "m m ™m-i
This clearly implies that B’ intersects some component,

B, of D&-1 since (u,v) is in V(D^_i). Hence the 

number of components decreases if it changes « 

But the number of components can decrease only if 

some component of D8 intersects two distinct components 

of D^_^o Thus, for the proof of (1), it suffices to show 

that any component of D‘ intersects at most one component 

of This, too, will be proved by induction»

Let B' be a component of D8 » Then from above, 

B’ contains a point (u^,Vj) of L^ fl Lb^ with the point 

u^ in V(La^) A VCLà^j)» This point also belongs to a 

component, B^, of and hence B8 B^ * 0»

Suppose (uc,vd) is in B8 n B2 for some other 

component, B2, of D^_lt and suppose (uq,vd> is a
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point in La^ H L^o Now, if uc t u^, then a trans­

lation of the previous types will assure that some (ui#vk) 

is in B’ o Bg if and only if Cuc »v^) is, where 

k = {Ed - (i-c)] (mod b’)} or k=d+c-ii eb’ with 
m

e > Oo

Thus, (ui,Vj) and (ui,vk) are in B’ , but not 

both in Blt implying j $ k (mod a” ) and j 2 k (mod ao) 

which is a clear contradiction since ao divides a8 »

Therefore, if B”

section is in 8 LbA+i 

in La « 8 Lk » for s omem+ j m

B2H, the point of inter­

for some i, 0 < i = s8-m, 

j, 0 * j = t8~mo

or

Suppose that B8 n B9 = 0 in all La8 H LK« 
z m "m+i

for i Ï k < s'-m, and suppose that B8 B^ 0 in

Lai “ B2 * Bv

Then we have B" B, 0 in Lai 8 Lkl, and m "m+k
B’n B2 t 0 in La^ B Lb^k+1 with Br i B2 »

So, if we look at the subgraph

2 = (M-i - 8 8 L^tkti>‘

we see clearly that D ^(L^ H Lk« , ) has fewer com­— Tn m+k+1
ponents than does D, contradicting Lemma to6Bo

Therefore, for any component B2 of not

equal to Blt B8 n B9 = 0 in all L,« g Lh« for 
“m Dm+i

i = s8- m, or equivalently, in all subgraphs of the form 

La^ B Lb« with m = j = s8 »

In precisely the same way, B8n B2 = 0 in all 

subgraphs La^ B Lb^ with nx i = t8 , so that one has 

B8 B2 = 0 in all of D8 □ This, of course, implies that



96

B’ intersects only , so thate given any component B" 

of D',. it intersects exactly one component, B, of D^-io 

But, then, we can clearly conclude that has 

the same number of components as does D’ , for all m» 

However, has ao strong components, and therefore, 

% has ao strong components for all m = min(s’,t”)t 

proving part (1)6

For the proof of (2)e let La£ H Lbi Œ 

with u in V(Laj) and vQ and vd in V(L&v)o 

The assertion is that (u,ve) and (u,vd) are 

in the same component of if and only if c = d (mod ao) 

with Lb! assumed labeled cyclically0

This is true for m = 1 by Lemma 4»6A, as already 

remarked»

Suppose it is true for all k =o-l< min(s\t'y. 

Then if La^ 6 Lb! is in , we are obviously done » 

So, suppose Laj B Lbj C D' = D®0

Let B| and B^ be components of D’, and suppose 

(u,vc) is in V(Bp and (u,vd) is in V(B£)» Then 

clearly, (u,ve) and (u,vd) belong to the same component 

of if and only if there is some component B of 

such that B HB| * 0 and B C\ BJ # 0»

But,if u.= uk, and un is in V(La|) V(La^_1>, 

then ^un»v(c+n-k)(mod bj)} and (un»v(d+n-k)(mod b»)) 

belong to B| and b£ respectively, and also to B 

(recalling that they must belong to B since, for example, 

B^ intersects exactly one component of
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But both these points can belong to B in 

1 Lb! if and only if

{[(c+n-k) - (d+n-k)] (mod b!)} • 0 (mod aQ) by thé 

induction hypothesise or equivalently, if and only if 

c 5 d (mod ao)»

This proves (2)»

mow, (3) follows from (2) using the symmetry of 

the situation, completing the proof of (1), (2) and (3)0

Thus, in particular, Dmin(s',t') = 8 Dg from

Lemma 4.BO, and Dnin(8’9t’) has ao strong components 

from above, proving Theorem 4.6A.

Having also obtained the following facts, we
state the corollary :

COROLLARY.4,6A« If and D2. are strong digraphs

with cycles La La and L^ ,00»,L& respectively,
t Is

and Sq - (a2 » a a a ,,b^,a a a ,bg) , then
(1) 8 Dg is strong.if and only if ao = 1,

(2) If u is in V(La ) and V: and v^ are in V(Lb ) 

where it is assumed that Lb is labeled vn#,vh ,Vq, 

then (u,v^) and (u,Vj) are in the same strong com­

ponent of Dj 8 D2 if and only if i = j (mod aQ), and

(3) If u^ and Uj are in V(Lan> and v is in V(Lbm) 

where it is assumed that L^ is labeled ulta..»uan,U2, 

then (u^»v) and (uj,v) are in the same strong com­

ponent of Di ID2 if and only if i = j (mod aQ).

PROOF. Part.(1) is immediately evident from the
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theorem ».and.parts (2) and (3) are equally evident since 

these conditions are true for D'» \» and since

Lan ® is some La| H « and conversely0 

4=7 APPLICATIONS OF THE CHARACTERIZATION OF C,

4o 7«1 2-cycles and graphs

COROLLARY 4» 7A» Suppose Dj and Dg are strong 

digraphs such that Dj or Dg has a cycle of length two» 

Then 6 Dg will be strong if and only if D^ or Dg 

has a cycle of odd length» Otherwise, Dj B Dg will have 

two strong components which are also the weak components 

of D% 8 Dg »

PROOF» If Dj has cycles La ,« = » eLa and D, 

has cycles L^^,» » »> then D^ 8 Dg is strong if and 

only if aQ = (aj,» » » 9at ,b^9 0 « »,bs) equals one 9 by 

Corollary U06A0

Suppose that some a^ or bj is 2 » Then if 

ao = 1, some a^ or bj must be an odd number9 implying 

the existence of an odd cycle in Dj or Dg »

Conversely, if Dj or Dg has an odd cycle 9 say 

of length 2m - 1, then (2,2m-l) = 1, so that aQ = 1 

and D^ 8 Dg is strong»

Clearlye if aQ # 1, then ao = 2» But then, 

Dj 8 Dg has two strong components by Theorem 4»6A» These 

strong components are, of course e the weak components of 

Dj 8 Dg also»
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COROLLARY If Dj and D2 are connected

graphs, then 1 Dg will be connected if and only if

D1 or D2 has an odd cycle» Otherwise S D2 will

have two components 0

PROOF» Since and D2 are connected graphs e 

they are strong symmetric digraphs» Thus » and D2 

are strong,digraphs both of which contain a cycle of length 

two» Applying Corollary 4» 7A yields the desired result»

The above result (Corollary 4»7B) is known$ and

is due to Weichsel, [9]» As remarked in the introduction$ 

it was this particular result that stimulated the present 

investigation»

4»7»2 Category Cg

Refering to Theorem 404Ae we can state the following»

COROLLARY 4» 7C» If is in Cg » D2 is strong, 

Sp the receiving strong component of , and St the

transmitting strong component of Dlt and if ao is the 

goCado of the cycle lengths of cycles of Sr, bo the 

g»C»do of the cycle lengths of cycles of St, and dQ the 

goCado of the cycle _lengths of cycles of Dg 9 then 8 D2 

is in Cg if and only if (ao,dQ) = 1 and (bo,dQ) = 1»

PROOF» The result follows directly from Theorem 4» 4A 

wherein it is stated that Dj H D2 will be in C2 if and 

only if Sr a D2 and S% S D2 are strong, and from Corollary 

4»6A»
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Of course, the criteria of Corollary 4e7C are 

ammenable to simplification as per Corollary 4.7A when­

ever Sy, St, or Dg has a cycle of length twoB This 

is particularly true whenever Dg has such a cycle =

4.8 DISCUSSION OF WEAK CONNECTEDNESS

Before proceeding to the investigation of other 

operations, it should be remarked that, to date, no 

necessary and sufficient conditions are khown that will 

insure that D^ B D2 will be weak.

If such a criterion were known, it wbuld complete 

the investigation of connectedness of tensor products of 

digraphs, at least in theory, since not weak characterizes 

category CQ and weak but not unilateral characterizes 

category C^. The above results, when combined, yield 

a means of characterizing the unilateral case, of course.

After considerable investigation, the writer feels 

one can say almost certainly that a characterization of 

weak connectedness will involve more of what might well 

be called "fine structure" of the digraphs D^ and Dg.

That is, at present it appears that any such result 

will depend more on the manner in which D^ and Dg are 

"put together" than do the above results, which depend . 

only upon connectedness of various kinds and lengths of 

cycles.

This is clearly true for the necessary condition 

of R-T compatibility (cf, Definition 4.2A and Corollary 4.2D). 

However, certain results indicate an even more general
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dependence upon lengths of certain types of paths and their 

relation to certain strong components o

The results alluded to are not presented here 

because of their prohibitive length balanced against the 

fact that they lend very limited insight into an extremely 

small class of weak digraphs 0



CHAPTER V — CARTESIAN PRODUCTS OF DIGRAPHS

Sol DEFINITIONS AND STRUCTURE OF ([J9 ], x )

DEFINITION 5olAo The cartesian product of two 

digraphs D^ and DjÇ denoted Dj x d2» is the digraph 

D whose points and lines are
V(D) = V^x V2 = { (u, v) s u e V1 and v E Vgj, and

X(D) = (<(u,v);(u\v*)> ; (u,v);(u\v') £ V(D), and

either u = u6 and <v,v’> £ X2

or v = vs and <u9u“> t X^ } 0

THEOREM 5olAo Given two digraphs D^ and D2$ 

D1 X D2 isomorphic to Dg x

PROOFo If we define a map yü :V(D^ x Dg) —»V(Dg x D^) 

by ^(u9v) = (v»u), then it is clear that yi is one-to-one 

and onto»

Now, let x = <(u,v),(u',v’)> be in X(D^ x Dg)o 

Then either, (i) u = u' and <v,v”> is in Xg

or, (ii) v = ve and <u,u”> is in X^o

In either case, it is clear that the pair 

x* = <(v,u),(v\u')> is in X(D2 x D^) by definition 

of the cartesian product « But, x° = px = <yu(uev), pW ,v11 )>, 

so that if x is in X(D^ x Dg ), then px = x’ is in 

X(D2 x D^)o

The converse is equally evident from (i) and (ii)e 

and therefore Dj x Dg ~ Dg x

102
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THEOREM 5oIBo (L S ]* * ) is a commutative

semi-group with identity »

PROOFa That ([ S ], x.) is a semi-group is a 

straightforward.verification, and the commutativity 

follows from Theorem 5=1A=

The one point digraph determines the identity 

class [Kj]o To see this, let be an arbitrary 

digraph» Then, if we denote by {v-J , we have 

V(Dj x ) = {(u,v^) : u £ and

X(Dj x K^) = (<(u»Vj) s(u’ ,Vj)> : u,ue E Vj and <u,u’> E X^] »

Thus, the map )(u,v^) = u is a one-to-one map 

of V(D^ x K^) onto having the property thate for 

all x = <(u,v1),(u‘,v1)> in X(DX x Kp, the image 

< d(u,V|) , d(u’,v^)> - <u,u’> is in Xj and conversely» 

That is, i) is an isomorphism between x K1 and D^»

Since ([ <0 ], x ) is commutative, however, it 

follows that [K^] is the identity of this semi-group»

Because of this relationship, we will allow the 

possibilities that digraphs in this chapter may be and 

may have independent point sets « 

5,2 DISCONNECTEDNESS

5»2»1 Characterization of disconnectedness

THEOREM 5o2Ao Let D^ and D2 be digraphs»

Then D^ x d2 is disconnected if and only if D^ or Dg 

is disconnected»
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PROOF» For the sufficiency9 we may, using Theorem 

5» 1A, assume without loss of generality that Dj is 

disconnected a Then,there exist points u and u’ in 

such that there is no semi-path between them in .

Take arbitrary points v and v' in V2, and 
suppose that S:

is a (uev) ----  (u’,v’) semi-path in x D2»

By our assumption $ uq # un, and we are assured 

that there exists Uj 4 uQ in So Suppose that u^^ i 

such that .i± is the first j with u. different from 
J

uÎq " u0 ° Then, Uq = u^ = » » « = ui^-l u% 0

Using Definitions 2.IF and 4O5A, then

v0 * V1 * °6 6 * vji-i = vi , and either

or <(uii_1,vii_1),(uii,vii)>

is in X(DX x D2> Hence, <u^^,u^^_^> or ,u^ >

xs in X1# so that <u^,u^q > or <u^^ ,u^> is in 

by choice of ip

Now, assume that sequence u0 ~ uig »ui^ » » « »

of points in P^iV(S)] has been found satisfying

*■ if and only if j> t, and

<2) <ui^ »uij + 1> or <uij + 1» «ij> is in X1 for each j, 

0 = j = k-1.

Then choose uik+1 in P^[V(S)] such that it is

the first Uj with j * ik such that uj 4 u^^»

If no such uj.k+1 exists, then u^ = u^ = u\ and 

the above sequence of points defines a uQ   u semi-
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sequence in D1# implying the existence of a u---- u'

semi-path in which is a clear contradiction.

But, for such a . the sequence uiQ ,u^ ,... ,u

clearly satisfies condition (1). For (2), note that

ui, ui -i • and therefore k+1 k+1 x as above,

<"ik+i'Uik+i-l> = or

<uik+i-l»uik+1> = <uik»uik+1> is in x1#

Thus there exists a sequence of points of D^, 

Sl! u = ui0»ui1»•° • »«is = u* satisfying (1) and (2), and 

in particular (2) . So, Sj is a u ——— u' semi—sequence 

in Dj, and therefore there exists a u---- u’ semi-path 

in ; a contradiction.

Hence, S cannot exist, and therefore, for arbitrary 

v and v in Vg, (u,v) and (u’,v1 ) belong to dif­

ferent weak components of Dx x d2 , implying that x d2 

is disconnected.

To prove the necessity, suppose Dj and D2 are 

weak, and let (u,v) and (u’,v') be arbitrary points of 
Di x D2.

Then there exist u — — u1 and v — — v1 semi—paths 

Si? u:Ug,Up » o « ,unsu1 and S2 ; v=vQ ,vx,... ,vm=v’ in D1 

and D2 respectively.

Thus, clearly (u,v) = (uQ ,vQ) ,(ultv0),... 

o.. ,(un,v0),(un,v1),(un,v2),... ,(un,vm) = <u\v') is a 

<u»v) <U* ,v* ) semi-path in Dj x D2, and hence x Dg 

is weak.
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This is an obvious contradiction which completes 

the proof of Theorem 502Ae

Since a digraph D is weak if and only if it is

not disconnected, one evidently has :

COROLLARY 5o2Ae Let and Dg be digraphs» 

Then Di x Dg is weak if and only if D1 and Dg are 

weak.

5 » 2 « 2 Structure of weak components

LEMMA 5.2A. Let and D2 be digraphs. Then

W is a weak component of * D2 if and only if there 

are weak components D| of D± and D2 of D2 such that 

W = x d2 »

PROOF. Let W be a weak component of x Dg. 

Consider PX[V(W)] = { u : (u,v) £ V(W) for some v E Vgj.

Take u and u' in PjJVtW)]. Then (u,v) and 

(u‘,v’) are in V(W) for some v and v" in Vg. But, 

since W is a weak component of x d2, there exists 

a (u,v) ——— (u’,v’) semi-path

Ss (u,v) = (u0,v0),(u1,v1),.60,(un,vn) = (u«,v«) in W.

From the proof of Theorem 5 »2A, either u = u’ or 

there exists a u----  u’ semi-path in <P1[V(W)]>. 

Thus, <P1CV(W)]> is weak.

In the same way, <Pg[V(W)]> is also weak. But then, 

Corollary 5.2A implies that

W = <P1[V(W)]> x <Pg[v(W)]> is weak.
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Clearly, however, V(W) cl v(W), and if 

x = <(u,v),(u’,v°)> is in X(W), then either 

(i) u = u* in PiCV(W)] and <v,v‘> X«P2EV(W)]>), or

(ii) v = ve in P2EV(W)] and <u,u’> X« P^[V(W)]>), and

therefore, x is in X(W").

Thus, W C W"« However, W is a weak component 

by hypothesis, and W° is weak from above, so that w = W , 

or W = <P1[V(W)]> x <P2[V(W)]>.

To prove the necessity, then, it will suffice to 

show that <P1EV(W)]> and < P2 EV(W)]> are weak components 

of and Dg respectivelyo

We know that <P1CV(W)]> is weak. So, suppose that 

<P1CV(W)]> W^, where is a weak component of «

Then there is a point u in V(wp - P^[V(W)] such that 

<u,u’> or <u’,u> is in the coboundary U[P^[V(W)]]o So, 

(u',v*) is in V(W) for some v” in V2, and (u,v°) 

is in V(DX x d2) - V(W) with <u,u”> or <u\u> in X^. 

Thus, <(u,v’),(u',v’}> or <(u\v'),(u,v°)> is in U(W), 

a clear contradiction «

Therefore, <P^[V(W)]> is a weak component of , 

and in precisely the same manner, <P2EV(W)]> is a weak 

component of D2.

From above, then, W = D| x D’, where D| and 

D2 are weak components of and D2 respectively.

To prove the sufficiency, let and be weak 

components of and D2 respectivelyn Then, from 

Corollary 5.2A, x DJ is weak in x Dg.

But, if <(u,v),(u',v')> is in UEV(D{ x Dp], then
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either (i) u = u' and <vsv’> is in X2

or» (ii) v = vp and <u,u‘> is in Xie and

also, by definition of U[V(D^ x d2>]8 either 

(iii) (u,v) is in Dg) and (u° 9v«) is not» or

(iv) (u’,v’) is in V(D^ x D2) and (u»v) is not.

If (i) is the case » then for (iii ) or (iv)» u = u" 

is in V£ since, if not » neither (u»v) nor (u8,v°) 

would be in V(D| x Dj) = x v2« But then» (iii) and 

(iv) become (iii)* v is in V8 and v” is not, 

and (iv)* v1 is in and v is not.

Thus, case (i) leads to the contradictory con­

clusion that <v,v’> is in U(vp.

Similarly, case (ii) leads to the conclusion that 

<u,u*> is in U(V|), which is, again, a contradiction.

Therefore, one must have U[V(D| x Dp] = 0, 

implying that D^ x Dg is a weak component of Dj x Dg.

This completes the proof of Lemma 5.2A.

5.3 PATH STRUCTURE OF THE CARTESIAN PRODUCT

LEMMA 5.3A. Let D^ and Dg be digraphs. Then 

there exists a (u,v) —> (u* ,v' ) path in Dj x Dg if 

and only if there exists a u — ■» u' path in D1 and a 

v —v* path in Dg.

PROOF. Let S: (u,v)=(uQ,v0),.«.,(un,vn)=(u’,v') 

be a (u,v) (u’,v8) path in Dj x Dg. We can clearly

assume that (u,v) * (u’,v’)9 and using Theorem 5.1A, we

can assume without.loss of generality that u # u’
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Because of the latter assumption, we may let "i 1
be the first Uj different from u^0 = u0 in P^CS).
Then ^0 " u^ = = « « = u^-i * ui^a But, using Definitions

2.IF and U « 5A, this implies that is in 0

Now, assume that a sequence of points

Uq - uîq,ui^,» o » in P^(S) has been found satisfying 

(1) ij ■“ it if and only if j * t, and

(2) <Uij,uij+i> is in for each j, 0 = j = k-le

Then choose uiR+1 such that ik+1. is the first

j * ik with Uj i uik in P1(S)0

If no such uik+1 exists, then u^R = un, and 

u = uîQ,Uii,ooo,Uik = un = u’ is a u u’ sequence

in D^, implying the existence of a u u’ path in D^»

If "ik+1 then ♦ uiR+ri = u^, and

Vik+1 * vik+l-l' So « <"ikfp"ik>

is in X^, and by choice e ik«

Thus, uiQ,ui^,□« «®Uik+1 satisfies (1) and (2), 

and hence, there is a sequence of points in P^S), 

u = Ui^u^o o o ,uig = u’ satisfying (2), which implies 

the existence of a u -—» u8 path in So that

clearly, using Theorem 5 =1A, there is also a v —> v’ 

path in D2e

Conversely, if u = UgsUp...,^ = u' and 

v “ vq•,« e o,vm = v8 are u — u° and v - v9 paths 

in and D2 respectively, then (u,v) = (u0,v0),(u18vQ)8

• • • » , Vq ) , (un , V]^ ), a 0 «, (un ,vm) = (u8,v’) is a

(u,v) (u’,v8) path in x D2, concluding the proof»
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5.4 FORMS OF CONNECTEDNESS k “ ■1 "

5.4.1 Characterization.of a unilateral product

THEOREM 5.4A. Let and D2 be digraphs. Then 

D1 x d2 is unilateral if and only if Dand D2 are 

unilateral and or D2 is strong.

PROOF. The proof depends heavily upon Lemma 5.3A. 

For the necessity, let u and u’ be in e and

v and v' be in V2. Then (usv) and (u’,v°) are in 

V(D^ x D2 ), and since Dj x D2 is unilateral e there 

exists (i) a (u,v) —» (u\v" ) path in D1 x d2 

or, (ii) a (u',v’) —(u,v) path in D1 x D2.

Using Lemma 5.3A, (i ) implies that there is a 

u —•> u* path in and a v —» v’ path in D2, and 

(ii) implies there is a u° u path in and a 

v’ v path in D2. In either event, then, and D2 

are unilateral.

But, if both and D2 are in C2, then there

exist points u and u’ in and v and v” in D2

such that no u* —-> u path exists in D1 and no v —3» v” 

path exists in D2. So, . if there were a (u,v) (u’9v0)

path in x D2 , then there would be a v —> v' path

in D2, a contradiction. And, if there were a 

(u’,v’) --■> (u, v) path in x d2 9 then there would be 

a u' —u path in , again a contradiction. Thus 9

if D^ x D2 is unilateral, then and D2 must be 

unilateral, and or D2 must be strong.
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For the.sufficiencye we may suppose without loss 

of.generality that . is strong and D2 is unilateral.

Take (u,v) and (u8 ,v8.) arbitrarily in V(Dj x Dg). 

Then one must have

(i) a u —u8 path in D-. e and
(11 1

(ii) a u” —u path in D1$ and

(iii) a v —v8 path in D9 9 or
(2) 2

(iv) a v* —•> v path in D2.

If (iii) is the case, then using (i) and Lemma 5O3A, 

there is a (u,v) -(u8,v8) path in Dj x Dg.

If (iv) is the case, then using (ii) and Lemma 5.3A, 

there is a (u8 ,v8 ) —(u,v) path in Dj x d2 «

Thus, there is a (u,v) (u’,v’) path or a

(u’,v8) -—» (u,v) path in x d2, which implies that 

Di x Dg is unilateral.

This, in turn, completes the proof of Theorem 5.UA.

5.4.2 Characterization of Ci under cartesian product

Now, since x d2 is in Cy if and only if

Dj x Dg is weak but not unilateral, we may state :

THEOREM 5.4Bo Let and D2 be digraphs. Then

Di x Dg is in Cj if and only if

(1) Dj and Dg are weak digraphs, and

(2) If D1, (Dg respectively), is strong, then

Dg, (D1 respectively), is strictly weak.

PROOF. From Corollary 5.2A, condition (1) is equi­

valent to D^ x Dg being weak. But, from Theorem 5.4A,

5.UA
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D1 x D2 is not unilateral if and only if 

^2^ either (i) or D2 is not unilateral, 

or (ii) Dj and D2 are strictly unilateral. 

Otherwise, D1 and D2 are unilateral, and or 
D2 is strong.

Thus, by the remark proceeding the statement of 

the theorem, x d2 is in if and only if (1) 

and (3) are true. But, if were strong, then (ii) 

is not true, so that (i) must be true, implying D2 is 

strictly weak.

Similarly, if D2 is strong, then must be 

strictly weak, and therefore, if x d2 is in C^9 

then (!) and (2) must be true.

Conversely, (1) implies that Dj x d2 is weak, 

and (2) implies (3) since, if neither nor D2 is 

strong, then and D2 are strictly unilateral or D1 

or D2 is not unilateral, But if, say, D1 is strong, 

then D2 is strictly weak, and therefore not unilateral.

So, (I) and.(2) imply that x d2 is weak but 

not unilateral, or equivalently that x d2 is 

strictly weak.

5,4.3 Characterization of Cg under cartesian product

THEOREM 5.4Ç, Let and D2 be digraphs. Then, 

D1 x D2 is strong if and only if and D2 are strong.

PROOF. For the sufficiency, suppose that (u,v) 

and (u’,v') are arbitrary points of x d2» Then since
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D} and D2 are strong, there exist

(i) a u —■> u* path in D^,

(ii) a u" —•> u path in D^,

(iii) a v —v' path in D2, and

(iv) a ve —•» v path in D? «

Using Lemma 5 e 3A, then, (i) and (iii) imply that 

there is a (u,v) --•> (u* ,v* ) path in D2 $ and

(ii) and (iv) imply that there is a (u’,v’) —■» (u6v) 

path in x D2 0 Thus, x D2 is strong.

Conversely, if x Dg is strong, and if u and 

u* are in and v and v’ are in Vg, then (u,v) 

and (u’,v9) are in V(D^ x Dg), and there is 

(i) a (u,v) ■—■> (u* ,v’) path in Dj x Dg , and 

(ii) a (u’,v’) —» (u,v) path in D^ x Dg.

Now, by definition, D^ x Dg is in C2 if and only 

if D^ x Dg is unilateral but not strong. But, D^ x Dg 

is not strong if and only if D^ or Dg is not strong by 

Theorem 5.4C. Thus, using Theorem 5.3A, one hass

THEOREM 5.4P. Let Dj and Dg be digraphs. Then, 

D^ x P2 is in C2 if and only if either

Using Lemma 5.3A, (i) implies that there is a 

u —-> u' path in D^ and a v v9 path in Dg, and 

(ii) implies that there is a u9 —-> u path in D^ and 

a v* ---5» v path in Dg. Hence, D^ and Dg are strong.

This concludes the proof of Theorem 5.4C.

3.4.4 Characterization of Cg under cartesian product
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(11 is strong and D? is in C2» or

(2) D2 is strong and is in 0?°

PROOFo Suppose and D2 are unilateral and 

or Dg is strong, but not both. Then x D2 is

unilateral using Theorem 5 04A, but x d2 is not strong

by Theorem 5 «, 4C » Hence x d2 is in C2 0

Conversely, suppose x d2 is in C2 0 Then 

Theorem 5 = UA implies that and D2 are unilateral 

and that or D2 is strongs But, and D2 cannot 

both be strong since this would imply that D, x d2 was 

strong by Theorem 5 OUCO Thus, if is strong, then D2 

must be in C2, and similarly, if D2 were strong, then 

would,.of necessity, be in C2«

This completes the proof of Theorem 50 UDo

Sa5 TABLE 2.— POSSIBLE TRIPLES UNDER CARTESIAN PRODUCT

Referring to Chapter I, we give the possible triples 

in tablé form. Here, Table 2,below, implicitly contains 

all necessary,and sufficient conditions that the triple 

(i,j,k) be possible since each pair (i,j) determines a 

unique possible triple, (i,j,k)o

TABLE 2 -- Possible

C
 / /o 0 1 2 3

0 0 0 0 0

1 0 1 1 1

2 0 1 1 2

3 0 1 2 3

triples for x

Verification is immediate using Theorems 5a2A,5o4B,5oo4Do



CHAPTER VI COMPOSITION OF DIGRAPHS

6 a1 PRELIMINARIES

6 a lai Definitions and line structure of Di[D?)

DEFINITION 6olAo Let D^ and Dg be digraphso

Then the digraph D^ D2 is defined as followss

V(Dj D2) = { u ; u E or u E V2] = U Vg, and

X(Dj -4--$> Dg ) = (<u,u’> ; u,u° € W Vg , and either

<u,u’> e X^U Xg or u £ and u“ £ Vg .

DEFINITION 6 a IB a Let Dj and Dg be digraphs e and 

let Vx = (u^9Ug s o a a sUp^| o Then let D2£ be defined for 

i = li29o<> a as follows :
V2i " t ("i»v) ; v E Vg} 9

x2i = ( <<«i»v) 9(u£9v’)> ; <v,v’> e X2}0

Clearly D2^ x: Dg for each i = l 9 0 0 = ^p^o

We then define the composition of Dg into D^9 denoted 

DXLD2] to be that digraph with points and lines :

V(Di[D2J) = Vx x Vg, and 

. Pl
X(D1[D23) = [ U Xn. ] U [ W [x(D9i -4-^ D21) ; <Ui 6u.> £ Xj L 

i=l i,j J 1 J 1

LEMMA 25 a Let Dj and D2 be digraphs a Then 8 

x = <(u9v) 9 (u' 9v' )> is in XCD^CDg]) if and only if 

either (1) <u,u’> is in X^, 

or (2) u = u’ and <v9v°> is in X2 =

PROOFa For the necessity, we first note the obvious, 

namely, that either u = u8 or u u” 0

115
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Suppose u * u*« Then (u,v) is in V2i for 

some i » and (u',v) is in V2j for some j e with 

i f j.

So, since x = <(u,v),(u°9v5)> is in X(D1[D2]),

and x is in no D2k, x

which implies D2i D2j

must be in X(D2i 

is a subgraph of
D2 j » 

D1[D23.

This, however, implies that <ui9u^> = <u9u"> is in X^, 

so that, if u u\ then (1) holds.

But, if u = u\ then (u9v) and (u' ,v' ) are in 

the same D2j by definition of D1[D2]Q However, by defin 

ition of D2j, if x is in X2j, then <v,v”> is in X2 9 

so that if u = u\ then (2) holds.

To prove the sufficiency, suppose (1) is true, and 

let x = <(u,v),(u\v')>. Since <u,u“> is in X1$ 

u u’ and u is in D2i, u’ is in D2j with i X j. 

But, then, D2^ 4-^ Dgj must be a subgraph of D^[D2]9 so

that x is in X(Dj[D2]) since x is in D2D2j «

On the other hand, if (2) is true, then (u,v) and 

(u ,v ) are distinct points of some D2^. But, using the 

definition of D2^, if <v,v’> is in X2, then x is in 

X2i C X(D1ED2]).

Thus the.sufficiency.is proved, completing the proof
of the lemma.

6a1&2 Relation of composition to previous operations

Recalling the definition of a spanning subgraph,

we state the following.corollary.
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COROLLARY 6.1A& If and Dg are digraphs, then 

(i) D} a Dg < D1[D2J> and 

(ii) Dx x d2 < D^CDg].

PROOFo First we remark that

V(DX 8 D2) = V(D1 x D2) = VCD-jDg]) = x Vg.

For (i), suppose that x = <(u,v),(u\v )> is in 

X(D^ 8 Dg)» Then, <u,u'> is in Xj by definitione so 

that, using Lemma 6.1A, x is in X(DxCDg]). Thus 8 

Dx 8 Dg X DxlOg^

For (ii), suppose x = <(u,v),(u\v°)> is in 

X(DX x Dg)o Then, by definition of Dx x Dg, either 

(a) u = u’ and <vev’> is in Xg, or

(b) v = v’ and <u,u*> is in X^o

Case (a) is the same as condition (2) of Lemma 6 =1A$ 

and hence x is in X(DX[D2J)0

But, case (b) clearly implies condition (1) of 

Lemma 6o1A, yielding the same conclusion0 Thus, 

Dx x Dg X D^DgL

6.1.3 Structure of ([^3,1 ])

THEOREM 6.1A. ( [ S ] , [ ] ) is a non-commutative

semi-group with identity.

PROOF. The fact that ([<&],[ ]) is a semi-group 

follows directly from the validity of the statements 

<(u,v,w),(u*,v*,w”)> is in both X(D1[D2[D3J]) and 

X((D1[D2])[D3]) if and only if either 

(i) <u,u’> is in X^,
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(ii) u = u* and < VpV > is in X21 or 

(iii) u = u\ v = v’ and <w,w’> i* in X3, 

the verification of which is immediate upon twice applying 

Lemma 6.1A.

We assert that [K^] is the identity of ([<&],[ ])6 

For, suppose = {u^ » Then» V(K1ED2]) = {(u1$v)§ v £ Vg],

and X(K^[D2 ] ) = X2^ - { <(u1#v) , (uj Bv’ )> ; <v9v’>ex2}6

As in Theorem 5&1A» Kj[D2J is isomorphic to D2 

under the map (ulev) = v.

Also, if , then

VCD^LK^]) = { (u,v^) : u 6 e and

X(D^tKiJ) = { <(ui»v1),(Uj,v^)> ?<U£8u^>£X1J since 

D2i - Cu^jV^) is isomorphic to for all i = l» »p^

in this instance.

Again, then» D^[K^] ~ so that [K^] is » 

indeed, the identity of (E ]s[ ]).

So, as with the cartesian product, we will allow 

one point digraphs and digraphs 

sets in this chapter.

To see that (E ],E J) 

is not commutative, let and 

D2 be as shown at the right.

Since wQ has degree 

5 in D2ED^], and the degree 

of every point in D1ED2 J is 

less than 5, they cannot be 

isomorphic.

with independent point

D, ED„]:

FIGURE 18An example
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2 DISCONNECTEDNESS.UNDER COMPOSITION

THEOREM. 6,0 2Aa Let D^ and Dg be digraphs » 

Then D^tDgl is disconnected if and only if either D^ 

is disconnected, or D^ = and Dg is disconnected »

PROOFo For the necessity, it is clear that if 

$1 " , then Dg must be disconnected in order that

KlCDg] be disconnected. So, suppose that D^ 4 Kie 

Then if D^tDg] is disconnected, there exist 

distinct points (u,v) and (u\v') in V(D^[Dg]) 

such that there is no (u,v) (u1,ve) semi-path in 

D^[Dg]»

(I) . Suppose u = u*, and suppose that D^ were weak» 

Then there exists a line <u,u1> or <u2 ,u> in D^ (that 

is, u is not isolated). If <u,u1> is in X^, then 

D2i D2j is a subgraph of D^CDg], where u = u^ and 

U1 = Uy

Let (u^,v^) be a point of Dgy Then by definition 

of D1[D2], both x = <(u,v),(u1,v1)> and 

x - <(uf,v*),(u^,v^)> are in X(D2^ D2j) and hence

in X(Dj[Dg]) since (u,v) 4 (u’,v') and both are in Dg^0

But then, x,x* defines a (u,v) —(u",v’) 

semi-path in D^DgJ; a contradiction. A similar conclusion 

is reached if it is assumed that <u2,u> is in D^. Thus, 

if u = u’, then D^ must be in Cq.

(II) Now, suppose u 4 u’, and suppose D^ is weak. Let 

u = Uq ,Uj. »... ,ufi = u’ be a u --- ue semi-path (n — O ). 

Then by Lemma 6.1A, one has, for any i = Q,l,...,n-1,
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<(ui,v1),(ui+1Bv2)> or «ui^1,v1)e(uiev2)> is in X(D1[D23) 

for any and v2 in V2 a Also, since / uj for 

i # j and i,j = 0»l,aoo,n, one has (u,) * (^i**;) for 

i = l,oo o ,n and any and v2 in V2 »

Thus, (uq ,v),(u^,v’),(u2tv'),aoo,(un»v“) is a

(u,v)-----(u*,v’ ) semi-path in once again a con­

tradiction o Thus, must be disconnectedo

To prove the sufficiency, suppose Dj is disconnected6 

Then there exist distinct points u and u’ in such 

that there is no u---- u8 semi-path in D^o Take v 

arbitrarily in V2, and suppose there were a 

(u,v) ----  (u’,v) semi-path in D^CDg], say

S: (u,v) = <Uq,Vq)|(uj,vpoa,£un(vn) = (u”,v)» Then, 

for “ 0»l»»oo,n-l, <(ui ,Vi>,(u^+2)> or

«Ui+i,vi+i) ,(ui,Vi)> is in X(D1[D2J)6

Let

Such an i
i^ be the 

must exist

first i such that uj = uQ0

since un = u8 X u = uQo Then,

using Lemma 6 O1A, the above implies that or
<uipuig> is in Xr

<ui0'uii>

Suppose now, 

of points in P^(S)
that a sequence S^; uQ = u.^^,ooo,u^

has been found satisfying

d) if and only if j t e and

Cii) < u^ ,u^ > or <u^, ,u^ _> is in X, for
] J-1 j 1

J ™ 1 I o O o |ko

Then let i^+^. be the first j =- i^ such that 

uj * uik° If there is no such ik+1, then u£k = un = u8, 

and defines a u --- u" semi-sequence in , which
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is a contradictiono

But, if i%+i existse then from,above and Lemma 

6.1A, <uik»uiR+1> or <ui^+1#Ui^> is in Xp and hence 

S;* is a sequence of points of (S)

satisfying (i) and (ii ) 6 Thus, there exists a sequence 

of points S’ s Uq = uio,uil 9 0 0 . ,uis = un = in P^S) 

satisfying (i) and (ii)a This S’, however, defines a 

u ---- u’ semi-sequence in Dj contrary to the assumption

that no u---- u” semi-path exists in °

Therefore S must not exist , implying that DjCD^ 

is disconnecteda

If = Kj, then clearly KjtDg] is disconnected 

when D2 is disoonnecteda This concludes the proof of 

Theorem 6 0 2A0

The following corollary is immediate 0

COROLLARY 6»2Ao Let and D2 be digraphs a 

Then DitD2] is weak if and only if is weak, and if 

0^ = Kp then D2 is weak »

6a 3. PATH-STRUCTURE OF COMPOSITION

As with previous operations, let us detérmine the 

path Structure.of.compositiona

- LEMMA 6 tt 3A a Let and D2 be digraphs 0 Then 

there exists a (u,v) (u’,v’) path in D1LD2] if and

only if one of the following is true :

(1) u = u’ and there is a v --» v’ path in D2,
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(2) u = u' and u belongs to a cycle of having 

positive lengths or

(3) u * u’ and there is a u —u’ path in Dlo

PROOFo To prove the necessity, suppose that

(u,v) and (u* ,v') are distinct points of and

that P; (u s v) = (uQ,vQ),» o »,<un$vn) = (u’,v’) is a 

(u,v) —>(u*,v*) path in Then 

<<Ui'Vi)»(ui+l*Vi + l)> is in XCD^CDg]) for i = 0 $ o » = ,n-l0

If u = u’ » let uQ = uiQ and let i^ be the 

first j such that j ** ig and Uj X uiQ° 

Then Lemma 6 0LA implies <ui0 is in As
in the proof of the previous theorem, we may continue in 

this way and obtain a sequence (closed in this case) 

u “ uiQ*Uii»°°°»Uig = u” = u0 Thus, if u - u" , then 

either u = Ug = u^ = ... = u^, or u belongs to a 

cycle of Dj having positive length=

But, if u = Uq = u^ = « = « = un, then 

for i # j in P since P is a path. Further, since 

<(ui»Vi),(ui+i,Vi+i)> = <(u,vi),(u,vi+1)> is in XCD^D^), 

Lemma 6 = 1A implies that <vitvi+1> is in X2 for all i, 

i = 0, » » » ,n-l, and therefore, v = Vg.Vj^,^ o ,vn = v° is a 

v —v* path in D2o

Thus, if u = u*, then there is a v —v’ path 

in D2, or u belongs to a cycle of which has 

positive length.

If, on the .other hand, u # u0, then there is, 

indeed, a first i^ such that » iQ and u^ * ui()
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and the above procedure generates a u —» u' sequence, 

implying the existence of a u —» u' path in

Therefore, if there is a (u,v) —» (u8,v8) path 

in D^[Ü2]। then (1), (2) or (3) must hold»

For the sufficiency, suppose (1) is true0 Let

v ~ ^0'^l'"""'^n ~ be a v —> v° path in Dg with 

n * 0 (the latter, since (u,v) and (u’,v’) are distinct 

and u = u’)«

Then (u,v) = (u,vo),(u,vp9.oa,(u,vn) = (u5 ,v’) 

is a (u,v) —(u1,v’) path in D^[Dg] since * vj 

for i X j implies that (u.vp * (u,Vj) for i i j, and 

since <v^,V£+i> is in Xg implies, using Lemma 6.1A, 

that the line <(u,vi),(u,vi+1)> is in X(D1[D2])»

If (2) is true, let u — uq,u^,ooo,— u be a 

cycle in containing u and with n * 0o Then, using 

Lemma 6.1A, <(uitv),(ui+1,v’)> is in X(D^[Dg]) for 

i = 0,o o o,n-l and for any v and v' in Vg o 

Thus,.if v.* v’, then

(u,v) = (uQ,v),(ui,v'),(ug,v'),...,(Un»v') = (u',v’) is 

a (u,v) —•> (u8 ,v° ) path in D^CDg] since only Uq = un 

and v X v’o

Finally, if (3) is true, then u i u8 and

u = Uq ,uj,oo»,un = u' is a u —u8 path in D^o Thus, 

from Lemma 601A, <(ui,v),(ui+1,v’)> is in X(D1[Dg]) 

for any v and v8 in Vg. Hence, 

(u,v) = (u0,v),(u1,v8),(ug,v8)....,(un,v°) = (u8 ,v8) is 

a (u,v) —> (u*,v8) path in D^[Dg], completing the proof 

of Lemma 6.3A.
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6o4 FORMS OF CONNECTEDNESS

6c4al Charactefixation of unilateral composition

THEOREM 6 a 4A a Let Dj and Dg be digraphs 0 Then 

D^CDg] is unilateral if and only if

(i) is unilateral and each point is on a positive cycle, 

or, (ii) and Dg are unilateral »

PROOF» Suppose that D^[DgJ is unilateral. If 

D1 = Kl* ^en is unilateral and K^[Dg] » Dg is 

unilateral. So, suppose / K, and let u and u8 be 

distinct elements of V^, and let v be in Vg » 

Theft there is a (u,v) » (u’,v) or a

(u*,v) -—» (u,v) path in D^LDg]» By Lemma 6»3A, then, 

there is a u —* u* path or a u’ --■* u path in , 

so that Dj is unilateral »

Now, if Dg is not unilateral, then there are 

points v and v’ in Dg such that there does not exist 

a v —-> ve or a v! —v path in D9» Take u in » 

Then since D^tDgJ is unilateral, there is a 

(u,v) (u,v*) or a (u,ve) —(u,v) path in D^[Dg].

But,.Lemma 6 »3A then implies the existence of a cycle 

containing u since there is no v —v8 or v’ —» v 

path in Dg » 

Thus, either D^ and Dg are both unilateral, 

or D^ is unilateral and every point belongs to a cycle 

of positive length.

Hence, the necessity of Theorem 6.4A is proved.
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To prove the sufficiency of conditions (i) and (ii), 

suppose (u,v) and (u',v') are distinct points of D^CDg]» 

(I) If u = u* and D. is unilateral with each of its — 1 
points on a cycle of positive length, then u is on a 

cycle u = UQlulrg.lun = u’ = u of with n =-0e 

Thus, using Lemma 6,1A, 

(u,v) = (uQ ,v), (ultv* , » « « , (un,v* ) = (u,v’ ) = (u\v') is 

a (u,v) —•> (u’,v’) path in D^CDg]. 

(II) If u = u’ and D2 is unilateral, then, v # v’ 

and there is a v .—-5» v1 or a v’ v path in D2 » 

Suppose there is a v —v’ path in D2 = Then Lemma 6 0 3A 

implies that there is a (u,v) -(u',v“) path in D^[D2J0 

Similarly, if there is a v' --■> v path in D2, then 

there is a (u’,v’) (u,v) path in Dj[D2]0 

(III) If u u* and is unilateral, then there is a

u —u’ or a u’ —u path in D1$ implying by Lemma 

6 « 3A that there is a (u,v) (u', v' ) or a

(u',v’) —> (u,v) path in D1[D2 ] 0

Hence, if (i) is assumed, then (I) and (III) 

guarantee that D^[D23 is unilateral» If, on the other 

hand, (ii) is true, then (II) and (III) imply the same 

result »

This concludes.the proof of Theorem 6 «UA» 

6 » U»2 Characterization of

COROLLARY 6»4A« Let and D2 be digraphs□

Then D^[D2J is in C} if and only if
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(1) Dx is weak, and if = K1$ then D2 e C^, and

(2) If Dj is unilateral, Dx # K1$ then

(i) Dj £ Cq U Cj, and

(ii) there exists a point u in V(D^) that 

does not lie on a cycle of having 

positive length»

PROOFo D^CDg] is in Cif and only if Dj[D2] 

is weak and not unilateral0

Using Corollary 6»2A, this occurs if and only if 

(1) is true and D^[D2] .is not unilateral» But, using 

Theorem 60UA, the latter happens if and only if (2) holds

This completes the proof of Corollary 6.UA»

6.4.3 Characterization of C3

THEOREM 6 » 4B. Let Dj and D2 be digraphs « 

Then D^CDg] is strong if and only if either 

(i) and D2 is strong, or

(ii) and is strong0

PROOF» For the necessity, if = K^, then 

clearly D2 = K1[D2J must be strong» If Dj * K^, let

u and u* be distinct points of D^, and let v be in

V2» Then since Dj[D2J is strong, there is a 

(u,v) —> (u* ,v) path and a (u*,v) » (u,v) path in

^1^2] » and. using Lemma 6»1A, there is thus a u u8

and a u’ —u path in D^o

Therefore, either Dx = and D2 is strong, or
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D} * and is strong» proving the necessity of 

conditions (i) and (ii)»

For the sufficiency» we first note that if = K1$ 

then ^[Dj] Dg is strong if D2 is strong0

Now» suppose that (u»v) and (uv »ve) are distinct 

points of D^DjJo

(I) If u = u’, then v / v'« We may suppose that 

i , so that u is on a cycle of of length 

greater than zero since is assumed strongo But then » 

Lemma 6.3A implies that there is a (u»v) —> (u"»v") and 

a (u1 »v') --■> (u,v) path in D1[D2]0 Hence D^[Dg] is 

strongo

(II) If u / u’ » then there is a u —» u’ and a 

u’ —» u path in » implying that there is a 

(u,v) —> (u’,v*) and a (u’,v’) (u»v) path in

Once again, D^[Ü2 ] is strongo

This concludes the proof of Theorem 6 » 4BO 

60U0U Characterization of C2

COROLLARY 6 04B« Let and D2 be digraphs 6

Then ^[02] is in C2 if and only if D1 € C2 and either 

(i) D2 is unilateral » or

(ii) every point of lies on a cycle of positive length0

PROOF » Dx[D2] is in C2 if and only if [D2]

is unilateral but not strongo

Rephrasing Theorem 6e4A, we see that D^CDg] is 

unilateral if and only if is unilateral and either
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(a) D2 is unilateral, or

(b) every point of lies on a cycle of positive 

length.

On the other hand, Theorem 6,UB implies that 

is not strong if and only if is not strong: ignoring 

the case

Thus, combining the above, one is led to the 

result of the corollary, It should be noted that we have 

chosen, here,to omit the case

6,5 TABLE 3 — POSSIBLE TRIPLES UNDER COMPOSITION

The above results lead to the following table of

possible triples, where it is assumed that Pl * le P2 * lo

TABLE 3 — Possible

q/
 

/
 d a

\ 0 1 2 3

0 0 1 1,2 3

1 0 1 1,2 3

2 0 1 2 3

3 0 1 2 3

triples for [ ] 
- ini- --W--..

Here, with two exceptions, the table implicitly 

contains the necessary and sufficient conditions that 

DjCDg] be in Cn since each pair (i,j) determines a 

unique possible triple (i,j,k) except the pairs (2,0) 

and (2,1), In the case of the two exceptions, D^CDg3 

is in C2 if and only if every point of belongs to 

a cycle of Dj having positive length.



APPENDIX I — REACHABILITY

In this appendix, a brief investigation of a 

concept closely related to connectedness is carried out0

DEFINITION la Let D be a digraph with
V - { vj,V2, a a o ,Vp^ o Then v• is said to be reachable J —- —  
from v^ if there exists a

reachability matrix, R(D), 

conditions s R = (r^j)

rij = { 0

Vj — ■> Vj path in D. The 

of D is defined by the 

with 

if v. is reachable from J 
otherwise 0

Since vj, is always reachable from , the entries

are all equal to 1.

With this definition in mind, the purpose of the 

appendix is to develop expressions for R(D^ o d2) in 

terms of A^,A2,R^ and R2 when the operation o is 

H, x , and [ ]«

Obviously such results will depend upon the labeling 

of the digraphs D^ D^ and D1 o d2« Since the point set 

V(D^ 0 d2) = Vx x v2 in all cases, we will assume $ as in 

Lemma 3«1A, that = ^u^,0»□9Up^9 V2 = #o « « svp^] 

and V(D^ 0 D2 ) = [w-^ 9 0 0 a »wpjp2} where w^ is given by 

Wi " ^Hn^Ci/n)** n “ Pi0

In the.following definition, the various conventions

of notation adhered to in this appendix are introduced»

129
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DEFINITION 2 0 The symbol # is used to denote 

boolean operationsa For example$ if m and n are non­

negative integers, the expression (m ♦ n)# will represent 

the result of the addition of m and n in boolean terms 0

If A = (a^j) is a matrix , A # is understood to 

be the matrix A # = (a^.

Also, if A = (a^j) is an n-by-n matrix, then

the entries of Am will be denoted (m)

Further, for.any matrix M = (a^) B the matrix 
diag(M) = (a}j) is defined by a!. = Ô.-a-. where 6.. 

is the Kronecker delta, f 1 if i = j
[ 0 if i # j0

We denote the n-by-n identity matrix by In,

and the n-by-n universal matrix by Jn, where Jn =
with c^j = 1 for all i and j, i5i,j5 n.

The following result appears in the Harary, 

Norman and Cartwright manuscript, [4]0

THEOREM la Let D be a digraph with V = {vp0..8v j 

and adjacency matrix A = (a^o Then the i, j entry, 
ajj^ # of An # equals 1 if and only if there exists 

in D at least one v^ --->> vj sequence of length n0

Note that a|^ # = 1 for some n > l if and only 

if v^ belongs to some cycle of length m * 0, where 

km = n o

THEOREM 2, R(Dj x D2) R1 B R2
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PROOF* Let j)e R2 = (b^j) and

^^l d2} = (cij)* Furthere let R^ B R2 = (c!.), and

n - Pv

Then, from Lemma 3.1A, eH = a1(n)j(n)b(i/n)1(j/n) 

where, by assumption, in D1 x D2 is the point 

wi s ^ui(n)»v(i/n)6

Then c^j =1 if and only if there is a 

(ui(n)»V(i/n)&) = w^ ---5» = (uj(n)»v(j/n)*) path in

Di x D2, which, according to Lemma 5 e3A, happens if and 

only if there exists a ui(n) —» uj(n) path in and 

* v(i/n>* ”">v(j/n)* P&th in D2 0

However, the latter occurs if and only if 

and b(i/n)*(j/n)* = 1» which e from above, 

only if cH = 1.

cij = 1 if and only if c|. = 1, proving

ai(n)j(n) = 1 

occurs if and 

Thus, 

the theorem.

THEOREM 3. """I * IpiP;] *•

PROOF. Let R(D1 H D2) = (c^j), 3 = (c^.)e

311(3 (Ai B A2> + Ipip2 = (dij). Also, let A1 = (a^j

Ag - (b^j)

The assertion is, then, that d^ #
But, obviously, PiP

d< 4 »

where, &• is the Kronecker delta

CASE I. If then c ,• 1 by definition of
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R (% Si Dg). But, if 1 = j, /jj = 1, so that

dlJ = (1 + Ecip # = 1 since > 0.
k u k J

Hence, c^j : # If 1 = J.
PjP2

Case II. When 1 / j, then ^4 = EZ . since JL , = 0. 
k=l

By definition of B Dg), c^j = 1 if and only if
there' is a (u± ,v(i/n)*) = w± —> Wj = (uj(n)'V(j/n)*)

path in Si Dg. By Corollary 4, this occurs if and only 
if there exist and —> v(j/n)*

sequences of the same length in D1 and Dg respectively. 
But, this happens if and only if a^n)j(n) 1

and for some m, using Theorem 22.

Thus, Cjj = 1 if 
m (m) (m)
iJ - ai(n)j(n) ^(i/n)*(j/n)*

we may assume that m p^Pg

and only if
x 1 for some m. Further, 
since if there is a

w^ w, path P of length m in B Dg, then
certainly P contains at most
P has length less than p^p^, so

PlPg
। that

points, and hence

m < P]_P2.
But then

dlJ =
P1P2

k-1 CiJ

so that d if and only if there is some P1P21
such that eV. * 1,

Therefore
or C1J - dij as

c^j e 1 if and only if d^ 
desired.

1

This concludes the proof of Theorem 24.

THEOREM 25. For and D2 digraphs, one has
; P1P2«(DllDg!) . {[Ri - IP1 * ZZ dlag(A^)] B Jp2 . IP1 B Rgf #.
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PROOFtt Let RCD^CDg]) = j) and
P1P2 .

[Rj * IPj + £ diagCAp] 8 Jp2 + IP1 8 R2 = (c^).

The assertion is that c?• # = c•«X J X J
Further, let A1 = (a^j), R^ = (rij)P R2 = (r{j),

and ?LP2
R1 - Ipi + L diag(A?) = (b••)0 

k=2 x J

Then, using Lemma 301A,

bp2 
bi<n)j(n) = ri(n) j(n) ' °i(n)j(n) + ^Kn) j (n),ei(n) j (n)’

so that clj = ri(n)j(n) - <5i(n)j(n) +

r f P1P2 (k)
+ °i(n)j(n)r(i/n)*(j/n)* + °i(n)j(n)°ai(n)j(n)0

Using this expression, we examine two cases0

CASE I, i(n) * 3 (n) B In this case, c|j # = ri(n)j(n)<>

CASE Ila i(n) = 3(n)0 In this case$

PTP2
Clj * = {r(i/n)*(j/n)* + ai^n)i(nJ *°

Hence, we conclude from these that i = 1 

if and only if

(1) uiln) * uj(n) and there is a ui(n) uj(n) 

path in (from Case I)9

O ui(n) = uj(n) and there is a v(i/n), —» v(j/n)1 

path in D2 (when r'(i/n).(j/n). = 1>, 

or (3) u^(n) = Uj(n) and «i(n) belongs to a cycle of
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of positive length (when af^)i (n ) ~ 1^°

But referring to Lemma 6»3A, one sees immediately 

that C£j = 1 if and only if (1)9 (2) or (3) is true» 

Thereforej c^j = 1 if and only if cK # = 1, 

concluding the proof of.the theorem.
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