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CHAPTER I

INTRODUCTION

A. Motivation

In solving reactor kinetics problems, it is generally assumed
that the variations of space-dependent quantities, such as the neutron
flux, can be described for a representative point in the reactor. This
assumption of spuce and time separability is justified when the reactor
size is small. In recent years, large boiling water reactors, such as
the Dresden reactor,* are being built. It is reported that a tendency
exists in large boiiing water reactors for spatial oscillation to develop
independently of xenon poisoning.**(l) A series of =xperiments with the
Dresden reactor, however, does not indicate the spatial oscillation.(a)
Questions immediately arise: Is the space-dependent behavior of a large
boiling water reactor significant? If so, how large is this effect?

How can we interpret this effect? These questions motivated the present

investigation.

B. Historical Background

The art of analytical studies of the power reactor kinetics
has evolved from the point reactor models to the space and time non-
separable models. A brief historical review on the evolution of the
boiling water reactor models will serve as a background for the present

investigation. Only a few representative models will be reviewed here.

* The height of the Dresden reactor core is 103.6 inche? Scold), and
the circumscribed diameter of the core is 129 inches.\3

*¥* Superior numerals correspond to the numbered references at the end
of the thesis.
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An early model by Beckjord(h) is & linear, point reactor model.
By comparing with the experiment, prcper values are chosen for the con-
stants that appear in the model. This model was used successfully in
Predicting the stability of the Experimental Boiling Water Reactor at
high power levels.(S) In order to include more accurate description of
feedback effects, the feedback kinetics can be made space-dependent,
while keeping the.point-reactor approximation in the nuclear part. This
provides a good analytical model when the shape of the neutron flux dig-
tribution is practically constant. Akcasu included space-dependent feed-
back in his model of the boiling water reactor.(6) A noilinear model
was introduced by Fleck who derived the feedback equatiohs based on two-
phase flow balance equations.(7) His model, however, assumes a constant
void distribution form. The Kjeller model(s) uses space-dependent, non-
linear equations to describe the feedback dynamics, but the neutron flux
shape is still kept constant. The space-dependent feedback characteris-
tics are only reflected in evaluating the reactivity to be fed to the
neutron dynamics.

The ultimete stuge of the evolution is the space and time non-
separable models. The analytical approaches to the nonseparable problems
can be classified in two major categories.{g) One is the "modal" analysis
approach, where the time-dependent neutron flux and other pertinent den-
sity functions are expressed in terms of & series of eigenfunctions with
time-dependent coefficients. Each eigenfunction is associated with a
given spatial mode, starting with the funiamental mode and going on.to

the progressively higher modes.
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The other approach is the "nodal" treatment of the problem.
Here the reactor is divided into sections and a set of kinetic equa-
tions is given to each section. With proper inter-section coupling,
the system will be solved for a given perturbation. The recent works
of Crowther and Wolf, (10:11) ang of Nahavanai and Von Hollen(12) are
of thiscategory. They each programmed for a digital computer a set of
time- and space-dependent diffusion equations. Since the convergence
of diffusion calculation is generally slow for large reactors, the cal-
culation takes i large amount of time, even when the feedback loop is
open.* Therefore, a more practical approach to the space-dependent

boiling water reactor kinetics studies is desired.

C. Adiabatic Approximation

1. Basic Concept

The adiasbatic approximation** assumes that the flux distribu-
tion, the reactivity and other nuclear properties of a reactor at an .
instant of time are approximated by the steady state values determined
by the distributions of the reactor constants at that time. The reactor
is made critical by fictitiously changing the average number of neutrons
born per fission. The time-dependent behavior of the reactor is thus

approximated by a succession of steady states.

In one case the computer time was 5 minutes on the IBM-7094 for
the real time of 0.17 second.(12

#* The term "adiabatic approximation'" has no relationship with thermo-

dynamics. TLather, it is used in quantum mechanics as a method for
solving the Shroedinger equation when the Hamiltonian depends on
time. If the Hamiltonian is assumed to change infinitely slowly, and
if "the system is initially in an eigenstate of H(0O) , it will, at
time t , have passed into the eigenstate of H(t) , that derives
from it continuously. This is known as the adiabatic theorem." 13)



T

In 1949 Hurwitz svggested the possibility of this approximg-
tion. In his derivation of the reactor kinetic equations, he showed
that the time- and space-dependent fission rate can be written as a prod-
uct of two functions.(lh) One is a function that depends only on time;
the other depends on time and space, normalized in space. When the
properties of the reactor are changing slowly compared with the prompt
neutron generation time, Hurwitz showed that the latter of the two func-
tions can be approximated by the neutron flux distribution due to the
prompt neutrons only. More recently, l{enry(ls) derived the reactor
kinetic equations from the transport theory by using the static adjoint
flux, and laid a more rigorous basis to the approximation made by Hurwitz.
In Appendix A, Henry's derivation of the reactor kinetic equations 1s
reviewed.

2. Mathematical Foundation

The space- and time-dependent neutron flux demsity o(r,f,u;t)

can be written as a product of two functions

@lr,3uit) =3 (r,n uwt) Nit) (1-1)

where ® is a space- and time-dependent function and N is a function

of time only. If the reduced fluxes are defined as

flru;t) =f Jrfd,u;it) dd

£

Fo%

(1-2)

(1-3)
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where v; is the time-independent adjoint flux,(16:17) and if the

fluxes are nomalized such that

Atﬂ b ("u-m‘r'u’t) dud’r = 0 (1-4)

where v(u) 1is the speed of neutrons with lethargy u , then the time-

dependent transport equation for @ reduces to

ANIt) _ Ptt) ~ B g 4 Y niCalt)

dt Alt) : (1-5)
and the precursor densities, Ci , satisfy

AGH _ B iy Ce

dt A N A G (1-6)

The details of the derivation of Equations (1-5) and (1-6) are found in
Appendix A. Tt shculd be noted that Equations (1-5) and (1-6) have the
same forms as the usual reactor kinetic equations.(18) N(t) , the time-
dependent part of the neutron flux, is called the time function and
o(r,Q,ust) , or P(r,u;t) , is called the shape function.

The shape function @(r,u;t) and the accompanying quantities
p(t), E(t) and A(t) can be obtained by the adiabatic approximation.
When the reactor properties are changing slowly, it can be assumed that
the neutron flux shape and other nuclear quantities, i.e., o(t), E(t)
and A(t), which are caused by the variations in the core properties, can

be given by the steady state values based upon the reactor conditions at
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that time. This is possible since the shape function is determined
mostly by the prompt neutron distribution which adJusts itself to the
changing reactor conditions in a few prompt neutron lifetimes.

In the adiabatic approximation, the space-dependent effect
of delayed neutron precursors is neglected. It was rointed out by
Kaplan and Margolis that the approximation become; poor for a very
large reactor, since the effect of delayed neutrons becomes important
in large reactors (in terms of the neutron migration length).(lg) Yet

for reactors of moderate size (20 migration lengths or less), this

method proves to be very useful.

3. Method of Application

Iﬁ evaluating the approximate values of @(t), p(t), B(t)
and A(t) , it is possible to perform the steady state diffusion cal-
culation at every time interval. As shown later in Chapter IV, computer
time is quite long even in the steady state diffusion calculation, and
it is preferred to avoid such camputations. In the present investiga-
tion, therefore, a conventional method adopted by Henry and Curlee(20’2l)
will be followed. In this conveniional method, it is not necessary to
perform the diffusion calculation during the reactor transient simula-
tion on the computer. Instead, the shape function and the accompanying
functions are given as the interpolations of some pre-calculated values.
This is accomplished in the following steps:

Step-T

Choose an arbitrary set of reactor conditions that the reactor
may assume during the transient. They are, for example, temperature

distributions or void distributions of a specific reactor to be analysed.
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For each of the assumed space-dependent reactor conditions, a steady
state flux distribution is calculated. For an arbitrary reactor condi-
tion, the reactor is not at the steady state, but the average number of
neutrons produced per fission, v , may be adjusted so that the reaccor
becomes critical. The fictitious v 1is related to the reactivity.
Other pertinent quantities, namely P and A are also calculated.

Step-I1

In the above, @ , p , B and A are calculated only for a
limited number of reactor conditions. In order to obtain §# , p , B
and A for any reactor condition that may occur during the transient,
express these quantities as functions of the reactor conditions. These
functions give the values of ¢ s O B and A for any reactor condi-
tion as interpolations of the values already calculated in the previous
step. In this process, the reactor is divided into several regions, and
a power series fit is made of the desired quantity. The independent
variables are the reactor conditions of these regions.

Step-111

Solve the kinetic equations for the time function N(t) , using
. a group of time-dependent equations in which the reactor conditions at
an instant of time yield $ , o, P and A . p, P and A in turn
yield N(t) . The space- and time-dependent reactor power, N(t)- @(r,t),
allows computations of the reactor conditions through the feedback
equations. The space-dependent reactor condition changés with the space-
dependent reactor power, and the new reactor condition gives 9,0, B

and A° that will be used in the next time-step.



D. Present Research

The objectives of the present research are (1) to develop an
analytical model for the space-dependent boiling water reactor kinetics
by the method of adiabatic approximation, (2) to solve space-time prob-
lems of a boiling water reactor by this model, and (3) to investigate
the importance of the space-dependence from these results. In the present
investigation only the axial space-dependence is considered, since the
void transit phenomenon along the core axis may have a significant bear-
ing upon the space-dependent behavior of boiling water reactors.

Chapter 1I develops an analytical model that describes the
hydraulic and the thermal behavior of boiling water reactors. The reac-
tor core is divided axially into a number of sections. Balaﬁce equa-
tions of mass; energy and momentum for the two-phase flow are integrated
in each of these regions. From the balance equations of mass and energy,
equations for the void fraction and the water velocity in each region
are derived. These are new expressions, derived as an extension of
Fleck's model(7) of a one-region reactor to multiregion reactors. The
integration of the momentum equation around the core loop yields the
inlet water veloéity. Levy's friction coefficient for the two-phase
flow(ee) and Haywood's correlation for the slip ratio(23) are used in
the numerical calculations performed in Chapter V. Brown's formulation
for the vessel pressure dynamics(ah) is adopted in the present model.
The heat transfer from the fuel to the coolant is described by a model
vith a single time constant. The dynamics of the boiling boundary is

derived also as an extension of Fleck's model.
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Chapter III is devoted to the formulation of a space- and
time-dependent analytical model of boiling water reactors by the method
of adiabatic approximation. The three steps discussed in Section C of
this chapter are followed here for the axially space-dependent boiling
water reactor system. Numerical calculations are performed for a
specific reactor, but the present technique is applicable to any boiling
water reactor. In Step-I, over one hundred void distributions were
assumed for a sample reactor, and the flux shape and the other nuclear
properties discussed in Section C are calculated, assuming that the
reactor is at the steady state. In order to reluate the flux shape and
the reactivity to the void distribution (Step-I1I), a stepwise regression
computer program(es) was found to be a powerful tool. In Step-III, the
void to flﬁx shape and the void to reactivity correlations obtained in
Step-II and the feedback equations developed in Chapter II are combined.
A computer program was written in MAD (Michigan Algorithm Decoder)(26)
to carry out the numerical work. The program was intended for the solu-
tion of the sample reactor behavior, but can be easily modified for any
boiling water reactor.

Chapter IV discusses the problem of the adequate division of
the core. The more regions the core has, the more exactly the model
can describe the system but the more technical difficulties are en-
countered. The problem was investigated numerically for the sample
reactor. For this particular reactor, a division of the core into five

regions gave a satisfactory response compared with the models with more

number of regions.
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Chapter V examines the space-time behavior of the sample
reactor by using the computer code developed in Chapter 1III. External
perturbations are introduced to the sample reacto£ which is otherwise
maintained at the steady state. The investigated external disturbances
were (1) a large step increase in reactivity, (2) sinusoidally varying
reactivity perturbations and (3) sinusoidally varying vertical accelera-
tions. ILittle space-dependence in the flux variation was observed in

the latter two calculations.

Chapter VI gives conclusions to the present invesgtigation.



CHAPTER II

FEEDBACK DYNAMICS OF MULTIREGION BOILING WATER REACTORS

A. General Remarks

The reactivity of a reactor is affected by various internal
causes. To mention only a few of such causes, they are the content of
void in the moderator liquid, the temperature of the moderator, or the
content of neutron poisons in the reactorrcore. These are in turn
dependent on the reactor power, and the reactor power changes with
the reactivity change. The cause of the internal variation of reac-
tivity is referred to as the feedback mechanism.

In boiling water reactors, the main contribution to the
nuclear properties is from the steam void. 1In the present investiga-
tion, therefore, only the effect of the steam void is considered as
the cause of the changes in the nuclear properties. ‘Furthermore, a
small contribution due to the subcooled boiling is neglected, and only
the bulk boiling steam void is considered.

A set of time-dependent differential and algebraic equations
that describes the feedback dynamics of the multiregion reactor core
is presented in this chapter. Of these equations, void fraction equa-
tions, water velocity equations and water temperature equations are
originally derived for the multiregion core as an extension of Fleck's
equations for the one-region core.(7) The slip ratio correlation, the
loss factors of two-phase flow and the equation of the vessel pressure

dynamics are borrowed from other authors.

-11-
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B. Baslc Equations of Two-Phase Flow

A set of partial differential equations can be written for the
two-phase flow in a channel. They are balance equations of mass, energy

and momentum. These basic relations were investigated by many authors,

(7,21,28,29)
' If it is assumed that (1) the flow is one-dimensional in

the core, (2) the kinetic energy of the flow is negligible for the energy

balance, and (3) the flow is continuous, the balance equations of mass,

energy and momentum become, respectively

Ze{h-n+tf+ 2l pu-nyegin] =0 (2-1)

3
%{&e.,“-m hef] + Sr(RhO-feeghfu ) =9 (2-2)

-Q_ifi(l—{)v‘ﬁ psfvs} +—%§ﬂ,(l-f)v:+@fvs’}

ot
=_23P _o _ -
=-5; —R {fi(' f)+Psf}9 (2-3)
where
¢ = 1internal energy
f - = wvoid fraction
h = specific enthalpy
P = Dpressure

q = heat power per unit volume
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t = time
v = fluid velocity
R &= friction resistance

p = density
The subscripts w and s indicate water and steam respectively.

The above equations are given for the two-phase mixture, and
the relation between the two phases is not obtainable from these equa-
tions. It may be had by writing two momentum balance equations, one
for the liquid pﬁase and the other for the vapor phase. However, an
accurate knowledge of the shear force between the two phases is essen-
tial. Beckjord and Harker give formulas for the sheer stresses between
the two phases, but they were checked only with static experimental

results.(3o) Another way of getting the relation between the two phases

is by the s8lip ratio defined as
Vi | (2-4)

The values for 7 are measured by many authors and found in the

‘ 22,2 1,32
literature.( »23,31,32) The slip ratio correlations are discussed in

Section D.

C. Integration of Basic Eguations

If the inlet water velocity, position of the boiling boundary
and the power distribution are given, the void fraction and the water
velocity in the boiling regions are determined. In this section, equa-

tions for the void fraction and the water velocity are derived.
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Integrating Equations (2-1), (2-2) and (2-3) from x, to
xi«o-l ’

X-
_d_[ l’l{ ) } {
RO-F)rRfrdx = -
dt 5 s X (| “' )Vw ."’e‘"‘“ ‘”}
+{e'i('—’(i"’wi*@ifi i } (2-2)
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Xivi
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The above equations are applicable even if the region contains a
non-boiling portion. The void fraction, f , simply vanishes in such
a portion. In the above the friction term Fi is not given in an
explicit form. B8hould a reverse flow occur, care must be taken in
interpreting this term. The momentum, which is a vector, has a posi-
tive direction in the general steady stat; flow dire~tion.

l. Void Fraction

If a trapezoidal void distribution is assumed as shown in

Figure 1, the void fraction at x becomes, in a totally boiling

region,

X - X X: . —X
f(x) = T—‘——{‘M'{- —-‘-’2’5—.—“— 3("1 , xiﬁxs xirl (2-8)
1 1
and in the incipient boiling region,
0 R ST S R
(x) =
t ) (2-9)
Ay fu—l Xp& X< X
where Xy is the position of the boiling boundary, and
A, =X5 =X (2-10)

Then Equation (2-5) becomes, in a totally boiling region,
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2
fiﬂ = _&\ﬁv.,\, (1=f,,) = Va; (1= f)}*._;({_ +£)
‘ 2 ]
IR —F‘-(ﬁ“‘{iﬂv"iﬂ —f VW'\) (2-11)
Similarly, in the incipient boiling region,
= 2 ~to) - B, 8
o & (ot o4 2
2 R/
+ Z. -P:- FS IR Y] Vw-‘“ (2_12)

Equation (2-6) can be written as follows by using Equation

(2-8) for f£(x) and Equation (2-5) for the term [( 1 pw(l-f) ax .
i

If the region is totally boiling

(- frfoo) (1~ Etta)pac s [he-2 )

. (‘f'-, 2*-{'-.41) P Az + ( hw- £ {—R«[(I-fm)vw‘.“—(l—f.\)\/w;l
- Ps [fi-\-l){nlvwi“"f‘i'fi v"i]} +<h~- i?\-_p—@_P)-(é fi';f‘ul

+F;i-Liih_l)A,l

2
= %; - Pw hw {(‘—fifl) Wivl (' f )vwl}

- f hy {{.ﬁ\ylﬂ Vi — fi T Vs } (8-13)
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From Equations (2-11) and (2-13)

i 2Q7 2 —
o =~ Kt AR, Aa{ﬁﬂy\"* K% |

(2-14)
where
, R .7 A&
= Q.- AchA:{h, [(l— )~ ++ }
Ql. Qv. ¢ =3 Ph s )ﬁ. 1 f:'S
+[a0-Foh+RER] -8 }
(2-15)
Similarly, in the incipient boiling region,
i o= __Q’;L_ £ (Y _ X (2-16)
) ACPs ITI lfl ' 2
where QI' is the effective power given to the boiling portion of
this region, and is approximately,
¥ QI’ _A_
Q; e (2-17)

It is seen that Equation (2-16) is the previously obtained equation
fOI‘ the One—region reactor. (7’ 33)

2, Water Velocity

In Equations (2-14) and (2-16), water velocity at x5, 1is
not specified.

Expressions for vwi+ will be derived here both for
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the totally boiling region and for;;pe incipient boiling region. If

Equation (2-5) is multiplied by e, ', the result is

lio! X
%f {ewf’.{+e~ﬂ,(l—f)}dx—évf lRf+p (n-f)}dx

{

= - ewp,{(\—fw)vw.m— (1—f )Vvi}
- ewf, %fiﬁvsl,. — §. Ve, } (2-18)

In Equation (2-18), it is assumed that the densities and enthalpies
of the two phases do not change with position in the core, but their
representative values may change with time. In the boiling regions
this assumption was proved to be good for reactors at high pressures.
(28, 33) For the sake of simplicity, the same assumption will be
employed in the non-boiling regions. It will alsoc be assumed that
the subcooled boiling is negligible, and that all the heat power re-
leased in the boiling region transforms water into steam.

By subtracting Equation (2-18) from Equation (2-6), and

multiplying by e, , the following equation yields.

Xiy Kiet
f;f {aef <es-ea}dx t e, ow {P,f +e,u-f)} Ax
X ) xg

- g L { % f (es—-ew)} dx

_ Qi _
= ;&e R — £, F’{( f;,

)anm_ (- fl)vw;}

“(RP+RhARI(E v. —f v ) (2-19)

1+ > 51
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Similarly, by multiplying Equation (2-5) by e,

Xivt ’ Xiel
%J {esf",'f +e$ﬁ(|—ﬂ}dX— ésf {Pt‘f"'ﬁ(“f)} dx

X3 X3

"_esf’ {(l {“., wiel ("{;)Vwi}

- esf% { fea v 51— % Ve } | (2-20)

From Equations (2-6) and (2-20),

Xiet xi'fl
4 {em.—;)(e..-e,)]dx +F;ésj {eﬂeu-f)ﬁdx
X; xg

‘. Xiel
- Psf {ﬁ:("f)(ew-ﬁ’g)}dx
) 3

{

=P$-§-:: e (p- Ph){(u fo) Vi (1= va}
f

r { forr Vo~ F Vg } (2-21)

1

Subtracting Equation (2-19) from Equation (2-21),

Xir1 Xt
. . d -
(ﬁ,fi—ﬁ,ﬁ)[_ (&-ew) 4 dx +dtJ (Ev-e) R P, dx

. XN X1ty
& ] eeomax+(R&-gE, )f {P%P(l ff o

= (&—ﬁﬂ)% + ﬁ@ v {[( "fiﬂ)v“"

i+l

- (- v ]+(fm Vo~ V) } (2-22)



Rearranging

- ! Q" (_*&
levl I *{ ,{ _') {Ps thc\, ‘P})"‘[I*“é(-ri—')]vwi (2-23)

i*x irl v

If the boiling starts in the interested region, f; vanishes and

*/

v = ! Q;
wirl | + .fiﬂ('f_“:l fi hVAC

(:—g‘—) oV, (2-24)

D. Slip Ratio

Slip ratio is defined as the ratio of the steam-phase
velocity to the water-phase velocity. It depends on the conditions
of the two-phase flow, namely the system pressure, steam gquality, flow
rate of the two-phase mixture, and geometry of the flow channel.(31)
These conditions determine the flow pattern of the two-phase flow,
and it is the flow pattern that is directly related to the slip phe-

nomenon.(3h) Accordingly, the slip ratio differs in vertical and

horizontal channels.(23)
Several authors proposed correlations of the slip ratio to
the flow conditions.(22’23’3l’32) Any one of the appropriate models
may be used in the present study. Since one of the objectives of the
present study is to investigate the effects of vertical aécelerations,

the model by Haywood, (23) et al., will be utilized in the calculations

of Chapter V. In fact, only this model gives distinction between
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vertical and horizontal channel flows. As an approximation, the hori-
zontal case may be considered as the zero-gravity case. The slip ratio
in the horizontal channel is close to unity. This is in agreement
with the assumption made in a previous study.(35) Haywood, et al., did
not explain the cause of the difference between the two cases, but‘
mentioned that it may be because of the buoyancy effect. For varying
gravity, the slip ratio may be obtained approximately by interpolating

or extrapolating these two cases.

Haywood gives the slip ratio in the following form:

I+ KX X < ol )
¥ = (2-25)
I+ 01K , X >01

where K 1is a function of pressure through a linear combination of the
specific volumes of steam and water at saturation, and X is tne steam

quality. At a pressure of 1000 psig,

7.5 +for horiyontal channel |

k( =
137 for vertical channel (2-26)
E. Inlet Water Velocity _

The inlet water velocity is governed by the momentum balance
around the flow loop. For natural convection, the loop consists of
the reactor core, the riser and the downcomer. In Equation (2-7), the

left hand side is the time rate of change of momentum in the i-th region,
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which is represented by the gain and loss terms on the right hand side.
In order to evaluate the circulation velocity, the momentum balance of
the entire flow loop is considered.

Let

my = momentum in the i-th region per unit area

Xiay
my J {ﬁh-ﬂw+ﬁ+ﬁ}dx (2-27)

i

then Equation (2-7) becomes

%Em:‘ =T Pﬂ{(l-f‘m Wie - (1= )V"‘l} Ps{'f vz

i S
R BT SF S-S UP NS SO (2-28)
TSt w0 Ag (AR BTN
- If the momentum of the entire core is représented by Mcore y Or
N
Mcore -_Z m't (2-29)

b

then, adding Equation (2-28) for all i ,

d .
-d_t-MCO"e = _e' \l( fﬁm) "t _Vzl - Ps y

N+ le N+ SN“

N . N _
- (AP + 2 E - R9Y (-F)A

(=l L=

(2-30)

It should be noted that the pressure difference term

(PN+1 - Py) in Equation (2-30) is evaluated inside the channel of the
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reactor core (see Figure 2). If the same term is evaluated from outside

the core, i.e., from the momentum balance in the riser and the downcomer,

it can be written as

Pt Py (core outlet expansion loss)

(riser outlet expansion loss)

(riser friction loss)

(core inlet contraction loss)

(downcomer friction loss)

+ (density difference buoyancy gain)

(inertia pressure drop in the downcomer)

(inertia pressure drop in the riser)
(2-31)

The last two terms in Equation (2-31) can be interpreted as the rates

of change of momentum in the downcomer and in the riser, repectively.
Thus if the momenta are denoted by Bje and mriéer’ Equation (2-30) reduces

to the momentum balance equation for the entire flow loop. Defining
Mtot = Mcore + n&'iser + mdc (2- 32)

Equation (2-30) takes the following form:

y
M= 0 {v.f.—(u-f.,,.)vj b= 6t w2

N+ SN+

N
L (frictional loss); - (frictional loss)
1=1 riser

(frictional loss)ge

(contraction and expansion losses)

(buoyancy due to density difference) (2-33)

T+

The friction loss terms in Equation (2-33) will now be exémined.
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Figure 2. Pressure Difference in the Flow Loop.
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1. Non-Bolling Frictional Loss

The frictional pressure loss is well established for iso-
thermal one-phase flow. For the Reynolds number Re ranging between

0.5 x 105 and 5 x.los, and for the smooth channel wall, a correlation(36)

f.

150

=y x 0,046 (Re) *? (2-34)

will be used in the pressure drop equation

[4¢.) o fi0 G
150

d x 2P, D, (2-35)
where

G = mass flow rate

De = hydraulic diameter of the channel.

The pressure drop for the non-isothermal flow may also be
given by Equation (2-34), with a modification due to the temperature

difference in the flow profile. For the non-isothermal flow,

non-1s50

n
{/Aw.bulk t‘emPerai‘ure

1 14
/“‘W- wall te-»perature 'so 2 36)

where

uw = dynamic viscosity of water

and n ranges between 0.14% and O.4. Small value of n 1is more widely
used.(32)
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2. Two-Phase Frictional Loss

Levy derived an analytical correlation for the two-phase flow

frictional factor based on the momentum exchange model.(22) The two-

phase pressure drop per unit length, (ﬁi) sy 18 given by the followirg.
. tp

%x )t = (i_ﬁ‘\m (,I_Hz (2-37)

where f 1is the steam void fraction, and (%E)l is the pressure
sp
gradient of the liquid phase, if it were assumed to flow alone.

2 2
ap\ _ F,aU-X) )
- 5 b (2-38)

ax =

where flsp is the friction drop factor for the liquid phase alone.
Equation (2-34) can be substituted for f tsp if the Reynolds number for

the liquid phase alone is used.

-0,4
£, - 4.0.046(&)":' = 4x0.o46{ﬂ’};x—m¢-} (2-39)

w

Thus, for example, the friction loss term for the i-th region of the

core can be taken as

02_0% 1.8 = 8
Fo__oowe PR UK (2-40)
Ac w2 RYC (-£)% °

where RH is the hydraulic radius.
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In the above it is assumed that the direction of the flow i&
in the positive or upward direction in the core. It may occur, during
the transient of the reactor, that the flow is reversed in some regions
of the sectioned flow loop. In this case the resistance force is in
the positive direction and a negative loss occurs. If such a reversed

flow is possible, the computer program should be written to handle

the situation properly.

F. Boiling Boundary Dynamics

The boiling boundary is defined as a position in the coolant
channel at which the bulk boiling starts. The bulk boiling starts when
the water temperature reaches the saturation temperature. In a non-

boiling region, water temperature is described by Equation (2-41)

H dT(x. t) ry, 2T Acq (x,1) (2-41)
w ER 'o9x
where
T(x,t) = temperature of the coolant at position

x and time ¢t

H, = heat capacity of the coolant per unit length

of the core.

If a trapezoidal temperature distribution is assumed in the

non-boiling region,

T = 2T : <o (2-h2)

|
—
-
>
[[7aN
x
(174N
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then
21 '. 'ﬂﬁTi XX 3T,
it | R Y N -

t

Substituting Equation (2-43) in Equation (2-41) and integrating over s,

2 Tu 2 fgj - oT,
T“z;{m wa‘TwTa)](—;g SECE"S

Equation (2-44) determines the temperature at each node in the non-

boiling region.
In the incipient boiling region,

X-X
T=T+a, T“"T‘t} (2-b5)

By using Equation (2-45) in Equation (2-41) and integrating over Ay s
Equation (2-46) is obtained, which together with a suitable initial con-

dition determines the behavior of the boiling boundary in the reactor

core.
d =__2_A_nL'L9;_L(aEar oT

G. Heat Transfer from Fuel to Coolant

The thermal power generated in the fuel rods is transferred
to the liquid coolant if it is subcooled, or used to convert water into

steam if it is saturated. Heat is transferred by conduction through

Yy | -
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the interior of the fuel element to its outer surface. In simplest
terms it can be considered as being transferred to the bulk of the
coolant across a relatively stagnant thin liquid film.

Since the time constant of heat transfer in the ceramic
fuel rod is rather large and the boiling heat transfer is rapid, the
heat transfer time constant through the film is often negligible.(32)
It must also be pointed out that the boiling region may probably
extend to the subcooled region because of the likely existence of sub-
cooled boiling. The heat transfer coefficient in this region is
generally about as good as in the bulk boiling region.(32) In evaluat-
ing the large heat transfer time constant of the fuel rod it is inev-
itable that some uncertainties will enter, since the conductivity of
uranium dioxide depends largely on the temperature and is an experi-
mental value which differs from one author to another. Also some as-
sumptions such as the uniform distribution of power in the fuel rod
and the neglect of heat transfer resistance across the interface be-
tween fuel pins and cladding, which is assumed to be uniform, are
embodied in the analytical representation of the heat transfer mode;;
otherwise the model becomes too involved. Thus, in this study, a
model that has a single time constant for the fuel heat transfer is
usgd. This value can be varied within the physically reasonable range
if necessary.

In the bulk boiling region, therefore, it will be assumed
that the heat generated in the fuel rods is brought into tﬁé water

with a certain heat transfer time constant which is a characteristic
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of the fuel element. In the subcooled region it will be assumed that
the fuel surface temperature is at the saturation temperature, since
there is usually subcocled boiling and the temperature drop across the
film is much less than across the fuel rod. The amount of heat trans-
ferred to the water raises the temperature until the bulk water tempera-
ture reaches the saturation point. Bulk boiling starts at this position.
The transfer function of heat transfer inside a cylinder is
well established in a simple analytical form when some assumptions are

made.(37) Witn the assumptions that

1) heat conduction in the axial direction is negligible,

2) he#t capacity of the cladding is negligible,

3) power density distribgtion is uniform over the cross
section of the rod,

4) physical properties of the rod are constant, and

5) heat transfer resistance between fuel pins and
cladding is negligible,

the transfer function of the power given to the coolant due to the

power generated in the fuel rod becomes

e (2-47)
an (s h=t |+ T, 0
where
Aq(s) = the Laplace transform of increment of the power given
to the coolant
&n{s) = the Laplace transform of increment of the power

renerated in the fuel rod
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Dy, = a constant dependent on the properties of the rod, and
£ 1 |
i S
S |
Y™
x
o - (%),
k = thermal conductivity
o] = density
c = heat capacity, and
ry%, = roots of Equation (2-48)
Jolry®) =0 (2-48)
‘where

ry = fuel rod radius.

When only the first time constant is taken, the transfer

function becomes

G |
AN 1+, S (2-k9)

or, in the time region,

d - L ~
Fq‘(”“ - {n(t) %(t)} (2-50)

!



-33-

H.' Pressure Dynamics

Although the effect of the local pressure gradient on the over-
all system behavior may be negligible in a boiling reactor with high
operating pressure, the time rate of change of the operat?ng pressure
itself may have considerable effects on the system. This effect wti
investigated in the balance equation form by Kanai, et g;.(27) In the
present model, the pre;sure effect 18 included in the modified power
term of Q& of Equations (2-23) and (2-2k). This can be rewritten, if
it is assumed that the densities and the enthalpies are functions of

pressure only,

Q, =Qi—AcA-t{“ prp { f)F(%) ‘_";

:)

at (2-51)

+
r—
s 0
T
-t
,U
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+
hn |
LY
J
™
L
|
—
—
Q.

and Qi becomes dependent on the time rate of change of pressure.

The pressure variation can be derived by the balance equa-
tions, and by using the first law of thermodynamics for the entire
reactor system. Among a number of these models,(h’gh’33) Brown's
model(zh) will be used in the present analysis. It must be remembered
that all of these models use rather crude assumptions and genefally the
effects of the plant load are not considered. The resulting equation

for the system pressure is



Q. -m_(hy-hy) .
(_,— __,_)K'.nm*_; 1 x( w I}‘+('}\I+mn+mm)_'_
. dp - Ps Pw hv ____'i,__
dt 4 (1 _1\[\4 2h 2h V) M2 . M. 3R
[* (E‘P)(Mﬁ# Map TT) TR se TR ep

(2-52)

The details of the derivation are given in Appendix B.



CHAPTER III

FORMULATION OF MATHEMATICAL MODEL
BY METHOD OF ADIABATIC APPROXIMATION

A. General Remarks

In Chapter I, the theoretical foundation of the adiabatic
approximation was discussed and the steps to be taken in the conven-
tional adiabatic method were indicated. These steps are followed here
for the axially space-dependent boiling water reactor. The numerical
results contained in this chapter are for a specific sample reactor
whose characteristics are discussed in Appendix C. The same technique
is readily applicable to other boiling water reactors. For the sample
boiling water reactor a five-region model is assumed. The adequacy
of the five core regions is examined in Chapter IV.

In Step-I a set of arbitrary void fraction distribution is
chosen and for each void distribution the flux shape, ¢ » the reactiv-
ity, p , the effective prompt neutron lifetime, A , and the effective
delayed neutron fraction, B , are calculated by a one-dimensional code.
The latter two quantities are found insensitive to the void distribution,
Therefore only the shape function and the reactivity are expressed as
functions of the void distribution in Step-II. The reactor kinetic
equations, the feedback equations and the correlations obtained in
Step-II are solved simultaneously in Step-III. A computer program that

does the numerical solution of these equations is written for Step-III,

Actual solutions to various problems are carried out in Chapter V.

-35-
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B. Step-1 -- Steady State Diffusion Caleulations

1. Choice of Void Distributions
An arbitrary set of void distributions is chosen according to
the following simple rules:

1. The void fraction takes only discrete values of 0, 10, 20,
... 60 per cent, and 1s assumed constant in each region.

2. There is only one peak in the void distribution.

3. No void is assigned to the first or the bottom core region.

L. The void in the second region may not exceed 30 per cent.

5. The difference between the void fractions of two
adjacent regions may not exceed 20 per cent.

‘6. The total of the void fractions in the four regions is

not less than 50 per cent.

One hundred and seventeen cases satisfy the above conditions.
Figure 3 gives the average values of these void fractions in the four
core regions. The standard deviations of the assumed void fractions
in the four regions are also shown in Figure 3. It is desired that the
void fraction distribution during the transient will lie in the range
covered by the chosen set of the void distributions, because in the
transient calculations of Step-III the flux shape and the reactivity
are evaluated as interpolations of the values calculated for the chosen
set of void distributions at this step.

2. Diffusion Calculations

Diffusion calculations were performed for the sample boiling
water reactor by the FOG code.(jg) In the two-group approximation, the

diffusion equations become:
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Standard Deviation.
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—_D‘v2¢‘+Zio‘t¢' = 51{r) (3-1)

- Dé,v2¢‘+2:°t¢2 =v) ¢ (3-2)

where

1 1 2,1
Zt°r= ,D (8%) + E'fdst

2 _ 2 2
Ztot— Dz (Bz) +Z’a

(v2 )" ¢?

A

(VZaf)z- Z; {.r]e

B2

transverse buckling

A eigenvalue

and the superscripts 1 and 2 indicate fast and thermal groups,
respectively. The transverse bucklings are obtained from the radius
of the reactor core adjusted for reflector savings. The core constants
for £he sample reactor are given in Appendix C as functions of the void
fraction.

Essential output data produced by the FOG code are the group

neutron fluxes and the eigenvalue. In the present method, the condition
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of Equation (1-4) requires that the flux be normalized according to

Equation (3-3).

» i
ff ME‘_)_CPA(.I.'.‘.‘.'_Q duddr = constant (3-3)
uwsr

viu)

In the sample boiling water reactor the adjoint flux used for the
normalization was the one for the void fraction distribution of O,
10, 25, 30 per cent in the second, third, fourth and fifth region,
respectively. Figure 4 shows the average distribution of the normalized
flux shape functions based on the chosen void distributions.

As expected B and A were found very insensitive to the

varistion of the void distribution. Thus the values for the reference

distribution

A 0.0000650 (3-4)

B

1.211 B (3-5)

are used throughout this study. In evaluating these values, the
thermal neutron speed was estimated to be 4.0 x 10° cm/sec. The
latter figure is based on the cross section of the unit 1/v absorber*
in the interested range of the void content. Ul/v for the hardened
neutron spectrum is about 55 per cent of the cross section at

2.2 x 10° cm/sec neutron speed.

* A unit 1/v absorber is a conceptual material whose cross section

obeys the 1/v-law, and is one barn for neutrons with a speed of
2200 m/sec.
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C. Step-ll -- Correlation Process

Ig Step-1 a set of void distributions was chosen and for
each void distribution the flux shape and the reactivity were computed
by the diffusion approximation. These values were obtained only for
an arbitrarily chosen set of void distributions. It is necessary to
obtain the flux shape and the reactivity for any void distribution
that may take place during the reactor transient. They can be obtained
as interpolations of the values already calculated for a finite number
.of cases. One way of carrying out the interpolation is by the regres-
sion analysis technique.(25) In this section the regression program
is described and the correlations of the shape functions
zi(i =1,2, ..., 5) and the reactivity to the void fractions
?i(i = 2,3,4,5) afe described.

1. Stepwise Regression Program

The correlations of the flux shape and the eigenvalue to the
void distribution were established by the REGRESSION code.(25) The
program provides the best estimate of the dependent variable as a
linear combination of functions of independent variables in much the
same manner as the least mean squares fit. The functions of the inde-
pendent variables for this subroutine must be programmed by each user,
In the present study, these independent variables are ﬁhe void frac-
tions in four regions (since no void is assumed in the first region),

and the dependent variables are the flux shapes in five regions and

the eigenvalue.
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The regression program deals with a single dependent variable
Y and a set of independent variables Xy, Xpp -, Xk « The otjective

of this program is to produce g relation of thegfbrm

Y = B +BX + By + ... + By (3-6)

The coefficients Bj are so determined that the expected value obtained
by Equation {3-6) fits the actual value of Y in the sense of the least
squares method. If it is expected that the dependent variables is a

function of, say, Xy, xf, Xy - X5 ... etc., then the independent vari-

ables can be changed in the following manner.

Nt
e
HY B8R BF

Z's rather than X's are now considered as the independent variables.
Therefore, whether or not the conversion option is used, the assumption
of Equation (3-6) is tﬁe general form of the stepwise regression pro-
gram.

In forming Equation (3-6), only the significant terms are
retained in thg equation. Coefficient of insignificant terms are put

to zero. Following steps are taken in the program. First, it looks
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for the X, which alone can best predict Y . In other words, it
chooses an independent variable’which has the largest correlation coef-
ficient with Y . Suppose that the best candidate for Equation (3-6)

is X3 , then the first predicting equation is

Y = B + B
o * B3¥g

where B, and B3 are found by the least squares method.

In succeeding steps, the program sorts X's into two sets

X

1.1 and X
»

1.2 ° The Xi 1 are the terms which are already included
b

>

in the predicting equation, whereas )(i,2 are not. For each one of
xi,l , the program calculates<?n importance factor, which is a measure
of the relative contribution of the variable to the predicted equation.
If the variable with the smallest importance factor is less important
than the user's prescription, this variable is eliminated from the equa-
tion. When all the importance factors exceed the minimum value required
for retention of the set X; , » the program examines the set X; 5 .

The potential importance factor, the importance factor that a variable
in Xi,2 would produce if it were included in xi,l’ is calculated for
every member of the set Xy o - The variable with the largest factor is
considered the next best candidate for the inclusion in the predicting
equation. A test is made whether the probability of inserting this
variables incorrectly is less than the user's prescription. If the
candidate has passed the test, it is included in the predicting equation.
If so, the program goes back to test the significance of xi,l . It
should be noted that a variable once entered into the equation may be
excluded from the equation, if a better combination of variables is found

at a later step and the old variable loses its significance.
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2., Resulting Fquations

Tt is assumedl that the mean flux levels of five regions and

the reactivity are functions of the following form:

3
Y = Be+ ZBj

i=1 ]

5 3 _ .
¥ i Z Bj#2(1+4)+l (ﬂ-‘z_ fr-i)} (3-7)
=1 3=2
where ?& is the average void fraction of the k-th region (k = 2,3,4,5).
In order to obtain better correlations, the range of the void distribu-
tion is divided into two groups. Group I includes the cases with
f5 = 0.4, 0.5, 0.6. Void distributions with Ty = 0.4 are included
in both groups to make the correlations continuous. Correlations based
on Group I are used when ?5 < 0.4 and those based on Group II are used
when ?5 z 0.4k. Table I shows the coefficients obtained by the regrgs-
sion code.

The standard deviations of the predicted values from the
actual values were 1.87 x lO"1+ for the reactivity, and 1.90 x 103 for
‘the fifth region flux. The latter was the largest of the flux devia-
tions. For the magnitude of the nomalized flux distribution, see
Figure 4. The maximum absolute deviation in the reactivity was h.68x10-%
and in the flux it was 0.0077, which occurred in the fifth region when
the average void tractions were 20, 40, 30 and 10 per cont in the second,

third, fourth and 1ifth regions, respectively. The l=tter deviation

corresponded to 5.09 per cent of the magnitude of the normalized flux.

m
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D. Step-1II -- Computer Program of Mathematical Model

The computer program is written in the MAD language and
carries out all the arithmetic operations on the equations described
in Chapter I, II and in Step-II above. Additional techniques are
needed in the mumerical calculations to complete the program. The
Program is explained in this section.
1. Principles
The program consists of two portions. First, the steady
state of the system is calculated. The reactor condition is assumed
to be at the steady state before t = 0 . At t 2 O, external pertur-
bations of reactivity, inlet water temperature, or gravity are given
to the system. The time-dependent computations are the second part.
Runge-Kutta's method(39) for solving the differential equa-
tions is used in the second part of this program, since the Runge-Kutta
subroutine for solving differential equations (RKDEQ.) is available
at the Computing Center, University of Michigan. As the step-size
of the independent variable can be varied in this subroutine, a con-
siderable time saving is possible when the magnitudes of time rates
of change of variables vary in one computer run, e.g., transient
simulation for a step change in reactivity.

2. Steady State Calculations

Since it i1s not possible to solve the steady state in a
single series of MAD statements, some iteration processes are incor-
porated'until the time derivatives vanish or become small enough to
be considered as the steady state. For a boiling region, Equation

(2-14) reduces to

LK



Q
DT RhAG - (3-8)
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at the steady state. The velocity Equation (2-23) is

_ t Qs Cf (v -
vwiﬂ - I+fi¢|(-ri'_|- |) F:thC +[‘ f(‘Y‘l |)] vwi (3-9)

Assuming that Qi and 74 are constant, and given Vi and fi »

Equations (3-8) and (3-9) are easily solved for fi41 and Voo -
Thus, if a boiling boundary, power distribution and the inlet water
velocity are assumed, the water velocity distribution and the void
distribution are easily calculated. Then for the newly obtained
quantities, the shape function and the slip ratios are re-evaluated.
The above calculations are repeated using these new values of the
shape function and the slip ratios.

When the inlet water velocity is governed by natural circula-
tion, the former must be selected so that the derivative of the water
momentum vanishes for the steady state. The inlet water velocity is
increased or decreased until this condition is satisfied. When a
constant pump head is added to the derivative of the momentum, the
head must be adjusted to obtain the desired mass flow rate. Other
initial values are either easily obtained or given. Then the program
checks if all the time derivatives are negligibly small, and proceeds

to the solution of the differential equations.
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3. Time-Dependent Calculations

For

the five-region reactor model the time-dependent differ-
k-4

ential equations and algebraic equations listed below are solved

siﬁultaneously. The differential equations are:

1)
2)
3)
L)
5)
6)
7)
8)
9)

five equations for the void fractions in the core
five equations for the void fractions in the riser
five equations for the heat transfer

an equation for the system pressure

an equation for the total momentum

five equations for the water temperatures

an equation for the boiling boundary

an equation for the neutron flux level

six equations for the delayed neutron precursor

densities.

Important algebralic equations are:

1)
2)
3)
L)

The

an equation for the inlet water velocity
equations for the slip ratios
correlations for the flux shape

a correlation for the reactivity.

void fraction is always positive, and the subcooled

temperature is always below the saturation temperature when the local

pressure variation is negligible. As the boiling boundary shifts

from one region to another, the derivatives of the void fraction and

the subcooled temperature may no longer stay zero at the inter-regional

boundary. Wnen the boiling boundary approaches the core inlet crossing
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an inter-regional boundary, the véidnﬁraction at tﬁat ﬁbigt starts
grovfag from zero. The derivative of this void fractién may fluctuate
to producg an unstable situation. This is easily understood from
Equation (2-16). To prevent such situations, an amply large initial
value must be given to the void fraction at the inter-regional boundary.
A similar phenomenon is observed when the boiling boundary moves up-
ward crossing an inter-regional boundary. In this case the tempera-
ture at this point starts decreasing. It can be observed from Equa-
tion (2-46) that such a shifting of the boiling boundary may create an
unstable situation.

In order to avoid theée instabilities, an appropriate initial
condition is given to the void fraction or toc the temperature. Depend-
ing on the position of the boiling boundary, three branchings are made

in the program. By defining

Anb
A

Snb (3-10)

in the incipient boiling region, the situation is divided into three

cases. In the following, €b is a small positive number. Reference

is made to Figure 5.
Case A: anb >1 - enb

When the boiling boundary lies in this range, either the
boiling boundary has recently moved into this region, or the boiling
boundary is about to move up out of the region. 1In either case, fi
is given by extrapolating fi4, as

§= £ _Dyp (3-11)
1 A +Ab

i

ki



-51-

T+T NOIDIY

3 -

*G axndTd

*guojjeTodeIIxg anTeA TeTITUL

2-1 NOTO@H

T-1°8,
T-1 NOIOEY

T NOIDEH




-52-

Case B¥™ enb<5nb51'€nb @

Since €, 1is a sihall number, there is still a possibility

that the boiling boundary hus.Jﬁat moved down into the present region
from the region just above it. In such a case, an initial value must
be given to the void fraction by Bquation (3-11). Or it may be that
the boiling boundary has just moved up from the i-l1st region. In this
cagse, the derivative of the void fraction, f£j_, , vanishes but the
void fraction itself has a certain non-zero value obtained at the
preceeding time‘point. This must be made zero. Similar initial value
settings are employed for the subcooled water temperature, if it is
found that the boiling boundary entered in this region at the present
time step.

When the difference of the power distribution in the i-th
and the i+lst regions is large, there may be a noticeable difference
between the extrapolated void fraction and the "true" void fraction
as the boiling boundary moves from one region to another. A small dif-
ference in void fraction may cause a noticeable discontinuity in the
reactivity, since the voids are the-main contributor of the internal
reactivity. To prevent this situation, a transient region is set up,
in which the void fraction f;,, is given as the weighted average of
the extrapolated and the "true" values.

Case C: 0K Bnb < €b
Case C is symmetric to Case A, in that the void fraction

and the water temperature are reversed. Here, the water temperature

is extrapolated in contrast to the extrapolated void fraction in Case A,
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iy hever exceeds the

in order to guarantee that the water temperature Tw

saturation temperature. ‘

w

A
Tw; = Tsat - (Tsat - Tw‘.‘_' ) —A-j—&: (3-12)
L. Program

In Appendix E, the computer program is listed with references
to the symbols used. The flow diagram of this program is shown in
Flgure 6 in a simplified form. Only the main features of the program
are illustrated in this figure.

A number of options are made available in the program to
facilitate various uses of the program. An option card containing a
vector of 16 integers, N(1) through N(i6) , is read before the
other data cards. These options are explained below. Definitions of

variables used in the program are given at the end of Appendix E.

N(1) = © constant shape function
1 variable shape function
N(2) = 0 one-group delayed neutron
1 six-group delayed neutrcn
N(3) =0 Pyt = ©
1 Pext = Pg sin 2nflt
0 t €0
© 0 Pext at t 20
0O tso
3 Pext =

ct
AV4
O
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Figure 6. Flow Diagram of the Progrem.
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Pint 1s through a constant voidareactivity
coeff icient.

Pint 18 evaluated by Equation (3-7)

slip ratio 1is consfant

slip ratio is variable and a function of g
slip ratio is variable but independent of g
inlet water speed is constant

inlet water speed is controlled by natural
circulation. Both HEAD and RISER are constant
same a&s above, but only HEAD is constant
same as 1, but only RISER is constant

inlet water temperature is constant

inlet water temperature is varied stepwise
not used at the present time

boiling boundary is constant

boiling boundary is variable

P 1is constant

P is variable

riser is treated as one

riser is treated in regions

g 1is constant

€ 1is varied sinusoidally

constant step in RKDEQ. subroutine

step is varied in RKDEQ. subroutine
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calculate the transient
calculate the steady state only

do not print 6}teru.tions in the steady state
cn}culationsﬂ

print the iteration in the steady state calcula-
tions

plot deviations from the steady state; also
print Y

plot and print Y

print Y and 2

print Y .



CHAPTER IV

EXAMINATION OF ADEQUATE NUMBER OF REGIONS

]

.

A. General Remarks

In Chapéer III, the sample reactor was divided into five regions
without giving logical justification to this number, Here it will be
examined how good an approximation the five-region model gives, and how
it is compared with other core-divisions. Naturally, if the number of the
space nodes is large, the approximation improves. However, if the number
of nodes becomes too large, the computer time easily exceeds the economic
limit, hence a compromise is required.

The problem is investigated in two different parts: one is the
problem concerning the nuclear characteristics and the other is that of
the feedback dynamizs. The problem of the adequate space nodes in the
nuclear part is studied for a reactor at the steady state, since the
adiabatic approximation treats the dynamic behavior of the flux shape ard
the reactivity as a succession of steady states. By using steady state
diffusion codes, it was observed how the shape function and the eigenvalue
changed as the number of regions was varied.

The problem in the feedback part is dynamic in nature. A flat
shape function and a constant void-reactivity coefficient were used in a
computer program similar to the main program discussed in Chapter III,
For different number of regions the response of the reactor was studied

as the reactivity was changed in steps.

-57-
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B. Nuclear Characteristics

As discussed in Chapter III, the flux shape énd the reactivity
vwere solved by the two-energy group diffusion calculation. In each
region of the reactor the nuclear properties were considered constant,
since tne available diffusion code, FOG,(28) ig provided with constant
input parameters for each region. In examining the adequacy of the five-
region division only one energy group was used., By using all the forty
available regions and almost all the mesh points (200 out of the available
2%9) , & reference calculation was made for a reactar with continuously
distributed parameters. Figure 7 shows the linearly varying parameters
used in this calculation. The choice of the parameters was rather arbitrary,
but the general characteristics of the sample reactor were kept. The re-
sults of multiregion reactor calculations were then compared with that of
the reference calculation. In multiregion reactors, the core constants
were averaged over each region,

Figure 8 1is the results of these calculations. The plots are
made for the average fluxes in each region. For the given reactor it is
seen from this figure thaf five or more nodal divisions will give a good
approximation to the unitormly distributed reference reactor. For a
large number of divisions these average values coincide with the continu-
ous case. Figure 9 shows the flux distribution of the two-region and the
five-région approximations plotted for each mesh point. The flux distri-
bution of the t'ive-region reactor is almost ldentical to the continuously
distributed case (Figure 8). The deviations of the plots from the curve

in Figure 8 may therefore be attributed to the flux averaging process in
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the five-region case. On the other hand, in the two-region case, the
flux distribution itself differs from the reference reactor.

The change in the eigenvalue tor different nodal divisions
is alsc investigated in order to examine the optimal number of nodes,
Curve (a) in Figure 10 is the plot of eigenvalues with the change in
the number of regions, calculated by the FOG code. It is noted from
this figure that the eigenvalues for a multiregion reactor converge very
rapidly to the value of the continuously distributed reactor. For more
than four regions, this convergence is extremely good .,

Since only the region-averaged neutron flux is used in the
adiabatic approximation, and much of the information obtained by the
diffusion code is thrown away in this approximation, it was investigated
whether a simple, customarily used nodal solution for the diffusion equa-
tion might work as well. For this purpose a simplified diffusion code
(SDC) was written in a similar way to the FOG code. Appendix D describes
the code, Figure 11 is the results of the flux calculations obtained by
SDC. The forty-region calculation by FOG is also plotted for reference.
The deviations trom the reference curve are much larger than those by tne
FOG calculation tor tne same number of nodes, Curve (b) in Figure 10
shows the eigenvalues calculated by SDC. Although the absolute deviation
is small, many nodes are necessary to obtain the accuracy comparable to the
FOG calculations.

Figure 12 demonstrates that the convergence in the diffusion
calculation becomes slower as the number of nodes increases., It is a

generally observed phenomenon in calculations of large or loosely coupled
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.

reactors. This result suggests that the computer time would be enormous,
it tne time-dependent dittusion equation is solved by the difference-

ditferential method with sufticient accuracy.

C. Feedback Characteristics

The number of nodes must be sufficiently large to describe
accurately the space-dependent feedback dynamics as well as the nuclear
characteristics discussed in the preceeding section. In order to deter-
mine the optimal number of nodes for the feedback loop, the space-
dependent neutron dynamics was excluded from the reactor model, and the
neutron flux shape was assumed constant throughout the core. A computer
program was written with a provision for varying the number of core regions.
Using this program, the transient behavior of the sample reactor for a step
change in reactivity has been calculated,

Figure 13 shows the transient behavior of the reactor which has
space-dependent feedback dynamics and uniform flux distribution. In these
calculations, a constant void-reactivity coefficient of -0.001/1%-void
was used. The heat transfer time constant of the fuel element was taken
to be 5.0 seconds. The one-region reactor model has a triangular void
distribution aiong the axis of the core. This gives a fairly good approxi-
mation at the steady state and also during the initial transient as the
reactivity is increased in steps. At the outset or the transient, the
boiling boundary moves toward the core inlet keeping the void distribu-
tion almost triangular. Later the boiling ﬁoundary remains approximately

stationary and the growth of the total void fraction becomes more dependent

i
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Figure 13. Behavior of Multiregion Reactors with Space-Independent
Nuclear Characteristics.
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on the increase of the void fraction at tne mid-core. The triangular
approximation then becomes inadequate. Tne inadequacy of the one-region
reactor model is clearly shown in Figure 13. Tne vold fraction in the
mid-core (80 < xg 120 cm) of the one-region model differs as much as
50 per cent from that of the twenty-region model.

The results of the five-region model are almost identical to
those of the tweniy-region reactor model in all variables but the void
fraction. For smaller number of regions the average void fraction of
one region is not affected by the void fraction of the regions below this
region for a longer period of time, since the void trénsit time across
one region increases as the number of regions decreases, For the five-
region model, this phenomenon is still noticeable, but the deviations
from the twehty-region case are small, It is also noticed that in a
model with less number of regions the void traction near the boiling
bourdary is somewhat less than that of the twenty-region model, because
near the boiling bounhary the void distribution in a model with less

number of regions becomes more like triangular, whicn is not a very good

approximation.

D. Conclusion

From these two investigations discussed in the foregoing sec-
tions, it is concluded that the division of the reactor into five regions
will give a good representatién of the space-dependent reactor. 1In
addition to the five core regions, two retlector regions at the top and
the bottom ot the core are included in the present study. When the riser
is used, the riser reg;on may also be divided into regions to provide for

a better simulation ot the void trapsfer,



CHAPTER V

SPACE-TIME gEHAVIOR OF BOILING WATER RE%’CTOR »
A, General Remarks “ * “

The space- and time-dependent behavior ot a sample boiling water
reactor is investigated by using the digital computer program discussed
in Chapter III. The details (f the sample reactor are deacribed in
Appendix C. Some physical properties of this reactor are listed in Table
II. This type of reactor was chosen since it is believed to be one of

the most typical boiling water power reactors.

TABIE II
PROFERTIES OF THE SANPLE REACTOR

Core Height 200 cm
Core Diameter 200 cm
Fuel Element U0o, 1.2 cm ¢
Water/UO, Volume Ratio 2.2
1?3 Enrichment 1.5%
Migration Area, 30% Void 99.2 cm?
Operating Pressure 1000 psig
Design Power | 200 MW(th)

The perturbations given to the reactor are: (1) an increase
or reactivity as a step function by a magnitude of 90 cents, (2) sinu-
soidal variations in reactivity with amplitude of 10 cents and
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(3) sinusocidal variations in vertical acceleration with amplitude of

0.5g. No attempt is made to control the reactor while undergoing these

perturbgtions.

B. Stepwise Change in Reactivity

The external reactivity is changed stepwise from zero to 90
cents at time zero. The reaétor was gssumed to be at the steady state
before tne disturbance is introduced. The reactor was provided with a
riser of the same length as the core height, amd the initial boiling
boundary was assumed at 80 cm trom the core bottom., The subsequent
reactor behavior is illustrated in Figures 14 and 15. The time step
used for this calculation was 0.05 sec and the computer time for the
3 sec real time simulation was 3.46 minutes on tpe IBM-7090. From these
figures, the following observations are made:

1. A large change in the flux shape is observed. Tnis is due
to tne considerable change in the void distribution in tne reactor core.

2. The shape of the void distribution changed during the tran-
sient. The peak of the void distribution did not necessarily occur at
tne core exit. This observation is in agreement with the analysis by
.Sanathanan.(eg)

3. The general trend of the oscillatory behavior of the water
velocity agrees with Fleck's result in that the inlet and the outlet
velocities are out of phase by 180 degrees. It is observed by the pre-
sent model that in most boiling regions the coolant has a similar behavior,

while the coolant of the nonboiling region flows downward.
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C. Sinusoidal Change in Reactivity

o

A series of calculations simulating the reactivity oscillation
test was performed. The reactor was operated with a riser of one-fifth
the core height and at the steady state the boiling boundary was assumed

at 50 cm from the core bottom. The external reactivity was fed sinu-

soidally to the reactor:

~
Pext ™ 10 sin(anft) (in cents)

where the frequencies considered were

~~
£ =0.1, 0,2, 0.5, 1.0 amd 2.0 cps.

The time step for these runs was 0.0125 sec, and the ratio of the computer
time to the real time ranged from 24.6 to 38.C. Figure 16 shows the res-
ponse of the flux level as a function of frequency. It is noticed that
both the amplitude and the phase are flat and the syatem is stable for
the investigated frequency range. The phase curve shows that the flux
led the reactivity at low frequencies. This pnenomenon was observed in
the actual experiment with VBWR (Vallacitos Boiling Water Reactor).(ho)
Figure 17 shows the void fraction behavior. For small freguen-
cles, both f3 and f6 have similar cheracteristics; their phase lags
are almost the same. The above statement does not hold tor large fre-
quencies, since the void transient time becomes comparable to the period
of oscillation. This phenomenon has been discussed by otner authors.(slullua)
It is also observed that the amplitude of the void fraction variation is
larger for the lower portion of the core. This may be attributed to the

relatively high power level near the boiling boundary,

FatnN
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In Figure 18, the detailed behavior of the reactor variables
for the reactivity oscillation of 1 cps is shown. The following results
are observed from these curves:

1. There is no difference among the reactor tlux responses in
differeﬁt regions ot the reactor; no spatially dependent behavior of the
neutron tlux is observed. The observed space-independence agrees with
the experimental result of the Dresden boiling water reactor.(a)

2. The variation ot the water velocity is in one direction in
all the boiling regions, while in the non-boiling regions it is in the
opposite direction.

3. The void traction variation is larger in the lower portion
of the core where the power level is higher. The importance is large at
~ this point, but the void-reactivity coefficient is small since the ab-
solute magnitude of the void fraction is small near the boiling boundary.
From these curves alone it cannot be concluded that the void-reactivity
effect is more important in this region. If a single void-reactivity

coefficient is to be used, a proper weighting is neceassary to obtain the

correct void effect on reactivity.

D. Sinusoidal Change in Vertical Acceleration

Another interesting example is the simulation of reactor be-
havior under varying acceleration field. A change in the vertical
acceleration changes the core inlet water velocity througn the momentum
balance, Equation (2-33), since the bouyance term is directly proportional
to g . It also affects the slip velocity or the steam. In practice the

variation in the vertical acceleration field is encountered in ship



CENTS

Response of the Reactor to a Sipusoidal Change in Reactivity,
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propulsion reactors. A previous investigation(33’35) used a one-region
reactor model, and it 1s interesting to observe the difference with the

present model. The vertical acceleration was varied in the following way.
. o,
g = & (1 + 0.5 8in 2nfy)

The reactor was at the same steady state as in the previous section.
The coolant flow was again by natural convection.

Figure 19 snows the behavior of the reactor when ; = 0,5 .
From these curves, the following observations are made:

1. Unlike the reactivity oscillation test result, the ampli-
tudes of the flux variation are not identical for different core regions.
On the other hand, the phases are almost identical.

2. Unlike the case where the reactivity is perturbed, the
coolant of both the boiling and the non-boiling regions moved in the
same direction. This is understandable since the perturbed quantity is
a body force.

3, The void fraction variation shows a similar characteristics
as in the previous section where the reactivity is perturbed; the varia-
tion is large near the boiling boundary.

4, The phase relations of the observed quantities are in
general agreement with the previous invostigation.(35)

Although the space-dependence of the flux variation is observed,
the effect of the space-dependent variation of the flux on the entire
system behavior is not known from these curves. In order to investigate

the space-dependent effect, another simulation calculation was compared.
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In the latter run, (1) the initial steady state neutron flux shape was
maintained throughout thé transient, and (2)%he void-reactivity coef-
ficient oélthe steady giate?flux distribution was used. In Figure 20,
reauitq of the two siéﬁlations are plotted simultaneouslys; In moéz cases
it is not poaaible‘to distinguispxtne two curves. The agreement Bf the
two simulations is attributsble to the relatively small feedback effect,
as well as to the fact that the external variation is a body force, and
hence aéts evenly on the entire system,

Also plotted in Figure 20 are the output quantities obtained
by the one-region model. The poor agreement is noticed, The comparison
study was performed for other frequencies, i.e.,, ; =1.0 and 2,0 .

In all cases the agreement between the five-region adiabatic model and
the five-region constant flux shape model is excellent, whereas the one-
region model yielded quite different results from the other two. The

ratios of the amplitudes obtained by the one-region model to those by

the five-region adiabatic model are shown in Figure 21.

E. Discussion of Results

Since only a few simulation calculations were performed, it is
not possible to draw a general conclusion as to the spatial effect on
the boiling water reactor kinetics. However, the following can be said
within the scope of the performed simulations:

1. When the external disturbances are large, the space-
dependent effect due to the coupling between the neutron dynamics and
the hydraulics becomes important. The simulation of the reactor under

the step change in reactivity studied in this chapter is an example.
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2. For small perturbations, g linearized model with spnstant
flux shape may be sufficient, p%bvided extreme care is tgken in the feed-*
back presentation. A few points where special attention is required are:
(1) an exact steady state tlux distribution must be provided, (2) the
reactivity due to void must be evaluated with proper weighting processes,

3. The variations in vertical acceleration encountered at sea
are of considerable magnitude and hence it becomes necessary to treat
the system as non-linear. The space-dependence of the neutron flux
variation is still negligible for the three cases studied in this chapter,

4, Compared to the simpler models the adiesbatic model revealas
more of the detailed characters of the reactor behavior. In some cases,
however, the space-dependent characteristic of the reactor is not impor-
tant and the model with constant flux shape may serve as well, One
typical example of such a model is the one developed by Solberg.(e) In

Table III a comparison is made among some representative models.
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CHAPTER VI

CONCLUDING REMARKS

A, Summary and Conclusion

The conventional adiabatic approximation was successfully applied
to the analysis of axially space-dependent boiling water reactor kinetics.,
In order to describe the space-dependent behavior, the reactor core was
divided into a number of regions. The equations which describe the behavior
of the steam void in each of the boiling regions have been derived. These
equations were coupled with the nuclear equations through the adiabatic
approximation. To solve these equations numerically a computer program
was written and the space-time behavior of a boiling water reactor was

investigated.

1. Feedback Dynamics and Formulation of the Adiabatic Model

The reactor core was settioned into axial reglons and expressions
for the void fraction and the water velocity for each region were obtained
from the balance equations of energy and mass of two-phase flow. The void
distribution in each boiling region was assumed trapezoidal or linear in
between the lower and the upper boundaries of each region. With a similar
assumption for the temperature distribution, an equation was derived for
the temperature of the coolant in the non-boiling region.

When the boiling boundary shifts from one region to another,
numerical instability is possible. The unstable situation was avoided by
using an extrapolation technique. As illustrated in Figure 13, the boil-

ing boundary behaved identically in models with sufficiently large numbers
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of regions. This means that the extrapolation was properly performed in
3 e
dete?mining the void fraction and the water temperature near the boiling

boundary.

A conventional method for the adiabatic approximation adopted
(20,21)

by Henry and Curlee for the analyses of space-dependent non-boiling
water reactors was used to formulate a computer program. Since this tech-
nique is essentially a nodal approach to the solution of space-dependent
reactor kinetic problems, the reactor core was divided into a number of
regions. The number of space-nodes was determined as a compromisé between
the accuracy of information and the computer time., For the sample reactor
studied, a five-region model yielded a satisfactory presentation of the
nuclear and the feedback dynamics. Only a part of the storage locations
of the IBM-7090 computer was sufficient for the five-region, one-
dimensional model. If two or three dimensional problems were intended,
the computer capacity would limit the reactor space nodes.

The regression program solved the difficult problem of taking
the correlations of the flux shape and the reactivity to the void distri-
bution. If it is required to have a more complex core division than the
present model, it may become necessary to use a more advanced regression
program, for example, a program which chooses the best possible transfor-

mations for the independent variables.(u3)

2. Space-Time Behavior of a Boiling Water Reactor

In Chapter V the space-time behavior of the sample reactor was

Observed under three different types of external perturbations. They

are (1) a step function change in reactivity, (2) sinusoidal changes in
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reactivity and (3) sinusoidal changes in vertical acceleration., When the
reactivity was added in steps of 90 cents to the sample boiling water }
reactor, a fairly large space-dependent excursion‘in the reactor variables
was~observed. The transient died out within a few seconds and a new Steady
state was reached.

The sinuscidal reactivity was introduced into the reactor with
an amplitude of ten cents. Negligible space-dependence was observed.

This is mainly due to the fact that the shape of the void distribution

was maintained almost constant for the observed frequency range (0.1~2.0 ops).
For frequencies higher than those studied here, the shape of the void dis-
tribution may change during the oscillation, since the void transit time
becomes longer compared with the period of oscillation. The relatively

longer heat transfer time constant, however, will decrease the magnitude

of the feedback effect. The observed space-independence agrees with
experimental results of the Dresden boiling water reactor.(a)

The amplitude of the vertical acceleration variation given to
the reactor was 0.5 g . 5Small flux shape distortions were observed but
the overall behavior of the reactor was not affected by the small dis-
tortions in the reactor power, The small space-dependent effect in spite
of the fairly large perturbations is explained by the fact that the
perturbed quantity is a body force acting uniformly on the entire coolant

flow,

3. The Importance of Space-Dependence in Choosing Analytical Models

The present investigation suggests the types of analytical

models to be used in specific circumstances. ' In short, when the external



-92-

disturbance is large as in the case of large reactivity insertion, the
space7dependent behavior of reactors becomes important and the adiabatic
approximation provides an economical method of analyzing the situation,

On the other hand, the space-dependence of neutron flux is less important
vhen the external disturbances are small as in the case of simulating fhe
reactivify oscillation test. In the latter case, however, the feedback
Characteristicg are space-dependent, thus the constant flux-shape model
may safely be utilized only if (1) the feedback model is space-dependent,
(é) flux shape is correctly evaluated, and (3) the void-reactivity rela-

tion is obtained by a proper weighting process over the space.

B. Future Work

The present work dealt only with one-dimensional space problems
in the axial direction. It is proposed that the work be extended to the
radially space-deperndent problems and further to the multidimensional pro-
blems. In particular, the radial behavior of & boiling water reactor is
still to be investigated when used for marine propulsion, since for large
reactors rolling in the sea has considerable effects on the behavior of
the reactor and hence on its stability problems. The present investi-
gation shows that the adiabatic approximation is a good method to handle
such problems,

The investigation of Chapter IV shows that the space-deperdent
feedback characteristics are more sensitive than the nuclear character-
istics to the number of regions used, Better methods of presenting the
feedback dynamics are worth studying. A better approximation may be found

by assigning more nodes to the feedback than to the nuclear presentation.
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As mentioned in Chapter I, the adiabatic approximation as
applied in the present study is limited to the cases when the size of
the reactor core is less than approximately 20 migration lengths, This
limitation 18 due to the fact that the time rates of change of the de-
layed neutron precursors are neglected. It may be removed bty modifying
the adiabatic method as Henry and Willey iﬁdicated for the non-boiling
water reactors.(hh)

It is felt that more effort should be made in finding the
methods of investigating the space-time problems of nuclear reactors.

For instance, it may be possible to develop an adiabatic approximation
in a "modal" sense. Another possible approach is a hybrid of the "nodal"
and "modal" methods. The space-time synthesis seems to be a promising

technique for solving three-dimensional problems. These and other new

techniques need to be further explored before applying them to practical

problems,
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APPENDIX A

DERIVATION OF REACTOR KINETIC EQUATIONS FROM TRANSPORT THEORY

Henry derived the reator kinetic equations from the transport
theory.(lS) The resulting time-dependent equations are exactly of the
same form as the classical kinetic equations.(la) The time-dependent
Boltzmann equation for the neutron flux density at time t , at position

T , of neutrons with lethargy u , going into direction 8, 1is

/

3 A
m;—{‘?(f,g.“vt)= —D.fo r’J_Z’u;t) [Z (r u,  t)

|7
+ZS(£.“it)JSO(_r.LQ.WU +‘[/d¢(l'du'zs(_r,u', t)jT(ufw,Q*Q)
n'7o

- bo
Plr. Qv t) + g (U)Jj daddw’ { = V(w)(i Z (ryu',t)
$ V,, .
o

oy ‘Q',u',t)}w‘ 77\-1(.'.1([,{) gd (W) + SIrdeu,t {A-1)
S 1

J(u - Q -+ {jauw dQ = scattering frequency which is defined as
the probability that a neutron having a
lethargy u' and moving in a direction
Q' , will be scattered into du about u

and dfi about @
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- & i)

S(r,u,0;t) = external neutron source =

ci(z;t) = delayed neutron precurso¥ density of the‘?ith group

8q4 (u) = delayed neutron spectrum of the i-th group *

gf(u) = prompt fission neutron spectrum

v(u) = speed of neutrons at lethargy u

Lo Loy L, = macroscopic absorption; fission, scattering cross
section

Ei = delayed neutron fraction of the i-th group

B = § By

A = delayed neutron precursor decay constant for the
i-th group

v(u) = expected number of neutrons born per fission by
neutrons of lethargy u

v/v° = eligenvalue, that can be so chosen as to keep the

reactor critical.

The equation for the delayed neutron precursor density is

po
oclr t) _ dn'du' L u(u')pi)jf([,u’,'t)ff(r,g’,u';t)

—liCi(I;t) (a-2)

In Equation (A-1) it is assumed that the reactor consists of only one
scatterer and one fissionable material. To simplify these equations,

a source free, steady state adjoint equation will be introduced.
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0 =07 %¥(I,Q,u)_[zao([~’u) +Zso(f,u)J W:(f.‘g'u)
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+ ;’ =T ' * Il L

+ J Jaaau' So([,u)a‘l(u—m;a-‘&')%(I,J_i«“)
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+
si<
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jan’au'{‘?t(u')u(u)Zf()(r.u)% %o (L) (ae3)

a' o

where

1

Jo =3, L1-8) + 2 4, B,

and the subscript zero indicates the steady state quantities.
Let

(JG([,A_Z.,LA;T) = @([‘Q,uvt) N(t) (A-h)

Equation (A-4) does not imply the separability of flux into time- and

space-dependent parts, and is a rigorous identity. The reduced fluxes
[4
are defined as

¢{flu|t) = J i([_:“:z‘au’t) iél (A'S)
e}

¢ (r,u) =f ¥, (rdad,u) dd (-6)
gl
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Let

) |
iff o (LwPlrust) oy 0 (37)
at viu)

u r

and compute

([ 4]

<1 ) dJ).—N(t)CP(I,u',t)f
£)

<3>da}d,.d’r
4L

where <1> and <3> means Equations (A-1) and (A-3). Some additional

algebraic computations yield,

dN(t) P(H‘F(Q_-N{t A, Co(t -
at — A LGt o)

where

" szf B LIV 2w b) 8500 ) d(r, Ut ) d¥r dudu
ruu

Alt) = // ¢°¥(1'u’¢('r'“;t) d’r du
Flt) oy viu)

= -—vw (u)e (r,u,t)
P F(t)]] %“ Z

*

¢, (T

) ¢(ru'jt) dir dudu’

Blti= ), B, (t)



[4]

JQ-ZV},(E,u;t}dﬂ. - {SZ‘(r.u;t) +8Zs(r.u:t)}
4L

¢ (ru) d(r,u;t) +f {SZS(I.Wit)';’(M'-bu)

¢

| *
+ % YOI 5?:*(!."',‘1‘)} ¢, (r,w) ¢Lr,u’,‘t)du']d’rdu
0

,‘!

= l *
v(t —_— C: 3 d
i ) AE) ““J;[ i (L t)gdi(u) ¢°(r,u)dr u

SEQ,S,f = Z:a,g,{ - Z‘Q:S:fo

filu—u) =f Flu=w;,0'-9) di
0,

In order to obtain the corresponding equation for the delayed

neutron precursors, compute

ff b (Lu) g (u <2> dr du
rvyu -’ di
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which yields
L B; (+) ¥
C (t) = ——i— ({') —_— _ N A-
dt A N A Gt (49

&

Equations (A-8) and (A-9) have the same forms as the usual reactor
kinetic equations. N(t) » the time dependent part of the neutron flux,
1s called the time function and &(r,Q,u;t) or @(r,u;t) the shape

function. The latter is normalized in the sense of Equation (A-7).



APPENDIX B

VESSEL PRESSURE DYNAMICS

In Brown's analysis<2h) of reactor vessel pressure dynamics,
the reactor is divided.into four parts as shown in Figure 22, Théy
are: (1) subcooled water phase, (2) saturated water phase, (3) inter-
phase, and (4) vapor phase. In the following, each of the four parts
are explained. For each phase, balance equations for mass, volume and
energy are given. From these equations the time rate of change of the
system pressure is derived.

Subcooled Water Phase

Water is fed to this phase at a temperature below the satura-
tion point. For simplicity, its mass is considered constant. After it
is heated to the saturation point, the water moves into the saturated

water phase.

Saturated Water Phase

Since it is assumed that there is no local change in the
specific enthalpy of the saturated water, the net energy variation in

the saturated water phase is zero.

Inter-Phase

This is a volume-less phase in which the phase change takes
place. As the saturated water is heated, it changes into steam phase,
forming bubbles in the coolant channel. If the system pressure changes,

phase change occurs between the water and the steam phases (flashing

and condensation).
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SATURATED STEAM, H’ e mIII SATURATED STEAM
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Figure 22. Reactor Vessel Pressure Dynamics.
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Vapor Fhase

L
The saturated steam phase is produced from the inter-phase
e .

through addition of hpa@,and fed from outs;de the system. Actually,
s . .

L ]
there is no feed of steam.from outgide the vessel, but steam flows out

of the vessel. For simplicity, the sign of the feed-steam is taken
as Figure 22 shows. Usually i‘III is negative.

1. Mass Balance Equations

In the subcooled water phase, the mass is considered to be

constant. Therefore

0O = mp — f;]t (B‘l)

In the saturated water phase, it is

In the inter-phase, there is no mass. Hence

O = 1, + m, (B-3)

The time reate of change in the vapor phase is
M, = m,. + Mor (B-k4)

The sum of Equations (B-1), (B-2), (B-3) and (B-4) gives the entire

system mass balance.

Ms"'Mw = ’hI*';'n"";'ll‘L (B-5)
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2. Volume Balance Equations

The total volume of the reactor vessel, V , is constant,
and it is assumed that the subcooled water phase also has a constant
volume. Therefore, only the saturated water phase and the vapor phase

are consldered for the volume balance. In the saturated water phase,

M M. My 9B
w — _ w . (B-6)
(e,,) T T
and in the vapor phase,
M.s—) M, M, 2K
= - s t B-7)
(Ps B |

The system volume balance is the sum of Equations (B-6) and (B-7).

Vo - () - (3

The mass and the volume balances are combined to give the
pressure change in terms of steam and water properties and mass flow

rates and stored mass. The volume balance equations give:

- M, 9f M. "-Nw)'
O=V'_<Pszap+ﬂvl-app

Mo (M) LML
+ 5 +(MW+MS) MSP,.,

s
f
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By using the mass balance equaﬁ}oﬁ%,

O=—(I\:$a@ Mw—aﬁv

RETIM: ap) P (Mt M)

) (__’_ - ._'_) + ( 75|1'+ n'lnﬁ—ﬁ\m.) (B-9)
e P

|
f.
In Equation (B-9) is a dependent variable which can be eliminated
s

by using the energy balance of the system.

3. Energy Balance Equations

The rate of change of the total energy of a thermodynémic
system is composed of the rates of change of the internal energy and
the work done by the system, if there is any volume change, as given

L
by the first law of thermodynamics.( 5) In the subcooled water phase,

'5 (B-10)

In the saturated water phase,

(.M_wew) + PVW = h, | n.ll ' ”"H - )

The left hand side can be rewritten in terms of h ,

(Mwh.‘:) - %Lw 1-;= N (mI+ r;)ﬂ + ';;,)W) (B-11)
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The definition of enthalpy is used in deriving Equation (B-11) from the

Previous equation. If the masgs balance equation for the saturated phase

is used,

0 -M.(%“;-L&) P (B-12)

In the inter-phase, the energy balance equation is simply,

Q = m__ h (B-13)

ws WS ws

The energy balance for the vapor phase is

ah ! :
0O = MS (7; - E—) 1 (B-lll»)

The energy balance of the system is

). Q = Qp +a,, ={M ohs | p 2h _V}P
i |8

Sap . vop
+m (hihy)+ m, h (B-15)

where

V= V+ys+y = My Mu_%
S

Now the depeudent variable ﬁws can be eliminated from
Equations (B-9) and (B-15). The equation for the time rate of change

of the system pressure becomes
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. -mi(h - .
() Pae EAUAL } +(Mgeing +g)
T O\ ok b Mo Mpol
N - 9 2hy :
o (B ) (3 a3 v)e 3k B

In numerical evaluation of Equation (B-16), a conversion factor is needed
to change the mechanical unit to the thermal unit. By using the common

notation J for this conversion factor, V is replaced by v/J .



APPENDIX C

SAMPLE BOILING WATER REACTOR

The model of the reactor core in&estigated as a saﬁple
reactor is simiiar to the Dresden boiling water reactor,(3) which is
composed of Zircaloy-clad uranium dioxide fuel-rods and a light water
coolant-moderator. The U235 enrichment of the model reactor is 1.5
per cent, the same as the Dresden's first loading. The operating
temperature of the reactor is 286°C (546°F), which corresponds approx-
imately to 1000 psig at saturation. The water to fuel volume ratio
is 2.2. Zirconium is the main cladding and structural material of the
Dresden core. In the model reactor it is assumed the zirconium to fuel
volume ratio is 0.5. In the calculations that follow, the moderatior is
assumed as a homogeneous mixture of water and zirconium. The fuel rod
is 0.6 cm in radius, clad with 0.75 mm thick zirconium. The effective
radius of the unit celi is 1.1541 cm. The composition of the core at
the operating temperature is shown in Table IV. No steam void 1is
assumed in these figures.

Many investigators agree that the two-
energy group theory is sufficient for the boiling water reactor kinetics
studies. Thus in the present study, a two energy group model is used
in calculating the core constants.

1. Thermal Group Constants

Thermal Cross Sections

Since uranium 235 is a strong thermal neutron absorber, the
thermal neutron spectrum is shifted from the Maxwell-Boltzmann distribution

-108-
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TABLE IV

COMPOSITION OF THE SAMPLE REACTOR CORE

-

Material Density (g/aw’) Volume Ratio (%) Moles/cm3

Uo, 10.3 _ 27.03 0.0382
H,0 0.762 59.46 0.0412
Zr 6.5 13.51 0.0715

TABLE V

CROSS SECTIONS FOR WIGNER-WILKINS SPECTRA

Cross Void Fraction (%)

?:::i:? 0 10 20 30 ko 50 60
Ug%),(a) 0.569 0.562 0.555 0.547 0.535 0.520 0.500
cg 3u.58  34.34 34,05 33.65 33.30 32.78 32.10
o2 (®) 361 356 350 W3 336 326

o2 305 301 297 291 285 276

(a) Subsripts & , s, f dindicate absorption, scattering
and fission, respectively.

5
(b) Superscript 25 refers to 92U23’ . The first digit is

the atomic number minus 90, and the second digit is the

last digit of the mass number.
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towards higher neutron energy, or flux hardening occurs. Amster cal-
culated the cross sections of z;rious elements averaged over the
Wigner-Wilkins spectra under the preseince of strong absorbers.(hG)
These ;ross sections are interpolated for the*operating.temperature
and for various void fractions. Table V shows the croés sections for

Hl, "3 and a unit 1/v absorber.

Macroscopic Absorption Cross Section

The absorption cross section of the heterogeneous core is the
volume and flux weighted average of the cross sgctions of the fuel and
moderator. Letting

Za = absorption cross section of the entire core

zaU = absorption cross section of the fuel

ZgM = absorption cross section of the moderator
Vy = volume of the fuel
VM = volume of the moderator
§, = averaged thermal flux in the fuel
_M = averaged thermal flux in the moderator,
then
y = Yolant Vo b (c-1)
) Vo BV,
NOw‘since

= (thermal disadvantage factor) ™

it

VyZaw

Vb zaM 1-f
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where

f = thermal utilization

Equation (C-1) becomes -

&

_ T
Za— I - ¢ +Z_;‘L’_4
2

‘ay

(c-2)

The calculation of the thermal utilization factor is described in a
later section. By using the result obtained for f and the cross sec-
tions of Table V, L, 1s calculated. Figure 23 shows the absorption
cross section for various void contents in water.

Diffusion Area and Diffusion Coefficient

The diffusion ares L2 and the diffusion coefficient may de
defined by the following equations.

L = = (c-3)
2a

l
—_ C-4)
D Epa (

where ztr is the transport cross section and is given by

oo =2 (1-) (c-5)

Mo = average of the cosine of the scattering
angle in the center of mass system.
With these definitions, the problem of obtaining these parameters

reduces to that of cross sections.
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Figure 23. Slow Group Constants.
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Characteristic areas of media with holes differ from those
of the media without holes due not only to the density difference but

also to the streaming effect. This effect has been studied extensively

by Behrens.(h7’h8’h9) For a medium whose mean free path is 1\, and

contains holes of hydraulic radius r , the characteristic ares L2

is related to Li » the characteristic area without holes, by the

following equation.

2 2 2 r XK r I-o !
- L th (L2 L (c-6)
. Lo{'*n—o(+7\0u—o< (wh(m o( +xﬂ

0

where a 1is the volume fraction of the holes.
When the streaming effect is included, the transport cross

section of boiling water for neutrons of energy E can be expressed

as follows:

boﬁlnq wa%er

r

tr ’ Ztr(EO‘) —_It ’

boHInj
;; (F) walevr ! water
={Z 0 - (c-7)
2. (Fo 3L(E) 20 (Ey)
) boiling water
where L (Eo) is calculated by applying the Behrens'

corrections to the known value of L (EO)

The diffusion coefficient of the fuel-moderator mixture is

D = B - (c-8)

3 (Volume w%ighfed Z:tr)
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1k

and the diffusion area is obtained from Equatior® (C-3), where in turn
D and L are obtained by Equations (c-8) and (C-2). Figure 23 shows
.these sldw group parameters. The radii of bubﬁles ére’assumed tobbe
one half of the coolant channel thickness when the void fraction is
unity and to decrease linearly with the void content.

2. Fast Group Constants

Effective Fast Group Cross Sections

The fast group constants can be calculated in a similar way

to the slow group constants, if the effective cross sections are known
for the fast group. Hellens obtained the effective cross sections to
be used for this purpose.(so) He fitted the two group age, fast removal

cross section, and fast diffusion constant obtained by the MUFT II code*

with the following "age diffusion" expressions.

-
t

(c-9)
Ziast= 2, N giot (c-10)
) ) -1
= DN T N () )

L 7

where Ni is the atomic density of the i-th nuclei, and the fitted cross

sections are shown in Table VI.

* The MUFT code computes the energy distribution of neutrons having a
given Fourier mode in an infinite medium. The output includes the
fast constants for a variety of few group schemes.
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TABLE VI

EFFECTIVE FAST GROUP CROSS_ SECTIONS*

- -

Nuclei O4p (varns) to,(varns)
Hydrogen 2.67 0.711
Oxygen 3.00 0.060
Uranium .10 0.26k
Zirconium .00 0.000

# (Taken from Reference 50)

Slowing Down Area
The neutron Age or the slowing down area is calculated by Eque-
tion (C-11), by using effective cross sections of Table VI. The streaming

correction, though small, can also be made to the age. Figure 24 shows

the corrected age.

Fast Removal erss Section

The fast removal cross section 1s calculated by Equation (C-10).
Figure 2k shows the calculated cross section as a function of void fraction.

Fast Diffusion Coefficient

The relationship between D and T 1is

fast ’ zfast

Dﬁut Zfas‘t

By using Z, ., of Equation (C-10) and the stream-corrected T , Dot

is calculated. Figure 24 shows the fast diffusion coefficient.
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&

3. Calculation of Four Factors

Jast Fission Effect, €

#
For a homogeneous mixture of fuel and moderator, Hellens made

a one-velocity fit for the fast fissipn factor using the result of

(50) :
MUFT II calculation.

L.
(v-1- zj}) Z:i

€E-1 = (c-12)

2. F Nl

where Ec » Zf ’ Zinel are macroscopic capture, fission and inelastic
cross sections respectively. The fuel to water volume ratio was in the
range of 0.25-1.0 and the constants v = 2.48 , 028 = 0.14 were assumed.
The microscopic cross sections for the fast effect are tabulated in Table
VII. Fleishman and Soodak give the cross sections based on a three-
group model for the fast fission factor evaluation of a cluster of fuel
elements.(Sl) In Table VII their values for Zr cross sections are
listed. The fast fission factor for the homogeneous mixture of water,

UO, and Zr are calculated by Equation (c-12) and the cross section of

Table VII.
TABLE VII
CROSS SECTIONS FOR FAST FISSION FACTOR CALCULATION
Nuclei of(ba'rr"s ) Uc(barnS) cinel(bal'nS) Ref.
Hydrogen 0.00 0.00 1.38 50
Oxygen 0.00 0.024 0.171 50
Uranium 0.30 0.042 2.32 50
Zirconium 0.00 0.029 0.960 51
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I

In heterogeneaus re;ctors, the fast fission phenomenon is
induced by the fast neutrons entering into the neighboring fugl elements
without collision as well as by those that cause fast gassion in the
fuel element where they are born. Clark evaluaﬁed this effect f;; slab

arrays and obtained the following expression for the collision probabil-
2
1ty O )

-Zbu ~TSZbu

[T - ) du
PolTS,2b) = 1 ij' | - e Zb(+TSHu 3 (c-13)

where
b = thickness of fuel slab

S = ratio of the thickness of moderator slab to that
t
of fuel slad = M, Eg

ZM
T = (ztot)M/(ztot)U

Z = ztot = total macroscopic cross section for fast neutrons
tU = width of the fuel slab in mean free paths = bZyy
tM = width of the moderator slab in mean free paths

If the medium is homogeneous
P, = Py(TS,0) -
The .fast fission factor is considered to be dependent on the collision
probability Po . For heterogeneous systems, the fast fission factor is

obtained by the following relationship

(e-1) . P,(TS,Zb)

heterogeneous, fuel homogeneous P _(Ts,0)
slab thickness b . (C-14)

(e-1)
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In media other than slab geometry, the heterogeneity effect
B %

can be estimated by using Equation (C-13) for a slab lattice of the same
. [ ]

water to fuel ratio as the given lattice. Figure 25 shows the fast fis-

sion effent with this correction.

Resonance Escape Probability, p

The resonance escape probability is calculated in the usual

way by Equation (C-15),

Ny Vo |8
p = exp {- =¥ = (R1) (c-15)
3 ZM VM P res o

where
= number of atoms of fuel

gzM = slowing down power in the moderator = &u * Iy

Oy = resonance lethargy bandwidth = 3.0(53)
oM = 0.46 em L for Hy0 of p = 1.0(53)
t = 0.93 for H,0 of p = 1.0
[OU/OM]res = resonance flux disadvantage factor
Ja'l}
[RI]pr = effective resonance integral = Z_, EE

The resonance flux disadvantage factor is, for the array of

infinite cylinders,

B L oy (E-1)YeZa (c-16)
Pu \‘1§:GP1
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where

o= Xuly Io(xyTy)
2 'II (Kuru)

g o X (h-%) T 06,0 Ko 0 w)+ To(Xuh) K (ximh)
Z r\l Il(KHrH)Kl(&rU)_I|(KMru)K|(KHrH)

radili of fuel rod and unit cell

e
e}
I

UM
ky = 0.885 emt for water, p = 1.0(53)
Ky = 0.31 em~1l for uo, , o = 10.0(53)

The effective resonance integral for water-UO2 array is given

by Equation (C-17).(5h)

vo -2 1 L

RIUOZ(B) =RI1 2(90) {I*IO (O.§3+0.$'%)(92‘902 )} (c-17)
where
Ut 2
RI 02(90) = 2.81 + 28.7 (%)l/ , for 0.07 < % < 0.53
S/M = surface-mass ratioc of the fuel rod
e = fuel temperature, °K

The surface area of the fuel element must be corrected for
the shadowing effect when the fuel array is tightly packed. Using

Bell's approximation,(55)

corrected

= — -18
» L (c8)

LY gy
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e

Qj
where EM = moderator macroscopic cross section. Table VIII shows the

calculated resonance integral. The resonance escape probability is then
& o -

£
o

p = exp(-;) (¢-19)
where
- !
S0 2% | AP
Vv Nu (RI )Q{f
Figure 25 shows the resonance escape probability.
TABLE VIII
RESONANCE INTEGRAL AND RESONANCE ESCAPE PROBABILITY
Void Frac- 0 10 20 30 Lo 50 60
tion (%)
RI - 16.144 15.977 15.779 15.543 15.256 14.897 14.437
P 0.8859 0.8752 0.8623 0.8463 0.8260 0.7992 0.7621
Regeneration Factor, 71
The regeneration factor is evaluated simply by
'? = ‘) Ltv.
S (c-20)
av

It is seen that 17 changes very little with the void content. By
taking v = 2.43,
T] = :1_060!+ . (C-2l) \
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Thermal Utilization, f

The thermal utilization factor, i.e., the ratio

of thermal

neutrons absorbed in the fuel element to all the thermal neutrons

absorbed in the, ﬁxel and other materials, is ca.lculat%d in

the usual
S 2

fashion(5 f by using the® difmﬁon approximation an? ,}rs shown in Figure

as5.
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APPENDIX D

SIMPLIFIED DIFFUSION CODE (SDC)

The nodal approximation to the diffusion equation(57) is

developed and programmed for the computer calculations. It is assumed

that
1) neutron energy is one group,
2) the reactor is bare,
3) material is homogeneous in one region,
4) the reactor is one-dimensional slab reactor with infinite
length,
5) 1in one region, flux changes linearly from the center
to the boundary,
6) at the interface, neutron flux and the current are con-
tinuous, and
T) the flux vanishes at the outer boundaries.
The diffusion equation is, then,
VDvcﬁ—S'r_i:wtlukF_q; = { ' (D-1)
where
D = diffusion coefficient
Z = absorption cross-section
k = number of neutrons produced per absorption
H = eigenvalue

Figure 26 shows the slab reactor.
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In the v-th region, Equation (D-1) becomes
DVie-Z ¢ +prkv2, ¢ =0 (p-2)

If Equation (D-2) is integrated in the v-th region, the first term

becomea

o ff D, v¢ dV =D,,ﬂv,,¢ dS (D-3)

V-th Rnsion vi-th R(ﬂu'on
where Vh is taken normal to the surface. The second and the third

terms become,

—ferZd)dv - -AaL, 9 (D-4)

fﬂ,ukZCPdV= Ab,pky P, (p-5)

The neutron current continuity at x

vl requ;res

D,V &, = Dy, by, (-6)

In the right half of the v-th region,

vo, = EL (D-7)
2
then the continuity condition becomes
- & 3, - |
Dv ¢V.W| ¢j =Dv*! % MV*' (D—8)

Ay Ay
z 2
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Eliminating ¢v y+] sirom: Equations (D-7) and:(D-8),
2(2) (%)
A A =

- (¢;+.‘ v) (D-9)
v Rl e

Thus, in the v-th region,

DV} =

2RI a(BE)
A""“zv{(%,)*(rpﬁ)} IR o e s BT O
2 (Z)E=) - _
—_ v Vi 4)”” =IM ) (D-11)
s B {32)
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At gﬂe boundaries of the slab, neutron leakagmes are calculated
from the current leaking out of the outer surfaces.

At the Right Boundary

= %, A ﬂ) _
I =2 *T(dx =0 (D-12)
where
%N = 3 DN
(d¢) - ¢N_¢R
ax Jg By
2
Equation (D-12) becomes
¢% = JiEﬁi&_ (D-13)
AN*QDN
then
T =&__Z\_u(d¢’)_—_ 2D,
! * 6 1 nit Bat Dy N (D-14)

Thus the integrated leakage term becomes

\DV dS = A (AN-)( ) _F
[Pt - o gy iy (e ®

2AD, T
¢ (D-15)
A~+@4DN N




-129-

and the integrated diffusion equation takes the following form in the

N-th region.
2 (%ﬁ)(ﬁ’ﬁ)

i) P

D..\(Dy
2(7\'::)‘1]) ) 2 Dy 2lp =ud (D-16)
+ ZNAukn{D*W-«(RM)} N (At Dy )T A K +|<N e F4,

(pg_ 7\1 dq)
Jo = B (dx_)L

- — = =0
2
Therefore
CP —_ 4 D, 5’ (D-18)
¢ AN+ U4 D,
Use of (D-18) in J- gives,
Jo = 4 + 2w v, 4,+iD, ? (>-39)
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and the fhtegrated leakage becomes

: D Qa) - _
Dvh¢d5=__ ZfQ¢l + 2A(A|)(Az (¢2_¢')
{ft 48,+u D, (%‘_)+(%z) (D-20)
R.jion

The diffusion equation then yields to

{‘ o, 2@)@) ).

(a+¢D,) k0,7, %(%-)-r(%;” ka,Z, k,

2(%)(%2) F - ueo

¢ (D-21)
D\,[D:\] 2 A
e & (22
If it is defined that
D. = D./A,
Z’i :Z‘J:{A-Iki i=[)2““,‘N
Mi it = _ZBiB_i.H
' Di Diﬂ
A|| = "L"F ,Qgg + 2%& —
ke Z, [(1+4D)E,
A" - i + MV—I,V-fMV.V‘H L Vo= 2’3'.' v, N=1

1% kv Z:V
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f 2D
A = =t Muaw 4 o
N Z:N (|+lkIDN)Z:~
My Vel
Avrﬂ—— = ) V=1,2 » N-

- — — VL,V . v= 2,3, -+ N
AVU-|

then the original diffusion equation reduces to the following set

of simultaneous equations.

r/\'| A|2 0 g - C) ) 'é; ) f&g\

An A Ay 0 - 0| |8 &

O A;z A33 A3¢ o 0 . 4_53 = }‘ 6; (D-22)
.o - 0 0 Aun—l Ann) { d—Du) (4—%‘

Equation (D-22) is coded in the MAD language for the digital computer,

in a similar way as FOG. The program is listed on tgg following pages.
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SCOMPILE MADs EXECUTEs PRINT OBJECTs PUNCH OBJECT» DUMP
R

ANN

Al

A2

A3

A4

AS

Ab

ARBOR

A7

AB

A9

SIMPLE DIFFUSION CODE
D'N A(240,01M) BU240sDIM)sDI15)sDIMI2)+G(15)+LAMBDA(L5) +MI15
1)oS(lB)vSIG(l5)-NSlGF(15)oFLUX1(15)oFLUX2(15)oSl(lS)oSZ(lﬁl
INTEGER No19COUNT oCLOCK] »CLOCK2+TIMEsNNs ITERNOSNO1+NOZ sMAX
INTEGER DAYTIM.
EQUIVALENCE (DIM(2)+NN)
VIS DIM=2,1

R READ IN Ls D1+ DNs SIGls SIGNs NSIGFle NSIGFN
R'A
R READ IN NsYPSILNsTHETASMAX
R'A
NN=N+1
R CALC DEL
DEL=L/N
P's DEL
R CALC D AND SIGMA

T'H AloFOR I=1s1s1aGeN
OD(Il)=(DN®(1=e5)+D1#(N=1+e5)1/N
NSIGFII)=INSIGFN®(I-e5)+NSIGF1#(N-1+.5))/N
SIGIII=(SIGN® (1-e5)+SIG1I*(N-14:5))/N
P*S D(l)eseD(N) SIG(l)eeeSIGIN)» NSIGF(1)eesNSIGF(N)
R CALC M
T'H A2+FOR I=21s1s1eGalN-1)
M(L)=2.2D(1)®D(1+1)/7(DEL®(DII)+D(I+1)))
M(O)22.%D(1)/7(DEL+4a®*DI(1))
M(N)=2e#D(N)/(DEL+4*D(N))
PtS M(OJeaeMIN)
R CALC B
T'H A3y FOR I=lslsleGolN*IN+1))
B(I11=0.
T'H A4s FOR 131s191eGeN
Bllo[)=SIGIII#DEL+M(]I=-1)+M(])
T'H A5 » FCOR I=lsleleGe(N-1)
B(loel+lr==M(1)
B{l+lel)==ML{T1)
R SET INITIAL SOURCE
T'H A6 ¢ FOR I=21sl9leGeN
B(l1sN+1)=NSIGF(])
P*S BllelleeoBININ+1)
PRINT COMMENT S$18$
R START I1ERATION PROCESS
ITERNO=1
R RECORD TIME
CLOCK1=DAYTIM. 10}
COUNT=O
R PUT B IN A
T AT o FOR I=1910leGe(NR(N+1))
A(IY=8(1)
R STORE SOURCE
TtH A8 o FOR [=1919s1eGeN
S{I)=A(]sN+1)
R CALC FLUX
X=GJRDT s {NsN+1sA(1)+DET)
W'R XeEeleO
R CALC G AND LAMBDA
T'H A9 » FOR I=1s1sleGeN
G(1i=DEL®NSIGF (1) ®#A(I#{(N+1))
LAMBDA(I)=G(]1)/S(D)



Al0

81

B2

Al2

..1_33..

R CALC LAMBDA MAX AND MIN
LMAX=sLAMBDA(1)
LMIN=LAMBDA(1)

T'H AlOy»y FOR I®=19leleGsiN-1)
W'R LMAXeLLAMBDA(I+1)
LMAX=_AMBDA(I+])

O'R LMINeGeLAMBODA(I+])
LMIN=_LAMBDA(]+1])

E'L

R CALC EIGENVALUE
LAMBDA=(0.

T'H Alle FOR 1216191 eGeN
LAMBDA=_LAMBDA+GI( 1)

R STCRE THE RESULTS IF EITHER CRITERION IS MET AND TERMIN-
R ATE THE ITERATION AND PRINT THE RESULTS IF THE CRITERION
R IS MET TWO TIMES IN RUN

W'R COUNT,.E.1

NOle] TERNO

EIGN1=LAMBDA

T'H Ble FOR I=1s191eGeN

FLUXL(I)=A{1eN+1)

S1{l)=G( 1)

O'R COUNT.E.2

NO2=ITERNO

EIGN2=_AMBDA

T'H B2y FOR [=ls1v1eGeN

FLUX2{T)=A{TsN+1)

S2(1)=G({ 1}

P*S NOly EIGNls S1(1)eeeS1IN)y FLUX1({1)eeeFLUX1(N)
PRINT COMMENT $1%

P1S NO2» EIGN2y 52(1)0eeS2(N)s FLUX2(1)eseFLUX2(N)
PRINT COMMENT $8S%
R RECORD TIME

CLOCK2=DAYTIM. (C)

TIME=CLOCKZ2=-CLOCK]

PRINT COMMENT S$OELAPSED TIMEs» IN 1/60 OF A SECONDseese$
P15 TIME

PRINT COMMENT $1§

T'O ANN

€L
R CHECK CONVERGENCE

WIR(oABSe{ (LMAX=LMIN)/LMAX)eLoYPSILN)«ORe(ITERNO4GE s (MAX-1)j
COUNT=COUNT+]

O'E

COUNT=0

ErL
R CALC NORMALIZED SOQURCEs Gs AND PROCEED TO THE NEXT
R ITERATION

T'H Al12s FOR I=1s1sleGeN
GtI)=Gt1)/LAMBDA
R CALC EXTRAPOLATED SOURCE
T*H Al139s FOR I=21s19[eGeN
GII)=GUI)#{1«+THETA)-THETA®S(])
B(loeN+1)=G(1)
ITERNO=ITERNO+1
T*'O ARBOR
E*L
E*'M



SCOMPILE MAD,

START

R MP

EXECUTEs PRINT OBJUECTs PUNCH OBJECT,

APPENDIX E

MATN PROGRAM LISTING

DUMP

O'N Q(S)oF(6)sSRIE) s VWIE) sW(E) sAIEsDM{1) ) oDM(3) oWWI(6E) s
1IFF (61 +DELIL0I+BETA(L)+C(6)INI20) sQSUMIG) s TWISIsX(25) s

1Y(60)+Z(28)TEMP(35):QQ(5)FRACTI5)+QQQ(%)+FBARIS) 4XBAR(S),
1LAMBODAIE) sK(S) s QEFF(S) o XCL6) s VWBARIS1+sB(260+DIM) 4DIM(I),

1FRIG6)+FRACTR(5)sFRBAR(S5) +sVWR{6) s VWRBARI(S) s SRRI6) 4 XR(6)

D*N
V'S
V'S
V'3
VS
V'S
V'S LABEL=S
INTEGER

IMAGE(50CO) sPLOTY (25) +NSCALE(5) +FBARD(5),2Q0(5)+sVWOI(E)
DM{1)22+D43
DIM=3,141+6+2C
DATA=S(10FT+5) %S
CPTICN=S1612*%
NSZALE=0+003+003

I+COUNT o SURE +N+EQNOJBRNOy JsBRNOLw 140U IMAX

INTEGER BBNO+BBNO] sWATCHsCLOCK
INTEGER NSCALEFIG

Fi1G=1)
EQUIVALENCE

1HO) » {Y(55)+G)

EQUIVALENCE (XRaXCU6) ) s (TSATsTWI6I) o [TINyTW(1)) s {FRACTR4FRACT
1ten)
R AC=AC*10sPe-4sANC POWER=POVWER®#]10sPo+a

R*'T DATA» B(Os0s0)eeeBlls5,18)

R*T OPTION,

(YsF LX) o (YUS)WFRILIIIo(Y(11)eQUL))o(Y(16)ePIslY (]
17)oMTOT) o (Y U1B) o TWILI )2 (Y (24) o NBLY o (Y(25)0T)otY(26)+C)slY(33)
19QGE11) o lY(38)+QQQI1) )0 (Y(43)sVWILI) s (Y(4F)+QEFF(1))s(Y(54) R

N(l)eeoh(16)

PRINT COMMENT S1%

PRINT COMMENT & MP,

AUG 28 §

PRINT COVMENT %8¢
R PRIRT OPTYTIONS

W'R N(1)eELO

PRINT COMMENT
C*R Ni(l)eEal

PRINT COMMENT
E*L

W'R Ni(2)eEWO

PRINT COMMENT
O'R N(2)eEal

PRINT COMMENT
E'L

W'R NI(3)eEWO

PRINT COMMENT
O'R N(3)eEal

PRINT COMMENT
O'R N(3)eEa2

PRINT COMMENT
O'R N(3)4Es2

PRINT COMMENT
E'L

W'R N(&4)eEWD

PRINT COMMENT
O'R N(4)eEWl

PRINT COMMENT
E*L

W'R NI(5)4EW0D

PRINY COMMENT
C'R Ni(5)eEWl

PRINT COMMENT

$

$

CONSTANT SHAPE FUNCTIONS

VARIABLE SHAPE FUNCTIONS

ONE OELAYED NEUTRON GROUPES

SIX DELAYED NEUTRON GROUPESS

NC EXTERNAL REACTIVITYS

SINUSOIDAL EXTERNAL REACTIVITYS
RAMP EXTERNAL REACTIVITYS

STEP EXTERNAL REACTIVITYS

CONSTANT VOID-REACTIVITY COEFFICIENTS

EXACT VOID-REACTIVITY CORRELATIONS

CONSTANT SLIP RATIOS

VARIABLE SLIP RATIOS
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CIRCL

CONYV

E'L

WIR N(6)eEWD

PRINT COMMENT
O'R N{6)eEs!

PRINT COMMENT
O'R N(6)eEa2

PRINT COMMENT
O'R NI6)aEeDd

PRINT COMMENT
E'L

W'R N(T7)eEeO

PRINT COMMENT
O'R N(7)eEWl

PRINT COMMENT
E'L

W'R N(9)eEaO

PRINT COMMENT
O'R N(9)eEWl

PRINT COMMENT
E'L

W'R N(10),E.OD
PRINT COMMENT
O'R N(10)e.Esl
PRINT COMMENT
E'L

W'R N(ll)eEeO
PRINT COMMENT
O'R Nf1l)eEsl
PRINT COMMENT
E'L

WIR N(12:4,€,0
PRINT COMMENT
O'R N{l12)eEsWl
PRINT COMMENT
E'L

W'R N(13),E.O
PRINT COMMENT
O'R NIl13).,E,l
PRINT COMMENT
E*L

$

s
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CONSTANT vwi(l)s

CONSTANT PUMP HEAD AND RJISER HEIGHTS

CONSTANT PUMP HEAD AND VARIABLE RISER HEIQGHTS

CONSTANT RISER HEIGHY

CONSTANT Twi(l)s

VARTABLE Twil)s

AND VARIABLE PUMP HEADS

CONSTANT BOILING BOUNDARYS

VARIABLE BOILING BOUNDARYS

CONSTANT PRESSURES

VARIABLE PRESSURES

RISER ONE REGIONS

RISER FIVE REGIONSS

CONSTANT GS

SINUSOIDAL G$

CONSTANT STEPS

VARIABLE STEPS

PRINT COMMENT $13

Pt'S N(1)easN(16}

R*A

POWER=POWER#MW /200,
PRINT COMMENT 818

R INITIAL CONDITION

R CALCULATE VW'S AND F'S

WIR N(6)eGES
11=1
JJ=0

K2=K(2)#RISER/5.

K32K(3)®(RISER+5.)/10¢

CONTINUE
EeL

T'H CONVsFOR I=21s191eGeb

R - TAKE 1le/VW

Wil)=sla/7VNW(])
COUNT=0

R CALC POWER IN THE CORRECT UNIT

CALCULATION SUBROUTINE TO FOLLOW



BEGIN
co

REPEA™

SSLIP

SSFX

o o
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QPs(Q(1)+Qt2)+Q(3)+Q(4)+Q(5)) /POWER
T'H COy FOR ImlsloleGe5
QUIy=Q(1)/QP
CALC STEADY STATE VW'S AND F'S
1=B8RNO
WIR [«E+BRNO
Alle1)=Q(1)#(1~DELNB)/ARH+F (T )#SR(T1)/MWL])
O'E
Allel)=sQUI)/ARH+F (1) 8SR(I1Y/W(1}
E'L
Alles2)==SRII+])
Alls3)1=0,
A(2+1)mAllol)evWI])
A(2¢2)3]1e=-SR(1+])
A(2¢3)8],
W'R N(15)eEWl
P'S Alloelleeehrl(2:3)
E'L
WW(lelimwW(lel)
FF(I+1)1aF(l+1)
X8GJRe(2930A,+D)
W'R XeEeleO
W'R N(1%)eEel
P'S A(192)901a/7A0102)sA0202)0(A(2+:2)+F(1))/720
EtL
Wilel)lmA(142)
Fi(lel)=A(2+2)
DEL(2%]1=1)mABS((WII+1)=-WW(TI+1))/W(Ie1l )
DEL(2%] 12 ,ABS((FUI+1)=FF(I+1))/F(1+1))
O'E
T*QO START
E*L
I=]+1
W'R 1eLEeBy T10 REPEAT
STEADY STATE VALUES ARE CALCULATED FOR ALL FIVE NODES
ITERATE FOR THE NEW SLIP RATIO'S AND THE NEw SHAPE FUNCT
SLIP SUBROUTINEe« CALCULATE SLIP RATIO
G=GZRO
W'R N(51eNEWO
T*H SSLIPe FOR I=2191s]eGeb
XCUL)sRSWeF (1) #ER([)/(1a=F (1))
SRITII=SLIP&(N(S) 4GyXC(I))
ErL .
SHAPE SUBROUTINEe. CORRELATE Q'S TO F'S
CALC FBARy» XBARs VWs VWBAR
VW(B)=s]l/WI(E)
T'H SSFXe FOR I=14sl9]leGeb
VW(ly=1la/WLI)
W'R leE«BRNO
VWBAR(I)=(VW(I+]1)#(1«-DELNB)+VW( 1) ®(1le+DELNB))/ 24
FBAR(I)aF(1+1)1#(1e-DELNB)/ 2,
O'E
FBAR(I)=(F(1)+4F(]+1)1/2e
VWBAR(I1=(VWII)I+VW(I+1))/2
E'L
XBAR(i)=RSWH#FBAR(11#SR(1)/(1.-FBAR(I1))
W'R N(1l)eNELOD
N=1
T'H SSX1s FOR [35s-1slele2



$S5Xx1

55X2

SSHAPE

Cl

SSMD

HALF
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T'H SSX1s FOR Jmls 19JeGe3
X(N)sFBAR(11.PeJ

N=N+]

T'H $SX2s FOR I=8,-19l0¢lLe3 E

T*H 5SX2» FOR Jm2+s 10JeGe3 °
X{N)os(FBAR(I)~-FBAR(I-1))ePoJ . @
N=N+1

T*H SSHAPE,) FOR I=191y1eGe5

Q(I}=sSHAPE.(IeXsB)

E*L
R TEST CONVERGENCE OF F AND w FOR ALL POINTS

W'R N(15)eEel

P*S DEL(2®BRNO-1)eeesDEL(10)

E'L

[ =2#2BRNO-]

W'R DELI(1)4LELYPSILN

W'R lelelO

I=s]+}

T'0 C1

O'E

COUNTsCOUNT+1

W'R COUNT,Eq.ls T'0 BEGIN

E'L

O'E

COUNT=0

T*O BEGIN

E'L
R STEADY STATE VW'S AND F*S ARE CALCULATED FOR THE INITIAL
R VALUES
R ITERATE FOR NATURAL CIRCULATION

W'R N(6)eGEW]
R CALC MDOT

W'R N(6&)eEo2

K2=K (2)#RISER/5.

K3=K(3)® (RISER+5.)/10.

E'L

MDOT1=MDOT

MOOT B(VW(1)ePo2e=VW(E)ePel2e®((1e-F(6))+RSWHF(6)IRSR(6)¢Pe2e))
1/DELTA+GHRISER®BF (61-K 2 #VW(6)ePeleB/(1e-F(6))ePee2-K 3 #yw(l
1)ePele8+GRHEAD

T'H SSMDs FOR I=13191eGeS

MDOT =MDOT =K(1)#VWBARII)ePoeleB8/11«-FBAR(I))ePeos2+GRFBARI(])
W'R JJaNEGO

T*O HALF

O'R IIoNEaleANDeMDOT®MDOT1 el 0o

JJ=1

W'R N(6)eE.1

Dv=DV/2,.

C*'R N(6)eEe2

DR=DR/2.

O'R N{6)eEW2

DH=DMH/2,

E'L

EtL

W'R MDOTeGaOs

W'R N(&6)eEWl

VWil)svW(1)+DV e

O'R N(6)eEW2

RISER=R|ISER-DR
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O'R N(6)eEs3

HEAD'HEAD-DH 2
€L

O'E

W'R N(6)eEol

VW(l)avVWil)=-DV

O'R N(6)eEW2

RISER=RISER+DR

O'R N(&)oEe)

HEAD=HEAD+OH

EtL

E*L

1I=11+1

W'R N(6&)eEsW]

W'R VW(1l)eLoVMAXoANDeVIW(]1)eGeVMINGAND el I oL el IMAXGANDOVoGeDV
1MIN

W'R N(15),E,.]

P'S VW(1)sMDOT

E'L

T'H NEWVWs FOR Im24191eGeb
NEWVW VWL )sVR(1)/(1s=F(1}))

T'0 CIRCL

E'L

O'R N(6)eEW2

W'R RISERGL«RMAXsAND¢RISEReGeRMIN2ANDe]llslL el IMAXcAND+DReGeDRM
1IN

W'R N(15)eEel

P'S RISERy MDOT -

EeL

T+O0 CIRCL

E'L

O'R N(6)eEe3

W'R HEAD L e HMAX o ANDeHEAD ¢ GeHMINGAND el [ el o I IMAXeANDeDHeGeDHMIN
W'R N(15)1,E.l

P'S HEADe MDOT

E'L

T'0 CIRCL

EtL

EtL

W'R N(B)eEs2y P'S RISER

WtR Ni&)eEL2

HEADO=HEAD

HEAD=HEADO+HEAD]

P'S HEADOs HEAD

E'L

W'R N(6)eEWl

W'R DVeGeDVMINes T'0O FAUL

O'R N(6)eEo2

W'R DReGeDRMINy T'0 FAUL

O'R N(6)eEe3

W'R DHeGeDHMINY T*'0 FAUL

E*L

T'Q PASS

FAUL PRINT COMMENT S1INCREMENTED VALUE DID NOT CONVERGES
T*O START
PASS CONTINUE

R CALC MTOT
R MTOT=MTOT/ (RHOW®DELTA)

MTOT = (54 +RISER)I*VWI(1)+(1e-F(6))RACR®VYW (6)*RISER



SSMT

SSVw

SSYO

SSr1l

SSY2

SSsY3
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MTOTeMTOT+VW(1)® (BRNO=-1e+{1e+DELNB)I®(+5-F(BRNO+1)®(1.-SR(BRNO
II'RSH)IOO)l#VN(BRNO*l)'(l--bELNB)'l05-2-'F(BRN0*11.(lo-SR(BRN
10+1)1#RSW)/6,)

T*H SSMTy FOR I=BRNO+1s1914GeS

MTOT sMTOT4VWII)I®# (a8~ (2%F(1)1+F(141)1R{1.~SR(II®RSW)/6)+VWI(]
141 )8 (S5=(F(1)142:%F ({141))1%(1e-SR{I+1)®RSW)/6¢)
R CALC NEW Vvw(l) FOR CHECK
VWI1)esMTOT-(1e-F(6))IRACREVW(6)*RISER-VWIBRNO+11%{]1.-DELNB)I®(,
15-2.#F (BRNO+11#(1.-SR(BRNO+)1)*RSW)/6.)

T'H SSVKs FOR I=BRNO+1lsl91eGed

VRIL)IsYWI1I=VW I ) #(e5-(2®F (1)+F(141))%(1e~SRII)®RSW)/6a)~VW(
11410 ® (e S=(F (1142 #F([+]1))1%(1e~SR(I+)I®RSW)/6e)
VWI1)sVW(1)/(4«+RISER+*BRNO+ (1. +DELNB)I®{5-F(BRNO+11%*#(1.-SR(BR
INO)®RSK)/6,.))

T35 YM(1l)aea VWIS ) IMTOT

ErL
R OTHER INITIAL VALUES AND CONSTANTS

W'R N(2)eEWO

CaBETA®T/(LSTAR®LAMBDA)
R CALC C*S FOR N(2)s]l, ALSO LAMC

O'R Ni(2)eEsl

LAMC=C,

T*H SSY0s FOR I=1lelrleGeb

CiI)=BETA({1)1*T/(LSTAR®LAMBDA(I))

LAMC=_AMCHLAMBDAC(TIY®*C(])

E'L
R INITIAL POWER. Q=QQ=0Q0Q

T'H SSYls FOR 1=1s1s1eGe5

Qily=Q(l)y/0P

QEFF(11=Q( 1)

QQUI1=Q( 1)

QQQtI)=Q (1)
R CALC QSUM

QSUM(1)=0,

T'H SSY2s FOR I1=224141eGeb

QSUMI 1 =QSUM(I-11+Q( -1}

R CALC SUBCOOLING
HSUB=(QSUM{BRNO)+DELNB®*Q(BRNO) 1/ (AWRVW(1))
P*S HSUB

R N{9)=s2 CASE IS NOT YET WRITTEN

R CALC BOILING BOUNDARY
DELNB=1,

T¢H 5SY3s FOR 1=2141+DELNBeLE«]+-RASCH
DELNB=(HSUB®AWSRVW(1)-QSUM(11)/Q(])
BRNO=I-1

W!'R DELNB.GE.RASCH

DELNB1=DELNB

BBNO=BRNO

O'E

DELNMB1=1.+DELNB

6B8NO=BRNO-1

E'L

P'S BRNOs DELNB

P*'S BBNODELNB] :

R CALC TOTAL NONBOILING LENGTH
QBR=Q(BRNOI#®(1,-DELNB)
DELTAB=DELTA*(1.~-DELNB)}

NBL = (DELNB+BRNO-1.)#DELTA
P*S NBL



55TwWl

SSTW2

SSRR

SSRR1

SSRV(0)

SSRV(1)
SSREND

BACK

BLANK

INITIA
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CALC WATER TEMPERATUREs TW
TeH SSTW1ls FOR I=54—-191+L«BBNO
TW(1)=sTSAT
W'R DELNBeGeDes TW(BRNO)I=TSAT-Q(BRNO)I®*DELNB/ (AWRVWI(1))
T'H SSTWZ2s FOR I=BRNO-1s-1elel el
TWII)eTWITI+1)=-QUI) /7 {AWRVYW(]1))
wW*'R Ng7)oE010 TINO=TIN
CALC RISER VARIABLES
W'R N(11)eE.l
R=RISER/S5es
DELTAR=DELTA®R
K2=2K2%ACRePoe-1e8/5,
T'H SSRRsy FOR I=1919]1eGob
FR(I)Y=F(6) ’
SRR(I)=SR(6)
XR(1)1=XxC (6}
VWR(I)1=VHW(6)#ACR
T*H SSRR1s FOR I=1911914Ge5
FRBAR(1)=F(6)
FRACTR( ] )=FRACTR
VWRBAR(1)=sVWR(1)
P*S DELTAR
gL
CHECK THE INITIAL VALUES
CALC RHOZRO
T*0 SSRVIN(4))
RHOZRO=-ALPHA®R (FBAR(1)+FBAR(2)+FBAR(3)+FBAR(&4)+FBAR(5))
T*0 SSREND
RHOZRO=SHAPE.(0QOsX»B)
CONTINUE
SS COMPUTATIONS ARE COMPLETED
SURE=1
T*O S(1)
P'S Y'l)o.oY(SS)02(1)0002(25)
WI'R N(14)4Eely T*0 START
PREPARE GRID FOR PLOT
W'R N(16)sL 0
EXECUTE PLOT1«INSCALEY25+10911+10)
EXECUTE PLOT24(IMAGEs XMAXy> XMIN® 254900
EXECUTE OMITe(36)
XDEC=({ XMAX=-XMIN) /110,
T*H BLANKy FOR BLANKXsXMIN¢XDECsBLANKX +GeXMAX
T'H BLANKy FOR BLANKY=12el9el 9sBLANKY4Gel2e9
EXECUTE PLOT34(S $+BLANKXIBLANKY 1)
NBLO=NBL
PO=pP
QQO=T
STEPO=STEP
VWO (6)sVW(6)
T*'H INITIAs FOR I=lslsleGeb
FBARO(11=FBAR(I])
QQOo(1)1=QQ(1)
VHNO(I)=VvW(])
E'L
SURE=0
TIME1=-SCALE
WATCH=CLOCK«(0)
PRINT COMMENT $15§
SOLVE DIFFERENTIAL EQUATIONS

o



RKDO.

St1)

RKZ1

RKZ11

RKZR

RK22

RKMD1

RKMD2

RKMD
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EQNO=26+6%#N(2)

TIME=0,

EXECUTE SETRKD(EQNOsY(1)9Z2(1)¢sTEMP4TIME,STEP)

T'0 St2)

T1Q S(RKDEQs1(0)) °

R CALC VARIABLES AND DERIVATIVES OF VARIABkES

T'H RK21ls FOR Isl41sleEeBRNO

R CALC DERIVATIVES OF Frs

2(1)=0,

W'R DELNB.GeOGo»

Z(BRNO)=-2,%(F (BRNO+1)* (VW(BRNO+1)#SR(BRNO+1)-2(19)/24+)-QBR/
1ARH)/DELTAB

O'E

Z(BRNO)=-2,#(F (BRNO+1)# (VW(BRNO+1)#SR(BRNO+1))~QEFF (BRNO)/
1ARH)/DELTA

E*L

T'H RKZ1le FOR [=BRNO+1l» 1914GoeS
Z(1)=s=2(]=11=2e*(F(I+]1)8VW([+1)#SRII+1)-F(I)#VW(])®#SR(])-QEFF
1(1)/ARH) /DELTA
R CALC DERIVATIVES OF FR'S

T'H RKZRy FOR I=2)4l1+!aGeb

W'R N(11),Ee1l
Z(1+5)maZ(144)-2.#(FR(I+1)®YWR(I+]1})*SRR{I1+]1)~FR(I)*VYWR(1)#SRR
1(1))/70ELTAR

O'E

2(1+%5)=0,

E*L

R CALC DERIVATIVES OF Q'S

T'H RKZ2+FOR I21919[eGe5
ZU1+10)=(QQ(1)=-Q(11)/TC

R CALC DERIVATIVE OF P
2016)=(QSUM(6)~QSUM(BRNO+1)+QBR-ARH®VW(6)*SR(6)*F(6))/PD

R CALC DERIVATIVE OF MTOT

R VWil)elLeOe CASE IS NOT COMPLETED

W'R N(6)eGE,L]

W'R VW(1)aGeCo

z‘lT)'(VV(I’OPOZO-VN(6)QP02.'( (le=F(6) '*RSH'F(6)'SR(6)QPQZQ))
1/DELTA-K 3 #VW(1)aePsle8~-MDOT+GHHEAD

TtH RKMD1sy FOR I=215141eGe5

Z017)mZ YT )-K{1)#VWBARI(I)ePeleB/(1ea~FHBAR(1))ePae2+GH#FBARI(])
O'E
Zl17)-(VH(1).9.2.-Vu(6).P.2.'((1.—F(6)i+R$N'F16)*5RI6).P-2-l)
1/DELTA+K 3 #,ABSeVWI(1)aPolaB-MDOT+GH*HEAD

T'H RKMD2y FOR I=1419]eGeb

WtR VWBAR(I)elL o0
Z(17)22(17)4K(1) %, ABSeVWBAR(I)ePoelsB/(1e~FBAR(I))aPes2+GHFBAR
101

O'E
Z017)m2Z(17)~K(1)#VWBAR(I)ePelaB/(1e~FBAR(I1).Pee2+G*FRARI(I)
E'L

E'L

W'R N(11).EeD
Z(17122Z(17)4GHRISER#F(6)-K2*VW(6)ePoleB/(1s~-F(6))ePss2

O'R N(1l1)eEel

T'H RKMDs FOR I1=1,5191eGe5
Z(17)=2(1T7)+GRR*FRBAR( ][} -K2#*VWRBAR(I)ePeleB/(1e—-FRBAR(I1))ePas
12

E'L

O'E
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2(173=0.

E'L
R CALC DERIVATIVES OF Tw

W'R N(T)eEWO

2(18)=0,

O'R N(T)eEsWl

ZC(18)=(TINLI-TINO)®EXP+(~TIME/TAU)/TAU

E'L

T*'H RKZ21y FOR 1324121 eGeBBNO

21417 )mc2 (04161422 (QII-1)/AW-VW(1)®(TWI{]I)-TW(I~1)))/DELTA
T'H RKZ22s FOR [=BBNO+1319laGeS

Z(1+17)=2(23)

W'R N(B)eELO

2(23)=0,

O'R N(8)sE,)

2(23)3]1,17#2(16)

E'L
R CALC DERIVATIVE OF NBL

W'R N(9)eNELO

W'R DELNB1elLel0e®RASCH
Z(286)3-(2,#(Q(BBNO-1)+Q(BENOC)*DELNB1)/AW-(1+DELNB1)*DEL  A®(2
1(23)1+Z(BBNO+16)1) )/ (TSAT=-TWIBBNO=1))+2.%VWI(1l)

O'R DELNBl.tLele
Z(24)=-DELNB1#(2.#Q(BBNO)/AW-DELTA®(Z2(23)+2(8BNO+1T)})/(TSAT~-
1TW(BBNO))+2.#VW(1]1)

O'€E

L(26)=-(2,%(Q(BBNO)+Q(BBNO+1)® (DELNBl-14+))/AW-DELNB1#*DELTA® (2
1(23|¢ZlBBNO#17)l)/(ISAT-TW(BBNO,)*Zo'vu(l)

€L

O'E

2(264)=0,

E*L

R CALC DERIVATIVE OF T

R CALC DERIVATIVES OF (s

W'R N(2)eEWO
Z(25)=(RHO-BETA)#T/LSTAR+LAMBDA®C
2(26)=BETA®T/LSTAR~-LAMBDA®*C

O'E

Z(25)=(RHO-BETA)®T/LSTAR+LAMC

2{26)20,

T*H RKZ3y FOR 1719191 eGeb
Z{1+26)=BETA(I)#T/LSTAR-LAMBDA(T)*C(])
R DERIVATIVES ARE ALL CALCULATED
R CALC C(0O) FOR N(2)=1es ALSO LAMC
LAMC=0,

C=0,

T'H RKYls FOR I=1s10leGeb

C=C+C{(I)

LAMC=LAMC+LAMBDA(TI)®CI(])

LAMBDA=LAMC/C

E'L
R SHAPE SUBROUTINEe. CORRELATE QQQ'S TO F'sS
R CALC FBARs XBAR

T'H RKFXe FOR I=215191eGeS

FBAR(I)= (F(I1)+F(141))/2,
XBAR(1)=sRSW*FBAR(I)®SR(1)/(1+4~FBAR(1))
XRa=F (&) #RSW#SR(6)/(1e-F (6))

W'R DELNB.G+Os
FBAR(BRNO) =F (BRNO+1)#®#(1+~DELNB) /2.



RKX1

RKX2

RKVW

RKVW1

RXSP
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XBAR (BRNO}=RSW*FBAR(BRNO)*#SR(BRNO)#VWI(BRNO)/VW( 1)
OtE

FBAR (BRNO-1)=-F(BRNO)®DELNB/2,
&8AR(BRNO-I)-RSU'FBAR(BRNO-I).SR(BRNO-I)'VH(BRNO-I)/VH(l)
E'L

R CALC X-FUNCTIONS

W'R N(1)eNELO

N=1

T'H RKX1le FOR I=54-1slel el

T'H RKX1ls FOR J=ls 19JeGe3

X{(N)=FBAR(1)ePeJ )

N=N+1

T'H RKX2s FOR I=5¢-19lelLe3

T'H RKX2s FOR J=2,y 14JeGo?2
X(N)=(FBAR(I)~-FBAR(I=-1)1)uPeJ .
N=N+1

E'L

R CALC wMil)

W'R N(6)eGES]
VH{1)1sMTOT-VW(BRNO+1)*#(1e-DELNB)®(o5-2.*F(BRNO+1!%*(1.~-SR{BRNO
141 )18%RSW1/64)

T'H RKVWs FOR I1=BRNO+1leslsleGe5

VW 1)V L) =VWII)®(oS5=(2®F(1)+F(1+1))1®(1e~SR(I)®RSW)/6e)-VW!
1141080 eB5=(F(1)142.#F([+1)}1#(1,-SR{I+1)®RSW)/6,.)
W'R N(1l)eEWO
‘VH(1)mVW({1)-(1e-F(6))*ACR®VW(E)#RISER

O'R N(ll)eEel

T'H RKVW1s FOR I=1s191eGe5
VW(1)sVW{1)~(1e~FRBAR(1))*VWRBARI(1)#R

E*'L

VH(1)=VW(1)/7(4e+RISER+BRNO+(1.+DELNBI®*(5-F (BRNO+11%(1.-SR(BR
INC)®RSW)/64))

E'L
R SLIP SUBROUTINE. CALC SLIP RATIO

W'R N(5)eEel

GG=G

O'R N{(5)eEs2

GG=GZRO

E'L

T'H RKSPy» FOR I=19191eGeb
XC(1)1=RSWRF (1 )#SR( 1) /(1-F(I))

W'R N(1l)eEWl

XR(1)=sRSWEFR(I)1®#SRR(I)/{1e=FR(I))
SRR{I)=SLIP.(N(S)sGGeXR(I)

E'L

SRII)I=SLIP(N(5)sGGeXC(1)])

T'H RKY2sFOR 1=219101eGeb

W'R N{1)eNEeOeOReN(4)eEWl

QQQ(1)=SHAPE.(1sX»B)/QP

Ee*L

FRACT(I)=)e+F(141)R({SR(I+1)-14)

R CALC NEW vw's

W'R DELNB.GeOe

W'R l.L+BRNO

VW(l+1l)sVW(1l)

O'R 1.E+BRNO

VW{l+1)s(VW(]}+QBR/ARH)/FRACT(])

O'R l«GeBRNO
VW(I+]1)=FRACT(I-1)#VW(I)/FRACT(I)+QEFF {1/ (FRACT(1)*ARH)



RKY2
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E*L

O'€

Wt'R TeLeBRNO-1

VW(I+1)=VW(])

O'R leE+BRNO-1

VW{I+1)sVW(1)/(1le=Fil+l))

O'E
VW(I+1)sFRACT(I-1)*VW(I)/FRACTII)+QEFF(1)1/(FRACT{1)*ARH)
E'L”

E*L
VWBAR(I)=(VW(I)+VW(I+1))/2.
R CALC NEW Q'S
R CALC QEFF

W'R N(10)e.Ee.]
QEFF(1)1=Q(I)+(K{&L)+K(S)#FBAR(I))®#2(16)
O'€

QEFF(11=Q(1)

E'L

QQ{I1)1=QQQ( 1)1 #T

W'R DELNB,G4+0.

VWBAR(BRNO)=VW (1) #DELNB+(VW(1)+VW(BRNO+1))#(1.-DELNB)/ 2,
EvL

R CALC NEW VWR'S

W'R N(ll)eEe.l

VWR(1)=aVW(6)#ACR

T'H RKVWRy FOR I=191¢leGe5
FRACTR(I )21 ¢+FR(I+1)#(SRR(I+1)~-1.)
VWR{I+1)=FRACTR(I-1)®VWR(I)}/FRACTRI(I)
T'H RKVWBy FOR I=215141eGe5
VWRBAR(I)s(VWRI(I)+VWRI(1I+1))/2,

E'L
R CALC NEW RHO

W'R N(3)eEeO

REX=0,

O'R N(3)eEWl
REX=RSIN#SIN.(6+2823280OMEGA#TIME)
O'R N(3).E.2

REX=RRAMP#*TIME

O'R N(3)sEe2

REX=RSTEP# (1-SURE)

E'L

W!'R N{&4)JELO

RIN==RHOZRO

T'H RKRINy FOR Iz219191sGe5
RIN=RIN-ALPHA#FBARI(1)

O'E

RIN=SHAPE, (0sX9sB)-RHOZRO

Ee¢L

RHO=RIN+REX
R CALC G

WI'R N(12)6,EeD

GRAVE=1],

O'R N(12).Eel

GRAVE=] 4 +GSIN®SING (6e2832%0OMEGAG*T IME)
E'L

G=GZRO#GRAVE

R CALC NEW TIN

W'R N(T7)eEels TIN=TINLI+(TINO-TINL)*EXPo(=-TIME/TAU)

R CALC NEwW BOILING BOUNDARY
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WIR N(9)eNELO

BRNO1=BRNO

BBNO1=88NO

BRNO=NBL /DELTA+]

BBNO=BRNO
DELNB=(NBL-(BRNO-1)*DELTA)/DELTA
DELNB1=DELNSB

QBR =QEFF(BRNO)*(1.~-DELNB)
DELTABaDELTA®(].~DELNB)

R THREE DIFFERENT CASES

R CASE Ae DELNBeGelos=RASCH
U'R DELNBQG.I.‘RASCH
F(BRNO+1)=F (BRNO+2 )*DELTAB/(DELTA+DELTAB)
BRNO=BRNO+1

OELNB=DELNB-1.

QBR =QEFF({BRNO)® (1 .-DELNB)
DELTAB=DELTA®(].~DELNB)

R CASE Be DELNBeLE«le~-RASCHANDDELNB«GeRASCH

O'R DELNB.GeRASCH

W'R BRNO.L.BRNO1

F{BRNO+1 )aF {(BRNO+2)#DELTAB/(DELTA+DELTAB)

O'E

F(BRNO) =0,

E'L

W'R BBNO.G«BBNO1
TW(BBNO)sTSAT~(TSAT-TWIBBNO~1) )#DELNB1/(1++DELNB1)
O'E

TW(BBNO+1)=sTSAT

€L

W'R DELNB.Gel(le—-5+%RASCH)
WT=(DELNB=-1e+5.%#RASCH) /{4, #RASCH)
F(BRNO+1.)=WT#F (BRNO+2)*DELTAB/ (DELTA+DELTAB)I+({1l¢~WT)*F({BRNO+1
1}

E'L

R CASE Ce DELNBeLERASCH

Ot
TW(BBNO)=TSAT-(TSAT-TWIBBNC-1)1#DELNBL/(1e+DELNB1)
BBNO=8BNO-1

.DELNB1=1,+DELNB

E'L

E'L

W'R SURE+Eels T'0O BACK

T'0 RKDO

CONTINUE

R RECALCULATE TW(BRNO) AND F(BRNO)

W'R DELNB1l«Gele
TW(BRNO)=TSAT-(TSAT-TW(BBNO) ) *DELNB/ (1l.+DELNB)
OtR DELNB.LeOos
F(BRNO)=~-F(BRNO+1 ) #DELNB/(1+.~-DELNB)

O'E

F(BRNO)=0,

ErL

R PRINT AND PLOT RESULTS

W!R (TIME-TIME1l) «eGEeSCALE

P*'S TIME» BRNO» BBNOs STEP

WI'R N(16)4Ee0

P1S Y(1)eeeY(55)9 2(1)ese2(32)
O'R N(16).EWl

PtS Y{l)eaaY(55)
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O'R N(16)eEe~-1
P1S Y(l)eaeY(55)
W'R N(3)eGeO
PLOTY(O)SREX/RNORM+24,
E'L
W'R N{(121,6G+0
PLOTY(1)=(GRAVE -1+ )/GNORM+24,
EfL
PLOTY(2)sELOG.(T)®,86859+20.
T'H PLOTFly FOR I=1sleleGed
PLOTY(]142)8ELOGe(QQI11/1000.1%,86859+15,
PLOTF] PLOTY(1+1%51=FBAR(]1)*10.
PLOTY(8)=P/S,
PLOTY(9)=NBL/100e+13.
T'H PLOTV1s FOR [I=10191eGed
PLOTV1 PLOTYUI+9)1aVM(]1)/50e+be
O'R Nt16)eEe-2
P1S Y{l)eeaY(85)
W'R N(3):Ga0
PLOTY(0O)=REX/RNORM+24 ¢
E'L
W'R N(12)1,Ge0
PLOTY(1)s(GRAVE—-1+)/GNORM+24.
E*L
PLOTY(2)=(T-QQO0 ) *QFACT/QQ0+22.
T'H PLOTF2s FOR 121319l eGe5
PLOTY(1+2)=2(QQ(1}-QQ0(1))I®QFACT/QQO0(1)+1+16.
PLOTF2 PLOTY(I+15)=(FBAR(!)-FBARO(I1)11®#FFACT+I
PLOTY(B)=(P=PO)*PFACT/PO+15.
PLOTY(9 )= NBL-NBLO)/NNORM+14,
T'H PLOTV2s FOR I=191¢1eGeé
PLOTV2 PLOTY(149) s (VW(I)-VWCIT)I)®VFAZT/VWOI(1)+]+5.
E*L
W'R N(16)elo0
PLOTX=T]IME/TNORM
W'R N(3)eGeO
EXECUTE PLOT34(BSRSWPLOTXPLOTY(O) 1)
EeL
W'R N(12)eGe0
EXECUTE PLOT3+ (3G PLOTXsPLOTY (1)1}
E'L
EXECUTE PLOT3:($#S,PLOTX+PLOTY(2)1)
EXECUTE PLOT3.($+3,PLOTXsPLOTY(B)s1)
EXECUTE PLOT34(SXSyPLOTXPLOTY(9) 0l
T'H PLTs FOR VALUES OF 12249415
EXECUTE PLOT34(8534PLOTXsPLOTY(1+5)+1)
EXECUTE PLOT3.(848PLOTX+PLOTY(I+4)41)
EXECUTE PLOT34($38PLOTXsPLOTY(1+3)s1)
EXECUTE PLOT34(32SsPLOTXsPLOTY(I+2)s1)
PLT EXECUTE PLOT34(S1$PLOTXPLOTY(I+1)s1)
EXECUTE PLOT3.(565,PLOTXsPLOTY(25}s1)
E*L
TIME1=TIME
PRINT COMMENT SONRRERRBERRRFABBRFRRFARRBRABAIARRRRPRARRERRE RS
1R ERRRARRAERRRGR RN A B P R R BN BB R RORRRIRRBRRER RN B RRB RN RN
lllil!iiiﬁllliiiliil'i‘liis
E'L
R CALC STEP
W'R N(13)eEsleANDTIME+GeTMIN
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RATE=eABS.21(25)
WIR 10e®eABSeZ(5)eGeRATEY RATE=10e%eABSeZ(5)
W'R RATEeL ool
STEP=STEPO*6.
O'R RATEeL se?2
STEP=STEPQ*=,
O'R RATEet. el e
STEP=STEPO#*4,
O'R RATEelL e’
STEP=STEPNO®3,
O'R RATEeLel0e
STEP=STEPOR?2,

o'e

STEP=STEPO

E'L

W'R DELNBeLeRASCHs STEP=STEPO
E'L

WI'R TIME«GeTLIM
WATCHE=ECLOCK« (O)-WATTH
PRINT COMMENT $8%
P1'S WATCH
WI'R N(16)elLoeO
PRINT COMMENT %1%
T*H FIGUREs FOR I=1s191eGeFIG
F IGURE EXECUTE PLCT4e(0sLABEL)
PRINT COMMENT $1%
E'L
T*QO START
E'L
T*0 RKDO
END E'M
$COMPILE MADs EXECUTFs PRINT OBJECTs PUNCH OBJECTs DUMP
EXTERNAL FUNCTIOM (KsXeB)
E*0 SHAPE,
INTEGER [+ X« N
WI'R X(1)el oot

N=0

Ot

N=1

EeL

SFUN=B(N+K +0)

T*H LOOPs FOR 1=1919+1eGel8
O0P SFUN=SFUN+B(NsK s [Y®X(1])

FtN SFUN

E'N
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List of Symbols in the Computer Progrem

A(1,1)
A(1,2)
AQ1,3)
A(2,1)
A(2,2)
A(2,3)
ACR

ALPHA

B(1,J,K)

BENg

BEN@1
BETA(I)

BLANKX, BLANKY

Definition and/or Implication

Vector locations used in calculating the steady
state water velocities and void fractions

= Q{(I)#(1.-DELNB)/ARH+F(I)#SR(I)/W(I)
= -SR(I+1)

= 0.

= A(1,1)+WW(1)

= 1.-SR(I+1)

= 1.

- A/,

Linear void-reactivity coefficient

= Ag-Pgeh,

= Ag-p,

Vector locations of the coefficients used in the
SHAPE. subroutine

Number of nodal point where the reference is made
in the subcooled water temperature and non-boiling
length calculations. Generally it corresponds to

the region number in which the boiling boundary is
found.

BBN§ at the preceeding computation time

Delayed neutron fraction, Ei

Variables used for the grid set-up in the PL{T1.
subroutine

Number of node where the reference is made in the
void fraction calculation. Generally it corresponds

to the region number in which the boiling boundary
is found.



BRN@1
c(1)

C@UNT
DELNB
DELNB1
" DEL(I)

DELTA
DELTAB
DELTAR
DH

DHMIN

DRMIN
Dy
DVMIN
EQNg
F(1)
FO(I)
FBAR(I)

FF(I)

FIG

FRACT(I)
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BRNf at the preceeding computation time
Delayed neutron precursor densities, Cy

Number of succeeding iterations in which the convergence
criterion 1s met

Fraction of NBL in the BRN@-th region, 8, + Could be
negative in Case A. (See Figure 5)

Fraction of NBL in the BRNf-th region, &, . Could be
greater than 1. in Case C.

Relative differences of F(J) and W(J) in two succeeding
calculations of the steady state iteration

Core length Qf one region, A
Boiling length in the BRN@-th region, A,
One-fifth of the riser length
Increment of HEAD

Minimum value of DH

Increment of RISER

Minimum value of DR

Increment of VW(1)

Minimum value of DV

Number of differential equations
Voild fractions, fi

Void fractions at TIME = O

= (F(I)+F(1+1))/2.

Void fractions at the preceeding calculation in the
steady state iteration

Number of set of figures to be printed by the PL@Th.
subroutine

Normalization factor for void fractions in the PL@T3.
subroutine

= 1.+F(I+1)*(SR(I+1)-1.)



FRACTR(I)
FR(I)
FRBAR(I)
G

GN@RM
GRAVE
GSIN
GZR@
HEAD
HEADO

II
IIMAX
IMAGE(I)

JJ

K(1)

K3

LAMBDA(I)

LSTAR
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= 1.+FR(I+1)*(SRR(I+1)-1.)

Void fractions in the riser

= (FR(I)+FR(I+1))/2.

Vertical acceleration, g

Normalization factor for g in the PI@T3. subroutine
Vertical acceleration relative to BO

Amplitude of sinusoidal variation in GRAVE
Acceleration due to gravity, &0

Pump head, in the unit of A, for the forced convection
HEAD at TIME=0O

Additional HEAD after TIME=0

Maximum of HEAD

Minimum of HEAD

Subcooling, hsub
Number of iterations in the steady state calculation
Maximum of II

Locations where the grid image is stored

JJ

O indicates the sign of M has not changed.
JJ

1 indicates the sign was Eﬁgnged in the previous step.

K(1)...K(3) are frictional factors when RISER=5., K(4) and
K(5) are constants used to calculate QEFF(I)

= K(2)*RISER/S.
= K(3)*(RISER+5., )/10.
Precursor decay constants, N
2 e
=15 MG
Equivalent to effective neutron lifetime, A
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MD@T Derivative of momentum which must be made zero at the
steady state

MD@T1 MDPT at the preceeding calculation in the steady state
iteration

MT@T Total fluid momentum, M,

N(I) Options for the program

NBL Nonboiling length of the core

NBLO NBL at TIME = O

NBN@RM Normalization factor for non-boiling length in the
PL@T3. subroutine

NSCALE(I) | Vector locations for the PL@T1. subroutine

PMEGA Frequency of sinusoidal reactivity input

PMEGAG Frequency of sinusoidal vertical acceleration input

P Pressure of the system, p

PO P at TIME = O

PD Denominator in the pressure equation, Equation (2-52)
e B v, gl

S dp o J  Vip2dp o2 Ip

PFACT Multiplier for P in the PL@T3. subroutine

PLPTX Abscissa variable for the PL@T3. subroutine

PLYTY Ordinate variable for the PLPT3. subroutine

PPWER Total power output of the reactor

QBR Effective power given to the boiling portion of the
BRN@-th region

QEFF(I) Effective power of the i-th region

QFACT Mudtiplier for QQ(I) in the PL¢T3- subroutine

QP A normalization constant that gives Q(I) in the correct

unit, = (Q(L)+ Q(2)+...+(5))/POWER



Q(I)
Qe(I)
QRO(I)
QQQ(I)
QSUM(1)
R
RASCH

RATE

REX

RHPZRP
RIN

RISFR

RN@RM

RSIN

'RSTEP
RSW
SCALE
SRR(I)
éR(I)
STEP

STEPO
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Power given to coolant of the i-th region

Power generated in fuel of the i-th region
QQ(I) at TIME = O

Flux shape function of the i-th region

Power given to the covolant below the i-th node.
One-fifth of the riser height, in the unit of A

A small fraction of 4, €

The larger of |Z(25)| and 10.#|Z(5)|, used in the STEP
calculation

External rea§tivity, Poxt

Total reactivity, p = pext + O4n

RHP at the steady state that must be compensated in the
transient calculations, pg

Internal reactivity, causedby the steam void variation,
e}
i

n

Total riser height, in the unit of A

Maximum value of RISER

Minimum value of RISER

Normalization factor for RISER in the PL¢T3. subroutine

Linear coefficient of p when it is fed as ramp-
ext
function

Magnitude of Pext that changes sinusoidally
Magnitude of Pext that changes stepwise, DO

- ps/pw

Intervel of TIME for printing out the results
Slip ratios in the riser

Slip ratios in the core, 74

Step size of TIME for RKDEQ. subroutine

Initially given STEP



SURE

TAU

TC
TEMP(I)
TIME
TIME1
TIN
TINO
TIN1
TLIM
TN@RM
TSAT

TW(I)

VW(I)

VWO
VWBAR(I)
VWN@RM
VWR(I)
VWRBAR(I)

W(I)

WW(I)
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When 1, derivatives are calculated for initial’check only.
When O, integrations of differential equations proceed.

Flux level, time function T(t)

Time constant for the inlet water temperature to change
stepwise

Fuel heat transfer time constant

Temporary locations to be used in RKDEQ. subroutine
Time in second after the perturbation is introduced, t
Preceeding TIME at which results are printed

Inlet water temperature, Tw,in
TIN at TIME=0

TIN after TIME=0

Maximum 1imit of TIME

Normalization factor of TIME for the PI@T3. subroutine
Saturation temperature corresponding to P, Tsat

Water temperature at the i-th node, T ;
Maximum of VW(1)

Minimum of VW(1)

Water speed at the i-th node, Vwi
V(1) at TIME = O

= (W(I)+WwW(I+1))/2.

Normalization factor of VW(I) in the PL¢T3. subroutine

Water speed at the i-th node of the riser

(VWR(I)+VWR(I+1))/2.

1./vW(1)

L]

Weight factor to evaluate F(BRN@+1)

W(I) at thé preceeding calculation in the steady state
iteration '
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X(1) Power of void fractions and differences of void fractions
of adjacent regions, used in the SHAPE. subroutine

XBAR(I) = (XC(I)+ XC(I+1))/2.

XC(1) Steam quality at the i-th node of the core, Xy

XDEC Interval of PIfTX used to set-up the grid image

XMAX Maximum of PL@TX

XMIN Minimum of PIZTX

XR(I) Steam quality at the i-th node of the riser

YPSILN When all DEL(I) are less than YPSILN, convergence
criterion is met for the steady state iteration.

Y(1) Location of \.rariables

Y(0) = F(1)

Y(5) = FR(1)

¥(11) = Q(1)

Y(16) =P

Y(17) = MT@T

Y(18) = TW(1)

Y(2L) = NBL

Y(25) =T

Y(26) = C

Y(33) = (1)

¥(38) = QQQ(1)

Y(43) = WW(1)

Y(k9) = QEFF(1)

Y(54) = RHP

¥(s5) =G

z2(1) Locations of the time derivatives of variables with the

corresponding subscripts
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10.

11.
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