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ABSTRACT

This study is an investigation of the electrical fluctuations assoc­
iated with a gas discharge in a magnetic field. The study is both theo­
retical and experimental. The theory is divided into two parts: a study 
of the ion fluctuations and a study of the electron fluctuations. The 
theory on ion fluctuations is a natural generalization of the work by 
Tonks and Langmuir ; it extends their work to include the presence of a 
magnetic field, ion drift, and ion collisions. A dispersion relation 
is derived, and such quantities in the solution as the velocity and path 
of the ions, the electric field, and the space-charge densities are studii 
it is shown that : (1) the plane waves in the plasma are polarized in
the direction of propagation, (2) the ion orbit in velocity space is an 
ellipse, (3) the fluctuations introduce a mobility, and (4) there is no 
electric field associated with waves at the ion cyclotron frequency.

The theoretical study of electronic disturbances is not as exten­
sively treated as the ionic disturbances since the former has been 
more completely covered in the literature. However, the low-frequency 
waves propagating normally to the magnetic field are studied in some 
detail". It is shown that these waves can grow as they propagate, that 
they tend to propagate in the direction of electron drift, and that their 
velocity of propagation approximates the velocity of electron drift. 
These arguments are in agreement with the experiments.

The experimental studies were undertaken in an especially designed 
diode. Probes were introduced into the plasma region of the glow dis­
charge in this diode, and the fluctuating electrical signals on the 
probes were studied. The parameters that were varied included the type 
of gas, pressure in the discharge, magnetic field, power input, type 
of probe', and nrobe location. The power spectrum of the fluctuations 
was" studied over a broad frequency range, and the correlation between 
the fluctuations on neighboring probes in the discharge was investigated. 
The power suectrum shows a high level continuous amplitude over the 
entire freouency range studied (0.5 to 4,000 megacycles per second in 
some cases). A careful study of discharges in hydrogen and helium near 
the ion cyclotron frequency showed a sharp dip in the spectrum at that 
frequency. The amplitude of the power spectrum increases at all fre­
quencies with a decrease in pressure ; the low-frequency amplitude in­
creases with an increase in magnetic field.

The experimental data taken to correlate the fluctuations on two 
neighboring" urobes show that the fluctuations on the "downstream" probe 
are delayed in time with resoect to the "upstream" probe. This delay 
is determined by cross-correlating the fluctuations on the two probes. 
The velocity and direction of propagation for the low—frequency fluctua­
tions are determined in this way. The results snow that the direction 
of propagation is approximately that of the elec cron drift, and the 
velocity of propagation is sore what less than the Lorentz drift velocity».



PREFACE

An attempt has been made to organize the material of 
this report for easy readability. A general understanding of 
the content can be obtained by reading the section titles 
and examining the figures. Most of the interesting 
theoretical derivations are represented graphically; the 
more important observations in the text are underlined or 
single spaced for emphasis. The reader most interested in 
the experimental studies can omit the first two chapters 
without a serious loss of continuity.

The author wishes to acknowledge the sponsorship of the 
Office of Ordnance Research, the assistance of members of his 
committee, and the aid of Mr. H. L. Smith and Mr. J. R. Black. 
The author is indebted to Miss H. J. Oliver for the typing 
of the report and to Miss P. L. Woodhead for the preparation 
of the figures.



TABLE OF CONTENTS

Page
LIST OF ILLUSTRATIONS................................ vi

ABSTRACT................................................. viii

HISTORICAL NOTE...................................... 1

OUTLINE OF THE STUDY................................................................................... 6

I. A THEORY OF ION FLUCTUATIONS..................... 9
1.1 The general differential equations ........ 9
1.2 The perturbation form of the differential 

equations............................... 10
1.3 The dispersion relation for a set of solutions 13
1.4 The solutions of the perturbed equations • • 19

1.4.1 The ion velocity...................... 19
1.4.2 The ion path.......................... 21
1.4.3 The electric field.................... 25
1.4.4 The ion and electron densities . . . 27

1.4.5 The energy densities.................. 29

II. A THEORY OF ELECTRON FLUCTUATIONS................ 32

2.1 A set of self-consistent equations for 
electrically charged streams .........

2.2 A perturbation form of the stream equations •
2.3 The perturbation equations for particular solutions...............   38
2.4 The role of temperature in the dispersion 

relation...........   4-0
2.4.1 A one-dimensional model............. 4-0

ill



2.4.2 The influence of temperature on 
transverse propagation ........ 43

2.5 The magneto-ionic dispersion relation .... 51
2.6 The amplification bands of Bailey.......... 54
2.7 The low frequency propagation normal to the 

magnetic field ......................... 55
2.7*1 The velocity of propagation • • . • • 57
2.7*2 The amplification with propagation • • 58
2.7.3 The direction of propagation • • • • . 59

III. AN EXPERIMENTAL STUDY OF THE POWER SPECTRUM. 
TECHNIQUE AND RESULTS...................... 62

3*1 Gas diode and experimental apparatus .... 62
3*2 Static characteristics of the discharge ... 66
3*3 Instrumentation.............................. 66
3*4 Presentation of data.......................... 69

3*4.1 The ion cyclotron frequency data ... 69
3.4.2 Reproducibility of data............. 73
3*4.3 The power spectrum of a nitrogen 

discharge .....   77
3.4.4 Data with a loop probe ............... 83

TV. AN EXPERIMENTAL STUDY OF THE LOW FREQUENCY 
PROPAGATION NORMAL TO THE MAGNETIC FIELD... 87

4.1 The low frequency fluctuations ....... 87
4.2 A comparison of the fluctuations on two 

neighboring probes .................... 90
4.3 The methodology.............................   90
4.4 An argument that the correlation velocity 

and group velocity are the same ...... 95
4*5 The velocity of propagation .................  98
4.6 The amplification of propagated waves .... 98

iv



V. A COMPARISON OF THEORY AND EXPERIMENT 103
5.1 The power spectrum near the ion cyclotron 

frequency............................... 103
5.2 The low frequency propagation normal to the 

magnetic field ........ ................ 107
5.2.1 The velocity of propagation......... 108
5.2.2 The gain with propagation ...... 110

5.3 Concluding remarks.......................... Ill

APPENDIX 1 : LIST OF REFERENCES..................... 113

APPENDIX 2 : LIST OF SYMBOLS......................... 117

APPENDIX 3: A GENERALIZED ION DISPERSION RELATION . . 120

APPENDIX 4: AN INTEGRAL.............................. 123

APPENDIX 5; THE EXPERIMENTAL DETERMINATION OF THE 
POWER SPECTRUM............ 126

APPENDIX 6 : A PROOF OF THE NYQUIST NOISE FORMULA 
USING PLANCK HARMONIC OSCILLATORS .... 133

v



LIST OF ILLUSTRATIONS

Figure
1,1 Ion dispersion relation . ................... 15
1.2 Ion dispersion relation..................... 16
1.3 The ion dispersion relation of Tonks

and Langmuir.............   18
1.4 Figure showing the plane of particle 

motion and a typical orbit for the ion 
velocity vector ........ .... * « 22

1.5 Curves showing the ion path . ............ 26
1.6 Normalized ratio of the average electric 

energy per unit volume to the average ion 
kinetic energy per unit volume as a function 
of frequency • . • • • ............. 31

2.1 Function associated with the error function 
and an asymptotic approximation ...... 4b

2.2 A dispersion relation for transverse prop­
agation ........ ................... 5°

2.3 A dispersion relation for transverse prop­
agation showing the effect of temperature . 52

2.4 Normalized gain for low frequency waves 
propagated normal to the magnetic field . .

3.1 Electrode structure used in the experiments, 
showing probe in place .............

3.2 General view of experimental apparatus . .
3.3 Rear view of magnet and box showing vacuum 

pumps and magnet power supplies ....
3.4 Block diagram of instrumentation circuit. .
3.5 Hydrogen discharge in a magnetic field . •
3.6 Hydrogen discharge in a magnetic field • .
3.7 Hydrogen discharge in a magnetic field • •
3.8 Helium discharge in a magnetic field . • •
3.9 Data taken on successive days (after dis­

mantling and reassembling equipment) to 
indicate reproducibility of data • • . . .

vi

63
64

65
67
70
72
74
75

76



Figure Page
3,10 Spectral distribution of nitrogen discharge 

in a transverse magnetic field ........ 78
3.11 Spectral distribution of nitrogen discharge 

in a transverse magnetic field ........ 80
3.12 Spectral distribution of nitrogen discharge 

in a transverse magnetic field ..... 81
3.13 Spectral distribution for nitrogen as a 

function of pressure with constant power 
input............................... 82

3.14 Spectral distribution for nitrogen showing 
influence of probe position ....... 84

3.15 Spectral distribution for nitrogen showing 
influence of probe orientation . . . . . . . 86

4.1 Electrode structure and typical probe 
arrangement for the study of propagation 
velocity . ....................  88

4.2 Photographs of the potential fluctuations . 89
4.3 Photographs showing the potential fluctuations 

on neighboring probes.........  91
4.4 Representative curves of auto-correlation and 

cross-correlation used to determine the 
correlation veloctiy .... .......... 93

4.5 Diagram showing the method used to determine 
the velocity of propagation....... 94

4.6 Vectors showing the direction and amplitude 
of the propagation velocity....... 99

4.7 Curves showing the amplitude of fluctuations 
between probes as a function of the position 
of the probes...................... 101

5.1 A theoretically derived power spectrum . . . 106

vii



ABSTRACT
This study is an investigation of the electrical fluc­

tuations associated with a gas discharge in a magnetic field. 
The study is both theoretical and experimental. The theory 
is divided into two parts : a study of the ion fluctuations 
and a study of the electron fluctuations. The theory on 
ion fluctuations is a natural generalization of the work 
by Tonks and Langmuir; it extends their work to include the 
presence of a magnetic field. ion drift, and ion collisions. 
A dispersion relation is derived, and such quantities in the 
solution as the velocity and path of the ions, the electric 
field, and the snace-charge densities are studied. It is 
shown that: (1) the plane waves in the plasma are polarized 
in the direction of propagation, (2) the ion orbit in velocity 
space is an ellipse, (3) the fluctuations introduce a mobility, 
and (4) there is no electric field associated with waves at 
the ion cyclotron frequency.

The theoretical study of electronic disturbances is not 
as extensively treated as the ionic disturbances since the 
former has been more completely covered in the literature. 
However, the low-frequency waves propagating normally to the 
magnetic field are studied in some detail. It is shown that 
these waves can grow as they propagate, that they tend to . 
propagate in the direction of electron drift, and that their 
velocity of propagation approximates the velocity of electron 
drift. These arguments are in agreement with the experiments.

The experimental studies were undertaken in an especially 
designed diode. Probes were introduced into the plasma region 
of the glow discharge in this diode. and the fluctuating elec­
trical signals on the probes were studied. The parameters that 
were varied included the type of gas, pressure in the discharge, 
magnetic field, power input, type of probe, and probe location. 
The newer spectrum of the fluctuations was studied over a broad 
frequency range, and the correlation between the fluctuations 
on neighboring probes in the discharge was investigated. The 
power spectrum shows a high level continuous amplitude over 
the entire frequency range studied (0,5 to 4,000 megacycles 
ner second in some cases). A careful study of discharges in 
hydrogen and helium near the ion cyclotron frequency showed a 
sharp dip in the spectrum at that frequency. The amplitude 
of the power spectrum increases at all frequencies with a 
decrease in pressure; the low-frequency amplitude increases 
with an increase in magnetic field.

The experimental data taken to correlate the fluctuations 
on two neighboring probes show that the fluctuations on the 
•’downstream” probe are delayed in time with respect to the 
“upstream” probe. This delay is determined by cross-correlating 
the fluctuations on the two probes. The velocity and 
direction of propagation for the low-frequency fluctuations 
are determined in this way. The results show that the direc­
tion of propagation is approximately that of th 
drift, and the velocity of propagation is sonew than
the Lorentz drift velocity



HISTORICAL NOTE

Electrical fluctuations in a gas discharge tube were first 
reported in 1863,1 but little progress was made in the investigation 

of these fluctuations until twenty-five years ago when the 
classic article of Tonks and Langmuir was published.2 This 

article set the pattern both theoretically and experimentally 
for most of the work that followed. The experimental work 
of Tonks and Langmuir was a probe study in which the probe 
was a part of a parallel resonant circuit. The frequencies 
of oscillations in the plasma could be determined by varying 
the resonant frequency of the circuit and detecting the 
voltage across the circuit terminals. Tonks and Langmuir 
observed a set of discrete frequencies using this technique, 
some of which they identified with electron vibrations in 
the plasma, others with ion vibrations in accordance with 
their theories.

Theoretically the Tonks-Langmuir point of view was this: 
imagine the frequency scale divided up into "low frequencies” 
and "high frequencies; " the oscillations in the low-frequency 
range are caused by ion vibr at ions and the electrons are 
sufficiently mobile so that they are in thermal equilibrium with 

the electric potential established by such vibrations. The 
high-frequency oscillations are attributed to electron 
vibrations, the ions being relatively so heavy that they

ISee Reference 57• The references are found in Appendix 1. 

^Reference 5^•

1
*
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remain immobile.

This argument of Tonks and Langmuir led them to a set 
of differential equations for the high-frequency disturbances 
and a set of differential equations for low-frequency 
disturbances. The dependent variables in these equations 
included the density of charged particles, the electric 
potential, the particle velocity, etc.; the independent 
variables in their study were time and displacement (in one 
dimension). The authors, assuming that the oscillations 
were small, linearized the differential equations and looked 
for solutions in which the dependent variables had the form

i(cot—Z ) 
b e

where b, co, and (3 are constants; t is time and z represents 
the displacement. The differential equations in this type 
of problem are homogeneous, and the existence of solutions in 
this form requires that the frequency co and the propagation 
constant /3 be related by an equation

(3 = (3 (co )

called the dispersion relation. The goal of Tonks and 
Langmuir, and most other theoretical investigators, was to 
obtain this function for certain assumed conditions, and by 
examining it, interpret and predict experimental results. 
Tonks and Langmuir obtained two dispersion relations for 
the electron vibrations, the one applying when the electron 
direction of vibration and the direction of propagation are 
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collinear (longitudinal propagation), the other appropriate 
when the electrons vibrate normally to the propagating direction 
(transverse propagation). They derived a single dispersion 
relation for the ions corresponding to longitudinal propagation. 
These theoretical studies of Tonks and Langmuir were of 
limited generality; they allowed for no magnetic field; they 
neglected particle drift velocity, collisions between particles, 
and the temperature of the vibrating particles.

Parallel with the work of Tonks and Langmuir, and others 
such as J. Jo Thomson,! who were investigating the electrical 

fluctuations in gas-discharge tubes, there developed an 
Interest in the propagation properties of the ionosphere. 
The theoretical work on this subject by Hartree, Appleton 
and Builder, von Lassen, and others was largely a derivation 
of the dispersion relation for the medium.2 The assumptions 
involved were just those applied by Tonks and Langmuir to 
their electron vibrations except that the derivation was 
generalized to account for collisions and the presence of a 
magnetic field.

In 194-5 Cobine and Gallagher published an impressive 
experimental study on electrical fluctuations in hot-cathode 
arcs.3 Their work was an investigation of the power spectrum 

of the fluctuations, i.e. the distribution of the fluctuating

^Reference 57.
^References 1, 2, 30, and 62.
^Reference 16 and References 17 and 18.



power with frequency. This study covered a frequency range 
from twenty-five cycles per second to nine megacycles per 
second, pressures from one hundredth to two millimeters of 
mercury, and magnetic field strengths from zero to nine hundred 
gauss. They explained the continuous power spectrum they 
observed on the basis of the Tonks-Langmuir ion theory. For 
low magnetic fields they also noted a resonance that could 
not be identified with the plasma and apparently belonged to 
ions oscillating in a potential minimum at the cathode.1

Bailey submitted a generalized theory on electron 
vibrations in 1948.2 This theory was a derivation of a still 

more general dispersion relation which included the influence 
of a drift velocity for the electrons. Perhaps more important 
than the generalized theory was Bailey's interpretation of 
the dispersion relation# Before Bailey it was assumed that 
the frequency components in the fluctuations were those pre­
scribed by the dispersion relation for real values of the 
propagation constant. Bailey asserted that the frequency 
components in the fluctuations were precisely those that 
increased in amplitude as the fluctuations propagated in the 
medium; consequently he examined the dispersion relation for 
those real frequencies which determined a complex propagation 
constant with a positive imaginary part. On this basis he

^Therecognition and identification of this oscillation 
is apparently due to Ballantine, Reference 10.

pReference 4 and also References 5, 6, 7, and 8.
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determined that there were three frequency bands in which 
electron fluctuations would occur*

These comments on the fluctuation studies are brief; 
they omit the important work of Bohm and Gross who introduced 
electron temperature into the longitudinal electron dispersion 
relation and made other important contributions ; they omit 
the work of Wehner who has developed a plasma electron 
oscillator tube and the important related work in electron 
beam tubes* The intention of this historical note is to 
leave these impressions: (a) the theoretical studies on the 
electrical fluctuations are usually a derivation of a dispersion 
relation for the medium; (b) the experimental studies are 
largely an examination of the distribution of noise power 
with frequency; and (c) neither the argument of Bailey which 
identifies the continuous electrical noise spectrum with 
amplified electronic disturbances nor the argument of Cobine 
who credited the frequencies of this spectrum below nine 
megacycles to unamplified ion vibrations has been proven 
exp erlmentally•



OUTLINE OF THE STUDY

Th© various electrical fluctuations of an ionized gas 
have usually been explained in one of four ways depending 
on the motion of the charged particles responsible for the 
fluctuations. They are identified (1) with plasma ion 
oscillations, (2) with plasma electron oscillations, (3) 
with ions vibrating in a potential minimum at the cathode, 
and (4) with the thermal motion of charged particles. The 
first three of these categories represent the organized motion 
of large groups of charged particles displaced from their 
equilibrium. For those frequencies where such group 
fluctuations are present the thermal spectrum is obscured, but 
thermal noise has been observed in gas discharges.1 Indeed 

Knol has shown that the thermal noise spectrum can be used 
to measure the electron temperature in the plasma.

The high-intensity plasma fluctuations are of principal 
interest in the present study. These fluctuations are 
usually ascribed to either plasma ion or plasma electron 
oscillations. They always seem to be present in gas-discharge 
tubes, playing an important role in the scattering, diffusion, 
and ionization processes of the gas. Plasma fluctuations 
reach especially high intensity in a static magnetic field, 
and the experimental work of this paper concerns these 
fluctuations in the presence of a strong magnetic field.

References 36 and 44.

6
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In this study little attention is given to the source of 
energy responsible for the plasma disturbances although it 
is speculated that cathode sputtering probably initiates 
the fluctuations. '

Chapters I and II are theoretical investigations of 
ion and electron oscillations. These investigations are 
developed assuming an idealized plasma with smooth properties 
so that the discrete nature of the charged particles can be 
ignored. Chapter I is a generalization of the Tonks-Langmuir 
theory on ion fluctuations. Their work is extended to include 
the influence of a magnetic field, a drift velocity for the 
ions, and ion collisions. A dispersion relation is derived, 
and using the dispersion relation in the differential equations 
such quantities as the ion and electron space-charge densities, 
the electric field, and the particle motion are derived and 
studied.

Chapter II represents a similar study for the electrons.
A general "stream" theory due to Gabor is presented. It is 
shown that many familiar electron dispersion relations can 
be derived from this theory. A derivation of the dispersion 
relation for transverse propagation which includes the 
electron temperature is given. The velocity and gain of low- 
frequency propagation normal to the magnetic field are studied.

Chapter III is an experimental study of the power spectrum 
of the fluctuating potential. Data are presented for a frequency 
range from half a megacycle to three thousand megacycles per second.
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Various pressures, gases, and magnetic fields are considered. 
Data for two kinds of probes, various locations of the probes, 
and different power levels are given. In Chapter IV the group 
velocity and gain for low-frequency noise fluctuations are 
investigated experimentally. The dependence of this group 
velocity on power, magnetic field, and pressure is shown.

Chapter V presents a comparison between the theoretical 
and the experimental work. The work of other investigators 
is brought in at this point and an attempt is made to explain 
the fluctuations.



Chapter I

À THEORY OF ION FLUCTUATIONS

The theory presented in this section is a natural 
generalization of the work of Tonks and Langmuir»1 An 

extension of their theory is made by including the influences 
of a magnetic field, drift velocity in the ion stream, and 
ion collisions» The generalization is carried through 
without the burden of any additional assumptions not already 
present in the Tonks-Langmuir argument» Since the equations 
and their graphical representation become very unwieldy, 
much of the theory presented is limited to considering the 
influence of the magnetic field, neglecting ion drift and 
ion collisions. '

1.1 The general differential equations

The following equations are taken from electromagnetic 
2 field theory:

the electric divergence relation,

V * E = -^ ( Np - Ne ) ; (1.1)

where T is the electric field strength, e the fundamental 
charge, e0 the free-space dielectric constant, and Np and Ne 
the density of ions and electrons, respectively,

Reference 59.

^Symbols are defined where they are first introduced in 
the reoort. In addition, a list of symbols is given in Appendix 
2. The LŒCS system of units is used throughout this paper.

9
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continuity for the ions,
+ V . ( NpVp) = O ; (1.2)

where vp is the velocity of the ions, and 
the Lorentz force law for an ion,

- -a* —* d Vn
( E +-v-p x Bo ) = ST- + vvp ; (1.3)

where mp is the ion mass, Bo the magnetic flux density, and 
v a damping constant approximately equal to the ion 

collision frequency.

In addition to these equations, the hypothesis is added 
that any fluctuations in the gas are sufficiently slow that 
the electrons remain in thermal equilibrium, and therefore 
satisfy the Maxwell-Boltzmann law for spatial distribution,

Ne = A exp , (1.4)

where A is a constant, <& is the electric potential, T is the 
electron temperature, and k is the Boltzmann constant. The 
addition of the familiar approximation

e = — V (lo 5)

to the system of equations above expresses the mathematical 
problem in terms of nine equations in nine variables. )

1.2 The perturbation form of the differential equations

This general system of equations is far too complicated 
for a general solution, but treating the disturbances that



are responsible for the electrical fluctuations as small
changes in such a solution provides a linear system of 
differential equations that is more tractable* Thus the 
procedure is to examine the perturbation equations corresponding 
to relations (1.1-1.5). Denoting the undisturbed variables 
by the subscript zero, the perturbed variables can be 
written:

€ = e-e0,

np - Np No ,

"e = Ne-No,

and 4> = »

In writing these expressions it has already been assumed 
that the undisturbed electron and ion densities are equal constants, 
corresponding to a plasma* It will also be assumed here 
that ion drift in the unperturbed solution and ion collisions 
can be neglected* (A more general derivation and discussion 
which does not neglect these factors is given in Appendix 3*) 
With these assumptions the perturbation equations for (1.1­
1.5) can be written:

V2 4> = (np-ne) , (1.7) 

(1.8)= —No V • u ,
dnp 
dt

(1.9)

and "e ~
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This last equation is not yet in a linear form. If the 
perturbed potential energy is small compared with the thermal 
electron energyy then the exponential of this expression can 
be approximated by the first two terms of its power series, 

and

Equations (1.7-1.10) represent the perturbation form of 
the equations (1.1-1.5). They can be combined to obtain a 
linear differential equation in the velocity u, as will now 
be described. The electron density can be eliminated using 
(1.7) and (1.10).

V 0 ~ lnP--- kT--  / ’ (1.11)

Differentiating this partially with respect to time and 
substituting from (1.8) into the result gives,

Taking the gradient of this expression and substituting V </> 

from equation (1.9) gives

where a>c =
e2 No 

™ p

, the cyclotron frequency vector, and 
the plasma ion radian frequency.
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1.3 The dispersion relation for a set of solutions

The differential equation (1.13) Is certainly not 
simple, but since the noise spectrum is of particular interest 
it is natural to investigate the frequency structure of 
solutions to (1.13), that is, to seek a set of solutions 
with the form,

L (cut -/3z )
ll 2 e

where u, , u2, and u3are constants. Thus, we are looking 
for solutions of equation (1.13) in the form of waves 
propagated in the z -direction with a frequency co and a 
propagation constant . Without loss of generality the 
component of the cyclotron frequency vector in the x - 
direction can be taken equal to zero. Then,

coc = ( 0, coc sin 0, Wp cos 6 )

where 6 is the angle between the direction of propagation 
and the direction of the magnetic field.

Now substituting from (1.14) and (1.15) into (1.13)
gives,

2

KT )(2
2

% mp 
kT

a7u.|4- LW ( UgWc cos 9 — U.3WC sin

2 .
CU \X — I CULL; CUc cos 8 - 0

Leu it, cur sin 8 
i

and

- cup2 ^2 ll3= 0 .

(1.16a)

(1.16b)

(1.16c)
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Equations (1.16) are three linear, homogeneous equations in 
the three unknowns, u, , u2, and n3 * Therefore a solution 
exists if and only if the determinant of the coefficients 

vanishes• Thus,

2 
CU 1 CU cuc COS 9 — 1 cu cuc sin 9

- L cu cuc cos 9 2 
CU 0 = 0

L eu cuc sin 9 0 cu2 - U)o2

where 2
.. 2 _ "p

— 2, , mP (1.17)
/32kT

has been introduced to simplify the notation. Expanding the
determinant gives

cu 2 - eu c2 ooô2^ ^oj2—pj^2^ - ^2w^2 sin2 9 - 0, (1.18a)
nJ 'H;;' ' J) ..

and solving this expression which is quadratic in the
square of the frequency leads to

ja^ïo- + /( + % ) _ „• „ = cos= 9 . (1.13b)
Lu p — / \ p y ou

A graphical representation of these two dispersion relations 
is given in Figures 1.1 and 1.2. The two solutions for 
frequency complement each other : the one solution applies 
when the frequency exceeds the cyclotron frequency, the 
other being appropriate when the frequency is less than the 
cyclotron frequency.
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Certain observations on the equations given in (1.18)
are especially worthy of note

a. wc =0 . If the magnetic field vanishes, then the 
frequency reduces to that given by Tonks and 
Langmuir,1

2 2
CO = Wo

' /3=kT
This function is plotted in Figure 1.3

c.

no = 0 . If the density of charged particles 
approaches zero, the frequency is given by the 
cyclotron resonant frequency.
If the direction of propagation is parallel to the 
Bo field, there are two solutions, w = w0 and w=wc . 
The ion motion for the first of these is entirely 
in the direction of the magnetic field (longitudinal 
propagation) and consequently independent of the 
magnetic field. In the second case the ion motion 
is transverse to the field.
If the propagation is normal to the magnetic field, 

2 2. 2
Cl) - W o C •

For all possible real propagation constants there is 
a greatest frequency given by,

w^max = (1.19)
The frequency as a function of w0 
in % and wc, i.e.,

w ( Wo, Wc ) = w ( Wc , Wo ) .

and Wo is symmetric

In Figure 1*1 the

"wT = cos
in Figure 1.2 by

2
-^-2 = sin2 5 
wc

asymptotes are given by

2
0

2 
C

2 
W p m p

b

d

e

g

w

W

eference 59.
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1.4 The solutions of the perturbed equations

1.4.1 The ion velocity

It was pointed out in the last section that the 
differential equation in the velocity (1.13) can be 
satisfied by

I ( co t - /3 z )

i ’ 2’ ^3 e (1.14)

with ul9 u2, and u3 constant if and only if the dispersion 
relation (1.18) is satisfied. Using this dispersion relation 
the ion velocity, the ion trajectory, electron and ion densities, 
electric field, and so on can be determined. We proceed 
first to the velocity components given by equation (1.16).

From (1.16c), 
2 2%

or,

cu cuc si n 0

oj ojc sin
2 2 2 O

O) — Q)c COS O

u- 3 ?

(1.20)

by using the dispersion relation (1.18) to eliminate w
From (1.16b),

Since the equations (1•16) are linear and homogeneous the 
components u। , u2 > and u3 are only determined to a constant factor 
d which may depend on the frequency and other parameters 
such as the magnetic field. The role of d in the physical 
problem is one of scaling the solution which is arbitrary up
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to a constant.1 With the choice

1It should be intuitively clear that if one has a
solution with certain velocity components, electric field 
components, a potential, etc., that doubling these velocity 
components, field components, and the potential, etc. also gives a solution* This freedom in the solution is carried 
mathematically in the factor d*

2 2 2 Q
CU -<Dr cos D

13= -------------- a - q d
o)c Sina

all other components are determined* From (1*20)

u. = L^rd,

and putting this in (1.21) one obtains

n2 = - d cos 6 .

Thus,

LL = L ^-d , -d COS 6,
2 2 2 n

GU -U)c COS t7 
(dc2 sin 0

L(w t —/8z ) 

e

For simplicity of notation we now write u( ■- —
normalized with respect to wc , and also let

(1.22)

, i.e., w is

(1.23)£ = cot -/3 z .

Apart from a phase change common to all the components,
the velocity u can be expressed merely as its real part,and

" ^xi Uy i uz -d Cü| si n £ , - d cos 6 cos Ç,
2>L“p.d cost

(1.24a)
In this form the components of the ion velocity are given in
terms of the variable £ , and in the velocity space with ux,
uy , and uz as coordinates

ux= —d co, sin Ç , 

and
uy= - d cos 6 cos £ , (1.24b)
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parametrically define a curve. Indeed this curve is an 
ellipse with center at the origin, for » constant, and

/ \ 2 / \ 2
I 1 +( Uy 1 = I

\ / \ d cos9 / '

A sketch for such a curve is given in Figure 1*4.

Since this curve of velocity is an ellipse, it is 
evident that both the velocity and the position of the ion 
are in the plane of this ellipse, and there is merit in 
choosing a new set of axes in that plane to study the particle 
behavior* It is clear from Figure 1.4 that ux can be retained 
as a coordinate since it is parallel to an axis of the ellipse. 
The choice of a new axis Uyt as shown in the figure with

p = tan” = tan” ((1.2?)
r Uy \ cos 9 sin 9 / 

reduces the description of the velocity orbit to the ellipse
2 j

U-x \ / U-y' sin p \
*— I + I _____*____________ I

dwj / \ d cos 6 /
(1.26)

Equation (1.26) is one type of solution for the motion 
of the particle in velocity space* It is also possible to 
express the velocity components llx and uy as functions of time, 
but these solutions are clumsy and of lesser interest*

1.4*2 The ion path

We now turn to the problem of solving the system of 
equations (1.24b) to determine the path of the ion. These 
equations can be rewritten:



DIRECTION OF PROPAGATION

Bo

FIG. 1.4 
FIGURE SHOWING THE PLANE OF PARTICLE MOTION 

AND A TYPICAL ORBIT FOR THE ION VELOCITY VECTOR



x=-yp" = - a sin

d y .
LLy = —d~t = — D COS 24c)

and UyS dz _ c cos g 9

where 23)

-a, -b, and c are merely new symbols for the constant 
coefficients. From (1.23)

j
dt

dt~ = W-fSc cos £ , 27)

and dividing this into ux in (1.24c) gives
dx Q sin y_____

CO — 3c cos

Integrating this expression and choosing
X = O for Ç = -Tp , 

ft 

a I sin

one obtains

pdp

co cos p 28)

solving this for cos Ç

Zn

gives

x

2

! FI - "ÜF Ç J •

r co eos 5=^
~ a x

I -e 29)

Now from (2.24c)
d y 
d x 

b cos Ç _ b cos Ç_____  

a sin £ ±a VT-cos^Ç

and substitution into this from (1.29) for cos £ gives

dy 
d x

bed 30)

■

2 /
I ( l-e
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The integration of this expression gives the ion path, for 
as argued in the last section the particle motion is in the 

x-y' plane and
y = y1 sin p (1.31)

where
where

p is a constant given by (1.25) 
x = O one obtains

Thus choosing y'= O

dp
\ 2

(1.32a)

/3c with g = -ôT (1.33)

Under a change of variables this integral can be written in
several different forms including

O

sin pdp 
I — g sin p

-i l l-e a X 
sin \—g—

In this last form the integration can be carried out (see
Dwight, 436*01), but the expression is so awkward that it
is more convenient to use an integral form directly in studying
the particle path* From (l*32b) it is clear that the 
normalized y' variable ( ^in ?—) y' as a function of the 

/ Ac \normalized x variable ) x depends only on the single 
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parameter g. Figure 1.5 shows some solutions for the ion 
path obtained by solving (1.32b) graphically. The apparent 
similarity between these curves and the trochoidal orbits 
that arise for isolated charged particles in crossed electric 
and magnetic fields should not be taken too seriously, for 
these orbits are not trochoidal, nor is there a static electric 
field in this case; also the drift velocity for an ion here 
is not normal to the magnetic field, and the frequency in 
this motion is the frequency of the wave, not the cyclotron 
frequency.1

1.4.3 The electric field

The perturbed velocities corresponding to a given 
frequency and choice of propagation direction are now known 
(equation(1.24b)); consequently the electric field can be 
obtained using equation (1.9). Expressing (1.9) as three 

scalar equations gives
_e_ £ = d —-- u cos 9+ uz sin 8, 
mp dt y c

du 
£ y = "7?" + Ux“c cos 6, (1.33)

and sin 8.

Now substituting the velocity components from (1.24b) into 

these equations gives

^Figure 1.5 shows that the fluctuations provide a mobility 
in the direction y'.
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—~— £x= —dcuf cos d cos^8 cos Ç + (œScos^^) d cos = 0 ,

e 
o>c mp

= d ü)|COS Ô sin d cdjcos d sin £ = O, and

2 2 n
€z =-^1 -------- d sin £ 4- d O)! sin 9 sin £

(1.34)
= (-+ COS20+ sin2^) sin £

sint7

Thus, the components of the electric field normal to the 
direction of propagation vanish. The component of the 
electric field in the direction of propagation is given by 
(1.34).

1.4.4 The ion and electron densities

Integration of the electric field (1.34) gives the 
perturbed potential

£• (1.35)

and then equation (1.10) provides the corresponding electron 
density at once,

_ e No^ _ _ Npmpdw
n® kT k TjSsin6

I - a)2 ) cos £ . (1.36)

The ion density can similarly be obtained from (1.8) since
the velocity is known.

Ci) sin 6
OJ 2 —cos 2 6 / cos £ .

(1.37)
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Now it should be clear from the general approach given 
to the problem of ion oscillations that the electrons in 
seeking their thermal equilibrium tend to diminish the 
amplitude of the ion oscillations, and it is informative to 
inquire how successful they are in this role of damping the 
ion disturbances. We take as a measure of this damping the 
quantity ( i--- ) since the perturbed potential will 
vanish when this expression does. Use of (1.36) and (1.37)

/ ne \ m pœ ( I - #i / .

(1 - 1 - "TTP" <1-38)

but solving the dispersion relation (1.18a) for ojo leads to

2 
Wo =

0)2 ( I — O)|2 /

( C0S29-Cüf) (1.39)

Substitution for the right member of this expression which
appears in (1.38) gives

n e 
np

2 
m pd)0 

'"'-TTp" * Replacing

o)Q2 by its value which is given in (1.17), one obtains

or '+

(,= ---- L----  - .
k "P ’ », ». wp (1.40)

l+ kT P
This is an interesting expression. Note first of all that it 
is independent of the magnetic field and of the direction of 
propagation with respect to the magnetic field. Thus 
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although the electron and ion perturbed densities depend on 
these quantities, their ratio does not. Also, the electron 
and ion densities are in phase and the ion density must exceed 
that of the electrons. Assuming that the other factors on 
the right in (1.40) do not change, then an increase in 
electron temperature T requires a decrease in the ratio of 
electron to ion density. This might be anticipated since 
the potential peaks and potential troughs established by 
the ions cannot so readily capture and reject higher energy 
electrons.

The^ener^^

This study of a set of particular solutions for the 
perturbed differential equations concludes with observations 
on the time average ion kinetic energy per unit volume and 
the average electric energy per unit volume. From the 
expressions for these quantities comes an important feature 
of the spectral density that has its parallel in the experimental 

data.

The electric energy density is given by

■ 4-WE
m nd U) V/ 2 \ 2 . 2 ► 

. n— 1-^ sin Ç, 
6 sin o / x '

using equation (1.34). The kinetic energy per unit volume 

for the ions is
wM = -g- mp n0Ij2 = mp No (ux2 + uy + uz )

2 —

b r 5 I II
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where the velocity relations of (1.24b) have been used.

Taking the time average of these two expressions gives

X = - (-- p . T") ) 1 d (1.41)
E \ e $ 1 n y / \ /

( 2 2nV
___  . 2 2,2 A \ COS y/
w = -5— mp Nod o)| + cos y4- . 2n

m r sin U
(1.42)

The ratio of these two quantities is worth studying since it 
is independent of the scaling factor d and gives a measure of 
the distribution of energy between the kinetic and electric 

forms • We have

/ \ _ wF %mp w ( 1 - W| j ______
= ‘ s\r\Zd^-hcosZô)^\

wc___________ cuf( I — 0)1 )________________• (1*43)
” wp2 Sin^8(a)^4- cos^0)+ (o)f — cos 8)

This function is plotted in Figure 1.6 with 0 as a parameter 
The discontinuity in the curves is imposed by the dispersion 
relation which excludes certain frequencies for a given 
direction of propagation (see Figure 1.1). An interesting 
property of these curves is that they go to zero at the 
cyclotron frequency indicating that the electric energy 
density is zero at the ion cyclotron frequency for ^11.

directions of propagation.
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FIG. 1.6

NORMALIZED RATIO OF ELECTRIC
TO KINETIC ENERGY AS A

FUNCTION OF FREQUENCY
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Chapter II

A THEORY OF ELECTRON FLUCTUATIONS

The theory developed in Chapter I was a study of ion 
fluctuations in a plasma. The electrons were taken into 
account by assuming that they had sufficient mobility to be 
in thermal equilibrium with the electric potential established 
by the fluctuations. This chapter examines the electron 
fluctuations, and although the restriction is not imposed in 
the early sections of the general theory, the influence of the 
ions will later be disposed by assuming that they are evenly 
distributed in the plasma and move with a constant velocity. 
This is tantamount to assuming that the ions were not there 
in the first place from the theoretical point of view. Taking 
a little liberty, the following statement is a consequence: 
investigators working with electron fluctuations in gas-discharge 
tubes, those studying ionospheric propagations, those 
investigating solar radiation, and those individuals examining 
propagation in electron-beam tubes are essentially solving 
the same mathematical problem. Perhaps it is not surprising 
that the first three of these groups are studying the same 
mathematical model, for in all cases propagation in a plasma 
is involved. The mathematics for electron plasma propagations 
is the same as that of electron beam propagations since the 
plasma ions are usually ignored under one assumption or 
another in examining electronic disturbances in a plasma. The 
idea is that the ions are relatively so heavy that their motion 
is not altered by rapid fluctuations of the electronso

32
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The theory of this chapter proceeds in a manner similar 
to that of Chapter I; a general system of differential 
equations is introduced, a perturbation form is given for 
these equations, and a set of component solutions for these 
perturbed equations is studied. This work is not carried 
out as completely as that of Chapter I since the theory on 
the electronic disturbances has been more thoroughly investigated 
in the literature. Those subjects already in the literature 
are developed only if they are pertinent in explaining the 
experimental studies of Chapters III and IV ; in addition the 
low-frequency propagations normal to the magnetic field are 
studied in some detail, and a derivation is given for the 
dispersion relation of transverse propagation which includes 

the influence of electron temperature.

2.1 A set of self-consistent equations for electrically 
charged streams^-

A set of differential equations are developed in this 
section for the “stream” vectors of interacting electrically 

charged streams.

Beginning with the Lorentz equation for the force on a
2 charged particle, one has

vv + x"B ) »
d t

gives a list of symbols.
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and expanding the derivative gives^

( E+VXB) . (2*2)

Equation (2.2) can be written, 

[vv+v+ (v- œc] = T, (2.3)

where 7^ = , the cyclotron frequency vector. This is
the appropriate form for the Lorentz equation in stream theory, 
for if we imagine the medium to be made up of many interacting 
streams of charged particles, each stream having particles of 
the same mass, charge, and collision rate, then the left 
member of equation (2.3) depends only on the particular 
stream involved, whereas the right member is the field 
contributed by all of the streams. To indicate this, we write 
for the r ‘th stream, 

where it is understood that the r applies to all of the 
components inside the bracket.

The next step is to express e* in terms of a “stream 
vector.” Using the familiar relations of electromagnetic 
field theory-,

e = -v$-a , (2.5)

□ Ax-^T, (2.6)

^-Because of the complexity of the expressions in this 
chapter, a dot is used to indicate partial differentiation 
with respect to time.
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and p

’ (2.7)

where "a is the vector potential, J the current density, /z0
the permeability of free space, and □ is the D’Alembertian 

/ 2 A 2 \operator V — /z0 g0 2 Also,

Q E = . (2.8)

Now if the current density and space charge density of the
r’th stream are denoted by Tr and Pr9 continuity implies that

V • 7r + Pr = 0 . (2.9)

Therefore, an r’th stream vector s“r can be defined by

j> = eo s“r and pr = - e0 V *sr (2.10)

which is consistent with equation (2.9)• Defining the total 
stream vector by

"s = Z "sr , (2.11)
STREAMS

the electric field can now be expressed in terms of S, using 
(2.8) and (2.10).

□ E =-v(v-s)+/xoeos (2.12)

Taking the D ’ Alembertian of equation (2.4) and substituting
from (2.12) on the right side gives,

D [utf-t-îf + (v- V)t/-vxoic ] r (2.13)
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Using (2.10), the stream velocities in this expression can be 
"j* ’

written = —wÿ- » 50 that equations (2.13) express
the problem of M interacting streams in terms of M vector 
differential equation in the M stream vectors.

2.2 A perturbation form of the stream equations

We now turn to a perturbation form for the equations of 
(2.13)« Perturbing the streams gives, 

o —** Sr=Sr j
Tr = p° <Tr° +Tr ? (2.14)

and pr- pr + nr
where Xr and nr represent the perturbation values, and the 
superscript zero indicates the unperturbed value of the quantity. 
From the definition of the stream vector given in equation 
(2.10), the currents and space charges of (2.14) can be 
written,

^rsPr^r

and Pr = Pr° - €o V (2.15)

Using these forms the velocity in the r’th stream can be 
approximated by,

= Pf ^r)(' + r+ ••• )• or (2.16)

“ ^r+ V'^-) '
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This value for the velocity of the r’th stream can be 
substituted in the left member of equation (2.13)> but before 
making the substitution, it is convenient to calculate some 

of the terms.

(2.17)

Notice that and p®are taken equal to zero here, since it is
assumed that the undisturbed streams are steady. Also,

Af = 2 A r * 
STREAMS

and

(2.18)

(2.19)

Then putting these forms in equation (2.13) and using the 
fact that the unperturbed basis streams satisfy the
differential equation leads to

These are the fundamental perturbation equations of interacting 
streams. Imposing the assumption that each undisturbed stream has 
a constant velocity and a constant space charge density 
p ° , equations (2.20) reduce to the form,

□ f vA+ «A4- & + V *4-+ )(4. + • &) (2.21)
rz L
-(A+vV'X)xwc)r = -(w--p- ’
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where is
stream# If there is

the characteristic frequency of the r"th 
only one stream then the characteristic 

frequency is the more familiar plasma frequency of the stream, 
and in this case we write o>r= u)p . Using (2.12), the 
corresponding perturbed electric field can be written,

C = {v£+u£° V-4 + X + V <£-i-(yo.v) 22)

— 4- ir° V • a) x Wp J r ,

for any stream r. Consequently, the solution of (2.21) leads 
at once to the value of the perturbed electric field. Similarly 
such other quantities as the space-charge density and particle 
motion are derivable once the stream vector is known.

2.3 The perturbation equations for particular solutions

Equations (2.21) are a set of linear homogeneous differ­
ential equations in the perturbed stream vectors, and conse­
quently solutions can be sought corresponding to waves 
propagated through the ionized gas. The resulting perturbation 
relation is derived in this section. The argument and 
procedure is much like that of Chapter 1.

Assume the perturbation stream vectors of (2.21) are 
given by,

- _ __ L(cut-T)

r= e ~ , (2.23)

where the components of are complex quantities, but do 
not depend on the space coordinates or time. Likewise the 
frequency co and the propagation constant /3 are taken 
constant.
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For this choice of stream vectors,
□ A'r " —~ r >

V• ar = — l /9 r ,

A=-W^r ? (2.24)
V'^r = w/3 "ZV ,

(-tr°e V)= — L ("t^ /3 )x^r, and V = ~/3 ((3 'A) .

Substituting these values into equations (2.21) gives,
{(cu — L v- ^°‘/3 ) o)2+ l cu^x ü7c

+ ( /3 *4») [z/°(- w + i v + v° • ^9) - l x cuc 1J
r 2-^ r (2.29)

= O)r [<d a- C (3 "4») [3] ,

This vector equation is the general form of the perturbation 
equations for the particular solutions of interest in this 
study. However, it is often more useful to have these 
equations in terms of scalar relations. For convenience and 
without loss of generality, the propagation is assumed in 
the z -direction and the magnetic field is taken in the yz - 
plane. Thus,

/3 = ( O, O, (3 ) and

o>c =( 0, ojc sin 8, u)c cos
(2.26)

where 8 is the angle between the propagation direction and 
the direction of the magnetic field. Then the component 
equations of (2.29) can be written

2 a) * i-V-0)4) + La)ü)g(^cos

0».Lu)c(v-°cos 8-U^ sin
2 2.= Q)r Cü4| ,

(2.27a)

(2.27b)
ai - Lcucüç^cos 8

LU

2 2= cur cü42 , and
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- i v-V°|8)(d4j+ LOJCi^^sinô

tX-o>+ Lv-H^s)- L^CÜ Sin9]}
3 3 1 c r (2.27c)

2 
= wr 3 ‘

The subscripts 1, 2, and 3 have been used here to denote 
components in the x, y, and z directions respectively.

2.4 The role of temperature in the dispersion relation

The derivation of a dispersion relation for electron 
fluctuation that embraces the role of temperature is a 
difficult task. However, two special cases can be obtained 
from the system of equations given in (2.25) which include 
temperature; these are derived below. The first is a one­
dimensional approximate form due to Bohm and Grossthe other 
is the general case for transverse propagation.

2.4.1 A one-dimensional model

The one-dimensional model of Bohm and Gross 
will now be derived. Referring to equations (2.25), one 
allows for perturbations and propagation only in the direction 
of the magnetic field, and it is assumed that any velocities 
in the undisturbed streams are in that same direction. Then 
neglecting collisions, equations (2.25) reduce to 

or
{(w -t/79) ^}r= .

^Reference 13.
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This can be written
2 

xL , , (2.28)
(a) ~tr°(3 ) 2

There are as many linear homogeneous equations here as there 
are unknowns, and therefore the determinant of the 
coefficients must vanish if there is to be a solution.
Assuming M streams and using the notation

(2.29)

this determinant is given by
Œ । — 1 Q. । & । • • • ।

CL g CLg™ 1 Q- g • • •

aM ‘ œM 1

= 0 .

Subtracting the first column from each of the succeeding
columns gives a(-! 

a2
1 1-1 -1

... 1
0 = 0,

0 -1

and adding each row to 
M

Z a r1
the 
O

first
O

leads to 
... 0

0

MExpanding, £ a L = 1, or substituting from (2.29) for a-L , one obtains



2
y

1 ( œ -v® 3 ) 2
(2.30)

2 e 2 Nr 
NOW wr = -^T where Np is the number of particles per unit
volume in the r'th stream, so that by defining a particle
density in coordinate and velocity space by

Nr = f (^r X^r~^-l) (2.31)

equation (2.30) can be written

Formally passing to the limit, this sum becomes the integral,

2 
e

e0 m

This expression is the dispersion relation for the Bohm and 
Gross model.

An approximate solution of (2.32) will now be derived. 
Assume that the phase velocity is large compared to the 
particle velocities permitted by the distribution function 
f (v). Then the denominator of the integrand can be 
approximated by

Putting this approximation in (2.32) gives

(2.33)

Reference 13.
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where the bar over the quantity indicates the mean. In 
particular if there is no average drift (= Q) and the 
distribution of velocities is Maxwell-Boltzmann, then (2.33) 
becomes

By the original assumption, the thermal term in this expression 
is small compared to unity, and consequently the first two terms of 
an approximation give, 

u)2 = eu p2 -F 3 ---- • (2*34)

This is the result given by Bohm and Gross. It should be 
noted that if the temperature is zero, the frequency is merely 
the familiar plasma electron frequency; the effect of 
temperature is to broaden the spectrum.

^^.^^he^lnfluençe^of^tem^^ 
propagation '

The case just discussed has serious shortcomings. It 
is restricted to longitudinal propagation, i.e. the 
perturbation and propagation are in the same direction. More 
serious is the necessary assumption that the thermal motion 
is limited to one direction. Also the lack of influence of 
any magnetic field is inherent when only one-dimensional 

perturbations are tolerated.

The case discussed in this section is somewhat more 
satisfying. It embraces the influence of the magnetic field, 



and a general distribution of thermal velocities is tolerated. 
However, it is also a rather special case since it is assumed 
that the propagation and the perturbation are transverse.

Returning again to equation (2.25)» neglecting the 
effects of collisions, and assuming transverse propagation, 

=0 , one has

o/— C /3 ) (.X— p) + LU)GU= *

C/B) L }r = O),2^ ,

and (^-C2

(2.35a)

(2.35b)

(2.35c)

where cvc is now taken in the z 
Clearly (2.35c) is independent 
can be written:

-direction for convenience, 
of (2.35a) and (2.35b); it

“r _ (2.36)
(cu - • /3 )

combined and reduced to a formNow (2.25a) and (2.35b) can be 
similar to (2.36), for multiplying (2.35b) by ± t and adding 
the result to (2.35a) gives

(cu - C2^2)^ -V° • /3)cu(z, ± L^) - CU <UC (^, - l-Ag )}r= CUr2O)2 (^| - LJ^) .

This can be written
2 

CUr (2.37)

The solution of (2.36) and the two solutions of (2.37) 
include all possible waves that are launched transversely. 
It is clear that the propagation direction is normal to the
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direction of the magnetic field in the case of (2.36) and 
parallel to the field in (2.37)* It also should be noted that 
the solution of (2.36) can be obtained from the solution of 
(2.37) by merely setting wc ■ 0 in the solution of (2.37)»

The three expressions (2.36) and (2.37) are of the 
same form as equation (2.28), and the dispersion relation can 
be obtained in the same way. Corresponding to (2.36), the 
dispersion relation is

J- CO

where 1/ is the component of velocity in the direction of 
propagation and f(v) is the distribution of particles in 
this velocity per unit volume.

Corresponding to (2.37), one has
/•COW________/ --------- LM— = i . (2.39)

(«*-c‘0 2) £°m )

The next step is to evaluate the integral in these dispersion

relations.

Suppose that the distribution function is Maxwell-

Boltzmann so that

in
2tt kT

-2FT 
e (2.40)

where No is the density of the charged particles in all the 
streams. Then (2.39) can be written

w e e No _ / m . I _®---------------------— dv- = I .
(o/-C=/3=) ' ^0^ 27TkT J (w-vfitaic)

-CO
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Making the change of variable

2 - wc) , and temporarily using the

notation b = / m (œ-vA±cü ), becomes (2*41)
V 2 kTp 

, x 2 2 ____________ / —(07 - b )
w wp / m / _ ®_____ d 17 = I . (2*42)

(gü2 - C 2 2 7T k T 2

The integral in this expression does not exist in the Riemann 
sense, but properly interpreted in the Cauchy sense, it is a 
well behaved function of b. This integral is defined and 
evaluated in Appendix 4; here the same result is obtained by 
a formal method* writing

-(17-b)2

g( b) = e — d 17 , one has 
^co '

p® 2 K 
b2 -7? +2b7?

g(b)e = 6 ~ ' d T? •

-CO

Differentiating this expression with respect to b gives
d 

db

b2 
g(b )e

22 L +2bi7

—CO

b2 
2e d?7 = 2

b2 
e

-CO

Now Integrating on b leads to

2

e 1

7- -b2
2 Vît e

b
172

5 ' dr) . (2.43)
0

The constant of integration
9 has been tabulated a

is zero since g(o) must vanish
plot of the function together

^■Reference 31»



with an approximation for large arguments is shown in Figure 
2.1o The approximation is of particular interest because if 
it is used instead of the integral in the dispersion relation 
the result is the more familiar expression valid when the 
temperature can be ignored, i.e. when T ■ 0 is a good 
approximation* From Figure 2.1 it appears that the 
approximation is good for arguments greater than five or ten. 
Here some evidence will be given to this point of view by 
showing that the integral and its approximation have the same 
limiting values and their ratio approaches unity.

A certainly has the limiting value zero so that it is
only necessary to show that .

.2 r 712
Hm /b je/ d?/

b~CO --------------- =

2 b
(2.44)

Using L’Hopital’s rule, one obtains

lim 2 
b—00

r rf A 

o « 
b" e»2

I i m 
b —CO 2 y*(a 1

confirming (2.44)

Returning now to the dispersion relation (2.42) and 
substituting in the value obtained for the integral gives

œ P / m--------- , 2 7 TT e"b J d t] = I .
w'-c" 27rkT^9' °

Replacing b by its value from (2.41) and using uT 2 *
the most probable thermal speed, this equation can be written,

(2.45)

. I . e \ /8u T / ^UT ' ÙT) - I .

/3ut /
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This is the dispersion relation for transverse propagation 
in an ionized gas. It is more general than the usual 
expression presented in the literature since it includes the 
effect of a magnetic field, temperature, and drift. The two 
cases given in (2.4Ç) apply when the propagation is in the 
direction of the magnetic field► The dispersion relation for 
transverse propagation normal to the magnetic field can be obtained 
from this expression by setting the magnetic field equal to 
zero. No other directions of transverse propagation are 
possible*

The expression (2.4$) is quite complicated and difficult 
to interpret. Using the asymptotic approximation for the 
integral the dispersion relation is

w Up: 

2 2 _ 2
W -c 5

(2.46)

This equation is independent of temperature and represents a 
considerable simplification in other respects; it is worth 
noting just when it can be used. From Figure 2.1 it appears 
that the approximation is justified for

c
£u (2.47)

Restricting the consideration to that of strong magnetic 
fields one sees that the approximation (2.46) is always good 
for the dispersion relation with the positive sign, but the 
approximation breaks down near the cyclotron frequency when 
the negative sign is chosen. The temperature must be
taken into account under these circumstances. Figure 2.2 is
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a family of curves representing the dispersion relation (2.46) 
assuming the drift velocity is zero and taking the negative 
sign. The modification that the temperature introduces into 
these curves near the cyclotron frequency is shown in Figure 
2.3* These curves were obtained directly from the general 
dispersion relation (2.4^) after neglecting the drift velocity 
IF . It is clear that neglecting the effect of temperature 
introduces a radical error into the dispersion relation for 
frequencies near the cyclotron frequency.

2.5 The magneto-ionic dispersion relation

A derivation of the familiar dispersion relation for the 
ionosphere is given in this section. It is introduced here 
because the Bailey bands for wave amplification are determined 
from this dispersion relation, and these bands play an 
important role in the interpretation of the experimental data 
in the next two chapters*

The general equations of (2.27) are now
specialized to the case of a single stream, and the velocity
of drift, tr°,is neglected*1 Rewriting the equations (2*27)
for this case gives

Cd - I V) Cd + L Cd CUC (2.48)

Cd — L v) CdAg- L cdCdccos 6 2 2
CUp Cd ^2 (2.49)

^he extention to include drift velocity can readily be 
made, but the result is not pertinent in this development.
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and

OJ — L U/CUA3"«' LtüCUç.zi.] sin @ = 2 , Wp ^3 (2.50)

Here there are three linear homogeneous equations in the three 
components of the perturbed stream vector. Consequently, a 
solution exists if and only if the determinant of the 
coefficients vanishes. Thus

2 2
w Wp / . \
—-----772 - wku-L W
(u - C p

L CUCUgCOS 6

- i. cucuc si n é?

- L cuu>c cosS I uuluc sin y

2 2
W (Up / \

2------gZT -tu( OJ- L V/ O
<U -c P

O Cüp2-Gü( CÜ — L V

and expanding in terms of the first row one obtains

O)p2 —cu(u)—LU; 2 2 2 n
- CO cuc COS U cup2-cu(cu-L V

— co \co— i. V 2 = O

This expression is quadratic in 
quantity gives

o 2
--  : solving for this

<^72^2 ’

2 2
co cup

2 2O2
CO -c p

= co (co— L V/ + ÿ
2 2 . 2 n

CO CO- sin o 

(Up 2-co(co*"lu>

Now the propagation constant can be obtained by inverting 
and transposing in this expression; also normalizing all 
frequencies and (c 0) in terms of the plasma electron frequency

w one has P



2 2
= Q)

Ci) — I u 

O)

^1-

cuc2 sin2 9

OJC2 sin 20

I -cu

^c2
O)2

COS2 9 (2.52)

w—

This is the important magneto-ionic dispersion equation
used extensively during the thirties to examine the 
propagation properties of the ionosphere

2.6 The amplification bands of Bailey2

Bailey has pointed out that if the magneto-ionic dispersion 
relation is plotted with the propagation constant /3 as a 
function of frequency w , neglecting collisions v , then 
there are certain intercepts on the frequency axis and 
certain vertical asymptotes. These are given by the frequencies 

±0, ± Up , ±W| , tWg, ±O)3l AND ± CU4 , 

where 
। r / 2 z . -

’ ^2 = 2 y œC +4WP - œC

and
w3' ^4 2"( + ^p2) - ) 2 -4 % U)c2COS 2 9

I 
2

Bailey states that these frequencies are the edges of 
frequency bands within which the propagation constant is pure 
imaginary, and therefore waves cannot propagate in these 
bands through the medium. However,

"When an electron drift velocity V°exists the 
corresponding ( uj ,p ) curve has some branches which are

^References 1, 2, and 30.

^Reference 8.



similar to the ones just considered but distorted in a skew 
manner so that they become unsymmetrical about the oj -axis o 
The principal consequence is that in general we now obtain 
bands in which /3 is a complex number (a + tb).

“These bands approximate to the bands considered above 
in the magneto-ionic theory. We thus see that the effect of 
electron drift is to create wave amplification and consequent 
electromagnetic noise in frequency bands in which otherwise 
waves cannot propagate.”1
In this way Bailey concluded that there would be three 
frequency bands in which one could expect fluctuations. These 
bands were approximately the frequency intervals ( o, cu 2), 

( OJp, CÜ4 ) ; AN D ( CO 1 , CO 3 .

2.7 The low-frequency propagation normal to the magnetic field

Chapter IV is an experimental study of the low-frequency 
propagation normal to the magnetic field. Anticipating that 
chapter, a brief theoretical study on such fluctuations is 
presented in this section. The objective is threefoldt (1) 
to show that the group velocity of propagation is approximately 
equal to the electron drift velocity in the direction of 
propagation, (2) to show that there is amplification in this 
propagation and determine the dependence of this amplification 
on the plasma parameters, and (3) to show that the preferred 
direction of this propagation is parallel to the electron 

drift.

Returning to equation (2.25), and writing that expression 
for a single stream in which the cyclotron frequency is so

^Reference 8, p. 431. Some of Bailey’s symbols have 
been altered in the quotation to bring them into agreement 
with the rest of this paper.
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high that other terms in the equation on the left are
negligible compared to those containing œ c gives

( cu^-C^/6^) LCÜ A X CUC — L (/3 • a) "Vs X C0c Mp2 . (2.53)

Following the previous convention of assuming propagation in 
the ^-direction one has

= ( 0, 0, 3 ) ,

and taking the magnetic field normal to that direction leads to

wc = ( O' wc » 0 )

Under these assumptions the vector equation (2»53) expands
into two scalar equations:

( u/-C%') -Laj43Wc + l^4.3v-/u>c 2 2
Wp Û) , (2o54a)

and if (o/-c%= ) * o ,

L CdAjCi) c - uc
2

p -A 3 (2.54b)

As before the determinant of the coefficients must vanish, and
2 2O) p co I U)c )

= 0 ,

— L C1)C CU

Expanding this expression* and dividing out w gives 

o)p2CLi (cup2 + LWC/3vf) - ü)Cz = 0 .
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Mow assuming the phase velocity (oj/^)<< c , the velocity of

light, this equation approximates,

(2.55)

This relation is the result of several approximations,
and other simplifications will be made in the development of 
this section. These approximations are made assuming the 
following values as representative of the quantities in this
experimental study

U) ~ 2 v- 10^ radians per second

Clip ' 2 7T • 3 *io9 radians per second

wc "' 2 7T. 1010 radians per second

" 2 7T " 10^ per second

c£ -- 2 7T- 10^° per second.

(2.56)

2.7.1 The velocity of propagation

Equation (2.55) can be simplified further by noting 
that the term involving , the velocity normal to the 
direction of propagation, is much smaller than the other terms 
present. Thus (2.55) can be approximated by

- 0 . <2-57)

This equation is linear in the frequency of the disturbance; 

solving gives

Differentiating this equation with respect to the propagation 

constant gives the group velocity,
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= aw - tr __________ *_______________ •
9 dP 3 ( <V Y (2.58)

v + /

_________ < I 
For the representative values of (2.56),_____________ » and
the group velocity is approximately equal to the component of 
electron drift velocity in the direction of propagation.

2.7.2 The amplification with propagation

These low-frequency waves that propagate normally to the 
magnetic field at about the electron drift velocity can 
amplify as they propagate. This is clear from equation (2.57) 
which is cubic in the propagation constant and can be written:

s’ - (i-K ■ ° «•»>
Descartes1 rule of signs implies one positive root and one 
complex conjugate pair of roots for this expression. Evidently 
the complex solution with the positive imaginary part represents 
a wave amplifying as it propagates. An important consideration 
is the amount of this amplification and its dependence on 
the velocity of electron drift and other properties of the 
medium; we turn now to an examination of that gain.

Equation (2.59) is a cubic and the three solutions can 
be written out explicitly in terms of the coefficients in 
(2.59). Writing + i as the solution for the amplifying 
wave, is given by
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x
X 
2

A 
2 

"P 
o)cC

where x= ---- 2 p2 . In this form £2 is normalized with respect
Wc C OJ

to its maximum value. Figure (2.4) is a graphical representation
of this function. From the figure it is evident that the gain 
remains nearly constant for a wide range of frequencies and 
values for the electron drift parallel to the direction of
propagation.

The maximum value of gain can be estimated using the 
representative values of (2.56) .

Maximum gain = 20 logio ( e

_ 20 W P
" 2.3 Wg C

2.7.3 The direction of propagation

wp/^c6 ) (2.61)

2 db per cm .

The study of the last section was carried through 
assuming that the term involving velocity transverse to the 
direction of propagation, ^1°, could be ignored in the 
dispersion relation (2.55) since it is much smaller than the 
other terms. In this section that velocity is taken into 
account by a perturbation method. The result indicates that 
any such velocity transverse to the direction of propagation 
introduces attenuation and consequently, the preferred 
direction of low-freouency propagation normal to .thq magnetic 

field is parallel to the electron drift.
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Equation (2*55) is a cubic in the propagation constant 
A • it can be written,

( u>c 0 8 —( ojc C^cu) (3 ~~ (ûaip cüc0c v® — a)p a) = 0» (2*62)

This is just the same as the cubic (2*59) except that the 
term involving the transverse velocity has been added. Now 
this added term is presumed small compared to the*others. 
Suppose that ignoring it the solution is £o ; we seek a 
solution e which includes this term with the understanding 
that e << /3 o . Putting /9O + e into equation (2.62), using 
the fact that £o satisfies this equation if the higher order 
term is ignored, and keeping only first order terms in € gives

( cuc2C2 )3/3o2e—(wQ2C2cu)2/^r)6-iWp = 0 .

Dividing out ojc and solving for e leads to 
2 «

« . L _ ---r ■ (2.63)
3C/3O - 2OJcC co

Now it is not difficult to show that the real part of /3ois 
negative for the amplifying wave discussed in the last section. 
Consequently e introduces a negative imaginary part into that 
solution. This corresponds to attenuation, and one can conclude 
that the maximum amplification of these low-frequency waves 
occurs when the propagation is parallel to the electron 

drift velocity.



Chapter III

an experimental study of the power 
"Spectrum. TECHNIQUE and RESULTS

3.1 Gas diode and experimental apparatus

Several electrode structures were considered as a pre­
liminary step in the experimental study of the power spectrum 
of a glow discharge in a magnetic field, but all of the 
spectral data of this report were obtained using the electrode 
geometry of Figure 3«1* The cylindrical anode shown in the 
figure is made of copper, the cathode discs of aluminum. A 
section of the anode is made of copper screen instead of plate 
copper so that the discharge can be observed visually. This 
electrode geometry is particularly useful for low-pressure 
work in the presence of a magnetic field, the cathode structure 
being similar to that incorporated into the Philips ionization 
gauge.

The construction of the probe shown in Figure 3.1 will 
be discussed later in the section on instrumentation. How­
ever, it is worth remarking early in this chapter that most 
of the spectral data were taken with an electrostatic probe 
like that indicated in the figure. In all cases this probe 
was located midway between the mycalex insulating plates and 
1.5 inches from the anode.

Figures 3.2 and 3.3 are photographs of some of the 
experimental apparatus. Figure 3*3 includes a front view of 
the aluminum chamber that houses the gas diode. During

62
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operation this whole chamber is evacuated ; the chamber is 
continuously pumped, and the desired gas continuously enters• 
This assures a pure gas, and also provides an easy method of 
controlling the pressure.

3*2 Static characteristics of the discharge

The gas diode just described is typically operated with 
1500 volts between the terminals» The current is about 0*5 
amperes with a pressure of 10 microns and a magnetic field 
of 3500 gauss* The discharge appears as a uniform, transparent 
glow filling the whole volume of the diode under these 
circumstances »

The static characteristics for this type of discharge 
are extensively treated in a report by Early, Smith, and 
Lu.l The significant distinction between the volt-ampere 

characteristics of this glow discharge and the more familiar 
one at higher pressures with no magnetic field is that the 
magnetic field and the lower pressure tend to increase both 
the resistance and the incremental resistance of the 
characteristics * Thus the characteristics appear much like a 
conventional high-vacuum diode*

3*3 Instrumentation

The method used to obtain the spectral data can be 
understood by referring to Figure 3*4, which is a block 
diagram of the circuit arrangement*

Reference 22 and 41.
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CAPACITIVE COUPLING TO ELECTROSTATIC PROBE

FIGURE 3.4

BLOCK DIAGRAM OF INSTRUMENTATION CIRCUIT .

PROBE METERRECEIVERATTENUATOR

50 n

NOISE SOURCE

SIGNAL 
GENERATOR

À probe in the gas discharge, indicated here as a noise source, 
picks up the fluctuation in the discharge and feeds it into 
an attenuator. The role of the attenuator is a decoupling 
one: to insure that all frequency components in the 
fluctuations are presented the same loading. To maintain 
this constant loading even at very high frequencies, the 
electrostatic probe is so constructed that it is essentially 
a short section of coaxial transmission line using a 
hypodermic needle for an outer conductor, tungsten wire for 
an inner conductor, and a ceramic tube for a spacer. The 
probe dimensions are chosen to give a characteristic impedance 
of fifty ohms so that the probe conveniently connects to an 
Re G. coaxial cable that goes to the attenuatore A glass 
envelope shielded the probe so that all the current flowing 
in the probe is due to induction. From the attenuator the 
signal is fed to a receiver; the output of the receiver is 
metered so that the noise input in the pass band of the receiver
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can readily be determined by using a signal generator as shown 
in Figure 3.4. An attempt is made to avoid errors by calibrating 
each point separately; that is, the output of the signal 
generator is adjusted to give the same meter deflection as 
the noise source produces at the same frequency. Using this 
method, the power spectrum at a given frequency is the output 
of the signal generator at that frequency divided by the noise 
bandwidth of the receiver

There are three significant errors in the method of 
instrumentation. (1) A 10 db fixed attenuator was used. 
Under the most extreme variation of the receiver input 
impedance from zero to infinity the input to the attenuator 
would vary from 44 to 67 ohms. For microwave frequencies 
the variation in resistance at the probe might be even greater 
because of the standing wave on the coaxial line. (2) Any 
nonlinearity in the amplification of the receiver before the 
second detector leads to error. It was presumed that the 
superheterodyne receivers used were linear as long as the 
metered output was below that value which indicated overload 
with a sine wave input. (3) The argument developed in 
Appendix 5 Indicates that the meter following the linear 
amplification must be square-law. The meters in this study 
were connected to measure the filtered output of the second 
detector. For low power input this is square-law; for high 
power more nearly linear. The error introduced by this

A proof of this statement is included in Appendix 5*1
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feature is outlined in Appendix 5. It is estimated there 
that the error in the square root of the power spectrum does 
not exceed 11% from this cause.

presentation of data
There are a great many parameters that enter the 

experimental study of the power spectrum» They include the 
type of gas, gas pressure, magnetic field strength, discharge 
current, type of probe, position and orientation of the probe, 
and many others. Much of the data that have been taken in 
this study represent a survey of the influence of these 
factors on the spectrum. These data are coarse; the points 
are too far apart to indicate the detailed structure of the 
spectrum. On the other hand data have been obtained in an 
investigation of the spectrum near the ion cyclotron frequency 
in which the fine structure of the spectrum was examined 
with care. These data were taken using hydrogen and helium 
since these lighter gases have the higher ion cyclotron 
frequency for a given magnetic field. The rather sharp dip 
in the spectrum at the cyclotron frequency provides one of 
the few methods of comparing the theory and experiments.

3.4.1 The ion cyclotron frequency data

The emphasis in this section is on the power spectrum of 
hydrogen and helium near the ion cyclotron frequency. 
Consider Figure 3»5a; a curve is presented there for the 
square root of the power spectrum of hydrogen with the 
particular magnetic field, current, and pressure indicated.
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The striking feature about this curve is the sharp dip at 
the ion cyclotron frequency and the rises in the curve above 
and below that frequency® This is reminiscent of Figure 1.6 
in the theoretical study of the ion fluctuations® A 
discussion of this similarity in the theory and experiment 
is included in Chapter V where a general comparison of the 
theoretical and experimental work is presented* Two other 
features of Figure 3®5a are worthy of note* (1) Near the 
frequency of 800 kilocycles per second there appeals to be a 
broad resonance® It is likely that this resonance is to be 
identified with ions oscillating in a potential minimum as 
discussed by Ballantine and later Cobine®^" (2) The power

spectrum seems to decrease markedly near 15 megacycles per 

second®

These features discussed in connection with Figure 3» 5a 
are common to all of the data that have been taken near the 
ion cyclotron frequency* Figure 3* 5b shows much the same 
behavior j the direct current is half that of Figure 3* 5a 
and the amplitude is correspondingly depressed, but near the 
cyclotron frequency the behavior is much the same® It is 
important to note that the cyclotron frequency is computed 
assuming an ionized atoms if ionized molecules are present 
in the gas. their effect is certainly much less pronounced. 
In the spectrum. Figure 3*6 shows the effect of a change in

^References 10, 16, 17 » and 18.
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pressure, and in 3.7 other values of magnetic field have been 
chosen. Figure 3.8 shows similar curves for helium.

The cyclotron dip associated with these curves seems to 
be less pronounced for gases of higher atomic weight, and 
for increases in pressure and decreases in magnetic field. 
Perhaps this is not surprising, for all these changes tend to 
increase the ion collision frequency relative to the cyclotron 
frequency, and such an increase would likely dampen any 
pronounced effect at the cyclotron frequency. Probably this 
is the reason Cobine in his extensive studies did not report 
any peculiar behavior of the spectrum at the ion cyclotron 
frequency.1 Most of his work was with heavier gases than 

hydrogen and helium, and his pressures were higher and his 
fields lower than those considered here.

3.4.2 Reproducibility of data

The figures of the last section reflect the accuracy 
that can be attained if considerable care is taken in 
gathering the data. However these results are somewhat 
deceptive, for although successive points of these curves 
are in good agreement, if the electrode structure is taken 
apart, reassembled and the same data taken, the agreement is 
not nearly as satisfactory. This is shown in Figure 3*9 
where the results of taking the same data on successive days 
after dismantling and reassembling the equipment are plotted.

-^References 16 and 18,
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The average difference for these points is about 7%; this figure 
of 7% is a rough measure of the reproducibility of data in 
the low frequency range.

^«4*3 The power spectrum of a nitrogen discharge

Most of the survey data on the spectral distribution of 
the fluctuations were taken with nitrogen gas* The influence 
of gas pressure, magnetic field, type of probe, and probe 
location have been considered* Figure 3*10 presents some of 
these data for a wide frequency range* The ion cyclotron 
frequency for nitrogen gas is below half a megacycle per 
second and the characteristic dip does not appear* These 
curves show the relative behavior of the spectrum with 
frequency and pressure * The absolute calibration on the 
ordinate is not too significant since it depends on the 
probe size, but some idea of what the numerical value of the 
ordinate implies is given by noting that the thermal noise 
from a linear resistance of fifty ohms connected at the input 
to the probe would plot as a horizontal line in Figure 3*10 
with an intercept at 4*5 % This value is far below the
data represented in the Figure*^

The curves of Figure 3*10 show a very broad spectrum, 
high in intensity compared with thermal noise* The curves 
fall away to a minimum near 200 megacycles per second and 
increase above this value* In Chapter V the regions below

^his value for the thermal spectrum ofa linear resistance 
is calculated assuming room temperature, 30° 4.



en 
en

O
Z 
O

Z 
Ld 
O 
O 
CK

3 
CD
CK
CD
O

< 
CK
U 
LU

CD

LU
OC 
< 
Z

O

O
O m m*

O 
S
CD

en z 
O 
5

LU 
Z
< 
S
LU 
CD 
CK 
LU

Z 
< 
CK

2 
a w Q_ 
S <
iD 
6

FR
EQ

U
EN

C
Y 

- I
N M

EG
A

CY
CL

ES



79

and above this minimum are identified with the amplification 
bands of Bailey*1 The rolling character in these curves that is 

most prominent near 30 megacycles per second is believed to be due 
to the slight mismatch on the line and probably has nothing 
to do with the fluctuations*

Figures 3*11 and 3*12 give similar curves for different 
choices of the magnetic field* Evidently for such high fields 
the value of the field has little influence, although the 
low-frequency spectrum tends to increase slightly with an 
increase in the field* The influence of pressure is more 
prominent* An increase in pressure seems to lead to a 
decrease in the power spectrum at all frequencies* This 
result was checked over a wider range of pressure for 
particular frequencies* The result is shown in Figure 3*13 • 
The lowest pressures of these curves represent the lowest 
values of pressure at which the discharge could be sustained 
for the fixed power Input* These curves indicate that over 
a wide pressure range a decrease in pressure implies an increase 
in the spectrum* In all the studies of hydrogen, helium, 
argon, and nitrogen, this same result has been observed* 
Different probes, magnetic fields, or other parameters do not 
seem to alter this statement, and it is apparently true that 
if other things are unaltered an increase in the spectrum 
accompanies a decrease in pressure* Perhaps such a general 
conclusion is to be anticipated because the damping on the

^Reference 8.
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fluctuations is due to the rate of collisions of the charged 
particles, and a reduction in pressure reduces the collision 
rate*

3.4*4 Data with a loop probe

Some of the survey data for the low-frequency end of the 
spectrum have been obtained using a two-turn loop probe* 
This probe was constructed in a manner similar to the 
electrostatic probe already discussed except that the termination 
was a two-turn loop of tungsten wire covered with a high 
temperature cement so that the wire was not directly exposed 
to the discharge* This type of probe seems to be of limited 
usefulness since it is necessarily more bulky than the 
electrostatic probe, and the inductive reactance of the 
two turns places an upper frequency limit on its application; 
the two—turn, quarter—inch diameter loop of this study was 
satisfactory to about $0 megacycles per second* However, by 
orienting the plane of loop in the direction of the magnetic 
field and normal to that direction, information about the 
fluctuations could be obtained that was not revealed by the 
electrostatic probe.

In many respects the data obtained using the loop probe 
were similar to that of the electrostatic probe* For example the 
spectrum obtained with the loop probe was relatively insensitive 
to the magnetic field and increased with a decrease in the 
gas pressure in much the same manner as the spectrum obtained 
when using the electrostatic probe* Figure 3*14- gives a new
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result; it shows the influence of the location of the loop 
probe on the character of the spectrum. The probes in the 
three cases are located 0.5, 1.5, and 2.5 inches from the 
anode. The general tendency seems to be for an increase in 
the amplitude of the spectrum with the loop nearer to the 
anode. This has important implications, for it is argued in 
Chapters IV and V that much of this spectrum has its origin in 
waves that propagate from cathode to anode, increasing in 
amplitude as they move. The higher intensity of the spectrum 
near the anode is explained in this way.

Figure 3.15 presents a comparison of data taken with the 
probe in different orientations. An interesting feature in 
these curves is the change that seems to take place at about 
four megacycles per second. Above this frequency the horizontal 
and vertical orientation seem to give a similar spectrum. 
Below this frequency the horizontal probe seems to have a con­
tribution that the vertical orientation does not provide.

There is a general tendency for the amplitude of the 
spectrum at low frequencies to increase with frequency when a 
loop probe is used and decrease with frequency when an electro­
static probe is used. This is not surprising for one can 
expect the ratio of the absolute values of the electric field 
and the magnetic field in the plasma to be approximately 
independent of frequency. Assuming that the voltage on the 
electrostatic probe is proportional to the electric field 
and that on the loop probe proportional to the time derivative 
of the magnetic field, the square root of the power spectra 
with the two probes will differ by a factor proportional 
to frequency. This is approximately the result obtained.
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Chapter IV

AN aXPERIIÆNTAL STUDY OF THE LOW FREQUENCY 
PROPAGATION NORMAL TO THE MAGNETIC FIELD

The last chapter was a study of the distribution of the 
power in the fluctuation with frequency. This chapter is an 
examination of the fluctuations in time; the objective is to 
answer the following questions :

(1) How fast do the fluctuations propagate?
(2) In what direction do the fluctuations propagate?
(3) Do the fluctuations amplify or attenuate as they 

propagate?

4.1 The low-frecuency fluctuations

The experiments of this study were performed in the gas 
diode described in the last chapter, but the probe structure 
was modified from that previously discussed. The probe was 
merely a bare wire in a fine ceramic tube with the wire 
extending a quarter of an inch beyond the ceramic as sketched 
in Figure 4.1. The probe is midway between the mycalex plates 
and extends half an inch into the discharge. The other end of 
the wire was returned through a 300K ohm resistor to the plate. 
The average potential on such a probe is typically 400 volts 
below the plate potential. Photographs of the fluctuating poten­
tial on such a probe are shown in Figure 4.2. The high intensity 
and random nature of this disturbance should be noted.

]-A particular merit of biasing the wrobe in this way is 
that it avoids the rectifying action of a floating probe. See 
References 22 and 41.
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4.2 A comparison of the fluctuations on two neighboring probes

if a second probe is placed in the discharge one inch 
from the first and at the same distance from the anode, as 
indicated in Figure 4.1, the fluctuations on the two probes 
typically have the appearance shown in Figure 4.3. The 
corresponding potentials on the two probes appear remarkably 
alike with two important exceptions : (a) the fine structure
is different in the two fluctuations, (b) the voltage on probe 
2 seems to be delayed in time with respect to the voltage on 
probe 1. This delay apparently represents the time it takes 
the fluctuation to propagate from a point near the one probe 
to a point near the other. If the direction from one probe 
to the other is the direction of propagation, then the velocity 
of propagation can evidently be determined merely by dividing 
this time delay into the distance between the two probes.

4.3 The methodology

The data were obtained in the way suggested in the 
discussion of Figure 4.3 except that a reticule appears on 
the photographs of the working data and the average level of 
the voltage was carefully noted. Also a half-megacycle signal 
was placed on the oscilloscope and photographed so that any 
nonlinearity in the sweep-rate could be calibrated out® 
About 200 photographs were taken in all. The relative probe

^These photographs were obtained using Polaroid Land 
cameras mounted on two Tektronix 513 oscilloscopes. The 
common time base was determined by intensity modulating the 
beam at the point t = 0 shown in Figure 4.3. The sweep-rates 
were set at four microseconds per centimeter.
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positions, magnetic field, pressure, and power input were 

changed during this study»

The time delay between the fluctuations on the two probes 
was determined by cross-correlating the two potentials. That 
is, calling the potential on probe 1, (t) , and that on
probe 2, 02 (t) , the value of r where the correlation
function, 02 (t ♦ r ) (t) , reached its maximum was taken
as the delay. The bar over this product means the average 
in time, where the average is extended over all time where 
the potentials are defined by the photographs. Figure 4.4 
shows the cross-correlation for the pair of curves given in 
Figure 4.3a, and the auto-correlation for the potential on 
probe 1 of the same Figure. In this case the correlation 
functions have been normalized in the usual way, i.e., 

cross-correlation «

auto-correlation ■ +
<£/ (t ) 

The fact that the cross-correlation of Figure 4.4 reaches a 
value of 0.99 indicated that apart from the delay of 3*8 
microseconds the potentials of Figure 4.3a are nearly the 
same.

The procedure that has been used to determine the velocity 
from the time lag can be understood by referring to Figure 
4.5. Suppose the fluctuation is propagating in the direction 
P-P' with the probes in the positions shown. We now 

assume that the delay t measures the time it takes the
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electrical disturbance to propagate from a point nearest 
probe 1 to a point nearest probe 2 along the direction of 
propagation. This time is 

_ _ ^cos d 
T — " " —

V 

where H is the distance between the probes, v is the velocity 
of propagation, and a is the angle as shown in Figure 4O?. 
The delay r is given by the correlation-function, and the 
distance 1 between the probes is known, so that by taking data 
for two different relative probe positions the unknown velocity 
and direction of propagation can be calculated. In practice 
three different relative positions of the probes were taken so 
that there was a check on the answer. For all three positions 
the probes were one inch apart and in the same horizontal plane, 
but the direction between the probes was altered. In one case 
the probes were equidistant from the anode ; in a second they 
were on the same radial line; in the last case the relative 
position was between these two.

PROBE I

,o a

PROBE 2

FIGURE 4.5

DIAGRAM SHOWING THE METHOD USED TO DETERMINE THE 
VELOCITY OF PROPAGATION .
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4.4 An argument that the correlation velocity and group 
velocity are the same

The last section showed that a "correlation" velocity 
for the propagation could be obtained by cross-correlating 
the fluctuations on two neighboring probes. The question 
arises as to the relation between this velocity and the more 
familiar group, phase, or signal velocity. In this section 
a formal proof is given that

The correlation velocity is equal to the group velocity 
whenever a single group velocity exists.
As corollary we have that

The group velocity is the velocity of maximum correlation. 
The phrase, "whenever a single group velocity exists," 
will be taken to mean that the disturbance can be expressed 
in the form r n

f ( t,z) = /FMe dw (4.1)
— co 

with a group velocity independent of frequency.
It is to be understood that F(w) is a function of w which 
changes slowly with co compared to e'1^ . Under

these circumstances the group velocity,,is given by

d co

The fact that the group velocity represents the velocity 
of propagation of is often argued using Lord Kelvin's
"principle of stationary phase." This principle effectively 
states that t ( t,i) as given in (4.1) reaches its greatest 
value as a function of t and « where there is stationary
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phaser l.e., where

— —------ [a>t - ^S(cu) sl = 0 .
a W L J

Carrying out the differentiation

t - a £ 

d cu
= 0,

so that 
dB _ I 
"dt ’

d w and the disturbance travels with the group velocity*

The correlation velocity in this notation can be 
represented in the following way* Probes are located at 
and ëg ; the fluctuations on these two probes are f(t, B^) 
and r(t, b2) respectively* Forming the product, f(t + r, z2) 
the cross-correlation is defined by 

T
$ ( T ) = i1™ co f f (t + r f f(t, 2t) dt. (4*3)

-T
Taking the delay where this correlation function has its 
maximum as r = r the correlation velocity is given by

We now want to show that this correlation velocity and the »
group velocity are equal, i.e.,

Substituting into the integral of (4.3) from (4.1) gives
. T 00 CO (<ü)Zg+#(()2|]

^rf dt/ dcuf d£ F (eu) F )eT-cozT^t —co b (4.5)
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where the star indicates the complex conjugate. Freely 
interchanging the order of integration and carrying the limit 
under the integrals gives a form

lim
i(w-^ ) t

e dt= 8 (w-g ) (4.6)

where 8 is the Kronecker 8 function defined by

(4.7)

Then (4.5) becomes

co oo
i[w T-# (w )%g+#(^ )zj

-Ç)e (4.8) 

- ÆMzg* ÆMzJ 
dw.

Now applying Kelvin’s principle of stationary phase to 
determine the value of r that maximizes this function,

On differentiating, one obtains

°’ or

2 1

m
d£ 
do.

which is what was to be proved.
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Figure 4e6 summarizes the important results of the velocity 
measurements. The figure shows the direction and magnitude 
for the velocity of propagation in nitrogen gas for various 
conditions of operation. The directions of these vectors 
are probably reliable to — 15° and the magnitudes to — 30% » 
This sizable error seems to be due to three effects. (1) The 
correlation calculation was made by averaging over about forty 
microseconds of the fluctuations. This period was evidently 
not long enough to insure accurate reproducibility. (2) The 
cross-correlation function was calculated from enlargements 
of the original photographs. The drying of the enlargements 
introduced nonuniform shrinking. (3) The direction of propagation 
was incorrectly estimated at the beginning of the study, and 
consequently the choice of relative probe positions was not 
the most satisfactory. The errors due to these three difficulties 
could certainly be reduced by* (1) taking several photographs 
with the same conditions of operation and consequently 
increasing the period of averaging, (2) exercising more care 
in the drying of enlargements, and (3) selection of new 
relative probe positions in view of the result already 
obtained. It should be easily possible to halve the errors 
in this way.

4.6 The amplification of propagated waves

The argument of Bailey that the fluctuations are to be 
identified with those waves that amplify as they propagate
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has been mentioned many times in the earlier chapters. This 
chapter has demonstrated experimentally that there are high 
intensity waves propagating from cathode to anode, and it is 
natural to investigate whether there is amplification assoc­
iated with these waves. This has been done in the following 
way. The two probes already discussed were placed midway 
between the mycalex insulating plates (see Figure 4.1); these 
probes were one-half inch apart and on the same radial line. 
By connecting their output to the input of a pulse transformer 
which isolated the probes from ground it was possible to obtain 
the fluctuating difference voltage between the two probes. 
This was accomplished by connecting a 100-ohm resistance across 
the secondary of the transformer and determining the effective 
voltage on this resistance by using a crystal rectifier and 
microammeter. Just as in the experiments on the velocity of 
propagation discussed earlier in this chapter, the probes were 
connected to the anode through resistances so that a direct 
current was carried by the probes. This current was maintained 
constant when the probes were moved to new positions by changing 
the resistances between the probes and the anode.

The results of this experiment are shown in Figure 4.7 
where the voltage between the probes is plotted as a function 
of the distance from the probes to the cathode axis. The 
position of probes is taken as the point halfway between them. 
The increase in the curve of Figure 4.7 with distance from the 
cathode supports the idea that the waves amplify as they propa­
gate from cathode to anode.
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This chapter was a study of the velocity of propagation 
for the low-frequency fluctuations. The observations on the 
amplification of propagated waves arose as a by-product of 
the study, and the data on amplification were quite limited. 
However, it seems worth emphasizing that the important and 
controversial problem of growing waves in a plasma can be 
experimentally investigated more thoroughly using a two- 
nrobe (or multi—probe) study similar to that outlined in this 
chapter.



Chanter V

COMPARISON OF THEORY AND EXPERILENT

The theoretical studies of Chapter I and II are largely 
an examination of particular solutions for the differential 
equations used to describe the electrical character of the 
plasma. These solutions also satisfy the wave equation and 
consequently represent the propagation of electrical 
disturbances through the medium. An important result of this 
theory is the determination of a dispersion relation which 
relates the frequency of propagation and the wave length. 
Unfortunately neither the dispersion relation nor the other 
results of the theory permit an explicit prediction on most 
of the experimental data. However there are several conse­
quences of the theory that can be checked experimentally and 
likewise implications of the experiments that can be tested 
in the theory. This last chapter compares the theoretical 
and experimental studies of the earlier chapters in five 
ways: (1) by examining the power spectrum near the ion 
cyclotron frequency, (2) by studying the experimental data 
on the power spectrum for the ion cut-off frequency predicted 
by the theory, (3) by checking the Bailey amplification bands, 
(4) by examining the amplification of propagating waves, and 
(5) by noting the velocity of low-frequency propagation.

^L--Th^^ow^r-S^ectrum.near-the~^

Chapter III is an experimental study of the power spectrum.
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Tn principle one might take the particular solutions of the 
theory, assign a particular weighing function to them, and 
represent a theoretical spectrum by a sum over these weighted 
solutions, However there is apparently no convenient way to 
determine such a weighting function, and only in a narrow fre­
quency range near the ion cyclotron frequency will this technique 

be employed.

It is shown in Chapter I that the electric energy in the 
propagated waves approaches zero as the frequency approaches 
the ion cyclotron frequency, in Chapter HI the experimental 
data revealed a sharp dip at the ion cyclotron frequency. 
These two observations seem to support one another; the point 
can be made more concretely in the following way » Suppose the power 
spectrum on the probe at a given frequency is assumed pro­
portional to the average electric energy per unit volume in 
the gas at that frequency. In Chapter I the ratio of this 
electric energy density to the average kinetic energy density 
for the ions is determined ; this ratio, r(cu, q) , is given in 
equation (1.43), and graphically presented in Figure 1,6. 
Under the identification of the power spectrum on the probe 
with the average electric energy per unit volume, the 
spectrum can be written, 

2V
I W (w , G) • R(w, G) 4G (5*D
J 0

where W represents the average ion kinetic energy per unit 
volume for those waves propagated in the directions between 
G and G + 4G with frequencies between w and w + a # .
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An estimate of the weighting function W in (5*1) leads to 
a spectrum; for want of a better choice suppose W is assumed 
constant; that is, assume that all permitted waves are present 
and that their total ion kinetic energy is evenly distributed 
among them» The spectrum in this case is pr jportional to an 
integral of the known function R( w , Q). This integral was 
evaluated graphically; it is plotted in Figure 5.1. The 
similarity of this curve near the ion cyclotron frequency to 
the experimental curves in Figures 3*5 to 3*8 is taken as 
support of the theory. Of course, the assumption that the 
weighing function W is independent of frequency and the 
direction of propagation is an oversimplification, but for 
any sensible choice of W the integral of (5.1) would dip at 

the cyclotron frequency.

There is one further check on the theory of Chapter 1. In 
Section 1.3 it is shown that the dispersion relation implies a 
greatest unattenuated frequency for the ion fluctuations given by

where ou is the plasma ion frequency and is the ion cyclotron 
pfrequency. This frequency might typically be 30 megacycles 

per second for the choice of parameters in Chapter III. The 
curves for hydrogen and helium in Figures 3*5 to 3*8 lend 
support to this idea of a cut-off, but the curves for nitrogen 
in Figures 3.10 to 3.12 show no sign of any cut-off frequency 
below about 100 megacycles per second at the lower pressures. 
To identify the minimum at 100 megacycles per second
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with the maximum frequency given by equation (5*2) would 
require about 13% ionization.at a pressure of 4 microns and 
a gas temperature of 1800° Kelvin. Stated another way, this 
would imply a plasma electron frequency of 1.6 x lO^ cycles 

per second. These values of percent ionization and plasma 
frequency are too high, so that it seems impossible to 
attribute the broad noise band of nitrogen below 100 megacycles 
per second with ion fluctuations.

A more successful explanation of this noise is given by 
the Bailey amplification bands discussed in Section 2.6. 
According to Bailey's argument this low-frequency noise band 
is attributed to electronic disturbances, which extend from 
o = o to «2 = i - "c » ^ere these plasma and
cyclotron frequencies are for the electrons. Solving this 
last expression for the plasma electron frequency gives

"ps
2 

2
(5.3)

Taking values from the 4 micron curves of Figure 3*9 one has 
u>2 = 2 77 (1.50)10® radians per second

w = 2 77 (1.28)1010 radians per second.

Putting these numbers into (5*3) gives wp = 2 77 (1.38) 10$ 
radians per second, which is a very reasonable value for the 
electron plasma frequency.

The low-frequency propagation normal to the magnetic

Chapter TV is an experimental study of the low frequency 
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propagation normal to the magnetic field. The group velocity 
for these propagations was determined experimentally, and an 
estimate of the gain associated with the propagating waves 
was made. These experimental results can be compared with 
the theoretical work in Section 2.7*

5.2.1 The velocity of propagation

The experimental results for the direction and amplitude 
of the propagation velocity are summarized In Figure 4.6. 
This velocity was determined by a correlation method, but it 
is shown in Section 4.4 that this correlation velocity is 
equal to the group velocity of the propagating waves. The 
theoretical studies in Section 2.7 argue that these low 
frequency waves, propagating normallyto the magnetic field, have 
a group velocity that is approximately equal to the component 
of electron drift velocity parallel to the direction of 
propagation, and further that any electron drift normal to the 
propagation direction introduces attenuation, so that the 
preferred direction of propagation is parallel to the direction 
of electron drift.

These theoretical and experimental observations can be 
compared qualitatively, but it is difficult to check the 
agreement exactly since neither the amplitude nor the 
direction of the electron drift velocity is known independentlyo 
The direction of the velocities in Figure 4.6 must be nearly 
that of the electron drift velocity, for the electrons tend 
to move from the cathode to the anode, but the Lorentz force 
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deflects them counterclockwise• Also, one would expect this 
drift direction more nearly from cathode to anode for a 
reduction of the magnetic field, and rotated farther counter­
clockwise for an increase in power input. Figure 4.6 shows 
just this behavior ; it seems likely that the theory and 
experiment are in good agreement on this point.

Checking the magnitude of the group velocities in Figure 
4.6 with the theoretical observation that this magnitude 
should be approximately equal to the drift velocity is more 
difficult. The speeds of Figure 406 correspond to about 
0.04 volts which certainly does not seem like too high a value 
to identify with the velocity of the electrons. Also these 
velocities are somewhat less than the Lorentz velocity which 
is sometimes taken as an approximate velocity for the electron 
drift. On the other hand, if the density of electrons is 
estimated by dividing the direct current delivered to the 
anode by the anode area, the electron charge, and the component 
of group velocity normal to the anode as given in Figure 4,6, 
the value seems quite small. Thus, taking this velocity as 
lO^ meters per second, the anode area as 4 x 10 square 
meters, and the current as 0*2 amperes, the density is given 
by

"o • -,-------- °-* Ü• 3.13 • 1&5 (5.A)

^1.6 ' 10 / 10 10 / electrons per cubic meter .

This number can be compared with 2.66 x 10^9 which represents 
the particles per cubic meter for an ideal gas at 4,5 microns 
pressure and 1800° Kelvin. This gives an ionization of about
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loo 3«13 ' 10^ = .012% which seems low® The corresponding 
2.66-1019 œ

electron plasma frequency is . 505 megacycles per 
second. It is likely that this plasma frequency is too low 
by a factor of about four and that the corresponding density 
of charged particles given in equation (5.4) is low by the 
square of this, or sixteen. This apparent discrepancy can be 
explained away by noting that the "effective” area of the 
anode is likely to be much less than the geometric area and also 
that the electron drift velocity is likely to be much higher rear 
the middle of the anode where the data were taken than at 
the top or bottom. Both these considerations would reduce 
the denominator of (5*4) and provide a more satisfactory 
answer for the density of charged particles.

5.2.2 The gain with propagation

It is argued theoretically in Section 2.7.2 that the 
low frequency propagations normal to the magnetic field can 
experience gain. The value of gain is calculated in that 
section, and the result is presented graphically in Figure 
2.4. This result can be compared with the gain that was 
observed experimentally. The approximate value of the 
experimental gain is given in Section 4.6 as 1.2 db per 
centimeter. For the parameters used in that experimental 
study the absciss a of Figure 2.4 would be less than unity 
and the theoretical gain would be approximately given by its 

. 2asymptotic value of 8.7 . The magnetic field for the
experimental studies of Section 4.6 was 3550 gauss which
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corresponds to a cyclotron frequency of wc = 2 tt• io10 • If 

this value is used and the theoretical gain identified with 
the experimental gain, a plasma frequency can be calculated ; 

that is, n

Solving for the plasma frequency
Wp= )(3:10 Ï =2tt (2.8)10^

v '' radians per second.

This is a very reasonable value for the plasma electron 
frequency#

5.3 Concluding remarks

Much of the data that have been presented in this paper 
must be regarded as qualitative, and the interpretation given 
to that data in certain instances may be subject to serious 
criticism#, The theoiy too has shortcomings, for it is 
essentially a small-amplitude study of a high-amplitude 
phenomena. Also the theory contains parameters such as the 
density of the charged particles and the temperature of the 
electrons which have not been independently determined and 
indeed cannot be determined by any familiar method# For these 
reasons the concluding remarks should be looked on as the 
author * s impress ions and not as facts ; these remarks are an 
attempt to explain the high-intensity fluctuations that were 
observed in the experimental studies of this report.

It seems likely that most of the fluctuations described 
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in this report are attributable to electron behavior. The 
low frequency disturbances appear to have their origin near 
the cathode; very likely they are generated by cathode 
sputtering. This embryonic disturbance is probably several 
volts in amplitude. Much of this early disturbance is likely 
attenuated but certain components are amplified. The greatest 
gain is experienced by the waves propagating parallel to the 
electron drift velocity. These waves grow at about two 
decibels per centimeter, reaching their maximum near the anode. 
The velocity of these waves is very nearly that of the average 
electron velocity. These waves grow by taking kinetic energy 
out of the electron stream which in turn take energy from the 
average electric gradient established by the potential on the 
electrodes.

These electronic disturbances cannot explain all of the 
fluctuations at the low frequencies* The power spectrum curves 
of the hydrogen and helium discharges discussed in Chapter III are 
certainly not to be interpreted without admitting ion 
fluctuations. However, it seems likely that the prominent 
contribution of the ions in the spectrum of hydrogen is local 
to the cyclotron resonant frequency and merely adds to the 
broader spectrum due to the electrons* Also it appears that 
gases heavier than hydrogen have a reduced ion contribution 
in the spectrum, and it is likely that the broad spectrum of 
nitrogen discussed in Chapter III is entirely due to the 
electron fluctuations*
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LIST OF SYMBOLS

A , a constant

A , the vector potential

CL , a constant

B, Bo , the magnetic flux density

b , a constant

C , a constant

C , the velocity of light

E , the electric field

EQ , the electric field of the undisturbed stream 

£ , the perturbed electric field

e , the fundamental charge

I , the direct current

J , the current density

k , the Boltzmann constant

m , the electron mass

mp , the ion mass

Ng , the density of electrons

No , the density of ions or of electrons in the
undisturbed plasma

Np , the ion density

Dg , the perturbed electron density

np , the perturbed ion density
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p , the pressure

T , the total stream vector

S r , the stream vector of the r'th stream 

, the total perturbed stream vector 

, the perturbed stream vector of the r’th stream

T , the electron temperature 

lb , the perturbed velocity of the ions

U.o , the ion drift velocity in the direction of propagation

, the electron velocity 

tr , the group velocity

, the ion velocity

, the ion velocity of the undisturbed plasma 

the drift velocity of the electrons

r , the electron velocity in the r’th stream

U T , the most probable thermal speed 

0, 0 , the propagation constant 

€0 , the free-space dielectric constant

6 , the angle between the direction of propagation and the
direction of the magnetic field

X = , the wave length

X , a normalizing constant

/x0 , the permeability of free-space

v , a constant approximately equal to the collision rate 
of the charged particles

p . an angle
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p , the space charge density

pr , the space charge density of the r’th stream

$ , the electric potential

, the electric potential of the undisturbed plasma

, the perturbed electric potential

, the fluctuating potential on a probe

cu , the radian frequency

ojc , the cyclotron frequency vector for ions or for electrons 

Fc I

co mQx , the upper frequency limit for the ion noise spectrum 

cu0 , the Tonks -Langmuir ion frequency defined by (1.1?)

Wp , the ion or electron plasma frequency 

u)r , the characteristic frequency of the r’th stream 

U, , the ratio of the frequency to the cyclotron frequency
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£ GENERALIZED ION DISPERSION RELATION

An extension of some of the material in Chapter I is 
made in this appendix to include the role of ion drift and 
attenuation due to ion collisions.

The general differential equations (1.1-1.5) embrace 
the effect of ion collisions and permit a drift in the ion 
stream. However, the perturbation equations (1.7-1.10) 
neglect these factors. If we rewrite the perturbation 
equations including these factors only the Lorentz law is 
changed. It now has the form,

<3.Da 
mp à t pq

Equations (1.11) and (1.12) remain unchanged under the 
generalization since neither of these involves the Lorentz 
equation. Talcing the gradient of (1.12), as before, and 
eliminating the potential by using (3*1)a gives

2 wp2 mp 
~ kT

where ( v2- is understooduj p trip
Ft

if
(3.2)a 

to be a distributive operator
Just as in the discussion of the less general form in Chapter
I, we seek solutions to this equation in the form of 
propagating waves,

r , i (w t - # 2 )
u-

(3»3)a
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Adopting the convention of (1.15) the equations of (1.16) 

now have the form
' up: {wu-(0#(gu.,+ iw(u,2^c cos0-u^sin^)] = O
f + —j^T / c (3.4a)a

^+.[(a,2- i wv- «3%)u 2- iwu,wc co4 0 ] = O , and (3-4b)a

00 *” ,WU — w/^Uq) u. 3+ i œu(œc 0 ] - œp 3 u3“ 0

where no represents the ion drift velocity in the direction 
of propagation g » Just as before a solution for u, , u2 , 
and it5implies that the determinant of the coefficients vanish 
and adapting the notation previously used the dispersion 

relation becomes,
[(œ“ iv ] (w _ iuaj~3uow %)

, , _ , (3.5)a
— (co ydMU 0) (Cl) - i VW 3 U-O ) = O .

This is the more general form of (1.18a). This expression 
is considerably more complicated than the form which 
neglects ion drift and the damping due to collisions, but 
certain interesting observations are readily made:

of propagation^
b. w o — O. If the ion density approaches zero the 

dispersion relation becomes
i (w'- ivw -j8uow )[<<“- i»"3uof ”“c J = ° ’

there are three solutions
I w =3u.o + and (3-6)a
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(3.7)a
a) = /9 Uq * iu — cdq •

Here the ions are so loosely coupled that 
waves can propagate in the medium only by being 
carried with the drift velocity of the ions in the 
direction of propagation. In (3.6)a the ion motion 
is in the direction of propagation, and the 
frequency is given by the doppler shift. In (3«7)a 
the perturbed ion motion is normal to the propagation 
direction and the doppler frequency is modified by 
the cyclotron frequency.

c. co c = 0. If the magnetic field vanishes

(eu ~ - w o) = 0,

and again the doppler shift gives one solution. 
For the other,

the more general form of the Tonks and Langmuir 
solution that embraces the damping due to collisions 
and the effect of ion drift.

d. If the propagation is parallel to the magnetic field, 
sin 0 8 0 , and

which gives two solutions already discussed above. 
For the one, ion perturbation is normal to the field, 
for the other, parallel to the field.

e. If propagation is normal to the field, cos e = 0, 
and one solution is given by the doppler shift 
(3»6)a; the other solutions are quite complicated.
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® Û ~(/x.~ 0 )
THE INTEGRAL, p(a) = [ ----—-----<00

The value of the integral p(a) is determined formally in 
the texte In this appendix, the integral is properly defined 

and its value determined more carefully.

It is evident that p(a) does not exist as a Riemann 
integral. As in many problems in physics, the integral must 
be interpreted in the Cauchy sense if the answer is to have

any meaning. We

p(a) - Iim lim 
b — co € — 0

therefore write,
— € —(oc ~ □ ) b ” (oc ~ G )

{/
-K €

(4.1)a

Introducing a new function,
-€ -oc* + 2aog b -oc1 + 2aoc

f(a) = lim I": {f J ----- d*} ’
b — co € — o -b 6

we note that if f(a) exists, then p(a) exists and has the value

-O1 . (4,2)ap(a) = e f (a).
Now by changing the sign of x in the first integral of f(a), 

b -V 2GOG -2ox
f(a) = lim lim J e —--- —----- doc. (4»3)a

b—co e — o «
The integrand in this expression has a removable singularity 
at x . 0, and by defining the value of the integrand at 
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x « 0 as (4a), it becomes continuous on [o, b] ,and we have 

unamb i guously
b.^2 2aoc -Zq^

f(a)= **m J e —---—— ----doc. (4,4)ab —co o oc
The next step is to show that the derivative of f(a) can be 
obtained by differentiating this expression under the integral 
sign* After that, the value of p(a) is established just as 
in the text. The proof that the differentiation can be carried 
under the integral sign follows the conventional development 
except that here the interval is infinite and this imposes a 
more severe restriction on the integrand.

From (4.4)a,
f (a) - f (Op) lim rb 2q% ^2apX
a-a0 " b—co•'o % ' a-aQ a~a0

Now employing the mean value theorem, one has 
_ 2x(e2a,x+

a-a0 Q ~ qq T , 
where a, and a2 are on [a, aQJ • Then

b 
r e
o

f (a) -f (a0) 
a - a0

2 lim 
b—co

2

Whence,

2 lim 
b— co

2ax, -2a%x e + e )dxf(a)-f(a0) 
a “ ao

r b -%2 
' e
o

2llm -2o^_-2a^
b— co vo
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This expression can be made arbitrarily small by taking a0 
sufficiently close to a • Therefore,

f 1 ( a) = 2 Iim ^(e + e
b —co o

and we have established the right to differentiate under the 
integral sign. The rest of the argument follows as in the 
text.

f'(a)=2e lim f0> d-x. = 2^e° . 
b —ar-D

Integrating, a
f (a) = 2/ÏFf e o

the constant of integration necessarily being zero, and then, 
_ -a* r° V.

p(a) = 2 Æ e J o e •
This is the result formally derived in the text.



Appendix £

THE ETPERTW.NTAL DETERMINATION OF THE POWER SPECTRUM

The experimental method for observing the power spectrum 
in this study has been to employ superheterodyne receivers to 
convert, filter, amplify, and detect the incoming noise. The 
relation between the output of the receiver with noise at the 
input and the power spectrum of the noise source is discussed 
in this appendix.

Input Quantities Output Quantities
Potentials ^(t ) Potential: (t )
Transform: S (f ) Transform: ^(f )
Power spectrum: G(f ) Power spectrum: g(f )

o-
O’

o

o o-

o Frequency °- 
Converter *

« 

o

o-

o-

Figure 5*la

Consider Figure 5-la which shows an idealized receiver 
that amplifies, converts, and filters. It is assumed that the 
potential <& ( t) at the input is amplified and filtered by the
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linear transfer function Z|(f) , the result translated f0 
in frequency by the converter, and then amplified and 
filtered by the transfer function Z2(f) which represents the 
intermediate frequency stages with f; as the intermediate 
frequency. Using this idealization and the notation of 
Figure 5.1a the Fourier transform for the output of the 
first stage is S(f) "Z, (f) . After the converter stage
this has the form S(f + fQ) Z , ( f + f0) , and after the i-f
stages, S(f+f0)Z.(f + Z2 (f ).

Now we write without proof the expression relating the 
auto-correlation function of the output potential with its power 

_ I spectrum,

= /0 g(f ) OO^C2irfr ) df. (5el)a

As a special case of this,

But the output spectrum is related to the input spectrum by 

g(f)=G(f*y|zl(f + f0)Et<f)f-

Putting this in (5*2)a gives

0

Now the function 2= in the integrand of this expression

]-For a proof, see Reference 39» P» 40 o
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represents the intermediate frequency stages; this function 
peaks sharply where the argument is fj and is very small 
except near this frequency. Assuming that the change in the 
power spectrum of the input is slight where the intermediate 
frequency gain is appreciably different from zero, equation 
(5«3)a can be approximated 

co ,
^(tT= Gtfj + fo)/ |z,(f + f0)Z2(f)|'df. (5.4)a

Defining a noise bandwidth by

B = z, (5.5)a

equation (5.4)a has the form

(%6)a

( t) represents the average power output of this idealized
system, and Z| (fj + f0)Z2(f ; )
power gain at the frequency (fj + fo)

represents the peak
• Then the ratio of

these two quantities,

*‘(t)

is equal to the minimum average power input (centered on the
pass-band) required to give the same power output ^*(t)

^The word power is conventionally but 
this way. Actually this is a mean-squared 
power only in the sense that it works into

abusively used in voltage and represents
a unit resistance.
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Returning this result

(amplitude of the 
power spectrum) s

to equation (5*6)a, we have that 

(minimum input power for the given output) 
(noise bandwidth)

(5.7)a
Thus the power spectrum at a given frequency is obtained by 
dividing the input power of a calibrating signal generator 
(which gives the same output as the noise source) by the 
noise bandwidth of the receiver.

The following receivers were used in this study.
Receiver Tuning unit Frequency range 

(in mc/sec)
Noise bandwidth 

(in kc/secj_

Rallierafter 
(SX71U)

0.56 - 34
47. - 55

2.83

APR - 4 TN - 16
TN - 17
TN - 18
TN - 19
TN - $4

38. - 95
74. - 320

300. - 1000
975. - 2200

2150. - 4000

169.

The following

Signal generator
General Radio

General Radio

Hewlett-Packard

signal generators were

Type
Standard Signal 
Generator 1001A
VHP Signal Generator

UHF Signal Generator 
Model 614A

used in this study.

Frequency Range 
9 kc - 50 mc/sec

50 - 930 mc/sec

800 - 2100 mc/sec

Equation (^.7kimakes It clear that the output of the 
receiver must be metered using a square—law device. The 
method adopted in this study was to use the filtered output 
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of the second detector. For low power input this is square­
law; for high power it is more nearly linear. Many of the data 
were ’taken in the square-law region, but part of the data were 
taken in the region where the second detector was nearly linear. 
It will be assumed that the greatest error in the spectrum 
does not exceed that which would be produced by a linear 
detector and an estimate of that error will be obtained.

The procedure in determining the spectrum with a square­
law device is as follows. The noise potential $(t) at the input 
of the receiver of Figure 5.1a gives an output (t) . A 
calibrating signal A w t is fed into the receiver in
place of the noise; its output is a oou(«t + a). A is chosen 

so that

**(t) = [a Mx(<ut+ «)]'= 7- ' (5 8)

Then the power spectrum at the frequency f = ——
C 7T

G (f) = ^3-

is given by

where B is the noise bandwidth.

Now if the recif1er is linear and not square-law one
mistakenly gets

G,(f) 2B

for the power spectrum. A । is now determined by 

Q|CO4(wt + ai)| - —a. (5.9)a
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with the calibration input AjOo-d# wt and its output 0|00^(<ut +a

Thus the ratio of the correct power spectrum to that which 
would be observed with a linear rectifier is

G (f ) _ Az _ o' .
G,(f) A? o' (5.10)a

By equations (5«8)a and (5«9)a

a * = 8 . <Ht) ,
—av T» |*(t)|*

so that ______
G (f) = 8 . & ( t) .
G,(f) (5.11)a

This equation indicates the error that can be introduced by a 
linear detector»

Since it is always true that

> jTW’
G (f ) 8

~G^ - ’
and the power spectrum as determined is never greater than the 
true power spectrum by more than

100(^5--!) = ^4%. o

Actually it is the square root of the power spectrum that is 
studied in Chapter III, and this will not be too high by more 
and 11%.

No such general argument limits the observed power 



132

spectrum from being much, too small since the ratio on the right 
of (5oll)a can get arbitrarily large if any choice of output 
potential (f) is tolerated. However, it is often reasoned 
that the output of a narrow band filter with a broad band 
noise input has a gaussian amplitude distribution in time.
For such a distribution

Tr 
rW“’ 

and

G (f) 8 *'(t) _ 4 .
G,(f) ‘ '

The corresponding error In the square root of the power 
spectrum is about 11$.

We summarize these arguments by noting that many of the 
data were taken in the range where the detector was square­
law. However some of the data were taken where the detector 
was more nearly linear. The error introduced by this 
departure from square-law does not likely exceed 24% in power 
or 11% in voltage. This error is of the same magnitude as 
that introduced by the mismatch on the line and the general 
reproducibility of data. Therefore no attempt has been made 
to adjust the data to compensate for this error.



Appendix 6

A PROOF OF THE NYQUIST NOISE FORMULA 
USING PLANCK HARMONIC OSCILLATORS

6.1 Introduction

The theoretical study of noise in a linear electrical 
circuit has been a popular one since the classic work of 
Nyquist»1 Such studies have usually attempted a derivation 
of the Nyquist formula for the noise spectrum of a linear 
resistance, either by thermodynamic or kinetic theory 
arguments. The formula applies to a gas discharge tube. 
Indeed Khol has shown that the electron temperature in a gas 
discharge can be determined by identifying the experimentally 
determined power spectrum with the value from the Nyquist 
formula.

The Nyquist result can be summarized in the following 
theorem:

Every linear frequency-dependent conductance g(f) in 
thermal equilibrium at temperature T has associated with it 
a noise source which can be represented by a shunting current 
generator with the power spectrum

4g(f ) 6 (f ) , (6.1)

where 6(f)= (6.2)2

Reference 43.

^This form is often approximated € (f ) = k t since hf/kT 
is usually very small for the frequencies encountered in 
electric circuits.
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h is Planck’s constant, k is the Boltzmann constant, and f 

the frequency.

This theorem is stated in its generality by Nyquist 
in his original paper, but his proof has a serious short­
coming; implicit in his argument of a resistor matched to 
a lossless transmission line is the assumption that the 
resistance does not depend on frequency. Subsequent articles 
have avoided this difficulty, but not without other limit­
ing assumptions, and the theorem has apparently never been 
established in its generality. The following seem to be 
the principal assumptions that have limited previous proofs.

(1) The conductance is taken independent of frequency. 
(See Moullin,  Nyquist,2 Schremp,^ and van der Ziel.4)1

(2) Equipartition of the energy in electric circuit 
elements is employed. (See Uhlenbeck,5 Moullin,and van 

der Ziel.4) The difficulty here is that the theoretical 
proofs of equipartition rely on the Nyquist formula, and 
therefore equipartition cannot be used in the proof of the 
Nyquist theorem.

(3) The kinetic theory models are one dimensional. 
(See Bakker and Heller,6 Bell,7 and Schremp.3) Apparently

References 42 and 43. 
Reference 45.
Reference 53»
Reference 61.
Reference 39»

Reference 9» 
7Reference 11
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all kinetic theory models have been one dimensional. The 
early studies permitted only particle motion in one direction; 
more recent models have included velocity components in all 
directions but allowed only one of these to couple current 
into the conductance terminals.

(4) All kinetic theory arguments have assumed a mean-free 
time or a mean-free path independent of the particle velocity. 
(See Bakker and Heller,  Bell,2 Schremp.^) This step seemed 

to be necessary since previous kinetic theory arguments have 
resorted to Fourier theory techniques.

1

ati these assumptions are avoided in the present development 
of the Nyquist theorem.

Nyquist pointed out that two linear conductances that 
have the same value at all frequencies, in equilibrium at 
temperature T, necessarily have the same noise spectrum; for 
if their spectra differ, they can be connected together with 
a shunting lossless filter in such a way that a net power is 
transferred from one to the other, and this is a contradiction 
of thermal equilibrium.4 From this we have that any kinetic 
theory model that established the Nyquist formula (6.1) for a 
general frequency-dependent linear conductance g(f) necessarily 
establishes the formula for all linear conductances.

Reference 9»

^Reference 11.

^Reference 53» 
^Reference 4$.
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The argument developed below shows that the noise current 
delivered to the terminals of a resistance is given by a sum 
over the charged particles in the "interaction space.” This 
expression is obtained for an N terminal structure since the 
derivation is no simpler if the number of terminals are re­
stricted to two. The result is applied to a model where the 
charged particles are a system of Planck harmonic oscillators, 
homogeneously distributed in the Interaction space. It is 
shown that the Nyquist formula applies rigorously for this 
model, and since any linear frequency-dependent conductance 
can be constructed by a homogeneous distribution of Planck 
harmonic oscillators, the theorem is proven.

6.2 Induced Current Theory

The objective of the appendix is an expression for the 
spectrum of current flowing to each of N terminals. These 
currents have their origin in the motion of charged particles 
in the interaction space and are determined by the terminal 
geometry, the charge on the particles, and the particle motions. 
The Theory of Induced Currents provides the necessary quant at Ive 
relation; but since this theory is not widely appreciated and 
never argued in its generality, a derivation of the formula 
for the induced current in a terminal will be included.

Let q, j represent the charge inside a closed surface 
bounding the j1 th terminal, then by the familar divergence

^See Reference 33* This article by Jen is perhaps the 
best published derivation, but it lacks the generality of 
the present argument.
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relation
q. j = - d Sj , where (6.3)

en represents the normal component of the electric field at 
the surface, and e0 is the free-space dielectric constant.
Taking the partial derivative of (6.3) with respect to time gives

3 -eo/ÊN d Sj , (6.4)

but from the conservation of charge one must have

= i-j + JjNdSj , (6.5)

where Lj represents the current flowing to the j'th terminal 
through its connecting lead and the integral gives the current 
arriving from the interaction space. Substituting from (6.5) 

into (6.4) one has

i-j = — + € O ) d Sj . (6.6)

Using this form, the current in the j'th terminal can 
easily be expressed as an intergral over the interaction space, 
for suppose we uniquely define a function xpj as follows, let

f I ON Sj Z Z r? X
= 1 0 ON Sm , m j , \ •fi

and V2 i//j = 0 (6.8)

in the interaction space. Then clearly (6.6) can also be 

written



138

L j = (JN (6.9)

where s = Zs. , the surface of all terminals. Equation 
j

(6.9) can now be written as a volume integral over the inter­

action space.
L j = + €0"^)} dT

= - J v'A ' dT (6.10)

since Vx7T=j+e0E is divergence free.

One more step remains before the current is in an 
appropriate form. This is accomplished by reducing the electric 
field of this expression to the sum of three terms.

E = E, + 'E2+ E3 (6.11)

defined as follows.

Let a scalar potential be associated with each of 
the N terminals; then write

E) = - Z $jV . (6.12)

In this manner we have defined a field that is associated 
with the Interaction space if no space-charge is present.
Also, "e1 is irrotational and solenoidal, and its potential is

V'j • (6.13)
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Now Tg is to be defined so that it accounts for the remaining 
charges on the electrodes, and those in the interaction space. 
Likewise, it is to be irrotational and its potential added to
that of E । is to be the potential in the volume and on the
bounding surface. Thus,

V x Eg = 0 , (6.14a)

V .^2= (6.14b)

and 4>2 = 0, ON s (6.14c)

which uniquely defines the field E 2 . Then e3 is simply

the difference
e3 =Î-(É, +e2) . (6.15)

The field e3 has the following two important properties. 
(1) It is solenoidal, a property evident if one takes the 
divergence of equation (6.15), and (2) the normal component 

of e 3 vanishes on s .

This splitting of the field into these three components 
may seem somewhat artificial; its importance in induced current 
theory will be seen presently when we return to equation (6.10), 
but it is worth remarking in passing that this .division of tlje
electric field corresponds to dividing the power originating 

in the interaction space into that delivered to the term^n^^s,
that radiated from the system. and that vested in the capqçi£

of the electrode structure.
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Now returning to equation (6.10) and dividing the electric 
field into these three components gives

Lj = . E,dT

—*E3dT •

(6.16)

The last two integrals of this expression vanish, for applying 
the divergence relation to the last integral one obtains

/^j-Ê,NdS = Jv^-tsdr + f^jV-E^r , (6.17a)

but e3n = 0 on s and V • e3 = 0 ,
so that p (6.17b)

J^j E3 d^= 0 .

Similarly,

(6.18a)

but ^)g = O 
so that

on s and V2 j = o , 
%

(6.18b)

Thus equation (6.16) has the form

h = -îdr-^/v^. "E,dT . (6.19)

Using (6.12) the second integral in this expression can be
written
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*o Mi -T

Clearly
cjk - ej^^^àr

(6.20)

(6.21)

is the matrix of capacities for the N terminal system? 
using this notation (6.19) can be written

Lj = • J d r + 2 Cjk4>k . (6.22)

Thus the current flowing to any terminal can be reduced to 
a capacitive current and an * induced current."

It is convenient conceptually to think of the induced 
currents as the only currents flowing to capacity free 
electrodes and to account for the capacitive effects by 
allowing for condensers cjk near the electrodes. With this 

understanding, we write

•Uj -• Td r . (6.23)

An alternative form for (6.23) is

= - JVj f "t" (6.24)

= -/jNdSJ - A" /*j PdT '
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In this form the induced current in the j'th electrode has 
been reduced to the sum of the "arrival current" and the rate 
of change of induced charges where represents the fraction 
of the charge ( p d r ) in the volume element dr induced on 

the j *th electrode.

From (6.23) it is evident that the contribution of a single 
particle to the induced current is

lj = - q n • V i^/j (6.25)

where q is the charge on the particle and n its velocity. 
The integral of (6.23) can just as well be expressed as an 
integral over the charges as one over the volume,

i j = - J*V . u. d q, , (6.26)

where it is understood that the integration is over all the 
charge in the interaction space.

6.3 The Thermal Noise Spectrum

We imagine now that the charged particles of the 
interaction space have random motions, and we proceed to in­
vestigate a volume dr of that space sufficiently small 
that V is essentially constant over that volume but 
large enough that the distribution of particle velocities in 
the volume is representative of that region of the interaction 
space. Applying equation (6.25) to a particle in d r

Lj = — qu. j I (6.27)
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where u is the component of u. in the direction of •
Squaring (6.2?) and taking the average in time for that particular 
particle.

H2 = - -— • mu.' . (6.26)

where m u2 is twice the average kinetic energy for the 
particle in question in the direction of VŸj •

At this point the argument is specialized to a particular 
model. We choose a system of Planck harmonic oscillators for 
the particles. The merit of this particular choice will 
shortly appear. The choice really represents no loss of 
generality since, as will be argued later, every linear system 
is •• equivalent” to a system of Planck harmonic oscillators.

For a Planck harmonic oscillator we have

m U.2 = 6(f) = --- (6.29)
(F , 

e -1

where 6 (f ) is the average energy of an oscillator of frequency 
f , and the other symbols have their familiar meanings.

Now in the volume element dr there are

n(f ) d f dr (6.30)

particles with frequencies in the interval (f, f + d f ) 
where n(f ) is the density of particles in frequency per unit 
volume. Using this expression and (6.29), the average of the 
square of the induced current for oscillators in the frequency 
range ( f , f -F d f ) and the volume element d t is
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V j ) 
m n (f)€(f ) df d r (6.31)1

Integrating this expression gives the current spectrum 
at the j 'th electrode; in particular, if the Planck harmonic 
oscillators are homogeneously distributed, i.e., n(f) is
independent of the position in the interaction space,

G j ( f ) d f = € (f) df dT • (6.32)

For a homogeneous system the conductivity <r(f ) is the same 
at every point in the volume, and the conductance between 
the j'th electrode and all other electrodes tied together 
is given by

gj (f ) = a (f ) /(^j ) d T . (6.33)

Substituting the integral from this expression into (6.32) gives
2 

q, n (f ) g-(f ) _____  
Oilfldf =-------- —777^— etndf (6.34)

We proceed next to determine the conductivity of a system 
of Planck harmonic oscillators; this conductivity substituted 
into (6.34) will give the final relation.

The differential equation for the motion of a single 
harmonic oscillator can be written

^The justification for adding the squares of the particle 
currents is the assumption that the particle velocities are 
independently distributed with zero mean.
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q, E = m d *2 4- a. ----- F b x , 
d t at

or in terms of current,

E = —----4- ri + S fid t . (6*35)
q.2 dt J

j27Tft
Under the influence of an electric field e = Eoe one
has a solution of the form

j27T f t
L = Toe

such that

Lo
Eo 2 7rmf j s (6.36)

2 
q. 27r f

where f0 is the resonant frequency of the oscillator. Now if 
the density of resonant frequencies per unit volume of the 
harmonic oscillators is given by n (f o ) , then the conductivity
can be written:

/In\J REAL PART OF n (fQ ) dfo

0 r2
(6.37)

For Planck harmonic oscillators we are concerned with the 
conductivity for the case of very sharp resonance; that is, 
1------ - o . In addition, for r small the principal contribution 
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to the integral of equation (6*37) Is very near =f so that 
for a system of Planck harmonic oscillators we have the 

conductivity : m
... li m / _____________ _______________

J r (f -f=)
o

li m / rdf g

-J (-^-J % »
. a " (f) . (6.38)
" 4 m

Substituting from here into (6*34) gives

Gj (f ) df = 4gj(f) ëTF)df . (6.39)

For a two terminal structure this is the celebrated equation 
of Nyquist; for more than two terminals the equation represents 
a generalization.

Conclusion

Nyquist pointed out in his original articles that any 
two terminal linear frequencydependent conductance in thermal 
equilibrium has associated with it a unique spectrum. The 
particular merit of a system of Planck harmonic oscillators 
can now be seen. From equation (6.38) one notes that any 
desired frequency-dependent linear conductance g (f ) at any 
temperature T can be constructed from a collection of Planck 
harmonic oscillators, merely by choosing a suitable distribution 
n ( f ), but we have proved that any such system satisfies 
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equation (6.39). Therefore, by the Nyquist argument every 
frequency-dependent linear resistance must satisfy equation 
(6.39), and the argument is complete.

The similarity between the Planck radiation law and the 
Nyquist formula has often been noted in the literature. The 
nature of this derivation of the Nyquist theorem and its similar­
ity to Planck's kinetic theory derivation of the radiation law 
leads to the following conclusion:

All the electromagnetic energy delivered from a system 
of charged oarticles takes place either by radiation or by 
induction into terminals. If the system of particles is a 
linear black body in thermal equilibrium, which delivers energy 
to a nonreflecting load, then the radiation is given by Planck's 
law and the induction by the Nyquist formula.


