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CHAPTER 1
NOTATIONS AND DEFINITIONS

This chapter will be devoted to establishing some of 
the notations and terms used in this paper. Terms used in 
this chapter but not defined can be found in Kothe [12].

Let V be a Fréchet space (i.e. a complete metrizable 
locally convex topological vector space) over the complex 
field C. Let {x&} be a net in V. Then x^ ---- > x denotes

(x } converges to x. 01 • , *The dual space of V, denoted by V , is the locally 
convex topological vector space (letvs) which consists of 
the set of all continuous linear functionals on V with the 
strong dual topology (i.e. the topology of uniform 

* convergence on bounded subsets of V). It is known that V
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*is complete. Let <|> e V . The value of at a vector x in V 
is denoted by 4»(x) or (x,*). A net {x^} of vectors in V is 
said to converge weakly to the vector x, denoted by 

w *xa-----> x, if (x^,*)----- > (x,4>) for each $ in V .
The set of all bounded linear transformations (bit, or 

operators) on V is denoted by ^C(V) . It is well known that 
a linear transformation on a Fréchet space is bounded if and 
only if it is continuous. We shall assume that every 
subalgebra of ^C(V) contains the identity. Two topologies 
will be defined on ^(V). Let {T^} be a net of bit on V. 

It is said to converge in the strong operator topology (SOT) 
to a bit T, denoted by T^ t, if and only if
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T^x---- > Tx for each x in V. The net is said to converge
in the weak operator topology (WOT) to T, denoted by 
Ta Tr if T^x converges weakly to Tx for each x in V.
Each of these topologies makes X_(V) into a letvs and they 

have the same continuous linear functionals. It follows 
that a vector subspace & of X(V) is closed in the weak 

operator topology (weakly closed) if and only if it is 
closed in the strong operator topology (strongly closed).

For each 2 £ n £ the Cartesian product of n copies 
of V together with the product topology is a Fréchet space 
denoted by V(n). Let be a (finite or infinite)
sequence of bit on V. Then T = is the bit on V (n)
defined by (Tx)(i) = T^x (i) . For the case where the T^'s
are all equal to a bit S we shall denote ^®S by S (n) . Let

CL be a subalgebra of £(V) . Then Ct(n) denotes the algebra
of all T(n) where T is in CL.

Given any two commuting hit A, B on V, (P(A,B) denotes 

the set of all polynomials in A and B. If B = 0 then it is 
denoted by jP(A) . A subspace W of V is said to be invariant 
under A if AW £ W. In this paper we restrict our attention 
to closed subspaces (referred to simply as subspaces) . Let 
<2 be a subalgebra of ^(V) . Then Lat Æ denotes the set of 

all subspaces of V which are invariant under every bit in 
CL . If = ^(A) or P (A,B) then Lat LL. is denoted by 

Lat A and Lat(A,B) , respectively.
Let CL be a subalgebra of X(V) . Then Alg(Lat CL) 

denotes the algebra of all bit T which satisfy 
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Lat T 2 Lat (Z. It is easy to see that it is weakly closed. 
A weakly closed subalgebra Q, of X(V) is said to be 
reflexive if Æ = Alg(Lat CL). It is said to be n-reflexive 

(n a positive integer) if ÇL(n) is reflexive.
A weakly closed subalgebra CL of ?£(V) is 

quasi-reflexive if it contains every T e ^(v) which 
satisfies (i) T commutes with every bit in Ct and (ii) 
Lat T 2. Lat CL.

Let T e èC(V) . The weakly closed algebra generated by 

T and I is denoted by Alg(T). T is said to be reflexive 
(n-reflexive or quasi-reflexive) if Alg(T) is reflexive 
(n-reflexive or quasi-reflexive).

Let v be a vector in V and let 0 be a subset of ^(V). 
The cyclic invariant subspace for <8 generated by v is the 
closure of &v Where & is the smallest subalgebra of <£(V) 
containing 0. If the closure of Ctv is V then v is said to 

be a cyclic vector for 0.

In the chapters that follow we shall use ====> to 
denote implication.

We shall also have occasions to use terms such as 
Banach space, Hilbert space, norm, semi-norm and inner 
product. These are standard terms and can be found in any 
functional analysis book.

We have restricted our notations and terms to Frechet 
spaces. However, they may be used in the context of a 
letvs.



CHAPTER 2
INTRODUCTION

The theory of reflexive algebras is relatively new. 
Most of the results are concerned with operator algebras on 
a Hilbert space. We shall mention some known results along 
this line. The oldest result states that every von Neumann 
algebra is reflexive. This is equivalent to the double 
commutant theorem (see [15]). More recently, Sarason [20] 
proved that every weakly closed commutative algebra of 
normal operators is reflexive. This algebra has many 
invariant subspaces. In a different direction, Radjavi and 
Rosenthal [16] proved that if a weakly closed algebra (L of 

bit on a Hilbert space contains a maximal abelian 
self-adjoint algebra and if Lat CL is totally ordered, then 

CL is reflexive. The problem of determining all reflexive 

algebras remains unsolved.
Every reflexive algebra is quasi-reflexive. However, 

the converse is not true. Brickman and Fillmore [3] proved 
that every linear transformation on a finite-dimensional 
vector space over an arbitrary field is quasi-reflexive. It 
is not known if every bit on an infinite dimensional Hilbert 

space is quasi-reflexive.
Azoff [13 used the notion of k-reflexivity to measure 

how non—reflexive an algebra of linear transformations over 
a finite-dimensional complex vector space can be.

The purpose of this paper is to study these different

4



5

notions of reflexivity over Fréchet spaces.
Chapter 3 is concerned with an n-dimens ional vector 

space V over an arbitrary field. It shows that if n < 3 and 
if A, B are commuting linear transformations on V then 
^(A,B) is quasi-reflexive. An example shows that this is 

not true for n 4.
Some general results on reflexive and quasi-reflexive 

bit are established in Chapter 4. A consequence of these 
results is that if every bit of an infinite dimensional 
Hilbert space is quasi-reflexive then the countable direct 
sum of a bit with itself and the countable direct sum of 
reflexive bit are each reflexive.

Let w be the Fréchet space of all complex-valued 
sequences with the pointwise convergence topology. The main 
result in Chapter 5 states that a bit on id is 
quasi-reflexive if its spectrum is at most countable and is 
reflexive otherwise. This is established by exploiting the 
special properties of in and its dual space, and the duality 
between them.

Chapters 6, 7 and 8 study the multiplication operators 
on functional algebras, L^-spaces over a probability Borel 

measure on the complex plane having compact support and 
Hardy spaces H^ on the unit circle, respectively 

(l £ p < «). In each case the weak operator topology on the 
weakly closed algebra of all multiplication operators is 
identified with a ’nicer' topology. This is used to show 
that every weakly closed algebra of multiplication operators 
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is reflexive. The necessary and sufficient condition for a 
bit on a functional Fréchet space to be a multiplication 

operator is given in Chapter 6.
For 1 < n < ”, let 7%(p,n) (nt(p,n)) denote the algebra 

of all nxn matrices (T^j) where is a multiplication 
operator on if (H^) . We show that ?7t(p,n) (7/L(p,n)) is a 
reflexive algebra of operators on the direct sum of n copies 
of if (if) and every weakly closed subalgebra of AM(p,n) 
(%KL(p,n) ) is n-reflexive. Each T7l(p,n) has a non-reflexive 
commutative weakly closed subalgebra. In addition, a 
measure is constructed such that ?7l(p,n) contains a 
non-reflexive bit. For n >_ 4, ^(p,n) has a commutative 
weakly closed subalgebra which is not quasi-reflexive. The 
examples used in the preceding statements when adapted to 
)%(p ,n) are shown to be reflexive by using function 

theoretic methods.



CHAPTER 3
ON FINITE-DIMENSIONAL SPACES

In this chapter we shall let V be an n-dimensional 
vector space over an arbitrary field 3*.  We shall use the 

notations and definitions in Chapter 1 without the 
topological restrictions.

We state some known results for the case where ? = £. 

Deddens and Fillmore [4] gave necessary and sufficient 
conditions for a linear transformation on V to be reflexive. 
In [1], Azoff showed that if n > 4 then (1) every subalgebra 
of c^(V) is (n-1)-reflexive and (2) every commutative 

subalgebra of ^(V) is [n/2]-reflexive, where [n/2] is the 

greatest integer in n/2. It was also shown that these 
results are best-possible.

Brickman and Fillmore in [3 ] proved that every linear 
transformation on V over an arbitrary field 5* is 

quasi-reflexive. This means that if A and B are commuting 
linear transformations on V, then Lat (A) £ Lat(B) if and 
only if B is a polynomial in A. We shall refer to this as 
the Brickman-Fillmore theorem. Fillmore suggested the 
following question (conveyed to me by Constantin Apostol):

If A and B are commuting linear transformations on V 
then is (P(A,B) quasi-reflexive?

This question is completely answered in the next theorem.

THEOREM 3.1: Let V be an n-dimensional vector space 
over an arbitrary field 9. Let A and B be commuting linear 

7
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transformations on V. Then
(1) for n 3 the algebra ^(A/B) is quasi-reflexive, 

and
(2) for n\> 4 we can find A and B such that (A,B) is 

not quasi-reflexive.
PROOF : (1) Let C e X(V) which commutes with A and B, 

and Lat C 2 Lat(A,B).
Suppose n =2. If A has no nontrivial invariant 

subspace then, by the Brickman-Fillmore Theorem, C is a 
polynomial in A. If A is a scalar multiple of the identity 
then C is a polynomial in B. Similar statements can also be 
made for B. Finally, if A has a 1-dimensional eigenspace 
then A, B and C can be represented by upper triangular 
matrices relative to a fixed basis. By subtracting 
appropriate scalar multiples of the identity from A, B and C 
we may assume that

/ 0 a^ \ / 0 b_ \ / 0 G- \
A = I I B = I 1 I and C = I 1 ) 

\ 0 a2 / \ 0 b2 / \ 0 c2 /
Since A and C commute we have a^c2 = c^a2. Thus (i) a^ 0 
implies C = (c^/a^)A (ii) a2 / 0 implies C = (c2/a2)A and 
(iii) a^ = a2 = 0 implies C is a polynomial in B. We have 
actually shown that C is a polynomial in either A or B.

Suppose n = 3. Applying the rational decomposition 
theorem to A we have V = V^®...©V^ where (i) each is 
cyclic for A with cyclic vector e^ and (ii) if q^ is the 
A-annihilator of e^ then q^+^ divides q^. We need to 
consider all possible cases for this representation.
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Case (1) dim = 1. Then 
dim V1 = dim Vg = dim = 1 and hence = q2 = q3 = x - a. 
This implies that A is a scalar multiple of the identity 
matrix and hence C is a polynomial in B.

Case (2) dim = 2. Then dim = 1 and 
q2 = x - a. Since q2 divides q^ we have 
q^ = (x - a)(x - b). We need to consider the two cases 
where a b and a = b.

Case (2a) a / b. Then A has a diagonal
representation diag(a,a,b) relative to some fixed basis. By 
subtracting al (where I is the 3x3 identity matrix) from A 
we may assume a — O and b / 0. Since B and C commute with A 

we have
/ B*  0 \ /c' 0 \

B =I I and C =I 1 
y 0 by \ 0 c y

where B* , C*  are 2x2 matrices and b, c e . It is clear 
that B’ commutes with C’ and Lat C' d_ Lat B* . Thus C1 is a 
polynomial in B1 and hence C is the sum of a polynomial in B 
and a scalar multiple of A.

Case (2b) a = b. Then
/a 0 0\ 

A = 1 a 0 
\0 0 a/ 

relative to some fixed basis. By subtracting al from A and 
changing to a new basis we have

/0 0 0\ 
A = I 0 0 1 

\0 0 0/ 
Since B and C commute with A, after subtracting appropriate 
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multiples of I# we have

(
c 0 e \ / c*  0 e*\
d 0 f I and C = d' Of 
0 0 0/ \ 0 0 0 /

Since B and C commute we have cd*  = c'd, ce’ = c'e and
de*  = ed’. These equations are essential for our
discussion. If c / 0 then (c’/c)B - C is a scalar multiple 
of A. If c = 0 then c’d = 0 and c'e = 0. If c’ 0 then
d = e = 0 and hence C is a multiple of A. If c' = 0 then we
need to consider the cases where d / 0 and d = 0. Suppose 
d / 0. Then (d’/d)B - C is a multiple of A. On the other
hand suppose d = 0. Since A% = = AB = BA — 0 and

Lat C o Lat (A,B) we have d’ = 0 and (e’,f',0) is a linear 
combination of (0,1,0) and (e,f,0). Hence C is a linear 

combination of A and B.
Case (3) dim = 3. Then V1 = V and C is a 

polynomial in A.
(2) For n = 4 let

and

An easy computation shows that 
2 2 2AB = BA = AC = CA = BC = CB = 0 and A = B = C = 0. Thus 

C cannot be expressed as a polynomial in A and B. We shall 
now show that Lat C d Lat(A,B). It suffices to consider
cyclic invariant subspaces for A and B. For any vector 
(w,x,y,z) we have A(w,x,y,z) = (0,0,w,x) ,
B(w,x,y,z) = (0,0,0,w) and C(w,x,y,z) = (0,0,w,w) . It is 
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clear that the third vector is a linear combination of the 

first two vectors and we are done.
Examples for n ) 4 can be constructed from the 

preceding example via direct sums.
This completes the proof of the theorem.
REMARKS: (1) Theorem 3.1 in its present form is based 

on an extension of its earlier version and due to the 

suggestions of an (anonymous) referee.
(2) The example in Theorem 3.1 can be extended to a 

vector space of arbitrary dimension (finite or infinite) via 
direct sums. This is connected to the Sarason-Rosenthal 

conjecture mentioned in the next chapter.



CHAPTER 4
SOME GENERAL RESULTS

In this chapter we prove some results which hold in a 
setting more general than specified in any of the following 
chapters. The following definition will be used in the next 
proposition as well as in the next chapter.

DEFINITION: A linear transformation T on a vector space 
V is said to be locally algebraic if for each vector x in V 
there exists a nonzero polynomial p% such that (p^T) (x) = 0. 
It is said to be algebraic if there exists a nonzero 
polynomial p such that p(T) = 0.

REMARK: Kaplansky in [11] showed that for bit in a 
Banach space the notions of locally algebraic and algebraic 
are equivalent; his proof actually works for a Fréchet 
space.

PROPOSITION 4.1: If T is a locally algebraic bit on a 
Fréchet space V then T is quasi-reflexive.

PROOF : Let U be a bit on V which commutes with T and let
Lat U 2 Lat T. Let A be the collection of all finite 
dimensional invariant subspaces of T partially ordered by 
set inclusion. Then A is a directed set. Since 
Lat U d, Lat T, we have A £ Lat U. Let X e A. Applying the 
Brickman-Fillmore Theorem we obtain a polynomial p^ such 
that p^(T) = U on X. Since T is locally algebraic the union 
of A is V. It is now easy to verify that p^(T) converges to 
U in the strong operator topology.

12
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REMARK: This proposition also holds in a topological 

vector space.
PROPOSITION 4.2: Let V be a Fréchet space which 

satisfies :
(a) every bit on V is quasi-reflexive and
(b) for a fixed 2 £ n j( œ there exists an invertible 

bit S from V (n) onto V. n 
Then, for the fixed n in (b), we have

(i) T(n) is reflexive on V(n) for each bit T on V and
(ii) Ï? ,®T. is reflexive on V(n) for any collection L 1=1 i

^i^i=l of reflexive bit on V.
PROOF: (i) Let T e £(V) , A e £(V(n)) with

Lat T (n) £ Lat A (2 < n < «>) . Then there exists U G 
such that A = U (n) . We shall show that T and U commute.

For each v e V define y^ to be a vector in V(n) whose 
first and second coordinates are v and Tv, respectively. 
Since Lat U (n) £ Lat T (n) there exists a net (p } of
polynomials such that (p^(T(n)))y^ --- > (u(n))YV* This
implies that

(Pa(T))v---- > Uv ..... (1)
and (Pa (T) )Tv-----> UTv .... (2)
It follows from (1) that T (p^ (T) ) v---- > TUv. Since 
(Pa(T) )T = T(pa (T) ) we have, from (2) , that UTv = TUv. 
Since v is arbitrary we have shown that T and U commute.

Consider the bit T. = S Tfnjs”1 and U, = S U(n)S~\ 
inn in n

Clearly, Lat T^ Lat U^. It follows from the preceding 
discussion that T^ and U^ commute. By hypothesis T^ is
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quasi-reflexive and hence is in Alg(T^). Thus U(n) is in

Alg(T (n)) .
(ii) Let U € ^.(V(n))

U = T*  .®U. where U. e 61=1 i i
Lat Ü. a Lat T.. Since T.

with Lat U d Lat V? _®T.. — ^i=l i
^(V). It is clear

Then
that

is reflexive, U. is in Alg(T.)

U. and T. commute. Thus V? ,®U. commutesLi=l i
with 22=1^1 By a reasoning similar to that given in the

preceding paragraph 
Aig^^T.).

REMARKS: (1) An

we can show that V? _®U, L 1 =1 1

example of a Fréchet space is

is in

given in

the next chapter which satisfies the hypotheses of this

propôsiton.
(2) D. Sarason and P. Rosenthal independently made the 

following conjecture (see [15]):
CONJECTURE : Every bit of a Hilbert space is 

quasi-reflexive.
An affirmative answer to this conjecture would answer the 
following open question.

QUESTION : Is A ® A reflexive for every bit A on a 

Hilbert space?
(3) In view of this proposition we would like to 

propose the following question.
QUESTION: Is the direct sum of two reflexive bit on a
Hilbert space reflexive?

A negative answer to this question would disprove the 
Sarason-Rosenthal conjecture.

(4) We should note that not every weakly closed
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commutative algebra of bit on a Hilbert space H where 

dim > 3r is quasi-reflexive (see Theorem 3.1 and Theorem 

7.10).
LEMMA 4.3: If T, W are bit on a Fréchet space V, and if

Lat W (n) d Lat T(n) (n > 1), then W is in the SOT-closed

algebra generated by T.
PROOF : Let be the collection of all finite subsets

of V partially ordered by set inclusion. Let

X — { ... , x^ } e Since
exists a polynomial px such that 

dist(Wx.,(pvT)x ) < -1- 
ixi m

Lat W(m) d Lat T(m) there

i — 1,2,•••,m.

It is now clear that the net pv(T)y converges to Wy for all 

y in V and hence p^T converges to W in the SOT.
REMARK: The proof for the preceding lemma is included 

for completeness. The special case when V is a Hilbert 
space is in Radjavi and Rosenthal [15]. Their proof also 

works for a Fréchet space.
PROPOSITION 4.4: If T is a bit on a Fréchet space V 

then T*  = T (oo) is reflexive on V = V(«) .
PROOF : Let W be a bit on V*  with Lat W* Lat T '. 

Since T*  = T(“) we have W*  = W(“) for some W e X.(V) . For 

each positive integer n define Bn : V*(n)  —> V1 by 
Bn ^11'^12 ' ’ * * ' ^21^22' •••)»•••*  (^nl'^n2 ' * * ' 
= .... Where £ij £ V'
Then B is an invertible bit. A simple computation shows 
that T' (n) = and W (n) = Bn W’Bn. This implies that 
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Lat W(n) 2 Lat T*  (n). It follows from the preceding lemma 
that W is in the SOT-closed algebra generated by T'. Hence 
T’ is reflexive.

REMARK; Radjavi and Rosenthal in [15] proved this 
proposition in the special case when V is a Hilbert space. 
Their method involved Hilbert space theory. It should be 
noted that V(«) is defined differently in this case. Our 
method provides a simpler proof in this special case.



CHAPTER 5
ON THE SPACE to

Let Z be the set of all positive integers. Let to be 
the vector space consisting of all the complex-valued 
functions (sequences) on Z. For each positive integer n 
define (a) e to be the function on Z which takes the value
l on n and 0 everywhere else and (b) || |ln to be the
semi-norm on w given by

|| f lln = max { | f (i) | : 1 £ i £ n }.
Then u) is a Fréchet space relative to the topology given by 
this family of semi-norms. In fact, this topology coincides 
with the metric topology given by

Our purpose is to study the reflexivity and 
quasi-reflexivity of a bit on to. We need to mention some
known facts most of which can be found in [10 ], [13] and 
[14]. 
On the dual space of to:

Let (*) q be the set of all terminating sequences.
Fact £: to = tog.
Fact 2/ tog with the strong dual topology is a complete 

letvs.
Fact .3 : The topological dual of Wq coincides with its 

algebraic dual. In particular, w0

Fact £: Every linear subspace of wq is closed.

17
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’ *Fact 5: w is reflexive Ci.e. = w and the strong 
* dual topology on coincides with the topology of w).

Fact 4 will play a very fundamental role in the proof
of our main result — Theorem 5.3. The duality between w 
and æg is given by:

(f ,$) = £f (n) (n) f e w, $ e Wq.

On the topology of w:
Fact £: Wq is dense in w.
Fact %: The topology of w coincides with the topology 

of pointwise convergence, i.e., 
fn-> f <====> fn(i)----- > f (i) for each i e Z.

In particular, it also coincides with the weak topology.
On and :

Let )7L = { (a. . ) . : a. . t /fl and let 2/7 be thei/3-L 13 v- ?
set of all row finite matrices in M.

Fact 8^: Every bit on œ has closed range.
Fact 9^ Every bit on co has a nontrivial invariant 

subspace.
Fact 10: w) = i.e. , every bit on co can be

represented as a matrix in relative to the basis 
knCl-

Fact II: The strong and weak operator topologies on 
»C( co) coincide.

Fact 12 : Let { A = (a ) be a sequence in X 1J
Then

A. --SQT_> 0 <==== > a ----- > 0 for each i, j
K 13 ' J

. and Vi, 3j such that a= 0 whenever j > j p
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Fact 13: For each positive integer n and each bounded
set c w define a semi-norm || || on SG w) by

II T || ,n = sup { || Tf || n : f e }.
Then X.(w) is complete in the topology induced by this 

family of semi—norms. It can be shown that this topology 
coincides with the strong operator topology defined in
Chapter 1.

Fact 14^ Every algebraic linear transformation on is 
continuous.

Fact 15/ Let A e 7^1^. Then the adjoint of A, denoted 
* *by A , is the bit on a>0 with (A 4>) f = <HAf) where * e and 

few. It can be shown that A is the transpose of the 
matrix A.

Fact 16/ If S, T e X.(æ) and Lat S c Lat T then 
* * Lat S e Lat T .

On the spectrum of a bit on w and wA:

DEFINITION: The spectrum of a bit T on a let vs V is the 
set a(T) = {Xe(C:T-X is not invertible in <5^(V) }.

The resolvent p(T) of T is the complement of a(T) in C.
Korber, in E13 3, made an extensive study of the 

spectrum of a bit on w and a>0. Since our main result 
depends heavily on the facts mentioned below we shall 
provide proofs.

Fact 17: If T e X(æ) then a(T) = a(t*) .
PROOF : Let A e (C. An easy computation shows that 

T - x is not one-to-one if and only if T*  - X is not onto. 

Using Fact 8 one can easily show that T - X is not onto if 
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and only if T*  - X is not one-to-one. We have thus shown 

that T - X is not invertible if and only if T*  - X is not 

one-to-one or onto. The desired result follows from Fact 
14.

Fact 18: Let A e <£(œ0)• Then (i) A is locally 

algebraic ====> a (A) is a nonempty countable set and (ii) A 
is not locally algebraic ====> p(A) is countable.

PROOF : (i) Suppose A is locally algebraic. For each 
positive integer n let be the smallest invariant subspace 
for A containing e^, ... , e^. Then Mn has finite
dimension. Let A_ be the restriction of A to M . Since w. n n u
is the union of the 's we have a(A) = u"a(Ap). Since each 

a(An) is a nonempty finite set we have a(A) is a nonempty 
countable set.

(ii) Suppose A is not locally algebraic. Then there 
exists <|>0 e such that for each polynomial p, if 
(p(A))$Q = 0 then p = 0.

Suppose P(A) is an uncountable set. Then 
{ (A - X) : X « p(A) } is linearly dependent. Thus 

there exist distinct X^, ... , X^ e p(A) and ... ,
e C \ {0} such that 

and hence
(A - Xg)...(A - Xn) 4>0 + ... + 8n (A - X^) ... (A - =0

This implies that
P(x) = BjJx - Xg)... (x - Xn) + ... + 8n(x - XT) ... (x - Xn-1) 

= 0
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which is a contradiction.
REMARKS : We have also shown that if A e èC(wg) then (1) 

a (A) is countable <====> A is locally algebraic and (2) A is 
locally algebraic ====> a(A) consists of eigenvalues of A. 
In order to see (2) we only need to observe that in the 
proof of Fact 18 each a(An) consists of eigenvalues.

NOTATION: Let S be a subset of a Fréchet space V. Then 
sp S denotes the smallest subspace of V containing S.

Fact 19: Let A = (a..)” . , e M, be a lower triangular ------- ij i,j=l «
matrix. Then A is invertible <====> each of the diagonal 
entries {a^} is nonzero. In particular, a (A) = {a^}.

PROOF : Suppose each of the a^Js is nonzero. We first 
show that A is one-to-one. Let few with the first nonzero 
value at n. Then Af = a~ f(n)e„ + g where nn n
g e sp { e , : m > 1 }. It is clear that Af is not equaln+m —
to zero. We next show that A is onto. Let | e ujq with k 
the largest integer such that *(k)  / 0. Then 
4> (Aek) = (k) akk / 0. Thus each nonzero bounded linear
functional does not annihilate sp { Aem : m > 1 }. This 
implies that A has dense range. By Fact 8, A is onto.

Suppose a^ = 0 for some i. Then let be the 
diagonal matrix in 7%^ whose first i diagonal elements are 1 

and 0 otherwise. Then
P. (sp { Ae : m > 1 }) = P. (sp { Ae , ... , Ae. })i m — i 1 i-l

and has dimension £ i - 1. Thus there exists a nonzero * in 
wg with *(j)  = 0 for j > i and which annihilates 
P.(sp { Ae . ... , Ae. _ }). It is clear that * annihilates i 1 i-l
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Aw. Thus A is not onto.
On the weighted shifts of u:

DEFINITION: Let {w^} be an infinite sequence. The
forward weighted shift induced by {w^} is the bit W on w 
defined by 

f o if i = 1
(Wf ) (i) = { 

VWi_if(i - 1) if i > 1.

The backward weighted shift induced by {w^} is the bit W on 

a) defined by
(Wf) (i) = w\f(i + 1) 

If the sequence is identically I then W and W are called the 
unilateral forward and backward shifts, respectively.

DEFINITION: Let T e ^(w). The commutant of T, denoted 

by {T}* 1 (ii) (iii)f is the set of all bit on w which commute with T.
PROPOSITION 5.1: Let W be the forward weighted shift 

induced by the sequence {wn}, wn 0 for each n. Then

(i) a (W) == {0}
(ii) the only invariant subspaces for W are 

Mn = { f e œ : f(1) = ... = f(n) = 0 } 
where n is a positive integer

(iii) W is not reflexive and 
(iv) {W} * = Alg(W) = { : an e *
PROOF : (i) This follows from Fact 19. 
(ii) Let f e w. It suffices to show that if f(1) / 0 

then sp { Wnf : n 0 } = w (i.e., f is a cyclic vector for 

W) . If not, then there exists a nonzero 4 e which
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annihilates sp { Wnf : n > 0 }. Let i be the largest 

integer such that $(i) / 0. Then
<|)(i)w1...wi_1f (1) = = 0.

This is a contradiction.
(iii) This follows from the fact that each Mn in (ii) 

is an invariant subspace for any lower triangular matrix in 
but (as we shall prove in (iv) ) not every lower 

triangular matrix in is in Alg(W).
(iv) Let A = (aij) e Then

AW = WA <====> AWe. = WAe. for each j 3 J .
AWe^ = WAej <====> A(w^e^+1) = w^iaijei^

< ====> 3+1^1 =
< -—> j+iai + kw3ai+l,3+lei+l " ^"113^1+1*
< ====> w.a_ . , = 0 and w.a. _ . . = w a for all i

j i,j+i j J-' J-» j • 1 J-J

< ====> a, ..q = 0 and w.a. _ . . = w a for all i J + X J XT 4. f JTX X XJ
It is not hard to see that this implies A = Ç=Q for 

some a^ c C •

REMARK: The study of forward weighted shifts (induced 
by bounded nonzero sequences) on a separable infinite 
dimensional Hilbert space is an active area of research. 
The situation there is very different from parts (i), (ii) 

and (iii) of Proposition 5.1 (see Shields [22]).
PROPOSITION 5.2; Let W be the backward weighted shift 

induced by wn ? 0 for each n. Then
(i) each a e C is an eigenvalue for W and its 

corresponding eigenspace is generated by the vector
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11 — fl u* W w X
a * wl*  *1^2'  W1W2W3'

(ii) sp { ua : a e C } = w

(iii) Alg (Lat W) = jP(W) and
(iv) {WP = ^(W) .

PROOF ; (i) This statement is clearly true for a = 0.
Let a 0. Then

(a - W) f = (af(l) - W]f (2) , af(2) - w f(3), ... ) = 0

af (1)
W1
af (2) = a2f(1)
w2 *1*2

implies that

f (2)

f (3)

(ii) Let  € Wg such that u^  = 0 for each a c (C. Then* *

*(1) + Zi-2 w (iw---“i 1= ° for each a e C.
W1 • « • W • q 1 1-1

Since * is a finitely nonzero sequence, the left hand side 
of the preceding equation is actually a polynomial of finite 
degree in a. Thus $ = 0.

(iii) Let U = (u^j) be a bit on w with Lat U Lat W. 
Case (1) : u^ = 0 for each n e Z.

Let a e C. Since u*  is an eigenvector for W 

and Lat U = Lat W we have that u is also an eigenvector for — a
U. Since the first coordinates of Uu*  and u% are 0 and 1, 
respectively, we have Uua = 0. By (ii) we have that U = 0.
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Case (2) : / 0 for some n.
Let n1 be the largest integer such that

uln / 0. Let , an e £ be such that the first row

of = U - z^v3-1 consists of zeros. It is clear that

Lat U-, ° Lat W. We can now use case (1) to conclude that

= 0 and hence U = 2j_^ot^WJ .
(iv) It is clear that ^(W) £ {W}’. Let T e {W}1. Let 

a., a,, ... , a e £ such that T = T - J? a.W1 has first 
0 1 n 1 1=0 i

row consists entirely of zeros. Clearly, e {w}'.
We note that each a e C is a simple eigenvalue for W.

Since WT^u^ = T^Wu^ = aT^u^ we have Tiua is a scalar 
multiple of u^. But its first coordinate is 0 while the 
first coordinate of ua is 1. Thus T^ua = 0» By (ii) we 
have = 0.

REMARKS : The definitions made in this discussion also 
make sense in In particular, by Facts 15, 16 and the 
duality between w and , Proposition 5.2 (iii) becomes :

Let W be the forward weighted shift on induced by
(wnl, wn / 0 for each n. Then Alg(Lat W) = P(W).

This plays a very important role in the next theorem. We 
should also refer to the remark after Proposition 5.1.
Reflexivity and quasi-reflexivity of a bit on w:

THEOREM 5.3: Let T e XW •
(i) If a(T) is countable then T is quasi-reflexive. In

fact, if U e X(w), T commutes with U and Lat U Lat T then
, oothere exists a sequence ^Pm m=l °£ such that
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Pm(T) U.
(ii) if o(T) is uncountable then Alg(Lat T) = Z^(T) and 

hence T is reflexive.
REMARK: It follows from (1) the duality between w and

(2) Fact 16 and (3) our discussion on the spectrum of a

bit on w and that Theorem 5.3 is equivalent to the next 

theorem.
THEOREM 5.3": Let A e .
(i) if A is locally algebraic then A is

quasi-reflexive. In fact, if B e <£%), B commutes with A
- .co

and Lat B d Lat A then there exists a sequence ^Pn^n=i of 
, t SOTpolynomials such that pn (A)-----> B.

(ii) if a is not locally algebraic then

Alg(Lat A) = (P(A) and hence A is reflexive. •
PROOF : (i) Suppose A is locally algebraic. Let B be a 

bit on o)q which commutes with A and Lat A £ Lat B. Let M^ 
be the invariant subspace for A generated by 
e1# e2, ... , e^. Then M^ is finite dimensional. Since B 
commutes with A and Lat B £ Lat A we may apply the 
Brickman-Fillmore theorem to get a polynomial pn such that 
Pn(A) = B on Mn. It is clear that pn(A) converges to B in 

the SOT.
(ii) Suppose A is not locally algebraic and B e ^(w^) 

with Lat A c Lat B. Then there exists $ e such that 
V = sp { An<(> : n 0 } is infinite dimensional. Hence, for 
any polynomial p, (p (A) ) <j> = 0 implies that p = 0. The bit A
restricted to V is similar to the unilateral forward shift S
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on Wg (i.e. there exists an invertible bit T from V onto 
such that T”1ST is equal to A on V). By Proposition 5.2, 

Alg(Lat S) = 7P(S). Thus there exists a polynomial p$ such 

that
p$ (A) = B, on V .... (1)

We shall show that p*(A)  = B on uQ. Let y e wQ and 
W = sp { AnY : n 0 ). We shall consider two cases.

Case (1): Suppose W is finite dimensional. Then 
V n W = 0. Since Lat A c Lat B we may use Fact 4 to get a 
polynomial p such that

(p(A) ) (4> + Y) = B(4> + Y) 
and hence

(p(A))*  - B*  = BY - (p (A) ) Y .... (2)
Since V n W = 0 we have (p(A))0 - B*  = 0. It follows from
(1) that (p(A)H - (p^ (A) ) 4> = 0 and hence p = p . Combining 

<P <P
this and the right hand side of (2) we get BY = (p^(A))Y.

Case (2): Suppose W is infinite dimensional. Then
by an argument similar to the above we get a polynomial p^ 

such that
p (A) = B on W .... (3)Y

As in case (1) we get a polynomial p such that
(p(A) ) (*  + y) = B(*  + y) .... (4)

From (1) and (3), B(*  + Y) = (pA(A)) 4> + (p (A))Y. Hence (4) 
Y

becomes
( (Py - p) (A) ) Y = ((p - 

Let = ((p - P*)(A))4  = 
= 0 then p = p$ and p - p^. These

P*)  (A))*.
((Py » P)) (A)Y. It 
equations combine with
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(3) to give us By = (P UHf. If \  0 then tor 
polynomial q, if (q(A))^ = 0 then q = 0. By the definition 

of 4^ and (1) we get

*

B^ = B ( (p - p*)  (A) ) *
= (p*  (A) ) ( (p - P^ ) (A) ) 4> = (p^ (A) ) •

Similarly, B^ = (p^ (A) ) . Thus p*  = Py and hence it

follows from (3) that BY = (p^(A))Y•
We have thus shown that B = p$ (A) on wq.

COROLLARY 5.4:
(i) If T e and a(T) is uncountable then

Alg(T) = ^(T) .
(ii) T (n) is a reflexive bit on œ (n) (or (n) ) for 

each bit T on co (or ) and each 2 £ n £ œ.
(iii) For each 2 £ n £ ” and each collection ^T^^ of 

reflexive bit on co (or coo) , the bit ^=1®Ti reflexive on 

co (n) (or ioq (n) ) .
PROOF; This follows from Theorem 5.3 and Proposition

4.2.
We now give an application of Theorem 5.3.
EXAMPLE: Let A e WR. For each i e z let n± be the 

positive integer such that a^ is the last nonzero entry in
i ■

the ith row. If n. is increasing then it is easy to show 
that every complex number is an eigenvalue of A. From 
Theorem 5.3 we have Alg(Lat A) = iP (A).

We shall make some observations about Theorem 5.3 (i)

and Theorem 5.3' (i):
(1) we cannot in general replace the sequence of
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polynomials by a polynomial. As an example consider the 
unilateral forward shift W on w. It is clear that if 
T £ Alg (W) then Lat T Lat W but Proposition 5.1 gives us 
that Alg(W) = { ^“=0^ ' ^n

(2) If T e aC(w) is algebraic then Alg(T) = 7P(T) . In 

this special case we don’t need sequences.
(3) Let T £ be a diagonal bit. Then a (T) is

countable. If S e èC(œ) and Lat S Lat T then it is easy 

to show that S is diagonal. Thus S commutes with T and 
hence S e Alg(T). It follows that T is reflexive — a 
conclusion better than what the theorem gives.

(4) A locally algebraic bit on is reflexive if it is 
reflexive on each finite dimensional invariant subspace. It 
is not known if the converse is true. See Deddens and 
Fillmore [4] for necessary and sufficient conditions for a 
linear transformation on a finite dimensional complex vector 
space to be reflexive.

REMARK: In view of Chapter 3 there exist two commuting 
bit A and B on w such that the weakly closed subalgebra of 

generated by A and B is not quasi-reflexive.

0



CHAPTER 6 
ON FUNCTIONAL ALGEBRAS

DEFINITIONS ; Let X be a set. A Fréchet space E(X) of 
complex—valued functions on X is said to be a functional 
Fréchet space if (1) the functions in E(X) separate the 
points of X and (2) for each x e X the evaluation functional 

<f>x defined by
4» f = f (x) for each f in E (X) 

is continuous. Let f be a complex-valued function on X. If 
fE(X) c E(X) then the linear transformation Mf on E(X) is 

defined by
Mfg = fg for each g e E(X).

Mf is called a multiplication operator on E(X). A 
functional Fréchet space is said to be a functional algebra 
if it contains the constant functions and is closed under 

multiplication by each element of E(X).
The Hardy spaces HP, 1 £ p < ”, are functional Fréchet 

spaces which are not closed under multiplication. A
detailed study of these spaces is given in Chapter 8. 

Examples of functional algebras:
1. The space of all continuous functions on a region 

X c £ under the topology of uniform convergence on compact 

subsets of X.
2. The space of all analytic functions on a given 

region X £ £ under the topology of uniform convergence on 

compact subsets of X.

30



31

3. The space of all bounded analytic functions on a 
given region X c £ under the supremum norm topology.

4. Let H be the set of all complex-valued functions f 

defined on [0,1] such that
f (x) = c + 4>(t) dt for some * e L2(0,l) , c e €

(i.e. f is absolutely continuous on CO,13 and f' e L2(0,l)). 

Define a norm on H by:
|| f ||2 = If (0) I2 + II f' II2, . 

L
Then H is a functional algebra. This example is also called 
a functional Hilbert space in C7; Chapter 6, Problem 54 3. 

The inner product on H is given by:
(f,g) = f (0)g(0) + Jq f' (x)g' (x) dx.

5. For each a > 1, let be the set of analytic 
functions on the unit disk A with inner product given by:

(f»g) = Zn=0(n +

where f (z) = a zn and g(z) = b z11. n=u n n—u n
Then Da is a Hilbert space. Taylor C233 showed that is 

also a functional algebra.
It is the purpose of this chapter to show that if E(X) 

is a functional algebra then every weakly closed algebra of 
multiplication operators on E(X) is reflexive. -

PROPOSITION 6.1: In a functional Frêchet space E (X) the 
linear transformation Mf is continuous.

PROOF : This is an easy consequence of the closed graph 
theorem and the fact that the evaluation functionals are 

continuous.
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PROPOSITION 6.2: Let T be a bit on the functional
Fréchet space E(X) . Then T = M for some complex-valued

function f on X if and only if {<b } v are eigenvectors of

T (T*  is the adjoint of T). If, in addition, E(X) is also 

a Banach space (functional Banach space) then f is bounded.
PROOF: Suppose T = M . Then———— X

(T 4>x)g = (Tg) = <J>x (fg) = f (x)g(x) = f (x)0x (g) . Thus
T\ = f (x)4>x.

Conversely, suppose for each x e X there exists «x such 
that T^^x = ax4>x. Define a function f on X by f (x) = ax • 
Then $x (Tg) = (T*<|> x)g = f(x)* x(g) = f (x)g(x) . Thus T = Mf.

Finally, suppose T = and E(X) is also a Banach 
space. We shall show that f is bounded. We may without 
loss of generality assume that || T || = 1. For each g e E (X) 
we have f(x)g(x) = *xTg and hence

I f (x) I I g(x) I <.H^xH II Til ||g|| = |igi |lgl| .

Thus I f (x) I 114> II = sup I f (x) I I g(x) I <_ || || . If
11911=1

Il $x II > 0, then | f (x) | £ 1. Since E (X) separates points,
there is at most one point where II 4>x II = 0.

REMARK: The last part of Proposition 6.2 occurs in [6].
PROPOSITION 6.3: If E(X) is a functional algebra then

Mf -----> 0 < =-==> fa —> 0. 
' ot

*PROOF : For each f e E (X) and for each 4> e (E (X) )
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WOTM -----> 0 ====> (M, f,*)-----> 0
a ra

====> (faf, ) -----> 0
====> -----> 0

The third implication uses the assumption that the constant 
function 1 is in E(X). 

Suppose f —-—> 0. Then for each f e E(X) and each 
♦ € (E (X) ) *

(M f^) = (M_f ,4>) = (f ,M **) -----> 0.
n ci a r

The first equality uses the assumption that E(X) is an 
algebra.

REMARK: If E(X) is a functional algebra then the weak 
topology on E(X) coincides with the weak operator topology 
on E(X) considered as multiplication operators on E(X).

PROPOSITION 6.4: Let E(X) be a functional Frechet 
space. Then the set of multiplication operators on E(X) is 
closed in the weak operator topology.

PROOF: Let T e ^(E(X)). Suppose there exists a net 

{f^} of complex-valued functions on X such that
m -----> t. Then for each f in E(X) and x e X 
ra

M -923-> T ====> (Mf f ,4> )-----> (Tf ,4) )
ra ra x x

====> fa (x) f (x)-----> (Tf ,<M .
Since the functions in E(X) separate the points of X, there 
is at most one point Xq e X at which every function in E(X) 
vanishes. Thus it follows from the preceding implications 
that lim fa(x) exists at each x xQ. Define a 
complex-valued function g on X by g (x^) = 0 and 
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g (x) = lim f*  (x) , x xQ . Then
(Tf ) = (Tf ,4>x) = lim fa (x) f (x) = g (x) f (x) .

Thus T = M . g 
THEOREM 6.5: Let E(X) be a functional algebra. Then 

every weakly closed algebra of multiplication operators 

on E(X) is reflexive.
PROOF: Let T e oC(E(X)) with Lat T » Lat Cl. For each 

x in X let ker be the set of all f in E(X) with f(x) = 0.
Note that { ker : x e x } 2 Lat (X. Thus ker e Lat T. 

Since the codimension of ker in E(X) is 1 we have that 
* 

is an eigenvector of T . By Proposition 6.2 T = for some
complex-valued function g on X. Since I e E(X) we have 

g e E (X) .
Let (Z={f:Mfe6L}. Then is an invariant 

subspace for (X which contains 1. The fact that is 

closed follows from Proposition 6.3. Since T (X 6L we 
have g e Hence T = M$ e Ct.

The following question is open and seems to be

difficult:
QUESTION : Let E(X) be a functional Fréchet space 

which contains the constant functions and let 
7% = ( f e e(X) : f gives rise to a multiplication 
operator on E(X) ) . Suppose W is properly contained 

and dense in E(X). Is every weakly closed subalgebra 
of M considered as multiplication operators on E(X) 
reflexive?

The answer is affirmative for the Hardy spaces (see Chapter
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8) . The main difficulty in the general case seems to be 
that there is no easy way to identify the WOT of with 

some ’nicer1 topology such as in Proposition 6.3 and Theorem 

8.3. '



CHAPTER 7
ON FINITE DIRECT SUMS OF LP(p)

We shall set up some measure theoretic notations 
following the terminologies in Rudin [18] before we motivate 
the contents of this chapter.

NOTATIONS : Let p be a probability Borel measure on the 
complex plane (0 having compact support. For 1 £ p < «, 

LP(P) denotes the Banach space consisting of all 

complex-valued measurable functions f for which
Il f II = (f |f|P dp//p < ».

The Banach space L (p ) consists of all essentially bounded 
complex-valued measurable functions with the essential 
supremum norm II II œ. Let 0 e L (p ) and 1 <_ p <_ °°. Then 
M denotes the multiplication operator on LP (p) defined by 
W p M, g = <|) g g e l (p ) .V rP
It is well known that M. (sometimes denoted simply by ) V rP
is a bit on LP (P ) . For each positive integer n and 

1 £ p L(p,n) denotes the direct sum of n copies of
LP (p ) and 77f(p,n) denotes the subalgebra of ^L(p,n) ) whose

elements are nxn matrices (T. . ) where T is a 1J J
multiplication operator on LP (p). In Hilbert space theory 

the algebra 7tf(2,n) is known as a von Neumann algebra of 
type L and its elements are known as n-normal operators.

Some known facts about M, are: 4,P
(i) » « - « ♦ H
(ii) M is invertible?fP

00L (p) f

36
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(iii) The spectrum of M is the essential range of 4, 4» /P 
and

(iv) If the spectra of M, and M are disjoint then 
YfP

M, is invertible.4>-Y,P
Sarason [20] showed that if is a commutative weakly 

closed algebra of normal operators on a Hilbert space which 
contains the identity then CL is reflexive. His method used 

Hilbert space theory (such as the spectral theorem) and does 
not lend itself to generalization in other spaces. Radjavi 
and Rosenthal [16] pointed out that every algebra consisting 
of normal operators on a Hilbert space is commutative. Thus 
Sarason did not need commutativity as part of his 
hypotheses.

Recall that any maximal abelian von Neumann algebra of 
operators on a Hilbert space is representable as an algebra 

2of multiplication operators on L (m) for some suitable 
measure space with measure m (see [21]). Thus it is 
reasonable to study the reflexivity of multiplication 

poperators on L (p) where p is as stated above and l < p < ». 
Sarason [19] studied the case where p = 2. Our method is a 
variation of his but it is more transparent and can be used 
in the investigation of reflexivity of operators in /%(p,n), 
1 £ p < ”.
On Lp (p ) , 1 £ p < »

The next proposition is known. A proof is included for 
the sake of completeness.
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p
PROPOSITION 7.1: Let T be a bit on L (p) Then T

commutes with _ and z rp M_ if and only if T z,p for some

4> 00 . .e L (P)
PROOF : Suppose T commutes with M z f p and M. g Let

Tl. Then 0 e Lp(y) We shall show that e L™ (U ) and

M

0

T = _
. Let P be the set of all polynomials in z and z. Then 

from Stone-Weierstrass Theorem and measure theory we know 
that P is dense in LP(y).

Let r e Pa Then since T commutes with M and M_ % f P Z 9 P
P 

we have Tr = TM_ _1 = M Tl = rO. Let f e L (y). Thenr /P f p
there exists a sequence {p^} in P such that

Il p - f II -----> 0 and p ----- > f pointwise a.e. By then p n
continuity of T we have Tp^---- > Tf. Since pn-----> f 
pointwise a.e. we have Op^-----> Of pointwise a.e. But 
Tp = Op . Thus Tf = Of. 

00
Finally, suppose 0 % L (y). Then for each positive 

integer n, the set = < x e C : 10(x)I >. n } has positive 

measure. Let xx be the characteristic function of and 
n 

r i
let fn = Li^VJ Xx • 11 £n 11 p “ 1

II Tfn llp = II *f n lip = (/ log*

> n(/ |fnlP dp)l/p = n.

This contradicts the boundedness of T.
The converse of this proposition is obviously true.
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COROLLARY 7.2: , 1) is a maximal abelian (and hence
weakly closed) subalgebra of ^(Lp (y)).

Recall that L (y) is the dual space of L^(y), i.e., 
every continuous linear functional $ on L1(y) is of the form 

* (f) = / dy for some * € L°° (p ) . This gives rise to a
weak star (w ) topology on l”(p) which is defined as 
follows :
Let be a net in L°° (y ) . Then 

*
> ° <====> f *̂f  dy-----> 0 (f € L1(y)) ... (1)

-*- s important to note that every linear functional F on 
oo *L (y) that is w -continuous has the form F(*)  = / f*  dy for 
some f e L (y). We may also consider the elements in l” (y ) 
as multiplication operators on iP (y) . Recall that every 
continuous linear functional $ on LP (y) is of the form 

*(f) = J *f  dy for some * < L^fy), ~ = 1. m this case 

L”(y) has a weak operator topology given by:

Let {0^} be a net in L°° (y ) . Then

h '---> 0 <===> J f9 dy -- > 0 (f c LP, g e L3) ... (2)

It follows from Holder's inequality that (1) implies 
(2). To see that (2) implies (1) we note that if f e l^ (y) 
then f = f f with1 2

f! = If F/? € LP (y) and f = If f € Lq (y) , 
. 111

This proves the next theorem (the special case when p = 2 is 
in Sarason [19]).
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THEOREM 7.3: The w-topology  of L00^) is the same as *

the WOT of L°° (p) considered as multiplication operators on

Lp(y).
REMARK: It is known that L (p) is the smallest 

w*-closed  algebra in L°° (p) containing z and z.

THEOREM 7.4: Let CL be a WOT closed subalgebra of
1) . Then (Z is reflexive.
PROOF : Let T be a bit on L^ (p) with Lat T Lat (X*  

Then for each Borel measurable set S we have Xgl^(P) and

(1 - xc)LP(p), where x_ 
D w

are invariant subspaces

is the characteristic function on S, 
for T. This implies that T commutes

with M for each Borel measurable set S. Hence T 
XS'P

commutes with all multiplication operators induced by simple 
functions. It follows that T commutes with M^ and M_ 
By Proposition 7.1, T = M^ for some e L (p).

Let 73 = < a e L”(p) : M^ e Cl }. Suppose
; 2

T = mi \ CL • Then, by Theorem 7.3, there exists 0 e L (p) 
T , P

such that j *0  dp = 1 and / a6 dp = 0 for each a e 6. Let 
0 = | 011/p and 62 = | 61 . Then 6^ e LP (p) and

0 e (LP (y) )*  = Lq (p) . Let V be the closure of 2^0^ = 
in LP (P). Then V is an invariant subspace for Cl. Since

0 = f «0 dp = f (a0^)02 dp for each a e 6 we have that ©2 
annihilates V. On the other hand 6^ e V and 
/ dp = f ipO dp = 1. Thus T0^ = M^ ^0^ = k V and 
hence V is not invariant under T. This contradicts our 
assumption that Lat T Lat C.
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The following question remains unanswered:
QUESTION: Are Theorems 7.3 and 7.4 true for p = <»?

On L(p,n), 1 £ p < », n an integer > 1

In the following discussion we shall denote M by 4> ;V ,P 
the collection of all diagonal matrices in 7%(p,n) by 
dQ (p,n); and the matrices in X9(p,n) by diag(*  ).

I n
Let s be a Borel measurable set. Then L(p,n,E) denotes the 
set of all n-tuples in L (p, n) in which each coordinate 
vanishes on E a.e.

It is an easy consequence of Proposition 7.1 that 
/TKp/n) consists of all the bit on L(p,n) which commute with 
diag (z,. .. ,z) and diag(z,... ,z) . Thus >7Z(p,n) is a weakly 
closed subalgebra of XJL(p,n)).

PROPOSITION 7.5: Let T be a bit on L(p,n) with 
Lat T 2.{ L(p,n,E) : E is a Borel measurable set ). Then 

T e .
PROOF : Express T as an nxn matrix (T^j) where

T^j e 5C(LP (u)). For each Borel measurable set E since 

L(p,n,E) and L(p,n,(C \ E) are invariant subspaces for T we 
have X Lp (U) and (1 - X )LP (P) are invariant subspaces for 

E E
each T... Then, as in the proof of Theorem 7.4, there 1J -
exists <|H j e L°° (U) such that T^^ = 0^. Hence T e ?7l(p,n) .

COROLLARY 7.6: Let (X £ and T e ^C(L(p,n) ) with
Lat T 2 Lat (X • Then T e )7Up,n) . In particular, 7?l(p,n) 

is reflexive.
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PROOF : It is clear that Lat d 2. { L (p,n,E) : E is a 

Borel measurable set }. The corollary follows immediately 
from the preceding proposition.

The algebra 77l(pfn) has a WOT. It also has a 
* 2w -topology when considered as the dual space of L(l,n ) . 

More precisely, if { Mq = ($“j ) } is a net in 7?Z(p,n) then 

(i) M 0 <====> (M (f ,...,f ),(g_,...,g ))---- > 0« a ± n 1 n
where f e LP (u ) , g^ e (U ) and = 1

and
(ii) M —K~> 0 <====> J L du-----> 0

IA X / J X J X J

where f^j e L1 (u ) .

It is clear that (ii) implies (i). To see that (i) implies 
(ii) we only need to note that

J du =

(M (0.... If. .l1/p,...,0)
a 13 13 ।rij I

jth ith
Thus we have,

THEOREM 7.7: The WOT on )7l(p,n) coincides with its 
w-topology.*

THEOREM 7.8: Let d be a weakly closed subalgebra of 
^7l(p,n) . Then & is n-reflexive (i.e. if B e $C(^@L(p,n) ) 

and Lat B Lat ^(n) then B e ^L(n) ) .
PROOF: Let B e ^(^L(p,n) ) with Lat B = Lat 61 (n) . 

Then B = ^®B where B e X/L(p,n) ) . Thus Lat B Lat (X. 

It follows from Corollary 7.6 that B e ^(p,n) . Let 
B = (B^) where e L~(y) .
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Suppose B X (X. By Theorem 7.7, there exists 
e L (p) such that j=l^ dy = 0 for every

<aij) € CL and X? 4-1/ *4  4^^ dy = 1. Let

* = 1 + , j=i 14>i j I . Then * e L1 (y) . Let be the

kronecker delta. For i = l,...,n let

t = (6 »1/P,6 j,1/».... ô .^/P) e L(p,n)
x xx zi ni

and

9i = .... e L(q,n).
Then

(CA(n)](f,...,f),(g ,...,g)) = . J 0..a.. dy = 0x n i n i,j=l ij %]
for every A = (a±j) e (L and

([B (n) 3 (f^,... ,f^) , (g^ ,. .. ,g^) ) dU = 1»
This contradicts our assumption that
Lat B(n) = Lat B □ Lat 6t(n) . Thus B e CL and hence 
B e 6L(n).

REMARK: A modification of the preceding proof shows 
that if (X^ is a weakly closed subalgebra of /%(p,n. ) for 
. k i
= •••r k, then max{n^, ... , n^}-reflexive.

THEOREM 7.9: Let n 2. Then >n(p,n) has a 
commutative weakly closed subalgebra which is not reflexive. 
Also, there exists a measure y such that }%(p,n) has a 
non-reflexive bit.

PROOF : We first consider the case when n = 2. Let Cl 
be the set of all 2x2 matrices
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Al*,*.)  = 4 where c L”(p).
\° ^ / 1 -

Then Æ is a commutative weakly closed subalgebra of 

M(P,2) . Let
H o\ œ

Tw = ( I where e l”(U). 
\0 0 /

We shall show that Lat CL = Lat and hence CL is not 
reflexive.

Let (f ,g) e L(p,2). Let V be the closure of CL(f,g). 
We must show that T^(f,g) = (ipf,0) e V.

Let E be the support of g (i.e. Igl > 0 a.e. on E and 
g = 0 a.e. off E). Let x_ be the characteristic function on hi
E. Let f = f(1 - x ) and f = fx . Then f = f + f and 1 hi 2 E 1 2
f r f e Lp (V ) . Thus

[A(4»,4)^) ] (f,g) = J (f^ + f2,g) = («f^+^f +<|> g,*g)  .

Let * = 1 - x^ and = 0. Then (f^,0) e V and hence 

ttf^O) e V for each <j> e L (p) . In particular, (ipf^, 0) e V. 
It remains to show that (*f 2,0) e v.

Since (f^,0) e V we have (f^,g) e V. Thus 
CA(1,*̂)  ] (f^,g) = (f2 + ^grg) e V for each $ e L°°(p) . We 
shall now show that gL°°(p) is dense in LP(p) on E. Suppose 

this is not true. Then there exists h e Lq(p) such that 
h 0 a.e. on E and f ygh dp = 0 for each y e L°°(p) . Since 
gh e L (p) we have gh = 0 a.e. on E. Hence h = 0 a.e. on E. 
This is a contradiction.
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By the definition of f^ it follows that (0 ,g) e v.
Hence (f_,g) - (0,g) = (f ,0) e V. Thus (#f ,0) e V and we & 2 2
are done.

For the last part of the theorem let C (X) be the Banach 
space consisting of all complex-valued continuous functions 
on the compact set X c £ under the supremum norm. If X is 
also totally disconnected and does not separate the plane
then given f, g e C (X) there exists a sequence {py} of 
polynomials such that Pj and its derivative p^1 converge 
uniformly on X to f and g, respectively (see [2]).

Define a sequence (K^ ^_q of closed subsets of [0,1] as
follows :

Ko = [0,1]
Kx = [0,1/3] u [2/3,1]

K2 = [0,1/9] u [2/9,1/3] u [2/3,7/9] u [8/9,1]

The Cantor set K is defined to be the intersection of the
K.*s. Next, define a sequence {p.}™ of probability Borel J j j=0
measure on [0,1] by

U0 : Lebesgue measure on KQ
Uj : 3/2 x Lebesgue measure on 
y2 : (3/2)2 x Lebesgue measure on

It is clear that each y^ can be considered as a bounded 
linear functional on C([0,l]) with norm 1. By Alaoglu1 s 
Theorem and Riesz Representation Theorem {p ] has a 
subsequence which converges in the w*  topology to a 
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probability Borel measure ji on [0,11. In fact, one can show 
that {pj} is w*  convergent. It is easy to see that y is 

supported on K. Thus y can be considered as a probability 
Borel measure on C with support K.

Using the previous notations let T = A(z ,1). Then for 
any polynomial p, p(T) = A(p(z),p*  (z)). Since K is compact, 
totally disconnected and does not separate the plane it 
follows from our previous discussion that Alg(T) = d, where 

CL is as defined above.

Examples for the cases when n > 2 can be constructed 
from A via direct sums.

REMARKS: (1) The algebra CL in Theorem 7.9 is 

quasi-reflexive. To see this let T e X,(L(p,2)) commute 
with every bit in (X and let Lat T =_ Lat Ct. Then

/“ A CO

T = I I a, B, y e L (p) . 
\0 T/

Clearly, it suffices to show that B = y = 0 implies a = 0. 
Suppose B = Y = 0. Since T commutes with A(l,l) , a simple 
computation shows that a = 0 and hence T e Ct.

(2) Let m be the Lebesgue measure on [0,1] and p be as 
defined in the theorem. It is possible to show that iP (m) 
is isometrically isomorphic to iP (y) where l £ p £ °0. Thus 

the algebra CL for the measure m is also singly generated, 
i.e., CL = Alg(T) for some T e

THEOREM 7.10: For n £ 4, 7Tl(p,n) has a commutative 
weakly closed subalgebra which is not quasi-reflexive.
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PROOF : For n = 4 let CL be the set of all 4x4 matrices

(
c 0 0 0\
0 c 0 0 j
4> y c 0 J p i o c/

Then Ct is a weakly closed

//[(p, 4 ) . Let

(
0 0 0 o\ 
0 0 0 0 1
0 0 0 0 / 
0 0 0/

It is clear that is not in
A(c,#,Y). The proof for Lat T^ 
proof of Theorem 7.9.

The examples for n > 4 can
direct sums.

REMARK: This is related

00where y < L (p) 
and c e C .

commutative subalgebra of

00 where e L (%)

CL and commutes with each
p Lat Ct is similar to the

be constructed from Cl via

to the Sarason-Rosenthal

conjecture mentioned in Chapter 4 (see Remarks 2 and 4 after 
Proposition 4.2).

Theorem 7.9 shows that not every weakly closed 
subalgebra of >/L(p,n) is reflexive. We shall now exhibit
some examples which are reflexive.

PROPOSITION 7.11:
(i) <X9(p,n) is a weakly closed subalgebra of fC(L(p,n)) 

and
(ii) every weakly closed subalgebra 6Z of d9(p,n) is

reflexive.
PROOF : (i) It is clear that <<9(p,n) is a weakly closed 

subalgebra of 7rl(p,n). Since M(p,n) is weakly closed in 
X(L(p,n)) we are done.
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(ii) Let T e ^L(p,n) ) with Lat T .= Lat (X. It 

follows from Corollary 7.6 and c gQ(p,n) that 
T e o0(p,n) . Let T = diag(8 If T \ (X then there

exists e L1^) such that dp = 0 for each

dia?(a ,... ,a ) e CL and B du = 1. Let
f = (l* xl1/p, —, l* n l1/p) 

and
9 = .... where 1 + 1 = 1.

Then f e L(p,n) and g e L(q,n) . Also, 
(Af,g) = dp = 0 for each A = diagf^,...,^) e d 

and (Tf,g) = dp = 1. This contradicts the 
assumption that Lat T Lat CL,.

In the next proposition let (p,n) be the set of all 
nxn scalar matrices. It is clear that V(p#n) is a weakly 

closed subalgebra of ^p,n) and hence of ^L(p,n) ) .
PROPOSITION 7.12: Let CL be a weakly closed subalgebra 

of V(p,n). If the measure space ((C ,p) satisfies the 
condition £ = u? x. where Xn X are pairwisei—i i i n
disjoint sets each with positive measure then CL. is 

reflexive.
PROOF : Let T e ^(L(p,n) ) with Lat T = Lat CL. By 

Corollary 7.6, T e >7l(p,n) . Since each bit in CL takes an 

n-tuple of constant functions into another such n-tuple we 

have T « (p,n) .
By Theorem 7.8, every subalgebra of 3C(Cn) is 

n-reflexive. Consider CL. and T as bit on C . The
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hypothesis about the measure space gives us 
Lat (%(n) £ Lat T (n) in (L . Hence T e 61.

REMARK: The hypothesis about the measure space in
Proposition 7.12 is necessary. To illustrate this point we 

2consider the space C • Let CL be the algebra of all 

matrices of the form
/ a b \ 
( I where a, b e ((2 
\ 0 a/

considered as bit on (C . An easy computation shows that 
2 -Lat £Z={ 0, C . Since CL does not contain every

diagonal matrix it fails to be reflexive.
For the next proposition let T = (4^ ) c M(p,n) where 

each 0.. is a simple function. Let X , ..., X be pairwise 1J 1 m
disjoint measurable sets each with positive measure such 
that each is a linear combination of the characteristic 
functions on X_, ..., X . 1 m

PROPOSITION 7.13 Let T be as stated above. If each X. 
can be expressed as the union of n pairwise disjoint sets 
each with positive measure then T is reflexive.

PROOF: Express T as a direct sum of m nxn scalar 
rmn matrices. Proceed to show that T as a bit on Q_ is 

n-reflexive. The hypothesis on X^ implies that T is a 
reflexive bit on L(p,n).

PROPOSITION 7.14:
(i) Let X e ^(LP (p) ) . Then

/ 1 X \ / 1 0 \
S =I I and T = I I 

\ 0 -1 / \ X -1/
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!

. I 
are their own inverses on L(p,2). ;

(ii) Let a, B# Y c L (y). If « L (w) then
/a B\ / a o\

A = ( ) and B = I 1
\0 Y/ \S V

are similar to C = diag(&,Y) and hence are reflexive.

PROOF : (i) This is a trivial computation.

(ii) Let X = a 2~— in part (i). Then SAS and TBT give 

us C.
Example of reflexive subalgebras o£ ffi(pr2):

Let CL be a w* closed subspace of L (U). Let be the 

set of all matrices of the form: 

/c a \ aS(cfa) = I ] c e <L , « e U..
\0 c/

Then is a weakly closed subalgebra of ^^/L(p,2)).
Claim: (0 is reflexive (if V is not a point mass). .
Proof: Let T e £(L(p,2)) with Lat T = Lat 6. Then

/ a 4* \ oo
T = I ) where a, b, 4> e L (V) . 

\0 b/
It is easy to see that a and b are constant functions. We 

first show that a = b.
Suppose a b. Then let

(' 4> \i a - b |
0 -1 /

Simple computations show that S2 = 1, diag(a,b) = STS and 

0 = s<Bs. Thus Lat diag(a,b) = Lat (0.
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Let f, g e (p). The invariant subspace of diag(a,b) 
generated by (f,g) is spanned by (f,0) and (0,g). The 
invariant subspace V of generated by (f,g) is the closure 
of { (cf + ag,cg) ; c e , a e CL }. Take f = 1 and g to 
be the characteristic function on a set E with 0 < U(E) < 1. 
It is easy to see that (0,g) % V which is a contradiction. 
Thus a = b and we may assume that a = b = 0. We next show 
that 4> e Q and hence T e <8 .

Suppose $ X CL . Then there exists f e (P) which 
P annihilates CL but not Let f = gh where g e L (P) and 

q h e l (p). Then
([S(c,a)](0,g),(h,0)) = f af dp = 0 

and
(T(0,g) , (h,0) ) = j *f  dp = 1.

This contradicts our hypothesis that Lat T 2 Lat S.

We conclude this chapter by posing the following 
questions:

QUESTION : If n 4 then is every weakly closed
subalgebra of /7[(p,n) (n-1)-reflexive?

This question is motivated by the fact that every subalgebra 
of ) f n 4, is (n-1)-reflexive (see Cl]) .

QUESTION: Are there any reasonable necessary and 
sufficient conditions for a weakly closed subalgebra 
of %(p,n) to be (quasi-) reflexive?
QUESTION : Is every element in >?t(p#n) 

quasi-reflexive? (refer to Theorem 7.10) 
QUESTION : What is the ’situation*  in M(»,n)?



CHAPTER 8
ON FINITE DIRECT SUMS OF HP

NOTATIONS : Let T be the unit circle in the complex 
plane (C and let 0 be the normalized Lebesgue measure on T. 
For each integer n let Xn be the function on T defined by 
x (ei6) = ei*6.  Then for 1 £ P £ “ the Hardy space Hp(T) 
n 
(usually denoted by Hp) is defined by:
Hp = { f e Lp(T) : f^ffei^XnteiO) &0 = 0, n 1 }

This is equivalent to defining Hp as the set of all analytic

functions f on the open unit disc A such that the radial 
limit function f (e^ ) = lim f (re^ ) is in iP (TT ) (or Lp) .

It is clear that each Hp is a closed subspace of the 
corresponding Banach space Lp.

For each $ e H™ and 1 £ P £ " we define the analytic 
Toeplitz operator M$ to be the bit on Hp given by

M, f = 0f f e HP.
/P 1 00

M is invertible if and only if — e H . Its norm is 4> rP <P
II 4> || ^ and its spectrum is the closure of *(A)  in C. For 

each positive integer n and l £ p £ 00# H(p,n) denotes the 
direct sum of n copies of HP and 7?l(p»n) denotes the

subalgebra of p£(H(p,n)) whose elements are nxn matrices 
(T^) where each T^^ is an analytic Toeplitz operator on if.

Sarason C203 showed that each analytic Toeplitz 
2 operator on H is reflexive by using Hilbert space

techniques. We shall use function theoretic methods to 

52
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investigate the reflexivity of operators in 7%(p,n). Duren 
[5] and Hoffman [8] serve as standard references for this 
chapter.
On Hp, 1 < p < “

Since HP is a closed subspace of Ip we may, by the use

of Hahn-Banach Theorem, relate the dual space of H? to the 
q 1 1

space L , “ + — = 1. More precisely, each bounded linear 
functional $ on HP is of the form *(f)  = / *f  dO for some 

q .
4» G L . This plays a very important role in our work.

PROPOSITION 8.1: HP is a functional Banach space (see

Chapter 6).

PROOF : We need only show that for each | Ç | <1 the 
evaluation functional on if defined by * f = f(g) is

continuous. To see this define the function f^ e Lq by
1 _ 9(z) = ---- - = 1 + Çz + (Çz) + ...1 - Çz

Let f (z) = ZaRzn e HP. Then / ff^ de = ^a^^ = f (Ç) = f. 

The desired result follows from our discussion in the 
preceding paragraph.

PROPOSITION 8.2: If T is a bit on if with

Lat T = Lat M then T = M for some $ e H .— z,p 4> ,p
PROOF : For each |5| < 1 let HP = { f e HP : f(Ç) = 0 }.
P . .Then H^ is (i) the null space of the evaluation functional

defined in Proposition 8.1 and (ii) an invariant subspace
for M and hence for T. Since the codimension 2 r P
is 1 the annihilator of HP is 1-dimensional and

spanned by 4>ç. Since (T*4^)f  = (Tf) = 0 for

of HP in 

hence it
each f e

HP

is

1
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we have T*̂  annihilates if and hence is an eigenvector 

for T . Since I e the desired result follows from
Propositions 8.1 and 6.2.

H”, being a closed subspace of L°°, has a w*-topology

(see Chapter 7). It also has a WOT when its elements are 
considered as analytic Toeplitz operators on HP. More 

precisely, let be a net in H°°. Then
* '

(i) 0. —-—> 0 <====> / 0 f dO-----> 0 (f e L1)
A X

and
(ii) <|) ----> 0 <===> f $ gh d0---> 0 (g e HP, h e l5)

Since HPL^ l we have (i) implies (ii). In order to

prove that (ii) implies (i) we need the following known 
result.

If f e L and f logIfI d6 > -*  then there exists 

g e H such that Ig| = IfI a.e. and g is an outer
function. 

Let f e Then f = f _ f where - 
I f | whenever I f I >_ 1
1 otherwise

and
( tIt whenever I f I > 1

f2 - -
( f otherwise

It is clear that f^ >_ 1, f^ e I?, log f^ e L1

By the result stated above there exists F e
and

H such that
IF| = f^ a.e. and F is an outer function. In particular, F 
has no zeros in the open unit disc. Thus we have
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G = F1^ e Hp. Let Gy = f2 e Lq. Then f = GG^ and

hence (ii) implies (i). This proves the next theorem.
THEOREM 8.3 : The w*-topology  on coincides with its

WOT.
COROLLARY 8.4: /%(p,l) is the weakly closed subalgebra 

of ^(HP) generated by .
REMARK: We have actually shown that L1 = Hpl2.

THEOREM 8.5: If CL is a WOT closed subalgebra of 
^/t(p,l) then CL is reflexive.

PROOF : Let T be a bit on HP with Lat T Lat CL. By

Corollary 8.4, Lat CL 3 Lat M . Hence Lat T = Lat M . — Z/P Z fp
It follows from Proposition 8.2 that T = M for some Y f P
4> e H™. The rest of the proof is similar to that of Theorem 

7.4 and makes use of the preceding remark.
REMARK: From Theorem 6.5 we know that Theorem 8.5 holds 

for p = °0.
On H(p,n), 1 £ p < n an integer > 1

As in Chapter 7 we shall denote M^p by 4», the 
collection of all diagonal matrices in 7rUptn) by c^(p,n), 

the matrices in e$(p ,n) by diag (4>^ ,..., 4>n ) and the set of 

all nxn scalar matrices by jJ(p,n).
PROPOSITION 8.6: If T e 5C(H(p,n)) with

Lat T = { V(n) : V is a subspace of HP invariant under 

multiplication by z } then T e 7M(p,n).
PROOF : Express T as (T^j) with T^j e »C(HP ). Let V be 

a subspace of H9 with zV c V. Since TV(n) ç V(n) we have
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T(f ,0,... ,0) = (Ti:Lf,... ,Tnlf) is in V(n) for each f in V.

Thus T._ V c V In the same way one can show that T. ,V c v. 
a-]

The desired result follows from Proposition 8.2.
COROLLARY 8.7: If 61 c %p,n) and T e ^(H(p,n) ) with 

Lat T Lat CL then T e }%(p,n) . In particular, M(p,n) is 

reflexive and weakly closed.
THEOREM 8.8: The w-topology  of ^(p,n) coincides with 

its WOT.

*

PROOF : Same as Theorem 7.7 except we use L1 = if*  Lq ,

P + q = 11
THEOREM 8.9: Every weakly closed subalgebra of M(p,n) 

is n-reflexive.
PROOF : Similar to Theorem 7.8.
REMARK: If is a weakly closed subalgebra of ^(p^) 

for i — l,...,k, then ^0is max{n^,..•,n^}-reflexive.

PROPOSITION 8.10:
(i) $(p,n) is a weakly closed subalgebra of 5C(H(p,n) ) 

and
(ii) every weakly closed subalgebra of ^(p,n) is 

reflexive.
PROOF : Same as in Proposition 7.11.
PROPOSITION 8.11: ^(p,n) is weakly closed and every 

weakly closed subalgebra of j(p,n) is reflexive.

PROOF : Let CL be a weakly closed subalgebra of (p,n). 
Let T e ^(H(p,n)) with Lat CL = Lat T. It is easily shown 

that T e J(p,n).
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By Theorem 7.8, every subalgebra of (C*  ) is 

n-reflexive. Thus we need only show that 
Lat Ct(n) c Lat T(n) in (C". It suffices to show that if

— (Cii ,... ,, i = 1,... ,n, then
CT(n)3(vir...,v ) e [6L(n)3(v1,...,vn>.

Let x , ... , x be n distinct points in the open unit 1 n
disc. Let p , ... , p^ be polynomials such that 
vi = (p^ (x^) ,... ,pn (x_) ) . Since Lat ÜL ç Lat T, there 
exists a sequence {t^J in 6? such that

Tj(Pi,...,pn) -----> T(p1#...,pn) in H(p,n).
This implies that

T.(p_(x.),...,p (x.))-----> T(p (x ) ,...,p (xj)] 1 i n i li n i
and hence

[T.(n)](v ,...,v ) -----> [T(n)](v ,...,v )
j 1 n in

in C . The desired result follows.

PROPOSITION 8.12: Proposition 7.14 remains true when 
LP (u) is replaced by HP, L(p,2) is replaced by H(p,2), and 

L°° (p) is replaced by H°°.

Examples of reflexive subalgebras of ^p,2^ :
1. Let CL be the collection of all matrices in MH.p,2) 

of the form
h y\ oo

S(*,Y)  = I I where Y < H .\0 */
Then 0 is a weakly closed subalgebra of ^p,2^ .

Claim: CL is reflexive.
Proof : Let T e ^C(H(p,2)) with Lat T Lat (X. By 

Corollary 8.7 and the fact that each matrix in CL is upper
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triangular wé get
/ a P

T = a, Bf 6 e H”.
\° 6 /

We want to show T e (X.. Let

/ w 0 \ œ
T = T - S (6, S) = ( I w = a - ô e h .
1 \0 0/

It suffices to show T e , i.e., u = 0.
Suppose w 0. Then let Ç be a point in the open unit

disc A such that w(g) / 0. Then T^(1,z - Ç) = (w,0) and 
CO

there exist * , y e H such that n n
^(^n'^n) - %)

= (4> + (z - Ç) y , (z - Ç) $ )-----> (w,0).n n n
This implies that

II (z - 5)4^ llp-----> 0 .... (1)
and

II d) + (z - ç)y ~ W || -----> 0 .... (2) .1 vn 'n p
Since || (z - g) * || dist (Ç, T) II $ 11 we get from (1)n p “ n p
that || O || -----> 0. Thus (2) becomesn p
|| (z - Ç) y^ - w ||p-----> 0. Hence (z - Ç) y^---- > to
pointwise everywhere on A. This is impossible since each

(z - S)y vanishes at n . Ç and w(5) / 0.
We should recall that this algebra with H(p,2) replaced 

by L(p,2) is not reflexive (see Theorem 7.9).
2. Let 0 be a w  closed subspace of It” and let CX be*

the set of all matrices of the form S(c,a) (using S(c,a) as
defined in Example 1) where a e 0, c e £. Then is a 
weakly closed subalgebra of )%(p,2).
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Claim: Æ is reflexive.

Proof : Let T e ^(H(p,2)) with Lat T = Lat 6L. By the 
preceding example we have T = S (0,ï) where 3, y e H°°. It is 

easy to see that 0 is a constant function. Thus it suffices 
to show that = (0,y) is in (X. Now proceed as in the 

corresponding example of Chapter 7.
3. Given f, g e H . Let &(f,g) be the set of all 

matrices of the form T(^) = where ip e Alg(f) and
ip'-|-r e h“ (S(*,y)  is defined in Example 1) . It is easily 

seen that (%(f,g) is an algebra.
Claim: ^%(f,g) is weakly closed.
Proof : Let {T (ip^)} be a net in 6t(f,g) such that 

WOTT(’Pa)---- > T. We want to show that T e Cc(f ,g) . Since 
//L(Pr2) is weakly closed we have T = S (ip,^) where 

'Py —-—> ’P and (p^'-^-r —-—> ipie Thus ip e Alg(f) and hence 

it suffices to show <P^ = ip'-^r. We need the following 

result in Rubel and Shields [17]:
If {f } is a net in H and A is the open unit disc 
then

f --—> f <====> J f a dp---- >/ f dp 

for each finite Borel measure p in A.
Choose Zq e A such that z^ / 0 and g(z^) / 0. Choose a € A 
such that the segment [a,zQ] contains no zeros of g. Then 
f ।— dz is a finite Borel measure on [a,zn] and hence
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2
V(Zn) ~ = lim (zA) - ♦ (a)) = lim f A ' dzu a 0 a a a

" = dz"
Thus for fixed a the equation

#(z) - ip (a) = ip^—dz

holds on an open set. This implies that = ip * or 
Qp. Therefore T e 6t(f ,g) .

Claim: <^L(f,g) is reflexive.

Proof: Let B e 5^(H(p,2) ) with Lat B d Lat Gjf ,g) . By 
Example 1 there exist <p, <p^ e H00 such that B = S (<p ,4^) . Let 

^1*̂2^  € H(p,2) and be the invariant subspace for 
QSf,g) generated by ,h2). Then TH is the closure of 

{ (iph^ + ip '-^r^2 : W c Alg(f) and 1p'-^- e h” }. Since

= + (p^ ,<ph2) and Lat B d Lat 6L(f,g) there

exists a sequence {ip^} in Alg(f) such that
e H~ ... (1)

*jh2-----> *̂2 I*  ... (2)
and

'~^2-----> in HP ... (3)

From (2) || (ip- <p)h2 <_ M. It is known that if
P 1 h 11 p

h e H then |h(z) | < -------- A-7=-. Fix e > 0. Then" (1 - |zK)^P
I (^j (z) - <p (z) )h2 (z) | on |z |2 ^1 - ep and hence

(’Pj - *)h 2 is uniformly bounded on each compact subset of A.
Let G = { z e A : h2(z) 0 } and

= { z e G : dist(z,3G) e }. Then G is a compact set 
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and hence |h | > 6(e) > 0 on G . Thus H - 41 < M on G . 
2 ~ e j - e e

Since 4.. converges pointwise to 4 on G, this implies that
{4j> converges uniformly to 4 on compact subsets of G.

Hence 4 j’ — 
follows that

> 4 * uniformly on compact subsets on G. It
—> 4h^ + 4'-2—h2 uniformlyVl + '^2

on compact subsets of
on G. Therefore 4^ = 

Finally, restrict

G. By (3) 4^ + 4^2 = 4^ + 4'-^2
4' on G and hence on A.
6L(ffg) and B to H^GO. By using the

result that any weakly closed subalgebra of multiplication 
operators on IT is reflexive we know 4 € Alg(f) and hence
B e ^(f,g).

This example poses the following question:
QUESTION : Is it true that the weakly closed algebra 
generated by S (f ,g) is <X(f,g) for any f, g e H°°?

Here S(f,g) is defined as in Example 1. The answer is 
affirmative for the special case where f (z) = z and 
g(z) = 1.
Example of reflexive subalgebras of )%(p,4):

Let (X. be the set of all matrices of the form: 

(c 0 0 0\
0 c 0 0 004 Y c 0 I where c e C and 4, y e h°°.
0 4 0 c/

Then éX is a weakly closed subalgebra of M(p,4).
Claim: CL is reflexive.
Proof: Let T e ^(H(p,4) ) with Lat T =, Lat LX. it is 

easy to show that T is of the form
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/a 0 0 0\
| 0 a 0 0 ] »
la 6 a 0 I where a e Ci and a, B, w e H . \0 œ 0 a/

Thus we only need to show T - A(a,w,B) = 0, i.e., a - w = 0. 
The proof for this is similar to the example after 
Proposition 8.12. If H is replaced by L in this example 
then it is not quasi-reflexive (see Theorem 7.10).

This chapter leaves two questions unanswered.
QUESTION: Is every weakly closed subalgebra of 
^(p,n) reflexive (or even quasi-reflexive)? If not, 
are there any reasonable necessary and sufficient 
conditions for a weakly closed subalgebra of f%(p,n) 

to be (quasi-) reflexive?
QUESTION: If n 4 then is every weakly closed 
subalgebra of ^(p,n) (n-1)-reflexive?

In view of the examples of reflexive subalgebras of )%p,2), 

these questions are probably quite difficult.
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