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CHAPTER 1

NOTATIONS AND DEFINITIONS

This chapter will be devoted to establishing some of
the notations and terms used in this paper. Terms used in
this chapter but not defined can be found in Kothe [12].

Let V be a Fréchet space (i.e. a complete metrizable

locally convex topological vector space) over the complex
field d:. Let {xa} be a net in V. Then X, —===- > x denotes
{xa} converges to x.

*
The dual space of V, denoted by V , 1is the 1locally

convex topological vector space (lctvs) which consists of
the set of all continuous linear functionals on V with the

strong dual topology (i.e. the topology of uniform

*
convergence on bounded subsets of V). It is known that V
*
is complete. Let ¢ ¢ V . The value of ¢ at a vector x in V
is denoted by ¢(x) or (x,¢). A net {xa} of vectors in V is

said to converge weakly to the vector x, denoted by

X, === > x, if (xa,¢) ----- > (x,9) for each ¢ in V*.

The set of all bounded 1linear transformations (blt, or
operators) on V is denoted by X(V). It is well known that
a linear transformation on a Fréchet space is bounded if and
only if it is continuous. We shall assume that every
subalgebra of X(V) contains the identity. Two topologies
will be defined on XL(V). Let {T,} be a net of blt on V.

‘It is said to converge in the strong operator topology (SOT)

to a blt T, denoted by Ta ----- > T, if and only if



Tax ————— > Tx for each x in V. The net is said to converge

in the weak operator topology (WOT) to T, denoted by

----- > T, if Tax converges weakly to Tx for each x in V.
Each of these topologies makes X(V) into a 1lctvs and they
have the same continuous linear functionals. It follows
that a vector subspace A of L(V) is closed in the weak
operator topology (weakly closed) if and only if it is
closed in ‘the strong operator topology (stronglyv closed).

For each 2 { n { », the Cartesian product of n copies
of V together with the product topology is a Fréchet space
denoted by V(n). Let {Ti}ll:.l=l be a (finite or ' infinite)
sequence of blt on V. Then T = XI;:lGTi'is the blt on V(n)
defined by (Tx) (i) = Tix (i). For the case where the Ti's
are all equal to a blt S we shall denote Zrlles by S(n). Let
A be a subalgebra of X(V). Then A(n) denotes the algebra
of all T(n) where T is in .

Given any two commuting blt A, B on V, #(A,B) denotes
the set of all polynomials in A and B. If B = 0 then it is
denoted by ®P(A). A subspace W of V is said to be invariant
under A vif AW < W. 1In this paper we restrict our attention
to closed subspaces (referred to simply as subspaces). Let
A bpe a subalgebra of X(V). Then Lat A denotes the set of
all subspaces of V which are invariant under every blt in
a. 1f & = P(A) or ¥(A,B) then Lat & is denoted by
Lat A and Lat(A,B), respectively.

Let 4 be a subaléebra of X(V). Then Alg(Lat Q)

denotes the algebra of all blt T which satisfy



Lat T > Lat . 1It is easy to see that it is weakly closed.
A weakly closed subalgebra (I of X(V) is said to be

reflexive if A = Alg(Lat (). It is said to be n-reflexive

(n a positive integer) if (A (n) is reflexive.
A weakly closed subalgebra { of X() is

quasi-reflexive if it contains every T ¢ Z(V) which

satisfies (i) T commutes with every blt in AR and (ii)
Lat T > Lat (.

Let T ¢ &X(V). The weakly closed algebra generated by
T and 1 is denoted by Alg(T). T is said to be reflexive

(n-reflexive or quasi-reflexive) if Alg(T) is reflexive

(n~reflexive or quasi-reflexive).
Let v be a vector in V and let 3 be a subset of X(V).

The cyclic invariant subspace for @B generated by v is the

closure of v where A is the smallest subalgebra of X(V)
containing 8. If the closure of (v is V then v is said to

'be a cyclic vector for &.

In the chapters that follow we shall use ====> to
denote implication.

We shall also have occasions to use terms such as
Banach 'space, Hilbert space, norm, semi-norm and inner
product. These are standard terms and can be found in any
functional analysis book.

We have restricted our notations and terms to Fréchet

spaces. However, they may be wused in the context of ' a

lctvs.



CHAPTER 2

INTRODUCTION

The theory of reflexive algebras is relatively new.
Most of the results are concerned with operator algebras on
a Hilbert space. We shall mention some known results along
this line. The oldest result states that every von Neumann
algebra 1is reflexive. This is equivalent to the double
commutant theorem (see [15]). More recently, Sarason [20]
proved that every weakly closed commutative algebra of
normal operators is reflexive. This algebra has many
invariant subspaces. In a different di;ection, Radjavi and
Rosenthal [16] proved that if a weakly closed algebra A of
blt on a Hilbert space contains a maximal abelian
self-adjbint algebra and if Lat A is totally ordered, then
A is reflexive. The problem of determining all reflexive
algebras remains unsolved.

Every reflexive algebra is quasi-reflexive. Hoﬁever,
the converse is not true. Brickman and Fillmore [3] proved
that every linear transformation on a finite-dimensional
vector space over an arbitrary field is quasi-reflexive. It
is not known if every blt on an infinite dimensional Hilbert
space is quasi-reflexive.

Azoff [1] used the notion of k-reflexivity to measure
how non-reflexive an algebra of linear trénsformations over
a finite-dimensional complex vector space can be.

The purpose of this paper is to study these different



‘notions of reflexivity over Fréchet spaces.

Chapter 3 is concerned with an n-dimensional vector
space V over an arbitrary field. It shows that if n ¢ 3 and
if A, B are commuting linear transformations on V then
ZD(A,B) is quasi-reflexive. An example shows that this is
not true for n 2> 4.

Some general results on reflexive and quasi-reflexive
blt are established in Chapter 4. A cdnsequence of these
results is that if every blt of an infinite dimensional
Hilbert space is quasi-reflexive then the countable direct
sum of a blt with itself and the countable direct sum of
reflexive blt are each reflexive.

Let w be the Fréchet space of all complex-valuéd
sequences with the pointwise convergence topology. The main
result in Chapter 5 states that a blt on W is
quasi-reflexive if its spectrum is at most countable and is
reflexive otherwise. This is established by exploiting the
special properties of w and its dual space, and the duality
between them.

Chapters 6, 7 and 8 study the multiplication operators
on functional algebras, Lp—spaces over a probability Borel
measure on the complex plane having compact support and
Hardy spaces uP on the unit circle, respectively
(1 { p < »). In each case the weak operator topology on the
weakly closed algebra of all multiplication operators is
identified with a 'nicer' topology. This is used to show

that every weakly closed algebra of multiplication operators



is reflexivé. The necessary and sufficient condition for a
blt on a functional Fréchet space to be a multiplication
operator is given in Chapter 6.

For 1 < n < =, let M(p,n) (7Up,n)) denote the algebra
of all nxn matrices (Tij) where Tij is a multiplication
operator on LP (HP). We show that M(p,n) (Mp,n)) is a
reflexive algebra of operators on the direct sum of n copies
of LP (Hp) and every weakly closed subalgebra of M(p,n)
(»Up,n)) is n-reflexive. Each MUp,n) has a non-reflexive
commutative weakly closed subalgebra. In addition, a
measure is constructed such that M(p,n) contains a
non-reflexive blt. For n > 4, »7p,n) has a commutative
weakly closed subalgebra which is not quasi-reflexive. The
examples used in the preceding statements when adapted to
7ﬁjp,n) are shown to be reflexive by using function

theoretic methods.



CHAPTER 3

ON FINITE-DIMENSIONAL SPACES

In this chapter we shall 1let V be an n-dimensional
vector space over an arbitrary field GF. We shall use the
notations and definitions in Chapter 1 without the
topological restrictions.

We state some known results for the case where F = d:.
Deddens and Fillmore [4] gave necessary and sufficient
conditions for a linear transformation on V to be reflexive.
In [11, Azoff showed that if n > 4 then (1) every subalgebra
of JZ(V) is (n-l)-reflexive and (2) every commutative
subalgebra of X(V) is [n/2]-reflexive, where [n/2] is the
greatest intéger in n/2. It was also shown that fhese
results are best-possible.

Brickman and Fillmore in [3] proved that every linear
transformation on V over an arbitrary field F is
quasi-reflexive. This means that if A and B are commuting
linear transformations on V, then Lat(a) c Lat(B) if and
only if B is a polynomial in A. We shall refer to this as
the Brickman-Fillmére theorem. Fillmore suggested the
following question (conveyed to me by Constantin Apostol):

If A and B are commuting linear transformations on V
then is ¢{P(A,B) quasi-reflexive?

This question is completely answered in the next theorem.

THEOREM 3.1l: Let V be an n-dimensional vector space

over an arbitrary field F. Let A and B be commuting linear



transformations on V. Then

(1) for n £A3 the algebra P(a,B) is quasi-reflexive,
‘and

(2) for n > 4 we can find A and B such that fNAWB) is
not quasi-reflexive.

PROOF: (1) Let C ¢ X(V) which commutes with A and B,
and Lat C > Lat(A,B).

Suppose n = 2. If A has no nontrivial invariant
subspace then, by the Brickman-Fillmore Theorem, C is a
polynomial in A. If A is a scalar multiple of the identity
then C is a polynomial in B. Similar statements can also be
made for B. Finally, if A has a 1-dimensional eigenspace
then A, B and C can be represented by upper triangular
matrices relative to a fixed Dbasis. By subtracting .
appropriate scalar multiples of the identity from A, B and C
we may aésume that

0 a 0Db 0 ¢
A=( 1 B = 1 and c=< 1

0 a, .0 b2 0 c,

Since A and C commute we have a;c, = C a,. Thus (i) a1 # 0
implies C = (cl/al)A (ii) a, # 0 implies C = (c2/a2)A and
(iii) a, = a, = 0 implies C is a polynomial in B. We have

actually shown that C is a polynomial in either A or B.

Suppose n = 3. Applying the rational decomposition

theorem to A we have V = VlO...OVk where (i) each Vi is
cyclic for A with cyclic vector e; and (ii) if q; is the
A—annlhllator of e, then 541 divides q;-. We need to

consider all possible cases for this representation.



Case (1) dim Vl = 1. Then
dim V1 = dim V2 = dim V3 = 1 and hence q =4, = qy = X -va.
This implies that A is a scalar multiple of the identity

matrix and hence C is a polynomial in B.

Case (2) dim Vl = 2, Then dim V2 = 1 and
4, = x - a. Since a4, divides dy we have
q; = (x - a)(x - b). We need to consider the two cases

where a. # b and a = b.

Case (2a) a # b. Then A has a diagonal
representation diag(a,a,b) relative to some fixed basis. By
subtracting al (where I is the 3x3 identity matrix) from A

we may assume a = 0 and b # 0. Since B and C commute with A

B' O c* o
B = and C =
0 b 0 c

where B', C' are 2x2 matrices and b, c ¢ 9;. It is clear

we have

that B' commutes with C' and Lat C' > Lat B'. Thus C' is a
polynomial in B' and hence C is the sum of a polynomial in B

and a scalar multiple of A.

Case (2b) a

b. Then

a0o
l1ado
00 a

relative to some fixed basis. By subtracting aI from A and

A

changing to a new basis we have

00O
A=1001
000

Since B and C commute with A, after subtracting appropriate
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multiples 6f I, we have

c 0e c' 0 e!
B=1{4do0f and ¢ = 4' 0 £

000 0 00
Since B and C commute we have cd' = c'd, ce' = c'e and
de' = ed'. These equations are essential for our

discussion. If c # 0 then (c¢'/c)B - C is a scalar multiple
of A. If ¢ = 0 then c'd = 0 and cfe = 0, If c' # 0 then
d =e =0 and hence C is a multiple-of A. If c¢' = 0 then we
need to consider the cases where d # 0 and d = 0. Suppose
d # b. Then‘(d'/d)B - C is a multiple of A. On the other
hand suppose d = 0. Since a? = B2 = AB = BA = 0 and
Lat C > Lat (A,B) we have d' = 0 and (e',f',0) is a linear
combination of (0,1,0) and (e,f,0). Hence C is a linear
combination of A and B.

Case (3) dim Vl = 3. Then V, =V and C is a
polynomial in A.

(2) For n = 4 let

o000 0000 0000
0000 0000 0000
A= 1000 B = 0000 and C= 1000
0100 1000 1000

An easy computation shows that

AB=BA?AC=CA=BC=CB=0and A2=B =C2 0. Thus
C cannot be expressed as a polynomial in A and B. We shall
now show that ILat C o Lat(A,B). It suffices to consider
cyclic invariant subspaces for A and B. For any vector
(w,x,y,z) we have A(w,x,Y,2) =.(0,0,w,x),

B(w,x,y.z) = (0,0,0,w) and C(w,%x,Y,2) = (0,0,w;w). - It 1is
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clear that the third vector is 5 linear combination of the
first two vectors and we are done. |

Examples for n > 4 can be constructed from the
preceding example via direct sums.

This completes the proof of the theorem.

REMARKS: (1) Theorem 3.1 in its present form is based
on an extension of its earlier version and due to the
suggestions of an (anonymous) referee.

(2) The example in Theorem 3.1 can be extended to a
vector space of arbitrary dimension (finite or infinite) via
direct sums. This is connected to the ‘Sarason-Rosenthal

conjecture mentioned in the next chapter.



CHAPTER 4

SOME GENERAL RESULTS

In this chapter we prove some results which hold in a
setting more general than specified in any of the following
chapters. The following definition will be used in the next
proposition as well as in the next chapter.

DEFINITION: A linear transformation T on a vector space

V is said to be locally algebraic if for each vector x in V

there exists a nonzero polynomial P, such that (pr)(x) = 0.

It is said to be algebraic if there exists a nonzero
polynomial p such that p(T) = 0.

REMARK: Kaplansky in [1l1l] showed that for blt in a
Banach space the notions of 1locally algebraic and algebraic
are equivalent; his proof actually works for a Fréchet

space.

PROPOSITION 4.1: If T is a locally algebraic blt on a

Fréchet space V then T is quasi-reflexive.

PROOF: Let U be a blt on V which commutes with T and let
Lat U > Lat T. Let A be the collection of all finite
dimensional invariant subspaces of T partially ordered by
set inclusion. Then A is a directed set. Since

Lat U > Lat T, we have A c Lat U. Let A ¢ A. Applying the

Brickman-Fillmore Theorem we obtain a polynomial P, such

that pA(T) = U on A. Since T is locally algebraic the union

of A is V. It is now easy to verify that pA(T) converges to

U in the strong operator topology.

12
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REMARK: This proposition also holds in a topological

vector space.

PROPOSITION 4.2: Let V be a Fréchet space which

satisfies:
(a) every blt on V is quasi-reflexive and

(b) for a fixed 2 { n { = there exists an invertible

blt Sn from V(n) onto V.
Then, for the fixed n in (b), we have
(i) T(n) is reflexive on V(n) for each blt T on V and
(ii) Eg_laTi is reflexive on V(n) for any collection
{T,}? of reflexive blt on V.
i“i=1 :
PROOF: (i) Let T ¢ LV, A ¢ L(V(n)) with

Lat T(n) c Lat A (2 {( n { «). Then there exists U ¢ (V)

such that A = U(n). We shall show that T and U commute.
For each v ¢ V define yv to be a vector in V(n) whose
first and second coordinates are v and Tv, respectively.

Since Lat U(n) > Lat T(n) there exists a net '{pa} of

polynomials such that (pa(T(n)))yv ----- > (U(n))yv. This
implies that
(p,(T))v —=——- > Uv (1)
and (pa(T))Tv ————— > UTv cesas (2)
It follows from (1) that T(pa(T))v ----- > TUv. Since

(pa(T))T = T(pa(T)) we have, from (2), that UTv = TUv.

Since v is arbitrary we have shown that T and U commute.

, _ -1 _ -1
Consider the blt Tl = SnT(n)Sn and Ul = SnU(n)Sn

Clearly, Lat Tl < Lat Ul’ It follows from the preceding

discussion that T1 and U1 commute. By hypothesis Tl is
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quasi-reflexive and hence Ul is in Alg(Tl). Thus U(n) is in
Alg (T (n)).

(ii) Let U ¢ Z(Vv(n)) with Lat U > Lat z‘;’_l«aTi. Then
U = 22=leui where Ui € ;3V). It is clear that
Lat U. > Lat T,. Since T, is reflexive, U, is in Alg(T,).

i-= i i i i
In particular, U, and T, commute. Thus Z? ®&U, commutes

i i i=1l 1
with 22=1$Ti° By a reasoning similar to that given in the
preceding paragraph we can show that Z?=16Ui is in

n,

Alg(};_,®T,).

REMARKS: (1) An example of a Fréchet space is given in
the next chapter which satisfies the hypotheses of this
propositon.

(2) D. Sarason and P. Rosenthal independently made the

following conjecture (see [15]):

CONJECTURE: Every blt of a Hilbert space is

quasi-reflexive.

An affirmative answer to this conjecture would answer the

following open question. -

QUESTION: Is A ® A reflexive for every blt A on a

Hilbert space?

(3) In view of this proposition we would like to

propose the following question.

.QUESTION: Is the direct sum of two reflexive blt on a

Hilbert space reflexive?

A negative answer to this question would disprove the

Sarason-Rosenthal conjecture.

(4) We should note that not every weakly closed
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commutétive algebra of blt on a Hilbert space }4, where
dim }4 > 3, is quasi-reflexive (see Theorem 3.1 and Theorem
7.10).

LEMMA 4.3: If T, W are blt on a Fréchet space V, and if

Lat W(n) > Lat T(n) (n > 1), then W is in the SOT-closed
algebra generated by T.

PROOF: Let F be the collection of all finite subsets
of v partially ordered by set inclusion. Let
X={ Xyr oo e xm
exists a polynomial Py such that

} € 9L Since Lat W(m) > Lat T(m) there

dist (Wx,, (P, T)x;) < _I%.. i=1,2,...,m.

It is now clear that the net px(T)y converges to Wy for all
y in V and hence pr converges to W in the SOT.

REMARK: The proof for the preceding lemma is included
for completehess. The special case when V is a Hilbert
space is in Radjavi and Rosenthal [15]. Their proof also

works for a Fréchet space.

PROPOSITION 4.4: If T is a blt on a Fréchet space V

then T' = T(») is reflexive on V' = V(=).

PROOF: Let W' be a blt on V' with Lat W' > Lat T'.

Since T' = T(») we have W' = W(x) for some W ¢ ;(,(V). For
each positive integer n define B : Vv!'(n) —> V' by
Bn((fll'flzl...)'(f21'f22’...)'-..'(fnl,fnzl...))
=(fll'f21'...'fnl'flzlfzz’...,fnzl...) Where fij € V-

Then B, is an invertible blt. A simple computation shows

- -1 o |
that T'(n) = Bnl'l"Bn and W'(n) = B, W'B,,. This implies that
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Lat W'(n) > Lat T'(n). It follows from the preceding lemma
that W' is in the SOT-closed algebra generéted by T'. Hence
T' is reflexive.

REMARK: Radjavi and Rosenthal in [15]1 proved this
proposition in the special case when V is a Hilbert space.
Their method involved Hilbert space theory. It should be
noted that V() is defined differently in this case. Our

method provides a simpler proof in this special case.



CHAPTER 5

ON THE SPACE w

Let Z. be the set of all positive integers. Let w be
the vector space consisting of all the complex-valued
func¢tions (sequences) on 2. For each positive integer n
define (a) e, to be the function on Z which takes the value

1 onn and 0 everywhere else and (b) ] |In to be the

semi-norm on w given by

WEN, =max { [£()] : 1 < i<n .
Then w is a Fréchet space relative to the topology given by
this fémily of semi-norms. In fact, this topology coincides

with the metric topology given by

w 1 e - gll
p(f,q) = zn=1 n L
27 1 + £ - gl

our purpose is to study the reflexivity and
quasi-reflexivity of a blt on w. We need to _mention some
- known facts most of which can be found in [101, [13] and
[14].

On the dual space of w:

Let wy be the set of all terminating sequences.

*

Fact 1l: w = wo.

Fact 2: w, with the strong dual topology is a complete

lctvs.

Fact 3: The topological dual of wy coincides with its

: *
algebraic dual. In particular, wy = w.

Fact 4: Every linear subspace of wg is closed.

17
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‘ *
Fact 5: w . is reflexive (i.e. wy = and the strong

*
dual topology on ®g coincides with the topology of w).

Fact 4 will play a very fundamental role in the proof
of our main result -- Theorem 5.3. Tﬁe duality between w
and W, is given by:.
(£,6) = 1f(n)¢d(n) £ew, ¢ e ug,

On the topology of w:

Fact 6: W, is dense in w,

Fact 7: The topology of ® coincides with the topology
of inﬁtwise convergence, i.e.,

£, ===~ > £ K====> f£,(i) =-=-- > £(i) for each i € 2.
In particular, it also coincides with the weak topology.
on L(w) and Kl(wg):

0
Let M = { (aij)i,j=l Payy e € } and let mR be the

set of all row finite matrices in M.

Fact 8: Every blt on w has closed range.

Fact 9: Every blt on w has a nontrivial invariant

subspace.

Fact 10: JC!N) = }ﬂR, i.e.,- every blt on @ can be
represented as a matrix in knT{relative to the Dbasis

{e }>

n ' n=1°
Fact 1ll1: The strong and weak operator topologies on

X (w) coincide.

Fact 12: Let { A = (a!g)) } be a sequence in m..
— k lJ R
Then

Ak _.S.Q.T-:> 0 {==== ai ————— > 0 for eaCh-ip j

and Vi, I3 4 Such that aj(_];) = 0 whenever j 2 j,.



19

Fact 13: For each positive integer n and each bounded

set ';F < w define a semi-norm || |

on w) b

% n X(w) by
I|TI|.§F'n=sup{IleIIn:fe?r‘r}.

Then X(w) is complete in the topology induced by this

family of semi-norms. It can be shown that this topology

coincides with the strong operator topology defined in

Chapter 1.

Fact 14: Every algebraic linear transformation on weqg is

continuous.
Fact 15: Let A ¢ 7’ﬂ.R. Then the adjoint of A, dAenoted
% *
by A , is the blt on Wy with (A ¢)f = ¢(Af) where ¢ € was and
. . *
f ¢ w. It can be shown that A is the transpose of the
matrix A.
Fact 16: If S, T ¢ K(w) and Lat S < Lat T then
* *
Lat S cLat T .

On the spectrum of a blt on w and Wt

DEFINITION: The spectrum of a blt T on a lctvs V is the

set a(T) = { A e € : T - A is not invertible in L (Vv) L
The resolvent p(T) of T is the complement of o(T) in C .

Korber, in (131, made an extensive study of the

spectrum of a blt on w and wge Since our main result

depends heavily on the facts mentioned below we shall
provide proofs. '

Fact 17: I£f T ¢ Llw) then a(T) = O(T*).

PROOF: Let 1 e C. An easy computation shows that
T = A is not one-to-one if and only if T1||r - A is not onto.

Using Fact 8 one can easily show that T - A is not onto if,
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and only if v - A is not one-~to-one. We have thus shown
that T - A is not invertible if and only if ™ - A is not

one-to-one or onto. The desired result follows from Fact

14.

Fact 18: Let A € <13w0)' Then (i) A 1is locally
algebraic ====> d(A) is a nonempty countable set and (ii) A
is not locally algebraic ====> p(A) is countable.

PROOF: (i) Suppose A is locally algebraic. For each
positive integer n let Mn be the smallest invariant subspace
for A containing €1r «eo 4 €. Then _Mn has finite
dimension. Let A  be the restriction of A to M. Since W,
is the union of the Mh's we have O(A) = U;O(An). Since eaéh
G(An) is a nonempty finite set we have O0(A) is a nonempty
countable set.

(ii) Suppose A is not 1locally algebraic. Then there
exists ¢0 € w, such that for each polynomial p, 1if
(p(A))¢, = 0 then p = 0.

Suppose pP(A) is an uncountable set. Then
{ (a - A)—l¢0 : A e p(d) } is 1linearly dependent. Thus

~there exist distinct A;, ... , A € p(A) and Bir eoe

n
B, € € \ {0} such that

n -1

and hence
Bl(A - Az).oo(A - An)q)o + ... + Bn(A - )tl)..o(A - An_1)¢0 =0
This implies that '
p(x) = Bl(x - AZ)...(x - An) + ... + Bn(x - Al)...(x - An

)
=0
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which is a contradiction.
REMARKS: We have also shown that if A ¢ &(hno) then (1)
o(A) is countable <====> A is locally algebraic and (2) A is
locally algebraic ==== o(A) consists of eigenvalues of A.
In order to see (2) we only ﬁeed to observe that in the
proof of Fact 18 each o(An) consists of eigenvalues.
NOTATION: Let S be a subset of a Fréchet space V. Then

sp S denotes the smallest subspace of V containing S.

oo

Fact 19: Let A = (a,.), . be a lower triangular
o— ( lj)l':]:l € 7rlR g
matrix. Then A is invertible ====% each of the diagonal
entries {aii} is nonzero. In particular, o(A) = {aii}'

PROOF: Suppose each of the aii's is nonzero. We first
show that A is one-to-one. Let f ¢ w with the first nonzero
value at n. - Then Af = annf(n)en + g where
g e sp { € yp M2 1}, It is clear that Af is not equal
to zero. We next show that A is onto. Let ¢ € Wg with k
the largest integer such that ¢ (k) # 0. Then
¢ (Ae,) = ¢ (k)ay, # 0. Thus each nonzero bounded linear
functional does not annihilate sp { Ae :m > 1}, This
implies that A has dense range. By Fact 8, A is onto.

Suppose a;4 = 0 for some i. Then let Pi be the
diagonal matrix in 7ﬂR_whose first i diagonal elements are 1
and 0 otherwise. Then

P.(sp{Re :m>11) =P, (sp { e,
and has dimension ¢ i - 1. Thus there exists a nonzero ¢ in

ceo # Aei—l 1)

wy with $(3) = 0 for j > i and which annihilates

Pi(sp { Re,, «o. , Re, }). It is clear that ¢ annihilates

1’ i-1
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Aw. Thus A is not onto.

On the weighted shifts of w:

DEFINITION: Let {wn} be an infinite sequence. The

forward weighted shift induced by {wn} is the blt W on w

defined by

' 0 if i =1
(WE) (1) =
wy _(£(1 - 1) if i > 1.

The backward weighted shift induced by {wn} is the blt W on
@ defined by

(WE) (1) = w £(i + 1)
If the sequence is identically 1 then W and W are called the

unilateral forward and backward shifts, respectively.

DEFINITION: Let T ¢ ZL(w). The commutant of T, denoted

by {T}', is the set of all blt on w which commute with T.

PROPOSITION 5.1: Let W be the forward weighted shift

induced by the sequéncé {wn}, W, # 0 for each n. Then
(1) a(w) = {0}
(ii) the only invariant éubspaces for W are
M, o= { few?: £(l) = «co = £f(n) =01}
where n is a positive integer
(iii) W is not reflexive and
(iv) {W}' = Alg(w) = { J°_aW :a <}
PROOF: (i) This follows from Fact 19.
(ii) Let £ ¢ w. It suffices to show that if £(1) # O

then sp { WE :n l 0}=w (i.e., £ is a cyclic vector for

W). If not, then there exists a nonzero ¢ ¢ Wy which
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annihilates sp { W'f : n> 0}. Let i be the largest
integer such that ¢ (i) # O. Then

p vy .aww, £(1) = owi~1le = 0.
This is a contradiction.

(iii) This follows from the fact that each M/ in (ii)
is an invariant subspace for any lower triangular matrix in
7nR but (as we shall prove in (iv)) not every lower
triangular matrix in 7%£ is in Alg(W).

(iv) Let A = (aij) € )%R' Then

AW = WA (====). AWej = WAej, | for each j

AWe, = Whe, {====) A(wjej+1) = W(Ziaijei)
¢====> 0 [iwia g8 T 133508
====> wWia; 98t L%, 541%041 T L5%:245%541
{====) wjal,j+l = 0 and wjai+l,j+1 = wiaij for all i
(====) ), 5+1 = 0 and wjai+l,j+1 = wiaij for all i

It is not hard to see that this implies A = f:_oahwn for
some a_ ¢ L.

REMARK: The study of forward weighted shifts (induced

by bounded nonzero sequences) on a separable infinite
dimensional Hilbert space is an active area of research.
The situation there is very different from parts (i), (ii)
and (iii) of Proposition 5.1 (see Shields £221).

PROPOSITION 5.2: Let W be the backward weighted shift

induced by {wn}, w, # 0 for each n. Then
(i) each a € C is an eigenvalue for W and its

corresponding eigenspace is generated by the vector



u = (1' ] , o , o ,

S

(ii) sp { v, : a e Cl=u0
(iii) Alg(rat W) = (W) and
(iv) {w}' = Pm).
PROOF: (i) This statement is clearly true for a = 0.
Let o # 0. Then
(@ - ME = (af(1) - w,£(2), a£(2) - w,£(3), ... ) =0
implies that

£(1)
£(2) = 2
Y1
af(2)  olf(1)
£(3) = =

Wy T WyW,

(ii) Let ¢ € W such that ¢ua = 0 for each @ € @L Then

o(1) + o, W) -1

- = for each a ¢ C.
l 2 w1'.IWi-l

Since ¢ is a finitely nonzero sequence, the left hand side
of the preceding equation is actually a polynomial of finite
degree in a. Thus ¢ = 0,
(1ii) Let U = (u;,) be a blt on ® with Lat U 2 Lat W.
Case (1): U, = 0 for each n € Z.

Let a« ¢ €. since u, is an eigenvector for W
and Lat U > Lat W we have that u, is also an eigenvector for
U. Since the first coordinates of Uua and u are 0 and 1,

respectively, we have Ou, = 0. By (ii) we have that U = 0.
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Case (2): L2 # 0 for some n.

Let n, be the largest integer such that

¢  be such that the first row

N

ull’ll # 0. Let a1, s e ’ a

n . _
of U1 =U - inlajwl‘l consists of zeros. It is clear that

Lat Ul-i Lat W. We can now use case'(l) to conclude that
1 | ~5-1
Ul = 0 and hence U = zj=lajw .

(iv) It is clear that P(ﬁ) 3 {VNU}'. Let T ¢ {v”v}'. Let

n ~3 .
ao, al, ces ¢ an € {: such that Tl T 2i=0 ain has first

row consists entirely of zeros. Clearly, Ty € {Wr'.

We note that each o € C is a simple eigenvalue for Ww.

~

.Since WTlua = leua = aT_u we have 'Tlua is a scalar

1 a
multiple of u,. But its first coordinate is 0 while the
first coordinate of u, is 1. Thus Tlua = 0, By (ii) we
have T, = 0.

REMARKS: The definitions made in this discussion also
make sense in wo. In particular, by Facts 15, 16 and'the
duality between w and wo, Proposition 5.2 (iii) becomes:

Let W be the forward weighted shift on 0, induced by
{wn}, w # 0 for each n. Then Alg(Lat W) = Pw) .
This plays a very important role in the next theorem. We

should also refer to the remark after Proposition 5.1.

THEOREM 5.3: Let T ¢ X(w).

(i) If o(T) is countable then T is quasi~reflexive. 1In
fact, if U ¢ X(w), T commutes with U and Lat U 2 Lat T then

there exists a sequence’ {pm};=1 of polynomials such that
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(ii) If o(T) is uncountable then Alg(Lat T) = UP(T) and
hence T is reflexive.

REMARK: It follows from (1) the duality between @ and
wo (2) Fact 16 and (3) 6ur discussion on the spectrum of-a

blt on w and W, that Theorem 5.3 is equivalent to the next

theoren.

THEOREM 5.3': Let A € X_(mo).

(1) If A is locally algebraic then A is
quasi-reflexive. 1In fact, if B € 5Cjw0), B commutes with A
and Lat B > Lat A then there exists a sequence {ph}:=l of
polynomials such that pn(A) ----- > B.

(ii) If A ié not locally algebraic then
Alg(Lat A) = ®(A) and hence A is reflexive.

PROOF: (i) Suppose A is locally algebraic. Let B be a
blt on W which commutes with A and Lat A ¢ Lat B. Let Mn
be the invariant subspace for A generated by
€ s ©yr coe s e . Then Mn is finite dimensional. Since B
commutes with A and Lat B > Lat A we may apply  the
Brickman-Fillmore theorem to get a polynomial Pn such that
pn(A) = B on Mn' It is clear that pn(A) converges to B in
the SOT.

(ii) Suppose A is not locally algebraic and B e JC(wo)
with Lat A < Lat B. Then there exists ¢ € W, such that
Vv=sp {a® : n > 0 } is infinite dimensional. Hence, for
any polynomial p, (p(A))$ = 0 implies that p = 0. The blt A

restricted to V is similar to the unilateral forward shift S
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on mo (i.e. there exists an invertible blt T from V onto w

0
1

such that T ST is equal to A on V). By Proposition 5.2,

Alg(Lat S) = TZ(S). Thus there exists a polynomial P, such
that

p¢(A) = B, on V eees (1)
We shall show that p¢(A) =B on w,. Let Y ¢ wy and
Ww=sp {a" :n > 0 }. wWe shall consider two cases.

Case (l): Suppose W is finite dimensional. Then
VnW=0. Since Lat A ¢ Lat B we may use Fact 4 to get a
polynomial p such that

(p(A)) (¢ + Y) = B(¢ + Y)
and hence

(p(a))¢ - B$ = BY - (p(A))Y ..... (2)
Since V n W =0 we have (p(aA))¢ - B¢ = 0. It follows from
(1) that (p(a))¢ - (pd(A))¢ = 0 and hence p = p¢. Combining
this and the right hand side of (2) we get BY = (p¢(A))Y.

Case (2): Suppose W is infinite dimensional. Then

by an argument similar to the above we get a polynomial pY

such that

p~(A) =B on W ..... (3)
As in case (1) we get a polynomial p such that

(p(A)) (¢ + v) =B(p +¥) «.ccn (4)
From (1) and (3), B(¢ + Y) = (p¢ (A))¢ + (pY (A))Y. Hence (4)
becomes

((P.Y -p)@A))y = ((p - P@)(A))¢.

Let ¢ = ((p - p)@AN¢ = ((p - p)) (A)Y. If

¢l = 0 then p = pb and p = pY. These equations combine with
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(3) to give us By = (p¢(A))Y. If ¢. # 0 then for each

1
polynomial q, if (q(A))¢l = 0 then g = 0. By the definition

of ¢1 and'(l) we get
B¢, = B((p - P¢)(A))¢
= (P¢(A))((P - P¢)(A))¢ = (P¢(A))¢l-
Similarly, B¢l = (pY(A))¢1. Thus p¢ = RY and hence it
follows from (3) that BY = (p¢(A))Y.
We have thus shown that B = p¢(A) on w_ .

0
COROLLARY 5.4:

(i) If T € (w) and o(T) is uncountable then
alg(m) = P(T).

(ii) T(n) is a reflexive blt on w(n) (or wb(n)) for
each blt T on w (or w,) and each 2 { n { =. |

(iii) For each 2 { n £ « and each collection {Ti}2=l of
reflexive blt on w (or wo), the blt Z?=1QTi is reflexive on
w(n) (or mo(n))-

PROOF: This follows from Theorem 5.3 and Proposition
4.2,

We now give an application of Theorem 5.3.

EXAMPLE: Let A € M. For each ie?z let n, be the

positive integer such that a, is the last nonzero entry in
i

the ith row. If n, is increasing then it is easy to show'
that every complex number is an eigenvalue of A. From
Theorem 5.3 we have Alg(Lat A) = P(n).

We shall make some observations about Theorem 5.3 (i)
and Theorem 5.3' (i):

(1) We cannot in general replace the sequence of
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polynomials by a polynomial. As an example consider the
unilateral forward shift W on w. It is clear that if
T € Alg(W) then Lat T > Lat W but Proposition's.l gives us
that Alg(W) = { Z:=Oanwn s a e C }.

(2) IET e £(w) is algebraic then Alg(T) = ?(T). In
fthis special case we don't need sequences. |

(3) Let T ¢ £(w) be a diagonal blt. Then o(T) is
countable. If S ¢ X(w) and Lat S > Lat T then it is easy
to show that S8 is diagonal. Thus S commutes with T and
hence S € Alg(T). It follows that T is reflexive -- a

conclusion better than what the theorem gives.

(4) A locally algebraic blt on w, is reflexive if it is
reflexive on each finite dimensional invariant subspace. It
'is not known if the converse is true. See Deddens and
Fillmore (4] for necessary and sufficient conditions for a
linear transformation on a finite dimensional complex vector
space to be reflexive.

REMARK: In view of Chapter 3 there exist two commuting

blt A and B on w such that the weakly closed subalgebra of

Y (w) generated by A and B is not quasi-reflexive.



CHAPTER 6

ON FUNCTIONAL ALGEBRAS

DEFINITIONS: Let X be a set. A Fréchet space E(X) of

complex-valued functions on X is said to be a functional

Fréchet space if (1) the functions in E(X) separate the

points of X and (2) for each x € X the evaluation functional
'¢x defined by

¢xf = f(x) for each £ in E(X)
is continuous. Let f be a complex-valued function on X. If
fE(X) € E(X) then the linear transformation Mf on E(X) is
defined by

Mfg = fg for each g € E(X).

Mf is called a multiplication operator on E(X). A

functional Fréchet space is said to be a functional algébra

if it contains the constant functions and is closed under
multiplication by each element of E(X).

The Hardy spaces P, 1 {p < =, are functional Fréchet
spaces which are not closed under multiplication. A
detailed study of these spaces is given in Chapter 8.

Examples of functional algebras:

1. The space of all continuous functions on a region
X < € under the topology of uniform convergence on compact
subsets of X.

2. The space of all analytic functions on a given
region X € € under the topology of uniform convergence on

compact subsets of X.

30
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3. The space of all bounded ‘analytic functions on a
given region X ¢ ( under the supremum norm topology.

4. Let H be the set of all complex-valued functions £
defined on [0,1] such that

£(x) = c + [§ ¢(t) dt  for some ¢ < r2(0,1), c ¢ €
(i.e. £ is absolutely continuous on [0,1] and f' ¢ 12 (0,1)).
Define a norm on H by:
nen? =112 + nf-n;2 :
Then H is a functional algebra. This example is also called
a functional Hilbert space in [7; Chapter 6, Problem 541.
The inner product on H is given by:
(£,9) = £(0)3(0) + [ £'(x)g° (x) dx.

5. For each @ > 1, let D, be the set of analytic

functions on the unit disk A with inner product given by:
(£,9) = Jpog(n + 1% b

where £(z) = [ n

n=0 n
Then D, is a Hilbert space. Taylor [23] showed that Da is

3]

z® and g(z) = Z:=0bhzn'

also a functional algebra.
It is the purpose of this chapter to show that if E(X)

is a functional algebra then every weakly closed algebra of

multiplication operators on E(X) is reflexive.

PROPOSITION 6.1: In a functional Fréchet space E(X) the

linear transformation Mf is continuous.

PROOF: This is an easy consequence of the closed graph
theorem and the fact that the evaluation functionals are

continuous.
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PROPOSITION 6.2: Let T be a blt on the functional

b
function £ on X if and only if'{¢x}x€x are eigenvectors of

Fréchet space‘E(x). Then T = M_ for some complex-valued

* * :
T (T is the adjoint of T). If, in addition, E(X) is also
a Banach space (functional Banach space) then f is bounded.

PROOF: Suppose T = M Then

£
(T*¢x)g = ¢,(Tg) = ¢, ,(£g9) = £{x)g(x) = £(x)¢_(9). Thus
TV, = £(x)¢.

Conversely, suppose for each x ¢ X there exists o, such
that T*¢x = ax¢x. Define a function f on X by f(x) = o, -
Then ¢ (Tg) = (T*¢x)g = f(x)¢x(g) = f(x)g(x). Thus T = M.

Finally, suppose T = M and E(X) is also a Banach
space. We shall show that f is bounded. We may without
loss of .generality assume that || T || = 1. For each g ¢ E(X)

we have f(x)g(x) = ¢ng and hence

LE) gzl Clo I HETI dhgh = He It Hgll .
Thus I£(x)| ll¢_ Il = sup I£)I1g(x)] < Ho_ Il . If
X = - X
ay=1
1 ¢x Il > 0, then |f(x)] { 1. Since E(X) separates points,
there is at most one point where |l ¢ Il = O.

REMARK: The last part of Proposition 6.2 occurs in [6].

PROPOSITION 6.3: If E(X) is a functional algebra then

PROOF: For each f ¢ E(X) and for each ¢ ¢ (E(X))*
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wWOT
M, =223 > 0 ====> (M, £,¢) -———- > 0
fU. ( fa l¢)
====>  (£4E,¢) ———m- > 0
====) (fa'q)) _____ > 0
s===) fa -—‘-I-q——> 0.

The third implication uses the assumption that the constant

function 1 is in E(X).

Suppose fa ----- 0. Then for each £ ¢ E(X) and'each
: *
d e (E(X))
*
(Mfaf'¢) = (Mffa'¢)'- (fa'Mf $) ————- > 0.

The first equality uses the assumption that E(X) is an
algebra.

REMARK: If E(X) is a functional algebra then the weak
topology on E(X) coincides with the weak operator topology
on E(X) considered as multiplication operators on E(X).

PROPOSITION 6.4: Let E(X) be a functional Fréchet

space. Then the set of multiplication operators on E(X) is
closed in the weak operator topology.
PROOF: Let T ¢ XL (E(X)). Suppose there exists a net
{fa} of complex-valued functions on X such  that
Mg -=55- > T. Then for each f in E(X) and x ¢ X
M -===- > T ====> (Mfaf,¢x) ----- > (Tf,¢x)
====> f (x)f(x) ----- > (T£,¢ ).
. a x
Since the functions in E(X) separate the points of X, there
is at most one point X, € X at which every function in E(X)
vanishes. Thus it follows from the preceding implications
that lim fa(x) exists at each x # Xy« Define a

complex-valued function g on X by g(xo) =0 and
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g(x) = lim foz (x), x # X Then

¢x(Tf) = (Tf'¢x)‘ = lim fa (x)£(x) = g(x)f(x).
Thus T = M .
g

THEOREM 6.5: Let E(X) be a functional algebra. Then

every weakly closed algebra QA of multiplication operators
on E(X) is reflexive.

PROOF: Let T ¢ K(E(X)) with ILat T > Lat (A. For each
x in X let ker by be the set of all f in E(X) with £(x) = 0.
Note that { ker ¢, ¢+ x €X } ¢ Lat AA. Thus ker ¢, € Lat T.
Since the codimension of ker ¢, in E(X) is 1 we have that b,
is an eigenvector of T*. By Proposition 6.2 T = Mg for some
complex-valued function g on X. Since 1 ¢ E(X) we have
g € E(X).

Let &: =1{ f : M € A}, Then a is an invariant
subspace’ for A which contains 1. The fact that & is
closed follows from Proposition 6.3. Since T & < 5, we
have g € & Hence T = Mg e A.

The fdllowing qﬁestion is open and seems to be
difficult: |

QUESTION: Let E(X) be a functional Fréchet space
which contains the constant functions and let
M=1{£fe€ EX) : £ gives rise to a multiplication
operator on E(X) } . suppose Mis properly contained
and dense in E(X). Is every weakly closed subalgebra
of M considered as multiplication operators on E(X)

reflexive?

The answer is affirmative for the Hardy spaces (see Chapter
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8). ‘The main difficulty in the general case seems to be
that there is no easy way to identify the WOT of m with
some 'nicer' topology such as in Proposition 6.3 and Theorem

8.3.



CHAPTER 7

ON FINITE DIRECT SUMS OF LF ()

We shall set up some measure theoretic notations
following the terminologies in Rudin [18] before we motivate
the contents of this chapter.

NOTATIONS: Let U be a probability Borel measure on the
complex plane d:'ihaving compact support. For 1 {( p < o,
Lp(u) denotes the Banach space consisting of all
complex-valued measurable functions £ for which

ben, = o P anl’P < =,
The Banach space L?(u) consists of all essentially bounded

complex-valued measurable functions with the essential

supremum norm |l ||m. Let ¢ € n’ () and 1 { p { =. Then
M¢~p denotes the multiplication operator on IP(u) defined by
’
P
M = ¢ € L (u).
¢'p9 g9 g9 H
It is well known that M¢ p (sometimes denoted simply by ¢)
14

is a blt on LPOJ). For each positive integer n and
1 <{p<=®, L(p,n) denotes the direct sum of ﬁ copies of
P &) and (p,n) denotes the subalgebra of Z(L(p,n)) whose
elements  are nxn matrices (Tij) where Tij is a
multiplication operator on Lp(u); In Hilbert space theory
the algebra 7(2,n) is known as a von Neumann .algebra of

type I, and its elements are known as n-normal operators.

Some known facts about M p are:
r
i M = H
WM =1, . 3
(ii) Mﬁ:P is invertible <====Dv$ e L (p):

36
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(iii) The spectrum of M¢ is the essential range of ¢
14

and

(iv) If the spectra of M and M are disjoint then
: $,pP YrP
M 'is invertible.

¢-Y,p

‘Sarason [20] showed that if (L is a commutative weakly
closed algebra of normal operators on a Hilbert space which
contains the identity then a is reflexive. His method used
Hilbert space theory (such as the spectral theorem) and does
not lend itself to generalization in other spaces. Radjavi
and Rosenthal [16] pointed out that every algebra consisting
of normal operators on a Hilbert space is commutative. Thus
Sarason did not need commutativity as part of his
hypdtheses.

Recall that any maximal abelian von Neumann algebra of
operators on a Hilbert space 1is representable as an algebra
of multiplication operators on L2(m) for some suitable
measure space Wwith measure m (see [21]). Thus it is
reasonable to study the reflexivity of multiplication
operators on Lp(u) where y is as stated above and 1 { p € =.
Sarason-[19] studied the case where p = 2. Our method is a
variation of his but it is more transparent and can be used
in the investigation of reflexivity of operators in n(p.,n),
1 <{p<K =

on P (), 1{p<w

The next proposition is known. A proof is included for

the sake of completeness.
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PROPOSITION 7.1l: Let T be a blt on Lp(p). Then T

commutes with M and M_ if and only if T =M for some
z,p Z,p %,p
Lo <]
¢ € L ().
PROOF: Suppose T commutes with M and M_ . Let
R z,p z,p

& = T1. Then ¢ ¢ I¥ (). We shall show that ¢ € L™ (u) and

T = M¢’,P°
Let P be the set of all polynomials in z and z. Then

from Stone-Weierstrass Theorem and measure theory we know

that # is dense in Lp(u).
Let r € 09. Then since T commutes with M and M_
z,p z2,p

we have Tr = TMr'pl =M TL = r¢, Let f ¢ Lp(u). Then

r,p
there exists a sequence {pn} in * such that

I p, - £ Hp ----- >0 and p -—--- > £ pointwise a.e. By the
continuity of T we have Tpn ————— > Tf. Since p, ----- > £
pointwise a.e. we have ¢pn ----- > ¢f pointwise a.e. But

TP, = ¢pn. Thus Tf = ¢f,

. [+ ]
Finally, suppose ¢ & L (u). Then for each positive

integer n, the set X = { xe € : I¢(x)] > n} has positive
measure. Let Xg be the characteristic function of xn and
n
1 1/p
let £ 372;7] xxn. Then || fn "p = 1 and
- _ P 1/p
Iwey N = Wogy Ny = (f 1og 17 aw)

v

. 1l
n(f 1£ 17 dn) /P < .

This contradicts the boundedness of T.

The converse of this proposition is obviously true.
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COROLLARY 7.2: 77{p,l) is a maximal abelian (and hence

weakly closed) subalgebra of EC(LP()J)).

Recall that Lw(u) is the dual space of Ll(u), i.e.,
every continuous linear functional ¢ on Ll(u) is of the form
®(£) = [ ¢f du for some ¢ « Lm(u). This gives rise to a

*

weak star (w ) topology on Lm( ) which is defined as
u

'follows:

6, --¥-- >0 (====> [ ¢.f du —--m- >0 (£e L () ... (1)

It is important to note that every linear functional F on
L™ (u) that is w*—continuous has the form F(¢) = f f¢ du for
some f e Ll(u). We may also consider the elements in L” (u)
as multiplication operators on IP (u). Recall that every

continuous 1linear functional ¢ on Lp(u) is of the form

¢(f) = f ¢f du for some ¢ € Lq(u), % é = 1. In this case

L” () has a weak operator topology given by:

Let {¢A} be a net in L”(u). Then

WOT
) ~T5 0 (=== $yfg du ===> 0 (£ e I¥, g e L) ... (2)

It follows from Holder's inequality that (1) implies
(2). To see that (2) implies (1) we note that if £ e'Ll(u)
then £ = flf2 with

£ = 1£1¥P ¢ 1P (u) ana £, = lfll/ngT e 2 (n).

This proves the next theorem (the special case when p = 2 is

in Sarason [19]).
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THEOREM 7.3: The w*-topology of L¥(u) is the same as

the WOT of L™ (n) considered as multiplication operators on
). i

REMARK: It 1is known that L (u) is the smallest
w*—closed algebra in L () containing z and z.

THEOREM 7.4: Let (' be a WOT closed subalgebra of

p,1l). Then A is reflexive.

PROOF: Let T be a blt on I (u) with Lat T > Lat (L.

Then for ' each .Borel measurable set S we have xSLp (v) and
(1 - )(S)Lp (u), where xs is the characteristic function on S,
are invariant subspaces for T. This implies that T commutes

with MX p for each Borel measurable  set S. Hence T
SI

commutes with all multiplication operators induced by simple

functions. It follows that T commutes with MZ and M2 .
r r
By Proposition 7.1, T = Ml,} D for some V¥ ¢ Lw(u).
’
Let B ={ a € Lm(u) : Ma,p e A 1}. Suppose

T = MlP D ¥ .. Then, by Theorem 7.3, there exists 8 ¢ Ll (u)
, _

such that [ $6 du = 1 and [ 06 du = 0 for each a ¢ B. Let

| _ 1/p _ 1/q_6 p
91 = |0] 'and 62 = |6 ToT" Then Bl € L (un) apd
eé € (Lp (u))* = Lq(u). Let V be the closure of 861 = ael
in 1P (). Then V is an invariant subspace for Q.. since

0= a6 du=] (a6)0, du for each a ¢ @8 we have that 0

2
annihilates V. Oon the other hand el eV and
6)e. du = [ yo du=1. Thus Te, =M 6 = y6_ ¥ V and

[ e de, du = [ yo du P =M, L8 = vey X
hence V is not invariant under T. This contradicts our

assumption that Lat T > lLat a.
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The following question remains unanswered:
QUESTION: Are Theorems 7.3 and 7.4 true for p = «?

On L(p,n), 1l < p< =, n an integer > 1

In the following discussion we shall denote M¢,p by ¢;
the collection of all diagonal matrices in p,n) by
A9(p,n); and the matrices in d9(p,n) by diag(¢1,...,¢n).
Let S be a Borel measurable set. Then L(p,n,E) denotes the
set of all n-tuples in L(p,n) in which each coordinate
vanishes on E a.e.

It is an éasy consequence of Proposition 7.1 that
M(p,n) consists of all the blt on L(p,n) which commute with
diag(z,...,2) and diag(z,...,2). Thus ;Mﬂp,n) is a weakly
closed subalgebra of X(L(p,n)).

PROPOSITION 7.5: Let T be a blt on L(p,n) with

Lat T 2 { L(p,n,E) : E is a Borel measurable set }. Then
T ¢ Y(p,n).

PROOF: Express T as an nxn matrix (Tij) where
Tﬁj € ijp(u)). For each Borel measurable set E since
L(p,n,E) and L(p,n, C \ E) are invariant subspaces for T we
have XELp(u) and (1 - xE)Lp(u) are invariant subspaces for
each Tij' Then, as in the proof of Theorem 7.4, there
exists ¢ij e L”(M) such that Tij = ¢ij‘ Hence T ¢ J(p,n).

COROLLARY 7.6: Let < MUp,n) and T ¢ L(L(p,n)) with

Lat T > Lat (X. Then T ¢ WUp,n). In particular, Up,n)

is reflexive.
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PROOF: It is clear that Lat (X  { L(p,n,E) : E is a
Borel measurable set }. The corollary follows immediately
from the preceding proposition.

The algebra 7P/Up,n) has a WOT. It also has a
w*-topology when considered as the dual space of L(l,nz).

More precisely, if { Ma = (q)(;j) "} is a net in (p,n) then

(1) My -TLoy 0 cmm==> (M (E .eee ) i(g seenrg ) =m0
where fi € Lp(u), g; € Lq(u) and f];_ + % =1

and

(11) M =925 0 (====> | Zi,j¢gj I > 0
where fij € Ll (n).

It is clear that (ii) implies (i). To see that (i) 'implies

(ii) we only need to note that

» i
i ¢ijfij du

1/q £..

1

(Ma(o"“'lfijl /p’...'O)'(o'...’Ifijl 'l_f—liJjT,..-'o))
jth ith |

Thus we have,

THEOREM 7.7: The WOT on Mp,n) coincides with its

w” ~topology.

THEOREM 7.8: Let & be a weakly closed subalgebra of

p,n). Then QA is n-reflexive (i.e. if B € BC(ZQQL(p,n))
and Lat B > Lat (A(n) then B ¢ A(n)).

PROOF: Let B e K(Z?QL(p,n)) with Lat B > Lat Q.(n).
Then B = ZI;QB where B ¢ Z(L(p,n)). Thus Lat B > Lat Q.
It follows from Corollary 7.6 that B ¢ M(p,n). Let

B = (Bij) where Bij € Lm(u).
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Suppose B ¥ (. By Theorem 7.7, there exists

1 _ N
¢ij e L"(M) such that Z 5= 1f ¢13 i3 du = 0 ~ for every
(ai.) € CL and Xl ,je lj ¢1J i3 du = 1. Let
¢=1+lel¢JI. Then ¢€L‘(U). Let 8;, be the

kronecker delta. For i = 1,...,n let

£ = (5. ¢1/P,s ¢1/P,....sni¢1/p> ¢ L{p,n)

i 1i 2i
and
_ rel/a %11 L1/q %23 1/q ®ni
9; (¢ _—3——'¢ ——$——q...,¢ —_5_—J e L(gq,n).
Then

— n —
(CAM)I(E o rE ) s (g reeerg)) = Zi,j=lf ¢;504 u-= 0

for every A = (aij) € CL and'

(CBM)I(E ) seeesf ) (g seneig ) =13 5= ~1/ ¢13 i 90 = L.
This contradicts our assumption that
Lat B(n) = Lat B > Lat dAn). Thus Be L and hence
BE e An).

REMARK: A modification of the preceding proof shows
that if Cki is a weakly closed subalgebra of 7%Kp,ni) for
i=1, ..., k, then Zteézi is max{nl, cees nk}-reflexive.

THEOREM 7.9: Let n > 2, Then Y(p,n) has a

commutative weakly closed subalgebra which is not reflexiﬁe.
Also, there exists a measure U such that m(p,n) has a
non-reflexive blt.

PROOF: We first consider the case when n = 2. Let (

be the set of all 2x2 matrices
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e L ().

/o ¢
- 1
A(¢,¢1) = ko ) . where ¢, ¢1

Then CL is a commutative weakly closed subalgebra of
M(p,2). Let ,
v 0 -
Tw = where ¥ € L (u).
0 0 . .
We shall show that Lat QL < Lat T, and hence A is not

reflexive.

Let (f,9) € L(p,2). Let V be the closure of C(f,g).

We must show that T (f,g) = (Y£,0) € Vv,

¥
Let E be the support of g (i.e. lgl > 0 a.e. on E and

g =0 a.e. off E). Let xE be the characteristic function on
E.

= l - f = . Th = +
Let fl f( xE) and 2 fxE en f f1 f2 and

f, f € 1P). Thus
1’ T2

[A(¢,¢1)](f.g) = [A(¢.¢l)](f + fz,g) = (¢fl+¢f2+¢19:¢9).

l

Let ¢ = 1 - Xg and ¢; = 0. Then (£,,0) € V and hence
(¢f1,0) € V for each ¢ ¢ Lw(u). In particular, (wfl,O) € V.
It remains to show that (¢f2,0) €V,

Since (£,,0) €V we have (fz,g) €V, Thus

1’
(AQ,e)1(E,,9) = (£, + $9:9) € V for each ¢, ¢ L”(n). We
shall now show that gL”(u) is dense in Lp(u) on E. Suppose
this is not true. Then there exists h ¢ L¥(y) such that
h#0 a.e.‘on E and [ ygh dp = 0 for each Y € Lm(u). Since
gh ¢ Ll(u) we have gh = 0 a.e. on E. Hence h = 0 a.e. on E.

This is a contradiction.
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By the definition of f2 it follows that (0,q9) € V;
Hence (fé,g) - (0,9) = (£,,0) € V. Thus (V£,,0) « V and we
are done.

For the last part of the theorem let C(X) be thé Banach
space cqnsisting of all complex-valued continuous functions
on the compact set X S.d: under the supremum norm. If X is
also totally disconnected and does not separate the plane
then given f, g € C(X) there exists a sequence {pj} of
polynomials such that pj and its derivative pj' converge
uniformly on X to £ and g, respectively (see [2]).

Define a sequence {Kj};=0 of closed subsets of [0,1] as

follows:

el
]

£o,11

=
]

L = [0,1/31 v [2/3,1]

=
]

, = [0,1/91 v [2/9,1/31 v [2/3,7/91 u [8/9,1]
The Cantor set K is defined to be the intersection of the
Kj's. Next, define a sequence {uj};_
measure on [(0,1] by

0 of probability Borel

My @ Lebesgue measure on Ko

LI 3/2 x Lebesgue measure on Kl

5 ° (3/2)2 x Lebesgue measure on K

B

2

It is clear that each “j can be considered as a bounded
linear functional on C({0,1]) with norm 1. By Alaoglu's
Theorem and Riesz Representation Theorem {uj} has a

subsequence which converges in the w* topology to a
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probability Borel measure j on [0,1]. In fact, one can éhow
that {pj} is w* convergent. It is easy to see that } is
supported on K. Thus 1'] can be considered as é probability
Borel measure on { with support K.

Using the previous notations let T = A(z,1l). Then for
any polynomial p, p(T) = A(p(2),p'(2)). Since K is compact,
totally disconnected and does not separate the plane it
follows from our previous discussion that Alg(T) = a., where
(L is as defined above.

Examples for the cases when n > 2 can be constructed
from A via direct sums.

REMARKS: (1) The algebra A in Theorem 7.9 is
quasi-reflexive. To see this let T « X(L(p,2)) commute

with every blt in QA and let Lat T 2 Lat (L. Then

o B o
T = a, B, Y € L (u).
0 Y

IClearly, it suffices to show that =y = 0 implies a = 0.
Suppose B = Y = 0., Since T commutes with A(l,l), a simple
computation shows that @ = 0 and hence T € Q.

(2) Let m be the .Lebesgue measure on (0,1] and B be as
defined in the theorem. It is possible to show that P (m)
is isometrically isomorphic to i (1) where 1 {p £ « Thus
the algebra a for the measure m is also singly generated,
i.e., a. = Alg(T) for some T € Qa.

THEOREM 7.10: For n > 4, (p,n) has a commutative

weakly closed subalgebra which is not quasi-reflexive.

e i e ook Y B
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le a, be the set of all 4x4 matrices

PROOF: For n = 4 t
- fc 000

A(c,¢,Y) = [0 c 0O o«
$ yco where ¢, vy € L (u)
0 ¢ 0 c

and c € C.
Then a. is a weakly closed commutative subalgebra of

p,4). Let

0000

T =({0000 .

¥ loooo where y € L (n)
0V o0oo

It is clear that T‘P is not in (. and commutes with each
A(c,9,Y). The proof for Lat T‘!J > Lat Q@ is similar to the
proof of Theorem 7.9.

| The examples for n > 4 can be constructed from A via
direct sums.

REMARK: This is related to the Sarason-Rosenthal
conjecture mentioned in Chapter 4 (see Remarks 2 and 4 after
Proposition 4.2) .‘ |

Theorem 7.9 shows that not every weakly closed
subalgebra of M(p,n) is reflexive. We shall now exhibit

some examples which are reflexive.

PROPOSITION 7.11:

(i) a@(p,n) is a weakly closed subalgebra of Z(L(p,n))
and

(ii) every  weakly closed subaigebra A of o&(p,n) is
reflexive. | |

PROOF: (i) It is clear that o(9(p,n) is a ﬁeakly closed
subalgebra of M(p,n). Since M(p,n) is weakly closed in
X (L(p,n)) we are done.
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(ii) Let T ¢ X(L(p,n)) with Lat T.>Iat A. It
fqlldws from Corollary 7.6 and ( < JQlp,n) that

T € o@(p,n). let T = diag(Bl,...,Bn). If T x (A then there

exists ¢, « tl(u) such that Z?f ¢,0, du = 0 for each

» n —
diag(a,,...,0 ) € a andvzlf ¢,8, du = 1. Let

1
_ 1/p 1/p
f = (I¢ll ,...,l¢nl )

and A
_ 1/q %1 1/q %n 11
g = (l¢1| T¢_1T""'|¢n| -|—¢:l-|-) where§+a-l.
Then f ¢ L(p,n) and g € L{g,n). “Also,

(Af,g) = Zrif ¢;0, du = 0 for each A = diag(a ,...,a ) € a

and (Tf,q) = Zg[ ¢;8; du = 1. This contradicts the
assumptidn that Lat T > Lat a.

In the next proposition let .J(p,n) be the set of all
nxn scalar matrices. It is clear that J(p,n) is a weakly
closed subalgebra of MUp,n) and hence of X(L(p,n)).

PROPOSITION 7.12: Let (I be a weakly closed subalgebra

of .J(p,n).' If the measure space (€ ,u) satisfies the

n e
i=1xi where Xl reess xn are pairwise

condition d: = U
disjoint sets each with positive measure then (A is
reflexive.

PROOF: Let T ¢ Z(L(p,n)) with TLat T > lat (1. By
Corollary 7.6, T € Up,n).  Since each blt in (1 takes an
n-tuple of constant functions into another such n-tuple we
have T € J(ppn)-

By Theorem 7.8, every subalgebra of i(&n) is

. . ' . n
n-reflexive. Consider QA and T as blt on C . The
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hypothesis about the measure space gives us
Lat (l(n) < Lat T(n) in d:n. Hence T ¢ Q.

REMARK: The hypothesis about the measure space in
Proposition 7.12 is necessary. To illustrate this point we

2
consider the space Q: . Let CI. be the algebra of all

matrices of the form
ab
where a, b ¢ d:
0 a
) 2
considered as blt on d? . An easy computation shows that
2 .
rat & =1 0, Ce0, C" }. since L does not contain every
diagonal matrix it fails to be reflexive.
For the next proposition 1let T = (Qij) ¢ M(p,n) where
each ¢ij
disjoint measurable sets each with positive measure such

is a simple function. Let Xl, ceey Xm be pairwise

that each ¢ij is a 1linear combination of the characteristic

functions on xl, ceey Xﬁ.

PROPOSITION 7.13 Let T be as stated above. If each xj
can'be expressed as the union of n pairwise disjbint sets
each with positive measure then T is reflexive.

PROOF: Express T as a direct sum of m. nxn scalar
matrices. Proceed to show that T as a blt on d:mn is
n-reflexive. The hypothesis on xj implies that T is a
reflexive blt on L(p,n),

PROPOSITION 7.14:

(i) Let X ¢ Z@P (). Then

1 X 1 0
S = and T =
0 -1 X -1
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are their own inverses on L(p,2).

(ii) Let a, B, Yy € L (). If . B -« L®(u) then

o B <a o)
A= and B =
0o Y B v/

are similar to C = diag(®,Y) and hence are reflexive.

PROOF: (i) This is a trivial computation.

(ii) Let X = in part (i). Then SAS and TBT give

o - Y
us C.

Examglé of reflexive subalgebras of Zﬂ(E,Z):

Let Cl be a w* closed subspace of L(u). Let 43 ve the

set of all matrices of the form:

c o
S(c,a)=( ) cec,aea.

0c
Then B is a weakly closed subalgebra of K (L(p,2)).
Claim: @3 is reflexive (if u is not a point mass) .

Proof: Let T ¢ JC(L(p,Z)) with Lat T 2 Lat 13. Then

a¢ oo
T = where a, b, ¢ € L (u).
0 b

It is easy to see that a and b are constant functions. We
first show that a = b.

Suppose a # b. Then let

Simple computations show that S2 = 1, diag{a,b) = STS and

B = sBs. Thus Lat diag(a,b) 2 Lat 3.

A e depas b T S N
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Let £, g ¢ Lp(u). ‘The invariant subspace of diag(a,b)
. generated by (f,g) is spanned by (£,0) and (0,g). The
invariant subspace‘v of 23 generated by (f,g) is the closure
of { (cf + ag,095 tcel, ac Cl }. Take £ =1 and g to
be the characteristic function on a set E with 0'< u(e) < 1.
It is easy to see that (0,g) ¥ V which is a conﬁradiction.
Thus a = b and we may assume that a = b = 0, We next show
" that ¢ € (] and hence T ¢ 3.

Suppose ¢ ¥ Q& . Then there exists f ¢ I}(u) which
annihilates CZ but not ¢. Let £ = gh where g € ﬁ)(u) and
h € I?(u). Then

(S(c,a)1(0,9),(h,0)) = [ of du =0
and
(T(0,9),(h,0)) = [ ¢f du = 1.
This contradicts our hypothesis that Lat T‘z Lat 8.

We cohclude this chapter by posing the following

questions:
QUESTION: If n > 4 then is every weakly closed
subalgebra of M(p,n) (n-1l)-reflexive?
This question is motivated by the fact that every subalgebra
of X_(Cn), n > 4, is (n-1)-reflexive (see [11).
QUESTION: Are there any reasonable necessary and
sufficient conditions for a weakly closed subalgebra
of M{p,n) to be (quasi-) reflexive?
QUESTION: Is every element in »Up,n)
‘quasi-reflexive? (refer to Theorem 7.10)

QUESTION: What is the 'situation' in («,n)?



CHAPTER 8

ON FINITE DIRECT SUMS OF 11

NOTATIONS: Let ‘T" be the wunit circle in the complex
plane € and let 8 be the normalized Lebesgue measure on T.
For each integer n let Xn be the function on T gefinea by

xn(ele) = % Then for 1 ¢ p < = the Hardy space H*(T)

(usually denoted by HP) is defined by:
P = { £ ¢ LP(T) : Ig“f(ele)xn(ele) @ =0, n>1}
This is equivalent to defining HP as the set of all analytic

functions f on the open unit disc 4 such that the radial

limit function f(ele) = lim f(reie) is in IP(T) (ox IP).
. r+17

It is clear that each B is a closed subspace of the

corresponding Banach space P,

For each ¢ ¢ H and 1 {p >~ we define the analytic

Toeplitz operator ﬁ¢ p to be the blt on HP given by
) r

ﬁ¢’pf = ¢f £ e H.

ﬁ¢,p is invertible if and only 1if % e H . Its norm is
Il $ I and its spectrum is the closure of ¢ (4) in C. For
each positive integer n and 1 { p { <, H(p,n) denotes the
direct sum of n copies of #® and M(p,n) denotes the
subalgebra of ZL(H(p,n)) whose elements are nxn matrices
(Tij) where each Tij is an analytic Toeplitz operator on .
Sarason (201 showed that each analytic Toeplitz

2 . . . .
operator on H is reflexive by using Hilbert space

techniques. We shall use function theoretic methods to

52
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investigate the reflexivity of operators in ﬁ;Up,n). Duren

[5]1 and Hoffman [8] serve as standard references for this

chapter.
Oanl 1_(_p<°°

since K is a closed subspace of P we may, by the use

of Hahn-Banach Theorem, relate the dual space of B to the
1 1 .
space ﬁq, ) + g = 1. More precisely, each bounded linear

functional ¢ on H' is of the form ¢(f) = [ ¢f d6@ for some

¢ € Lq. This plays a very important role in our work.

PROPOSITION 8.1: Hp is a functional Banach space (see

Chapter 6).

PROOF: We need only show that for each |§] < 1 the
evaluation functional ¢£ on Hp defined by ¢£f = £(£) 1is

continuous. To see this define the function f_ ¢ 12 by

g

fg(z) = =14+ £z + (EE)2 + ...

1 - &z

Let f£(z) = Zanzn e HP. Then [ £f£f_de = Zahgn = £(E) = ¢_£.

£ g
The desired result follows from our discussion in the
preceding paragraph.

PROPOSITION 8.2: If T is a blt on H  with

Lat T > Lat M_ _thenT =M _ for some ¢ ¢ H .

’ [ 4

PROOF: For each |E| ¢ 1 let HE ={ few : £() =0 }.

Then HE is (i) the null space of the evaluation functional
¢€ defined in Proposition 8.1 and (ii) an invariant subspace

for ﬁz p and hence for T. Since the codimension of Hg in HP
’
is 1 the annihilator of Hg is l-dimensional and hence it is

spanned by ¢,.. Since (T*¢.)f = ¢ (Tf) = 0 for each f € HP
| & £ £ . E
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we have T*cpE annihilétes Hg and hence ¢€ is an eigenvector
for T*. Since 1 ¢ HP the desired result follows from
Propositions 8.1 and 6.2.

H”, being a closed subspace of L®, has a w*-topology
(see Chapter 7). It also has a WOT when its elements are
considered as analytic Toeplitz operators on HP, More

precisely, let {¢A} be a net in H . Then

(i) ¢, =¥y 0 ==== | ¢ £ d0 ----- > 0 (f e 11
and
(ii) ¢, WOT_y o (=== | ¢ gh d8 ---> 0 (g e B, h e pL3)

Since HP12 < L1 we have (i) implies (ii). In order to
prove that (ii) implies (i) we need the following known

result.

If £ e Ll and [ log|fl @@ > -» then there exists

g € Hl such that gl = |f] a.e. and g is an outer
function.
1
ILet fe L ., Then f = flf2 where
| £ whenever [£f]| > 1
fl =
1 otherwise
and
f
whenever |f]| > 1
2 f otherwise

: 1 l
It is clear that f, > 1, f, ¢ L', log £ ¢ L' and £, € K.
: . 1
By the result stated above there exists F € H such that
IF| = f, a.e. and F is an outer function. In particular, F

has no zeros in the open unit disc. Thus we have
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¢=rP WP, ret g =r/91El s <17 then £ = GG, and

hence (ii) implies (i). This proves the next theorem.

THEOREM 8.3: The w*-topology on H® coincides with its

WOT.

COROLLARY 8.4: 7%(9,1) is the weakly closed subalgebra

of ‘;(_(Hp) generated by ﬁz D"
7

REMARK: We have actually shown that L' = FP19,

THEOREM 8.5: If ({ is a WOT closed subalgebra of
):y\i(p,l) then (L is reflexive.

PROOF: Let T be a blt on H® with Lat T > Lat (L. By
Corollary 8.4, Lat CL 2 Lat ﬁz . Hence Lat T > Lat M .

P z,p
It follows from Proposition 8.2 that T =M for some

’
¢ € H . The rest of the proof is similar to tia?: of Theorem
7.4 and makes use of the preceding remark.
REMARK: From Theorem 6.5 we know that Theorem 8.5 holds
for p = =,

On H(p,n), 1 {p<e n an integer > 1

As in Chapter 7 we shall denote ﬁ¢'p by ¢, the
collection of all diagonal matrices in ﬁ,(p,n) by og(p,n),
the matrices in ag(p,n) by diag(¢l,...,¢n) and the set of
all nxn scalar matrices by _J(p,n) .

PROPOSITION 8.6: If T ¢ L(H(p,n)) with

Lat T > { V(n) : Vv is a subspace of #® invariant under
multiplication by z } then T ¢ ﬁ(p,n) .
PROOF: Express T as (Tj;) with T « L(H). Let V be

]
a subspace of HP with 2V ¢ V. S8ince TV(n) < V(n) we have
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T(f,0,.0.,0) = (Tllf,...,Tnlf) is in V(n) for each £ in V.
Thus T,,V c V. In the same way one can show that T, |V c V.

1]
The desired result follows from Proposition 8.2.

COROLLARY 8.7: If (I c ﬁ”((p,n) and T ¢ ;f(H(p,n)) with

Lat T 2 Lat (I then T ¢ PUp,n). In particular, Y(p,n) is

reflexive and weakly closed.

THEOREM 8.8: The W -topology of m(p ,n) coincides with

its WOT.

PROOF: Same as Theorem 7.7 except we use Ll = Hqu,

l.
+q—lo

el

THEOREM 8.9: Every weakly closed subalgebra of }7\.(p,n)
is n-reflexive.

PROOF: Similar to Theorem 7.8.

REMARK: If 4. is a weakly closed subalgebra of j7(p,n;)

_—— 1

. k . .
fori=1,...,k, then 21"’“1 is max{nl,...,nk}-reflexn.ve.

PROPOSITION 8.10:

(i) ,g(p,n) is a weakly closed subalgebra of X(H(p,n))

and

(ii) every weakly closed subalgebra of oé(p,n) is
reflexive.

PROOF: Same as in Proposition 7.11.

PROPOSITION 8.1l1l: J(p,n) is weakly closed and every

weakly closed subalgebra QA of J(p,n) is reflexive.

PROOF: Let (1 be a weakly closed subalgebra of .J(p,n) .

" Let T € ZL(H(p,n)) with Lat ( < Lat T. It is easily shown
that T € J(p.n)-
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By Theorem 7.8, every subalgebra of ;C({f{) is
n-reflexive. Thus we need only show that .

. n L] »
Lat (J(n) ¢ Lat T(n) in C . 1t suffices to show that if

n .
vi = (clil"'lcni) € C ’ i = 1,...,!1, then

[T()Ivyseee,v) € (A (M) I(vy,eensv, ).
Let Xyv ese 0 X be n distinct points in the open unit

disc. Let Pyr eev v pﬁ be polynomials such that

v, = (py (%) seeesp (%)) Since Lat X < Lat T, there
exists a sequence {Tj} in {{ such that
Tj(pl,...,pn) ----- > T(pl,...,pn) in H(p,n).

This implies that

Tj (Pl(xi).---lpn(xi)) ----- > T(pl(xi)"”'pn(xi))

and hence

[Tj(n)](vl,...,vn) ----- > [T(n)](vl,...,vn)

nxn
in C . The desired result follows.

PROPOSITION 8.12: Proposition 7.14 remains true when

Lp(u) is replaced by Hp, L(p,2) is replaced by H(p,2), and
L™ () is replaced by H .

Examples of reflexive subalgebras of ﬁUp,Z):

1. Let (1 be the collection of all matrices in Wi(p,2)

of the form
¢ v o
S(¢,Y) = where ¢, Yy € H .
o ¢
Then A is a weakly closed subalgebra of %(PcZ) .
claim: ( is reflexive.
Proof: Let T € X (H(p,2)) with Iat T 2 Lat L. By

Corollary 8.7 and the fact that each matrix in (. is upper
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triangular we get

o B
T = o, B, 6§ € H",
0 8
We want to show T é CL. Let
A w 0 o
T=T—S(5’B)= ) w=a—6eH.

It suffices to show Tl € Cz, i.e., w = 0.

- Suppose w ¥ 0. Then let £ be a point in the open unit
disc A such that w(£) # 0. Then T (1,z - £ = (,0) and
there exist ¢n, yn € Hé such that

[S(o ,v ) 11,2 - E)

= (¢n + (z - E)an(z - E)Qn) ----- > (w,0).
This implies that
N (z - E)‘cbn Ilp ----- >0 (1)
and '
| o, + (z -8y ~w h, === >0 seee. (2).
Since || (z - E)¢ || > dist(g, Tl ¢ | we get from (1)
n p n p
that I ¢n ﬂp ----- > 0. Thus (2) becomes
N (z - E)Yn - W “p ----- > 0. Hence (z - E)Yn —_———D W

pointwise everywhere on A. This is impossible since each
(z - E)Yn.vanishes at £ and w(g) # O.

We should recall that this algebra with H(p,2) replaced
by L(p,2) is not reflexive (see Theorem 7.9).

2. Let 3 be a w" closed subspace of H~ and let (L be
the set of all matrices of the form S(c,a) (using S(c,a) as
defined in Example 1) where o € 13, ce L. Then Q isa

weakly closed subalgebra of Nip,2) .
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Claim: L is reflexive.

Proof: Let T ¢ X (H(p,2)) with Lat T > Lat (. By the
preceding example we have T = S(B,Y) where B, vy ¢ H . It is
easy to see that B is a constant function. Thus it suffices
to show that Tl = (0,y) is in QA. Now proceed as in the
corresponding example of Chapter 7.

3. Given £, g e H. Let Q(f,9) be the set of all
matrices of the form T(y) = S(¥,¥'—Zr) where ¥ € Alg(f) and
w'—%T € H (S(¢,Y) is defined in Example 1). It is easily
seen that ((f,g) is an algebra.

Claim: (Q(f,qg) is weakly closed.

Proof: Let {T(wa)} be a net in Cl(f,g) such that
T(Y,) -===- > T. We want to show that T ¢ (U(f,g). Since

7Up,2) is weakly closed we have T = S(w,wl) where

1° Thus ¥ ¢ Alg(f) and hence
it suffices to shoew V¥, = ¢'—%r. We need the following

result in Rubel and Shields [171]:

If {fa} is a net in H® and A is the open unit disc

then
*

w
£, ""=> £ (====> [ £ dQu ---->[ £ du
for each finite Borel measure p in A.
Choose 2, € A such that Z4 # 0 and g(zo) # 0. Choose a € A
such that the segment [a,zol contains no zeros of g. Then

]
a— dz is a finite Borel measure on [a,zo] and hence -
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: Z
¥(zg) - v(@ = lim (y_(z)) - y_(a)) = lin Iao v, ' dz

. %o,
lim !a (W, .

f,)—gl_dz = [ Ow £ az.

Thus for fixed a the equation

plz) - Y(a) = f: wl% dz

holds on an open set. This implies that ' = wl_ﬁl or
¢1 = wi—%f. Therefore T ¢ ((f,q).

Claim: QUf,qg) is reflexive.

Proof: Let B € X(H(p,2)) with Lat B > Lat (Uf,g). By
Example 1 there exist ¢, ¢1 e H” such that B = S(¢,¢1). Let
(hl'hz) € H(p,2) and 77U be the invariant subspace for

Ql{f,9) generated by (hl’hz)' Then 2! is the closure of

{ (nphl + w'_%Thz,whz) : Y e Alg(f) and ¢'-%T e H }. Since
B(hl'hz) = (¢h1 + ¢1h2,¢h2) and Lat B > Lat CZif,g) there

exists a sequence {wj} in Alg(f) such that

. =g ®

‘pj fl € H o e @ (l)

\'thz ----- > ¢h2 in Hp ) (2)
and

. . D
L S
Vihy + ¥y —Fhy > ¢hy + ¢;h, in H° ... (3)
From (2) || (wj - $h, "p < M. It is known that if
h e H then Ih(z)| < 3. 1/p Fix € > 0. Then
(L - 1z17)

I(wj(z) - ¢(z))h2(2)|'$ g- on |z|° <1-¢P and hence

(wj - ¢)h2 is uniformly bounded on each compact subset of A,
Let G=1{2z¢4a: hz(z) # 0} and

GE = {2z e G : dist(z,3G) > € }. Then G€ is a compact set
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and hence |h_| > 8§(e) > 0 on G . Thus |y, - ¢l <M on G .
2 - ) € | - € €
Since wj converges pointwise to ¢ on G, this implies that

{wj} - converges uniformly to ¢ on compact subsets of G.

Hence wj' ----- > ¢' uniformly on compact subsets on G. It
. <+ '._9;_ _____ + l__g_ :
follows that wjhl wj f.h2 > ¢hl ¢ f,hz,unn.formly

on compact subsets of G. By (3) ¢hy + $ by, = ¢h, + ¢'—%Th2
on G. Therefore ¢; = ¢'—%T on G and hence on 4,

Finally, restrict Q(f,g) and B to HP®0. By using the
result that any.weakly closed subalgebra of multiplication
operators on i is reflexive we know ¢ € Alg(f) and hence
B e (I£,9).

This example poses the.following question:
QUESTION: Is it true that the weakly closed algebra
generated by S(f,g) is A(f,g) for any £, g € H?
Here 5S(f,g) is defined as in Example 1. The answer is
affirmative for the special case where £f(z) = z and
g(z) = 1.
Example of reflexive subalgebras of 7%KE,4):

Let Cz be the set of all matrices of the form:

A(c,d,y) = ‘ . o
where ¢ ¢ C and s vy € H .

oN oo
NOOoCOo

oe o0
=< Q0

Then Cl is a weakly closed subalgebra of fﬁun4).
Claim: ({ is reflexive.
Proof: Let T ¢ X(H(p,4)) with Lat T > Lat &. It is

easy to show that T is of the form
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ao0o0da0
0ao0do0 o
ca Bado where a ¢ d:, and o, B8, w € H .
0w 0 a

" Thus we only need to show T - A(a,w,B) =0, i.e., a -~ w = 0,
The proof for this is similar to the example after
Proposition 8.12.~ If H Iis replaced by L in this example
then it is not quasi-reflexive (see Theorem 7.10).
This chapﬁer leaves two questions unanswered.
| QUESTION: Is every weakly closed subalgebra of
iﬁkp,n) reflexive (or even quasi-reflexive)? If not,
are thére any reasonable necessary and sufficient
conditions for a weakly closed subalgebra of fﬁip,n)
to be (quasi-) reflexive?
QUESTION: If n > 4 then is every weakly closed
subalgebra of j%unn) (n-1) -reflexive?
In view of the examples of reflexive subalgebras of ﬁkp,z),

these questions are probably gquite difficult.
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