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NOMENCIATURE

cross sectional area of pipe; constant
nozzle area

wave speed in pipe

constant

constant

discharge coefficient of nozzle
diameter of pipe

turbine efficiency
Darcy-Weisbach friction factor
acceleration due to gravity
complex function of x only
complex head at upstream end
complex head at downstream end

elevation of hydraulic gradeline

steady-state elevation of hydraulic gradeline

fluctuation of hydraulic gradeline elevation

moment of inertia of rotating masses

e

number of harmonics

integer

length of pipe

linkage lengths in governor

i®
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BB

=

wheel speed

- displacement due to permanent droop

displacement of dashpot cylinder
manual speed setting

displacement of dashpot piston

= exponent on friction term

power of turbine
pover absorbed by generator
pressure in dashpot

complex function of x only

- complex discharge at upstream end

complex discharge at downstream end
discharge
steady-state discharge

discharge fluctuation

- resistance coefficient; governor constant

governor constants

radius to centerline of buckets

- governor constants
- time
= function of t only; torque; period

peripheral speed of centerline of buckets

fluid velocity leaving nozzle

function of x only
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distance along pipe
displacement of spool valve

hydraulic impedance

= characteristic impedance

impedance, upstream end

impedance, downstream end

real part of vy

pure imaginary part of vy

= vane angle, exit to buckets

governor arm angle

complex number; unit weight of liquid

- fluid density

phase angle, nozzle area to head
phase angle, speed to head
phase angle, discharge to head

circular frequency

vii



I. INTRODUCTION

In calculating the stability of penstock systems under the
control of a governor, the resonant periods of the complex piping systems
have not been adequately taken into account, Gaden(l) and Rich<2>
assumed the penstock system could be modeled by a simple pipe having the
same theoretical period 2 Mﬂ/a as the actual penstock with its usual
reductions in diameter. Borel(3) takes the pressure pipe and surge tank
into account, but considers incompressible surge only. Wylie(u)5) has
developed methods for finding the fundamental (apparent) period of a
piping system and its various harmonics, for inviscid flow conditions.

In this paper equations for determination of impedance phase
and magnitude are developed for analysis of complex piping systems with
real fluids, Then equations for an impulse wheel and governor are de-
veloped, linearized, and programmed to determine phase and magnitude of
impedance as well as other pertinent variables. A criteria for stability
analysis is presented based on energy concepts and the real fluid im-
pedance calculations,

Questions of stability are examined for two situations: waves
on the reservoir upstream from the penstock when the unit is not operat-

ing; and series systems under control of a governor,



II. RESONANT FREQUENCIES OF VISCOUS FIUID PIPING SYSTEMS

The water hammer equations for continuity and equation of motion,

in terms of discharge q and elevation of hydraulic gradeline h are,

respectively
gh _
QW + H by =0 (1)
a
and
h o+ L g o+ —— ¢® = 0 (2)
X gA t n
2gDA

in which a 1is the speed of the pressure pulse wave, A ié the pipe
cross-sectional area; f 1is the Darcy-Weisbach friction factor for
steady state conditions, D 1is the pipe diameter, n 1s the exponent
of the velocity in the loss term, g 1is the acceleration of gravity,
x 1s the distance from upstream end of pipe, and t 1is the time. The
subscripts x and t denote partial differentiation.

These equations are solved for steady-oscillatory flow, fol-
lowing methods of transmission line theory,(6:7) The variaﬁles h and

q are considered as
h=h+h' qg=9+gq' (3)

with h , q average steady-state values, and h' , q' variations from
the average. By making these substitutions into Equations (1) and (2)

and simplifying



and
'+ L g + Rg' = O (5)
X gh t
in which
— n-1
nf
R - 24 (6)
2gDA™

is used as the linearized friction coefficient for turbulent flow.
Equations (4) and (5), by differentiation, may be written in

terms of a single dependent variable, q' , or h' ,

- 1 ! g!—\ 1
Q' = = q' + & Rq (7)
XX 2 tt 2t
or
h' = L1 n' + 8 Rn (8)
XX 2 tt o t
a a

To solve Equation (8), let h' = X(x) T(t) , in which X is a function
of x only and T is a function of t only. After substitution and

rearrangement

=y (9)

in which y = o + iB must be a complex constant. The equation for X

in terms of y yields

X = Ae’* 4+ BeVX (10)



-
with A and B constants of integration to be determined by conditions
at inlet and outlet of pipe. By restricting the solution for T to the
steady-oscillatory case, T = Cj " with m=1iw ; i =V-1, and o
the angular frequency, substitution into Equation (9) yields
¥e = (a+ ip)2 = P& A(4R - &) (11)
8-2 . gA

After solving for ¢« and B

r 11/4
a = Q%é (ELJE + R° sin (E tan™t gAR) (12)
a® . L&A i 2 w
- 11/
B = weh (9__)2 + R cos (L tan™t gAR) (13)
a? | gA } 2 @

Since R and w are always positive, the angle is in the first quadrant
and « and P are real, positive numbers. These equations are easily
solved by computer for each pipe at the frequency ® being considered.

The equation for h' 1is
h' = el®F (pe?X 4 BeTVX) (14)
After combining this equation with Equation (4) to eliminate h' ,

g = Q8L It (nVX  petyX) (15)
ia27

The hydraulic impedance z(x) is the ratio of head fluctuation to dis-

charge fluctuation h'/q'

.2 X -yxX
72(x) = iya~™ Ae’” + Be (16)

WgA  peYX _ Be-YX
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The characteristic impedance ZC of a pipe is a function of  , defined

by

2
. = 2 2 g g (17)
C iwgA wgA

SO

77X -7X
Aeyx - ZBe-yX

A and B must now be expressed in terms of conditions at inlet and out-
let of the pipe.

Equations (14) and (15) may be written

h'(x, t) H(x)e®t (19)

iwt

a'(x, t) = Q(x)e (20)

in which H and Q are complex functions of x only. For the inlet,

let

x = 0, H(0) = Hp, Q(0) = Qg (21)

After substitution in Equations (14) and (15), eliminating A and B ,

H(x) = Hp cosh yx - Qg z, sinh yx (22)
-Hp
Q(x) = —— sinh yx + Qp cosh yx (23)
¢
and.
Zp - Zn tanh yx
2(x) = H(x) _ 2R C 4 (24)

Q(x) 1 - (ZR/ZC) tanh yx
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in which Zp = HR/QR . For known conditions at the pipe outlet, x = £ ,

let
x) =4 -x, B(2) = Hy, Q(4) = Qq , 2y = Hg/Qg (25)
hence
H(x) = Hy cosh yx, + 2z, Qg sinh yx, (26)
g
Q(x) = — sinh yx; + Q. cosh yx (27)
Ze 1 S 1
and

Zg + 24 tanh 1231

1+ (zS/zC) tanh yx;
Since Zp s Zg s 2o s and y are complex, z(x) is a com-
plex number having a magnitude lz(x)l and a phase angle ¢ ,
2(x) = |z2(x)] ei@q . The discharge lags the head by @q.

By analyzing a piping system, starting with known impedances,
say, at reservoirs, deadends, or orifices, the impedance at some desired
point in the system may be éalculated for a given o , when R, A, a, T,
£, n and q are known for each pipe. As a simple example, if a known
sine wave variation of head is superposed on a steady flow at a point,
and the discharge variation is desired at this point, the calculation of

imq

z = |z| e yields the magnitude of discharge fluctuation.

hl

Ah sin wt , q' = Agq sin (ot - cpq) (29)

AQ = T;T

For more complex periodic head variations, the head is expressed by a

Fourier series by use of harmonic analysis. The impedance for each of
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the frequencies is calculated and q' 1is then found by adding the har-
monics taking phase into account,
K
' = 2 Ag_ sin (kot - @) (30)
k
k=1
in which there are K harmonics and « is the frequency of the funda-

mental period. Those frequencies yielding a high Impedance are the

resonant frequencies for the system.



ITTI. EQUATIONS FOR IMPULSE TURBINE AND GOVERNOR SYSTEM

Since the principal aim of this paper is to correctly handle
the pipeline transients, the turbine equations are limited to the impulse

impeller, and variations in electrical transients are neglected.

A. Turbine

The power P produced by an impulse wheel is given by
P =opge (V-u)ull - cos t) (31)

in which p 1is the density, q the discharge, e the turbine effi-
ciency, V +the fluid velocity leaving the nozzle, u the peripheral
speed of the centerline of the buckets and ( the vane angle of the
buckets. If the power absqrbed by the generator is PG , then the equa-
tion for determination of speed change of the wheel is (from TN = Imaq ,
with N the wheel speed in radians per second, T the net torque, and

I the moment of inertia of rotating masses)
P - Py = INN (32)

N 1is the angular acceleration. From nozzle dynamics

V = Cd'\/Qgh s, Q= CdAn\/Egh ,u=Nr (33)

in which C4y 1is the discharge coefficient of the nozzle, A, 1is the

nozzle area, h 1is the head at the base of the nozzle, and r is the

radius of centerline of the buckets. By use of Equations (31) to (33)



Q-

o

P Cah, Vagh e(l -cos ¢) Nr (Cy \/ 2gh =~ Nr) - Py = INN (3k4)

By assuming constant e for small discharge and speed changes (i.e.,
constant windage, bearing, splitter and friction losses), Equation (34)

for steady operation becomes

P CdAnoV2gho e(1 - cos ¢) Nyr (Cy V2eh, - Nor) =By = 0 (35)

After dividing Equation (34) by Equation (35)

e e
- P o
Ay ' ho Wy G Veeh - Nor Pq, G, N Vo (36)

Let the superscript ¥ indicate the dimensionless variable,

€.8., AX = A/A, , N = N/No , N = ﬁ/NO . For a small fluctuation
- o
AN =N -DN ,and AW = N¢ -1, etc. Equation (36) may be reduced to
NOI‘ 1 X CdVEghO )
AR¥ o+ ANE |1 - * 3 &h* 11+ - AP
Cd Qgho - Nor Cd\/Egho - Nor
(37)
2 .
I e
P
%
Since N¥ remains close to unity, let N¥ = 1 , and define
NOI' 1 Cd. V Egho
c; = 1- ) G o= Z 1+
Ca \/ 2gh o = Ngr CdVEghO - Nor
LI e (
C3=3 N (38)
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then

NA* + Cl AN* + 02 Ah¥* = C3 Aﬁ* + APé (39)

is the linearized equation for the impulse turbine. When changes in

generator loading are not under consideration APE =1,

B. Governor Equations

The governing system of Borel,<3) shown schematically in Figure 1
is analyzed as a typical system with temporary droop provided by a dash-
pot. In Figure 2 the flyballs of the governor are assumed to pivot as
shown, and friction and gravity loads, except on the flyballs, are neglected,
Let B% be the angular velocity of flyballs, then ]Vg = Cg N, After

taking moments about O

2 2 ,
m C, ' Rg sin 6 cos 6 = mg R, sin @ (k0)
and
cos © = g (41)
R,C N2
g8
For steady-state conditions
g /ll,)
geg o

The displacement of governor collar from steady state position is
2grg (I + N,)

2 2 1P
RyCq 15 N

C, AN = 215 (cos 6, - cos 9) = (W - 1) (42)
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After linearizing

lH% rg Ll- r
g .
C4 = g—ag—ﬁg = cos @o (Lk)
gvg “'o Ng
In Figure 3, let Y = displacement of spool valve from closed

position (neglecting overlap); then

al
Y o= oo avs S (AN - o AN) (45)
in which Aﬂb is the displacement of dashpot piston from steady=-state
position, and £ , £2 are the linkage lengths shown. To nondimensicnalize
this equation, first divide by RNO , with R to be determined.

Y Kk = — = e —_—— AN * +
RN R (El + z2) (2

To simplify the arithmetic, let

b -1, m =1, o 2, a2
R(4,+4s) Po A T
(L7)
then
TR o AT+ AN (18)
P

To analyze the dashpot behavior, Figure L, the force F in

the piston rod is given by

F o= K& =(py -2 )4y (L9
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Ks is the spring constant, pl and Py the pressures in the cylinder,
and Ap the piston area. The flow through the piston of the dashpot

Qp is assumed to be laminar

CApp - Byl ot -
Qp = - -1 A (50)
128 WL,

D is the diameter of opening through the piston, £, its length, &
the viscosity, and CV a correction for end effects due to the short

tube flow. 1 1is the piston position; then

. . . C KS T Du
- T] = N - N = v e ( - ) (51>
C p 108 uﬁoAi t
using Equations (49) and (50) and ¢t = Np -N, . Let
128 pg A2
R = —22 Pu (52)
s
yielding

AN - ANg = R' (N, - A (53)
After dividing through by qu to nondimensionalize
o]
D - & = 3 C"ANP \

The displacement of spool valve is taken proportional to the
flow through it, which is proportional to the rate of change of position
X of the area control of the nozzle,

X - Xo) 1

= - — Y¥%
X5 Rl

e~ &
dt

.
A=)
w1
D
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The nozzle area change is proportional to change in X for small displace-

ments from steady state

AAn = 1‘2 DK¥ (56)

The position of the dashpot cylinder is proportional to X, Figure L,

* ' * (57

and the position Na of the permanent droop control, Figure 4, is given

by

* *
= K ’ (58)
AN r), OX* - AN (58

*
in which Aﬂm is the manual speed control.
By elimination of Y¥¥ | AN? , o5 Aﬂz , and AN% in
Equations (48), and (55) to (58)

0

* : *
— - - %
MAy (R +Rsrh) = =1y AR r, AN+ 1, AN - AT + Ry R AA

3 2
(59)

¢ 3 oo
In practice R, << R3 r) » 80 the AA¥ term may be dropped. By defining

! 1 3

R =R +R_ r

1 1 3L
A, = Rl LE Aby  + AN+ Ry AN ANm} (€0)

Equations (39) and (60) for turbine and governor may be solved by
assuming a steady-oscillatory sine wave variation of all variables at

the selected frequency w for the analysis., The following four equations



=14

define the magnitude and phase relations among the variables:

Ah¥ = AH sin ot (61)
Ag¥* = AQ sin (ot - @q) 62)
AT* = AN sin (wt - @N) (63
‘*' — > ,/' “;7
MR = MA sin (ot - @A) (64)

The substitution of Equations (61), (63), and (64) into Equations (39)
and (60) permits the solution for AN/AAH , A/ Aby, ppand gy.Then by use

of the nozzle equation from g = Cd A,V2gh
AQ* = A% + L ARx
2

permits AQ/AA and ¢ to be determined. A computer program has been
a

written to effect these solutions,



IV. ENERGY RELATIONSHIPS

Whenever oscillatory flows and pressures exist in a system the
energy input and output may differ from the steady state flow condition.
If a net energy input exists due to the oscillations, that is, the energy
in exceeds the energy out plus losses, the amplitudes will be magnified
until an energy balance is reached or a failure occurs. This is the situ-
ation when resonance develops.

Assuming the oscillatory motion superposed upon a steady state
condition or upon a zero flow condition in a system, the energy being

added during each wave period, T , is

T
[Ty n' q'adt .
0
If sinusoidal waves are assumed the evaluation of this integral yields

the energy in foot-pounds entering the system during each wave period.

- Z_Ei_flLJE 65
E = 5 cos (65)

For any given magnitude of oscillation, h' and q' , the phase angle,
$q , can be seen to be the important controlling parameter . At the
input end of a system a phase angle in the first or fourth quadrant
permits the addition of energy over the original steady flow condition.
At the outflow terminal of a system a phase angle in the second or third
quadrant allows a lower outflow of energy than the original steady flow
condition. In each of these cases the energy level will be increasing

(less losses) within the system if the other terminal of the system

-15-
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maintaing the same energy relationship as in the steady flow condition,
as is commonly the situation.

Using the impedance methods, phase angles can be evaluated for
any particular system over a wide range of frequencies. The phase angle
at the fundamental period of the exciting mechanism (or at the period of
one of the predominate harmonics of the wave form) provides the necessary

information to decide if an oscillating condition will develop or attenu-

ate,



V. PIPING SYSTEM EXAMPLES

A, Waves on Reservoir

A series penstock system leading from a reservoir to a turbine
is shown in Figure 5. If the turbine valve is closed, it is possible
for surface waves on the reservoir to set up pressure fluctuations in
the pipe. Should the surface wave period be such that the corresponding
phase angle from the piping system is at or near zero degrees, only a
few consecutive cycles would be required to add enough energy to cause a
severe oscillation,

The development of pressure fluctuations at the closed valve
in the system identified as system b in Figure 5 are shown in Figure 6.
These results were obtained using the characteristics solution<8) of the
equations for water hammer, Equations (1) and (2), on the digital compu-
ter. A two-foot sinusoidal wave form was assumed at the reservoir sur-
face, The wave period was selected to match the third harmonic of the
piping system at which point the phase angle is zero,

Figure 7 shows a plot of the pressure head transfer function,
calculated using impedance methods, vs. frequency. This transfer func-
tion is the ratio of the oscillatory head developed at the closed valve
end to the oscillatory head applied at the reservoir. The fundamental,
third, fifth and seventh harmonics are easily identified at the frequen-

cles associated with the large transfer function,

-17-
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B. Governed Turbine

With the turbine operating in the example shown in Figure 5,
the piping system can be ahalyzed over a wide range of frequencies using
the impedance concepts, yielding phase angle and impedance magnitudes at
the valve, The governor can also be analyzed in order to evaluate the
same parameters at the valve. If the impedance magnitudes are matched
at a frequency where the phase angles of the two system components are
in the second or third guadrant, an unstable operation will result.

In analyzing a given system with a particular governor setting,
a graphical representation of phase angle and impedance modulus ig heip-
ful. For the example under consideration, these are shown in Figure 8.
The upper curves represent, Pq > the phase angle between the pressure
and discharge at the valve, plotted against frequency. The lower curves
show impedance modulus vs. frequency. In each section the solid line is
information obtained from an analysis of the governor alone. The dashed
lines represent the results of the impedance analysis of the piping sys-
tem only.

Piping system b (Figure 5) represents a situation wherein the
governor and complex piping system are matched in a stable zone of opera-
tion., That is, at the matched condition of impedance the governor phase
angle is 285° which indicates stability. On the other hand, at the
matched impedance magnitude point of system a, the governor phase angle
is 257° indicating an instability.

Figure 9 displays the unstable operation of system a, Figure 5.

These data were obtained from a digital computer analysis which simultaneousily
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solved the linearized governor differential equations by Runge-Kutta
Methods and the hydraulic transients in the piping system by the method
of characteristics.

This same turbine, valve and governor setting on piping system
b, Figure 5, is shown to be stable as exhibited in Figure 10. The ini-
tial disturbance introduced to the system is shown to die out quickly on
the computer analysis,

The phase angle relationships at the valve can be observed in
Figures 9 and 10, The unstable condition in Figure 9 shows Oq = 256°,

while the stable condition in Figure 10 shows Py = 280°,

C. Other Excitations

A reciprocating pump produces a periodic pulse superposed upon
the mean flow through the pump. This periodic motion can be analyzed by
harmonic analysis and ®g can be determined from the system for each of
the harmonics of the pump period. Energy considerations show that, on
the suction side of the pump, @q in the vicinity of 180° at the pre-
dominate frequencies of the pump should be avoided. On the discharge
side, Pq in the vicinity of 0° at these same frequencies should be
avoilded., A comprehensive analysis of the entire system using impedance
methods can be easily acbomplished on the digital computer.

Any mechanism on the outflow end of a pipe line which will
operate in a manner such that the head and discharge are approximately
180° out of phase can cause an instability. This fact has been well

illustrated by a leaky seal on a large penstock valve at a Power Planta(5)
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In this case, on the high pressure side of the oscillation the leakage
was shut off, at low pressure the seal opened allowing a higher flow,

This provided an "ideal" exciter for a severe resonating condition.



VI. CONCLUSIONS

A method of stability analysis is presented for complex sys-
tems which are connected to various forms of exciters. The primary
basis for the analysis is the impedance theory which is developed for
viscous systems. ZEquations for the governed impulse wheel are also
developed and placed in a form suitable for solution on the digital
computer. The solution of these equations over a wide frequency range
along with the impedance equations from the piping system yields the
necessary information for the stability criteria. Confirmation of the
analysis is provided using the characteristic solution on the digital
computer,

Energy considerations are discussed and related to the imped-
ance calculations as they apply to the development of resonance in prac-
tical pipe line systems.

The impedance theory enables the analyzer to take into account
the complete detail of the piping system. Simplifying assumptions which

approximate the system are no longer necessary.

-21-
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Figure 8. Impedance Diagram for Stability Analysis



-30-

(°“/€ ) b *NOILYTTIOSO 39MHVHOSIA

10

-10

256°
$ =

35

25

20

I5

10

250
125
-12.5

(44) 4 NOUYTIOSO QV3H 3¥NSS3¥d

-25.0

( SEC)

TIME

Pressure Head and Discharge Oscillations for Unstable Governor

Figure 9.



_51_

(09s/o H) 0 ‘NOILYTI0SO  39HVHOSIA

O*I-

oc-

0¢c

Sl

JOUISAOD STQE}S JIOJ
SUOTYBTTIOSO 98IBUDSTIC PUB Pesl SINsSsSald

(03S) 3WIL

*0T 2In3Td

~

h

™
§~~

-,

-~
-
- - o e o
-

-
-

~———_~

Pl
Y
SN

0 /0] by

oS-

(0]

00l

(43) M “NOLLYVTIIOSO QV3H 3¥NSS3dd



