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PREFACE TO REVISED PRINTING

This paper is the third in a series of reports growing out of stud-
ies of radar cross-sections at the University of Michigan's Willow Run
Research Center. The primary aims of this program are:

(1) To show that radar cross-sections can be determined an-
alytically.
(2)  To elaborate means for computing cross-sections of ob-

jects of military interest.

(3) To demonstrate that these theoretical cross-sections are
in agreement with experimentally determined values.

Intermediate objectives are:

(1) To compute the exact theoretical cross-sections of various
simple bodies by solution of the appropriate boundary-value
problems arising from the electromagnetic vector wave
equation.

(2) To examine the various approximations possible in this prob-
lem, and determine the limits of their validity and utility.

(3) To find means of combining the simple body solutions in
order to determine the cross-section of composite bodies.

(4) To tabulate various formulas and functions necessary to
enable such computations to be done quickly for arbitrary
objects.

(5) To collect, summarize, and evaluate existing experimental
data.

Titles of the papers already published or presently in process of publi-
cation are listed on the preceding page.

K. M. Siegel
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PREFACE

The most important parameter characterizing the scattering
from any body is the radar cross-section. Unfortunately, theoret-
ical radar cross-sections of general shapes have not been found,
and experimental data still lack precision.

Exact theoretical solutions have been obtained for certain three-
dimensional shapes including the sphere, prolate spheroid, parab-
oloid and semi-infinite cone (with source on extension of axis of the
cone). The radar cross-section of a sphere has been determined
and numerical answers obtained over a range of several parameters
(Ref. 1, 2, and 3). For the prolate spheroid (Ref. 4) and the pa-
raboloid (Ref. 5) theoretical solutions have been formulated but only
one numerical answer exists for the former and none exists for the
latter. The exact solution for the semi-infinite cone has been found
from electromagnetic theory by Hansen and Schiff (Ref. 6). In order
to compute numerical values from this solution, it is necessary to
determine the zeros of certain associated Legendre functions. How-
ever, as shown in Reference 7 the tables currently in use which list
the values of these zeros are inaccurate.

The present report is the third in a series of reports which
will discuss the problem of the scattering of microwaves by various
shaped objects. In this over-all program, the numerical values for
the cross-sections of certain simple shapes are being computed for
a range of physical parameters which is either realistic at present
or will be realistic in the near future.

The first of these reports (Ref. 4) described the scattering by
a prolate spheroid.

The second report (Ref. 7) discussed the properties of the as-
sociated Legendre functions of non-integral degree.

The present report reviews the solutions to the cone problems
which are obtained from physical and geometrical optics and electro-
magnetic theory. New results presented for the first time in this
report are as follows:

ii
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1. A quick method is used to obtain solutions to the scalar
wave equation for plane waves scattered from a body when the
solution is already known for the case of a point source placed
a finite distance from the body.

2. Carslaw's method for a point source is extended to
include the solution for plane waves.

3. The scalar differential scattering cross-section is obtained
for the scattering of plane waves by a semi-infinite cone.

4, The relationship between radar cross-section and differen-
tial scattering cross-section is derived. (Although the authors
know of no reference in which this derivation appears, they feel
this result is well known).

5. A comparison is made between the sound-theory (scalar)
and electromagnetic (vector) solutions to the cone problem.

The next report in this series (Ref. 23), will discuss the
Hansen and Schiff solution (Ref. 6) for a semi-infinite cone more
fully. An analysis will be made which shows how to re-interpret
the Hansen and Schiff solution to yield a correct conclusion. A
cross-section for the cone is then obtained from this solution and
compared with experiment.

iii
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NOMENCLATURE
-—p
A = vector potential
-
E = electric field vector
ey
H = magnetic field vector
2
H(.) , (kp) = Hankel function of the 2nd order, degree i + 1/2,
1+/2 argument k p
Jni+1/a (kr) = cylindrical Bessel function of degree n, + 1/2 and
argument kr
- :
K = surface current density
ko ) x AR AR
K"i+/2 P 1 E 3 n m+ %) m €
(ni+1/2)j'n‘
X |J (kp) - e J k
-nj-% P ni+,1/2( p):l

Z
=
[N
+
aN
’:;.
=
-~
1]

cylindrical Neumann function of degree n, + 1/2 and
argument kr

Pni (M) = associated Legendre function of the lst kind, order
m, degree n,, argument u
m
Qni (/1) = associated Legendre function of the 2nd kind, order m,
degree n;, argument M
c = velocity of light
g =

-27kz
/ e dA = equivalent flat plate area
A

real integer

[N
"

iv
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NOMENCLATURE (Continued)
\/ -1

. / 14
spherical Bessel function = —_ k

2%
A
n +1/2
dPL,: ( o)
real number defined by —mTl/L—/i)— =0
dPn;
real number defined by ——n-é-/(#?— =0

: : [
1 N funct : \[5—
spherical Neumann function >kr Nni+1 /Z(kr)

radial distance in spherical coordinates
radial distance in cylindrical coordinates
solutions of Legendre's equation

real numbers defined by n = @ +j 8

dielectric constant (60 = dielectric constant of free
space)

a real number 0 <€'< 1

intrinsic impedance of free space

angle measured from z-axis in spherical coordinates
angle in cylindrical coordinates

1/2 total cone angle

wave length
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NOMENCLATURE (Continued)

M = cos 6 (/10 = cos 60)

M = magnetic permeability (,ué) = magnetic permeability
of free space)

TI (x) =[" (x + 1) where [* is the Gamma function

Io = distance measured along axis of cone from vertex to
source of radiation

g (0) = radar cross-section

O'D(B) = o‘D = differential scattering cross-section

O'D (0) = differential back scattering cross-section
27 c
w = angular frequency = X
¢ = azimuthal angle in spherical coordinates
Miscellaneous
* = complex conjugate
Ke (x) = the real part of x
N N AN
i, j, k = unit vectors along the rectangular x,y, z, axes respec-

tively (Note: the symbol Awill always denote a unit vector).

dPn, (o) dPn;(u)
Tapg au
H a M=K

9% Pny( 4 o) 9 *Pn;(u)
dnjOu On; Ou

HM=H o

vi
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NOMENCLATURE (Continued)

Miscellaneous (Cont'd)

)

W, u, ug eigenfunctions of the operator v? + k® with the

eigenvalue 0,

o (x) terms of the order of x
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RADAR CROSS-SECTION

The radar cross-section g7(0) is defined as the area intercept-
ing that amount of power which, when scattered isotropically, pro-
duces an echo at the source_of radiation equal to that observed from
the target. That is, S5 = % where r is the distance from
the antenna to the target and S5 and S' are the average scattered
and incident Poynting vectors respectively. 07(0) indicates that
backscattering takes place along @ = 0 where € is the usual angle
in spherical coordinates measured down from the z-axis. It is
assumed that the incident wave is linearly polarized and along the
z-axis and that only the component of the scattered wave with po-

larization similar to the incident wave is used in determining ¢°(0).

The radar cross-section described above is related to what is
commonly known as the differential scattering cross-section, oD-
The latter can be described in the following manner. Consider a
plane wave incident upon the scattering body; then physically, at
large distances from the body, the solution to the wave equation
(either vector or scalar) must have the character of an incoming
plane wave plus an outgoing spherical wave which appears to di-
verge from the scattering body. If spherical coordinates are em-
ployed, this condition can be expressed mathematically as

. -jkr
g - elkrcose e [f(9’¢):l

r

where, for scalar fields, u is the solution to the scalar wave equa-
tion, and for the vector fields, u represents one of the three com-
ponents, u, , u, , u;, of the solution to the vector wave equation.

The differential scattering cross-section ¢'p is then defined for the

scalar case as 0 = If(6,¢)| 2

and for the vector case as 0O'p = lf1(6,¢) 2+ |5,00,4)|% + 2

£,(0,¢)
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Although the radar cross-section is strictly defined only for
the backward direction, the differential scattering cross-section
gives the complete angular distribution of the scattered wave. For
the backward direction we call the latter the differential backscat-
tering cross-section or, simply, the backscattering cross-section.

In Appendix B it is demonstrated that the radar and backscat-
tering cross-sections are related in simple fashion, namely, that

a’(0) = 47 07y (0).

In general, in order to calculate the cross-section of any ob-
ject one must determine the electric and magnetic field intensities
at all points in space. That is, for a charge-free, homogeneous
medium, a solution to the vector wave equation Vi + k2C = 0 is
required, subject to Maxwell's equations and to the proper boundary
conditions at the surface of the scattering body, Here, C stands
for any of the pertinent vector quantities, E, H, B, D, or A.

The solution of the vector wave equation for any body presents
great difficulties, both mathematical and theoretical. One widely
known method developed by Hansen (Ref. 9, p. 392) constructs
solutions to the vector wave equation from known solutions to the
corresponding scalar wave equation. But the scattering body must
be the contour surface of a coordinate system in which the scalar
wave equation is separable and for even the simpler types of sep-
arable bodies the problem involved in obtaining a numerical answer
can become quite formidable (see Ref. 4 and 6).
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II

APPROXIMATE METHODS

Because of the difficulties mentioned above and in order that
some numerical answers may be obtained (even if they are only
approximate) the methods of physical and geometrical optics are
employed. The regions for which these methods are applicable
are as follows: when the wave length of the incoming radiation
is small compared to the dimensions of the scattering body the
methods of physical optics may be used. In the limit of vanish-
ing wave length the methods of physical optics reduce to those of
geometrical optics.* When the wave length of the radiation is of
the same order as the dimensions of the scatterer, then electro-
magnetic theory must be used, i.e., a direct solution to the vector
wave equation must be obtained. When the wave length is much
greater than the dimensions of the scattering body, the Rayleigh
Law is applicable.

The basis of both physical and geometrical optics is the
Kirchhoff-Huygens principle, originally applied to scalar fields
but later extended (see for example Ref. 9, Sec. 8.14) to electro-
magnetic fields, This principle states that if the value of a field
quantity is known at every point on any closed surface surround-
ing a source-free region, each elementary unit of surface can be
considered as a radiating source, and the total field at any interior
point is given by integrating the contributions of all the elements
over the surface,

A, PHYSICAL OPTICS

In order to apply the methods of physical optics, certain simpli-
fying assumptions will be made in this report. They are.

*For a proof of the statement that the diffuse boundary of the
shadow in diffraction phenomena (i.e., physical optics) becomes the
sharp shadow of geometrical optics as the wave tends to zero,

(see Ref. 8, p. 79).
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1. Only back scattering is calculated.

2, The scattering body is assumed to be a perfect electrical
conductor.

3. The dimensions of the scattering surface are large com-
pared to A, the wave length of the incoming radiation.

4, The scattering surface is assumed to be smooth, contain-
ing no abrupt corners except possibly at its extreme edges.

5. The distance from the radiation source to the target is
large compared with the dimensions of the target.

Because of Assumption 2, all fields inside the body are zero
and the tangential component of E and the normal component of
H are zero on the surface. Because of Assumption 3, the sur-
face of the body is so large in terms of wave length that ﬁt
(the total magnetic field on the surface) has the same value
that it would have if the surface were infinite in extent.  On
the back side the field is then zero, and on the front side Hi is
twice the tangential component of the incident plane wave. Thus,
if the incident wave is traveling along the z-axis with its magnetic
vector of amplitude H, in the direction i, perpendicular to the
z-axis, then on the surface the magnetic field is given by
rd e-]kz

H =it2Ho

" (II-1)

where ?t is a vector tangent to the surface and giving the direc-
tion of the total surface field.

1, =2a-(@3.1nn (1-2)

and n is the outward normal to the surface. Stated in another
way, since no tangential electric field can exist on the target sur-
face, a reflected tangential field must be set up which is equal in
magnitude but opposite in phase to the incident tangential electric
field at every element of the surface. Hence, a reflected tangen-
tial magnetic field is induced which is of the same magnitude and
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phase as the incident tangential magnetic field, and the total tan-
gential magnetic field is equal to twice the incident magnetic field.
This situation is illustrated in Figure II-1 below. ﬁo is a unit vec-
tor in the direction of the incident wave.

iE.:i
Kerr (Ref. 1, Ch. 6)
derives the physical op-
tics approximation to the incident n
radar cross-section by 0
making use of Stratton's ;Ii

expression for the mag-

netic field which comes

from a vector extension

of the Kirchhoff-Huygens 'ﬁo

principle. Another meth- reflected

od of obtaining the phy- -’: 1E

sical optics expression Hp r
is to calculate the sur-
face currents, the re-
sulting vector potential and then the field from the vector poten-
tial, This method will be discussed in Appendix C. The treat-
ment given below, however, is due to Kerr.

Figure II-1.

If a plane wave falls on an object of arbitrary surface 3,
the object scatters the incident wave, and the current and charges
within the object may be considered the source of the scattered
wave.

Stratton's Equation (20) (Ref. 9, p. 466) may be adapted to the
present case and becomes, by virtue of Assumption 2, (superscript
s denotes scattered wave)

- 1 = e.jkr
H‘°’=+Z-7-rf ﬁxﬂt)xv<r> ds. (11-3)
S

The surface of integration is the surface of the object and a closed
surface at infinity (the integral over this surface is zero). Be-
cause of Assumptions 1, 3, and 5, we may write
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) = -4 (6 5)
v - = =-n4\jk -

where r is the distance from any element of area dS to the point
of observation. Using the usual physical optics approximation
(removing r from under the integral sign where it affects only the
amplitude and may be treated as a constant, but retaining it where
it has an effect on the phase), Equation (II-3) becomes

- ik - -
H =+ 211-’-1: / ﬁo X (0 X Hy) e kras . (I1-4)
S

Let us now consider the case of the incident plane wave travel-
ing along the z-axis, Then Equations (II-1) and (II-2) apply and we
find that
-jkz

A A -
fi, x (i xHy) = -28H, e (Ap-N) .

If dS is the element of area on the scattering surface and dA is
the projection of dS on the plane normal to the line-of-sight, then
dS and dA are related by dA = - (n, - n) dS . Then for back-
scattering, Equation (II-4) becomes

- . A Y
AS - , ikHod / o 2ikz g (II-5)
A

The cross-section is given by

*Kerr's third equation (Ref. 1, p. 463) is in error and should
read i X (@ X 1;) = -2 (A, - 1)
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. . 27 .
Using Equation (II-5) and remembering that k = >~ we finally
have

2
AT -2jk am
g = -XT f e Jxz dA = Y |g|2. (11‘6)
A

The term /; e-ZJkZ dA is called g, the equivalent flat-

plate area, by Spencer (Ref. 10), It is equal to the summation
(of the projection on a plane normal to the line-of-sight) of each
elementary area dS of the target multiplied by a phase factor

-2i . .
e Jkz which assigns to each area a phase depending upon its

distance from the transmitting antenna of the radar. Thus Spencer
notes that the amplitude and plane of polarization are constant and
independent of orientation as long as the projection of the scatterer in the
direction of the line-of-sight is constant. Note that for a closed body in-
tegration is from the tip to the edge of the geometrical shadow. Thus the
assumption is made that the geometrical shadow region does not contrib-
ute to the scattering. This point will be discussed later in this section.

We now turn to the actual calculation of the backscattering
cross-section of a finite cone (aligned along the z-axis as shown
in Figure II-2) using the method of physical optics. The equiv-
alent flat-plate area, g, must first be calculated. For a cone,

r? = z% tan? @,and the cross-sectional area A = mr? = 7z*tan®0 .

i —

a Ny

Figure II-2.
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zO
Then g = 2tan* O, 7 / ¢~ 2ikz zdz
()
: _ z
. e-Zsz -2jkz |7©
=27 tanzel A - S Y
-2jk (-2jk)
_ 27 tan?0 , -2jkz -2jkz
NG “kzoe T -e TR

Using Equation (II-6) and k = %\7—( we have

tan4e AZ s Y 2
0 R | kg, o %0 - B0 4

If we restrict our consideration to microwaves ( A <30 cm
and k> L cm '), then kz, > > 1 for any object of dimensions
zo >>5 cm. Using this approximation, the scattering from the
base of the cone reduces to 0”= mz,? tan* @ |, while for scatter-

ing from the tip,

AZ
a =167(tan49,. (II-7)

As can be seen, with the assumption kzy > >1, if the base
of the cone is sharply defined, the scattering from it will outweigh
the contribution from the tip of the cone. However, if the base of
the cone is cut very irregularly or the cone curves gradually so
that it becomes parallel to its axis, the scattering from the tip
will become dominant. Hansen and Schiff (Ref. 11) discuss this
point in some detail. They investigate the contribution to the scat-
tering of a pointed body of revolution from the penumbra region,
i.e., the region immediately behind the edge of the geometrical
shadow, and conclude that under the assumption of short wave-
lengths (kz, > >1) the contribution from the tip is the dominant
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one. This conclusion is very important for it enables us to approx-
imate the back-scattering from certain important practical shapes,
such as the ogive, by considering only the scattering which would
result from the tip of the semi-infinite cone with the same angular
opening as the front end of the missile.

B. GEOMETRICAL OPTICS

In the limit of vanishing wavelength, the methods of geomet-
rical optics are applicable. Polarization and phase are now neg-
lected, and the scattering of the energy depends entirely on the
target and antenna geometry, since the energy flow is directed
now in straight lines.

The method is applicable only to smooth surfaces, or to those
portions of a body which are smooth. Geometrical optics does not
take into account diffraction effects which arise because of the wave
nature of electromagnetic radiation. The method is most easily
utilized for quadric surfaces with two finite principal radii of cur-
vature, but may be applied by suitable refinements to such surfaces
as flat plates and cylinders where one of the radii of curvature is
infinite or very large compared to the other.

The scattering from a semi-infinite cone or from a pointed
body of revolution viewed head-on may not be calculated by this
method since the effect of the conical point cannot be determined.
However, formula (II-7), derived previously from physical optics
under the assumption kz > > 1, may be thought of as a geometrical
optics formula since it is the physical optics formula in the limit
of very small wave length.

Given below is the geometrical optics derivation for the radar
cross-section valid for smooth, curved surfaces with two finite
principal radii of curvature. This derivation is due to R. C,.
Spencer (Ref. 12).

The cross-section of a body is now defined as the cross-section
of an isotropic scatterer which would scatter the same energy in
any given direction as the actual body. It is assumed that the
plane waves of intensity I,, arrive at the point of reflection P on
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the body. An isotropic scatterer intercepts an amount of power
equal to Ioo and thus, the scattered power dP® per unit solid angle
dw is

ap® 100 477 dP°
= O' = ————
dw = a7 and I, dw

Note that the differential solid angle dw encloses the reflected
ray. Making use of the law of reflection for a smooth body
(namely that the angle of incidence 6 is equal to the angle of re-
flection), it is now possible to express the cross-section in terms
of the differential solid angle dw,enclosing the normal to the sur-
face. This is shown in Figure II-3, below, by the solid angles
dw and dw, on the unit sphere, where the points T, P, N, and
R, are respectively in the direction of the transmitter, the point
of reflection, the normal to the scattering surface at the point of
reflection, and the receiver.

dw, =sin Od¢d6
dw =sin (26)d ¢d(26)
= 4 cos 6dwo

Figure II-3

10
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The power incident on any surface area dS of the body is
I
dP" = I0 cos © dS so that 0 becomes O = g—i—s since dPS = dPI.
(s
For a quadric surface with principal radii of curvature R; and
R, the solid angle enclosed by the normal to the surface element
ds is o ds
°© R,Rp -

This simply says that the expression

R, is equal to the equiv-

alent solid angle dw, on a unit sphere enclosing the normal to ds.
This is shown in Figure II-4, where the unit sphere may be en-
closed within the body or may completely surround the body and
the center of the sphere is on the normal to dS.

Figure II-4

Thus, the dey shown in Figure II-3 is of the same magnitude as

the dw, occurring in the expression dw, = Rd}S:{

11v2
are the differential solid angles on a unit sphere enclosing the nor-
mal to the surface dS of the scattering body. Finally then,

since they both

o = MR, R,.

Note that 0 is independent of @ ; hence, it can properly be called
the radar cross-section since the formula is valid for @ = 0.

11
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III

SCALAR SCATTERING BY A SEMI-INFINITE CONE

In this section, the scattering from the semi-infinite cone is
solved by the scalar wave equation, making use of a particularly
elegant technique. Two other techniques are exhibited in Appendix
A: the method of separation of variables; and the method of con-
tour integration. Solution of the scalar cone problem by three
different methods is justified by the wide interest shown in it (see,
for example, Ref. 13, 14, 15, 16, and 17). Furthermore, the
auxiliary information obtained by these different methods has been
valuable in obtaining relationships between special functions which
have proved useful in our other scattering work.

Carslaw (Ref. 17) solved the following "sound" problem. He
placed a point source on the extension of the axis of symmetry of
a semi-infinite cone at a distance p from the tip. He solved the
problem for the scalar wave equation with ert type time dependence
and insisted that the normal derivative of the solution go to zero
at the boundary and that there should be no reflection from infinity.
This is stated mathematically

|
o
e

1}

Viu+k*u-=

Ju
_] = 0 at body.
(anormal) at body

As r approaches 0o, u cannot have ejkr type dependence.

The solution to his problem was split into 2 parts. He ob-
tained one part for p>r and one for P <r., For prr

Kt 1 (I1I-1)
4 J'z (nj+ E) Pni(/l) Jni'l"é'(kr)
\/__ i itz d Pni(/lo)
r .
a (1~ 1" 1Poy{ o)~

where the n; are the zeros of P%li(/.to), j=-1, = cos @ and

6, = cone half angle.

12
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Now a point source at infinity appears to an observer as a
plane wave. The cone problem of interest to us is the scattering
of a plane wave by a semi-infinite cone. (Physically the plane
wave is supposed to represent, much later in our analysis, a
radar beam emitted by a parabolic antenna.)

Since Carslaw's solution already is a solution of the correct
differential equation with the correct boundary condition at the body,
we must only find a method of moving the point source at ( /), 0, 0)
to infinity.

We thus go on a 'classical tour' to portray mathematically

the physics of a point source moving to infinity and becoming a
plane wave. The expansion for a point source (Ref. 18) is

-jkR =
e n -l i
. T, /$ Z (21 +1) 3y, 4 (kr) Hii)i (kp ) Py(p)

i=0
for P)r
2 2
where R='\/rz+Pz-2rP,_[ = P\/l__lro'ﬁ_.,_gr.

Now for large p

= p-5H)

i+1

(2) -jk
1+—- (kp ) \/ﬂkp (-) e P

oIRlp -1yt )
p- Ty

Jhrp [ .
j_l‘& = -2—17:; Z (-1)1/2 (21+1)Ji+% (kr) Pi(/t)

‘jk/’

VZk Z (- 1) (21+1)J+1(kr) Pi(lu)

13
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Now taking the limit as p >
Jap L [N ()2 iy g, .
e Y : (-1) (21+1)J1+_é_(kr) Pl(,u)

which is the well known expansion for a plane wave.
We went on this classical tour to observe that

M e-JkR ° p = ejkryl.
p->oo R e-jkﬂ

Since the sources are really fundamental solutions to the boun-
dary value problems they represent, the transformation between
sources is representative of the transformation between total boun-
dary value problem solutions. Thus, our method of attack is to
take Carslaw's solution* for a point source at ( P> 0, 0) and trans-
form it in exactly the same way in which we transformed a point
source into a plane wave.

Let ‘&”’L o+ ——— | =w, whereu

P : .

E -1).

proo Ungrslaw ikp - is Equation (III-1)
e

Carsla

Now for largef) (Ref. 17, p. 138)

—  -ilkp + )
Knlikp) = Voo ‘

*All sums will now be considered to be finite sums. This as-
sumption is justified in Reference 23.

14
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. x
W - Lim 4 P 7 e'J(kp+4)
- -+ 00 :
P \/—ITO— e’JkP 2kp
7
S
« e (nj +3) Jni+%(kr) Pn(p)
0% Pp.( o)
L A ) Pyl fo) —a—%
niﬂ
eJT(n+i)J 4 (kr) Pp ()
t2) Ing+ n;
W =4 -Z-Z-rk—r- L s (1 ) (I1I-2)
I (1 -p3) Py po) 2~ PLLO
ania/i

dPni( /10)
where the n. are the zeros of —— .
1 dl"
Ordinarily we would now prove that the boundary conditions
were satisfied; however, this will be shown in Appendix A, where

the same answer is derived by two other methods.

In Appendix A we derive the differential scattering coefficient
from Equation (III-2). The differential coefficient is
jni'n' 2
1 Z (Zni+1)e Pni(}l)
k? 2 y 8°Pni( Ho)
poo) — T —
On; oM

fD(Q) =
Pni(,Uo) (1-

i

In Appendix D we show that

1 2 2 o%p (M o)
_ l1-HFpo nj Y
/[P“i(/“il W =t Pnjl fo) dn.op
Ho

1
when the ni's are the zeros of Pni (/uo).

Jnl

Pp.(4)

f[P (/u d/.t

1
Thus op(O) = =z
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For axially symmetric back scattering

THi0) = iz :
D K IZ {:E)ni(/l ZIz »

ng

as Pni(l) = 1,

16
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Iv
HANSEN AND SCHIFF SOLUTION TO VECTOR SCATTERING
BY A SEMI-INFINITE CONE

Hansen and Schiff (Ref. 6), using a method due to Hansen
(Ref. 9, p. 393), solve the semi-infinite cone problem for elec-
tromagnetic scattering., For axially symmetric back-scattering
from a semi-infinite cone Hansen and Schiff show that

2
0 (0) = ny(o; +1) e _ mylmy+l)e ikl
D k? 2By, 2B,
: i i
where
1 2
_ 1
- f [Bue] 9
Mo
1 2
1
Bmi = [Pmi(/l )] d}l .
Ho

The nj's are the zeros of Prlli(po) and the mj's are the zeros

Pl o
of ——— .

oz

17
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\'

COMPARISON BETWEEN SCALAR AND VECTOR SCATTERING

FOR A SEMI-INFINITE CONE

Much has been said in the literature about the use of differen-
tial cross-sections obtained from scalar theory to approximate
scattering cross-sections obtained from vector theory. In this sec-
tion we point out a relationship that arises when a comparison is
made between the o"D (0) of the vector cone problem and the o‘D(O)

of the scalar case.

For the scalar case we observed

1 ejniTr
opl0) = iz Zfl > (V-1)
i l:Pn.( ):| d
e L]
where the n;'s are zeros of P:l_(;.to).
i
Hansen and Schiff found for the vector case that
-ini 7t -im; 7T 2
) ni(ni+1)e:'1 mi(mi+1)e:I 1
ap (0) = 3z }: (V-2)

1 2 B 1_ . 2
i zf I:Prlli(/u ):I du zj [P;ni(/u ):| ap
Ho Ho
where the nj's are defined as in the scalar case and the m;'s are
dpini(/‘o)
T

In order to make the form of Equation (V-2) more like Equa-
tion (V-1) replace nj by -nj-1 and mj by -mj-1l.

zeros of

18
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Thus, Equation (V-2) becomes

n: ms 2
! n(n +1)e‘]1 m(m +1)e'] w7
a‘ (0) =2 Z (V-3)
S T S o 2 ] o
By Appendix D
1
; 2 L - g [ 9Pl o)\ [dPny( pto) (V-4)
I:Pni(/” W=+l d dn
i H i
Ho
and
f [Pn (Iu):l du = Zn +1 —O/Ja o Pni(,uo) . (V-5)
Ho
In Appendix D (Eq. D-11) it is shown that when the boundary
Pyl |
condition is ——— = 0, one obtains
g
1
1 2 2 %P Uo)
1 By r mj! Ko 1
/ I:Pmi(/u ):| d/u - 2m; +1 Opudmy Pmi(lu'o)' (V-6)
Mo
Applying a recursion formula plus the boundary condition we
find
dPp,. (/lo) >
(1 -/JO ) —7“—— = nj(n; + 1) 1 - [y Pni(/.lo), (V-17)

The definition of the associated Legendre function is

1 2 dPni(/“
Php) = -\l -p - (V-8)
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Applying Equation (V-8) and (V-7), to Equation (V-4) we ob-

tain
1 2 n.(n, +1) BZPn,(,uo)
f o] G = o 0 ) P prod g (V)
Mo

Now combining Equations (V-9) and (V-5) we obtain

/1 [P;li(/.l):lzd/.i =+ni(ni+l)/1[Pni(/u):|2 d/i. (V-10)
Ho

Mo

Using recursion relationships with Equation (V-6), remember-

dPrn. (o)
ing ——d—;l——- = 0, and using the m; form of Equation (V-8) we
obtain
1
2
fl:P’}rli(ﬂZl dy = mj(mj + 1)(}13 - 1) Pmi(}lo)
Ho
Pmi(,uo) m;j(m; + 1) dei(/-lo) 1 aZPmi(/uo)
X ya +/uo(2mi +1) dm;j  2mj+1 Oudm

(V-11)
We have now evaluated algebraically all the terms in Equa-

tions (V-1) and (V-2). Now by Equations (V-10) and (V-3) we
observe ‘

jmj
m,(m, +1)e
! 111 il
TBO) g | 5 ).

1 ﬁ Pail] 0 [Phtp] 9

Thus Equation (V-1) for the scalar case and Equation (V-12) for
the vector case will be identical if

2
. ms;r
no

eJ 1N

1
-3 . (V-12)
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. jm, 7
Jninr m.(m.+1) e
Z el 5 = - Z 11 11 > (V-13)
[l LTE T e

and then the cross-section for the scalar case would be identical
with the vector case.

It will be shown in Reference 23 that Equation (V-13) cannot
be true and thus the scalar and vector cross-sections for a cone
cannot be equal. However, as pointed out in Reference 23, for
many bodies the scalar cross-section may be a first approxima-
tion to the vector answer.

21
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VI

CONCLUSIONS

In this report an attempt was made to lay the ground work of
our physical optics and geometrical optics approximations for radar
cross-sections, We have also presented a cone solution to the
scalar or "sound" problem. We presented the Hansen and Schiff
cone cross-section solution to the vector problem to point out some
mathematical similarities between the solutions to vector and scalar
problems.
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APPENDIX A

SCALAR SCATTERING BY A SEMI-INFINITE CONE

1., CONTOUR INTEGRATION METHOD

This section will be divided into four parts:

a. The expansion of the source (a plane wave) in Bessel
and Legendre functions.

b. The expression of the source function as a contour
integral.

c. The total solution (made up of the plane wave plus
the scattering due to the cone).

d. The boundary conditions.

The physical picture is shown in Figure A-1 below:

Plane waves

r <
6, 2] ——
| .
Figure A-1

The differential equation to be satisfied is:

Viu+k¥qu=0.
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a. The expansion of the source.

For a plane wave traveling along the z axis as shown,

: e.]k(ct+z) '

jkz _ ejkrcose

The time independent part u, = e’ is a solution

of
Vi, + kA, =
We know a general solution of this differential equation to be:

o0
1
U, = W Z A; Jity2 (kr) Pj(cos ).
i=0

Therefore
fo'e)

jkr cos O _ 1
e = iZ=O AT, B0 Py (cos 0).

We may now compare powers of kr cos 6 on both sides of the
above equations. Note first, however, that

00 m ity2+2m
(-1) k
1+l/2 kr) = Z m! r (i + 32 + m) (-Z_r)
m=0

and

2i)! i i 1-i 1 1
Pi(cos 6) = ;-1-(-5?—)2— [cos 6] ;_Fl(--lz-, —E—l-, = -1i; 5 )

Then taking the first terms of Ji+1/z (kr) and P, (cos O )

we have

(j)i (kr cos 9)i i} Ai (kr)i+% (21)' [cosG]1

it (kr)1/2 zi% [ (i+%) 2b (2

(A-1)
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Now using the followmg relat1ons (Ref. 18, p. 1)
/ 2i
[ (2i) = 27227 () [(ith)

27
(2i)! = [M(2i+1) = 2i ["(2i)
equation (A-1) becomes

L A 2% ) r(i+‘/2)
G) = 1+3’

l v .
2 (i+3) 22 2t i

But
i@ =Ta+) =it and [ @+%) = (i+%) [(+%) .
, A, .

Then (j) = ———— or A, = (it} j Vo .

(i+’/2) Vr !
Finally

o %, o
" .
u - oikr cos O (12{1'{7) Z jl(i+1/2) JH}é(kr)Pi(cos 0). (A-2)

i=0

b. Expressing the source as a contour integral

This section follows the methods of Carslaw (Ref. 17).
Consider the following integral over the infinite path shown in
the plane of the complex variable n (See Figure A-2).

nw
) (n+1/a) e—z-l Jn+1/z(kr) Pn(-cos 0)

27j sin nT

dn (A-3)
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/3/ )
N
A Y
N\
NTA

/I
/ ’(,\'

‘
\ tIQ
’I

Figure A-2

We wish to use Cauchy's theorem to evaluate the integral, tak-
ing as the closed path, the solid curve plus a circle of infinite
radius connecting the ends of the solid curve. It will now be shown
that the integral over the dotted portion will vanish. To do this,
it is sufficient to show that the integrand times |n| vanishes over the
dotted portion (i.e., as |n| becomes large).

For large values of |n| we have the following approximations
(Ref. 17, p. 135):

1
)M
J +% (kr) = n+?}
nts 2" 2T1(n+p)

2 . o
Pn(-/l) = \/_—_—_n T sng S [(n+1/2)(1r-6) + Z—J .

Substituting the asymptotic values of Jn+}’(kr) and Pn(-,u) into Equa-
2

tion (A-3) we have:

LA 1 1 14
= [ k) S il A R I:‘.“+/Z""'9’ ' ﬂ dn
R z 1 . . -
27T 2n+4H (n+1/2) n 7 sin 6 sin n 7
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Let us first examine the expression:

nmj !
lnl e 2 (n+l/g) (kr/Z)n+/2

\/’; M (n+}%)

as |n| approaches 0O.

Let n+1/2 =4, kr/2=a, W) =T(L2+1)
Writing /7(£ +1) = (£+ 1) 2/ (£ - 1) we have

Lot % 6(1-72)7—':21 < oA I
[ (L +1) r(£-1)

Now use Stirling's formula for the gamma function (Ref. 18, p. 3);
valid for large values of the argument.

S L+1)=f+2)mf+1)-(Z+1)+hhm 2

N-1 m-1 1-2m
+ E (-1) ZmB(‘?éﬁ(_z;)l) + RN(,Z+ 1)
m=1 "

For large £ we may write
1
lnl"(f-l)ﬁfi-(f-':’/g)ln([—l) where 1.1 > k > 1

so that

4 £ g

a -~ a a
[2-1= L% 1
(/-1 K -k K

3

which is seen to approach 0 as |,Z| approaches o9,
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Therefore, we have shown that

. | B
e (5)
ML lnl e (n +"§) R 2 =0
npeel oy TR
_ _

We now examine the remaining terms over the infinite path in the
complex n-plane.

i - .4
The remaining terms are S [(n t 1) (X-0) + /4]

sin nw
Now:
sin [(n + 15) (M-0) + at/4] ej[(nﬂ/?-) (7-9) + /4]
sin n7 - enﬂj _ e_n,rj

e-j l_—(n+1/z) (m-6) + ’"'/4]

nwj “nwj
J _ e J

e

Letn = @+ jB8. For 3<0, i.e., over the part (a) of the path
we may write the above expression in the form
j e
4 -nwj . 4 -n7j .
e e J. o [(n+%)( -6 )] _e_ e J e-JBn+ -%)(7(—9)]
1 - e-2n7rJ 1

o
o207 ]

i/t Jlain-0) -n6]  -mi/a j[nem-0) + (n-6)]

1 »
| 1 - 1

2nmj j
e nj eZn‘lrJ

28




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN
UMM-87

Then for B approaching - o0 the expression approaches 0 since
0<6 < m. For B > 0, i.e., over the part (b) of the path we
may write the expression in the form

nnj  wi/4 -nj/4 . 1
e J (n+$)(7-0) _e " -j|-né+3(n-0)].
ZnTrJ -1 [ ’ :| Zn'n' “nm; . © [ ; :l

Then for 3 approaching + oo this expression approaches 0. Thus,
we have shown that the integral vanishes over the dotted portion of
the path.

Then finally by the Cauchy residue theorem

wj/2
1 (n +%r) e
Zﬂj/ sin n1t T4 L (k1) Po(-f ) dn

o amj
- Z m+f)e * 3. 1(kr) P
£ TMcosnT n+-2-( ) Pa(-p),

But for n = i = integer Pj (-/.1) = (-l)i Pi(/u)
nrj

1 2
27 / sin nw Jn.+-é-(kr) Fi(-p ) dn

i

0

1

= Z; (+de ° Ty 40kr) Py (p2)
i=
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Noting, Equation (A=-2) then

nrwj
é 1 2
2\ 1 (n+3z)e
o (kl‘) 2j / sin n7 Jn+%(kr)Pn(',U ) dn
n7rj
n z nj/2 (n+2) e 2
Yo (Zkr) € ] e nr o+ 4 ) Pyl p) dns

(A-4)

c. The Total Solution:

This section too, follows closely the methods used in Reference
17. We now add to the source u, the part due to the scatter-
ing by the cone. Consider the integral

nmj

FRR ¥ N 2
= (71 2 o 2 (n+z)e 1 (kr)
2kr sin n7 n+—- d

P (-p) P(;zo) PL) g Pal-Ho)
}1 Pl p o)

dn

(A-5)
over the same path as before. We show, as before, that the
integral vanishes over the dotted portion of the path (see Fig.

A-2).

We had for large |n|

2 ] 4
Pip) =\ areme S [‘n +gNm-6) + ZJ.
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Then

_ / (n +7)
d/l Ppl-p) = n'nsma {cos‘:n+z)(7r 0) + l}sme2
e
+ 12 (————n:?:ing,e ) sin l}n +%)('ﬂ-6) +1—r]
Qn‘lrsine

d / 2
-&ﬁ Pn(-/.L )= m {COS- |}n +%)(7T-9) +1Zr:]}(n +%)

for large Inl .

Substituting - @ for 6@ in the above equation we get

_ﬁ Pn (p) = V n1rs1n39 {COS |: +2)0 + ﬂ/{l}(n *2)
P, (,u) = -\/;l—ﬁ-z—l-n—é— sin l:(n +%)6 + "V{I

The first part of the integrand of equation (A-5) is just the u,
we examined before. The second part is:

. d
-/‘n*é.’enm/z 3 1(kr)Pn('u)d/‘ Pty dn .

sin nm n+z
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Substituting the appropriate approximate expression when |n‘
is large we have:

. ) 9 F
{Z (n +Jg') en‘n'J/Z (kr)n+% sml}n+%)6 +Z] COSEn+%)(1r-90)+ZjI
L
sinnw\/nwsing 2" 2 Mn+¥) cos En+—é—) 90-;-'{]

Again, we desire the integrand to vanish over the infinite por-
tion of the path. We have already examined the terms:

. 1
2 +
1 enﬂJ/ (kr)n 2 , .
(n+3) T and shown that this expression

2" 2 (n+d)

vanishes over the infinite (dotted) part of the path. Also

sin En +-§) e +-’ﬂ sin En +%)(7r-9) +£I

will vanish exactly like

sin n7 sin n%

did previously since both € and 7 -6 are positive quantities.

Thus, all that remains is

cos [(n +-};_.—)(7T—90) +%]
cos[(n +41) 6, + Z—j
jEn+%)(ﬂ-60)+?;’:| . e-j[(n+%)<ﬂ—eo)+§]

jlzm%) 9, +§:| X e'j |:(n+%) 0, +g:l

e

e
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For the part (b) of the path, ( B > 0) we write:
1 n
cos [(n )W - 6) + 4:| ]

cos l:(n +1/2) 60 + ’ﬂ
j,:(n +3)( - 6,) +f:l
e
+

;i[:(n+—;-) 0, +3;j . [(n+%)eo+;ﬂ
e +e

1
PM(+1) -] [(m%)(zeo-vrﬂ'
+ e

e

This will approach 0 as 3 approaches oo if M<28,. This
condition is satisfied for the configuration under discussion.

For the part (a) of the path ( 8 <0) we write:

cos I:(n +lé)(1'f - 90) +%‘]

n
cos [(n +1/2) 90 +Z:|

-j li(n +~é—)( n-6,) +g:]
1 e
i[n +3)(2 -7 -] ¥
eJ [ +#)(2 6,- 7] e 7o +1) j[(n+%) 60+7Zr] -j l:(n+-32) 90+§
e +e

which will approach 0 as B approaches - oo,

We have thus, finally shown that the integral representa-
tion of u (the total solution) will vanish over the dotted part of
the path of integration. We may then take the complete path
and evaluate the integral by the Cauchy residue theorem.
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In examining the integrand of Equation (A-5) for poles we
should note that the integrand has no poles when n = integer.
For, when n = i = integer we may use the relation

P; () = (-1) Py (-4)
Then the term P (-,u)%}—i Pj (o) - P; () %ﬁpi (-po)

becomes

(l)P(;J) P(}l)-(')P(}t) P.(u)=0

dp du
The denominator also becomes 0. Evaluating by L'Hospital's
rule, the integrand then becomes an analytic function (whose
value is 0) for n = integer. The only poles then occur for the

d .
zeros of i Pni (o) when nj is not a non-zero integer.

Thus:

1 ni1rj/2 . d
- - _?r_ H '7rj/2 . Z (ni"' %)e Jni+§ (kr) Pni(}l) @ Pni(-ﬂo)

u ke e 27 j . —— =2
on;du nl( Ho)

(A-6)

dPni( ,Uo)

4 /“ which are

The summation is taken over all zeros of
greater than -1/2,

The above result may be simplified by the following rela-
tion:

2 sin nj ;0

d
(1 -/l(z)) Pni (/lo)a_}lpnl ('ﬂo) = - v

This may be derived by considering two relations to be found
on page 63 of Reference 18 and making use of the fact that

dPp; (Ho)

q .
# d Qng (j2,) 1
The first relation is Pni (,Uo) e =1 A
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. dPn]‘_( '/-lo) i -2— e dQni(}lo)
and the second is ™ = - q@psinng ————dﬂ .

Multiply the second by Pni (Mo) and substitute into the first

relation. We then obtain the result that was to have been de-
rived.

Equation (A-6) then becomes

ni”nj/2

(nj +3) e Ing+4 (kr) Py (M) (2/1r)

3 -q1i/2

A T Py (o) (1 - o) 3 au P, (o)

1 Jn+ 4 (kr) Py
u=4 ( )2 Z: (nj + ) nimj/2 nit 2 (ker) (F)
2kr i = 2
Pnl(luo) (1 '/'to | rawrs a a/l nl(/uo)

(A-T7)
dPni (Mo)
where the nj's are the zeros of _c_l;t_ greater than -1/2.

d. Boundary Value Problem

Our solution, Equation (A-7) must satisfy the following
boundary value problem.

1. V& + KA =

au
on'
where n' is the outward drawn normal to the surface.

2. = 0 at the surface of the cone (0=60; {4 = & )

3. Sommerfeld's 'Ausstrahlungsbedingung' (radiation con-
dition).
It can very easily be shown by separation of variables that in
spherlcal coordinates a solution to (1) is of the form

( ) Z A Jn + (kr) P, (cos 0). It is seen that Equation (A-7)
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is in the required form and therefore condition (1) is satisfied.
Condition (2) is obviously fulfilled when we remember that the

dPni ( ,u)
n;'s were determined by the relation du = 0.

S TR

Condition (3) warrants a little more discussion. This discus-
sion however, will be deferred until we come to part 2 of this
appendix, where the radiation condition is stated, and it will be
shown just how it is satisfied.

2. SEPARATION OF VARIABLES METHOD

The method of solution by means of the separation of variables
technique is one which is perhaps a little clearer than the methods
previously employed. It is the classic, time-honored way in which
to solve boundary value problems and because of this it will be much
easier to compare this method for the scalar solution to the cone
problem with the work that has already been done on vector scatter-
ing. In addition, it is felt that the physics is displayed in a more
lucid manner when separation of variables can be employed. For
example, the differential scattering cross-section is obtained directly.

The problem to be solved is the scalar scattering of plane
waves by a semi-infinite cone. The scalar potential satisfies
Pockel's equation subject to the following boundary conditions:

1. 2—2,— = 0 at the surface of the cone where n' is the outward

normal to the surface.
2. u must be finite everywhere in the region of interest.

3. At large distances from the scattering body the solution
must have the character of an incoming plane wave plus a
diverging spherical wave which appears to originate at the
‘ jk(ct +
scattering body. The plane wave is denoted by e’ (ct +2)

and @ = O, denotes the surface of the cone.
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Now the solution obtained by separation of variables is

Pn; (cos 6)) [ in; (kr)
erlril (cos 6) nni (kr)

i = A LT - L[
where In; = T Jni+§‘—(kr) and Y T Nni+é-(kr) are the .

spherical Bessel and Neumann functions, respectively, The func-
tion nn:,l (kr) cannot be used since it will cause u to become infinite

u(r,0,8) - &0¢

at r = 0. Similarly, erlril (cos ©) may not be used since it has
singularities at © = 0 and 7 . PIIIIT (cos ©) has a singularity at
i

@ =7 when n{ # integer. However, this occurs, as can be seen,
wholly within the cone and thus does not effect the region of physi-
cal interest; namely, all of space up to the surface of the cone.

In addition, since symmetry about the z axis prevails, derivatives
of u must be independent of ¢ and so m must be taken equal to

zero, as Cl¢ (C; # 0) is not a solution of g%;—z— = -m%u. Finally,
then, the solution will be expressible in the form

00
u(r,0) = Z Ai jni (kr) Pni (1) (A-8)

i=1

where M= cos O

Applying boundary condition (1) we have

du Z ' OPp; (Ho)
Frra = / Ai Jni (kr) 3 0 Thus, we choose
Ho 1
“on %
dPni (/JO)
This can be written T_ = 0, This condition will
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determine the value of the nj's which in this case turn out to be
non-integral* According to boundary condition (3) for very large
r we must identify the incoming part of the solution with that of
the incoming plane wave; therefore, the first step is to expand
the plane wave in terms of the non-integral n;'s.

e:ikr cos 0 Z f; (kr) Pp; (p) (6,< 8 <40)
i

Multiply both sides of the above equation by ani (() and integrate
from u, to 1.

1

/ejkr cos 6 Pnni (pe) dp = Z f; (kr)/Pnl (Iu)Pn (Iu) d/,t

Fo
The orthogonality property of Pni (,u) may now be used (see Appendix
D).
1
0 for n; #n'.
Ppy(p) Pary(p) dp = _—
Ho (1-p2) n;\ Mo o
T Poslpo) gy for T ny
Thus )
Zni + 1 jkr
. = P, d
fj (kr) ¥ P (o) e {p) du
(1 '/—lo)Pn(/lo)—m;[' 0
l .
- eJkr
Now / < TH Pni(/-l) du = -] = (see Appendix E)
Ho

*With the exception of n. = 0. In the vector case the term for n.= =0
vanishes, but in the scalar case this term must be taken into account
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so that we finally havex

R .
ejkr cos 6 _ 2 Z (nj +3) Pni () e]kr
kg , 8%Pp;(Ho) r
(1 ':ué ) Pni(,uo) W

The asymptotic form of u(r,8) for large r is now required.
This is easily arrived at by making use of the asymptotic form of
the spherical Bessel function. For large r, (Ref. 1, p. 449).

n +1
i

ingkr) = = cos | kr - m | (A-9)

kr 2

Substituting into equation (A-8) we have,
n.+l nj+1

. 1 . ™

1 j(kr = —— M) -J(kr -2 )

u(r,0) ~ A = | e 2 +e Pni(}l) .

i

jkr

Then, upon identifying the incoming part £ with the plane wave

expansion, the coefficient A; satisfies the relation

.(ni-l-l > . I
_ﬁ e’J—z— ] ~2j (n, +3)

2 B 9%Pn:

i OHM
and
;7 j
2 1
4e (ni + 72)
A =

3 .
(1-p2) Py (po) & Pnilol
! dn,0u

*All sums will now be considered finite sums. The reduction of Equa-
tion (A-8) to a finite number of terms and the details of the subsequent
substitution of (A-9) into (A-8) is justified in Reference 23.
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The final solution then becomes
njj

2
(m; +)e " jny(kr) Pny(p)

U.(I‘,e) = 4 3 az Pn(/Jo)
: - - NDjN\/ ol
P M) Pryl Mol TF0 o
dPy.(f o)
where the ni's satisfy the condition T = 0. This solution,

of course, agrees exactly with the solution obtained by the method
of contour integration (Equation A-7). (Note j = \-1 but jn; is the

spherical Bessel function.)

Some remarks about the Sommerfeld radiation condition are
now in order. The radiation condition for the three-dimensional
problem is written

Lim {08 +jku} -0 (A-10)

r —-00 or

where it will be noted that the minus sign occurring in Sommerfeld
(Reference 20, p. 193) is replaced here by a plus sign. This is
due to the fact that Sommerfeld uses the time dependence e J®wt

while we use e+Jwt The physical meaning of the radiation con-
dition is best expressed in a direct translation from Sommerfeld
(Reference 20, p. 189):

".... the sources must be sources, not sinks of energy.
The energy which is radiated from the sources must
scatter to infinity; no energy may be radiated from in-
finity into the prescribed singularities of the field. (Plane
waves are excluded since for them even the condition
u = 0 fails to hold at infinity.)"

Thus, we may conclude that the scattered part alone of our
solution must satisfy the radiation condition. For large r, making
use of equation (A-9) we can write u(r, ©) as
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i N +3) Poylp) o Jkr
RICAN" FPa )|
r —>00 i Py (poh (1 - pfy) 201 0
Onia,u
4 T b e Ry ik
Tk z  0Pnpo) | r
—  Poy( o)1 - p%) LBl fol

where the first term is the incoming plane wave and the second
term the scattered wave. It is seen that the scattered wave obeys
the radiation condition (Equation A-10).

The differential scattering cross-section, 0~ D( ©) which gives

the angular distribution of the scattered power is qls{ually taken as
—J r

the absolute value squared of the coefficient of (the scattered

wave)., Thus,

oy +h e
P
T Pyl o) (1 - pt% ) O Pnil #o)

Oniaft

4
Tle) =

and for backscattering (O = 0)

4 (nj +4) "7
O'D(O) = 2 Z 2
| = Pay o) (1 - g ) Lol o)
aniaj-l
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APPENDIX B

EQUIVALENCE OF RADAR AND DIFFERENTIAL SCATTERING
CROSS-SECTION

4'n'rz§S
The radar cross-section 0°(0) = =3 L
S
Z
= - -
S =1/2 Re(E X H*) (using the notation of Reference 1)
- * *
SI‘ = 1/2 M(Ea H¢ - E¢ He)
i S i S
@ ¢ # ¢ ¢ @
T i R s* i S\ ¥ S*
Sr =1/2 )&I}Ee + Ee)(H¢ + H¢ ) - (E¢ + E¢)(H9 + Hy )]
_ i _i¥ R s _.s* s . S*
i s 1 s* ] i* s L i*
+(E6H¢ ¢ 6 +Ee H¢ -E¢He)-:|
=S s _.S¥
Sr—l/Z e (Eg Hy E¢ He )

Now we are considering the radial component of the Poynting
vector, therefore, the direction of propagation for the scattered
wave is lr'

-> —
Now /i\r x g° = Mo H® where Mo is the impedance of free

space (Reference 9, p. 289).

Then ”oHe =-E and 770H¢ = S

then - /2 1= | |85’ |E¢|]

This is computed for large r where we can write

-jkr
S _ Eo e
E9 = ——_I‘ — (6 )
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= o-Jkr
s _Tpt
and B, = £,(0).
-jkr z -jkr 2
Then &5 = — Eoe’” (@) 22" t(e)
r 2 770 : r
2 2 2
3 . Eo
Sr 2 Mg 12 £,(0) +f2(0)
= E2
Now S = (Reference 9, p. 284)
Z 2770

£2(0)

2]
This differs by a factor 4  from the differential scattering

cross-section defined as the absolute value-squared of the angular

e-]kr

. 2
o (0) = 4w[|f1(0)| +

part of the scattered wave (i.e., the coefficient of

).
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APPENDIX C

THE PHYSICAL OPTICS FORMULA DERIVED BY CONSIDERING
THE SURFACE CURRENTS

The plan of attack is as follows:

Assuming we know the power transmitted by the antenna we
may then calculate the power incident on the scattering surface
and hence the incident electric and magnetic fields. Making suit-
able assumptions about the surface, we may then determine the
surface current density which in turn yields the vector potential.
From this, the reflected fields; and hence, the received power can
be found. Upon using the radar range equation which relates the
received power, the transmitted power and the radar cross-section,
an expression for the radar cross-section may be determined.

Consider the antenna Aat j\:he origin of a rectangular coordinate
system with unit vectors 1, j, k. Let r be the distance from the
origin to the scattering surfaces which is oriented along the z-axis
(r large compared to the dimensions of the target and the antenna).

For a radar which transmits an average power PT’ we may con-
sider the field at the target to be a plane wave and the power inci-
PT G

dent on the target is PO T (Ref. 21, p. 21) where GT is

the gain of the transmitting antenna.

-
Let the incident electric and magnetic fields, Ei and Hi be di-

rected in the positive x and y directions respectively. Then

1 2
PO =3 e Ei (Ref. 9, p. 284), and
P
> Al=| jwtkz) 2Ll [To TOT  jwt-kz)
E, = i|E.|e =i- [ 22— e .
i i r 27
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From Maxwell's equations we have

- e = ['— P G
H -kX /J' E - /l' o T T e](wt kZ)‘

We now invoke all the assumptions stated on page 3 where the
physical optics formula was derived from the Kirchoff-Huygens
principle. These assumptions postulating a perfectly conducting
surface, etc., then enable us to represent the surface current
density by

PG
- . wi-k
K=1n X H-nx(zH) 0,/}“ TeJ( z)

- A
n « k

where 1 is The k component is neglected since only

those components of current flowing normal to the line of sight
will contribute to the backscattering.

The vector potential is now represented in terms of the re-
tarded potential

- __/.l' E(tl)
A=

ds where t' is the retarded time t!' = t - % and

S

where s is taken to be the surface visible to the radar observer
since it is assumed that only that part has current flowing upon it.

The reflected field, Er’ is

> 0K _p [ eKp ds
r ot 47 ot r

OK() 4 | pion  [€ L [MTTET  jwt-ke)
ot J n MY T 27

But t' =t - -E and &« = kc so that

wt' = wt - kr.
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z > r = constant
PG
= afiwEe [ Mo TT jwt ~2jkr
Then Er —lljZ‘lTrz T e e ngds |,
s

The received power, Pr’ is

, . weep! Pror I A
| - 16 773 r* g r

where g = ﬁ-kar n ds and Ar is the effective area of the re-
s

2
ceiving antenna. Now Ar = Gr I (Ref. 21, p. 20) where Gr is

1

the gain of the receiving antenna, and C? = —é—l—ji— Then since
PG G °
. . - 2
we are dealing with free space Pr W |g|

But the radar range equation states (Ref. 21, p. 21) that

b . PGr) (i) (G
r \4wr?| \47r? 47

4
so we have 0 (0) = —g ‘g"‘.
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APPENDIX D

DERIVATION OF THE ORTHOGONALITY AND THE
NORMALIZING FACTOR FOR THE
ASSOCIATED LEGENDRE FUNCTIONS

Legendre's differential equation is

2

d d m
-@ {[l "}12] Ef%} + {ni(ni+ 1) - I—‘T} y =0 (D-1)

d n dy’ Vo '2 o
t {[l-ﬂ]aﬁ)%ni(nﬁn - } g - 0. (D-2)

Multiply Equation (D-1) by y' and Equation (D-2) by y and sub-
tract. We obtain

- gy_']
,_d [(l'ﬂz)(yd,uﬂ'du)
YY‘d}l

(nj - n}) (n; +nj +1)

(D-3)

Now integrate both sides from 1 to Mo (the region of physical

interest).
Ho Ho
iy e S, Y )
' d = t a )(y du +Ydﬂ (D-4)
yy /"l (ni-niT) (ni+ni + 1)

1 1
Now if we consider y = Pni(/u) and y' = Pn'i(,“) we observe

if n; # nj that the right side vanishes because at the lower limit

. o dPn () dP,( M)
(1 = =0 and at the upper limit T and du
M dP,,.( ) M
ni' Xo
vanish by virtue of the boundary condition T = 0. If we

consider y = P}li(/u) and y' = P}li (g ) the right side again vanishes

under the same boundary condition as now for the upper limit y
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and y' are zero. This proves that the Pni( ;1) are orthogonal to

each other and also that the Pll,li( M) are also orthogonal.

We will now derive the values of the normalizing factors

1
/[Pni(,u )]2 du and _/‘I:Pl);li(/"ﬂz dy -
Ho Ho

As we recall,the Taylor expansion takes the form
fla + h) = f(a) + h f'(a) + O (h?)- (D-5)

. ! !
Consider a = n; and h = n; - nj-

of(n.)
f(n;) = f(n'i) + (nj - ni) —6—qu (D-6)

Thus substituting in the Taylor expansion

apffi'(,u)

PR () = PR + g - ) 5 (D-7)

Now letting m' = 1 or 0 we obtain by combining Equation (D-7)
and Equation (D-4):

Ho
/T o -

1 ! ' ] —
%R (u)  dPn (u) dPn;(u) o
2 2
(1-47 l;ani (p) Budn; T dpM dnj ¥ (ni'ni):l
n; + n; +1

Now taking the limit as n; approaches n,
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Ho
' 2
S o] -
1
del de' ) asz'( ) FO
(1L-x3 { ng (#) dPn; (u ] n; A PrI?'(ﬂ)
Zni + 1 du dni aﬂbni i 1
L- gty [aPR (o) @PR (o) %R (pro) .,
= . - Pp. (o)
Zni + 1 du dn; a/ua n, n; { Mo
(D-8)
Now when m' = 0 we obtain
Ho 2
o°P A o)
2 - 42 n
: . 1- Mo R S -
/‘[Pni(ﬂ')] e 2n; +1 Prg( po) Oudn; - (D-9)
|
When m!' =1
Ho 2 dPy.( o)) [dPE: (o)
_ 1= nj' Ho nit ol
/[P%li(/u):l du = 2ni+(1) { du }{ dn; )’(D 10)

If in Equation (D-8) n, is replaced by m,, m' = 1, and the

normalizing integral is evaluated for the boundary condition

49

dP! ()
_213;1}1_0 = 0 then one obtains
1 2pl
2 ; 0%PL (i)
1 1 -jlzo m;' Mo .
/ Pmi(ﬂ)] W= 2m +1  BpuOmy Pmi(}lo). (D-11)
Ho
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APPENDIX E

1
jkr
EVALUATION OF / el H Py () dp
Ho

This integral may be evaluated approximately for large r by
making use of a limiting case of Bromwich's Theorem  (Ref. 22,
p. 230).

In order to apply the theorem we must first put our integral

into suitable form. Thus, changing variables by setting x = 4 -1
we obtain
Ho Ho~1
- [ Jkru _ jkr(x+1)
e P d = - e P +1)d
\/i‘ ni(/l) # / ' ni(x ) dx
0]
ejkr B }‘Lo-l }lo'l
= - = j kr cos krx P (x+1) dx - kr sin krx P, (x+1) dx
Jkr i 1
- 0 0

jkr [ Ho~1 cr s
- e. j ,&/rn Ekr)1 € X € cos krx Pni(x + 1) dx

jkr €50
L_~0
Ho~1 el -¢ei
-/ fm l}kr)1 €'« 6‘:] sin krx P, (x + 1) dx
€'-0 !
. Ho-1
jkr ' Py Y
= - ?—kr- 61:‘:"0 j(kr-)1 € X € cos krx Pni(x +1) dx
0
Mo-1
- 1 - 1
- (kr)1 € X € sin krx P, (x + 1) dx
i
0
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Now Bromwich's Theorem states that for yv—00
4

V’z x”-1 F(x) sin px dx —— F(+0) [‘(r]) sin 17-271
0

if -14n £ 1, ;)Zam VY — o0 and F(x) be of "limited total fluctua-
— Q0

tion" for x Z 0 and

4
V”/;:n-l F(x) cos v x dx — F(+0) [° (q) cosl;—
0

where, in addition to the above conditions 0 47 < 1. In our

case, p =kr, Flx) = Pp(x+1), p =1-€', Y= g, -1

Thus, for kr ——s 00 (i.e., for r —— 00)

1 /J-l ! L
(kr)1-€ °© 7€ cos krx Pni(x+1)dx—>Pni(1) ra - ¢) cos (1 26)7(
0
=@a- e cos L= €07
Ho™1 2
l1-¢' - €' _
and (kr) "€ [x € sin kex Pyl + 1) dx —Py(1)["(1- €') sin (1 (;')-Jr
0 :r(]__e-l)sin.(.l_—é_'_)lr..
Finally then, for r—soo
1
. jkr \
jlery iy ' 1-€) . (1-e)7
¥ ¢ Pni(/‘)d/"_"_.]-'ﬁ.—é[!i"g{r(l -€) cos( > ) - sint 26):1}
Ho _
i eJkr
- T
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