Negalive microfilm
received from university 66—5084

HONG, Soonsung, 1939-
APPLICATION OF CONFORMAL MAPPING TO
SCATTERING AND DIFFRACTION PROBLEMS,

‘The University of Michigan, Ph.D., 1965
Engineering, electrical .

University Microfilms, Inc., Ann Arbor, Michigan



- APPLICATION OF CONFORMAL MAPPING TO S8CATTERING
AND DIFFRACTION PROBLEMS

by
Soonsung Hong

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy in the
University of Michigan
1965

Doctoral Commiittee;

Professor Chiao-Min Chu, Chairman ﬁ
Professor Charles L, Dolph |
Doctor Raymond F, Goodrich |
Associate Professor Andrejs Olte

Doctor Thomas B, A. Senior

Professor C. Bruce Sharpe




ACKNOWLEDGEMENTS
The candidate wishes to express his appreciation for the
assistance and guidance given him by Profesior C.M. Chu, chairman of

the doctoral committee.

The author is especially indebted to Dr. R. F. Goodrich who
brought this problem to his attention and provided valuable guidance. |

Thanks are also due to Professors C.L. Dolph, A. Olte and
C. B. Sharpe, and to Dr. T.B. A. Senior for helpful discussions and
correcting the manuacript.

The research reported in this thesis was supported by the
National Aeronautics and Space Administration under Grant NsG-444 with
the NASA-Langley Research Center.

Finally, the author would like to acknowledge the assistance
and encouragement received from the entire staff of the Radiation Laboratory
at the University of Michigan, particularly from Mrs. Louis Harrell and

Mrs, Marvin Griffin who typed the manuscript.

fi




ACKNOWLEDGMENT

CHAPTER I

; CHAPTER II
2.1

2.2

2.3

CHAPTER II

3.1

3.2

CHAPTER IV

4.1

4.2

CHAPTER \4

TABLE OF CONTENTS

INTRODUCTION

REPRESENTATION OF SCATTERED FIELDS
Formulation of the Problem

Remarks on the Transformed Equations
Integral Representation and thé Solution

SCATTERING OF A PLANE WAVE BY AN ALMOST
CIRCULAR CYLINDER

The Mapping Function
Scattering by an Almost Circular Cylinder

EFFECTS OF EDGES IN HIGH FREQUENCY
SCATTERING

Integral Representation of Effects of Edges

Behavior of the Mapping Function Near the Edge

FIELDS DIFFRACTED BY EDGES WITH DISCONTIN-

UITIES IN CURVATURE

General Solution

T T

Casg I T2 ¢1>¢d -~ and ¢df5
Case II;  -=>p >0 and I
d a"2eh= a’ 2

\ -7

Case II; 7r>¢1>0 and ¢d 5
~ =Z

Case IV-A; ¢1 T and ¢d 5
o~ :l

Case IV-B; ¢1 =0 | and ¢d >

Summary of the Results

"

iii

Poge

//

5

/5

/16

22

22

28

32

J2

39

48

50

52

53
o3




: Page
CHAPTER VI DISCUSSION | 58

APPENDIX A = The Asymptotic Form of %"' for High Frequency &6
APPENDIX B The Saddle Point Contribution 70
NOTATION 76

BIBLIOGRAPHY 77

iv




LIST Of TABLES

CHAPTER A Page

TABLE 5-1 Amplitudes of Fields Diffracted by Edges 55




CHAPTER
FIG.
CHAPTER
FiG.

FIG.

CHAPTER
FIG.

FIG.

CHAPTER
FIG.

FIG.

FIG.

FIG.
CHAPTER
FIG.

FIG.
FIG.
APPENDIX

FIG.

FIG.

1§
2.1
aI
311

3.2

v

(s
sV}

LIST OF ILLUSTRATIONS

THE MAPPING OF THE BOUNDARY

MAPPING OF AN ALMOST CIRCULAR DOMAIN

AN ALMOST CIRCULAR CYLINDER WITH PERIODIC,
SMOOTH AND SHALLOW CORRUGATIONS.

THE [ CONTOUR

- A CONVEX, CLOSED CONTOUR WITH TWO DISCONTIN-

UITIES IN CURVATURF

THE SCATTERINC BODY WITH TWO EDGES

Vv - PLANE

Vr - PLANE

VARIOUS RAYS DIFFRACTED BY EDGES

DIRECT RAY FROM THE DISCONTINUITY

THE CREEPING WAVE LAUNCHED BY THE
DISCONTINUITY

THE RAY DIFFRACTED BY THE EDGE; ¢ 7 AND

.
¢d‘§ '

THE CONTOURS C1 AND (.32

THE [ CCONTOUR

vi

Pages

15

17

25

32
36
37

54

59

60

63

67

68




CHAPTER 1
INTRODUCTION

In this thesis, the scattering and diffraction problem of a plane electro-
magnetic wave nofmall_v incident on a pevfectly conducting'infinite cylinder in a
homogeneous isotropic medium and polarized parallel -to the cylinder axis is investi-
gated, The boundary of the cylinder is assumed to nave a continuous tangent
eyerywhei'e. The mathematical problem involves finding a solution of the scalar
w;ve equation which satisfies both the boundary condition an‘d the radiation condi-
tion at infinity,

Exact solutions are available, through the method of separation of variables,
for only a few simple shapés such as the circular, the elliptic or the parabolic
cylinder. - The objective of this thesis is to study an approximation method of
obtaining far field expressions of scattered and diffracted waves for more general
shapes of the cylinder cross-section by means of conformal mapping,

In the past, v_arious apprioxim:.ition methods have been develgped for low
and high frequency scattering. In the case of low frequency scattering, the
characteristic dimension of the body is assumed to be much smaller than the

(1)

wavelength. VanBladel' "’ introduced a quasi-static method that gives only the

initial term of an expansion in a series of powers of logk and k (k= wave number),
This term is not dependent on the geo;netrical shape of the cylinder, bu.t only
on its size, |

A considerable effort has been devoted to the solution of the problem of

high frequency scattering, (MacDonald(z), Fock(B)’M)

(6) (8) (9) (10) (11)

Franz ', Keller(7), Ursell' ', Goriainov ™', Goodrich , Weinstein and Fedorov

(5)

, Franz and Deppermann




12)

and Felaen( ). In the case of high frequency approximations, the characteristic
dimension of the scattering body is assﬁmed large ir comparison with the wave-
length,

When a high-frequency wave is incident on a perfectly conducting body,

a first approximation is found using thea x.ne‘thod of physical optics, In fhis method
one assumes that the current on the surface at a point in the illuminated region

is the same as would be induced on an infinite plane occupying the position of the
tangent plane, and is identically zero in the shadow region, It is well known

that this approximat;ion yields a very poor picture of the behavior of the field

in the shadow region and near the s-hadow boundary,

An improved approximation method for the behavior of the field near the
shadow boundary is that of Fock. 'He assumes 'that the boundary and the wave
equation near the shadow boundary can be approximated by a parabola and a
parabolic equation, respectively, This method gives a smooth transition from
the geometrical optics term to an exponentially decaying field, the so-called
creeping wave, as the observation point moves across the shadow boundary,
Fock's ;nethod requires continuity of curvature of the boundary.

Another improved method of approximation for high frequency has been
developed by Keller and his colleagues in their geometrical thcory of diffrac-
tion, The theory postulates that, in addition to the incident and repected rays
of geometrical optics, there exist diffracted rays., These rays are produced
when an incident ray hits a kink or vertex on *he scattering surface, or when
it impinges tangentially on a smoothly curved boundary, Their excitation

amplitude depends on the incident field as well as on properties of the surface




in the immediate neighborhood of the point of diffraction. Consequently, the
diffraction coefficient (the ratio between the diffracted field and the incident
field near the point of diffraction) may be determined from the rigorous solu-
tion of canonical problems. The latter are simplified problems in which occur
only the local properties of the field and of the scattering surface,

Diffraction coefficients of both the éhacio@ boundary of the curved sur-

: {(13)
face with continuous curvature, and the wedge are known (Oberhettinger

and Keller(H)); but few people have studied difiraction problems of waves by an
edge*' with d_iscontir:uity in deﬁvatives of the tangent, that is, discontinuity in
curvature or in its derivatives,

Weston(ls)‘(w) obtained the effect of a discontinuity in curvature in
high frequency scattering, He studied the case in which the point of discontin-
uity in curvature is in the illuminated region an ! the total field on the boundary
sa_tisﬁes the Neumann boundary condition.

In the above brief review L;f past work, none of the approximation
methods attempt to obtain desired solutions by‘ mapping the given geometry of
th‘e scatte;‘er surface into a geometrically simpler oné.

In the past, conformal mapping has been extensively used to simplify

the geometrical shape of the given boundary, in order to solve boundary value

problems for both Laplace's equation and the waveguide problem (the reader

b3
Tne term 'edge' is used in a general sensc, Any point where the boundary
has a discontinuity in the curvature or in its derivatives is called an edge,




(21),

(19) (20) \

(17),(18). Weinstein' ', Mittra <" and Meinke

is referred to papers by Rice
Tke appx;éycimationu method which has been applied in the theory of waveguides is
essentially concerned with quasi-static techniques, that 1's, low frequency
approximation techniques,

Recently Jones(22) showed that ‘the asymptotic solution of the wave equa-
tion, which is ohtainad by the W, K. B, J. L. method for high frequency scattering,
is invariant under conformai mapping, provided that the mapping function is
conformal everywhere including at the boundary (see Section 2, 2).

Garabedian(23)

gave one of the first convincing proofs of the usefulness
of the application of conformal mappiné to scatteriné and diffraction by a body
having singularities, The success of the method which he developed depends 6n
the fact that the derivation of a Fredholm integral equatiqn governing the écattered
field does not require the mapping function to be conformal on the boundary,
Furthermore, the characteristics of the geometry of the boundary are
reflected in the behavior of the mapping function there, Mathematically, the
order of singularity of the mapping function on the boundary is determined by
the property of the geometry of the boundary itself (see Warschawski's work(r 9
and Section 5. 2 of this thesis for furtheyr details), This property enables us to
study the effect of geometrical irregularities of the boundary oﬁ diffracted
fields,
In this thesis, as specifié examples, Garabedian's integral equation is
applied to study effects of certain irrégularities of the boundary, such as

discontinuities in curvature or high order derivatives, or smooth, shallow

corrugations, on the scattering and diffraction of waves.




We shall confine our attention entireiy to the case of Dirichlet boundary
condition. The extension of the conformal mapping method to the case of

Neumann boundary condition is discussad in Chapter 6,




CHAPTER 11
REPRESENTATION OF SCATTERED FIELDS
In this chapter, a boundary value problem of the wave equation for a

scattered field is formulated, After applying co;tformal mapping, Garabedian's
integral equation is derived and the method of solving the integral equation is
discuas_ed, Both the derivation of Garabed an's .ntegral equation and the defini~
tion of the norm of the kernel. are a little different from the derivation and
definition given in Garabedian's originAl paper(zs).

The rationalized M. K. S, system of the units is used and the time

~ dependence factor e Wt g omitted.

2.1 Formulation of the Problem

Let the plane wave Ei"‘ = 2e1k§ be incident on a perfectly conducting

_cylinder with an arbitrary shape of the cross-section,
n '
. P
[ 3 %
in —o- // c
_ n ‘ Cw

Dy domain Dz domain

y

Pl
E

4

FIG.2.1; THE MAPPING OF THE BOUNDARY




-The scattered field X must satisfy the Maxwell equations,

8
nga = 'muoﬂvs , ngs = -weogs, (2.1)

Sommaegfeld's radiation condition and the boundary condition
A T -
nx(qnfge) 0 on the boundary CW . (2.2)

Here Eo and M, are the permittivity and the permeability of free space,
respectively,
In the polar eoordinate system Eqgs, (2. 1) and (2. 2) can be reduced to

sca.ar forms in terms of the z component of the scattered field E_s

Eszg u | (2.3)
1 at ol
— —=iwu H_, = -iwu H
p o Ho'sp Bp “o" sp
H =E =E .,=0 - (2.4

and u is the solution of the follo'wing boundary value problem;

2~ -~ 2~
a; +% -g-b“-+-% AU 12%-0 in D_ (2.5)
ap p- op
1 = -elkg on C (2, 6)
w L
lim p1/2 [gi -ik“u’] =0 (2.7
p—> p

where k =w\/yoeo is the wave number.
Up to this point the derivation of the equations has been straightforward

involving merely the substitution of terms, However, the solution of this boundary




- value ﬁroblem with an arbitrary shape of the houndary cannot be obtained by the

convéntional mcfhod of separation of variables,

As an alternate approach, let us conformally map the domain external

to Cw into another domain where the Green's function satisfying the prescribed

boundary condition is known. The point at infinity in the original domain is mapped
. into the point at infini:y in the transformed domain, and the transformed boundary
is assumed to be an analyiic contou: (tkat is, an infinitely differentiable contour),
The transformed domain and boundary gre denoted as Dz and CZ respectively
(see Fig. 2. 1), and the mapping function as F(z),

If the original boundary Cw is a closed piecewise-smooth contour, then
the mapping function F(z) is a single valued function everywhere inclnuding the
boundary Cz, anq has isolated singularities at all points on the boundafy corres-
ponding to geometrical singularities of Cw (e.g. kinks, or discontinuities in
curvature or in its derivatives). Furthermore, the order of singularity Gf the
' mapping function is determined by the behavior of the geometry of the original
boundary (the scattering body). For more details on properties of the mapping
function, the reader is referred to the works done by Nehari(zs)and W’arschawski(24)
Since the point at infinity in Dw is conformally mapped into the point

at infinity in Dz, the mapping function behaves as
W= F(z)=z+0(:—f as z— o , (2. 8)

Set
wz) = U {F(z)} . _ (2,9



Then, u(z) s’atisf_ies thg transformed vave equation and the transformed boundary
condition, Since w =z as z >w (see Eq. (2. 8)), the radiation condition is
invariant, Therefore, the original boundary value prcblem of Eqs. (2. 5), (2, 6)

and (2. 7) is trausformed into

2 2 2
3‘; +%glr’+i2 3‘2‘+k2 d_"z’ uz0 D , (2.10)
ar r 98 A
i} _elkRe F(z) on CZ , (2.11)
lim rw'r‘:’—“ - unil =0, (2,12
aJr
> @ L

Ounce we obtain the solution u(z) of the transformed boundary value problem,
the far field expression of {{(w) can be easily obtained since the mapping

function becomes an identity as z —>w .

2,2 Remarks on the Transformed Equations

The transformed boungjary value problem of Eqgs, (2, 10), (2.11) and
(2,12) is mathematically the same as the problem of radiation from a cylinder
in an inhomogeneous medium,

The transfprmed boundary value, -exp {1k Re F(z)} , introduces an
equivalent source on the new boundary. Cz. The behavior of F(z) on the l
boundary is determined by that of the geometry of the original boundary, This
property will be used in Chapter 4 to study effects of a geometrical singularity

of the scattering body in high frequency scattering,

L} [
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—— in

The transformed wave equation introduces an inhomogeneity

the medium. In case of k=0 (Laplace's equation), the effects of inhomogeneity

d_w
dz

can be effectively demonstrated in terms of the theory of ray tracing. This

in the medium disappears. The role of for k=5 0 (the wave equation)

theory is concerned with the asymptotic solution of the wave equation in case

dl"
dz

Under confornial mapping, the following three phenomena can be

of k, >>1.,

observed:

a) The optical length is invariant

e fle = 150 e,

b) The amplitude of ray is invariant

- The amplitude of ray in the original démain is inversely proportional to
the linear distance Aw between two adjacent rays. In the transformed domain
the amplitude of ray is inversely proportional to ,%l:' Az where A, is the
linear distance between two adjacent rays in the transformed domain.

Since

the amplitude of ray is invariant under conformal mapping,

¢} Curvature

The two curvatures L of the contour C and —1 of C are
. Rw w Rz A

related by
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1 1 1
R = TR rR_ - VLlog ,%!-:U . (2,13)
a L
In Eq, (2,13)
dw| 1
A VLog’ EE’ - (2. 14)
ray

is the curvature of the ray bent by the inhomogeneity I %"zl , . Therefore, by
means of conformal mapping, the curvature of the boundary CW is decomposed

into the curvature of the new boundary Cz and the curvature of the ray,

(22)

These three properties were first observed by Jones He derived
an asymptotic solution of Eq, (2, 10) in the case k %‘—:, >>1 by the W, K,B,J, L,

method, and this solution was shown to be invariant under conformal mapping
because of the three properties discussed above. For details ¢f Jones' work,

22
the reader is referred to his paper( )

The properties a,b and ¢ fail when the mapping function is not con-
formal. Therefore, Jones' method is not applicable when the boundary has a
kink or a discontinuity in curvature, To handle such geometrical irreguls rities
of the boundary in scattering problems, an integral equation method is developed.

in the foilowing section,

2.3 Integral Representation and the Solution

In this section Garabedian's integral equation is derived and its solution
is discussed,
Green's function G(gl, r) in the DZ domain, satisfying the Dirichlet

‘ boundary condition is defined by the following three equations.




V2G+k2G=—.6(ly_1-g_ B in Dz

G=0 S - on Cz (2.15)
- .

lim oY '99-m0]=o
aor

r —>

Once Green's function is known, w(z), which satisfies Egs, (2.10), {2, 11) and

(2. 12), can be represented as an integral equation by Green's theorem,

. _— ”
wr, )=~ Mexp tkR F(z)¢df + G(r.,1) Id_w_| -1 u(;)kzdxdy.
=1 C, on e p ! dz
z (2.16)
This is Garabedian's integral equation, The first term in the right-hand
side of Eq.(2. 1€) is known, The kernel G(;l,g) . ﬂg—g | 2-1} of this equation

-5/2

is of order r as r —>m, and is bounded everywhere except at the point

r=r, where the Green's function has é. logarithmic singularity, So Eq.(2, 16)
'is a Fredholm integral equation of the second kind.

It is interesting to note that the first (known) term of Eq. (2. 16) satisfies
the inhomogeneous Dirichlet boundary condition given by Eq,(2,11), Neglecting
the effects of inhomogeneity |g-“1 , this térm can be interpreted physically as
a field radiated from Cz’ due to the source givea by the transformed boundary
value, The second term of Eq,(2, 16), on the other hand, satisfies an homogeneous
Dirichiet boundary condition, and represents the effects of inhomogeneity l%l
in the medium on the propagation of the radiated and scatwréd fields,

Eq.(2, 16) can be solved by a successive approximation, provided that

the iterated series (the Neumann series) converges, ' Let us discuss the conditions
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of convergence in L2 space (for more detail, the reader is referred to Mikhlin's
book(26)

). The inhomogeneous term of Eq. (2, 16) is square integrable in the Dz
domain if this term is multiplied by the factor (kr ).1

u(r,) 3G(r:,r) S S
1..¢ L 1 uz) 2
—= ke, exp{lkReF(T} K(rl,r) k dxdy

1 C
z

(2.17)

where

dw G(r r)
¥z, 0 (] Y| -) (kr)? . (2.18)

The Neumann series solution of Eq(2, 17) converges if
”1‘2"2. \D lﬁz(gl,g)l kzdxdy kzdxldy1 <1, (2.19)
VY, D '
1
When Cw is geometrically similar to Cz such that
Irw(o) -rz(O)I <6 for all 0<6 < 27 (2. 20)

where r, (or r ) is a polar coordinate re presenting C (or C ) then

is of order 6 for a small Lurtnermore if C has contmuous

2l

IF(z) -2z

times the characteristic ’ |

(27)

tangents everywhere (no kinks), then
dimension of CZ i8 also of order 6 (Warschawski ). Let the mapping

" function given by Eq. (2, 8) be rewritten as
w= F2)= 2+6 f(2) (2. 21)

where f(z) is a dimensionless quantity.

Then Eq. (2, 18) becomes
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o . [2 6 2 2 9(r;. ) ‘
K(x,, 1) = ks = Refl(z)+ = |f(z)|” ) - (kr) . , (2.22)
1 k k 2
k r,r

and ||Kll 1s of order k& for a small ks .
If ké is sufficiently small such that Eq. (2, 19) is true, then the solution

of Garabedian's integral equation is given by the Neumann series:

where
0G(r,, ) 1
u-o(gl) = - §Cz —5— * exp qikRe :(z)J dL (2. Tq4)»

and k,n(-l;l' r) is determined by the recurrence relationsﬁ.ip.

—~ ; . 7, = 1, 'd 1 2 ' !
Rioo-fe, s Reof) feoek, @0l
z (2. 25)

in(gl, 1) is called the n-th iterated kernel,




CHAPTER I
SCATTERING OF A PLANE WAVE BY AN ALMOST CIRCULAR CYLINDER

For a speciiic example of the conformal mapping method, the scattering
of a plane wave by an almost circuiar cylinder with periodic, smooth and shallow
corrugations is studied, Later this result is compared with that of Clemmow and

\Veston(28),

3.1 The Ma.ppi%‘ Functicn

In this section, a simpie methad of obtaining the function conformally

mapping an almost circular domain into a circular domain is briefly discussed

without proof, Details of this method can be found in the books by Nehari(zs)
or Kantorovich and Kl‘ylov(zg).
y
! oy
r{8)
- - X
» ey c'
w-plane 2 -plane

FIG. 3. 1: MAPPING OF AN ALMOST CIRCULAR DOMAIN
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Let the given almost circular boundary Cw be represented by the polar
equation
r6) =R+ rp(G) , o (3.1)
and assume that rp(a) is piecewise continuous, bounded such that

[rp(9)|5_6 «<1, | (3.2)

rp(o) is represented by a Fourier series;

fo sy
rp(e) = ; (ancos nd + bn sinnf) . (3.3)

In this case, the mapping function, which maps the domain Dz exterior to a
circle Cz into a domain Dw exterior to Cw‘ is given by
%’ aHHbn _ 9 i
w=Kz)=2z+ a ——-IT-T+()(6 ). (3.4
nlz) |
R
On the boundary |z| =R, the real part of the mapping function is given by the

closed form;

Re F(z) = Rcos 8+ [cos0° rp(O)-sinO- r—p(o] (3.5)

where

2r
1 : t-0
Tp(O) o PV, Jo rp(t)cot 5 dt .

3.2 Scattering by an Almost Circular Cylinder

As an example of application of the conformal mapping method, the

scattering problem of a plane wave by an almost circular cylinder with periodic,

smooth and shallow corrugations is considered,
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\d

s

FIG,3.2; AN ALMOST CIRCULAR CYLINDER WITH PERIODIC, SMOOTH
AND SHALLOW CORRUGATIONS

Let the boundary Cw of the scattering body be represented as
r=R+acos £6+bsin f6 (3.6)

{note that for £ =2, Cw is an elliptic cylinder), Here the perturbation factor

ké = k\] a2+b% (3.7

is assumed to be sufficiently small such that both ké and the norm of the
kernel of Garabedian's integral equation (see Eq,(2.19))is much smaller than
unity, Then neglecting (ké)z and higher order terms, the transformed field

u(gl) is given by the first and a part of the second term of the Neumann series
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ofi;q. (2.23).

WE ) U e (B (r J+u, (r ) + Olks)? (3.8)
where

| 3G(r,, x)

“circle(zlh- n exp{ikncoeei} 57 — R® (3.9)

u (r)=- ik acos(l-l)6+bsin(!-1)9] exp GkR cos 6)

P71 r=R

9G(r,, r) .
. R . (3.10) "

or

: . SS . dw _\|. 2 -
., (Ll)-Z G(g_l,;) Re ,:(E 1)] ucircle(z')k dxdy (3.11)

2 |z|>R
and
. @ in(8, -0) T J_(kR)
_ i 1 (1) \_._n (1)
Olr,. 0= 3 n=Z_,‘me H " (kr,) [In(kr e H (krE] (3.12)
for r1> r .
Substituting the expansion form of eikR cosd (Magnus and Oberhettinger(ao)),
viz, )
® ind
exp{ichose = Z ife g (kR) ,
n=-oo n
and Eq. (3.12) into (3, 9), Uoircle 18 Biven by
® J (kR) .
{Be infy (1)
c1rcle(-*1) Z: (1) — H (krl) . (3.13)

n=- (kR)
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ucircle is the field resulting from the scatterfog of a plane wave by a circular

cylinder 6f radius R, up ( _x;l) can be obtained by a similar metkod, viz.
1

(1)

' 1 a)_‘ n ind Hn (kr])
LN EAREE D I e ——— |i'karing 4 g (KR
< 1 & n=-o Hn ’ (m) ‘ n
i ka-ib) . g (kR) (3. 14)
n-£+1 : .

up can be evaluated by substituting Egs. (3. 4), (3.13) into (3. 11) and using
2

the following integral formula

AR

Rl_‘+-r+l

+r+] !

B R C,(RID (R)R = e cu(Rl)Dr(nlwcuﬂ(nl)om(nl)] ,
| (3. 15)

where C and D are any cylindrical functions., Thus

iné

. o ikr, -i ? o 1 o

o i 2 T4 2 A k(a+ib)

R T s e 2 T [
Py mkr, n=-w H_(kR)

(1) \ | (1)
Toe g 10 4 e i) oo g+ (KB ]

-i T =52 (kp) —=£FL
) ' 27 “n-s 5y
(kR) H g (kR)
(3.16)
up and up represent the perturbed field, Using the relationship (see
1 2
Magnus and Oberhettinger(Bo))..

(1) (1)

: 2
) ~7 (. ==
Jooy(2H (2 =T (2H 7 (2) = =

R (3.17)
-1 Tz

the sum of u and u_ is given as
1 r2
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ikr -1% 2] mﬂl
u=u +u ’kz e ! Tei)—
P P P Ty 6== H " (kR)
' (1)
H (kR)
I k(a+ib) n+1-1
J 4
1) "+
-2 ka-b) ] . e H(n-l+1(km ‘g (R)
2 o-A Hhi (kR) n-f+1
‘ -1
n
. ind
S ]2 eikr1+13- o1 2, ! [l (a+ib)/R
mkr, m £ (1)(kR) f;+1)1 (KR)
i -.‘1('_;)_'213_. (3.18)
(kR)

Since F(z) of Eq.(3.4) —> z as z-> o, the mapping function becomes

an identity for the far field, Therefore, the far field scattered by an almost

circular cylinder with periodic, smooth and shallow corrugations is given by

“(9-1) = cu,cle(p )+ 1 (p ) + Oké)? (3.19)

where ucir le is the scattered field of a plane wave by a circular cylinder of

radius R, and ﬁp(e_l) is the perturbed field given by

7 inf
o2 2 ko, +ig 1 e ! [1 (a+ib)/R
Pp= Vﬂkpl T o th (kR) l (kR)
w1t (?1')“’) R ] : (3. 20)
Hn-,t(km
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The solution in Eq, (‘3. lé) agrees with the result of Cleihméw and Weston(zs)

who obtained the same solution by muns'of a perturbation and Fourier transform
method, and they also qbtalned the aaymptotic form of up(g_l) for kR >> 1,

In their original baper; the discussion about the limit of validity of the solution
(3.19) was based on physical interpretation of the solution. But from the study
of the iterated solution of the in'tegr.;al equation (2, 33),_ it is now clear that the
conditions for validity of the solutién of (3,19} are not only k6 << 1 but also

K|l <<1 as given by Eq. (2. 19).

e



CHAPTER IV |
EFFECTS OF EDGES IN HIGH FREQUENCY SCATTERING
In this chapter, the problem of diffraction by edges with discontinuities in.
curvature or in its derivatives is ha.ﬁdled by the conformal mapping method, It
is found tha: the deminant contribution of the edge-effects on diffracted fields _.
is given in the form of a contour integral, The behavior of the mapping function
near the edge, necessary for the evalua‘t.i'on of the contour integral, is discussed

in Section 4, 2.

4.1 Integral Representation of Effects of Edges

When a wave hits an edge, the incident ray produces infinitely many

(31)). This kind of diffraction problem can be handled by

diffracted rays (Keller
the integral equation method derived in Chapter 2.

As a first stép, the given boundary with a finite number of edges is mapped
into a new béundary which is {ree of edges. The transformed function of the

scattered field, u(gl), is then given as a solution of Garabtedian's integral equa-

tion, This equation' is derived in Chapter 2 and is given as

ur,)) ulr; | ~
1 o1, K(r,,r) u(g) k2dxdy (4.1)
kr kr =1’ kr
1 1 D
z
where
uo(gl) = - . exp ik { x+ 6 Re (z) o df . (4.2)

Z
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‘The kernel function K is given b} Eq.(2, 22) as

G(r )

K(rl,_) kb{ Ref'(z)+ T ‘f'(z)'} (kr) 3 , (4. 3)

k rlr,

and ¢ in the above equation is defined by Eq. (2, 20) as the maximum linear
distance between the original and the transformed boundaries,
- It is showa in Section 2,3 that Eq. (4. 1) can be solved by a successive

approx!matlon method, provided that ké is sufficiently small so that

“§"< 1 (see Eq.(2,19)).

At least in principle, ké can be chosen arbitrarily small, Formally,
this can be accomplished in the follc_)wing wiy, Chouse the transformed boundary A
Cz as identical io the original boundary Cw except. ﬁear the edge, wheré Cw
is perturbed sc that ké is as small as desired. In cprtain cases, by perturbing
the original boundary, the new boundary may have points of_discontinujty in
derivatives of higher order than that of the edge of Cw. It will be shown later
(Chapter 6) that the effect of a discontinuity in the n-th derivative of the tangent
on the diffracted field is of order l-:-n(lqol)-]’/2 . Therefore, the effect of the new
discontinuity in the higher order derivative of the tangent may be neglected com-
pared to the effect of the original edge of the scattering body.

Unfortunately for given Cz and Cw’ a simple local mapping function
near the edge is not available. Therefore at the present state, it is assumed that
the boundary of the scatterirg body is almost circulax;. Then map Cw into a
circle Cz and use the tecknique of Section 3. 1 to obtain the desired mapping

function a ppruximately,
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The norm of K in Eq.(4.1) is of order ké and can be much smaller
than unity for a sufficiently small ké (see Section 2.3). Then the solution of .
Eq. (4. 1) can be obtained by a successive approximation method. We now examine
the first (known) term in Eq. (2. 23) when the wavelength of the incident wave is
small compared to the minimum radius of curvature of the scattering body.

In order to examine the asymptotic behavior of the fjrst term uo(gl)
for high frequencies, it is convenient to use the asymptotic form of G derived

on

in Appendix A, viz,

BG(r 1kr —1— il
o, ar "M
. (§ ) exp{kR(-6+6——-+2n7r)} L
n:
+;!(§r'1) exp{ikR(91-9+ %7H- 2n7ri}]

for kR>> 1, (4. )

where
kR)l/S
2
= (- .
§n—( 01+9 5 +2nm)M
3
| = - —
§'n (91 0+ 5 + 2nmM (4, 5)
and

(4. 6)

’ ;i(t '
He) = —— X .%Tt—)-dt
VY al
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%,

FIG.4.1: THE [ CONTOUR

wl(t) = F [Bi(t) + iAi(o:] is an Airy function, and ﬁ;) is the Fock ﬁlhcﬁon(4).

Using the asymptotic form of Green's function, an approximate expres-

sion of uo(gl) can be obtained by direct substitution of Eq. (4. 4) into (4. 2),

1kr
u(r,) = ”_“?;-1 e '3 [tf+‘d’*_]+o(k6) (4.7)
where
M2 4 o 2 T |
o=1-5- 5-00 cﬂ[l+g(-0+1r+61)] exp{ka(-cos(Ol-G)-EH f} f{§=M(-2—-B}
(4.8)
T = 1—§ do| i+g(- 9+1r+8] exp{ka(—cos(O 9)+6+% {;’ M(—+9}
(4.9)
and

g(6) =iké Re f(Rew = 2) (4.10)
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is related to the real part of the mapping function on the boundary (see Eq. (2. 21)).

For kR >>1, the contour integrals of & and &* can be asymptotically

(32 L
evaluated by the saddle point method (Vander Waeiden' )). Set
V= -ikR [-cos(91-9)+% -6] (4.11a)
and
~ o s . - 1 o 1 Y
v* = -ikR [-f,os((-)l o)+ 3 +9]_ {3, 11h!

By Egs. (4, lia and b), Eqs, (4. 8) and (4. 9) can be rewritten as

2 =100 ~ - .
G-aM e L [lig-grrr0)]-T fx --M(l-@)} (1.12)
2 ~ dv 1’4 [§ 2
v(8:=7) .
and
M2\ i@ S o ~ 7
O'*=-iT dv¥ e —_— [1+g(-9+7r+6 )]f{§=M(—-f9)}.
%’(6--#)

(4.13)

In the Vv (or ?/'4:‘) p->lane, the integrand of Eq. (4.12) (or (4, '13)) has two
kinds of branch points; one is due to the saddle points <g—g =0 or :—g—= ) s
and the other to the branch points of g{6). -. The branch pqints of g(@) are in
turn due to the geometrical singularity of the surface of the scattering body,

By choosing branch cuts parallel to the real axis in ¥(or ¥*) plane
and defqrming the contour of integration, T(or F+) can be written as a sum
of branch cut integrals, Branch cut integrals due to the saddle points represent
the specularly reflected field and the fields diffracted by the shado;;v boundary

(9)

(see Appendix B and Goriainov's paper ), The branch cut integrals

due to singularities of g(8) represent’ the effects of an edge of the scattering
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body in the first term of the Nedmami series. These various sources of the
scattered and diffracted fields are in agreement with the predictions of the
geometrical theory of diffraction (see Keller's paper(m)).

As discussed in Chapter 2, the iterated terms in the Neumann series
represent corrections to the diffracted fields due to the change of the ray paths
under the corformal transformation. We now consider only the fielés diffracted
by the edge, and postpone the discussion of corrections arising from the iterated

terms until Chapter 6, Then the fields diffracted by an edge are given as

ikp i T "
~ ~ 2 1 "4 2 '
ud(g) —\/ : , e [a+aﬁ+0(k6) (4, 14)

2 ...a
..M -v de Tle-wmel_
cr—-1-2— jvc d¥ e a-a'g(-9+¢1+1r)- f {g’—M(2 9)} (4. 15)

where

2 ~
#* d ~
o*=iMTSc*dv*e""'a%,-g(-e+¢1+w).f{g=M(g-+e)}, (4. 16)
d

and C, and C%* are branch cut contours due to the branch points of g(0).

d d
Equations (4. 15) and (4. 16) can be evaluated once the function g(0) is

‘known. g(6)/ik is the real part of F(z)-z on the boundary, and it will be
investigated in the next section, |

The Fock functions ¥¢) in Eqs._ (4.15) and (4. 16) represent physically
the current induced on the circular cylinder by the incident plane wave (see

(10

Goodrich' ), {¢) admits an expansion in a series of residues for ¢£>0 ,
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1§ts

a R
Ko=2V71) ) o0, (4.17)
1's

8=l d

where t, is the s-th root of wl(t) and numerical values of t, are given in

- (3)

various papers (e.g., Fock's paper' ~'). For a large ¢, ik’) has the following

asymptotic behayiOr:
14
e 3 ﬁ§)= 2i¢ as { — -  (4.18)

=0 as { s (4.19)

The expansion form of the residue series Eq, (4. 17) represents diffracted fields
in the shadow region and they are called creeping waves, Near shadow boundaries,
the following relations hold

3

Ry ~ M =7 3 ~ T
(a) kn(2 8) chose+—3-(2 0) for 9_5_
' L4 M a 3 b s
(b) kR(7+6) “KkRcosd + =~ (5 +0)° for 6-2 | (4. 20)

£3
When the argument ﬁ!) has a large negative value, elg T(¢) becomes a physical
optics term by substituting Eq, (4. 20) into Eq. (4. 18) (see Goriainov's paper(g)).
Therefore, in the following chapters ‘exp {ikﬁ(t@i— %)} -?{;’:1\1(4;94— ; )} in |
Egs. (4. 15) and (4. 16) is replaced by its asymptotic form 2iM cos 8 eikR cos6

whenever the argument of F( %) Vhas a large negative value,

4,2 Behavior of the Mapping Function Near the Edge

In this section, behavior of the function g(f) is examined, g6) is

defined by Eq. (4. 10) and by Eq. (3. 5) as
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g(6) =ik5 Re 1(:=Re19)

=tk [cos6- r (6) -eine . fp(O)] (4.21)
where
27
B 14 e
l'p(O)-—z; P.V, SO rp(t) cot—>=dt .

?p(O), exists at every point where rp(G) satisfies the Lipshitz conditi'on.
Furthermore, if rp(G) has a discontinuity in the n-th derivative with
respect to 0 at (2] =90, then Fp(O) behaves as (9-00)'1-1 Log (9-90)2 near
9=8°. So the degree of singularity of the function g(0) is determined by the
degree of singularity of the boundary of the scattering body. For more details,
the reader is referred to Warschawski's paper(24). This property enables us to
study the effects of discontinuities in curvatﬁre and in its derivatives by means
of the integral equation (4, 14).
| As a specific example, let us consider a convex contour constructed by

smoothly joining together a semicircle and a semiellipse,

FIG.4,2: A CONVEX, CLOSED CONTOUR WITH TWO DISCONTINUITIES IN
CURVATURE
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2 :
=a {l-czsin%8-¢d)}'1/2 ~a [1+€Tsin2(6 -¢d)] for ¢d-7r39§_¢d
r(6) A
=a _ for ﬁdges_ﬁdﬂr
(4. 22)

4

2
where 6 2’42(’ and higher order terms are assumed to be negligible,
Let us map CW into a circle with radius R which is given by the

following equation

| 27 E2
R= — r(6)d0 = a(1+ —) ‘ (4. 23)
2n 8
0
Then
' ’R 2 1:]
rp(B): r(f) -R = —— | sin (9_¢d)-3 for ¢d-"r,—9:¢d
2 24
~. <R for g, 0 .9 +nx e
8 a-"=%4
The evaluation of f‘p(G) needs a few steps of computation,
- e t-6
2rr (6) =P, V, dt r (t) - cot —
p 0 p 2
(4, 25)
2 ¢
2 -0
-2 pov, d dt sin"(t-@ )+ cot te
2 d 2
g __

By making the change of variables

and
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the integrand of Eq, (4, 25) becomes
sinz(t-ﬁ d) . cot% = coszy(aln x+% sinzx)

2 cosdx+ cos2x
~+s8iny.
sinx

Substituting Eq, (4. 26) into Eq, (4. 25) and carrying out the integration, ;p(O)

becomes

- Re’ 2 8- % : Va4 I
rp(g) =3 |sin“(6 -9 ¢ Log {tan 3 -2cos (9 - @ Py 7 §in 2(6 -¢d):] .
(4. 27)

This result will be applied in the next chapter to the problem of diffraction by

" a discontipuity in curvature,
[}

- 8in 2y(cos x+c082x) . (4.26)

°K -



CHAPTER V

FIELDS DIFFRACTED 3Y EDGES -
WITH DISCONTINUITIES IN CURVATURE

In this chapter fields diffracted by edges with discontinuities in curvature
are obtained by asym_ptotically evaluating the contour integral derived in Sgction
4.1, First, in Section 5,1, various branch points are found. In Sections 5. 2
and 5, 3, the case when the edges are far from the shadow boundary, is considered,
In Sections 5.4 and 5, 5, the edges are taken to lie at the shadow boundaries. The
summary of the results is tabulated in Section 5. 6 and the physical meaning of these

results is discussed.in Chapter 6.

5.1 General Solution

A

the upper edge

-in &z

the lower edge

FIG,5.1: THE SCATTERING BODY WITH TWO EDGES

32
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Let the plane wave be incident on a perfectly conducting cylinder with two
points of discontinuities ln curvature as shown in Fig. 5,1 It is assumed that
'2'120 and 7> ’d 2;— . At both junction points ¢=ﬁd and ¢=ﬁd -¥, curva-
tures of the semicircle and the semiellipse are % and 1—;-158 respectively,
where- eA is the eccentricity of the ellipse,

In order to apply the contour integral representation Eq, (4. 14) of the edge
effects, the boundary Cw in Fig, 5-1 is assumed to be almost circular (see
Section 4, 1).

The real part of the mapping function on the baundary is obtained in

Section 4,2 and g(6) is given as

g(0) = ik | cos 6. rp(O) -8ing - Ep(e)] | (5.1)
where
€2R 2 1
rp(0)= 5 [sin (B—ﬂd)-z] for ¢d—156 gﬁd
2 (5.2)
R "
="%— for ¢dSGS¢d+‘”
and
2 0-9, 2
- 2
£ (6)- <[ sine -8 )+ Log(tan ——) -2cos(e-¢d)+gain2(e-¢dﬂ .

g(0) - is a periodic function with the period 27, and has branch points at 8= i
and 6:=§ g~ 7 The branch point at 6=¢ A is due to the discontinuity in curvature
at =9 d on the surface of the scattering body, and the other branch point due

to the discontinuity in curvature at 6=§ 47 (see Fig. 5-1),
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Substituting Eq. (5. 1) into (4. 14), the fields diffracted by the two edges at

the position of the cirole-ellipse join are given by the following branch cut

integrals

—~— ko 12
~ 2 177
ﬁd(p—l) = V—'k—p-l- e E:r+cr*] _ (5. 3)
where
"y e B govps it {r= M -0)) (5.9
AT ) ®e @ sOTArALE-MG-0), :
d
| 04-1-‘12- i - @ g(;9+ +x) . T —M(1+a)} (5. 5)
2 PR ﬂ"{r'zi' .
d

and g(@) is given by Eq. (5. 1). The contours C d and Cﬁ are branch cut
contours near the branch points of g(6).
' Various branch points of the integrand of o in the range of integration

can be easily found, First the saddle points are solutions of

dv _ d T . eoa
E = -ikR 'c—”; [-008(¢1-9)+-2--9] =0, (5, 0
Solving Eq. (5. 6) it can be shown that the saddle points lie at |
- L '
O'n- ﬂl+ 7~ 27 (5.7)

where n=0,1,2,,...,.
The argument { = M(% -0) of the Fock function (see Eq, (4. 6)) near these

saddle points is positive except for the case n=0, When n=0, the argument
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' ’;'-ll(;--o.oh - Nﬁl goes to negative infinity as  M—> o unléu ,l =0, As
discussed in Section 4, 1, when the argument of the Fock function becomes a
large negative value, the Fock function should be replaced by its asymptotic |

form, Unless ﬁl‘-"- 0, the new saddle point s a solution of

dv _ 4 - -0)] -
3--11(3 ® [coee cos (ﬂl 0)] 0. (5. 8)
' The new saddle point is
. .
=4+ X
%007 t7 -

Therefore, the saddle point lies at

0 =P +2-2n7r  where n=1,2,,,.
sn "1 _

2 > e e np
and
- r ~
oso—¢1+2 for ¢1 0 (5.9)
0" _¢1+1 for ¢1>0,
so 2 2

The branch points of g(—6+¢1+1r) lie at
Odn=¢l-¢d+1r-2mr where n=0,1,2, .., (5.10)

due to the edge of the scattering body at P=¢ 4 and at

Gdn=9dn-.1r (5. 10Y)

due to the edge at @=¢ g~ 7 Inthe v plane branch cuts are taken parallel to

the real axis,
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Im¥

e=-m Cr
UB = F‘_ o

—® Ro v
0 = -—— ~
¥ - ‘_--—----—_t—
v(9~Gsl) - - Csl
~10 - C . . S

FIG.5.2; V-PLANE
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C ImY*

+ Re v

K", -- --—--——————1—-— C*
| V*(O-O’a) g do

—-

- . Ve
vi(O = 0% ) F—: o — - - Cx

- : - *
V*(e '930) MR THWY N GRAS WAs GED GAED CAEE U TED GED NP S — Cdo

FIG, 5.3: v*-PLANE
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In a similar way, branch points for the integrand of o can be obtained,

Solving the following eq;mtion

dirs oo d _ L
W -ikR 5 [—c¢)5(¢1-9) 0+ 2]—0 , | (5.11)

the saddle points lie at

o= _z.—y- ans q » = 5
Gsn 9’1 5 ©onw where n=0,1,2,... V(V.IZ)

Near all saddle points given by Eq,(5,12), the argument of the Fock function
g"rl\l(g— + O‘En) is positive g(-0+ 1 + 9)1}‘ in the integrand of o has branch

points at

dn = 9) ¢ + 7+ 2n7 where n=0,1,2,... (5.13)

due to the edge of the scattering body at Q):ﬂd, and at

G = 9% -7 H.1¢
jdn Odn T (5.14)

due to the edge at @ = ’bd -7,
In the ¥ plane branch cuts are taken parallel to the real axis,
The branch cut contours Cd and Cd which are introduced due to

singularities of the mapping function are rewritten as

(5., 15)

@]
n
Q
+
G
+
ﬁ
+

and

Cx = Cx
d- Cdo +C§o+"" (5.16)

as long as any of these branch cuts of Eqs. (5,15) ard (5. 16) do nut coincide

with any branch cut due to the saddle point,
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Since the branch points of the function g(6) are depender: on @, (the

-d
branch voints of g{6) are changed as the position of the edge ‘is moved,
- Let us evaluate each contour integral asymptotically for high frequency,
. ig
in various cases, by changing the observation point (ple ) and the positicn

of the edge,

5.2 Case L, n;¢]>¢d-% and -ﬁe#g

In this casc the edge at f = ¢d is in the illuminated region 1ad this edge
can be directly seen from the observation point, Let us first assume that

¢l # 2([1)d -Z), then none of the branch cuts due to the saddle points and

o

singularities of the mapping function coincide in v and v+ planes,

(i) Evaluation of o{C, )
. do

Near the first branch point 6=6 , - 93l -¢d t7 in the ¥ plane, the argu-

ment of the Fock function ‘C=M(-g- + edo) is negative, sc the function

+ ikR( 2 -8) - :
e—lkR‘r/ 6) f{g‘=M(nj: -0)} in the integrand of ¢ is rcplaced by its

asymptotic form near this branch point, Near O:Odu

} 8, B, )
v = ikR l:cus (¢l-6) - ¢OS é‘ = i2kR sin sin(¢d - =-31=-7- i2kR sin? cos (’-E- -¢d)
& &

(5.17)

where

7=0 €




Define
fi1 1
v= -i2kR sin - -coe(ﬂd-?).
ei#z v
, = for Imv>0, (5. 18)
* 3. B 1
4Msin ~cos(¢d-—2-)
and
i5x/2 v
T_= e, forImv<O,
4M3am-l cos (P --1)
2 d 2

o becomes

Using Eq. (5. 18), the Smnch cut contour integration of o at 6=0 d

o(C )zM3 p.-p.+m- e -iZkRsiugl sin (P --¢—1)}I kS 19)
do COBIP =Pq™ ™ oxp 2 "2 % y

where
dr

@ ~v[dr_ +
Ic = S dv e [-C-l-\-l- . g(ﬁd -7)- 'av'g(ﬁd- T+)] . (5. 20)
do 0 r

Near v=0, g% is analytic, but g(§ d--r) is not and the second order term of
the two sides of the branch cut are different (see Eq. (5. 1) and Section 4. 2),

Substituting Eq. (5, 1) fato Eq. (5. 20), I,. . becomes
do

i © - .
L d S 0o ’——m’d- T’)_g(ﬁd-7+)]
2M'sin o - cos(—i- - ¢d)

9 A
2€"(-cos @ ,+2isinf )
= d d (5.21)

P [ .
M6 4sin — . cos(—21 -¢d)]3

2
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Since

) 2

62-‘3 R(% -1 ) (see Eq. (4. 22) ard (4, 23)),
then

2
1 1l-€
.i2_= Ei ~ 2(:.—3 (5.22)
3 kR k * :

Substituting Eq. (5, 22) fato Eq. (5, 21), o(C ;) becomes

2
1 1l-€
(=-——)(~coef +2isinp ) cos(p -9 ) ¢ ¢
O(Cdo)z_ a a 3 d 3 d = 1 d.exp{-12m3i3715in¢d--zl)
1
k16 sinTl.cog(T-pdﬂ
(5.23)

a(C do) is proportional to the difference of the two curvatures at the join p=9 d

and is of order 1k,

(ii) Evaluation of o(C do)

— . - l-—
Near =6, -¢1 -¢d, the a‘xgument of the Fock function ¢ M(5 640!
is positive, and
m

¥ =ikR cos(¢1-6)+6 - -5]

, T, . o .

=ikR +cos¢d+¢l-¢d— -2—]+1kR [lh:m[bd_] 7

(5.24)

where

do °
Set
v =ikR [U-sin’bd]- T,
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3 forImv>0

and -12'
e 2 v
7-_ T 3 for ImV<0 . (5.25)
[“’"‘”d] 2M
Using Egq, (5, 24) and (5, 25), the branch cut integral of o at 9= becomes
M2~ n 4
O(Cdo) - - ?f {§=M(§+¢d-ﬁl) * exp lkR(E'*' ”d -ﬂl)
: 9 i exp{l(kR+Mt )(—+¢ -¢ )}
+1chos(¢d-1r) . I(-: =M 7 4 - (t 3
do s=1
ichos(ﬂd-w) (5. 26)
‘ 16 e € ’
do
where

@ d'r- d%+ J
IEdo =f dve g(¢ -T-7) - a'v—gmd‘""q) - (5.27)

In Eq, (5 26) the Fock function is expanded in terms of the residues at w (t) 0

(see Eq, (4, 17) Eq.(5.27) can be evaluated by the same method as used in

Eq. (5. 20),

<l- )[-cosp +21sm¢d]
. , (5. 28)
do kM 2 E+sm¢ ] _

Inserting Eq, (5. 28) into Eq. (5, 26) we obtain
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(—- -—) [coeﬂd-msxnﬁﬂ © exp{1(kR+Mt W+ +¢d_¢l)}
o(C, )=
do Mwl(ts)

&T+sm ’d] 1 _
* exp {ikR cos (¢d-1r)} . (5.29)

The phase term of Eq. (5. 29) shows a new creeping wave contrii)ution

traveling in the clockwise direction, which appears to be due to diffracted fieldsA
ikR cos (f g™

of the incident plane wave e by the edge at p=§ 3™ but this edge
is in the shadow region, The onlj incident waves at the edge in the shadow region
are creeping waves launched from the upper and the lower shadow boundaries,
Therefore, the proper interpretation of the term exp {1kR cos (§ d-w)} in Eq. (5. 29)
is necessary. Also 'we need the proper choice of either one or both of two incident
creeping waves as the source, Suppose Eq, (5, 29) represents diffracted fields of
the incident creeping wave from the upper shadow boundary, Then the creeping
waves, which are diffracted fields of the incident plane wave at the upper shadow
boundary, and o(C do) will have the same phase, and these two are indistinguishable
(see Section 5,5), Furthermore, the creeping wave due to the diffraction at the
shadow boundary is of order k_l/3, and this term is dominant compared to that
of Eq. (5. 2) which is of order k_l. So o{C do) must represent the diffracted
fields of.the incident creeping wave from the lower shadow boundary (see Section
5. 5).

Using the proper interpretation of the Fock function as a physical optics

term or a creeping wave term (see Section 4, 1), exp {ikR cos (f d-w)} term in
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Eq. (5. 29) 18 replaced by

Tle=M(Z+p -2 |
[ 2 d ].exp{im(_;_.',pd_w% .

2iM

Therefore, o(C do) becomes

1-€2

. )(-'t'cos ’d -2i sinﬂd)

ofC, )= 2
do 2;[1:3111% |3

. 2, Texp {i(kR+Mts)(23 +Pq-p )H(kR+ Mtp)(pd- % )}

- - 2 ] g 1 . .
s=1 p=1 M wl(ts)wl(tp)

(L

(5., 29)
(iii) Evaluation of o(C dl)

- = - - i = 1—
Near 6=9 ¢1 pd 7, the argument of the Fock function ¢ M(2 Odl)

is positive, and

Vv = ikR coa(¢1-6)+6-g-]

‘iikR[-coe¢d+¢l-pd-%1r] + ikR [l-sin.ﬂd] o ~ (5.30)

where 7:=0 -edl .

Define

v=i2M® [1 -sinﬂd]- T,
_ e-“ﬁv
T

*oom® [l-sinﬂd]

for Imv>0, (5. 31)

and
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L
T = e y for Imv<0,

- ZMBTI -smﬁd]

Substituting Eqs, (5.30) and (5.31) into Eq.(5.4), o{C, ) becomes

3
® exp {i(kR+Mt (P +f +=m)+ikRcos§ )
o(cdl)z_MZFr_Z: { 8 "17d 2 d}

s=1

w'l(ts)

® - dr
-v|d

1™ e [ e - Srsryeny)

1 1-€2. T )
:,_('a_- - )_—cos¢d+21sm¢d]

2 [1 -sinﬂ(’]3

® V7 exp {i(kR+Mts)(_¢1+ Byt 37+ ikRcos fo} (5.32)
Mwi(t) .

S=

(iv) Evaluation of o*((.?’éo)

Near 9=§30 = ¢1- # . the argument of the Fock function in o,

E=M(=+6" ) is positive, and
2 do
¥ = ikR cos(¢1-e)-e-§ |
2 kR |- 1) - 1) ikr [1-sing. |-
1kR[cos(¢d ) ¢1+ ¢d 2] 1kR[1 smﬂdJ T (5,33)
Define
v=-ikR l-sinﬂd]-r,

exSn/Z v
r

T for Imv >0, (5.34)
2M [:l-sinde




4€

and

| =

i

2
e v
T = 7T —
2M [l-sinﬁd:'

Substituting Eqs. (5. 33) and (5, 34) into Eq. (5. 5), the branch cut integral of o* at

for Imv<O-, (5, 34)

0 =6=5° becomes

a

cos ¢d—2i sin ¢d] ikR cos(¢d- m
‘e

(Cx )= _
T 2%k [l-sinﬂd]

do

oo
® \7r i +ML MO -0+ -
V7 exp {i(kR .lts;(¢1 ¢l 5 )}

Mw' (t) (5. 35)
1 8

s=
Equation (5, 35) repfesents fields diffracted by the edge in the shadow region,
herefore, by the samc reason as the case of o{(C do) of Eq, (5, 29), the plane
wave term exp ikR cos(¢d-1r) in Eq. (5, 35) is replaced by the creeping wave
term (2iM)'-1 T ﬁ\’l(% -¢d+ 7r)} . exp {ikR(-;L —¢d+ w)} . Substituting this factor
into Eq. (5. 35), we obtain diffracted fields of the incident creeping wave from the

lower shadow boundary by the edge at P=¢ g

2
(=- 1—€') cos @ -2lsm¢d]

2k Ll -gin @ d]

®_  wmexp {i(kR + Mt )(1+¢ -9 ) +i(kR+ Mt )(‘321 —¢d)}
P (5. 35)'

ia s'7 PPy
- - 2 1 ?
=1 p= M wl(ts)wl(tp)

% - ~
o (Cdo)—-
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(v) Evuluatl&n of c*(Czo)

Near 0=0% - ¢1-¢d+t , the argument of the Fock function of o,

g=M(3/+0% ) 1is positive, and
-~ n
v = kR cos(ﬁl-e) -0 - E]
zuga['-¢l+¢d--g-a-cos'pd] kR [1+sinp, |- 7 (5. 36)

where 7:=0 -6%
do

Define

v=-ikR [1+ _sinﬁd]'r,‘

5w
ei—z— v
T, = for Imv>0
+ 3 . '
2M E1+sm¢d]
and
T
ela
T z for Imv <0, (5.37)

"o [+ sing ]

Substituting Eqgs, (5. 36) and (5, 37) into Eq. (5.5), the branch cut integral of o*
at 6=6*% becomes
do

2
1 1
(=-—=

a- a_t
: 3 -
2% [1+sm¢d] s=1 M w'l(ts)

Neosp-2isind) o 7T exp {i(kR+h/{ts)(%w+¢1-¢ J*ikR cos §,}

w )
o*(Cx )

(5.38)
When 1r2¢1>¢d - %, ¢d=/= % and ¢1 #+ 2(¢d-% ), the fields diffracted by two

edges are given as
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T
ko -1 T -
2 1.4 [o(Cdo) of Eq. (5. 23) + o‘(Cdo) of Eq. (5, 29)'

P

Uyley) = wkp, ©

+ o(Cdl) of Eq,. (5. 32) + 0*(050) of Eq.(5, 35)'

+ 0% (CY ) of Eq. (5. 38) +] i (5. 39)

When . §_=2(¢ 9" %), in ¥-plane of Fig, 5-2 two branch cuts at the saddle point

=':ﬁl
003 *3

cide, In Eq. (5. 20)

and the branch point of the mapping function 6=6 do=¢ 1-¢ g7 coin-

dr_
dv

from g(§ -7 +) still in the second order term, Therefore, the saddle point con-

is not analytic any more near 6=6 do’ and g(p d-v_) differs

tribution is dominant, and o(C do) of Eq, (5, 23) disappears (see Appendix B), The °

other terms in Eq. (5, 39) remain unchanged, Physically this means that when the

specular reflection point and the position of the edge coincide, the specularly

reflected field and the field diffracted by the edge are indistinguishable, The specularly

reflected field remains unchanged in the first order approximation for high frequency,

5.3 Case II, pd-g>¢120 and ¢d=/=-7§r-

As the observation point moves across the tangent line at the position of
the circle-ellipse join, the argument of f{M(g- -6)} near 6=6d0= ¢1-¢d+ T
changes from a negative value to a positive value, and the argument of
~ .4
f {M(-L; +0)} near 9=9:§0 = ¢1-¢ d changes from a positive value to a negative
value, The relative position of the branch points due to the mapping function with

respect to those due to the saddle points remain unchanged as in Case I,
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(i) Ewvaluation of o(C do)

3 = 1 -
: Near 6=0 do” ¢1-¢d+ 7 , the argument of the Fock function, &=M( 2 6 do)

is positive or equal to zero and in the integrand of ¢ of Eq. (5. 4)
~_ . L4
V= ikR cos(¢‘-9)+9-§]
=R P p + 7o iR [1-sinp_ .
1kRL¢1 ¢d+2 cos¢d]+ka 1 smpd T (5. 40)

where -r=9-9do (note the difference between Eq.(5. 40) and Eq. (5. 17)).

Define

v = ikR [1 -sinﬁd_lf ,

b g
-ig
P P S for Imv > 0, (5. 41)
oM’ r1~sin¢-J
L d.
and
LA
e 2 v
T_* for Imv - 0 .,

Substituting Egs. (5, 40) and (5. 41) into Eq. (5. 4), the branch cut integral of o at

6=6 becomes

do
1 1-62” m
(= - )(-cos® +2isinP ) o \7exp {i(kR+Mt g -~ -9 )+ ichosﬂ}
oC )~ & a d d s'7d” 2 d
do 2 . 3 - y
k l:l-smﬂd] s=1 M»“l(ts)
(5. 42)
(ii) Evaluation of o(C% )
do
Near 6= 53(): ¢1-¢d, the argument of the Fock function, {':M(g +0), is
almost equal to zero when ¢1 ad ¢d - —T;T- and is negative when 951 < 'ﬁd - 1:— .
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Therefore, when ¢ <P, - the residue series of the Fock function

d 2 !
in Eq. (5. 35)' should be replaced by the asymptotic form of the Fock function for

the negative argument,

) = (é— - —) [cos¢d-2isin¢d] sin(¢1-¢d-—7r)
do ' 2%k [—sinﬂdJB

' . g3 . .
@\ exp (iR +Mt )G -9 ) +ikR sin (P, -, -}
M w'(t)

I'p
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o*(C-

(5. 43)

p=1

lor¢ ¢

lvl =3}

G(Edo)’ G(Cdl) and 0'{=(C30) arc the same as those given in the previous section,

and the fields diffracted by two edges are

ik, -ig -
. 2q. (5., 42) + Eq. (5, 29)
e O(Ldo) of Eq. (5, 42) O'(Cdo) of kq. (5, 29)

+ g(C ) of Eq.(5.32) + ¢{C: XNsee the
dl do
next paragraph) + o= (C ) of Eq, (5, 33)

+] for Q) -= ‘¢l -0 and ¢ B‘E-,
(J 44)
In Eq.(5.44) o° (C ) is given by Eq, (5, 35)' when ¢ ~¢ —% , and by Eq. (5. 43)

¢ - I
when 161 ¢d 5

5.4 Case . 7> >0 and § -7

d

When ¢d becomes

N N

, the position of the circle-ellipse join lies at the
shadow boundary, and the relative positions of the branch points of the mapping

function with respect to those due to the saddle points are changed in Fig, 5-2 and
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- Fig.5-3. In fact, 9d1=¢ -%ﬂEq.(S'.-lO)) becomes equal to 6 21(Ed.(5.9),
'.and o ¢1 3 (Eq.(5.14)) becomes equal to 9*1 (Eq. (5. 12)). Thua two

branch cuts at =6, . and 0=081 in Fig. 5-2 coincide, and two branch cuts at

d1

6= 0"‘"0 and 6= 9* in Fig. 5-3 coincide,

(i) Evaluation of oC do)

o(C ) is the same as that of Eq(5. 23), and substituting ¢ % into

Eq.(5. 23), O(Cdo) becomes

iy

y2 .2 2 L expl-ikRsin P +iT}. (5. 45)
do k [l-coa¢1J3 P{ ! 2 }

o(C

(ii) Evaluation of c(Cdo)

In Case I of Section 5, 2, the position of the circle-ellipse join at ¢=¢d -7
was in the shadow region and therefore was unable to be directly reached by the

incident plane wave, But in the case of @ = this edge lies at the shadow _

d 2 !
boundary, So Eq, (5, 29) is valid, and substituting ¢d= g into Eq, (5, 28), o(édo)

is obtained,

(5. 46)

(— - —) i \7 exp {i(kR+Mts)(7r-¢1) - 1%}

ofC, )= 2—*— ,
Mwl(tsy

s e . ,: ->'Q<
(iii) Evaluation of o(Cdl) and o (Cdo)

Both branch cuts at 6=9d1 in Fig, 5-2 and at 9=§"?ao

with branch cuts due to saddle points,. o(C dl) and o'*(f,‘éio) are indistinguishable

in Fig, 5-3 coincide

from contour integrals of saddle points (see Appendix B).
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(iv) Evaluation of o*(C‘c"lo)

o*(C:io) remains the same as Eq. (5. 38) of Case I, and substituting

r
¢d'§ in Eq. (5. 38), o*(Cao) becomes

1 1-€ ..
(X - ) ﬁexp{i(k.R+Mt Nr+g )£il }
- 8 a Z v 8 1 2

So when 7> ¢1 >0 and ¢d= %, the edge-effects are

. .
2 ke, -i7 -
e E:(c 4o ©f E9.(5.48) + ofC ) of Eq. (5. 46)

+X(C5 ) of Eq.(5.47) + .. :] , (5. 48)

5.5 Case IV-A ¢i¢7r and ¢d=%' and Case IV-B ¢1=O and ¢d=%

(i) Case IV-A: ¢1=1r and ¢d=

8o

Near 6=9d0 = ¢1-¢d+1r, the argument of the Fock function, §=M(g- -0)
is almost equal to zero, Near ¢1 X

.

“kRsing, =kR(p, -n)+ B~ (9 -m7 . (5. 49)
: -ikR sin 4
Using the relationship of Eq. (5, 49), the physical optics term sin¢1e
in Eq. (5. 45) is replaced by the Fock function
-(i2M)_1 exp{ikR(¢1 -7r)} ar l:t = M(¢1- ﬂ):l-
(L_ 1<)
O(Cdo) ~ 2 2 7[§’=M(¢1-7r)] * exp {ikR(¢1-7r)} (5.50)

leV?M
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| . When ﬂlzfr and 'y %, the edge-effects are the same as Eq. (5. 48) except
o(C do) which is given by Eq, (5, 50) instead of Eq. (5. 45).

(i) CaseIV-B; § =0 and f .= =

When ¢1 =0 the observation point is near or in the shadow region,
and the saddle point lies at 0=680 = %+¢1 instead of 6;0 = % +% (see Eq.(5.9)).
So in Fig.5-2, the two branch cuts at v(6=980) and at v(9=9d0=¢1—¢d+ 7) coin-
cide, and o(C do) is indistinguishable from the saddle point contribution (see
. Appendix B), -

Physically, this means that as the observation point approaches the
shadow region, the specularly reflected field disappears and a diffracted field
at the shadow boundary appears, and this field is indistinguishable from the field
diffracted by the edge in the forward direction, Therefore, when 9)1 =0 and
By

disappears,

, the edge-effects are the same as those of Eq, (5, 48) except c(Cdo) which

TR

5.6 Summary of the Results

In this section, various expressions of the diffracted fields obtained in
this chapter are tabulated for convenience,

The scattering body investigated is constructed by smoothly joining a
semi-circle of radius a and a semi-ellipse of minor axis 2a and eccentricity

€. At the two positions of the circle-ellipse join (f = ﬂ)d and @-= ’Dd -7m), curvatures
2

of the circle and the ellipse are z—i— and respectively (see Fig, 5-4),




o4

Uince.

)

—> ray diffracted by the upper edge

---> ray diffracted by the lower edge

FIG.5,4; VARIOUS RAYS DIFFRACTED BY EDGES
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For simplicity, the fields diffracted by both edges with discontinuities

in curvature are denoted as

ikp. =i —
2 173
ﬁd(gl) = -—’1 e I (5. 51)

. 19
where El = ple 1 is the observation point, ¢ is given in the following Table V-1

for various cases,

TABLE 5-1; AMPLITUDES OF FIELDS DIFFRACTED BY EDGES

Case No, ¢d ¢l o Reference
>0 >0 I
Tl Td 2 0,+0.+c. +0 +o_ Eq, (5, 39)
7~r 1 72 "3 "4 5 T
NS -
¢1= 2(¢d-§) oytosta,to, Eq. (5. 39) ‘
T }
¢d- -2-,> ¢120 06+02+o3+o7+05 Eq. (5, 44)
- |
il ¢d>§ i
Pl_¢d_§. Ogt0O,tosta,+a, Eq. (5, 44)
|
|
LA .
m ¢d-§. 1r>¢1 >0 Tg*+0y+0. o Eq. (5, 48)
m N
IV-A ¢d- 3 ¢1 =7 3,99, Section 5,5 ‘
T o .
IV-B . pdz 3 ¢1—0 09 + 010 Section 5, 5
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where ‘
1 1-€2
(<- -T—)(coeld-Zismpd)cos(iil-ﬁd) ' # p
_ . .1 1
o, = —=3— exp< -i2kR sin— sin (@ d 7.)}
k2 sm(¢1-pd) + 8in ’d]
(see Eq, (5, 23))
2
1 1-
) (5 - : )(cosﬁd-Zisinﬁd)vr
402 = 3
_k2(1+ainﬁd)
T, . T
. i i exp _i(kR+Mts)(-¢1+ ¢d+ 7 l(kR+Mtp_)(¢d - '2'}
- - 2 ] ?
s=1 p= - Miwi () wl(tp)
(see Eq, (5, 29)")
1 1-62
(7 - ~ )(-cos¢d+2isin¢d)f7?
0'3 = 3
k2(1-sin¢d)
i exp {“R-}- Mts)(—¢1+¢d+ % m) + ikR cos ¢d}
S Mw'1 (ts)
v (see Eq. (5, 32))
1 1-€2
] =(;- - )(cosﬂd—Zisinﬂd)w
4 k2 {1-s'mpd}3
. T , 3
. i i exp {IRRM )P, -+ 5-) + iR+ Mt )(5 7 -¢ M
- am 2 ) !
s=1 p= M wl(ts)wl(tp)
0 (see Eq. (5, 35)")
. (% - L;—)(cosﬂd-Zisinﬁd)F '
S k2(1+ sinp d)3

. 3 :
' ®  exp «{1(kR+Mts)(¢1-pd+ 5”) + ikR cos ¢d}
Mw'l(ts)

s= :
(see Eq, (5. 38))
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., |
] (%-L;—)(-coeﬂd+2isinpd)\l7r-

6 k2(1 -sinpd)3
n .
' i-exp{i(kR+Mts)(-¢1+ﬂd-§)+lchosﬁd}
= Mw) (t) ‘
(see Eq, (5. 42))
2
\I_(—- —— N-cosp +2isingp g sin(®, -9 )
o
7 k2(1-81.n¢d;
. . . 3
exp {-ikR sm(ﬁl-ﬂd)+1(kR+Mtp)(§ T -¢d)}
~ Mw ()
9 (see Eq. (5, 43))
1 1-€" .
(; - )ising
og =~ exp{-ikR sin¢1}
k (l-cosﬂl) (see Eq, (5, 45))
1 1-
exp 1(kR+Mt )(-¢ +7r)}

(see Eq. (5. 46))

iV

exp %(kR*—Mt )I('] +7r)}
Mw! (ts)

@
o 2 e
9 Z Mwl(ts)

s=1
e2 (see Eq. (5. 47))
(—- =)
“u T W LM, m) - exe {icrig -m)

(see Eq. (5. 50))




CHAPTER VI
" DISCUSSION

In this chapter, the physical meaning of the results obtained in Chapter 5
and the limitation of validity of these results are discussed, as well as the possi-
bility of extending the present method to the case of Neumann boundary condition
and diffraction by a wedge. It is difficult to give the precise amplitudes of the
diffracted fields for an arbitrary jump in the curvature, so some of the remarks
are conjectural,

Let us first discu.sslthe diffracted fields in the case when the point of
discontinuity in curvature lies in the illuminated region,

From Case I in<the Table 5-1 of Section 5.6, it 'is shown that diffracted
fields arrive at the observation point ) both as a direct ray and as creeping
waves launched in both tangential directions at the edge and circling around the
| scattering body (see Fig, 5-4),

The contribution of the direct ray from the discontinuity is given by o

of Section 5,6 (or Eq. (5. 23)).

. . 1 1 o
5 L2 1kpl-171- (E - —E)(cosﬂ‘d-msmﬂd) cos(¢1—¢d)
ulp )= o, © . 1 2 : .
1 2k sm(¢1-¢d)+sm¢d]
(6.1)
1--62
(Note that the point of discontinuity is taken as the origin, and . and Y

are replaced by L and ﬁl— , respectively,)
1 2
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FIG.6.1; DIRECT RAY FROM THE DISCONTINUITY

~

Eq.(6.1) is similar to that obtained by Weston(]'))for the case of the Neumann
houndary condition, The difference is that in Weston's result the numerator is
given as 2+cos (¢1— 2¢d) --cosyﬂl instead of the termm {cos ¢d -2isin ¢d) cos (¢1—¢d)
in Eq.(6, 1),

When the observation point moves across the tangential line such that
pl < ¢d -% , Case II in Table V-1 of Section 5, 6 shows that the rays diffracted
' by the disc'ontinu‘ity reach the observation point as creeping waves, which are

given by o, of Section 5,6 as

6
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1 1 ..
kp -i X ('II_"R_)(.cosﬁd+2151_'1¢d)

u (p )!’2 i e 1 4 . 1 2
dl ko, 2k(1-sin Qd)s
{. kR 13 T
@ ﬁexp i(kR + (—2—) ts)(¢d --¢1 - -é-)
-5 (6.2)
s=1 (k_R) w' (t )
' 2 1 s
e -
enmewm—(y - .
E.

FIG, 6,2 THE CREEPING WAVE [LAUNCHED BY THE DISCONTINUITY
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In Eq.(6.2) R is the radius of curvature of the transformed circular boundary and is

given as
2

R=a(l+ %) by Eq.(4.23) .

Suppose that we transform the given boundary of the scattering body into another
contour (instead of a circle) such that a little away from the discontinuity, the trans-
formed boundary is identical to the original boundary, Then the radius R in the

second bracket of Eq, (6. 2) would have become R2.

Actually, this creeping wave launched by the discontinuity is propagating

1 .
along the boundary whose curvature is " Therefore, we may conjecture that
. a

. <
the diffraction factor in the second bracket of Eq, (6.2) is modificd by higher order

iterated terms of the solution of the integral equatior;, (Note that it was shown in
|
Section 2, 3 that the iterated terms represent the effects of dil on the propaga-
'

(15),(1(;))

tion of the radiated and the sca‘terced fields, Also sce Weston's works

With this consideration in mind R=R,, is substituted in Eq, (5, 2),

“

T S T -
glkpl i3 ( Iy T))(-COS ;bdfzy omﬂd)
afp )= fJ=— " - ~ :
oy} < 3
d ko, 2k(l-sing )
d
kR,) 3 .
w 7 exp {iliRy - () - L s}
. 5 (6, 2)
s=1 kR l/

)

(- 2" ) w; (15)

When Q)l: 2¢d- 7, the specular reflection point and the point of aiscontinuity
in curvature coincide, and the speculariy retlected field and the fieid diftracted by

the discontinuity become indistinguishable, The study in Section 5, 2 and Appendix B

€
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shows that in such a case the field diffracted by the discontinuity disappears, in
first approximation for high frequency. Therefore, 'we méy conjecture that when
¢152¢d-1r the specularly reflected field can still be obtained by the method of
physical optics,

Next let us consider the case in which the point of discontinuity in curva-
ture lies at the shadow boundary, Then the incident wave impinges tangentially
on the curved boundary with a discontinuity in curvature (see Fig, 6-3), Again
there are contributions of a direct ray and the creeping waves launched at the
point of discontinuity in curvature,

Waen 7> ¢1 >0 and ‘¢d = g—, the dominant term of the edge-effects is
the direct ray which is given by Eq, (6. 1), Substituting ¢d: % in Eq, (6, 1) ’G’d |

becomes
37 (L LS )sin @
- 0.} 9 exkpl—lT R1 R?, 1
1 e nd e * 3 .
=1 O k{l -cosﬂl}

When f)l is greater than 7, the diffracted ray reaches the observation

(6, 3)

point only as a creeping wave, and with the same argument as that of LEq, (G, 2),

the diffracted ray is given by the modified form of o of Section 5,6 (or

11
Eq. (5, 50)).
. (L L, kR, 13
e 41 T - - 0y ik R o Yo -
P R ) GG M
Ma'e | 7P : 8k £ KR 13
: (— ) \\"l(ls)

(6.4




FIG.6.3;: THE RAY DIFFRACTED BY THE EDGE; ﬁl ~ 7 AND Od'— %

When the point of discontinuity lies at the shadow boundary and the
observation point is near the shadow boundary or in the shadow region, the two
creeping waves launcheci by the shadow boundary and by the discontinuity in curva-
ture become indistinguishable, The study of Section 5. 5 and Appendix B shows
that in such a case the effect of the discontinuity in curvature disappears in the
first order term of the asymptotic series for high frequencies.

When the point of discontinuity in curvature lies in the shadow region, the
. incident créeping wave from the shadow boundary can be locally treated as a plane
wave incident along the tangential direction. The amplitude and phase of this plane
wave are taken to be the same as those of the incident creeping wave near the edge,
Therefore, the edge-effects can be obtained by Egs. (6. 3) and (6. 4), provided
that the eimplltude and phase terms of the incident creeping wave are multiplied to
the right-hand side of both equations.

Let us discuss the validity of the amplitudes of diffracted rays given ahove
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for an arhitrary difference of the two curvatures at the discontinuity, As discussed
in Chapter 4 and 5, the amplitudes of rays diffracted by the discontinuity are
determined by the araplitude of the incident wavg and by the behavior of the local
mapping func'tion near the discontinuity, But since the precise local mapping
function for the arbitrary edge is not easily obtainable, we have assumed the

scaticring body to be alm'_"ost circular (see Section 4. 2). This fact, in turn, com-

be small for the

pelied us to assume that the difference between a and
1-€
particular model of the scattering body considered in Chapter 5, So the results
of Chapter 6 for the amplitudes of rays diffracted by the discontinuity in curvature
can be impreved when the more accurate loeal mapping function, which is valid
for arbitrary difference nf two curvatures, beccmes available, Still we may
conjecture that the loca! hehavior of the Approximate mappiag fur.ction obtained in
Section 4, 2 gives a reascnably accurate local magping {unction for an arbitrary
difference of the two curvatures, So the results of Eqs, (6, 1), (6. 2) and (6. 3) may
be valid for this case,
We can conclude from the present analysis that the effcet of the discontinuity

: ‘ o » coh, -2
in curvature for the far zone scattering field is of the order of k (ml) times
the amplitude of the incident wave at the discontinuity in curvature, In contrast,
it is well known that the effect of a kink is of order (kpl)- ~. In general, the
effect of the discontinuity in the n-th derivative of the tangent is of order

-n, . -1/2 . . e L
k (l~:p1) , because the order of singularity of the loczl mapping function near

the edge with a discontinu‘ty in the n-th derivative of the tangent is lowered by the

factor n (sec Section 4, 2},
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The extension of the present method to the case of a: wedge type singularity
is not easy. The difficulty is due to the fact that,in ’this case I%v—: I near the
singular point is either infinite or zero, no maiter ho§v clbse the transformed
contour is to the original contour, Therefore, the first term of the iterated series

(17)

_ may not be sufficient (see Chapter 2). Rice showed numerically that the iterated

series converges after the second iteration for the low frequency scattering problem
by a kink, Apparently there is yet no analytical proof of convergence of the iterated
series.

Extensions to the Neumann boundary condition are possible, but one should
be even more careful, because now the ncrmal derivative of the scattered field i;
given on the boundary instead of the scattered field itself (see Eq.(2.6)). Therefore,

one must transform a normal derivative of the given function through the mapping

function F(z) as

Fiw) _ -9u {w-= f(z)} 1

on an [FY(2)|
w on C z on C
w A

in place of Eq. (-2. 11). For the Dirichlet boundary condition, the boundary va.lue.
is continuously transformed as long as the mapping function itself is continuously
defined on the boundar&. But for the Neumann boundary condition, the derivative
of the mapping function must be continuous in order to transform the boundary

value continuously,




APPENDIX A

ASYMPTOTIC FORM OF %—i FOR HIGH FREQUENCY

In this Appendix, the normal derivative of the Green's function for a
circular cylinder is asymptotically evaluated for high frequency in terms of the
Fock function,

The Green's function which satisfies the Dirichlet boundary condition
on a circular cylinder with radius R is given by Eq.(3.12). The series of
Egs. (3. 12) is slowly convergent for a large kR, In order to obtain» more rapidly

converging series for kR>>1, the Watson transformation is applied to Eq, (3, 12),

(1)
36(51’9 o i in; H (krl)
on r<R 27R == Hfll)(kR)
. Lo 3T
ikr -1ﬂ- Wy 2 )
- 2 e 1 1 dy e (A-1)
mkr, R PO Hil)(kR)- siny 7

1 2

where

y=0 -91
Changing the contour C2 into C1 and using the following relationship
+wl iug'lr -iy z
I 2 2 2
2isinyw. e = e -e
Eq.(A-1) becomes
ikr_-i -
aG ~ | 2 1 4 [ ] .
on s € Il +‘12 (A 2)
ir=R |
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where ”
vz
11='$ S a & “;osv(w-w)
Cl Hv- (kR)
and
[=-a j d £ cos v{y-m)
2 2mR C siner(l) (kR)
1 v
Im v
Cl
- Re
-~ 1%
C2

FIG, A-1;

THE CONTOURS C1 AND 02

(A-3)

(A-4)
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For the evaluation of Il' the contour C + can be changed into the contour

of Figure A-2 if #/2 <y< 312'- (see Gorianov's paper(g))

Usihg the asymptotic formula given by Fock(s) in Eq. (A-3)

cw (t)
H:‘“(kR)= g

VT M

2

where

v=kR+Mt

M= ("—25.) V3

and

wl(t) is an Airy function,

for T/2<y<=m,

.
f

Im p

» Re 1/

FIG.A-2; THE [ CONTOUR

(A-5)

(A -6)
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T(L') is called the Fock function and is given by the following equation

- 1 ei!t _
f(§)=‘,7’__-5r';1—(-6dt | (A-7)
The property of the Fock function is given by Eqe.(4.17),(4, 18), and (4, 19,

When /2>y >0, Il can be changed into another form as discussed in

Section 4. 1
L M3 7.3 T
KRcosy ¥ -kR(y - =) + =— (y - =) near y =< - , (A-8)
2 3 2 2
Using Eq, (4. 18) and (A-7), I, can be written ag
ikR(Evr-w)
- _ik -tkRcosy ki 2 “deomed
Il- 2cos¢/e +4Me f{;’—M(zw 4j
for ng<%. (A-9)

For the evaluation of 12, the contour C | can be changed into r‘ for all y .

Using the same method as I1 and the following reiationship

a .
.1 = =2i Z{‘ ew(zn-l)” for Impy>0
sinyw -

[00) iLkR(gb—I +2n7)
I,= ;i [e 2 f {§=M(¢/_ - %* 2n1r£}

ikR(-S—w-dﬁZmr) . 5
+e - f §=M(§- T~y + 2n7) . (A-10)




APPENDIX B
THE SADDLE POINT CONTRIBUTION

In this Appendix, one of the branch cut integrals due to the saddle points
in Eq. (4, 12) is asymptotically evaluated for both Case I (7 > ) > 0) and Case II
(¢1= 0). This integral is identified as the contribution of specularly reflected

fields for Case I and as th_at of fields diffracted by the shadow boundary for Case II

Equation (4. 12) is given as

28

2 -i - —
G- -i l\—dz- I e’ ! i_l+g(—()+7r4r¢_)] . f‘r&M(-g- -9)1. (B-1)
o= o : L J

Equation (B-1) is obtained by inserting 61= ¢1 for the inverse transformation of

the far field (see Eq.(4.14)). For our particular model of the scattering body in

Chapter 5 (see Fig, 5-1)), g(-6+ 7r+¢l) is given by Eq. (5. 1),

By Eq. (5. 9) one of the saddlc points is found at

for Casel

- (B-2)
= = 4+ -
0=6_ ¢1 5 for Casell

;'4
The saddle contribution of Eq.(B-1) for Case I and Case II can be written as a :

branch cut integral near this saddle point as discussed in Section 4,1 (see Fig, 5-2),

A .M “V:I (ﬂ ~ _ l
0 =-1- o e —d.-‘;-[l+g(—6+1r+¢l)] -f{g‘-M(:Z-O} (B-3)

SO

or C ‘
80
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Casel; 7> ’l >0

g
Near the saddle point 8= —zl + 12'. , § becomes a negative quantity, Using

the asymptotic form of the Fock function for the negative argument (see Section 4, 1)

~
v becomes

v =ikR cos(ﬁl-e) —cosG]

- s 2. . ¢’1
< i2kR sin > + 7 ikR sin - (B-4)
where
7360 -9'
S0
Define
. . p1 2
v=-ikR sin — 71
2
for Imv >0 (B-5)

for Imv<0,

If ¢1 is not near 2(¢d- g— ) such that the specular reflection point is far
from the point of d:iscontinuity in curvature (see section 5,2), g(-6+ -';— +¢1) is
analytic near this saddle point, Considering only the dominant term for kR>>1,

"o’s becomes
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p

1

-i2kR sin —-

. kR - N 2
O'SUTCOB(E*'—)G

_+f21 -'T-] :_: _°.[1;g(%+¢2—l -T+)] d—c::—.}

n
1+g(T+ g ):, (B-6)
. g 5 > .
When ¢1="(¢d-% ), the branch point of g(-6 + -g— + ¢1) coincides with the saddle
p
point 51- + % However, since the first derivative of g(-0+ 21 +¢l) with respect

to 0 is a continuous function near this branch point (see Section 4, 2), we obtain
the same result as Eq, (B-6) even in the case of ¢1’¥ 2(¢d- %).
g
1

By Eq.(4.7) and (B-6) the contribution of the saddle point at 6=?+ g

becomes

ikp

(B-7)
Eq.(B-7) represents the specularly reflected {icla for both cases when the specular
reflection point and the point of the discontinuity in curvature are far apart, and

when they coincide,

Case II: ¢1 29

g

. . . e . . T, 1
S ¢ 2 - DT et -
In this case the saddle point lies at Oso 5+ ¢1 instead of eso' 5t .

Near 0= % +¢1, the argument of the Fock function becomes zero as Ql approaches




zero, So near 0 - _27_r_ + ¢1

V=ikR cos(ﬂl‘-e)#o -l]

2
3 1'3
ZikRP +iM~ — (B-8)
1 3
where
=g-T_
T=0-5-9)
Let
3
a3 T
v=iM T_
~ 1/3
_va X
.= M for Imv>0
1/3
7-=B1\‘:1 for Im v <0 (B-9)
where

E]

g(-0+ 7.'+¢1) is analytic near 6= 2£+¢1 unless ¢d= g— . When Py the point

(TS

of discontinuity in curvature lies at the shadow boundary, and two branch cuts at
6= g- + ¢1 and at 6=Gdo= ¢1 -¢d+~ 7 coincide (see Case IV-B of Section 5, 5),
With the same argument as Case I (i, e. the derivative of the g(-0+:7+¢1) near

N . -~
0=6 is continuous), for Case II, @ hecomes
do S

M2
T M Iy, ]
0= -i— L1+g(2)] Is (B-10)

|
|
s
-
|
|
1
{
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- for both cases when the point of the discontinuity and the shadow boundary are far

apart and when they coincide, Here Is is given as

| -i(kR + Mt)§ @ - oy d7 - 1
I = L dte 1 dve & {—=. exp (-itS \'1/3) -d—+ © exp (-it8 »'1/3) }
. 8 q"— P . o ’ dv v

— i-’i x3 i.é-ﬂ‘
-i(kR+Mt)@ € @ -+ te X

1 1| e ’- S 3 ix

== | dte - e |
VT 9 M 1), |

o) *X3 2
+j i e-f’— +tx exp(i T m) dx

mexp{i;—”)

: —1(kR+Mt)¢ 2

el [ ) -

9 Ai() -i(kR + Mt)¢1
- ,M r.dt 1 e (B-11)
1 _ '

G
Here Ai(t) = C {\» (V) -w, (t)} is an Airy function. By Egq.(4.7) and (B- 11),

the saddle point contribution at @ - §- +¢1 for Case II becomes

Ai(y  -i(KR+M)@ ikp +iZ |
) A [1+g(£)] ar 240 1-’ 2, 14 |
c.w, 1 - 2 r wl(t) N 7rk,o1 :

(B-12)

When 'ﬁl becomes negative (B-12) can be expanded as a residue series

Ai(t ) -i(kR+Mt )¢ > 1kp b3 T
T s ’
c w.(pl)N2M E-Fg(?):”:i Wts‘) J kﬁl

s=1

for §, <0, (B-13)
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Equation (B-13) represents the contribution of creeping waves which are diffracted

near the upper shadow boundary,

Equation (B-12) and B-13) hold both when the shadow boundary and the

point of discontinuity in curvature are far apart and when they coincide,




d’ “d "’ “d
Cs and Cs*
é
f{(9)

F(z) =z + 6f(2)

g(6) = ikéReflz=Re'?)

Pa

6, and @
d d

* B %
Gd andé?d

¢ and 9 *
S s

Uw = F(2)) = u(z)

NOTATION
Contours around .ne branch cuts due to the
singularity of the mapping function.

Contours around the branch cuts due to the
saddle points

The boundary perturbation factor.
Fock function.
Mapping function.

The real part of Wz)~z on the boundary
multiplied by ik.

The angle between the probagation direction
of the incident w.ve and the normal direction

of the boundary at the edge.

The branch points of the mapping function due
to the edge at ¢=¢d (Fig. 5.1).

The branch points of the mapping function due
to the edge at ¢=¢d-rr (Fig. 5.1).

The saddle points .

The z-¢omponent of the scattered field.

The specularly reflected field.

The creeping waves from the shadow boundary .
The fields diffracted by the edge.

The perturbed field.

The coordinate system of the transformed domain.
The coordinate system of the original domain.

The observation point .
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