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CHAPTER I 

INTRODUCTION

In this thesis, the scattering and diffraction problem of a plane electro­

magnetic wave normally incident on a perfectly conducting infinite cylinder in a 

homogeneous isotropic medium and polarized parallel to the cylinder axis is investi­

gated. The boundary of the cylinder is assumed to have a continuous tangent 

everywhere. The mathematical problem involves finding a solution of the scalar 

wave equation which satisfies both the boundary condition and the radiation condi­

tion at infinity.

Exact solutions are available, through the method of separation of variables, 

for only a few simple shapes such as the circular, the elliptic or the parabolic 

cylinder. The objective of this thesis is to study an .approximation method of 

obtaining far field expressions of scattered and diffracted waves for more general 

shapes of the cylinder cross-section by means of conformal mapping.

In the past, various approximation methods have been developed for low 

and high frequency scattering. In the case of low frequency scattering, the 

characteristic dimension of the body is assumed to be much smaller than the 

wavelength. Van Blade/ * introduced a quasi-static method that gives only the 

initial term of an expansion in a series of powers of logk and k (k= wave number). 

This term is not dependent on the geometrical shape of the cylinder, but only 

on its size.

A considerable effort has been devoted to the solution of the problem of 

high frequency scattering. (MacDonald(2), Fock(3M4), Franz and Deppermann15’, 

Franz(6>, Keller’7*,  Ursell’8’, Goriainov’9* Goodrich’10’, Weinstein and Fedorov’11*,
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(12) 
and Felsen ). In the case of high frequency approximations, the characteristic 

dimension of the scattering body is assumed large in comparison with the wave­

length.

When a high-frequency wave is incident on a perfectly conducting body, 

a first approximation is found using the method of physical optics, in this method 

one assumes that the current on the surface at a point in the illuminated region 

is the same as would be induced on an infinite plane occupying the position of the 

tangent plane, and is identically zero in the shadow region. It is well known 

that this approximation yields a very poor picture of the behavior of the field 

in the shadow region and near the shadow boundary.

An improved approximation method for the behavior of the field near the 

shadow boundary is that of Fock. He assumes that the boundary and the wave 

equation near the shadow boundary can be approximated by a parabola and a 

parabolic equation, respectively. This method gives a smooth transition from 

the geometrical optics term to an exponentially decaying field, the so-called 

creeping wave, as the observation point moves across the shadow boundary. 

Fock’s method requires continuity of curvature of the boundary

Another improved method of approximation for high frequency has been 

developed by Keller and his colleagues in their geometrical theory of diffrac- 

tion. The theory postulates that, in addition to the incident and reflected rays 

of geometrical optics, there exist diffracted rays. These rays are produced 

when an incident ray hits a kink or vertex on die scattering surface, or when 

it impinges tangentially on a smoothly curved boundary. Their excitation 

amplitude depends on the incident field as well as on properties of the surface
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in the immediate neighborhood of the point of diffraction. Consequently, the 

diffraction coefficient (the ratio between the diffracted field and the incident 

field near the point of diffraction) may be determined from the rigorous solu­

tion of canonical problems. The latter are simplified problems in which occur 

only the local properties of the field and of the scattering surface.

Diffraction coefficients of both the shadow boundary of the curved sur­

face with continuous curvature, and the wedge are known (Oberhettinger 
(14)and Keller ); but few people have studied diffraction problems of waves by an 

edge with discontinuity in derivatives of the tangent, that is, discontinuity in 

curvature or in its derivatives.

Weston obtained the effect of a discontinuity in curvature in

high frequency scattering. He studied the case in which the point of discontin­

uity in curvature is in the illuminated region an 1 the total field on the boundary 

satisfies the Neumann boundary condition.

In the above brief review of past work, none of the approximation 

methods attempt to obtain desired solutions by mapping the given geometry of 

the scatterer surface into a geometrically simpler one.

In the past, conformal mapping has been extensively used to simplify 

the geometrical shaper of the given boundary, in order to solve boundary value 

problems for both Laplace’s equation and the waveguide problem (the reader

*
Tne term 'edge' is used in a general sense. Any point where the boundary 

has a discontinuity in the curvature or in its derivatives is called an edge.



4

“ ^rred * Mper. by Weinstein09’, Mlttra<20) and Meinke<2"k

The a^roxiniation method which lias been applied in the theory of waveguides is 

essentially concerned with quasi-static techniques, that is, low frequency 

approximation techniques.

(22)Recently Jones showed that the asymptotic solution of the wave equa­

tion, which is obtained by the W. K. B. J. L. method for high frequency scattering, 

is invariant under conformai mapping, provided that the mapping function is 

conformal everywhere including at the boundary (see Section 2. 2).
(23)

Garabedian gave one of the first convincing proofs of the usefulness 

of the application of conformal mapping to scattering and diffraction by a body 

having singularities. Thé success of the method which he developed depends on 

the fact that the derivation of a Fredholm integral equation governing the scattered 

field does not require the mapping function to be conformal on the boundary.

Furthermore, the characteristics of the geometry of the boundary are 

reflected in the behavior of the mapping function there. Mathematically, the 

order of singularity of the mapping function on the boundary is determined by 

the property of the geometry of the boundary itself (see Warschawski's work^^ 

and Section 5. 2 of this thesis for further details). This property enables us to 

study the effect of geometrical irregularities of the boundary on diffracted 

fields.

In this thesis, as specific examples, Garabedian's integral equation is 

applied to study effects of certain irregularities of the boundary, such as 

discontinuities in curvature or high order derivatives, or smooth, shallow 

corrugations, on the scattering and diffraction of waves.



5

We shall confine our attention entirely to the case of Dirichlet boundary

condition . The extension of the conformal mapping method to the case of

Neumann boundary condition is discussed in Chapter 6.



CHAPTER H

REPRESENTATION OF SCATTERED FIELDS

In this chapter, a boundary value problem of the wave equation for a

scattered field is formulated. After applying conformal mapping, Garabedian’s

integral equation is derived and the method of solving the integral equation is

discussed, Both the derivation of Garabedan's .ntegral equation and the defini­

tion of the norm of the kernel are a little different from the derivation and

(23)definition given in Garabedian’s original paper

The rationalized M K. S. system of the units is used and the time

dependence factor e is omitted. •

2.1 Formulation of the Problem

ikÇLet the plane wave E^ = & e be incident on a perfectly conducting 

cylinder with an arbitrary shape of the cross-section.

0w domain

£ln

y

FIG. 2. 1; THE MAPPING OF THE BOUNDARY

0z domain

6
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The scattered field must satisfy the Maxwell equations,

^V^Ms’ VxHs =(2.1)

Sommerfeld’s radiation condition and the boundary condition

on the boundary C . (2.2)

Here cq and are the permittivity and the permeability of free space,

respectively.

In the polar coordinate system Eqs. (2. 1) and (2. 2) can be reduced to

sea. ar forms in terms of the z component of the scattered field E 
—s

EszS^ (2.3)

i dû . - du
p -P = "^oHs0

H - E = E A - 0 - sz sp s0 ' (2. 4)

and u is the solution of the following boundary value problem;

92u 1
F

Q
du , 1 du . 2^< n+ +k u = 0
3p p2 in Dw

* ikÇ _u = -e on Cw

lim 
p—> oo

pV2fÿ.^l o
Ldp

(2.5)

(2.6)

(2.7)

where k = u\/u e Vo o is the wave number.

Up to this point the derivation of the equations has been straightforward 

involving merely the substitution of terms. However, the solution of this boundary
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value problem with an arbitrary shape of the boundary cannot be obtained by the 

conventional method of separation of variables.

As an alternate approach, let us conformally map the domain external 

to Cw into another domain where the Green's function satisfying the prescribed 

boundary condition is known. The point at infinity in the original domain is mapped 

into the point at infinity in the transformed domain, and the transformed boundary 

is assumed to be an analytic contour (that is, an infinitely differentiable contour). 

The transformed domain and boundary are denoted as D and C respectively 

(see Fig. 2.1), and the mapping function as F(z).

If the original boundary is a closed piecewise-smooth contour, then 

the mapping function F(z) is a single valued function everywhere including the 

boundary C , and has isolated singularities at all points on the boundary corres­

ponding to geometrical singularities of C (e. g. kinks, or discontinuities in 

curvature or in its derivatives). Furthermore, the order of singularity of the 

mapping function is determined by the behavior of the geometry of the original 

boundary (the scattering body). For more details on properties of the mapping 

function, the reader is referred to the works done by Nehar/^and Warschawski(24> 

Since the point at infinity in is conformally mapped into the point 

at infinity in D%, the mapping function behaves as 

. I
F(z) = z+O(—; as z—>00. (2.8)

Set
u(z) ■ u {f(z)1 . (2.9)
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2 i9 u 2 dw

ikRe F(z)

dr

inD z

onC z

(2. 10)

(2. 11)

(2.12)

2
u = 0

= 0 .

Then, u(z) satisfies the transformed wave equation and the transformed boundary 

condition. Since w -z as z-»oo (see Eq. (2.8)), the radiation condition is

-, invariant. Therefore, the original boundary value problem of Eqs. (2. 5), (2. 6) 

and (2. 7) is transformed into

2 du ,1 du 1

■ u =

lim 
r—> a

Once we obtain the solution u(z) of the transformed boundary value problem, 

the far field expression of u(w) can be easily obtained since the mapping 

function becomes an identity as z —> oo .

2. 2 Remarks on the Transformed Equations

The transformed boundary value problem of Eqs. (2. 10), (2. 11) and 

(2. 12) is mathematically the same as the problem of radiation from a cylinder 

in an inhomogeneous medium.

The transformed boundary value, -exp {ikRe F(z)} , introduces an 

equivalent source on the new boundary C . The behavior of F(z) on the 

boundary is determined by that of the geometry of the original boundary. This 

property will be used in Chapter 4 to study effects of a geometrical singularity 

of the scattering body in high frequency scattering. 
• er
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The transformed wave equation introduces an inhomogeneity I — in 
I dz 

the medium. In case of k=0 (Laplace's equation), the effects of inhomogeneity 
in the medium disappears. The role of | | for k^ O (the wave equation)

can be effectively demonstrated in terms of the theory of ray tracing. This 

theory is concerned with the asymptotic solution of the wave equation in case

Under conformal mapping, the following three phenomena can be 

observed:

a) The optical length is invariant

b) The amplitude of ray is invariant

The amplitude of ray in the original domain is inversely proportional to 

the linear distance Aw between two adjacent rays. In the transformed domain 

the amplitude of ray is inversely proportional to A where a is theI dz z z
linear distance between two adjacent rays in the transformed domain.

Since

w'la;l \ ■
the amplitude of ray is invariant under conformal mapping.

c) Curvature

The two curvatures of the contour C and — of C are 
Rw v z

related by
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sHid^r g--" VLog|^| . (2.13)
" |dz| J

In Eq. (2.13)

n • V Log 1
R ray

(2.14)

is the curvature of the ray bent by the inhomogeneity dw 
dz Therefore, by

means of conformal mapping, the curvature of the boundary C is decomposed 

into the curvature of the new boundary C% and the curvature of the ray.

■ (22)These three properties were first observed by Jones . He derived

an asymptotic solution of Eq. (2. 10) in the case k » 1 by the W. K. B. J. L. dz .
method, and this solution was shown to be invariant under conformal mapping 

because of the three properties discussed above For details of Jones' work,
(22)the reader is referred to his paper .

The pro|)erties a, b and c fail when the mapping function is not con­

formal. Therefore, Jones' method is not applicable when the boundary has a 

kink or a discontinuity in curvature. To handle such geometrical irregularities 

of the boundary in scattering problems, an integral equation method is developed 

in the following section.

2. 3 Integral Representation and the Solution

In this section Garabedian's integral equation is derived and its solution 

is discussed.

Green's function G( r^, r ) in the D% domain, satisfying the Dirichlet 

boundary condition is defined by the following three equations;



V2G+k2G=-6(|r1 -r |) in D z

on C z (2.15)

lim r - ---- ikG = 0L9r J

G = 0

Once Green's function is known. u(z), which satisfies Eqs. (2.10), (2.11) and

(2.12), can be represented as an integral equation by Green's theorem.

I z
exp' ikReF(z)

D -1 
z (2.16)

This is Garabedian's integral equation. The first term in the right-hand

Idvv I 2 — I -1 ' of this equation
—5 / 2is of order r ' as r —> co, and is bounded everywhere except at the point 

r= r where the Green's function has a logarithmic singularity. So Eq. (2.16) 

is a Fredholm integral equation of the second kind.

It is interesting to note that the first (known) term of Eq. (2.16) satisfies 

the inhomogeneous Dirichlet boundary condition given by Eq. (2.11). Neglecting

the effects of inhomogeneity
dw !

| , this term can be interpreted physically as 

a field radiated from C^, due to the source given by the transformed boundary 

value. The second term of Eq, (2.16), on the other hand, satisfies an homogeneous
IdwlDirichlet boundary condition, and represents the effects of inhomogeneity HjH 

in the medium on the propagation of the radiated and scattered fields.

Eq. (2.16) can be solved by a successive approximation, provided that 

the iterated series (the Neumann series) converges. Let us discuss the conditions
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2 .
of convergence in L space (for more detail, the reader is referred to Mikhlin’s

(26)
book ). The inhomogeneous term of Eq. (2.16) is square integrable in the D

z
domain if this term is multiplied by the factor (kr^* 1 .

u(r.)

krl
.. 1
c krz

9G<r*,r)

8n •*exp<ikReF(z)  > r) k2dxdy

z
(2.17)

where

•1

2G<r L)
<kr>2 -J— (2. 18)

The Neumann series solution of E<*(2. 17) converges if

a2. I zv 2 ! 2 o
K (r^ r)|k dxdy k dx^y^ 1 .

VJ Dz
(2.19)

When C is geometrically similar to C such that w z

for all O<0 < 2ir (2. 20)

where r% (or r^) is a polar coordinate representing C Cw>- then

F(z) - z is of order 6 for a small c. Furthermore, if

tangents everywhere (no kinks), then dwl2
dïl -1

has continuous

times the characteristic

dimension of is also of order 6 (Warschawski^27^). Let the mapping 

function given by Eq. (2. 8) be rewritten as

w= F(z) = z+ 6 f(z) (2.21)

where f(z) is a dimensionless quantity.

Then Eq. (2.18) becomes
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a* / 2 £ 1 । o\ o * £K(lr I) « k6(- | |r(z)|“) . (kr)2 -J—
k

(2.22)

and ||%| is of order k6 for a small k6 .

If k6 is sufficiently small such that Eq. (2.19) is true, then the solution

of Garabedian's integral equation is given by the Neumann series;

(2.23)
z

where

U<A> * -
act^.r)

9n exp < ikRe F(z) - d1 (2.24)

and K^(r^, r) is determined by the recurrence relationship.

ÎÙ^.r^K^ . r) ; K^.r)^ K(rr

Z (2.25)

K^r^, r) is called the n-th iterated kernel.



CHAPTER HI

SCATTERING OF A PLANE WAVE BY AN ALMOST CIRCULAR CYLINDER

For a specific example of the conformal mapping method, the scattering 

of a plane wave by an almost circular cylinder with periodic, smooth and shallow 

corrugations is studied. Later this result is compared with that of Clemmow and 
Weston^2 8\

*. 3.1 The Mapping Function

In this section, a simple method of obtaining the function conformally 

mapping an almost circular domain into a circular domain is briefly discussed 

without proof. Details of this method can be found in the books by Nehar/2^ 

or Kantorovich and Krylov^2^\

w-plane

FIG. 3.1; MAPPING OF AN ALMOST CIRCULAR DOMAIN

y

x

z -plane

15
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Let the given almost circular boundary G*  be represented by the polar 

equation

rWxR+rp(6), (3.1)

and assume that r^O) is piecewise continuous, bounded such that 

|rp(e>|<6«l . (3.2)

Tp(0) is represented by a Fourier series;

oo
^p^ ^^ooBM^ + b^sinn^) , (3.3)

In this case, the mapping function, which maps the domain D exterior to a 

circle C% into a domain exterior to C , is given by

œ a + ib
(3.4)

On the boundary | z| = R, the real part of the mapping function is given by the 

closed form; •

ReF(z) = Rcos0+ |cos0- r^-sine» rp(0^j (3.5)

where

2* W 
r (t) cot dt

0 P 2

3- 2 Scattering by an Almost Circular Cylinder

As an example of application of the conformal mapping method, the 

scattering problem of a plane wave by an almost circular cylinder with periodic, 

smooth and shallow corrugations is considered.
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F(G. 3. 2; AN ALMOST CIRCULAR CYLINDER WITH PERIODIC, SMOOTH 
AND SHALLOW CORRUGATIONS

Let the boundary of the scattering body be represented as 

r = R-hacos/6+ bsin/e (3.6)

(note that for / = 2, is an elliptic cylinder). Here the perturbation factor

I 2 2kô = k^a+b (3.7)

is assumed to be sufficiently small such that both kô and the norm of the 

kernel of Garabedian's integral equation (see Eq. (2.19))is much smaller than
2 

unity. Then neglecting (kô) and higher order terms, the transformed field

u(rp is given by the first and a part of the second term of the Neumann series
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of Eq. (2.23).

^-clrol/4 2

where

"circle'-1

p2
(3.8)

-1’^
(3.9)

ik acosCf - l)8 + bsin(/-l)6 exp tkRcosO)

a«r ï)
-ar- ™ (3.10)

and

P2"*
G(r^r)- Re

2
’ “circled" (3.11)

Jn(kr> -
J (kR) n
H^\kR) 

n

(3.12)

dw ,

Y

for r^> r .

Substituting the expansion form of eikR cos 6 (Magnus and Oberhettinger^^),

viz.

inein6Jn<kR>

and Eq. (3.12) into (3.9), u . is given by circle

"circle "1 H^\kK) 
n

H^(kr ) . 
n 1 (3.13)
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"circle ** ** field resulting from the scattering of a plane wave by a circulai, 

cylinder of radius R. u^frj can be obtained by a similar method, viz.

1
H^(kR)l n=-

i^k(abib)J (kR) 
n+ x -1

“i ^k(a-ib) J (kR) 
n-/ + l (3. 14)

UP2 °" be by substituting Eqs. (3. 4). (3. 13) Into (3. 11) and using

the following integral formula

VV-W^itRilD^i^)

(3. 15)
where C and D are any cylindrical functions. Thus

^n+Jf

H(l)

ikf.-ii 
e

(kR) -Jl

œ in6l

n--co H^\kR) 
n

k(a + ib) 
2

k(a - ib)
2

H<1) (kR) “I

&J- i

i

(3.16)

UP1 and up represent the perturbed field. Using the relationship (see 

Magnus and Oberhettinge/30\,

'n-lW"n (3. 17)

the sum of u and u is given as 
P1 p2
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u = u 
P P

% 4 oo infl 
e

(kR) n

1. Wa-Hb) (kR) + J^(kR)
(kR)

(kR)

k(a-ib) (kR)
,(kR) ---------

HU, (kR) 
n-J

n- t(kR)

2 
wkr

1_ 

v

oo

H^\kR) 
n

f (a + ib)/R

(a-ib)/R "

(kR)— n-x
(3.18)

Since F(z) of Eq. (3.4) —5> z as the mapping function becomes

an identity for the far field. Therefore, the far field scattered by an almost

„<»
1 2

2

!kr1 + il 
e

circular cylinder with periodica smooth and shallow corrugations is given by

'circled 1' * (3.19)

where uCjrcje is the scattered field of a plane wave by a circular cylinder of 

radius R, and u^p^) is the perturbed field given by

e ’ TO 
n

. i (a+ib)/R
1 (i) '
. (kR)

(a-ib)/R 
H^\(kR) (3. 20)
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The solution in Eq. (3.19) agrees with the result of Clemmow and Weston^# 

who obtained the same solution by means of a perturbation and Fourier transform

method, and they also obtained the asymptotic form of u (p ) for kR » I 
P 1 ‘

In their original paper, the discussion about the limit of validity of the solution 

(3.19) was based on physical interpretation of the solution. But from the study 

of the iterated solution of the integral equation (2. 33), it is now clear that the 

conditions for validity of the solution of (3.19) are not only k ô « I but also 

||k|| «1 as given by Eq.(2.19).



CHAPTER IV

EFFECTS OF EDGES IN HIGH FREQUENCY SCATTERING

In this chapter, the problem of diffraction by edges with discontinuities in 

curvature or in its derivatives is handled by the conformal mapping method. It 

is found that the dominant contribution of the edge-effects on diffracted fields 

is given in the form of a contour integral. The behavior of the mapping function 

near the edge, necessary for the evaluation of the contour integral, is discussed 

in Section 4. 2.

4.1 Integral Representation of Effects of Edges

When a wave hits an edge, the incident ray produces infinitely many 
(31) 

diffracted rays (Keller ). This kind of diffraction problem can be handled by 

the integral equation method derived in Chapter 2.

As a first step, the given boundary with a finite number of edges is mapped 

into a new boundary which is free of edges. The transformed function of the 

scattered field, u(r^), is then given as a solution of Garabedian's integral equa­

tion. This equation is derived in Chapter 2 and is given as

re _
kr kr + ^-1'- kr

where

= ~ । exp ik ■ x + <5 Re f(z)r 
Jcz I -J

2
k dxdy (4. 1)

9G(r,r )
----- zz  df. (4.2) dn

22
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, .2 ^-1'-^
(kr) —---- - , (4.3)

23

The kernel function K is given by Eq. (2.

X<r1,r)-kô||.Ref'^

and 6 in the above equation is defined by Eq. (2.20) as the maximum linear 

distance between the original and the transformed boundaries.

It is shown in Section 2.3 that Eq. (4. 1) can be solved by a successive 

approximation method, provided that kô is sufficiently small so that

11K ||< 1 (see Eq. (2. 19)).

At least in principle, kô can be chosen arbitrarily small. Formally, 

this can be accomplished in the following way. Choose the transformed boundary 

Cz as identical to the original boundary C except near the edge, where C 
w w

is perturbed so that kô is as small as desired. In certain cases, by perturbing 

the original boundary, the new boundary may have points of discontinuity in 

derivatives of higher order than that of the edge of C^. It will be shown later 

(Chapter 6) that the effect of a discontinuity in the n-th derivative of the tangent 

on the diffracted field is of order . Therefore, the effect of the new

discontinuity in the higher order derivative of the tangent may be neglected com­

pared to the effect of the original edge of the scattering body.

Unfortunately for given C% and C^, a simple local mapping function 

near the edge is not available. Therefore at the present state, it is assumed that 

the boundary of the scattering body is almost circular. Then map C into a 
w 

circle Cz and use the technique of Section 3. I to obtain the desired mapping 

function approximately.
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The norm of K in Eq. (4. 1) is of order kô and can be much smaller

than unity for a sufficiently small kô (see Section 2. 3). Then the solution of .

Eq. (4. 1) can be obtained by a successive approximation method. We now examine 

the first (known) term in Eq. (2. 23) when the wavelength of the incident wave is 

small compared to the minimum radius of curvature of the scattering body.

in order to examine the asymptotic behavior of the first term u^r^)

for high frequencies, it is convenient to use the asymptotic form of -— derived

in Appendix A, viz.

. it
^l^ 4 ik

e ‘ 4M
d^.r) 

dr

n=0
’ ikRt-^ 6 - y + 2n 7r)n

+ f(g exp
3

ikR (8^-8 + —tM- 2n?r) '

for kR» 1 , (4. _)

where

M

Cn= (-01+0-|-+2nw)M

(4. 5)

and

?(£) = = (4.6)dt .
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Im t

Re t

FIG. 4.1; THE P CONTOUR

w^t) = ^7 Bi(t) + 1 (4)
iAi<0 is an Airy function, and f(Ç) is the Fock function .

Using the asymptotic form of Green’s function, an approximate exprès-

sion of u^rp can be obtained by direct substitution of Eq. (4. 4) into (4. 2).

“ jxkir" e L^+^J+Otkd) (4.7)

%tere

r
-oo

-cos(8^-0) -0 + f’ Ç=M(|-0)

(4. 8)

VC 00 
1 2 ) 

J -IT
exp- ikR(-COB(0^-0)+0+~) - 7

(4. 9)

and
in

g(0) = ik6Ref(Re =z) (4. 10)
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is related to the real part of the mapping function on the boundary (see Eq. (2. 21)).

For kR » I, the contour integrals of o and * can be asymptotically 

Ï32) evaluated by the saddle point method (Vander Waerden' j. Set

. v= -ikR[-cos(6^-9)+y -g] (4.11a)

and

v*  = -ikR [-008(6^0)+ . (4.11b),

By Eqs. (4. 1 la and b), Eqs. (4. 8) and (4. 9) can be rewritten as

M2 Ç -iœ -V d9 - ( 1
I ^e"' [l + gW + Tr+A f]-? ir M(^-0){ (4.12)

£ J v(6 ^) dV 1 J 2 J

and

= d^e"V' [l+g(-0 + ir + e )] -Y{ç=M(^ + 0)} .
J ^e=-iù dv I 2 J

(4.13)

In the v (or v*)  plane, the integrand of Eq. (4. 12) (or (4.13)) has two 

kinds of branch points; one is due to the saddle points ( ^ = 0 or — = o) , 
V d6 d0 / '

and the other to the branch points of g(0). The branch points of g(0) are in 

turn due to the geometrical singularity of the surface of the scattering body.

By choosing branch cuts parallel to the real axis in v(or v*)  plane 

and deforming the contour of integration, o(or o*)  can be written as a sum 

of branch cut integrals. Branch cut integrals due to the saddle points represent 

the specularly reflected field and the fields diffracted by the shadow boundary 

(see Appendix B and Gor iainov's pape/ ^). The branch cut integrals 

due to singularities of g(6) represent the effects of an edge of the scattering
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body in the first term of the Neumann series. These various sources of the 

scattered and diffracted fields are in agreement with the predictions of the 

geometrical theory of diffraction (see Keller's paper* 3»).

Ae diecusaed in Chapter 2, the iterated terms in the Neumann series 

represent corrections to the diffracted fields due to the change of the ray paths 

under the conformal transformation. We now consider only the fields diffracted 

by the edge, and postpone the discussion of corrections arising from the iterated 

terms until Chapter 6. Then the fields diffracted by an edge are given as

I ikp -i -T ’ .W -^7^ e 1 (4.14)

where
f ' (4.15)

a*‘1^ jc*  = V*  Rk 7^ = M(y+e)j. (4.16)

J d '

and Cd and C*  are branch cut contours due to the branch points of g(0).

Equations (4.15) and (4.16) can be evaluated once the function g(8) is 

known. g(6)/ik is the real part of F(z)-z on the boundary, and it will be 

investigated in the next section.

The Fock functions %0 in Eqs. (4.15) and (4.16) represent physically 

the current induced on the circular cylinder by the incident plane wave (see 

Goodrich^ '). fo) admits an expansion in a series of residues for Ç>0 .
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(4.17)

where tg is the s-th root of w^t) and numerical values of t are given in 

various papers (e. g. Fock's paper' 3. For a large Ç, has the following 

asymptotic behavior :

4’.
e f(0 = 2if as Ç —> -œ (4.18)

= 0 as Ç -^oo (4.19)

The expansion form of the residue series Eq. (4.17) represents diffracted fields 

in the shadow region and they are called creeping waves. Near shadow boundaries, 

the following relations hold

(a) kR(— -0) — kR cos 9 + ( y -0)3 for L.

(b) kR(^ + 0) - kRcosO + + 6)3 for 9 ~ - . (4. 20)

' - 43
When the argument f(Ç) has a large negative value, e ^(0 becomes a physical 

optics term by substituting Eq. (4. 20) into Eq. (4.18) (see Goriainov's pape/\

Therefore, in the following chapters exp /ikR(+0 + y)l T/ç-M(+6+ — À in 
I. J ( 2 J

Eqs. (4. 15) and (4. 16) is replaced by its asymptotic form 2iMcos0 

whenever the argument of f(Ç) has a large negative value.

4.2 Behavior of the Mapping Function Near the Edge

In this section, behavior of the function g(0) is examined, g(0) is 

defined by Eq. (4. 10) and by Eq. (3. 5) as
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g(6) =ikôRe Kz=Re16)

= ik [coe 0 • rp(0) - sin6. Tp(0)] (4.21)

where

\ rp(t> coth5dt .

every Point where rp(0) satisfies the Lipshitz condition.

Furthermore, if rp(0) has a discontinuity in the n-th derivative with 

respect to 0 at 0 = 0^, then rp(0) behaves as (0-0^)" ^ Log (0-@ )2 near 

0=0o. So the degree of singularity of the function g(0) is determined by the 

degree of singularity of the boundary of the scattering body. For more details, 

the reader is referred to Warschawski's paper^. This property enables us to 

study the effects of discontinuities in curvature and in its derivatives by means 

of the integral equation (4.14).

As a specific example, let us consider a convex contour constructed by 

smoothly joining together a semicircle and a semiellipse.

FIG- 4*  % A CONVEX, CLOSED CONTOUR WITH TWO DISCONTINUITIES IN
CURVATURE
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r e2 2 n
a 1 + -5-sin (6 -0 ) for 0 .-?< 0< 0 i d d — —r\d

for <$, + ir d— — rd

(4. 22)
2 2 4

where ô —a and higher order terms are ass'imed to be negligible.

Let us map into a circle with radius R which is given by the

following equation

2 ir 2
r(0)d0 = a(l+

0 8
(4. 23)

Then

MO) = r(0) - R - ' I for 0 - 7T 0 < 0 rd — - rd

€2R
8 for 0 0 0 , + Jd- - rd

(4.24)

The evaluation of r (0) needs a few steps of computation.

- 1027rr (0) = P. V. I dt r (t) ■ cot —?
P J 0 P 2

(4. 25)
2 

y-P. V.
9 * _

dt sin"(t-0^)- cot

By making the change of variables

t-0 - x , <V9 = >
and

. t-0 cot -g— 1 + cos X 
sin x
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the integrand of Eq. (4.25) becomes

sin (t-0^) • cot^~ = co8^y(sinx+y sin^x)

o 3 2cos x+cos x . _ , 2
+ 8in y . ----------- sin 2y(cosx+cos x) . (4.26)

Substituting Eq. (4.26) into Eq. (4.25) and carrying out the integration, ? (e)

becomes

_ RC2 r 2 f o-M2 -I^^4^~ -2cos(9-0d)+|sin2(e-0d)J.

(4.27)

This result will be applied in the next chapter to the problem of diffraction by 

' a discontinuity in curvature.

i



CHAPTER V 

FIELDS DIFFRACTED BY EDGES 
WITH DISCONTINUITIES IN CURVATURE

In this chapter fields diffracted by edges with discontinuities in curvature 

are obtained by asymptotically evaluating the contour integral derived in Section 

4.1. First, in Section 5.1, various branch points are found. In Sections 5. 2 

and 5. 3, the case when the edges are far from the shadow boundary, is considered. 

In Sections 5.4 and 5.5, the edges are taken to lie at the shadow boundaries. The 

summary of the results is tabulated in Section 5.6 and the physical meaning of these 

results is discussed in Chapter 6.

5.1 General Solution

the upper edge

the lower edge

— in

FIG. 5. 1; THE SCATTERING BODY WITH TWO EDGES

32
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Let the plane wave be incident on a perfectly conducting cylinder with two 

points of discontinuities in curvature as shown in Fig. 5.1 It is assumed that

0 and r> 0d>~ . At both junction points 0 = 0d and 0 = 0d-x, curva­

tures of the semicircle and the semiellipse are 1 and respectively, 

where e is the eccentricity of the ellipse.

In order to apply the contour integral representation Eq. (4.14) of the edge 

effects, the boundary in Fig. 5-1 is assumed to be almost circular (see 

Section 4.1).

The real part of the mapping function on the boundary is obtained in 

Section 4.2 and g(9) is given as

g(0) = Ik [coed • rp(0) -sinS • Hg)] (5.1)

where

2 
for *<r*-*^d 

e2R (5.2)
• = 8 ^r 0d<0<0d+v

and *

- £2r r 2 ® ~ 0j 2 _
TpW = "4~LSin * ^og(tan ) -2cos(9-0d> +ysin2(9-0d> 

g(9) is a periodic function with the period 2r, and has branch points at 9 = 0d 

and 9 - 0d* it. The branch point at 9= 0d is due to the discontinuity in curvature 

at 9- 0d on the surface of the scattering body, and the other branch point due

to the discontinuity in curvature at 9 = 0d-it (see Fig. 5-1).
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Substituting (5.1) into (4.14), the fields diffracted by the two edges at 

the position of the circle-ellipse Join are given by the following branch cut 

Integrals

^d^ * 1 [*+<?*] (5.3)

where 

2 i •ct = -1—y- \ <Kr e g(-S^ v)f -S)^ , (5.4)
^Cd

o*=i^- I e"^* . g(-9 + ^+s) .Y^ = M(I+9)} , (5.5)

d
and g(9) is given by Eq, (5.1). The contours C. and C*  are branch cut a a
contours near the branch points of g(0).

> Various branch points of the integrand of a in the range of integration

can be easily found. First the saddle points are solutions of

(5.6)

Solving Eq. (5.6) it can be shown that the saddle points lie at

6«tvV2” <5-7>
where n = 0,1,2,...,.

The argument Ç = M(y -6) of the Fock function (see Eq. (4.6)) near these 

saddle points is positive except for the case n=0. When n=0, the argument
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goes to negative infinity as M-»oo unless = 0. As 

diMusssd in Section 4.1, when the argument of the Fock function becomes a 

large negative value, the Fock function should be replaced by its asymptotic 

form. Unless ^—0, the new saddle point is a solution of

dv d F l
d9 = dP ‘ co* = 0. (5.8)

*dn= *1 + where n=0, 1,2..., (5.10)

due to the edge of the scattering body at and at

^dn^dn^ (5. 10')

due to the edge at 0^-tt. In the v plane branch cuts are taken parallel to 

the real axis.

The new saddle point is

where n=l,2,..;,

for 0^0 (5.9)

for ^>0 .

Therefore, the saddle point lies at 

and

The branch points of g(-0 + 0. + ir) ne at
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Im v

v^=ê. ) 
do Cdo

Ve = eA\dl

FIG. 5. 2; 9 PLANE

cdl



37

ImV*

v*(6 = ir)

Re v

C*

c* so

v*(e=0* : do

FIG. 5. 3: v! -PLANE

v*(9=»* ) do

v*(9 =0* ) 
80
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In a similar way, branch points for the integrand of cr- can be obtained.

Solving the following equation

dv­
d 0 -ikR (5.11)

d r .A 
* L-^^i -0) + 0 +

the saddle points lie at

0* =0. - 7T + 2n;tsn r 1 2 where n=0,1,2,... (5.12)

Near all saddle points given by Eq. (5. 12), the argument of the Fock function 

<-M(y+0:^ ) is positive g(-0+ ,t + 0^ in the integrand of o'- has branch 

points at

^dn " where n=0, 1,2,. .. (5.13)

due to the edge of the scattering body at Md. and at

0" - 0*dn dn (5. 14)

due to the edge at 0 = 0d ~ * •

In the v- plane branch cuts are taken parallel to the real axis.

The branch cut contours C . and Ci which are introduced due to d d

singularities of the mapping function are rewritten as

^d^do^do^dl (5. 15)

and 

(5.16)

as long as any of these branch cuts of Eqs. (5.15) and (5.16) do nut coincide 

with any branch cut due to the saddle point.
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Since the branch points of the function g(0) are dependent on 0^ (the 

position of the edge), while the saddle points are not, only the y .-i'ions of the 

branch points of g(0) are changed as the position of the edge is moved.

Let us evaluate each contour integral asymptotically for high frequency, 
$1

in various cases, by changing the observation point (p^e ) and the position 

of the edge.

5. 2 Case 1. tf > > 0d - and 0^ f

In this case the edge at 0-0^ is in the illuminated region and this edge 

can be directly seen from the observation point. Let us first assume that 

01 " 7 then none of the branch cuts due to the saddle points and

singularities of the mapping function coincide in "v and v:; planes.

(i) Evaluation of cr(C . ) .do

Near the first branch point 6-6^- 0 -0 i-tf in the v plane, the argu­

ment of the Fock. function t>M(- + ^dQ) is negative, so the function

ikR.^ 9) -6)j jn the integrand of a is replaced by its

asymptotic form near this branch point. Near 6=0 ^

_ », 0L 0, 0.
— i2kK sin — sin(0 —-- )- r - i2kHsin— cos ( ——0 )6 Cl 6 6 Q

(5. 17) 

where

do *

ikR cos (0 -0)-cos

r = 0 -9
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*1 01 
v - -12kH8in y • cob (0d - y ) ,

--------------j|------------------------- for Im v > 0 , (5.18) 
4M381n y CO6 )

and

e*  W v
t = ■■-■■■ j------------------ a-----  for Im v < 0 .
- 3 Pi Fi

4M Bin -%- cob (0. - -=- )

Using Eq. (5.18), the branch cut contour integration of o at 6=6 . becomes do

3 , . L
ofC^) — M coB(01-0d+r) • exp j-i2kR sin y sin (0d -y )J I (5.19) 

do
where

Joo _ . dr -

Op-1
(5. 20)

Near v=0, is analytic, but gf0d~T) is not and the second order term of 

the two sides of the branch cut are different (see Eq. (5.1) and Section 4. 2).

Substituting Eq. (5.1) into Eq. (5. 20), I becomes 
cdo

2
2e (-cos0 .+ 2isin0.)_________[d_______ d_____

6 r r :
M |^4 sin y • cos (—— 0d)

(5.21)
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Since

2 11 -f
c — R(— —-—) (see Eq. (4. 22) and (4.23)),

then
2

? 2^4-^»

.3 ' kR k

Substituting Eq. (5.22) into Eq. (5, 21), o(C^) becomes 
1 l^2 °

^ j7’—>(-c.‘»0d+2isin0d). 006(0^0^ 
do

(5. 22)

sm0d--lp
0

k 16
" v #1 -i 
sin -y . cos — 0^)

—-------------exp y-i2kR sin —

(5. 23)

<HC^o) la proportional to the difference of the two curvatures at the join 0=0^ 

and is of order

(ii) Evaluation of o(C . ) do

Near 6 =0 =0. -0., the argument of the Fock function Ç = M(£ -0 )
“° 1 a 2 do

is positive, and

? = ikR cos(0^-0) + 0 - y

— ikR -f-cos 7

(5. 24)

where

Set
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and

(5.25)

Using Eq. (5. 24) and (5.25), the branch cut integral of a at becomes 
do

• exp^(1+0 0 »

L J (_ 2 a 1

^k«cos(0 J • I- .M2 exp{i(kR+Mg<p0^2} 

J trï wpÇ —

-I- (5.26)
Cdo

where 

poo r- ,
T — I _ -y I (jT- UT
Cdo Jo Ve - <5.27>

in Eq. (5.26) the Fock function is expanded in terms of the residues at w^o 

(see Eq. (4.17» Eq. (5.27) can be evaluated by the same method as usedï

Eq. (5.20).

3 
kM 2 1 + sin

Inserting Eq. (5. 28) into Eq. (5. 26) we obtain

(5. 28)
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coe 0. - 2i sin0 . d <
I 3 

1 + sin 0d

exp|i(kR + Mts)(|+0d-01)

Mw! (t ) 1 s

exp |ikR cos (0^-tt) (5. 29)

The phase term of Eq. (5.29) shows a new creeping wave contribution 

traveling in the clockwise direction, which appears to be due to diffracted fields 
ikR cos (0d->) 

of the incident plane wave e by the edge at 0 = but this edge

is in the shadow region. The only incident waves at the edge in the shadow region 

are creeping waves launched from the upper and the lower shadow boundaries. 

Therefore, the proper interpretation of the term exp ^ikR cos (0^-*)}  in Eq. (5. 29) 

is necessary. Also we need the proper choice of either one or both of two incident 

creeping waves as the source. Suppose Eq. (5. 29) represents diffracted fields of 

the incident creeping wave from the upper shadow boundary. Then the creeping 

waves, which are diffracted fields of the incident plane wave at. the upper shadow 

boundary, and ofC^) will have the same phase, and these two are indistinguishable 

(see Section 5. 5). Furthermore, the creeping wave due to the diffraction at the
—1/3

shadow boundary is of order k , and this term is dominant compared to that

of Eq. (5. 2) which is of order k \ So ofC^) must represent the diffracted

fields of the incident creeping wave from the lower shadow boundary (see Section 

5. 5).

Using the proper interpretation of the Fock function as a physical optics

term or a creeping wave term (see Section 4. 1), exp |ikRcos term in
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Eq. (5.29) is replaced by

+# -">] r , i 
-------- ------------------ exp^lkR(y + ^-^'

Therefore, o(C. ) becomes 
d0 2

do ^TT+sïnT/l^
g %exp {i(kR+Mtg)(^ +^-^)+i(kR+My(^- 1 )} 

8=1 p=l M^w'(t )w’(t )
Is 1 p

(5.29)'

(ill) Evaluation of o<C dl

Near 9=5^^= 0^ -0^-x, the argument of the Fock function Ç=M(|-0 )
4 dl

is positive, and

v = ikR |jjo8 (01 -0) + 6 -

+ ikR 1 - sin 0 - Q- (5. 30)

where t = 0 -0 ,, . 
dl

Define

and

? 
v = i2M

for Im v>0 , (5.31)
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zL 

2M3 [ï -s for Imv<0 .

Substituting Eqs. (5.30) and (5.31) into Eq. (5.4), J becomes dl
co exp/i(kR4-Mt )(-0 +0. + ar) 4-ikR cos 0 J-J---'ip-----1

Soo p dr -
dve 4*o '

r o x
œ VF exp Ji(kR4-Mtg)( -0^4- 0^ 4- - ff) 4- ikR cos 0.V

' 2 Mw’(t)
8-1 1 S

(iv) Evaluation of o*<C*  )  do

Near 6=0*°  = 0^ - 0d> the argument of the Fock function in o*.

Ç=M(^- 4-0*  ) is positive, and 
2 do

v*  = ikR |cos (0^ -0) -0-1

- ikR [-cos(0d-7r) -0^ 0d - - ikR [1 -sin0d
7 (5.33)

Define

T for Im v > 0 , (5.34)
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and

for Im v < 0 . (5.34)i-sinpj

Substituting Eqs. (5. 33) and (5. 34) into Eq. (5. 5), the branch cut integral of a*  at

8=8*  becomes do
i i 2 R -,

d° 2k [l-^]3

ikR cos (0^- it) 
e

V*  exp |i(kR + M ts'(01"0d + y )

M w! (t ) ' 1 8
(5.35)

Equation (5. 35) represents fields diffracted by the edge in the shadow region.

Therefore, by the same reason as the case of ofC^) of Eq. (5. 29), the plane 

wave term exp ikR cos in Eq. (5. 35) is replaced by the creeping wave

term (2iM) . T ^d*  " exP~ + • Substituting this factor

into Eq. (5.35), we obtain diffracted fields of the incident creeping wave from the

lower shadow boundary by the edge at 0=0^-^.
2

’*<& 2k ^1 -sin 0d 3

00 00 irexp r^r^^+^p^T -
M w’(t )w'(t )1 s 1 p

(5.35)'
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(v) Evaluation of o*(ct  ) 
do

Near 6=6^o = r , the argument of the Fock function of o*,

Ç=M(^l+0* o) la positive, and

v*  = ikR [cos -9) -9 -

— ikR ["-0^^ - - cos -ikR |_1 + sin 0d J • t (5.36)

where t - 9 -9*  . do

Define

v= -ikR [1 + sin 0dJ t ,

g v
t. = —------------ for Imv>0 ,

2M [_l + sin0dJ

and

e v
t -------5-=------------z for Im v < 0 . (5. 37)
’ 2M [1 + sin 0d J

Substituting Eqs. (5. 36) and (5. 37) into Eq. (5. 5), the branch cut integral of a*

at 9=9*  becomes do

o*(C*  )- do

2
— ——— )(cos 0 - 2i sin 0 ,) 00 a a d d

3
Mt )(—tt+0 -0 )4-ikRcos 0, s 4 i u a

M w'(t ) 1 8
3 s=l

When ?r>02^0j-0^^ y and 0^2(0d-^), the fields diffracted by two 

edges are given as

(5. 38)
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T'T 
e • o<cdo> of Eq. (5. 23) + ofC^) of Eq. (5. 29)’

+ o(CdP of Eq.(5. 32) + o*(C*J  of Eq. (5. 35)'

+ o*  <C*)  of Eq.(5. 38) + ... (5. 39)

When 0 =2(0d - y), inV-plane of Fig. 5-2 two branch cuts at the saddle point

6=9' = and the branch point of the mapping function 0=0 , =0 -0 + ? 
so t 4 do 1 d coin-

dxcide. In Eq. (5. 20) — is not analytic any more near 0=0^, ) differs 

from gC0d-T+) still in the second order term. Therefore, the saddle point con­

tribution is dominant, and ofC^) of Eq. (5. 23) disappears (see Appendix B). The 

other terms in Eq. (5.39) remain unchanged. Physically this means that when the 

specular reflection point and the position of the edge coincide, the specularly 

reflected field and the field diffracted by the edge are indistinguishable. The specularly 

reflected field remains unchanged in the first order approximation for high frequency.

5. 3 Case U. 0d - y > 0^ 0 and 0d y

As the observation point moves across the tangent line at the position of 

the circle-ellipse join, the argument of fJM(£ -0)1 near 0=0 = 0-0 f n 
(2 J do rl rd

changes from a negative value to a positive value, and the argument of 
f ^M( g" +6)} near 0-0^ = 0^-0^ changes from a positive value to a negative 

value. The relative position of the branch points due to the mapping function with

respect to those due to the saddle points remain unchanged as in Case I.
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(i) Evaluation of o(C . ) go

- Near 6=0^= , the argument of the Fock function,

is positive or equal to zero and in the integrand of a of Eq. (5. 4)

v = ikR cos

— ikR i Id+j-cos + ikR l-sin (5. 40)

where T = ^~^^o (note the difference between Eq. (5. 40) and Eq. (5. 17)).

Define

v = ikR

A
T<--- 31--------- -

2M - sin^

1 -sin^d

for Im v > 0 , (5. 41)

and
. 5?

-1 2 
e v

l-sin^d
for Im v 0 .

Substituting Eqs. (5. 40) and (5. 41) into Eq. (5. 4), the branch cut integral of a at

6=6, becomes do

‘ ) (-cos 0d+ 2i sin jj(kR+Mtg)(0d- ~ -0^4- ikR cos

k l-sin0 s-1 M w'(t )
OJ 1 s

(5.42)

(ii) Evaluation of a*(C\  )  do

Near 6- 6^= 01~0d» the argument of the Fock function, A M(y +6), is 

almost equal to zero when 0^ — 0d - —, and is negative when 0^ < 0^ - — .
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Therefore, when 0^ < 0^ ” the residue series of the Fock function

in Eq. (5. 35)’ should be replaced by the asymptotic form of the Fock function for 

the negative argument.

o*(C* ) - do
y 

l 1

p A 1 1x3 cos 0 -2i sin0 _ d d_ sin(01-0d-?r)

2k 1 - sin 0d 3

00-, exp/i(kR + Mt )(^-0 ) + ikRsin(0 -0 -7r)l
• z--------- -------------rar----------------  

P=1--------------------------- 1 p

tor *1-^d’F

o(C ), o(C ) and a-(Cs ) are the same as those given in the previous section, do dl do ° 1

and the fields diffracted by two edges are

 .. . J
2 T r

- -----  e |o(Cdo) of Eq. (5. 42) - o(C ) of Eq. (5.29)'
" M ^kp ° C°_

+ a(C , ) of Eq. (5. 32) + <t (c )(see the dl do

In Eq. (5. 44)

when 0p 0^

next paragraph) f o of Eq. (5. 38)

+ ... for 0d- | > 0L > 0 and 0d y .
_ (5 44)

CT ædo^ given by Eq. (5. 35)' when 0, and by Eq. (5. 43)
7T

' 2 *

5.4 Case III. ? > 0^ > 0 and 0^ = y .

When 0^ becomes ~, the position of the circle-ellipse join lies at the 

shadow boundary, and the relative positions of the branch points of the mapping 

function with respect to those due to the saddle points are changed in Fig. 5-2 and
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Fig. 5-3. In fact, 0^=^ - jr(Eq.(5.10)) becomes equal to 6el(Eq.(5.9)), 

40(1 ^5o =^1 ‘ I <5.14)) becomes equal to 6*  1 (Eq. (5.12)). Thus, two 

branch cuts at 9=®^ and 6= 9in Fig. 5-2 coincide, and two branch cuts at 

9= and 9=9^ in Fig. 5-3 coincide.

(i) Evaluation of o(C. ) do

o(Cdo) is the same as that of Eq.(5. 23), and substituting 0^= into

Eq. (5.23), o(C ) becomes do
2 

(— - ------)sin0
o<C . ) —------- ---- ----------=— exp[-ikRsin 0 + i . (5.45)

k [1*0.0  J3 ' 21

(ii) Evaluation of o(C . )  do

In Case I of Section 5. 2, the position of the circle-ellipse join at

was in the shadow region and therefore was unable to be directly reached by the 

incident plane wave. But in the case of 0^ - —, this edge lies at the shadow .

boundary. So Eq. (5. 29) is valid, and substituting 0 = into Eq. (5. 28), o(C ) 
d i- do

is obtained.

2

r->
k8

exp {ukR + MtgMTT^p - i

M w’(t ) ' ~1 8
(5.46)

(iii) Evaluation of o(C..) and cr^C  ) ______ dl do*

Both branch cuts at 9-0^^ in Fig. 5-2 and at 0jQ in Fig. 5-3 coincide 

with branch cuts due to saddle points. ofC^^) and o^tC^) are indistinguishable 

from contour integrals of saddle points (see Appendix B).
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(iv) Evaluation of o(C  ) do**

°*(C3 O) the same as Eq. (5. 38) of Case I, and substituting

2 in Eq. (5.38), o*(C* o) becomes

(- —> œ exp{i(kR+Mt )(7r+0 ) + i J
o*(C*  ) e -- - „ ----- X ______ ________ - 1 2

do k8 Mw'(t )8-1 1 S
(5. 47)

So when w > 0^ >0 and 0^= —, the edge-effects are ;

I 2 ikp^-i
of Eq. (5. 45) + o(Cdo) of Eq. (5. 46)

+ a4C% ) of Eq. (5. 47) + .1 . (5.48)

5.5 Case IV-A ^-ir and 0d= and Case IV-B 0^0 and 0rf= 

(i) Case IV-A; 0^—tt and 0d =

Near 6=0 = 0, +do rl rd
is almost equal to zero. Near 0^

the argument of the Fock function, g=M(y -6)

— 7T

3 
-kRsin01=kR(01-ff)+y-(0i-7r)3 . (5. 49)

-ikR sin0^
Using the relationship of Eq. (5. 49), the physical optics term sin0^e 

in Eq. (5. 45) is replaced by the Fock function

4i2M)

- exppkR(01~7r)

exp

«Ï-
(5.50)



53

When — T and 0^= the edge-effects are the same as Eq. (5.48) except 

o(Cdo) which Is given by Eq. (5.50) instead of Eq (5 45).

(ii) Case IV-B; 0^0 and 0d= ~

When 0^=0 the observation point is near or in the shadow region, 

and the saddle point lies at 8=8 = ^ + 0 instead of 8*  = +—- (see Eq.(5.9)).
SO Z 1 so 2 2

So in Fig. 5-2, the two branch cuts at v(8=8 ) and at vf8=8, =0 -0,+ tt) coin­so do rl rd
cide, and a(Cd^) is indistinguishable from the saddle point contribution (see

. Appendix B).

Physically, this means that as the observation point approaches the 

shadow region, the specularly reflected field disappears and a diffracted field

at the shadow boundary appears, and this field is indistinguishable from the field

diffracted by the edge in the forward direction. Therefore, when 0^-0 and

0j= y, the edge-effects are the same as those of Eq. (5.48) except crfC^) which

disappears.

5. 6 Summary of the Results

In this section, various expressions of the diffracted fields obtained in 

this chapter are tabulated for convenience.

The scattering body investigated is constructed by smoothly joining a

semi-circle of radius a and a semi-ellipse of minor axis 2a and eccentricity

e. At the two positions of the circle-ellipse join (0 = 0^ and 0 = 0^ - 7r), curvatures 
1 1-e2

of the circle and the ellipse are — and ------  respectively (see Fig. 5-4).



54

Uinc.
dT

Upper 
Edge

Lower 
Edge

3,

FIG. 5. 4; VARIOUS RAYS DIFFRACTED BY EDGES

ray diffracted by the upper edge 

ray diffracted by the lower edge
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For simplicity, the fields diffracted by both edges with discontinuities 

in curvature are denoted as

-, ft*W’te e ° (5.51)
X 1

101
where = p^e is the observation point, o is given in the following Table V-1 

for various cases. '

TABLE 5-1; AMPLITUDES OF FIELDS DIFFRACTED BY EDGES

Case No. .. *1 a Reference

I ^7

1•Q 
■ k |c

q 
1

A
i 

«C 
M

WW°5 Eq. (5. 39)

a2+<’3^4+a5 Eq. (5. 39)

n -

k |(MA

0d- f > 0!>o
Eq. (5. 44)

• f—
» II 1

M
H

WWa5 Eq. (5. 44)

m II to
^ 7T > 01 > 0 ^8 ^^9 ^^10 Eq. (5. 48)

IV-A

Q
^"

 
II

W
|4 0 - 7T 

1 • Section 5. 5

IV-B - II 
w

| 0^0 CT9 + ^10 Section 5. 5
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where
2

( — - ”~ ) (coe 0d~ 21 sin 0d> cos (01 - 0d>

1 k2 [sin(0r0d) +sto0dJ3

(see Eq. (5. 23))
2

( -- ----------)(coe 0. - 21 sin 0 )r
a =-S------ - -------------------------2-

k2(l + sin0dr

exp J -i2kRsin-^ sin

œ œ exp|i(kR+Mtg)(-01+0d+y)+i(kR + Mtp)(0d-^

8=1 M2w!(t)w!(t)
1 8 1 p

(see Eq. (5. 29)’) 
2

(— —-— ) ( -cos 0d + 2i sin 0d> 

k2(l-sin0d)3

œ exp{*kR+  Mtg)(-01 + 0d+^ + ikRcos 0d}

1

(see Eq. (5. 32)) 
2

( —-------) (cos 0d"2i sin0d)?r

{T ?
1 - sin 0d ) .

œ æ exp{i(kR+Mts)(01-0d+^-) + i(kR+Mtp)(|7r-0d)}

s=l pFf M2w!(t )w!(t )
Is 1 p

2 (see Eq. (5. 35)’)
( — - )(cos 0d - 2i sin 0d>^T

k2(l + sin0d)
f 3 1

œ exp ji(kR + Mtg)(01-0d+ -tt) + ikRcos 0dJ
S M^tT)

(see Eq. (5. 38))
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(“ - ) ( - cos . + 2i sin ) ^7a a________ _d______ d *

Q 
k2(l-sin0d)

exp {-ikRsin(01-0d) + i(kR+Mtp)(^

p=l
(see Eq. (5. 43))

k2(l -sin0d)3

00 exp/i(kR+Mt )(-0 +0 -■£) + ikRcos0.1 
\ ' ____I_______ o___ 1 a 6 q J

(see Eq. (5. 42))
1 1-e* 2

^7(—- -j— )(-cos0d+2isin0d)sin(01-0d)

1 P
2

a8 — 77

2

^9 k8

exp^-ikR sin0 J
(see Eq. (5. 45))

00

s=

exp |i(kR+Mtg)(-01 + 7r)| 

M w^(tg)
(see Eq. (5. 46))

„ =Uz: 

10 k8 s = l

exp ^(kR+Mtg)(01 + ;r)j-

M w*  (t ) 1 s
(see Eq. (5. 47))

11 kl6 it M
(see Eq. (5. 50))



CHAPTER VI 

DISCUSSION

In this chapter, the physical meaning of the results obtained in Chapter 5 

and the limitation of validity of these results are discussed, as well as the possi­

bility of extending the present method to the case of Neumann boundary condition 

and diffraction by a wedge. It is difficult to give the precise amplitudes of the 

diffracted fields for an arbitrary jump in the curvature, so some of the remarks 

are conjectural.

Let us first discuss the diffracted fields in the case when the point of 

discontinuity in curvature lies in the illuminated region.

From Case I in the Table 5-1 of Section 5. 6, it is shown that diffracted 

fields arrive at the observation point p both as a direct ray and as creeping 

waves launched in both tangential directions at the edge and circling around the 

scattering body (see Fig. 5-4).

The contribution of the direct ray from the discontinuity is given by 

of Section 5. 6 (or Eq. (5. 23)).

2 (ÏT - )<cos0d-2isin0d)- cos^-^)
nkp e ' —1------ 2-------------- --------- ;__________ ___

1 2k ^sin(01-0d) + sin0d^j 3

(6. 1)
2 

(Note that the point of discontinuity is taken as the origin, and - and 
‘ a a1 i ■

are replaced by and — , respectively. )

w -

38
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FIG. 6. 1; DIRECT RAY FROM THE DISCONTINUITY

Eq. (6. 1) is similar to that obtained by Weston for the case of the Neumann 

boundary condition. The difference is that in Weston's result the numerator is 

given as 2 +cos (^-2^) -cos^ instead of the term (cos -2isin cos 

in Eq. (6.1).

When the observation point moves across the tangential line such that 

< “ 2 ’ Case II in Table V-1 of Section 5. 6 shows that the rays diffracted

by the discontinuity reach the observation point as creeping waves, which are 

given by o of Section 5. 6 as
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CD 
E 

S=1
(6.2)

R
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In Eq. (6. 2) R is the radius of curvature of the transformed circular boundary and is

given as
c2

R = a( 1 + — ) o by Eq. (4. 23) .

Suppose that we transform the given boundary of the scattering body into another 

contour (instead of a circle) such that a little away from the discontinuity, the trans­

formed boundary is identical to the original boundary. Then the radius R in the

second bracket of Eq. (6. 2) would have become R2

Actually, this creeping wave launched by the discontinuity is propagating 

along the boundary whose curvature is ~ . Therefore, we may conjecture that 
■ 2

the diffraction factor in the second bracket of Eq. (6. 2) is modified by higher order

iterated terms of the solution of the integral equation. (Note that it was shown in

Section 2. 3 that the iterated terms represent the effects of dw '
-^1 on the propaga­

tion of the radiated and the scattered fields. Also see Weston's works^ ^'(

With this consideration in mind R=R„ is substituted in Eq. (G. 2). 

~ I I
I--------  "'-T -------^-)(-eos # . f2i sinf),)—;—i

v 1 2k(l-sin0 )
d 

r- r ^9 .
exp ji(ldY(-^) )(0r y- 0,)}

( ~^~) w* (t ) 2 1 S

When - 20d-7T„ the specular reflection point and the point of discontinuity 

in curvature coincide, and the specularly reflected field and the field diffracted by 

the discontinuity become indistinguishable. The study in Section 5. 2 and Appendix B 
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shows that in such a case the field diffracted by the discontinuity disappears, in 

first approximation for high frequency. Therefore, we may conjecture that when 

0^2^-n the specularly reflected field can still be obtained by the method of 

physical optics.

Next let us consider the case in which the point of discontinuity in curva­

ture lies at the shadow boundary. Then the incident wave impinges tangentially 

on the curved boundary with a discontinuity in curvature (see Fig. 6-3). Again 

there are contributions of a direct ray and the creeping waves launched at the 

point of discontinuity in curvature.

When r > 0^ > 0 and 0^ = y, the dominant term of the edge-effects is 

the direct ray which is given by Eq. (6. 1). Substituting 0d= y in Eq. (6. 1) 

becomes

2
7Tkpi 6

When 0^ is greater than ir, the diffracted ray reaches the observation 

point only as a creeping wave, and with the same argument as that of Eq. (6. 2),

the diffracted ray is given by the modified form of a of Section 5. 6 (or

Eq.(5,ôü)).

8k

up ,/F exp ji(kR^ 
2_j kR 1/3
" (V-1

(6.4)
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FIG. 6. 3; THE RAY DIFFRACTED BY THE EDGE; - it AND 0, ~

When the point of discontinuity lies at the shadow boundary and the 

observation point is near the shadow boundary or in the shadow region, the two 

creeping waves launched by the shadow boundary and by the discontinuity in curva­

ture become indistinguishable. The study of Section 5. 5 and Appendix B shows 

that in such a case the effect of the discontinuity in curvature disappears in the 

first order term of the asymptotic series for high frequencies.

When the point of discontinuity in curvature lies in the shadow region, the 

incident creeping wave from the shadow boundary can be locally treated as a plane 

wave incident along the tangential direction. The amplitude and phase of this plane 

wave are taken to be the same as those of the incident creeping wave near the edge. 

Therefore, the edge-effects can be obtained by Eqs. (6. 3) and (6, 4), provided 

that the amplitude and phase terms of the incident creeping wave are multiplied to 

the right-hand side of both equations.

Let us discuss the validity of the amplitudes of diffracted rays given above 
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for an arbitrary difference of the two curvatures at the discontinuity. As discussed 

in Chapter 4 and 5, the amplitudes of rays diffracted by the discontinuity are 

determined by the amplitude of the incident wavq and by the behavior of the local 

mapping function near the discontinuity. But since the precise local mapping 

function for the arbitrary edge is not easily obtainable, we have assumed the 

scattering body to be almost circular (see Section 4. 2). This fact, in turn, com­

pelled us to assume that the difference between a and —2— be small for the

. . 1 -t
particular model of the scattering body considered in Chapter 5. So the results 

of Chapter 6 for the amplitudes of rays diffracted by the discontinuity in curvature 

can be improved when the more accurate local mapping function, which is valid 

for arbitrary difference of two curvatures, becomes available. Still we may 

conjecture that the local behavior of the approximate mapping function obtained in 

Section 4. 2 gives a reasonably accurate local mapping function for an arbitrary 

difference of the two curvatures. So the results of Eqs.(G. 1), (6. 2) and (6. 3) may 

be valid for this case.

We can conclude from the present analysis that the effect of the discontinuity 

in curvature for the far zone scattering field is of the order of times

the amplitude of the incident wave at the discontinuity in curvature. In contrast, 

it is well known that the effect of a kink is of order (kp )"^. m general, the 

effect of the discontinuity in the n-th derivative of the tangent is of order 

k (k^) because the order of singularity of the local mapping function near 

the edge with a discontinue in the n-th derivative of the tangent is lowered by the 

factor n (see Section 4. 2).
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The extension of the present method to the case of a wedge type singularity

is not easy. The difficulty is due to the fact that,in this case I dw
I dz near the

singular point is either infinite or zero, no matter how close the transformed

contour is to the original contour. Therefore, the first term of the iterated series 

(17)may not be sufficient (see Chapter 2). Rice showed numerically that the iterated 

series converges after the second iteration for the low frequency scattering problem 

by a kink. Apparently there is yet no analytical proof of convergence of the iterated 

series.

Extensions to the Neumann boundary condition are possible, but one should 

be even more careful, because now the normal derivative of the scattered field is 

given on the boundary instead of the scattered field itself (see Eq. (2. 6)). Therefore, 

one must transform a normal derivative of the given function through the mapping

function F(z) as 

#u(w)
anw

du {w = f(z
" an 

on G Z
w

1 
[FÜzÏÏ

on C z

in place of Eq. (2.11). For the Dirichlet boundary condition, the boundary value 

is continuously transformed as long as the mapping function itself is continuously 

defined on the boundary. But for the Neumann boundary condition, the derivative 

of the mapping function must be continuous in order to transform the boundary 

value continuously.



APPENDIX A

ASYMPTOTIC FORM OF FOR HIGH FREQUENCY

In this Appendix, the normal derivative of the Green's function for a 

circular cylinder is asymptotically evaluated for high frequency in terms of the 

Fock function.

The Green s function which satisfies the Dirichlet boundary condition 

on a circular cylinder with radius R is given by Eq. (3. 12). The series of

Eqs. (3. 12) is slowly convergent for a large kR. In order to obtain more rapidly 

converging series for kR» 1, the Watson transformation is applied to Eq. (3. 12).

-1 
an r=R

1 °0
2ttR n=-oo H^(kR) 

n

2_  
xkr^

. 3x ikri-i —
1 

47tR dp

. , , 3 7Tlp(û - — )

_ e________
^(kR) • sinp it 

v

(A-1)e

1 2

where

Changing the contour

2i sinpir-

-0^ .

into and using the following relationship

e
it . 3?

ip-g-

; = e

. n
7w2 

- e

Eq. (A-1) becomes
i I------------ a • 77

9G I 2 'kv 4 r 
^L'tee L'r'2

!1 ** i 1
(A-2)
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where

1

C

e cos vty-ir)
H(1>(kR) 

v

(A-3)

and

2 2?R J
C1

e cos vty-ir) 
sin^H^ (kR) (A-4)

Rei/

FIG.A-1; THE CONTOURS C AND
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For the evaluation of 1^, the contour C^, can be changed into the contour 

of Figure A-2 if r/2 < < 3— (see Gorlanov's paper^b.

Using the asymptotic formula given by Fock^ in Eq. (A-3)

H^(kR) = -i w^t) 

/F M
(A-5)

where

V = kR + Mt

and

w^(t) is an Airy function,

we obtain

ki ikR(£ 
e "

ikR(V/-|)
"f

(A-6)

FIG. A-2; THE P CONTOUR
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fl?) le called the Fock Amotion and is given by the following equation

* l r e%*  

ul 1 

The property of the Fock Amotion is given by Eqs. (4.17), (4.18), and (4.19). 

When -s/2>^ > 0, can be changed into another form as discussed in 

Section 4.1 

, 3

near (a-B)

Using Eq. (4.18) and (A-7), 1^ can be written as

for O<0<£. (A-9)

For the evaluation of Iy the contour can be changed into f for all 0 . 

Using the same method as and the following relationship

for Im„>0

we obtain

. ki . — —2 4M e
ikR(0-— + 2nr)

f * r=M(^ ~ + 2nn)

3
ikR( ~ 77 - iL + 2n?r) f '* J 3

• fj?=M(~^-0 + 2nzr) (A-10)



APPENDIX B

THE SADDLE POINT CONTRIBUTION

In this Appendix, one of the branch cut integrals due to the saddle points 

in Eq. (4.12) is asymptotically evaluated for both Case I (m > > 0) and Case n

(01=0). This integral is identified as the contribution of specularly reflected 

fields for Case I and as that of fields diffracted by the shadow boundary for Case II.

Equation (4. 12) is given as

-v d0 e -TXT 
v(ô-îr) V

Equation (B-1) is obtained by inserting for the inverse transformation of

the far field (see Eq. (4. 14)). For our particular model of the scattering body in 

Chapter 5 (see Fig. 5-1)), g(-6 + 7r+0p is given by Eq. (5. 1).

By Eq. (5. 9) one of the saddle points is found at

0
^ = ^so ~ "2~ + for Case I

_ (B-2)
6= 9so = 0^ + y for Case II .

The saddle contribution of Eq. (B-1) for Case I and Case II can be written as a 

branch cut integral near this saddle point as discussed in Section 4.1 (see Fig. 5-2).

a i— -v s'" 2 Jc, e
so

or C so

f Jç=M(|-en (B-3)

70
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Case I; ^>0^0

Near the saddle point 9= — + , Ç becomes a negative quantity. Using

the asymptotic form of the Fock function for the negative argument (see Section 4.1) 

v becomes

v = ikR |cos(0 -6) - cos6

, 01 2 01
- i2kR sin -y + T ikR sin — (B-4)

where

so

Define

. 2v=-ikR sin — t

. 7T
*4 1/2 

e v
for Im v > 0 (B-5)

for Im v < 0 .

If 0^ is not near 2(0^- y ) such that the specular reflection point is far

from the point of discontinuity in curvature (see section 5. 2), g(-0+ y +0^ is

analytic near this saddle point. Considering only the dominant term for kR» 1,

a becomes s
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0 6 6 6

r , 0!
|l+g( 2* +-2~ ~ T dr 

dv
dT+ 
dv

0, 
?rkR sin —

2
i-j p 0e • [1 + g(y + y

(B-6)

When 01=2(0d-|), the branch point of g(-6 + ^ + 0p coincides with the saddle 

point y + y However, since the first derivative of gM+ÿ+0 ) with respect 

to 0 is a continuous function near this branch point (see Section 4. 2), we obtain

the same result as Eq. (B-6) even in the case of 01-2(0d-^>.

By Eq. (4. 7) and (B-6) the contribution of the saddle point at
*1

0 2 + 7T

2
becomes

0i
7rkR sin y

2
“ JT M 

1 + g(— 4- y)
ikp1 

e

(B-7)

Eq. (B-7) represents the specularly reflected field for both cases when the specular 

reflection point and the point of the discontinuity in curvature are far apart, and 

when they coincide.

Case H; 0^ — 0

0
In this case the saddle point lies at 0 = £+0, instead of 0 = I + _L

so 2 rl so' 2 2 '
Near 9= ^1' the argument of the Fock function becomes zero as 0 approaches
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zero. So near 0 = + 0^

v = ikR cos(0 -0) + 0-y
L ,3 2.

-ikR^ + iM0-- (B-8)

where

tS 0 - ~ -0

Let
Q 3 

v = iM

T+ M

.nV** ’
T-‘ M

for Im v > 0

for Im v < 0 (B-9)

1

where

.5j
6 e

^-0+^+0^ is analytic near 0= ^ + 0^ unless 0d=|. When 0rf= | the point 

of discontinuity in curvature lies at the shadow boundary, and two branch cuts at 

0^0-+ 01 and at = -0d+^ coincide (see Case IV-B of Section 5. 5).

With the same argument as Case I (i. e. the derivative of the gC-O + ^p near 

6= is continuous), for Case B, og becomes

m2 r~ "
%- -i— [l + g(f ) • Ig (B-10)
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for both cases when the point of the discontinuity and the shadow boundary are far

apart and when they coincide. Here I
s is given as

. ( -i(kR+Mt)0 
= | _dt e

dt
-i(kR+Mt)0 

e

00 
dv e dv

oo

exp ( -it/3 vV3) - 1 • exp ( -it/i v

dx

1

o

l 1
-i 

e - 
' M

3

e 3 t e
. 2
1 3

o

o 3 2* 
e 3

ooexpu^- ) J7T

2 .
+ tx exp(i — ^)3 dx

7
-i(kR+Mt)0,

f3 7F1 6 
e

M e

2 -i(kR + Mt)0 
e (B-ll)

Here Ai(t) = W^t) -w^tty is an Airy function-. By Eq. (4. 7) and (B-ll),

the saddle point contribution at 0 - — + A
2 ^1 for Case II becomes

«5,=c.w.'"i'= r l + g(y )
-i(kR+Mt)0 “ 

e
—

7Tkpi 6

(B-12)
When 01 becomes negative (B-12) can be expanded as a residue series

L1 + Ai(ts) -i(kR+Mt )0

for 0^ < 0.

e

(B-13)
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Equation (B-13) represents the contribution of creeping waves which are diffracted 

near the upper shadow boundary.

Equation (B-12) and 6-13) hold both when the shadow boundary and the 

point of discontinuity in curvature are far apart and when they coincide.



NOTATION

Cd- Cd*'  Cd “d V : Contours around Ine branch cuts due to the 
singularity of the mapping function.

C and C * •s s ‘ Contours around the branch cuts due to the 
saddle points

6 . The boundary perturbation factor.

%) : Fock function.

F(z) = z + 6f(z) : Mapping function.

g(6) = ik6Re«z=Re'^) : The real part of lXz)-z on the boundary 
multiplied by ik.

^d = The angle between the propagation direction 
of the incident wave and the normal direction 
of the boundary at the edge

9. ajid 77, •d d • The branch points of the mapping function due 
to the edge at (Fig. 5 1).

9*  and "9 * •a a ‘ The branch points of the mapping function due 
to the edge at 0=^-7 (Fig. 5. 1).

9 and 9 ■s s ' The saddle points

u(w = F(z)) - u( z) : The z-Component of the scattered field.

û - •s. r. • The specularly reflected field

u .c. w. ' The creeping waves from the shadow boundary.

Cd :

a •
P '

z - x + iy - re^ :

The fields diffracted by the edge.

The perturbed field.

1 he coordinate system of the transformed domain.

w = ? + in = pe r :
i01

The coordinate system of the original domain

The observation point
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