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INTRODUCTION

This study is concerned in general with ideal theory 
in non-commutative rings and, in particular, with arithmetics 
of algebras. Part I is concerned with arbitrary rings having 
a unit element and satisfying appropriate chain conditions. 
It may be construed as a generalization to the non-commutative 
case of part of the theory in the fundamental paper of E. 
Noether (16). Previous work in this direction has been done 
by Fitting (9) and Krull (13). The paper of Fitting has 
proved especially suggestive and many of our remarks are con­
tained at least implicitly therein.

In Part II these results are applied to the arith­
metics of algebras. The classical theory is concerned ex­
clusively with maximal orders (cf. Artin (2), Deuring (8), 
Hasse (10)). The essential feature of this study is the 
treatment of non—maximal orders. Fitting seems to have been 
one of the first to discuss such orders and has given pre­
liminary results in (9). One of the main uses for such a 
theory would be to study the natural orders in group algebras 
which, as R. Brauer has shown in (5), are intimately related 
to the modular representations.

One of the more interesting questions in the theory 
is concerned with the relation between the arithmetic of the
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algebra and that of the group field. This relation is es­
pecially evident in the discussion of simple algebras by 
Brandt (4), Chevalley (7) and Hasse (10)» We have given a 
new proof of the prime ideal decomposition theorem for maximal 
orders which seems to throw some further light on this prob­
lem.

In view of the comparatively greater extent of the 
results on maximal orders, it is natural to study the rela­
tion of an arbitrary order to an imbedding maximal order. 
The conductor and discriminant play an important part in this 
connection and preliminary results relating them have been 
obtained.

All rings and algebras considered are assumed to be 
associative, although many of the more elementary results are 
valid in the non-associative case. In most instances, these 
generalizations have not been stated explicitly.



PART I—BLOCK IDEALS

le Basic Concepts 
Throughout Part I it will be assumed that O is a 

ring, associative but not necessarily commutative, which con­
tains a unit element 1. The discussion is restricted to two­
sided ideals of 0 unless explicit mention is made to the 
contrary.

Two-sided ideals XR. and Sy* are said to be relatively 
prime if ( xru , Jb-) = (1) = 0 .

An ideal /Qv is a direct intersection of ideals
^r2* » if

(1) f)1=1 1
(ii) ( = (1) for 1 / j,

(lit) / (1) for 1=1, 2,..., r. 
r

We write XH, = , to indicate that XXL is the direct1=1 1
Intersection of the •

An ideal is called a block ideal if it cannot be 
written as a direct intersection of two or more ideals.

Part I will be concerned with a systematic study of 
block ideal decompositions.

— 3
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2# Properties of Direct Intersections
In this section we prove most of the elementary 

results that will be needed for the proofs of the subsequent 
theorems. Most of the results of this section are known.

P g[2.1] If ÆL = J*Ç^ri and If -^1 = /C then XTL = A ±>a

Proof: Clearly An. = f| £ . , If 1 / j, then 
^•o °

( j) — (!)• If g then i\)
= (1). Therefore /Ct = /^ /C e

i,a ±c

[ 2.2] If (/Oi, /C ) = ( XT ) = (1), then (/Ot nir , /C ) = (1). 
Proof; There exist elements a 6 XM , b € , c^

and c2 e /C 
(mod XT ), ab

such that a+c1=b+c2~l. Then ab = 1 
£ xMand so ( xn. a , xr ) = (1).

^rs* where 1 r < s, then /Ol = .
Proof ; This follows by induction from [2.2].

[2.4] If (A)L, ir) 
Proof;

= ( 1 ) then Xr a -^/ôt) •

[2.5] If XJL 2* . . .^ /OL n are relatively prime in pairs.
nthen A XL £ = ^x(n) where x ranges over all

permutations of 1, 2,..., n.
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Proof: Bals follows by induction from [2.4). (it 
will be noted that many terms in the sum may be redundant.)

The following theorem establishes a one-to-one
correspondence between a decomposition of an ideal /OL into
a direct intersection of ideals and a decomposition of O/ot 
into a direct sum of ideals. The result is well known but is 
included here for the sake of completeness. If /wv is an 
ideal of O , let [a]^ denote the residue class of a modw.

then

Furthermore these constructions are reciprocal
Proof: 1.

of G/xn, into 
homomorphism. We wish

The mapping cp; [a]
' is easily seen to be a ring-
to show it is a ring-isomorphism. Let
any element of » . * * . * Q •

By [2.3],

be

(1) where - n>„ and so there 
i/j J

exist elements and ç such that + y
N°w and = [0]^ for 1 / J. Let

Y - Y1 +..«+ Y$. Then , maps [Y]^ into ([a^,..) 

and, since <p has zero kernel, it follows that <p is an



6

isomorphism of

n in is exactly the set of elements a in G such that the

image of under q> has all components, except possibly
the i-th, equal to zero. The mapping [a]

ring—homomorphism of into G/j^ . That the mapping

is *onto” follows from the same property for cp, and the
definition of p The kernel is zero and so

n nNow b , = (1) for all 1. Therefore . ,1 j=l J ’ j-i 3

n
= j = (1)• If y = y + ••• + y = Yn + + Y' withJ=1 J 1 8 1 8

Y-» rj .» then y, - yJ Is contained in . _i i i il 1 ifj J
and so y^ “ Y^ • It follows that / = 

elements x € G such that [x} has zero projection in

G/j?ri and so Jr ± for 1 = 1, 2s.

2. Now let = ^//Cv +•••+ and let

Ç Clearly A Ç D V» and ( , Jr J = (1)
1 i/j 3 1=1 1 1 3

8for 1 / j. If x is any element of 0 Xr* , then [x ] has
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zero projection In each and so x E XXL • Bierefore

i/j J jA k
Now set £

and so £ j Ç £ t By the first part of the theorem, 
Zoi*e**+ +.««+ and so

_ /V***1 — i°r 1 - 1> 2,e••, s• This completes the proof of 
the theorem.

Corollary 2.1: If A= A and p. (1 = 1, 2,..., s) are 
1=1 ---

arbitrary elements of O . then the system (mod
2,..., s has a solution in Q and the solution is 

unique mod xx .
s[2.6] If A = 0^, then for any ideal /vvtf» ( XJv# aw) =

A ( A■ » Aw) 
a € S * where s Is the set of all * for which ( ,w) 

all ( x/vv) — ( 1 ) then the right-hand side is to
be taken as (1).

Proof: Clearly (>ov ,aw ) C A ( /%w) and the
aeS a

intersection on the right is direct. By

where o.

f2 • 5J , A ( aw) 
a 6 S

erg ranges over
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all permutations of 1,2,...... ,s. This sum is contained
in (/m, , aw ) and so ( /W , aw ) = A ( X- , aw ).

o 68 a

» J". ) X ( 1 ) •

D except when all 1=1 11
r . r uProof; If fl « AXA» then by [2.61, 
1=1 1=1 x 4

^1 “ ( Hr*> ) for each 1 = 1, 2,r where 3, con-
oes1 ° 1 1

sists of the set of Indices o such that ( o
Clearly S± » [1] and so Sr ± = Jr*. The rest of the proof 

is trivial.
Hie next four results are known (cf. Fitting (9) ). 

In what follows let XJL > Sr , /C , • • • denote ideals of O •

[2.8] ( /Ji, Sr /C ) = (1) if and only if (xn » Sr ) = ( /c )
= (1).

Proof : This follows from the proof of [2.2] and 
the remark that (xn, ) = (1) implies (xn, Sr ) = (xn, at )
= (1) since J-at C Sr et /C.

[2.9] If (Sr, >C ) = (1), AJL AT = /C Av and /(Tt jG- = SrA^ , 
then At ( J-n /C ) = ( /C ) Av •

Proof: (^, AT ) = (1) Implies (^n /C ) = ( Sr/C , a 
by [2.4] . Then At ( J-H at ) = Srst, ;cSr) = (xn/r/C ,xnA 
■ (^-/CAn, /c Sr/n, ) = (Srn /c ) /Cl .
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[2.10] If ( /C ) — (1), ( ATl /T t aw) = (/Ca7l , /vw) and 
(ah, > /vw ) — ( , then , /vwj *

n /r ) /ci , /wv 1 • xn » /vw 5 •
Proof; If Ah/ denotes the image of Ah, under the

natural homomorphism of O on C/vw » then it follows from 
[2.9] that Ah/ ( X-* o /Cf ) = ( a /Cf ) and this implies 
the s tatement •

[2*11] If (An, ) = (1) and ( xn , aw) = ( ,/vw),
then for any ideals Ql D /n, and J- "5 , ( Ol , aw ) =
( Xr 01 , Aw ) •

Proof ; If the statement is known for aw = ( 0)
then one can use an argument similar to that in the proof of 
[2.10] to treat the general case. Then it clearly suffices
to show that if ( aTl, ,& ) == ( 1), a% and Ah, G ÛL»
then OIL- LOL If x £ then there exist elements a f XXL ,
b Q Xr such that x = a + b. Now b = x - a e Jlr n Gt and 
so x £ ATL + ( Ol ) » Therefore Ol = Ah + ( >6- n ) .
Now ( n Ol ) Sr — ( AX, Sr ) • ( ^n Ol ) Sr = Ah, ( >ô- n Ol ) +
L(La en )L Ç xnL+ LOI ç LOl. Therefore OIL &L01.
Similarly CtL ? LOt and the statement follows.

3. Representation of Ideals as a Direct Intersection of 
Block Ideals

L®.1] An ideal AXL is a block ideal if and only if is
indecomposable (in the sense of direct sum).

Proof: This follows immediately from Theorem 2.1.
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It is well known that any ring with unit element 
which satisfies the maximum condition for two-sided ideals 
has a unique decomposition into a direct sum of indecomposable 
ideals ( cf . Jacobson (11), p. 63)• Furthermore, if the mini­
mum condition holds for left (right) ideals which contain a 
given two-sided ideal xn of O » then the maximum condition 
holds for two-sided ideals containing xn. , provided O con­
tains a unit element. Then by virtue of Theorem 2.1, one can 
state

Theorem 3.1 : Let be an ideal of O such that either
(i ) the maximum condition holds for ideals containing

ÆL or
(II) the minimum condition holds for left (right) ideals 

containing Xh/ • Then xh, has a unique expression 
as a direct intersection of block ideals.

— A X^i and AW is a block ideal containing xh

then av/ contains exactly one of the
Proof: By [2.6] , AW = (A, AW) /vw)

where 11 ranges over those values of 1 for which ( /vw ) X
(1). Since /vw is a block ideal, there can be only one term, 
say ( jr^Aw) / (1). Then AW = ( aw) and hence Jr ç AW 

while no Jr^ for t a is contained in aW .
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[3.3] If Ô /T a where the /C are block Ideals, G ““
then each Is contained In at least one r; and la the 
intersection of the /C containing It

Proof contains exactly one Jb-
If, for some I 2 s, then by

a contradiction. Therefore there
exists a such that ( Now each contains
some jb-, which clearly must be this particular This
shows that each Sir. is contained in Suppose

2P Then

P P=1

3.4 If xn and Sir are block ideals and the maximum condition 
holds for ideals containing xh, n Sir , then either n X­
is direct or xx, a Sb- is a block ideal.

Proof $ If /h,n Sb- is not a block ideal, then it
has a representation as a direct intersection of block ideals 
and by [2.3] we may assume XXn Jk = A /C g. By [3.3] 
< x Ç ZTl say, and /C 2 C . By [2.7] Æ = /C^ and

2 and so /Ct a Is direct.
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Theorem 3.2; H 5b-, vb.ere the maximum condition

holds for ideals containing , and where the are block
ideals, then the representation of >ov as a direct intersec­
tion of block ideals is obtained by replacing any two ideals 
jb'^ which are not relatively prime, by their intersection and 
continuing in this way as long as possible.

Proofs Sils follows by an elementary argument from 
[3.4] . 

3 Theorem 3.3: If ATI = f) where the maximum condition 

holds for ideals containing , and where the 47 are block
ideals, then the representation of as a direct intersec­
tion of block ideals can be obtained by distributing the 
into minimal systems 3 ., Sy such that every
is relatively prime to every £ e S, for i / j. Then

at « = Il C Is a block ideal and xn = .C e S ° 1=1 1G x
Proof: Suppose S^ consists of the elements

• • • # /Tme Then /C cannot be prime to all of ^2* * * *» 
in view of the minimal property of 3^. Suppose ( /C^, 2) ?

(1). Then by [3.4] , = zt 1 n is a block ideal and,
by virtue of [2.2] , S, may be replaced by S* = S £*, 

It is easily seen that if is not minimal, then neither is S^.
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Then it is clear that this process may be continued and will
lead to the desired result.

Remark: It is possibly helpful to represent the situation by 
a gra#i where one represents each 4C by a dot and joins two o
dots by a line if the corresponding ideals are not relatively 
prime. Ihe systems S& are the connected components. In the 
proof, the replacing of /C and /C g by r g can be inter­
preted as identifying the points corresponding to /T and

g. It is clear that the graph of does not become dis­
connected by this process,

rTheorem 3,4; If Xh, = A where the are block ideals, --  1=1 i ---------- i --

8then any representation of /Ot ■ f) /C as a direct intersec­

tion of ideals is obtained by distributing the Jr « into ———————————— Q i

disjoint subsystems T,•.•, T# and taking for the inter­o
section of the jin T •

Proof: By [2,3] such a procedure always gives an 
intersection of the required type. Conversely, if Xh = Q XT , 

o
then by [3.3] each x is the intersection of all the ^6-^ 

which contain it. It is easily seen that this is a disjoint 
partitioning of all
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[3.5] If at is a block ideal of G and Sir C /OY , then 
is a block ideal of O / e

Proof: This follows from [3.1] and the fact that
%, s ^IJ^I xn-lA- .

3.6 If xn is a block ideal, then so is where X is a 
positive integer.

Proofs Suppose = JL Jb- • By [3.2] /Ou 5 1 6 1
say, and so ( XX, ^g) = (1). Then by [2.8], ( x%\ ^g) = (1), 
a contradiction.

4. Ideals 4>v Such That the Minimum Condition Holds for Left­
Ideals of O/Art

An ideal is 
implies that either /uv C 
prime ideal divisors of a

called a prime ideal if /OV-tr £
It is to the

given ideal xn and their relation
to the block ideal components of att that this section is 
mainly devoted. The significance of the assumption of the 
minimum condition for G//Ov lies in the fact that the Wedder- 
burn-Artin structure theory can be applied. The results from 
the latter theory which will be used here can be found in (3).

[4.1] If the minimum condition holds for Q, then an
is a prime ideal if and only if £ has no pro­

per divisors, that is. G//g is simple.
Proof: Suppose has no proper divisors. Let

Ah. and xh, be two ideals not contained in JL » Then
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(^1# ” ( ^2* ~ and «O ) = (1) •
Therefore is a prime ideal. Next, suppose /P is a prime 
ideal. Let be the radical of O/1 
exists an integer X > 0 such that ç
Then — ^1^ +•••+ Op/^ * where
the O if# are simple. If r > 1, then G

1 / J.

. Then there
and so 

D and

Therefore r = 1 and has
The radical /w of /CL is

no proper divisors, 
the ideal zw of O such

that is the radical, in the Wedderburn-Artin sense, of
O//OL •

Theorem 4,1 : If Av is the radical of /W t and so Q (/yv —
01 +♦••+ 6k//w With the 0

exactly k prime ideal divisors of /Tt
simple, then there are

assume

so

Proof t Since the case k « 1 is trivial, we may
There exists an integer X such that AV

is a prime ideal divisor of xn, then Av and
Then the ideals

namely $ =

are precisely

a 6 i then [a] 

ti°ns O/^ Qy

the prime ideal divisors of /Ct 

has zero projection under the projec-

2 k and so a e av
kIt was seen above that /w £ A i and so it follows that k 1=1*

/w =
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Remarks: It is of interest to compare this theorem with
Krull's result to the effect that the radical of an ideal in 
a commutative ring (without chain conditions) is the intersec­
tion of all its minimal prime ideal divisors (cf * McCoy (15)). 
In a recent paper (14), McCoy has generalized Krull's result 
to non-commutative rings in such a way that our theorem 4*1 is
essentially a special case* 

Let 47V be the representation of xn_ as a=

direct intersection of block ideals. We distribute the k 
prime ideal divisors of /Ot into r blocks Bj, the block 
Bj consisting of the set of all which divide ^* We 
now proceed to investigate the relations between the block 
ideal components and the prime ideal divisors of a given ideal* 
In particular, two criteria are established for two prime 
ideals to belong to the same block* Furthermore, we prove a 
theorem which determines the block ideals in terms of the 
prime ideal divisors.

If the unit element 1 of OIA\, is written as a sum 
of primitive idempotents, 1 = +•••+ e^, then there exist
elements e^, • • € O with in the residue class of «
such that 1 = +•••+ where s (mod /Or ), 0
(mod /Or ), e^e j 0 (mod /Ct ) for 1 / j, and no can be 
written as a sum of two other elements with these properties 
(cf* (3), pp. 100-101)* Such elements will be called 
primitive idempotents mod XfL* The left-ideal Q e, is 

a 
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primitive mod xn, in the sense that If Jk is a left-ideal 
such that X7t ii-C Oe^ + XTU , then Âr Ç AV and so is 
nilpotent mod Xh, • (For a proof see (3), pp. 98-99»)

[4»2] Let /C 2* /C g» • • • » be a system of Ideals such that

(1) ± (1) for all 1,
(it) ( Cv /Cj) = (1) for 1 / j,
(111) XTt Ç fl AV •1=1 1

Then each Cp belongs to all the yC except one; for each /C
there exist 8p which do not belong to It is the sum
of those 8p then 1

Proof contains all 8p since
Suppose some 8p In neither for 1 / j. Bien

from the preceding discussion
Then O e 

P
P 
)e

and

P

P a contradiction. Hence either

or eP e J’ It follows that for 1 / j, and
j can have no summand 8p in common. Every 8p appears in

some otherwise e £ A Ç AV • The final state­

ment of the theorem is now clear»
From this result, the following useful consequences

may be drawn; <
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r1. If = A tri where the Jb- are block ideals. 1=1 1 1
then there exist elements (the Ç i for

(mod ir . )

£) such that 1 =

Furthermore, the
are orthogonal Idempotents mod xh and they lie In the

center of O mod An. since if x é G , then x = 0

(mod ) for all jJ and so x^^ - ^^x & 0 (mod Art )•

2* If 1* 2* e e •* k the prime Ideal divisors
of ATI » then there exist elements 5^, Sg,..f (the

Si
(mod 1),

such that 1 =
f ± = 0 (mod j) for 1 / j and the £ are

orthogonal Idempotents mod /OL •

We now derive some relations between the and
& 1 which will be used later Let s be all the
prime ideals in the block B If e 

P
then 8p

the radical of , so that ep But

eP Therefore, if occurs
as a summand in it does likewise in the £, correspond- 

J
ing to one of 

we obtain
a• The converse is trivial, and

g

P P
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(1)

From the fact that if e P occurs as a summand in some ,, it
also occurs in and since the are in the center mod Ah.
we obtain

(2)

Two prime ideals

to be connected directly if 
either f or

tained in Ah. . They are said to be connected if either
or one can find a chain

of prime ideals 2 /0t such that any two adjacent prime
ideals are connected directly

Theorem 4.2; Two prime ideal divisors of xh, 
same block if and only if they are connected.

belong to the

Proof; Suppose the prime ideals
divide /OX and are connected divides
some Xr so suppose C 

2 are connected directly, say
relation (2) above, m, —

w2 —
£ (mod xn

2 where &nd 
By

) and so

£ (mod XM )

P

2 18

is not in /Ct . But j and so
contained in all the block ideal components of

hence in XTt itself, a contradiction. This shows that
B all belong to the same block
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Now suppose £ a are all the prime Ideals 
in Let (T^, • • be the corresponding and note 
that i = % +•••+ <Ta by relation (1) above• Suppose

these are not connected say

for 1=1, 2,. t; j = t+1,s; t < s. Then Yg + 
YgQYi Ç X)l "here Y1 - +•••+ <Tt, r8 - ^t+1 +•••+ f,.

We are going to show that + y^Qy^ for 1 = 1, 2

are ideals and that ^1 " 51 ^2*

If 8 € then f a fs “ <Ta + YiGyi<P

Q Iry since yx Sa /ÜL C Therefore / 0 • Simi­

larly 2 Ô • Set r3 = 1 

sum of those e which are inP
+ Yx© YX)<?'1 =

^1 + YXOYX = since

- and note that y$ is the 
^x, so that y3 € x* Now 

( + YXOYX) 0 (Yx + Yg + Y3)

Similarly, 0 Ç /yi and Ç g. Now 1 =

Yx + Yg + Y3 where E &nd so (^x, X^g) = (D* By
[2.4], /O^A A2 = 5s

so Ar A ^2* a contradiction. Therefore the prime 
ideals in are connected.

Two prime ideals "D xn and O /(% are 

said to be related if either they are equal or can be joined
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by a chain of prime ideals $ /Cl/ such that in £ p*
no two adjacent prime ideals commute

mod x)t •

Theorem 4.3: Two prime ideal divisors of XTu belong to the 
same block if and only if they are related.

Proof: The block ideal components of aTL commute 
mod zn and so if and belong to two different blocks 
it follows from [2.11] that they also commute mod XTV and so 
prime ideals in different blocks can not be related.

Now let 0 . be the block ideal decomposi-
9*1 *

tion of 8XXL and let its radical be /W » /?| & Let S be 
j=l<F J

the set consisting of the ideals
minimal disjoint subsets S,•.•,

and decompose S into 
such that the ideals in

S, commute mod xn with those in S for 1 / j (of. Pitting
in a given 3, all divide the same block ideal

by virtue of the remark at the beginning of the proof. It
follows that k > r. Let denote any fixed one of the
Let QRfZ . be the intersection of all such that

j* It is possible that the are not defined for
all 1 — 1> 2, .. ., k. Suppose, however, that
are the which are defined; t k. Then is1 1=1 1
the radical of J)- , that is, the intersection of all its prime
ideal divisors. It follows from [2.1o] that the % ± commute
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mod 4L and so also mod Ir ♦ Then by [2.5] +
W, exists an integer a > 1 such that c(

and so ( W, the % ± commute mod J-

and so Set

for i / j

(1) for

and

Therefore This is im­

possible for t > 1 and so all the prime ideal divisors of &
belong to the same S. and so they are related

Theorem 4.4 Let be the block ideal decomposi

ktion of Xh be the radical of xh, with

exponent o, /W Let %] be the intersection of the

prime ideals in B Then the * commute mod Art and
Furthermore if 1 ijg any j3osi tive i^

Jtr

Proof : The commute mod Xh. and C ^0^
for 1 = 1, 2,..., r. Then by [2.11] the also commute

mod 4L • Consequently r
/w = A %? f = i=i

/W° = + where 5 At and so Ç

xh + % 2*"
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since the an eommute mod Xh, By [2.8], = (i)

r I»for 1 / j and so xn « * A ) = By [2.7]

and [3.2] it follows that ir. It is clear that

a can be replaced by o + X where X is a positive integer.
rCorollary 4.1; Let XM ” A be the block ideal decompo­

sition of xn Assume that all the prime ideal divisors
of Arc commute mod Are . Then each block

contains only one prime ideal and for suitable index-
where o is the exponent of the radical

For each ct may be replaced by any larger 
integer

Theorem 4.5; Let Xh, = be the block ideal decomposi­

tion of xn, • Assume that all the prime ideal divisors of /Ot 
commute in the ordinary sense, that is. mod (0). Then the
O r Acommute, /0% = 1 ^1 = 1 + aa in corol­

lary 4.1.
Proof : This follows by a trivial argument from 

[2.11] and corollary [4.^.
We conclude Part I with some elementary applications 

of the preceding theory to rings O with unit element and 
satisfying the minimum condition for all left ideals; for 
example, finite-dimensional algebras with unit element.
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If O Is semisimple, then all its ideals commutée 
The block ideal components of any ideal ml consist of 
the sums of XXL with all except one of the remaining simple 
components. Block ideals are evidently prime ideals and an 
ideal coincides with its radical. If 0 has a radical ft 
then any ideals, and in particular the block ideals, commute 
mod ft »



PART II—ARITHMETICS OF ALGEBRAS

1* Basic Concepts and Definitions
Let A be an algebra of rank n over a field K* It 

is assumed that A has a unit element 1 which coincides with 
that of K; also that K is the quotient field of a proper 
Noetherian subring xr with 1 6 XT •

A subring O of A is called an order if it is a 
finitely generated XT -module, not contained in a proper sub­
algebra, and contains the unit element 1.

For every algebra A of the type considered, orders 
exist* Indeed, let = 1, s^,* *, ®n be a K-basls for A with 

n 
5 °1

such that a*^ 6 XT for 1, j 2; k 1* Then the
XT-module XT £e^, ae^,..., ae^^ is an order of A* In par­

ticular, A may be the group algebra of a finite group where 
the correspond to the group elements in the usual manner* 
Then one may set a = 1* In general, such an order is not 

2 maximal; in the case n = 2 with eo = e_ = 1, it is easy to » 1
verify that the element (+ 8g)/2 can be adjoined to give 
an order which properly contains the first*

eiej “ S "ijk'k .k G K; 1, j 2* Determine a / 0 in xr

26 -
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It la well known that a finitely-generated module 
over a Noetherian ring satisfies the ascending chain condition 
for sub-modules. It follows that every Integral Ideal Gt of 
O has a unique expression as a direct intersection of block 
ideals. Indeed, it will be shown later that the descending 
chain condition holds for sub-modules of G which contain 
Ol / (0), provided the classical ideal theory holds for K. 
In this case, all the results of Part I are applicable.

2. Elementary Properties of Orders
[2.1] There exist n elements #1» * ' °n G
element c € at such that every element a

0 and a non-zero
€ G has a unique

representation G AT

Proof : Let . . ., be a set of XT -generators
for G and let , o^n be a maximal subset linearly

Independent over K. Of necessity, m = n and a n

for 1 - 1, 2,..., r; j G K» Choose o / 0 in AT such that
oa € XT for all 1, j. V The result follows immediately.

The converse is trivial:

[2.2] If a subring O C A contains Ar and a set of elements
02# * * * , on such that every element a € O has a unique repre-

1 nsentation a = — C o.q. where c, G AT and c is a fixed non- c ^-2 x 1 1 ---------------
zero element of XT , then O is an order.
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Ü O 13 an order and V is jm-j<Lexnent—of-th^
N of A, then there exists an order O* containing 0 and -y •

Proof : Let •• •> or3 136 a se^ of XT -generators 
for 0 and suppose N* = (0), X > 0. The -O'-module O*gene-

On trated by the products o y • • -y with a* < X is a 
*1 1=1

ring since = (0). It is evident that O*is an order and 
has the required properties.

Theorem 2.1g If A possesses maximal orders, then A is semi­
simple.

Proof: Let O be a maximal order in A. By [2.3^

N Ç O . Let a / 0 be an element of N, a = % S 0*0* »3 in 
° 1=1 1 1

[2.1]. Suppose c^ / 0. Let b be an element of K such that 
b^is not in XT • Then ba is not in G , although in N, a 
contradiction. It follows that N = (0).

For the proof of the following result see (8).

Theorem 2.2g If A is semisimple and separable, then any order 
can be imbedded in a maximal order.

3. Ideals Generated by Ideals of AT
As in algebraic number theory, in order to obtain a 

satisfactory theory, it is necessary to generalize the notion 
of ideal to include the fractional ideals. Henceforth, our 
use of the term is to be understood in the following sense:

A subset Cl of A is called an O -ideal if
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(1) 01 is an additive group such that O OLG = Ot ,
(2) There exists an element p / 0 in K such that 

nOL g Q or, equivalently, 01 is finitely gene­
rated»

(3) If 01 (O) then 01 n K (O).

If 0t Ç G , then 01 is said to be integral ; otherwise, 
fractional.

In what is to follow, a crucial role is played by 
the ideals generated by ideals of XT . If /Ct is an A- -ideal, 
then X7L* = An, 0 is an 0 -ideal. If Ol is an integral 
G -ideal, then 0l* = 01 n XT is an integral XT -ideal. The 

purpose of this section is to determine to what extent the 
mappings xh —► XJu* and 01—> Gl* are reciprocal.

We shall now show that xn*# ■ XTU for integral
XT-ideals XL in the case that the classical ideal theory 
holds for K; that is, every non-zero XT' -ideal may be expressed 
uniquely as a product of powers of prime ideals. This condi­
tion holds, for instance, if K is an algebraic number field 
considered either globally or locally with respect to one of 
its -adic valuations.

Theorem 3.1: If the classical ideal theory holds for K, then 
— Xt for integral XT -ideals XSL • The mapping x)v —> AH* 

sends the set of all XT -ideals onto a set of 0 -ideals in a 
one-to-one manner. The mapping is an isomorphism with respect 
to product, sum and intersection. Furthermore. 0 n K = X" 
and Ol n K « 0l* for every integral Q -ideal 0t •
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Proof ; Let xsi be an integral AT' -ideal. XT = 
/CL* xn?1 C vOL1^ xn 0 z(r) = XTL^xn** c 0a xrt1» Now 

elements of O A /Ol are XT" —integral elements of K (of*
(8)) and so G a xn,"1 G xO- since is Integrally closed* 
Therefore Xh,"1 Xh,** * XT and so /Ob** = X% . Now consider 

the mapping /Ot —for /CL integral or fractional* If 
“ & » then there exists an element (i/o in K such that 

nA, nX* Ç XT and (nXH)* = (jiX-)*, (^41)** =
A = Sr . Consequently the mapping is one-to-one. It is 
trivial to verify that (Xh^)* = /CL* and (Xh =
(xn*, j^)* The proof that ( xjv a JU )* = x>L*n is less 
trivial. Certainly ( xrv n JU ) * G >Ov* n jtr*. Now ( XTL A J^)-1 
= (xn-1, /CL-1(xn(? a 1O )c 0 , ^G) c
O » ( XJV"1, ( /VI 0 a ) G Q and so xrt* A JU* c (Xh. 
Therefore (^lA^ ) * = /CV*A • Now O A K consists of
XT-integers of K and so O A K = XT * Then if Ol is an 
integral ideal of 0 , 01 A k = 01 n O a K = 01^ *

From now on, it will be assumed that the classical 
ideal theory holds for K.

[3.1] If TO is a non-zero integral proper 0 -ideal* then 
aw = is an integral XT -ideal with (O) G AWc XT*

Proof : It is clear that aw is an integral xr -ideal 
with aw C XT • There exists an element a / O in *7RJL a K and 
by theorem 3.1, a £ XT • Therefore ( 0) C AW •
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[3«21 If TC la a block ideal of 0 , then WW = ^TC^ia a 
block ideal of xr •

Proof : By [3.1} , ( 0) c mv c at— • Suppose aw = 
^2 I [2*33). Then by theorem 3.1, /WV* = A X-* 

But Wn is a block ideal and so by I [3.2] , 'THTt say.
Then by theorem 3.1, Sr g C /Wv , a contradiction. It fol­

lows that aw is a block ideal.

[3.3] If Wt &nd n are integral O -Ideals such that AW = 
TC.^ and Av » Tl* are relatively prime, then
= TCTC.

Proof : Since (mV, av ) = at , it follows that 
) = (1). By I[2.4], TC,^^ = ,nTC). Now 
= /VV^Aw^and so by I [2.11] , TC, A = Wb# =# %.

[3.4] If TC is a non-zero integral Q -ideal, then the mini­
mum condition holds for XT -modules L such that TC, £ I» G G •

Proof : Using the notation of [2.1] , let a =

IOI be an arbitrary element of
4, Let /VW - w:

If a G caw, then a0 — '"STL • Therefore, for elements a of 
O taken mod WZ , the elements c^ may be changed mod c/vw. 
It follows that O/.can be regarded as an /caW—module 
where the operators act in the natural manner. Under this 
definition, O/is finitely-generated and so satisfies the 
minimum condition for sub-modules since the minimum condition 
holds in a/caw (cf. (11), p. 32).
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By virtue of [3*4], It follows that the results in 
section 4 of Part I are applicable to orders, provided atten­
tion is restricted to non-zero ideals.

4. Transition to the Ring of At -Integers 
For a fixed integral XT -ideal AL we define the 

ring of Al -integers of K to be the set of all elements of the 
form a/p where a, p € xr and (p, Afi ) — (1). It is trivial 
to verify that this set forms a ring under the operations of 
K. Of particular importance is the case where At is a prime 
ideal . The ring of -integers is precisely the ring of 
local integers of K in the sense of the A -adic valuation. 
The ring of At -integers will be denoted by AT • We set U = 
AT 0 and = Ar 'HT for G -ideals in.

It may clarify matters to give some motivation for 
the considerations of this section. In general, orders do 
not possess a minimal basis. However, if AT is a principal 
ideal ring, for instance a ring of -integers, then an order 
does possess a minimal basis and the theory of elementary 
divisors is valid. In the next section we wish to use these 
two facts and so we now investigate the relation of an order 
O to its extension G .

[4.1] I£ % is an integral G -ideal such that AW = Hl has 
only prime ideal factors which divide AV > then G//^ = ♦
The Isomorphism is canonical, being induced by the injection 
map of 0 into 0 •
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Proof: We contend that 0*0+ 'Wl ♦ Certainly 
G + Q $ e Let a be any element of O and let d be 

an element of /r* with ( 1 ) = (d, 4M ) = (d, aw) such that da €O 
Then a G (da, /wv a) G O + ^8*1 and so G = O + ^@1 • Next 
we show that Wl n O = 'TO • Certainly TO. G 'Win G • Now 
let p be an arbitrary element of “TO. n G and determine 
h G xr such that (1) = (h, -cv ) = (h, w) and hp € . Now
P G (hp, /wVp) ç and so 'WT G = , From these two

facts one Immediately deduces ©/-in = <e +0%)/% -

= ®/wt where the isomorphism is canonical in
/X/the sense of being induced by the injection map of O into 0 .

A[4.2] If is an integral ideal of Q and aw = Wt la 
prime to Xrt , then /TO< = G .

Proof : There exist elements € aw and a G /CL
such that p. + a = 1. Then p,(l - a)”1 = 1 G /WV and so 

= O .

[4.3] Every integral O -ideal is of the form = TO 
where Wt Is an integral O -ideal.

Proof: Set Wl = and let a be an arbitrary
element of 7 . Then a * S where x^XT and 0 . 

There exists an element d G 4T such that ( d, xtl ) = (1) and 
da * £] dx1r1 with dx± G xr • Then da G and a G d"1^ 
- • Hence 7 and so •
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[4*4 The mapping <p: ~* Wl is a homomorphism with respect
to sum, product and intersection of the set of integral 
0 -Ideals onto the set of integral & -ideals.

Proof: It is trivial to verify that q> is a homo-
morphism with respect to sum and product. If and Wl g
are integral

If a € /a

O -ideals then r» 10Y g) Ç Wl

Wt 2 then, as in the proof of [4.3], there 

exists an element d 6 at with (d, An, ) = (1) such that da é
n Wl g. Then a e n g) ç <p(%^A g).

Therefore ,(®?1 n WZ g) = 2- That the mapping is 

"onto" follows from [4.3].

Iheorem 4.1; Let range over the set of integral 0 -ideals 
such that either equals /0- or possesses only prime ideal
factors which divide /OL • Then ÿ: —> Qt is a one-to-one 
mapping onto the set of all integral G -ideals. Furthermore.
ÿ is an isomorphism with regard to sum, product and inter­
section; also 01 = 01 n 0 .

Proof: In view
is one-to-one and "onto." 
then 01 i + 01 g Oft •

of [4.4] it suffices to show that 
If 01^ 01 and 01 g ,

Consequently, one may assume QI x^g.

By [4.1] , 0/^2 ' where the induced iso-

morphi sm of O 4z%and 

^i - Thls shows
O la canonical. It follows that

Ÿ is one-to-one. Now let be any
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Integral O —ideal. By [4.3], Q « ^31 where '7T51 is an inte­
gral O -ideal. If 'ÏÏÎ* has only prime ideal factors which

divide XJL , then it is in the domain of definition of , 
If m* has only prime ideal factors which are relatively prime 
to XTL , then = G and Wt , insofar as its behavior under 
Y is concerned, can be replaced by 0 which is in the domain 
of definition of © , Now assume that neither of these ex­

treme cases holds.

ideals. By [3,2],

yLet /32n = Q £ . where the 
1=1

pt. is a block ideal of XT

X~. are block

and so a power
of a 
such

prime ideal Let T[ be the intersection of those

that the prime ideal divisor of also divides XH,

Let 0^ be the intersection of the remaining . By ! [2,3], 
Wl “ ^Tl A and by [4,2] and [4.4], 7T3i = Tl . Since 
is In the domain of definition of , it follows that is 
"onto •" Since *71 = XT ^3*1 S XT a O3 — and since is
one-to-one, it follows that 0 .

5. Ideals Generated by Ideals of XT
In this section we study block ideal decompositions 

of ideals of the form xn Q where Xh. is a non-zero integral 
XT -ideal. In particular, it is shown that the block ideal 
components of such ideals generate a multiplicative abelian 
group.
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[5.1] Let 4M O - where xn is an integral xr -ideal

are block ideals. Then « A where X
1=1

is any positive integer.
Proof: It is trivial that xnXG Ç fl The

1=1 1

result is true for X — 1. Now assume

^^(1)’" where it ranges over

all permutations of 1, 2,•.., s. We now consider a generic 
term in this sum. From I, theorem 2.1 it follows that the 

commute mod XM 0 • Therefore

^'(D ^t(l-l) ^"x(i) ^t(i+l) ^f-^(i+l)^?(i+2) * "&%(s)

o
1t(s)e

By the induction hypothesis, the right-hand side is contained 
in

” ... f ° f0-1 f f f®-1 f° f °
wd) ^(i-D^itd) ^ird+i) «^(i) d^d+i) Ar«d+2)’e Imts)

^ae.
Repeating this process of interchanging the 
often, one obtains
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By virtue of the induction hypothesis, this implies that

— XÎL O and the result follows immediately •

minimal basis for G • Suppose the congruences x

[5.2] Let xr be the ring of -integers of K where is a 
prime ideal; let 0=^0 and let £ x* • • • » n\ be a

~ "I1 ■
(mod J G ) have a solution x for i = 1, 2,..., n and for 

aach positive integer q* Then there exists an element z e Z nG,
where Z is the center of A, such that for some o, z ~ x 
(mod $ 5 ).

Proof; Suppose op = Jk->) k and let

be some particular x • a Then

and so‘ 6 " °jlk^ k = ° °G)

^‘j^ljk - °Jik) s 0 <mod for all i, k. Set

°ljk - »jlk ° \+(k-l)n,j ‘ W. Then

where i = 1, 2,.,., n2 and y^ • We regard (1) as a sys­

tem of equations for the a By the theory of elementary
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divisors there exists a unlmodular transformation which maps
&j aj = Ta j, say, and transforms the system (1) into the 
forms

elal =
• •• «e a’ = x^y'r r "r 

°"=r+l = '%+!
: : (2>

°’an s *%

• •
• ♦
0 = xay1o n^

where / 0 for 1 = 1, 2, . .., r; y^ € Jcr . For a sufficiently 

large, a£, ..., a^ are in j and (0,.. 0, a^+1,..., a^)

affords a solution to the homogeneous equations corresponding 
r n

to (2). Now a = C &, .a\ + 12 d, ,aL where (d, J is the1 j=l 1J J j=r+l 1J J 1j
matrix of T“^ and so has integer coefficients. Now the first

n
term is in Z and so a, = a (mod Z ) where a, = Eda* 

o 1 j=r+l 1J J
affords a solution of the homogeneous equations corresponding

nto ( 1) • The element z = Ï2 has the required property •
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[5.3] Let y 0 = Fhere the X- t are block ideals and

f ideal of xr . Let Q and z have the same sia-
nificance as in [5.2].
€ Z n O such that I = e

*v1 / J, e1 5 1 (mod tj)

Then there exist elements ,..., e J* I
1 +•••+ eg, e± s 0 (mod X-j) for

Furthermore
# J # S.

Proof: By theorem 4.1 s *vA Xr, where the 
1=1 1

$-1 block ideals. By [5.1] and I [3.61 A ? is the block 
1=1 1

ideal decomposition of J °G. It follows from I, theorem 2.1 
that there exist elements e* e O such that 1 = e* +•••+ e'1 1 s’
ei - 0 (mod $-®) for 1 / j, e| 5 1 (mod £-®). It is easy

to verify that the e^ are in the center Z modulo and
so, by taking a large enough, one may obtain elements e^ = 
(mod J G ) with e^ e Z n 0 by virtue of [5.2] » The fact

that is contained in together with I [2.11] ,

implies that the commute•

Q where the are block ideals and

is a prime ideal of XT , then the commute and

-JA-
ss
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Proof; This follows immediately from I[2.5], [5*3] 
and theorem 4.1.

For as in [5.4] let be the set of ele­

ments x £ A such that x Ç Q . Clearly J-*1 is an 

0 -ideal containing 0 . It is easily verified that &”1 = 

and that = V = G .

If 2 2 ar® distinct prime ideals of XT ,

then by I (2.111 every block ideal of y 0 must commute with 
every block ideal of $ g© •

Theorem 5.1: The block ideal components of ideals , 
where is a prime ideal of xr, generate an abelian group
S. The representation of an ideal 01 = of J

1 s
as a product of powers of distinct block ideals jr, where 
the are non-zero rational integers. is unique.

Proof : The first part of the theorem follows from 
the preceding discussion. The uniqueness is proved as in 
algebraic number theory.

Theorem 5.2; If Z is the center of A, then Q = Z O is an
_ sorder of Z. If $ O = p| where is a prime ideal of 

and the block ideals, then £ Q = where

2 ~ Q are block ideals of Q. Furthermore, Xrt - 10 • ?
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Proof;
of Z. By [5.3] , 
the n XT are

It is trivial to verify that Q is an order 
the are relatively prime. By [3.2], 
block ideals. This, together with the fact

that implies that Applying
theorem 4.1 to Q in one obtains

1=1
Now

8and so J vnQ = £Q. It 
gA ^£0 and so $

follows that Now
^0 by I, theorem 3.1. If

T1 - Î1 A J for some 1, then by I [2.4]

a™* = î ' 4 ï 0 “ ^0 zn a contradiction.

Consequently, the are block ideals and, being in the 
center, they commute.

Remark: This result is of crucial importance for the sub­
sequent developments. It would be extremely desirable to find 
an elementary proof, thereby avoiding the "local" device of 
section 4 and the elementary divisor theory used in [5.2]. 
Unfortunately, we have been unable as yet to construct such a 
proof.

Theorem 5.3;
Let XXL G =

Let Ot be an integral
Xysv where the

G -ideal and set xn = 
are block ideals. Then

Gt can be expressed uniquely as a product Ot = 0l8

where divides ; G[ ) and the Q[ commute»
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Proof ; This follows by an elementary argument from 
theorem 5.1 and I [2.11] .

6* Prime Ideals and Arithmetics In Maximal Orders
If ? is a prime ideal of 0 , then it is easily 

verified that J = n tr is a prime ideal of /0~ . From [3.4] 
and I, theorem 4.1 it is clear that a prime ideal in xr- 
has only a finite number of prime ideal divisors in G , 

For a fixed prime ideal C 0 let 0], be the 
set of elements p. 6 A such that p Ç 0 . There exists an 
element » / 0 In J such that £ O and so 0]^ Is an 
ideal of 0 with 0^ 2 0 . Since is maximal and

- O , it follows that either or .
In the first case 2 C and so fy is an order. If 
then is said to be regular. These results are summarized 
in

[e.l] If is a regular prime ideal, then either there exists 
a fractional ideal d G with = 0 , or there exists
an order QT o 0 such that OLI? “ T? •

[6.2] In the first case of [6.1], i.e. 0], D 0 with 
either 0^ = 0 or there exists an order Ol = G such that
01? = ^.

Proof: Since ( )2 = Gj, and » being an
ideal, is finitely generated, it follows that fy, 0 ) = Ol
is an order containing 0 . If , 0 ) - O , then Q 
and so 0^ = O or , since ^30 , If ^07=^
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then 0[ = Oy * Oy 'p = O » a contradiction. Therefore 
either 0^ = O or 01 is an order with Ol O and
01? = ? .

If 01 is an ideal of O , then the set of elements 
x € A such that x 01 £ 01 is an order O* called the left­
order of OZ . (In the verification that O* is an order, ob­
serve that there exists an element q / 0 in 01 a k such that 
<ù O* Ç 01 and that one may assume to t xr . )

[6,3] %f ? is a regular prime ideal whose left-order is O , 
then ? 6^ = Oy? * 0 •

Proof: This follows immediately from [6.1] and 
[6.2] .

If a prime ? has the property of [6.3], then it 
is said to be completely regular. One defines OL = ?

[6.4] If a block of G contains a completely regular prime 
?, then the corresponding block ideal is a power of ? • 
Every ideal which divides a power of ? is itself a power 
of ? •

Proof: The ideal is integral since
? divides t . If £ = X?, then £2 = for every 
integer X > O. Then each X divides X- • But the ? are 
distinct and [3.4] implies that only a finite number of them 
can divide X- . It follows that X/ ¥ X- • A completely
regular prime commutes with all other primes (cf. (8), p. 74) 
and so by I, theorem 4.3, the block to which ? belongs con­
sists only of ? itself. Then by I, theorem 4.4,
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for some a > O* Now if & C X-1 G 1 for a prime 1 
then • Therefore divides 1 • We proceed by
induction to obtain ji > 0. If a Ot , the
only prime dividing (Xl is ? and, proceeding as before, we 

obtain C5L = X

Theorem 6.1: If O is a maximal order, then every non-zero 
ideal can be expressed uniquely as a product of powers of 
prime ideals. The non-zero ideals of G form a multiplica­
tive abelian group generated by the prime ideals. 

Proof: Every prime ideal is regular (cf . (8 ), 
p, 74 ) and so completely regular by [6,1] and [6,2] • Let 

Ai Ol be an Integral O -Ideal. Set & = UL e By [6*4], 
xnO - where the , commute by virtue of either1 s 1
theorem 5.1 or the fact that completely regular prime ideals 
commute. Then by [6.4] and theorem 5.3, Gl — I****!”

with . If X- is a fractional ideal, determine p, / 0

such that p 0 • Cons true ting the prime ideal decompo­
sition for p, 0 and p, it follows that has a prime ideal 
decomposition. The uniqueness is proved as in algebraic num­
ber theory.

Theorem 6,2 : Let Q be an order whose non-zero ideals form 
a multiplicative group. Then G is maximal.

Proof : See (2) .
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Theorem 6.3; If O is an arbitrary order, then every integral 
ideal has a unique decomposition Ol - 1^" where

the t are completely regular prime ideals and QiO is an 

integral ideal not divisible by any completely regular prime 
ideal. The and commute.

Proof: Let 01 = A where the X- . are block 
1=1 1

ideals . Suppose , Xr r are the X* which are divi­

sible by completely regular prime ideals. As in the proof of

theorem 6.1, one finds (1 = 1, 2,..., r) with ±
n

completely regular. By l[3.2],^û = 1 18 not divisible

by any completely regular prime ideal. The commute with 
all prime ideal divisors of and so, by I [2.9] , with
any intersection of these a* By I, theorem 4.3, I [2.11] 
and I [2.9] it follows that p commute with'W.

By I [2.3] and I [2.4], % = ? as required. The

uniqueness follows from I, theorem 3.1.

7. Arithmetics in Simple Algebras 
In this section we apply the preceding results to 

certain classes of simple algebras.
First, suppose A is central simple over K. Let 

m. - be an integral O -ideal where the X- are
1=1 1
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x 0 0block ideals• Let Ot * 1^*** J pP where the /p are prime

ideals of A « By theorem 5.2 it follows that r = s and the

can be indexed so that Û By the same theorem,

commute. This proves

Theorem 7.1: If A is central simple over K and O is any 
order of A, then the block ideal components of any integral 
0 -ideal commute.

If O is maximal and 01=^0 where is a prime 
ideal of XT , then s = 1, 0 is a block ideal, and so a
power of a prime ideal of O’. This proves the following 
theorem due to Brandt (4).

"Theorem 7.2: If 0 is a maximal order in a central simple 
algebra A and is a prime ideal of XT , then G = 
where is a prime ideal of 0 .

Theorem 7.3; Let K be a field with a discrete non-trivial 
valuation. Let A be a simple algebra over K, not necessarily 
central, and let 0 be a maximal order with respect to the 
local integers of K. Then O has a unique prime ideal *3?

and every 0 -ideal has the form ® where e is a rational 
integer.

Proof: This follows immediately from [6.4] since K
has only one local prime ideal.
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Another development of this result for the case
where K is a -adic field has been given by Hasse (10) 

8e Extensions of 0
If 0 and G* 2 G are two orders of A, it is natural 

to ask what is the relation between the arithmetic of O and 
that of G* • In this section we introduce some of the concepts 
used in the study of this problem.

[8.1] There exist integral ideals of which lie in G ; 
indeed, there exists an element d / 0 In XT such that 
dG* Ç O .

Proof:
and c 0 in xr

By [2.13 there exist elements ..• •»n e ®
such tiiat every element a € O has a unique

nrepresentation a = % a i è Œhere exist analogous

elements q* , • ••, and c* for G* • The constitute a

K-basis for A and so there exist elements g K such that
n4 “ Since K is the quotient field of XT , there
J*1

exist elements d^ € XF , d^ / 0, such that d^(3 • Set
d — c*»d^»• •dn. Then dG*Ç O and d G* is clearly an 
integral ideal of G*.

Throughout this section, attention will be restricted
to integral ideals.

s 0 Jr G* and
Every 
every

G -ideal determines an G*-ideal
G -ideal JZ determines an

G-ideal £ ° = I n 0 .
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It Is trivial to verify
[8*2] Let 8l » be G -Ideals and £ , be O*-Ideals* 
mea ^)°2 Ctiir 01 £ t, then (OlJ

If <t Ç , then X.0 C Furthermore.

234 {£°]° = <Ce* *
The Ideal generated by the set of O -ideals which 

lie in G is called the conductor f of G with respect to 
G** By [8.1], £ (0). The conductor enjoys the property
of being an integral ideal of both O and O* simultaneously. 
This fact will be of crucial importance in what follows•

An O -ideal Ol is said to be regular with respect 
to G* If ( Ol, T ) = O • An G*-ldeal £ is said to be 
regular with respect to G if ( £, ) = Q* • ( This use of
the term "regular” is not to be confused with that in section 
6* Unfortunately, the word occurs with both senses in the 
literature. In the following discussion, we shall use the 
term in the sense Just defined*) 

[8*3] If the 0 -ideal 01 is regular, then so is {01J* If 
the 0*-ideal £ is regular, then so is £ °* In this case

- 01. d0} =£ .
Proofs Suppose Ol is regular. Then 1 £ ( 01» ÿ )

& ( (0l\ » F ) and so £0l] la regular* If ( £, F ) = G*» then 
there exist elements c ç £ , f G such that 1 « c + f. 
Now 1 - f » c € G and so ( £°, F ) ■ G • By [8*2], {01} ° 2 
Ol• Since ( 0l, * G , it follows that there exist elements
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a € OL , f é F such that a + f = 1. Now suppose x € °»
Then x = (a * f) x (a + f) ” (axa + axf + fxa) + fxf• The 
bracketed term in the latter expression is in Ol and fxf €
F ( O* 01 O* ) Ot and so x € Ol • Therefore
[pi^° = 01 • By [8.2], {(C0) ç eC • Since {£° ] is regular, 

it follows that there exist elements o 6 , f €
such that c + f = 1. Now suppose x € <C * Then x = 
(c + f) x (c + f) = (cxc + cxf + fxc) + fxf. The final brack­
eted expression is in {X ^Jand fxf G X° [X0}. Then 
x G [X°j and so (X° ) ■ Jt •

Theorem 8.1: The mapping : 01 —> is a one-to-one
mapping of the set of regular G -ideals onto the set of all 
regular G*-ideals. It is an isomorphism with respect to 
sum, product and intersection.

Proof: The first statement follows from [8.3].
Now suppose Cl-- ** and Ol2 —> * Then
{Ol 2 + 0l2^ = [Ol 2} +[0l la the image of 0lx + 2 8111(1 18
regular. Now Ol 2 n Ol 2 —*4^1 n By I[2.2],

Oli n 2 is re8ular. Now ( 4 [Clg| )° « V^° ^[Olg\^

■ Ol 2 H Ol g and ( n (Ol 2p° maps onto (Ol n [Ol •

Therefore [Cl n [Cl ■ [OI2 

of two regular ideals is regular, 
l^lî " [OQ * Certainly [&l J

lg^$ By I [2.8] , the product
We now show { CI2 ^2^“

C [Ol 2^ * {^2) • Elements of

A
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li * have the form E 7^ x Agy ' where G %

x, y, y1G It will suffice to show that a1 x ag €

There exist elements b C , f ê such that 1 = b + f. 
Now a- x ao « an(b + f) x a . A straightforward computation 
reveals that this latter expression is in This
completes the proof.

9. The Discriminant
In this section it will be assumed that A is semi­

simple and separable over K. This latter condition will ob­
tain, for instance, if K has characteristic zero. If is 

we shall set
since it will be necessary to consider extensions by different
the ring of Æ -integers,

primes. (This notation is not to be confused with that of
Hasse in (10) where the complete -adic field is used.)

Since is a principal ideal ring, it follows
that Of 
that the

has a minimal basis, say It is evident
may be assumed to be in O . Every element a £ 0

has a unique expression a = with °t6 Let S(a)

denote the trace of a in the regular representation.
If a^,..., € A, then one defines the discrimin­

ant to be A(a^,..., an) = detOC^a.)) where (Sfa^a ») ) is the
matrix with i as row-index and J as column index. If 0^ = 

it is easily verified that



■ 50 —

PQ) = (det(c1J))2A(a1,..., c^)» By £2.1], there

2= (det(c^j)) A(q^,•••, an) and det(c^j) has denominator prime 
t° g

The integral XT -ideal generated by the set of
all elements A(a^,e•., an) for G 
criminant of G .

Since is the product of the largest powers of 
the prime ideals which divide all A(a1#..., a^) for O , 
it follows from [9*1] that = If A^f and that there are

only a finite number of terms a^o / XT, •

Theorem 9*1: Let be the discriminant of G and the 
discriminant of O* • Then ft divides Az ; furthermore
#3* = aA* if and only if G = G\

exist elements , *| n £ O and an element o xr
such that O S 1 • ..., . If one uses the -v| 1c“1

as a K-basls for A in calculating A, it is evident that if
• • • # Ojj € G > then A ( • • • , ) £ AT- *

We define , the £ -component of the discriminant 
which divides Ao^)epower

[9.1] is the largest power of
ments A(a1# • • •, c^) for e G •

Proof: Set at*A(O1,...,

which contains all ele-

= where f f .

Ai. * Now A ( ; * * * # Qjj)
n with c^j £

. Therefore A(a^>•••> an) € P and the result follows•

is called the dis­



- 51 •

Proof; The first statement follows immediately from
[9.1]. Now suppose & • Let be a minimal basis
for with € 0 ; let be a minimal basis for

n with q* 0 * • g = XT °4 4 oT where o» » € xn* •

Then (det(c,

, it follows that det(c^j) is not in J Therefore
(det(c and so

for n by Cramer* s rule Therefore
for all primes From this we wish to show O

be the setFor
for all

for some element X with (X
and so

elements co £ such
and so Xa £
Therefore
The converse

2

is trivial.

[9.2] If the prime ideal of XT has an 0 -prime ideal 
divisor whose left order is 0* D G > then the discrimi­
nant of 0* contains £ to a smaller power than does the dis­
criminant of O .

Proof; If a G 0* , then a C 0 . For
each prime ideal 1 / , there exists an element x

n/r such that (x, ) = ( 1 ). Then ax G 0 , a £
- Therefore G* Ç , 0*/ G 0^/ and so
for 4^4Z• By theorem 9.1 it follows that J

6# ■
*-1o
.0}
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Theorem 9.2; Let 0 be an order contained In a maximal order
G* • Let and *A*be the di a criminants of 0 and 0 *
respectively• Let f be the conductor of G with respect 
to G*. Then D if and only if £ is divisible by 
a prime ideal divisor in G* of f •

Proof: Suppose
ideal decomposition of in

is the prime

be one of these
We wish to show By theorem 9.1, it will suffice
to show be the conductor of O* with
regard to 0^ We contend that £
Now let a be an There exists an
element a € XT (1) such that aa e O Then

Now is an XT-order and
so satisfies the ascending chain condition for sub-modules
Consequently one can find elements a_ .... „ such that 

n G * xr > • • •, • Then one can find an element

b € XT with (b, ) = (1) such that bg^ e 0 for all i.
Then 0*( aba) 0*^ C 0 and so aba € , a e (ab)"1§- Ç.

• It follOWS that e
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fyÿ AIf 1 € , then 1 ■ S where o € XT* and G £ •

There exists an element y with (y, = (1) such that y "

57 (c, y)P4 where c.y € XT • Therefore y € ^ , a contradic- 
1=1 11 %
tione Therefore / Oa

Now suppose y 
from all the f ,(1 = 1,

is a prime ideal of XT different
s) Using the same technique2

as above, one easily shows that • Now
and so for all such y. • Therefore, if ,
and so Ga D by theoi*em 9.1, then y must be one of the

This completes the proof



CONCLUSION

In this study a preliminary investigation has been 
made into the ideal theory of non-maximal orders in algebras. 
The principal aim has been to collect and expand the known 
results and to develop methods for further investigations.

The main results of Part I are the theorem on the 
existence and uniqueness of block ideal decompositions and the 
two criteria for prime ideals to belong to the same block. Of 
crucial importance in Part II is the theorem stating that the 
block ideal components of ideals generated by non-zero integral 
ideals in the ground field generate a multiplicative abelian 
group. In particular, this permits a new development of the 
classical theory for maximal orders. It is shown that if A 
is a simple algebra over a field K with a discrete non-trivial 
valuation, then a maximal order of A has a unique prime ideal 
of which every other non-zero ideal is a power. In studying 
the ideal theory of an order imbedded in a maximal order, it 
is natural to introduce the notion of conductor. A preliminary 
theorem has been obtained which relates the conductor to the 
discriminants of the two orders. It is likely that many fur­
ther results can be obtained in this direction.

As remarked in the Introduction, one of the main 
applications of the theory is the study of the natural order

- 54 —
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prime ideal of K, then OZpO can be regarded
in the group algebra over an algebraic number field K* 

If g is a 
as an algebra over and as such is isomorphic to the
group algebra over GF(pn) = • (Here, p is the rational
prime in y • ) The prime ideal divisors of O in O de­
termine the irreducible modular representations of the group 
and so it is natural to study such prime ideals* In particular 
it would be desirable to establish a bound for the number of 
prime ideals in a given block* Preliminary results in this 
direction have been obtained by R. Brauer in (6) and it is 
conceivable that they are capable of refinement. In this 
same connection, it would appear desirable to develop a theory 
of one-sided ideals for arbitrary orders. Some work in this 
direction has already been done by Fitting (9)* It is evident 
that these problems are of significance for arbitrary algebras, 
not necessarily group algebras »
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