DOCTORAL DISSERTATION SERIES

melBL0Ck [DEALL AM) ALIMETICS
0F_ALGEBRAS

author MILLIAM. ELLIOTT JENNEE

UNIVERSITY_2F_MICH/GAN o /. 95/
DEGREE ? W) PUBLICATION NO. 3 7 7 ’?/

Y
U UNIVERSITY MICROFILMS

ANN ARBOR . MICHIGAN




BLOCK IDEALS
AND
ARITHMETICS OF ALGEBRAS

by
William Elliott Jenner

A dissertation submitted in partial fulfiliment
of the requirements for the degree of
Doctor of Philosophy in the
University of Michigan
19561

Committee in Charge:

Professor Richard D. Brauer, Chalirman
Assoclate Professor Clyde H. Coombs
Professor Theophll H. Hildebrandt
Associate Professor Edwin E. Molse
Associate Professor Cecll J. Nesbitt



The author wishes to thank Professor
Richard Brauer for access to certain of his
unpublished results, as well as for helpful
advice. Thanks also are due to Dr. Leonard
Tornheim who read the manuscript and made

several helpful suggestionse.



TABLE OF CONTENTS

Page
Introduction....................1
PartI--BlockIdeala................

l.BasicConceptso..............

w0 W

2. Properties of Direct IntersectionSe « « o o

3« Representation of Ideals as a Direct
Intersection of Block IdealS8e « o o o o o« « 9

4. Tdeals .0 Such That the Minimum Condition
Holds for Left=-Ideals of e/m,o e e o ¢ o o o 14

Part II--Arithmetics of Algebrase. e e« o o o o « « o« 25
l. Basic Concepts and Definitionse. « « o« « o« « 25
2. Elementary Properties of Orders  « « « « « 26
Se Ideals Generated by Ideals of O o+ « o o o 27
4. Transition to the Ring of Al -Integers. . 31
Se Ideals Generated by Ideals o0f e o o « o« o 34

6. Prime Ideals and Arithmetics in Maximal
OrderSOOO.....o.......0..41

7« Arithmetics in Simple Algebrase . . . e o o 44
S.Ektensionsofe ® @ e ¢ o ¢ o6 o ¢ o e e o 48

9. The Discriminanto ® o @ o ® o o @ e o o e o 49

C0n01u81°noooooooooooo00000000054

References................o...o56




INTRODUCTION

This study 1s concerned in general with ideal theory
in non-commutative rings and, in particular, with arithmetics
of algebras. Part I is concerned with arbitrary rings having
a unit element and satisfying appropriate chain conditions.
It may be construed as a generalization to the non-commutative
case of part of the theory in the fundamental paper of E.
Noether (16). Previous work in this direction has been done
by Fitting (9) and Krull (13). The paper of Fitting has
proved especially suggestive and many of our remarks are con-
tained at least implicitly therein.

In Part II these results are applied to the arith-
metics of algebras. The classical theory 1s concerned ex-
clusively with maximal orders (cf. Artin (2), Deuring (8),
Hasse (10)). The essential feature of this study is the
treatment of non-maximal orders. Fitting seems to have been
one of the first to discuss such orders and has given pre-
liminary results in (9). One of the main uses for such a
theory would be to study the natural orders in group algebras
which, as R. Brauer has shown in (5), are intimately related
to the modular representations.

One of thée more interesting questions in the theory
1s concerned with the relation between the arithmetic of the
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algebra and that of the group field. This relation is es-
peclally evident in the discussion of simple algebras by
Brandt (4), Chevalley (7) and Hasse (10). We have given a
new proof of the prime i1ideal decomposition theorem for maximal
orders which seems to throw some further light on this probe-
lem.

In view of the comparatively greater extent of the
results on maximal orders, it is natural to study the rela-
tion of an arbitrary order to an imbedding maximal order.

The conductor and discriminant play an important prart in this
connection and preliminary results relating them have been
obtalned,

All rings and algebras considered are assumed to be
assoclative, although many of the more elementary results are
valld in the non-assoclative case. In most instances, these

generalizations have not been stated explicitly.




PART I--BLOCK IDEALS

l. Basic Concepts
Throughout Part I it will be assumed that O 1is a

ring, assoclative but not necessarily commutative, which con-
tains a unit element 1. The discussion is restricted to two-
sided i1deals of (O unless explicit mention 1s made to the
contrarye.

Two-sided fdeals 01 and J- are said to be relatively

prime if (o, &) = (1) = C .
An ideal AU is a direct intersection of ideals.ﬁki,

1,—2,...,,ﬁ~r ir
(1) M= F‘IV »

i=1

(1) (b, &) = (1) for 1 # 3,

(111) l’"i # (1) for 1 = 1, 2,.00’ re

r
We write AL = (3 ﬂr—i to indicate that LU is the direct
i1=1

intersection of the ﬁri.

An 1deal 18 called a block i1ideal if it cannot be

written as a direct intersection of two or more ideals.
Part I will be concerned with a systematic study of
block 1deal decompositions,.
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2. Properties of Direct Intersections

In this section we prove most of the elementary
results that will be needed for the proofs of the subsequent

theorems. Most of the results of this section are known.

r
(2.1] 1£ A= Qfry amate gv, ”1”" 1 then o= floy .
0

Proof: Clearly WAL = ﬂ Y oy 1g° If 1 # J, then
1’0

(Cyg0 T ) 2 (b, £ j) = (1)e If g # 2, then (L4, € 4;)

= (1l). Therefore Al = n e
i,0

ilo

[2.2) I£ (M, €) = (b, £ ) = (1), then (M AL , L) = (1).
Proof: There exist elements a € . , b c b s C1

and02€/C suchthata+cl=b+c2=1. Then ab = 1
(moda <& ), abexo'l,r\oz“and so (/O\AII",/C')=(1)0

[2.3] H M = iéllz-—i 2_1_4 1‘-‘: /2"1’\000’\ II"r’ AL = ,e—r+1(\ see N

fres Where 1 ¢ r <8, then M= brAcC

Proof: This follows by induction from [2.2].

[2.4] If (;m, 1:-) = (1) then nnt= (m.fr,ﬁ-'m).

Proof: mal- = (@, S)e(nte) S (oud, o)
Q/O'Lr\l"‘o

[2.5] It AU qs Algsreee, ,OLn are relativel rime in palrs,

1=1 x

n
then (] M g = Z m‘lt(l)... M (n) where m ranges over all

pPermutations of 1, 2,.¢4., ne
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Proof: This follows by induction from [2.4). (It
will be noted that many terms in the sum may be redundant,)
The following theorem establishes a one-to-one
correspondence between a decomposition of an ideal AL into
a direct intersection of ideals and =a decomposition of c»%n
into a direct sum of ideals. The result is well known but is
included here for the sake of completeness. If MWV is an

ideal of O s let [a.]m denote the residue class of a mod ma,

- ] . .
Theorem 2,1l: If O = 1(;\1,3-—1, then G/,O‘I.= °t1//0‘L oot {8/,0\_

where J:i = in ‘0’"_1 and °C:!.//m' 4 O/lr"i' Conversely, if @/ot
s
= &'1/”1’ _;_..._;_ g//ﬂ' » then A= 191»8'1 where z—i = 1%‘tj.

Furthermore these constructions are reciprocal,

Proof: 1l. The mapping ¢: [a.]m_—-» ([a.]j‘_ ,...,[a.]jg )
of G/ﬂt into G/}_&H‘“GG/J’S 1s easily seen to be a ring-
\
homomorphism. We wish to show it is a ring-isomorphism, Let

([al]frl""’ [as,lrs) be any element of @/IHQH-H-Q O/'e's.
BY (23], (by, £4) = (1) where Ii = 193)8'3’ and so there

exist elements 51 € ,ﬁ— 1 and Yi € J: 1 such that ay = ‘31 + Yy

Now (_a.:'_]z_1 = [Y:l]fri and [Y:l]!}_j = [O]LJ for 1 # j. Let
Y = vy *+*°°+ yg. Then ¢ maps [Y]m into ([all,fvl’".' [as]ﬂrs)

and, since ¢ has zero kernel, it follows that ¢ 1s an
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i{somorphism of G/,ﬂ_ onto O/}‘Qn--@G/h . Now & 1 =
ﬂ frj 1s exactly the set of elements a in O such that the

1¥#]
image of [a.]m under ¢ has all components, except possibly

the i-th, equal to zero. The mapping (a], —> [0’31’1—1 is a
ring-homomorphism of ot'{/,m, into G/ﬂ"t e« That the mapping

is “"onto" follows from the same property for ¢, and the

definition of £ 4+ The kernel 1s zero and 8o ef{/m = O/Ir,-_ .
§ = (1) for all 1. Therefore R

= = l). r = L] = ! PP ]

] th - ]
N 1 g? en Yy Yy 1s contained in 1 143 j
and so vy - 71.. . It follows that / =
l + [ I 2N ) + s P
% *
Now set L = 32 L,. clearly A, 1s the set of
173 J t

elements x € ©  such that [x] 5 has zero projection in
%
G/!I.i and so /2r'1= Jriforif'-l, 2,.0., Se
2. Now let ®/ﬁt= Lijg +eeed Lsf o and let

s
1!'1 = EJJ:J. Clearly AL S 1{;\111-1 and (2"1’ ,Q,.J) = (1)

s
for 1 # jo If x is any element of () 2”1: then [x]m has
i=1
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Zero projection in each ‘fﬂﬁ'b and so X € /1L « Therefore
s
o= m ‘?"1‘
i1=1

NowsetoC:= nb. Thenot: ﬂ zet
173 J 1#3 17

and so °Ci c OC:. By the first part of the theorem,

. . % . .
G/m_ = ot|*/m+---+ ots/m_ = oci/m Fooed £S/m and so
‘ti = C: for 1 =1, 2,¢0¢, 8. This completes the proof of

the theoreme.

Corollary 2.,1: If o= ﬂ »8'1 and Py (1 =1, 2,..., 8) are

arbitrary elements of QO s then the system g = pi (mod ,&-1)

for 1 = 1, 2,eee, 8 has a solution in G and the solution is

unique mod . .

s
[2.6] 1£ o = ﬁhjyo, then for any ideal mw, (v, mw) =
°=

n (,@ mv) where S is the set of all o for which (,8. » W)
og€S

# (1)s If all (JLG,ANV) = (1) then the right-hand side is to

be taken as (1l).

Proof: Clearly (ov,sw) - n (,8.« s Mw) and the
geS

intersection on the right is direct. By [2.5], ﬂ (3. s V)
ces

—Z(l} ,/vw)'"(fr S’MN) where Gysee+» og Tanges over
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all permutations Oof 1525¢cccccccsSe This sum is contained
in (m,mv) and so (M, /W) = ms( 2—0,/wv).
o€

r r
[2.7) 12 A, < ,g,*i and 1012,-1 is direct, then () §, <

1=1
T % *
N Li except when all (- , = A-" .,
1=1 1 1
£ £ ﬁj;.- ﬁj,f then by [2.6
Proof: I . = | en by .
1= 1 3= 1° (2-8],
j’i = aQS (ﬂ-:, ,(7,.1) for each 1 =1, 2,..., I where 31 con-
1

sists of the set of indices g such that (,8.:, ,8-1) £ (1).
%
Clearly s1 = {1} and so ‘2"1 = 1;—1. The rest of the proof

1s trivial.
The next four results are known (cf. Fitting (9)).
In what follows let m , & 9 A ,ee. denote ideals of O .

[2.8] (m, L £) = (1) A and only 1f (M, &) = (o, )
= (1)0

Proof: This follows from the proof of [(2.2] and
the remark that (o, b-c ) = (1) implies (i, £) = (L, <)
= (1) since b= Jfrm:'.

(2¢8) 2£ (b, £ ) = (1), ma =X A and b= o ,
then m(bnc) = (bar )a.

Proof: (B, £ ) = (1) implies (fnec ) = (ﬂ'n:,,cﬁ)
by [2.4]. Then . (bnrec )= Mm(bre, ) = (alc ,och
= (becmy, chran) = (bac) s,
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(2.10) 1£ (&, £) = (1), (ML ,mW) = (£, mv) and

(b, m) = (bovyaw ), then {m(bnc ), m] =
{(ﬁ-fwt' ) A, vl

Proof: 1If o denotes the image of AU under the
natural homomorphism of O on O//WV s then 1t follows from
[2.9) that W (&'~n k') =( L'Ax' )oY and this implies

the statement,

[2011] If (m, 1"") = (1) and (M,E" s MV) = (/""M sv),
then for any ideals (Jl 2 o and Xy—?jr s (0L ,Aw) =
(&L, )

Proof: If the statement 1s known for mwv = (0),

then one can use an argument similar to that in the proof of
[2.10]) to treat the general case. Then 1t oclearly suffices
to show that if (an, £ ) = (1), olr= Lrav ana o € O,
then mfr= L—O’L e If x € OL then there exist elements a € A,
be & such thatx =a +b. Nowb=x-a € & n Ol anda
sox € M+ (£FAQl)e Therefore 0L = A+ (L~ O0L).

Now (LAOl)& = (o, L)AL )L = o (Lnll) L +
LAl ) € mlb+ FOU S 40l Thererore MWL < A-0.

Similarly O0lL&- 2 A0l and the statement follows.

3. Representation of Ideals as a Direct Intersection of

Block Ideals

[3.1] An ideal m 1s a block i1deal if and only if O/,OL is

indecomposable (in the sense of direct sum).

Proof: This follows immediately from Theorem 2.1.
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It 18 well known that any ring with unit element
which satisfies the maximum condition for two-sided ideals
has a unique decomposition into a direct sum of indecomposable
1deals (cf. Jacobson (11l), p. 63). Furthermore, if the mini-
mum condition holds for left (right) ideals which contain a
given two-sided ideal A of (3, then the maximum condition
holds for two-sidec; ideals containing oL, provided (3 con-

tains a unit element. Then by virtue of Theorem 2.1, one can

state

Theorem 3.1: Let ,m be an ideal of (O such that either

(1) the maxirmum condition holds for ideals containing

am or

(11) the minimum condition holds for left (right) ideals

containing . « Then 41U has a unique expression

as & direct intersection of block ideals,

r

(3.2] I£ m = 1(.}1},.1 and mwv is a block ideal containing 1,

then amw contalins exactly one of the ,fv-fi.

Proof: By [2.6], MW= (o, W) = (3' ( L-gs W)

where i' ranges over those values of i for which (Ir-i,/wv) #

(1)e Since ma is a block ideal, there can be only one term,

say (Jro,/Wv) # (1) Then mw = (,Z—a,/wv) and hence ,ﬂ—og/wv

while no i"'c for © # g 1s contained in mw.
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r 8
[3.3] I£ m = 1[311,.1 = .,Q:L/t" where the [  are block ideals,

then each 1}-1 1s contained in at least one ,f_’o and 1,-1 is the

intersection of the ,co contalining 1t; r < s.

Proof: By [3.2], each 'ca contains exactly one ,3-1.

If, for some i, (Iri, /t'c) = (1) for g =1, 2,¢¢s, 8, then by
[2.2], (44, @) = (1), a contradiction. Therefore there
exists g auch that (1;-1, ,Cc) # (1). Now each ,c'c contains

some ,@—J which clearly must be this particular 1’1' This

shows that each 2—1 18 contained in some /Co. Suppose

63
],1 < /tpforpzli, 245000 o+ Then Jrig lecCp,
1
AL, cN{Ac By [2.7) by = (A
M” . — . { }=m. y * = )
=1 1 7 4 le=1, P 17 1’CP

3.4 If ., and L are block ideals and the maximum condition

holds for ideals containing i n - , then either . n A

is direct or aunf- 1is a block ideal.

Proof: If Ml 4is not a block ideal, then it
has a representation as a direct intersection of block ideals
and by [2.3] we may assume mn b = £, M /Cz. By (3.3]
/CIQATL say, and/t'zg,z-. By [2.7] /0'L=/Cland

b = A , and so M A L~ 18 dirvect.
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r
Theorem 3.2: If M0 = () L—i where the maximum condition
i=1

holds for ideals containing 41, and where the 1,.1 are block

ideals, then the representation of ., as a direct intersec-

tion of block ideals 1s obtained by replacing any two ideals

[,«1 which are not relatively prime, by their intersection and

contj.nuigg in this way as long as possible.

Proof: This follows by an elementary argument from

(3.4] .

s
Theorem 3.,3: If 0= () £ 5 ¥here the maximum condition
o=1

holds for ideals containing 41 , and where the 4:'0 are block

ideals, then the representation of 7 as a direct intersece
tion of block ideals can be obtained by distributing the o

into minimal systems 31,..., S, 8uch that every Ly € 81

1s relatively prime to every [, € SJ for 1 # je Then
r
Xri = n c 5 is a block ideal and M= () drqe
£ € Si i=1
o
Proof: Suppose Si consists of the elements

/1:'1’...’ t

m® Then [ 4 cannot be prime to all of t’z,...,,cm

in view of the minimal property of 8y« Suppose (£, €,) ¥
(1)« Then by (3.4), /[;'*2 = L£,0n £, 13 a block ideal and,
by virtue of [2.2] may be replaced by S = {/t* T y
ec] o s]_ P y 1 o9 Bocoeces /L pte

It is easily seen that 1f S 1s not minimal, then neither 1s S,.




Then 1t is clear that this process may be continued and will
lead to the desired result.

Remark: It 1s possibly helpful to represent the situation by
a graph where one represents each &£ o by a dot and jJoins two
dots by a line if the corresponding i1ideals are not relatively
prime. The systems 31 are the connected components. In the

proof, the replacing of A 1 and < g by A:"‘é can be inter-

preted as identifying the points corresponding to A« 1 and
£ g It is clear that the graph of S, does not become dis-

connected by this process.

r
Theorem 3.4: If M = (-\lﬂri where the 1"'1 are block ideals,
i=

8
then any representation of M = ﬂl,ca as a direct intersec-
o= '

tion of ideals . _ is obtained by distributing the A4 into

disjoint subsystems T;,..., T, and taking for ,c—o the inter-

section of the ,2,-1 in T .
o

Proof: By [2.5] such a procedure always glves an

intersection of the required type. Conversely, if M= ﬂ ,c’c,

then by (3.3] each £ - is the intersection of all the 11-1

which contain it. It is easily seen that this 1is a disjoint
partitioning of all - 1°
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[3.5] If & 1s a block i1deal of O and £ C .0 , then x(Q
1s a block ideal of O/ 0 .
Proof: This follows from [3.1] and the fact that

Sla ¥ b onjse .

36 If un 1s a block ideal, then so 1is ml where A 18 a

positive integer.

Proof: Suppose ,0.,1 = ,8—10\ ,0;-2. By (3.2] oo 2_9;-1,

say, and so (An, b-g) = (1). Then by [2.8], (a}, frg) = (1),

a contradiction.

4o Ideals o Such That the Minimum Condition Holds for Left-
Ideals of C/m
An ideal @ 1s called a prime 1deel 1f a dr < £

implies that either o ¢ £ or L < 32 e« It is to the
prime ideal divisors of a given ideal An and their relation
to the block 1deal components of .0v that this section is
mainly devoted. The significance of the assumption of the
minimum condition for O/, 1lies in the fact that the Wedder-
burn-Artin structure theory can be applied. The results from

the latter theory which will be used here can be found in (3).

[4.1] If the minimum condition holds for O/ , then an

1deal ? 2 AL 1s a prime ideal if and only if 3)” has no pro-

per divisors, that is, (3/,8 is_simple.
Proof: Suppose /g has no proper divisors. Let

ATLl and mg be two ideals not contained in ? e Then
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(o3 4 ) =(my, £ ) = (1) and 80 (m 1Mgs g ) = (1)
Therefore @ 1s a prime ideal. Next, suppose ’J"— is a prime
ideal. Let ‘ZIZ/@ be the radical of O/’é’- « Then there
exists an integer A » O such that ’nl < 5 and so N = @
Then G/S_ = Gl/’f doced @rlg » where Q, Sy and
the Q@ 1/'8‘ are simple. If r » 1, then Gi' GJ C L for

1 # jJ. Therefore r = 1 and /g has no proper divisors,
The radical Anv of L 1s the 1deal M of Q such

that /g 1s the radical, in the Wedderburn-Artin senste, of
G//OL .

Theorem 4,1: If av is the radical of a, and 80 Q/w =

Gl//W Foee} Gk/’w with the 1//VV simple, then there are

exactly k prime ideal divisors of ,o , namely g 1 ;
J
a.nd /W = 'Y
101§ 1

Proof: Since the case k = 1 is trivial, we may

assume k > l. There exists an integer A such that A c o,

Ir /X is a prime ideal divisor of w1, then /w7L S ,8 and
80 m < 8 e Then, in view of {4.1], the ideals /8 1 =

§ GJ are precisely the prime ideal divisors of M . If
173

k
ae ﬂ then [a has zero projection under the projec-
=¥ ! L2l

tions G//vv —*Gi/w for 1 = 1, 2,400y k and s0 a €A/ o

k
It was seen above that w ¢ (A »g 34 and so it follows that
i=1

ok
W= 1Q1/§1°




Remarks: It 1s of interest to compare this theorem with
Krull's result to the effect that the radical of an ideal in
a commtative ring (without chain conditions) is the intersec-
tion of all its minimal prime ideal divisors (cf. McCoy (156)).
In a recent paper (14), McCoy has generalized Krull's result
to non-commtative rings in such a way that our theorem 4,1 is

essentially a specilal case,

r
Let o = jq&gpj be the representation of .opr as a

direct intersection of block 1deals. We distribute the k

prime ideal divisors g 1 of M 1into r blocks Bj’ the block
By consisting of the set of all  , which divide Xr—J. We

now proceed to investigate the relations between the block
1deal components and the prime ideal divisors of a given ideal.
In particular, two criteria are established for two prime
ideals to belong to the same block. Furthermore, we prove a
theorem which determines the block ideals in terms of the
prime ideal divisors.

If the unit element l’or'CB/An 18 written as a sum
of primitive idempotents, 1 = €y +ece+ &, then there exist

elements €;,ee., €, € (O with €, in the residue class of €y -

1
oo e 2 -
such that 1 = e, +ee++ g _ where el = e (mod M ) ei#‘ o
(mod A ), €4€4 =0 (mod .0.) for 1 # j, and no €, can be

written as a sum of two other elements with these properties
(cfe. (3), PPe 100-101). Such elements e; will be called
primitive idempotents mod Nl e« The left-ideal Gei is
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primitive mod An. 1in the sense that if M 1s a left-ideal
such that o ¢ & C Ge1+m,, then A~ S MW and so b 1is
nilpotent mod /. . (For a proof see (3), pp. 98-99,.)

[4.2] Let L 35 L preee, A  be a system of ideals such that

(1) <« N # (1) for all 1,
(11) (€4, £ 4) = (1) for 1 # g,

n
(111) ;¢ VAR
AR

Then each ep belongs to all the ,ci except_one; for each .C 1

there exist € which do not belong to it. If L‘, 1 is the sum

of those € not in /t'i, then 1 = ‘;1 +eoeot ﬁn, fi = 1
(mod 4','1) and qia 0 (mod £ J) for 1 # J.

Proof: No £ , contains all e since [1 # (1)
Suppose some €, is in neither /A 4 nor € P for 1 #¥ j. Then,

from the preceding discussion, /C'1 A O ep C MW  and

—

4:;]” Gepé /W e Then @ep = (/ti, Tt j)ep = (,c’iep, ,c—Jep)
C(Lyn Ocp, ,C'J,, Gep) Cav, & contradiction. Hence either

GPEAT';[ or ep € 5 It follows that for 1 # jJ, g 4 and

‘;3 can have no summand €_ in common. Every €&_ appears in

P P
some f; 5 since otherwise ep € ﬂ /C'i €C & ¢ The final state-
ment of the theorem is now clear,

From this result, the following useful consequences

may be drawn:
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r
le If av = () L4 where the 1,-1 are block ideals,
i=1

then there exist elements 'r]l, rr, Dseces ",r (the G 4 for
the case /C’i = fri) such that 1 = qll +oeeost o] o "l 4= 1
(moa £ ), 71 = 0 (mod ﬁz-J) for 1 # j. Furthermore, the
"]i are orthogonel i1dempotents mod /1 and they lie in the
center of (O mod 4 since if x € O , then xmy - "]11!..-': )

(mod .Q,.j) for all j and so qui - "’1x : 0 (mod A1 ).

2 If @1, /g s eees g_ k are the prime 1ideal divisors
of o1, then there exist elements Sl’ 82,..., &‘k (the
gifor /!71= ,y'i) such that 1 = &1 +eoco} S‘k’ 6—121
(mod g ), £, 20 (moa g 4) for 1 # J end the &', are

orthogonal idempotents mod v .

We now derive some relations between the /y‘i and
81 which will be used later. Let S q2°ees ?_ s be all the

s
prime ideals in the block By If ep €E N 33, then & is in
J=1

the radical of 1}-1, so that e: € _pf-i for some A > 0. But

A

e, - epe A < 'f"i and so ep (- l’i' Therefore, 1f ep occurs
as a summand in /v] g0 i1t does likewlise in the J‘j correspond-
ing to one of % 12 gs. The converse is trivial, and

we obtain
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1

Mo 8y e S )

From the fact that if e, ocours as a surmand in some & g0 1t

also occurs in 011, and since the ryl g are in the center mod . ,

we obtain
'115‘35 Sj""i; SJ (mod o0 ). (2)
Two prime 1deals @ o D AOv and /y’o 2 AL are said

to be connected directly if

either ng S:’or QGG S") is not con-

tained in O« They are said to be connected if either

'}p= gaor one can find a chain ,yp, 31,..., y,t, 30

of prime ideals ? 3 2 A such that any two adjacent prime

ideals are connected directly.

Theorem 4.2: Two prime i1deal divisors of ,n belong to_ the

same block if and only if they are connected.
Proof: Suppose the prime ideals ,g 19 ,3/2,..., ya

divide An and are connected. By [3. 2], each ? j divides

some ,6-—1, 80 suppose @ 10 ,? o where ’J"l and
? o are connected directly, say 6‘1 S' is not in .1« By

relation (2) above, "11 8‘1 = 81"]1 = ‘S’i (mod &1 ) and so
’V‘1®41213not1n,01. Butn)i ej,.jforifjandao

0\1 G rqz is contained in all the block ideal components of

Ms hence in A itself, a contradiction. This shows that
, S’l’.”, /3)(8 all belong to the same block,
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Now suppose /jz 12°°°s y g are all the prime ideals

in Bl‘ Let J\l,..., J‘s be the corresponding ‘S\i and note

that '1']1 = 5\1 +eoo+ S’s by relation (1) above. Suppose

these é{ 4 are not connected, say &1 o cpj + Jj € yig_,o-l_
for 1 =1, 2,¢e¢y t3 J = t+l,..., 83 t < 8. Then 71(372 +
720?1 C A/ Wwhere Y, = 51 +oe o4 J‘t’ Yo = S;_._l +ecet Ss‘
We are going to show that 4], = ,8—1 + -riO-ri for 1 =1, 2
are 1deals and that 1}'1 = /01,1 o) /0'1’2.

Ir 83 3 /01/1’ then 886/01/1 J's = Irlcps + ‘Yl@Y]_cPs
- ﬂrl since v, S’ cm < ‘e"l° Therefore 1,9 # Q. simi-
larly ) g ¥ O . Set Yz =1 - ’V\ , and note that y, 1s the
sum of those ep which are in '&’1’ so that 73 (S ,&—— 1° Now
%1@ = (b7 + 070 1= (fy + 07 00r) + vy + 7p)
< ,@-1 + 71671 = o1, 1 since v,.Q v, € 01 € A, ond Yse—f;—lo
Similarly, O ,o'l/l c ,()Ll and 0,0;2@ C ,0}2. Now 1 =
Y, + Yo *+ vz where T, € 1”1 and so (nlll,,ol/z) = (1) By
(241, 41 @ ay2 = (91450 4Yp ;) € Ly S 0] A A, ena
so ,erl = ,0;1(-) 0]/2, a contradiction. Therefore the prime

1deals 1in B1 are connected,

Two b i1deals o) nd D are
prime ea f o M =a y G = AL

sald to be related i1f either they are equal or can be joined




—

by a chain of prime ideals g 1 2 AtV such that in g@, p?

@1,..., /5),1, ?G no two adjacent prime ideals commute

mod Al .

Theorem 4,3 Two prime ideal divisors of (v belong to the

Same block 1f and only if they are related.

Proof: The block ideal components of AU commute
mod M and so if ? 1 and ? j belong to two different blocks,
it follows from [2.11] that they also cormmute mod AL and so

prime 1ideals in different blocks cannot be relatede.
r
Now let M= () 'ﬂ"i be the block ideal decomposi-
i=1
-]
tion of AL and let its radical be W = () ? 5 Let S be
J=1

the set consisting of the ideals ? 1 and decompose S into
minimal dis joint subsets Sqseee, sk such that the 1ideals in

S; commute mod AN with those in SJ for 1 # J (cf. Fitting

3 all divide the same block idesl

by virtue of the remark at the beginning of the proof. It

(9))e The »gjinagivens

follows that k 2 r. Let «er denote any fixed one of the /QI" p*

Let 1 ; be the intersection of all g; 4 € 8; such that

& c ?.‘I. It is possible that the mi are not defined for

all i =1, 2,.ss, ke Suppose, however, that ml""’ Wl ¢

t
are the ! 4 Which are defined; t < k. Then N = N g 1s
i=1

the radical of ,6- s> that is, the intersection of all its prime
1deal divisors. It follows from [2.10:‘ that them 4 commute
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mod . and so also mod - . Then by (2.51, W = 4 +
amn l...mt. There exists an integer g 2> 1 such that /ncgz_

and so ( WL 1’"’6521;)0 C & . But the mi commute mod -

and so mg"' 'Mz: C b . set ‘fri= mg-f 4. BY

t
’m;---m: +)l' < 1" e Therefore ﬂr' = {‘-\loﬂ-i. This 1s im-
i=

possible for t > 1 and so all the prime ideal divisors of:B-

belong to the same S, and so they are related.

i

r
Theorem 4.4: Let .1 = [ f-, be the block ideal decomposi-
— 1=1 -

k
tion of M ;3 let W = () gj be the radical of s with
J=1

exponent g, M%< 0L . Let U 1 be the intersection of the

prime ideals in By [Ihen the 'UM 1 commute mod 0 and

!’1 = mg + Al o« Furthermore if A is any positive integer,

+A
then kb, = M +m = WM +m
Proof: The ’6'1 commte mod M and ,(%ig @Zi
for 1 =1, 2,4e., re Then by [2.11], the ’M‘(i also commute
r
mod . « Consequently M = 1”:@1 = m+m1"°mr. Now

M" = (%11'--mr)°' + 0/ where /' € AL  and so’(mg"-
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since the W 4 eommute mod M . By [2.8], (mo,mg) = (1)

r = A + = . ° °
(o] an 80 N {]1 1 Y.} q 1 By ‘ 7 !

and (3.2] 1t follows that Iri = mg +A . It is clear that

o can be replaced by g + A where A 18 a positive integer.

r
Corollary 4.1: Let mn = igllri be the block ideal decompo-

sition of M « Assume that all the prime ideal divisors

3 1? y greees ? . of m commte mod . . Then each block

contains only one prime ideal, r = k, and for sultable index-

ing, ,6—1 = /g, g + AL where g is the exponent of the radical

~n of o1 « For each B 4° © may be replaced by any larger
1n‘beger.

r
Theorem 4.5: Let A = (\ f-; be the block ideal decomposi-
i=1

tion of A . Assume that all the prime i1deal divisors of AL

commute in the ordinary sense, that is, mod (0). Then the

r
= = o -
1"1 commute, Al 11']:%- 4 and Xri ,g J * AL a8 in ocorol

18-!:2 4,1.
Proof: This follows by a trivial argument from

[2.11] and corollary [4.1.

We conclude Part I with some elementary applications
of the preceding theory to rings G with unit element and
satisfying the minimum condition for all left ideals; for

example, finlite-dimensional algebras with unit element.
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1r O 1s semisimple, then all its ideals commute.
The block ideal components .Lri of any i1deal oL consist of
the sums of Ol with all except one of the r emaining simple
components. Block 1deals are evidently prime ideals and an
1deal colncides with 1ts radicale If O has a radical U

then any ideals, and in particular the block 1deals, commute

mOdno




PART II--ARITHMETICS OF ALGEERAS

l. Basic Concepts and Definitions

Let A be an algebra of rank n over a field K. It
is assumed that A has a unit element 1 which coincides with
that of K; also that K is the quotient field of a proper
Noetherian subring 0 with 1 € 0 .

A subring O of A is called an order if 1t is a
finiltely generated A -module, not contained in a proper sub-
algebra, and contains the unit element 1l.

For every algebra A of the type considered, orders

exist, Indeed, let €, = 1, €ssecey € be a K-basis for A with

n
= H H . o
€€y k§=1: 4 e °1jk€ K; 1, > 2. Determine a # 0 in

such that a°°15k€ Vs for 1, J > 2; k » 1, Then the
A =module /0'{81, BE p 000y aen} is an order of A, In par-

ticular, A may be the group algebra of a finite group where
the €; correspond to the group elements in the usual manner,

Then one may set a = 1, In general, such an order 1s not
maximal; in the case n = 2 with eZ = el = 1l, 1t 18 easy to
verify that the element (e + €5)/2 can be adjoined to gilve

an order which properly contains the firste.
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It is well known that a finitely-generated module
over a Noetherian ring satisfies the ascending chain condition
for sub-modules. It follows that every integral ideal OL of
O has a unique expression as a direct intersection of block
ideals. Indeed, 1t will be shown later that the descending
chain condition holds for sub-modules of O which contain
01 # (0), provided the classical 1deal theory holds for K.

In this case, all the results of Part I are applicable,

2. Elementary Properties of Orders

(2¢1] There exist n elements gy,e«es, o, € O 2and a non-zero

element ¢ € o~ such that every element a € ® has a unique

n
representation a = % D3N C404 with °1 c .o °
i=1

Proof: Let Oys°°*s Oy be a set of L -generators

for O and let 015 Ogseees Op be a maximal subset linearly
independent over K. Of necessity, m = n and o, = Eaijc»j

for 1 =1, 2,400, T} ‘136 K. Choose ¢ # 0 in 0 such that

caij € 0 for all 1, j. The result follows immediately.

The converse is trivial:

[2.2] If a subring @O <€ A contains L0~ and a set of elements

Oyseee+s o, 8uch that every element a € Q has _a unique repre-

n
sentation a = 1 $e¢ o, Where ¢, € A/~ and ¢ i1s a fixed non-

zero element of A , then € is an order.




[2.3) If ®O 1is an order and ¥ 1is san element of the radical

N of A, then there exists an order O¥ containing (O and v .

Proof: Let {01,..., or} be a set of ,0 -generators

for G and suppose Nh = (0)y A > O¢e The 0 -module e*gene-

rated by the products g, 3 “eeeg, v Wwith S a;, < A 18 a
1j 1, i1
A *
ring since N = (0). It 18 evident that Q 1s an order and

has the required properties.

Theorem 2.1: If A possesses maximal orders, then A is semi-
Si!!Eleo

Proof: Let O be a maximal order in A. By [2.3]
Nc O . Let a # 0 be an element of N, a = élci"i as in
[2.1]. Suppose cqy # 0o Let b be an element of K such that
be,is not in 4 . Then ba 18 not in Q , although in N, a
contradiction. It follows that N = (0)e.

For the proof of the following result see (8).

Theorem 2.,2: If A is semisimple and separable, then any order

can be I1mbedded in a maximal order.,

S« Tdeals Generated by Ideals of A4

As in algebraic number theory, in order to obtain a
satisfactory theory, it 1s necessary to generalize the notion
of ideal to include the fractional 1deals. Henceforth, our
use of the term i1s to be understood in the following sense:;

A subset (Ll of A is called an O -ideal if
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(1) Ol 1s an additive group such that OOl = 01,
(2) There exists an element pu # O in K such that
pll € Q or, equivalently, 0l is finitely gene-
rated.

(3) It Ol # (0) then Ol A K ¥ (0).

it e s then 0L 1s said to be integral; otherwise,

fractional.

In what is to follow, a crucial role is played by
the 1deals generated by ideals of 0~ . If AT 1s an 4 -ideal,
then @a¥= o O 1s an O -1deal. 1f (1l 1s an integral
Q -1deal, then 01# =0l A o 1s an integral A4 -ideal. The
purpose of this section is to determine to what extent the
mappings OL —> a¥* and 01——901*' are recliprocal.

We shall now show that m** = A1l for integral
A -ldeals A1 in the case that the classical ideal theory

holds for K; that 1s, every non-zero A~ -ideal may be expressed
uniquely as a product of powers of prime ideals., This condi-
tion holds, for instance, if K is an algebraic number field
considered either globally or locally with respect to one of
its ? -adic valuations.

Theorem 3.1: If the classical ideal theory holds for K, then
ar Al  for integral 0~ -ideals Al . The mapping AL = €
sends the set of all A -ideals onto a set of (O -ideals in a

one-to-one manner. The mapping is an isomorphism with respect

to product, sum and intersection. PFurthermore, QO N K = 0

and (Ol N K = 01# for every integral (O -ideal (L .
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Proof: Let .01 be an integral o -ideal. A o=
o et C ,qfl(»O’LGr\Ar) = Lot ¢ On 4T, Now
elements of O n At =1 are A~ -integral elements of K (cf.
(8)) and s0o QO n ,01,'1 C 4~ since w'is integrally closed.
Therefore Mm~L o*¥ o o and so AU*¥ = q e Now consider
the mapping M — m*  for M integral or fractional. If
ot = i’r*, then there exists an element u # O in K such that
g, wh ¢ 0~ end (pa)* = (p&)*, (La)*¥# = (l-l-fr')**s
A = 1" o« Consequently the mapping is one-to-one. It is
trivial to verify that (Mwe' )* = m¥ A* and (/07-,46' )* =
( o, jr*). The proof that ( unl)* = o*A 4¥ 1s less
trivial, Certainly (o n kb )* C mn*n A-*, Now ( oL nfl-)"l

= (a1, &), oY aBPALO)c O, 51O~ L40O) <

€ ’ (M/.lg Ir-l)(/tn@r\ 40 ) S O and s0 0*n £* c (/OI.AIP)*.
Therefore (N B ) ¥ = %A fr-* e Now O A K consists of

A -integers of K and so O A K= A, Then if 0l 1s an
integral ideal of Q ’ MMAag=0n0 NK = (TL*’.

From now on, it will be assumed that the classical

ideal theory holds for K.

[3.1] If MWl 1s a non-zero integral proper ( -ideal, then
MW o= m#is an_integral 0 -ideal with (0)C MWC o

Proof: It 1s clear that mw 1s an integral . =-1deal
with Amw C 00+ There exists an element @ ¥ 0 in JI N K and
by theorem 3.1, a € 0~ « Therefore (0)C MWV .«
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[3.2) If M1 1s_a block 1deal of O , then mWw = m*ia a
block ideal of 0 .,

Proof: By (3.1}, (0) c mw c 4+~ . Suppose MW =
,6-—1 M 1#2 (cf. I[23]). Then by theorem 3.1, ¥ = .er;f'\ L—;.
But WL 1s a block 1deal and so by I[5.2], b, <A  say.
Then by theorem 3.1, £, C M , a contradiction. It fol-
lows that mwv 1s a block ideal.

[3.3] If MWl and U are integral O -ideals such that MW =
m* and MW = ’ﬂ“’ are relatively prime, then ’M‘L AT = ’me
= T.-Mm,

Proof: 8Since W, mw ) =0 , it follows that

(WL,T ) = (1). By I[2.4], MaN = (WN ,NN]). Now
mEM* = M ang so by I{2.11], WA =MWMN =M.

[3.4] Ir M 1s_a non-zero integral (O -ideal, then the mini-
mum condition holds for .0 -modules I. such that m cL<.

Proof: Using the notation of [2.1], let a =

n ¥*
% Y. ¢j04 be an arbitrary element of Q . Let mw = YPT,
i=1

If a€ cm, then aQ €W . Therefore, for elements a of

Q taken mod MW s the elements ¢y may be changed mod cm,

It follows that G//m .can be regarded as an A /caw-module
where the operators act in the natural manner. Under this
definition, G/m 18 finitely-generated and so satisfies the
minimum condition for sub-modules since the minimum condition

holds in /O’/czwv (cfe (11), pe 32)e




By virtue of [3.4], it follows that the results in
section 4 of Part I are applicable to orders, provided atten-~

tion 1s restricted to non-zero idesalse.

4., Transition to the Ring of M -Integers
For a fixed integral A -ideal 0L we define the

ring of A -integers of K to be the set of all elements of the
form a/p where a, 8§ € 0 and (g, M) = (1). It is trivial
to verlfy that thlis set forms a ring under the operations of
K. Of particular importance i1s the case where 0 1s a prime
l1deal 'g e« The ring of f -integers 1s precisely the ring of
local integers of K in the sense of the »g -adic valuation.

~

The ring of M -integers will be denoted by A& . We set
5’0 and’iﬁ =45 T for O -1deals M .

It may clarify matters to glve some motivation for
the considerations of this section. In general, orders do
not possess a minimal basis. However, i1f 4O 1s a principal
1deal ring, for instance a ring of ,? -integers, then an order
does possess a minimal basis and the theory of elementary
divisors is valid. In the next section we wish to use these
two facts and so we now investigate the relation of an order

L d

O to 1ts extension G .

[4.1] I£ Wl 1s an integral (@ -ideal such that mw =M¥* nas

only prime ideal factors which divide .U, then G//ﬁi ';G/m.

The isomorphism is canonical, being induced by the injection

map of O 1into QO .
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Proof: We contend that 6 = QO ’U'ﬁ. Certainly
) +’5’ﬁ c 3 e« Let a be any element of G and let d be
an element of A~ with (1) = (4, ) = (d, mv) such that da€Q.
Then @ € (da, mwa) € O + MW and so 6 = O +’ﬁ=t. Next
we show that ’ﬁﬁ. A O =M. Certainly M < ’ﬁln ® . Now
let 8 be an arbitrary element of Zﬁ A Q and determine
h cw such that (1) = (h, ©v) = (h, Mv) and hg € WL . Now
B € (hpg,wp) <€ WL and so WL~ O = Wl. From these two

o~ -~
facts one immediately deduces G/rﬁi = (0O +’037,)//3‘3‘1 s
G/fdﬁne = G/m where the isomorphism is canonical 1in
the sense of being induced by the injection map of C 1tntoe © ,

[4.2]) If M1 is an integral ideal of O and M = m#i_s_

~ N
prime to 41, then WL = QO .
Proof: There exist elements pu €e mv and a € 0L
such that p + a = 1, Then u(l - a)"l =1 € MV and so

wm=3 .

N

[4.3] Every integral O -ideal } 1s of the form F =10

where ¥ 1s an integral O -ideal.

Proof: Set ML =4n(® and let a be an arbitrary
o d
element of ':" e Then a = Z XYy where xie,o' and 716 o .

There exists an element d € 4 such that (d, o1) = (1) and

da = Zd.xi'ri with dx, € 4~ + Then da € WY and a ¢ 4~ YN
(o

N\

gmonenceqfwz andsof\; =m~o
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[4.4] The mapping ¢: Wl — T is a homomorphism with respect

to sum, product and intersection of the set of integral

N

Q -1deals onto the set of integral O -1deals.

Proof: It is trivial to verify that ¢ is a homo-
morphism with respect to sum and product. If ’075‘(1 and ML o

]
are integral O -ideals then «p(‘lml A mz) c T 1N WL o°

N

-
If a¢ fD?flln ma then, as in the proof of [4.3), there

exlists an element d € 0~ with (d, ov) = (1) such that da €

(Mll nmz. Then a € d'l(‘mlnm o) € cp(’bmln(wz 2)e

Therefore cp(’lml A ’b'b'[z) = mln asn o+ That the mapping is

"onto" follows from [4.3].

Theorem 4,1: Let J] range over the set of integral (O -ideals

such that (h# el ther equals - or possesses only prime ideal

Lo
factors which divide oL« Then &: ‘n —_— TL is a one~-to-one

L

mapping onto the set of all integral €] -ideals, Furthermore,

@ i1s an 1somorphism with regard to sum, product and inter-

section: also ’lf‘l =P A C o
Proof: In view of [4.4] it suffices to show that (?
a o,
1s one-to-one and "onto." If ‘Tll—? Al ana mg—b m »

la %)

then T 1 + m 2—> v . Consequently, one may assume']”(lg o°

By [4.1], @/(a'(l = 5/'ﬁ = O//n2 where the induced iso-

morphism of C) /,nl and G/(mz 1s canonical. It follows that

Qﬂ1 = {le. This shows § 1s one-to-one. Now let "'{- be any
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A o~

integral O -ideal. By [4.31, T = Wl where I 1s an inte-
gral O -ideal. If m# has only prime ideal factors which
divide M , then it is in the domain of definition of ‘? .

If m# has only prime ideal factors which are relatively prime

o ~
to @ , then WL = O and Wl , insofar as 1ts behavior under
"f? 1s concerned, can be replaced by 3 which is in the domain
of definition of c? e Now assume that neither of these ex-
treme cases holds. Let W = ﬂ f,.i where the £—1 are block
i—
#

ideals. By [3.2] » ,ﬁ.i is a block ideal of 0 and so a power
of a prime ideal. Let ’n be the intersection of those £~

such that the prime ideal divisor of £— also divides Al .
Let (| be the intersection of the rematning X.. By I(2.3],
Wl =Y A0, and by [4.2] and [4. 4], m M . Ssince {1
i1s in the domain of definition of § s, 1t follows that Q is
"onto." Since TL =5 ¢ AT['N G] rﬂ«and since ? is

one-to-one, 1t follows that ’n = f\e

S. Ideals Generated by Ideals of 0O

In this section we study block ideal decompositions
of ideals of the form .ot O where Al 1is a non-zero integral
A~ =ideal, In particular, it is shown that the block ideal
components of such ideals generate a multiplicative abelian

group.




3
[5.1) Let M O = &, where . 18 an integral .- -fdeal
= =1 1= — -

and the £.-1 are block ideals. Then m}(} = ﬁx.: where A
i=1

18 any positive integer.
8 oA
Proof: It 1s trivial that o0 € ﬂ&i. The
i=1

result 1s true for A = 1, Now assume .m° 1Q = ﬂl&g .
i=

-3 0]
By 1{2.5], 1[;]15? = RZIV:(].)." ‘r"‘lt(s) where T ranges over

all permutations of 1, 2y9¢0ey 3. We now consider a generilc

term in this sum. From I, theorem 2.1 it follows that the £~ 4

commute mod Al G e Therefore

o LA A g oo e
I"‘!t(l) t(1i=1) I"‘Jt(:l.)( £'1(1) z-‘lt(i+1))£'1t(1+l)£":(i+2) Xnot(s)

(o} e o o 0-1 0‘1 (4 .o
=3 x{(1) 1t(1 1):1’1((1) 1!(1+1)I’1t(1) +MO)£’1:(1+1) n(1+2)

e’ If:(s).

By the induction hypothesis, the right-hand side is contained

in

-1
I"::(1) £"ﬂ(:t--ZDX’?t(i)I"wt(iﬂ.) I”1!(1) I"0(:1.+1) n(1+2) L':(s)

o
+ o 0.
Repeating this process of interchanging the x”i sufficiently

often, one obtains
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o o o=-1 o-1
Z coo c :)_' coo cee 3 A %
= L‘u(l) ‘K(S) - p- L‘R(l) ,m(s)(Xrl 8) + 60
By virtue of the induction hypothesis, this implies that

s G -
1‘:\1&1 c m Q ana the result follows immediately.
=

(5.2] Let & be the ring of P -integers of K where ; is a

prime 1deal; let S =0 and let {”ll""’ 'r‘ n\ be a

Ay

minimal basis for G « Suppose the congruences xr? - x = 0
— ol q)i fe §

(mod »g OG) have a solution x for i =1, 2,..., n and for
c

each positive integer g. Then there exiasts an element z € Z Q3

where 2 1s the center of A, such that for some g, 2 = x

(mod/gé )

o

n
Proof: Suppose = e and let
UPR PR = LR

n n
x = j;].a"q]" be some particular xo. Then ;I}-;Z‘Laj(”'i f,\J - ,,]j.,h')

n n

= - - G o~
};‘1 Efj‘"iak oJik)"] y 50 (moa ¢ Q) and so

jzn:laj(cijk - cjik) = 0 (mod f“ﬁ") for all i, k. Set

cijk = Cyyp = b1+(k-1)n,J and let y = (n). Then
z'n b < (1)
a, =n"y

where 1 =1, 2,600, n2 and yie;t" e We regard (1) as a sys-

tem of equations for the aj. By the theory of elementary
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divisors there exists a unimodular transformation which maps

aJ — a& = TaJ, say, and transforms the system (1) into the

forms:
' O
e1"1 =TTy
® ®
2l = O
erar n yr
.' E—
0 ar+1 n yr+1
: i (2)
eg! = 1w0g!
0 a, T yn
= %y’
Y x yn+l
= Oy!
0 b yn2

where ei‘# O for 1 =1, 2,¢0., T; yi € o . For o surficiently
large, al,..., a; are in ? and (0,..., O, ar+1,..., a )

affords a solution to the homogeneous equations corresponding

r n
to (2). Now a, = };&dij&} + dijaa where (dij) is the

Jj=r+l

matrix of T["'1 and so has integer coefficients. Now the first
term 18 in § and so a, = &, (mod 4 ) where &, = d
L 1 1 £ 1 J_gl 1423

affords a solution of the homogeneous equations corresponding

to (1). The element z = 2 ai"li has the required property.




s
[5.3] Let 9 O = 1913,..1 where the f 4 &re block ideals and

~

? is a prime i1deal of & « Let O and Z have the same sige

nificance as in [5.2]. Then there exist elements €1seess &
N

€ 2n83 such that 1 = ey +eeet egs ©; = O (mod &-J) for

[ d ~ ~t

1#J, g =1 (mod I"i)‘ Furthermore x”i X,-J = i.in for

1, J = 1’ 2’0..’ s.

-~

~ 8
Proof: By theorem 4,1, yG = ﬂ ‘r'“i where the
i=1

;S 8
§r1 are block 1deals. By [5.1] and I[3.6, &7 1s the block
1=1

ideal decomposition of ? UG. It follows from I, theorem 2,1

Dt

that there exist elements ej’_e Q such that 1 = ei +eoet e;,

! 2 0 (mod f,.‘;) for 1 # J, ej = 1 (moa %-7). It 1s easy

to verify that the ej'_ are in the center Z modulo f GG and

so, by taking g large enough, one may obtain elements ei =3 ei

(mod g Q ) with ei e 2zn0 by virtue of [5.2] e The fact

o~ v
that ; eJG 13 contained in X,,i, together with I (2.11],
1#35

N

implies that the X”i commute.

r
[5.4] 1f §G = 1@12,.1 where the x‘i are block i1deals and

g is a prime 1deal of .0 , then the £-1 commute and

§® ﬁf»y

=
i=1
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Proof: This follows immediately from I[2.5], ([5.3]
and theorem 4,.,1l.

-1
For X’i as in [5.4] let x—i be the set of ele-

ments x € A such that xz—i € QO . cleariy S;—;l is an

O -1deal containing Q . 1t is easily verified that L;l =
-1 -1 -1
JLXFJ and that f,ix,i = 1’1 )

If ? 1 and ? o are distinct prime ideals of o ,

§

then by I[Z.lll every block 1ideal of 9) 1 O mast commute with

every block ideal of ? 26.

Theorem 5.1: The block ideal components of ideals g@ ’

where .? 1s a prime i1deal of 0, generate an abelian group

A
vg. The representation of an ideal 01 = xrll"‘x—ss of 5

as a product of powers of distinct block ideals :"1’ where

the ':\1 are non-zero rational integers, is unigque.

Proof: The first part of the theorem follows from
the preceding discussion. The uniqueness is proved as in

algebraic number theory.

Theorem S5.2: If Z is the center of A, then Q = Z n G 1s an

8
order of Z. If 56 = ﬂlx,.i where ? 1s_a prime_1idesl of

- and the X',-i are block ideals, then 7]"}1 where

'}1 = x’i” Q are block ideals of Q. Furthermors, &, = F,0.




Proof: It is trivial to verify that Q is an order
of Z, By [5.3], the '} , are relatively prime. By [3.2],
the r-l» 4N A~ are block ideals. This, together with the fact
that ? C qir\,«r » 1mplies that gl = q'in A~ o Applying

theorem 4.1 to Q in place of O , one obtains yQ < ﬁ “—}1.
=1
Now ?QC_ ger\Qand @"1(§GAQ)C_ZQ, yGnQ C@Q
a 0o It foll that 3 7

an S 3] = ° = . .

o f Q S,Q ollows a yQ 191 1 Now

s

,XG = 191”110 and so X,-i = ‘116 by I, theorem 3.1, If
11 = '}i qc.}.; for some 1, then qi = .’:.1':?. by I(2.4]

and Xri = ‘li.“‘[;O = ’,}ie m 370, a contraaiction.

Consequently, the d} y are block ideals and, being in the

center, they cormmute,

Remark: This result is of crucial importance for the sub-
sequent developments. It would be extremely desirable to find
an elementary proof, thereby avoiding the "local" device of
section 4 and the elementary divisor theory used in [5.2].

Unfortunately, we have been unable as yet to construct such a

proof,

Theorem 5.,3: Let (0l be an integral O -ideal and set ,01=01#:
Let 0 = Xrlm' °ﬂ£-.—s where the i"i are block ideals. Then

0L can be expressed uniguely as a product O = Oll--- 0'[8

where (] 4 divides f,.i; 011 = (0, X"i) and the 0'[1 cormute.
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Proof: This follows by an elementary argument from

theorem S.1 and I{2.11].

6. Prime Ideals and Arithmetics in Maximal Orders

If ‘P 1s a prime ideal of O , then 1t is easily
verified that $ = an A 1s a prime ideal of & . From [3,4]
and I, theorem 4.1 it is clear that a prime ldeal ? in ~~
has only a finite number of prime ideal divisors ‘Pin G .

For a fixed prime ideal P C O 1et 0[, be the
set of elements ¢ € A such that o P < O. There exists an
element w # O in ? such that GLco € O and so 01, is an
tdeal of O with 0,2 O . since P 1s maximal and

PeclPcQ , 1t folliows that etther P = (7[,? or 0],1’=® .

In the first case O'L zg D'l, and so Ol, is an order. If U'DO,
then rP 1s said to be regular. These results are summarized

in

[6.1] If ‘P 1s a regular prime i1deal, then either there exists
a8 fractional ideal (] o QO with 0], ‘P = O , or there exists
an order O’L > O Bsuch that Ol/? = P.

[6.2] In the first case of [6.1], i.e. 0 >0 witn WP=0,
elther 'PGI, = 0 or_ there exists an order [l ® O such that
NP ="P.

Proof: Since (‘1’ 0],)2 = c-P Ul, and 1’0",, being an
ideal, is finitely generated, it follows that (’1201,, G) =01
is an order containing O . 1If ('PO} » O) =0, then ':POLQO

and so ?01,= QO or ?,since U‘(DG. If 'T-’Ol=‘l?,




then (] = 0Eoy = G),’-P = @ , a contradiction. Therefore
either rPO',, = O or 0l 1s an order with O > O ana
nF =T .

If OL is an 1deal of O s then the set of elements
X € A such that x0l € (1 1s an order O called the left-
order of Ol e (In the verification that G'ia an order, ob-
serve that there exists an element w ¥ 0 in 0l A K such that

w0*C 01 and that one may assume 0 € o .)

{6.3] If ‘P is a regular prime ideal whose left-order is O ,

then PO = 0F=0.

Proof: This follows immediately from [6.1] and

(6.2] .
If a prime ’P has the property of [6.3], then 1t
1s saild to be completely regular. One defines 01, = ’P '1.

[6e4] If a block of 5 O contains a _completely regular prime
rP, then the corresponding block ideal Xy- 1s a power of ‘l? .

Every ideal which divides a power of :P is 1tselfl a power

ot P .

Proof: The ideal £ ' = ':P'IX,. is integral since
1’ divides iy- e If I,= %', then ’Plx,.' = Y. for every
integer A > O. Then each ¢7L divides f-. But the ‘:El are
distinct and [3.4) implies that only a finite number of them

can divide §~ . It follows that ' # £ . A completelry
regular prime comrmtes with all other primes (cf. (8), p. 74)
and so by I, theorem 4.3, the block to which ’I" belongs con-

sists only of ¥ 1tself. Then by I, theorem 4.4, & = PO +§0
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for some g > 0. Now if F ¢ %' <€ “P' for a prime P!

then P' = P . Therefore L divides $-'. We proceed by

induc tion to obtain f,—= ‘P"‘, p > 0. If “.Ea' c O ,» the
only prime dividing 0l 1s '3-’ and, proceeding as before, we

obtatnn O = PP A <o,

Theorem 6.1l: If O 1s a maximal order, then every non-zero
ideal can be expressed uniquely as a product of powers of
prime 1ideals. The non-zero ideals of O form a miltiplica-

tive mbelian group generated by the prime ideals.

Proof: Every prime ideal is regular (cf. (8),

ps 74) and so completely regular by [6.1] and [6.2]. Let
#

l be an integral O -ideal. sSet M = 0", By [6.4],

K W
a0l = ‘:Pll... ?ss where the (P 1 commute by virtue of either
theorem 5.1 or the fact that completely regular prime ideals
V1 v
commate. Then by [6.4] and theorem 5.3, G'L = (:P 1--0? as

with ﬁ/i < By o If x— is a fractional ideal, determine u # O

such that @ £* <O e Constructing the prime ideal decompo-
sition for O ana p.x*, it follows that Xr' has a prime ideal

decompositione. Te uniqueness 1s proved as in algebraic num-

ber theorye.

Theorem 6.2: Let Q be an order whose non-zero ideals form

a mltiplicative group. Then QO is maximal,

Proof: See (2)e.
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Theorem 6.3: If O 1is an arbitrary order, then every integral

n n
1deal has a unigue decomposition Ol = P 11-..1?:’%0 where

_ the ".P g4 are completely regular prime ideals and % is an

integral ideal not divisible by any completely regular prime
1deal. The ‘:P 1 and N commute.

n
Proof: Let Ol = (3 3)’1 where the X,—1 are block
i=1

ideals. Suppose x'l""’ X"r are the 3-1 which are divi-

sible by completely regular prime ideals. As in the proof of

K
theorem 6.1, one finds X"i = 1’ 11 (L =1, 25000, P) with? "

n
completely regular. By I[-’5.2],Q‘0 = ﬂ Xri is not divisible
i=r+l1

by any completely regular prime ideal. The rP 3 comrute with
all prime 1deal divisors P _ of ™0 and so, by 1[2.9], with

any intersection of these ‘1’5‘ a® By I, theorem 4.3, I[2.11)

and I[2.9] it follows that ‘Pl,..., P r commute with M .

By I[2.3] and I[2.4], UI = ’P :1"‘(?:1'% as required. The

uniqueness follows from I, theorem 3ele

7. Arithmetics in Simple Algebras

In this section we apply the preceding results to
certain classes of simple algebras.
First, suppose A 1is central simple over K. Let

s
0 = ani be an integral O -ideal where the x’i are
1=1




block ideals. Let UL#- el." °r where the are prime
S 1 2 r ? 1

ideals of & . By theorem 6.2 it follows that r = s and the

e
S’i can be indexed so that fii = £'1° By the same theoremn,

o
@11 0 = X":l and so the Xri commute. This proves

Theorem 7.1: If A 1s central simple over K and O is any

order of A, then the block 1deal components of any integral

O -1deal commute.

If O 1is maximal and M = ?G where f' is a prime

ideal of .00 , then s = 1, /2 (® 1s a block ideal, and so a
power of a prime 1ideal of (O . This proves the following

theorem due to Brandt (4).

Theorem 7.2: If (O 1s a maximal order in a central simple

algebra A and g is a prime 1deal of .0 , then g Q= -pe
where F 1s a prime ideal of O .

Theorem 7.3: Let K be a fileld with a discrete non-trivial
valuation. Let A be a simple algebra over K, not necessarily
central, and let (O be a maximal order with respect to_ the
local integers of K. Then (O has a unique prime ideal '.P

and every (3 =-ideal has the form ’P ® where o 1s a rational

integer.

Proof: This follows immediately from [6.4] since K

has only one local prime 1ideal.
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Another development of this result for the case
where K 1s a ? -~adic fleld has been given by Hasse (10).

8. Extensions of O
*
If O and O" 2 QO are two orders of A, 1t 18 natural

to ask what is the relation between the arithmetic of O and
that or O% . In this section we introduce some of the concepts

used in the study of this problem.

%
[8.1] There exist integral ideals of (O which lie in O ;

indeed, there exists an element d ¥ 0 in .0 such that
aB*c O .
Proof: By [2.1] there exist elements Gpseees0, €O

and ¢ # 0 in 0 such that every element a € (> has a unique

representation a =%- Zai"i’ ay € 0 o There exist analogous

elements o"i pocesy o; and ¢* for OF. The oy constitute a

K-basis for A and so there exiast elements cij € K such that

n
¥ = 33 ¢y jo4e Since K 1s the quotient field of 4~ , there

exist elements d, € 0~ , d, # 0, such that dio:. € O . Set
d = c%edye++d,. Then 4 Q*C O ana a O 1 clearly an
integral ideal of O*.

Throughout this section, attention will be restricted

to integral i1deals. Every O -ideal 4 determines an O¥-1deal
% *
{ﬁ-} = Q Xr S and every G*-ideal 4. determines an

Q-1deal L£°=L~0 .
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It 1s trivial to verify
[6.2) Let M, § be © -idesls and &£ , AY be (O%-1deais.
men {£}°2 £,{LY c L1z o € &, then {0 < {LfY;
1t LA , shen £° ¢ % Furthermore, {{m}°} -{013
ana {£0)° = %

The 1deal generated by the set of (O -1deals which
l1ie in O 1s called the conductor ¥+ of O with reapect to

G*. By [8.1], s # (0). The conductor enjoys the property
of being an integral ideal of both O and O simultaneousiy.
This fact will be of crucial importance in what follows.

An Q -1deal Ol 1s said to be regular with respect
to OQ*1r (0O, §) =0 . an O%-1deal  1is said to be
regular with respect to QO 1f (£, & ) = @%. (This use of
the term "regular" 1s not to be confused with that in section
6. Unfortunately, the word occurs with both senses in the
literature. In the following discussion, we shall use the

term in the sense just defined.)

[8.3] 1f the (O -ideal (1 1s regular, then so is {(01}. It

the O%-1deal L 1is regular, then so is L O, In this case
{°=0, {£°) =& .

Proof: Suppose Ol 1s regular. Ten 1l € (N, § )
c ({Ovs, § ) and so {01} is regular. If (L, 5 ) = G"‘, then
there exist elements c ¢ & , £ € & such that 1 =¢ + r,

Now 1l -f=c €O and s0 (£°% §)=03. By [8.2], {01502
M. Since (01, §) = , 1t follows that there exist elements
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ac0l , fe & such that a + £ = 1. Now suppose x € oYy 0,
Then x = (a + f) x (a + ) = (axa + axf + fxa) + fxf. The
bracketed term in the latter expression is in Ol and fxf €
S(e*mo")Ss ¢ FOLE € O and so x € 0l. Therefore

{0130 = 0l . By [8.2], {£O} C L « Since {I,o}is regular,

1t follows that there exist elements ¢ E{&o} , f & &
such that ¢ + £ = 1, Now suppose x € & « Then x =
(¢ + £) x (¢ + £) = (cxc + ¢cxf + fx¢) + £xf. The final brack-

eted expression is in {cﬁ o}and rxr € &£° ¢ {Lo}. Then

x € {Lo} and so {£0]= &L e

Theorem 8.1: The mapping y : 0 — {0“ is a one-to-one

mapping of the set of regular O -1deals onto the set of all
regular (¥*-1deals. It 1s an isomorphism with respect to

sum, product and intersection.

Proof: The first statement follows from [8.3].
Now suppose 011—"{011]] and 012-’-* {0121,. Then
{OL 1 * 012} = {O’Ll} +{012” is the image of 0!,1 + N o and 1s
regular. Now 07.1 N 012 —->'{011 n (01 2!. By 1[2.2],
O’Ll a M o 18 regular. Now ({ml\ n {0‘12} )0 = {ml\onimeko
= 0‘(1 A 012 and ({m,]l A {012})0 maps onto {U'llk N {012\.
Therefore {( 11 Afll g = {011 ,,0121. By I[2.8], the product
of two regular i1deals is regular. We now show {0‘11 mz\‘

{ml\ . {012} « Certainly {01 1 012\ C {0’1 1& . {012} e Elements of




{m 11 * {012} have the form 2 7&1 x &27._' where 8.1 € ozi;

X, ¥, J'€E @*. It will suffice to show that a) X &,y € {0{10(2]).

There exist elements b € M , £ ¢ 5 such that 1 = b + £,

Now a; x a, = al(b + ) x 8, A straightforward computation

reveals that this latter expression is in {021012;. This

completes the proof.

9. The Discriminant
In this section it will be assumed that A 1is seml-

simple and separable over K. This latter condition will ob-
tain, for instance, if K has characteristic zero. If & is
the ring of @ -integers, we shall set & = 10& » 6 = 6@
since it will be necessary to consider extensions by different
primes. (This notation 1s not to be confused with that of
Hasse in (10) where the complete ? -adic field is used,)
Since /0? is a principal ideal ring, it follows

that @5’ has a minimal basis, say Opse**s Op* It 1s evident
that the g, may be assumed to be in QO . Every element a ¢ Q;

n
has a unique expression a = ¢,0, With o, € o7 « Let S(a)
=4 %191 1€ 72

denote the trace of a in the regular representation.

If Gjyece, @y € A, then one defines the discrimin-
ant to be A(al,..., a,) = det(s(aiaj)) where (S(a.ia.j)) 18 the

matrix with 1 as row-index and jJ as columm index. If By =

n
Floijaj with cy 4 € K, 1t 18 easily verified that
==
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A(Bl,..., Bn) = (det(cij))eA(al,..., an). By [2.1], there

exist elements M j,..., "a € O and an element ¢ € ¢

such that O < % i Ari"'h,..., 'Yl nk' If one uses the 'v’ic"l

as a K-basis for A in calculating A, it is evident that 1if

Gyseces Qp € , then A(a.l,..., u.n)e,o' .
We define A%: s the g -component of the discriminant

of O , to be the power of £ which divides 8(Gyseces oy)e

[9.1] A% 1s the largest power of 4 which contains all ele-
ments A(al,..., a.n) for a, € O .
Proof: Set »O"A(ol,..., an) = yl/o"/ whereg'l‘,q/ o
n
. = ngcijaj with Sy 4 e /0"}_ o Now A(aj,ece, a,)
= (det(cij) )25(01,..., °n) and det(cij) has denominator prime

For a.iQO s G

to 5 e Therefore A(a.l,..., a.n) & y A and the result follows.

The integral 4 =ideal A}’generated by the set of
all elements A(al,..., an) for a; € %} 1s called the dis-

criminant of Q@ .
Since /\9/ is the product of the largest powers of

the prime ideals which divide all A(a;,..., a ) for a, & Qo .,

1t follows from (9.1] that A¥ =-”-/L9% and that there are
§

only a finite number of terms /J'g’ # A e

Theorem 9.1l: Let .} be the discriminant of & and A}*the
discriminant of C* > (> « Then ,‘}* divides A} ; furthermore
J = A%ir and on1y 1r 3 = OF.




« 5] -

Proof: The first statement follows immediately from

*
(9.1]. Now suppose P . 2 e Let {613 be a minimal basis
for @; with g, € O ; 1et {ci*} be a minimal basis for G;

n
with g¥ € O* e Then oy = J, °1j q;" where °1j Gzc-} .

1 &
Then 8(gyseees o) = (det(c“))%(“{ sees o). Since /v; =

,‘}? s 1t follows that det(cij) is8 not in 3{ e Therefore
-1 |
(det(cij)) € /0’3, and so c; € ,a} {-al’"" "n’) = G}
%
3
for all primes £ « From this we wish to show e = O

for J = 1, 2,¢eee, n by Cramer's rule. Therefore va‘

For a € 0'* s let ﬁa be the set of elements w € .«~ such

»
that wa &€ & « Now CELj = @9’, for all 5- and so Aa £ &
for some element A &£ .0~ with (A, ;) = (1)« Therefore
’7«1 = .7~ for all a < & and so G = &*‘. The converse

1s trivial,

[9.2] If the prime 1deal f of 4 has an QO -prime ideal
divisor ‘P whose left order 1s O% > @ , then the discrimi-

nant of Q¥ contains ? to a smaller power than does the dis-

criminant of O .

Proof: If a € O% , then a?P ¢ P c®. For
each prime ideal ? 'o# £ there exists an element X € £ =
‘P A such that (n, ') = (1) Thenax € Q , a € x'lG
C.'Gso. Therefore O % ¢ Gf' . Q;, < (9;1 and so* 03' = G;I
for ¢ # 3' e By theorem 9.1 it follows that ,.}3, > “9? .
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Theorem 9.2: Let O be an order contained in a maximal order

OFf*. Let A} and A}*be the discriminants of O and O *

respectively. Let & be the conductor of O with respect
to O%. Then ,‘9:* > Jf Af and only if 4 1s divisible by
a _prime 1deal divisor in G* of F .

- * A
Proof: Suppose & = 11 1

xAg
00-?3 1s the prime

A
1deal decomposition of & in O set ?i = ‘1‘31’\4” and

W
let g be one of these 4 ,, with P* the corresponding .

We wish to show A”} S A}g e By theorem 9.1, it will suffice
to show G} > G,, « Let & be the conductor of G; with

regard to O;. We contend that 53 = ? e Certainly \% c s .
Now let a be an arbitrary element of .g e There exists an
element a € O with (a,f) = (1) such that aa € O .+ Then
G*(aa)O* c O§ n Q% . Now G? A O% 1s an o -order and
80 satisfles the ascending chain condition for sub-modules.
Consequently one can find elements Oysecss Op such that

Og 8] G* = ,0'{51,..., Omd® Then one can find an element

b € 4 with (b,@) = (1) such that b°1 c ® for all 1.
Men QOaba) 3 <c @ and so aba ¢ § s, a € (ab)'lg c

~

55 e It follows that & = 5}.




r1 € § =3 € a ac
Ir 1 g > then 1 = i);_,lcipi where o, ,O'} and p; €

There exists an element y with (v, g ) = (1) such that ¢y =

m *

2, (¢;v)p; where ¢,y €4 . Therefore y € ‘P", a contradic-
i=1

* *
tion. Therefore 5-'2 # Q% » G} > @3 and so 4.9'3, 2 /‘%,.
Now suppose y is a prime 1deal of 4 different

from all the @ i (1 =1, 25¢0e5 8)e Using the same technique

as above, one essily shows that '5" Gg, Now 53' g.
and so G}= Gg, for all such f, e Therefore, 1if 493 2 Aﬂ' ’
and so G} ) GS_ by theorem 9.1, then y mast be one of the

fi’ This completes the proof.




CONCLUSION

In this study a preliminary investigation has been
made into the 1deal theory of non-maximal orders in algebrase.
The principal aim has been to collect and expand the known
results and to develop methods for further investigations,

The main results of Part I are the theorem on the
existence and uniqueness of block ideal decompositions and the
two criteria for prime ideals to belong to the same block. Of
crucial importance in Part II is the theorem stating that the
block ideal components of i1deals generated by non-zero integral
ideals in the ground field generate a multiplicative abelian
group. In particular, this permits a new development of the
classical theory for maximal orders., It is shown that if A
is a simple algebra over a field K with a discrete non-trivial
valuation, then a maximal order of A has a unique prime ideal
of which every other non-zero ideal is a power. In studying
the ideal theory of an order imbedded in a maximal order, it
1s natural to introduce the notion of conductor. A preliminary
theorem has been obtained which relates the conductor to the
discriminants of the two orders. It is likely that many fur-
ther results can be obtained in this direction.

As remarked in the Introduction, one of the main

applications of the theory is the study of the natural order
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in the group algebra over an algebraic number field K.
Ir g is a prime 1deal of K, then O/’uo can be regarded

as an algebra over 10'/5 and as such 1s isomorphic to the

group algebra over GF(pn) 4 /0'/3 e (Here, p 1s the rational
prime in ¢ o) The prime ideal divisors of # QG in O de-
termine the irreducible modular representations of the group
and 80 1t 1is natural to study such prime ideals. In particular,
it would be desirable to establish a bound for the number of
prime ideals in a given block. Preliminary results in this
direction have been obtained by R. Brauer in (6) and it is
conceivable that they are capable of refinement. In this

same connection, it would appear desirable to develop a theory
of one-sided 1deals for arbitrary orders. Some work in this
direction has already been done by Fitting (9). It 1s evident
that these problems are of significance for arbitrary algebras,

not necessarily group algebras,
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