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Abstract
This paper presents a portion of an attempt to develop, in u-space,
a unified theory of plasmas - the main purpose being to localize points of
difficulty or obscurity encountered in the deduction of a description of such
systems. Within the context of non-relativistic particle dynamics, exact re-
lations describing the particle and photon singlet densities are deduced - the
relations for the particle densities being essentially those developed earlier
by Brittin®,
It is then shown that the relations governing the particle densities are
crudely reducible to Boltzmann's and/or Vlasov's equations in the sense of
certain reasonably clearly stated, but ill-evaluated, approximations. The re-

lation describing the photon singlet density is discussed in considerable detail,

and a reduction to the conventional equation of photon transportis accomplished.

'w.E. Brittin, Phys. Rev., 106 , 843, 1957
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Introduction

The purpose of this report is to present the preliminary results of an
attempt to develop in a systematic, self-contained way a unified theory of a
plasma. In particular, it is an attempt to delineate - in the sense, at least,
of indicating sufficiency conditions - the extent to which equations of the
Boltzmann type can be expected to be descriptive of the particle and photon
distributions in the plasma. Actually, a more accurate characterization of
these investigations to date might well be that they represent an attempt to
pinpoint the difficulties inherent in the development of such a theory in order
that attention can subsequently be focused on relevant aspects of the problem.

For the purpose of delimiting areas of logical difficulty, an axiom-
deduction approach has been adopted. Only after strictly deductive analysis
from clearly stated axioms has been carried as far as has so far been found
feasible, will intuitive assumptions and approximations be introduced in order
to bridge the gaps between these tentative deductive termini and the desired
balance relations. Accordingly, the material to be presented herein shall be
divided into five parts. Part I will incorporate a statement of the axioms and
a brief discussion thereof. Parts II and IO will present deductive developments
of balance relations for the particle and photon distributions respectively, while
Parts IV and V shall be devoted to the introduction and discussion of approxi-
mations sufficient for the realization of Boltzmann-type equations for the particle

and photon densities.
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I. The Axioms

The axioms to be invoked here shall be essentially of two kinds and
shall be presumed to be sufficient for the complete logical characterization of
certain classes of systems of the general type presently under consideration.
The first of these shall be for the purpose of specifying the dynamics of the
interactions between the 'particles'' that comprise the plasma, whereas the
second shall be for the purpose of introducing statistical concepts into a
description of a system characterized by a huge number of degrees of freedom.

The dynamical axiom can be expected to be reasonably firm, at least
within certain self-evident limitations such as, for example, nonrelativistic
treatment of the particles. However, the statistical axioms enter in a most
formal way, and it is in no sense being asserted here that it is either the best
or even the right way. It is argued only that the method of axiomatizing the
necessary statistical concepts adopted herein is both direct and operationally
precise and that some amusing consequences are deducible therefrom.

The dynamical axiom will be stated in the form of an energy density for
fields of interacting charged particles and photons, and the Schroedinger
equation for the wave function which characterizes the states of such a system.

Thus we have,

where
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(x) [(ih V+& A+lo A% \// :l + [Zﬁczgz +81_ (Vxé)z]
= ¢ = o T =

¥ '
+ e°’¢¢o-+ ()UO' +_%_ Z SeO‘eo—' ‘/’c(’i)wal(&)‘h-(g)l}/o,l(&) d3x' .

o oo |’5_"§l (3]

In equation (3), ¢ - is a wave operator for a field of particles of the oth king,
ée and § are the vector and scalar potentials of the "external'' fields, and A

and P are the 'transverse'' magnetic and electric operators for the photon
ﬁeldz. The external fields are unquantized, whereas the internal field operators

satisfy the commutation relations,

[4’6(5), "}':'()g')] = SUU.S(g-g') ,
[AJ- (x), Pp(x) ]= ih éjlz $(x -x')

-ih 7, L\, (4)

] 47rl}£_}£||

ZL.I. Schiff, '"Quantum Mechanics', McGraw-Hill Book Company, Inc., 1949,
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all other quantities commuting. Actually, the commutation relations indicated
for the particle fields are not strictly appropriate for the plasma, since the
electron field at least should be characterized by anticommutation rules. How-
ever, the subsequent analysis is quite unaffected by the choice of commutation
rules except for the issue of the connection between singlet and doublet densities.

The assertion of the transversality of the magnetic and electric
operators A and P is rendered formally precise by the statements

(V-AF =(V'PF =0 . (5)
To facilitate subsequent analysis, it is convenient to introduce creation

and destruction operators for the particles and photons according to the

definitions,
g = 1 CK A (K es E (62)
o (ZW)S/Z o
3 -ik - x
A = /z(vrh)% y% ;;(l{)e -, (6b)
2 -
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where

(-k) . ("

In these expressions, a,;_' and a(r are creation and destruction operators for
+
particles of kind o with momentum h K ; and ay and a, are creation and

destruction operators for photons of momentum h k and polarization A. The

4

RRL-TR-60-274, PartI



THE UNIVERSITY OF MICHIGAN
2'156-1-T

unit vectors é—:)t (X =1,2) are the polarization vectors for the photon field,

and are largely determined by the requirements,

.£.1° £_1= _E_z' g2=1,

™
|
I
1™
Do
=
Il
o
=

[ahag,af@')]=s §k-k) . (9)

In this representation the Hamiltonian is conveniently decomposed into

the terms,
H = TP+TX +HPr +HPe + pre +VC s (10)
where
T e e
TP = L SdK h"K CLU (K) aU(IS) , (11a)
2m
o
= Z Sd3 + k
TJ‘ =5 k (hck) ay (k) ozk(_) , (11b)
H 2rhc ; 5 dSKd3K' a (K)a (K '£+(I_("I_§')
2,”)3 K K'I A-

(11e)

+_1 2m he ) E d3Kd3K'd3k a+(K a (K) §+(k)- Z+(K—K'—k) ,
e Mo p

2¢% \ (21)3 Vi|K -k

5
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0'

ix* (K-K"
1 e, SdBXdBKdBK' ) &:(I_C) a._(K) - (-X , (11d)

2 3 ix'(K-K'-k)
HPb‘e = 1 /Zﬂhc 1 Cr \d'x e
cl ( A, Y

2m)3  (2m)3

) SRR A otk g ® (1le)
\/E =X o (o
— 1 S 3 3 1 3 " 1 1
vV = § ege 1 d"Kd K'd'K"U(|K'-K"|)
C 2(27{)3/2 0"0—' o ag l—— - ,
+ + 1 1_en "
DA IR A K G KKK QKD (11)

where

3 iR+ (K'-K")
U(IISl_ISuI) — 1 S d°R e — = .

(Z7r)3/2 R

The several terms in this expression for the energy are directly interpretable
in intuitive terms; i.e., Tp and Ty being the energies of free particles and

photons respectively, HP r and HPe being the interaction energy of particles
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with the photons and external electromagnetic fields, HPa‘e being an energy
of interaction between particles, photons, and external fields; and finally VC
being the electrostatic potential energy of the charged particles.

The statistical axioms to be employed herein may be rather directly

stated. We define singlet particle and photon density operators by,

- +
o, = ATEK+HQ (1 _K-Q

= Z of (k+q) @ (k -q) (12)
pf K A > g_ A__ g._ )

and then define the particle and photon singlet densities,

_ -2ix*Q
E(x,K,0) =7 SdBQe = T (F.p0, F)

_ -2iK- 2 +
=7r33d326 ~-(F"P(>_(_'Z_)(P(§+E)F)a
_ 3 —eixtq
X(&lg,t)=7r33d qge (F, py F) . (13)
)
It is intended that the densities f_ and X y shall have the physical significance
expressible as

3 3
fo(’i’ K, t)d xd K = the expected number of particles of kind o
to be found in d° x d3K about (x, K) at time t,

and

3 3
7( r(g(_, k, t) d" x d’ k = the expected number of photons to be found

in d° x d°k about (x, k) at time t.

It will be indicated in the sequel that these densities satisfy - in the sense of
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certain approximations - the ''conventional' transport equations for particles
and photons. Thus it is somewhat interesting to note at this point that in no
way has the concept of the ensemble been invoked for the purpose of defining

these densities.
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II. The Density, {
o

The time rate of change of the singlet density for the particles of the

Uth kind is given by,

. -3 2ix-
?tﬁ- = l”?: Sd3Qe R (F,[H, p,] F) . (14)

It is a straightforward, but tedious, task to evaluate the indicated commutators

and show that

afo- = _._h_ K. afO’
9t m, 8 xj
- -2iz- (K-K")
+ § : 3 BB drdK e _ CgCqr
o' B |x'-x+2z

ey -3 S 3 5 -2ix-Q V.-V o
+m . T d Q [Sx— e }é‘, cos {_)ETK—} (Aj+Aj)p¢rF>
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This result is substantially the same as that obtained by Brittinlo
In fact, equation (15) differs mainly only in the explicit formulation of the
densities in terms of the field theoretic formalism and in the introduction
of the doublet density, fmr, , at this stage of the analysis. This doublet

density is defined in terms of a doublet density operator,

P, =OrEK+Q L+ EK+Q) ¢ (K-Q @ (K'-Q) , (16)
o o o o o'

o

and the further definition,

—2ix-Q-2ix'- Q'

f L (x,K,x,K\t) =70 Sd3Qd3Q'e (F, pygt ) .

(17)

The subsequent discussion of equation (15) herein is novel, however;
departing from Brittin in that his concern is for the ''magnetchydrodynamic"
equations whereas ours is for Boltzmann's equation.

""Equation'' (15) as it stands is, of course, not actually an equation at
all, but merely a connection between diverse functions. The argument by
means of which we attempt to replace this rigorous, but more or less mean-
ingless, relation between obscure quantities by an equation of the Boltzmann

type will be reserved for Section IV.

1
W.E. Brittin, Phys. Rev., 106, 843, 1957,

10
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II. The Density, X ¢

An important aspect of plasma behavior which does not seem to have
been given explicit consideration from a fundamental point of view is that of
photon transport. It should be noted however, that some of the investigations
of Klimontovich3 and Klimontovich and Temko?® have been directed quite
closely to some of the issues under consideration herein. But most of the
attempts to deal with the problem of the interaction of radiation with plasmas
have employed the conventional phenomenological electrodynamics of the
macroscopic continuum. However, the validity of such an approach is not
always intuitively self-evident in the context of the plasma. Furthermore, the
macroscopic theory is inherently incapable of delineating the range of physical
situations for which it is a suitable description. Consequently, a microscopic
description of plasma electrodynamics is desirable, if only for the purpose of
estimating the limitations - if any - of the macroscopic theory. For these
reasons, among others, we present a detailed - though preliminary - discussion
of the relations characterizing photon transport, as well as certain other general

considerations of plasma electrodynamics.

3Iu. L. Klimontovich, Soviet Physics,JETP, 35, No. 5, 891 , 1959.

4Iu. L. Klimontovich and S.V. Temko, Soviet Physics, JETP, 35, No. 5,
799, 1959.

11
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Recalling equations (13) and (14) we again note that

. - -2ix:-
%l —_-_1;rl_i Sdgqe 1)ici(F,[H,pb.]F) ) (18)

In this case, as in that of the previous section, it is straightforward but

tedious to obtain the following:

—alr— = ~Zcxr{sin (— X‘ZYK)} k| - li B \’_____thc

ot

3 -eix-q Z ¢\ 3K+ .
(x>Sd ge F’{x UKS QU (Hr0) (7 (K- € (e (k-g)

Viieta]

2 ‘ 3
- ) So\ _dK Atk-k+9 d _(KK- € (k-q)ot(k+q)} F
,vm“gwlg-gl A

+ ir™3 1 2rhe Sd?’qe_ﬁ&g
h o2 (2n)3

3., .3
S KO LJK) A,(K) €5k+): £ (K-KrE+g) ay(k-q)

VIk+q] |[K-K +k+q|

2
i} Z&LS dBKdgK'a:(IS') 0.@(12)“;(19@ €,(k-q) §;(E-§'-1§+9) } F

VIk -a | |[K-K' -k +g]

12

RRL-TR-60-274, Part I



THE UNIVERSITY OF MICHIGAN
2156-1-T

2 3 -2ix-
_"_gdSKdSK'd T

c (271')3 h Noe ©

+
) —
[\
3
=
Q
—
3
[
®

— = (F, Af&) A _(K)ey(k-q) F)

- = e (F, a3®) @ ®e (+g) F)| (19

where we have introduced the Fourier transform,

A(k) = ( 13/2 SdS"eﬂf’i A(x) . (20)
2T

This expression is, at best, obscure. However, we shall see in
Section V that some interesting comment upon the problem of photon transport
is available even at this stage and that a certain amount of intuitive interpre-
tation of the several terms in equation (19) is perhaps already accessible.

Furthermore, in Section VI we accomplish an approximate reduction
of equation (19) to the form of a transport equation useful for characterizing

the balance of high frequency radiation in the plasma.

13
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IV. A "Boltzmann Equation' for the Particle Singlet Densities

At this point we redirect our attention to the relation (15) and attempt
to extract from it a Boltzmann-type equation for the singlet density ;. The
indicated relation is rigorous, but contentless. In order to specialize it to a
significant and useful form, it shall be sufficient (but not yet demonstrably
necessary) to introduce certain approximations which, though they may be
stated in operationally precise terms, will be ill-evaluated qualitatively and
more or less completely unevaluated quantitatively.

Before proceeding to a discussion of these approximations, however,

it is convenient to rewrite equation (15) in a slightly different form;i.e.,

ifa__ — ‘hK]- afo_
at mo. Xj
§ —
3 -V
+ 2 > de‘d k' So%' gin 42X Kb ¢ (x,K,x'K,1
h Y [X_XII 2 oo -
V.- V.
+ 2 ¢ p sin Yx' YK b ¢
‘h a 2 g

14
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_ -2ix° Q . 2
. o a7 dSQe - sin{m} (¥, {A.+A?} p F). (1)
m ¢t % 2 J ) o
a

Equation (21) merely takes explicit cognizance of equations (1 and 2) which
imply that the state vector F is not an explicit function of either x or K. It
should be further borne in mind that A and A® are functions of x but not of

K, whereas Py is a function of K but not of x. (Also that ée is a given vector
field specified by charge and current distributions outside the plasma - and
hence could be removed from the averaging process also, while A is the
photon operator defined in equation (6b). )

The first approximation that we shall introduce shall consist in the
replacement of the quantum by a classical description of the singlet density.
Such a description should be generated simply by setting h equal to zero.
Actually, such an approximation should not be expected to be serious so long as
only non-degenerate plasmas are to be described; i.e., systems for which the
number of readily available particle states greatly exceeds the number of
particles.

Recalling that p =1 K, we obtain, after expanding the explicit dependence
of the relation (21) upon h in a power series in h and retain only those terms

not explicitly dependent upon h ,

15
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of, b of

2 .
€ - 3. -2ix- 2 2
+J—Z 7r3SdQe Q3 (F,{AjJrA]?} po_F> . (22)
ZmUc axlapL

It is not quite obvious that our present approach to the classical limit is
consistent, since we have ignored an implicit dependence upon 1 in the quantum
expectation values. However, in the sense of subsequent approximations it will
be seen that this neglect is apparently justified.

At this point, we introduce a fundamental approximation which is hardly
intuitively transparent and which has so far been almost completely unevaluated

quantitatively. Consider, for example, the expectation value

— A€
(F. {a;+a8} o, F) = AT (F, p, F) + (F, Ajp, F) , (23)
recalling that ée is an externally determined vector potential. Devoting our

16
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attention to the second term in (23), we observe that it is the average of a
product of two operators, one exclusively in the photon space and the other
exclusively in the particle space. The average of such a product would become
the product of averages if the state vector were decomposable into a simple
product of photon and particle state vectors - a circumstance that would ob-
tain in the event of no interaction between the particles and photons. Thus in
actuality such a decomposition is not to be expected, but it is perhaps reason-

able to assert that the approximation,

(F, A]. ps F) = (F, A].F)(F, p F)+ [(F,AijF) -(F,AjF)(F,pUF):l

n

(F,A;F) (F, p, F) , (24)

is quantitatively justified in certain interesting classes of cases. It should be
noted that a first order estimate of the quantitative significance of this approx-
imation is readily accessible in the context of conventional perturbation analysis
of the states characterizing interacting photons and particles. However, such
an investigation will not be entered into in this section.

It is further to be noted that this decomposition of averages of products
into products of averages will, for the moment, be reserved for those instances
in which at least one of the factors is in the photon space. Specifically, it will
not be extrapolated at this stage in the development of the argument to the case

in which both factors are in particle spaces as is implicit in the definition of f 1.

17
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We now observe that, in the sense of this approximation, equation (23)

could as well be written as

(F,{AJ,+A§“} oy F) Z (F,{Aj+A§3}F)(F, o, F) , (25)

so that equation (22) becomes,

= T
iy 8XJ l’i"ill BpJ oo axj ap]
o(F,]A;+ASt F of
_ %o P, ( i j J} ) ¢ + ¢ (F,{A.+Ae}F) g
Mg 3XL apl mgC ) 0x

e2 a(F,{Aj+AJ.e}ZF) of

, T, (26)

+

2mgcC

0Xx
A
recalling the definition of fo- ; i.e., equation (13). It is convenient to introduce

the symbol

= € = e
R, = (F{A+AT}F) = A7+ (F, A/ F) (27)

and rewrite (26) compactly as

18
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_8_1_'0__ + _EJ___ af(J‘
ot mg ij
=§ SdX'dp'l:a ea_eo_n]afo_o_: +e0_§@af
1
= ox; [x-x'| | op 8%; 0p;
e R: of e ot e2  ORS of
-0 5. ) T + 9 R Z¢ +——_x J T . (28)

p
mgC JBXL apL mgc ) 8Xj Zm(rcz BXL 8p9_

Since it is particle velocities which are observable and not particle

momenta, it is desirable to transform coordinates according to

(_)_(: p) —"’(7_{_’ ‘l) D p = m‘l ——(e:— B’ ) (29)

in which case the densities transform according to the definition

(&:E)
X,V

Since J = m 3 and is thus a constant, and since equation (28) is homogeneous,

fox,v,t) = J f(r()i’ m_ov--2 R,t . (30)

with respect to this Jacobian, we may ignore it henceforth. In terms of these

new independent variables, equation (28) becomes,

_afl_,_v. of, _ e, oR; ofy _ ey o of 4+ &g I:XX(YXI_{)] __fq;
ot Jaxj m_c ot avj m, axj E)vj mg c j E)VJ-

= > gd3x'd3v' [1_ 0 Eobg’ ] afW'. (31)

19
RRL-TR-60-274, Part I



THE UNIVERSITY OF MICHIGAN
2756-1-T

Recalling the definition of R, we observe that equation (31) may be rewritten as,

_8_f£+v' My 4 ¢ ge Of (v x H®) ofy

ot j 9x. m_ ] ov, m_c i avj

m_c ot avj m_c | — j j
= ; d3x'd3v' 1 8 Scfc Oyg , (32)
7! m, an I)_(__)ill 8Vj

where we have introduced the symbols E® and ge to represent the external
electric and magnetic fields respectively.

At this point it is necessary to recall the meaning of the expectation
values (F, AF) and investigate the significance of their space and time derivatives
(Note that the presence of these quantities implies that the description of the
particle densities at this stage is still not completely classical.)

Define the operators,

T _ _ 1 % _ i _
and
B =VxA . (33)
Further define the expectation values of these operators to be,

&l = (7 ET P ,

B = (F, BF) . (34)

20
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It is then a straightforward matter to show that these averages (note - not

"ensemble'' averages) satisfy the equations5 ,

R

T .
1 9 = B -4 (F, (g ,P] F). 35
© ot c Vx T h ( [pr S .

These are, of course, the appropriate subset of Maxwell's equations for the
description of the magnetic and transverse electric fields in the presence of

an irrotational current density given by

o op s B1F (36)

In order to complete these equations we must adjoin the description of the
longitudinal part of the electric field. This is accomplished by defining the

longitudinal electric field operator,

oL Zg YL Vo) s,
X 'I

+. 1
VS sb(l' (}i) ‘700' ()i) d3x| (37)
X

v | x-x

Il

e

5
See for example, G. Wentzel, '"Quantum Theory of Fields', Interscience
Publ. Inc., New York, 1949.

21
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and its expectation value
El=(F, E'D ; (38)

which, we note, satisfies the equation,

4m Zea (F, 5”:: ‘700‘ F)

o

47r§ e, S £ (x, K, ) dK . (39)

This equation is merely Poisson's equation for the longitudinal component of

V-

the observable electric field. If we now calculate the time derivative of é_iL

and add it to éT, we find, for _5 = ET + EL , the equation

Lo £V Q_ 4 ;T 4r ;L
‘38’cg _x‘cg c:—‘I (40)

where the longitudinal component of the current density is given by

§L=- 1 (F,[H,E_L]F). (41)
4rh

Finally, if we compute J in accordance with equations (36 and 41), we may
summarize the macroscopic electromagnetic equations for the plasma implied

by the axioms employed herein as:

1 9 -
\V/ +1 9 B =0,
Vx £ c at

V.

V- € =4 Z%S £ (x, v, ) dv

]
o

]
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VX [_b ——(13—5%5 = 4m ZeUS v{ (g,!,t)dsv

4 ez + B +
v} Lm0 9 g ] e

This result is somewhat curious because of the inclusion in the
expression for the current of the correlation term. The presence of this term
is quite possibly a direct consequence of the unconventional formulation of the
statistical axiom as employed herein. If this should be the case, then perhaps
a careful re-investigation of the question of how to introduce statistical concepts
into this problem is in order. However, it should be noted that, in the sense
of approximations already explicitly invoked, this correlation term is actually
ignorable, Thus though there may be something of importance to be scrutinized
here, this issue will be tentatively bypassed.

We now rewrite equation (32) taking account of the definitions (34),

obtaining
of of e T of e of
—C 4y, T+ T (ES+ = + L " + b
R (ES €j> AR [vx & @)]j g~

= § Sd3X'd3V' l: 1 9 €5 ]%@Lﬂ;‘ . (43)
\'

In order to complete the argument converting this relation to an equation,
we need to relate fcrcr' to some functional of fo_ and fo- 1. At least two (crudely
intuitive) methods of accomplishing this recommend themselves. The first of
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these is quite direct but presumably somewhat unsophisticated. It consists of
simply exhibiting

o= (o) (44)

oag

and then asserting that the correlation term is in some sense ignorable.

Accepting this approach, one finds that the Coulomb term becomes

1
% Co 2 E Sd3x'd3v' % = g
ij mg axj = [’S"i" (o) mg j 3Xj
(45)

in accordance with equation (37). Inserting this result in equation (43) and

defining the total fields,

H=8+ 0 ,
E = Ee+ éT+ gL
=g+ € , (46)
we obtain the Vlasov6 equations:
of f f
M o M e g ¥y e yyxm Moo=0 . (47)
ot J axj m, ) avj mgc ) avj

These equations have been extensively employed in plasma studies - particularly

in investigations of plasma oscillations. L

6

A. Vlasov, Journ. Exper. and Theor. Phys., 8, 291, 1938.
7

I. B. Bernstein, Phys. Rev., 109, 10, 1958.
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The second approach alluded to above perhaps yields a slightly better
approximation to the relation (43). However, whether it is a better or worse
approximation has yet to be established deductively from '"first principles'’;
nor is it at all apparent that there is sufficient experimental evidence bearing
on this issue to provide a resolution. Thus the following argument is presented
mainly for the purpose of obtaining a specific form for the description of the
plasma.

In this instance we first break up the Coulomb integral in such a way that
part of the electrostatic interaction between particles is characterized by a
self-consistent longitudinal electric field and the remainder (the high momentum
transfer interactions) by binary collisions. It is first assumed that the density
variations throughout the system are neither so great nor so irregular that the
introduction of a meaningful average inter-particle spacing, £ , is precluded.
Then the term describing Coulomb interactions in equation (43) is exhibited as

a sum of two terms; i.e.,

3 .3 e
NI AL T [ SR
(RS
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The first term in the expression (48) is dealt with in precisely the same terms

that lead to equation (45); thus we may rewrite (48) as

- o 5L oty +z , S d3x'd3v'[mL 8}2 Crlo’ ] Ao , (49
o

mg Jooxj Gl‘[x-x’|<j, io|x-x| ov,

J

~/

where we have introduced the symbol E_L to represent the longitudinal
electric field at the point x at time t due to the charge distribution throughout
the plasma, excepting a region of volume ~ﬁ3 centered at the point x .

The second term in (49) may be argued to be approximated in some
sense by the conventional collision representation of high momentum transfer

interactions, provided the differential cross section is appropriately truncated

in angle so as to correspond to maximum distance of closest approach somewhat

less than £ . The argument is practically purely intuitive, though plausible. It
will not be reproduced here+inasmuch as - in simplest terms - it consists of
nothing more than a somewhat fuzzy adaptation of the argument deemed appro-
priate to the development of the binary collision characterization of interactions
in gases comprised of particles which interact only via short-range forces. 8

The principal unique feature of the argument when employed in the present con-
text is the seeming necessity for the introduction of a true Coulomb cross section

truncated in angle, rather than a cross section defined by a shielded Coulomb

potential.

8
R. Eisenschitz, Statistical Theory of Irreversible Processes , Oxford Univ.

Press, 1958.
+
See Appendix A
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If it is accepted, and if the total magnetic and electric fields are defined as
€L -
in (46) - except for the replacement of E,L by (i - then our description

of the plasma becomes,

e e f
ﬁg_ +V.§Q'_ + 9 E. %(L + % (vxH). 8_0'
ot ] axJ m(y J aVJ mo_c - ) aVJ

= Z gdBvldﬂ | v-vilogq [f(, (v (i) -f (v) Eav)] . (50

T 1

These equations have been extensively employed in investigations of
plasma behavior9 . Evidently they are essentially Vlasov's equations (eq. 47)
corrected by the addition of the binary '"collision'' terms. That equation (50)
is - in some sense - a 'better'' description of the distribution of particles of
the o th kind in the plasma than equation (47) is at least suggested by the observa-
tion that, although collisions may be an unimportant contribution to the char-
acterization of system states far from equilibrium (in which case equation (50)
reduces to equation (47)), they become all-important in the description of the
equilibrium state itself.

A curious aspect of the present development of the subject - merely
mentioned in passing earlier - should be emphasized here. The singlet densities

have herein been defined without recourse to an ensemble concept. This is, at

9
L. Sptizer, Jr., 'Physics of Fully Ionized Gases'', Interscience Publ. Inc.,
New York, 1956.
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least formally, at variance with the usual attempts to deal fundamentally with
irreversible statistical processes. Furthermore, if one attempts a comparable
deduction of equation (50) employing strictly classical concepts ab initio one
finds that, indeed, some sort of an ensemble concept is seemingly necessary

in order to give the densities, f; , their conventional statistical significance.

It would appear probable therefore that the formulation of the statistical axiom
provides a focal point for further investigation. See Section VII for further

discussion of this point.
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V. Further Discussion of Photon Transport.

In order to facilitate some further investigation of the implications of
equation (19) for the description of photon distributions in plasmas, it is

convenient to rewrite that equation in a slightly more immediately interpretable

X .
_ ¥+ 2 X;{sin<zx—v—k—>} Ikl
ot 2
- iz [ _2rhe d3Kd3Q E o
C (Z'[r)s \/_Q_ 0_’). mO'

-2ix - (Q-K)
] e & €)@ (F.0; £+, 810260 7)

notation; i.e.,

- €

-2ix(Q+k)
R R SC FOPRTSS PN F)}

> d'qd Kd Qe —

L, i 3 33 ~2ix-g > el
(2m) ¢ o, A Mo

é}t(1§+gL) ° gkl(li*'(l'g)
V]k+q| [k+q-Q

(F, py (K+Q, K) o), (k+q-Q)ay(k-g) F)

_ k-9 €)(k+Q-q)
[le-afa-k-q]

-2ixe 2

. =3 3 3 X'q e

+ I Sd3qd Kd Qe ; =
mO‘

T, A

(F, p, (K+Q, K) ay (k+q) @ (k+Q-0) F)}
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€)k+q) - €, ,(Q-k-
VJk+a||k+a-Q

(x)

)
4 (F: pO’ (I_<+Q: K) akl (Q —l_.(__g_) ak(lf_ _gL) F)

€,6-0)- € (a-k
Je-af la-k-Q

-Q)
= (F,p, (K+Q, K o} (k +q)e) (4 -k-Q) F)

(x)

: )
- == ——— (F, 0, (K+Q, K)o} (s +q) F)| (51)

where we have introduced the notation,

o (K+Q,K-Q = (A &+ I (K-Q) .

Though some intuitively satisfying interpretation of this expression is accessible
in its present form, it is actually more pertinent at this stage (the reduction of
this relation to something resembling the conventional photon transport equation
has yet to be accomplished) to view it piecewise in different physical contexts.
Specifically, we examine this relation solely for its information about transport
per se, and then give some attention to the interaction terms in the infinite,

homogeneous medium.
30
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The term describing photon transport in equation (51) is, of course,

2c X)‘ {sin (le_> } |1i| . (52)
2
The ''classical limit'" of this expression is,
cQ -V Xy (53)
where () = k/ | lgl . This is the conventional form of the transport term

appearing in the usual, phenomenological formulations of the description of

the photon density, X It is curious to observe that, in some sense, photon

e
transport is a non-classical process, whereas particle transport - characterized

by the term,
of _

) B
is described the same way regardless of whether the process is examined in
classical or quantum mechanical formalisms. However, it is doubtful that the
quantum corrections to the description of photon transport (terms proportional
to non-zero powers of 1) are more than a curiosity; hence the left-hand-side of

equation (51) may, most probably, be rewritten quite adequately as,

aaxt‘” teQ -V Xy . (54)

The observation incorporated in equation (54) suggests that the terms
on the right-hand-side of equation (51) should be - in some approximation -
interpretable in terms of rates of gain and loss of photons in the volume element
d3x d3k due to photoelectric emission and absorption, compton scattering, pair
production, and bremsstrahlung. If so, such an interpretation will be as
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observable in the infinite, homogeneous medium as in the finite system.
Furthermore, some simplification of equation (51) is to be expected in the
space-independent situation. Hence we proceed to an examination of the effect
of photon-particle interactions upon the photon distribution in the context of

the equation obtained from (51) by integration over all space; i.e.,
Xy — _ i / 2rhe % d3K Z Co
ot C (271,)3 ﬁ(— U,k H]U_
. . _ +
(0 | & €, W} (F, 0, &4k, K ay) F) -{K- €00} (F, o, Kk, Ig)qku;_m}

2
i 3., .3 €
+ SdeQ § =

(2m* c LA O

(x) (F, p, (K+Q, Klay(k - Q)ay(k) F)

V k|k-Q]
€.k €. (k+Q ]
i —— (F, pc,<1_<+@,19a;(g>ah,(lg+g>F)J
Vk | k+Q

>
. e
o SfoQ E : v

m
o, T

K €,,@Q-k
A (F, p, (K+Q, K)oy 1(Q -k)ay (k) F)
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k). €.,(Q-K
S AL <F,pc,<1_<+9,1_<>a;(g>a;<-lg-@>F)]
[k [k+Q]
2
¥ iV2rhc SdngE}Q _.E_B_o-_
o 1 (2m)3 A e

A%k -Q)- €,

I

(x) (F,p (K+Q, K)o, (k) F)
a

A%(-k -Q) - € ,(k
AT (k-9 €5(kK) (F,pU(IS"‘Q,IS)a;(E)F) : (55)

s

Ultimately it is necessary to reduce this relation to an equation for

X

* However, at this stage, it is feasible only to indicate that qualitatively
the meaning of the interaction terms in this expression is more or less what
it is expected to be.

The first pair of interaction terms - linear in the creation or destruction
operators for photons - describe (to first order) transitions in which particles
gain or lose momentum in the amount h k while a photon of the same momentum
is correspondingly being destroyed or created. Thus, since the component
particle states comprising F include bound states and continuum states for
interacting particles, it is to be expected that these terms describe the effect

upon the photon density, Xr, of general particle transitions accompanied by

the emission or absorption of a photon.
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The second pair of interaction terms are bilinear in the creation and
destruction operators for photons. Thus these characterize processes in
which photons gain or lose momentum while particles lose or gain momentum
correspondingly. Hence they should reduce - in the sense of certain approx-
imations - to the conventional formulae for the effect of compton scattering
upon the description of the photon density.

The third pair of terms are bilinear in the creation or destruction
operators for photons. However, they are also (as are all of the others)
bilinear in the creation and destruction operators for the particles. Thus they
describe processes in which a particle undergoes a transition accompanied by
the emission or absorption of two photons. Such two-photon events may be
expected to be of higher order (in the sense of less probable) than the processes
described by the other terms in equation (55), and consequently will not appear
in the lowest order formulation of the balance relation for the photon density.
Finally the last two terms describe particle transitions in the presence of ex-
ternal fields accompanied by the emission or absorption of photons.

It is to be noted that this balance relation provides no accounting for the
effects of pair production and annihilation. This, however, is to be expected as

a consequence of the nonrelativistic treatment of the particle dynamics.
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VI. Development of a "Transport Equation" for Photons

In previous sections (I, III), a distribution function for photons in a
plasma was defined and a relation presumably characterizing it was deduced.
That relation was, however, inspected in only the most cursory and qualitative
terms, Section V. It is our purpose in this section to explore some of the
implications of that balance equation in considerable detail.

For this purpose, we recall the definition of a photon density adopted

above, equation (13), which we write here as

8 “2i§og
X(x, k, t) :—; :e (F, pF), (56)
% K Vg
where again
Tkt Qe (k-q) (57)
o= ot a0
A
and where
1r-3 d3 —»—8— i.e
q v § , l.e.,
4

we have enclosed our system in a large but finite cube of volume, V. We will
develop the present argument for a plasma experiencing no external fields,
reserving for a subsequent report the details of the analysis of the radiation

balance in the presence of a temporally constant, spatially uniform magnetic
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field. Consequently the Hamiltonian (10) reduces to

=T +T, +H +V , 58
HTPTw wvc (58)

where the several terms are exhibited explicitly in (11a), (11b), (11lc) and (11f)
respectively.
It is convenient to exhibit X in the interaction representation. Recall

that the state vector, F, was presumed to satisfy
OF
HF =ih — . (59)
ot

Defining the new state vector G by
F=UG (60)
where
-i(Tp+ Ty ) t/h (61)
U=e s

we have for the distribution function

8 -2ix.q
X==/ e (G, p, G), (62)

where

+
p, = U pU. (63)

In these terms, we have for the time rate of change of X
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X_Sz—mx i SZ-leq
—a———\7 E[T G)+V e _;ptG)
q q
+ (6, pt$>] (64)

The first term yields the conventional description of transport (53). If then
we integrate the relation (64) over a sufficiently large element of volume, we

find for the rate of change of photons of momentum Kk,

3X (k t) A 5G 3G
——— 2 -¢|n. ) X (x,kt)ds +|[(—=, p.G)+ (G, p, — )| ,
9t n-0 X -8 = 5t Pt Pt ot
(65)
where

Ak, t)=| X(x,k,t) d3x,

?_1_ is an outgoing unit normal to the surface bounding the volume of integration,
and x S is a position vector to the point on the surface at which ﬁ is located.

We also note that now

+ +
P, =U Zxal (lg)afk(lg) U. (66)

The contribution to the rate of change of photons in the volume element of
interest may now be estimated by a calculation proceeding along more or less

. . 10 . .
conventional lines "~. Nevertheless, it is convenient to proceed somewhat

10
R.C. Tolman, The Principles of Statistical Mechanics, Oxford Univ. Press,

1938.
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deviously for the purpose of clarifying a certain amount of notation, hence the
details of an argument leading to such an estimate will at least be sketched.

Expand G in the eigenstates of free photons and particles,

—
G=Lbnn(t)'nn> , (67)

nn
where
TP‘n>= E | n>,
Ty | 1>+ €n|n>,
|n77> = |n>| TI>,
and
<nrnv|n77>= Snn’ 6777’1’

The symbol ,n> is shorthandfor the symbol ’ n K.’ n
0By
which is a system state in which there are n; K, particles of the ot kind having
momentum 1K, present, n0 K particles of the .... etc. The interactionterms
2

in the relation (65) then become

LRI —7> G b, +b b ) <nn | p|n )
St Int nn n'n, nn n’n’ t

nnn!n'

o X sk

= (b b +b b )n . (68)
nnk nn nn nn nn Ak

]

From (67) it is seen that
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b =<an|G> =-L > <nn[H +V |n*n> b (69)
nn bil cy n'n"
n' n!
so that it follows that
t+s
+ = + 1 1 1
b (48 =b (1 E g Vo () B (8) ct (70)
n!n! t

where we have defined

i
v =-—nn|H__+V |n'n
nnn'n' f <o | Pb"t ctl ">

Iterating, it is readily shown that

bnn(t+s)= an (t) + Z Z (t), (71)

n n' ' = nnn n' n n'
where
S Sj_l
Q<j) = ds, ... ds. v (t+s.)....v (t+s)
nnn'n' 1 j nnmyny 1 o -1 —1ny J
s.=0  g7=0
1 j

(72)

i + - = ? o s
If now we interpret bnn(t s) bnn(t) Sbnn for sufficiently small s, and then
substitute (71) into (68) we find that

sxy U\ Z (3) B M«
St)Int L s oty Pan® P, (t)+ Zann'n' bn'n'(t) b, p ()

nnx | j=l1

Z o 0 .

nnn nl annunn n n! (t) ann" (t) kk (73)
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At this point we digress briefly to recall the physical significance
of the quantities, bnn' For this purpose it is convenient to reconsider the

expectation of p in the present context, i.e.,

-
(F, pF) = L Con®C (@) <an|p| n'n> (74)
nnnVnI n n

where
c <an |[F> = <mn|Uuc>
n

-i(E tep) t/h

e bnn . (75)

2
The quantities \ Cnn‘ = ‘ b are interpretable as the probability of finding

2
|

the system at time t in the state characterized by the sets of occupation numbers
| n> 1 n > . Furthermore, it is convenient to introduce the concept of the

density matrix by the definition

b
3R

Do, w ™ Gy G (76)

Thus it follows that

i(E +€ -E, -€_)t/h
b b ~=e noonon g D
n'n' nn

sle
<

nn’ nlnl ] (77)

2
and we observe that the quantities |bnn‘ are the diagonal elements of the

system density matrix (and have the probabilistic interpretation indicated above),
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whereas the quantities b*n bn' are proportional to the off-diagonal elements
n

nl
of same. (Or, equivalently, these quantities are the elements of the density
matrix of the system in the interaction representation). If now we assert
that the off-diagonal elements of these density matrices are ignorable in

comparison with the diagonal elements (without present regard for the extent

of the validity of such an assertion), equation (73) may be approximated by

sk
3%

1 (j) ()
—5—7‘> 0 Z e = ). @ +Q  )D
§t/ mt S nnnn nnnn  nnNnn
nna j

Nt (K
L L Z g D . (18)
S nnnlnl nnny Tr nY n' nlnl
Bk

We note here in passing that

X, t) =(F, pF)

C o Cor <an| : N (E)ak(g)lnn>

N

nn nYn‘ nn

Z Dnn, an Mk (79)

nnai

To proceed further, it is necessary to obtain explicit representations
of the Q's. To calculate all of them would seem to be a most formidable task,
but in the instance of the interactions of photons with charged particles such

an extreme may be presumed to be unnecessary. In fact, for our purposes
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herein it is quite legitimate to expect that significant results will be forthcoming
from an analysis restricted to a lowest order calculation of the effects on the
rate of change of X. due to one-photon processes only. Since, in the present
discussion, we are ignoring external fields and have effectivelytreated the
interactions between particles as "perturbations", it is desirable to take as our
physical model for the following analysis a fully ionized, high temperature plasma.
In such an instance, the only one-photon processes are Compton scattering (in
this case Thompson scattering because of the non-relativistic treatment of the
particle dynamics) which is calculable in the sense of first order perturbation
theory, and those second order processes in which a photon is either emitted or
absorbed by a particle (most probably an electron) which either previously or
subsequently is "scattered' by another particle. Under these circumstances

we may take for V, and HPX (see equations 1llc and 11f),

= (1) L 4(2)
Hpp= HO+H )
LR Z c, %K) e, KT8k -K )
:_; V m ,
Ao KK'k ° Vk

+
e? o (Ka KET K, )8 (et KK K)

1 2mhc \ 7 &
+— (=) - )
22 VL T JEE'
Mo KK'kkK!

— C
V. =V
C
- E U(iK‘K"I)a+ K)a' (K) a_,(K")a (K"

2v eV E T gt = B iR G

foXe] YKK]K"K"I
(x) S(K+K'-K'-K"), (80)
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where

3 iR (K" -K
olReIB K" -K)

U(|K-K" = | — 81
| K-K"[) = (81)
The symb015 is here to be interpreted as a Kronecker delta, and V is the
volume of the cube at whose walls the particle and photon field operators are
presumed to obey periodic boundary conditions - all other symbols represent
quantities previously defined above.

In view of the above remarks, the relevant transition probabilities

which contribute to the rate equation (78) are

1 (1)*
Q( ) Q 0,
nnnn AT 2 “nn Yoy
. Sin ! s
Q(l)' Q(1) _ 4 I 2 2
n'n'nn “n'n'nn Lo n'n'nn 2 ’
(wnn wn'n’)
-W
N ) Sin 2 “nn"Yme
(2) Q(2) 4 HI ' 2
nnnn nnnn 2 nnmo _ 2 ’
h L (CRIE RO
@ @ _
nnnn nnnn ’
R s
n'n"'nn n'n'an n'n'nn “n'n'nn
I RN C Y (PR
D' Fpogpn n'n'an n'n'an
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@, @
nnnn nnnn
") - W
HH II 2 Sln2 nn mo S
= _ 4 Z nnrf " rfBme 2
2 92 ’
B” ‘ma| rB h (wnn -w.pg) (@ -0 g )
@ (2
"'an Thipan
1t = W
HII HII 2 Si112 wn__ n nn S
-4 } 3 nnme men'n 2 (82)
2 2 :
h — h (wnn "W ) (wn'n’ W)
Thus, to this approximation, equation (78) becomes
5% _ n (1)
St Tnt Ak nn, mo ma , me
nna ma
2
- D + > W( )
nn, nn nn, me | ma, ma
ma
- D (83)
nn, nn
where we have introduced the notation
W, =W
9 Sln2 ————nn ma S
1y 4 I 2
AW =— | H B
nn, mo 152 nn, mao 2
8 (wnn “Ymg )
Wy — W
gl Ll 2 gin? D%
W(2) _ 4 Z nndo Lo, ma 2
nn, ma 2 2 ’
h h(wnn—wéo) s(wnn—wma)
II
g g+ ve, glog@
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w =(E +¢€)/mm 84
i =(E_+ € (84)
The peaked functions,
2 w _wmaf
Sin nn s
2
2
s (wnn - wma)

essentially guarantee conservation of energy between the initial and final states;

and for all practical purposes may be replaced by

LSw -w )
2 nn ma

where this § is to be interpreted as the Dirac delta function. The matrix elements
themselves conserve momentum. It is to be noted that, if HI is Hermitian, the
transition probabilities per unit time, W, are symmetric.

It is convenient at this point to introduce a somewhat more suggestive
notation for the diagonal elements of the density matrix. We have already
observed that the element Dnn, nn(t) is interpretable as the probability of
finding the system in the state characterized by the occupation numbers | nn)
at time t; thus we introduce P(nn, t) =D (t). It is also convenient in some

nn,nn

of the subsequent manipulation to introduce the notation,

EM{ = Z Ny POn,1) (85)
nn
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for the expected number of photons to be found in the region of interest at time t.

X - Zﬁkk . (86)

A

Then, of course,

The calculation of the indicated transition probabilities is straight-forward,

and one finds that ﬁ)k satisfies the equation

91, > 7 (oK Ak : ,
— = + +
Mo e T (41

9t oK', L'k’ oK' oK
o KK' A 'k!
oK', A'K!
- } ’ n  (n +1)n__, (n ., +1)
SO‘K K Ak 'K oK "¢gK!
o KK'A'k! ’

0K2, G'KS
¥ Te(kk) (nkk tlngk s 'Ky (nOK +1)(n0 'K =

K, 'K 2 3
GG‘KK1K2K3 S 1

oK, G'Kl
- ; + + .
T, (AK) Mo g g T "o0K, "0 'Ky

1 cK_,0'K
oo KKleK3 2 3
(87)

The appearance of factors like (nOK + 1) in the first term for example is a direct
consequence of the assumption that the particles were bosons. If instead they
had been presumed to be fermions (had imposed anti-commutation instead of
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commutation rules upon the relevant creation and destruction operators), the
indicated factors would have appeared as (1 - noK) with the restriction that
. Oor 1 only. If further in fact we may assume that the final states for

the particles are sufficiently improbably occupied, then we may replace such
factors by unity - an assumption leading to Boltzmann statistics for the particles.
Given the physical context in which the present analysis is being performed, we

incorporate the latter assumption in the remainder of this discussion. The

transition probabilities, S and T, are given explicitly by

oK, Ak e 167r2 c2
S = | —Z > 5 € B gy k)
oK', A'k' m ¢ \% k k'
W, - W
sin? L1
2
(x) 5(+K' -k -K) 3
s(wf—wi)
oK', A'k!
= 8 , (88a)
oK, Ak
and
cK,, 0'K e2 2 62 2 4
’ 3 27 o o! Jil 2
T (Xk) == > | UK, -K4]) ]
O'K,G'Kl \Y% m c Tic k
1 e (k
(n0k+K2 ) K, € >L(.)
(x)
w’k? | 1’k n%k} mPk+k,)
2m 2m , 2m . 2m
(0} g (o) g
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2
+ .
(nc K-k 1} K E)L(l'{')
+
12 K:z,) 2Kk} w2 K] 12 (K - k)
+ - -— ————————————
2m _, 2m 2m _, 2m
o 1o} o o
g (bp-w)
S
in 5 S
(x) §(K+K/ -K, <K, - k)
s(wf - wi)
oK, O"Kl
= Ta(kk) . (88b)
oKz, O"KB

It should be noted that, since T, (and Ta) are inversely proportional to the
square of the mass of the radiating particle (the crlELI particle in equation (88b)),
we are here identifying the radiating particle as an electron and ignoring the
additional terms corresponding to radiation by the ions.

If now we replace averages of products by products of averages (without
regard at this point for the question as to the validity of such a replacement) in

equation (87), we obtain

= S

N i K, Ak
0 T))tk o _
ot ocKK'Nk' oK', 'k

O'K2, (o] 'KS
+ n. +1)n _.1n -n 1 n
; Te(kk) ‘:(nM{ )nUKnG'Kl nkknoKz no'K,J .(89)

oo‘KK1K2K3 oK, G’Kl
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It is of some interest at this point to observe that the implications of
equation (89) for the equilibrium distributions of particles and photons in a box
with perfectly reflecting walls (so that the thorny issues associated with transport
may still be held in abeyance) are as anticipated. The requirement that nk)t
be stationary in time will certainly be met if the scattering and the emission
and absorption terms separately vanish. Consider first the scattering term.

A sufficient condition for its vanishing is that

= n
et Ak _ (90
— 1 = —— §0 .
(N +1) oK! N +1 oK
ATK! Ak

Since the scattering process conserves energy, equation (90) is satisfied if we

take

_ 1
n
Ak Jhck/K T

1
and
H2K2/ 2m_ KT

nch a e s (91)

where K is Boltzmann's constant and ﬁo is subject to the normalization,

K

ZEGK -N . (92)

But these are just the Planck and Boltzmann distributions for photons and

particles respectively which are expected to obtain in the equilibrium systems.
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It remains to be shown that the emission and absorption processes

also balance for these distributions. To see that indeed they do, rewrite the

bracketed factor in the summand of the second term in equation (89) as

— — 1k - _
+1 - —l
(nkk )l:ncK no‘Kl 7 noK nG'KS:l

+1 2
Ak
2 .2 2.2
1™ K h K
- + /KT
2m; 2m01
a(n +1) e
Ak

-€ 3 (93)

where the relations (91) have been explicitly employed. But the exponentials
in equation (93) are effectively the same by virtue of the energy conservation
condition contained in Te; hence emission and absorption balance in thermal
equilibrium.

In order to obtain the equation for X , it is convenient to introduce an
assumption of random polarization of photons. In such an event,

- 1 - 1
= e = — B 94
N a X (94)

and, after summing equation (89) over A, we obtain finally,
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oK, k
—5—75) = Z S XE) { XW+25 8
6t/ mt

okK'k K. K

X W X2y

oK ,0'K
) T 3 X +20 i @
/ ' = oK o'Kl
KK K K oK, o Kl
00 B8 %90
“XWE R | (95)
2 3
where we have defined
oK, k — oK, Ak
= _1 >
S = -4— S ,
oK', k' o oK', A'k!
and
_ cK 5 o'K ) 0K2, c‘K3
T (k) ='2— ; T (Ak) s (96)
e !
oK, o Kl X ok, G'Kl

e., transition probabilities averaged over photon polarization.

Recalling equations (65) and (68), we exhibit a photon transport equation
for X as
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oK,k 1
+ } S X (X+2)n .
oK', k' oK

o KK'k'

S +2) HGK}

_ O'KZ, G'KS
+ % Te(k) (X+2) n_ g nc'Kl

1 oK, ¢'K
oo KKleK3 1

- X n n_, (97)
O'Kz (oF K3

If now it is argued that the element of volume § V is sufficiently large compared

to photon wavelengths so as to render the discussion of § X/ § t)p; Mmeaningful,

but at the same time small compared to distances over which X is expected to

vary appreciably, then it might be legitimate in equation (97) to replace

g;_):.V;(dSX—*I_L-Y'X , (98)
§v

where, of course, X has the interpretation as the expected number of photons
in §V having momentum k at time t. Under such circumstances, equation (97)
assumes a form somewhat similar to the one conventionally adopted for the descrip-

tion of photon transport.

111 L. Foldy, Phys. Rev., 81, 395, (1951).
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Clearly, the argument leading to the replacement of equation (64)
by equation (65) leads to an effective identification of §V with V, i.e., the
element of volume over which{ has been spatially '"coarse-grained'" has
been taken to be essentially the same as the volume of quantization, V.
Such a procedure bears formal resemblance to Ono'sl'2 cell method of ap-
proach to a similar problem. I contains the clear restriction that the radia-
tion density must vary negligibly over spatial volumes whose least linear
dimension is very large compared to the wavelengths of the radiation con-
sidered.

Making explicit use of this identification, we redefine the X of equa-
tion (97) as X =V X (X now being a density in configuration space) and

define ﬁcK =V fo' Then equation (97) (recalling (98) ) becomes

_ cKz, O"K3 _ _
+ Z VTe(k) [(X +2) fo (K) fo,(l_il)

1 oK, 'K
oo KKleK3 1

-Xf (gz)fc,@d. (99)

Finally if we argue for the photons as for the particles that the final states for

12S. Ono, Prog. Theor. Phys., (Japan) 12, 113 (1954).

53

RRL-TR-60-274, PartI



THE UNIVERSITY OF MICHIGAN
2756-1-T

all transitions are sufficiently improbably occupied that we may replace
X + 2—> 2, we obtain

oX

S OAVA
w VX

9 _ O'K,O"Kl . _
i E VT, k) X TE)T &), (100

1
co'KKleK3 0K2,a K3

where we have reverted to the notation of equation (87) for the characterization

of the absorption term.

As a last step in the reduction of equation (100) to familiar form, we

return to the continuum in momentum space. Defining

Xx k, t) dkdQk) = Z X, and

k € d°k
oo ) i
f (x K, t)dK = £, (101)
° K € d°K

so that the photon and particle densities are interpretable as asserted in Section I,

we find after considerable manipulation that the rate equation becomes
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+Z PRAK' &K' co,, e §(k+K -k' -K') § (hek

9 KK'k'

T

2 2 2 12
+ h® K ~he k! _-h_K_ |i'X’f'o- -Xfo}

Zm0 2mo_
+z 33, 3., 3 k
oo d°KdKy dKod Ky £ (K ) £ (K,) 5 Poo
X 3 3 3 3 T
oo’ d Kd'K,dKyd K, f_(Ko) £ (Ks3) 'y oo (102)
In this expression, we have introduced the Thompson cross-section,
2
1 ec A 2
A
Op = > 5 [1 + (k-k') ] , (103)
m_c

after taking explicit cognizance of the fact that in the non-relativistic limit the
scattering of photons produces a negligible change in the frequency of the photons,

i.e., k'~ k. The quantity ¢Go, is defined by
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T, (Ky)+ TG,(KB) - Tg,(Kl) - T (K -k)
(0 SEFK) -K,-K -k
() 8T (K)+ T (K)-T (Ky) - T (Kg) ~hek] (104)
employing the notation,
)
TR = 25 (105)
o 2m0

Further discussion of the effects of bremsstrahlung and "inverse"
bremsstrahlung upon the rate of change of X (the next to the last and the last

terms of equation (102) respectively) will be postponed to a latter section.
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VII. Discussion

In this report we have attempted the development of a description of
a plasma from a unified point of view adequate to the characterization of rate
processes involving the interaction of particles with particles and particles
with photons. It was our sole intention to delineate a set of sufficient condi-
tions in terms of which a formally exact description of a system of particles
interacting via electromagnetic forces might be reduced to conventional trans-
port type equations. Clearly then, it is not suggested that the rate equations
ultimately presented in Sections IV and VI have been derived. Rather, they have
largely been merely argued - in such a fashion, however, that it is hoped that
subsequent investigation may be focused upon those points of difficulty at which
deduction gave way to intuition. It is certainly not precluded that such sub-
sequent investigation might lead to the conclusion that the conventional rate
equations are actually inappropriate for the description of the plasma.

The points of difficulty emerge at essentially two different levels.
Most fundamentally, they arise in the axiomatic characterization of the system.
It is felt that the dynamical axiom employed herein (within the limits of non-
relativistic particle dynamics) should be reasonably secure. However, the so-
called statistical axiom is hardly so readily defended, and perhaps some

further comment is warranted here.
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It has been noted above from time to time that the "statistical axiom,
equation 13, presently adopted is somewhat unconventional (though hardly
originall3’ 14 ). This axiom is somewhat unconventional in that it does not
introduce the usual statistical concept of the ensemble at all. It is statistical
solely in the sense that all quantum expectation values have statistical inter-
pretations. However, it was pointed out that an implication of equation (32)
(the equation describing the particle singlet density in the classical limit)
was that this "pure state'" quantum expectation value corresponded, insome
sense, to a classical ensemble average. The discussion of the essentially
identical inference drawn by van Kampen15 is interesting in this connection.

Another aspect of the present choice of statistical axiom that requires
some clarification is that the densities f and X as defined by equation (13)are
not necessarily positive. This fact is in contradiction to the intended inter-
pretation of these quantities. It is surmised, however, that this contradiction

is more apparent than real. In fact it is felt that the possibility of negative

values of the densities is simply a necessary reflection of the impossibility

13
T. Nishiyama and K. Husimi, Prog. Theor. Phys. (Japan), 5, 909, (1950).

1‘][See further in this connection the application of this statistical axiom to the
development of rate equations for neutral gases by S. Ono, Proceedings of
the International Symposium on Transport Processes in Statistical Mechanics,
Interscience Publ. Inc., New York, 1958, p. 229.

15
N. G. van Kampen, p. 239 of Reference 14.
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of the simultaneous specification of positions and momenta of particles with
arbitrary accuracy. In order to avoid even the appearance of contradiction,
however, it is sufficient merely to qualify the statement of interpretation with
the suggestion that the densities have the meaning assigned to them for the

purpose of ultimately computing averages. In this sense then these densities

are not to be generally regarded as observables, but rather as appropriate
weight functions for the calculation of averages which are presumably observable.

The second class of difficulties encountered in the present development
are somewhat less fundamental in character than those associated with the
choice of axioms, but are nonetheless important and perhaps only slightly less
awkward to cope with. These, of course, are the problems posed by the
requirement of proceeding logically from an acceptable but formidable descrip-
tion of a system to solutions in specific cases which may be usefully inter-
preted.

In the present report we have adopted equations (19) and (21)as the
exact but intractible descriptions of the photons and particles respectively.
Actually, we should add here as an alternative description of the electromagnetic
fields in the plasma - the set of equations, (42). As the burden of the report
was devoted to pointing up the difficulties of this second class, not much
further comment is warranted here. However, one observation does seem to

be worthwhile. As just noted, equations (19) and (42) have been presented as
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equivalent, alternative descriptions of the electromagnetic properties of the
plasma. But neither is in general wholly useful, since both are too complicated.
In particular the transport description of electromagnetic phenomena as provided
by equation (19) is hardly impressive as a practical tool. But the discussion of
Section VI leading to the reduction of (19) to (102) suggests a range of physical
situations in which the characterization of electromagnetic phenomena in terms
of the creation, destruction, scattering, and flow of photons would be expected
to be uniquely useful. As suggested there, this range is first of all delineated
by the requirement that the photon distribution function vary inappreciably over
distances large compared to the wavelengths of radiation under consideration.
However, there is a more stringent restriction arising from the practical
necessity of limiting the photon transport concept to those situations in which
the only significant contributions to the rate of change of the photon density are
provided by one-photon processes. This limitation imposes the restriction that
the wavelengths of the radiation under consideration be small compared to the
mean interparticle spacing - or, equivalently, the radiation emission times
which are of the order of the inverse of the natural frequencies of the emitting
systems must be small compared to the time required for the photon to travel

a distance corresponding to the mean interparticle spacing. Thus the photon
transport equation provides a useful tool for investigating the balance of high

energy (kev or greater) radiation in a system, whereas lower energy
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electromagnetic phenomena apparently require the field equations (42), to
which must be adjoined equations like (43), (47) or (50) to provide a descrip-

tion of the charge and current densities in the system.
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Appendix A

With due regard for the remarks in Section IV concerning the replace-
ment of the integral terms in equation (49) by the conventional binary collision
contributions as exhibited in equation (50), we present here for completeness
an argument in terms of which this replacement may be more or less intuitively
accomplished. For the sake of simplicity we devote our attention to a represent-

ative, "truncated range'", Coulomb interaction integral, i.e.,

dx'dv . (A-1)

m; OX, X - x' ov.
J = = J

S 3. 3 1 3 €5 € of o
x-x'| <L

We first note that this integral may be rewritten as

d3x'd3vv AN afco'
ng 9x x-x| v
|xx'| < 4
9 e e, 0 f; gt
¢ °c° , (a-2)
m

since the additional term is zero as is readily seen by partial integration with

16

respect to v'. We now observe that if the range of integration over x' is

16
This particular aspect of this argument plus considerable general discussion
of the statistical description of systems in terms similar to those employed
herein was presented by M. Schonberg, Nuovo Cimento, 10, 419, 697, 1499
(1953).
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sufficiently restricted, i.e., L is required to be sufficiently small with
respect to the mean interparticle spacing, then the following identifications
and/ or approximations may be presumed somewhat justified:

1) The explicit dependence of f;51 upon X' and t may be expected to
be such that, throughout the range of the integration (and for temporal
displacements corresponding to times required for particles to traverse

the range of the integration), we may approximate

for & v X, v, t+ A1)

=f (x v x ¥t (A-3)

2) Since the volume of integration is small compared to the average
volume per particle, it will be assumed that the probability of finding more than
two particles at a time within this volume is negligible (the binary collision

) -

assumption), and hence may identify (x, v) as (x;, v,) and (x', v') as (§2, v,
the coordinates of particles (1) and (2) respectively.

3) Throughout the interaction of these two closely associated particles
it will be presumed that the forces they exert upon each other are sufficiently

greater than the resultant of all other forces acting upon either of them that

they may be regarded as decoupled from their environment, hence

19 °1%2 .
= -2,
m Bxlj 151—521 2j
1 e e
aa Xl 2 =-a (A-4)
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where a,, j and ale are the jth components of the accelerations experienced
by particles (1) and (2) due to the forces exerted upon them by particles (2)
and (1) respectively.

Given these assumptions, it is seen that the expression (A-2) becomes

J

3 3
—dezd v, ale

X175, <L (A-5)

avl J BVZJ
We may further interpret

Of (X 1,V1,X 1,V s 1)
ov

af1p (x1,V 15X 1,V0.0
21]

412
8vlj 2

~ _ _ _ 1

(A-6)

where T is here interpreted as a ''collision time'. Clearly we may

interpret (v ;. \LZ) and (vy-a,, T, V-2, T) as the post- and pre-collision
velocities of particles (1) and (2) respectively. Furthermore we note that the
integrand is no longer a function of the space variable of integration. In order
to perform this integration, transform to the center of mass coordinate system
so that the variables of integration become the components of the relative dis-
placement, R. Then, transforming to cylindrical coordinates with the axis

along the asymptote of the incident trajectory, the space-integral becomes
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IR

+4/2 4 21
Sdsx = SdBR gdz &ds S g =L go-lzdﬂ, (A-T)

%%, | <L R</ z=-/2 s=0 (=0

e

where crlzd ) is the differential cross section for the Coulomb interaction.
Note, however, that the restricted range for the impact parameters (s) implies
a corresponding restriction to large scattering angles in the integration over
£). Thus the cross section is defined as a truncated (in angle from below)
Coulomb cross section rather than as if generated by a shielded Coulomb
potential.

Thus now the expression (A-6) becomes (after an obvious modification of

notation),

3 ,
Sd Vldﬂ%oll [flz()g,!,)g,!'l, t) - f (§,z,§,zl,t)] : (A-8)

12
Finally we note that, in accordance with the identifications above,

L _ =

7(:‘_' |‘£"11| = Vr (A-9)

where v, is the relative speed of the interacting particles. Thus now if we

revert to the general notation of (A-2) and approximate

A

f 1(&:&,&:!1:0 f()'()i’z’ t) fg"(i’zl’ t) > (A_]-O)

we see that we obtain the collision terms as exhibited in equation (50).
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