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ABSTRACT

Across many scientific domains, researchers increasingly collect large heterogeneous datasets
that contain multiple meaningful subpopulations. In many cases, however, the subpopulation labels
are unavailable. These subpopulations may be related to one another in complex ways, and each
may itself exhibit a rich internal structure. These tasks typically require not only assigning observa-
tions to subpopulations, but also characterizing the distributional structure of each subpopulation.
Accurately identifying and characterizing such latent subpopulations is therefore a fundamental
yet challenging problem. Mixture models provide a natural framework for modeling subpopula-
tion distributions. However, most existing work assumes that the component distributions belong
to specified parametric families, which are almost always misspecified in practice. Capturing
complex subpopulation structures therefore requires extending the mixture-modeling framework to
accommodate nonparametric component distributions. However, this extension immediately raises
fundamental challenges of identifiability and inference. Since the subpopulations are latent and
only the overall population distribution is observed, it is unclear what should count as a distinct
subpopulation. If each component distribution is allowed to be highly flexible, it is also unclear
whether the components can be separated, particularly in regions where their densities overlap.
Even when such separation is theoretically possible, a further challenge is to develop effective
inference methods that can be practically implemented to estimate the latent subpopulations. In
this dissertation, we address these theoretical and methodological challenges within a systematic
framework.

First, we adopt a Bayesian nonparametric approach and develop a unified framework that
uses mixtures of Dirichlet process mixtures (MDPMs) to model two classes of nonparametric
mixture structures: one in which the high-density regions of different components are spatially
differentiated, and another in which components may fully overlap spatially but are distinguished
by contrasting density levels. We devise scalable algorithms for implementing the proposed
framework and demonstrate their performance through extensive simulation studies and several
real-data applications in both univariate and multivariate settings. The results show that, under
mild conditions, the component distributions in both types of mixture structures can be accurately
recovered.

Second, building on this framework, we extend the proposed approach to settings in which the

x



high-density regions associated with different components are spatially differentiated but cannot be
contained in disjoint convex sets, a challenge that is especially relevant in multivariate problems.
To handle mixture components with complex density-contour geometry, we propose a method that
approximates the high-density regions by a union of hypercubes. We then construct MDPMs over
these hypercube coverings, allowing the model to learn component distributions with complex
latent-support geometries. Simulation studies demonstrate strong performance across a range of
settings.

Third, we develop theoretical support for the proposed statistical framework, by establishing
identifiability conditions for the first class of mixture structures in both univariate and multivari-
ate settings. We then proceed to derive posterior contraction rates under the proposed MDPM
framework. These results show that, under appropriate conditions, using a mixture of Dirichlet
process mixtures does not reduce the efficiency of learning the overall population density relative to
using a single Dirichlet process mixture. Most remarkably, we show that the latent nonparametric
component distributions can be learned at a nearly polynomial rate, which is much more efficient
than the typically slow rates of nonparametric deconvolution.
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CHAPTER 1

Introduction

1.1 Overview

Across many scientific domains, researchers increasingly collect large heterogeneous datasets that

contain multiple meaningful subpopulations. In many cases, however, the subpopulation labels

are unavailable, either because they are intrinsically unobservable or because obtaining reliable

subpopulation labels is prohibitively expensive. These subpopulations may be related to one another

in complex ways, and each may itself exhibit a rich internal structure. Accurately identifying and

characterizing such latent subpopulations is therefore a fundamental yet challenging problem. For

example, in high-energy astrophysics, modern X-ray observatories record data as lists of individual

photon events. These photons may originate from multiple sources, including point sources such as

X-ray binaries, as well as diffuse or extended emission from supernova remnants, galaxy clusters,

or merging galaxies. Since the source identity of each photon is not directly observed, photons

generated by a given astrophysical source can be viewed as a latent subpopulation. The spatial

and spectral distributions of these photons trace complex structures associated with astrophysical

sources, and accurately recovering these latent subpopulations is essential for understanding the

physics of many astronomical objects (Zezas et al., 2002, 2006; Jones et al., 2015; Wilkes and

Tucker, 2019; Meyer et al., 2021; Fan et al., 2023; McKeough et al., 2026). In biology, single-

cell RNA sequencing measures gene expression in individual cells, producing high-dimensional

molecular profiles over thousands of genes. These profiles provide a detailed view of cellular states,
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including differences among cell types, intermediate or transitional states between cell types, rare

cell types and state changes induced by different experimental conditions. Identifying biologically

meaningful subpopulations from these gene-expression profiles, and determining the genes and

pathways that distinguish them, are therefore central tasks in single-cell analysis (Prabhakaran

et al., 2016; Sun et al., 2019; Lopez-Delisle and Delisle, 2022; Lopez et al., 2023; Boyeau et al.,

2023).

These tasks, arising across different scientific domains, require more than assigning each ob-

servation to a subpopulation; they also require characterizing the distributional structure of each

subpopulation. Standard clustering methods that primarily partition the data space and assign

observations to clusters may therefore be insufficient. In contrast, generative models provide

probabilistic descriptions of the underlying subpopulations, thereby enabling a more principled

characterization of subpopulation structure, variability, and uncertainty.

It’s worth noting that over the past decade, deep generative models have achieved remarkable

success in modeling complex data such as text and images. Representative examples include gen-

erative adversarial networks (GANs) (Goodfellow et al., 2014), variational autoencoders (VAEs)

(Kingma and Welling, 2013), normalizing-flow models (Dinh et al., 2014, 2016; Kingma and

Dhariwal, 2018), diffusion models (Ho et al., 2020), and Transformer-based large language models

(LLMs) (Vaswani et al., 2017; Radford et al., 2018, 2019; Brown et al., 2020). Broadly speak-

ing, many of these deep generative models share a common architectural strategy: they learn

a transformation from a simple reference distribution to a complex target distribution, with the

transformation or its reverse dynamics parameterized by deep neural networks. This perspective

includes normalizing flows, which learn an explicit invertible map; VAEs, which learn to generate

data from latent variables while also learning an approximate encoder that maps observed data

back to the latent space; GANs, which learn a pushforward map from a simple noise distribution

to the data distribution; and diffusion models, which learn a reverse denoising process from noise

to data. Autoregressive Transformer models instead factorize the joint distribution into a sequence

of conditional distributions and use neural networks to predict the next-token probability distribu-
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tion at each step. The expressive power of deep neural networks enables these models to capture

remarkably complex distributions over high-dimensional data. However, despite their flexibility,

the latent representations learned by these models are not in general identifiable, and the black-box

nature of deep neural networks makes it difficult to impose domain-informed structure on latent

subpopulations or to ensure that the learned latent representations are scientifically meaningful and

interpretable (Hyvärinen and Pajunen, 1999; Locatello et al., 2019; Schölkopf et al., 2021; Roeder

et al., 2021; Reizinger et al., 2024). Moreover, although uncertainty quantification can be incor-

porated into deep generative models, it is often not available in a calibrated or interpretable form.

This limits their use in scientific applications where reliable uncertainty assessment is essential.

To develop interpretable generative models for latent subpopulations, it is natural to return to

the mixture-model framework, in which the population distribution is represented as a weighted

combination of subpopulation distributions (components). In classical mixture modeling, each

component is typically assumed to belong to a parametric family, such as the Gaussian family.

Gaussian mixture models are among the most widely used examples of this framework (Genovese

and Wasserman, 2000; Ghosal et al., 1999; Xu and Jordan, 1996; Redner and Walker, 1984;

Wu and Yang, 2020). More broadly, mixture models with parametric components have been

studied extensively from both theoretical and computational perspectives. However, in practice, as

illustrated by the examples above, meaningful subpopulations often exhibit complex distributional

structures that cannot be adequately captured by standard parametric families. This limitation is

especially important in mixture modeling: when the component family is misspecified—that is,

when the true component distribution does not belong to the assumed parametric family—the fitted

mixing measure may adapt to the misspecification by introducing artificial mixture components.

Consequently, the learned mixing measure may become difficult to interpret as the true latent

subpopulation structure. In practice, parametric component families are almost always misspecified,

creating a substantial gap between classical parametric mixture models and the goal of recovering

interpretable latent structure and subpopulation distributions. This motivates an extension of the

mixture-modeling framework in which component distributions are modeled nonparametrically.
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However, extending mixture models to nonparametric component families immediately raises

fundamental identifiability and inference challenges. Since the subpopulations are latent and only

the overall population distribution is observed, it is not obvious what should be identified as a

distinct subpopulation. Moreover, if each component distribution is allowed to be highly flexible,

one must ask whether the components can still be separated, especially in regions where their

densities overlap. Even when such separation is theoretically possible, a further challenge is

whether there exist effective inference methods that can be practically implemented to estimate

the latent subpopulations. In this dissertation, we address these theoretical and methodological

challenges in a systematic framework. We mainly focus on two classes of nonparametric mixture

models:

• The first class is characterized by the assumption that each component has its probability mass

spatially concentrated around a connected region, with distinct components concentrated

in different regions. We allow overlap between component tails. Apart from this mild

spatial separation condition, we do not impose any additional assumptions on the component

distributions.

• The second class of models are spike-and-slab–type mixtures, in which one component

exhibits one or more high-density “spikes”, while the other component has a flat, relatively

low-density distribution over the entire support. The two components may share fully

overlapping support.

Methodologically, mixture models are commonly fitted using either frequentist or Bayesian

approaches. In parametric mixture models, frequentist methods typically estimate the unknown

parameters by optimizing an objective function, such as the likelihood or a penalized likelihood

function. A standard computational tool for this purpose is the expectation–maximization (EM)

algorithm and its variants. Bayesian approaches, in contrast, place prior distributions on the model

parameters and perform inference based on their posterior distributions given the observed data.

This posterior formulation naturally provides a framework for quantifying uncertainty in model
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parameters and latent allocations. Posterior inference is typically performed using Markov chain

Monte Carlo (MCMC). In this dissertation, we adopt a Bayesian nonparametric modeling approach

and develop a unified framework that uses mixtures of Dirichlet Process mixtures with Gaussian

kernels to model both types of nonparametric mixture structures discussed above. We develop

methods for the first type of mixture structure in both univariate and multivariate settings, and

for the second type in the univariate setting. We also develop scalable computational algorithms

for implementing the proposed methods and demonstrate their performance through extensive

simulation studies and several real-data applications. The results show that, under mild conditions,

the component distributions in both types of mixture structures can be accurately recovered.

On the theoretical side, we establish identifiability conditions for the first type of mixture

structure using the notion of connected sets in the support of the mixing measure. These conditions

are developed for both univariate and multivariate settings. We further derive posterior contraction

rates for the estimated component densities under appropriate conditions in the univariate setting.

The resulting contraction rate is nearly polynomial for nonparametric component-density estimation

in mixture models under the same assumptions. These results provide theoretical support for the

efficient recovery of complex component distributions under the proposed framework.

The rest of the dissertation is organized as follows.

In Chapter 1, we provide a brief review of the foundational concepts underlying finite mixture

models, the Dirichlet process, and Dirichlet process mixture models.

In Chapter 2, we introduce the mixture-of-Dirichlet-process-mixtures framework and develop

efficient algorithms for implementing it in both univariate and multivariate settings. We also

establish theoretical results on the identifiability of nonparametric mixture models and posterior

contraction rates under the proposed framework. These results show that, under appropriate

conditions, using a mixture of Dirichlet Process mixtures does not reduce the efficiency of learning

the overall population density relative to using a single Dirichlet Process mixture, while also

allowing the nonparametric component distributions to be learned simultaneously at a nearly

polynomial rate.
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In Chapter 3, we extend the proposed approach to settings in which the high-density regions

associated with different components cannot be contained in disjoint convex sets, a challenge

that is especially relevant in multivariate problems. We first establish identifiability conditions

for multivariate mixture models in this more general setting. We then develop a method for

approximating the geometry of these high-density regions by a union of hypercubes. Building

on these hypercube coverings, we construct mixtures of Dirichlet process mixtures that can learn

component distributions with complex latent-support geometries.

In Chapter 4, we discuss several conceptual and practical questions that arise in mixture models

with nonparametric components. We then summarize the main strengths of the proposed MDPM

framework. Finally, we outline several directions for future work, including methodological exten-

sions, further theoretical development, and potential applications to broader scientific domains.

1.2 Parametric finite mixture models

Finite mixture models are the basic tools for modeling heterogeneous data populations. The central

idea is that the observed data are generated from several latent subpopulations, each represented by

a probability distribution. Let 𝑋1, . . . , 𝑋𝑛 ∈ R𝑑 denote independent observations. A finite mixture

model with 𝐾 components has density

𝑝(𝒙 | 𝜽) =
𝐾∑︁
𝑘=1

𝜋𝑘 𝑓𝑘 (𝒙 | 𝜽 𝑘 ),

where 𝜋𝑘 ≥ 0 are the mixture weights satisfying
∑𝐾
𝑘=1 𝜋𝑘 = 1, and 𝑓𝑘 (· | 𝜽 𝑘 ) is the density of the

𝑘th component. Equivalently, the model can be represented through latent allocation variables

𝑍𝑖 | 𝝅 ∼ Categorical(𝜋1, . . . , 𝜋𝐾), 𝑋𝑖 | 𝑍𝑖 = 𝑘 ∼ 𝑓𝑘 (· | 𝜽 𝑘 ),

where 𝑍𝑖 indicates the unobserved component membership of observation 𝑋𝑖.

Finite mixture models are widely used for density estimation, clustering, classification, and
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modeling population heterogeneity. Unlike hard clustering methods, such as 𝐾-means, mixture

models naturally allow each observation to have probabilistic membership across multiple compo-

nents. This soft-assignment interpretation is particularly useful when clusters overlap or when the

goal is to estimate the underlying density rather than only assign labels.

1.2.1 Gaussian mixture models

When the component densities are Gaussian, the resulting mixture model is called a Gaussian

mixture model (GMM). For observations 𝑋𝑖 ∈ R𝑑 , the model is

𝑝(𝑋𝑖 | 𝝅, 𝝁,𝚺) =
𝐾∑︁
𝑘=1

𝜋𝑘 𝑁𝑑 (𝑋𝑖 | 𝝁𝑘 ,𝚺𝑘 ),

where 𝑁𝑑 (· | 𝝁𝑘 ,𝚺𝑘 ) denotes the 𝑑-dimensional Gaussian density with mean vector 𝝁𝑘 ∈ R𝑑

and covariance matrix 𝚺𝑘 ∈ R𝑑×𝑑 . Thus, each observation is generated by first drawing a latent

component label 𝑍𝑖 and then drawing 𝑋𝑖 from the Gaussian distribution associated with that

component.

The parameters of a GMM are

𝜽 = {𝜋1, . . . , 𝜋𝐾 , 𝝁1, . . . , 𝝁𝐾 ,𝚺1, . . . ,𝚺𝐾}.

The observed-data log-likelihood is

ℓ(𝜽) =
𝑛∑︁
𝑖=1

log 𝑝(𝑋𝑖 | 𝜽) =
𝑛∑︁
𝑖=1

log

{
𝐾∑︁
𝑘=1

𝜋𝑘𝑁𝑑 (𝑋𝑖 | 𝝁𝑘 ,𝚺𝑘 )
}
.

The presence of the logarithm of a sum makes direct maximum likelihood estimation difficult. If

the latent labels 𝑍𝑖 were observed, estimation would be straightforward: each component could be

estimated from the observations assigned to it. In practice, however, the labels are unobserved, and

inference must account for uncertainty in component membership.
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The posterior probability that observation 𝑖 belongs to component 𝑘 is given by:

𝑟𝑖𝑘 = Pr(𝑍𝑖 = 𝑘 | 𝑋𝑖, 𝜽) =
𝜋𝑘𝑁𝑑 (𝑋𝑖 | 𝝁𝑘 ,𝚺𝑘 )∑𝐾
ℓ=1 𝜋ℓ𝑁𝑑 (𝑋𝑖 | 𝝁ℓ,𝚺ℓ)

.

These probabilities can be interpreted as soft cluster assignments: an observation located between

two overlapping Gaussian components may have non-negligible membership probabilities for both

components, rather than being assigned deterministically to only one cluster.

1.2.2 EM algorithm for Gaussian mixture models

The expectation-maximization (EM) algorithm is the standard maximum likelihood method for

Gaussian mixture models. It is designed for latent-variable models in which the complete-data

likelihood would be easy to optimize if the latent variables were observed. For GMMs, the latent

variables are the component labels 𝑍1, . . . , 𝑍𝑛.

The complete-data log-likelihood is

ℓ𝑐 (𝜽) =
𝑛∑︁
𝑖=1

𝐾∑︁
𝑘=1

1{𝑍𝑖 = 𝑘}
[
log 𝜋𝑘 + log 𝑁𝑑 (𝑋𝑖 | 𝝁𝑘 ,𝚺𝑘 )

]
.

If 𝑍𝑖 were known, the indicator 1{𝑍𝑖 = 𝑘}would determine which observations are assigned to each

component. The EM algorithm replaces these unknown indicators by their conditional expectations

under the current parameter values.

Starting from an initial value 𝜽 (0) , EM alternates between the following two steps.

E-step. Given the current parameter estimate 𝜽 (𝑡) , compute the posteriors

𝑟
(𝑡)
𝑖𝑘

= Pr(𝑍𝑖 = 𝑘 | 𝑋𝑖, 𝜽 (𝑡)) =
𝜋
(𝑡)
𝑘
𝑁𝑑 (𝑋𝑖 | 𝝁(𝑡)𝑘 ,𝚺

(𝑡)
𝑘
)∑𝐾

ℓ=1 𝜋
(𝑡)
ℓ
𝑁𝑑 (𝑋𝑖 | 𝝁(𝑡)ℓ ,𝚺

(𝑡)
ℓ
)
.
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M-step. Update the parameters by maximizing the expected complete-data log-likelihood. Let

𝑁
(𝑡)
𝑘

=

𝑛∑︁
𝑖=1

𝑟
(𝑡)
𝑖𝑘
.

Then the standard GMM updates are

𝜋
(𝑡+1)
𝑘

=
𝑁
(𝑡)
𝑘

𝑛
,

𝝁(𝑡+1)
𝑘

=

∑𝑛
𝑖=1 𝑟

(𝑡)
𝑖𝑘
𝑋𝑖

𝑁
(𝑡)
𝑘

,

and

𝚺(𝑡+1)
𝑘

=

∑𝑛
𝑖=1 𝑟

(𝑡)
𝑖𝑘
(𝑋𝑖 − 𝝁(𝑡+1)

𝑘
) (𝑋𝑖 − 𝝁(𝑡+1)

𝑘
)⊤

𝑁
(𝑡)
𝑘

.

The EM algorithm can be understood as repeatedly constructing and maximizing a lower

bound to the observed-data log-likelihood. For Gaussian mixtures, EM has an intuitive clustering

interpretation. The E-step computes soft cluster assignments, while the M-step updates the mixture

weights, means, and covariances using these soft assignments. Because the likelihood surface of

mixture models is generally non-convex, EM may converge to a local maximum. In practice, it is

common to run EM from multiple random initializations and select the solution with the largest

observed-data log-likelihood.

1.2.3 Bayesian Gaussian mixture models

A Bayesian Gaussian mixture model places prior distributions on the mixture weights and

component-specific parameters. The latent-variable formulation remains

𝑍𝑖 | 𝝅 ∼ Categorical(𝜋1, . . . , 𝜋𝐾), 𝑋𝑖 | 𝑍𝑖 = 𝑘, 𝝁,𝚺 ∼ 𝑁𝑑 (𝝁𝑘 ,𝚺𝑘 ),

but the parameters are now treated as random variables. A common prior specification is

𝝅 ∼ Dirichlet(𝛼1, . . . , 𝛼𝐾),
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together with component-specific priors such as

𝝁𝑘 ∼ 𝑁𝑑 (𝒎0,𝚲0), 𝚺𝑘 ∼ Inverse-Wishart(𝑺0, 𝜈0), 𝑘 = 1, . . . , 𝐾.

Here, 𝒎0, 𝚲0, 𝑺0 and 𝜈0 are the hyperparameters. Other conjugate or semi-conjugate choices are

also possible, depending on whether the covariance matrices are known, diagonal, shared across

components, or fully component-specific.

The Bayesian approach has several advantages. First, it quantifies uncertainty about the mixture

weights, component means, covariance matrices, and latent allocations. Second, prior distributions

can regularize estimation, which is helpful when some mixture components contain few obser-

vations or when covariance matrices are difficult to estimate. Third, Bayesian inference can be

extended naturally to hierarchical mixture models and models with uncertainty about the number

of components.

Posterior inference for Bayesian GMMs is commonly performed using Markov chain Monte

Carlo (MCMC), especially Gibbs sampling when conjugate priors are available. A typical Gibbs

sampler alternates among the following updates:

1. Sample each latent label 𝑍𝑖 from its full conditional distribution:

Pr(𝑍𝑖 = 𝑘 | 𝑋𝑖, 𝝅, 𝝁,𝚺) ∝ 𝜋𝑘𝑁𝑑 (𝑋𝑖 | 𝝁𝑘 ,𝚺𝑘 ), 𝑘 = 1, . . . , 𝐾.

After normalization, these probabilities have the same form as the EM responsibilities.

2. Sample the mixture weights from their full conditional distribution. If 𝝅 ∼

Dirichlet(𝛼1, . . . , 𝛼𝐾) and

𝑛𝑘 =

𝑛∑︁
𝑖=1

1{𝑍𝑖 = 𝑘},

then

𝝅 | 𝒁 ∼ Dirichlet(𝛼1 + 𝑛1, . . . , 𝛼𝐾 + 𝑛𝐾).
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3. Sample the component means and covariance matrices from their full conditional distribu-

tions. Under semi-conjugate Gaussian–inverse-Wishart priors, these full conditionals are

available in closed form and depend only on the observations currently assigned to each

component.

For Bayesian mixture models, the Gibbs sampler can be viewed as a stochastic counterpart

to the EM algorithm, replacing deterministic updates of latent assignments and parameters with

draws from their conditional posterior distributions. EM produces a point estimate, typically a

local maximum likelihood estimate. In contrast, MCMC generates samples from the posterior

distribution, allowing posterior summaries such as credible intervals for model parameters and

uncertainty measures for cluster assignments.

1.3 Dirichlet Process

The Dirichlet process is one of the fundamental priors in Bayesian nonparametrics. It defines a

prior over probability measures. To motivate the Dirichlet process, it is helpful to begin with the

finite-dimensional Dirichlet distribution.

Let (𝐴1, . . . , 𝐴𝐾) be a finite measurable partition of a sample space Θ. A probability measure

𝐺 assigns masses (
𝐺 (𝐴1), . . . , 𝐺 (𝐴𝐾)

)
to these sets, where the entries are nonnegative and sum to one. In a finite Bayesian GMM,

uncertainty about the mixture weights can be modeled by a Dirichlet distribution,

(𝑝1, . . . , 𝑝𝐾) ∼ Dirichlet(𝛼1, . . . , 𝛼𝐾).

The Dirichlet distribution is conjugate to the multinomial distribution and is therefore a natural

prior for unknown probability vectors. If 𝑛 𝑗 observations fall in category 𝑗 , then the posterior
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distribution is

(𝑝1, . . . , 𝑝𝐾) | 𝑋1:𝑛 ∼ Dirichlet(𝛼1 + 𝑛1, . . . , 𝛼𝐾 + 𝑛𝐾).

This finite-dimensional conjugacy provides the basic intuition behind the Dirichlet process.

A Dirichlet process extends this idea from a finite probability vector to a random probability

measure. Let 𝛼 > 0 be a concentration parameter and let 𝐺0 be a probability measure on Θ, called

the base measure. A random probability measure 𝐺 is said to follow a Dirichlet process with

parameters (𝛼, 𝐺0), written

𝐺 ∼ DP(𝛼, 𝐺0),

if for every finite measurable partition (𝐴1, . . . , 𝐴𝐾) of Θ,

(
𝐺 (𝐴1), . . . , 𝐺 (𝐴𝐾)

)
∼ Dirichlet

(
𝛼𝐺0(𝐴1), . . . , 𝛼𝐺0(𝐴𝐾)

)
.

Thus, the Dirichlet process is named after the fact that the probabilities assigned by 𝐺 to any finite

measurable partition follow a Dirichlet distribution.

The base measure 𝐺0 represents the prior mean of the random probability measure, since

E{𝐺 (𝐴)} = 𝐺0(𝐴)

for any measurable set 𝐴. The concentration parameter 𝛼 controls how tightly 𝐺 concentrates

around 𝐺0. Larger values of 𝛼 make draws from the Dirichlet process closer to 𝐺0, while smaller

values of 𝛼 produce more concentrated random measures with fewer dominant atoms. A key feature

of the Dirichlet process is that, even when 𝐺0 is continuous, a draw 𝐺 ∼ DP(𝛼, 𝐺0) is almost

surely discrete. This discreteness makes the Dirichlet process particularly useful for clustering

and mixture modeling, because repeated draws from 𝐺 can take identical values with positive

probability.
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1.3.1 Different constructions of the Dirichlet Process

Several equivalent constructions of the Dirichlet process provide different perspectives on its

behavior and lead to different computational algorithms. Two of the most important are the Pólya

urn, or Chinese restaurant process representation and the stick-breaking representation.

First, consider the predictive distribution induced by a Dirichlet process. Suppose

𝐺 ∼ DP(𝛼, 𝐺0), 𝜃𝑖 | 𝐺 ∼ 𝐺, 𝑖 = 1, . . . , 𝑛.

After integrating out 𝐺, the conditional distribution of a new draw 𝜃𝑛+1 given previous draws

𝜃1, . . . , 𝜃𝑛 is

𝜃𝑛+1 | 𝜃1:𝑛 ∼
𝛼

𝛼 + 𝑛𝐺0 +
1

𝛼 + 𝑛

𝑛∑︁
𝑖=1

𝛿𝜃𝑖 .

Equivalently, if 𝜙1, . . . , 𝜙𝐾 are the distinct values among 𝜃1, . . . , 𝜃𝑛 and 𝑛𝑘 is the number of

observations equal to 𝜙𝑘 , then

𝜃𝑛+1 | 𝜃1:𝑛 ∼
𝛼

𝛼 + 𝑛𝐺0 +
𝐾∑︁
𝑘=1

𝑛𝑘

𝛼 + 𝑛𝛿𝜙𝑘 .

This expression shows the self-reinforcing, or “rich-get-richer,” property of the Dirichlet process: a

new observation either joins an existing atom with probability proportional to its current frequency,

or creates a new atom drawn from 𝐺0 with probability proportional to 𝛼. The induced random

partition is commonly described by the Chinese restaurant process. In this metaphor, observations

are customers, clusters are tables, and a new customer either joins an occupied table with probability

proportional to the number of customers already seated there or starts a new table with probability

proportional to 𝛼.

A second important construction is the stick-breaking representation. Let

𝑉𝑘 ∼ Beta(1, 𝛼), 𝜙𝑘 ∼ 𝐺0, 𝑘 = 1, 2, . . . ,
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independently, and define

𝜋1 = 𝑉1, 𝜋𝑘 = 𝑉𝑘

∏
ℓ<𝑘

(1 −𝑉ℓ), 𝑘 ≥ 2.

Then

𝐺 =

∞∑︁
𝑘=1

𝜋𝑘𝛿𝜙𝑘

is a draw from DP(𝛼, 𝐺0). The name “stick-breaking” comes from the interpretation of starting

with a unit-length stick, breaking off a random proportion 𝑉1 to form 𝜋1, and then recursively

breaking the remaining stick to form 𝜋2, 𝜋3, . . .. This construction makes explicit the almost-sure

discreteness of draws from a Dirichlet process.

The stick-breaking representation is particularly useful for algorithms that explicitly represent

the random measure. A common approach is to truncate the infinite sum at a sufficiently large level

𝐾 and approximate

𝐺 ≈
𝐾∑︁
𝑘=1

𝜋𝑘𝛿𝜙𝑘 ,

often setting the final break to absorb the remaining mass. This leads to blocked Gibbs samplers

and variational inference algorithms (Ishwaran and James, 2001; Blei and Jordan, 2006). However,

fixed truncation can introduce approximation error. Slice sampling methods avoid a fixed truncation

by introducing auxiliary slice variables so that only finitely many atoms need to be represented at

each Markov chain Monte Carlo iteration, while still targeting the infinite-dimensional model.

The Pólya urn and stick-breaking constructions therefore emphasize complementary aspects

of the same prior. The Pólya urn representation highlights the exchangeable random partition

and is natural for collapsed clustering algorithms. The stick-breaking representation highlights

the random discrete measure and is natural for truncation-based, blocked, variational, and slice-

sampling algorithms.
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1.3.2 Dirichlet Process mixture models

Although draws from a Dirichlet process are almost surely discrete, the Dirichlet process can be

used to construct flexible priors on continuous densities by mixing a smooth kernel over a random

mixing distribution. This leads to the Dirichlet process mixture model. Let𝐾 (𝑥 | 𝜃) be a parametric

kernel indexed by 𝜃 ∈ Θ. A Dirichlet process mixture model can be written hierarchically as

𝐺 ∼ DP(𝛼, 𝐺0),

𝜃𝑖 | 𝐺 ∼ 𝐺, 𝑋𝑖 | 𝜃𝑖 ∼ 𝐾 (· | 𝜃𝑖), 𝑖 = 1, . . . , 𝑛.

Given 𝐺, the density of 𝑋𝑖 is

𝑓𝐺 (𝑋𝑖) =
∫

𝐾 (𝑋𝑖 | 𝜃) 𝑑𝐺 (𝜃).

Since 𝐺 is almost surely discrete under the Dirichlet process prior, this conditional density can be

written as the infinite mixture

𝑓𝐺 (𝑋𝑖) =
∞∑︁
𝑘=1

𝜋𝑘𝐾 (𝑋𝑖 | 𝜙𝑘 ),

where (𝜋𝑘 , 𝜙𝑘 )𝑘≥1 are obtained from the stick-breaking construction. Thus, the Dirichlet process

mixture model can be viewed as an infinite mixture model in which the number of occupied

components grows with the data rather than being fixed in advance.

This model is closely related to finite mixture models. In a finite mixture model with 𝐾

components, one may take

𝝅 ∼ Dirichlet(𝛼/𝐾, . . . , 𝛼/𝐾), 𝜃𝑘
iid∼ 𝐺0, 𝑘 = 1, . . . , 𝐾, 𝑍𝑖 | 𝝅 ∼ Categorical(𝝅),

and

𝑋𝑖 | 𝑍𝑖, 𝜃1:𝐾 ∼ 𝐾 (· | 𝜃𝑍𝑖 ).
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As 𝐾 becomes large, this finite mixture construction converges conceptually to a Dirichlet process

mixture model.

In Dirichlet process mixture models, one can integrate out the random measure 𝐺 and sample

cluster assignments directly using the Chinese restaurant process predictive probabilities. When

conjugacy is available between the kernel and the base measure, component parameters can also

be marginalized analytically, resulting in efficient collapsed Gibbs samplers. More generally,

auxiliary-variable methods can be used for nonconjugate models.

Dirichlet process mixture models are widely used for density estimation and clustering. While

the Dirichlet process itself defines a prior over discrete random measures, a Dirichlet process

mixture model induces clustering through the latent component parameters of the mixture; these

clusters are therefore in the parameter space, not necessarily well-separated clusters in the observed

data space. Multiple mixture components may jointly approximate a single non-Gaussian density

feature, and a single visually apparent group may be represented by several latent atoms. This

flexibility is precisely what makes Dirichlet process mixtures powerful for density estimation, but it

also means that care is needed when interpreting mixture components as scientifically meaningful

subpopulations.
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CHAPTER 2

A Bayesian Approach to Learning Mixtures of Nonparametric
Components

2.1 Introduction

Large heterogeneous datasets often contain multiple underlying subpopulations of interest. Accu-

rately identifying and characterizing them is a fundamental yet difficult task. In practice, these

subpopulation labels are typically unavailable—either because they are costly to obtain or because

they are inherently unobservable—so the task falls within the domain of unsupervised learning.

Clustering methods that focus on identifying subpopulations typically learn a partition of the data

domain, aiming to group samples from the same subpopulation into the same cluster. However,

they usually do not provide a distributional characterization for each subpopulation. Examples in-

clude K-means clustering (McQueen, 1967; Lloyd, 1982), hierarchical clustering (Hartigan, 1981;

Thomann et al., 2015), mode clustering (Chacón and Duong, 2013; Chen et al., 2016), spectral

clustering (Schiebinger et al., 2015), and density-based clustering (Rinaldo and Wasserman, 2010).

In comparison, model-based clustering explicitly characterizes the underlying distribution of each

subpopulation and represents the overall population as a mixture—a weighted sum—of these sub-

population distributions (components), thereby yielding a generative probabilistic model for each

subpopulation. Typically, each component of a mixture model is assumed to be from a parametric

family, and a popular example is the Gaussian mixture model (GMM). When the parametric family

satisfies identifiability conditions and the model is well-specified, meaning that the true subpop-
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ulation distributions indeed belong to the specified family, the latent structure can be consistently

recovered and the convergence rates of the latent mixing measure have been established in a series

of work (Chen, 1995; Nguyen, 2013; Ho and Nguyen, 2016; Heinrich and Kahn, 2018; Wei and

Nguyen, 2022; Wei et al., 2025). However, if the model is misspecified, the relationship between the

learned and true mixing measures becomes elusive (Guha et al., 2021; Miller and Dunson, 2019),

and the learned mixing measure usually fails to convey meaningful information about the under-

lying latent structure. In practice, the parametric families are almost always misspecified, which

therefore leaves a considerable gap in the practical applications of parametric mixture models.

A variety of mixture models have been proposed to model each subpopulation with more flexible

distribution families. Examples include the t-distribution (Peel and McLachlan, 2000; Stephens,

2000; Andrews and McNicholas, 2012), skew-t distribution (Lin et al., 2007), skewed power-

exponential distribution (Dang et al., 2023), shifted asymmetric Laplace distribution (Franczak

et al., 2013), and normal inverse Gaussian distribution (Karlis and Santourian, 2009). Levine

et al. (2011) assumes each component density factorizes as the product of its marginal densities,

and Rodrı́guez and Walker (2014) devises a family of nonparametric unimodal distributions. See

also Xu et al. (2025) and the references therein for nonparametric clustering. These models

enrich the component family, enabling it to accommodate heavy-tailed behavior, asymmetry, and

non-elliptical structures that Gaussian mixture models cannot capture. However, each of these

distribution families is tailored to capture only certain types of patterns, such as heavy tails or

skewness; no single parametric family is sufficiently flexible to accommodate all of the above

patterns. Moreover, these approaches require all components to come from the same specified

family, an assumption that may not hold in heterogeneous real-world data. Finally, switching

between different component families generally demands completely different EM or MCMC

algorithms, making model selection and component-family adjustment computationally costly and

practically inconvenient.

Instead of specifying a more flexible parametric family for each component, Aragam et al. (2020)

proposes fitting nonparametric components by merging components from an overfitted Gaussian
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mixture model, and establishes key identifiability conditions for nonparametric mixture models

under this framework. However, this approach relies on a strong component-separability condition

and doesn’t perform well when components have overlapping tails. In other contexts, the general

idea of merging components from an overfitted model has been utilized in estimating the number of

components in finite mixture models (Manole and Khalili, 2021; Guha et al., 2021), to learn hierar-

chical clustering structures (Do et al., 2024), and to mitigate model misspecification (Dombowsky

and Dunson, 2025). Tai and Aragam (2023) obtain theoretical convergence rates for nonparametric

components in a mixture model by assuming that the support of the underlying mixing measure

is fixed and known. However, their estimation method is not directly applicable in practice when

the support is typically unknown. Aragam and Yang (2025) employs Gaussian convolutions with

varying scale parameters to uncover latent data structure without assuming a mixture-model form

for the density. More recently, Chakraborty and Nguyen (2026) investigated the identifiability of a

broad class of mixture models with nonparametric components, each defined as a convolution with

a probability measure supported on a low-dimensional affine manifold, and developed methods for

modeling a parametric subclass of these components. These approaches represent important steps

toward uncovering clustering structures in data with complex subpopulations. However, they do not

provide a systematic and practical framework for estimating the underlying component distributions

in a fully nonparametric setting.

In this chapter we develop a first and practical Bayesian method with theoretical guarantees to

estimate the mixture models of nonparametric components. We focus on two classes of nonpara-

metric mixture models: the first class is characterized by the assumption that each component has

its probability mass spatially concentrated around a connected region, with distinct components

concentrated in different regions. We allow overlap between component tails. Apart from this

mild spatial separation condition, we do not impose any additional assumptions on the component

distributions. The second class of models are spike-and-slab–type mixtures, in which one compo-

nent exhibits one or more high-density “spikes”, while the other component has a flat, relatively

low-density distribution over the entire support. The two components may share fully overlapping
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support. Moreover, we develop a unified framework that uses mixtures of Dirichlet process mix-

tures with Gaussian kernels to model both types of mixture structures. The hierarchical design

leverages conjugacy to enable an efficient MCMC algorithm for fitting the posterior distributions.

We apply our method to both univariate and multivariate settings through several simulation stud-

ies, and further demonstrate its scalability and practical performance in two real-data applications:

disentangling astronomical sources in two-dimensional space (from approximately 0.8 million ob-

served events) and analyzing the dynamic behavioral patterns of an oceanic whitetip shark using

movement-metric data.

To enable identifiability of nonparametric mixture models while allowing for the overlap of

the mixture components’ support, we develop a new separation condition defined in terms of the

distances between connected regions within the support of the latent mixing measure. We note that

these settings are not covered by the geometric identifiability conditions in the modeling approach

of Chakraborty and Nguyen (2026). Furthermore, we establish theoretical guarantees showing the

posterior contraction rate of the estimated component densities under appropriate conditions. To

our knowledge, this is perhaps the first theoretical guarantee for a practical Bayesian method that

learns nonparametric component densities within a finite mixture modeling framework. In our

work, we show that the posterior contraction rate for the component densities is of the same order

as the convergence rate of the point estimator studied by Tai and Aragam (2023). Since this rate

does not admit a closed-form expression, we further derive an explicit upper bound, which reveals

that the resulting rate is nearly polynomial.

The chapter is organized as follows. Preliminary background is introduced in Section 2.2.

Section 2.3 introduces the problem setting for the two classes of mixture models described above.

In Section 2.4, we present the framework of mixtures of Dirichlet process mixtures (MDPM) and

illustrate our method through several simulation examples. Section 2.5 extends the method to

multivariate distributions and provides an additional simulation study. In Section 2.6, we introduce

the separation conditions based on which the identifiability of nonparametric mixture components

can be established. Section 2.7 presents the posterior contraction results for both the overall mixture
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density and the individual component densities under certain conditions. Finally, Section 2.8 applies

our method to the oceanic whitetip shark acceleration data and the XMM-Newton astronomical

dataset.

2.2 Preliminaries

In this section, we recall basic notions of nonparametric mixture models, and introduce the definition

of topological connectedness that will be useful in determining the identifiability of mixture models.

Mixture models Let P(R𝑚) denote the set of Borel probability measures on R𝑚. Suppose

𝐹 ∈ P(R𝑚). We say that 𝐹 admits a finite mixture representation if, for any Borel set 𝐴 ⊆ R𝑚,

𝐹 (𝐴) takes the form:

𝐹 (𝐴) =
𝐾∑︁
𝑖=1

𝑤𝑖𝐺𝑖 (𝐴) =
∫

𝐺 (𝐴)𝑑Λ(𝐺), 𝐾 ≔ | supp(Λ) |, (𝑤1, · · · , 𝑤𝐾) ∈ Δ𝐾−1, (2.1)

where 𝐺𝑖’s are distinct probability measures from a subset P̃ ⊆ P(R𝑚), and Λ is a probability

measure over P̃, supported on a finite set of 𝐾 component distributions𝐺1, · · · , 𝐺𝐾 . The choice of

𝐺1, · · · , 𝐺𝐾 and𝑤1, . . . , 𝑤𝐾 do not depend on 𝐴. In this case, we refer to 𝐹 as a finite mixture model

with 𝐾 components, where each 𝐺𝑖 represents a distinct subpopulation of 𝐹. If the component

class P̃ is parametric, e.g. 𝑚-dimensional Gaussian distributions, then 𝐹 is a mixture model of

parametric components. In this work, however, we focus on a more general setting where 𝐾 is

finite and known, but P̃ is a nonparametric family. The first question that arises is the identifiability

of the representation (2.1). Denote by P(P̃) a set of probability measures on P̃. The classic

definition of Teicher (1961) specifies the probability measure 𝐹 to be identifiable in P(P̃) if for

any Λ,Λ′ ∈ P(P̃) the condition 𝐹 =
∫
𝐺𝑑Λ(𝐺) =

∫
𝐺𝑑Λ′(𝐺) entails that Λ = Λ′.

In this work, we study the conditions under which 𝐹 is identifiable, and develop a Bayesian

method to estimate each component probability measure𝐺𝑖, as well as its corresponding weight 𝑤𝑖

for 𝑖 = 1, · · · , 𝐾 , while we only have observations from 𝐹. A fundamental concept underlying our
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identifiability conditions is connectedness, therefore we first introduce the notion of connectedness

for a topological space X (cf. Munkres (2020)).

Definition 2.2.1 (Connectedness). Let X be a topological space. A separation of X is a pair of

disjoint nonempty open subsets 𝐴 and 𝐵 of X s.t. X = 𝐴 ∪ 𝐵. X is connected if there does not exist

a separation of X, otherwise it is disconnected.

The above definition makes precise the natural intuition that a topological space is connected if

it is “all in one piece”, meaning it cannot be split into distinct parts that do not touch each other.

We now recall two classical Gaussian mixture families on R. These serve as building blocks for the

mixtures with nonparametric components studied in this chapter. Later we extend the definitions

to the multivariate setting R𝑚.

Location mixture of normals Let 𝑔𝑢,𝜎 stand for the normal density on R with mean 𝑢 and

standard deviation 𝜎: 𝑔𝑢,𝜎 (𝑥) = 1√
2𝜋𝜎

exp
(
− (𝑥−𝑢)

2

2𝜎2

)
. The density 𝑝(𝑥) is a location mixture of

normals if

𝑝(𝑥) = 𝑝𝜎,𝑉 (𝑥) ≔
∫

𝑔𝑢,𝜎 (𝑥)𝑑𝑉 (𝑢) (2.2)

for some 𝜎 > 0, where 𝑉 (·) is a mixing probability distribution on R.

Location-scale mixture of normals 𝑝(𝑥) is a location-scale mixture of normals if

𝑝(𝑥) = 𝑝𝐻 (𝑥) ≔
∫

𝑔𝑢,𝜎 (𝑥)𝑑𝐻 (𝑢, 𝜎), (2.3)

where 𝐻 (·, ·) is a mixing probability distribution on R × (0,∞).

2.3 Problem and modeling assumptions

In this work, we study finite mixture models with nonparametric component densities. For clarity,

we begin with mixture models on R. The multivariate case follows in subsequent sections. Our
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goal is to learn both the overall population distribution and the latent subpopulation distributions

within the mixture model framework (2.1), assuming that the number of components 𝐾 is finite,

fixed and known. To this end, we develop our methodology under two different settings:

(S2.1) The component distribution class P̃ consists of location mixtures of normals, as defined

in (2.2). The variance parameter 𝜎 > 0 is fixed but possibly unknown, and the mixing

distribution𝑉 (𝑢) is assumed to have bounded support. We further restrictP(P̃) to probability

measures supported on 𝐾 components satisfying the following separation condition: for any

two components 𝐺𝑖 = 𝑝𝜎,𝑉𝑖 and 𝐺 𝑗 = 𝑝𝜎,𝑉 𝑗 , 𝑖 ≠ 𝑗 , there exist disjoint bounded connected

sets 𝐼𝑖, 𝐼 𝑗 ⊂ R (i.e., intervals on R) such that supp(𝑉𝑖) ⊆ 𝐼𝑖, and supp(𝑉 𝑗 ) ⊆ 𝐼 𝑗 .

(S2.2) The component distribution class P̃ consists of location-scale mixtures of normals, as defined

in (2.3). The mixing distribution 𝐻 has bounded support on (𝑢, 𝜎). Accordingly, P(P̃)

represents a set of probability measures supported on 𝐾 components satisfying the separation

condition: there exists 𝑥 ∈ {𝑢, 𝜎}, such that for any two components𝐺𝑖 = 𝑝𝐻𝑖 , and𝐺 𝑗 = 𝑝𝐻 𝑗 ,

𝑖 ≠ 𝑗 , we can find disjoint bounded connected sets 𝐼𝑖, 𝐼 𝑗 ⊂ 𝑆𝑥 with supp(𝜋𝑥#𝐻𝑖) ⊆ 𝐼𝑖, and

supp(𝜋𝑥#𝐻 𝑗 ) ⊆ 𝐼 𝑗 , where 𝑆𝑢 = R, 𝑆𝜎 = (0,∞). Here, 𝜋𝑥#𝐻 stands the 𝑥-marginal

distribution of 𝐻, where 𝑥 ∈ {𝑢, 𝜎}.

It is important to note that the assumptions in the two settings apply only to our models and

are not imposed on the actual data-generating distribution. In particular, the true component

densities do not have to be a location mixture or a location–scale mixture of Gaussians. In (S2.1),

we assume that each component in the finite mixture model is a location mixture of normals.

This family is already quite rich, since Gaussian kernel density estimators are themselves location

mixture of normals, and it is known that Gaussian kernel density estimators can approximate

any continuous density arbitrarily well as 𝜎 → 0 (Parzen (1962)). By restricting the support of

mixing distribution 𝑉 to be bounded and imposing a separation condition on components, (S2.1)

characterizes mixture models in which each component has a dominant support region where most

of its mass is concentrated, while still allowing distinct components to overlap in their tails. (S2.2),
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on the other hand, generalizes the component distribution family P̃ to location-scale mixture of

normals. In (S2.2) the separation condition is imposed on either the 𝑢-marginal or the 𝜎-marginal;

thus, in addition to the spatially differentiated components, this class also accommodates spike-

and-slab–type components that overlap in location but differ in scale: one component exhibits

one or more high-density “spikes”, while the other has a relatively flat, low-density distribution

over the entire support. The two components may have fully overlapping support. In this work,

we develop a Bayesian framework for learning mixture models applicable to the general setting

(S2.2) in Section 2.4. We establish theoretical results under setting (S2.1), which consists of (i) an

identifiability theory in Section 2.6 and (ii) posterior contraction rates of both the mixture density

and the component densities in Section 2.7.

2.4 Mixture of Dirichlet Process mixtures

Dirichlet process (DP), introduced by Ferguson (1973, 1974), is a foundational prior for Bayesian

nonparametric modeling and has become widely used due to its analytical tractability. To model data

arising from multiple distinct yet related subpopulations, a rich class of structured extensions of the

DP has been developed to accommodate different data-generating mechanisms. Notable examples

include the hierarchical DP (Teh et al., 2006), nested DP (Rodrı́guez et al., 2008), additive DP

(Müller et al., 2004), and dependent DP (MacEachern, 2000), among many others. A unifying

perspective on these constructions is provided by Franzolini et al. (2025).

As we shall see, the hierarchical Bayesian modeling framework may be extended and adapted

to incorporate the model setting (S2.2). In particular, we shall describe a formulation of a mixture

of Dirichlet process mixtures (MDPM), an early version of which goes back to Antoniak (1974).

We begin by recalling the Dirichlet process mixture (DPM); see, e.g., Ghosal and van der Vaart

(2017) and Müller et al. (2015). Consider the location-scale mixture of normals in (2.3): 𝑝𝐻 (𝑥) ≔∫
𝑔𝑢,𝜎 (𝑥)𝑑𝐻 (𝑢, 𝜎). If we place a Dirichlet process prior on 𝐻, i.e., 𝐻 ∼ DP(𝛼𝐻0) with base

measure 𝐻0 on R × (0,∞) and concentration parameter 𝛼 > 0, then the induced random density

𝑝𝐻 is called a Dirichlet process mixture (DPM).
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In setting (S2.2), we impose a separation condition either on 𝑢 or 𝜎. For clarity, we begin

with the condition on 𝑢. Since any nonempty bounded connected subset 𝐼 of R is an interval, we

parametrize it as [𝑐 − 𝑟, 𝑐 + 𝑟], where 𝑐 ∈ R is the midpoint and 𝑟 > 0 is the half-length. We then

place priors on (𝑐, 𝑟) to model the unknown intervals. By the separation condition in (S2.2), there

exist 𝐾 pairwise disjoint intervals 𝐼1, · · · , 𝐼𝐾 such that, for each 𝑖 = 1, · · · , 𝐾 , the 𝑖-th component

𝐺𝑖 = 𝑝𝐻𝑖 satisfies supp(𝜋𝑢#𝐻𝑖) ⊆ 𝐼𝑖. To ensure the 𝐾 intervals 𝐼1, · · · , 𝐼𝐾 are pairwise disjoint,

we adapt the repulsive priors of Petralia et al. (2012); Xie and Xu (2020) to our setting and place

the following prior on (𝒄, 𝒓) where 𝒄 = (𝑐1, · · · , 𝑐𝐾) and 𝒓 = (𝑟1, · · · , 𝑟𝐾):

𝑝rp(𝒄, 𝒓) ∝
(
𝐾∏
𝑖=1

𝑔𝜇0,𝜂 (𝑐𝑖) · Gamma(𝑟𝑖)
)
· min

1≤𝑖< 𝑗≤𝐾
exp

(
− 𝜏

max( |𝑐𝑖 − 𝑐 𝑗 | − 𝑟𝑖 − 𝑟 𝑗 , 0)𝜈

)
, (2.4)

where 𝜏 > 0 is a scale parameter and 𝜈 is a positive integer controlling the rate at which the

exponential term approaches zero as max( |𝑐𝑖 − 𝑐 𝑗 | − 𝑟𝑖 − 𝑟 𝑗 , 0) decreases, and 𝜂 > 0 controls the

prior spread of the centers 𝒄. We omit the parameters of the Gamma distribution for notational

convenience. The repulsion term is zero whenever intervals overlap (i.e., |𝑐𝑖−𝑐 𝑗 | ≤ 𝑟𝑖+𝑟 𝑗 ), thereby

assigning zero prior mass to non-disjoint configurations. Then for the 𝑖-th component, the base

measure 𝐻𝑖0 on (𝑢, 𝜎) assigns to 𝑢 a normal distribution truncated to [𝑐𝑖 − 𝑟𝑖, 𝑐𝑖 + 𝑟𝑖], and to 𝜎2 an

inverse-gamma distribution on (0,∞), with 𝑢 and 𝜎 independent. Equivalently, 𝐻𝑖0 has density

ℎ𝑖0(𝑢, 𝜎) ∝ 𝑔𝑐𝑖 ,𝜎0 (𝑢) 1[𝑐𝑖−𝑟𝑖 , 𝑐𝑖+𝑟𝑖] (𝑢) · InvGamma(𝜎2) · 2𝜎, (2.5)

where 𝜎0 > 0 is a hyperparameter. The inverse-gamma parameters are omitted for notational

convenience. We place a Dirichlet process prior DP(𝛼𝐻𝑖0) on 𝐻𝑖, for some 𝛼 > 0. With the

choice of 𝐻𝑖0 above, the DPM is conditionally conjugate at the component level, enabling closed-

form updates and substantially improving computational efficiency. Finally, we place a truncated

Dirichlet prior (Fang et al., 2000) on the mixture weights 𝒘 = (𝑤1, · · · , 𝑤𝐾) ∈ Δ𝐾−1. A random

vector 𝒙 ∈ Δ𝐾−1 is said to follow a truncated Dirichlet distribution TDir(𝛾1, · · · , 𝛾𝐾 ; 𝒂, 𝒃), if its
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density is given by

𝑝(𝒙) = 𝑐
𝐾∏
𝑖=1

𝑥
𝛾𝑖−1
𝑖

, 𝒙 ∈ 𝑆𝐾−1(𝒂, 𝒃)

where 𝑐 is a normalizing constant, and 𝑆𝐾−1(𝒂, 𝒃) =
{
𝒙 ∈ Δ𝐾−1 : 𝑎𝑖 ≤ 𝑥𝑖 ≤ 𝑏𝑖, 𝑖 = 1, · · · , 𝐾

}
. The

truncation set 𝑆𝐾−1(𝒂, 𝒃) is nonempty if and only if
∑𝐾
𝑖=1 𝑎𝑖 ≤ 1 ≤ ∑𝐾

𝑖=1 𝑏𝑖. In the special case

𝐾 = 2, this distribution reduces to the truncated beta distribution. We specify the prior on the

mixture weights 𝒘 as 𝒘 ∼ TDir(1/𝐾, · · · , 1/𝐾;𝑤1𝐾 , 𝑤1𝐾), where 𝑤 and 𝑤 are lower and upper

bounds on each component weight, satisfying 0 < 𝐾𝑤 < 1 and 𝐾𝑤 > 1. For simplicity we assume

that all component weights share the same lower and upper bounds. In practice one may assign

component-specific bounds 𝑤𝑖 > 0 and 𝑤𝑖 > 0, as long as 0 <
∑𝐾
𝑖=1 𝑤𝑖 < 1 and

∑𝐾
𝑖=1 𝑤𝑖 > 1. Based

on the construction above, we obtain the hierarchical model specified as follows:

𝒘 = (𝑤1, · · · , 𝑤𝐾) ∼ TDir(1/𝐾, · · · , 1/𝐾;𝑤1𝐾 , 𝑤1𝐾), given 𝐾

𝑧1, · · · , 𝑧𝑛 i.i.d.∼ Categorical(𝑤1, · · · , 𝑤𝐾),

(𝒄, 𝒓) ∼ 𝑝rp(𝒄, 𝒓)

𝐻𝑖0(𝑢, 𝜎) ∝ 𝑔𝑐𝑖 ,𝜎2
0
(𝑢) · 1[𝑐𝑖−𝑟𝑖 ,𝑐𝑖+𝑟𝑖] (𝑢) · InvGamma

(
𝜎2

)
· 2𝜎

𝐻𝑖 ∼ DP(𝛼𝐻𝑖0)

𝐺𝑖 = 𝑝𝐻𝑖 =

∫
𝑔𝑢,𝜎𝑑𝐻𝑖 (𝑢, 𝜎) for 𝑖 = 1, · · · , 𝐾

𝑥 𝑗 ∼ 𝐺𝑧 𝑗 for 𝑗 = 1, · · · , 𝑛, given 𝐺1:𝐾 , 𝑧1:𝑛.

(2.6)

Here, 𝑥1, · · · , 𝑥𝑛 are the 𝑛 samples observed, and 𝑧𝑖, 𝑖 = 1, · · · , 𝑛 are the latent variables indicating

the component generating 𝑥𝑖. Figure 2.1 illustrates the hierarchical model for the two-component

case (𝐾 = 2).

In some application, we may have prior knowledge about the connected regions in which most

of the component mass is concentrated. In such cases, the repulsive prior on (𝒄, 𝒓) can be replaced

by fixed parameters (𝒄, 𝒓). When the separation condition is imposed on 𝜎, we treat (𝒄, 𝒓) as fixed
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Figure 2.1: Graphical model representation of the MDPM (2.6) for 𝐾 = 2. The dashed edges
among 𝑐1, 𝑟1, 𝑐2, 𝑟2 represent the repulsive prior on (𝒄, 𝒓), which enforces disjoint intervals 𝐼1 and
𝐼2. For 𝑖 = 1, 2, the base measure 𝐻𝑖0(𝑢, 𝜎) is supported on 𝐼𝑖 × (0,∞). The dashed edge between
𝑤1 and 𝑤2 indicates the truncated Beta prior (equivalently, the two-parameter truncated Dirichlet)
on the mixture weights 𝒘 = (𝑤1, 𝑤2). Finally, the mixture weights 𝒘 = (𝑤1, 𝑤2) combine the
component distributions into the overall mixture 𝐹 = 𝑤1𝐺1 + 𝑤2𝐺2.

and known, and modify the base measure 𝐻𝑖0(𝑢, 𝜎), for 𝑖 = 1, . . . , 𝐾 to

𝐻𝑖0(𝑢, 𝜎) ∝ 𝑔𝑐0,𝜎
2
0
(𝑢) · InvGamma

(
𝜎2

)
· 2𝜎 · 1[𝑐𝑖−𝑟𝑖 , 𝑐𝑖+𝑟𝑖] (𝜎).

Note that the structure of (2.6) resembles the classical Bayesian hierarchical model for finite

mixture of parametric components (Diebolt and Robert (1994); Richardson and Green (1997);

Miller and Harrison (2018)), apart from replacing the prior of component parameters with a DPM

prior. Given that a single DPM is already highly flexible— in particular, it achieves consistent

estimation for a broad class of smooth densities at a nearly optimal rate (Ghosal and van der

Vaart (2007))—one may wonder whether employing a mixture of DPMs (MDPM) is necessary.

Accordingly, we explain why an MDPM is warranted and highlight its benefits over a single DPM.

The first advantage lies in increased modeling effectiveness and computational efficiency. While

one might expect a single DPM prior to be simpler, in practice this requires the base measure itself

to be a mixture supported on several disjoint connected sets. Modeling and posterior inference

with respect to complex forms of the latent base measure may be highly inefficient. In particular,

constructing a base measure supported on disjoint subsets breaks conjugacy and greatly reduces
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the efficiency of the MCMC sampling. By contrast, employing a mixture of DPMs—each with a

truncated normal-inverse Gamma base measure—preserves conjugacy at the component level and

substantially improves sampling efficiency. Second, the structural similarity between MDPM and

the classical Bayesian hierarchical model for finite parametric mixtures allows us to leverage the

extensive toolbox of methods developed for finite mixture modeling over the past several decades.

For example, repulsive priors were originally proposed to reduce redundancy among components

in Bayesian mixture models (Petralia et al. (2012)) and are here adapted to model disjoint intervals.

Therefore, the MDPM framework not only enables efficient computation but also offers considerable

potential for extension using the rich set of tools developed for parametric mixture modeling. In

addition, in Section 2.7 it will be shown that, under appropriate conditions, an MDPM prior achieves

the same posterior contraction rate to the true mixture density as a single DPM prior. This further

justifies the MDPM framework—counterintuitively, it does not add complexity but rather provides

a practical framework even if one is only interested in modeling the data population, not its latent

subpopulations. This leads to the fourth, and perhaps the most interesting feature of the MDPM

framework, which is that it enables the inference of individual components’ distributions even when

they have complex forms for which no parametric class of probability kernels can be adequate.

Inference algorithms for DPMs are typically of two types, corresponding to two representations

of the DPM: the Pólya–urn representation (Blackwell and MacQueen (1973)) and the stick-breaking

representation (Sethuraman (1994)). The Pólya–urn representation integrates out the random

measures from the Dirichlet process and characterizes the marginal distribution of the observed

data. This perspective underlies a class of Gibbs samplers (Escobar, 1994; MacEachern and Müller,

1998; Neal, 2000; Jain and Neal, 2004). In contrast, the stick-breaking representation provides an

explicit constructive form of the random distributions. To deal with the potentially infinite number

of components in the random distribution functions, Walker (2007); Kalli et al. (2011) developed the

slice sampler. Because we aim to infer the mixture weights 𝒘, the component distributions {𝐺𝑖}𝐾𝑖=1,

and the overall mixture 𝐹 jointly, an explicit representation of the random distribution functions is

preferred. Accordingly, we adapt a slice sampler to the MDPM. In order to accommodate large-
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dataset applications, we adopt the slice-sampling approach proposed by Ge et al. (2015), which

leverages a MapReduce framework to parallelize the sampler’s computations. Our algorithm for

MDPM is detailed in Appendix A.1. We implement the algorithm in Julia, leveraging its fast loops

and built-in support for parallel programming. The source code is available at GitHub. As noted

earlier, conjugacy yields closed-form conditionals, which makes the sampler highly efficient.
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(a) Example 1: True densities
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(b) Example 1: Component density estimations
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Figure 2.2: Example 1: a three-component mixture with the separation condition imposed on
the location parameter 𝑢; 𝑓1 is generated from a random combination of Hermite functions; 𝑓2
is a skewed exponential-power distribution, and 𝑓3 is a Laplace distribution. Example 2: a
two component mixture with the separation condition imposed on the scale parameter 𝜎; Both
component densities are generated from random combinations of Hermite functions.

Two simulation examples are shown in Figure 2.2. Example 1 in panels (2.2a) and (2.2b)

illustrates a setting in which the separation condition is imposed on the location parameter 𝑢. In

(2.2b), the pointwise 95% posterior credible intervals for the component densities closely follow

the true component densities, including within the overlapping tail region between 𝑓2 and 𝑓3. The
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three estimated latent intervals are displayed beneath the density curves and approximately identify

the regions where each component places most of its mass, and the estimated weights are shown

in the upper-left corner in (2.2b). Panels (2.2c) and (2.2d) show a second example in which the

separation condition is imposed on the scale parameter 𝜎. In both scenarios, the proposed method

demonstrates strong performance. For the simulation in Example 1 with 𝑛 = 10,000 observations

and 𝐾 = 3 components, 10,000 MCMC iterations without multi-threading take about 1.5 minutes

(wall-clock) on a MacBook Pro (Apple M4, 10-core; 24 GB unified memory). For large datasets,

enabling multi-threading typically yields an additional 10–20% speedup. We further demonstrate

the scalability of our method by applying a multivariate version of our algorithm to an astronomical

dataset containing approximately 0.8 million two-dimensional events in Section 2.8.

2.5 Multivariate distributions

This section extends the problem setting in section 2.3 and the method in section 2.4 to the

multivariate case. We first consider location-scale mixture of normals on R𝑚: For any 𝝁 ∈ R𝑚,

Σ ∈ R𝑚×𝑚, Σ ≻ 0, let 𝑔𝝁,Σ denote the 𝑚-dimensional normal density with mean 𝝁 and covariance

matrix Σ: 𝑔𝝁,Σ (𝒙) =
(√

2𝜋
)−𝑚
|Σ |−1/2 exp

(
−(𝒙 − 𝝁)𝑇Σ−1(𝒙 − 𝝁)

)
.

We say 𝑝(𝒙) is a location-scale mixture of normals on R𝑚 if there exists a mixing distribution

𝐻 (·, ·) on R𝑚 × S𝑚++ such that

𝑝(𝒙) = 𝑝𝐻 (𝒙) ≔
∫

𝑔𝝁,Σ (𝒙)𝑑𝐻 (𝝁, Σ), (2.7)

where S𝑚++ denotes the set of all 𝑚 × 𝑚 positive-definite matrices. In this section, we consider

mixture models under the following setting:

(S2.3) The component distribution class P̃ consists of location-scale mixtures of normals on R𝑚,

as defined in (2.7). The mixing measure 𝐻 satisfies: (i) its 𝝁-marginal 𝜋𝝁#𝐻 has bounded

support on R𝑚; and (ii) its Σ-marginal 𝜋Σ#𝐻 is supported on covariance matrices with

eigenvalues uniformly bounded above and away from 0. P(P̃) are probability measures
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supported on finitely many components satisfying the separation condition: for any two

components 𝐺𝑖 = 𝑝𝐻𝑖 , and 𝐺 𝑗 = 𝑝𝐻 𝑗 , 𝑖 ≠ 𝑗 , we can find two disjoint bounded connected

sets 𝐼𝑖, 𝐼 𝑗 ⊂ R𝑚 such that supp(𝜋𝝁#𝐻𝑖) ⊆ 𝐼𝑖, and supp(𝜋𝝁#𝐻 𝑗 ) ⊆ 𝐼 𝑗 .

To extend the hierarchical model (2.6) to the multivariate setting (S2.3), the major modification

is the modeling of pairwise disjoint connected sets 𝐼1, · · · , 𝐼𝐾 ⊂ R𝑚. In this work, we model

𝐼1, · · · , 𝐼𝐾 as axis-aligned hypercubes centered at 𝑐𝑘 with half-side length 𝑟𝑘 > 0, equivalently,

𝐼𝑘 = {𝑥 ∈ R𝑚 : ∥𝑥 − 𝑐𝑘 ∥∞ ≤ 𝑟𝑘 }, 𝑘 = 1, . . . , 𝐾.

Although modeling 𝐼𝑘 ’s with more flexible shapes are possible, the main computational bottleneck

is efficient sampling from a truncated multivariate normal. Most existing methods address linear

constraints (Geweke et al. (1991); Kotecha and Djuric (1999); Fernández et al. (2007); Chopin

(2011); Botev (2017)), and an exact Hamiltonian Monte Carlo sampler Pakman and Paninski

(2014) has been developed to handle both linear and quadratic inequality constraints. However,

scalable samplers for more flexible constraints remain limited. Thus, extending from hypercubes to

more general H-polytopes is straightforward (Botev (2017)), but efficient sampling under nonconvex

constraints remains underexplored. Developing scalable algorithms for such cases is an interesting

direction for future work.
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True density Fitted component 1 (weighted) Fitted component 2 (weighted)

Figure 2.3: A bivariate two-component mixture model. Each component is a Gaussian mixture
located on a circle with random covariance matrices. The left panel displays the true density, while
the middle and right panels show the pointwise posterior means of the fitted component densities,
weighted by their respective posterior mixture weights.

Accordingly, we extend the repulsive prior (2.4) to R𝑚,

𝑝𝑚𝑟𝑝 (𝒄, 𝒓) ∝
(
𝐾∏
𝑖=1

𝑔𝝁0,Σ0 (𝒄𝑖) · Gamma(𝑟𝑖)
)
· min

1≤𝑖< 𝑗≤𝐾
exp

(
− 𝜏

max(∥𝒄𝑖 − 𝒄 𝑗 ∥∞ − 𝑟𝑖 − 𝑟 𝑗 , 0)𝜈

)
,

(2.8)

and change 𝐻𝑖0 to its multivariate counterpart:

𝐻𝑖0(𝝁, Σ) ∝ 𝑔𝒄𝑖 ,Σ1 (𝝁) · 1[𝒄𝑖−𝑟𝑖 ,𝒄𝑖+𝑟𝑖] (𝝁) · InvWishart(Σ), (2.9)

where InvWishart denotes the inverse-Wishart distribution, and hyperparameters are omitted for

brevity. The rest of model (2.6) remain unchanged. A simulation example is shown in Figure 2.3.

In some applications, reasonable a priori estimates of where each component lies are available;

in such settings we can fix 𝐼1, . . . , 𝐼𝐾 and drop the repulsive prior over regions, yielding a simpler

model. Code for the fixed-region algorithm is also provided. An application example is in Section

2.8.
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2.6 Identifiability

In this section, we assume that the true mixture distribution satisfies (S2.1) and establish conditions

for the identifiability of the mixture model’s nonparametric components. We begin by introducing

notions of distance between connected sets in the topological space X.

Let 𝐼1 and 𝐼2 be two connected subsets of X such that 𝐼1 ∪ 𝐼2 is disconnected. If the space X is

equipped with some metric 𝑑, we can define the distance 𝑑𝑐 (𝐼1, 𝐼2) between the two connected sets

𝐼1 and 𝐼2 as

𝑑𝑐 (𝐼1, 𝐼2) = inf
𝑥∈𝐼1,𝑦∈𝐼2

𝑑 (𝑥, 𝑦). (2.10)

Any non-empty 𝐼 ⊆ X has a unique separation 𝑆𝐼 such that each element 𝐼𝑖 ∈ 𝑆𝐼 is non-empty

and connected, and if 𝑆𝐼 contains more than one element, then for any subset 𝑇 ⊆ 𝑆𝐼 with |𝑇 | ≥ 2,

the union ∪
𝐼𝑖∈𝑇

𝐼𝑖 is disconnected, and moreover 𝐼 = ∪𝐼𝑖∈𝑆𝐼 𝐼𝑖. This separation is unique because if

there is a different separation 𝑆′
𝐼

that satisfies the same conditions, there must be a connected set

𝐼∗ ∈ 𝑆𝐼 such that 𝐼∗ ∉ 𝑆′
𝐼
, then ∪

𝐴∈𝑆′
𝐼

(𝐼∗ ∩ 𝐴) = 𝐼∗ is connected, which contradicts the conditions of

𝑆′
𝐼
. Note that 𝑆𝐼 may be an infinite set. In particular, a singleton is itself a connected set.

For distinct 𝐼𝑖, 𝐼 𝑗 ∈ 𝑆𝐼 , we say 𝐼𝑖 and 𝐼 𝑗 are neighbors in 𝑆𝐼 if there is no 𝐼𝑘 ∈ 𝑆𝐼\{𝐼𝑖, 𝐼 𝑗 } such

that 𝑑𝑐 (𝐼𝑖, 𝐼𝑘 ) < 𝑑𝑐 (𝐼𝑖, 𝐼 𝑗 ) and 𝑑𝑐 (𝐼 𝑗 , 𝐼𝑘 ) < 𝑑𝑐 (𝐼𝑖, 𝐼 𝑗 ). Denote the set of all such unordered neighbor

pairs by N(𝑆𝐼). Then we can define the within-space distance 𝑑𝑤 of a space 𝐼 as

𝑑𝑤 (𝐼) =


0, |𝑆𝐼 | = 1

sup
(𝐼𝑖 ,𝐼 𝑗 )∈N (𝑆𝐼 )

𝑑𝑐 (𝐼𝑖, 𝐼 𝑗 ), |𝑆𝐼 | ≥ 2
(2.11)

Furthermore, the between-space distance 𝑑𝑏 of two spaces 𝐼 and 𝐽 can be defined as

𝑑𝑏 (𝐼, 𝐽) = inf
𝐼𝑖∈𝑆𝐼 ,𝐽𝑖∈𝑆𝐽

𝑑𝑐 (𝐼𝑖, 𝐽𝑖). (2.12)

In this section, we provide theoretical results for the identifiability of mixture models under
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setting (S2.1). Let 𝐼1, · · · , 𝐼𝐾 be pairwise disjoint compact intervals on R, where 𝐼𝑘 = [𝑐𝑘 −

𝑟𝑘 , 𝑐𝑘 + 𝑟𝑘 ] for some 𝑐𝑘 ∈ R, and 𝑟𝑘 > 0 ( 𝑘 = 1, · · · , 𝐾). Without loss of generality, index these

intervals so that 𝑐𝑘 + 𝑟𝑘 < 𝑐𝑘+1 − 𝑟𝑘+1, ∀1 ≤ 𝑘 ≤ 𝐾 − 1. Consider the mixture model

𝑓 =

𝐾∑︁
𝑘=1

𝑤𝑘 𝑓𝑘 , s.t. 𝑓𝑘 =
∫

𝑔𝑢,𝜎 (𝑥)𝑑𝑉𝑘 (𝑢), supp(𝑉𝑘 ) ⊆ 𝐼𝑘 , and (𝑤1, · · · , 𝑤𝐾) ∈ Δ𝐾−1, (2.13)

where 𝜎 ∈ (0,∞) is a fixed but probably unknown standard deviation. For 𝑘 = 1, · · · , 𝐾 , 𝑉𝑘 can

be any probability measure supported within 𝐼𝑘 . To ensure the identifiability of (2.13), we consider

the two situations:

(C2.1) The sets 𝐼1, · · · , 𝐼𝐾 are fixed and known.

(C2.2) 𝐾 is fixed and known, but the sets 𝐼1, · · · , 𝐼𝐾 are unknown, and

0 ≤ max
1≤𝑘≤𝐾

𝑑𝑤 (supp(𝑉𝑘 )) < min
1≤𝑖< 𝑗≤𝐾

𝑑𝑏 (supp(𝑉𝑖), supp(𝑉 𝑗 )).

The following theorem shows that if either condition (C2.1) or (C2.2) is satisfied, the function 𝑓

defined as in (2.13) has a unique representation as a mixture model.

Theorem 2.6.1. For any 𝑓 as defined in (2.13) such that (C2.1) or (C2.2) is satisfied, there

exist a unique 𝜎, a unique collection of densities 𝑓1, · · · , 𝑓𝐾 , and a corresponding weight vector

(𝑤1, · · · , 𝑤𝐾) ∈ Δ𝐾−1 that satisfy the conditions in (2.13) such that 𝑓 =
∑𝐾
𝑘=1 𝑤𝑘 𝑓𝑘 .

2.7 Posterior contraction rates

In this section, we obtain the contraction rates of the Bayesian posteriors arising from the models

described in the previous sections. Our theoretical analysis focuses on the following class of

mixture densities:

Let F𝐾,𝜎 (𝒄, 𝒓, 𝑤) denote the class of densities 𝑓 of the form 𝑓 =
∑𝐾
𝑘=1 𝑤𝑘 𝑓𝑘 , where

(𝑤1, · · · , 𝑤𝐾) ∈ Δ𝐾−1, 𝐾 ≥ 2 satisfies 𝑤𝑘 ∈ [𝑤,
1−𝑤
𝐾−1 ], 𝑘 = 1, · · · , 𝐾 for some 0 < 𝑤 < 1/𝐾2. For
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each 𝑘 = 1, · · · , 𝐾 , the component density is given by 𝑓𝑘 (𝑥) =
∫
𝑔𝑢,𝜎 (𝑥)𝑑𝑉𝑘 (𝑢), ∀𝑥 ∈ R, where 𝑉𝑖

is a probability measure with supp(𝑉𝑘 ) ⊂ [𝑐𝑘 − 𝑟𝑘 , 𝑐𝑘 + 𝑟𝑘 ], for some 𝑐𝑘 ∈ R, 𝑟𝑘 ∈ (0,+∞).

Here 𝒄 = (𝑐1, · · · , 𝑐𝐾) and 𝒓 = (𝑟1, · · · , 𝑟𝐾). Without loss of generality, we assume that

𝑐𝑘 + 𝑟𝑘 < 𝑐𝑘+1 − 𝑟𝑘+1 for 1 ≤ 𝑘 ≤ 𝐾 − 1. Throughout this section, 𝐾, 𝜎, 𝒄, 𝒓, 𝑤 are assumed

fixed and known, and the true mixture density 𝑓0 =
∑𝐾
𝑘=1 𝑤𝑘0 𝑓𝑘0 is assumed to lie in F𝐾,𝜎 (𝒄, 𝒓, 𝑤).

We study posterior contraction rates for Bayesian density estimation under a mixture of Dirichlet

process mixture (MDPM) prior imposed on the density class F𝐾,𝜎 (𝒄, 𝒓, 𝑤). The prior specification

is given by the following assumptions:

(A2.1) Let W := (𝑊1, · · · ,𝑊𝐾) follow the distribution Tdir(𝛼1, · · · , 𝛼𝐾 ;𝑤1𝐾 ,
1−𝑤
𝐾−11𝐾). We further

assume that the concentration parameters satisfy 𝐴 ≤ 𝛼𝑘 ≤ 1, 𝑘 = 1, · · · , 𝐾 , for some

constant 0 < 𝐴 < 1/𝐾 .

(A2.2) For 1 ≤ 𝑘 ≤ 𝐾 , let 𝐻𝑘 be a finite, positive measure on [𝑐𝑘 − 𝑟𝑘 , 𝑐𝑘 + 𝑟𝑘 ]. 𝐷𝐻𝑘 is a Dirichlet

process with base measure 𝐻𝑘 .

(A2.3) We assume W and 𝐷𝐻𝑘 ’s are mutually independent. Let Π𝑘 := 𝐷𝐻𝑘 and Π :=
∑𝐾
𝑘=1𝑊𝑘𝐷𝐻𝑘 .

Π defined above induces a prior on the mixing measure
∑𝐾
𝑘=1𝑊𝑘𝑉𝑘 . By the identifiability result

established in Theorem 2.6.1, there is a one-on-one correspondence between the mixing measure

and the associated mixture density 𝑓 ∈ F𝐾,𝜎 (𝒄, 𝒓, 𝑤). Consequently, Π also uniquely induces a

prior on F𝐾,𝜎 (𝒄, 𝒓, 𝑤). With a slight abuse of notation, we henceforth regard Π as a prior on

F𝐾,𝜎 (𝒄, 𝒓, 𝑤).

Section 2.7.1 establishes the posterior contraction rate of the overall mixture density under As-

sumptions (A2.1)–(A2.3), while Section 2.7.2 derives contraction rates for the component densities

when 𝐾 = 2 under additional separation conditions.

Throughout this section, we introduce several notions of distances and divergences between

probability densities. The Hellinger distance 𝑑 between two densities 𝑓 and 𝑔 is defined as:

𝑑 ( 𝑓 , 𝑔) =
(∫ (

𝑓 1/2(𝑥) − 𝑔1/2(𝑥)
)2
𝑑𝑥

)1/2
, and the 𝐿1-norm ∥ 𝑓 − 𝑔∥1 =

∫
| 𝑓 (𝑥) −𝑔(𝑥) |𝑑𝑥. 𝐿1 and
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Hellinger distances are related by

𝑑2( 𝑓 , 𝑔) ≤ ∥ 𝑓 − 𝑔∥1 ≤ 2𝑑 ( 𝑓 , 𝑔). (2.14)

Let 𝑝0 ∈ P, a class of densities and let 𝑃0 be the probability measure with density 𝑝0. The

Kullback-Leibler (KL) divergence is 𝐾 (𝑝0, 𝑝) =
∫

log(𝑝0/𝑝)𝑑𝑃0, and the second Kullback-

Leibler variation is 𝐾2(𝑝0, 𝑝) =
∫
(log(𝑝0/𝑝))2𝑑𝑃0. Also relevant is the KL ball 𝐵2(𝑝0, 𝜖) ={

𝑝 : 𝐾 (𝑝0, 𝑝) ≤ 𝜖2, 𝐾2(𝑝0, 𝑝) ≤ 𝜖2}.

2.7.1 Posterior contraction of the overall mixture density

In this section we establish the posterior contraction rates of the overall mixture density.

Theorem 2.7.1. Let 𝑓0 ∈ F𝐾,𝜎 (𝒄, 𝒓, 𝑤), where 𝐾, 𝜎, 𝒄, 𝒓, 𝑤 are fixed and known. Denote by 𝑃 𝑓0 the

probability measure with density 𝑓0. Let 𝑋 (𝑛) := (𝑋1, · · · , 𝑋𝑛) be 𝑛 i.i.d samples from 𝑃 𝑓0 . Consider

the prior Π constructed under specifications (A2.1), (A2.2), and (A2.3), and let Π (𝑛) (·|𝑋 (𝑛)) be

the posterior distribution induced by the prior Π. Then for a large enough constant 𝑀 ,

Π (𝑛)
(
𝑑 ( 𝑓 , 𝑓0) > 𝑀

log 𝑛
√
𝑛
|𝑋1, · · · , 𝑋𝑛

)
→ 0 (2.15)

in 𝑃𝑛
𝑓0

-probability.

Theorem 2.7.1 establishes that, under the assumptions (A2.1)-(A2.3) for a MDPM prior, the

posterior contraction rate of our estimator for the overall mixture density matches that obtained

under a single Dirichlet process mixture prior.

The proof of the above theorem follows the general framework laid out by Theorem 2.1 in Ghosal

and van der Vaart (2001). To apply this framework, we will find a positive sequence 𝜖𝑛 → 0 such

that Π (𝐵2 ( 𝑓0, 𝜖𝑛)) ≥ 𝑐3𝑒
−𝑐4𝑛𝜖

2
𝑛 , for some constants 𝑐3, 𝑐4 > 0. Lemma A.4.2 identifies such 𝜖𝑛

for the mixture of Dirichlet processes prior under the assumptions (A2.1)-(A2.3), and the proof of

Theorem 2.7.1 follows.
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2.7.2 Posterior contraction of component densities

The novel and considerably more demanding part of our theory lies in establishing posterior

contraction rates for the individual component densities. For the ease of technical exposition we

shall restrict our theorem’s claim to the case 𝐾 = 2 with the following conditions:

(C2.3) Consider the density class F = F2,𝜎 (𝒄, 𝒓, 𝑤), for some 0 < 𝑤 < 1
4 . Assume that 𝒄 and 𝒓

satisfy |𝑐1 − 𝑐2 | > 8 max(𝑟1, 𝑟2). Denote 𝑟 = |𝑐1 − 𝑐2 |. 𝜎, 𝒄, 𝒓, 𝑤 are fixed and known.

(C2.4) Let 𝑓0 = 𝑤10 𝑓10 + 𝑤20 𝑓20 ∈ F2,𝜎 (𝒄, 𝒓, 𝑤).

(C2.5) Consider an MDPM prior Π on F satisfying (A2.1), (A2.2) and (A2.3) with 𝐾 = 2.

Theorem 2.7.2. Let F , 𝑓0, Π be specified as in (C2.3), (C2.4), and (C2.5). Denote by 𝑃 𝑓0 the

probability measure with density 𝑓0. Let 𝑋 (𝑛) := (𝑋1, · · · , 𝑋𝑛) be 𝑛 i.i.d. samples from 𝑃 𝑓0 . Let

Π (𝑛) (·|𝑋 (𝑛)) denote the posterior distribution induced by the prior Π. For 𝑖 = 1, 2, if 𝜖𝑛 ≥ 𝑛−
𝑐𝑖

log log 𝑛

for some positive constant 𝑐𝑖, then we have

Π (𝑛) (∥ 𝑓𝑖 − 𝑓𝑖0∥1 > 𝑀𝑛𝜖𝑛 |𝑋1, · · · , 𝑋𝑛) → 0

in 𝑃𝑛
𝑓0

-probability, for every 𝑀𝑛 →∞.

Remark. Because log log 𝑛 grows extremely slowly and may be treated as almost constant as

𝑛 → ∞, 𝜖𝑛 is almost a polynomial rate. This rate is of the same order as that established for

component density estimation in Tai and Aragam (2023).

A critical portion of this proof requires an existence of test argument. To establish the existence

of such a test with desired controls on its type I and type II errors, we need a component density

estimator 𝑓̂𝑖, and establish an upper bound on ∥ 𝑓̂𝑖 − 𝑓𝑖∥1 that vanishes as the sample size 𝑛 → ∞.

The estimator is due to Tai and Aragam (2023), who also provided a convergence analysis under the

𝑙1 norm ∥ 𝑓̂𝑖 − 𝑓𝑖∥1. For simplicity, they fixed 𝑟1 = 𝑟2 = 1
2 , and 𝜎 = 1, and provided only the order
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of the convergence rate. For our purposes we extend their results to the setting where 𝑟𝑖 ∈ (0,+∞),

𝑖 = 1, 2, 𝜎 ∈ (0,+∞), and we derive the convergence rate with explicit constants. This refinement

is useful, as it allows us to establish a concentration inequality for the estimate of the component

densities, from which the desired existence of a test will follow.

Lemma 2.7.3. Let 𝑓 ∈ F and 𝑓0 be as defined in (C2.3) and (C2.4). Fix a constant 𝑀 > 2, and let

{𝜖𝑛} be a positive sequence such that lim𝑛→∞ 𝜖𝑛 = 0. For any component 𝑖 = 1 (or 2), there exists

a test function 𝜙𝑛 : R𝑛 → {0, 1} such that for sufficiently large 𝑛 and small 𝜖𝑛,

𝐸 𝑓0 [𝜙𝑛] ≤ exp ©­«−𝑐𝑛4/5
(
𝜖𝑛

𝑐1𝑖

)𝑐2𝑖 log log
(
𝑐1𝑖
𝜖𝑛

)
+𝑐3𝑖ª®¬ ,

and

sup
𝑓 ∈F : ∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

𝐸 𝑓 [1 − 𝜙𝑛] ≤ exp ©­«−𝑐𝑛4/5
(
(𝑀 − 1)𝜖𝑛

𝑐1𝑖

)𝑐2𝑖 log log
(

𝑐1𝑖
(𝑀−1) 𝜖𝑛

)
+𝑐3𝑖ª®¬ ,

where 𝑐 is a positive absolute constant, 𝑐1𝑖 is a positive constant depending on 𝑖, 𝑟, 𝜎, 𝑟1, 𝑟2, 𝑤, 𝑐2𝑖

is a positive constant depending on 𝑖, 𝑟, 𝜎, 𝑟1, 𝑟2, and 𝑐3𝑖 is a constant depending on 𝑖, 𝑟, 𝜎, 𝑟1, 𝑟2.

In Appendix A.5, we detail the construction of such a component density estimator 𝑓̂𝑖, and in

Appendix A.6, we give an upper bound of ∥ 𝑓̂𝑖 − 𝑓𝑖∥1, which is a refinement of a result of Tai and

Aragam (2023). In Appendix A.7, we further derive the tail bound of 𝑓̂𝑖. In Appendix A.8, we

establish the existence of a test function 𝜙𝑛 with desired controls on type I error 𝐸 𝑓0 [𝜙𝑛] and type

II error 𝐸 𝑓 [1 − 𝜙𝑛]. Note that this test function 𝜙𝑛 cannot be used in practice, but the existence of

such a test function is sufficient for the proof of the main theorem (Theorem 2.7.2) on the posterior

contraction of the component density 𝑓𝑖.
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2.8 Applications

2.8.1 Disentangling astronomical sources

XMM-Newton dataset. This dataset (Jones et al. (2015) ) consists of X-ray events from the

nearby star pair FK Aqr and FL Aqr (a visual binary) observed by ESA’s XMM-Newton telesccope.

The detectors recorded about 540,000 individual X-ray photons (a total of 758,869 events including

noise) over a 47 ks (∼13 hr) exposure. For each photon, we have its position (𝑋,𝑌 ) on the detector

and a spectral energy value. The two sources partly overlap in the image and the background is

weak, making this a clean test case for methods that aim to separate blended sources.

Mixture models have been widely used to model X-ray events originating from different astro-

nomical sources. Jones et al. (2015) modeled the spatial information (𝑋 and 𝑌 ) using a mixture

of King profiles. This and subsequent work by Meyer et al. (2021) extended this spatial model by

incorporating additional spectral and temporal information. In this section, we employ a multivari-

ate MDPM with fixed regions to model the spatial distribution of X-ray events. The regions are

held fixed to avoid identifiability issues and are pre-defined. The two regions are determined based

on the kernel density estimate (KDE) of the observed data and serve as approximate estimates of

the locations of the two astronomical sources. The two rectangle regions are illustrated in the left

panel of Figure 2.4. In addition to the two source components, we include a third component—a

uniform distribution over the observation window—to capture the diffuse background noise.

We compare our density estimation result from MDPM (left panel), Kernel density estimate

(middle panel) and Mixture of King’s profiles from Jones et al. (2015) (right panel) in Figure 2.4.

King’s profile density is a parametric model and assumes the regular elliptical contours of each

astronomical source density, however, from its comparison with KDE we know that it failed to

capture the tail structure of real data sharply. In contrast, MDPM can closely recover the real data

density.
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Figure 2.4: Density estimation contours from MDPM, KDE, and mixture of King’s profiles,
respectively.
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Figure 2.5: Comparison of CDFs.

MDPM King’s Profile

Weights posterior mean 68% CI posterior mean 68% CI

𝑤1 (lower component) 0.643 (0.641, 0.646) 0.717 (0.716, 0.718)

𝑤2 (upper component) 0.229 (0.227, 0.231) 0.182 (0.181, 0.182)

𝑤0 (background noise) 0.128 (0.127, 0.128) 0.102 (0.101, 0.102)

Table 2.1: Comparison of the estimated component weights. The 68% credible intervals are
computed using 16% and 84% posterior quantiles.

Figure 2.5 compares the cumulative distribution functions (CDFs) obtained from the MDPM

estimator, the mixture of King’s profiles estimator, and the empirical CDF. For any location (𝑥, 𝑦),
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the estimated CDF is defined as 𝐹̂ (𝑥, 𝑦) = Pr 𝑓 (𝑋 ≤ 𝑥,𝑌 ≤ 𝑦). In the left panel of Figure 2.5,

we examine five 𝑋 values—119.0, 120.5, 121.0, 121.5, and 123.0—and, for each value, plot the

CDF as 𝑌 varies from 117.5 to 135.0. The resulting curves are shown using distinct colors and line

styles for clarity. Across all five 𝑋-values, the MDPM estimator closely tracks the empirical CDF,

whereas the Mixture of King’s profiles consistently overestimates the tail mass. The middle and

right panels of Figure 2.5 display the pointwise differences between each model’s estimated CDF

and the empirical CDF over the spatial domain, with 𝑋 ranging from 111.5 to 130.29 and𝑌 ranging

from 117.8 to 135.8. The MDPM estimator matches the empirical CDF closely across most of the

plane, with only minor deviations near the centers of the two astronomical sources. In contrast, the

mixture of King’s profiles exhibits noticeably larger discrepancies throughout the region. These

results indicate that the MDPM estimator captures the subtle tail behavior of both sources much

more effectively. The estimated component weights are compared in Table 2.1.

2.8.2 Analysis of oceanic whitetip shark acceleration data

Studying the dynamic patterns of an animal’s behavioral states from animal movement metrics is a

topic of interest in ecology. The Overall Dynamic Body Acceleration (ODBA) data were collected

for an oceanic whitetip shark at a rate of 16 Hz over 4 days (Langrock et al. (2018)). The movements

of the shark were recorded by accelerometers along three axes at very fine temporal scales (multiple

times per second) over multiple days. The acceleration measurements from the three axes were

then combined into a single representative metric. A line of work (Langrock et al. (2015, 2018);

Chen and Finkenstädt (2024)) has modeled such data with spline-based hidden Markov models

(HMM) to infer latent movement states (e.g., resting, foraging or migrating). Chen and Finkenstädt

(2024) uses a smaller dataset over a timespan of 24 hours, and the raw ODBA values are averaged

over nonoveralpping windows of length 15 seconds and log transformed (lODBA), resulting in

a total of 5,760 observations. Prior work typically assumes that latent movement states follow

a time-homogeneous Markov chain with a fixed transition matrix. This implies that, as sample

size increases, the marginal distribution of the states approaches the chain’s stationary distribution
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(assuming ergodicity). To assess our approach on real data, we apply the MDPM to the raw

observations, estimate a component (emission) density for each movement state, and compare the

results with those from existing HMM-based analyses.
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Figure 2.6: Left, middle, and right panels show the lODBA histogram with the estimated weighted
emission densities from MDPM, adSP (Chen and Finkenstädt, 2024), and fpSP (Langrock et al.,
2015), respectively.

We analyze the lODBA data with MDPM and set 𝐾 = 3, as justified on biological grounds

by Langrock et al. (2018); Chen and Finkenstädt (2024). In Figure 2.6, the left panel shows the

MDPM posterior mean emission densities, weighted by estimated state occupancy, with pointwise

95% credible intervals; the middle panel reports the corresponding estimates from the Bayesian

spline-based HMM (adSP; Chen and Finkenstädt (2024)); and the right panel shows the earlier

P-spline HMM (fpSP; Langrock et al. (2015)). Although our approach does not exploit the temporal

structure of the HMM and relies only on the marginal distribution of the observations, it produces

state-dependent emission density estimates that are very similar to those obtained by methods

that leverage the Markov structure. However, because only marginal information is used, the

pointwise 95% confidence intervals in regions where the state densities overlap tend to be wider

than those produced by adSP. These results validate our approach’s ability to recover the underlying

subpopulation distributions accurately using only population-level observations.
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2.9 Conclusions

In this chapter, we develop a Bayesian framework with theoretical guarantees to study finite mix-

ture models of nonparametric components. Our approach employs a mixture of Dirichlet process

mixtures prior and leverages conjugacy to enable an efficient MCMC algorithm for posterior in-

ference. Through several simulation studies and real-data applications in both univariate and

multivariate settings, we demonstrate that the proposed method achieves strong empirical perfor-

mance and scalability. To address the fundamental challenge of identifiability in nonparametric

mixture models while allowing for overlapping component support, we introduce a novel sepa-

ration condition defined in terms of distances between connected regions in the support of the

latent mixing measure. Under this framework, we establish posterior contraction rates for both

the overall mixture density and the individual component densities. In particular, we show that

the contraction rate for component density estimation attains an almost polynomial order of con-

vergence, representing a substantial improvement over the logarithmic convergence rates typically

associated with deconvolution-based estimation of mixing measures. To our best knowledge, this

work provides the first theoretical guarantees for a practical Bayesian method that consistently

estimates nonparametric component densities within a finite mixture modeling framework.

43



CHAPTER 3

Learning Nonparametric Components Beyond Convexly Separable
Latent Support

3.1 Introductions

In Chapter 2, we developed the MDPM framework for mixture models with complex component

distributions. The formulation in Chapter 2 focuses on the setting in which the supports of the

latent mixing measures associated with different components are contained in disjoint convex sets.

In practice, however, especially in multivariate settings, the latent supports of different components

may be much more intertwined and need not be contained in disjoint convex sets. In this chapter,

we show that the MDPM framework extends beyond the setting of Chapter 2 and can be used to

model this more general class of latent support geometries in R𝑚, 𝑚 ≥ 2.

Definition 3.1.1 (Convex separability). Let 𝑆1, 𝑆2 be two nonempty subsets of R𝑚. We say that 𝑆1

and 𝑆2 are convexly separable, or equivalently, that they have convex separability, if there exist

disjoint convex sets 𝐼1, 𝐼2 ⊆ R𝑚 such that 𝑆1 ⊆ 𝐼1 and 𝑆2 ⊆ 𝐼2.

Note that convex separability does not require 𝑆1 and 𝑆2 themselves to be convex. In Section 2.5,

we considered mixture models inR𝑚 under Setting (S2.3), in which the sets 𝐼1, · · · , 𝐼𝐾 were modeled

as axis-aligned hypercubes. This modeling of 𝐼1, . . . , 𝐼𝐾 implies that the 𝝁-marginal supports of the

mixing measures for different components are convexly separable. In this chapter, we move beyond

this restriction by allowing the 𝝁-marginal supports of different component mixing measures not
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to be convexly separable, while still assuming that the number of mixture components 𝐾 is finite,

fixed, and known. For convenience, we restate Setting (S2.3) below.

(S2.3) The component distribution class P̃ consists of location-scale mixtures of normals on R𝑚,

as defined in (2.7). The mixing measure 𝐻 satisfies: (i) its 𝝁-marginal 𝜋𝝁#𝐻 has bounded

support on R𝑚; and (ii) its Σ-marginal 𝜋Σ#𝐻 is supported on covariance matrices with

eigenvalues uniformly bounded above and away from 0. P(P̃) are probability measures

supported on finitely many components satisfying the separation condition: for any two

components 𝐺𝑖 = 𝑝𝐻𝑖 , and 𝐺 𝑗 = 𝑝𝐻 𝑗 , 𝑖 ≠ 𝑗 , we can find two disjoint bounded connected

sets 𝐼𝑖, 𝐼 𝑗 ⊂ R𝑚 such that supp(𝜋𝝁#𝐻𝑖) ⊆ 𝐼𝑖, and supp(𝜋𝝁#𝐻 𝑗 ) ⊆ 𝐼 𝑗 .

From the discussion in Section 2.5, the main bottleneck in modeling the sets 𝐼𝑘 with more

flexible shapes is the need to efficiently sample from a truncated normal distribution supported on

𝐼𝑘 . Existing approaches can handle supports defined by linear or quadratic inequality constraints,

but they do not extend efficiently to more general shapes, especially nonconvex sets. If the 𝝁-

marginal supports of two component mixing measures 𝐻𝑖 and 𝐻 𝑗 are convexly separable, then

we can always find two polytopes 𝐼𝑖 and 𝐼 𝑗 such that supp(𝜋𝝁#𝐻𝑖) ⊆ 𝐼𝑖, and supp(𝜋𝝁#𝐻 𝑗 ) ⊆ 𝐼 𝑗 .

Modeling these latent supports within polytopes is a natural generalization of the axis-aligned

hypercubes used in Section 2.5. The main challenge, however, is how to extend this approach to

the case where the 𝝁-marginal supports are not convexly separable.

Although directly modeling a nonconvex set and sampling from a truncated normal distribution

supported on it can be difficult, a feasible alternative is to cover the latent support by many small

overlapping squares. In principle, any bounded nonconvex set can be covered by a union of

squares of appropriate size. This motivates modeling each component density itself as a mixture of

Dirichlet Process mixtures, where each Dirichlet Process has a base measure supported on one of

these squares. Following this idea, the remaining challenge is to efficiently learn the latent support

and construct a covering of it by squares of appropriate size. In this chapter, we introduce a method

that first builds such a square covering based on the clustering output of the HDBSCAN algorithm

and then learns the component density using an MDPM defined on top of this covering.
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3.2 Identifiability

In this section, we discuss the identifiability of multivariate mixture models. We first recall the

definition of a location mixture of normals on R𝑚: For any 𝝁 ∈ R𝑚, Σ ∈ R𝑚×𝑚, Σ ≻ 0, let 𝑔𝝁,Σ

denote the 𝑚-dimensional Gaussian density with mean 𝝁 and covariance matrix Σ: 𝑔𝝁,Σ (𝒙) =(√
2𝜋

)−𝑚
|Σ |−1/2 exp

(
−(𝒙 − 𝝁)𝑇Σ−1(𝒙 − 𝝁)

)
. We say that 𝑝(𝒙) is a location mixture of normals

on R𝑚 if there exists a positive definite matrix Σ and a mixing distribution 𝐻 on R𝑚 such that

𝑝(𝒙) = 𝑝Σ,𝐻 (𝒙) ≔
∫

𝑔𝝁,Σ (𝒙)𝑑𝐻 (𝝁). (3.1)

Let 𝐼 denote a nonempty subset of R𝑚. We now define the connected-component separation of

𝐼 as follows.

Definition 3.2.1 (Connected-component separation). For a nonempty subset 𝐼 ⊆ R𝑚, 𝑆𝐼 is called

the connected-component separation of 𝐼 if 𝐼 = ∪𝐼𝑖∈𝑆𝐼 𝐼𝑖, with each 𝐼𝑖 ∈ 𝑆𝐼 non-empty and connected,

and, whenever |𝑆𝐼 | > 1, the union ∪
𝐼𝑖∈𝑇

𝐼𝑖 is disconnected for every subset 𝑇 ⊆ 𝑆𝐼 with |𝑇 | ≥ 2.

By the definition of connectedness in Section 2.2 and the further discussions in Section 2.6, the

connected-component separation of any nonempty set 𝐼 is unique. Next, let 𝑑 be a metric on R𝑚.

For 𝜖 > 0, we define the 𝜖-expansion of 𝐼 as follows:

Definition 3.2.2 (𝜖-expansion). For a nonempty subset 𝐼 ⊆ R𝑚, the 𝜖-expansion of 𝐼, denoted by

𝐼𝜖 , is defined by

𝐼𝜖 ≔ {𝑥 ∈ R𝑚 | dist(𝑥, 𝐼) ≤ 𝜖} ,

where dist(𝑥, 𝐼) := inf
𝑦∈𝐼

𝑑 (𝑥, 𝑦).

If we further assume that |𝑆𝐼 | is finite for a given set 𝐼, then for 1 ≤ 𝑘 ≤ |𝑆𝐼 |, we define 𝜖 (𝑘) for

𝐼 to be the infimum of the postive values 𝜖 such that the 𝜖-expansion 𝐼𝜖 has exactly 𝑘 elements in

its connected-component separation 𝑆𝐼 𝜖 :

𝜖 (𝑘) := inf {𝜖 > 0 | |𝑆𝐼 𝜖 | = 𝑘}. (3.2)
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Note that for some 1 ≤ 𝑘 ≤ |𝑆𝐼 |, the set {𝜖 > 0 | |𝑆𝐼 𝜖 | = 𝑘} may be empty, in which case 𝜖 (𝑘) does

not exist.

In Section 2.6, we established the identifiability of the mixture model (2.13) on R under two

scenarios. Condition (C2.1) assumes that the support sets 𝐼1, · · · , 𝐼𝐾 of the component mixing

measures are fixed and known. Condition (C2.2), by contrast, allows these sets to be unknown,

but requires the supports of the mixing measures from different components to be well separated,

in the sense that the largest within-component distance must be strictly smaller than the smallest

between-component distance, where both distances are defined through connected-set distances.

In this section, we extend the identifiability conditions to mixture models on R𝑚. The multivariate

analogue of (C2.1) is immediate, but that of (C2.2) is less straightforward. In the univariate

setting, the within-component distance was defined using the notion of neighboring pairs. In the

multivariate setting, however, such a notion is not naturally available. To address this issue, we use

the 𝜖-expansion introduced earlier. The basic idea is that, as 𝜖 increases, the support set 𝐼 gradually

expands and its disjoint connected subsets begin to merge. Under a suitable separation condition,

the connected subsets belonging to the same mixture component should merge at smaller values of

𝜖 than those belonging to different mixture components.

We now formalize this multivariate setting and introduce the class of mixture models to be

studied. For a finite, fixed, and known 𝐾 ∈ N+, let 𝐼1, · · · , 𝐼𝐾 be pairwise disjoint compact

connected sets on R𝑚. Consider the mixture model

𝑓 =

𝐾∑︁
𝑘=1

𝑤𝑘 𝑓𝑘 ,

s.t. 𝑓𝑘 (𝒙) =
∫

𝑔𝝁,Σ (𝒙) 𝑑𝐻𝑘 (𝝁),∀𝒙 ∈ R𝑚,

supp(𝐻𝑘 ) ⊆ 𝐼𝑘 , 𝑘 = 1, . . . , 𝐾,

(𝑤1, · · · , 𝑤𝐾) ∈ Δ𝐾−1.

(3.3)

Note that 𝐻𝑘 (𝝁) can be any probability measure supported within 𝐼𝑘 . We establish identifiability

of (3.3) under the following two scenarios:
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(C3.1) The sets 𝐼1, · · · , 𝐼𝐾 are fixed and known.

(C3.2) The number of components 𝐾 is finite, fixed, and known. Let 𝐼 := ∪𝐾
𝑘=1 supp(𝐻𝑘 ). Assume

that 𝜖 (𝐾), as defined in (3.2), exists for 𝐼 and 𝐾 , and that the 𝐾 sets in 𝑆𝐼 𝜖 (𝐾 ) can be ordered

as 𝐼1, · · · , 𝐼𝐾 so that supp(𝐻𝑘 ) ⊆ 𝐼𝑘 for 𝑘 = 1, · · · , 𝐾 .

We now prove that the mixture model in (3.3) is identifiable under either condition (C3.1) or

(C3.2).

Theorem 3.2.3. For any 𝑓 defined by (3.3), if either (C3.1) or (C3.2) holds, then the representation

𝑓 =

𝐾∑︁
𝑘=1

𝑤𝑘 𝑓𝑘

subject to the conditions in (3.3) is unique. That is, Σ ≻ 0, the component densities 𝑓1, . . . , 𝑓𝐾 , and

the weight vector (𝑤1, . . . , 𝑤𝐾) ∈ Δ𝐾−1 are uniquely determined up to a permutation of the labels.

Proof. We first show that for any multivariate function ℎ(𝒙) that can be represented as ℎ(𝒙) =∫
𝑔𝝁,Σ (𝒙)𝑑𝐻 (𝝁), where 𝐻 has compact support, if there also exist Σ̃ and 𝐻 such that ℎ(𝒙) =∫
𝑔𝝁,Σ̃ (𝒙)𝑑𝐻 (𝝁), then we must have Σ = Σ̃ and 𝐻 = 𝐻.

For any probability measure 𝐹 on R𝑚 and any vector 𝜷 ∈ R𝑚, 𝜷 ≠ 0, let 𝐹𝜷 := (𝜷𝑇 )#𝐹 denote

the pushforward of 𝐹 under the linear map 𝝁 ↦→ 𝜷𝑇 𝝁. Equivalently, for any Borel set 𝐴 ⊆ R,

𝐹𝜷 (𝐴) = 𝐹
({
𝝁 ∈ R𝑚 | 𝜷𝑇 𝝁 ∈ 𝐴

})
.

Using this notation, for any 𝐴 ⊆ R, the pushforward measure ℎ𝜷 is given by

ℎ𝜷 (𝐴) =
∫
R𝑚

1
{
𝜷𝑻𝒙 ∈ 𝐴

}
ℎ(𝒙)𝑑𝒙

=

∫
R𝑚

1
{
𝜷𝑻𝒙 ∈ 𝐴

} ∫
𝑔𝝁,Σ (𝒙)𝑑𝐻 (𝝁)

=

∫ (∫
R𝑚

1
{
𝜷𝑻𝒙 ∈ 𝐴

}
𝑔𝝁,Σ (𝒙)𝑑𝒙

)
𝑑𝐻 (𝝁).
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Now, since under the multivariate normal distribution 𝑔𝝁,Σ (𝒙), the scaler 𝒙′ = 𝜷𝑇𝒙 has density

𝑔𝜷𝑻 𝝁, 𝜷𝑇Σ𝜷 (𝒙′), it follows that

ℎ𝜷 (𝐴) =
∫ (∫

R
1{𝒙′ ∈ 𝐴} · 𝑔𝜷𝑻 𝝁, 𝜷𝑇Σ𝜷 (𝒙

′)𝑑𝒙′
)
𝑑𝐻 (𝝁),

therefore, under the change of variable 𝝁′ = 𝜷𝑇 𝝁, we obtain

ℎ𝜷 (𝐴) =
∫ (∫

𝐴

𝑔𝝁′, 𝜷𝑇Σ𝜷 (𝒙
′)𝑑𝒙′

)
𝑑𝐻𝛽 (𝝁′)

=

∫
𝐴

(∫
𝑔𝝁′, 𝜷𝑇Σ𝜷 (𝒙

′)𝑑𝐻𝛽 (𝝁′)
)
𝑑𝒙′.

Therefore, ℎ𝜷 has density

ℎ𝜷 (𝒙′) =
∫

𝑔𝝁′, 𝜷𝑇Σ𝜷 (𝒙
′)𝑑𝐻𝛽 (𝝁′). (3.4)

Similarly, since ℎ(𝒙) =
∫
𝑔𝝁,Σ̃ (𝒙)𝑑𝐻 (𝝁), we likewise obtain

ℎ𝜷 (𝒙′) =
∫

𝑔𝝁′, 𝜷𝑇 Σ̃𝜷 (𝒙
′)𝑑𝐻𝛽 (𝝁′) (3.5)

Since 𝐻 has compact support, it follows that, for any given 𝜷 ∈ R𝑚, the pushforward measure 𝐻𝜷

also has compact support. In Theorem 2.6.1 we we proved that the two representations (3.4) and

(3.5) of the univariate density ℎ𝜷 implies that 𝜷𝑇Σ𝜷 = 𝜷𝑇 Σ̃𝜷 and 𝐻𝛽 = 𝐻𝛽. Therefore we must

have Σ = Σ̃. Futhermore, by the Cramér–Wold theorem (Cramér and Wold, 1936), the fact that

𝐻𝛽 = 𝐻𝛽 for every 𝜷 ∈ R𝑚 implies that 𝐻 = 𝐻.

It remains to show that, under condition (C3.1) or (C3.2), the measure 𝐻 admits a unique

decomposition into 𝐾 components. This is immediate under condition (C3.1)). Under condition

(C3.2), we may increase 𝜖 until the 𝜖-expansion of supp(𝐻) has exactly 𝐾 connected components.

Labeling these𝐾 components by 𝐼1, · · · , 𝐼𝐾 , and letting𝑤𝑘 be the probability mass that𝐻 assigns to

𝐼𝑘 , for 𝑘 = 1, · · · , 𝐾 , then this yields a unique representation of 𝑓 as a mixture of𝐾 components. □
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3.3 Modeling latent supports beyond convex separability

In this section, we develop a method to learn the mixture models as specified in Setting (S2.3), in

which the 𝝁-marginal supports of two different component mixing measures, supp(𝜋𝝁#𝐻𝑖), and

supp(𝜋𝝁#𝐻 𝑗 ) may not be convexly separable. We first review the HDBSCAN algorithm (Campello

et al., 2013). Next, we show how the clustering results produced by HDBSCAN can be used to

estimate the 𝝁-marginal support of the latent mixing measure. Finally, building on this learned

support, we construct a mixture of Dirichlet process mixtures to estimate component densities.

3.3.1 The HDBSCAN algorithm

HDBSCAN, introduced by Campello et al. (2013), is a density-based hierarchical clustering method

that performs remarkably well at identifying significant clusters lying on connected high-density

regions, with different clusters separated by regions of low density. Unlike methods based on a

global density threshold (Ester et al., 1996; Hinneburg and Keim, 2003), HDBSCAN can effectively

characterize clusters with very different density levels by selecting the most stable clusters from

the hierarchical clustering tree. We now briefly review the HDBSCAN algorithm and the core

concepts underlying it.

Let 𝑿 = {𝒙1, · · · , 𝒙𝑛}, 𝒙𝑖 ∈ R𝑚, for 𝑖 = 1, · · · , 𝑛 be a dataset of 𝑛 samples, and let 𝑑 be a metric

on R𝑚. 𝑚𝑝𝑡𝑠 is a positive integer tuning parameter of the algorithm.

Definition 3.3.1 (Core distance, Campello et al. (2013)). The core distance of an object 𝒙𝑖 ∈ 𝑿

with respect to 𝑚𝑝𝑡𝑠, denoted by 𝑑core(𝒙𝑖), is the distance from 𝒙𝑖 to its 𝑚𝑝𝑡𝑠-nearest neighbor

(including 𝒙𝑖).

Definition 3.3.2 (𝜖-core object, Campello et al. (2013)). An object 𝒙𝑖 ∈ 𝑿 is called an 𝜖-core

object if

𝑑core(𝒙𝑖) ≤ 𝜖 .

Equivalently, 𝒙𝑖 is an 𝜖-core object for every value of 𝜖 greater than or equal to its core distance
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with respect to 𝑚𝑝𝑡𝑠.

Definition 3.3.3 (Mutual reachability distance, Campello et al. (2013)). The mutual reachability

distance between two objects 𝒙𝑖 and 𝒙 𝑗 in 𝑿 with respect to 𝑚𝑝𝑡𝑠 is defined by

𝑑mreach(𝒙𝑖, 𝒙 𝑗 ) = max
{
𝑑core(𝒙𝑖), 𝑑core(𝒙 𝑗 ), 𝑑 (𝒙𝑖, 𝒙 𝑗 )

}
.

Definition 3.3.4 (Mutual reachability graph, Campello et al. (2013)). The mutual reachability

graph with respect to 𝑚𝑝𝑡𝑠, denoted by 𝐺𝑚𝑝𝑡𝑠 , is the complete graph whose vertex set is 𝑿 and

whose edge weight between any two objects 𝒙𝑖, 𝒙 𝑗 ∈ 𝑿 is given by their mutual reachability distance

𝑑mreach(𝒙𝑖, 𝒙 𝑗 ).

The HDBSCAN hierarchy is constructed as a dendrogram in the following way:

1. Compute a minimum spanning tree (MST) of the mutual reachability graph 𝐺𝑚𝑝𝑡𝑠 .

2. Extend the MST to obtain MSText by adding a self-edge to each vertex, with weight equal to

the core distance of the corresponding object.

3. At the root of the hierarchy, all objects are assigned the same label, forming a single cluster,

and 𝜖 is initialized as the largest edge weight in MSText. The hierarchy is then constructed

by gradually decreasing 𝜖 and, at each step, removing from MSText all edges whose weights

exceed 𝜖 . After each such removal, every remaining connected component containing at least

one edge is treated as a cluster, while vertices that do not belong to any such component are

assigned the null label (“noise”). A new level of the hierarchy is recorded whenever new

clusters emerge.

After the hierarchical clustering tree is constructed, a cluster stability measure is used to extract

the most stable clusters from the tree. The resulting clusters are intended to approximate the density-

contour clusters, defined as the maximal connected subsets of the density level set {𝒙 | 𝑓 (𝒙) ≥ 𝜆},

for a given density 𝑓 (𝒙) and density level 𝜆. Intuitively, as the density level 𝜆 increases, the
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density-contour clusters become smaller and smaller until they disappear or split into sub-clusters.

A more stable cluster is expected to survive longer from the time it appears until it disappears. To

formalize this idea, Campello et al. (2013) introduces the notion of Relaive Excess of Mass of a

density-contour cluster 𝐶𝑖:

𝐸𝑅 (𝐶𝑖) =
∫
𝒙∈𝐶𝑖
(𝜆max(𝒙, 𝐶𝑖) − 𝜆min(𝐶𝑖))𝑑𝒙, (3.6)

where cluster 𝐶𝑖 appears at density level 𝜆min(𝐶𝑖), disappears at 𝜆max(𝐶𝑖), and 𝜆max(𝒙, 𝐶𝑖) ≔

min{ 𝑓 (𝒙), 𝜆max(𝐶𝑖)}. Then for the resulting cluster estimate 𝐶𝑖, defined as the set of samples in

𝑿 labeled as belonging to 𝐶𝑖, the stability of 𝐶𝑖 can be obtained by adapting (3.6):

𝑆(𝐶𝑖) =
∑︁
𝒙 𝑗∈𝐶𝑖

(
1

𝜖min(𝒙 𝑗 , 𝐶𝑖)
− 1
𝜖max(𝐶𝑖)

)
. (3.7)

Here, 𝜖max(𝐶𝑖) denotes the value of 𝜖 at which 𝐶𝑖 first appears in the HDBSCAN hierar-

chy, while 𝜖min(𝐶𝑖) denotes the value at which 𝐶𝑖 disappears. Moreover, 𝜖min(𝒙 𝑗 , 𝐶𝑖) ≔

max
{
𝑑core(𝒙 𝑗 ), 𝜖min(𝐶𝑖)

}
, which is the 𝜖-value at which 𝒙 𝑗 leaves 𝐶𝑖. This adaptation from (3.6)

to (3.7) is well motivated because, when 𝑥 ∈ R, 1/𝑑core(𝑥) is a non-normalized 𝐾-NN estimate of

the density 𝑓 (𝑥), with 𝐾 = 𝑚𝑝𝑡𝑠. In R𝑚, the corresponding 𝐾-NN density estimate is proportional

to 1/𝑑core(𝑥)𝑚; hence 1/𝑑core(𝑥) should be interpreted not as an exact density estimate, but as a

monotone surrogate for local density, which is sufficient for defining the empirical stability measure

used by HDBSCAN.

To extract the most significant cluster, HDBSCAN solves the following optimization problem.

Let {𝐶2, . . . , 𝐶𝜅} denote the collection of all clusters that appear in the hierarchical clustering tree,

excluding the root cluster 𝐶1, and let 𝑆(𝐶𝑖) denote the stability of cluster 𝐶𝑖. For each 𝑖 = 2, . . . , 𝜅,
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introduce a binary variable 𝛿𝑖, where

𝛿𝑖 =


1, if 𝐶𝑖 is selected in the final flat clustering,

0, otherwise.

HDBSCAN then extracts a flat clustering by solving

max
𝛿2,...,𝛿𝜅

𝜅∑︁
𝑖=2

𝛿𝑖 𝑆(𝐶𝑖)

subject to
∑︁
𝑗∈𝐼ℎ

𝛿 𝑗 = 1, ∀ℎ ∈ L,
(3.8)

where L = {ℎ | 𝐶ℎ is a leaf cluster} is the set of indices of leaf clusters, and 𝐼ℎ = { 𝑗 | 𝑗 ≠

1 and 𝐶 𝑗 lies on the path from 𝐶ℎ to the root 𝐶1 }. That is, for each leaf-to-root path, exactly one

cluster on that path is selected. This guarantees that the selected clusters are non-overlapping and

form a flat partition.

The optimization problem in (3.8) can be solved recursively in a bottom-up manner on the cluster

tree. Initialize 𝛿2 = · · · = 𝛿𝜅 = 1. Then, proceeding from the leaf clusters toward the root, compare

the stability 𝑆(𝐶𝑖) of each cluster 𝐶𝑖 with the total stability of its children,
∑
𝑖𝑟∈Ch(𝑖) 𝑆(𝐶𝑖𝑟 ). If

𝑆(𝐶𝑖) <
∑
𝑖𝑟∈Ch(𝑖) 𝑆(𝐶𝑖𝑟 ), then 𝐶𝑖 is not selected: set 𝛿𝑖 = 0, and replace 𝑆(𝐶𝑖) by

∑
𝑖𝑟∈Ch(𝑖) 𝑆(𝐶𝑖𝑟 ).

Otherwise, 𝐶𝑖 is retained, and all descendants of 𝐶𝑖 are excluded by setting their corresponding

𝛿-values to 0.

3.3.2 Latent support recovery

Recall that our goal is to approximate the true subpopulation distributions of the data by the location-

scale mixtures of normals defined in (S2.3). For the 𝑖-th component, the 𝝁-marginal support of the

latent mixing measure, supp(𝜋𝝁#𝐻𝑖), should therefore reflect the high-density region where the 𝑖-th

component distribution places most of its mass. As described in Section 3.3.1, HDBSCAN aims to

recover the most stable density-contour clusters, which is conceptually consistent with the idea of
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connected high-density regions. Motivated by this connection, we use the HDBSCAN clustering

results as a rough estimate of the latent support and then construct a square covering of that support

for later use.

To illustrate the main idea, we consider a half-moon example. The left panel (a) of Figure 3.1

shows the true density of a two-component mixture model, where each component is itself a

Gaussian mixture with components located along a half-circle. Equivalently, the support of the

𝝁-marginal of the true mixing measure lies on the union of two one-dimensional manifolds in R2.

The two half-circles are interlocked and therefore not convexly separable. The component weights

are also unequal: the upper component has weight 0.7, while the lower component has weight 0.3.

The middle panel (b) shows 10,000 samples drawn from the true density and colored by their true

component labels, whereas the right panel (c) shows the clustering labels assigned by HDBSCAN

to the same samples. HDBSCAN successfully identifies the two primary high-density regions,

assigning cluster labels to samples within those regions while treating samples in the component

tails and in lower-density transition regions as noise

(a)

True density

(b) (c)

Figure 3.1: Half-moon example. The left panel (a) shows a 3D visualization of the true density.
The middle panel (b) shows 10,000 samples drawn from the true density, colored by their true
component labels. The right panel (c) shows the same samples, colored by the HDBSCAN cluster
labels.

To further estimate the component distributions from the samples, we construct, for each

component, a union of squares that approximates its high-density region. The construction must

balance two competing goals: using as few squares as possible for computational efficiency, while

54



ensuring that the resulting union covers a sufficiently large proportion of the samples in each cluster

to capture the geometry of the high-density region. To distribute the squares over this region in a

structured way, we proceed as follows:

1. Finding the diameter path of the cluster MST. For each cluster obtained from HDBSCAN,

we first construct a minimum spanning tree on the samples in that cluster using Euclidean

distances. We then extract the longest path in this tree, namely its diameter path, and use it

as a rough skeleton of the cluster geometry.

2. Placing squares along the diameter path. We compute the distances from the cluster

samples to the diameter path and choose a predetermined quantile of these distances as the

half-side length of the squares. Starting from the midpoint of the diameter path, we place

an initial square centered at that location with the chosen half-side length. We then proceed

along the path toward both ends, placing additional squares sequentially. Each new center is

chosen so that the corresponding square avoids excessive overlap with existing squares, but

maintains overlap with the immediately preceding square as close as possible to a prescribed

target level, and covers as many previously uncovered samples from the cluster as possible.

3. Trimming overlapping squares between different clusters. Finally, to prevent the square

unions associated with different clusters from overlapping, we iteratively trim squares in-

volved in inter-cluster overlap. For each overlapping pair, we shrink the offending square or

squares to reduce coverage of samples from other clusters while preserving as much within-

cluster coverage as possible. After this trimming step, we remove squares that have become

too small or redundant.

The detailed algorithms are in Appendix B.1. In Step 1, we use Euclidean distance rather than

the mutual reachability distance defined in Definition 3.3.3, because the goal here is to capture the

spatial geometry of the cluster in the ambient space R𝑚. The diameter path then provides a simple

one-dimensional skeleton along which square centers can be placed. This path-based construction

is most appropriate when the true latent support is close to a one-dimensional manifold, so that a
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single path can reasonably trace its overall geometry. When the latent support has higher intrinsic

dimension, a single path is generally insufficient to capture the full shape of the region; we therefore

discuss a more general strategy for locating the squares later.

For the same samples shown in Figure 3.1, Figure 3.2 displays the learned diameter paths and

the square coverings for each cluster before and after trimming. The results show that the learned

square unions capture the cluster regions very well.
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(a) Before adjustments
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(b) After adjustments

cluster 1
cluster 2

noise
longest MST paths

square centers (cluster 1)
square centers (cluster 2)

squares (cluster 1)
squares (cluster 2)

Figure 3.2: Covering squares before and after trimming.

3.3.3 Learning component densities with MDPM

After obtaining a rectangular covering for each cluster, we apply the mixture of Dirichlet process

mixtures (MDPM) with fixed regions, specified in (3.9), to estimate the component densities and

their corresponding mixture weights. We continue to use the half-moon example for illustration.

Suppose that, after trimming, 𝐾1 rectangles are used to cover the first cluster and 𝐾2 rectangles are

used to cover the second cluster. These 𝐾1 + 𝐾2 rectangles are encoded by two matrices, 𝒄 and 𝒓,

each of dimension (𝐾1 + 𝐾2) × 𝑚, where the 𝑘-th row of 𝒄, denoted by 𝒄𝑘 , gives the center of the

𝑘-th rectangle, and the 𝑘-th row of 𝒓, denoted by 𝒓𝑘 , gives its half side-lengths in each coordinate

direction. The 𝐾1 rectangles associated with the first cluster are placed in the first 𝐾1 rows of these
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matrices, while the 𝐾2 rectangles associated with the second cluster are placed in rows 𝐾1 + 1

through 𝐾1 + 𝐾2. We then fit the data using an MDPM with 𝐾 = 𝐾1 + 𝐾2 components, specified

by the following hierarchical model:

𝒘 = (𝑤1, . . . , 𝑤𝐾) ∼ TDir
(
1/𝐾, . . . , 1/𝐾; 𝑤1𝐾 , 𝑤1𝐾

)
, given 𝐾,

𝑧1, . . . , 𝑧𝑛
i.i.d.∼ Categorical(𝑤1, . . . , 𝑤𝐾),

𝐻𝑘0(𝑢, 𝜎) ∝ 𝑔𝑐𝑘 ,𝜎2
0
(𝑢) · 1[𝑐𝑘−𝑟𝑘 , 𝑐𝑘+𝑟𝑘] (𝑢) · InvGamma(𝜎2) · 2𝜎,

𝐻𝑘 ∼ DP(𝛼𝐻𝑘0),

𝐺𝑘 = 𝑝𝐻𝑘 =

∫
𝑔𝑢,𝜎 𝑑𝐻𝑘 (𝑢, 𝜎), for 𝑘 = 1, . . . , 𝐾,

𝑥 𝑗 ∼ 𝐺𝑧 𝑗 , for 𝑗 = 1, . . . , 𝑛, given 𝐺1:𝐾 , 𝑧1:𝑛.

(3.9)

Finally, we obtain the posterior distributions of 𝒘 = (𝑤1, . . . , 𝑤𝐾) and 𝐺1, . . . , 𝐺𝐾 . The

mixture weights of the two original components are then recovered by aggregating the weights of

the rectangles associated with each cluster:

𝑤1 =

𝐾1∑︁
𝑘=1

𝑤𝑘 , 𝑤2 =

𝐾1+𝐾2∑︁
𝑘=𝐾1+1

𝑤𝑘 .

Correspondingly, the component distributions are given by

𝐹1 =
1
𝑤1

𝐾1∑︁
𝑘=1

𝑤𝑘𝐺𝑘 , 𝐹2 =
1
𝑤2

𝐾1+𝐾2∑︁
𝑘=𝐾1+1

𝑤𝑘𝐺𝑘 .

The true and fitted density contours for the half-moon example are shown in Figure 3.3. The

first row shows the true overall density and component densities, while the second row shows the

posterior means of the corresponding fitted densities. Our method recovers both the overall density

and the component densities well, with only small deviations in the overlapping tail regions. The

95% credible intervals for the component weights also provide estimates that are close to the true

weights.
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Figure 3.3: Half-moon example. The first row shows the true density contours for the overall
density, the first component density 𝑓1, and the second component density 𝑓2. The second row
shows the corresponding fitted density contours, given by the posterior means. The true component
weights and the 95% credible intervals for the posterior weights are displayed in the upper-right
corners of the corresponding panels.

3.3.4 Additional simulations

In this section, we present two additional simulation examples, one in R2 and one in R3.

First, Figure 3.4 presents a simulation example with concentric circles in R2. The true distri-

bution is a three-component mixture, with each component concentrating its mass around a circle

of a distinct radius. Panels (c) and (d) show 3D visualizations of the true and fitted densities,

respectively, while panels (e) and (f) show the corresponding true and fitted density contours on

the same density scale. The close agreement between the true and fitted densities demonstrates that

our method is able to recover the true density accurately. Panel (a) shows 20,000 samples drawn

from the true distribution and colored by their true component labels, while panel (b) shows that

our method successfully learns the latent support shape of each component and covers it well with

rectangles. The component density comparisons are shown in Figure 3.5. The plots indicate that
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both the estimated component densities and the estimated component weights closely match the

truth.

(a) (c) (e)

(b) (d) (f)

Figure 3.4: Concentric circle example. The true distribution in this example is a mixture of three
components. Panel (a) shows the samples colored by their true component labels. Panel (b) shows
the same samples colored by the HDBSCAN labels, along with the longest MST path and the
covering rectangles for each cluster. Panels (c) and (d) display 3D visualizations of the true and
fitted (posterior mean) densities, respectively. Panels (e) and (f) show the corresponding true and
fitted (posterior mean) density contours, using the same density scale.
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(b) Fitted f1 contours
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(d) Fitted f2 contours
w2 95% CI: (0.38, 0.399)

4 2 0 2 4
x1

4

2

0

2

4

x 2

(f) Fitted f3 contours
w3 95% CI: (0.399, 0.416)
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Figure 3.5: Concentric circle example. The first row shows the true density contours of the three
components, and the second row shows the corresponding fitted (posterior mean) density contours.
The true component weights and the 95% credible intervals for the posterior component weights
are shown in the upper-right corners.

(a) (b) (c)

Figure 3.6: Pinwheel example. Panel (a) is the true latent manifold curves that generate the dataset.
Panel (b) visaluzes the 20, 000 samples drawn from the true density, colored by their true component
labels. Panel (c) shows the HDBSCAN clustering results.

The second example is a pinwheel dataset in R3 as shown in Figure 3.6. The true distribution

is a mixture model with 6 components. Each component is a Gaussian mixture model with 150
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Gaussian kernels located on a one-dimensional curve in R3. The true manifold curves of the 6

components are shown in Panel (a). Then we generate 20, 000 samples from this model, which

is shown in Panel (b), colored by their true component labels. Panel (c) shows the HDBSCAN

clustering results. The fitted longest MST path and covering cubes are shown in Figure 3.7.

Figure 3.7: The fitted longest MST path and covering cubes for each component is shown in
corresponding colors.

Finally, the true density and fitted density are compared in Figure 3.8a and Figure 3.8b. Our

approach fits the true component densities quite well, even though some of the tail details are
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smoothed, and not fully recovered by the approach.

(a) True density isosurface (b) Fitted density isosurface

Figure 3.8: Panel (a) is the isosurface plot for the true density, and Panel (b) is the isosurface plot
for the fitted density.

3.4 Conclusion

In this chapter, we extend the proposed approach to settings in which the high-density regions

associated with different components cannot be contained in disjoint convex sets, a challenge that

is especially relevant in multivariate problems. We first establish identifiability conditions for

multivariate mixture models in this more general setting. We then develop a method for approx-

imating the geometry of these high-density regions by a union of hypercubes. Building on these

hypercube coverings, we construct mixtures of Dirichlet process mixtures that can learn component

distributions with complex latent-support geometries. Our simulation results demonstrate strong

performance in both R2 and R3.
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CHAPTER 4

Discussions and Future Directions

4.1 Discussions

4.1.1 What defines a component?

When mixture components are modeled nonparametrically, the meaning of a “component” is no

longer self-evident. This raises two related questions: what type of component do we want the

model to identify, and can the proposed method recover such components? The first question is

inherently application-dependent. In practice, the desired notion of a component may vary across

scientific domains and analytical goals. Consequently, there is no fixed or universal definition of a

true component; instead, the target notion of a component should be determined by the scientific

context and the needs of practitioners. For example, in single-cell RNA-seq analysis, each obser-

vation is a high-dimensional molecular profile measured across thousands of genes. Depending

on the scientific question, a meaningful component may correspond to cells sharing a common

developmental stage, a common cell type, or another biologically relevant condition. The results of

this dissertation suggest that component recovery is possible when the underlying components are

primarily concentrated in different regions of the sample space, even if their distributions exhibit

some overlap in the tails, or when the components are distinguishable through contrasting density

levels or scale structures. The proposed approach also offers flexibility in modeling different notions

of components according to practitioners’ scientific goals and prior knowledge. When practitioners

have a specific notion of components in mind, such as components associated with prespecified re-
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gions of the sample space or with distinct location or scale characteristics, the fixed-region MDPM,

defined on either 𝝁 or 𝜎, can be used to directly estimate the corresponding component densities.

When such regional information is unavailable, the MDPM with a repulsive prior can instead learn

the mass-concentration regions from the data and estimate the component densities associated with

those learned regions. In this sense, the framework allows the definition of a component to be

adapted to the needs of the application rather than imposed a priori in a single fixed form. Although

in this dissertation, our identifiability results are developed for settings in which each component

is modeled as a location mixture of Gaussian kernels, similar results may be established for more

general classes of component distributions. We discuss this possible extension in Section 4.2.

4.1.2 How to choose 𝐾?

Throughout this dissertation, we assume that the number of components 𝐾 is fixed and known. This

assumption provides a natural starting point for studying mixtures with nonparametric components.

When each component is allowed to have substantial flexibility, some structural information about

the mixture must be specified in order for the individual components to be learnable. In this sense,

treating 𝐾 as fixed and known allows us to focus on the central question of how to model and

recover flexible component densities.

As discussed earlier, the hierarchical structure of the MDPM resembles that of classical Bayesian

Gaussian mixture models. It is therefore possible, at least formally, to extend the framework by

placing an additional prior on 𝐾 to accommodate an unknown number of components. However,

the more fundamental question is not only whether such an extension can be constructed, but

also whether the learned mixture model has a meaningful interpretation. When the number of

components is unknown and the component densities are nonparametric, additional structural

constraints are needed for the components to be identifiable and scientifically interpretable. Such

constraints are likely to depend on the specific application and should be formulated in response to

practical modeling needs. In those settings, existing Bayesian mixture modeling tools developed for

parametric models may be incorporated into the MDPM framework to accommodate uncertainty
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in 𝐾 , provided that the target notion of a component is clearly specified.

4.2 Future directions

4.2.1 Methodology

In this dissertation, we developed an approach for estimating univariate and multivariate mixture

models with nonparametric components, covering settings in which the latent mixing-measure

supports of different components are either convexly separable or not. We demonstrated the

performance of the proposed method in low- to moderate-dimensional settings. The MDPM

modeling framework can be extended and further developed in several directions.

One direction concerns computational efficiency in settings where the latent supports are not

convexly separable. In this case, the efficiency of the algorithm can depend strongly on the number

of hypercubes used to cover the latent support, since a separate DPM is fitted within each hypercube.

Because there are infinitely many possible hypercube coverings of a given latent support, optimizing

the number, size, and placement of the hypercubes may substantially improve subsequent posterior

inference. When the number of covering hypercubes is large, each hypercube often captures only

a local region of the component density. In large datasets, it may therefore be unnecessary to use

all observations when fitting the local density associated with a single hypercube. Developing

adaptive or subsampling-based strategies for local DPM fitting could provide another promising

direction for improving computational efficiency.

A second direction concerns the recovery of the latent support. In this dissertation, we use the

diameter of the minimum spanning tree to recover latent one-dimensional manifold structure and

to guide the placement of covering hypercubes. This idea could be extended to higher-dimensional

manifold or hypersurface structures. For example, after using HDBSCAN to identify samples

belonging to a connected high-density region, one could construct a hypercube covering of the

entire set of samples in that region, rather than placing hypercubes only along the diameter of

the minimum spanning tree. Such a strategy would allow the covering to adapt to latent support
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manifolds of arbitrary intrinsic dimension. As in the previous direction, an important open question

is how to choose an efficient covering, including the number, size, and placement of hypercubes.

A third important direction is to investigate the performance of the proposed approach in high-

dimensional settings, such as single-cell RNA sequencing data or image data. In such settings, the

relevant probability distribution may not be well described as a density over the full ambient space.

Instead, the data may concentrate near a lower-dimensional manifold or other structured subset of

the ambient space. It would therefore be interesting to study how such low-dimensional geometric

structure can be identified and incorporated into the MDPM framework, and to evaluate whether

the proposed approach can recover meaningful nonparametric components in these settings. This

direction has the potential to extend the applicability of the framework to a broader class of complex,

high-dimensional data.

4.2.2 Theory

In this dissertation, we establish theoretical guarantees for the MDPM approach under a specific

set of assumptions. However, there remains a substantial gap between the proposed modeling

framework and a complete theoretical understanding of its behavior. This gap arises in several

directions.

First, in the univariate setting, the posterior contraction rates are established under the as-

sumptions that each component is a location mixture of Gaussian kernels and that the latent

mixing-measure support is fixed, known, and satisfies suitable separation conditions. A natural

extension is to allow the support regions to be unknown. One possible approach is to first derive

a rate at which the latent support can be estimated to a prescribed accuracy, and then establish

posterior contraction rates for the component densities conditional on this estimated support. Such

results may be obtainable within a theoretical framework similar to the one developed in this disser-

tation, but would require additional analysis to account for the uncertainty introduced by support

estimation.

Second, the general strategy for estimating a component density relies on approximating a smooth

66



density by a location mixture of Gaussian kernels. The overall estimation error can therefore be

decomposed into two parts: the approximation error between the true component density and

its best Gaussian-mixture approximation, and the statistical error associated with estimating this

approximating Gaussian mixture. The theory developed in this dissertation primarily addresses

the second part. A complete contraction theory for the MDPM framework would also require

controlling the first part, namely the approximation error incurred by representing general smooth

component densities through Gaussian mixtures. Moreover, if the true component density is not

itself a location mixture of Gaussian kernels, then the latent mixing-measure support is no longer

an intrinsic object associated with the true data-generating distribution. This raises the additional

question of how separation between component densities should be formulated.

Third, the identifiability conditions in this dissertation are established for components repre-

sented as location mixtures of Gaussian kernels. For general smooth component densities, however,

the latent mixing-measure support is not an intrinsic object. It therefore remains an open question

how to formulate identifiability conditions for more general classes of smooth densities. In addi-

tion, as discussed in Section 4.1.1, the definition of a component is application-dependent. The

conditions developed here represent one possible notion of identifiability, in which each compo-

nent is spatially concentrated and different components are sufficiently separated. Other notions of

components may require different structural assumptions to ensure unique identification.

Fourth, the posterior contraction theory for multivariate settings remains largely unexplored.

A natural direction is to extend the theoretical framework used for univariate Dirichlet process

mixtures to multivariate settings, while accounting for the additional complexity introduced by

multivariate kernels, covariance structures, and higher-dimensional latent supports.

Fifth, the theory for spike-and-slab variants of the MDPM framework remains to be developed.

Future work could investigate identifiability, posterior contraction, and computational behavior in

these settings.
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4.2.3 Applications

The proposed approach is already applicable to, and has been evaluated in, several low- to moderate-

dimensional settings. An important direction for future work is to extend the framework to higher-

dimensional data, such as single-cell RNA sequencing profiles, image data, and other applications

in which learning latent subpopulations is of scientific interest. In these settings, the main challenge

is not only computational scalability, but also the development of appropriate representations of

component structure in high-dimensional spaces. Extending the MDPM framework to such domains

would broaden its applicability to a wider range of complex data analysis problems where flexible

and interpretable subpopulation learning is needed.
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APPENDIX A

Appendix of Chapter 2

A.1 Algorithm

This section describes the slice sampler algorithm for the univariate MDPM hierarchical model

in (2.6). The multivariate version, presented in Section 2.5, is a natural generalization of this

algorithm. For each component 1 ≤ 𝑖 ≤ 𝐾 , the random measure 𝐻𝑖 ∼ DP(𝛼𝐻𝑖0) can be generated

via the stick-breaking construction (Sethuraman (1994)):

𝐻𝑖 =

∞∑︁
𝑗=1

𝛽𝑖 𝑗 𝛿(𝑢𝑖 𝑗 ,𝜎𝑖 𝑗 ) ,

𝛽𝑖 𝑗 = 𝜈𝑖 𝑗

𝑗−1∏
𝑘=1
(1 − 𝜈𝑖𝑘 ), 𝜈𝑖 𝑗 i.i.d.∼ Beta(1, 𝛼), (𝑢𝑖 𝑗 , 𝜎𝑖 𝑗 ) ∼ 𝐻𝑖0, (A.1)

where 𝛿(𝑢𝑖 𝑗 ,𝜎𝑖 𝑗 ) denotes the Dirac measure at (𝑢𝑖 𝑗 , 𝜎𝑖 𝑗 ). For each sample 𝑥𝑖 (1 ≤ 𝑖 ≤ 𝑛), 𝑧𝑖 ∈

{1, · · · , 𝐾} denotes its component label. Conditional on 𝑧𝑖 = 𝑘 , define 𝑠𝑖 ∈ N to be the cluster

(atom) label of 𝑥𝑖 within component 𝑘 , i.e., 𝑃(𝑠𝑖 = 𝑗 |𝑧𝑖 = 𝑘) = 𝛽𝑘 𝑗 , and 𝑥𝑖 | 𝑧𝑖 = 𝑘, 𝑠𝑖 = 𝑗 ∼ 𝑔𝑢𝑘 𝑗 ,𝜎𝑘 𝑗 .

Introduce a slice variable for each observation 𝑥𝑖: given the atom index 𝑠𝑖 in component 𝑧𝑖,

denote 𝜌𝑖 the slice variable 𝜌𝑖 ∼ Uniform(0, 𝛽𝑧𝑖𝑠𝑖 ) and find the minimum 𝜌∗ ≔ min
𝑖
𝜌𝑖. The

slice variables restrict attention to atoms whose weights exceed the global threshold 𝜌∗, thereby

yielding a finite, iteration–specific active set. Define the truncation index in component 𝑖 as

𝑚𝑖 = min
{
𝑗 ≥ 1 : 1 −∑ 𝑗

𝑘=1 𝛽𝑖𝑘 < 𝜌
∗
}
, so that only atoms 𝑗 = 1, . . . , 𝑚𝑖 need to be considered

when updating allocations for data assigned to component 𝑖.
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To sample (𝒄, 𝒓) from the repulsive prior (2.4), we introduce another auxiliary slice variable 𝜉

following Petralia et al. (2012):

𝜁 =


0, if min

1≤𝑖< 𝑗≤𝐾
|𝑐𝑖 − 𝑐 𝑗 | − 𝑟𝑖 − 𝑟 𝑗 ≤ 0

min
1≤𝑖< 𝑗≤𝐾

exp
(
− 𝜏
( |𝑐𝑖−𝑐 𝑗 |−𝑟𝑖−𝑟 𝑗 )𝜈

)
, else

𝜉 ∼ Uniform(0, 𝜁)

(A.2)

Let 𝒛 = (𝑧𝑖)𝑛𝑖=1, 𝒔 = (𝑠𝑖)𝑛𝑖=1, 𝒖 =
(
(𝑢𝑖 𝑗 )𝑚𝑖𝑗=1

)𝐾
𝑖=1, 𝒙 = (𝑥𝑖)𝑛𝑖=1, 𝒄−𝑖 = (𝑐 𝑗 ) 𝑗≠𝑖, 𝒓−𝑖 = (𝑟 𝑗 ) 𝑗≠𝑖, and define

J𝑖 = { 𝑗 : ∃ 1 ≤ 𝑙 ≤ 𝑛, 𝑧𝑙 = 𝑖, 𝑠𝑙 = 𝑗 }. Then the full conditional of 𝑐𝑖 is

𝑝(𝑐𝑖 |𝒄−𝑖, 𝒓, 𝜉, 𝒖, 𝒛, 𝒔) ∝ 𝑔𝜇0,𝜂 (𝑐𝑖) · 1{𝜉 < 𝜁} ·
∏
𝑗∈J𝑖

𝑔𝑐𝑖 ,𝜎0 (𝑢𝑖 𝑗 )1[𝑐𝑖−𝑟𝑖 , 𝑐𝑖+𝑟𝑖] (𝑢𝑖 𝑗 )

∝ 𝑔𝜇′,𝜎′ (𝑐𝑖) · 1{𝜉 < 𝜁}
∏
𝑗∈J𝑖

1[𝑐𝑖−𝑟𝑖 , 𝑐𝑖+𝑟𝑖] (𝑢𝑖 𝑗 ) (A.3)

where 𝜇′ =
𝜇0𝜎

2
0+

(∑
𝑗∈J𝑖 𝑢𝑖 𝑗

)
·𝜂2

𝜎2
0+|J𝑖 |·𝜂2 , 𝜎′ = 1√︃

1/𝜂2+|J𝑖 |/𝜎2
0

. Furthermore, the full conditional of 𝑟𝑖 is

𝑝(𝑟𝑖 |𝒄, 𝒓−𝑖, 𝜉, 𝒖, 𝒛, 𝒔) ∝ Gamma(𝑟𝑖) ·
1(

1 − 2Φ
(
− 𝑟𝑖
𝜎0

))
|J𝑖 |
·1{𝜉 < 𝜁 } ·

∏
𝑗∈J𝑖

1[𝑐𝑖−𝑟𝑖 , 𝑐𝑖+𝑟𝑖] (𝑢𝑖 𝑗 ), (A.4)

where Φ(·) is the standard normal cdf. The posterior of 𝑟𝑖 is no longer conjugate, and this is the

only step that requires a Metropolis-Hastings update.

Let 𝜷 =
(
(𝛽𝑖 𝑗 )𝑚𝑖𝑗=1

)𝐾
𝑖=1, and 𝝈 =

(
(𝜎𝑖 𝑗 )𝑚𝑖𝑗=1

)𝐾
𝑖=1. We update (𝑧𝑖, 𝑠𝑖) as a block. First, 𝑧𝑖 is sampled

through the following rule:

𝑝(𝑧𝑖 = 𝑘 |𝒙,𝒘, 𝜌𝑖, 𝜷, 𝒖,𝝈) ∝ 𝑤𝑘 · ©­«
𝑚𝑘∑︁
𝑗=1

1{𝛽𝑘 𝑗 > 𝜌𝑖} · 𝑔𝑢𝑘 𝑗 ,𝜎𝑘 𝑗 (𝑥𝑖)
ª®¬ , 𝑘 = 1, · · · , 𝐾. (A.5)
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Given 𝑧𝑖 = 𝑘 , sample 𝑠𝑖 from

𝑝(𝑠𝑖 = 𝑗 |𝑧𝑖 = 𝑘, 𝒙, 𝜌𝑖, 𝜷, 𝒖, 𝜎) ∝ 1{𝛽𝑘 𝑗 > 𝜌𝑖} · 𝑔𝑢𝑘 𝑗 ,𝜎𝑘 𝑗 (𝑥𝑖), 𝑗 = 1, · · · , 𝑚𝑘 . (A.6)

Let 𝑛𝑘 = #{𝑖 : 𝑧𝑖 = 𝑘} for 𝑘 = 1, · · · , 𝐾 . The posterior of 𝒘 given 𝒛 is

𝒘 | 𝒛 ∼ Dir(1/𝐾 + 𝑛1, · · · , 1/𝐾 + 𝑛𝐾). (A.7)

Now given 𝑧𝑖 = 𝑘, 𝑠𝑖 = 𝑗 , let I𝑘 𝑗 = {𝑖 : 𝑧𝑖 = 𝑘, 𝑠𝑖 = 𝑗}, then the full conditional of 𝑢𝑘 𝑗 is

𝑝(𝑢𝑘 𝑗 |𝒙, 𝒛, 𝒔, 𝑐𝑘 , 𝑟𝑘 , 𝜎𝑘 𝑗 ) ∝ 𝑔𝜇′,𝜎′ (𝑢𝑘 𝑗 ) · 1[𝑐𝑘−𝑟𝑘 , 𝑐𝑘+𝑟𝑘] (𝑢𝑘 𝑗 ), (A.8)

where 𝜇′ =
𝑐𝑘𝜎

2
𝑘 𝑗
+
(∑

𝑖∈I𝑘 𝑗 𝑥𝑖
)
·𝜎2

0

𝜎2
𝑘 𝑗
+|I𝑘 𝑗 |·𝜎2

0
, 𝜎′ = 1√︃

1/𝜎2
0+|I𝑘 𝑗 |/𝜎

2
𝑘 𝑗

, and given 𝑢𝑘 𝑗 , the full conditional of 𝜎2
𝑘 𝑗

is

𝜎2
𝑘 𝑗 |𝒙, 𝒛, 𝒔, 𝑢𝑘 𝑗 ∼ InvGamma ©­«𝜃1 + |I𝑘 𝑗 |/2, 𝜃2 +

∑︁
𝑖∈I𝑘 𝑗

(𝑥𝑖 − 𝑢𝑘 𝑗 )2/2ª®¬ , (A.9)

where 𝜃1 and 𝜃2 are the hyperparameters in the inverse-Gamma prior distribution in (2.5). Finally,

define the vector of active-atom weights for component 𝑘 as 𝜷𝑘 = (𝛽𝑘1, · · · , 𝛽𝑘 𝑗𝑘 , 𝛽𝑘0), 𝛽𝑘0 =

1 −∑ 𝑗𝑘
𝑗=1 𝛽𝑘 𝑗𝑘 . Following Ge et al. (2015), the posterior of 𝜷𝑘 is

𝜷𝑘 |𝒛, 𝒔, 𝛼 ∼ Dir( |I𝑘1 |, · · · |I𝑘 𝑗𝑘 |, 𝛼). (A.10)

For each active atom 𝑗 = 1, · · · , 𝑗𝑘 in component 𝑘 = 1, · · · , 𝐾 , draw the minimum slice variable

𝑏𝑘 𝑗 ∼ Beta(1, |I𝑘 𝑗 |), 𝜌∗𝑘 𝑗 = 𝛽𝑘 𝑗𝑏𝑘 𝑗 , 𝑖
∗
𝑘 𝑗 ∼ Uniform(I𝑘 𝑗 ) (A.11)

and set the global slice threshold

𝜌∗ = min
1≤𝑘≤𝐾

min
1≤ 𝑗≤ 𝑗𝑘

𝜌∗𝑘 𝑗 (A.12)

71



We follow the MapReduce framework of Ge et al. (2015) to design Algorithm 1. Throughout,

a superscript (𝑡) denotes the value at the 𝑡-th MCMC iteration.
Algorithm 1: Slice Sampler for MDPM

Input : 𝒙, 𝒘 (𝑡) ,𝒄(𝑡) ,𝒓 (𝑡) ,𝒛(𝑡) ,𝒔(𝑡) ,𝜷(𝑡) ,𝒖(𝑡) ,𝝈 (𝑡) ,{𝜌∗(𝑡)
𝑘 𝑗
}, {𝑖∗(𝑡)

𝑘 𝑗
},𝜌∗(𝑡)

Output : 𝒘 (𝑡+1) ,𝒄(𝑡+1) ,𝒓 (𝑡+1) ,𝒛(𝑡+1) ,𝒔(𝑡+1) ,𝜷(𝑡+1) ,𝒖(𝑡+1) ,𝝈 (𝑡+1) ,{𝜌∗(𝑡+1)
𝑘 𝑗

}, {𝑖∗(𝑡+1)
𝑘 𝑗

},𝜌∗(𝑡+1)

for 𝑘 ← 1 to 𝐾 do
while 1 −∑ 𝑗𝑘

𝑗=1 𝛽𝑘 𝑗 ≥ 𝜌
∗ do

𝑗𝑘 ← 𝑗𝑘 + 1;
draw 𝛽𝑘, 𝑗𝑘 ,𝑢𝑘, 𝑗𝑘 and 𝜎𝑘, 𝑗𝑘 via (A.1);

end
end
Function Map(𝑥𝑖):

// Global variables: 𝒛(𝑡) , 𝒔(𝑡) , 𝒘 (𝑡) , 𝜷(𝑡) , 𝒖(𝑡) ,𝝈 (𝑡) , {𝜌∗(𝑡)
𝑘 𝑗
}, {𝑖∗(𝑡)

𝑘 𝑗
}

if 𝑖 = 𝑖★𝑧𝑖 ,𝑠𝑖 then 𝜌𝑖 ← 𝜌
★(𝑡)
𝑧𝑖 ,𝑠𝑖 ;

else 𝜌𝑖 ← Uniform(𝜌★(𝑡)𝑧𝑖 ,𝑠𝑖 , 𝛽
(𝑡)
𝑧𝑖 ,𝑠𝑖 );

draw 𝑧
(𝑡+1)
𝑖

via (A.5);
draw 𝑠

(𝑡+1)
𝑖

via (A.6);
return {key : (𝑧(𝑡+1)

𝑖
, 𝑠
(𝑡+1)
𝑖
), value : 𝑥𝑖}

draw 𝒘 (𝑡+1) via (A.7);

for each unique key (𝑧(𝑡+1) , 𝑠(𝑡+1)) do
collect all {𝑥𝑖} that have this key;
𝑛 = #{𝑥𝑖};
𝑠𝑥 =

∑
𝑥𝑖; 𝑠𝑠𝑥 =

∑
𝑥2
𝑖
;

emit {key : (𝑧(𝑡+1) , 𝑠(𝑡+1)), value : (𝑛, 𝑠𝑥, 𝑠𝑠𝑥)}
end

Function Reduce((𝑧(𝑡+1) , 𝑠(𝑡+1)), (𝑛, 𝑠𝑥, 𝑠𝑠𝑥)):
// Global variables: 𝒄(𝑡) , 𝒓 (𝑡) , 𝒖(𝑡) ,𝝈 (𝑡)

draw 𝑢
(𝑡+1)
𝑧𝑖 ,𝑠𝑖 via (A.8);

draw 𝜎
(𝑡+1)
𝑧𝑖 ,𝑠𝑖 via (A.9);

return 𝑢(𝑡+1)
𝑧𝑖 ,𝑠𝑖 , 𝜎

(𝑡+1)
𝑧𝑖 ,𝑠𝑖 , 𝑛𝑧𝑖 ,𝑠𝑖

draw 𝜷(𝑡+1) via (A.10);
draw {𝜌∗(𝑡+1)

𝑘 𝑗
}, {𝑖∗(𝑡+1)

𝑘 𝑗
} via (A.11), update 𝜌∗(𝑡+1) via (A.12);

draw 𝜉 via (A.2);
draw 𝒄(𝑡+1) via (A.3);
draw 𝒓 (𝑡+1) via (A.3);

A.2 Simulations

In this section, we provide the implementation details of the simulation studies presented in
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Sections 2.4 and 2.5.

A.2.1 Figure (2.2a) and (2.2b)

Simulation Example 1, shown in Figures (2.2a) and (2.2b), consists of three components. The

second component is a skewed exponential-power distribution

𝑓 (𝑥; 𝜇, 𝜎, 𝑝, 𝛼) =


1

𝜎2𝑝1/𝑝Γ(1+1/𝑝) exp
{
− 1

2𝑝
�� 𝑥−𝜇
𝛼𝜎

��𝑝} , if 𝑥 ≤ 𝜇

1
𝜎2𝑝1/𝑝Γ(1+1/𝑝) exp

{
− 1

2𝑝

��� 𝑥−𝜇
(1−𝛼)𝜎

���𝑝} , if 𝑥 > 𝜇

with 𝜇 = 0.9, 𝜎 = 1.1, 𝑝 = 0.7, 𝛼 = 0.7. The third component is a Laplace distribution

𝑓 (𝑥; 𝜇, 𝜃) = 1
2𝜃

exp
(
− |𝑥 − 𝜇 |

𝜃

)
with 𝜇 = 6.3, and 𝜃 = 1.1. The first component is a random linear combination of Hermite

functions (defined in (A.20)), constructed as follows:

1. Generate the Hermite function 𝜓 𝑗 (𝑥) for 𝑗 = 0, · · · , 𝐿 − 1.

2. Draw coefficient 𝑎 𝑗 ∼ 𝑁 (0, 𝜎2
𝑗
), where 𝜎𝑗 = 𝜏

( 𝑗+1)𝛼/2 , for 𝑗 = 0, · · · , 𝐿 − 1.

3. Define 𝑓 (𝑥) = (∑𝐿−1
𝑗=0 𝑎 𝑗𝜓 𝑗 (

𝑥−𝜇
𝑠
)𝑠−1)2.

4. Normalize to obtain the density

𝑓 (𝑥) =


𝑓 (𝑥)∫ 𝑇

−𝑇 𝑓 (𝑥)𝑑𝑥
, 𝑥 ∈ [−𝑇,𝑇]

0, otherwise
, (A.13)

with 𝐿 = 14, 𝜏 = 0.7, 𝛼 = 1.6, 𝜇 = −7.0, 𝑠 = 0.8, and 𝑇 = 15. The histogram in (2.2a) is

based on 10,000 samples drawn from the mixture model.

A.2.2 Figure (2.2c) and (2.2d)

Simulation Example 2, shown in Figures (2.2c) and (2.2d), consists of two components. The
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spike component is generated as follows:

1. Randomly generate two orders 𝑗0 and 𝑗1 from the set {2, 3, 5, 6};

2. Draw two coefficients 𝑎0 ∼ 𝑁 (0, 𝜎2
0 ), 𝑎1 ∼ 𝑁 (0, 𝜎2

1 ), where 𝜎0 = 𝜏

( 𝑗0+1)𝛼/2 , and 𝜎1 =

𝜏

( 𝑗1+1)𝛼/2 ;

3. Define 𝑓 (𝑥) =
(∑1

𝑗=0 𝑎 𝑗𝜓 𝑗
( 𝑥−𝜇
𝑠

)
𝑠−1

)2𝛾
;

4. Normalize 𝑓 (𝑥) to obtain the density 𝑓 (𝑥) as in (A.13),

where we set 𝜏 = 2.6, 𝛼 = 1.5, 𝜇 = 0, 𝑠 = 1.8, 𝛾 = 5.8, and 𝑇 = 20. The slab component is

constructed according to the following procedure:

1. Draw 𝑎 𝑗 ∼ 𝑁 (0, 𝜎2
𝑗
), where 𝜎𝑗 = 𝜏

( 𝑗+1)𝛼/2 for 𝑗 = 0, · · · , 5, and 𝜎𝑗 = 0.35𝜏
( 𝑗+1)𝛼/2 for 𝑗 = 6, 7.

2. Define 𝑓 (𝑥) = (∑7
𝑗=0 𝑎 𝑗𝜓 𝑗 (

𝑥−𝜇
𝑠
)𝑠−1)2.

3. Normalize 𝑓 (𝑥) to obtain the density 𝑓 (𝑥) as in (A.13),

where 𝜏 = 0.9, 𝛼 = 5.2, 𝜇 = 0, 𝑠 = 14.5, and 𝑇 = 20.

The histogram in (2.2c) is estimated from 10,000 samples, and the density estimates in (2.2d)

are obtained by MDPM with fixed intervals: 𝐼1 = (0, 0.5] and 𝐼2 = [3.0,∞].

A.2.3 Figure 2.3

The simulation example shown in Figure 2.3 considers a two-component mixture model. Each

component itself consists of a mixture of 100 bivariate Gaussian distributions. For the first

component, the Gaussian means are equally spaced along a circle of radius 2 centered at [−2, 2].

Similarly, for the second component, the means are equally spaced along a circle of radius 2 centered

at [2, 2]. The covariance matrices of the Gaussian distributions are generated as follows.

• For each mixture component, the 11 Gaussian distributions whose means are closest to

the origin [0, 0] have covariance matrices independently drawn from an inverse Wishart
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distribution W−1(𝜈1,Ψ1), where 𝜈1 = 6, Ψ1 =
©­­«
4.5 0

0 4.5

ª®®¬. The relatively large diagonal

entries induce substantial overlap between the two components in the tails near the origin.

• The remaining 89 Gaussian distributions in each component have covariance matrices inde-

pendently drawn fromW−1(𝜈2,Ψ2), where 𝜈2 = 6 and Ψ2 =
©­­«
0.8 0

0 0.8

ª®®¬.

In this simulation example, the underlying regions 𝐼1 and 𝐼2 are unknown and inferred from the

posterior.

A.3 Proofs for Section 2.6: Theorem 2.6.1

Proof of Theorem 2.6.1. We first show that for any function ℎ(𝑥) of the form ℎ(𝑥) =∫
𝑔𝑢,𝜎 (𝑥)𝑑𝐺 (𝑢), where the mixing measure 𝐺 has compact support, if ℎ(𝑥) =

∫
𝑔𝑢,𝜎′ (𝑥)𝑑𝐺′(𝑢),

where 𝐺′ also has compact support, then we must have 𝜎 = 𝜎′ and 𝐺 = 𝐺′. If 𝜎′ ≠ 𝜎, w.l.o.g,

assume that 𝜎′ > 𝜎. Because 𝐺 and 𝐺′ have compact support, we can find 𝑢0 ∈ R such that

supp(𝐺) ⊆ (−∞, 𝑢0 − 1], and 𝑢′0 ∈ (0,+∞) such that supp(𝐺′) ⊆ [−𝑢′0, 𝑢
′
0]. By definition, for any

𝑥 ∈ R,
1
√

2𝜋𝜎

∫
𝑒
− (𝑥−𝑢)

2

2𝜎2 𝑑𝐺 (𝑢) = 1
√

2𝜋𝜎′

∫
𝑒
− (𝑥−𝑢)

2

2𝜎′2 𝑑𝐺′(𝑢). (A.14)

Multiplying both sides by exp
(
(𝑥−𝑢0)2

2𝜎2

)
, we get

∫
𝑒
(𝑥−𝑢0 )2

2𝜎2 −
(𝑥−𝑢)2

2𝜎2 𝑑𝐺 (𝑢) = 𝜎

𝜎′

∫
𝑒
(𝑥−𝑢0 )2

2𝜎2 −
(𝑥−𝑢)2
2𝜎′2 𝑑𝐺′(𝑢)∫

𝑒
(𝑢−𝑢0 )𝑥
𝜎2 · 𝑒

𝑢2
0−𝑢

2

2𝜎2 𝑑𝐺 (𝑢) = 𝜎

𝜎′
· 𝑒

(
1

2𝜎2 −
1

2𝜎′2

)
𝑥2−

(
𝑢0
𝜎2

)
𝑥+

𝑢2
0

2𝜎2 ·
∫

𝑒
𝑢𝑥

𝜎′2
− 𝑢2

2𝜎′2 𝑑𝐺′(𝑢). (A.15)

Because supp(𝐺) ⊆ (−∞, 𝑢0 − 1], for any 𝑥 > 0,

LHS ≤ 𝑒−
𝑥

𝜎2

∫
𝑒
𝑢2

0−𝑢
2

2𝜎2 𝑑𝐺 (𝑢) → 0, as 𝑥 → +∞,
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However, because 𝜎′ > 𝜎, and supp(𝐺′) ⊆ [−𝑢′0, 𝑢
′
0], for any sufficiently large 𝑥 > 0,

RHS ≥ 𝜎

𝜎′
· 𝑒

(
1

2𝜎2 −
1

2𝜎′2

)
𝑥2−

(
𝑢0
𝜎2

)
𝑥+

𝑢2
0

2𝜎2 · 𝑒−
𝑢′0𝑥
𝜎′2
−
𝑢′20

2𝜎′2 →∞, as 𝑥 → +∞

Therefore, there must exist 𝑥 sufficiently large such that the left-hand side is not equal to the

right-hand side, contradicting the assumption. A similar contradiction arises if 𝜎′ < 𝜎. Hence

we conclude that 𝜎 = 𝜎′. Now assume ℎ(𝑥) =
∫
𝑔𝑢,𝜎 (𝑥)𝑑𝐺 (𝑢) =

∫
𝑔𝑢,𝜎 (𝑥)𝑑𝐺′(𝑢), then for any

𝑡 ∈ R,

∫
𝑒𝑖𝑡𝑥ℎ(𝑥)𝑑𝑥 =

∫
𝑒𝑖𝑡𝑥

(∫
𝑔𝑢,𝜎 (𝑥)𝑑𝐺 (𝑢)

)
𝑑𝑥

=

∫ (∫
𝑒𝑖𝑡𝑥𝑔𝑢,𝜎 (𝑥)𝑑𝑥

)
𝑑𝐺 (𝑢)

=

∫
𝑒𝑖𝑡𝑢−

1
2𝜎

2𝑡2𝑑𝐺 (𝑢)

= 𝑒−
1
2𝜎

2𝑡2
∫

𝑒𝑖𝑡𝑢𝑑𝐺 (𝑢).

Similarly, we have
∫
𝑒𝑖𝑡𝑥ℎ(𝑥)𝑑𝑥 = 𝑒−

1
2𝜎

2𝑡2
∫
𝑒𝑖𝑡𝑢𝑑𝐺′(𝑢), therefore,

∫
𝑒𝑖𝑡𝑢𝑑𝐺 (𝑢) =

∫
𝑒𝑖𝑡𝑢𝑑𝐺′(𝑢),

∀𝑡 ∈ R. Since the characteristic functions of 𝐺 and 𝐺′ are identical, we must have 𝐺 = 𝐺′.

Therefore, given any 𝑓 as defined in (2.13), we can find unique 𝜎 and 𝐺, such that 𝑓 =∫
𝑔𝑢,𝜎 (𝑥)𝑑𝐺 (𝑢). Under condition (C2.1), 𝐺 can be uniquely separated into 𝐾 components. Under

condition (C2.2), we first find the unique separation 𝑆supp(𝐺) as defined in Section 2.2, then among

all pairs of neighboring sets (𝑆𝑖, 𝑆 𝑗 ) ∈ N (𝑆supp(𝐺)), we identify the 𝐾 − 1 pairs with the largest

distances 𝑑𝑐 (𝑆𝑖, 𝑆 𝑗 ). The interval of length 𝑑𝑐 (𝑆𝑖, 𝑆 𝑗 ) between each of these pairs 𝑆𝑖 and 𝑆 𝑗 will

also be one of the 𝐾 − 1 intervals that separate supp(𝑉1), · · · , supp(𝑉𝐾). Therefore 𝑓1, · · · , 𝑓𝐾 can

also be uniquely identified.

□

A.4 Proofs for Section 2.7.1: Theorem 2.7.1

In this section, Lemma A.4.1 provides a lower bound on the probability that, under the truncated
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Dirichlet distribution, (𝑊1, · · · ,𝑊𝐾) lies in a neighborhood of the true weights (𝑤10, · · · , 𝑤𝐾0).

The corresponding result for a non-truncated Dirichlet prior is given in Lemma 6.1 of Ghosal et al.

(2000).

Lemma A.4.1. Let (𝑊1, · · · ,𝑊𝐾) follow a truncated Dirichlet distribution under assumption

(A2.1). Let (𝑤10, · · · , 𝑤𝐾0) be any point on the 𝐾-simplex such that 𝑤𝑘0 ∈
[
𝑤,

1−𝑤
𝐾−1

]
, for some

0 < 𝑤 < 1/𝐾2, 𝑘 = 1, · · · , 𝐾 . There exist a positive constant 𝐶 depending only on 𝛼 and 𝑤 and

𝐾 such that, for 𝜖 ≤ 1
𝐾
√
𝐾−1

,

Pr

(
𝐾∑︁
𝑘=1
|𝑊𝑘 − 𝑤𝑘0 | ≤ 2𝜖

)
≥ 𝐶 (𝑤, 𝛼, 𝐾) exp

(
−2(𝐾 − 1) log

1
𝜖

)
. (A.16)

Proof. Find an index 𝑘 such that 𝑤𝑘0 ≤ 1/𝐾 . By relabeling, we can assume that 𝑘 = 𝐾 . If

|𝑤𝑘 − 𝑤𝑘0 | ≤ 𝜖2 and 𝑤𝑘 ∈
[
𝑤,

1−𝑤
𝐾−1

]
for 𝑘 = 1, · · · , 𝐾 − 1, then because 𝜖2 ≤ 1

𝐾2 (𝐾−1) ,

𝐾−1∑︁
𝑘=1

𝑤𝑘 ≥ 1 − 𝑤𝐾0 − (𝐾 − 1)𝜖2 ≥ (𝐾 − 1)
(
1/𝐾 − 𝜖2

)
≥ 1 − 𝐾 + 1

𝐾2 .

So we have 𝑤𝐾 ≤ 𝐾+1
𝐾2 <

1−𝑤
𝐾−1 . In addition, because

∑𝐾−1
𝑘=1 𝑤𝑘 ≤ 1−𝑤, we also have 𝑤𝐾 ≥ 𝑤. Hence

there exists 𝑤 = (𝑤1, · · · , 𝑤𝐾) in the truncated simplex with these first 𝐾 − 1 coordinates such that∑𝐾
𝑘=1 𝑤𝑘 = 1, 𝑤𝑘 ∈ [𝑤,

1−𝑤
𝐾−1 ],∀1 ≤ 𝑘 ≤ 𝐾 . Furthermore,

∑𝐾
𝑘=1 |𝑤𝑘 − 𝑤𝑘0 | ≤ 2

∑𝐾−1
𝑘=1 |𝑤𝑘 − 𝑤𝑘0 | ≤

2𝜖2(𝐾 − 1) ≤ 2𝜖 . Therefore the probability on the left-hand side of (A.16) is bounded below by

Pr
(
|𝑊𝑘 − 𝑤𝑘0 | ≤ 𝜖2,𝑊𝑘 ∈ [𝑤,

1 − 𝑤
𝐾 − 1

], 𝑘 = 1, · · · , 𝐾 − 1
)

≥ 𝐶 (𝑤, 𝛼, 𝐾) ·
𝐾−1∏
𝑘=1

∫ min
(
𝑤𝑘0+𝜖2,

1−𝑤
𝐾−1

)
max(𝑤𝑘0−𝜖2,𝑤)

𝑤
𝛼𝑖−1
𝑖

𝑑𝑤𝑖,

where we use that
(
1 −∑𝐾−1

𝑘=1 𝑤𝑖

)𝛼𝐾−1
≥ 1, since 𝛼𝐾 ≤ 1. Similarly, since 𝛼𝑘 ≤ 1 for every 𝑘 ,

we can lower bound the integrand by 1. Note that, under assumption, 𝑤 < 1
𝐾2 , which implies

1−𝑤
𝐾−1 −𝑤 >

1
𝐾

. Moreover, since 𝜖2 ≤ 1
𝐾2 (𝐾−1) , the interval of integration contains at least an interval
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of length 𝜖2. We can bound the last display from below by

𝐶 (𝑤, 𝛼, 𝐾) · 𝜖2(𝐾−1) ≥ 𝐶 (𝑤, 𝛼, 𝐾) · exp
(
−2(𝐾 − 1) log

1
𝜖

)
.

This concludes the proof. □

Now we are ready to prove the prior concentration inequality of MDPM in the following lemma:

Lemma A.4.2. Let 𝑓0 ∈ F𝐾,𝜎 (𝒄, 𝒓, 𝑤), where 𝐾, 𝜎, 𝒄, 𝒓, 𝑤 are fixed and known. Consider the prior

Π constructed under specifications (A2.1), (A2.2) and (A2.3). Then by taking 𝜖𝑛 = log 𝑛/
√
𝑛, when

𝑛 is larger than some constant, we have

Π({ 𝑓 | 𝑓 ∈ 𝐵2( 𝑓0, 𝜖𝑛)}) ≥ 𝑐3𝑒
−𝑐4𝑛𝜖

2
𝑛 (A.17)

where constants 𝑐3, 𝑐4 > 0.

Remark. Lemma A.4.2 shows that, for any finite number of components 𝐾 , a mixture of 𝐾 Dirichlet

process priors, under the specified conditions, attains the same prior concentration rate around the

true mixture density 𝑓0 as a single Dirichlet process prior.

Proof of Lemma A.4.2. As established in the proof of Theorem 5.1 in Ghosal and van der Vaart

(2001), the probability lower bound for the first set in equation (5.12) of Ghosal and van der Vaart

(2001) applies in our setting as well. The only difference is that 𝜎 is fixed here; in this case, the

first factor on the right-hand side of equation (5.14) in Ghosal and van der Vaart (2001) can be

replaced by 1. Therefore the conclusion in (5.16) still holds, which in the proof is implied by the

following: For any 𝑘 = 1, · · · , 𝐾 , 0 < 𝜖 < 1
𝐾

, and some positive constant 𝑑𝑘 ,

Π𝑘

({
𝑉𝑘 | ∥ 𝑓𝑘 − 𝑓𝑘0∥1 ≤ 𝑑𝑘𝜖

(
log

1
𝜖

)1/2
})
≥ 𝐶𝑘 exp

[
−𝑐𝑘

(
log

1
𝜖

)2
]
, (A.18)

for some positive constants 𝐶𝑘 and 𝑐𝑘 . By Lemma A.4.1, when 𝜖 < min( 1
𝐾
√
𝐾−1

, 𝑒−1), we have
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log 1
𝜖
> 1, therefore

Pr

(
𝐾∑︁
𝑘=1
|𝑊𝑘 − 𝑤𝑘0 | ≤ 2𝜖

(
log

1
𝜖

)1/2
)
≥ Pr

(
𝐾∑︁
𝑘=1
|𝑊𝑘 − 𝑤𝑘0 | ≤ 2𝜖

)
≥ 𝐶𝑤 exp

(
−2(𝐾 − 1) log

1
𝜖

)
for some positive constants 𝐶𝑤. Furthermore,

∥ 𝑓 − 𝑓0∥1 =






 𝐾∑︁
𝑘=1
(𝑊𝑘 𝑓𝑘 − 𝑤𝑘0 𝑓𝑘0)







1

=






 𝐾∑︁
𝑘=1
(𝑊𝑘 − 𝑤𝑘0) ( 𝑓𝑘 − 𝑓𝑘0) + (𝑊𝑘 − 𝑤𝑘0) 𝑓𝑘0 + ( 𝑓𝑘 − 𝑓𝑘0)𝑤𝑘0







1

≤
𝐾∑︁
𝑘=1
|𝑊𝑘 − 𝑤𝑘0 | · ∥ 𝑓𝑘 − 𝑓𝑘0∥1 +

𝐾∑︁
𝑘=1
|𝑊𝑘 − 𝑤𝑘0 | +

𝐾∑︁
𝑘=1
∥ 𝑓𝑘 − 𝑓𝑘0∥1

≤ 2
𝐾∑︁
𝑘=1
∥ 𝑓𝑘 − 𝑓𝑘0∥1 +

𝐾∑︁
𝑘=1
|𝑊𝑘 − 𝑤𝑘0 |,

and because W and Π𝑘 ’s are mutually independent,

Π

({
𝑓 | ∥ 𝑓 − 𝑓0∥1 ≤ 2

(
𝐾∑︁
𝑘=1

𝑑𝑘 + 1

)
𝜖 log

(
1
𝜖

)1/2
})

≥Pr

(
𝐾∑︁
𝑘=1
|𝑊𝑘 − 𝑤𝑘0 | ≤ 2𝜖 log

(
1
𝜖

)1/2
, and ∥ 𝑓𝑘 − 𝑓𝑘0∥1 ≤ 𝑑𝑘𝜖

(
log

1
𝜖

)1/2
, 𝑘 = 1, . . . , 𝐾

)
=Pr

(
𝐾∑︁
𝑘=1
|𝑊𝑘 − 𝑤𝑘0 | ≤ 2𝜖 log

(
1
𝜖

)1/2
)
·
𝐾∏
𝑘=1

Π𝑘

(
∥ 𝑓𝑘 − 𝑓𝑘0∥1 ≤ 𝑑𝑘𝜖

(
log

1
𝜖

)1/2
)

=

𝐾∏
𝑘=1

𝐶𝑘 · 𝐶𝑤 exp

[
−

(
𝐾∑︁
𝑘=1

𝑐𝑘

) (
log

1
𝜖

)2
− 2(𝐾 − 1) log

1
𝜖

]
≥𝐶̃ exp

[
−𝑐

(
log

1
𝜖

)2
]

for some positive constants 𝐶 and 𝑐. By (2.14) and Lemma 4.1 in Ghosal and van der Vaart (2001)

and analogous results for location-scale mixtures, we know when 𝜖 is sufficiently small such that
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2
(∑𝐾

𝑘=1 𝑑𝑘 + 1
)
𝜖 log

(
1
𝜖

)1/2
< 1

4 ,

{
𝑓 | ∥ 𝑓 − 𝑓0∥1 ≤ 2

(
𝐾∑︁
𝑘=1

𝑑𝑘 + 1

)
𝜖 log

(
1
𝜖

)1/2
}
⊂ 𝐵2

(
𝑓0, 𝑐𝜖

1/2
(
log

1
𝜖

)5/4
)
,

for some constant 𝑐, therefore

Π

({
𝑓 = 𝑝𝜎0,

∑𝐾
𝑘=1𝑊𝑘𝑉𝑘

| 𝑓 ∈ 𝐵2

(
𝑓0, 𝑐𝜖

1/2
(
log

1
𝜖

)5/4
)})
≥ 𝐶̃ exp

[
−𝑐

(
log

1
𝜖

)2
]

Putting 𝜖′ = 𝑐𝜖1/2(log 1
𝜖
)5/4 and noting that log 1

𝜖 ′ ∼ log 1
𝜖
, we have

Π({ 𝑓 | 𝑓 ∈ 𝐵2( 𝑓0, 𝜖′)}) ≥ 𝑐3 exp

[
−𝑐4

(
log

1
𝜖′

)2
]

(A.19)

for some positive constants 𝑐3 and 𝑐4. Take 𝜖𝑛 = log 𝑛/
√
𝑛, we obtain

Π({ 𝑓 | 𝑓 ∈ 𝐵2( 𝑓0, 𝜖𝑛)}) ≥ 𝑐3𝑒
−𝑐4𝑛𝜖

2
𝑛 .

□

We now proceed to establish the posterior contraction rate around the true density 𝑓0. To this

end, we apply Theorem 2.1 of Ghosal and van der Vaart (2001).

Proof of Theorem 2.7.1. We verify the conditions (2.8), (2.9) and (2.10) of Theorem 2.1 in Ghosal

and van der Vaart (2001) are satisfied for Π𝑛 = Π, P = F𝐾,𝜎 (𝒄, 𝒓, 𝑤), P𝑛 = P with 𝜖𝑛 = log 𝑛/
√
𝑛

and 𝜖𝑛 = log 𝑛/
√
𝑛. Condition (2.8) follows from Theorem 3.1 in Ghosal and van der Vaart (2001)

with 𝜖𝑛 = log 𝑛/
√
𝑛. Lemma A.4.2 establishes that (2.10) holds for 𝜖𝑛 = log 𝑛/

√
𝑛. □

A.5 Proofs for Section 2.7.2: Construction of 𝑓̂𝑖

In this section, we briefly describe the point estimate 𝑓̂𝑖 given in Tai and Aragam (2023). To this

end, we first introduce Hermite functions in section A.5.1.
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A.5.1 Hermite functions

We review some useful basics of Hermite orthonormal basis to be used in the sequel. Let 𝜓 𝑗 be

the 𝑗 th (physicist’s) Hermite functions, i.e.

𝜓 𝑗 (𝑥) = (−1) 𝑗 1√︁
2 𝑗 𝑗!
√
𝜋
ℎ 𝑗 (𝑥)𝑒−

1
2 𝑥

2
, ∀𝑥 ∈ R, (A.20)

where ℎ 𝑗 (𝑥) is the (physicist’s) Hermite polynomials, i.e.

ℎ 𝑗 (𝑥) = (−1) 𝑗𝑒𝑥2 𝑑 𝑗𝑒−𝜉
2

𝑑𝜉 𝑗

���
𝜉=𝑥
, ∀𝑥 ∈ R.

The Hermite functions are orthonormal in 𝐿2(R), i.e. ∥𝜓𝑖∥2 = 1 and ⟨𝜓𝑖, 𝜓 𝑗 ⟩ = 0 ∀𝑖, 𝑗 ∈ N0,

where ⟨ 𝑓 , 𝑔⟩ =
∫
R 𝑓 (𝑥)𝑔(𝑥)𝑑𝑥 denotes the inner product with respect to Lebesgue measure. For

any 𝜇 ∈ R and 𝑗 ∈ N0, we denote 𝜓 𝑗 ,𝜇 (𝑥) = 𝜓 𝑗 (𝑥 − 𝜇). It is known that

ℎ 𝑗 (𝑥 − 𝜇) =
𝑗∑︁

𝑘=0

(
𝑗

𝑘

)
(−2𝜇) 𝑗−𝑘ℎ𝑘 (𝑥). (A.21)

This can be proved by using the generating function for Hermite polynomials: 𝑒−𝑡
2+2𝑡𝑥 =∑∞

𝑗=0 ℎ 𝑗 (𝑥) 𝑡
𝑗

𝑗! , ∀𝑥, 𝑡 ∈ R. Substitute 𝑥 by 𝑥 − 𝜇 in the generating function: 𝑒−𝑡
2+2𝑡 (𝑥−𝜇) =∑∞

𝑗=0 ℎ 𝑗 (𝑥 − 𝜇) 𝑡
𝑗

𝑗! , and rewrite 𝑒−𝑡2+2𝑡 (𝑥−𝜇) = 𝑒−𝑡
2+2𝑡𝑥 · 𝑒−2𝑡𝜇 =

(∑∞
𝑗=0 ℎ 𝑗 (𝑥) 𝑡

𝑗

𝑗!

) (∑∞
𝑘=0

(−2𝜇)𝑘
𝑘! 𝑡𝑘

)
,

then by comparing coefficients of 𝑡 𝑗

𝑗! , we get (A.21). Based on (A.21), it can be checked that for

any 𝜇 ∈ R and any 𝑖, 𝑗 ∈ N0, the inner product (with respect to Lebesgue measure) of 𝜓𝑖,0 and 𝜓 𝑗 ,𝜇

takes the form

⟨𝜓𝑖,0, 𝜓 𝑗 ,𝜇⟩

=

∫ +∞

−∞
𝜓𝑖,0(𝑥)𝜓 𝑗 ,𝜇 (𝑥)𝑑𝑥

=
(−1)𝑖+ 𝑗√︁
2𝑖+ 𝑗 𝑖! 𝑗!𝜋

∫ +∞

−∞
ℎ𝑖 (𝑥)ℎ 𝑗 (𝑥 − 𝜇)𝑒−𝑥

2/2𝑒−(𝑥−𝜇)
2/2𝑑𝑥
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=
(−1)𝑖+ 𝑗√︁
2𝑖+ 𝑗 𝑖! 𝑗!𝜋

𝑒−𝜇
2/4

∫ +∞

−∞
ℎ𝑖 (𝑥)ℎ 𝑗 (𝑥 − 𝜇)𝑒−(𝑥−𝜇/2)

2
𝑑𝑥

𝑡=𝑥−𝜇/2
=

(−1)𝑖+ 𝑗√︁
2𝑖+ 𝑗 𝑖! 𝑗!𝜋

𝑒−𝜇
2/4

∫ +∞

−∞
ℎ𝑖 (𝑡 + 𝜇/2)ℎ 𝑗 (𝑡 − 𝜇/2)𝑒−𝑡

2
𝑑𝑡.

Using the equation (A.21), we expand both ℎ𝑖 (𝑡 + 𝜇/2) and ℎ 𝑗 (𝑡 − 𝜇/2) in terms of {ℎ𝑘 (𝑡)}. By

orthogonality
∫
ℎ𝑚 (𝑥)ℎ𝑛 (𝑥)𝑒−𝑥

2
𝑑𝑥 =

√
𝜋2𝑛𝑛! · 1𝑛=𝑚,

⟨𝜓𝑖,0, 𝜓 𝑗 ,𝜇⟩ =
𝑖∧ 𝑗∑︁
𝑘=0

(
𝑒−

1
8 𝜇

2 (−1)𝑖
√︂
𝑘!
𝑖!

(
𝑖

𝑘

) (
𝜇
√

2

) 𝑖−𝑘 ) (
𝑒−

1
8 𝜇

2 (−1) 𝑗
√︄
𝑘!
𝑗!

(
𝑗

𝑘

) (
−𝜇
√

2

) 𝑗−𝑘 )
. (A.22)

Let 𝑔𝜇,𝜎 (𝑥) = 1√
2𝜋𝜎

𝑒
− (𝑥−𝜇)

2

2𝜎2 be the density of normal distribution with mean 𝜇 and standard

deviation 𝜎. Since 𝑔𝜇,1 = 1√
2
√
𝜋
𝜓0,𝜇, we have

⟨𝜓 𝑗 ,0, 𝑔𝜇,1⟩ =
1√︁

2
√
𝜋
⟨𝜓 𝑗 ,0, 𝜓0,𝜇⟩ =

(−1) 𝑗√︁
2 𝑗+1 𝑗!

√
𝜋
𝑒−

1
4 𝜇

2
𝜇 𝑗 .

Similarly, if we denote 𝜓 𝑗 ,𝜇,𝜎 = 1√
𝜎
𝜓 𝑗

( 𝑥−𝜇
𝜎

)
, then ∥𝜓𝑖,𝜇,𝜎∥2 = 1, ⟨𝜓𝑖,𝜇,𝜎, 𝜓 𝑗 ,𝜇,𝜎⟩ = 0 for 𝑖 ≠ 𝑗 , and

⟨𝜓𝑖,𝜇1,𝜎,𝜓 𝑗 ,𝜇2,𝜎⟩

=

𝑖∧ 𝑗∑︁
𝑘=0

(
𝑒
− 1

8𝜎2 (𝜇2−𝜇1)2 (−1)𝑖
√︂
𝑘!
𝑖!

(
𝑖

𝑘

) (
𝜇2 − 𝜇1√

2𝜎

) 𝑖−𝑘 )
×(

𝑒
− 1

8𝜎2 (𝜇2−𝜇1)2 (−1) 𝑗
√︄
𝑘!
𝑗!

(
𝑗

𝑘

) (
𝜇1 − 𝜇2√

2𝜎

) 𝑗−𝑘 )
.

(A.23)

Here the inner product is with regard to Lebesgue measure. In particular, since 𝑔𝜇,𝜎 = 1√
2𝜎
√
𝜋
𝜓0,𝜇,𝜎,

we have

⟨𝜓 𝑗 ,𝜇1,𝜎, 𝑔𝜇2,𝜎⟩ =
(−1) 𝑗√︁

2 𝑗+1 𝑗!𝜎
√
𝜋
𝑒
− (𝜇2−𝜇1 )2

4𝜎2
( 𝜇2 − 𝜇1

𝜎

) 𝑗
. (A.24)

A.5.2 Construction of 𝑓̂𝑖

For any 𝑓 ∈ F as defined in (C2.3), assume 𝑋1, · · · , 𝑋𝑛 are 𝑛 i.i.d. samples from 𝑃 𝑓 . Let us
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represent each component 𝑓𝑖 in terms of the Hermite basis functions: 𝑓𝑖 =
∑∞
𝑗=0 𝛼𝑖, 𝑗𝜓 𝑗 ,𝑐𝑖 ,𝜎, where

𝛼𝑖, 𝑗 = ⟨ 𝑓𝑖, 𝜓 𝑗 ,𝑐𝑖 ,𝜎⟩, for 𝑖 = 1, 2 and 𝑗 ∈ N0. Recall 𝑓 = 𝑤1 𝑓1 + 𝑤2 𝑓2. Let 𝜆𝑖, 𝑗 := 𝑤𝑖𝛼𝑖, 𝑗 , for 𝑖 = 1, 2,

and 𝑗 ∈ N0. It follows that

𝑓 =

∞∑︁
𝑗=0
𝜆1, 𝑗𝜓 𝑗 ,𝑐1,𝜎 +

∞∑︁
𝑗=0
𝜆2, 𝑗𝜓 𝑗 ,𝑐2,𝜎,

and by projecting 𝑓 onto each 𝜓𝑘,𝑐𝑖 ,𝜎, for 𝑖 = 1, 2 and 𝑘 ∈ [ℓ], where ℓ is a nonnegative integer and

[ℓ] := {0, 1, · · · , ℓ − 1},

⟨ 𝑓 , 𝜓𝑘,𝑐𝑖 ,𝜎⟩ =
∞∑︁
𝑗=0
𝜆1, 𝑗 ⟨𝜓 𝑗 ,𝑐1,𝜎, 𝜓𝑘,𝑐𝑖 ,𝜎⟩ +

∞∑︁
𝑗=0
𝜆2, 𝑗 ⟨𝜓 𝑗 ,𝑐2,𝜎, 𝜓𝑘,𝑐𝑖 ,𝜎⟩.

Thus, we obtain

𝑦 = 𝐴𝜆 +
∞∑︁
𝑗=ℓ

𝜆1, 𝑗 𝑧1, 𝑗 +
∞∑︁
𝑗=ℓ

𝜆2, 𝑗 𝑧2, 𝑗 ,

where 𝑦 is the 2ℓ-dimensional vector whose entries are given by ⟨ 𝑓 , 𝜓 𝑗 ,𝑐𝑖 ,𝜎⟩ for 𝑖 = 1, 2; 𝑗 ∈ [ℓ]

(the entries indexed by (𝑖, 𝑗) are ordered by 𝑖, and then by 𝑗), likewise, 𝜆 is the 2ℓ-dimensional

vector whose entries are given by 𝜆𝑖, 𝑗 = 𝑤𝑖𝛼𝑖, 𝑗 for 𝑖 = 1, 2; 𝑗 ∈ [ℓ], 𝐴 is a 2ℓ-by-2ℓ matrix whose

entries are given by ⟨𝜓 𝑗1,𝑐𝑖1 ,𝜎, 𝜓 𝑗2,𝑐𝑖2 ,𝜎⟩, for 𝑖1, 𝑖2 = 1, 2; 𝑗1, 𝑗2 ∈ [ℓ], e.g., when ℓ = 2:

𝐴 =

©­­­­­­­­«

1 0 ⟨𝜓0,𝑐2,𝜎, 𝜓0,𝑐1,𝜎⟩ ⟨𝜓1,𝑐2,𝜎, 𝜓0,𝑐1,𝜎⟩

0 1 ⟨𝜓0,𝑐2,𝜎, 𝜓1,𝑐1,𝜎⟩ ⟨𝜓1,𝑐2,𝜎, 𝜓1,𝑐1,𝜎⟩

⟨𝜓0,𝑐1,𝜎, 𝜓0,𝑐2,𝜎⟩ ⟨𝜓1,𝑐1,𝜎, 𝜓0,𝑐2,𝜎⟩ 1 0

⟨𝜓0,𝑐1,𝜎, 𝜓1,𝑐2,𝜎⟩ ⟨𝜓1,𝑐1,𝜎, 𝜓1,𝑐2,𝜎⟩ 0 1

ª®®®®®®®®¬
,
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and

𝑧1, 𝑗 =



0
...

0

⟨𝜓 𝑗 ,𝑐1,𝜎, 𝜓0,𝑐2,𝜎⟩
...

⟨𝜓 𝑗 ,𝑐1,𝜎, 𝜓ℓ−1, 𝑐2,𝜎⟩



, 𝑧2, 𝑗 =



⟨𝜓 𝑗 ,𝑐2,𝜎, 𝜓0,𝑐1,𝜎⟩
...

⟨𝜓 𝑗 ,𝑐2,𝜎, 𝜓ℓ−1,𝑐1,𝜎⟩

0
...

0



for 𝑗 ≥ ℓ.

For the rest of the paper, the 2ℓ items will be indexed by (𝑖, 𝑘), 𝑖 = 1, 2, 𝑘 = 0, · · · , ℓ − 1, i.e., the

1, 2, · · · , 2ℓ-th columns in 𝐴will be indexed by (1, 0), (1, 1), · · · , (1, ℓ−1), (2, 0), (2, 1), · · · , (2, ℓ−

1), respectively.

Next, let 𝑓̂ denote an estimate of 𝑓 based on the 𝑛 samples 𝑋1, . . . , 𝑋𝑛. For instance, a kernel

density estimator can be used for this purpose. Then, take the 2ℓ-dimensional vector 𝑦̂ whose

entries are given by ⟨ 𝑓̂ , 𝜓 𝑗 ,𝑐𝑖 ,𝜎⟩ for 𝑖 = 1, 2 and 𝑗 ∈ [ℓ]. Now we define

𝜆 = 𝐴−1 𝑦̂. (A.25)

Consider a truncation using the first 𝑙 Hermite basis functions:

𝑓̃𝑖 ≔

ℓ−1∑︁
𝑗=0
𝜆𝑖, 𝑗𝜓 𝑗 ,𝑐𝑖 ,𝜎,

and then normalizing the 𝑓̃𝑖, we arrive at the following estimate for the probability density function

associated with the component indexed by 𝑖 = 1 and 2:

𝑓̂𝑖 ≔

(
𝑓̃𝑖

)
+


( 𝑓̃𝑖)
+





1

, (A.26)

where for any function 𝑞 : R→ R, (𝑞(𝑥))+ := max{𝑞(𝑥), 0}, ∀𝑥 ∈ R.
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A.6 Proofs for Section 2.7.2: Upper bound on ∥ 𝑓̂𝑖 − 𝑓𝑖∥1
The goal of this section of the Appendix is to prove Lemma A.6.1.

Lemma A.6.1. Let 𝑓 ∈ F be as defined in (C2.3). Denote by 𝑃 𝑓 the probability measure with

density 𝑓 . Take 𝑛 i.i.d. samples from 𝑃 𝑓 , and let 𝑓̂ be any density estimator of 𝑓 from the 𝑛 samples.

Define Δ 𝑓 := 𝑓̂ − 𝑓 . For 𝑖 = 1, 2, if ℓ ≥ ⌊2𝑒𝑟2
𝑖
/𝜎2⌋ + 2, then the estimator 𝑓̂𝑖 defined in (A.26)

satisfies

∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≤
1
𝑤𝑖
𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) ·

(
8 max(𝑟1, 𝑟2)

𝑟

)ℓ
· ℓ5/4 + 𝑐2(𝑟𝑖, 𝜎)

(
1
2

)ℓ
+ 1
𝑤𝑖
𝑐3(𝑟, 𝜎) · ∥Δ 𝑓 ∥2 · exp(ℓ log ℓ + 𝑐4(𝑟, 𝜎)ℓ + 𝑐5 log ℓ)

for some constants 𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) > 0, 𝑐2(𝑟𝑖, 𝜎) > 0, 𝑐3(𝑟, 𝜎) > 0, 𝑐4(𝑟, 𝜎) > 0, and 𝑐5 > 0,

where the dependence on parameters is indicated in parentheses.

This Lemma is a refinement of a result of Tai and Aragam (2023), who provide the order of the

convergence rate and fix 𝑟1 = 𝑟2 = 1
2 , and 𝜎 = 1. We extend their result by making explicit the

constants and their dependence on 𝑟𝑖 ∈ (0,+∞), 𝑖 = 1, 2, 𝜎 ∈ (0,+∞).

A.6.1 Technical lemmas

Recall that 𝑓𝑖 =
∫ 𝑐𝑖+𝑟𝑖
𝑐𝑖−𝑟𝑖 𝑔𝑢,𝜎 (𝑥)𝑑𝑉𝑖 (𝑢), for some 𝜎 > 0, where 𝑉𝑖 (𝑢) is the mixing measure

supported within [𝑐𝑖 − 𝑟𝑖, 𝑐𝑖 + 𝑟𝑖]. We can expand 𝑓𝑖 in terms of the Hermite functions: 𝑓𝑖 =∑∞
𝑗=0 𝛼𝑖, 𝑗𝜓 𝑗 ,𝑐𝑖 ,𝜎, where 𝛼𝑖, 𝑗 = ⟨ 𝑓𝑖, 𝜓 𝑗 ,𝑐𝑖 ,𝜎⟩, for 𝑖 = 1, 2 and 𝑗 ∈ N0. We obtain the following (cf.

Lemma 16 of Tai and Aragam (2023)).

Lemma A.6.2. For 𝑖 = 1, 2, and any 𝑗 ∈ N0, we have |𝛼𝑖, 𝑗 | ≤
(√

2𝑟𝑖
2𝜎

) 𝑗
· 1√

2𝜎 𝑗!
√
𝜋

.
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Proof. We have

𝛼𝑖, 𝑗 = ⟨ 𝑓𝑖, 𝜓 𝑗 ,𝑐𝑖 ,𝜎⟩ =
∫ +∞

−∞

(∫ 𝑐𝑖+𝑟𝑖

𝑐𝑖−𝑟𝑖
𝑔𝑢,𝜎 (𝑥)𝑑𝑉𝑖 (𝑢)

)
𝜓 𝑗 ,𝑐𝑖 ,𝜎 (𝑥)𝑑𝑥

=

∫ 𝑐𝑖+𝑟𝑖

𝑐𝑖−𝑟𝑖

(∫ +∞

−∞
𝑔𝑢,𝜎 (𝑥)𝜓 𝑗 ,𝑐𝑖 ,𝜎 (𝑥)𝑑𝑥

)
𝑑𝑉𝑖 (𝑢)

=

∫ 𝑟𝑖

−𝑟𝑖
⟨𝑔𝑢,𝜎 (𝑥), 𝜓 𝑗 ,0,𝜎⟩𝑑𝑉𝑖 (𝑐𝑖 + 𝑢),

so, by (A.24),

|𝛼𝑖, 𝑗 | ≤
∫ 𝑟𝑖

−𝑟𝑖
|⟨𝜓 𝑗 ,0,𝜎, 𝑔𝑢,𝜎⟩|𝑑𝑉𝑖 (𝑐𝑖 + 𝑢) ≤

1√︁
2𝜎
√
𝜋
·

(
𝑟𝑖√
2𝜎

) 𝑗√︁
𝑗!

. (A.27)

□

Recall the definition of 𝜆 in (A.25) that 𝜆 = 𝐴−1 𝑦̂, where 𝑦̂ is a 2𝑙-dimensional vector whose

entries are given by ⟨ 𝑓̂ , 𝜓 𝑗 ,𝑐𝑖 ,𝜎⟩ for 𝑖 = 1, 2 and 𝑗 ∈ [ℓ], while 𝑓̂ is a density estimator of 𝑓 . Let

𝑦Δ := 𝑦̂ − 𝑦, then we have

𝜆 = 𝐴−1 𝑦̂ = 𝐴−1𝑦 + 𝐴−1𝑦Δ

= 𝐴−1 ©­«𝐴𝜆 +
∞∑︁
𝑗=ℓ

𝜆1, 𝑗 𝑧1, 𝑗 +
∞∑︁
𝑗=ℓ

𝜆2, 𝑗 𝑧2, 𝑗
ª®¬ + 𝐴−1𝑦Δ

= 𝜆 +
∞∑︁
𝑗=ℓ

𝜆1, 𝑗 𝐴
−1𝑧1, 𝑗 +

∞∑︁
𝑗=ℓ

𝜆2, 𝑗 𝐴
−1𝑧2, 𝑗︸                                     ︷︷                                     ︸

E𝑡

+ 𝐴−1𝑦Δ︸ ︷︷ ︸
E𝑎

. (A.28)

Let

E𝑡 =
∞∑︁
𝑗=ℓ

𝜆1, 𝑗 𝐴
−1𝑧1, 𝑗 +

∞∑︁
𝑗=ℓ

𝜆2, 𝑗 𝐴
−1𝑧2, 𝑗 , (A.29)

E𝑎 = 𝐴−1𝑦Δ. (A.30)
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E𝑡 is the truncation error and E𝑎 is the approximation error. As ℓ → ∞ and sample size 𝑛 → ∞,

we expect E𝑡 and E𝑎 to vanish.

Recall that 𝜆𝑖, 𝑗 = 𝑤𝑖𝛼𝑖, 𝑗 , hence the function

𝑓̃𝑖 ≔

ℓ−1∑︁
𝑗=0
𝜆𝑖, 𝑗𝜓 𝑗 ,𝑐𝑖 ,𝜎 (A.31)

is expected to be an approximation of 𝑤𝑖 𝑓𝑖. This motivates the following lemma (which refines

Lemma 17 of Tai and Aragam (2023)).

Lemma A.6.3. LetΔ > 0 and ℓ be a nonnegative integer. If |𝜆𝑖, 𝑗−𝜆𝑖, 𝑗 | < Δ, ∀𝑖 = 1, 2, 𝑗 ∈ [ℓ], then

∥𝑤𝑖 𝑓𝑖 − 𝑓̃𝑖∥1 ≤
217/4𝑐𝜓

√
𝜎

Γ( 1
4 )2
· Δ · ℓ5/4 + 211/2𝑐𝜓𝑟𝑖𝑤𝑖

Γ( 1
4 )2𝜋1/4𝜎

·
(

1
2

)ℓ
, for some 𝑐𝜓 > 0 and any ℓ ≥ ⌊2𝑒𝑟2

𝑖
/𝜎2⌋ + 2.

Proof. From Aptekarev et al. (2012) and Aptekarev et al. (1995) we know ∀ 𝑗 ∈ N+,

∥𝜓 𝑗−1∥1 =
217/4

Γ

(
1
4

)2 · 𝑗
1/4(1 + 𝑜(1)),

so there exists a constant 𝑐𝜓 > 0, s.t., ∥𝜓 𝑗−1∥1 ≤ (217/4𝑐𝜓/Γ
(

1
4

)2
) 𝑗1/4, ∀ 𝑗 ∈ N+. Because

∥𝜓 𝑗 ,𝜇,𝜎∥1 = ∥ 1√
𝜎
𝜓 𝑗

( 𝑥−𝜇
𝜎

)
∥1 =

√
𝜎∥𝜓 𝑗 ∥1, we obtain ∥𝜓 𝑗−1,𝜇,𝜎∥1 ≤

(
217/4𝑐𝜓

√
𝜎/Γ

(
1
4

)2
)
𝑗1/4. It

follows that

∥𝑤𝑖 𝑓𝑖 − 𝑓̃𝑖∥1 =







ℓ−1∑︁
𝑗=0
(𝜆𝑖, 𝑗 − 𝜆𝑖, 𝑗 )𝜓 𝑗 ,𝑐𝑖 ,𝜎 +

∞∑︁
𝑗=ℓ

𝜆𝑖, 𝑗𝜓 𝑗 ,𝑐𝑖 ,𝜎








1

≤
ℓ−1∑︁
𝑗=0
|𝜆𝑖, 𝑗 − 𝜆𝑖, 𝑗 | · ∥𝜓 𝑗 ,𝑐𝑖 ,𝜎∥1 +

∞∑︁
𝑗=ℓ

|𝜆𝑖, 𝑗 | · ∥𝜓 𝑗 ,𝑐𝑖 ,𝜎∥1. (A.32)

For the first sum in the RHS of (A.32),

ℓ−1∑︁
𝑗=0
|𝜆𝑖, 𝑗 − 𝜆𝑖, 𝑗 | · ∥𝜓 𝑗 ,𝑐𝑖 ,𝜎∥1 ≤ Δ ·

ℓ−1∑︁
𝑗=0
∥𝜓 𝑗 ,𝑐𝑖 ,𝜎∥1

≤ Δ · ℓ ·
(
217/4𝑐𝜓

√
𝜎/Γ

(
1
4

)2
)
ℓ1/4
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=
217/4𝑐𝜓

√
𝜎

Γ

(
1
4

)2 · Δ · ℓ5/4 (A.33)

when ℓ is large enough. For the second sum in the RHS of (A.32),

∞∑︁
𝑗=ℓ

|𝜆𝑖, 𝑗 | · ∥𝜓 𝑗 ,𝑐𝑖 ,𝜎∥1 ≤
∞∑︁
𝑗=ℓ

𝑤𝑖 |𝛼𝑖, 𝑗 | ·
217/4𝑐𝜓

√
𝜎

Γ

(
1
4

)2 · ( 𝑗 + 1)1/4

≤
∞∑︁
𝑗=ℓ

𝑤𝑖 ·
(
𝑟𝑖√
2𝜎

) 𝑗
· 1√︁

2𝜎 𝑗!
√
𝜋
·

217/4𝑐𝜓
√
𝜎

Γ

(
1
4

)2 · 21/4 𝑗1/4

=
29/2𝑐𝜓𝑤𝑖

Γ

(
1
4

)2 ·
1√︁

2
√
𝜋
·
∞∑︁
𝑗=ℓ

(
𝑟𝑖√
2𝜎

) 𝑗√︁
𝑗!
· 𝑗1/4.

The series on the right hand side absolutely converges. Stirling’s approximation yields 𝑗! ≥
(
𝑗

𝑒

) 𝑗
,

so we have
∞∑︁
𝑗=ℓ

(
𝑟𝑖√
2𝜎

) 𝑗√︁
𝑗!
· 𝑗1/4 =

∞∑︁
𝑗=ℓ

√︄
𝑗1/2

𝑗!
·
(
𝑟𝑖√
2𝜎

) 𝑗
≤
∞∑︁
𝑗=ℓ

1√︁
( 𝑗 − 1)!

·
(
𝑟𝑖√
2𝜎

) 𝑗
≤ 𝑟𝑖√

2𝜎

∞∑︁
𝑗=ℓ

(
𝑟𝑖√
2𝜎

) 𝑗−1√︂(
𝑗−1
𝑒

) 𝑗−1

=
𝑟𝑖√
2𝜎

∞∑︁
𝑗=ℓ−1

(
𝑟𝑖
√
𝑒√︁

2 𝑗𝜎

) 𝑗
and when 𝑗 > 2𝑒𝑟2

𝑖
/𝜎2, 𝑟𝑖

√
𝑒√

2 𝑗𝜎
< 1

2 , therefore when ℓ ≥ ⌊2𝑒𝑟2
𝑖
/𝜎2⌋ + 2,

𝑟𝑖√
2𝜎

∞∑︁
𝑗=ℓ−1

(
𝑟𝑖
√
𝑒√︁

2 𝑗𝜎

) 𝑗
≤ 𝑟𝑖√

2𝜎
·
(
1
2

)ℓ−2
,

88



so the second sum in the RHS of (A.32) is upper bounded by

∞∑︁
𝑗=ℓ

|𝜆𝑖, 𝑗 | · ∥𝜓 𝑗 ,𝑐𝑖 ,𝜎∥1 ≤
211/2𝑤𝑖𝑟𝑖𝑐𝜓

Γ

(
1
4

)2
𝜋1/4𝜎

·
(
1
2

)ℓ
. (A.34)

By combining (A.33) and (A.34), we get

∥𝑤𝑖 𝑓𝑖 − 𝑓̃𝑖∥1 ≤
217/4𝑐𝜓

√
𝜎

Γ

(
1
4

)2 · Δ · ℓ5/4 +
211/2𝑐𝜓𝑟𝑖𝑤𝑖

Γ

(
1
4

)2
𝜋1/4𝜎

·
(
1
2

)ℓ
.

□

Lemma A.6.3 gives an upper bound for ∥𝑤𝑖 𝑓𝑖 − 𝑓̃𝑖∥1 when |𝜆𝑖, 𝑗 − 𝜆𝑖, 𝑗 | < Δ, ∀𝑖 = 1, 2, 𝑗 ∈ [ℓ].

Next we want to find the upper bound Δ for all |𝜆𝑖, 𝑗 − 𝜆𝑖, 𝑗 |’s. Recall from (A.28),

𝜆 − 𝜆 =

∞∑︁
𝑗=ℓ

𝜆1, 𝑗 𝐴
−1𝑧1, 𝑗 +

∞∑︁
𝑗=ℓ

𝜆2, 𝑗 𝐴
−1𝑧2, 𝑗︸                                     ︷︷                                     ︸

E𝑡

+ 𝐴−1𝑦Δ︸ ︷︷ ︸
E𝑎

,

and we need to bound the entries of E𝑡 and E𝑎 respectively.

A.6.1.1 Bounding the entries of E𝑡

We first bound the entries of E𝑡 . Let E𝑡,𝑖, 𝑗 be the vector 𝐴−1𝑧𝑖, 𝑗 for 𝑖 = 1, 2 and 𝑗 ≥ ℓ. Namely, we

have

E𝑡 =
∞∑︁
𝑗=ℓ

𝜆1, 𝑗E𝑡,1, 𝑗 +
∞∑︁
𝑗=ℓ

𝜆2, 𝑗E𝑡,2, 𝑗 .

We only need to analyze the first sum
∑∞
𝑗=ℓ 𝜆1, 𝑗E𝑡,1, 𝑗 and by symmetry we can conclude a similar

bound for the second sum
∑∞
𝑗=ℓ 𝜆2, 𝑗E𝑡,2, 𝑗 . By Cramer’s rule, the entry of E𝑡,1, 𝑗 = 𝐴−1𝑧1, 𝑗 indexed

at (𝑖, 𝑘) is given by
det

(
𝐴(𝑖,𝑘)→(1, 𝑗)

)
det(𝐴) ,
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where 𝐴(𝑖,𝑘)→(1, 𝑗) is the 2𝑙-by-2𝑙matrix same as 𝐴 except that the column indexed at (𝑖, 𝑘) is replaced

with 𝑧1, 𝑗 for 𝑖 = 1, 2, 𝑘 ∈ [ℓ] and 𝑗 ≥ ℓ. Lemma A.6.5 gives a bound on | det
(
𝐴(𝑖,𝑘)→(1, 𝑗)

)
| when

comparing to det(𝐴). Before proving this, we first state the Cauchy-Binet formula in the following

lemma.

Lemma A.6.4 (Cauchy–Binet formula). Let 𝑏0, 𝑏1, . . . and 𝑐0, 𝑐1, . . . be two infinite sequences of

𝑛 dimensional vectors. For any (ordered) subset 𝑆 = {𝑠0 < 𝑠1 < · · · < 𝑠𝑛−1} of N0, let 𝐵𝑆 (resp.

𝐶𝑆) be the matrix that the column indexed at 𝑖 is 𝑏𝑠𝑖 (resp. 𝑐𝑠𝑖 ) for 𝑖 ∈ [𝑛]. The determinant of

𝐴 =
∑∞
𝑖=0 𝑏𝑖𝑐

⊤
𝑖

is

det 𝐴 =
∑︁

𝑆⊆N0,|𝑆 |=𝑛
(det 𝐵𝑆) · (det𝐶𝑆)

if the RHS converges.

Lemma A.6.5 (Lemma 30, Tai and Aragam (2023)). We can assume 𝑐2 > 𝑐1 w.l.o.g, and denote

𝑟 = 𝑐2 − 𝑐1, Then for any ℓ ∈ N0, 𝑘 ∈ [ℓ] and 𝑗 ≥ ℓ, we have

���det
(
𝐴(1,𝑘)→(1, 𝑗)

)��� ≤ 𝑒 𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗! · det(𝐴), and

���det
(
𝐴(2,𝑘)→(1, 𝑗)

)��� ≤ 𝑒 5𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗! · det(𝐴).

Hence, ∀𝑘 ∈ [ℓ], the absolute values of the entries of 𝜆1, 𝑗E𝑡,1, 𝑗 are bounded by,

|𝜆1, 𝑗 (E𝑡,1, 𝑗 )1,𝑘 | ≤ 𝑤1𝑒
𝑟2

4𝜎2
1√︁

2𝜎
√
𝜋
·
(
2𝑟1
𝑟

) 𝑗
· 4ℓ,

|𝜆1, 𝑗 (E𝑡,1, 𝑗 )2,𝑘 | ≤ 𝑤1𝑒
5𝑟2
4𝜎2

1√︁
2𝜎
√
𝜋
·
(
2𝑟1
𝑟

) 𝑗
· 4ℓ .

Proof. We first observe that the matrices 𝐴, 𝐴(1,𝑘)→(1, 𝑗) and 𝐴(2,𝑘)→(1, 𝑗) can be decomposed as

𝐴 = 𝑉⊤𝑉, 𝐴(1,𝑘)→(1, 𝑗) = 𝑉⊤𝑉 (1,𝑘)→(1, 𝑗) and 𝐴(2,𝑘)→(1, 𝑗) = 𝑉⊤𝑉 (2,𝑘)→(1, 𝑗)

where we abuse the notation to define 𝑉 , 𝑉 (1,𝑘)→(1, 𝑗) and 𝑉 (2,𝑘)→(1, 𝑗) as follows. Let 𝑉 be the
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|N0 |-by-2ℓ matrix whose column indexed at (𝑖, 𝑘) is the |N0 | dimensional vector 𝑣 (𝑖,𝑘) for 𝑖 = 1, 2

and 𝑘 ∈ [ℓ]. Here, for 𝑖 = 1, 2 and 𝑗 ∈ N0, 𝑣 (𝑖, 𝑗) is the |N0 | dimensional vector whose 𝑘-th entry

is ⟨𝜓 𝑗 ,𝑐𝑖 ,𝜎, 𝜓𝑘,𝑐1,𝜎⟩ for 𝑘 ∈ N0. In particular, 𝑣 (1, 𝑗) is the zero vector except that the 𝑗-th entry is 1.

For example, when ℓ = 2,

𝑉 =



1 0 ⟨𝜓0,𝑟,𝜎, 𝜓0,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓0,0,𝜎⟩

0 1 ⟨𝜓0,𝑟,𝜎, 𝜓1,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓1,0,𝜎⟩

0 0 ⟨𝜓0,𝑟,𝜎, 𝜓2,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓2,0,𝜎⟩
...
...

...
...


.

It is easy to check that, by the orthogonality of Hermite functions,

𝑉⊤𝑉 =



1 0 ⟨𝜓0,𝑟,𝜎, 𝜓0,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓0,0,𝜎⟩

0 1 ⟨𝜓0,𝑟,𝜎, 𝜓1,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓1,0,𝜎⟩

⟨𝜓0,0,𝜎, 𝜓0,𝑟,𝜎⟩ ⟨𝜓1,0,𝜎, 𝜓0,𝑟,𝜎⟩ 1 0

⟨𝜓0,0,𝜎, 𝜓1,𝑟,𝜎⟩ ⟨𝜓1,0,𝜎, 𝜓1,𝑟,𝜎⟩ 0 1


= 𝐴.

Define𝑉 (𝑖,𝑘)→(1, 𝑗) to be the same matrix as𝑉 except that the column indexed at (𝑖, 𝑘) is replaced

with 𝑣 (1, 𝑗) for 𝑖 = 1, 2, 𝑘 ∈ [ℓ] and 𝑗 ≥ ℓ. For example, when ℓ = 2, 𝑖 = 1, 𝑘 = 1 and 𝑗 = 3,

𝑉 (𝑖,𝑘)→(1, 𝑗) =



1 0 ⟨𝜓0,𝑟,𝜎, 𝜓0,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓0,0,𝜎⟩

0 0 ⟨𝜓0,𝑟,𝜎, 𝜓1,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓1,0,𝜎⟩

0 0 ⟨𝜓0,𝑟,𝜎, 𝜓2,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓2,0,𝜎⟩

0 1 ⟨𝜓0,𝑟,𝜎, 𝜓3,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓3,0,𝜎⟩
...
...

...
...


and when ℓ = 2, 𝑖 = 2, 𝑘 = 1 and 𝑗 = 3,
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𝑉 (𝑖,𝑘)→(1, 𝑗) =



1 0 ⟨𝜓0,𝑟,𝜎, 𝜓0,0,𝜎⟩ 0

0 1 ⟨𝜓0,𝑟,𝜎, 𝜓1,0,𝜎⟩ 0

0 0 ⟨𝜓0,𝑟,𝜎, 𝜓2,0,𝜎⟩ 0

0 0 ⟨𝜓0,𝑟,𝜎, 𝜓3,0,𝜎⟩ 1
...
...

...
...


.

Again, we can check that 𝐴(𝑖,𝑘)→(1, 𝑗) = 𝑉𝑇𝑉 (𝑖,𝑘)→(1, 𝑗) .

By the Cauchy-Binet formula (Lemma A.6.4) and expanding the determinant along the columns

indexed at (1, 𝑘), we have

det(𝐴) =
∑︁
𝐾∈K

det(𝑈𝐾)2,

where K is the set of subsets of N0 of size ℓ whose elements are larger than or equal to ℓ, i.e.

K = {𝐾 | 𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−1}} and 𝑈𝐾 is the ℓ-by-ℓ matrix whose (𝑖, 𝑗)-entry is

⟨𝜓𝑐 𝑗 ,𝑟,𝜎, 𝜓𝑏𝑖 ,0,𝜎⟩ for 𝑏𝑖 ∈ 𝐾 and 𝑐 𝑗 ∈ [ℓ]. For example, when ℓ = 2,

det(𝐴) =
©­­«det


⟨𝜓0,𝑟,𝜎, 𝜓2,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓2,0,𝜎⟩

⟨𝜓0,𝑟,𝜎, 𝜓3,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓3,0,𝜎⟩


ª®®¬

2

+
©­­«det


⟨𝜓0,𝑟,𝜎, 𝜓2,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓2,0,𝜎⟩

⟨𝜓0,𝑟,𝜎, 𝜓4,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓4,0,𝜎⟩


ª®®¬

2

+ · · ·

+
©­­«det


⟨𝜓0,𝑟,𝜎, 𝜓3,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓3,0,𝜎⟩

⟨𝜓0,𝑟,𝜎, 𝜓4,0,𝜎⟩ ⟨𝜓1,𝑟,𝜎, 𝜓4,0,𝜎⟩


ª®®¬

2

+ · · ·

+ · · ·

where the numbers in red represent the set 𝐾 .

We first give a bound on
��det(𝐴(1,𝑘)→(1, 𝑗))

��. By a similar argument, we have

���det(𝐴(1,𝑘)→(1, 𝑗))
��� ≤ ∑︁

𝐾∈K 𝑗

| det(𝑈𝐾∪{𝑘}) | | det(𝑈𝐾∪{ 𝑗}) |

where K 𝑗 is the set of subsets of N0 of size ℓ − 1 whose elements are larger than or equal to ℓ
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and not equal to 𝑗 , i.e. K 𝑗 = {𝐾 | 𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−2 and 𝑎𝑖 ≠ 𝑗}}. Furthermore, by

Cauchy-Schwarz inequality, we have

���det(𝐴(1,𝑘)→(1, 𝑗))
��� ≤

√√√√©­«
∑︁
𝐾∈K 𝑗

det(𝑈𝐾∪{𝑘})2
ª®¬ ©­«

∑︁
𝐾∈K 𝑗

det(𝑈𝐾∪{ 𝑗})2
ª®¬

≤

√√√√©­«
∑︁
𝐾∈K 𝑗

det(𝑈𝐾∪{𝑘})2
ª®¬ · det(𝐴). (A.35)

The last line is due to the fact that the subset 𝐾 ∪ { 𝑗} ∈ K, ∀𝐾 ∈ K 𝑗 . By Lemma A.6.8, we have

∑︁
𝐾∈K 𝑗

det(𝑈𝐾∪{𝑘})2 ≤
©­«𝑒

𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!ª®¬

2

· det(𝐴).

and, by plugging it into (A.35), we have

���det
(
𝐴(1,𝑘)→(1, 𝑗)

)��� ≤ 𝑒 𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗! · det(𝐴). (A.36)

We now give a bound on
���det

(
𝐴(2,𝑘)→(1, 𝑗)

)���. By a similar argument, we have

���det
(
𝐴(2,𝑘)→(1, 𝑗)

)��� ≤ ∑︁
𝐾∈K 𝑗

���det𝑈 (−𝑘)
𝐾

��� · ��det(𝑈𝐾∪{ 𝑗})
��

where 𝑈 (−𝑘)
𝐾

is the (ℓ − 1)-by-(ℓ − 1) matrix whose (𝑖, 𝑗)-entry is ⟨𝜓𝑐 𝑗 ,𝑟,𝜎, 𝜓𝑏𝑖 ,0,𝜎⟩ for 𝑏𝑖 ∈ 𝐾 and

𝑐 𝑗 ∈ [ℓ]\{𝑘}. Furthermore, by Cauchy-Schwarz inequality, we have

���det
(
𝐴(2,𝑘)→(1, 𝑗)

)��� ≤ ∑︁
𝐾∈K 𝑗

���det𝑈 (−𝑘)
𝐾

��� · | det(𝑈𝐾∪{ 𝑗}) |

≤
√√ ∑︁
𝐾∈K 𝑗

det
(
𝑈
(−𝑘)
𝐾

)2
· det(𝐴). (A.37)

The last line is due to the fact that the subset 𝐾 ∪ { 𝑗} is in K for each 𝐾 ∈ K 𝑗 . By Lemma A.6.9
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below, we have ∑︁
𝐾∈K 𝑗

det
(
𝑈
(−𝑘)
𝐾

)2
≤ ©­«𝑒

5
4𝜎2 𝑟

2
4ℓ ·

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!ª®¬

2

· det(𝐴),

and, by plugging it into (A.37), we have

���det
(
𝐴(2,𝑘)→(1, 𝑗)

)��� ≤ 𝑒 5
4𝜎2 𝑟

2
4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗! · det(𝐴). (A.38)

By combining the above results with the upper bound of 𝛼𝑖, 𝑗 given in (A.27), we obtain ∀𝑘 ∈ [ℓ]

��𝜆1, 𝑗 (E𝑡,1, 𝑗 )1,𝑘
�� = |𝜆1, 𝑗 | ·

����(𝐴−1𝑧1, 𝑗

)
1,𝑘

���� = 𝑤1 · |𝛼1, 𝑗 | ·

���det
(
𝐴(1,𝑘)→(1, 𝑗)

)���
| det(𝐴) |

≤ 𝑤1 ·
(
𝑟1√
2𝜎

) 𝑗
· 1√︁

2 𝑗!𝜎
√
𝜋
· 𝑒

𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!

= 𝑤1𝑒
𝑟2

4𝜎2
1√︁

2𝜎
√
𝜋
·
(
2𝑟1
𝑟

) 𝑗
· 4ℓ .

and

��𝜆1, 𝑗 (E𝑡,1, 𝑗 )2,𝑘
�� = |𝜆1, 𝑗 | ·

����(𝐴−1𝑧1, 𝑗

)
2,𝑘

���� = 𝑤1 · |𝛼1, 𝑗 | ·

���det
(
𝐴(2,𝑘)→(1, 𝑗)

)���
| det(𝐴) |

≤ 𝑤1 ·
(
𝑟1√
2𝜎

) 𝑗
· 1√︁

2 𝑗!𝜎
√
𝜋
· 𝑒

5𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!

= 𝑤1𝑒
5𝑟2
4𝜎2

1√︁
2𝜎
√
𝜋
·
(
2𝑟1
𝑟

) 𝑗
· 4ℓ .

This concludes the proof of the lemma. □

By the similar argument in Lemma A.6.5, for any ℓ ∈ N0, 𝑘 ∈ [ℓ] and 𝑗 ≥ ℓ, we have

���det
(
𝐴(1,𝑘)→(2, 𝑗)

)��� ≤ 𝑒 5𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗! · det(𝐴), and

���det
(
𝐴(2,𝑘)→(2, 𝑗)

)��� ≤ 𝑒 𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗! · det(𝐴).
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Hence, ∀𝑘 ∈ [ℓ], the absolute values of the entries of 𝜆2, 𝑗E𝑡,2, 𝑗 are bounded by,

|𝜆2, 𝑗 (E𝑡,2, 𝑗 )1,𝑘 | ≤ 𝑤2𝑒
5𝑟2
4𝜎2

1√︁
2𝜎
√
𝜋
·
(
2𝑟2
𝑟

) 𝑗
· 4ℓ, (A.39)

|𝜆2, 𝑗 (E𝑡,2, 𝑗 )2,𝑘 | ≤ 𝑤2𝑒
𝑟2

4𝜎2
1√︁

2𝜎
√
𝜋
·
(
2𝑟2
𝑟

) 𝑗
· 4ℓ . (A.40)

Now we are ready to discuss under what conditions each entry of E𝑡 has an upper bound, as well

as the conditions under which this upper bound approaches zero as ℓ →∞.

Lemma A.6.6. Define E𝑡,1 ≔
∑∞
𝑗=ℓ 𝜆1, 𝑗E𝑡,1, 𝑗 and E𝑡,2 ≔

∑∞
𝑗=ℓ 𝜆2, 𝑗E𝑡,2, 𝑗 . When 2 max(𝑟1, 𝑟2) < 𝑟,

we have ∀𝑘 ∈ [ℓ],

| (E𝑡,1)1,𝑘 | ≤
𝑤1√︁

2𝜎
√
𝜋
· 𝑟𝑒

1
4𝜎2 𝑟

2

𝑟 − 2𝑟1
·
(
8𝑟1
𝑟

)ℓ
,

| (E𝑡,1)2,𝑘 | ≤
𝑤1√︁

2𝜎
√
𝜋
· 𝑟𝑒

5
4𝜎2 𝑟

2

𝑟 − 2𝑟1
·
(
8𝑟1
𝑟

)ℓ
,

| (E𝑡,2)1,𝑘 | ≤
𝑤2√︁

2𝜎
√
𝜋
· 𝑟𝑒

5
4𝜎2 𝑟

2

𝑟 − 2𝑟2
·
(
8𝑟2
𝑟

)ℓ
,

| (E𝑡,2)2,𝑘 | ≤
𝑤2√︁

2𝜎
√
𝜋
· 𝑟𝑒

1
4𝜎2 𝑟

2

𝑟 − 2𝑟2
·
(
8𝑟2
𝑟

)ℓ
.

Furthermore, when 8 max(𝑟1, 𝑟2) < 𝑟, we have for 𝑖 = 1, 2, and ∀𝑘 ∈ [ℓ],

| (E𝑡)𝑖,𝑘 | ≤ |(E𝑡,1)𝑖,𝑘 | + |(E𝑡,2)𝑖,𝑘 | ≤
𝑟𝑒

5
4𝜎2 𝑟

2√︁
2𝜎
√
𝜋(𝑟 − 2 max(𝑟1, 𝑟2))

(
8 max(𝑟1, 𝑟2)

𝑟

)ℓ
→ 0, as ℓ →∞.

Proof. By Lemma A.6.5, when 𝑟1 <
𝑟
2 , ∀𝑘 ∈ [ℓ],

| (E𝑡,1)1,𝑘 | ≤
∞∑︁
𝑗=ℓ

|𝜆1, 𝑗 |· | (E𝑡,1, 𝑗 )1,𝑘 |

≤ 𝑤1𝑒
𝑟2

4𝜎2
4ℓ√︁

2𝜎
√
𝜋
·
∞∑︁
𝑗=ℓ

(
2𝑟1
𝑟

) 𝑗
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= 𝑤1𝑒
𝑟2

4𝜎2
4ℓ√︁

2𝜎
√
𝜋
· 𝑟

𝑟 − 2𝑟1
·
(
2𝑟1
𝑟

)ℓ
=

𝑤1√︁
2𝜎
√
𝜋
· 𝑟𝑒

1
4𝜎2 𝑟

2

𝑟 − 2𝑟1
·
(
8𝑟1
𝑟

)ℓ
,

and similarly,

| (E𝑡,1)2,𝑘 | ≤
∞∑︁
𝑗=ℓ

|𝜆1, 𝑗 |· | (E𝑡,1, 𝑗 )2,𝑘 | ≤
𝑤1√︁

2𝜎
√
𝜋
· 𝑟𝑒

5
4𝜎2 𝑟

2

𝑟 − 2𝑟1
·
(
8𝑟1
𝑟

)ℓ
.

When 𝑟2 <
𝑟
2 , by (A.39) and (A.40), we obtain ∀𝑘 ∈ [ℓ],

| (E𝑡,2)1,𝑘 | ≤
∞∑︁
𝑗=ℓ

|𝜆2, 𝑗 |· | (E𝑡,2, 𝑗 )1,𝑘 | =
𝑤2√︁

2𝜎
√
𝜋
· 𝑟𝑒

5
4𝜎2 𝑟

2

𝑟 − 2𝑟2
·
(
8𝑟2
𝑟

)ℓ
| (E𝑡,2)2,𝑘 | ≤

∞∑︁
𝑗=ℓ

|𝜆2, 𝑗 |· | (E𝑡,2, 𝑗 )2,𝑘 | =
𝑤2√︁

2𝜎
√
𝜋
· 𝑟𝑒

1
4𝜎2 𝑟

2

𝑟 − 2𝑟2
·
(
8𝑟2
𝑟

)ℓ
.

Therefore, for 𝑖 = 1, 2, and ∀𝑘 ∈ [ℓ], we have

| (E𝑡)𝑖,𝑘 | ≤ |(E𝑡,1)𝑖,𝑘 | + |(E𝑡,2)𝑖,𝑘 | ≤
𝑟𝑒

5
4𝜎2 𝑟

2√︁
2𝜎
√
𝜋(𝑟 − 2 max(𝑟1, 𝑟2))

(
8 max(𝑟1, 𝑟2)

𝑟

)ℓ
,

and when 8 max(𝑟1, 𝑟2) < 𝑟, the right hand side goes to zero as ℓ →∞.

□

A.6.1.2 Bounding the entries of E𝑎

Next, we turn to E𝑎. Recall that 𝑓̂ is a density estimator of the true density 𝑓 = 𝑤1 𝑓1 + 𝑤2 𝑓2, and

we define 𝑦Δ to be the 2𝑙-dimensional vector whose entries are given by ⟨Δ 𝑓 , 𝜓 𝑗 ,𝑐𝑖 ,𝜎⟩ for 𝑖 = 1, 2

and 𝑗 ∈ [ℓ], where Δ 𝑓 = 𝑓̂ − 𝑓 . We defined in (A.30) that:

E𝑎 = 𝐴−1𝑦Δ.
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By Cramer’s rule, the entry of E𝑎 indexed at (𝑖, 𝑘) is

det
(
𝐴(𝑖,𝑘)→Δ

)
det(𝐴) ,

where 𝐴(𝑖,𝑘)→Δ is the 2ℓ-by2ℓ matrix same as 𝐴 except that the column indexed at (𝑖, 𝑘) is replaced

with 𝑦Δ for 𝑖 = 1, 2 and 𝑘 ∈ [ℓ]. Lemma A.6.7 gives a bound on
��det(𝐴(1,𝑘)→Δ)

�� when comparing

to det(𝐴).

Lemma A.6.7 (Lemma 31, Tai and Aragam (2023)). For any ℓ ∈ N0, 𝑖 = 1, 2 𝑎𝑛𝑑 𝑘 ∈ [ℓ], we

have

| (E𝑎)𝑖,𝑘 | =

���det
(
𝐴(𝑖,𝑘)→Δ

)���
det(𝐴) ≤ ∥Δ 𝑓 ∥2 · 𝑐1(𝑟, 𝜎) exp(ℓ log ℓ + 𝑐2(𝑟, 𝜎)ℓ + 𝑐3 log ℓ),

for some constants 𝑐1(𝑟, 𝜎) > 0 and 𝑐2(𝑟, 𝜎) depending on 𝑟 and𝜎, and some independent constant

𝑐3 > 0.

Proof. We first observe that the matrix 𝐴(𝑖,𝑘)→Δ can be decomposed as

𝐴(𝑖,𝑘)→Δ = 𝑉⊤𝑉 (𝑖,𝑘)→Δ

where 𝑉 (𝑖,𝑘)→Δ is the |N0 |-by-2ℓ matrix whose column indexed at (𝑖, 𝑘) is replaced with the |N0 |

dimensional vector 𝑣Δ for 𝑖 = 1, 2 and 𝑘 ∈ [ℓ]. Here, 𝑣Δ is the |N0 | dimensional vector whose 𝑘-th

entry is ⟨Δ 𝑓 , 𝜓𝑘,𝑐1,𝜎⟩ for 𝑘 ∈ N0. Recall that Δ 𝑓 = 𝑓̂ − 𝑓 . For example, when ℓ = 2, 𝑖 = 1 and

𝑘 = 1,

𝑉 (𝑖,𝑘)→Δ =



1 ⟨Δ 𝑓 , 𝜓0,𝑐1,𝜎⟩ ⟨𝜓0,𝑐2,𝜎, 𝜓0,𝑐1,𝜎⟩ ⟨𝜓1,𝑐2,𝜎, 𝜓0,𝑐1,𝜎⟩

0 ⟨Δ 𝑓 , 𝜓1,𝑐1,𝜎⟩ ⟨𝜓0,𝑐2,𝜎, 𝜓1,𝑐1,𝜎⟩ ⟨𝜓1,𝑐2,𝜎, 𝜓1,𝑐1,𝜎⟩

0 ⟨Δ 𝑓 , 𝜓2,𝑐1,𝜎⟩ ⟨𝜓0,𝑐2,𝜎, 𝜓2,𝑐1,𝜎⟩ ⟨𝜓1,𝑐2,𝜎, 𝜓2,𝑐1,𝜎⟩

0 ⟨Δ 𝑓 , 𝜓3,𝑐1,𝜎⟩ ⟨𝜓0,𝑐2,𝜎, 𝜓3,𝑐1,𝜎⟩ ⟨𝜓1,𝑐2,𝜎, 𝜓3,𝑐1,𝜎⟩
...

...
...

...


.
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Recall that𝑉 is the |N0 |-by-2ℓ matrix whose column indexed at (𝑖, 𝑘) is the |N0 | dimensional vector

𝑣 (𝑖,𝑘) for 𝑖 = 1, 2 and 𝑘 ∈ [ℓ]. Here, for 𝑖 = 1, 2 and 𝑗 ∈ N0, 𝑣 (𝑖, 𝑗) is the |N0 | dimensional vector

whose 𝑘-th entry is ⟨𝜓 𝑗 ,𝑐𝑖 ,𝜎, 𝜓𝑘,𝑐1,𝜎⟩ for 𝑘 ∈ N0.

We first give a bound on | det(𝐴(1,𝑘)→Δ) |. By Cauchy-Binet formula (Lemma A.6.4) and

expanding the determinant along the columns with a single 1, we have

| det(𝐴(1,𝑘)→Δ) | ≤
∑︁
𝐾∈K
| det(𝑈𝐾) | | det(𝑈Δ

𝐾) |,

where 𝐾 ∈ K = {𝐾 |𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−1}}, 𝑈Δ
𝐾

is the (ℓ + 1)-by-(ℓ + 1) matrix whose

(𝑖, 𝑗)-entry is


⟨𝜓 𝑗−1,𝑐2,𝜎, 𝜓𝑏𝑖 ,𝑐1,𝜎⟩, 𝑗 ∈ [ℓ + 1]\{0}

⟨Δ 𝑓 , 𝜓𝑏𝑖 ,𝑐1,𝜎⟩, 𝑗 = 0
for 𝑏𝑖 ∈ {𝑘} ∪ 𝐾 . Furthermore, by Cauchy-

Schwarz inequality, we have

| det
(
𝐴(1,𝑘)→Δ

)
| ≤

√√√(∑︁
𝐾∈K

det(𝑈𝐾)2
) (∑︁

𝐾∈K
det

(
𝑈Δ
𝐾

)2
)

=

√︄
det(𝐴) ·

∑︁
𝐾∈K

det
(
𝑈Δ
𝐾

)2
.

We first expand the determinant det(𝑈Δ
𝐾
) along the column indexed at 𝑗 = 0.

det
(
𝑈Δ
𝐾

)2

≤
(
|⟨Δ 𝑓 , 𝜓𝑘,𝑐1,𝜎⟩| · | det(𝑈𝐾) | +

ℓ−1∑︁
𝑐=0
|⟨Δ 𝑓 , 𝜓𝑎𝑐 ,𝑐1,𝜎⟩| · | det(𝑈𝐾∪{𝑘}\{𝑎𝑐}) |

)2

≤ (ℓ + 1)
(
|⟨Δ 𝑓 , 𝜓𝑘,𝑐1,𝜎⟩|2 · | det(𝑈𝐾) |2 +

ℓ−1∑︁
𝑐=0
|⟨Δ 𝑓 , 𝜓𝑎𝑐 ,𝑐1,𝜎⟩|2 · | det(𝑈𝐾∪{𝑘}\{𝑎𝑐}) |2

)
. (A.41)

The last inequality is obtained by Cauchy-Schwarz inequality. Now we bound the second term on
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the right hand side.

∑︁
𝐾∈K

ℓ−1∑︁
𝑐=0
|⟨Δ 𝑓 , 𝜓𝑎𝑐 ,𝑐1,𝜎⟩|2 · | det(𝑈𝐾∪{𝑘}\{𝑎𝑐}) |2 =

∑︁
𝐾∈K′

©­«
∑︁

𝑗≥ℓ, 𝑗∉𝐾
⟨Δ 𝑓 , 𝜓 𝑗 ,𝑐1,𝜎⟩2

ª®¬ | det(𝑈𝐾∪{𝑘}) |2

≤ ∥Δ 𝑓 ∥22
∑︁
𝐾∈K′

| det(𝑈𝐾∪{𝑘}) |2, (A.42)

where K′ is the set of subsets of N0 of size ℓ − 1 whose elements are larger than or equal to ℓ, i.e.,

K′ = {𝐾 |𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−2}}. by combining (A.41) and (A.42), we obtain

det(𝐴)·
∑︁
𝐾∈K

det
(
𝑈Δ
𝐾

)2

≤ (ℓ + 1) det(𝐴)
(
|⟨Δ 𝑓 , 𝜓𝑘,0⟩|2 ·

∑︁
𝐾∈K
| det(𝑈𝐾) |2 + ∥Δ 𝑓 ∥22

∑︁
𝐾∈K′

| det(𝑈𝐾∪{𝑘}) |2
)

= (ℓ + 1) det(𝐴)
(
|⟨Δ 𝑓 , 𝜓𝑘,0⟩|2 det(𝐴) + ∥Δ 𝑓 ∥22

∑︁
𝐾∈K′

| det(𝑈𝐾∪{𝑘}) |2
)
.

Since each 𝐾 ∈ K′ has ℓ − 1 elements, then {ℓ, · · · , 2ℓ − 1} ⊈ 𝐾 . We have

∑︁
𝐾∈K′

| det(𝑈𝐾∪{𝑘}) |2 ≤
2ℓ−1∑︁
𝑗=ℓ

∑︁
𝐾∈K 𝑗

| det(𝑈𝐾∪{𝑘}) |2.

Recall that K 𝑗 is the set of subsets of N0 of size ℓ − 1 whose elements are larger than or equal to ℓ

and not equal to 𝑗 , i.e. K 𝑗 = {𝐾 | 𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−2 and 𝑎𝑖 ≠ 𝑗}}. By Lemma A.6.8, we

have ∑︁
𝐾∈K′

| det(𝑈𝐾∪{𝑘}) |2 ≤
2ℓ−1∑︁
𝑗=ℓ

©­«𝑒
𝑟2

4𝜎2 4ℓ
(

2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!ª®¬

2

· det(𝐴)

=

(
𝑒

1
4𝜎2 𝑟

2
4ℓ

)2
· det(𝐴) ·

2ℓ−1∑︁
𝑗=ℓ

( 𝑗!) ·
(
8𝜎2

𝑟2

) 𝑗
≤

(
𝑒

1
4𝜎2 𝑟

2
4ℓ

)2
det(𝐴) · (2ℓ)! ·

2ℓ−1∑︁
𝑗=ℓ

(
8𝜎2

𝑟2

) 𝑗
.

99



From Stirling’s approximation we have (2ℓ)! ≤
√︁

2𝜋 · (2ℓ) · 𝑒
1

12· (2ℓ )
(

2ℓ
𝑒

)2ℓ
, hence

∑︁
𝐾∈K′
| det(𝑈𝐾∪{𝑘}) |2

≤


(
𝑒

1
4𝜎2 𝑟

2
4ℓ

)2
det(𝐴) ·

√
4𝜋ℓ · 𝑒 1

24ℓ−2ℓ (2ℓ)2ℓ · ( 8𝜎2

𝑟2 )ℓ (1 − ( 8𝜎
2

𝑟2 )ℓ) · 𝑟2

𝑟2−8𝜎2 , 𝑟 ≠ 2
√

2𝜎(
𝑒

1
4𝜎2 𝑟

2
4ℓ

)2
det(𝐴) ·

√
4𝜋ℓ · 𝑒 1

24ℓ−2ℓ (2ℓ)2ℓ · ℓ, 𝑟 = 2
√

2𝜎

≤



2
√
𝜋𝑒

𝑟2
2𝜎2 +1

(
𝑟2

𝑟2−8𝜎2

)
det(𝐴) · exp

(
2ℓ log ℓ +

(
log 512𝜎2

𝑟2 − 2
)
ℓ + 1

2 log ℓ
)
, 𝑟 > 2

√
2𝜎

2
√
𝜋𝑒

𝑟2
2𝜎2 +1

(
𝑟2

8𝜎2−𝑟2

)
det(𝐴) · exp

(
2ℓ log ℓ +

(
log 4096𝜎4

𝑟4 − 2
)
ℓ + 1

2 log ℓ
)
, 𝑟 < 2

√
2𝜎

2
√
𝜋𝑒

𝑟2
2𝜎2 +1 det(𝐴) · exp

(
2ℓ log ℓ + (log 64 − 2)ℓ + 3

2 log ℓ
)
, 𝑟 = 2

√
2𝜎.

By combining all above results, we obtain

det(𝐴) ·
∑︁
𝐾∈K

det
(
𝑈Δ
𝐾

)2

≤ (ℓ + 1) det(𝐴)2∥Δ 𝑓 ∥22 + (ℓ + 1) det(𝐴)2∥Δ 𝑓 ∥22𝑐1(𝑟, 𝜎) exp (2ℓ log ℓ + 𝑐2(𝑟, 𝜎)ℓ + 𝑐3 log ℓ)

≤ det(𝐴)2∥Δ 𝑓 ∥22 · 𝑐1(𝑟, 𝜎) exp (2ℓ log ℓ + 𝑐2(𝑟, 𝜎)ℓ + 𝑐3 log ℓ) ,

for some constants 𝑐1(𝑟, 𝜎) > 0 and 𝑐3 > 0. Therefore

| det
(
𝐴(1,𝑘)→Δ

)
| ≤

√︄
det(𝐴) ·

∑︁
𝐾∈K

det
(
𝑈Δ
𝐾

)2

≤ det(𝐴) · ∥Δ 𝑓 ∥2 · 𝑐1(𝑟, 𝜎) exp (ℓ log ℓ + 𝑐2(𝑟, 𝜎)ℓ + 𝑐3 log ℓ) . (A.43)

We now give a bound on | det(𝐴(2,𝑘)→Δ) |. By a similar argument, we have

| det(𝐴(2,𝑘)→Δ) | ≤
∑︁
𝐾∈K
| det(𝑈𝐾) | | det(𝑈𝑘→Δ

𝐾 ) |
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where, for any 𝑘 ∈ [ℓ],𝑈𝑘→Δ
𝐾

is the ℓ-by-ℓ matrix whose (𝑖, 𝑗)-entry is


⟨𝜓 𝑗 ,𝑐2,𝜎, 𝜓𝑏𝑖 ,𝑐1,𝜎⟩ if 𝑗 ∈ [ℓ]\𝑘

⟨Δ 𝑓 , 𝜓𝑏𝑖 ,𝑐1,𝜎⟩ if 𝑗 = 𝑘

for 𝑏𝑖 ∈ 𝐾 . Furthermore, by the Cauchy-Schwarz inequality, we have

| det(𝐴(2,𝑘)→Δ) | ≤

√√√(∑︁
𝐾∈K

det(𝑈𝐾)2
) (∑︁

𝐾∈K
det(𝑈𝑘→Δ

𝐾
)2

)
≤

√︄∑︁
𝐾∈K

det(𝑈𝑘→Δ
𝐾
)2 · det(𝐴). (A.44)

For each 𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−1} ∈ K, we expand the determinants along the column indexed

at Δ 𝑓 .

det(𝑈𝑘→Δ
𝐾 )2 ≤

(
ℓ−1∑︁
𝑐=0
|⟨Δ 𝑓 , 𝜓𝑎𝑐 ,𝑐1,𝜎⟩| | det(𝑈 (−𝑘)

𝐾\{𝑎𝑐}) |
)2

≤ ℓ ·
(
ℓ−1∑︁
𝑐=0
|⟨Δ 𝑓 , 𝜓𝑎𝑐 ,𝑐1,𝜎⟩|2 | det(𝑈 (−𝑘)

𝐾\{𝑎𝑐}) |
2

)
.

We now consider the summation
∑
𝐾∈K

∑ℓ−1
𝑐=0 |⟨Δ 𝑓 , 𝜓𝑎𝑐 ,𝑐1,𝜎⟩|2 | det(𝑈 (−𝑘)

𝐾\{𝑎𝑐}) |
2 and we have

∑︁
𝐾∈K

ℓ−1∑︁
𝑐=0
|⟨Δ 𝑓 , 𝜓𝑎𝑐 ,𝑐1,𝜎⟩|2 | det(𝑈 (−𝑘)

𝐾\{𝑎𝑐}) |
2 =

∑︁
𝐾∈K′

©­«
∑︁

𝑗≥ℓ, 𝑗∉𝐾
⟨Δ 𝑓 , 𝜓 𝑗 ,𝑐1,𝜎⟩2

ª®¬ | det(𝑈 (−𝑘)
𝐾
) |2

≤ ∥Δ 𝑓 ∥22
∑︁
𝐾∈K′

| det(𝑈 (−𝑘)
𝐾
) |2,

where K′ is the set of subsets of N0 of size ℓ − 1 whose elements are larger than or equal to ℓ,

i.e., K′ = {𝐾 | 𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−2}}. Since each 𝐾 ∈ K′ has ℓ − 1 elements, then

{ℓ, · · · , 2ℓ − 1} ⊈ 𝐾 . We have

∑︁
𝐾∈K′

| det(𝑈 (−𝑘)
𝐾
) |2 ≤

2ℓ−1∑︁
𝑗=ℓ

∑︁
𝐾∈K 𝑗

| det(𝑈 (−𝑘)
𝐾
) |2.
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Recall that K 𝑗 is the set of subsets of N0 of size ℓ − 1 whose elements are larger than or equal to ℓ

and not equal to 𝑗 , i.e.,K 𝑗 = {𝐾 | 𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−2 and 𝑎𝑖 ≠ 𝑗}}. By Lemma A.6.9, we

have

∑︁
𝐾∈K′

| det(𝑈 (−𝑘)
𝐾
) |2 ≤

2ℓ−1∑︁
𝑗=ℓ

©­«𝑒
5

4𝜎2 𝑟
2
4ℓ ·

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!ª®¬

2

· det(𝐴)

≤ 𝑐1(𝑟, 𝜎) exp(2ℓ log ℓ + 𝑐2(𝑟, 𝜎)ℓ + 𝑐3 log ℓ) · det(𝐴),

for some constants 𝑐1(𝑟, 𝜎) > 0 and 𝑐3 > 0, which means

∑︁
𝐾∈K

det(𝑈𝑘→Δ
𝐾 )2 ≤ ∥Δ 𝑓 ∥2 · det(𝐴) · 𝑐1(𝑟, 𝜎) exp(2ℓ log ℓ + 𝑐2(𝑟, 𝜎)ℓ + 𝑐3 log ℓ)

By plugging it into (A.44),

| det(𝐴(2,𝑘)→Δ) | ≤ ∥Δ 𝑓 ∥2 · det(𝐴) · 𝑐1(𝑟, 𝜎) exp(ℓ log ℓ + 𝑐2(𝑟, 𝜎)ℓ + 𝑐3 log ℓ). (A.45)

By combining (A.43) and (A.45), we obtain that for 𝑖 = 1, 2, and ∀𝑘 ∈ [ℓ],

| (E𝑎)𝑖,𝑘 | =

���det
(
𝐴(𝑖,𝑘)→Δ

)���
det(𝐴) ≤ ∥Δ 𝑓 ∥2 · 𝑐1(𝑟, 𝜎) exp(ℓ log ℓ + 𝑐2(𝑟, 𝜎)ℓ + 𝑐3 log ℓ),

for some constants 𝑐1(𝑟, 𝜎) > 0 and 𝑐3 > 0. □

A.6.2 Completing the proof of Lemma A.6.1

We are ready to complete the proof of this key lemma.

Proof of Lemma A.6.1. By Lemma A.6.3 we know if
���𝜆𝑖,𝑘 − 𝜆𝑖,𝑘 ��� < Δ, ∀𝑖 = 1, 2, 𝑘 ∈ [ℓ], and

ℓ ≥ ⌊2𝑒𝑟2
𝑖
/𝜎2⌋ + 2, then

∥𝑤𝑖 𝑓𝑖 − 𝑓̃𝑖∥1 ≤
217/4𝑐𝜓

√
𝜎

Γ

(
1
4

)2 · Δℓ5/4 +
211/2𝑐𝜓𝑟𝑖𝑤𝑖

Γ

(
1
4

)2
𝜋1/4𝜎

·
(
1
2

)ℓ
. (A.46)
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By Lemma A.6.6, we know when 8 max(𝑟1, 𝑟2) < 𝑟, for 𝑖 = 1, 2, and ∀𝑘 ∈ [ℓ], as ℓ →∞,

| (E𝑡)𝑖,𝑘 | ≤ |(E𝑡,1)𝑖,𝑘 | + |(E𝑡,2)𝑖,𝑘 | ≤
𝑟𝑒

5
4𝜎2 𝑟

2√︁
2𝜎
√
𝜋(𝑟 − 2 max(𝑟1, 𝑟2))

(
8 max(𝑟1, 𝑟2)

𝑟

)ℓ
→ 0, (A.47)

Furthermore, by Lemma A.6.7, we know for any ℓ ∈ N0, 𝑖 = 1, 2 𝑎𝑛𝑑 𝑘 ∈ [ℓ], we have

| (E𝑎)𝑖,𝑘 | =

���det
(
𝐴(𝑖,𝑘)→Δ

)���
det(𝐴) ≤ ∥Δ 𝑓 ∥2 · 𝑐1(𝑟, 𝜎) exp(ℓ log ℓ + 𝑐2(𝑟, 𝜎)ℓ + 𝑐3 log ℓ). (A.48)

From (A.48) and (A.47) we know ∀𝑖 = 1, 2, 𝑘 ∈ [ℓ],

|𝜆𝑖,𝑘 − 𝜆𝑖,𝑘 | ≤ |(E𝑡)𝑖,𝑘 | + |(E𝑎)𝑖,𝑘 |

≤ 𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) ·
(
8 max(𝑟1, 𝑟2)

𝑟

)ℓ
+ 𝑐2(𝑟, 𝜎)∥Δ 𝑓 ∥2 exp(ℓ log ℓ + 𝑐3(𝑟, 𝜎)ℓ + 𝑐4 log ℓ).

We plug this into Δ in (A.46), then we obtain

∥𝑤𝑖 𝑓𝑖 − 𝑓̃𝑖∥1 ≤ 𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) ·
(
8 max(𝑟1, 𝑟2)

𝑟

)ℓ
· ℓ5/4 + 𝑐2(𝑟𝑖, 𝜎)𝑤𝑖

(
1
2

)ℓ
+ 𝑐3(𝑟, 𝜎) · ∥Δ 𝑓 ∥2 · exp(ℓ log ℓ + 𝑐4(𝑟, 𝜎)ℓ + 𝑐5 log ℓ),

Finally, by triangle inequality, we get

∥ 𝑓̂𝑖 − 𝑓𝑖∥1 =









(
𝑓̃𝑖

)
+

∥
(
𝑓̃𝑖

)
+
∥1
−

(
𝑓̃𝑖

)
+

𝑤𝑖
+

(
𝑓̃𝑖

)
+

𝑤𝑖
− 𝑓𝑖









1

≤









(
𝑓̃𝑖

)
+

∥
(
𝑓̃𝑖

)
+
∥1
−

(
𝑓̃𝑖

)
+

𝑤𝑖









1

+









(
𝑓̃𝑖

)
+

𝑤𝑖
− 𝑓𝑖









1

=

�������1 −
∥
(
𝑓̃𝑖

)
+
∥1

𝑤𝑖

������� ·









(
𝑓̃𝑖

)
+

∥
(
𝑓̃𝑖

)
+
∥1









1

+ 1
𝑤𝑖




( 𝑓̃𝑖)
+
− 𝑤𝑖 𝑓𝑖





1

≤ 2
𝑤𝑖




𝑤𝑖 𝑓𝑖 − (
𝑓̃𝑖

)
+





1
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≤ 2
𝑤𝑖




𝑤𝑖 𝑓𝑖 − 𝑓̃𝑖



1

≤ 1
𝑤𝑖
𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) ·

(
8 max(𝑟1, 𝑟2)

𝑟

)ℓ
· ℓ5/4 + 𝑐2(𝑟𝑖, 𝜎)

(
1
2

)ℓ
+ 1
𝑤𝑖
𝑐3(𝑟, 𝜎) · ∥Δ 𝑓 ∥2 · exp(ℓ log ℓ + 𝑐4(𝑟, 𝜎)ℓ + 𝑐5 log ℓ)

for some constants 𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) > 0, 𝑐2(𝑟𝑖, 𝜎) > 0, 𝑐3(𝑟, 𝜎) > 0, 𝑐4(𝑟, 𝜎) > 0, and 𝑐5 > 0. □

A.6.3 Auxiliary lemmas

For completeness, in this subsection we collect technical lemmas required in the proof from the

previous subsection.

Lemma A.6.8 (Lemma 32, Tai and Aragam (2023)). For any ℓ ≥ 1, 𝑘 ∈ [ℓ] and 𝑗 ≥ ℓ, we have

∑︁
𝐾∈K 𝑗

det(𝑈𝐾∪{𝑘})2 ≤
©­«𝑒

𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!ª®¬

2

· det(𝐴).

Recall that, for any 𝐾 = {ℓ ≤ 𝑎1 < · · · < 𝑎ℓ−1 and 𝑎𝑖 ≠ 𝑗} ∈ 𝐾 𝑗 and 𝑘 ∈ [ℓ], 𝑈𝐾∪{𝑘} is the ℓ-by-ℓ

matrix whose (𝑖, 𝑗)-entry is ⟨𝜓𝑐 𝑗 ,𝑟,𝜎, 𝜓𝑏𝑖 ,0,𝜎⟩ for 𝑏𝑖 ∈ {𝑘} ∪ 𝐾 and 𝑐 𝑗 ∈ [ℓ].

Proof. For each 𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−2 and 𝑎𝑖 ≠ 𝑗} ∈ K 𝑗 , we have the following. By Lemma

A.6.10, we have

| det(𝑈𝐾∪{𝑘}) |
| det(𝑈𝐾∪{ 𝑗}) |

=

√︂
𝑗!
𝑘!

(
𝑟
√

2𝜎

) 𝑘− 𝑗 ( ℓ=2∏
𝑐=0

|𝑎𝑐 − 𝑘 |
|𝑎𝑐 − 𝑗 |

)
·
Γ𝐾∪{𝑘},ℓ
Γ𝐾∪{ 𝑗},ℓ

≤
√︂
𝑗!
𝑘!

(
𝑟
√

2𝜎

) 𝑘− 𝑗 ( ℓ=2∏
𝑐=0

|𝑎𝑐 − 𝑘 |
|𝑎𝑐 − 𝑗 |

)
The second inequality follows from Lemma A.6.14, which states that Γ𝐾,𝑏 is an increasing function

w.r.t any 𝑎𝑖 ∈ 𝐾 .

By Lemma A.6.13, we have
∏ℓ−2
𝑐=0

|𝑎𝑐−𝑘 |
|𝑎𝑐− 𝑗 | ≤

∏ℓ−2
𝑐=0

|𝑎𝑐 |
|𝑎𝑐− 𝑗 | ≤ 2 𝑗 · 4ℓ and hence
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| det(𝑈𝐾∪{𝑘}) | ≤ 4ℓ · 2 𝑗
√︂
𝑗!
𝑘!

(
𝑟
√

2𝜎

) 𝑘− 𝑗
| det(𝑈𝐾∪{ 𝑗}) |

≤ 𝑒
1

4𝜎2 𝑟
2
· 4ℓ ·

√︁
𝑗! ·

(
2
√

2𝜎
𝑟

) 𝑗
| det(𝑈𝐾∪{ 𝑗}) |

since 1√
𝑘!

(
𝑟√
2𝜎

) 𝑘
≤

√︂∑∞
𝑖=0

1
𝑖!

(
𝑟2

2𝜎2

) 𝑖
= 𝑒

1
4𝜎2 𝑟

2
. For each 𝐾 ∈ K 𝑗 , the set 𝐾 ∪ { 𝑗} is in K since

𝑗 ∉ 𝐾 . Hence, we conclude that

∑︁
𝐾∈K 𝑗

det(𝑈𝐾∪{𝑘})2 ≤
©­«𝑒

1
4𝜎2 𝑟

2
· 4ℓ ·

√︁
𝑗! ·

(
2
√

2𝜎
𝑟

) 𝑗ª®¬
2 ∑︁
𝐾∈K 𝑗

det(𝑈𝐾∪{ 𝑗})2

≤ ©­«𝑒
𝑟2

4𝜎2 4ℓ
(

2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!ª®¬

2

· det(𝐴).

□

Before we show the lemmas below, we first define the following notations to simplify the

expressions in our proof. For any 𝑟 ∈ R, and 𝜎 > 0, let𝑊𝑟,𝜎 be the double-indexed sequence such

that

(𝑊𝑟,𝜎)𝑠,𝑡 = 𝑒−
1

8𝜎2 𝑟
2
(−1)𝑠

√︂
𝑡!
𝑠!

(
𝑠

𝑡

) (
𝑟
√

2𝜎

) 𝑠−𝑡
for 𝑠, 𝑡 ∈ N0. Here,

(𝑠
𝑡

)
is the binomial coefficient which is equal to

(
𝑠

𝑡

)
=


0 if 𝑠 < 𝑡

𝑠!
𝑡!(𝑠−𝑡)! if 𝑠 ≥ 𝑡

For any subsets 𝑆, 𝑇 ⊂ N0 of same sizes, let (𝑊𝑟)𝑆,𝑇 be the matrix whose (𝑖, 𝑗)-entry is (𝑊𝑟)𝑠𝑖 ,𝑡 𝑗
for 𝑠𝑖 ∈ 𝑆 and 𝑡 𝑗 ∈ 𝑇 . For any (ordered) set 𝐾 of 𝑚 nonnegative integers 𝑎0, · · · , 𝑎𝑚−1 such that
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0 ≤ 𝑎0 < · · · < 𝑎𝑚−1, we define

Σ𝐾 =

𝑚−1∑︁
𝑐=0

𝑎𝑐, 𝐹𝐾 =

𝑚−1∏
𝑐=0

𝑎𝑐!, 𝐶𝐾 =
∏

0≤𝑐2<𝑐1≤𝑚−1
(𝑎𝑐1 − 𝑎𝑐2).

Finally, for any 𝑏 ∈ N0, we define

Γ𝐾,𝑏 =
1
𝑏!

𝑏∑︁
𝑑=0
(−1)𝑑

(
𝑏

𝑑

) 𝑚−1∏
𝑐=0
(𝑎𝑐 − 𝑑).

Lemma A.6.9 (Lemma 33, Tai and Aragam (2023)). For any ℓ ≥ 1, 𝑘 ∈ [ℓ] and 𝑗 ≥ ℓ, we have

∑︁
𝐾∈K 𝑗

det
(
𝑈
(−𝑘)
𝐾

)2
≤ ©­«𝑒

5
4𝜎2 𝑟

2
4ℓ ·

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!ª®¬

2

· det(𝐴).

Recall that, for any 𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−2 and 𝑎𝑖 ≠ 𝑗} ∈ K 𝑗 and 𝑘 ∈ [ℓ], 𝑈 (−𝑘)
𝐾

is the

(ℓ − 1)-by-(ℓ − 1) matrix whose (𝑖, 𝑗)-entry is ⟨𝜓𝑐 𝑗 ,𝑟,𝜎, 𝜓𝑏𝑖 ,0,𝜎⟩ for 𝑏𝑖 ∈ 𝐾 and 𝑐 𝑗 ∈ [ℓ]\{𝑘}.

Proof. For each 𝐾 = {ℓ ≤ 𝑎0 < · · · < 𝑎ℓ−2 and 𝑎𝑖 ≠ 𝑗} ∈ K 𝑗 , we have the following. By Lemma

A.6.10 and A.6.11, we have���det
(
𝑈
(−𝑘)
𝐾

)���
| det(𝑈𝐾∪{ 𝑗}) |

≤
𝑒
− ℓ−1

4𝜎2 𝑟
2
2𝑘

√︃
1

𝑘!𝐹[ℓ ]𝐹𝐾

(
𝑟√
2𝜎

)Σ𝐾−ℓ(ℓ−1)/2+𝑘
𝐶𝐾

∏ℓ−2
𝑐=0 𝑎𝑐

𝑒
− ℓ

4𝜎2 𝑟
2√︃ 1

𝐹[ℓ ]𝐹𝐾∪{ 𝑗 }

(
𝑟√
2𝜎

)Σ𝐾∪{ 𝑗 }−ℓ(ℓ−1)/2
𝐶𝐾∪{ 𝑗}Γ𝐾∪{ 𝑗},ℓ

= 𝑒
𝑟2

4𝜎2 2𝑘
√︂
𝑗!
𝑘!

(
𝑟
√

2𝜎

) 𝑘− 𝑗 ℓ−2∏
𝑐=0

𝑎𝑐

|𝑎𝑐 − 𝑗 |
· 1
Γ𝐾∪{ 𝑗},ℓ

≤ 𝑒
𝑟2

4𝜎2 2𝑘
√︂
𝑗!
𝑘!

(
𝑟
√

2𝜎

) 𝑘− 𝑗 ℓ−2∏
𝑐=0

𝑎𝑐

|𝑎𝑐 − 𝑗 |

The last inequality is because Γ𝐾∪{ 𝑗},ℓ ≥ Γ[ℓ+1]\{0},ℓ = 1 by Lemma A.6.14. In addition, by Lemma

A.6.13, we have

���det
(
𝑈
(−𝑘)
𝐾

)���
| det(𝑈𝐾∪{ 𝑗}) |

≤ 𝑒
𝑟2

4𝜎2
√︁
𝑗!

(
𝑟
√

2𝜎

)− 𝑗 √√√(
2𝑟2

𝜎2

) 𝑘
𝑘!
· 2 𝑗 · 4ℓ−1

106



= 𝑒
5𝑟2
4𝜎2 4ℓ

√︁
𝑗!

(
2
√

2𝜎
𝑟

) 𝑗

since
√︃(

2𝑟2/𝜎2) 𝑘 /𝑘! ≤
√︁
𝑒2𝑟2/𝜎2

= 𝑒𝑟
2/𝜎2 . For each 𝐾 ∈ K 𝑗 , the set 𝐾 ∪ { 𝑗} is in K since 𝑗 ∉ 𝐾 .

Hence,

∑︁
𝐾∈K 𝑗

det
(
𝑈
(−𝑘)
𝐾

)2
≤ ©­«𝑒

5𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!ª®¬

2 ∑︁
𝐾∈K 𝑗

det(𝑈𝐾∪{ 𝑗})2

≤ ©­«𝑒
5𝑟2
4𝜎2 4ℓ

(
2
√

2𝜎
𝑟

) 𝑗 √︁
𝑗!ª®¬

2

det(𝐴)

□

Lemma A.6.10 (Lemma 34, Tai and Aragam (2023)). Let 𝑎0, . . . , 𝑎ℓ−1 be ℓ nonnegative integers

and 𝐾 be the set {0 ≤ 𝑎0 < · · · < 𝑎ℓ−1}. Then, we have

|det(𝑈𝐾) | = 𝑒−
ℓ

4𝜎2 𝑟
2

√︄
1

𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2
𝐶𝐾 · Γ𝐾,ℓ .

Recall that, for any 𝐾 = {0 ≤ 𝑎0 < · · · < 𝑎ℓ−1}, 𝑈𝐾 is the ℓ-by-ℓ matrix whose (𝑖, 𝑗)-entry is

⟨𝜓𝑐 𝑗 ,𝑟,𝜎, 𝜓𝑏𝑖 ,0,𝜎⟩ for 𝑏𝑖 ∈ [𝐾] and 𝑐 𝑗 ∈ [ℓ].

Proof. Recall that, from (A.23),

⟨𝜓𝑖,0,𝜎,𝜓 𝑗 ,𝑟,𝜎⟩

=

𝑖∧ 𝑗∑︁
𝑘=0

(
𝑒
− 𝑟2

8𝜎2 (−1)𝑖
√︂
𝑘!
𝑖!

(
𝑖

𝑘

) (
𝑟
√

2𝜎

) 𝑖−𝑘 ) (
𝑒
− 𝑟2

8𝜎2 (−1) 𝑗
√︄
𝑘!
𝑗!

(
𝑗

𝑘

) (
−𝑟
√

2𝜎

) 𝑗−𝑘 )
It means that𝑈𝐾 can be decomposed as

𝑈𝐾 = (𝑊𝑟,𝜎)𝐾,[ℓ] (𝑊−𝑟,𝜎)⊤[ℓ],[ℓ] .
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By Lemma A.6.12, the determinant of (𝑊−𝑟,𝜎)⊤[ℓ],[ℓ] is

𝑒
− ℓ

8𝜎2 𝑟
2
(−1)Σ[ℓ ]

√︄
1

𝐹[ℓ]𝐹[ℓ]

(
− 𝑟
√

2𝜎

)Σ[ℓ ]−ℓ(ℓ−1)/2
𝐶[ℓ] · Γ[ℓ],ℓ = 𝑒−

ℓ

8𝜎2 𝑟
2
(−1)ℓ(ℓ−1)/2,

since Σ[ℓ] = ℓ(ℓ − 1)/2, 𝐶[ℓ] = 𝐹[ℓ] and Γ[ℓ],ℓ = 1. Also, the determinant of (𝑊𝑟,𝜎)𝐾,[ℓ] is

det
(
(𝑊𝑟,𝜎)𝐾,[ℓ]

)
= 𝑒
− ℓ

8𝜎2 𝑟
2
(−1)Σ𝐾

√︄
1

𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2
𝐶𝐾 · Γ𝐾,ℓ .

Hence, we have

det(𝑈𝐾) = det((𝑊𝑟,𝜎)𝐾,[ℓ]) · det((𝑊−𝑟,𝜎)[ℓ],[ℓ])

= 𝑒
− ℓ

8𝜎2 𝑟
2
(−1)ℓ(ℓ−1)/2 · 𝑒−

ℓ

8𝜎2 𝑟
2
(−1)Σ𝐾

√︄
1

𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2
𝐶𝐾 · Γ𝐾,ℓ

= 𝑒
− ℓ

4𝜎2 𝑟
2
(−1)Σ𝐾+ℓ(ℓ−1)/2

√︄
1

𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2
𝐶𝐾 · Γ𝐾,ℓ .

□

Lemma A.6.11 (Lemma 35, Tai and Aragam (2023)). Let 𝑎0, · · · , 𝑎ℓ−2 be ℓ−1 nonnegative integers

and 𝐾 be the set {0 ≤ 𝑎0 < · · · < 𝑎ℓ−2}. Then, for any 𝑘 ∈ [ℓ], we have

���det
(
𝑈
(−𝑘)
𝐾

)��� ≤ 𝑒− ℓ−1
4𝜎2 𝑟

2
2𝑘

√︄
1

𝑘!𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2+𝑘
𝐶𝐾

ℓ−2∏
𝑐=0

𝑎𝑐

Recall that, for any 𝐾 = {0 ≤ 𝑎0 < · · · < 𝑎ℓ−2} ∈ K and 𝑘 ∈ [ℓ], 𝑈 (−𝑘)
𝐾

is the (ℓ − 1)-by-(ℓ − 1)

matrix whose (𝑖, 𝑗)-entry is ⟨𝜓𝑐 𝑗 ,𝑟,𝜎, 𝜓𝑏𝑖 ,0,𝜎⟩ for 𝑏𝑖 ∈ 𝐾 and 𝑐 𝑗 ∈ [ℓ] \ {𝑘}.

Proof. Recall that, from (A.23),

⟨𝜓𝑖,0,𝜎,𝜓 𝑗 ,𝑟,𝜎⟩

=

𝑖∧ 𝑗∑︁
𝑘=0

(
𝑒
− 𝑟2

8𝜎2 (−1)𝑖
√︂
𝑘!
𝑖!

(
𝑖

𝑘

) (
𝑟
√

2𝜎

) 𝑖−𝑘 ) (
𝑒
− 𝑟2

8𝜎2 (−1) 𝑗
√︄
𝑘!
𝑗!

(
𝑗

𝑘

) (
−𝑟
√

2𝜎

) 𝑗−𝑘 )
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It means that𝑈 (−𝑘)
𝐾

can be decomposed as

𝑈
(−𝑘)
𝐾

= (𝑊𝑟,𝜎)𝐾,[ℓ] (𝑊−𝑟,𝜎)[ℓ],[ℓ]\{𝑘} .

By Cauchy-Binet formula (Lemma A.6.4), we have

det
(
𝑈
(−𝑘)
𝐾

)
=

ℓ−1∑︁
𝑏=0

det((𝑊𝑟,𝜎)𝐾,[ℓ]\{𝑏}) · det((𝑊−𝑟,𝜎)[ℓ]\{𝑏}, [ℓ]\{𝑘}). (A.49)

By Lemma A.6.12, the determinant of (𝑊−𝑟,𝜎)[ℓ]\{𝑏},[ℓ]\{𝑘} is

𝑒
− ℓ−1

8𝜎2 𝑟
2
(−1)

(ℓ−1)ℓ
2 −𝑏 ·

√︄
𝑘!

𝐹[ℓ]\{𝑏} · 𝐹[ℓ]
·
(
− 𝑟
√

2𝜎

)−𝑏+𝑘
· 𝐶[ℓ]\{𝑏} · Γ[ℓ]\{𝑏},𝑘

=


0, if 𝑘 < 𝑏

𝑒
− ℓ−1

8𝜎2 𝑟
2
(−1)ℓ(ℓ−1)/2+𝑘

√
𝑘!𝑏!

𝑏!(𝑘−𝑏)!

(
𝑟√
2𝜎

) 𝑘−𝑏
, if 𝑘 ≥ 𝑏

since 𝐶[ℓ]\{𝑏} =
𝐹[ℓ ]

(ℓ−1−𝑏)!𝑏! and Γ[ℓ]\{𝑏}, 𝑘 =


0 if 𝑘 < 𝑏

(ℓ−1−𝑏)!
(𝑘−𝑏)! if 𝑘 ≥ 𝑏

. Also, the determinant of

(𝑊𝑟,𝜎)𝐾,[ℓ]\{𝑏} is

𝑒
− ℓ−1

8𝜎2 𝑟
2
(−1)Σ𝐾

√︄
𝑏!

𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2+𝑏
· 𝐶𝐾 · Γ𝐾,𝑏 .

Hence, when 𝑏 ≤ 𝑘 , we have

��det(𝑊𝑟,𝜎)𝐾,[ℓ]\{𝑏}) det((𝑊−𝑟,𝜎)[ℓ]\{𝑏},[ℓ]\{𝑘})
��

= 𝑒
− ℓ−1

4𝜎2 𝑟
2 1
(𝑘 − 𝑏)!

√︄
𝑘!

𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2+𝑘
𝐶𝐾 · Γ𝐾,𝑏

≤ 𝑒−
ℓ−1
4𝜎2 𝑟

2 1
(𝑘 − 𝑏)!𝑏!

√︄
𝑘!

𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2+𝑘
𝐶𝐾

ℓ−2∏
𝑐=0

𝑎𝑐
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The last inequality is due to Lemma A.6.14. By plugging it into (A.49), we have

���det(𝑈 (−𝑘)
𝐾
)
��� = 𝑘∑︁

𝑏=0

��det((𝑊𝑟,𝜎)𝐾,[ℓ]\{𝑏}) det((𝑊⊤−𝑟,𝜎)[ℓ]\{𝑏},[ℓ]\{𝑘})
��

≤
𝑘∑︁
𝑏=0

𝑒
− ℓ−1

4𝜎2 𝑟
2 1
(𝑘 − 𝑏)!𝑏!

√︄
𝑘!

𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2+𝑘
𝐶𝐾

ℓ−2∏
𝑐=0

𝑎𝑐 .

Since
∑𝑘
𝑏=0

1
(𝑘−𝑏)!𝑏! =

2𝑘
𝑘! , we obtain

���det
(
𝑈
(−𝑘)
𝐾

)��� ≤ 𝑒− ℓ−1
4𝜎2 𝑟

2
2𝑘

√︄
1

𝑘!𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2+𝑘
𝐶𝐾

ℓ−2∏
𝑐=0

𝑎𝑐

□

Lemma A.6.12 (Lemma 37, Tai and Aragam (2023)). Let 𝑎0, . . . , 𝑎ℓ−1 be ℓ nonnegative integers

such that 0 ≤ 𝑎0 < · · · < 𝑎ℓ−1 and 𝐾 be the ordered set {𝑎0, . . . , 𝑎ℓ−1}. Then, for any integer

𝑏 ∈ [ℓ + 1], we have

det((𝑊𝑟,𝜎)𝐾,[ℓ+1]\{𝑏}) = 𝑒−
ℓ

8𝜎2 𝑟
2
(−1)Σ𝐾

√︄
𝑏!

𝐹[ℓ+1]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ+1)/2+𝑏
𝐶𝐾 · Γ𝐾,𝑏,

and in particular,

det
(
(𝑊𝑟,𝜎)𝐾,[ℓ]

)
= 𝑒
− ℓ

8𝜎2 𝑟
2
(−1)Σ𝐾

√︄
1

𝐹[ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2
𝐶𝐾 · Γ𝐾,ℓ .

Proof. By factoring the common terms in each row and column, we have

det
(
(𝑊𝑟,𝜎)𝐾,[ℓ+1]\{𝑏}

)
= 𝑒
− ℓ

8𝜎2 𝑟
2
(−1)Σ𝐾

√︄
𝑏!∏ℓ

𝑐=0 𝑐!
∏ℓ−1
𝑐=0 𝑎𝑐!

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ+1)/2+𝑏
det

(
(𝑊′)𝐾,[ℓ+1]\{𝑏}

)
= 𝑒
− ℓ

8𝜎2 𝑟
2
(−1)Σ𝐾

√︄
𝑏!

𝐹[ℓ+1]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ+1)/2+𝑏
det

(
(𝑊′)𝐾,[ℓ+1]\{𝑏}

)
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where𝑊′
𝐾,[ℓ+1]\{𝑏} is a ℓ-by-ℓ matrix that

𝑊′
𝐾,[ℓ+1]\{𝑏} =


1 · · · ∏𝑏−2

𝑑=0(𝑎0 − 𝑑)
∏𝑏
𝑑=0(𝑎0 − 𝑑) · · · ∏ℓ−1

𝑑=0(𝑎0 − 𝑑)
...

. . .
...

...
. . .

...

1 · · · ∏𝑏−2
𝑑=0(𝑎ℓ−1 − 𝑑)

∏𝑏
𝑑=0(𝑎ℓ−1 − 𝑑) · · ·

∏ℓ−1
𝑑=0(𝑎ℓ−1 − 𝑑)


We will apply column operations on det(𝑊′

𝐾,[ℓ+1]\{𝑏}). For the column indexed at 𝑐 ≠ 0, 𝑏 + 1,

subtract the column indexed at 𝑐 − 1 multiplied by (𝑎0 − 𝑐) to it and, for the column indexed at

𝑏 + 1, subtract the column indexed at 𝑏 − 1 multiplied by (𝑎0 − 𝑏) (𝑎0 − (𝑏 − 1)) to it. We have the

first row to be a zero row except the first entry is 1 and expand the determinant along the first row.

Then, the row indexed at 𝑎𝑐 has a factor 𝑎𝑐 − 𝑎0 and in particular the entry indexed at 𝑏 + 1 has an

extra factor 𝑎𝑐 + 𝑎0 − (2𝑏 − 1) = (𝑎𝑐 − (𝑏 − 1)) + (𝑎0 − 𝑏). By factoring out 𝑎𝑐 − 𝑎0, we have

det(𝑊′
𝐾,[ℓ+1]\{𝑏})

=

(
ℓ∏
𝑐=1
(𝑎𝑐 − 𝑎0)

) (
det((𝑊′(𝑟))𝐾\{𝑎0},[ℓ]\{𝑏−1}) + (𝑎0 − 𝑏) det((𝑊′(𝑟))𝐾\{𝑎0},[ℓ]\{𝑏})

)
.

By induction, we conclude

det(𝑊′
𝐾,[ℓ+1]\{𝑏}) = 𝐶𝐾 · Γ𝐾,𝑏

Therefore,

det((𝑊𝑟,𝜎)𝐾,[ℓ+1]\{𝑏}) = 𝑒−
ℓ

8𝜎2 𝑟
2
(−1)Σ𝐾

√︄
𝑏!

𝐹[ℓ+1]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ+1)/2+𝑏
𝐶𝐾 · Γ𝐾,𝑏,

and in particular,

det
(
(𝑊𝑟,𝜎)𝐾,[ℓ]

)
= 𝑒
− ℓ

8𝜎2 𝑟
2
(−1)Σ𝐾

√︄
1

𝐹 [ℓ]𝐹𝐾

(
𝑟
√

2𝜎

)Σ𝐾−ℓ(ℓ−1)/2
𝐶𝐾 · Γ𝐾,ℓ .

□

Lemma A.6.13 (Lemma 36, Tai and Aragam (2023)). Let 𝑎0, · · · , 𝑎ℓ−1 be ℓ nonnegative integers

111



such that 0 ≤ 𝑎0 < · · · < 𝑎ℓ−1 and 𝑎𝑐 ≠ 𝑗 for some 𝑗 ∈ N0. Then, we have

ℓ−1∏
𝑐=0

���� 𝑎𝑐

𝑎𝑐 − 𝑗

���� ≤ 2 𝑗 · 4ℓ .

Proof. Suppose 𝑎0, · · · , 𝑎𝑏−1 are the integers less than 𝑗 and the rest of them are larger than 𝑗 . For

𝑐 ≤ 𝑏 − 1, we have ���� 𝑎𝑐

𝑎𝑐 − 𝑗

���� = 𝑎𝑐

𝑗 − 𝑎𝑐
=

𝑗

𝑗 − 𝑎𝑐
− 1 ≤ 𝑗

𝑏 − 𝑐 − 1 =
𝑗 − (𝑏 − 𝑐)
𝑏 − 𝑐

since 𝑎𝑐 ≤ 𝑗 − (𝑏 − 𝑐). For 𝑐 ≥ 𝑏, we have���� 𝑎𝑐

𝑎𝑐 − 𝑗

���� = 𝑎𝑐

𝑎𝑐 − 𝑗
= 1 + 𝑗

𝑎𝑐 − 𝑗
≤ 1 + 𝑗

𝑐 − 𝑏 + 1
=
𝑗 + 1 + (𝑐 − 𝑏)
𝑐 − 𝑏 + 1

since 𝑎𝑐 ≥ 𝑗 + 1 + (𝑐 − 𝑏). Hence, we have

ℓ−1∏
𝑐=0

���� 𝑎𝑐

𝑎𝑐 − 𝑗

���� ≤ 𝑏−1∏
𝑐=0

𝑗 − (𝑏 − 𝑐)
𝑏 − 𝑐 ·

ℓ−1∏
𝑐=𝑏

𝑗 + 1 + (𝑐 − 𝑏)
𝑐 − 𝑏 + 1

=
( 𝑗 − 1)!

( 𝑗 − 𝑏 − 1)!𝑏!
· ( 𝑗 + ℓ − 𝑏)!(ℓ − 𝑏)! 𝑗!

≤ ( 𝑗 + ℓ − 𝑏)!
(ℓ − 𝑏)!𝑏!( 𝑗 − 𝑏)! =

( 𝑗 + ℓ − 𝑏)!
ℓ!( 𝑗 − 𝑏)! ·

ℓ!
(ℓ − 𝑏)!𝑏!

≤ 2 𝑗+ℓ−𝑏 · 2ℓ ≤ 2 𝑗 · 4ℓ .

□

Lemma A.6.14 (Lemma 38, Tai and Aragam (2023)). Let 𝑎0, . . . , 𝑎ℓ−1 be ℓ nonnegative integers

such that 0 ≤ 𝑎0 < · · · < 𝑎ℓ−1 and 𝐾 be the set {𝑎0, . . . , 𝑎ℓ−1}. Then, for any 𝑏 ∈ N0, we have

0 ≤ Γ𝐾,𝑏 ≤
1
𝑏!

ℓ−1∏
𝛼=0

𝑎𝛼,

112



and
𝜕

𝜕𝑎𝑖
Γ𝐾,𝑏 ≥ 0,∀𝑎𝑖 ∈ 𝐾

which means that Γ𝐾,𝑏 is an increasing function with regard to any 𝑎𝑖 ∈ 𝐾 .

Proof. We first prove Γ𝐾,𝑏 ≥ 0 and will use induction on ℓ to prove the statement. Suppose ℓ = 1.

When 𝑏 = 0, we have Γ𝐾,0 = 𝑎0 ≥ 0. When 𝑏 = 1, we have Γ𝐾,1 = 𝑎0 − (𝑎0 − 1) = 1 > 0.

When 𝑏 ≥ 2, we have Γ𝐾,𝑏 = 1
𝑏!

∑𝑏
𝑑=0(−1)𝑑

(𝑏
𝑑

)
(𝑎0 − 𝑑) = 0 since both

∑𝑏
𝑑=0(−1)𝑑

(𝑏
𝑑

)
and∑𝑏

𝑑=0(−1)𝑑
(𝑏
𝑑

)
𝑑 = 𝑏 · ∑𝑏

𝑑=1(−1)𝑑
(𝑏−1
𝑑−1

)
are zero. Suppose ℓ ≥ 2. We view Γ𝐾,𝑏 as a function of

𝑎0, 𝑎1, . . . , 𝑎ℓ−1. The partial derivative of Γ𝐾,𝑏 is

𝜕

𝜕𝑎𝑖
Γ𝐾,𝑏 =

1
𝑏!

𝑏∑︁
𝑑=0
(−1)𝑑

(
𝑏

𝑑

) ℓ−1∏
𝑐=0,𝑐≠𝑖

(𝑎𝑐 − 𝑑) = Γ𝐾\{𝑎𝑖},𝑏 ≥ 0

by the induction assumption. It means that Γ𝐾,𝑏 is an increasing function and it implies Γ𝐾,𝑏 ≥

Γ[ℓ],𝑏 = 0 by direct calculation.

Now, we will prove Γ𝐾,𝑏 ≤ 1
𝑏!

∏ℓ−1
𝑐=0 𝑎𝑐 and will use induction on 𝑏 to prove the statement.

Suppose 𝑏 = 1. We have Γ𝐾,0 =
∏ℓ−1
𝑐=0 𝑎𝑐. Suppose 𝑏 ≥ 2. Note that

(𝑏
𝑑

)
=

(𝑏−1
𝑑

)
+

(𝑏−1
𝑑−1

)
. We have

Γ𝐾,𝑏 =
1
𝑏!

(
𝑏−1∑︁
𝑑=0
(−1)𝑑

(
𝑏 − 1
𝑑

) ℓ−1∏
𝑐=0
(𝑎𝑐 − 𝑑) −

𝑏∑︁
𝑑=1
(−1)𝑑−1

(
𝑏 − 1
𝑑 − 1

) ℓ−1∏
𝑐=0
(𝑎𝑐 − 𝑑)

)
≤ 1
𝑏!

𝑏−1∑︁
𝑑=0
(−1)𝑑

(
𝑏 − 1
𝑑

) ℓ−1∏
𝑐=0
(𝑎𝑐 − 𝑑) ≤

1
𝑏

1
(𝑏 − 1)!

ℓ−1∏
𝑐=0

𝑎𝑐 =
1
𝑏!

ℓ−1∏
𝑐=0

𝑎𝑐 .

The inequalities are due to the induction assumption. □

A.7 Proofs for Section 2.7.2: Concentration inequality for ∥ 𝑓̂𝑖 − 𝑓𝑖∥1
Lemma A.6.1 gives an upper bound of ∥ 𝑓̂𝑖 − 𝑓𝑖∥1 for any density estimator 𝑓̂ . In this section, let

us consider a specific form of the estimator 𝑓̂ , namely the standard kernel density estimator. Then

we can further derive the tail behavior of 𝑓̂𝑖, as given in the following lemma:
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Lemma A.7.1. Let 𝑓 ∈ F be as defined in (C2.3). We can verify that all such densities 𝑓 satisfy

the regularity conditions in Lemma A.7.3: there exist 𝐶1 > 0, 𝐶2 > 0, 𝐶3 > 0, 𝐶4 > 0, such that

∀ 𝑓 ∈ F , ∥ 𝑓 ∥22 < 𝐶1, |
∫
𝑓 ′(𝑥)𝑑𝑥 | < 𝐶2, ∥ 𝑓 ′′∥22 < 𝐶3, |

∫
𝑓 ′′(𝑥)𝑑𝑥 | < 𝐶4. Let kernel 𝐾 be a

standard Gaussian density. Suppose 𝑋1, · · · , 𝑋𝑛 are 𝑛 i.i.d. samples from 𝑃 𝑓 , and let 𝑓̂ (𝑥; ℎ) be

the kernel density estimator defined as

𝑓̂ (𝑥; ℎ) = 𝑛−1
𝑛∑︁
𝑖=1

𝐾ℎ (𝑥 − 𝑋𝑖),

where ℎ > 0 is the bandwidth, and 𝐾ℎ (𝑥) := ℎ−1𝐾 (𝑥/ℎ). Choose ℎ = 𝑐𝐾𝑛
−1/5, where 𝑐𝐾 is a

positive constant depending only on 𝐾 . Then by taking


𝛼 = 2

5 log 𝑟
8 max(𝑟1,𝑟2) , 𝛽 = 1

2 log 𝑟
8 max(𝑟1,𝑟2) , if 1 < 𝑟

8 max(𝑟1,𝑟2) ≤ 2,

𝛼 = 3
5 log 𝑟

16 max(𝑟1,𝑟2) , 𝛽 = log 2, if 𝑟
8 max(𝑟1,𝑟2) > 2,

and letting 𝜖𝛼 be a constant such that 0 < 𝜖𝛼 < 𝑒−1, and ∀0 < 𝜖 < 𝜖𝛼, log
(

1
𝜖

)
<

(
1
𝜖

)𝛼
,

we have that for 𝑖 = 1, 2, ∀ 0 < 𝜂 < 𝑐1𝑖𝜖
𝛽
𝛼 , and 𝑛 > (2𝜑𝐾)5/2( 𝑐1𝑖

𝜂
)5/(2𝛽) , take ℓ =

max
( ⌊
𝛽−1 log(𝑐1𝑖/𝜂)

⌋
,

⌊
2𝑒𝑟2

𝑖
/𝜎2⌋ ) + 2, then 𝑓̂𝑖 defined in (A.26) satisfies

𝑃𝑛𝑓

(
∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≥ 𝜂

)
≤ exp ©­«−𝑐𝐾𝑛4/5

(
𝜂

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log

(
𝑐1𝑖
𝜂

)
−𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ ,
where 𝜑𝐾 and 𝑐𝐾 are positive constants depending only on 𝐾 , and 𝑐1𝑖 = 𝑐1𝑖 (𝑟, 𝜎, 𝑟1, 𝑟2, 𝑤) is

a positive constant depending on 𝑖, 𝑟, 𝜎, 𝑟1, 𝑟2, 𝑤, 𝑐2𝑖 = 𝑐2𝑖 (𝑟, 𝑟1, 𝑟2, 𝜎) is a positive constant

depending on 𝑖, 𝑟, 𝑟1, 𝑟2, 𝜎, and 𝑏𝑖 = 𝑏(𝑟𝑖, 𝜎) ≥ 1 is a constant depending on 𝑟𝑖 and 𝜎.

This section of the Appendix is devoted to the proof of Lemma A.7.1. We will need the following

standard tool.

Lemma A.7.2 (Bounded difference inequality). Let 𝜒 be some set, and let 𝑓 : 𝜒𝑛 → 𝑅 be a
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function such that there exist 𝑐1, · · · , 𝑐𝑛 > 0, ∀𝑘 = 1, · · · , 𝑛, ∀𝑥1, · · · , 𝑥𝑛 ∈ 𝜒,

sup
𝑥′
𝑘
∈𝜒
| 𝑓 (𝑥1, · · · , 𝑥𝑘 , · · · 𝑥𝑛) − 𝑓 (𝑥1, · · · , 𝑥′𝑘 , · · · , 𝑥𝑛) | ≤ 𝑐𝑘 .

Let 𝑋1, · · · , 𝑋𝑛 be independent random variables on 𝜒, then ∀𝑡 > 0,

Pr( 𝑓 (𝑋1, · · · , 𝑋𝑛) − 𝐸 𝑓 (𝑋1, · · · , 𝑋𝑛) > 𝑡) ≤ 𝑒
− 2𝑡2∑𝑛

𝑖=𝑖
𝑐2
𝑖 .

Lemma A.7.3. Let the kernel 𝐾 be a probability density on R that is symmetric around the origin,

bounded and has a finite fourth moment. Let F be a density class on R such that there exist𝐶1 > 0,

𝐶2 > 0, 𝐶3 > 0, 𝐶4 > 0, ∀ 𝑓 ∈ F , ∥ 𝑓 ∥22 < 𝐶1, |
∫
𝑓 ′(𝑥)𝑑𝑥 | < 𝐶2, ∥ 𝑓 ′′∥22 < 𝐶3, |

∫
𝑓 ′′(𝑥)𝑑𝑥 | < 𝐶4.

Proof.

𝐸

[
∥ 𝑓̂ − 𝑓 ∥22

]
= 𝐸

∫
( 𝑓̂ (𝑥; ℎ) − 𝑓 (𝑥))2𝑑𝑥 =

∫
𝐸 ( 𝑓̂ (𝑥; ℎ) − 𝑓 (𝑥))2𝑑𝑥.

𝐸 ( 𝑓̂ (𝑥; ℎ) − 𝑓 (𝑥))2 on the RHS is the mean square error (MSE) of 𝑓̂ at 𝑥, and the MSE can be

decomposed into variance and squared bias

𝐸 ( 𝑓̂ (𝑥; ℎ) − 𝑓 (𝑥))2 = Var( 𝑓̂ (𝑥; ℎ)) + (𝐸 𝑓̂ (𝑥; ℎ) − 𝑓 (𝑥))2.

Furthermore, we have (see e.g. Chapter 2 of Wand and Jones (1994)),

𝐸 𝑓̂ (𝑥; ℎ) =
∫

𝐾 (𝑧) 𝑓 (𝑥 − ℎ𝑧)𝑑𝑧,

and

Var{ 𝑓̂ (𝑥; ℎ)} = (𝑛ℎ)−1
∫

𝐾2(𝑧) 𝑓 (𝑥 − ℎ𝑧)𝑑𝑧 − 𝑛−1(𝐸 𝑓̂ (𝑥; ℎ))2.

By Taylor expansion of 𝑓 (𝑥 − ℎ𝑧), we obtain

𝐸 𝑓̂ (𝑥; ℎ) =
∫

𝐾 (𝑧) 𝑓 (𝑥 − ℎ𝑧)𝑑𝑧
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=

∫
𝐾 (𝑧)

[
𝑓 (𝑥) + 𝑓 ′(𝑥) (−ℎ𝑧) + ℎ2𝑧2

∫ 1

0
(1 − 𝑡) 𝑓 ′′(𝑥 − 𝑡ℎ𝑧)𝑑𝑡

]
𝑑𝑧.

Since
∫
𝐾 (𝑧)𝑑𝑧 = 1, and

∫
𝑧𝐾 (𝑧)𝑑𝑧 = 0,

𝐸 𝑓̂ (𝑥; ℎ) = 𝑓 (𝑥) + ℎ2
∫ 1

0
(1 − 𝑡)

(∫
𝑓 ′′(𝑥 − 𝑡ℎ𝑧)𝑧2𝐾 (𝑧)𝑑𝑧

)
𝑑𝑡. (A.50)

By Cauchy-Schwarz’s inequality,

∫
𝑓 ′′(𝑥 − 𝑡ℎ𝑧)𝑧2𝐾 (𝑧)𝑑𝑧 ≤

√︄(∫
𝑓 ′′(𝑥 − 𝑡ℎ𝑧)2𝑑𝑧

)
·
(∫

𝑧4𝐾2(𝑧)𝑑𝑧
)
< ∞,

because 𝐾 is bounded and has finite fourth moment, and
∫
𝑓 ′′(𝑥)2𝑑𝑥 < 𝐶3. Thus, the second term

on the RHS of (A.50) is finite. Let 𝑅1( 𝑓 , 𝐾; ℎ) :=
∫ 1

0 (1 − 𝑡)
(∫

𝑓 ′′(𝑥 − 𝑡ℎ𝑧)𝑧2𝐾 (𝑧)𝑑𝑧
)
𝑑𝑡, then

𝐸 𝑓̂ (𝑥; ℎ) = 𝑓 (𝑥) + ℎ2𝑅1( 𝑓 , 𝐾; ℎ).

Similarly,

Var( 𝑓 (𝑥;ℎ))

=
(𝑛ℎ)−1

∫
𝐾2(𝑧)

[
𝑓 (𝑥) + 𝑓 ′(𝑥) (−ℎ𝑧) + ℎ2𝑧2

∫ 1
0 (1 − 𝑡) 𝑓

′′(𝑥 − 𝑡ℎ𝑧)𝑑𝑡
]
𝑑𝑧

−𝑛−1 (
𝑓 (𝑥) + ℎ2𝑅1( 𝑓 , 𝐾; ℎ)

)2

=(𝑛ℎ)−1∥𝐾 ∥22 · 𝑓 (𝑥) − 𝑛
−1

(
𝑓 ′(𝑥)𝑅2(𝐾) + 𝑓 2(𝑥)

)
+ ℎ
𝑛
𝑅3( 𝑓 , 𝐾; ℎ)

− 2ℎ2

𝑛
𝑓 (𝑥)𝑅1( 𝑓 , 𝐾; ℎ) − ℎ

4

𝑛
𝑅1( 𝑓 , 𝐾; ℎ)2

where 𝑅2(𝐾) ≔
∫
𝑧𝐾 (𝑧)2𝑑𝑧, 𝑅3( 𝑓 , 𝐾; ℎ) ≔

∫ 1
0 (1 − 𝑡)

(∫
𝑓 ′′(𝑥 − 𝑡ℎ𝑧)𝑧2𝐾2(𝑧)𝑑𝑧

)
𝑑𝑡. By the

regularity conditions of 𝐾 and 𝑓 ′′, 𝑅2(𝐾) and 𝑅3( 𝑓 , 𝐾; ℎ) are both finite. Thus, for each 𝑥,

𝐸 ( 𝑓̂ (𝑥; ℎ) − 𝑓 (𝑥))2
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=Var( 𝑓 (𝑥; ℎ)) + (𝐸 𝑓̂ (𝑥; ℎ) − 𝑓 (𝑥))2

=(𝑛ℎ)−1∥𝐾 ∥22 · 𝑓 (𝑥) − 𝑛
−1

(
𝑓 ′(𝑥)𝑅2(𝐾) + 𝑓 2(𝑥)

)
+ ℎ
𝑛
𝑅3( 𝑓 , 𝐾; ℎ)

− 2ℎ2

𝑛
𝑓 (𝑥)𝑅1( 𝑓 , 𝐾; ℎ) − ℎ

4

𝑛
𝑅1( 𝑓 , 𝐾; ℎ)2 + ℎ4𝑅1( 𝑓 , 𝐾; ℎ)2,

so, by Fubini’s theorem,

𝐸

[
∥ 𝑓̂ − 𝑓 ∥22

]
=

∫
𝐸 ( 𝑓̂ (𝑥; ℎ) − 𝑓 (𝑥))2𝑑𝑥

= ℎ4
∫

𝑅1( 𝑓 , 𝐾; ℎ)2𝑑𝑥 + (𝑛ℎ)−1∥𝐾 ∥22 − 𝑛
−1

(
𝑅2(𝐾)

∫
𝑓 ′(𝑥)𝑑𝑥 +

∫
𝑓 2(𝑥)𝑑𝑥

)
+ ℎ
𝑛

∫
𝑅3( 𝑓 , 𝐾; ℎ)𝑑𝑥 − 2ℎ2

𝑛

∫
𝑓 (𝑥)𝑅1( 𝑓 , 𝐾; ℎ)𝑑𝑥 − ℎ

4

𝑛

∫
𝑅1( 𝑓 , 𝐾; ℎ)2𝑑𝑥.

(A.51)

Define 𝐴𝑡 (𝑥) ≔
∫
𝑓 ′′(𝑥 − 𝑡ℎ𝑧)𝑧2𝐾 (𝑧)𝑑𝑧. By Cauchy-Schwarz inequality, for any fixed 𝑥,

𝑅1( 𝑓 , 𝐾; ℎ)2 =

����∫ 1

0
(1 − 𝑡)𝐴𝑡 (𝑥)𝑑𝑡

����2 ≤ (∫ 1

0
(1 − 𝑡)2𝑑𝑡

)
·
(∫ 1

0
|𝐴𝑡 (𝑥) |2𝑑𝑡

)
.

Integrate over 𝑥 and use Fubini’s theorem,

∫
𝑅1( 𝑓 , 𝐾; ℎ)2𝑑𝑥 ≤

(∫ 1

0
(1 − 𝑡)2𝑑𝑡

)
·
∫ 1

0
∥𝐴𝑡 ∥22𝑑𝑡 =

1
3

∫ 1

0
∥𝐴𝑡 ∥22𝑑𝑡. (A.52)

Now we rewrite 𝐴𝑡 as a convolution. Let 𝑘𝑡,ℎ (𝑢) ≔ 1
𝑡ℎ

(
𝑢
𝑡ℎ

)2
𝐾

(
𝑢
𝑡ℎ

)
, then with the change of variable

𝑢 = 𝑡ℎ𝑧,

𝐴𝑡 (𝑥) =
∫

𝑓 ′′(𝑥 − 𝑢)𝑘𝑡,ℎ (𝑢)𝑑𝑢 = ( 𝑓 ′′ ∗ 𝑘 𝑡,ℎ) (𝑥).

By Young’s inequality (𝐿2 ∗ 𝐿1 → 𝐿2),

∥𝐴𝑡 ∥2 ≤ ∥ 𝑓 ′′∥2 · ∥𝑘 𝑡,ℎ∥1 = ∥ 𝑓 ′′∥2 ·
∫

1
𝑡ℎ

( 𝑢
𝑡ℎ

)2
𝐾

( 𝑢
𝑡ℎ

)
𝑑𝑢

= ∥ 𝑓 ′′∥2 ·
∫

𝑧2𝐾 (𝑧)𝑑𝑧
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≤
√︁
𝐶3

∫
𝑧2𝐾 (𝑧)𝑑𝑧.

Plug this back to (A.52),

∫
𝑅1( 𝑓 , 𝐾; ℎ)2𝑑𝑥 ≤ 1

3
𝐶3

(∫
𝑧2𝐾 (𝑧)𝑑𝑧

)2
≤ 1

3
𝐶3

∫
𝑧4𝐾 (𝑧)𝑑𝑧 ≕ 𝑅1(𝐾),

where the last inequality is by Jensen’s inequality. Furthermore,

∫
𝑅3( 𝑓 , 𝐾; ℎ)𝑑𝑥 =

∫ (∫ 1

0
(1 − 𝑡)

(∫
𝑓 ′′(𝑥 − 𝑡ℎ𝑧)𝑧2𝐾2(𝑧)𝑑𝑧

)
𝑑𝑡

)
𝑑𝑥

=

∫ 1

0
(1 − 𝑡)

(∫
𝑧2𝐾2(𝑧)

(∫
𝑓 ′′(𝑥 − 𝑡ℎ𝑧)𝑑𝑥

)
𝑑𝑧

)
𝑑𝑡

≤ 1
2
𝐶4

∫
𝑧2𝐾2(𝑧)𝑑𝑧 ≕ 𝑅3(𝐾),

and

∫
𝑓 (𝑥)𝑅1( 𝑓 , 𝐾; ℎ)𝑑𝑥 =

∫
𝑓 (𝑥)

(∫ 1

0
(1 − 𝑡)

(∫
𝑓 ′′(𝑥 − 𝑡ℎ𝑧)𝑧2𝐾 (𝑧)𝑑𝑧

)
𝑑𝑡

)
𝑑𝑥

=

∫ 1

0
(1 − 𝑡)

(∫ (∫
𝑓 (𝑥) 𝑓 ′′(𝑥 − 𝑡ℎ𝑧)𝑑𝑥

)
𝑧2𝐾 (𝑧)𝑑𝑧

)
𝑑𝑡

≤ 1
2
√︁
𝐶1𝐶3

∫
𝑧2𝐾 (𝑧)𝑑𝑧 ≕ 𝑅4(𝐾)

Because 𝐾 is bounded and has finite fourth moment, 𝑅1(𝐾) and 𝑅3(𝐾) are both finite. Plug these

two terms back into (A.51), we obtain that ∀ 𝑓 ∈ F ,

𝐸 [∥ 𝑓̂ − 𝑓 ∥22]

≤ℎ4𝑅1(𝐾) + (𝑛ℎ)−1∥𝐾 ∥22 + 𝑛
−1(𝑅2(𝐾)𝐶2 + 𝐶1) +

ℎ

𝑛
𝑅3(𝐾) −

2ℎ2

𝑛
𝑅4(𝐾) −

ℎ4

𝑛
𝑅1(𝐾).

Because 𝐸
[
∥ 𝑓̂ − 𝑓 ∥22

]
= ℎ4𝑅1(𝐾) + (𝑛ℎ)−1∥𝐾 ∥22 + 𝑜

(
ℎ4 + (𝑛ℎ)−1) , we can find ℎ𝑜𝑝𝑡 such that the
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dominant order 𝑂 (ℎ4 + (𝑛ℎ)−1) is minimized:

ℎ𝑜𝑝𝑡 =

(
∥𝐾 ∥22
𝑅1(𝐾)𝑛

)1/5

,

and

𝐸 [∥ 𝑓 − 𝑓 ∥22]

≤2∥𝐾 ∥8/52 𝑅1(𝐾)1/5 · 𝑛−4/5 + (𝑅2(𝐾)𝐶2 + 𝐶1)𝑛−1 + ∥𝐾 ∥2/52 𝑅3(𝐾) · 𝑅1(𝐾)−1/5 · 𝑛−6/5

− 2𝑅4(𝐾)∥𝐾 ∥4/52 𝑅1(𝐾)−2/5 · 𝑛−7/5 − 𝑅1(𝐾)1/5∥𝐾 ∥8/52 · 𝑛−9/5.

Note that the coefficients on the RHS only depend on 𝐾 , so it is a uniform upper bound ∀ 𝑓 ∈ F .

There must exist 𝜓𝐾 > 0, s.t. 𝐸
[
∥ 𝑓̂ − 𝑓 ∥22

]
≤ 𝜓𝐾𝑛−4/5,∀𝑛 ∈ N, ∀ 𝑓 ∈ F . □

Now we are ready to prove Lemma A.7.1.

Proof of Lemma A.7.1. For any 𝜖 such that 0 < 𝜖 < 𝑒−1, take ℓ = max(⌊log(1/𝜖)⌋, ⌊2𝑒𝑟2
𝑖
/𝜎2⌋) +2,

then there exists a constant 𝑏(𝑟𝑖, 𝜎) ≥ 1, such that log(1/𝜖) < ℓ < 𝑏(𝑟𝑖, 𝜎) log(1/𝜖). By Lemma

A.6.1, and noting by assumption that 8 max(𝑟1, 𝑟2)/𝑟 < 1,

∥ 𝑓̂𝑖 − 𝑓𝑖∥1

≤ 1
𝑤𝑖
𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) ·

(
8 max(𝑟1, 𝑟2)

𝑟

) log( 1
𝜖 )
·
(
𝑏(𝑟𝑖, 𝜎) log

(
1
𝜖

))5/4
+ 𝑐2(𝑟𝑖, 𝜎)

(
1
2

) log( 1
𝜖 )

+ 1
𝑤𝑖
𝑐3(𝑟, 𝜎) · ∥Δ 𝑓 ∥2 · exp

[
𝑏(𝑟𝑖, 𝜎) log

(
1
𝜖

)
log

(
𝑏(𝑟𝑖, 𝜎) log

(
1
𝜖

))
+ 𝑐4(𝑟, 𝜎) · 𝑏(𝑟𝑖, 𝜎) log

(
1
𝜖

)
+ 𝑐5 log

(
𝑏(𝑟𝑖, 𝜎) log

(
1
𝜖

))]
.

By altering the bases and exponents in the right hand side, we obtain

∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≤
1
𝑤𝑖
𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) · 𝜖 log 𝑟

8 max(𝑟1 ,𝑟2 )

(
log

(
1
𝜖

))5/4
+ 𝑐2(𝑟𝑖, 𝜎)𝜖 log 2
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+ 1
𝑤𝑖
𝑐3(𝑟, 𝜎, 𝑟𝑖) · ∥Δ 𝑓 ∥2 ·

(
1
𝜖

)𝑏(𝑟𝑖 ,𝜎)·log log( 1
𝜖 )
·
(
1
𝜖

)𝑐4 (𝑟,𝑟𝑖 ,𝜎)
·
(
log

(
1
𝜖

))𝑐5

. (A.53)

Here, some terms involving 𝑏(𝑟𝑖, 𝜎) are absorbed into the constants 𝑐1, 𝑐3 and 𝑐4. Since ∀𝛼 > 0,

there exists a small enough 0 < 𝜖𝛼 < 𝑒−1, s.t. ∀0 < 𝜖 < 𝜖𝛼, log
(

1
𝜖

)
<

(
1
𝜖

)𝛼
, for 0 < 𝜖 < 𝜖𝛼, we can

replace log(1/𝜖) in (A.53) with (1/𝜖)𝛼 for some 𝛼 > 0 to have

∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≤
1
𝑤𝑖
𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) · 𝜖 log 𝑟

8 max(𝑟1 ,𝑟2 )
− 5𝛼

4 + 𝑐2(𝑟𝑖, 𝜎)𝜖 log 2

+ 1
𝑤𝑖
𝑐3(𝑟, 𝜎, 𝑟𝑖) · ∥Δ 𝑓 ∥2 ·

(
1
𝜖

)𝑏(𝑟𝑖 ,𝜎)·log log( 1
𝜖 )+𝑐4 (𝑟,𝑟𝑖 ,𝜎)+𝑐5𝛼

.

Let 𝛽 := min
(
log 𝑟

8 max(𝑟1, 𝑟2) −
5𝛼
4 , log 2

)
. Then, if ∥Δ 𝑓 ∥2 ≤ 𝜖𝑏(𝑟𝑖 ,𝜎)·log log( 1

𝜖 )+𝑐4 (𝑟,𝑟𝑖 ,𝜎)+𝑐5𝛼+𝛽, we

have

∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≤
(

1
𝑤𝑖
𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) + 𝑐2(𝑟𝑖, 𝜎) +

1
𝑤𝑖
𝑐3(𝑟, 𝜎, 𝑟𝑖)

)
𝜖 𝛽.

Note that by assumption, ∀ 𝑓 ∈ F , 𝑤𝑖 ∈ [𝑤, 1−𝑤], for 𝑖 = 1, 2, so if we denote 𝑐1𝑖 (𝑟, 𝜎, 𝑟1, 𝑟2, 𝑤) =
1
𝑤
𝑐1(𝑟, 𝜎, 𝑟1, 𝑟2) + 𝑐2(𝑟𝑖, 𝜎) + 1

𝑤
𝑐3(𝑟, 𝜎, 𝑟𝑖), we have ∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≤ 𝑐1𝑖 (𝑟, 𝜎, 𝑟1, 𝑟2, 𝑤)𝜖 𝛽.

We will select 𝛼 in the following way so 𝛽 can be in an asymptotic sense as small as possible.

• If 𝑟
8 max(𝑟1, 𝑟2) ≤ 2, we can take 𝛼 as small as possible such that 0 < 𝛼 < 4

5 log 𝑟
8 max(𝑟1,𝑟2) .

However, the smaller 𝛼 is, the smaller 𝜖𝛼 becomes. It suffices to set 𝛼 = 2
5 log 𝑟

8 max(𝑟1,𝑟2) ,

then 𝛽 = 1
2 log 𝑟

8 max(𝑟1,𝑟2) .

• If 𝑟
8 max(𝑟1, 𝑟2) > 2, we take 0 < 𝛼 < 4

5

(
log 𝑟

8 max(𝑟1,𝑟2) − log 2
)
= 4

5 log 𝑟
16 max(𝑟1,𝑟2) , and

𝛽 = log 2.

Therefore, when 0 < 𝜖 < 𝜖𝛼, we have that for 𝑖 = 1, 2,

𝑃𝑛𝑓

(
∥Δ 𝑓 ∥2 < 𝜖𝑏(𝑟𝑖 ,𝜎)·log log( 1

𝜖 )+𝑐2𝑖 (𝑟,𝑟1,𝑟2,𝜎)
)
≤ 𝑃𝑛𝑓

(
∥ 𝑓̂𝑖 − 𝑓𝑖∥1 < 𝑐1𝑖 (𝑟, 𝜎, 𝑟1, 𝑟2, 𝑤)𝜖 𝛽

)
,
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which is equivalent to,

𝑃𝑛𝑓

(
∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≥ 𝑐1𝑖 (𝑟, 𝜎, 𝑟1, 𝑟2, 𝑤)𝜖 𝛽

)
≤ 𝑃𝑛𝑓

(
∥Δ 𝑓 ∥2 ≥ 𝜖𝑏(𝑟𝑖 ,𝜎)·log log( 1

𝜖 )+𝑐2𝑖 (𝑟,𝑟1,𝑟2,𝜎)
)
. (A.54)

Note that Δ 𝑓 = 𝑓̂ − 𝑓 , and now we account for the fact that 𝑓̂ is chosen to be a kernel density

estimator:

𝑓̂𝑋1:𝑛,ℎ (𝑥) =
1
𝑛ℎ

𝑛∑︁
𝑖=1

𝐾

(
𝑥 − 𝑋𝑖
ℎ

)
, ∀𝑥 ∈ 𝑅,

where 𝐾 (𝑥) is the standard Gaussian kernel. Then we define 𝑞𝑛 (𝑋1, · · · , 𝑋𝑛) = ∥ 𝑓̂𝑋1:𝑛,ℎ − 𝑓 ∥2, and

we have

���𝑞𝑛 (𝑋1, · · · , 𝑋𝑘 , · · · , 𝑋𝑛) − 𝑞𝑛 (𝑋1, · · · , 𝑋′𝑘 , · · · , 𝑋𝑛)
���

=

���∥ 𝑓̂𝑋1:𝑛,ℎ − 𝑓 ∥2 − ∥ 𝑓̂𝑋{1:𝑛}\{𝑖}∪𝑋 ′𝑘 ,ℎ − 𝑓 ∥2
���

≤∥ 𝑓̂𝑋1:𝑛,ℎ − 𝑓̂𝑋{1:𝑛}\{𝑖}∪𝑋 ′𝑘 ,ℎ∥2

=
1
𝑛ℎ
∥𝐾

(
𝑥 − 𝑋𝑖
ℎ

)
− 𝐾

(
𝑥 − 𝑋′

𝑖

ℎ

)
∥2

=
1
𝑛ℎ

(∫ ���𝐾 (
𝑥 − 𝑋𝑖
ℎ

)
− 𝐾

(
𝑥 − 𝑋′

𝑖

ℎ

) ���2𝑑𝑥)1/2

≤ 1
𝑛ℎ

(
2
∫ ���𝐾 (

𝑥 − 𝑋𝑖
ℎ

) ���2+���𝐾 (
𝑥 − 𝑋′

𝑖

ℎ

) ���2𝑑𝑥)1/2
(Cauchy-Schwarz)

=
2

𝑛
(
2
√
𝜋ℎ

)1/2 .

Therefore by the bounded difference inequality (Lemma A.7.2) we get:

𝑃𝑛𝑓 (∥Δ 𝑓 ∥2 − 𝐸 [∥Δ 𝑓 ∥2] ≥ 𝜖) = 𝑃
𝑛
𝑓 (𝑞𝑛 − 𝐸 [𝑞𝑛] ≥ 𝜖) ≤ exp

(
−
√
𝜋ℎ𝑛𝜖2

)
.

By Lemma A.7.3, if the density class F and the choice of kernel 𝐾 satisfy the regularity conditions,

then choosing bandwidth ℎ = 𝑐𝐾𝑛
−1/5, where 𝑐𝐾 is a constant depending only on 𝐾 , yields

∀ 𝑓 ∈ F , ∀𝑛, 𝐸
[
∥Δ 𝑓 ∥22

]
≤ 𝜓𝐾𝑛−4/5, for some constant 𝜓𝐾 that only depends on the kernel 𝐾 .

Because 𝐸 [∥Δ 𝑓 ∥2]2 ≤ 𝐸
[
∥Δ 𝑓 ∥22

]
, we have 𝐸 [∥Δ 𝑓 ∥2] ≤ 𝜑𝐾𝑛

−2/5 for some constant 𝜑𝐾 > 0.
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When 𝑛 >
(

2𝜑𝐾
𝜖

)5/2
, we have 𝐸 [∥Δ 𝑓 ∥2] < 𝜖

2 , ∀ 𝑓 ∈ F , then

𝑃𝑛𝑓 (∥Δ 𝑓 ∥2 ≥ 𝜖) ≤ 𝑃
𝑛
𝑓

(
∥Δ 𝑓 ∥2 − 𝐸 [∥Δ 𝑓 ∥2] ≥

𝜖

2

)
≤ exp

(
−𝑐𝐾𝑛4/5𝜖2

)
, (A.55)

for some positive constant 𝑐𝐾 depending only on 𝐾 .

Now we combine (A.54) and (A.55). We can take 𝜂 = 𝑐1𝑖𝜖
𝛽, and plug 𝜖 = ( 𝜂

𝑐1𝑖
)1/𝛽 in the

right hand side of (A.54). For 𝜖 small enough such that 0 < 𝜖 < 𝜖𝛼, and 𝑛 large enough such that

𝑛 > ( 2𝜑𝐾
𝜖
)5/2, or equivalently, for 𝜂 small enough such that 𝜂 < 𝑐1𝑖𝜖

𝛽
𝛼 , and 𝑛 > (2𝜑𝐾)5/2( 𝑐1𝑖

𝜂
)5/(2𝛽) ,

take ℓ = max
( ⌊
𝛽−1 log(𝑐1𝑖/𝜂)

⌋
,

⌊
2𝑒𝑟2

𝑖
/𝜎2⌋ ) + 2, then we have

𝑃𝑛𝑓

(
∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≥ 𝜂

)
≤ 𝑃𝑛𝑓

©­­«∥Δ 𝑓 ∥2 ≥
(
𝜂

𝑐1𝑖

) 1
𝛽

(
𝑏𝑖 log log

(
𝑐1𝑖
𝜂

)1/𝛽
+𝑐2𝑖

)ª®®¬
≤ 𝑃𝑛𝑓

©­«∥Δ 𝑓 ∥2 ≥
(
𝜂

𝑐1𝑖

) 1
𝛽

(
𝑏𝑖 log log

(
𝑐1𝑖
𝜂

)
−𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬
≤ exp ©­«−𝑐𝐾𝑛4/5

(
𝜂

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log

(
𝑐1𝑖
𝜂

)
−𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ ,
where 𝑐𝐾 is a positive constant depending only on 𝐾 , and 𝑐1𝑖 = 𝑐1𝑖 (𝑟, 𝜎, 𝑟1, 𝑟2, 𝑤) is a positive

constant depending on 𝑖, 𝑟, 𝜎, 𝑟1, 𝑟2, 𝑤, 𝑐2𝑖 = 𝑐2𝑖 (𝑟, 𝑟1, 𝑟2, 𝜎) is a positive constant depending on

𝑖, 𝑟, 𝑟1, 𝑟2, 𝜎, and 𝑏𝑖 = 𝑏(𝑟𝑖, 𝜎) ≥ 1 is a constant depending on 𝑟𝑖 and 𝜎. □

A.8 Proofs for Section 2.7.2: Lemma 2.7.3 and Theorem 2.7.2

The last piece of the argument is to establish the existence of a test function with desired controls

on type I and type II errors. Suppose that 𝑓0 satisfies condition (C2.4). Define the test function

𝜙𝑛 : R𝑛 → {0, 1} by

𝜙n = 1{∥ 𝑓̂𝑖 − 𝑓𝑖0∥1 > 𝜖𝑛}, (A.56)

where 𝑓̂𝑖 is as defined in (A.26), and we take ℓ = max
( ⌊
𝛽−1 log(𝑐1𝑖/𝜖𝑛)

⌋
,

⌊
2𝑒𝑟2

𝑖
/𝜎2⌋ ) + 2 as
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specified in Lemma A.7.1. Although 𝜙𝑛 depends on 𝑖. We suppress this dependence in the notation

for simplicity. The following lemma establish upper bounds of type I error, 𝐸 𝑓0 [𝜙𝑛], and type II

error, 𝐸 𝑓 [1 − 𝜙𝑛] when 𝑛 is large enough and 𝜖𝑛 is small enough. Note that 𝑓𝑖0 is unknown, thus

this test function cannot be used in practice, but the existence of such a test function is sufficient

for the proof of the main theorem (Theorem 2.7.2) on the posterior contraction of the component

density 𝑓𝑖.

Lemma A.8.1 (Restatement of Lemma 2.7.3). Let 𝑓 ∈ F and 𝑓0 be as defined in (C2.3) and (C2.4).

Fix a constant 𝑀 > 2, and let {𝜖𝑛} be a positive constant sequence such that lim𝑛→∞ 𝜖𝑛 = 0. Let

𝑓̂𝑖 be the component density estimator defined in (A.26). Let 𝑋1, · · · , 𝑋𝑛 be 𝑛 i.i.d. samples from

𝑃 𝑓 . For a component 𝑖 = 1 (or 2), consider the test function 𝜙𝑛 : R𝑛 → {0, 1} as given by (A.56).

Then for 𝜖𝑛 < 𝑐1𝑖𝜖
𝛽
𝛼

𝑀−1 and 𝑛 > (2𝜑𝐾)5/2
(
𝑐1𝑖
𝜖𝑛

)5/(2𝛽)
,

𝐸 𝑓0 [𝜙𝑛] ≤ exp ©­«−𝑐𝐾𝑛4/5
(
𝜖𝑛

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log

(
𝑐1𝑖
𝜖𝑛

)
−𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ ,
and

sup
𝑓 ∈F : ∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

𝐸 𝑓 [1 − 𝜙𝑛] ≤ exp ©­«−𝑐𝐾𝑛4/5
(
(𝑀 − 1)𝜖𝑛

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log

(
𝑐1𝑖

(𝑀−1) 𝜖𝑛

)
−𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ ,
where 𝜑𝐾 , 𝑐𝐾 ,𝛼, 𝛽, 𝑐1𝑖, 𝑏𝑖 and 𝑐2𝑖 are as defined in Lemma A.7.1.

Proof of Lemma A.8.1. By Lemma A.7.1, if we assume 𝜖𝑛 < 𝑐1𝑖𝜖
𝛽
𝛼 , and 𝑛 > (2𝜑𝐾)5/2( 𝑐1𝑖

𝜖𝑛
)5/(2𝛽) ,

then

𝐸 𝑓0 [𝜙𝑛] = 𝑃𝑛𝑓0 (∥ 𝑓̂𝑖 − 𝑓𝑖0∥1 > 𝜖𝑛)

≤ exp ©­«−𝑐𝐾𝑛4/5
(
𝜖𝑛

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log

(
𝑐1𝑖
𝜖𝑛

)
−𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ .

123



For any 𝑓 ∈ F such that ∥ 𝑓𝑖 − 𝑓𝑖0∥1 > 𝑀𝜖𝑛, because

∥ 𝑓̂𝑖 − 𝑓𝑖0∥1 = ∥ 𝑓̂𝑖 − 𝑓𝑖 + 𝑓𝑖 − 𝑓𝑖0∥1

≥ ∥ 𝑓𝑖 − 𝑓𝑖0∥1 − ∥ 𝑓̂𝑖 − 𝑓𝑖∥1,

we have

𝐸 𝑓 [1 − 𝜙𝑛] = 𝑃𝑛𝑓 (∥ 𝑓̂𝑖 − 𝑓𝑖0∥1 ≤ 𝜖𝑛)

≤ 𝑃𝑛𝑓 (∥ 𝑓𝑖 − 𝑓𝑖0∥1 − ∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≤ 𝜖𝑛)

= 𝑃𝑛𝑓 (∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≥ ∥ 𝑓𝑖 − 𝑓𝑖0∥1 − 𝜖𝑛)

≤ 𝑃𝑛𝑓 (∥ 𝑓̂𝑖 − 𝑓𝑖∥1 ≥ (𝑀 − 1)𝜖𝑛)

≤ exp ©­«−𝑐𝐾𝑛4/5
(
(𝑀 − 1)𝜖𝑛

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log

(
𝑐1𝑖

(𝑀−1) 𝜖𝑛

)
−𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ , (A.57)

if (𝑀 − 1)𝜖𝑛 < 𝑐1𝑖𝜖
𝛽
𝛼 , and 𝑛 > (2𝜑𝐾)5/2

(
𝑐1𝑖

(𝑀−1)𝜖𝑛

)5/(2𝛽)
. Note that (A.57) holds for all 𝑓 ∈ F such

that ∥ 𝑓𝑖 − 𝑓𝑖0∥1 > 𝑀𝜖𝑛. Therefore we obtain for 𝑖 = 1, 2,

sup
𝑓 ∈F : ∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

𝐸 𝑓 [1 − 𝜙𝑛] ≤ exp ©­«−𝑐𝐾𝑛4/5
(
(𝑀 − 1)𝜖𝑛

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log

(
𝑐1𝑖

(𝑀−1) 𝜖𝑛

)
−𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ .
□

Proof of Theorem 2.7.2. Let 𝑋1, · · · , 𝑋𝑛 be 𝑛 i.i.d. samples from 𝑃 𝑓0 . Let 𝜖𝑛 be a positive constant

sequence that goes to zero as 𝑛→∞. Define the event 𝐴𝑛 as

𝐴𝑛 =

{
(𝑋1, · · · , 𝑋𝑛) |

∫
𝑝 𝑓 (𝑋1, · · · , 𝑋𝑛)
𝑝0(𝑋1, · · · , 𝑋𝑛)

𝑑Π( 𝑓 ) ≥ 𝑒−(2+𝐷)𝑛𝜖2
𝑛

}
, (A.58)

where 𝑝 𝑓 (𝑋1, · · · , 𝑋𝑛) is the density of 𝑋1, · · · , 𝑋𝑛 under 𝑃 𝑓 , and 𝑝0(𝑋1, · · · , 𝑋𝑛) is the density

of 𝑋1, · · · , 𝑋𝑛 under 𝑃 𝑓0 . 𝐷 is a positive constant. Let 𝜙𝑛 be given by (A.56). Let 𝑀 > 2 be a

constant. Then, the posterior probability of the set { 𝑓𝑖 |∥ 𝑓𝑖 − 𝑓𝑖0∥1 > 𝑀𝜖𝑛} can be expressed as

124



follows

Π (𝑛) (∥ 𝑓𝑖 − 𝑓𝑖0∥1 > 𝑀𝜖𝑛 |𝑋1, · · · , 𝑋𝑛) =

∫
𝑓 : ∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛 𝑝 𝑓 (𝑋1, · · · , 𝑋𝑛)𝑑Π( 𝑓 )∫

𝑝 𝑓 (𝑋1, · · · , 𝑋𝑛)𝑑Π( 𝑓 )

= (𝜙𝑛 + 1 − 𝜙𝑛)

∫
𝑓 : ∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

𝑝 𝑓 (𝑋1,··· ,𝑋𝑛)
𝑝0 (𝑋1,··· ,𝑋𝑛) 𝑑Π( 𝑓 )∫ 𝑝 𝑓 (𝑋1,··· ,𝑋𝑛)

𝑝0 (𝑋1,··· ,𝑋𝑛) 𝑑Π( 𝑓 )

= (𝜙𝑛 + 1𝐴𝑐𝑛 · (1 − 𝜙𝑛) + 1𝐴𝑛 · (1 − 𝜙𝑛))

∫
𝑓 : ∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

𝑝 𝑓 (𝑋1,··· ,𝑋𝑛)
𝑝0 (𝑋1,··· ,𝑋𝑛) 𝑑Π( 𝑓 )∫ 𝑝 𝑓 (𝑋1,··· ,𝑋𝑛)

𝑝0 (𝑋1,··· ,𝑋𝑛) 𝑑Π( 𝑓 )

≤ 𝜙𝑛 + 1𝐴𝑐𝑛 + 1𝐴𝑛 · (1 − 𝜙𝑛)

∫
𝑓 : ∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

𝑝 𝑓 (𝑋1,··· ,𝑋𝑛)
𝑝0 (𝑋1,··· ,𝑋𝑛) 𝑑Π( 𝑓 )∫ 𝑝 𝑓 (𝑋1,··· ,𝑋𝑛)

𝑝0 (𝑋1,··· ,𝑋𝑛) 𝑑Π( 𝑓 )

≤ 𝜙𝑛 + 1𝐴𝑐𝑛 + 𝑒(2+𝐷)𝑛𝜖
2
𝑛 (1 − 𝜙𝑛)

∫
𝑓 : ∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

𝑝 𝑓 (𝑋1, · · · , 𝑋𝑛)
𝑝0(𝑋1, · · · , 𝑋𝑛)

𝑑Π( 𝑓 )

The last inequality is due to the definition of the event 𝐴𝑛. It follows that

𝐸 𝑓0 [Π (𝑛) (∥ 𝑓𝑖 − 𝑓𝑖0∥1 > 𝑀𝜖𝑛 |𝑋1, · · · , 𝑋𝑛)]

≤ 𝐸 𝑓0 [𝜙𝑛] + 𝐸 𝑓0
[
1𝐴𝑐𝑛

]
+ 𝑒(2+𝐷)𝑛𝜖2

𝑛𝐸 𝑓0

[
(1 − 𝜙𝑛)

∫
𝑓 :∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

𝑝 𝑓 (𝑋1, · · · 𝑋𝑛)
𝑝0(𝑋1, · · · 𝑋𝑛)

𝑑Π( 𝑓 )
]

By Lemma A.8.1, we have if 𝜖𝑛 < 𝑐1𝑖𝜖
𝛽
𝛼

𝑀−1 and 𝑛 > (2𝜑𝐾)5/2
(
𝑐1𝑖
𝜖𝑛

)5/(2𝛽)
, then

𝐸 𝑓0 [𝜙𝑛] ≤ exp ©­«−𝑐𝐾𝑛4/5
(
𝜖𝑛

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log

(
𝑐1𝑖
𝜖𝑛

)
−𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ . (A.59)

Furthermore, by Lemma 8.1 in Ghosal et al. (2000), and a similar argument used in Lemma 8.10

of Ghosal and van der Vaart (2017), for any 𝜖 > 0, and any 𝐶 > 0,

𝑃𝑛𝑓0

(∫
𝑝 𝑓 (𝑋1, · · · 𝑋𝑛)
𝑝0(𝑋1, · · · 𝑋𝑛)

𝑑Π( 𝑓 ) ≥ Π(𝐵2( 𝑓0, 𝜖))𝑒−(1+𝐶)𝑛𝜖
2
)
≥ 1 − 1

𝐶2𝑛𝜖2 .

By Lemma A.4.2, if we take 𝜖 = 𝜖𝑛 = log 𝑛/
√
𝑛, when 𝑛 is larger than a constant threshold, we
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have Π (𝐵2 ( 𝑓0, 𝜖𝑛)) ≥ 𝑐3𝑒
−𝑐4𝑛𝜖

2
𝑛 , therefore

𝑃𝑛𝑓0

(∫
𝑝 𝑓 (𝑋1, · · · 𝑋𝑛)
𝑝0(𝑋1, · · · 𝑋𝑛)

𝑑Π( 𝑓 ) ≥ 𝑐3𝑒
−𝑐4𝑛𝜖

2
𝑛𝑒−(1+𝐶)𝑛𝜖

2
𝑛

)
≥ 1 − 1

𝐶2𝑛𝜖2
𝑛

.

Take 𝐶 = 1, we can find some 𝐷 > 1 such that

𝑃𝑛𝑓0

(∫
𝑝 𝑓 (𝑋1, · · · 𝑋𝑛)
𝑝0(𝑋1, · · · 𝑋𝑛)

𝑑Π( 𝑓 ) ≥ 𝑒−(2+𝐷)𝑛𝜖2
𝑛

)
≥ 1 − 1

𝑛𝜖2
𝑛

.

Recall the definition of 𝐴𝑛 in (A.58), then we obtain

𝐸 𝑓0
[
1𝐴𝑐𝑛

]
≤ 1
𝑛𝜖2
𝑛

=
1

(log 𝑛)2
→ 0, as 𝑛→∞. (A.60)

Finally, by Lemma A.8.1,

𝐸 𝑓0

[
(1 − 𝜙𝑛)

∫
𝑓 :∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

𝑝 𝑓 (𝑋1, · · · 𝑋𝑛)
𝑝0(𝑋1, · · · 𝑋𝑛)

𝑑Π( 𝑓 )
]

Fubini
=

∫
𝑓 :∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

(∫
𝑝0(𝑋1, · · · 𝑋𝑛) ·

𝑝 𝑓 (𝑋1, · · · 𝑋𝑛)
𝑝0(𝑋1, · · · 𝑋𝑛)

(1 − 𝜙𝑛)𝑑𝑋1:𝑛

)
𝑑Π( 𝑓 )

=

∫
𝑓 :∥ 𝑓𝑖− 𝑓𝑖0∥1>𝑀𝜖𝑛

𝐸 𝑓 [1 − 𝜙𝑛]𝑑Π( 𝑓 )

≤ exp ©­«−𝑐𝐾𝑛4/5
(
(𝑀 − 1)𝜖𝑛

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log 𝑐1𝑖

(𝑀−1) 𝜖𝑛 −𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ . (A.61)

Combining (A.59), (A.60) and (A.61),

𝐸 𝑓0 [Π (𝑛) (∥ 𝑓𝑖 − 𝑓𝑖0∥1 > 𝑀𝜖𝑛 |𝑋1, · · · , 𝑋𝑛)]

≤ exp ©­«−𝑐𝐾𝑛4/5
(
𝜖𝑛

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log 𝑐1𝑖

𝜖𝑛
−𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ + 1
(log 𝑛)2

+ exp ©­«(2 + 𝐷)𝑛𝜖2
𝑛 − 𝑐𝐾𝑛4/5

(
(𝑀 − 1)𝜖𝑛

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log 𝑐1𝑖

(𝑀−1) 𝜖𝑛 −𝑏𝑖 log 𝛽+𝑐2𝑖

)ª®¬ .
For the the first and third term to go to zero as 𝑛→∞, there must exist a constant𝐶𝑀 > (2+𝐷)/𝑐𝐾

126



such that when 𝑛 is large enough,

𝑛4/5
(
(𝑀 − 1)𝜖𝑛

𝑐1𝑖

) 2
𝛽

(
𝑏𝑖 log log 𝑐1𝑖

(𝑀−1) 𝜖𝑛 −𝑏𝑖 log 𝛽+𝑐2𝑖

)
≥ 𝐶𝑀𝑛𝜖2

𝑛 .

Take logarithm on both sides, we obtain

2
𝛽

(
𝑏𝑖 log log

𝑐1𝑖
(𝑀 − 1)𝜖𝑛

− 𝑏𝑖 log 𝛽 + 𝑐2𝑖

)
·
(
log

𝑐1𝑖
(𝑀 − 1)𝜖𝑛

)
≤ 4

5
log 𝑛 − 2 log log 𝑛 − log𝐶𝑀 .

Denote 𝑥 =
𝑐1𝑖

(𝑀−1)𝜖𝑛 . When 𝜖𝑛 < 𝑐1𝑖
(𝑀−1)𝑒𝑒 , we have 𝑥 > 𝑒𝑒, and hence log log 𝑥 > 1. Therefore it

suffices to solve the following

2
𝛽
(𝑏𝑖 − 𝑏𝑖 log 𝛽 + 𝑐2𝑖) ·

(
log log

𝑐1𝑖
(𝑀 − 1)𝜖𝑛

)
·
(
log

𝑐1𝑖
(𝑀 − 1)𝜖𝑛

)
≤ 4

5
log 𝑛 − 2 log log 𝑛 − log𝐶𝑀 .

Let 𝑐𝛽,𝑖 = 2(𝑏𝑖 − 𝑏𝑖 log 𝛽 + 𝑐2𝑖)/𝛽, which is positive by Lemma A.7.1, and let 𝑦 = log log 𝑥, then

we obtain

𝑦𝑒𝑦 ≤ 4
5𝑐𝛽,𝑖

log 𝑛 − 2
𝑐𝛽,𝑖

log log 𝑛 − 1
𝑐𝛽,𝑖

log𝐶𝑀 , 𝑦 > 0. (A.62)

The function𝑊 (𝑧), defined as the solution to𝑊 (𝑧)𝑒𝑊 (𝑧) = 𝑧, is known as the Lambert W function

(see, e.g., Corless et al. (1996)). We consider the portion of the principle branch of 𝑊 (𝑧) where

𝑊 (𝑧) is real and positive, then (A.62) is equivalent to:

𝑦 ≤ 𝑊
(

4
5𝑐𝛽,𝑖

log 𝑛 − 2
𝑐𝛽,𝑖

log log 𝑛 − 1
𝑐𝛽,𝑖

log𝐶𝑀
)
. (A.63)

From equation (4.19) in Corless et al. (1996), we know as 𝑧 →∞,

𝑊 (𝑧) ≥ log 𝑧 − log log 𝑧 + log log 𝑧
2 log 𝑧

,

so applying this lower bound to the RHS of (A.63) and recalling that 𝑦 = log log 𝑥, it is sufficient
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to have

log log 𝑥 ≤ log
𝑧

log 𝑧
+ log log 𝑧

2 log 𝑧

log 𝑥 ≤ exp
(
log

𝑧

log 𝑧

)
· exp

(
log log 𝑧
2 log 𝑧

)
=

𝑧

log 𝑧
· (log 𝑧)

1
2 log 𝑧

𝑥 ≤ exp(𝑧) (log 𝑧)
1

2 log 𝑧 · 1
log 𝑧 .

Because (log 𝑧)
1

2 log 𝑧 ↓ 1 as 𝑧 → ∞, it suffices to have that 𝑥 ≤ exp(𝑧)
1

log 𝑧 . Now plug in 𝑧

and 𝑥. Because there must exist some constant 𝑐𝑀,𝛽,𝑖 > 1 such that 𝑧 < 𝑐𝑀,𝛽,𝑖 log 𝑛, we have

log 𝑧 < 𝑐𝑖1 log log 𝑛 for some constant 𝑐𝑖1 > 0, so it is sufficient to have

𝑐1𝑖
(𝑀 − 1)𝜖𝑛

≤
(
𝑛

4
5𝑐𝛽,𝑖 · (log 𝑛)−

2
𝑐𝛽,𝑖 · 𝐶

− 1
𝑐𝛽,𝑖

𝑀

) 1
𝑐𝑖1 log log 𝑛

= 𝑛
4

5𝑐𝛽,𝑖 𝑐𝑖1 log log 𝑛 · (log 𝑛)
1

log log 𝑛 ·
(
− 2
𝑐𝛽,𝑖 𝑐𝑖1

)
· 𝐶
− 1
𝑐𝛽,𝑖 𝑐𝑖1 log log 𝑛

𝑀
.

Observe that (log 𝑛)
1

log log 𝑛 = exp
(

1
log log 𝑛 · log log 𝑛

)
= 𝑒. Moreover, since 𝐶

− 1
𝑐𝛽,𝑖 𝑐𝑖1 log log 𝑛

𝑀
→ 1

as 𝑛 → ∞, there exists a constant 0 < 𝑐𝑖2 < 1 such that 𝐶
− 1
𝑐𝛽,𝑖 𝑐𝑖1 log log 𝑛

𝑀
> 𝑐𝑖2 for all 𝑛 > 10.

Consequently, it suffices to solve

𝑐1𝑖
(𝑀 − 1)𝜖𝑛

≤ 𝑐𝑖2𝑛
𝑐𝑖1

log log 𝑛

𝜖𝑛 ≥ 𝑐𝑖2 · 𝑛−
𝑐𝑖1

log log 𝑛 ,

for some positive constants 𝑐𝑖1 and 𝑐𝑖2.

□
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APPENDIX B

Appendix of Chapter 3

B.1 Algorithms

In this section, we describe the algorithms used in Section 3.3 in detail.

Notation. Let 𝑿 ∈ R𝑛×𝑚 be the data matrix in ambient dimension 𝑚 ≥ 1, and let ℓ ∈

{−1, 1, 2, . . . , 𝐾}𝑛 be the HDBSCAN cluster-label vector (ℓ𝑖 = −1 marks noise). For each non-

noise cluster 𝑐 ∈ {1, . . . , 𝐾}, write I𝑐 = { 𝑖 = 1, · · · , 𝑛 | ℓ𝑖 = 𝑐 } and 𝑿𝑐 for the corresponding

sub-matrix. The 𝐿∞ distance is ∥𝒖 − 𝒗∥∞ = max 𝑗=1,...,𝑚 |𝑢 𝑗 − 𝑣 𝑗 |.

A box is parametrized by a centre 𝒄 ∈ R𝑚 and a half-side vector 𝒉 = (ℎ(1) , . . . , ℎ(𝑚)) ∈ R𝑚+ ,

Box(𝒄, 𝒉) =
{
𝒙 ∈ R𝑚 : |𝑥 𝑗 − 𝑐 𝑗 | ≤ ℎ( 𝑗) , 𝑗 = 1, . . . , 𝑚

}
.

We write |𝑥 | for componentwise absolute value, vol(𝒉) = ∏𝑚
𝑗=1 2ℎ( 𝑗) for the box volume, and

use ⟨·, ·⟩ for the Euclidean inner product on R𝑚. For a path P = (𝑝1, . . . , 𝑝𝐾) in 𝑿, the polyline

distance from 𝒙 to P is

𝑑P (𝒙) = min
𝑘=1,...,𝐾−1

min
𝑡∈[0,1]



𝒙 − (1 − 𝑡) 𝒙𝑝𝑘 − 𝑡 𝒙𝑝𝑘+1




2,

i.e. the minimum Euclidean distance from 𝒙 to any point on a linear segment of P. Throughout,

Quantile𝑞 (𝑆) denotes the empirical 𝑞-quantile of a finite set 𝑆 ⊂ R.
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User parameters: quantile 𝑞 ∈ (0, 1) for the global radius ; overlap target 𝜌 ∈ [0, 1) ; spacing

tolerance 𝜏 ∈ [0, 1] ; error tolerance 𝜂 ∈ [0, 1] for the candidate-selection tie-breaker; local half-

length quantile 𝑞loc ∈ (0, 1] ; padding multiplier 𝛽 ≥ 1 ; maximum-expand multiplier 𝑀 ≥ 1 ;

inter-cluster gap 𝑔 ≥ 0; maximum overlap-resolution passes 𝑇max ; minimum allowed half-side

ℎmin > 0 ; minimum volume fraction 𝑣min ∈ (0, 1) for keeping a box after pruning.
Algorithm 2: ClusterBoxCover𝑚: covering one HDBSCAN cluster by 𝐿∞ boxes in R𝑚
with anisotropic per-box half-sides

Input: Data 𝑿 ∈ R𝑛×𝑚; labels ℓ; cluster id 𝑐; parameters 𝑞, 𝜌, 𝜏, 𝜂, 𝑞loc, 𝛽, 𝑀, ℎmin.
Output: Diameter path P𝑐, global radius ℎ𝑐, set of boxes B𝑐 = {(𝒙𝑖𝑏 , 𝒉𝑏)}𝑏.
(1) Build the Euclidean MST of the cluster.

Form 𝐺𝑐 = (I𝑐, 𝐸𝑐) where the edge weight of (𝑖, 𝑗) is ∥𝒙𝑖 − 𝒙 𝑗 ∥2 (Prim’s algorithm).
(2) Extract the longest path.

Pick any 𝑣0 ∈ I𝑐. Let 𝑎 = arg max𝑣 𝑑𝐺𝑐 (𝑣0, 𝑣) and 𝑏 = arg max𝑣 𝑑𝐺𝑐 (𝑎, 𝑣); the
diameter path P𝑐 = (𝑝1, . . . , 𝑝𝐾) is the unique tree path from 𝑝1 = 𝑎 to 𝑝𝐾 = 𝑏,
recovered from parent pointers in the second search.

(3) Compute point-to-path distances.
For every 𝑖 ∈ I𝑐, compute 𝛿𝑖 = 𝑑P𝑐 (𝒙𝑖)— the Euclidean distance from 𝒙𝑖 to the
polyline P𝑐.

(4) Choose the global radius adaptively.
ℎ𝑐 ← Quantile𝑞

(
{𝛿𝑖 : 𝑖 ∈ I𝑐}

)
.

(5) Place box centres along the diameter.
C𝑐 ← PlaceCentersAlongPath𝑚 (𝑿,P𝑐, ℎ𝑐, 𝜌, 𝜏, 𝜂,I𝑐) (Algorithm 4).

(6) Assign cluster points to nearest centre.
For every 𝑖 ∈ I𝑐, set 𝜋(𝑖) = arg min 𝑗∈C𝑐 ∥𝒙𝑖 − 𝒙 𝑗 ∥∞, breaking ties by the smaller index.
Let N𝑗 = {𝑖 ∈ I𝑐 : 𝜋(𝑖) = 𝑗} for each 𝑗 ∈ C𝑐.

(7) Compute anisotropic per-box half-side lengths.
For each centre 𝑗 ∈ C𝑐, set 𝒉 𝑗 ← LocalHalfLengths(𝑿, 𝑗 ,N𝑗 , 𝑞loc, 𝛽, 𝑀, ℎ𝑐, ℎmin)
(Algorithm 3).

return diameter path P𝑐, global radius ℎ𝑐, and box set B𝑐 = {(𝒙 𝑗 , 𝒉 𝑗 ) : 𝑗 ∈ C𝑐}, each box
tagged with cluster id 𝑐.

Algorithm 3: LocalHalfLengths: anisotropic per-box half-side lengths from the points
assigned to a centre

Input: Data 𝑿; centre index 𝑗 ; assigned points N𝑗 ⊆ I𝑐; quantile 𝑞loc, padding 𝛽,
max-expand 𝑀 , global radius ℎ𝑐, minimum half-side ℎmin.

Output: Half-side vector 𝒉 𝑗 ∈ R𝑚+ .
if N𝑗 = ∅ then

return 𝒉 𝑗 = (ℎmin, . . . , ℎmin)
for ℓ = 1, . . . , 𝑚 do

ℎ
(ℓ)
𝑗
← Quantile𝑞loc

({ ��𝑋𝑖,ℓ − 𝑋 𝑗 ,ℓ�� : 𝑖 ∈ N𝑗

})
ℎ
(ℓ)
𝑗
← max(𝛽 ℎ(ℓ)

𝑗
, ℎmin) /* padding */

ℎ
(ℓ)
𝑗
← min(ℎ(ℓ)

𝑗
, 𝑀ℎ𝑐) /* cap relative to global radius */

return 𝒉 𝑗 .
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Algorithm 4: PlaceCentersAlongPath𝑚: middle-out greedy selection of box centres
on the diameter path with 𝐿∞ overlap control, generalised to R𝑚

Input: Data 𝑿; ordered diameter path P = (𝑝1, . . . , 𝑝𝐾); global radius ℎ; overlap target 𝜌,
tolerance 𝜏, error tolerance 𝜂; cluster index set I.

Output: Ordered subset of centre indices C ⊆ P.
Spacing targets.
𝑑★← 2ℎ (1 − 𝜌), 𝑑min ← max(𝑑★ − 𝜏ℎ, 0), 𝜀 ← 𝜂ℎ.
Locate the middle of the path.
𝑠1 ← 0;
for 𝑘 = 2, . . . , 𝐾 , 𝑠𝑘 ← 𝑠𝑘−1 + ∥𝒙𝑝𝑘 − 𝒙𝑝𝑘−1 ∥2.
𝑚 ← arg min𝑘 |𝑠𝑘 − 𝑠𝐾/2|;
C ← {𝑚};
mark all points covered by Box(𝒙𝑝𝑚 , ℎ1).
for direction dir ∈ {left, right} do

cur← 𝑚
while cur has unvisited path indices in direction dir do

/* Build candidates: indices on the current side of
the path whose 𝐿∞ distance to all already-chosen
centres is at least 𝑑min. */
A ←

{
𝑗 ∈ P on the dir-side of cur : min𝑝∈C ∥𝒙𝑝 𝑗 − 𝒙𝑝𝑝 ∥∞ ≥ 𝑑min

}
if A = ∅ then break
/* For each candidate, compute spacing error to the
current centre and the count of new cluster points it
would cover. */

for 𝑗 ∈ A do
𝑒 𝑗 ←

��∥𝒙𝑝 𝑗 − 𝒙𝑝cur ∥∞ − 𝑑★
��

𝑛 𝑗 ← #{𝑖 ∈ I : 𝑖 uncovered and ∥𝒙𝑖 − 𝒙𝑝 𝑗 ∥∞ ≤ ℎ}
/* Tie-break: among candidates whose spacing error is
within 𝜀 of the best, prefer the one with the most new
coverage; break further ties by the smaller spacing
error. */
𝑒★← min 𝑗∈A 𝑒 𝑗 ; A★← { 𝑗 ∈ A : 𝑒 𝑗 ≤ 𝑒★ + 𝜀}
𝑗★← arg max 𝑗∈A★

(
𝑛 𝑗 , −𝑒 𝑗

)
C ← C ∪ { 𝑗★}; mark points covered by Box(𝒙𝑝 𝑗★ , ℎ1); cur← 𝑗★

return C ordered by position along P.
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Algorithm 5: ResolveInterclusterOverlaps𝑚: post-processing pass that shrinks pairs
of overlapping boxes from different clusters, one axis at a time

Input: Data 𝑿; labels ℓ; box list B =
⋃𝐾
𝑐=1 B𝑐 (each box tagged with its cluster id 𝑐(𝑏));

gap 𝑔, max passes 𝑇max, ℎmin, 𝑣min.
Output: Cleaned box list B′.
for pass 𝑡 = 1, . . . , 𝑇max do

changed← false
for (𝑖, 𝑗) : 1 ≤ 𝑖 < 𝑗 ≤ |B|, 𝑐(𝑏𝑖) ≠ 𝑐(𝑏 𝑗 ) do

if not BoxOverlap𝑔 (𝑏𝑖, 𝑏 𝑗 ) then continue
/* Step (a): for each box, check whether it covers
any points from the other cluster (‘‘contamination’’)
and shrink it along the best axis to remove them. */

for (𝑏, 𝑏′) ∈ {(𝑏𝑖, 𝑏 𝑗 ), (𝑏 𝑗 , 𝑏𝑖)} do
𝐹 ←

{
𝑘 ∈ I𝑐(𝑏′) : 𝒙𝑘 ∈ Box(𝒙𝑖𝑏 , 𝒉𝑏)

}
/* foreign points inside 𝑏

*/
if 𝐹 ≠ ∅ then

𝑏 ← ShrinkToReduceContamination(𝑏, 𝐹) (Algorithm 6);
changed← true

/* Step (b): if the two boxes still overlap after
contamination cleanup, shrink the smaller-volume one
to enforce the gap 𝑔 on the offending axes. */

if BoxOverlap𝑔 (𝑏𝑖, 𝑏 𝑗 ) then
if vol(𝒉𝑏𝑖 ) ≤ vol(𝒉𝑏 𝑗 ) then 𝑏𝑖 ← ShrinkToEnforceGap(𝑏𝑖, 𝑏 𝑗 , 𝑔)
else 𝑏 𝑗 ← ShrinkToEnforceGap(𝑏 𝑗 , 𝑏𝑖, 𝑔)
changed← true

if not changed then break

Pruning.
B′←

{
𝑏 ∈ B : vol(𝒉𝑏) > 𝑣min · vol(𝒉(0)

𝑏
) and ∃ 𝑖 ∈ I𝑐(𝑏) with 𝒙𝑖 ∈ Box(𝒙𝑖𝑏 , 𝒉𝑏)

}
where 𝒉(0)

𝑏
are the original (pre-shrink) half-sides recorded for box 𝑏.

return B′.
Predicate.
BoxOverlap𝑔 (𝑏, 𝑏′) :=

∧𝑚
ℓ=1( |𝑋𝑖𝑏 ,ℓ − 𝑋𝑖𝑏′ ,ℓ | < ℎ

(ℓ)
𝑏
+ ℎ(ℓ)

𝑏′ + 𝑔) /* 𝐿∞-cube
overlap with margin */
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Algorithm 6: ShrinkToReduceContamination: greedy single-axis shrink to evict for-
eign points from a box

Input: Box 𝑏 = (𝒙𝑖𝑏 , 𝒉𝑏); foreign points 𝐹 ⊂ I; bound ℎmin; tolerance 𝜖 > 0 (default
10−9).

Output: Shrunken box 𝑏′.
for ℓ = 1, . . . , 𝑚 do

/* Smallest ℓ-th half-side that excludes every foreign
point along axis ℓ. */

ℎ
†
ℓ
← max

(
min𝑘∈𝐹 |𝑋𝑘,ℓ − 𝑋𝑖𝑏 ,ℓ | − 𝜖, ℎmin

)
ℎ
†
ℓ
← min(ℎ†

ℓ
, ℎ
(ℓ)
𝑏
)

𝑏ℓ ← box obtained from 𝑏 by replacing ℎ(ℓ)
𝑏

with ℎ†
ℓ

𝑓ℓ ← foreign-cluster points still inside 𝑏ℓ; 𝑜ℓ ← own-cluster points still inside 𝑏ℓ;
𝑠ℓ ← ℎ

(ℓ)
𝑏
− ℎ†

ℓ

return 𝑏′← 𝑏ℓ★ where ℓ★ = arg minℓ ( | 𝑓ℓ |, −|𝑜ℓ |, 𝑠ℓ) (lexicographic).

Algorithm 7: ShrinkToEnforceGap: shrink box 𝑏 along one axis so the pair (𝑏, 𝑏′)
satisfies the gap constraint

Input: Boxes 𝑏, 𝑏′; gap 𝑔; bound ℎmin, tolerance 𝜖 .
Output: Shrunken box 𝑏′.
Find offending axes.
For ℓ = 1, . . . , 𝑚, let 𝑣ℓ ← ℎ

(ℓ)
𝑏
+ ℎ(ℓ)

𝑏′ + 𝑔 − |𝑋𝑖𝑏 ,ℓ − 𝑋𝑖𝑏′ ,ℓ |.
Let 𝐷 = {ℓ : 𝑣ℓ > 0}.
if 𝐷 = ∅ then return 𝑏
for ℓ ∈ 𝐷 do

ℎ
†
ℓ
← max(ℎ(ℓ)

𝑏
− 𝑣ℓ − 𝜖, ℎmin)

𝑏ℓ ← box obtained from 𝑏 by replacing ℎ(ℓ)
𝑏

with ℎ†
ℓ

𝑜ℓ ← own-cluster points still inside 𝑏ℓ; 𝑠ℓ ← ℎ
(ℓ)
𝑏
− ℎ†

ℓ

return 𝑏ℓ★ where ℓ★ = arg minℓ∈𝐷 (−|𝑜ℓ |, 𝑠ℓ) (lexicographic).

Algorithm 8: CoverAllClusters𝑚: outer driver
Input: Data 𝑿, labels ℓ, all parameters.
Output: Final box list B★ and per-cluster coverage ratios {𝛾𝑐}.
for 𝑐← 1 to 𝐾 do

Run ClusterBoxCover𝑚 (Algorithm 2) to obtain box set B𝑐
B ← ⊔𝐾

𝑐=1 B𝑐
B★← ResolveInterclusterOverlaps𝑚 (𝑿, ℓ,B, 𝑔, 𝑇max, ℎmin, 𝑣min) (Algorithm 5)
for 𝑐← 1 to 𝐾 do

𝛾𝑐 ← |I𝑐 |−1 #
{
𝑖 ∈ I𝑐 : ∃ 𝑏 ∈ B★ with 𝑐(𝑏) = 𝑐 and 𝒙𝑖 ∈ Box(𝒙𝑖𝑏 , 𝒉𝑏)

}
return (B★, {𝛾𝑐}𝐾𝑐=1).

Remarks.
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1. From scalar to vector half-sides. In ambient dimension 𝑚, each box has its own half-side

vector 𝒉 ∈ R𝑚 rather than a single scalar. LocalHalfLengths (Algorithm 3) determines

this vector from the points assigned to the box’s centre using a per-axis quantile, so that boxes

are tight along thin directions and broad along the cluster’s elongated direction. The cap

ℎ
(ℓ)
𝑗
≤ 𝑀ℎ𝑐 prevents any single box from growing far beyond the global radius set in Step (4)

of Algorithm 2.

2. Polyline (segment) distance vs. vertex distance. In Step (3) of Algorithm 2, the distance from

a point to the diameter path is the minimum distance to the segments, not just to the path

vertices. This matters when the path has sparsely sampled vertices: for diffuse clusters in

higher dimension a vertex-only distance would over-estimate 𝛿𝑖 and inflate the global radius

ℎ𝑐 via the quantile rule.

3. Inter-cluster overlap resolution as two-step shrinking. Algorithm 5 resolves each cross-cluster

collision in two greedy steps. First, it attempts to evict every foreign point from each box by

shrinking the box along its single most effective axis; this is the contamination step. If overlap

remains after both boxes have been cleaned, the second step shrinks the smaller-volume box

on its offending axes only enough to open a gap of 𝑔. The pruning stage at the end discards

any box whose volume has shrunk below 𝑣min of its original volume, or whose own cluster no

longer has a point inside it. The result is a deterministic procedure: in each pass, every box

pair is examined once, and the loop exits as soon as a full pass finishes without modification.

4. Contamination axis is chosen by a fixed sequence of tie-breaks. ShrinkToReduceCon-

tamination (Algorithm 6) first selects the axis that minimizes the number of foreign points

still inside. If multiple axes achieve the same minimum, it chooses among them the one

that preserves the largest number of own-cluster points. If ties still remain, it chooses

the axis requiring the smallest shrink amount. This ordered tie-breaking rule matches the

sortperm(... by = i → (...)) clause in the source. The ShrinkToEnforce-

Gap sub-procedure uses a similar but simpler tie-breaking rule, since it does not need to count
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foreign points: it operates only on pairs that are already non-overlapping.
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