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Abstract

THE EVALUATION OF THE REFRACTION ANGLES
| IN GEODETIC MEASUREMENTS |
FROM TWO OBSERVATION STAT;ONS

The purpose of this investigation is to determine
the refraction anglec in geodetic measurements without meas-
uring and using pressure, temperature, and lapse rate of
temperature in computation. The importance of this debermina-~
tion arises from the facts of'difficulties of determining? the
exact values of the meteorologilcal factors along the path of a
ray of light, and the small uncertainty in lapse-rate of
temperature and its high effect on the computed refracticn
angles,

| The method of analysis i1s based upon having two
paths of sight travel close to each other so that the meteoro-~
logical factors can be aasumed equal along the two paths.
This is done by observing one point from two observation sta-
tions. They are located in such a way that the paths of sight
from the stations to the point have nearly the same azimuths
and the distance between the stations is.such as to provide an
appreciabie discrepancy between the apparent helights of the
observed point.

| Formulas for computations are presented, and the
probable errors are discussed. Tests of actual measurements

are made to prove the applicability of the method, and a
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comparison between the new and the old methods 1is previded,
The results are satlsfactory and of'relatively high accuracy.
For example, the percentage of the erroras of three observa-
tions that are determined by adopting the new method is
2.6 per cent, whereas the bercentage of the errors that are

determined by adopting the o0ld method for the same observa-

tions is 20.5 per cent.
The conclusion which can be drawn from the in-

vestigatioh is, that the refraction angles can be determined
with adequate accuracy and without facing the difficulties of
determining the exact values of the meteorological factors;
hence the method can be used in establishing bench marks in

regions that can not be reached, or which are very difficult

to reach by lines of spirit leveling.
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the constant of the perfect Gas Law

the acceleration due to the force of gravity

a constant which varies slightly with the moisture content

of the eir

the mean radius of curvature of an arc joining two points

on the earth's suxrface

the disterice between stations A and C

the distance between stations B and C

the index of refraction of white light in the air

a measured vertical angle

an angle subtended by an arc at the center of the earth

the refraction angle

the temperature of the air meaesured from absolute zero (-273° C.)

the pressure cf the air

the radius of curvature of a ray of light

the coefficient of refraction

the height of Station A above mean sea level

the height of Station B above mean sea level

the height of Point C
‘the probeble error of
the probable error of

the probable error of
Station A

the probeble error of
Station B

above mean sesa level

the

the

the

refraction angle at Station A
refraction angle at Station B

height of Point C computed from

height of Point C compuied from
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INTRODUCTION

Terrestrial refraction is theAbcnding of & ray of light when
it travels between any two points within-the atmosphere. This phenomenon
cavses all objects to appecr to be at higher elevations than they act-
uelly ecre, except wvhen the air near the earth's surface is strongly heat-
ed, causing the density of air to increase with height so that the ob-
Jects appeur to be at lower elevations.

Terrestrial refraction is a matter of great lmportance in the
subject of trigonometrical leveling. The exact knowledge of it is im-
portant in correcting the measured vertical angles resulting from the
effect of refraction and reducing them to their actual values.

Previous investigations have dealt with the proklem of
refraction and some formulas have been developed. These formulas are
based on meteorologilical factors, i.e. pressﬁre, temperature, and la?se—
rate of temperature along the peth of light; but because of the diffi-
culties of determining the exact values of the pressure, lLemperature
and lapse rate of temperature, the compubations arrived at by these
formulas are uncertain in most cases.

The present invcsfigation deals with a imethod of detefmining
the refraction angles in which the meteorological factors are eliminated
from the computetion.

The method'involves observing one point from tvo observation
stations. These observation stations are located in such a way that the

peths of light rays from the point to the two stations will be close to

-1~



each other; also, the difference between the lengths of the two paths
is such aé to provide an eppreciable discrepancy between the apparent
heights of the observed point.

On the basis of this method, new formulas have been developed.
A practical application-of ‘the néw method was evolved and tested by
running meny experiments in different weather conditions. The results

show that an adequate degree of accuracy was achieved.



CHAPTER I

- GENERAL STATEMENTS

Two methods exist for determining the difference in eleva-
tion between points on the earth's surface. The first is by running
lines of spilrit level. The principle of this method is well-known
&nd can be found in any surveying text. Moreover, the accuracy of
this method is attested by eny surveying text. The second method is
crigonometrical leveling, by which the differences in elevations are
determined from the horizontal or geodetic distances between points
and the wmeasured vertical angles after correcting them for the effect
of curvature and refraction.

The second method is faster and easier than the first, but
it is not as accurate as the first method, mainly because of the un-
certainty in determining the refraction angles.

Refraction of light in air has been recognized for a long
time, and some coefficients huve been introduced; but none of these
coefficients can be used with confidence unless the meteorological
factors along the path of a ray of light are the same as those under
vhich the coefficients were introduced. Also, previous investigations
have produced some formulas for computing the refraction angles, but the
accuracy of the results computed from thesé formulas depends upon exact
knovledge of the pressure, temperature, and lepse rate of temperaoture
along the paths of light.

Bomford's Geodesyl gives the following formulza for computing

1 Brigadier G. Bomford, Geodesy, Great Britian: Oxford at the Clarendon
Press, 1952, p. 153, formulea 4.15-

-3
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the refracting angles: (Figure 1)

vhere

o

“L_d
_f?_:—!l-_-f LO:.‘ d,v ) (1-1)

(7,

Fig. 1 EFFECT OF REFRACTION

the refraction angle,
the length of the path of a ray of light,

a length along the path of light measured from the
observation point,

the radius of curvature of the points along a path of
& ray of light.
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is given by the following formula:

-
= = lé%sfx _7/2 %+§IE—)’ (1-2)

where

a constant which varies slightly with the moisture
of the air,

X
i

o& = the measured vertical angle,

P = the pressure,

C = the constunt of the perfect gas law,

M = the index of refraction of white light in eair,

T = the temperature measured from absolute zero (-273° C.)y
g = the acceleration due to the force of gravity,

éﬁ- = the lapse rate of temperature.

Substituting equation (1-2) in equation (1-1), one gets

<2 = TJ M2 (c a)| L-P)dr- -3

Equation (1-3) is the fundamental formula for computing the refraction

angle €2 , and in order to determine €2 with adequete accuracy, pressure,
temperature, and lapse rate of temperature must be known at all points

elong the path of a ray of light. Since it is impossible to measure the
meteorological factors at so many points, this is an impracticable method

of determining the refraction angles, and the method usually followed is

to assume that the lapse rate of temperature is constant along the path

of & ray of light and that the average temperatures and pressures along

the path are those computed or measured at one-third the distance along

1 Ibid, formula  4,12-



the:.path measured from the ébservation station. This method 6f sub-
stitution probably gives good results.if the lapse rate of temperature
is determined exactly, and if the assumed values of the pressure and
temperature are equal to the actual values. Practically, the pressure
and the temperature may be determined within oné percent or better,l
but the doubtful item is the lapse rate of temperature. For example,
attempts were made in connection with the present investigation to
measure the lapse rate of temperature, and the following results were
obtained: On March 21, 1957, five attempts were made which gave results

that veried from 0.00221 degrees Centigrade per foot to 0.00725 degrees

Centigrade per foot. On March 28, 1957, seven attempts were made which

gave results that varied from 0.00242 to 0.00672 degrees Centigrede per
foot. Such variations make it difficult tb determine the exact value
of the lapse rate of temperature; and an uncertainty of 0.001 in the
lapse rate of temperature ceuses an uncertainty of 10 per cent in the
computed angle of rerractione. Therefore, refraction angles computed
from formulas based on the knowledge of the meteorological factors are
uncertain.

Up to the present time there has been no method of determining
the refraction angles with acceptable accuracy and without including the
bressure, the temperature, and the lapse rate of temperature in the
computation. No doubt the discovery of such a method will be a great

benefit in the determination of terrestriel refraction.

1 Ibid, line 20-

2 Ibid, line 28.



CHAPTER II

METHOD AND FORMULAS :

The density of air is not constant, but varies with height;
therefore a ray of light passing between two points within the at-
mosphere suffers a continuous change in direction. Thus, the path
of & ray of light is & curve in its shape and not a straight line.
This phenomenon causes displacement of the apparent positions of the
observed cobjects.

Relative Refraction.

In Figure 2 assume A P C is the path of a ray of light from
point A at height h, to poinb C at height h,. Assume c(aiﬁ the observed
angle of elevation C at point A above A D, which is the tangent to the
earth's level surface. Assume A C, 1is the tangent to the path APCat
point A. Then the angle C, A C (.f?u) will be the angle of refraction

end C C, the appearsd displacement of point C.

52,= Rq 64, (2-1)
where
ba = Lhe toeifi-ient of refraction,
6% = the angle subtended by the erc A F at the earth's center.
¥

Bomford's Guodesy gives the following equation for determining

the coeificient of refractionl:
ke =28000 25 (0.0104 + 2T) | (2-2)

1 Ibid., p. 159, formula L.1l7a
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Fig. 2 RELATIVE POSITIONS OF THE OBSERVATION STATIONS A AND B




wvhere

= the coefficient of refraction,
= the pressure measured in inches of mercury,

= the temperature measured from absolute zero (-273' c.),

§|g'.-l‘0’"

= the lapse rate of temperature in Centigrade per foot.
The constant 28000 is given as 27000 while actually it should
be 280C0.

Sutstituting equation (2-2) in equation (2-1), one obtains

= 28000 o] ‘ _CLI_ o.
where
/2 = the average pressure along the path A P C measured in inches

of mercury,
72 = the average temperature along the path A P C measured from
absolute zero (-273° C),
G%g)::the lapse rate of temperature along the path A P C measured
e in Centigrade per foot.
The lengths of sight in geodetic measurements sare relatively very short
compared with the length of the radius of the earth; and it is safe to

assume, therefore, that '

ad = Ra% ha J ‘ ’ (E‘L‘)
where

}% = the length of the arc AF,

Ra = the radius of curvature of the'earth’s surface taken at the

middle distence between points A and F.
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Subsﬁ%tuting equation (2—&}~iﬁ_eqnation (2-3), we nave y

<2, - I , g7 & _'AV_ =
a 2500075_)7100/04.,_ aZ/) =ys o (2-5)

Alsb, inxfigure.l, assume péint B iéuépothe?’observétion station, and ;ét
B Q C be the path of a ray of light from point B‘at height“hb‘to point C,
Assume o<, is the observed" angle of elevation of point C at point B above
-B E, which is the tangent to the earth's surface. Assume B Cb is the tang-
ent to the path B Q C at poilnt B. Then the angle of refraction will be
CB Cb(_5€2), and C C, is the apparent displecement of point C.

Following the same procedure in deriving equation (2-5), one

obtains the following equation {or whe refraction angle at station B,

I

A
a'soao(—-—)‘2 0-0104 +< ) bfhb (2-6)

~<2p = the refraction ungle at stetion B,

F% = the average pressure elong the puth B Q C measured in
inches of mercury,

72 = the average temperciure along the path B Q C measured
from ebsclute zero (-273° C.),

é%ga»=the lapse rate of' temperature alonyg the path B Q C in

6 Centigrade per foor,

JZ = the length of the arc BG,

f?q = the radius of curvature of the earth's surface taken at
the middle distunce between points B and G.

Dividing equetions (2-5) end (2-6), one gets
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A [ dary | 8
<2 28000 ?‘ﬁ)’c‘ 9:07%4 HGpe| RasFa
b 0.0/0 J
28000 L2 Go /04 + dh) T
or - _J
[ d7r

2a - _H(BY'R (R + )]0 0/04 +(‘5’7»")u
=% £y (72)° Fo (RRa + ha)[0.0104 + ghf)'

il _-4

Positions of the Observation Stations.

In Figure 2, assume A and B are two observation stations,
located so that the paths of sight from the stations A and B to point
C have nearly the same azimuth., The distance between the stations A
and B is about 2 milea, and the elevations of A and B can differ in

R ARSIEE T et ]

accordance vith the requirements of the terrain (a difference
of & few hundred feet doves not affect the results). Then the paths A P C
anc B QVC will pe close to each other; hence tne lapse rates of temperatures
d7
(ET“_) andc é—ﬁz-—éj the average pressures Pa’ Pb’ and the average tempera-
tures T&, Tb can be assumed equal.

Determination of the Refraction‘Angles

When the lapse rate of temperatures, the average pressures,
and the average temperatures are taken equal, end if these equalities

are substituted in equation (2-7), then the equation becomes

Ra_ _ h(Ret+hy)
ke Yo (Ra + ha) (2-8)

The terms (Ra+ha) and ( Rp +hy) can be assumed equel. so

that equetion (2-8) becomes
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Sy ’pb : (2“9) ‘
In Figure 1, we hsave

!
CCa= —¢ /?a

where

S

2 = the refraction engle at point A,

A

1

the length of the path A P C;

and

CCp= <2 b, (2-11)

where

S

£, = the 1engtn >f the peth B q C.

the refraction engle at point B,

]

Subtracting equation (.:-11) from equation (2—10), one obtains

CCa-CCp = 0 bd - 2, 4,

or
/ ’
Cola= —<24 ja - £, ’Pb . (2-12)
In Figure 3, we heve

F Ca _ AF
Sin (o<a + Qg..) Sin [qo - (‘Xa + 9«)]

or

FCa = /pa Sin (o&a + —gg—) Sec ("(a + Qa) ’ (2-13)

7 (2-10)
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and

Aca = FCa + ha .

Substituting equation (2-13) in equation (2-—1&), one gets

hey = Ao sm(oca + —gﬁ) 535(0% +5’a) + hq -

In Figure 4, we huave

G Ch_ — 8 G
S (ocb + .%k-’ Sin ‘:QO - (O*b + Gb)]

or

G Cb = /Pb 5lﬂ(0(b+. 769) Sec(ab_‘_sb) ;
ana

th = GG +hb .

Substituting equation (2-16) in equation (2-17), one gets

/"cb = ﬂ, Sin (ocb+ -%‘-’) 5€C<O<b+9b> + ;‘b .

Subtracting equation (2-18) from (2-15), one cbteains

hC’a'-th = /&5/ﬂ(°<a+ g«) 56C(o(a+a,)+ha

(2-12%)

(2-15)

(2-16)

(2-17)

(2-18)

"'[yb Sin (Q’b -+ —g!-’-) Sec (O(b + 94,) ~+ hb:l

or

CaCp = b 5m(°<a + %‘1) Sec («a + Qa) -4, 5/"("%-»»—?}’) Sec(cvbfq,)

+(ha~/%)-

(2-19)
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Fig. 3 OBSERVATION FROM STATION A

[900.._((1b —Qp + Qb)] [900._ (@, + Gb)]

Co
C
[} —
= gct E

= = 3

(99"0\)“ oX% 12
b/ Lo ep < Y
EVEL G </

L a8

Fig. 4 OBSERVATION FROM STATION B



Substituting equation (2-19) in equation (2-12) we obtain

.Qa zpa’ - -(Z—b /pb, = /Pa 5/ﬂ(0(a + ._ge) SEC(O(Q +Ba)

—& 'Stn(O(b + %;) 566(°(b + ﬁ,) +(ha-l1b) . (2-20)

From equation (2-9), we have

2, = __ﬁb__ <2,. (2-21)

Substituting equation (2-21) in equation (2-20),one gets
B pr
A b f )__Q - f Sec(og +8
a - b a = Ada Sin o‘a-f‘T d«+a
( Ya

—_— Yb 5/ﬂ<¢¥b+ —gg) 59C(0<b +96) +(/)a-/’b) )

or

/. Ea
MR [ﬂ“ Fin(a+ 5t) Sec(xarq)
- ’pb Smn (O(b +-9—§-—) 56’C(°q, +8;,) +("\a - hb)] . (2-22)

Applying the sam. : cclure aboe.o :od substituiing for .S?.a in
equation (2-20), slains
<2y = ;pb Ko 5in (cwa + %—) 5eC<O(a + 9«)
Yo B - 8, 4}

—_ ’pb 5//7('(\1’,;. %_) 5EC<0<b +9b) + (ha - Ab):l . (2-23)

When the line. o 5ight are netrly horizontal, the lengths
/pa and ja' s ,& and ,Fb, mre very newrly cqual and may bé assumed equal
without effecting the r¢ ults. For the same reason, Pa sm(qu ‘*T) 5e(~a,%)
and /Pb ‘5"'7(“&'* )JeC(q’bf Qb)cm consequently be assumed equal to

!&fan(c(a+%’-) and fb fan(o(b,._?_) - Applying these equalities in equations
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(2-22) and (2-23) we obtain

<2aq = 2" 3 /éfan(wa-r-%?)—-&ﬁm(Nb +—%9)
-(}L) - +( a- ,"b)] , | | - (2-24)
a
- = yb an ( o«
S2p = (}L)z-Cfg)z J& ( a-+-—2—- JL E"7<EXb-f

(h hb)] (2-25)

When the lines of sight are considerably inclined, then 17' '

can be computed as follows_;('sgg Figure3) B

ACa
jln ((70 + %“) Sin [qo "'(o‘a +@)]

or
4
5 - cos —-gi sec (‘Xa +Qa) .
The term cos(%—) is very small and may be taken to equal one, so that

K = ya séc (aq+ea). (2-26)

Using Figure 4, we have

B G - BG
:b?(ﬂ94__%%)\ .5”7[Q@._be_kéga

4y = 4, cos( 79‘1) sec (o, + Qb)

or
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The term cos(£%L) is very smell and may be taken to equal one so that
A = K, sec (o< +8y) - (2-27)

Substituting equations (2-26) and (2-27) in equations (2-22)

and (2-23), we obtain

.Qa = ,pa [ya 5[/7(0(a -f--%‘) 566(«q¢ﬁ)

() 5ec(oca+80) ~(§ F5ec(o, +6,)
-, sm (oq, + Qg_) Sec(acb+ 6y) +((ha- hl,)J y (2-28)

and

- ,pb ,& S,h(o(a.'.g)j-eC(Wa f%)
T ey () secle +9e)[ 2

.JL 5m(°<b + —%—’) 595(0% +9b) f(ha‘ hb)] - (2-29)

Determination of the Height.

In Figure 3, we have

hc = /"Ca- CaC - (2-30)

Substituting equations (2-10) and (2-15) in equation (2-30), one obtains

hc = fa 5”’("‘(2* _%"_) 5ec(o<a +Q,) - —ﬂa ,&I + ha . (2-31)

Substituting equation (2-26) in eguation (2-31), one gets
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be = M Sln(wa+£z$) 566(0:0 +9,,)-_S7.a’é, 5@6(%+ea)+ hq - (2-32)
For small angles of &, and &, , one can reduce equation (2-32) to

he = 4a "ﬂﬁ(% +—§5) — S2q L + ha - (2-33)
Following the same procedure for the measurements at poins B, we obtain
he = ﬂ, 5/ﬂ<°(b+ 'g'é) sec("‘b +95) -52 ,@,526(45 +6’a) s hb - (2-34)

And for smell angles of &, and 5@ ; one can reduce eéquation (2-34)
to

be = by Tan (oq, +%-) - -Q.; 4, + he (2-35)

The values of —¢a and 1§ are given in equations (2-28)
and (2-29).

Air Density Inversion.

When the air is strongly heated because of the radiation of
heet from the earth's surface, so that the density of the air in:recses
with the height, then the paths of light rays bend downward convexly .,
This is an exceptional case, but sometimes it does happen on « hot day’
over sandy terrain. This phenomenon causes the objects to appeur to be
at lower elevations.

Figure 5 illustrates the courses of the paths of light, and shows
the apparent positions of pvoin: C when 1t 15 onrserved under such conditions
from points A and B. Tuis case -en be deteoted when the position of point

C appears to ve at a lower cievation from point A thun from point B.
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Fig. 5 AIR DENSITY INVERSION

Fig. AIR DENSITY INVERSION



The method of calculation is the same as that given previously

in this chapter, except in the determination of height, where the error

due to refraction must be added to the .epparent height, so that equations

(2-32) and (2-34) become

Ae = ,& 5/ﬂ(¢\'a + ..92‘.'.) 5€C(°<a +6a) + _-QQR, 5€C(o(a+90) +hq 5 (2-36)

and

he = A@ 5M(«b+ :gé.) 596(41,4-6’5)4-526};, 596(%-;-6},) + /’b . (2-37)



CHAPTER III

DISCUSSION OF ERRORS

After presenting the method of;ééﬁéé#i#i#¢ §#éM??£%éé§%95?
angles and the height of a point from twd observation stations, it is
desirable to discuss the errors and the pexrcentage of these errors that
micht occﬁr from the assumptions used. Also, in order to complete the
discussion of errors, it is neéessary to derive formulas for computing
the probable errors due to the probable errors of measurements.

Errors of Assuming Equal Meteorological Factors Along the Paths.

The lapse rate of temperature is the most important factor
in the determination of the atmospheric refraction. Its value changes
rapidly early in the morning and late in the afternoon, and its vari-
ability is least at mid-day, that is from about the 11lth hour to &bout
the 14th hour. Therefore, for more accurate work, the measurements must
be made during these hours.

In Chapter II, the relative positions of the observation

stations are given, aend it is pointed out that the two paths are travel-

ing in the same direction, over the same terrein, and close to each other;

therefore the lapse rates of temperature along the two paths are equal.
For the same reasons the average pressures and temperatures along the
paths are equal when the paths coincide, or there will be small dis-
crepancies when they do ndﬁ coincide, but these have a negligible effect
on the results. For excmple, make the following assumptions: that sta-
tion A and B in Figure 2 are located at distance; of 25 and 23 milles
reépectively from point C; and that the elevation of station B is lower

-1 -




than that of station A by 500 feet; and that the elevation angle at
station A 1s 3 degreeé. These assumptions will provide about 170 feet
difference in eleveations between the two raths at one-third the distance
betveen A and C measured from station A. Then the discrepancy in the
pressure 1s about 0.2 inches of mercury and in the temperature is about
0.5 degrees Centigrade. These discrepancies affect the results by

1 pe% cent. Therefore it is safe to assume that the average tempersatures
and pressures are equal along the paths.

Errors in the Difference of the ApEarent Elevations.

The difference of the apparent elevationsfca Cﬁlis an important
factor in determining‘the refraction angles; thus it is important to
know the percentage of the probable error in the length C, Cy.

Table 1 has been prepared to show the percentage of the
probable errors for different lengths of sight. The table was prepared
on the assumption that angular errors are independent of the lengths of
sight; further, it is assumed that the probable error in measuring the
vertical angles is 0.3 seconds of arc, and the refraction rate is 3.5
seconds per milc. These two assumptions are based on the results which
were obtained in connection with the bresent investigation under good
Wweather conditions.

The results which are given in column 6 of Table 1 are reason-
able; however, to secure better results in long lengths of sight, such

as 20 miles or more, the distance between stations A and B may be made

more then 2 miles.

1 C, C, 1s given in Figure 2.




TABLE I

' PERCENT OF ERROR IN THE LENGTH c c

Lengths of Refraction Differ- Probable Total Percent
sight errors © ence errors Probable of
in miles in feet CE Cb in feet Errors in Error
‘ Cacb feet
5 2.238 0.0384
2.149 0.066 3
7 4.387 0.0537
10 8.954 , 0.0767
3.939 0.12 3
12 12.893 0.0921
20 35.816 0.153
7.521 0.23 3 |
22 43.337 0.169 |
30 80.586 0.230 |
11.104 0.3%4 3
32 91.690 0.246
50 223.850 0.384
18.270 0.55 3
52 242,120 0.399

Probable Error of the Refraction Angles.

Equetion (2-28) is

,2 125”“xa+ Oa sec(a s
(S%)zJsacéﬁf+qa"(@)zskﬂdéﬁrrég ( 7?) (la 69

..‘ann(?xb.+_%?f);5€C(Exb.#é%)4.<ha../%)J .

<«
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In geodetic measurements the angles (OG+ § ) and (of, + 6)
are usually small and in most cases do not exceed 5 degrees of arc;
therefore, for the purpose of computing the probable errors, secants

of the anglcs (o(a.,-ea) and (o, +6p) can be assumed equal to one. Also

REZCT: %_.) Sec(a +8) and A 5,,,(%+_§’L:.) 5ec(oab +6)

can consequently be assumed equal to me (cxa... _2...)
’?b fan(ozb#%b__) . Substituting these in equation (2-28), we obtain

A
CE-y

(Ota+-2—) pfan(a\’b+~—)+(/7a-he> (3-1)

Differentiating equation (3-1), one gets

dﬂ = ,‘,pa 3 'Pa Sec (O(a-f- -gg)dqa—’i’SFC(O(b-# %—)d‘xb '(3"‘2)
(4a)?-(F,) :
For the same reasons which are given zbove, Secz(aa+ _g‘_l)
and SGCZQX‘D + Qb) can bpe assumed equal to one, therefore equation

(3-2) becomes,

dso, = 77 —(,Vb) (ﬂ doq - 4, c/oq,) (3-3)

Applying the method of propagation of errorsl, we have

X
{

2 2
Iy J(hanf « (hdmf

where

fa = probable error of the refraction angle ﬂa)
/Pa = the distance between A end C in miles,

2 = the distance between B end C in miles,

John Wiley

T Mansfield Merriman, Method of Least Square, New York:
and Sons, Inc., 1911, p. . 79, formula (30).
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o

dO(b = the probable errors of the measured verticel angle Xp >

the probable errors of the measured vertical angle o, ,

By the same procedure the probable errors for the refraction

angle ‘ﬂ‘b will be calculated thus:

-+ 'pb A d 2 | - Z .
b =* 9")2‘ ( a “a) -f'(,gd b) (3-5)

(%2)° - (

Probable Error of the Computed Height.

Equetion (2-32) is:
b =y 5/n<<xa+ Ba)5e(xq &) — 2,y sec(x, +8) + ha

For the same reasons as those given in line 5, page 20, one can reduce

equation (2-32) to

h, ,,gfm(aa+_§-;)_/&_<za+hq- (3-6)

Differentiating cquation (3-€), we obtuin
2 o
oy = By 5ec (a0 52) oy - o d2,, -

secg( Xy + .%.‘) can be assumed cqual to one, hence
I = fo detyg — by d 52, . (3-8)

Applying the method of propagotion of errorsl » one obtains

2 2 -
o = = Ja f(doa) + (A (5-5)

or

Tha

2
+ 0.02558 Ya/( c/cxa)z+(ra) ’ (3-10)

1 1bid.



where
r/)a =
doxg =

-26~

the probable error of the

computed height from point A in feet,

the probable error of the measured vertical angle at station

A 1n seconds of arc,

la = the probable error of the refraction angle at station A,
end its value as given in equation (3-%4),
J% = the distance between stations A and point C in miles.

By the same procedure, the probable error of the height com-

puted from point B is calculated as

iy, =002558 pb (do‘b)z +('L)

where

rhb =
(ij =

&
]

the probable error of the
the probable error of the
B 1in seconds of arc,

vhe probeble error of the

and its value as given in

2
) (3-11)

computed height from point B in feet,

measured vertical angle at station

refraction angle at station A,

equation (3-5),

the distance between station B and point C in miles.



CHAPTER IV

EXPERIMENTS

The experiments, which were carried out during the months of
October, 1956 to May 29, 1957, provided a good verification of the method
given in Chapter 2. |

Preparations.

The experiments were done in Ann Arbor, Michigan. The area
is relutively flat end it is covered with trees which meke it difficult
to find two observation stations on the ground that fulfill the require-
ment stated in Chapter II. For this reason the two observation stations
selected were located con the roofs of two bulldings.

The spot selected as Station A was situeted over a L4 inch
pipe on the northeast corner of the roof of the Water Treatment Plant
in Ann Arbor, Michigan. OStation B was located at distances of 6.53 feet
north and 31.58 feet west of the flagpole of the hospital of the Univer-
sity of Michigen. And the observed point C was teken to be the middle
height of the cap at the top of the water stand pipe in Y¥psilanti, Michigan.

The instrument used in measuring the horizontzl and verticel
angles wes the Wild Theodclite Type T2 No. 12137. by which the second of
an engle can be read and the tenth of a second can be estimated by the
observer. The theodolite was equipped with a striding level in which one
division corresponds to 5 seconds of arc.

The plane coordinates position of Station A was determined from

the three known Michigan State ccordinate position of Barton Hills Golf

-27-



~-28-

Club water tank in Ann Arbor Township, the east water tank of the Ford
ﬁomng‘ Plant in Ypsilanti, and the State Hospital water tank near
Ypsilanti, end they are equal to
X
Y

The plane coordinates position of Station B was determined

474031.38

]

290334.53

from the known Michigan State coordinate position of the flagpole of
the University of Michigan Hospital, and they were found equal to

482507.45

X
Y

The Michigan State coordinates position of point C (water

285288.53

stand pipe in ¥psilanti) was known and equal to

X 511351.04

Y

The distances between the points A and C, and B and C were

271653.72

computed from the plane coordinates positions. It was found that

L1734.04 feet

the distance between A and C
31903.93 feet

the distance between B and C
These distances are at the mean sea level, and when they were reduced

to the average height between the stations above mean sea level, it was

found that

the distance between A and C 41735.93 feet

the distance between B and C 31905.30 feet

The engles subtended by the arc A F(&,) and by the arc B G(6,) were com-

puted from the formula 6 = —RL—- ,
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whore

L = the distence between two points on the earth's surface,
R = the mean radius of curvature of the arc joining the two

points on the earth's surface.

The vealues of the radii of curvature were taken from Table XI

which is given in Hosmer's Geodesy.l The values of the angles are

&, = 00° - 06' - 51.048"
é% = 00° - O05' - 1kL.206"

Bench marks near stations A and B were located. The elevations
of these bench marks were determined from geodetic bench marks by spirit
level lines and trigonometry. The elevation of point C was determined
from geological bench mark, and the difference between the geodetical and
geclogiceael data was considered. Bach elevation was carried at least twice,
and when the discrepancy between two independent elevations was within the
margin of probable error, the mean was taken andvadopted as the elevation
of Lhe bench marks at the station.

The bench mark near Station A was located on the north edge of
the s5ill of the east window of the upper room and was found equal to
1039.911 feet above mean sea level, The bench mark near Station B was
located on the lower side of the iron belt around the flagpole and its
elevation was equal to 1007.857 feet above mean sea level. The height
of point C was found equal to 928.552 feet above mean sea level.

Procedure of Measuring the Vertical Angles.

The vertical angles were measured consecutively ifrom one stetion

to another. Bach set of measurements was made by taking sixteen readings,

1 Hosmer, Geodesy, 2nd ed., New York: John Wiley & Sons, Inc., 1946, p. 428,
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X 474031-38
Y 29033453

482507 45
285288 53

X 5351 04
Y 27165372

Fig. 6 RELATIVE POSITIONS OF STATIONS A, B, AND POINT 2
Seale: 1/8" = 1000'

ELEV. 103981l Ft,

ELEV. 1007-857 Ft.

ELEV. 928-552 Ft.

DATUM = 300' ABOVE MSL

Fig. 7 RELATIVE ELEVATIONS OF THE PATHS AC AND BC
Scale: Vert.. 1" = 100!
Horiz. 1/8" = 1000!




Figure 8.
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SET-UP AT STATION A
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»

Figure 9. SET-UP AT STATION B



Figure 10.
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THE OBSERVED POINT C



~3h

eight direct and eight inverted. -

In the first eleven experiments, one set of measurements was
teken, and it was found that the probable errors were high. Then the
'method of measureﬁent was revised and four sets of measuremgnts were
teken at each station. It was found that thg probable errors were
reduced considerably in this second set of measurements.

Results and Discussion of Results.

The measurements and the results of the computations are all
compiled in Table 2. A detuiled explanation of Table 2 and a typical
example of the computation are given in Appendix A, page 39.

In Table 2, cclume 8 gives the values of the refraction angles
computed by the new method, and column 10 gives the actual values qf the
same angles. If the observation which is made on October 11, 1956, is
disregerded because it was gained under very hazy visibility, then the
results show that the discrepancies between the computed and the actual
values are well within the probable errors. Also, if one considers the
errors, then the results show that the percentage of errors varies between
0.2 per cent and 5.1 per cent, and the average percentage of the errors
is 2.1 per cent.

Exeunination of the results given in column 12 and column 13
show that the errors in the cowputed height are well within the margin
of the probable error.

Arrangements were made to measure the pressure, -the temperature,

and the lapse-rate of temperature while three of the observations were in

progress, (observations on March 21, March 28,and Mey 29). Then the
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refraction angles ..(?.a and _.(Zb were computed independently by edopt-
ing the new and the old method.l The results indicate that the accuracy
of the new method is greater than that of the older. For example, the
.average bercentage of the errors of the three mentioned measurements com-

puted by using the new method was 2.6 per cent, and that computed by

adopting the old method was 20.5 per cent.

1 See Table 3 in Appendix B, vage L5,
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CONCLUSION

The determination of the refraction angles from two observa-
fion stations as presented in this investigation has been conducted by
both theoretical and experimental brocedures. It has been shown that
in the new method extra work is needed in locating a secondary station
and méking observations at this station, but that this work is simple
since the two observation stations are close to éach other.

The new method provides a way to determine the refraction
angles without using pressure, temperature, and lapse rate of temperature
in the computation. It thus eliminsates the necessity of measuring these
factors, and by decing §0, the small uncertainty of lapse rate of temper-
ature and its high effect on the computed refraction angles is avoided.

The results of the experiments that are determined by adopt-
ing the new method are satisfactory and of relatively high accuracy;
for example, the pefcentage:of the errors of the refraction angles that
are determined et station A between March «l, 1957 and May 29, 1957
vary between 1.2 per cent and 2.9 per cent, whereas the percentcge of
the errors of the refraction angles that are determined by adopting the
method of including pressure, temperature, and lapse rate of temperature
for the same Jbservetions were between 14 per cent and 32 per cent.

Therefore the new method car be used with confidence in deter-
mining the heights of high péints, and in establishing bench nerks in
regions that can not be reeched, or which are very difficult to reach

by lines of spirit leveling.
.
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APPENDIX A

EXPLANATION OF TABLE 2

The measurements and the results of the computations are all
coﬁpiled in Table 2, and it is felt that an explanation of this table
will be helpful to the reader. In order to make the explanation simple,
the measuréments which wvere made on Merch 21, 1957 and the necessary

computations are carried out as a typical example -

Columns 1 and 2 give the date and the tiwe at which the
observations were mede.

Colums 3 and & give the average pressure and temperature,
which were measured et stations A and B.

Colwm 5 gives the level rod readings, The:( / ) sign indi-
cates that the line of sight is higher than the bench'mark end the ( - )

sign indicates that it is lower.

Columns 6 and 7 give the mean of the measured vertical angles .
and the probable errors of the mean. The following example illustrates

the method of computation:

At station A

Sets Measured Probable Weight Angle
of zenith error X
measure- angle in seconds weight
ment of arc
1 90°-12'-07.8¢" ' F 0.84" 10 78.90"
2 $0°-12'-07.13 /£ 0.82 11 T78.43"
3 90°-12'-06.539 # 0.59 20 127.80"
Iy 90°-12'-07.25 7 0.64 17 123.25
Total 58 408.38




<hos

408.38

mean = 58 = T7.04"

probable error of the mean = 0.59\/%%_ = ;_( 0.35"
zenith angle = G0° - 12' - 07.04" Z.‘ 0.35"
vertical angle = (-) 00° - 12' - 07.04" [/ 0.35"

Column 8 gives the computed values of the refraction angles

b.Q a and .s’?b . The following illustrate the computations: equation

(2-24) is
e - ]
£, _ 41735.93
(h)*-(4,)7  (41735.93)% - (31905.30)2

0.0000576511

i

g = - 00 - 12 - 07.04
——2“ = 00 - 03 - 25.52
J

X Qa - - 8 4 -
at >3 = 00 - 08 -~ 41 .52

Log for(ocg + £)-  7.u028:66

Log £ = 4.6205101

Lo_q’]’a fan (%t %ﬂ: 2.0233567

Jo fan(e, + —Z’i) = - 105.525

00 - 10 - 29.86

db = -
‘—??i = 00 - 02 - 37.1C
(o(b+ -%’-)= - 00 - Q7 - 52.76



“h1l-

Log fan (ab + 79&) = 7.3602162
ng JL = %4.5038628
Lo_q[ﬁ, fan (oq,-r %‘l):' = 1.8640790
by fan (o, + -g‘;) = - 73.127
ha = 1039.911 / 0.529 = 10k0.kkoT
hb = 1007.857 - =2.490 = 1005.3672
ha - hb = 35.073

Substituting values in equetion (2-24), one gets

0.0000576511 (-105.525 / 73.127 # 35.073)

]

0.0001542167 radians

31.809 seconds of arc

n‘b g’b n'b

Applying equation (2-25) and following the same procedure
83 above, oune obtains
<2y = 0.0001178919 radians
LLy= 20,317 seconds of arc
Column 9 gives the probable error of the computed refraction
) \

aasles <25 and _(21,. The following illustrate the computation: equa-

tion (3-4) is

o .
Do AT ORI R

Substituting values,,)% and JL are in miles, we have

1 1039.711 is the height of the bench merk near station A.
2 1006.857 is the heipghc of tae bench mark near stotion B.



ko

7.90% N(7.90k x 0.35)% + (velow)
Nl 2 - 4o)2 ’ )
(7.904) (6.042) | (6.042 x 0.38)2

L=

U

fa = 4 0.304 x 3.60
fa = F/ 1.09 seconds of arc

Applying equation (3-5) and following the same procedure as

above, we obtuin

i, = f 0.84% seconds of arc

Column 10 gives the actual values of the refraction angles
Slgand 2, , they are computed as follows:
ha = 10ko.4ko

»pa fan(aa+ —g&)= -105.525

observed height = 934.915

‘actual heignl = 928.552
effect of

refraction = 6.363

S2, = —0:363 . 06064.8

%1735.93

-ﬁﬂla = 31.447 seconds of arc
and

Ay = 1005.367

8
Ay Ton (o, + -29) = - 73.127
observed height = 932,240

actual height = 928.552
effect of
refraction = 3.688



k3.

3.688 P
J:Zb== _ §I§6§T§6 X 200264.8
_(Zb = 23,842 seconds of arc

Column 11 gives the computed height of point C. The following

1llustrate the computations: formula (2-33) is
hc = })afan<o<a+-%9-) "ﬂa’ga +ha.

Substituting volues from page 42, we have
he
he

Column 12 gives the probable error of the height hc. The

1040.44%0 - 105.525 - 41735.93 x 0.0001542167

or
928.478 feet

following illustrate the computations: equation (3-10) is
2 Z
the =+0.02558 Jo  (dxa)® + (ta)

Substituting values, we obteain

{
hy=+0.02558 x 7.90L J(O.BS)E 4 (1.09)%

thg = # 0.231 feet

Applying formule (3-11) and substituting velues, ve get

Vhb = f/ 0.142 feet

Column 13 3ives the actual discrepancy between the computed
and the actual vaelues. The actual height of point C is 928,552 feet,

Column 14 gives the weather conditions when the observations

were made.



APPENDIX B
DETERMINATION OF THE REFRACTION ANGLES BY INCLUDING
THE METEOROLOGICAL FACTORS IN COMPUTATIONS

After presentation of the new method of the present investi-
gation, it is felt desirable to provide some material by which a com-
parison can be made between the new and the old methods. This material
was provided by making arrangements for measuring the temperature at
different heights.

A wire sounding device was set on the Huron Valley Golf Course,
which is located at about one-third the distance between Station A and
point C measured from Station A, and the temperatures at different
heights were measured while the observations from Stations A and B
were in progress. This procedure provided a way of determining the

temperature and the lapse rate of temperature along the path of light.
The figures which are given on puges 47-52 illustrate the results

of the measured and the reduced values of the temperature and the

lapse rate of temperature.

The pressure was measured at the observation station, and
because the paths of light are very nearly horizontal, the pressure
was assumed to be constant along the paths. The refraction angles

L2, and £2, and the height /i, ere computed and compiled in

Table 3 page 45.

e .
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Figure 11. WIRE SOUNDING
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