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ABSTRACT

TRANSONIC KOTATIONAL FLOW AROQUND A CONVEX CORNER
WITH APPLICATION 10 & SUMERSUNIC BOUNDARY LAYER
by

Barry Douglas Fishburn
Chairmen: Thomas C. Adamson, Jr.

A systematic method of solution ter the expansion of inviscid
rotational transonic flows around a sharp corner is presented.
Solutions are obtained ror a flow contiguration corresponding
to a supersan;c'boundary layer over a plate which ends at a
sharp corner with a pressure drop of the order of the upstream
static pressure. Viscous efrfects near the corner are relegated
to a negligibly thin sublayer and the sonic line is assumed
to intersect the corner. The solution scheme assumes a
perturbation from a uniform sonic stream and treats the resulting
equations,

The sonic line is found to intersect the corner at
an acute angle with respect to the upstream wall. The angle
varies between 0° and 90° depending on the rotation in the
incoming flow. This dependence is given by the solution.

The effects of an axisymmetric geometry are systematically
treated in the context of the solution and the highest order

effects are presented.
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I INTRODUCT.ION

Transonic rotational flow about a sharp convex corner
arises in several common flow problems. These fall into two
general categories: (1) inviscid flows expanding about a corner
where the rotation in the flow is produced by a curved shock
wave upstream of the corner and {(2) supersonic boundary layers
expanding about a sharp corner with the rotation produced by
the action of viscosity in the voundary layer.

The obvious example of the first situation is the flight
of an axisymmetric blunt body at supersonic speeds. The de-
tached shock wave gives a finite entropy gradient normal to the
wall of the body (Lin and Rubinov (1948)). The subsonic flow
with finite entropy gradient produced by the shock, accelerates
along the wall and typically expands to supersonic speeds
around a sharp coraner connecting the vlunt front surface to its
afteroody. The situation at the corner is that of a subsonic
flow with finite entropy gradient at the wall, accelerating
to sonic speed at the corner and tnen negotiating the sharp
corner through a centered expansion wave while expanding to
supersonic speeds,

The knowledge that the sonic lLine is a line of constant
velocity, at least in isoenergetic 1iow, allows an expression
to be written ror the angle between the sonic line and the body
surface. If W is the angle between the sonic line and the body,
9, is the velocity along the body, Ji is the vorticity at the

body and Rb is the body radius of curvature in a meridian

plane, then



Jﬁ;¢\¢u4b =

- fb - 36 (lol)

omrnd

(see Hayes and Probstein, 1966, p.393). Clearly e depends

on the entropy gradient at the wall through Jz. In the present
configuration the direct appiication or (l.1) is dirficult,
since the proper Rb is unknown. However, it seems clear that
the sonic line shape must depend on the upstream flow through
the vorticity variation in the rlow. To make a more definitive
statement about the sonic line at a sharp corner requires the
solution of the transonic flow region there, which is the
subject of this work.

0f course, when speaking or inviscid {low about & sharp
cornergone is really speaking of the inviscid aspects of a
real flow in which the corner appears sharp to the scale of
the inviscid flow., The analogy between this problem and that
of a supersonic, laminar oounoary layer negotiating a sharp
corner must be developed.

Typical situations where one finds & supersonic boundary
layer expanding around & sharp corner are the flow about the
lip of an underexpanded supersonic nozzle and the flow about
the rear edge of a cone or wedge in supersonic flight. 1In
either casey the boundary layer turns & corner which has a large
pressure decrease across it, such that the base pressure is less

than the sonic pressure based on upstream conditions near the

wall,



In the usual boundary layer theory the variations of the
variables in the longitudinal direction are small compared
with variations in the lateral direction. However, this is
not true near a corner at which the pressure decrease is of
order one. Experiments (Hama (1966)) on a wedge at supersonic
velocity show that the difference between the static pressure
several boundary layer thicknesses upstream of the corner
end that several boundary layer thicknesses below the corner
on the base, is of the order of the upstream static pressure.
Further, the pressure along the upstream wall begins to fall
a few boundary layer thicknesses ahead of the corner. The
large pressure gradient at the corner has components in both
the longitudinal and lateral directions which are of the same
order, at least in some neighborhood of the corner. Hence,
it seems that near the corner variations in the flow
properties in the longitudinal direction are of the
order ol those in the lateral direction. Thus a corner region
where both the longitudinal and lateral directians are scaled
with respect to the incoming boundary layer thickness,s;b‘ﬁgifo,
where j; is the length of the rorevody), is defined in the
model of Matveeva and Neyland (1967). (See also Olsson and
Messiter (1969).,) With this scaling the governing equations
for this region are, to first order, the Euler equations,
That is, in this corner region the large pressure drop causes
the pressure and longitudinal velocity gradients to increase
greatly from those in the undisturbed, upstream bvoundary layer,

while the viscous shear stress reusins of the same order.



Hence viscous effects are of lower order and the inviscid
equations of motion approximately describe the flow,

To satisfy the no slip condition on the upstream wall it
is necessary to consider a sublayer near the wall in which
the convective and leading viscous terms in the Navier-Stokes
equations have the same order. Thus the longitudinal
extent of this region is of the order of a boundary layer thick-
ness (the same as the invisc1g corner region) while its lateral
extent is of the order of FE fi; (see Matveeva and Neyland (1967)).
This ordering of the Navier-Stokes eyuations generally results
in the Prandtl boundary layer eyuations. Notice that in this
scaling the lat?ral velncity component at the outer edge must
be of order ﬁ:z which is considerably larger than the usual
velocity component at the outer edge of a boundary layer,

The solutions for the longitudinal velocity component and
vorticity in these two regions must match. Thus, following

Matveeva and Neyland (1967) the matching condition is

ﬁ viscous (x' )’) T ﬁ inviseid (X’ Y) (1.2)
sublayer corner :
~ region Y—)O
y—) o0
(1.3)
P, (B9 2 i Y)ya

where U 4is the longitudinal velocity component, 1’ is the
vorticity, §,§ are respectively the longitudinal and lateral
coordinates scaled for the viscous sublayer and x,y are the

corresponding coordinates scaled for the inviscid corner region.



The thin sublayer can be considered analogous to a boundary
layer with favorable pressure gradient subject to the given
matching regquirements (Olsson and Messiter (19693'), Since the
imposed pressure gradient is lérge, the sublayer displacement
thickness decreases towards the corner, However, this
description of the flow can be expected to break down on the
order of a Stokes radius ( FQ:') from the corner (Weinbaum (1968)).
That is, very near the corner the pressure gradient is balanced
by viscous forces as well as the inertia of the fluid.

According to Weinbaum (1L968) the velocity should be continuous
on the Stokes length scale while the pressure and density
should be singular at the origin to accommodate the rapid
changes in these variables on a non=-continuuny, Knudsen length
scale, To the scale of the incoming boundary layer thickness,
the entire Stokes region at the corner should appear as a singular
point. Thus the velocity as well as the pressure and density
are singular at the corner for the inviscid corner region,
Alsoy the sublayer is infinitesimally thir to this scale so

the wall upstream of the corner appears flat to the inviscid
cormner region,

Qualitative evidence supporting this two layer model for
the flow near the rear corner ol a supersonic wedge was tound
by Hama (1966). His shadowgraphs of the flow clearly show
two positive maxima of the second derivative of the density
in the separated free shear layer downstream of the corner,

Fe speculates that these should correspond to the outer edge

of the inner shear layer and to the outer edge of the entire



shear layer.

Experiments show that the pressure at an incoming boundary
layer thickness below the corner on the base wall is very close
to the base pressure, In fact, it is slightly less than the
pressure further down on the base wall, This indicates that
even the flow very near the surface downstream of the corner
must have obtained supersonic velocity. Hama's (1966)
observations indicate that there is no apprecisble pressure
gradient across the Iree shear layer that separates from the
corner region and continues downstream from the rear corner
of the wedge. Thus the pressure above the free shear layer
is essentially the base pressure, The sonic iine cannot be
expected to intersect the rree shear layer downstream of
the cornery since this would reguire a pressure gradient along
the free shear layer where there is none. Hence the sonic line
must be located within the inviscid corner region.

If one thinks of graduaily accelerating the wedge to its

final steady state velocity, the back pressure, Pb'

gradually lowered to its value in the final flow coniiguration.

is

As §b is lowered the flow near the corner has increased velocity..
Eventually F; becomes low enough that the inviscid corner

region concept becomes valid. If E% is lowered further a point
is reached where the velocity at the corner is sonic

(to the scale of the inviscid corner region). Further lowering
of the back pressure will no longer eftect the flow in the

inviscid corner region ahead of the leading characteristic from

the corner, except through the sublayer, This effect is only
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noticed in the sublayer a sublayer thickness, ﬁg s upstream
of the corner which is essentially zero to the scale of the
inviscid corner region. Hence one is led to hypothesize that
the sonic line intersects the corner to the scale of the
inviscid corner region (see figure (1,1)).

In the inviscid corner region the acceleration produced
by the large longitudinal pressure gradient causes the
subsonic stream tuoes to contract ana the supersonic stream
tubes to expand, Initially the narrowing of the subsonic
region dominates. The boundary layer upstream of the corner
becomes thinner initially. The fluid close to the sublayer
is accelerated more than that turther away since dtt ~ ﬁ"dﬁ
and ¥ is smaller near the sublayer. Thus the velocity profile
in the inviscid region is somewhat flattened although still
rotational. This effect causes the second derivative of the
velocity to become very large at the outer edge of the sub-
layer giving the appearance of slip velocity there. Of course,
since the Euler equations are used in the inviscid corner regiong
a slip velocity along the boundary is necessary for the only
boundary condition that can be met is that there be no flow
normal to the boundary.

The preceding discussion indicates that the corner flow can
be modeled as an inviscid flow turning a sharp corner with large
pressure decrease. The sonic line should intersect the corner
where a singularity of the velocity should exist. The incoming
flpw has finite vorticity at the wall and is partly subsonic

and partly superscnic. The lateral velocity component at the



outfr edge of the viscous sublayer is small, that isyof order
F&:i.so the proper boundary conauition for the inviscid corner
region is that there ve no flow normal to the wall,

The flow downstream ol the sonic line is turned sharply
by a centered expansion (to the scale of the inviscid region)
issuing from the supersoric edge of the corner. The curved
characteristics of this expansion are tangent to the radial
lines of a Prandtl-Meyer expansion arbitrarily close to the
corner on the supersonic edge. Thus the solution in the
inviscid transonic corner region must match with the Frandtl-
Meyer solutions as the corner is epproached from a position
downstream of the corner.

In retrospect, both categories of flow delineated at the
beginning of this discussion lead to the same flow model.,
A diagram of this model is shown in figure (1.2). The
viscous sublayer is not visible to the scale of this diagram.
The transonic region shown will be explained in more detail
in Section II.

Vaglio-Laurin (1960) treated this problem originally.
He assumed 2 small perturbation superposed on &4 unirlorm sonic
stream in the x-direction (along the subsonic wall) and obtained
first order equations thet were irrotational, That is, at the
subsonic upstream wall his rirst order egquations give g—t‘lwzo.
Since the leading equations were irrotational, a velocity
potential was introduced so that the governing equation became

the usual transonic potential equation (see, for example,

Guderley,l962, P«30). He assumed a similarity solution for



the velocity potential of the form ¢ =y,P.1-F(;&ﬁ) and dis-~
covered from an analysis of the phase plane of the
resulting ordinary differential equation and from numerical
calculations that p = (5/4) gives the solution satisfying
the boundary conditions. No other value of p achieved
this, In his first order solution the sonic line was given
by ("y"%) = Psonic where Ysonjcis @ constant greater than zero.
This result agrees with the sonic line obtained by
Guderley (1948) from a hodograph solution for planar, irrotational
flow cver a corner. However, as pointed out by Friedman (1962),
Vaglio-laurin failed to include rotational effects in his
higher order equations so his higher order solutions are
incomplete. A more important question here is whether the
first order equations should be irrotational or not,

C.C. Lin and S. I. Rubinov (1948) established that in the
inviscid flow over a blunt body, the entropy gradient
(vorticity gradient) generated by the curved shock preceding
the body in supersonic flight vanishes with distance from the
wall for a planar, two dimensional body, but is finite for an
axisymmetric body. Thus Vaglio-Laurin's (1960) second order equa=-
tions could be appropriate for axisymmetric flow, but not for
the two dimensional  case. Friedman (1962) pointed this out
in his discussion, but still insisted on irrotational first
order equations for both cases with proper account of the entropy
gradient in gecond order terms. As & result, he t§o obtained
Vaglio-laurin's sonic line, at least'to lowest order. Thus, again

the sonic line at the wall only depended on the vorticity at the
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wall through higher order effects. He also pointed out that
the extra term in the substantial derivative due to the

axisymmetric geometry generates a term in the solution

of the form
= - — (X —_—
u=0o0 , \V4 ( *f) =A

where o is the half angle of the conical body and Re is the
radius of the base., However, the question of whether or not
the first order equations should be irrotational is unresolved.
In particular, the sonic line obtained to second order in these
solutions is perpendicular to the subsonic, upstream wall
regardless of vorticity effects. From analogy with the case
where the sonic line intersects a wall that has finjite, non-
zero radius of curvature, the angle between the wall and the
sonic line may be affected by vorticity at the wall even to
first order. It seems that one must require the first crder
equations to contain rotational eftects to acconplish this.
Adamson (1968) considered the problem ot planar, inviscid,
supersonic, rotational flow about a corner, His coordinates
were the left running characteristics from the corner and
the streamlines. 1ile ocbtained asymptotic solutions valid near
the leading left running characteristic irom the corner and
expansions valid near the corner. When the incoming velocity
on the wall at the corner is sonic, a similarity solution
valid in the transonic region very near the corner was found
that matched with the other solutions farther away from the

corner, When the similarity solution is expanded near the
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leading characteristic it is found that the lateral velocity
only has terms of the form

) gxsi

v ~ > v ()

izl
where the exponent Si becomes smaller with each
successive term so each succeeding term is of lower order for
x and y small. The leading term has S1 =% and the first

three terms are 3 3 %
VvV ~ -A(%}J)"BX +OX V...

where A,B and C are positive constants. This expression
agrees with the expansion Vaglio~Laurin (1960) gives for
V valid in the limit as y-—-PO,(-;S) fixed but smallywith
p = (3/2). This seems to raise doubt as to whether
Vaglio-laurin's result that p = (5/4) is the only possibility
for a similarity solution of the transonic corner problem,

It will be shown in Section III that p can have either
value, depending on whether the first order equations are

considered irrotational or not.



II DERIVATION OF EQUATIONS
A, GOVERNING E{UATIONS
The dimensional governing equations for a two dimensional
or axisymmetricy chemically inert, laminar, inviscid flow can
be written as

(gasdynamic equation)

v .7 BT s ml ([TEVT
a g%+j§ +5_3—{: = u‘)XfVaR ( 2 ) (2.1)
(Crocco equation)
ﬁQ__X-Q__: :—‘]:-Q—.;S-—-‘?—Q_E (2.2)
X OR JR IR
S[o7_ JB] _ 35 _ 2k
VJ)—I \E —T‘)X 3% (2.3)
(Bernoulli equation)
- T+ Vv
a’=@)lhe 3 (244)

where X is the coordinate along the upstream wall with corre-
spbnding velocity component 'ﬁ, R is the normal coordinate

with velocity component '7. S is the entropy and 'ﬁ; is the total
enthalpy as defined for a callorically perfect gas. The local
speed of sound is denoted by a, Here J=0 for the two dimen-

sional case while j=1 for the axisymmetric case. With the

substitution of equation (2.4) into equation (2.l1) and the

12
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introduction of the stream function defined by

2% . :ug’

(2.508)

i

-3-32{ .‘7 .-é 9 (2.5.b)

the governing equations can be written as

[<-.>n,g. e 7L [ s 2092Y

U DEIT T4 J¥ /[ OF

where the fact that entropy and total enthalpry aepend only on
the stream function in inviscid flow has been utilized,

Equation (2.3) adds no necessary information over that contained
in equation (2.7). It is convenient at this Juncture to trans-
form the coordinates to the corner in the axisymmetrical case

by setting

R = j RO <+ Y [ (2.8)
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where ﬁ; is the body radius in the axisymmetric tflow. Note

that Tio is a real physical length in the problew which is not

present in the planar case. The only remaining physical length

in the problem is that associated with the incoming entropy
gradient,

that is, the length over which the entropy change

is of order one. This would correspond to the thickness of the

incoming boundary layer for the rear facing step problem.

Choosing the latter entropy length for the length scale,

dimensionless variables are defined by

(2-903)
i??
V= a* (2.9.pb)
Wity = 362 L
> b’"l)a - ht‘ (2.9.¢c)
I . T . a
T= T “(—*‘*) = (2.9.9)
< vm
£;~= ;i?’ (2.9.e)
a
Qa-= ?‘-:-Te- (2.9.£)
X . 4
X= [_ 9 . y L (2.39.g)
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R
Ho = "l-‘:"?' (2.9.h)

where L denotes the entropy length for the provblem and superscript
asterisk indicates conditions at the sonic speed. Observe that
if the total entheipy varies Irom streamiine to streawline, the
critical speed of sound, a*%, varies similarly (see (2.9.c)).
The velocities and state variables are made dimensionless with
respect to a sliding scaie in this scheune. Also note that R
is a parameter for the axisymuetric problem giving the ratio
of the body diameter to the entropy length.

In order to obtain the desired foru of the governing
equations in terms of this variable scaling,it must be recog-

nized that the c¢ritical speed depends only upon the stream

function so that

x T )y
= fi_glfisglib = - P\ “-‘*-_- -EiigLr
QX a' ? ai fv Ro y a( ? (2.10.8)

[56-w)- VJ [sev)-vulF

‘2-—- 'an - 2.1l
c)X+JY o\ + O (2.11)
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while the Crocco eguation {(2.7) vecoues

_ . Y\ da*
v _ U _r_ ( )HAS‘

JX ‘.)Y df a ‘3- ﬁ (2.12)

where a modified dimensionless stream tfunction had been introduced

by

AP =/ P*a* L B. |[d¥ o
- ° (2.13)

Note that the expression in square brackets on the right hand

side of equation (2.1l2) is & function of the stream function

alone, That is, since dimensionless entropy, critical speed,

critical density, etc. are constant along a streamline in inviscid

flow, this bracketed term is a fixed function of the stream

function throughout the inviscid corner region. This function

is assumed to be given as the upstream boundary condition. That

is, it is given by solution ot the laminar, compressible boundary

layer leading up to the corner. Ooserve in passing that the

coordinate system in the axisymmetric problem can be inclined

at angle QR to the axis of syumetry by changing the axisymmetric

term in the gasdynauic equation (2.11) to

ja" UM**VM“ (2.14)
BotY coa st + X ome

where the coordinates are as shown in figure (2.1).




B. TRANSONIC APPROXIMATION
The assumption is made that, in the neighﬁorhood of the

sonic corner, the velocities can be considered as perturbations
from a parallel sonic stream. Sance the incoming flow is rota-
tional and accelerating, the region in which this approximation
can be made is strictiy limited (see rigure (l.2)). The geometric
extent of this transonic corner region is intimately related to
the allowed perturvation of the sonic stream and umust be obtained
as part o1 the solution. To this end it is necessary to introduce

stretched coordinates as follows

X = 5%5; = (Ey(')
X

- - . (2.15)
y' -~ ép - (f)’(.)
2y & << |

where T and & are related to the magnitude of the velocity
perturbation and respectively order the longitudinal and lateral
extent of the transonic region under coansideration. The velocity

components are assumed to be of the form

| + ZEJ (€) U; (xs7) (2.16)
J=1

o =
V = Z\ VJ(C) VJ (X, Y) (2.17)
j=l

where -
~EL’ V,_' <<,

1?7
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and E;:ﬂ= O(Ei) s V. = o (y‘) (2.18)

(24

while u: (X, y) = () \/‘ (%, Y) = &) .

Before substituting these asymptotic representations tor
the velocity components into the governing equations, an expression
for the entropy and total enthalpy variation in the Crocco
equation must be found. It is this term that sets the ordering
of the equations and is of paramcunt importance in determining
the solution, In particular, the asymptotic representation tor
the transonic corner region must be found so that various orders
of the entropy and total enthalpy variation can be appropriately
balanced against suitable terwms in the velocity expansions.
This function of the streamlines is assumed given as the upstreanm
boundary condition. Thus, in order to proceed farther, the

entropy and total enthalpy variation in a coupressible boundary

layer must be examined.



C. PROPLATIES OF A COMPuiESSIBLE BOUNDARY LAYRR NEAR A WALL

In order to calculi&ste the incoming entropy and total enthalpy
distribution, it is necessary to consider the laminar, supersonic
boundary layer ahead oIl the corner. To this end let aimensionless

variables in the ooundary layer be defined by

. "
u-= a. (2.19.a)
A 4 .
- (2.1910)
V = 80 0*
" P
= —m———— (2.19.c)
P o* afz )
X Y A_ M

= £ 5 gk 5 Am g oo

where ;: is the reference critical speeda with associated
. i -~
density 1% and temperature T; and
(]
-2 ‘
=
S'== f% ‘20 ,go —
° =
/(O e°

is the order of the boundary layer thickness. Hereljwo is the

reference coefricient o1 viscosity defined by'/‘( when
_-' ——
=2 ¥l *
= = ol
1t- :T=; Qo Y = (¥ ) 1~
and j% is the reterence length tuken to pe the length from
the start of the boundary layer on the forebody to the corner

(see figure (2.2))., The aimensioniess temperature and enthalpy

have been defined by

19
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—i>
0

(2.19.8)

|

"
hj

with ,1

¥

and

(2.19.h)

: h
h:—a:}f‘zo

It is assumed that 8’ EE end F‘ are constants while /i? and
ia are considered functions of temperature.

I1f the boundary layer thickness, f} is small compared to
ﬁo , then the Mangler transformation (Young (1953), p.379) can
be used to reduce the axisymmetric boundary layer equations to
the planar boundary layer equations., 1If the body is a cone
rather than a wedge, the solution for the wedge holds for the
cone with the transformation

N
[F (55 vTh7)
xfsymme m: a"‘"‘

.s tream function
s'tz:m ,::.?; tion for wadge

[1/_' V(%) o

For a given value of ; + the 9 dependence is the same in
either case. 1In particular, at the entrance to the inviscid
corner region at the rear corner ol the cone or wedge, § = 1y
so the only difference in the stream functions are the factors
of the square root of three. The functional dependence is the
same. For this reason it is sufficient to consider only the

planar boundary layer eyuations with the restriction that

T << 1.
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In these variables the boundary iayer equations for two

dimensional f{flow becone

A 2 n P
P to -a-;.-i-'?'-:);- Q—?
£?L""T 3V T Iy (lz.21

c)y (2.22)

where Pr- = = Prandtl number. In addition, the

equation or state and viscosaity variation with temperature are

given by

a A A
FP=%T (2.23)

" A
M = T (-.‘!,-<w$ l), (2.24)

Notice that in these variables the relation between the enthalpy

and the teuiperature is given oy



22

(2.25)

For free stream velocities greater than twice the free
stream sonic speed, sonic velocity occurs within 0.34; of the
wall (Schlichting,1960, p.31i). Thus expansions oi the boundary
layer variables in terms of the vertical coordinate seem appropri-
ate for the entire subsonic portion of the incoming boundary layer.
In the current model it is assumed that even streamlines very
near the wall in the incoming boundary layer are accelerated to
sonic velocity at the corner. Thus streamlines entering the
inviscid transonic corner region are those that pass through
the Lower region of the suvsonic portion ot the iancoming boundary
layer., Certainly, then, expansions in Yy will be sufficient

to describe these streamlines in the upstream boundary layer.

Thus let

fa = A 0 "st'
Un= Z ui, (X) 14 (2.26.a)

<>
u

Nl
~
>
-~
X >

~

(2.26.b)

(2 026.(:)

—{s

-
Ms
o b
P

x>
~
s

D
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where certainly (3° =0, After substitution of these expansions into
the boundary layer equations (2.20), (2.21) and (2.22) with
cognizance that the imposed pressure gradient should be balanced
by viscous ftorces to lowest order at the wall, the expansions

(2.26) are found to be power series so that
XD a

n (“) ‘J'
u = b(J X) Y (2.27)

[ "]

\0/ = Z: ‘.). ()2) )‘/J (2.28)
s

A o 4 [ A,

T = Z TJ (X) Y e (2.29)
J'.-O

a
The equations governing the functions of x are

A

. _é _
(continuity) 5%[% M:] + 2 fo \/2 =0 (2.30)

A
|

a ‘w [, A (73]
(momentum) 2“3-‘; +wU, To T

V>

Cap——

o')? (2.31)

>
N

[

N
Ug = = 3‘" 0-’(“’") U, (2.32)

St

[ ]
ho_2
T, 39U

gl
!

=
t
S



a2
A . A
(energy) 2T + 0o = =-Pt-bh2 (2.33)
o A
A N
Ban Lo s db_yan e st
fo=d RrPLE 53 -0 G - 400 T-wu 2 T,
a A A3
_wT.T: w(w—l) -r; .34
A & Tz - -
o

of course, explicit solutions for the ;I dependent coefficients
cannot be obtained directly; however, it is sufficient to know
the form of the expansi:ns. Observe from (2.31) that if there

is no heat transfer (f—}:'}, = 0) at the wall (or if the viscosity
is independent of the temperature) and if there is in addition no
pressure gradient, then 32= 0.

For convenience the heat transfer and shear stress at the
wall can be written in terms ot the temperature gradient at the
wall (gl), the velocity gradient at the wsll (3&) and the wall
)s

A A
-—
temperature (To_ T

Tw= lw WU (2.35)

gw =T lw ’ (2.36)

—
where za,and gwhave veen made dimensionliess and of order one
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. —_— =
» » ¥ .p ¥
by dividing by ( S ao 'Po } and ( g ao fg) respectively,

wWith these substitutions the energy and momentum equaticns give

N\ .2¢co 2

! 2
T.=-:R Tw Tw*“’?—-a’?w

(2-37-8)
w

)
_ 1 &w * 2.37.
Uy = 3 w[;"; + w '\wﬁP'-?WTW ’ (2.37.b)

D A
—-——-‘—- . (2.37.0)
Tw l X TwoX

Also the third order velocity is

n - (2+3w)
ag = #w ('*zw)Tw Tw Ra?:v
A - (1+32)
+3~L w Tw I R 2_,w3
n - (1+200)
+teo Ty R ?w j'-f .
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Our purpose here is to calculate tne initial entropy and total
enthalpy distributions for the beginning or the transonic corner
region. As the boundary layer begins to feel the pressure gra-
dient from the corner and accelerate, essentially inviscidly,
entropy and total enthalpy distributions becone irozen toc the
streamlines. To find these distributions. the stream tfunction
must be introduced:
5y @ X (2.39)

p P

or with (P = '-P-; a‘:fz 5‘°

as the appropriately stretched stream function, the definition

becomes

A A éL_. _ A A
=ftUu Y tv . (2.40)

QJ[Q,
"(a.e,

A
To write ¢’ as a2 function of the stretched vertical coordinate,

n l"" A a (&';*a‘)‘;u'")
] e - A Ag
fu=f'-,“-“-‘ rp (ﬁ*n;’*ﬁ)’-&.u) (2.41)
so that
A
é—f-

n .‘ A la a '?'. a A ‘. a ':I'_‘ Al
= a' )‘l-e-[ua'% M']Yz_'_[u’ - _,I.—_-(u,-u.%)-tl. *O]Y +...

:i’r13:

oy

(2.42)
or



A ﬁn R 2 4 _én_%" A1
LP: E.‘r'.",zo'u, y + 3[1-?;(“2 _E'u.) y + .o

(2.43)
y A
where W =0 along Yy =0 has been chosen.
Inversion of this series gives
[
a -.i n [ 4 (/] -’.
a rn P o T 2 U, ~ (lu V"
- o = - 2

Y= (2 s u‘) 1 3 f‘ 50*' () (2.44)

= APyt -3 B ¢ +(9’(V“/%)

a
[
where y and 1’ are both stretched by the suitably defined

boundary layer thickness. Since the expansions are in terms
"
of x and ;' , & relation between derivatives with respect to

A a
the stream function and derivatives with respect to x and Yy

must be found. Cenerally it can be shown that

o 4 _ 1 ) —_—
g'\?' f U+v? X oY

(]

Za—a___ A
S VJX c))’ . (2.45)

-E:
“5>
ts>
e
&,
<?

N

d
J

A
Substitution of the expansions for u and ¥ and the observation
2

that Jdo terms properly belong in a second order boundary layer

solution gives
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A "
+ &: &3 az Ty + T, “,‘2_ (2.46)
— - % =t ] 2,
l}: (10 IZI T; ° a)’
a a A a3 a & ng & 'y a [
gl e le o e UL, Ul Ul Dlsad | g
u, U, e U UcTe U Toe UTe To oy

Observe that the derivative across the streamlines of any quantity
that approaches zero at the wall slower than ;2 has a singu-
larity at the wall. This singularity is not a problem with the
physical variables, but is introduced by the fact that ; is not
analytic in "i’ « It will be shown that the entropy and total
enthalpy variations have the same singular behavior at the wall

so their diiference displays no singularity.

The thermodynamic¢ relations are now used to find the entropy

and total enthalpy. From thermodynamics

745 = dh-§dP ,

Let A E? - Sf .
S;'- i?'FR C;: ’

then a i’i“ _ __é (2.47)
d5 = F° %

in dimensionless variables. The dimensionless total enthalpy

is given by
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dﬁt = al'f‘ + 0(('%:) . (2.48)

The temperature variation él— displays singular behavior at
the wall since temperature is not analytic in the stream function,
However, the same singularity occurs in the total enthalpy
variation so that the function required for the Crocco equation
of part B, has no singularity. Here two clases are considered:
homoenergetic flow where g":t=0 and the more general case where
both g and ﬁt are allowed to vary.

N
First consider homoenergetic flow. Here Jht=0 80 the

temperature diftferential is given by

dt =- d (%_l) . (2.49)

[
This relation requires that Tl =0, that is, there can be no

heat transfer at the wall if the total enthalpy is to be constant.
Substitution in equation (2.47) gives

L t | a
‘)§ = - — J—ﬂ-—( )- F‘ g‘?,;: * (2.50)

¢ T 09

\
N\g.

Insertion of the appropriate expansions into (2.50) gives

. (Ba)' (LR PR oo |

a
Thus, since ul> O, the entropy gradient at the wall is negativej}
A

95 < 0 C (2.52)
O¥/Ye0
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Equation (2.51) can be written in terus of the shear stress at the

wall (%) as

P a w P B . . -
—_—= -  t A, 9 — W
> - P T, Tw dX Y * 7 e Y O0) (2.53)

n A a ~2 [
S 1 ;2:.'!. +.'!.. dPf1 o Plw Ay
5% <) TERR(TE Y

aA\2 T 2 A a3l
HA5) 3 - o BEE Y r0(4)

FL‘{E + ks ¢ ek P roe)y oo@

N
Note that if é— =0, then the ‘V* term is zero and the entropy

variation becomes

A___ L)%, BT &, gco )

2¢ - FB)F T o  (2.55)

If the reference conditions are taken to be the values in

the external flow, then for w =1

(2.56)
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where Me is the Mach number of the external flow, Cf is the

am— — -— e -
local skin friction coefficient (?'w = Cf %fe Ue ) ana 1, is
the length of the forebody (see tigure(2.2)). The friction

coefficient and wall temperature for an adiabatic flat plate with”

no pressure gradient and @ =1 are given by

- 7 g .'!_
C{: =|.328 [_lig/_"_?_&] = |.328 F?EI (2.57)
e °
j’!- = 2.8 (2.58)
..I‘Le =2.6 (P,. =0,723 4 Me = 2. )

from Schlichting (1960), p.344k. As an example, consider a cone
flying at supersonic speed through air ( ¥=1.4). The expression
for ?&’depends oniy on the rflight Mach nuwber and the cone

half angle. For a Mach number of 3 and a half angle of 6°,

Tw 2.42 (2.59)

A
If '1‘e in (2.58) is chosen to correspond to the free stream

conditions of standard temperature and density, then the dimensione-

less wall temperature is
T. = 0.834 (2.60)
A | i

Thus gzs = - -';- 'iA; (29’) (2.61)

at the wall. The dimensionless pressure with these same free

stream conditions can be shown to be
P = .82 .
2 A _A -

Thus Pru(FPT\:) = §.60

80 that in this case,

.._§- = - y pe (2.62)
3 i 2.9] +5'.6Q‘i’+ ACH)
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al
is the entropy variation near the wall. Here, all the q" terms
[

Y "
have vanished giving A as an analytic function of v ,
& oY

Next, the more general case where both the total enthalipy
and entropy &re varying must be treated. In this case, the heat
transfer at the wail need not be zero and both the entropy and
total enthalpy can have a singularity at the wall. It will be

shown (see(2.74)) that it is necessary to calculate the function

FP) =5 “F+.&8 33 ° (262

Fd) = & o v ol8) [NPY ]

'd N - — % T e — (2.64)
F(7+%) 3¢ T+% 3¢ PP °
A 2 af'

Note that WU égs does not have a singularity at the wall. Thus
a
Ff(ql) does not possess a singularity. Substitution of the

A
aprropriate expansions into (2.,64) aliows F-(V’) to be written

as
A

a | . ) .. ] 2 p H L Al
Fo)=-f] U+ o2 )y- 13- F- b Bt )07 e

° ’

Introduction of the stream function gives

(2 T ’3
F) =75 1o * (e 2 +(m-) —L | Vo

UV

(2.66)
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This relation is equivalent to (2.54) if q,= O3 however, it

A
shows that if :‘Tg = 0 but qw,l. 0, the half powers of the stream

function remain, that is

ﬁl'% AT A
Fo) =~ 5| Bo o [Fp w0 ) TR o)
if aT"E = . (2.67)

Thus the \ut term is necessary to account for heat transfer

at the wall or an external pressure radient. Note that from

A
(2.54) and (2,66) the frnctions of x are related by

— ~e - ‘t\v

Ke “ K. = mw o (2.68.a)
w

v I (2.68.b)

Ky =Ky gm0 o

and so on.
The function to be calculated at the entrance of the

inviscid transonic region, when written in the inviscid

variables (2,9), is

¥-1

kR

QU
(¥
I..
R
Ny

*ﬂ

|

s
D
X
.
=
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Using the definitions of the dimensionless variables (2.9) and

(2.19) it can easily be shown that

dS =K —%
A misid = T 2

varjables

AT Jinvisad 49 2 (2.70)

variagbles

1gj§ —;? -_:* é;,jl o SQEE
Q‘FJ w'sQous - _1__ -li- J@* 9 (2.71)

variables ¥-!

_Q__flt_ - ’?-o* So—" —"J c)};-t.' o
P/ viscous Qs ) (2.72)

vaviables

The boundary layer thickness at the corner is given by &j&
where ]L is the dimensional length of the forebody (see figure
(2.2)). This is also the scaling length for the unstretched
variables in the inviscid corner region since it represents the
thickness of the boundary layer entering the inviscid corner
region and thus is the entropy length for the corner region,
that is, _

L = &4 . | (2.73)

At the entrance to the inviscid transonic region the flow

properties are found by evaluating the solutions for the compress-
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ible boundary layer at the corner. Thus,

(z-_' ds _ 1 Jda*
¥ Ay o Jd P inviscid
d

d
req ion
—af ] 2
£ra’ ——=-(++§a‘ ")h . @7
.Po* a,* Y bound ary
ayer
In the boundary layer,
Prax P* n %
T FHge = X.P.ga:a =¥ P . (2.75)
o

If equation (2.47) is written in terms of stagnation conditions
A A A
and the fact that p*=(constant)(p )is used, the behavior of P* in

the boundary layer can be shown to be

[I “"\y+ (‘Y’)] (2.76)

Also, in general Uﬂ hf 2 P ht or
2
=
4 = 2(411 =X
-:———0 - t where - e °
ax = v (2.77)
From the definition (2.48) t:t can be calculated as a function
of ¥. Thus it can be shown that
2N a . ) A2
ga .T“ill-.IIT -lTn-lu'“
- - 2 T - —. B + : _3. . ——
"
mz«w*

= v(epf'w).s[)+ﬁ'ii*+§$+(9’(v’)] (2.78)

A A . .
where A,B.Tl,ul and 'I‘2 are functions of Tw and zwdeflned
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by (2.44) and (2.35)-(2.37).

Finally it should be noted that the relation between the
dimensionless stream function in the boundary layer solution and
that in the inviscid transonic corner region is given by

d Q_D ~ _E*a-o*
d va) - :é-* a-)‘ ' (2.79)

The right hand side of (2.79) has been expressed as a function

of half powers of ¥ , that is, it is the reciprocal of (2,78).

N
This series can be integrated and inverted to give 4 as a function

of % 9
“'a!' ¥ P?w + g
N

n | Y Pr% :

This completes the necessary knowledge of the entropy and
total enthalpy distributions along the streamlines entering the

inviscid transonic corner region. It has been demonstrated that

generally, _| d S | d a_xz

+C Y+ L,
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]
with --2. ~

(R EBEL) R

Aot

A" Tw

where q, 2w o+ P and T are to be evaluated at the corner,

i:ﬂo(x.-_-l). Clearly Co is positive as long as %)0. The sign

of C)‘é can be either positive or negative depending on the

signs and relative magn:.tudes of J-J-; and (7\# w) If g -0,

then C” has the sign of dz' which can be expected to be negative,

If f‘-r =0, then c” has the same sign as q,° Thus, if there is
X

heat transfer to the wall, qw<0 and (:)é < 0. If both the

external pressure gradient and the heat transter at the wall are
zero, then (.2)é =0, In this case cl > 0 and has significance

since it becomes the second term in the expansion. It can be
n

EL)

shown using this expansion scheme to write 5—;3 directly in terms
[}

of é; and q thatf:O and q_=0 does not imply (-‘-)—’-:3) =0

ax w R w ' v

unless the Prandtl number is unity. Thus :IL =0, qwgo and

Pr=1 gives (gj?) =0 to all orders in 'P :

is constant in the boundary layer.

the total enthalpy



D, TRANSONIC PRANDTL-MEYER EXPANS1ON
If the solutions asre to match waith a Pranatl-Meyer expansion
in the limit as the corner is approached aiong radial lines Just
downstream of the left running characteristic from the gcorner,
the ordering of the velocity asymptotic expansions (2.16) and
(2.17) must approach that ot the Prandtl-Meyer transonic expansions.

The Prandtl-Meyer transonic expansions (that is, for small turning

angle) are-

2+l |

U= 5_’.’! T 6 (¥ Q‘* * 6(@0 (2.82)

St g’ L HGs T . OF)

A4 v+ 15 (rv)” ¥ = (2.83)
where i((l for transonic flow. Thus essentially theée are
velocity expansions in powers or %:Lnfz g where % is smail,
This means that near the corner where both X and ¥ are approach-
ing zero, the expansions are valid for a smail sector downstreanm
from the normal to the corner.

In the inviscid transonic corner region the perturbatibn

from Mach one in the horizontal velocity is ordered by El while

the vertical velocity is ordered by VW,. For matching with (2.82)

énd (2.83) one must require thati .

v, = () E;
where the (3+1) is added for convenience later. Further,
(2.82) and-(2.83) imply that the”velocity asymptotic expansion

for U must contain a sequence of integral power multiples of

38
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El while any other intermediate order terms must vanish at the

corner, that is, in the limit Y=o0, % tixed. The evaluation

of these orders should come from the equations, particularly

Crocco's equation. It will be observed that requiring '))‘:()'-ol)%E'
leads to a nonlinear lowest order equation of the mixed type
necessary to describe transonic flow as well as being necessary
to satisfy the downstream matching condition.

Further information can be gleaned from this condition
by observing that (%) is or order (%) in the transonic corner
region, Thus the transonic corner region extends to an angilie
¢=- 8’(%‘) downstream of the corner. Since El is associated

2
with Q from the horizontal velocity expansiongit is clear
that

¥ 3 L
> z 2
-E— = ()"fl) El
defines the relative extent of the transonic corner region

L
(again the (¥+1)° is added for later convenience).
T X

Substitution of n‘"f=}j‘7 into (2.82) and (2.83) leads to

the final expressions for the required behavior at the downstream

U = | +E (7’()2" E, " (¢§) (%)4 oo (2.84)
f/xy _E y
'V = ()’ﬁ)i- '?E. (‘y’s) + E, (§3+§) (3%‘-) LIPS o (2.85)

The asyn{ptotic expansions (2,167 and (2.17) must match with

these in the limit {YQO, % = constanl << 1_} o



II1 PERTURBATION EQUATIONS
Substitution of the entropy and total enthalpy variation
term from the upstream matching condition into the Crocco equation
completes the governing equations

(gasdynamic equation)

Y JTI V U z 1) Y
(a‘-II);)'j‘; -uv %E*f"y ”(G‘V)ay

v | Wamd + Vepgad
+Ja Rc +Yco40( *X.&;ﬂd - o’ (3.1)

(Crocco equation)

gg_%}[ = -t (H‘;F% )(C.*C%SD"‘}C‘{.P*"_ (3.2)

which are valid for small q’ . ¥rom the definition of the

stream function,

— | + @'(E.", E,) (3.3)

where the continuity equation and the fact that the dimensionless
density is unity at the sonic iine have been employed to find

the expression for the density. This implies that

= Y + @'(E.'} E.) . (3.4)

where I’ and Y are scaled with the incoming boundary layer

Lo
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thickness and w =0 when Y=0. Thus one expects that the stream
function can be expanded in a Taylor's series from the wall which
will be valid for distances from the wall small compared to the

thickness of the incoming boundary layer. That is,

‘9 .
v= T, +(5LY + (53,7

where ?o =0 (the zeroth streamline),

) o

o t 2 :
" (59 yew), = o).

Then it is assumed that
O (&y:
-y + O(3Y)

that is, the flow is essentially a uniform flow with small
perturbations, This expansion is valid for small X and Y and
thus is valid throughout the transonic corner region. 1In transonic

corner variables the dimensionless stream function is given by

¢ =cy +0O(e%) (3.6)

where & is of order one,

Now the governing equations.can be written in terms of the

stretched variables as
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(gasdynamic equati.on)

2 H) v 'l 1..__‘-7
(v & - uv(L+FY) + F (a* v $y

-1
. €Y coe o +‘rx.u.“°{]
1 - —_— ( ]
+ .'%. Ta (Umd*Vm-()[l* o O, 3.7)

[

(Crocco equation)

\'4 u - -
g_x- 5)7 2"?0 (|+J )[C,f? ) )’+£C Yf’)ot] (3.8)

The introduction of the asymptotic expansions for the velocities
and the use of the Bernoulli equation (2.4) tor the dimensionless
sonic speed allows the governing equations to be written to

various orders as

T Vi ¥+l 8 ta ' U
- (&H)E 7 'y ax May 2 E| N ax (‘“)E.E Uaax

- G)EE w3 e Eu M- FE M U § -t 5
Mo . -
= %Eo v. Vl oy + R%O Z"Md + h. o. t‘ 0, (3.9) .

T z ou
W& - FEY *4 £ 6 5y

Ve t.
2 5x + h. o

-[z'c:, rreic % +28Cy -TECU

©°

+ % TEW-)CY + h o t] o (3:10)
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From the Prandtl-Meyer matching at the downstream corner (see

Section I1I),

z : 3

£ = (+) E, (3.11)
3 3

Y, T (*’”)t E: o (3.12)

Thus (3.10) becomes ;
3 {ow oV V: [ £6 U _ OV .
E, Y 5‘;’ + (,,_,)i YV, oY X h. o. T.

= E*Co +£‘.sz Y-i+ h oo T. . (3.13)

The Crocco equation (3.13) must provide the final 1link
between the parameters. There is some difficulty in deducing
this relation., One requires that the vorticity is of order one
when written in the unstretched variables for this is exactly
the definition of the entropy length, L. However, this is not

¥ 1
enough since, for example, one could put %—E-' =1 and Y, =(3‘") £
)

giving. U _ é__‘{'
oY X O
aua' é_!‘ =
5y ~ X Co

and still

is of order one. The reason for this, of course, is that the

irrotational terms in the asymptotic expansions contribute nothing
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to the vorticity, while the size of the corner region (given by £ )
can be adjusted to make the velocity variation (E 1) as large
or as small as desired. It is necessary to bring in other

considerations to settle the ordering.

U é)Vi__c)
1f & were small compared to El s0 that 3y o% - P
v
then at the wall, where vl and gf are zero, g——‘;‘ must also be

zero., This would be inconsistent with the postulated incoming
boundary layer profile. Clearly, then, rotational effects
should be felt in the first order terms for the problem at hand.

That is a U,

oU =

>u u) -~ O
c)YY‘-:O Y yzo °

is a requirement of the current analysis. Thus,

(3.14)
E = &

M _ M _ . .
ay a - ‘O (3.15

is the proper ordering of equation (3.13). Notice that this choice
allows the most curvature in the incoming velocity profile.

If it were desired to treat the first order velocities as
being irrotational, but to include the effects of rotation on
the seco?d order velocities, then it would be necessary to have
E| = E! « This choice leads to the equations treated by
Vaglio-Laurin (1960) as will become apparent. Evidently this
allows only a second order perturbation from an irrotational
incoming velocity profile. Vaglio-Laurin's results show the first
order sonic¢c line normal to the subsonic upstream wall. fhe desired

solution in the present proolem must have a sonic line thaty
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even at the wall, depends on the incoming vorticity at the wall.
Rotational effects in the first order equations seem necessary
toc achieve this.

Other choices must be discounted because of the results
obtained by Vaglio-Laurin (1960). His numerical solution shows
that the solution of the first order irrotational equations
satisfying the proper boundary conditions must have €, = E*.
Since his results corroborate Guderley's(1948) irrotational
solution, it seems that his ordering is the only correct one for
the problem, except the one treated here. As will become
apparent, the success of the present ordering is due to a
singularity of the governing equation which exists along a
singular solution of the equation. No other ordering allows this
circumstance to occur.

Wwith (3.14), the second order Crocco equation is

Ih _ OV _ A, T
Y DX = (Y (Cyfo (3.16)

where V, = (3"")3 82 (3.17)
. 2
and E 2 - gt P (3018)

This immediately settles the first and second order gasdynamic

equations as

QU . Vi _
W ox 5y 0 (3.19)
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and

ou oU QVa
u. S5 + “'5‘,;2 -5y =9 (3.20)

where the axisymmetric terms have been left to higher orders

(see Section VI),

Equations (3.15) and (3.19) can be combined to give

2
qh _ QU [
Muaxt &yz - X (3.21)

which clearly demonstrates the mixed nature of the leading
equations., This non-linearity is essential in describing mixed,

transonic flows,

The form of the first order Crocco equation (3.15) suggests

introducing a modified velocity potential by
_ 0
u, = X (3.22)

v)
V, © d’; ~C X (3.23)

Thus (3.15) is identically satisfied while the gasdynamic equation

becomes

) ) () -
’ 4’,(,( - @y =0 (3.24)

which is the same transonic potential equation found in irrota-
tional flow, but with a modified potential. A solution ot (3.24)
that satisfies the imposed boundary conditions is desired,

The fact that this modirfied transonic potential is the first
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order term of an asymptotic expansion expressed in terms ot an
artificial stretching parameter, imposes a further important
condition on its functional form. In particular, it must be that
the solution of this problem, when written in terms of coordinates
made dimensionless with the entering boundary layer thickness

(the only physical length in the problem) is independent of the
artificial stretching parameter € . This is the '"principle of
eliminability" as discussed by Chang (1961). Generally, a
similarity solution for the problem is necessary, for it must

be that EW, (X’Y) is not a function of £ . Thus there

exists a similarity parameter independent of € such that

/
E Ui (xsY) = cU(xoy) = £y £ (?) (3.25)
x . X &' _ X &7 .t
and 7= o = Sr-m > T —y;m pu (¥+1) (3.26)
B0 m = g . (3.27)

Observe that if the first order solutions are required to
be irrotational so that E'= S‘é s then 2= (7,.)*£§ and
the above reasoning leadls to the similarity parameter 7?" ;’!5 .
This is the similarity parameter found by Vaglio-Laurin from
the numericai solution of the first order transonic potential
equation (3.24), but with the modified velocity potential replaced
by the usual velocity potential. That is, a first order irrota-
tional solution satisfying the given boundary conditions requires

that the similarity parameter be 72: -!; e This allows the

y .
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entropy gradient at the wall to be or the order oif the secona

order velocity perturbation.
With this information it can be shown using equation (3.24)

that the potential (3.22) must be of the form

and U = 1o o (3.29)
2is PN _
v- AR -3

The transonic potential equation (3.24) reduces to the ordinary,

non-linear differential eguation
]
s db 5 _
(%-4%?7)3_‘—?-% i :}—VJ;?! B I,."'Pl =0 . (3.31)

This is equivalent to the equation given by Vaglio-Laurin (1960)
with p=3/2. The condition that there be no flow through the

upstream wall {Y‘ O,X«’} reguires that
s }-?;Q!ﬁ-c — 0 —3»-00
3 ﬁ - 2 J? -] ? aﬂ- ? [J (3-32)

The requirement that the flow match with the Prandtl-Meyer
transonic expansion in the limit as the corner is approached
implies matching as ? = ;!‘ ~—» ¢+, The matching requires that

fl have the form

3 D
£ = __;.?.. P (3.33)
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so the velocity components agree with the transonic Prandtl-
Meyer expansions (2 .84) and (2.85),

It is well known (Germain (1962)) that this difierential
equation (3.31) has a group property, so that with suitable new
variables the second order ordinary differential equation becomes

a first order ordinary difierential equation. Thus we put

£

S= 3 (3.34)
4

t= ?’3 (3.35)

and equation (3.31) becones

dt . Fsedt-2t

2‘5 (t'i‘s)(‘t- 39') (3.36)

with the inverse transformation given by

ds

ﬂ/ﬂ.? = f‘t—35 y (3.37)

Much of the analysis of the solution curves of (3.36)

in the (s,t) plane has been carried out by Germain (1962) and

Vaglio-Laurin (1960). The analysis provides the location of the
singular points, physical significance of these points and the
behavior of the solution curves in their neighborhood. Equation

(3.36) has three singularities in the finite (s,t) plane and
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and two singularities at infinity. Examination of each singularity

follovws.
A. THE SINGULAR POINT AT THE ORIGIN, s=0, t=0

In the neighborhood of the singularity at the origin equation

(3.36) can be simplified to
3
dt _ s+t -
- 9 _ 3.3
ds 2 (3s-1)

with integral curves,

_s5¢)
%%)g—)é = Cans'fan't' . (3.39)

The point is a node with all integral curves except one, tangent

to the line t=3§S . The inverse transforumation gives

consTant

77 = (t'— f-'s)* | (3.40)

and the asymptotic expansion for fl in the neighborhood of the

singularity is

5 2, 3 -3
fepo )+ men - BAC-FAner) o
+ & (7™

where Ao and Al are arbitrary constants, The asymptotic

expansions for the velocities can be written directlyg

w=- 50 e ray- FRIEx)TY?

4
t Es:f A, R. (“*) ’ Y e 0()”)] (3.42.a)
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and

4
\4 = (Alfc') ('X) _%Qﬁ: (‘x),y-g.ﬂnAo('x)}y"" 0()’7) e (3.42.b)

At this singularity ?’ approaches infinity. Since the
velocities do not have the desired Prandtl-Meyer behavior it
must be that this represents the subsonic edge of the inviscid
transonic region.

To require Vv

]
oY ly=

1 to vanish at the upstream wall is equivalent

to requiring =(,, that is,
o

A' = - C. ® (3'“3)
If Ay PO the flow is subsonic at the wall. If A, <O it is
supersonic. Vaglio-Laurin (1960) obtained a similar asymptotic

expansion for his rotationless first order equations, but with
A1=0.

B. THE SINGULAR POINT AT s = -]3-'. t =1
In the neighborhood of this singularity the differential

equation can be simpliried to

IS &-13F

Qe
onlei

-5 (F-3&) (3.44)
- i —
where 2 = s- 3 and 0 = t-1. . the integral curves of (3.44)

are given by

6
[?-52:']5. [0—: - 3}:‘— ?]: cons‘t'an't'o (3.45)

The singularity is a saddle point with two principal directions
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—1 - =
given by 6"35-2’ and 6’-’-’%'&‘ « Along the principal direction
' o =3 )
given by 685 ¥ the inverse mapping (3.37) gives
—

‘7: C 62
with C as the integration constant. Thus passing through the
singularity in this direction must correspond to the y-axis. The
leading terms for the horizontal velocity in the neighborhood

of the y-axis would then be
( )

That is, ul would be symmetrical in x, & situation not

allowed in the current problem. Along the principal direction
=_25

given by 6 ¢ T (3.37) gives

s

—

v-Cc& " (3.46)

Passing through the singularity in this direction corresponds
to 17/ = © and the asymptotic expansion and corresponding
velocity coaronents zre

3 : 3 -2 108 -4 2
'Fl = }Z + Ba 7:’_ 25 8:7 F- 244375 3937 "+0(7'!‘=), (3.47)

-2 £ _I*
u, = (7')1’( trytxT +<9(>’§" X ’) (3.48)
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3 2 2 o .2

and l="'3!'}2"- -C‘X+§g°yrx * @-(yrxf) s (3.49)
Clearly this is the correct behavior for 7-—»4-00 as it matches
with the Prandtl-Meyer transonic expansions (2.84) and (2.85)
near the downstream corner. The Cox term in equation (3.49)
matches with a corresponding term found by Adamson (1968) in
expanding his transonic solutions valid close to tune corner tor
small turning angle (his solution is valid near the corner for
any expansion angle).,

C. THE SINGULAR POINT AT & = 2, t =

Wy v =7

=3
Notice that the integral curve t= ¢ represents a

}

limiting line in the (s,t) plane except at the singular

)
point (see Vaglio~Laurin (1960)). That is, }‘ts =0 if 't"";" and
S*% so that J(ln?) = O showing that the line represents

an extremum of 7 » Thus any solution intersecting the line t=

N

except at S=%must be rejected. It is left to show that a valid
solution curve can pass through the singular point and that, as

Vaglio-Laurin (1960) observed, the singular point corresponds to

a characteristic,

The substitution of the velocity expansions into the general

expression for the characteristic slope,

(g) characteristic = ;(Z”'“ (® :"_/l—’-t)

gives in the transonic region variables

_d__)_’ - -TUI.% s vua 2 1 3 iy
Adx \ t—» ' E2e uT t8 it o that (5,50
characteristic |
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The compatibility condition along & characteristic,

: ds
cHu ;@ t O+ st contt g = O

similarly becones

Eg(”‘)i ul.‘!dul L dV‘ -“l'% Coﬂ'y
+ Ejhﬁd% %éﬁ‘”f[;h%'-c;t;XJ + L‘f}@;bﬂ:'(:% Yéﬂ{i] :t‘lUQ

+h o T = O (3.51)

where the entropy variation has been written as an expansion in
Yy &as previously discussed in Section II. This expression can

be simplified by writting the velocities in terms of the modified

velocity potential,

_ 40

U:= ¥y (3.22)
@)

V.= O - Co X . (3.23)

The first order compatibility condition becomes

[0 622 d o2 « code -[89] c. dy=o.

Using the first order slope along the characteristic from (3.50)

to relate JX and d, the above expression becomes simply

' 1) )
[ “] 0‘ ‘ r ol(b;l =0 (3.52)



55

which has exactly the form as for irrotational flow, but with

the modified velocity potential instead of the usual velocity

potential,.

The singular point is a node with integral curves in its

neighborhood given by

(t-5)°

(t-%5- 5)5

L3
All integral curves through this point have slope j-—gz 2-" except

Cans-tan-t Y (3.53)

for the singular solution ¢t = s. The inverse transformation gives
2 [ )
[- ‘9‘(8-3') + h. o.t. ]
= .54
?=7 € (3.54)

where '?c is the value of '7 associated with the singularity.
The absolute value ot 7? is decreasing as the singularity is
approached from below the line t = 19; and increasing when
approached from above. Presumably, then, ?C' will be negative
for solutions approaching from below and positive for solutions
approaching from above since the singularities representing
’?—74-00 and ‘7—-9-00 are both below the line t =% « Now, the

slope of a curve '7:-'?‘, with ?c a constant value is

1

dr) -2

Along any characteristic the slope is

dY _ -1
dx =+ U (3.56)
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to first order from (3.50). If t ""'?F y then (Y, = %?czy

and (3.56) becomes identical to (3.55). The negative sign

refers to a left running characteristic while the positive

sign indicates a right running characteristic. Thus the curve

?::7% has everywhere the slope of a frirst order charactecistic.
Ii the first order compatibility condition (3.52) is written

in terms of s and t and ¢t ='% is imposed, the only value

of s that satisfies the relation is s = %-. This is true for

either the left running or right running characteristic slope.

Thus only the point s =-% along the line t ='% can represent

e characteristic in the flow. Clearly, then, the singular point

represents characteristics in the flow, Note that (t-3s) is

negative in the neighborhood of this singularity so that near

this point

d(fn?)
dt

as pointed out by Vaglio~Laurin. Since

2 (:H.

< 0 (3.57)

t=7(F)

the inverse transformation (3.37) implies

1d df-) = 2t+ (t-zs)f-: ]

k4 J»? d-_?— (3.58)

dt

so that for t and & near '% and with % € ) for all integral

ds

curves through the singular point, the expression on the right

hand side of (3.58) is positive. The behavior of uy is like
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that of éﬁ , suggesting in view of (3.58) that u is
47 1

increasing if 7 is positive or decreasing if 7 is negative.
If f-:::l there is no acceleration in the neighborhood of
the characteristic represented by this singular point.

This discussion leads to the conclusion that indeed a
valid solution curve can pass through this singular point and that
two ? = constant lines may be associated with characteristics
in the flowj one to be identified with the right running charac-
teristic which intersects the corner and the other the first
left running characteristic associated with the corner expansion
fan., The asymptotic expansions valid in the neighborhood of these

characteristics for solution curves passing through the singular

point with slope (5/6) are

9.8 2 We IS £ ¥
ﬁ=a‘?c[_-'*"z")*?(fc")*C’(?.,") +9‘(%-1) ] ,  (3.59

.
ale

L __ - Lo/l X _ L X _
u'_zp I+3 ? y )-l-sa 'gyg )"’@’ 7 ;} ’) (3.60)

and

with € an undetermined constant.
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To examine the behavior orf (3.31) at infinity, it is usual
to map the (s,t) plane onto & hemisphere so that points at
infinity are mapped onto the equator. This is accomplished by

the conical transformation,

Xo (3.62.a)

X
t'= ;i »

(3.62.b)
The projections of the integral curves on the hemisphere

are in turn projected on a plane perpendicular to the (s,t)

plane so the singularities at infinity which are mapped on the

equator can be studied with two independent variables (see

figure (3.2)). Towards this end choose X, = l so that the

equation describing the projections ot the solution curves

onto the x, = 1l plane is

dx,  Xa (3)(Xamixe) + 27 - F Xo X - 5 Xo
Axo _Xo (Xa- 3)(Xs‘ £Xo) ° (3.63)

There are two singularities of {(3.64) occurring at x, = 0,

x2=0 and at x°=0,x = 1.

2
D. THE SINGULAR POINT AT ( 0, O)
As observed by Vagiio-laurin, all curves enter this singular
poiht nearly tangent to the X5 axis. That is, the right hand

side of (3.63) becomes infinite at the singular point as long as
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2 _=-1
2 *o does not approach -(15/4) as x, and X, approach

x
zero. The hemispherical projection requires that Xo be non~
negative, so this condition is always met. Solution curves pass=~
ing through this singular point thus have x, 3D x, in its
neighborhood. Vaglio-lLaurin shows that the alternate assumption
x°}> x, leads to contradictory results. Using this approxima-

tion (3.63) can be reduced and integrated to give the integral

curves in the neighborhood of this node as

d
2

xzkz 3?*(!5-%-1-2!))(3 (3.64)

where |f is an arbitrary constant. The inverse transformation
gives 5

D= constanT § . (3.65)

Traversing an integral curve through the singularity causes ?
to go through zerc and change sign. The result (3.65) differs
slightly from that given by Vaglio-Laurin (1960) which appears
to be in error. This diifiference would have no effect on the
numerical calculations reported by him in his paper.
E., THE SINGULAR POINT AT ( 0, 1)

The singular point at X, = o, x, = 1l also offers a poss=-
ible solution path for z? passing through zero. Linearization
of (3.,63) in the neighborhood o1 the singular point and integration

give the integral curves

(x,_|)(x.)% = constant . - (3;661

The singularity is a saddle point with principal directions
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x, = O and :ﬁ:-2 = 1. The principal direction x = 0 isyof

course, the projection of the equator of the hemisphere and is
the iepresentation of the line &= 00 in the (s,t) plane., This
does not correspond ‘to a solution curve of the equation‘in the
(s4t) plane. The principal direction x; =1 corresponds to
the limit as s=%»00 ot the solution curve s=t « The inverse

transformation shows the behavior of 7? near this singularity

to be

4
= constant S 7,
(3.67)

Thus a solution entering this singular point along the principal
direction given by X, = l corresponds to ’?—’ O. Observe
that according to (3.67) both f, and f] depend only on the
square of the constant making them independent of its sign.
Further, 8 depends on the square of 7? sc that the integral
curve in the (s,t) plane approaches the

singular point and retreats from it along the same path as ?
increases through zero,

The singularities in the finite (s,t) plane are shown in
figure (3.1). The integral curves in the neighborhood of each
singularity are shown and typical integral curves are demonstrated.
All the singularities are shown in the spherical projection of the
(s,t) plane of figure (3.2),

Following the discussion of the singular points, it is
possible to describe qualitatively the desired solution curve
in the (s,t) plane. Clearly the desired solution curve originates
at A.( @P—» -09) and eventually ceases at B. ( W—F 200,
Further, 7% can only change sign at D. or E.( %7— 0).

This is true since ? cannot display any ot the above behavior
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at any regular point ot the (s,t) plane,

Far upstream at the wall (3.42.a) indicates that A°>'0
for the flow to be subsonic. With this condition the integral
curves emerge from A. in the direction of negative t and
break towards the positive s direction. All solutions leave A.
with slope (5/3), but those with C°> O have slopes that increase
after leaving A. (figure(3.l1), type i) while those with c°<<3
have slopes decreasing after leaving A. (figure (3.1), type ii).
Since 8=t is an integral curve ot the equation, no other
integral curve may intersect it except at one of the singularities
A.y C. or E, which lie along it. Any integral curve passing
through the region {t<42 ,t<$} cannot intersect point C.
without first meeting the limiting line, t = % « Any such solution
curve must be rejected on physical grounds. The horizontal
velocity reaches sonic speed at the intersection of the solution
curve with the s-axis. Thus no physically acceptable solution
leaving A. with t<s and intersecting the s-axis (sonic line)
is possible, However, it is possible ror integral curves leaving
A. with t<s to reach B. by passing through the singular point
D. before crossing the sonic line. Since point D. corresponds
to ® =0 in the physical plene, this solution has its sonic line
downstream from the vertical axis (=0).

The integration of (%.36) numerically, starting at A. with
the asymptotic expansion (3.41), gives solutions entering D.
only for co sufficiently less than zero. All curves with

positive co have a limit line. Of course, negative C° implies
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ol

that SY € O at the wall, so these solutions are not of current

interest, However, this discussion does point out that a sub-

u
Q—'CO has its sonic line

oy

downstream of the y-axis, The slower moving fluid farther from

sonic incoming velocity profile with

the wall takes a greater distance to be accelerated to sonic
velocity. This reinforces the hypothesis that the desired
ou,

incoming velocity protile, with 3-7 20, should have its sonic

line upstream from the vertical axis,
Solutions from A. with t9vs8 are alsc unacceptable since
they correspond to supersonic incoming flows. That is for

t>»s in the neighborhood of A., A°< O and w. >0,

1
The only other other integral curve leaving A. still to

be considered is the line t=s . This integral curve proceeds

from A.( 7~ =) through C.c(®="- ) to E.(P=0). As 7P

continues to increase the solution curve retraces its path to

c. ( ?:?‘., ) and then to B,(7—> +00) as shown in figure (3.1l),

type iii. Here 72* and }é- refer respectively to the ileft

running and right running characteristics which intersect the

corner. The solution curve t=s8 corresponds to fl proportional

to 7 . Substitution into (3.29)and (3.30) gives

-Fl = C° ? J (3068)
u, = Gy ’ (3.69)

Vl - O . (3'70)
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Since both 5 and t have the value (9/4) at the charac-
teristics which intersect the corner, the values o£'72+ and ?%3-
depend only on Co. Thus from the definition of t,

S 2
Co=2%
so that (3.67) gives
2 L
et =% =3 C . (3.71)
The solution described by this integral of (3.,31l) is a parallel,
vortical flow with constant (g-—-—;‘,' for ~0< P & PC"" The sonic
line lies along the upstream wali. Downstream of the leading
(}%,) characteristic from the corner the solution describes a
transonic vortical flow expanding about a corner., This problem
has been treated by Adamson (1968) using left running charac-
teristics and streamlines as coordinates. The asymptotic
expansions valid near the leading characteristic (3.59) and
near the corner (3.47) give velocity components that agree with
those in that paper,

If ?%* =1 then C°=(9/4) and (3.31) can be numerically
integrated from C. to B. using the asymptotic expansion valid
near }L$+OO, (3.47), to start the integration. The value of
B° that gives ;2+ =1l is found by numerical iteration to be

B, = 1.94852 . (3.72)
Further, this numerical integration can be employed to give
the required value of the constant & in the asymptotic expan-
sion (3.59).
At this juncture the only possible solution of the desared

typre has been shown to be a parailel incoming flow with the



64

sonic line along the upstream wall and -al' =Co. This flow has

oY
no subsonic region and lacks the curved boundary layer profile
typical of a boundary layer. Hovever, abandonment of this method
of solution is not justified for it will be shown that the

difficulty is inherent in the first order equations.

It is clear from examination of equation (3.21),

c)UI JU- - (')z“l
Iy*

that in the neighborhood of the sonic line where vy

=O,

2 ]
—%—}lrx— - h. O-T %% g,% >0 ,  (3.73)
'U

Although a supersonic boundary layer with <3 positive near

oy?
the sonic line is conceivable, it should be generally expected
T

U
that %‘,% is negative., Typically, in fact, %‘7; is negative
throughout a boundary layer. It is not possible to obtain this
condition from a solution of the first order equations, The

most boundary layer like solution obtainable from this equation
2

é-?-l =C and w

oY o ayﬂ

It seems then, that this first order solution must be used and

is the one presented where =0 for x<O0O,
variations from the constant slope upstream velocity profile
are due to the second order terms in the velocity asymptotic
expansion., Physically this condition implies that although
perturbations from sonic velocity can be used to treat an

irrotational flow, it is necessary to perturb from a rotational
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velocity profile in a basically rotational iflow. That is, the

perturbation from the incoming flow should be written ag
U=14+0CY +u ' (3.74)

with u' the perturbation of the velocity profile. The fact

that the transonic corner region currently under consideration

is small requires COY to be small, thus lending validaty to

the present approach. It seems clear that second order terus

are necessary to describe the flow being contemplated.

From (3.74) it is immediately apparent that special care is
necessary as Y-»0 to insure the uniiormity of the expansion.
That is, & region can exist where the C,Y term and the pertur-
bation term, u'y may be of the same order., Here another expansion
scheme would need to be considered. This turns out to be the
casej solutions will be obtained for both regions and matched.

In taking account of second order terms, it becomes neces--
sary to distinguish between two situations. The entropy and

total enthalpy variation has the form

(*"')[Co"‘ F%C,AY% + EC Y h O-tJ .

As discussed in Section II, C)é = 0 if there is no wall heat
transfer or pressure gradient in the boundary layer leading into
the inviscid transonic corner region. The ordering of the
second order equations depends on whether Q” is 2ero or non-
zero, The governing equations are different for each case so
each case must be treated independently. Section IV treats the

case where C, # O, The results for Cya = O are presented in

Section V.,



IV THE SECOND ORDER SOLUTIONS FOR Cﬁ # O

A second order modified velocity potential defined by

2
™ 2
u, =@, +504° (4.1.8)

(1)

is introduced into the second order eguations (3.16) and (3.20).
Thus the second order Crocco eyuation is identically satisfiied

while the second order gasdynamic equation becomes

[¢lz)*3 C- y ] ) ¢m¢{a) . ¢;;) o . h.2)

A8 is usual with asymptotic expension problems of this sort,

the second order equation is linear in the second order variables

and it must have the same samilarity variable as the first order.
[

Thus the potential must have the form

6 = y'f. (2)

(“"-3.&)

- y 7 (""o}ob)

¢::J= 3y? [{‘z 2?"{'] (4e30c)
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The linear ordinary differential equation for fa is then

(H' 7)‘”‘ ) 6f, =~ C;”: ¢ (bt

9 45,2 . .
Since C_ = Ti?c* it is convenient to normalize (4.4) by defining

new variables

- X
f 7

' (4.5.a)

%+ 9. (£) = £(7), (4.5.0)

1
&>
-~
~3
e’

LY )

and 797(2-: 9 (T)

to obtain
2 [ 9,. __3. dzqa
[H. f]jﬁ j:."" ]J =30} Jgieq.e

To reduce this equation to a recognizable form it is necessary

(40503)

to rescale the independent variable and shift the origin of

coordinates, To accomplish this we define

z=3(1+%) , (4.7.8)

g, () = 6(z), (4.7.b)

and E;"Ef) = ?E?(Z) ¢

Then (4.6) becomes

F_2, , =
[5'(&2)*2(”']; [53_'{ -i 32 L"zg"s'e ="FQO‘—{§ o (4.8)
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Upstream of the leading characteristic from the corner
the analytical form of the tirst order solution, F, was found

to be

F=(z) for 251 (7524),

(h.9)
Thus

s 2146 _2 ~ _
z(z-:)j?"’[ *;Zdz 36 =0 (4.10)

for z<1l. This is the Gauss Hypergeometric equation which has
three regular singular points, here chosen at O, 1,~®@, These
correspond to P =%.- 9P=%c* 9% =~ in the physical plare.
That is, the second order solution can alsoc have mild discon-
tinunities at the two first order characteristics hitting the
corner, This suggests that the first order characteristics
must also be the characteristics to second order and this can
be shown to be the case,

The general solution to (4,10) for 1Z)<¢! is

G= ﬁ,p- ‘,-‘z(a-z)] +D“;['Z(I"Z)TF(3’§' £52)  wan

249,
where F(?,g ;",Z) is the Gauss Hypergeometric function,

p(atn) F(btn)

'(a) re) n
F(a,b, ’Z)=Z\ ['(cen) M(n+1) Z (4.12)
=0 T

A
with () representing the usual Gamma function while D,, D,
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are arbitrary constants. The hypergeometric function has an

Z
analytic continuation for Z €-| in terms of 71

A
-3 .2
F(32;2:2) =(-2) F(HEIEIF),  wasn

where, of course, equals means identically equal in domains

. 2 Ll 2
where both converge, Observe that F 39€)%% ’Z-T converges

at Z-I = | (Z2-9), Then for z%€ -1 the solution is
L
? - -
n E%F ¢ 33 2 1 o_l_g o_?_
5=6,[|-L-,€2(l-2)}+ D, € [-Z(I-Z)] (I-Z) F(&"?’ I z..,). (4,1h)

However, to clarify the behavior of G as 2z-—»=00the solution

can be represented in terus o:.t; 2l for 27*<&(-1).as
F(hbi2sZ) =a () F(i5407)
e, (5 (-2 F(5,-4:504),
where |
(#)r(s) r(e) e
= pE)r@ M M r@reE) o O

Notice that G(z) cannot be written directly in terms of (z-l)



70

since there is no overlapping of the domains of convergence,
‘The i%%' representation is necessary to tie the constants
together, With this, the behavior of G &as 2z ~»=09 can be

seen to be

= ($0,+0.0) 2) + A, e}

(’766;*53142) (-Z) + %Ac-ﬁz ("z)-i

+ (6.*155291) (4.16)

where 3% = 62(-1)(13/6),

The derivatives of the second order velocity potential can

be written in terms of G as

() | L '8:' g
¢x = -7y 5(-_7) (4.17.a)

2 G
f) [G-z(‘z J(‘Z) - Z j_(-;)] o (4,17.b)

Relation (4,16) then gives the behavior of the velocities as

2 —~»~00 , written here in terms of x and y,as

a5 3 3 -3
67 < L (5,45, ) ) - +a5 B ) ) VOS] s

x 22,



71

‘P‘q=zl (?)(") *+3% (73 n*l%ﬁ;ﬁi)y'*&(-z)-; o (4.18.b)

Since the horizontal velocity does not vanish along the
upstream wall, there must exist a region where this second order
solution exceeds the first order solution already obtained.

In fact, writing the horizontal velocity in terms of unstretched

variables gives

u=|+c°Y-2-';c-*(%“13,+5, A) CX)+ ... (4.19)

as Y>>0 or X~»=00, Thus, this form of the solution may
not be uniformly valid when Y is smaller than a constant times
X. It is necessary to define an inner region with a different
stretching of coordinates so that this nonuniformity does not
arise.

The region where the outer solution fails is defined by

=X . | (4.20)

To look at the detail in this region, new stretching parameters

must be introduced by

Y'—' ?:-.. 6'(') (k.21.a)

~
e

X = :t‘:g . X = (1) . (k.21.b)

In this inner region, the relation between the stretching

parameters is given by (4.20) as

3
1 A
(3+1) & (4.22)
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[

where the factor (!fﬂz is added for convenience, Notice that
fhis inner region is a wedge shaped region and-cannot ve con-
sidered "thin" in the sense ot smail Y alone. 1In fact, this
inner region includes the iimit X=—%#~¢0, Y>> 0O as well as the
limit Y~—»0, X<O0,

Consider new velocity asymptotic expansions valid in the

inner region to be defined by

’ 2 ~ ~ A ~ e
w = E @) U (R,7) (4.23.a)
{

e

(- ) A ~ A= (... N
. (X, Y ) 0
V= E X \)J (E’) A (4.23.5)
izt
P
Thus El should be identified with El of the outer region
since both represent the perturbuation from sonic speed.

The gasdynamic equation becomes .

e o B o0 ptpia O _ sz o O
‘(3"") Ec uoa_";'. +‘i‘~'- :ﬁ. + F] { ' a;‘(' (f*')E,E, %Dg
x ool Eo o o Eaps 20

-(D’fl)E,Ezuuay +-;‘,:: *()—?'_“”)? s VO ‘37
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and the Crocco egquation becoaes

o~ ~ ! §
~ a (] T~ au' ;-\— )
-_— T E = thotl ¥+1) £ Co —h.o.tT. (4.25)
1 3% g tay o- ( ) Co ot P
The lowest order terms of (4.24) are

Generally neither Mng? nor Qf' will be of higher order in the

inner region if matching is to take place with the outer region,

This requires that *
= )’ E (4.26)

is included for convenience. The lowest

where again the (Ubﬂr
order term in the left hand side of the Crocco equation (4.25)

is then of order Ei. Thus,
El = 9 (""02?)
and the first order inner eguations are
P o
v,
"’,é-;' - i;‘ = 0 (4.28.a)
oX oy
air (4,28,b)
3 «28,.b
Eﬁ? = Co .

Equation (4.28.2) is the same equation found earliier in the

(4.28.b) shows that the g%? term has

EEE term which appears in irrotational

%

outer reglon. However,

become dominant over the
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flow problems and appecared in the outer region first order
equations. This should be expected, since derivatives with
respect to x are of lower order in the inner region than in

the outer. This situation appears in the boundary layer equations
and can be anticipated here where the solution must match upstream
with the subsonic portion of the incoming boundary layer.

Solutions to (4.28) are easily found to be

h=C7v+ @) (k.29.8)
o ! L -~ A'Ffi') 4.2
Vi = [i‘CoY 4-4‘(?))/] el (4.29.0)

where v, = O at y= O. The unknown function can be inferred

by the principle of eliminability. That is, it must be that

L [
g [C, y+ F(R)]
is independent of 'E' when written in unstretched variables. Thus

f(§)= KX where K is an arbitrary constant to be determined.

Wwith this the inner solutions are

0, =GY +XK¥x (4.30.a)

V-X(cry*+KXxy) . (4.30.b)
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Notiée that the perturbation from sonic velocity is the same in
‘both regions. Thus E= E and the inner regién is really a
region where X is stretched less than in the outer region.

The Y stretching is the same in either region.. Thus the
matching must occur for both limits y-»0, x fixed and x —» -0,
y fixed. To facilitate the matching, (k.30) are written in outer

variables using the relations

Y_:g:a._ﬁ _..x.--—?ﬁ: "'g"ﬂ-'
Y="£""£-Y-Yy X'T-Bx € X
to give
A 3
u'a'nner- = I + & M. +’\.°.t' - |+€(’°y+£tKX'I' h.o.t (4.31.a)

Vimer = (xﬂ)% Ez\zf hot. = (tﬂ)*K[é"%Co)’zi—EgK xr"""t]j#.}l.b)

When the asymptotic expansions (4.18) are substituted into the

outer region velocity expansions there result

Tater = 1t ECoY — ¢ 2—;;, (41561 "anﬁ) 6"‘)*’0’(,(;’) (4.32.a)

L
Vouter =l) [ A5 (f'z.)’“f*?z, (BidBa) s O | s

The comparison of (h.}i) with (4.32) shows that for matching
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to occur,

(4.33)
L .
- & U
K= 75 ¢ (4.34)

The constant K remains arbitrary and this matching can be
carried out for any value of K, This constant would
presumably be determined by matching with some solution
which is valid on a larger length scale than that being considered
here, However, as will be shown, K can be identified with the
dimensionless pressure gradient upstream orf the corner. As such
its value should be expected to be of order one and K=l has
been used in numerical coumputations.

It is important to note the inner solution does not give
a term or order E% . Thus the condition requiring v, to
vanish at the upstream wallywhich led to (3.43), is correct.,

From this analysis the solution for G, at least in the
range 2<0 is simply

G=7%7. K[ - 1792('-2)] . (4.35)

The general form for the solution in the range 04z €1 is

given by (see (4,11))

)

s :
G=p*|I-¥z0-2) +Df[z(l"22-} FG.7:%72). (4.36)

Continuity at 2=0 requires

L
z - X
D;k': 82.4. K =12 KC: o (4.37)
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However, Dg cannot be determined at 2z=0y for the only condition
that could be imposed is a physically wmeaningless "boundedness"
condition on the third derivative of G. That is, since 2=0
corresponds to the right running characteristic intersecting

the corner, only the velocities and thus the velocity potential
can be considered as continuous. The acceleration and higher
derivatives of the velocity potential may have discontinuities '
at 2=0. Of course, the same must be true at the left running
characteristic from the corner at 2=1, and so D* must be

2
determined at z=1.

The hypergeometric function of (4,36) does not converge
at z=1l. To study the solution near z=l, its analytic continua-

tion in terms of (l-z) must be employed., This is given by

reer Z.19.
F(%%i’a’ﬂ) = ,-1( “-:55) F(?? ?!"2)

(B)r(g), -
¥ ll:(3) r‘(-;’-) (' 7) F(s,g';'g";t z)(u.ss)

for 02 (1-z)<1l, Observe that at 2=1 the solution (4.36)
has the value,
19 3
., &)r(f)
G =8%K + oy ,-(,) r (%) (4.39)

and further,

| rE)re)
- Kl=»
%) = Fenk D FarE | . e
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As suspected, the derivative at 2z=1 is just a multiple of the
value of the function. This must be so since there is only one
constant to be determined at 2z=l.

Now it is required that the velocities match at 2=1. To
effect this, asymptotic expansions for G are needed near,
but just downstream of, the charucteristic at 2z=1l. For
convenience, equation (4.6) relating gi(f) to g' ("f) will be
employed where Sﬂ(f)"a 'F(?) The asymptotic expansion for
fl valid just downstream ot the characteristic is given by

(3.59) so that for (§-1 ) small but positive,

"o

3
g, (f) =1 +(s-1)+ ()" + & (3-1)% + O(s1)" . G 41)

If r is substituted for (F=) ) the equation (4.6) for

€2
becomes . 0(29
B ¥ 25  thot. |2 I
--"-,_5)'-*5-&? 4.; th. ol 3
[61- G’f' hot. an
~69, = 3C3.[+“C’.f° +h.o i] (4 .42)

where now 0 < r<< l. Asymptotic expansions for the two
linearly independent homogeneous solutions are found to be,

] $

’.
o) £, 572 5
g, = Q o+ 75 F thot. (4.b3.8)
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£
)
9.7 bo |+F-%4§ F¥+hot. (bot3,py

where a, and bo are arbitrary constants. The particular

solution is similarly calculated to be,

GO = -sCr-Lecf it (oot

The general solution is the sum of (4.43.a),. (k.43.b) and (4.44).
Thus

£
D = bo + (bo CJ)F lo.'a' 4—% C;l @) Fsi' ’\ht (4.45)

where the superscript "D" denotes the solution downstream or the
characteristic. To insure that the velocities are confinuous.

9: at £ =0 must match with (4.39) and 2‘1:_;.' at [ =0 must
match with (4.,40);

’ FI(E)
bo 4 7+K :’r.(g) [1(__,) (4 L46.a)

r(are)
rGrG)| o (4 46.b)

2 (b,-4G)= £[F.K +0f

Thus the constant Dg is given by .
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INE RN |
S T4t FeK o

DY =-

and b =~ may be found frow (4.46),

As pointed out in Section III, the constant & is known
by the numerical integration of equation (3.31) from the singular
point at M= +o00 to the characteristic singular point. The
constant a_ in (4.43) depends in a similar way on the behavior
of the second order solution as ‘?—9-9-00 .

As discussed in Section II, part D., this present second
order solution cannot match with the required Prandtl-Meyer
behavior in the limit as the corner is approached along radial
lines, downstream of the left running characteristic from the
corner. This is because the ordering here, &£ for u, and

]
£ for v

P does not fit in with the Prandtl-Meyer scolution
(2.84) and (2.85)s Thus, the present second order solutions
must vanish in the limit y—-»0, 6%) fixed (but small) so they.
will not interfere with the appropriate Prandtl-Meyer solution.
This condition then serves as the necessary boundary condition
for the present second order solution as P—>+e0,

Substitution of the asymptotic expansion for fl s valid as
P ~>+00 ,(3.47), into the equation for I, , (L), shows the

2
homogeneous solutions to have the behavior

) 6
-F, ~ Ki T +e-- (4.48.a)
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. 1

.F“) 2
4 ~~ Ka ? ‘-o a o (’-&.‘-}8.1))

as P-»+® where Kl and K2 are arbitrary constants. The

particular solution has the form

(r
'FI ~ - f'{: C.a!' 7"-0 e (4.48,.c)

as P—~»¢+oc0 . If f2~ K.‘?‘ as P—>+c0, then U2z =Y;j—;' '\-K,X‘Y-‘.
This solution is improper so Kl=0. Since the equation for f2
is complicated for '7>?¢,due to the more complicated form of fl
in this range, it must be integrated numerically. The integration
would start with (4.48.b) plus (4,.48.c) and proceed to P—v»+] »
Iteration for various values of K2 would be used to match with
the solution near P=+) o In principle this would give K2
in (4.48.b) and L in (4.42); however, owing to the complexity
of the computation, it has not been carried out, for the second
order solution has litt.le effect in the range ?ﬂ, < Y <o ,
Composite solutions, furnishing uniformly valid solutions
throughout the solution region, are constructed by adding the inner
and outer solutions and subtracting the common terms. It is

particularly easy to write the solution upstream of the right

running characteristic intersecting the corner. In this region

(7 £%-)

H}
Wouter = 1tE€C y+g* (K X + %—C,‘, y*) + 0 (E') . (4.49)
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Uinner = 1+ ECoy + £ Kx + o(€) | (4.50)
‘2" I' T 2
Vouter =(5+1) [E3CKY + o ()| , (4.51)

E 3
Vinner :(x’-n)% 81%001{)’2 + &“szy +°(€‘)] o (4.52)

The composite solution ror P& 2‘__ must be

+ 2 2 2
U= 1+€CyY +& (Kx+7C v¥ )+ o(€%), (o530

V= )| €3G Ky" + E;I{'xy Yo, (. 54)

The more general form of the composite solution for P<L£7%,.4 is

simply 3 s
W =1+€Cy + € Uy + o(E°)
% t.,2
V s ledy, + 8K XY +....
where u, and v, can be found from equations (4.3), (4.5)

and (4,7). For %,- § 7€ 7c+the solutions for w, and v, are
relatively complex expressionsj however, they can be written
out explicity after some labor,

The sonic line must occur upstream of the right runniny

characteristic intersecting the corner. Thus the sonic line

can be calculated, at least to order E&, oy setting (4.53)
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equal to one after writing it in terms of unstretched variables;

-that is, the sonic line is given oy
20yt -
$3GY +GY =KEX), (4.59)

The slope ot the sonic line is

% ) = “K[C% Y%i- Co

(4.56)

near the corner ( X,¥ << 1). Thus the sonic line intersects
the corner with slope -'%g‘ which is typically of order one.

The sonic line to order Eg depends on the variation of entropy
and total enthalpy entering the inviscid transonic corner region
through Co and C}2 s+ and upon the slip velocity through K.

If c% is negative, as expected frowm previous arguements, then
the sonic line is slightly convex with respect to the incoming
flow., Larger K means a larger slip velocity along the upstream
wall, thus causing the sonic line to. be less steep at the corner.
Also, a smaller entropy gradient in the incoming flow causes the
angle of the sonic line with respect to the upstream wall to
increase.

The sonic line for an irrotational incoming flow is normal
to the upstream wall, so the current result gives the proper
tendency of the sonic line as the rotation in the incoming flow
decreases. That is, as C_ decreases the slope at the wall
becomes more steep., In fact, in the limit as 06"0 the slope
at the wall becomes normalj however, the functional behavior

of the sonic line on Y does not agree with the result of
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Vaglio-Laurin, It seems that there is danger in overextending
‘the current result too far. Throughout this analysis, Co’ ('J}é
and K have been taken as order one. The whole analysis becomes
invalid if C° is allowed to shrink to & lower order. 'In fact,
putting Co equal to zero leads to a guite different analysis
when using the inviscid equationt (Friedwan (1962)).

The irrotational first order equations solved by Vaglio-
Laurin (1960) lead to a sonic line normal to the upstream wall,
but curved downstream. In terms of the (s,t) plane, this means
that the solution curve passes through % =0 before crossing the
sonic line (s-axis). The integral curve leaves singular point
A. and proceeds to singualr point D., crossing the s-axis only
after leaving D. In this manner the solution curve always stays
below the constant t 1line corresponding to the occurrence of a
limiting line or a characteristic. The chosen solution curve is
dictated by the behavior o1 solutions near the singular point
A. Considering Vaglio-Laurin's similarity parameter, %= -;-(’-; s the
only solutions leaving A. that have no vertical velocity along
the upstream wall must be along the singular tangent through A.
The slope of the singular tangent rfor WPz 5‘; is 3§=§ ratper
than 5—5:[ as in the current work wshere 7l= 5’ « The solution
leaving in the sense of positive t corresponds to a unitfora,
supersonic incoming velocity profile. This, of course, does
not lead to transonic flow. The solution curve chosen by
Vaglio-Laurin is the oniy possioility by elimination.

The flaw in expecting the current solution to pass over

directly into Vaglio-Laurin's,lies in the nature of these solutions.
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The (s,t) plane configuration depends only on the similarity
'parameter and not on C . However, the value of 7 corresponding
to points along the solution curve in the (s,t) plane does
depend on C . As C_~» 0 so0 does "(c...""?c- « That is,

the two characteristics have as limiting positions, the vertical
axis. This implies that the flow becomes unitorm with sonic
velocity everywhere. 1In the (s,t) plane the singular points

A, C.and E.all correspond to the same value of Z (7 =0)., Thus
the solution completely degenerates as Cg*PO to a uniform sonic
stream turning a corner through a Prandtl-Meyer expansion (that
is, Bo in (3.48) must be zero to match at % =0).

The ordering corresponding to Vaglio-Laurin's (1960)
solution must have a term in the second order U solution
behaving like COY. Thus, as co becomes large,
the second order term becomes as important as the first, The
asymptotic expansion in this situation becomes invalid. After
relegating rotational effects to higher order terms, they cannot
become large without destroying the asymptotic solution.

In either solution the asymptotic expansions obtained are
not uniformly valid in the parameter co' To be able to describe
the flow for any value of Co requires obtaining the exact
solution of the governing equations (3.l1) and (3.2) satisfying
the boundary conditions associated with this problem, Since we are
unable to obtain this exact solution, approximate asymptotic
representations must suifice along with their inherent limitations.

Some verification of the present solution can be made from

the previous observation that equation (3.24) is the same tran-
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sonic potential equation obtained in analyzing irrotational
transonic flow. The oniy difference is in the definition of the
velocity potential. Equation (3.2#) has a well known approx-
imate solution, valid in & small neighborhood of a soni¢ line
that is not orthogonal to the streamlines crossing it (see

landau and Lifshitz, 1959, p.442). The velocity potential is

expanded in powers of the local ‘l" and X coordinates. This
result is transformed into the h'odograph plane where it can
be identified with suitable solutions of the Euler-Triconi
equation. The results, presented in the book by Landau and
ILifshitz, can be transformed back into physical variables to

glve:

nonlinear ovder

¢x", ~ K| ¢+ Kz_-; + terms l.n ﬁ&'-f

(4.57.a)
) = nenlinear ovder
¢Y ~ K, X *+ (t‘erme in @'&?) (4.57.b)
= K2 = nonlinear order__
(sonic line) Y - K X +| terms 1 T&EYX (457.¢)

4 ‘-'-'% (mn’l'neul» order
Yy +

(characteristics) %‘ = ¥ %‘ K, terms in Y& X/ o (4:57.4)

This solution should correspond locally with the leading terms
of the rotational solution at any point of the sonic line, for
no streamline is normal to the sonic line. The axes (E .-i-‘)

above are respectively deifined to be normal and tange'nt to the

‘streamline at its point of intersection with the sonic line.

-t —
-

Thus at the corner, ¥ corresponds to y and ? corresponds to X,
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The identification of kl with C° end k, with K quickly
jdentities the above with the first order terms of the present
results. It is interesting to note that (4.57.a) includes a
term from the present second order solution. Actually, this
(KX) term is of first order in the inner region. 1In fact, the
inner region is also governed by (3.24) to first order, with
S LI 91 ) s\ =%

the modified potential defined by ¢§-= Ut and (¢y - Co X) =V, .
In unstretched variables, both the inner and outer solution
must give the same result to equivalent orders. A uniformly
valid composite solution can be formed. The solution (4.57)
is valid throughout a neighborhood of the corner and as such,
it gives the leading terms of the composite solution which
includes the (KX) term. The sonic line (4.57.c) agrees, to
lowest order with (4.55) while the characteristics (4.57.d4)
correspond exactly with the characteristics of the present analysis.,

The composite solutions for U and V were computed
numerically and integration performied to find the streamlines.
This was carried out with ¥=l.4, K=1, Z+=1 and Qyz ==1 for ?S?c+ .
The sonic line, the characteristics which intersect the corner,
streamlines and typicgl velocity profiles are illustrated in
figures (4.1), (4.2) and (4.3) for a flow with El= c?(M-l)=0.l.
In reality, K must be found by matching with the viscous
sublayer close to the wall,

It is informative to examine the pressure gradient found

from this solution. The pressure gradient is related to the

velocity through the usual Euler equations,
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o

ou U _ _113P PV I dAF

%

v oV _ _119P _pul dP
U.%I "'Va R 2 355 P*J s (4.59)

where the dimensionless pressure, P, is defined by P =:§ and
Pe
the fact that P* is constant along a streamline in the inviscid

region has been used.

The variation of ;‘ across the streamlines can be found from

the relations defining the entropy and critical speed in terms of

critical pressure and density,

— - ¥ S~ G
.E: i’:. = exp{¥ 95 s
7 B P J

where subscript "r' refers to reference values. It can be shown

that

) dP” x |wt ds oL da
I-;.;f'—!;- = Tyt Y 4P a* d (4.60)

QL

where Q; i8 the dimensionless stream tunction in the inviscid

region, Substitution of the result from Section II, part C. for

the expression in bracketsngives
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- I 3 |
Il; dP" _ ¥Co +€ ¥Ct Y + £8C, Y +... (4.61)

where E)’ has been substituted for? .

Let the perturbation in the pressure be given by

P='+7\IP|+?\2P3+0¢0 ) . (4.62)

After substitution of the approrpiate expansions into (4,.,58) and

(4.59) it can easily be shown that

A= E (4.63)

LU

R OF

a_""' =0 é—)-’- =-¥Co (4.64)
3
z‘=g (l._.65)
R__yokh OR _ V% _.2* %
g?" ¥ 35X 35y S "¥yx "¥C Y. e

These pressure gradients can be easily calculated for £ 7c..
since the modified velocity potential is simply a polynomial
in z. Then for 75 ?c" the velocity components are given by

32
T

U, =- KCx) +%3C. v (4.67)

V, = §2: KY° . (4.68)

The pressure gradient upstream of the right running characteristic

intersecting the corner is given by
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o (4.69)
or Sa..'__P = -YK ° X << |
and [ 3 t 2
gyp""?’fc"g’ca‘y (4.70)

or OP -y, -¥CL Y o Y1 .

The fact that 3y is negative to order & at first seems surprising.
However, the dimensionless pressure, P, depends on the ;’ varia-
tion as well as the variation of P. In fact, the term in -é?

oY

that is of order £ comes exclusively from the P* variation
term %?*gg* in (4.59). The term of order E.:- is also contri-
buted by the P* variation term since g—;—" =0 for 78 V- o

Upstream of the right running characteristic intersecting
the corner, ?,-‘P is constant, For 2> ?C' the xX-pressure
gradient begins to vary with position in the flow. This is due
to the discontinunities in the acceleration along the characteris-
tic intersecting the corner that were alluded to earlier. The
fact that the discontinunity at the right running characteristic
intersecting the corner is so pronounced, warrants some comment
on the physical meaning of this characteristic.

Since the flow is a vortical rlow, every streamline displays

the reflective property of a contact discontinunity. That is,
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a Mach wave is partly reflected and partly transmitted at each
streamline. The character or the reflected
wave may even be opposite to that of the incident wave. Tor
example, & compressive wave will reflect as an expansion wave
and be transmitted as a weaker compression wave if the initial
wave is incident on a region of decreasing acoustic impedance,
('-f’a e Thus to visuulize the flow from a detailed wave point
of view seems impossible, The wave interactions are sueared
out in a continuous fashion throughout the flow, However, it
seeuns clear that waves originating upstream of the right running
characteristic will, in some sense, reflect from the sonic line
and continue to influence the flow upstream of the corner.
Waves that originate downstream of the right running characteris-
tic that intersects the corner have no possibility of reflecting
from the sonic line. Thus this characteristic should represent
a weak discontinuity in the solution, for the character or the
flow field changes there,

of course, this entire wave pattern is set up by the fact
that different streamlines cross the sonic line with different
turning angles, necessitating adjustments in the supersonic
region. The turning angle at which streamlines cross the sonic
line is determined in the subsonic flow region which is in
turn influenced by the position of the sonic line and thus by
the waves intersecting it. This is typical of the complex
interactions that occur in transonic flows.

It is difficult to draw any conclusions about the flow

from this complex description. However, qualjtatively one can
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expect that the pressure gradient decreases near the left running
characte'ristic from the corner, for the transmitted waves from

upstream are continuously weakened by crossing streamlines in

the flow. .
Numerical computations o %‘q' and g%' were carried out with

¢, = -49-, Be=li¥ =Lk, Cy =-1 and K=1 for 7€ %+ The results
are plotted in figure (4.4).



V THE ANALYTIC ENTROPY DISTRIBUTION (Ck;o)

In the discussion of the second order solution, G]’é was
assumed to be non-zero and of order one. However, in the dis-
cussion of the laminar compressible boundary layer upstream of
the inviscid transonic corner region, it was noted that if é-f-ﬂ

dR

and qw=0 in the boundary layer solution, then c”=o. The

consequences of this as regards the shape of the sonic line

at the corner must be discussed.

The fact that C%=0 does not alter the form of the first
order equations and the solution to these must be the same,
However, the second order solution is changed significantly.

The Crocco equation (3.10) shows that with Ck=0,

v E! = ’Z’E . (Scl)

Thus (rol)i E‘E and E.= £* . (5.2)

From (3.9) and (3.10) the second order equations become

u'aug +(uz+u. ou, +V au. av +(r ,)u 5\4 Ve _

aua aV;
and (5.4)

A velocity potential can be introduced that identically satisfies
(5.4) by

(z)
¢x = M‘l * (5.5)

93 -
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¢)
v, e O xy-vc ¢ (5.6

The modified velocity potential can be written in terms of a

similarity variable (from the principle of eliminability) as

m =Y TC (7) (5.7.2)
Uy, = y° 3'_)1;\3 (5.7.b)

-yt [F 37 " C.7+xc.1°] (5.7.¢)

Equation (5.3) then becomes

-\~s|

where is given by (3.28).

d_"; dh 27 Jﬁ_?f'
( ?)  (F 7) ' f

- ve (5h-276) - ) () 5 -

f L
..(2{.‘ 27"7 Ca[ i"“g %a)"co] o« (5.8)

Substitution of the solution for f valid for '? ?, gives

the simpler differential equation,

2 c° c
(l-f'):'-'-;f- +33°::3‘ - 9: (X ca )1 (5.9)



7
£= 7, (5.10)

and g, (f) = ‘?c'fﬁ (7) (5.11)

where

The solution to equation (5.9) may be written as

*fyc,-C
9,'-'-6‘(?)‘%(49') (“-C:E—" (22-1) (5.12)

where Z = 2'- (' + T) (5.13)

and G(z) 4is the solution to the Gauss hypergeometric equation,

that is,

? IX- LN T
Z("'?)a%‘g + (32- ‘I)JZ s6 =0 * (5.14)

Once again the solution is given in terms of the hyperpeometric
function; however, in contrast with (4.10) the equation (5.9)

is non-homogeneous so the solution contains an extra term.

The general solution of (5.14) for 1z] <] is given by

6= b FE5,-F5-1;2)

E
a ] & o
+ Dz F(},55%,2) (5.15)
where F(‘sb;ciz) is defined by (4.12). Both series in (5.15)

converge at 12} =1 so their analytic continuation in terms of

(z-l) cen be written directly giving
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where the arbitrary constants Dl' Dl‘ 2 and >

_
: [

Du=23f7Dl+2—z'Dze ] ’ (5.17.a)

— d r}s i ifu‘

D, = 2° | 7 D - ;8“ D, e ] o (5.17.b)

The behavior of G as z —»-® is clearly
2 2
3 =, F -, 7 5=,
6=062) +D. () - 2P () -3 +... . (sas

Thus the behavior of the velocities as z-p-&Ris

Uy 57 ct[p'zs-%P (x)f"' D=2§3?c

*5‘(3") rc,-(’)y 0’(2) ] (5.19.8)

- X)TY

N R 4 g .
: -23 '(—x)f + ,2"Z (—x)“y + O¢2) o (5:19.D)

As before, writing the horizontal velocity in terms of the

unstretched variables shows that the solution may not be valid

when Y is smaller thar a constant times X(AIB). Once again
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it is necessary to define an inner region, only this time the

region is defined by 4
; 3
Y = 9(X) . (5.20)

Consider an inner coordinate stretching similar to (4,21),

Relation (5.20) shows that

2 2
~ () n.‘
= () & (5.21)
where the factlor (r*ﬂ is added for convenience. Asymptotic

expansions of the velocity components of the form (4.23) are

introduced into the governing equations. As vefore, it is clear
. L

that in order to match with the outer solution, 3 = o (&) and

~ v,
both U, g—;"" and g—.;.' are nonzero and should be kept in the

L

gasdynamic equation. Thus,

L

)
oot
Y =-0e) E, £° . (5.22)
The Crocco equation then shows that

E, = ¢ (5.23)

8o the first order inner equations are the same as before, (4.28);

G aul, __e>Ci

‘% “ 3 <° (5.24)
.aaﬂ
—— =0 (5.25)
EY; ° * :
The solutions are
~ F

U = Co ¥V ¢ F(R) (5.26)
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k)

'\7,=[C‘,-;' *‘??(79%*'6(?) . (5.27)

.y Lo
Since V=0 at § = O (at the wall streamline), G(X) =0. Further,

the principle of eliminability requires that

Fz) = A ¢ Rﬁ (5.28)

where Ki is an arbitrary constant. Thus, the velocities in the

inner region are

= |+ Z"[Coy-' ﬁ. (‘7)§J oo (5.29.a)

~ ~i ~ 2 ~n "£
V=itet pA GV eR) - $A, TER) ]*- ¢ ¢ 9 (5.29.0)

Here ?E. is an arbitrary constant to be set by matching with
some solution valid on a larger length scale.

These solutions must match with the outer region as Y—>eo 9
X< 0 fixed or as X—» O, ¥> O fixed., The solutions (5.29)

written in outer variables becone

U=+ ECY - £ A (-X)’ +heot., (5+30.8)

~ 2

| S . 3 5
V= (8+l)% E'%A.CoY (‘X)i"'f %A' YEx)' [ +holf.

e (5.30.b)
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Comparison of (5.30) with (5.19) shows that for matching to

occur it is necessary that

p =0 (5.31.a)

win

— 3 5
D. = 7 2 A, ?c"' . (5.31.b)
Also, since there are no terms of order yg in (5.30.b) the
condition used in the first order outer solution to obtain the
constanty (3.43)ywas correct.

As discussed in Section IV, E and E, are both of the
order of the perturbation from sonic velocity. Since the solution
for U is the same in both regions (in unstretched variables),
it must be that £=F and the Y stretching is the same in
both regions, but X 1is stretched less in the outer region

than in the inner region.

The constants Dl and D, may be found from (5.17) so

that the solution, G(z), for (-1€2€ 0) is

o2 (2)A [Ferftid)

- 560
)792 1 o 7 o
+ ETF] ("Z) F- €9 %’ 29 Z) 0 (5.32.a)

Notice that the second term in this solution becomes imaginary
for z>0. A different representation is needed for z >0 that will
be the proper continuation of this solution., The generazl solution

for the range (O £ 2€1) is given by:
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| £
. 2. % L EeZo
6 =D F(3,-35-%5 Z) +D, 2 F(c+%s Z’Z) « (5.32.0)

The velocities must be continuocus at the right running characteris-

tic intersecting the corner., Thus 8
( )3N
D¥=D, = .v:eo 7l A, ° (5.33)

The constant Dé must be found by matching velocities at z=l.
Proceeding as in Section IV & relation between Dé and Di can

be derived. Finally Di can be written in terms of 11 to

give
$
x __‘lg__L_ 2 'y . QA)
D, =~ Bsv7 (’?c+) A+ 27 “+C.‘,' . (5.34)

This completes the second order solution for this case.,
Composite solutions, furnishing uniformly valid solutions

throughout the region of interest are constructed as before.

wWritten in terms of the outer variables the composite solution

for P <£%.,is given by

U =1+t §GYy +giu + hoelt. 7~ o,

~2

v - o) gy, - ¢ -} LY (-x) thaliy o

The solution for ?Z?C,is the same as before to lowest order
and again the second order terus are relatively insignificant

in this region of the flow.
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The sonic line (U=1l) of this solution is essentially within
the inner region, so from.the inner solutions (5.29) it is

described by

?

Fod

1
Y== (-X )(A/B) for X,¥Y<< 1 (5.36)
o

(2]

in unstretched variables. Thus the sonic line is tangent to
the wall at the corner, The subsonic region decreases to zero
thickness as the corner is approached.

Comparison with the result of Section IV shows a quite
different flow behavior., It is interesting to notice that
the previous sonic line (4.56) becomes closer to being tangent
to the upstream wall as K decreases, however, if K—-»0 the
solution of Section IV degenerates and the results are not strictly
valid,.

The sonic line is independent of C to the order of

1
approximation in (5.36). 1In fact, from (5.19.a2) its dependence
on C; only comes in with a term (-x)(8/3) which is quite
weak, Thus the sonic line is essentially determined by the
slip velocity (through Ii) and the entropy and total enthalpy
variation evaluated at the zeroth streamline which describes
the wall,

Numerical computations for % €74 based on (5.35) are

presented in figures (5.1) and (5.2) with 8’=1.#,Al=1,c =¥l and

1
1%, =1, The sonic iine, the characteristics which intersect the
corner, streamlines and typical velocity profiles are illustrated

for a transonic flow with El= @'(M-l):O.l.
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The pressure gradient for this solution can be obtained
from equations (4.58) and (4.59) in the same manner as before.

Again one finds that ®, = £ and

5 = ¥ Co (5.37)

3y 9 (5.38)
R QU
3 =¥ ox . (5+39)
Of particular interest is the pressure gradient along the
upstream wall, Here the inner solution can be used for %%?
giving
R s et
P, = - % d
(&X y=0 3 A ( X) . (5.40)

Thus the pressure gradient along the wall actually weakens as

the corner is approached, although it is always negative. The
fact that the sonic line is tangent to the wall at the corner

is consistent with this result., For the sonic line approaches

a line of constant pressure as it becomes tangent to a streamline
(for example, the wall streamline)., This is true since the
critical pressure is constant along a streamline in the inviscid
transonic corner region. Thus the pressure gradient along the

wall should vanish at the corner,

The quantities g—;—' and g%:—' are plotted as a function of 7

for W€ Po4 in figure (5.3) with ¥=1.4.’Kl=1,cl=+1 and  Pg=l.
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This second order solﬁtion does not add anything of interest
in the range %4 < P<+® . It is mearly a small correction
to the first order solution in this range. Bowever, in contrast
with Section IV, the ordering of the present second order solution
does fit in with the transonic expansion of the Prandtl-Meyer
solution. Thus it need not vanish in the limit y-»0, -’YE fixed,
but rather must give the second terms of the transonic Prandti-
Meyer expansion. If the expansion for fl valid as P—» + o0

is substituted in equation (5.8),the expansions for the two

homogeneous solutions of f2 are round to ve

) 7
'Fz ~ KiTl +... (5.41.a)

(1)
-F_‘ N> KQ ? + o0 (5.‘1’1.b)

and the behavior of the particular solution is given by

(P) 63>
‘Fe [ ]7 [ (soqloc)

The general solution is the sum of (5.41). The first solution
(5.41.a2) does not match with the Prandtl-Meyer behavior in the
limit y-»0, G%) fixed, nor does it vanish., It is theretore
unacceptable and Kl=0 is required. The solution (5.41.Db)

does vanish in the limit as the corner is approached élong
radial lines. This is acceptabie and the constant K2 must be
found from matching with the asymptotic expansion valid just
downstream of the left running charascteristic from the corner

(which also contains a free constant). So far the situation
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is completely analogous to that of Section IV. However, here
the particular solution does not vanish in the limit y-—»0,
(%0 fixed., Rather it generates the second order terms in the
transonic Prandtl-Meyer expansion (2.8%) and (2.85) as was

anticipated.



VI THE AXISYMMLTRIC PROBLEM
The form of the entropy and total enthalpy variation is
valid for an axisymmetric body by the Mangler transformation.
Implicit in this assertion is the assumption that the boundary

layer on the axisymmetric body is small compared with the body

radius -ﬁo' Thus R;l = é<<l is assumed. The axisymmetric
Ro Tams ‘
term in the gasdynamic equation is of order =zZ— = § or

Ro
3
% y =¢ -‘%’ y both of which have been taken small compared
]

to 83 e« The axisymmetric term in the Crocco equation is of

43 et £
order Re = P which is small compared to &€2*, Thus the
o °

axisymmetric effects do not change the second order terms

obtained previously.

The quantity ‘;: has a physical significance for the flow

about the rear edge of a cone. The thickness of the boundary
- - s 3 r

layer at the rear of the cone, L, is of order L= Ra Ao

where R is the Reynolds number of the flow outside the

boundary layer. The geometry (see figure (2.2)) gives

_ = )
-_E.i:-l.:-.?-_: ‘= R, R’
Ko L

Ame
gives the order of the quantity ('k: ).

Ao =

_3_&3

so
The axisymmetric problem actually has two small parametersj

one artifical parameter, E1= ®(M-1), and one real parameter,

R;]' , depending on the radius of the body. Since these parameters

are independent, solutions should actually be expansions in

both parameters, That is, some of the terms in the velocity

expansions should be ordered by functions of (-———-H‘ as will be
o
shown,

105
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If one required the axisymmetric term to appear in, say,

the first order equations of (3.9) and (3.10) by forcing

20k -3
— = = e, . (6.1)

Ro

then the leading equations become

Quy _ oV _ -1
wWix ~ 5y = 6.2)
dUur _ oV _

For practical values of £, say e =0.1, relation (6.1) shows
that & =10 which is unrealistic for the problem being dis-
cussed. However, the object here is to show that there are
also basic difficulties in the mathematical analysis.

A modified potential is introduced to satisfy (6.3)

identically. Then (6.2) becomes
by ey~ Pyr = 0O (6.4)

where

¢l = M.‘ [] (6-5)

y |
4;,-..- Vit Co X = §u1 . (6.6)
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As before, a similsrity solution is assumed ot the form

¢ =y*f(2) (6.7)

U=y 47 | (6.8)

. df
v.=¥“[91c"P7J7" Y G +ia (6.9)
X
7<= 751 . (6.10)

For vy to be of similarity form, it must be that
S-m =m = | - (6.11)
However, in order that the transonic potential equation reduce
to an ordinary differential equation in '7 + one must require
S=3m-2 , (6.12)
which contridicts (6.11)., A similarity solution is no longer
possible., Trying to include the axisymmetric term of the
gasdynamic equation in higher order equations creates the same

problem,

Some reflection on the nature of this difficulty shows it

to be expected, 1If one sets “""“. a parameter with physical
significance, equal to an artif:;ial parameter, the artificial
parameter is given physical significance. The necessity of a
similarity solution is based on the principle of eliminability

for an artificial parameter. Thus giving the artificial parameter
physical significance obviates the necessity of a similarity

solution. In fact, it makes a similarity solution impossible.

Since the axisyrnmetric solution should reduce to the two di-
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. . -1 : . . . .
mensional solution as Ro —~>» O, one is forced into considering

expansions in both & and R;l.

To treat the axisymmetric problem in a formal manner, the

velocities must be expanded in terms of 0215). Thus let,

00 ‘ Ro
T = sz A ("9',%,2‘) U,;(X’Y)
=0

V = Z: o: () V. (X,Y) . wan

1=0
The present formulation must reduce to the previous planar

problem as Ro becomes large. Therefore
.‘ -
Ao( Re ) =1

Am o)
6’0 (-—RD - l .
The equations for Uo and Vo are (2.1l1) and (2.12) with

and

J=0 except in the definition of the streamfunction (2.13)
where j=l. Asymptotic expansions for Uo and Vo are given
by (2.16) and (2.17). The solutions for U, &and Vo have
already been presented in previous sections.,

The equations governing Ul and Vl are considerably

more involved. Generally they depend on the solutions for U

and V, . Thus asymptotic expansions in §£ for U, eand VvV

are again appropriate, The leading solutions for Ul and Vl

can be found easily. The expansions for U, and Vl are

1
assumed to be of the form

u, = Z; JI{S) a,(X, Y) (6.14)
= _
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-‘7; = E ﬁi(z) ._V-c (%, Y) . (6.15)
(=l

Since the axisymmetric term in the gasdynamic equation (2.11)

is to be kept, one finds that
Lim o
a4, = 0, = ( Fo . (6.16)

All the effects of axisymmetry should be required to
vanish at the upstream wall, y=O. This is equivalent to saying
that the sublayer thickness is vanishingly small compared to
ﬁ; so that the planar boundary layer equations hold for the

sublayer. As per the discussion of the introduction, the sublayer

- * d
thickness is of order &'~ ~ (“R“. ) <« Thus axisymmetric

terms in the sublayer are definitely of lower order than in
the inviscid transonic region. The inviscid transonic region

solution must match with a planar solution at y=0, to order
(4unﬂ

)y which requires U,, Vl to vanish at y=0,

Retention of the highest order terms in € after the
substitution of the solutions ftor Uo and Vo results in the
leading equations

(gasdynamic)

X € (\’ﬂ)*un é%" —ﬁ'f

Y

(6.17)

<

, Il a, $ =
(Crocco) ﬁ' oV _ (tﬂ)*f:ﬂ.l 37 = '}Co () fin| ‘ﬁ

oVvi
oX

= iy £
- (tﬂ)* E*}]’l C, U, +(x) FEC ;z:t (6.18)
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where the dependence ol the entropy and total enthalpy on the
stream function is the same as derived in Section II and does

not contain Ro explicity. This can be used since the approximation

leading to the Mangler transformation is of higher order
4
than those being made here. It is necessary to deteraine |},

and n-l as functions of &£ in order to proceed. The axisym-

metric term of the gasdynamic equation must be kept in the first
* 2 ~r

order equation. If (¥+) HE =€ >>1, &

is chosen, then for %< .4 where u;=C y

5, = C-!‘; -;/i + funclion (X) , (6.19)

However, this does not have the proper behavior at y=0 and
1 v i
must be rejected. If (¥) H, & = 11, €* = .f-_"S »

the equations become

dth c)-\-/-:
- —— + —— - o .
U, X 5y + | 9 (6.20)

= 0

LV
= |<u
Q/[Q,
~{Sy

(6.21)

If one writes (6.,20) in terms of the usual velocity potential, §
and substitutes the expansion for uy in terms of £’y there

results.

y;—'?ﬁ éxx + QYY +l =0 (6.22)
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Again, § should have a similarity solution from the principle

of eliminability. Thus,

and (6.22) becomes

e
For 7% Yce ° j';'; = Co =§?¢:" Replacing £ by ?c.,. ?; and ’?

by 7(:,, :f the equation becomes

o |w

jL -24 =1 . (6.23)

o|H

-
-

L
2 Tt . (6.24)

<O

J 92 Ag! —-— .g-
( -7%)
df° ;g T
= = 4 =
Thus, gz = Gfi*:f where G is the solution of the Gauss

hypergeometric equation 4
1,46 _8 Z _

.=
z (1-2) ,ng
with 2= 3(i+8)

G can be written in terms of the hypergeometric function as

G=DF +D,z'F



.where FI = F(—-%,-%;-Q‘L;Z)

- ,'Zfifﬁ((é))‘z’% F(-%,8i5:7%)
R ef Fenr
e Flipy 4 b

e 1Tk

The upstream wall is described in the limit as z=~P» =90 (y-»0,

For = .Large and negative

Ki (z) + Ke (-z)§ + 9(-2)

(=x) fixed).

fl

Go\.

g'zg -3k e ¢ o¢a)’

where Kl and KZ

and

are constants depending on appropriate

factors of Dl and D The vertical velocity is given by

2°
2\-/-, = 'a—g "‘Y[Z-P 2747]

d
::y[zfrzz'. -f@,?;;] .
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Since

€2) = (5.) {1 (2)- vy, o) e b

the vertical veiocity has the torm

= _ _2 (-") + O [E2
V| y ?c"’ y' | ( ) o (6.26)

This result is dimproper, since it indicates that ;i does not

vanish as the upstream wall is approached, but rather grows as

~L

Y%

Finally we are led to conclude that

;3
\l/l,Jl ?z = & >> EJI. (6.27)

This solution must also be rejected.

implying that

<|

0 —

JdY

are the highest order terms in the gasdynamic equation (6.17).

Thus, the solution is simply

\/' = - )/ (6.29)

for 3&:0 when y=0. The highest order terms in the conti-

nunity equation are, after substitution for ;i

2
I, 5 5)3 + T, 3; _eteT =

where JT, 1is the order of the density perturbation. It is
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clear that JTl - E; > 11-‘ is impossible since it leads to

a solution for 'ﬁ that does not vanish at y=0. The same

b
situation occurs for w, if R', =&* >> JT, . thus one
3

must require JT.'—‘I{', . However, if R" = £* , then

F = (n) x=0, + H) .

Again 'ﬁ does not vanish at y=0, so this possibility is also

ruled out, It must be concluded that
3 é
ECSORE, >> &

and the first order continuity equation simply requires that

'ﬂ ="al + F()’),

with this information, the Crocco equation (6,18) reduces

to —
QUi _ 0 (6.30)

2D 4

which, with the requirement that .‘Il vanish on the upstream

welly imnplies that
u =0 . (6.31)
In sunmary, then, the leading terms of the axisymmetric
corrections for the problem are given by.

L0 &

nel
Fi’o)vi- "—'_Eég:—y*'h'o't' (6.32)

U, ~ terms small compared to & o
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Further terms in these expansions coula be generated in a similar
manner. However, the complexity of the equations becomes
great and no more will be présented.

The solutions (6.29) and (6.31 ) are the same as the terums
due to axisymmetry found by Friedman (1962), However, here the
significance of these terms in the overall expansion scheme

has been systematized.

It is worth noting that each term of the expansion in

terms of (‘:?“) is in turn an expansion in terms of § , thus
°

the principle of eliminability applies separately to each term

of the (£¥$5 ) expansion., However, the solution must depend
(-]

explicitly on (-9%;—“) since this represents a physical parameter
L J

(for example, the inverse sguare root of the external Reynolds

-

number for a cone).

™ o
The limits £-~»0 and (‘F? ) =»0 have been kept separate

in this solution scheme., To obtain numerical results, both §

and (Md
(-4

) must be specified. Numerical calculations
including the leading axisymmetric terms were not carried out.
If the axisymmetric terms have any signitficant effect on
calculated results for £ =0.,1, the external Reynolds number
would have to be as low as 100, This case does not seem to
have practical impoftance. However, the double expansion
procedure does show how axisymmetric etffects fit into the
overall solution of the inviscid transonic corner region.

The physical meaning of the current solution seems clear.
For a conical flow without aéceleration. the stream tubes,

which are conical shells, must converge as y increases
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in order to satisfy continunity., That is, since the circum-
ference of a shell grows like ~y, the thickness of the shell
must decrease in the same proportion if there is no &acceleration
of the flow., Thus, these leading terms Jjust represent a correc-
tion to the planar flow due to the axisymmetric geometry.

O0f course, higher order terms in € should produce terms in

the velocity expansions representing corrections to the
acceleration. However, these corrections will be relatively

small.



VI CONCLUSION

The transonic similarity solution near the corner shows
that the angle the sonic line makes with the corner can have
any value between 0° and 90o depending on the condition of
the flow aporoaching the corner. Typically, the sonic line
very near the corner has a slightly convex shape with respect
to the upstream direction., Presumably, since the sonic line
in a supersonic boundary layer far ahead of the corner is roughly
parallel to the wall, the sonic line has an inflection point
upstream so the overall sonic line shape may be supposed as
shown in figure (6.1).

The streamlines at first converge toward the wall and then,
after crossing the sbnic line, begin to curve away from the
wall. Physically, the streamtubes decrease in area for subsonic
flow, reaching minimum area at sonic speed. Then they increase
in area as the flow continues to accelerate., The streamlines
eventually turn back almost parallel to the wall before
encountering the leading characteristic from the corner.,

Thus calculations of the expansion region can be made assuming

the flow at the leading characteristic to be parallel, but

with a boundary layer like velocity profile. Therefore Weinbaunm's

(1966) rotational charscteristics calculation for the expansion

of a boundary layer around a corner, . in which he assumed the

initial flow to be a parallel flow with a boundary layer

.profile,seems appropriate to continue the solution downstream,
Upstream of the lieading characteristic from the corner;

the transonic region must be embedded in an intermediate region

117
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ordered by the incoming boundary layer thickness) where the
velocity cannot be considered a perturbation from a sonic stream.
The solution in this region must match with the current

transonic region in the Limit as the corner is approached.

It must also match with the flow ir the incoming viscous boundary
layer upstream of the corner. The governing equations in this
region are the Euler equations. However, in this region the
proper asymptotic representations for the variaﬁles are not
clear. Rather, the tull equations must be solved and matched.
The behavior of the singular nature of the solutions at the corner
is given by the current analysis, so there should be no
essential difficulty with, say, numerically integrating the
equations in the intermediate region,

Below the transonic region, there exists a highly
viscous sublayer in which the velocity varies from zero at
the wall, to the velocity at the base of the inviscid transonic
region. As discussed in the introduction, the boundary layer
equations should hold in this region except very close to the
corner, Within a Stokes radius of the corner, the pressure
gradients in both the x and y directions in the sublayer
become large. Here, a balance between viscous forces, inertia and
pressure forces is expected, in contrast to the balancing of
inertial and.viscous forces in the sublayer upstream, To
obtain and match the solutions in all the attendant regions
presents formidable difficulties, 1In the Stokes region at
the corner, the separation streamline actually is expected to

lie below the corner on the base wail from Hamats (1966)
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experiments and subsequent work by Weinbaum (1968). This
fact lends validity to the assumption that the inviscid
transonic region is followed by a centered expansion fan
arising at the corner, The inviscid flow needs to execute a
sharp large angle turn to follow the streamlines in the
Stokes region. This is possible through the expansion fan.
The results of this work are consistent with the sonic
line slope fornula (1.,1) for homoenergetic flow. Relation
(1.1) can be extended for flow with both entropy and total
enthalpy variation to give:
—se _é.(
- a¥ 53

Jﬂ'mwb = ( ,,Jﬁ*) X o (7.1)

Bllsd

The current results show wb>- indicating that

(_E=_ + Tt i—:—) < O

Re dn Ad

For a boundary layer type profile f andJ: are negative so
the effect of the radius of curvature of the streamlines at
the sonic point on the body is less than the effect of the
entropy and total enthalpy variation in the incoming
flow at the walil., Further, as the entropy and total enthalpy
variation at the wall decreases, both (4,56) and (7.l1)
show (1':".:""-’5) becoming smaller but still negative.
Notice that in the case of Section V‘JS 9 ) =0 at the sonic
point. Thus no conclusion reguarding the denominator of

(7.1) can be made. However, with its numerator zero, (7.l1)

gives @y=T just as predicted by (5.36).
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Although appeal to Hama's (1966) experiment has been
used to generate the hypostases used in this analysis, direct
experimental verification of the present results is not
yet possible. The pressure measurements made by Hama (1966)
are roughly 30% of a boundary layer thickness upstream and
downstream from the corner. His upstream pressure measurement
nearest the corner shows only a slight drop in pressure whiie
the measurement Just below the corner on the base shows a
pressure just slightly below the base pressure. The current
work is concerned with distances that are of the order of
the perturbation from sonic speed times the boundary
layer thickness from the corner. The smallness of the
inviscid, transonic region makes measurements difficﬁlt.

The correctness of the current solution probably will have to
be inferred from whether it gives a correct result for the

flow farther downstream. This implies that the solutions in
the various regions are known and matched together to provide

the upstream conditions for calculations farther downstream.
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. . FIGURE (3.2)
SPHERICAL PROJECTICN OF (s,t) PLANE
limiting line D-C=D
sonic line D-A-D
singularities lettered. as in text
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FIGURE (4.1)
VELOCITY PROFILES
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)/ A o FIGURE (4.3)
STREAMLINES Cy= -1
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FIGURE (5.1)
velocity profiles C,=-|
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