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Abstract 

The aorta, the largest blood vessel in the human body, deliver nutrients and oxygen via its 

branch vessels. Because of this critical role, aortic diseases, such as aneurysm and dissections, are 

leading causes of morbidity and mortality worldwide. The blood flow patterns and mechanical 

properties of the aorta are central to aortic function and linked to cardiovascular disease. Medical 

imaging and computational simulations have been widely used to study these fundamental aspects 

of the aorta. 

This thesis investigates aortic biomechanics through two approaches: imaging analysis 

technique and fluid-structure interaction (FSI) modeling. Both approaches employed nonlinear 

rotation-free shell formulations. While shell models are widely used for their computational 

efficiency, a systematic evaluation of their accuracy and efficiency compared to 3D solid models 

has been lacking. We performed a comparison and found that the rotation free shell formulations 

offer an effective compromise between computational efficiency and accuracy for vascular 

biomechanics.  

Aortic stiffness is both heterogenous and anisotropic. However, existing non-invasive 

imaging techniques generally characterize the aorta as isotropic, being limited by the inability to 

extract multi-axial strain from medical images. Vascular Deformation Mapping (VDM) was 

adapted to quantify 3D displacement of the aorta between the diastole and systole from medical 

images. We demonstrated that VDM enables a rigorous characterization of 3D aortic root motion 

across various patient groups.  

Proper application of VDM requires careful calibration and validation. During the 

deformable image registration process in VDM, penalty parameters are used to optimize image 

alignment. The principal challenge in the parameter calibrating process is the lack of a ground 

truth for 3D displacement throughout the entire aorta. We calibrated the penalty parameters for 

VDM using physics-based synthetic data. These calibrated parameters effectively reduced errors 

in 3D displacement. 



 xvii 

FSI models were used to study the aorta, with a particular focus on aortic dissection. Using 

a clinical example of dynamic obstruction, we developed an idealized FSI model of type B aortic 

dissection and solved it using the Arbitrary Lagrangian–Eulerian (ALE) method. Our model 

successfully reproduced clinical findings, showing that dynamic obstruction occurs as systemic 

blood pressure increases. Our results showed that relatively small pressure differences between 

true lumen and false lumen are sufficient to displace the intimal flap, inducing dynamic 

obstruction. However, limitations of the ALE approach were identified, including high 

computational cost for fluid re-meshing and mesh distortion under large structural motions. This 

motivated the development of a more efficient FSI solver using the Immersed Boundary Method 

(IBM). 

The primary contribution of this thesis is the development of a novel IBM formulation for 

cardiovascular simulations. Importantly, while most existing IBM implementations are restricted 

to structured grids and primarily pair with finite volume or finite difference methods, our approach 

extends the IBM framework to unstructured finite element meshes. Our method enables the 

flexible modeling of complex cardiovascular geometries, such as those encountered in aortic 

dissection. Two existing solvers were coupled using a direct forcing IBM algorithm: CRIMSON 

for fluid dynamics and a nonlinear rotation-free shell formulation for thin structures. A new IBM 

formulation was validated on two 3D benchmark problems involving thin structures. We 

established a pipeline for patient-specific aortic dissection modeling. Starting from medical 

imaging data, we generated 3D aorta and 2D intimal flap geometries. With appropriate boundary 

conditions derived from patient data, we performed the first patient-specific IBM-based simulation 

of aortic dissection. 
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Chapter 1 Introduction 

The aorta is the largest blood vessel in the human body. It begins at the heart, at a region 

known as the aortic root, and passes through the chest as the thoracic aorta and the abdomen as the 

abdominal aorta. The aorta is composed of three layers. The tunica intima is the innermost layer 

and consists of endothelial cells and smooth muscle tissue. It regulates the blood flow and clots. 

The tunica media, which is the middle layer, consists of smooth muscle cells, elastin and collagen. 

This layer enables the aorta to expand and contract, helping to maintain a consistent blood supply 

to the rest of the body throughout the cardiac cycle. The tunica adventitia is the outermost layer 

and primarily consists of collagen, which helps preserve the structural integrity of the aorta [1]. 

 Two fundamental aspects of aortic function – the blood flow pattern and the mechanical 

properties of the aortic wall – are intricately linked to cardiovascular health and disease. Blood 

flow patterns include parameters such as flow rate, shear stress, and blood pressure [2]. These 

patterns can change dynamically in the short term, in response to activities such as exercise, and 

in the long term, in association with aortic growth, aging, and diseases [3], [4]. The blood flow 

rate can change several-fold under different conditions. However, the mean blood pressure usually 

varies by only about 10 - 20% [2]. Abnormal blood flow can contribute to the development of 

diseases, such as thrombosis or malperfusion, and at the same time is influenced by diseases such 

as stenosis.  

One of the most important properties of the aorta is its stiffness, as it serves as both a 

marker and a contributor to aortic diseases. Aortic stiffness is both heterogeneous, meaning it has 

different values in different regions along the aorta, and anisotropic, indicating distinct stiffness 

patterns in the axial and circumferential directions [5], [6], [7], [8]. These properties arise from the 

various protein components within the aortic wall. For example, the orientation of the collagen 

fibers is a major factor determining the anisotropic property [9]. Aortic stiffness has been 

recognized as an important indicator of vascular health [10], [11]. Typically, older patients or those 

with aortic diseases exhibit stiffer aortas [12], [13]. Understanding the different directional stresses 

and corresponding strains is important, as the aorta is in constant motion due to the combination 
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of cyclic loading and unloading with its mechanical coupling to the contractile left ventricle 

myocardium.  

As the primary conduit for oxygen-rich blood, the aorta delivers essential nutrients and 

oxygen to entire body tissues through its extensive network of branch vessels. Because of this 

critical role, aortic diseases, such as aneurysm, aortic dissection, and Marfan syndrome, are major 

causes of morbidity and mortality worldwide [14], [15]. Additional details on these conditions are 

provided in Section 1.1 Aortic diseases. For this reason, studying the aorta is of paramount 

importance in both clinical and research contexts. The biomechanics of the aorta have been 

investigated with recent advancements in imaging (Section 1.3) and computational modeling 

(Section 1.4). In this thesis, we investigated aortic biomechanics using two approaches: imaging 

analysis technique and fluid-structure interaction (FSI) modeling. 

1.1 Aortic diseases 

1.1.1 Aortic dissection 

Aortic dissection occurs when blood enters space within the aortic wall through the tear at 

the tunica intima (see Figure 1.1). This blood flow separates the original aortic lumen into two 

channels: the true lumen (TL), which is the original passageway, and the false lumen (FL), which 

is newly created. The thin structure between TL and FL is called intimal flap. The intimal flap is 

thin and flimsy, as it originates from the tunica intima. As a result, the intimal flap can move 

dynamically in response to even small pressure differences between TL and FL [16].  

 

Figure 1.1. Stages of aortic dissection. Figure from [17]. 
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Depending on the starting location of the aortic dissection, it is categorized as type A, 

involving the ascending aorta, and type B, which only involves the descending aorta (see Figure 

1.2). Population-based studies have estimated that aortic dissection occurs at a rate of 3–4 cases 

per 100,000 people per year [18], [19]. Among all patients with aortic dissection, 30-40 % are 

classified as type B [20]. Type A aortic dissections have high mortality, with rates reaching up to 

50% within the first 48 hours. In most cases, emergency surgery is necessary for treatment. Type 

B aortic dissections have a lower mortality rate of 5-10% and are typically treated with medication 

[21]. Endovascular stent is performed in certain cases, and fenestration procedures are also 

conducted [22]. 

 

Figure 1.2. Classification of aortic dissection. Figure from [23]. Type A aortic dissection is categorized as type I, 

when dissection starts in the ascending aorta and extends into the descending aorta, and type II, when dissection is 

limited to the ascending aorta. 

1.1.2 Aortic aneurysm 

An Aortic aneurysm is an enlargement or ballooning of the aorta. Figure 1.3. compares 

normal and aneurysmal aortas. An aortic aneurysm is diagnosed based on the diameter of the aorta. 

It is defined as a 50% increase above the normal aortic size for a given age and body mass [24]. 

Depending on its location, an aortic aneurysm is categorized as an abdominal aortic aneurysm, 

when it occurs in the abdomen, or a thoracic aortic aneurysm, when it occurs in the chest. 
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Figure 1.3. Comparison between normal and aneurysmal aortas. Figure from [25]. 

Most of the time, aortic aneurysms do not have specific symptoms until rupture, which can 

cause sudden chest or abdominal pain [26]. Contributing factors of aortic aneurysm include age, 

high blood pressure, and atherosclerosis. In United States, abdominal aortic aneurysm occurs in 

around 9% of adults older than 65 years old and more common in men [27]. Typically, small aortic 

aneurysms are managed by controlling risk factors, such as using blood pressure medications and 

encouraging smoking cessation. However, when an aneurysm becomes larger and ruptures, open 

surgical or endovascular repairs are necessary [28], [29]. 

1.1.3 Marfan syndrome 

Marfan  syndrome is a genetic disorder that affects connective tissue caused by a mutation 

in the genes such as fibrillin-1 [30]. Patients with Marfan syndrome typically present with long 

arms and legs, eye abnormalities, and cardiovascular complications. The aortic problems 

associated with Marfan syndrome include aortic enlargement (especially near the aortic root), 

aortic insufficiency, and an increased risk of aortic dissection [31]. Figure 1.4 illustrates aortic 

enlargement from Marfan syndrome. Diagnosis usually begins with an assessment of family 

history and is confirmed through physical examination, eye examination, and genetic testing [32]. 

Marfan syndrome occurs in approximately 1 in every 3,000 to 5,000 individuals [33]. 
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Figure 1.4. Comparison between healthy and Marfan syndrome aortas. Figure from [34]. 

 The treatment of Marfan syndrome primarily focuses on managing symptoms and 

preventing complications. Medications, such as beta blockers, are prescribed to slow aortic dilation 

and reduce the risk of dissection and rupture [35]. Surgical aortic replacement is considered when 

aortic enlargement exceeds the threshold for increased risk of rupture [36]. 

1.2 Impact of hemodynamic and mechanical properties of the aorta on aortic disease 

Aortic diseases are closely associated with the hemodynamic and mechanical properties of 

the aorta. First, hemodynamic parameters such as blood pressure, flow, and wall shear stress are 

related to cardiovascular diseases. For example, high blood pressure increases the risk of aortic 

dissection and aneurysm. Additionally, abnormal flow in the aorta can alter endothelial 

permeability, leading to weakening of the aortic wall. Low velocity is also closely linked to 

thrombosis formation. Second, the mechanical properties of the aorta, such as stiffness and 

thickness, greatly impact blood pressure and play major roles in diseases such as hypertension, 

aneurysm, and aortic dissection. Aortic wall stiffening and weakening can both cause and result 

from increased blood pressure. Figure 1.5 illustrates the impact of the hemodynamic and 

mechanical properties of the aorta on aortic dissection. Three aortic dissection cases with different 

false lumen (FL) conditions are presented: patent, partial thrombus, and full thrombus. Among 

these cases, the partial thrombus condition shows the highest mean arterial pressure and may result 

in the most severe outcome [37]. 
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Figure 1.5. Three aortic dissection cases with different false lumen patency. FL: false lumen. MAP: mean arterial 

pressure. Figure from [37]. 

Hemodynamic and mechanical properties of the aorta are associated to partial thrombus 

aortic dissection case. Abnormal flow in the aortic dissection contributes to thrombosis formation 

in the FL. This thrombosis may block the exit tears at the intimal flap, causing impaired outflow 

and further increasing mean arterial pressure in the FL. Elevated blood pressure in turn increases 

wall tension, which may cause stiffening and weakening of the aortic wall. Eventually, this region 

of the aorta may enlarge, resulting in aneurysm, re-dissection, or rupture. This process can be 

repeated over time.  

This example shows the importance of studying the hemodynamic and mechanical 

properties of the aorta. By understanding how these factors interact and contribute to disease 

progression, clinicians and researchers can better identify risk patients, develop effective 

interventions, and design improved treatment strategies. Medical imaging and computational 

simulations have been used to study the hemodynamic and mechanical properties of the aorta. 
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1.3 Medical imaging for the thoracic aorta: computerized tomography angiography 

Various techniques have been used to visualize the aorta for diagnosis and management of 

aortic diseases. Widely used imaging modalities include X-ray angiography, echocardiography, 

angiography, computerized tomography angiography (CTA), and magnetic resonance imaging 

[38], [39], [40]. Among different image techniques, CTA is the most commonly used technique 

for studying the thoracic aorta [38]. CTA involves the injection of an iodine-based contrast 

material through a vein to enhance the visibility of the blood vessel lumen. Special X-ray 

equipment acquires images from multiple angles, and computer post processing is then used to 

reconstruct 3D images of the aorta. CTA is fast (entire scan takes several seconds) and widely 

available in most of the emergency rooms. CTA offers high quality images (~0.5 mm) of extensive 

segments of the aorta. However, because CTA used ionizing radiation, its use is limited in pregnant 

women and for repeated scans. Additionally, image quality can be affected by patient movement 

or the presence of calcifications, which may introduce noise or artifacts.  

CTA has been widely used in studies of various aortic diseases, such as aortic aneurysm 

and dissection [41], [42].  Figure 1.6 shows CTA images of aortas with aortic aneurysm and 

dissection. There are two major applications of CTA in aortic disease assessment. First, CTA is 

critical for detecting disease by measuring aortic size or identifying the presence of an intimal flap. 

This information guides treatment decisions, including surgical repair, stenting, or medication 

management. Second, CTA enables measurement of aortic deformation in long and short terms. 

Over the long term, disease progression or postoperative prognosis can be monitored by measuring 

aortic growth. Aortic growth is obtained by comparing sequential CTA scans taken several years 

apart, ensuring that images are captured at the same phase of cardiac cycle to avoid the deformation 

from aortic motion. The magnitude of aortic deformation in this context is typically several 

millimeters. In the short term, aortic motion can be evaluated using Electrocardiogram (ECG)-

gated CTA during the cardiac cycle (so called dynamic CTA), with the interval between images 

being less than seconds. Deformation is focused near the aortic root because of the left ventricle 

motion. The magnitude of aortic deformation in this context is around 10 mm. Aortic motion 

measured in this way can serve as an indicator of aortic health [43]. Dynamic CTA can also capture 

aortic valve or intimal flap motion during the cardiac cycle. 
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Figure 1.6. Computerized tomography angiography images of aortic disease. Left: thoracic aortic aneurysm and 

right: aortic dissection. 

1.3.1 Medical imaging analysis examples 

Figure 1.7 shows examples of medical imaging analysis. Panel (a) illustrates the evaluation 

of aortic strain using echocardiography [38]. In this study, aortic diameters were measured at two 

different regions, the aortic root and the middle of the ascending aorta, during diastole and systole. 

Aortic stiffness was then estimated using these measured diameters and the patient’s blood 

pressure. However, the measurements were obtained from 2D images, which limits the analysis. 

Additionally, this method can only estimate circumferential aortic deformation and stiffness. Panel 

(b) shows the measurement of aortic root motion using MRI [39]. This study defined 1D aortic 

root motion by comparing the position of the aortic valve annular plane in diastole and systole. As 

a result, the analysis loses information about the full 3D aortic motion. 



 9 

 

Figure 1.7. Examples of the medical imaging analysis. (a) Evaluation of circumferential directional aortic strain 

using echocardiography and (b) measurement of aortic root motion using MRI. Figure from [38] and [39] for panel 

(a) and (b), respectively. 

1.4 Computational modeling of the aorta 

Advances in imaging techniques, numerical methods, and computing resources have 

enabled patient-specific computational simulation of the aorta [44]. Computational simulations are 

used to study the physical behavior of the aortic blood flow, the aortic wall, and structures 

immersed in the flow, in both healthy and diseased states. Aortic computational simulations 

include (1) fluid, (2) solid, and (3) fluid-structure interaction (FSI) simulations. 

1.4.1 Fluid simulations 

Fluid simulation solves blood flow through aorta. It solves the incompressible Navier-

Stokes equations. Vector forms of these equations are: 

 𝜌𝑓

𝜕𝑣𝑓⃑⃑⃑⃑ 

𝜕𝑡
+ 𝜌𝑓𝑣𝑓⃑⃑⃑⃑ ∙ ∇𝑣𝑓⃑⃑⃑⃑ = −∇𝑝 + 𝜇𝑓∇

2𝑣𝑓⃑⃑⃑⃑  (1.1) 

 

 ∇ ∙ 𝑣𝑓⃑⃑⃑⃑ = 0 (1.2) 

,where 𝑣𝑓⃑⃑⃑⃑   represents the fluid velocity, 𝑝 is the kinematic pressure, 𝜌𝑓 is the fluid density, and  𝜇𝑓 

is the fluid viscosity. Computational fluid dynamics (CFD) models are used to solve these 

equations. In CFD, three numerical methods are commonly employed: the finite difference 
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method, the finite volume method, and the finite element method (FEM). Some researchers have 

used the finite difference [45] and the finite volume [46], [47] methods in aortic simulations. 

However, the FEM is often preferred for patient-specific simulations due to its ability to accurately 

handle complex geometries and diverse material properties, as well as its flexibility in 

implementing customized boundary conditions. There are open-source software FEM-based 

packages, which facilitate patient-specific blood flow simulations: CRIMSON 

(www.crimson.software) [48] and SimVascular (www.simvascular.org) [49]. Commercial 

software, such as COMSOL, is also widely used.  

 

Figure 1.8. Patient-specific model processing pipeline from medical image to 3D aortic CFD simulation results. 

Figure from [2]. 

Figure 1.8 illustrates a typical patient-specific modeling pipeline using an example of an 

abdominal aortic aneurysm case. The process begins with obtaining medical images, from which 

a centerline is generated through the center of the aortic lumen. Along this centerline, 2D 

segmentations of vessel lumen are performed. Using 3D volume rendering and blending 

techniques, a 3D solid model is reconstructed from the centerline and 2D segmentations. This 3D 

configuration is then discretized using unstructured mesh elements. Proper boundary conditions, 

derived from patient data, are applied to enable flow simulation with a FEM solver. Through 

appropriate postprocessing, the CFD simulation yields physiological solutions such as velocity, 

pressure, and wall shear stress throughout the entire fluid domain. Patient-specific CFD models 

have been used to study various aortic disease [2]: abdominal aortic aneurysms [50], pulmonary 

arteries [51], cerebral aneurysms [52], aortic coarctation [53], and aortic dissection [54]. 

1.4.1.1 Fluid simulation state-of-the-art examples 

CFD simulations have been used to investigate the hemodynamics in aortic dissection with 

different conditions. Figure 1.9 panel (1) shows one of the velocity results of the aortic dissection 

study [54]. This study developed several patient-specific CFD models of aortic dissection to study 

http://www.crimson.software/
http://www.simvascular.org/
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how changes in the intimal flap, such as its removal or varying the number of connecting tears 

between the TL and FL, affect blood flow. Comparisons were made between the dissected aorta 

and a healthy version with the intimal flap virtually removed. Localized increases in velocity, 

pressure, and wall shear stress were observed, especially in the narrowed true lumen and at the 

primary entry tear. 

Figure 1.9 panel (2) shows the research on thrombosis formation in aortic dissection [55]. 

This study introduces CFD models that predict thrombus formation and growth in the FL of 

patients with type B aortic dissection, which is a key factor influencing outcomes. The model 

evaluates factors like shear rate, blood residence time, and platelet distribution using transport 

equations. Its predictions matched clinical observations, highlighting the impact of aortic geometry 

on thrombosis. The model operates efficiently, making it practical for clinical use and potentially 

valuable in guiding decisions about early intervention in patients at higher risk of FL thrombosis. 

 

Figure 1.9. Two research using CFD on aortic dissection which studied: (1) effect of intimal flap and tear, and (2) 

thrombosis formation. Figure from [54] and [55] for panel (1) and (2), respectively. 

1.4.2 Solid simulations 

 Aortic solid simulation models how the aortic wall deforms in response to external forces, 

such as pulsatile pressure during the cardiac cycle and mechanical loads, e.g., heart motion. This 

approach solves the Elasto-dynamic equation. The vector form of this equation is: 

 𝜌𝑠

𝜕2𝑢𝑠⃑⃑⃑⃑ 

𝜕𝑡2
= ∇ ∙ 𝜎̃ + 𝑓𝑠⃑⃑   (1.3) 
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,where 𝑢𝑠⃑⃑⃑⃑  represents the solid displacement, 𝜌𝑠 is the solid density, 𝜎̃ is the Cauchy stress tensor, 

and 𝑓𝑠⃑⃑   is the external force. The FEM is preferred for solid simulations, as it was initially developed 

for structure analysis. The FEM can effectively handle the complex aortic geometries and material 

behavior of aortic wall tissue. Furthermore, FEM uses variational and energy-based formulations, 

which naturally align with the fundamental principles of structural mechanics, making it highly 

effective for predicting deformation, stress, and strain in solid materials. Some research groups 

have developed and used in-house code for aortic structure simulations [56], [57].  

The relationship between the Cauchy stress tensor and stretch, which is defined as the 

spatial derivative of displacement, is established through prescribed constitutive models. The 

simplest model assumes a linear relationship between stress and strain. However, because the 

aortic wall is composed of various materials, such as elastin and collagen, it exhibits nonlinear 

mechanical properties [58], [59]. As a result, nonlinear constitutive models are widely used for 

modeling the aorta [60].  Depending on specific assumptions regarding aortic properties, such as 

isotropic vs anisotropic and homogenous vs heterogenous, various constitutive models have been 

used. For example, the incompressible Neo-Hookean model assumes that the aorta is isotropic. 

The strain energy density function, 𝑊 ,for this model is 

 𝑊 = 𝐶(𝐼1 − 3) (1.4) 

where 𝐼1 is the first principal invariant of the right Cauchy–Green deformation tensor and 𝐶 is a 

material parameter. In contrast, the four-fiber model assumes that the aorta is anisotropic with 

elastin and four different collagen fiber families. The strain energy density function, 𝑊, for this 

model is 

 𝑊 = 𝑐(𝐼1 − 3) + ∑
𝑐1
𝑘

4𝑐2
𝑘 [𝑒𝑐2

𝑘[(𝜆𝑘)
2
−1]

2

− 1]

4

𝑘=1

 (1.5) 

where 𝑐, 𝑐1
𝑘 , 𝑐2

𝑘 are material parameters and 𝜆 is stretch. Material parameters are obtained from 

experiments. Patient-specific solid models have been used to study various aortic diseases: 

atherosclerosis [61], [62], rupture [63], and aneurysm [64]. A comprehensive review of aortic solid 

computational simulation models can be found in [65]. 
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1.4.2.1 Solid simulation state-of-the-art example 

Figure 1.10 illustrates the results from the research which used solid simulation to find a 

correlation between aortic wall components and stress [56]. This study presents a computational 

framework for patient-specific modeling of abdominal aortic aneurysm growth. The solid model 

used medical images and an inverse optimization method to set healthy aortic material properties 

before simulating aneurysm development by inducing elastin degradation in different patterns. 

Solid simulation results highlighted how elastin damage, aneurysm shape, and collagen turnover 

affect wall stress and expansion rates. Stress and expansion matched areas of collagen 

concentration due to tissue remodeling processes. The framework showed promise for future use 

in predicting individual patient aortic aneurysm development and mechanical behavior using 

patient-specific imaging data. 

 

Figure 1.10. Elastin and collagen concentration along with von Mises stress distributions. Figure from [56]. 

1.4.3 Fluid-structure interaction simulations 

In the aorta, FSI simulations are used in two scenarios: (1) modeling aortic wall motion in 

respect to blood flow and (2) simulating the motion of thin structures immersed in blood flow, 

such as the aortic valve or intimal flap. In both scenarios, the blood flow influences the motion of 

the structures, and the motion of these structures, in turn, affects the blood flow. Different FSI 

formulations have been employed in cardiovascular simulations. Here, we introduce three FSI 

formulations: Arbitrary Lagrangian-Eulerian, Immersed boundary method, and Coupled 

Momentum Method. 

 The Arbitrary Lagrangian–Eulerian (ALE) formulation solves fluid problems in a moving 

frame that follows the motion of the solid structure (see Figure 1.11 bottom meshes). The moving 

frame is determined by solving the solid mechanics problems using an arbitrary constitutive model. 
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At the fluid-solid interface, both velocity and tractions are matched to ensure coupling between 

fluid and solid problems. Consequently, the ALE formulation solves the fluid, solid and fluid mesh 

problems at each time step. While the ALE method provides accurate solutions at the interface, it 

is computationally expensive, particularly for cases involving large deformations. Additionally, 

mesh distortion may occur in the fluid region between two solid surfaces. ALE methods have been 

used for simulations involving deformable aortic walls [66], [67], aortic valves [68], and aortic 

dissections [69], [70]. 

The immersed boundary method (IBM) was introduced by Peskin for aortic valve 

simulation[71]. This approach does not require the re-meshing and facilitates handling complex 

and large structural motions (see Figure 1.11 top meshes). Boundary conditions at the fluid-solid 

interface are enforced through additional body forces in the Navier-Stokes equations near the solid 

domain. Since the solid boundary does not conform to the fluid grid, IBM requires additional 

interpolation or smoothing to integrate the boundary forces with the fluid solver. IBM methods 

have been successfully used in simulations of the aortic valve [72], [73]. 

 

Figure 1.11. Fluid meshes at two different time steps, illustrating changes due to solid structure motion. Top: 

Immersed boundary method. Bottom: Arbitrary Lagrangian–Eulerian. Figure from [74]. 

The Coupled Momentum Method (CMM) was introduced by Figueroa [75] for FSI 

simulations involving deformable aortic walls. In CMM, the solid problem is embedded into the 

variation form of the fluid via a fictious body force. This force is used to calculate traction at the 

fluid-solid interface. CMM has been applied in cardiovascular simulations for both humans [76] 

and animals [77]. 
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1.4.3.1 Fluid-structure interaction simulation state-of-the-art example 

Figure 1.12 shows patient-specific aortic dissection simulation results using ALE method [70]. 

This study introduces a framework for simulating aortic dissection, capturing the complex 

interactions between vessel deformation, blood flow, pressure, and wall shear stress in patient-

specific models. The model used ALE method and distinct material properties for the vessel wall 

and dissection flap. Patient-specific anatomy and imaging data guided the simulations, which 

matched physiological deformation and flow patterns seen in 4D flow MRI. Results of this study 

showed that reduced intimal flap stiffness greatly increases its movement, decreases wall shear 

stress, reduces pressure differences between lumens, and lowers true lumen flow. This highlighted 

the critical importance of accurately modeling dissection flap mobility in patient-specific FSI 

simulations. 

 

Figure 1.12. Fluid-structure interaction simulation on patient-specific aortic dissection model. Model was solved 

with ALE method. Figure from [70]. 

1.5 Background 

1.5.1 Vascular deformation mapping 

As medical imaging techniques have advanced, it has become increasingly possible to 

obtain medical images with improved spatial and temporal resolution. However, the methods used 

to extract quantitative data from these images have not changed significantly. Even though 
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advanced medical imaging can provide comprehensive information on 3D aortic deformation, in 

most cases, simple metrices such as aortic diameter [78], [79] or 1D measurements (axial direction) 

of aortic root motion [80], [81] are still commonly used in aortic studies. 

Vascular deformation mapping (VDM) is a validated image analysis technique based on 

deformable image registration of two ECG-gated CTA scans [82], [83]. 3D segmented masks of 

the aortic lumen, obtained using a machine learning algorithm, serve as the input data for VDM. 

VDM enables precise assessment of changes in the entire 3D aortic geometry between two CTAs. 

It was originally developed to map and quantify aortic growth over several years by comparing 

baseline and follow-up sequential CTAs. It has demonstrated superior millimeter-level 

measurement accuracy compared to manual clinical assessment [84]. 

 

Figure 1.13. Schematic overview of VDM-D (dynamic) and VDM-G (growth). Figure from [86]. 

More recently, VDM has been adapted to quantify 3D pulsatile displacement of the aorta 

between diastole and systole using dynamic CTAs [12]. This application allows for detailed, 

patient-specific evaluation of multi-directional aortic root motion and changes in the cross-

sectional area of the aorta. VDM applied to sequential CTAs is termed VDM-G (“growth”), while 

its application to dynamic CTAs is termed VDM-D (“dynamic”). Figure 1.13 compares VDM-D 

and VDM-G. Recent studies have utilized both VDM-G and VDM-D to explore the relationship 
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between aortic motion and growth rated in various aortic diseases such as in patients with aortic 

aneurysm or those undergoing thoracic endovascular aortic repair [85], [86]. 

1.5.2 CRIMSON  

CardiovasculaR Integrated Modelling and SimulatiON (CRIMSON) is an open-source 

software framework for cardiovascular integrated modeling and simulation [48]. CRIMSON is 

specifically designed to solve patient-specific cardiovascular flow simulation. The main pipeline 

of CRIMOSN includes: (1) vessel segmentation from medical images, (2) generating 3D 

geometries from the centerline and 2D segmentations, (3) discretizing the 3D geometry with 

unstructured mesh elements, (4) designing and applying proper boundary conditions, (5) solving 

Navier-Stokes equation with FEM based solver, and (6) post-processing and visualizing 

hemodynamic solutions.  

CRIMSON Flowsolver, which is based on PHASTA, can be installed on high-performance 

computing systems with a message passing interface (MPI) parallel package. It was validated as 

scalable to tens of thousands of computing cores [87]. CRIMSON supports cardiovascular 

research-specific boundary conditions such as prescribed pulsatile flow, resistance-compliance-

resistance (RCR), and both rigid and deformable wall models. CRIMSON can be used for a range 

of applications, including cardiovascular disease research, surgical planning, medical device 

evaluation, and non-invasive diagnostics. Furthermore, CRIMSON incorporates FSI solvers 

including the CMM and IBM (upcoming feature).  

 

Figure 1.14. Examples of aortic studies using CRIMSON. Figures from A: aortic dissection [54], B: aortic 

coarctation [88], C: Lagrangian particle tracking applied on the aorta [48], and D: scalar reaction and transport study 

[48]. 
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CRIMSON has been used for various aortic disease studies such as aortic dissection [54], 

aortic coarctation [88], and aortic aneurysm [89]. In addition, its features have supported aortic 

research involving Lagrangian particle tracking [90] and scalar reaction & transport [91]. Figure 

1.14 presents solutions from different studies conducted using CRIMSON.  

1.5.3 Nonlinear rotation-free shell 

In cardiovascular models, most of the structural components, such as the aortic wall, aortic 

valves, and intimal flap, have a small thickness-to-length ratio. Based on Kirchhoff-Love theory, 

membrane models allow 3D structural problems to be simplified by solving them on a 2D middle 

surface while accounting for thickness, thereby significantly reducing computational cost [92]. 

Membrane models have become a popular choice for modeling thin biological structures [93]. 

However, because membrane models cannot capture bending stiffness, they may lead to numerical 

buckling in complex geometries [94]. The aorta, with its complex geometry and connections to 

side vessels, presents such challenges.  

 

Figure 1.15. Schematic drawing illustrates the (a) shell mid surface in the initial and deformed configurations and 

(b) element patch comprising a master element and three adjacent elements. Figure recreated from [97]. 

Shell models, which also follow Kirchhoff-Love theory, can capture bending stiffness but 

are computationally more expensive due to the inclusion of an additional rotation degree of 

freedom. Figure 1.15 (a) shows how a shell formulation utilizes the mid-surface of a thin solid 

structure, along with basis vectors in both the initial and deformed configurations. To avoid these 

additional degrees of freedom, a rotation-free shell formulation has been developed  [95]. This 

approach computes both membrane and bending behavior using only displacement degrees of 

freedom for a triangular element and its three neighboring elements, as shown in Figure 1.15 (b). 
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Recently, this nonlinear rotation free shell formulation has been adapted and validated for 

cardiovascular studies [56].  Shell formulations have also been successfully implemented in the 

FSI problems with its advantage of smaller computational cost [96]. A study demonstrating the 

efficiency and accuracy of a rotation-free shell formulation, compared to 3D solids, is presented 

in Chapter 2. 

1.6 Objective and structure of the thesis 

1.6.1 Objective of the thesis 

Despite advances in medical imaging techniques and computational modeling methods, 

gaps and limitations remain in the field. First, although medical images provide 3D aortic 

configurations and allow for the measurement of 3D aortic deformations, the kinematic analysis 

of these images has been limited to characterizing aortic deformation in 1D, for example focusing 

only on circumferential diameter growth or axial aortic root motion (see Section 1.3.1). More 

sophisticated techniques are needed to assess 3D aortic deformation from dynamic 3D images. 

Second, computational simulations, particularly FSI models, have been used to study the 

dynamic motion of the intimal flap in aortic dissection (see section1.4.3.1). However, patient-

specific FSI models are computationally expensive, especially when they are solved with ALE 

method. Furthermore, FSI models have not yet been applied to specific complications associated 

with the aortic dissection. Computationally efficient FSI models are needed to solve problems and 

applied to various complications. 

The objective of thesis is to study the aorta using both medical imaging analysis techniques 

and computational modeling to address these limitations with two primary aims. Aim 1 is 

assessment of the 3D aortic deformation during cardiac cycle using medical image analysis 

techniques. Aim 2 is development of computationally efficient FSI models for aortic dissection. 

1.6.2 Structure of the thesis 

This thesis explores the biomechanics of the aorta through two main approaches: (I) the 

use of advanced medical imaging techniques, VDM, to extract 3D aortic deformation; and (II) the 

implementation and development of computational FSI models for aortic dissection. 

Prior to presenting these two main parts, we establish the efficiency of the nonlinear 

rotation-free shell formulation, which is one of the key methods applied throughout both parts I 
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and II. Chapter 2 presents a systematic comparison between the rotation-free shell formulation and 

3D solid models. 

Part I, covered in Chapters 3 and 4, focuses on advanced image analysis. In Chapter 3, we 

apply VDM to dynamic CTA data to extract 3D pulsatile motion of the aortic root across a range 

of patient groups, including non-aneurysmal, TAA, Marfan syndrome, and post-stent repair cases. 

Chapter 4 details the calibration of deformable image registration parameters in VDM-D, 

leveraging physics-based synthetic data for improved accuracy. 

Part II comprises Chapters 5, 6, and 7, and presents the computational modeling of aortic 

dissection. Chapter 5 discusses the modeling of dynamic obstruction using the ALE method. In 

this work, we identified the limitations of ALE. These findings motivate the development of an 

efficient FSI solver using IBM. Chapter 6 introduces a novel IBM formulation for modeling aortic 

dissection, the primary methodological contribution of this thesis. In Chapter 7, we apply this new 

IBM approach to create a patient-specific aortic dissection model. 

Finally, Chapter 8 summarizes the main findings and discusses directions for future 

research. 
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Chapter 2 A Systematic Comparison of Membrane, Shell, and 3D Solid Formulations for 

Nonlinear Vascular Biomechanics 

This chapter is adapted from a manuscript currently in preparation for submission1. 

2.1 Introduction 

Computational methods to simulate cardiovascular biomechanics in three-dimensional 

(3D) models of arteries have attracted significant interest owing to their applications in disease 

research, medical device design, and surgical planning [1],[2],[3],[4],[5],[6],[7]. Computational 

models have utilized various representations of the vascular wall which has been modeled, with 

varying degrees of detail, as either a 3D solid or a two-dimensional (2D) structure (membrane or 

shell). The latter choice has been motivated by the low ratio of wall thickness to radius exhibited 

by most arteries and veins as well as the presence of residual stresses, rendering them suitable to 

a 2D representation. Nonetheless, each of these approaches has its advantages and disadvantages 

concerning computational efficiency, accuracy, and ease of implementation. 

In general, 3D solid models offer excellent accuracy, straightforward implementation, and 

flexibility to easily incorporate arbitrary constitutive material models [8]. They have been 

extensively employed both for the solid mechanics analysis of arterial wall [1],[9],[10],[11],[12] 

and fluid-structure analyses [13,14,15]. However, 3D solid models employing low-order 

interpolation present significant challenges concerning various locking phenomena and difficulty 

in generating good quality meshes for thin geometries. Specifically, generating a sufficiently good 

mesh (i.e. with appropriate aspect ratio of mesh elements) for thin geometries requires a finer in-

plane mesh, leading to significant increases in degrees of freedom. This challenge can, in principle, 

be circumvented via the use of higher-order interpolation in 3D solid formulations. However, such 

formulations are typically undesirable for vascular applications owing to their associated 

numerical instabilities and high computational cost. 

 
1 The authors of this manuscript are: Taeouk Kim, Rogelio Ortigosa, Nitesh Nama, Miquel Aguirre, Antonio J. Gil, 

Jay D. Humphrey, and C. Alberto Figueroa. 
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 To circumvent these challenges, 2D manifold representations of the vessel wall have been 

proposed. Earlier works have employed a membrane representation of the vessel wall and 

highlighted its significantly lower computational cost. For example, the vessel wall has been 

modeled as either a linear [16] or a nonlinear membrane [17],[18],[19],[20],[21]. More recently, 

various shell models have been employed to incorporate the bending stiffness of the vessel wall 

[22],[23],[24],[25],[26]. While shell theory is a mature field in nonlinear mechanics 

[27],[28],[29],[30],[31], adaptation of these theories for vascular biomechanics is largely restricted 

to shell formulations that employ the Kirchhoff-Love theory. In particular, we note the recent stress 

resultant shell formulation employed by Kim [22] (in the context of heart valve leaflets), the 

isogeometric formulation by Tepole [23], and our recent work using a rotation-free shell 

formulation [26]. We also note that subject-specific geometric models are typically obtained from 

medical images, where a direct assessment of vessel wall thickness is difficult. Consequently, 

construction of a 3D volumetric geometric model of the vessel wall entails the creation of a surface 

mesh that is then extended radially to obtain a 3D solid mesh. In this context, 2D representations 

of vessel wall offer another advantage over 3D models by avoiding the need for this additional 

pre-processing step. 

 Nevertheless, despite the widespread use of 2D models of vascular walls, there is limited 

understanding of the relative advantages and disadvantages of their performance against 3D solid 

formulations [8],[32]. To the best of our knowledge, there has been no comprehensive comparison 

of these approaches in the context of vascular biomechanics for complex subject-specific 

geometries and biologically relevant material models. Consequently, the modeling choice often 

relies on intuition and preference, with unclear consequences of choosing one approach over the 

other. 

 Another issue that introduces differences between 2D and 3D models concerns the 

handling of incompressibility. Typically, 3D models do not enforce incompressibility exactly to 

avoid the introduction of a Lagrange multiplier. Instead, they enforce near incompressibility. By 

contrast, 2D representations of vessel wall enforce incompressibility exactly by expressing 

through-the-thickness quantities in terms of in-plane quantities. The consequences of this 

difference in handling of incompressibility conditions are unclear. 

 Here, we address this gap in the literature by presenting a systematic comparison of three 

different approaches of modeling the nonlinear mechanics of the vascular wall. The first is a 
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nonlinear membrane model used previously by Lu et al [17] for cerebral aneurysms. The second 

is a nonlinear, rotation-free shell model, originally proposed by Onate and Flores [33], and recently 

adapted for biomechanics by Nama et al [26]. The third is a nonlinear 3D solid model, where we 

consider two different implementations employing wedge (or triangular prismatic) elements with 

linear and quadratic interpolation, which will be referred to as P1 and P2 models respectively 

[34],[35],[36],[37]. 

 The outline of rest of the article is as follows: In Section 2.2, we briefly describe each 

formulation with an emphasis on assumptions concerning through-the-thickness variations of 

kinematic quantities. We also highlight differences in handling the incompressibility condition 

among these approaches. We then describe our strategy to obtain 3D solid wedge elements from 

the 2D midsurface triangular elements to ensure a consistent comparison among different 

formulations. In Section 2.3, we contrast results across the different formulations. We first consider 

an idealized cylindrical geometry to compare results of each formulation against the axisymmetric 

theory and investigate the performance of different formulations as a function of wall thickness to 

radius ratio. We also compare the performance of different formulations in idealized arterial 

bifurcation with regionally varying wall thickness. We then compare results for subject-specific 

mouse geometry with regionally varying material properties and wall thickness. Lastly, we provide 

a brief discussion of our results in Section 2.4. 

2.2 Theoretical formulation 

For each of the three basic formulations, we consider the mapping of a point within a 

neighborhood of the body from its initial configuration to any deformed configuration. 

Subsequently, we utilize this mapping to construct the deformation gradient tensor and right 

Cauchy-Green tensor. These expressions are then employed to define the elastic strain energy for 

the two constitutive models considered. 

Below, Greek subscripts or superscripts take values {1,2} while Latin subscripts or 

superscripts take values {1,2,3}. We follow Einstein's index notation where a repeated symbol 

denotes a summation, unless stated otherwise; 𝑥 and 𝑋 denote a point in the continuum in current 

and initial configurations, respectively, while 𝜑 and 𝜑(0) denote a point on the midsurface of the 

continuum in current and initial configurations, respectively. 
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2.2.1 Kinematics 

2.2.1.1 Membrane formulation 

Consider the nonlinear membrane formulation, previously employed by Lu et al [38] for 

cerebral aneurysms. Membrane formulations represent the simplest modeling choice for the vessel 

wall and describe the kinematics via mid-surface quantities [39]. 

Consider a mapping between point 𝜑(0) and point 𝜑 , both belonging to the membrane 

surface. The surface is parameterized by convective coordinates 𝜉𝛼 (𝛼 = 1,2) which yield a basis 

of two covariant vectors in the tangent planes of the initial and deformed configurations 

 𝐵𝛼 =
𝜕𝜑(0)

𝜕𝜉𝛼
, 𝑏𝛼 =

𝜕𝜑

𝜕𝜉𝛼
 (2.1) 

The corresponding contravariant vectors can be obtained as follows 

 𝐵𝛼 = 𝐵𝛼𝛽𝐵𝛽 , 𝑏𝛼 = 𝑏𝛼𝛽𝑏𝛽 (2.2) 

where 𝐵𝛼𝛽 = 𝐵𝛼 ∙ 𝐵𝛽 and 𝑏𝛼𝛽 = 𝑏𝛼 ∙ 𝑏𝛽. Following Gruttman and Taylor [39], we introduce an 

orthonormal basis in the material configuration; in this case the covariant and contravariant 

components of the referential stress and strain tensors are identical, thereby simplifying the 

implementation. To this end, we define 

 𝐴3 = 𝐴3 =
𝐵1 × 𝐵2

||𝐵1 × 𝐵2||
, 𝐴1 = 𝐴1 =

𝐵1

||𝐵1||
, 𝐴2 = 𝐴2 = 𝐴3 × 𝐴1 (2.3) 

with associated coordinates 𝑠𝛼  indirectly defined as 

 𝐴𝛼 = 𝐴𝛼 =
𝜕𝜑(0)

𝜕𝑠𝛼
 (2.4) 

We remark that this orthonormal basis is introduced for mathematical convenience and ease of 

implementation and is not strictly necessary to describe the membrane formulation. Similarly, the 

basis vectors (not necessarily orthonormal) at a position 𝜑 of a point on the membrane surface in 

the current configuration can be defined as 

 𝑎𝛼 =
𝜕𝜑

𝜕𝑠𝛼
 (2.5) 

Figure 1(A) shows the initial and deformed configurations of the vessel wall midsurface, and the 

corresponding basis. The in-plane deformation gradient can be defined as 
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 𝐹̅ =
𝜕𝜑

𝜕𝜑(0)
=

𝜕𝜑

𝜕𝑠𝛼
⊗

𝜕𝑠𝛼

𝜕𝜑(0)
= 𝑎𝛼 ⊗ 𝐴𝛼  (2.6) 

Correspondingly, the in-plane right Cauchy-Green tensor is obtained as 

 𝐶̅ = 𝑎𝛼𝛽𝐴𝛼 ⊗ 𝐴𝛽  (2.7) 

where 𝑎𝛼𝛽 denotes the metric in the current configuration 

 𝑎𝛼𝛽 = 𝑎𝛼 ∙ 𝑎𝛽  (2.8) 

We remark that the membrane strain can be described completely without requiring an explicit 

reference to the underlying 3D deformation. Nonetheless, it is useful to view the midsurface 

deformation as components of the 3D motion. Neglecting the transverse shear strain, the 

corresponding 3D deformation gradient can be written as 

 𝐹 = 𝑎𝛼 ⊗ 𝐴𝛼 + 𝜆3𝑎3 ⊗ 𝐴3  (2.9) 

where 𝜆3 = ℎ/𝐻 denotes the thickness stretch with ℎ and 𝐻 being the current and initial thickness 

of the membrane. Accordingly, the 3D right Cauchy-Green tensor is 

 𝐶 = 𝑎𝛼𝛽𝐴𝛼 ⊗ 𝐴𝛽 + 𝜆3
2𝐴3 ⊗ 𝐴3  (2.10) 

with 

 𝐶𝑖𝑗 = [

𝑎11 𝑎12 0
𝑎21 𝑎22 0

0 0 𝜆3
2
] (2.11) 

where 𝐶33 is obtained via plane stress and incompressiblity conditions. This allows the Jacobian 

determinant to be expressed as 

 𝐽 = √det (𝐶) = 𝐽0𝜆3  (2.12) 

where 𝐽0 = √
|𝑎𝛼𝛽|

|𝐴𝛼𝛽|
 denotes the in-plane Jacobian determinant. Equation (2.12), in combination 

with the incompressibility condition 

 𝐽 = 1  (2.13) 

yields 
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 𝜆3 = 𝐽0
−1 (2.14) 

This coupling of out-of-plane components with the in-plane metrics ensures satisfaction of the 

incompressibility constraint. This approach enables us to employ general 3D constitutive models 

by relating 3D strain quantities to their in-plane counterparts, as described in Section 2.2.2. 

 

Figure 2.1. Schematic drawing illustrates the basis vectors in the initial and deformed configuration for the three 

formulations. 
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2.2.1.2 Rotation-free shell formulation 

Next, we describe the rotation-free shell formulation, originally proposed by Onate and 

Flores [33] and recently adapted for biomechanics by Nama et al [26]. This shell formulation 

employs the Kirchhoff hypothesis of straight and normal cross-sections and describes the 

kinematics of the vessel wall via its midsurface and associated normal vector. Below, we provide 

a brief overview of this formulation and refer the reader to our earlier work [26] for a more detailed 

description. 

Consider Figure 2.1(B) where a point 𝜑(0) is mapped to point 𝜑, with both belonging to 

the shell midsurface. Similar to the membrane formulation described above, and following 

Gruttman and Taylor [39], we define an orthonormal basis corresponding to a point with associated 

coordinates 𝑠𝛼 on the shell midsurface in the initial configuration as 

 𝐴𝛼 =
𝜕𝜑(0)

𝜕𝑠𝛼
 (2.15) 

with the unit normal vector to the midsurface 

 𝐴3 =
𝐴1 × 𝐴2

||𝐴1 × 𝐴2||
 (2.16) 

Again, as noted earlier in the discussion of membrane formulation, this orthonormal basis is 

introduced for mathematical convenience and ease of implementation and is not strictly necessary 

to describe the shell formulation. Similar to the initial configuration, the basis vectors (not 

necessarily orthonormal) at a position 𝜑 of a point on the shell midsurface in the current 

configuration can be defined as 

 𝑎𝛼 =
𝜕𝜑

𝜕𝑠𝛼
, 𝑎3 =

𝑎1 × 𝑎2

||𝑎1 × 𝑎2||
 (2.17) 

These definitions allow us to express the positions, 𝑋 and 𝑥, of a general point in the initial and 

the deformed configuration, respectively, as 

 𝑋 = 𝜑(0) + 𝜉3𝐴3 (2.18) 

 𝑥 = 𝜑 + 𝜉3𝜆3𝑎3 (2.19) 

where 𝜉3(−
𝐻

2
< 𝜉3 <

𝐻

2
) denotes the perpendicular distance of the point to the midsurface with 𝐻 

being the shell thickness in the reference configuration and 𝜆3  = ℎ/𝐻 denotes the thickness 

stretch with ℎ and 𝐻 being the current and initial thickness. We note that the thickness stretch 
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represents an additional unknown quantity that is obtained by the use of incompressibility and 

plane stress conditions, as described in Section 2.2.2.1. 

The basis vectors, 𝐺𝛼 =
𝜕𝑋

𝜕𝑠𝛼
, at a general point in the shell continuum can be expressed in terms of 

midsurface basis vectors as 

 𝐺𝛼 = 𝐴𝛼 + 𝜉3𝐴3,𝛼 (2.20) 

 𝐺3 = 𝐴3 (2.21) 

where (∙),𝛼 denotes the partial derivative of a quantity with respect to 𝑠𝛼. The covariant metrics 

are obtained as 

 𝐺𝛼𝛽 = 𝐴𝛼𝛽 + 2𝜉3𝜅𝛼𝛽
(0)

+ 𝜉3
2𝐴3,𝛼 ∙ 𝐴3,𝛽 (2.22) 

 𝐺𝛼3 = 𝐺3𝛼 = 𝐴𝛼 ∙ 𝐴3 + 𝜉3𝐴3,𝛼 ∙ 𝐴3 = 0 (2.23) 

 𝐺33 = 𝐴33 = 1 (2.24) 

where 𝐴𝛼𝛽 are the components of the covariant metrics (first fundamental form) in the initial 

configuration given as 

 𝐴𝛼𝛽 = 𝐴𝛼 ∙ 𝐴𝛽 (2.25) 

and 𝜅𝛼𝛽
(0)

 are the components of the curvature (second fundamental form) of the midsurface in the 

initial configuration given as 

 𝜅𝛼𝛽
(0)

=
1

2
(𝐴𝛼 ∙ 𝐴3,𝛽 + 𝐴𝛽 ∙ 𝐴3,𝛼) (2.26) 

We linearize strain through the thickness and therefore neglect the quadratic term in equation 

(2.22) to obtain [40]: 

 𝐺𝛼𝛽 = 𝐴𝛼𝛽 + 2𝜉3𝜅𝛼𝛽
(0)

 (2.27) 

Similarly, using the basis vectors in the current configuration 𝑔𝛼 =
𝜕𝑥

𝜕𝑠𝛼
, the metrics in the current 

configuration are 

 𝑔𝛼𝛽 = 𝑎𝛼𝛽 + 2𝜉3𝜅𝛼𝛽 (2.28) 
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with 

 𝑎𝛼𝛽 = 𝑎𝛼 ∙ 𝑎𝛽 ,       𝜅𝛼𝛽 =
1

2
(𝑎𝛼 ∙ 𝑎3,𝛽 + 𝑎𝛽 ∙ 𝑎3,𝛼) (2.29) 

Given our choice of orthonormal basis in the initial configuration, the metrics 𝐴𝛼𝛽 are equal to the 

components of the 2X2 identity tensor. Therefore, for surfaces with non-zero curvature in initial 

configuration, the presence of the term 2𝜉3𝜅𝛼𝛽
(0)

 in Equation (2.27) implies that the metrics 𝐺𝛼𝛽 are 

not equal to the components of the identity tensor, indicating a non-zero deformation even in the 

initial configuration. To mitigate this issue, we follow the approach by Flores and Onate [41] to 

replace the curvature 𝜅𝛼𝛽 by relative curvature 𝜒𝛼𝛽 = 𝜅𝛼𝛽 − 𝜅𝛼𝛽
(0)

 in equations (2.27) and (2.28). 

Accordingly, we approximate the covariant metrics in the current configuration as 

 𝑔𝛼𝛽 = 𝑎𝛼𝛽 + 2𝜉3𝜒𝛼𝛽 (2.30) 

We remark that this approximation, while not strictly necessary, facilitates the use of standard 

constitutive material models (e.g., equation (2.30)) by enforcing that the metrics in initial 

configuration are components of unit tensor. 

Using the basis vectors defined in equations (2.20) and (2.21) and their counterparts in the 

deformed configuration, 𝑔𝑖, the deformation gradient is 

 𝐹 =
𝜕𝑥

𝜕𝑋
=

𝜕𝑥

𝜕𝑠𝛼
⊗

𝜕𝑠𝛼
𝜕𝑋

= 𝑔𝑖 ⊗ 𝐺𝑖  (2.31) 

and the right Cauchy-Green tensor is 

 𝐶 = 𝐹𝑇𝐹 = 𝑔𝑗𝑖𝐺
𝑖 ⊗ 𝐺𝑗   (2.32) 

Here, the transverse components 𝑔𝛼3 = 𝑔3𝛼 = 0 since 𝑔𝛼 ∙ 𝑔3 = 0. Furthermore, equation 

(2.32) indicates that the covariant components of the right Cauchy-Green tensor and the metrics in 

the deformed configuration are identical. However, since 𝑔33 = 𝑎3 ∙ 𝑎3 = 1 this equation does not 

reflect the change in shell thickness. Consequently, to account for the radial (thickness) 

deformation, equation (2.32) needs to be replaced by [40] 

 𝐶 = 𝐶𝑗𝑖𝐺
𝑖 ⊗ 𝐺𝑗  (2.33) 

with 
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 𝐶𝑖𝑗 = [

𝑔11 𝑔12 0
𝑔21 𝑔22 0
0 0 𝐶33

] (2.34) 

where 𝐶33 is obtained via plane stress and incompressibility conditions. This allows the Jacobian 

determinant to be expressed as 

 𝐽 = √det (𝐶) = 𝐽0√𝐶33  (2.35) 

where 𝐽0 = √
|𝑎𝛼𝛽|

|𝐴𝛼𝛽|
 denotes the in-plane Jacobian determinant. Equation (2.35), in combination 

with the incompressibility condition 

 𝐽 = 1  (2.36) 

yields 

 𝐶33 = 𝐽0
−2  (2.37) 

This coupling of out-of-plane components with the in-plane metrics ensures satisfaction of the 

incompressibility constraint. 

2.2.1.3 Continuum formulation 

Next, we describe a 3D nonlinear continuum formulation. Referring to Figure 2.1(C), let 

Ω0 ⊂ 𝑅3, be an open, bounded and connected domain which represents the reference (or 

undeformed) configuration of the vessel wall. The deformation of the body Ω0 is defined through 

the mapping 𝜙:Ω0 → 𝑅3 that links a material point from the reference configuration 𝑋 ∈  Ω0 to a 

point in the deformed configuration 𝑥 ∈ Ω according to 𝑥 = 𝜙(𝑋) and Ω = 𝜙(Ω0). Associated 

with the mapping 𝜙 the deformation gradient tensor 𝐹 and the right Cauchy-Green tensor 𝐶 

are defined as 

 𝐹 =
𝜕𝑥

𝜕𝑋
,    𝐶 = 𝐹𝑇𝐹  (2.38) 

We remark that, in contrast to the membrane and shell formulations that enforce the 

incompressibility constraint exactly at the continuum level, the chosen continuum displacement-

based formulation enforces quasi-incompressibility (see Section 2.2.2.1 for further details). 

We further note that, as opposed to the shell and membrane formulations, the 3D 

formulation requires no assumptions concerning through-the-thickness variation of kinematic 
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quantities other than those implicit in the choice of spatial interpolation. The strategy for the 

generation of the solid discretization as well as the different spatial interpolations considered for 

the 3D continuum formulation are discussed later in Section 2.2.3. 

2.2.2 Constitutive models 

Next, we describe the two different constitutive models considered. The expressions for 

the elastic strain energy provided below are standard representations of these constitutive models; 

however, these expressions are typically modified by introducing Lagrange multipliers or penalty 

terms (i.e. volumetric energy contributions) to enforce the incompressibility condition, as 

described in Section 2.2.2.1. 

Mooney-Rivlin: The elastic strain energy for a Mooney-Rivlin model (commonly used to 

represent elastomers) is 

 𝜓𝑒𝑙 = 𝑐1(𝐼𝐶 − 3) + 𝑐2(𝐼𝐼𝐶 − 3)  (2.39) 

where 𝑐1, 𝑐2 are the material parameters and 𝐼𝐶 , 𝐼𝐼𝑐 are the first and second principal invariants of 

the right Cauchy-Green tensor 𝐶 given as 

 𝐼𝑐 = 𝑡𝑟(𝐶),    𝐼𝐼𝐶 =
1

2
[𝑡𝑟(𝐶)2 − 𝑡𝑟(𝐶2)  (2.40) 

For the special case of 𝑐2 = 0, this model reduces to the neo-Hookean model. 

Four-fiber family model: The four-fiber family model characterizes the arterial wall as a 

composite structure comprising an elastin-dominated isotropic matrix, four families of embedded 

collagen fibers, and passive smooth muscle (circumferentially oriented along with one collagen 

family). The elastic strain energy is [42],[43],[44] 

 𝜓𝑒𝑙 =
𝑐

2
(𝐼𝐶 − 3) + ∑

𝑐1
𝑘

4𝑐2
𝑘 [𝑒𝑐2

𝑘[(𝜆𝑘)
2
−1]

2

− 1]

4

𝑘=1

 (2.41) 

where 𝑐1, 𝑐2
𝑘 , 𝑐3

𝑘 are the material parameters, 𝐼𝐶 is again the first invariant of the right Cauchy-

Green tensor and 𝜆𝑘 = √𝑀𝑘 ∙ 𝐶𝑀𝑘 is the stretch experienced by the k-th fiber family that is 

oriented along the direction 𝑀𝑘 = [0, 𝑠𝑖𝑛 𝛼0
𝑘, 𝑐𝑜𝑠 𝛼0

𝑘] in the reference configuration. The four-

fiber families are considered to be aligned along 𝛼0
1 = 0𝑜 (axial family), 𝛼0

2 = 90𝑜 

(circumferential family) and 𝛼0
3,4 = ±𝛼0 (symmetric diagonal families), where 𝛼0 is a free 

parameter. The four-fiber family model has recently been recommended as the first choice 
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constitutive model to simulate arterial deformations that lie outside the range of experimental tests 

[45] and has been extensively employed to describe the behavior of both human and murine arterial 

tissue [44],[45]. 

2.2.2.1 Enforcement of incompressibility and plane stress 

In this section, we briefly discuss the strategies to enforce incompressibility constraint for 

each formulation considered in this work. Additionally, we discuss the plane stress condition 

employed in the membrane and shell formulations. 

Membrane formulation: Here, we follow the strategy suggested by Lu et al [17] where the 

membrane deformation is viewed as components of a 3D motion. The corresponding 3D version 

of the in-plane right Cauchy-Green tensor, equation (2.7), is expressed as 

 𝐶̅ = 𝑎𝛼𝛽𝐴𝛼 ⊗ 𝐴𝛽 + 𝜆3
2𝐴3 ⊗ 𝐴3  (2.42) 

where 𝜆3 = ℎ/𝐻 denotes the thickness stretch with ℎ and 𝐻 the current and initial thickness of the 

membrane, and 𝐴3 denotes the unit normal vector to the membrane surface. Using equation (2.7) 

and (2.42), the 3D Jacobian determinant can be expressed as 

 𝐽 = √det (𝐶) = 𝑗𝜆̅3  (2.43) 

where 𝐽0 = √
|𝑎1×𝑎2|

|𝐴1×𝐴2|
 denotes the in-plane Jacobian determinant. The incompressibility constraint 

is enforced by setting 𝐽 = 1, which in combination with equation (2.43), yields 

 𝜆3 = 1/𝑗 ̅ (2.44) 

This allows us to express the 3D strain invariants in terms of the in-plane invariants (2.7), as 

 𝐼𝐶 = 𝐼𝐶̅ + 𝐼𝐼𝐶̅̅ ̅̅   −1
,   𝐼𝐼𝐶 = 𝐼𝐶̅𝐼𝐼𝐶̅̅ ̅̅   −1

+ 𝐼𝐼𝐶̅̅ ̅̅   (2.44) 

Therefore, the 3D right Cauchy-Green tensor (equation (2.42)) and consequently, the elastic strain 

energy (equations (2.39) and (2.41)) can be completely described in terms of in-plane quantities. 

Furthermore, it can be shown that, under a plane stress condition, the in-plane components of the 

second Piola-Kirchhoff stress are given as 𝑆𝛼𝛽 = 2
𝜕𝜓𝑒𝑙(𝐶)

𝜕𝑎𝛼𝛽
. We refer the reader to Lu et al [17] for 

further details on constitutive modeling in membrane formulation. 
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Rotation-free shell formulation: Here, we follow the strategy in [26],[46] where 

incompressibility is enforced by augmenting the elastic strain energy function 𝜓𝑒𝑙(𝐶) with a 

constraint term using a Lagrange multiplier 𝑝 as 

 𝜓 = −𝑝(𝐽 − 1) + 𝜓𝑒𝑙(𝐶)  (2.47) 

Here, we again follow the same arguments as above to express the thickness stretch 𝜆3 = ℎ/𝐻 in 

terms of in-plane quantities, as in equation (2.44). Furthermore, the additional unknown 𝑝 

introduced in equation (2.47) can be determined using a plane stress condition [40]. Following 

Kiendl et al [40], we first derive the 3D components of the second Piola-Kirchhoff stress tensor 

while considering 𝑝 to be a function of 𝐶𝑖𝑗 as 

 𝑆𝑖𝑗 = 2
𝜕𝜓

𝜕𝐶𝑖𝑗
= 2

𝜕𝜓𝑒𝑙

𝜕𝐶𝑖𝑗
− 2

𝜕𝑝

𝜕𝐶𝑖𝑗

(𝐽 − 1) − 2𝑝
𝜕𝐽

𝜕𝐶𝑖𝑗
 (2.48) 

Using the plane stress condition 𝑆33 = 0, with equations (2.35), (2.36), (2.357), we obtain 

 𝑝 = 2
𝜕𝜓𝑒𝑙

𝜕𝐶33
𝐶33 (2.49) 

A more detailed description of this strategy can be found in Kiendl et al [40] and our recent work 

[26]. 

3D continuum formulation: It proves convenient computationally to modify equation (2.39) as 

 𝜓𝑒𝑙 = 𝑐1(𝐼𝐶 − 3) + 𝑐2(𝐼𝐼𝐶 − 3) − 2(𝑐1 + 2𝑐2)𝐼𝑛 𝐽  (2.50) 

Similarly, for the four-fiber family model in equation (2.41), let 

 𝜓𝑒𝑙 =
𝑐

2
(𝐼𝐶 − 3) + ∑

𝑐1
𝑘

4𝑐2
𝑘 [𝑒𝑐2

𝑘[(𝜆𝑘)
2
−1]

2

− 1]

4

𝑘=1

− 𝑐 𝐼𝑛 𝐽 (2.51) 

where the last term in above equations (2.50) and (2.51) represents appropriate contributions to 

ensure the absence of deformation. With regards to incompressibility, there are various 

possibilities to enforce it. One approach is to enforce full incompressibility, as in equation (2.47), 

by introducing a Lagrange multiplier 𝑝 that weakly enforces 𝐽 = 1. However, for the 3D 

continuum formulation, this entails the use of a mixed formulation with finite element spaces for 

both displacements and the Lagrange multiplier 𝑝 which comply with the inf-sup or LBB condition 

[47]. Therefore, in this work, it proves convenient computationally to employ a displacement-
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based formulation where the incompressibility of the material is relaxed and enforced in a penalty-

type manner by adding a volumetric term 𝑈(𝐽) [48] 

 𝜓 = 𝜓𝑒𝑙 + 𝑈(𝐽),   𝑈(𝐽) =
𝜆

2
(𝐽 − 1)2  (2.52) 

with a sufficiently large value of 𝜆 yielding a good approximation of the incompressibility of the 

material, with 𝜆 ≈ 102 × 2(𝑐1 + 𝑐2) for the model in equation (2.50) and 𝜆 = 102 × 𝑐 for the 

model in equation (2.51). 

2.2.3 Discretization 

To compare the performance of different formulations under the closest possible 

conditions, we chose a particular finite element discretization for the continuum formulation. 

Specifically, the solid mesh consists of wedge (or triangular prismatic) elements [34] generated by 

performing an extension of the midsurface triangular elements used for the membrane and shell 

formulations. This process comprises three steps: (1) Computation of the normal vector in the 

undeformed configuration, 𝐴3 at each node within every element, (2) Generation of continuous 

distribution of 𝐴3 across elements by local averaging, and (3) Extension of triangular elements 

along the continuous normal vectors 𝐴3, both inwards and outwards of the midsurface. This 

process is summarized in Figure 2.2. 

 

Figure 2.2. Generation of a solid mesh using extrusion of the midsurface mesh. 

Figure 2.3 shows the results of this extrusion strategy, applied on a midsurface mesh of a 

cylinder to generate a solid cylindrical geometry. Here, the resulting solid geometry has been 

clipped to reveal the initial midsurface mesh. 

We consider two different implementations for the 3D solid model. The first 

implementation, referred to as P1 wedge, utilizes linear interpolation both in-plane and through-

the-thickness, while the second implementation utilizes quadratic interpolation both in-plane and 

through-the-thickness, and is referred to as P2 wedge. The difference in interpolation order results 

in a different number of degrees of freedom per element. Specifically, both the membrane and the 
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(rotation free) shell formulations employ linear triangular elements to represent the midsurface 

plane, resulting in 9 degrees of freedom per element. In contrast, the P1 wedge formulation 

employs a linear wedge element with six nodes, which results in 18 degrees of freedom per 

element. Lastly, the P2 wedge formulation employs a quadratic interpolation of displacement both 

in-plane and through-the-thickness, resulting in 54 degrees of freedom per element (see Figure 

2.3). 

 

Figure 2.3. Extension of the midsurface mesh of a cylinder to generate a 3D solid cylindrical geometry. The resulting 

solid geometry has been clipped to reveal the initial midsurface mesh. The number of nodes per element for each 

formulation are denoted by solid red circles. The yellow circles represent the nodes in the neighboring patch of the 

nonlinear shell. 

2.3 Results 

The performance of the different formulations is demonstrated in three different geometries 

(see  Figure 2.4): (A) a cylindrical geometry, (B) an idealized arterial bifurcation model comprising 

of  a main artery and an orthogonal side branch, and (C) a mouse-specific aortic model featuring 

three branches from the arch. These examples have been carefully chosen to introduce increasing 

degrees of complexity, both in terms of geometry and material properties. In addition, a rigorous 

analysis of convergence rates, relying on analytical solutions for axisymmetric and plate 

geometries, is presented in Section 2.3.1. The effect of axial pre-stretch is also studied on the 

cylindrical geometry in Section 2.3.2.1. 

Figure 2.4 summarizes the degree of complexity considered for each example. Specifically, 

in terms of geometrical complexity, the first example represents the simplest idealized cylindrical 
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model. The second example introduces a bifurcation in the geometry while still employing 

idealized cylindrical representations of individual vessels. The third example considers a subject-

specific arterial model featuring multiple branches. Similarly, in terms of material properties, the 

first example represents the simplest case with uniform material properties and wall thickness. The 

second example employs uniform material properties with regionally varying wall thickness. The 

third example considers subject-specific, regionally-varying values for both material properties 

and wall thickness. In addition, the second and third examples consider external tissue support 

conditions. The second case employs uniform external tissue support value, while the third 

example used regionally varying values. The different formulations implemented using different 

programming languages across different platforms, and simulations were performed using 

different computers, hence a direct comparison of the wall clock time would be meaningless.  

 

Figure 2.4. Schematic illustration of the three geometries and respective modeling choices compared in this work: (A) 

a cylindrical geometry, (B) an idealized bifurcation model comprising a main artery and an orthogonal side branch, 

and (C) a mouse-specific aortic model featuring multiple branches. 

Therefore, the total number of degrees of freedom serves as a surrogate for their relative 

computational costs. Noting this, Table 2.1 lists the resulting number of degrees of freedom for 
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each geometry for different formulations. The degrees of freedom for each geometry and model 

were determined from mesh-independence studies. 

Table 2.1. Degrees of freedom for each geometry for different formulations. 

Geometry Membrane Shell P1 wedge P2 wedge 

Cylinder 8,601 8,601 17,202 102,420 

Bifurcation - 48,945 97,890 568,134 

Mouse-specific - 63,843 127,686 764,865 

2.3.1 Convergence rate 

A convergence analysis was performed to assess the impact of mesh refinement on the 

results obtained from the different formulations. Two alternative canonical problems are selected 

to demonstrate the expected orders of convergence of each formulation before establishing 

comparisons for a common problem of interest: 1) a thin plate with 10𝑚𝑚 × 10 𝑚𝑚 × 0.43𝑚𝑚 

dimensions for the 3D formulations (P1 and P2 wedge), and 2) a cylindrical tube with midsurface 

radius 𝑅 = 8.6𝑚𝑚, axial length 𝐿 = 60𝑚𝑚, and thickness-to-radius ratio 𝐻/𝑅 = 0.25 for the 2D 

formulations (membrane and rotation-free shell). Meshes for both geometries are refined only in 

the in-plane direction. This choice ensures a fair comparison among the different models. The error 

is calculated as the L2 norm of the discrepancy between the simulation results and the analytical 

solutions. The analytical solution of the thin plate problem is described in Appendix A. The 

axisymmetric solution described in Section 2.3.2 is used for the analytical solution of the 

cylindrical tube. 

Figure 5 shows results of the convergence analysis on displacement and stress. 3D 

formulations exhibit second- and third-order convergence rates in displacement for the P1 and P2 

wedge, respectively. For the stress, first- and second-order convergence rates were obtained for 

the P1 and P2 wedge, respectively. These are expected convergence rates for linear and quadratic 

interpolations. Both membrane and rotation-free shell formulations showed near second-order 

convergence rates for the displacement. These convergence rates are consistent with previous 

studies using a rotation-free shell formulation [49]. As for the stress field, both membrane and 

shell formulations demonstrated near-second order convergence rates (1.88 and 1.87, 

respectively). 
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Figure 2.5. Convergence analysis results for displacement and stress. Plots are log scale and contain slopes of each 

formulation’s trend lines. 

2.3.2 Cylindrical geometry 

First, we compare the performance of different formulations against the well-known 

axisymmetric solution for a cylindrical tube. Details of this solution can be found elsewhere 

[5],[50]. This solution provides, in the most general case, the static mechanical response of a thick 

axisymmetric tube under combined distension, extension. We consider it a cylindrical tube with 

midsurface radius 𝑅 = 8.6𝑚𝑚 and axial length 𝐿 = 60𝑚𝑚. To assess the performance of 

different formulations for increasing wall thickness-to-radius ratio, we consider different 

biomechanics-focused values of 𝐻/𝑅 = 0.05, 0.10, 0.15, 0.20 𝑎𝑛𝑑 0.25, while keeping the 

midsurface radius fixed. The wall is characterized by a four-fiber family model with the material 

parameters listed in Appendix Table B.1. For the purpose of this example, the tube is subjected to 

an internal pressure of 80 𝑚𝑚𝐻𝑔, (10.66 𝑘𝑃𝑎) while the ends of the tube are held fixed at an 
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axial stretch of 1.0 (the effect of axial stretch greater than 1.0 is studied in section 3.2.1.) while 

allowing changes in the radial direction. The comparison is performed in the mid-plane slice along 

the axial direction. The axisymmetric solution is taken to be the true solution and is compared 

against the solutions obtained from four different implementations: membrane, shell, P1 wedge, 

and P2 wedge. 

Figure 2.6 (A-E) shows the cross section of the cylindrical tube for the five different 

thickness-to-radius ratios considered. Figure 2.6 (F-T) presents plots of the following three 

different metrics versus pressure: midsurface radius (Figure 2.6 (F-J)), first invariant of Green-

Lagrange strain tensor (Figure 2.6 (K-O)), and circumferential Cauchy stress (Figure 2.6 (P-T)). 

For 𝐻/𝑅 = 0.05, all four models yield good agreement with the axisymmetric solution. 2D 

formulations perform slightly better than the 3D formulations with maximum differences of 

1.38%, 1.08%, 2.59%, and 2.2% for the membrane, shell, P1 wedge, and P2 wedge 

implementations, respectively. As the wall thickness increased, differences between the 

membrane, shell, and P1 wedge and the axisymmetric solution became more pronounced. The P1 

wedge was more sensitive to changes in the thickness-to-radius ratio than the membrane and shell. 

The P2 wedge yielded good agreement with the axisymmetric solution for all thicknesses. For 

𝐻/𝑅 = 0.25, the P1 wedge solution yielded 10.67% smaller displacement, 20.8% lower first 

invariant of Green-Lagrange strain tensor, and 19.2% lower circumferential stress, compared to 

the axisymmetric solution. Membrane and shell solutions exhibited smaller deviations from the 

axisymmetric solution, with maximum differences for displacement of 6.4% and 4.6%, 

respectively. The P2 wedge solution yielded the best agreement with the axisymmetric solution, 

with a maximum displacement difference of 1%. 

Note that all the numerical formulations employed an unstructured, non-axisymmetric 

mesh that might have introduced differences from the axisymmetric solution. Nonetheless, these 

results indicate that the 2D formulations (membrane and shell) perform better than the linear 

continuum formulation (P1 wedge) for the same surface mesh as the wall thickness increased. This 

is an interesting finding, given that the P1 wedge solution was obtained with twice the number of 

degrees of freedom compared to the 2D formulations. In contrast, the P2 wedge formulation, using 

the highest number of degrees of freedom, yielded the best agreement with the axisymmetric 

solution, except for the thinnest geometry (𝐻/𝑅 = 0.05). 
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Figure 2.6. (A-E) Cross-sections of the cylindrical tube for three different thickness-to-radius ratios. (F-J), (K-O), and 

(P-T) compare the evolution of midsurface radius, first invariant of Green-Lagrange strain tensor, and circumferential 

Cauchy stress, respectively, with pressure for all formulations against the axisymmetric solution. 

2.3.2.1 Axial pre-stretch 

All in-vivo vessels are axially pre-stretched with the presence of intramural elastin [51]. 

Axial pre-stretch of human arteries is nearly 1.4 and is important both for the mechanobiological 

state and providing structural stability [52]. In this study, an extension-stretch loading scenario is 

used to analyze the effect of pre-stretch on the different formulations. We use cylindrical geometry 

form Section 2.3.2 with thickness-to-radius ratio of 0.05. The axisymmetric solutions with axial 

stretches of 1.0 and 1.4 are taken to be the true solution. Figure 2.7 (A) shows the loading condition 

we used: pressurization to 10 𝑚𝑚𝐻𝑔 (1.33 𝑘𝑃𝑎), followed by an extension to an axial stretch of 

1.4 at constant pressure, and a subsequent pressurization to 80 𝑚𝑚𝐻𝑔 (10.66 𝑘𝑃𝑎). During entire 

loading condition, both ends of the cylinder are allowed to move in the radial direction (radial 

rollers). Same four-fiber family model and material parameters in Section 2.3.2. are used. 

Figure 2.7 (B) shows the deformed configuration, obtained using the P2 wedge formulation 

at 80 𝑚𝑚𝐻𝑔 (10.66 𝑘𝑃𝑎) pressure and a 1.4 axial stretch. Figure 2.7 (C-F) presents plots of the 

four different metrics (C: midsurface radius, D: first invariant of Green-Lagrange strain tensor, E: 

axial Cauchy stress, and F: circumferential Cauchy stress) versus pressure at the mid-plane slice 

(yellow dotted ring in Figure 2.7 (B)). All four models yield good agreement with the axisymmetric 

solution. For the midsurface radius and the first invariant of Green-Lagrange strain tensor, the 
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largest error for all four formulations is less than 1%. For the axial and circumferential Cauchy 

stress, 2D formulations yield 2% higher stress than the axisymmetric and 3D formulations. As we 

found that all four formulations can cope with axially pre-stretch, we used fixed ends boundary 

condition for next two examples. 

 

Figure 2.7. Axial pre-stretch for a cylindrical tube. (A) Shows the loading conditions. (B) Final P2 deformed 

configuration at 80 mmHg. Yellow ring shows the mid-plane slice along the axial direction where panel C-F 

calculated. (C-F) compare the evolution of midsurface radius, first invariant of Green-Lagrange strain tensor, axial 

and circumferential Cauchy stress, respectively, with pressure for all formulations against the axisymmetric solution. 

2.3.3 Idealized bifurcation geometry 

Next, we considered an idealized bifurcation model comprising a main artery and a side 

branch. The main vessel is a cylinder with radius 0.6 𝑚𝑚, while the side branch is a cylinder with 

radius 0.2 𝑚𝑚. To avoid a sharp intersection, the two branches are blended via a fillet with radius 

0.2 𝑚𝑚. We refer to the region surrounding the intersection of the two branches as the `blend 

region'. Wall thickness was taken to be 10% of the local radius, resulting in a wall thickness of 

0.06 𝑚𝑚 and 0.02 𝑚𝑚 for the main vessel and the branch, respectively, with a smooth variation 

of thickness in the blend region. Therefore, this example introduces two additional geometrical 

complexities compared to cylindrical geometry: (a) a bifurcation region due to the presence of a 
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side branch and (b) regionally varying thickness due to different thickness of the main artery and 

the side branch. We used a four-fiber material model for the vessel wall with the same material 

parameters used in Section 2.3.2. In this example, we used homogeneous material parameters for 

the entire vessel surface. We pressurized this geometry to 80 𝑚𝑚𝐻𝑔 (10.66 𝑘𝑃𝑎) with fixed ends 

boundary conditions. As illustrated in our prior work [26], it is crucial to include the effect of 

surrounding tissue via external tissue support boundary conditions to avoid non-physiological 

deformations and buckling of the arterial wall. Therefore, we modeled the effect of external tissue 

via an imposed traction on the outer wall, 𝜎𝑎3 = −𝑘𝑠𝑢, where 𝑘𝑠 is the coefficient associated with 

simplified elastic response of the external tissue. For the current example, we used 𝑘𝑠 =

105 𝑔/(𝑚𝑚2𝑠2). The mesh size is taken to be 0.06 𝑚𝑚 for the main vessel, 0.04 𝑚𝑚 for the side 

branch, and 0.01 𝑚𝑚 for the blend region. Small mesh size is chosen for the blend region to help 

convergence. The membrane formulation failed to converge for this example, likely due to its 

inability to handle bending mode deformations in the blend region. Consequently, the comparison 

for this case is performed only among shell, P1 wedge, and P2 wedge formulations. 

Figure 2.8 (A) shows the displacement in the final deformed configuration, obtained using 

the P2 wedge formulation, with maximum displacement observed near the bifurcation. Figure 8 

(I) compares the final deformed configuration in plane I, obtained using shell, P1 wedge, and P2 

wedge formulations. Figure 2.8 (I) also includes the corresponding unloaded configuration to 

indicate the extent of deformation. The shell formulation shows good agreement with the P2 wedge 

formulation. This result shows that the shell formulation matches wedge formulations well on the 

blend region from the bifurcation. Figure 2.8 (II) and (III) compare the solution from different 

formulations at location II and III in Figure 2.8 (A), respectively. We plot the evolution of three 

different metrics with pressure: midsurface radius, first invariant of Green-Lagrange strain tensor, 

and circumferential Cauchy stress. These plots show that the solutions from the shell formulation 

match well with P2 wedge at both locations II and III. The maximum errors between the shell and 

P2 wedge formulations in location II are 0.4, 5.8, and 2.3% for midsurface radius, first invariant 

of Green-Lagrange strain tensor, and circumferential Cauchy stress, respectively. The maximum 

error between the shell and P2 wedge formulations in location III are 0.4, 2.4, and 3.4% for 

midsurface radius, first invariant of Green-Lagrange strain tensor, and circumferential Cauchy 

stress, respectively. 
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Figure 2.8. Comparison of shell, P1 wedge, and P2 wedge formulations for an idealized bifurcation geometry. (I) 

shows the unloaded and final configuration from the shell, P1 wedge, and P2 wedge formulations. (II) and (III) 

compare the evolution of midsurface radius, first invariant of Green-Lagrange strain tensor, circumferential Cauchy 

stress with pressure for two different locations. 

This analysis revealed two significant findings: (1) The membrane formulation is 

unsuitable for general biomechanical analysis due to its inability to handle the bending mode 

deformation observed in geometries with branches, (2) the shell formulation yields a good 

agreement with P2 wedge formulation, despite using only 8.4% of the degrees of freedom (see 

Table 2.1). 

2.3.4 Mouse-specific geometry 

Next, we compare the different formulations in a mouse-specific anatomy featuring three 

upper branches. The anatomy was obtained via non-invasive in vivo micro-CT and has been 
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employed in our previous work [53]. We model the aortic wall via a four-fiber family material 

model with regionally varying material parameters and wall thickness distribution using 

experimental data (See Appendix Table B.2). The external tissue support boundary condition with 

𝑘𝑠 = 1.2 × 105 𝑔/(𝑚𝑚2𝑠2)  and 𝑘𝑠 = 3.0 × 105 𝑔/(𝑚𝑚2𝑠2) are used for the main aorta and 

side vessels to prevent non-physiological deformations and buckling of the arterial wall. These 

values are initially chosen based on our previous work [53] and are calibrated to avoid wrinkling 

patterns in the P2 wedge formulation (see Appedix D). Referring to Figure 2.4, this example 

introduces several additional complexities compared to previous examples by considering regional 

variations of material properties and wall thickness as well as the external tissue support. We 

subject this aortic geometry to pressurization of 80 𝑚𝑚𝐻𝑔 (10.66 𝑘𝑃𝑎) with fixed ends boundary 

conditions. 

Figure 2.9 A shows the volume rendered geometric model and associated skeleton, 

obtained from the micro-CT data for a 20-week-old wild-type mouse. Figure 2.9 B shows 

displacements in the final deformed configuration obtained using the shell formulation. Panels I, 

II, and III in Figure 2.9 C compare the final deformed midsurface configuration obtained using 

different formulations at locations I, II, and III in Figure 2.9 B, respectively. The corresponding 

unloaded configuration of the midsurface has also been included to indicate the extent of 

deformation during the pressurization. The deformed configuration predicted by both the shell and 

P1 wedge formulation agreed well with the P2 wedge formulation at all three locations. Panel III 

of Figure 2.9 C shows that the deformation at the blend and side vessel is lower than the main aorta 

because of using large external tissue support value. This result also demonstrates that the shell 

formulation matches the 3D wedge formulations well in the blend region of the subject-specific 

geometry. 

Next, we compared shell, P1, and P2 formulations in terms of various kinematic metrics at 

the locations I and II indicated in Figure 2.9 B. We plot the evolution of three different metrics: 

midsurface displacement, first invariant of Green-Lagrange strain tensor, and circumferential 

Cauchy stress with pressure, at locations I (mid row) and II (bottom row). The maximum error 

between the shell and P2 wedge formulations in location I (main aorta) are 0.3, 3.1, and 3.7% for 

midsurface radius, first invariant of Green-Lagrange strain tensor, and circumferential Cauchy 

stress, respectively. The maximum error between the shell and P2 wedge formulations in location 

II (smallest side vessel) are 0.5, 9.8, and 7.4% for midsurface radius, first invariant of Green-
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Lagrange strain tensor, and circumferential Cauchy stress, respectively. These results show that 

the errors are larger at the smaller vessel than the main aorta. Nonetheless, despite this discrepancy, 

the results from all formulations agree reasonably well with each other. 

 

Figure 2.9. Comparison of shell, P1 wedge, and P2 wedge formulations for a mouse-specific geometry. (A) Volume 

rendered geometric model of the aortic anatomy of a 20-week old wild-type female mouse. (B) plot of the final 

deformed configuration obtained via shell formulation (c) enlarged versions comparing the deformed configurations 

predicted by three formulations at locations I, II, and III. Middle (I) and the bottom (II) row plot the comparison of 

the evolution of midsurface radius, first invariant of Green-Lagrange strain tensor, circumferential Cauchy stress with 

pressure. 
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Overall, given that the shell formulation uses only 16.7% and 8.4% of degrees of freedom 

compared to the P1 wedge and P2 wedge formulation, respectively, (see Table 2.1) our results 

suggest that the shell formulation represents a computationally superior alternative, considering a 

balance between cost and accuracy, to the 3D wedge formulations. We also found that the shell 

formulation is less sensitive to bulking and wrinkling than the 3D wedge formulations. Finally, as 

noted in the Introduction, the shell formulation offers another advantage over 3D models by 

avoiding the need for creating an extended mesh from the medical imaging data. 

2.4 Discussion and conclusions 

We compared three different nonlinear formulations for vascular biosolid mechanics; 

moreover, for the 3D solid formulation, we considered two different implementations employing 

wedge elements with linear and quadratic interpolation, referred to as P1 wedge and P2 wedge 

formulations, respectively. We compared results in three geometries having increasing degrees of 

complexity: (a) a cylindrical model, (b) an idealized bifurcation model comprising a main artery 

and a side branch, and (c) a mouse-specific arterial model featuring three branches. To ensure fair 

comparisons, the solid mesh was generated via an extension of the triangular mesh elements used 

for 2D formulations to obtain wedge (or triangular prismatic) elements. 

An important consideration for the 3D formulations is their ability to satisfy the 

incompressibility condition, through a penalty parameter 𝑘 in the volumetric term 𝑈(𝐽), see 

equation (2.52). To study the impact of this parameter, a sensitivity analysis was conducted for 

both P1 and P2 wedge formulations. Details of this sensitivity analysis are given in Appendix C. 

For cylindrical geometry, we compared the solution from the four implementations against 

the well-known axisymmetric solution, for five different thickness-to-radius ratios. For the thin 

wall case (𝐻/𝑅 = 0.05), all formulations agreed well with the axisymmetric solution; 2D 

formulations performed slightly better than the 3D formulations with maximum differences of 

1.38%, 1.08%, 2.59%, and 2.2% for the membrane, shell, P1 wedge, and P2 wedge 

implementations, respectively. However, as wall thickness increased relative to the radius (𝐻/𝑅 =

0.25), the P1 wedge solution deviated significantly from the axisymmetric solution. The 

membrane and shell formulations outperformed the P1 wedge solution and yielded results within 

6.4% and 4.6%, respectively, of the axisymmetric solution. The P2 wedge formulation provided 

the best agreement with the axisymmetric solution, with differences of less than 1%. Two 

important considerations for the thinnest tissue scenario (𝐻/𝑅 = 0.05): 1) P2 is not necessarily 



 57 

the best formulation because it fails to ensure incompressibility exactly unless a mixed Lagrange 

multiplier approach is pursued [48] and may introduce instability across the thickness [54],[55] 

and 2) the shell outperforms the membrane, which is known to be unstable in the presence of 

wrinkling [56], and P1, which is inaccurate and shows potential risk of locking (see Appendix C) 

despite using twice the number of degrees of freedom. 

Next, we compared results from different formulations in an idealized bifurcation model 

comprising of a main artery and a side branch, with regionally varying wall thickness. The 

membrane formulation failed to converge for this example, likely due to its inability to handle 

bending mode deformations in geometries with branches. This observation indicates that a 

nonlinear membrane formulation is inappropriate for general vascular biomechanical analyses of 

complex geometries that routinely feature vessel bifurcations. Among the remaining formulations 

(shell, P1 wedge, and P2 wedge), the shell solution captured the P2 wedge solution with good 

accuracy (maximum error of 6%) as well as the P1 wedge solution (maximum error of 4.5%). 

Again, these results point to the effectiveness of shell formulations for vascular biomechanics, 

given that it requires only 17% and 8.4% of the degrees of freedom for P1 wedge and P2 wedge 

formulations, respectively. 

Lastly, we compared results from the shell, P1 wedge, and P2 wedge formulations for a 

mouse-specific arterial model featuring three branches, while incorporating regional variations of 

material properties and wall thickness as well as external tissue support. Results from the different 

formulations agreed reasonably well, with the shell solutions yielding maximum differences of 

7.4% relative to the P2 wedge solution. Given that the shell formulation employs 8.4% degrees of 

freedom than the P2 wedge formulations (see Table 2.1), these results again highlight the efficacy 

of shell formulations, considering a balance between cost and accuracy. 

One limitation of this study is the absence of residual stress in the formulations. Residual 

stress exists in in-vivo vessels in the absence of externally applied loads, such as pressure and 

surrounding external tissue, and non-uniformly distributed through thickness [57]. Residual stress 

is important to get natural stress-free configuration [58]. However, it is difficult to support 2D 

formulations which do not have physical thickness. Also, we need the vessel opening angle, 

extension, or radially cut dimension from experiment to implement in 3D formulations [58]. For 

this reason, we do not include residual stress in our formulations. 
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In this study, external tissue support techniques are implemented to avoid non-

physiological deformations, wrinkling, and buckling of the arterial wall, especially for the 3D 

wedge formulations. The external tissue support acts on the outer surface of the vessel wall in 3D 

formulations, while it acts on the wall midsurface in the shell formulation. From a practical 

perspective, this implies that the choice of external tissue support parameters must be formulation-

specific, to match the dynamic deformation data, if available. 

Overall, our results indicate that shell formulations represent an effective compromise 

between the computational cost and accuracy for vascular biomechanics. Furthermore, given the 

lack of rotational degrees of freedom, the shell formulation is ideally-suited to serve as the 

structural model in fluid-structure interaction frameworks and fluid-solid-growth models for 

vascular biomechanics. We are currently utilizing the shell formulation to develop a strongly 

coupled, monolithic, computationally efficient, nonlinear fluid-structure interaction framework in 

the open-source software CRIMSON [59] via an adaption of the Coupled Momentum Method [16] 

to large displacements and nonlinear material models. Given the computational efficiency and 

accuracy of the shell formulation, this framework promises to provide a computationally efficient, 

yet accurate, alternative to the current fluid-structure interaction formulations that employ a 3D 

representation of the vessel wall [60],[61]. 
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2.5 Appendix 

2.5.1 A. Analytical solution of the thin plate problem 

In this section, we demonstrate the p-order of accuracy of the wedge finite element 

formulations as a function of the finite element approximation space. Towards that goal, an ad-

hoc test problem is constructed [62]. such that a smooth solution is guaranteed. The following 

displacement field 𝑢𝑒𝑥𝑎𝑐𝑡 is considered 

 𝑢𝑒𝑥𝑎𝑐𝑡 = [𝐴𝑋1
3   𝐵𝑋2

3   𝐶𝑋3
3 + 𝑋1

3]𝑇 (2.53) 

with A=1.2, B=1.3, C=1.5.  The corresponding deformation gradient tensor is 

 𝐹𝑒𝑥𝑎𝑐𝑡 =
𝜕𝑥𝑒𝑥𝑎𝑐𝑡

𝜕𝑋
=

𝜕(𝑢𝑒𝑥𝑎𝑐𝑡 + 𝑋)

𝜕𝑋
= [

1 + 3𝐴𝑋1
2 0 0

0 1 + 3𝐵𝑋2
2 0

3𝑋1
2 0 1 + 3𝐶𝑋3

2

] (2.54) 

We consider the following Neo-Hookean strain energy density, 

 𝑊 =
𝜇

2
(𝐹: 𝐹) − 𝜇 log det 𝐹 (2.55) 

with 𝜇 = 1. The corresponding first Piola-Kirchhoff stress tensor is 

 𝑃𝑒𝑥𝑎𝑐𝑡 =
𝜕𝑊

𝜕𝐹
|
𝐹𝑒𝑥𝑎𝑐𝑡

= 𝜇𝐹𝑒𝑥𝑎𝑐𝑡 −
𝜇

det 𝐹𝑒𝑥𝑎𝑐𝑡
𝐻𝑒𝑥𝑎𝑐𝑡 (2.56) 

Where 𝐻 = (det 𝐹)𝐹−𝑇. The volumetric force in mechanical equilibrium with the exact first Piola-

Kirchhoff stress tensor 𝑃𝑒𝑥𝑎𝑐𝑡 is 

 𝑓0 = −𝐷𝐼𝑉 𝑃𝑒𝑥𝑎𝑐𝑡 (2.57) 

An explicit expression for 𝑓0 can be obtained using the chain rule as follows 

 𝑓0 = −𝐷𝐼𝑉 𝑃𝑒𝑥𝑎𝑐𝑡 = −(
𝜕𝑃𝑒𝑥𝑎𝑐𝑡

𝜕𝐹
|
𝐹𝑒𝑥𝑎𝑐𝑡

)

𝑖𝐼𝑗𝐽

𝜕(𝐹𝑒𝑥𝑎𝑐𝑡)𝑗,𝐽
𝜕𝑋𝑖

 (2.58) 

The non-zero term of the third order tensor 𝜕𝐹
𝜕𝑋⁄  are 

 
𝜕𝐹11

𝜕𝑋1
= 6𝐴𝑋1;   

𝜕𝐹22

𝜕𝑋2
= 6𝐵𝑋2;   

𝜕𝐹33

𝜕𝑋3
= 6𝐶𝑋3;   

𝜕𝐹21

𝜕𝑋1
= 6𝑋1; (2.59) 

and the stiffness tensor 𝜕𝑃𝑒𝑥𝑎𝑐𝑡

𝜕𝐹⁄  is obtained as follows 
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(
𝜕𝑃𝑒𝑥𝑎𝑐𝑡

𝜕𝐹
|
𝐹𝑒𝑥𝑎𝑐𝑡

)

𝑖𝐼𝑗𝐽

= 𝜇𝐼𝑖𝐼𝑗𝐽 +
𝜇

det 𝐹𝑒𝑥𝑎𝑐𝑡2
(𝐻𝑒𝑥𝑎𝑐𝑡)𝑖𝐼(𝐻

𝑒𝑥𝑎𝑐𝑡)𝑗𝐽

− 𝜀𝑖𝑗𝑝𝑞𝜀𝐽𝑃𝑄𝐼𝑖𝐼𝑝𝑃 (
𝜇

det 𝐹𝑒𝑥𝑎𝑐𝑡
𝐹𝑒𝑥𝑎𝑐𝑡)

𝑞𝑄
 

(2.60) 

where 𝐼𝑖𝐼𝑗𝐽 = 𝛿𝑖𝑗𝛿𝐼𝐽 and 𝜀 represents the third order alternating tensor or Levi-Civita tensor. In 

addition, Dirichlet boundary conditions compatible with the displacement field must be provided, 

 𝑢 = 𝑢𝑒𝑥𝑎𝑐𝑡;   𝑜𝑛 𝜕𝐷Ω0 (2.61) 

as well as a traction 𝑡0 on the Neumann portion of the boundary 𝜕𝑁Ω0. 

2.5.2 B. Material parameters for the four-fiber family constitutive model 

Table 2.2. Material parameters for validation with axisymmetric theory.  These parameters correspond to the 

material parameters for a human descending aorta reported in reference [43]. 

𝑐 (𝑘𝑃𝑎) 𝑐1
1 (𝑘𝑃𝑎) 𝑐2

1  𝑐1
2 (𝑘𝑃𝑎) 𝑐2

2 𝑐1
3,4 (𝑘𝑃𝑎) 𝑐2

3,4
 𝛼0 (deg) 

37.20 4.68e-6 2.97e-7 2.9e-5 1.68e-5 28.16 3.48 43.88 

 

Table 2.3. Material parameters of the four-fiber constitutive model for wild type mouse for different aortic wall 

segments denoted by ATA- Ascending Thoracic Aorta, DTA-Descending Thoracic Aorta, SAA-Suprarenal 

Abdominal Aorta, IAA-Infrarenal Abdominal Aorta, and CCA-Common Carotid Arteries [43]. 

Wall 𝑐 (𝑘𝑃𝑎) 𝑐1
1 (𝑘𝑃𝑎) 𝑐2

1 𝑐1
2 (𝑘𝑃𝑎) 𝑐2

2 𝑐1
3,4 (𝑘𝑃𝑎) 𝑐2

3,4
 𝛼0 (deg) 

ATA 20.99 18.50 0.026 18.91 0.062 4.90 0.410 40.7 

DTA 12.74 25.10 0.170 14.36 0.062 0.43 1.935 23.3 

CCA 5.05 20.59 0.054 7.66 0.044 0.02 1.522 34.1 

2.5.3 C. Sensitivity analysis for incompressibility terms in the 3D formulations 

In the P1 and P2 wedge 3D formulations, a penalty parameter 𝑘 is introduced in the volumetric 

term to enforce the incompressibility condition. We calibrated this parameter using the cylindrical 

geometry problem described in Section 2.3.2 of the main manuscript. Different values of penalty 

parameters were tested: 10, 100, 1,000, and 10,000. Figure 2.10 shows the pressure-radius results 

for the P1 and P2 wedge. For the P2 wedge, results show consistent solutions across the different 

𝑘 values. However, the P1 wedge shows large discrepancies between low and high 𝑘 values. These 
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discrepancies, apparent for larger penalty terms, indicate the presence of volumetric locking. Based 

on these results, we used the value of  𝑘 = 100 for the penalty parameter. 

 

Figure 2.10. Sensitivity analysis for incompressibility term in the 3D formulations. 

2.5.4 D. Wrinkling pattern in the P2 wedge formulation 

In the mouse-specific geometry, the P2 wedge formulation made wrinkling patterns at the 

side vessels and at the end of the main aorta under high pressure when small external tissue support 

values were used (𝑘𝑠 = 0.6 × 105 𝑔/(𝑚𝑚2𝑠2)   and 𝑘𝑠 = 1.5 × 105 𝑔/(𝑚𝑚2𝑠2) )  for the main 

aorta and side vessels, respectively). Figure 2.11 shows the P2 wedge results at four different 

pressure values: 50 𝑚𝑚𝐻𝑔(6.66 𝑘𝑃𝑎), 60 𝑚𝑚𝐻𝑔(8.00 𝑘𝑃𝑎), 70 𝑚𝑚𝐻𝑔(9.33 𝑘𝑃𝑎), and 

80 𝑚𝑚𝐻𝑔(10.66 𝑘𝑃𝑎). Wrinkling patterns begin to appear around 60 𝑚𝑚𝐻𝑔 and become 

increasingly severe and widespread at 80 𝑚𝑚𝐻𝑔. These patterns are only observed in the P2 

wedge formulation and do not occur in the rotation-free shell or P1 wedge formulations. Increasing 

the external tissue support value helps to prevent the formation of wrinkling. The final external 

tissue support values are 𝑘𝑠 = 1.2 × 105 𝑔/(𝑚𝑚2𝑠2)   and 𝑘𝑠 = 3.0 × 105 𝑔/(𝑚𝑚2𝑠2) for the 

main aorta and side vessels, respectively. 
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Figure 2.11. Wrinkling patterns in P2 wedge with not enough external tissue support value. 
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Chapter 3 Three-Dimensional Characterization of Aortic Root Motion by Vascular 

Deformation Mapping  

This chapter is adapted from a peer-reviewed publication of this work: 

https://doi.org/10.3390/jcm121344712. 

3.1 Introduction 

Current guidelines for management of aortic diseases such as thoracic aortic aneurysm 

(TAA) and aortic dissection largely focus on maximal diameter as a primary metric of disease 

severity and risk [1,2]. Aortic diameter is an inherently static metric, typically performed in 

diastole [3]. However, the aorta is in constant motion due to the combination of cyclic loading and 

unloading, and its mechanical coupling to the contractile left ventricle (LV) myocardium. 

Electrocardiogram (ECG) gated computed tomography angiography (CTA) affords the 

opportunity to visualize motion of the thoracic aorta through-out the cardiac cycle, and is capable 

of depicting such dynamic aortic root motion in a three-dimensional (3D) manner [4]. 

Abnormalities in aortic root motion have been pro-posed to be a potential risk factor for disease 

progression and complications in thoracic aortic disease [5-8]. 

Previous studies have characterized aortic root motion from dynamic imaging and have 

incorporated this data into methods to estimate wall stresses in the ascending thoracic aorta 

(ATAA). However, some studies have used idealized aortic models rather than patient-specific 

anatomy [5]. Furthermore, most techniques used to extract and quantify aortic root motion are 

based on 2D imaging and thus lack a comprehensive description of the multi-directional 

components of aortic root motion [5-9]. An accurate, 3D assessment of cyclic motion of the ATAA 

could have significant implications for estimating mechanical properties of the aorta, informing 

computational simulations, endovascular device design, and importantly refining diameter-based 

assessment of disease severity. 

 
2 The authors of this manuscript are: Taeouk Kim, Nic S. Tjahjadi, Xuehuan He, JA van Herwaarden, Himanshu J. 

Patel, Nicholas S. Burris, and C. Alberto Figueroa. 

https://doi.org/10.3390/jcm12134471


 70 

Vascular Deformation Mapping (VDM) is a validated medical image registration technique 

which allows for comprehensive assessment of the degree and extent of growth mapping of the 

aorta (VDM-G: VDM growth) [10-12] using longitudinal CTA data ac-quired at two different 

points during clinical surveillance. However, when applied to dynamic CTA data (i.e., time-

resolved CTA), VDM allows for 3D assessment of the aortic de-formation throughout the cardiac 

cycle (VDM-D: VDM dynamic).  

The objective of this study is to utilize VDM-D to accurately quantify aortic root motion 

in a 3D manner, using patient-specific data in a cohort of patients with various manifestations of 

TAA disease (i.e., sporadic and Marfan syndrome(MFS)) as well as non-aneurysmal controls. The 

structure of this paper is as follows: First, we will provide a brief introduction to the technical 

aspects of the VDM-D and introduce the aortic root motion metrics studied in this paper, namely: 

total displacement, area ratio and distensibility, axial tilt, and aortic rotation. The results section 

will present these metrics for the different patient groups, including their relationship with age and 

left-ventricular/aortic root (LV/Ao) angle. The paper will conclude with a discussion of the results 

for the different aortic root metrics, in particular their dependency with age, as well as the 

limitations of the study. 

3.2 Materials and methods 

3.2.1 Study population 

All procedures were approved by the local institutional review board with a waiver of 

informed consent obtained for this retrospective study and were Health Insurance Portability and 

Accountability Act-compliant. Electronic medical records search software was used to identify 

patients aged 18 years and older with a clinical diagnosis thoracic aortic aneurysm (TAA), either 

sporadic or associated with MFS, with available high-quality, retrospectively electrocardiography-

gated CTA data. For comparison, we also identified a cohort of patients with available 

retrospective CTA data that had non-aneurysmal thoracic aortic dimensions (i.e., maximal 

diameter <40 mm) as well as a group of patients who had undergone prior open surgical repair of 

their aortic root and/or ascending aorta. Exclusion criteria were non-ECG-gated acquisition, 

suboptimal thoracic aortic enhancement (< 250 Hounsfield unit), image slice thickness > 2.5mm, 

or significant motion/respiratory artifacts preventing accurate delineation of the aortic wall and 

thus accurate registration in VDM analysis. At random, 51 patients meeting these criteria, divided 
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over 4 groups: non-aneurysmal, sporadic TAA (referred to as “TAA” henceforth), MFS (referred 

to as “Marfan” henceforth) and ascending graft repair (referred to as “repair” henceforth), were 

included in this study. Patient demographics and clinical characteristics were collected through 

medical chart review. Maximum diameter measurements of the thoracic aorta were collected from 

clinical radiology reports. Peak systolic and end-diastolic phases of the ECG-gated CTA imaging 

were selected and extracted using OsirixMD [13]. The angle between the aortic annulus and the 

mitral annuls (LV/Ao angle) was also measured using OsirixMD for each patient. Figure 3.1 

depicts the definition of LV/Ao angle adopted in this study, namely the angle () between two 

lines perpendicular to the aortic and mitral annuli, respectively. 

ECG-gated CTA examinations were performed on either 64- or 246-detector CTA scanners 

using helical (Lightspeed VCT or Discovery CT750HD; GE Healthcare) or axial (Revolution; GE 

Healthcare) acquisition modes. Dynamic CT imaging was acquired through the entire thoracic 

aorta, from lung apices to at least 2-cm below the celiac trunk. 

 

Figure 3.1. Definition of LV/Ao angle () adopted in this study. LV: left ventricle, MA: mitral annulus, LA: left 

atrium, AA: aortic annulus, Ao: aorta. Purple lines indicate MA and AA. The LV/Ao angle () is the angle between 

the lines perpendicular to the aortic and mitral annuli, respectively. 

3.2.2 VDM 

VDM employs b-spline deformable image registration techniques to quantify the 3D 

deformation of the aortic wall surface between two CTA images of a given subject. This approach 

has been previously applied to assess 3D aortic growth based on CTA images acquired at two time 

points spanning several years and has been validated in expert-rater and in silico phantom studies 

[10-12]. We refer to this growth-assessment technique as VDM-G. 
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In this study, the VDM concept is expanded to study 3D aortic deformation between the 

diastolic and systolic phases extracted from the dynamic CTA images. Therefore, instead of 

assessing 3D growth over a long period of time, the method quantifies 3D deformation over the 

cardiac cycle. We refer to this technique as VDM-D. Figure 3.2 illustrates the VDM-D workflow. 

First, the selected systolic and diastolic phase images are segmented using an in-house aortic 

segmentation neural network [14]. Next, rigid and deformable registrations were conducted to 

align the two segmentations. Registration accuracy is confirmed using a dual-channel plotting 

technique to assure alignment of the fixed diastolic and warped systolic configurations as 

previously described [10]. Lastly, the 3D displacement field resulting from the deformable 

registration is used to perform a vertex-wise de-formation of a triangulated mesh based on the 

diastolic configuration. The 3D displacement field between the diastolic and systolic aortic phases 

is amenable to performing engineering analysis of strains, stretches, as well and 3D motions of 

specific regions of the aorta, such as the aortic annulus. 

 

Figure 3.2. VDM workflow. 

3.2.3 Metrics extracted from VDM-D 

3.2.3.1 Defining a suitable location to study aortic root motion 

VDM-D provides the 3D displacement from diastole to systole over the entire surface of 

the thoracic aorta. However, for the purpose of this study we extracted and analyzed aortic root 

motion at the sinuses of Valsalva, in a plane perpendicular to the aortic centerline. Specifically, 



 73 

the analysis plane was placed at the level of the coronary arteries (i.e. coronary ostia) as this 

location provides a distinct anatomic feature for deformable registration during VDM-D (Figure 

3.3a). A normal vector to this analysis plane was obtained via cross-product of in-plane unit 

vectors. The green and magenta arrows in Figure 3b show normal vectors to the analysis plane in 

diastole and systole respectively. 

3.2.3.2 Displacement 

Figure 3.3a represents the total, axial, and in-plane displacement vectors in 3D space. The 

total displacement (black arrow) was obtained by averaging the 3D displacement field as given by 

VDM-D over the entire analysis plane. The axial displacement (orange arrow) was defined as the 

projection of the total displacement vector in the direction of the diastolic normal vector (green 

arrow in panel b). Conversely, the in-plane displacement (purple arrow) was defined as the 

projection of the total displacement in the direction perpendicular to the diastolic normal vector. 

In addition, relative displacements in axial and in-plane directions can be defined as follows: 

 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑎𝑥𝑖𝑎𝑙(𝑖𝑛-𝑝𝑙𝑎𝑛𝑒) 𝑑𝑖𝑠𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 =
𝑎𝑥𝑖𝑎𝑙(𝑖𝑛-𝑝𝑙𝑎𝑛𝑒)𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡

𝑡𝑜𝑡𝑎𝑙 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡
 (3.1) 

3.2.3.3 Distensibility and area ratio 

Distensibility is a metric that reflects aortic stiffness, as it includes both changes in strain 

and pressure. Here, the ratio between diastolic and systolic analysis plane areas was obtained to 

calculate the distensibility (Figure 3.3c) using the following formula [15]: 

 𝐷𝑖𝑠𝑡𝑒𝑛𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦[10−3 𝑚𝑚𝐻𝑔−1] =  
𝐴𝑠𝑦𝑠 − 𝐴𝑑𝑖𝑎

𝐴𝑑𝑖𝑎
×

1

𝑃𝑃
= (𝑎𝑟𝑒𝑎 𝑟𝑎𝑡𝑖𝑜 − 1) ×

1

𝑃𝑃
 (3.2) 

where 𝐴𝑠𝑦𝑠 and 𝐴𝑑𝑖𝑎 refer to the systolic and diastolic annulus areas, respectively, and 𝑃𝑃 is the 

pulse pressure. Area ratio is 𝐴𝑠𝑦𝑠/𝐴𝑑𝑖𝑎. 

3.2.3.4 Axial tilt and aortic rotation 

The aortic root experiences a complex motion involving rotation and twisting around 

multiple axes due to its mechanical coupling with the contracting left ventricle. To characterize 

these complex rotations, in this paper we defined the following metrics: 

Axial tilt , defined as the angle between the diastolic (green arrow) and systolic (magenta 

arrow) normal vectors to their corresponding analysis plane areas (Figure 3.3b). 
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Aortic rotation , defined as the angle between two vectors from the centroid of the 

diastolic and systolic analysis plane areas, and a reference point such as the initial point of the 

centerline of the left coronary artery (Figure 3.3d). Here, the green arrow represents the reference 

diastolic vector, and the magenta arrow represents the projection of the reference systolic vector 

onto the diastolic annulus plane. This aortic rotation  represents the cyclic twisting motion of the 

aorta. 

 

Figure 3.3. Four metrics of aortic root motion considered in this study, all calculated from 3D displacement extracted 

from VDM(D). (a) total, axial, and in-plane displacements, (b) axial tilt, (c) area ratio (distensibility), and (d) aortic 

rotation. 
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3.2.4 Statistical analysis 

Due to the small sample size of the different groups considered in this study (~ 10 subjects 

per group), we could not assume normal distribution behavior for each group. Therefore, a 

Kruskal-Wallis test was performed to compare different groups [16]. A p-value < 0.05 was 

considered significant. Correlations between variables were assessed using linear regression. 

Again, a p-value < 0.05 was considered a strong correlation. 

3.3 Results 

3.3.1 Patient demographics 

The 51 subjects included in this study were divided into 4 groups as follows: 13 non-

aneurysmal, 15 TAA, 11 Marfan, and 12 repair. Patient demographics are shown in Table 3.1. 

Overall mean age was 55 ± 14.4 years old. Age distribution among the 4 groups is depicted in 

Figure 3.4 and Table 3.1. Age was significantly different between groups other than between 

Marfan and non-aneurysmal, with the repair group demonstrating the highest mean age (Figure 

3.4). Mean systolic/diastolic and pulse pressures (the pressure difference between systole and 

diastole) were 127/71 mmHg and 56 mmHg, respectively, and did not differ across groups.  

Table 3.1. Patient characteristics. TAA = thoracic aortic aneurysm, BP = blood pressure, HTN = hypertension, BAV 

= bicuspid aortic valve, AS = aortic stenosis, AI = aortic insufficiency, CAD = coronary artery disease, STJ = 

sinotubular junction, MAA = midascending aorta, LV/Ao angle = left-ventricular/aortic root angle. 

Characteristic (n=45) Non-aneurysmal 

(n=13) 

TAA (n=15) Marfan (n=11) Repair (n=12) P-value 

Age [years] 48.6 ± 12.5 57.3 ± 9.5 43.1 ± 14.7 68.0 ± 9.0 < 0.01 

Female (n) 6 5 6 2 - 

BP systolic [mmHg] 130 ± 22 125 ± 19 125 ± 17 129 ± 11 0.86 

BP diastolic [mmHg] 77 ± 15 68 ± 8 69 ± 10 71 ± 10 0.21 

Pulse pressure [mmHg] 53 ± 12 56 ± 19 56 ± 14 58 ± 16 0.86 

HTN (n) 8 8 7 6 - 

BAV (n) 0 6 1 0 - 

AS (n) 0 5 0 0 - 

AI (n) 0 3 0 0 - 

CAD (n) 2 2 0 3 - 

Hyperlipidemia (n) 2 7 2 5 - 

Diameter sinus [mm] 32 ± 4 43 ± 5 43 ± 6 36 ± 5 < 0.01 

Diameter STJ [mm] 28 ± 3 43 ± 5 36 ± 6 32 ± 3 < 0.01 

Diameter MAA [mm] 30 ± 4 45 ± 4 33 ± 4 32 ± 3 < 0.01 

LV/Ao angle [degrees] 132.5 ± 9.5 134.4 ± 6.4 134.9 ± 7.4 126.4 ± 6.4 < 0.01 
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Figure 3.4. Age whiskers box plots for different groups. P-values are given at the top of the blue brackets. 

TAA and Marfan groups demonstrated larger maximal sinus compared to the non-

aneurysmal and repair groups (p-value < 0.001). Maximal diameter at the sinotubular junction 

(STJ) and mid-ascending aorta (MAA) was higher in the TAA compared to the other groups (p-

value < 0.001), concordant with the predilection for MAA dilation in sporadic TAA. LV/Ao angle 

was lowest in the repair group. 

3.3.2 Aortic root motion metrics 

Figure 3.5 shows diastolic and systolic aortic geometries extracted from VDM-D, as well 

as the corresponding sinus contours at the analysis plane for representative subjects in each group 

(e.g., subject with motion patterns closest to the mean of the group). The 3D geometries and sinus 

contours demonstrate downwards (axial) motion and contour expansion in systole across all groups 

and subjects. In addition, in-plane motion was apparent for all subjects, although was lowest in the 

repair group. The non-aneurysmal and repair subjects show the largest and smallest axial 

displacements, respectively. The largest component of the aortic root motion in the repair subject 

was in the in-plane direction. 

Table 3.2 and Figure 3.6 summarize the results for the aortic root motion metrics across all 

patients and groups. On average the repair group showed approximately 3.5 mm less total 

displacement than the other three groups; however, there was no significant difference between 

non-aneurysmal, TAA, and Marfan groups. 
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Figure 3.5. Diastolic (blue) and systolic (red) aortic geometries extracted from VDM(D), as well as the corresponding 

sinus contours at the analysis plane, for representative subjects in each group. 

The Marfan group showed the largest heterogeneity in total displacement (range: 1.77 to 

10.03 mm). In contrast, the repair group demonstrated the narrowest range of total displacements 

(range: 1.93 to 4.99 mm, Figure 3.6a). 

The axial and in-plane displacements show similar trends as the total displacement. The 

repair group showed significantly smaller axial and in-plane displacement than the other groups 

(Figure 3.6b and c). Table 3.2 also summarizes the relative axial and in-plane displacements (i.e., 

the directional component normalized by the total displacement). The repair group showed smaller 

relative axial displacement and larger relative in-plane displacement than the other three groups 

(p-value < 0.01). The non-aneurysmal group is the only group showing larger relative axial 

displacement (0.72) compared to relative in-plane displacement (0.66).  

There was no statistical difference in axial tilt between the four groups (Figure 3.6d). The 

repair group showed smaller aortic rotation values than the other groups (Figure 3.6e), but there 

was no statistical difference in rotation between non-aneurysmal, TAA, and Marfan groups. Figure 

6f represents the distensibility results. Non-aneurysmal group showed higher median distensibility 

compared to the Marfan and repair groups, however, there was no statistical difference between 

non-aneurysmal and TAA groups. The TAA group displayed higher median distensibility 

compared to the repair group. The Marfan group shows the largest heterogeneity, with 

distensibility values ranging from 0.2 to 2.5 · 10−3 𝑚𝑚𝐻𝑔−1. In contrast, the repair group shows 

the smallest heterogeneity in distensibility, ranging from 0.4 to 1.3 · 10−3 𝑚𝑚𝐻𝑔−1. 
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Table 3.2. Aortic root metrics for different subject groups. Mean ± standard deviation. TAA = thoracic aortic 

aneurysm. Relative axial (in-plane) displacement = axial (in-plane) displacement/total displacement. 

 Non-aneurysmal TAA Marfan Repair 

Sinus contour at the 
analysis plane  
(blue= diastolic,  
red= systolic) 

    

 
Displacement 
[mm] 

Total 7.34 ± 1.69 7.14 ± 2.30 7.01 ± 3.09 3.60 ± 1.00 

Axial 5.20 ± 1.17 4.23 ± 2.27 4.84 ± 2.88 1.37 ± 1.14 

In-
plane 

4.98 ± 1.93 5.33 ± 2.32 4.79 ± 2.08 3.13 ± 1.06 

Relative axial 
 displacement 

0.72 ± 0.14 0.58 ± 0.27 0.63 ± 0.21 0.38 ± 0.26 

Relative in-plane 
 displacement 

0.66 ± 0.14 0.68 ± 0.25 0.73 ± 0.17 0.88 ± 0.17 

Axial tilt [degree] 3.06 ± 2.06 2.79 ± 1.65 2.96 ± 0.83 3.83 ± 2.08 

Aortic rotation 
 [degree] 

1.93 ± 1.35 1.92 ± 0.97 1.70 ± 1.02 1.03 ± 0.43 

Distensibility  
[10-3 mmHg-1] 

2.21 ±1.30 1.75 ± 0.37 1.34 ± 0.68 0.93 ± 0.26 

 

 

Figure 3.6. Whiskers box plots for the different subject groups. (a) total displacement, (b) axial displacement, (c) in-

plane displacement, (d) axial tilt, (e) aortic rotation, and (f) distensibility. P-values are given at the top of the blue 

brackets. 

3.3.3 Correlation with age 

Figure 3.7 summarizes the correlation between age and total displacement (panel a), and 

distensibility (panel b) for each group. Although each group shows a negative correlation between 
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displacement and age, these correlations were weak-moderate and not statistically significant 

(Figure 3.7a). In contrast, there was a strong negative correlation between distensibility and age in 

the non-aneurysmal group, but not in the other groups. In a subgroup of young patients (< 40 

years), distensibility was lower in Marfan compared to non-aneurysmal patients (1.73 vs. 4.04, p-

value = 0.025). 

 

Figure 3.7. Scatter plots correlating (a) total displacement vs age and (b) distensibility vs age for the different subject 

groups. Solid and dotted red lines are fit and confidence bounds, respectively. 

3.3.4 LV/Ao angle results 

The LV/Ao angle () represents the alignment between the aortic annulus and long-axis of 

the left ventricle (see Figure 3.1). The smaller this angle, the more perpendicularly oriented are the 

heart and the aorta. Figure 3.8a summarizes the distribution of LV/Ao angles for each group. The 

repair group shows an approximately 5-degree smaller LV/Ao angle than the other groups. There 

is no statistical difference between non-aneurysmal, TAA, and Marfan groups. Combining the 

results in Figure 3.4 and Figure 3.8a, we can appreciate that, in general, smaller LV/Ao angles are 

associated with older age.  

Figure 3.8b and c illustrate the correlation between the LV/Ao angle and relative axial and 

in-plane displacements, respectively, for all subjects of all groups. Panel b shows that there is a 

strong positive correlation between LV/Ao angle and relative axial displacement. Conversely, 

Panel c shows a moderate negative correlation between LV/Ao angle and relative in-plane 

displacement. 
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Figure 3.8. LV/Ao angle results. (a) whiskers box plots of LV/Ao angle for each group. P-values are given at the top 

of the blue brackets. (b) scatter plot correlating relative axial displacement and LV/Ao angle. (c) scatter plot correlating 

relative in-plane displacement and LV/Ao angle. Solid and dotted red lines are fit and confidence bounds, respectively. 

3.4 Discussion 

High level summary: In this study, 3D aortic root motion was characterized using dynamic 

CTA data and VDM-D analysis. Aortic root motion metrics such as axial and in-plane 

displacements, area ratio/distensibility, axial tilt, aortic rotation, and LV/Ao angles were extracted 

and compared for four different subject groups: non-aneurysmal, TAA, Marfan, and repair. Our 

results revealed differences in aortic root motion metrics, most notably between the repair group 

and other groups with native ascending aortas. The repair group showed the smallest aortic root 

displacement, aortic rotation and distensibility compared to other groups (Figure 3.6). There was 

no difference in axial tilt between groups. We also showed that there were moderate-strong 

correlations between LV/Ao angle and relative axial and in-plane displacements (Figures 3.8b & 

3.8c). 

Repair group: Table 3.2 and Figure 3.6 show that the repair group presents smaller and 

more homogeneous displacements and rotations than the other groups. These findings are 

consistent with previous studies, which reported decreased systolic downwards motion in aortic 

grafts [17], indicative of the higher graft stiffness relative to the native aortic tissue [18,19]. 

Distensibility was also lowest in the repair group, an expected finding given the very stiff 

properties of synthetic fabric of vascular grafts (Figure 3.6f) [20-22]. 

Marfan group: The Marfan group had the largest heterogeneity in displacement and 

distensibility (Figure 3.6), as well as in age (Figure 3.4). Such heterogeneity has been previously 

documented among patients with MFS [23]. While a pathogenic mutation in the fibrillin-1 gene is 

pathognomonic of MFS disease, it is will-recognized that large degrees of phenotypic 

heterogeneity exist between patients, an observation that aligns with the variability we observed 
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in root motion and mechanical metrics studied in this paper [24]. While these results need further 

conformation in larger cohorts, our preliminary findings suggest that VDM-D may be a useful tool 

for assessing the phenotypic severity of aortopathy in MFS in a patient-specific manner using 

available clinical CTA data. 

Distensibility: Our results revealed that the Marfan and repair groups have lower aortic root 

distensibility than the non-aneurysmal and TAA groups, in alignment with prior reports [21,25]. 

Interestingly, we observed no statistical difference between non-aneurysmal and TAA groups 

(Figure 3.6f), in contrast with prior studies that have re-ported higher aortic stiffness in TAA 

compared to non-aneurysmal aortas [26-28]. This discrepancy may be explained by several factors. 

First, the location where aortic motion is extracted in our study is at the sinuses of Valsalva, which 

is different from the location of maximum aneurysm diameter in our TAA subjects, suggesting a 

potential gradient in distensibility (and therefore stiffness) from the aortic root to the aneurysm 

location in TAA subjects. This distensibility gradient can be appreciated in the diastolic and 

systolic aortic geometries of the TAA subject in Figure 3.5. While a clear difference between 

geometries is observed at the aortic root, these geometries are nearly identical at the maximum 

aneurysm diameter location. Secondly, we may have simply failed to capture a statistical 

difference in these groups owing to relatively small group sizes and the confounding effects of age 

on aortic stiffness in the non-aneurysmal group (Figure 3.7b). 

LV/Ao angle: Previous studies have reported a negative correlation between age and LV/Ao 

angle [29,30] (e.g., the LV/Ao angle decreases with age). Our results are consistent with these 

studies (see Appendix A, Figure A1). To better understand the correlation between LV/Ao angle 

and root motion metrics, we examined relative aortic displacements normalized to total 

displacement given that LV/Ao angle would be expected to affect the directional proportion of 

root motion more so than its absolute degree (more reflective of the underlying aortic pathology). 

Further, normalizing the displacements allowed us to mitigate the relationship between age and 

aortic displacement, and therefore to directly compare all subjects across groups. In large LV/Ao 

angles, corresponding to a more parallel alignment between aorta the LV long axis, ventricular 

contraction and shortening results in an axial predominant root motion. However, as the LV/Ao 

angle becomes more perpendicular, the LV contraction is distributed to both axial and in-plane 

directions, with an increasing in-plane component. 
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Variation of metric with age: Previous studies have clearly demonstrated increasing aortic 

stiffness with aging [31-33]. Therefore, the negative correlation between age and distensibility 

(inversely related to stiffness) in the non-aneurysmal group (Figure 3.7b) is consistent prior results. 

However, the TAA, Marfan, and repair groups did not show significant correlations between 

distensibility and age. All three groups presented lower distensibility compared to the non-

aneurysmal group. For instance, young (< 40 years) Marfan subjects had lower distensibility 

compared to non-aneurysmal patients (1.73 vs. 4.04, p-value = 0.025). However, we did not 

identify significant correlations between age and distensibility in the TAA or Marfan groups, 

suggesting that the effects of aortic stiffening related to these patient’s aneurysmal disease 

supersedes the effects of age-related aortic stiffening. Finally, it is expected that the distensibility 

in the repair group low and independent of age due to very stiff nature synthetic graft. 

Figure 3.7a shows that there is no strong correlation between age and aortic root 

displacement. Only the TAA group suggested a pattern of larger total displacements for younger 

subjects. However, this TAA group is highly heterogenous with 6 bicuspid aortic valve, 5 aortic 

stenosis and 3 aortic insufficiency patients. Unlike distensibility, which is dictated by aortic 

properties only, aortic root displacement results from the interactions between heart and aorta. 

Previous studies have reported that there is no significant correlation between age and LV ejection 

fraction [34,35]. Therefore, one could argue that aortic root motion is independent of age unless 

heart function is compromised. 

Correlation with aortic diameter: Aortic diameter has been widely used as a clinical metric 

to assess aortic disease severity and progression [36-38]. However, numerous studies have 

demonstrated its poor predictive value [39-41]. Our results agree with these such studies, as we 

have observed no significant correlation between sinus diameter, distensibility, and aortic 

displacement (see Appendix A, Figure A2). 

3.4.1 Displacement extraction comparison between 2D and 3D 

Most studies thus far have characterized aortic root motion using 2D approaches [5,7-

9,17,42,43]. However, extracting aortic root motion from 2D images, without accounting for the 

full 3D motion of the aorta, may provide a distorted assessment. Figure 3.9 illustrates diastolic 

(blue) and systolic (red) aortic geometries extracted from VDM-D for a non-aneurysmal subject. 

The motion is observed under two different views. View 1 shows that there is an axial (downward) 

motion and almost no in-plane motion. However, view 2 shows that there is both axial and in-
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plane displacements. This is a simple demonstration of how a VDM-D analysis of dynamic CTA 

data can more fully capture 3D motion of the root compared to 2D approaches. 

 

Figure 3.9. Diastolic (blue) and systolic (red) aortic geometries extracted from VDM-D for a non-aneurysmal subject. 

Two different 2D views provide different characterizations of aortic root motion. 

3.4.2 Implications for aortic wall stress analysis 

3D Aortic root motion extracted from VDM-D can be used to provide improved boundary 

conditions for aortic wall stress analysis [44]. A 3D assessment of root motion related to ventricular 

traction is important given that load-bearing elastin and collagen fibers have variable orientations 

within the aortic wall and thus different populations of these fibers will differentially bear loads 

depending on their directional orientation [45]. Most previous computational studies of ascending 

aortic stress hold the inlet boundary as fixed (no root motion) [46-50], and among the few studies 

have investigated the effect of aortic root motion on ascending aortic wall stress under simplified 

and unidirectional (e.g., axial) aortic root motion assumptions [5,7,51]. A recent study 

demonstrated that in-plane displacements contribute significantly to the stress level in the 

ascending aorta [8]. However, this study considered simplified, circumferentially uniform values 

of in-plane displacements extracted from 2D dimensional data. In reality, the aortic root has 

circumferentially variable in-plane and axial displacements, which can be fully quantified by 

VDM-D (see Figure 3.5). This 3D information could be used to define improved boundary 

conditions for aortic wall stress analysis. 
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3.4.3 Limitations 

The small number of subjects per group is one limitation of this study, which may result in 

lack of strong correlations for some of the reported aortic root metrics in some of the subject 

groups. The composition of the TAA group was heterogenous, as one third of the patients had 

BAV, one third had aortic stenosis and one fifth had aortic insufficiency. These comorbidities may 

have an impact on aortic root motion. However, the primary objective of this study was to assess 

feasibility of VDM-D rather than provide a comprehensive assessment of metrics across different 

patient groups and characteristics. Future studies will expand the sample size of the TAA group 

and thus enable us to define sub-groups according to the presence or absence of valvular disease.  

Additionally, the different patient groups had statistically significant differences in age. As 

expected, the TAA and repair groups were older than non-aneurysmal and Marfan groups (Figure 

3.4). These trends therefore reflect the strong association between sporadic/degenerative TAA and 

age [52]. The Marfan group was youngest overall and had the largest variability in age (from mid 

20s to nearly 60 years old), consistent with the well-known variability in phenotypes among 

Marfan patients [20]. Future studies using groups matched on age and other characteristics will be 

important to more fully understand the unique contribution of such factors on the described aortic 

root motion metrics. 

3.5 Conclusions 

VDM-D analysis of dynamic CTA data enables a rigorous characterization of 3D aortic 

root motion. This approach overcomes the limitations of previous methods, which focused solely 

on 1D axial motion. In this study, I developed a pipeline to extract aortic root motion from VDM-

D results and defined the specific metrics used for analysis. Directional aortic displacements, area 

ratio and distensibility, axial tilt and aortic rotation can be extracted across a variety of TAA 

etiologies as well as in post-repair groups. Our results revealed differences in aortic root motion 

metrics, most notably between the repair group and other groups with native aortic tissue. The 

repair group was also the only group that showed a larger relative in-plane displacement than 

relative axial displacement, likely explained by the lowest (i.e., more perpendicular) LV/Ao angle 

in this group. The Marfan group showed the largest heterogeneity in aortic root displacement, 

distensibility and age, compatible with well-reported heterogeneity in this syndrome. The non-

aneurysmal group showed a negative correlation between age and distensibility, consistent with 

widely reported age-related aortic stiffening; however, the effects of age-related stiffening were 
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blunted in sporadic TAA and Marfan groups. Additionally, our results demonstrated that the 

LV/Ao angle is an important determinant of the proportions of axial and in-plane displacements 

and thus should be included in future studies focused on dynamic assessment of the ascending 

aorta. Future studies can achieve more precise characterization of aortic motion across different 

patient populations, improving the accuracy of biomechanical modeling and personalized risk 

assessment. Lastly, 3D aortic root motion derived from VDM-D may be a useful method to better 

inform realistic, patient-specific boundary conditions in computational studies of aortic wall stress, 

work which is underway by our group.  
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3.6 Appendix 

Figure A1 presents the correlation between LV/Ao angle and age. Figure A2 presents the 

correlation between sinus diameter and (a) total displacement and (b) distensibility. 
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Figure 3.10. Scatter plot correlating LV/Ao angle and age. Solid and dotted red lines are fit and confi-dence bounds, 

respectively. 

 

Figure 3.11. Scatter plot correlating (a) sinus diameter vs total displacement and (b) sinus diameter vs dis-tensibility. 

Solid and dotted red lines are fit and confidence bounds, respectively. 
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Chapter 4 Vascular Deformation Mapping Calibration with Physics Based Synthetic Data 

This chapter is adapted from a manuscript currently in preparation for submission3. 

4.1 Introduction 

Aortic stiffness is both heterogeneous, meaning it has different values in different regions 

along the aorta, and anisotropic, indicating distinct stiffness patterns in the axial and 

circumferential directions [1], [2], [3], [4]. Aortic stiffness has been recognized as an important 

indicator of vascular health [5], [6]. Typically, older patients or those with aortic diseases, such as 

aortic dissection or Marfan’s syndrome, exhibit stiffer aortas [7], [8], [9], [10], [11]. Numerous 

efforts have been made to estimate aortic stiffness. Some stiffness calibration efforts have relied 

on invasive approaches, whereby strips of aortic tissue from different regions are tested in both 

axial and circumferential directions [12], [13], [14], [15]. However, invasive methods have been 

limited because they require aortic tissue samples and can only be conducted in specific regions. 

As an alternative, non-invasive, dynamic image-based approaches have been used to quantify the 

aortic stiffness. However, non-invasive methods have been limited to characterizing the aortic 

tissue as isotropic and have thus been unable to discriminate stiffness between different spatial 

directions [16], [17], [18]. This limitation arises because these non-invasive methods either rely 

on 2D images or lack the techniques required to extract multi-axial strain from 3D dynamic images. 

The difficulty in obtaining multi-axial strain stems from the challenge of accurately capturing 3D 

deformation from these 3D images. More sophisticated techniques for assessing 3D aortic 

deformation from dynamic 3D images are needed to estimate multi-axial aortic stiffness. 

Recently, vascular deformation mapping (VDM) successively characterized 3D aortic root 

motion using electrocardiogram (ECG)-gated computed tomography angiography (CTA) [7]. 

VDM was originally developed to assess the 3D growth of the aorta by using longitudinal CTA 

data acquired at two different times during clinical surveillance (VDM-G: VDM growth) [19], 

 
3 The authors of this manuscript are: Taeouk Kim, Timothy Baker, Nicholas Burris, C. Alberto Figueroa. 
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[20]. When VDM was applied to dynamic CTA data, it was able to assess the 3D aortic 

deformation over the cardiac cycle (VDM-D: VDM dynamic) [7]. Figure 4.1 shows the VDM-D 

workflow. 

 

Figure 4.1. VDM-D workflow. 

VDM performs nonrigid, deformable image registration to map two different images using 

the Elastix open-source software [21]. In Elastix, penalty parameters are employed to fine-tune 

image alignment and penalize non-physiological deformations. Staring et al. introduced penalty 

parameters that are capable of locally penalizing nonrigid image registration [22]. These 

parameters are called rigidity penalty terms and include bending energy, affine, orthonormality 

and properness. More details about these penalty parameters will be described in ‘Methods - 1. 

Rigidity penalty parameter’. Penalty parameters must be properly calibrated for different 

problems. These parameters were calibrated in VDM-G using in-silico phantom studies [23]. 

However, when using dynamic CTA to characterize aortic motion, these parameters need to be 

recalibrated due to significant differences between sequential and dynamic CTAs. Sequential CTA 

uses the same cardiac phase images to avoid deformation from aortic motion. Time between two 

images is several years. Deformation (growth) occurs across the aorta and is relatively small (~2 

mm). In contrast, dynamic CTA uses diastole and systole images from a cardiac cycle. Time 

between two images is less than a second. Deformation (aortic motion) is focused near aortic root 

and is relatively large (~10 mm). Figure 4.2 presents the results from VDM-D using the penalty 
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parameters set for VDM-G. For comparison, ground truth results from the synthetic data are also 

included. More details about the synthetic data will be described in ‘Methods 4.2. Synthetic data 

generation’. It should be noted that small differences in 3D displacement can lead to significant 

discrepancies in an axial stretch (strain). In addition, the axial stretch from VDM-D without 

calibration shows non-physiological strip patterns. This example shows the necessity of 

recalibrating the penalty parameters for VDM-D. 

 

Figure 4.2. 3D displacement and multi-axial stretch analysis using synthetic data and VDM-D, employing penalty 

parameters derived from VDM-G. 

The principal challenge in calibrating VDM-D penalty parameters is the absence of an 

established ground truth for 3D displacement across the entire aorta. Current methods for 

measuring aortic motion have been limited to either 1D aortic root motion measurement [24], [25] 

or 3D measurements at only specific points on the aorta [26], [27]. Aortic displacement from these 

methods is not enough to validate and calibrate the VDM-D. To address this issue, we generated 

synthetic data for aortic motion during cardiac cycle which can be used for calibrating VDM-D. 

The goal of this work is to leverage VDM-D to estimate 3D aortic motion using dynamic 

CTA. The first step in this effort is to develop a pipeline to calibrate penalty parameters used in 

VDM-D and validate VDM-derived aortic motion over the cardiac cycle. Synthetic data on aortic 

motion for a total of 14 different aortas were used to calibrate penalty parameters in VDM-D. 
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4.2 Methods 

4.2.1 Rigidity penalty parameter 

VDM-D’s registration algorithm minimizes the pixel-wise mutual information between the 

fixed diastolic image and the deformed systolic image. Four penalty parameters are utilized to 

constrain the optimization in the region of the image corresponding to the aorta. These parameters 

are: (1) bending energy (BE): penalizes sharp, unrealistic deformations, (2) affine constraint (AC): 

penalizes the second derivative of the deformation to enforce smoothness, (3) orthonormality 

constraint (OC): penalizes deviations of the deformation’s Jacobian from orthonormality, 

encouraging the transformation to be rigid, and (4) properness constraint (PC): encourages volume 

preservation [22], [28]. Overall, BE encourages smooth deformation whereas the other three 

constraints encourage rigidity in the registration’s deformation, leading to more realistic 

deformations [22].  

Each penalty term has a weight term which determines its influence on the optimization. 

The range of weights tested are based on prior research [22] and our experiments: BE’s weight 

was varied from 0 to 220, AC’s weight from 0 to 550, OC’s weight from 0 to 1.5, and PC’s weight 

from 0 to 1.5. Combinations of weights were tested using a four-dimensional grid search scheme. 

4.2.2 Synthetic data generation 

4.2.2.1 Rotation-free shell 

A non-linear rotation-free shell formulation, solved using the finite element method to 

produce 3D displacement over the aortic surface, was used to generate the synthetic data [29]. This 

formulation is validated and has been used to handle large deformations for applications in 

vascular biomechanics. An incompressible Neo-Hookean constitutive model was considered for 

the aortic wall, as it is suitable for describing the nonlinear stress-strain behavior under large 

deformations. Stiffness parameters used for this model are described in the following section 

4.2.2.2. The density and thickness of aorta were set to 1000 𝑘𝑔/𝑚3  and 2.0 mm, respectively [30], 

[31]. Boundary conditions for the aortic model are presented in Figure 4.3 (a). For the inlet face, 

we prescribed patient-specific 3D aortic root motion [7], while the arch and outlet faces were fixed. 

Patient-specific blood pressure was applied inside of the aortic wall. 
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Figure 4.3. (a) Boundary conditions for synthetic data generation and heterogenous aortic stiffness. (b) Six subregions 

for the error calculation. ATA: ascending thoracic aorta, DTA: descending thoracic aorta, IC: inner curvature, and 

OC: outer curvature. 

4.2.2.2 Population-based heterogenous aortic stiffness 

The proper choice of aortic stiffness is important for dynamic aortic simulations. In this 

paper, we used population-based heterogeneous aortic stiffness values. Our cohort includes non-

aneurysmal patients as well as those with thoracic aortic aneurysms (TAA) and Marfan syndrome 

(Marfan). Non-aneurysmal and TAA patients were classified based on a maximum diameter 

threshold of 40 mm, without any syndromic features and no family history of aortic diseases. The 

aortic diameter was collected from clinical radiology reports. Marfan patients were classified using 

the Ghent criteria, which incorporate aortic root dilatation and FBN1 mutations in the diagnosis 

[36], [37]. 

To determine baseline stiffness, we first extracted age-based stiffness data for the 

ascending thoracic aorta (ATA) and descending thoracic aorta (DTA) from the literature, which 

reports both axial and circumferential stiffnesses for non-aneurysmal patients [32]. Since we 

employed an isotropic model, we averaged the axial and circumferential stiffness values. To adjust 

for TAA and Marfan patients, we applied stiffness ratios of 1.26 and 1.65 on the ATA stiffness, 

respectively, based on differences from non-aneurysmal patients [7]. ATA and DTA stiffness 

values were linearly interpolated on the aortic surface. Figure 4.3 (a) shows one example of the 

heterogeneous aortic stiffness values on the aortic surface. ATA and DTA stiffness values for each 

patient can be found in Table 4.1. 
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Table 4.1. Patient characteristics and aortic stiffness. BP: blood pressure and NA: non-aneurysmal. 

 Age BP [mmHg] ATA stiffness 

[MPa] 

DTA stiffness 

[MPa] 

3D Root 

motion [mm] 

Cluster 

NA 1 65 107/61 0.834 1.152 7.1 1 

NA 2 63 164/98 0.834 1.152 6.6 1 

NA 3 32 100/62 0.386 0.737 8.6 1 

TAA 1 66 139/78 1.05 1.152 6.9 1 

TAA 2 43 116/73 0.486 0.737 3.0 0 

TAA 3 75 142/77 1.05 1.152 3.8 0 

TAA 4 67 124/85 1.05 1.152 4.8 0 

TAA 5 64 110/72 1.05 1.152 6.5 1 

TAA 6 69 131/85 1.05 1.152 7.0 1 

Marfan 1 36 133/66 0.637 0.737 10.0 2 

Marfan 2 64 114/66 1.376 1.152 3.0 0 

Marfan 3 52 115/68 0.637 0.737 8.4 1 

Marfan 4 42 96/54 0.637 0.737 11.1 2 

Marfan 5 40 125/85 0.637 0.737 7.6 1 

4.2.3 Synthetic image generation 

A synthetic systolic image and mask were generated from the displacement field computed 

by the rotation-free shell model. An Elastic Body Spline (EBS) transformation was applied to the 

diastolic image using the vertices of the diastolic aortic surface and the synthetic systolic aortic 

surface as two sets of landmark points. EBS transforms the diastolic image into a synthetic systolic 

image by mapping corresponding landmark points to one another while interpolating intermediate 

points in a manner consistent with a physical model of a homogenous, isotropic 3D elastic body 

[33]. EBS transformation is applied using Elastix’s Transformix program [21] with a Poisson ratio 

of 0.3. 

4.2.4 Error calculation 

To quantitatively evaluate the performance of VDM-D with different penalty parameters, 

we first calculate a 3D displacement error field by comparing the VDM-D result with the ground 

truth from the rotation-free shell model. Next, we define an appropriate error metric from the 3D 

displacement error field. Our error metric calculation involves three steps. (1) We define six 

subregions of the aorta to ensure equal contributions from all aortic surfaces. The aorta is first 
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segmented into three regions - ATA, arch, and DTA - based on side vessel configuration. Each of 

these regions is then further divided into two subregions: inner curvature (IC) and outer curvature 

(OC). Figure 3 (b) illustrates these six subregions, including ATA-IC, ATA-OC, ARCH-IC, 

ARCH-OC, DTA-IC, and DTA-OC. (2) For each subregion, we calculate the maximum 

displacement error, and the root mean square error to evaluate local and global errors, respectively. 

A subregion error is the average of these two errors. (3) The error for the aorta is calculated by 

averaging the six subregion errors. In summary, the error metric is defined as 

 𝐸𝑟𝑟𝑜𝑟 𝑚𝑒𝑡𝑟𝑖𝑐 =  
1

6
∑

𝑀𝐴𝑋𝑖 + 𝑅𝑀𝑆𝐸𝑖

2

6

𝑖=1

 (4.1) 

where 𝑖 is a different region, MAX is the maximum displacement error, and RMSE is the root 

mean square error. 

4.2.5 VDM-D penalty parameter calibration pipeline 

Figure 4.4 shows our VDM-D penalty parameter calibration pipeline. (1) Synthetic data 

generation: We calculated a 3D displacement of the aorta from diastole to systole using the 

rotation-free shell formulation with an incompressible Neo-Hookean constitutive model. This 

defines the ground truth for our pipeline. (2) Synthetic image generation: we generated a synthetic 

systolic image and mask. The computed displacement field on the aortic surface from step (1) was 

interpolated through the 3D aortic volume to generate a synthetic systolic medical image and 

corresponding mask using the EBS transformation. (3) VDM-D analysis: the VDM-D with penalty 

parameters was run to calculate 3D displacement from the reference diastolic and the synthetic 

systolic images and their masks. (4) Error calculation: VDM-D displacements are compared 

against the computational ground truth, and the discrepancy was quantitatively calculated by using 

the error metric defined in section 4.2.4. Error calculation method. (5) Calibration of penalty 

parameters: we changed the penalty parameters based on the error. We repeated steps (3), (4), and 

(5) with different penalty parameters until we found a minimal error. 

4.2.6 Patient data 

All procedures were approved by the local institutional review board, and a waiver of 

informed consent was obtained for this retrospective study. The study was conducted in 

compliance with the Health Insurance Portability and Accountability Act (HIPAA). Fourteen 
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patients, categorized into three groups (non-aneurysmal, TAA, and Marfan), were selected based 

on the availability of high-quality, retrospectively ECG-gated CTA data.  

 

Figure 4.4. VDM-D penalty parameters calibration pipeline. 

The peak systolic and end-diastolic phases of the ECG-gated CTA imaging were selected 

and extracted using an open-source software, OsiriX MD [34]. Dynamic CT imaging covered the 

entire thoracic aorta. Details of the patient data can be found in Table 4.1. There were 3, 6, and 5 

patients from non-aneurysmal, TAA, and Marfan groups, respectively. Overall, the mean age was 

55.4 (±14.4). The average systolic and diastolic blood pressure were 122.6 (±18.3) and 73.6 

(±11.9) mmHg, respectively. ATA and DTA stiffness values were calculated according to section 

4.2.2.2 Population-based heterogenous aortic stiffness. 3D root motion magnitude was measured 

as described in our previous publication [7]. 

4.2.7 Subject classification strategies 

VDM-D penalty parameters were calibrated using three distinct grouping methods, leading 

to the identification of non-specific, disease-specific, and motion-specific penalty parameters. The 

non-specific penalty parameter was identified as the one that minimized error across all fourteen 
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patients. In contrast, disease-specific and motion-specific penalty parameters were tailored for 

each disease group (non-aneurysmal, TAA, and Marfan) and for each cluster divided by root 

motion, respectively. We employed the k-means clustering technique for classification based on 

root motion to avoid arbitrary thresholds when separating clusters [35]. K-means clustering is an 

algorithm that groups data points into K number of clusters, where each data point belongs to the 

cluster with the nearest average. In this study, we used 3 clusters. The cluster 0, 1, and 2 include 

patients with root motion less than 5 mm, between 5 and 9 mm, and larger than 9 mm, respectively. 

Each cluster includes 4, 8, and 2 patients. The clustering results can be found in Table 1. The 

penalty parameters for each group were determined by minimizing the error across the patients 

within that group. 

4.3 Results 

4.3.1 Penalty parameters 

Table 4.2 shows the non-specific, disease-specific, and motion-specific penalty parameters 

obtained from our calibration pipeline. Overall, the ranges of calibrated penalty parameters are 

between 100-220, 0-350, 0.75-1.5, and 0.75-1.5 for the BE, AC, OC, and PC, respectively. While 

no specific trends are observed across different disease groups, there is a correlation between 

motion-specific penalty parameters and aortic root motion. Patient clusters with smaller aortic root 

motion require higher penalty values. For example, cluster 0 shows the largest penalty parameter 

values: BE/AC/OC/PC = 220/350/1.5/1.5, while cluster 2 shows the smallest penalty parameter 

values: BE/AC/OC/PC = 100/0/0.75/0.75. 

Table 4.2. Non-specific, disease-specific, and motion-specific penalty parameters. NA: non-aneurysmal. 

 Groups BE AC OC PC 

Non-specific - 140 0 0.75 1.5 

Disease-

specific 

NA 100 350 0.75 0.75 

TAA 140 0 1.5 1.5 

Marfan 100 0 0.75 0.75 

Motion-

specific 

Cluster 0 220 350 1.5 1.5 

Cluster 1 140 0 0.75 1.5 

Cluster 2 100 0 0.75 0.75 

4.3.2 Error metric values with different penalty parameters 
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Figure 4.5 shows the error metric values (see section 4.2.4. Error calculation) without 

penalty parameters (represented by yellow bar) and with three different penalty parameter sets 

(represented by blue, red, and magenta bars for non-specific, disease-specific, and motion specific, 

respectively). Nearly all patients show that penalty parameters help reduce error compared to no 

penalty. The average errors across all patients are 0.211, 0.167, 0.164, and 0.163 for the no penalty, 

non-specific, disease-specific, and motion specific, respectively. Given that the motion-specific 

penalty parameters are obtained from the objective grouping method and result in the lowest error, 

our final choice among the grouping methods is the motion-specific penalty parameters. More 

details about the parameter choice will be described in section 4.3.2. Penalty parameter choice. 

From here, results using penalty parameters implies the use of motion-specific penalty parameters. 

The largest reduction in error metric achieved with penalty parameters, compared to no penalty, is 

44.3% for patient 6. The average error reduction is 20.4%. 

 

Figure 4.5. Error metric for each patient with different penalty parameters: no penalty, non-specific, disease-specific, 

and motion-specific. 

4.3.3 Surface error plots with and without penalty parameters 

Figure 4.6 illustrates the surface error plots, which show the 3D displacement error between 

ground truth from the rotation-free shell and VDM-D results, both without and with penalty 

parameters applied. Four aortas are presented: two representing the best cases (patient 5 and 6 from 

Figure 4.5) and two representing the worst cases (patient 12 and 13 from Figure 5). Two aortas 

from the best error improvement show that properly calibrated penalty parameters successively 

reduce high displacement errors. The largest error decreases from 0.74 mm to 0.31 mm for the first 

patient and 0.58 mm to 0.26 mm for the second patient. Physiologically spurious bands in error 

maps are also smoothed out by using penalty parameters (see second aorta of the best error 

improvement). Two aortas from the worst error improvement show relatively small displacement 
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error without penalty (maximum error of 0.24 mm and 0.38 mm) compared to the best error 

improvement aortas without penalty (maximum error of 0.74 mm and 0.58 mm). These aortas 

show no improvement or a slight increase in error with penalty application. 

 

Figure 4.6. 3D displacement error analysis: comparison between scenarios with no penalty and with calibrated 

penalty, including the two most improved and two least improved error cases. 

4.4 Discussion 

4.4.1 Stretch comparison 

Figure 4.7 compares 3D displacement and multi-axial stretch between the ground truth 

(derived from the rotation-free shell) and VDM-D results using different penalty parameter values. 

The axial direction is tangent to the centerline, while the circumferential direction is perpendicular 

to the centerline. The comparison between ground truth and VDM-D with uncalibrated penalty 

parameters emphasizes that even small errors in 3D displacement can result in large errors in multi-

axial stretch, particularly in the axial direction (as indicated by the red star in Figure 4.6). Among 

the multi-axial aortic stretches, axial stretch derives from root motion, whereas circumferential 

stretch results from inflation due to blood pressure. The synthetic 3D displacement field in Figure 

6 indicates that aortic deformation is primarily influenced by relatively large and complex root 

motion, rather than inflation. This complex motion challenges VDM-D's ability to accurately 

capture deformation without properly calibrated penalty parameters, resulting in a higher error in 

axial stretch compared to circumferential stretch. 
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The 3D displacement magnitudes at the red star are 4.62 mm for the ground truth and 4.64 

mm for VDM-D with uncalibrated parameters. This minor difference of 0.02 mm results in a 

significant discrepancy in axial stretch values, which are 1.021 and 1.079, respectively. This 

sensitivity arises from the definition of stretch, which is a derivative of the 3D displacement in 

specific directions. With properly calibrated penalty parameters, the VDM-D results show a 

significant reduction in stretch discrepancy compared to the ground truth, particularly in the axial 

direction. The axial stretch at the red star region is 1.033 with calibrated penalty parameters. These 

results demonstrate that properly calibrated VDM-D effectively captures deformation from the 

root motion. The multi-axial strain obtained from non-invasive medical images can be used to 

estimate the multi-axial aortic stiffness. 

 

Figure 4.7. 3D displacement and multi-axial stretch comparison between ground truth and VDM-D results with 

different penalty parameter values: uncalibrated which used penalty parameters from VDM-G and calibrated using 

our pipeline. 
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4.4.2 Penalty parameter choice: disease-specific vs motion-specific 

In this study, we used two different grouping methods: disease-specific and motion-

specific. The disease-specific method categorized patients into non-aneurysmal, TAA, and Marfan 

groups. Again, non-aneurysmal and TAA patients were classified based on a maximum diameter 

threshold of 40 mm, without any syndromic features and no family history of aortic diseases. The 

aortic diameter was collected from clinical radiology reports. Marfan patients were classified using 

the Ghent criteria, which incorporate aortic root dilatation and FBN1 mutations in the diagnosis 

[36], [37]. The challenges of using maximum diameter for diagnosing TAA include inaccurate 

diameter measurement and the subjective choice of diameter threshold, which ranges from 40 to 

60 mm [38], [39], [40], [41], [42]. This approach is dependent on the clinician's subjective 

judgment and leads to uncertainties in distinguishing between non-aneurysmal and TAA patients. 

Also, dynamic images can only capture the shape and motion of aorta, and not genetic disease. In 

contrast, root motion provides an objective metric. However, the primary challenge with using 

root motion for the patient classification is selecting the appropriate threshold between different 

groups. The k-mean clustering technique offers an objective threshold based on the given data. 

Since disease-specific and motion-specific penalty parameters showed similar performance (see 

Figure 5), we chose to use motion-specific method due to its more objective grouping approach. 

The similar performance of disease-specific and motion-specific penalty parameters may be 

attributed to the fact that the disease groups inherently exhibit different root motions in our cohorts. 

The average root motions for the non-aneurysmal, TAA, and Marfan groups are 7.4 (±1.0), 5.3 

(±1.0), and 8.0 (±3.1) mm, respectively (p-value: 0.063, using ANOVA test). This difference in 

root motion might already influence the values of disease-specific penalty parameters. 

4.4.3 Correlation between penalty parameter and root motion 

Motion-specific penalty parameters correlate with root motion, where clusters with smaller 

root motion need larger penalty parameter values (see Table 4.2). Smaller root motion results in 

more rigid deformation of aorta between diastole and systole. The penalty parameters we used in 

this study add rigidity to the deformable image registration. A larger rigidity penalty imposes a 

stronger constraint on deformation, favoring more rigid alignments, which is appropriate for the 

small root motion. In contrast, a lower rigidity penalty allows for more flexibility, enabling the 

registration algorithm to accommodate larger or more complex motions, including non-rigid 

deformations. This is useful when aligning images that undergo large changes in shape or when 



 105 

there is significant motion like large root motion [43], [44]. This flexibility from using different 

penalty parameter values is particularly important for aortic image registration, as the thoracic 

aorta experiences a wide range of deformations influenced by root motion, varying with age and 

disease [7]. 

4.4.4 Correlation between error and root motion 

The error also correlates with root motion. For in-depth analysis, we split the 3D root 

motion into axial and in-plane directions [7]. The axial motion is defined as the projection of the 

3D root motion in the direction of the tangential of the centerline. Conversely, the in-plane motion 

is defined as the projection of the 3D root motion in the direction perpendicular to the centerline 

(see Figure 4.8). Different motion values are provided in Table 4.3. The average root motions are 

6.79 (±2.48), 5.41(±2.13), and 4.41(±1.78) mm, for the 3D, axial, and in-plane direction, 

respectively. 

 

Figure 4.8. Axial and in-plane directions of the root motion with anatomies near aorta. 

Figure 4.9 illustrates the nine different correlations between error and various root motions. 

Correlations between variables were assessed using linear regression. A p-value < 0.05 was 

considered indicative of a strong correlation. The ‘kruskalwallis’ and ‘fitlm’ functions in 

MATLAB were used for the Kruskal–Wallis test and linear regression, respectively. Plots (a), (b), 

and (c) show the correlations between errors from VDM-D without using penalty parameters and 

three types of root motion. 
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Table 4.3. 3D, axial, and in-plane root motions for all patients 

 3D root motion [mm] Axial root motion [mm] In-plane root motion [mm] 

NA 1 7.1 6.32 3.21 

NA 2 6.6 5.81 4.72 

NA 3 8.6 5.51 6.95 

TAA 1 6.9 4.97 5.20 

TAA 2 3.0 2.57 1.82 

TAA 3 3.8 2.02 3.68 

TAA 4 4.8 4.35 2.13 

TAA 5 6.5 5.09 4.57 

TAA 6 7.0 5.59 4.28 

Marfan 1 10.0 8.06 7.81 

Marfan 2 3.0 2.28 2.26 

Marfan 3 8.4 7.38 4.51 

Marfan 4 11.1 9.27 6.23 

Marfan 5 7.6 6.56 4.44 

 

There is a strong negative correlation with 3D root motion and axial motion, with p-values 

of 0.034 and 0.031, respectively, while no significant correlation is observed with in-plane motion. 

These results suggest that VDM-D without penalty parameters can effectively register two aortas 

with large deformations, while it does not have enough rigidity to accurately capture small 

deformations. These correlations are particularly strong in the ATA region (see Figure 4.3 (b)). 

Plots (d), (e), and (f) depict the correlation between errors, which were calculated only for the ATA 

region using VDM-D without penalty parameters, and three types of root motions. These plots 

demonstrate smaller p-values and larger magnitudes of R values than those in plots (a), (b), and 

(c). This indicates that the effect of root motion is stronger in the ATA than in the arch and DTA 

regions. In-plane root motion shows weaker correlations with error (p-values > 0.05) compared to 

3D and axial root motions. This can be attributed to the relatively smaller magnitude on in-plane 

motion and its easier capture by VDM-D, as the aorta is surrounded by other structures such as the 

superior vena cava, right atrium, and pulmonary trunk in the in-plane direction (see Figure 4.8). 

The correlations between error and root motion are gone with VDM-D results with properly 

calibrated penalty parameters. Plots (g), (h), and (i) illustrate the correlations between errors from 

VDM-D using penalty parameters and three types of root motion. No correlation is observed on 



 107 

these results (p-value > 0.05).  It demonstrates that the VDM-D with motion-specific penalty 

parameters can effectively capture both large and small deformations. 

 

Figure 4.9. Correlations between errors and three types of root motion. (a), (b), (c): Error without penalty. (d), (e), (f): 

ATA Error without penalty. (g), (h), (i): Error with penalty. (Red line shows the line of the regression. 

4.4.5 Homogenous penalty parameter 

In this study, we implemented the homogenous penalty parameters. However, different 

aortic regions experience varied deformations. Figure 4.10 (a) shows the 3D displacement field on 

the aortic surface, where the ATA, arch, and DTA regions exhibit displacement ranges of 4~7 mm, 

2~4 mm, and 0~2 mm, respectively. This variation in displacement distribution originates from 

root motion. In this study, we showed the correlation between optimal penalty parameters and 

aortic motion. Since we used homogenous penalty parameters on aorta with heterogenous motion, 

different regions exhibited different levels of error reduction. Figure 4.10 (b) demonstrates the 3D 

displacement error between the ground truth and VDM-D, both with and without penalty 

parameters. With penalty applied, the maximum displacement error in the ATA region decreased 



 108 

from 0.346 mm to 0.181 mm (47% decrease), while the arch and DTA region decreased and 0.320 

mm to 0.282 mm (11.8% decrease) and 0.225 mm to 0.200 mm (11.1% decrease), respectively. 

The penalty parameter tuned for large motion is effective for the ATA, where large deformation 

occurs, but shows lower performance in the arch and DTA regions, where relatively smaller 

deformation occurs. 

 

Figure 4.10. (a) 3D displacement and (b) 3D displacement error with and without penalty parameters for the ATA, 

arch, and DTA regions. 

4.4.6 Limitations 

One limitation of this study is the small number of subjects in our cohort. The thresholds 

used to categorize patients into motion-specific groups were determined using the k-means 

clustering technique. Because these thresholds (5 and 9 mm) were calculated based on a limited 

dataset, they may differ in larger, real-world cohorts. Additionally, the motion-specific penalty 

parameters for each cluster were calibrated with a small number of patients, which may not 

accurately represent broader populations. This study focused on the development of a penalty 

parameter calibration pipeline. Future studies will aim to expand the sample size, allowing for the 

determination of root motion thresholds and penalty parameters that are more representative of 

real cohorts. 

 The current VDM-D can only utilize homogeneous penalty parameters. However, our 

results demonstrate that the values of these parameters correlate with the magnitude of motion. 

Since the aorta exhibits heterogeneous motion, it is not feasible to find a single set of homogeneous 

penalty parameters that performs well across all aortic regions. 
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4.4.7 Future works 

Aortic Stiffness Estimation: Once the 3D VDM-derived aortic displacement is available, it 

is possible to extract multi-axial aortic strain. Assuming a choice of non-linear and multi-axial 

constitute model, such as four-fiber family model [45], strains can be calculated using a nonlinear 

rotation-free shell and compared with VDM-derived strains over the entire aorta. This approach 

would make it possible to determine both axial and circumferential aortic stiffness in a non-

invasive way. 

4.5 Conclusion 

In this study, we successfully calibrated penalty parameters for deformable image 

registration in VDM-D using physics-based synthetic data from the rotation-free shell formulation. 

I developed the VDM-D parameter calibration pipeline including synthetic data generation. By 

tailoring these parameters for each cluster categorized by root motion, we identified that clusters 

with smaller root motion require larger penalty parameters. These calibrated parameters effectively 

reduced errors in 3D displacement and multi-axial stretch. Our results demonstrate the importance 

of customized parameter settings in improving the accuracy of aortic deformation analysis. Multi-

directional strain from VDM-D can be used for non-invasive estimation for anisotropic aortic 

stiffness. 
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Chapter 5 A Computational Study of Dynamic Obstruction in Type B Aortic Dissection 

This chapter is adapted from a peer-reviewed publication of this work: 

https://doi.org/10.1115/1.40563554. 

5.1 Introduction 

5.1.1 Clinical background 

Thoracic aortic dissection (TAD) is characterized by a disruption of the intima, which leads 

to delamination of the aortic wall and creation of a true lumen (TL) and a false lumen (FL) [1]. 

Population based studies have estimated that TAD occurs at a rate of 3-4 cases per 100,000 people 

per year [2,3]. TAD is commonly categorized using the Stanford classification, which 

distinguishes between type A aortic dissection, involving the ascending aorta, and type B aortic 

dissection (TBAD) which only involves the descending aorta [4]. One of the most dramatic 

complications of TAD is end-organ malperfusion, which is present in approximately 30% of type 

A aortic dissection and 20% of TBAD patients [5-7] and is associated with high morbidity and 

mortality [8-9]. Malperfusion is defined as inadequate flow to a vascular territory; if left untreated, 

it could result in malperfusion syndrome, which includes further complications such as tissue 

necrosis and end-organ dysfunction. Vessel malperfusion is caused by either dynamic obstruction, 

static obstruction, or a combination of both. Static obstruction occurs when the intimal flap extends 

into the branch vessel and causes fixed stenosis of the TL [10]. However, the pathophysiology of 

dynamic obstruction is more complex. Clinically, we have observed two main drivers of dynamic 

obstruction. One is the high-pressure-related collapse described in this paper. The second is the 

abrupt relief of outflow obstruction and increase of TL outflow observed after restoration of flow 

by aortoiliac stenting can impose collapse of the infrarenal aorta TL. Stenting that segment can in 

turn cause collapse of the TL supplying the celiac and superior mesenteric artery (SMA). Focused 

 
4 The authors of this manuscript are: Taeouk Kim, Petrus Antonius Jacobus van Bakel, Nitesh Nama, Nicholas 

Burris, Himanshu Jagdish Patel, David M Williams, and C Alberto Figueroa. 

https://doi.org/10.1115/1.4056355
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on the first case, we hypothesized that dynamic obstruction is driven by FL pressure exceeding TL 

pressure, causing the flap to drape over the ostium of a branch vessel supplied by the TL and thus 

obstruct blood flow.  

While dynamic obstruction has been reported in prior clinical studies, the factors driving 

this phenomenon remain unknown, largely due to the challenges of assessing pressure in TL and 

FL during dynamic obstruction, at a time when restoration of normal branch-artery perfusion 

pressures is the highest clinical priority. Computational simulations can be used to shed light into 

this phenomenon via in-silico investigations of the intimal flap motion and its relation to the 

pressure gradient across TL and FL. 

5.1.2 Clinical example of dynamic obstruction 

A 36-year-old hypertensive female in renal failure (blood pressure 170/80, creatinine 4.2 

mg/dL) presented with TBAD. To correct hypertension, intravenous hydralazine and esmolol were 

administered. To determine whether there was a treatable anatomical cause of hypertension, 

angiograph and intravascular ultrasound examinations were performed. Intra-luminal blood 

pressure was assessed in the FL using an arterial catheter. Aortic root pressure was compared with 

abdominal aorta TL, visceral, and iliac artery pressures. Aortic root and abdominal TL pressures 

were both 90/50 and the TL was approximately ¼ of the total aortic cross-section (Figure 5.1A).  

 

Figure 5.1. Timeline of dynamic obstruction and blood pressure during baseline infusion of esmolol. (A) following 

discontinuation of esmolol and after intubation. (B) and after vasodilator infusion and esmolol resumption. (C) TL = 

true lumen, FL = false lumen, and P = abdominal aorta TL blood pressure. 
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No pressure deficits were present in the celiac trunk or SMA, renal artery systolic pressure 

deficits (compared to the aortic root and measured distal to dissection reentry tears) were 70 mm 

Hg on the right and 15 mmHg on the left. While the operators were preparing to stent the right 

renal artery, the patient became hypoxic and developed sinus bradycardia with oxygen saturation 

in the low 80s and a heart rate of 46 bpm. In view of impending respiratory arrest, esmolol was 

stopped, fluids were administered, and a medical code was called. The code team administered 

Romazicon (a sedative reversal agent) and atropine (to increase heart rate) and intubated the 

patient. After fluids and discontinuation of esmolol, cuff blood pressure rose to 110/50, further 

increasing to 200/102 after intubation. Intravascular ultrasound examination while abdominal 

aorta TL blood pressure was 159/83 demonstrated TL collapse with the intimal flap draped over 

and prolapsing into the ostia of the celiac trunk and SMA (Figure 5.1 B). Esmolol was subsequently 

restarted resulting in normalization of blood pressure (93/53 mmHg) and displacement of the flap 

away from the branch vessel ostia, re-establishing flow to the abdominal aorta TL, celiac trunk, 

and SMA (Figure 5.1 C). 

5.1.3 Previous computational studies on the aortic dissection 

No computational study has thus far investigated aortic dynamic obstruction and 

malperfusion. Previous contributions have been focused on characterizing complex 

hemodynamics in aortic dissection, often using patient-specific models with rigid wall 

assumptions. Some studies have investigated the effects of anti-hypertension medication on 

hemodynamic parameters [11,12]. Other studies have explored the factors determining FL 

thrombosis and retrograde aortic dissection [13,14]. Healthy and acutely dissected aortas were 

compared to understanding the effects of dissection geometry on aortic hemodynamics [15]. Other 

studies have focused on the effect of connecting tears, including tear size and location [16]. Re-

entry tears were also found to have a large effect on pressure and flow distributions between the 

TL and FL [15]. Other anatomical risk factors such as curvature were also investigated for type B 

aortic dissection using idealized models [17]. Rigid wall models were also used to quantify the 

pressure difference between the TL and FL. This difference was found to be smaller than 20 mmHg 

in a patient-specific analysis [18]. 

A rigid wall representation of the intimal flap assumes fixed flap position, and therefore is 

unsuitable to relate flap motion with pressure gradient between TL and FL. Noting this, fluid-

structure-interaction (FSI) models have been used in aortic dissection simulations to investigate 
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the effect of the intimal flap motion on hemodynamic parameters. Compared to analyses under 

rigid wall assumptions, FSI simulations are challenging because of the high complexity and 

computational cost of the problem, which deal with the coupled motion to the fluid and solid 

[19,20]. An FSI model with rigid intimal flap calculated a peak systolic 30 mmHg pressure 

difference between TL and FL [20]. Several studies focused on studying the differences in wall 

shear stress between rigid wall and FSI simulations [19,21].  

Lasty, intimal flap motion was investigated in several studies. Several studies reported 

small flap displacements (0.15 – 1 mm) after imposing different levels of pressure difference 

between TL and FL [19,22,23]. More recently, another study investigated the impact of intimal 

flap material stiffness on flap displacement. Imposing a 5 mmHg pressure difference between TL 

and FL, flap displacement varied from 1.4 mm to 13.4 mm as the flap material stiffness varied 

from 20 kPa to 800 kPa, respectively [24].  

However, to the best of our knowledge, no studies so far have investigated dynamic 

obstruction and malperfusion caused by flap motion. 

5.1.4 Hypothesis and purpose 

In this work, we aimed to investigate the biomechanical and hemodynamic factors driving 

dynamic obstruction in aortic dissection. The above clinical example showed that an increase in 

systemic blood pressure was associated with dynamic obstruction. Furthermore, pharmacologic 

management of systemic blood pressure resulted in restoration of TL patency. From a clinical 

perspective, it is not feasible to assess TL and FL pressure during dynamic obstruction. In this 

study, we hypothesized that relatively small pressure differentials between the TL and FL are 

sufficient to displace the flap and induce obstruction because of the highly compliant nature of the 

intimal flap, concurrent with a global increase in systemic blood pressure. To test this hypothesis, 

we developed an FSI model of dynamic obstruction in TBAD, whereby inducing dynamic changes 

in systemic blood pressure were triggered by altering FL outflow resistance. 

5.2 Methods 

5.2.1 Geometrical model 

An idealized 3D geometrical model of a TBAD was constructed (Figure 5.2). The model 

consists of fluid and solid domains (noted in red and blue, respectively). The fluid domain consists 

of the aorta and main branch vessels. The uniform aortic diameter and length are 30 and 173 mm, 
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respectively. The model includes the ascending thoracic aorta, descending thoracic aorta, and 

abdominal aorta. The branch vessels include the brachiocephalic trunk (BCT), left common carotid 

artery (LCCA), left subclavian artery (LSA), and right and left renal arteries (RRA and LRA). 

BCT diameter is 10 mm. All other branch vessels have an 8 mm diameter. All branch lengths are 

20 mm. The RRA is perfused by the TL and the LRA is perfused by the FL. Thus, from now on, 

we refer to the RRA and LRA branches as TR and FR branches, respectively. 

 

Figure 5.2. Idealized 3D geometrical model of a TBAD. Fluid and solid domains are depicted in red and blue, 

respectively. Dimensions in mm. ATA: ascending thoracic aorta, DTA: descending thoracic aorta, AA: abdominal 

aorta. 

The solid domain represents the intimal flap (Figure 5.2 (b)). A single 20 mm diameter 

circular entry tear and no re-entry tears were assumed. The aortic walls were assumed to be rigid. 

The intimal flap has a 1mm uniform thickness and a total length of 142 mm. The flap has a constant 

curvature along the axial direction and divides the descending thoracic aorta and abdominal aorta 

into a TL and a FL with areas of 113 𝑚𝑚2 and 570 𝑚𝑚2, respectively. The distance between the 

intimal flap and aortic wall of TL and FL are 8mm and 21 mm, respectively (Figure 5.2 (c)).   
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5.2.2 Governing equations and assumptions 

Arbitrary Lagrangian-Eulerian formulation was used for the FSI simulation. Blood was 

modeled as an incompressible Newtonian fluid, and the intimal flap as a homogenous, isotropic, 

nearly incompressible Neo-Hookean material. A simple linear elasticity model does not make a 

good description of deformation with large strain. In order to analyze the large motion of the 

intimal flap during dynamic obstruction and decrease the computational cost, we used a Neo-

Hookean model, which is a simple nonlinear elasticity model. The incompressible Navier-Stokes 

equations in a moving domain and the elasto-dynamics equations were simultaneously solved in 

COMSOL Multiphysics 5.6.1, rendering solutions for blood velocity 𝑣𝑓𝑙𝑢𝑖𝑑 and pressure 𝑝, and 

intimal flap displacement 𝑢𝑠𝑜𝑙𝑖𝑑. Using an Arbitrary Lagrangian-Eulerian formulation, the Navier-

Stokes equations are written in a moving mesh that follows the motion of the intimal flap interface 

(body-fitted mesh). Mesh motion was solved in every time step assuming a Yeoh hyper-elastic 

constitutive model with boundary conditions that matched the motion intimal flap interface. Blood 

density 𝜌 and dynamic viscosity 𝜇 were set to 1060 kg/m3 and 0.004 Pa‧s, respectively. The strain 

energy density 𝑊𝑠 for the intimal flap is: 

 𝑊𝑠 =
1

2
𝜇(𝐼1 − 3) −  𝜇 𝑙𝑛(𝐽) +

1

2
𝜆 𝑙𝑛(𝐽)2 (5.1) 

where 𝐼1 is the first invariant of the right Cauchy-Green deformation tensor 𝑪 = 𝑭𝑻𝑭, 𝐽 = det (𝐹) 

is the third invariant of the deformation gradient tensor F, and 𝜇 and 𝜆 are Lame parameters 

 =
𝐸

2(1 + 𝜈)
 , 𝜆 =

𝐸

3(1 − 2𝜈)
 (5.2) 

where 𝐸 is the Young’s modulus, and 𝜈 is the Poisson’s ratio. Due to the lack of experimental data, 

in this study we assumed that the flap is less stiff than the thoracic aorta [25]. The rationale for this 

assumption is that the inner layer of the aortic wall from where the flap originates consists 

primarily of elastin fibers, which are more compliant than the collagen fibers more prevalent in 

outer layers of the aortic wall [26]. Therefore, given that the material stiffness of the descending 

thoracic aorta and abdominal aorta has been reported as 0.5 - 1 MPa and 1.5 - 2 MPa, respectively 

[25], we assumed a Young’s modulus for the intimal flap of 0.1 MPa. The flap density was set to 

1080 kg/m3 and its Poisson’s ratio 𝜈 to 0.49. 
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5.2.3 Boundary conditions 

A steady-state flow rate (Qin=6L/min) boundary condition, mapped to a parabolic profile, 

was set at the inlet face of the aortic model. Pulsatility was neglected because the time scale of 

dynamic obstruction is several minutes (Figure 5.1), much longer than the time scale of a single 

cardiac cycle (~1 s). Flow rate conditions were prescribed at BCT, LCCA, and LSA vessel 

branches (outlets 1 – 3 in Figure 5.3) as a fixed % of the cardiac output: 16.6%, 8.5%, and 8.1%, 

respectively [27]. 

 

Figure 5.3. (a) Schematic of boundary conditions for the fluid and solid domains. (b) Imposed histories of outlet 

resistances. 

Resistance outlet boundary conditions were set for the TR branch, FR branch, TL, and FL 

(outlets 4 - 7), (Figure 5.3 (b)). Initial resistance values for each branch were set as 𝑅 = ∆𝑃 𝑄⁄ , 

based on ∆𝑃 = 94 mmHg for outlets 4-7, and flow rates (𝑄) of 0.1 Qin for TR and FR branches 

[27], 0.14 Qin for TL, and 0.328 Qin for FL. This ratio of flows in TL:FL assumes that, initially, 

30% of the flow goes through the TL and 70% through the FL. While TR branch, FR branch, and 

TL resistances were kept constant over time, the FL resistance was dynamically controlled. After 
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10 seconds, a linear increase of FL resistance was imposed. The increase in FL resistance triggered 

both a systemic increase in blood pressure and also the intimal flap motion. Table 5.1 summarizes 

the resistance values used in the simulation. The outer aortic walls were assuming to be rigid. 

Lastly, all edges of the solid domain were kept fixed, including the edge at the distal end 

of the flap, on the outflow face of the computational domain. 

Table 5.1. Resistance values used in TR, FR, TL, and FL. 

Outlet face Outlet number Resistance [× 108 𝑘𝑔/𝑚4𝑠] 

TR branch 4  12.40 

FR branch 7 12.40 

TL 5 8.83 

FL 6 {
 3.82,    0 < 𝑡 < 10 𝑠

0.192𝑡 + 1.9, 𝑡 > 10 𝑠
 

5.2.4 Discretization and simulation 

The fluid and solid domains were discretized using tetrahedral elements. A second order 

backward differentiation formula time integration method was used. Mesh independence studies 

were conducted using three different computational grids containing 0.34 M, 0.67 M, and 1.4 M 

elements. Convergence was achieved for the quantities of interest (for instance, maximum intimal 

flap displacement changed by only 4% between the 0.67M and 1.4M element meshes) for the 1.4 

M element mesh, which consists of 1,363,198 fluid and 38,323 solid elements and 243,028 fluid 

and 11,217 solid nodes. FSI simulations were run using COMSOL Multiphysics 5.6.1. The 

simulation ran for 35 hours on 36 cores of Intel(R) Xeon(R) CPU E5-2699, 124 GB RAM, running 

Ubuntu 20.04. 

5.3 Results 

5.3.1 Intimal flap displacement 

Figure 5.4 shows plots of intimal flap displacement at the  plane (y=18 mm, panel a) and 

 plane (z=0 mm, panel b) at t=0 s and at time t=19.44 s (final time, corresponding to the start of 

dynamic obstruction of the TR branch). The  plane corresponds to the position of maximum flap 

displacement for all time points of the simulation. At t=0 s, the maximum flap displacement is 0.4 

mm, TL and TR branch are fully patent, and the areas of TL and FL are 109 mm2 and 574 mm2, 

respectively. 
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Figure 5.4. Intimal flap displacement at times t=0 and t=19.44 seconds at (a)  plane (y=18mm) and (b)  plane (z=0 

mm). 

The prescribed dynamic increase in FL resistance increases FL pressure and thus induces 

a motion of the intimal flap towards the TL wall, ultimately resulting in dynamic obstruction of 

the TR branch. At the last time step of the analysis (t=19.44 s), the maximum intimal flap 

displacement is 7.8 mm, nearly identical to the initial distance between TL wall and intimal flap 

of 8 mm (see Figure 5.2 c). The TL and FL area at the final time step are 17.3 mm2 and 665.3 mm2, 

respectively. The TL area reduction is 84%. Simulations of the intimal flap motion beyond the 

final time step (t=19.44 s) require incorporation of a contact model within our computational 

framework and were not considered in this study. 

5.3.2 Pressure and velocity contours 

Figure 5.5 shows contours of pressure (panel a) and velocity (panel b) at t=0 s and t=19.44 

s. At t=0 s, mean inflow aortic pressure is 95.7 mmHg, and the pressure difference between FL 

and TL is smaller than 0.5 mmHg. A region of high pressure is apparent in the FL of the proximal 

descending aorta, where the high-velocity flow through the tear impinges against the FL wall.  

The prescribed increase in FL resistance results in an increase of total systemic resistance 

and a corresponding increase in systemic blood pressure (since the cardiac output remains 

constant). The mean inflow aortic pressure at t=19.44 s is 115.3 mmHg. Simulation results 

therefore reproduce a global increase in pressure (from 95.7 mmHg to 115.3 mmHg) as the intimal 
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flap collapsed onto the TL and occluded the TR branch. This behavior is consistent with the clinical 

example reported in Figure 5.1. 

 

Figure 5.5. (a) Pressure and (b) velocity contour at t=0 and t=19.44 s. 

Furthermore, as the FL resistance and global pressure increased, so did the pressure 

difference between FL and TL, from 0.5 mmHg at t=0 s, to 4.5 mmHg at t=19.44 s. This 4.5 mmHg 

pressure difference is only 3.9 % of the central aortic pressure (115.3 mmHg), and thus challenging 

to assess in vivo as dynamic obstruction unfolds. 

At t=0 s, the maximum TL velocity is 42 cm/s. As the intimal flap moves towards the TL 

wall, the TL area decreases and its velocity increases. A maximum TL velocity of 118.5 cm/s 

occurs at the gap between the intimal flap and the TL aortic wall at time t=19.44 s. The velocity at 

the ascending thoracic aorta and upper branches remains relatively constant due to the fixed flow 

rate boundary conditions at BCT, LCCA, and LSA. 

5.3.3 History of hemodynamic indices 

Figure 5.6 shows temporal plots for resistance, blood pressure and flow rate at TL, FL, and 

TR and FR branches, in addition to pressure difference between FL and TL and maximum intimal 

flap displacement at the plane . Temporal plots show three distinct stages: steady-state (0 – 10  

s), development (10 – 19 s), and obstruction (19 – 19.44s). These stages are clearly appreciated in 

the FL-TL pressure difference (panel c). 

During the steady-state stage, resistances at TL, FL, TR and FL are constant and therefore 

no dynamic changes are observed in the hemodynamics. During the development stage, FL 

resistance is increased linearly while keeping the other resistances fixed. The displacement of the 

intimal flap is limited during this stage (see panel e), from 0.4 mm at t = 10 s to 2.1 mm at t = 19 
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s. The pressure gradient between FL and TL also mildly increases during this stage, from 0.42 

mmHg at t = 10 s, to 0.58 mmHg at t=19 s (panel c). Due to the prescribed increased in FL 

resistance, FL flow rate decreases from 1.99 to 1.62 L/min and flow rates through TL, and TR and 

FR branches increase (panel d). 

During the obstruction stage, the intimal flap gets dramatically closer to the TL aortic wall: 

its displacement increases from 2.1 mm to 7.8 mm in just 0.44 s. At this point, the flap movement 

causes obstruction of the TL and the TR branch (see Figure 5.4). As a result of the obstruction, 

there is a sudden drop of pressure and flow rate in the TL and TR branch (Figure 5.6 panel b and 

d, respectively). Conversely, FL and FR branch flows increase. The increase in FL flow happens 

despite the continuous (imposed) increase in FL resistance. Pressure difference between FL and 

TL rapidly increases in the obstruction stage, from 0.58 mmHg at t = 19 s, to 4.5 mmHg at t=19.44 

s (panel c). 

 

Figure 5.6. Time history of (a) resistance, (b) pressure, (c) pressure difference between TL and FL, (d) flow, and (e) 

maximum flap displacement. Resistance, pressure, and flow are given for TL, FL, TR and FR branches. Pressure 

difference between FL and TL is given at the aortic outlet, and maximum flap displacement is given at plane . 
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5.4 Discussion 

In this study, we have demonstrated that computational simulations can be used to 

understand the complex hemodynamics associated with dynamic obstruction in type B aortic 

dissection. Specifically, we performed a detailed characterization of both TL and FL 

hemodynamics which cannot be easily assessed in vivo. Our results have revealed that in our model 

dynamic obstruction occurred as mean systemic blood pressure increased from 95.7 mmHg to 

115.3 mmHg (Figure 5.5 panel a). This behavior is consistent with the clinical example reported 

in Figure 1, where dynamic obstruction occurred as mean systemic blood pressure increased from 

63.3 mmHg to 108.3 mmHg, although the exact transition pressure was not documented. Our 

clinical experience has shown that the transition-pressure window in patients has been as low as 

75 mm Hg and as narrow as 10-15 mm Hg. 

Our results have supported the hypothesis that relatively small pressure differences 

between FL and TL are sufficient to displace the flap to induce dynamic obstruction. Here, a 

maximum FL – TL pressure difference of 4.5 mmHg was obtained just prior to the complete TL 

obstruction. During most of the dynamic obstruction, the FL – TL pressure differences remained 

under 1 mmHg, and only in the instances just prior to obstruction did the pressure differences 

increase substantially. 

Clinically, increases in central blood pressure may be triggered by a variety of mechanisms, 

including hypertension, partial thrombosis in the FL, hypoxia, changes in vasoactive medication 

administration, etc. [28-30]. In this simulation, these changes were reproduced by imposing an 

increase in FL resistance while keeping the cardiac output and other outflow boundary conditions 

(prescribed flows and resistances) constant. 

Our results have shown that the final stage of dynamic obstruction was very sudden in 

nature, occurring over a short time (< 1 second, see Figure 5.6), consistent with the clinical 

understanding of this dramatic event. The TL remained patent as pressure differentials between 

FL and TL slowly changed until a threshold was reached and sudden obstruction occurred. This 

threshold for sudden obstruction may vary with the patients’ age, vascular anatomy, and chronicity 

of the intimal flap. 

We have often observed onset of dynamic obstruction in the abdominal aorta accompanied 

by TL collapse following correction of static obstruction of the aortoiliac segment. However, we 

submit that whatever the trigger for transient changes in hemodynamic conditions might be, such 
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as alterations in cardiac output, differential resistances in TL- and FL-supplied branch arteries or 

different number and size of connecting tears, etc., it only takes a relatively small pressure 

difference between FL and TL to induce intimal flap motion and ultimately TL obstruction. In this 

study, we have demonstrated the clear association between systemic changes in blood pressure 

and dynamic obstruction. 

5.4.1 Material stiffness of the intimal flap 

To date, no human or animal experimental studies have reported the material stiffness of 

the intimal flap. Previous computational studies used different assumptions: Alimohammadi 2015 

[19], and Qiao 2015 [23] assumed the same material stiffness for intimal flap and aortic wall. 

Another study considered a wide range of material stiffness (0.02 – 0.80 MPa) and tried to match 

the flap displacement observed in the clinical images [24]. 

In this study we assumed that the flap is less stiff than the thoracic aorta [25]. This 

assumption is justified because the flap consists primarily of elastin fibers, which are more 

compliant than the collagen fibers more prevalent in outer layers of the aortic wall [26]. Also, the 

phenomenon of pressure-related TL collapse has only been observed clinically in days-old aortic 

dissections, in which the acute dissection flap is thin and flimsy. Dissection flaps in dissections 

weeks to months old are in various states of thickening due to fibrosis and have not been observed 

to behave in this same way. We have not observed dynamic obstruction in a single instance of 

chronic dissection. 

Considering this, several simplifying assumptions were made to set the mechanical 

properties of the intimal flap. Material stiffness and thickness were assumed to be uniform along 

its length. The flap thickness was set to 1mm. As for the material stiffness, we considered values 

in the 0.07 – 0.50 MPa range. Ultimately, a 0.10 MPa value was used. This value enabled us to 

reproduce physiological changes in mean pressure over the course of the dynamic obstruction. 

When the flap stiffness was too low (~0.07 MPa), the dynamic obstruction was triggered at lower 

levels of pressure. Conversely, dynamic obstruction occurred at elevated levels of systemic blood 

pressure when the intimal flap material stiffness was large (~0.50 MPa). In reality, one would 

expect changes in material stiffness and thickness (and therefore in structural stiffness [31]) along 

the length of the flap. 
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5.4.2 Distal (0D) and geometric (3D) changes in vessel resistance 

To understand the hemodynamic changes during dynamic obstruction, it is helpful to 

consider two types of resistances for each lumen: 1) the 0D distal resistance imposed via boundary 

conditions, and 2) the 3D geometrical resistance, which varies over time due to changes in cross-

sectional area (see schematic in Figure 5.7). The 3D geometrical resistance can be evaluated as 

𝑅 = ∆𝑃 𝑄⁄  for both TL and FL, where ∆𝑃 is the pressure differential between planes 1 and 2, and 

𝑄 is the flow in each lumen. For each lumen, the total resistance is thus the sum of the 3D 

geometrical and the 0D distal components (see panel a of Figure 5.7). 

During the steady-state (0 - 10 s) and development (10 - 19 s) stages, there is no significant 

changes in TL and FL 3D resistances (Figure 5.7 panel b). Therefore, the prescribed increase in 

FL 0D resistance causes a decrease in FL flow (Figure 5.6 panel d). In the obstruction stage (19 – 

19.44 s), as the intimal flap moves towards the TL wall, significantly reducing the TL area, the 3D 

geometrical resistances change substantially: the 3D TL resistance increases six-fold, from 

0.65 × 106 at t = 19 s, to 4.00 × 106 𝑘𝑔/𝑚4𝑠 at t=19.44 s (Figure 5.7 panel b). This increased 

3D TL resistance is associated with a reduction in TL flow and an increased FL flow (Figure 5.6 

panel d) despite the prescribed increase in FL 0D resistance. 

 

Figure 5.7. (a) Schematic decomposition of TL and FL resistance into a 3D geometric and a 0D distal components 

acting in series for each lumen. (b) Time history of 0D and 3D geometric TL and FL resistances. 
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This study underlines the relationship between alterations in peripheral vascular resistance 

(represented here by 0D circuits) and dynamic TL collapse. Optimal pharmacological management 

of these patients induces changes in peripheral vascular resistance that may impact the overall 

pressure levels in TL and FL and thus potentially trigger dynamic obstruction. 

5.4.3 Auto-regulation of the branch vessels 

In this study, flow to the upper branch vessels was assumed constant over time, and renal 

artery outflows were determined via fixed resistance boundary conditions. Both the cerebral and 

the renal circulations are heavily auto-regulated and thus have the capacity of maintaining flow 

over a wide range of systemic pressures [32-35]. Setting a fixed flow boundary conditions 

effectively achieved this behavior for the upper branch vessels. However, for the renal arteries, 

setting a fix flow condition was not a reasonable modeling choice as we wanted to study 

malperfusion during dynamic obstruction. As a result, both renal flows varied over time 

corresponding to the systemic blood pressure change (Figure 5.6). Future studies will expand on 

the work presented here by accounting for renal flow auto-regulation models, which attempt to 

maintain constant flow over a 90-170 mmHg range of systemic blood pressures [36]. 

5.4.4 Flow distribution between TL and FL 

In this study, a 30:70 TL:FL flow ratio was assumed. Different flow ratios would impact 

the simulation results. With a 30:70 TL:FL flow ratio, dynamic obstruction occurred at systemic 

blood pressure of 115.3 mmHg. As more flow goes through the TL for a given TL:FL area ratio, 

the pressure drop between aortic root and distal TL increases, resulting in larger pressure 

differentials between FL and TL. We tested a 50:50 TL:FL flow ratio with the same geometry. 

Here, dynamic obstruction occurred at lower levels of systemic pressure (101.5 mmHg). 

Furthermore, the TL:FL ratio of flows and areas may vary considerably across patients. The ratios 

of TL:FL peak flows ranged from 0.5 to 2 in Dillon-Murphy 2016 [15] and Baumler 2020 [24], 

respectively. Both patients had larger FL than TL. Anatomical variation, such as different TL:FL 

area ratios, the size and number of initial and re-entry tears, and the patency of the FL can alter the 

TL:FL flow distributions across patients. 

5.4.5 Limitations 

Lack of a contact model: Due to a lack of contact model, simulations stopped at the time step 

(t=19.44 s) when the intimal flap nearly touched the TL wall. When contact occurs, the topology 
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of the fluid domain changes: the TL is no longer a continuous conduit, and contact forces between 

intimal flap and TL wall must be defined. These additional complexities were outside the scope of 

the current work, which was focused on describing the temporal response of dynamic obstruction 

in aortic dissection. In the future, will tackle this TL collapse using other FSI strategies relying on 

immerse-boundary formulations [37]. 

Lack of re-entry tears: In this study, we assumed no re-entry tears in the model. However, studies 

have shown that patients with aortic dissection have an average of 2-3 re-entry tears. The most 

common locations for re-entry tears are the descending aorta and the juxta-renal region [38,39]. 

Previous research showed the significant effects of re-entry tears on aortic dissection 

hemodynamics. A larger number of re-entry tears tends to equilibrate the pressure between TL and 

FL [15]. Based on this principle, dynamic obstruction can be treated by fenestration. Size and 

location of re-entry tears, such as near side branches, is also likely to impact dynamic obstruction. 

Rigid aortic wall assumption: To reduce complexity and computational cost, we modeled the 

behavior of the aortic wall as rigid and only studied the FSI problem given by the interactions 

between flow in TL and FL and a deformable intimal flap. However, the aorta experiences 

relatively large deformation, even in patients with relatively stiffer vessels [35,40,41]. This 

deformability affects flow through TL and FL, which in turn will affect intimal flap motion. 

Compliant outer walls may impact the dynamics of flap motion due to the differential ability that 

TL and FL have to accommodate changes in blood volume as blood pressure changes. These 

changes may be important if pulsatility is considered in the FSI simulation. Here, the assumed 

steady-state flow conditions reduce the impact of this simplifying assumption. Future expansions 

on this work will account for aortic wall deformation.  

Lack of pulsative flow: Non-pulsatile flow was used for this study because the time scale of 

dynamic obstruction is several minutes (Figure 5.1), much longer than the time scale of a single 

cardiac cycle (~1 s). However, under pulsatile conditions, the pressure difference between FL and 

TL will also be pulsatile and therefore the flap displacement may also exhibit a pulsatile 

component superimposed with the steady-state trend described in this work. Additionally, it is 

possible to for a transitional stage to occur whereby TL collapse happens only during systole, but 

not in diastole. This situation could only be studied by simulating dynamic obstruction under full 

pulsatile conditions. 
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Idealized anatomy: a highly simplified type B aortic dissection model was used for this study. 

More complex anatomical features such as vessel tortuosity and curvature, in addition to the 

number of re-entry tears, may affect dynamic obstruction. From a clinical perspective, it would be 

interesting to investigate whether there is a particular dissection anatomy prone to dynamic 

obstruction. Further work will involve correlating anatomical features such as entry tear size, tear 

location, aortic curvature, constellation of branch arteries compromised by static obstruction, etc. 

5.5 Conclusion 

An idealized FSI type B aortic dissection model was created to study dynamic obstruction. 

Our model succeeded in reproducing the clinical evidence supporting that dynamic obstruction 

occurs as mean systemic blood pressure increases. Our results showed that relatively small 

pressure differences between FL and TL are sufficient to displace the intimal flap to induce 

dynamic obstruction. Lastly, the final stage of dynamic obstruction occurred over a very short time 

(< 1 second), consistent with the clinical understanding of this dramatic event. To our knowledge, 

this study shows the first computational analysis of potential mechanisms driving dynamic 

obstruction in aortic dissection. 
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Chapter 6 An Immersed Boundary Method Formulation for Aortic Simulation 

This chapter is adapted from a manuscript currently in preparation for submission5. 

6.1 Introduction 

In human vessels, thin structures such as heart valves, vein valves, and aortic dissection 

flaps interact with blood flow. These structures are flexible and undergo large deformations, 

resulting in complex blood flow patterns during the cardiac cycle. Abnormal motions of these 

structures can lead to serious conditions, including aortic insufficiency, venous insufficiency, and 

dynamic obstruction [1], [2], [3]. The motions of these structures have been reported using various 

dynamic medical image techniques, such as CT, MR, and ultrasound [4], [5], [6]. These imaging 

methods are valuable for disease diagnosis and classification [7], [8], [9], [10]. However, relying 

solely on medical imaging makes it challenging to conduct an in-depth investigation into how 

these large motions affect physiological function and contribute to disease. Furthermore, blood 

flow data under such conditions are limited, given the constraints of clinical hemodynamic 

measurements [11], [12]. To address these challenges, computational simulations have been used 

to investigate the large and complex motions of thin structures and their impact on blood flow in 

vessels. 

Fluid–structure-interaction (FSI) methods have been used in simulations of the aortic valve 

and aortic dissection to study the effect of the structure motions on hemodynamic parameters. FSI 

methods can be categorized by two main criteria: time coupling strategies and interface handling 

techniques [13], [14]. Regarding time coupling, FSI methods are classified into monolithic and 

partitioned approaches [14]. In the monolithic approach, fluid and structural equations are solved 

simultaneously as a single system.  This ensures that the results for fluid and solid interactions are 

perfectly synchronized in time and unconditionally stable [15], [16]. However, the monolithic 

approach requires significant computational resources and complex solvers to form an integrated 

 
5 The authors of this manuscript are: Taeouk Kim, Abhilash R. Malipeddi, Jesse Capecelatro, and C. Alberto 

Figueroa. 
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system with stabilization terms [17]. In contrast, the partitioned approach solves the fluid and 

structural domains separately, using distinct solvers for each. This separation introduces a time lag 

between fluid and solid solutions [14], [18]. To address this issue, an iterative process is employed, 

where fluid and structural applied multiple times until convergence is achieved at the end of each 

time step [19], [20]. Partitioned approaches offer greater flexibility, allowing the use of pre-

existing solvers for fluid and structural domains with minor modifications [21].  

Following the second categorized criteria, FSI methods differ in how they handle the 

interface between fluid and structural domains, classified into boundary-fitted (conforming mesh) 

and non-boundary-fitted (non-conforming mesh) methods. In boundary-fitted methods, the fluid 

problem is solved on a moving mesh that follows the motion of the solid. The Arbitrary 

Lagrangian–Eulerian (ALE) method is a prominent example [22]. It allows for strict imposition of 

boundary conditions at the fluid-solid interface and is particularly useful when the fluid boundary 

deforms with solid motion, as the fluid mesh can adapt to these changes. However, ALE methods 

require additional computational cost for re-meshing at each time step and may suffer from mesh 

distortion under large structural motions [23], [24]. ALE methods have been used for simulations 

of deformable aortic walls [25], [26], [27] and aortic dissection [28], [29], [30]. In contrast, non-

boundary-fitted methods use a fixed grid for the fluid domain while representing the solid domain 

independently. Immersed Boundary Method (IBM) introduced by Peskin is the most representative 

example [31]. This approach does not require the re-meshing and facilitates handling complex and 

large structural motions [31], [32]. Boundary conditions at the interface are enforced through 

additional body forces in the Navier-Stokes equations near the solid domain. Since the solid 

boundary does not conform to the fluid grid, IBM requires additional interpolation or smoothing 

to integrate the boundary forces with the fluid solver. Various IBMs have been developed with 

different body force calculation and interpolation schemes, such as continuous forcing [31], [33] 

sharp interface [34] and direct forcing [35], [36]. IBM methods have been successfully used in 

aortic valve simulations [37], [38], [39].  

The thin structures within vessels undergo large deformations over relatively short time 

scale, such as during the cardiac cycle (~ 1 second). These structures may also move into proximity 

and contact with other solid structures, like two valve leaflets in aortic valves during the diastole 

[40] or the dissection flap and the aortic wall in dynamic obstruction [30]. The ALE method is not 

suitable for these scenarios due to issues with poor mesh quality and mesh distortion [41]. In such 
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cases, IBM offers an attractive alternative, as it avoids the need for fluid re-meshing and effectively 

captures the dynamics interactions of thin structures.  

In FSI simulations of biological tissues, it is important to use a robust and efficient 

structural model that accurately represents realistic deformations. While membrane models are a 

popular choice for modeling thin biological structures [42], [43], they fall short in capturing the 

bending behavior seen in thin structures undergoing large deformations. Shell formulations are 

particularly effective for analyzing solid domains with a small thickness-to-length ratio and 

pronounced bending. However, traditional shell formulations require an additional rotation degree 

of freedoms, which increase computational cost, for the bending behavior [44]. The rotation-free 

shell formulation saves computational resources by calculating both the membrane and bending 

behaviors using only displacement degrees of freedom. Shell formulations have been successfully 

implemented in the FSI problems. For example, Gilmanov et al. used a curvilinear IBM with a 

finite volume fluid solver and a rotation-free shell solid solver to simulate aortic valves [44]. Nitti 

et al. employed a direct forcing IBM with a finite difference fluid solver, coupled with an 

isogeometric analysis-based shell solver to model interactions between thin structure and 

incompressible flow [45]. Boustani et al. used a sharp interface IBM with a finite difference fluid 

solver and a shell solid solver [46]. However, all these implementations rely on structured fluid 

grids, limiting their capacity to handle complex geometrical fluid domains, such as patient-specific 

aorta geometries. 

Finite elements method (FEM), which uses an unstructured grid, is a powerful tool for 

modeling fluid dynamics in cardiovascular systems [47], [48], [49]. For example, CRIMSON is 

an open-source, FEM-based software designed for cardiovascular simulations [50]. It employs 

unstructured tetrahedral elements and has been used in simulating various cardiovascular 

conditions, including aneurysm and aortic dissection [51], [52], [53]. Recently, Zhang et al. 

introduced FEM based IBM, so called immersed finite element method (IFEM) [54]. This method 

used FEM for both fluid and solid domains and implemented reproducing kernel particle method 

delta function for interpolation during fluid-solid interaction. However, they used a general 3D 

solid formulation. IFEM successively applied to simulations involving red blood cells, aortic stent, 

and heart models [55]. 

In this study, the partitioned approach is applied to IBM to utilize suitable and efficient 

solvers for both fluid and solid problems. Two promising pre-exist solvers are used: CRIMSON 
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for fluid domain and FEM based nonlinear rotation-free shell formulation for thin structure. The 

rotation-free shell formulation used here was specifically developed for vascular biomechanics 

simulations [56]. This formulation has been validated and used for the aorta simulations. We 

implemented direct forcing IBM [36] due to its compatibility with pre-existing solid solvers and 

low computational cost. By using predefined shape functions for the fluid FEM, we minimize the 

need for additional computational resources for interpolation at the fluid-solid interface. Both 

strong and weak time coupling schemes are implemented. To the authors’ knowledge, this is the 

first IBM formulation that integrates an FEM fluid solver with a rotation-free shell solver to 

address the interaction between thin structures and incompressible flow. Our formulation is 

validated against two 3D problems involving thin structures. A simple valve-like model is used to 

investigate the effects of strong and weak coupling methods. Finally, we applied our formulation 

to solve an idealized type-B aortic dissection problem. 

6.2 Methods 

Notation: We use 𝑎  and 𝑎̃ symbols to define quantities of the 3D vector and tensor, 

respectively. ∇ and ∇2 denote the Gradient and Laplacian operators, respectively. 

6.2.1 Fluid solver 

The fluid problem is solved using CRIMSON [50]. It solves the incompressible Navier-

Stokes and momentum equations using the finite element method (FEM). Vector forms of these 

equations are: 

 𝜌𝑓

𝜕𝑣𝑓⃑⃑⃑⃑ 

𝜕𝑡
+ 𝜌𝑓𝑣𝑓⃑⃑⃑⃑ ∙ ∇𝑣𝑓⃑⃑⃑⃑ = −∇𝑝 + 𝜇𝑓∇

2𝑣𝑓⃑⃑⃑⃑ + 𝑓  (6.1) 

 ∇ ∙ 𝑣𝑓⃑⃑⃑⃑ = 0 (6.2) 

where 𝑣𝑓⃑⃑⃑⃑   represents the fluid velocity, 𝑝 is the pressure, 𝜌𝑓 is the fluid density, 𝜇𝑓 is the fluid 

viscosity, and 𝑓  is the body force. FEM can handle complex geometries compared to the finite 

volume and finite different methods which require structured grids. The fluid domain is discretized 

using 3D unstructured tetrahedral elements. Meshing is conducted by MeshSim installed in 

CRIMSON. Generalized alpha method is used for time integration [57]. 
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6.2.2 Solid solver 

The solid structures in vessels, such as dissection flaps and valves, have a small thickness-

to-length ratio. Membrane models allow us to simplify 3D structural problems by solving them on 

a 2D middle surface with thickness, thereby greatly reducing computational cost [58], [59]. 

However, membrane models are not capable of capturing bending stiffness, which can lead to 

numerical buckling in complex geometries [60], [61], [62]. Shell models can capture bending 

stiffness but are computationally more expensive due to the additional rotation degree of freedom. 

In this study, the solid problem is solved using a nonlinear rotation‑free shell formulation for 

vascular biomechanics [56]. This formulation calculates both the membrane and bending behavior 

via displacement degrees of freedom for a triangular element and its three neighboring elements, 

making it a good fit for use in an efficient fluid-structure interaction framework. This method has 

been validated as capable of handling large deformations [56]. The nonlinear rotation-free shell 

formulation uses FEM to solve an Elasto-dynamic equation 

 𝜌𝑠

𝜕2𝑢𝑠⃑⃑⃑⃑ 

𝜕𝑡2
= ∇ ∙ 𝜎̃ + 𝑓𝑠⃑⃑   (6.3) 

where 𝑢𝑠⃑⃑⃑⃑  represents the solid displacement, 𝜌𝑠is the solid density, 𝜎̃ is the Cauchy stress tensor, 

and 𝑓𝑠⃑⃑   is the external force, such as gravity as a body force and pressure or contact force as a 

surface force. 

Human aortic tissues have been considered as incompressible materials from a 

biomechanical perspective [63], [64]. Incompressible Neo-Hookean hyper-elastic constitutive 

model is implemented in this study. The strain energy density function, 𝑊 ,for this model is 

 𝑊 = 𝐶(𝐼1 − 3) (6.4) 

where 𝐼1 is the first principal invariant of the right Cauchy–Green deformation tensor and 𝐶 is a 

material constant. The solid domain is discretized using 2D unstructured triangular elements. 

Meshing is done with Gmsh, an open source finite element grid generator [65]. The generalized 

alpha method is used for time integration [66]. Among different choices of user-specified high-

frequency dissipation, 𝜌∞, asymptotic annihilation case (𝜌∞ = 0) is used for the rotation-free shell 

formulation to annihilate the high-frequency response [57]. 
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6.2.3 Fluid structure interaction 

The fluid and solid domains are coupled using an IBM. In this study, we used two forces 

which enable the interaction between fluid and solid solvers. These forces ensure a kinematic and 

dynamic equilibrium between fluid and solid: 

 𝐾𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐 𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚 ∶  𝑣𝑓⃑⃑⃑⃑ = 𝑣𝑠⃑⃑  ⃑ 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 (6.5) 

 𝐷𝑦𝑛𝑎𝑚𝑖𝑐 𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚 ∶  𝜎𝑓̃ ∙ 𝑛⃑ = 𝑓𝑠⃑⃑   𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 (6.6) 

where 𝑣𝑓⃑⃑⃑⃑  and 𝑣𝑠⃑⃑  ⃑ are the fluid and solid velocities, 𝜎𝑓̃ is the fluid stress tensors, 𝑛⃑  is the normal 

vector to the interface, and 𝑓𝑠⃑⃑   is the external force to the solid. The first force is an IBM body force, 

which ensures kinematic equilibrium. This force is applied as the body force in the Navier-Stokes 

equation (Equation 6.1). The second force is the hydrodynamic force, which ensures dynamic 

equilibrium. This force is used as the external force in the Elasto-dynamic equation (Equation 6.3). 

Details about these forces are described below. 

6.2.3.1 IBM body force 

An IBM with direct forcing, as introduced by Uhlmann [36], is used to calculate the IBM 

body force. In this work, the method is further extended to support computations on unstructured 

grids. This method enforces the no-slip condition (𝑣𝑓⃑⃑⃑⃑ = 𝑣𝑠⃑⃑  ⃑) at the interface by adding a fictitious 

body force at the solid nodes of the interface. The following are the steps in the IBM body force 

calculation process: 

(a) The fluid elements which contain each solid node are searched. The fluid solutions at the 

four fluid node of the fluid tetrahedral element are interpolated into the solid node using 

FEM shape function (Figure 6.1 (a)): 

 𝜑𝑓(𝑋𝑠) = ∑𝜑𝑓(𝑋𝑓,𝑖) ∙ 𝑁𝑖

4

𝑖=1

 (6.7) 

where 𝜑𝑓 is the fluid solution which is the velocity, pressure, and first and second 

derivative of the velocity. 𝑋𝑠 and 𝑋𝑓,𝑖  are solid and fluid node locations. 𝑁𝑖 is the i-th linear 

shape function used for the FEM in CRIMSON. We are able to avoid additional 

computational costs for interpolation, by using these pre-defined FEM shape functions. 
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Figure 6.1. Interpolation using FEM shape functions. Interpolation (a) from fluid to solid and (b) from solid to fluid. 

(b) IBM body force is calculated at the solid node as follows: 

 𝑓 (𝑋𝑠) = 𝜌𝑓

𝑣𝑠⃑⃑  ⃑(𝑋𝑠) − 𝑣𝑓⃑⃑⃑⃑ (𝑋𝑠)

∆𝑡
+ 𝜌𝑓𝑣𝑓⃑⃑⃑⃑ (𝑋𝑠) ∙ ∇𝑣𝑓⃑⃑⃑⃑ (𝑋𝑠) + ∇𝑝(𝑋𝑠) − 𝜇𝑓∇

2𝑣𝑓⃑⃑⃑⃑ (𝑋𝑠) (6.8) 

where 𝑣𝑠⃑⃑  ⃑ is the solid velocity and 𝑣𝑓⃑⃑⃑⃑  is the fluid velocity, which is interpolated from the 

fluid nodes [36].  

(c) The IBM body force calculated at the solid node is redistributed to the fluid nodes. This 

process is carried out in two steps. First, the IBM body force on the solid node is 

interpolated to the four fluid nodes using same FEM linear shape function used in Equation 

6.7 (Figure 6.1 (b)): 

 𝑓 (𝑋𝑓,𝑖) = 𝑐 ∙ 𝑓 (𝑋𝑠) ∙ 𝑁𝑖 , 𝑤ℎ𝑒𝑟𝑒 𝑖 = 1 𝑡𝑜 4 (6.9) 

where 𝑐 is the scaling factor used to impose the conservation of the total force acting on 

the fluid. We followed scaling factor calculation method introduced by Nitti et al [45]: 

 𝑐 =
𝐴𝑆 ∙ ℎ𝑓

𝑉𝑓
 (6.10) 

where 𝐴𝑠 is a local solid mesh area, ℎ𝑓 is a local fluid mesh size, and 𝑉𝑓 is a local fluid 

mesh volume. If there is more than one solid node near the fluid element, the IBM body 

force from each solid node is accumulated. 

Second, we used a diffusion equation to make a smooth distribution over the fluid 

domain. Re-using the FEM shape function for interpolation of the IBM force is convenient; 

however, there are stability and grid-dependence issues that must be addressed before it 

can be introduced as a source term in the fluid momentum equations. Traditionally, these 

issues were managed by diffusing the interface over a predetermined thickness, thereby 
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spreading the source term over that length scale [36], [45], [67]. Typically, this is 

accomplished by identifying the support region for each Lagrangian point and constructing 

a transfer function based on a chosen discretized Dirac delta function, such as the Peskin 

cosine function [31], or by using a moving least squares interpolation of a weighting 

function [68]. These approaches are practical for structured grids, but it becomes infeasible 

for the unstructured grids due to the high computational cost of locating Eulerian grid 

points with the support domain for each Lagrangian point. To avoid the computational cost 

of identifying Eulerian points in an unstructured grid, we adopted an approach inspired by 

Particle-Mesh methods [69]. After IBM force is distributed to the fluid nodes using FEM 

shape function, we solve a diffusion equation for each force component to smooth the force 

on the Eulerian grid over the prescribed length scale. The diffusion equation is: 

 
𝜕𝑓 

𝜕𝜏
= ∇ ∙ (𝐷 ∇𝑓 ) (6.11) 

where 𝐷 is the diffusivity and 𝜏 is a pseudo time. This vector diffusion equation evaluates 

the final IBM body force that appears in the fluid momentum equation. The smoothing 

length is set to √𝐷𝜏. This equation is discretized in (pseudo-) time using the backward 

Euler method and solved in a single time step with an iterative conjugate-gradient solver. 

The diffusion coefficient and time step size are selected so that the diffusive length scale 

matched the size of the supported domain. This method is robust and does not introduce 

oscillations as the immersed Lagrangian points move between Eulerian elements [69]. This 

method is also compatible with adaptively refined local grids. Final IBM body force is used 

for the body force 𝑓  in Equation 6.1. 

6.2.3.2 Hydrodynamic force 

The hydrodynamic force for the open solid surface is calculated following the method of 

Nitti et al. [45]. They demonstrated that this method provides accurate results and effectively 

handles high pressure differences across the solid surface [70]. This method used two probe points 

to calculate the hydrodynamic force [68]. Figure 2 shows two probe points aligned along the 

normal direction of the solid surface, in opposite directions (𝑛+ and 𝑛−). For convenience, we 

illustrate a 2D triangular fluid mesh and a 1D solid surface. The distance from the solid node to 

the probe point, ℎ, is determined by the local fluid mesh size [71]. 
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Figure 6.2. Hydrodynamic force calculation using two probe points. 

The hydrodynamic force 𝐹  with normal vector 𝑛⃑  and the fluid stress tensor 𝜎𝑓̃ is 

calculated as 

 𝐹 = 𝜎𝑓̃ ∙ 𝐴𝑛⃑ = [−𝑝𝐼 + 𝜇𝑓(∇𝑣𝑓⃑⃑⃑⃑ + ∇𝑣𝑓⃑⃑⃑⃑ 
𝑇
)] ∙ 𝐴𝑛⃑  (6.12) 

where 𝐼 is an identity tensor and 𝐴 is a fluid element area. For the open solid surface, this force is 

written by 

 𝐹 = [−(𝑝+ − 𝑝−)𝐼 + 𝜇𝑓 {(∇𝑣𝑓⃑⃑⃑⃑ + ∇𝑣𝑓⃑⃑⃑⃑ 
𝑇
)
+

− (∇𝑣𝑓⃑⃑⃑⃑ + ∇𝑣𝑓⃑⃑⃑⃑ 
𝑇
)
−
}] ∙ 𝐴𝑛⃑  (6.13) 

The pressure at the surface point 𝑝+ is calculated with a boundary layer equation which is derived 

from the momentum equation projected into the normal direction: 

 𝑝+ = 𝑝(𝑋𝑠
+) = 𝑝(𝑋𝑃1) + ℎ 𝜌𝑓

𝐷𝑣𝑓⃑⃑⃑⃑ (𝑋𝑠)

𝐷𝑡
∙ 𝑛⃑ + (6.14) 

In this equation, the material derivative of the fluid velocity, 𝐷𝑣𝑓⃑⃑⃑⃑ 𝐷𝑡⁄ , is approximated by the solid 

node point acceleration 𝑎𝑓⃑⃑⃑⃑ (𝑋𝑠) [45]. The pressure and acceleration at the probe point and solid 

node is calculated by the same interpolation method using FEM shape function (Equation 6.7). 

The fluid velocity changes linearly in space inside the boundary layer near the solid surface 

[72]. This ensures that the first derivative of the fluid velocity is the same at the solid node and the 
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corresponding probe points. With this assumption, the velocity derivative at the surface point is 

calculated by 

 (∇𝑣𝑓⃑⃑⃑⃑ + ∇𝑣𝑓⃑⃑⃑⃑ 
𝑇
)
+

= ∇𝑣𝑓⃑⃑⃑⃑ (𝑋𝑃1) + ∇𝑣𝑓⃑⃑⃑⃑ (𝑋𝑃1)
𝑇 (6.15) 

The velocity derivative at the probe point is calculated by the same interpolation method using the 

FEM shape function (Equation 6.7). The hydrodynamic force 𝐹  is used for the external force 𝑓𝑠⃑⃑   in 

Equation 6.3. 

6.2.4 Solid searching 

Searching for solid points within an unstructured grid is a complex task and can be 

computationally expensive. The procedure for tracking the Lagrangian solid mesh as it moves 

within a partitioned unstructured Eulerian fluid tetrahedral mesh is described in this section. At 

the beginning of the simulation, as a preprocessing step, we identify the host fluid element for each 

solid point. Although this initial search requires scanning the entire fluid mesh and can be 

computationally demanding, it is only performed once. 

Figure 6.3 illustrates the schematic of solid tracking method. The fundamental tracking 

algorithm is the Delaunay search, which involves evaluating the barycentric coordinates of a solid 

point relative to a fluid element [73].  If all barycentric coordinates are positive, the solid point lies 

with that fluid element. If any coordinate is negative, the point is in a fluid element that is located 

across the fluid element surface corresponding to the negative coordinate. Using fluid element 

neighbor connectivity, we move to the indicated neighboring element and repeat the inclusion test.  

The time step size is chosen to restrict the motion of the immersed solid. Consequently, solid points 

move no more than a few fluid elements per one time step. As a result, the searching procedure 

typically concludes in a few iterations, making it reliable and efficient in practice. This tracking 

scheme is applied separately to four sets of solid points: solid mesh nodes, two probe points, and 

solid element centers. The solid mesh nodes move according to the calculated kinematics and are 

tracked as previously described. Although solid element centers and probe points do not move 

independently, they are determined based on the updated positions of the solid mesh. As a result, 

they can still be reliably tracked using the same method, as their displacements remain small. 
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Figure 6.3. Schematic of a particle tracking method. 

6.2.5 Time coupling scheme 

Partitioned approach, which solves fluid and solid problems in a staggered manner, was 

used for time coupling. There are two coupling methods: weak (explicit/staggered/loose) and 

strong (implicit/iterative) coupling [19], [74]. Weak coupling solves the fluid and solid problems 

once per time step. This method is computationally efficient and has been successfully 

implemented in the field of aerodynamics [75], [76], [77]. However, numerical instability and 

degradation of temporal accuracy have been reported in cases with low solid-to-fluid density ratio 

𝜌𝑠/𝜌𝑓 [78], [79], [80]. These issues arise from the added mass effect, whereby one of the pressure 

components of the hydrodynamic force acts as an extra mass in the solid equation [81], [82]. In 

contrast, strong coupling iteratively solves fluid and solid problems within a single time step until 

the coupled fluid and solid solutions converge to stable solutions. This method requires more 

computational cost but ensures stability and maintains kinematic and dynamic equilibrium at the 

end of each time step [20], [83]. An under-relaxation scheme has been used to reduce 

computational costs in the strong coupling [20], [79]. Both weak and strong coupling with the 

under-relaxation scheme were implemented in this study. 

6.2.5.1 Strong & weak couplings 

We use 𝐵𝐹, 𝐹𝑆, 𝐻𝐷𝐹, 𝑆𝑆, and 𝑈𝑅 for the IBM body force calculation (section 6.2.3.1), 

fluid solver (section 6.2.1), hydrodynamic force calculation (section 6.2.3.2), solid solver (section 
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6.2.2), and under-relaxation (section 6.2.5.2) operators, respectively. 𝐼𝐵𝑀𝑏𝑓⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑    and 𝐻𝐷𝑓⃑⃑⃑⃑⃑⃑ ⃑⃑  ⃑ are IBM 

body force and hydrodynamic forces, respectively. 𝜆 denotes the under-relaxation coefficient. 𝜀 is 

the convergence tolerance with the value of 10-4. Subscripts 𝐼 denotes the intermediate value before 

applying the under-relaxation scheme. The predictor-corrector scheme is used for strong coupling. 

Weak coupling 

[Time loop, n] 

a. 𝑣𝑓⃑⃑⃑⃑ [𝑛], 𝑝[𝑛], 𝑋𝑠[𝑛], 𝑣𝑠⃑⃑  ⃑[𝑛] → 𝐵𝐹 → 𝐼𝐵𝑀𝑏𝑓⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  [𝑛 + 1] 

b. 𝑣𝑓⃑⃑⃑⃑ [𝑛], 𝑝[𝑛], 𝐼𝐵𝑀𝑏𝑓⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  [𝑛 + 1] → 𝐹𝑆 → 𝑣𝑓⃑⃑⃑⃑ [𝑛 + 1], 𝑝[𝑛 + 1] 

c. 𝑣𝑓⃑⃑⃑⃑ [𝑛 + 1], 𝑝[𝑛 + 1], 𝑋𝑠[𝑛] → 𝐻𝐷𝐹 → 𝐻𝐷𝑓⃑⃑⃑⃑⃑⃑ ⃑⃑  ⃑[𝑛 + 1] 

d. 𝑋𝑠[𝑛], 𝑢𝑠⃑⃑⃑⃑ [𝑛], 𝑣𝑠⃑⃑  ⃑[𝑛], 𝑎𝑠⃑⃑  ⃑[𝑛], 𝐻𝐷𝑓⃑⃑⃑⃑⃑⃑ ⃑⃑  ⃑[𝑛 + 1] → 𝑆𝑆 → 𝑋𝑠[𝑛 + 1], 𝑢𝑠⃑⃑⃑⃑ [𝑛 + 1], 𝑣𝑠⃑⃑  ⃑[𝑛 + 1], 𝑎𝑠⃑⃑  ⃑[𝑛 + 1] 

Strong coupling 

[Time loop, n] 

𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑜𝑟 

a. 𝑣𝑓⃑⃑⃑⃑ [𝑛], 𝑝[𝑛], 𝑋𝑠[𝑛], 𝑣𝑠⃑⃑  ⃑[𝑛] → 𝐵𝐹 → 𝐼𝐵𝑀𝑏𝑓⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  [𝑝𝑟𝑒𝑑𝑖𝑐𝑡] 

b. 𝑣𝑓⃑⃑⃑⃑ [𝑛], 𝑝[𝑛], 𝐼𝐵𝑀𝑏𝑓⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  [𝑝𝑟𝑒𝑑𝑖𝑐𝑡] → 𝐹𝑆 → 𝑣𝑓⃑⃑⃑⃑ [𝑝𝑟𝑒𝑑𝑖𝑐𝑡], 𝑝[𝑝𝑟𝑒𝑑𝑖𝑐𝑡] 

c. 𝑣𝑓⃑⃑⃑⃑ [𝑝𝑟𝑒𝑑𝑖𝑐𝑡], 𝑝[𝑝𝑟𝑒𝑑𝑖𝑐𝑡], 𝑋𝑠[𝑛] → 𝐻𝐷𝐹 → 𝐻𝐷𝑓⃑⃑⃑⃑⃑⃑ ⃑⃑  ⃑[𝑝𝑟𝑒𝑑𝑖𝑐𝑡] 

d. 𝑋𝑠[𝑛], 𝑢𝑠⃑⃑⃑⃑ [𝑛], 𝑣𝑠⃑⃑  ⃑[𝑛], 𝑎𝑠⃑⃑  ⃑[𝑛], 𝐻𝐷𝑓⃑⃑⃑⃑⃑⃑ ⃑⃑  ⃑[𝑝𝑟𝑒𝑑𝑖𝑐𝑡] → 𝑆𝑆 → 𝑋𝑠[𝑝𝑟𝑒𝑑𝑖𝑐𝑡], 𝑢𝑠⃑⃑⃑⃑ [𝑝𝑟𝑒𝑑𝑖𝑐𝑡], 𝑣𝑠⃑⃑  ⃑[𝑝𝑟𝑒𝑑𝑖𝑐𝑡], 𝑎𝑠⃑⃑  ⃑[𝑝𝑟𝑒𝑑𝑖𝑐𝑡] 

e. 𝑎𝑠𝑠𝑖𝑔𝑛: 𝑋𝑠[𝑘] = 𝑋𝑠[𝑝𝑟𝑒𝑑𝑖𝑐𝑡], 𝑣𝑠⃑⃑  ⃑[𝑘] = 𝑣𝑠⃑⃑  ⃑[𝑝𝑟𝑒𝑑𝑖𝑐𝑡] 

𝐶𝑜𝑟𝑟𝑒𝑐𝑡𝑜𝑟 

[iteration loop, k] 

f. 𝑣𝑓⃑⃑⃑⃑ [𝑛], 𝑝[𝑛], 𝑋𝑠[𝑘], 𝑣𝑠⃑⃑  ⃑[𝑘] → 𝐵𝐹 → 𝐼𝐵𝑀𝑏𝑓⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  [𝑘 + 1] 

g. 𝑣𝑓⃑⃑⃑⃑ [𝑛], 𝑝[𝑛], 𝐼𝐵𝑀𝑏𝑓⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  [𝑘 + 1] → 𝐹𝑆 → 𝑣𝑓⃑⃑⃑⃑ [𝑘 + 1], 𝑝[𝑘 + 1] 

h. 𝑣𝑓⃑⃑⃑⃑ [𝑘 + 1], 𝑝[𝑘 + 1], 𝑋𝑠[𝑘] → 𝐻𝐷𝐹 → 𝐻𝐷𝑓⃑⃑⃑⃑⃑⃑ ⃑⃑  ⃑[𝑘 + 1] 

i. 𝑋𝑠[𝑛], 𝑢𝑠⃑⃑⃑⃑ [𝑛], 𝑣𝑠⃑⃑  ⃑[𝑛], 𝑎𝑠⃑⃑  ⃑[𝑛], 𝐻𝐷𝑓⃑⃑⃑⃑⃑⃑ ⃑⃑  ⃑[𝑘 + 1] → 𝑆𝑆 → 𝑋𝑠,𝐼[𝑘 + 1], 𝑢𝑠,𝐼⃑⃑⃑⃑⃑⃑ [𝑘 + 1], 𝑣𝑠,𝐼⃑⃑⃑⃑⃑⃑ [𝑘 + 1], 𝑎𝑠,𝐼⃑⃑⃑⃑⃑⃑ [𝑘 + 1] 

j. 𝑋𝑠,𝐼[𝑘 + 1], 𝑢𝑠,𝐼⃑⃑⃑⃑⃑⃑ [𝑘 + 1], 𝑣𝑠,𝐼⃑⃑⃑⃑⃑⃑ [𝑘 + 1], 𝑎𝑠,𝐼⃑⃑⃑⃑⃑⃑ [𝑘 + 1], 𝜆[𝑘] → 𝑈𝑅 → 𝑋𝑠[𝑘 + 1], 𝑢𝑠⃑⃑⃑⃑ [𝑘 + 1], 𝑣𝑠⃑⃑  ⃑[𝑘 + 1], 𝑎𝑠⃑⃑  ⃑[𝑘 + 1] 

k. 𝑐ℎ𝑒𝑐𝑘 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒:𝑀𝑎𝑥(𝑢𝑠⃑⃑⃑⃑ [𝑘 + 1] − 𝑢𝑠⃑⃑⃑⃑ [𝑘]) < 𝜖 

    𝑖𝑓 𝑌𝐸𝑆, 𝑎𝑠𝑠𝑖𝑔𝑛: 𝑣𝑓⃑⃑⃑⃑ [𝑛 + 1] = 𝑣𝑓⃑⃑⃑⃑ [𝑘 + 1], 𝑝[𝑛 + 1] = 𝑝[𝑘 + 1], 

𝑋𝑠[𝑛 + 1] = 𝑋𝑠[𝑘 + 1], 𝑢𝑠⃑⃑⃑⃑ [𝑛 + 1] = 𝑢𝑠⃑⃑⃑⃑ [𝑘 + 1], 𝑣𝑠⃑⃑  ⃑[𝑛 + 1] = 𝑣𝑠⃑⃑  ⃑[𝑘 + 1], 𝑎𝑠⃑⃑  ⃑[𝑛 + 1] = 𝑎𝑠⃑⃑  ⃑[𝑘 + 1] 

    𝑖𝑓 𝑁𝑜, 𝑎𝑠𝑠𝑖𝑔𝑛: 𝑋𝑠[𝑘] = 𝑋𝑠[𝑘 + 1], 𝑣𝑠⃑⃑  ⃑[𝑘] = 𝑣𝑠⃑⃑  ⃑[𝑘 + 1]𝑎𝑛𝑑 𝑔𝑜 𝑏𝑎𝑐𝑘 𝑡𝑜 𝑠𝑡𝑒𝑝 𝑓. 
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6.2.5.2 Under-relaxation scheme 

Strong coupling with iteration of simple weak coupling requires many iterations for 

convergence [82]. An under-relaxation scheme with Aitken acceleration technique [84] has been 

shown to reduce the number of iterations for convergence in each time step [20], [45], [85], [86]. 

In this study, we follow the under-relaxation scheme used by Nitti et al [45]. The under-relaxation 

operator UR conducts follow: 

(a) Calculate under-relaxation coefficient using Aitken method: 

𝜆[𝑘 + 1] = −𝜆[𝑘]
(𝑎𝑠,𝐼⃑⃑ ⃑⃑ ⃑⃑ [𝑘] − 𝑎𝑠⃑⃑⃑⃑ [𝑘 − 1]) ∙ {(𝑎𝑠,𝐼⃑⃑ ⃑⃑ ⃑⃑ [𝑘] − 𝑎𝑠⃑⃑⃑⃑ [𝑘]) − (𝑎𝑠,𝐼⃑⃑ ⃑⃑ ⃑⃑ [𝑘] − 𝑎𝑠⃑⃑⃑⃑ [𝑘 − 1])}

‖(𝑎𝑠,𝐼⃑⃑ ⃑⃑ ⃑⃑ [𝑘] − 𝑎𝑠⃑⃑⃑⃑ [𝑘]) − (𝑎𝑠,𝐼⃑⃑ ⃑⃑ ⃑⃑ [𝑘] − 𝑎𝑠⃑⃑⃑⃑ [𝑘 − 1])‖
2  (6.16) 

The 𝜆[1] value for the first step is chosen by 0.3.  The 𝜆[1] value for the proceeding time 

step uses the previous time step’s final 𝜆 value. 

(b) Update acceleration with under-relaxation coefficient 

 𝑎𝑠⃑⃑  ⃑[𝑘 + 1] = 𝑎𝑠⃑⃑  ⃑[𝑘] + 𝜆[𝑘 + 1](𝑎𝑠,𝐼⃑⃑⃑⃑⃑⃑ [𝑘 + 1] − 𝑎𝑠⃑⃑  ⃑[𝑘]) (6.17) 

(c) Update velocity, displacement, and position using Newmark update formulations 

 𝑣𝑠⃑⃑  ⃑[𝑘 + 1] = 𝑣𝑠⃑⃑  ⃑[𝑛] + ∆𝑡{(1 − 𝛾) 𝑎𝑠⃑⃑  ⃑[𝑛] + 𝛾 𝑎𝑠⃑⃑  ⃑[𝑘 + 1]} (6.18) 

 𝑢𝑠⃑⃑⃑⃑ [𝑘 + 1] = 𝑢𝑠⃑⃑⃑⃑ [𝑛] + ∆𝑡𝑣𝑠⃑⃑  ⃑[𝑛] +
1

2
∆𝑡2{(1 − 2𝛽) 𝑎𝑠⃑⃑  ⃑[𝑛] + 2𝛽 𝑎𝑠⃑⃑  ⃑[𝑘 + 1]} (6.19) 

 𝑋𝑠[𝑘 + 1] = 𝑋𝑠[𝑛] + 𝑢𝑠⃑⃑⃑⃑ [𝑘 + 1] (6.20) 

where 𝛾 and 𝛽 are Newmark coefficients with values of 1.5 and 1.0. 

6.3 Results and discussion 

In this paper, we addressed four problems. The first problem is used to validate the 

calculation of hydro-dynamic forces. The second problem focuses on validating the FSI 

capabilities. The third problem examines a simplified aortic valve model to investigate strong and 

weak time coupling schemes. The final case solves an idealized type-B aortic dissection problem. 

6.3.1 Validation case1: drag on the circular disk 

Calculating hydro-dynamic forces on open solid surfaces is a crucial task in our algorithm. 

To ensure accuracy, we tested hydro-dynamic force calculation on a thin structure. We consider 

the problem of a circular disk immersed in uniform flow as illustrated in Figure 6.4. The rigid disk 
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with radius 𝑅 is fixed inside the cylindrical domain. The center of the disk is located at the origin. 

The cylindrical domain extends from -5R to 30R in the x-direction and has a radius of 12R. Fluid 

domain consists of 11.7M uniform, unstructured tetrahedral elements, with element size of 0.02R. 

Solid domain consists of 500 uniform triangular elements, with element size of 0.02R. This setup 

is consistent with two previous computational simulations by Shenoy and Kleinstreuer [87] and 

Tian et al. [88]. The boundary conditions for the fluid domain are a uniform flow at the inlet face, 

a no-slip wall on the lateral wall, and zero pressure at the outlet face (Figure 6.4).  

 

Figure 6.4. Schematic of the computational domain. 

The drag coefficients of the disk at various Reynolds numbers are compared with results 

from previous experimental and computational studies. The drag coefficient of the disk, 𝐶𝐷, and 

Reynolds number, 𝑅𝑒, are defined as follows: 

 𝐶𝐷 =
𝐹

0.5𝜌𝑓𝑈0
2𝐴

, 𝑅𝑒 =
𝜌𝑓𝑈0𝐷

𝜇𝑓
 (6.21) 

where 𝜌𝑓, 𝑈0, 𝐴, 𝐷, and 𝜇𝑓 are fluid density, uniform flow velocity, disk area (𝜋𝑅2), disk diameter, 

and fluid viscosity, respectively. 𝐹 is a hydro-dynamic force acting on the disk. Seven different 

Reynolds numbers are considered: 10, 21, 36, 54, 75, 90, and 107. Different Reynolds numbers 

are obtained by using different fluid densities while fixing the uniform velocity and viscosity. The 

drag coefficient is calculated under the fully developed fluid. 
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Figure 6.5 shows the drag coefficient of the disk for various Reynolds numbers ranging 

from 10 to 110. Reynolds numbers higher than 110 are not considered because the flow becomes 

unsteady and does not reach the fully developed stage [89]. The results from the present work are 

compared with the data from the experiment study by Roos & Willmarth [89], as well as 

computational simulation by Shenoy and Kleinstreuer [87] using CFX-10.0 (ANSYS Inc., 2005), 

and by Tian et al. [88] using their in-house code. All three studies consider a finite disk thickness 

of 0.2R. Additionally, Tian et al. provide results for the zero-disk thickness (2D disk). In our study, 

the nonlinear rotation-free shell formulation uses a 2D mid-surface solid domain with zero 

thickness. The drag coefficient results from the present work show a good agreement with the 

simulation results for zero thickness across the entire Reynolds number range.  

 

Figure 6.5. The drag coefficient (𝐶𝐷) for various Reynolds numbers (𝑅𝑒). 

6.3.2 Validation case 2: 3D flapping flag in a uniform flow 

Flapping flag in a uniform flow problem, proposed by Huang and Sung [90], was 

considered to validate our FSI solver. This problem has served as a benchmark for validating 

previous IBM algorithms due to the large 3D displacements involved [45], [88]. Figure 6.6 panel 

(a) shows the schematic of the computational domains for this problem. A square flag with a length 

of L is located within a cylindrical domain. The center of the flag’s leading edge is positioned at 

the origin. The cylindrical domain extends from -2L to 8L in the y-direction and has a radius of 
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5L. Fluid domain consists of 2.1M nonuniform, unstructured tetrahedral elements, with the 

minimum element size of 0.02L near flag (see Figure 6.6 panel (b)). A nonuniform tetrahedral 

mesh is created using a mesh adaptation feature in CRIMSON. Solid domain consists of 5.8K 

uniform triangular elements, with element size of 0.02L. This setup is consistent with two previous 

computational simulations by Huang & Sung [90] and Tian et al. [88]. The boundary conditions 

for the fluid domain include a uniform flow at the inlet face, a uniform velocity on the lateral wall, 

and zero pressure at the outlet face (Figure 6.6 panel (a)). The initial condition of fluid domain is 

𝑈0velocity in y-direction. The leading edge of the flag is fixed, while the other three edges are free 

to move. Initially, the flag is tilted at an angle of 0.1π within the YZ plane, as illustrated in Figure 

6.6 panel (b). 

 

Figure 6.6. (a) Schematic of the computational domain and (b) ununiform, unstructured fluid mesh. 

The Reynolds number is 𝑅𝑒 = 200. The mass ratio between fluid and solid is 𝜌𝑠ℎ/𝜌𝑓𝐿 =

1.0, where ℎ is the flag thickness and uses for the parameters in the rotation-free shell formulation. 

Bending rigidity is defined and set as follows: 

 
𝐸ℎ3

12(1 − 𝜈𝑠
2)𝜌𝑓𝑈0

2𝐿3
= 0.0001 (22) 

where 𝐸 and 𝜈𝑠 are an elastic modulus and Poisson’s ratio of the solid. As we used incompressible 

Neo-Hookean constitutive model, Poisson’s ratio is 𝜈𝑠 = 0.5. A time step size of Δ𝑡 = 0.002𝐿/𝑈0 

is chosen to ensure that the CFL number is less than 0.1. 

Figure 6.7 panel (a) shows the velocity contours, highlighting the disturbed flow pattern 

that develops following the motion of the flag. Figure 6.7 panel (b) depicts the time history of the 

y-directional displacement of the middle point on the trailing edge of the flag. The result from the 
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present work is compared with the data from the two computational studies by Huang & Sung [90] 

and Tian et al. [88]. Present work shows a good agreement with previous data even they used 

different constitutive models, e.g., Saint Venant–Kirchhoff model. 

 

Figure 6.7. (a) Velocity contour at the y-z plane and (b) the z displacement at the middle of the trailing edge of the 

flag. 

6.3.3 Strong & weak coupling comparison 

The problem of a thin vertical obstacle structure in a cylindrical tube is considered to 

compare the performance of strong and weak time coupling schemes. The solid-to-fluid density 

ratio (𝜌𝑠/𝜌𝑓) has been identified as a key factor in selecting an appropriate coupling scheme, with 

strong coupling generally recommended when 𝜌𝑠/𝜌𝑓 < 1 [78], [79], [80]. To investigate this, we 

tested four different solid-to-fluid density ratios, 𝜌𝑠/𝜌𝑓 = 0.5, 1, 10, 𝑎𝑛𝑑 100, by changing the 

solid density while keeping the fluid density constant, 000106 𝑔/𝑚𝑚3. The fluid viscosity was 

0.004 𝑔/𝑚𝑚 𝑠. Both static and dynamic scenarios were considered to assess the efficacy of the 

weak and strong coupling schemes under different problems. The computational domain was 

identical for both scenarios. The vertical solid structure with a 10 mm width and height was located 

at the center of the cylindrical domain (see Figure 6.8). The thickness of the structure was 0.5 mm. 

The bottom edge was fixed while the other three edges are free to move. The cylindrical domain 

had a radius of 10 mm, and a length of 60 mm. Mesh independent studies were conducted using 

four different mesh sizes: 1 mm, 0.7 mm, 0.5 mm, and 0.3 mm with 120K, 360K, 970K, and 3.2M 

fluid elements, respectively. Convergence was achieved for the solid displacement at the final time 

step (maximum displacement difference by 0.7% between 0.5 mm and 0.3 mm mesh sizes). The 

following simulations were conducted with mesh size of 0.5 mm. Fluid domain consists of 970k 
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uniform, unstructured tetrahedral elements. Solid domain consists of 1,000 uniform triangular 

elements. 

 

Figure 6.8. Schematic of the computational domain and boundary conditions for the static and dynamic scenarios. 

6.3.3.1 Static scenario 

First, we considered the static scenario. Constant flow and zero pressure boundary 

conditions were assigned at the inlet and outlet of the fluid domain, respectively (see Figure 8). 

The step size was set to Δ𝑡 = 0.005 𝑠𝑒𝑐 to ensure that the CFL number remained below 1. The 

simulation consists of 1,500-time steps, corresponding to a final time of 7.5 𝑠𝑒𝑐. The average 

Reynolds number was 2,000. The elastic modulus of the solid was set to 104 𝑃𝑎. 

Figure 6.9 presents the velocity contour on the XZ plane at the final time step for 𝜌𝑠/𝜌𝑓 =

1 using the strong coupling scheme. As the fluid moves toward the positive z-direction, the solid 

structure correspondingly deformed in the same direction.  

 

Figure 6.9. Velocity contour of static scenario with 𝜌𝑠/𝜌𝑓 = 1  using strong coupling. 
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Figure 6.10 shows the time history of the z-directional displacement of the middle point on 

the top edge of the solid structure. Panel (a), (b), (c), and (d) compare the z-directional 

displacement results obtained with weak and strong coupling schemes for 𝜌𝑠/𝜌𝑓 = 0.5, 1, 10, 100, 

respectively. In these plots, red and black lines represent the displacement results from strong and 

weak coupling schemes, respectively.  For lower solid-to-fluid density ratios, the weak coupling 

scheme produced non-physical oscillations at an early time step (𝜌𝑠/𝜌𝑓 = 0.5) and at a later time 

step (𝜌𝑠/𝜌𝑓 = 1). By contrast, strong and weak coupling results showed good agreement for larger 

solid-to-fluid density ratios (𝜌𝑠/𝜌𝑓 = 10 𝑎𝑛𝑑 100). These results are consistent with previous 

studies and highlight the necessity of the strong coupling scheme for problems involving low solid-

to-fluid density ratios (𝜌𝑠/𝜌𝑓 ≤ 1). 

6.3.3.2 Dynamic scenario 

Next, we considered the dynamic scenario. Pulsatile flow and three-element Windkessel 

boundary conditions were assigned at the inlet and outlet of the fluid domain, respectively (see 

Figure 8). R1, R2, and C values were assigned as 0.02 𝑔/𝑚𝑚4𝑠, 0.17 𝑔/𝑚𝑚4𝑠, and 

66 𝑚𝑚4𝑠2/𝑔, respectively. Two cycles of pulsatile flow were simulated. The step size was set to 

Δ𝑡 = 5𝑒−4 𝑠𝑒𝑐 to ensure that the maximum CFL number remained below 1. The simulation 

consists of 6,000-time steps, corresponding to a final time of 3 𝑠𝑒𝑐. The maximum and average 

Reynolds numbers were 5,000 and 1,000, respectively. The elastic modulus of the solid was set to 

3 × 105 𝑃𝑎. 

Figure 6.11 presents the same comparison as in Figure 6.10, but for the dynamic scenario. 

Unlike static scenario, strong and weak coupling results showed good agreement across all solid-

to-fluid density ratios. This finding is consistent with the study by Borazjani et al [20]. They 

showed that the strong and weak coupling yield identical results for the heart valve simulation with 

complex cardiac flow. These results suggest that, in dynamic problems, if the weak coupling 

approach converges, it can be used even for small solid-to-fluid density ratios. 
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Figure 6.10. Static scenario. Strong vs weak coupling comparison. 

 

Figure 6.11. Dynamic scenario. Strong vs weak coupling comparison. 
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6.3.4 Idealized 3D type-B aortic dissection 

In this example, an idealized 3D geometrical model of a 3D type-B aortic dissection was 

constructed (Figure 6.12 panel (a)). The fluid domain is the aorta with uniform diameter and length 

of 30 and 225 mm, respectively. Figure 6.12 panel (b) shows the solid domain which represents 

the intimal flap. The intimal flap has a 1 mm uniform thickness and a total length of 200 mm. An 

intimal flap has one 20 mm diameter circular entry tear and one 10 mm circular exit tear. The flap 

has a constant curvature along the axial direction and divides the descending thoracic aorta and 

abdominal aorta into a true lumen (TL) and false lumen (FL) with areas of 218 𝑚𝑚2 and 

489 𝑚𝑚2, respectively (Figure 6.12 panel (c)). The distance between the intimal flap and aortic 

wall of TL and FL are 9 mm and 21 mm, respectively. Mesh independent studies were conducted 

using three different mesh sizes: 1 mm, 0.7 mm, and 0.5 mm with 1.2M, 3.6M, and 9.5M fluid 

elements, respectively. Convergence was achieved for the maximum intimal flap displacement 

during the systole (maximum displacement difference by 0.98 % between 0.7 mm and 0.5 mm 

mesh sizes). The following simulations were conducted with mesh size of 0.7 mm. Fluid domain 

consists of 3.6M uniform, unstructured tetrahedral elements. Solid domain consists of 297K 

uniform triangular elements. 

Prescribed pulsatile flow, no-slip, and three-element Windkessel boundary conditions were 

assigned at the inlet, lateral wall, and outlet of the fluid domain, respectively (see Figure 6.12 panel 

(a)). R1, R2, and C values were assigned as 0.023 𝑔/𝑚𝑚4𝑠, 0.091 𝑔/𝑚𝑚4𝑠, and 

16.54 𝑚𝑚4𝑠2/𝑔, respectively. We simulated two cardiac cycles. For the solid, external edges 

which attached to the aortic wall were fixed while the tear edges were free to move. 

The blood density and viscosity were set to 0.00106 𝑔/𝑚𝑚3and 0.004 𝑔/𝑚𝑚 𝑠, 

respectively. The intimal flap density was set to 0.00106 𝑔/𝑚𝑚3. The material stiffness of the 

intimal flap has not been thoroughly reported. In this study we assumed that the intimal flap is less 

stiff than the aorta. This assumption is based on the fact that the intimal flap originates from the 

inner layer of the aortic wall. The inner layer consists primarily of elastin fibers, which are more 

compliant than the collagen fibers that are more prevalent in the outer layers of the aortic wall 

[91]. The material stiffness of the aorta has been reported to be 0.5~1 106 𝑃𝑎 [92]. Therefore, we 

assumed the elastic modulus of the intimal flap to be 2 × 104 𝑃𝑎. The step size was set to Δ𝑡 =

1𝑒−4 𝑠𝑒𝑐 to ensure that the maximum CFL number remained below 1. The simulation consists of 
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27,000-time steps, corresponding to a final time of 2.7 𝑠𝑒𝑐. The maximum and average Reynolds 

numbers were 5,400 and 1,200, respectively. 

 

Figure 6.12. Schematic of the computational domain and boundary conditions for the idealized aortic dissection model. 

Figure 6.13 shows the intimal flap displacement at diastole and systole. Panel (a) illustrates 

the 3D intimal flap configurations. As inlet flow increases during systole, the intimal flap deforms 

toward the FL (positive z-direction). The largest displacement (9.79 mm) occurs near the entry 

tear. Panel (b) shows the YZ plane at slice AB, which is 10 mm below the entry tear. In diastole, 

the maximum length between the intimal flap and the aortic wall are 9 mm and 21 mm for the TL 
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and FL, respectively. TL and FL cross section area are 218 𝑚𝑚2 and 489 𝑚𝑚2, respectively. As 

the intimal flap deforms, the maximum length between the intimal flap and the aortic wall becomes 

17.6 mm and 12.4 mm for the TL and FL, respectively. TL and FL cross section area are 386 𝑚𝑚2 

and 321 𝑚𝑚2, respectively. Panel (c) shows the intimal flap configurations of XY plane at mid 

slice. 

 

Figure 6.13. Intimal flap displacement on diastole and systole. (a) 3D displacement, (b) YZ plane (slice AB), and (c) 

XZ plane (mid slice). 

Figure 6.14 shows velocity and pressure contours in different planes during diastole and 

systole. Panels (a) and (b) illustrate velocity distributions on various YZ plane slices and the XZ 

plane mid slice, respectively. During diastole, a high velocity (~140 𝑚𝑚/𝑠) is observed at the 

exit tear, which is attributable to the relatively smaller area of the exit tear (314 𝑚𝑚2) compared 

to the entry tear (78.5 𝑚𝑚2). Additionally, the TL velocity (~70 𝑚𝑚/𝑠) is higher than the FL 

velocity (~50 𝑚𝑚/𝑠) near the distal region of the intimal flap, due to the smaller cross-sectional 

area. 

In systole, increased inflow raises the velocity through the entry tear to ~1500 𝑚𝑚/𝑠, 

directing the jet toward the FL side aortic wall (see Figure 6.14, panel (b), Systole). The velocity 

through the exit tear also increases significantly, reaching ~2000 𝑚𝑚/𝑠. As the intimal flap 

moves toward the FL, the proximal TL area increases. As a result, the TL velocity at this region 

shows a relatively moderate increase to ~1000 𝑚𝑚/𝑠, while the distal TL velocity increases 

sharply to 2600 𝑚𝑚/𝑠 with minimal intimal flap motion. During systole, large and rapid intimal 
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flap motion (within <0.5 seconds) leads to flow disturbances near the proximal part of the intimal 

flap in both the TL and FL. 

 

Figure 6.14. Velocity and pressure contour on the diastole and systole. Velocity: (a) YZ plane (various slices) and (b) 

XZ plane (mid slice). Pressure: (c) YZ plane (various slices) and (d) XZ plane (mid slice). 
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Figure 6.14 panels (c) and (d) illustrate pressure distributions on various YZ plane slices 

and the XZ plane mid slice, respectively. Blood pressure increases from 75 mmHg during diastole 

to 150 mmHg during systole. in diastole, the pressure difference between TL and FL is less than 1 

mmHg. During systole, this pressure difference increases to ~4 mmHg and leads to large intimal 

flap motion in the proximal region. These pressure results are consistent with our previous findings 

in aortic dissection FSI model, which showed that even relatively small pressure difference 

between TL and FL are sufficient to induce movement of the intimal flap [30].  

On limitation of this simplified model is that it includes only a single exit tear. In real cases 

of aortic dissection, there are often multiple exit tears. Blood flow through these tears can change 

the hemodynamics of aortic dissection, especially the pressure difference between TL and FL [53]. 

6.4 Conclusion 

In this study, we developed an immersed boundary method formulation for cardiovascular 

simulations. Our approach couples two pre-exist solvers using direct forcing IBM framework: 

CRIMSON for fluid domain and FEM based nonlinear rotation-free shell formulation for thin 

structures. Both strong and weak time coupling schemes were implemented and applied on both 

static and dynamic problems with various fluid-to-solid density ratios. By using predefined shape 

functions for the fluid FEM, our method minimizes the need for additional computational 

resources for interpolation at the fluid-solid interface. To the best of our knowledge, this is the first 

IBM formulation that integrates an FEM fluid solver with a rotation-free shell solver, thereby 

providing a robust tool for simulating the interaction between thin structures and incompressible 

flow. The proposed method was validated using two 3D benchmark problems involving thin 

structures. As a demonstration of its applicability, we applied the method to an idealized type-B 

aortic dissection problem, showcasing its potential for future cardiovascular simulations. 
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Chapter 7 Patient-Specific Aortic Dissection Model 

In this chapter, we present the pipeline for creating a patient-specific aortic dissection FSI model 

using the IBM framework described in Chapter 6, illustrated with one example case. 

7.1 Patient-specific aortic dissection model generation 

Generating a patient-specific aortic dissection model from medical images is a complex 

task. To utilize the IBM formulation described in Chapter 6, a 3D volumetric model of the aorta, 

encompassing both the TL and FL, as well as a 2D surface representation of the intimal flap, is 

required. The model generation pipeline consists of 4 stages: 

(1) The aorta model, which includes both TL and FL, is constructed using CRIMSON by following 

the pipeline described in Figure 1.6. Figure 7.1 shows the patient-specific aorta model from CTA 

images. 

 

Figure 7.1. Aorta model from CRIMSON. 

(2) To create the intimal flap model, 2D segmentation is first performed on image slices that are 

perpendicular to the path line following the intimal flap immersed in the aortic lumen. This 

segmentation process must be conducted on a sufficient number of slices to accurately capture 

both the complex geometry and the curvature variations along the path line. Figure 7.2 presents 

the results of the 2D segmentations, and the stack of segmented slices visualized in 3D space. 
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Figure 7.2. 2D segmentation of the intimal flap following the path line. 

(3) The 3D volumetric intimal flap model is generated in CRIMSON by integrating the 2D 

segmentations along the path line and applying volume rendering techniques. Figure 7.3 illustrates 

the volume rendering of intimal flap. 

 

Figure 7.3. 3D intimal flap model generation using volume rendering. 

(4) The 3D volumetric intimal flap model is converted to a 2D model using Gmsh software. 

Boolean operations, including intersection, union, and difference, are applied during this process. 
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Entry and exit tears are also created using Boolean operators. Figure 7.4 shows the final 2D 

configuration of intimal flap generated from 3D volumetric model. 

 

Figure 7.4. 2D intimal flap model generation using Gmsh. 

7.2 Meshing and boundary conditions 

7.2.1 Meshing 

The 3D aorta configuration is discretized into a 3D uniform, unstructured tetrahedral 

elements using CRIMSON. The 2D intimal flap is discretized with a 2D uniform triangular 

elements using Gmsh. Fluid and solid elements are of the same size. Figure 7.5 shows the 

discretized aorta and intimal flap. The aorta mesh consists of 3.6M elements, while the intimal flap 

uses 2.7K elements. 
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Figure 7.5. Discretized aorta and intimal flap. The aorta uses tetrahedral element, and intimal flap uses triangular 

element. 

7.2.2 Boundary conditions 

Figure 7.6 illustrates the boundary conditions assigned to the aortic dissection model. 

Prescribed pulsatile flow, no-slip, and three-element Windkessel boundary conditions were 

assigned at the inlet, lateral wall, and outlet of the fluid domain, respectively. R1, R2, and C values 

were calculated based on the mean flow and blood pressure. We simulated two cardiac cycles. For 

the solid, external edges which attached to the aortic wall were fixed while the tear edges were 

free to move. The blood density and viscosity were set to 0.00106 𝑔/𝑚𝑚3and 0.004 𝑔/𝑚𝑚 𝑠, 

respectively. The intimal flap density was set to 0.00106 𝑔/𝑚𝑚3. The material stiffness of the 

intimal flap was set to 20 𝑘𝑃𝑎. 
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Figure 7.6. Boundary conditions of fluid (aorta) and solid (intimal flap) for the aortic dissection model. 

7.3 Results 

Figure 7.7 shows the systolic velocity contour of the patient-specific aortic dissection 

model on top of the CTA image. There is a jet at the entry tear and hit the FL side aortic wall. 

Overall, TL velocity is higher than FL velocity due to the smaller lumen area.  

Figure 7.8 illustrates the pressure contour during diastole and systole. Blood pressure 

increases from 92 mmHg during diastole to 170 mmHg during systole. In diastole, the pressure 

difference between TL and FL is less than 1 mmHg. During systole, this pressure difference 

increases to ~5 mmHg and leads to large intimal flap motion in the proximal region. In this patient-

specific model, the largest pressure difference is observed at the middle region of the intimal flap. 

As a result, largest intimal flap motion also occurs in this region. This location may be influenced 

by anatomical features of the aorta and the intimal flap. Additionally, the current model includes 

only one exit tear; the number and location of exit tears may affect the pressure distribution and 

overall results. 
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Figure 7.7. Velocity contour of patient specific aortic dissection model. 
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Figure 7.8. Pressure contour of aortic dissection model during diastole and systole. 

7.4 Conclusion 

This chapter explains how to generate patient-specific aortic dissection model. This model 

was solved with new IBM method introduced in Chapter 6. I also showed the first patient-specific 

aortic dissection model results using IBM. Our model captured the dynamic intimal flap motion 

and hemodynamics in the aortic dissection, such as velocity distribution and pressure difference 

between TL and FL.
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Chapter 8 Conclusion and Future Work 

8.1 Conclusion 

In this thesis, we studied the biomechanics of the aorta using two approaches. First, we 

demonstrated and applied an advanced technique, VDM, to extract the 3D motion of the entire 

aorta from CTA medical images. Second, we utilized a FSI algorithm to model the dynamic 

obstruction problem and developed a novel FSI algorithm that leverages the IBM for aortic 

dissection problems. We successfully implement this algorithm in a patient-specific aortic 

dissection model. 

In both approaches, we used a nonlinear rotation-free shell formulation. In the VDM work, 

this formulation was used to generate synthetic data during parameter calibration process. For 

developing the IBM algorithm, a rotation free shell formulation was used for modeling thin 

structures immersed in the fluid domain. Despite the widespread use of shell formulations for their 

computational efficiency, a systematic comparison of these formulations’ accuracy and 

performance in nonlinear vascular biomechanics has been missing. In this thesis, we addressed 

this gap by performing a comprehensive comparison between the rotation free shell formulation 

and 3D solid models. We compare results in both idealized and subject-specific mouse aortic 

geometries. Our results indicate that the rotation free shell formulations offer an effective 

compromise between computational efficiency and accuracy for vascular biomechanics. With 

these results, the shell formulation is particularly well-suited to serve as the structural model in 

fluid-structure interaction framework. 

 Despite significant advances in medical imaging techniques, the extraction of quantitative 

data from these images has not evolved substantially and still predominantly relies on simple 

metrics such as aortic diameter or general configuration of the aorta. VDM was originally 

developed to map and quantify aortic growth over time by comparing baseline and follow-up 

sequential CTAs using deformable image registration (VDM-G). In this thesis, VDM was adapted 

to quantify 3D pulsatile displacement of the aorta between diastole and systole using dynamic 

CTAs (VDM-D). We demonstrated that VDM-D analysis of dynamic CTA data enables a rigorous 
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characterization of 3D aortic root motion. Directional aortic displacements, area ratio and 

distensibility, axial tilt and aortic rotation can be extracted across various patient groups, including 

non-aneurysmal controls, patients with TAA, Marfan, and those post-repairs. Our results revealed 

notable differences in aortic root motion metrics, particularly between the post-repair group and 

other groups with native aortic tissue. Additionally, we identified the LV/Ao angle as an important 

determinant of the relative proportions of axial and in-plane displacements, suggesting that it 

should be included in future studies on dynamic assessment of the ascending aorta. 3D aortic root 

motion derived from VDM-D may serve as a valuable tool for informing realistic, patient-specific 

boundary conditions in computational studies of aortic wall stress. 

Proper application of VDM-D requires careful calibration and validation using aortic data. 

During the deformable image registration process, penalty parameters are used to optimize image 

alignment and to penalize non-physiological deformations. However, until now, the penalty 

parameters employed in deformable image registration for VDM-D have not been systematically 

calibrated. The principal challenge in calibrating these parameters is the lack of a ground truth for 

3D displacement throughout the entire aorta. In this thesis, we calibrated the penalty parameters 

for deformable image registration in VDM-D using physics-based synthetic data generated with 

the rotation-free shell formulation. By tailoring penalty parameters for each cluster categorized by 

root motion, we observed that clusters exhibiting smaller root motion required larger penalty 

values. These calibrated parameters effectively reduced errors in both 3D displacement and multi-

axial stretches. 

Next, we used computation simulations to model the aorta, with a particular focus on aortic 

dissection. Using a clinical example of dynamic obstruction, we developed an idealized FSI model 

of type B aortic dissection and solved it using ALE method with commercial software to study 

dynamic obstruction. Our model successfully reproduced clinical findings, demonstrating that 

dynamic obstruction occurs as mean systemic blood pressure increases. Our results showed that 

relatively small pressure differences between TL and FL are sufficient to displace the intimal flap, 

inducing dynamic obstruction. In addition, the final stage of dynamic obstruction took place over 

a very short time (< 1 second), consistent with the clinical understanding of this dramatic event. 

To our knowledge, this study shows the first computational analysis elucidating the potential 

mechanisms underlying dynamic obstruction in aortic dissection. However, we also identified 

limitations associated with the ALE method. Specifically, the need to solve the fluid mesh every 
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time step leads to high computational costs, and mesh distortion can occur between two solid 

structures when there is substantial structural deformation over a short time interval. These 

challenges provided the motivation to develop an efficient FSI solver using the IBM for modeling 

aortic dissection. 

The primary contribution of this thesis is the development of an IBM formulation for 

cardiovascular simulations, with a particular emphasis on aortic dissection. Our approach couples 

two pre-exist solvers using a direct forcing IBM framework: CRIMSON for fluid problem and 

nonlinear rotation-free shell formulation for thin structure. Both strong and weak time coupling 

schemes were implemented and tested on both static and dynamic problems with various fluid-to-

solid density ratios. By using predefined shape functions for the fluid FEM, our formulation 

minimizes the need for additional computational resources for interpolation at the fluid-solid 

interface. To the best of our knowledge, this is the first IBM formulation that integrates an FEM 

fluid solver with a rotation-free shell solver, thereby providing a robust tool for simulating the 

interaction between thin structures and incompressible flow. The proposed method was validated 

using two 3D benchmark problems involving thin structures. To demonstrate its applicability, the 

method was applied to an idealized type B aortic dissection model, highlighting its potential for 

future cardiovascular simulations. 

As the final component of this thesis, we present a pipeline for making a patient-specific 

aortic dissection model. Starting from medical imaging data, we generated 3D aorta and 2D intimal 

flap geometries. With appropriate boundary conditions derived from patient data, we created and 

solved the first patient-specific aortic dissection model using IBM. 

8.2 Future works 

Future works for two main works covered in this thesis are envisioned. First, building on 

the VDM-D framework, we plan to develop non-invasive algorithms capable of estimating aortic 

stiffness which is both heterogenous and anisotropic. Current non-invasive methods for assessing 

aortic stiffness are limited to characterizing the aortic tissue as isotropic due to the lack the 

techniques required to extract multi-axial strain from 3D dynamic medical images. However, it is 

possible to extract multi-axial aortic strain from the 3D VDM-derived aortic displacement data. 

By adopting a non-linear and multi-axial constitute model, such as four-fiber family model, these 

strains can be computed using the nonlinear rotation-free shell formulation with the choice of 

aortic stiffness and compared with VDM-derived strains over the entire aorta. We can repeat this 
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process with different aortic stiffness values until we get a good agreement between computed and 

VDM-derived strains. This approach would make it possible to determine both axial and 

circumferential aortic stiffness in a non-invasive way. 

The patient-specific aortic dissection model developed in this thesis can be further 

advanced to address more complex and clinically relevant scenarios. The current model includes 

only the main aorta as the fluid domain. Future iterations can incorporate side branches, allowing 

the intimal flap to extend into these vessels. In actual aortic dissection cases, the initial flap often 

involves both the main aorta and side branches, such as the renal or iliac arteries. Additionally, 

patient-specific models can be extended to include multiple exit tears, as the number and location 

of exit tears significantly affect the hemodynamics of aortic dissection. As an extension of this 

work, we can simulate the effects of fenestration as a treatment for aortic dissection, providing 

insights into the optimal location and size of fenestrations to support surgical decision-making. 

To enhance model validation, we plan to utilize intravascular ultrasound (IVUS) data, 

which provides detailed measurements of intimal flap motion. This data will enable calibration of 

the model’s intimal flap stiffness by matching simulated and IVUS-derived intimal flap motions. 

Comprehensive comparisons between patient-specific simulation results and clinical data, 

including IVUS, will be performed to further validate our models. 

Finally, the IBM formulation developed in this thesis can be applied to a broader range of 

problems involving structures immersed in blood flow, such as simulations of aortic valve 

mechanics. Future work will involve incorporating contact models to accurately capture valve 

leaflet dynamics and other interactions within the cardiovascular system. 

 


