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Preface

This paper is an attempt to extend certain basic concepts of 

calculus and differential equations to a class of topological vector 

spaces known as Montel spaces. The definition of derivative introduced 

by Jesus Gil de Lamadrid in 1955 is used to develop many of the manip­

ulative rules of differential calculus.

The problem of Pfaff, that is, the characterization of perfect 

differential forms, which was solved for Banach spaces by Michael Kerner 

in 1933, is solved for Montel spaces.

The existence and uniqueness of solutions of differential equations 

in Montel spaces subject to certain boundedness conditions are demon­

strated. Several examples and counterexamples showing that the assumptions 

are needed are given.

The existence theory is extended by an investigation of linear 

differential equations.

The author acknowledges the assistance of Professor Robert K. Ritt.
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Introduction

A topological vector space is a set which s equipped with a 

geometric structure and a topological structure. We i.iay well ask if 

this geometry and topology is sufficient to derive an analyte struc­

ture or if one lias to depose such a structure from without as is done 

in the case of manifoies. By an analytic structure we mean the con­

cepts of derivative and integral, and we demand not only that these 

ten,a be defined, but that analogues of the basic theorems of d: tier- 

ential and integral calculus be proved.

In the case of integration, it is well established that Just 

about all of the standard results are valid in topological vector spa cs. 

Some of the early work was done by Hildebrandt and Graves 5 , and 

Kerner r15 '. Good summaries are given by layers 6" and Gil de Lamadrid 

r31. In this paper a iew extensions of these results are g’vt n. They 

are technical in nature and are indueed for their utility ra. her dan 

their interest.

The situation is quite different with differentiation. The f rst 

atte: pts were to extend differential al ulus to Banach spaces. These 

met with immediate success. Hildebrandt and Graves "5n gave the dci'nl- 

tions, developed the .alculus, and proved the funda: entai theorem re­

lating the derivative and the integral. Kerner 15solved the problem 

of Pfaff and finally, Michal and Eicon n '18" proved the class al 

Picard theorem (see "16) which establishes the existence of solutions 

of differential equations by the method of successive approximations.

The first failure occurred when Dieudonne "17" gave an example 

showing that the Peano type existence theorem (sec r161) for differential 
/
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equations could not be proven. This is so even when one considers 

functions from the reals to a Banach space.

Shortly after the appearance of Dieudonne’s counter example, Oil 

de Lamadrid [31 took the first step away from Banach spaces by defining 

the derivative for functions whose domain and range are any locally 

convex topological vector space.. However, Gil de Lamadrid proves only 

a few of the results of differential calculus.

In this paper we consider a special kind of topological vector space 

known as Montel space. it is shown below that Montel spaces are a gen­

eralization of finite dimensional spaces which are completely different 

from Banach spaces. We then attempt to show that Gil de Lamaurid’s 

derivative is sufficient to derive an analytic structure on Montel 

spaces.

In Section 1 we establish the context of our theory by explaining 

our notation and listing the known results which will be used. Topo­

logical vector spaces in general and Montel spaces in particular are 

discussed with several examples given. Integration and differentiation 

are explained and the known theorems which give their properties are 

quoted. Finally a few results about function spaces are stated.

In Section 2, the uevclopment of differential calculus for Montel 

spaces is completed. Not all results which can be obtained are given. 

We consider only those which illustrate the methods, and those which 

are used in the sequel. We discuss the relationship between differen­

tiability and continuity, partial differentiation, and the formulas for 

the chain rule and the derivative of products and reciprocals.

In Section 3, we solve the problem of Pfaff in Montel spaces. That 

is, we prove that if a function T is given which "looks like a derivative" 



then there is a function whose derivative is T, if and only if T’ 

satisfies a certain symmetry condition.

In Section 4, we prove existence and uniqueness theorems for 

differential equations in Montel spaces. The cases one dimension, 

finite dimensions and no dimensions for the domain (the range being a 

Montel space) of the solution function are considered separately. This 

is done first because the proofs are quite different in each case, and 

second because there is a crucial logical interdependence.

Finally, in Section 5 we consider the special case of linear 

differential equations. The theory of matrix solutions (as discussed, 

for example, n 16 ) has its counterpart as does the notion of the ex­

ponential of a linear transformât!on. These are applied to obta'n the 

variation of constants formula and an existence theorem with weaker 

assumptions than those used in Sect on 4,

Numbers in square brackets refer to the list of references at the 

end. Numbers with decimal points in parentheses refer to se t ons, and 

numbers without dec’ al points in parentheses refer to equal ons. In a 

few cases these oneentions wil^L not be used. Instead either the word 

"section" or equal on" will precede the number.

The symbol | " indicates the couplet on of the proof of a lemma, 

theorem or corollaiy.



1. Definitions and Known Results

In this sect on we introduce our notation, define certain ten s 

and mention the known results which will be used in the sequel. 

Section 1.1 gives the notation. In Section 1.2, the rudiments of 

the theory ol locally convex topological vector spaces are sketched, 

'ncluding geo eti,cal and topological concepts, spaces of linear con­

tinuous functions, integration and differentiation, Montel spaces, 

examples, and Banan spaces. Section 1.3 lists several known results 

in analysis.

1.1 Notation

The nota1 ! on listed below is standard and will be used throughout. 

1.1.1

If f is a function with domain E and range F, then we write

1 : E > F . (1)

If A C E, then f(A) is the image of A and f/^ is the restriction of 

f to A. If

g : 1(E)—> G (2)

then wc have

g • f ; E ---- . G (. )

defined by

, g ' '(x) - . ( i (x) ) . (<)

1.1.2

E x F is the cartesian product of E and F : tliat s, the set of 

functions fro.. a set (a,u} to the an। on oi E and F such that the l a gi 

of a is in E and the 1. age of L s in F.

4
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1.1.3

If X is a collection of functions fro; G to H and

f : E x F---- > X (5 )

and (u,v) € E x F, then f(u,v) is a function iron G to H. If x € G, 

we write

f(u,v)(x) G H . (< )

Through the te-dmiquc of, loosely speakiny, ' fixing" one 'var able,' 

we can define other functions. For example, ■f u g E, x g G, v< ran 

d e fine fu x : F----► H by

f (v) = f(u,v)(x) . (7)
u,x

1.1.4

The ei ipty set will be u eno Led by 0. The set of real nu L . s la 

R. The set of n-d: ens ional real vectors v:ll be denoted by Ru. If 

A, B are two sets, A B will denote those elements of A whi h are 

not in B.

1.1.5

If x,y are two ve tors in a vector space over the reals, then 

the set
_x,y2 - = x ; t(y-x) , id t c 1 j (i )

will be called the interval froc x to y.

1.2 Topological vector spaces

A topological vectoi- /space is a set equipped with the structures 

of a vector space and a Hausdorff topology such that addition and 

scalar multiplication are jointly continuous operations. We will 

generally consider the field of scalars to be R, although most of the 

results are valid in the complex case. The terminology will generally 

be that of [1].
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1.2,1 Geometry

1.2.1.1

A convex set S in a topological vector space is a set with the 

property that if x, y c s, then [x,y] c s. Let T be any set. The 

intersection of all convex sets containing T is a convex set which 

contains T and is the smallest such. It is called the convex closure 

of T.

1.2.1.2

An equilibrant set S in a topolog cal vector space is a set such 

that x e s implies C-x,x] c S. If S is any set, then

S = x/x g S , |X| < 1} (9)

is the smallest equilibrant set containing S and is called the 

equilibrant closure of S.

1.2.1.3

An absorbent set S in a topological vector space is a set with 

the property that if x is in the space, there exists a scalar X such 

that

x G XS . (10)

It follows from the continuity of scalar multiplication that every 

Nbd of 0 (the origin) is absorbant "1".

1.2.1.4

These geometric properties are helpful in obtaining an intuitive 

picture of subsets of a topological vector space and will be used 

throughout. We observe that the essence of this theory is contained 

in the connection between these properties and the topology in question.
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1.2.2 Topology

We will always assume that the topology is Hausdorff. Most 

topological questions can be reduced to a considerate on of Nbds of 0. 

1.2.2.1 '

A Nbd base of 0 is a collection 2/ of subsets of the space such 

that each V e 27 a Nbd of 0 and each Nbd of 0 contains a set which 

is an element of 2/ • 

1.2.2.2

A locally convex topological vector space (LCEVT) is a topological 

vector space in which there exists a Nbd base of 0 consisting of con­

vex sets. A topolog: al vector space is a LCEVT if and only .f there 
/ 

exists a Nbd base of 0 consisting of onvex, equilibrant and absorbant 

sets ( 1^).

1.2.2.3

A subspace of a LCEVT is a set wh:ch is closed under tic operat ons 

of addition and scalar multiplication. Equipped with the usual sub­

space topology we obtain again a LCEVT.

1.2.2.4

If E is a LCEVT and EQ is a subspace, there exists another 

subspace E^ such that to each x € E there corresponds a unique pair 

Xg, x^ with xo e Eq, Xj_ e Ej and

X = X t X . (11)o 1

is called an algebraic supplement of EQ (rl ). If the maps 

PO:E------ >Eq, P^iE ----->E^ defined by

Po(x) = xQ , P1(x) = xT (12) 
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are continuous, then is called a topological supplement of EQ. 

If Eo is finite dimensional then there exists a topological supple-

(Fll). In this case we say that E is the direct sum of EQ and 

El*

1.2.2.5

If E,F are LCEVTs and f:E—*F,  then f is said to be uniformly 

continuous if for each Nbd of 0,W, in F there exists a Nbd of 0,V, in 

E such that if x^-x^ e V then f(x^)—f(xg)g W. 11 A is a set and 

f:E x A—» F, xj g £, then f is said to be continuous at x^, uniformly 

w.r.t. ae A if for each Nbd of 0,W, in F there exists a Nbd of 0,V, 

in E such that f x e + V, a e A then

f(x,a) - f(xi,a)e W . (1 )

If Eo c-e, f:EQ »F, f continuous and Eq caxpact, then it follows in 

the usual manner that f is uniformly ontInuous.

1.2.2.6

In defining uniform continuity, we are making use of the 

underlying uniform structure present in any topological vector space. 

With this structure we can define completeness and "n fact, prove 

that any topological vector space can be completed. For a full d s- 

ussion of this idea, see [11.

1.2.2.7

A bounded (Bdu) set S in a LCEVT is a set with the property that 

for each Nbd of 0,V, there is a scalar X such tliat

B c XV . (14)

It is easily seen that a compact set is Bdd and that the convex, 

equilibrant, and/or topological closure of a Bdd set is Bdd.
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1.2.2.8

If E,F are LCEVTs, then E x F, equipped with the usual product 

topology is a LCEVT. The Bdd sets of E x F are the subsets of sets 

which are the product of Bdd sets in E and F respectively (il^). 

1.2.2.9

Let E be a LCEVT. The set E*  of all linear continuous functions 

froi.i E to R is called the dual of E. It is a vector space under the 

pointwise functional operations. There are several topologies which 

i take E' a LCEVT. Our main concern will be the Hahn-Banach thcorc 

rlJ which says, among other things, that if x € E, and u(x) = C for 

all u e E *,  then x = 0.

1.2.3 The space of linear continuous functions

1.2.3,1

If E,F are LCEVTs, then F^ is the set of all functions from E 

to F. X(E,F) is the subset of FE consisting of linear, continuous 

funccions. Both F^,X(E,F) are vector spaces under the usual point­

wise operations.

1.2.3.2 ,

If A c E, B c F then

<A,B) = |f 6 / f(A)c Bj . (15)

If G is a LCEVT and C c g, then

<A,B> (C^) = <C,B) . (16)

We shall use the same notation when F^ is to be replaced by X(E,F) 

anu the context will serve to eliminate ambiguity.

1.2.3.3

There are many topologies which make X(E,F) a LCEVT. We shall 

be interested only in the point-open and Bdd-open topologies. These 
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are sometimes called the topologies of simple convergence and

uniform or Bdd convergence respectively. We now describe them.

Let V be a Nbd base of 0 for F. Then set

yj = (<x,V)/ x € E, (17)
P I J

and
ZJ = &B,W B a Bdd set in E, 2/}. (18)

These are both Nbd teases of 0 for topologies on ^(E,F) which make 

it a LCEVT (fl ). Wy gives the point-open topology and uhe 

Bdd-open topology. Unless otherwise stated, ^(E,?) will be con­

sidered to have the Bdd-open topology.

1.2.3.4

The Bdd sets for the two topologies discussed in (1.2.3.;) are

obtained in -1 . S is Bdd for i f and only i f for each x G E,

U u(x) is a Bdd subset of F. 
ueS

S is Bdd for if and only if for

each Bdd set B in E, the set/u^u(B) is a Bdd subset of F. In the

first case, S is said to be simply Bdd, and in the second it is said 

to be uniformly Bdd or, just Bdd.

1.2.3.5

A set S - Y(E,F) is said to be equicontinuous if for ea h Nbd 

of 0,V, in F, there is a Nbd of 0,U, in E such that

U u(U) c v . (19)
U^S

1.2.3.6

If E = R there is a natural homeomorphism, h, between F, ^(EjF) 

given by

h(x)(t) = tx, x eF , t € E . (20) 
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since all geometric and topological properties are preserved by he 

we shall write

F = ^(E,F) . (21)

1.2.4 Integration

The theory of the Riemann integral of a continuous function from 

an interval In R to a complete LCEVT is well known (see [2?, for ex­

ample) and the methods and results follow the classical situation 

very closely.

1.2.4.1

Let I be an interval in R, E a complete LCEVT and f : I---- > E.

We define f’:I—>E (if it exists) by

f*(x) = lim (ri) . (22 )
h —* 0 h

The f'rst result s the fundamental theorem of calculus.

1.2.4.2 Theorem

Let f :I—* E be continuous, a G I, and def ne F : I—> E by 
x

F(x) = A f(t) dt . (23)

Then F is continuous and F*  = f.

pf. See r2 .

1.2.4.3

The next result is an analogue of the classical theore; that the 

absolute value of an "ntegral is less than or equal to the integral 

of the absolute value. The statement here is a slight generalization 

of the result in (To ). The proof is identical and will not be given.

1.2.4.4 Theorci

Let 1:1 »E and let a,b e I. Let A be the convex and topological 

closure of the Lage of under f. Let f be continuous. Then
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/ f(x) dx e (b-a) A . (24)
a

1.2.5 Differentiation

1.2.5.1

The problem of defining the derivative in spaces other than 

finite dimensional Euclidean spaces is not new. It was first studied 

by Freehet ( 4 ) and Hildebrandt and Graves ( 5.). These authors re­

stricted themselves to normed spaces and obtained many of the results 

of elementary analysis. Evince that time, several papers liave considered 

the problem in non-nor; cd spaces (sec for example, layers "6 ' and 

Sebastian e Si. Iva 7 ). Recently, Gil de Lamadrid 3 ; gave a very 

general definition which extended both the total or Freehet deri vat ve 

and the partial or Gateaux derivative to functions from any LCEVT to 

any other LCEVT. Ke shall use a for of Gil de Lamadrid’s definition. 

1.2.5.2

Let E,F be LCEVTs and let EQ be an open subset of E. Let 

f :EQ----F. The derivative f ’ is a lime t: on f ’ :E *-^(E,F)  such tliat 

for each Bdd set, B, of E and each Nbd of 0,V, in F, and each x e EQ, 

there is a Scalar 0 such that if o < | X | then x : XB c EQ and 

if h G B, tiien

—% '° ~ - f'(x )(:,) e V . (25)

Naturally, the derivative does not always exist. Gil de Lamadr id has 

proven ( b ) the following results :

1.2.5.3 Theorem

If f € Z(E,F) then for all xQ e E, f’(x ) = f.
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1.2.5.4 Theorem

If E,F are normed vector spaces, then f’ exists If and only f 

f has a Freehet differential and the two are equal.

1.2,5.5 Theorem

If, in (1.2.5.2) Bdd set is replaced by finite set, then the 

derivative exists i£ and only if the Gateaux differential exists and 

the two are equal.

1.2.5.6 Theorc:

Let f be !:fferontiable, Eq convex, x c CQ. Let I = ’ 0,1 ' and 

for each x € Eq let the function g :I—> f be defined by

g(t) = f'(xo + t(x-xo))(x-xo) (26)

be continuous. Then

f(x) = f(Xg) r j(J dt . (27)
u

1.2.5.7 *'

When we say that f’ :EQ »7(E,F) is continuous, we consider 

that Eo has the topology induced by E and /(E,F) has the Bud-open 

topology.

1.2.5.3

If i'1 is J ' fil-i ent 'able, then we have

f :E^^(E,y(E,F)) (2L)

and in general

(f » (E,..., (E ,F ) ) . .. ) . (29)
n op i es

A notational cho e must now be made. One could ons ider that 

1”:Eq x E,F) so that if xQ c Eo, h,k e E one would write

^"(Xo)(h,k) g F . (30)
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We will never do this. Instead, we ,^variably write 

F’(x0)(H)(k) c F (31)

where the order of h,k corresponds to the order of E,E in the expres­

sion ^(E, <^(E,F)). We will use the same notation for any function 

g € =/(E, <Z(F,G)), writing

u(x)(y) e G (32)

where x € E, y G F.

1.2.6 Banach spaces

1.2.6.1

One important type of LCEVT is a Banach space which is an LCEVT

B which is complete and such that there is a function N:B— 

satisfying

i) N(x) = 0 if and only if x = 0

ii) if X e R, then N(\x) = |x| N(x) ( . )

iii) N(x+y) < N(x) i N(y)

iv) the collection V = {^([O^])/ € -■ 0} is a Nbd base 

of 0 in B.

1.2.6.2

If B' is the uual of B and we define

r g B /e > 0, f f a finite subset of B*.
I 1’'"’ n-e ' -* L n

Wf..........f " B/kiWl 2; « 1 = 1............ ni

then it is known ([1]) that is another topology in which B is a 

LCEVT, 2x7 A lJ - 0 unless B is finite dimensional, and every Nbd of 

0 w.r.t. 2z7 is a Nbd of 0 w.r.t. 27 . The topology induced by Z&Z 

on B will be called the weak topology.
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1.2.7 Montel spec es

1.2.7.1

A subset of b LCEVT which is closed, convex, equilibrant, and 

absorbant will be called a tonneau. Every LCEVT has a Nbd base of 

0 consisting of tonneaus (Fl^). On the other hand, a LCEVT will be 

called tonnele if every tonneau is a Nbd of 0. It follows fro. the 

Baire category theorem that if the topology of a LCEVT is metrisable, 

then the space is tonnele.

1.2.7.2

A LCEVT will be called a Montel spare if it is tonnele and :f 

the closure of every Bdd set is compact. The following result is a 

generalization of the Banach—Steinhaus theorem. The proof may be 

found in fl\

1.2.7.3 Theorem

E,F be LCEVTs. Let E be tonnele. Then every simply Bud 

subset of <Z(E,F) is uniformly Bdd and equ-continuous.

1.2.7.4 Theorem

Let E,F be LCEVI'S. Let E be a Montel space. Let f:E —>F be 

continuous. Then r haps Bdd sets into Bud sets.

pf. Let B c E be Bud. Then the topological closure B of B is compact, 

so f(B) is compact and by (1.2.2.7) it is Bud. Since f(B) c t(b), the 

result follows.

1.2.7,5 Theorem

A space is both a Montel space and a Banach space if and only it

it is finite dimensional.

pf. See fl'..
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1.2.8 Examples of Montel spaces

By (1.2.7.5) vx? see that Montel spaces are generalizations of 

finite dimensional spaces in a direction entirely different from that 

of Banach spaces. It remains to be seen whether there are any non­

finite dimensional camples of Montel spaces. There are. In feet, 

the spaces CQ', , and aie very , portant in Schwartz's theory

of distr iLutimfe ' P .

1.2.8.1

Let

S' - (<p/p:R—*1, 9 is infinitely differentiable (35)

and has compact support) .

S'is clearly a vector space and we define a Nbd base of 0 2/ by 

7/ - c S/ V = , [Gy] ) where is a strictly

increasing sequence of non-no gat ' vc integers, is a

decreasing sequence of positive nuinbers converging to 0 

and (36)

V = : q? e &/ if |t| v and p = 0,1,...,^, then 
|V^\t)| < Gyll .

This space is investigated in [t] where it is shown that V does g ve 

a LCEVT which is a Montel space. A subset B e is Bdd if and only 

if all of the elements of B are supported by a single compact set and 

for each v , the set of real numbers

ftp*  (t) / t e R, <p e B] (37)

is Bhd. A sequence in & converges if and only if alltp n are 

supported by a single compact set and for each y , the sequence v) 

of functions is uniformly convergent.
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1.2.8.2 <&'

The dual Q' of ST equipped with the Bdd-open topology is also 

studied in [8] with the following results, is a Montel space. 

A subset B c. -0' is Bdd if and only if it is simply Bdd (cf. (1.2.3.4) 

and th. (1.2.7.3)).

In addition, if f is a continuous function, we define the 

distribution (element of 0*)  corresponding to f by
CO

Tf(^ = /f? • (38)

-oo
If T e we define the derivative T \ S' ’by

TV(?) = (-1)V T(ÇV) . (39)

If f is v times continuously differentiable, then

Tfv = (TPV * (40)

1,2.8.3 The space of holomorphic functicms

Let be the set of all complex functions which are analytic on 

the interior C of the unit circle and continuous on its closure, 

We take for a Nbd base of 0, V, defined by

= {v(€*r)  / e> 0, 0 < r < 1, V(e,r) is the set of all 

functions e such that if |z| <r, then (41)
| q<z)| < c and |^V)| < ej.

This space is studied in [91. It is a Montel space. In fact, it is 

a Montel space which is also a Freehet space, i.e. it is complete 

and has a countable Nbd basis of 0.

A subset B c is Bdd and only if for each r such that 0 < r < 1, 

the set

[l ?(z)| + | ?tz)| / 9 SB, |z| < r j (42)

is Bdd.
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1.2.8.4 J

Let V be the set of all functions <p :R —> R such that 9 is 

infinitely differentiable, and for each pair of integers v,k > 0, 

we have
lim |t^ q»^(t) I = 0 . (43)

|tl —* “

is a vector space and we define a Nbd base of 0 2/ = (V(m,k,e)} 

where m,k are integers > 0, and e > 0, and

V(m>k,e) = £q> e d / for each p = 0,1,...,m and (44)

for all t e R, (1 + |t | ^|(pP(t)| < el .

In L8j it is shovm that J is a LCEVT which is a Mantel space.

1.3 Miscellaneous results

iv) for each dj,d2 e D, there exists a dg e D such that 

dl < d3’ d2 < d3 •

In this section we 

used in the sequel.

list a few more known results which will be

1.3.1 Nets

1.3.1.1

A directed set D is a set in which there exists a relation

satisfying

1) for all d c D, d < d

ii) if dj,d2 g D, di < dg and dg d^, then d^, = d^ (45)

iii) if dpd2,d. g D, d^ < dg, and dg < dg, then d^ < dg

1.3.1.2

A net in a topological space X is a function f:D —» X where D 

is a directed set. A subnet of a net is a function g which is the 

restriction of f to a subset DQ c D where Do again satisfies Eq. (45) 
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and for each d c D, there exists dQ e Djsuch tliat d < dQ. 

1.3.1.3

A net is said to converge to a point x € X, if for each Nbd V 

of x there is a d € D such that if d^ < d, then f(d) e V.

1.3.1.4

The concept of a net is a generalisation of the concept of a 

sequence. it can be shown that any topology can be completely 

described by specifying which nets converge to which points 

([10). We shall use only the following result from this theory. 

1.3,1.5 Theorem

A topological space X is compact if and only if each net in X 

has a convergent subnet.

pf. See [10j.

1.3.2 The Ascol' theorem

1.3.2.1

Let X be a regular compact space and Y a LCEVT. Let C be the 

set of all continuous functions from X to Y. C is a vector space 

and we make it a LCEVT by taking a Nbd base of O, V = [Vy], where 

U is a Nbd of 0 in Y and

Vy {f « C/f(X) c u} . (46)

In [10J it is shown that V gives a topology. 

1.3.2.2

A subset A c c is said to be equicontinuous if for each Nbd of 

0, U, in Y and each x g X, there is a Nbd, W, of x such that if 

Xj e W and f e A then

f(x) - f(xj) € U . (47)
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1,3.2.3 Theorem

A subset A c c has canpact closure if and only if it is 

equicontinuous and for each x € X, the set U f(x) lias canpact 
feA

closure (in Y).

pf. See 110.’.



2. Differential Calculus in Montel Spaces

2.1 Introduction

Gil de Lamadrid [3 j introduced a definition of derivative for 

functions from a LCEVT to a LCEVT, and proved that if the spaces are 

normable, then his derivative reduces to the Frechet differential [4]. 

In the same paper, Gil de Lamadrid develops certain basic theorems 

of the type referred to in finite dimensional spaces as differential 

calculus. He proves a fundamental theorem of calculus" which we will 

use in a slightly altered form already mentioned (1.2.5.6). He also 

proves a "chain rule" restricted to the case in which the first function 

is linear and continuous. In this section we consider various theorems 

from differential calculus and obtain the following results.

2.1.1

The most striking loss in this generalization is the fact that 

differentiability does not imply continuity. It is for this reason 

that many of our theorems will include both assumptions. On the other 

hand, we learn where the continuity and hence the topological results 

which that implies, is really needed in differential calculus. We give 

an example of a function which is differentiable but not continuous 

and then prove some weaker results along this line.

2.1.2

Gil de Lamadrid's special case of the chain rule is proved with 

only the assumption of continuity and differentiability.

2.1.3

The concept of partial differentiation is introduced and the 

classical relation between partial and total derivative is obtained.

21
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Here we make use of our results on continuity and then show how the 

entire problem can be avoided by demanding that our spaces be a 

Mantel space. We retain this assumption for the remainder of the 

paper.

The product rule for differentiating ordinary functions is not 

easily generalized because we do not usually have a multiplication 

structure available. However, if we consider the ranges of the func­

tions to be spaces of functions, then the operation of composition 

begins to look like multiplication and a product rule is obtained. 

Here the similarity stops for we do not have either the usual alge­

braic or the usual topological properties of multiplication.

2.1.5

In a similar vein we obtain a rule for differentiation of 

reciprocals. Here the result is different from the classical one be­

cause of the lack of commutativity. What we obtain is analogous to 

differentiation of inverses of matrices.

2.2 Selection

There are many results from diflerential calculus other than 

those given here. We have used the following criteria for selection:

i) First, of course, we prove everything that will be needed 

in later sections.

ii) We want to indicate that other than the restriction to 

Montel spaces, very few additional assumptions are needed.

ill) The methods used are different from those which suffice for 

the finite dimensional situation. In the latter case, con­

siderable use is made of the local compactness of Euclidean 
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space, the theorem of the mean, etc. Since Montel spaces 

do not enjoy such properties, we must replace them by such 

results as th. (1.2.5.6), th.(1.2.7.3), and th.(1.2.7.4).

2.3 Differentiability and continuity

We now give an example of a function which has a derivative but 

which is not continuous. The basic idea is that the definition of 

derivative requires that a function docs not distort Bdd sets too 

much. What we do is to take a function of a space into itself which 

maps Bdd sets into Bdd sets and then take two distinct topologies 

which give the same Bdd sets.

2,3.1 Example

Let E be the Banach space of continuous real valued functions 

on ro,l] equipped with the sup topology. This is well known to be a 

Banach space ([11]). Let t be the same set equipped with the weak 

topology. Let f:E—» E be defined by

f(x)(t) = x2(t) (x(t) « E) . (1)

This function is not continuous at x = 0 for if is the unit sphere 

in E, that is

S1 = {x « E / |x(t)| < 1 for all t« [0,1]}, (2)

then = Sj. But is not a Nbd of 0 in t (see 1.2.6.2). On

the other hand, the Bdd sets of E, E are the same ([![), i.e. the 

spheres and the set of squares of elements of a sphere is again con­

tained in a sphere. Thus, if a Bdd set (i.e. a sphere) B in E and 

a Nbd of 0 (again a sphere) S in E are given, we have that x « B 

implies
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f(Sx) = X2 f(x) < X2 r S (3)

where r > 0 is a number depending only on the radii of B,S. Hence, 

if |X| < and x < B,

f(Xx) t S . (4)

This means f'(0) = 0. Thus the desired example lias been exhibited. 

2.3.2

The next question that arises is what can be said about continuity 

from differentiability. The next Wo results are direct applications 

of th. (1.2.4.4), th. (1.2.7.0) and th. (1.2.5.6).

2.3.3 Theorem

Let E,F be LCEVTs; EQ a convex open subset of E. Let f:E0— 

such that f*  exists and is continuous and f'(Eo) is an equicontinuous 

subset of oZf(E,F). Then f is uniformly continuous on Eo. 

pf. Let V be a closed, convex Nbd of 0 in F. We must find a Nbd of 

0,U, in E such that if xp, € EQ, x1-xo e u, then

f(x1) - f(x2> < V . (5)

Since ff(E0) is equicontinuous, there is a Nbd U of 0 in E such that 

if x 6 Eo,

f'M (o)cv . (6)

So let xi, x < E^ and x,-x • U. From th.(1.2.5.6) we have x 2 a -t x
1

f(xj) - f(x2) = J f'(%2 "* ^(^r\))(^2~^l) dt * (7)

0

Applying (6) and th.(1.2.4.4), we have (5).
I
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2,3.4 Corollary

Let » F such that f1 exists and is continuous and f * (E ) 

is a simply Bdd subset of Z(E,F). Let E be toimcle.

Then f is uniformly continuous on EQ. 

pf. Apply th.(1.2.7.3) and th.(2.3.3).
I

2.4 The chain rule

The proof of the chain rule in the finite dimensional case 

either a mean value theorem as in C12J) or a Lipschitz condition as 

in ([131). Neither of these techniques are available to us. We re­

place them by using th.(1.2.5.6) and th.(1.2.7.4). Otherwise the 

proof of the following theorem is essentially the same as the proof of 

the chain rule found in "131. This result is also valid in normed 

vector spaces ([51).

2.4.1 Theorem
!

Let E,F be Montel spaces. Let G be a LCEVT. Let E0,Fq be 

convex open subsets of E,F respectively. Let ftF0__ > G, g:E __ »F,

such that g is continuous g' exists, f’ is continuous and g(EQ) c F .

Then (f«g)’ exists and

(f'g)'(x) = [f'(g(x)) . g'(x) . (8)

pf. Let xt Eo, B a convex, equilibrant Bdd subset of E, h « B and 

\ > 0 such that x + XoB c Eq. Let |X| < XQ, and set

△ = -^(x +Xh) - f.g(x)
f'(g(x))(g'(x)(h)) . (9)

Now take X1) g(x) t X1S’(x)(B)c FQ. Then if |X| < we have
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△ = , fÜ(x)^gl(x)(h)M(g(x))
x X

- f’(g(x))(g’(x)(h)) . (io)

Applying th.(1.2.5.6) to the first term and using the fact that Fq 

is convex and g(xAh) < g(x^8) c g^) c FQ, we obtain

1
△ = J f'(g(x) +Xg'(x)(h) + t[g(x f Xh)-g(x) -Xg'(x)(h)j • 

0

f(£(x) r Xg^x^h)) - f(g(x)) _ P(j(x))(g»(x)(h)) . (11)

Let V be a convex, closed, Nbd of 0 in G. Consider the set

= 2 g(x) +Xg'(x)(h) + trg(x + Xh)- (x) - Xg'(x)(h)J / 0 < X

t € [0,1;, h € B

This is a Bdd subset of F because g Is continuous, so from th.(1.2.7.4), 

it follows that g(B) is Bdd; similarly, each of the other terms are 

Bdd, so their sum with coefficients in '-1,1" is Bdd.

Since f’ is continuous, again by th.(1.2.7.4), f*̂)  is a 

uniformly Bdd subset of <£(F,G), so by th.(1.2.7.3) f'(B^) is equi- 

continuous. Therefore, there exists a Nbd of 0,U, in F such that

f'(Bi) C < U, | V . . (12)

From the existence of g‘ we tiavc X^ > U such that if 0 < | \| < and

h e B, then
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K" * y - - e’MW «u . (is)

Let B2 = g'(x)(B). Since g’(x) la linear and continuous, B2 is a 

Bdd subset of F. Thus from the existence of f’, there is a ^3 > 0 

such that if 0 < |X| and k * Bg, then

- f’(g(x))(k) < 1 V . (14)
Ai 2

Now if h « B, then g’(x)(h) < Bg, so if 0 : | , then

- f’(g(x))(g’(x)(h)) < 1 V . (15) 
2

Let X^ = min(Xo#X^#Xg> X ). Thus if 0 < |X| X^ and h 6 B, it

follows froa (11), (12),^(13), (15) and th.(1.2.4.2) that

△ e 1 v , k 1 V c V .
2 / 2

I
This theore: is also val id if the spares in quest ion are non..rd ([5] ).

2.5 Partial derivatives

W now wish to introduce the con ept of partial differentiation. 

The expected connection between partial and total differentiation is 

obtained. We shall indicate how the assumption of a Mantel space is 

interchangeable with an assumption of uniform continuity. Otherwise 

the method differs from the classical essentially as in th.(2.3.3). 

These results will be used throughout the remainder of the paper.

2.5.1

Let E,F,G be LCEVTs, and let Eq,Fo be convex open subsets of E,F 

respectively. Let f:EQ x F —► G> We define the partial derivative of 
df

f w.r.t. E at x,y < Eq x FQ to be a function x Fj*̂(E,G)  satisfying
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lim + Xh^-~ (x,y)(h) (16)
X™*0  X d£ 

where this limit is to converge uniformly w.r.t. h in any Bdd subset

of E. We define ~ in a similar manner. 
dF

2,5.2 Theorem

If f’ exists, then ~ ~ exist and
dE dF

H*  (x,y)(h) = f'(x,y)(h,0)

(17)

(x,y)(k) = f’(x,y)(O,k) . 
dF

pf. If B is a Bdd subset of E, then B x [0] = {(h,0) gE x F/h g B]

is Bdd, (16) then follows from the existence of f.

2,5,3 Theorem

If ~ exist and either one of them is continuous, uniformly 
dE dF

on each Bdd subset of Eo x Fo, then f*  exists and

f’(x,y)(h,k) = (x,y)(h) + (x,y)(k) . (18)
dE dF

pf. Let us suppose that is the one which is continuous. Let

x,y e EQ x Fq, x a convex, equilibrant, Bdd subset of E x F 

and > 0 such that (x,y) + X q(B^ x Bj) c x Fq. Let (h,k)e B^ x B^ , 

0 < | X | < XQ and set

A - f(x,y) . to (x,y)(h)Sf (X,y)(k). (19)
i » OL dF

Then



29

f(xAh,y)~f(x,y) 
X - -

(x,y)(k) + f(x^h,yAk)-f(x,y^k) _ f(xAh,y)-f(x,y) 
X X

(20)

Since Bj is equilibrant, tXh € for |t| < 1, |X| < Xo ,

Applying th.(1.2.5.6) to the last two texuis yields,

△ = (X^)(h) , f(xj^.k)-f(x,y) _ M (x>y)(k)

*
o

ôf (x ^-h, y)(h) dt (21)

Let V be a convex, closed, Nbd of 0 in G. From the existence of 
èf '3g- , there exists \ 0 such that if 0 |X| j X^ and (h,k) e B^x B.,,

then

& Aik. * (x,y)(h) « | V (22)

and from the existence of , there exists X? o such that if 

0 <|M and (h,k) € x B2, then

. (2=)

ôfSince gg- is uniformly continuous, there exists a Nbd of 0,U, in F

such that if y^ € y + U and e x 4 and h e then

5T ^xi’yi^h) yXh)€ |V • (24)
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Now there exists X$> 0 such that 0 , | \ | implies that 

XBg c Ue Thus if G -, |X| <X$ and (h,k)e x By, then y + Xk e U 

and x + tXh ex + Bj for all t e [0,l\ So from (24) and th.(1.2.4.4) 

we have

r&f ?p ii
1 ST (x+tXh,y+Xk)(h) (x+tKhsy)(h) > dt € i V . (25)
L J 3

Let = min (XoAj ,Xm,Xg ). If 0 . |x| < X^ and (h,k) e Bj x B2> 

it then follows from (21), (22), (23) and (25) that 

âe|v+-V+-Vcv .
3 3 3

I
2.5.4 Corollary

In th.(2.5.3) the assumption of uniform continuity can be 

replaced by continuity and the assumption that E (or F) is a Montel 

space.

pf. If E is a Montel space, then the closure of any Bdd set is 

compact so we have uniform continuity.
I

2.5.5

The above results on partial derivatives can be extended fro. 

the case of 'two variables' to any f nite number. The methods are 

identical and the whole theory of matrices and Jacobians could be 

developed.

2,5.6

The following lemma is a further statement of continuity type 

implications of differentiability. In fact, one can choose a topology 

for E so that the following result says just that differentiability 

implies continuity. We do not use this interpretation. The result is 
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given because it is used. The proof is essentially the same as the 

classical proof of the fact that differentiability implies a Lipschitz 

condition. - 

2.5.7 Leona

Let E,F be LCEVTs, E@ an open subset of E, fiE^—»F such that 

f*  exists.

Then rf(x t Xh) - f(x)^ = 0 uniformly w.r.t. h in any Bug 

subset of E. / 

pf. Let B be a Bdd subset of E, x e Eq. Since f(x) is linear and 

continuous, B = f’(x)(B) is a Bdd subset of F. Let V be a Nbd of 0 

in F. Then there exists X^> o such that X^g c l V. From the existence 

of f’, we have X^> 0 such that if 0 |X| < X^ h € B, then

~ - f (x)(h)« I V . (26)

Thus if 0 <X < min ( X0,Xj) and h g B then

f(x + Xh) - f(x) e X f (x)(h) + - V g XB r i V c | y + 1 V = V 
2 *•  2 2

2.6 Products and reciprocals

2.6.1

(27)

Now we turn to the product rule. We let E,F,G,H be LCEVTs and

consider fe (F,C) and g gZ(E,F). Then f-g € Z(E,G) and wc write 

fg = f'g, reserving for non-linear functions. This will help to 

reduce ambiguity, for if HQ is a convex, open subset of H, f:Ho~>Z(F,G) 

and g:HQ ^^(EjF) then we have fg:H0—* ^(E,G) defined by

%(%) = f(x) g(x) , x € II . 
o (28)
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Now comes the difficulty. If f’, g’ exist then we will define 

f'g:Ho->Z(H, /(E,G)), and fg*  Z (E,G)) by

f*g(x)(h)  a if(x)(h)] g(x) (29)

and

fg‘(x)(h) = f(x) Lg^xXh)) (30)

where x € Hq, h U,

It follows immediately from the definitions that these maps have 

the required linearity and continuity. The interesting thing to be 

noted here is that if any two of E,F,G,H are the same, then the nota­

tion becomes unmanageable. Here is a case in which the more general 

the situation, the simpler it is.

2,6,2 Theorem

Let E,F,G,H be LCEVTs and let E,F be Montel space. Let HQ be a 

convex open subset of H. Let f:HQ—*Z(F,G),  g:N^—^^(E,F) such 

that g is continuous and f’, g’ exist.

Then (fg)' exists and

(fg)' = f'g + fg' . (31)

pf. According to (29), (30) f’g and fg' have just the right domain 

and range.

Let

A = +xh) - f^(x) _ f!g(x)(h) - fg'(x)(h) (32)

With (29), (30) we have
(33)

X x

- f(x)[g'(x)(hr * - f(x)g(x4Xh)-f(x)g(x)
X X



Let (BgjWç/ be a Nbd of 0 in 

and WG is a convex Nbd of 0 in G. 

g is continuous and E is a Montel

<Z(E,G), i.e. Be is Bdd in E

Le:. By be a Bdd set in H. Since 

space, it follows from th.(1.2.7.4)

that if we set

+X h) - g(x) / h € Bh , C <X < 11 , (34)

then fl? is a Bdd subset of Z (E,F). This means that there Is a 

Bdd set Bp in F such that

C (Bg.Bp) . (35)

Now f’(x) is linear and continuous on H. Hence f’(x)(Dy) is a Bdd 

and hence by th.(1.2.7.3) an equAcontinuous subset of <^(F,G). Thus 

there is a Nbd of 0, Up in F such that

f'Cxxyaip) c i wG . (-)

By lemma (2.5.7), there is aXq ' 0 such that if 0 < |\| ç Xj then

g(x ? X By ) - g(x) C (Bp >Up, . ( 37 )

We have used here the fact that for X sufficiently small,XBy is 

contained in any preassigned Nbd of 0. Since f exists, there is a 

x2 > o such that if 0 t|X| <\g and h € By, then

_ f.(x)(h) 6 (Bp, i WG; . (38)

LetAp be the last two teiTiis in (33). Then
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[g(x +U>g(x)] (39)

= [f‘(x)(h)J [ g(xAh)-g(x)] + - f’(x)(h)j [g(x+kh)-g(x

(40)

Thus if 0 <| X] < min(l,X^,Xg) and h c By, then it follows from (36), 

(37), (38), (34) and (35) that

*1 € ^vF> A wgxbe, up + <Bp, wg>(be, bf> (41)

e <Be’ i WG} + 4 C <BE’ 2 Y • (42)

Now we turn to the remaining terms inA . Since g(x) is linear and 

continuous, B£ = g(x)(B£.) is a Bdd subset of F. Hence there is a 

Xg > 0 such that if 0 <|X| < X^ and he By, then

l(x f\h) - f(x} _ f.(x)(h) € 1 . (43)

Therefore, 

fk.+%h)g(^ _ cf(x)(h):g(x) =

(44) 
= - f'(x)(h)}g(x) e <B>, | C <BE, | WG> .

Finally, since f(x) is a continuous function on F, there exists a Nbd 

of 0,VF# in F such that

f(x)(V ) g 1 W . (45)
4 b
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So we choose > 0 such that if 0 < |X | < and h c then

- g'(x)(h) e (^.Vp) . (46)

Thus it folio*®  from (45), (46) that

^h)-f(x)g(x) _ f(x) [gl(x)(n) .
X (47)

= f(x) - g*(x)(h)  € (VF, WG>(^,7^0 (Be, I WG> .

So if 0 < |X| < min(land h G By, then it follows from 

(33), (42), (44), (47) that

f <Be, i c <Be, Kg) . (48)

I
2.6.3 Corollary

Let F,G,H,f be as in th.(2.6.2) and let g:H^----» F such that g 

is continuous and g’ exists.

Then, the map fg:H —* G defined by

fg(x) = t(^)(g(x)) (49)

is such that (fg)' exists and

(fg)'(x)(h) = f'(x)(h)]g(x) + f(x)[g'(x)(h)] . (50)

pf. Take E = R in th. (2.6.2).
I

2.6.4

The last property of the derivative which we study in this section 

is the derivative of the reciprocal of a function. Again we must make 
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8 special interpretation in order that such a concept make sense» 

However, our understanding of reciprocal will be compatible with the 

previous discussion of product.

2.6.5

If u e <^(F,F) then u ^ will be an alternate symbol for the 

usual inverse, u \ If f:EQ—*-«/'(F,F)  then we define the reciprocal, 

f 1 of f, if it exists, to be a function ^îE —V(F,F) defined by: 

r^x) = rf(x)] 1 . (51)

2.6.6

The following result is comparable to the situation with matrices. 

Suppose that A(x) is an n x n matrix-valued function of a real variable 

with elements (a^(x)). Let A'(x) be the n x n matrix-valued function 

of a real variable with elements (a^(x)). Suppose further that A(x) 
has an inverse, A ^(x) for each x in some interval. Then it is easy 

to show by direct computation that

A-1 (x) = - A-1(x) A'(x) A-1(x) . (52)

Th.(2.6.7) says exactly the same thing for a more general situation. 

The proof uses the same techniques which have been introduced in this 

section.

2.6.7 Theorem

Let E be a Montel space and let F be tonnele. Let EQ be a convex, 

open subset of E. Let f:EQ—*Z(F,F)  such that f' exists and f* 1 

exists and is continuous. Then (fI)' exists and

(f"1)’ = -f"1 f'f"*  / (53)

+This symbol is defined as in (29) with = g.
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pf» Let Bg be a Bdd subset of E and let <Bp,V? be a convex, 

equilibrant Nbd of 0 in ^(FjF). Let x e Eq and let > 0 be such 

that x + X c £o. Let h € B£, X g Set

a . f1^ t) - r\x) t cf-I(x)]:f(x)(h)jcf'I(x)j . (m)

Then

A = [^(x)) [f'(x)(h) - ] rf1(x)i .

- +x h) - r\x).Cf (x)(h)?:r\x)] - (55)

- [f-I(x +X h) - r%(x)) f(x A '0 - f(x) . f'(x)(b)][£"I(x)J. 
- X J

Now, Cp = ^(xXBp) is a Bdd subset of F and thus Dp 

is a Bdd subset of F. Since f is continuous, there 

= f'CxXBpXCp)

is a Nbd of O U

in E such that if y c U, then

fI(x+y) - f-I(x) € (Dp, i V, . (56)

Also, since Bp is Bdd there is a X^ > 0 such that

W1 • (57)

So it follows from (56), (57) and the definition of Cp, Dp that if 

0 < |X| < and h « Bp, then

rr^x +X h) - rI(x)]Cf'(x)(h)][rI(x)j €

, 1 1 (58)
« (Dp, VXCp.DpXBp.Cp) g (Bp, .
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Since E is a Montel space and f1 is emit inuous, then 

(f-^x 4 \h) - f‘I(x)/h c S} is, by th.(1.2.7.4) a Bdd set. Since 

F is tonnele, by th.(1.2.7.3) it is then an equicontinuous subset of 

y(F,F). Therefore, there exists a Nbd of 0 W in F such that if 

h e Bg, 0 < |X| < 1, u c W, then

f X(x + x h)(u) - f"^(x)(u) e ~ V . (59)

From the existence of f* , we have e (0,1) such that if 0 - |\| 

and h g Bg, then

- f'(x)(h) C (Cp, W> . (60)
X

then

It then follows fro:. (59), (60) that f 0 |x | < X2 and h e B&, then

[f"I(x +xh)-f”I(x)J - f (x)(h) [f X(x)J e
L X J

e <W, | VXC^WXBp, Cp) c (Bp, | V) .
(61)

Finally, there "s a Nbd of 0 U in F such tliat

fl (x)(U)c A V (62)

and there is a x^ > 0 such that if 0 <|x| £ Xn and h e Bg, then

f(x + \h 
X

) f (x)(h) r (Cp, U> . (63 )

It then follows from '62), (63) that if 0 < |), | ^X3 and h c Bp,
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[^(x)] - f*(x)(h)]  Lf"I(x)J 6

e (U, j V>(Cp, UXBp,^) c (Bp, | V> . (64)

Tims, from (55), (58), (61), (64) it follows that if 

u < JM < min^^-oAl A2 A3) and h e Bp, then

3 V,' + (Bp, V) + \Bp, 1 V? c (Bp,V) . (65)

I



The Problem of Pfaff

3.1 Statement of problem

The problem which we shall refer to as Pfaff’s problem is that 

of finding a function once its derivative is given. Specifically, ;f 

E,F are LCEVTs, EQ a convex, open subset of E, and T a continuous func­

tion T:EQ ></*(£,£),  under what conditions does there exist a function 

f :E0—► F such that f’ = T?

In the case in which E = F = R, the problœ is completely solved 

by the fundamental theorem of calculus. In the case of E,F two finite 

dimensional vector spaces, additional requirements, i.e. that T’ is 

symmetric, are required. Specifically, if E = R = R x R, F = R, then 

we may write

T(x) =( ) (1)
\Q(x)/

where x e EQ, P,Q:E0—> R and the relation between linear trans format i ons 

and matrices as described in r14 . Then the condition for the existence 

of f is that P,Q have continuous first partials and

dP dQ + z
—v = — . (7 \

This solution of the problem has been extended to Banach spaces by 

Kerner [15?. In this section we extend the solution to obtain the 

same result for Montel spaces.

+
Superscripts will denote co-ordinates.

40



41

3.2 Known solutions

Kerner’s solution is different fra the one usually given for 
/ 

the finite dimensional case (see for example, F121) where an easier 

procedure is possible. We shall compare these approaches and then 

describe ours which is a synthesis of the two. For simplicity, we 

consider, in the finite dimensional case, only the 

3.2.1 
9

If E = R , F = R, then we choose a point xQ c 

x1
f(x) = J P(t, xb dt + K Q(xA,t)

In other words, we integrate the derivative, 

first along one co-ordinate axis and then 

along the other (see Fig. 1). It follows
u o' J, 1 2 

from (2), (3) by direct computation tlxat ,xo

f' = T* (Fig. 1)

3.2.2

The immediate difficulty in generalizing the classical approach 

is that it involves co-ordinates. Kerner made the natural replace: ent 

by integrating along the line from xq to x. Specifically, he defines 

f by 

1
f(x0) = J T(x^ + t(x-xo))(x-xo) dt . (4)

This time the proof is more complicated. A considerable amount of 

analytic machinery is employed, including a Fubini theorem. Also the 

Banach space norm is strongly used.

case E = R, F = R.

Eq and define f by

dt . (3)

x=(x1,x2)

X \
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3.2.3

In our method we define f exactly as did Kerner, but retain the 

co-ordinate approach in proving that f’ = T. The idea is that if 

xQ,x lie on a line parallel to one of the co-ordinate axes, then (3), 

(4) are identical and both proofs are trivial. But this situation can 

always be obtained merely by changing co-ordinates and keeping in mind 

that derivatives are defined intrinsically, without mention of co­

ordinates . In fact, we find that a co-ordinate system is unnecessary. 

All we need do is write E as a direct sun. of two subspaces ; a one­

dimensional subspace (the line through xQ,x) and a topological supple­

ment (see 1.2.2.4). Then (4) can be written in a form analogous to 

(3) and the classical computation works. The only remaining difficulty 

is that now a different symmetry condi tion is required. In lei -ma 3, 

this is proved to be equivalent to the usual one. Lemmas 1, 2 are 

simple results of calculus along the line of Section 2. Theorem 1 gives 

the final result.

3.3 Solution of problem

The first lemma shows that we can differentiate under the integral 

sign.

3.3.1 Lemma

Let E be a Monte1 space, F a tonnelc space and Eo a convex open 

subset of E. Let I ='ro,l’’. Let g:I x EQ—>F be such that g*  exists 

and is continuous on each Bdd subset of I x EQ, and g is continuous on 

I. Let f :Eo—» F be defined by

1 
f(x) = J g(t,x) dt . (5)

/ 0



Then f*  exists and

I 
f’(x)(h) = y 11 (t,x)(h) dt . (6)

pf. The continuity of g' implies the continuity of and thus the 

integral in (6) exists. Let x € EQ, let B be a closed, Bdd, equili­

brant subset of Eg, and let V be a closed, convex Nbd of 0 in F. Since 
is continuous on I x /x t B] and E is a Montel space, is uni­

formly continuous on I x lx -r because this set is compact. There­

fore , there exists a Nbd of 0,V, in E such that f t € l, h € B, 

Xq,Xg «x + B, Xi-x9 e U then

=V . (7)

Let XQ > o be such that XJ3 c U. Then if O x |x| Xg and h e B, it 

follows from (5), (7), th.(1.2.4.2), th.(1.2.4.4) and the fact that 

B is equilibrant that

(t,x)(h) dt =

(8)

I
3.3.2

The next result is a counterpart of the integration by parts

formula. It follows 4 rimed lately from a special case of the product 

rule.



3.2.3 Lemma

Let E,F bj Montel spaces, and Eq a convex open subset of L.

Let I = । 0,1]. Let f:EQ ►?,«:!—such tliat a,,f*  exist and 

are continuous.

Then for each xQ, x e EQ ,

1
0(1) f(x) -o(0) f(xo) = J -• (f) f(x * t(x-x )) dt +

. 0 0 0 (9)

+ J c (t) f(xo + t(x-x0))(x-x0) dt . 

0

pf. Let x . x e E . Let 0:1—»F be defined by O Q *

0(f) = o(t) f(xo + t(x-xo)) (10)

"X + t(x-x )• 6 E because E is convex, o o o o
By th.(2.4.1) and corollary (2.6.3), exists and pf:I—#• F and

0f(t) = af(t) J(xQ t t(x-xQ)) r a(c) f'(x0 + t(x-xo))(x-xQ) .

(11)

It follows rra. (?J.), lemma (2.5.7), and the existence and continuity 

of aSf that p' ,s continuous. Therefore, by th.(1.2.4.2),

a(l)f(x) - c(0)l(xo) = 0(1) - p(o) = A p»(t)dt = 

uo
1 (12)

r r 1= J ^a'(t)f(xQ + t(x-x°)) 4 a(t)i'(%o + t(x-Xo))(x-Xo)jdt .

I
3.3.4

In the next le.ma we prove that the symmetry condition which will 

be used in the main theorem is i, plied by the usual symmetry coud cion.
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The proof is surprisingly simple. The situation is, in a sense 

algebraic rather than analytic. That is, once the definitions are 

well stated, the proofs are trivial.

3.3,5

Before going into details, let us try to understand what these 

symmetry conditions mean. We start with a function T;E0---- ►<Z(E,F) 

which we want to show is the derivative of a function f:E —" F. The 
o 

usual symmetry condition merely demands that

. T'(x)(h)(k) = r(x)(k)(h) (13)

ror all x e EQ, h,ke E. It should be recalled that T':E^—»/(E,<^(E,F)). 

Our symmetry condition can be explained as follows. We restr ct T(x) to 

operate on a single vector h, take the derivative and restrict the re­

sult to a topological supplement E^ of the space generated by h. Then 

we repeat the process, reversing the roles of b and E^. We do:and that 

the two results are the same.

There are two differences between the conditions. In the first 

place, one differentiates first and then applies T and the other :rxes 

them up. This difference is superficial and is only a convenience. 

The second is that one applies to two vectors at a time whereas the 

other applies to a vector and a subspace. This difference is essential 

and our theorem shows that the use of a o-ordinate system is only ap­

parent in the dassl al solution of Pfaff's protic .

3.3.6

Now we describe our symmetry condition precisely and prove the 

desired result. If h € E we define Tfa:E ----►F by



46

T/%) = T(x)(h) . (14)

If E& is a topological supplement of the subspace generated by h,

then we define Tr 
“h

—^(Eh,r) by

Te (x) = T(x)/r .
h Lh

(15)

It is easy to see that the existence of T’ implies the existence of

Ti, T1 . Our symmetry condition is
hi

(r)il r %) 
h

(16)
h

for all h € E.

3.3.7 Lenraa

Nov we prove our result.

Let E,F be LCEVTs, E a convex open subset of E. Let

T:Eq—*<Z(E,F)  such that T’ exists.

Then

(1 ) * (16) .

pf. We assure (1 ) and scov (16). 
/

allegedly equal fuact'one have the

Th^o—»? *nd

Hence, (E>F) and

SO :^o—"^h^) and
h

as desired.

Now let x E , h G g k c E. . o h

Lee us -L irst prove that Jie two 

same domain and range. We have

• (17)

:EO—»r(E,^(Eh,F)), (1: )

(11 ) ;E —►ZfE. ,f) (19)
bh h

Then
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(T') (x)(k) = T'(x)(k) - 11m *X k> * =
° Eh n X—>0 K

?(x +^k)(h) - T(x)(h) 
lim .
v—*0 *

T‘(x)(k)(h) . (20)

On the other hand,

(%) (x)(k) = TA (x)(h)(k) = 
h h h

)

lin
X^O

TEh(x + Xh)(k) - TEh(x)(k) 
-

= lin %—s T*(x)(h)(k) . (21)
X-*0 X

The result then follows immediately from (13), (20), (21).

The main result of this section may now be proved.

3.3.8 Theorem

Let E be a Montel space, F tonnele, Eo a convex open subset of 

E, xo e Eq. Let T:EQ---- >cT(E,F) such that T’ exists and is continuous.

Then there exists a function f:Eo—> F such that f ' exists and 

f* = T (22)

if and only if for all h, k e E, x G EQ we have

T'(x)(h)(k) = T'(x)(k)(h) . (23)

pf. We define a function g:I x Eo—► F by

g(t,x) = T(xo + t(x-xo))(x-xQ) . (24)

To analyze g, we rust define two other functions, u:I x EQ—*E Q and 

v:I x Eo—>E ty
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u(t,x) = XQ + t(x-Xg) (25)
?

v(t,x) = x - Xo . (26)

Note that the range of u is Eq because EQ is convex. It then follows 

that

g = (T • u)v . (27)

From the obvious facts that u is continuous, u1 exists with

u‘(t,x)(r,h) = t h f r(x-xQ) , (28)

the assumption that T*  exists and th.(2.4.1), it follows that T•u 

exists and

(T"u)'(t,x)(r,h) = T*(u(t,x))(t h + r(x-xQ)) . (29)

Now we note that v is continuous and v*  exists with

v*(t,x)(r,h) = h . (30)

Thus by corollary (2.6.3) we have g’ exists and, 

g,(t,x)(r,h) = [(Teu)’(t,x)(r,h)]v(t,x) + (T*u)(t,x)[v'(t,x)(r,h)l  .

Applying (25), (26), (29), (30), we obtain 

g*(t,x)(r,h)  = T*(x o+t(x-.xo)(th+r(x-xo))(x-xo) + T(x0+t(x-xQ))(h) .

(32)

Thus we conclude that g’ is continuous so that if we define f:EQ—^F

by 1

f(x) = / g(t,x) dt , (33)

then by lenana (3.3.1), f*  exists and
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f’(x)(b)
1

dg
% (t,x)(h) dt . (34)

Ifow let k « E and EL be a topological supplement of k. Then we may

define continuous linear functions a;E —* R, ^:E —»E^ by the

relation

x = «(x> + 9(x) for all x « E . (35)

Thus we may write

T(x0 + t(x-xo))(x-xo) =
(36)

3 °<x-x0) Tk(Xg + t(x-xQ)) + ^(Xq + t(x-xo))( ^X-Xq)) .

To the second term of (36) we apply the same argument as applied to 

g and to the first term we apply corollary (2.6.3) and th.(2.4.1) to 

obtain

(t,x)(k) 3 g’(t,x)(0,k) = °(k) Tk(x0 + t(x-xQ))+

+ °(x-xo) T^(xo + t(x-xo))(t k) + (37)

+ + t(x-x^))(t k)(%x-x*))  + T^(x^ + t(x-xo))(0(k)) .

But 3(k) = 1 and P(k) = 0, so

r i•^(t,x)(k) = t{T^(x0 + tCx-x^X^x-x^k) + (T^k)k(xo+t(x-xo))(0(x-xo)J +

+ VXO + ^(^-Xo)) • (38)

Now from (23) and lemma (3.3.7) we have



50

-||(t,x)(k) = t^(xo+t(x-xo))(a(x-xo)k) + (T^)^(xo+t(x-xo))(0(x-xo))J+

+ Tk(x0 + t(x-xQ)) (39)

= t T^(xo + t(x-xo))(x-xo) + Tk(xo + t(x-xQ)) .

Thus from (34), (39) we have

r1 r1
f‘(x)(k) » J t T^Xq + t(x-xo))(x-xQ)dt + Jq Tk(xQ + t(x-xQ)) dt .

(40)

Finally, from lemma (3.3.3)

r1 r1

f‘(x)(k) = Tk(x) - Jq Tfc(xo + t(x-xQ))dt + TR(xQ + t(x-xQ)) de

= T(x)(k) . (41)

On the other hand, let us suppose f exists and satisfies (22). Let

h,k € E, x € Eq. Let u « F‘, the dual of F. We define a function 
2

g:R---- >R by /

g(s,t) = u[f(x + sh + tk)] . (42)

Then g is twice continuously differentiable and we have

(0,t) = u[f'(x + tk)(h)1 = u[T(x + tk)(h)J

(43)

/g
—— (0,0) = u[T'(x)(h)(k)] . (44)
dsdt

Similarly,
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(0,0) = u[T'(x)(k)(h)] 
atOB

and from the classical result,

dag _ ^g 

dedt

whence

u[T-(x)(h)(k)J = u[T'(x)(k)(h)]

and since this is true for all u« F', by see.(1,2.2.9) we have

T'(x)(h)(k) = t* (x)(k)(h) .

(45)

(46)

(47)

(48)

I



4. Existence And Uniqueness Theorems For Differential Equations

In Montel Spaces

4.1 Introduction

In this section we consider the following questions

Let E1 be an open set in E, Eq an open subset of E^

Let Is E1 x Fq—^^E,F), (xo,yo) € Eq x Fq. What are the minimum

conditions under which there exists a function fjEq F such that o

f(xo) - y0 (!)

f'(x) - T(x,f(x)) (2)

Furthermoreif such an f exists, is it unique? In case E=F=R the 

well known Cauchy-Peano Theorem (as given for example in [lo]) shows 

tliat continuity of T is sufficient and if in addition T satisfies a

Lipschitz condition, the solution is unique. This result can be 

immediately generalized to the case in which E«=R, F=Rn for some integer 

n. If however, we take E=Rn then difficulties arise immediately. 11 

(2) is replaced by the following integral equation
1

f(x) = yQ + JT(xq + t(x-XQ), f(xQ + t(x-xo))dt (3)

0

then the problem can be solved. However (°) may not be satisfied 

since T(x,f(x)) may not be the derivative of any function. Thus, some 

kind of symmetry condition as in Section 3 must be added. Hence one 

is led to assume that T1 exists and is symmetric in a sense to be specified 

below.

4.2 Banach space case

4.2.1

If we take the case E^L, F A Banach space, then continuity of T 

is not enough. This is shown by an example due to Dieudonne ([17l)• If 

52
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we put a Lipschitz condition on T then the problem can be solved, in 

fact with the existence of T*  and a certain symmetry condition, Michal 

and Eiconin [18] prove the existence and uniqueness of f in a manner 

similar to the Picard Existence Theorem ([15]). This result is valid 

when E, F are any two Banach spaces.

4.3 The symmetry condition 

4-3.1

Thus one cannot expect to prove the existence of f when E=R and 

F is a monbel space merely by assuming that T is continuous. This is, 

in fact, the case,as the following example demonstrates. This example 

is suggested by that of Dieudonne [ly]. He takes a sequence space and 

a differential equation. By looking at each co-ordinate separately a 

family of differential equations is obtained; the solutions of which 

satisfy a single inequality. But this inequality is such that the result­

ing sequence is not in the original space. Our problem is to replace 

this sequence space by a function space and then look at the values of 

the functions at the integers.

4.3.2 Example

1st E=R, F= xf. Let <P: [0,1]—> R be defined by 

■ - —1______\
V (t) - a J e 1 \ (4)

o

where a is a number such that cp(l) = 1. Then it is easily seen that 

<p enjoys the following properties.

i) <P is infinitely differentiable

ii) cp = 0 for all v > 0, (5)
iii) q/ \l) = 0 for all v £ 1,V

X q> (1) = 1
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Now we define TiR x J----- (R, oT ) = xf by 
-----------  Y

T(x>y)(9 = ^|y(n+l)| - ^|y(n)| + ;|y(n)| + e

for n < I < n + 1 . (6)

In other words, we have for each n, replaced y(n) by y|y(n)| and 

then connected these points infinitely smoothly by curves which look 

like cp. For convenience of notation, let us write

y = T(x,y) . (7)

Let us show that ry € . Clearly from (5), Zy is infinite differentiable.
Let

M v = sup (i-n)| . (8)

My is Independent of n. Thus since = 0,

1)1 - vïÿôôï) Mv * v (y(n)|

for n < 5 < n + 1 .

Since y « $ for each integer k - 0,

LIN ^y(^) = 0 .

It follows from (9), (10), the continuity of the square 
y and the fact that e e , that

-♦00

+ e % (9)

(10)

root function,

(11)

Thus Z « 
y

Now we must show that T is continuous.

If yp y2 6 v, then
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(Zy^ - Zy2) (0 = ^Ly/nflX - 7zy2(n+l)/ - Tv^yr + 

_____  _________ ________ (12)
+ ^Lyo(n) 1 JV(ê-n) + 71y^(n) | - V |yo(n) % for n | n + 1

| (Zy^ - gy2)V| (0 ^ly^Cn+l) I - Vly2(n+l)| - /\y^(n)| *

+ 'Æÿ^Cn)ï~~)+ Jly-^(n) I - V /.y2(n) । .

Tlie continuity’ of T then follows from (13) and the continuity of tlie 

square root function. On the other hand, let I be any interval in R 

containing 0 and suppose there exists a function f 11—*7  such that 

f(O) = 0 and

f(x) = T(x,f(x)) (14)

for each te R.Let us define : I—» R by

^(x) = f(x) (0 (15)

then

g^(x) = f'(x)(O = T(x,f(x)) (%) . (1:)

In particular, from (6) and (1S), for Ç= n+1

= '|r(x) (n+l)| + (17)

tliat is

Wx> • • (is)

The solutions of (lô) are dominated by solutions of

<+i(^) = HtiiW I (1Q)

which arc
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Thus with the initial conditions.. the solutions of (13) satisfy

W%) (^)

But then we have,
2

(M (n) > (22)

which contradicts the fact that f(x) 6 

4-3.3 /

Thus we see tliat some additional assumption is required. With 

an eye to using some form of Asculi’s Tlteorem, we would like to have 

tlie range of T a compact or a L least relatively coispact subset of ^(E,F). 

Because F will be a montel space, equicontinuity is enough, so by 

th.(1.2.7.3) it will suffice to assume simple boundedness, and then of 

course, except when E=R, we need to assume that T' exists, is continuous 

and satisfies a certain symmetry condition. For uniquenness we need 

only add, when E=R, tlie existence and continuity of T‘.

4.3.4

In this section we prove four results and give five examples. 

Example (4.3.2) showing tlie necessity of assuming simple boundedness, 

appears above. Th.(4.4.1) proves existence when E=R. The proof is a 

generalization of the classical Cauchy-Peano Theorem as discussed, say 

in [16]. Th.(4.4.3) proves the uniqueness. Here the proof is different 

from the usual one given for E=F=R. Examples (4.4.4.1), (4.4.4.2) 

illustrate Th.(4.4.1), (4.4.3). Th. (4.5.14) proves tlie existence and 

uniqueness for the case in which E=RxR. To solve tlie integral equation 

(3) is no problem, but merely a routine repetition of the method used in 

Th.(4.4.3). But to differentiate this function is quite another matter. 

Th. (3-3-3) cannot be used because nothing is known about the derivative 

of the integr and in (3) - not even its existence, since f itself is 

involved. We overcome this difficulty by fixing one of the co-ordinates 
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of R x R ai id solving a one-diuensionai problem. The derivative of the 

resulting function is tiieu the partial ol' f. Finally, Th.(h.u. ) proves 

the existence and uniqueness for E,F Montel spaces. Again we first solve 

the integral equation. Then we apply Tli.(4.^.14) to show tliat the integral 

of T(x,f(x)) along any polygonal path depends only on the end points. A 

theorem of Gil De Lamadrid gives the desired result. Examples (4.6.3), 

(4.6.4) illustrate Th.(4.o» ).

4.4 The one dimensional case

.414.1 Tlieorem

Let E=R; F a montel space, [x , x +a1 ] c E, F a tonneau in F* 1 o' o 1 o
and y an interior point of F . Let TiE.xF---- »Z(E,F) = F such tliat o * * o 1 o-------------- z

i) T(E^xFq) is a Bdd subset of F 

ii) T is continuous.

Then tiiere exists E = [x ,x * a ]. 0 < a < a, and a function o o’ o o o^l
f:E --------► F such tliato

1) f is continuous and differentiable,

-) - >0

3) I’M = T(x,f(x)) (;k)

pf. First we assume that xQ - ye - 0.

Qy assumption i), there exists a number a > 0 such tliat if j 1a, xcE^, 

yeF , then

T(x,y) (t) e F^ ('5)

We define a^ - Mtn(a,a1). Let B be the convex and topological closure 

of TGq X Fo) (Eo). It again follows from i) and (1.'.2.7) that B is Cdd . 

Since F is a montel space, B is compact. Now E$ is also contact, so 

Eq x B is too. Therefore, the restriction of T to Eq x B is uniformly 

continuous.
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Let V be a tonneau in F. There exists a tonneau W in F and a

8, > 0 such that if I x1 ~ xo I < ô, x. ,xr, e E , y ,y^ € B, y e W * A * ■ * • Q J. 4- J, I
and t € Eq, then

T(Xi;yp(t) - T(Xg,y3)(t) e V . ( 5)

From i) there exists a 5O > 0 such that if |t|< x e EQ, and y e F , then o

T(x,y) (t) e W (27)

We set 6 = Mdh-Çô^^B,,) and define f^E^----- » B by

r o
fy(x) =

L ^(16) + T(k&, l/^)Xx-^)

if x = 0

if xe[lj5Xk+l)6] (23)

k - 0; 1, , ....

Fii-st vie :mist determine tiiat tlic ranre of f is a subset of B. Clearly

OeB. Suppose tliat

f (1\5) e — B
v ao

then from ( "Q), (2 ), and the definition of B.

fv((k+l)8) = fv(M) + T(k6,fv(M)) (S)

o

g — B + — B C . B (30)
% *0  %

Tiras by induction we rty conclude that (29) is valid for k = 0, 1, ,

In particular, slice B is convex, the values of f at intermediate points, 
a

being line segments, are in B. (note that k ) . Furthermore, 

if x 4 kb for any 1;, by the linearity,

(X) (t) = T(k6, f^(kë))(t) (31)
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Nom| x-ks| < 6 so by (2T)>

f/x) - f/kb) - T(kB,fv(k6))(x-kb) eW (32)

Ët then follows from (26) and (32) that

f;(x)(t) - T(x,fy(x))(t) - T(kB,fv(to))(t) - T(x,fv(x))(t) «V (33) 

Consider the family (fy), where V ranges thru a Nbd base of o in F, as a 

subset of the apace C of all continuous functions from Eq to B, equipped 

with the sup topology. Let U be a tonneau in F. By i) there exists an 

q > 0 such that if x e Eq, y e Fq, 11|< n then

T<x,y)(t)eU (3^)

Thus from (2o), (34) if x^ < xr ) x^ ^(j-l)B,jb] » ^0^

^^2^^^^ ’ T(kB,fv(kb))(x2-kB) +

+ T((j-1)5, f/j-l)B)(j&-x1) + 

k-1
+ T(iB,f/iB))(6) e

i-d

e ---- U + U + - Ucn n
i=j

[xg-kb + 36^ + (k-j)b]u » u

Therefore the family If^j is equicontinuous. Since f^(E^)c B, tlien 

^fv(x)c B for all xeEQ. But B is compact so by Th.(1.3«f*3);  the family 

tf^l lias compact closure in C.

If we order our Kbd base (V) by inclusion we obtain a directed set so 
/
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that Ify) is a net in C. Therefore by Th.(1.3.1.5) there exist a Nbd 

base W ■ IW) and fc C such that for any V, there exists W^e such that 

W^c V and if We , and W<Wp and xeEQ then

fw(x) - f(x) e V (36)

Now, integrating both sides of (33) we obtain

1
fv(x) - j T(tx,fy(tx))(x) dt € V (37)

o

Now 1
f (x) - y T(tx,f(tx))(x) dt = f(x) -fw(*)  + fw(x) -

- T(tx,^(tx))(x) dt (T(tx, fw(tx))(x) - T(tx,f(tx))(x)) dt

From (36) and the continuity of T, jiven V titere is a W such tliat

T(tx,L^(tx))(x) - T(tx,f(tx))(x) c V

Tlien from (36), (37) (39) and %.(!.. .4.4)

1
'T(tx,f(tx))(x) dt e V + W + V 

and this implies tliat

1
f(x) = T(tx.f(tx))(x) dt

Jo

Hence
x 

p 
f(x) = ■ T(t,f(t)) dt

X)
)

(39)

(40)

(42)



61

Therefore by Th.(1.2A.2) we have

f’(x) = T(x,f(x)) (^3)

Tills satisfies conclusion 3). f is continuous because feC . f(0) « 0 

because f is a uniform limit of functions fy with f^(0) » 0.

Finally, in order to obtain conclusion 2), we apply the above 

argument to the function StE^ x Fq------ ) /^(E,F) defined by

S(x,y) - T(x * xQ, y + yQ) (^)

Then we have a function g :Eq—4 F such that 

/

g’(x) = S(x,g(x)), g(0) = 0 (^5)

If we define fxE^------ > F by

f(x) = g(x - xq) + yQ (^)

Tlien f (xq) = y^ and

f'(x) = g'(x - x0) = S(x - xo,g(x - xo))

= S(x - x0, f(x) - yQ) = T(x,f(x)) 0+7)

4.4.2

Now we turn to the uniqueness. Let us assume that EdF=R and T is 

constant on E. The problem then reduces to allowing that if h:E ----- > F is

continuous and non-negative, and if

x
h(x) < k h(t) dt (W)

b

Then h = 0. One method of doing this is the following.
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Suppose xi is the largest number such that h(x) » 0 on [0,^1 . Let 

«2 > let € [ Xp x2 1 beithe point at which |h(x)| takes on its 

maximum value. From (50), for xe E xq,x2 we have

h(t) dt » h(t) dt < [h(x^)| k(x - (49)

Thus for x < we have

I h(x) | < | h(x3)| (50)

which is a contradiction. This argument is now in a proper form for 

generalization and Th.(4.4.3) does just that.

4.4.3 Theorem

Under the conditions of Th.(4.4.1), if in addition T*  exists and is 

continuous, then the solution is unique w.r.t. the conclusions 1), 2), 3). 

Pf. Suppose, fjg satisfy conclusions 1), 2), 3).of Th.(4.4.1) then

f(x) - yQ 

and

g(x) = y0
"o

so
f(x) - g(x) w f (T(!;f(C) -T(6,g(6))j dg (53)

x

I T(e,f(O) dS 
ko

(51)

x
A T(&,g(O) d&

(52)

Thus by (58), and Th.(1.2.5.4),

x 1

f(x) - g(x) = / / T’(|,g(O + a [f(t) -g(%) J)(o,f(0-g (§)) dads

(54)
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Let B be the convey equilibrant, and topological closure of the range 

of T. Thus B is compact and hence = topological closure of B-B is a 

closed, convex, equilibrant Bdd set. Also by (51),(52)

f(x)-yo e(x - xQ) B (55)

and

g(x) - yo e (x - xQ) B (56)

so

f(x) - g(x) e (x-xQ) (57)

We define the function g:Eq-------> E by

a(x) = inf £ 0, f(x) -g(x) eXB1), (58)

From (57) we have

a(x)< x - xQ (59)

Further, if a(x) = 0, tlien f(x) -g(x) = 0 for if y^=f(x)-g(x) * 0, then 

tliere exists a Nbd of 0, V, in F such tiiat y^ g V. Since 3^ is Bdd, there 

exists XQX) such that XQB^c V and hence a(x) > XQ > 0. F .Ltally, if 

x^, xn e Eq, then we Imve from (53)

xi
f(xj - g(Xg) - J (T(*,f(&))  -T(&,g(&))) de 

o
Xp

+j (T(t,f(&)) -T(&,g(e))) de

» f(x1) -g(x1) + ; IT(&XO) -T(bG(O)) d&_

(60)
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So by definitiOTi of a, 8% and Th.(1.2.4.4),

" g(Xg) e (af^) ♦Ixg-xj) B1 (61)

Hence

a(x2) < a(x1) ♦ Ixg-^il (62)

and since the argument is symmetric in x^, xc we have

I a(Xg) - 15 |*2-*i  I

Thus a is continuous and hence attains a maximum on each closed sub interval

of Eq = [xo,xq + a]. lat x^ = Sup (x ct(x) » 0]. Suppose x^-xo< aQ.

Let Xg e(xi> xq+ such that x^-x^ < 12. Then there exists x^x^x^J 

such that

a(x^) « Sup {«(x) | xe[xo,x£]} > 0 (63)

Thus if xe[x0,xo]

f(x) - g(x) e a(xp B1 . (64)

We define the function hiEQ------- F by

1
h(Ü » J T'(bg(Ü + o [f(t) -g(i)] )(o, 

o
) d° <65)

Since T’, f, g are continuous, h is continuous. Further, by (51), (6^) 

if xe txQ,x2)

x
f "(Cd; - e»!

xo 3
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We now claim that h(x) e2B1 for all x e [xq,x2J. Suppose x^e(xo,a^)*  

and h(x^) i 2B^. Since 2B^ is closed and h is continuous, there 

exists x^, x< such that

\ < *2 (6?)

and h(x) is in some Convex open set G whose closure S is disjoint from 

for all xetx^,^]. Thus by Th.(1.2.4.2) 

x
J h(O dj e 5 . (S3)

However,

x

X5

But this

by (66) and since is convex and equilibrant, 

x x6
h(() de - h(e)de - fhCDdl 68,-8^28, ( )

V J 11 1
xo x5

contradicts the fact G O 2B± = 0. Hence h(x)e2B^ for all 

xe[xo,xp) and by continuity the claim is proven. Thus for all 

xe[x ,xj,

x
f(x) - g(x) = a(x3)Jh(£) d£

(70)

and since a(x) = 0 for xe[xo,x1], then f(x) - g(x) = 0 so by (65), 

h(£) » 0 for xe[xQ,x1]. Thus, by our claim,

f(x) - g(x) “(Xj) / h(£) d£ g93(x3)(x2-x1) B1 (71)



In particular,

fO3) - g(«3) eaafXgXxg-xp B1 (r)

and since <11 2, y have afxp < a(x^) which is a contradiction. 

Hence x^ cannot be an interior point of E , that is f(x) -g(x) = 0 for 

all xeE . -° I
4.4.4

We now consider two examples. In the first case, in addition to 

applying Th.(4.4.1),(4.4.3) we will able to exhibit the solution 

explicity, using the methods of ordinary differential equations. Thus 

we can see what kind of functions will satisfy our differential equations. 

In the second example, we obtain existence and uniqueness of solutions 

of a certain class of intergro-differential equations. Explicit solutions, 

if at all obtainable in tills case would be very complicated.

4.4.4.1 Example

We take E » R, F el, E^ R, Fq = Vf (mJ, kJ) with Then 

we define T: E,xF------->F by 1 n------------ *

T(x,y) - y’(0)y1 (73)

where y^cF^ and y’ is the derivative of the function y. It is easy to 

see that T is continuous. Further, if yeFQ, My is the upper bound 
of J y^\t) | , K is the support of y^ and fT(x,y)] (t) is the 

vth derivative of T(x,y) evaluated at t, then T(x,y) is supported by 

K and

( T(x,y)]v (t)| = |y’(0) y^(t) (74)
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Ihus T(EjxE0) is a Bdd subset of F. The assumptions of (4.4.1) are 

then satisfied so we may assert the existence of solutions. Further, 

since T is linear and continuous, by Th.(1.2.5.3), we have 

T'lE^xF^------- f (ExF,F) is given by

T*(x,y)(t,h)  - k,(0)y1 (75)

and this clearly continuous, so by Th.(4.4.3) the solution is unique. 

We shall now obtain the explicit} solution under the initial con­
dition

%*)  " yo (76)

where y^eF^. What we are looking for is a function fiE^xR-----» R 

(we abuse the language by using the same letter, f) such that —
5rv 

exists for all v » 0, 1, •••• and for each xeE^, f has eui^^ct support 

on R. We further demand, after (73) that

H (x,t) = (x,0) y^t) (77)

and after (76), that

f(0,t) = yQ(t) (78)

If we integrate (77) w.r.t. x from 0 to x we obtain

x
f(x,t) =%(t) + (J (6,0) de) y^(t) (79)

o

and if we define aiE--------- > r by
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x 
a(x) -(6,0) de (80)

we have

f(x,t) = a(x) y^t) ♦ yQ(t) (81)

substituting (81) back into (77) gives

a,(x)y1(t) J (a(x)y^(O) + y^(0) ] y^(t) (82)

and (78) becomes

G(O)y1(t) = 0 for all t. (83)

3f = 0 then (77) clearly has the unique solution

f(x,t) = yQ(t). (84)

0, (83) becomes

a(0) = 0. (85)

Then the problem (83), (85) represent a family of ordinary differential 

equations (indexed by t) which has the unique family of solutions

y;(°) y{(o)x
<*)-< W " -1)

(86)
y;(o)x if y{(0) * 0
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(81), (84) and (86) together give the following unique solution,

4.4,4.2 Example

y;(0)
-i) yi%

(87)

y;(0) xy^

+ o

• 0

%

Let E ■ R ' E^t-1,11 and Fo - V ( In^}, with

Let KxE1 x R x E±----- * R such that

for each x, osE^ the function : R—>R defined by

K (t) = K(x,t,a) A|V
is an element of £

11) The family IK 1 is a Bdd subset of X,0 X, Octi.
àvKFor each v = 0,1, ... the function —- is 
dt

continuous in x,cr

uniformly w.r.t. t

iv) K(x,t,0) □ 0 for all x e teR. 

zXn example of such a function is

______ 1___________
oe 1 - [(2-^x)(2*a)t] ‘

if |(L+x)(2+a)t| < 1

K(x,t,o)

0 if j(24x)(2+a)|> 1

%en we my define TiE^ x Fq------- > F by

co
T(x,y)(t) =J K(x,t,y’(O) W

- %o

(90)
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The condition of Th.(U.U.l) are satisfied. For Th.(4.4.3) we have to 

assume in addition, 
2k v) exists and is continuous

Then we have the existence and uniqueness of a function f lE^xR—* R such 

that

(x,t) . JK(x,t, (x,e)) dt (91)

4.5 The Finite Dimensional Case

4.5.1

We now turn to the case in which E^bcR. At first glance, one might 

expect to be able to ignore this situation. Certainly, for F«R or any 

Banach space, it is ignored. The reason is that one must certainly assume 

some sort of symmetry for T’, and thus we have already the existence and 

continuity of T’. This ensures that a Lipschitz condition is satisfied 

and then one can give a "Picard" type proof as is done in [18]. After 

some study, we are forced to conclude that the Lipschitz condition depends 

irrevocably upon the fact that all Nbds of 0 are scalar multiples of a 

single Nbd, which is sufficient for F to be a Normed space.

Thus we are led on a more circuitous path. First we present a series 

of lewnas which develop a calculus for functions which are continuous and 

or differentiable except for jumps. These are generalizations of previous 

results, and except for Lemma (4.5.7) are rather trivial and unsurprising. 

We give them here and call them lemmas because without them our proof of 

Th.(4.5.14) would be rather vague. They will not be used elsewhere. 

Th. (4.5.14) on the other hand is crucial for the proof of Th.(4.6.2).



Let F be a LCEVT and letWe begin with some definitions.

I = [0,l]cR. Let S » (a , ...,a ) be a finite subset of I. Let 

f:I—>F. We say that f is continuous except for jumps on S if f 

is continuous on each subinterval whose interior is disjoint from S. 

We also define the integral by

1 2+1 ai
j f(t)dt = ; j f(t)dt where aQ = 0, ap+1" 1

° ai-l

(92)

The first lemma is an easy generalization of half of the fundamental 

theorem of calculus.

4.5.3 Lenina

Let f:I---- »F be continuous except for jumps on S and define 

g:I-—> F by ,
x

g(x) = f(t) dt (93)
d

then g*  exists and is continuous except for jumps on S and if xel S, 

then

g‘(x) = f (x)

Pf. If by (92),

lt-1 a. x_ 1
g(x) = ' f(t) dt + f(t) dt (94)

« Cl 4
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Hence if 0 < I h I < HlnCx^, a^-x),

x + h
[g(x+h) -g(x) ] - f(x) = j f(t)dt - f(x) 

. x
x+h

s I J U(t) -f($)] dt 
x

(95)

Let V be a convex, closed Nbd of 0 in F. Since f is continuous at x,

there exists 8 > 0 such that if |t-x|

f(t) - f(x) eV

< 5 and te[ak, a^^], then

(96)

Thus if | hl < 6, it follows from (95), (96) and Th.(1.0.4.4) that

£[g(x+h) -g(x)J -f(x) e^hV = V (97)

I
The next lemma is easily recognized as a classical result. The use of the 

Hahn-Banach Theorem is also a standard trick.

4.5.4 Lemma

let F exist on 1*6  and let F(x) = 0 for all xel*6.

Then f is constant on any interval whose interior is contained in 1*6.

Pf. let u be an element of the topological and algebraic dual F*  of F.

Then u»f:R----- ) R and u f is continuous and has vanishing derivative on each 

l-apai+l]’ Therefore u’f is constant on each thus if

^2^ ^i ’ ^i+1 * then

«(^(tj) - f(t2)) = u(f(tp) - u(f(tg)) = 0 (98)
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But this is true for all ueF*.  Hence by the Hahn-Banach Th.(1.2.2.9) 

f(tp - f(tg). / I

The next lemma gives us the other half of the fundamental theorem 

of calculus. It is mildly surprising that we obtain (99) which is free 

of any mention of the jumps. They are eliminated by assuming that f is 

continuous.

4.5.5 Lemma

Let f;I—* F be continuous such that f*  is continuous except for jumps 

an S.

Then x
f(x) - f(0) + J f'(t) dt (99)

o

Pf. Let xel^. By lemma (4.5.3)

x 
(f(x) -j f'(t) dt)1 - f'(x) - f'(x) - 0 (100)

o

From lemma (4.5.4), if xe

r 
f(x) - f'(t) dt » f(a^) - j f’(t) dt (101)

o o

For k = 0, this means, for xe[0,a^), 

x 
f(x) - ' f'(t) dt = f(0) (102)

o

and since f is continuous,
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fl
f(ap -j f'(t) dt « f(0) (103)

Hence, by (101), (103) for xe[a1,ao),

f(x) - j f’(t) dt - f(0) f*(t)dt  - j f’(t)dt = f(o) (104) 

o O o

and so on for the other intervals.

4.5.6

Now we turn to the case, fi I x I---- » F. We take S to be a 

subset of I x I of the form

S = ((t,x) J t=y^, 1=1,...,m or tx » x^, j = 1,...,n)

Then as before, if f is continuous on the closure of every connected 

subset of I x I * S, we say that f is continuous except for jumps on S. 

In lemma (4.5.7) we prove an analogue of lemma (3.3.1) concerning 

differentiation under the integral sign. This result is not free from the 

influence of the jumps, although it is not easy to see on which set the 

result fails. It turns out to be just the set x^, ..., x in g. . 

The proof of lemma (4.5/7) is essentially the same as that given for 

lemma (3.3.I) except that careful record must be kept of the contribution 

from the jumps.

4.5.7 Lemma

^t ft I x I—» F be continuous and have a derivative which is 

continuous except for junps on S. Let gt I------- >F be defined by
I

g(x) « P f(t,x) dt (105)

o
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Then g is continuous end has a derivative which is continuous except 

for jumps on the set Sx = and for x « I ~ S,

(106)

pf. Let us define functions ty :I---- » I by

ty(x) = y1(i = r 1) or

1 if a : x x. 
- - J

tv(x) =< (107)

< 1

Thus v = 0,..., m+n+1 and for each x, we reorder the numbers to(x)/;^(:;),.„ 

according to magnitude with duplicates being dropped. (See Fig. 1).

Now let x * ! ~ S% and we define the function gv:I ~ Sx—» F by

g*)
Kv(x) = J •

tv(x)
(108)

Let h be such that the interval

[x - |h|, x + |h| ] doos not meet i 

Sx. Then we have f • is ctmtinuous 

on each of the compact sets, ÿ

yi y2 y3
Fig. 1
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Let

v \(X) < t < ty+i(x)) . (109)

v (HO)

By (108),

ty(xA)

^l(^)
(f(t,xth) - f(t,x)) dt * i- [ f(t,x) dt 

U J
t (**h)

v+1

+ j J if(t,xth) -f(t,x)l dt+g j f(t,x) dtf(t,x) dt . (Ill)

W*)  tytl®

Applying lemma (U.S.5) to (111) we obtain

(t,x))d| dt + £ - -
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tyCx) x+h

r J ç J J (t,() ds dt .
\(g*h) x ' x (U2)

The functions are continuous on the compact set 0 so their 

ranges are compact and hence Bdd subset of F. Let V be a closed 

convex Nbd of 0 in F. Then there exists such that

7 (C )ctV and 21 (C ) . (113)
dx v * dt

Further, since blbds of 0 absorb points, there is a k such that

f(ty(x),x) e x^V and fCt^fx),^) 6 X^V . (W )

Let x, = )» We choose 5^0 satisfying the following six

conditions. If (t^,x-)) and (t^,x^) arc in and |t^-t^| < 0, x^-x,, < 5 

then

5 6 % v
where 

r 1
I 1

m = min < 1, ---------------------------?
I hvtiW -

and if 0 < Ihl < 5, then

(115)

W^‘) -
h

(116)
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and

(117)

and

2
- i------ E-----—

(118)

(119)

t,(ê*) -\(x) 

h

and

The existence of 5 follows

t/x+h) -ty(x) (120)

from the uniform continuity of on Cy, and

continuity and differentiability of ty+1> ty at x.

Thus for 0< |hj < 6, we have from (112),...(120) and Th.(1.2.4.4)

tv*l^  -
△ 4 J dt + ^+1(7)f(tv+1 (x),^)- V(SE)f(tv(x),ïï)

Ltv(x) J
€

€(^(8) -t/x)l g V^-W XV XV .

iv + iv + iv + iv + iv+ivcv .e 6 u o o o o (121)



Thus,

gy(x)“ J ^(t,x) dt + t^(x) f( t^(x) ,x)-t^(K) f( ty(x) ,x) . (122)

%(%)

On the other hand,

P 
g(x) = ^8v(x) (123)

v«O

so p
g*^”Z (124)

VcO

and by (122)

P P
g’(x)«y (t,x) dt *y  it*  (x) f(t ,(x),x) -

«J VMK rrx

v=0 ty(x) v=0

1
~ % (x)f(%(x)x)) « y H (t,x)dt + f( t^CX) ,x)-

0

- t^(x) f(to(x),x) . (125)

And because t^^(x) » 1, tQ(x) = 0 we have 

1

g'(x) - j (t,x) dt . I
0

4^ ■

Before going on, we indicate why we have taken our special form for

8. What we have in mind is a function h: I x I-—» F which is obtained

from a function P: I y F by setting
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h(t,x) = P(tx) . (126)

Then if P (ar P') has jumps at then h has jumps an a set S

of the kind discussed above. This will be done in lemma (4.5.12) but 

first a pair of simple results which are special cases of theorems in 

Section 2.

4,5.9 Lemma

Let f:I—» F such that f* is continuous except for jumps on S and 

let 0:1—»I such that a*  is continuous.

Then g = f •a has a derivative which is continuous except for 

jumps on S and if a(t ) 6 I ~ S, 

g’(t) = f'( a(t)) a'(t) . (127)

Also, h = Of has a derivative which is continuous except for jumps on 

S and if t e I ~ S,

h'(t) = a'(t) f(t) + a(t) f'(t) . (125)

pf. If we restrict uO any subinterval of I - S, then these results 

follow immediate^ fror th.(2.4.1) and corollary (2.6.3) .

4.5.10 Lenmia

Let f:I—► F such that f’ is continuous except for jumps on Sj and 

let C;I —I such that a is continuous except for jumps on and let

0:1 —>1 by 9(t) = ®(t) dr .

Then

J a(t) f(t)dt = 0(1) f(l) - 0(0) f(0) - f 0(t) f’(t)dt . 

0 (129)

pf. With lemmas (4.5.7), (4.5.9), the proof can be done in exactly 

the same manner as the classical proof of the integration by parts formula.

I
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4-5.11

Now we prove lemna (4.5.12) which is actually a generalized form 

of th.(2.3.3), for the case E = R x R. Here we replace the symmetry 

condition by demanding that the cross partials differ by a certain amount 

in return we get a function whose partials differ from the original func­

tions by the same amount. With the previous six lemmas, the proof of 

lemna (4.5.12) is formally the same as the classical result with the 

error carried along.

4.5.12 Lemma
Let S =£(x,y) «I x I / x = x^, i = l,...,n or y = y^, j = l,...,nj>. 

Let P,Q:I x I—► F be wo continuous functions which have derivatives 

continuous except for jumps on S. Let f:l x I—y F be defined by

1
f(x>y) = J (x 

0
P(tx,ty) + y Q(tsc,ty)} dt . (1-0)

the property that for all t such that (lx,ty ) <1x1 S

For each x,y let A be a x ,y clewed, convex, equilibrant subset of F th

"% (tx,ty) - (tx.ty) <Ax>y . (MD

Then f is continuous, f is; continuous except for jumps on S and

df , , PCcy) € * (1-m

df . x 
sr C^y) - Q(x,y) « S A . (133)

pf. Suppose y is different from yj,... ,yfi. By lemma 4, exists 

except for x = x^ and from (106), (127) and (128), it follows that for

X f Xi .
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(tx.ty) S dt

x ~ (tx,ty) + y ~ (tx.ty)
. ax dy

dt +

(tx,ty) dt (134)

Applying lemma (4.5.10) to the second integral and (131) to the third,

we obtain

(x^) € P(tx,ty) dt f t P(tx,ty)

t=0

1
J' P(tx,ty)dt + 

0
Z A 
2 x,y

= P(x^) + Ç A . (13 5)

(133) is obtained similarly. 

4.5.13

Now we are ready for the two-dimensional existence and uniqueness 

theorem. The proof can be divided into four parts. First, we break the 

square into subsquarcs and define an approximating function by making :t 

linear on each subsquare with 'slope' equal to the value of T(x,y,z) at 

the lower left vertex. A separate argument which invokes lemma 7 and 

the symmetry assumption is required to show that this function is an ap­

proximate solution of the corresponding integral equation. The second 

step uses Ascoli’s theorem to obtain a limit solution of the approximate 

solutions. This gives a solution to the integral equation. Unfortunately, 

as will be seen in the proof, we cannot simply differentiate. Instead, 

for the third step we consider the convergent subnet of approximate
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solutions, fix y and construct, for each of these, an approximate 

solution of a certain one-dimensional problem. We take a second sub­

net, obtaining a limit which is a solution of the one-dimensional 

problem, which is differentiable, and which is equal to the solution of 

the two-dimensional problem. This gives us one partial derivative and 

the other is obtained similarly. The fourth and final step of the proof 

is the uniqueness. This follows easily from th.(4.4.3).

4.5.14 Theorem

Let F be a Montel space, FQ a tonneau in F. Let E = R x R, 

lx = E1 = x y T:E1 x Fq—

such that T,T*  are continuous and

3E (x^,z)(h)(k) s gy (x,y,z) (T(x,y,z)(k)) (h) =

= (x,y,z)(k)(h) + (x,y,z) (T(x,y,z)(h)) (k) (136)

where x6 I . y < 1 , z € F , he E, k e E. x y o
Assume further that

T(Ej x Fo) is simply Bdd. (137)

Then there exists IQ = [K^x^a^] c I*  n 1 and a function

f:(x ,y ) + I x I —»F such tliat ^o^o o o o
/o ° zo

ii) f1 exists and f*(x,y)  = T(x,y, f(x,y)) (138)

! ill) f is un:que w.r.t. i), ii) .



84

pf. First we assume that xQ = yQ = zq = 0. The more general situation 

is obtained by the same type of transformation as used in th.(4.4.1).

We define P,Q:Ej x Fo—»F by

P(x»y,z) = T(x>y,z) (1,0) (139)

Q(x,y,A = T(x,y,z) (0,1) . (140)

From (136) it follows that

(x,y,z) + (x,y,z)(Q(x,y,z)) » (x,y,z) + (x^,z)(P(x,y,z)) .

(141)

Since the range of T is simply Bdd and E is tonnele, the range of 

T is an equicontinuous subset of (E,F) according to th.(1.2,7.3). 

Hence there exist M > 0 such that if |s| < M, |t| < M, (x^,z) € Ej x FQ, 

then

T(x,y,z) (s,t) e FQ . (142)

Let aQ = min(^,a). Let B be the equilibrant, convex, and topological 

closure of the set

U{ T(x,y,z)(s,t) / (x,y) • Ep s e t e Iy, a « FQ ) .

Then B is a closed, Bdd and hence compact subset of the Montel space F.

Thus the restriction of T to E. X B is uniformly continuous. Also, 
dP dQ
gg. (E^ x B), (Ej x B) are compact, hence Bdd, hence equicontinuous 

subsets of <^(E x F,F).

Let V be a tonneau in F. We choose 8 > 0 and U,W tonneaus in F 

such that

U C - V3
(143)
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If lxrx2l s *'  kr^l s »> «. b, 8« ix> te i^,

then

T(x1,y1>z1)(s,t) - T(x2,y2,/z2)(s,t) e U (144)

and if (x>y) « E^, z € B, v e U, then

dP . i
— (x,y,z)(v) 6 ~ V (145)

(x,y,z)(v) « ~ V . (146)

(145), (146) express the equicontinuity, with U chosen to satisfy (143).

W, & are then chosen to satisfy (144) according to the uniform continuity 

of T mi Ei x B. We define a partition « (V ) on E = I x I by 
x O O o

° = < ?nfl = "o (1^)

such that

|*^)| = ®upn\+i"xii» iyj+ryji} - ?) (148)

where X > o is such that KB CW. We also define the expressions

to = *1'  to = Yj where x. < x < x^, y< y < y (149)

Now we can define the function £,;E —F by " o n o *

f«(0,0) = 0

%(x,y) = &(to,Ey2) + T([x],[y], f%([x],[y]))(x-rx],y-fy]) . (150)

Let us assume tliat

^(W,[y])€jMBnFo+|ry]BnFocBnFo . (151)
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Then from (150), (142) and the definition of B,

« H Cxi 8nFo [y] BnF0 + 5 (*-CxJ)  BnFo +

+ gCy-CyDBnFoCZB^+ZB^F^cB^F^ . (152)

Thus the range of f R is truly B n F^.

Let (x^c) 6 Eq, (x*̂*)  € Eo« We define

x = min(x^c*),  y = mln(y*y*)  . (153)

Clearly

S|(x»y) - ^t(x*̂*)  = ^(x,y) - ^(xj) + ^OcJF) - ^(x*,y*).  (154)

Siçipose that x = x, y = y. Then

gx,y) - Ç(x*̂«)  = ^(F^) - f,(x»^*)  = - ^(x'^) +

Xe,ÿ) - ^,(x*̂*)  . (155)

To each term of (155) we apply the argument used to obtain equation (35) 

in the proof of th.(4.4.1). We obtain

Ç(x>y) - Vx*»y)  € | + \ y^ I ) B . (156)

The other three cases are bandied similarly so that (156) is generally 

valid. This completes the first step of the proof. Mow we must analyze 

the partials of f^. Suppose x / [x] and y / [y]. From (139), (140), 

(150) th.(1.2.5.3) we have 

$(x»y)(s>t) = T([x], [y], Ç([x], Cy]))(s,t)

= P([x],[y], ^(Cx],[y]))s + Q([x],[y], f^xj/y])^

3 (x^))s + Q(x,y,f (x,y))t + APs *AQt
* * (157)
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where

AP = P([x],[y], f/[x],[y])) - P(x^,^(x^))

= T([x],[y],fx(Cx],[y))) (1,0) - T(x^,f#(x^)) (1,0) (158)

and AQ has a eiiailar expression.

ey (148), »-[x] s |x(v)|, y-[y) < |« <v)| - Henee by (1S6), 

fJCxLCy]) - f3(x») « 2|«6r)| B e kBc v . (1S9)

Thus by (144), we have

APe U . (160)

Similarly, it may be shown that

AQ« U . (161)

How we make the following definitions

P (x,y) = P(x^, ̂ (x^)) (16%)

Q (x^) = Q(x^, fR(x^)) (I63)

f (x^) = [ (x P(tx,ty) + y Q(tx,ty)} dt . (164)
* ^0

Applying th.(2.4.1), (157), (136), (161), (143) and (146), if (tx,V)

is not one of the mesh points, we have

3% (tx,ty) = t (tx,ty, f (tx,ty)) + 
cy cy s

àf, s
+ t SK (tx,ty, f (tx,ty)) ( —& (tx,ty))

dF *
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= t (t»,ty, fx(tx,ty)) +

♦ t (tx.ty, f#(tx,ty)) ^(tx,ty, fM(tx,ty)j)

♦ t |p (tx,ty, f„(tx,ty)) M)

■ t (tx.ty, fx(tx,ty)) + (165)

♦ t H (tx,ty, f (tx.ty)) ^Q) 
or m

= § (tx.ty) + t (tx.ty, fx(tx,ty))^Q) € ~ (tx.ty) + | V .

Thus by lemma (4.5.12), is continuous, its derivative is continuous 

except for jumps at the mesh points and

df ~ •!(x,y) - P (x,y) c | v (166)

^x _ ,
r— (x.y) - Q (x,y) € 1 v . (167)
Au °

Thus, from (166), (157) (160). (143)

U + r V c | V<
6

(168)

and similarly

df
(169)



89

Applying lemma (4.6.5) then gives

(170)

(164), (162), (163)Thus by

J <x P(tx,ty, fe(tx,ty)) + y Q(tx,ty,^ 
0 '

dt =

1

dt c V . (171)
0

It follows from (156) that (£g) is an equicontinuous family. Now we 

apply th.(1.3.1.5) exactly as in the proof of th.(4.4.1) to obtain a

continuous function f:I x I —* F such that o o
1

f(x»y) = / T(tx,ty, f(tx,ty))(x,y) dt .

0
(172)

Unfortunately, none of our previous results (such as lemma (4.5.7)) 

will permit us to differentiate (172) to obtain (138) since the derivative 

of f would appear on both sides and we do not know that this exists.

What we must do then ie show that f, for fixed y is the solution of a 

one-dimensional problem. We will then be able to differentiate.

Let y c io and let = £V) be a Nbd base such that

/
f (173)

where this limit is in the space of all continuous functions from
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IQ x to F, equipped with the sup topology. Let £ be the space 

of all continuous functions from IQ to F, equipped with the sup topology.

For each V < y , let « « « (V) and we define —» Bn Fo by

?g(x) • f^x.cyj) . (174)

From (156) we have

^(Xj) - 7/Xg) « jxi-Xg | B (175)

and by (15% (160), (143), we have if x is not one of the mesh points, 

df
?;(x) = (x.ryi) = f;(x,cyj)(i,o) ■ p(x,[yj, f/x,[yj)) +&p

« P(x,{y), T#(x)) + A V (176)

from which it follows by lemma 3,

0
?/x)

r* 1 y
/ P(tM 7M(t))dt <|v . (177)

Now we apply th. (1.3.1.5) for the family (f^^p in C to obtain another

Nbd basis = (W) c V aœi T t such that

T«(W) = 7 (W)

and
X

f(x) = J P(t,y, ?(t)) dt . (179)
0

But (173), (174), and the fact that “Wc "V implies

f(x^) = ?(x) . (180)

Hence by (179), (180),



91

(x^) = ?*(x) = P(x,yJ(x)) = P(x^,f(x^)) . (181)

Similarly, it ie shown that 

■ Q(x,y, f(x>y)) (182)

so by th.(2.5.3),

f’(x,y) = T(x^r, f(x,y)) . (183)

The final step of the theorem is the uniqueness. This will be a simple 

consequence of th.(4.4.3).

Suppose that satisfy 1), li) of (138). Then 

1
ff(x,y) « J T(Tx,Vy, f1^x,Ty)) (x,y) dr 1 = 1,2. (184) 

0

Let x,y 6 IQ x Io and define :I —► Fq by

gf(t) = fj(tx,ty) i = 1,2 (185)

and define T:I x Fe—► F by

T(t,z) = T(tx, ty, z)(x,y) . (186)

Then we have 
1 

g,(t) = / T(rtx,T ty, ty))(tx,ty) dr

/ : r* _

■ / Tft, g ft)) t dr = / T(r, g.(r)) dr . (187)
0 J0 1

Hence by leana (4.5.3),

g!(t) = T(t, Si(t)) . (188)
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Further, g^O) = ^(0,0) = f2(0,0) = g^(0), so by th.(4^.3), = g^.

In particular, ^(1) = or f^y) = f2(x,y) .

4.6 The non~ditnen8i<Mial case 

4.6.1

We are now ready for the main result which is the most genetai form 

of the existence and uniqueness theorem. Before going into the proof, 

let us compare th.(4,4.1) and th.(4.5.14) to see how th,(4.6.2) relates 

to each of these. One main difference between the one-dimensional and 

two-dimensional theorems lies in the definition of the approximating 

function (see eq. (28), (150))k in the first case we approximate along 

a straight line (which is the only possibility). We coulu, in two­

dimensional case, approximate along rays which would be si.pier. This 

would lead to a function satisfying (172) with no trouble at all. How­

ever, the argument which obtains T satisfying (179) and (180) would not 

be possible. Thus we define by approximating along each coordinate 

axis separately. We then go to some trouble and use the symmetry condition 

to obtain (172).

In the case of E an arbitrary Montel space, neither method works. 

Approximating along rays leads to the same d.ifficulty of obtaining the 

differential equation from the integral equation. Coordinate-wise ap­

proximation is hopeless in such a non-dimensional space. We are led to 

a combination of the two methods. First we approximate along rays and 

obtain a function f which satisfies the integral equation. Then we apply 

th.(4.5,14) to every two-dimensional subspace of E and obtain another 

function which by uniqueness is essentially f again. This permits us to 

assert that the integral of T(x,f(x)) around any triangle is zero and we 

are then able to compute the derivative of f and show that the differential 
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equation is satisfied. Finally, the uniqueness follows easily from 

th.(4.4.3).

4.6.2 Theorem ,

Let E,F be Montel spaces, E^,Fq tonneaus in E,F respectively, and 

Xo < Ei, yo « Fo. Let the function T:(xo,yQ) * x FQ—^^(E,F) be 

continuous, differentiable, and such that

T((xo,yQ) + Ei x Fo) is a singly Bdd subset of £ (E,F) (189)

and for all x € xQ + Ep y e yQ + FQ, h e E, k € E, 

— (x,y)(h)(k) + — (x,y) (T(x,y)(h))(k) = 
dE dF

= ~ (x,y)(k)(h) + 8. (x,y) (T(x,y)(k))(h) ; (190)
dE dr

then there exists a tonneau g Ei and a function f:x_ + E —» F. such O J- O O o
that

i) f(xo) = yo

ii) f‘(x) = T(x,f(x)) for all x € xq i Eo (191)

ill) f is unique w.r.t. i), ii).

pf. We may assume thar Xq = yo = 0 and having proved the theore: in 

this case, we may apply the usual transformation mentioned in th.(4.4.1) 

to obtain the result for arbitrary xo,yQ.

Th.(1.2.73) and (189) imply that T(Ej x F ) is an equicontinuous 

subset of e^(E,F). Thus if we define 

~ -1
Eq = Ei^T (Ei x F°) , (192)

then Eq is a tonneau in E. For reasons which will become clear much 

later on, we set E^ = 1 E . Let x e E and let t....,t be real 
u 4 o o o' n

numbers such that
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0 = tQ < ti < ... < < 1 . (193)

We define the points yQ>...^n recursively by

y = 0 o

y^l = V± + T(t1x>yi)(tjL+1x-tix) . (194)

If we assume yi € titen from (192), (194)

yi+iE h’» - c • w

so by induction and the fact F$ is convex, we inay conclude that the 

polygonal line connecting yo,... ,yn in order is contained in FQ.

Let B be a closed, convex, equilibrant, Bdd subset of E^.

equicontinuity, the set

Tb = U[T(x^)(B) / x e Eo, y 6 g (196)

is a convex, equilibrant, Bdd subset of and so is its closure 1$.

We prove this as follows. Let V be a tonneau in F. Then by equicon­

tinuity there is a tonneau W in E such that, if x g ?o and y e p then

T(x,y)(W) c V . (197)

Since B is Bdd, there is a number X > 0 such that

X B C k . (198)

We may then conclude from (196), (197), (198) that

X Tg c V . (199)

But since V is closed, then

HfiCV . (200)

Hence T$ is Bdd. The other properties are inmediate from (196).
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Let y e [yj j y^]. Then by the linearity of T(x,y), there is 

a t e [t,, t. ] such that 
1 i+1

y = y. + T(t^x,yi)(tx~t^x) . (201)

Now if x € B, then by (201)

y - y^ = T(t^x» yl)(tx-t1x) = (t^) T(t1x,yi)(x) (202) 

so by (196),

y - y. € (t-t.) c (t-t.) T0 . (203)

Since E,F are Mantel spaces, the set B x T& is compact, so the 

restriction of T to B x T$ is uniformly continuous. Thus if V is a 

tonneau in F, there exist tonneaus V in E and W tn F such that if 

^^2 € U> \,K2 G B$ y~?2 6 W* ^1*̂2 6 TB9 and h 6 B, then

T(x1>yi)(h) - T(x2,y2)(h) € V . (204)

S:nce B, Tg are Bed sets, there exists oQ > o such that if |ô| < ôo> 

then 

SB c U ,

Now we further restrict the numbers

We define fzE^—> Fo by defining it 

is an element of the boundary of Eo

5Tg c W . (205)

tQ,...,t^ so that tn = 1 and

i = 0,...,n-l . (206)

along each interval [o,KJ, where T 

as follows:

f(0) = 0 

f(tx) = f^X) + T(t^, f(tix))(!^-t^) , t1 < t < t.+i . (207)
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By (195) we conclude that f(E@) c Fq. Also, if a ç [0,1] and If 

x = a x € B, and t € Ct1,t1+1), then from (206), (205) and (203),

(t-t.)x 6 (t-tj,)B c v (208)

and

f(tx) - f(t1x) « (t-t.) Tfi C W . (209)

Thus from (204) we have

T(tx, f(tx))(x) - T(t1x, f(t^x))(x) e V . (210)

If a e [t^,ti+^J, then from (207)

1

v-0
1

+ T(t^x, f(t^x))(ax-t^x) - J

0
T(tx, f(tx))(x)dt

^v+1
3^ x> f( "o' *))(%)  - T(tx, f(tx))(x)J dt +

V'

f(t/))(x) - T(tx, f(tx))(x)>dt . (211)

From (210) it follows that each integrand in (211) is an element of V,

so by th.(1.2.4,4) and the convexity of V,

f1 v t
f(x) - J T(tx, f(tx))(x)dt e 2, —y

0 v=0
V + (1 - ~ ) V c V .

(212)

Recall that (212) has only been shown for x e B. We shall refer to f

as a (B,V) - approximate solution and write f^B y) where necessary to
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avoid confusion. f is continuous on each set t.— t.E_ because 1+1 o I o
T is continuous and since f is single valued on the intersection, f 

is continuous.

We cannot now apply the Ascoli theorem because EQ is not compact. 

We shall apply it for each ray and then show that the functions patch 

together properly.

Let I = [0,1] and let x e Eq. We define the function TX:I x FQ—>F 

by

Tx(t,y) = T(tx,y)(x) . (213)

For each tonneau V in F we define the function g :I —► F by
V,x o y

where B = r-x,x], x being on the boundary of Eq and colinear with o,x.

Then it follows from (212), (213) and (214) that

- %,«<“) -/0 T(TX, ^^(Tx))(x)dT

1
= -JQ Tptx, ^B^\(^tx))(tx)dT e V . (215)

Now let t,t*  e i and say t. < t < t. t. < t*  < t. _, i < j .1 — — i+l j — — j+1 —
Then from (209),

3-1
4,x("') - «V,x(D ■ + I f«»,x<W - «ïp.hk» -

k=i

' (216)

k«i

C(t*-t)T B .
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Now T- is a Bdd subset B
Thus we have shown that for

of F which depends only on x and not on V

again apply th.(1.3.2.3) to

each x, (g } is equicontinuous so 
V,x y

assert the existence of a continuous

we may

function

If a e [0,1?

from (214)

g/t) (217)
0

then x, ax will be co-1inear so B will be the same. Thus

g (at) 
V,x

(218)

Hence, 

f (g) = Sv. (0^) •OX x

Therefore, we may define f:E@—Fq by

(219)

f(x) = gx(l) (220)

and conclude from (217), (213), (219), that

r1 r1
f(x) = / T (t, g (r))dr = / T(tx, g (t))(x>1t

Jo J 0 x

r1 r
T(rx, g (l))(x)dT = T(tx, f(Tx))(x)dT . (221)

0 Jo

Thus we see that f satisfies the integral equation. We now turn

(221).

e E„. We define the function

to the problem of differentiating

Let EQ = ~ Eo and let Xj^ 

\ g:I x I x Fo—><<(R x R,F) by

^l,2^'^^^ = ^^l + + ™2) (222)
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and we define the function h:I x I —> FQ by 

h(s,t) = f(8x1 + tXg) . (223)

From (221), (222), (223) we have
1

h(s,t) = J

0
+ Ttx2))(sx1 + tx^)dT

Tt' ^(^8, Tt))(s,t)dT . (224)

We leave h for a moment and apply theorem (4.5.14) to T, . It is clear 1,2
that T , T’ are continuous, for T, T’ are continuous. Similarly, 1,2
the range of 2 is a simply Bdd subset of (R x R,F). Finally, we

turn to the symmetry condition. We have, as in th.(3),

P(s,t,y) = T1>2(s,t,y)(l,0) = T(sx1 + tx2,y)(x1) (225)

Q(s»t,y) = Tlj2(s,t,y)(0,l) = + tx^,y)(x^) . (226)

Therefore, from the definition derivative and from (190),

3t (s,t,y)(Q(s,t,y))

= x^n 7 ^(^1 + ^2 +^\,y)(x ) - T(s^ + tx^,y)(x )1 + A ' '> V \ • 1 J- X

+ X ' **2>y  + ^T(ax^ + tx2,y)(x2))(x1) - T(sx1 + tXg,y)(x^)

ÔT ÔT3 3Ê («*1  + tX2»y)(%2)(xi) + 3F (8X1 + tx2,y)(T(sx1 + tx^,y)(x^))(x^)

dT dT
= (sxT + tx2,y)(x1)(x2) + æ (sx1 + tx2,y)(T(sx1 + tx2,y)(x1))(x2)
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= I (T(sx1 + +x x1,y)(x2) - T(8X1 +

lim — (7(8X1 + tx«,y + XT (ex
X-*0 i ■

+ tx2>y)(x1))(x2) - T(sx^ + tx2,y)(x2)l

= H (s,t,y) + (8,t,y)(P(8,t,y)) . (227)

Thus the coiditions of th.(4.5.14) are satisfied and we may assert the 

existence of I = [o,a_] and a continuous functicm h:I x I —» F such O « o o o
that

h(0,0) = 0 (228)

and

h'(s,t) = Tt 2(s,t,h(s,t)) . (229)

Hence, 
1

h(s,t) = J Tx 2(ts,t t, h(Ts, t t))dt . (230)

0 ’ .

Thus by (224) and (230) and the uniqueness, væ coiclude that h = h, at 

least on their cation domain. Hovyever, let us look closer into the 

proof of th.(3) and compute aQ. We have ao = minfl, - M}. On the other 
1 — 2

hand, since x^,x^ € Eq = — Eq, if |u | < 2 and |v| < 2, then by convexity,

ux1 + vx = 4( H xi + 7 x ) € 4E = E . (2 1)
j-z 4 * % z o o

Hence,

Ti>2(8,t,v)(u,v) = T(sx^ + tx2,y)(ux1 + vx^) g T(sx1 + tx^,y)^) c FQ 

(232)
so by (140), H 2. Thus aQ = 1 so = I and h = h. Therefore h*  exists 

and
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h'(s,t) = 2(s,t, h(s,t)) . (233)

This means that the integral of (233) around any triangle is 0. More 

specifically, if s-p s^, tp e I, by th.(1.2.5.6), 

1 1
J Tx 2(<»2» h(o82, fft2))(s2,t2)do = J h’(<^2, ot2)(s2,t2)do

= h(s2,t2) - h(0,0) = h(s2,t2) (234)

and
1

J t1>2(®s1> h(os15 at1))(s1,t1)do = h(s^,t^) (235)

0 

and 

1
J Tx 2(s1 + a (s2”si)> + h(ai +a(s2-6i)» \ + a(y-t^))

0 ’

1
^2"^1^2~^1^^ = J h’(sl 4 ®(s2“sl)’ ti (^2~^l^^^l'^~^l^

= h(s2,t2) - (236)

and adding these three, and substituting s9 = t^ = 0, s^ = = 1, we

obtain, 
1 1

J t1$2(0iC» h(0,o))(0,l)da = J h(cr,0))(l,0)do +

1
+ [ T (l-c,a, h(l-o,o))(-l,l)do . (237)

J Q 1,2

With the relations (222), (223), we obtain from (237),
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1 ,1 
= j f( x1))(ffx1)de +

1

* J0 T^X1 + + (238)

and (238) la valid for all x. ,x_ e E . 
X 2 O

We can now compute f fro,, (221), (238). Let x be an Interior point 

of Eo and let B be a cloaed, convex, equilibrant, Bdd subset of E. Let 

\, > 0 such that x ; c Eo. Let h£ B, |\| <^. Then with = x, 

^2 = x + Mi, froin (221), (238)

1 
f(x + \h)-f(x) i r ,

* ~ K J0 T(x f(x ia\h))^h) . (239)

Therefore,

f(x f Xh)-f(x) , z r1 r
X - ^(x, f(x))(h) = j < T(x ioXh, f(x ^Xh))(h) -

0 *-

- T(x, f(x))(h)Idff
1 1 J

f(x) "Cf(x ^h)-f(x)])(oXh, f(x ^Xh)-f(x))

(h^T do

1 1
= J J T'(x ;T<*h‘ f(x) + T[f(x 

0 0

^h» Jo T(x ^Xh,f(x^poXh))(oXh)<V>)(h)dT do.

(240)
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Let B be a closed, convex, equilibrant, Bdd set such that 

x + XqB c % c Eq. Then as we have seen, U x T$ Is a compact subset of

E x F. Since T*  is continuous, T’(5 x T$) is a compact subset of

^^E x F, <Z*(E,F))  and hence it is an equicontinuous set. Thus if V 

is a tonneau in F, there exists a tonneau U x W in E x F such that

T*(B x TyXU x W)(B) C V . (241)

On the other hand, since the range of T is equicontinuous, there is a

tonneau UQ in E such that

T(Eq x Fo)(Uo) G W . (242)

Thus, if O < X-^ < XQ and X^B a U aUq, then if |X| < Xj and h E B, it 

follows from (240), (241), (242) and th.(1.2.4.4) that

_ T(x, f(x))(h) € V . (243)

Thus we have shown that 

f' (x) = T(x, f(x)) . (244)

This completes the existence part of the proof. The uniqueness can be 

shown in several ways. Perhaps the simplest is to remark that the 

function h has been shown to be unique.

4,6,2

We conclude this section with two examples. The first considers 

the situation in which F = R so the range of T is the dual space of E, 

and the second is an example of the most general situation with E = F = .

4,6,3 Example

Let E = > F = R, E^ = V([n^ )) with > 1, Fo = La,b],

Then T:Ej x FQ—^</(E,R) = *0',  and specifically, we consider
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T(x,y)(z) = a(y) «’(ajz'fa)*  + b J
-ta

x(a )z(o )daj (245)

where a :—> R ie a differentiable function. Using the concepts 

introduced in Section (1.2.8.2), we can describe this situation in a 

more compact notation. For each x € & , v = 0,1,..., let if c be 
ththe v derivative of the distribution corresponding to the function x.

Then we may write,

T(x,y) = a(y) (-a IT + b Dx] . (246)

It follows directly from the definitions that T,T*  are continuous. Let 

z f Ej x Fo. Then for all x e E-p y e F , we have 

« co
|T(x,y)(z)| < sup |a(y)| J |a| eQ j / z^a); da + |b| €q f |z(a)| da 1 

y € Fo L -co -so J

. (247) 

and since the right-hand side of (247) does not depend on x,y we have 

shown that T(E^ x Fq) is simply Bdd. Let us turn to the symmetry 

condition. We have

»
S (x^)(h)(k) = a(y) <a

»
h(o )k(a )do (248)

-30

and

x* (o )k’ (a )da

(249)

x

Since both (248), (249) are symmetric in h,k, equation (190) is satisfied.
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Thus the conditions may

that

(250)

or, according to (246), we have a non-linear real valued function f, 

defined on a Nbd in & such that

of theorem (4.6.2) are satisfied and we

assert tire existence and

f(O) is prescribed and

f(x)(z) ■ a(f(x))Ja

uniqueness of a function f : —> F such

30

x'(o)^'(o)ds + b x(®)z(o)d® I

f»(x) = a (f(x)) {-a + b Dx) . (251)

It is easy to see how we can do the same tiling for various other 

combinations of derivatives of Dx. The only thing that must be checked 

is the symmetry condition. That this condition will not always be 

satisfied is readily seen by considering

T(x,y) = . (252)

4.6.4 Exanple

Let E = F - (see Section (1.2.£.3)). Let = Fq = V(l, 7) and 

we define T:^x Fq—o^(E,F) by

[T(x^)(z)] (J = x( A ) y( I ) 2( I ) . (253)

Again the continuity of T,T*  are easily verified. Let 2 < , x < E^,

y e Fo, |=| < 1. Then

[t(x»)(=)]'(s) - 1 x-(i x4 )=( v ) » x(4 )y(| >=<4 ) +
4 £ Z 2

+ x( )y( )e’( ~ )
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< i sup |2z(Q + z’(6)| (254)
N 7

and since the right-hand side of (253) is independent of x*y,  we have

x F ) is singly Bdd.

We turn to the sycïnetry condition.

g (x^)(h)(k)j ft) = h( 1 ) y( | ) k( | ) (2SS)

and

(x»y)(T(x,y)C^))(h) (*  ) = x X ( 1 ) y( | ) k( | ) h( | )

Since both (254), (255 ) are symétrie

satis fl ed. Thus

(256)

in h,k, then equation (190) is

the uonditiems of theorem (4.6.2) are satisfied. In

addition, let us compute Eq. It is clear from (252) that

Thus we may take

xg(I c
E = - Ei aul E = 1 E. = V( - , > ). Hence 

o - J o 61 6 2
assert the existence and uniqueness of a function f:V( 1, ^ )

we may

-»V(1, I

such tliat f(O) is prescribed and

F o

[f (x)(z)] (Ç) x( I ) [f(x)3 ( ~ ) s( | . (258)
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of Sections 1, 2 and a symmetry condition, is enough to develop the 

classical variation of constants formula (Theorem (5.2.7)). The proof 

is formally the same as the classical one. The exponential function is 

defined and its properties are developed in let .mas (5.3.2), (5.3.5), 

(5.3.7), (5.3.8). Finally the uniqueness and existence of solutions of 

linear differential equations in the cases of variable coefficients' 

(Theorem (5.4.3)) and 'constant coefficients (Theorem (5,4.4)) is proven. 

5.2 The matrix of solutions 

5.2.1

First we define some terms which express certain properties of 

differential equations in matrix language. 

5.2.2

Let E,F be LCEVTs and a tonneau in E. Let TiE^ x F —>^(E,F) 

and for each x® we define T^:F —>^(E,F) by

Tx(y) = T(x,y) . (2)

If Tx € Z(F,^(E,F)) for all E^, then t?e sliall say that T defines a 

...inear differential equation. If T is independent of x, then we say that

the differential equation has constant coefficients. Let E « E be 
o l

another tonneau in E. If for each Nbd of 0,V in F and for each xe E
* o

there exists a Nbd of 0,U in F such that if c^,c € F and c^-c^ e U,

then there exist, independently of x, functions ► F satisfying

the differential equation and such that

ycM = C1 , y^(o) = c2

and
(3)

v
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and then we say that the differential equation has solutions which 

are continuous w.r.t. initial conditions.

Let Y:E0—>c^(F,F). Then if Y' exists, we have Y’;Eo—► ^(E^F.F)). 

We say that T possesses a solution matrix if such a function exists, 

and for all he E, k e F

Y* (x)(h)(k) = [TxY(x)j (k)(h) = Tx(Y(x)(k))(h) . (4)

If in addition, Y(x) is 1-1 for all x$ Eq and Y(0) is onto, we say that

I possesses a fundamental matrix. The next two theorems relate these 

'matrices' to solutions of the differential equation.

5.2.3 Theorem

i) If T possesses a solution matrix, then there exists a subvector 

space fit F such that for each c g G, there is a solution of 

the differential equation yc such that

yc(o) » c . (5)

11) If T possesses a fundamental matrix then G = F and if / c2

then yC1-yC2 never vanishes.

pf. Let Y be a solution matrix. We define G = Y(O)(F). G is a sub­

vector space because Y(0) is linear. Let ce G. Then there exists

d € F such that Y(O)(d) = c. We define y^:E^----->F by

yc(x) = Y(x)(d) . (6)

Then, with the comment that limits in the following considerations are 

to be taken uniformly w.r.t. h in some Bdd subset of E, we have from 

(6), (4)
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,;ww. », 

X—>0 X

= Tx(Y(x)(d))(h) = Tx(yc(x))(h) . (7)

Further, from (6), 

yc(0) = Y(o)(d) = c . (8)

This proves the first assertion. Now suppose that Y is a fundamental 

matrix. Since Y(0) is onto and G = Y(O)(F), then G = F. Now let 

ci,C2 e F and suppose that there exists x € Eq such that 

yci(x) = ycg^) • (*)

Then

Y(x)(c1) = yC1(x) = y (x) = Y(x)(c2) (10)

and this contradicts the assumption that Y(x) is 1-1.

5.2.4 Theorem

T possesses a fundamental matrix if and only if the differential 

equation has a solution for each initial condition, aiy two of which 

do not meet, and such that these solutions are continuous w.r.t. initial 

conditions.

pf. If T possesses a fundamental matrix, then everything but the 

continuity follows from th.l. Let V be a Nbd of 0 in F and let x < Eq. 

Since Y(x) € (F,F) there is a Nbd of G,U in F such that
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- Y(x)(U)c V . (11)

Let CpC2 « F, Cj-c2 e U. Then from (11), 

yC1(x>yC2(x) = Y(x)(c1) - Y(x)(c2) = Y(x)(c1-e2) c V . (12)

Now let ua assume that the functions y^(x) exist. We define the matrix 

Y by

Y(x)(c) = yc(x) . (13)

Equation (4) follows from reading equation (7) backwards, so Y is a 

solution matrix. Since yc(0) = c and since yc exists for each c, Y(0) 

is onto. Similarly, if the discussion leading to equation (9) is read 

backwards, and since the functions yc do not intersect each other, we 

obtain the fact that Y(x) is 1-1. Thus Y is a fundamental matrix.

Finally, the argument at the beginning of this proof is also reversible 

so that Y(x) is continuous.

5,2.5

We observe that one can show in the usual manner that the set of 

solutions of a linear differential equation is closed under addition 

and scalar multiplication. Also, if Y is a solution matrix and 

c e ^(F,F), then Y(x)c is a solution matrix, although cY(x) may not 

necessarily be one.

5.2.6

The next theorem derives the classical variation of constants 

formula. This formula gives the solution of a differential equation 

in explicit form when T is the sum of a linear term and a term which is 

constant on Eo and when a solution matrix is known for the case in which 

the non-linear part of T is zero.
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The only condition is the symmetry condition on T which

was needed in Section 4.

5.2.7 Theorem
Let E,F be Monte! spaces, EQ a tonneau in E. Let x F ~*<Z(E,F),  

A:E0—*r(F^E,F)),  and B:EO~>Z(E,F) such that

T(x,y) = A(x)(y) + B(x) . (14)

Let T satisfy equation (4.190) and let A possess a fundamental matrix 

Y such that Y”^ exists æ11 is continuous (see equation 2.51). Let

B,B*  be continuous.

Then for each c 6 F there is a solution y^ of

y’ = T(x,y) (I5)

such that

yc(0) = c . (16)

Furthermore, we have explicitly,

x
y (x) = Y(x)Y~^(0)(c) t Y(x) [ Y”^( 0 B( ^) d . (17)

c 'o

Furthermore, for each x, yc(x) is continuous in c. x

pf. First we must establish that the expression Y"^(%) D(s) d'

is defined and has a derivative which is equal to Y \x)B(x). For this 

we will use theorem (3.3.8) and some res its fran Section 2. By th.(2.6.2), 

(2.6.7), and eq. (4), (Y^B)’ exists and
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(r%B)'(x)(h)(k) = f(rI),(x)(h)](B(x)(k)) + Y'^xXB'CxXhXk))

= - (^(xyy'Cx) Y* I(x)l(h)(B(x)(k)) + Y^CxXB'CxXhXk))

= rX(x) [B'(xXh)(k) - (A(x) Y(x) rI(x)(B(x)(k))(h)]

= Y* 1^) [B'(xXh)(k) - A(x)(B(x)(k))(h)] . (18)

Now using th.(2.4.1), (1.2.5.3) and eq. (4.190), (14) we have

A'(x)(h)(yXk) + B’(x)(h)(k) + A(x)(A(x)(y)(h))(k) + A(x)(B(x)(h))(k) =

= A*(x)aO(y)(h)  f B'(x)(k)(h) v A(x)(A(x)(y)(k))(h)

+ A(x)(B(x)(k))(h) . (19)

In particular, for y = 0 we obtain

B'(x)(h)(k) + A(x)(B(x)(h))(k) = B'(x)(k)(h) + A(x)(B(x)(k))(h)

(20) 
or

B’ (x)(h)(k) - A(x)(B(x)(k))(h) = B'(x)(k)(h) - A(x)(B(x)(h))(k).

(21)
From (18) it then follows that

(Y^B)’(x)(h)(k) = (Y”IB)*(x)(k)(h)  . (22)

Thus equati<m (3.22) is satisfied and we :nay apply th.(3.1) to assert 
nX -

tliat J® is defined and its derivative is Y" (x)B(x)

which, we note, is continuous. Thus the function yc is well defined.

By (17), (4) and th.(2.5),
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= Y'(x)T^(O)(c) + Y'(x) / r1^ )B(^ + Y(x)y‘I(x)B(x)

0
x

» A(x)(Y(x)(Y"\o)(c))) + A(x)(YM(jo r1^ )B(t # )) + B(x)

A(x)
x

YCx^^OXc) + Y(x) / Y^X^] + B(x)
■ 0

= A(x)G^(x)) s B(x) = T(x*y  (x)) . (23)

Eq. (16) follcRJS immediately from (17). The continuity of yc(x) in c 

follow from the fact that the second term of (17) is independent of 

c and the first term of (17) is continuous in c.

5.3 The exponential function

5.3.1

Now we shall use th.(5.2.3),(5.2.4) to strengthen our existence 

theory. We assume for the remainder of this section that T defines a 

linear equation. Let us consider first the constant coefficients case, 

i.e. T is constant on E; or

T € Z(F,Z(E,F)) . (24)

In this case, th.(4.4.1) demands that for some tonneau F in F. T(F ) o ' o'
is a si^ly Bdd set. Let us see what tids condition Implies.

5.3.2 Lemma

Let T ® «/(F,j^(E,F)), FQ a Nbd of 0 in F such that T(FO) is a 

simply Bdd subset of /(E,F). Then for each x e E, and for each Nbd of 

0,V in F there exists a Nbd of 0,W in F and a scalar X such that

W c V (25)

and
T(W)(x) c XW (26)
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If in addition, E is tonnele, then x may be replaced by an arbitrary 

Bdd subset of E.

pf. Let W = VnFo so that (25) is immediately satisfied. Further, 

since W c p , T(W)(x) is a Bdd subset of F and hence it is contained 

in some scalar multiple of W.

If E is tunnel^, then by th.(1.2.6.1), T(W) will be uniformly Bdd, 

i.e. if B is a Bdd subset of E, T(W)(B) is a Bdd subset of F and is 

again contained in a scalar multiple of W.

5.3.3

The converse of this lemma is false. The function defined by (1) 

is a counterexample. As was remarked earlier, the assumption of simple 

boundedness is too strong. It will be shown that a strictly weaker 

condition, i.e. the conclusion of lensna (5.3.2) suffices in the linear 

ease.

5.3.4

We now proceed to define the exponential function and develop some 

of its properties. If A < (F,F), we define e& e £(F,F) formally by

co

eA(u) = £ A^(u) (27)

1=0

where

A° = identity, A^^^ = AA^ . (28)

The next lemma gives an important sufficient condition for the 

convergence of the sum in (27). This condition is, essentially, the 

conclusion of ler.ma (5.3.2).

5,3.5 Lemma

Let F be complete, A « (F,F) such that for each Nbd of 0,V in F

there exists a Nbd U of 0 in F and a scalar X such that



U C v, A (U) c XU . (29)
h

Then e is defined.

pf. Let u e F, V a convex Nbd of 0 in F. Then we have a corresponding

U,X satisfying (29). Let o be a scalar such that

u e K U . (30)
o

From the convergence of the numerical series tor e , we can rind an

integer N such that 
CO

I 

i-N o

Then if m > n > N it follows from (29), (■ 0), and (31) that

1 — U c 
il

El
E 

i=n+l

in 
I 

t= o

— A1
11

n
A-'(u) -

1=0

1
c ÿ U - U c V .

o

Thus the sequence of partial sums is Cauchy and since F is complete, 

the series converges.. The linearity of lollows from the linearity 

of each A' and the fact that the linear operations, being continuous, 

will commute w.th the semination sign. For the continuity we have, it

u 6 U,
n ”1

c^(u) = ~ a\u) € V1 — U c e U .

Thus e^ e^(F,F).

1=0 11 i=0 1 *
(03)

I
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5.3.6 Corollary

Let F be complete, A € ^(F,F) such that there exists a Nbd of FQ 

in F such that A(FQ) is a Bdd set.

Then is defined.

pf. This follows from lemma (5.3.5) and an argument almost identical 

to that used in lemma (5.3.2).

The first property that we wish to establish for the exponential 

function is the addition formula.

5.3.7 Lemma

Let F be complete, A^, A^ c ^(F,F) such that An and A^ satisfy 

Jie conditions of lemma 2, and

An A, = A;A_ . (34)
^1 "^2

Then c is defined and •

cA . /2 /I , (,5)

pf. Let V be a Nbd of 0 in F and lol u e F. Then correspond:ng to 

have U^, X, such that

U^.CV , ^1^1 ' ( ^)

Then curi .mnunu ng to an^ Vj, we ha x^ such that

^2 ^2 c V , U2 . (.7)

Letp - 0 such that

U € u U2 . GS)

It follows fro; the properties of the >uponent"al function for real 

numbers that

(39)
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Therefore there exists on integer N such that

i
(40)l n

Now, from (34) we may compute

/l e (Aj Ag)
. 30 A1

A1 ? A2
° Z 7 

j=o J'

A1
i-J
2—

00

j=o

A. Ao ï J. Aj Aj 3

i=0 j=0

30 » i j
~ A 2 An

j=0
iî JI 

i=0 j=N+l

N i

12 ji(i-j):

N

Therefore, if we set

2

i=0

Thon we have
N 50

2 I
3=ü i=Kfi-J

j=0 i=N+i-j
«!<«!)

03 
+ 2

^2 2^
J=o j-N+1

-2 2 J
1=0 j=N+l

K:ÿ % 
--------------  ) U, c -n U-. = U. c v . 

1! / 1 ^11
(43)
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Thus

(44)

The other half of (35) is proved in a similar manner.

Now we suppose that A is a function whose range is =/(F,F). The 

last property of the exponential function which we will need is the 

derivative of e*̂  in ten^ of the derivative of A(x).

Let E be a Montel space, F complete, and Eo a tonneau in E. Let

A;£ __»^(F,F) such that A* exists and is continuous, and for each

x € E , A(x) satisfies the conditions of lemma (5.3.5) uniformly ior

x in any Bdd subset of Let

A(x1) A(xg) = A(^) A(* * * xi) 

for all x_,Xg c Eq.

Then ' exists and

/Wj. = eA(x) A,(x) = /W . (46)

pf. By lemma (5.3.7), where I is the identity map, 

gA(x + Xh) _ ^A(x) _ cA(x) p/(x +^h>A(x) _

= 77 LA(x ^Xh) - A(x)/

(47) 

u [A(x +Xh)-A(x)] +

+ e^^\A(x + Xh)-A(x)]^ J ~ [A(x +Xh)-A(x)] .

i=2 *

5.3.8 Lemma
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Thus if we set

-eA«A.(x)(1.)e

then from (47), (48) and th.(1.2.5.6)

- A'(x)(h) +

A(x) ' 2\ e J A ' (x Xth)(h)dt
00

3 i=G

Now let B be a Bdd equilibrant subset of E, and let /B-. ,V) be Nbd ofa

That :s, is Bdd in F and V is a Nbd of 0 Since' n

x + B is again a Bdd subset of E, the F and

scalarp such that

U c v

then

(O(u) CPU.
let be a scalar such that

B1 t a u

Then if u e , ii follows fro;:

30 .
? rA(x Uh)-A(x)4 (y)

oo

i=0 i=0
(i f 2)!

P~ ■P c ■ P
? U G — c V .

i=0 j=0

Since (53) is valid for any V (with , p perhaps varying) it follov/s

i 
j

03
c u

that
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B2 = £ LA(x Uh)-A(x)]1 (B^)

L—ü (i + 2)’

(54)

is a Bdd subset of F.

Further, since A' is continuous and E is a Mantel space, it

follows from th(1.2.7.4) that A‘(x+B) is a Bdd subset of < (E, Z(F,F))

Hence if we set

B., dt

and

B4 (B,)

then B3,B4 arc Bdd subsets of F. Further 1 f V7O se

B- (BJ (57)

A(: ) then since e i linear and continuous t follows from th' 1.2.7.4) that

Be is also a Thus, if i 1, u e and

, and

X LB)(B)
0

c

A(x)[ [ J , 
! A' (x ! xth)(h)dt

00 I
e

u

then

△1 € X(B4,Bg,-'(B^ ,11^ ^B^B-l.B., (B1) c X Bc . (59)

Let XQ> 0 such that if |x| j XQ, then

XB5elv. (60)

Now we turn to the f irst term of A. From the continuity of 

there exists a Nbd of o,Vi in F such iliac

4» . (61)

Further, there exists a 0 such that f |\| < x. he B, then
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. (62)A x 1

Thus if |x| < min (1, XQ , ) and he B, it follows fraa (59), (60),

(61), (62), (49) that

△ e f /!\, ? V) C /B1SV‘ . (63)

Tliis shows that 

t/W/ . /(-) T(x) . C O

The other part of (46) is proven in an analogous manner.

5.4 Lineal" d ffcreuLlal equations 

5,4.1

We are now ready vu apply these results .o linear dITerun-'al 

equations. We have T:Eo x F----►=/(!,F) and T is linear and continuous 

on F so that if x e Eo, h € E, then

T(x, ‘)(h) e </(F,F) . (65)

We also make the following notational convention, 

r(x, -)(h) - T(x, T(x, -)(h))(h) . (Cu)

5.4,2

In th.(5.4.u), w. will Slave a special sy. ch/tx-y • audition w:iich 

embodies both the s^raetry demanded in the theorems of Section 4 and 

the coumutativ: cy assumed in lemma (5.3.5). In the special case in 

which the differential equation has constant coefficients, we sStall see 

in theorem (5.4.4) that the old symmetry condition takes care of both. 

5.4.3 Theorem

Let E be a Monte1 space, F complete, and Eq a tonneau in E. Let 

T:E0 x F —»ef(E,F) such that T defines a linear differential equation, 

T,T’ are continuous and •
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:) (x,y)(i.)(k) = B (x,y)(k)(. ) , ,
at (67)

ii) T(sx2>y)(x2))(x-L) - ^(ô>^y)(>^))(^)

Lor all s,t r ü,j , r E^, y r F, k,k r E.

Let the nap T(- , • )(x) sat sly th ? on . t?oas of le, «a (5.3.5)

un ' Lomily wn .1. x a any Bld subset oi E and t r 0,11.

Then the u : f for; n . ’ al equation .nt- a solution for cal nit ku

condition, these solutions are continuous v.r.t. nil Lal onl't'oiv:,

and the fundamental a.rix is ,;i ven by

Y (x) = (T . ( t)

pf. Le l A:EO—^^(E,E) ! r a- / m l by 
x

. /(: ) T@ ,-) . ( ;)

By 1 ) and the La t i . T ' s . ont. nuuu-r , i .'oIIoa/u fro. Lh.( ..... ) 

diüi A is LL i ne A’ ex sts ana

A’(x) c T(x,’) (7 )

; nd sin-re T is continuous, A’ s ontnuous. Furl her, wo : :ay uri^c 

by th. (1.2.5.- )
r1

A(x) = J T(ix,')(x) . (71)

so A satisfies cae ond L; uns of le. v a (i . .5) un for ly w.: .c. x n 

any Bid subset of E .

Let x-| ,x>r E . Th-, a fro '), and the fa t t hat T s 1 u ir and 

ont :nuous,
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X] x2
A(x1)A(x2) = J T(V)db J,. T(%2»') d&z

/I
“ J T^i’ J âh

1 r1
= I T(t%i, T(s^,*)(x2)ds) (x^Xt 

J n r;

= / f T(t%i, T(s%2,-)(^)) (%i)ds dt

■ ’ f T(:^, •( , ;)) (^l45 4t

- AC_) A(xp . I'-J

Hence by lenaiie ( L . 0. ) and (7C ), mo iwvc

' = A'CO = T(x,0 - T(x, /<*)). (7-)

Thus if Y is de^ • new a..\'OZu mg ^.o (éi /, U>jn

Y'(c) = T(%, Y(:)) (7-)

and the desired result foliov'S from th.(-.2.^).

Finally, wc have, for the constant oc-xi i.. ients case,

5.4.4Thcore

Let E be a Montel space, F complete, and EQ a tonneau in E. Let

T;E X p _/(E,F) such that T defines a linear differential equation 

with constant coefficients (i.e. T is constant on EQ). Let f(*)(h)  ^utisfy 

_ the conditions of lemma (5.Ü.5) uniformly w.r.t. h in any Bdd subset of

E. Let T satisfy the symmetry condition Ji ven by equation (4.19u). Then 

the differential equation has a solution on Eo for each initial condition, 
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these solutions are continuous w.r.t. initial conditions and the 

fundamental matrix is given by
Y (x) = eT^'^X^ . (75)

pf. By th.(1.2.5.5), T*  is constant so it is continuous. Also, T is 

continuous. SinceT is constant on EQ, condition i) of th.(5.4.3) is 

trivially satisfied. Equation (4.190) jives

0 : T(T(y)(k))(h) = 0 + T(T(y)(h))(k) . (76)

Condition ii) of th.(5.4.3) in this ease is

. T(T(y)(x2))(:=i) = T(T(y)(:^))(xz) (77)

so it, too, is sacis/Lcu. Finally,

rives the desires result with the observation that

T(-,')(x) = T(«)(x) (71)

so all the corn.. Lions oi ch. (5. \) az- satisfied and its conclus.on

I 
:r, ond lion which

i.’ust be assumed is 1 i) of th.(5.4.3).

5.!.5

We close with m,e cxa./^les of 1.near c i feront Lal equal "ons which 

can now be solved, bui to which the theorems of Section 4 do not apply. 

5,4.6 Example

Let E = R and let F be a complete LCIIVT. Let Eq be an interval

containing 0 in the interior and let : :EO—> E be any continuously

differentiable fund on. We define T :aG x F —> F by 

T(x,y) - ci (x)y .

T is clearly coniinuous. We have

T’(x,y)(s,z) = o’’ (x) sy t c (x) s ,

(30)

(81)
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so T' is continuous. Also,

dE = « (x)sry = — (x,y)(g)(r) (82)

so condition (67) i) is satisfied.

1(1^, T(sx2^)(x2))(x1) = «(tx^) «(sx2)

T(tx,, T(sxi,y)(xi))(xz) (^)

whicli verifies (67) il).

Finally,

1 ( ">?)(•') - ^( , (84)

so if x is in a Bld set (finite Jnterval) and L e [o,l'} ^( x) 'i 

Bdd since « Is continuous and i:ns bound just the scalar ècrandeu 

by le: iaa (5. .5), w ith U = V.

Thus th.(5.4.2) can be applied to solve tifs differential equation

We remark that if «(%) = 1 for all x, chen this is the equation 

dosei ibed by (1) an-. ,or t;h !i the soln. Ion was p. o. 'scd.

Further, tx can write the sodnt ion

6.4.7 Ezcanplo

Let L - F - P", any .onneau in E. If w_ def;ne T;^^ x F p)

by

1(x»y)(t)(t) - y(O ::( ) (86)

then we are In the runstanc coefficients ase and th. (5.4.4) may be 

used. be have

1G7 )(h) = l)y . (67)

Lee V = V({l; y ) , { rv } ) be a Nbd of o n & and lut B = D(K,plv})

vdicre K > 6 be a Bdd set in (i.e. B consists of lunec ons w Lch
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have the Vth derivative Bdd by My).arc supported by [~K,K] and

On i he othi

Le : v L o

e‘“ v
-^7 (hy)( ) 
du

Tims the eone e uu - ?. a.a (t) un. ..ox'

h c B. The ot. e ue < oas u. vlu o: . ( ». . ' ) are easy to ver : _y

cons i.dux o^iy t:„ ay . : .y oiL.ie u. :the dor.. (7 ),

T(T(y)(k))W khy T(TG)(h))(k) . (92)

Thus the ore;.. (. ay i : a^yJ. '.c,. an . » an assert the existence od

oI ntions. In lac. , w ray write

(:) Y(:)(^)
i(')(%) GO

or

y (x) c c e ■ (91)

where :c^, x r can 1’. eons texted to !»e Jef'ned !; (93 ) or by the 

series dolrnin ' the exoonontlai dune.’ ou
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x = y i- ex’ 
it :1 (95)

Note that c e . If not, ex itself is not necessarily defined, i.e.

the series (95) may not converge.

We remark that example (5.4.7) can be considerably general:zee by 

replacing (87) by

T(-,y)t) (96)
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