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Preface

This paper is an attempt to extend certain basic concepts of
calculus and differential equations to a class of topological vector
spaces known &s Montel spaces., The definition of derivative introduced
by Jesus Gil de Lemadrid in 1955 is used to develop many of the manip-
ulative rules of differential calculus.

The problew of Piarf, that is, the characterization of perfect
differential forus, which was solved for Bamach spaces by Michsel Kerner
in 1933, is solved for Montel spaces.

The existence and uniqueness of solutions of differential equations
in Montel spaces subject to certain boundedness conditions are demon-
strated. Several examples and countercxamples showing that the mssumptions
are needed are given.

The existence theory is extended by an investigation of linear
differential equationms.

The author acknowledges the assistance of Professor Robert X. Ritt.
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Introduction

A topological veotor space is a scet which 's equipped with a
geonetric structurc and a topological structurce., We wmay well ask [0
this geouetry and topalogy is sufficient to derive an analyt’  struc-
turc or if onc has to iupose such a structure fram without as s done
in the case of manifolus,., By an analytic structure we mean thc .-on-
cepts of derivaiive and integral, and wce denand not only thati thesc
terus be definced, but that analogues of the basic theoreus of ' ivr-
ential and integral calculus be proved,

In the casc of Integration, it is well cstablished that just
about all of the standard results are valid in topological ve.tor spa ¢s.
Some of the carly work was done by Hildebrandt and Graves 5, and
Kerner 715", Good cwmaries are given by Hyers (7 and Gil de Lavwdri.
f37. 1In this paper a 1ow extensions of these results arc ;; von. Thoy
are technical n naturce and are incluccd for thelr ut’lity ra. bher han
their interest.

The situation is guite difterent with difierentiation. The £ vst
atte pts were to exiend differential 2l ulus to Bana:h spa..s. Theso
met with lmmediate stecess, Hildebrandt and Graves “57 cave the dei nl-
tions, developed the calculus, and proved the funda ental theoren ve-
lating the derivative and the ntegral. Kerner 157 solved tie nroblew:
of Pfaff and finally, Michal and Elcon'n "1&° proved the class  al
Picard theoren (sce "167) which establishies the cxistence of solut:ons
of differential cquat.ons by the wethiod of successive approxi:ations.

o . - /.
The first failurc oceurred when Dicudonnc 7177 gave an cxa.ple

ghowing that the Peano {ype existence theoren: (sec "167) for <. feorential
!
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equations could not be proven. This is 8o even when one considers
functions from the reals to a Banach space.

Shortly after the appearance of Dieudonné's counter exauple, Gil
de Lamadrid [37 took the first step away from Banach spaces by defining
the derivative for functions/whose dovain and range are any locally
convex topological vector space.. However, Gil de Lamadrid proves only
& few of the results ef differential calculus.

In this paper we consider a special kind of topological vector space
known as Montel space, It is shown below that Montel spaces are a gen-
eralization of finite dincnsional spaces which are completely difierent
from Bamach spaces. We then attempt to show that Gil de Lamacrid's
derivative is sufficicnt to derive an analytic struc-ture on Montcl
spaces.

In Section 1 we establish the context of our theory by explaining
our notation and listing the known results which will be used. Topo-
logical vector spaces in general and Montel spaces in particular are
discussed with several examples given. Integratiom and different.ation
are explained and the known theorems which give their propertics are
quoted. Finally a few results about function spaces arc stated.

In Section 2, the developuent of differential calculus for Montel
spaces is completed. Not all results which can be obtained are given,
We conslder only thosc which illustrate the rethods, and thosc which
are used in the sequel. We discuss the relationship between diiferen-
tiability and continu:ity, partial differentiation, and the formulas for
the chain rule and the derivative of products and reciprocals.,

In Section 4, we solve the problem of Pfaff in Montel spaces, That

is, we prove that if a function T is given which “looks like a derivative",



then there is a function whosc derivative is T, if and only i{ T'
satisfies & certain syrmetry condition.

In Section 4, we prove existence and uniqueness theorcug for
differential equations in Montel spaces. The cases onc dinension,
finite dimensions and no dinensions for the dosan (the range being a
Montel space) of the solution fumction are considered separately. This
is done first Lecause the proofs are quite different in each case, and
sccond because thore s a crucial logical interdependence.

Finally, in Scction 5 we consider the special case of lincar
differcutial cquations. The theory of :atrix solutions (as dis. usscd,
for example, ‘'n 16°) has its counterpart as does the notion of tihc ex-
ponential of a lincar transformation. Thesc arc applied to olia™n th@
variation of constants formula and an existence theorem with weaker
assunptions than thosc uscd kn Sect’on £,

Numbers in square brackets refer o the 1ist of ruflerenues at the
end. Numbers with deciial points in parentheses refer to sc tons, aind
nunbers without deo” a2l points in paventhescs refer to cquai ons. In a
fcw cases thesce -onvantions wi%} not be used. Instead elther the word
“section” or ‘equat on' will precede the nuw ber.

The symbol § " indicates the conplet on of the proof of a leuma,

theore:: or corollory.



1. Definitions and Known Results

In this section we introduce our notation, define certain teis s
and mention the known results which will be uscd in the sequel.
Section 1.1 gives the notation. In Scction 1.2, the rudiments of
the theory oi locally convex topologi.al ve.tor spaces are sketched,
‘ncluding Jco etrical and topalogical cancepts, spaces of lincar con-
tinuous functions, intcgration and di. ferent‘ation, Montel spaces,
exaiples, and Banach spaces. Section 1.2 lists scveral kmown results
in analysls.

1.1 Notati@on

The note*ion listed below is standard and will be used throughout.
l.1.1
If £ is @ function with dowain E and ranye F, then ve write
f:E—>F . (1)

If ACE, then £(A) is the image of A and /4 is the restri.tion of

f to A, If

g fE)—¢ (2)
then we have
gof I —=¢ )
defined by
g x) = (1(x)) . (4)

l.l.2

L« F is the cartesian product of E and F: that ‘s, the set of

functions fro.. a sct {&,b} to the union oi E and F such that ihe . a

[t

oi a is in E and the i azec of L 's in I,

N



If X is a collection of functions fro: G to H and
f:ExF-—X (5)
and (u,v) € E x F, then £(u,v) is a function irci 6 wo H. Ii x € G,
we write
£(u,v)(x) € H . )
Through the te-hnique ol, loosely speaking, ' [ixing" one 'varable,’
we can defline othey iun:tioms., For crawple, "1 u € E, x € G, v can
define fu’x:F——+l{Lw

iy (‘) = {(u,v)(x) . (7)

u,x

l1.1.4

The e pty sct will be «denoied by @. The set of real nuw bo o by
R. The set of n-d . cusional rcal vectors w1l be denoted by RY. T1¢
A, B arc two cts, A - B will denotc thosc cleuents of A whih arc
not in B.

1.1.5

IV X,y cxe two ve tors in a vector space over the reals, then

LY. = {L/ =5 tly-) , Ut l} ()

will be callcd the interval {ro.. x Lo y.

the sct

1.2 Topological vector spaces

A topological vector gpace is & scu equipped with the structures

of a vector spacc and a Hausdorff topology such that addition and
scalar multiplication are jointly continuous operations. We will
generally consider the field of scalars to be R, although mosti oif the
results are valid I(n the :o.plex casc. The terminalogy will [cnerally

be that of [1].



1.2.1 Geauetry

l1.2.1.1

A convex set 8 in a topological vector space is a set with the
property that if x, y< S, then "x,y} ¢ S, Let T be any set. The
intersection of all convex sets containing T is a convex set which

contains T and is the sinallest such. 1t s called the convex closure

of T.
1.2 .l'2
An equilibrant set S in a topolog.cal vector space is a set such

that x € S implies (-x,x]c S. If S is any set, then

S = fx/xe S, N <1 (9)

is the snallest equilibrant set containing S and is called the

equilibrant closure of §,

l.2.1.3

An absorbant sct § in a topological vector space is a set wiih
the property that if x is in the space, therc exists a scalar A such
that

X € AS ., (16)

It follows from the continuity of scalar sultiplication that cvery
Nbd of O (the origin) is absorbant "1°.
l.2.1.4

These geometric properties are helpful in obtaining an intuitive
picture of subsets of a topological vector space and will be used
throughout. We obscrve that the esscnce of this theory is .-ontained

in the connection betwecn these properties and the topology in question.



1.2.2 Topology

We will always assume that the topology is Hausdorff. Most
tobological questions can be reduced to a consideration of Nbds of 0.
1.2.2.1 '

A Nbd base of 0 is a collection J/ of subscts of the space such
that cach Ve )/ s a Nbd of 0 and cach Nbd of 0 contains a set which
ig an ele.ent of )/.

1.2.2.2

A locally convex topological ve.tor space (LCEVT) is a topolopical

vector space in which there exists a Nbd basc of 0 consisting of von-
vex sets. A topolo;’ :al vector spacc js a LCEVT if and only . [ thuic
exists a Nbd basc of © consigting of -onvex, cquilibrant and avsouban.
sets ("17).
1.2.2.3

A subspacc of a LCEVT is a sct whi-h is -loseu under t.uc operat ons
of addition and s.alar mmlitiplication. Equipped with the usual sub-
space topology we obtain again a LCEVT.
1.2.2.4

If E is a LCEVT and E, is a subspacc, thore oxists another
subspace El such that te each x € E itherc corresponds a unique pair
x

o0 X with x, € E,, xleEl and

X = Xp b X . (11)

El is called an algebraic supplement of L ("1 ). 1 the uaps

PyiE—E,, Py:E —~—7El defined by

Po(x) = x4 Pl(x) =% (12)



are continuous, then E1 is called a topologiial supplement of Ege
1f Ey is finite dinensional then there exists a topological supple-
ment (11). 1In this case we say that E is the direct sum of E, and
Ez.
1.2,2.5

If E,F are LCEVTs and f:E—F, then f is said to be uniformly
continuous if ror eachi Nbd of O,W, in F there exists a Nbd of 0,V, in
E such that if X=X, € V then f(x3)=1L(xy) € W. I{ A is a set and
£:E x A—F, X; € E, then f is said to be continuous at Xq s uni fonaly
w.r.t, a€ A i{ for cach Nbd of O,WN, in F therc exists a Nbd of 0,V,

in E such that f x € Xy +V, a€ A then

f(x,a) - {(>x3,8) e W . )
If E ;<-E, f:Eo———*F, f continuous and Eo compact, then it follows in
the usual manner that £ is uniformly -ont:nuous.
1.2.2.6
In defining uniform continuity, we arc making use of the
underlying uniform structure present in any topological ve.to: spacc.
With this structure we can define co.pleteness and in fact, prove
that any topologi.-al vector space cau be vo pleted. For a full o s-
cussion of this idea, sce [17.
1.2.2.7
A bounded (Bdi) sct S in a LCEVT is a set with the property that
for each Nbd of ¢,V, there is a scalarA such that
Bc AV , (14)
It is easily seen that a copact set is Bdd and that the convex,

equilibrant, and/or topological closwre of ¢ Bdd set ig Bdd.



1.2.2.8

If E,F are LCEVTs, then E x F, equipped with the usual product
topology is & LCEVT. The Bdd sets of £ x F are the subsets of sets
which are the product of Bdd sets in E and F respectively ([17).
1.2.2.9

Let E be a LCEVT. The set E' of all linear continuous funct:ons
frou L to R is called the dual of E. I¢ s a vector gpace undcy the
pointwise functional operations. Therc are several topoloyics which
uake E' a LCEVI. Our main concern will be the Hahn-Banach theorc
“11 which says, awong other things, that if x € L, and u(x) = ¢ for
all v € E', then x = 0.

1.2.3 The space of linear continuous functions

1.2.5.1

If E,F are LCEVTs, then L is the set of all functions frou L[
to F. .Zf(E,P) ig the subsct of FE consisting of limear, continuous
functions. Both FE,;ftE,F) are vector spaces under the usual point-
wise operations.
1.2.5.2

IfAcE, BcF then

(A,B)

I

{fe PE/f(A)CB} : (15)
1f G is a LCEVT and C € G, then
(£,B) (C,A> = (C,BY . (16)
We shall use tie saue notation when F- is to be replaced by ch(E,F)
and the context will serve to eliminate ambiguity.
1.2.5.3
There are many topologies wdich ciatke Af(E,P) a LCEVI. Wc shall

be interested only in the point-open and Bdd-open topologies. These
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are sometimes called the topologies of simple convergence and
uniform or Bdd convergence respectively, We now describe theu,

Let 2/ be a Nbd base of 0 for F. Then set

W, = {(x,V)/ x€ E, VGZ/} (17)
and

wB = {(B,V‘?/ B a Bdd set in E, VGZ/}. (18)

These are both Nbd hases of 0 for topologics on .Z(E,F) which wake
it a LCEVT (1 ). Zup gives the point-open topology and 2y .ic
Bdd-open topology. Unless otherwise stated, Z(E,F) will be .on-
sidered to have the de-opgn topology.
1.2.3.4

The Bdd sets for the two topologies discussed in (1.2.3.0) are
obtained in .1 . S is Bdd for &jp i1 and only if for each x € L,
Jgsu(x) is a Bdd subset of F. S is Bdd for &/B if and only if lor
each Bdd set B in E, the set/u%gu(B) is a Bdd subset of F. In the
first case, S is said to be gimply Bdd, and in the second it is said
to be uniformly Bdd or, just Bdd.
1.2.3.5

A get S ¢ Jf(E,F) is said to be equicontinuous if [or ea.-h Nbd

of 0,V, in F, there is & Nbd of 0,U, in E such that

uLEJ_Su(u)c v . (19)

1.2.3.6
If E = R there is a natural homeomorphis:i, h, between F, Z (E,F)
given by

h(x)(t) = tx, X€ , -t €F . (20)
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since all geometric and topological propertics are preserved by h,
we shall write
F = Z(E,F) . (21)

1l.2.4 Integrat.on

The theory of the Riemann integral of a continuous function frou
an interval in R to a complete LCEVT is well known (see [2], for cx-
ample) and the i.:ethods and results follow the classical situation
very closely.
1.2.4.1

Let I be an intervel In R, E a couplote LCEVT and £: 1 — L.

We define £':1 — L (01 it exists)by
pr(x) = lim R0 (22)
h—20 lh
The first result 's the fundamental theovom of calculus.

1.2.4.2 Theoroen

Let £:I1— L bLe continuous, a € 1, and del'ne FiI—> L by

F(x) =j f(v) dt . (23)
Then F is continuous and F' = [,
pfe Sec M2,
l.2.4.3
The next result{ is an analogue of the . lassical theore:. that the
absolute value of an ‘ntegral is less than or cqual to the integral
of the absolute valuc. The statement here s a slight generalization

of the result in (/3'). The proof s identical and will not be given.

1.2.4.4 Theorc

Let £:I—E and let a,b € I. Lct A be the convex and topologi.-al

closure of the i.age of ‘a,b” under f. Let f be continuous. Thcn
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b
f £(x) dx € (b-a) A . (24)

a

1.2.5 Differentiation

1.2.5,1

The problem of deflining the derivative in spaces otiier than
Tinite dinensional Euclidean spaces is not new. t was first studied
by Frechet (< ) and Hildebrandt and Graves (- 5)). These authors re-
stricted themsclves to normed spaces and obtained many of the results
of elementary analysis. Sfince that iiue, several papers have consideved
the problen in non-nori «d spaces (sec for cxample, Hyers "¢ and
Scbastido ¢ Silva .7 ). Recently, Gil de Lamadrid $ ' gave a very
¢eneral definition which extended both the total or Frechet derivat ve
and the partial or Gateaux derivative to {unctions fron any LCLVT to
any other LCLVT. We shall use a fori o: Gil de Lamadrid's definition.
1.,2.8,2

Let E,F be LCEVTs and let Ej be an open subsci oi E. Let
L:E,—F. The derivative f' {s a function f':EO“_’-Z?(E,F) such ithat
for ea-h Bdd sct, B, of E and cach Nbd of 0,V, in F. and cach g € Egs

there s a scalor Ao~ U such that E 0 <] SNy then x +AB ¢ Ejand

if h € B, then

fxg *n h) = £(xg)
A

- f'(xo)(h)e v . (25)

Naturally, the derivative does not always cxist. Gil de Lamadrid has
proven (.5 ) the i{ollowing results:

1,2.,5.3 Theoreu

1f fe L(E,F) then for all x_ ¢ E, f'(xo) y

i
[N
L

O



1.2.5.4 Theorcen

If E,F are normed vector spaces, then f' exists if and only 'f
t has a Frechet differential and the two arc equal.

1.2.5.,5 Theoren

If, in (1.2.5.2) Bdd set is replaced by finite set, then the
derivative existg if and only if the Gatcaux differential exists and
the two are cqual,

1.2.5.6 Theore:

Let f be !"flcrentiable, Eg convex, x ¢ Lg. Let I = "0,1° and

for each x ¢ EO let the function g:1— T be defined by

S(t') = f’(xo + t(X—XO))(X—XO) (2"’)
be continuous. Then
1
£f(x) = f(xg) + [ S(0) . 27)
()

i)

1.2.5.7
When we say tha! f':Eo'“"’J((E,P) is continuous, we cous.dor
that E, has ihe topology induced by L and X (E,F) has the Bud-open

topoloyy.

I 07 is d7idereniiable, then we have

e~ L (T, £ (E,r)) (28)
and in genera;
f("):Eo-—-—»f(E, L (Eyenesy L(E,F)) ouu) 29)
n -opics ‘

A notational cho’ ¢ rust now be wade. Onc could «onsider that

£'"E ;X (L x L,F) so that ii X, € Eys hyk e T one would wrte

£(xg)(,k) eF . (c0)
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We will never do this. Instead, we .avariably write

£ (x,)(H)(K) ¢ F (c1)
where the order of h,k corresponds to the order of E,E in the cxpres-
sion L (E, Z(E,F)). We will use the same notation for any function
ge 7 (E, Z(F,6)), writing

HEICPR: f (c2)

where x ¢ E, y ¢ F.

1.2.6 Bamach spaces

1l.2.6.1
One important type of LCEVT is a Banach spacc which is an LCEVT
B which is complete and such that there is a function N:B——p
satisfying
i) N(x) =0 if and only if x = ¢
ii) if )\ ¢ R, then N(x) = IN] N(x) ()
i1i)  N(x+y) < N(x) 4 N(y)
iv) the collcction )/ = {N'l([Q,eJ)/e.- 0} 1s a Nbd basc
of 0 in B.
1.2,6.2

If B' is the dual of B and we deijne
W = {wfl," ’fn~€ c B/e‘/ 0, fl’ sess fn a finite subset of B!,
2

(54)

hyfl’o..’f = [}: € B/Ii:i(x), -: e i = l, LA N n}} Y

n,e

then It is known ({1]) that %/ is another topoloyy in which B is a
LCEVT, 2w/ n 2/ = @ unless B is finite dimensional, and every Nbd of
0 w.r.t. 2 is a Nbd of 0 w.r.t. Y . The topology induced by 24/

on B will be called the weak topology.



1.2,7 Montel spaces

1.2.7.1

A subset of a LCEVT which is closed, convex, equilibrant, and
absorbant will be called a tomneau. Every LCEVT has a Nbd base of
0 consisting of tomncaus ([17). On the other hand, a LCEVT will be
called tomnelé if cvery tomncau is a Nbd of 0. It follows fro. tho
Baire category thcorce. that if the topology of & LCEVT is metrisable,
then the space is tonneld.
1.2.7.2

A LCEVT will be called a Montel spacce if it is tomnelé and i f

the closure of cevery Bdd set is compact. The following result is a
generalization of the Banach-Steinhaus theorci:. The proof may be
found in {17,

1.2.7.3 Theorem

Let E,F be LCCVTs. Let E be tounclé. Then every simply Bud
subset of L (E,F) is uniformly Bdd and equ:continuous.

1l.2.7.4 Theoren

Let E,F be LCEVTS. Let E be a Montel space., Let {:L —>T be
continuous. Then [ waps Bdd sets into Bdd sets.
pi. Let Bc E be Bdd. Then the topological closurc B oi B is coupact,
so £(B) is compact and by (1.2.2.7) it is Bdd. Sincc £(B) e 1(B), the
result follows.,

1.2.7.5 Theoro::

A spacc is both a Moniel space and a Banach space if and only ii
it is finite diuensional.

pf. See 1.,



16

1.2.8 Examples of Montel spaces

By (1.2.7.5) we sce that Montel spaccs are generalizations of
finite dimensional spaces in a direction entirely different {rom that
of Banach spaces. It remains to be seen whether there are &ny non-
finite dimensional c:amples of Montel gspaces, There are, In fact,
the spaccs ,@', &', and o are very _.portant in Schwartz's thcory
of distributions "¢ .
1.2,8.1 &

Let

I = (@/p R ——-»R,qi iz Infinitely di: erentiable (:-5)
and has co.pact support] .

£&is clearly a vector space and we define a Nbd base of 0 2/ by

YV = {V c /v = V({my},[€,]) where fm,} is a strictly
increasing scquence of non-nepat.ve integers, {ev] is a
decreasing sequence of positive nuwibers converying to ¢
and . (56)
V= (9ge B/ if |t] >y anip = 0,1,¢..,m,, then

o P se]

This space is investigated in [8] where it is shown that U/ does aive
a LCEVT which is a Montel space., A subsct B ¢ J9 is Bdd if and only
if all of the elements of B are supported by e single compact set and

for each v, the sct of real numbers
v . .
(" (t)/ te R, ¢ c B (37)

is Bdd. A sequence {(pn} in 5 converges if and only if alle  arc
supported by a single copact set an! Tor cachy » the secquence nv}

of functions is uniformly convergent.
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1.2.8.2 '
The dual I of.f?’equipped with the Bdd-open topology is also

studied in [8) with the following results. JZ'' is a Montel space.
A subset B ¢ ' 1s Bdd if and only if it is simply Bdd (cf. (1.2.3.4)
and th. (1.2.7.3)).

In addition, if f is & continuous function, we define the

distribution (element of ') cd;responding to £ by

0
(0 = [fo . (38)
-0
1 th . . v 1
If Te L', we define the vderivative T ¢ by
v

TV(9) = (-1)'1(e") . (39)

If £ is vtimes continuously differentiable, then

- v

va - (Tf) 4 (40)

1.2.8.3 The space ¥ of holoniorphic functions

Let ™ be the sct of all complex functions which are analytic on
the interior C of the unit circle and continuous on its closurc, €.

We take for a Nbd base of 0, ¥/, defined by

U= {V(e,r) />0, 0<r<1, V(gr) is the set of all
functions ¢ ¢ A such that if |z| <r, then (41)

W)l s ¢ aw fele)l < <.
This space is studied in (9], It is a Montel space. In fact, it is
a Montel space which is also & Frechet space, i.e. it is complete
and has a countable Nbd basis of 0,
A subset B ¢ W is Bdd and only if for each r such that 0 < r < 1,

the set

{l o(z) + | 9()| / 9B, |z < r} (42)

is Bdd.
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1.2.8.4 &

Let f be the sct of all flnctions ¢:R— R such that @ is
infinitely differentiable, and for each pair of integers v,k > 0,

we have
1in & o¥e) = o . (43)
| — o

»f i8 a vector space and we define a Nbd base of 0 2/ = (V(m,k,¢)}
where m,k are integers > 0, and ¢ > 0, and

vim,k,e) = {cp € J,/ ‘for each p = 0,1,...,m and (44)
for all t e R, (1+ ItI}lpP(t)] < e}.

In (8] it is shown that »J is a LCEVT which is a Montel space.,

1.3 Miscellancous rosults

In this section we list a few more known results which will bo
used in the sequel.
1.3.1 Nets
1.3,1.1

A directed set D is a set in whioli there exists a relation ‘<"

satisfying
i) foralld ¢D, d<d

1A

i1) 1fdy,dy €D, d) <dyand dy . d;, then ) = d, (45)

iii) if dy,d,,ds €D, d) < d,, and d, < dg, then d, < d3

1
iv) for each dy,d, €D, there exists a d; ¢D such that

dl‘s d3, d2 < d3 .
1.3,1.2
A net in a topological space X is a function £:D — X where D

is a directed sct. A subnet of a net js a function g which is the

restriction of f to a subset D, ¢ D where D, again satisfies Eq. (45)
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and for each d ¢ D, there exists do € Doguch that d < do.
1,3.1.3

A net is said to converyge to a poimt x ¢ X, if for each Nbd V
of x there 18 a d €D such that if d < d, then f(d)e V.
1.3.1.4

The concept of a net i8 a gencralizaiion of the concept of a
sequence, It can be shown that any topoloygy can be completely
described by specifying which nets  converge to which points
((10]), We shall usc only the following result from this theory.
1.3.1.5 Thearen

A topological space X is compact it and only if cach net in X
has a convergent subnct.
pf. See {10,

1.5.2 The Ascol’ theorew

1.3.2.1

Let X be a rejular compact space and Y a LCEVT. Let C bu the
set of all continuous functions {ro.. X to Y. C is a vector space
and we wake it a LCEVT by taking a Nbd base of 0, ¥/ = [Vy}, where
U is a Nbd of ¢ in Y and

vy = {fe ot v} . (46)

In [10]) it is shown that 2/ gives a topology.
103 .2 .2

A subset A ¢ C is said to be equicontinuous if for each Nbd of

0, U, in Y and each x € X, there is a Nbd, W, of x such that if
Xpe W and f ¢ A then

£(x) - £(xy) e U . . (47)
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1.3,2.5 Theorem

A subget A ¢ C has compact closure if and only if it is
equicontinuous and for cach x € X, the sct U £(x) has coupact
closure (in Y).

pf. See (10,



2. Differential Calculus in Montel Spaces

2.1 Introduction

Gil de Lamadrid [3 ] introduced a definition of derivative for
functions from a LCEVT to a LCEVT, and proved that if the spaces are
normable, then his derivative reduces to the Frechet differemtial [4].
In the same paper, Gil de Lamadrid develops certain basic theorems
of the type referred 1o in finite dinensional spaces as differential
calculus. He proves a “fundamental theorem of calculus" which we will
use in a slightly altered form already mencioned (1.2.5.6). He also
proves a 'chain rule" restricted to the case in which the first functiom
is linear and continuous. In this section we consider various theorcms
from differentiai calculus and obtain the following results.

2.1.1

The wost striking loss in this generalization is the fact that
differentiability does not imply continuity. It is for this reason
that many of our thcorens will include both assumptions. On the other
hand, we learn where the ccntinnity and hence the topological results
which that Luplies, is really nceded in differential calculus. We give
an example of a iunction which is difierentiable but not continuous
arxl then prove sone weaker rcsults along this line.

2.1.2

Gil de Lamadrid's special case of the chain rule is proved with

only the assunption of continuity and differentiability.
2.1.3
The concept of partial differentiation is introduced and the

classical relation between partial and total derivative is obtained.

21
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Here we make use of our results on continuity and tken show how the
entire problem can be avoided by demanding that our spaces be a
Montel space. We retain this assumption for the remainder of the
paper.
2.1.4

The product rule for differentiating ordinary functions is not
easily generalized because we do not usually have a multiplication
structure available., Howevar, if we consider the ranges of the func-
tions to be spaces of functions, then the operation of composition
begins to look like multiplication and a product rule is obtained.
Here the similarity stops for we do not have either the usual alge-
braic or the usual topological properties of multiplication.
2.1.5

In a similar veim we obtain a rule for differentiation of
reciprocals. Here the result is different from the classical one be-
cause of the lack of conmutativity. What we obtain is analogous to
differentiation of inverses of matrices.

2.2 Selection

There arc many results frow difierential calculus other than
those given here. We have used the following criteria for selection:
i) First, of course, we prove everything that will be needed
in later sections.
ii) We want to indicate that other than the restriction to
Montel spaces, very few additional assumpticns are needed.
111) The methods used are different from those which suffice for
the {inite dinensional situation. In the latter case, con-

siderable use ls made of the local compactmess of Euclidean
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space, the theorem of the mean, etc. Since Montel spaces
do not enjoy. such properties, we must replace them by such
results as th. (1.2.5.6), th.(1.2.7.3), and th.(1.2.7.4).

2,3 Differentiability and continuity

We now give an example of & function which has a derivative but
which is not continuous. The basic idea is that the definition of
derivative requires that a function docs not distort Bdd sets too
much. What we do is to take a function of a space into itself which
naps Bdd sets into Bdd sets and then take iwo distinct topologiecs
which give the same Bdd sets.

2.3,1 Example

Let E be the Banach space of continuous real valued functions

on [0,1) equipped with the sup topology. This is well known to be a
Banach space ([11]). Let T be the same sct equipped with the weak

topology. Let f:E — E be defined by

£(x)(t) = x2(t) (x(t) € E) . (1)

This Tunction is not continuous at x = 0 for :f Sy is the unit sphere

in E, that is
S = {x€E/|x(t) 51 forall te€ [0,1]}, (2)

then £1(5;) = 8;. But S is not a Nbd of 0 in ¥ (see 1.2.6.2). On
the other hand, the Bdd scts of E, E are the sawe (717), i.e. the
spheres and the set of squares of elements of a sphere is again con-
tained in & sphere. Thus, if a Bdd set (i.e. a sphere) B in ¥ and

a Nbd of 0 (again 2 sphere) 8§ in E are given, we have that x € B

implies



24

fx) = a2 f(x)s A2 r g (3)

vhere r > 0 is a nunber depending only on the radii of B,S. Hence,

1
if|N] < S and x €3,

£ t0x)€es . (4)

This means £'(0) = 0, Thus the desired cxample has been exhibited.
2,3.2

The next question that arises is what can be said about continuity
from differentiability. The next two results are direct applications
of th. (1.2.4.4), th. (1.2.7.0) end th, (1.2.5.6).

2.3.3 Theorem

Let E,F be LCEVTs; Eo a convex open subset »f E. Let f:E;—>F
such that f' exists and is continuous and {'(E,) is an cquicontinuous
subset of of(E,P). Then { is unifor:ly continuous on Ege
pf. Let V be a closed, convex Nbd of ¢ in P, We nust find & Nbd of

0,U, in E such that if xj, X, € Eo, xy~%, € U, then

£(xg) - T0g) €V (s)
Since f£'(E,) is equicontimuous, there is a Nbd U os 0 in E such that
if x € Ey»

£1(x) W) ecv . (6)

So let xq, X, € E, and x3-x, € U, From th.(1.2.5.6) we have
1l

Bx) - £05) = | £lxy o tlyor0gey) 0 . (7)
0

Applying (6) and th.(l.2.4.4), we have (5).
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2.3.4 Corollary

Let £:E - F such that f' exists and is continuous and f’(Eo)
is a simply Bdd subsct of .;C(B,F). Let E be tomnelé,
Then f is uniformly continuous on Eo.

pf. Apply th.(1.2.7.3) and th.(2.3.3).

2.4 The chain rule

The proof of tl;e chain rule in the finite dimensional case uses
either a mean value theorem as in (f12]) or a Lipschitz condition as
in (F187). Neither of these techniques are available to us., We re-
place them by using th.(1.2.5.6) and th.(1.2.7.4). Otherwise the
proof of the following theorem is essentially the sane as the proof of
the chain rule found in 7137, This result is also valid in normed
vector spaces ({57),

2.4.1 Theorem

!
Let E,F be Montel spaces. Let G be a LCEVT. Let Eo,l'-‘o be

convex open subsets of E,F respectively, Let f:Fo——y G, g:Eo-——»F,
such that g is continuous g' exists, f' is continuous and g(Eo) c Fo.

Then (f-g)' exists and

(£-g)'(x) = TE(g(x)) * g'(x) . (8)
pf. Let x¢ Eo, B a convex, equilibrant Bdd subset of E, hg B and

A, > 0 such that x thBC Eo. Let [N < A,» end set

A = Lglx +>~)‘h) = L2 | e (g (e (x)(R)) . (9)

Now take )‘19 glx) + Me'(x)(B) Fye Then if |N| < A.o,kl we have



A = f(g(mn)-w + DGR ()(n))-F(g(x)) _
A

- Er(g(x))(g' (x)(h)) . (10)

Applying th.(1.2.5.6) to the first term and using the fact that FO
is convex and g(x+Mr) € g(x\,B) g(Bo) ¢ F,, we obtain

1

A = f f'(g(x) + NI (x)(h) + tig(x + Nh)-y(x%) -kfz'(x)(h)]) .
0

CLERTIZE BUPTST) I

RO Kg'(i)(h)) = 2D | opee)) (et (x)(h)) . (1)

Let V be a convex, closed, Nbd of 0 ‘n G. Consider the set
B, = {g(x) +h gt (x)(h) + thg(x + Mn)=o(x) - Ag'(x)(h)] / 0 XA <NyM
te 0,17, he B} .

This 1s a Bdd subset of I’ because g .s continuocus, so from th.(1.2.7.4),
it follows that g(B) is Bdd; similarly, ea:h of the other terus are
Bdd, so their sum with coefficients in '"-1,1° is bdd.

Since f' is continuous, again by th.(1.2.7.4), f’(Bl) is a
uniformly Bdd subset of & (F,G), so by th.(1.2.7.3) f'(Bl) is equi~
continuous. Thercfore, there exists a Nbd of 0,U, in F such that

£'(By) ¢ (U,%V, . (12)

From the existencee of ' we have A.a - U such that 1€ O <,).l _:)2 and

v ¢ B, then

-



g(x +)‘)‘h) - {,’LX) - gl(x)(h) €y . (.13)

Let 82 = g'(x)(B). Since g'(x) is linear and continuous, B, is a
Bdd subset of F. Thus from the existence of f', there is a)*3 > 0

such that if 0 < |M| zM3 and k €B,, then

fg(x) +Mk) - £(i(x)) _ 1 g))x)e Ly (14)
A ‘ 2

Now if h € B, then g'(x)(h) €B,, so if 0 “|M :;7\-3, then

£(g(x) +M g'(:;)(h))- £(g(x)) _ £1((x) g (x)(h)) € %V . (15)

Let Ay = min(AgaM sl k3 ). Thus if 0 < |N| _;kh and h € B, it
follows {ron (11), (12),,\(13), (15) and th.(1.2.4.2) that

N e_l.v/

S

rivev
2
This theore: s also valid if the spa-vs in question are nord ([57).

2.5 Partial derivatives

W. now wish to Introduce the concupt of partial differentiation.
The expected conncction between partial and toial differentiation is
obtained, Wec shall indicate how tlic assw.ption of a Montel space is
interchangeable with an assumption of uniforn: contimuity. Othcerwise
the ethod difters {row the classical essentially as in th.(2.3.3).
These results w'll bc used throughout ihe remainder of the paper.
2.5.1

Let E,F,C be LCLVTs, and let Ej-Fg be convex open subsets of E,F
respectively. Let f:E  x Fo—’ G+ We deiine the partial derivative of

of )
fw.r.t. E at x,y €E_ x F_ to be a function Xx'Eo X Fd-»f(E,G) satisfying
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1in EGAAD) = FGY) o 0L (yy(n) (26)

~.

A0 A oL

where this limit is to converge uniforly w.r.t. h in any Bdd subset

of E. We define éf. in a similar manner.

oF
2.5.2 Theorem

If f' exists, then gii ’ a.f.. exist and

£ (x))’)(hao)

il

S (xay)(0)

17)
O (x,9)(K)
JF

]

£r(x,y)(0,k) .

pf. If B is a Bdd subset of E, then B x [0} = {(h,0) €E x F/h € B}
is Bdd. (16) then follows from the cxistence of f',

2.5.3 Theorem

If g.i:., gg. exist and either one of them is continuous, uniformly
E

on each Bdd subset of E, x F,, then ' exists and

£y (0k) = B (x,y)(h) + 2L (xy)(K) . (18)
JE oF

of

pt. Let us suppose that S is the one which is continuous. Letl
X,y € Ej x Fo’ B1 X 32 a convex, equilibrant, Bdd subset of E x F
and }\o > 0 such that (x,y) +>~.O(Bl X B2-) < E xT_. Let (hyk)e By x By,

0 <|n| <A, and set

A - f(x+7\.h%§‘k) - £(xy) §§ (x,y) (1) _g_g_ (x,y)(k) . (19)

Then
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A = EGxhyy)-f(xy)  Of £(x,y N )=£(x,y )

Y - a’f‘ (xay)(h) + N

of b,y k)= L (x,y £(xi\h, y)-f
- SF (x,y)(k) + £(eh,y )1\()-1'()())1 k) _ £(x 7\4}?)‘ (xy2 .
(20)
8 ince By is equilibrant, tAh € B, for |L| <1, IN| <Ny .

Applying th.(1.2.5.6) to the last two terus yields,

A . f(xﬁ\h’)’:)‘f(x’y) - §§ Gooy)(n) « SR ERECGy) OF (o yny

Y T oF
' 1. ' .
+ / {gé (x+ h, y*k)(h) —g—gf- (v h, y)(h)} dt . (21)
G

Let V be a convex, closed, Nbd of 0 in G. From the existencec of
of

Sp » there cxists Ay - 0 such that if 0 - [\] oM and (h,k) € Byx B,,

then

£ A ) 5 ‘f
Gothy) = Hoar) G (ey)mye L (22)

a T
and from the cxistcnce Oféli'" , there exists >\9 - 0 such that v

0 --:P\' -_:7\2 and (h,k) € Bl X 82, then

£y P k) - £xy) -;}i Gy e 2y (23)

Since gé- is uniformly continuous, therc exists a Nbd of 0,U, in F

such that ify1€ y + U and Xy € x + By and he Blthen

g'g' ("1’3’1)(“)'% (x5 ¥ )(h)e %V . (24)
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by

s 5?3 implies that

Now there exists x3> 0 such that C .
ABy ¢ U. Thus if G - |>\{£‘/3 and (h,k)e B; x By, theny + k ¢ U
and x + th ex + By for all te 0,17, So from (24) and th.(1.2.4.4)

we have
K 30
f {SE- (x+t\h,yk)(h) -%E— (x+1}\.h,y)(h)} dt e %-V . (25)

0

Let )'l;. = min (ho)k]ﬁ\:’% )' If 0 - l>~| _\: Kl} and (h,k) € Bl X 82,

it then follows from (21), (22), (23) and (25) that

2.,5.4 Corollary

In th.(2.5.3) the asswmption of uniform continuity can be

replaced by continuity and the assumption that E (or F) is a Montel
space.,
pf. 1f E is a Montel space, then the closurc of any Bdd set is

compact 8o we have uniform continuity.

2.5'5

The above results on partial derivatives can be extended iro.:
the case of 'two variables” to amy £ nitc number. The methods are
identical and the whole theory of matrices and Jacobians could be
developed,
2.5.6

The following leuma is a further s.atement of continulty type
implications of diffcrentiability. In fact, one can choose a topology
for E so that the foilowing result says just that ditrferentiability

implies contimuity. We do not use this interpretation. The result is
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given because it is used. The proof is essentially the sauc as the
classical proof of the fact that differentiability implics @ Lipschitz
condition,

2.5.7 Lemma

Let E,F be ICEVTs, Eo an open subset of E, f:Eo——-)P such that
f' exists.,

Then 7&-11 CE(x +AR) - £(x)? = 0 wniformly w.r.t. h in any Bdd
subset of E. /
pf. Let B be a Bdd subsct of E, x € E . Since £'(x) is lincar and
continuous, B = £'(x)(B) 1s a Bdd subsct of F. Let V be a Nbd of 0
in F. Then therec exists Ao> 0 such that KOE c -;‘- V. Prom the existence
of £', we have My > 0 such that if ¢ . |\| < M, h € B, then

£(x »:-M;\) = F(x) . sr(x)(n) e %.v . (26)

Thus if 0 <A< min (MgsM) and h € B then

'_J
ot

£(x +Nh) - £(x) € A" (x)(h) + % VeArB . Ve FV+ 22'- V=V. (27)
i
2.6 Products and rcciprocals

2.6.1

Now we turn to the product rule. We let E,F,G »H be LCEVTs and
consider fe f(P,G) and g € L(E,F). Then fop € af(E,G) and we write
fg = £°g, reserving "+" for non-linear {unctions. This will help to
reduce ambiguity, for if H_  is a convc:, open subset of H, £:0 —L(F,6)

and g:Ho—-Pf(B,P) then we have fg:H — AL (L,6) defined by

fg@) = I(x) g(x), X € IIO . (28)
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Now comnes the difficulty. If ', g' exist then we will define

£'g:H —L (0, L(E,6)), and £g':H, L (H, L (E,C)) by

£'g(x)(h) = (£ (x)(h)] g(x) (29)
and

£ (x)(h) = £(x) Lg" (x)(n))] (30)
where x € H,, h € H. ’

It follows irmediately from the definitions that these maps have
the required linearity and continuity. The interesting thing to be
noted here is that if any two of E,F,G,H arc the same, then the nota-
tion becomes unmanagecable, Here Is @ case in which the rnore gencral
the situation, the siupler it is,

2.6.2 Thearem

Let E,F,G,H be LCEVT8 and let E,F be Montel space. Let H, be a
convex open subsct of H., Let f:Ho—-»x(F,G), g:H, — Z (C,F) such
that g is continuous and f', g' exist.

Then (fr)' exists and
(s8)' = £lg+ L' . (1)

pf. According to (29), (30) f'g and fg' have just the right do.ain
and range,

Let

a = HERM = B0 e - si)m) (32)

With (29), (30) we have
(33)

A = £(x+\h );. £ g(x) [£'(x)(h)e(x) + f(x)g(xﬂl;%—f(x)g(x) _

- f(x)[gl(x)('h)'! o SOenh)g(x+Na - h)g(x) _ £lx)g(xmh)-£(x)g(x)
A A




Let (Bp,Wg be a Nbd of 0 in ZL(L,6), i.c. By is B in E
and Wy is a convex Nbd of 0 in G. Leu By be a Bdd eet in H., Since
¢ is continuous and E is a Montel space, it follows from th.(1.2.7.4)

that if we set

Bp = {ulx +An) - g(x) /e B, 01}, G4

then ?j’F is a Bdd subset of ,,f (E,F). Tnis means that there is a
Bdd set BF in F such that
Op ¢ (Bg,Bp) . (c5)

Now £'(x) is lincar and comtinuous on H. Hence £'(x)(By) is a Bdd
and hence by th.(1.2,7.0) an cquicontimuous subsct of XL (F,6). Thus
there is a Nbd of 0, Up in F such that

£ BIU) € 3V (0
By lemma (2.5.7), there is aM - 0 such that if 0 = (Nl 2 Ay then

g(x +MBy) - 2(x) ¢ (Bg,Up, 7)

We have used herc the fact that for A suff’ciently small,NBy is
contained in any preassigned Nbd of 0. Since ' exists, therc is a

Ao > 0 such that if 0 <|M| <M and he By, then

£(x 'l-)-h% - £(x)_ - £1(x)(h) € (BF, -315 Wg) (38)

LetAj be the last two terms in (83). Then



Al = [f(x+ht;)-f(X)] [g(x +N h)-g(x)] (39)

[£' ()] [eGen)-geo)] + [EEREED 1 (yn)] fgtxonnd-g(e)] -
(40)

Thus if 0 <,)\| < min(l,%l,'hz) and h € By, then it follows from (36),

(37), (38), (34) and (35) that

1 1
8 € (Up, 2 WG (By, U + (B, 5 We(By, By (41)

1
By € (B, W) (B, W) € (Bp, 3 W) . (42)

Now we turn to the remaining terms inA . Since g(x) is linear and
continuous, By = g(x)(Bg) 1s a Bdd subset of F. Hence there is a

7\-3 > 0 such that if 0 <|M < 7\3 and h e By, then

F(x shh) - £(%) _ grxyn) e¢Bt, Lwy . (43)
A 4 ¢

Therefore,

£(x +h 0)g(x) = £OJE(X) _ v e )(n)u(x)
N

(44)

= f(xd\'h)"f(il H } ! .1: -\ t _l. ]
_{ - - £'(x)(h)pg(x) e <BP’ i WG' (BE,BF/ ¢ {Bg, 2 hG> .

Finally, since f(x) is a continuous function on F, there exists a Nbd

of O’VF' in F such that

£(x)(Vp) ¢ % We o (45)
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So we choose M > 0 such that if 0 <|N| <\ and h € By then
ax +":3 =80 _ Jvx)(n) e (B V) . (46)
Thus it follows from (45), (46) that
ECgls ML) _ ) [yt (e)0r) =
(47)
= £(x) [Ei’iﬂ‘%&ﬁL - g eom)] € v, L g (B < (8, W)

So 1f 0 <|M < min(1,M Mp,Mg,Ny) and h ¢ By, then it follows from

(33), (42), (44), (47) that

1 1. 1
A e = W) =) = ) ;) ,
(Bg, > Wg) + (BE, 3 hG, + (BE, " g © (BE, wG . (4¢)

2.6.3 Corollary

Let F,G,H,f be as in th.(2.6.2) and let g:H — F such that g
is continuous and g' exists.

Then, the map f:H — G defined by
fg(x) = £(3)(g(x)) (49)
is such that (fg)' exists and
(fg)' (x)(h) = £'(x)(h)lg(x) + £(x)[g*(x)(n)] . (50)
pf. Take E = R in th.(2.6.2).

2.6.4

The last property of the derivative which we study in this section

is the derivative of the reciprocal of a function. Again we must make
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a8 special interpretation im order that such a concept make sense,
However, our understanding of reciprocal will be compatible with the
previous discussion of product.

2.6.5

1f u e L(F,F) then ol will be an alternate symbol for the

usual inverse, u-l

f-l

. If f:Eo'_“’a{(F’F) then we define the reciprocal,

of £, If it exists, to be a function f‘I:EO'—-*af(P,F) defined by:
1, -1
£2(x) = [f(x)] . (51)

2.6.6

The following result is comparable to the situation with matrices.
Suppose that A(x) is an n x n matrix-valued function of a real variable
with elements (aij(x)). Let /A'(x) be the n x n matrix-valued function
of a real variable with elements (a;j(x)). Suppose further that A(x)
has an inverse, A'l(x) for each x in some interval. Then it is easy

to show by direct computation that
t
At (x) = - alx) avx) aix) (52)

Th.(2.6.7) says exactly the same thing for a more general situation.
The proof uses the sawe techniques which have been introduced in this
section.

2,6.7 Theorenm

Let E be a Montel space and let F be tonnelé. Let E, be a convex,
open subset of E. Let f:Eo-——¢=f(F,F) such that £' exists and £ L

exists and is continuous. Then (f‘I)' exists and

¢l = Flet (53)

*This symbol is definmed as in (29) with ©1 = g.
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pf. Let By be a Bdd subset of E and let (BF,V) be a convex,
equilibrant Nbd of 0 in oL (F,F)., Let x € E, and let’, > 0 be such
that x + NB. ¢ E. Let h € Bpy M € l-MgyNo)e Set

Ao £Hxan) - £k

. + EIE)IEE MmN . (54)

Then

a = el [ o) - ZEh) = 5 | gy

- 1 x onn) - F L) o) )] - (55)

- TG h ) - £160) 2R 2 £ g )] 157,

Now, Cp, = f"I(x)(BP) is @ Bdd subset of F and thus Dy = f'(x)(B)(Cp)
is a Bdd subset of F. Since £V is continuous, there is a Nbd of 0 U

in E such that if y €U, then
£leoy) - £716) e, Ty, . (56)

Also, since B, is Bdd there is akl > 0 such that

A Bl . (57)

So it follows from (5¢), (57) and the definition of Cp» Dp that if

0< |M< » and h € B, then

(I A n) - L) ))IETx)] €

1 1 (58)
€ (Dps x v>(cF’DF>(BF’CF> = <Bpp 5V> .
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Since E is & Montel space and £-1 is continuous » then

(f'l(x +2h) - f"l(x)/h ¢ S} is, by th.(1.2.7.4) & Bdd set. Since

F is tonnelé, by th.(1.2.7.3) it is then an equicontinuous subset of
X (F,F). Therefore, there exists a Nbd of 0 W in F such that if

hqBB,0<,x[ <1, ue W, then

£ +an)(u) - £x)(w) e SV . (59)

From the existence of f', we have A, € (0,1) such that if 0 - [»] =&,
and h ¢ BE' then

£ 1ah) - £(x)
A

£1(x)(h) ¢ (Cp, W) (60)

It then follows fro.. (59), (60) that 'f C . I and hg BE, then

l‘f-l(x +).h)—f-l(x)] [f(x + 3 h)=f(x) _ fr(x)(h):l [f'I(X)] e
A

¢ (W, 3 VI(CpM(B,, € € (B, T V) . (e1)
Finally, there ‘s a Nbd of 0 U in F such that
ey e -;; v (62)
and there is a x3 > 0 such that if O «f|;\‘ _._/_7\3 and h ¢ BE, then

fx +ah) L £(x)
A

- £1(x)(n) ¢ (Cp, W . (63)

It then follows from (62), (63) that if 0 < 2] g and b ¢ B,

then
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ERISHIECRD RO S R S
1 1
€ (U, 2 VX(Cp, UNBR,Cp) c (B, 5 V)

Tius, from (55), (58), (61), (64) it follows that if

0 <|A] <min(@ A AL 2 3) and h e B, then

, 1 1
A €iBy, TV 4 By SV + By, £ V) € (By,V)

(64)

(65)



3. The Problem of P{aff

3.1 Statement of praoblem

The problem which we shall refer to as Pfaff's problem is that
‘of finding & function once its derivative is given. Specifically, if
E,F are LCEVTs, o 8 comvex, open subset of E, and T a continuous func-
tion T:Eo'"‘*afTB,F), under what conditions does there exist a fumction
£:E,—> F such that f' = T?

In the case in whic¢h E = F = R, the problem is completely solved
by the fundamental thcorem of calculus. In the case of E,F two finite
dimensional vector spaces, additional requircrents, i.e, that T' is

symmetric, are required. Specifically, if E = R2 =R xR, F =R, then

T(x) <\\ :> 1)
Q(x)

where x ¢ E,, P,Q:E,—*R and the relation between linear transfoimations

we may write

and matrices as described in T14°, Then the condition for the existeonce

of £ is that P,Q have continuous first partials and

aP = -?g. ' (0)
ol -

This solution of the problem has been extended to Ranach spaccs by
Kerner {15). In this section we extend the solutioa to obtain ihu

sare result for Montel spaces.

+ -4 A -
Superscripts will denote co-ordinates.

40
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2.2 Known solutions

Kerner's solution is different fra: the onc usually given for
the finite dimensional case (see for cxanple, [121) where an easier
procedure is possible. We shall compare these approaches and then
describe ours which is a synthesis of the two. For simplicity, we
consider, in the finite dimensional case, only the case E = Rz, F =R.
3.2.1

IfE-= Rz, F = R, then we choose a point x, ¢ E, and define f by

x* 2
f(x) = j);l P(t, xg) dt + I{z Q(x3,t) dt . ()
0

. x=(xl x2)
In other words, we integrate the derivative, :

first along one co-ordinate axis and then

along the other (see Fig. 1). It follows . =(xl x2)
0 Y00’ ], 1 2
from (2), (8) by dircet computation that (x »Xp)

£' =T, (Fig. 1)
3.2.2

The immediate difficulty in generalizing the classical approach
is that it involves co-ordinates. Kocrner :pade the natural replace: ent
by integrating along the line from X, to x. S8pecifically, he defines
£ by

1
£(x,) = JC T(xq + t(x-xo))(x-xo) dt . (<)

This time the proof is iiore complicated. A considerable amount of
analytic wachinery is euployed, including a Fubini theorem, Also the

Banach space noxm is strongly used.
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3.2,

In our method we define f exactly as did Kerner, but retain the
co-ordinate epproach in proving that f' = T. The idea is that if
X s% lie on a line parallel to one of the co-ordinate axes, then (3),
(4) are identical and both proofs are trivial. But this eituation can
always be obtained erely by changing co-ordinates and keeping im rind
that derivatives are defined intrimsically, without mention of co-
ordinatea. In fact, we find that a co-ordinate system i8 unneccssary.
All we need do is write E as a direct sum of two subspaces; a onc-
diwensional subspacc (the line through x,,x) and a topological supple-
ment (see 1.2.2.4). Then (4) can be written in a form analogous to
(3) and the classical coumputation works. The only remalning difificulty
s that now a differcnt symmetry condition s required. In lersia 3,
this 18 proved to bLe cquivalent to the usual one. Lemmas 1, 2 are
simple results of calculus along the linc of Section 2. Theorem 1 yives
the final result.

3.3 Solution of proble.

The first lcima shows thai we can differentiate under the integral

sign.

3.3.1 Lemma

/7
Let E be a Montcl space, F a tonncle space and Ej & convex open
subgset of E. Let I ='70,1". Let g:I x E,—>F be such that g' cxists

and is continuous on cach Bdd subset of I x E_, and g 1s continuous on

0?2
I. Let f:Eo——+’F be defined by
1

f(x) = d/\ g(t,x) dt . (5)
) 0



Then f' exists and

1

£1(x)(h) = f %g (¢,x)(h) dt . ()
0

pf. The continuity of ¢! implies the cont nuity of %% and thus the
integral in (¢) cxists. Let x ¢ E,> let B be a closed, Bdd, equili-
brant subset of E, and let V be a elosad, convex Nbd of 0 in F. Since
%% is continuous on I x {/x + B) and E is a Montel space, gg- is uni-
formly continuons on I x fx + B, becausc this sct is compact. There-
fore, there cxists a Nbd of 0,U,in E su-h that "f ¢t € I, h € B,

X]sXg E€X * B, Xy, € U then

o}
_a__g ('L',xl)(h) - % (t,:;‘:)(h) eV . (7)

Let M, > 0 be such that A\Bc U. Then if 0 < |A| < A and h eB, it
follows from (5), (7), th.(1.2.4.2), th.(1.2.4.4) and the fact that

B is equilibrant that

‘ 1
.E(x -'r?\.t;\) - ;.'QC) _ ~/0 _g_%: (t,X)(h) dt =
1 » ‘ 1 1 3
= 4 ;;(‘L,X ~ h:‘.)‘ - ;'(t,&) dt - l \[ —a'% (t,x)(h) dodt =
11 3o 3y ] ()
= ff [-5%' (t,x + oNh)(h) - -g% (t,x)(h)l dodt €V,
0 0
!

3e3.2

The next result s a counterpart of Lhe “integration by parts’
formula. It {ollows “‘rmmediately frow a spe-ial case of the product

rule,



o
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3.2,3 Lemna

Let E,F be Montel spaces, and Eo a convex open subsct of L.
Let I = {0,1). Let £:E,—>TF, :1 —R such that of,f' exist and
are continuous.

Then for cach Xps % €k

o ?
1
a (1) £(x) -c (0) f(xo) = f ' (L) f(xo + t(x-—xo)) dt +
0
. (9)
+ f o (1) £1(x, + t(x-:co))(x—xo) dt .
0
pf. Let X,y X € EO. Let B8:1—F be uoiined by
BE) = a () £lxg + tla-x,)) (10)

"X+ t(x-x_) € L_because E_ is convex.
o o o o

By th.(2.4.1) and corollary (2.6.3), g'! exists and g":1—F and

' : - ST . e
B'(6) = at(c) xg + tlxg)) v ale) (kg v tlexg))(xox,)
1)
It follows fra. (1), luma (2.5.7), and the existence and continuity

of o',f' that B' s .ontinuous. Therefore, by th.(1.2.4.2),

a(Ex) - o)) = p() - pO) = [ p(r)at =
) ° (12)
= / {q'(t):’f(xo + ’c(x-—xo)) 4 o(t)i“(xo + t(x—xo))(x—xo)}dt' .
I

In the next le.ma we prove that the symoetry condition which will

be used in the vain theorem is iiplied by the usual syumetyy cond tion.

+



45

The proof is s.rprisingly simple. The situation is, in a sense
algebraic rather than analytic, That is, once the definitions are
well stated, the proofs are trivial.
3.3.8

Before going into details, let us try to understand what these
syvmetyy conditions ncan., We start with a function T:Eo——-*af(E,F)

which we want to show is the derivative of a function f:Eo——ﬂ-F. The

usual symmetry condition merely demands that
THx)(h)(k) = T'(x)(k)(h) (13)

for all x € E, h,k€ L. It should be rccalled that T':E,— L (E,L (E,F)).
Cur symmetry conditlon can be explained as fallows. We restr ot T(x) to
operate on a single vector h, take the dvrivat:ve and restrict the re-
sult to a topologi.:al supplement Eh of the space generated by h. Then
we repeat the process, reversing the roles of U and Eh. We derand that
the two results are the sane.

There are two dificrences between the conditions., In the first
place, one different ates {irst and then applies T and the other 1ixwes
them up. This diflerence Is superficial and is only a conveniencc.,
The second is that onc applics to two vectors ai a tiie whercas the
other applies te a vector and a subspace. This difference is cssential
and our theorem shows that the use oi a -o-ordinatc syste:. is only ap-
parent ‘n the classi:al solution of Piaff's proble:..
3.3,.6

Now we describe our syumetry condition precisely and prove the

desired result. Ic h € b we define Th:Eo——~fF by



Th(x) = T(x)h) . (14)

Ir Eh ig a topological supplement of the subspace generated by h,

then we define Tsh:Eo——*of (E,»F) by

Tp (x) = T(x)/E . (1s5)
h h

It is easy to scc thai the existence of T' iuplies the existence of

T, TI'3 . Our syumetxy condition is
h

@) = (1) (16)

for all h € E. Nov we prove our result.

J.0e7 Lerme

Let E,F be ICCVTs, T a convex upen subset of D, Lot
b b Ie} i
T:E —+»Z(E,F) su-h that T! exists.,
[e) 3
Then
(T ) == (Qc) .
pf. We assw:e (1) and saow (1C). Loo us +irst prove that .he o

allegedly cqual funct’ons have tie sasc derain and range. e have

T, L~ F and Ty, L, f(ﬂh,r) . (17)

Hence, T':E — L(£,F) and T! :E_— L(E,L(E_,F)), (1)
h''o L, "o h

so (Tt'l)r.h :E, L (E,,F) and (Téh )h;zo—n[ (E,5£) (19)

as uesived,

Now let x € EO, h® g, k© E, . Then
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Tp(x +M k) = Tp(x)
A

(T&)Eh()t)(k) = Tp(x)k) = xl—i-n»‘o

Rl = TR | ) - (20)

= lim
A—a0

On the other hand,

Tg, (x + Mn)(K) = Tg, (x)(k)

(1) () = T GIDE = e _ -
)
=y BN - TEAE) L ogygymye) L (21)
A—0 A

The result then follows immediately from (13), (20}, (21).
The main result of this section may now be proved.

J.3.8 Theorem

Let E be a Montel space, F tommele, E, & comvex open subsct of
E, X, €E,. Let 'r:x»:o—->of(s,r) such that T' exists and ie continuous.
Then there exists a function f:E,—> F such that f' exisis and
£ = T (22)
if and only if for a1l h, k €E, x €E  we have

T'(x)(h)(k) = T'(x)(K)(b) . (23)

pf. We define a function g:1 x E;—> F by
B(Ex) = Ty + tlxxg))(xex)) - (2¢)

To analyze g, we nust define two other functions, u:l x Eo—*Eo and

v:I x E;—E by
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u(t,x) = x, * t(x-xo) (25)
)
v(t,X) = X =X, o (26)

Note that the range of u is Eo because Eo is convex. 1t then follows
that

g = (Teu). (27)

From the obvious facts that u is continuous, u' exists with
u'(t,x)(r,h) = th+r(x-x;) , (28)

the assumption that T' exists and th.(2.4.1), it follows that T-u
exists and

(Teu)'(t,x)(r,h) = T'(u(t,x)){t h + r(xpxo)) . (29)
Now we note that v is continuous and v' exists with
vi(tyx)(r,h) = h o, (30)
Thus by corollary (2.6.3) we have g' exists and,

g'(tyx)(xr,h) = [(Teu)' (t,x)(r,h)Iv(t,x) + (Teu)(t,x)v'(t,x)(r,h)] .

51
Applying (25), (26), (29), (30), we obtain )

g'(t,x)(xr,h) = T'(x°+t(x-xo)(th+r(x-x°))(x-xo) + T(x tt(x=x))(h) .
(c2)
Thus we conclude that g' 18 continuous so that if we define f:Eo —>F
by 1 _
£(x) =l; g(tyx) dt , (33)

then by lemma (3.3.1), f' exists and
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1
£'(x)(h) =£ g(t,X)(h) dt . (34)

Now let k € E and E*}be a topalogical supplement of k. Then we may
define continuous linear functions :E —» R, B:E —>E, by the
relation

x = x)k + B(x) for all x € E , (35)
Thus we may write

T(xg + t(x-x ))(x-x,) =
(26)
= ax-xg) Te(xg + t(x-x))) + Tg, (%o + t(x-x5))( B(x-x5)) .

To the second terw of (36) we apply the same argument as applied to
g and to the first term we apply corollary (2.6.3) and th.(2.4.1) to
obtain

F @00 = @ EO0K) = %) T, + tlxex )
+ Hx-x,) Tﬁ(xo + t(x-xo))(t k) + (37)
"I (o elexg))(e K)(Baex,)) + Ty (kg + txex))(BK))
But @ (k) = 1 and B(k) = 0, so

= (600 = E{Thleo + Ermrg)) (g Je) + (7LD (x, v xex, D) Be-x )} +

+ Tk(xo + tlx~x,)) . (38)

Now from (23) and lemma (3.3.7) we have
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-2-2 (E)(K) = ) x, o)) (OUxerey i) + (r;)skcxow(x-xo))(a(x-xo))}

+ ‘rk(xo + t(x—xo)) (39)
= t T;:(xo + t(x-xo))(x-xo) + 'l'k(xo + t(x-xo)) .

Thus from (34), (39) we have
1l 1
fr(x)(k) = \/; t Tl'c("o + t(x—xo))(x-xo)dt + \/0 Tk(xo + t(x-xo)) dt .

, (40)
Finally, from lemma (3.3.8)

1 1
£ (x)(k) = Ty (x) - “/0 Tk(xo + tx=x,))dt + L ’l‘k(x0 ¥ t(x—-xo)) dt

= T(x)(k) . (41)

On the other hand, let us supposc f exists and satisfies (22). Let
h,k €E, x €Eo. Let u € F', the dual of F, We define a function

g:R>—>R by )
g{s,t) = u[f(x + sh + tk)] . (42)
Then g is twice continuously differentiable and we have
%‘; (0,t) = ulf'(x + tk)(h)1 = ul[T(z + tk)(h)]
(43)
2

dg
Osdt

(0,0) = u[T'(x)(h)(k)] . (44)

Similarly,
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2 .
%—tg;- (0,0) = ulT*(x)(k)(n)]

and from the classical result,
3%g 3°g

dsdt ) dtde

whence

ulT'(x)(h)(k)) = u[T'(x)(k)(h)]

and since this is true for all ug F', by sec.(1.2.2.9) we have

T'(x)(h)(k) = T'(x)(k)(h)

(45)

(46)

(47)

(48)



4. Existence And Uniqueness Theorems For Differential Equations

In Montel Spaces

L.1 Introduction

In this section we consider the following questions

Let El be an open set in E, Eo an open subset of El

et TsE, x F_— AE,F), (x,,y,) € E, x F_. What are the minimm

conditions under which therc exists a function f:Ed——na Fo such that
£(xy) =y, (1)
£'(x) = T(x,f(x)) (2)

Furthermore, if such an f exists, is it unique? In case E=F=R the

well known Cauchy-Peano Theorem (as given for example ir (10)) shows

that continuity of T is sufficient and if in addition T satis{ies a

Lipschitz condition, the solution is unique. This result can be

immediately generalized to the cuase in which E=R, F=R" for soue integer

u. If however, we take E=R" then difficulties arise immediately. Ii

(0) is replaced by the followiny integral equation
1

f(x) = Yo ¥ \/\T(xo + t(x—xo), f(xo + t(x—xo))dt (3)
0
then the problem can be solved. However () may not be satisfied
since T(x,f(x)) may not be the derivative of any function. Thus, some
kind of symmetry condition as in Section 3 must be added. Hence one
is led to assume that T' exists and is symmetric in a sense to be specified
below.

4.c Banach space case

1{ we take the case E=kL; F A Banach space, then continuity of T

is not enough. This is shown Ly an example due to Dieudonne ({171). If

52
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we put a Lipschitz condition on T then the problem can be solved, in
fact with the existence of T' and a certain symmetry condition, Michal
and Elconin [13] prove the existence and uniqueness of £ in a manner
similar to the Picard Existence Theorem ([15]). This result is valid
when E, F are any two Banach spaces.

4.3 The symmetxry condition

b.3.1

Thus one cannot expect to prove the existence of { wlLui. E=R and
F is a montel space merely by assuming that T is continuous. This is,
in fact, the case,as the following example demonstrates. This example
is suggested Ly that of Dieudonné [17]. He takes a sequence space and
a differential equation. By looking at each co-ordinate suparately a
family of differential equations is obtained; the solutions ;)f which
satisfy a single inequality. But this inequality is such that the result-
ing sequence is not in the original space. Our probiem is to replace
this sequence space Ly a function space and then look at the values of
the functions at the integers.

4.3.2 Example

Let E=R, F=./, Let 9:[0,1]— R be defined Ly

S )
e (L) = a,e 1 ~(2n-1)° Jdy (%)
o
where a is a uuaber such that ¢(1) = 1. Then it is easily seen that
¢ cnjoys the following properties.
i) @ is infinitcly differentiable
ii) cp(")(o) = 0 for all v > 0, (5)

111) 9™(1) = 0 for al1 v > 1,

1

? (1)

1
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Now we define TxRxJﬂf(R,I)= ,./by

| \ . 4f
Y)Y = (@] - @] )ee-a) + G ¢ e
for =n< é’s R+1 . (6)

In other words, we have for each n, replaced y(n) by /|y(n)| and
then commected thesc points infinitely smoothly by curves which look

like 9. For comvecnience of notation, let us write
Z, = T(xy) . (7)

Let us show that Zy € z;/ . Clearly from (5), Zy is infinite differont.able.
Let
v
My = sup Iq)( ) (&-n)l . (8)

My is independent of n. Thus sincc Zy(v)(n) =0,

Z)(,V)(g) < (v/|y(n + 1) - «/‘Y(ﬂ)') My + /m + e"g (9)

-y

form =t <n+1 .
Since y € &/, for cach imteger k . 0,

i Ry My = o
lg]-’n (10)

It follows from (9), (10), the continuity of the square root function,
~¢2 .
and the fact that ¢ € %, that

Lmtk%o%n =0 .

o (1)

Thus Zyt \z/ + Now we must show that T is continuous.

1f Yi» ¥y € ¢, then
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(Zyl - zyz) (&) = (lel(xwl).l - Jl.yg(n-i-l)l - \flyl(u)r +

+ Jl.y:,(n).l )‘P(g-n) +\/Lyl(n)l - Jl.yg(n)‘ forn€é<n+1

M A AN O s<~/ly1(n+1)t - Viy,(n#)] -y ()1 +

+Vly (n) ‘>>MV 1y ()1 = iy (a)

The continuity of T then follows from (13) and the continuity of the
square root {umction. On the other hand, let I be any interval in R

containing 0 and suppose there exists a function f31l—4 such that

£(0) = 0 anc
£'(x) = T(x,f(x))

for cach te€ R.Let us define gt I—R Ly

5,(x) = £(x) (8)

then

S100 = £1(x)(8) = T(x,2(x)) (8)

In particdlur, {rom (0) and (1J), foi &= n+l

T -
“n+l(x} B
that is
er = J1.r - —-(l’H‘l)“
Un-i-l(x) - I't"nﬂ.(k) ' + e

The solutions of (13) are dominated Ly solutions of

—_—
'}" - & 'Y
B (%) = g (9]
which are

X+c
Sl (x) =

«_r'f(x) (n+l) | + e"(m'l):»

(12)

(13)

(14)

(15)

(1)

(17)

(19)

(19)

(20)
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Thus with the faditial conditions. the solutions of (13) satisfy

2
bay(0) 21 (21)
But then we have,
2
£(x) (n) 3 - (22)

which contradicts the fact that £i(x) € J.

L.3.3 /

-~

Thus we see that some additional assumption is required. With
an eye to using some form of Ascoli's Theorem, we would like to have
the range of T & coupact ur ai least relatively compact subset ofd{(E ,F).
Because F will be a montel spacc, equicontinuity is enough, so by
th.(21.2.7.3) it will suffice to assuwse simple boundedness, aud then of
course, except when E=R, we ucecu to assume that T' exists, is countinuous
and saticiies a certain symetiry condition. For uniquenness we need
oilly add, when E=R, the existence and continuity of T'.

h.3.%

In this section we prove [our results and give {ive exumples.
Example (%.3.2) showing the necessity of assuming simple Loundedness,
appears above. Th.(4.4.1) proves existence when E=R. The proof is a
generalization of the classical Cauchy-Peano Theorem as discussed, say
in {16]. Th.(&.4.3) proves the uniqueness. Here the proof is different
from the usual one given for E=F=R. Lxamples (4.4.4.1), (&.4.4.2)
illustrate Th.(4.4.1), (4.4.3). Th. (4.5.14) proves the existence aund
uniqueness {or the case in whiich E=RxR. To solve the intec:ral cguation
(3) is no prollem, but merely a soutine repetition of the method used in
Th.(4.4.3). But to differentiate this function is quite another matter.
Th. (3.3.3) cannot be used because nothing is known about the derivative
of the imvegr and in (3) = not cven it existence, since [ itself is

involved. We overcome this difficulty by fixing one of the co-ordinates
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of R x R auu solviiyg a4 one=diucnsionul problem. The derivative ol the
resulting function is theu thc partial ol {, Finally, Th.(4...) proves
the lexistencc and uniqueness ior E,F Montel spaces. Again we [irst solve
the integral ejuatioh. Then we apply Th.(k.5.14) to show that the integral
of T(x,f(x)) ulon; any polyjonal path cepends only on the end points. A
theorem of Gil De Lamadrid gives the desired result. Examples (4.0.3),

(4.5.4) dlustrate Th.(h.0.7).

4.4 The one dimeusional case
4.4.1 Theoren

Let E=R, F a nontel space, L= [xo, xo+al] CE, F_ a touncau in F
and Yo i interior point of FO. Let T:El::Fo———v/(E,F) = F such thut

/

i) T(EleO) is a Bdd subset of F

ii) T is continuous. ¢3)
Then there exists E =[x ,x 4+ a ], 0<a <a and a function

0 0’70 0 0 1

f:EO — F such that

1) 7 is continuous and differentiuble,

2) 1‘(}(0) =y,

3 E'(X) = Tk, E(x)) ()

pE. First we assume that x = Yo = 0-
By assxm;xptio;x L), there exists ¢ nuaber a > 0 such that il ltl(é 4, xcky,
yeFQI theun

T(x,5) (t) ¢ | (9)

We define a = Hin(a,al). Let B Le the couvex cud topological closure

of T(El X FO) (Eo). It again follows from i) and (1.7.2.7) that B is Ldd.
Since F is a wontel space, B is compact. Now Eo is also compact, so

Eo x B is too. Therefore, the restriction of T to Eo x B is unifonaly

continuous.
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et V be a tomneczu in F.  There exists a tonneau W in F aud a

1l
and ¢ ¢ Eo, then

&, > 0 such that if I X; = X, < b, Xy:%,, € Eo, Y1:¥5 € B, Yy € W

T(x]_’yl)(t) - T(xe:yf;;)(t) e V. ()

From i) there exists a 8, > 0 such that if |t|< 52, xek ,and ye Fo, then

O)
T(x,y) (t) e W (27)

We set d = Mh('él,tsﬂ) and define f tE—> B Ly

0 ifx =0
£,(x) ={
£, 0(0) + T(0, 1 (k8)Xx-kb) if xe[}d,(rl)dl B (3)

First we mst determine that the rangre of £ is a subset of B. Clearly
0eB.  Supposc that

: - 1;5 e
fv(L\B) € T B ( _3)

o)
then frou (™), (2¢), aud the ¢definition of D.

fv((k+l)8) = fv(kb) + T(kﬁ,fv(k.'é)) (8)

. . 8 £V e
= ;_'V(I:B) + T\l:o,xv(.;o)) (ao)

[¢]
e%—a- B+-§-— Bc(—-—)——kils B (30)
0 o

Thus by Induction we riy conclude that (22) is valid for k =0, 1, ~,....

In particwiar, since D is convex, the values of f at intermediate points,
a
being lite segments, are in B. (note that k £ 5-9 ). Fuwrtheruore,

if x # kb Cor any k. by the lincuarity,

300 () = 10, £ (ke))(t) (31)
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Now| »-kb| < & s0 by (27),
£,(x) - £ (k) = T(k8, £ (Kb))(x-kB) W - {(32)
Et then follows from (26) and (32) that

£1(x)(t) = T(x, £ (x))(£) = T(kB, £ (KB))(t) - T(x,£,(x))(t) &V (33)

Consider the family [fv}, where V ranres thru a Ntd base of o in F, as a
subset of the space C of all continuous functions from E  to B, equipped
with the sup topology. Let U be a tonneau in F. By i) there exists an

n > 0 such that if x ¢ E,yeF, | t|< n then
T(x,y)(t)el (3%)

Thus from (20), (34%) if X) <X, Xq€ [(j-l)&,jb] y X € [kﬁ,(k-l-l)ﬁ:]

£ (k) (%)) = T(B, £, (16)) (x,~K5) +

+ (3-8, ££3-1)8)(30x)) +
kel
+ (18,5 (16))(B) €
fmj
k-1
1D . =
e xﬁn U+ 19%51- U+  Suc

/
o

1)

el oo g0 g + el e 221y ()

Therelore the family Lfv} is ecuicontinuous. Since fv(Eo)c B, then
gfv(x)c B for all xeE . But B is compact so by Th.(1.3.2.3), the family
Lfvl has compact closure in C.

If we order our Nbd base (V} by inclusion we obtailn a directed set so

/
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that (f ) is a net in C. Therefore by Th.(1.3.1.5) there exist a Nbd
base ¥ = (W) and feC such that for any V, there exists wlewsuch that

W,c V and if We W, and WeW,, and x¢E  then

£(x) = £(x) € V (35)

Now, integrating both sides of (33) we obtain
1

£(x) - J’ (e, £, (60))(x) dt e V (37)
(¢}

Now 1

£(x) = fo T(tx, £(tx))(x) dt = £(x) =£ (x) + £ (x) -

(3°)
1

1
- [T(tx,fw(tx))(x) dt + | (T(tx, fw(b:))(x) - (¢, () )(x)] dt

From (35) and the continuity of T, ;iven V there is a W such that
T(ix, £ (5))(x) = T(tx, £(60))(x) € V (39)
Then from (35), (37). (39) and Th.(1l.. .k.Lk)

1l
C (%) -[T(tx,f(bz))(x) dteV+W+V (ko)

and this implies that

1
£(x) =J:T(‘bc,f(1:<))(x) at (41)
Hence
X
f(x) = f T(t,£(t)) dt (42)
&b .

/
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Therefore Ly Th.(1.2.4.2) we have

£1(x) = T(x,f(x)) (43)

This satisfies conclusion 3). £ is continuous because feC . £(0) = 0
because £ is a uniform linit of functions £ with £ (0) = 0.

Finally, in order to obtain conclusion 2), we apply the above
argupent to the function StE; x F — X(E,F) defined by

S(x,y) = T(x + X, ¥y +y,) (44)

Then we have a fumction g:EO—+ F such that
)

g'(x) = S(x,u(x)), z(0) =0 (45)
1f we define szO—-—~> F by

£(x) = y(x = x)) +y, (45)
Then f(xo) =y, and

£1(x) = g'(x - xo) = S(x - xo,g(x - xo))

= §(x - Xo? f(x) - YO) = T(x, £(x)) (%7)

L.h.o

Now we twrn to the wiqueness. let us assume that E«F=R and T is
constant on E. The problem then reduces to showing that if WtE — F is
continuous and non-negative, and if

X
h(x) <k - h(t) dt (18)
N

Then h = 0. One method of doing this is the following.
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Suppose x3 is the largest number such that h(x) = 0 on [O,x]_] . let
X, > X;, let x el %, X, ] be:the point at which|h(x)| takes on its

3 1
maximm value. From (50), for xel xo,x2] we hawe
fh(x)] < kK |/ h(t) dt = k !{;h(t) dt < fh(x )| k(x. -x,) (49)
- *1 - 3 x1
Thus for x<xl+%wehave
| B(x) | < [h(x,)] (50)

vhich is a contxadiction. This argument is now in a proper form for
/

generalization and Th.(4.4.3) does just that.

4.4.3 Theorem

Under the conditions of Th.(4.%.1), if in addition T' cxists and is
continuous, then the solution is unique w.r.t. the conclusions 1), 2), 3).

Pf. Suppose, f,g satisfy conclusions 1), 2), 3).of Th.(4.4,1) then
i X

00 =y, | TEEE) (52)
o]
and
/_x
g(x) =y, + T(&,g(8)) dt (52)
&O
80
X
fu)-mw~lﬁﬂnﬂo)4ugu»}@ (53)
[+]

Thus by (58), and Th.(1l.2.5.4),

x 1

r

£(x) - g(x) = [ [ T'(8,8(8) + o [£(E) -g(&) 1)(0,£(8)=g () dode
%o (5k)
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Let B be the conveX® equilibrant, and topological closure of the range

of T. Thus B is compact and hence B, = topological closure of B-B is a

1
closed, convex, equilibrant Bdd set. Also Ly (51),(52)

£(x)-y, €(x -x) B (55)

and
g(x) =y, € (x =x,) B (56)

so
£(x) - g(x) e (x=x_) B, (57

We define the function asE 0————) E by

a(x) = inf WA 20, £(x) —g(x) erB,), (58)
From (57) we have
a(x)L x - x (59)

Further, if «¢(x) = 0, then f(x) -g(x) = 0 for if yluf(x)-g(x) # 0, then

there exists a Nbd of 0,V,in F such that y, ¢ V. Since 5, is Bdd, there

exists A0 such that A B,cV and hence a(x) > A, > 0. Tlually, if

Xy, X, € E_, then we have from (53)

B(x) - g(x,) = (T(,£(8)) ~T(8,g(8)}) d
o

”
}\")
L 4

+3j‘1 (T(e,£(8)) -T(E,c(¢))) dt (60)

X2
- £(x)) -5lx) + i (78, £)) ~T(E,5(8))) g,

1
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So by definition of a, B, and Th.(1l.2.4.l4),

£(xy) - 8(x,) e (alx)) +Ixy=x)) B, (61)

Hence

a(x,) < o(xy) + |x,=x, | (62)
and since the argument is symmetric in Xy, %, we have

[ alxy) = alx) | < %%, |

Thus a is8 continuous and hence attains a maximum on each closed subinterval
of E_ = [xo,xo + al. let Xy, = Sup {x-a(x) = 0). Suppose X -x < a .
et X, e(xl, xo+ aoj such that ::2-xl < 1.2. Then there exists x3c(_xl,x2]
such that

/

ce(x3) = Sup {a(x)| xe[gco,le} >0 (€3)

Thus if xe[xo,x2]
£(x) - g(x) e afxy) By : (5h)

We define the function tho—) F by
1

h(e) = [ 18,80 + o L208) 5001 )00, TR ) a0 o)

0

Since T', f, g are continuous, h is continuous. Further, by (52), (&)

if xe [xo,x2]

X
£ - P
h(g)dg = €B (00)
[ oz(x3; 1

s
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We now claim that h(x) 2B, for all x ¢ [xo,xgl. Suppose xue[xo,xbﬁk
and h(xu) d 2B, . Since 281 is closed and h is continuous, there
exists x5, X such that

<x <x <x 5
X, < x5 x), <X, < X, (=7

and h(x) is in some eonvex open set G whose elosure & is disjoint from
°B, for all xe[xs,xél. Thus by Th.(1.0.4.2)

X,
d[ h(t) de ¢ € . (23)
X

However, Ly (6C) and since B, 1is convex and equilibrant,

x\; x)- x{«‘
J ne as = [ucerae - [ucerae en-n e o) Cy
X5 Xo X5

But this contradicts the fact G /N 2p; = #. Hence h(x)eQBl for all
xe[xo,xm) and by continuity the claim is proven. Thus for all
X€[xo)x2]:
X
€x) - g(x) = a(x) [ bt at (70)
X

o

and since ¢(x) = 0 for xe[xo,xl], then f(x) - g(x) = 0 so by (75),
h(¢) = 0 for xe[xo,xl]. Thus, by our claim,

x,
£x) - g(x) = alx,) [ h(e) 48 con(xy)(x,mx,) B, 1)
1
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In particular,

E(x3) = glx3) e2o(x ) (xy=x)) By (72)

and since x,=Xy <12, ﬁF have a(xB) < a(xh) which i8 a contradiction.
Hence %, cannot be an interior point of E,, that is f(x) -g(x) = 0 for

all xsEo. I

bbb
We now consider two examples. In the first case, in addition to

applying Th.(%.4.1),(%.4.3) we will able to exhibit the solution

explicity, using the methods of ordinary differential equations. Thus

we can see what kind of functions will satisfy our differential equations.

In the second example, we obtain existence and uniqueness of solutions

of a certain class of intergro-differential equations. Explicit solutions,

if at all obtainable in thds case would be very complicated.

4.4 4,1 Example

We take E = R, F od, Ey=R, F = V((m], (¢,}) with m21. Then

we define Ti Eled-——aP by

T(x,y) = y'(0)y, (73)

where yleFO and y' is the derivative of the function y. It is easy to
see that T is continwous. Further, if yePo, MV is the upper bound
of J ygv)(t)] » K is the support of y, and 1IT(x,y)] (v) (t) is the
vth derivative of T(x,y) evaluated at t, then T(x,y) 18 supported by

K and

U161 @] = [y [ | < e (74)

v
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Thus T(Elxzo) is a Bdd subset of F. The assumptions of (%.4.1) are
then satisfied so we may assert the existence of solutions. Further,
since T {s linear and continuous, by Th.(1.2.5.3), we have
T'sﬂlﬂo—ﬁ (ExF,F) 1a given by

T'(x,y)(t,h) = k'(O)yl (™)

and this clearly continuous, so by Th.(%.4.3) the solution is unique.
We ghall now obtain the explicity solution under the initial con-

dition
£(0) =y, (76)

where yoef‘o. What we are looking for is a function f:ElxR———v R

V.
(weabueethelanguagebymingﬁxesanelattar, £) suchﬂlati—g

exists for all v = 0, 1, .... and for each erl, f has cuwgact support
on R. We further demand, after (73) that

£ 0 =& (x,0) v, (1)
and after (76), that
£0,t) = y (¥) (1)

1f we integrate (77) w.r.t. x from 0 to x we obtain

X

£x,8) =y, (8) + (| & (£,0) a8) yy(v) (79)

o

and if we define a:Eo — R by
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X
o) = 3 (&0) 2 (80)

£(x,t) = a(x) y (1) + y,(t) | (81)

substituting (81) back into (77) gives

a'(x)yy (£) ¢ [a(x)y(0) + ¥(0) 1y (t) (82)

and (78) becomes

(0)y,(t) = 0 for all t. (83)

¥ y, = 0 then (T7) clearly has the unique solution

1
£(x,t) = y (1), (84)

Ify, % 0, (83) becomes

a(0) = 0, (85)

Then the problem (83), (83) represent a family of ordinary differential
equations (indexed by t) which has the unique family of solutions

v i) .
o) o{ T e -1) if yl(o) p 0
- (86)
¥o(0)x 1f y1(0) # 0
L
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(81), (84) and (86) together give the following unique solution,

yi(0)  yj(o)x

')71'(5)' (e -1) y%, if y;(0) % 0
f(x) = (87)
y5(0) X34y, if y{(0) = 0

L.4,4.2 Example

letE =R, F so, El-[-l,ll and F_ =V ([mv),lev})with

mo_>_l, eo§1. IetK:ElxRxBJ-_—HR such that

i) for each x, aeEl the fumction Kx o R—R defined by
2

Kx,c(t) = K(x,t,0)
is an element of AVC

L,
ii) The family {Kx,a}x,aeEl is a Bdd subset of +

\Z
iii) For each v = 0,1, ... the function -a—-%- is continuous in X,0
ot
uniformly w.r.t. t

iv) K(x,t,0) = 0 for all x € El’ teRr.

An exaumple of such a function is

" 1
- : if () (2te)tl< 1

oe 1 - [(2+x)(2+o)t)”

K(x,t,0) < (%)

0 if J(ox)(2+0)[> 1

Then we may define TiE, x Fo———* F Ly
o8]

(x,y) (1) = f K(x,t,y'(£)) d (90)

=00
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The condition of Th.(4.h.1) are satisfied. For Th.(4.4.3) we have to
assums in addition,

v) % exists and is continuous

Then we have the existence and uniqueness of a function faElxR—->R such
that

¥ x0 = [knt, E (on) a (52)

4.5 The Finite Dimensional Case

b4.5.1

We now turn to the case in which EsRxR. At first glance, one might
expect to be able to ignore this sitvation. Certainly, for F=R or any
Banach space, it is ignored. The reasoun is that one must certainly assume
some sort of eymmetry for T', and thus we have already the existence and
continuity of T'. This ensures that a Lipschitz condition is satisfied
and then one can give a "Picard" type proof as is done in [18]. After
some study, we are forced to conclude that the Lipschitz condition depends
irrevocably upon the fact that all Nbds of 0 are scalar multiples of a
single Nbd, which is sufficient for F to be a Noxmed space.

Thus we are led on & more circuitous path. First we present a series
of lemmas which develop a calculus for functions which are continuous and
or differentiable except for jumps. These are generalizations of previous
results, and except for lemma (4.5.7) are rather trivial and unsurprising.
We give them here and call them lemmas because without them our proof of
Th.(%.5.14) would be ra1/:her vague. They will not be used elsewhere.

Th. (4.5.1%) on the otber hand is crucial for the proof of Th.(4.6.2).



We begin with some definitions. Let F be a LCEVT and let
I=[0,1]cR, Let S = (al,...,ap) be a finite subset of I. Let

fiI-5F. We say that f{ 1s continuous except for jumps on S if f

is continuous on each subinterval whose interior is disjoint from S.
We also define the integrxal by

1 E"l ai

J f(t)dt = » J £(t)dt where a_ =0, a =1 (92)
o

p+l
i-1

The first lemma is an easy gencralization of half of the fundamental

theorem of cuaiculus.

4.5.3 Lemma

let f:1—>F be continuous except for jumps on S and define

g:I— F by

X

g(x) =d' £(t) dt (93)

then g' exists and is continuous except for jumps on S and ii xel & S,

then

g'(x) = £(x)

Pf. IF xe(ak,akﬂ) then l/n (92),

k=1 a,. X
-y l .
oy} = ' L + ’ f{t) ¢ 9)'"
80 = [ KR e ) e (9%)
i=l ai—l ak
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Hence if 0 < lhl < Min(x-ak, ak+l-x),

x +h
F le(xn) g(0) 1 - £(x) = § | £(t)at - £(x)
X
x#h
= § | 16t -xm) ae - (99)
X

Let V be a convex, closed Nbd of 0 in F. Since f is continuous at X,

there exists & > 0 such that if |t—x| <5 and te[ak, ak_‘_l], then

f(t) - f£(x) eV - (96)
Thus if | h| < 5, it follows/ from (95), (96) and Th.(1.0.4%.4) that
%.[g(x-l-h) ~g(x)] =£(x) e%hv =V (97)

The next lemma is easily recognized as a classical result. The use of the

Hahn-Banach Theorem is also a standard trick.
4L.5.4 Lemma

Let f' exist on Ia6 and let £'(x) = 0 for all xeI~§.
Then f is constant on any interval whose interior is contained in IAS.
Pf. Let u be an element of the topological and algebraic dual F* of F.
Then u'fiR—IR and u-f is continuous and has vanishing derivative on each
[ai’ai+l]’ Therefore u‘'f 1is constant on each [ai,aiﬂ}.J thus if
tl,tge[ai,ai+l], then ’

u(£(t)) - £(£,)) = u(£(t})) - u(£(t,)) = 0 (98)
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But this is true for all ueF*. Hence by the Hahn-Banach Th.(1.2.2.9)
£(t,) = £(t,). / |

The next lemma gives us the other half of the fundamental theorem
of calculus. It is mildly swrprising that we obtain (99) which is free
of any mention of the jumps. They are eliminated by assuming that f is
continuous.

2“0505 Lemma

Let £f31—F be continuous such that f' is continuous except for jumps
on S,

Then X
£f(x) = £(0) +f £1(t) dt (99)

o

Pf. let xel~S. By lemma (&.5.3)

X
(£(x) -J’ £1(t) dt)' » £'(x) - £'(x) = 0 (100)

o

From lemma (4.5.4), if “[au’a}&l)’

A Ak
£(x) -;.' £'(t) at = f(“k) - £'(t) dt (101)

o 0

For k = 0, this means, for xe[0,a,),

x
;

£(x) - | £'(t) dt = £(0) (102)
Q

and since { is continuous,



e
T4
a1
£(a)) - J" £1(t) dt = £(0) (103)
(o}

Hence, by (101), (103) for xe[al,ag),

X a1 A1
Bx) - ) £'(£) dt = £(0) +  £'(t)dt - | £'(t)at = £(0) (10k)
o o o

and so on for the other intervals.

456
Now we turm to the case, f1 I xI— F. We take S to be a

subset of I x I of the foim
S = [(t,X) tﬂyi, 131,000,[“ or tx = xj, j = l;oo-,n}

Then as before, if f is continuous on the closure of every connected

subset of I x I ~ S, we say that f is continuous except for jumps on S.

In lemma (4.5.7) we prove an analogue of lemma ( 3.3.1) concerning
differentiation under the integral sign. This result is not {ree from the
influence of the jumps, although it is not easy to see on which set the
result fails, It turns out to be just the set Xys eney X in g,

The proof of lemma (4.5/7) is cssentially the same as that given for
lemaa (3.3.1) except that careful record must be kept of the contribution

from the jumps.

4.5.7 Lemma

Let £+ 1 x I— F be continuous and have a derivative which is

continuous except for jumps on S. Let g3 I——F be defined by

1
g(x) = f f(t,x) dt (105)
0
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Then g is continuous end has & derivative which ie continuous cxcept

for jumps on the set )Sx = fxl,...,:gnl and for x € 1 ~ S,

1
20 = | e

pf. Let us define functions t,:I — I by

tv(‘() = yi(i = O0yavesit + 1)

1 if
t, (%) =ﬁ
fj- if
[ x

or

(106)

(1e7)

Thus v = 0,..., m+n+l and for each x, we rcorder the numbers to(x),';l(x),...

according to wagnitude with duplicates being dropped.

Now let X € I -. 8, and we define the function gy:I1 ~ S ——F by

twix)

J(tyx)dt .

fl

2 ,(x)
t,(x)

Let h be such that ithe interval
[X - Inl, x +|n]] docs not meet
Sx' Then we have ' is continuous

on each of the coipact sets,

1

4

(See Fi'{;’o l)o

(108)
NN N
N £, (%)
0G|t | H&] N\ 5E)p
J
S
0 2 Yo Y3 Y 1

Fig. 1



70

c, = ((t,x)/'x—&'l < |h\ s £,(x) St (). (109)
o @+ 1) - g,®
+ -
A = A Y X . (110)
By (108)’ _
£, (*h) t,,41 (¥+h) t, (¥
A =% {£(t,x+h) = £(t,x)) dt + %4 f £f(t,x) dt - ff(t,i:‘) dt
t (F+h) t () t, (%)
t\w-i-l(-;0 tv(;)
=1 [ (5emm-o(e,) o+ | o(eT0)-2(63) ot +
t,(x) t,(eth)
1: wl(;-vh) ty('i) t Vﬂ(’i+h)
+% f (£(t,%+h) -F(£,%)) du% j £(t,%) dewg f £(£,%) dt . (111)
(X t,(x+h) £, (%)

Applying lemma (4.5.5) to (111) we obtain

t 51 (%)
A f & (Dt DL, @,D-6,@AE @D b -
t,(%)
: |

: t, . (%)=t (%)
af%\)[g(%tﬁ)“%(t:;))dﬁ at +4 2 . vel -t &)
t (R

v
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t, (%) x+h twl(":uh) *+h
v [ [ Eeomert [ [ E e,
tv(i'fp) X twl(i) X (112)

The functions g, gtﬂ are continuous on the coupact set cv so their
ranges are compact and hence Bdd subset of F. Let V be a closed,

convex Nbd of 0 in F. Then there exists hl such that
of S3f
— C am ——— C % . 113
au(v)”‘lv at(v)cuslv (113)
Further, since Nbds of 0 absorb points, there is a LQ such that

(e G0 e a¥ and (e () e Ay . (1)

Let y = max(hl,hh). We choose g > 0 satisfying the following six
conditions. If (tl’xl) and (tz,xz) arc in Cv andltl'tzlﬁ &y X7%, < 8
then

of

%xf (tl,xl) "& (tzsxz) € % v (115)

where

(116)




and
t (x+h) -t (%)
v v 1
h ) té@ = ®
and
7
|tw1(§'m)"twl(;) <1
“h , [N
and
‘ £ (%) —tv(x)| 1
h = Bn
and

t ()=t 1 () * +

!

|
tv(§+h) -tv(i) < 7 -

1

of

(117)

(118)

(119)

(120)

The existence of g follows from the uniform continuity of <= on C , and

continuity and differentiability of t _,, t, at X.

Thus for 0<|h| < &, we have from (112),...(120) and Th.(1.2.k.4)

A

t
\4

elt,, (%) -t (%] %‘ v%x-—w + %K AV +

1:v-ﬁ-l(i)
L (£ ot + t1,, Ot ®,9- t;(i)f(tv(i'),ia} €

()

1 1

1l
KV"‘K}:)\.VG

(121)



Thus,
(X

5= f( )%(t,sa 3t + £], (Dt (D, D-LLDEE,@,D . (122)
t (%
v

On the other hand,

P
g(x) = zgv(i) (123)
v=l
8o P
g'(§)=z g, (%) (124)
ve0
and by (122)
P t,,(0 P
g'&)nz y gx-’z (t,x) dt +Z(t"ﬁl® £(t,,,,(%),%) -
v=0 tv('f) v=0
1
-t (DL (D) = f of (£, Dt + ' (Dt (%),%)-
v v xx® p+l p+1‘ ™/
0
- t2(x) £t (x),x) - (125)

And because tp+1(x) =1, to(x) = 0 we have

1

~

g'@ = | F (o at i
0

4.5.8
Before going on, we indicate why we have taken our special form for

S. What we have in mind is a function h: I x I—— F which is obtained

from a function P: I — F by setting
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h(t,x) = P(tx) . (120)
Then if P (or P') has jumps 8t X,e..,%,, then h has jumps on a set 8
of the kind discussed above. This will be done in lemma (4.5.12) but
first 8 pair of slmpie results which are special cages of theorems in
Section 2.

4.5.9 Lemma

Let £:1—F such that f' is continuous cxcept for jumps on S and
let a:1 —1 such that &' is continuous.
Then g = £ *a@ has a derivative which is continuous except for
juups on S and if a(t) € I ~ S,
g'(t) = f'()a(t))ﬂ' (t) . (227)
Also, h =Qf has a derivative.which is continuous except for juaps on

Sand ift€ 1 ~38,

ht(e) = a'(t) £(t) +a(t) £'(x) . (12¢%)

pf. 1Ii{ we restrict .o any subinterval of I - 5, then these results

follow irmediately fror th.(2.4.1) and corollayy (2.6.:2) .

4’05 010 L(ﬂm‘a

Let f£:1— F such that f' is contimuous cxcept for jumps on §; and

let @:I — I such that O is continuous except for jumps on 8, and let
t
B:1 —1 by B(t)=£ a(r)dr .

Then
1l

1
f G(t) f(e)dt = B(L) £Q1) - B(0) £(0) _fo B(t) £'(t)dt .

0
(129)
pf. With lemmas (4.5.7), (4.5.9), the proof can be done in exactly

the same manner as the classical proof of the integration by parts formula,
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4.5.11

Now we prove lerma (4.5.12) which is actually a generalized form
of th.(2.5.3), #for the case E = R x R. Here we replace the syumetry
condition by demanding that the cross partials differ by a certain amount,
In return we get a fumction whose partials differ from the original iunc-
tions by the san.c awount. With the previous six lermas, the prooi of
lemma (4.5.12) is formally the same as the classical result witii the
error carricd along.

4,5.12 Lemma

Let S ={(x,y) €I x I /x=%;,1=1,eeeno0ry= Yy j= l,...,n}.
Let P,Q:1 x I — F be two continuous functions which have derivativee
continuous except for jumps on S, Let £:1 x I——F be defined by

1

f(x,y) = f [x P(tx,ty) + vy Q(x,ty)} dt . (3.0)
0

For cach x,y let A y be a closed, convex, cquilibrant subgct of F uith
REA

the property that for all t such that (ix,ty) € I x1 .8

aQ JP
= (%,17) - 2 (B6,1y) €A, (131)

Then f is continuous, f' s continuous except for juaps on § aud

3f

5, (ov) - POoY) € LA (1:2)
¢
35 (oY) - Qo) € ALy (133)

'

r~

pf. Suppose y is dif{crent from Y1sesss¥ye By lemma 4, .g’-i: exists
except for x = x; and fram (106), (127) and (128), it follows that for

X#xi
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1

£ ) {P(tx,m ‘e [x 2 () +y B (tx.ty)]} at

!

= {lp(u,w) dt +[l t [x op (tx,ty) + y % (tx,ty)] dt +

I
1 .
+y f t [Q (tx,ty) - op (tx,ty)] dt . (134)
" -
0
Applying lemma (4.5.10) to the second integral and (131) to the third,
we obtain
1 =1 1
ame [ pewmdoserey) | - [ e La
0 =0 0
= + X "
P(x,y) 5 Ax,y . (125)

(133) is obtained similarly.

4,5.13

Now we arc rcady for the two~dinensional existence and uniqucness
theorem. The proof can be divided into four parts. First, we brecak the
square into subsquarcs and define an approximating function by making “t
linear on each subsquarc with “"slope” equal to the value of T(x,y,z) at
the lower left vertex. A separate argumnent which invokes lemma 7 and
the symmetry assumption is requived to show that this function is an ap-~
proximate solution of the corresponding integral equation, The second
step uses Ascoli's theorem to obtain a limit solution of the approximate
solutions. This gives a solution to the integral equation. Unfortunately,
as will be seen in the proof, we canmnot simply differentiate. Instead,

?

for the third step we consider the convergent subnet of approximate
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solutions, fix y and comstruct, for each of these, an approximate
solution of a certain one-dimensional problem. We take a second sub-
net, obtaining a limit which is a solution of the one-dimensional
problem, which is differentiable, and which is equal to the solution of
the two-dimensional problem. This gives us one partial derivative and
the other is obtained similarly. The fourth and final step of the proof
is the uniqueness. This follows easily frow th.(4.4.3).

4.5.14 Theorem

Let F be a Montel space, F, a tonncau in F. Let E =R xR,
I, = [xo,xov"a], Iy = [y, syot0), By = I x I,. TiEy) x F—> L (E,F)

such that T,T' are continuous and

A xaya2) M) 5 o (raysz) Py s2)(K)) () =

= g; (x,y,2)(k)(h) + g% (x,¥52) (T(x,y,2)(h)) (k) (156)

where x € I, y G.Iy’ z€F ,he E, k€ E.
Assume further that

T(E; x F,) is simply Bdd. (137)

Then there exists I = [xo,xo+a°] ¢ I, nly, and a function
f:(xo,yo) + Io X Io-——ch such that
) /
Dty = g,
ii) f' exists and f'{x,y) = T(x,y, £(x,y)) (138)

“Hi) £ is unique w.r.t. i), i1) .
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pf. Firet we mssume that x, =y, = z, = 0. The more general situation

is obtained by the same type of tramsformation as used in th.(4.4.1).
We define P,Q:Eq x F,—>F by

P(x,y,2) T(x,y,2) (1,0) (139)

T{X,y,2) (0,1) . (140)

il

Q(x:y,é)

From (136) it follows that

B (xyen) + o ) Qn,2) = B Gorie) ¢ (yn)(Exs2))
(141)
Since the range of T is simply Bdd and E is tormelé, the range of
T is an equicontinuous subset of i.(E,F) according to th.(1.2.7.3).
Hence there exist M > 0 such that if |s| < M, ft| <M, (x,y52) € Ey x F,

then

T(x,y,z) (s,t) € Fo . (142)

Let a, = min(’M,a). Let B be the equilibrant, convex, and topological

closure of the set

U{ T(x,y,2)(8,t) / (X,y) € K> 8 € 1x9 t € Iya z € FO } .

Then B is a closed, Bdd and hence compact subset of the Montel space F.
Thus the restriction of T to Ey x B is uniformly continucus. Also,
5;' (Ey x B), gg.- (Ey x B) are compact, hence Bdd, hence equicontinuocus
subsets of X (E x F,I).

Let V be a tonneau in F. Ve choose® > 0 and U,W tonneaus in F
such that

UC§V ) (143)
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1 %] = 8, |Y17¥,| = 8, )78, € W, 2,2, € B, 8¢ I, te Iy:
then

/
T(ﬁo)’l:zl)(syt) - T(xzny2s7'2)(9st) €U (144)

and if (x,y) € E;, z€ B, ve U, then

g{- (%5y,2)(v) € %— v (145)
% (x,y52)(v) € ’1‘-' v . (146)

(145), (146) express the equicontimiity, with U chosen to satisfy (143).
W, 8 are then choscn to satisfy (144) according to the umiform continuity

of T on Ey x B. We dei‘ine a partition (V) on EO = Io X IO by

0=x0 Ceee <X, =8 0=y, < o0 <V¥p4 <8, (147)
such that
h o
%O = sup{yx, yx)s |y ,ov5l) s minG, ) (143)
1,J )

where M > 0 is such that AB ¢ W. We also define the expressions
(x] = X, (yl = Yy where x. <X < X ., YyEY <Yy (149)
Now we can definc the {unction f“:Eo—_’BﬁFo by
££(0,0) = 0
fa(xsy) = fw("xD,0y2) + T([x1,[y], £a({xT,[y1))x~IxT0y-[y]) . (150)

Let us assume that

fie ([x],[y]) € ¥1‘. [x] B, F, +% y]BAF cB.F . (151)
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Them from (150), (142) and the definition of B,

§ (xwy) € § [x) BB, +§f [y BBy + 5 (uelx)) BoF +

1 X
+ § O-lyIB P c GBAF, +£B Foc B F . (152)

Thus the range of f_ i.strulyB,,Fo.
Let (x,y) € Eo’ (x*,y*) ¢ E,. We define

X = min(x,x*?), y = uwin(yy*) . (183)
Clearly
£ (xyy) - Sy = L(6y) - §GEF) + § ) - £ (x*y*). (154)

Suppose that X = x, y = y. Then
L (xoy) = £ (x%yY) = £.0,F) - f(x%y%) = L ARY) - £,(x*.§) +
+ B (x%y) -~ £ (x%y®) . (158)

To each term of (165) we apply the arguaent used to obtain equation (35)
in the proof of th.(4.4.1). We obtain

€ (Xoy) = L (x%y®) € (|x*=x| + |y*y| ) B . | (156)

The other three cdses are handled similarly so that (156) is generally
valid. This completes the first st;p of the proof. Now we must analyze
the partials of £,. Suppose x # [x] and y # [y]. From (139), (240),
(150) th.(1.2.5.3) we have

Gow)e) = T, B, 0], 6

P([x1,0¥]s £.([(x1,0y1))s + Q([x],[y], £L0xT,(¥1))t

i

p(xdhfx(xd’)b + Q(xny’fu (x,¥))t +4Ps +AQt
(157)
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whexe
ap = P([x1,0y], £ ([x1,(¥])) - P(xsy,f (x.¥))
s T([x1,(y] £ ((x15(¥])) (1,0) = Tlxsy, £ (xay)) (150) (158)
and AQ has a similar cxpression. ,
By (148), x-[x] g |x V)|, y=[¥) < |x(v)|. Hence by (156),
£ ((x1,(y]) - f;(x,y)e 2|x(v)| Bc ABcW . (159)

Thus by (144), we have
Similarly, it may be show)x that

AQe U . (161)

Now we make the following definitions

~

P (x,y) = P(x,y, £(x,¥)) (162)

Q Gay) = Qs £(x9)) (163)
1

o) = [ xFew) vy Usmiyar (264)
0

Applying th.(2.4.1), (157), (136), (161), (143) and (146), if (X,ty)

is not one of the mesh points, we have

& (o) = ¢ R (o, £ (o0w)) -

, of
¢t & (xw, £w)) ($F (8)
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= t~%§ (tx,ty » £ (tx,ty)) +

vt F (£ 0m,w) @, £ (ey))

v £ (1, £0x,t)) BQ)

= t{ % (tx,ty, £ (tx,ty)) + (165)
v B (£ (mw) (B, f,(tx.ty)))}

+ e (o1, f,(m.ty)i eQ)

-~

5 2
R (xw) + ¢ & (s L0500 ¢ = (Bu) +3 V.

Thus by lemma (4.5.12), £, is continuous, its derivative is continuous

except for jumps at the mesh points and

o2 (xy) - F () € L (266)
df
5 ) =) gV (167)

Thus, fram (166), (157), (160), (143)

of

of t . .o
S (oY) - g% (oY) = £E () = Blay) v Bluy) - X ()

v (168)

end similarly,

3 2 1
S ) =55 (y)e gV . (169)
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Applying lemma (4.5.5) then gives

. x[ ar 3
fu(x,y) - fg(x’}') = f {f" (tyy) - &"' (toY)}dt +
0 ~ (170)

Ylase af
| F 1 1
+{{.—_(o’t)-_(o’t)}dtc.z.v-v-z-\rcv.

Thus by (164), (162), (163)

1
£ (%5y) "f {x P(x,ty, fa(txX,ty)) + y Q(tx,ty,f“(tx,ty))} dt =
0

1
= £y - [ Mo, £t y) dte v . an)
0
It follows from (156) that {fy) is an equicomtinuous family. Now we
apply th.(1.3.1.5) exactly as in the proof of th.(4.4.1) to obtain a

continuous function f:lo x Io_’ F such that
1l

f(x,y) = f T(tx,ty, f(tx,ty))(x,y) dt . (172)
0

Unfortunately, none of our previous results (such as lemma (4.5.7-))
will permit us to differentiate (172) to obtain (138) since the derivative
of f would appear on both eides and we do not know that this exists.
What we must do then ie show that f, for fixed y is the solution of a
one-dimensional problem., We will then be able to differentiate.
Let ¥ € 1, and let )/ = {V] be a Nbd base such that
/

vl:.mvf (V) = (173)

where this limit ie in the space Cz of all contimuous functions from
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I, x I toF, equipped with the sup topology. Let C, be the space
of all continmuous functions from I, to F, equipped with the sup topalogy.
For each V € )/ , let s = x (V) and we define '!':Io-—>8nl~‘° by

2,0 = £,0x,0F) . a74)
From (156) we have
?‘(xl) - 'f*(xz) € |x1-x2 | B (175)

and by (157), (160), (143), we have if x is not one of the megh points,
f;(x) ® = (xtrY]) = f;(x,[y.])(l,()) = P(x,[¥], f,(x,fﬂ)) + AP

¢ P(3), T 00) + 2V (176)

from which it follows by lemma 3,

X

/
'f‘(x) -f P(t,[¥], ?‘(t))dt s% V. (177)
0

Now we apply th.(1.8.1.5) far the femily (E‘(v)} in C, to obtain another
Nbd basis H = [W) ¢ V" and T« C, such that

wleim ?‘(w) = T (178)
and x
F(x) =f P(t,y, T(t)) dt . (179)
o

But (173), (174), and the fact that W c -} implies
f(xy) = T(x) . (180)

Hence by (179), (180),
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T e) = B = PyE) = Ryfy) . Qa)

Similarly, it is shown that

%y‘i 2 Qs £(x,9)) (182)
so by th.(2.5.3),
£ (x,y) = T(x,y, f(x,y)) . (183)

The final step of the theorem is the uniqueness. This will be a simple
consequence of th.(4.4.3).
Suppose that fl’fz satisfy 1), 1i) of (138). Then
1

£, (xy) = { TCxTy, £,0x,¥y)) (x,y) av 1=1,2. (184)

Let x,y € I x Io and define gi:I -—-»Fo by

g () = f(8w) 1=12 (285)

and define T:I x Fg— F by

T(t,2) = T(tx, ty, 2)(x,y) - (186)
Then we have
1
gi(t) = L T{rx, T ty, fi(' >,7 ty))(x,ty) dr
/
i -

t
y f Tty g ) tar =f0' T(r, g, (r)) dr . (187)
0

Hemce by lemma (4.5.3),

g1(t) = T(t, g(t) . (188)
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" Further, g (0) = £,(0,0) = £,(0,0) = gz(o'), 80 by th.(4.4.3), ¢, = &-

In particular, E,’l(l) = gz(l) or fl(xa)') = fz(xv}’) . I

4.6 The non-dimensional case

4:6.1

We are now ready for the main result which is fhe most gemeral form
of the existence and uniqueness theorem. Before going into the proof,
let us compare th.(4.4.1) and th.(4.5.14) to see how th.(4.6.2) relates
to each of these, Onc main difference between the ome-dimensional and
two-dinensional theorews lies in the definition of the approximating
function (see eq. (28), (150)) 1In the first case we approximate along
a straight line (which is the only poesibility). We coulu, i .hic two-
dimensional case, approximate along rays which would be siipler, This
would lead to a function savisfying (172) with no trouble at all. liow-
cver, the arguuent which obtains T satisfying (179) and (180) would no<
be possible. Thus we define f; by approximgting along cach coordinate
axis separately. We then go to some trouble and use the synmotiy condition
to obtain (172).

In the case of E an erbitrary Montel space, neither method works.
Approxiwating along rays leads to the same difficulty of obtaining the
differential equation from the integral equation. Coordinate-wise ap-
proximation is hopeless in such a non-dimensional spece. We are led to
a combination of the two methods. First we approximate along rays and
obtain a function f which satisfies the integral equation. Then we apply
th.(4.5.14) to every two-dimensional subspace of E and obtain another
function which by uniqueness is essentially f again., This permits us to
assert that the integral of T(x,f(x)) around any triangle is zero and we

are then able to compute the derivative of f amd show that the differential
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equation is satisfied. Finally, the uniqueness follows easily from
th.(4.4.3).

4.6.2 Theorem

»

Let E,F be Montcl spaces, El,Po tomneaus in E,F respectively, and
%o € E}5 Yo € Fge Let the function T:(xq,y,) + E; X F,—> L (E,F) be

continuous, differentiable, and such that

T((x05¥,) + £y X F;) 18 a simply PBdd subset of L (E,F)  (189)

andforallx€x°+El,yey°+Fo,heB,ksB,

F ay)m)K) + E (uy) (Tlesy)h))(E) =
b: X 3
= T ) + E ) (TEy)E))0) (190)
E % 3

then there exists a tanneau Eo c El and a function f:xo + Eo_’ Fo such

that
B Exg) =y,
i1) £ (x) = T(x,f(x)) for all x € X, Eo (191)
iii) f is unique w.r.t, i), ii).

pf. V¥e may assume thav X, = Yo = 0 and having proved the theare. in
this case, we nay apply the usual transiormation mentioned in th.(4.4.1)
to obtain the result for arbitrary XgsY e

Th.(1.2.73) and (189) imply that T(F; x Fo) is an equicontinuous

subset of oC(E,F). Thus if we define
N -1

then Eo is a tonneasu in E. FPor reasons which will become clear much

: =17 v -
later on, we set Bo-z o Let x € Eo and let to,...,tnbereal

numbexrs such that
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0 = t0<tl<...<tn—<-l . (198)

We define the points SIS recursively by

Yyl = Yyt T(tix,yi)(tiﬂx—tix) . (194)
If we assue y,; € t;F , then from (192), (194)

Yy € GF 4 (ti+]_-tl )PO c ti+lF0 s (195)

s0 by induction and thc fact Fo is convex, we may conclude that the
polygonal line connccvring Yo3++¢3¥Yy in order is contained in Fo.

Let B be a closed, convex, cquilibrant, Bdd subset of Eo‘ By
equicontinuity, the set

-

TB = U{T(x,y)(B) / x ¢ Eo’ y € Fo} (196)

is a convex, equilibrant, Bdd subset of Fo and so is its closure TB'

We prove this as follows. Iet V be a tonneau in F. Then by cquicon-

tinuity there is a tomncau W in E such that, if x ¢ 'ffo and y ¢ F,» then

T(x,y)(W) c V . 197)
Since B is Bdd, there is a number A > 0 such that

ANBCW , (198)
We may then conclude from (196), (197), (198) that

ATgcV . (199)
But since V is closed, then

A TB cVvV . (200)

Henco Tg 18 Bdd. The other properties are inmediate from (196).
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Let y € [y;, y4,1]+ Then by the linearity of T(x,y), there is

€ b
&t [ti’ ti+l’ such that

y = y;+ T(tix,yi)(bc-tix) . (201)
Now if x € B, them by (201)
y =y = T(x, y ) (ex-t,x) = (t=1;) T(tyX,y, )x) (202)
so by (196),
y -y, € (i) Ty < (t-t,) Ty - (203)

Since E,F are Moutel spaces, the set B x TB is compact, so the

restriction of T to B x T, is uniformly contimuous. Thus if V is a

B
tomneau in F, there exist tomneaus U in E and W im F such that if

A =%y € Uy xl,x2 € B y=yo € W, yl,yzs TB’ and h € B, then

T(xq,91)(b) - TCgay,)(n) € V . (204)

S:nce B, Ty are Bdd scts, there exists 8y » 0 such that if 3] < &g,
then

88 < U , BT, < ¥ . (205)

Now we further restrict the numbers to,...,tn so that t_ = 1 and

We define f:%'o—-> F, by defining it along cach interval [0,%], where ¥

is an clement of the bouundary of E

o2 &S follows:

£(0) = 0

f(tx) = f(ti!) + T(y R, £(uX)N(E-X) , t, <t<t _ . (207)



96

By (195) we conclude that f(Eo) c Fo. Also, ifao € (0,1) and If

X=0xe€B,and t e [ti,t“lJ, then from (206), (205) and (203),
(t-ti)x € (v-t;)BC Uy (208)

and

f(tx) - f(tix) € (t-ti) TB cC W . (209)

Thus from (204) we have

T(ex, £(tx))(x) - T(t,x, £(tx))(x) € V . (210)
Ifag ¢ [ti’ti+1]’ then {rom (207)
1 1-1
£(x) - f T(tx, f(tx))(x)dt = Z T(tyX, £(tyX))(tpr1X~t%) +
0 v=0
g
+ T(ti§, f(tii))(a'i-tii) - j T(tx, £(tx))(x)dt
0
i-1 ,

t t
; j {T( g % £ g x))x) - T(tx, f(tx))(x)} dt +

j 1'?(‘&1%, 2t x))(x) - T(x, f(tX))(X)} . (211)

+

From (210) it follows that each integrand in (211) is an element of V,

80 by th.(1.2.4.4) and the convexity of V,

w1l
£(x) "_/‘ T(tx, f(tx))(x)dt e z Qt—”-"—al:i V+(1~%)VC V.
0 v=0

(212)
Recall that (212) hes only been shown for x € B. We shall refer to f

as a (B,V) - approximate solution and write f(B v vhere necessary to
9
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1+IBo ~ tiEO because

T 18 continuous and since I is single valued on the intersection, f

avoid confusion, f is comiinuous on each set ¢

is continuous.

We cannot now apply the Ascoli theorem because Eo is not compact.
We shall apply it for eacir ray and then show that the functions patch
together piroperly.

Let I = [0,1] and let x ‘Eo' We define the function T, :I x F —F
by

Tx(tv)’) = T(tx,y)(x) . . (213)

{

Por each tonneau V in F we define the functian gv :1 —-»Fo by
’X

gV,x(t) = f(B,V) (=) (214)

where B = [-%X,X], X being on the boundary of Eo and colinear with o,x.

Then it follows from (212), (213) and (214) that

t t
by, x(®) '»0[ TalTs gy )T = £ gy (30 ‘fo T, £og yy (120007

1
= fep,v (=) —fo T(Ttx, Loy (TE)) ()T eV . (215)

- tW € < - * _
Now let t,t Iandsay‘ci_:tstid,tj_st;tj+l,i_-<_j.

Then from (209),
j-1

gV,x(t*) - gv,x(tj) * Z [gv,x(tkﬂ.) - g‘V,x(tk)] -

By, (E%) = 8y (6)

£y, (t) + gy x(t1) (216)

m

(t"‘tj)TB + ' (t]al'tk)TB + (t--ti)‘l‘B

=1

c (t*—t)’l’B .
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Now TB is a Bdd subset of F which depends only on x and not on V.

Thue we have shown that for each x, (gv } 1is equicontimious so we way
X'y

again apply th.(1.3.2.3) to assert the existence of a continuous function

gx:I —)Po such that

t
5® = [ Teigene (217)
Ifa e 0,17, then x, ax will be co-linear, so B will be the same. Thus,
from (214)
t) = £ txx) = g ot . 218
o) = Ly () = g, @) (216)
Hence,
£ (8) = glot) . (219)

Therefore, we may define f:E°—+ Fo by

fx) = g (1) (220)
and conclude from (217), (213), (219), that

1 1
L T (s g (r))dr = \/;J T(rx, g (7)) (x)dr

i

f(x)

1l 1
[ rtm epnexr = [ 16, smoyer . Ga)
0

Thus we see that f satisfies the integyal equation. We now turn
to the problem of differeantiating (221).

Let E°=

e L

on and let X1sX; €L, We define the function

v

Tl’zzl x1 x F,— ZL(R x R,F) by

Ty, 285ty )(u,v) = T(exy + ty,y)(wxy + vx5) (222)
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and we define the function h:I x I—->F° by
h(s,t) = f(ex, + txz) . (223)

From (221), (222), (223) we have
1
h(s,t)

T('fgxl + Tt:z?, f(‘rsxl +TtX2))(8X1 T b(z)d‘r

1

- j T) (s, T4, h(rs, TO))(s,tHr . (224)
0

We leave h for & moment and apply theorcm (4.5.14) to Ty g It is clear
)

that T arc continuous, for T, T' arc continuous. Similarly,

Tl
1,2° 1,2
the range of T, , is a siuply Bdd subset of J (R x R,F). Finally, we

3

turn to the symmetry condition. We have, as in th.(3),

P(s,t,y) = Tl,z(s,t.Y)(l,O) T(le M txzs}’)(xl) (225)

H

Q(s,t,y) = T]_’Q(S»ts)’)(ogl) T(sxl + 'D(2s.‘/)(x2) . (226)

Thercfore, from the definition derivative and from (190),

g (8yt,y) = %I: (S,t,y)(Q(s’t,y)) =

]

lim -]-'- fT(le + tX2 +Xx2,y)(xl) - T(le + b(zs)')(xl)’ +

A—0 A

+

Lim & [T(sx) + 0y + AT(sx) + 0,5 )(%))(x)) = Tlox) + xg,5)(x )0

A0
oT , oT
= 3E (ex) + Boy)(x)(xp) + 3 (%) + B,y )(T(exy + g5y )(%,))(%7)

aT oT
SE (8% + 55,5005 )(%)) + 55 (8% + 0,y )(T(ex) + t29,y)(x;))(x,)
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BB ¥ (10 g M xg)0) - Texy + g9

+ L (Mo 4 By FAT(eR + 6,y)(0))0g) - Tlex + B,y )0))
= 2 50) + R 6,03)C6,5)) (227)

Thus the conditions of th.(4.5.14) are satisfied and we may assert the

fard

existence of I = [0,8,] and a continuous function h:I x I —=F_ such

that
1(0,0) = 0 (228)
and
h'(s,t) = Tl’z(s,t,ﬂ(s,t)) . (229)
Hence,
1
T{(s,t) =£ Tl,z(‘rs,ft, Tx(fs,vt))dt . (230)

Thus by (224) and (230) and the uniqueness, we conclude that h = ﬁ, au

lcast on their coumwon domain. However, let us look cleoser into the

proof of th.(3) and compute 8,+ We have a, = minfl, 1 M}. On the other
2

hand, since xj,x,; € E = E s if Ju] £ 2 amd |v|] <2, then by convexity,

O

€4 = E . 0.1
x2) ‘Eo Eo ( )

N

u .
uxy +ovx, = 4(-Zxl +
Hence,

Tl,z(sstvv)(u:v) = T(le + D‘Z)Y)(uxl + sz) € T(sxl + 'bcz,y)d‘?o) CPO

(232)
so by (140), M . 2, Thus a, = 1 so I0 =1 and h = h, Therefore h' oxisis

and
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h'(s,t) = Tl 2(9)13» n(s,t)) . (233)

This means that the integral of (233) around any triamgle is 0. More

1 1
\/; Ty ,2(08y» oty hilos,, aty))e,,t, )do = ‘/; h' (o8, ot,)(s,5t, )a

= h(szitz)" h(0,0) = h(szytz) (254)

1

[ 1y s, oty besys 0t )(opat e = hlepr)  (285)
0

and
1

j T].,Z(Sl te (82‘81)’ tl * a(tz"tl)’ h(sl + a(sz-sl), tl + a(tQ-tl))
0
1

(s,-8,5t,-t; o = jo h'(s) + a(sy=sy), t) + 0 (L=t ))(sy8;,t,=t; )o
= h(s?.)tz) - h(Sl,tl) (2:'6)

and adding these three, and substituting s, = tl 20,8 3t = 1, we

obtain,
1

Ty (0,0, 1(0,0))(0,i)do = T ,0, 1(g,0))(1,0)d
J mpe soeene = |1 (00, ne0@,000

1
+ fo Tl z(l-a,aa h(l”coo))("l’l)dd . (237)

?

With the relations (222), (223), we obtain from (237),
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1 1
S 2oy, s 00 = S 16, £ 2en a0

1

* J/; Ty + 0(x,=x)), f(x) + 0 (x5 ) )(x,-x, e (238)

and (238) 1is valid for all X;0%, €E,.
We can now computc £' frow (221), (208). Let x be an interioxr point

of Bo and let B be a closed, convex, equilibrant, Bdd subset of E. Let

Mo > 0 such that x + B c E. Let he B, A SA,+ Then with >

2= %
Xo = X + Ah, frou (221), (238)

1
fx + ;:.h)-f(X) = % \/;) T(x +oAh, £(x 0\ h))0\) . (239)
Therefore,
: 1
o K{l).f(){) - T(x, £f(x))(h) = j {T(x oAk, £(x +oAh))(h) -
0

X -ru,awxm}w
1

]

f / T'(x woNh, £(x) +[(x oAb )=C(x)])(oNh, £(x ioNh )-1(x))

0 0

(h)dr do

1]

11
j j T'(x +rdvh. £(x) + T[£(x A h)-{(x)])
0 o0

3
a

€?~h, f T(x mkh,i’(::*puhh))(d&h)@)(h)dr do.
0 (240)



103

Let B be a closed, convex, equilibrant, Bdd set such that
x +MB cB CE . Then as ve have scen, B x Ty 18 & compact subset of
Ex F. Since T' is continmuous, T'(B x '%) is a compact subset of
L(E x F, &L(E,F)) and hence it i{s an equicontinuous set. Thus if V

is a tonmeau in F, there exists a tonneau U x W in E x F such that
T'(B x ’I:B)(U xW)B) c V . (241)

On the other hand, since the range of T is equicontinuous, there is a

tonne&u uo in E such that
'r(xao X ro)(uo) cw . (242)

Thus, if O <M 2N, and \,B ¢ UAUO, then if |7s.| <N and h ¢ B, it

1
follows from (240), (241), (242) and th.(1.2.4.4) that

£(x +Ah)=£(x)
A

- T(x, f(x))h) eV . (243)
Thus we have shown that
£'{(x) = T(x, £{x)) . (244)

This conmpletes the exlstence part of the proof. The uniqueness can be
shown in scveral ways. Perhaps the simplest is to remark that the

function h has been shown to be unigue.

4.6.2

We conclude this section with two exawples. The first considers
the situatlon in which F = R so the range of T is the dual spacec of E,
and the second is an example of the most general situation with E = F =5,

4.6.3 Example

Let E= 4, F=R, E = V({3 3.k, }) with oy > 1, Fo = La,bl.

Then T:Ej X Fo-—-bf(E,R) = /', and specifically, we consider
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o 0

ey)e) = ae){a] x@R'EWw 5[ xE)uoms (245)
i -0

where a:Po——éR is a differentiable function. Using the concepts

introduced in Section (1.2.8.2), we can describe this situation in a

more compact notation. For each x ¢ & s v 2 0,1,..., let l?;( € 5" be

th

the v7" derivative of the distribution corresponding to the fumction x.

Then we may write,

M(uy) = aG) (-a D+ b . (2¢6)

It follows directly from the definitions that T,T' are continuous. Let
z € Eleo. Then for all x ¢ El,y€ Fo, we have

0 0

IT(x,y)(z)[ < sup |a(y) {m & j [2'(e); do + |b] eof |z(a)| do

y € Fo - -0

e —

(247)
and since the right-hand side of (247) does not depend on x,y we have
shown that T(El x Fg) is simply Bdd. Let us turn to the symmetry
condition. We have

D

0
F G200 = a(.v){a J mewe [ n«:)k(o)da} (248)
-0

-0

and

2

F CEEENE = a‘:(y)x(y){a | ®eweno +

-0
+ b[: x(o)k(oﬂo}-{a[n

Since both (248), (249) are symmetric in h,k, equation (190) is satisfied.

(249)

0
X @ EXT b [ xodne )dO}-
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Thus the conditiois of thearem (4.6.2) are satisfied and we mgy
asgert the existencc and uniqueness of a function f:Eo——-) F such that
£(0) is prescribed and

0 ,

£1(x)(z) = a(f(x)) {8 f x*(0)z' (0o + b f X(")Z(")d“} (250)

-0 ~0

or, according to (246), we have a non-linear, real vaiued function f,
defined on a Nbd in O such that

£(x) = a(f(x)) {-a D} + b0} . (251)

It i8 easy to sce how we can do the same thing for various other
canbinations of derivaetives of D . The only thing that must be checked
is the symmetry condition. That this condition will not always be

satisfied is readily scen by considering

T(x,y) = D} . (252)

4,6,4 Example
Let E = F = % (sce Section (1.2.£.3))., Let Ey = F, = v(, %) and

we define T:Elx FO—“P Z (E,F) by

g

[T6E)] G) = =(2)v(5)e(5) - (252)

Again the continuity of T,T' are easily verified. Let z € W , x € E),

y el , |5 < 1. Then
BedEN (] = 3 (F w0gm0F ) x0F WG 5+
¢ ox(3 WOE ()
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< 1 sup |22(§)+ z’(§)| (25¢)
and since the right-hand side of (253) is independent of x,y, we have
T(E; x Fo) is simply Budd.

We turn to the symametxy comdition.

[%% (x.y)(h)(k)] ) = n(£)v(E)IK(§) (255)

and

oT £y = ¢ & g
%(x.y)(w(x.ymc))(u)] ©) = x(3)x (I)nErugrncg).

(256)
Since both (254), (255) are symmetric, in h,k, them ecquation (190) is
satisfied. Thus the conditions of thcorem (4.06.2) arc satisfied. In

addition, let us cowpute E . It is clear from (252) that

2 ., .
(G x F)(ZE) < F . (257)
§ len T = 2T g =1rp 2w X 1 co e
Thus we may take L = = Eq and E, =3B = v( =03 ). cCwe may

asgert the existence and uniQueness of a fimction f:V(‘%,'%r) ——>V(l,'% )

such that £(0) is prescribed and

(26T () = x(2)Te) () =(d) . (258)
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of Sections 1, 2 and a symmetry condition, is enough to develop the
classical variation of constants formula (Theorem (5.2.7)). The proof

is formally the same as the classical one. The exponential function is
defined and its propcrties are devcloped in leiwas (5.3.2), (5.5.5),
(5.3.7), (5.3.8). Finally the uniqueness and existence of solutions of
linear differential equatioms in the cases of “varigble coefficients’”
(Theorem (5.4.3)) and "constant coefficients’ (Theorem (5.4.4)) is proven.

5,2 The matrix of solutions

5.2,1

First we definc sonc terms which express certmin properties of
differential cquations in matrix language.

5.2.2

Let E,F be LCEVTs and E; a tomneau in E. Let T:Ey x F —L(E,F)

and for each xe¢ Ej we define Ty:F —L(E,F) by
T,(y) = T(xy) . (2)

If T, ¢ Z'(F, L(E,F)) for all x¢ E{» then ve shall say that T defines &
~inear differential equation., If T is independent of x, then we say that

the differential equation has constant cocfficients. Let Eo c Bl be

another tomnecau in L. I for each Nbd of O,V in F and for cach xg Es

there exists a Nbd of 0,U in F such that if c1s¢, ¢ F and ¢;=Co e Us

2

then therc exist, indecpendently of x, functioms yq,ch:Eo—-—» F satisfying

the differential cquation and such that
5,0 = e sy () = ¢

and

3)
Ve 0) = v e V
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and then we say that tie differential equation has solutions which
are continuous w.r.t. initial conditions.

Let Y:E—» Z(F,F). Then if Y' exists, we have Y%Eo——raf(E,IIF,F)).
We say that T possesses a solution matrix if such a function exists,

and for ell he E, k¢ F

Y'(x)(h)(k) = [T,¥Y(x)] (k)(h) = T, (Y(x)(k))(n) . (4)

If in addition, Y(x) is 1-1 for all xg¢ E, and Y(0) is onto, we say that
T possesses a fundamental matrix. The next two theorems relate these
"matrices' to solutions of the differential equation.

5.2,3 Theorem

i) If T possesses a solution matrix, then there exists a subvector
space G € F such that for each ¢ ¢ G, there is a soiutiom of

the differential equation Y. such that

yo(0) = ¢, (5)

ii) If T possesses a fundamental matrix them G = F and if ¢y £ co
then ycl—y02 never vanishes,
pf. Let Y be a salution matrix. We define G = Y(0)(F). G is a sub-
vector space because Y(0) is linear. Let ce G. Then there exists

d € F such that Y(0)(d) = c¢. We define yc:Eo—->F by

yelx) = ¥(x)(d) . (6)

Then, with the coamment that lirits in the following considerations axe

to be taken uniformly w.r.t. h in some Bdd subset of E, we have from

(6), (4)
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Lin Ye(x ¥AB) = yo(x)
A—0 N

u

o (x)(h)

lim Y(x +hh)§d) - Y(x)(d) _ Y' (x)(h)(d)
A—>0 A

L]

T (Y(x)(2))(h) = T,y .(x))(h) . (7)

Further, from (6),

y.(0) = Y(0)(d) = c. (8)

This proves the first assertion. Now suppose that Y is a fundamental
matrix. Since Y(0) is onto and G = Y(0)(F), then G = F. Now let

c1,cg € F and suppose that there exists x € E_ such that
Yo (1) = ey(x) (9)
Then
Y ep) = v () =y (x) = Y(x)(ey) (10)

and this contradicts the assumption that Y(x) is 1-1.

5.2.4 Theorem

T possesses a fundamental matrix if and only if the differential
equation has & solution for each initial conditiom, any two of which
do not meet, and such that these solutions are continuous w.r.t. initial
conditions.
pf. 1f T possesscs a fundanental watrix, then everything but the
cotinuity follows from th.l. Let V be a Nbd of O in F and let x € Eo.

Since Y(x) ¢ XL (F,F) there is a Nbd of G,V in F such that
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v Y(x)(U)c V. )

Let €)sC, € F, c;-c, e U. Then from (11),
yq(x)-y%(x) = ¥(x)(cy) = ¥Y(x)(cg) = Y(x)(ez-¢y) « V. (32)

Now let us assume that the functions yc(x) exist, We define the metrix

¥ by
Y(x)(e) = y (x) . (13)

Equation (4) follows from reading equation (7) backwards, so Y is a
solution matrix. Since y.(0) = c and since Y. exists for cach c, Y(0)
is onto. Similarly, if the discussion leading to equation (9) is read
backwards, and since the functions Yo do not intersect each other, wc
obtain the fact that Y(x) is 1-1, Thus Y is a fundamental matrix,
Finally, the argwnent at the beginning of thie proof is also reversible

go that Y(x) is continuous.

5.2.5

We observe that one can show in the usual manner that the set of
solutions of a linear differential equation is closed under addition
and scalar multiplication. Also, if ¥ 1s & solution matrix and
c € Z(F,F), then Y(x)c is & solution .atrix, although cY(x) may not
necessarily be ome.,

5.2.6

The next theoreu derives the classical variation of constants
forrmla. This formula gives the solution of a differemtial equetion
in explicit form when T is the sum of & linear term and a term which is
constant on E, and when a solution metrix 18 known for the case in which

the non~linear part of T is gzero.
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The only unusual condition is the symmctry condition on T which
was needed in Section 4.

5.2.7 Theorem

Let E,F be Montel spaces, E  a tomneau in E. Let T:E_ x F =L (E,F),

A:E,— (FoIE,F)), and B:E,— o (E,F) such that
T(x,y) = A(x)(y) + B(x) . (14)

Let T satisfy equation (4.190) and let A possess a fundarcntal matrix
Y such that vl exists ari is cantinuous (sce equatiom 2.51). Let
B,B' be continuous.
Then for each ¢ € F there is a solution y, of
y' = T(x,y) (15)
such that

y(0)=¢c . (16)

Furihermore, we have explicitly,

<
v ) = Yerie)e) + ¥ | i) B et (a7)
0

Furthermare, for each x, y.(x) is continuous in c.

pf. First we rust establish that the exprcssicmvg Yy I1(%) p(§) a3

ig defined and has a derivative which is equal to Y'I(x)B(x). For thils

we will use theorem (5.3.8) and sowe rcs-1ts fram Sectiom 2. By th.(2.6.2),

(2.6.7), and eq. (4), (rIB)" exists and
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(r18)" G(n)(k) = L D) ))IBE)K)) + Y (x)(B (x)(b)(K))

= = (rTeont () YIx)IR)BE)E)) + Y T(x)(B* (x)(h)(k))
= v I(x) [B'(x)(n)(k) - (A(x) ¥(x) Y I(x)(B(x)(k))(h)]
= Y X(x) [B'(x)(h)(k) - A(x)(B(x)(k))(n)] . (18)

Now using th.(2.4.1), (1.2.5.3) and eg. (4.190), (14) we have
A'(x)(h)(y)(k) + B'(x)(h)(k) + A(x)(A(x)()(h))(k) + A(x)(B(x)(h))(k) =
= A'(x)(k)(y)(h) + B'(x)(k)(h) ~ AGx)(AGx)(y ) (k))(h)
+ A(x)(B(x)(k))(h) . (19)
In particular, for y = 0 we obtain

B'(x)(h)(k) + A(x)(B(x)(h))(k) = B'(x)(k)(h) + A(x)(B(x)(k))(h)
(20)

oY

B'(x)(h)(k) -~ A(x)(B(x)(k))(h) = B'(x)(k)(h) - A(x)(B(x)(h)})(k).
(21)
From (18) 1t then rollows that

@B) ()(m)(k) = (FIB) (x)()(h) (22)
Thus equation (3.22) is satisfied and we may apply th.(3.1) to assert
that u/;xY‘I(E.)B(E,)dE is defined and its derivative is Y'I(x)B(x)
which, we note, is continuous. Thus the function Yo is well defined.

By (17), (4) and th.(2.5),
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b 4
yix) = Y ENI0)(c) + v'<x>f YIEIB)E + Yo (0B(x)
o

1]

X
AOAEET ) + A, YIEBE X)) + 36x)

t]

X
AG) ¥ o)(e) + ¥(x) fo Y m(tat) s Bix)

A (x)) + B(x) = Tley (x)) . (23)

Eq. (16) follows immediately from (17). The continuity of Yo(x) in ¢
follows from the fact that the second term of (17) is independent of
¢ and the first ter. of (17) is continuous in c.

5.5 The exponencial fwwtion

S.S ll

Now we shall use th.(5.2.3),(5.2.4) to strengthen our existence
theory. We assume for the remainder of this scction that T defines a
linear equation. Let us consider first the constant coefficients case,
i.e. T is constant on £; or

T € L(F,L(E,F)) . (24)
In this case, th.(4.4.1) demands that Jor some tomneau F,inF, T(Fo)
ie & siwply Bdd sct. Let us see what this conditiom luplies.

5.3.2 Ileuma

Let T € J(F,Z(E,F)), F, & Nbd 0 0 in F such that T(F,) is a
siﬁply Bdd subset of J(E,F). Then for cach x € E, and for each Nbd of
0,V In F there exists a Nbd of 0, in F and a scalar A such that

WecVv (25)

TW)(x) ¢ Aw (26)
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If in addition, E is tomnelé, then x may be replaced by an arbitrary
Bdd subset of E.,
pf. Let W = V. F, so that (25) 18 immediately satisfied. Further,
since W ¢ Fy, T(W)(x) is & Bdd subset oi F and honce it is contsined
in some scalar multiple of W.

1f E is tonnelé, them by th.(1.2.6.1), T(W) will be uniformly Bdd,
i.e. 1f B is a Bdd subset of E, T(\Q(B) is & Bdd subset of F and is

again contained in a scalar mmltiple of ¥, ’

5.3 .3

The converse of this le-ma is false. The function defined by (1)
is a cvamtercxample. As was rewmarked earlier, the assumption of simple
boundedness iz too strony. It will Le siown thai a strictly weaker
condition, i.e. the conclusion of lemma (5.3.2) suffices in the linear
case.,

We now pioceed to define the exponentiaml function and develop some

of its properties. I1f A € &£ (F,F), we define e L (F,F) formally by

)
h) = ) alw) (27)
! =0
where
Ao = identity, Al+l = At R (28)

The next lerma gives am important sufficient condition for the
convergence of the sum ia (27). This condition is, essentially, the
conclusion of lerma (5.3.2).

5.3.5 Lema

Let P be complete, A € XL (F,F) such that for each Nbd of 0,V in F

there exists a Nbd U of 0 in F and a scalar A such that



Uecv, A(U) € My . (29)
Then eA is defined.
pf. Let u €F, V a comvex Nbd of 0 in F. Then we have a corresponding
U,M satisfying (29). Let A >0 be a scalar such that

8 2
uGOU. (c0)

- , : 8 -
From the convergence of the nunerical series for e , we can lind an

integer N such thav

[

@
i
A 1
Z "";' < r . (:-;l)
i=N ’ o

Then if u > n > N it follows from (29), (:¢), and (C1) that

o n u n 3
1 1 A 1 A
Z —-Al(n)—z = Al(u) = Z — A'(u) € 7\02 — yc
i! it il b il
=0 . i=n+l i=n+l
. 1i=0
m . ©
At A
« (o] T Jueln) T)ue
l=n+l i=N
]
< '\‘0 T U - U c V . (L“l)

Thus the sequence of partial sums is Caucly and since ' is co plete,
the scrics converges.. The limearity oi ¢ foilows frow: the lincaricy
of cach A’ and ihe fact that the lincar opcrations, being omtinuous,

wiil comaute w.ith the sumsation sign. For the continuity we have, i1

u €u,
X 0 {
A) = Z i-'- Ai(u) € z -—}% Uc ey . (cs)
iz0 1. =0 ie

Thus o® e L(T,F). I



5.3,6 Corollary

Let F be complete, A € L(F,F) such that therc exists a Nbd of F
in F such that A(Fo) is a BJdd sct,

Then eA ig defined.
pf. This follows fro. lemma (5.3.5) and an argument almost identical
to that used in lerma (5.3.2).

The first property that we wish to cstablish for the cxponcn!ial
function is the addition foriula.

5.3.,7 Lemna

Let F be conplete, Ay, A, e L (F,F) such that A, and A, satisfly

che conditions of leuu 2, and

MA;, = AAL . (54)
Al:- '
Then ¢ is defined and
Ay Ay A A
¢t A2 i P cAl . (%)

pf. Let V be a Nbd of 0 in F and 1t u e F. Then correspond'ng to Al
ve have Uy, Ny such thov

Ui cyv , fsl(U*,) c %‘lUl . ¢ o)

'l‘hcxl COrTOSDuIlG LG Lo 1\2 and Ul’ IO TN le,he suach chat
Lety .- 0 such that

uep U, . (.8)
I+ follows fro: The properties oi the ciponcut’al function for real

munbers that

o ;
o (qrm) N ,
Z_J il = [ lC?\Q. (J9)



Thereforc there exists an integer N such that

N M N AN+ An i
& 1+
A P (40)
i=0 b
Now, from (34) we may compute
y N i 0 i N i L,J 1]
A Ay - A =~ A - = AT A
el eA2 ) ;* (&) - Ay) Rl 7 2 2‘ 1%
e il = ! j1(i-g)!
i=C j=0 {=0 4=0 ji(i-3)
0V 20 i jJ i e
. ALa, N i al a2
~ L 2‘ je(i-3)i
4=0 i=0 i=0  §=0

I
=
2
>

H o
. h;i&
+
[~ 8
MB
-

1 1 J
J0 smNeiog A0 JeNel
(¢1)
Therefore, if we set
N i
A A": ) ( + A‘Z)
N O R M vl O (:2)
=0 b
Then we have
N ® ; Qo J
i ’ i
Le p y y — Al(U)+ HX y I “1(02)
J"U i=K¢i- T .J.N’l
J
N ? S » » N
o l ™ .- 1
s 5: }-' Jiil Al(ul) * uz_. Z Uit Al(ul)
j=0 i=N+i-7i i=0 j=N+1
Com a2l
[ - ~
- 2- il gl ' Ej L it gl Y%
j=0 i=N+1-j i=C¢ j=N+1
> N Nae Ayl
! )\-N ( ll‘ ) 1
i
= - K = 1
=ufe e —— )y crRuy =V . @
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Thus

e i
Jrby oY b)) o om M (44)
it
i=0

The other half of (35) is proved in a similar manner.
i

Now we suppose that A is a function whosc range is Z(F,F). The
last property of the cxponential function which we will need is the
A(x
derivatlve of ¢ (x) in terus of the derivative of A(x).

5.0.8 Lemma

Let E be a Montel space, F complete, and L, @ tonneau in E. Let
A:anI(F,F) such that A' exists and is continuous, an¢ for each
x € E_, A(x) satisfies the conditions of luima (5.c.5) uniformly ior
x in any Bdd subsct of Eo. Let
A(xp) A(x;,) = A(xz) A(xl) (45)
for all Xy 5¥%g € Eo.

Then "cA(x)“ exists and
CA(R)yr o AR) A(x) /
- € ] = e A'(x) = A'(x) v . (40)

pf. By leuma (5.5.7), where I is the identity uap,

eA(x +Nh) eA(x) CA(X) ;_CA(x + Ah)=A(x)

- 1]

1

0
A(x) 1
QC gu—acas

=7 LAG +ah) - A(x))

i=1

(47)
. eA(X) [A(x +Ah)-A(x)] +

0
A s N )-AG)T Z %— [AGx +h)-A(x))F 2.

.
i=2

-4-
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Thus if we set

GA(X + M) _ CA(X) A(x)
- e

- At(x)h) , (4¢8)

A =

then from (47), (48) and th.(1.2.5.6)

A = eA(x) [A‘(x - k\h‘)—A@ - A'(x)(h)] +

r1 2 w " -li
heA(x)p At(x -'~>\th)(h)dt} Z Alx P MAR)T (40

. . (i ~2)!

J i=0

Now let B be a Bdd cquilibrant subsct of E, and let (Bl,V> be a Nbd of
0 in L (F,F). That ‘s, By i8 Bdd in i and V is a Nbd of 0 in I'. Since
x + B is again a Bdd subsot of L, there {5 2 Nbd of Q,U in F anc «

scalar p such that

and 1 ¢ ex - 3, then
AEXUYePU ., (£1)
“Let ~ be a scalar such that
By cau . (52)

Then i€ u e By, it +ollows fro: (50), (&1), (52) that

0 . 0o . .
- r N _ -1 L . g s i-j,.
l FA(x .h.h) :A():) () = « Z‘ ( ;JL )A (x >~‘h)A' (x) (L
120 i+ 2) =0 =0 1+ 2)
»n 1 o . ) o
o aZ Z(5 ) (i2): Uc 3¢ UCE ¢ Vv
i=0 j=0 (52)

Since (53) is valid for amy V, (with ",p perhaps varying) it rfollows

that



B, = 5:0 [A(x +2h)-A(x)1" (8,) (54) -
=0 (2 +2)!
is a Bdd subset of F.
Further, since A' is continuous and [ is & Montel space, It
follows from th(1.2,7.!) <hat A'(x+B) is a Bdd subsct of ~(E; T (F,F)).
Hence, if |x| < 1, and if we set
- /

(x - »iB)(B) o \/ (8,) (z5)

(f A'(x - N B)(B) ) @.) (56)

then Bq,B, arc Bdd subscts of F. Further, f we set

and

B, = CA(X) (B‘;) (57)
AC)

then since e is linear and continuous, it follows {rom th!1.2.7.4) that

B: is also a Bu! subst of F, Thus, il h « B, [N] - 1. u ¢ B, amd
z ’ 3 R ) 1

i
. @ i
A = A M) J[ A'(x o mh)(h)dn} Z Alx + M )-A(x)] () ,

L 4 . t
0 ;_—.U (l v 2).
(59)
then
Ay € N(By,Bg (B L, (BB, (By,0.. (By) < & B. . (59)
Let Ay> 0 such that if ’kl < A,» then
ABg € =V . (60)
2
. . . Ax
Now we turn to the first term of A. Frou the continuity of ¢ ( ),
there exists a Nbd of 0,Vy in F such thac
A(x 1 .
A )(vl) <FV . (61)

Further, there exisis a hl - 0 such that °f le <A h ¢ B, then



A(x +Ah)-8(x)
A

- A'(xy(h) e (Bl,Vl) . (62)

Thus if |N| < min (1,%, N ) and he B, it follows from (59), (60),
(61), (62), (£9) +hat

1 . 1. \
A ¢ /Vl, = V)-(Bl,vl + (Bl, TV C /Bl,V . (65
T{lis shows that
A(x A
LCI( )J' - o ( ) A'(x) . (ﬁ:)

The other part of (1¢) is proven in an analogous manncy.

5.4 Linear d.ilicrencial cguacioans
S.d.l

We avce now ready o apply thesc wesults o linear o ffercen.’al
cquations. he have T:E‘.0 X F-—-—»J(E,F) and T is lincar and cont nuous
on F so that if x € Ly, h € E, then

T(x, Y1) € L(T,F) . (65)
We also make the falliowing notat.onal conveni’on,

T5(x, i) = T(x, TOx, )(@))(h) . (<o)

0.4,2

In ho(S.4.0), v will have a gpeclal sy wetey condition wiiish
cubodies both the syusctry demanded in Che theorews of Sceiion € and
the cousmiativ. oy asswed in lemma (5.0.b). In che special case n
which the diflferential equation has constant coefficicnts, we shall sce
‘n theorem (5.4.4) thac the old syumetry condition takes care o: both,

5.4.,- ‘Theorcu

Let E be a Montel space, I' couplcte, and E, a tonncau in B. Let
T:L. x F —JL(E,F) such that T deiiavs a linear differential cquation,

T,T' arc continuous and .
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T = E o))
DF Gy = Guy))() ©7)

)Ty, Teg)p))0n) © Ty Texy)0x))(,)

sor all s,t 7 u,i , .
Lot the rap T(o, *)(x) sat s b ow. vions of levma (5.0.3)
un’ Porrdy w,v.i. X 1 any Bdd subset or BO and te GC,17,
Then the ol rdiexrin.’al 2quation e @ Solittion for cash nit dd

condition, thesc solutons are continuous w..o.t. nitial condicions,

end the fundamental awvix s jlven un

X
a/) T¢,") &
Y() = . (i)

pf. Lot AsE—Z(F,0) to el

X

. ! () :Jf T@ 5 *

.~
[tand
”

~~

e

By i) and thc {a-t vae. TY s contoneoe, 1 Jollove Lo thl( W)
chiae A is cuiine ., AT sl sts and
AN B - “ . 7
() = TCt) (7.)

(o sinre T g ontlnuoug, AY ‘s ont nuous. Furilier, we oay wirice

1
AC) = \,'f T(oo, o) (x) (7%)

so A satisfes cac ond voons of levl (T W3) un rortdy werees on

aity Bdd s.bsct o. I
O
Lev xp,%7 Eje Thoa fro P1), and dic vae that T 8 1w oo ond

ot puous,
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AGxy) ACx) T( &,°)

il
C\

i
Q\s_
o b]
-3
L)
g
[ne)
ﬁ\

i
- ——

Hence Ly lemme (O

~0A(x) oL ~()

Av()

Thus i Y is desnea aow

Y1) =

and the desired zesult

Finelly, wo bave, lfor the

5.4.4 Theore

Let E be a Montel space, T

T(x

oreing vo (6&),
T(<, Y(2))

rollows from th.(”

Jonstan.

X2

“glf T(kp,*) di,
T(E,* K. ) &
T(sity,*) (2 )ds) (%) )t
sy, )(5)) ()ds dt
s Ty, 0)0)) (s 6

.5.0) and (7¢), we have

,.) kﬂ(.‘:) A(X)) .

T(x, ¢

et

A
).‘..1

ocdiiolents casc,

comploeie, and Ly a tonneau in E.

(7.)

Let

T:E. 2 F — E.F) such that T defincs a lincar d¢ifierential cquation
0 ]

with constant coclificients (i.c.

_ the conditions of lcuma (5.5.5) uniformly w.r.t. h in any Bdd subsct oi

E. Let T satisfy the symmetyy

the dif

condit on _Jiven by cquation (4

ferential cqualion has a solution on E,

T is constuat on Bo).

Let T(*)(h) satisfy

Jduvi). Taen

for cach initial -ondition,
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these solutions arc continuous w.r.t. initial conditions and the
fundamental natr’'x is iven by

Y(<) = eT(')(x) . (7¢)
pf. By th.(l.2.5.2), T' is constant so it is continuous. Also, T is

continuous. Since T is constant on E ondition i) of th.(5.4.0) is

0> ©
trivially satisficd. Lquation (4.190) ~ives
0+ T(P(Y)(k))(h) = 0+ T(T()(n))k) . (76)
Condition ii) of th.(5.4.3) in this caso s
L TEOGR)E) = TEEIE))G) (77)
so it, too, is sa.lsricea, Finally,
(e )x) = T )(x) (1)
so all the conu.tions oe tho(f.1el) Goe sacisiicd and te conclus. o

cives the desiroo resule with the obsaoivaoion that

X s
Jore - ] were - 1o (79)
'
e recark thac O 0 o Ly then the ol o,.o.Cr, comd tion which

vust be assumed 3 11) o th.o(5.4.8).

Seted

We close with ave cxanples of 1.oncar < DJerential cquat ons whiidh
can now be solved, but to which the theorcoms ol Sceuvion < do uot apply.

5.4.6 Examplc

Let L = R and let F be a complete LCIVI., Let L, be an imterves
containing O in thc iuverior and let - Iy —> B be any -—ontinuously
differentiable funct on. We define T:5, x I' —F by

TGHy) = alxy . (85)
T is clearly conuinuous. We have

T'(y)ese) = ot (X)) sy ~o ()& (81)
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8o T' is continuous. Also,

3
S EENE) = T ey - 2 Gy)a)) (52)

so condition (67) i) is satisfied.

1

T(b(l: T(SX2 ,D")(Xz))(xl) Q’(‘Dcl) 05(3}:2) XY

T(osy, T(ey ) ())0s,) (e3)
vhich veriiies (67) i),
Finally,
Ty)) = Oy (64)

1

SO if x is In a Bl coet (finite 'ntorval) anl L € [0,17, @(:) s
Bdd since @ s continuous anl < s bowmd "o dust the goalar Croanded
by lerma (5.0.5), with U = V.
Thus th.(5.4.0) can be applicd to solve <h's differential equation.,
We remark that 0 (k) = 1 for all X, then this is the eguat lon

described by (1) an’ Jor wivch the solu on uas poos oo,

Further, v can wiite the sohw ion
P X

j o)

y.(x) = v (<) . (¢5)

S.4.7 DExampleo

Let L = P = f}, L, any commeau n L. 1. we Jdefine T:Ly = P-—’of(E,F)

TEIENE) = () w() (86)

“hen we are uothe constane cooffieinin ase and e (5.4.4) may be
usca. He have

T)h) = oy . (87)
Let V.= V({,}, {7, ) bealNbd oi v n 9 and 1ot § = B(K, {My})

where K> 0 be a Bdd set in JEV(L.Q. B consists ol uncc ons i0ich



[

arc supportcu by [-K,K] and have the vth

Jorivative Bdd by My ).

Le:: v, Lo che suall st onteger cwreater chan o cgual to K anl et

Moo= Max M, . (68)
v <L Vo

Swipose v v, an || [y ). wiea iF LB, ye v,

RISV it My ,“v‘: 1;

Y f..v
o d (g s e, (<0)

7 CoaC)y - . (00)

ryy

Thuc, if nc L, . « V, dien

Thus the vone v v ve —nwad (La007) oo

he B, Tho ouns oo o oons o cheon o (Do o) are eosy to vos!

woocons tacy ol U L s o ok e T Une Jorn (7 )y
TGy =+ g = iy = (@O NE) . (92)

thus thoeocen (Do

N
-

-
o8]
¢
-
4
e
&
)
©
w
%]
o]
it
ot
c
=
[
~
'3
)
o
L
r .
o
=
[ad
l‘:
°

so-utions, In iac., wo may wyitoe

() Y e (95)

or
y(x) = e (92)

where ™, o€ L onn . constoand 1o te defn o (90) o Ly the

scerics doffinin s the coonomtlal funes o



128

X
ce® = E: L ex! . (95)
=t

1=U

Note that ¢ € .. 1If not, " itself is not necessarily defined, i.c.
the series (95) may not converge.
We remark that cxauple (5.4.7) can be conslderably generalizeu by

replacing (87) by

\

7
) = L ) (L (D v (%)
a7 atd



17.

1s8.

References

Bourbaki, N., Espaces Vectoriels Topologiques, Ch. I,II, Paris, 1953,

Bourbaki, N., ﬁaees Vectorlels Topologiques, Ch. III, 1V, V¥, Paris,
9

OO

Jésue Gil de Lamadrid, "Topology of Mappings and Differentiation
Proceeses," Illinois J. of Math,, Vol. 3,
No. 3, Sept. 1959,

Fréchet, M., "La Notion Je Différientielle dans 1'Analyse Générale,"
Aun, de 1'Ecole Normale Supéricure, € Serie, t., 42

(19257 pp. 29.-C25,

ildebrandt, T.H., and Graves, L.M., "Implicit Functions and thelvr
Differentialr in General Analysis," Trans., Amcr. Matii,
SOCQ’ v01. 29 (1927) ppo 127-1530

Hyers, D.H., "Linear Topological Spaces," Bull. Amer, Math. Soc,,
v01. 51 (1945) ppo 1-21.

Sebastiio c Silva, J., Atti Accad. Naz., Lincei, Remd. Cl, Sci. Fis,
Mat. Nat. (6), vol. 20 (195G) pp. 743-750 and
Vol. 21 (1956) pp. 40-46 and pp. 172-178,

Schwaitz, L., Thiorie des Destributions, Tome 1, Paris, 1957.

Schwartz, L., Théorie des Distributions, Towe 2, Paris, 1959.

Kelley, J., General Topalogy, D. van Nosirand, 1955.

Dmnford, N. and Sehwartz, J., Lincar Operators Part 1: Gencral Theory,
Intersceience (1958),

Buck, €., Advanc.. Calculus, MeGraw-Hill, 1956.

Apostol, T., Msthcmatical Analvsls, Addison-Wesley, 1957,

Halmos, P., Finitc Dimensional Vector Spaces, van Nostrand, 1950.

Kerner, M., "Die Differentiale in der Allgcomeinen Analysis,”
fmals of Math., Vol. 34 (1933) pp. 546-572.

Coddington, E.A. and Levinson, N., Theory of Oxdinary Differential
Equations, McGraw-Hill, 1955.

Dieudonné, J., "Ducx Exemples Singuliers J'Equations Diffcrentielles,”
Acta Scientiarum Mathematicarua, Vol. 12 (1950) pp. 38-40.

Michal, A.D. and Elecanin, V., "Complctely Integrable Differcntial
Equations in Absiract Spa.-s," Acta Math., Vol. 68 (1937)
ppo 71"1070



