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INTRODUCTION

The purpose of this dissertation is to investigate the estima­
tion methods designed for simultaneous equation systems with lagged 

endogenous variables and autoregressive disturbances. This study 

is a worthwhile pursuit because in their work researchers often en­

counter an econometric model with these features. Economic models 

frequently involve a set of relationships that simultaneously ex­

plain the behavior of a number of variables. For example, supply 

and demand models of a commidity market and macro models of the 

economy easily fit into the fra.nework of a simultaneous equation sys­

tem. Furthermore, these models are often specified to contain lagged 

endogenous variables because the system's structure is dynamic. A 

dynamic structure is one in which a substantial amount of time may 

elapse between a change in the value of an explanatory variable and 

its effect on the value of the dependent variable. This delayed 

reaction is made explicit by the inclusion of lagged variables in 

the model. Rationalizations for the delayed reaction include adap­

tive expectations, partial stock adjustments, and institutional ar­

rangements. Finally, in the case of models estimated from time- 

series data, the standard assumption of nonautocorrelated distur­

bances is frequently violated. This means that the effects on the 

model that are summarized by the disturbances carry over from one 

period into following periods. The assumption of autoregressive dis­

turbances typically replaces the basic assumption of nonautocorrelated

1



disturbances. These three features of many econometric models - 

simultaneity, lagged endogenous variables, and autoregressive distur­

bances - pose a common, although interesting estimation problem on 

which this dissertation will focus.

The investigation of this compound econometric problem will 

begin by discussing the specification of autoregressive disturbances 

in the context of a system of equations. If autocorrelated distur­

bances are believed to be present, then the approach usually taken 

is to specify a first-order simple autoregressive scheme for each 

equation in the system. This is the autoregressive scheme intro­

duced for single-equation models in all econometric textbooks and 

stressed in the classroom. A new approach, beginning to appear 

more frequently in journal articles, is to specify a first-order 

vector autoregressive scheme. The econometric Justifications and 

logical appeal of both autoregressive schemes will be considered.

A survey will then be presented of the estimation methods developed 

to handle properly the econometric problem of simultaneity, lagged 

endogenous variables, and autoregressive disturbances. These 

methods may give more satisfactory results than methods ignoring 

autoregression because in this context estimates generated by a 

method developed under the assumption of nonautocorrelated distur­

bances lack all desirable properties. A few tests of hypotheses 

concerning the specification of the regression disturbances are also 
included. Some of the estimators and tests included in the survey 

will be used in the work that follows.



Next, the following two previously estimated models will be 

reestimated:

1. Ronald L. Teigen, "Demand and Supply Functions for Money:

Another Look at Theory and Measurement," Econometrica 44 (1976): 

377-85. In this paper the author presents a small model of the 

monetary sector, including equations for the demand for money, 

the supply of money, and a reduced form equation for income.

2. George L. Perry, Unemployment, Money Wage Rates, and Inflation 

(Cambridge, Massachusetts; The M.I.T. Press, 1966). Chapter 5 

contains a four equation model of the wage-price subsystem of the 

economy that was designed to study the process of inflation; the 

model consists of equations explaining profit rates, manufactur­

ing output prices, and wages.

These models were originally estimated under the hypothesis of non­

autocorrelated disturbances even though it was likely that this as­

sumption was invalid. The reestimation of these models will be under­

taken to determine what differences, if any, in the empirical results 

will occur if the models are estimated under the assumption of first- 

order autoregressive disturbances. If autoregressive disturbances 

are detected, then the new estimates will be used to retest the 

hypotheses to which each model was directed. This reestimation work 

will serve to confirm or dispute the original conclusions of these 

studies.

Following the reestimation of the models, sampling experi­

ments will be conducted in order to learn more about the relative 

performance of various estimation methods when the disturbances of a



simultaneous equation model having lagged endogenous variables fol­

low a first-order autoregressive scheme. It is expected that these 

experiments will show:
1. the sensitivity of the coefficient estimates to the specifica­

tion of the autoregressive scheme. A high sensitivity would 

indicate that researchers should be extremely careful when they 

consider the nonautocorrelated, simple autoregressive, and vec­

tor autoregressive specifications for their models' disturbances.

2. the gain in estimation accuracy that results from assuming more 

complicated autoregressive schemes for regression disturbances. 

Information of this sort would assist researchers in allocating 

their limited resources between the estimation of their models 

and the other aspects of their work.

3. the unreliability of hypothesis tests based on the coefficient 

estimates, their estimated standard errors, and the t distri­

bution. This work should indicate if the likelihood of making 

correct inferences from a particular estimate corresponds to 

the stated level of significance.

The ability of some tests to detect the presence of autoregression 

will be investigated as a supplement to the experiments dealing 

with the estimation methods. It is hoped that this work represents 

a comprehensive study on the estimation of simultaneous equation 

models with lagged endogenous variables and autoregressive distur­

bances .



CHAPTER I 

AUTOREGRESSIVE DISTURBANCES

The linear regression model is usually formulated as 

y(t) = 60 + 81X1 (t) + 82X2 (t) + ... + 8j^(t) + u(t) 

where u(t) is the random disturbance of the regression equation and 

E[u(t)] = 0. The regression disturbance makes stochastic the eco­

nomic relationship between the dependent variable and its explana­

tory variables. The following reasons justify the presence of the 

disturbance term and the stochastic nature of the model:^

1. The data for the model's variables contain measurement errors 

due to imperfect methods and inevitable mistakes in the col­

lecting and processing of economic data. In applied econometric 

work, researchers usually discount this rationale for the dis­

turbance term by assuming that the measurement errors contribute 

so little to the total regression disturbance that it can be 

safely disregarded.

2. Human behavior is inherently erratic; an individual may react 

differently to identical situations. Even though the explana­

tory variables (prices, income, family size) may take on the 

same set of values during two or more observations in the sam­

ple for a household's demand equation, the dependent variable 

(purchases of a product) takes on different values because the 

rational consumer may act on a whim.



3. The model omits relevant explanatory factors whose effects are 

lumped into the regression disturbance. Relevant explanatory 

factors are omitted from regression models because:

a. individually some factors have so little influence on the 

dependent variable that their effect cannot be measured 

accurately; nevertheless, these same factors can collectively 

have a significant influence on the dependent variable;

b. certain psychological and qualitative factors (for example, 

tastes and expectations) can neither be measured statisti­

cally nor incorporated satisfactorily into the model through 
binary variables; and

c. random factors (such as acts of God) have unique and unpre­

dictable effects on the model.

The disturbance term in a regression equation, therefore, 

can be viewed as representing the pooled effect of lumping together 

measurement errors, the randomness of human behavior, and omitted 

factors. Among the basic assumptions that researchers frequently 

make concerning the regression disturbances is the absence of auto­

correlation. That is, the regression disturbance's value for a 

given observation has no linear effect on its value for any other 

observation in the sample; thus, u(s) and u(t) are uncorrelated, or 

equivalently, E[u(s)*u(t)] = 0, (si<t). When cross-sectional data 

comprise the sample, a strong argument can often be made to defend 

the assumption of nonautocorrelated disturbances. If the observa­
tions are taken over time, however, it is more reasonable to believe 

that, for a given observation in the sample, the effect on the model



represented by the regression disturbance carries over into subsequent

periods, so that u(s) and u(t) are correlated; E[u(s)*u(t)] # 0,
2(sft). The following reasons account for this correlation:

1. for two or more successive periods, the same error may be made 

in the measurement of an economic variable;
2. since most economic time-series data are highly autocorrelated, 

the collective effect of the omitted, individually insignifi­

cant variables will be autocorrelated;

3. random factors and factors impossible to quantify exert influence 

that spans more than one observation in the sample; and,

4. the model is misspecified. (If this is the source of the auto­

correlation, then the researcher should correct the specifica­

tion of the model rather than change the assumptions concerning 

the disturbance term.)

When the researcher incorrectly assumes nonautocorrelated disturbances, 

the mistake may have serious and undesirable effects on estimation, 

hypothesis testing, and forecasting with the model. If the auto­

correlation scheme for the regression disturbances is correctly 

specified, however, estimation methods that account for the auto­

correlated nature of the disturbances can then be used. These 

methods restore at least the desirable asymptotic properties for

estimation and forecasting and permit asymptotically valid hypothesis 
3testing.

The most popular specification for an autocorrelated distur­

bance is the first-order simple autoregressive scheme: 

u(t) = pu(t-l) + e(t)
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where p is the autoregression coefficient, |p|<l, and e(t) is a dis­

turbance that fulfills all the basic assumptions of the linear regres­

sion model and is assumed to be independent of u(t-l). This auto­

regressive scheme interprets the current regression disturbance, 

u(t), as the combined result of the preceding regression disturbance, 

u(t-l), and a new random effect, e(t). Furthermore, it implies that 

the disturbance for a particular observation has a diminishing ef­

fect on future disturbances as the number of periods between the two 

observations increases. In contrast, |p|>l is implausible because 

that means that the effect of a particular disturbance would "in­

tensify" as the number of periods separating the disturbances in­

creases and that the variance of the disturbance term u(t) would 

be infinite.

If a system of G simultaneous equations (or a group of G

seemingly unrelated regression equations) is to be estimated, then

each equation in the system can follow its own first-order simple

autoregressive scheme:

u (t) = p u (t-1) + E (t) g 8 g g
for g=l, ... , G. The first-order simple autoregressive scheme for 

the entire system can be represented in matrix form as

u^(t)
U2(t) 0

0 ... 0
p 2. •. 0

u^(t-l)
U2(t-1)

UG(t-l)

e^(t)
E^Ct)



or more compactly as

u(t) = Ru(t-l) + e(t) 

where R is the diagonal matrix of autoregression parameters. Fur­

thermore, while working in the context of a system of simultaneous 

regression equations, the researcher should consider the possibility 

of contemporaneous correlation across equations of the nonautocor­

related disturbance, e^Ct), in each equation's autoregressive scheme. 

This type of correlation among the regression disturbances is the 

motivation for grouping together seemingly unrelated regression 

equations. For example, the consumer demands for products are 

likely to share determining factors besides those that the researcher 

chose to include in the regression models. Hence, the regression 

disturbances of the demand equations are likely to be contempora­

neously correlated. The researcher can then take this information 

into account, and thereby improve the estimation of the regression 

equations. A similar correlation is likely to be present among the 

disturbances of a simultaneous equation system whose structural 

equations are obviously related. For example, consider a small macro 

model of the United States' economy that includes structural equa­

tions for consumption, investment, and the money market, and a GNP 

identity. It seems reasonable to believe that common factors out­

side the model simultaneously influence households' demand for goods 

and services and their demand for money or simultaneously influence 

households' consumption spending and firms' and households' invest­

ment spending. Hence the disturbances of the system's structural 

equations are likely to be contemporaneously correlated. This type
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of correlation among the disturbances is an ancillary feature of 

simultaneous equation models. Researchers sometimes assume that it 

is absent or simply choose to disregard it, especially if there are 

doubts concerning the model's specification.

If contemporaneous correlations exist among the nonautocor­
related disturbances, then E[Cg(t)*e^(t)]  ̂0 for g^h. Expressed 

in matrix form, this means that

E^(tT (£j^(t) Eg/t) ••• Eg(t)] = E[E(t)E(t)'] = $
EgXC)

where $ is a symmetric, positive definite matrix. Only if these 

contemporaneous correlations are absent is E[E^(t) *Eĵ (t) ] = 0, for 

gfh, and $ a diagonal matrix. Unless there is some reason to believe 

that the nonautocorrelated disturbances are contemporaneously uncor­

related across equations, then, the matrix should not be limited to 
being diagonal.

Vector Autoregression 

Some econometricians have suggested that the first-order sim­

ple autoregressive scheme should be altered for simultaneous equa­

tion systems and groups of seemingly unrelated regression equations.^ 

They feel that the autoregressive scheme should be generalized by 

lifting the diagonality restriction on the R matrix. This means that 

the current value of the regression disturbance for a particular equa­

tion depends not only on its own past values but also on the past
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values of the regression disturbances in other equations. This 

autoregressive scheme for the regression disturbances, called first- 

order vector autoregression, can be represented as

+ ... + PggUg(t-l) + ...

where the s are autoregression parameters; or, in vector form

Uĵ (t) '11 *̂ 12
"2(b) ^21 P22

• • •
• • •
• . .

Ug(t) fci ^G2

»ig' u^(t-lj E^(t)
^2G U2(b-1) E2(b)

• . + .

°GG. Ug(t-l) iG<'>

Note that by suitable transformations u^Ct) can be reduced from a 

first-order equation depending on G regression disturbances - u^(t-l), 

Ug(t-1), ... , Ug(t-l) - to a Gth order equation depending only on 

its own past values.^

In the two equation case,

Ul(t) * p^^u^(t-l) + Pi2"2^^"^^ + E^(t)
U2(t) = P2j^Uj^(t-l) -f- P22U2(t-l) + £2^^)

can be transformed to

u^(t) = (p^^+P22)“i(t-l) + + 5^(t)

= (Pil+P22)"2(t"̂ ) (Pl2p21̂ PllP22)"2(t"Z) + ^2^̂ ^
where

^^(t) = P2ĵ £2(t-1) - P22£i(t-1) + E^(t) 

62(b) = + pĵ ĵ £2(t-l) + £2(t)
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Furthermore, the vector autoregressive scheme requires restrictions

on the autoregression parameters to guarantee that the effect of a

particular disturbance diminishes as the number of periods separa­

ting the disturbances increases. For the two equation case, the nec­

essary and sufficient conditions are;

1 + (P^i+P22  ̂‘‘‘ ^^12‘̂2l''̂ 11^22^^°
1 - (Pi2P2i+PiiP22)^°

1 - (P21+P22) (^12^21*^11922)^°

(They are derived from the stability conditions of a second-order 

difference equation; that is, they are the necessary and sufficient 

conditions for both roots of the auxiliary equation to be less than 

one in absolute value.) Apparently Amemiya overlooked these require­

ments and in a published article considered cases in which the R 

matrix violated these conditions.^

The appeal of the vector autoregressive scheme seems to come 

from the opportunity to relax the diagonality restriction on R, the 

matrix of autoregression parameters. In econometrics, the researcher 

ought to impose restrictions on parameter values only when prior 

information can be incorporated into the estimation procedure.^ In 

general, the unrestricted version of any model should be estimated 

unless prior information indicates otherwise. In the case of auto­

regressive disturbances, some econometricians have pointed out that

the simple autoregressive scheme is a special case of the more gen-
8eral vector autoregressive scheme. Extending their argument, the 

simple autoregressive scheme with its accompanying diagonality
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restriction on R should be specified only if it is believed that the 

regression disturbance for each regression equation depends on its 

own lagged values, but in no way on the lagged values of regression 

disturbances of other equations. If there is no justification for 

this restriction, however, the more general vector autoregressive 

scheme, which places no restriction on R, must then be used if esti­

mates with desirable asymptotic properties are to be obtained. Con­

sequently, researchers who specify the simple autoregressive scheme 

when they suspect that their simultaneous equation model violates 

the basic assumption of nonautocorrelated disturbances may be unin­

tentionally placing an unwarranted restriction upon their models. 

Moreover, allowing R to be a general matrix is analogous to allow­

ing $ to be a general matrix. Neither the R nor the 1> matrices should 

be limited to being diagonal unless the restrictions are justified.

One might disagree with the above interpretation of the sim­

ple and vector autoregressive schemes. The simple autoregressive 

scheme is based upon the plausible (although less than totally satis­

factory) argument that was presented earlier. The vector autoregres­

sive scheme has a shakier foundation. Guilkey endorses the vector 

autoregressive specification because it pezmxts the model to account 

for all the relationships across equations among the regression dls-
9turbances and their lagged values. Guilkey expects these relation­

ships to exist among the regression disturbances because the regres­

sion equations are themselves Interdependent, which provides the 
motive for grouping the equations Into a system. In a two equation
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model, however, one should not necessarily specify the vector auto­
regressive scheme:

Uĵ (t) = Pĵ Ûĵ (t-l) + + E^(t)

u^Ct) = p2^Uj^(t-l) + p22U2(t-l) + £2(1) 

because - in regard to the first equation - u^(t) and u^(t-l) are 

correlated. The correlation between u^(t) and U2(t-1) can be attri­

buted to a simple autoregressive scheme for each equation in which 

the disturbances £^(t) and £2(t) are contemporaneously correlated - 

a specification for the regression disturbances that has some sup­

port. In this specification (R diagonal, p^2 = P21 = 0; $ general), 
u^(t) and U2(t-1) are correlated because
1. u^(t-l) and U2 (t-1) are correlated due to the contemporaneous

correlation between £^(t-l) and £2(^-1); and

2. u^(t) depends on its lagged value, u^(t-l).

To justify the vector autoregressive scheme shovm above (R general; $ 

diagonal or general), the researcher needs to know that u^(t) 

depends upon U2(t-1). Therefore, in contrast to the earlier argument, 

a researcher with limited or incomplete information concerning the re­

gression disturbances may have insufficient grounds for the vector 
autoregressive specification.

Furthermore, the vector autoregressive scheme has in itself 

no plausible economic interpretation. For a G equation system, the 

vector autoregressive scheme says that u^(t), the amount the dependent 
variable of the first equation deviates from its systematic part

during period t, depends on u^(t-l), £^(t), and U2(t-1)......  Ug(t-l),

the amounts the dependent variables of the other structural equations
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deviated from their systematic parts during period t-1. In the con­

text of a small macro model, this means that the amount consumption 

departs from its systematic part during period t depends in part on 

the amount investment departed from its systematic part one period

earlier. But there is no econometric principle that corresponds to 
%

the behavior of the model's regression disturbances suggested by the 

vector autoregressive scheme.

While specifying the vector autoregressive scheme, one might 

argue that the timing is different for the effects the omitted factors 

have on the model's equations. In a small macro model, certain factors 

outside the model may influence both consumption and investment, but 

their effects on consumption and investment begin at different times. 

These omitted factors may have an immediate effect on the investment 

equation and a proportional effect, delayed by one period, on the 

consumption equation. If so, then the following autoregressive 

scheme is called for in the two equation case: 

u^(t) = pj^u^(t-l) + + E^(t)

UgCt) = PgU^Ct-l) + 62J^e^(t-l) +

This autoregressive scheme says that u^(t), the current disturbance 

of the first equation, depends upon

1. u^(t-l), the lingering effect the omitted factors began to have

on the first equation one or more periods ago;

2. £2(^-1), the effect that the omitted factors had immediately on

the second equation, and that they have with a one period delay 

on the first equation; and

3. £^(t), the immediate effect the omitted factors have on the first

equation.
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This autoregressive scheme differs slightly from the vector autore­

gressive scheme: e^Ct-l) replaces u^(t-l) in both equations. This

autoregressive scheme nevertheless possesses what the vector auto­

regressive scheme lacks: a plausible econometric interpretation.

■fhrough successive substitutions, u^(t) from the above auto­

regressive scheme can be shown to equal a linear combination of ini­

tial conditions - u^(0), £2(0) - and sample values - £^(1), £^(2),

... , e^(t); £2(1), ^2(2), ... , £2(t-1). Similarly u^(t) from the 

vector autoregressive scheme can be shown to equal a linear combina­

tion of initial conditions - u^(0), U2(0) - and the same sample 

values - £^(1), Eĵ (2), ... , £^(t); £2(1), £2(2), ... , £2,(t-l).

If £2(0)= U2 (0), then either autoregressive scheme can generate the 
same set of sample values for u^(t), t=l, ... , T. In this light, 

the vector autoregressive scheme may be considered to be an approxi­

mation of the true autoregressive scheme from which it receives the 
econometric justification for its use.

Still, the vector autoregressive scheme requires substantially 

more information concerning the nature of the model's regression dis­

turbances than does the simple autoregressive scheme. The vector 

autoregressive schemes requires that the correlation between u^ft) 

and u^(t-l) be at least partly due to the dependence of u^Ct) on 
Ej^(t-l), and not due solely to the correlation between £g(t) and 

£^(t). That is, it requires that some omitted factors disturb certain 

equations immediately and disturb other equations with a delay, while
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there may be still other omitted factors that disturb all equations 

simultaneously. In fact, it seems as if the vector autoregressive 

scheme requires so much information concerning the nature of the re­

gression disturbances that it is highly vulnerable to Griliches’ 

criticism of complex autoregressive schemes.Griliches fears that 

complicated estimation methods designed in conjunction with a complex 

autoregressive scheme specified for the regression disturbances may 

only be covering up a misspecified model. He feels that econometri­

cians may earn greater payoffs by working to identify the sources of 

the autoregression and to remove them from their models than by de­

vising sophisticated estimation methods that "take care" of the 

problem. Furthermore, Kmenta has expressed in conversation his dis­

like for the way a first-order vector autoregressive scheme for a sys­

tem with G equations implies a Gth—order simple autoregressive scheme 

for each regression equation. Since a G equation system can be con­

verted into a system with more or fewer equations by adding or delet­

ing equations (for example, through substitution), the order of each 

equation's simple autoregressive scheme is rather arbitrary. The 

model builder and not the forces underlying the model determines the 

order of the autoregressive scheme. Kmenta further argues that if a 

G equation system has been specified to have a Gth-order autoregres­

sive scheme, then a first-order vector autoregressive scheme is a 

compact alternative for the model's autoregressive specification. On 

the other hand, if there are no grounds for assuming a Gth order sim­

ple autoregressive scheme for each of the G equations, then the vector 
autoregressive scheme may be inappropriate.



18

In summary, the strongest argument for specifying the vector 

autoregressive scheme is its greater generality than the simple auto­

regressive scheme. While specifying the vector autoregressive scheme, 

a researcher must also keep in mind its stability conditions and the 

fact that it may be only an approximation of the true autoregressive 

scheme. The arguments against the vector autoregressive scheme con­

cern its heavy demands on the researcher's prior knowledge. Aside 

from these considerations, it must also be noted that the structural 

disturbances may not follow the vector autoregressive scheme in the 

model's original form, and do so only when the model is transformed 

for estimation. A precedent for this possibility was set in the con­

text of a single equation model whose dependent variable is explained 

by the "expected" or "permanent" level of the independent variable.

The original form of the model is the following:

y(t) = + a^x*(t) + e(t)

where x*(t) = (l-X)x(t) + Xx*(t-1), 0<X<1,

and the model's disturbance term, c(t), fulfills all the basic assump­

tions. By a Koyck transformation, the unobservable variable x*(t) is 

eliminated and the model is put into the form that is actually esti­
mated:

y(t) = gg + 3^x(t) + ggyCc-l) + u(t) 

where u(t) = e(t) - Xe(t-l). Consequently, in the form that is esti­

mated, the equation's disturbance follows a first-order moving aver­

age process, although originally the disturbance term fulfills all the 

basic assumptions. In a similar fashion, consider the following two 

equation model in its original form:
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Yl(t) = Oq + + agXiCc) + u^(t)
7l(t) = gg + g^72*(t) + e^XgCt) + UgCt)
*

where is the permanent level of y^ defined by

y2*(t) = (1-A)y2(t) + Xy2*(t-1), 0_<X<1, 

and let the model's disturbances follow the first-order simple auto­

regressive scheme; that is, u (t) = p u (t-1) + e (t) for g=l,2.S 8 8 8*
Since (t) is unobservable, the researcher might use a judicious

substitution and estimate the model in the following form:

Yl(t) = Yg + y YgXgft'l) + v^(t)
7l(t) » 6q + a^ygCt) + 62X2(t) + SgX^Ct-l) + V2<t)

where

VfCt) = P]U^(t-l) - (g^/g2)u2 (t-l) + E^(t)

VgCc) = " (B2/6^)u^(t-l) + EgCt)

Subsequently, the specification of the transformed equation's struc­

tural disturbances, v^(t) and v^Ct), can be rearranged by the elimin­

ation of u^(t-l) and U2 (t-1) to resemble the first-order vector auto­
regressive scheme, where

^i(t) = + Pi2^2(^"l) + w^(t)
V2(t) = P2^v^(t-1) + P22'2(t-1) + W2(t) 

for which w^(t) and W2(t) are complicated terms, based on current 

and lagged values of and 62: and the p^^ coefficients depend on 
the model's a^, g^, X, and p^ parameters. Consequently in the form 

that is actually estimated, the equation's disturbances follow a 

pattern that resembles the first-order vector autoregressive scheme, 

while in the original form, they do not. What this shows is that the 

"discovery" of vector autoregression by a researcher in the estimation



20

of an econometric model may be the product of transforming the model 

for the purpose of estimation. This leaves open the question whether 

vector autoregression is present in a model's original form.

Consequences of Autoregressive Disturbances 

Autoregressive disturbances in the presence of lagged endoge­

nous variables cause single or simultaneous equation model estimators 

to lose all the desirable properties for estimation, hypothesis test­

ing, and prediction which they might possess when all assumptions 

are fulfilled.Maximum likelihood estimation methods break down 

because the likelihood function based on nonautocorrelated disturb­

ances no longer applies. Least squares estimation methods break 

down because autoregressive disturbances result in a contemporaneous 

correlation between the lagged endogenous variables acting as explan­

atory variables and the structural disturbances. In the simultaneous 

equation model By(t) + Fx(t) = u(t) where u(t) = Ru(t-l) + c(t), y(t) 

is correlated with u(t) and y(t-l) is correlated with u(t-l); hence, 

the lagged endogenous variables contained in x(t) are contemporane­

ously correlated with u(t). Therefore, econometricians have had to 

develop tests for the presence of autoregressive disturbances and 

other methods to obtain estimates of the structural coefficients 

possessing desirable properties in the context of autoregressive 

disturbances and lagged endogenous variables. A survey of these 

estimators and some tests follows.
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CHAPTER II 

ESTIMATION METHODS

Sargan was the first to deal with the compound estimation prob­

lem of simultaneity, first-order vector autoregressive disturbances, 

and lagged endogenous variables.^ He merged the econometric methods 

designed for estimation of simultaneous equation models having non­

autocorrelated disturbances with the methods designed for estimation 

of single-equation models with first-order autoregressive distur­

bances. He specified the model with G equations in its structural 

form as

By(t) + rx(t) = u(t) 

where x(t) includes lagged endogenous variables in addition to 

exogenous variables, and u(t), the model's disturbances, are first- 

order vector autoregressive. Using the Orcutt transformation modi­

fied for vector autoregression, the model can be rewritten as 

[By(t) + rx(t)] - R[By(t-l) + Fx(t-l)] = e(t) 

where R is the matrix of autoregression parameters and e(t) repre­

sents the transformed model's nonautocorrelated disturbances, which 

may be contemporaneously correlated across equations. Sargan then 

derived the full-information maximum likelihood estimator accounting 

for first-order vector autoregressive disturbances analogous to the

full-information maximum likelihood (FIML) estimator developed under
2the assumption of nonautocorrelated disturbances. Note that "full- 

information" estimation methods will refer to estimators that take

22
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into account the contemporaneous correlation across equations of the 

nonautocorrelated disturbances; "limited-information" estimation 

methods will refer to estimators that disregard this source of infor­

mation. In the autoregressive case, the logarithmic likelihood 

function for the T-1 observations (t = 2,3, ... , T) of y(t) con­

ditional on the values of x(t) and y(l) is:

L = -(l/2)G(T-l)-(l/2)(T-l)log|4|+(T-l)log|B|
T

-(l/2)z[{[By(t)+rx(t)]-R[By(t-l)4fx(t-l)]}'  ̂ {[By(t)+rx(t)]
t=2
-R[By(t-l)+rx(t-l)}}] 

where $ = E[e(t)*e(t)']

The maximum likelihood estimates of B, F, R and 5 are then obtained 

by maximizing the likelihood function with respect to these param­

eters. These estimates are consistent, asymptotically efficient,
3and asymptotically normal. Hendry was the first to report esti­

mates produced from this estimation method. He took Klein's Model I 

and found the estimates generated by Sargan's method to be quite

different from those estimates obtained under the assumption that
4the matrix R is diagonal or equals 0.

After deriving the full-information maximum likelihood estima­

tion method for the most general case (no zero restrictions on the 

elements of the matrices R and $), Sargan developed a single-equation 

maximum likelihood estimation method for which simple autoregressive 
disturbances are assumed and the contemporaneous correlation across 

equations of the nonautocorrelated disturbances is neglected (which 

means that R and  ̂are considered to be diagonal matrices). This
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estimator corresponds to the limited-information maximum likelihood 

(LIML) estimator developed in the absence of autocorrelation.^ If 

R is a diagonal matrix, then this method is consistent and asymp­

totically efficient among all limited-information estimators; how­

ever, if the restriction on R is improper, then no desirable asymp­

totic properties can be claimed because the likelihood function is 

improper.

Least Squares Estimation With Simple Autoregressive Disturbances 

Amemiya extended Sargan's work with maximum likelihood esti­

mators by deriving the limited-information least squares estimator 

of models with simple autoregressive disturbances.^ This estimator 

of simultaneous equation systems with simple autoregressive dis­

turbances is a direct extension of the two-stage least squares 

(2SLS) estimator developed in the context of nonautocorrelated dis­

turbances.^ For a description of this method, consider the first 

equation in the system:

y^Cc) = %i(t)6^ + X^(t)Y^ + u^(t) 
where u^(t) follows the first-order simple autoregressive scheme; 

that is, u^(t) - p^u^(t-l) + E^(t). After the application of the 

Orcutt transformation, the first equation becomes:

[y^Ct) - P^y^(t-l)] » [Y^ct) - P]Yi(t-l)]gi

+ [Xĵ (t) - PiX^Ct-l)]?! + e^(t)

Then Y^(t) is replaced by its fitted values, Y^(t), which are 

obtained by regressing each endogenous variable in Y^(t) on all the 

variables in the augmented reduced form - Y(t-l), X(t), X(t-l).
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(Note that some variables in Y(t-l) will be redundant if they have 

already been included in X(t).) Then 6^, and (and their 

standard errors) in the equation

[yĵ (t) - p^y^(t-l)] = [Y^(t) - Pj^Y^(t-l)]8^

+ [X^(t) - p^X^(t-l)]Yj^ + E*(t)
(where is the composite disturbance)

are estimated by a least squares method adapted for simple auto­

regressive disturbances. With no lagged endogenous variables among 

the predetermined variables, a two step method that obtains p^ sep­

arately from (gĵ ,Ŷ ) , such as Durbin's procedure, is consistent and 
asymptotically efficient among limited-information estimators as 

long as p^ is a consistent estimate of p^. The distribution of 

(Sl,Yi) is independent of the distribution of in the absence of 

lagged endogenous variables, and therefore, only a consistent esti­

mate of p^ is required to establish the desirable asymptotic prop­

erties of (Bi'Yi)' This means that a consistent estimate of p^ is 

a substitute for knowledge of p^. With lagged endogenous variables 

among the predetermined variables, a two step method that obtains 

p^ separately from (Bĵ jYĵ ) achieves only consistency if p^ is a 

consistent estimate of p^. A consistent estimate of p^ in this 

situation is inferior to knowledge of p^. To achieve asymptotic 

efficiency, the estimates of (g^^Y^) and p^ must be found jointly 

because the distributions of (g^,Y^) and p^ are not independent.^ 

Three equivalent methods for jointly estimating (g^^Y^) and p̂  ̂are 
nonlinear least squares, the Hildreth-Lu search procedure, and the

g ^
Cochrane-Orcutt iterative procedure. If the covariance of (B^iY^)
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and is asymptotically negligible (which Fair assumes), then the
10approximate variance-covariance matrix of is estimated by:

s2[l](Z*'Z*)"l = s^[l]{[Z^-p^Z(-l)]'tZ^-Pj^Z(-l)]}"^
= s^[l]{(Y* X*)'(Y* X*)}"^

= sJ[l]{[Y^-p^Y^(-l) X^-p^X(-l)]-

[Y^-p^Yj^(-l) Xj^-p^Xj^(-l)]}“^

where = (Y^ X^)
2 * s^[l] = [l/(T-N^-l)]e^e^, the estimated variance of £^(t)

* = the number of explanatory variables appearing in the first

equation. The approximate variance of is estimated by
2 11 (l-p^)VT-l.

Although Amemiya never pointed this out, it is easy to con­

tinue on to the full-information least squares estimator designed 

for simple first-order autoregressive disturbances. This method 

accounts for the contemporaneous correlation among the e's, the non­

autocorrelated disturbances. It parallels the procedures in the

three-stage least squares (3SLS) estimator developed under the as-
12sumption of nonautocorrelated disturbances. After estimating each 

equation by Amemiya's limited-information least squares method de­

scribed above, we estimate a^[g,h], the variance and covariance of 

the e's, by the usual method:

s [g,h] =» [l/(T-N*-l)]e'e E g 5 n
* *where N >N, and g and h = 1,2, ... , G. Then B and y are esti- 8 h 8 8

mated for all G equations at once by
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where I replaces = E(e* e*'), whose elements are unknown, and

is composed of the submatrices s ^ [ g , h ] T h e  approximate asymp-
- -1 

totic variance-covariance matrix of â is estimated by (Z $ Z )

Besides developing the autoregressive analogue to the 2SLS 

estimator, Amemiya compared the performance of his method (limited- 

information, least squares, simple autoregression) with the 2SLS 

estimator when the model has vector autoregressive disturbances.

That is, he compared these two estimators when both estimators mis- 

specify the model's autoregressive scheme; the 2SLS method specifies 

R=0, Amemiya's method R diagonal, the true autoregressive scheme is 

R general. This work was motivated by Sargan's suggestion that 2SLS 

estimation of a single equation in a model that actually had vector 

autoregressive disturbances would be improved by incorrectly assuming 

simple autoregressive disturbances. In order to make this com­

parison through computations of the estimators' variance-covariance 

matrices instead of sampling experiments, Amemiya specified that all 

predetermined variables in the model were exogenous and then slightly 

modified his estimation method. Amemiya's modified estimator is 

consistent whether the R matrix is general or diagonal; however, it 

is never asymptotically efficient among limited-information esti­

mators. From his calculations, Amemiya concludes that in almost 

every case estimation is indeed improved by assuming simple auto­

regressive disturbances rather than nonautocorrelated disturbances 

even though the disturbances were actually vector autoregressive.
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While Amemiya's conclusion will not be disputed (in fact, the 

sampling experiments reported in chapter V somewhat confirm his 

conclusion), it should be pointed out again that some of the cases 

he considered involved vector autoregressive processes whose values 

were Implausible. (This oversight was noted in chapter I.)

Fair was dissatisfied with the prospects of implementing

Amemiya's limited-information least squares estimator (the analogue
13to the 2SLS estimator). The successful application of Amemiya's 

estimator requires that the number of observations in the sample be 
greater than the number of variables in the augmented reduced form; 

T>G+2K+1 minus the number of redundant variables. The available 

sample will often be undersized, or too small to meet this condi­

tion, if the model contains more than a few equations. This means 

that the fitted values to be used in the second stage cannot be 

obtained. Consequently, Fair modified Amemiya's method so that 

estimation would require fewer observations. Fair's method dif­

fers from Amemiya's by the number of variables used in forming Y^(t), 

the fitted values of Y^(t). Instead of using all predetermined 

variables in the augmented reduced form - Y(t-l), X(t), X(t-l) - 

only a subset is used. Each endogenous variable in Y^(t) is regressed 

only on those predetermined variables which appear in the first equa­

tion after the transformation - y^(t-l), Y^(t-l), X^(t), X^(t-l).

Thus, equations which were impossible to estimate by Amemiya's method 

due to an insufficient number of observations (Tj<G+2K+l minus the 

number of redundant variables) will become feasible to estimate by
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Fair's method if T>G^+2K +1 minus the number of redundant variables.g g
Although more widely applicable than Amemiya's method, this method 

is not asymptotically efficient among all limited-information esti­

mation methods. Fair's method employs a subset of the variables in 

the augmented reduced form to obtain the fitted values Y^(t), while 

Amemiya's method employs all the variables in the augmented reduced 

form. Therefore, in Fair's method Y^(t) is not as highly correlated 

with the variable that it replaces, Y^(t), as it is in Amemiya's 

method. This means that Fair's method must have a higher asymp­

totic variance than Amemiya's method, which is asymptotically ef­

ficient.^^ Consequently, the practice of using only a subset of 

the variables in the augmented reduced form to obtain the fitted 

values, Y^(t), causes the loss of asymptotic efficiency for Fair's 

method. The loss of asymptotic efficiency is trivial, however, 

since Fair's method is needed only if the sample is undersized.

The finite sample performance of Fair's method is all that is rele­

vant. The approximate asymptotic variance-covariance matrix of 

(61,Yf) and the approximate asymptotic variance of are estimated 

by the same formulae as those used in Amemiya's method (page 26). 

Fair used his method to estimate a small (eight equation) macro 

model of the United States' e c o n o m y . H e  reports that the pre­

dictive performance of this small macro model, estimated with his 

method which accounts for simple first-order autoregressive dis­

turbances, equals the predictive performance of far more elaborate 

macro models that were estimated under the assumption of nonauto­

correlated disturbances.
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Fair's method has been criticized because an endogenous vari­

able which appears as an explanatory variable in two or more equa­

tions will have different sets of fitted values for each equation.

This is because y (t-1), Y (t-1), X (t), and X (t-1) will be dif- g g g g
ferent in each case. It was never explained though why this feature 

of Fair's method poses a difficulty for those who use it.

Dhrymes, Berner and Cummins developed a variation to the 

methods of Amemiya and Fair.^^ In its second stage, this estimator, 

like the previous estimators, uses the least squares method to esti­
mate a single equation of the model after:

1. predicted values from the first stage are substituted for the

actual values of the endogenous variables appearing as explana­
tory variables; and

2. a consistent estimate of the autoregression parameter, p^, is 

obtained to transform the equation.

It is the procedure through which fitted values are obtained in the 

first stage which distinguishes this method from the previous 

limited-information least squares methods. The first stage involves 
thse steps:

1. Obtain consistent estimates of each equation in the model through 

instrumental variable estimation without transforming the equa­

tion or estimating p^. Instruments must be used for both cur­

rent and lagged endogenous variables appearing as explanatory 

variables because the disturbances are autoregressive.

2. Use these estimates of the structural form to derive a consis­

tent estimate of the model's reduced form (Not the augmented
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reduced form) by using the identity II = -B . (The previous 

methods estimated either a portion or the entire augmented re­

duced form directly.)
3. Obtain predicted values for the endogenous variables of the

model by dynamic simulation, given initial conditions. That is, 

predicted values are obtained recursively by using generated 

values of the endogenous variables in the place of the actual 
values of the lagged endogenous variables and in conjunction 

with the derived reduced form estimates. (The previous methods 

used the actual values of the lagged endogenous variables.

Note that this method, like Fair's, permits estimation with sam­

ples too small for Amemiya's method; that is, with sample size 

T_<G+2K+1 minus the number of redundant variables in the augmented 

reduced form. This method, however, circumvents the criticism 

of Fair's method mentioned above.)

This estimation method is significantly more complex than those of 

Amemiya and Fair, yet it does not achieve asymptotic efficiency among 

limited-information estimators. An unusual feature of this method 

is that iterating the procedure with a new estimate of will not 

alter its asymptotic properties.

Least Squares Estimation With Vector Autoregressive Disturbances 

Subsequently, Dhrymes reconsidered the problem of full-informa­

tion estimation of a model with vector autoregressive disturbances.

He extended Sargan's work with maximum likelihood estimation methods 

by deriving the full-information least squares estimator under the
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18assumption of vector autoregressive disturbances. This estimator 

is an adaptation of the three-stage least squares (3SLS) estimator 

developed in the context of nonautocorrelated disturbances. Dhrymes' 

estimation procedure is as follows;
1. Estimate each structural equation consistently through instru­

mental variables by
a. obtaining fitted values for the endogenous variables by re­

gressing each endogenous variable on just the exogenous vari­

ables in the model;

b. replacing the actual values of all endogenous variables 
acting as explanatory variables - lagged and unlagged - with 

these fitted values; and
c. estimating each equation by ordinary least squares.

2. From these consistent estimates of the structural model:

a. obtain u(t), a consistent predictor of u(t) for all t;

b. estimate each of the G rows in the matrix R by applying 

orginary least squares to

Ug(t) = Pg^u^(t-l) + + ... + + ...

for g = 2, ... , G; where w^Ct) is a composite disturbance.

c. estimate the elements of the variance-covariance matrix 

of the nonautocorrelated disturbances, by

s^[g,h] = (1/T-l) J 2 Gg(c)eh(c) 
for g,h =1, ... , G

where e^Ct) = u^Ct) - Pg^u^(t-l) - Pg2"2^̂  ~ ^gG^G^^'^^
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3. Use R to transform the system y(t) = Z(t)a + u(t), where u(t) 

is first-order vector autoregressive, to

[y(t) - Ry(t-l)] = [Z(t) - RZ(t-l)] a + [u(t) - Ru(t-1] 

or, y (t)= Z (t)a + e(t)
where the * superscript indicates variables transformed by R and 

E(t) Is the composite disturbance.

4. Estimate the augmented reduced form - which includes Y (t-1),

X(t), and X(t-l) - to obtain new fitted values for the endogenous 

variables. In the next stage, these fitted values will replace 

the actual values of only the current endogenous variables ap­

pearing as explanatory variables in the structural equations.

This is in contrast with the earlier stage in which the actual 

values of both current and lagged endogenous variables were re­

placed

5. Estimate a consistently by

d = [Z '($ V ^ _ ^ ) Z  ] [̂Z '($ ^®I^_^)y ]

6. For asymptotically efficient estimates, iterate the procedure 

with a new estimate of R until the estimates of a and R con­

verge. (Iteration is necessary due to the presence of lagged 

endogenous variables; convergence, however, is not guaranteed.)

7. The asymptotic variance-covariance matrix of the final estimates
19of a and R has been worked out by Dhrymes and Erlat.

By setting $ equal to a diagonal matrix, Dhrymes' limited- 

information least squares estimator for a model with vector auto­

regressive disturbances is obtained. This method is asymptotically
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efficient among all limited-information estimators. An illustration 

of the inner workings of this limited-information estimator will 

elucidate Dhrymes' econometric techniques. Suppose the model to be 

estimated contains two equations; then it can be put into the form:

%(!)" 1 w^d) 0 0 [“lol \(D"
yi(2) 1 Ŵ (2) 0 0 111

û (2)

^20 ■

_"2L
ŷ CT) 1 Ŵ (T) 0 0 + Uĵ (T)

ygfi) 0 0 1 Wgd) UgCl)
y2(2) 0 0 1 WgCZ) U2<2)

0 0 1 WgCT)

where W^(t) and W^Ct) are row vectors containing each equation's 

explanatory variables. After the transformation, the model takes 

the form

y,(2) - PiiTjCl) - Pi,y,(l)12'2
YfO) - Piiyi(2) -

y^fT) - p^iy^CT-i) - p22yz(^"^)

y2(2) - P2iyi(l) “ 022^2 ^̂ ) 
y2(3) - P2iyi(2) “ P22^̂2 ^̂ ^

ygCT) - P2l?l(T-l) - P22y2(T-l)
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"1-*11 *l(2)"*ll*l(^) -*12
1-*11 *l(^)-*ll*l(2) -*12

^-*11 *l(T)-p11*1(T-1) -*12

-*21 -*21*l(l) 1-*22
-*21 -P2iW^(2) I-P22

_ "*21 -P21^1 (T-1) l-*22

-*12*2(2)

12 2

*2(2)-P22*2(l)
W2(3)-P22W2(2)

“10 \(2)-
£^(3)

“20 ;
_“21

+ Ei(T)

£2(2)
E20)

£2(7)2' ' "22 2'

Once the matrix R has been consistently estimated and the actual 

values of the endogenous variables acting as explanatory variables 

have been replaced by their fitted values, apply ordinary least 

squares to this form of the model for consistent estimates. Asymp­

totic efficiency (among limited-information methods) requires

1. a correction for heteroskedasticity if Var (c^)  ̂Var (Cg,), and

2. iteration of the procedure with a new estimate of R until con­

vergence occurs (convergence not guaranteed).
If R is set equal to a diagonal matrix, Dhrymes' method simplifies 

to the limited and full-information variants of Amemiya’s least 

squares estimator. When either nonautocorrelation or simple auto­

regression is specified for the disturbances of a system of equations, 

note that limited-information estimators can be characterized as 

single-equation estimation methods, which estimate each equation in 

the system separately; and full-information estimators can be
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characterized as system methods of estimation, which compress the 

system into one equation and estimate all G equations of the model 

t o g e t h e r . W h e n  vector autoregressive disturbances are specified, 

however, this distinction no longer holds because both the limited 

and full-information estimators are system methods of estimation. 

Consequently all estimators designed for models with vector auto­

regressive disturbances, not just their full-information versions, 

are sensitive to specification errors, a difficulty common to all 

system methods of estimation. Since a system method estimates all 

the model's equations together, the effects of a specification error 

in one equation are spread throughout the model, and cannot be iso­

lated in the misspecified equation.

Dhrymes and Erlat note that iterating the procedure with new

estimates of R and $ will provide different, asymptotically efficient 
21estimates. These estimates will have different numerical values, 

but the same asymptotic properties as those estimates obtained by 

iterating only with a new estimate of R. This is because the 

estimator's asymptotic distribution only requires a consistent esti­

mate of * for asymptotic efficiency: iteration with a new estimate

of $ does not matter.

Dhrymes' full and limited-information estimators for models with 

vector autoregressive disturbances suffer from the same problem as 

Amemiya's full and limited-information estimators with simple auto­

regressive disturbances; if the sample is undersized, then estima­

tion cannot be carried out. The large number of variables in the
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augmented reduced form restricts the use of this method to models 

with only a few equations; otherwise, fitted values cannot be ob­

tained for the second stage. This limitation once again stimulated

Fair to modify an existing estimation method so that fewer observa—
22tions would be required for successful estimation of a model.

Fair uncovered the necessary modifications to Dhrymes' method by

extending Brundy and Jorgenson's efficient instrumental variables
23estimation method to models with autoregressive disturbances.

Brundy and Jorgenson developed their method for models with non­

autocorrelated disturbances because even relatively large samples 

will often be insufficient to allow the use of 2SLS or 3SLS estima­
tion. If there are fewer observations in the sample than predeter­

mined variables in the model, which happens frequently among even 

moderate sized models, the estimation again breaks down because 

fitted values cannot be obtained for the second stage. Brundy and 

Jorgenson's breakthrough consists of obtaining fitted values for 

the second stage while bypassing a direct estimate of the reduced

form in the first stage. They suggest estimating each structural
-1equation consistently and then making use of the identity II = -B F 

to derive a consistent estimate of the reduced form from which the 

fitted values are obtained. Fair subsequently extends the Brundy 

and Jorgenson technique to models with autoregressive disturbances, 

for which the problem of sample size is more prevalent. The neces­

sary adjustment to Dhrymes' method takes place in step 4 (page 33); 

one does not estimate the augmented reduced form to obtain new fitted 

values; instead, one can use the consistent estimate of R from step
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2, and the identities Tl̂  = B = -B ^F, = B RF to derive

a consistent estimate of the augmented reduced form; 

y(t) = n^y(t-i) + n^xCt) + n^x(t-i) + w(t)
= B“^y(t-1) - B‘^Fx(t) + B~^Fx(t-l) + B"^E(t)

From these derived reduced form estimates, we can obtain the fitted 

values that replace the actual values of the endogenous variables 

acting as explanatory variables. Fair claims consistency and 

asymptotic efficiency (provided that the procedure is iterated with 

a new estimate of R until convergence is reached) for his method. 

Asymptotic efficiency is an empty claim since this method need only 

be used with undersized samples; only the finite sample performance 

of the estimator is meaningful. If the limited-information version 

of this method is used with the assumption that R is diagonal, then 

this method is an alternative to Fair's earlier method.

Both Dhrymes' and Fair's methods require iteration with a new 

estimate of R because a and R must be estimated jointly in the 

presence of lagged endogenous variables in order to achieve asymp­

totic efficiency. Iterative procedures are a problem, however, be­

cause they are computationally expensive and there is no guarantee 

that the estimates will converge. To circumvent this difficulty, 

Hatanaka developed an asymptotically efficient two step estimator 

that does not require i t e r a t i o n . I t  is easiest to understand

Hatanaka's innovation in the context of single-equation models, for
25which, in fact, he developed it. Consider the following regression 

equation which contains a lagged dependent variable:
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y(t) = 6g + 0^x(t) + ggyCc-l) + u(t) 
where u(t) is a first-order autoregressive disturbance. As stated 

earlier, a two step procedure that uses a consistent estimate of p 

obtained separately from 6 subsequently to transform the equation 

leads to consistent estimation of a regression equation containing 

a lagged dependent variable. Joint estimation of p and the 6's is 

necessary to achieve asymptotic efficiency. In order to avoid iter­

ation or searching over all possible values of p while still 

achieving asymptotic efficiency, Hatanaka suggests using this pro­

cedure: take u(t), the consistent predictor of u(t), from which

the consistent estimate p came, and use u(t-l) as an additional ex­

planatory variable in the transformed equation. That is, after ob­

taining an initial consistent estimate of p from the consistent pre- 

dictor u(t), apply ordinary least squares to the equation 

[y(t) - py(t-l)] = 6 q ( 1 - p )  + g^[x(t) - px(t-l)]

+  - py ( t -2)]
+ p u(t-l) + E (t)

Then the estimates Bq, B^ 62» and p = (p+p*) are consistent and 

asymptotically efficient estimates of the equation's parameters 

without Iteration since the B's and p are estimated jointly. The esti­

mate of p* can be considered to be a correction of p's original esti-
A/mate p. Although the residual adjustment estimator avoids iteration 

and the possibility that the estimates will not converge, this is 

done with the cost that the final estimate of p, p = (p+p*), may be 

implausible (|p | >1).
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Extending this technique to simultaneous equation systems re­

quires a relatively minor adjustment to Dhrymes' and Fair's methods.

Step 5 of Dhrymes' procedure (page 33) calls for the application of

the generalized least squares (GLS) method with replaced by its 

consistent estimate $ to the equation 

y*(t) = Z (t)a + E (t) 
where the variables have been transformed by R, the initial estimate 

of the matrix R. With the incorporation of Hatanaka's technique, 

step 5 now involves the application of the generalized least squares 

method to the equation
y (t) = Z (t)a + [Ig®u'(t-1)]R + e (t)

where R transforms the variables. Hatanaka and also Dhrymes and
i a -V "*Taylor claim that a and R = (R + R ) - where R , the correction to■' m m

R's initial estimate, R, is a (GxG) matrix arranged in accordance
2with R and obtained from R , a (G xl) column vector - are consistent

and asymptotically efficient estimates of a and R without iteration
26since ct and R are estimated jointly. Hatanaka's method will be 

referred to as the full-information residual adjusted estimator 

designed for models with vector autoregressive disturbances.

Assuming or ignoring the fact that the nonautocorrelated dis­

turbances are contemporaneously uncorrelated across equations results 

in the limited-information counterpart of Hatanaka's estimator. Fur­

thermore, if the disturbances follow the simple rather than the vec­

tor autoregressive scheme, then Hatanaka's method reduces to full 
and limited-information residual adjusted estimators that are residual 

adjusted variants of Amemiya's least squares estimators. Hatanaka's
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residual adjustment innovation can be used in conjunction with many 

least squares estimators designed for models with autoregressive 

disturbances. (The survey of estimation methods just completed was 

in general presented in chronological order. Appendix A contains 

a chart that stresses the relationships that the estimators in the 

survey have to one another and to some other familiar estimators.)

To carry out the estimation work and sampling experiments in 

the following chapters, Amemiya's limited-information least squares 

estimator designed for models with simple autoregressive disturbances 

(which will be referred to as 2SLS-AÜT0) and Hatanaka's limited- 

information residual adjusted estimator designed for models with 

vector autoregressive disturbances (which will be referred to as 

2SLS(RA)-VECTOR) will be used. Amemiya's and Hatanaka's methods 

were chosen from among the estimation methods described above be­

cause :
1. these methods are asymptotically efficient among all limited- 

information estimators in the context of the autoregressive 

scheme for which they were designed; and
2. these methods require the least computational effort.

The limited-information rather than the full-information versions of 

the estimators will be used because there is reasonable concern over 

the specification of the models that are to be reestimated.
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Tests for Autoregressive Disturbances 

To determine if one of the preceding methods, developed under 

the assumption of autoregressive disturbances, is required for asymp­

totically efficient estimates of the model, tests of the disturbances' 

specification are needed. The three specifications for the disturb­

ances under consideration are nonautoregression, simple autoregres­
sion, and vector autoregression. Three tests are thus called for:

1. A test of the hypothesis of nonautoregression, H^: = 0,

against the alternative of simple autoregression, H.: p #0;A g
(for all g=l, ... , G)

2. A test of the hypothesis of nonautoregression, H^: R = 0, against 

the alternative of vector autoregression, H^: R f 0; and

3. A test of the hypothesis of simple autoregression, H^: the

matrix R is diagonal, against the alternative of vector auto­

regression, H^: the matrix R is general.

The test for the presence of simple autoregressive disturb­

ances will be carried out by testing whether the estimated value of 

the autoregression parameter, p^, is significantly different from

zero. If Pg/s^[g]<2, then the estimate will be considered signifi- 
27cant. Note that the Durbin-Watson test is inappropriate here due

28to the presence of lagged endogenous variables.

Several ways have been devised to perform the second test -

the test of the hypothesis of nonautoregression against the alter-
29 30native of vector autoregression. Hendry and Goldfeld and Quandt

suggest the use of the likelihood ratio test. Guilkey proposes a

rather complicated test which he describes as a generalization of
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31Durbin's procedure for the single equation model. Goldfeld and

Quandt also point out that a very simple test would be to reject

the null hypothesis of nonautoregression if the estimate of any
32individual element in R is significantly different from zero.

This test can be improved upon in a straightforward manner: in

stead of using the OLS estimation method separately on the G equa­

tions of the form

Ug(c) = Pgl"i(t-1) + + ^g<t)
%to obtain R, we can compress these G equations into one large 

equation

\ i t f U^(t-l)...Ug(t-l) 0 ... 0 0 ... 0
UgCc) 0 ... 0 u^(t-l)...Ug(t-l) 0 ... 0

_Ug(t) 0 ... 0 0 ... 0 u^(t-l)...Ug(t-l)

11

IG

G1

L GQj
E^Ct)
EgCt)

Ec(t)
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and through the generalized least squares (GLS) method estimate the 

entire R matrix at once. (The GLS method is needed to account for 

heteroskedasticity and contemporaneous correlation among the nonauto­

correlated disturbances.) Then the F-test for the overall signifi­

cance of the regression can perform the test of the hypothesis of

nonautoregression, R = 0, against the alternative of vector auto-
33regression, R f 0. This is an improvement of Goldfeld and Quandt's 

test because it is possible for none of the estimated elements of 

the R matrix to be significantly different from zero, while the F-test 

rejects the null hypothesis of no relationship between the dependent 

and explanatory variables. When it is necessary, this test will be 

used in the later chapters.

Finally, several ways have also been devised to test for vec­

tor autoregression when simple autoregression is the null hypothesis.

Again the use of the likelihood ratio test is one possibility; a
34test developed by Hendry is another. A test related to the F-test 

for the significance of the regression can be employed, however, 

when the model's autoregressive scheme is compressed into one equa­

tion. The maintained hypothesis of simple autoregression implies 

that all off diagonal elements of R, for g ^ h, equal zero; the

alternative hypothesis of vector autoregression implies that this is 

not true. Therefore, an F-test for the relevance of additional

explanatory variables in a regression equation can be used to carry
35out the test of simple versus vector autoregression. If the F-test 

rejects the maintained hypothesis, = 0 for g ^ h, then the

presence of vector autoregressive disturbances is indicated. This 

test will be used as needed in later chapters.
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CHAPTER II 
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CHAPTER III 

TEIGEN’S MODEL

Teigen formulated, estimated, and tested a small macro model

of the monetary sector of the United States’ economy. He produced

his original results with end-of-the-quarter data,^ but in response
2to Gibson's remarks, revised his study by using quarterly-average

3data. The model includes a reduced form equation for income and 

equations for the demand for and supply of money, and incorporates 

a role for the commercial banking system in determining the money 

stock. When interest rates in the money markets make it advantageous 

to do so, member banks should acquire reserves, make loans, and expand 

the money stock. Member banks can obtain the additional reserves by 

exercising their discounting privileges with the Federal Reserve 

System, by entering the Federal Funds market, or by selling securi­

ties in their portfolios. Therefore, interest rate are embodied in 

both the money demand and supply equations, and the exogeneity of the 

money stock becomes a dubious assumption. Consequently, Teigen assumed 

that the Federal Reserve System controls only the reserves it supplies 

and incorporated the money stock into his model as an endogenous vari­

able. The amount of reserves supplied by the Federal Reserve System, 

not the money stock, is the exogenous variable. This feature of 

Teigen's model contrasts with nearly all previous and many later 

studies on the demand-for-money function that treat the money stock

48
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as an exogenous variable. Teigen’s approach removed the potential 

simultaneous equations bias that permeates estimates of the demand- 

for-money function in single-equation models. Teigen's estimates 

can therefore be used to improve the estimated interest and income 

elasticities for the demand for and supply of money, if the specifi­

cation of a simultaneous equations model is necessary.

Structure of Teigen*s Model 

The supply-of-money function reflects the behavior of com­

mercial banks in the following fashion. When the profitability of 

loans rises, other relevant factors kept equal, banks will adjust 

their portfolios toward loans. By expanding loans and demand de­

posits, the banks cause the actual money stock to rise relative to 

the potential money stock. The potential money stock is determined 

by the amount of reserves supplied by the Federal Reserve System and 

the amount of member bank borrowing, along with banking rules and 

behavioral relationships. When the profitability of loans falls, 

banks will adjust their portfolios away from loans and cause the 

actual money stock to fall relative to the potential money stock.

The supply-of-money function takes the form 

(M/M*) = X(profitability of loans)

where
M is the observed money stock;

M* is the potential money stock based on reserves supplied by 

the Federal Reserve System; it is not the potential money 

stock from all reserves since it excludes reserves obtained 

through member bank borrowing; amd
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M/M* is the extent to which the potential money stock (based 

on Federal Reserve System supplied reserves) is realized. 

Teigen then approximated the profitability of loans for commercial 

banks as the difference between the return from lending and the cost 

of lending. The interest rate on four to six month commercial paper 

measures the return to commercial banks from lending. The cost of 

lending is the opportunity cost of using excess reserves for com­

mercial loans instead of loaning excess reserves to other banks; 

this cost could be measured by the Federal Funds rate. Alternatively, 

the cost of lending is the cost of acquiring additional reserves, 

which can be measured by the Fed's discount rate or the Federal 

Funds rate. In his study, Teigen chose to use the discount rate.

Teigen based the demand-for-money function on the square root 

inventory rule for the transactions demand for money. Baumol and 

Tobin developed this idea over twenty years ago. According to this 

rule, the desired average amount of money held for transactions 

depends on the level of income, interest rates, institutional factors, 

and the transactions costs involved in shifting money in and out of 

liquid, interest earning assets until it is needed. Furthermore, 

Teigen assumed that a partial adjustment or habit persistence mech­

anism determines the actual demand for money. The demand-for-money 

equation then takes the form
M = M[income, interest rates, M(-l)] 

where M is the actual (not the desired) level of money demanded, and 

transactions costs and institutional factors are assumed to be con­

stant.
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Finally, the reduced form equation for income is derived from
4the simple Keynesian model that Teigen developed. This equation 

takes the form

Y = Y[E,NW,Y(-1)]

where
E is exogenous spending - investment, exports, and government 

expenditures; and 

NW is net worth.

Econometric Issues 
Teigen estimated the following form of his model:

1. Demand for money
N = ÜQ + a^(r‘Y) + a^Y + a^M(-l) + + u^

2. Supply of money

(M/M*) = 6q + B^(r-rjj) + + u^

3. Income

Y = Yg + Y^E + Y2 ^  + Y]Y(-1) + y^[Sĵ *Y(-1) ]

+ Ys[S2'Y(-l)] + Yg[S3*Y(-l)] + U3
where S^, S^, and S3 are seasonal binary variables, and S^ is a 

structural shift binary variable which takes on the value one for 

the period from 1953-1 to 1958-IV.

The endogenous variables are the money stock, the interest rate, and 

income. Therefore, the model does take into account the simultaneous 

determination of the interest rate and the money stock. The model is 
linear in its parameters, but nonlinear in its endogenous variables 

since it contains the endogenous functions r*Y and M/M*. This char­

acteristic of the model must be carefully considered during estimation.
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Teigen estimated his model in the following manner:

1. Ordinary least squares method (OLS) was used for the income equa­

tion.
2. The fitted values for the endogenous variable Y and the endoge­

nous functions r*Y and r-r^ were obtained by regressing Y, r*Y, 

and r-r^ on all predetermined variables in the model; this cor­

responds to the first step of two-stage least squares (2SLS) 

estimation.
3. The money demand and supply equations were estimated by the OLS 

method after the actual values of Y, r'Y, and r-r^ had been re­

placed by their fitted values; this corresponds to the second 

stage of 2SLS estimation.

Concerning Teigen's econometric methods, two major objections 

can be registered. First, the model's nonlinearity in endogenous 

variables is ignored. For example, the reduced form equation for 

the interest rate (r) is a nonlinear function of the predetermined 

variables in the monetary sector - Y, M(-l), M*, r^, S^, S^, S^, S^:

(a^Y-B^M*)

^ u^+(u2*M*)

(«zY-GiM*)
Teigen never worked with this equation, his model's reduced form 

equation for the interest rate, in order to obtain fitted values for 

r. Instead he estimated a linear equation which includes the mone­

tary sector's predetermined variables: 

r = Ô + 6,Y + 6_M(-1) + 6-M* + ... + (disturbance)O i Z J
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The disturbance term in this linear equation represents the combined

product of the model's structural disturbances and the misspecifi-

cation of the nonlinear reduced form equation. While using fitted

values obtained from estimates of the linear equation in the

second stage of 2SLS estimation - in which the OLS method is applied
* *to the equation y = Y g + X y + u where u is the composite dis- g g g g g g  g

turbance - Teigen cannot correctly claim that the equation's dis-
*turbance u^ is uncorrelated with each of the explanatory variables

*contained in Y and X . Since the composite disturbance term u g g g
contains the effect of the misspecification of the reduced form 

equation, it will be correlated with the equation's predetermined 

variables, X^. Consequently, his estimates lack all desirable 

properties and his tests of hypotheses are invalid.

Second, Teigen assumed that the model's disturbances are 

nonautocorrelated. This may have been a defensible assumption for 

his original study. In that study he used data for which all stock 

variables are measured as of each quarterly call date; that is, 
measured in points of time roughly 90 days apart. This implies 

that the effect of factors lumped into the regression disturbances 

must last from 91 to 180 days if these factors are to influence two 

successive observations and cause correlation between two successive 

disturbances. It is possible that the effects of these small, ran­

dom factors in the model's disturbance term are sufficiently tempo­

rary for Teigen's assumption to be valid. In the later version of 

his study, however, he used data that are quarterly averages of 

daily figures. This implies that the effects of the small, random
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factors must last from only 1 to 90 days to influence two successive 

observations and cause autocorrelated disturbances. Thus, Teigen's 

assumption of nonautocorrelated disturbances for the revised study 

is likely to be invalid.^

Our reestimation of Teigen's model with quarterly-average 

data will account for the model's nonlinearities and will incorpor­

ate the assumption of autoregressive disturbances. Reestimation 

will involve the application of Kelejian's nonlinear 2SLS method,^ 

modified for simple autoregressive disturbances. Kelejian's method 

corresponds to the usual 2SLS estimation procedure with only the 

reduced form adapted for the model's nonlinear structure. The usual 

2SLS method requires a consistent estimate of the reduced form 

equations in order to obtain fitted values for the endogenous vari­

ables. These fitted values replace the actual values of the endoge­

nous variables among the explanatory variables to purge their correla­

tion with the structural disturbances. This correlation is the cause 

of inconsistency in the OLS estimates. When a model is nonlinear, 

however, expressions for the endogenous variables and endogenous 

functions in terms of just the predetermined variables and predeter­

mined functions can become highly complex. Therefore, fitted values 

can be obtained from the reduced form only with great difficulty - 

and often not at all. In place of estimating the reduced form it­

self, Kelejian proposes to estimate a polynomial of the model's 

predetermined variables that approximates the reduced form and from 

which fitted values for the endogenous variables and functions can 

be obtained. These fitted values will be uncorrelated with the



55

structural disturbances and the second stage estimates will be con­

sistent as the sample size tends to infinity, provided that the 

degree of the polynomial is allowed to increase with sample size. 

That is, let the degree of the polynomial increase at the rate (T) 

where 0<k<l, so that as the sample size (T) tends to infinity so 

will the degree of the polynomial. The value of k, however, must 

be sufficiently small in order that the number of parameters to be 

estimated from the polynomial grows at a slower rate than the in­

crease in sample size.

New Estimates

Several new estimates of Teigen's model are reported in 

table 1. The first set of estimates is Teigen's. The second set of 

estimates was made with the OLS method, adapted for simple autore­

gressive disturbances (OLS-AUTO). Since this method ignores simul­

taneity, it is unsatisfactory, but its estimates are included for 

comparison. The third set of estimates is given by the nonlinear 

2SLS method, adapted for simple autoregressive disturbances (2SLS- 

AUTO). In the application of this method, fitted values for the 

endogenous functions r-r^ and r*Y were obtained by estimating a 

truncated second degree polynomial of the predetermined variables 

in the transformed version of the monetary sector. Truncating the 

polynomial approximating the reduced form is necessary because this 

procedure results in a greater number of terms than observations in 

the sample. Fortunately, the findings of Goldfeld and Quandt sug­

gest that a quadratic polynomial is adequate for Teigen's model.

From sampling experiments with two nonlinear models, Goldfeld and
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Quandt show that Kelejian's nonlinear 2SLS estimation utilizing a 

quadratic polynomial "uniformly outperforms" standard 2SLS utilizing 

a first-degree polynomial. Furthermore, they see "no reason to ex­

pect continued improved performance" as the degree of the polynomial 

increases over two.^ If the assumption of simple autoregressive 

disturbances is valid, then this estimation method would possess the 

desirable asymptotic properties and would generate the preferred 

estimates for Teigen's model. (The inference that the preferred 

estimates come from a method with the desirable asymptotic proper­

ties will be challenged later in the sampling experiments.) Finally, 

the fourth set of estimates was obtained from Hatanaka's limited- 

information, residual adjusted estimation method for models with 

vector autoregressive disturbances (2SLS(RA)-VECTOR) after it was 

altered along the lines of nonlinear 2SLS so that the model's non- 

linearities were recognized. If the assumption of vector autore­

gressive disturbances is valid, then this method would possess the 

desirable asymptotic properties and the preferred estimates of 

Teigen's model would be obtained from this estimation method.

The estimates of the autoregression parameter and its standard 

error from both the OLS-AUTO method and the nonlinear 2SLS-AUT0 

methods cause us to reject the null hypothesis of nonautoregressive 

disturbances for all three equations. In each instance, the esti­

mate of the autoregression parameter is at least twice as great as 

its estimated standard error. The nonlinear 2SLS(RA)-VECTOR method's 

estimates of the R matrix, however, do not cause us to reject the 

null hypothesis of simple autoregressive disturbances in favor of
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the alternative hypothesis of vector autoregressive disturbances, 

according to the third test (the test for additional relevant 

explanatory variables) described in chapter II. The calculated 

value of the test statistic is 2.27, which is less than the critical 

value of 2.44 (at the .05 level of significance). Consequently, the 

estimates of Teigen's model obtained from the nonlinear 2SLS-AUT0 

method will be used in the empirical work that follows.

Among these four sets of estimates of the money demand and 

supply equations, there exists some variation in the estimates of 

the explanatory variables' coefficients. The sharpest contrasts 

between Teigen's estimates and estimates based on the assumption 

of simple autoregressive disturbances are found in the estimates of 

the income (Y) coefficient in the demand equation and the profita­

bility of loans (r-r^) coefficient in the supply equation. Also, 

the coefficient of the structural variable becomes insignificant 

when estimated under the assumption of simple autoregressive dis­

turbances. In comparison to Teigen's findings, the estimates from 

the nonlinear 2SLS-AÜT0 method indicate that the demand for money 

is more sensitive to income and the interest rate and adjusts more 

slowly to the desired level; and the supply of money is less sensi­

tive to profitability. Furthermore, a comparison of the estimates 

obtained for the autoregression parameters shows substantial dif­

ferences; for example, the estimates of range from .37 to .55.
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Empirical Results 

From the coefficient estimates obtained from the nonlinear 

2SLS-AUT0 method, new estimates of demand and supply elasticities 

can be calculated and compared to Teigen’s.

TABLE 2 
DEMAND ELASTICITIES

Teigen
The Elasticity of the Demand for

Money with Respect to Short Steady
______ (Computed at Means)______  Run State

Radecki

r
Y

-.014
.089

-.081
.517

Short
Run

-.016
.132

Steady
State

-.065
.527

Relative to the results obtained from the nonlinear 2SLS-AUT0 method, 

Teigen overestimated demand’s steady—state interest elasticity by 

25 per cent and underestimated its short-run interest elasticity by 

12 per cent, its short-run income elasticity by 48 per cent, and its 

steady-state income elasticity by 2 per cent.

TABLE 3 
SUPPLY ELASTICITIES

The Elasticity of the Supply of 
Money with Respect to 

______ (Computed at Means______

r
r.

Teigen

.232
-.202

Study

Radecki

.146
-.127

Making the same comparison, Teigen overestimated the supply elas­

ticities by 59 per cent. From these comparisons, it is obvious
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that in several instances Teigen's estimates of the elasticities 

and the new estimates contrast sharply. These differences are at­

tributable to the alternative treatment of the model's nonlineari­

ties and the autoregressive disturbances. The new estimates of 

the interest rate elasticity of the demand and supply of money imply 

that monetary policy is more effective and fiscal policy is less 

effective than indicated by Teigen's results.

Besides recomputing the estimates of the elasticities, the 

data also allow a new comparison of single-equation and structural 

estimates of the demand and supply elasticities. In his original 

study, Teigen reported that single-equation, steady-state estimates 
of

1. demand's elasticity with respect to the interest rate are biased 
downwards in absolute value by 7 per cent;

2. demand's elasticity with respect to income are unbiased; and
3. supply's elasticities were biased downwards by 41 per cent.

Using the estimates from the OLS-AUTO method, the results presented 

in table 4 were obtained. In contrast to Teigen's findings, the 

demand elasticities calculated from the single-equation method seem 

to contain substantial simultaneous equations bias, while the supply 
elasticities are relatively free of such bias.

An implicit assumption contained throughout this chapter is 

that the application of the preferred estimation method (nonlinear 

2SLS-AUT0) will improve the estimates of the model's parameters and 

the elasticities. Theoretically, the preferred method possesses the
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TABLE 4

SINGLE EQUATION AND STRUCTURAL ESTIMATES OF 
STEADY-STATE ELASTICITIES

The Elasticity of the Demand for Single- Simultaneous
Money with Respect to Equation Structural Equations Bias

_______ (Computed at Means)_____

r

Y

-.044 -.065 downwards, 48%

.484 .527 downwards, 9%

The Elasticity of the Supply of 
Money with Respect to 

_______ (Computed at Means)

.143 .146 downwards, 2%

-.125 -.127 downwards, 2%
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desirable asymptotic properties; however, a finite sample of 48 ob­

servations is used to conduct the reestimation work, whose results 

are reported above. It is possible that in small samples estimation 

methods lacking the desirable asymptotic properties could outperform 

methods that do possess the desirable asymptotic properties. It is 

unclear whether the nonlinear 2SLS-AUT0 method generates superior 

estimates of Teigen's model. The results from sampling experiments 

designed to compare the small sample performances of the estimators 

will be reported in chapter V and hopefully will remove these ambi­

guities (to the extent to which sampling experiments are capable of 

doing so).

As an alternative to the sampling experiments, the ability to 

forecast can be used to compare the estimates of Teigen's model. Pre­

sumably, more accurate predictions of the endogenous variables will 

reflect better estimates of the model's parameters and the demand 

and supply elasticities. Table 5 presents the predictions obtained 

from Teigen's estimates and the nonlinear 2SLS-AUT0 estimates for 

the endogenous variables - the interest rate, the money stock, and 

income - for the four quarters beyond the sample period. These pre­

dicted values were obtained dynamically, which means that predicted 

rather than actual values were used for the lagged endogenous vari­

ables. The forecasting performances of the two sets of estimates 

are compared in table 6. On this basis, neither set of estimates 

can be considered superior. A judgment must be postponed until the 
results from the sampling experiments are reported.
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TABLE 5

PREDICTED VALUES OF THE ENDOGENOUS VARIABLES

Quarters
1 %I III IV

Actual r 3.30 3.60 4.19 4.76
Teigen’s r 3.28 3.99 4.99 4.67
Nonlinear 2SLS-AUT0 r 3.60 4.21 4.50 4.80

Actual M 143.03 142.36 143.00 144.83
Teigen's M 142.28 140.36 140.46 142.77
Nonlinear 2SLS-AUT0 M 140.10 139.83 139.73 142.10

Actual Y 452.4 484.6 477.2 519.6
Teigen's Y 452.9 485.6 481.2 518.9
Nonlinear 2SLS-AUT0 Y 450.8 483.9 478.9 517.1

TABLE 6

EVALUATION OF THE PREDICTIONS

Sum of Errors Sum of Squared Errors
Teigen's r 1.30 .79
Nonlinear 2SLS-AUT0 r 1.26 .56

Teigen's M 7.4 15.4
Nonlinear 2SLS-AUTO M 9.5 25.5

Teigen*s Y 6.2 17.7
Nonlinear 2SLS-AUT0 Y 7.5 14.6
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CHAPTER III 

FOOTNOTES

^Ronald L. Teigen, "Demand and Supply Functions for Money in 
the United States: Some Structural Estimates," Econometrics 32
(1964): 476-509.

2William E. Gibson, "Demand and Supply Functions for Money in 
the United States: Theory and Measurement," Econometrics 40 (1972):
361-70.

3William E. Gibson, "Demand and Supply Functions for Money:
A Comment," Econometrics 44 (1976): 387-9; Ronald L. Teigen, "Demand
and Supply Functions for Money: Another Look at Theory and Measure­
ment," Econometrics 44 (1976): 377-85.

^Teigen, "Demand and Supply Functions for Money in the United 
States," p. 507.

^Gibson also assumed nonautoregressive disturbances for his 
model while working with quarterly-average data.

^Harry H. Kelejian, "Two-Stage Least Squares and Econometric 
Systems Linear in Parameters but Nonlinear in the Endogenous Vari- 
ables," Journal of the American Statistical Association 66 (1971): 
573-4; also described in S. Goldfeld and R.E. Quandt, Nonlinear 
Methods in Econometrics (Amsterdam: North-Holland Publishing Com­
pany, 1972), pp. 232-8.

^Goldfeld and Quandt, Nonlinear Methods, Chapter 8.
QOf course, this may not be true if the model is misspecified 

or its coefficients undergo a structural shift.



CHAPTER IV 

PERRY'S MODEL

Perry investigated the process of inflation by designing, 

estimating, and analyzing a small macro model of the United States 

economy's wage-price-profit subsystem.^ The model's focus is on 

the quarterly behavior of wages ; however. Perry elaborated from a 

single-equation model because he recognized that wage rates inter­

act with prices and profit rates. The model's structure consists 

of three equations and an identity that explain changes in profit 

rates, manufacturing output prices, and aggregate wages. Changes 

in aggregate wages can be partly explained by the average profit 

rate and its first difference; in general, labor can be expected to 

obtain a greater than average increase in wages during periods of 

abnormally high or rising profits. Suppose, as Perry did, that 

prices in manufacturing industries are determined by a markup pro­

cess over costs. Since wages are a component of a firm's costs, a 

change in wage rates can be expected to affect a firm's price for 

its product, and also its profits. The behavior of wage rates is 

thus simultaneously detemined with the behavior of prices and 

profits. Consequently, wages, prices, and profits appear as endogen- 

eous variables in a structural model. The incorporation of the ag­

gregate wage function, or Phillips "curve," in a simultaneous equa­

tion model distinguishes Perry's work from many other studies that

66
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ignore the feedback effect of wages on costs and profits. This ap­

proach removes the potential simultaneous equation bias that could 

spoil estimates of aggregate wage behavior in single-equation 

models. Estimates of Perry's model can be used to reexamine the 

Phillips "curve" and, since the model is dynamic, to analyze the 

inflationary process through time.

Structure of the Model 

The wage equation explains the precentage change in the aver­

age wage rate over the past year. The change in the wage rate is a 

function of the unemployment rate, the change in the cost of living, 

the rate of profits, and expectations for the rate of profits. The 

unemployment rate reflects the willingness of employers to grant 

wage increases and indicates the probable success of gaining wage 

increases. Periods of low unemployment are associated with large 

wage increases because

1. employers will be anxious to avoid strikes, since periods of

low unemployment correspond to periods of strong consumer demand;

2. employers will be more able to pass on higher labor costs when 

consumer demand is strong; and

3. certain employers in the tight labor market, characterized by 

excess demand, may be trying to bid labor away from other em­

ployers.

The change in the cost of living affects the size of the wage increase 

that results because a rise in the cost of living contributes to the 
strength of labor's demands and to the pressure on the union from 

its members to obtain a wage increase. The current and expected
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average profit rate indicates the ability of employers to pay wage 

increases now and in the future; also, the current profit rate mea­

sures the cost to the firm of withstanding a strike. Therefore, a 

high current or expected profit rate lowers employers' resistance to 

a wage increase and allows employees to obtain large wage increases. 

The change in the profit rate is used as a proxy for the expected 

profit rate since increases in profits cause unions to expect 

higher future profits. The wage equation that is estimated is the 

following :

w(t) = + o^[U(t)] ^ + UgCCt-l) + UgR(t-l) + a^[AR(t)]

+ u^(t)

where

w(t) is the percentage change in the rate of straight-time 

average hourly earnings over the past year (four 

quarters);
U(t) is the average percentage unemployment rate during the 

past year;

c(t) is the percentage change in the consumer price index 

over the past year;

R(t) is the average percentage rate of return on stock­

holders' equity over the past year; and

AR(t) = R(t)-R(t-1), the first difference of R(t).

The price equation explains the percentage change in the 

index of output prices for the manufacturing sector over the past 

year. It is based on a modified version of the markup theory of 

oligopoly pricing. Perry maintained that output prices are
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basically determined by a pure markup over unit costs, which are a 

function of the prices of variable inputs and the extent to which 

fixed inputs are utilized. Labor's wages and the prices of raw 

materials are considered to be the main items in variable costs; 

the change in the index of capacity utilization indicates movements 

along a firm's short run cost curves. The markup of prices over 

unit costs, however, is significantly influenced by the strength of 

consumer demand, which is represented by an index of capacity utili­

zation. Presumably, greater increases in output prices will occur 

during periods of pressure on capacity due to an increase in the 

markup over costs. Perry estimated the output price equation in the 

following form:

p (t) = 6- + 6-w(t) + S,p (t) + 3-[A(Q/K)(t)] m u i z r j
+ 6^(Q/K)(t) + u^(t)

where

p^(t) is the annual percentage change in the index of manu­

facturing output prices;

p^(t) is the annual percentage change in the index of raw 

material prices;

(Q/K)(t) is the average over the past year of the index of 

capacity utilization in manufacturing; and

A(Q/K)(t) = (Q/K)(t)-(Q/K)(t-1) is the first difference in 

(Q/K).

The third equation explains the change in the average profit 

rate in terms of changes in unit cost, capacity utilization, and 

the price of output. As in the previous equation, changes in
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labor's wages and the prices of raw materials reflect changes in a 

firm's variable costs. Changes in the price of manufactured output 

cause changes in a firm's revenue. Changes in the level of capa­

city utilization capture the effect on profits of a) changes in unit 

costs from the degree to which fixed costs are utilized, and b) changes 

in the level of output and sales. Perry estimated the profit equa­

tion in the following form:

AR(t) = Yg +  Y^w(t-l) +  YgPrft-l) +

+ y^[A(Q/K)](t) + u^(t) 

where all variables are previously defined. The identity concerning 

the profit rate, AR(t) = R(t)-R(t-1), completes the model.

Econometric Issues 
Perry estimated his simultaneous equation model of the wage- 

price-profit subsystem with the OLS method. He justified the use of 

the OLS estimation method on the grounds that:

1. the OLS estimates, by his conjecture, contain little simultane-
3ous equation bias. This notion is based on a comparison of OLS 

and 2SLS estimates of the model after all lagged endogenous vari­

ables are made current.
2. the 2SLS method could not remove from OLS estimates the source

4of a bias more serious than simultaneity. Perry believed that 

the bias in the OLS estimates is for the most part the result of 

having autoregressive disturbances in a model with lagged endog­

enous variables. Consequently, applying the 2SLS estimation 

method would fail to remedy the problem.
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Perry's approach to the estimation of his model must be con­

sidered inadequate for several econometric reasons. First, there 

is no basis for the judgment that the simultaneous equation bias is 

so insignificant that it is unnecessary to use a simultaneous equa­
tion estimator - such as the 2SLS method - since

1. this conclusion was based on estimates of essentially a dif­

ferent model than the one under consideration.

2. the cost of obtaining 2SLS estimates for this three equation 

model is minimal. To conclude that the additional cost of pro­

ducing 2SLS estimates that remove simultaneous equation bias 

outweights the benefits from doing so suggests that the work 

associated with the model may be of little value or that the 
problem under study is inconsequential.

3. a small numerical change in a coefficient estimate could poten­

tially alter the stability of the model's oscillations or imply 

substantial changes for public policy.

Besides, the claim that the simultaneous equation bias is insignifi­

cant weakens the credibility of the specification of a simultaneous 

equation model to explain aggregate wage behavior. A second fault 

with Perry's approach to estimation relates to the problem of auto­

regressive disturbances. Since Perry felt that autoregressive dis­

turbances were a much more significant source of bias than was simul­

taneity, he could have used this knowledge by employing a single­

equation estimation method that corrects for autoregressive dis­

turbances. Third, if autoregressive disturbances are present in a 

structural model, then what is called for is an econometric method
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designed for the compound estimation problem. If Perry had reason 

to prefer the OLS method to more complicated estimators - perhaps 

because he believed that the OLS method would provide estimates 

with the least mean square error (MSE) in the context of a struc­

tural model with autoregressive disturbances, lagged endogenous 

variables, possible errors of measurement, doubts concerning the 

third equation's specification, and a finite sample of only 51 ob­

servations - then he failed to make that clear.

New Estimates

Table 7 presents three sets of estimates for Perry's model.

The first set of estimates is Perry's, obtained from the OLS method. 

These estimates suffer from the problems mentioned above. Estimates 

from the 2SLS method and from the OLS method adapted for simple 

autoregressive disturbances (OLS-AUTO) were also calculated; these 

estimates will not be reported here because the estimation methods 

ignore a violation of a basic assumption. It should be mentioned, 

however, that if Perry employed the OLS-AUTO method (the method that 

should have been used if one believed that the model's disturbances 

are simple autoregressive and the effect of simultaneity is negli­

gible) he would have obtained highly significant estimates of each 

equation's autoregression coefficient (p̂  ̂= .43, p^ = .72, and 

p^ “ .62) that suggest a high degree of autoregression in the model's 

disturbances. The 2SLS method adapted for simple autoregressive 
disturbances (2SLS-AUT0) provides the second set of estimates.^ If 

the assumption of simple autoregressive disturbances is valid, then 

this estimation method would possess the desirable asymptotic



73

00 00
m
00 CM CMON voa> oc\

g
CMON

g
00m

eniHd
en /-s enCM

a
ON uniH <■

CMrHa
ON enO fH CMCM

a
op-4 <•en r4

i

en
IMUM
£woo

gu
g

bO
OTM
H

ON f-H

CM<r

CM 
<r CM

en enf-4

r4 en ON CM

00 O<" r4

unCM o
un en

<■ iH

00 r-400 en

ON vO un r4

en /—VO  ON

CM
a

u:
cr

C
<

un un rH o

1-4 CM sO r-4

^  en<r CM
en

UN x-N r4 ps.
O fH

CM vO 1-4 O

pN. eniH

1-4 ON ON CM

00 CM un f-4

vO vD iH CM

HcoM
I

u

ps. un en o 00 00 en o <3* CMen fH CMfH unun CM 00 ON en 1-4

u
%4JCOc
5

en od 

I

o  CM
m
I

o\ r~
m iH 
I

CCO4JCO
S

5

en0  og
un SfH1

O  ̂  vO ̂
O  ON 
fH 
I

vO x"\ ON so
un

§

g"
&
:3

wLi(Ub

I
Iœ

CM

I

w
wCM

eo
(0s
w
(Uu•H
Mb S3

b

g
XV3>HC/3CM

g
g>
S
C/3f-3C/3CM



74

m ON00 s£>nO

g i

enenQ.
00 <Nin fH m<r iH

CM
ena

73a3C
COu

ena

O ’
<

un en esi O >3* en CM o

sO 
iH O

fH en CM O

O  en 
fH O

en en 
fH O 00 en

fH O

<VU
§
o•HVM
•Hs,
0)>0)

uno\

Mi o  iH M  r-t i-t«3- O iH O  -T t—I

(U
w

Ca

I
3

0\ CMvo en O  o
r

vO vû O  en r-l o
en o  vo <r rH o

ewCM
tus
cd
u

to 3tu u
u u ej
G u 3eo 00 CM n» x-s O W4J vC OS CM 00 o\ t-t b 4JCQ O  Z pH iH CM CM tu en
c . w w
o 4Ju u C

o es
c U•Hen b

C os e •H
o o es C•H £-< a 004J U a vt
et) U m
3 > os CO* O 1 z •Hb) H es 33 <4J < b•H On 1ew w en
O M 3
k tu en en
b b CM CM



75

properties and would generate the preferred estimates of Perry's 

model. In fact, the estimates of the autoregression coefficient 

and its standard error allow us to reject the null hypothesis of 

nonautoregressive disturbances for all three equations. In each 

case, the ratio of the coefficient estimate to its standard error 
is greater than two. The last set of estimates is given by the 

limited-information version of Hatanaka's residual adjusted method 

designed for models with vector autoregressive disturbances (2SLS(RA)- 

VECTOR). If the assumption of vector autoregressive disturbances is 

correct, then this estimation method possesses the desirable asymp­

totic properties and produces the preferred estimates of Perry's 

model. The estimates obtained for the matrix R, the matrix of auto­

regression coefficients, and the standard errors do lead us to re­

ject the null hypothesis of simple autoregressive disturbances in 

favor of the alternative of vector autoregressive specification.

The estimates of two off-diagonal elements of the R matrix, and 

Pgg, are significant; that is, their estimates are more than twice 

their standard errors. Consequently, the 2SLS(RA)-VECTOR estimates 
of Perry's model will be used in the empirical work that will follow. 

The estimates obtained from the 2SLS-AUT0 method will also be used. 

These estimates are included because

1. the available evidence indicates that they may be as good or 

better than the 2SLS(RA)-VECTOR estimates obtained from a 

finite sample; and

2. Perry was uncertain about the third equation's specification,

and the estimates from a method designed for vector autoregressive
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disturbances might be especially sensitive to specification 

errors; it happens that the significant elements of the R 

matrix are associated with the third equation.

Empirical Results 

From the coefficient estimates acquired from the 2SLS-AUT0 

and 2SLS(RA)-VECTOR methods, new estimates can be calculated for 

the wage change-unemployment-inflation relationship. In order to 

estimate the tradeoff between the rate of unemployment and the 

rates of wage and price inflation, more commonly called the Phillips 

curve, first assume that the rate of change of prices is equal to 

the rate of change in wages less the rate of increase in labor's 

productivity; that is, c(t) = w(t) - p(t), where p(t) is the rate 

of labor productivity increase. For the work that follows, the 

rate of productivity growth will be set equal to 3 per cent, roughly 

the average rate in the United States during the period covered by 

Perry. Furthermore, assume that the relative shares of income 

going to labor and capital are constant over time; this means that 

the variable AR(t) = 0. Finally, the long-run steady state rela­

tionship will be investigated; lags in the explanatory variables 

will thus be ignored. With different profit and unemployment rates, 

the results presented in table 8 are found. The three Phillips 

curves based on the OLS, 2SLS-AUT0 and 2SLS(RA)-VECTOR estimates 

look quite similar. The differences that can be detected are the 
following :

1. The Phillips curve based on the 2SLS-AUT0 estimates implies

the highest rates of inflation for a low level of unemployment ;
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TABLE 8 

PHILLIPS CURVES

Percentage Rate of Price Change^
Unemployment

Profit Rate Rate Perry 2SLS-AUT0 RA-VECTOR

3% 2.88 2.99 2.43
4% .94 .95 . 66

10% 5% -.23 -.28 -.40
6% -1.00 -1.09 -1.10
7% -1.56 -1.68 -1.61
3% 3.55 3.76 3.32
4% 1.61 1.72 1.55

11% 5% .44 .49 .49
5% -.33 -.32 -.21
7% -.89 -.91 -.72

3% 4.22 4.53 4.21
4% 2.28 2.49 2.44

12% 5% 1.11 1.26 1.38
6% .34 .45 .68
7% -.22 -.14 .17

^(Rate of wage change) = 3 + (Rate of price change)
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it is also the most steeply sloped of the three curves.

2. The Phillips curve based on 2SLS(RA)-VECTOR estimates is the 

least sloped of the three curves, but is the most sensitive to 

changes in the profit rate; it also implies the lowest rates of 

inflation at a low level of employment; and

3. The Phillips curve calculated from Perry's estimates is the least 

sensitive of the three curves to the profit rate.

As stated above, these distinctions are visible, but not necessarily 

significant. There appears to be no basis to favor one set of esti­

mates over another; the three Phillips curves look equally plausible.

The various sets of estimates can also be used to determine 

the dynamic properties of the model. Assuming, as before, that

a) the distribution of income to labor and capital is constant, and

b) prices change at the rate at which wages change less the increase 

in labor's productivity, the model can be reduced to a third order 

difference equation in the wage variable. When the wage-price- 

profit subsystem is tested for stability, each set of estimates re­

veals that the model is stable, which means that a shock to the sys­

tem will dampen out.

According to the tests for the specification of the model's 

disturbances, the 2SLS(RA)-VECTOR method should be the preferred 

estimator, in the sense that this method possesses the desirable 

asymptotic properties. As mentioned in regard to Teigen's model, 

because a finite sample is all that is available, an estimation 

method inferior in the sense of lacking the desirable asymptotic
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properties (methods such as OLS and 2SLS-AUT0) could outperform 

the preferred method (2SLS(RA)-VECTOR when applied to Perry's model. 

As an alternative to the sampling experiments, the various sets of 

estimates can be compared on their ability to simulate the actual 

values of the endogenous variables. Shown below in table 9 are 

simulated values for the rate of wage change obtained from OLS,

2SLS-AUTO, and 2SLS(RA)-VECTOR estimates for the last four quarters 

of the sample period. (A similar set of calculations was made in 

conjunction with Teigen's model, but was termed forecasting because 

it was carried out beyond the sample period.)

TABLE 9

SIMULATED VALUES FOR w(t)

Quarters

1959-IV 1960-I 1960-11 1960-III

Actual w(t) 3.33 3.24 2.78 3.74
Perry's w(t) 3.46 3.67 3.55 3.66
2SLS-AUT0 w(t) 3.24 3.45 3.26 3.25
2SLS(RA)-VECTOR w (t) 3.59 3.77 3.48 3.45

These simulated values were obtained dynamically using simulated 

rather than actual values for lagged endogenous variables. The 

accuracy of the three sets of simulated values is compared in 

table 10. On this basis, the 2SLS-AUT0 estimates appear to be 

superior. This result is somewhat anticipated. The 2SLS-AUT0 

method should achieve greater simulation accuracy compared to the 

OLS method because there appears to be a fairly high degree of
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autoregression in the model's disturbances; on the other hand, it 

was suspected that the specification errors might sufficiently 

damage the 2SLS(RA)-VECT0R estimates to cause this method's esti­

mates to fall below the 2SLS-AUT0 estimates in the rankings based 

on the ability to simulate the actual values of the endogenous vari­
ables.

TABLE 10 

EVALUATION OF THE SIMULATIONS

Sum of Errors Sum of Squared Errors
Perry's w(t) 1.41 .801
2SLS-AUT0 w(t) 1.27 .522
2SLS(RA)-VECTOR w(t) 1.76 .895
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CHAPTER IV 

FOOTNOTES

^George L. Perry, Unemplo3mient, Money Wage Rates, and Infla­
tion (Cambridge, Mass.: The M.I.T. Press, 1966); a single-equation
model is estimated in Chapter 2, the simultaneous equation model is 
estimated in Chapter 5.

2Perry also specified an additional equation; however, this 
equation contains no variable appearing in the other three equations. 
Hence, this equation need not be considered part of the model.

3Perry, Unemployment, pp. 96-7.

^Perry, Unemployment, pp. 98-9.

^The data provided by Perry in the appendix of his book con­
tain an error: the decimal point should be moved one place to the
left for the data on the variables p^ and p^.



CHAPTER V 

SAMPLING EXPERIMENTS

This chapter contains the results and analysis of a set of 

sampling experiments conducted with several simultaneous equation 

estimation methods and a two equation structural model in which 

autoregressive disturbances and lagged endogenous variables are 

present. The estimation methods selected for the experiments in­

clude those used to carry out the reestimation work reported in the 

earlier chapters - Amemiya's limited-information least squares esti­

mator designed for models with simple autoregressive disturbances 

(2SLS-AUT0), and Hatanaka's limited-information residual adjusted 

estimator designed for models with vector autoregressive disturbances 

(2SLS(RA)-VECT0R). In addition. Fair's modification of Amemiya's 

method for undersized samples was selected for the experiments. The 

sampling experiments' first purpose is to compare the small sample 

performance of three estimators - ordinary least squares (OLS), OLS 

adapted for simple autoregressive disturbances (OLS-AUTO), and two- 

stage least squares (2SLS) - that fail to deal completely with the com­

pound estimation problem of simultaneity, lagged endogenous variables, 

and autoregressive disturbances with the performance of those estima­

tors, mentioned above, that do so, but which computationally are more 

burdensome. This investigation is called for because the desirable 

asymptotic properties of an estimator dealing completely with a

82
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compound estimation problem may give no indication of its finite sam­

ple properties. In small samples it is possible for simpler estima­

tion methods lacking the desirable asymptotic properties to out­

perform more complicated methods possessing these properties. The 

second purpose of the sampling experiments is to determine whether 

the t distribution is a reasonable approximation to the estimators' 

sampling distribution so that interval estimates and hypothesis tests 

based on the t distribution are reliable. In practice researchers 
working with small samples typically refer to the t distribution to 

calculate confidence intervals and to carry out tests of hypotheses 

even though this may be an inappropriate procedure. To fulfill these 

purposes, sampling experiments are used rather than a mathematical 

description of the estimators' sampling distributions. This is done 

because the derivation of the sampling distirbutions of simultaneous 

equation estimators in small samples is extremely complicated and ex­

ceedingly difficult. Basmann and others have succeeded in deriving 

the mathematical descriptions only for a small number of special 
cases.^

Previous Studies 

Other studies, whose goals have been to investigate the small 

sample performance of estimators of equation systems for which auto­
regressive disturbances were specified, have preceded the sampling 

experiments conducted as a part of this dissertation. Fair's work 

consisted of a comparison of the within sample forecasting accuracy 

of these six estimation methods: OLS, 2SLS, FIML (the maximum likeli­

hood counterpart to 3SLS), OLS-AUTO, Fair's modified version of
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Amemiya's 2SLS-AUT0, and FIML-AUTO (the maximum likelihood counter-
2part to Amemiya's 3SLS-AUT0). Each estimation method was applied 

to Fair's eight equation macro forecasting model of the United 

States' economy and used to generate dynamic within sample predic­

tions of GNP. According to the root mean square errors of the pre­

dictions, estimation methods dealing completely with the compound 

estimation problem (Fair's method and FIML-AUTO) provide more ac­

curate predictions than the other estimation methods. There also 

appear to be greater gains in forecasting accuracy from using an 

estimation method that accounts only for autoregressive disturb­

ances than from one that accounts only for simultaneity. Although 

the ability to forecast is a relevant criterion to assess various

estimators, the generality of Fair's results is suspect since they

are based on a single sample and a model whose true specification is 
unknown.

Hurd investigated the small sample properties of estimation 

methods for simultaneous equations with autoregressive disturbances 

through sampling experiments on the following model: 

y(t) = az(t) + u(t)

z(t) = Bx(t) + v(t)

where u(t) follows a simple first-order autoregressive scheme - 
u(t) = pu(t-l) + e(t) - and e(t) and v(t) are contemporaneously cor-

3related. This correlation between e(t) and v(t) causes the variable 

z(t) to be correlated with the disturbance term of the equation in 

which it appears as an explanatory variable and makes OLS estima­

tion of the first equation inconsistent. To carry out the experiments.
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Hurd used the OLS, OLS-AUTO, 2SLS, and 2SLS-AUT0 estimation methods; 

he compared their small sample properties according to the values of 

their mean square errors (MSE). His results show for samples com­
posed of 10 to 30 observations that :

1. except for very few combinations of parameter values, the simul­

taneous equation estimation methods (2SLS and 2SLS-AUT0) have a 

larger mean square error than the single-equation methods (OLS 
and OLS-AUTO); and

2. when the degree of simultaneity is substantial (Cov(e,v)^.4), the 

OLS-AUTO method has a smaller mean square error than the OLS 
method only if the value of c is large (c^.7).

Hurd cautiously concludes that the OLS method may be the best esti­

mator in samples composed of 10 to 30 observations since it is usually 

profitable to ignore simultaneity and often profitable to ignore auto­

regression also. This means that the desirable asymptotic properties 

of the 2SLS-AUT0 method do not carry over to finite samples composed 

of 10 to 30 observations. This conclusion, however, is based on a 

model with little resemblance to most models used by researchers. 

Hurd's model is recursive and its first equation contains no pre­

determined variables; that is, the first equation includes among its 

explanatory variables a single endogenous variable unaccompanied by 

either exogenous variables (not even a constant term) or lagged en­

dogenous variables.

Goldfeld and Quandt elaborated Hurd's sampling experiments 

by specifying this more realistic sturctural model:
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y^fc) = G^ygCt) + + GgXgCt) + u^(t)

YgCc) = T^y^Cc) +  Y g X g f t )  +  YgX^Cc) +  UgCt)

for which the disturbances u^(t) and UgCt) follow the first-order
4simple autoregressive scheme. According to the MSE criterion, 

Goldfeld and Quandt compared the sampling distributions of these 

five estimation methods; OLS, OLS-AUTO, 2SLS, FIML, and FIML-AUTO. 

Their results show that for small samples (T_f̂ 90) there are usually 

significant gains in accuracy from using an estimation method that 

corrects for both simultaneity and autoregressive disturbances.

This means that the desirable asymptotic properties do carry over 
to small samples, which is a finding that conflicts with Hurd's.

When the degree of autoregression is high (Og=.9) relative to the 

degree of simultaneity (g^=Y^=.5), however, there is little loss in 

accuracy from correcting only for autoregressive disturbances.

While Goldfeld and Quandt's study is indeed a significant contri­

bution, it is still somewhat unsatisfactory since the structural 

model used contains only exogenous variables among the predetermined 

variables. Typically researchers work with models containing lagged 

endogenous variables, which are a complicating factor in the esti­
mation process.

None of the studies cited above have incorporated the vector 

autoregressive specification. Guilkey, however, specified both the 

simple and vector autoregressive schemes for a set of sampling ex­

periments conducted with a group of two seemingly unrelated regres­

sion equations.^ His model was estimated by the OLS method, 

Zellner's procedure for efficient estimates of groups of seemingly
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unrelated regression equations. Parks' adaptation of Zellner's 

procedure to the case of first-order simple autoregressive distur­

bances, and Guilkey's adaptation of Zellner's procedure to the case 

of first-order vector autoregressive disturbances. His results 

show that even in samples composed of as few as twenty observations 

the asymptotic properties are "a good guide to the finite sample 

properties." An exception to this conclusion is the case for which 

the diagonal elements of the R matrix were specified to be greater 
in value than the off diagonal elements

which implies a stable process.) Here the estimation method de­

signed under the assumption of simple autoregressive disturbances 

(Parks' procedure) outperformed the method designed under the as­

sumption of vector autoregressive disturbances (Guilkey's pro­

cedure) at sample size 20. Although Guilkey's results are inter­

esting and valuable, they may not hold in the context of simultane­

ous equation models with lagged endogenous variables.

Format of Sampling Experiments 

The survey of the previous work indicates a strong need for 

further research in this area. Neither lagged endogenous variables 

nor vector autoregressive disturbances have been specified for the 

simultaneous equation models used in the context of these earlier 

experiments. The experiments conducted as a part of this disserta­

tion represent an effort to investigate models with these character­

istics. Various estimation methods are applied to samples of data 

generated from a two equation structural model. The relative per­

formances of the selected estimation methods are then compared on 
the basis of their performance in repeated trials.
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The two equation model has the following structural form: 

y^ft) = 0Q + g^ygfc) + + u^(t)

y^(t) = Yq + Y^ygfc) + + YgXgft) + U2<t)

with first-order autoregressive disturbances such that 

UfCt) = p^^u^(t-l) + E^(t)

U2(t) = P2i"i(t"l) + ^ E2(t)
Both structural equations are overidentified according to the usual 

order conditions for identification.^ Note that the first equation 

contains as an explanatory variable the lagged value of the endoge­

nous variable on the left hand side; whereas the second equation 

contains as an explanatory variable the lagged value of the endoge­

nous variable appearing on the right hand side. The structural 

model is simple, and yet elaborate enough to resemble a number of 

small, but common economic models. For instance, consider the de­

mand and supply model for a product:

(demand) Q*(t) = + a^F(t) + U2Y(t) + u*(t)

(supply) Q(t) = Q^(t) + Q^(t)

Q°(t) = + G^^P(t-l) + U2^(t)

Q^(t) = 62Q + S2^P(t) + 622KC) + U22(t)

where

Q = quantity
Q* = the desired level of demand (based on a habit persistence 

or partial adjustment mechanism)

P = price

Y = income

= domestic supply
FQ = foreign supply
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I = level of inventories held by foreign suppliers 
D F(The variables Q, Q , Q » and P are endogenous; Y and I are exoge­

nous.) If the sample does not provide separate information on the 

domestic and foreign supplies, then the model's equations to be 

estimated will have the form:

(demand) Q(t) = Yq + Yj^P(t) + Y2Q(t-l) + YgY(t) + u^(t)

(supply) Q(t) = 6q + 5j^P(t) + ggPCc-l) + Gglfc) + U2(t)
These equations are precisely the same as those used in the sam­

pling experiments. Certainly other similar small models might be

found.

The model's structural form implies the following for its 

reduced form:

y^(t) = [1/(8j^-Y3^)] [Bj^Yq -B q Y j  ̂+6j^Y2y2(*^"l)“ ^2^1^1^^“ ^^
+3iY3X2(t)-63YiXi(t)]

+  [l/(8^-Yi)][3iU2(t)-Y^u^(t)]

YgCt) = [l/(3i-Yi)][YQ-3Q+Y2y2(t-l)-62Yi(t-l)
+Y3X2(t)-33Xi(t)]

+ [1/(8ĵ -Yĵ > ] [u2(t)-u^(t) ]

The reduced form shows that 8^ cannot equal y^* For simplicity, let

the model's structural coefficients take on the following values:

y^(t) = -25 + 2y2 (t) + .5y^(t-l) + x^(t) + u^(t)

y^(t) = -15 + ygCt) + .5y2(t-l) + x^Cc) + U2(t)

Three sampling experiments were conducted; each consisted 

of 100 replications with samples comprised of 20, 50, and 100 obser­

vations.^ The three experiments correspond to these three specifi­

cations for the structural disturbances (each implies a stable
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process):

Experiment I strong simple autoregression ^12^^21^^

Experiment II moderate simple autoregression P n “p22~*^’ ^12”*̂ 21^̂  

Experiment III vector autoregression Pu=P22^^5; Pi2^P21^"^
g

The sample values for the nonautocorrelated disturbances, e^(t) 

and EgCt), were drawn from a normal distribution with mean 0 and 

variance 2. This value for the variance gave high R values (>.9) 

as are usually found when working with macroeconomic time-series
9

data. The sample values of the exogeneous variables, x^(t) and 

Xgft)» were drawn from a normal distribution with mean 10 and vari­

ance 1. The sample values of the endogenous variables were then 

calculated from the values of the exogeneous variables and the dis­
turbance terms.

(In the discussion of the results, the six estimation methods 

used in the experiments will be referred to as;

Method A - ordinary least squares (OLS) estimator

Method B - OLS estimation adapted for simple autoregression (OLS-AUTO) 

Method C - two-stage least squares (2SLS) estimator 

Method D - Amemiya's 2SLS-AUT0 estimator

Method E - Fair's modification of Amemiya's method for undersized 

samples

Method F - Hatanaka's 2SLS(RA)-VECTOR estimator.)

The results of the sampling experiments are presented in tables 

11-25. (For convenience, tables 11-12, 16-18, 20-21, 23, and 25 are 

grouped together at the end of the chapter.) The criterion for
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judging the estimators' performance will be the relative degree of 

concentration of the estimators' distributions around the true par­

ameter value. In the past, researchers conducting sampling experi­

ments have typically calculated the distribution's mean, variance, 

and MSE to describe its basic characteristics and thereby measure 

its concentration around the true parameter value. In some cases, 

however, this may be an inappropriate practice. Basmann investi­

gated the distribution function of the 2SLS estimator in small sam­

ples for a few specific cases and showed that the 2SLS estimator, at 

times, has an infinite v a r i a n c e . W h e n  an estimator has no finite 

variance, the estimates of the variance or MSE calculated from the 

sampling experiments are difficult to interpret and may be meaning­

less. To avoid the pitfall of nonexisting second moments, we will 

compare the accuracy of the estimators by computing the number of 

times each method provides estimates within selected intervals 

around the true parameter value. This method of assessing the per­

formance of alternative estimation methods was used by Zellner to 

analyze a set of sampling experiments with sampling theory and 

Bayesian estimators of simultaneous equation m o d e l s . S i n c e  the 

model used in this dissertation closely resembles that model in the 

case for which Basmann found the 2SLS estimator's variance to be 

infinite, Zellner's alternative, which circumvents the use of moments, 

is recommended here.

Experiment Strong Simple Autoregression 

The first experiment is characterized by a rather high value, 

c=.8, of the autoregression coefficients. This somewhat extreme
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case was chosen so that the effects of simple autoregressive distur­

bances would be pronounced. Table 11 contains the mean estimates
12of the parameter values from methods A through E. Calculation of

the mean estimate appears to be a valid practice since Basmann's

work suggests that the estimators' distributions should have a finite
13small sample mean for the model being used here. These results 

show that for all sample sizes method D (2SLS-AUT0) regularly pro­

duces estimates of S and y parameters with smaller mean biases than 

methods A, B, or C; and that method A (OLS) produces the largest 

biases. (Method E will be discussed separately.) For sample sizes 

50 and 100, the mean biases of method D's estimates are small and 

generally becoming smaller as sample size increases. This suggests 

that method D's asymptotic unbiasedness becomes evident in these 

experiments at sample size 50. Methods B and D provide very similar 

mean estimates of the p coefficients. For sample size 20, their 

mean estimates of p are substantially biased toward zero; for sam­

ple size 100, these biases are greatly reduced, but not entirely 
removed.

Table 12 contains the frequency distributions of the esti­

mates in intervals surrounding the true values of the parameters.

For sample size 100, the estimates of the 6 and y coefficients ob­

tained from method D are distributed around the true value of the 

parameter with a concentration as dense or denser than that of esti­

mates from the other methods in the intervals ±.05, ±.10, ±.15, ±.20. 

Method B is second best, uniformly superior to methods A and C. The 

small dispersion of method A's estimates combined with a relatively
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large bias results in no estimates of Bq or falling in the inter­

val ±.05 around the true parameter value. For sample size 50, in 

most instances the estimates produced by method D are still the most 

highly concentrated around the true value of the parameters; while 

the differences between methods B and D are diminished or have van­

ished. For sample size 20, the advantage of method D over method 

B disappears; no distinction can be made with any degree of certainty 

between the performance of these two methods. As a supplement to 

the information conveyed by the estimators' frequency distributions, 

a check was made to determine the frequency of insignificant slope 

estimates, based on the t-ratio, that were produced by each method. 

This analysis showed that there were 11 cases for which the null 

hypothesis of the slope coefficient equalling zero could not be re­

jected at the 5 per cent level of significance by methods A and C;

this serious error was never made by methods B or D. Thus, the rel­

atively poor performance of methods A and C is verified. The result 

that method D is in most cases best when sample size reaches 50 

roughly indicates the lower limit for the sample size at which the 

property of asymptotic unbiasedness becomes evident in this experi­

ment. The information contained together in tables 11 and 12 shows 

that the distributions of method D's estimates are collapsing around 

the true parameter value as sample size increases, in accordance with 

the property of consistency. Regarding the estimates of the auto­

regression coefficients, there is virtually no difference between 

the frequency distributions of method B's and D's estimates of

and pg in the intervals surrounding .8 at each sample size.
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To illustrate an estimator's sampling distribution, histo­

grams are presented in tables 13 and 14 for the estimates of ob­

tained in this experiment from method D and samples of size 20 and 

100. The histograms illustrate that the estimator's sampling dis­

tribution is collapsing around the true value of the parameter 

(B^=2) as sample size increases. Furthermore, the sampling distri­

bution for the estimator with sample size 20 seems to be somewhat 

skewed to the right and has a taller peak (leptokurtic) than in the 

case of the normal distribution. (Basmann's work showed that the 

distribution of the 2SLS estimator in finite samples is leptokurtic.) 

Also, the single observation in the interval furthest to the right 

appears to be an example of an outlying value. The phenomenon of 

"outliers" has frequently been encountered in sampling experiments 

investigating the small sample properties of 2SLS-type estimators, 

and may be responsible for the small sample distribution of the 2SLS 

estimator having an infinite variance in some cases. The sampling 

distribution for the estimator with sample size 100 is more symmetri­

cal, but it has a shorter peak (platykurtic) than in the case of the 

normal distribution. The fact that this sampling experiment consists 

of only 100 replications may account for this finding. No outliers 

were evident.

Next, 50 interval estimates were computed for each of the 
model's six slope coefficients based on the t distribution and the 

point estimates of method D from samples of size 20 and 100, and the 

the point estimate of method B from samples of size 20. This work 

was done to check the frequency for which the interval estimates,
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TABLE 13

HISTOGRAM OF ESTIMATES (METHOD D, SAMPLE SIZE 20,

Interval Midpoint

1.7870
1.8388
1.8906
1.9424
1.9942
2.0460
2.0978
2.1496
2.2014
2.2532
2.3050
TOTAL

TRUE VALUE OF = 2)

Count
2
8

15
17
19
23
7
5
3
0
1

100

(Each X = 1)

X X
xxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxx
xxxxxxx
X X X  X X  
X X X

X

(interval width = .0518)

Descriptive Statistics

Minimum 1.787
Maximum 2.305
Mean 1.990
Mean Bias -.010
Standard Deviation .097
Mean Square Error 9.51 X  10
Skewness .353
Kurtosis .224

-3
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TABLE 14

HISTOGRAM OF g ESTIMATES (METHOD D, SAMPLE SIZE 100, 
TRUE VALUE OF g^ = 2)

Interval Midpoint
1.9000
1.9186
1.9372
1.9558
1.9744
1.9930
2.0116
2.0302
2.0488
2.0674
2.0860

Count

2
4
4
12
14
20
18
11
7
6
2

(Each X = 1)

X X
xxxx
xxxx
xxxxxxxxxxxx
xxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxx
xxxxxxxxxxx
xxxxxxx
xxxxxx
X X

TOTAL 100 (interval width = .0186)

Descriptive Statistics

Minimum 1.900
Maximum 2.086
Mean 1.997
Mean Bias -.003
Standard Deviation .040 
Mean Square Error 1.61 x 
Skewness -.153
Kurtosis -.214

10
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based on the t distribution at the 5 per cent level of probability 

actually covered the true parameter value. The results are recorded 

in table 15. The standard practice of using the t distribution for 

confidence intervals and hypothesis testing appears sound since the 

frequency of failures is close to the expected number of failures 

(15), given the level of confidence.

TABLE 15

FREQUENCY OF INCORRECT CONFIDENCE INTERVAL 
(95% LEVEL OF CONFIDENCE)

STRONG SIMPLE AUTOREGRESSION
Sample Total

Method Size ^3 Y2 Yg (300 Cases)
B 20 3 2 2 1 3 2  13
D 20 3 2 3 1 3 3  15
D 100 5 3 3 2 3 1 17

The estimates of the p coefficients and their estimated stan­

dard errors from method D were used to test the null hypothesis of 

nonautoregressive disturbances. This test for the presence of 

simple first-order autoregressive disturbances, described in chapter 

II, allows to reject the null hypothesis if p divided by its esti­

mated standard error is less than 2. This work indicates the ability 

of the test to detect simple autoregressive disturbances. Also, the 

ability of the Durbin-Watson test (calculated from method C's esti­

mates) to reject the null hypothesis is shown. This is still another 

investigation into that probably overworked topic: the performance

of the Durbin-Watson statistic in appropriate and inappropriate sit­

uations. Table 16 contains these results. This analysis suggests 

that in the context of strong autoregressive disturbances both tests
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perform well for large samples (samples with 50 or 100 observations), 

but not so well for samples of smaller size (sample size 20); the 

test based on the estimated value of p, however, does much better 

than the Durbin-Watson test for the smallest sample size.

When the sample contains too few observations for estimation 

of the complete augmented reduced form, method D cannot be used. In 

its place Fair’s adaptation of 2SLS-AUT0 - method E - can be employed, 

since it requires estimation of only a subset of the augmented re­

duced form in order to obtain fitted values of the endogenous vari­

ables for the second stage. The results contained in table 12 indi­

cate that, for all sample sizes, estimates produced by method D are 

distributed with a less dense concentration around the true param­

eter value than those from method B. This finding comes as a bit of 

a surprise since method E possesses the asymptotic property of con­

sistency, whereas method B does not; this property might be expected 

to become evident in the results obtained from samples of size 100. 

This finding suggests that there may be payoffs in estimation ac­

curacy from accounting for both simultaneity and autoregressive dis­

turbances only if the entire augmented reduced form can be estimated. 

That is, if the sample is undersized, then an ordinary least squares 

estimator correcting only for simple autoregressive disturbances is 

preferred to method E. The unreliability of method E is confirmed 

by a check of the t-ratio of the slope coefficients that reveals 21 

cases in which this method incorrectly suggested that a variable was 

irrelevant at the 5 per cent level of significance.
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Experiment II: Moderate Simple Autoregression

A moderate degree of autoregression was specified for the 

second experiment. Here the value of the autoregression coefficient, 

p, is .4, which is one half its value in the first experiment and 

closer to that which researchers might encounter,' in their work. Table 

17 contains the mean estimates of the parameter values for methods A 

through E. With respect to the first equation, for all sample sizes 

method D regularly provides estimates of the 3 coefficients with mean 

biases smaller than methods A, B, or C; method A's estimates contain 

the largest mean biases. (Method E will be discussed separately.) 

These findings parallel those in the first experiment. With respect 
to the second equation, however, no clear pattern emerges. Methods 

A, C, and D are each able to provide estimates of a y coefficient 

such that their estimates have the smallest mean biases for the given 

sample size. It thus seems that method D's property of asymptotic 

unbiasedness is evident in its estimates of the first, but not the 

second equation. Unlike the first equation, the mean biases of 

method D's estimates of the second equation are neither clearly less 

than those of other methods; nor are they generally becoming smaller 

as sample size increases, although they were always small, beginning 

with sample size 20. Methods B and D provide similar mean estimates 

of the p coefficients; the pattern established in the first experi­
ment is again followed.

Table 18 presents the frequency distributions of the esti­

mates in intervals surrounding the true values of the parameters.

For each sample size, no estimator emerges superior according to
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the criteria established for these experiments. In most cases (13 

out of 20) none of the four methods does best in estimating a par­

ticular coefficient for a given sample size. One method would pro­

vide estimates most frequently within one interval, but not at another 

interval; hence, no estimator could be determined to be superior. In 

some cases (7 out of 20), one method does do best: method D 3 times,

method B once, methods A and C once each, with 1 tie between them.

Here one estimator does provide estimates most frequently in all four 

intervals (±.05, ±.10, ±.15, ±.20). When a moderate degree of simple 

autoregression is present in the disturbances, method D ’s property 

of asymptotic efficiency never becomes as evident as it had in the 

previous experiment. Furthermore, the desirable property of consis­

tency is apparent in the combined information from tables 17 and 18 

only for method D's estimates of the first equation. Even though 

the distributions of method D's estimates of the y coefficients are 

collapsing as sample size increases, consistency is not clearly 

present because asymptotic unbiasedness, a necessary condition for 

consistency, has not been established. Regarding the estimates of 

the autoregression coefficient, the pattern is again the same as 
that found in the first experiment : virtually no difference in the

frequency distributions of method B's and D's estimates of and

Next, 50 interval estimates for each of the second equation's 

three slope coefficients were computed; they were based on the t dis­

tribution at the 5 per cent level of probability and the point esti­

mates of methods A through D from samples of sizes 20 and 100. These 

results are contained in table 19. For sample size 20, the use of
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the t distribution to provide interval estimates is apparently a 

reasonable procedure to follow in conjunction with all four estimation 

methods. For sample size 100, this procedure works well only with

methods A and D. For methods B and C, the number of failures of the

interval estimates to cover the parameter's true value is substan­

tially greater than the expected number of failures (7.5) indicated 

by the 95 per cent level of confidence. The poorer performance of

methods B and C in the construction of the interval estimates may

reflect substantial bias in the point estimates rather than the t 

distribution being a poor approximation of the estimator's sampling 

distribution around its mean.

TABLE 19

FREQUENCY OF INCORRECT CONFIDENCE INTERVAL 
(95% LEVEL OF CONFIDENCE)

MODERATE SIMPLE AUTOREGRESSION

Total (of 150 Cases)ithod Sample Size fl f2
A 20 1 3 4
B 20 2 3 3
C 20 2 3 3
D 20 3 3 4
A 100 3 2 3
B 100 8 4 6
C 100 8 1 9
D 100 2 3 3

8
8
8
10

8
18
18
8

Tests for the presence of simple autoregressive disturbances 

were performed with both the estimates of p and its standard error 

and the Durbin-Watson statistic. Table 20 presents these results. 

The two-sided version of the test based on the estimated value of p 

leads to the rejection of the null hypothesis of nonautoregressive 

disturbances in about 1 of 3 attempts for sample size 20. This weak
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performance had to be expected since the test was given an impossible 

task: for this sample size, the critical value of the test (.43)

was greater than the true value of the parameter (.40). For sample 

size 50, the test still performed poorly; only for sample size 100 

did it perform satisfactorily. At all sample sizes, it outperformed 

the Durbin-Watson test.

In the case of an undersized sample. Fair's method E can be 

employed in place of method D. Table 17 indicates that method E 

provides estimates with satisfactorily small mean biases, but the 

results in table 18 show that method B outperforms method E in the 

estimation of the 3 and y coefficients at all sample sizes (with one 

exception: Y2» sample size 100). This finding parallels the

finding in the first experiment: method E's large sample property

of consistency is not evident in the experiment's findings at sample 

size 100. The unreliability of method E is confirmed by a check of 

the slope coefficients that reveal 9 cases in which this method in­

correctly suggested that a variable was irrelevant at the 5 per cent 

level of significance; none of the other estimators ever made this 

mistake.

Experiment III: Vector Autoregression

In contrast to the simple autoregression specified for the two 

previous experiments, the third experiment is characterized by vec­

tor autoregressive disturbances. The values of P^2“

p2^=.3 were selected for the elements of the matrix R, the matrix 

of autoregression coefficients, so that a) a high degree of vector 

autoregression is present (the sum of a row's coefficients equals .8),
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and b) an equation's disturbance term is more strongly correlated 

with its own past value than with the past value of the other equa­

tion's disturbance term (this seems more plausible than the opposite 

situation). Table 21 contains the mean estimates of the parameter 

values for methods A through F. For sample sizes 50 and 100, method 

F usually (11 out of 16 cases) provides estimates with the smallest 

mean biases of the 6 and y slope coefficients; for sample size 20, 

method F does so only once in 8 cases. Also the mean biases of 

method F's estimates are small and are generally becoming smaller as 

sample size increases from 50 to 100. These findings suggest that 

method F's property of asymptotic unbiasedness becomes evident in 

this experiment at sample size 50. The mean estimates of the R ma­

trix generated by method F exhibit the peculiar pattern shown in 

table 22. There is no ready explanation for these results. Looking 

now at the components of the final estimates of the matrix R (as 

shown at the bottom of table 21), it can be seen that the mean cor­

rections of the preliminary estimates of the R matrix are on the 

average actually distorting in some cases. The mean of the prelim­

inary estimates is nearer the parameter's true value than the mean 

of the final estimates of sample sizes 50 and 100; Pg^, sample

size 20; and Pgg, sample size 100. Again, no ready explanation can 

be offered for these findings.
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TABLE 22 

DIRECTION OF MEAN BIAS

Coefficient

Sample Size ^  ^  f n  ^22

20 —  —  +  —
50 + — — +
100 + + + +

Table 23 contains the frequency distributions of the estimates 

in intervals surrounding the true values of the parameters. For sam­

ple size 100, method F's estimates of all three of the slope coef­

ficients in the first equation and two of the three in the second 

equation are distributed around the true parameter values in each of 

the intervals ±.05, ±.10, ±.15, and ±.20 with a concentration as 

dense or denser than the other methods' estimates. For sample sizes

20 and 50, it is almost always the case that none of the four methods 

does best in estimating a particular coefficient. The result that 

method F is superior in most cases only when sample size reaches 100 

roughly indicates the lower limit for the sample size at which the 

property of asymptotic efficiency becomes evident in the estimates of 

the slope coefficients. The information contained together in tables
21 and 23 shows that the distributions of method F's estimates are 

collapsing around the true parameter values as sample size increases, 

in accordance with the property of consistency. There is no basis to 

discuss method F's estimates of the R matrix, since none of the al­

ternative methods estimate the off diagonal elements.
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Next, 25 interval estimates for each of the model's six slope 

coefficients were computed; they were based on the t distribution 

(at the 5 per cent level of probability) and the point estimates. 

These results are contained in table 24. For sample size 20, the 

estimates from methods A through D are used along with those from 

method F because the results reveal that none of the five estimators 

can be rated best in this experiment. Only methods D and F are con­

sidered at sample size 50 since these two methods appear better than 

the others; and at sample size 100, only method F, the method con­

sidered superior, is used. For methods C and D (sample size 20), the 

frequency of incorrect interval estimates is closest to the expected 

number of failures (7.5) indicated by the 95 per cent level of con­

fidence. The larger than expected number of incorrect confidence 

intervals coming from method F at all sample sizes suggests that 

caution be used in work based on method F's point estimates and the 

t distribution.

TABLE 24

FREQUENCY OF INCORRECT CONFIDENCE INTERVAL 
(95% LEVEL OF CONFIDENCE)
VECTOR AUTOREGRESSION

Sample Total
Method Size 6^ 6  ̂ 6  ̂ Y^ Yg Yg (150 Cases)

A 20 5 2 2 1 0 1  11
B 20 5 1 3 2 1 3  15
C 20 4 0 2 0 0 0  6
D 20 2 2 1 1 0 2  8
F 20 4 2 4 1 2 0  13
D 50 2 2 1 3 1 2  11
F 50 4 2 3 1 2 1  13
F 100 3 2 1 0 1 4 11
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Tests for the presence of vector autoregressive disturbances 

were conducted with the F-test described in chapter II to investi­

gate the ability of this test to detect the presence of vector auto­

regressive disturbances. The hypotheses of nonautoregressive distur­

bances and simple autoregressive disturbances were both tested against 

the alternative of vector autoregressive disturbances. Table 25 con­

tains these results and shows that the test performs poorly at the 

smallest sample size. In addition, table 25 shows the frequency 

with which the hypothesis of nonautoregressive disturbances would be 

rejected in favor of the alternative of simple autoregression accord­
ing to three relevant tests.

Summary

The results of these sampling experiments can be condensed 

into the following principal findings:

1. In experiment I, the case of strong simple autoregression,

Amemiya's 2SLS-AUT0 estimator (method D) emerges as the superior 

method for samples with 50 and 100 observations; the OLS-AUTO 

estimator (Method B) matches the performance of the 2SLS-AÜT0 

estimator and together they are rated best at sample size 20.

In contrast to these results, no estimation method distinguishes 

itself at any sample size in experiment II, in which there is a 

moderate degree of simple autoregression. In experiment III, 

the case of vector autoregression, Hatanaka's 2SLS(RA)-VECTOR 

estimator (method F) is rated superior at sample size 100; at 

smaller sample sizes, no estimator is better than any other.

These results might suggest that in this context (simultaneity.
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lagged endogenous variables, autoregressive disturbances, and 

100 or fewer observations in the sample) an estimator with all 

the desirable asymptotic properties may outperform estimators 

without these properties only if a strong degree of simple or 

vector autoregression is present in the model's disturbances.
2. Throughout the two experiments with simple autoregression, Fair's 

estimator (method E), the adaptation of the 2SLS-AUT0 method to 

models with undersized samples, is outperformed by the OLS-AUTO 

estimator, which disregards simultaneity. This seems to indi­

cate that it would be better to use an estimation method that 

accounts for autoregression, but disregards simultaneity if sim­

ple autoregressive disturbances are assumed, the sample is under­

sized, and Fair's idea has to be implemented to obtain fitted 

values for the second stage. (This result should also hold when 

vector autoregression is assumed and the sample is undersized.) 

Furthermore, Fair's finding - that when estimated by his own 

method his small macro model generated more accurate forecasts

then much more elaborate models, estimated by the OLS or 2SLS 
14methods - deserves reconsideration. Since experiment II shows 

the OLS and 2SLS estimators to be superior to Fair's estimator, 

the better forecasting record of Fair's model should be attributed 
to a more solid theoretical framework, more precise data, or 
chance, but not to the estimation method.

3. The first two experiments indicate that the use of the t distri­

bution to test hypotheses and construct interval estimates may 

be a fairly reasonable procedure for researchers to follow when
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the model is characterized by simple autoregressive distur­

bances.^^ According to the third experiment, the procedure 

is less reliable when the model is characterized by vector 

autoregressive disturbances.

4. The tests for the disturbances' specification perform poorly 

with samples of size 20, but do much better and perform satis­

factorily as sample size increases to 50 and 100 observations. 

Fortunately, the unreliability of the tests at the smallest sam­

ple size (T=20) turns out to be a minor concern. This happens 

because the performances of methods based on an incorrect as­

sumption for the disturbances are comparable to the performance 
of the method based on the correct assumption.

There is agreement on some points, but not others between 

these findings and those discussed in the earlier sampling experi­

ments cited at the beginning of this chapter. Both the experiments 

reported here and those of Goldfeld and Quandt indicate that it is 

profitable to correct for autoregression when its degree is high, but 

not when it is low (p^=.9 and .1 in their study; p^=.8 and .4 in 

ours).  ̂ Furthermore, Goldfeld and Quandt found very little or no 

gain from correcting for simultaneity as well as autoregression when 

the degree of autoregression is high; in contrast, our first experi­

ment shows that the gain is significant. Our results agree with 

Hurd's to the extent that the desirable asymptotic properties have 

little relevance for the estimators' performance when the sample 
contains about 20 observations; however, the OLS method fails in our 

experiments to duplicate the strong performance shown in Hurd's.
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With respect to vector autoregression, both Guilkey's experiment and

our own ^12~‘̂2l” ’̂  his study; Pu=P22"'^' ^12^^21"'^
in ours) reveal than an estimation method designed for vector auto­

regression is best, provided that a sufficiently large sample is 

used; in Guilkey's experiments with a group of seemingly unrelated 

regressions, a sample of 50 observations is needed; in our experi­

ments with a simultaneous equation system including lagged endoge-
18nous variables, 100 observations are needed. If the results found 

by Guilkey and by Goldfeld and Quandt are merged with those reported 

in this dissertation, then a trend can be detected in the combined 

findings: as the complexity of the multiple equation model with

autoregressive disturbances increases— from a group of seemingly un­

related regressions to a simultaneous equation system to a simulta­

neous equation system with lagged endogenous variables— a larger 

sample is needed for the estimation methods possessing all the de­

sirable asymptotic properties to outperform estimation methods lack­

ing these properties.
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TABLE 16

FREQUENCY OF FAILURE TO REJECT NULL HYPOTHESIS 
STRONG SIMPLE AUTOREGRESSION

Null Hypothesis: Nonautoregressive Disturbances

Test Using Estimated 
Value of P

Test Using Durbin-Watson 
Statistic®

Estimation Sample Equation Equation Equation Equation
Method Size 1 2 1 2

B 20 20j 18 ..
D 20 19b 18 53 45
D 50 2 0 2 0
D 100 0, 0 0 0
E 20 20° 18

Null Hypothesis: Nonautoregressive Disturbances
Alternative Hypothesis: Positive Simple Autoregression

Test Using Estimated Test Using Durbin-Watson
Value of P Statistic

Estimation Sample Equation Equation Equation Equation
Method Size 1 2 1 2

B 20 14 11 ..
D 20 14 11 44 34
D 50 2 0 2 0
D 100 0 0 0 0
E 20 16 16 • •

Critical Value of p

Sample Size Two-Sided Test One-Sided Test
20 43 . 37
50 29 . 24
100 20 . 17

^at the 5% level of significance

There was one case of rejection due to large negative value
of p.
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TABLE 20

FREQUENCY OF FAILURE TO REJECT NULL HYPOTHESIS 
MODERATE SIMPLE AUTOREGRESSION

Null Hypothesis : Nonautoregressive Disturbances

Test Using Estimated 
Value of p^

Test Using Durbin-Watson 
Statistic^

Estimation Sample Equation Equation Equation Equation
Method Size 1 2 1 2

E 20 72 61^
D 20 70 60<: 96 93
D 50 29 36 52 46
D 100 0 6 2 8
E 20 70 55C • • • • •

Null Hypothesis: Nonautoregressive Disturbances
Alternative Hypothesis: Positive Simple Autoregression

Test Using Estimated Test Using Durbinj-Watson
Value of p& Statistic

Estimation Sample Equation Equation Equation Equation
Method Size 1 2 1 2

B 20 59 55 ..
D 20 59 56 92 89
D 50 20 24 66 36
D 100 0 6 0 6
E 20 56 48

The critical values of p are the same as those shown earlier
in table 16. 

bat the 5% level of significance 
^There was one case of rejection due to large negative value

of p.
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TABLE 25

FREQUENCY OF FAILURE TO REJECT NULL HYPOTHESIS 
VECTOR AUTOREGRESSION

Null Hypothesis : Nonautoregressive Disturbances
Alternative Hypothesis: Vector Autoregression

Sample Size
20
50
100

F-Test
52
0
0

Null Hypothesis: Simple Autoregressive Disturbances
Alternative Hypothesis: Vector Autoregression

Sample Size
20
50
100

F-Test'
52
16
0

Null Hypothesis: Nonautoregressive Disturbances
Alternative Hypothesis : Simple Autoregression

Test Using Estimated 
Value of pb

Test Using Durbin-Watson 
Statistic^ F-Test

Sample
Size
20
50
100

Equation Equation 
1 2
37
4
0

42
6
0

Equation 1
78
9
0

Equation 2
79
16
0

68
0
0

Null Hypothesis: Nonautoregressive Disturbances
Alternative Hypothesis: Positive Simple Autoregression

Sample
Size
20
50
100

Test Using Estimated Value 
of

Equation 1
28
3
0

Equation 2
30
4
0

Test Using Durbin-Watson 
Statistic^

Equation 1
67
4
0

Equation 2
75
8
0

at the 5% level of significance; the frequencies reported 
are the actual frequencies (25 cases) multiplied by 4

^The critical values of p are the same as those shown earlier 
in table 16.

'at the 5 % level of significance
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CHAPTER V 

FOOTNOTES

^R.L. Basmann, Exact Finite Sample Distributions for Some 
Econometric Estimators and Test Statistics: A Survey and Appraisal,"
in Frontiers of Quantitative Economics, Vol. II, ed. M.D. Intrilli- 
gator and D.A. Kendrick (Amsterdam: North-Holland Publishing Com­
pany, 1974).

2Ray C. Fair, "A Comparison of Alteri itive Estimators of 
Macroeconomic Models," International Economic -lew 14 (1973): 261-77,

3Michael D. Hurd, "Small-Sample Estimation of a Structural 
Equation with Autocorrelated Errors," Journal of the American Statis­
tical Association 67(1972): 567-73.

4S. Goldfeld and R. Quandt, Nonlinear Methods in Econometrics 
(Amsterdam: North-Holland Publishing Company, 1972), Chapter 7.

^David K. Guilkey, "Estimation of Systems of Regression Equa­
tions with First-Order Vector Autoregressive Errors" (Ph.D. disser­
tation, University of North Carolina, 1973), Chapter II.

^Franklin M. Fisher, The Identification Problem in Econometrics 
(New York: McGraw-Hill Book Company, 1966), pp. 168-75.

^Only 25 replications were made with Hatanaka's 2SLS(RA)-VECTOR 
estimator in the third experiment.

g
The GENERATE command from the MIDAS computer program was used. 

Documentation may be found in William A. Ericson and Daniel J. Fox, 
Simulation with Midas (Ann Arbor, Michigan: Statistical Research
Laboratory, The University of Michigan, 1976). The manual states 
that "an algorithm by Brent is used to generate pseudo-random numbers 
from the normal distribution with mean 0 and variance 1," p. 66, and 
refers to Richard P. Brent, "A Gaussian Pseudo-random Number Gener­
ator (Algorithm 488)," Communications of the Association for Computing 
Machinery (December, 1974): 704-6. 150 values were drawn for e (t)
and 6̂ (1) per sample. From these values and the autoregressive speci­
fications, values for u (t) and u_(t) were obtained. A subset of the 
last 100 values of u^(t) and ^2(1) were subsequently used: the first
20 values in the subset for samples of size 20, the first 50 values 
in the subset for samples of size 50, and all 100 values in the sub­
set for samples of size 100.
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9The GENERATE command from the MIDAS computer program was 
again used. 100 values were frawn for X.(t) and X_(t); these same 
values were used in each replication. The first 20 values were used 
for samples of size 20, the first 50 values were used for samples of 
size 50, and all 100 values were used for samples of size 100. The 
values that were used are contained in appendix B.

^R.L. Basmann, "A Note on the Exact Finite Sample Frequency 
Functions of Generalized Classical Linear Estimators in Two Leading 
Overidentified Cases," Journal of the American Statistical Associa- 
tion 56 (1961): 619-36.

Arnold Zellner, ^  Introduction to Bayesian Inference in 
Econometrics (New York: John Wiley and Sons, Inc., 1971), pp. 276-87.

12Method F was left out of the first two experiments with sim­
ple autoregression because it is known that this method will be in­
efficient relative to method D. An interesting result to derive 
would be to determine the degree of method F's inefficiency; however, 
to do so accurately would require more than 25 or even 100 replica­
tions.

13Basmann, "A Note on the Exact Finite Sample Frequency Func­
tions," p. 625.

14Ray C. Fair, A Short-Run Forecasting Model for the United 
States Economy (Lexington, Massachusetts: Heath Lexington Books, 1971)

^^A similar conclusion was reached by both Cragg and Summers 
from the evidence of sampling experiments with simultaneous equation 
estimation in the context of nonautocorrelated disturbances. See 
J.G. Cragg, "On the Relative Small-Sample Properties of Several 
Structural-Equation Estimators," Econometrics 35 (1967): 109;
R.M. Summers, "A Capital Intensive Approach to the Small Sample 
Properties of Various Simultaneous Equation Estimators," Econometrics 
33 (1965): 1-41.

^^Goldfeld and Quandt, Nonlinear Methods, Chapter 7.
^^Hurd, "Small-Sample Estimation," pp. 567-73.
18Guilkey, "Estimation of Systems," Chapter II.



CHAPTER VI 

CONCLUSION

The investigation of the estimation of simultaneous equation 

models with lagged endogenous variables and autoregressive distur­

bances, the purpose of this dissertation, is now complete. In 

chapter I, the logic and justifications underlying the first-order 

simple and vector autoregressive schemes are sketched. The ratio­

nale for the specification of autoregressive disturbances is gen­

erally weak since it relies on intuition rather than theory. If the 

assumption of autoregressive disturbances is accepted, however, then 

the popular simple autoregressive scheme is a specification both 

plausible and easy to interpret. The vector autoregressive scheme 

is more elaborate, but strains one's ability to explain the forces 

behind the specification. Chapter II presents a survey of the esti­

mation methods developed to handle the compound econometric problem 
properly. For clarity and reference, appendix A contains two charts 

stressing the relationships among some familiar estimation methods 

in addition to those presented in the survey. Chapters III and IV 

record the reestimation of two simultaneous equation models with 

lagged endogenous variables that were originally estimated under the 

assumption of nonautocorrelated disturbances. The reestimation of 

the models involves methods included in the survey and designed under 

the assumption of autoregressive disturbances. For Teigen's model
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the assumption of nonautoregression is rejected in favor of the as­

sumption of simple autoregression; for Perry's model, the assumptions 

of both nonautoregression and simple autoregression are rejected in 

favor of vector autoregression. The new estimates of the models gen­

erally confirm the original conclusions of these studies. The new 

estimates of Perry's model have very little effect on the shape and 

location of the Phillips curve. In contrast, there are more notice­

able differences between the estimates of the demand and supply elas­

ticities derived from the original and new estimates of Teigen's 

model. The new elasticity estimates, however, are still within the 

range found by other studies of the money demand and supply func­

tions. Chapter V contains the format and results of a set of sam­

pling experiments conducted to learn more about the relative perfor­

mance of various estimation methods in the context of the compound 

econometric problem considered here. The main results of the sam­

pling experiments suggests that the methods designed specifically 

for this estimation problem are superior only when a high degree of 

autoregression is present and the sample contains a sufficient num­

ber of observations. Other results indicate that a) the use of the 

t distribution is usually a reasonable procedure to follow in the 

tests of hypotheses and the construction of interval estimates; and 

b) when the available sample is undersized, it may be wise to use an 

estimation method that corrects for autoregression, but disregards 

simultaneity.

The implication the sampling experiments have for Teigen's 

and Perry's models is that the new estimates may not be better
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estimates of these models. Teigen’s sample contains roughly 50 obser­

vations and the disturbances contain a moderate degree of simple 

autoregression. The results of experiment II indicate that the ac­

curacy of the 2SLS and 2SLS-AÜT0 methods is comparable in this sit­

uation. A complicating factor for the applicability of the experi­

ment's results to Teigen's model is the presence of nonlinearities, 

which are taken into account in the reestimation. Perry's sample also 

contains about 50 observations, and the disturbances are assumed to 

follow the vector autoregressive scheme. The results of experiment 

III suggest that 2SLS(RA)-VECTOR estimates should be far superior 

to Perry's OLS estimates, given the vector autoregressive scheme 

specified in the experiment. The estimates of the elements of the 

R matrix, however, reveal a pattern that would be difficult to com­

pare with that in the experiment or to identify as a high or low de­

gree of vector autoregression. It is thus even more dangerous than 

usual to apply the result from a sampling experiment to a specific 

case; therefore, the superiority of the new estimates of Perry's 

model is uncertain.

The results and findings of this investigation may offer 

researchers the following guidelines in the estimation of simultaneous 

equation models with lagged endogenous variables and autoregressive 

disturbances :

1. When faced with an undersized sample, the use of Fair's adapta­

tion of the 2SLS-AÜT0 method is not recommended. This contra­

dicts the suggestion made in an econometric textbook and in the 

documentation for a computer program developed specifically for
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economic research.^ These sources refer the reader directly to
2Fair's article when faced with the compound estimation problem.

2. If the sample size is no problem, then an estimation method ac­

counting for both simultaneity and simple autoregression, such 

as Amemiya's 2SLS-AÜT0 method, is cautiously suggested. When 

the researcher has 10 to 15 years of quarterly data, often the 

case, then the 2SLS-AUT0 method performs as well or better than 

the other methods, whether the model has simple or vector auto-
3regressive disturbances. This method is also easy to use. On 

the other hand, theie seems to be little or no potential gain 

from employing a method designed for vector autoregression, which 

is also more costly to use. Besides, the assumption of vector 

autoregressive disturbances raises questions that would be dif­

ficult for the model builder to answer. When the sample is com­

prised of time series data, therefore, consideration of the vec­

tor autoregressive scheme should not be automatic, as is the 

practice for the simple autoregressive scheme.

3. The penalty in estimation accuracy for misspecifying the auto­

regressive scheme is small when the researcher has 10 to 15 (or 

fewer) years of quarterly data. Perhaps what is called for is 

a reduction in the time allocated by researchers to the consid­

eration of autoregressive specifications for their models.

Although this study addresses a number of relevant issues, 

others are left untouched. More extensive sampling experiments 

may resolve unanswered questions concerning the performances of the 

alternative estimators in various situations. Comparisons of the
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forecasting accuracy of the alternative estimators, rather than 

their accuracy in estimating the model's parameters, may be an in­

teresting area to probe. If the appropriate techniques are developed, 

the vector autoregressive scheme may become a rich source of infor­

mation for pinpointing the locations of specification errors in 

econometric models. Knowledge that a factor outside the model seems 

to affect certain equations at one period in one direction and then 

affect other equations one period later in the same or opposite 

direction may aid in the identification of the omitted variables.
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CHAPTER VI 

FOOTNOTES

Robert S. Pindyck and Daniel L. Rubinfeld. Econometric Models 
and Economic Forecasts (New York: McGraw-Hill Book Company, 1976)1
p. 147; Malcolm Grieg and Robin Morley, Time Series Processor (Van­
couver, British Columbia: Computing Centre, The University of
British Columbia, 1974).

2Ray C. Fair, "The Estimation of Simultaneous Equation Models 
with Lagged Endogenous Variables and First Order Serially Correlated 
Errors," Econometrics 38 (1970): 507-16.

3
Guilkey found a parallel result when p =p >p =p and T=20. 

David K. Guilkey, "Estimation of Systems of Regression Equations with 
First-Order Vector Autoregressive Errors" (Ph.D. dissertation. Uni­
versity of North Carolina, 1973).



APPENDIX A

The charts below could be called family trees of estimators. 

The estimators in chapter II's survey and some other familiar esti­

mators are divided into the least squares and maximum likelihood fam­

ilies, and then organized to show how these estimators are related or 

have descended from other estimators.

LEAST SQUARES ESTIMATORS

Specification for 
Disturbances

Nonautoregression
(R=0)

Type of 
Equation System

Seemingly
Unrelated
Regressions

Simultaneous
Equations

Limited- 
Information

OLS

2SLS'

Full-
Information

Zellner's 
Method (or 
Aitken's GLS)

3SLS

Simple
Autoregression 
(R is Diagonal)

Seemingly
Unrelated
Regressions

Simultaneous
Equations

Cochrane- 
Orcutt or 
Hildreth-Lu 
Methods

Amemiya's 
Method^

Parks'
Method

Extension of 
Amemiya's 
Method

Vector
Autoregression 
(R is General)

Seemingly
Unrelated
Regressions

Simultaneous
Equations

Guilkey's 
Method with 
$ Diagonal

Dhrymes' 
Method with 
$ Diagonal

Guilkey's 
Method^

Dhrymes' 
Method®
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MAXIMUM LIKELIHOOD ESTIMATORS

Specification for 
Disturbances

Nonautoregression
(R=0)

Type of 
Equation System

Seemingly
Unrelated
Regressions

Simultaneous
Equations

Limited-
Information

ML

LIML

Full-
Information

ML^

FIML

Simple
Autoregression 
(R is Diagonal)

Seemingly
Unrelated
Regressions

ML^ ML Counter­
part to 
Parks' 
Method

Simultaneous
Equations

Sargan's 
Method with 
R and $ 
Diagonal

Sargan's 
Method with 
R Diagonal

Vector
Autoregression 
(R is General)

Seemingly
Unrelated
Regressions

Simultaneous
Equations

ML Counter­
part to 
Guilkey's 
Method with 

Diagonal

Sargan's 
Method with 
<î> Diagonal

ML Counter­
part to 
Guilkey's 
Method

Sargan's 
Method

The 2SLS and 3SLS estimators have been modified for under­
sized samples; examples are the use of principal components and the 
Brundy and Jorgenson idea.

^R.W. Parks, "Efficient Estimation of a System of Regression 
Equations When Disturbances are Both Serially and Contemporaneously 
Correlated," Journal of the American Statistical Association 62 
(1967): 500-9.

*̂ See supra, pp. 24 -27. Both the limited and full-information 
versions of this estimator have been modified for undersized samples. 
Fair suggests using either 1) a subset of the variables in the aug­
mented reduced form (see pages 28-30 in the text) or 2) the Brundy and 
Jorgenson idea (see pages 36-38 in the text) to obtain fitted values 
for the endogenous variables appearing as explanatory variables. 
Dhrymes, Bemer, and Cummins suggest estimating the reduced form and 
using a dynamic simulation to obtain the fitted values (see pages 30- 
31 in the text).
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^David K. Guilkey, Estimation of Systems of Regression Equa­
tions with First-Order Vector Autoregressive Errors," (Ph.D. disser­
tation, University of North Carolina, 1973, Chapter V.

^See pages 31-36 in the text; Hatanaka's residual adjustment 
innovation was devised in order to achieve efficiency without itera­
tion in the least squares estimation of models with autoregressive 
disturbances and lagged dependent or endogenous variables acting as 
explanatory variables. Hatanaka's variation can be used in conjunc­
tion with any of the limited or full-information least squares esti­
mators of equation systems (simultaneous equation or seemingly unre­
lated regressions) with simple or vector autoregressive disturbances.

^Jan Kmenta, Elements of Econometrics (New York: Macmillan
Company, 1971), p. 526

^Kmenta, Elements, pp. 284-5.
^See pages 22-24 in the text.



APPENDIX B

The following are the values of the exogeneous variables used in the 

sampling experiments reported in chapter V.

id ex fl f2 Index fl f2
1 11.23790 12.82440 40 7.63621 11.91650
2 6.78703 10.55580 41 8.88254 13.98040
3 8.13231 15.05180 42 10.08680 10.52600
4 9.84447 9.31937 43 9.84860 8.53525
5 10.99670 9.93914 44 8.49561 10.06440
6 8.78374 8.89821 45 8.65538 9.13652
7 7.39328 11.10020 46 10.50620 10.72330
8 11.81300 8.81532 47 14.17670 8.34658
9 12.09200 8.88236 48 9.15826 8.09318

10 13.87150 10.88350 49 10.77040 9.21584
11 7.12801 13.18810 50 13.93970 9.47083
12 12.77210 4.63257 51 9.47083 8.27633
13 8.79974 7.91461 52 7.99486 15.01270
14 10.66010 9.24818 53 10.32570 10.37430
15 14.61850 10.71360 54 8.49789 11.63430
16 11.83460 13.15850 55 11.32330 9.58203
17 8.44862 6.77363 56 10.17120 8.20637
18 10.34320 10.51270 57 8.52275 13.15990
19 11.69470 11.01630 58 9.18003 10.73400
20 6.80635 11.24050 59 9.72237 3.95689
21 11.88760 6.30854 60 9.31752 9.72957
22 8.94684 8.55931 61 12.84590 12.76130
23 8.25112 8.94481 62 12.29180 12.84820
24 12.02700 12.28480 63 7.70325 10.59380
25 6.43125 13.12030 64 9.40716 11.06940
26 5.66116 13.14210 65 8.80869 9.55737
27 9.84437 7.63310 66 8.79495 13.24220
28 9.14978 9.37900 67 7.24960 10.01580
29 6.79882 13.37350 69 13.00900 10.14780
30 6.56172 10.95680 70 7.53760 7.72182
31 11.77190 11.90830 71 9.11757 12.13060
32 10.20430 13.22070 72 12.28070 8.50314
33 7.98113 8.41475 73 8.08212 9.12959
34 10.87250 11.63980 74 11.07010 7.19188
35 10.41970 13.07370 75 8.18168 9.88751
36 9.10784 10.16010 76 9.74406 11.26970
37 8.20722 12.62680 77 10.70340 10.60470
38 12.45520 11.88260 78 8.69045 9.52762
39 10.78870 9.44528 79 10.09900 10.62190
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80 11.42700 10.32100
81 10.58930 10.35590
82 9.71065 9.20290
83 8.11979 9.22264
84 10.61360 8.76183
85 8.20736 10.33620
86 10.67630 12.56290
87 8.49137 6.78492
88 11.81880 7.46775
89 9.04828 8.54076
90 10.53530 7.47863
91 11.34880 10.05030
92 9.71325 10.19230
93 7.68015 7.97059
94 11.40230 6.45464
95 9.04266 8.89524
96 5.71814 8.83114
97 12.22150 10.46860
98 12.47270 6.74372
99 6.65500 5.84570

100 7.73649 10.35330
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