A FLAT TORUS THEOREM FOR CONVEX CO-COMPACT
ACTIONS OF PROJECTIVE LINEAR GROUPS

MITUL ISLAM AND ANDREW ZIMMER

ABSTRACT. In this paper we consider discrete groups in PGL4(R) acting con-
vex co-compactly on a properly convex domain in real projective space. For
such groups, we establish an analogue of the well-known flat torus theorem for
CAT(0) spaces.

1. INTRODUCTION

If G is a connected simple Lie group with trivial center and K < G is a maxi-
mal compact subgroup, then X = G/K has a unique (up to scaling) Riemannian
symmetric metric g such that G = Isomg(X,g). The metric g is non-positively
curved and X is simply connected, hence every two points in X are joined by a
unique geodesic segment. A subset C C X is called convex if for every x,y € C the
geodesic joining them is also in C. Finally, a discrete group I' < G is said to be
convex co-compact if there exists a non-empty closed convex set C C X such that
~¥(C) =C for all v € T and the quotient T'\ C is compact.

In the case in which G has real rank one, for instance G = PSLy(R), there are
an abundance of examples of convex co-compact subgroups, but when G has higher
rank, for instance G = PSL4(R) and d > 3, the situation is very rigid.

Theorem 1.1 (Kleiner-Leeb [KLO06], Quint [Qui05]). Suppose G is a simple Lie
group with real rank at least two and I' < G is a Zariski dense discrete subgroup. If
I is convex co-compact, then I' is a co-compact lattice in G.

Although the “symmetric space” definition of convex co-compact subgroups leads
to no interesting new examples in higher rank, Danciger-Guéritaud-Kassel [DGK17]
have recently introduced a different notion of convex co-compact subgroups in G :=
PGL4(R) based on the action of the subgroup on the projective space P(Rd).

Their definition of convex co-compact subgroups requires some preliminary def-
initions. When  C P(Rd) is a properly convex domain, the automorphism group
of Q) is defined to be

Aut(2) := {g € PGL4(R) : g2 = Q}.

For a subgroup A < Aut(f2), the full orbital limit set of A in 2, denoted by Lq(A),
is the set of all x € 002 where there exist p € 2 and a sequence v, € A such that
Yn(p) = x. Next, let Co(A) denote the convex hull of Lg(A) in Q.
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Definition 1.2. [DGK17, Definition 1.10] Suppose Q ¢ P(R?) is a properly convex
domain. An infinite discrete subgroup A < Aut(Q) is called convex co-compact if
Cq(A) is non-empty and A acts co-compactly on Cq(A).

When A is word hyperbolic there is a close connection between this class of
discrete groups in PGL4(R) and Anosov representations, see [DGK17] for details
and [DGK18, Zim17] for related results. The case when A is not word-hyperbolic
is less understood.

In this paper we study Abelian subgroups of convex co-compact groups. We also
consider a more general class of convex co-compact groups defined as follows.

Definition 1.3. Suppose Q C P(Rd) is a properly convex domain. An infinite
discrete subgroup A < Aut(Q) is called naive convex co-compact if there exists a
non-empty closed convex subset C C {2 such that

(1) C is A-invariant, that is gC = C for all g € A, and

(2) the quotient A\ C is compact.
In this case, we say that (Q2,C, A) is a naive convex co-compact triple.

Clearly, if A < Aut(?) is convex co-compact, then it is also naive convex co-
compact. Further, it is straightforward to construct examples where A < Aut(Q) is
naive convex co-compact, but not convex co-compact (see Example 3.3). In these
cases, the convex subset C in Definition 1.3 is a strict subset of Cq(A).

A properly convex domain Q € P(R?) has a natural proper geodesic metric He
called the Hilbert distance (defined in Section 4). Geodesic balls in the metric space
(Q, Hq) are themselves convex subsets of P(R?), but this metric space is CAT(0) if
and only if it is isometric to real hyperbolic (d — 1)-space (in which case € coincides
with the unit ball in some affine chart) [KS58].

Despite the lack of global non-positive curvature, in this paper we establish an
analogue of the well known flat torus theorem for CAT(0) groups established by
Gromoll-Wolf [GW71] and Lawson-Yau [LY72]. In the setting of properly convex
domains and the Hilbert metric, the natural analogue of totally geodesic flats are
properly embedded simplices which are defined as follows.

Definition 1.4. A subset S C P(R?) is a simplez if there exists g € PGLy4(R) and
1 < k < d such that

gS = {[ml ceeixp 0o : 0] €PRY) iy >0, 3y >O}.
In this case we define dim(S) = k — 1 (notice that S is diffeomorphic to R*~!) and
say that the k points
g 'M1:0:---:0],g70:1:0:---:0],...,g7[0:---:0:1:0:---:0] €S
are the vertices of S.

Definition 1.5. Suppose A C B C P(Rd). Then A is properly embedded in B if
the inclusion map A < B is a proper map (relative to the subspace topology).

The main result of the paper is the following.

Theorem 1.6. (see Section 8) Suppose that (Q,C, A) is a naive convex co-compact
triple. If A < A is a mazimal Abelian subgroup of A, then there exists a properly
embedded simplex S C C such that

(1) S is A-invariant,
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(2) A acts co-compactly on S, and
(3) A fizes each vertex of S.

Moreover, A has a finite index subgroup isomorphic to 73im(S)

Remark 1.7.

(1) If dim S = 0, then S C C is a fixed point of A in C and A is a finite group.
If dim S =1, then S C C can be parametrized to be a unit speed geodesic
in the Hilbert metric on (2.

(2) The maximality assumption in Theorem 1.6 is necessary. Already in the
case when (2 is a simplex, there are examples of non-maximal Abelian sub-
groups which do not act co-compactly on any convex subset of Q (see Ex-
ample 3.2).

A properly convex domain ©Q C P(RY) is called divisible when there exists a
discrete group A < Aut(£2) which acts co-compactly on all of Q. Divisible domains
have been extensively studied (see the survey papers [Ben08, Quil0, Marl4]), but
even in this very special case Theorem 1.6 is new.

We also note that there are a number of examples of naive convex co-compact
groups which contain infinite Abelian subgroups which are not virtually isomorphic
to Z, see for instance: [Ben06, Section 4], [CLM20, Theorem A], and [BDL18].

A key step in the proof of Theorem 1.6 is showing that the centralizer of an
Abelian subgroup of a naive convex co-compact group is also a naive convex co-
compact group. To state the precise result we need some terminology.

Definition 1.8. Suppose that 2 C P(Rd) is a properly convex domain and g €
Aut(Q). Define the minimal translation length of g to be

ralg) i= inf Ho(e, o)
and the minimal translation set of g to be
Min(g) = {z € Q: Ho(z, gz) = Ta(9)} -

Cooper-Long-Tillmann [CLT15] showed that the minimal translation length of
an element can be determined from its eigenvalues. In particular, given h € GL4(R)
let

M) = Aa(h) = - = Ma(h)
denote the absolute values of the eigenvalues of h. Then given g € PGL4(R) and
1 <i,7 < d define
Ai g) = Ai(9)
Aj Ai(@)
where § € GLg4(R) is any lift of g. Then we have the following.

Proposition 1.9. [CLT15, Proposition 2.1] If Q C P(Rd) s a properly convex
domain and g € Aut(QY), then

ralg) = 3 log 1 (9)

Next, given a group G and an element g € G, let Ci(g) denote the centralizer
of g in G. Then given a subset X C G, define

Ca(X) = NzexCq(z).
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4 MITUL ISLAM AND ANDREW ZIMMER

We will prove the following result about centralizers and minimal translation
sets of Abelian subgroups.

Theorem 1.10. (see Section 7) Suppose that (Q,C, A) is a naive convex co-compact
triple and A < A is an Abelian subgroup. Then

Ming(A) := €N (7] Min(a)
acA

s non-empty an A acts co-compactly on the convex hull o n, in (.
pty and Cp(A) pactly h hull of Ming (A) in Q

1.1. Outline of the paper. Sections 2 through 5 are mostly expository in nature.
In Section 2 we set some basic notations, in Section 3 we construct some examples,
in Section 4 we recall the definition of the Hilbert metric, and in Section 5 we
establish some results about the faces of convex domains.

Sections 6 through 8 are devoted to the proof of Theorem 1.6. In Section 6, we
give a characterization of naive convex co-compact actions of Abelian groups. In
Section 7 we prove Theorem 1.10. Finally, in Section 8 we combine the results in
the previous two sections to prove Theorem 1.6.
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ments and corrections. A. Zimmer thanks the University of Michigan for hospitality
during a visit where work on this project started.
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2. SOME NOTATIONS

In this section we set some notations that we will use for the rest of the paper.

If V . R is a linear subspace, we will let P(V) C P(R?) denote its projectiviza-
tion. In most other cases, we will use [0] to denote the projective equivalence class
of an object o, for instance:

(1) if v € R4\{0}, then [v] denotes the image of v in P(R?),

(2) if ¢ € GL4(R), then [¢] denotes the image of ¢ in PGL4(R), and

(3) if T € End(R?) \ {0}, then [T] denotes the image of T’ in P(End(R?)).
We also identify P(R?) = Gry(R?), so for instance: if z € P(R?) and V ¢ R? is a
linear subspace, then z € P(V) if and only if z C V.

A line segment in P(R?) is a connected subset of a projective line. Given two
points z,y € P(Rd) there is no canonical line segment with endpoints x and y,
but we will use the following convention: if C' C P(Rd) is a properly convex set
and x,y € C, then (when the context is clear) we will let [z,%] denote the closed
line segment joining x to y which is contained in C. In this case, we will also let
(z,y) = [z, 9] \{z, 9y}, [z,y) = [z, 9] \ {y}, and (z,y] = [, y] \ {z}.

Along similar lines, given a properly convex subset C' C IP’(]Rd) and a subset
X C C we will let

ConvHullg (X)

denote the smallest convex subset of C' which contains X. For instance, with our
notation [z,y] = ConvHullg({x,y}) when z,y € C.
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Given a group G' < PGLg(R) and a subset X C P(R?) the stabilizer of X in G
is
Stabg(X) :={g € G:gX = X}.

In the case when Q C P(R?) is a properly convex domain and G' = Aut(Q), we will
use the notation

Stabg (X) = StabAut(Q) (X)

3. SOME EXAMPLES

In this section we construct some examples. In our first example we recall some
basic properties of simplices.

Example 3.1. Let
S = {[x1 ceei ] € PRTY f 2y >0, zag >0}.

Then S is a d-dimensional simplex. Let G < GLg41(R) denote the group generated
by the group of diagonal matrices with positive entries and the group of permutation
matrices. Then

Aut(S) = {[¢g] € PGL4+1(R) : g € G}.

The Hilbert metric on S can be explicitly computed as:

1 TilYj
H( o cos ): = log =221 .
s [z1 Tay1], [ Yar+1] 155}2}é+1 2 ’ o8 YiZj
In particular, if
@([$1 PRI de+1]) = <]og1‘2,. .. 7lc)g xd-‘rl)
T T

and dist is the distance on R? given by

. 1
dist(v, w) = B max {fél%xdm —w;|, 123};(1 l(vi —v;) — (w; — wj)} ,

then ® induces an isometry (S, Hg) — (R%, dist). Hence, (S, Hg) is quasi-isometric
to real Euclidean d-space. For more details, see [Nus88, Proposition 1.7], [dIH93]
or [Verl4].

The next example shows that the maximality assumption in Theorem 1.6 is
necessary.

Example 3.2. Again let

S = {[331 HERR Al E]P’(Rde) txy > 0,..., g1 > 0}.
Then the discrete group
e*!

A= 121,...,Zd+1€Z SAut(S)

ezd+1

acts co-compactly on S and hence (5,5, A) is a naive convex co-compact triple.
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6 MITUL ISLAM AND ANDREW ZIMMER

Fix 1 < k < d and homomorphisms ¢1, ..., ¢q41 : Z* — 7 such that
weZF = (p1(w), ..., ¢at1(w)) € 2
is injective and ¢; # ¢; when ¢ # j. Then the subgroup
eé1(w)
A= cwe ZF
e¢>d+1(w)
does not act co-compactly on any convex subset on S. If it did, then Theo-
rem 6.1 implies that there exists a properly embedded simplex S; C S where
A < Staba (S7), A fixes the vertices of S, and A acts co—fompactly on S;. But,
since ¢; # ¢; when ¢ # j, the only fixed points of A in S are the vertices of S.
So the vertices of S; are also vertices of S. But then, since S; C S, we must

have S; = S. Finally since A < A has infinite index, the quotient A\S; = A\S is
non-compact. So we have a contradiction.

The next example is a naive convex co-compact subgroup which is not convex
co-compact.

Example 3.3. Suppose 2 C P(Rd) is a properly convex domain and A < Aut(Q)
is a discrete group which acts co-compactly on (.

Let m : R? — P(R?) be the natural projection. Then 71(Q) = C' U —C where
C c R? is some properly convex cone. Then define

Q, = {[(v,w)] : v,w € C} C P(R*),
C, :={[(v,v)] : v € C} C P(R*?), and
A:={lg®gl: g€ GLa(R),[g] € A} C PGL2a(R).
Then (€,,Cy, Ay) is a naive convex co-compact triple. We will now show that
Ca, (A+) = ConvHullg, {Lq, (Ad)} = Q4

and hence A, < Aut(2) is not a convex co-compact subgroup. Since A acts
co-compactly on €, for every [v] € 92 there exist p € C and g, € A such that
[v] = limy, 00 [gn][p] (see for instance Proposition 5.7 below). Then, for all ¢t > 0,

[(v,t0)] = Tim [g, @ gn] [(p,tp)] € Lo, (As).

Thus {[(v,0)] : [v] € 9N} C Lq,(A,) which implies that {[(v,0)] : v € C} C
Caq, (Ay). By symmetry, {[(0,w)] : w € C} C Cq, (Ay). Thus Cq, (As) = Q..

We can also “thicken” C, to obtain other naive convex co-compact triples that
do not correspond to convex co-compact groups. By Proposition 4.5,

CRry = {y € Q% : Ho, (y,Cy) < R}

is a closed convex subset of Q,. Thus (,Cr«,As) is also a naive convex co-
compact triple.

4. CONVEXITY AND THE HILBERT METRIC

In this section we recall the definition of convex sets in projective space and the
classical Hilbert metric on properly convex (relatively) open sets.

Definition 4.1.

This article is protected by copyright. All rights reserved.
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(1) A subset C C P(R?) is convez if there exists an affine chart A of P(R?)
where C' C A is a convex subset.

(2) A subset C' C P(R?) is properly convez if there exists an affine chart A of
P(R%) where C' C A is a bounded convex subset.

(3) When C is a properly convex set which is open in P(Rd) we say that C' is
a properly convex domain.

Notice that if C' C P(Rd) is convex, then C' is a convex subset of every affine
chart that contains it. We also make the following topological definitions.

Definition 4.2. Suppose C C ]P’(]Rd) is a properly convex set. The relative interior
of C, denoted by rel-int(C), is the interior of C' in P(SpanC'). In the case that
C = rel-int(C), then C is said to be open in its span. The boundary of C is
0C := C \ rel-int(C), the ideal boundary of C is

0;C:=0C\ C,
and the non-ideal boundary of C' is
0nC:=0CNC

Finally, we define dim C' to be the dimension of rel-int(C') (notice that rel-int(C) is
homeomorphic to R4™ <),

Recall that a subset A ¢ B C P(R?) is properly embedded if the inclusion
map A — B is proper. With the notation in Definition 4.2 we have the following
characterization of properly embedded subsets.

Observation 4.3. Suppose C' C }P’(Rd) is a properly convex set. A convex subset
S C C is properly embedded if and only if 0; S C 0; C.

For distinct points z,y € P(Rd) let Ty be the projective line containing them.
Suppose C' C ]P’(]Rd) is a properly convex set which is open in its span. If z,y € C
are distinct let a,b be the two points in Ty N JC ordered a,x,y,b along Ty. Then
define the Hilbert distance between x and y to be

1
HC(xay) = 5 10%[%%% b]

where

|z —blly —al
la,2,y,b] = ————
|z —ally — 0]
is the cross ratio. Using the invariance of the cross ratio under projective maps and
the convexity of C' it is possible to establish the following (see for instance [BK53,

Section 28]).

Proposition 4.4. Suppose C' C P(Rd) is a properly conver set which is open
in its span. Then Heo is a complete Aut(C)-invariant proper metric on C which
generates the standard topology on C. Moreover, if p,q € C, then there exists a
geodesic joining p and q whose image is the line segment [p, q|.

Convexity is preserved under taking r-neighbourhoods in the Hilbert metric of
closed convex sets.
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Proposition 4.5. [Bus55, Result 18.9] If Q is a properly convex domain, D C Q
18 a non-empty closed convex set, and r > 0, then

N, (D) :={z€Q: Hqo(x,D) <r}
18 a convex subset of €.
Remark 4.6. A proof can also be found in [CLT15, Corollary 1.10].

Using an argument of Frankel [Fra89] we define a notion of “center of mass” for a
compact set in a properly convex domain. Let Iy denote the set of all pairs (2, K)
where ) C ]P’(Rd) is a properly convex domain and K C 2 is a compact subset.

Proposition 4.7. There exists a function
(Q,K) € Kg — CoMgq(K) € P(R?)

such that:

(1) CoMgq (K) € ConvHullg (K),
(2) CoMq(K) = CoMq(ConvHullg(K)), and
(3) if g € PGL4(R), then gCoMq(K) = CoMgqa(gK),

for every (Q,K) € Kgq.

The following argument is due to Frankel [Fra89, Section 12] who constructed a
“holomorphic center of mass” associated to a compact subset of a bounded convex
domain in C%. Frankel’s construction used the Kobayashi metric instead of the
Hilbert metric and is equivariant under biholomorphisms instead of real projective
transformations. An alternative approach to constructing a projective “center of
mass” is given in [Mar14, Lemma 4.2].

Proof. Fix some (Q,K) € K4. We define a sequence of convex sets Cy D Cq; D
C5 ... as follows. First let

Cp = ConvHullg (K).

Then supposing that Cy, ..., C, have been selected, define

Cp(r)=C,N ﬂ {pe€eQ: Hq(p,c) <r}
ceCyp

and
rp, = min{r > 0: C,(r) # 0}.

Then define Cy,1 := Cyp(r,). Then C,4q is closed, convex, and Cny1 C C.
Moreover, if dim C,, > 1, then dim C,, 11 < dim C,, (otherwise r,, was not minimal).
So

COMQ(K) = Cd

is a point in €. It is clear from the construction that this definition satisfies condi-
tions (1), (2), and (3). O
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5. THE FACES OF A CONVEX DOMAIN
Given a properly convex domain §2 C P(Rd) and # € Q let F(x) denote the
open face of x, that is
Fo(z) ={z} U {y € Q: 3 an open line segment in Q containing = and y} .
Notice that Fo(z) = Q when z € Q.
Observation 5.1. Suppose Q C P(R?) is a properly convex domain.
(1) Fq(z) is open in its span,
(2) y € Fo(x) if and only if x € Fqo(y) if and only if Fq(x) = Fo(y),
(3) if y € OFq(z), then Fq(y) C 0Fq (),
(4) if T,y € Qv ze (xay)v pe Fﬂ(x)a and q¢c FQ(y)v then
In particular, (p,q) C Q if and only if (z,y) C Q.

Proof. These are all simple consequences of convexity. O

5.1. The Hilbert metric and faces. We now observe several results which relate
the faces of a convex domain with the Hilbert metric.

Proposition 5.2. Suppose 2 C P(Rd) is a properly conver domain, x, is a se-

quence in ), and x, — x € Q. If y, is another sequence in Q, y, — y € €,
and

liminf Ho (2, yn) < 400,

n—roo

then y € Fo(x) and

Proof. This is a straightforward consequence of the definition of the Hilbert metric.
O

Given a properly convex domain Q C P(R?), let HJ*" denote the Hausdorff
distance on subsets of € induced by Hq, that is: for subsets A, B C € define

HE™S(A, B) = max {21612 blglf? Hq(a,b), gélg ;relg Hg(&b)}.

Proposition 5.3. Suppose @ C P(Rd) is a properly conver domain. Assume

P1p2,q1,q2 € 0, Fo(p1) = Fa(p2), and Fo(q) = Folq). If (p1,q1) NQ # 0,
then

Hgaus((plaql)v (pz,fh)) < max{Hpy (p) (01, P2), Hro(q1) (01, 82) }-
Remark 5.4. Since (p1,q1) N2 # 0, Observation 5.1 part (4) implies that
(p17 Q1)7 (p27 q2) C Q

Proof. Set R := max{Hpg,p,)(P1,02), Hro(q,)(q1,62)}- Let pan,gon € (p2,q2) be
sequences such that p; = lim, ,o P2, and gz = lim, o0 g2,,. Then there exists
R,, — R such that

P2 @20 € Nr, (01, q1)).
Then Proposition 4.5 implies that [pa2n,q2n] € Ng,((p1,q1)). Thus (p2,q2) C
Nr((p1,q1)). By symmetry, (p1,q1) C Nr((p2,42))- O

This article is protected by copyright. All rights reserved.



10 MITUL ISLAM AND ANDREW ZIMMER

We will also use the following estimate.

Lemma 5.5 (Crampon [Cra09, Lemma 8.3]). Suppose that 01,02 : [0,T] — Q are
two unit speed projective line geodesics, then

Ho(o1(t), 02(t)) < Ha(01(0),02(0)) + Ha(o1(T), 02(T))
for0<t<T.
5.2. Dynamics of automorphisms. The next two results relate the faces of a

convex domain with the behavior of automorphisms.
In the next result we view PGLg(R) as a subset of P(End(R?)).

Proposition 5.6. Suppose Q C P(Rd) is a properly convexr domain, py € 2, and
gn € Aut(Q) is a sequence such that

(2) 95" (po) =y € 09, and
(3) gn converges in P(End(R%)) to T € P(End(R?)).
Then image(T) C Span Fq(z), P(ker T) NQ =0, and y € P(ker T').
Proof. For v € R%let ||v|| be the standard Euclidean norm of v and for S € End(R?)
let ||.S|| denote the associated operator norm. Also let ey, ..., eq denote the standard
basis of R%.
Notice that

T(p) = lim g,(p)

n—oo

for all p ¢ P(ker T). B
We can pick a lift g,, € GL4(R) of each g, with |[g,|| = 1 such that g, — T in
End(R?%) and T is a lift of T'.

Claim 1: P(ker7) N Q = 0.

Proof of Claim 1: Using the singular value decomposition, we can find &, 1,k 2 €
O(d) and 1 =014 > -+ > 04, > 0 such that

O1,n
?n - kn,l T kn,2~
Od,n
By passing to a subsequence we can suppose that k, 1 — k1, k2 — k2, and
Xj = nlirrgo ojn €[0,1]

exists for every 1 < j < d. Then

_ X2
T=k . ks

Xd
Let

(1) m:=max{j : x; > 0}.
Then ker T = k;l Span{em41,.--,€d}
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Suppose for a contradiction that there exists [v] € P(ker T') N Q. Let
Uy 1= k‘,;ék‘g’l) € k;;12 Span{em41,--.,€d}-

Since €2 is open and v,, — v, by passing to a tail we can assume that there exists
some € > 0 such that

{ [vn + sk;;,lzel] sl < e} cQ
for all n > 0. By passing to a subsequence we can suppose that

1
w:= lim ——7,v, € R?

exists. Now fix ¢t € R and let t,, := ||g,vn || t. Since ||G,,vnll < Om+t1n ||vn] and

lim opq1n =0,
n—oo

for n sufficiently large we have |t,,| < e. Then

[w+ tkier] = lim

g tnk
| o+t

= lim {gnvn” (Gnon + tngnk:;éﬁ)}
= lim_g, [vn + tnk, be1] € Q.
Since t is arbitrary, we see that
{[w+thkie1] : t eR} C Q
which contradicts the fact that € is properly convex. So P(ker T) N Q2 = 0.
Claim 2: T(2) C Fq(z). In particular,
image(T) C Span Fo(z).
Proof of Claim 2: Since P(ker T) N Q = 0,
T(p) = lim gn(p)
for all p € Q. Since g,(po) — = and
Hq(94.(p), 9n(po)) = Ha(p, po),
Proposition 5.2 implies that T(Q) C Fo(x).
Claim 3: y € P(ker 7).
Proof of Claim 3: Notice that
I =k, g k)

n,2 . n,1
ogﬂll
is a lift of g;l. Since 1 =01, > -+ > 04, > 0, we can pass to a subsequence and
assume that oq.,h, converges in End(R?) to some non-zero S € End(R?). Then
g converges in P(End(R%)) to [S] € P(End(R?)). Claim 1 applied to g; ' implies
that P(ker S) N2 = . So

S(po) = nh_{fgo 9, (po) = v.

This article is protected by copyright. All rights reserved.



12 MITUL ISLAM AND ANDREW ZIMMER

Further, Equation (1) implies that
image(S) C ky ' Span{emy1,...,eq4} = kerT.
So y € P(ker T"). O

Given a group G < PGL4(R) define G™™ to be the closure of the set
{9 € GL4(R) : [g] € G}

in End(R%).
Proposition 5.7. Suppose Q C P(Rd) is a properly conver domain, C C €2 is a
non-empty closed convexr subset, and G < Stabq(C) acts co-compactly on C. If
x € 0;C, then there exists T € éEnd such that

(1) PlkerT)NQ =0,

(2) T(9) = Fo(x), and

(3) T(C) = FQ(:C) Nno;C.
Proof. Fix some pg € C and a sequence p,, € [po,z) with p, — z. Since G acts
co-compactly on C, there exists R > 0 and a sequence g, € G such that

Ha(gnpo.pn) < R

for all n > 0.
As before, for S € End(R?) let ||S|| be the operator norm associated to the
standard Euclidean norm. Let g, € GL4(R) be a lift of g, with ||g,|| = 1. By

passing to a subsequence we can suppose that g, — 7" in End(Rd). Proposition 5.6
implies that P(ker 7) N Q = 0 and T(Q2) C Fo(z). Then
T(p) = lim gn(p)
for all p € (.
Claim 1: T(Q) = Fo(x).

Proof of Claim 1: We only need to show that Fqo(z) C T(2). So fix y € Fo(x).
Then we can pick y,, € [po,y) such that

sup Ho (Yn, pn) < 00.
n>0

Thus

sup Ho (g, "Yns po) < 0.
n>0

So there exists n; — 0o so that the limit
N -1
q:= jlggo Gn; Yn;
exists in 2. Then
_ . o . —1 _ . _

T(g) = lim g(q) = jlggo 9n;Gn, Yn; = jgn;o Yn, =Y.
Hence Fq(x) C T(Q).
Claim 2: T(C) = Fq(x) N 0;C.
Proof of Claim 2: This is almost identical to the proof of Claim 1.
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6. ABELIAN CONVEX CO-COMPACT ACTIONS

In this section we show that every naive convex co-compact action of an Abelian
group comes from “fattening” a properly embedded simplex.

Theorem 6.1. Suppose Q C P(Rd) is a properly convexr domain, C C € is a
non-empty closed convex subset, and G < Stabqo(C). If G is Abelian and acts
co-compactly on C, then there exists a properly embedded simplex S C C where

(1) G < Stabq(S),
(2) G acts co-compactly on S, and
(3) G fizes each vertex of S.

Remark 6.2. Notice that we do not assume that G is a discrete subgroup of Aut(2).

The rest of the section is devoted to the proof of the theorem. We will induct on
dim Q2+ dimC.

The base case, when dim {2 = 1 and dimC = 0, is trivial.
Suppose that Q, C, G satisfy the hypothesis of the theorem. From Proposition 4.7
we immediately obtain the following.

Observation 6.3. If C is compact, then G fixes the point CoMq(C).

Since a point is a 0-dimensional simplex, the above observation completes the
proof in the case when C is compact. So for the rest of the argument we assume
that C is non-compact and hence 9;C # (). Our first goal will be to find a finite
number of fixed points xy, ...,z of G in 9;C such that

ConvHullg{z1,..., 2} NQ
is non-empty.
Lemma 6.4. If x € 0;C and F := Fq(x), then

(1) G < Stabg(F),
(2) G < Stabq(FNo;C), and
(3) G acts co-compactly on FNI;C.

Proof. By Proposition 5.7 there exists some T € @™ such that Pker T)NQ =0,
T(Q) =F,and T(C) = FNO;C. Since G is Abelian, Tog = goT for every g € G.
Then for g € G we have

gF =gT(Q)=T(¢Q) =T(2) = F.

Since g € G was arbitrary, G < Stabq(F). Then G < Stabq(F N 0;C) since
G < Stabg(C).

Since G acts co-compactly on C, there exists a compact set K C C such that
G- K =C. Since P(ker T) N Q = 0, the map

peQ — T(p) € Fo(x)
is continuous. So K := T(K) is a compact subset of F'NJ;C. Then
G- Kr=G-TK)=T(G-K)=T()=Fno;C.
So G acts co-compactly on F'n9;C. g

Lemma 6.5. There exists a properly embedded 1-dimensional simplex ¢ C C.
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Proof. Fix some zy € C. Since C is non-compact, there exists some z € 9;C. Then
pick x,, € [xg, ) converging to z. Since [xg,z) C C and G acts co-compactly on C,
there exist r > 0 and a sequence g,, € G such that

Ho(gnan,x0) <7

for all n > 0. By passing to a subsequence we can suppose that g,z, — ¢ € C.
By passing to another subsequence we can assume that g, - (zg, ) converges to a

properly embedded 1-dimensionial simplex ¢ C C. O
Lemma 6.6. There exists a finite number of fized points x1,...,xy, of G in 0;C
such that

ConvHullg{xy,...,2,n} NQ
18 non-empty.

Proof. By the previous lemma there exists a properly embedded 1-dimensional
simplex £ C C. Let y1,y2 be the endpoints of ¢ and let F; := Fq(y,).

First, we will find a finite number of fixed points a1, ...,ar of G in Fq N 9;C
such that

ConvHullg {aq,...,ax} N Fy

is non-empty. By Lemma 6.4 and induction there exists a properly embedded
simplex S; C F; where G fixes each vertex of S;. Let ay,...,ax be the vertices of
Sl. Then

S = ConvHullg {aq,...,ax} N Fy

is non-empty.
Applying the same argument to F5 yields a finite number of fixed points b1, .. ., by,
of G in F5 N 9;C such that

ConvHullg {b1,...,b,} N Fy

is non-empty.
Finally, we claim that

ConvHullg {a1, ..., ak,b1,...,b,} NQ # Q.

is non-empty. By construction, this convex hull contains some a’ € F; and b’ € Fy.
Since y; € Fy, y2 € Fy, and £ = (y1,y2) C 2, Observation 5.1 part (4) implies that
(@', b') C Q. Then

(@', V) C ConvHullg {a1,...,ak,b1,...,bp} NQ
and we are done. 0
By the previous lemma, there exist fixed points z1, ..., z,, of G in 0; C such that
S := ConvHull{z1,...,2,} NQ

is non-empty. We can also assume that m is minimal in the following sense: if
Y1, .-,y are fixed points of G in 9;C with k < m, then

ConvHullg{yi,...,yxt NQ = 0.

Also, notice that m > 2 since z1,...,2, € 0;C and S # (). We complete the proof
of Theorem 6.1 by proving the following.
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Lemma 6.7. S is a properly embedded simplex in 2, G < Stabq(S), G acts co-
compactly on S, and G fixes each vertex of S.

Proof. Let dy := dim S (in the sense of Definition 4.2). We claim that dy = m — 1.
By definition,

dp = dimP(Span{z1,...,xm}) < m— 1.

For the reverse inequality, fix p € S. Then by Carathéodory’s convex hull theorem
there exists z;,,...,x;, with k < dy+ 1 such that

p € ConvHullo{z;,,..., 24}

k

Hence
0 # ConvHullg{z;,, ...,z } N Q.

So by our minimality assumption we must have ¥ = m and so m < dy + 1. So
m = do + 1. Thus z1,...,z,, are linearly independent and hence S is a simplex
with vertices {x1,...,2m}.

By the minimality property, for any proper subset {x;,,..., 2 } C {Z1,...,2m}
we have

() = ConvHullg{z;,, ...,z } N Q.

So S is a properly embedded simplex of (2.

By construction G < Stabq(S) and G fixes each vertex of S. Finally, since S C C

is a closed subset and G acts co-compactly on C, we see that G acts co-compactly
on S. g

7. CENTRALIZERS AND MINIMAL TRANSLATION SETS

In this section we prove Theorem 1.10 which we restate here.

Theorem 7.1. Suppose that (Q,C, A) is a naive convex co-compact triple and A <
A is an Abelian subgroup. Then

Ming(4) :=CnN m Min(a)
acA
is non-empty and Cp(A) acts co-compactly on ConvHullg(Ming(A)).

The proof the theorem will use the following observations about minimal trans-
lation sets.

Observation 7.2. Suppose that Q C P(Rd) is a properly convex domain and
g € Aut(Q). If V ¢ R% is a linear subspace where dimV > 1, QNP(V) # 0, and V
is g-invariant, then

Tanp(v)(9) = T(9)-
Proof. By the definition of the Hilbert metric Holpv)xp(vy = Honp(v). Hence
10(9) < Tanp(v)(g). On the other hand, gy € Aut(Q2NP(V)) and so Proposition
1.9 implies that there exists 1 < i < j < d such that

1 Ai
Tare(v)(9lv) = 5 log —(g).
) 2 %N
So applying Proposition 1.9 to ¢ yields
Ai < 1 A1

1
TONP(V) (9) = 5 log )\*(9) =3 log /\*d(g) = Ta(g)- O
J
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Proposition 7.3. Suppose that Q) C P(Rd) is a properly convex domain and S C €2
is a properly embedded simplex. If g € Aut(Q) fizes every vertex of S, then S C
Min(g).

Proof. If dim S = 0, then S is a fixed point of g and hence S C Min(g). So suppose
that dim.S > 1. Then S = Q N P(Span.S) and using Observation 7.2 there is no
loss of generality in assuming that S = . Then the Proposition follows from
Example 3.1. O

7.1. Proof of Theorem 1.10. We will need the following fact about subgroups
of solvable Lie groups.

Lemma 7.4. [Rag72, Proposition 3.8] Let G be a solvable Lie group with finitely
many components and H < G a closed subgroup. Let Hy be the connected component
of the identity in H. Then H/Hy is finitely generated.

For the rest of the section fix a naive convex co-compact triple (2,C,A) and
an Abelian subgroup A < A. Let A% be the Zariski closure in PGL4(R). Then

—Zar | . . . —Zar . .
A™ is Abelian and has finitely many components. Since A < A s discrete,

Lemma 7.4 implies that
A={a1,...,am)
for some aq,...,a,, € A. In particular,
Ca(A) =N Cx(ay).
Next for r > 0 define
M, :={x €C: Hg(z,a;x) <rforalll<j<m}.
Lemma 7.5. Ci(A) < Staby (M,.).
Proof. It v € Cp(A) and z € M,., then
Ho(yx,ajvx) = Ho(yz,vajz) = Ho(x,a;x) <r
Hence vz € M,. So YM, C M,. Applying the same argument to v~! shows that
M, C yM,. O
Lemma 7.6. For every r >0, Co(A) acts co-compactly on M,..

The following argument comes from the proof of Theorem 3.2 in [Rua01].

Proof. If M, = (b, then there is nothing to prove. So we may assume that M, # (.
Suppose for a contradiction that Cy(A) does not act co-compactly on M,. Fix
some xg € M,. Then for each n there exists some z,, € M, such that

Hg (2, CA(A) - xg) > n.

Since A acts co-compactly on C, there exist M > 0 and a sequence 3, € A such
that

Hq(Brxo, ) < M.
foralln > 0. Then for 1 <j3<m
Ho(B,, " a;Bnzo, w0) = Hala;BnTo, Bnto)
< Ho(a;Bnxo,ajz,) + Ha(ajzn, zn) + Ho(zn, Bnto)
<M+r+M=r+2M.
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Since A acts properly on €, for every 1 < j < m the set
{Br"a;Bn : n > 0}

must be finite. So by passing to a subsequence we can assume that
By taiBn = By ;B

for all 1 < j < m and n > 0. Then 3,8, ' € N™,Ca(a;) = Cr(A) for all n > 0.
Then

n < Hq (2n, Ca(A) - 20) < Ho (@, BrB7 " 0)
< Hg (24, Buwo) + Ha (Bnzo, BuBy "20)
< M + Hgq (20, B "z0)
for all n > 0, which is a contradiction. Hence Cj (A4) acts co-compactly on M,. O
Lemma 7.7. For anyr > 0,
ConvHullg (M,.) C Mya-1,..
Remark 7.8. A similar estimate is established in [CLT15, Lemma 8.4].

Proof. For n > 0, let C,, C ConvHullg, (M,.) denote the elements which can be
written as a convex combination of n elements in M,.. Then C; = M, and by
Carathéodory’s convex hull theorem, Cy = ConvHullg (M,.). We claim by induction
that

Cn C Mytn-1),

for every 1 < n <d.
By definition C7; = M,. so the base case is true. Now suppose that

Cn C M2<n71>r

and p € Cy,41. Then there exists p1,ps € C,, such that p € [p1,p2]. Let o : [0,T] —
C be the unit speed projective line geodesic with o(0) = p; and o(T) = p2. Then
p = o(to) for some ty € [0,T]. Next for 1 < j < mlet 0; = ajoo. Then Lemma 5.5
implies that

Ha(p, a;p) = Ha(o(to), 05(to)) < Ha(o(0),05(0)) + Ha(o(T),04(T))
= Ho(p1,a;p1) + Ha(p2,ajp2) < 2(n=1p 4 9(n=1)p — oy
Since p € Cy41 was arbitrary, we have
Cn+1 C Man,
and the proof is complete. g
Combining Lemma 7.6 and Lemma 7.7 we have the following.
Lemma 7.9. For any r > 0, Cy(A) acts co-compactly on ConvHullg (M,).

Proof. Lemma 7.6 implies that Cp (A) acts co-compactly on Mya-1, and Lemma 7.7
implies that ConvHullg, (M,.) is a subset of Mya—1,.. Then, since ConvHullg, (M,.) is
a closed Cp (A)-invariant subset of Mya-1,., the action of Cy (A4) on ConvHullg (M,)
is co-compact. O

Lemma 7.10. Ming(A) # 0 and Cx(A) acts co-compactly on ConvHullg(Ming(A)).
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Proof. If r > maxi<;<a 7(a;), then

MinC(A> = MNaea Minc(a) C ﬂ;nzl Minc(aj) C M,.
So ConvHullg(Ming(A)) is a closed Cp(A)-invariant subset of ConvHullg (M,).
Further, Lemma 7.9 implies that Cy (A) acts co-compactly on ConvHullg (M,). So
Cr(A) also acts co-compactly on ConvHullg(Ming(A)).

Next we show that Ming(A) # . Pick A’ > A a maximal Abelian subgroup in
A. Then A’ = Cy(A4’). By Lemma 7.4 and the discussion following the lemma

A= {d},...,a)

for some af,...,a,, € A’. Notice that
Mine (A,) = Naea’ Ming (a) C Ngea Ming (a) = Min¢ (A)

and so it is enough to show that Ming(A’) # 0.
For r > 0 define

M/ = {xEC:HQ(x,a;-x)Srforalllgjgn}.

Then for r sufficiently large, M/ # (). Further, by applying Lemma 7.9 to A’, we
see that A’ acts co-compactly on the convex set

C' := ConvHullg(M)) C C.

Then by Theorem 6.1 there exists a properly embedded simplex S ¢ €' C C
where

(1) A’ < Stabg(S),
(2) A’ acts co-compactly on S, and
(3) A’ fixes each vertex of S.

Then Proposition 7.3 implies that
S C Ming(4")

and hence Min¢g(A4’) is non-empty. O

8. PROOF OF THEOREM 1.6

Theorem 1.6 is a straightforward consequence of Theorems 6.1 and 1.10. Suppose
that (Q2,C, A) is a naive convex co-compact triple and A < A is a maximal Abelian
subgroup. Since A is a maximal Abelian subgroup, A = Cy(A). Then Theorem 1.10
implies that A acts co-compactly on the non-empty convex subset

ConvHullg (Ming(A)) C C.
Then by Theorem 6.1 there exists a properly embedded simplex
S C ConvHullg (Minc (A)) ccC

where

(1) A < Stabg(5),
(2) A acts co-compactly on S, and
(3) A fixes each vertex of S.
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It remains to show that A has a finite index subgroup isomorphic to ZF where
k =dim S. Consider V := Span S and the homomorphism

p: A— Aut(S) < PGL(V)
pla) = alv.
By changing coordinates we can assume that V = RFH x{0} and
S={[x1: g1 :0:---:0]:x1,..., 2541 > 0}

Since A fixes the vertices of S, ¢(A) is a subgroup of
G := { [diag(a1,...,ar+1)] € PGLit1(R) t a1, ..., app1 > O} =~ (RF, 4).

Notice that ker(p) fixes every point of S and hence, since A acts properly dis-
continuously on ), must be a finite group. By Selberg’s lemma, there exists a
torsion-free finite index subgroup Ag < A. Then Ag N A < A has finite index.
Further (Ag N A) Nker ¢ = {id} and so ¢|a,na is injective.

Finally,

AgNA=p(AgNA) <G = (R )

is a uniform lattice since Ag N A acts co-compactly and properly discontinuously on
S. So AgNA=ZF.
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