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INTRODUCTION,

Ist K be a local field (i.e. a field which is complete for the
topology defined by a non-trivial discrete valuation) with a perfect
residue field k , Assume that the characteristic of K is p¥ 0,
let B be an abelian variety over K with the dual abelian variety
B ., If k is finite, there is a duality theorem [1d, {19), stating

that the cup-product pairings
1t (k,B) x b7 (k,B) — (k¢ ) ~ @/z

induced by the Poincaré divisorial correspondence give a perfect du-
ality of topologlcal groups. Here Hi(K,-) refers to cohomology with
‘ respect to the flat topology on Spec K , The theorem fails when k
is not finite, However, for k algebralcally closed, and B with
good reduction, Safarevid proved that there exists a perfect duality
between HI(K,ﬁ) and STI(A) , except possibly on the p-primary com-
ponents of the groups, see [15], Here A 1s the abelian scheme de-
fined over the ring of integers R 1in K , such that AdDRK =B ,
and STI(A) is the fundamental group of the proalgebraic group asso-
ciated to A [18]. Also,Vvedenskil computed both groups for certain
classes of elliptic curves and showed by explicit computations that
they are dual, including p-primary components, [20],[21],(22],

The aim of this theslis is to show, that for abelian varleties with
good reduction defined over a field K = k((t)) , with k perfect

of characteristic p f 0 , one has an analogue to Safarevi&'s theo-

rem, To state 1t, let A be an abelian scheme over the ring of inte-



-2-

gers R in K with the dual abelian scheme A , let A, = A® K

K R
be the generic fibre of A , and let K be the maximal unramified
extension of K , A= A®@.R . Then there exists a non-degenerate
palring

W (R A0 K x 71, (R) — @/2z
which 1is a perfect duality of topological G-modules, G being the
galols group of the algebralc closure of k over k . In order to
obtain such a pairing we first prove a duality theorem for finite
flat commuatative group schemes over R which are killed by a power
of p . Let N be such a group scheme. Let R, = R/(t1+1) .

There exist exact sequences [14]

0-———'PN9RR1 — H

' .
> Hi — 0

i
of group schemes over R (all group schemes in the paper are commuta-
tive), with Hi ’ Hi smooth, connected with geometrically connec-
ted fibres, We define a proalgebraic group, F(N) , over k to de

the pro-group (Fi) where F, = Coker ( 311(}{1)—-» nl(Hi)). The

assignement N+~—>P(N) 1is functorial in N and P(N) does not

depend on the particular "pro-resolution" of N ,
0———-(NORI)-—-~»(H1)-—D(Hi)—fO .

We can also regard F(N) as a pro-sheaf for the flat topology on
Spec R, The Cartier duality pairing N x ND*—»HP..

yields the pairing F(N) x ' —'y(r;p..) , which in turn gives

the cup-product pairing

(*) Ho(RND) x F(N) —HE(, Fpp) ~Q/z
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where H%(R,-) denotes relative flat cohomology, The existence and
non-degeneracy of the palring is proved using methods developed by
Artin and Milne in [2], To obtain duality for abelian varleties we
apply (*) to the p"-torsion of A and A and pass to the limit in

the pairings

Hg(n,zpn) x5 g) —z/i'z.



I, DEFINITION OF THE FUNCTOR & .

Let k be the perfect field of characteristic p ¥ 0 and let

S = Spec k ., R will denote the ring of formal power series k [[t]]
and X = Spec R ., For a scheme T , let Tﬂ denote the flat
(fppf) site over T . The finite flat site Teey 18 the site whose
underlying category consists of all schemes finite and flat over T
and the coverings are surjective families of finite flat morphisms,

All sheaves are sheaves of abelian groups and all group schemes are

commutative,

1). The Creenberg construction.

+
tet R, =r/(t'*1) |, 1=0,1,2,..., and let X, = Spec R, . The
map oy 3 xi—-—vs induced by ar—»a , k_'Ri glves the mor-
phism of sites

-_.S

o Xy gy £1
for any sheaf F on )(1 £1 and any map T——»S locally of fi-
’

nite type,

( ai*F) (T) = F(szxi) .
If F 4is representable by a group scheme G over )(1 then o.l*G
is representable by a group scheme over S [3;1.1.6.6] « let now G
be a group scheme over R and let Gy = u.i*(GORﬂi) . It repre-

sents the functor

My

Ar—oG(Ai) .

—___.‘A_'b

where gl_k denotes the category of k-algebras, Ab the category of



-5

+
abelian groups, and A, = A(_'t.]/(t.1 1).
We define the functor &* : §_(xf1)—-opro -S-(Sfl) from the cate-

gory of sheaves on X

£1 to the category of pro-sheaves on S by

fl
(& F) = "Lan" o, , (FIX,)

where "‘l_iln_" denotes the inverse limit in the procategory and Fl)(i

means F restricted to Xi . Hence any sheaf on xfl defines a pro-

sheaf on S ., In particular for any group scheme G over R ,

&*G is a pro-group scheme over S which we denote by G .

We sha.il say that § 1s connected (respectively smooth,etc,) if it

is prorepresented by a projective system of connected (respectively

smooth,ete.) group schemes.,

lLet = (Fi) be a pro-sheaf on S , let T be a scheme over S,

we define the points of F 4in T

L4

F(T) = lim F‘i(T) .

Lemma 1,1, {(1). Gr»G 1s an exact functor on smooth group
schemes,

(11). If G 4s smooth, connected with geometrically con-
nected fibres, then G 1is geometrically connected and smooth,

Proof : (1). It is enough to show that R1 &*G = 0 for any smooth

[

group scheme G over X , By definition R™ &,G 1is the pro-sheaf

(r! Oyl ) and as R} o4up =0 forall 1 [5:11.7], 1t fol-
lows that Rl &*G =0 .

(11). It follows from the description of ®y @as a functor
that o, 4G 1is smooth 1f G 1s. Indeed let A be a k-algebra and

let JCA be an ideal of square zero. Then the map



G,(A)—=G,(a/J) 1s surjective, since the map

G(Ai)'__'G(AilJAi) is, because G 1s smooth,

If G has geometrically connected fibres, then c‘o*G - Go is
geometrically connected, Assume now, that GJ is geometrically con-

nected for j{1 , There is an exact sequence {3;11,4,3.5],

0—*U,—> G~ G, _,—0

p i

with U, = Hom(cuG ,I) , where I 1is the vector group associated
o

to the ideal (ti)/(t1+1) and W, denotes the cotangent space of

o

Go over S [3:11.4,3.4}; hence U1 is a connected unipotent group

scheme over S ., By induction, Gi-i is geometrically connected
since the functor G—»G/G® 1s right exact, where G° denotes

the connected component of G .,

lemma 1.2, let N be a finite flat group scheme of height 1
(1.e., killed by Frobenius) over R . Then N 1s connected.

Proof 3 By [8;2.1.2]. Wwe can write

R[Ti..lc’Tr]
N = Spec P D , and since
(Tl .o-o'Tr )
L SPRRS W r[T,) o R[]

~ R ' X R
(1,Preest,P) (r,) (r,.P)
(as R-algebras) it is enough to show that o, ,Spec(R,[T]/ (TP))

is a connected scheme, But it 1s easy to check this directly, namely

(as schemes)



k(T,,...,T,]
Ri[‘l‘] 1-1 1 1

—— T,
ot.i*Spec (Tp) = /Ak Spec

X
k
Spec (T,%eesT} )
o}

where 1= [%], see e,.g. the proof of the lemma (2.3).

2). Homotopy groups.,

Let G (respectively ggk) be the category of commutative group
schemes over k (repectively its subcategory of finite, étale group
schemes over k ).

Let 5t G—Fe, be the functor G—sG/G° , 1i.e,

no(G) is the "largest" quotient of G in Fe, . It is known, that
ri, 1s left adjoint to the inclusion functor Fe C G, , hence it is
right exact. In the usual manner e extends to the right exact

functor (also written 5 )

51, 1 Pro (G ) ——>Pro (Fe,)

which commutes with projective limits., We denote by

‘ﬁj s J=0,1,.,., the derived functors of Tig s ﬂj = Ljﬂ’o . For
more detalled discussion see [3;2,3]. let now G be a flat group

scheme over R , For any j)O0 nj(a) is a pro-étale group scheme
over S , in particular it is a pro-sheaf _.-;j(c) = lin ﬂj(Gi) .
Depending on the context we shall also regard 77 j(a) as a sheaf on
Xep1 (finite flat site) or on Sgpp in the following way,

(1) on Xpp; . Let R' be a finite flat R-algebra. Then R'® gk

is a finite k-algebra and (Spec R')red = M spec 1, , where 1,

are finite extensions of k . Let 43 j(E) be the following presheaf



on Kepy

R'_’ﬂj(G;-)(R'G Rk) = ﬂ JTj(G;,)(li) .

Lemma 2.1, lLet G be a flat group scheme over R , Then the pre-

sheaf 311(E) as defined above is in fact a sheaf,

Proof:s It is enough to show the lemma for local R-algebras, So let
X' = Spec R’ be a finite local flat R-algebra, and let Y—>X'
be a covering, 1.e, a finite surjective flat morphism., Then

Y= ll local schemes, hence we may assume, that Y = Spec R"

with R" a local, faithfully flat R'-algebra., Also, we have a fac-

torization

"

%

with R“O/R' unramified (so étale) and R"/R"o totally ramified. We

treat both cases separately.

(a) R"/R' unramified. Then it is proved in [16:2.3, prop.b]. that

with the above notation,
:r(G")P=:rr(d')
1YY 1vxe

where T 1s the galois group of R"/R' , so the lemma follows,

(b) R"/R' totally ramified., Here the assertion follows from the
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left exactness of v, and &, , and from the faithfully flat
descent [3;1,2,2.7].

(1) on Sepp + It o0y X——S  be the map induced by

k——R , Define .ﬁj(G) on Sppy as u*.ﬁj(c) .

In the following the groups Hi(x, ,—.5(6)) should be understood as a
cohomology for finite flat site of the sheaf ﬂJ(E) .

Remark 2.2, lLet F be a sheaf on xffl , and let
U X=X,y bea canonical_ morphism. Then u*u*F =~ F and
moreover Hi(x,u*F‘) = Hi(x,F) , SO We can compute the cohomology

of .ﬂj(a) on the full flat (fppf) site., The same is true of

direct images,

Lemma 2.3. J‘Tl(f-l.pn) =0 .,
Proof 1 It is enough to show that 31 1( rIp) = 0 , Indeed consider
the exact sequence, 0—-'.Lp—-— r.Lpn —'Hpn-:l—vo
and assume that nl('-t;m) =0 for m{n ., Applying 7 1(~) yields
an exact sequence 0—’311(,:1))—’ﬂi(f&pn)_’.ﬁi(,-l.;ﬁ-l) ,
and since .ﬂi(l::p) - 511(,-4.;51-1) = 0 by assumption, hence
'ﬂi('*pn) =0 .

S
Let U, be the product of 1-1  copies of G, ¥ere 1 [3] .

Jet N= rx.p + Define a map “Pi : Ui—-DN1 to be a truncated

exponential,
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I'-*

(

s (a4 +1""'a1) 'i 3

J=0

One checks easily that ?1 is a homomorphism, Iet

0————»[&;——1~»N1 » M » 0

Consider the commutative dlagram;

0 > N - N N M » 0
[" it I
0 'Uip Nip M -———bO
where i is the map induced by Rip_'Ri

U ——u

ip 4 1s the zero map. For each 10
quence (cf.(1.3))

0—’]-{om((m.>N ,I) > N
Vo

(sec (1.3)). It is easy to see - by induction on 1

dim U1 = dim N

Mi is a finite group scheme over k and consequently

Applying 571 to the dliagram ylelds therefore,

53, (U ) =77, (N, )

I 7m0

71 (U )-—’Jll(l\t )

It follows that 5y (vy) =0 and :r.l(lCi;) =

3). The functor F .

y =1-4, (if pli then dim N,

aktk)J .

= Coker ‘Pi’

. It is clear that

, We have an exact se=-

- that

-1 ), hence

1 M) =0 .

Definition., Iet D be a finite flat group scheme over the base
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scheme T , We call an exact sequence of group schemes over T

Q———>D * G +» H » 0

a smooth (respectively smooth, connected) resolution of D 1if G, H
are smooth (respectively smooth connected with geometrically connected

fibres) group schemes of finite type over T

Lemma 3,1, Let N be a finite flat group scheme over R

(1) There exists a smooth resolution of N

(i1) There exists a smooth connected formal resolution of N

y L.e,
there are smooth connected resolutions
0 e NRi =G1 'Hi — O over Ri such that
O—=Np —Gy_y==Hy ;70 = (0N —= G——H;——0)®OpR, , ,
i-1 i
for all 1 .

(111) If N 1is connected then it has a smooth connected resolution,

Proof : (1) seel7].

(11) seelil)where it is shown that N can be resolved by

formal abellan schemes,

(111) It follows from (1) that there exists an exact se-

quence (Q———sN——>( » H »0 with G, H smooth, finite
type over R ., Since N 1is connected we can replace G by the

union of connected components of the fibres containing the image of
the unit section X——N , call it G' ; it is smooth and con-

nected so we get the required exact sequence

O—N—sG'—+H'—0 with H'=G'/N ., G' and H' have then

geometrically connected fibres (cf [b;VIB.B.IZ]).
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let N be a finite flat group scheme over R . For each 1 choose
a smooth connected formal resolution of N (e.g. by formal abelian
schemes):

0——> N——> (Ai)ac(ai:)(s

P—0 .

let @ (N) = (Coker (337 (onguty) —> 71 (0, ,B,))) =(F‘1'a) be a

pro-sheaf as above, where Fi a is the sheaf assoclated to the pre-

sheaf cokernel of
2y
"ﬁl( °"1*Ai) _—’-ﬁi(ﬁf-iiBi) .

In particular ?a(N ) is a proalgebraic group over k

Lemma 3,2. }'a(N) depends only on N but not on the particular re-

solution chosen,

Proof : The following is a slight modification of a similar proof

from [12] . It 1s enough to show that each F‘1 a is independent of
’
the resolution. To simplify notation, let M = NR , and let
1
= . (. a a r
F, Fi,a . let O > M > A » B »0 and

Q—> M — 7' —L—b B*—»0 be two smooth connected resolutlons

of M . Exactly as 1n [12;3.2] , one constructs the following exact

commutative diagranm,

0 0
! !

4] » A' » A' » 0
bbb
Q— M =——> Aeﬂ-——vi\" —_0

x] Ik
0 » M > A—2—> B >
) &
0 0
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with A" smooth, connected, Applying TT40 Oy ylelds,

0

5iq(A]) —=— 57, (a]) —0

5 (A eA')—>.ﬁ"(A") :i; »0
11 i1 ) s § c

— b v

7y (ay) ——— 5 (B ) —>F, —>0
l ‘l
0

where A, = o, A , etc, The first column is exact since both 77,

and ui* are addltive functors, the second 1s exact, since Oy n is
exact on smooth group schemes (1,1) and :,-.O(Ai) =0 (1.1). The con-
struction is symmetric in a and b , so

P ~F = F

a c b , hence

.00 = BN .

Definition 3.3. Let N be a finite flat group scheme over R . We
define
FO) = F,00 = (7, ,)
(a,)
whers 0 » N > () —> (Bi)—-o is some smooth connected

formal resolution of N .,

Remark 3.4, If N is connected then we can compute F(N) from some

smooth connected resolution of N over R ,

0 » N » G » H +0 , namely,
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F(N) = Coker (7;‘1(5) —»ﬂl(ﬁ)) , the proof of (3.2) carries
over with A, B replaced by G, H and M replaced by N ,
In general however, we do not have a good resolution of N so we

have to replace it by a formal one,

Lemma 3.5. F 1is a functor,

Proof 1 It is clear that 7 (lN) = 1?(1\1) . Let f : N—N'

be a morphism of finite flat group schemes over R , Let

> a0 4 -
0 >N > (4;) >(B, ) »0 and

0 >N* - (Ai) > (Bi) »0 be smooth connected formal re-

solutions of N and N' ., We shall show that for all i1 , an in-

duced map fR : NR _— Né gives rise to the map Fi-——bFi
i 1 1

where F(N) = (Fi) and F(N') = (Fi) (see 3.3).

Let AY be the quotient (A, ®A!)/N. where the map N ——A!
1 1 i Ri Ri i

is the composition N £ > N! > A! .
Ri R1 i

A} exists [3;:111,2,3.2]

since NR is finite and flat and as Ai and Ai are smooth, so 1is
i

Ay [31111,3,2.7] ; hence we obtain a dlagram  (B] = Ay/N} )

1
0 +Np > Ay » B, *0
£ i
R
o
0 > N2 > AY »BY L
By

It follows that there is a map Fi—ij'_ , hence a map
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FN) —F(N*) .

Let now K°® be the complex

0 —— 31, (A) =57y (B) —>0 , where A= (o 44y)
B = (ai*Bi) and let L' be the complex
0——’.771(;') —_— .771(5')——»0 where A' and B' are respec-

tively (“i*Ai) and (0‘1*3:'1) . By the above there exists another

smooth formal resolution O »N* > (A:{) > (BY) >0

i
which gives a complex L'® defined in the same way as K° and L*

Also, it follows from the above construction that L° 1is quasi-lso-
morphic to L'® ., Therefore there are maps

il (ke) —>ul (L ) E—nt(r7)
and since Hl(x-) = P(N) , }-:1(1.") = F(N') , it follows that &F

is a functor,

Lemma 3.6. Let N ©be a finite flat group scheme over R . Then
RIG&N =0 for g>1 ,

Proof :+ RI&,N 1s the pro-sheaf (Rqai*NR ) , and since we have
i

an exact sequence 0 » N > G > H »0 with G , H
smooth 1t follows that RY °"1*NR1 =0 for q»>l1, since
R, ,G; = Rlea,,H, =0 for q>0 [511.7]

1%“R 1#7'g AR

i i

lemma 3.7, lLet N Ybe a finite flat group scheme over R , There is

an exact sequence,

0 —> 37, (N) — F(¥) —» 57, (R & ,N) —=0

of pro-sheaves on xffl
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Proof ; First observe that o o.,N has the natural structure of a
pro-algebraic group, since R1 &’.*N is the cokernel of the map

6 —-——bﬁ induced from some smooth resolution

0 » N »G > H »0 of N , .',-.1(31 &,N) is the fol-
lowing sheaf on Xfﬂ . Iet R' be a finite flat R-algebra, then

1.
NR.ORR1 is a group scheme over R1 and ) (B oL*N) is the sheaf

associated to the presheaf

1
R*——Un 57 (R oty (N ®pRy))(R'® k)
Spec Ri 4+———— Spec R'@RRi

Spec R ¢——3Spec R'

The assertlon of the lemma 1s equivalent to the existence of the pro-

jective system of exact sequences

. . i
(*) 0—— .Tl'o( °‘1*"R1) > Fi — ﬁl (R 0’-1*“31) —0 .

Choose a smooth, connected, formal resolution of N ,

0 » N > (4,) *(8,) »0 , Let us fix 1

and to simplify notation denote N, by M . Applying ox,, to
1

0 > M ﬁ‘Ai ﬁ*Bi *0 , ylelds the exact sequence

1
0 — OLy (M >0 A, 0L By R o N —0

Upon factoring the cokernel Q of oy M —r oy *Ai , We obtain
two exact sequences,
-"-'1( ui*ﬂ) _— 5-'1(“1*“1) ——.ﬁl Q) — Tfo( O‘i*M) —0

and

1
0——> 21 (Q)——> 7, (0t ,B; ) ——> 71, (Rloe, H)—— 0
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Exactness on the right of the second sequence follows from the fact
that 55 o(Q) =0 3 Q 1is connected since oA, maps onto it

and by (1.1.) oLy wAy is connected. Now from the Ker-Coker sequence

of the triangle

T7 (otguhy) — > 7 (0ty 4By )

/

57,(Q)

we deduce (*) , hence the lemma.

Remark 3.8, It follows from the above,that if N is finite étale, then
FM) ~ s (N) , and 3T N 1s infinitesimal, then

P(N) =~ .ﬁi(nla*u) , since by (1.,2.), if N 1is infinitesimal,

then ﬁ' is connected.

lemma 3.9, F 1s a right exact functor,

Proof 1+ lLet O » N +>N'* —> N =0 Dbe an exact sequence

of finite flat group schemes over R , and let

0 - N —(Ai)-—-—-—-(Bi)———'O

(respectively 0 »N' > (Ai) > (Bi) —+>0 ) be a smooth

connected resolution of N (respectively of N' ), Let us fix 1

We construct an exact commutative diagram

0 0 0
0 ‘l!i ‘i ‘é * 0
"R i | e ! -
ey b b
> »Cy »Dy >
R |
0 » N2 > Ay »BY *0
41 {
0 0 0
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with all terms in the second and third columns being smooth connected
group schemes of finlte type over R with geometrically connected

fibres. To simplify notation let M = N s M' = N? , M" = N¥
R1 R1 R1

and let A= Ai' A' = Ai and B' = Bi « It 18 enough to con-

struct the following dlagram

with A, C, A" smooth connected ... . The third column will then
exist and will have the required properties (same references as in
(3.2)), 1t will be exact by the serpent lemma.

Let C= (A®A')/N ., By arguments of (3.,2) it exists, is smooth

etc, Since C 1is a push-out ( M—sA' = M—aM'—s A')

M———— A

o |

A'——’C »

Coker a = Coker b , and consequently we obtain (*) with

A" = A'/M , Therefore from an exact sequence

0 » N -+ N*' —> N" +(0 we constructed a short exact se-

quence of smooth, connected formal resolutions, hence the exact se-



- 19 -

quence 1

0 —s 57, () — 77, (W' ) —> 77, (W) —F(¥) —F(*) —F (") —0

which proves the lemma.

Remark 3,10. It will be shown later (II,6) that F is left exact

as well .



11, DUALITY THEOREMS,

1), The pairing.

Let N be a finite flat group scheme over X . The Cartler duality

ralring,

D
NxN -————*-rtp,,

induces the palring

(1.1) FON) x N ——F (M)

as follows, Upon writing NP = Hom (N,r&p.) one sees, in view of
the functoriality of ¥ , that any map N -—* HP" induces a
map F(N) —*IF('..LP..) ; whence (1.1). Also interpreting N as
NDD ylelds in the same way the pairing

(1.2) CFOD) x NP ()

2). Relative cohomology.

Let T be a scheme, U an open subscheme of T and Z a comple-
mentary closed subscheme, Z=T-U . Denote by 1 and J the
corresponding immersions

so that T 1is a disjoilnt union of 1(Z) and j(U). Define a func-

tor  §(Ty)—ab F—Ho(T,F) = Ker(F(T)—=F(U)) .

HO(T,-) 1s left exact, denote its 1-th right derived by HZ(T,-)

lemma 2.1, let F be any sheaf on Tfl . There is an exact se=-

quencej

- 20 -
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(2.2) 0 —» H3(T,F) —*F(T) —*F(U) —... - 1 (T,F) —

ut(u,Flu) — it (e, h —...
where F|U denotes F restricted to U , and cohomology group

H (T,F) (respectively Hi(U,F‘IU)) denotes the flat (fppf) cohomo-
logy groups,

Proof 3 See Appendix, We just mentlon, that

HjZ'(T,F‘) ~ Exti(ﬂ_z,F) , where ZZ = 4 i4*Z , Z denoting the con-
stant sheaf Z .

We apply the definition to our situation 1i.e. T=X , U=SpecKkK,
7 =5 =Spec k and F a group scheme on X ; here K 1is the field

of fractions of R .

lemma 2.3, H%(x,-) is a left exact functor y_R——-—’ﬁ where

E-R is the category of finite flat group schemes over R .,
Proof : This is an easy consequence of (2,1) ; for any Ne Ob (y_R) ’
the map N(R) ——> N(KX) 1is an isomorphism, and the map

I-il()ll,N)—DH1 (U,NU) is injective since any torsor for N which
has a point in K already has a point in R , as R is integrally

closed in K . Therefore H;(X,N) = Hé(X,N) =0 .,

lemma 2,4, Suppose that G 1s a smooth group scheme over X , and
assume that k 1is algebralcally closed, Then

ué(x,c) = 6(k)/G(R) .
Proofs This also follows from (2.1) and [5:11.7] 1

ut(x,c) = vt(k,G) =0 for 1>0 .
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Definition 2.5. let F be a sheaf on X ., We define a sheaf on

Sg » HI(X,F) as follows. Let k' be a finite extension of k .
let R' be the unramified extension of R with the residue field
k' , Z*' = Spec k' , and let X' = Spec R' .

Then we define a sheaf ﬂ%(x,F) to be a sheaf associated to the

presheaf

NS R '
k HZ.(X JFlX) .

Lemma 2.6, (1) Ilet gg(x,F)E denote the stalk of g%(x,p) .
Then

ﬂ%(xsF)E = sz(iop) H

hence for k algebralcally closed, HJ(X,F)(k) = H) (X, F)
{11) gé(x,-) is left exact on finite flat group

schemes over R ,

Proof :+ (1) Since cohomology commutes with projective limits of

schemes,

J = J Iy
HY(X,F)g = Uim HY,(X',F) = Hs*(X,F) , where the
2 k ET?k 70 ( Z

1imit is taken over all finite algebralc extensions of k contalned

in k .
(11) Follows from (1) and (2.3).

lemma 2.7. let G be a vector group over R . Then H%(X,G) =0

for j»2 .
?

Proof 1 It follows from (2.1) that H3(x,G) = W™ (u,G;)

j)2 , for any smooth group scheme G over X , Since G 1is
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smooth HJ(U,GU)z Hgt(K,GK) ,[3;111,5,6.10),and as G 1s a

vector group,

j = 3

3). Statement of the duality theorem for finite flat group schemes

over R .

Theorem 3.1, Let N be a finite flat group scheme over R . Then

2
H (L F(pe) =@z, -
and the cup product

H(x P) x F0) — @ /7

is a perfect dvuality on Sfl , 1,e,

2 D
FO) = pon(H(X,N)  LAJZ))
where this isomorphism should be understood as the lsomorphism bet-

ween the pro-sheaf F(N) and the pro-sheaf “1im" Hom(F, Qp/z p)

where F runs through the finite subsheaves of gé(x,ND) .

Remark 3.2. Another possible interpretation of (3.1).
(a) ﬂg(x,ND) is a torsion sheaf, so it is in a natural way an ind-

sheaf and gg(x,ND) ~ Hon(F (N) ,@/Z) where both ind-sheaves

may be regarded as sheaves on S by passing to the 1imit,
(b) The G(k/k)- modules 3’(N)E (pro-finite constant group over

k ) and QE(X,ND)E (discrete constant group over k ) are topo-

logically dual, G{k/k) being the galois group of k/k .
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4), Basic Lemmas,

Through this section N will denote a finite flat group scheme of
height 1 over X , and NK its generic fibre NK = N® RK .
We quote below, without proofs, several facts from(2), let wN be
the cotangent space of N over X ; it 1s a locally free Ox-
module of finite type [8;11,2.1.4] , and as such it may be regarded
as a vector group over X , As usual (>, will denote the Lie al-

N
gebra of N , We shall often write ﬂg(F) instead of E%(X,F‘) .

Lemma 4.1, [2:1.1] . There is an exact sequence of finite type group

schemes on X ,

(4.2) 0 » N° >wN—'"F—’wN(P)—-—+o

The map ND —_— (.)N is a cannonical inclusion as explained in

[2:'51]; p = "Po - 1 , Where Yo is induced by the

Verschlebung morphism VN : N(p)——N , and “Pl is the rela-

_ (p)
tive Frobenius for LJN over X , 4 (»JN—*(AJN

To state the following lemmas we need some notation. let

X' = X(l/p) , let F ¢ X'——>X and W ;3 X—X' be such

= =m L]
morphisms that FW Fabs on X and WF Fabs on X

lemma 4,73, [2:2.4]. There is an exact sequence of sheaves on xét '

1 2 - 1 ~ 1
(4.4) o0—sgrlr,N—2> wNeoxﬂx,—"E—. ""N@oxnx—“’ 0

Here f X

" xét is the morphism of sites induced by the
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identity mapon X , © 1is explained in {2;2.7] and
'\{/ = Yo ~ V4 ' Yo © i1®C , C bveing an Ox - linear Cartier

operator; Yy T *(p)ﬁ We *(p) denotes the p-th power map on

the Lie algebra (:)N of N and W* 1s the map induced by W ,

1 1 1 1
-ﬂx. stands for .ﬂ.x,/s and ﬂ.x for ’Q'X/S

Lemma 4,5. [2:2.2]. There is an exact sequence of group schemes on

X

N X - 1 R 1
(4.6) 0—sN—>F N, ,—> O ® ﬂx,——Y—-’ O,® 9, —>0

(we identify locally free sheaves with the corresponding vector

groups over X ),

Lenma 4.7, [2:2.6) . let B =ker(y: O ® Q—— e al )
in (4.6), Then B 1s a smooth group scheme of finite type over X
1

and f.B = RN , Wwhere f xﬂ—’xét is the morphism of

sites induced by the identity map on X and Xét is the small

étale site.

Lemma 4.8, [2;3.1&]. Iet V°(N) be the complex
(wN—‘L' wN(P)) , and

u'(N) = (&NQ .Q.}l(.—y—,a)N@ _Q_)i() ,so U" (""p) - (_Q_l Cali® .0.1)
The system of pairings,

<a,8@MN Dy = g(a.)'rl P Wy X GJNG 9-1,—"0.)1(, ,
2,897M Doy = 8la)m ¢ Wy x w 0_0-1 ———'.0.)1(

@D, = ei@)n’ 1+ w (P x Senl,—a
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defines a pairing of complexes :
Ve (N U*(N *
M) x Ut (@) ——Ut ()
i.e,
To explain the notation observe that there are mars

CJN‘L' (-JN(P)L'(JN , S0 If ae wN(P)(T) , W(a)e wN(T) .

»*
Also X'——x—" X' induce maps .0.1. w*>.0.)1( ¥ :S\.)l(,

which we write also as F* = (T\.-_’T\F) , W¥ = (11—;11”)

The maps § and Y are the maps of (4.1) and (&4.3) respectively.

Lemma 4,10, [9;2.1] For any vector group V of finite type over S

there 1s a canonical lsomorphism,

T Extl(v,z/pz)-—>ﬂom (v,os)
—0g

and

Ext'(v,Z /pz) =0 for 1#1 .

Lemma 4.11. [2;2.4] R N=0 for gft , where
f xfl—-»xét is the morphism of sites induced by the identlty

map on X , and X, 1is the small étale site,

5). Duality for finite flat group schemes of height 1 ,

Notation, In this section N will denote a finite flat group scheme
over R of height 1 , i,e, FN =0 ’ NK its generic fibre,

and U =Spec K an open point of X , U' = u(1/p)
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- 1
Let res = res, : ’Q'U /S*—-—-k be the residue map,

res (( Z ajtj) dt) = a_,
J=m

where t 3is an uniformizing parameter of K .

It follows from [17;11,11,5'] , that the residue map is independent
of the choice of the uniformizing parameter of K

Consider now the palring,
res { '>1O : (.)N (p) X &)NQ ol
K

(5.1) ¢ - [
res{ gy Wy x C)NS

.0_1 res K

where .Q.i stands for ol

u/s and ,Q.}i{. for L1

u'/s

lemma 5.2, In the pairings (5.1) (A)NQ.Q.)i(, is an exact annihilator
of (...)N(P) and chs .Q.}l( 1s an exact annlhilator of Wy, .
Proof : The fact that the corresponding groups annlhilate each other

is clear,

a) Suppose that res{a,g 871> 01 =0 forall g®11€ C\)NQ-Q-}( ,
then aé€ (.JN .

b) Suppose that res<a,g ®Y‘l> 01 =0 forall aew, .

Let vy,ee.,v, be a basis of &)N over R , and vi,...,vr"

~

a dual basis, so vi@ 1""’v1*'1®1 is the basis of wN over K
K

These exist since UN is a free R-module,
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n

Assume that g = E givi®1 y T = cdt. Let v i K—>7% be
i=1

the standard valuation on kK , let m, = v(gi) , ¢' = v(ec)

Assume for simplicity that v(gl) =my = min {v(gi)} . If c'+mP0
then g@'l'le(:)hsﬂi , Since g®11= g®@cdt = ge®dt , and
v(gic)}v(glc)),o . If e+ m1<0 choose ae W, ,

n

a= } a,vy o With v(al) = -c'-my-1 (this is possible since
i1=1

~-c'- m1)0 )} and v(ai)) v(al) +1 , Then

res g(a) = res ( Z a.igicdt) = res(alglcdt + aigicdt)

Ol

1:
= res a g cdt # 0 since v(ajgc) = viay) +v(gy) * vic) = -1,

This is a contradiction, so c'+ m1>,0 and gaqewNG -Q-i .

¢) The proof for the pairing res { , )10 is almost identical, one

has to only account for the various p-th powers involved,

Proposition 5,3, The pairings (5.1) induce an isomorphism

b1 ) Es pon(207), 2 /22)
of sheaves on 3 g1 1n the sense explained on page 23.
Proof ; We may assume that k 1s algebralcally closed. The sequence
(4.2) induces an exact sequence of (homotopy) sheaves

(5:4) 71, (() — 71, (0, (P)) —= 7" —s0 .
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Taking Hom of the above into Z /pZ we obtain

(5.5) 0—stHon(F (WD), 7 /02 ) — Hon( 51, (W (P), z/32)
——’Hﬂ( 571(‘:3“)- z/pz) .

But

(5.6) Hom(57,(8), z/oZ )= Bxt' (G, 2/pz) [31V, 3,4.1] so ve

can rewrite (5.5) as
(5.7)  0— ton(F (WD), z /rz ) —> ixt (w0, P, z/72)
¥ mxt’ (@, 2/p2)

where Ext is computed in the category of proalgebraic groups over

s .
Furthermore the relative cohomology sequence of (4.4) ylelds,
1,1 1, A i 1, 1
(5.8) 0—»_}12(11 f*N)—-’ﬂZ(UNQ-Q- ,)#»EZ(QNQ .Q-x)
By (4.11) the spectral sequence

HE(RIE,N) ==>H) "L (N)

degenerates and hence g;(aif*N) = l_i_i(N) , and using (2.4)

we can rewrite (5.8) as

~ 1 A 1
(5.9) 2, “’an‘u' wufnu
5.9) 0— Ho(N » .

7 (V) &, ® 05, o @01

N 00g)
and

1, A 1
1, gz(wNQle)—-HomCS(wN,oS)

given by
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il('é_é';\) = res{- ,g@‘ﬁ) 10 + and

12(?@71) = ves {~- ,g®M) o1 *

Here W’L denotes the class of g®T| 1in _}_{;(&)NQ .Q.)l() , re-
spectively in ﬂé(&)NQ ﬂ-}(.) .

Also, the isomorphism T of (4.10) induces an exact sequence

(5.10) 0O ——oHom:S(wN(p) 10g)g—> Homcs(wN(p),O )-‘f—"»g_g_@OéwN,os)

where ¢ = is the map induced by ¢ of (5.7) and

(p)
Hom:S(wN 10g), 1s the kernel of . .

It follows from the five lemma, that

Hom, (W

X N(p)-OS)ozm(?(ND). Z/pZ)

We shall call this last isomorphism T, o Combining all above we

obtain a diagram with exact rows :

0 tion(F (°),Z /32 ) —Ext} (0, (P), 7 foz ) Fopxt! (g, 2 /122)
\ro r(P) ‘r

Oqﬁﬂo(wn(p)'(’s)o_—’ EgrﬁoéwN(p)'os) Lﬁ?—"lo(wn'os)

LT

2 ! ~ 1 1 ~ 1
0—>H2(X,N) > 1y (X,0,© 0 ) —F— 1 (x,0,@ 023)

To prove the existence of 1 o Ve have to show that the right side

of the diagram commutes, Then we define 1} =r, io . Consider

therefore a dlagram
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ext! (w0, P,z /o2 ) —$— Bxt! (0, 2/p2)
s t

s J
(5.11) Hon (wN(p)’Ga,S) % —— tion (W€, 5)
3 1;
3 3,
Hom:éwN(p),o ) fo > HomoéwN.OS)
3 »
4 i,
1 ~ b | A4 . | A i
ﬂz(xnw}‘o 'nxo) v v _}iz(xo («)Naﬂx) ’

where J and J (p) are boundary maps in the sequence obtained by

taking Hom of Wy and caN(p) into the exact sequence

00— Z/pZ €, 5 »E, g o ,

j1 and j2 are natural inclusions,

S

and

J(P)oji ,,'r(P) . H—OI!‘-OéwN(p)'OS)z mi(wN(P).z/pE)

The upper and middle squares of (5.11) commute, so it is enough to
show that

S (arores(y 3,1,)(®M )(a)) = & (a>res (3,1, (-¥)) (8@T)())

i.e, that

J(a’-’res((? (a)osofl> 10 + <aoY (GQTL)>01) =0 ’

but the last expression equals, by (4.9), to

S (arores((0-4%) <a,8@MD o) = S(arsres(g(a)em - &(2)Pn")) .

The only term which contributes to the residue, assuming that
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sl = Z ajstS . sP =1 , 1s a_ld—ss and
J=m

, d dt dt, _
:c'es(C--vJ*)(aL__1 ?S) =res(a_y T - al_)i T) = (1-Fla_,

It follows from the proof of [9;2.,2] , that J°(1-F) =0 , hence

Jd (res(C-u*) (—,g@?‘l)oo) = 0

which concludes the proof,

Consider the diagram of sites (cf[9;2.8]) :

f

5,81 > (P£ Xy/S)gy
(5.12) >3 A5 A
5t L - (P /8)yy

where the sites (Pf /S)ét and (Pf xj/s)ét are explained in [9:§2] :
(_Ij_f__ /S)ét is the category of all perfect schemes over S with the
etale topology, and Pf X j/S is the category whose objects are palrs
(Y,T) with T in Pf /S and Y an étale xj x;T - schenme,

(;PE xj/S)ét denotes this category together with its étale topology,
The map fj v Xy T (Pf xj/s)ét is induced by the map

(Y, T)—sY .

Lemma 5.13. let B = B(N) = ker Y in the sequence

. . A 1 A 1
(*) 0—s N »FN— O, ® 0, X . &, ® 0, ——0
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of (4.5). Then :

ﬁl(g) ~ F(N) .

Proof; We shall show that :ni(Bpi) =F , where

ri

Bp1 = B(NRpi) , and (F‘j) = P(N) , i.e.

F,j = Coker (-"_'1(°‘j*Aj) ’ﬁl(“j*A.'i))

for some smooth formal resolution

0 > N :(Aj) >(A3) »0 of N .

From the diagram (5.12) we obtain two spectral sequences with the

same abutment

D q jois|
R 33.*3 fj*NRj==> R (ijj)*NRj .
and

RPE R0 5, —— rP™Y( ﬂjfj)*NRj :

and corresponding exact sequences of terms of low degree :

1 1 1 2
0~ (R Aj*)fj*NRj—’R (ﬂjfj)*NRj_’/-;j*(R fj*NRj)—'(Rﬂj*)fj*NR

o—(alfy) ool ———R1(ﬁjfj)*NRj—»f;(Rluj*NRj—» (R2£4 Jogs b

It is clear that les j*NR =0 , 1)1 , since for any smooth
J

k-algebra A , we can identify the étale sites on Spec A and
Spec(A®,R,) . Also, stnce k=K , RMIF =0 for 1)1 and

any group scheme F on Sfl . It follows that
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(RIEDocal, = BPE)oyN, = (R1A W IFLN. = (R2a)E LN =0
%) O 5% R, %/ Oy R;] gl g Ry Byult g» R, '
1 v (ol
and ﬂj*(ﬂ fj,NRJ) =~ fL(R o:.J*NRJ) .

By (I,(3.7)) ”1(31“3*“nj)“1’3 , and RifJ*NRJz B, 1if |3,

(see (*)), so it is enough to show that f} preserves projectives,
But the functor c—sGPY  from the category Pro-(group schemes of
finite type over S ) to the category of perfect groups over S
which are perfections of groups of finite type has an exact right

ad joint H—H , 50 the assertion follows., Here pr , in the

notation of [9:;82), is the group

-n
) » the perfection of G .,

}1_m G(P

Proposition 5.14, The pairings (5.1) induce an isomorphism

1}' 1 ﬂg(X,ND)—'H_qE(?(N),ZZ/pZ) of pro-sheaves on S, .
Proof 3+ Consider an exact sequence

o—-n—-—»d‘zNani.Jl’—-&NOﬂi——-o . We know, (4.7), that B 1is
smooth and, (5.13), that =, (B)= F(N) . Let U°=u’(N)

n - 1
-0®al, anater uvl-ul(n) - O®0, . since () 1s

exact on smooth group schemes (ef(I,1.1)), it follows that there is

an exact sequence

(5.15) 0—s 51, (B) —> a1, (U°) ——= 1, (W) ——o0

of sheaves on Sfl . On the other hand, the sequence (4.2) induces

an exact sequence
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(5.16) 0 — i w) — 1 (0, (P) — ") —0 .

The sequence is exact on the right since g;(boN) = o by lemma 2,7,

Taking Hom of (5.15) into Z2/pZ yields,
0~ ton( 51, (U1), 2. /0 ) —— Hon (=, (1°),22/922)
——Hom(¥F (N),Z /pZ )—— 0
which can be rewrltten as

0 —> Extl(Ui, 72 /72 ) —»_'_E.x_tl (w°,z/rz)

—— Hom(# (N),zZ/pZ)—>0 .

We can also rewrite (5.16) as

w W (P)
Q0 ——» -—f& _— NK — Z(ND)—v 0
Wy CJN(pi ~Z

Using arguments similar to those of the proof of (5.3) we construct a

dlagrams

0—Ext! (U}, 2 /pz ) Ao Ext! (00,72 /pm2 ) — Hom(F (), 2 /P ) — ©

| I "

1
0-—DH0mC£U 2 Op ) o> HomOéUO,OS) — Hom(F (N),Z/pZ ) —0

‘f 1

0—» i () ———— HE(@, Py ——— Wi

&

Dy

with all vertical arrows being isomorphisms and which commutes, This

concludes the proof,
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6. Proof of the Theorem 3.1,

lemma 6.1, ILet N bte a finite flat group scheme over R , Then N

has a composition series
bl=N03N13u.3Nm= 0

in which Nj is a finite flat group scheme and each quotient

Nj/l\lj*,1 is a finite flat group scheme killed by F or V .,

Proof: The lemma is true for NK . Indeed

F NK-————»NK(p) is an isomorphism if and only if N_ 1is etale,

K

and V : NK(p)-——-—'NK is an isomorphism if and only if NK is
infinitesimal, The lemma now follows from the well known statement:
given N over R , any exact sequence 0— M'—-—-NK——-' M*—>0
of finite flat group schemes over K extends uniquely to an exact

sequence of finite flat group schemes over R ,

0——N' » N » N » 0

Proof of the theorem, We may assume that k 1is algebralcally closed.

If N 1is killed by F (respectively by V ) the theorem is proved
by (5.14) (respectively by (5.3)) once we check that

(a) ﬂ%(x. ?(‘.pr)) = QI/ZP , and

(v) The pairings of (5,3) and (5.14) coincide with the cup product
palrings induced by (1.1) and (1.2), This 1s done below,
In general (once we have (a) and (b)) we use induction on the length

of the composition series (6.1). Assume that the theorem is true for
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groups with a composition series of length j , and that N has a

composition series (6.1) of length j+1 ,
N=N;2.00ONgyy = o .

From the exact sequence i

o-—--—-nj >N :N/NJ-——»O

we obtain two exact sequences i

F@y) > F(N) > ?(N/Nj)—w

and
2 D 2 D 2 D
0 ——= Hy (X, (N/N)") —— H, (X,N") — H,(X,N;7)

and therefore a diagram i

F(Ny) F M) F (W/Ng) ~——— 0

| l |-

0 —— g (X,N ") —— HE (X,N0)% —— 2 (x, (W/N )°)

where gg(x,n)* = ﬂg&(ﬂ%(X,M), QP/Z P) .

The first and third arrows are isomorphisms, hence so0 is the middle

one,

It remains to check (a) and A(b); this is done in the next two lem-

mas,

Lemma 6,2. Suppose that k is algebraically closed, Then
2
ﬂz(xo?(r"-p‘)) =~ Qp/mp .

Proof 1 Since _}ﬁ(x. ?(f*p’)) - 1__12 Eg(x.g(rlpn)) it is enough to

show that g%(x, ?(H n)) =~ 7/p"Z .Also since k 1s algebra-
' P

ically closed,
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Hy (X, P (Jagn)) = Ha (G, F(pon))  (o£(2.6)).

Consider the Kummer sequence i

0_'|"'pn 'Gm,R ’Gm,R_.O

and the induced sequence of.pro-sheaves on xffl ’

00— ﬂl(GmTR)—bﬂl(ﬂ:r;:R)-—-h ?('J.pn)—»o .

The sequence is exact since ITl(rfun) =0 by (I,2.3)). Applying
P

relative cohomology yields:
2 ~ noo2 ~ 2
0> i (13 () ey (g (B ) ——> H(F () ——0

where the cohomology is computed on the finite flat site. It follows
from the universal covering sequence and the fact that universal cov-

ering commutes with cohomology, that
2 — -~ ~ 1
EZ("I(Gm,R))‘v H-Z(“;m,R)
(e£[16;2.5]). Also it 1s enough to compute Hé(x,mm R) since k 1is
’
algebraically closed, But, by (2.4),

1
Hz(x,mm'a) ~ K*/R* = Z
2 2 n
so HZ(X,?(H o) = Coker (Zz—Laz)= /2 .
P
Lemma 6.3, Let N be a finite flat group scheme of height 1 over

R . Then the pairings of (5.3) and (5.14) coincide with the cup-pro-

duct pairing induced by (1.1) and (1.2).
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Proof 1 (a) The pairing Ho(X,N) x F(N°)——z/pm of (5.3).

Notatlion: If -&E is a category A with a topology E , then

§(AE) denotes the category of sheaves, and Pro-§(AE) the corre-

sponding procategory. Let A, = Pro-s((Pf X/S)ét) ,

A, = Pro-S((Pf/S)s,) Ay = (B£ X/8)gy, + and let

f S S 53 be the map induced by (Y,T)——Y . Consider the

following commutative diagram (cf{2;4.6])

RE,N » RligE(Rf*ND,Rf*‘.LP)
Rf,2* (N) ——— RHom (RE NP, RE,2° (p))

RE,U* (N)[1] —— RHom (V* (N),U" (,.mp)l'ﬂ) '

where  Z°(N) = (FN,,——>U"(N))

) = (O@ N3 —— 5, @0Y) and VI (N) = (W——>wy(p))

and RHom is computed in D(g(éj)) , the derived category of §(53) .

let RF =Rn©°RA, , where B, 1 S(A;)——=A, 15 defined in
~ A~

a similar way as o, . It is clear that R¥ = Lm °Rj3, . By

applying R7 to the right column of the dlagram we obtain the

commutative dlagram:;
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RE,N d » RHom(RFeREN ,  RFe R L)
RE, 2" (N) » RHom(RFeREN’ , R¥Fo RELZ* (M)
REU° () (1] » RHom (RF (V* (N)) , RF(U° (pp))[ll)

in which only the map 4 requires explanation. Its existence follows
from the theorem of Breen (unpublished, but see [9;2.2]) - which
states that on the perfect site the sheaf Ext agrees with a group Ext-
in the following way:

Applying R /3 » Yields a map

Rﬂg_@_(Rf*ND ’ Rf*‘J.p)——bRH_Qﬂ(R /S*Rf*ND » R ﬁ‘*ﬂf*r;.p) where

the second RHom 1is computed in D(ﬁQ) , which is unambiguous, since
an object of (Pf X/S) is a pair (Y,T) , with Te Ob(Pf/s) , so
we have a well defined object on which we can evaluate RHom (namely
T ). Now using Breen's theorem we take a projective resolution of
R/S*Rf*ND and apply R37, to obtain the map 4 . Next, we apply
RT‘Z and take (hyper) cohomology. Then the assertion follows from

the reasoning analogous to that of [2;4,6), and the observation that
D D
r (x,';(N ))2" MX(Z v?(N )) » and
T Hon (2, (\°)) = Hom (Z ,,F (N°))
ZHomy\Z Hom, % 20 y

(b) The patring H(X,N') x F(N)—Z/pZ of (5.14),

Consider the diagram of palrings
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| ||

nu* X V‘-———'HU‘(‘.LP)

where siy*= (ﬁi(ﬁo)_'—-'ﬂl(ui)) . .

The upper pairing is obtained by applying 311(~0 to the diagram

(|u-p) '

which commutes by (4.3). The lower part, when decomposed, leads to

two diagrams, which are obtalned by applying 5116~) to the dliagranms

XID
v°

U°(rxp)

()

and
D______,.1
Tl x l Ulih)
el 1

x V° ——y (I‘"p)

which commute by [2;4.6]. The rest follows from [loc.cit.].

7). Duality for abelian varieltes,

Let A be an abelian scheme over R with the dual abelian scheme A&,

Let ¥ denote the maximal unramified extension of K , G will de-
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note the galois group of k , 1l.e. the galols group of the algebraic
closure k of k over k ., let A= Asﬁﬁ where R is the ring
of integers in K . If E 1s an abelian group, then Em is the
subgroup of elements killed by m and E(p) is the p-primary com-
ponent of E , also, E(m) will denote the cokernel of multiplica~
tion by m , E(m) = E/mE . We shall write JTI(A) instead of

:11(3:) .

Theorem 7.1, There is a non-degenerate pairing of topological

G-modules,

Hi(K,KGRE) x ﬂl(K)—-——><ZJ./ZZ .
Proof: 1In [15;p.96]) the assertion of the theorem is proved for all
l-primary components of the groups in question, 1 # p . Hence it is
enough to show that there exists a non-degenerate palring between the
p-primary components of the groups which 1s induced by the em-pairing
[11:823].

Consider an exact sequence

(*) 0 . A sA—E A — 40

which we may view as a smooth, connected resolution of A n ! and

P

n
therefore ¥ (A n) -~ i'il(A)(p ) . From a similar sequence of multi-
P

plication by p* on A we obtain an isomorphism

2 A 2 -
(7.2) A D= 2GR |

P P

We may assume that k is algebraically clcsed, Then
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1, & = 2.
B (K,A® K)(p) = }_iin'ﬁz(ri,Apn) , and

n
A (a) = Un ﬂl(A)(p ) = 1in ?(Apn) .
The first assertion follows immediately from (7.2) and (2.1). The
second follows from (*). Hence we only have to show that we can pass
to the limit in the pairings

2 ~ . n

HZ(X,A ) X F(a n)——.5z/p Z .

% P

But we know, that for each m)»0 we have a non-degenerate cup-product

pairing (3.1),

gg(x,ﬁpm) x ?(Apm)-——.z/p'“zz :

induced from the e n- pairing
P

m

?\ X A —
m
P P l“Lp

(recall, (6.2), that li_%(x,?(\.).pm)) ~ Z/meZ )e

Consider the dliagram :

X ———

A:o“ Ap“ b oo
A Apn. —

P

v X
P

"
with n'»n . Here £, 1s the inclusion map and £, = P

It follows from [11,823], that



epn, (fla.,b)p = epn(a.,fzb)

so the dlagram commutes, which concludes the proof,



I1I, LOCAL CLASS FIELD THEORY,

let ¥ = k((t)) be a field of formal power series with coefficients
in a perfect field k of characteristic p 7‘ 0 . ILet R Dbe the

ring of integers in K , R =k[[t]] , and X =Spec R . We shall

write ﬂl(N) instead of .ﬂl(ﬁ) .

We shall show how to obtaln a Serre-Hazewinkel class field theory for
K (efl6land [16) ). To simplify explanations assume for a moment that

k is algebraically closed, According to (II,3.1) the pairing
—
Flp,) x z/vz Fp,)
induces via cup-product an isomorphisn
2 2 .
H (X, 2 /o2 ) —==Hon(F (), 2 /p2Z) .

It is clear from (II,2.1) and from the Artin-Schreler sequence

0—— 7 /pZ - € > *0

that
W2 (x,z /pz ) = 11 (K, 2 /pZ ) = Hon(G,Z/p2)

where G 1is the galois group of K , To compute ?(rkp) , We may

use the Kummer sequence

0 =r4p o' + & »0 .

It follows from the definition of ¥ that

F(o) = (@) Ty (E,)P

Therefore

Hom (% (W ),z /222 ) = Hom (s14(6, ) 2/p22)

- 45 -
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Therefore we obtain an isomorphism
Hom(G,%Z /pZ ) ——>Hom( 71, (€ ),Z/pZ )
or, dualizing, an isomorphism

by 7y () P (€) —=c*"/®®

ab

where G is the galols group of the maximal abelian extension

of K . In the same way, we obtain isomorphisms

n b b
6pn o9, (c, )/ oy (6 ) = ¢*0/p 6

from the pairings

F( ) x  z/ptE— Y .
Fp Fpn
Passing to the limit ylelds an isomorphilsm

ab
b ¢ a,e)m)— @)
between the p-primary components of the groups. For 1 7 P , the

isomorphism

F@) + nyE)0) —=Q)

follows from the fact that fll(Gm)(l) = set of all 1"-th roots of
unity of k , n=20,1,,,, and from Hensel's lemma, Thus, providing

that our map & agrees with the map ()K of [16], this is the con-

tent of Serre's class field theory.

Returning to the general situation, i.e, k perfect, we have an iso-

morphism [33V-3.4-2]n

Hom( 71,(¢ ),Z/pZ ) = Hom(y (¢,), 22 /p2Z)
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where X(Gm) is the maximal constant quotient of sTI(Gm).

ab

Lemma 1.1, Let cxK be the inertia subgroup of G . Then

r(s,K5(x,2/5"%)) = Hon(ce,,Z/8"Z) .
Proof : It follows from (II,(2.1)), that

H%(X,ZZ/an) = coker (Wl(r,z/ptZ)—> W (K, Z/P°Z))

ab

and since G = O X G(k/k) the assertion follows., Here

G(k/k) is the galois group of k/k .,

Hence we obtain an isomorphism (which we also call & )
& : X(Gm)—’ax .

This gives Hazewinkel's theory (6],

Theorem 1.2, The above iscomorphism 4; agrees with Serre's isomor-

phism,
Proof 1 It is enough to check the assertion for k algebraically

closed, However, Serre's map comes via cup-product from the natural

pairing [165p.124] 4
ni(a‘.m) x Zz.——»'.nl(mm)

and the theorem follows, since the diagram

my(e,) x & —— 7 (G,)

SF(\J.p) X ZZ/pZZ——'?(r.A.P) commutes and &

is obtained also via cup-product from the lower pairing,



APPENDIX,

We glve here the proof of lemma (II,2.1) (see also [1, exp.Vvl]).
et T be a scheme, U an open subscheme of T and 2 a complemen-
tary closed subscheme, Z=T«-1 . Denote by 1 and j the cor-

responding immersions,

72 srel_y

so that T 1s the disjoint union of 1(Z) and Jj{(U) . Define a

functor §(Tf1)————*5§ o, from the category of sheaves on Tfl to

the category of abelian groups,

Fr—s H(T,F) = ker(F(7) =), p(u))

(o]

H, 1s a left exact functor, denote by H;(T,-) its 1i-th right de-

rived,

lemma, Let F be a sheaf on Tfl . There 1s a long exact sequence
0 —+H2(T,F) —> F(T) —+F(U) —>...— " (T,F) —H" (U,FIV)

+
— M) —...
where U denotes F restricted to U ,

Proof: let 7Z Ybe a constant sheaf on T defined by Z . Let

fl
P(T) denote the category of presheaves on T , and let

P(T)=2= 5(T)
b

be inclusion and sheafification functors respectively,

et 3P P(T)—P(U) be the inverse image functor,

- 48 -
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Let j, 1+ P(U)—P(T) be the left adjoint of 3% , which in

this particular case can be defined explicitely :

For any V—>=—T , and PeObP(U) ,

(3,2) (V) = P(V

feHomT v,u

£)

where Vf denotes the scheme V regarded as a scheme over U via

£,

Denote also by Jj, the functor

a.-j!"b ! §(U)_’§(T) ’

then Jj, is left adjoint to j* and as such it is right exact, Since
1t is a composition of exact and left exact functors it is also left

exact, Denote by Z U the sheaf J,J*Z and let Z, = 1, 1%72

Then there exist maps g and h such that the sequence

g h R

is exact, Indeed, let g be the map induced by the identity map on

j*7ZZ , and let h be induced by the identity on 1*Z , Let

V—2—7T ©be a morphism locally of finite type. We may assume that V

is connected, By definition

z. (V) = l ‘ z (v .
ut") fe Homp,(V,U) e

But if e factors through U it factors uniquely, and j* simply
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takes % as a sheaf on T to Z as a sheaf on U , hence

ZZU(V) = 7 4f there exists f : V——U such that e = jeof

VAN

U——'_"’T

and ZU(V) = 0 otherwise, In the flrst case ZZ(V) = 0 since
Vy, = VxgZ 1s an empty scheme and (1,i*Z )(V) = Z (V ) . In the
second case, 1.e, when e does not factor through U , ZZU(V) =

and Z Z(V) = 7 . Hence the sequence (*) reads

1
0 > 27 Z, Z —s 0 + 0
in the first case, and
1
0 » 0 » 77 Z*r A » O

in the second case, This proves exactness of (*).

Applying Homg (T) (-,F) to (*) yields the long exact sequence
+
..——’Exti(ZZ,F‘)—bExti(ZZU,F‘)—OExtl Yz, 5 —...

The groups Hom_s_ (V) (2 ,3*F) and HOm_S- (1) (Z U F) are cannonically

isomorphic, hence Exti(zz U,F‘) is the 1i-th derived of

F'——'Homs(u)(z ,j*F) ., Since j* has an exact right adjoint and

therefore preserves injectives, it follows that
Exti(ZZU,F)'As ' (u,Flu) since J* 1is also exact,
By definition Ext}(z ,F) = #l(T,F) . Finally BExt'(Z,,F) is the

i-th right derived functor of Ft-—-’HomS(T)(EZ,F) , and it follows
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o
from (*) , that Homr_?»_(T)(ZZZ'F) ’R:HZ(T,F) , hence

Exti(% Z,F) ~ H%(T,F) .

This concludes the proof of the lemma,
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