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Proof of Lemma 1.

Part (a) is obvious; hence we only provide the proof for (b). Since Wg(X) is strictly increasing in
A € [0, p) with Wg(0) = 0, it follows that

gA) = u1 (A, p) —u2(A, p) = (w1 — wa) — (d1 — d2)Wg(A)

is strictly decreasing in A € [0, 1) and it satisfies g(0) > 0, g(A\) — —oo as A — u. This shows that
there exists a unique A € (0, ) satisfying g(A) = 0,g(A\) > 0 on A < A, and g(A) < 0 on A > .
Solving ¢g(A) = 0 with (2), we obtain (3). O

Proof of Theorem 1.

(1) We first suppose A; > A1(p). We need to prove that the following is a Nash equilibrium for the
customers: class-1 customers enter with probability A;(p)/A1, and no class-2 customers enter the
system. To this end, we first assume that class-1 customers follow the said strategy, i.e., class-1
customers enter the system at rate A;(p). Then, it follows from ua (A1 (p),p) < u1(A1(p),p) = 0 that
it is optimal for class-2 customers not to enter the system for service, since doing so can only lead to
negative utility. Next, suppose class-2 customers follow the strategy of not entering the system for
service, the utility value of the class-1 customer is uj (A, p) (if to enter with probability A/A1) and
0 (if to not enter). Note that u; (A, p) is positive on A < A1(p)/A1 and negative on A > A\i(p)/A1,
this shows that class-1 customers enter the system with probability A\ (p)/A;.

Next we consider A2(p) < A; < Ai(p). We need to show that the following is an equilibrium:
Class-1 customers enter the system but no class-2 customers enter the system. First suppose class-2
customers follow the said strategy, if class-1 customers enter the system with probability A\/A; with
A < Ay, then their utility value is uj (A, p); and if they do not enter, then their utility value is 0.
Since u1(A,p) is strictly decreasing in A, we have ui(\,p) > u1(A1,p) > ui(A(p),p) = 0. This

shows that all customers will enter the system hence each class-1 customer enters with probability
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1. On the other hand, suppose that class-1 customers follow the strategy of entering the system
with probability 1, then the utility value of class-2 customers is ug(A + A1, p) (if to entering with
probability A/As)) and 0 (if to not enter). Since A\o(p) is strictly decreasing in p and ug(A,p) is
strictly decreasing in A, it follows from A; > Aa(p) that

ug(A + A1, p) < ua(Ar,p) < uz(Xa(p),p) = 0.

Thus, it is optimal for class-2 customers to not enter the system.

(2) Suppose A1 < A\a(p), we consider two subcases. First, Aa(p) < A1 + Ay. We show that, in
this subcase the Nash equilibrium is that class-1 customers enter the system with probability 1 and
class-2 customers enter the system with probability (A2(p) — A1)/A2. Suppose class-2 customers
follow this strategy, we need to prove that the class-1 customers enter the system with probability
1. Since for the dominating customers case we have A\i(p) > Aa(p), it follows that when class-1

customers enter with probability 1 we have

u1((A2(p) — A1) + A1, p) = ur(Xa2(p),p) > ur(M(p),p) = 0.

This shows that class-2 customers also enter the system with probability 1. Next, suppose class-
1 customers follow the prescribed strategy, then if customer-2 customers enter the system with
probability A/Ag, then by uga(A2(p),p) = 0 we conclude that the utility value of class-2 customers
is negative when A > A2(p) — A; and nonnegative otherwise. This shows that in this subcase the

class-2 customers enter the system with probability (Aa(p) — A1)/As.
We finally consider the subcase that \o(p) > A;+A2. We need to show that the Nash equilibrium

for this case is that, all customers, class-1 and class-2, join the system with probability 1. Again, first
suppose class-1 customers follow this strategy, then when class-2 customers join with probability
1, their expected utility is ua(A,p) > u2(A2(p),p) = 0. This shows that class 2 customers join the
system as well. On the other hand, if class-2 customers follow the prescribed strategy, then the

utility value of class-1 customers when entering with probability 1 is

ui (A1 + Az, p) > ur(Xa(p),p) > ua(A2(p),p) = 0.

Thus class-1 customers enter the system with probability 1 as well. O

Proof of Lemma 3.

We only prove part (a), since part (b) can be similarly proved. Note that w; = v; — d;/u. Then,
p = (vady — v1da)/(d1 — d2) = (wady — wida)/(d1 — dz2). From (3) and (4), it is easy to verify that
A= A1(p) = Aa(p). Since A;(p) is strictly decreasing in p, \;i(p) > A when p < p while Ai(p) < A
when p > p, i = 1,2. Thus, to complete the proof for part (a), it remains to show A\ (p) < Aa2(p)
when p < p and A (p) > A2(p) when p > p. In what follows, we only prove the result when p < p,

and the result when p > p can be similarly proved.
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When p < p, since A2(p) > ), it follows from Lemma 1 that ui1(A2(p),p) < uz2(A2(p),p). From
the definition of \;(p), we have ui(A1(p),p) = ua(A2(p),p) = 0. Thus, u;(A2(p),p) < ur(A1(p),p).
Since u1 (A, p) is strictly decreasing in A, we obtain Aj(p) < A2(p). The proof is complete. O

Proof of Theorem 2.

(1) We first prove that, when A; > Ai(p), the Nash equilibrium is, class-1 customers enter the
system at rate Ai(p), and no class-2 customers enter the system. Since p > p, by Lemma 3 we
have \ > A1(p) > Aa(p). When class-1 customers follow the said strategy, by the monotonicity of
u2(A, p) and the definition of A\;(p) and Aa(p), if class-2 customers join the system at rate A < Ag,
then

u2(A1(p) + A, p) < ua(Ai(p),p) < ua(A2(p),p) = 0.

This shows that A = 0 and no class-2 customer will enter the system. On the other hand, if
class-2 customers follow the prescribed strategy of not entering the system, then it follows from the

monotonicity of uj (A, p) and u1(A1(p),p) = 0 that class-1 customers enter the system at rate A\ (p).

We next prove that, when A2(p) < A1 < A(p), the Nash equilibrium is, class-1 customers enter
the system at rate A; and class-2 customers do not enter the system. First suppose that class-2
customers follow the said strategy. Since A; < A1(p), we have ui(A1,p) > u1(A1(p),p) = 0. Hence
class-1 customers enter the system at rate A;. On the other hand, given that class-1 customers
follow the prescribed strategy, then from the monotonicity of ug(A, p) in A, we obtain ug(Aq,p) <

u2(A2(p), p) = 0. This shows that class-2 customers do not enter the system.

(2) We need to prove that, the Nash equilibrium is, class-1 customers enter the system at rate
Ay and class-2 customers enter at rate min{Aa2(p) — A;,A2}. We consider two subcases. First,
suppose A2(p) < A1 + Aa. When class-2 customers follow the prescribed strategy of entering the
system at rate A2(p) — A1, by Lemma 3 we have Ai(p) > A2(p). From the monotonicity of u; (A, p)

we have

u1((A2(p) — A1) + A1, p) = ur(A2(p), p) > u1(Mi(p),p) = 0.

This shows that class-1 customers enter the system at rate A;. On the other hand, suppose class-1
customers follow the strategy of entering the system at rate A, then by ua(A2(p),p) = 0 and the

monotonicity of ua(A, p) in A, we conclude that class-2 customers enter the system at rate Aa(p)—A;.
Now suppose Aa(p) > A; + Ag. If class-2 customers follow the said strategy, then by the
monotonicity of u1(A,p) in A and by Lemma 3 we have A;(p) > Aa(p), thus

ui (A1 + Az, p) > u1(A2(p), p) > w1 (Ai(p),p) = 0.

This shows that class-1 customers enter the system at rate A;. On the other hand, suppose that
class-1 customers follow the prescribed strategy. Since ug(Aj + Ag,p) > uz(A2(p),p) = 0, we

conclude that class-2 customers enter the system at rate As.
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(3) If p < p, then A< A1(p) < A2(p) by Lemma 3. We first show that, when Ay > Aa(p), the
Nash equilibrium is, class-1 customers do not enter the system, and class-2 customers enter the
system at rate Aa(p). First suppose class-2 customers follow the said strategy, from the monotonicity
of ui (A, p), we have u1(A2(p),p) < u1(A1(p),p) = 0, this shows that class-1 customers do not enter
the system. Next, if class-1 customers do not enter the system, then it follows from uz(A2(p),p) = 0

that class-2 customers enter the system at rate Az(p).

We next show that, when A\ (p) < A2 < Ao(p), the Nash equilibrium is, class-1 customers do
not enter the system and class-2 customers enter the system at rate As. Suppose class-1 customers
follow the said strategy. By the monotonicity of us(\, p) in A, we have ug(Ag, p) > ua(A2(p),p) =0,
which means that class-2 customers enter the system at rate As. On the other hand, if class-2
customers follow the prescribed strategy, then it follows from wuj (A2, p) < u1(A1(p),p) = 0 that no

class-1 customers will enter the system due to negative expected utility.

(4) We need to prove that the Nash equilibrium is, class-2 customers enter the system at rate
As and class-1 customers enter the system at rate min{A;, A;(p) — Aa}. We consider two subcases.
First, suppose A1 + A2 < Ai(p). If class-1 customers follow the said strategy, then it follows from
A1(p) < Aa(p) that
uz(A1 + Az, p) > ua(Ai(p), p) > u2(A2(p),p) = 0.

This implies that class-2 customers enter the system at rate As. On the other hand, when class-
2 customers follow their prescribed strategy, then the expected utility of class-1 customers when
entering at rate Ay is ui(A1 + A2, p) > u1(Ai(p),p) = 0. This shows that, class-1 customers enter
the system at rate Aj.

Second, suppose A1+ A2 > Ai(p). If class-1 customers follow the strategy of entering the system
at rate A\1(p) — Ag, then it follows from

uz((A1(p) — A2) + A2) = ua(Ai(p), p) > u2(A2(p),p) =0

that class-2 customers enter the system at rate As. Similarly, if class-2 customers follow the
prescribed strategy, then it follows from uq(A1(p),p) = 0 and Ay > A1 (p) — A9 that class-1 customers
enter the system at rate A;(p) — Ag, since entering at a higher rate would result in negative utility.

This completes the proof of the theorem. O

Proof of Proposition 1.

We prove the result by analyzing the optimal price under different optimal customer bases being
served. First, if under the optimal price p* only class-i customers are served, then p* must be no
less than p;. This is because for a given service price p, the actual arrival rate of class-i customers is
min{A;, \;(p)} and the firm’s expected revenue is min{pA;, pA;(p)} = min{pA;, m;(p)}. As m;(p) is
strictly concave and p} = argmax,>o m;(p), we conclude that min{pA;, m;(p)} is strictly increasing

on p < p;. This proves that the firm’s optimal price in this case must be at least p;.
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Second, if under the optimal price p* both classes of customers are served, then in this case
p* must be no less than min{pj,ps}. To prove this, first note that for a given service price p,
the actual total arrival rate of two classes of customers is min{\;(p), A2(p), A}. Since 1) the total
actual arrival rate must be less than min{\;(p), A2(p)} so both classes of customers are willing to
enter the system, and 2) the total actual arrival rate must be less than the total potential rate A,
we obtain that the firm’s expected revenue is min{m(p), m2(p), Ap}. As m;(p) is a strictly concave

function and p; = arg max,>( m;(p), the firm’s optimal price must be at least min{p}, p3}.

Because under the optimal price the firm serves either one class of customers or both classes of
customers and we have shown for both cases the optimal price is at least min{pj, p5}, the desired
result follows. O

Proof of Lemma 5.

We first prove p; > p5 and A7 > A3, From (8), we have

. 1+
p; =w; | 1— .
VA +e3) (1 + ) + 2uwi/dy) — (1+ c3)
For the dominating case, we have wy; > we > 0, di < do, and d; < do when w; = we. Then,
wy/d; > wy/ds. Hence, it follows from the above expression that p > p3. In addition, from (7),

A = arg Orgn/{aiiu Api(A) = arg orgnﬁfu diMw;/d; — Wg(N)).

Since wy/dy > wa/ds, it follows from the above expression that A} > 3.

We next prove the remaining results in Lemma 5. Since dy < da, it follows from Proposition 1
that pi(A) > p2(A) and so 71 () > 72(A). Consequently, 71 (A]) > 71(A5) > Ta(A5); and it follows
from Lemma 4 that A5 = 3.

Now suppose 0 < z < A]. By the definition of \y(x), 71 (z) = T2(Ag(x)). Since T2(Ay(z)) <
71(Ag(2)), then 71 (x) < 71 (Ag(z)). Since A7 < A} by Lemma 4 and 7 (x) is strictly increasing in
when 0 < x < A}, it follows that Ay(x) > z. Thus, when 0 < 2 < A}, we have

M) — @A) )t

Ty(Qo(x)) — y(z)  pa(z) + aph(z)
where the first inequality is from the concavity of 72(-) and Ay(z) > x, and the second inequality
holds since p1(z) > p2(x) when 0 < 2z < A]. Therefore, \y(x) — x is strictly increasing in = when
0 <z < A]. Since Ay(0) = 0, Ay(x) > o when 0 < x < AJ; and in particular, (A7) > A]. Note
from Lemma 4 that Ay(A]) = A3. Then, A5 > A]. The proof is complete. O
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Proof of Theorem 3.

By Theorem 1, the equilibrium total arrival rate A(p) to the service firm can be written as
A(p) = max {min{A1, \;(p)}, min{A; + Az, \2(p)}} .

Hence, the firm’s revenue function 7(p) = pA(p) is

7(p) = max {min{A1p, 71 (p) }, min{ (A1 + A2)p, m2(p)}} . (10)

Since m;(p) is strictly increasing in p when p < p¥, i = 1,2, it follows that

1;1;8& 7(p) = max {rlglgé( {min{Aip, ™1 (p)}}, 11171221())( {min{ (A1 + A2)p, 2 (p)}}}

= max {ﬁ%’f {min{A1p, 71 (p)}}, max {min{ (A1 + A2)p, m2(p)}}

Note that Ajp is increasing in p and m;(p) is strictly decreasing in p when p > pi. Then, when
Ay > A, maxy>pr {min{A1p, m1(p)}} = m1(p]) = piAT; and when Ay < A, min{A;p, m1(p)} achieves
maximum at A; = 71(p), or equivalently, at p = p1(A1). By the definition of 71(\), we have

max {min{A;p, m1(p)}} = T1(min{A1, AT}).

p2p]
Similarly,
max {min{(A; + A2)p, m2(p)}} = To(min{A; + A2, A\5}).
2Ps
Hence,
m>a())(7r(p) = max {71 (min{Aq, A\T}), To(min{A; + A2, A\5})}. (11)
P>

In addition, it can be easily verified from the above procedure that: 1) p* = pj if max,>o7(p) =
T1(A]); 2) p* = p1(A1) if max,>o7m(p) = T1(A1); 3) p* = p3 if max,>ow(p) = T2(A3); and p* =
p2(A1 + Ag) if max,>o7(p) = T2(A1 + Ag).

Now we are ready to prove the theorem case by case. Note that by Lemma 2, 71 (A}) > Ta(A3)

for the dominating customers case.
First, suppose A1 > A}. Then, max,>o7(p) = 71(A}) by (11). Thus, the optimal price is pj.
Second, suppose either A\] < A; < Aj or A; < AJ and A; + Aa < A\y(A1) are true. In both cases,

by (11), we have

IZI)1>88{ 7(p) = max {71 (A1), Te(min{A; + A2, A5})}.

When A\ < A; < A}, from the definition of A, 71(A1) > 72(A]) = m2(p5). When 0 < Ay < A] and
A+ Ao < Ay(Ay), it follows from Lemma 4 that Ay + A2 < Aj. Then, mo(min{A; + A2, A5}) =
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(A1 + Ag) < 72(Ay(A1)) = 71 (A1). Thus, for both cases, maxy>o 7(p) = 71(A1), and the optimal
price is p1(Ayq).

Third, suppose 0 < A; < A} and A + Az > A3, In this case, since A\] < Aj, we have
ﬁl(min{Al, AT}) = 7~T1(A1) < ﬁl(Al) = ﬁQ(A;) = ﬁg(min{Al + AQ,)\;})

Then, by (11), maxy>o m(p) = T2(A3). Thus, the optimal price is pj.

Finally, suppose 0 < A; < AT and Ay(A1) < A + Ag < A3, In this case, we have
ﬁl(min{Al, )\T}) = 77'1(A1) = ﬁQ(AQ(Al)) S fFQ(Al + Az) = ﬁg(min{Al + AQ, )\;})

Then, by (11), maxy>o m(p) = T2(A; + A2). Consequently, the optimal price is pa(A).

Summarizing the above different cases and applying Theorem 1, we obtain Theorem 3. O

Proof of Proposition 2.

1) According to Lemma 1, it is easily seen that 7 (p}) > m2(p3). By the definition of A\] and A\y(A1),
it follows that

RD =7y (p}) > mi(p1(A1)) = RYD > my(ps) = RUTD > my(pa(A1 + Ag)) = RUV).

2) By the definition of Aj, it follows that A] < Aj. Note that 71 (\) is strictly increasing in A
when 0 < A < A]. Then,

RUD = my(p3) = 72(A3) = 71(A]) > 71(A1) = mi(pr (A1) = RV,

The proof is complete. o

Proof of Lemma 6.

We only prove p > p5 if p > pj, and the result that p < pj if p < pj can be proved similarly.
Suppose p > pj. Then, m1(p) is strictly decreasing in p when p > p, and thus 71 (p) < m1(p) for any
p > p. In addition, from Lemma 3, 71(p) = m2(p) and A1 (p) > A2(p) for any p > p. It follows that
ma(p) < ma(p) for any p > p. Thus, by the definition of p3, we obtain p} < p.

(a) Suppose p < min{p},p5}. In this case, A > max{\}, A3}, and from Lemma 3, pi\] =
m1(p) > m(p3) > m2(ph) = p3A5. Thus, by Lemma 4, A5 = A\5. Now suppose 0 < z < A\]. By the
definition of Ay(z), 71(x) = Fa(Ay(z)). Since Ay(z) < A5 < A by Lemma 4, it follows from Lemma
3 that T2(Ay(7)) < 71 (Aa(x)), and then, 71 (Ag(x)) > 71 (x). Since A] < A by Lemma 4 and 7 ()
is strictly increasing in z when 0 < x < A}, it follows that Ay(x) > x. In particular, A\y(A]) > AJ.
Note from Lemma 4 that A\y(A]) = A5. Then, A5 > AJ.
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(b) Suppose p > max{p*,pi}. In this case, A < min{\*, A3}, and from Lemma 3, my(p3) >
mo(pt) > mi(pt). Thus, by Lemma 4, AY = A% Since 7i1(A) = @()), it is easily seen from the
definition of \;(x) that A = A\ (A) = Ay(A). Since Ay(z) is increasing in 2 by Lemma 4, then
A (A) < A(A)) = A5 and Ay(z) < Ay(A) = A when 0 < 2 < A. In addition, when 0 < z < X, we
have 72(Ag(x)) = T1(z) > T2(x) by Lemma 3, since 72(z) is increasing in = when 0 < x < A3, it
follows that Ay(z) > x. Now assume A < # < A5. Then, 71();(z)) = 72(z) > 71(z) by Lemma 3.
Since 71 (z) is strictly increasing in = when 0 < x < Aj, it follows that \;(z) > z. In particular,
A1 (A3) > A5, Note from Lemma 4 that A;(A5) = A]. Then, A\] > A5.

(c) Suppose p5 < p < pi. In this case, A} < A< A5. Note from Lemma 4 that 0 < A5 < A3 and
To(Ay) = min{71(A}), T2(A5)} > 72(A). Then, since 7p(\) is strictly increasing in A when 0 < A <
A5, we obtain A < Ay < A3. In addition, it follows from Lemma 4 that A;(X) < A;(A3) = Af < A%
Now assume 0 < z < A\;(A). Then, 0 < z < X < A and so y(My(z)) = 71 (2) > Fo(z) by Lemma
3. Since Ta(z) is strictly increasing in  when 0 < z < A3, it follows that Ay(z) > z. In addition,

from Lemma 4, Ay(A;(A)) = A, 50 Ay (2) < A when 0 < 2 < A;(A). The proof is complete. O

For completeness, we present the optimal pricing decision for all the non-dominating customer
case altogether in the following Theorem.

Theorem 5. (Optimal price for non-dominating customer case) When dy > da, the optimal price

of the firm pFQ and customers’ equilibrium behavior (H{EQ, 95 Q) are given in four exclusive regions

of the system parameters as follows:

Case 1: p < min{p],ps}. In this case, the optimal pricing strategy of the firm is given exactly in
the same way as that in Theorem 8, and it is illustrated in Figure /.

Figure 4: Optimal policy when p > max{p7, p5}
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Case 2. p > max{pj,ps}. In this case, the optimal pricing strategy of the firm is given according

to the following subcases, and it is illustrated in Figure 5:

(2-1) if Ay > N3, then pP9 = max{p}, p2(A2)} and (0] gEQ HEQ) (0, min{1, A5 /A2});

(2-2) if Ao < A5 and Ay + Ay > maX{S\,AI(Ag)}, then pP@ = max{p},p1(A1 + A2)} and
(079 9E9) = (min{1, (AT — A9)/A},1);

(2-3) if A< Ay < A5 and Ay 4 Ay < A (Ag), then pPQ = py(Ay) and (079, 059) = (0,1);
(2-4) if Adp(A1) < Ay + Ay < X, then pPQ = py(Ay + Ag) and (679, 659) = (1,1);

(2-5) if A < X and Ay + Ay < Ay(A1), then pPQ = pi (A1) and (679, 059) = (1,0).

Figure 5: Optimal policy when p > max{p7, p5}
Case 3. p5 < p < p] and piA\] > p5A5. In this case the optimal pricing strategy of the firm is given
according to the following subcases, and it is illustrated in Figure 6:
(3-1) if A1 > X}, then pPQ = max{p},p1(A1)}, and (079, 059) = (min{1,\{/A1},0);

(3-2) if Ay < A} and Ay > max{\, Ay(A1)}, then pP@ = max{p}, po(A2)} and
(67, 9EQ) (0, min{1, \5/As});

(3-3) if \{(A) < AL < A and Ay < Ao(A1), or Ay < A (A), Ay < X and Ay + Ay < Ay(A1), then
pPQ = pi(Ay) and (eEQ 059) = (1,0);

3-4) if A1 < A (N\), Ay < X and A1 + Ay > X, then pPQ = p and any HEQ,GEQ in the following
1 1 Y
set is an equilibrium: {(01,602) : 0 <01,02 < 1,01A1 + 02A2 = 5\},
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Figure 6: Optimal policy when p5 < p < p] and p5A5 < piA]

(3-5) if At < A (N) and Ay(A1) < Ay + Ay < A, then pPQ = py(A; + Ay) and (679,659) = (1,1).

Note that for clarity, in Figure 6 we have displayed Subcase (3-1) in regions (I) and (II) ac-
cording to A1 > X} and Ay < A}, respectively. Similarly, we have displayed Subcase (3-2) in regions
(III) and (IV) and Subcase (3-4) in regions (IV) and (VIII).

Case 4. p5 <D < p] and piA] < p5A5. In this case, the optimal pricing strategy is given according
to the following subcases, and it is illustrated in Figure 7:

(4-1) if Ay > N, then pP? = max{ps, p2(A2)} and (HfQ,GQEQ) = (0, min{1, A5/A2});

(4-2) if Ay < X5 and Ay > Xf, then pPQ = p* and (079, 059) = (X1 /A1, 0);

(4-3) if Ao < A5 and Ay < A\] = A}, then this subcase can be further decomposed into five regions
(IV) to (VIII) in exactly the same way as that in Case 3, and the optimal price in each region

is also the same as that in the respective region in Case 3.

Proof of Theorems 4 and 5.

In the following proof. We only prove the results on the optimal price. Based on these results, the

customers’ equilibrium joining probabilities can be obtained straightforwardly via Theorem 2.

By Theorem 2, it can be seen that the firm’s equilibrium total arrival rate A\(p) can be written

as

IN

S
v 3
=

Ap) = { max {min{Az, Ao(p)}, min{As + Ao, Mi(p)}}, 0
max {min{A, \1(p)}, min{A; + Az, Aa(p)}},

ST VAN

34



A2 Dy
7 2
N b O
z Il }'72(/\2)
2
N A
pa(As
[vz ((2)) 1
AT T M=AA)
Jha 1 (pl)
N : pi(Ay) :
pa(A) ! 14 i
vi [(1F2) (1)
A= (Al_) ..... A () A= N0
s 1’1( 1): i
) Vi m :
0 S " Ay
A1(A) M

Figure 7: Optimal policy when p3 < p < p] and p5A5 > piA]

Hence, the firm’s revenue function 7(p) = pA(p) can be written as

(p) = { max {min{Aop, m2(p)}, min{ (A + A2)p, m1(p)}}, 0
max {min{A1p, m1 (p)}, min{(A1 + A2)p, m2(p) }},

IN

P (12)

BSVAN

p
>

S

Case 1. Suppose p < min{p},ps}. In this case, m1(p) and m2(p) are both increasing in p when
0 < p < p. Thus, it follows from (12) that max,>o 7(p) = max,>s 7(p). Notice that the objective
function 7(p) in (12) when p > p is exactly the same as that in (10) for the dominating customers
case. In addition, by Lemma 6, Lemma 5 continues to hold and 71(A]) > 72(A3). Therefore,
following the same arguments as those in the proof of Theorem 3, we can show that the firm’s

optimal pricing strategy for Case 1 is exactly the same as that in Theorem 3.

Case 2. Suppose p > max{pj,p5}. In this case, m1(p) and ma(p) are both decreasing in p when
p > p. By Lemma 3, min{\}, A5} > A= A1(p) = A2(p). Then, 7(p) = min{A; + Aq, 5\}}5 In what
follows, we divide the analysis into two subcases: 1) A + Ag > 5\ and 2) A; + Ag < A

We first consider Aj+Ay > A. In this subcase, 7(p) = pA. When p > p, we have min{A1p, 71 (p)} <

m1(p) < m(p) = 7(p) and min{(A; + A2)p, m2(p)} < m2(p) = 7(p). Then, by (12), max,>o7(p) =
maxo<p<p m(p). Thus,

magcn(p) =mae{ g i {Aap. (). g (min{(As -+ Aol m ()) |

:max{ max {min{Asp, m2(p )}},p%rgl%}giﬁ{min{(./\l + Ag)p, m (p)}}} )

p3<p<p

Note that Aap is increasing in p and 7o (p) is strictly decreasing in p when p > p5. Then, when Ay >
A3, we have max,s <p<p {min{Aap, ma(p)}} = ma(p3) = p3A3; and when Ay < A3, min{Aap, ma(p)}
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achieves maximum over p5 < p < p at p = min{pa(A2),p} = pg(max{Ag,j\}). Thus, by the

definition of 75(A), we have

max {min{Asp, m2(p) min{max{Az, A\}, \5}).

P53 <p<p

}} - max{AQ,)\} (
Similarly and by noting that A; + Ay > A, we obtain

max {min{(A1 + Ag)p, m1(p)}} = T1(min{A; + Az, AT}).

py<p<p

Hence,

max 7(p) = max

p>0 {mﬂﬂmm{max{/\z,)\} A2}), T (min{Ay + Ag, 1})} (13)

It can be easily verified from the above procedure that: 1) p* = p} if max,>o 7(p) = 71(A]); 2)
p* = p1(A1+A2) if max,>om(p) = 71 (A1+A2); 3) p* = pb if max,>¢ 7(p) = T2(A3); and p* = pa(Ag)
if maxy,> 7(p) = T2(A2).

We are now ready to prove (2-1) to (2-3). Note that by Lemma 2, 71(\}) < 72(A5) for Case 2.

We first prove (2-1) and (2-3). When Ap > A3, max,>o 7(p) = 72(A5) by (13). Thus, the optimal
price is p5 when Ag > A5. Now suppose either \5 < Ay < AJ or A< Ay < A5 and A+ Ay < A (Ag).
In both cases, by (13), we have

I;IZE%S(W(])) = max{frg(Ag),ﬁl(min{Al + Ao, T})} .

When A5 < Ay < A5, from the definition of A5, 7a(A2) > 72(A3) = m1(p}). When A< Ay < A5 and
A1 + Ay < A (Ag), it follows from Lemma 6 that A; + As < Aj. Then, 7 (min{A; + A2, \j}) =
1 (A1 + A2) < 71(A(A2)) = T2(A2). Thus, for both cases, maxy>o 7(p) = T2(A2), and the optimal
price is pa(Ag).

We next prove (2-2). First suppose Az < A5 and A; + Ay > A}, In this case, since 2 < A5 < A3,
we have

To(min{max{Az, A}, \3}) = Fa(max{Az, A\}) < Fo(A3) = 71 (A}) = 71 (min{A; + Ao, A]}).

Then, by (13), max,>o 7(p) = 71(A}). Thus, the optimal price pj.
We next suppose Az < A5 and max{;\,gl([\g)} < Ay + Az < A}, In this case, by (13),

_ A
masr(p) = max {m o(max{As, AV, 71 (A1 + Ag})}

When A < A (Ay), from the definition of A, (As), we have

T2(A2) = T1(A1(A2)) < 71 (A1 + A2).
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When 5\ > Al(Ag), since Ay < 5\ < Ay + Ao, then 7~T1(A1 +A2) > 77’1(5\) = 7~T2(S\) (AQ) Thus, for
both cases, max,>o 7(p) = 71 (A1 + A2), and the optimal price is pi (A1 + A2).

We next consider A; + Ay < X. In this subcase, when 0 < p < p, since A;(p) and \o(p) are
decreasing in p by Lemma 2, it follows that

Aop < Ap = Xa()p < Aa(p)p = m2(p);

Then, by (12), 7(p) = (A1 + A2)p is increasing in p when 0 < p < p. Therefore, max,>o 7(p) =
max,>p 7(p). In addition, since A1p < 71(p), (A1+A2)p < ma(p), and 71 (p) and 72(p) are decreasing
in p when p > p, it is straightforward to verify from (12) that

1110128,8( m(p) = max{m (A1), T2(A1 + A2)}.

Now we are ready to prove (2-4) and (2-5). When A\y(A1) < A1 + Ag < A, we have T1(Ay) =
T2(A9(A1)) < T2(A1+A2) by the definition of A\y(A;) and the monotonicity of 72 (z) over 0 < x < A5;
then maxy>o m(p) = T2(A; + A2) and the optimal price is pa(A; + Az). On the other hand, when
A < Aand Ay + Ay < Ay(A1), we have A + Ag < A by Lemma 6; and it is easy to verify that
maxp>o m(p) = 71(A1) and the optimal price is p;(A1). The proof for Case 2 is complete.

Case 3. Suppose p5 < p < pt. Then, \* < A < A5 by Lemma 3. In this case, 71 (p) is increasing in
p when 0 < p < p, and mo(p) is decreasing in p when p > p. Then, by (12), we have

maxm(p) = Inax{ max {min{Asp, mo(p)}}, min{A; + Ay, A\}p,
p=>0 p5<p<p

max{min{Arp, m ()} }, max{min{ (A1 + A2)p ma (o)} (14)

By similar arguments as those in the above proofs for Case 1 (or Theorem 3) and Case 2, it is easy
to show that

max {min{Asp, m2(p) mln{maX{AQ,)\} A5});

P53 <p<p
max{min{Arp, m (p) ) = 1 (min{As, AL

}}_m 2(

r;)la;c{mln{(Al + Ao)p, ma(p)}} = Fo(min{ A1 + Ag, A}).

Substituting above identities into (14) and noting that 7o(min{A; + Ag, A}) > min{A; + Ag, A}p,

we obtain

max 7(p) = max {m o(min{max{Az, A}, \3}),

p>0
1 (min{A1, \T}), Fo(min{A; + As, X})}. (15)
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From the above procedure, it can be easily shown that: 1) p* = p] if max,>o 7(p) = T1(A]);
2) p* = p1(Ay) if maxy>om(p) = w1 (A1); 3) p* = p3 if maxy>om(p) = T2(A5); 4) p* = pa(Ao) if
max,>o 7(p) = To(Ag); 5) p* = p if max,>o7(p) = 72(\); and 6) p* = pa(A1 + Ag) if max,>o 7 (p
7~T2(A1 + AQ)

~—

Now we are ready to prove the results for Case 3. Note that 71 (A]) > T2(A3) in Case 3.

(3-1) When A; > A}, then max,>o m(p) = 71(A]) by (15). Thus, the optimal price is p] when
A1 > A}, Now suppose A} < A; < A}. Then, from the definition of A], 71(A1) > 72(A]) = m2(p3).
Thus, max,>o 7(p) = 71 (A1) by (15), and the optimal price is pi(A1).

(3-2) First suppose 0 < A; < A] and Ay > A5, In this case, since A} < A}, we have
T (min{Ay, AT} = T1(Ar) < T1(Ay) = Ta(Ag) = Ta(min{Az, Az}).
Then, by (15), maxy>o m(p) = T2(A3). Thus, the optimal price is pj.
Now suppose A;(A) < Ap < A} and Ay(A1) < Ag < A5, or, Ay < A (M) and A < Ag < A3 In
both subcases, A < Ay < A5 and A; < A} by Lemma 6. Then, by (15), we have

max 7(p) = max{ﬁg(Ag), 1 (Al)}.

p=>0
For the first case, by the definition of Ay(A1), T1(A1) = 7T2(Ay(A1)) < ma(A2); and for the second
case, 1 (A1) < T1(A;(A)) = m2(A) < ma(Ag). Thus, for both cases, max,>o7(p) = T2(Az), and the
optimal price is p2(A2).

(3-3) Suppose A;(A) < Ap < A and Ay < Ap(A1), or, A < A (N), Ay < Xand Aj4+Ag < Ay(A7).
For both cases, 7p(min{max{As, A\},A}) = 7a(max{As, A}) and 7 (min{A1,\i}) = 71(A1) by
Lemma 6. In addition, for the first case, since Ay(A1) > A by Lemma 6, we have

(A1) = T2(Aa(A1)) = Fo(max{Az, A}) = F2(A) = F2(minfAr + Az, A}).
For the second case, since As + Ay < A by Lemma 6, it holds that

T1(A1) = 2(Ao(A1)) > Fa(min{Ar + A2, AD) > (A + Ag)p > BT ().

Thus, for both cases, maxy>o m(p) = 71 (A1) by (15), and the optimal price is p;(A;).
(3-4) Suppose A1 < A ()\) and Ay < )\ < Ay + As. Then, by the definition of Al(j\), we have
To(\) = T1(A (V) = 71 (Ay) = ﬁl(min{Al,)\f}) and

ﬁ o(min{max{Ag, A}, A5}) = 2275 (N) < 7o(A) = Fo(min{A; + Ay, A}).

Thus, max,>o 7(p) = 72(A) by (15), and the optimal price is p.
(3-5) Suppose Ay < A;(A) and Ay(A1) < Ay + Ay < . In this case, by the definition of Ay(A;)

and Lemma 6, we have

ﬁg(min{Al + AQ,S\}) = frg(Al + AQ) Z ﬁQ(AQ(Al)) = 7}1(./\1) = frl(min{Al,)\T})
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and

ﬁﬁ'g(min{max{/\g, AL A3 = Aop < (Ag + Ag)p < 7a(Ag + Ag).
Thus, max,>o 7(p) = 72(A1 + A2) by (15), and the optimal price is pa(A; + A2).

Case 4. The proof of this case is essentially the same as that of Case 3, hence it is omitted. O

For the comparison of the optimal revenues, we also report the different cases together in the

following proposition.

Proposition 4. a) The firm’s optimal revenues in different regions of Case 2 in Theorem 5 satisfy
a-1) R > RUD > RUID » RK) ~ RVI) - g
a-2) R® > RVID | = [V, V.
b) The firm’s optimal revenues in different regions of Cases 3 and 4 in Theorem 5 satisfy
b-1) R > RUD > RUID » Rk) ~ RV » RVID | — [V, V; and
b-2) RVD > RVIID,

Proof of Propositions 3 and 4.

a) When p > max{p?,p3}, by Lemma 6, we have A < A\j < \. Since 71(-) and 7o(-) are strictly

concave functions and by the definition of )3, it follows that
RVD < 7 (A) < RIVY < 7,(A\) = RUID = 7,(03) < RID < 79(\5) = R,

and RVID < 75(A) < RV) < @3(23) = RUD . Furthermore, from the definition of A and Lemma
6, we have 71 (\) = To(\). Summarizing these results, we obtain a).

b) Suppose p < p < pi and piA; < piAi. By Lemma 6, A < A3 and A, (\) < A% < A%, Since
71(+) and 7ro(+) are strictly concave functions and by the definition of AJ, it follows that

RVID « RVD — 7y (X) < RIY) < 7p(A\}) = RUID = 7, (A%) < RUD < 7 (A5 = RY),

and RV < 71(A\ (V) < RY) < 71(A}). By the definition of A and A, (-), we have 71 (A, (\)) =

~

72(A). Summarizing these results, we obtain the results for Case 3.

The proof of the results for Case 4 is similar to those of Case 3, hence it is omitted. O
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