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CHAPTER 1
INTRODUCTION

1.1 Optimal Control Process

1.1.1 The Concepts of Optimum
Control and Performance Index

The fundamental mathematical problem in the design
of a control system is the specification of the control law.l
They can be realized in various ways depending on the will
of man. As the classical design techniques such as the
Nyquist plot, root locus method, and so forth, have been
reached their fruition, the tendency of research work in the
area of control system has been toward optimization. This
is due to the increasing demand for systems of high performance
and to the availability of digital computers which often make
feasible the calculations attendant on the design of an optimum
control system.

A physical dynamical system to be controlled can often
be described by a system of n differential equations or in
vector form

x(t) = £ ( x(t), u(s), t ) (1.1.1-1)

IWe denote this functional relationship by
u(t) = k(x(t), t) and refer to the function k as the control
law. A control law is admissible if k(x(t), t) 1is
admissible.



where

X = (x; ... x )EX

u= (u ... u,) €U

t (time) is a scalar in 7
x(t) in equation 1.1.1-1 is called the state of the dynamic
system, it is a minimum set of numbers which, specified at
any given time, suffice to determine completely the future
evolution of the system, provided the future forces acting on
the system are known. The state of the system 1s a (finite
dimensional) vector, xi(t) (1=1,2, ...n), the components
of x(t), are called the state variables which characterize
the control process. For example, a system of N particles
free to move in 3j-dimensional space has a state vector
containing 6 N components, composed of 3 N position and 3 N
velocity coordinates. In some cases, the dimension of a state
vector may be infinite, as in partial differential equations.
In equation 1.1.1-1 u(t) is called the control function which
determines the course of the process. For example in a
mechanical control problem the control function u(t) determines
the position of a machine's controllers. In most optimal
control problems, u(t) is assumed to be an admissible function.

Definition: u(t)éy is called an admissible function 1f U

satisfies the following three conditions (68).

(1) u(t) is measurable and bounded for to < t < tf

(2) 1f u(t), te < ¢t < t, 18 an admissible control, v is

an arbitrary point of U and t' and t" are numbers such that



tos t'< t"< te
The control ul(t), to<s ¢t <« tr defined by the formula
viort<tct"
u,(t) '{
u(t) for te < t < t' or t'< t <t,

is also admissible.

(3) 1If the interval to< t < t, 1s broken up by means of
& subdivision points into a finite number of subintervals, on
each of which the control u(t) is admissible, then this
control is also admissible on the entire interval t,gtstr
A control obtained from an admissible control u(t),
to ¢t L tr'by a translation in time 1is also admissible.
Example: The set of all piecewise continuous controls is a
class of admissible controls.

In this dissertation the dynamic system is assumed to

be described by a set of linear differential equations

x(t) = A(t) x(t) + B(t)u(t) with x(to)=x, (1.1.1-2)
where

x(t) 1s an n dimensional vector in X

u(t) is an m dimensional vector in U

A(t) is n x n time varying matrix

and B(t) 1c n x m time varying matrix

By the equations of motion of a dynamic system, is

meant a rule which specifies how the state of the system at
a4 given time is transformed into another state in the future.
This process is referred as state transition. The solution

of homogeneous equation to 1.1.1-2 denoted by $(t,ts), there-



4
fore, is called the transition matrix which characterizes
the motion of x(t) from ty to t.

The problem of optimal control is to find the
present control law u(t)=K(t,z(t}) and to force a dynamic
process governed by equation 1.1.1-2 to perform in some best
manner. To make the problem meaningful it is necessary to
define a quantitative index of performance. Mathematically

it may be assumed to have the following form (37, 38).

t
r
J = Te(xt, tf) + j c (9; (s, Xo, to), u(s), s)das
t’ (1.1.1-3)
where C 1s a scaler cost function

T, 1s a scalar terminal error measure
9h(s,xo,t°) 1s the solution to 1.1.1-2, X, and x, are
respectively the initial and final value of x(t) at t = to
and t = tr.

The general optimum control problem that we treated
here can be stated as Tfollows:

Given the initial state x, of the system given by
1.1.1-1 to find a control function u(t) such that (xf s tf)e S,
where S is a termiral set in X x7, and J takes on the least
possible value.

l.1.2 Types of Optimum Control
Problems

(A) Terminal Control: Given initial state Xo, choose an
.admissible u(t) to drive Xy, a8 close as possible to
a specified state r at specified tr. For this



5
Te=llr - x|

C=0
S=Xx tt

A class of problems of linear terminal control can
be found in references (9), (16) and (72).
(B) Minimal Time Control: Given x, choose an admissible

u(t) such that Xp =Y in shortest possible time.
For this

Te = 0

C=1

S=yxT
A number of problems of minimum time control have
appeared in the literature (2), (7), (22), (24),
(51), (64) and (65). The time optimal control can
be obtained as an explicit function of the state for
linear secord order systems (34) and for some linear
third order system by means of switching surfaces
(80).

(C) Pursuit Problem: Given X, and the moving target state

Y(t), choose u(t) to drive the state xp to y(t) as
soon as possible. This 1s a generalization of the
minimal-time control. This gives

Te = 0

C =1 _

S = {(r(t),t) : te‘r}
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For example D. L. Kelendzheridge, "On The Theory
of Optimal Pursuit," dealt with this type of
problem (43).

(D) Regulator Problem: Given x,, choose u(t) to
minimize some cost function C, which depends of u,
at specified time tr.

'1‘e = 0
C = C(u(t))
S =X x tr

An example of a regulator problem can be found in the
reference (46).

(E) Servomechanism Problem: Given x, and desired Y(t),
t €T, choose u(t) to minimize a measure of error
Y(t)-g(x,t)=e(t) at specified time ts, where g(x,t)
is a known function of x. This gives

Te = 0

C = C(e(t))

S = X x te
Several papers of formal solutions of servomechanism
problems have appeared in the literature (30, 62).

(F) Minimum Effort Control: Given xo, choose u(t) to
drive Xp to a specified state Y at specified time
te with minimum control effort. For this

Te = O
c=c (up)

S=7vx tr .



(@)

(H)

7
For example, Lucien W. Neustadt (66) considered the

case of minimizing the control effort
4

t
f m : p p
c = U = |u’e)] de]
J=!
to

and determined the minimum effort and optimal
control function u (t) by using the method of
steepest descent.

Minimum Fuel Problem: Given xo, choose u(t) to

drive Xe to state vy at specified tr with minimum
fuel. This gives

Te = 0
c= (fuj)
S=yvx tr_

Previous work concerning the minimum fuel problen
can be found from the papers (4), (5) and (7).
Minimum Energy Problem: Given xo choose u(t) to
drive Xp to state y at specified tr with minimum

energy
Te = 0 o
C = C(x,u) "power" in system
S =myx tf
From (D) to (H), one could also formulate a problem
with Te=# 0, then terminal error will be considered.
Of the most recent papers relating to minimum energy
control the references (4), (7), (21), (35), (38),

(60), (67), and (69) are pertinent to the present
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thesis. The theoretical development in sections
2.2.1 and 2.3.1 of Chapter II follows closely the
treatment of Porter (69).
l.1.3 Mathematical Approach Available
to Solve Optimal Control Problems
The following list several common approaches to the
solution of optimum control problems:
(A) Calculus of variations: (24)
(B) Dynamic programming: (10, 62)
(C) Maximum principle: (14), (15), (21), (25), (32) and
(75)
(D) Measure theory: (51) .
(E) Function space approach: (4), (7), (9), (35) and (69)

1.1.4 Historical Background of
the Optimal Control

The optimal control was begun in Russian by Ivachnenko
(1948) and Feldbaum (1949), in American by McDonald (1950),
and in England by Uttley and Hammond. These early papers
dealt with the relay control system with simple linear processes
of second order and with the problem of minimizing the settling
time after the application of a step input. Hopkin made further
contribution along these lines. In 1951 the earliest work on
an extremal sensing system of the optimal control type was
developed by Drapper and Li. Bushaw, Lasalle, and Rose (1953)
generalized the theory for linear processes., These reports
were unfortunately not published. S&me of Bushaw's work was

reported in the book by Tsien (1954). Bogner and Kazda (1954)
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again treated higher order systems and this approach was
further developed for third order system by Hopkin and
Iwana (1956). In the same year (1956) Kuba and Kazda
extended further to the system of fourth order by
selecting a continuous response curve to approximate the
parabolic phase plane trajectories of the ideal switched
system. Bellman (1956) developed the theory of dynamic
programming which is a general technique of optimigzation
using a digital computer. One drawback of this technique 1is
the memory required for a multidimensional vector x of
higher order. For higher dimensions, the required memory
quickly rises to astronomical proportions, and a direct
application of dynamic programming becomes impractical. R.
V. Gamkrelidze, V. G. Boltyanskii, and L. S. Pontryagin (1956)
developed a very interesting theory known as maximum principle.
This result was particularly interesting because it stated
properties of the optimal solution for every general nonlinear
dynamic system. In 1959 Desoer solved the minimum settling
time by use of calculus of variations and in 1961 he also
derived the maximum principle by use of the principle of
optimality. The derivation was particularly simple and did
not require {1 (t) (the set in which u(t) lies) to be convex.
Giancarlo L. Collina and Peter Dorato (1962) applied the
Pontryagin's maximum principle to the solution of linear
control systems with quadratic form of index of performance
and no constraints on the plant control signals. About the

time from 1960 to 1962 a series of papers relating to the
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optimal control problem were published by Kalman. Some of
his papers discussed the stochastic process. The stochastic
optimal control problem was originated by Bellman (1957) and
further developed by Bellman (1958), Fuller (1960) and
Wonham (1962). In the period starting in about 1959 several
papers of minimum energy problem have been successively
published. Recently a technique for solving this minimum
energy problem is focused on the method of operator formulation
and functional analysis. For example, in January 1963, M.
Athanassiades developed the optimal control for linear time
invariant plant with time, fuel and energy constraint. Several
months later in July 1963 he extended the problem of minimum
time, minimum fuel and minimum energy control for a class of
nonlinear norm-invariant systems. James S. Meditch (October
1963) solved a class of linear feedback minimum energy control
systems by introducing one additional coordinate of the state
vector, namely, Xn4+1 88 the minimum energy criterion, 1i.e.,
n+1'1/25' f<u(s), u(s)>as. About the same time W. A. Porter
treated the same minimum energy problem by abstract operator
formulation from functional space approach with no constraint
on u(t).

The body of this dissertation treats the generalized
abstract minimum energy problem with an application to the
design of both continuous and discrete linear control systems
for fixed and variable boundary conditions. Many physical
applications are illustrated such as the application of

minimum energy theory to the study of open loop system
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reliability. Some of the parameters assocliated with this
optimal solution will be determined by the method of steepest
descent. For the benefit of readers not familiar with the
method of the steepest descent and the concept of the
reliability a brief discussion is given here.

1.2 Introduction of the Method
of Steepest Descent

The method of steepest descent in Hilbert space was
originated'by Kantorovich (1948). A number of papers with
application of this approximation method to the solution of
optimal control problems can be found in the literature (9,
35). As a matter of fact, many practical problems such as
the solution of algebraic, differential, integral and other
types of minimization problems can be solved by this
approximation technique.

We shall give briefly an outline of the steepest
descent method in Hilbert space for the minimization of f(x).
Consider for example the following: Let X be a Hilbert space
and y=f(x) a functional defined on X. Here f may be either
linear or nonlinear. Let z and x be arbitrary elements of the
space X. The definition of the differential of an abstract
function at the point x is then the following:

Definition (strong or Fréchet differential). If a linear
functional h ¢ X* (conjugate space of X) exists such that with
4(x,z) defined by f(x + z) - f(x) = h(z)+ «(x,z) (1.2-1)

we have
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lo(x,z)l — o as |z||-o, (1.2-2)
then h(z) 1s calg:g the differential of the function f(x) at
the point x along the increment z.

In other words, if the expression df(x,z)=f(x+z)-£(x)
has an expression as a linear functional "h" on z plus terms
of "order higher than one in |z|," then f is said to have a
strong differential at the point x. In a Hilbert space where
functionals have the form

h(z) =<u,z>
it 1s convenient to think of u as the gradient of f(x) at X,
denoted by ¥f(x). Thus the equation
df(x,z)= <9Vf(x), Z2>+o/<X,Z2> (1.2-3)
is frequently used. Note also that the functional h = <vVf is
evaluated at the point x and 1s by no means independent of x.

Our problem is assuming that the function f(x) has a
unique minimum at x = x* an unknown point, how does one go
about finding x*%*?

The steepest descent technique is applicable when f
has a gradient Vf at every point of X. If this is so then an
initial xo 18 chosen. The number f(x,) and the functional
<Vf(xo) can be computed. Next the vector z¢¢X such that
|| zZoll=1 and z, maximizes -df(x ,z) is chosen. The one
dimensional manifold {kzo:k is real} is called the "direction
of steepest descent.,"

When X = H a Hilbertspace from the Schwarz inequality
it 18 clear that the negative maximum of df in 1.2-3 for
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"z,”-l.ia attained for the unit vector
z. = vf(xo)
o = -

lotxo)| (1.2-4)
The next approximation X, will be given by judiciously choos-

ing ko>0 and setting

v
x, = Xo+dXo ™ XotkoZo ™ Xo-~ko "€ xx, i

that 1s the initial estimate 1s adjusted by a step of size k,
(1.e., a vector of norm ko) in the direction of steepest

descent. Using x; the value of f(xl) and the function vf(xl)
are then recomputed and the procedure 1is repeated, generating

the sequence

- vr(x ) -
X 41 xn-kn = 2 where n 1,2, .... (1.2-5)

n’ll
The main theoretical problems are:
(1) To find a good way to choos kl,"" kn,"'
(2) To show that the sequence {xj} converges to a point
making f a local minimum and
(3) ‘to show that f(x) has global minima on H. In many
cases problem (2) can be answered by an application
of the contractive mapping theorem and problem (3)
frequently involves introducing convexity assumptions
on the function f.
It should be noted that the technique of finding 2z
depends on the type of problem under consideration. The step

size kn is either kept small such that the second order term

od(x,6x) 18 negligible or in a special case may be adjusted to
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speed convergence of the sequence or give the sequence other
desirable properties.
1.3 Introduction of the Concept
of Reliability

The problem of reliability has become important in the
recent years. In the development of large weapons systems
it 1s of prime importance. Without a doubt unreliability has
consequences in cost, time wasted, and in certain instances
personal and national security. PFor example, the failure of
a home radio would generally cost the amount needed to replace
it, however the failure of the similar transistor in a
ballistic missile might faill to start, this leads to the
subsequent loss of the misaile at tremendous cost.

The abstract concept of reliabllity may mean different
things to different people, and therefore it is difficult to
have a satisfactory quantitative definition of reliability.
Stated simply, reliability is the capability of an equipment
not to break down in operation. When an equipment, such as a
switch, a diode, or a very complex machine, works well and
works whenever called upon to do the job for which it was
designed, such equipment is sald to be reliable. The
satisfactory performance without breakdown while in use and
readiness to perform at the desired time are the criteria for
equipment reliability.

A measure of an equipment's reliability is the
frequency at which failures occur in time. If there are no

failures, the equipment 1is one hundred per cent reliable, if
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the rate of failure is low, the equipment 1is usually still
acceptable. If the failure rate is high, the equipment is
unreliable. Reliability predicts mathematically the
equipment's behavior under expected operating conditions.
Reliability expresses in numbers the chance that a plece of
an equipment will operate without failure for a glven length
of time in an environment for which it was designed.

According to RETMAl "the reliability is defined as
the probability of a device operating its purpose adequately
for the period of time intended under the operating
conditions encountered."”

Measurement or calculation of the adequate performance
of a device requires measuring all important performance
parameters. As long as these parameters remains within
specified limits the equipment is considered to be operating
satisfactorily.

In this dissertation we say that a relliable system 1is
one in which system components do not fall during the period
of operation, or if they do, the overall system performance
i1s insensitive or invariant under such fallures. A particular
type failure is studied in this paper. We shall consider
those systems in which the random fallure 1s defined as
follows:

Definition of failure: Let a denote an expected or normal

value for a system parameter, &, and §a = a - & denote the

1RETMA, Radio Electroncis and Television Manufacturers'
Association 1s now known as ETA (Electronics Industries
Association).
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deviation of "a" from its nominal value. Then if {a is un-
detected, it is cénsidered to be a failure. We shall consider
"a" to be a random quantity that is a random failure. More |
generally speaking we shall consider a linéar time-varying
systen whose coefficients are function of random variables
of known statistical properties, and the system will be
assumed to contain an unknown parameter §=(§,...f ) which is to
be determined.
The system equation 1s
£(t) = A(t,a, §) x(t)+B(L)u(t) » X(to)mxo

and the index of performance has the form
2 ftf
J = 1/2E|idxl|“+1/2 to (u,Rw Jds

Where R 1s a positive definite matrix, the symbol [u, v ]
denotes the inner product of u and v, and E| {x H2 is the
r.m.8. value of the terminal miss vector due to the system's
randomness. Evidently dx 1s a function of da. From the above
definition of fallure and reliability, the lower the occurrence
of failure the higher will be the system reliability. There-
fore the high reliability of the system under consideration
will be attained when the index of performance J takes on the
least possible value, as the result of properly choosing the
parameter §= (¢, ...¢ ) and control function u(t).

1.4 Problems and Objectives of
this Dissertation

In Chapter II four classes of the abstract minimum

energy problem are discussed and many applications to the
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optimal control problems are given for the purpose of
illustration.

The generalization of Kalman's method for the
evaluation of the optimal performance index and comparison of
abstract operator formulation with other techniques are
studied in Chapter III.

Conclusions will be stated and suggestions for future
extension will be made in Chapter IV,

The operator representation of a linear dynamic system,
which is utilized in the formulation of abstract minimum
energy problems and the determination of related parameters
by the method of steepest descent are stated in the Appendix
AIII and AX respectively.

The objectives of this dissertation are:

(1) To generalize the minimum energy problem as initiated
by Porter.

(2) To develop a technique for the computation of optimal
quadratic performance in both fixed and variable
boundary problems.

(3) To derive a method of steepest descent with inequality
constraint for the minimization problem,

(4) To apply the abstract minimum energy theory to the
study of open loop system reliability, and

(5) to relate the abstract theory to physical

applications.



CHAPTER IT
MINIMUM ENERGY PROBLEMS

2.1 Introduction

In this chapter an abstract operator formulation of
the minimum energy problems with its applications to the
physical systems 1s studied. It mainly deals with the follow-
ing four problems:
Problem 1: Let x be an arbitrary element of R™. Let Ft be
a bounded linear transformation of a Hilbert function space H
into R" and is defined by

. F = 0 $ (£)><ty
i=1
with fixed t. Let the set UxC:H be defined by

Ux = { u: u€H, Ftu = X }.
From the set Ux find the elem:nt u with minimum norm.
The s:t of range vectors {¢1}1, and the set of functionals
{<f1}1 » are assumed to be linearly independent. Problem (1)
can be applied to the solution of minimum energy problem with
fixed boundary condition.

It 1s proved in this chapter that v, the element which
minimizes J(u) = "u, + v|| , is given by F’( X + Xo)=Ug.
Problem 2: Consider the parametrized family {FB : se»f}or
linear transforms each of which i1s a mapping of the Hilbert

function space H onto R". Thus for each se¢/ the operator FS

18
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of this family has the form

F8 = B ¢1(a)><f:
i=)
n s B
where the vectors {¢1(a)k and the functionals {<f1§ are
1l 1l

linearly independent sets in R” and U. respectively. Find
the vector xeRn, the parameter s ¢J) and the input ueU such
that the constraints
x = Ftu
Yi(x,s) =0 1=1,2, ...m<n , xeR"
are satisfied and the functional
J = s(x.s)*"llull2
is minimized. Problem (2) can be applied to the solution of
minimum energy problems with movable bound conditions (see
Section 2.3.2).
Problem 3: Let Hl and H2 be two Hilbert function spaces and
F be a transfer operator carrying Hl into H2. Let Ft be the
t-th sample of F a mapping of Hl onto R"., 1If Ux i1s the set
defined by
t

Ux-%u: ue%_,th-x}

find the element u ¢ U  for which J(u) = ” Fu ”2 + “ u "2
Hy Hy

1s minimized.

Problem 4: Let H1 and H2 be two Hilbert function spaces and
F be a transfer operator carrying H1 into H2' Let Ft be the
t-th sample of F. If U and § denote arbitrary elements of

Hl and H2 respectively from the set Ux -{u : ué;Hl, Ft us= xk
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find the element which minimizes the functional
ORI TR P
2 1
Remarks (l): We define the phrase "Hilbert function space"
over a finite interval 7 of reals, or 6 = [to, ty ..o tr] to
be L, (T), or 12(6) respectively. '

Remarks (2): Since the range of F is C(T')F\Hz, the notation

of the "value at a point" of a function in the range makes
sense. We define P'u = (Fu)(t) where Fu is the unique
continuous image of u under F. (See Appendix AIII.) In the

discrete case, of course, these remarks are superfluous.

2.2 Problem 1

Let x denote an arbitrary element of R" and let the

set Ux be defined by

b 4
From the set Ux find the element u with minimum norm.

U -{u tuevyu, Ftu-xeRn}

2.2.1 Abstract Theory
t

Conslder the bounded linear transformation F’ of an
arbitrary Hilbert function space U into R™ defined by
t o
F' =2 &, (e)><r, (2.2.1-1)
i=]
n

Let the range vectors {cﬁ )S" and the functionals on U {< fii
1§11

1l
comprise linear independent sets, then Ft is a linear trans-
formation onto R™. The term "minimum energy" is derived from

the fact that many physical problems involving energy can be
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formulated such that the signals u(t) involved are considered
as elements in a Hilbert function space of functions of t

with the energy of the signal being ”u”2 =<y,u>= Jlu(t)|2dt.
In solving Problem 1 we shall make use of the fact that every
functional on a Hilbert space has a representation as an inner
product with a fixed element of the space. Let the fixed
element associated with the functional be denoted by ri. Then

n "
for the operator Ft the set {<r1} in H has a corresponding
1
n
set‘{fii in H. It 1is apparent that the linear independence
1l

of the functionals implies the linear independence of the

vectors.

Theorem (A): Let M denote the linear manifold spanned by the

4
set {ri}"; then M , the orthogonal complement of M in U, is
1l

the null space of Ft and the restriction of Ft to M 1is non-

singular.

Proof: Let NFt denote the null space of Ft. If uéML then

<:r1,u>-- o,1 =1...,n and hence Ftu = 0 which implies that

uéNgt hence Mc Npt. On the other hand if u¢Npt then Flu=

n
> 4’1><f1,u>- 0 and since the set{‘ﬁiin is linearly independent
i=] 1

<fu>= o(4 = 1,...,n) which implies that ue M hence MJ':NFt

‘and the first part of Theorem 1 is proved. Let FM denote the

restriction of F't to the subspace M that FM is nonaingularl is

immediate from the fact that FM is a linear mapping between

11r T 1s a linear transformation from finite dimensional
space V into W, and dim V = dim W,then T is nonsingular. (33)
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finite-dimensional spaces with a domain and range of equal
dimensions. (33)
Theorem (B): The set Ux has a uniqué element in M which is
exactly uo, the solution of Problem I.
Proof: Since Fy is nonsingular FM'l exists and the element

1x is the unique preimage of x in M, Since

defined by u-Fﬁ
M is finite dimensional it 1s closed and we may consider the
orthogonal decomposition U-MGDML of U, Let u denote an
arbitrary element of U which may then be uniquely expressed
as

us=u, + u,
where Glé M and ﬁaeML. Since M 1s the null space of F' the

additional relation

t

ants _ptr = L=y o pt= t= _ ot=-
x=F"u P ( uy + u2) P uy + F u, F u, + o0 holds

since ﬁl is a preimage of x in M it 1s unique and given by

u, = FM-lx
From the relation
2 -1 2 2
(3 I LV e
it is apparent that
2 _1 2
Ial > [[rw=x |

holds for every other u & Ux with equality 1f and only 1if

- -1
u FM

Remarks: The transformation FM'1 is exactly the pseudoinverse

x and hence the theorem is proved.

of F. Since M is uniquely determined by F no confusion can
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result from introducing the notation F+ - FM_l which will
be used in the sequel.
Theorem (B) satisfies the theoretical requirements
of Problem 1 and it is easy to fill in the computational

details. To illustrate let x¢R" be a given arbitrary vector

and take the set {ri}“ as a basis for M.
1l
Since o n
= o
U= ga1 %yt (2.2.1-2)

in terms of this basis here o = (dl...dn) and is a scalar

tuplet to be determined. Similarily x has a unique expansion
n
along the basis {¢1}1 for R ana

TS | @14)1 (2.2.1-3)
where the tuplet (= (@1...ﬁn) is uniquely determined by the
n
vector x and the basis set{¢ § .
1’1

Using equation 2.2.1-1 and 2.2.1-2 it is immediate that

n n n
R = R AE =X [[5<fy, £pd]  (2.2.1-0)

Since the set{¢i}l is linearly independent equation 2.2.1-4

implies the n equations
n

<f1,1’>d i=1...n

-
@1 J=1 JJ

or in matrix form:

(3 -?’o( (2.2.1-5)

Where f,, the (1,]) element of the matrix F ., is defined by
’ .

r -<f1, fJ>.

13
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F = [<r1, fJ>] (2.2.1-6)
The determinant of 7 is the Gram determinant of the set
{ri}: and hence the linear independence of this set assures
the nonsingularity of 7. Since the tuplet (3= (By «-- /32)
is uniquely determined by x, the equation

o =xA

uniquely determines d and in turn, through equation (2.2.1-2),u°.
The matrix ?also yields a simple expression for the energy of

u®. 1Indeed the expression

n
o|| 2 a ° o~ u Z Z >
e © =<u » W< Nl %> Sye®y <1y >0
is precisely the quadratic form
2 -1
| ue || =t .1 = (8, F481 (2.2.1-7)
The matrix ?"1 has a similar form to that given in (2.2.1-6).

+,n
Letting {fi }1 denote the dual basis for M it 1s easily

verified that (see Appendix AVIII)

-1
+ +
Remarks: The use of the?’ matrix is not the only computational
+n +n
method for determining u®. Let the vectors{fP} ,{f } denote the
i'1 1’1

dual basis for R" and M respectively. It 1s apparent from

equation (2.2.1-1) that the transformation F' is given by
n

t
F = 1‘2_1 r+><¢*
1 i (2.2.1-9)
and hence it 1s immediate that u® 1is given by
n
we = 2= r*scot, x> (2.2.1-10)
i=] N 1



25
The energy of u® is also easily computed in this case and is

given by

2 n + + n +
fue | =< £><¢ x> > f><d 2>
1=1 1 1, ,d=13 3

+ + .+ ¢+
- Ej«g x><i Y24 x> Gy
In the light of the fact that ﬁi-~¢¢:,x>and the preceding
remark it 1is obvious that this quadratic form is exact
equation (2.2.1-7). Before proceeding to the theoretical
generalization of the present discussion, it is fruitful to

consider two concrete ekamples from the theory of linear

dynamic systems.

2.2.2 Examples
Example 1l: Continuous Linear System
For the real valued linear dynamic system defined by
x(t) = A(t) x(t) + B(t) u(t) (2.2.2-1)
let us determine the control u(t) which transfers the vector
x(to) = xo to the value x(tr)-xf while minimizing the per-

formance index £

f
J = 1/2 (u(s),u(s)] ds (2.2.2-2)
to

To formulate this problem in the notation of the main
discussion, it 1s only necessary to introduce the input space
Us= L'g (to ,t.), the direct sum of m copies of the real

component Hilbert space L2 (to tf). The inner produce on

¢

U 1is given by .
<u,v>= J'f[u(s), v(s)] ds u,v€U  (2.2.2-3)
to
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and thus J(s)=1/2 |lu| 2, (2.2.2-4)
This example may be reformulated in the following manner:
given x, and X, in R" the vector ﬁ(tr) ¢ R" 1s defined by
ﬁ(cr)-[x(tf)- ¢(tp,to)xo] and the minimizing control 1s the
element u with the minimum norm such that x = Ftu. This 1is
exactly Problem 1 discussed above.

In the present instance, the columns {¢i(tt)}: of

the transition matrix«f(tr,to) and {fi} serve as bases for
l

R" and M respectively. It 1s not difficult to show that the

solution u® is given by the expression

n -1
u(t)=2 f, o, = BR(t)F*(to,t) 7 (t,)3

1=1 11
(2.2.2-5)
where fi = {-th row of matrix $(to,t)B(t) (See
Appendix AIII)
B=d(to,t)X(tp)=3(te,tp)[xpm (tp,t0)x0] (2.2.2-6)

and t
T #
Feg) = T&(ta,1IB(TIBI(T) &' (0,7 )aT

to (2.2.2-7)
Example 2: Discrete Linear System

Consider the real valued discrete dynamic system

defined by
Atx(t)-A(t) x (t) + B(t) u(t) , teé (2.2.2-8)

The problem posed is to find the control u defined on the
set 0= it,, t, ...tr} such that transfers the tuplet
(xo , to) to the tuplet (xr , tr) while minimizing the
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performance index
- 2 -
J hJ [u(tJ) » u(tJ)] . (2.2.2-9)

J=0
The similarity with the previous example makes the present
case easy. If 12(6) denotes the Hilbert function space of
all real functions defined on 6§ with the inner product
<u, v>= %_‘_ h, u(t, )vit,) v, vel,(6) (2.2.2-10)
then taking the input space 0813(6) with the inner product

> .
<u, vo= tJec hJ[u(tJ), v(tJ)] u,veu
it is clear that the present problem is closely analogous to
Example 1. It 1s easily verified that the matrix 7 is given

by
[te]-1 .
Flepsto) = s— b B(to t ,1)BEIBY(Y ) & (Lo, t,,,)

ol=lty]
(2.2.2-11)
while the minimizing function u® is computed by the rule
[ # -
uo(td)-B (tJ) é (t09 tJ"‘l)? l(troto) [é(tO) tf)xt' - xo]
(2.2.2-12)

2.2.3 Physical Applications

Example 1: Consider the continuous second order position
control servomechanism shown in Figure 2.2.3-1 in which the
gain, mass, and viscous damping which in general are
deterministic differentiable functions of time are assumed

in this example to be constant. The motor armature inductance
and backlash of the gear are neglected. Now by fixing :I.r the

following basic equations describe this system
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eg =Ae. = Ak, (6 -6,) =Rt +k bo (2.2.3-1)
T = k,i = JBo + £ b, (2.2,.3=2)
% = k390 (2.2.3-3)

where A = gain of amplifier
ki- motor constant
T, k2- developed torque, torque constant
ke gear ratio
ku- proportionality constant of potentiometers

$ = air gap flux of motor

R = resistance of armature circuit of servomotor M

Rt’ Lr = resistance, inductance of motor field circuit

J, £ = inertia, viscous damping (referred to motor shaft)

It 18 desired to find Gi(t) such that

Go(to)'eo, éo(to)'éo, eo(tf)'grand éo(tf)' éf

(2.2.3-4)

and tr 5
Jd = 1/2J ©  dt has a minimum value.
to
From equations (2.2.3-1) to (2.2.3-3) we have
JR 8 f R :
____.__+(_____+k1)6o+ﬁku k39° 'Akuei
k, ky
or é‘,+a1é‘,+%9‘,-de1
where K

= 2 ( fR + kl)
E?

aj
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aQ.Akzksku

JR
- 1
d = A ky ky(—gp)

Then in matrix notation equation (2.2.3-4) may be written

as (t) = A x(t) + B u(t) (2.2.3-5)
where A -[ o 1 ]and B Q[OI Ve
-80 -8, d
~
R
. r /11.
t I — MW
A
e hd Ly
M >6., I, t
-—1
7%
y4 .
N
— 1
i
>

Fig. 2.2.3-1.--Second order position
control servomechanism,
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It 18 not difficult to show that the transition matrix
#(t,to) of the system (2.2.3-5) is given by
é(tato) =
4’21 (tsto) ) 4’22 (t!tO)
where

-b(t-ty)
$,1 (t,to)= cqe sin[w(t-toHy,]

-b(t-to)
P12 (t,to)= cqe sin w(t-t,)

$21 (t,te)= c3e'b(t't°) sin w(t-t,)

¢22 (t,to)= cue»b(t-to) sin[w(t-t,)+¢2]

2,.2,1/2 2, .241/2
o (b+w%) I | -89 = [(a,-D4w"]
¢ w » C2 " Ty s C3 Ty Oy 1 -
a
W= (ao-bz)l/z b = gl » ¥, = tan 1(25) , and ¢? = tan l(Efzb)

The initial and final value of the state of the system can

be expressed by [ Qo (to) - —601
x(ts) =| Bo(te) | = 6,
- : )

X(T,p) = . =|

respectively. We can compute
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p = é(tO’tf) X (tf) - X (to)
¢11 (to’tr) ¢12(t°,tf) er e

¢y (o tp) $oo(to,t ) ér é

.- 2 e
¢11 (tO’tf)ef + ¢12(toatf) of + ] dl

P (bostg)O + dyp(taste) &+ 81 [y

where
dy = 1 (te,tp)0, + ¢12(t°’tr)ér + 6,

dy = $yy(Lo,te)0p + €55(t0,t.) 0, + 6

tf # *
- J $(to, 8)B(s)B (s) & (to,s)ds
to
t 2
J ¢ d2 4>]_2 (to’s) ¢12(t013)4>22(to,8) ds
to Pp2(tess) 4{2““8) $ %(to,s)
22
. {fll 12
T2 Ta2
where t

2
£, -[ a® $1, (to,8)ds
t

f12 -J d2 ¢12(t°,s)¢22(t°,s)da
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te
2
o, -g d <#22(t,,a)432(t°,s)ds
to
te
2 4 2
£25 -J' a®9,, (to,8)ds
to
f20 T35
-] 1

F - [EIPEPYIRIESPLR R PP f1a
Then the optimal control u® (t) or 9; (t) is given by
u°(t) = é: £, ol
i=1
- B'(t) 2" (to,t) F 8
N1(test) $(ta,t) f22 -f12] (%

1
= [o, d] )05, - 11,05

d
2]

or

° ° d (4)£559)5-0,8 51 5=d, £5) Pt
- 122
6 (t) = u(t) = T, 555 = 17,0,) at by
271122

and the optimal performance index can be computed as follows:

J° '<Ps ?-1p>

f

1 [d,,d,]

22 ~f12(|9

2

(d) fpp = 4yd505 = dyd,Tp) + 4y £, )

- 1
TrileZ -AfIéTEI)



33
Given specific values of these constants J, f, R,
Ay Ky, ks, k3 and k;, we can compute Gf(t) and Jo. This
method is applicable to high order systems, however the size
of the related transition matrix increases. .
Example 2: Consider the sampled-data control system given
by Figure 2.2.3-2:

v (t e(tl P G - l_e"'l'ﬂ 2- k vo(t):
T 1 8 (s+a)
[
sampler gero order amplifier with
hold low pass filter

Fig. 2.2.3-2.~-First order system with
sampler and zero-order hold.

Assuming for simplicty that a, k, and T are all unity,

one can easily verify (82) that

(z) G(z)
:1(:) = + z
where 1 - ™8 1
G(s) = s S—x s+l

6(z) = _z(1-e"1) _ 1-e} - 1-e!
(z-1)(z-e™ ") (z-1)(z-e"T) z - 1
After some manipulation we have
vo(Z) 0.632
= (20203'6)

vi(z) z + 0.264
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Let vo = x, and v, = u, equation (2.2.3-6) reduces to

zx(z) + 0.264 x(z) = 0.632u(z)
which leads to the following first order linear difference

equation

x(k+l) + 0.264 x(k) = 0.632u(k) (2.2.3-7)
or Ax(k) = -1.264 x(k) + .632u(k) (2.2.3-8)
where Ax(k) = x (k+1) - x(k)

Replacing k by t where t €6 = [to,tl,...tf] equation
(2.2.3-8) may be written in the following form

Ax(t) = -1.264 x(t) + 0.632u(t) (2.2.3-9)
The transition matrix of system (2.2.3-9) is given by

$(t,to) = (-.264)"% ynich satisfies

Ad(t,to) = 1.264 E(t,t,) (2.2.3-10)
The optimal input function u(t) that transfers the output
from x(ts) = 0 to x(tf) = X While minimizing the performance

index
[tr]-l [tr]-l
| . 3o 2
J J-o hJ[u(tJ),u(tJ)] J-O u (tJ)’

(where hJ = tk+l -tk = 1)

1s given by (see equation 2.2.2-12)
u(ty) = B (ty) 3 (ko641 772(t0,t0) [E(to,tp)x, = o]

(to-tyyy ) [to]-1 2(to=t, 47) -1 tomty
[ = u(-.264) ] (-.264)  x,
Amt,
(2to~-t, .~t,) [t ]-1 -1
= .632(-.264) = d*1f [ > u(-.zau)z(t°'ta+1)] Xg
d'tto]
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where
[tr]‘l . #
Fte,to) -OE—_“ X S(Bost, 4 )B(t,)B (t,) & (to,t, ;)
o
= 3 4 (-0.264)
°l"[to]

A simple extension to Problem 1 is given by theorem

(tO"ta( +1)

C. Let uo be an arbitrary element of H and xo = Fue 1its
image under F.
Theorem C: v = the element v¢ Ux which minimizes

J(u) = l|“° + v ”2 is given by

F* (x + xo)-u°

Proof:
Let v be defined as F‘(x + Xo) - Ug; then

Fv = F{.F‘(x+x.) - u,}- P F‘(x+x°) - Fup = Xx+Xg-Xo = X
and hence veUx. The equation v + ug = F! (x + x5) implies,
however, that v + uy is the element of minimum norm which
maps onto x + xo, under F. Since the norm of v + ug 1s J the
theorem 1s proved. From the solution given above to Problem
1 1t is clear that v can be computed by

n
VHuo s S fid,
i=]

-1
h
where ) ?7 A

Example: Since the present discussion 18 so closely linked
with Problem 1 above, this example 1s selected not as a

computational illustration but rather as a suggestion of a
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class of physical problems which give rise to the problem

posed in theorem C.

Consider a non-linear discrete dynamic system defined

by
Atx(t) = £(x(t), u(t), t) tes

Let the tuplet (X, U) denote a trajectory for this system
which 1s optimal for an arbitrary performance index. As
the control u is applied we shall assume that slight in-
accuracies in the control u, or inherent limitations of the
knowledge of the vector function f(x,u,t) cause the actual
trajectory to deviate slightly from x. Letting §x and Su
denote deviations from (X, u) and assuming that f is
continuous with respect to (X, G) it is not difficult to
verify that the perturbation tuplet (6x,5u) satisfies

A, §x(t) = A(t) 6x(t) + B(t) Su(t)
where the (1,J) entry of A(t) is given by

3fy ,
aiJ(t)' dx (x,u) 1,j=1..n

and the typical entry of B(t) is exactly

31‘1

- l(x.ﬁ) i1,=1..n,J=1..m.
byg(t)= 3

As a practical measure Su is to be chosen to produce a desired
value Sx(tr). While the original criterion of optimality may
have been something quite different from energy, the fact

that the physical mission may require that the fuel available
is actually the pre-computed value llﬁllz makes a minimum

energy strategy for the perturbation control essential.



37
Here we may choose to minimize "8u|]2 as in Problem 1, how-
ever since the actual total energy being used in given by
Hﬁ + §u H2 it might be more appropriate to minimize this
quantity which bring the problem within the scope of
theorem C,.

The class of problems with which we have been
concerned in the previous paragraphs was centered about a
transformation of a Hilbert function space U onto R". 1In
the succeeding discussions the scope of interest is given
a natural generalization patterned after the behavior of
linear dynamic systems. While the details become more
complex, the net result is that in spite of the complexity
the general problems to be considered are exactly the same as
Problem 1.

The solution of Problem 1 is the basic result on
the minimum energy problem. In this and subsequent sections
this basic result will be expanded in scope by consideration
of several variations on the basic problem. The first such
consideration 1s a variable end point problem which will be

studied in the following section.

2.3 Problem 2
Consider the parametrized family iF’ : seV}of linear

transformations each of which is a mapping of the Hilbert
function space U onto R®. Thus for each s8¢V the operator F3

of this family has the form

8 n B
F° = 121 4>1(as)><r1 . (2.3-1)
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n s . n
wherq the vectors{4a(s)} and the functionals {(f } are
1l 1)1

‘ [ ]
linearly independent sets in R™ and U respectively. Find
the vectonr x € Rn, the parameter s ¢/ and the input ué¢U such

that the constraints

s
x=Fu BEV (2.3-2)

wi(x, s) =0 i= ,..m<n, xeRn, se)V (2.3-3)
are satisfled and the function
J = g(x,8) + Ju|? (2.3-4)
is minimized.

2.§.l Abstract Theory

In solving this problem it is desirable to take
advantage of the results of Problem 1. To do this let us
note that in the family {FB : ser)each of M® 15 the
orthogonal complement of the null space of the respective
transformation F®. The restriction of F® to M® 1s a non-
singular mapping onto R™ hence an associated family of
pseudoinverse operators {(Fsﬁ : sé)f}may be defined such
(st F® 1s the orthogonal projection of U on M® for all
séV..

Assume now that Problem 2 has a solution and denote
by (X, 8) the range vector and the parameter value which
partially solves Problem 2. Let us assume for the moment
that (X, 8) is known, and after substituting (x, 8) into
(2.3-3) and (2.3-4) the functions g(x’s) and wi(x,s)

i = 1...m are independent of u, and the Problem 2 is reduced
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to Problem 1 with fixed (x, 8). To minimize J it is clear
that u the solution to Problem 2 is chosen as the solution
'to Problem 1. Hence u = (st X.
Remarks: These remarks show that Problem 2 may be stated
in the following equivalent form: Let the transformation

(Fs)i defined by

-

n +
(F®) = (5 <¢i (s)

J=1 i
denote a typical member of the set {(F’f : sev}and let the
set X be defined by

X & {(x,s) : x€RP, sev,¥(x,8)= 01 = 1,..m }

The solution of Problem 2 1s given by the tuplet

(x,s, (Fs)i X) for which (x,s) satisfies

n -
I(E,5) =tnf{g(%,8) +|| Z (r)*> <e, ‘5""‘>||2}

i=1 1
X,8

This formulation may also be expressed in matrix form. Let
+
B (8)=<d, (8),x>1=1...n and (s) = (B (s)...0, (s)

It 18 clear that the functions Xy and g may be expressed as

functions of (3, thus the set X becomes

x = {(£(s),8) : sV, ¥,(f(s), 8)= 0,1= 1...n]
and the solution to Problem 2 is determined by (3(8),3)
such that '
JA(E),5) = tnf { &(B(E),E) + [ACs), 75 p (31}
(B(8), B)EX (2.3.1-2)
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Evidently this is an ordinary constrained minimization
problem.

It 1s not our intention to explore in depth the
many variations and examples which stem from equation
(2.3.1-2). When all functions involved are surficienﬁly
smooth, the classical statement of necessary and sufficient
conditions 1s given by the theorem.

Theorem D: Let f(xl..xn) denote an objective function to
be extremalized which in addition to the r independent side
constraints

8y (xy.0x)) =0 J=1l .. r<n (2.3.1-3)

are at least twice differentiable at a point (il..in).
Ir i-(il...in) i1s a local constrained extremum for f (x) then

it 1s necessary that scalars (11...hr) exist for which
r

7t . r (xl..xn) + §51 2Jgj(xl..xn) (2.3.1-4)

has an unconstrained extremum at X. If in addition the

relationship

24 232 o (2.3.1-5)

1,=1 axfﬂx X

J
holds for all z = (zl..zn) satisfying

Y ’
121 a—xi- 5 2y "0 (J=1,...,r) (2.3.1-6)

then X yields a constrained minimum of f.
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Remarks: (1) If X is an unconstrained extremum of J (X)

then the u+r equations

Y. .
oJ (x) = 0 i=1...n (2.3.1-7)
o Xy
gJ(i) = 0 J=1...r (2.3.1-8)
in the n+r unknowns (xl...xn, P R xr) must be 3atisfied.
(11) If H is the matrix with (1,]) element 3°f(%X) and
00X o X
1

ax
sufficient conditions may be phrased as being

v.& denotes the tuplet VB = (%ﬁ— ee. 28 ) then the
1

[z, H2] 2 0 (2.3.1-9)
for all g = ZyeeeZy satisfying
[vng,z] = 0 (J=1,...,r) (2.3.1-10)

A proof of theorem D along with geometric interpretations of
Lagrange multipliers has been given by Kao (40). Other
sources on this topic include (13) and (28).
2.3.2 Example: Continuous linear
system with movable boundary condition
Here we shall consider again the continuous system

of Example 1 in section 2.2.2. In the present instance the
terminal conditions x(tg) =o and | x(to) H =1 must be
satisfied while minimizing the performance index J = “u(t)”
In short (xo,xf) must satisfy the constraints

¥1(xe) = [X0,%0] -1 =0

Vo(xp) = xp = 0 (2.3.2-1)
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Drawing upon previous discussions it 1s clear that

X = x(tf) - é(trsto)xo

=0 - 2(tp,telx (2.3.2.-2)
As before the scalar tuplet } will be defined by

f =% (to,t )% and in 1ight of equation 2.3.2-2 = -x ; thus
the first constraint may be re-written

¥1(f) = [f.f] -1 = o.
In this example the function g of equation (2.3-4) 1is
identically zero, thus the performance index is written
simply as

JB) = B, Fp)
To minimize J(f) while satisfying %1(@) = 0 the augmented
functional
1" (B = (B, F1 +2]1p.0) -1}

is introduced. The first necessary condition is given by
the equations

veJ'((S) =2 7% +2ap -0

]
3J_(B) = [f,p) -1 =0
oA
Taking the inner product with ﬁ on both sides of the first
expression and utilizing the second yields the condition

A= - [8, £74] (2.3.2-3)
hence the defining relationship for @ becomes
Fla = 3 (2.3.2-4)
) -1

In other words 3 1s an eigenvector of the matrix F .
Since this matrix is symmetric and positive definite all

elgenvalues of jf'l are real and greater than zero. From
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equation (2.3.2-4) i1t 1s clear that the eigenvalues of 5r'1
are the numbers J (f3) where f runs through the eigenvectors.
Since J (() is to be minimized the solution 1is determined
by choosing p to be any unit eigenvector corresponding to

the smallest eigenvalue of jf'l.

2.4 Problem 3
Let Hl and H2 be two Hilbert function spaces and F
be a transfer operator carrying Hl into Hz. Let Ft be the
t-th sample of F a mapping of Hl.onto R". 1Ir Ux is the set
defined by
Ux-{u : u€H, , F'u = x}
find the element u € Ux for which

2 2
J(u) = lIFu ” + ” u "
H2 Hl
is minimized. 2
Note that llFu "H is the norm<Fu,Fu> in the Hilbert
2
2

function space H2 and not in R" andllu ”H is the norm in Hl.
1
In solving Problem 3 we shall need to recall the definition

of the graph of a transformation.

2.4.1 Abstract Theory
Definition: Let F be a linear mapping of Hl into H2. The

set H(F) defined by H(F) -{(u,v) : vePFu, uéHl} is called
the graph of F., The graph of a transformation is thus the

subset of
H, x H, -{(u,v) ! U€H, , véﬂz}
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for which the ordinate v is related to the abscissa u by
v = Fu. The basic properties pertinent to the present
undertaking are summarized by the Lemma (1).
Lemma (1): (1) If addition and scalar multiplication are
defined on the set H(F) by
o(f,g) = (If, dg)
(fy,8)) + (f5,8,) = (£y45,, gy,+g,) (2.4.1-1)
then H(F) is a linear space.
(11) Ir Hl and H2 are Hilbert spaces and an inner product
on H(F) is defined by
<(f1:8))s (5.8 f(p)= <110 15> +<gl,g2>H2 (2.4.1-2)

then H(F) is a Hilbert space.

(111) If F 1s bounded then H(F) is a closed linear sub-
space of Hl b ¢ HZ'

Remarks: The graph of F has a natural connection to

Problem 3 for if w = (u,Fu) € H(F) then clearly

“w" -<w’ w >H(F)- <u,u>ﬂl

In other words the graph of F 1s a Hilbert space for which

+<Fu,Fu>, =7 (u) (2.4.1-3)
2

J (u) 1s the square of norm.

Let Gt denote the linear transformation of H(F) onto

R® with the property

Gt (u,Pu) = Ftu = x(t) uéHl (2.4,1-4)

t i8 linear and well defined on H (F).

It is clear that G
Thus 1f x(t)¢R" and if WeH(F) 1s the element with minimum

norm mapping into x(t) under G® then u the abscissa of w maps
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into x(t) under Ft and is the u € Hy which minimizes

2 2
sw= lra |+ ful]
H, Hy

while doing so this Problem 3 reduces to Problem 1 with

t

G° : H(F) — RV

being the operator in question.
The solution of Problem 1 was given by restricting
the transformation Ft to the orthogonal complement of its

t was nonsingular and 1its

t

null space. This restriction of F
inverse maps any x in the range of F~  back into its preimage
with minimum norm. This process will work as well for the

present situation and we shall proceed to locate the

orthogonal complement of the null space of Gt.
Lemma (2) The null space of Gt, denoted by Ng i1s given by
the set
NGt -.{(u,Fu) : ueNFt} (2.4.1-5)
Proof: If ueN t then a® (u,Fu) = F* u =0 hence
F
N (CN, . Similarly if (u,Fu)€ N . then G® (u,Fu) = 0 = Fu
F G G
hence N . CN _; thus N = N
Gt Ft’ Gt Ft.
Theorem E: Let Q and M denote the orthogonal complements

t t

of the null spaces of the transformations G° and F~ respectively

then Q is given by
Q= {(a,Fu) : (I +FOF) uen } (2.4.1-6)
Proof: The proof of theorem E is given by the following

chain of set equalities
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Q= {(u,Fu)_: (u,Fu) L (v,Pv) all veN t}
F

= {(u,Fu) :<u,v>y + <Fu, Fv>

= 0 VEN }
1 2 ’ rt

{(u,Fu) :<u,v>H + <F* Fu,v>H =0, VEN t}
1 1 F (see

Appendix AI-15)

{(u,Fu) : <(I + F* F) u’V>H =0 VeN .
1l ’ F

{(u,?u) : (I + PR F) ueM } (2.4.1-7)

Remarks: It 1s occasionally convenient to deal with the

projection of Q onto Hl‘ This set will be denoted by Su.
It 18 clear from theorem E that Su may be specified in any
of the equivalent ways

Su- { u: (u,Fu)GQ}

= { u: (I + F*F) ueM }

- { u:u=(I + F'F’lv, veM }
= {u:ue(r+ FoFTin } (2.4.1-8)
Here the fact that (I + F#*F) is nonsingular has been used.
The following lemma justifies this assumption.
Lemma (3) If F is a linear transformation of H, into H,,
then I + F®*F 18 nonsingular (1) and (79).
Proof: We must show that I + F*F 18 one to one onto as a
mapping of Hl into itself.
(1) It is one to one, because the equation (I + F#F)us=0,

ué Hl implies that
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0 =<(I + F*F)u, u>

= <u,u >Hl + < F*Fu,u >H2

<u,u>Hl +< PFu, Fu >H2

2 2
[l u + || Fu
| u || H, | Fu | K,

from which we have u = 0,

"(11) We next show that the range R of I + F¥F 1s closed.
It follows from

2 2 2
|¢x + P*P)u || = lull, +]|F*Fu ” + 2<F*u,u>,
Hy H, H 1

(2.4.1-9)
that [¢x + Foeyu | || ”
1 5
since F¥*F 18 positive. By this inequality and the
completeness of Hl, R 18 complete and therefore closed. We
conclude the proof that R = H; for otherwise there would
exist a nonzero vector ug orthogonal to R and this contradicts

the fact that >

<(I + F*F)uo,ue>= 0= u ||H = - <F¥Fug,Uo > < 0=> ug=0.

1 Hy

The solution to Problem 3 can now be concisely
formulated. Indeed the minimizing element u for the

2 2
functional J (u) = "Fu " +|u ”
Hy Hy

while satisfying x = Ftu is the unique element in Su which
is a preimage of x under Ft. It 18 also determined by the

condition that it is the image under (I + l"l“)"1 of the
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unique element véM for which

x = F* (I + F*F)~ 1y holds. (2.4.1-10)
It is clear that the major distinction between the
solution to Problem 1 and Problem 3 is a computational one.

n
In Problem 1 the vectors {fiil provided a ready basis for M.

In Problem 3 a basis for Su must be computed. For example,

n
the set {gi = (I + F*F)'lf1§1, is a basis for Su‘ Unfortu-
nately the inverse of (I +F%F) appears not to be solvable in

n
closed form and the element {51}1 must be obtained as

solutions to the equations ri = (I+F*F) B4» 1 =1...n. A
solution technique is discussed in the latter sections (see
Sections 3.1 and AX-1),

The element u which minimized J(u) = ”Fu”é2 + lu ";1

has been shown to be the unique preimage of x in the set Su

that 1is

(I + F*F)u = v for some vEN t (2.4.1-11)
F

The optimal u can be determined by either of the following

two methods:

(1) Utilizing the steepest descent approximation as indicated
in Appendix AX.

(2) Transforming the integral equation expressed in (2.4.1-11)
into a linear system of 2n equations. The solution to
(2.4.1-11) 4s stated by the following lemma which will be
proved in Section 3.1 of Chapter III.
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Lemma (4) Given x(t,) and x(t,) in R", the element u which
is the solution to (2.4.1-11) 1s given by u = B#(t) A(t)
where A(t) 1s the solution of a linear system of 2n equations
x(¢)] [A(t)  B(t) B#(t) x(t)
[x(c)]' [ I -A%(t) ] [m)} (2.4.1-12)
with the boundary conditions x(tgy)=x, and x(tr)-xr.

2.4,2 Examples
Example 1. Given the dynamic equation
x(t) = A(t) x (t) + B(t)u(t)
find the control function u(t) such that the state of the

system transfers from (0,t,) to (xr,tr) while minimizing
te

I(u) = 1/25 {[x(s), Q(s)x(s)] + [u(s),R(s)u(s)]]as
to

where Q and R are positive definite matrices.
The present problem 1s seemingly more general than
the previous case stated in Problem 3. However, if the

spaces Hl and H2 are defined by

t
f

Hy = {u : J [u(s), R(s)u(s)] ds< oo } (2.4.2-1)
te
by

H, -{u : J [x(s), Q(s)x(s)] ds< °°} (2.4,2-2)
te

respectively, and the respective inner products on these

spaces by the expressions
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t
'y

<u,v>=(" [u(s), R(s)v(s)] a8 u,veH, (2.4.2-3)
to
e

<xy>=|" [x(s), Qe)y(s)] s x,y€H, (2.4.2-1)
to

then J(u) may be written

2 2
J(u) = 1/2|| Fu "H +1/2 || u ”H
2 1

and the present example is included within the framework of
Problem 1. It 1s instructive to note the relatively minor
adjustments which must be made in lemma 4 in Section 2.4.,1
to treat the present case. Rather than redefining the
function spaces,the notation <u, Rv > and <x, Qy> will
be used to denote the right hand sides of the previous
equations, thus the complement of the null space of Gt
(defined as before), which we shall denote by O, may be
computed from

0 ={(u,Fu) :<u,Rv> +<Fu, QFv>, =0 , VEN
H H2 Ft

1l
= {(u,Fu) : <(R + F*QF)u, v, o= 0O , VE NFt }
1l
- {(u,Fu) : (R + F®QF)uéeM } (2.4,2-5)

The minimal element may now be determined as before. A

basis for Su’ which is defined by

S, -{u : (R + F®QF)U€EM }, (2.4,2-6)
n
may be determined by taking the unique solutions {gi} of
1
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the equations

(R + F.QF)gi = ri i = 1’2, L I ) n (2.".2-7)
n
where{ri} is a basis for M. The element u 1s then the
i
unique linear combination
n
us3y f.r (2.4.2-8)
. 1=1 1“1
such that F u=x which serves to determine the scalars rl...rn.

As an alternative approach to the problem we may take
advantage of lemma 4 in Section 2.4.1. Using previous

arguments the homogeneous differential system defining A (t)

and x(t) 1s given by

x(t)] [ace) B(t) R™1(t) B*(t)] [ x(t)

Me)] Lace) -A%(t) At) (2.4.2-9)
The boundary conditions that this system must satisfy are

x(te) = xo and x(tr)-xf.
The solution to equation (2.4.2-9) may be written

in partitioned form

x(£)] [@, (t.te) (B, (t,te)] [x(to)
M) | @y (k) @, (tito)] [Ate)]  (2.4.2-10)
It is apparent that the expression X(tf) .<Ehl(tflt°) x (to)

+ @12(tr,t°) A (to) defines A (to,). Assuming that
@%e(tr,to) is nonsingular we have also from the above,

-1
A(t)= @y (tste)x(ta)+ [hy(t,te) (B, (tpatodlxy - @) (tp,t0)%01.
(2.4.2-11)

Hence the minimizing u® is given by
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u°(t)-R'1(t)B'(t){(Ebl(t,to)x(to)
+ @z(t,to) @%(tr,to) [xr' ®l(tr9to)x°] }

when xo=0 u®(t)=R™1(t)Be(t) (B),(t,t0) @[5(tpita)x,

, (2.4.2-12)
Example 2. Let rt be a linear bounded transformation of
an arbitrary Hilbert function Space H onto R® find the
element u € H and x(t)€ R® such that \f(x(tr) ) =0
and J(u) = llx(tr)‘lz +]|u “2 18 minimized. (2.4.2-13)
This example can be solved by any of the following three

methods.

First method: It should be noted that the distinction

between the present performance index and the performance
index of previous Example 1 1s that the notation ||x(tr)||2
denotes in the present case a norm on the vector of R" thus
'Ix(tr)||2 is a function only of the terminal value (Fu)(t).

By replacing F by Ftr and taking the advantage of
the solution to Problem 3 of equation (2.4.1-11) the
optimal control u for every fixed x is given by

ut(F )98 TuaBa(t) & (bo,0)

or us=B#(t) é.(t.,t)d-(Ftt)'x(tr).
It can be shown that

(th)'x(tr)-B*(t) &' (to,t) & (t,,t0)x(t ).
Hence

usB¥(t) " (to,t) (- Flt,, te)x(t,) 1.

Now since
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e te '
x(tgs)=F “'fP(tr’to)j &(to,8)B(8)B*(s) & (t,,s)
to
 d
-£(tp,to)x(t,)]ds
and x(to) =S (t,,te)4 (2.4.2-14)

this leads to (3-55[0'- é'(tr,to)x(tf)l,
where % is given by equation (2.2.2-7).
Also the condition ¥ (x(ts) )=0 can be written as
¥(p) =0

and the optimal control u is given by

u = B¥(t) P *(t,,t)F "B . (2.4.2-15)
Substituting equations (2.4.2-14) and(2.4.2-15) in the
expression for J(u) in (2.4,2-13).

We have J(() =<@, é‘(tf,to)é(tr’tc)p>+<p,}' 3>
(2.4,2-16)

The solution to the present example 1s equivalent to
determining the tuplet  which minimizes (2.4.2-16) with the

constraint \}'((5) = 0,
Second method: This example can be solved by the application

of Problem 2 stated in Section 2.3. Here the function
B(x,t,) = || x(t,) || 2 (2.4.2-17)
For every fixed x, the u which minimizes J(u) is given by

te d
u= (P 1) x(t,) (2.4.2-18)

since x(tf) has the expansion

n
x(ty) = 3=

= «;bi(tf,to)pi (2.4,2-19)
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Equation (2.4.2-17) reduces to the following form

g(x,t,) = <f, é.(tr,to) P (ty,t0)3 >
It follows directly from equation (2.3.1-2) that J(u) can
be expressed by .

J(B) = <B, & (t,,t0) Blt,,t)5> +<B, F718>
which leads to the same solution given by Method 1.

Third method: Let T; and 'I‘t denote the transformations
2
defined respectively by
ot . R — RP (2.4,2-20)
1l
n + +
with T & s <P1> <¢ and<¢ ,¢ >=€ and
1 iel 1 1 7734
™ . y—g® (2.4.2-21)
2 n
ta
with T’ = ><f
2 121 4>1 i

n n <
Let the range vector{<b1} and the functionals on R { 4;}
n 1

and on U {<§f1}1 be linearly independent sets; then Tt

1
t
2

and T  are linear transformations onto Rn.

Let us introduce a cartesian product space V = R" x U and

define a transformation '1‘t as a direct sum of Tt and Tt

12 1 2
that is
t t -t n
T =T ®T = 3 $><h (2.4,2-22)
12 1 2 T <.

+
where h, = (4’1, fi)év
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Since 1t is clear that Tt maps V onto R" then the element
12

W= (x, u)€V for which x ¢ X and u €U has norm [ w |
determined by
2 . 2
fw| =<w, w>e <(x,u),(x,u)>=<x,x>+<u,ud= "x " +|ju ”
(2.".2-23)
The square of norm of the element we€V is, then, precisely

the J(u). Thus Example 2 may be reformulated in the follow-

ing way: consider the linear transformation Tt mapping V
12

onto R" with the form

n
t >
™ - 2 4& <h1

12 is=]
+ n
where hy = ($ ,f,)€ V, the vector {&1} and the functional
i
n 1l
{(hi} are linearly independent sets in Rn and V# prespectively.
1l
Find the element w with minimum norm such that
¢ (W) = x(t) (2.4.2-24)
12

By use of the same technique as that given by Problem 1 in
Section 2.2.1 the element €V has the form (see equation

2.2.1-2)

n
f J-l

Since x is an element in R" and can be represented by

n
x=3> ¢ f (2.4.2-26)
=1 11
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the constant o can be determined'and expressed as the

function of ﬁ by the following equation:

n n n
x= = ¢, 8, =1 () - = 4><n;, ¥ n><%

1=1 12 1=1 1 g1 J
(2.“.2-27)
This give
5 4 8
= d * . -
g 32-1< hi’ hJ> s (2 2-28)
, . n
because of the independence of i¢ }-
1’
In vector form we have
B - N ot
where @ = col. (B, ... (Jn) (2.4,2-29)
(-
col.(d1 "'drﬁ
A o= (<hy, hy>]
It can be shown that
-1
= [<n*, n*>)
i
+\0
where {h } denotes the dual basis for V.
14
Hence we have
1 + .+
o = A ﬁ = Kh", h >]($ (2.4.2-30)
i 3

where in matrix form

<n' n'>1 = (<04, ), (4, t*)»]
1> 1 J

- <P, b > +crt, 5]
10 ¥y o

-1
= [ & (t,t0) &(t,to) + F 1 (2.4.2-31)
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where ¢ ®
]--J @ (to,8)B(s)B*(8) § (t,,8)ds (see equation 2.2.2-7).

Now the mifiimum energy "0)“2 has the form

2 n n
- w = >Sa ol
J(u) " " <w,w <12I]_h1 i° ;:-l hJ dJ>

n n
- ol ol
12-1 32'._1 1<h1,hJ>: ]
= <o, Aol > (2.4.2-32)

or in terms of
=1
J((j) '<(3:~ (3>
-1
=<@, [£(t,t0) $(t,t0) + F 18>

] -1
=<B, & (t,to) F(t,t0)3 >+ <B, FB>(2.4.2-33)
The desired x € R® and ué U can now be computed by the

equation (2.4.2-25), that is
> n o
ws= h
n

n
or we = ntg = = (¢,.th
1=1 i 1=1 1°°1 (31

which glves n

-3
x 1_14’1(31 (2.4.2-34)

n
+
and us= 33> fr
1=1 i @1 (2.4.2-35)
The solution to this example reduces to the determination of
@ which minimizes (2.4.2-33) with the constraint Y((3) = 0.
Example 3. Application of Problem 3 to the open loop system

reliability can be formulated in the following.
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Given the continuous linear dynamic system governed

by
x(t) = A(t,a, § Ix(t)+B(t)u(t) , t€T=[t,,t, ]

(2.4.2-36)
and x(to)=x, , E[x(tr)]-ir where (Xo,to) is a fixed
point, a, c1< asge,, is the random variable with known
statistical properties, ¢y and ¢, are two constants, and §
is the unknown parameter to be determined.

Find the control function u(t) and the parameter 1

such that the index of performance
t
1 @ 1 (T
JeszE|sx|l +3 J (u(s), R(s)u(s)ldas (2.4.2-37)

to

is minimized where E[y] denotes the expectation of y.

Assumptions:

(1) The matrix A(t,a,f) which 1s subjected to a random
variation 1s expressed by
A=K+ 4a (2.4.2-38)

where A = mean value of A

§A = deviation of A from 1ts mean value.
(2) The variation in §A 1s small with respect to A (higher
order terms in dA are negligible) so that the stability of
the system will not be affected by the change in dA.
(3) The vector {= (f,...f ) 18 allowed to range over the

set of values defined by
2 2 2 2
[= { ¢ ¢ §1+ ?2+ cen +-?n e }for some fixed constant

Cc.
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(4) R 1s symmetric, positive definite, and is generally a

time varying mxm matrix.

(5) The matrix D defined by

2 -
[ a&'g° 32 go
9§ of of af
1l 1l l n
Dml| (2.4.2-39)
g0 ... 2l go
of af o of
L n 1l n n

is positive definite, where J° is optimal index of performance
with respect to the optimal control function u®, i.e., 1t

is the value evaluated at u®°,.

Solution: If the random variation in A (A = X + SA) causes
the deviation of the trajctory from its nominal path, X, by
§x where the state of the system x = X + & x, then the

equation of motion of the nominal trajectory 1s given by

x = kX + Bu (2.4,2-40)
and the perturbation of the trajectory, neglecting second
order terms in 6A and $x, 1s described by

x=K8x + A% (2.4,2-41)
It 1s well known that the solution to (2.4.2-40) and
(2.4.2-41) are respectively expressible in the following

matrix integral form
t

Z(t,t0)= €(t,50)%0 + | &(t,8)B(s)u(s)ds (2.4.2-42)

to

t
§x(t,to)= $(t,t0)5%0 + | € (£,2)6A(8)5(T) AT  (2.4.2-43)
t
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where dx and:fA are function of random variable a., Since
(Xxo,to) is fixed without error that 1s § xo=0,at tst,

equation (2.4.2-43) reduces to

t
Sx(t,te) = Jt $(t,7) SA(T)R(T)dT (2.4.2-44)
(-]

In many practical problems the functional J may be
extremely complex and thus causing difficulties in analyzing
its extremization. Assume however that a second functional
I may be found which is simple in form and bounds J in the
sense that

J<MI , (2.4.2-U45)
for all parameter values.

In this situation we are tempted to replace the
problem of finding minimum J by the problem of seeking
minimum I. Since these are two different problems, we obtain
only an approximate solution to the first. The approximate
solution may be used as an esiimate of the true optimum or
perhaps as & first estimate in the optimization procedure.
Such an approach reduces significantly in the difficulties
in calculation. This technique 1s frequently used in
practical problems such as the one given in reference (8).
By means of the Schwarz inequality it can be shown in the

Appendix AIX that
' t

2
Il &§x Il < MZJ (5 A §a Xlas ; (2.4.2-46)
t
hence 5 & °
E"Sx ” \<J [x, Q x] ds
to
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where V' denotes the transpose of V

Q =M E [SA'éA] (2.4.2-47)

and
t

£ t

2 n 2

M™ = J I b w (t,r)drat (2.4.2-48)
to to 1,k=] ik

This M so obtained 18 the smallest number for which the
above inequalities hold, and wik- the element of the matrix
$(t,T). Now if A is a constant matrix, then §(t,T) = &(t-7).
We shall solve the above problem by the following approach.
(1) Fix § and find the optimal u(t) as a function of § such

that .
£
I=5E[6x]?+3 J [u, Rulds
to
t
J1 (T
-"-"JJ {[i, Q X1 + [u, Ru]} ds (2.4.2-49)
to

has a minimum value (denoted by J° (%) ).
(2) Choose § such that J°(§) attains a minimum value subject

to the following inequality constraint:

2 2 2 5
§1 +$2+...+fnéc

where c 18 a constant. Note that once u(t) 1s found by

substituting in (2.4.2-49) 1t is clear that J°($) 1s a function

of ? = (fl cee ?n) only.

To formulate this problem in the notation of main
discussion in Section 2.4.,1, we introduce the space H,, Ha

- and [" defined by
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t
Hy = {u : f [u(s), R(a)u(s)]da<°°},

te
t

H, = %x : j [x(s), Q(s)u(s)]ds<w},
to

respectively, and the respective inner product on H1 and H2

spaces by expressions

t

Lu,v>= J 1.[u(s), R(s)u(s)]lds u,vé H
to
te

<%¥>= [ Trx(s), Qla)y(s)las X,y € H
to

By the application of Example 1 of Problem 3 in
Section 2.4.2 to the above example, the optimal u(t) for
fixed f can be found as given by Equation (2.4.2-12). The
optimal index J°(f) can be obtained by equation (3.5-7).
Finally the optimal parameter f can be determined by

minimizing J°(f) subject to the constraint $2+ +§’2g c2.
1

n

It should be noted that the variation of {= (§ ... §)
1 n

in this example is small over the set defined by
2 2 2
M= {? fl + ... +?n$ c } such that J°({) has a convex

property within the set . Therefore the method of steepest

descent is applicable to the above example for the



63
determination of § (i=1,2,...n).
i

Let us give a numerical computation to illustrate a
class of physical problems giving rise to the problem of
system reliability. Given a dynamic plént described by the
following block diagram

. (t)
u(t) +~0  E(t) x(t)=Hx(t)+BE(t) bl

T.x(t) [+

Fig. 2.4,2-1.--A feedback control system with
random variable "a" and unknown parameter §= (§ ,§ ).
1l 2

assume that

[-a 0]
H =
. 0 -a
B =1 O
0 1]
and Tr ?1
| 0 5, (2.4.2-50)

The random variable "a" has the probability density function

given by
1
£(a) = 2 0SS a<?
= 0 otherwise.

The problem is to find the parameter (§ »§ ) with the
l 2
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constraint 2 f 2 1 2
1 + 2&(3)
and the control function u(t) = (ul(t),uz(t) ) for given
x(0)=x, and E[x(tl)]-o such that the system attains a highest
possible reliability with minimum input energy.

We may transform this problem into an equivalent
form stated in the following.

To choose u(t) = ( ul(t), uz(t) ), O0gt <ty

and ?- (?1, $2)

such that
t

1 2,1 (1}
I=3E|8x|°+3 J [u(s), R(s)u(s)lds
’ -]
takes on the least possible value with u, f,x subject to
the following constraints.

(1) 2(t) = A x(t) + B u(t) » Ogtst,

@ 17,17 @7
2

(3) x(o) = xo, i(tl) = 0
(4) A-H-Tr-K+SA

where a+$, o da 0
K=o and SA = -
0 a+ ?2 0 ¢§a

In the above equation a = & + §a, a2 18 the mean value of the
random variable "a." The probability density of a is given
by f(a) = 2 0<asi

= 0 otherwise,
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and B =R =[] 0
0 1]

i
First we compute E [ AI\JA], M2 and Q in terms of 71 and fz

(or r, and r, where ry=a8+f,andr, =3+ ).

(1) Computation of E[SA" S§A]:

first find & = E[a] = Jl/z af(a)das= 1/4 (2.4.2-51)
o
now r(fa) = f(a-d) = r(a-1/U)=2, -1/bgac<l/h
hence E[6a2] - jl/u l?r(l)d2~ = 1/48, (2.4.2-52)
~1/4
then

E[SAT §A] = EJr-58 o 7 (-fa o i_ 1/48 o
[ o -58] [ o -6a] [ o 1/#8]

Also since

+ 1/4
K - 71 (o]
° S, + 1/4
by change of variable fi + 1/ =T (11, 2)
then e rl o
(o] rz
and the constraint equation becomes
(ry-1/0)2 + (r,-1/8)%< (1/8)2 (2.4.2-53)
(2) Computation of M2
-r, (t-T)
Since . "11 w12 . e "1 o
-r, (t-T)
w21 w22 o e ,
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we have t1 t
2 = f 2 2 2 2
M 5 ("11 + P + Wy, + Wos )dT at
o o
t b -2r, (t-7) -2r, (t-7)
= j j [e + e ) d7 dt
o’o
thus
-2r,t -2r,.t
2 171 271
M (rl,r2) = e -1 +2 r ¢, . e -1 + 2 r,t,
2 2
“rl Hrz
(2.4,2-54)
(3) Computation of Q
' . H2 o Ml 0
Now Q = M°E [SA SA] = g w2 |- My (2.4.2-55)
o B§Y| LO
MZ

and M 18 given by (2.4.2-54).
To find the optimal u(t) we shall compute

@ @1y ¢ate) @y, (et
8 (t.te) (H),, (t,t)

that satisfies .
@ (t,to) = z@(t,t,)

and
(8) 13 (beste) =(B) 1o(tartad=I , (@) 15(testo) =(H) 5y (to,to)m0
L
where R BRB
Z = (2.4.2-57)
Q -x*

X denotes the mean value of A.
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The result of the submatrices 11’ @12, @21,
and @22 are easily obtained and expressible in the

following form:

[ r
/ 2 - —3 , 2 't 0
11“.’5.): cosh l'1 mlt sinh ry +n1

2

/rl +My

0 cosh [r, M.t - "2 sinh [r,2+M, t
1T = 2 ™t

| - /rz +M,

12(tate): '1""‘J’12"'1 t 0

[~ .

sinh r, +Ml t

-r
0 S — sinh ’r22+!!1 t
{r, +m |

he

and

r
‘ 2 ' 1 2
22 rl ﬂll
T2
0 cosh|r.+M. ¢t + sinh(r, +M t
J 2 2 2 jZ 1
frz +M1 J

where to = 0 in this example.

The optimal control function u®(t) with fixed ¢ 1s

given by:
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o1

u*(t)=R"1p [(Egl(t,t.)4ﬁgz(t,t.X@[:(tl,t.ﬂgkl(tl,t.)]x(t.)

(2.4,2-58)

The control function u®(t) can be expressed as a function
of the instantaneous value of x by replacing t, by t in

(2.4.2-58). This yields

u°(t)--n‘1a' lce ,t) t.,t)x(t)=-k(t)x(t),
@ (t100) (B 8y, 80xC x(t)
(201'02-59)
where k(t) = R-1B @-:(tl’t)@u (t,,t)
1

is the optimal gain equation. Equation (2.4.2-59) represents
the control law for the system shown in Pigure 2.4.2-1., The

optimal index of performance can be obtained from equation
(3-5"'7)

JO = ~1/2<x(ty), A(te)>

= 1/2<X(t°), @: (tl’t°)@11(tl’t°) b 4 (to)>

which gives

L:z coth/ 2 _ 2 , 24m.coth(p 2
[ 1 +M1 ry +M1t1 rl} + X50 [ r, +M1C r, +M1t1-r2

-
v (2.4.2-60)

2
X
I = 10
2
where M, 1s given by (2.4.2-56)
and  (r;-1/8)° + (r,-1/8)2 < (1/8)2

Fortunately the rather cumbersome expression of

(2.4.2-60) has a simple approximate form in the set

[e {r: (r)-1/8)%4(r,-1/1)%< (1/,8)2}.
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For convenience, we shall assume that X10 * X3 -,[5
and tl = 1. Expanding the function e?Y and y cothy using
fourth order terms in y will give a good approximation for

small or modest sigzes of Y. By doing so we have

2 2
M= 2/48 (1-T3 *Ta 4Tyt T
3 6
2,. 2
and ry¢r, . r,“+r
/r12+M1 coth/r12+ul =1 + 1/3[r12+1/48(1- 1 "2+71 ""2 )]
2 ry+r r 24r 2
-1/850r, “+1/48(1- 1772 + T1 T3 )) (2.4.2-61)
3 T &

since the parameters ry is within the l1limit 1/8<r1s3/8
(see equation 2.4.2-53). The upper bounded value of
2 2
’rl +M, coth /rl +M, for ry=r,s= 3/8 in equation (2.4,2-61)

is given by 1 + 0.0525 - 0.000552. Clearly the third term
is much smaller than the first and second term in equation
(2.4.2-61) for the parameter r; ranged over the interval
1/8¢r; < 3/8. The analysis is considerably simplified by
neglecting this third term. Then total expression of J° is

given by

2. 2
J* = 2+1/3[r12+1/u8(1 - r1”’2+"1 *rry3-ry
-3 T 5

2. 2
4-%§[r22+1/a8(1 - T1 4 Tpap 1, )1-r,
3

or J° = 0.3356r,% + 0.3356r,2 - 1.0046r, - 1.0046r, + 2,014
(2.4,2-62)
From the numerical comparisons of J° obtained from
(2.4,2-60) and (2.4.2-62) which are listed in Table 2.4,2-1,

it can be seen that equation (2.4.2-62) does represent an
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excellent and simple approximation to equation (2.4,2-60)
for 1/841'153/8(1-1,2), X10"Xa0™ Y2 and t,=1.

TABLE 1

SOME NUMERICAL COMPARISONS OF J°
OBTAINED FROM EQUATIONS
(2.4.2-60) AND (2.4.2-62)

Equation rlgr2-3/8 rl-r2-2/8 rl-r2-1/8 rl-l/B, r2-2/8

J’°a
PP .
Calculated 1.3552 1.5536 1.7733 1.564
from
2.“.2-62

(-]

J true
HCalculated 1.3522 1.5508 1.7712 1.561
from
2.“02-60

Error 0.22% 0.18% 0.12% 0.19%

From equation (2.4.2-62) it can be readily shown that

92 ge 0
< I >
Sirl
and } ]
92 Jeo 82 Je
det
* 2
a r, o] 1'1a >0
9250 9?z0
ar,a ry o 1‘22

for all 1/8<r, < 3/8 , 1=1,2
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Hence the Hessian matrix, which is defined by
[——-———a‘if‘gr‘1 ] 1, = 1.2

is a positive definite matrix. This leads to the fact that
J°(r1,r2) is a convex function of ry and rzwithin the set " ,
defined by
[ - {r t (ry-178)24(r,-1/8)% < (1/8)2 }

Since J°(r1,r2) in (2.4.2-62) 18 a twice continuous
differentiable function with respect to ry and r, and g(r)=
(rl—l/‘l)2+(r2-l/ll)2-(1/8)2 is a convex function, the method
of steepest descent can be applied to the above problem in
order to determine the parameters ry and ry in the
minimization of J° subjected to the inequality constraint

g(r)< 0.

2.5 Problem 4

Let Hl and H2 be two Hilbert function spaces and F
be a transfer operator carrying{Hl 1nto'Hz. Let Ft be the
sample of F., 1If u and 3 denote arbitrary elements of Hl and
H2 respectively from the set Ux = {u: ué Hl’ Ftu = X } find

the element which minimizes the functional

n 2 A 2
J(u) -'lFu -y ”H +,'u -u "H .
2 1

In Problem 4 the present line of development is brought to
its full potential as far as theoretical considerations are
concerned. We shall use as before the notation H(F) for the

graph of F. The problem may be split into two cases.
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2.5.1 Abstract Theory
Case I: 1In general the pair (u,y) is an arbitrary element
of H1 x HZ‘ For the present we restrict attention to the
case where (ﬁ,;)é H(F). Under these conditions theorem C
applies (replacing (Ft)* by (Gt)*). Indeed let (u®,Fu®) be
defined by
(ue,Fu®) = (a%)' [x-%1 + (&,F0) (2.5.1-1)
where x is defined by X = Ftﬁ = §(t) and the property
; = Fﬁ has been employed. Operating with Gt on both sides
of this equation ylelds
Gt(u°,Fu°) = P'u° = x-x + @b (G,FG)
- x-x + Ftﬁ = x
hence (u®, Fu®) is a preimage of x. Conversely the equality
(u‘,Fu‘)-(G,FG) = (u°-3, Fu®-Fu) = (Gt)* [x-x]
implies by the definition of (G%)' that (u®-d, Pu°-Fi) 1s
the element in H(F) with minimum norm mapping into x-X.

However since

feue-8, pumpdy | 5w flueci IF 4w I = scue
H(F) H, H,

and u,y,x, are all fixed it 1s ciear that uw 1s the solution
to Problem U4 for Case I.
Equation (2.5.1-1) may be rewritten as
6¥(u°-G, F(u°-u)) = x-x (2.5.1-2)
which has the same form as equation (2.4.1-4). By the
application of theorem E, the optimal u® is satisfied by

(I + P*F) (u®-u)€ v for vEN . (2.5.1-3)
F
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The computational technique for finding u® 1s essentially
the same as that of Section 3.1 (or lemma 4 in Section 2.4.1).
Case II: Let (U,y) be an arbitrary element of H, x H,.
Since H(F) is a closed linear subspace of H; x H, 1t follows
that the decomposition

Hy x H, = H(F)@H(P)'L (2.5.1-4)
may be defined along with the orthogonal projection PH of

H, x H, on H(F). Let (ii,§) be defined by

1
(6,§) = Py(d,3) (2.5.1-5)
then (u,¥) 1s in H(F) and (G,§) - (u,y)¢ H(F)'L and thus the
aequalities
2 N2 2 2
[ Pu-y || +llu-u || = lcru-3) + G-l + |cu-2>+ @-0) ||
H, Hy H, Hy
2 2 2 2
= Fu-g || +{lF-y | + [Ju-i |+ [l5-G )
H, H, Hy i,
2 2 2 2
=Pu-g | +ffu-a | +[F-5 [ +[E-u ]
H, H) H, Hy
(2.5.1-6)

hold for all uéiﬂl. The last two terms are independent of
u and hence it is apparent that Case II 1s reduced to Case
I by taking the projection of (ﬁ,&) on the graph of F.

The projection PH: Let the operator V on the Hilbert space

Hl x H2 be defined by the relation
V(u,v) = (-v,u) » (u,v) € H, x H,
(2.5.1-7)
It can be proved (1) (also see Appendix AXI) that the
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orthogonal complement of H(F) in Hl x H2 is given by

H(F) = VH(PY) (2.5.1-8)

A consequence of this result is that the orthogonal
decomposition of Hl x H, on H(F) 1s given explicitly by the
formula

H) x H, = H(F) (+; VH(F*) ~ (2.5.1-9)
This formula will prove useful in defining the orthogonal
projection of H1 x H, on H(F).

Let (ﬁ,§)6 Hl x H2 denote an arbitrary vector. Then

in view of equation (2.5.1-9) a unique decomposition exists

of the form

(u,y) = (&,Fi) + V (u; , Fu,)
= (u,Fu) + (—F'ul, u,)

= (u-F*u., Fu + “1) : (2.5.1-10)

1,
This equality implies the two equalities

la
= - #

u u F uy

y = Fi +u, (2.5.1-11)
Operating on the second equation with F* and using the
result to eliminate F'u1 in the first equation produces the
result

G = (I+F)"L [0+ Fey) (2.5.1-12)

Similarily it 1s easily shown that u, satisfies

Ty = (I + PR)TL [5-P) (2.5.1-13)
Since the pair (u,Fu) is determined completely by u equations,
(2.5.1-12) 1s sufficient to define the projection Py of Hy
x H, on H(F).
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2.5.2 Examples

Example 1: Given a plant whose dynamic characteristic is
defined by
X(t) = A(t)x(t) + B(t)u(t) where t€T = [t,,tr]
(2.5.2-1)
and the reference trajectory x(t).
Find the control function u such that x(ty) transfers

from x(te) = 0 to x(tr) = X, and

J(u) = l/ZJ {[(X-i), (x-x)] + [u.UJ} ds
to (2.5,2-2)

is minimized.
Solution: We may reformulate the above problem in the notation
used in Problem 4, namely, given x ¢ R™ and let F' be the

transformation from U onto R", to find the element u € U such

that )
+ 172 || u "H (2.5.2-3)

L2
J(u) = 1/2||x-x "H
1l

2
18 minimized.

For the present case u = 0 and (Q,O) is a tuplet of

H, x H The relation Fx = ﬁ does not hold. Case 2, there-

1 2°
fore, in problem 4 is considered. Replacing ﬁ in equation
(2.5.1-3) by u expressed in equation (2.5.1212)gives:

(I + P*P) [u®-(I + F*F)"1(& + P*%)J€v  for veN .
P

(2.5.2-4)

OF (I + P#F)u°-(u + P*X) = BA(t) §¥(t,,t) o (2.5.2-5)

t "
or u°-ﬁ-s-(t)é'(c,,t){c-ffé'(s,t,)txm-x(sn as }
to | (2.5.2-6)
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Utilizing the same argument as stated in the lemma U
given by Section 2.4.1, it can be shown that the optimal u®

is given by
u-u = B#(t) A(t) (2.5.2-7)
where A(t) 1s the solution to the following 2n linear

differential equation:
x (t)] [A(t) B(t)B*(t)| [x(t)] [B(t)U(t)

A(e) | I -A%(t) At) ~x(t) (2.5.2-8)
The solution can be written as

()] [By,(t.00)  Byo(t.te)][x(te)] [§1(5,t0)

+ (205.2-9)

AMe)| |Bhy(tte)  ([Bhott,te)|[Mta)| | ToCt,t0)

where

[ tta)] b [ (ks (@) ,Ct,8) ] [Bls)ics)]
.J ds (2.5.2-10)

fattate)| Tto[@hy(tia)  (Bhott.e) | | -e) |

Now when ﬁ = 0

t

31 (t,to) --S éﬁz(t.s)i(s) ds
to

t
22 (t,to) = -J @22(t,8)£(8) ds (2.5.2-11)

to

FProm the boundary condtions x(to,)=x, and x(tf)-xr we have

Nto)- @lz-l(tr,to)[X(tr)- @ll(tr,to )xo‘zl(tf’to)]
(2.5.2-12)
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Substituting (2.5.1-12) in the second equation of (2.5.1-9)

this gives
At)= [B)) (6, t0)xot [Bhy(t,t0) (B, (60, t0) [xpm (@), (t 40 te)%o

- ;(tr,t,)]i- Zz(t,to)

when x(to) = xo =0
A(e)= (Bhy(t,ta) (M), (tp to) M x,m f (bpste) 14§ (5,t0)

(2.5.2-13)
Substituting (2.5.2-13) in (2.5.2-7) and setting i = 0 the

optimal u® is given by
uo(t)-a.(t) {@2(‘:,1;0) @.Z(tr’to)-lrxr' %(tf’to)]* ?2(t)to)}‘

If the final value 1s x(t,) = Q(tr), then the optimal

control function is
u°(t)-B!(t){®22(t,t.) @z(tf,to)'lfi(tf)- 21(tr,t°)3+ 3-2(t:’t°)§

(2.5.2-14)
Remarks: If the index of performance takes the following

form ts " ~
J(u)= 1/2S {[(x-x), Q(x-x)]+[u,Ru]§ ds (2.5.2-15)

teo

where Q and R are symmetric positive definite matrices, then
following the same argument as stated in Example 1 of

Section 2.4.2 by introducing
t
b o
<U,V>'-f fu(s), R(s) u(s)] ds
to
t

<X, y> = 5 r[x(s), Q(s) y(s)] ds
t
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the optimal control u® can be shown to be satisfied by
(R + F* Q F)u®-(u+F*Q %) = B*(t) $%(to,t) ¢ (2.5.2-16)

or u®-i = R~1Ba(t) A(t) (2.5.2-17)
where A(t) is the solution to the following 2n linear

differential equations

xce)] [ Ace) B(t) RI(t)Be(t)] [x(t)] [Bet) uce)

i(ty i Q(t) ~A%(t) J\(t)J -Q(t)x(t%
(2.5.2-18)

with the boundary conditions given by x(to)=xe and x(tr)-xr.
When Q = R = I, where I is the identity matrix, then equation
(2.5.2-18) reduces to equation (2.5.2-8).
Example 2: Now let us consider x(to) = Xo% 0 in Example 1
of Section 2.4,2, and for convenience let Q = R = I, where
I = identity matrix. |

For the present case

i s X é(t,t.)Xo-Fu

we have 2 2
Jw) =172 | x || 4172 |u |
= 1/2| Fu-y ||;2 + 172 ||u :1
where ¥ = - 8(t,t0)x0

Taking the advantage of the solution to Problem 4 (also see
2.5.2-5), the optimal u® is given by
(I + FRF)uC-F¥y = BA(t) $%(t ,t)c
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or u® + P#x = B¥(¢)P #(to,t)e
t

or u® = B'_‘(t)é'(t.,t)[c -J ré'(s,to)x(s)ds]
t

By the same argument as stated in Section 3.1, the optimal

u(t) is given by
u(t) = B¥(t) A (t)

where A (t) is the solution to the 2n linear differential
equations given by (2.4.1-12),
Remark 1l: In all previous examples the formulation for
determining the optimal u for x¢ = 0 is also valid for
Xo ¥ 0 by the application of projection (u,y) on the graph
H(F) following the method shown in Example 2 above.
Remark 2: It would be noted that the solution to Problem 4
in the first case 13 not u®=u because it does not belong to
the set defined by

Ux-{x t u€H, P

For free terminal condition, where the terminal point does
t

n
tu = xEl!}

not subject the constraint F'u = x, the solution to Problem
b 18 simply u, = u for the first case where (ﬁ,ﬁ)é;H(F) and
u = (I + F*F)'l(ﬁ + F*y) for the second case where

(x,u) € H, x H,.

Example 3: Let F't be a random operator defined by

t n
F* = 5 ¢1(t,a)> <f,(t,a)
1=1

where
t€ET = [to:tr]

and aé(l= [ot,(:l ], "a" i3 a random variable with known

statistical properties.
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Given E(x) = x, where E(x)= expectation of x , to
find the element u € U such that

J(u) = zf" [(x-%),(x-ﬁ)]duff [u,u) ds (2.5.2-19)

te to

is minimized.

Assume:

(1) The initial point of x at t=t, is fixed, 1i.e.,
x(to,a) is a rixed point.

(2) Hl and H2 spaces are defined by

Hy -{u : f:: [u,u] ds < co i

t

H, = %x : J'r E [x(s,a), x(s,a)] ds < o0 }
to

respectively and the respective inner products on these

spaces is given by the expression

t
f

<u,v> = j [u(s) , v(s)] ds u,vé€H,
to
te

<X,y> = I E [x(s,a) , y(s,a)] ds x,y € H,
te

Then J(u) in (2.5.2-19) may be written as
- 2
s =[xz 5+ Ju
L) Hy

and the present example 1is included within the original
framework. This example can be solved by either of the

following two methods.
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First method: Because of randomness of "a" the terminal

trajectory x(t,) at t=t. is not fixed. Also u=0, (x,0)€
Hl X Hz’ and the relation Fx=u does not hold, hence the
free terminal condition in the second case of Problem U4 will
be considered. From the above definition of respective
inner product on spaces Hl and Hz equations (AXI-1.2.5.1-10),
and (2.5.1-11) become:
0-<(x,y),(u,Fu)>H(F)-<:x,u>Hl+<E(F*y),u>H1-<x+E(F’y),u>H1

(2.5.2-20)
(ﬁ,g)-(ﬁ,Fﬁ)+V(u1,E(F'u1))-(E-E(F‘ul),Fﬁ+u1) (2.5.2-21)

and A o

u-u-E(F'ul)

y=Fitu, (2.5.2-22)
respectively.

Operating on the second equation with E(F%*) of
equation (2.5.1-22) and eliminating E(F*u) the result 1is
@ + E(PYFQ) = G+E(F*y)
For the present example we have ﬁ = 0, X = 9, and u = u, hence,
u + E(F*Fu) = E(F*X) (2.5.2-23)

Second method: J(u) can also be written as

J(u) = E < X=X , x-X>+<u,u>

where <w,z>= [tf (w(s), z(s)]) ds
te

from the following chain of set equalities:
J(u) = E {<x,x> -2 <£,x> + <£,§>}+ <u,u>
- E'[<Fu,Fu> -2 ¢x,Fud> + (i,ﬁ)}+ {u,ud
- E.{(F'Fu,u> -2 (PEX,W + <£,£>} + u,ud (2.5.2-24)
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the necessary condition to obtain the minimum value of J(u)

in a vector form is given by

VLJ(u) =0
or 2 E(PYFu)- 2E(F®*x)+ 2u = 0
or u + E(F¥Fu) = E(F%x) (2.5.2-25)

Remarks: The optimal u in equation (2.5.2-23) (or equation
2.5.2-25) can be computed by the method of steepest descent
for given E(x) = X. Here we introduce the functional

f(u) = <Ru, W- 2 <u,g> (2.5.2-26)
where Ru = E (F*F + I)u and g = E(F*X). The problem of
finding the optimal u in (2.5.2-23) (or 2.5.2-25) reduces
to the problem of seeking the minimum of the functional in
2.5.2-26 (see Appendix AX).



CHAPTER III

COMPARISON WITH OTHER OPTIMIZING TECHNIQUES
It 1s interesting to make a comparison between several
other methods of solutions for the problems stated in Chapter
II. Here the case of continuous system in the example 1 of
Problem 3 is considered for the purpose of this comparison,

3.1 Abstract Operator
Formulation

It was proved in section 2.4.1 (see equation 2,.4.1-8)

that the element u which minimizes J(u) -IlFuH§2+HuH§ 1s
1

given by (I + F#F)u = v for véM and the solution of u to the
above integral equation in operator form has been given by the
lemma(l) stated in section 2.4.,1. We shall prove this lemma
in the following:

Since veM,it has a unique expansion in terms of any
basis for that space. 1In the present instance the rows of
matrix §(t_,t)B(t) provide a convenient basis and 1htroducing

the scalars ¢ = col.(cl,c2 coe cn) we may write

v(t) = B¥(t) $*(t,,t)e (3.1-1)
as a defining relation for an arbitrary veM., Using the ex-
pression x = Fu equation (I + P*F)u = v may be written

u=v - Féx (3.1=2)
It 18 not difficult to show (see Appendix AVI) that
83
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t
(Fex)(t) = B*(t) $%(t,,t) Lré'(s.%)x(s)ds (3.1=3)
for teT
is the defining equation for F* as t sweeps through T .
Letting d(t) denote the tuplet

t
o
d(t) = ¢ -ft $* (8,t,) x (s)ds

'°'ftf§'(at)() +®
t, *%0) x(s) ds It $%(s,t,)x(s) ds

t
= d(t,) +Jt $* (s,t,) x (s)ds (3.1-8)

it is apparent that (3.1-2) may be written in the form

u(t) = B* (t) &* (t_,t) d (t) (3.1-5)
Consider now the vector A (t) = $%(t,,t)d(t), using the
property that $* (t,,t)=y(t,t,) where ¥(t,t_,) is the transi-
tion matrix for the adjoint system

F(t,t,) = - A%(E) E(t,t,), B(E,, ¢ ) = I (3.1-6)

it is apparent from equation (3.1-4) that

A(E) =& 9(t, 08,0+ §9(to,t) [° F0(s,5, )x(a)as
t

-]
= F(t,t,)x(t )+ B(t,t,) jt Y(t,,8)x(8)ds (3,1-7)
to
which implies immediately that A (t) is the solution to the
differential systen,
A(t) = - AR(t) X(t) +x(t).  A(ty) =X,
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The original differential system for this example may now be
written
£ (t) = A(t)x(t) + B(t)u(t)
= A(t)x(t) + B(t)B*(t) X (t)
Thus in all we have the 2n linear differential equations

x (t) = A(t) x (t) + B(t) BY () A(t) x(t)) = x,_
(3.1-8)
A(t) = I x(t) = A% (t) A (t) At,) = A,

the solution of which determines A(t), which in turn deter-
mines u(t) by u(t) = B#(t) A (t). (3.1-9)

One important point that must not be overlooked is that Ao 18

unknown. Indeed A, is a function of ¢ which we originally set
out to determine. The solution of equations may be expressed

in terms of its transition matrix C)(t,t,) which is defined by

A ! BB#% |
®(t’to) = I f @(tyte), @(tg,t,) = I (3.1-10)
I | =A®
The transition matrix has 2 n rows and 2n columns; it can be

partitioned into four nxn submatrices

(), 1 @ ,,(tt,)]
@(t,to) 2. - - - - =< - B e

-® 21(12.%) : @22(toto)J
The solution to the system (3.1-8) thus can be expressed by
xe)| (@) e, @ (re] [ oxce)
A(t) ®21 (t,t,) @22 (tyto)] L A(t,)

(3.1-11)
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In particular

x(tf) .Ql(tf’tb) X (to) +@12(tr.t°) l(to) (301-12)

Thus if x(t,) and x(t,) are known this expression determines
X(ty)., In particular 1if x(t,) = o and@lz(t »to) 1s non-

singular then

l(to) -®12 (troto)x(tr)
-1
A(t) -@22 (1:,1:‘,)@12 (tr,to)x(tr) (3.1-13)

and finally the control u is given by

u(t) = B ()@, (t,t0) @5 (trato)x(t,) (3.1-14)

3.2 Dynamic Programming Approach:
(10), (45), (75)

If the dynamic plant and the index of performance are
respectively by
x = f(x,u,t)
t

£
T = Ty(xg,e) ¢ Jt CC P (5,%0,ta), uls),s) ds

it can be shown that a dynamic programming approach leads to

the equation

2J° min n °
- 5t C+ I 9J° 4
5ty "wev [C* {5 5] Xy tet, (3.2-1)

where J° is the unknown optimal value of the index of per-
formance. To consider a general initial time, we replace ti

by t and rewrite (3.2-1) in the following form



87

< aJ° :
517— - ::g {C + [VxJ°. t‘(u,x,t)]} (3.2=2)

o
where VxJ - sradeo
Let us now define a function

H (x, v&J°, t) = :tg {_C + [vgJ°. f(u,x,t)]}

then J° gatisfies the Hamilton-Jacobi equation

oJ
at
with the boundary J(x,t) = T,(x,t) for x and t on the terminal

+ H(x, V,J°,t) = o (3.2-3)

set S. For the minimum energy problem Te(x,t) = 0, the boundary
condition in solving J° becomes
J(Xp,tp) = 0 for x¢ and tr on the terminal set S,
In general (3,.,2-3) is very difficult to solve. However, if
the solution of J° in (3.2-3) has the gradratic form in x
with a time varying matrix coefficient P(t),and P(t) 1is

symmetric then
3° = % [x,P(t)x], (3.2-4)

where P(te) = 0 in order that J(xp,t,) = o is satisfied.
Taking partial derivatives of (3.2-U) gives

°3° .
at - 2 [x,P(t)x] (3.2-5)
and VI = P(t)x (3.2-6)

Carrying out the minimization of (3.2-2) the optimal control
function u(t) can be expressed by '

u =-R™1B (V,3°) = - R™1B® P(t)x (3.2-7)
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where (C = ; { [(x,Qx] + [u,Ru]‘} and f = Ax + Bu,
Substituting (3.2-4), (3.2-5) and (3.2=6) in (3.2=2) (or 3.2-3)
and taking twice the partial derivatives with respect to x the
final result is given by

- %Eﬂ = Q + PA + A*P _ ppr~lpsp (3.2-8)
Equation (3.2-8) 1s known as the matrix Riccat! equation with
the boundary condition P(te) = o, and in general is a nonlinear
differential equation which only in special case can be solved
in closed form. Once P(t) 1s solved by (3.2-8) the optimal
u® and J° can be computed, Equation (3.2-7) shows that the
optimal control law is a linear function of x in which all
state variables of the system must be known at all times to
effect control. The matrix K(t) = R=1(t)B*(t)P(t) will be
called the optimal gain.

3.3 Pontryagin's Approach:
(21), (68)

In applying Pontryagin's maximum principle, an auxiliary
vector W(t) = (¥;(t) ees¥ (£)) 1s defined and the function
H(V,x,u) must be found such that

H(Y,x,u) = =C+[¥,X%] (3.3-1)
where for the Example 1 of Problem 3 in Section (2.4.2)

C = 35.{ [x,Qx] + [u,Ru]}
x = Ax + Bu
The maximum principle states that in order to minimize the

index of performance J the scalar function H(¥,x,u) has to
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be maximized with respect to all the components of u at any
time t. Since the control signal u(t) is unconstrained in
this example, then the necessary condition for a minimum of

H with respect to u written in vector form is

- --?—}‘l aH - .
qu e°1°[au1 se s 'a_u ] o (303"2)
m

From (3.3-1) and (3.3-2) the optimal control function u® for

the Example 1 of Problem 3 is obtained

u® = R-lpsy (3.3-3)
Combining (3.3-3) with the following Hamiltonian system

axy - oH

W aTi 1‘1000“

d\h -d_e

a?-. ‘ 1 1 = 1 seeoe NN (303"“)
gives

X = Ax + Bu

V= oAty + Qx
or

3 A BR™1p#] [ x (3.3=5)

¥ Q =A% A 4
For the boundary conditions x(t,) = 0 and x(ty) = xp, the
solution of u(t) 1s given by (2.4,2-12),
The vector Y(t) can be interpreted geometrically as
follows: Let
¥(t) = = P(t)x(t) (3.3-6)

and take the total derivatives with respect to time of equation
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(3.3=6), it gives
V=-[Px + P(Ax + Bu)] (3:3-7)
From (3.3-3) and (3.3-5) equation (3.3=7) reduces to
Qx + A%Px = = py . PAx + PBB~lpapy (3.3=8)
Taking partial derivatives with respect to x of (3.3-8), 1t

glves

- P *Q+ PA + A®P - PBR™IBOP (3.3-9)
which shows that P(t) in (3.3-6) satisfies the matrix Riccati
equation. Comparison of (3.2-6) with (3.3-6) results in
Y(t) = -'VxJ°. Hence ¥(t) represents a vector that points

in the direction where J° decreases most rapidly,

3.4 Calculus of Variations
(13), (28)

To minimize the integral J = 1 Itf {[x,Qx] +
to
[u,Ru]‘}ds (3.4=1)

with the constraint g = X = AX ~ Bu = o
we construct the function F such that

F=C+[x,g]

- 1 [ ]
7 [x,Qx] + % [u,Rul] + [r,x = Ax = Bu] (3.4=2)

where X is an unknown time-dependent Lagrangian multiplier
vector. The conditions to minimize the performance index J

are given by the following vector equations
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at %
v g
- WF-o° (3.4=3)

which gives
A= Qx - A%
u = R~1 e (3.4-4)
x ®= AX + Bu

From (3.4=4) 1t follows that

x A BR-1B*] [ x
- (3.4=5)
A Q - A% |Ix
(3.4-5) gives results identical to those obtained for the
syateﬁ given by (3.3-5) and therefore the solution for optimal

u(t) has the same form as (3.3-3).

3.5 A Methed for Evaluating
the Optimal Performance Index
Given by

(-] 1 tr ° .
J = 5 J {[x(s)nQ(a)x(s)] +»{u(g).R(’)u(g)]‘}d' (3.5=1)
to

The evaluation of the optimal performance index J°
given by (3.5-1) is a difficult task. A compact form of J°(u)
which 1s easily computed will be derived in this section. It will be

found to be useful in the proof of the equivalent expression
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for the optimal control function u°(t),the-opt1mal perfor-
mance index J° derived from the functional analysis,éand other

techniques.

It was found in the previous section that the optimal

control function u’(t) has the form

u®(t) = = R=1(t)B*(t)P(t)x(t)
where P(t) is the solution of the matrix Piccati equation

- B(t) = Q + PA + P*s _ ppr-lpsp
with the boundary condition given by P = S, which depends on
the terminal condition of x(t) and the nature of the problem
under consideration. Substituting the values of Q and u® in
the expression of J°, the optimal performance index J° has

the form

o 1 . ' 1
J=5 5 {[x,(-P-PA-A'P-ﬁ-PBR' B*P)x] +

to
[R'IB'Px,B'Px]} dat (3.5=2)
where x in (3.5-2) is the optimal state variable. Because of

the following properties
[(R-1B%Px,B*Px] = [x,P*BR-1B#px]
PA = 1
'é- (PA+A%P)

Where R is symmetric positive definite matrix and P is

symmetric, and in the optimal trajectory x = Ax-BR-1B#Px

equation (3.5-2) is simplified to the following form

o t
J '-% Str{[x,(l.’xﬂl’i)] }df— (3.5-3)
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t . . te .
or J° -_% J T [x,(Px+Px)] dt-% {7 [x,px] at (3.5-4)
to te

Integrating by parts the first term in (3.5=-4) gives

tf . ° tf tr
J Cx,(PxePx)lat = [x,Px] | . [ rex,53 at (3.5-5)
t, % ¢,

Substituting (3.5-5) into (3.5-4), the final result of the
optimal J° nhas the following form:

J° = 3 [x(te)p(to)x(te)] - §lx(t,),p(t)x(t,)] (3.5-6)
or
I° = 1 [x(t,), ¥t = 3 [x(te),¥(t0)] =
1 te
3 [x(®), (821 (3.5-7)
(-

where V(t) 1s the solution given by (3.3-5).

A generalized Kalman's method for the determination
of optimal performance index has been developed and given in
(3.5=7). It can be applied to the fixed boundary problems as
well as the variable boundary problems., We thus have the
following lemma:
demma: The optimal performance index J° for the dynamic plant
described by x = A(t)x(t)+B(t)u(t), with x(t,) = x,,

x(ty) = Xp, and the performance index

t

J=l (7T
2

{[x,QxJ+[u,Ru]‘}dt, where Q and R are symmetric
to
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positive definite matrices, has the form

1 te
J = =
> [x(t)."l’(t)]t

(]

where ¥(t) 1s the solution given by (3.3-5)
Example 1: The optimal performance index of Example 1 in
Section 2,2.2 1s computed by

3% - 1 [x(te), ¥(e0)] - 1 [x(ts), ¥(t,)) (3.5-8)

where

\P(tr) - @21(tf.t°)x(t°)+ ®22(trot°) \P(t

o).
Y(t,) = @12“:»%)-1["“1') - ®ll(tf’t°)xo]o
and the grand matrix.()(t.to) is defined by
. A B B*
@ -[o ) A. J @(t.to). (305"9)

@ (tc.to) = I
Example 2: The optimal performance index of Example 1 in

Section 2,4.2 1s given by
o _ 1
where  Y(te) = (B),5(t,,t,) ¥(t,)
Yeo) = @, cept,)xty,

the grand matrix C)(t,t,) is defined by
. [A BR-1 p*

®- . J@‘toto). @ (to,t,) = 1 (3.5-11)

Q -A
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3.6 The Equivalent Expression
of Optimal Control Function and
Optimal Performance Index

3.6.1 Example 1. Proof of
Equivalence for Example 1 of
Prodblem 1 in Section 2.2.2

We shall prove the equivalence of

u’ -£ fidi (3.6.1-1)
1=1
J° - %<p5-1(5 > (3.6.1-2)
and u® = B#(t) X (¢t) (3.6.1-3)
J® = % [x(tr), A(te)] - % [x(to), A(t,)] (3.6.1-4)

respectively, where X (t) is the solution of (3.4=5) with R = I,
Q = 0. The abstract operator form of (3.6.,1-1)may be written

in terms of matrix expression

u® = o(e) $8(t,,¢)F 18 (3.6.1=5)
where g é(t,,tr)xf—xo (3.6.1-6)
%= {1(3 -F [(Postp)x ex ] (3.6.1-7)

and F- Jtté(t.,.)a(.)n"l(g)al(a)§'(t.,l)dl
Let X(t) -é'(t:,t)}"l(s = 3*(t,e) (3.6.1-8)

then (3.6.1-5)has the same form as (3.6.1-3).
It is sufficient to prove that A(t) in (3.6.1-8)“
satisfies the system of 2n equations given by (2.4,1-12)
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(or 3.,4-5 with R = I, Q = 0)
Since p*(to,t,) = I
equation (3.6.1-8) may be written as
A(E) = 3¥(t,,t)0(t,) = & #(t,,t)N, (3.6.1-9)
here d = X, (3.6.,1=10)

Solve xp 1n (3.6.1-7) and noting that §(t°,tr)‘1 - é(gr,co)
gives X(tf) =P (te,t,)x + §(trt°)

t
by
Jt°§(t,,8)8(ﬂ)3'(a) §.(t.,n) X ds (3.6.1-11)

te
or x(tg) =J(te,t )x 4+ §(tt.t,) J é(to,s)B(a)B'(s)l(s)da
(-}
Since it holds for all tr. we may replace tf by a general

time t ¢
x(t) = F(t,t,)x + $(t,t,) J & (t,,8)B(s)B" (s)A(s)ds
®o (3.6.1-12)

where $(t,t,) 1s the transition matrix which satisfies the
homogeneous system

x(t) = A(t)x(t)

x(to) = x4 (3.6.1-13)
Let ‘I’(t,to) be the transition matrix that satisfies the ad-
Joint system of (3.6.1=-13) that 1is

A(t) = ~A%(t) A(t)

= )\ ‘
M) = A, (3.6.1-14)

Now since the transition matrices ¢ and ¥ have the following

property
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E(t,t) So(t,t,) =1 (3.6.1-15)
equation (3.6.1-9) becomes
2(t) = ¥ (t,t,) 2, (3.6.1-16)

Equation (3.6.1-12) and (3.6.1-16) implies that x(t) and A(t)
are satisfied by the following linear system of 2n equations

L
b 4 A BB*® X

A 0 -A® A (306.1-17)
with x(t ) = S x(tr) - x,
Next we shall prove the equivalence of (3.6.1-2) and (3.6.1=4),
In view of (3.6.1~6), (3.6.1-7) and (3.6.1-10) equation

(3.6.1=2) reduces to
-1 =1
TEIbFA>

(3 (Cotp)xpmx,, X, ]

(& (t°tf)xf’ o1 - % [x,, *,]

(e, $%(tot,) X, - % [x,, X,]

e
NI NIE D)

1
[x(tr), Xt = 30(x(to), X(t,)]

LV

where A(t) 1is the solution of (2.4.1-12),

3.6,2 Example 2. Proof of
Equivalence for the Example 2
in Section 2.3.2
Let us solve the example of Problem 2 in Section

2.3.2 by the method of calculus of variations.
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Given the differential equation: ;(t) = A(t)x(t)+
B(t)u(t) with boundary conditions x(tr) = o0 and
V= [x(te),x(t )] -1 =0, . (3.6,2-1)

r
and performance index J’:J' [g. ul] das, to
to

find u(t) such that J takes on the least possible value,
From (3.4-4) the solution of x at t=t, is given by

e
o= x(tg) -Q(tr,tc) [x,-l-J é(t,,s)B(a)
t

o
B¥(s) $*(t_,s)ds )]
hence x, « . g> (3.6.,2-2)
To determine >, we must turn to the transversality conditions.

Since t,, t. and X;(t;) are fixed all derivatives with re-

spect to these variables are zero.
The transversality condition
n n X e P '
(F-5 xiF*) ' dto + S F*i éxil + z: 1 SV& = o,
i=] to i=1 to k=1 k to

reduces to

n

n 3

D A T 7 PO L/ R £ PR B (3.6.2-3)
1=1 1 Xy °

Since F = [u,u]+[k,; = Ax = Bul], (3.6.2=3)becomes

=2, ()4 9%
e 71;;;- 0 (3.6.2-4)
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In vector form

= AMto)+ N 2x, w g

1
or Yo = = 2, (3.6.2-5)
20,

from (3.6.2=1) and (3.6.2-5) we have

[xe,Xe] '4"1-‘ f)\o,xo] = ]

2
’ 1
and therefore 1, = + 1>, |l
2
or Xo = + 12X |l xo (3.6.2-6)

Substituting (3.6.2-6) in (3.6.2=2) we have

x = F F% |l x, (3.6.2-7)
But the optimal performance index is given by
o tf
J = <x(t), XMt)> (3.6.2-8)
to
when x(tp) = 0 (3.6.2-8) becomes
Jo = -<x°.1°> (30602-9)

Substituting (3.6.2«6) in (3.6.2-9) it reduces to
70w 3<%, [Ro]l Xy > = Fl>oll<xg,x,> = 7> |l

Since J°> o0 80 we take the positive sign.

Hence 7° 'Illoll
which gives

-1
F xo = Jo!o (3.6.2-10)



100
In terms of the notation P = =X, a8 expressed in the func-

tional analysis approach we have

g
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CHAPTER IV

CONCLUSIONS AND SUGGESTIONS FOR
FUTURE EXTENSION
The contribution of this dissertation are reviewed
in this chapter. Certain aspects worthy of future investiga-

tion are discussed.

4.1 cConclusions:

In this thesis, abstract operator methods are applied
to a class of linear optimal control problems., The main
theories related to the optimization problems have been de-
veloped and several examples of optimal trajectory are given.
The method and solution to these optimal control problems
presented are concise in form and concept, and very general
in scope.

Four types of minimum energy problems have been
studied in Chapter II., Problem 1 deals with the minimum
energy problem of finding a u with minimum norm such that
Ftu = x where the linear and bounded operator F which
maps the Hilbert function space U onto RR, is defined by

Pt = S > <1y (4.1-1)
i=1
and kbiﬁi and {ri}g are linearly independent.
In Problem 2, a parametrized family {Fs : sezf} of

linear transforms each of which is a mapping of the Hilbert
102



103

space U onto RM has been considered. A generalization of
minimum energy problems has been developed and is discussed
in Problem 3 and 4, By the concept of graph of transforma-

tion the elements u¢U and x€X with minimum norm given by
J(u) = "Fu||2 +|lu "2 (Note x = Fu) can be determined.
Hp Hy

From the generalization of Kalm&n's method, the desired
minimum energy (i.e., the optimal pefrormanee index of the
generalized minimum energy problem) can be expressed by equa-
tion (3.5-7)., The class of problems with which we have been
concerned in Chapter Il were centered about a transformation
of Hilbert function space H onto RBR, The basic principle of
seeking the element in H with the minimum norm is to locate
the orthogonal complement of the null space of the respective
operator under consideration, This method is attractive in
that it is applicable to continuous or discrete linear dynamic
systems for both fixed and variable boundary conditions,

The related optimal parameters are determined by the
method of steepest descent in the Hilbert space. The technique
of formulating the iterative equation and the convergence of
the sequence have been discussed in detail in the Appendix AX.

Application of Problem 3 to the study of the open loop
system reliability, has been studied in Example 3 in Section
2.4,2,

This dissertation has discussed only a class of linear
control problem, namely, minimum energy problems which are

applicable to the solution of continuous (or discrete) linear
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dynamic system with no constraint on u(t),

Within this dissertation no specific mention was
made regarding the atability of solution of the system Qe-
fined by equation (1.1.2).

When ty is allowed to become infinite, the stability

of the optimal system of which the performance index is given

by
t

1l
J=3 j ! {[x,Qx]+[u,Ru]§ dt (4,1-2)
t

can be investigated in the following.
The optimal control function u(t) can be expressed by
(see 3.2-7)
u = R~1pepx (4,1=3)
where P(t) is symmetric.
Substituting (4.1-3) in (4.1-2), considering the
optimal value of the performance index in (4.1-2) and re-

placing to by t, the following function is obtained

J° - 5:1([x,q:]+[n"1sipx,aipx]} dt

0
- J. [x,(a+PBR-1B%Pe)x] at
Since the matrices Q and R are positive derinite,J° is posi-
tive for any initial value x(t) at any time t. From the
theory of dynamic programming, the total derivative J° with

respect to time is found to be

Q
aJ -1
at_ ™ - [x, (Q+PBR™"B*P)x] <0
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Therefore J° can be used as a Liapunov function to prove that
the system described by (1.1.2) with J given by (4,1-2) 1s
asymptotically stable. (21,53)
4,2 Suggestions for Future
Work
Several problems of an associated nature are not
covered by the present thesis. The six problem areas listed
below are indicative of the potential impact of the function
space approach on control technology. Each case 1s known to
be an area of current research activity and in some instances
much progress has already been made.
(1) Consideration of minimum energy problems discussed
in this dissertation with constraint on the control
function u(t).
(2) Generalization of the minimum energy problem to
the composite dynamic linear system (a combination
of continuous and discrete systems) with an admissible

performance index given by

[tf]-l
T = 37 b, [ult,),R(t,Ju(t,)]
2y
+ jt [(x-%),Q(x-%)] ds (4,2-1)

[ -]
where Q and R are positive definite matrices,

(3) Extension of abstract operator formulation to the
solution of minimum effort e¢ontrocl problem. Here we
may consider the operator F as a transformation de-

fined on a Banach space and having range R0, If we
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treat the control function u(t), t, ¢ t{ty as an
element in a Banach space, say Lp(to:tt)' then the
performance index defined by
J(u) = jtf S H
u) = [ g uce) | ] (4,2-2)

is exactly the norm of u(t)¢ Lp(tc.tr). In other
words, the input space Lp(to,tr) is a Banach space
for which J(u) is the norm of u(t). The minimum
effort problem may be formulated in the following:

Given arbitrary x € R® find u€¢ B with minimum
norm such that Fu = x

(4) Application of functional analysis to solve a class

of nonlinear system described by

x(t) = £(x,t)+g(u,t) (4,2-3)
(5) Extension to an adaptive optimum system such as the

one described by the following block diagram,

u . S

> & = Ax +Bu

1

Identification
elements

a b

13

Function
generator

i1j and

r

usK{x(t),t]

- K [x(t),t)]
Fig. 4.2-1,--Adaptive optimum system.
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(6) Development of abstract operator formulation to the
solution of minimum energy problem when the system is
subjected to a random input disturbance, such as the
system whose dynamic behavior is given by
x(t) = A(E)x(£)+B(tIult)+ 1(t) (4,2-4)

where T(t) is a random input disturbance.



APPENDIX AI

REVIEW OF BASIC TERMINOLOGY IN
FUNCTIONAL ANALYSIS

AI-1 Metric Space:

A set X 18 called a metric space if to every pair of
elements x,y. (also called points or vectors) of this

set there corresponds a non negative real number F(x,y)

such that
(1) P(x,y) = 0o 4if and only if x = y (1dentity)
(2) P(x,y) = P(y,x) (symmetry)
(3) F(x,9)+ (y,2) 2 P(x,2) (triangle inequality)

The number F(x,y) is called the metric function for the
space and can be thought of as an abstract distance be~
tween the elements x and y., The above three conditions
are called the metric axioms,

(1) The space Lp(a,b)
v 'g"“)‘ jb |x(t) | P dt<°°}
a

If x(t) € Ly and y(t)e.Lp, we define
1
P(x,y) -[ g" | x(t)=y(t) | P dt] P
a

we can prove that the metric axioms are fulfilled.

(2) The space fp
oo P
A -2? . ”,‘l <00}

| i=1

108
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If x(t) = {?’1...?’”..%&% and y(t) = {1 ,,, Toere J€L4

we define the metric distance by

P(x,y) -('Esi |f1 - Qil p)

we see at once that the metric axioms hold., It should be

Y
P

noted that the matrix space is not required to be complete
in the above examples,
Al-2 Linear Space:
A set X of elements x,y, .... is called a linear space
if addition and multiplication are defined on X and if
the following rules hold:
l(a) x+y=y+x for x and y in X
(b) (x+y) +2=ax4+(y+2z) for any x, y, 2 in X
(¢) There exists an element O € X (the "zero element")
such that
X + 0= x for any x€ X
(d) for any x€ X there exists an element yéeX
(the inverse element) such that x + y=0
2 (e) 1* x = x for any x€ X
(r) d(fx) = (d(a)x for any x € X and any scalar
o and (
3 (g) (¢ +(3)x -dx+(ix for any x € X and any and(S
(h) J(x+y) =d x+o y for any X,y €X and any o

A linear space is called "real" or complex according

to whether the scalars (o, P....) are in the real or
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complex number system,
Example ((a,b), L,(a,b) and Zp are linear spaces.
AI-3 Norm Linear Space:
A set X is called the norm space if to every vector x
there corresponds a real number, denoted by | x | and
which 18 called the norm of x. It possesses the follow-
ing properties:
(1) |Jx|I20 and |x]] = o only 1if x = o
(2) Ix + ylighx{l+ly |
(3) Jax || = jof |Ix ||
In a normed linear space we can introduce a metric by
P(x,y) = |Ix = y |
The convergence in a normed linear space (convergence
in the norm) is defined by ||x, - x|| =0 as n —soo ,
AI-4 Banach Space:

If every fundamental sequence (Cauchy sequence) of a
metric space X has a 1limit in X then X is called complete.
A Banach space i1s a complete normed linear space,
Example 1: C(a,b), Lp(a,b) and.fp are Banach spaces

where the norms of these spaces are respectively de-

fined by
| = || = m:xb Ix(t)l » XxeC(a,b)
agts N
|,* “ (lex(t)|Pdt)p » XELp(a,b)
3 5,098
”x - (inll il s X I{(?looooooo fn...)élp
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Example 2: The n dimensional vector space E, is &

Banach space where the norm is defined by
1

> 15,122
[l = ¢z 13405 v ox = (Fla §EE,

Al-5 Inner Product Space:
If in a normed linear space, the length, or norm, of a
vector 1s defined in term of a certain of two vectors
this space is called an inner product space,

AI-6 Hilbert Space:
An inner product metric space, which is infinite dimen-
sional and complete, is called a Hilbert space (real or
complex). If X is a finite-dimensional inner product
space, then it 1is called a Euclidean space.
Example 1: The complex space 22 is a Hilbert space,
the scalar product of the elements x = {?1... fn“‘s

and y -i'?l... ?n...i 1s defined by

ov> =51,
Example 2: The complex space L(a,b) becomes a Hilbert
space, 1f the scalar product of the elements x = x(t)
and y = y(t) 1s defined by <{x,y) = j: x(t) y(t)dt
AI-7 Carteslan Product (of sets): If Xy (1 =1 ,., n) 1is
an element of the non empty set and X = Xl X Xo X ses XX,
then the set defined by X = { (xyeeexp): x4 €X, '5 is

called the Cartesian product (of sets).



AI-8

Al=9

AI-10

Al=-11
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Operator: (function) Let there be given two arbitrary
sets X and Y and a rule by which there is associated with
every x € X a uniquely determined element y ¢ Y, then we
say that there 1s an operator (or abstract function)
represents either by y = A(x) or y = Ax defined on the
set X and whose range lies in the set Y, and often de-
note by A : X — Y, An operator is often called a
mapping, transformation, or function, since the operator
can be thought of as carrying a point x € X into the
point ye Y,

Range and Domain of Operator: Let A : X — Y, the

range of the operator A, denoted by RA, is defined as

Ry = { y :yeY, y = Ax, xc-x}. If A 1s defined only
on a subspace or subset of X, then the notation D, is

used to denote this set. D, 1z called the domain of A,

A particular subspace of the domain, called the null

space of a linear operator is the most interesting and

important one, and 1s defined as follows:

The Null Space of Linear Operator A : X — Y is the set
NA-{x:xex,Ax-og

since O €N, it 1s clear that N, is not void,

Linear Operator: given two linear spaces X and Y, and

let y = Ax be an operator defined on X with a range lying

in Y, then the operator A is called linear 1if

(1) A(xq + X3) = Axy + Ax,

(2) A(Ax) =xAx

where A 1is a scalar.,
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AI-12 Bounded Operator: An operator A is called bounded if
there exists a constant M such that |lAx|| M [x]|
for all x¢ X,

AI=13 Functional: 1If the range of an operator consists of
the underlying scalar field then the operator is called
a functional. The space of linear functional defined on
X 1s called the conjugate space of X and is designated
by X*. Hence f€X", f : X — Y where Y is the spaces

of scalar with dimension one., For example: let

X = Ly(0,1) then f(x) = jg x(t)dt 1s a linear function-
al which assigns to every x(t)¢ L2(0,1) a real numver.

If we define (X,y > = (% x(t)y(t)dt 1t 1s evident that
f(x) = <x, 1),

AI-14 Representation of Linear Functionals on Hilbert Space:
Every linear functional f(x) defined on a Hilbert space
has the form f(x) = {x,u>
with o] = ful
where u is uniquely determined by f(x)

If H is real space and if f 1s identical with u then we

have

£f(x) = {f,x>
where for convenience we write f(x) = (f,x) rather than
£(x) = {x,f>
AI-15 Adjoint Operator: Consider the linear operator y = Ax
which maps the Banach space E into El, Let g(y) be a

linear functional defined on E;, i.e., g(y)€ E;. Apply
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the functional g to the element y = Ax g(Ax) is a
linear functional defined on E; denote 1t by f(x).

Thus f£(x) ¢ E*., We have assigned to each functional

g €E] a functional re¢ E", 1i.e., we have obtained an
operator which maps E; into E’. This operator is
called the adjoint operator of A and is denoted by A%,
If we use the notation ( f,x) for the functional f(x),
we obtained (g,Ax> =<A%,x>. If E and E; are both

Hilbert spaces, then E* = g, E,* = E;, we have
4 S.Ax)sl - <A'g,x>E
AI-16 Self Adjoint Operator:
A bounded linear operator A is called a bounded self
adjoint (or Hermitian) operator if A" = a,
AI-17 Positive Operator:
A self adjoint operator A different from the zero
operator is called positive, A > O, if
{x, Ax> »0
for all x€ X, It can be shown that if A 1s a positive

operator there exists an operator K such that A = K#K,



APPENDIX AII1

THE DYADIC REPRESENTATION

The dyadic notation affords considerable insight into
the representation of linear operators,

The brackets "< " and "> " in {f,ud has the follow-
ing meaning: we attach the symbol > to vectors and < to
the functionals thus {f,u> reads the functional {f acting
on the vector u) .

Example 1. In the space E, : X = E , the functional f(x) on

Ehcan be represented by
n
£(x) ={f,xD>= 2 fyxq (AII-1)
i=1

where the Xy are the components of the vector
x ¢ E, and the 4 arbitrary numbers. The fy them-
selves can be interpreted as components of n-
dimensional vector f¢ Ef,

Example 2. In the space L,(T): X = Lp(T), the functional
£(x) on Lp(T) are of the form

£(x) ={x,u) = J‘Tu(s)x(s)ds (AII-2)
where ‘
x(t) € Lp(T)

u(t)e Lq('r) is uniquely determined by f € L;(T)

1 1
P+q=1for 1lp °° N

[ ecx)y| = fluf = (IT,u(t)lth)q
115
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If X and Y are linear spaces we shall interpret

the expression

A=e) S (AII-3)
where { r ¢ x"
e> ey

as a linear operator A € L(x,y) with range
Ry = L(e?> ) C Y and defined for any x€ X hy

A(x) = e {f,x> (AII-4)
The operator A is linear and bounded if {f is a
bounded functional.

The representation of the operator A as given
in AII-4 is called a one dimensional dyad. To
generalize this result, consider the set E =
{el...en}CY and the set F -{(fl,"«-n}c x*
and X 1s a normed linear space, then A is written
as

n
A = Elej.}(fi

and defined by

n
A(x) = 3~ es>{fy,x> for x€ X is called
i=1
an nth order dyad. It i1s evident that the opera-
tor A 1s linear and bounded if the functional
{f; s+« {f,, are bounded, and the range of A is
the linear maniford spanned by D eses€n> and
denoted by
RA = L(el> oooen>)
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If the set {eigg and {fik: are both linearly

independent then the operator of the form

n
A= 3 e, {(f, will be called P-normel.
i=1 b § i



APPENDIX AIIIX

THE OPERATOR REPRESENTATION OF
LINEAR DYNAMIC SYSTEM

AIII-1 Continuous Linear System
Consider a linear continuous dynamic system described
by a time varying system differential equation
x(t) = ACt)x(E)+B(tIu(t), x(t,) = x, (AIII-1.1)
where t €T = [t,,tr], A(t) and B(t) are n x n, and n x m real
matrices defined on T and u(t) and x(t) are vectors with m
and n components respectively
u(t) = fu,(t) ... up(t)]
x(t) = [x,(t) +ov xp(t)] teT
Let us assume that the components of B(t) ere bounded
and (Lebesgue) measurable on T, and that the norm of A(t),
considered as an operator on R, 1s (Lebesgue) integrable on
T» then, for each integrable input u there corresponds a unique
absolutely continuous x satisfying AIII-1,1 almost everywhere
onT. It is well known (20) that under the above stated con-
ditions on A(t) and B(t) the system AIII-1.1 has a unique

solution given by

t
x(t) = P (toto)xo'i' é(t.to) J é(to.s)B(s)u(s)ds
to

for t,s €T (AIII-1,2)

118
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where & (t,to) is called the transition matrix which is
satisfied by

B(t,t0) = A(L) & (t,t0)

S(to,to) = I
where I denotes the identity matrix,
Equation AIII-1,2 ylelds an immediate characterization of the
continuous system as a linear transformation on a Banach space,
Let us choose m number Py (1 < pggeo), denoted by p the

ordered set (pl ese Pp), and let U_ denote the cartesian

p
product of the corresponding spaces
Up' plep x...prm

2
where LPi is the Banach space of functions with integrable
Pi-th power. Let us assume that each u (t) i1s a member of
the Banach space Lpi’ then the total input u(t) = [ul(t) ses

Up(t)] 18 a member of the tuplet space Up - Lpl X Lp2 X coe

x me, If we treat v = (xo,u) as an element of the input

space V,, defined by Vo " RD x Ups» then for each

Ve (xo,u)e Vp there is a unique absolutely continuous x
satisfying equation AIII-l,1l, Let us define an operator T

on Vp that maps v into x, then we have

t
x(t) = (Tv)(t) = & (t,to)x + é"‘""f & (to,s)B(s)u(s)ds
to

Since one 1s often only interested on certain specified time
x(t) of the system output, the system acts on its input space

Yéto produce a n-tuple of real numbers, From this point of
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view we may define an operator Tt such that

x(t) = Tty = (Tv)(t)
where t is fixed in7, and x(t) is the t-th sample of the out-
put function x. The T determines in this way a family of
mapping {Tt it eft}, each of which is defined on V_, having

P
values in RN,

It is shown in Appendix AIV and AV that T and Tt are
bounded linear operators., Therefore, in summary, every con-
tinuous linear a&stem can be represented as a family
{Tt : té'tﬂ of bounded linear operators, TY, each of which
is defined on Vp having values in RP, These mapping are in-
dexed by the base Lt €T on which the input function is defined,
T acts on the total system input to produce the t-th sample

of the output.

The operator T has a dyadic representation which can
be formulated in the following way:

Let Z,(t) = (Z,,(t) ... Zy,,(t)) denote the ith row of
Z(t) defined by Z(t) = P (t,,t)B(t) which 18 a bounded n x m

matrix and let

n
[21.UJ(8) = E.lziJ(s)uJ(s)

then we have
t -[Zl,u](s)—
to| [Zooul(s) | ds (AIII-1,3)

L[zn.\“l(s) i

t
ft é(to.B)B(s)u(s)da = J
°
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Moreover, the elements of Z(t) are bounded and measurable
since B has these properties and & (t,to) is continuous.

L L
In particular zidé LqJ where uy € LpJ’ lspJSO“and Py +ay = 1

and hence the mapping which sends uy into the member

t
thZIJ(S)uJ(s) ds can be considered as a bounded linear

functional on LpJ. Let it be designated by ft

13 and defined

s [
#13 uy gI Zyy(8)uy(s)ds (AIII=1.4)

to
and the functional f:é U* can be defined in the natural way

t m
£ t
4(u) = Elrid(“d) (AIII-1.5"

or in the dyadic notation

t
o A
(W) F<fy,u>
then the force response in equation AIII-1l,1 can be written
as
t n
é(t’t°)jt $(to,s)B(8)u(s)ds = EE% ¢&(t.t°)><r1,u>-- Ftu
o =
(AIII-1,6)
where the family of operators Ft is8 defined by
ta n.
F* 4 :‘_?i¢1(t.t,)><r1 teT (AIII-1.7)

that maps U, into RR,

Let us consider the initial condition response of the system

this term 1s given by #(t,t,)x,., Let R" denote the space of
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real n-tuplets, the e; defined by

€ (x0) = x4, (AIII-1,8)

defines a bounded linear functional on RR, then

n
$(t,t,)x, = E?i(t,t°)><e;,x,> - It

where the family of operators J¢ 1s defined by

n
Jta > Pylt,t,)> <e: , tet (AIII-1.9)

that maps RN into RR, Thus in the continuous case, the out-

put x(t) and hence T'v can be written

t n
x(t) = Thv = Ix 4pty = 5 Py(t,t0) > <o ", x>
i=1

=
+ El 3 (tato)>< fy,u>

n
-;4_—__14>1(t.to)> <g4,v> , tET (AIII-1.10)

where T = JE@rt

<e* ¢ (rn)*
and <gy -«<(e1',t1) defines a linear bounded functional on Vb-
Hence we may write
n
Tt = 5= Py(t,t4)> < gy (AIII-1.11)

i=]
In conclusion we have the following result:

If Ft 18 the parametriged family of bounded linear operators
that represents the forced response of the system AIlI-l.l,

and 1if Jt is the bounded linear operator representing its
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free response, then F' and Jt can be written in the form of
equation AIII-1,7 and AIII-1.9 respectively, Here ¢,(t,t,)
are the columns of the state transition matrix é(t.t,),<<ei'

1s the linear functional on R! defined by AIII-1.8 and r:

is given by AIII-1,5 for t =T, Finally <8y = <(e;.f1) de~

fines a bounded linear functional on vp. We see that

n
Tt = Jt(+ PP « by Py(t,t > <g,

gives a decomposition of the total system response in ternms
of the basis {¢1 ...4)n } of RP? and n-bounded linear func-

tiona1'<g1 on the input space Vp.

AIII-2 Discrete Linear System

Consider a linear discrete dynamic system described

by the difference equation

agx(t,) = A(tk)x(tk)+B(tk)u(tk) 3 ox(ty) = x, (AIII=2.1)

where tkes = [to,tl cee tk soe th

The matrices A(t,) and B(t,) are n x n and n x m real
matrices defined on 6, u(tk) and x(tk) are vectors with m
and n components respectively, each of which is defined on

6. The difference operator 4, 1s defined by

Sxx(t) = hlx(ty 1) - x(6)] for t = ¢, (AIII-2.2)

By ™ Cpey = by

The existence and uniqueness of the solution x to AIII=2.1
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is well known and the solution has the form

k-1
o =o (AIII-2.3)
for t €6, The n x n matrix sequence {é(tk,to)k is called

the trasition matrix sequence for AIII-2.1 and satisfies the

associated matrix differential equation
Oy #(Byuto) = A(ty) S(t,,¢,)

$(to,ty) = I (AIII-2.4)
for all tke €. Following the same manner as for the case of
the continuous system, every discrete linear dynamic system
can be represented as a bounded linear transformation T from
one Banach space V into another.

For discrete systems, we let U be the m-fold cartesian
product of £(6) where A(6) 1s the vector space of all real=
valued function defined on

Us2(6) x £(6) X v0s x L(6) (m copies)

Let V = R? x U be the vector space of input v = (x4,u) to
the discrete system. Define the transformation T : V—U by
requiring that image of v(tk) be this X(tk):

(Tv)(ty) = x(t,)

where x(t,) 1s given by AIII-2.3,
Here T is well defined, linear and bounded (since V is finite
dimensional).relative to any pair of norms on V and U, Using
the same argument as for the case of continuous systems, one
is often interested only in the certain specified samples

x(tk) of the system output. The system acts on its input



125

space V to produce an n-tuple of real numbers, One may con-

sider the system as a linear operator into R™ and the mapping

t
Tk defined by

Ttkv = (Tv)(ty) for fixed tké¢f (AI1I-2.5)
és a family of bounded linear operator each of which is de-
fined on V having values in RU, These mapping are indexed by
the base set t¢§ on which the input function are defined;

Ttk acts on the total system input to produce the tk -th
sample of the output,

By the same argument the family operator T'X in the
discrete system has the similar dyadic representation as that
T® in the continuous system. Let Zyg(ty) be the (1.§) com-
ponents of Z(t;) defined by

Z(tg) - & (to,t2+1)5(tl)

t #
The mapping fiké- U 1=1, .oon

where U" = Ip; (6) x Ip; (6) X v0e x lp; (6)

sends the element uJ(tz) into the number

k=1 m

k

(u) = 3 h, 2,.(t, Ju,(¢ =<T S -
Fro il P13l )Yyt =<ty (AIII-2.6)

which 1s linear and bounded operator defined on U (since U is
finite-dimensional). By use of the dyadic notation the force

response of the system AIII-2.1 can be represented by

kel n
r ¢ (tk.to)z: S hz, (t)u.(t,) =
i=] Lmo =] ( 1J e
(AIII-2,7)

n . t)
:‘-:1 1(tkpto)> <f1,u>-p u



126

where the n-dimensional dyadic operator Ftk is defined by

t n
Fk & E 4>i(tk,t°)> <f (AIII-2.8)

i
Similarily, the initial condition response of the system has

the form
et = Bt ,t.)> <etix.> = stk
¢(t, ,te)xe = =10 ke 0)” CeysXo> = J Kx (AIII-2,9)
tk o o ¢ ™
where J X £ EEE 1“’u:%)><e1 (AIII-2.10)

The total response of the system has the operator representa-
tion
t t t n
x(ty) = T = T Mxoepky EE;¢1(tkoto)>

L
[<°1'*°>*<f1'“>]

n
= 3 Piltyte)> <gy,v> for t €6 (AIII-2,11)
i=] k
n

Hence we may write T'K . S

&
1=1 1(tktto)> <$1

where < e; € (Rn)'
<r, € v*
and <g, -<<(e:,r1) defines a linear bounded functional on V,
Suppose that the set (G is ordered so that tJ_1< ty
and defines "the greatest t, function" [t] by
[t] = max {k st ¢t }
£ €6

(AIII-2,12)

then [t] = k 1f and only if t e[tk’tk-l-l]
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The equation AIII-2.,3 can be written as
x(t) = 3(t,t0)x,+ $(t,t,) [Zt]-lh.’é(t
J=o

B(ty)u(ty) » t €6

oat3+1)

and equation AIII-2,11 becomes
n
x(t) = 12;1 Py(t,t,)> <gy,V> ted

which has the same form as that in the continuous case.



APPENDIX AIV

PROOF THAT (Tv)(t) DEFINED BY
t
(Tv)(t)= $(t,to)xo+ $(t,t,) Jt $(to,8)B(s)u(s)ds
[ -]

(AIV-1)
IS A LINEAR AND BOUNDED OPERATOR
Linearity of T:

It is obvious that T is a linear operator because

t
T(UV*P')- é(t,t.)d Xot g(t,t.)f é(tg,S)B(S)du(S) ds
to

t
+ $(t,t0) B xq¢ §(t,t°)j €(to,8)B(8)( z(s) ds
t

t
= [ §(t,to)xot E(t,t0) Jté(to,s)B(s)u(s) ds ]
-]
t
*@[é(t,to)xo-bi(t,to)J $(to,8)B(s) z(s) as]
to
= o T(v) +8 T(w)

where v = (xo,u) and w = (x,,2).

Boundedness of T:

Consider i-th component of Tv that is Tiv and treat
T, as a mapping into C(t). From equation AIV-1
t
m
T,V = by (tite)x,  + 4’1(t,to)J N wyg(s)u,(s) ds
te

where Wy is the (1,j) element of the matrix & (to,s)B(s)

128
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t
Ty v]= | &, (6, tadx, ¢ 4, (E,t0) (t > wyy(aduy(s) a]
t
CACKBUEMEIEACES ;:_lft 15(8)u () ds |

By the application of H8lder's inequality we have
m
|T1v| < |¢3(t,t°)j|x1°|+ Vbi(t,t.)lz: Il LIY ”qJ"uJ Il

p

J=1 .

(AIV-2)

where ||u‘j Hp 1s the norm of u,é€ L . ll"ijlg i3 the norm

J )
of w,, €L , andl +1 =1, Equation (AIV-2) may be

1y B, 4
J J

written as

m
T P, (t,to) + - }
AR LR L =4 K X

J

< Tf}‘{l’ max || wy, HqJ} ' l¢1<t»to>|'{lx011* > [uy ||
so that
||'r1v|| = Sup I'I‘iv(t)l <M{ |%04 | *+ > lluJH}
teT | J=1
where

M=max (1, max|| w * Sup |¢ (t,to)

19 1) i
» qJ tet‘

Hence 'I'1 is bounded. The boundedness of T follows from the

fact that a mapping into a product of Banach space is bounded

if and only if its coordinate maps are bounded, 1i.e.,

T :R%xU - cP 1s bounded if and only 1if the mappings '1‘i :Rp U-CP

defined by Tiv = i1-th component of Tv are bounded.



APPENDIX AV

PROOF THAT F DEFINED BY
t

Flu = J $(t,s)B(s)u(s) ds
t

IS BOUNDED FOR FIXED t IN
THE INTERVAL T, WHERE

¢ m n
PP : L (T)—™R
2
Let the norm on R” for | v| -/vi‘? + ... ¢ vn2 be
denoted by | v|| o @nd for lv] = max ‘vil be denoted by
R 1
N f 2 2
“ v “ n °+ ULet the norm on R" be defined by “v“- Ve teeitv
R max
and consider
t
“Ftu ” n = ”s ?(t,s)B(s)u(s) ds “ n
R max to R max
t
= max li - th component of ch(t,s)B(s)u(s) dsl
i te
P o= 5
mmax| (5 2y (6,808 (s)uls) as |
teo
t
Tl | os |
smi.x{fto k|3 fi’J(t,s)BJ,k(s)uk(s) ds

By the application of Schwarz inequality we havg
t
t |
“Fu”Rn < mgx{U ” | 3 fi’d(t,s)BJ’k(s)l ds

nax be [ t 5= (v, (s) ,2 ds ]1/2
j% k ' ¥
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. 2 1/2
- macl[f T[T Ryesy 0 | ] |
1/2

U: 2 ,uk(s)|2 ds] (AV-1)

Since $(t,s) is a continuous function in the finite interval

[to,t], B(t) 1is bounded in this interval and t 1is fixed, let
this fixed number t 2 1/?.
ds

m:x{“tog l)-} fi’J(t,z-:)BJ’k(s)'

be denoted by M, then equation (AV-l) may be written as
1/2

t 2 1/2 2
|| Ptu ”ana;z M Ut = ue(s) | as] <M [L%]nk(a)l s |
° (AV-2)
Since for ve¢ R" we have

) >
Y ||Rn - /"1 LA

3
<‘/ﬁax v, | S+...+max|v
s /max vy ax| vy |

2

2
= n max v
/ 3 [vy |

= Jn max |v
ax v, |

-Flvl,

max (AV-3)

From equations (AV-2) and(AV-3) we have

2 L
=1 (Rl "Rn <|7u “Rn S M f‘,[zk_- luk(S)l as = mfu || ™T)
L

n max 2.
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or || Ftu | < cllu
Rn m
Lz('c)

m

where C = Mfn, ana |u |, & the norm on L (T) space.
L, 2
Remark: The boundedness of Tt, defined by

t
Ty = P(t,te)xe + f $(t,s)B(s)u(s) ds with fixed Xo ,
te

is immediate from the fact that P(t,to)xo 18 a continuous
function in the finite interval {te,t], and every continuous

function in a finite interval is bounded.



APPENDIX AV

A PROOF OF

t
Fox=B*(t) $%(t,,t) J T59(s,te)x(s) as , t €T
t

From the definition of adjoint operator we have

{x, Fy> = (F*x, y>) (AVI-1)
In real space L2 (t,,tr) the inner product of two elements
u and v 18 defined by tr
{u,v) = J (u,v] ds
to
thus te 8
{X,Fy) = J [x(s,), §(sl,t.)f é(t,,sz)B(sz)y(sz)dsQJ ds,
to tO
tf 81
- J ! y'(sz)B'(sz)'é’(t.,sz) Q'(sl,to)x(sl)dszdsl
tp to
(AVI-2)
where t
(Fy)(t) 'é(t,to)J P (te,s8)B(8)u(s) ds
8 t°//
2
| (tp,ty)

.(trsto)

Fig. AVI-1.--Domain of integration

Now equation (VI-2) can be written as (see Figure AVI-1):

133
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br tr
(x,Fy> = Jt I y*(8,)B*(s,) & *(to,s,) $*(s,,t0)x(s,)ds, as,
o 82

or t

o
<X,Fy>-< j B.(32)§'(to;82) i.(slsto)x(sl)dsls Y(3)>
2
-
2
(AVI-3)
| From (AVI-1) and (AVI-3) we have
t
£
(Pox)(s,) = ‘(328.(82) £%(to,8,) $%(s;,t0)x(s,)as,
or t

r
(Fox)(t) = B'(t)é'(t.,t)f P (s,te)x(8)ds
1
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A PROOF OF
L
(FE£)9x(t,) = BA(t) §%(tq,t) & (t,,t0)x(t,)

From the definition of adjoint operator we have
t t
<x(tp),P Ty > = (P Byox(t,) , v> . (AVII-1)
In real space 12 the inner product of two elements u and v

is defined by

{u,v) = o UV, (AVII-2)
i-1

and in L2 the inner product of two elements u and v is

defined by tf
{u,v) = .I (u(s),v(s)lds (AVII-3)
to
also R tr
iy s T gtt [ 8Ct,008(a)y()an.

te
(AVII-4)

Substituting (AVII-4) in (AVII-1) we have

Cx(tg) P Ty o <"“’r) é(c,.t.)j & (to,8)B(s)y(s)ds >

“~

j" y*(3)B%(a) $5(ta,8) (ty,te)x(t,)ds
.

= (B¥*(s) $*(t,,s) §(tr,t.)x(tr),y(s) >

Hence .
(F T)®x(t,) = BR(t) $¥(te,t) & (¢, to)x(t,)
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APPENDIX AVIII
1 + +
A PROOF OF 5F = g, ,fJ >

From (2.2.1-6) we have
? = [(risrj> ]

<fy
= 5 [fl)...fdﬂ
<,
where <t'1 is treated as a row vector and fJ> as a column
vector. Using the rule for the inverse of the product of

two matrices we have formally

£ -1
-1 1
-1
F o=ty 21 :
<ty

By definition of <f1+,f5+> - ({J in matrix form we have

r<f1+-
P et = e ety 1 1
: 1 e s e n) 1 ’ J
T
| n |
which leads to the form of ?"1
+
-1 . [f1>.o-fn)]-[<f1 ’fJ >]
Foql o,
<t

136



Remark:

137

By the same argument

1t M= [¢ny,ng>0

we have

-1
+ +
AN = tentnt >



APPENDIX AIX

2 ¢
A PROOF OF [|6x || < M2 J P " 54" Sa 7)at
te

We have

t
§ x(t) -[t $(t,7) SA(T)R(T)aT
[ -

Let y(T) = §A(T)X(7)

2 t 2 t t 2
|6x | = th g::(Xx)idt - J f %: [J g& wij(t,s)yi(a)ds] ds

i=] t. i=] to J.l
(AYX-1)
By use of Schwarz inequality
Z: E: ° 5: 2
a a b
PR 1=1 1 4y 1
t
and [jffgdt] dtJ g2 dt)
te
equation (AIX-1) reduces to
2 2, 2
“5*" jz (t,s) 35— yy°(s) das])® at
to 1-1 te" J=1 J=1
t t t
f n n
=S MapiCee) an |y 2(a)asdae
to i=] to J tO J-l

t t
r f n
< cj 5wy 20t,0008 | B 74°(s)aslat

t. 1-1 t. J.l t. J-l '

138
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t t t
b g n 2 -
- 2 w,.°(t,s)ds at [x® SA® 5aXx) as
1)
1,)=1
te to to

Hence

2 6o t
E(5x || M J frze E(Ga%smIRIat = © [%,08) ab
to to

where t. -t
Q = M2E[Sa%8a] , w2 'J £ S & w“z(t,s)ds at,
te to 1,J

Y is the (1,J) element of the transition matrix $(t,T)

and X 1s the mean value of x.



APPENDIX AX

THE METHOD OF STEEPEST DESCENT

In Chapter I, we introduced the concept of steepest
descent method in the minimization of z=f(x) , x-(xl...xn)
in Hilbert space. The sequence at j+1 step is given by

(J+1) (3) (3)
x x - kJ Vf(x )

To appreciate this fact it 1is useful to g0 into the

geometry of the problem. The function z=f(x) with x-(xl...xn)
represents a surface in n+l dimension and f(x)=c, where ¢ is

a constant, expresses a contour on a plane surface which is
perpendicular to the z axis and cuts it at z=c. By varying c,
we obtain a family of contours. Since the gradient at a

point 1s perpendicular to any contour passing through thé
point, we seek the minimum (or maximum) by moving along the
gradient from one contour surface to the next (see figure
AX-1).

The method of choosing the coordinates of the new
point 1s therefore to subtract a unit gradient from the co-
ordinates of the previous point. To obtain the best
convergence, we could have used scalar multiples of the
gradient. This scalar factor kJ at j-th step may be determined
by forming a Taylor series of f(x(3+1)) about the point x(J).

If we keep three terms in this series expansion then from
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Pig. AX-l.--A geometric interpretation of
the method of steepest descent in the minimization

of z-f(xl,xz).
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‘the condition of minimum of r(x(J+1)) it gives the value of

k Since evaluating the second derivative in the deter-

mination of kd along the given coordinate can be time consum-
ing, an approximation to the optimum constant is frequently
used,

In this chapter two types of problems which are
closely related to those given in this dissertation are solved
by the method of steepest descent and are discussed. wWe
mainly deal with:

(1) The solution to the operator equation yskx where k
is bounded linear operator which is applicable to the
solution of (I + F®F)u=v mentioned in Chapter II, and

(2) The solution to the minimization of f(x) with the
inequality constraint g(x){o , x = (xl...xn) which will
be applied to the determination of parameters {filz from

J°({) subject to the constraint ¢ 20, .. 452 g,
1 n

AX-1. The Solution to the
Operator Equation y = Kx

Let H denote a real Hilbert space and consider the
operator equation L(x) = Kx-y = 0 (AX~-1.1)
where x and y are elements of the Hilbert space H and K 1is
a linear operator with domain H and range Rk‘ Let us assume
that K 1s a symmetric positive definite operator, that is

{x , Kx> 20 for all x€H. Given a Yy €R, find x €H such that

y = Kx. We introduce the equation functional
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f(x) = <Kx,x>- 2<x,y> (AX-1.2)

The minimum point of f£(x) occurs at the point x%* if vr +=0.
b {

Directly from equation (AX-1.2) we see that
v, = 2(Kx-y)
fr&m this it is clear that the problem of solving equation
(AX-1.1) reduces to the problem of seeking the minimum of
the functional (AX-1.2).
Let z be an element of the space H and k a real
parameter then we have
f(x+kz)= {Kx+kKz, x+kz) -2 (x+kz,y)

= {Kx,x) +k[<Kx,2> + <xz,x>]+k2 <Rz,z> - 24x,¥) -
2 k<{z,y>

= f(x) + 2k {Kx-y,z> + k2«<Kz,§> (AX-1.3)
We shall select z from equation (AX-1.3) in the

following manner (see equation 1.2-4):

go)- ) fo(o) . L(X(qz)
”vfx(o) I x|

where || 2°) |« 1 ana vt (o) ™ 2 (AX(O),4>>- 2 L(x(9))
x

Since (AX-1.3) is a second order polynomial in k we can
determine k from the condition of a minimum of f(x(°)+kz)

that 1s the value of ko for which

o r(x(°) + kz(O)) = 0
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This result is shown to be
x(O))

(
(o) L

L( )
ko = -(Kx(o)-y, z(o)) = CLix ’ ”L(x(o))"

< xz¢°) . z(o)><K L(x(o)) L(x(O)) S
(] R

Collecting these results yield the expression
koz(®) = - <L (xN), 1 (x(°))) L (x(°))  (ax-1.4)
Cxu (x49)), L(x(®)) >

Hence the element x(l) which 1s adopted as the next

approximation is given by

(o) (o)
(1) o 500) 4 (o) (o) SEEXTTT), LxTO> (o),

<kn(x(9)), nex(®)y>
(Ax-lo‘)‘)

By repeating the above procedure, it is evident that at the

n-th step the approximation x(") is given by
(n) . x(n-l) _ <w(n-l)’ w(n-1)> w(n'l)

<Kw(n-l) . w(n-l)> (Ax_l.6)

X

where
W) wp (x)y ax () _y
(Kw(n'l), W(n'1)>%=o forn=1,2,,,,
Now 1£ WP Dag anackw(n=1) | w(n=1)y oo tren 4(n-1) 4,
the solution.
In this problem we assume that operator K is positive

definite or more precisely that
m(x,x) ( (Kx,x) £ M(x,x) (AX-1.7)
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where o<m{M(+o0°
Under this condition the inverse operator A'l exists and
equation (AX-1.1) has the unique solution x* then
Kx* =y or x* = K'ly
As regards to the convergence of the process in
order to obtain this solution and its speed of convergence
we have the following theorem. The detailed discussion
can be found in reference (39).
Theorem F: The successive approximation xo, xl .« cONnverge
strongly (i.e., in norm) to the solution of equation (AX-1.1)
with the speed of a geometrical progression if it can be
proved that
n * 2 M-m 2P
"x - x " < 'ci( ) (AX-I.B)
M+m

as n—> o0 x"— x#

o .
where ¢ = f(x )-f(x ).
Corollary: The rapidity of convergence of the process
obtained in theorem F was of the order of a geometric
progression with ratio
- Me-em
T (AX-1.9)
M+m
We shall apply the above steepest descent method to the

solution of Problem 3 in Section 2.4.1 in Chapter II.

n 4
Let r be a basis for M = N
1 pt
1
then {31 } M defined by (I + F4F)g,=f, 1s a basis for S
1

L

n
and {gi, Fg, }1 is a basis for Q = NGt
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where -1
S, = {u:u-(I+F'F) v, vem)

Q = {(u,Fu) :  (I+PF)usv, veM},
and the bounded linear transformation I+F*F from S, to M
is nonsingular.

Given rie M we can compute 84 that satisfies
Kgi = fi, where K = (I+F*F). By the method of steepest
descent the sequence of gi(n) at n-th step is given by

(AX-1.6). 1In the process of computation we let g (n) be
i

(o)
(AX-1.4) in an efficient manner we first compute W (s)

an arbitrary element in Lz(to,tf). To evaluate

given by

w(O)(s) - L(gi(O)) - Kgi(O)(s) - fi(S)

t
= g (°)(s)+B%(s) &¥(to,8) [Ferce,e {2(t,t0)

8
t
|| 2 (tasn1)B8))8, sy )08, | atot, (s)

to

then ¢ s
<uieg ), L(g, 07> = <ul®) wlody . [ f lw(°)(s) l ds

to

and
<KL(X(O)), L(x(O))> = <KW(°),W(°)>" <w(°)’w(°)> + <Fw(°). Fw(O)>

t
- th“ Wls) | 2 4[p ()%} as ,
)

8
where p(s) = Fw(®) -é(s,to)J §(t°,T)B(T)W(°)(T) aT
te
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According to (AX-1.5) the iterate gi(l) is then

given by

(o) (o)
gy P (ermg, ey - VLW w0y g a1,2 ..um

< xw(°),w(°)>
n

1} 1
position to find the optimal u®., Because u is an element

Having determined the basis of {g we are now 1h the

in the space Su, u® can be expressed as a linear combination
or{g in namely: . g:
i u® = €4C, -
1 1=1 1”1

But P'u = x, where x = nz 4‘»1@1. By the same argument as
i=]

stated in Problem 1 in Section 2.2.1, the constant vector ¢

satisfles the following equation:

@ = g;c or ¢ = 97-(3

where c = ¢ol. (c1 oo cn)

n
ﬂ- col. ([91 ﬂn) ﬁi = iE-l<4>I,x>

9= K00 8y ]

AX-2: Minimization of z=f(x) with
the Inequality Constraint g(x)g 0

In the following analysis we shall seek a method for
the minimization of 2 = f(x) with the inequality constraint
equation g(x)<€ 0 where x = (x; «.. x).

First we shall give some important definitions and
theorems in the following:

(a) Convex set: A set D of a space E is called convex if

all segments joining any two points of the set D are
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contained in this set, i.e., if x€D and y€D then
[x0+ (1-8)y)€D for o 0 K1 (AX-2.1)

(b) Convex function: If D is a convex set of space E a

real valued function defined in D is called a convex function

if for x and y in D the following holds

£ [(1-8) x +9y) € (1-8) £(x) + 8r(y) for oAl
(AX-2.2)

(c) Absolute (global) maximum: A function f(x) is said to

have a absolute (global) maximum at x* in D if the following
inequality holds for any point of the domain D.

£(x)  £(x*) (AX-2.3)
(d) Absolute (global) minimum: A function f£(x) is said to

have a absolute (global) minimum at x* in D if the following
inequality holds for any point of the domain D.
r(x) > r(x*) (AX-2.4)

(e) Relative or local maximum (minimum): f£(x) has a

relative maximum (minimum) 1f € >0 can be found such that f
has an absolute maximum (minimum) at x* in D which satisfy
™
|‘1-x1 I(e fOI‘ 1-1’2’ ooon
Theorem G: If f(x), x = (xl coe xn) is a twice continuously
differentiable function in a convex domain D it is convex in

D 1f and only if the Hessian matrix defined by
2
A '[ o °f ] 1,J =1 ... n (AX-2.5)

o xfxd

is positive definite for every point in D.
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Proof':
Necessity: From the extension of mean value theorem

£(x) = £(xo)# <TL(xo), (x-%0)> + 1/2 ((x-%0), A (x-x6) >
where xo & X <X
For 0¢<0<1 we write

(1-9)f(x)+ O£(y)-£[(1- O )x+y)

= (1-6 ){ £(x)-£{(1-0 )x+6y] } + O{I(y)-t‘[(l- e )x+ ey]}
(AX-2.6)

Applying mean value theorem to the expansion of f(x) and £(y)
equation (AX-2.6) reduces to

(1- 0 )£(x)+ O£(y)-LL(1- € )xty]

= (1-0) { vt , 0x-0y> ~0-1/2((9x-0y),_A/f (ex-ey))}-b

(1-8)x+ y

, (1-8)(x-y)>+1/2<(1-08)(x-y), H,zu-e)(x-y»}
(AX-2.7)

e{<vr

(1-0)x+0y
where x<§ <€(1-8)x+ 0y
and y <1 € (1-8)x+ oy
Since ﬁf is a positive definite matrix and the first and
third term cancel, we have

(1-0)f(x)+ 8 r(y)-r [(1-0)x+y]l >0

from which f(x) is convex.

Sufficient: If A/ 1s not a positive definite matrix at x,

then there is a vector z such that
(2, Alxe) 2> <0,
Therefore for all x in a neighborhood of xo, we also have

{z, A(x) z> Ko.
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In particular, when x = §, and y = 1 since the first
expression in equation (AX-2.7) 1s negative this violates
the convexity condition which is a contradiction.
Theorem H: If f(x) and g(x) are differentiable and convex,
and define the set of points (R = {x : glx) € o} » then:

(a) R 1s a convex set.

(b) Any local minimum of f(x) 1is global minimum in R.
Proof:

(a) Let x = (x1 oo xn) and y = (yl ...yn) be two
points in R the g(x) €0, g(y) €0 and

gl(1-8)x+0y] < (1-8)g(x)+og(y) < O
where 0<0 <1 , therefore (1-8)x+0y¢€R.

(b) Let x* and x be two points in R, where x* 13 the
value of x that gives the local minimum of f(x). Now since
f(x) 1s a convex function, we have

(1-8)f(x)+ef(x*) ) r(1-8)x+x*]
or

£(x)-£(x#) 5 TLx*+8(x-x*)]-£(x*) .0¢8 ¢l

0
This relation will remain true as § approaches to zero. By

taking the 1limit 6-+0, we have
f(x)-£(x*)> VL(x¥), (x-x*)>= 0 for all x€R,
since at extremum point the gradient is zero. By the
definition of global minimum, it i1s clear that f(x*) is also
a global minimum.
Let us first consider the problem of minimizing f£(x)
with equality constraint g(x)=0. If x and z are two

elements in the linear normed space X, and the functional



151
f(x) and the constraint function g(x) are defined on X, then

the differential of functional f(x) and g(x) at the point x

for the increment z have, respectively, the following form

ar(x,z) = <vr(x),z>+ "f(x,z) o &f(x),z > (AX-2.8)
dg(x,z) = <{vg(x),z>+ ds(x,z) ~ @g(x),z> = 0 (AX-2.9)
where dt and ds (denoted byo ) are the higher order term in

2 in the sense that

“ Q(x,z) " -0 for “z"—ro

=l

If we assume X = H a real Hilbert space, equation (AX-2.8)

and (AX-2.9) imply that maximum change in f is attained
precisely when z is chosen in the direction orthogonal to
Vg(x) or in the direction of the projection of Vf£(x) on the
tangent plane to the surface g(x) = 0 at the point x. This
follows from the fact that 1f ¥V is decomposed into two
components one 1s parallel to Vg designated by Vfl and the
other 1s orthogonal to v g designated by vf‘z, then we have

df(x,z) -<vt'1(x) + Vf,(x),z> = (sz(x),z> (AX-2.10)
From the Schwarz inequality df has a most negative value
(steepest descent) i1f z is chosen such that

z = - Vip(x) for |z || =2
||vr2(x)||

which is a unit vector along the projection of Vf on the
tangent plane to the surface g(x) = 0 at x. If x(°) is the
initial estimation then x(l) which is adopted as next point

in the 1iteration 1s given by
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(0) _ , V£,(x{%)) (AX-2.11)
l7e,cx(e?) I

(1)

X = X

We can compute Vrg(x) in term of Vf and vg by use of the
fact that vr2 = VP - vrl s Vf - ¢c Vg

and {vg, sz > =0
which gives
c = S8, VLD
{vE&, VE )
Hence Vf,= Vf - (Vg, 9£> v g = (l- vg g )vr
(U8, V&) lve |

(AX-2.12)

where gg 18 the transpose of vg.

Lemma: Let VL€R® and R'=L ()L’ where V£ has the unique

representation Vf = V£, + Vf, with Vf, €L  , Uf,€L

then (1 - gg ve* ) 18 a projection operator, designated
Ioe|

by PL , and defined on R" with range in the subspace L, where

vgel’ .
»
Proof: PL. v, = (1- ¢g ve )Vf2
o8 )?
| ve |
= vr2 where -vrze L
and #
P, ve = (l-vgh—!) Vg = Vg-vEg =0
ve

4
where vg€ L.
Hence (AX-2.11) may be written in the form
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(3) _ . _PL¥e(x))

L(3+1)
I R oG]

- X

Unfortunately x(J+1) determined in this way does not
lie on the surface g(x)=0 because of the omission of dg(x,z)
in equation (AX-2.9) which leads to the property that
z 18 chosen in the direction along the projection of Vf on
the tangent plane to the surface g(x)=0. Strictly we shall
find the projection of Vf on the surface of g(x)=0, Let
PsVr be the chord formed by the shadow of Vf on the surface
g(x)=0 (see Figures AX-2.1 and AX-2.2) then the corrected
iteration 1s given by

)
L) o B VI(x )

I e, vextIy ] (AX-2.13)

where  p ve(x{d)y & [ vrx(9))- e,ve(x{9)))  (ax-2.14)
The scalar factor e, can be determined by substituting x(5+1)

in g(x(d+1))-o. The scalar factor kJ can be selected by
forming a Taylor series about the point x(J) (taking first

three terms in the expansion): )

For r(x(J*l)) to be a minimum, we have

- - <Vf(x(‘”l, z(J))
< z(J)’M(x(J))z(J)>

k

J

where 2(J) o P, Vr(x("))
||P5Vr(x”)) I

Substituting the above kJ in (AX-2.13) we have
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Fig. AX-2,1,--A geometric meaning of PL and Ps.
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2-02

-, TEVm)
3 e(xd)y

f(X(J))

ILVf /
K.
(e )

e
7 Buf(x )

-k Tpvrcxd [N\
$IBof(x ™) £0x3=0

(3+

(3

Fig. AX-2.2.--A geometric interpretation
of the method of steepest descent in the
minimization of 2 = r(xl,xz) with constraint
g(x,,x,)=0. _
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L) L opx(3)y )y (D)
<2(Jy’ﬂ(x(.f)) z(J))

Now we shall consider the solution of minimigation

(AX-2.15)

of f(x) with inequality constraint g(x) 0 in the following.
Let the feasible region (i.e., one which satisfies

the constraints g(x) ¢ 0) be denoted by R -{x : glx) (0}.

Starting with any point x(°) inside the region R we move

along the vector - Vf(x(o)) a distance equal to koz(o) to

(1)

get x expressed by

1) o (o) _ ke z$°)

where ko = <ve(x(©)y, (0 >
<z(o)’ N(x(")) zToT>

and z(°) - Vf(x(o))
I Vr(x(°’) I

1t x1) 18 1nside region R and £(x1)) < £(x(°?) then x(1)

is the new point and this process is repeated to find
(2) | x(3)

It (1) 11es on the boundary of R and £(x‘1))<
f‘(x(O)) then we shall apply projection gradient method to
find x(a). Therefore in general we may use the following
gradient criterion to seek the new point x("”‘) by starting
from x(J) such that

x("+l) - x(J) -k z(J) (AX-2.16)

J
with

ky = < vpexd)y | 509D >
¢ 29T AN (x0T (AX-2.17)
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where
z(J)- Vr(x(‘j)) when xuﬂ) lies inside R, 1.e.,

- P, ve(x{9))  when x13*1) 44 o the boundary of R ,
I 2, vzt 1.e., a(x9*1)) a0 (ax-2.18)

Ir x(l) does not belong to R then we must calculate

the intersection of g(x)=0 with the line passing through
x<°) and x(l). The point of intersection will be selected

as a new point which is on the boundary of R, 1.e., g(x)=0,
Theorem I: Let f(x) and g(x) be differentiable and convex.
Then the iterations given by (AX-2.16) converge to x* which
gives the minimum point of f£(x) with g(x) 0.

Proof: From Taylor series expansion

f(x(”l))-r(x("))’l‘kj <vr(x(-’)).z(")> +1/2 "32

< z(J’)H(x(J))z(J)>

and the expressionf of kJ in (AX-2.17) we have

(4
r(x(3+l))_r(x(d)) é - <vr(x(.1))‘z(|1) >
(2O, @A

l <Vf(X(J)), z(J))Z
MNP € D VT € DI € ) 3¢

2
= - 1/2 <Vf(x('1)). 2(J) Y
T AN, 30y (AX-2.19)
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where
(3) (1)
29 - Vf(‘(j)) for x(3) 1nside R
ve(xd?)y ||
- o P’ Vr(x(J)) for x(J) on the boundary
I pyvex'3%)| or R

Since f is convex, N 1s positive definite and we have
t(x(3+1))-f(x(5))*<o. Now

£0x) % £0x )4 Coex9), 227> + 172 ¢ x| i)

(x-x{97) > (ax-2.20)
Taking partial differential with respect to x, it gives
ve(x) = e(x3)) + A (2x(3))(2-x (D))
and then replacing x(J) by x* and x by x(J), results in
f(x(“)é‘fd(x')(x(“-x')

°r (x{3)_xo) 2N (x8)"1y (£ (D) (AX-2.21)

Prom (AX-2.20) we have
rex{3)_r(xt) 2 172 <x{xo, W(xey(x(I)_xny> (AX-2.22)
Note that V£ (x%*)=0, and /el"l exists because A is a positive

definite matrix.
Therefore from (AX-2.19), (AX-2.21) and (AX-2,22)

we have:
r(x{)) (x4 Copxd)y (D¢
r(x'd))-p(xe) <=, Mx97)2 W9 or Ty Ty rr 30y

(AX-2.23)
Let m and M denote the smallest and largest eigenvalues

respectively of Al(x) and for all x€R. Then for every vector

Z we have
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m <z,2> ¢ (s, Azd> (M 2,2

and M']'(z,z) $<{=, A-lg> ¢m™? {z,2>

Hence
exIhe(x*))  m Cueeld)), 549052
£(x'9))_p(x0) P A X T S AT T E LY

where ( means greater than or approximately equal to.

Recalling that

- - vr(x("”) when x lies inside R
z(J){ N
(3)
- - Py ve(x'd ) where x is on the boundary of R.

7, vextd?y]

Equation (AX-2.24) reduces to the form
r(x(a ))_r(x(d*l)‘

{ m_ when x lies inside R

r(x'yexmy MW
and
r(x(J))-f(x(Jﬂ)) ¢ < Vr(x('”), Py Vf(x('”))a
£(x'37)-r(xv) S M Ky ve(xt0), P, ve(x0) pew £(x ) wrxtd )y
<2

when x is on the boundary of ® since from the Schwargz
inequality we have |A “2 1B | 2), < A,B . Therefore, in

any case, we have

J) (§+1)
£( )-f(x )
r(:‘-”)-r(x-) S §forx€R (AX-2.25)

If we substract each side of equation (AX-2.25) from unity we

have
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r(x(‘"l))-r(x') £Q1- ﬁ)[r(x(”)-r(x*)]. Jm=o0,1,2...
(AX-2.26)

Consequently
exyrxn) ¢ (- B Loxf©))-px0))
But
22 (a2 172 C(x3)oxmy, Mx#) (x03) g0y >33
<xloxey, (203 _zey>

Hence
"x(")-x' " g % (1 - E)" [f(x°)-r(x*)]

as j —»oo, "x(") - x'"-*o

Remarks: (1) If f£(x) and g(x) are differential and convex

we can always find the unique minimum of f£(x) in the set R
by the method of steepest descent and the rapidity of
convergence of the process obtained in theorem I was of order

of a geometric progression with ratio 1 - a

(2) 1In the event that the perpendicular line at

the tip of the vector

kg P ve(x{d))
he, vecx'd) |

to the tangent plane at x-x(J) does not intersect the surface

g(x)=0 we may cut down the size of step kJ such that the new
point x(dﬂ') ER .



APPENDIX AXI

A PROOF OF H(F) = VH(P*)
4
Let (x,y) be an arbitrary element of H(F) s then for

every u € Hl

0 = <(x,¥),(uyFu)>ycpy -<x.u>H1 +<y,Fu>h2 -

<xou>Hl+<F'y.u>H1 = <x+F'y.u>H1 (AXI=1)

which impliex x = - Py or that (x,y) 1s of the form

(x,y) = (- Fty,y) = V(y,F¥y) (AXI=2)
thus (x,y) € VH(F*) and hence H(F)'L C VH(P®),
Conversely if (x,y) € VH(F*) then

(x,y) = V(y,F*y) = (=F'y,y) (AXI-3)
For any (u, Fu) however (u,Fu) L (=F%y,y) since

<(u.Fu).(-F'y.y)>h(F) -‘<u,-F.y>hl+ <Fu’y>h2 -

'<Fuoy>ﬁz+<Fu,y>h2 = 0
4 A4
hence (=F*y,y) € H(F) which implies VH(P*) C H(F) and the

lemma is proved,

161



APPENDIX AXII

A PROOF OF LEMMA (1) IN SECTION 2.".11$ ‘
Property (1) follows directly from the detf%ition.

That the function <(f (r -
1:81)» 2.sz)>ﬂm < rl’r2>H1+<81'82>H2

is an inner product on H(F) is also easily shown, For in-

stance, if W; = (f;,g;) and W, = (f5,85) then

<Wy,W,> nlf., 0. +< >, u<lf, e > 4
1,%3 H(F) 10212 Hl 81,8 Ho 2+ Hy

<8218 =< W2oW1% oy

where W denotes the complex conjugate of W, Thus it remains

only to show that H(F) is complete and closed when F is
bounded. Let {Wh = (rn,gn)} denote a Cauchy sequence in

H(P) then for arbitrary e an N exists such that

2 . 2 2
|| W=V “H(F) ”rm'fn”HI*IISm-Sn “Hz< e for m,n,>N, Clearly
2
this implies both ||rm-rn||H1< e, and |lg, g ":2< 02,0 %0, = e,

for m,n>N. Since Hy and Hp are both complete the sequence
{fn§ and }Snk both converge to points £ and g of those spaces.
Since g, = Ff, for all n it follows that g = Ff and hence the
element w which is the 1limit of the sequence {wnk is given
by W= (f,g) € H(F) and hence H(F) is complete.

Let (“I'Ful)o (usyFuy), .. be the sequence of points

of H(F) since F is a bounded linear operator this implies
162
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that F is continuous, therefore

Fu, = Pu as u,—u

This leads to lim (u,, Fu,) = (u, Fu) € H(F) c H; x Ha.

n--oo |
We must show that H(F) 1is closed or equivalently that its
complement, denoted by H(F)®, 1s open. If H(F)C is not open
then there must be a point (c¢,Fe) € H(F)C such that for each
neighborhood N of (Q,Fc)

Nd;u(p);; X
In particular the sphere s((c.Fc), ;)dFH(F)c forn=1, 2, 3...
Thus there is a sequence of points (ul,Ful),(uz.Fua)... such
that (up,Fu,) € H(F) and lin (u ,Pu )= (c,Pe) € H(F) which

n—>oo
contradicts to the assumption that (c¢,Fc) € H(F)C therefore

H(F)® 18 open and H(F) is closed,

&
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