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CHAPTER I

INTRODUCTION

1.1 Optimal Control Process
1.1.1 The Concepts of Optimum 
Control and Performance Index

The fundamental mathematical problem in the design 
of a control system is the specification of the control law.1 

They can be realized in various ways depending on the will 
of man. As the classical design techniques such as the 
Nyquist plot, root locus method, and so forth, have been 
reached their fruition, the tendency of research work in the 
area of control system has been toward optimization. This 
is due to the increasing demand for systems of high performance 
and to the availability of digital computers which often make 
feasible the calculations attendant on the design of an optimum 
control system.

A physical dynamical system to be controlled can often 
be described by a system of n differential equations or in 
vector form

x(t) ■ f ( x(t), u(t), t ) (1.1.1-1)

^We denote this functional relationship by 
u(t) - k(x(t), t) and refer to the function k as the control 
law. A control law is admissible if k(x(t), t) is 
admissible.

1
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where

x - (x^ ... xn)€ X
u ■ (u. ... u )é U A U
t (time) Is a scalar in T 

x(t) in equation 1.1.1-1 is called the state of the dynamic 
system, it is a minimum set of numbers which, specified at 
any given time, suffice to determine completely the future 
evolution of the system, provided the future forces acting on 
the system are known. The state of the system is a (finite 
dimensional) vector, x^t) (1-1,2, ...n), the components 
of x(t), are called the state variables which characterize 
the control process. For example, a system of N particles 
free to move in 3-dimensional space has a state vector 
containing 6 N components, composed of 3 N position and 3 N 
velocity coordinates. In some cases, the dimension of a state 
vector may be infinite, as in partial differential equations. 
In equation 1.1.1-1 u(t) is called the control function which 
determines the course of the process. For example in a 

mechanical control problem the control function u(t) determines 
the position of a machine's controllers. In most optimal 
control problems, u(t) is assumed to be an admissible function. 
Definition: u(t XU is called an admissible function if U 
satisfies the following three conditions (68).

(1) u(t) is measurable and bounded for to < t « tf

(2) if u(t), te t tf is an admissible control, v is 
an arbitrary point of U and t' and t" are numbers such that
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to c t" C tf 

The control u^t), to < t c tf defined by the formula

,v for t* < t < t" 
u,(t) -J

^u(t) for to < t t’ or t" < t < tf 
is also admissible.

(3) If the interval to < t c t^ is broken up by means of 
a subdivision points into a finite number of subintervals, on 
each of which the control u(t) is admissible, then this 
control is also admissible on the entire interval to<t^tf 
A control obtained from an admissible control u(t), 
to t tf by a translation in time is also admissible. 
Example : The set of all piecewise continuous controls is a 
class of admissible controls.

In this dissertation the dynamic system is assumed to 
be described by a set of linear differential equations

x(t) ■ A(t) x(t) + B(t)u(t) with x(to)-xo (1.1.1-2)
where

x(t) is an n dimensional vector in X 
u(t) is an m dimensional vector in U 
A(t) is n x n time varying matrix 
and B(t) is n x m time varying matrix 

By the equations of motion of a dynamic system, is 
meant a rule which specifies how the state of the system at 
a given time is transformed into another state in the future. 
This process is referred as state transition. The solution 
of homogeneous equation to 1.1.1-2 denoted by £(t,te), there-



fore, is called the transition matrix which characterizes 
the motion of x(t) from te to t.

The problem of optimal control is to find the 
present control law u(t)-K(t,x(tJ) and to force a dynamic 
process governed by equation 1.1.1-2 to perform in some best 
manner. To make the problem meaningful it is necessary to 
define a quantitative index of performance. Mathematically 
it may be assumed to have the following form (37, 38).

^f
J - Te(xf, tf) + c (% (s, xe, to), u(s), s)ds

(1.1.1-3) 
where C is a scaler cost function

Tg is a scalar terminal error measure 
^(s,x^,t^) is the solution to 1.1.1-2, xo and xf are 

respectively the initial and final value of x(t) at t - te 
and t ■ tf.

The general optimum control problem that we treated 
here can be stated as follows :

Given the initial state xo of the system given by 
1.1.1-1 to find a control function u(t) such that (x^ , t^) 6 S 
where S is a terminal set in X xf, and J takes on the least 
possible value.

1.1.2 Types of Optimum Control 
Problems

(A) Terminal Control: Given initial state xe, choose an 

admissible u(t) to drive xf as close as possible to 
a specified state r at specified tf. For this
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Te- || r - xf ||

C - 0
S * X x tf

A class of problems of linear terminal control can 
be found In references (9), (16) and (72).

(B) Minimal Time Control: Given \ choose an admissible 
u(t) such that x^ » r in shortest possible time. 
For this

Te - °
C - 1

S ■ r x T
A number of problems of minimum time control have 
appeared in the literature (2), (7), (22), (24), 
(51), (64) and (65). The time optimal control can 
be obtained as an explicit function of the state for 
linear secord order systems (34) and for some linear 
third order system by means of switching surfaces 
(80).

(C) Pursuit Problem: Given xo and the moving target state 
r(t), choose u(t) to drive the state x.  to Y(t ) as 

soon as possible. This is a generalization of the 
minimal-time control. This gives

*

Te ■ 0
C - 1
S ■ |(Y(t),t) : t e T j
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For example D. L. Kelendzheridge, "On The Theory 

of Optimal Pursuit," dealt with this type of 
problem (43).

(D) Regulator Problem: Given xo, choose u(t) to 
minimize some cost function C, which depends of u, 
at specified time tf.

Te - 0
C ■ C(u(t))
S - X x tf

An example of a regulator problem can be found in the 
reference (46).

(E) Servomechanism Problem: Given x@ and desired Y(t), 
t f 7, choose u(t) to minimize a measure of error 
f(t)-g(x,t)e(t)  at specified time tf, where g(x,t) 
is a known function of x. This gives
*

Te - 0
C - C(e(t))
S - X x tf

Several papers of formal solutions of servomechanism 
problems have appeared in the literature (30, 62). 

(F) Minimum Effort Control: Given x@, choose u(t) to 
drive Xf to a specified state Y at specified time 
tf with minimum control effort. For this

Te - 0
C - C (|iuf )

S * ï x tf
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For example, Lucien W. Neustadt (66) considered the 
case of minimizing the control effort

1. P
C -

and determined the minimum effort and optimal 
control function u (t) by using the method of 
steepest descent.

(G) Minimum Fuel Problem: Given x@, choose u(t) to 
drive Xf to state r at specified tf with minimum 
fuel. This gives

Te - 0
C - ( || u || )
S ■r x tf

Previous work concerning the minimum fuel problem 
can be found from the papers (4), (5) and (7).

(H) Minimum Energy Problem: Given xe choose u(t) to 
drive xf to state y at specified tf with minimum 
energy

T - 0
C * C(x,u) "power" in system
S * r x tf

From (D) to (H), one could also formulate a problem 
with Tg 4 0, then terminal error will be considered. 
Of the most recent papers relating to minimum energy 
control the references (4), (7), (21), (35), (38), 
(60), (67), and (69) are pertinent to the present
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thesis. The theoretical development in sections 
2.2.1 and 2.3*1  of Chapter 11 follows closely the 
treatment of Porter (69).

1.1.3 Mathematical Approach Available 
to Solve Optimal Control Problems

The following list several common approaches to the 
solution of optimum control problems:

(A) Calculus of variations : (24) 
(B) Dynamic programming: (10, 62) 
(C) Maximum principle: (14), (15), (21), (25), (32) and 

(75)
(D) Measure theory: (51)

(E) Function space approach: (4), (7), (9), (35) and (69)

1.1.4 Historical Background of 
the Optimal Control

The optimal control was begun in Russian by Ivachnenko 
(1948) and Feldbaum (1949), in American by McDonald (1950), 
and in England by Uttley and Hammond. These early papers 

dealt with the relay control system with simple linear processes 
of second order and with the problem of minimizing the settling 
time after the application of a step input. Hopkin made further 
contribution along these lines. In 1951 the earliest work on 
an extremal sensing system of the optimal control type was 
developed by Drapper and Ll. Bushaw, Lasalle, and Rose (1953) 
generalized the theory for linear processes. These reports 
were unfortunately not published. Some of Bushaw’s work was 
reported in the book by Tslen (1954). Bogner and Kazda (1954) 
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again treated higher order systems and this approach was 
further developed for third order system by Hopkin and 
Iwana (1956). In the same year (1956) Kuba and Kazda 
extended further to the system of fourth order by 

selecting a continuous response curve to approximate the 
parabolic phase plane trajectories of the ideal switched 
system. Bellman (1956) developed the theory of dynamic 
programming which is a general technique of optimization 
using a digital computer. One drawback of this technique is 
the memory required for a multidimensional vector x of 

higher order. For higher dimensions, the required memory 
quickly rises to astronomical proportions, and a direct 

application of dynamic programming becomes impractical. R. 
V. Gamkrelidze, V. G. Boltyanskii, and L. S. Pontryagin (1956) 
developed a very interesting theory known as maximum principle. 
This result was particularly interesting because it stated 

properties of the optimal solution for every general nonlinear 
dynamic system. In 1959 Desoer solved the minimum settling 
time by use of calculus of variations and in 1961 he also 

derived the maximum principle by use of the principle of 
optimality. The derivation was particularly simple and did 
not require n (t) (the set in which u(t) lies) to be convex. 
Giancarlo L. Collina and Peter Dorato (1962) applied the 
Pontryagin’s maximum principle to the solution of linear 
control systems with quadratic form of index of performance 
and no constraints on the plant control signals. About the 

time from 1960 to 1962 a series of papers relating to the



10
optimal control problem were published by Kalman. Some of 

his papers discussed the stochastic process. The stochastic 
optimal control problem was originated by Bellman (1957) and 
further developed by Bellman (1958), Fuller (1960) and 
Wonham (1962). In the period starting in about 1959 several 
papers of minimum energy problem have been successively 
published. Recently a technique for solving this minimum 
energy problem is focused on the method of operator formulation 
and functional analysis. For example, in January 1963, M. 
Athanassiades developed the optimal control for linear time 
invariant plant with time, fuel and energy constraint. Several 
months later in July 1963 he extended the problem of minimum 
time, minimum fuel and minimum energy control for a class of 
nonlinear norm-invariant systems. James S. Meditch (October 
1963) solved a class of linear feedback minimum energy control 
systems by introducing one additional coordinate of the state 

vector, namely, x^^^ as the minimum energy criterion, i.e., 
xn+^-l/2 J ^<u(s), u(s) > ds. About the same time W. A. Porter 

treated the same minimum energy problem by abstract operator 
formulation from functional space approach with no constraint 
on u(t ).

The body of this dissertation treats the generalized 
abstract minimum energy problem with an application to the 
design of both continuous and discrete linear control systems 
for fixed and variable boundary conditions. Many physical 
applications are illustrated such as the application of 
minimum energy theory to the study of open loop system
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reliability. Some of the parameters associated with this 
optimal solution will be determined by the method of steepest 
descent. For the benefit of readers not familiar with the 
method of the steepest descent and the concept of the 
reliability a brief discussion is given here.

1.2 Introduction of the Method 
of Steepest Descent

The method of steepest descent in Hilbert space was 
originated by Kantorovich (1948). A number of papers with 
application of this approximation method to the solution of 
optimal control problems can be found in the literature (9, 
35). As a matter of fact, many practical problems such as 
the solution of algebraic, differential, integral and other 
types of minimization problems can be solved by this 
approximation technique.

We shall give briefly an outline of the steepest 
descent method in Hilbert space for the minimization of f(x). 
Consider for example the following: Let X be a Hilbert space 
and y«f(x) a functional defined on X. Here f may be either 

linear or nonlinear. Let z and x be arbitrary elements of the 

space X. The definition of the differential of an abstract 
function at the point x is then the following: 
Definition (strong or Frechet differential). If a linear 
functional h < X» (conjugate space of X) exists such that with 

o< (x*z) defined by f(x + z) - f(x) - h(z)+^(x,z) (1.2-1)

we have



12

Mx»* )!! —► o as ||z|Ho, (1.2-2)
II Z II 

then h(z) is called the differential of the function f(x) at 
the point x along the increment z.

In other words, if the expression df(x,z)-f(x*z)-f(x)  
has an expression as a linear functional ”h" on z plus terms 
of "order higher than one in ||z||," then f is said to have a 
strong differential at the point x. In a Hilbert space where 
functionals have the form

h(z) -< u,z > 
it is convenient to think of u as the gradient of f(x) at x, 
denoted by Vf(x). Thus the equation

df(x,z)- < vf(x), z > + o/<x,z> (1.2-3)
is frequently used. Note also that the functional h - < vf is 
evaluated at the point x and is by no means independent of x.

Our problem is assuming that the function f(x) has a 
unique minimum at x « x*  an unknown point, how does one go 
about finding x*?

The steepest descent technique is applicable when f 
has a gradient vf at every point of X. If this is so then an 

initial xo is chosen. The number f(xo) and the functional 
<vf(xo) can be computed. Next the vector zo6X such that 

|l zo|l “l and ze maximizes -df(x ,z) is chosen. The one 
dimensional manifold | kzo: k is realj is called the "direction 

of steepest descent."

When X ■ H a Hilbert space from the Schwarz inequality 
it is clear that the negative maximum of df in 1.2-3 for
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|[zo|| ■ 1 is attained for the unit vector

Zo ■ - 
||vf(xe)|| (1.2-4)

The next approximation x^ will be given by judiciously choos­
ing ke?o and setting

■ xo+4x@ - Xo+koZo - xo-k*  jjj

that is the initial estimate is adjusted by a step of size ke 
(i.e., a vector of norm ko) in the direction of steepest 
descent. Using x^ the value of f(x^) and the function vf(x^) 
are then recomputed and the procedure is repeated, generating 
the sequence

*n+l ■ where n - 1,2, .... (1.2-5)

The main theoretical problems are:
(1) To find a good way to chocs k, .... k ... n,
(2) To show that the sequence {x^| converges to a point 

making f a local minimum and
(3) to show that f(x) has global minima on H. In many 

cases problem (2) can be answered by an application 

of the contractive mapping theorem and problem (3) 
frequently involves introducing convexity assumptions 
on the function f.

It should be noted that the technique of finding z 
depends on the type of problem under consideration. The step 
size kfi is either kept small such that the second order term 
d(x,<£x) is negligible or in a special case may be adjusted to
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speed convergence of the sequence or give the sequence other 
desirable properties.

1.3 Introduction of the Concept 
of Reliability

The problem of reliability has become important in the 
recent years. In the development of large weapons systems 
it is of prime importance. Without a doubt unreliability has 
consequences in cost, time wasted, and in certain instances 
personal and national security. For example, the failure of 
a home radio would generally cost the amount needed to replace 
it, however the failure of the similar transistor in a 
ballistic missile might fail to start, this leads to the 
subsequent loss of the missile at tremendous cost.

The abstract concept of reliability may mean different 
things to different people, and therefore it is difficult to 
have a satisfactory quantitative definition of reliability. 
Stated simply, reliability is the capability of an equipment 
not to break down in operation. When an equipment, such as a 
switch, a diode, or a very complex machine, works well and 
works whenever called upon to do the job for which it was 
designed, such equipment is said to be reliable. The 
satisfactory performance without breakdown while in use and 
readiness to perform at the desired time are the criteria for 
equipment reliability.

A measure of an equipment's reliability is the 
frequency at which failures occur in time. If there are no 
failures, the equipment is one hundred per cent reliable, if 
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the rate of failure is low, the equipment is usually still 
acceptable. If the failure rate is high, the equipment is 
unreliable. Reliability predicts mathematically the 
equipment's behavior under expected operating conditions. 
Reliability expresses in numbers the chance that a piece of 
an equipment will operate without failure for a given length 
of time in an environment for which it was designed.

According to RETMA1 "the reliability is defined as 

the probability of a device operating its purpose adequately 
for the period of time intended under the operating 
conditions encountered."

Measurement or calculation of the adequate performance 
of a device requires measuring all important performance 
parameters. As long as these parameters remains within 
specified limits the equipment is considered to be operating 

satisfactorily.
In this dissertation we say that a reliable system is 

one in which system components do not fail during the period 
of operation, or if they do, the overall system performance 
is insensitive or invariant under such failures. A particular 

type failure is studied in this paper. We shall consider 
those systems in which the random failure is defined as 

follows : 
Definition of failure: Let a denote an expected or normal 
value for a system parameter, a, and Sa » a - a denote the

IrETMA, Radio Electroncis and Television Manufacturers' 
Association is now known as ETA (Electronics Industries 
Association).
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deviation of "a" from its nominal value. Then if fa is un­
detected, it is considered to be a failure. We shall consider 
"a" to be a random quantity that is a random failure. More 
generally speaking we shall consider a linear time-varying 
system whose coefficients are function of random variables 
of known statistical properties, and the system will be 

assumed to contain an unknown parameter $"(fj* •-fn) which is to 
be determined.

The system equation is 
i(t) - A(t,a,f ) x(t)+B(^)u(t) , x(to)-xe

and the index of performance has the form
2 / tf

J - l/2E||fx|r+1/2 ' [u,Bu ]ds

Where R is a positive definite matrix, the symbol [u,v] 
p 

denotes the inner product of u and v, and E || fx || is the 
r.m.s. value of the terminal miss vector due to the system's 
randomness. Evidently Sx is a function of Ja. From the above 
definition of failure and reliability, the lower the occurrence 
of failure the higher will be the system reliability. There­
fore the high reliability of the system under consideration 
will be attained when the index of performance J takes on the 
least possible value, as the result of properly choosing the 
parameter f■ ..^n) and control function u(t).

1.4 Problems and Objectives of 
this Dissertation

In Chapter 11 four classes of the abstract minimum 
energy problem are discussed and many applications to the
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optimal control problems are given for the purpose of 
illustration.

The generalization of Kalman’s method for the 
evaluation of the optimal performance index and comparison of 
abstract operator formulation with other techniques are 
studied in Chapter III.

Conclusions will be stated and suggestions for future 
extension will be made in Chapter IV.

The operator representation of a linear dynamic system, 
which is utilized in the formulation of abstract minimum 
energy problems and the determination of related parameters 
by the method of steepest descent are stated in the Appendix 
AIII and AX respectively.

The objectives of this dissertation are:
(1) To generalize the minimum energy problem as initiated 

by Porter.
(2) To develop a technique for the computation of optimal 

quadratic performance in both fixed and variable 
boundary problems.

(3) To derive a method of steepest descent with inequality 
constraint for the minimization problem.

(%) To apply the abstract minimum energy theory to the 
study of open loop system reliability, and

(5) to relate the abstract theory to physical 
applications.



CHAPTER II

MINIMUM ENERGY PROBLEMS

2.1 Introduction
In this chapter an abstract operator formulation of 

the minimum energy problems with its applications to the 
physical systems is studied. It mainly deals with the follow­
ing four problems: 
Problem 1: Let x be an arbitrary element of Rn. Let P*  be 

a bounded linear transformation of a Hilbert function space H 
into Rn and is defined by

r F* 4> (t)><f<
1-1 1

with fixed t. Let the set U%cH be defined by
Ux - { u : u £ H, F^u * x j.

From the set U find the element u with minimum norm.
n

The set of range vectors , and the set of functionals 
n 1 Hl

{<^1 » are assumed to be linearly independent. Problem (1) 
can be applied to the solution of minimum energy problem with 
fixed boundary condition.

It is proved in this chapter that v, the element which 2
minimizes J(u) ■ || u© ♦ v || , is given by F*  ( x + xo)-uo. 

Problem 2: Consider the parametrized family P® : se/jof 

linear transforms each of which is a mapping of the Hilbert 
function space H onto Rn. Thus for each seethe operator F®

18
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of this family has the form

where the vectors 4d>. (s)l and the functionals <<f4 > are
I 1 51 I Hl

linearly independent sets in Rn and U respectively. Find 
the vector xéRn, the parameter se/and the input utU such 
that the constraints

x ■ F*u
^(x.s) - 0 i ■ 1, 2, .. .m <n , xeR" 

are satisfied and the functional
J - g(x>s)*||u|| 2

is minimized. Problem (2) can be applied to the solution of 
minimum energy problems with movable bound conditions (see 
Section 2.3.2).
Problem 3: Let and Hg be two Hilbert function spaces and 
F be a transfer operator carrying H1 into Hg. Let Ft be the 

t-th sample of F a mapping of H^ onto Rn. If U% is the set 
defined by

Ux » j u : u £ H1 » F*u  - x j

find the element u(Ux for which J(u) ■ || Fu +||u ||2 
H2 H1

is minimized.
Problem 4; Let H^ and Hg be two Hilbert function spaces and 
F be a transfer operator carrying H^ into Hg. Let F% be the 

t-th sample of F. If u and y denote arbitrary elements of 
H^ and Hg respectively from the set Ux "ju : u € H^, F*  u " x
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find the element which minimizes the functional 
J(u) * Il Pu - y||2 * || u - u ||2 .

H2 11 11 Hi

Remarks (1): We define the phrase "Hilbert function space" 
over a finite interval f of reals, or 6 ■ [to, t^ ... tf] to 
be L2 (T), or /2(6 ) respectively.
Remarks (2); Since the range of F is C(T )CI H2, the notation 
of the "value at a point" of a function in the range makes 
sense. We define F^u ■ (Fu)(t) where Fu is the unique 

continuous image of u under F. (See Appendix AHI.) In the 
discrete case, of course, these remarks are superfluous.

2.2 Problem 1
Let x denote an arbitrary element of Rn and let the 

set Ux be defined by

Ux - u : u £ U, F*u  ■ x é Rn | 

From the set Ux find the element u with minimum norm.

2.2.1 Abstract Theory
Consider the bounded linear transformation F^ of an 

arbitrary Hilbert function space U into Rn defined by

Let the range vectors J " and the functionals on U f, I" 
(ill ( Hl

comprise linear Independent sets, then F% is a linear trans­

formation onto Rn. The term "minimum energy" is derived from 

the fact that many physical problems involving energy can be



21
formulated such that the signals u(t) involved are considered 
as elements in a Hilbert function space of functions of t 

2 / 2
with the energy of the signal being ||u || ■<u,u>« 11 u(t) | dt. 
In solving Problem I we shall make use of the fact that every 
functional on a Hilbert space has a representation as an inner
product with a fixed element of the space. Let the fixed 
element associated with the functional be denoted by f.. Then 

t r afor the operator F the set J<f,1 in H has a corresponding
. n 1 'I

set} f.I in H. It is apparent that the linear independence 
I ^l

of the functionals implies the linear independence of the 
vectors.
Theorem (A): Let M denote the linear manifold spanned by the 

rin -Lset j f^j ; then M , the orthogonal complement of M in U, is 

the null space of F% and the restriction of F*  to M is non­

singular.
Proof: Let Npt denote the null space of F^. If u€Mx then
<f^,u> - o,i ■ 1...,n and hence F^u ■ o which implies that 
ufN-t hence MCN-t, On the other hand if u*N_t  then F^u- r r r

n ,
Z ^><f.,u>- o and since the setlf. i is linearly independent 
i-1 1 1 (

< fi,u> " o(i ■ 1,... ,n) which implies that u 6 MX hence M^Nyt 

and the first part of Theorem 1 is proved. Let F^ denote the 
restriction of F*  to the subspace M that F^ is nonsingular^ is 

immediate from the fact that F^ is a linear mapping between

^If T is a linear transformation from finite dimensional 
space V into W, and dim V ■ dim W,then T is nonsingular. (33)
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finite-dimensional spaces with a domain and range of equal 
dimensions. (33)
Theorem (B): The set Ux has a unique element in M which is 

o
exactly u , the solution of Problem I.
Proof: Since PM is nonsingular exists and the element 
defined by u"F^x is the unique preimage of x in M. Since 

M is finite dimensional it is closed and we may consider the 
orthogonal decomposition U»M®M of U. Let û denote an 
arbitrary element of U which may then be uniquely expressed 

as
ü » u^ + Ûg

where u^ M and u2*M x. Since is the null space of F% the 

additional relation

x"F*u  « F*(  + ûg) ■ F^û^ + F^üg ■ F^ü^ + o holds

since ûx is a preimage of x in M it is unique and given by
-1 

U1 * PM * 
From the relation

2-12 2
Il û II - Il * Il + Il u2 ||

it is apparent that
2 -1 2

11 = 11 a IIPM % ||
holds for every other û 6 with equality if and only if 
û ■ Fm-1x and hence the theorem is proved.
Remarks : The transformation F^1 is exactly the pseudoinverse 

of F. Since M is uniquely determined by F no confusion can
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result from Introducing the notation F*  - which will 

be used in the sequel.
Theorem (B) satisfies the theoretical requirements 

of Problem 1 and it is easy to fill in the computational 
details. To illustrate let xtRn be a given arbitrary vector 
and take the set Jf.1" as a basis for M.

I iJl
Since _

O
u " J-l JfJ (2.2.1-2)

in terms of this basis here di ■ and is a scalar
tuplet to be determined. Slmilarily x has a unique expansion

i jn _
along the basis for R and

n 
x . 2Z A 4> 

1-1 1 i 1 (2.2.1-3)
where the tuplet 0..^n) is uniquely determined by the 
vector x and the basis setI .

i ih 
Using equation 2.2.1-1 and 2.2.1-2 it is immediate that

J a i O n I JLx ■ Si "A ■Fu ■ 5i*1  
n

Since the setis linearly independent equation 2.2.1-4 
implies the n equations 

n
@1 ■ i - 1 ... n

or in matrix form:
P * (2.2.1-5)

Where f^j the (i»J) element of the matrix , is defined by 

flJ " ^^1'
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y ■ C<fv fj» (2.2.1-6)
The determinant ofis the Gram determinant of the set 
i inI ^ill hence the linear independence of this set assures 

the nonsingularity of Since the tuplet (3- ... ^2)
is uniquely determined by x, the equation 

*

uniquely determines a and in turn, through equation (2.2.1-2),u*.
The matrix also yields a simple expression for the energy of
u°. Indeed the expression

II“’ll2 ■<“'
n n n

W-/1 <

is precisely the quadratic form 
2 —1

II u° || -[ a . tp, y ] (2.2.1-7)

The matrix has a similar form to that given in (2.2.1-6). 
। +\n

Letting ^f^ ji denote the dual basis for M it is easily 
verified that (see Appendix AVIII)

—1
7 ■ [<f/ , fj>] (2.2.1-8)

Remarks : The use of the y matrix is not the only computational 
( +in / +.n

method for determining u°. Let the vectors]^ \ ,]f v denote the 
n i’l ( 1'1

dual basis for R and M respectively. It is apparent from
equation (2.2.1-1) that the transformation F+ is given by

. «
' ■ Ex txt*

1 1 (2.2.1-9)
and hence it is immediate that u*  is given by

(2.2.1-10)
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The energy of u° is also easily computed in this case and is 
given by 

h h 2 n + + n + +
I u® -<E f X*  x > 52 £ ><4> x» 

1-1 1 1, , d-1 j J ’

■ x><f+ f*><* + x >
±,j 1 , 1 , J J, (2.2.1-11)

In the light of the fact that (3^- <4>+,x>and the preceding 

remark it is obvious that this quadratic form is exact 
equation (2.2.1-7). Before proceeding to the theoretical 
generalization of the present discussion, it is fruitful to 
consider two concrete examples from the theory of linear 
dynamic systems.

2.2.2 Examples
Example 1: Continuous Linear System

For the real valued linear dynamic system defined by 
Kt) - A(t) x(t) + B(t) u(t) (2.2.2-1)

let us determine the control u(t) which transfers the vector 
x(te) ■ xo to the value x(tf)*x f while minimizing the per­
formance index .

J ■ 1/2 I [u(s),u(s)J ds (2.2.2-2)
to

To formulate this problem in the notation of the main 
discussion, it is only necessary to introduce the input space 
U ■ L™ (to ,tf), the direct sum of m copies of the real 
component Hilbert space Lg (to , t^). The inner produce on 
U is given by ' 

,tf
< u,v> ■ \ [u(s), v(s)J ds u,v€U (2.2.2-3) 

to
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and thus J(s)-l/2 ||u|| 2. (2.2.2-#)

This exaiple may be reformulated in the following manner: 
given x@ and xf in Rn the vector x(tf) 6Rn is defined by 
x(tf)"[x(tf)- 4(tf,t@)xoJ and the minimizing control is the 
element u with the minimum norm such that x ■ F^u. This is 

exactly Problem I discussed above.
In the present instance, the columns (t,)1 of 

n < 1 r Ji 
the transition matrix (t»,to) and j f, I serve as bases for 

Rn and M respectively. It is not difficult to show that the 
solution u® is given by the expression

n —I
u®(t)-Zl f. oi - B»(t)$«(to,t) J (tf)(3 

1"1 1
(2.2.2-5)

where f^ ■ i-th row of matrix £(te,t)B(t) (See
Appendix AIII)

p (te,tf)x(tf)*5(t e,tf)[xf- (tf,to)xoJ (2.2.2-6)

and
J(tf) -j f #(to,T)B(-r)B«(ir) ^(to.T )dT 

(2.2.2-7) 
Example 2: Discrete Linear System

Consider the real valued discrete dynamic system 
defined by

A.x(t)-A(t) x (t) + B(t) u(t) , (2.2.2-8)V
The problem posed is to find the control u defined on the 
set 6 ■ j te> t1 ...tf j such that transfers the tuplet 

(xe , to) to the tuplet (xf , tf) while minimizing the
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performance index 

[tf]-l
J ■ SZ h [u(t.) , u(t.)] . (2.2.2-9)

J»o J J J
The similarity with the previous example makes the present 
case easy. If denotes the Hilbert function space of 
all real functions defined on 6 with the inner product

< u, v >- 52 h*  u(t^ )v(t^ ) u, v (2.2.2-10)
then taking the input space U*JL™(^ ) with the inner product

<u, v>- hj[u(tj), v(tj )] u,v éU 
J 

it is clear that the present problem is closely analogous to
Example 1. It is easily verified that the matrix y is given 

by i

Ot "[to] 
(2.2.2-11) 

while the minimizing function u° is computed by the rule
u°(tj)"B (tj) $ (to> tj+^)y (tf,to) [^(to, t^)x^ — Xq] 

(2.2.2-12)

2.2.3 Physical Applications 
Example 1: Consider the continuous second order position 
control servomechanism shown in Figure 2.2.3-1 in which the 
gain, mass, and viscous damping which in general are 
deterministic differentiable functions of time are assumed 
in this example to be constant. The motor armature Inductance 
and backlash of the gear are neglected. Now by fixing if the 
following basic equations describe this system
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et - A er - A k„ (61 - 6p) . U * k^. (2.2.3-1)

T - k2i - J Go + f èe (2.2.3-2)
6P ’ k3 6° (2.2.3-3)

where A - gain of amplifier 
motor constant

T, k2" developed torque, torque constant 
kg" gear ratio 

k^- proportionality constant of potentiometers 
4*  " air gap flux of motor 

R ■ resistance of armature circuit of servomotor M 
Rf» Lf " resistance, inductance of motor field circuit

J, f " inertia, viscous damping (referred to motor shaft) 
It is desired to find ^(t) such that

SottoMo, 6o(to)-de, %, (tf)" Of and Ôo(tf)-

and
J " 1/2 2 dt has a minimum value.

From equations (2.2.3-1) to (2.2.3-3) we have

*(— + 6. ♦ A k„ k3 e. . A k e
k2 k2 41

(2.2.3-4)

Or 6O + a% Bo + a. " d 

where v
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ao ■ A kg
JR 

d - A kg

Let ■ 6e , Xg « êo and u * 6^

Then in matrix notation equation (2.2.3-4) may be written

(2.2.3-5)as i(t) ■ A x(t) + B u(t)

where

RAW

Fig. 2.2.3-1.—Second order position 
control servomechanism.
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It is not difficult to show that the transition matrix 
£(ttto) of the system (2.2.3-5) is given by

4*ii (t,to)

4 2i (t #to)
(t>to )

412 (t,to) 

^22 (»to)

where

—b(t-to)
4^1 (t,to)" c1e sinEw(t-to^^3
l -b(t-to)
f12 (t,te)■ c2e sin w(t-te)

^21 (t,te)- Cge^(^«) sin w(t-to)

^22 (t,te)- c^e^^~^^ sinCwtt-to)*̂]

a& [(ap^+w^]^
w » c4 ------L_-------

w ■ (ao-b * b ■ ■ tan ^(^-) , and ■ tan j

The initial and final value of the state of the system can

respectively.

be expressed by

We can compute

Go
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P - 5X (tf) - X (to) 

♦11

*21 

r^u

( to 11»)

(to tj)

( to >t|>)0f

(to>tf)

d

d2

where

■ ^^^(to* ®o 

dg ■ ^21^°^22^°*̂f^f  *

^(te, s)B(s)B*(s)  5*(t e>s)d8 
to

_f21 f22

ds

where

tf
d2 4>12(to,s)^22(to,s)d8 

to
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d 22* ®)ds

22 4>22 (to,s)ds

Then the optimal control u° (t) or 0® (t) is given by
2

u°(t) - ZZ f< ot. 
1=1 1 1

■ B*(t) ^*(to,t)f (3

^11^22 ”

-f12 I

^11

or

6°(t) ■ u°(t) ■ (f fag - t f
11 22 12 21 -2Ù1*22>

and the optimal performance index can be computed as follows : 

J » T fl >
f22 ~f12"l

m—2-7-7—)'*11*22  x12*21'  l-f21 fn d2
2 " 2

77—t---- —y—\ (dl f22 ’ dld2f12 ” dld2f21 * d2 fll 
ullr22 - ^12^21^
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Given specific values of these constants J, f, r, 

A, kp kg, kg and k^ we can compute Q (t) and J . This 
method is applicable to high order systems, however the size 
of the related transition matrix increases.
Example 2: Consider the sampled-data control system given
by Figure 2.2.3-2:

v. (t

sampler

vo(t)

amplifier with 
low pass filter

zero order 
hold

(s+a)
a.

Fig. 2.2.3-2.—First order system with 
sampler and zero-order hold.

Assuming for simplicty that a, k, and T are all unity,
one can easily verify (82) that

where
G(s) -

G(z) - z(l-e"^)________ 1-e-l - l-e"1
(z-DCz-e"^) (z-1) (z-e-1) z - e”1

After some manipulation we have 
vo(z) 0.632 

---- — « ---------- (2.2.3- 
v^tz) z + 0.264
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Let ve ■ x, and v± ■ u, equation (2.2.3-6) reduces to 

zx(z) + o.264 x(z) ■ 0.632u(z) 
which leads to the following first order linear difference 
equation 

x(k*l)  + 0.264 x(k) - 0.632u(k) (2.2.3-?)
or Ax(k) - -1.264 x(k) + .632u(k) (2.2.3-8)
where Ax(k) - x (k+1) - x(k) 
Replacing k by t where t - [te,t1,...tf] equation 
(2.2.3-8) may be written in the following form 

△x(t) - -1.264 x(t) + 0.632u(t) (2.2.3-9)
The transition matrix of system (2.2.3-9) is given by 

^(4,to) ■ (-.264)t~t*  which satisfies

A5(t,to) - 1.264 5(t,te) (2.2.3-10)
The optimal input function u(t) that transfers the output 
from x(to) ■ 0 to x(tf) - xf while minimizing the performance 
index

Et^3-i 
hj[u(tj),u(tj)] . U2

(where hj • ‘m
is given by (see equation 2.2.2-12)
u(tj) • B*(tj)  *̂(to»t J+1)jr“1(tf,to) E4(to,tf)xf - XoJ

)r Ct£»]—1

‘ et0
.632(-.264)

2(to-t^)_-l to-tf
4(-.264) (-.264) :

r
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where

■ .2= A (t^) s
” "L *o  J

o("Cto]
4 (-0.264)2(t*  *̂1?

A simple extension to Problem 1 is given by theorem 
C. Let u© be an arbitrary element of H and x© - Fu© its 
image under F.
Theorem C: v - the element v € U*  which minimizes 

J(u) ■ || u© * v is given by 
P+ (x + x©)-u©

Proof;
Let v be defined as F*(x  ♦ x©) - u©; then 

Fv ■ f|f*( x+x©) - u©j- F F*  (x+x©) - Fu© “ x+x©-x© - x 

and hence veU^. The equation v + u© ■ F*  (x + x©) implies, 

however, that v + u© is the element of minimum norm which 
maps onto x + x© under F. Since the norm of v + u© is J the 
theorem is proved. From the solution given above to Problem 
1 it is clear that v can be computed by

n
? + "° " fi “’i 

1-1
where

Example: Since the present discussion is so closely linked 
with Problem 1 above, this example is selected not as a 
computational illustration but rather as a suggestion of a 
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class of physical problems which give rise to the problem 
posed in theorem C.

Consider a non-linear discrete dynamic system defined 
by 

A x(t) - f(x(t), u(t), t) t

Let the tuplet (x, û) denote a trajectory for this system 
which is optimal for an arbitrary performance index. As 
the control û is applied we shall assume that slight in­
accuracies in the control u, or inherent limitations of the 
knowledge of the vector function f(x,u,t) cause the actual 
trajectory to deviate slightly from x. Letting 6x and <5u 
denote deviations from (x, û) and assuming that f is 
continuous with respect to (x, 5) it is not difficult to
verify that the perturbation tuplet (6x,8u) satisfies 

△ t 6x(t) - A(t) 6 x(t) + B(t) £u(t)
where the (1,J) entry of A(t) is given by

&ij<t)" day kx,û) i,J*l..n  
and the typical entry of B(t) is exactly

b..(t)■ ^u. px»u^ i,"i..n,J"l..m. A J J

As a practical measure 8 u is to be chosen to produce a desired 
value 8x(tf). While the original criterion of optimality may 
have been something quite different from energy, the fact 
that the physical mission may require that the fuel available 
is actually the pre-computed value || u || 2 makes a minimum 

energy strategy for the perturbation control essential.
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Here we may choose to minimize || £ u || 2 as in Problem 1, how­

ever since the actual total energy being used in given by 
Il û * 5u || 2 it might be more appropriate to minimize this 

quantity which bring the problem within the scope of 
theorem C.

The class of problems with which we have been 
concerned in the previous paragraphs was centered about a 
transformation of a Hilbert function space U onto Rn. In 
the succeeding discussions the scope of interest is given 
a natural generalization patterned after the behavior of 
linear dynamic systems. While the details become more 
complex, the net result is that in spite of the complexity 
the general problems to be considered are exactly the same as 
Problem 1.

The solution of Problem 1 is the basic result on 
the minimum energy problem. In this and subsequent sections 
this basic result will be expanded in scope by consideration 
of several variations on the basic problem. The first such 
consideration is a variable end point problem which will be 
studied in the following section.

2.3 Problem 2
Consider the parametrized family jF8 : s<^|of linear 

transformations each of which is a mapping of the Hilbert 
function space U onto Rn. Thus for each st/ the operator Fs 
of this family has the form

F ■ EZ ^(ajxf , (2.3-1)
1-1 1 1
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( jn , » । nwhere the vectors and the functionals j <f I are

1 i U (.ill
linearly Independent sets in Rn and U*  respectively. Find 

the vector x6 Rn, the parameter s e y and the input u(U such 
that the constraints 

8
x - F u 86/ (2.3-2)
^(x, a) - 0 i - ...m<n, xeR*,  sé/*  (2.3-3) 

are satisfied and the function
J ■ g(x,s) + Il u II2 (2.3-4)

is minimized.

2.3.1 Abstract Theory
In solving this problem it is desirable to take

advantage of the results of Problem 1. To do this let us 
( s ) _

note that in the family < F : s é / j each of M is the 
orthogonal complement of the null apace of the respective 
transformation F8. The restriction of Fs to Ms is a non­
singular mapping onto Rn hence an associated family of 
pseudoinverse operators j(F8/ : s é /j may be defined such 
(F8/ F8 is the orthogonal projection of U on Ms for all 

s€/.
Assume now that Problem 2 has a solution and denote 

by (x, s) the range vector and the parameter value which 
partially solves Problem 2. Let us assume for the moment 
that (x, s) is known, and after substituting (x, s) into 
(2.3-3) and (2.3-4) the functions g(x s) and ^(x s)
i ■ l...m are independent of u, and the Problem 2 is reduced
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to Problem 1 with fixed (x, 5). To minimize J it is clear 
that û the solution to Problem 2 is chosen as the solution 
to Problem 1. Hence ü ■ (P8) x. 
Remarks : These remarks show that Problem 2 may be stated 
in the following equivalent form: Let the transformation 
(F8/ defined by

(p8)1 • £ (r8) +> <4 (8) 
j-1 1 1

denote a typical member of the set |(F8 ? : sevjand let the 

set X be defined by

X ■ |(x,s) : x€Rn, 86^,4^(x,s)" o i ■ l...m j 

The solution of Problem 2 is given by the tuplet 
(x,s) satisfies(x,8, (F ) x) for which 

J(x,s) -inf | g(x,s) 

(x.s)ex

n
2

(2.3.1-1)

This formulation may also be expressed in matrix form. Let

PjJsX^ (s),x> 1-1.. .n and ^(s) - (^(s).. .^3n(s)X

It is clear that the functions x^ and g may be expressed as 
functions of (3^ thus the set X becomes

X -|(^(s),s) : se/, ^(£(8), s)- o, 1- 1.. .m j 

and the solution to Problem 2 is determined by ((3(s),s) 

such that
• Inf j g(p(s),s) + [(3(8), y (5) ft (5)]} 

((3(s), s)e X (2.3.1-2)
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Evidently this is an ordinary constrained minimization 
problem.

It is not our intention to explore in depth the 
many variations and examples which stem from equation 
(2.3.1-2). When all functions involved are sufficiently 
smooth, the classical statement of necessary and sufficient 
conditions is given by the theorem.

Theorem D; Let f(x^..xn) denote an objective function to 
be extremalized which in addition to the r independent side 
constraints

6j ^i--3^ " ° J"1 •• r <n (2.3.1-3)

are at least twice differentiable at a point (5c1..xn). 
If x-Cx^...xfi) is a local constrained extremum for f (x) then 
it is necessary that scalars ) exist for which

r
J*  ■ f (x1..xn) + xj8j(x1..xn) (2.3.1-4)

has an unconstrained extremum at x. If in addition the 
relationship

i5i k?xj l; 81

holds for all z - (^..z^ satisfying

(2.3.1-5)

n 
r 
i-i

Ü1 I
I ; - o (j-1,...,r) (2.3.1-6)

then x yields a constrained minimum of f.



41

o)x d x 
1 J

Remarks : (1) If x is an unconstrained extremum of J (x)
then the u+r equations

à J (x) ■ 0 1-1 ..

gj(x) - 0 j - 1 ..
in the n+r unknowns (x1...xn, ^... xp)

.n (2.3.1-7)

.r (2.3.1-8)
must be satisfied.

(11) If H is the matrix with (i,J) element à2f(x) and

V_g denotes the tuplet v„g - —) then the
sufficient conditions may be phrased as being 

[z, Hz] 2 0 (2.3.1-9)

for all z ■ z^...zn satisfying

■ 0 (j"l,...,r) (2.3.1-10)
A proof of theorem D along with geometric interpretations of 
Lagrange multipliers has been given by Kao (40). Other 
sources on this topic include (13) and (28).

2.3.2 Example: Continuous linear 
system with movable boundary condition

Here we shall consider again the continuous system
of Example 1 in section 2.2.2. In the present instance the 

2
terminal conditions x(tJ-o and || x(te) || * 1 must be

2 
satisfied while minimizing the performance index J ■ ||u(t)|| .
In short (xO1x?) must satisfy the constraints

f1(xe) ■ [xe,xo] - 1 ■ o
■ xf ■ ° (2.3.2-1)



42
Drawing upon previous discussions it is clear that 

x - x(tf) - (tf,te)xo

- O - i(tf,t0)x. (2.3.2.-2)

As before the scalar tuplet will be defined by 
ft ■5(te,tf)x and In light of equation 2.3.2-2 (3- -x°; thus 

the first constraint may be re-written

Yl(f) - [f,f] -1 - o.
In this example the function g of equation (2.3-4) is 
identically zero, thus the performance index is written 
simply as

J<p) - Q3, y If]

To minimize J(p) while satisfying * 0 the augmented 
functional

J*  (|3) - I?, y 1/3 J +x j tp.pj -1J 

is introduced. The first necessary condition is given by 
the equations

y*(£)  - 2 + 2X(3 - o

3J*  (3) ■ [|3,/3J -1 - o
X

Taking the inner product with (3 on both sides of the first 
expression and utilizing the second yields the condition

A- " C(3, (2.3.2-3)
hence the defining relationship for (3 becomes

■ J(f)|3 (2.3.2-4)
In other words [3 is an eigenvector of the matrix
Since this matrix is symmetric and positive definite all 
eigenvalues of y"1 are real and greater than zero. From
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equation (2.3.2-4) it is clear that the eigenvalues of 
are the numbers J (£) where (3 runs through the eigenvectors. 
Since J (p) is to be minimized the solution is determined 
by choosing p to be any unit eigenvector corresponding to 
the smallest eigenvalue of y

2.4 Problem 3

Let H^ and H2 be two Hilbert function spaces and F 
be a transfer operator carrying into H2. Let be the 
t-th sample of F a mapping of onto Rn. If Ux is the set 
defined by

Ux « | u : uGH^ , Ftu ■ x j 

find the element u e Ux for which 
2 2

J(u) ■ Il Fu II + II u ||
h2 H1

is minimized. 2
Note that || Pu || is the norm < Pu,Fu> in the Hilbert 

H2 ,

in solving Problem 3 we shall need to recall the definition 
of the graph of a transformation.

function space H2 and not in Rn and || u || is the norm in H,1

2.4.1 Abstract Theory

Definition: Let F be a linear mapping of H^ into H2. The 
set H(F) defined by H(F) ■ j(u,v) : v-Pu, u 6 H^J is called 

the graph of F. The graph of a transformation is thus the 
subset of

H1 x h2 ■ | (u,v) : u € , v H^
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for which the ordinate v is related to the abscissa u by 
v ■ Fu. The basic properties pertinent to the present 
undertaking are summarized by the Lemma (1).
Lemma (1):(1) If addition and scalar multiplication are 
defined on the set H(F) by 

d(f»g) ■ (df, 0» g)
(f^gp + (f2,g2) - (f/f2, g1+g2) (2.4.1-1) 

then H(F) is a linear space.

(11) If and Hg are Hilbert spaces and an inner product 
on H(F) is defined by

<(fl»gl)» ^^^l'^2^Hg (2.4.1-2)

then H(F) is a Hilbert space. 
(Ill) If P is bounded then H(F) is a closed linear sub­
space of H1 x Hg. 
Remarks : The graph of F has a natural connection to 
Problem 3 for if w « (u,Fu) € H(F) then clearly 

2
||(A)II .<w> w>H(p)- <u,u>H + <Fu,Fu> H - J (u) (2.4.1-3) 

In other words the graph of F is a Hilbert space for which 
J (u) is the square of norm.

Let denote the linear transformation of H(F) onto 
Rn with the property

G*  (u,Pu) - Ftu - x(t) u€ H% (2.4.1-4)
It is clear that G^ is linear and well defined on H (F).

Thus if x(t)€Rn and If W6H(P) is the element with minimum 
norm mapping into x(t) under G& then u the abscissa of w maps
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into x(t ) under and is the u éwhich minimizes 

. 2 2
J(u)" ||Fu || + || u ||

H2 H1

while doing so this Problem 3 reduces to Problem 1 with 
G*  : H(F)—► Rn

being the operator in question.
The solution of Problem 1 was given by restricting 

the transformation F^ to the orthogonal complement of its 
null space. This restriction of F*  was nonsingular and its 
inverse maps any x in the range of F*  back into its preimage 

with minimum norm. This process will work as well for the 
present situation and we shall proceed to locate the 
orthogonal complement of the null space of G%. 
Lemma (2) The null space of G%, denoted by N$ is given by 

the set
V : U£Npt} (2.1.1-5)

Proof: If ufN . then G^ (u,Fu) ■ F^ u ■ 0 hence
P*

N fcN ». Similarly if (u,Pu)€ N _ then Gt (u,Fu) . O . F^u 
Fe Gz G*

hence N .c N .; thus N . - N . 
Qz pr Qz p^'

Theorem E: Let Q and M denote the orthogonal complements 
of the null spaces of the transformations G*  and F^ respectively 

then Q is given by
Q ■ | (u,Fu) : (I + F*F)  ueM } (2.4,1-6)

Proof: The proof of theorem E is given by the following 
chain of set equalities
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Q - <(u,Fu) : (u,Fu)± (v,Fv) all v^N |

■ j (u,Fu) : <u,v>„ + <Fu, Fv>„ - o v€ N 3 
t «1 h2 pO

■ 1 (u,Fu) : <u,v>„ + <F» Fu,v>„ - o. vGN 3 
1 "1 "1 F'  (see*

Appendix AI-15)
■ / (u,Fu) : <(I + F  F) u,v >u ■ o veN .*< «1 . pt

■ {(u,Fu) : (I + F  F) u(M j (2.4.1-7)*

Remarks : It is occasionally convenient to deal with the 
projection of Q onto This set will be denoted by Sy. 
It is clear from theorem E that Su may be specified in any 
of the equivalent ways

Su - | u : (u,Fu)€ Q j

- | u : (I + FF)  u6M j*
■ j u : u =(I + P^fT^v, veM •
- { u : u€ (I + P»f71M j (2.4.1-8)

Here the fact that (I + F*F)  is nonsingular has been used. 
The following lemma Justifies this assumption. 
Lemma (3) If F is a linear transformation of into Hg, 
then I + F*F  is nonsingular (1) and (79). 
Proof: We must show that I + F«P is one to one onto as a 
mapping of H1 into itself.

(i) It is one to one, because the equation (I + F*F)u*0,  
u 6 implies that
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0 - <(I + P*F)u,  u >
■ < u,u >„ +<FFu,u  > u 

H2
*

■ <u,u>H +<Pu, Fu > „ 
"1 “2

2 2
■ Il u ||H * || Fu || H 

n 1 n2
from which we have u ■ 0.
(11) We next show that the range R of I + F*P Is closed. 
It follows from 

2 2 2
Il (I + MP)u || -||u|| + IlF'Fu |l * 2<^.u>h

H j 1

(2.4.1-9) 
that ||(I + P*P)u  || >||u l|

since F*F  is positive. By this inequality and the 

completeness of R is complete and therefore closed. We 
conclude the proof that R ■ H; for otherwise there would 
exist a nonzero vector uo orthogonal to R and this contradicts 
the fact that 2

<(I + F*P)Uo,Uo>"  0=^11 u || ■ -<F*Fu e,uo > < 0=» Uo"0.
H1 H1

The solution to Problem 3 can now be concisely 
formulated. Indeed the minimizing element u for the 

2 2
functional J (u) ■ || Fu || + ||u ||

h2 Hx

while satisfying x ■ F^u is the unique element in Su which 

is a preimage of x under F* . It is also determined by the 
condition that it is the image under (I + F*F) -1 of the
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unique element v6M for which

x " F*  (I + P*P) -1v holds. (2.4.1-10)

It is clear that the major distinction between the 
solution to Problem 1 and Problem 3 is a computational one. 
In Problem 1 the vectors provided a ready basis for M.

In Problem 3 a basis for Su must be computed. For example, 

the set - (I + F«F)"xf1j1, is a basis for Su. Unfortu­
nately the inverse of (I +F»F) appears not to be solvable in 

. n
closed form and the element jg^lmust be obtained as 

solutions to the equations f^ ■ (I+F*F)  g4> 1 « l... n. A 
solution technique is discussed in the latter sections (see
Sections 3.1 and AX-1).

The element u which minimized J(u)
2 2

■ II Fully + || U ||y 
n2 nl

has been shown to be the unique preimage of x in the set Su 
that is

(I * F*F)u  ■ v for some v € N . (2.4.1-11)
PT

The optimal u can be determined by either of the following 
two methods :

(1) Utilizing the steepest descent approximation as indicated 
in Appendix AX.

(2) Transforming the integral equation expressed in (2.4.1-11) 
into a linear system of 2n equations. The solution to 
(2.4.1-11) is stated by the following lemma which will be 
proved in Section 3.1 of Chapter III.
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Lemma (4) Given x(te) and x(tf) in Rn, the element u which 
is the solution to (2.4.1-11) is given by u ■ B"(t) X(t)
where X(t) is the solution of a linear system of 2n equations

i(t )j F A(t)
>(t)J I

B(t) B»(t)
-A*(t )

r x(t)
. x(t) (2.4.1-12)

with the boundary conditions x(te)-xe and x(tf)-xf.

2.4.2 Examples
Example 1. Given the dynamic equation 

x(t) ■ A(t) x (t) + B(t)u(t) 
find the control function u(t) such that the state of the 
system transfers from (0,te) to (xf,tf) while minimizing

where Q and R are positive definite matrices.
The present problem is seemingly more general than 

the previous case stated in Problem 3. However, if the 
spaces Hj and Hg are defined by 

( ft l
H1 " ] u : I [u(s), R(s)u(s)] ds< oo j (2.4.2-1)

to

H2 ■ | u : J [x(s), Q(s)x(s)] ds< oo j (2.4.2-2)
to

respectively, and the respective inner products on these 
spaces by the expressions
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< u,v > ■ ( [u(s), R(s)v(8)] ds UjVéHj (2.4.2-3)

< x,y > ■ J [x(s), Q(s)y(s)J ds x,y€H2 (2.4.2-4)
t*

* 5 (u,Fu) : <(R + F*QF)u, v>„ » 0
( "1

- j(u,Fu) : (R + F*QF)u M }

The minimal element may now be determined as before. A 
basis for Su, which is defined by

Su ■ | u : (R + F»QF)u é M j, 
may be determined by taking the unique solutions

then J(u) may be written
2 2

J(u) = 1/2 || Fu || + 1/2 || u ||
H2

and the present example Is included within the framework of
Problem 1. It is instructive to note the relatively minor 
adjustments which must be made in lemma 4 in Section 2.4.1 
to treat the present case. Rather than redefining the 
function spaces,the notation < u, Rv > and < x, Qy> will 
be used to denote the right hand sides of the previous 
equations, thus the complement of the null space of 0% 

(defined as before), which we shall denote by 0, may be 
computed from

0 » 2 (u,Fu) : < u,Rv >„ +< Fu, QFv >„ ■ 0 v6 N .1 
F*J

(2.4.2-5)

vf V )

(2.4.2-6)

1
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the equations

(R + F»QF)gi . 1 - 1,2, ... n (2.4.2-7)
. n

where JIs a basis for M. The element u is then the 

unique linear combination 
n

u " P, (2.4.2-8)
t 1*1

such that F u-x which serves to determine the scalars r, ...r .1 n
As an alternative approach to the problem we may take 

advantage of lemma 4 in Section 2.4.1. Using previous 
arguments the homogeneous differential system defining X(t) 
and x(t) is given by

"*  ( t )] |A(t) ■ 

-Q(t)

B(t) R-l(t) B*(t)1  [ x(t)'

-A*(t  ) J L A(t). (2.4.2-9)
The boundary conditions that this system must satisfy are 
x(to) - xo and x(tf)-xf.

The solution to equation (2.4.2-9) may be written 
in partitioned form

F x(t)l

X(t) 2

2

It is apparent that the expression x(tf) - @11(tf,to) x (te) 
+ ^^^f(to) defines X (te). Assuming that 

is nonsingular we have also from the above, 

A(t)-(^(t,to)x(to)+(^2(t,to) <tf,to)[xf - ®L1(tf,to)xe].

Hence the minimizing ue is given by
(2.4.2-11)
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ue(t)-R* 1(t)B»(t)j^1(t,to)x(t6)

* ^^2^*̂°^  ^Xf” ^Ll^f o)xe] I

when xe-0 u*(t)-R -1(t)B*(t)<H^ 2(t,te)@Ç2(tf»t6)xf

(2.4.2-12) 
Example 2. Let be a linear bounded transformation of 
an arbitrary Hilbert function Space H onto Rn find the 
element u 6 H and x(t) € Rn such that (x(tf) ) ■ 0 
and J(u) - || x(tf) || 2 + || u ||2 is minimized. (2.4.2-13) 

This example can be solved by any of the following three 
methods.

First method: It should be noted that the distinction 

between the present performance index and the performance 
index of previous Example 1 is that the notation || x(tf) || 2 
denotes in the present case a norm on the vector of Rn thus 
|| x(tf) || 2 is a function only of the terminal value (Fu) (t ).

By replacing F by F and taking the advantage of 
the solution to Problem 3 of equation (2.4.1-11) the 
optimal control u for every fixed x is given by 

u+(F f)»F fu-B»(t) *"(to,t)d  

or u-B*(t)  $ (t*,t)d-(F  i)*x(tf).
It can be shown that

Hence
u-B»(t) *̂(t e,t)[o/- /(tflte)x(tf)]. 

Now since
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x(tf)-F fu-^(tf,te) j f #(to,8)B(s)B*(a)  *̂(t o,s) 
to #

,to)x(tf )]ds
and x(tf) (2.4.2-14)

this leads to (3 (tf,te)x(tf )],
where Is given by equation (2.2.2-7).
Also the condition y (x(tf) )-0 can be written as 

y(^) - o 
and the optimal control u is given by

u - B*(t)  * *(to,t)^"^  . (2.4.2-15)

Substituting equations (2.4.2-14) and (2.4.2-15) in the 
expression for J(u) in (2.4.2-13).
We have J( ^3 ) - <(3, *̂(t^.,t@)  (t^. t@)^> +

’ (2.4.2-16)

The solution to the present example is equivalent to 
determining the tuplet(3 which minimizes (2.4.2-16) with the 
constraint y() ■ 0.

Second method: This example can be solved by the application 
of Problem 2 stated in Section 2.3. Here the function

g(x,tf) - || x(tf) || 2 (2.4.2-17)

For every fixed x, the u which minimizes J(u) is given by

u - (F ) x(tf) (2.4.2-18)

since x(tf) has the expansion 

n 
x(tf) - <^1(tf,te)^1 (2.4.2-19)
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Equation (2.4.2-17) reduces to the following form

5 (tpto) ^(t^,t©)^>
It follows directly from equation (2.3.1-2) that J(u) can 
be expressed by

J((3 ) • <P. 5 
which leads to the same solution given by Method 1.
Third method : Let T? and T& denote the transformations 

x 2
defined respectively by

: Rn —► Rn (2.4.2-20)
». A n * + r

With Tc = 5Z and<4> and
1 1-1 1 1 1 J %

: U^R" (2.4.2-21)
2 n

with Tfc = XI b<f( 
2 1*1 1 1

. , .n ( _
Let the range vector and the functionals on Rn | J 

r n 1 1
and on U <<f. I be linearly independent sets ; then T% 

1 *1 1
and are linear transformations onto Rn. 

2

Let us introduce a cartesian product space V - Rn x U and 
define a transformation T% as a direct sum of T*  and

12 12
that is

T*  - - y~ 6 > < h,
12 1 2 1

where h< - ( $ , f.)6 V 
1 1 x

(2.4.2-22)



Since it is clear that T*  maps V onto Rn then the element 
12

w ■ (x, u)€ V for which x é X and u é U has norm || w || 
determined by 
„ 2 2 2
IIW II <(x,u),(x,u)>*<x,x>+<u,u>*  ||x || * || u ||

(2.4.2-23)
The square of norm of the element w é V is, then, precisely 
the J(u). Thus Example 2 may be reformulated in the follow­
ing way: consider the linear transformation T% mapping V 

onto Rn with the form

where h, - ( ,f<)6 V, the vector JjU and the functional

< h are linearly independent sets in Rn and V*  respectively

Find the element w with minimum norm such that

T*  (w) . X(t) 
12

(2.4.2-24)

By use of the same technique as that given by Problem 1 in 
Section 2.2.1 the element W€V has the form (see equation 
2.2.1-2)

n
w ■ 21 h, cl (2.4.2-25)

Since x is an element in Rn and can be represented by

(2.4.2-26)
i-1 i
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the constant d can be determined and expressed as the 
function of (9 by the following equation:

x - 5Z P - (w) ■ ^4> ><h,, Z h.X^j
i-1 1 1 12 i-1 1 1 j.% J

(2.4.
This give

n
' E/ °* jV x

In vector form we have

"here (3 - col. (2.4.
■ col. (d1 . ..
■ [<h,, h.>] X J 

It can be shown that 
-1 . , 

M ■ [ < h+, h>]*
1 J 

, txn 
where j h L denotes the dual basis for V.

1 1

Hence we have 
P ■ E<h*,  h*>jp  (2.4.2-

where in matrix form

■ [<^4» 4>,> ♦ <f+, rS] 
J i j

* —i
■ [ $ (t,te) $(t,to) + 7 ] (2.4.2

2-27)

2-28)

2-29)

30)

-31)
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where / t

J -J (te»s)B(s)B*(8)  $ (to»s)d8 (see equation 2.2.2-7). 
Now the minimum energy || w || ^ has the form

2 fl
J(u) - || CO|| .<w,w>.<E «‘p

n

j-1

Z: ZL d, < h, ,h,>ol
-1 J-1 1 1 J

- > (2.4.2-32)
or in terms of

-<(3, + 7ip>
» -1

- <(3, (t,to) $(t,to)(3 > + <(3,7/5X2.4.2-33)
The desired x é Rn and u 6 U can now be computed by the 
equation (2.4.2-25), that is 

n 
co ■ 22 h. ol. 

i-1 1 1

or -

which gives n
X " ^^1 ^i (2.4.2-34)

n .
and U ’ fi ?i (2.4.2-35)

The solution to this example reduces to the determination of 
(3 which minimizes (2.4.2-33) with the constraint ^( (3 ) ■ o.
Example 3. Application of Problem 3 to the open loop system 
reliability can be formulated in the following.
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Given the continuous linear dynamic system governed 
by .

x(t) - A(t,a, f )x(t)*B(t)u(t)  , t€r-[te,tf ] 

(2.4.2-36) 
and x(te)-x6 , E[x(tf)]*3E f where (xe,to) is a fixed 
point, a, c1 < a<c2, is the random variable with known 
statistical properties, c^ and c2 are two constants, and f 
is the unknown parameter to be determined.

Find the control function u(t) and the parameter f 
such that the index of performance

1 % i
J - 5E ||Sx H 4 2 J Cu(s), R(s)u(s)]ds (2.4.2-37) 

to

is minimized where E[y] denotes the expectation of y. 
Assumptions :

(1) The matrix A(t,a,f) which is subjected to a random 
variation is expressed by

A - % + ^A (2.4.2-38)
where A - mean value of A

£ A ■ deviation of A from its mean value.
(2) The variation in Sk is small with respect to A (higher 
order terms in ^A are negligible) so that the stability of 

the system will not be affected by the change in Ja.

(3) The vector f f i•••fn) is allowed to range over the 
set of values defined by

, 2 2 2 2}T*  1 f : 51*  f 2*  " ' + ? ri cZjfor some fixed constant 
c.
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(4) R is symmetric, positive definite, and Is generally a
time varying mxm matrix.
(5) The matrix D defined by 

n 1

a2 j°

l n

(2.H.2-39)

cà2 J«

n n .
is positive definite, where Je is optimal index of performance 
with respect to the optimal control function u* , i.e., it 
is the value evaluated at u°.

Solution : If the random variation in A (A - I * 5a) causes 
the deviation of the trajctory from its nominal path, x, by 
Sx where the state of the system x - x + 5 x, then the 
equation of motion of the nominal trajectory is given by

î - lx + Bu (2.4.2-40)
and the perturbation of the trajectory, neglecting second 
order terms in Sa and Sx, is described by

x - ï Sx + SA x (2.4.2-41)
It is well known that the solution to (2.4.2-40) and 
(2.4.2-41) are respectively expressible in the following 
matrix integral form 

t
x(t,to)" f(t,to)x@ + j (t,s)B(s)u(s)ds (2.4.2-42) 

to 
t

Sx(t,to)- 5(t,to)Sxe + / (t,^)SA(t)x(^:> dt (2.4.2-43)
to
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where &x and SA are function of random variable a. Since 

(xe>te) is fixed without error that is Sxe*o,at  t*t e 
equation (2.4.2-43) reduces to 

t
£x(t,te) - [ ë(t,T) 5A(T)x(t)d1: (2.4.2-44)

to

in many practical problems the functional J may be 
extremely complex and thus causing difficulties In analyzing 
Its extremization. Assume however that a second functional 
I may be found which is simple in form and bounds J in the 
sense that

MI (2.4.2-45)
for all parameter values. 

In this situation we are tempted to replace the 
problem of finding minimum J by the problem of seeking 
minimum 1. Since these are two different problems, we obtain 
only an approximate solution to the first. The approximate 
solution may be used as an estimate of the true optimum or 
perhaps as a first estimate in the optimization procedure. 
Such an approach reduces significantly in the difficulties 
in calculation. This technique is frequently used in 
practical problems such as the one given in reference (8). 
By means of the Schwarz inequality it can be shown in the 
Appendix AIX that 

t
Il Sx II < M2 J [x*  Sa* Sa x]ds ; (2.4.2-46)

hence 2 t
E || S x || < J [x, Q x] ds 

to
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where V*  denotes the transpose of V 

Q - M2 E [SA 6a], (2.4.2-47)

and 
t r t

2 f I n 2
M ■ J J ZZ W (t,T)dfdt (2.4.2-48) 

te to i,k*l  ik
This M so obtained is the smallest number for which the 
above inequalities hold, and the element of the matrix 
^(t/r). Now if A is a constant matrix, then #(t/r) ■ 5(t-r). 
We shall solve the above problem by the following approach. 
(1) Fix f and find the optimal u(t) as a function of f such 
that

J " y E||S x || 2 + j [u, Ru]ds 

to 
p 1
- ? J |[x, Q x] + [u, Ru] J ds (2.4.2-49)

to
has a minimum value (denoted by J° (^) ).
(2) Choose f such that J°(f) attains a minimum value subject 
to the following inequality constraint :

where c is a constant. Note that once u(t) is found by 

substituting in (2.4.2-49) it is clear that J*(f)  is a function 
of f ■ (J ... Ç ) only.

) 1 n

To formulate this problem in the notation of main 
discussion in Section 2.4.1, we introduce the space , H 
and P defined by

2
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t

Hj ■ 1 u s I [u(a), R(s)u(s)]da < oq 

to
t

H2 - 1 x : j Cx(a), Q(a)u(a)]da< oQ 
to

{2 2
: f * ... * £ <

1 n .
respectively, and the respective inner product on and H2 

spaces by expressions

<u,v>■ I [u(s), R(s)u(s)]ds u,vé H
t© 
ft
J [x(s), Q(s)y(s)]ds x,y 6 H
to

By the application of Example 1 of Problem 3 in 
Section 2.4.2 to the above example, the optimal u(t) for 
fixed | can be found as given by Equation (2.4.2-12). The 
optimal index J°(f) can be obtained by equation (3.5-7). 
Finally the optimal parameter y can be determined by 
minimizing J°(p subject to the constraint f 2+ ... +^2<c2. 

1 n
It should be noted that the variation of f f ... f ) 

'1 n
in this example is small over the set defined by 
p, (», ç 2 e 2 2 )
1 ^1*  ••• * i n c j such that Je(p has a convex

property within the set P. Therefore the method of steepest 
descent is applicable to the above example for the
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determination of f (1*1,2, ...n). 

1
Let us give a numerical computation to illustrate a 

class of physical problems giving rise to the problem of 
system reliability. Given a dynamic plant described by the 
following block diagram

x(t)u(t) £(t)

T x(t)

*(t)-Hx(t)+B£(t)

Fig. 2.4.2-1.—A feedback control system with 
random variable ’’a" and unknown parameter ( f , f ).

assume that
H

B

-a O'
0 —a.

1 O'

and

(2.4.2-50)
The random variable "a" has the probability density function 
given by

f(a) - 2 0 «
■ 0 otherwise.

The problem is to find the parameter (f ) with the
1 12
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2constraint

and the control function u(t) - (u1(t),u2(t) ) for given 

x(0)«Xo and E[x(t^)]*0  such that the system attains a highest 
possible reliability with minimum input energy.

We may transform this problem into an equivalent 
form stated in the following.

To choose u(t) - ( u1(t), u2(t) ), 0 <t ^t^

and f- (fi, f p 
such that

J - | E || S x || 2 + j [u(s), R(8)u(s)]ds 
o

takes on the least possible value with u, f,x subject to 
the following constraints.

(1) *(t)  - A x(t) + B u(t) , 0<t^t1

O f/ + f 2 « (,)2 
1 2

(3) x(o) ■ xo, xCt^) • 0
(4) A-H-T-I+Sar

where

In the above equation a ■ à + ia, â is the mean value of the
random variable "a.”
by f(a) - 2

The probability density of a is given 
O ^a^

- 0 otherwise,
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and B ■ R ■ 1 o

-° 1 J»
First we compute E [ èA^A], M2 and Q in terms of and f2 

(or rx and r2 where - â ♦ fx and r2 - â ♦ f2).
(1) Computation of E[^A*  <5A] :
first find â - E[a] - r^/2 af(a)da- 1/4 (2.4.2-51)

°ow f(^a) - f(a-â) - f(a-l/4)-2, -l/4< a<l/4
9 1/4 >

hence E[6a<] - f Vf(x)dX . 1/48, (2.4.2-52)
-1/4

then
o r1/48

—6a î I o
o
1/48

Also since
S - _[^ + O

. ° V 1/4
by change of variable + 1/4 -T (i-i, 2)
then

%
and the constraint equation becomes

(r^l/4)2 + (r2-i/4)2^ (i/B)2 (2.4.2-53)
(2) Computation of M2
Since 

W *
W11 «181 o ’

«21 «22 °
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we have ,*1,%

2 ■ I I p p p p" )0 lo ("11 * "12 ♦ "21 ♦ ":2 at

A? -2r.(t-t) -2r-(t-t)
■ Ce x + e * ] dr dt

Jo *o

thus
-2r,t 

e 1 -2^2*1 1 -1 ♦ 2 r2t1+
4r 2 ^22 

(2.4.2-54)
(3) Computation of Q
Mow Q - M2E [Si 5Al

where M M2

o
M2 (2.4.2-55)

(2.4.2-56)

M 2

o

M o
M

o

and M is given by (2.4.2-54).
To find the optimal u(t) we shall compute

H
11 22 (t,t@)

.@21 t1
22

that satisfies
te) - Z@(t

and
t.) -®22(t

12 2j(to >to)"0

r xwhere B R B*
Z - (2.4.2-57)

X denotes the mean value of A.
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The result of the submatrices (Î) h, (h) 12, @21*  

and (fl)22 ®re easily obtained and expressible in the 

following form:

0

p * coshh^ sinhjr. +M. t
2+M

cosh +M,t r2 sinhJrg +M^t

0

+M
2 'sinhjr^^+M^ t

2 
1 M

0

0

+M

0

2+m
p sinhj rx +M1 t

2 I 2 
sinh r20

and
t t 0@22^ 508b 2+M

cosh +m2
where te ■ 0 in this example

2 I—g—
:— sinh /r, +M 
+M1 * *

0

The optimal control function u"(t) with fixed is
given by:
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(2.4.2-58)
The control function u«(t) can be expressed as a function 
of the instantaneous value of x by replacing te by t in 
(2.4.2-58). This yields

ue(t)--R”1B*@T^(t 1,t)(g)L1(t1,t)x(t)--k(t)x(t),

(2.4.2-59)
where k(t) ■ ^T^l^) ®L1 ^ti»t^

is the optimal gain equation. Equation (2.4.2-59) represents 
the control law for the system shown in Figure 2.4.2-1. The 
optimal index of performance can be obtained from equation 
(3.5-7)

J° - -1/2 <x(to), %(t.)>

= 1/2< x(t.), x (t.)>

which gives

r22*MlCOth/r22+Mltl-r2

(2.4.2-60)
where M1 is given by (2.4.2-56) 

and (r^l/4)2 + (r2-l/4)2$ (1/8)2

Fortunately the rather cumbersome expression of 
(2.4.2-60) has a simple approximate form in the set 

*" M (ri-l/4)^+(r2-l/4)2C (1/8)21.
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For convenience, we shall assume that x1Q - x2Q ■ Ja 

and t1 = 1. Expanding the function ey and y cothy using 

fourth order terms in y will give a good approximation for
small or modest sizes of y.

M1 - 1/48 (1- ri * r2 +

By doing so we have

Y-Z) --- 5--- }
and I « । r-r—i « iw m 2. 2

J^l ^1 ■ 1 + l/3Er^^l/48(l-^ 2+l„ 2

- 2 2
+ ^2_)] (2.1.2.61)

3 6
since the parameters r± is within the limit 1/8< r± 3/8 
(see equation 2.4.2-53). The upper bounded value of

Jri ♦MjCOth Jr^ +M^ for ■ r2 ■ 3/8 in equation (2.4.2-61) 
is given by 1 + O.0525 - 0.000552. Clearly the third term 
is much smaller than the first and second term in equation 
(2.4.2-61) for the parameter r± ranged over the Interval 
1/8 ^r^ 3/8. The analysis is considerably simplified by 

ne81ecting this third term. Then total expression of Je la 
given by

J*  - 2+l/3[r 2+1/48(1 - ri* r2 
3 

+ ^[r^+i^sa - ° 2 2
rl » r2+rl ^2 ) ]-r2

or Je ■ 0.3356^2 ♦ 0.3356^2 - 1.0046^ - 1.0046r2 + 2.014

(2.4.2-62)
Prom the numerical compariaons of J° obtained from 

(2.4.2-60) and (2.4.2-62) which are listed in Table 2.4.2-1, 
it can be seen that equation (2.4.2-62) does represent an
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excellent and simple approximation to equation (2.4.2-60) 
for 1/8 < 6 3/8(1-1,2), x10-x20- /a and ^-1.

TABLE 1
SOME NUMERICAL COMPARISONS OF Je 

OBTAINED PROM EQUATIONS 
(2.4.2-60) AND (2.4.2-62)

From equation (2.4.2-62)

Equation ri»r2-3/8 r1-r2-2/8 r^-r^l/B ^■1/8, r2-2/8

Je app. 
Calculated 

from 
2.4.2-62

1.3552 1.5536 1.7733 1.564

J true 
Calculated 

from 
2.4.2-60

1.3522 1.5508 1.7712 1.561

Error 0.22% 0.18% 0.12% 0.19%

it can be readily shown that

and

det.
a2 jo 

ârx2

0

a r2® ri

for all 1/8 <r^^ 3/8 , i-1,2
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Hence the Hessian matrix, which is defined by 

is a positive definite matrix. This leads to the fact that 
J^Cr^Tg) is a convex function of r^ and r^within the set P , 
defined by ( }

P - |r : 4 (1/8)2 j

Since J°(r1,r2) in (2.4.2-62) is a twice continuous 
differentiable function with respect to and r2 and g(r)« 
(r^-l/4) +(r2-l/4) -(1/8) is a convex function, the method 
of steepest descent can be applied to the above problem in 
order to determine the parameters r^ and r2 in the 
minimization of J° subjected to the inequality constraint 
g(r)< 0.

2.5 Problem 4
Let and H2 be two Hilbert function spaces and F 

be a transfer operator carrying H^ into H2. Let F*  be the 

sample of F. If u and y denote arbitrary elements of H^ and 
H2 respectively from the set u: u € H^, Ftu ■ x | find 

the element which minimizes the functional
2 2

J(u) ■ Il Pu - y || + u - u | .
«2 H1

In Problem 4 the present line of development is brought to 
its full potential as far as theoretical considerations are 
concerned. We shall use as before the notation H(P) for the 
graph of F. The problem may be split into two cases.
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2.5.1 Abstract Theory
Case I: In general the pair (u,y ) is an arbitrary element 
of x Hg. For the present we restrict attention to the 
case where (u,y)é H(F). Under these conditions theorem C 
applies (replacing (pV by (Gt/ ). Indeed let (ue,Fu°) be 

defined by
(ue,Fu°) * (0t)*  [x-x] + (u,Fu) (2.5.1-1)

where x is defined by x - F^u - y(t) and the property 
A A X
y ■ Pu has been employed. Operating with G on both sides 
of this equation yields

G*(u®,Fu® ) ■ F^u® ■ x-x + G^ (u,Pu)

■ x-x + peu ■ X

hence (u°, Pu®) is a preimage of x. Conversely the equality 
(u®,Fu®)-(u,Pu) - (u®—u, Fu»-Fu) - (Gt)+ [x-x]

implies by the definition of (G^/ that (u°-u, Pu°-Pu) is 

the element in H(P) with minimum norm mapping into x-x. 
However since

2 2 2
||(u®-û, Pu®-Pu) Il - ||u°-u II + || Pu®-y II - J(u® ) 

H(F) H2 '
A A A 

and u,y,x, are all fixed It is clear that u is the solution 
to Problem 4 for Case I.

Equation (2.5.1-1) may be rewritten as
Gt(u®-u, F(u®-u)) ■ x-x (2.5.1-2)

which has the same form as equation (2.4.1-4). By the 
application of theorem E, the optimal u® is satisfied by 

(I + F*P)  (u®-u)€ v for v é N . (2.5.1-3)
P*
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The computational technique for finding ue is essentially 
the same as that of Section 3.1 (or lemma 4 in Section 2.4.1). 
Case II: Let (u,y) be an arbitrary element of x Hg.
Since H(F) is a closed linear subspace of x Hg it follows 
that the decomposition

x Hg - H(F)(?'H(p/ (2.5.1-4)

may be defined along with the orthogonal projection of
x Hg on H(F). Let (û,ÿ) be defined by

(û,ÿ) & PH(u,y) (2.5.1-5)
then (û,ÿ) is in H(F) and (û,y) - (ü,ÿ)( H(F)^ and thus the 

equalities

■ || Fu-y || + || ÿ-y || + || u-û || + || u-u || 
Hg Hg H^
2 2 2 2

* Il Fu*ÿ  IL * II L*  Il ÿ-y II + Il «-û ||
Hg H1 Hg Hx

(2.5.1-6)
hold for all u € H^. The last two terms are independent of 
u and hence it is apparent that Case II is reduced to Case 
I by taking the projection of (u,y) on the graph of F.
The projection PR: Let the operator V on the Hilbert space
Hj x Hg be defined by the relation

V(u,v) ■ (-v,u) , (u,v)€H1 x Hg

(2.5.1-7)
It can be proved (1) (also see Appendix AXI) that the
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orthogonal complement of H(F) in x Hg is given by 

H(p/ - VH(F«) (2.5.1-8)

A consequence of this result is that the orthogonal 
decomposition of x Hg on H(F) is given explicitly by the 
formula

x Hg - H(F) (£; VH(F«) (2.5.1-9)
This formula will prove useful in defining the orthogonal 
projection of x Hg on H(F).

Let (u,y)6 x Hg denote an arbitrary vector. Then 
in view of equation (2.5.1-9) a unique decomposition exists 
of the form

(u,y) « (û,Fü) ♦ V (u1 , F*u^)

■ (ü,Fü) f (-Fu^,  u1)*

■ (û-P»u1, Fû + Uj) (2.5.1-10)
This equality implies the two equalities

u ■ û - F*Uj

y - FÛ + u1 (2.5.1-H)

Operating on the second equation with F*  and using the 
result to eliminate F*u^  in the first equation produces the 
result

û - (I + P*P)" 1 tu + F*y)  (2.5.1-12)

Similarily it is easily shown that u^ satisfies

ux - (I * P^P)* 1 [y-Pu] (2.5.1-13)

Since the pair (u,Pu) is determined completely by ü equations, 
(2.5.1-12) is sufficient to define the projection of 
x Hg on H(F).
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2.5.2 Examples

Example 1: Given a plant whose dynamic characteristic Is 
defined by

t(t) - A(t)x(t) + B(t)u(t) where téT- [te,tf] 

(2.5.2-1) 
and the reference trajectory x(t).

Find the control function u such that x(to) transfers 
from x(te) - 0 to x(tf) - xf and 

A ( }
J(u)= 1/2 I |[(x-x), (x-x)] + [u,u]j ds 

to (2.5.2-2)
Is minimized.

Solution: We may reformulate the above problem In the notation 
used in Problem 4, namely, given x é Rn and let P*  be the 
transformation from Ü onto Rn, to find the element u 6 U such 
that h a ü2 2

J(u) - 1/2 fl x-x || + 1/2 || u || (2.5.2-3)
h2 H1

is minimized.

For the present case u ■ 0 and (x,0) is a tuplet of
x Hg. The relation Fx ■ u does not hold. Case 2, there- 

fore» problem 4 is considered. Replacing u in equation 
(2.5.1-3) by û expressed in equation (2.5.H2)glves:

(I + P*F)  [ue-(I + F#F)-l(u + F*x)]€  v for véN .
F^ 
(2.5.2-4)

or (I + F*F)u°-(u  + P»x) ■ B*(t ) 5*(t e,t) c (2.5.2-5)

or u°-u-B»(t)$ *(to,t){c-j^  •(s,to)Cx(s)-x(s)] ds}

te (2.5.2-6)
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Utilizing the same argument as stated in the lemma 4 

given by Section 2.4.1, it can be shown that the optimal u° 
is given by 

u°-u B*(t)  A(t) (2.5.2-7)
where A(t) is the solution to the following 2n linear 
differential equation:

* (t)1 fA(t)
■

X (t)J [ I

B(t)B*(t )

-A*(t )

x(t) B(t)u(t)

x(t) . -x(t) (2.5.2-8)
The solution can be written as

x(t)

A(t)
(2.5.2-9)

where
At

ds (2.5.2-10)

to s)

Now when u ■ 0
t

s)x(s) ds

t
s)x(s) ds (2.5.2-11)

From the boundary condtions x(te)-x0 and x(t.)*x.  we have

(2.5.2-12)



Substituting (2.5.1-12) in the second equation of (2.5.1-9) 
this gives

when x(te) ■ xe -0

(2.5.2-13)
Substituting (2.5.2-13) in (2.5.2-7) and setting u « 0 the 
optimal u*  is given by

u‘(t)-B»(t) {^2(t,t.) ^(tf t.) J+ Ht.t.)

If the final value is x(tf) - x(tf), then the optimal 
control function is

(2.5.2-14)
Remarks : If the Index of performance takes the following 
form

J(u)- 1/2 x-x), Q(x-x)]+[u,Ru]T ds (2.5.2-15)

where Q and R are symmetric positive definite matrices, then 
following the same argument as stated in Example 1 of 
Section 2.4.2 by introducing

to
r ^f

<x,y> - ( lx(s), Q(s) y(s)] ds
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the optimal control u® can be shown to be satisfied by

(R + F" Q F)u°-(û+F»Qx) - B»(t) 5e(te>t) c (2.5.2-16)
or u®—u - R-1B*(t)  X(t) (2.5.2-17)
where x(t) is the solution to the following 2n linear
differential equations

A(t )

Q(t )

B(t) R"1(t)B*(t)l  I"x(t)

-A*(t)  ^(t)

B(t) G(t)

-Q(t)x(t)
(2.5.2-18)

with the boundary conditions given by x(to)"Xo and x(tf)-xf. 
When Q ■ R ■ I, where I is the identity matrix, then equation 
(2.5.2-18) reduces to equation (2.5.2-8).
Example 2: Now let us consider x(te) ■ x@4 0 in Example 1 
of Section 2.4.2, and for convenience let Q - R ■ I, where 
I ■ identity matrix.

For the present case 
x ■ x- £(t,te)xe"Fu 

we have 2 2
J(u) - 1/2 x +1/2 u 

uH2 11 "Hi
2 2

- 1/2 IIFu-y II * 1/2 II U IL 
H2 H1

where y ■ - 5(t,to)xe

Taking the advantage of the solution to Problem 4 (also see
2.5.2-5), the optimal u® is given by

(I + F*F)u®-F*y  - B»(t)^»(to,t)c
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or u° + P»x - B*(t)£  •(te,t)c

Aror u° - B«(t) é«(to,t)[c -j r5*(s,t o)x(s)ds] 
t

By the same argument as stated in Section 3.1, the optimal 
u(t) is given by 

u(t) ■ B*(t )A(t)
where X(t) is the solution to the 2n linear differential 
equations given by (2.4.1-12).

Remark 1: In all previous examples the formulation for 
determining the optimal u for x© « 0 is also valid for 
x© V 0 by the application of projection (u,y ) on the graph 
H(F) following the method shown in Example 2 above.
Remark 2: It would be noted that the solution to Problem 4 
in the first case is not u°-u because it does not belong to 
the set defined by 

( t n) "Ux -j x : u € H , F u ■ x € R |
For free terminal condition, where the terminal point does 
not subject the constraint F^u - x, the solution to Problem 

4 is simply u© - u for the first case where (x,u)6 H(F) and 
u© ■ (I + F*F)~l(u  + F*y)  for the second case where 

(x,u)€ H1 x Hg.
Example 3: Let F^ be a random operator defined by 

t n 
% (t ,a) > < f. (t ,a) 

1*1  1 i
where

t 6T ■ [t©,tf]
and a € fl ■ [d,^3 ], ”a” is a random variable with known 
statistical properties.
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Given E(x) * x, where E(x)- expectation of x , to 

find the element u € U such that
% f A A t—

J(u) ■ Ej [(x-x),(x-x)]ds+| r [u,u] ds (2.5.2-19) 
Jto

is minimized.
Assume:
(1) The initial point of x at t-to is fixed, i.e., 

x(te,a) is a fixed point.

(2) and H2 spaces are defined by 
(ft t )Hi ■ ) u : I [u,u] ds < oo j

( f )H2 ■ j x : I E [x(s,a), x(s,a)] ds < oo > 
to

respectively and the respective inner products on these 
spaces is given by the expression

ft
< U,v> - j [u(s) , v(s)] ds u,vé

to
-t fl

<x,y> ■ | E [x(s,a) , y(s,a)] ds x.yéHj
t©

Then J(u) in (2.5.2-19) may be written as 
2 2

J(“) X-Î || ♦ || u ||
"2 H1

and the present example is included within the original 
framework. This example can be solved by either of the 
following two methods.
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First method: Because of randomness of "a" the terminal 
trajectory x(tf) at t-tf is not fixed. Also û-0, (x,0)6 

x Hg and the relation Px"û does not hold, hence the 

free terminal condition in the second case of Problem 4 will 
be considered. From the above definition of respective 
inner product on spaces and Hg equations (AXI-1.2.5.1-10), 
and (2.5.1-11) become:
0-<(x,y),(u,Fu)>H(p)- <x,u>H^+<E(P«y),u>H^-<x+E(P»y),u>H

(2.5.2-20) 
(û,y)-(û,Fü)+V(u1,E(P»u1))«(ü-E(P*u 1),Pû+u1) (2.5.2-21)

and A _
u-u-E(F1u1)
y-Fu*u 1 (2.5.2-22)

respectively. 
Operating on the second equation with E(F*)  of

equation (2.5.1-22) and eliminating E(F*u)  the result is 
û + E(F*Pü)  ■ u*E(F*y )

For the present example we have u ■ 0, x - y, and u - û, hence, 
u + E(F*Pu)  - E(F*x)  (2.5.2-23)

Second method: J(u) can also be written as
J(u) - E < x-x , x-x > ♦ < u,u > 

where < w,z> - f*f  [w(s), z(s)] ds 

from the following chain of set equalities: 
J(u) ■ E < x,x> - 2 < x,x> + <x,x> + <u,u>

■ E | <Pu,Fu> -2 <x,Pu> + <x,x>}+ <u,u>
■ E | <FPu,u>  -2 <Px,u>  + <x,x> I + <u,u> (2.5.2-24)* *
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the necessary condition to obtain the minimum value of J(u) 
in a vector form is given by

VuJ(u) - 0 

or 2 E(P"Pu)- 2E(P"x)+ 2u - 0
or u + E(P*Pu)  - E(P*x)  (2.5.2-25)

^SiaSEks.: The optimal u in equation (2.5.2-23) (or equation 
2.5.2-25) can be computed by the method of steepest descent 
for given E(x) • x. Here we Introduce the functional

f(u) - <Ru, u>- 2 <u,g> (2.5.2-26)
where Ru ■ E (P*F  + I)u and g - E(P*x).  The problem of 
finding the optimal u in (2.5.2-23) (or 2.5.2-25) reduces 
to the problem of seeking the minimum of the functional in 
2.5.2-26 (see Appendix AX).



CHAPTER III

COMPARISON WITH OTHER OPTIMIZING TECHNIQUES
It is interesting to make a comparison between several 

other methods of solutions for the problems stated in Chapter 
II. Here the case of continuous system in the example I of 
Problem 3 is considered for the purpose of this comparison.

3.1 Abstract Operator 
Formulation

It was proved in section 2.4.1 (see equation 2.4.1-8)
that the element u which minimizes J(u) ■ is

given by (I + F*F)u  ■ v for vfM and the solution of u to the 
above integral equation in operator form has been given by the 
lemma(4) stated in section 2.4.1. We shall prove this lemma 
in the following:

Since veM,it has a unique expansion in terms of any 

basis for that space. In the present instance the rows of 
matrix ^(to>t)B(t) provide a convenient basis and introducing 
the scalars c ■ col.(c^fc2 ... c^) we may write

v(t) - B*(t)  £*(t e>t)c (3.1-1)
as a defining relation for an arbitrary vfM. Using the ex­
pression x ■ Fu equation (I + F*F)u  ■ v may be written 

u - v - F*x  (3.1-2)
It is not difficult to show (see Appendix AVI) that

83
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(F»x)(t) - B"(t) f#«(s,te)x(B)d8
' t 

for ter
(3.1-3)

Is the defining equation for Fe as t sweeps through r . 
Letting d(t) denote the tuplet

d(t) - c -J f(s,t.) * (s)ds 
t

it is apparent that (3.1-2) may be written in the form 

u(t) - B» (t) f• (to,t) d (t) (3.1-5)
Consider now the vector A(t) " $*(tg,t)c(t),  using the 

property that (t*,t)-^(t,t*)  where î’(t,te) is the transi­
tion matrix for the adjoint system

4(t,to) - - A*(t)^(t.to),  4(to,te) - I (3.1-6)

it is apparent from equation (3,1-4) that

\(t) -ë*(t.,t)d(t.)+  ë*(t.,t)  •(s,te)x(s)ds 
te

-f(t,t.Mt.)+ i(t.t^) ^(t^s)x(s)ds (3.1-7) 
te

which implies immediately that X(t) is the solution to the 
differential system,

A<t) - - A*(t)  X(t) +x(t). A(te) - Xe
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The original differential system for this example may now be 
written

1 (t) - A(t)x(t) + B(t)u(t)
• A(t)x(t) + B(t)B*(t ) X (t)

Thus in all we have the 2n linear differential equations
x (t) - A(t) x (t) + B(t) B*  (t) X(t) x(te) - xe
, (3.1-8)
X(t) - I x(t) - A*  (t) X(t) A(to) - Xe 

the solution of which determines ^(t), which in turn deter— 
mines u(t) by u(t) - B»(t) x(t). (3.1-9)

One important point that must not be overlooked is that xe is 
unknown. Indeed \ is a function of c which we originally set 
out to determine. The solution of equations may be expressed 
in terms of its transition matrix ®(t,to) which is defined by

A ; BB* "

(3.1-10)

The transition matrix has 2 n rows and 2n columns; it can be
partitioned into four nxn submatrices

I 
-   ---------  4 - -  -------------

g) I

The solution to the system (3.1-8) thus can be expressed by

x(t)
%t)

®12 '(to)

^22 - - X(to)_ (3.1-11)
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In particular

»(tf) X (t„) X(tp (3.1-12)

Thus if x(tf) and x(te) are known this expression determines 

*(*<»).  In particular if x(te) - o and(^(t ,te) ie non­

singular then

^(to) -©‘g (fcf»to)x(tf)

Mt) e®22 (t,to)@i2 <tf,te)x(tf) (3.1-13)

and finally the control u is given by

u(t) - B«(t)®22(t,te)®1"1(tf.t,)x(tf) (3.1-14)

3.2 Dynamic Programming Approach: 
(10), (45), (75)

If the dynamic plant and the index of performance are 
respectively by

x ■ f(x,u,t)

J ' + J C( ^(s.Xo.to), u(s),s) ds
to

it can be shown that a dynamic programming approach leads to 
the equation

9J*  mln 
- 9^1 " uéU (3.2-1)

where J° is the unknown optimal value of the index of per­
formance. To consider a general initial time, we replace t± 
by t and rewrite (3.2-1) in the following form
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JJ® ■
1e* [V» } (3.2-2)

where - gradxJ*

Let us now define a function
H (X, t) - 2(3 { C + [Vxj\ f(u,x,t)]j 

then J° satisfies the Hamilton-Jacob1 equation 

dj° o
— + H (x, VXJ ,t) - o (3.2-3)

with the boundary J(x»t) ■ Te(x,t) for x and t on the terminal 
set 3, For the minimum energy problem Te(x,t) ■ 0, the boundary 
condition in solving J° becomes

J(*f»tf)  - o for Xf and tf on the terminal set 3. 

In general (3.2-3) Is very difficult to solve. However, if 
the solution of J*  in (3.2-3) has the quadratic form In x 

with a time varying matrix coefficient P(t), and P(t) is 
symmetric then

J° - | [x,P(t)x], (3.2-4)

where P(tf) ■ 0 in order that J(xf,tf) ■ o is satisfied. 
Taking partial derivatives of (3.2-4) gives 

til 1 • 
st " 7 Ex,P(t)x] (3.2-5)

and VXJ° - P(t)x (3.2-6)

Carrying out the minimization of (3.2-2) the optimal control 
function u(t) can be expressed by

u —R-1B (VXJ°) - - R^B» P(t)x (3.2-7)



88

where c - | [x,Q%] + [u,Ru] j and f - Ax + Bu.

Substituting (3.2-4), (3.2-5) and (3.2-6) in (3.2-2) (or 3.2-3) 
and taking twice the partial derivatives with respect to x the 
final result is given by

- " Q + PA + A P - PBR^BOp (3.2-8)

Equation (3.2-8) is known as the matrix Riccati equation with 
the boundary condition P(tf) ■ o, and in general is a nonlinear 
differential equation which only in special case can be solved 
in closed form. Once P(t) is solved by (3.2-8) the optimal 
u° and J° can be computed. Equation (3.2-7) shows that the 

optimal control law is a linear function of x in which all 
state variables of the system must be known at all times to 
effect control. The matrix K(t) - R-l(t)B"(t)P(t) will be 
called the optimal gain.

3.3 Pontryagin’s Approach: 
(21), (68)

In applying Pontryagin’s maximum principle, an auxiliary 

vector ^(t) ■ (^(t) ...^(t)) is defined and the function 

H(Ÿ»x,u) must be found such that

H(f»x,u) - -C f [f,*]  (3.3-1)
where for the Example 1 of Problem 3 in Section (2.4.2)

C " y j Cx,Qx] + [u,Ru]j 

x ■ Ax * Bu
The maximum principle states that in order to minimize the 

index of performance J the scalar function H(Ÿ,x,u) has to
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b« maximized with respect to all the components of u at any 
time t. Since the control signal u(t) Is unconstrained in 
this examplet then the necessary condition for a minimum of 
H with respect to u written in vector form is

■ COle H
L 3 Uj 3H

(3.3-2)s U
o

From (3.3-1) and (3.3-2) the optimal control function u*  for
the Example 1 of Problem 3 is obtained

U* ■ R-lfiS*
(3.3-3) 

Combining (3.3-3) with the following Hamiltonian system

d^

3H 
a*l i ■ 1 ... n

1 ■ 1 ... n (3.3-4)

Bu

+V - -A*^
or

LQ

i (3.3-5)

For the boundary conditions x(te) ■ 0 and x(tf) - xf, the 
solution of u(t) is given by (2.4.2-12).

The vector t) can be interpreted geometrically as 
follows : Let

V(t) - - P(t)x(t) (3.3-6)
and take the total derivatives with respect to time of equation
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(3.3-6), it gives
4—[Px ♦ P(Ax + Bu)] (3.3-7)

From (3.3-3) and (3.3-5) equation (3.3-7) reduces to

Qx + A«Px - - Px - P*x  ♦ PBB-^ip, (3.3.8)

Taking partial derivatives with respect to x of (3.3-8), it 
gives

- P ■ Q + PA + A*P  - PBR~1B"P (3.3-9)

which shows that P(t) in (3.3-6) satisfies the matrix Riccati 
equation. Comparison of (3.2-6) with (3.3-6) results in 
Ÿ(t) ■ - Vxj°. Hence Y(t) represents a vector that points 

in the direction where J*  decreases most rapidly.

3.4 Calculus of Variations 
(13), (28)

To minimize the integral J - 1 (tf ( [x>qxj * 
7 to I * 
[u,Ru] j ds (3.4-1)

with the constraint g-x-Ax-Bu-o
we construct the function F such that

F - C + [ x,g] 
. 1 %

2 [x,Qx] + - [u,Ru] + [x,x - Ax - Bu] (3.4-2)

where x is an unknown time-dependent Lagrangian multiplier 
vector• The conditions to minimize the performance index J 
are given by the following vector equations
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VXF - _1 7 F - o 

dt i

V - " °

- o
dt

which gives
x - Qx - A*x
u ■ R’1 b«x

x ■ Ax ♦ Bu

From (3.4-4) it follows that

(3.4-3)

(3.4-4)

(3.4-5)

(3.4-5) gives results identical to those obtained for the 
system given by (3.3-5) and therefore the solution for optimal 
u(t) has the same form as (3.3-3).

3.5 A Method for Evaluating 
the Optimal Performance Index 
Given by

-O I ^f ( o
2 J ICx(s),Q(s)x(s)] + [u(s),R(8)u(B)J ds (3.5-1) 

to ' -

The evaluation of the optimal performance index J° 
given by (3.5-1) is a difficult task. A compact form of J°(u) 
which is easily computed will be derived in this section. It will be 
found to be useful in the proof of the equivalent expression
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for the optimal control function u*(t),the  optimal perfor­
mance index J° derived from the functional analysis,and other 

techniques.

It was found in the previous section that the optimal 
control function ue(t) has the form

ue(t) - - R~l(t)B*(t)P(t)x(t)
where P(t) is the solution of the matrix Piccati equation 

- &(t) « Q + PA + P* a - PBR~1B*P

with the boundary condition given by P - S, which depends on 
the terminal condition of x(t) and the nature of the problem 
under consideration. Substituting the values of Q and u*  in 

the expression of J°, the optimal performance index Je has 
the form

O l .
2 ( j [x,(-P-PA-A*P+PBR"*B*P)x]  f 

to
[R~lB*Px,B»Px]|  dt (3.5-2)

where x in (3.5-2) is the optimal state variable. Because of 
the following properties

[R-lB*Px,B"Px]  - [x,P#BR-lB#Px]

Pk * ± (PA+A"P)

Where R is symmetric positive definite matrix and P ls 
symmetric, and in the optimal trajectory x - Ax-BR"^B*Px  

equation (3.5-2) is simplified to the following form

o i .^f
J "“2) { [x,(Px+2Px)] }dt (3.5-3)
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J ( Cx,(Px+Px)] dt~ j [x,Px] dt (3.5-4) 
te

Integrating by parte the first term In (3.5-4) gives

. . », ,t,J Cx,(Px*Px)]dt  - Cx.Px] . dt (3<5_5)
° ° Jt.

Substituting (3e5-5) into (3.5-4)*  the final result of the 
optimal J° has the following form:

J*  " ? Cx(to)p(te)x(to)] - |[x(tf),p(tf)x(tf)] (3.5-6)
or

J° - 1 [x(ty),^(tf)J - | [x(te),4(to)J •

2 (3.5-7)

where ^(t) is the solution given by (3.3-5).

A generalized Kalman's method for the determination 
of optimal performance index has been developed and given in 
(3.5—7). It can be applied to the fixed boundary problems as 

well as the variable boundary problems. We thus have the 
following lemma: 

lemma: The optimal performance index J° for the dynamic plant 
described by x - A(t)x(t)+B(t)u(t), with x(to) - xo> 
x(tf) - Xf, and the performance index

1 /tf ( i
— j [x,Qx]+[u,Ru] V dt, where Q and R are

• to ( }
symmetric
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positive definite matrices, has the form

T° l tpJ " g

where Y(t) is the solution given by (3.3-5)

Example 1: The optimal performance index of Example 1 in
Section 2.2.2 is computed by

J° ■ 1 Cx(tf), >(tf)J - 1 [x(t.>, Ÿ(t,)J 

where

(3.5-8)

1 r' ^2i^n%)x(to)+ ^22(t,,te) T 

’Kt.) •

and the grand matrix ®(t,te) is defined by

h -
A B B*

0 - A* (3.5-9)

Example 2: The optimal performance index of Example 1 in
Section 2.4.2 is given by

where
J‘ 4 +(tf)]

+(tf) - ®22(tf,to) ^(to)
(3.5-10)

- ®12‘1<tf.to)x(tf)

the grand matrix ®(t,to) is defined by

BR-1 B*
®<t.e.). ®(t.,to) - i (3.5-11)
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3.6 The Equivalent Expression 
of Optimal Control Function and 
Optimal Performance Index

3-6.1 Example 1. Proof of 
Equivalence for Example 1 of 
Problem 1 in Section 2.2.2

We shall prove the equivalence of

O nu -ZZ f« oi 
1-1

and u*  - B*(t)  ^(t)

J° - 1 Cx(tf), x(tf)J - i Cx(te), x(te)] 

(3-6.1-1)

(3.6.1-2)

(3.6.1-3)

(3.6.1-4)

respectively, where *(t)  is the solution of(3.4-5) with R - I,
Q ■ 0. The abstract operator form of (3.6.1-1)may be written 
in terms of matrix expression

u" . (3.6.1-5)

where f)x^ (3.6.1-6)

(3.6.1-7) 

and T • f , «J J ë(\s)B(s)R-\s)B»(s)$(t.s)ds 
to

Let X(t) (3.6.1-8)

then (3.6.1-5)has the same form as (3.6,1-3). 
It is sufficient to prove that X(t) in (3.6.1-8) 

satisfies the system of 2n equations given by (2.4.1-12)
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(or 3.4-5 with R - I, Q - 0)
Since $#(to,te) ■ I 
equation (3.6.1-8) may be written aa

X(t) - $#(te,t)x(te) - "(t*,t)\  (3.6.1-9)
here o/ - Xe (3.6.1-10)

Solve xf in (3.6.1-7) and noting that ^(t^,^)"1 ■ 5 (tf,to)

gives x(tf) - #(tf,te)xe* #(tfto) 

) (t0>s)B(s)B*(s)f(t o,s) Xeds (3.6.1-11)

or %(tp -#(tf,t.)x.+ #(tf.te) j f$(t .)B(.)B.(8)X(,)de

Vto °
Since It holds for all tf, we may replace tf by a general 
time t 

,t
x(t) - (^^>^ ^(t^t^) 5(to<8)B(s)Be(s)X(s)d8

° (3.6.1-12)

where ^(t,te) ig the transition matrix which satisfies the 

homogeneous system
x(t) - A(t)x(t)

x(te) ■ xe (3.6.1-13)
Let ^(t^o) be the transition matrix that satisfies the ad­
joint system of (3.6.1-13) that is

X(t) - -A*(t)X(t)
X(te) - xo

(3.6.1-14)
Now since the transition matrices $ and # have the following 
property
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$■ I (3.6.1-15)
equation (3.6.1-9) becomes

>(t) ■ *(t,t,) \ (3.6.1-16)

Equation (3.6.1-12) and (3.6.1-16) Implies that x(t) and A(t) 
are satisfied by the following linear system of 2n equations

L 0

BB* 1

with x(te) - xo, x(tf) ■ xf

Next we shall prove the equivalence of (3.6.1-2) and (3.6.1-4). 
In view of (3.6.1—6), (3.6.1-7) and (3.6.1—10) equation 
(3.6.1-2) reduces to

J ■ 1 
2

. 1 
2

. 1 
2

2 ^X^fb ^(*f)J  - ?C(x(te), x(te)] 

where X(t) is the solution of (2.4.1-12).

3.6.2 Example 2. Proof of
Equivalence for the Example 2 
in Section 2.3.2

Let us solve the example of Problem 2 in Section
2.3.2 by the method of calculus of variations.
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Given the differential equation: x(t) ■ A(t)x(t)+ 
B(t)u(t) with boundary conditions x(tf) - o and 

+ ' - 1 - o, (3.6.2-1)
~>d perfor^noe index j.j' h, u] K u 

to
find u(t) such that J takes on the least possible value♦ 
From (3.4-4) the solution of x at t-tf is given by

to

B*(s)  $*(t e,s)dsXe]

hence x« - (3.6.2-2)
To determine >e we must turn to the transversality conditions.
Since te> tf and x^C^) are fixed all derivatives with re­

spect to these variables are zero.
The transversality condition

n
C-L W 

1-1

n tf P
+ ZZ pt 5x1 ♦ 2Z l

to 1-1 1 to k-1 k k to
■ o.

reduces to

-1 P, I . o
1-1 1 dx1 1 %

Since F - [u,u]+[X,x - Ax - Bu], (3.6.2-3)becomes

(3.6.2-3)

->l(to)+?
- 0 (3.6.2-4)
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In vector form

- X(t.)+ . o

°r - -1 x
«1

from (3.6.2-1) and (3»6«2-5) we have

- ~-2 C\,\] ■ 14 n 
1

and therefore i[ ■ + 11% Il
2

or X, - + ||% || xe

Substituting (3.6.2-6) In (3.6.2-2) we have 
ii ».

But the optimal performance Index Is given by 

o l ^fJ - <x(t),

when x(t^) ■ o (3.6.2-8) becomes
J*  • -<*o,  ^o>

Substituting (3.6.2-6) In (3.6.2-9) It reduces to
J*  . |>.| X. > . T||Xe||<xe,xe> . t|x,|

Since J° o so we take the positive sign.

Henee J--llx.ll

which gives

7 x® ■ Jexo

(3.6,2-5)

(3.6.2-6)

(3.6.2-7)

(3.6.2-8)

(3.6.2-9)

(3.6.2-10)
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In terms of the notation ■ -xo as expressed in the func 
tlonal analysis approach we have
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CHAPTER IV

CONCLUSIONS AND SUGGESTIONS FOR
FUTURE EXTENSION

The contribution of this dissertation are reviewed 
in this chapter. Certain aspects worthy of future Investiga­
tion are discussed.

4.1 Conclusions:

In this thesis, abstract operator methods are applied 
to a class of linear optimal control problems. The main 

theories related to the optimization problems have been de­
veloped and several examples of optimal trajectory are given. 
The method and solution to these optimal control problems 
presented are concise in form and concept, and very general 
in scope.

Four types of minimum energy problems have been 
studied in Chapter II. Problem 1 deals with the minimum 
energy problem of finding a u with minimum norm such that 
F^u ■ x where the linear and bounded operator F which 

maps the Hilbert function space U onto R\ is defined by

Pt ‘ À <fl (4.1-1)

and and ' are linearly independent.

In Problem 2, a parametrized family |p8 : s G/j of 
linear transforms each of which is a mapping of the Hilbert
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space U onto Rn has been considered. A generalization of 
minimum energy problems has been developed and is discussed 
in Problem 3 and 4. By the concept of graph of transforma­
tion the elements utU and x6X with minimum norm given by

m»/ iMh,
J(u) ■ (Note x ■ Fu) can be determined.

From the generalization of Kalman's method, the desired 
minimum energy (i.e., the optimal performance index of the 

generalized minimum energy problem) can be expressed by equa­
tion (3*5-7)•  The class of problems with which we have been 
concerned in Chapter 11 were centered about a transformation 

of Hilbert function space H onto Rn. The basic principle of 
seeking the element in H with the minimum norm is to locate 

the orthogonal complement of the null space of the respective 
operator under consideration. This method is attractive in 
that it is applicable to continuous or discrete linear dynamic 
systems for both fixed and variable boundary conditions.

The related optimal parameters are determined by the 
method of steepest descent in the Hilbert space. The technique 
of formulating the iterative equation and the convergence of 
the sequence have been discussed in detail in the Appendix AX.

Application of Problem 3 to the study of the open loop 
system reliability, has been studied in Example 3 in Section 
2.4.2.

This dissertation has discussed only a class of linear 
control problem, namely, minimum energy problems which are 

applicable to the solution of continuous (or discrete) linear



104

dynamic system with no constraint on u(t).

Within this dissertation no specific mention was 
made regarding the stability of solution of the system de­
fined by equation (1.1.2).

When tf is allowed to become infinite, the stability 
of the optimal system of which the performance index is given 
by

_ 1 /*f  ( )
J* 2 j Cx,Qx]+[u,Ru] [ dt (4.1-2)

te ( )
can be investigated in the following.

The optimal control function u(t) can be expressed by 
(see 3.2-7)

u - R-1B*Px  (4.1-3)
where P(t) is symmetric.

Substituting (4.1-3) in (4.1-2), considering the 
optimal value of the performance index in (4.1-2) and re­
placing to by t, the following function is obtained

j ■ J |[x,Qx]+[R-1B«Px,B»Px]j dt 

foo i
■ L [x,(Q+PBR"^B*P*)x]  dt* V

Since the matrices Q and R are positive definite, J® is posi­
tive for any initial value x(t) at any time t. From the 

theory of dynamic programming, the total derivative J® with 
respect to time is found to be

dJ® .
dt~ - - [x, (Q+PBR-lB*P)x]  <0
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Therefore J*  can be used as a Liapunov function to prove that 

the system described by (1.1.2) with J given by (4.1-2) is 
asymptotically stable. (21,53)

* J t(x-x),Q(x-x)] ds (4.2-1)
to

where Q and R are positive definite matrices.
(3) Extension of abstract operator formulation to the 

solution of minimum effort control problem. Here we 

may consider the operator F as a transformation de­
fined on a Banach space and having range Rn. If we

4.2 Suggestions for Future 
Work

Several problems of an associated nature are not 
covered by the present thesis. The six problem areas listed 

below are indicative of the potential impact of the function 
space approach on control technology. Each case is known to 

be an area of current research activity and in some instances 
much progress has already been made.

(1) Consideration of minimum energy problems discussed 
in this dissertation with constraint on the control 
function u(t).

(2) Generalization of the minimum energy problem to 
the composite dynamic linear system (a combination 
of continuous and discrete systems) with an admissible 
performance index given by

[tfJ—1
J(u) . 2= h 

oi ■ o
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treat the control function u(t), teO^tf as an 
element in a Banach space, say Lp(t0>tt), then the 
performance index defined by

J(u) - [£ |u(t)|»]i (4iM

is exactly the norm of u(t)6 L (t .t,). In other p O > X
words, the input space Lp(to,tf) is a Banach space 
for which J(u) is the norm of u(t). The minimum 

effort problem may be formulated in the following:
Given arbitrary x € Rn find u é B with minimum

norm such that Fu ■ x
(*)  Application of functional analysis to solve a class 

of nonlinear system described by

x(t) - f(x,t)+g(u,t) (4.2-3)
(5) Extension to an adaptive optimum system such as the 

one described by the following block diagram.

u-K[x(t),t]
K Cx(t),t]

_____ ° 1.1 and "ij
Function 

generator

i ■ Ax +Bu

Identification elements

Fig. 4.2-1.—Adaptive optimum system.
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(6) Development of abstract operator formulation to the 
solution of minimum energy problem when the system is 
subjected to a random input disturbance, such as the 
system whose dynamic behavior is given by
x(t) - A(t)x(t)+B(t)u(t)+ ^(t) (4.2-4)

where n(t) is a random input disturbance.



APPENDIX AI

REVIEW OF BASIC TERMINOLOGY IN 
FUNCTIONAL ANALYSIS 

AI-1 Metric Space:

A set X is called a metric space if to every pair of 
elements x,y. (also called points or vectors) of this 

set there corresponds a non negative real number f(xty) 
such that

(1) P(x>y) ■ o if and only if x ■ y (identity)

(2) P(x,y) ■ P(y,x) (symmetry)
(3) p(xty)+P(ytz) ? /’(XjZ) (triangle inequality) 

The number f(x,y) is called the metric function for the 

space and can be thought of as an abstract distance be­
tween the elements x and y. The above three conditions 
are called the metric axioms.

(1) The space L^(a,b)

If x(t)€ Lp and y(t)£ Lp # we define

I x(t)-y(t) | P dtp 

we can prove that the metric axioms are fulfilled.
(2) The space LP
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If x(t) - tod y(t) - 7n...]d£p

we define the metric distance by

we see at once that the metric axioms hold. It should be 
noted that the matrix space is not required to be complete 
in the above examples.

AI-2 Linear Space:

A set X of elements x,y, .... is called a linear space 

if addition and multiplication are defined on X and if 
the following rules hold:

1(a) x + y ■ y ♦ x for x and y in X
(b) (x + y) + z ■ x + (y + z) for any x, y, z in X
(c) There exists an element OCX (the "zero element") 

such that
x ♦ 0 ■ x for any x( X

(d) for any x 6 X there exists an element ye x 

(the inverse element) such that x + y ■ 0 
2(e) Ie x  x for any x € X*

(f) d( x)  ( ^ ^ )x for any x e X and any scalar*
ei and p

3 (g) (d+p)x -dx+^x for any x € X and any 0/ and ^3
(h) d(x+y) - d x+d y for any x,y f X and any d

A linear space is called "real" or complex according
to whether the scalars ( d , (3 are in the real or
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complex number system.

Example C(a,b), Lp(a,b) and are linear spaces, 
AI-3 Norm Linear Space:

A set X is called the norm space if to every vector x 
there corresponds a real number, denoted by || x || and 
which is called the norm of x. It possesses the follow­
ing properties:
(1) || x ||£o and || x || ■ o only if x - o
(2) ||x + y ||^ ||x ||  || y ||*

(3) ]|dx II ■ lot | |lx ||
In a normed linear space we can introduce a metric by 

f(x»y) ■ |lx - y ||
The convergence in a normed linear space (convergence 
in the norm) is defined by ||xn — x || —► o asn— 

AI-4 Banach Space:

If every fundamental sequence (Cauchy sequence) of a 
metric space X has a limit in X then X is called complete. 
A Banach space is a complete normed linear space.
Example 1: C(a,b), Lp(a,b) and ^p are Banach spaces 
where the norms of these spaces are respectively de­
fined by

|| X II - max |x(t)I
11 a<t$b

II * II - <^|x(t)|Pdt)P

I, ,1 OO , X
X - (H ifjPjP 

" " 1-1 1

, x6C(a,b)

, x € Lp ( a, b )

• x ■ (fi........... fn„.)e L
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Example 2 : The n dimensional vector space En is a 
Banach space where the norm is defined by 

n l.

AI-5 Inner Product Space:
If in a normed linear space, the length, or norm, of a 

vector is defined in term of a certain of two vectors 
this space is called an inner product space.

AI-6 Hilbert Space;
An inner product metric space, which is infinite dimen­
sional and complete, is called a Hilbert space (real or 

complex). If X is a finite-dimensional inner product 
space, then it is called a Euclidean space.
Example 1: The complex space £ 2 is a Hilbert space, 
the scalar product of the elements x ■ j ?j... fn...j 
and y «H ... ^...l is defined by

I 1 n >

<x. y> -Ç \ Ï1

Example 2: The complex space Lg(a,b) becomes a Hilbert 
space, if the scalar product of the elements x « x(t) 
and y - y(t) is defined by <x,y > - fb x(t) y(t)dt

AI-7 Cartesian Product (of sets): If X^ (1 - 1 ... n) is 

an element of the non empty set and X * X1 x X2 x ..• xX^, 
then the set defined by X ■ | (x^...xn): x^ € X^ is 

called the Cartesian product (of sets).
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AI-8 Operator: (function) Let there be given two arbitrary 

sets X and Y and a rule by which there is associated with 
every x 6 X a uniquely determined element y € Y, then we 
say that there is an operator (or abstract function) 
represents either by y - A(x) or y - Ax defined on the 
set X and whose range lies in the set Y, and often de­
note by A : X —► Y. An operator is often called a 

mapping, transformation, or function, since the operator 
can be thought of as carrying a point x 6 X into the 
point y 6 Y.

AI-9 Range and Domain of Operator; Let A ; X —* Y, the 

range of the operator A, denoted by RA, is defined as 
RA w { Y : Y 6 Y, y - Ax, xéx|. If A is defined only 

on a subspace or subset of X, then the notation DA is 
used to denote this set. DA is called the domain of A. 
A particular subspace of the domain, called the null 
space of a linear operator,is the most interesting and 
important one, and is defined as follows:

AI-10 The Null Space of Linear Operator A : X -» Y is the set 
Na - | x : x € X, Ax ■ o

since 0 €Na it is clear that NA is not void.
AI-11 Linear Operator: given two linear spaces X and Y, and 

let y ■ Ax be an operator defined on X with a range lying 
in Y, then the operator A is called linear if 

(1) A(xi + x2) ■ Ax% + Ax2 

(2) A( X x) ■ XAx 
where X is a scalar.
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AI-12 Bounded Operator: An operator A is called bounded if 
there exists a constant M such that ||Ax || M ||x|| 
for all x € X.

AI-13 Functional: If the range of an operator consists of 
the underlying scalar field then the operator is called 

a functional. The space of linear functional defined on 
X is called the conjugate space of X and is designated 
by X* . Hence f € X* f f : X —► Y where Y is the spaces 
of scalar with dimension one. For example: let 

X ■ 1*2(0,!)  then f(x) " j x(t)dt is a linear function­

al which assigns to every x(t)€L2(0,l) a real number. 

If we define <x,y > » jl x(t)y(t)dt it is evident that 
f(x) - <x, 1> .

AI-14 Representation of Linear Functionals on Hilbert Space: 
Every linear functional f(x) defined on a Hilbert space 
has the form f(x) ■ <x,u> 

with II f II - ||u||
where u ls uniquely determined by f(x) 

If H is real space and if f is identical with u then we 
have 

f(x) - < f,x > 

where for convenience we write f(x) - < f,x)> rather than 
f(x) - <x,f>

AI-15 Adjoint Operator: Consider the linear operator y ■ Ax 
which maps the Banach space E into E^. Let g(y) be a 

linear functional defined on Elf i.e., g(y)€ E*.  Apply
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the functional g to the element y ■ Ax g(Ax) is a 
linear functional defined on E; denote It by f(x). 
Thus f(x)6 E*.  We have assigned to each functional 

g € E*  a functional f G E*,  i.e., we have obtained an 

operator which maps E*  into E*.  This operator is 

called the adjoint operator of A and is denoted by A*.  
If we use the notation < f ,x > for the functional f(x), 
we obtained <g»Ax^> ■ <A*g,x>  . If E and E% are both 

Hilbert spaces, then E*  - e, E^*  ■ E^, we have 

<*•%  ■

AI-16 Self Adjoint Operator:
A bounded linear operator A is called a bounded self 
adjoint (or Hermitian) operator if A*  ■ A.

AI-17 Positive Operator:
A self adjoint operator A different from the zero 
operator is called positive, A > 0, if

< x. Ax } >0 

for all x é X. It can be shown that if A is a positive 
operator there exists an operator K such that A ■ K*K.



APPENDIX All

THE DYADIC REPRESENTATION
The dyadic notation affords considerable insight into 

the representation of linear operators.
The brackets "{ " and ") " In (fhas the follow­

ing meaning: we attach the symbol ) to vectors and < to 
the functionals thus < f ,u) reads the functional <(f acting 
on the vector u) .

Example 1. In the space En : x - En, the functional f(x) on 
Encan be represented by 

n
f(x) -<f,x>- z: f1xi (AII-l )

1"1
where the x^ are the components of the vector 
x £ En and the f^ arbitrary numbers. The f^ them­
selves can be interpreted as components of n- 
dimensional vector f E%.

Example 2. In the space Lp(T): X ■ Lp(T), the functional 

f(x) on Lp(T) are of the form

f(x) -<x,u>- JTu(s)x(s)ds (AII-2 )

where

x(t)6 Lp(T)
u(t)€ Lq(T) is uniquely determined by fé tJ(T) 
1 1.
p + q ■ 1 for l^p

II f(x) I ■ II u || - ( (T |u(t)| qdt)q
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If X and Ï are linear spaces we shall interpret 
the expression

A - e > <f (AII-3)
where < f 6 Xe

e> é Y
as a linear operator A t L(x,y) with range

■ L(e> ) C Y and defined for any x6X by
A(x) ■ e> <f,x> (AII-4)

The operator A is linear and bounded if <f is a 
bounded functional.

The representation of the operator A as given 
in AII-4 is called a one dimensional dyad. To 
generalize this result, consider the set E ■ 
{®l*"®n}c  * the set F - { <fi.. .<fn}C X*  

and X is a normed linear space, then A is written 
as 

n
A - H ei > <f % 

1-1 1 
and defined by 

n 
A(x) = SZe^^^f. x)> for x é X is called 1-1 i 

an nth order dyad. It is evident that the opera­
tor A is linear and bounded if the functional
<f1 ... <fn are bounded, and the range of A is 

the linear maniford spanned by e^ ...en> and 

denoted by
Ra - L(ei> . ..en> )
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If the set j ei^ and are both linearly 

independent then the operator of the form
n

A * ÿ" e<> will be called P-normal.



APPENDIX AIII

THE OPERATOR REPRESENTATION OF
LINEAR DYNAMIC SYSTEM

AIII-1 Continuous Linear System

Consider a linear continuous dynamic system described 
by a time varying system differential equation

x(t) « A(t)x(t)+B(t)u(t), x(te) « xe (AIII-1.1)

where t 6 T = C*o,tf],  A(t) and B(t) are n x n, and n x m real 
matrices defined on t and u(t) and x(t) are vectors with m 
and n components respectively

u(t) - Cu1(t) ... um(t)]
x(t) - Cx,(t) ... xn(t)] t£T

Let us assume that the components of B(t) are bounded 
and (Lebesgue) measurable on T, and that the norm of A(t), 
considered as an operator on Rn, is (Lebesgue) integrable on 

then, for each integrable input u there corresponds a unique 
absolutely continuous x satisfying AIII-1.1 almost everywhere 

onT. It is well known (20) that under the above stated con­
ditions on A(t) and B(t) the system AIII-1.1 has a unique 
solution given by

x(t) - $ J i(te,e)B(i)u(.)d,
to

for t,s K (AIII-1.2)
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where $ (t,to) Is called the transition matrix which is 
satisfied by

i(t»te) ■ A(t)^(t,to)

#(to,to) - I
where I denotes the identity matrix.
Equation AIII-1.2 yields an immediate characterization of the 

continuous system as a linear transformation on a Banach space. 
Let us choose m number (1 < Pi<.^), denoted by p the 

ordered set (p^ ... pm), and let Up denote the cartesian 

product of the corresponding spaces

UP * &P1 X Lp^ x ... x Lpm

where Lp^ is the Banach space of functions with integrable 
Pi-th power. Let us assume that each u (t) is a member of 
the Banach space Lpi> then the total input u(t) ■ [u^t) ... 
um(t)] is a member of the tuplet space Up ■ Lp^ x Lp x ... 

x Lp^, If we treat v • (xo,u) as an element of the input 
space Vp> defined by Vp - Rn x Up, then for each 

v ■ (xo,u)€ Vp there is a unique absolutely continuous x 

satisfying equation AIII-1.1. Let us define an operator T 
on Vp that maps v into x, then we have

x(t) = (Tv)(t) - i (t.t«)xe+5(t,t.)[t 5 (t,,s)B(s)u(.)ds 
't.

Since one is often only interested on certain specified time 
x(t) of the system output, the system acts on its input space 
Vpto produce a n-tuple of real numbers. From this point of
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view we may define an operator T% such that
x(t) ■ T%v ■ (Tv)(t) 

where t is fixed in and x(t) is the t-th sample of the out 
put function x. The T determines in this way a family of 
mapping j T*  ; t 6 each of which is defined on Vp having 

values in Rn.
It is shown in Appendix AIV and AV that T and T*  are

bounded linear operators. Therefore, in summary, every con­
tinuous linear system can be represented as a family 
^T*  : t€Tj of bounded linear operators, T*,  each of which 

is defined on Vp having values in Rn. These mapping are in­
dexed by the base tet on which the input function is defined 
T*  acts on the total system input to produce the t-th sample 
of the output.

The operator T*  has a dyadic representation which can 
be formulated in the following way;

Let Z^(t) * ••• zim(t)) denote the 1th row of

Z(t) defined by Z(t) ■ $ (tOet)B(t) which is a bounded n x m 
matrix and let 

then we have

$(te,s)B(s)u(s)d8

Lzn.u](s)
(AIII-1.3)
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Moreover, the elements of Z(t) are bounded and measurable 

since B has these properties and £(t,to) is continuous.

In particular Z^ é LqJ where u^ é LpJ, 14 Pj and p^ + « 1 

and hence the mapping which sends uj into the member
ft 

ds can be considered as a bounded linear
functional on Lpj. Let it be designated by fj and defined

as 
t , . t

fij lUj' f Z41(s)u.(s)ds (AIII-1.4)* 1 *J J
to

and the functional f*£  U*  can be defined in the natural way

ft\(u) ■ (AIII-1.5:

or in the dyadic notation 
ft
\(u)

then the force response in equation AIII-1.1 can be written

as 
t n

^(te,s)B(s)u(s)d8 - ZZ 4>1(t,te)Xf1,u> - F^u 
* to 1“1

(AIII-1.6)

where the family of operators is defined by

P 4\(t,t.)> <f^ t€ t (AIII-1.7) 

that maps Up into Rn.
Let us consider the initial condition response of the system 

this term is given by $(t,to)xo. Let Rn denote the space of
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real n-tuplets, the e defined by

e 
^(xo) - xle (AIII-1,8)

defines a bounded linear functional on Rn, then

$(t,to)x, ■ - J*x,

where the family of operators 1» defined by

jt~ <e* » te< (AIII-1.9)

that maps Rn Into Rn. Thus In the continuous case, the out­
put x(t) and hence T*v  can be written

X(t) • T‘t - J*X,+pty  . <«/, Xo>

n

where ■ J*  (+) pt

<e*  6 (Rn)*

and <6^ defines a linear bounded functional on Vp.
Hence we may write

Tt ■ 4>1(t,te)> < (AIII-1.11)

In conclusion we have the following result:
If P*  is the parametrized family of bounded linear operators 
that represents the forced response of the system AIII-1.1, 
and if J*  is the bounded linear operator representing its
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free response, then P*  and J*  can be written in the form of 
equation AIII-1.7 and AIII-1.9 respectively. Here ^(t.t,) 

are the columns of the state transition matrix $(t,te), < 

is the linear functional on Rn defined by AIII-1.8 and ft

is given by AIII-1.5 for t -r. Finally <gf . <(0*,^)  de­

fines a bounded linear functional on Vp. We see that

T*  - Jt (♦ F1 - £ 

gives a decomposition of the total system response in terms 

of the basis .. 4)n of Rn and n-bounded linear func­
tional <g^ on the input space Vp.

AIII-2 Discrete Linear System

Consider a linear discrete dynamic system described 
by the difference equation

△kx(tk) - A(tk)x(tk)+B(tk)u(tk) ; x(te) - xe (AIII-2.1)

where tkeS - ... tk ... tf]

The matrices A(t%) and B(t%) are n x n and n x m real 

matrices defined on 6, u(tR) and x(tk) are vectors with m 

and n components respectively, each of which is defined on 
G. The difference operator A k is defined by

△kx(tk) . h~l[x(tk+i) - x(tk)] for t - tk (AIII-2.2)

hk " *k+l  " tk
The existence and uniqueness of the solution x to AIII-2.1
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is well known and the solution has the form

k-1
x(tk) ■ f (tk>to)xo*̂(t k,to) $(to,tj+i)B(gu(g

for tk6f. The n x n matrix sequence {^(tk,te)J iB called 

the trasitlon matrix sequence for AIII-2.1 and satisfies the 
associated matrix differential equation

△k^k.to) - A(tk) #(tk,to)

te) - ! (AIII-2.4)
for all tké C Following the same manner as for the case of 
the continuous system, every discrete linear dynamic system 
can be represented as a bounded linear transformation T from 
one Banach space V into another.

For discrete systems, we let U be the m-fold cartesian 
product of 1(6) where 7(6) is the vector space of all real­
valued function defined on

U - 4(6) x 4(6) x ... x 7(0 (m copies)
Let V - Rn x U be the vector space of input v - (xo>u) to 

the discrete system. Define the transformation T : V-»U by 
requiring that image of v(tk) be this x(tk).

(Tv)(tk) - x(tk)

where x(tk) is given by AIII-2.3.

Here T is well defined, linear and bounded (since V Is finite 
dimensional) relative to any pair of norms on V and U. Using 
the same argument as for the case of continuous systems, one 
is often interested only in the certain specified samples 
x(tk) of the system output. The system acts on its input
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space V to produce an n-tuple of real numbers• One may con­
sider the system as a linear operator into Rn and the mapping 
t.

T k defined by

Ttkv ■ (Tv)(tk) for fixed t^ 6 6 (AIII-2.5)
as a family of bounded linear operator each of which is de­
fined on V having values in Rn. These mapping are indexed by 
the base set t^ on which the input function are defined; 
T* k acts on the total system input to produce the tk -th 

sample of the output.
By the same argument the family operator Ttk in the

discrete system has the similar dyadic representation as that
T*  in the continuous system. Let (t^) be the (l.j) com­

ponents of Z(tg) defined by

Z<M " $ )

tk #The mapping f^ e U 1 ■ 1, ... n

where o' - -^P*  (^) * ••• X (f)

sends the element Uj(t^) into the number

which is linear and bounded operator defined on U (since U is 
finite-dimensional). By use of the dyadic notation the force
response of the system AIII-2.1 can be represented by

(AIII-2.7)
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where the n-dimenslonal dyadic operator is defined by

t. . n
P = (AIII-2.8)

Slmllarlly, the initial condition response of the system has 
the form

#(\,t.)x. » <e1.xo> « j*kx*  (AIII-2.9 )

where (AIII-2.10)

The total response of the system has the operator representa­
tion

x(tk) . T% . Jtkxo+Ftku -
!■!

C<e",Xo>+<fi#u>] 

n .
" <glev> for t^€f (AIII-2.11)

Hence we may write Ttk n
1-1

^l(tk>to)> <g4

where <e*  e (Rn}*

<ft 6 U*

and <gA ■<<®J,f1) defines a linear bounded functional on V,
Suppose that the set 

and defines "the greatest tk 
[t] - max | k : tk t 

tk£6

6 is ordered so that t. . < t4 j—i j
function" [t] by
J (AIII-2.12)

then [t] ■ k if and only if t é C*k»*k+1]
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The equation AIII-2,3 can be written as 

x(t) - t )
j"O J • J+l

B(*j)u(tj)  • t 6 <S

and equation AIII-2.11 becomes
n

which has the same form as that in the continuous case
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PROOF THAT (Tv)(t) DEFINED BY
(Tv)(t)« *(t,to)x.+  f ^(to,s)B(s)u(8)ds

;te
(AIV-1)

IS A LINEAR AND BOUNDED OPERATOR 
Linearity of T:

It is obvious that T is a linear operator because
T^v+pw)- 2(t»t.)d xe+ ^(t.te)^ *(to,s)B(s)du(s)  ds 

to 
t

+ f(t,to)^Xo+ ë(t,to) J 5 (te,s)B(s)^ z(s) ds 
to

,t
- 5(t,te)xe* ^(t.to) 5(te,s)B(s)u(s) ds J

J to
t

+ (3[*(t,to)xo+  3(t,to) | *(to,s)B(s)  z(s) ds] 
to

■ of T(v) + T(w) 
where v - (xe,u) and w • (x*,z).  
Boundedness of T:

Consider i-th component of Tv that is T^v and treat 
as a mapping into C(t). Prom equation AIV-1 

Ttv - [ £z w..(s)u.(s) ds
° J. J-l 1J 3

where w^ is the (l,j) element of the matrix $(tOts)B(s)

128
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51 w 
t. j"l

|T1V|- | <\(t,to)xlo+

By the application of Hôlder*8  inequality we have 

lTlvl < K II W1J llq,l|u.i lip,
J-1 J • J

(AIV-2)
where II u, II is the norm of u, € L

3 PJ 3 J || w^j || is the norm

of w^j £ Lq , and 
J

1 + 1 ■ 1. Equation (AIV-2) may be
PJ qJ

written as

so that

where 
M ■ maxV

Hence is bounded. The boundedness of T follows from the 
fact that a mapping into a product of Banach space is bounded 
if and only if its coordinate maps are bounded, i.e.,

T :RnxU Cn is bounded if and only if the mappings : RnxU-»Cn 

defined by T^v ■ 1-th component of Tv are bounded.
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PROOF THAT Ft DEFINED BY 
t yF u ■ ( 5(t,s)B(s)u(a) ds 

to

IS BOUNDED FOR FIXED t IN
THE INTERVAL T, WHERE 

¥ m n 
Fc : L (^> — R 

2

Let the norm 
denoted by ||v|| and 

Rn 
v || n . Let the

on Rn for || v 
for || v || * max

I P I■ max 1 - th component of f ^(t,s)B(s)u(s) ds 
to

■ ”^x j V ^l,j(t'8)Bj,k(s)Uk(s) ds | 

to

norm on Rn be

II - /+ ... + vfi2 be 

|| be denoted by 

defined by ||v||- Jv^ ♦...*v n ,

and consider 
t

||P*u  || * || ( 5(t,s)B(s)u(s) ds
11 H II ' 4. Dn" max to R max

t

By the application of Schwarz inequality we have

k
2 

l^(t,s)B^k(s) | ds
O 1/2

ds ‘
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Since $(t,s) is a continuous function in the finite interval 
B(t) is bounded in this interval and t is fixed, let 

this fixed number (-f 2 1/2
ds j

be denoted by M, then equation (AV-1) may be written as

(AV-2)
Since for ve we have

■ Jn max |v^|

n max 
1

Rn
max (AV-3)

From equations (AV-2) and(AV-3) we have

R" 
max
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or || Ftu || C || u || 
R"

where C - Mjn, and ||u || is the norm on L™ (T) space. 
L2 2

Remark: The boundedness of t\ defined by

T€v - (t,te)xe + J $(t,s)B(s)u(s) ds with fixed xo, 
to

is immediate from the fact that £(t,te)xo is a continuous 
function in the finite interval Ct® >t], and every continuous 
function in a finite interval is bounded.



APPENDIX AVI

A PROOF OF 
t, 

F*x-B*(t)  *̂(t o,t) ( r*̂(s,t e)x(s) ds , t CT 
J t

From the definition of adjoint operator we have
<x> Fy) - <F*x,  y> (AVI-1)

In real space L2 (t0}t^) the inner product of two elements 
u and v is defined by ?f

<u,v> • ( [u,v] ds
to

thus ?f S1
<x»Fy> ■ J [x(s1), $(s1,to)J (t^^Sg)B(Sg)y(sg)dSg^ ds^ 

to to 

^f /s 1
J y»(s2)B«(s2) #*(to,s 2) $»(s1,t0)x(s1)ds2ds1 

to t®
(AVI-2)

where

Fig. AVI-1.—Domain of integration

Now equation (VI-2) can be written as (see Figure AVI-1):

133
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or

J y*(s 2)B*(s 2)^ *(60,82)  5*(8 1,te)x(s1)ds1da2 
8 2

B*(s 2)$»(to»82) 5*(s 1,to)x(s1)ds1> y(s)>

(AVI-3)
From (AVI-1) and (AVI-3) we have

A
(P*x)(s 2) - J B*( s2) 5*(t o,s2) 5*(8 1,te)x(s1)ds1

s2
or

(F*x)(t ) - B*(t)5*(t e,t) J S*(s,to)x(8)ds
4
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A PROOF OF

Prom the definition of adjoint operator we have 
t *

<x(tf),P ry > - <(P r)»x(tf) , y> , (AVII-1) 
In real space the inner product of two elements u and v 
is defined by

<u,v> - £ u1v1 (AVII-2)
1-1

and in Lg the inner product of two elements u and v is 
defined by 

/f
<u,v>« J [u(s),v(s)]ds (AVII-3)

to 
also 

tf _ . x z ?f
F y - S(to,s)B(s)y(s)d8.

1 7 to
(AVII-4)

Substituting (AVII-4) in (AVII-1) we have 
tf

<x(tf),F ry> - <x(tf), ÿ(tf>te) I 5(te,s)B(s)y(s)ds> 
,tf

■J y*(s)B»(s)  $*(t.,8)  5(tf ,te)x(tf)ds 
t<

■< B*(s)  *»(to,s)  5(tf,te)x(tf),y(s)> 
Hence

t f i(F r)'x(tf) - B«(t)5

135
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i + +A PROOF OF y1 - [<f1 > ]

From (2.2.1-6) we have

where <f^ is treated as a row vector and f^> as a column 
vector. Using the rule for the inverse of the product of 
two matrices we have formally

By definition of <f^*,f .* « in matrix form we have

L n J 
which leads to the form of

136
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Remark: By the same argument

ir [ <h.,h.> ] J
we have

—1
M -C<h1*,h.*>]

A V



APPENDIX AIX
2 t

a PROOF OF ||Sx || ( «2 f r Ci" Sa* Sa x]dt 
to

We have

»

Let

2 
y— (Xx) dt ■ 
1-1 1

t

yW ■ ^A(T)i(*r)

(AIX-1)
By use of Schwarz inequality

n 2 n 
a. XI 

-1 1 1-1
2 

bi
n

tand ,2
to to

equation (AIX-1) reduces to
... ..2 . t- _ t r

f g2 dt) 
to

1/2

*1Z y- yi2(s) ds]2 dt 
J-l

n

t n

n

to

ft n 2
ds J XI yj (s)ds]dt

n 2 n 9
Z_ wu (t,s)ds j XZ y/(s)ds]dt
J-l J to J-l J

138
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? n 2 /f

ZZ w./(t,s)ds dt [x*  4A*  SAx] ds
t. t. i.j-i 13 V

Hence
E ||5x ||2^M2 E(iA«fA)x]dt -f1 [x,Qx] dt 

to to

where
Q - M2E[fA«iAJ , M2 . f r ( n w 2(t,s)da dt, 

4. t. l,j

w^j is the (i,j) element of the transition matrix $(t,T) 
and x is the mean value of x.
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THE METHOD OF STEEPEST DESCENT

In Chapter 1, we introduced the concept of steepest 
descent method in the minimization of z-f(x) , x*(x ie..xn) 
in Hilbert space. The sequence at j+1 step is given by 

(J+l) (J) (J)
x x - kj Vf (x )

To appreciate this fact it is useful to go into the 

geometry of the problem. The function z-f(x) with x*(x 1...xn) 
represents a surface in n+1 dimension and f(x)*c,  where c is 
a constant, expresses a contour on a plane surface which is 
perpendicular to the z axis and cuts it at z-c. By varying c, 
we obtain a family of contours. Since the gradient at a 
point is perpendicular to any contour passing through the 
point, we seek the minimum (or maximum) by moving along the 
gradient from one contour surface to the next (see figure 
AX-1). .

The method of choosing the coordinates of the new 
point is therefore to subtract a unit gradient from the co­
ordinates of the previous point. To obtain the best 
convergence, we could have used scalar multiples of the 
gradient. This scalar factor kj at j-th step may be determined 
by forming a Taylor series of f(x(J+D) about the point x^\ 

If we keep three terms in this series expansion then from

140
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x
___  Z"cn__
I Z«Cq
-k^^)__  

z«c-
kvfcx*")

Fig. AX-1.--A geometric interpretation of 
the method of steepest descent in the minimization 
of z-fCxpXg).
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the condition of minimum of f(x^+1^) it gives the value of 

kj. Since evaluating the second derivative in the deter­
mination of kj along the given coordinate can be time consum­
ing, an approximation to the optimum constant is frequently 
used.

In this chapter two types of problems which are 
closely related to those given in this dissertation are solved 
by the method of steepest descent and are discussed. We 
mainly deal with:

(1) The solution to the operator equation ykx where k 
is bounded linear operator which is applicable to the 
solution of (I + FF)u"v  mentioned in Chapter II, and*

(2) The solution to the minimization of f(x) with the 
inequality constraint g(x)< o , x - (x1...xn) which will 
be applied to the determination of parameters | f.ln from1 Hi

J°(f) subject to the constraint f 2+...+f2^c2. 
l n

AX-1. The Solution to the 
Operator Equation y ■ kx

Let H denote a real Hilbert space and consider the 
operator equation L(x) - Kx-y ■ 0 (AX-1.1)
where x and y are elements of the Hilbert space H and K is 
a linear operator with domain H and range R%. Let us assume 
that K is a symmetric positive definite operator, that is

<x , Kx> > 0 for all x6H. Given a y £ Rk find x £ H such that 
y ■ Kx. We introduce the equation functional
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f(x) - < Kx,x> - 2< x,y> (AX-1.2)
The minimum point of f(x) occurs at the point x*  if vf #*o.

x 
Directly from equation (AX-1.2) we see that

Vfx - 2 ( Kx-y ) 
from this it is clear that the problem of solving equation 
(AX-1.1) reduces to the problem of seeking the minimum of 
the functional (AX-1.2).

Let z be an element of the space H and k a real 
parameter then we have

f(x+kz)« (Kx+kKz, x+kz> -2 <x+kz,y>
- <Kx,x> *k[<Kx,z>  ♦ <Kz,x>]+k? <kz,z) - 2<x,y>- 

2 k <z,y>
■ f(x) ♦ 2k <Kx-y,z> + k2 <Kz,z^ (AX-1.3) 

We shall select z from equation (AX-1.3) in the 
following manner (see equation 1.2-4) :

z L - 7 x<*)  - - L(X^°b

1^0)1 llL(x(°>)||

where || z(°> || • 1 and Vf (o) • 2 2

Since (AX-1.3) is a second order polynomial in k we can 
determine k from the condition of a minimum of f(x^^+kz) 
that is the value of ke for which

d f(x(o) + kz(°)) - 0
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This result is shown to be

(o)
k0 - -<Kx(°)-y, z<°>> - llL(x(°bH

< Kz^0^ , L(x(°>) L(x(*))
<K--------------------------------)

|| x(o)|| l| x(o) ||

Collecting these results yield the expression 
(*M)> L L (%(°)) (AX-1.»)

<KL (x'°>), L(x(°)) >
Hence the element x^^ which is adopted as the next 

approximation is given by
x(1) - x(o) + v0-M-rM L(x(o^)> L(x(o)}

<KL(x(°b, L(x(°))> 
(AX-1.5)

By repeating the above procedure, it is evident that at the 
n-th step the approximation x^ is given by

x(n) . x(n-l) _ )> w(n-l)

(AX-1.6)
where

W(1> - L (x<D) • K x(i) -

<KW(n~^\ o for n - 1,2,...
Now If w(n-l>-o and<Kw(n-l> , W^^b-o, then x("-D Is 

the solution.

In this problem we assume that operator K is positive
definite or more precisely that

m(x,x) (Kx,x) M(x,x) (AX-1.7)
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where o<m^M^*oo

Under this condition the inverse operator A”1 exists and 

equation (AX-1.1) has the unique solution x*  then
Kx*  ■ y or x*  - K-1y

As regards to the convergence of the process in 
order to obtain this solution and its speed of convergence 
we have the following theorem. The detailed discussion 
can be found in reference (39).
Theorem F: The successive approximation x°, x1 ... converge 

strongly (i.e., in norm) to the solution of equation (AX-1.1) 
with the speed of a geometrical progression if it can be 
proved that

Il xn - x*  II 2ç ( W~m ) (AX-1.8)
X m M+m

as n —, xn-*  x*  

where c - f(x*)-f(x").

Corollary: The rapidity of convergence of the process 
obtained in theorem F was of the order of a geometric 
progression with ratio 

_ — M —m 
q --------- (AX-1.9)

M + m
We shall apply the above steepest descent method to the 
solution of Problem 3 in Section 2.4.1 in Chapter II.
Let j f, I" be a basis for M - n\

<■ F*
then J «x I n defined by (I + F^Ftg^q is a basis for Su

I J l u
» ) n x

and J g., Fg. I is a basis for Q ■ N .
I >1 ot
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where

Q * | (u,Fu) (I+P"F)u«v, veM
and the bounded linear transformation I+F"F from Su to M
Is nonsingular.

Given f^ € M we can compute g^ that satisfies
" f^, where K ■ (I+F*F).  By the method of steepest 

descent the sequence of g at n-th step is given by 
(AX-1.6). In the process of computation we let g be 
an arbitrary element in L (to,t«). To evaluate

(o) 
(AX-1.4) in an efficient manner we first compute W (s)
given by

VM(s) - L(g (o)) - Kg/o)(s) - f. (s) 
1 1 1

■ *(t,to)  {^(t,te)
ys

ft , . )
j (to,s1)B(s1)g1^o;(s1)ds1dt-f1(s) 
t» J

then
<L(gi(°)), L(g^^))> - - f f | w(°)(s) ds

to

and
<KL(x(°)), L(x(o))> - <Kw(o),W<°)>- ,\iW > + <FW^\ FW

where p (s) - FW^0^ - (s,to) f ^(t^^)B(^)^^°^(^) dT
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position to find
in the space Su> 
ofjg l" namely:

t 1\

According to (AX-1.5) the iterate is then 
given by

g/l>(t)-g/o)(t) - < w(o)(t) i . 1>2 ,..n

n
Having determined the basis of j g | we are now in the 

‘ i 1 1 
the optimal u6. Because u is an element 
u° can be expressed as a linear combination

n 
“° '

But P*u  ■ x, where x ■ By the same argument as
1-1

stated in Problem 1 in Section 2.2.1, the constant vector c 
satisfies the following equation:

c
where c ■ col. (c1 ... cn)

(3. ool. ...

Q- Kq» Bj > J

AX-2 : Minimization of z-f(x) with 
the Inequality Constraint g(x)< 0

In the following analysis we shall seek a method for 
the minimization of z - f(x) with the inequality constraint 
equation g(x)< 0 where x - (x^ ... xR).

First we shall give some important definitions and 
theorems in the following:
(a) Convex set: A set D of a space E is called convex if 
all segments joining any two points of the set D are
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contained in this set, i.e., if x 6 D and y€D then 

[x6+ (l-ô)y] £ D for o <0 1 (AX-2.1)
(b) Convex function; If D is a convex set of space E a 
real valued function defined in D is called a convex function 
if for x and y in D the following holds

f [(1-9) x +0y] 4 (1-6) f(x) + 6 f(y) for o<6<l 

(AX-2.2) 
(c) Absolute (global) maximum: A function f(x) is said to 
have a absolute (global) maximum at x*  in D if the following 
inequality holds for any point of the domain D.

f(x) < f(x*)  (AX-2.3)
(d) Absolute (global) minimum: A function f(x) is said to 
have a absolute (global) minimum at x  in D if the following 
inequality holds for any point of the domain D.

*

f(x) ) f(x*)  (AX-2.4)
(e) Relative or local maximum (minimum): f(x) has a 
relative maximum (minimum) if € 0 can be found such that f 
has an absolute maximum (minimum) at x  in D which satisfy 

| «1 - »i  | < e for i - 1,2, ... n
*

*

Theorem Q: If f(x), x - (x^ ... x^) is a twice continuously 

differentiable function in a convex domain D it is convex in 
D if and only if the Hessian matrix defined by

' f 1,J - 1 ... n (AX-2.5)
L .

is positive definite for every point in D.
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Proof:

Necessity: Prom the extension of mean value theorem 
f(x) - f(x.)+ <7f(xe),(x-xo)> + 1/2 <(x-xo), >

where x0 
For o < 6 < 1 we write

(l-9)f(x)+ 6f(y)-f[(l- G )x+y]

■ (1- Ô ) | f(x)-f[(l-6 )x+ ôy] J + *[f(y)-f[(l-  6 )x+ 6y]J 

(AX-2.6)
Applying mean value theorem to the expansion of f(x) and f(y) 
equation (AX-2.6) reduces to

(1-0)f(x)+ 0f(y)-f[(l-0)x+y]

6x-0y > +l/2<(ex-ey),^ (6x-6y)>| +

B) , (l-e)(x-y)>+l/2<(l-0)(x-y), Æ(l-9)(x-
( (l-e)x+6y "

(AX-2.7)
where x C (l-6)x+ ey
and y < % < (l-6)x+ ey
Since is a positive definite matrix and the first and 
third term cancel, we have

(1-e )f(x)+9f(y)-f C(l-0)x+y]>o 
from which f(x) is convex.

Sufficient: If // is not a positive definite matrix at xe 
then there is a vector z such that

< z, V(xo) z > < 0.

Therefore for all x in a neighborhood of xo, we also have 
<z, Af (x) z > < 0.
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In particular, when x - f, and y - % since the first 

expression in equation (AX-2.7) is negative this violates 
the convexity condition which is a contradiction.
Theorem H: If f(x) and g(x) are differentiable and convex, 
and define the set of points & « |x : g(x) < o J , then:

(a) is a convex set.

(b) Any local minimum of f(x) is global minimum in &. 
Proof:

(a) Let x ■ (Xj ... x^) and y ■ (y^ ..»yn) be two 
points in & the g(x) <0, g(y)< 0 and

g[(i-9)x+ey]4(i-e)g(x)+eg(y)< o 
where 0 < 0 1 , therefore (l-6)x+eytR.

(b) Let x  and x be two points in &, where x» is the 
value of x that gives the local minimum of f(x). Now since 
f(x) is a convex function, we have

*

(l-6)f(x)+ef(x») > f[(l-6)x+x*]  
OP

f(x)-f(x") f[x*+6(x-x*)]-f(x" ) e o < e
6

This relation will remain true as 0 approaches to zero. By 
taking the limit 0-»O, we have

f(x)-f(x»)> <Vf(x»), (x-x»)>- 0 for all x€A, 
since at extremum point the gradient is zero. By the 
definition of global minimum, it is clear that f(x*)  Is also 
a global minimum.

Let us first consider the problem of minimizing f(x) 
with equality constraint g(x)-0. If x and z are two 

elements in the linear normed space X, and the functional
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f(x) and the constraint function g(x) are defined on X, then 
the differential of functional f(x) and g(x) at the point x 
for the increment z have, respectively, the following form

df(x,z) - Of(x),z>t Yx,z) ^<#(x),z> (AX-2.8) 
dg(x,z) - <vg(x),z>*  *̂,1)  o;<yg(x),z> - 0 (AX-2.9) 

where and olg (denoted by ci ) are the higher order term in 
z in the sense that

|| <x,z) II for || z ||_ 0 
II ■ II

If we assume X ■ H a real Hilbert space, equation (AX-2.8) 
and (AX-2.9) imply that maximum change in f is attained 
precisely when z is chosen in the direction orthogonal to
Vg(x) or in the direction of the projection of vf(x) on the
tangent plane to the surface g(x) ■ 0 at the point x. This 
follows from the fact that if Vf is decomposed into two
components one is parallel to vg designated by v f and the
other is orthogonal to V g designated by v fg, then we have 

df (x,z) -<Vf1(x) + Vf2(x),z> ■ <Vf2(x),z> (AX-2.10) 
From the Schwarz inequality df has a most negative value 
(steepest descent) if z is chosen such that

Z - - for ||z || _ 1

which is a unit vector along the projection of Vf on the 
tangent plane to the surface g(x) ■ 0 at x. If x^ is the 
initial estimation then x^D which is adopted as next point 

in the iteration is given by
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x(i) . ,(o) _ ke (AX-2.11)

ktg(x(=bl|
We can compute V f2(x) in term of vf and vg by use of the 
fact that vf2 - vf - vf^ ■ vf - c vg 

and <vg, vf2 > ■ °
which gives <Vg, Vf >

<Vg, Vg >

Hence Vf,- Vf - <vg, Vf > v 8 ■ (1- Vg —*̂ —5—) Vf
2 < « 7g > r«i4

(AX-2.12)

where vg is the transpose of vg-
Lemma: Let Vf € Rn and Rn-L (+) L^" where Vf has the unique 

representation V f • Vf+ Vf^ with Vf^€ L , Vf2€ L 
then (1 - vg ) is a projection operator, designated

MlP
by P , and defined on Rn with range in the subspace L, where L
Vg £ LX .

Proof: PL V f 2 - (1- Vg Vf2
mF

■ vf2- vg 7g *
T^jp

■ V f2 where Vf2^ L

and
P, v g - (1- Vg %* —v) Vg ■ V g-Vg -0

L 11’8 II

where vg £ L.
Hence (AX-2.11) may be written in the form
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Unfortunately determined in this way does not
lie on the surface g(x)-0 because of the omission of 
in equation (AX-2.9) which leads to the property that 

^g(x,z)

z is chosen in the direction along the projection of Vf on
the tangent plane to the surface g(x)«0. Strictly we shall 
find the projection of Vf on the surface of g(x)«0. Let 

be the chord formed by the shadow of v f on the surface 
g(x)-0 (see Figures AX-2.1 and AX-2.2) then the corrected 
iteration is given by

. .<». -Ar"-"*;

3 II Pg || (AX-2.13)

where Vf(x^) = [ Vf(x^b- e^Vg(x^))] (AX-2.14) 

The scalar factor e can be determined by substituting x^* 1^

in g(x^+1b«o. The scalar factor k^ can be selected by 

forming a Taylor series about the point x^> (taking first 

three terms in the expansion):
f(x^+^))«f(x^))+kj <V f(x^)),z^b +^2<z^\//(x(J))z^)> 

For f(x^) to be a minimum, we have

where

k, ■ - <Vf(x^)), >

■ pg vr(x^b

Substituting the above k, in (AX-2.13) we have
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\
I

r- vf-evg

I

Fig. AX-2.1.—A geometric meaning of P and P
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z-c^

Fig. AX-2.2.—A geometric interpretation 
of the method of steepest descent in the 
minimization of z ■ f(x.,x9) with constraint 
g(x1,x2)-0. x
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XÜ+D . X(J) ^)» y z^ )
(AX-2.15)

Now we shall consider the solution of minimization
of f(x) with inequality constraint g(x) <0 in the following.

Let the feasible region (i.e., one which satisfies 
the constraints g(x)< 0) be denoted by R - | x : g(x) <o|. 
Starting with any point x^ inside the region R we move 
along the vector - Vf(x(o^) a distance equal to koZ^ to 
get x<X> expressed by

x<^ ■ x<°> - ko z«» 

where ko * y77^73^77^
and z^0^ ■ VfÇx^^)

If x^^ is Inside region R and f(x^b < f(x^°b then x^^ 

is the new point and this process is repeated to find 
,(2) (3)* 9 A > • • •

If x^D lies on the boundary of R and f (x^^) < 

f) then we shall apply projection gradient method to 
find x' . Therefore in general we may use the following 
gradient criterion to seek the new point x^+D by starting 
from x^ such that

with

x<W . x<d> - k, zO)
J

k, ■ < vf(x^)) , y 
3

(AX-2.16)

(AX-2.17)
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where

ZU). Vf(x^) when lies inside^, i.e.,
Il^(x«b II g(x^* 1))<0

■ Pg When is on the boundary of
|| Pg Vf(x^b|| i.e., ■ 0 (AX-2.18)

If does not belong to ft then we must calculate 
the intersection of g(x)-0 with the line passing through 
x^0^ and x^\ The point of intersection will be selected 

as a new point which is on the boundary of ft, i.e., g(x)*0.  
Theorem I: Let f(x) and g(x) be differentiable and convex. 
Then the iterations given by (AX-2.16) converge to x*  which 
gives the minimum point of f(x) with g(x)<0.
Proof: Prom Taylor series expansion

fU^^b-fU^b^kj <7f(x(J))#z(J)> +2/2 kj2

and the expressionf of k^ in (AX-2.17) we have 

f(x^*̂b-f(x^b  & - <Vf(x^b.z^^ /

. 1 < vf(x^b. z^^ >2

- - 1/2 <vf (x^b . Z^) >
(AX-2.19)
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where

for ' lnslde

" ~ Pg ^f(x^for on the boundary

II PB Vf(x(^)|| of 61

Since f is convex, X is positive definite and we have
f(x^^))-f(x^b <0. Now

f(x)^f(x^))+<9f(x^)),x-%(^> + 1/2 <x-x^\^(x^b

(x-x^b > (AX-2.20)

Taking partial differential with respect to x, it gives 
vfCx^vfCx^b ^(x^b(x-x^b

and then replacing x^^ by x*  and x by x^\ results in 
fCx^bô^fxSXx^Lx»)

OP
Vf(x(i>) (AX-2.21)

From (AX-2.20) we have

f(x(J))-f(%«) & 1/2 <x(JLx.,//(x.)(x(j)_x.)> (ax-2.22) 

Note that Vf(x*)*0,  and exists because A/is a positive 
definite matrix.

Therefore from (AX-2.19), (AX-2.21) and (AX-2.22) 
we have:

.....................<?r(x<J)). ____________
ftx )-f(xe) <Z '> ^t(x^ > ) t /^^(x')^C(x^^)^

(AX-2.23)
Let m and M denote the smallest and largest eigenvalues 
respectively of ^/(x) and for all Then for every vector
z we have
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m <z,z> { z,//z> <z,z>

and M"1 <z,z> <<z, vV^z > m”1 < z,z >

Hence

f(xUJ)-f(x*)
n <yf(x^). z^^ 

(AX-2.24) 
where means greater than or approximately equal to.
Recalling that

,<J>.
■ - vf(xY 

hr(xu')l|

• - pg vf(«^b

when x lies inside &

where x is on the boundary of (R..
II Pg Vf(xU,)||

Equation (AX-2.24) reduces to the form

' ii< ' ) / m when x lies inside &

and

r(xWb-f(x<J*l)>  9---------- \ WxU))>2
f(x^o-f(x*)  • M < Ps vfCx^O.Pg vfCx^ÿÿfOr^T^fTx^^P 

M
when x is on the boundary of 61 since from the Schwarz 
inequality we have || A ||2 ||B || 2 % < A,B>2. Therefore, in 

any case, we have

f(x^6-f(x#) » g for x € R (AX-2.25)

If we substract each side of equation (AX-2.25) from unity we 
have
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(AX-2.26) 
Consequently

f(x^b-f(x») ÿ (1- §)J [f(x(*))-f(x*)]  

But

f(x(J))-f(x»)^l/2 <(x(J)-x#),//(x#)(x(J)-x*)>^

<(x^^-x»), (x^Lx*)>  

llx^)-x*ll  g (1 - m)'*  [f(xe)-f(x*)3  

as j -►«>, || - x« II -*  o

Remarks : (1) If f(x) and g(x) are differential and convex 
we can always find the unique minimum of f(x) in the set & 
by the method of steepest descent and the rapidity of 

convergence of the process obtained in theorem I was of order 
of a geometric progression with ratio 1-5

(2) In the event that the perpendicular line at 
the tip of the vector . .

-k. Pl Vf(x^9 
I PL Vf(x^ || 

to the tangent plane at x-x^ does not Intersect the surface 

g(x)«0 we may cut down the size of step kj such that the new 
point x<J+1>€ Æ .



APPENDIX AXI

A PROOF OF H(F)X ■ VH(F«)
Let (x,y) be an arbitrary element of H(P)\ then for 

every u £

0 ■ <(x#y)#(u,Pu)>H(p) "<x,u>Hi +<y»Fu>H2 *

<x."\+<F«y,u^ - <x*F*y,u>  (AXI-1)

which impIlex x - - F*y  or that (x,y) is of the form
(x»y) ■ (- F"y,y) - V(y,p*y)  (AXI-2 )

thus (x,y) € VH(P*)  and hence H(F)X c VH(F*).

Conversely if (x,y) € VH(F*)  then
(x,y) - V(y,F*y)  - (-F"y,y) (AXI-3)

For any (u, Fu) however (u,Fu) J. (-F*y,y)  since

<(u,Fu),(-F*y,y)>H(y)  " <u»-F*y>^^f  <Fu,y^ ■

-<Fu,y>H2*< Pu>y>H2 . 0

hence (-F*y,y)  é H(F)^ which implies VH(P*)C  H(F)X and the 

lemma is proved,
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APPENDIX AXII

A PROOF OF LEMMA (1) IN SECTION 2.4.1
Property (1) follows directly from the def&itlon.

That the function «f^gp,

Is an inner product on H(F) is also easily shown. For in­
stance. If Wx - (f1>61) and W2 . (f,.*,)  then

* <«1»«2>H2 ' ^^1^, * 
\ r/ * «1

_ •< Wh(f)
where W denotes the complex conjugate of W. Thus it remains 
only to show that H(F) Is complete and closed when F is 
bounded. Let | Wn ■ (fn»gn)j denote a Cauchy sequence in 

H(P) then for arbitrary e an N exists such that 

|lWm-wn IlWnll^t II8^-8» ||^< e for m,n,>N. Clearly
o

this implies both || fm-fn|| < e 
»! 1 ^~^n II <«2»*i+«2  " •• 

”2
for m,n > N. Since and Hg are both complete the sequence 
{fn\ and jgn^ both converge to points f and g of those spaces. 

Since gn - Pfn for all n it follows that g - Pf and hence the 

element w which is the limit of the sequence is given 
by W ■ (f,g)€ H(F) and hence H(P) is complete.

Let (u1,Fu1)> (u2»Fu2)... be the sequence of points 

of H(F) since F is a bounded linear operator this implies 
162
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that F Is continuous, therefore

^n as un
This leads to lim (u , 

n
We must show that H(F)

Fun) - (u, Fu) € H(F)c «2 x Hg.

is closed or equivalently that its
complement, denoted by H(F)C, is open. If H(F)C is not 
then there must be a point (c,Fc) f H(F)C such that for

open
each

neighborhood N of (c,Fc) 
N H(F)4

In particular the sphere 
Thus there is a sequence 
that (un,Fun) € H(F) and

1
s((c,Fc), -)q:H(F)c for n - 1 
of points (u1#F ),(U Pu2)..

2» 3
such

11m (un,Fun)- (c,Fc) € H(F) which

contradicts to the assumption that (c,Fc) € H(F)° therefore 

H(F)° is open and H(F) is closed.
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