
This dissertation has been 
microfilmed exactly as received 67-17,864

YEH, Hsu-Chieh, 1937-
THE DYNAMICS OF GAS BUBBLES MOVING IN 
LIQUIDS WITH PRESSURE GRADIENT.

The University of Michigan, Ph.D., 1967
Engineering, mechanical

University Microfilms, Inc., Ann Arbor, Michigan



THE DYNAMICS OP GAS BUBBLES MOVING IN

LIQUIDS WITH PRESSURE GRADIENT 

by
Hsu-Chieh Yeh

A dissertation submitted in partial fulfillment 
of the requirements for the degree of 

Doctor of Philosophy in The 
University of Michigan

1967

Doctoral Committee:

Associate Professor Wen-Jei Yang, Chairman
Professor John A. Clark
Professor Frederick G. Hammitt
Professor James D. Murray



ABSTRACT
THE DYNAMICS OF GAS BUBBLES MOVING IN 

LIQUIDS WITH PRESSURE GRADIENT

, by Hsu-Chieh Yeh

The time history of the velocity, size and deformation 
of a gas bubble moving in the flow field around a point source 
or sink is studied analytically. Also included in the analysis 
is the dynamic behavior of a bubble moving in a quiescent 
liquid subject to a step change in the liquid pressure. 
The viscous effects of fuuids are neglected, the flow is 
considered irio cational and the velocity potential is assumed 
to exist. The governing equations for the translator/ motion, 
size, and deformation of the bubble are derived by perturbation 
theory. These equations were integrated numerically by the 
Runôe-Kutta method using an IBM 7090 digital computer.

When a gas bubble is in translator/ motion the bubble 
may be accelerated or decelerated as the result of the relative 
velocity between the bubble and the liquid and the rate of 
bubble collapse or growth. In addition, the relative velocity 
between the bubble and the liquid may accelerate the rate of 
growth. This is true for both cases: the case where the liquid 
is in a source or sink flow and the case where the bubble 
travels in a quiescent liquid subject to a step change in 
the liquid pressure. It is conjectured that the conclusion 
may also be applied to the case where the fluid is in any 
other type of flow.

The time history of the bubble's translating velocity in 
a sink flow is monotonically increasing while in a source flow 
it varies following two typical patterns depending on the 
initial velocity. When the initial velocity is smaller than 
a critical value, the translating motion of the bubble is 
decreased as it collapses. After the bubble comes to complete 
stop it starts to travel upstream for a short distance then 
moves downstream again, regrowing. When the initial velocity 
is greater than the critical value the Bubble's translating 
motion is first decreased as it collapses. The velocity is 
then increased over a short distance followed by a deceleration 
and a regrowth of the bubble.

In a sink flow, a bubble can maintain a nearly spherical 
shape over a rather long distance as it grows. The bubble 
is then flattened on the downstream side. In a source flow 
the bubble shape varies with time in various ways depending



upon the initial velocity. When the initial translating 
velocity is low, the ini wall; spherical bubble becomes 
oblate in shape. It is then flattened at the downstr earn 
side. As the initial velocity increases, the indentation 
shifts up str earn along the bubble surface. When the initial 
velocity is f ur c ner increased. the indentation occurs on the 
upstream suae. During the collapse the bubble sha^e may 
become unstable when the rate change in the translator y 
velocity is large.

When an in it xa. spherical 
quiescent liquid us ^uoject to a 
pressuret the inicf^ation starts 
point.

Bubble moving in a 
step change in the liquid 
at the rear stagnation

I he characteristic features in the dynamic behavior 
of a translating gas bubble as described above were also 
disclosed in a previous photographic study by Ivany et al. 
of a cavitation bubble in a rectangular venturi tube. The 
validity of the present analysis is borne out in its 
agreement with experimental observations.
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NOMENCLATURE

A area of bubble surface

a acceleration of a bubble

coefficients of as defined by equation (9)

F equation of bubble surface as defined by (10)

n unit normal vector on bubble surface

Legendre polynomials

p pressure ; 1°^ , for liquid at the bubble
surface ; % for liquid at ç = rj
in the absence of bubble ; for liquid
at infinite; for gas inside bubble /%
5^5 inside, bubble at f = o.

R equivalent bubble radius ; at t

g y* moving coordinates with the origin fixed 
at the center of an unperturbed bubble

r; 4-, f stationary coordinates with the origin fixed 
at a source or sink

G

G

radial distance from the center to the 
surface of the bubble

distance from a source or sink to the 
center of a bubble

r, the value of 17 at -t =o

t time

U translatory velocity of a bubble moving in a 
quiescent liquid ; +Ue value of U t = 0,

translatory velocity of a bubble moving in a 
source flow or sink flow

the value of / at t -0

Vo c. r critical value of V,

V* velocity vector

displacement of a bubble moving in a quiescent 
liquid

x



Greek letters :

angle between the normal of bubble surface 
and radial vector

y strength of a source or sink

f density of liquid

r surface tension

velocity potential

xi



CHAPTER I

INTRODUCTION

The problems on the translator/ motion and deformation 

of a bubble have been studied by a number of investigators. 

However due to the difficulty and complexity of the 

problem, those investigations are limited to some special 

cases: Plesset and Mitchell (1) and Naude and Ellis (2) 

considered the dynamics of a stationary bubble in quiescent 

liquids with uniform system pressure. Since there exists 

no un-symmetrical force acting upon the bubble from the 

surrounding liquid, that is, there is no forcing function 

in the bubble dynamics equations, the instability problem 

may arise only when the bubble starts to grow or collapse 

from an initially nonspherical form. Furthermore, since 

there is no bulk flow of the liquid and^bubble is not in 

translating motion, the governing equations are not coupled 

and thus may be solved independently. Hartunian and Sears (3) 

studied the instability of a translating bubble in a liquid 

with uniform pressure. They obtained a set of simultaneous 

coupled equations whose solution may predict the onset of 

the instability in the bubble’s translatory motion. Since 

the bubble being considered remains the same in size during 

the course of translating motion the equations

determining instability are independent of time. Walters 

and Davidson (4) investigated the deformation of bubble

1
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shape caused by the translating motion and the pressure 

gradient in the surrounding liquid. However, since the 

problem dealt with the case where during the transient 

the volume of the bubble and the pressure gradient in 

the liquid are both constant the acceleration of the 

bubble in the liquid is constant and equal to 2g.

Recently, Ivany, Hammitt and Mitchell (5) have 

experimentally studied the dynamics of cavitation bubbles 

in a liquid flowing through a venturi. They observed 

"rebound" phenomena in the translating motion and deform­

ation of the bubble during the course of its collapse. 

These phenomena are quite complicated due to the inter­

action among the liquid flow, the bubble's translating 

motion, the collapse or growth of the bubble, and 

the non-uniformity in the pressure gradient.

In this thesis analysis is presented for the dynamics 

of a gas bubble in translating motion in an inviscid liquid 

with pressure gradient. Consideration is given to the 

cases where the surrounding liquid is in a source flow, a 

sink flow or quiescent. The problem is simplified through 

the assumptions of constant liquid density, negligible 

effects of heat and mass transfer, adiabatic processes for 

ideal gas inside the bubble and ideal liquid flow. Analytical 

results are obtained for the time history of the bubble's 

size, shape and translating velocity. The characteristic 

behavior of a translating gas bubble disclosed in the 

present analysis was observed in the photographic study of 

a cavitation bubble in a rectangular venturi (5),



CHAPTER II

LITERATURE SURVEY

The problem of bubble collapse was first solved by Besant 

(ô), and then later resolved by Rayleigh (7) using different 

approach, i.e., an energy method. Lamb (6) summarized the 

formulation and solution to the problems of bubble collapse 

with negligible internal pressure and of isentropic bubble 

expansion with negligible external pressure. Plesset (9) 

modified the Rayleigh equation to account for surface tension 

effects, and Poritsky ( 104)included viscous effects.

There has been a considereable amount of experiments 

performed to study the behavior of arising bubble ( 11-22).

For describing bubble motion in liquids at constant velocity

U» , Rosenberg (15) suggested the use of three dimensionless

parameters: drag coefficient Cn(=^€ 
v 3Ut Reynolds number

Re(=2fUe/p )R and a third parameter M(=g , in which

R is the bubble radius, y the liquid viscosity, f the 

liquid density, g the gravitational acceleration, and <T 

the surface tension. Haberman and Morton (23) conducted the 

most extensive study on the bubble dynamics including the 

effects of variation of liquid properties and the wall 

effect. Rosenberg (15), Dav ices and Taylor (16), Haberman 

and Morton ( 23), and Walters and Davidson ( 4) disclosed 

exp er iment ally that the bubble with a spher ic al-cap shape 

experienced the same drag coefficient during its rising

3
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through a liquid irreapt^tive of its size. ï ai» was 

confirmed by Walter s ana Davidson ( 4) , who found tiiat a 

bubble in a spher ical-cap shape wa» less affected by viscous 

and surface tension forces. Rickling and Plesset (24) 

presented some numerical solutions which described the 

flow in the vicinity of a collapsing spherical bubble 

considering the effect of liquid compressibility. Ivany and 

Hammitt mauc somewhat similar numerical calculations in which 

liquid compressibility, viscosity and surface tension were 

included (105), Miyagi ( 25 ) ooseT ved that tner e is always an 

upward current of water which moves after the bubble. '

Thus, he introduced the concept of "added mass" which 

enabled him to predict the terminal velocity of the rising 

bubble in the water.

The problem of mass transfer to or from a single bubble 

rising in a liquid has also been investigated (26-34). 

The mass transfer coefficient was generally found to in­

crease with increased bubble velocity and to decrease 

with the addition of surface active agents to the liquid.

On the basis of the penetration theory, Higbie (26) 

treated the problem of gas absorption from a bubble rising 

through a nonvolatile liquid. The theory assumed that the 

dissolved component penetrates only a short distance from 

the interface into the liquid. As the bubble rises, the 

gas in the bubble undergoes a toroidal motion such that 

there is essentially no slip between the gas flow and the 

liquid at the interface, and the top of the bubble always 
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encounters froh liquid. Under these assumptions, the 

transfer of gas to the liquid is treated as transient 

diffusion into a falling film; the exposure time is taken 

to be the bubble diameter divided by the bubble rise 

velocity. Pattie (27,28) studied the aeration of water 

experimentally by measuring the absorption of oxygen from 

air injected in various bubble sizes. Coppock and 

Maiklejohn (31) studied bubble formation from horizontal 

circular orifices and measured mass transfer coefficients 

for the absorption of oxygen in water for rising bubbles 

0.15 to 0.3 cm in diameter. Hammerton and Garner (30) 

measured mass transfer rates of five gases from single 

bubbles (0.3 to 0.5 cm in diameter), rising in water and 

glycerol. They found that the presence of surface-active 

agents lessened transfer rates considerably. Datta, Napier, 

and Newitt (14) investigated the absorption of carbon 

dioxide in air-saturated water from rising bubbles formed 

from circular capillary orifices submerged in mercury to 

minimize absorption during bubble formation. Deindoerfer 

and Humphrey (31) measured instantaneous values of the mass 

transfer coefficient for bubbles with diameters of 0.1 to 

0.5 cm, and found that the mass transfer coefficient de­

creased with increased age of the bubble; this suggests 

that internal circulation inside the bubbles decreased with 

time. Baird and Davidson (32) determined the mass transfer 

rate from large carbon dioxide bubbles (0.8 to 4.2 cm in 

diameter) rising in water. The mass transfer coefficient
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was also found to decrease with an increase in bubble age, 

because of the saturation of the bound wake formed in such 

bubble flow regimes. Leonard and Houghton (33) also ob­

served a decrease in the mass transfer coefficient with 

bubbles in nitrous oxide-water and ethylene-water systems, 

but attributed it to the formation of a thin, stagnant layer 

of liquid around the bubble during its ascension.

The growth and decay of gas bubbles in liquids due to 

concentration difference was investigated by Keller (34).

Circulation within the bubble contributed not only to 

increase the mass transfer coefficient above that of an 

equivalent solid sphere but also to reduce the drag coef­

ficient to several times less than that of a solid sphere 

(35-40). Circulation patterns were experimentally ob­

served by Garner and Hammerton (41) in bubbles and by 

Garner and Haycock (40) and Spells (38) in liquid 

droplets. Hadamard (35) and Rybczynski (36) studied the 

drag coefficient for circulating bubbles. Hadamard pre­

dicted C6 = / 6/Re. for a circulating bubble, 1.5 times 

lower than an equivalent nincirculating bubble with Cs = 24/Re 

Groothuis and Kramers (41) predicted mass transfer rates 

during drop formation on a capillary tip. By using the 

Eotvos number, the ratio of the maximum hydrostatic head 

inside a bubble or droplet to the surface tension forces, 

Harmathy (42) succeeded in correlating the drag coefficient 

for bubbles as well as droplets for values of Re =500. 

Other work has treated to the drag coefficient of a liquid
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droplet traveling in another fluid includes References 43­

45. Kronig £t a^., (46,47) analyzed transfer processes 

from a liquid droplet and a bubble in the presence of 

internal circulation.

The surface effect has drawn considerable attention. 

Haberman and Morton (23) Hartunian and Sears, (3), Levich (20) 

Garner and Hammerton, (39) and Gibon, Houghton, and Coull (49) 

showed that dirt, impurity, or surface-active agents in 

liquids strongly affect bubble motion in the spherical and 

ellipsoidal regimes by impeding circulation.

The time-history of the growth of a vapor bubble in 

a superheated liquid may be divided into three stages, the 

initial, intermediate, and asymptotic stages. Stage is 

determined by the bubble size. In the initial stage, 

in which the bubble is very small, its growth is described 

by a differential equation in which the inertia of liquid, 

the surface tension, and the vapor pressure have significant 

influence. After the bubble has begun to grow its size 

increases rapidly and its growth rate reaches a maximum. 

After the maximum, the asymptotic stage begins: the growth 

rate decreases continuously, the bubble grows larger, and 

the effects of viscosity, inertia force, and surface tension 

become vanishingly small.

Plesset and Zwick (50-52) formulated a coupled thermal 

and dynamic problem for a uniformly superheated liquid. An 

approximate solution was obtained for the prediction of the 

bubble growth in all three stages by the "thin-thermal-
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boundary-layer" concept. Another approximation arrived at 

by the source theory, has been applied to the bubble growth 

in superheated liquid by Forster and Zuber (53-56). By 

means of the similarity transformations, Chambre (57) 

analyzed the coupled dynamic problem of fluid flow and heat 

transfer in a viscous liquid surrounding a growing solid 

that is flat-surfaced, cylindrical, or spherical. Griffith 

(58) studied hemispherical bubbles growing on a heated 

surface immersed in a liquid subjected to a linearly decreas­

ing superheat, Scriven, (59) using the similarity transform­

ation, obtained an exact solution for bubble growth in a 

superheated liquid. Bankoff and Mikesell (60) applied the 

thin-thermal-boundary-layer concept to the growth of 

spherical bubbles in a liquid whose temperature distribution, 

is initially linear or exponential. Bubble growth rates in 

various superheated liquids have been studied experimentally 

by Dergarabedian (61). Ellion (62) measured radii and radial 

velocities of bubbles growing on a heated surface. Skinner 

and Bankoff, neglecting inertial and surface-tension effects, 

analyzed the growth of a spherical vapor bubble in a 

superheated liquid with nonuniform temperature field (63) 

and in binary liquids with spherically symmetrical temp­

erature and concentration fields (64) during an asymp­

totic stage in which bubble pressure was approximately 

constant.

For bubbles growing in subcooled nucleate boiling, 

theoretical models have been based on beat-transfer-
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controlled processes (65-67) and on an inertia-controlled 

process (68). For bubble collapse in highly subcooled 

boiling, liquid inertia appears to be the dominant mechanism 

(65,68). P^esset and Zwick (52) found that the effect of 

heat transfer was insignificant in retarding the collapse 

rate compared to the liquid inertia effects. Florshuetz 

and Chao (69,70) studied vapor bubble collapse based on a 

liquid-inertia-controlled process, a heat-transfer-control­

led process, and the intermediate case in which both 

effects are of importance. The effects of translatory 

motion on the bubble collapse were found to be important by 

both spherical and ellispoidal bubbles (72-74).

By determining the rate of heat transfer from droplets 

of various sizes in various liquid-liquid situations, 

and comparing their results with several analytical model?, 

McDowell and Myers (75) and Elzinga and Banchero (76) 

showed what heat-transfer mechanisms predominated in a 

given droplet-flow regime. Their studies also disclosed 

that circulation inside the droplet and oscillation of the 

droplet increased the heat-transfer process.

The bubble dynamics in non-Newtonian fluids was in­

vestigated in References 77 and 78.

Scriven (59) formulated the asymptotic stage of 

growth for a single spherical vapor bubble in a super­

heated binary mixture. An exact solution for bubble 

growth controlled by heat and mass transfer in the liquid 

phase was obtained by means of the similarity transformation.
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The corresponding asymptotic solution was found by the 

source theory (79), which was in good agreement with the 

exact solution. In analyzing a problem of the diffusion 

of a gas into an expanding bubble, it was disclosed that 

interface temperature and composition remained constant 

throughout the process of growth. (80,81).

Bubble-growth rates in binary mixtures of water and 

ethylene glycol were experimentally studied by Benjamin 

and Westwater (82). In boiling binary mixtures, bubbles 

grow more slowly, and therefore are smaller, than when 

any of the pure components constituting the mixture is 

boiled; this was observed in the study of boiling and 

burn-out in binary mixtures by Van Stralen et aj.. (83-86) 

by Grigorev and Usmanov, (87), and by Yang (88).

Injecting a soluble or insoluble gas into a liquid 

acts to remove heat from the liquid, partly because the 

liquid evaporates into the gas bubbles until saturation 

is reached. One application of this principle is to the 

cooling of cryogenic systems, especially when local and 

short-duration subcooling is desired. A lumped system 

analysis of the injection-cooling process was performed 

by Larsen ejt a^, (90); it was based on the instantaneous 

attainment of the equilibrium composition in the gas 

phase. The source theory of Forster (56) was applied to 

predict the rates of growth and collapse of a non-condens­

ing, insoluble gas bubble in liquids (79). Larson (91) 

investigated the same problem both analytically and
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experimentally, for both soluble and insoluble gas bubbles. 

The source theory and the momentum integral are applied to 

obtain approximate solutions. During the collapse of a 

soluble gas bubble, the instability or shattering of the 

bubble was experimentally observed.

The cause of instability of bubble motion in the 

ellipsoidal regine has been studied by several researchers. 

Haberman and Morton (23) believed that the oscillatory 

translating motion is induced by the periodic shedding 

of vortices behind the bubbles. The work or Magarvey 

and Bishop (45) seems to support this view.

Strasberg ( 103) studied experimentally the pulsation 

frequency of gas bubbles formed on a capillary tip and 

rising through a liquid. The zeroth-order-pulsation 

frequency was found in accord with the standard frequency 

of an oscillating gas bubble in calculation using the 

acoustic approximation. This frequency was not sig­

nificantly affected by the lower-frequency oscillations 

(second and higher order) the bubble displays while 

departing and rising. By using a quasi-static model 

neglecting liquid motion, Epstein and Plesset (92) 

obtained approximate solutions for the growth or collapse 

of a stationary gas bubble due to mass diffusion in a 

nonvolatile liquid both when it is oversaturated with the 

soluble gas and when it is undersaturated. Barlow and 

Langolis (10) solved the same isothermal problem of 

bubble growth for a more general case, taking into con-



12

sideration the inertia of the viscous liquid, surface 

tension, and variation in the concentration of gas. A 

numerical solution was obtained by means of a digital 

computer. Approximate analytical solutions were obtained 

in closed form for the initial and asymptotic stages.

The problem of rectified diffusion of mass into 

spherical gas bubble in an oscillating pressure field 

was studied by Hsieh and Piesset (93). The problem 

is identical to that in which a spherical gas bubble 

undergoing an undamped harmonic oscillation. Rectified 

diffusion is the second-order effect of a net mass flow to 

the gas phase by diffusion from the liquid phase. It 

arises because the average transfer area available is 

greater during the expansion half-cycle, when the mass 

flow is inward, than during the compression cycle, when 

the mass flow is outward. Further, an investigation of 

the Mathieu equation of stability indicated that the 

second mode of harmonic oscillation is most probable. 

The analytical expression for the rate of mass transfer 

was given, and sample calculations confirm that the 

effect is secondary.

In a theoretical study of inception of cavitation 

and flashing of liquids in hydraulic equipment, Lienhard 

(94) treats thermodynamic stability in a superheated 

liquid of vapor bubbles with and without the presence of 

a permanent gas. The dynamics of a bubble growing 

because of evaporation are formulated; the effects of
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inertia, surface effects, heat transfer, and liquid 

viscous dissipation are all included. The case of incipient 

cavitation is solved numerically by the direction field 

method; heat transfer is neglected. Also treated is the 

case of isothermal growth resulting from mass diffusion 

of dissolved gas in the liquid into the bubble. A 

solution is obtained for a simplified quasistatic model 

in the absence of liquid motion.

It 18 quoted from reference 91: Plesset (95)

compares boiling and cavitation bubbles and gives an 

account of the thermodynamics of oscillating gas bubbles, 

including the first-order damping effect of heat diffusion 

in the liquid. Criteria in terms of diffusion lengths, 

thermal properties, and oscillation frequency are given 

for the thermodynamic behavior of an oscillating gas 

bubble in a liquid. The second-order rectified-diffusion 

phenomenon is treated. In any analysis the stability of a 

growing or collapsing spherical gas bubble, it is found 

that bubble growth is stable but bubble collapse is 

unstable. The instability is unaffected by surface 

tension; it becomes evident when the bubble radius has 

been reduced by a factor of ten from its initial value. 

This agrees with experimental observations of the fragment­

ation of collapsing bubbles. For bubbles with an appreci­

able amount of permanent gas, the size may not decrease 

enough to cause instability.
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In certain conditions, a stationary vapor bubble in a 

superheated binary mixture of water and ethyleneglycol 

displays oscillatory motion, as observed by Benjamin and 

Westwater (82)« Larsen (91) reported the shattering of 

moving ammonia gas bubble in water and the transition from 

rectilinear into oscillatory motion during the growth of 

a nitrogen bubble in heated water. He found that the 

effect of translatory motion as an increase in the growth 

rate does not appear significant until the eventual 

transition of bubble motion. This is an indication of 

the importance of the investigation of the instability.

Davies and Taylor (96) studied the mechanics of large 

bubbles rising through extended liquids. The bubble is in 

the form of spherical cap. They showed that the flow 

field around the stagnation point essentially followed 

the potential flow around a solid sphere. They used the 

fact that pressure on surface is constant since the pressure 

inside the bubble is constant, and derived a simple 

equation for the velocity of the bubble U = 

where £ is the gravitational acceleration and R is the 

radius of the spherical portion of the bubble. Although 

their analysis took care only the flow at the vicinity of 

the stagnation point, while completely ignored the drag 

caused by the wake behind the bubble, the results agreed 

very well with experiment results. Saffman (97) 

used the same ideal to obtain the relation between oblate 

shape and zig-zag motion of the bubble.
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Plesset (98) derived the stability equations for a 

stationary bubble in a quiescent liquid using a linearized, 

small perturbation theory. Later Plesset and Mitchell (99) 

solved these equations under the conditions of constant 

pressure difference and purely inertia controlled motion. 

It was disclosed that a growing bubble remained stable, 

while a collapsing bubble became unstable when the ratio 

of the radius of the bubble to the initial radius was 

less than 0.2. Florschuetz and Chao (69,70) investigated 

the collapse of a vapor bubble under zero g condition. It 

was found that the instability occurred much earlier 

than those calculated by Plesset and Mitchell. Naude 

and Ellis (2) studied theoretically and experimentally 

the collapse of nonhemispherical cavities in contact 

with a solid boundary. Hartunian and Sears (3) solved 

the stability problem of a small bubble moving with a 

uniform velocity in a quiescent liquid. The critical 

Weber number was found to be 1.23. Walters and 

Davidson (4) investigated theoretically and experimentally 

the initial motion of a gas bubble formed in an 

inviscid liquid. It was disclosed that the acceleration 

of a rising bubble is 2g in the initial short period of 

time. The shape of the bubble was also analyzed. Ivany 

Hammitt and Mitchell (5) studied experimentally the collapse 

of a cavitation bubble in a venturi. It was observed 

that bubbles deformed during collapsing and became a torus­

shaped body with a jet of liquid pierced through the 

center of the body.



CHAPTER III

ANALYSIS

III-1 Dynamics of a bubble moving in a source or sink flow 

IIl-1-a Velocity Potential

For incompressible fluid, the equation of 

continuity can be written as

V • v = 0 ,
(1) 

where V is the velocity vector of the fluid. If the 

flow is irrotational, then the velocity potential 

exists, that is

V i

and equation (1) becomes

= 0.
(2)

For a flow around a point source (or sink), the 

solution of equation (2) is well known: In spherical 

coordinates with the origin 0 located at the source 

(or sink), as shown in Figure 1, the velocity potential 

at an arbitrary point ( r'') in the flow field may 

be expressed as

16
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dynamics of a bubble moving in a source 
or sink flow

17



18

where jm is the strength of the source if positive (the 

strength of the sink if negative) and r' is the radial 

distance from the source (or sink) to P . Now, let 

the coordinates be transformed into a new coordinate 

system with the origin at 0, located at as

shown in Figure 1, and new independent variables f and 

0. Then equation (3) may be rewritten as

j — _______________ ____________________

'i [ r 2 + ç 2 - 2 C r cos 6 J 1/2

— * Pn ( cvs e) for r < n

'r"" R. ( 6 ) for r > c
or

where P,(cos&) are Legendre polynomials'^ and denote 

the smaller and the larger quantities of r and ç , 

respectively. In case the new origin moves with the 
v

velocity, as shown in Figure 1, an additional term, — V, r cos 6 

must be added to the right side of equation (4), that is, 

the velocity potential in the moving coordinate system is

~ TKw G) " V, r LOS 0. (5)

If there exists a spherical bubble in the flow field 

and the center of the bubble coincides the origin Q( 

moving at the velocity Vt , then the velocity potential 

in the flow field can be obtained by superposing the 
* , 

velocity potential induced by the bubble on
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the right side of equation (5). The method of super­

position is possible because equation (2) is linear. Now 

one has

A, % (6) 

as the velocity potential in the flow field, where b„ 

are the constant coefficients to be determined in the 

following. Let the instantaneous radius of the

bubble be R(f) which varies with time t . Then it is 

required that the condition

àr Jr-r (?)

be satisfied on the bubble surface, where the dot ”.” 

denotes the time derivative. Equation (7) may be 

employed to determine the unknown coefficients . 

The substitution of equation (7) into equation (6) 

yields

4*3  - ~ Vt) ws 0 - V, r cos Q

T + U r"+' • (g)

For lack of the spherical symmetry in the flow field, 

an initially spherical bubble cannot, in general, retain 

its spherical shape as it travels along the flow. Therefore 

the shape of the bubble is assumed to take the form of

ne i (9)
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where ç is the distance from the center to the 

surface of the bubble and An are the time-dependent but 

still unknown coefficients whose square are to be neglected. 

The terms Z2 K (wd) in equation (9) express 

the amount by which the bubble deviates from its spherical 

shape.

Now, the surface of the perturbed bubble may also be 

expressed by the equation

F(n, t) = Q - R - £ = O
(10)

Then, the condition

= o
Dt (1

has to be satisfied on the bubble surface, where D/Dt 

is the total derivative. It can be shown that a special 

case of equation (11) may be reduced to equation (7).

If the bubble travelling with the flow at O, in 

Figure 1 is expressed by equation (9), then the velocity 

potential in the flow field becomes 

where c„ is the coefficients which can be expressed 

in terms of as will be shown in the following.

Following the definition of the total derivative,

one can rewrite equation (9) as

with r tiT. to th.
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The velocity components V6 and in equation (13) can

be found from the velocity potential (12) as

^9 rie

J R

■777; 0 ( >4)

à </> 
ar 4

= V, t-os 9

In (15)

To evaluate ve and .the bubble surface one

substitutes equation (9) into equations (14) and (15),

followed by neglecting square and higher order terms of

There results

a,

2n + i

P _£n 
- Rn

(16)

— Vt 9 + R ( I — 2.

r2 a. 
R

(17)

where the recurrence formulas for co$ 6 R, in Appendix II

has been used. To avoid undue mathematical complication,

= 4 Û~

"-t
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the second- and higher-order terms of R/r are neglected. 

This is justified so long as the equivalent radius R of 

the bubble is small in comparison with the distance ç 

between the bubble and the source (or sink). It 

follows that the second term from the last on the right 

side of the equation (17) can be reduced to

y A*  H C ( n + ! p r (n tl}2
r3 3 I l2n-M)<2n-f3) ’n+z (2n-H ) +3) (18)

- f 7 t p )J J (Zn -V (2n + V in+2 ) 
where the recurrence relations for in Appendix II

has been used. With the substitutions of equations (16) 

(17) and (18) into equation (13) followed by neglecting the 

terms involving and using the recurrence formulas for 

sin'# % in Appendix II, one obtains

pf- 2^ ( ~ %-, )

+ C2L » f p _ H(n»Q p _ p J
r,3 ( ZhtdfZn+3) 'ntz (2„.| (Zn '^'Zj

+ 2 r (M+UMfZZ p n/nwj p J 1
%, % C2>ifiV(2>i*3;  i»*2  T /Zn-fXZnfj; T 2 tzn-uizm-f; in-1 J

t c 3 £n±121rLt22 p , 3 nm-Q , , ,, R <2nf 1 )iznf>) ln*i (Zn-i>(Zn-3j Th + 2 (2n-i)(2h+/) (19)

For convenience, let the C c„ /> terms in

equation (12) be rewritten as

(20)
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where dn_lt f and are the

coefficients to be determined as follows. Now the 
°» 

terms in equation (19) become
f A* J oO

R = G"-"
+ + & <20

Substituting equation (21) into equation (19) followed by 

comparing terms one obtains

- _ /LAI r

f - + ---------------------- - ? /
( (2n +U (Zn t3? (2n-i ) (Xn + I) 3 J J

l — + MfZ) AtjCy r

tn + i>( 2n + / )(Znt 3)

By substituting these expressions into equation (20), one 

can write equation (12) as

*= - v. r~.e * & +

S' p _ /" p
C"' r (2n-u(2n+v r, 3 r”"' h -2
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R 
r»

। 11 ) { Znti) Ç*  Gt+? (22;

III-1-b Pressure distribution on a bubble surface 

The equation of motion in an accelerating coordinate 

system may be written as 

= -a,
(23) 

where y is the velocity vector, f is the density of - 

the fluid, P is the pressure and A is the acceleration 

of the coordinate system. It must be noted that the 

gravitational acceleration has been neglected in equation (23). 

According to vector analysis, one can write

( \7- v; v = V ) - Vx (yx "v ) .
(24)

For an irrotational flow, the second term on the right 

hand side of equation (24) becomes identically zero. 

Thus, equation (23) becomes

Th» r-component of (25) is

f T (26)

where O.r is equal to ~ $ cos# in the accelerating 

coordinate system shown in Figure 1. Equation (26) is 

then integrated from r=q to r= <x> to obtain the pressure



25

distribution on the bubble surface. It yields

Nz = +ÏITH-*  fT" - f ^rcoseV"'00 
J r~ G ar I r- rs (27)

The inertia terms in equation (27) can be evaluated 

from equation (22): By differentiating equation (22) 

with respect to time, there results
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By differentiating equation (22) with respect to space

variable r and 0 , respectively there results

52 *

3
2

(30)

(31)

The kinetic energy per unit mass is
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At r- oq since all terms except the first one become

identically zero, equation (28) gives

(32)
Therefore, the - f and terms on

" C^.ao
the right side of equation (27) may cancel each other. At

— oo equation (31) reduces to

- T f( V, cos 9 / f- ( % f/n f/J — "T 2
(33)

The expression for the inertia terms at p = ç can 

be obtained by substituting equation (9) into equations (28), 

(29) and (30) followed by neglecting the second- and 

higher-order terms of An and R/ r, . Equation (28) yields

3
2 (1

OQ ,
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1- £ [-S^T +z R y t 2 R

- 3?- ^ %- + Âj FLu (34)

Similarly equations (29) and (30) yield

ï_ Q M p + p
(2n-u( Znf S) H

and

£ 
2

1 
2
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- S A ÿ %

— / r ^(My(lM+Q|ZntJ) r,3^^Stn &
(36)

respectively. Therefore with the aid of equations (35) 

and (36) and the recurrence relations for si^Q ,

s in2 9 Pt pA s< j $iP0 P> from Appendix II, the 

kinetic energy per unit mass at r- ç may be written as

Qnz

not tij p 
(Zn-/>f2n + 3 )

3 
z

— J( I_______ ^LL_ )n + 2r ^" + 1 v Zn-f f)'It+t r
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+  --- Ü— ( . _ 4 K » ±0 ] p
S' (2n-3K2 ri^T^TîT^T) _ 3

- f (f. -kj _____ /I. , p * p
Z r^) (2.^ 'Of (j.H+IJ Ç> \ ‘*1i  1 ‘

" f (f. - /JC ï^ri^rzi^H-p^ t ^.j

( M \ ? p (n-ij H_____  / 2 _ A ( +U
2n - 3 // '*'  + (2^-U (2n f/J l ^ S ( in-3^ ( 2 n +i)

Cin-D fl’'’ -JJ J '*-2  ( 2*-!r  ) (Zn-3) (^n-O (2”

n
2 n -i P.

+ ----—------  P y- _21-2 P )( ^n-3) (Zn+O 'w-1 ' 2 n -3 »n-j y

- 2s- -----2ÜZ11U_______ A f____ !L1£ p
KTi ( 2n ~i ) (2 n f (3(2 n *3J  2n*J  '’♦'2

+ ------ ^LH----- p . M.- ' p \
(Zh— i / (Z n+3? Zh“* *1*2/

^+2 p
2 M fj fh-2
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(Zn-iHin+3)

CO

a n3
(2^ + U (2ntr; 2n +i

P-J
Zn4S

2 n + 3

G6 i = i

n -1
- I

(H Ï1) ( Zn +(J cz n +3 )( ant;-)

Rt Zn + 3 (37)

Now one writes the 4/ r cos (? term in
' I r * r;

equation (27) as

?£r‘”«kr, = (3g)
Since the pressure at infinity Ris not affected by 

the presence of the bubble in the flow field, the 

application of the Bernoulli’s equation yields

(39)

where G is the initial distance of the bubble from

the source or sink, and % and are the pressure 

and velocity of the liquid at r = r, respectively.

Substituting equations (32),(33),(34),(37),(38) and 

(39) into equation (27), one obtains the expression for
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pressure d/sfribunion over the bubble surface OS

^=^4^7^ -vdU-i^

Op

IMS-) 

no 
z 
MM

ft* a

] - £,

A4______ _
Z (2W-l)(2M4i/

. f r ( H043) M41) _/_. /M
M=4 * 6 2>M-I >( iM4 i) /V*  4 ( iM+l)(àM*J)  A /l^

/$ hnf MOtl)
X ( 2 W)-0(2*143)  ( /if im*) *

r 2 3 A%(mo+a)g ( H14-^)^

mx r 3 (hi-Q(ynto

4" Al (2*- ’>(2M+0 ^r * v' 7 R
*1-0 M______

(2M-3)(2M4-»)^( 2IH4I )

St'*
4 . I . m-H IS (M+iXMfi) , 3 m— (l*»^A)  ( f im43 a OM4OX2M4D f S' am-I
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rj^’f.l ( H--\
*is/ ‘ 2 4^

M ( wti ) ai / 21 
f2M-U(aw+3) af I if1

""' L 4? K'

22. (klH) M ( M + l ) A/

Go
- l/< )
to

s M

* A M-l

m*-)  ( iw-i) 4/|
‘ _ air ' , r-5 “T +[-to

i<5

(2W-f )(2M4t>"

>( »Mf%)___  f À^R
+ 3)(2^+5) 1 " 4^

/U8 AIR
If

22 M M-l
*)*< tl 

/W±u 
4^ ’

T-':
3 <

( — 3 ------—-------1S)

Mr 4
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III-l-c The time history of bubble's translatory motion 

Let us now define the surface of a translating 

bubble as the control surface as shown in Figure 2. Since 

there is no mass transfer across the control surface, the 

Newton's second law of motion can be written as 

where m*  is the mass of the gas inside the bubble and f 

is the z—direction force induced by the pressure exerting 

on the control surface.

Consider the unit normal vector n on the bubble 

surface as shown in Figure 3-a. Its components in the
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ligure 2. Definition of control volume.
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directions of %, & and are

respectively, where the subscripts ç , and 9 denote 

the derivatives with respect to ç and 9? respectively.

If ft is defined as the angle between the 

vectors and the components of may

then be expressed as

7=== = Cos ( n , ç*  ; = coy 6
(43) 

and

J- p _
1." 9 —~ — cos r /T , 9 ) — COS (ft ~ — sin ft 

rar^ht ■

Since F is defined by equation (10), its derivatives

may be obtained from equation (10) as

and

Ç ç s,n & i —

Sm 0-
Therefore, with the neglect of

% t É a- K 9

the terms involving

one obtains

The combination of these expressions with equations (43) 

and (44) gives

cos ft | (45)
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~ 9. (46)

Now, consider the pressure p exerted upon the 

bubble surface as shown in Figure 3b. The force 

induced by the pressure can be written as

f = J J ( ( Ô - fl ) dA .
(47)

With the aid of equations (45) and (46), the quantity c.05( 9 -/V 

in the integrand of equation (47) can be expressed as

cos (9 - fl ) = cosp <^os 9 — sm p sin 9

% 003 9 -+ -T. (Ar, 7^, S/ n
R • (48)

Through the combination of equation (A-7) in Appendix III 

and the relationship 
d C 08
dd = “ St

followed by neglecting the terms involving (

the differential area dA may be written as

ci A — 2 it ç s/a Q /frjde/ + f

— Z TT G Sm (? j J2 9

ZT Ç2 $in 9 d9

7 °° Z2
2. *”■ R ( t + 2 ÆZ /t, / î'n S d 9.

(49)

By substituting equation (48) and (49) into equation (47) 

one obtains



where the recurrence formulas for the cos 6 Pn and ^^0

in Appendix II are used» Now, equation (40)

for fcG? is substituted into equation (50) followed by 

performing integration utilizing the orthogonality property 

of Legendre polynomials :

if n (51,

= 0 i f n V:

The resulting equation for f is equated to zero, because m 

is so small that the term on the right side of

equation (41) may be considered negligible. It must be 

noted that the neglect of the m, for small valued r
of n\t does not necessarily imply an infinitely large 

value for the acceleration , since f itself is a 

function of . Hence, there results
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I JW
3 dt

II

R a.

f (^-Mj^ + 77 <!'» -£r-'®^r

TT)

O0 r

P. 
' f 

dy. 
Tt” K) -B

__ \Wfl Aw^+)

4» /
44 . |^ xVa

00
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- is (ut "^4 < ~ T" t
- 4-. 56(-^-v,^Ja. + Â.

• JL r (R-fA
I»”» 1 v> M / R

f  / R \k .J fl w*l

ÿ +4-) , x/ x^ I \N^
~ ’ ^3 Tï^rnTwTT) /i, / '

. A^ti / ALC
‘ A. 5 )^4 l V e

V A.! / R ” 0 (52)

Equation (52) is the expression for translating motion of 

bubble, which predicts A| and V\ (c )

III-1-d The time history of bubble size and shape

The force balance on the differential element of

the bubble surface leads to the expression

< ir ik ) = ( 4, ?, (53)

where CT is the surface tension, £t and are the

principal radii for the curvature of bubble surface and An 
and fout (.IU) are the pressures exerted upon the inside and 

outside surfaces of the bubble, respectively. Since the 

gas density is low compared with the liquid density, the 

pressure inside the bubble may be assumed

uniform. Assuming that the gas inside the bubble is 

ideal and undergoes an adiabatic process during the growth
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or collapse of the bubble one gets the expression

(54) 

where (o) is the initial pressure of the gas inside 

the bubbley > is the specific heat ratio of the gas.

For a perturbed sphere, the sum of the curvatures up to 

the first-order correction may be written as

05)

The details of the derivation of equation (55) are 

given in Appendix III. By substituting equations (40), 

(54) and (55) into equation (53), one obtain»

h 3 z
RR +^R +

MR

00

£ ( m+i) C 
ms i

R dm **
- ooJl_£__ Un__ 4—là —

00

W= j

4 a» 
/tf

/M4
* M(m+0/UK 4 |

/i*  ”4
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3<^&b 2 3 (#n-i)(m+O
2M- I

„ ? __c r (M-%f CM-n^ , >1? R a p 
' Q*r* 2'(2M-$'H2m-o*(zm+i') ( l*' m M

J-_yX( -Lf^u 
4

d£ 
4t

2 /n+ / _ ^5 ( Mm+ï) AM )b Æ_i/
5" zMe 2 (2w*V)< 2>n*5) ' 5 2«-/ 2wf/ + ) V' 4‘” -

/h=l

, _±_( jl _ i/ n Z p A5 (M-ifmlm+i')
2 (2M-IX ihHj) /if 1 J I '** ^72 2 77mHXTM+7)(2m*3)

/V/?
4?

A4 f A4

5'5
5 £ , 2» r£( "i

go , _ - .

+ )( - h)*"t  (410+3)

5 ( w*/  ) ( m+3) h?_  
” 5 (2*)-*!  ) (2M47) (2M-O(2M + I)

5'5-^  ̂

(»n+i)( M+3 ) 
(zmf ))(2Mfi+7)

•K,+ y- 5^1 f hi+t) 
lhs| (2W-*3)(2M*5>

P4fà-«
41

/4/è
^(2n-U(2m+3) '

^(«-O(»«-a)(^ -H)- 

f m+1 )* t -

/i 3 ( <*i -1) ___
Ç (2m-3)(zw+O



44

( ( 4m-7 ) a

+ (2m +? ) (Zm + y;(Zw+7;(2m + ^ ( /z(7 Gmf*

m
2m-I 2

m — / 
m

^"4 z%' + jr -V,)}a„_,

— 0 (56)



By equating all coefficients of the terms in

equation (56) to zero, there results a set of second-order 

differential equations for R and J. 

Coefficient of :

2

Coefficient of :



These equations are coupled not only among themselves but 

also with equation (52). Therefore it is necessary to 

solve equations (57) together with equation (52) 

simultaneously for r , R and

III-2 Dynamics of a bubble moving in a quiescent liquid 

following a step change in liquid pressure

Consider a bubble travelling with the velocity 

in a quiescent liquid following a step change in the 

liquid pressure.

If the coordinate systems as shown in Figure 4 is 

fixed on a stationary reference frame, then the velocity 

potential , which is the solution of the Laplace 

equation (2), can be expanded into a series of spherical 

harmonics as
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ïigir • ♦. Coordinate eye terne for analyzing the dynamic e of 
a bubble moving in a quiescent liquid.



48

~ S An "F^h 7n , (58)

where are the coefficients to be determined, r is 

the radial distance from the center of the bubble and 9 

is the angle between radial vector and the translating 

velocity u of the bubble. For a spherical bubble, the 

condition to be satisfied on the surface is

— U cos & * R ,dr lr = R (59)

By substituting equation (58) into equation (59) 

followed by equating all the coefficients of the % 

terms to zero, one obtains

/I» = Rz R , A, = f U R3

Zh = 0 for K .

Equation (58) may now be written as

RR 1 u %3 
2 r* (60)

Now, if the coordinate systems are fixed at the center of 

the moving bubble, the velocity potential becomes

in an analogous manner
' r (61)

as the previous case, the shape of

the bubble and the velocity potential are expressed in the 

form of equations (9) and (12), respectively, subject to 

the surface condition (11). With the neglect of the terms
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involving Cl*  one obtains 

4*  = 777 f A» f Z ~77 Pn

+ u[( r 4 | J LOj

"H %, /?,e, - 2777 A ] (62)

Equation (27) may also predict the pressure distribu­

tion on the bubble surface for the present case. However, 

the inertia terms in equation (27) must be evaluated 

from equation (62) with the aid of equation (9). The 

result may be expressed as

z R + J? - az - ; d «, - u n,

~ 1 dt । + 2 ~ R. A, - 75 C3 u è,4

+ To

+ I 7 t -^7 Q| -H f

4 < ’ i £ ’ % T ^2 ~ ^7 [ s' u

+ 6 U R + % + U1/ £

h»i I 4. f 2 n f (2n + r) R ^2 2 2 h f j df Ant-l
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+ 3
H

2. n * I J 4- (< riT?JfZn-<J
fl -J A (63)

When the last expression for f is substituted into 

equation (50) followed by performing integration, one 

gets the equation for the translatory motion of the 

bubble as

- r (JtJ V 4 u j

+ y ( k R + j

+ j 

— 0

(64)

The equations for R and can be obtained by

substituting equation (63) for ftra into equation (53) 

followed by equating all the coefficients of the P„ terms 

to zero. Thus, there results
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Coefficient of £ :

- ku 4, - a., - $
Coefficient of Vx :

W 7 =0

Coefficient of ;

y/\«2.-tKRz + +f d^i
• (65c)

e U ^ ) + 4^'" P
Coefficient of where xaj :

^ + 2; ~ 1 i
[in-i)(lh + ij (intuCznt^; (Zn+|j (an-O J

+ Cl
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u «

tut.

<1

4H «it
n

3
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CHAPTER IV

RESULTS AND DISCUSSION

When both the liquid and bubble are stationary, the 

kinetic energy term in equation (27) becomes

negligible. The resulting equations for the may then 

become uncoupled and thus can be solved independently. 

This is the case studied by Plesset (98) and Plesset 

and Mitchell (99). However, once the liquid and/or 

bubble are set in motion, as in the present analysis, the

contribution of the kinetic energy z^2lr-,rf becomes

As the result the other modes such as etc.

important. 

are

introduced into the governing equations, which are 

mutually coupled and have to be solved simultaneously. 

In case of a source or sink flow, the problem is further 

complicated by the appearance of a series of spherical 

harmonic terms in equation (5) for the velocity potential 

in the main stream. Under such circumstances it becomes 

impossible to obtain the analytical solution. The only 

alternative is to try to get the approximate solution by 

means of a numerical method.

All terms of the equations derived in the previous 

Chapter may be nondimensionalized through the following 

definitions.

52
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(dimensionless length) = (length)/Rio)

(dimensionless 

(dimensionless 

(dimensionless 

(dimensionless

velocity) = (velocity)/ ( 

acceleration) = (acceleration)/ .,
. v f(Kio)p

time) = (time)/a \ 0 /

pressure) = (pressure)/(—J

(dimensionless strength 
oL point source or sink)

& source

1/2

where R(0/ is the initial radius of the bubble. The 

introduction of these definitions does not cause a change 

in the form of these equations except that / and now 

disappear from the expressions. The dimensionless 

velocity as defined in equation (66) is exactly the 

definition for the Weber number. In the following discussion 

we shall always refer to the equations in dimensionless 

form unless otherwise indicated.

IV-1 Dynamics of a bubble moving in a source or sink flow 

Equations (52) and (57) were numerically integrated 

by the Runge-Kutta method using an IBM 7090 digital computer. 

Since it is impossible to solve infinitely many equations 

simultaneously, only the first twelve equations for the An. 

were integrated. All other equations for were

considered higher order of magnitude and thus were ignored. 

From the experimental study it is disclosed that sufficiently 

accurate results may be obtained by retaining the first 

twelve An in the computer program. Therefore, together 

with equation (52), the total of fourteen simultaneous 

equations were programmed for C , R and A, to ^iz. 

To begin with numerical computation, it is assumed that
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the bubble at the start of the transient is in a spherical 

form. This is equivalent to imposing the conditions that 

all and are zero and ft is equal to unity at t = o

With these initial conditions, equations (52) and (57b) 

become identical at t=o and one more condition is required 

for computation. This condition is being zero at t = o 

from the reason that the bubble is initially sDberical and 
henoe the - 3R»- term must be absent from equation (52). 
Therefore, in computer program is neglected in 

equation (52) at initial period. The calculations were 

performed until the values of the become no longer, 

appropriate for the method of perturbation. Separate pro­

grams were written for the time history of the equivalent 

bubble size % and the translating velocity v( of the 

bubble at downstream from the source or upstream from the 

sink. For such cases equations (52) and (57a) were solved 

simultaneously for a longer period of time with the 

neglect of the A* . This is equivalent to treat the 

bubble as a spherical one. In the initial stage of bubble 

growth or collapse where the perturbation method applies, 

the results of the computations show that this simplification 

results in a slight deviation in the values of c , and ft 

from those computed with the retained. This is not 

surprising since those terms involving in equations 

(52) and (57a) are small compared with the other terms.

IV-1-a The time history of bubble size and velocity

For the sake of convenience in discussion, the 

relationship between the equivalent bubble radius and the
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translating velocity /, c = drr/dt) may be obtained by 

solving equations (52) and (57a) simultaneously with the 

neglect of the terms involving An, These two equations 

may be rewritten as 

and

Jie (67)

(68)

respectively. Equation (67) indicates that the acceleration 

of the bubble's translating motion consists of three 

components induced by three different causes. The first 

one is due to the acceleration of the liquid in

the flow field. This component is independent of the 

bubble radius and would cause the bubble to accelerate

toward the source in case of a source flow or toward

the sink in case of a sink flow. It is interesting to 

compare the magnitude of this component with the acceleration 

of the bubble's translating motion induced purely by the 

action of gravitation which is neglected in tk present 

study. Walters and Davidson (5) have disclosed that the 

acceleration of a bubble with constant size in the liquid 

under the gravitational acceleration $ is equal to 

during the initial stage of bubble motion after transient. 

In the present analysis the acceleration of the liquid itself 

in the absence of the bubble is equal to
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h W = -2 ÿ

By comparison it can be seen that the acceleration of the 

liquid may cause three times as much acceleration to the 

bubbles translating motion provided that the other two 

components in equation (67) are excluded from consideration.

The second term on the right side of equation (67) cor­

responds to the acceleration of the bubble's translating 

motion induced by the interaction between the rate of 

bubble growth or collapse, and the relative velocity

between the liquid and the bubble. The third term is the 

acceleration caused by the liquid velocity alone. Since 

the latter is of the third power of the ratio ,

its effect is indeed negleigible.

(68) indicates the âccelèration of the bubh le 

surface. The quantity % [( is the change

in the liquid pressure when the bubble is located at two 

different positions: the initial position r; (o ) = ro 

and an instantaneous position r; (t ) * 17 . Therefore,

the first term in equation (66) expresses the contribution 

of the change in the liquid pressure to the acceleration 

of the bubble surface. The second term shows

the effect of the relative velocity between the liquid 

and bubble motion, and the third term — 4 is the 

effect of the rate of bubble growth or collapse on the 

acceleration of the bubble surface. If the ideal gas 

inside the bubble undergoes an adiabatic process then
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through the aid of equation (54) the fourth term may be 

written as

f J- _ 1 ) 2R R I '/ R-R(e; . (6g)

The fifth term - 2/^ ;s the effect of surface tension 

and the last term indicates the effect of the liquid velocity.

latter effect is considered small since it involves

the second power of R/r?. Equations (67)

and (68) were integrated simultaneously for 17 and R 

subject to the initial conditions:

R(o) = 1 R(o; = 0,
(70) 

The physical properties selected for the present computation 

are: room temperature = 77°F, the density / of water =

0.997044 gram/cm3, and the surface tension (T for water-

air system • 71.97 dynes/cm. If the initial bubble radius 

is = o.5"om, then the parameter f

in (66) would be

(71)
For the liquid velocity of 80 ft/sec (approximately the 

same as the experiments reported in reference 5), dimension 

less velocity is 204.

For a bubble travelling in a sink flow

^(0) = 4395
7 (o) = r: = (os

/( (0)5 Vo = -200 
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yu is selected as 
yU = - a. 2 ( 10^) 

such that the liquid velocity at the bubble's initial 

position ç = (os' is same as the bubble's translating

velocity. The result is plotted in Figure 5. The calculation 

is carried out up to the position c = too where the 

liquid pressure reaches its saturated value p - / 95. It 

is disclosed from Figure 5 that both the velocity V, 

and the radius R increase monotonously with the bubble's 

position.

For a bubble travelling in a source flow the following 

initial conditions are employed.

Po - <95- 

r - too 

// = 2 . Z ( / Q 6 J 

and liquid velocity at r? -is 
A*  
“u = 220, 

Several different initial velocities for the bubble's 

translating motion were used in numerical calculations: 

ranging from that of the liquid, namely V. - 22 0 to 

higher values. In practice, the physical situation corresp­

onding to the given conditions may be achieved by connect­

ing different size of nozzles or pipes with a diffuser as 

shown in Figure 6. Figure 6(a) illustrates the case 

where a straight pipe is connected to a diffuser. With 

the neglect of friction, an air bubble formed upstream
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(b)

Figure 6. Geometrical arrangement of (a) a pipe 
and a diffuser and (b) a nozzle and a 
diffuser.
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travels with the same velocity, say 220, as that of 

liquid in the pipe. Considering the entrance to the dif­

fuser as an initial position in the present study the 

initial velocity of the bubble would be that of liquid 

namely v0 = 22 5. Now, the straight pipe is replaced 

by a nozzle as in Figure 6(b), Then the bubble will be 

accelerated in the nozzle like a sink flow. So by the 

time the bubble reaches the entrance of the diffuser, its 

velocity is greater than that of the surrounding liquid. 

By varying the length or shape of the nozzle it is feasible 

to obtain a desired velocity of the bubble at the entrance 

of the diffuser. The conditions at the entrance are then 

employed as the initial conditions.

Figures 7 through 14 illustrate the changes in 

the bubble radius R and bubble's translating

velocit^with the bubble's position in the diffuser. An 

examination of these figures reveals that depending upon 

the magnitude of the initial velocity vi the bubble's 

translating velocity and size may vary in two different 

ways as schematically illustrated in Figures 15 and 16. 

There exists a critical value for Veer beyond which the 

bubble velocity and size may follow a different pattern ; 

When Vo is lower than the critical value the 

bubble velocity and size vary following the pattern as 

shown in Figure 15, while when Vo exceeds Vol, these 

variations follow the other pattern as shown in Figure 16. 

For the parameters used in the present computations, the
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♦ 3

Figure 15. The velocities and %" and
the radius 7% of a spherical bubble
moving in a source flow, initial bubble 
velocity ve < l

%

Figure 16. The velocities z'/r 2 and and 
the radius K of a spherical bubble
moving in a source flow, initial bubble 
velocity .
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critical initial velocity is 2.4-9

When the initial velocity Vo is smaller than VOcr 

the bubble’s translating motion follows the pattern shown 

in Figure 15. During the initial stage of the transient 

corresponding to the interval between points 1 and 2 in 

the figure the translating motion of the bubble is 

governed by the force induced by the deceleration of the 

liquid, namely the - 6^ ; term, while the

bubble collapse is governed by the force induced by the 

change in the liquid pressure, namely the f ( 7^)2 - (-7^/j 

term. However, as the bubble reaches point 2, the relative 

velocity ( \/, - changes its sign. As the result

the force induced by the bubble collapse and the 

relative velocity in equation (67)

becomes negative, which causes the bubble to further de­

celerate. As the bubble travels further downstream the 

collapse rate i< continues to increase thus causes an 

increase in the quantity - J in equation (68).

Therefore, the increases in the collapse rate and relative 

velocity interact to cause the bubble to further decelerate. 

This is indicated by a very rapid increase in the term 

in equation (67). The translating velocity of bubble 

eventually becomes negative and the bubble starts to travel 

upstream when it reaches point 3 in Figure 15. After 

point 3 the term v ) in equation (68)

increases as the relative velocity increases. Since this 
term is always positive it exerts a forc^Vretard the collapse 
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rate and eventually causes the bubble to stop collapsing 

when it reaches point 4 in Figure 15. The bubble then 

starts to grow and travels upstream. This phenomenon 

may be called "regrow" which was observed in experiments (5). 

At the moment of "regrow" the sign of R changes and the 

term — 3( V( - J in equation (67) becomes positive. 

This causes the bubble to accelerate so rapidly that the 

bubble's translating velocity Vt soon becomes 

positive and moves downstream again. However as \Z 

increases the relative velocity (% - ) as well as

the accelerating term tend to decrease.

The latter term may eventually be exceeded by the decelerat­

ing terms in equation (67). Therefore the value of v< 

cannot exceed in the accelerating stage.

When the initial velocity % is greater than 

the translating motion of the bubble follows the pattern 

shown in Figure 16. During the initial stage correspond­

ing to the interval between points 1 and 2 in Figure 16, 

the translating motion of bubble is governed by the de­

celeration of the liquid, while the bubble collapse is 

governed by the change in the liquid pressure. As the 

bubble travels downstream, increases and the 

term in equation (67) becomes important. Since this term 

is positive, it tends to reduce the deceleration of the 

bubble motion before the translating velocity of the 

bubble is reduced to that of the liquid, the magnitude of 

this term may become comparable to that of the term - g**
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in equation (67) and eventually the bubble becomes ac­

celerated. This corresponds to point 3 in Figure 16. 

Meanwhile the term - k in equation (68) 

governs the bubble collapse as in the previous case. As the 

bubble is accelerated, the relative velocity (V - )

increases. So does the term ( vf- in equation (68). 

As a result, the bubble’s collapse rate K decreases 

At point 4 in Figure 16 the bubble stops collapsing and 

starts to grow. But due to the change in sign for the 

term 3 ~ the bubble's translating velocity is

retarded.

The gas pressure inside the bubble plays an important 

role only when the bubble size is small. Although the 

gas pressure may somewhat help the "regcow" of the bubble, 

for high liquid velocity as in those computations it 
is the 4-H I ) term which plays more important

role on the "regrow" phenomenon. As a matter of fact, 

even for the case of =0 the phenomenon of

"regrow" still occurs as shown in Figures 17 and 18. 

This is how the "regrow" of the bubble is different from 
\ax • the rebound ofwalloon which 1» solely due to its 

internal pressure.

The effect of surface tension is entirely negligible 

for the parameters employed in the present computations.

Numerical results were also obtained for the case where 

the bubble first moves in a sink flow for a certain 

distance then travels in a source flow of equal strength
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as the sink. In practice this corresponds to the case 

where the bubble travels in a venturi tube. The results 

are presented in Figure 19. It is seen from this figure 

that the bubble continues to grow over a certain distance 

in the diffuser portion until location 2, then followed 

by collapsing.

If the bubble maintains a spherical shape, Figure 19 

shows that it first grows, then collapses followed by 

regrowing. This process repeats as the bubble moves down­

stream. The deceleration and acceleration of bubble's 

translating motion also repeat. In practice the bubble 

cannot remain spherical. As the result its shape starts 

to shatter when the bubble collapses to a certain size.

IV-1-b The time history of bubble shape

Using the same initial conditions as the previous 

section, equations (52) and (57) were numerically integrated 

for ç , % and by retaining the first twelve 

The bubble is initially spherical. That is at t-o, -o 

and (Lt co for all CU. It is disclosed from the

v obtiMnej 
thus^are
numerical results that the values of f?, and

very closed to those obtained with neglection 

of the An .

The values of the for a typical case were presented 

in Appendix V, With the available equation (9) was 

used to evaluate . The values of R needed for 

evaluating equation (9) were obtained from the following 

formula



77

sniavy S, 339909 d
30

0

u

au Oona a ai non ‘All3O33A 0N/1V7SNW1 S,339909 *A

O 
O 
oj

I I 
A

\ I
\

—v

/ / 
y

O 
O eu

/ / / I

2 
■H

<ü

£

et w
8 S

UJ O 

<

<o 
tj Q 
a

23 -J en
Lu O O
O

-d C
S3
._ «

x 
o O

<o



78

/• 3 - 5' ■ . - (2 n-U ( n __ », - 2
/ • 2 ■ 3 • • • n / 2 ( 2 n -1 ;

_n ( n -1 ) ( »\ -z > 1 >» - i )
2 • 6- 1 ( 2. ~ 3

X

The results are presented in Table 1.

The time history of the bubble shape is presented in 

Figures 20 through 26. For a sink flow, the bubble 

retains its spherical shape for a distance and then 

starts to flatten out at the downstream side as shown 

in Figure 20.

For a source flow, however, the change in the bubble 

shape is rather complicated depending on the initial 

bubble velocity VD . For small values of % the 

bubble first changes its shape from a sphere to an 

ellipsoid, then starts to dent on the downstream side and 

eventually becomes a crater as shown in Figure 21.

As the initial velocity increases the indentation 

shifts upstream along the bubble surface as shown in 

Figure 22 to 25 for Vo between 238 and 248, when 

the initial velocity is further increased the indentation 

occurs at the upstream side of the bubble surface as 

illustrated in Figure 26.

The numerical results indicate that in the vicinity 

of point 3 in Figures 15 and 16 where both and R are 

large, the increase very rapidly and soon become so
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1.2.8 .6 .4
-- 1-------- L-----_l______ i_
.2 .4 .6 .8

R=/. I 9
R= I. Q94
R= /

Figure 20. The transient shape of an initially spherical 
bubble moving in a sink flow with the initial 
conditions r0 =10b, R(0)=l, VQ =200 and 
p. ^Q)=439o.
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8 6

/ <o//

Figure 21. The transient shape of an initially spherical 
bubble moving in a source flow with the 
initial conditions r0=loO, &(0)=l, v -220 
Mu p^O)=i9o. 0
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Figure 22. The transient shape of an initially spherical 
bubble moving in a source flow with the 
initial conditions r^loo, B(o)=l, % = and 

( 0 ) =19 5 .
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.8

Figure 23. The uranàienL bha^t of an initially apherioux 
bubble moving in a source flow with the 
initial conditions r0 = jDu , n(u) = l, Vo = 24O and 
P. (0)=19ô.
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Figure 24. The transient shape of an initially spherical 
bubble moving in a source flow with the 
initial conditions ro=100, 8(0)=l, VO=245 and 
p.^ (0) =190.
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R =.602 5

«=.7853

« = .2604

Figure 25. The transient shape of an initially spherical 
bubble moving in a source flow with the 
initial conditions ana
Ph(0)=19o.
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Figure 26. The transient shape of an initially spherical 
bubble moving in a source flow with the 
initial conditions r0 =100, r(0)=1, V =260 
and p (0)=195. in
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large that the present analysis becomes invalid. This 

moment corresponds to the threshold of instability where 

the bubble becomes an irregular

shape.
Photographic study for the dynamics of a cavitation 

bubble travelling through a inch venturi throat was 

performed in reference 5. Two typical results were re­

produced here in Figures 27 and 28. The bubble's 

travelling velocity versus its position shown in 

Figures 27 and 28 is plotted in Figures 29 and 30, re­

spectively. It must be noted that since the venturi is 

rectangular in cross section,the flow may be approximated 

as a two dimensional source or sink flow (that is from a 

line source or line sink). However, Figures 27 to 30 

indicate that the instability in bubble shape begins at 

the moment when the rate change in the translating 

velocity is maximum. The mechanism is in agreement with 

the present analysis for the point source flow.

The instantaneous shape of the bubble is shown in 

Figures 5,7,9,10,12 and 1^ as an indication of how they 

are related to the bubble velocity, size and location.

IV-2 Dynamics of a bubble moving in a quiescent liquid

Equations (64) and (65a) are , with the neglect of 

the An , rewritten here to show the relationship 

between R and K ;
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te

1547a5

Figure 27. High speed photographs, 1/4 inch venturi throat, velocity 
?4.6 ft/sec, air content 2.35 vol. %, 157 microseconds 
per frame, scale length O.25 in. (Courtesy of ASHE 
"Cavitation bubble collapse observations in a venturi," 
Reference 5)
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MMk

Figure 27. (Continued.)
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122

1549

Figure 28. High speed photographs, 1/4 inch venturi throat
velocity 74.6 ft/sec, air content 2.35 vol. %,
132 microseconds per frame, scale length O.25 in.
(Courtesy of AS ME "Cavitation bubble collapse
observations in a venturi," Reference 5)
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Figure 29. Bubble travelling velocity versus its 
position in £ inch venturi throat, Figure 27.
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Figure 30. Bubble travelling velocity versus its 
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Figure 28.
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(72)

g = „ 2 -^ + -Æ—_ JL
' 4% a R R R

(73)

Equation (72) indicates that the acceleration 

is induced by the interaction between and bubble’s 

translating velocity U ( — dx/dt). çn the other

hand, equation (73) shows that the acceleration of the 

bubble’s surface displacement is induced by the forces

R we disclosed for the

By comparison it is fci"d that the quantity D in 

equations (72) and (73) is equivalent to the relative veloc 

(X - —71) in equations (67) and (68). Therefore it is 

conjectured that the effect of the relative velocity on 

the accelerations 

cases of sink or source flow and in a quiescent liquid 

may exist in any other type of liquid flow. If the bubble 

is not in translatory motion (i.e., ü -D ), equation (73) 

reduces to the so called "modified Rayleigh’s equation”.

For numerical computations, the same physical pro­

perties of water and air as the previous section were 

used. The gas pressure is
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Two cases were considered. First, an air bubble 

travels at constant velocity in water following

a step change in pressure from 195 to 7030. The initial 

conditions are xco>-o , u^0) = J» =^0 , r<o)sOw The

results are illustrated in Figure 31.

In the initial stage the pressure force t )/^ 

which is negative dominates the collapse of the bubble. 

As the bubble travels downstream, it collapses while the 

buUit is accelerated. Until the term

eventually dominates the bubble dynamics the bubble 

stops collapsing and starts to grow, the phenomenon of 

” regrow11.

For the second case, the pressure undergoes a step 

change from 7030 to 195. All other conditions remain 

the same. The results are shown in Figure 31. The time 

history of the bubble shape is illustrated in Figures 

31 and 32. It is seen that for both cases the bubble 

dents at the rear stagnation point and eventually becomes 
a crater.
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Figure 32. The transient shape of an initially spherical 
bubble moving in a quiescent liquid with the 
initial conditions Uo=50, K(o)-1, È(0)=0, 
(a) pin(0) = 19b, pœ=703ü and (b) piQ(0)=7030, 
pœ=19ô.



CHAPTER V

CONCLUSIONS

The following conclusions are made from the 

present study.

1. When a gas bubble is in translator? motion 

the bubble may be accelerated or decelerated as the result 

of the relative velocity between the bubble and the liquid 

and the rate of bubble collapse or growth. In addition, 

the relative velocity between the bubble and the liquid 

may accelerate the rate of growth. This is true for 

both cases: the case where the liquid is in a source or 

sink flow and the case where the bubble travels in a 

quiescent liquid subject to a step change in the liquid 

pressure. It is conjectured that the conclusion may 

also be applied to the case where the fluid is in any 

other type of flow.

2. The time history of the bubble's translating 
increasing 

velocity in a sink flow ia noncionicaii^while in a source 

flow it varies following two typical patterns depending on 

the initial velocity. When the initial velocity is 

smaller than a critical value, the translating motion of 

the bubble is decreased as it collapses. After the 

bubble comes to a complete stop it starts to travel 

upstream for a short distance then moves downstream again

97
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regrowing. When the initial velocity is greater than 

the critical value the bubble's translating motion is first 

decreased as it collapses. The velocity is then increased 

over a short distance followed by a deceleration and a re­

growth of the bubble.

In a sink flow, a bubble can maintain a nearly 

spherical shape over a rather long distance as it grows. 

The bubble is then flattened on the downstream side. In 

a source flow, the bubble shape varies with time in 

various ways depending upon the initial velocity. When 

the initial translating velocity is low, the initially 
spherical bubble becomes oblate in shape. It is 

then flattened at the downstream side. As the initial 

velocity increases, the indentation shifts upstream 

along the bubble surface. When the initial velocity is 

further increased the indentation occurs on the upstream 

side. During the collapse the bubble shape may become 

unstable when the rate change in the translatory 

velocity is large.

When an initially spherical bubble moving in a 

quiescent liquid is subject to a step change in the liquid 

pressure, the indentation starts at the rear stagnation point.

The characteristic features in the dynamic 

behavior of a translating gas bubble as described in the 

previous sections were also disclosed in the photographic 

study of a cavitation bubble in a rectangular venturi tube 

(reference 5). The validity of the present analysis is 

borne out in its agreement with experimental observations.



APPENDIX I

SURFACE CONDITION DF/Dt

The following derivation is essentially an extract 

from Lord Kelvin’s work (100).

Let the bounding surface of two fluids be

P( X, y. Z, , t ) = O (A-1)

If there is no fluid moving across the surface, and a 

particle remains on the bounding surface, then the surface 

motion in the normal direction is equal to the normal 

component of the motion of a neighboring fluid particle.

Suppose a point P on the surface at time f" moves 

to point P at time "t dt" . Since points P and P' 

are both on the surface, they satisfy equation (A-1).

That is

*■ y z, t) (A-2)

ft*,  2 ' * jt) ~o
(A-3)

The direction cosines of the normal to the surface 

are

Fy Fa
4 F/f H ' 4 F/f F/f Fz ' 4 FA F/f F/

99
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Figure 33. Bounding surface
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Therefore the projection of p?' on the normal is

(k'-*)F x , ( y — y 2 Fy .
. ------ T ------ t ---------- ---------

V F*+  Fy**  / Fx f Py*  -t Fg J F/t Fy(A-4)

Since ( x - x ) etc are very small, expanding 

(A-3) in Taylor’s series and make use of (A-2), one 

obtains

( X -x > Fx + ( y - y ) Fy -F ( 2- Z ) F& + di Ft = 0

Thus (A-4) becomes
/projection on^c_____ Ft dt 
I on the normal/ " <A-5)

Now, the normal component of the motion of a particle 

is

-i _ UdtF*  VdiFy F^
V • n dt - . , f ;----- - - — 4- —-------- -

I Ff*  FA J FA F/ + F/
(A-6)

Equating (A-5) and (A-6), there results

U Fx * V Æy * M F t Ff = 0

or

Further discussion on this subject can be found on 

p. 7 of reference 8.



APPENDIX II

RECURRENCE
*)<»*#  )

FORMULAE FOR LEGENDRE POLYNOMIAL

( — -i

« O j. n OCoS 6 rn - I 'n*'  * 2M4I I»'1 

i ^/ _ /   -> H(n+l p fj L ■ g /I —/ n
Px Ph — in-#- # L • 2n73 (Th^ôTïhTT) 4 aw-i

p ? -L (»*)< p . _ p . p,_
r* Tm 2 (2n*O(  ih+z C2»-i)^2H* 3 > rh - ( 2»-») (2h+i> '

*np'p___ _  (M^3) „ , r 2 3 b/n^a) n
lh 8 Pl Ph - + M f f (aw-i) (zhfS J

. 2 n r (ww) (W4D _ . b (hftj
f I 5 ~ î (2v)-S)(zn+$) J '* >*, 5 <2h-3) (m-IXin-H) ’

Sih 6 P --9 p/b * h - 7 iw*4

OH!2<ri±>_ f 2 _ 1 »f»H) _ (" + 3/ — 7 r
7 ( *h  + OCan + %) 3" 5*  (2MH X2H45) (2M+Î)<2U+7J J *

. 1 ----!------  r 2 ( ±__ A _ hfh4l )
+ S । L 2h-i ' ühZnTzTMTT

. / (w+n(h-F%) t <b-i)n \ n p
* j-nf an-3 / J ' h

(M-l ) H r 2 3 tw-D ( _ ( w-»/ -
+ ' Uh-i) (2*»+n  I f 5 (2h-3)) ( 2h-ç) f2M-U 1 ih-a.

b-X) ( H -l ) F?_________ p

(XW-5X XN-3) 

p 2(n'+n-y p _ (h-un p 
'b*2  ' Un-OUn*))  ,M (2>»+O(ln-Q 'n-a

The first and second formulas are obtained from

reference 101, while the third

formula is derived from them. The others are derived 

from reference 102.
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APPENDIX III

FORCE BALANCE ON BUBBLE SURFACE AND MEAN CURVATURE*

* The sum of principal curvatures is called
”mean curvature” by some authors while other authors define 
the half of the sum as mean curvature which seems more 
logical.

The radius of normal curvature at a point on a surface 

in general depends on the direction of the tangent line 

at that point (except for a sphere and a plane). The 

maximum and minimum values are called principal radii 

of normal curvatures. The corresponding direction of a 

tangent line is called the principal direction. From 

differential geometry, it can be proved that these 

two principal directions are orthogonal to each other.

Let us take a differential element on a 

bubble surface whose sides and a Sa are cut

along the principal directions, and the corresponding 

principal radii of normal curvatures are and ^a 

respectively. The force balance in the normal direction 

is

Z <FA
(A-7) 

where pi*  and Po*t  are the pressure inside and outside 

of the bubble, respectively, and (a A)*  is the projectional

104
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Figure 34. Forces on an element of bounding surface
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area of the differential element on the tangent plane.

Since a 5i and 5» are in the principal directions

they are perpendicular to each other. Therefore the

projected area is
, A 9l . «4 x

= (aS. COS^-)- ( cos

Furthermore

5i « R ।

4 5k - R* 1 a

(A-8)

(A-9)

Now, equations (A-8), and (A-9) are substituted into 

equation (A-7). Since and a are so small

that 5m % and Cai " % / . One then

obtains

0" ( Ri * Ri ) * ( — Faut) Rx Rx

or

Ah - /'owr = (A-10)

Let the equation of a surface be

y, Z ) = O 
(A-ll) 

and the direction cosines of the normal to the surface n 

be n., and . Then from differential geometry 

one gets

Rx Rx T (A-12)
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The direction cosines of normal are

n, = n
y

where the sugscripts X, Y, £ , indicate the differentiation
with respective to x, respectively.

For the perturbed bubble surface, it yields

x. _xa
As A*

96

rl -I (A-14)

y yz 
+

h -I
ft

(A-15)

Y, Z ,

00

Z ZU-2*  
— 4-------r- >

(A-16)

By neglecting the terms involving ( ) one obtains

>
a;

£ R,
00

'h

X Z

4

Z

Is
/ - Un 
h-t

Therefore

<»o

and the direction cosines of normal become
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bx , n*  - Fz ,
With the aid of equations (A-14) to (A-16), the gradient 

of the normal can be obtained

Adding these equations together, one obtains

Z «h Ph' Z tin

*”■’ (A-20)

Now since Legendre polynomial is the solution of 

the equation

( i-x1) y"~ h ( n+D y = o

it satisfies the relation

^ihVPn-2 COS# Ph * hf n+,) Ph -0

(A-21)

By virtue of equation (A-21), equation (A-20) becomes
0»

%. h( h+1) Qh Ph 
hM (A-22)

Substituting equation (9) for /I5 into equation (A-22) and 

neglecting the terms involving one finally gets

I / % p= T " (A-23)



APPENDIX IV
PROGRAM FOR A BUBBLE MOVING IN A SOURCE OR SINK FLOW

For computer programming, equations (b2) (with neglect 

of term) and (57) are rewritten in the following forms

( ' $ 7^ H ' ? R R \ (A-24)

Ç t R = (A-25)

( ~ 1 ) G - R + = ha, (A-2b )

and for m > 2

(A-27)

where hr , hg , and are functions of rV^, R 

R, a*  and Equations (A-24) through (A-27) are then 

solved for r^, R and a^ in order to apply the Runge- 

Kutta method.

109
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Slid.

t=t +

8 6=160

12I> °’1

Print rx> K, a^, 
r. & a- .____ .

Calculate (rs)0=c;, (r£)y = lû-,

t =0

V0>r0 / »/* ,At

Calculate h_ , & n
4 A am

1Ô

13

13

Solve equations (A-24) through 
(A-27) for r^, R and am

Use the Runge-Kutta method to
compute ri,

Initial conditions:
V^o)^, R(0)=l, R(0)=0, a1(0)=0

il(0)=0, a2(0)»0, i2(0)’0, a±2(0)-0

Figure 35. I he flow diagram of computer program for a 
bubble moving in a source or sink flow.
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PROGRAM FOR A BUBBLE WVDIG XV A SOURCE OR SINK FLOW

PRINT COMMENT SBUBBLfc MOVING IN SOURCE OR SINK FLOWS «001
DIMENSION A(3216,WA) , API 3.216, WB>,APP (3216, WC>, *002

1 BZERO(22),B1(22),B2<22),B3I22),BA<22>,R5(2?), *002
2 R(201),RP(201),RPP(20L),P(201),V(28),F1281,Q(28), *002
3 Rl(20l),Vl(201),VLP(201),TA(201),T8(201),TC(201), *002
4 LZEKO(22),L1(22),L2(22),L3I22),L4(22),AA(20),BAI 20),AMPP(20) *002
5 ,HA(20) *002

VECTOR VALUES WA = 2,1,201 *003
VECTOR VALUES WB = 2,1,201 «004
VECTOR VALUES WC = 2,1,201 *005
VECTOR VALUES RESULT - SIH ,6F20.6«$ «006
INTEGER M,J, Z,V «007

START READ AND PRINT DATA ' «008
EXECUTE FTRAP• «009
J-l *010

Sil A( 13, J ) = 0« *on
API 13,J) = 0. *012
A( 14,J) = 0. «013
APU4, J) = 0. «01*
AI 15,J) = 0« *015
APIÎ5,J)bO, «016
AI 16,J)-0. «017
API 16,J 1=0. *018
WHENEVER J .E. UMAX, TRANSFER TO S12 *019
J=J*1 «020
TRANSFER TO Sil «021

S12 EXÉCUTE SETRKD. 128,Y(1),F(1),Q,X,STEP) *022

PRINT COMMENT SR1=YII), V1=YI2), R=YI3), RP-YI*), «023
1 AU,J)bY(5), API I, J)=Y(6) , . . . , AI6, J) = Y( 15) , API 6 , J > «Y < 16 ) , *023
2 FIN)=OERI VAT!VE OF YINIS «023

J=0 *024
X®0 *025
YI 1 )=RZ ERO «026
YI2)=VZER0 «027
YI 3) = 1• *028
Y(4)=0. *029
YI 5) = 0• *030
Yl6)=0 • *031
Yt 7 ) = 0 . *032
Y(8)«0. *033
Y(9)=0. *034
YU0)=0. *035
Y( 11 ) = 0. «036
YI L2)=0. *037
YIL3)=0, *038
YI 141 = 0» «039
YI 15 ) = 0« *040
YI 16) = 0. *041
YI 17)=0. *042
Y( 18 ) = 0. *043
YI191=0. *044
YI20)«0. *045
YI 21 NO. *046
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Y(2? ) = 0• *047
Y<23)=U. *048
Y(? 4) = O. *049
Y(2h)=f. *050
Y(2*)=0. *051
Y(2 7I-0. *052
Y I2 H ) = C . *053
PRINT COMMENT ik L« R, RSZKRU, APP<ltJ)$ *054
PRINT COMMENT $KS15f RS30, RS4H, RS6O« RS75, RS901 *055
PRINT CuMMLnI KS105, RS120, K S L 35 » RS 150, HS165, KSldOt *056
PH INT CDMMtNl $ Al, A2, A3, A4, A5, A6 $ *057
PRINT ClMMHJT SA 7, A8, A9t A10. Al 1 , A12$ *058
PRINT COMMENT SERI, ER2, ER3, E*4, EUS, ER6 t *059

SAVE J=J+1 *060
P(J)=X *061
KHJ)=Y(1) *062
VH J) = Y(2) *063
V1P( J) = K 2) *064
R I J)= Y(3) *065
KP(J)=Y(4) *066
RPPIJ)=F(4) *067
AI l,J)=Y(5) *068
AP(1,J)= v(6) *069
A(2,J)=Y(7) *070
AP ( 2, J HY( B) *071
A( 3,J)=Y(9> *072
AP(3,J)=Y(1Ü) *073
A( 4,J)=Y(U) *074
AP(4,J)=Y<12) *075
A(5,J)=Y(13) *076
AP(5,J)=Y(14) *077
A(6,J)=Y(15) *078
AP I 6, J ) = Y( IM *079
AI7> J) = Y(17) *080
API 7,J)=Y(18) *061
Al B» J) = Y I 19) *082
AP(8,J)=Y(20) *083
A(9,J)=Y(21) *084
AP(9,J)=YI22) *085
All0,Jl«Yia» *086
API 10, JHY124) *087
Al 11, J) = Y(25) *088
AP( 1 1,J )~ Y I2b) *089
Al 12,J)=Yl 27) *090
API 12,J)=Y(2H) *091
AP P I l'JlcHM *092
APP<2,J)=F|8) *093
APP(3,J)=FI10) *094
APP|4,J)-FH2) *095
APPI % J) = FI 14) *096
APPU-, J) = F( 16) *097
APP(7,J)=F(18) *098
APP(8,J)=F<20) *099
APPI9,J)=F(22* *100
APPI10,J)=F<24) *101
APPI 11, JHFI26) *102
APPI12,J)=F12R) *103
TA( JI = MU/RHJ)/R1IJ)-VHJ) *104
T8(J)=R(J)/RMJ) *105
TC tJ)=MU/kHJ)/Kl( J) *106
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Ek1=3*RP(J)/ k(J)*TMJ)  
tR2=6*lC(J)*TC(I  
EK3 = -Û . 5/R ( J } ♦ ( (MU/RZERU/KZERm. P . 2-TC ( J > »TC ( J ) ) 
ER^=0.25/R(J)»TA(J)*TA(J)  
E R 5«-1•5/RI J)*RP(J)*RP (J )
ER6=-l/k(J)«(PZERU-PZ6RU/K(J).P.(3»GAMMAN
RSZERU=k(J)+A<l,J)+AI2,J)+A(3,J)+A(4,J)+A(5,J)+A(6,J) 

1 +A(7,J)fA(8,J)+A(9,J)*A(10tJ)+A(n,J)  *A( 12,J)
RSI 5= R<J) + .Vü59*A (l,J) + .8995*A( 2,J)*.9041*A(3,J)  

1 *.Û646*A(4,J)*.5471»A( 5,J)♦.39H3*A (6,J)+.?455»A(7,J) 
2 *.09  6*A( 8,J)-.042fl»A(9,JI 65 1 *A (10,31-.2655»A(11,J ) 
3 -.3402»A(12,J)

RS30=K(J}♦.866*A(i,J)*.625*A(2,J)*.3?4P»A(3,J)  
1 *.O234*A14,J)-.2233*A( 5,J)-.3740»A(6,J)-e4102*A(7,J>  
2 -.3388*A(8,J  1896*A(9,J)~.0070»A(  I 0,J)♦.1607*A (11,J)
3 *.2732*A( 12,J)

RS45 = R(J)*.7O71*A(  1,J I♦.2500»A(2,J>-.1768*A ( 3,J) 
1 -.4053*A(4,J)-.3756$A( 5,J)-.1484»A(6,J>♦.1271♦A(7,J I 
2 +.2983»A(8,J)t.2855*AI 9,J)♦.1151*A <10,JI1Ü42* A(1|,J) 
3 -,2467*AI 12,JI

RS60 = R(J)*.5000*A( 1,J I-.125O»A(2,J I-.4375* A(3,J)
I -.289l*A(4,J)+.O898»A(5,J)+.3232*A(6,J)+.2231$A(7,J)  
2 ~.0736*A(8,J)-.2679*AI 9,J) — •1M82»A(10,Jl*.0639*A(l 1,J) 
3 *.2338*A( 12,J)

RS75 = R( JH.2 588*A<  1, J )-. 3995»A ( 2 ♦ J I-. 3449*  A ( 3, J I 
1 ♦.1434*AI4,J)*.3427*A(5,J)*.043l*A(6,J)-.2731»A(7,J)  
2 1702* A(8,J) + .1595*4(9, J)+.2 316*A( 10,J)-.0306*A (11,J I
3 -.2275*A( 12,J)

RS90=R(J)-.5*A<2,J  ) + .375*A(4,J)-.3125*A(6,J)  
1 +.2734* AI 8,J)-•2461*A { 10,J 1♦•I 610*A (1?,J)

RS105=R(J)-.2588*A(1,J)-.3995*A(2,J)+.3449*A(3,2 ‘
1 14 34* A(4,J) —.342 7*A(5,J)  + .0431*A(6,J)  + .2730*A(7,Ji
2 1702*AI8,J)-.l 595* A(9,J)+.2316*A(IO,J)*.O3O5*A( 11,J)
3 -♦2275*A (12,J)

HS120=R(J)-.5000*A( 1,J)-.1250*A <2,J I♦.4375*A (3,J I 
1 -.2891*A(4,J)-.0898*A(5,J)+.32)2*A(6,J)-.223?*A(7,J)  
2 -.0 736* A( 8,J) + .2679*A(9,J)-.18H2*A(I  0,J)0639* A(11,JI 
3 +.2338*A( 12,J)

RS135=R(JI-.7071*A (1,J I♦.2500»A(2,J I♦.17 7R*A( 3,J I 
1 -.4062* A(4,J)+,3756*A(5,J)-.l4d5*A(6,J)-.l270*A(7,JI  
2 +.2983»A(R,J)-.2855*A(9,J)+.115l*A(l0,J)+.l042*Alll,JI  
3 -.2467*A( 12,JI

KS150=R(J)-.8660»A(1,J} + .6250*A (2,J I3248»A(3,J I 
1 *.O235*A( 4,J)+.2233* AC 5,J)-.3740*AI  6,J)♦.4192* A(7,J I 
2 —•3388*A (8,J)♦.189 6*A( 9,JI-.00 7 L*A( 10,J)-. 16 07»A(1 I,J) 
3 +.2732*A( 12,J)

RS 165= R(J I-.9659* A( 1,J I + .8995*A (?,J)-.R042»A<3,J) 
I +.6847*A(4,J)-.5471*A(5,J)+.3983*A(6,J)-.245b*AC7,JI  
2 ♦.0962* A(8,J I + .0427* A(9,J)-.1650*A(  10,J)+.2654»A(1 1,J) 
3 —•3402*  A(12,J)

RS180=R(J)-A(l,J)+A(2,JI-A(3,Jl+A(4,J)-A(5,J)+A(6,J) 
1 -A(7,J > + A(8,JI-A19,J)+A(10,J)-A(11,J) +AC12,J)

V=(J-l)/DEirAJ
H«(J—l.l/DELTAJ
WHENEVER H .E. V
PRINT RESULTS RKJI, HIJI, KSZERO, APR ( 1 ,J I
PRINT FORMAT RESULT, RS15, RS30,RS45,RS60,RS75,RS90
PRINT FORMAT RESULT, RS105 RS120,RS135,RS 150,RS 165,RS 180
PRINT FORMAT RESULT, A( 1,J. , A I 2,J I,A(3 , J I,A(4,J I,A(5,J I, 

1 A ( 6 , J I

*107 
♦ 108 
*109 
• 110 
♦ 111 
*112 
•113 
•113 
*114 
• 114 
•114 
• 114 
• 115 
*115 
*115 
*115 
• 116 
•116 
♦ 116 
• 116 
•117 
• 117 
*117 
•117 
♦ 118 
• 118 
• 118 
• 118 
♦ 119 
• 119 
• 120 
*120 
*120 
• 120 
• 121 
• 121 
• 121 
•121 
*122 
• 122 
*122 
♦ 122 
♦ 123 
*123 
♦ 123 
*123 
• 124 
*124 
♦ 124 
*124 
• 125 
• 125 
*126 
• 127 
*128 
♦ 129 
• 130

*132 
• 132

01 
01
01 
01
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PRINT FURMAT RESULT, At 7, J ) , A(8,JI, A {9 ♦ J ) , A ( 10, JI, *H3 01
1 At 11,J), At 12,J) *133
pkI nt furmat result, eri, lr2, lr3, era,, ers, frô $134 01
END GF CONDIT iONAL *135 01
WHENEVER .A6S • At 12, J ) .G. 0. L, TRANSFER TO START »136
WHLNLVLR J .1. JMAX, TRANSFER TO START *137
M=0 $138
Z=0 $139

SW MMM1=2.»M-1 $140
MVM3=2.$M-3 $141
MMM5= 2.»M-5 $142
MMM7= 2.*M-7 $143
MMM9=2.»M-9 $144
MMP1=2.$M*1 $145
MM P 3= 2.* M * 3 $146
MMP5= 2.*M* 5 $147
MMP 7= 2•$M+ 7 $148
MMP9=2.$M+9 $149
MM1=M-1. $150
MM2=M-2. $151
MM3»M-3. $152
MM4=M—4. $153
MP 1 = M* U $154
MP2=M+2. $155
MP3=M+3. $156
MP4=M+4. $157
MP5=M*5. $158
WHENEVER Z .E. 0, TRANSFER TO SWZERÜ $159
WHENEVER Z .E. 1, TRANSFER TO SWU $160
WHENEVER Z .E. 2, TRANSFER TO SW22 $161
WHENEVER Z .E. 3, TRANSFER TO SW33 $16?
WHENEVER Z .E. 4, TRANSFER TO SW44 $163
WHENEVER I .E. 5, TRANSFER TO SW55 $164

SWZERO DZER0=2.5*MPl$MP2*MP3/MMP3/MMP5/MMP7$(3.*M*MP2$MP3) $165
1 *TA(J)$TC(J)/RItJ)$A<M*3,J)*25.$MP1$MP1$MP2$MP3$MP4 $165
2 /MMP3/MMP5/MMP7/MMP9$TCIJ)$TB(J)$TC(J)/R1(J)$A(M*4,J) $165

CZERU= MP1$MP2/MMP3/MMP5$(-5.$TC(Jl$TBtJ)»APtM*2,J>* $166
1 t-10.$TCt J)$RP(J>/R1(J)*0.75$MPi$MP?/H(J)$TA(J)$TA(J) $166
2 *7.5*MP3$TC(-J) /Rl( J)$TA( J)*25.*l O.4-O.6*MP1$MP3/MMP1 $166
3 /MMP7-H$M/MMM1/MMP1-MP2$MP3/MMP3/MMP7)$TC(J)»TR(J)$TC(J)  $166
4 /Rl(J))$A(M + 2,JM + DZER0 $166

dZERO(M)=-2.5$MP2*MPl/MMP3*TC tJ)*TB(J)$TC(J>»TB(J).P.MPI $167
1 *MPl/MMP3 *(-1.5$TA< JI$AP(MM, J) + ( -3 . *RP ( J ) / R < J I $167
2 $TA(J)*2.25$MP2/R(J)$TA(J)$TA(Jl*tO.4»MPl/MMPj-7.5$PPl $167
3 *MP2 Z MMP5 / MMP3$ I 0 • 6$MZ MM M I + MP ! / MMP 1 ♦ MP 2$ MP 3/MMP3H $16 7
4 $TA(J)$TC< J)/RI(J > )4A(M+1,J))♦GZERD $16 7

LZERO(M>=-5.$MP1$MP1$MP2$MP4/MMP3/MMP3/MMP1$TC(J)*TC(J) $168
1 $TB(J>.P.MP2»A(M*l,J)/R(J) $168

WHENEVER M .E. MMAX, TRANSFER TU SW1 $169
M= M♦1 $170
transfer to sw $iti

SWl M=1 $172
Z*1 $173
TRANSFER TO SW $174

SWlI D1=MP1$M/MMP3»(-O.5*TA<J1$AP(M*1,J)*ITC(J>/RHJl$VllJ) $175
1 *2.5$MP1$M/MMP3/MMM1$TC(J)/RI(J)$TA tJ I 1$A(M*1,J)1 $175
2 .♦5.$M$MP2/MMP3/MMP5$(-TC(J)$TÜ( J)$AP(M*2,JH(TC( J)»TH( J) $175
3 /Rlt J)$Vl( J>-TC( J)$RP( J)/R1< J)*5.$MMPI/MMP3/MMM1$TCI JI $175
4 $TB(J)$TC(J)/K1(J) l$A< M$2,J)) $175

Cl=-2.25$HPl$MPl*MP2/MMPl/MMP3$TA(J)$TA<J)/K(JI$ACM,J)$7.5$M $176
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1 *MP1/MMMl/MMP3*Trj  J) /K 1 (J) • TACJ)♦A(M,J I♦(25.*MP 1*M P1/MMP I 
? /MMP3*<r.4-0.<j*M/MMMieMP2/MMP5-3»MP2*MP2/MMP3/MMP5)*25*M»M  

. 3 /MMKl/MMP1 *( O.4-Ü.6*MP 1/MMP VMMM3-MP1$MMP1/MMP3
4 /MMP3/MMH M)<=11. (J)*TH(J)»1C{J)/HUJI*A(M,J)*D|  

!3][M)«-1.5»MPI*TA(J)»TC(J)»1R(J)  .P.M*3./MPl*RP(J)
1 *AP(  M, J /MMP3MCI Jk*  FBI J> »AP( ,1, J )

3 -3.*TUlJ  I*rc(J )/% H J)$V1(J)*A(J )+TB(J)$TC(J)*AP(M,J) )
4 +(-5.$ri*MPl/.3MMl/MMP3-lO.*M/MMMi/MMP3)  *TC(  J)*kPI  J) /R 1 ( J I
5 »A(M,J)*C1

Ll(M)=-i.vMPl*MPl$MP4/'-1MP3/MMPl*TA(J)*TC(J)
1 *IB(  J) .P.M*A(M*1  ,J 1/R(J) 

wHEMVEk m .P. 4MAX, FhANSFt- H TU SW2 
M = M+1 
iransflr hj sw

SW2 M= 2
l = ? 
TKANSFEx Tu SW 

SW22 C2=7.5»rt/M"IM I*  (0.4 + M Ml *M  11 /MMP I / MMP 3-MP 1/MM P 4
1 ♦(3.*MPI/MMP1+O.6*MML/MMM3*M/M4M1))»TC<J)/RHJ)*TA(J)  
2 »A(M-1 f J )-7.1>*MM1*MM1*MP1*M/MMM1/MMP1/MMP3*TA(  J) *TC(  J> 
3 /H 1 (J)* A(M+I,J)

H2 ( M 1 = MMP l*TC(Jl»(-TB(J).P«i4*Vl(J)  + M/MPl»Tn(J).P.MM|.
1 *HP(  J)-2.5*M/M.MM1/MMP3*TB(  J).P.M»TC( J) ) ♦ ( M MI *M  P?/k ( J ) / R ( J )
2 -0.75*M*M*MMl»HMi/MMPl/MMM1*TAIJ)*TA(J)/R(J))*A(M,J)
3+1.5*TA(J)»AP( M-I « J)+M/M«M1»(-0.5»V LP(J)|/M»kP(J)/R(J > 
4 *TA(J)-l.5»TL(J)/P1(J)*V1 (J)-2.2b*MMl/R(J)«rA(J) *î  Ai J> > 
5 ♦A(M—1♦Jl+C?

CL2=2.*MP  i»MP4/MMP 3*  TC. ( J ) ♦ ( - T F. ( J ) . P . M v v 1 < J ) ♦ M/MP I • TP ( J I
1 .P.MM1»KP( J) -2.5»M/MM.ML/MMP 4*1H<  J) . P.M»TC( J) )/R ( J ) »A(M+1 , J) 

L2(M )=5.»MP1*MP2*. mM3*M/MMP3/MMM1/MMPL*TC(  J) «TCiJWTKlJl
1 .P.MP2/k(J)»A(M~l,Jl ♦3•*MP 1•MM 3<M/HMM I/MMP L♦!A < J 1
2 »TC ( J) ♦! B( J ) . P.M/H ( J ) <-A( M- 1 , J )-2 . *MP3»  M/MMM1 »T( ( J > 
3 *(- T H{J 1 .P.M*V1(J)+M/MP1»TB (J).P.MMi»RP(J)-2.5+M/PMM1 
4 /MMP3*TH(J  1 .P.H*7C (J))/H < J)*A(M-l ,J) *CL2

WHENEVER M .I . MMA X, 1RANSFER TJ SW3 
M=M+ 1 
TRANSFER T U bW 

SW3 M= 3
7=3 
TRANSFER TÜ SW 

SW33 C3=iVHMM3/M1,Ml»((l5.*MMl/MPl+ r. .»MM2)*TC(J)»FB(J)
I »AP(M-2,J)*((15«MMl/MP|+l f).*MM2)*TC(J)*RP(J>/Pl(J)-lh.
2 ♦* ,M1/MP1*TC(J)»TB(  J)/<L( J)»V1( J)*2.2*5*MM1*MMI/R(  Jl*TA(  J)
3 $TA( J)-7.5*MM1*MM2*TA(  J) *TC  ( J) /RI ( J ) +2^.^M-I + i(..4-O.'^^^2
4 *M/MMM5/MMP1-MP1»MP1/MMP1 /MMP3» MM2*MM2/ MMM5/MMM1- 3.♦M 
b /MMM1/MMP 4) *TC(J)*TB<J)*rC<JI/RHJ))*A(M-2,J)>

33(H) = I . 5»T At J )*TC  ( J )» îrii J > . P.(M~2) *(M-1  a-25.*MM?*M  M2
1 ♦M*M*MMl/MMMl/MMMl/MMPL/MMM3»lC(  J)*1H(J)*TC.(J)/R1(J)»A(M,J)
2 -2.5*MM)  *M,M  1»MM2»MM?/MMMI/MHM1/MMK3*TL(  J)/R1 ( J)*TA  t J I
3 »A(M-1 , J)*C3

L3 ( M)=-3.»MM1»MP3*M/MMM1/,MMP1»TA(  J) *TC(  J)*TB(  JI .P.E-M2
1 /RI J)»AIM-1,J) +3.*MMl*MPl»MP4/MMP3/MMPl»1A(J)*TC(J)
2 *TB(J).P.MM2/K<J)*A<M*1,J)

WHENEVER M .t. MMAX, 1 RANSFER Tû SW4
M=M+1
TRANSFER IU SW

SW4 H=4
7 = 4 
TRANSFER TU Sb

•176 
•176 
• 176 
• 176 
•177 
♦ 177 
• 177 
•177 
• 177

• 178 
• 178 
♦ 179 
• 180
• 181 
• 182 
• 183 
• 184 
♦ 185 
♦ 185 
• 185 
♦ 185 
♦ 186 
♦ 186 
• 186 
♦ 186 
• 186 
• 186 
♦ 187 
♦ 187 
♦ 188 
• 188 
♦ 188 
♦ 188 
♦ 188 
♦ 189 
♦ 190 
♦ 191 
♦ 192 
♦ 193 
♦ 194 
♦ 195 
♦ 195 
♦ 195 
♦ 195 
♦ 195 
♦ 195 
♦ 196 
♦ 196 
♦ 196 
♦ 196 
♦ 197 
♦ 197 
♦ 197 
♦ 198 
♦ 199 
♦ 200 
♦ 201 
♦ 202 
♦ 203
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SW44 64(M> = «2.5$TC(J)*ïb(J)$TC(J)*TB(JHP.(M-3)*(M-2n$M *204
1 /(2.*M- l ) *204
2 ♦7.5*MM2»MML/MMM1/MMM3/MMM5*()*TA(J)*TC(J)/Kl(J) *204
3 *A(M-3,J) *204

L4 ( M) = -5.*MM2*M#M*MM3/"1MM1 /MMMl/MMPl *TC( J)*TCt J1 *205
1 *TH( J ) .P.MÎ12/R ( J )*AI M- U J ) + 5 . »MM2*M* MP 1*MF4/*4MM 1 /MMP 3 *205
2 /MMP1*TC(J)*TC(J >*TR(J ) .P.MM2/R(J)*A(M*L,J) *20 5

WHENEVER M .E. UMAX, TRANSFER TO SW5 *206
4=M+1 *207
TRANSFER TO SW *208

SW5 M=5 *209
Z=5 *210
TRANSFER TU SW *211

SW55 B5(M) = 25.*MM3*MM2*M*(4.*M-7>/MMMl/MMM3/-1MM5/MMM7  *212
1 *TC1Jt*TB(J)*TC(J)/Rl(J»*A(M-4,J) *212

WHENEVER M .F. MMAX, TRANSFER TO SGV1 *213
M=M+1 *214
TRANSFER TO SW *215

SGV1 GVl= L2CRO(O)*L2EkO<1>*LZERÛ(2)♦LZFHÜ(3>H 11l)*Ll(2) *216
1 RH 3)*L2( 2)+L2( 3)+L3( 31 *216
. M-4 *217

SWGV1 GV1=GV1*LZERU(M)*L1(M)*L2(M)*L3(M)*L4( Ml *218
WHENEVER M E. MMAX, TRANSFER TO SWFV1 *219
M=M*1 *220
TRANSFER TO SWGV1 *221

SWFVI FV1=1.33333*(1.b*RP(J)*TA(J)-3.*TCIJ)*TB(J)*VHJ))*A(2,J) *222
X ZfKXHGVl *222

EV1*2./7*(TC(J)*TR(J)/R1(J)*V1(J)-TC(J)/R1(J)*RPCJ) *223
1 ♦3.*TCIJ)*TC<J)♦!?(Jl/RKJ ) >*A(3,J)*4J./21*TC(J>/kl(J) *223
2 *TA(J)*A(4,J>*800./693*TC< J)*TC(J)*TR(J)/R H J) *223
3 *A(5,J)-0.2*TA(J)*TA(J)/R(J)*A(1,J)*H./3*(1.5*RP(J>*RP( J) *223
4 +PZER0+0.5*#(MU/RZERO/R2ERÜ).P.2-(MU/R1<JI/RLCJlI.P.2) *223
5 -3).Z5*TA( J|*TA( JI I *A < 1 , J )/R ( J I *F VI *223

OV1 = 4./15*(TC( J)/R H J)*V1U) *TC( J)/R1( J) *224
1 *TA(J))*A(2,J)-4./7*TC(J)*TR(J)*AP(2,J)*4./35*t-lû. *224
2 *TC<J)/RLIJ)*RP(Jl*4.5/R(J)*TA(J)*TACJ)*30.*TC(J) *224
3 /RI ( J)*T A( J)-85./9*TC( J) *TC( J) *TFM J)/K H JM*A( 3, J) *224
4 -2./7*TCU)*TB( J)*AP< 3,J )*EV1 *224

ÇVl=(-8./3*TCI J)*RPt J) /kHJl-l.?/RI J)*TA( JI*TAl J) *225
l f2.*TC ( JI/RH J)*TA(JM*A( 1, J >-56. / 3 *TC ( J ) » TC ( J I ♦ T M J l/RKJI *225
2 *A(ltJ)-0.4*TA(J)»AP(2,J)*4./15*( - 3.*RP(J)/R(J) *225
3 *T A( JI*27./4/R(J)»TA( J)*TA( J)-4.55*TA( J) *TC IJI/RHJII» *225
4 A(2,JI-2./l5*TA(J)*AP(2,J)*OV1 *225

HR 1 =3./R(J)•(RP(J I* TA(J 1-2.*TC(J)*TC(JI*TB(JI-2.*TC(J> *226
L *TC(J1*TB(J)*TB(J)*TB(J) +(RP(J) *2'6
2 -0.6667*TC(J)*TB(J))*AP(L,J) *226
3 -0.6667*(3.*TC(J)/Rl(Jl*RP<J)*A(1,JI-3.*TCIJ)*TB(J) *226
4 /Ri ( J)*Vl ( J l*AI 1 , J ) + T8< J l*TC( J)*AP( 1 ,JH + CV1) *226

HR =-L/R(J)•(BZERU(0)*PZER0*0.5*(I MU/RZER0/RZFROI.P.2 *227
1 ♦V1(J)*V1(JI)*1.5*RP(J)*HP(JI-0.75*TA(J)*TA(J)-2./l *227
2 ^/RtJl-PZERU/Rl J) .PK3*GAMMA)-TC( JI*VU JI ) *227

HAI =-2./R(J)*(BZER0( 1H8K 1) *228
1 *1.5*RP(J)*TA(J)-3*TC(J)*T8(J)»Vl(J)I *22A

HA(2)=-3./R|J)*<RZERO(2)*B1(2>*B2(2)*O.75*TA(J)*TA(J)) *229
HA( 3l = -4 • (J)*(BZERO(3)*BH3I*B2( 3I+B3OI) *230
HA(4)=-5/R(Jl*(BZEROI4)*Bl(4)*B2(4)*B3(4)*B-,(4>) *231
_HA(5)=-6/R(J)*(BZERO(5>*Bl(5)*B2(5)*03(5)*R4(5) *232

f +B5(5)) *232
HA(6)=-7/K(J)*<BZFRü(b)+Al{6I+B216) *B3(6)*B4(6)*B5I6)I *233
HA(7) = -H./R( J)*(aZER0(7)4-Bl(7)*B217)*B3(7)*B4(71*85(7>) *234
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APPENDIX V

NUMERICAL EXAMPLE FOR A BUBBLE MOVING IN A SOURCE FLOW

The inputs are:

Pint °) - 195, 7 = 1.4, Vo - 240, p . 2.2(106), r0 . 100

The outputs are arranged in a sequence as

rl > R ' (rs)ç_o® » *1

<rs)e-i5' > (rs)e-30- , (ra)a-45*  , (ra)g^o1 , (rs)e.T5« > (rs)g-90*  

(ra)e-105°> (rs)@.12O", (rs)e-135"> <rs)e»150«< <rs)s.l65*>  (ra)g.l80' 

“1 , • a3 ’ “4 ' *5  ’ *6

*7 ' "8 ' *9  ' *10 ’ *11 ’ *12

ERI , ER2 , ER3 , ER4, 3,5, Er6

B 

BG
IE

d
*

 

$ -Vl) ER2 ■ ER3 - -6^-
V1) 2 R2 ER6 - - i Pin(°) (1 - JU ) 

8 R$y

RUI) «
1,000000
1.000000

- ..000000
.000000

-.000000

100.000000,
1.000000
1.000000
.000000 
.000000

2903.999939

Rd) * 1.000000,
1.000000 
1.000000 
.000000

RSZERO ■
I.000000 
1.000000 
.000000

1.000000, 
1.000000 
1.000000

• QQQOM. . .

■ I. 
1.000000 
1.000000 
.000000

■845ITE-37

.000000
-.000000

•000000 
100.000000

•000000
-.000000

.000000

.000000

RK6) = 
.999924

1.000153
.000000 
.000000

-1.378484

100.179173,
.999926

1.000111

R(6) = 1.000018, RSZERD • .999925, APPU.6) - 2.164221
.999943 
.999991

.999986

.999832
1.000055 
.999697

1.000124 
.999644

-.000221
-.000000

2878.173492

.000142
.000000

-172.663723

-.000012
.000000

86.580893

-.000001
-.000000
-.000914

.000000
•000000

-.014337
—

RKll) =
. .999644

1.000523 
.000002 
.000000

4.631641

100.356721, 
.999647

Rdl) = I.000001,
.999710

RSZERO • 
.999882

.999651, 
1.000151: .. _

APPU,kl) ■ 
- - 1,000417

5.859511

1.000346
-.000849

.000000
2852.757385

.999887

.000531
.999293

-.000023
.998799

-.000011
.998607
•000000

-.000000 
-342.248096

-.000000
74.123573

.000000
-.012059

-.000000 
r.001049

.999086
1.000973 
.000008 
.000000

16.153411

1.00.532652, R< 16) = .999848, RSZERO • .999105, APP<1,161 ■ 8.231622
.999082 

1.000565 
-.001829

.000000 
2827.450073

.999213 

.999573 

.001116
-.000000 

-508.891720

.999590

.998329
-.000004
-.000000

62.701921

1.000184 
.997312

-.000033 
.000000

-.173395

1.000762 
.996922 

-.000001
.000000 
.124449

RK2U » 
.998177 

1.001367

R(21)100• /U6982,
.998152

1.000633

» .999457,
.998365 
.998945

RSZERO •
•999016 
.996885

.998217,
1.000049 
.995233

APPI1,211 ■
1.001038 
.994605

10.043096
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.UU0U18 

.000001 
31.408732

-.003 108 
.000000

2801.966431

.001855
-.000000 

-672.797020

.000067
-.000000

52.349912

-.000069
-.000000
-.785188

-.000006 
•OOOOOO 
.445390

RI (26) = 100.879729. k(26) = .998730, RSZERO = .996920, APP(1,26) • 11.369192
.996848 .996781 .997080 .998064 .999641 1.001127

1.001576 1.000425 .997906 .994909 .992546 .991655
.000034 -.004632 .002714 .000204 -.000117 -.000015
.000002 .000000 .000000 -.000000 -.000000 •OOOOOO

48.744149 2776.035767 -83.4.23371 1 43.069646 -2.298595 I •045088 "

RI(311 = 101.050919, R(31) = .997569, RSZERO = .995149, APPt1,311 « 12.288961
.995032 .994897 ,99527b .996642 ,998855 1.000910

1.001473 .999821 .996362 .992345 .989226 .988059
.000056 -.006350 .003662 .000417 -.000175 -.000032

.000000 -, 000000 -.000000 •OOOOOO
66.63 ll 12 2749.400970 -993.529800 34.838543 -5.310910 2.008777

Ri(36) = 101.220577, R < 36) = .995878, RSZERO = .992838, APP(1,36) - 12.8781?0
.992662 .992428 .992872 .994657 .997583 1.000269 '

1.000933 .998707 .994227 .989136 .985237 .983790 .
.004678 ,000706 -.000242 -.000058

.00000 3 .000002 .000000 -.000000 -.000000 •OOOOOO
83.689769 2721.816071 -1151.072098 27.616651 -10.567262 3.426379

RI (41) = 101.388731, RI41I » .993563, RSZERO - .989922, APPI 1,41) - 13.201920
_ _.989671_ .. .989302 .989788 .992015 .995720 . .999083

.991416 .985221 .980539 .978812
.000122 -.010177 .005745 .001071 -.000313 -•000094
.000002 .000004 .000000 -.■oooooo -.000000 •OOOOOO

98.599607 2693.045197 -1307.300858 21.353103 -18.970471 5.395927

101.555409, R(46) = .990528, RSZERO » .986332, APPI1,46! ■ 13.311731
.985990 .985448 .985945 .988622 •993156 .997235
.998061 .994521 .987846 .980537 .975079 .973078
.000166 -.012194 .006850 .001505 -.000389 -.000140

-.000001 .000006 .000001 -.000000 -.000000 -.OOOOOO
110.129857 2662.859314 -1462.717026 15,991788 -31.601077 8.028115

lui. r 2U 633. R( 5 1 ) = ,986678, RSZERO = .981996, APP( 1,51) - 13.242976
.981549 .980794 .98126 I .984384 •989780 .994604
.995493 .991241 .983432 .975019 •968802 .966536
.000217 -.014223 .007985 .002001 -.000468 -.000198

-.000005 .000009 .000002 -.000000 -.000000 -.OOOOOO
117.059071 2631.035706 - 16)7.873749 11 .476402 -49.750009 11.451933

R1 ( 56 ) = 10 1.884427, R(56) = .981914, RSZERO = .976841, APfl1,56) - 13.013991
.976272 .975264 .975654 .979204 .985480 .991068
.992014 .987033 .978091 .968593 .961644 .959123
.000276 -.016224 .009143 .002547 -.000551 -.000266

_ -.000012 .000013 .000003 -.000000 -•OOOOOO -.OOOOOO
lid.121666 2597.352386 -1773.399658 7.754922 -74.967314 15.822305

RI<61) = 102.046806, R(61) = .976135, RSZERO = .970784, APPI1,61) » 12.626304
■970081 .968780 .969039 .972981 .980137 .986500
.987503 .981793 .971734 .961185 .953534 .950772

_____ ,000342 . -.018159 .010319 .003130 -.000639 -.000345
-.000020 .000017 .000004 -.000000 -.OOOOOO -•OOOOOO

111.931074 2561.586226 -1929.990936 4.783407 -109.132165 21.329880
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