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Abstract

let h(x) ¢ #[x] (the polynamial ring with coefficients
in @) . TFor each ratiocrnal prime p , we denote by Vp(h)
those cosets mod p taken on by h .,

In this work, we will attempt to answer questions related
to the detemmination of h(x) by knowledge alone of Vp(h)
for a.a.p. (i.e. for all but a finite number of primes p).

Primarily, we devote our attention to:

The Polynomial Conjecture - Let h(x)

’

gl(x) ,~-o,g£(x) e &[x] , and assume that
(h) < U Vp(g ) for a.a.r. Then there exists
i=l
an index i , and a polynomial r(x) e @[(x] (where

? is the algebraic closure of @) such that

h(x) = gi(r(X)) .

The polynamial conjecture has not been campletely resolvec,
but as we shall <how, in certain instances , it is true.

If in the polynamial conjecture we assume h is linear,
the hypothesis is reduced to the condition U v, (g;) = {0,1,+-+,p - 1}
for a.a.p. The conclusion that there ex:.sts an index i such

that 95 (x) 1is linear is a consequence of the more general result:

Case A - The hypothesis of the polynomial conjecture

implies the existence of an index 1 such that deg g
divides deg h .



For the purposes of this work, a polynamial h{x) € @[x]
will be called cyclic if h(x) = a(x - b)" + ¢ for same

a,b,ce®.

-

Case B - Under the assumption that the polynamials

gi(x) , i=1,¢+.,0 are all cyclic, the polynamial

canjecture is true.

let h(x) , gx) € L[x] , where L is any field. 1f
there exist polynomials F',hl,gl, € L[x] such that deg T" > 1
and F(hl) =h, F(gl) =g , we say that h,g are a

camposite pair over L . We develop a necessary and sufficient

condition that h, g € L[x] are a composite pair over L , and
with this, we are able to answer certain questions about the
factorization of the two variable polynomial hi(x) - g(y) . ©One

by-product of these techniques is:

Case C ~ In the polynamial conjecture, if we specialize

the hypotheses to assume Vp(h) = Vp(g) for a.a.p., for

h, g € 3[x] , we are able to conclude that each decan
position of h(x) into prime camponents has a corresponding
decamposition of g(x) where the degrees of the prime
camponents of h(x) are the same in the given order as

the degrees of the prime cawponents in the respective

decamwposition of gi(x) .
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Introduction

The extent to which the value sets of a polynomial
determine the polynomial, depends on many things. Most 1m-
portant of these are the domain and range of the polynomial.
Certalnly one could not expect to find out much about a
polynomial in Z[g] by knowing only 1its value set mod p_fbr
only one prime p. The object of this thesis 1s to show that
if we let p run over all but a finlte number of primes,
the value sets mod p of a polynomial yleld significant 1in-
formation about the nature of the polynomial.

Assume h(x), g(x) are elements of 3J(x). For each
rational prime p we denote those cosets mod p taken on by
h(x), by Vp(h). If for almost all rational primes p
(henceforth abbreviated a.8¢ps ) Vp(h)C:‘Vp(g). then we may
conclude that either h(x)-g(y) 1s a reducible polynomigl
in 2Z[x,y), or else g 1s linear. For, Af h(x)-g(y) were
i rreducible, the Hilbert Irreduciblility Theorem (1) would
imply that there exist infinitely many lntegers X, such
that h(xy)-g(y) 1s irreducible in gly). Since a non-

linear polynomial which 1s jrreducible in g{y) has no zero

lce. Lang - Chap. 5. In this context, the Hilbert Ir-
reducibility Theorem states that ¢(x.y) irreducible in
&g(x,y] remains irreducible 1n gyl when x 18 special-
jzed to x. € &, for all but a set of integers X, of
asymptotic density zero.



mod p, for infinitely many primes p, there exist infinitely
many primes p such that h(xo)-g(y) Z 0 mod p has no
solution. Thus, unless g 1s linear, we have a contradic-
tion to Vp(h) c;Vp(g) for a.a.p.

Let h(x), g(x) be elements of L(x), where L 1s
any fleld. If there exist polynomlals F, hy, & 1in L{x])
such that deg F > 1, and F(hl) = h, F(gl) = g, We say

that h, g are a composite palr over L. If L 4is an

algebraically closed fleld we say merely that h, g are a
composite palr.

For a time it was conjectured that h(x)-g(y) reduc-
ible in c€Ix,y] implies that h, g are a composlte pair.
This was shown false by a counter-example (Cf. Davenport,
Lewls, Schinzel f1)). However, it is still not known wheth-
er h(x)-g(y) reducible in &(x,y] 4implies that h, g are
a composite palr over Q.

In thls work we wil attempt to answer questions related
to the determination of a polynomial with coefficients in £
by knowledge alone of the valué sets of that polynomlal modp,

for a.a.p. Primarily we devote our attention to:

The Polynomial Conjecture - Let h(x), gl(x). cene

L

U
51(1) € Z[x], and assume vp(h) c 1_,.1Vp(gl) for a.a.p.
Then there exists an index 1, and a polynomial

r(x) € a[x) (where @ 1s the algebralc closure of @)
such that h(x) = gi(r(x)).

If the polynomial conjecture were true, then



Vp(h) cvp(g) for a.a.p. would imply that h and g are
a composite palr (indeed, even more than that). The poly-
nomial conjecture has not been resolved, but, in certaln
instances 1t is true.

Before describing results related to the polynomial

conjecture, we make note of an analog over «.

Theorem - Let h(x), gl(x). veo g.(x)e g(x).

Let X = {xo € 2| nixy)e L:lvz(gi)>. where Vg(g,)
denotes the set of wvalues of gy at the integers. 1If
X has positive lower density, then there exists a
polynomial r(x) € Q{x] and an lndex 1 such that
g4 (r(x)) = h(x).(?)

Proof-

From the hypotheses we may with no loss assume (=1
and gl(x) = g(x). Let f(x,y) € &lx,y]. Let X' be that
set of integers X, such that there exists a Yo € 2 wWlth
£(Xgs¥,) = 0. If the lower density of X' 1is positive, we
show that there exists r(x) € QIxX] such that f(x, r(x))®0.

our theorem results when X' =X, f(x,y) = h(x)-g(y).
Our proof is modeled after that of Theorem 1 of Davenport,
Schinzel, Lewls [2].

Factor f(x,y) 1into irreducible factors over QIX,Y].

From Gauss' Lemma, we may assume that these factors have

2This is in contrast to the polynomlal conjecture which
necessarily allows for r(x) e Q[x].



integer coeffilcients. In addition, one of these factors,
say ¢(x,y) satisfies the same conditions as does f(x,¥).,
with respect to a set of lntegers X" ¢ X' with posltive
lower density. By the Hilbert Irreducibility Theorem,
é(x.,y) remains irreducible when x 1s speclallzed to X,
for all but a set of integers X, with zero density. The
existence of a set of integers X, with positive lower den-
sity such that $(x,,y) = 0 1s solvable in & 1implies that
$(x,y) 1is linear in y. Thus, $(x,y) = £1(x) + £,(x)y
with £y, fp € Ztx]. It follows from the irreducibillity of
¢ (x,y) that there exist a(x), b(x) € &[x] such that
a(x)fl(x) + b(x)fz(x) = ¢, ¢ ¢&. However, the existence of
infinitely many X, Such that -l%§§7 is an integer, im-
plies that ?ETEET 1s an integer for infinitely many S

Thus, fz(x) is a constant, and the result follows with

—fl(X) = I'(X)o
cy Q. E. D.

Section I of this thesis is the technical key to the
results relating to the polynomlal conjecture, which are
found in Section III. In Section I we assume that
h(x), & (x)s eoes g, (x) € Z[x] are all irreducible, and
that the set of primes p for which h(x) = 0 mod p has a
solution is (with finitely many exceptions) conteined in the
set of primes p for which there exists an lndex ip such
that gip(x) £ 0 mod p has a solution. We dignify this

statement with the title, local polxnomial hypothesis so



that we may refer to it in Section I. We now descrlbe those
instances in which we have been able to resolve the poly-

nomial conjecture.

Case A -
If, in the polynomial conjecture, we assume h 1s

linear, the hypothesis is reduced to the condition
]
L‘,Vp(gi) ={O' l| eee, p-l} fOI‘ aoaopo

The conclusion that there exists an index 1 such that
gi(x) is linear is an immediate consequence of Corollary 3,
which more generally implies, under the hypothesis of the
polynomial conjecture, the existence of an index 1 such

that deg g4 divides deg h.

Case B =~

For the purpose of this work a polynomial h(x) € Q(x]
will be sald to be cyeclic if h(x) = a(x-b)® + ¢ for some
a, b, ¢ €Q. The terminology is suggested by the fact that
the group of monodromy (the galols group of the splitting
field of h(x)=- A over @Q(A), where A is an indeterminate)
of h 1is cyclic. We show in Theorem 5 that the polynomial
conjecture is true if the polynomlals gi(x). i=1, 'REIN

are all cyclic.

case C -

Even in the conclusion of Theorem 5 1t is not possible

to replace the conclusion r(x) e.ﬁ[x] of the polynomial



conjecture by 1r(x) € Qlx). For example, suppose

h(x) = (2:3.5)x%, & (x) = 2x%, gy(x) = 3x2, &3(x) = 5%,
Then 2+3*5 1s a quadratic residue mod p, only if at least
one of 2, 3, or 5 1s a quadratic residue mod p. Thus, we
have Vp(h) C \?J- Vp(gi) for all p. However, no gi(x) and
h(x) form a composite pair over Q.

In Section IV we assume h(x), gl(x). cee, gq(x) are
all quadratic, and we find a necessary and sufficient condi-
tion in terms of the arithmetlc properties of the coeffi-
clents of these polynomials in order that Vp(h)C:‘é Vp(gi)
for a.a.p. Thus, in thls case we have a finite process for
determining whether or not the hypothesis of the polynomial
conjecture 1s satisfled. The technique of proof shows
clearly that the same procedure can be carried out for

cyclic polynomials all of the same prime degree.

Case D -

In Proposition 6 we show that the polynomial conjecture
1s true in the case where X% =1, and gl(x) = g(x) 1is of
degree 2, 3, 4%, or 5, or if the group of monodromy of g(x)
over Q(A) 1s the symmetric group or alternating group (as
a permutation group acting on the zeros of g(x)=A).

In Section 11 we develop a necessary and sufficient
condition that h, g € L(x] are a composite palr over L,
where L 1is any field. This condition enables us to answer
some related questions concerning the factorlzation of the

two variable polynomial h(x)-g(y) (see Proposition 3 and



Theorem 3). One by-product of these technlques 1s another
proof (see Theorem 2) of a theorem due to Ritt on the invar-
1ance of the degrees of the prime components in the decompo-
sition of a polynomial with coefficlents in a field of
characteristic zero. For the definition of prime decomposi-
tion see Section II.

In the polynomial conjecture, even if we speclalize the
hypothesis to assume Vp(h) = Vp(g) for a.a.p., We are not
able to show the expected conclusion (il.e. that r(x) 1is
linear). However, we are able to conclude that each decom-
position of h(x) into prime component polynomials has a
corresponding decomposition of g(x) where the degrees of the
prime components of h(x) are the same in the given order
as the degrees of the prime components in the respective

decomposition of g(x).



Section I - Prelimlinarles

We reproduce below some notation and theorems which
will be used in Theorem 1 of this section. These can all be
found 1n Hasse and we do not bother to produce separate
references here.

By a number field we always mean a fleld which is

finite dimensional as a vector space over the rationals.,

Frobenius Symbol -
Assume L € M are two number fields; Oy and Oi‘ de-
note the subrings of M and L that consist of elements
which are zeros of polynomials with rational integer coeffi-
cients, having leading coefficlent 1. Oy 1s called the
ring of integers of M, and L &€ M 1implles oic GM. A
prime ideal ¢ of oi generates an ideal G'M'L’, in o—M .
Since prime ideals are maximal (as ideals) each ideal in &

M

can be written uniquely as a product of prime ideals of O'M .

and we write O -\@ = ir‘ p?" » Where the [. denote
primes of O'M « In thls case we say: a prime L& of L,
has g primes over it in M with ramification indices

e = e(?;lki) and degrees 'F-‘(Ei/‘i) = [G’M/p;l O'L/L’,] .
Since p‘ne',_m* , the fleld 0’.4/9; always contalns the
field Ci/y .

We say that “f is unramified in M 1if c(p;/-.g)ﬂ

8



for 1 =1, ¢++, g+ Of the infinite number of primes of L,
only finitely many are ramified in M. A prime p of M
is unramified in L 1if &R/ pnG) =1,

For the remainder of this discussion assume M/L 1s
galois, and denote by G(M/L) the galols group of auto-
morphisms of M fixed elementwise on L. In this case
ey = e, f‘1 = f where e, f &are constants dependent only on
Y. Let p Ubve a prime of M. Each element & & G(M/L)
acts on the elements of Oy sending them into O'M. and
hence the 1lmage 0(9) is e prime ideal of Oy. Both p
and O\p) 1lle over the same prime (} of L, i.e.

¢ = pnC_= d(p) NnO_ since O 1is fixed on ele-
ments of O . The group G(M/L) is transitive on the
primes above  1in the sense that 1f o= Y
there exists O' & G(M/L) such that G (p) = _p' .

For a prime P of M, unramified over L, we dis-
tinguish a certaln subgroup of G(M/L) called the decompo-

sition group of _p :

2p: {ocemnl)| o@=p )

the group 2y 1s cyclic of order f(p/n.x). From the ele=-
ments of Z? , we plck a particular generator which we

denote by [MP/L] , and which is called the Frobenius symbol

of p over L. This element of G(M/L) 1is uniquely

described by the congruence conditlon:
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[M“{L]X S X“el mod P for each X €Oy,

The symbol Cgl designates the norm of g# , Which 1s the
cardinality of the residue class field oi/* .

If t* is a prime of L, unramified in M, then the
symbol ("\?) denotes the whole class of elements of G(M/L)
conjugate (by elements of that group) to the Frobenlus sym-

bol of some prime P 1lying over & . If \3-0'“-‘- *p. '
= 9Mm '
then t;) = L., [ EI‘L] .

If U 1is a subset of G(M/L) which is closed under
conjugation (i.e. a class of G(M/L)), then the set of
M
primes La, of L such that (’) € U has a Dirichlet den-
card U .
sity and that density 1is card G ° This is the content of
the Frobenius Density Theorem. A set of primes A of a

number field L 1s sald to have Dirichlet density o if

-

snf*ml* E,u.'—‘—f“‘ = K,
- og(s-1)

A Theorem of Artin

Let M be any number field containing L, R the
galols closure of M (i.e. M 1s the intersection of all
fields galois over L contalning M), and G = G(M/L).
From galols theory, there exists odode& M such that
M=L(X). The group G can be considered as a transitive

permutation group acting on the conjugates of o over L.

If UE(Q), G =T+ M. , Wwhere 3 is a prime of L
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unramified in ﬁ and where T; are the disjoint cycles
formed by representing < as a permutation on the conju-
gates of ®A , then LJ factors into primes in M 1in the

following way:

g O = T Q4

where the qy » (L =1, ¢¢+, r) are distinct prime ideals

of degree f; = f(qi/q ) = length of T In particular,

1 *
Y is of degree one in ¥ if and only if Lg factors com-

pletely in M (i.e. f(q{i/kg) =1 for 1 =1, **°, r).

Composite of Two Galois Groups
Let L1/L and L2/L be two galols extensions. The

galols group G(Ll'LZ/L) can be looked upon as
G = {(68,8.)¢€ G,XG‘, G'.L.nng GalL,an} ’

The action of (0,,8,;)€ G(L,°L,/L) 1is described by

(6,,6,)(&P) = G,(x)T,(B) for aeL,,B&L,. Extend
the action linearly to I_.]_'L2 .

This ldentification of the galols group is particularly
convenlent when one manipulates Frobenius symbols. For ex-
ample, if L.g is a prime of L and p 1is a prime of

Ll'Lz/L lying over §$ which is unramified in L,°L,,
then:

B = (k] 8]
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('Y
and in particular the restrictlon of P to
L. /L
OL‘ is [-enQ .

Preparation for Theorem 1

Let I be a number field. We will use the following
notation:
P = primes (finite) of Q. _
P'(L) = (p GPI p has a prime factor of degree one in ﬁ}
If A,B are two sets of primes, we let AC B denote the

fact that card (A-B) <% .

Kummer's theorem implies that a polynomlal h(x) € Z(x)
has a zero mod p for a prime p not dividing the discrimi-
nant of h(x), if and only if p has a prime ideal factor
of degree one in Q(©,), where @, is a zero of h(x).

This allows us to translate the local polynomial hypothesls

(see the Introduction) to the relation

P'(®(8))) < El P LQ(8,))

Theorem 1 - Let h.gl.' -1 be 1rreduc1b1e polyno-
mials of &(x]. Then P'LR(BY) & u P'(9(84))
holds if and only if

Y GLV/Quen) v Y. G ("/qes)

where {) 1is the composite of the fields fl, Qg :*,{)g,
which are respectively the splltting flelds of the

polynomlals h.gl.....gl over Q.
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Remark: This theorem is a generalizatlon of a theorenm

of Schingzel.

Proof -

If f(x) 1s an irreducible polynomial in g(x] ., then
from Artin's Theorem, a prime p € P which 1s unramified in
N, has a prime ldeal factor of degree one in @(Q,) 1if and
only if A -‘-[%‘] ., where p 1s a prime of ﬂ“ over p,
has a cycle of length one when A is represented as acting

on the zeros 9 of f(x). This is equivalent to
Ne Y GLOH/QN8,) .
+

Suppose Ul 1is a prime of {1 over p , p a prime of
Ly over p. If [‘&‘]E U G(‘Q/Q(eh)) then

nyy, = (N o
(\n]‘nh‘ [,p“]e ghG(ﬁ\/@(eM .
Conversely, if [%h] eghG(nh/@(Su)) , then any exten-
sion of‘l‘_‘(_‘;:‘_l to {1 1s contained in LG) G(-ﬁ./@(gh\)
"

since @®©,)<{},. Tnus, p has a prime ideal factor of
degree one in Q(8),) if and only if [‘{}] < g G(R/Q(Sh]) .
"

Similarly, p has a prime 1deal factor of degree one

in one of the flelds @LGS;) » 1 =1, 1if and only
2 O
i [fX)e L‘“éJSaG( /R(8q,)) .

]
From the hypothesis p‘ (@(eh\)c L.’ P.(Q(QS:‘) y 1f
ge \é G(ﬂ/@(eﬂ) and § 1s of the form [{,\L] for
"
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Q
infinitely many primes Ul of f1 , then J¢ L‘lg G(ﬂ/Q(QS;\).

9
However, the Frobenius density theorem states that each

Oe G((1/®) 1s of the form (_{}] for infinitely many
primes Ul of (L .

Conversely, the hypothesls 8 G(ﬂ/@(eﬂ) contalined
Y
R .
in Ug G(I\-/Q(eg;)) implies that if p 1s not one of
R H

finitely many primes, then pe pl(Q(Gg)) is equivalent
to [‘Q,‘Ae ghG (-ﬂ/@(eh)) . So [‘&] € G(-(l/Q(Qai\) for

'
some index 1, and this is equivalent to P& P (@(93;)) .

Qo E. Do

Two Lemmas of Galols Theory
Lemma 1 - Let f(x) € L{x] be an irreducible polyno-
mial, where L 1is any perfect field. Let
QL = L(x,, ***, %) be the splitting field of f over
L, where X;,°'°.,X, &are the zeros of f. If M 1s
any galois subfield of {1 containing L, set
K = L(xl) N M. Then any automorphism of G(M/L) which
leaves K elementwise fixed can be extended to an

element of G(ﬁ/L(xl)).

Proof -
We show that the irreducible polynomial for X, over K
remalns irreducible over M. Since [L(xl) : K] 1s the

degree of the irreducible polynomial for %y over K, this 1s



15

equivalent to showing that [M-L(xy) : M] = [L(x)) : K}. 1If
this is true, and & & G(M/K), then O may be extended to
an 1somorphism of M-L(xl) into M'L(xi) where x4 1s any
other zero of the irreducible polynomial of xq over K.
The automorphism we desire 1s an extension of this auto-
morphism (where 1 = 1) to an automorphism of N .

From the formula

MLixy) : W] ¢ K] = [ML(x) 5 Lixp)]{Lixg) = K]

we need only show that [M: K] = [M'L(xl): L(xl)] . From the

theorem of natural irrationalities
G(M-L(xq)/L(x7)) = G(M/L(x,)nM) = G(M/K) .

Since card G(M/K) = [M: K], we are done.

Q. E. D.

Lemma 2 - Let f(x).ﬂ. and M be as in Lemma 1, and

in addition assume L(xl)nM = L. Then there exists an
n
automorphism J € GLn/M)“H'G(ﬂM-L(&g\) .

Proof -

As in Lemma 1 where K 1s L = L(x;)0M, we see that
£(x) 1s irreducible over M. Thus GUW/M) is transitive
as a permutation group on the zeros of f, and the groups
G({\/M-L(xy4))y L = 1,°°°yn are the groups conjugate to
G(OY/M.L(xy)). Slnce the union of the conjugates of a proper

subgroup of a group does not contalin each element of the

group, d exists. Q. E. D.



16

We are now in a position to show that Theorem 1 lmplles
a strong relation between the splitting fields of the poly-

nomials h,gl."' & oOver Q. For simplicity we assume

2 = 2.

Proposition 1 - Let h.gl.g2 be irreduclible over Q.
. R _
Ir P'(Q(,) € U P'(Q(8g,) then either

Q(eg.) “(n—g,’ nh} ¥ Q or @(93,“\“13.'-(1'\)* @

Proof =

If the conclusion of the proposition is false, then we

may take {L = .(13, » M= _().gtf\ (ﬂaa‘ﬂh.) in Lemma 2

to conclude that there exists
1) 6. e G/Q) - g&G(ns,/@(ss.))

o} = )
such that ' ‘ﬂg.“(ﬂg;ﬂd identity
Similarly, there exists

(2) G, ¢ G3,/Q) Y G (04./Q184q,))

such that d‘\f‘-az“(-ﬁs:ﬂx) = identity.
Let L = ‘n-h.‘()*Sz.’(lix as in Theorem 1, so that our
hypotheses imply

2
() Y GU/gewn) = U ., G/ gQueg)).
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If (0,,62,1) € Gifrg./ Q) G 2q, /@)X G U1 /B)
s an element of GW{YQ) we obtaln a contradiction as

follows. Since (6,,8,, \)‘-(Lh js the identity,

(G.,Gh\) € G(ﬂ/@(e.,)) for each 9, . However

(d.‘0h|)‘n3. = 0, for 1 = 1,2 and this contra-

dicts (3).
In order to show that  (5.,8, 1€ G(O/Q) we must show

(4) (6"62”ﬂw (f4-01g,) = identity.

By the definition of g, end G, ,(5,,3;) 1is the identity

on the field T equal to

{0y 0 (g 1)) {0g,0 (g 2]
To show that the field T contalns .()_h(\(ﬂ3".().31) ’

we may without loss assume that ﬂhcﬂs‘-_ﬁ_sa?ﬂ‘ and

from the fundamental theorem of galols theory we must

demonstrate that
) G/T) = Gy

Let A = GE/0.), B= GA'/MN,) . c= G (Y'/0y,)
so that BaC = G(Il'/'.(la_h-ﬂ.jz) = {17
Using the followlng easy to verify facts:
(a) If _ﬂ./l_, is galols, then M, N€ {( ,L¢M and L€N
tuplies G LOL/MN) = G m)n G,
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(b) If in addition M/L 1is galois, then
G(Q/MAN)= G(ﬁ/N)'G(ﬁ/M). we may reduce (5) to

(6) (BR-(An)YNn{C-(AnBY} € A,

If cb = c'b', where b ¢ B, b' €« AnB, ce€ ANC, and
c'e C, then c~lc' = c(v')~1 e caAB ={1Y. Thus, cb & A,
and this verifies (6).

Q. E. D.

In particular, 1f we take h(x) 1linear in Proposition

1l we obtain:

Corollary 1 - Let 81+85 be irreducible polynomials in
¢ l L]
Q[x]. Then P= \') P (@(63;3) implies that

either @(@3.)09.32*@ or @lesﬂﬂﬂg.*a .

We glve an example of the siltuation expressed in
Corollary 1. Let g = x7=2, &, = x2+xtl & &Ix]. To show
that one of g& oOor g, has a zero mod p for each rational

prime p, we consider two cases:

Case 1 - p £ 5 mod 6
83 =1 mod p implies either a=1 or 3| P(p) = p-1.
Thus, if p = 5 mod 6, the kernel of the map x - x3 1is

Just 1, and so there exlsts x5 such that xg £ 2 mod p.
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Case 2 - p £ 1 mod 6
a3 = 1 mod p has exactly 3 solutions, so that
x2+xt]l] = 0 mod p has two solutions.
Note: This example shows that the hypotheses of Corollary 1

do not imply that one of g or g, is linear, or even

reducible.



Section II - Decomposition of a Polynomial

If h(x) € KI[x], K a field of characteristic zero,
then for A an indeterminate we define Ll to be
the splitting fleld of h(x) - A over K(A). The zeros of
h(x) - A will be designated by Xy,°°°+Xp. where
n = deg h.

The representation h(x) = hl(hz(o--(hr(x) ) 1is said
to be a prime decomposition of the polynomial h(x) 1in
K{x] 1if n,(x) ¢ KIx] and none of h,(x) can be decom-
posed further lnto two non-linear polynomials. We can use
the word 'decomposition!' to distinguish between this and the
situation where a polynomial 1s factored in K(x]). We say
(following Ritt) that the decomposition of h(x) 1s equiva-
1ent to another decomposition h(x) = hi(h;(---(h;(x) )y if
s = r, and there exist linear functions Y, * Wy  such
that hi(x) = hy(W(x) ), ¥iny(®x)) ) = hy(x).o

Wikhr(x) ) = h;(x). Two equivalent decompositions will

be considered the same. We note that 1t 1s a consequence of

Theorem 2 that the number of components in a prime decompo-
sition of a polynomlial 1is invariant. However, not all de-
compositions of a polynomial need be equivalent as the
example h(x) = x@0 = (x®)0 = (x®)®, with (m,n) = 1, shows.

Let h,g be a composite pair over K (see page 2).

20
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Then h(x)-g(y) 1is divisible by a proper factor

hl(x)-gl(y) € K{x,y] . In Proposition 3 we show that the
converse is true. In Theorem 3 we glve an explicit descrip-
tion of the different ways in which h,g can be represented

as a composite palr.

Lemma 3 - If h(x) €K[x], and X, 1is any zero of
h(x) - A » then there 1s a one-one assoclation between
subfields of K(xl) containing K(A) and composition
factors of h(x). Namely, for K(A)e M<K(x,),

M= K(u(xl)), where u € KIx] and h = r{u(x)).

Proof -
(a) If M 1is a field such that K(A) € M = K(xl).
then by Luroth's Theorem M = K(m). Since ASK (),

A= Z)

S(;q where 1r,s are relatively prime polynomlials of
u(xy)
K[xl. Also M= ;TE%T where u,v are relatively prime

polynomials of K([x). Therefore,

r (lvl' (xl))
S (% (xl))

(7) = A = h(x))
ylelds an identity since Xq i1s an indeterminate.

If x 4is constant, and v 1s not constant, then a
zero of v 1n E would be & finlte pole of the left side
of (7). However the right side of(7) has no finite pole.
Thus, If 8 is a constant, so is v, and
r'(u'(xl)) = A = h(x;) for polynomials
r',u’ € Kix], with u'(x)) = .
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If s is not constant, and Y 1s some zero of

u(x) = Y

v(x)
u(x) -Yv(x) =cekK. If R exlsts, then 8 1is a pole of the

S, has a zero x = 8 unless

left side of (7), which again is a contradlction. Suppose
Y. .Y, are two distinct zeros of s. It 1s lmpossible for
both of the polynomials u(x) - Y,v(x) and u(x) - sz(x)
to be constant. So the existence of QO 1is guaranteed.

This leaves only the possibility s(x) = a(x =Y )t for some
Y, a €K, t € 2, and u(x) =Yv(x) + c.

From (7) we obtain

©) ey $5,)(42) k) = hoo

The left side of (8) is not a polynomial unless t 2 deg r.
Thus v(x) 1s a composite factor of h(x), and
K(am) = K(v(xy)).

Suppose M = K(u'(xl)) = K(u"(xy)) where u',u" eKx].
Then from the above, we know there exlst polynomlals
r',r" €Kix]l such that r'(u'(x)) = h(x) = r(u"(x)). PFrom
a standard argument in genus zero functlon flelds (see
walker - pg. 196) there exist constants a,b €K such that
au' + b=1u". Thus u', u" correspond to equivalent decom=-
positions of h(x).

(p) Conversely, if h(x) = r'(u'(x)) we may associate

with this decomposition M = K(u'(xy)).

Qo E. Do
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For a decomposition h(x) = r(u(x)) and a fixed zero X,

of h{(x) - A we will find it convenient to denote u(xl)
by r-1(A).

Proposition 2 - Assume h,g € K[x]. Then h,g are a

composite palr over K if and only 1f for each xJ
there exists y, a zero of g(y) =\ such that

K(xj)l\K(yi) contains K(A) as a proper subfield.

Proof -

Lemma 3 assures us that
K(xl)l\K(y1)<= K(u(xl)) = K(w(yl)) for some polynomials
u,w. We may assume without loss that u(xl) = w(yl) (by the
same argument as the last line of part (a) of Lemma 3).
Also there exists r € K[x], such that

r(u(x))) = r(w(yy)) = A= hix;) = &ly,).
The degree of r is greater than one if and only if K(A) 1is

a proper subfield of K(xl)r\K(yl). The converse is obvious.

Q. E. D.

Proposition 3 - The polynomial h(x)-g(y) 1is factor-
izable over XK in the form (hy(x)-g(¥))$(x,y),

with deg ¢ >0, if and only if h,g are a composite

palr over K.

Proof =
Let W Dbe an indeterminate, and assume that x*,y*

satisfy hl(x*) = W = gl(y*). Let A be the indeterminate
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n(x*) = A = g(y*). If we K(A) then W = :(:\\ for
some polynomials u, v ¢ K[A]. However, this results in the
relation hl(x) = %%%%5%%. This 1dentity implies that h1

X

is a non-constant polynomial in h(x). However, we are
assuming deg h; < deg h., Therefore K(A) is a proper sub-
field of K(x*)NK(y*) and we may apply Proposition 2 to
conclude that h,g are a composite pair over K. The con=-

verse has already been noted at the beginning of thils

sectlon.
Q. E. D.

Lemma 4 - If h(x) € K[{x] and h(x) = r(u(x)),

r, u & R(x), then there exist a,b €K such that:
b

au(x) + b =u'(x), and r(%-g) = r'(x) are in

Kix] and r'(u'(x)) = h(x).

Proof -

Pick a # 0, b so that the leading coefflclent and
constant coefficient of u'(x), are in K. Clearly
r'(u'(x)) = h(x). We must show that this implies r' and
u' € K(x).

K i . S 3
write ¥ b x” = u (x), ¥ ayx’ = r'(x) so that
\20 J=zo

our assumption b, € K 1lmplies ag € K. 1In the equation

r'(u'(x)), by appears linearly in the coefficient of

-1)+
xk(s 1)+ which is a rational functlion of as.bk.bk_l.“'.bi.
Thus we conclude by induction that 1%_6 K. Since

u'(x) € K[X], 1t is now obvious that r'(x) € K(x].

Qo Eo Do
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As an immediate consequence of Lemma 4 we obtain

Proposition 4 - Assume h(x) € K[x]. The decomposi-

tions of h(x) over X are equivalent uniquely to the

decompositions of h(x) over K.

Proposition 4 does not imply that the relation "h,g
a composite palr over K" 1is equivalent to "h,g a compo-
site pair." For example h(x) = x2 and g(x) = 2x2 are a
composite palr over &, but not over Q.

We make several observations:

A great deal of information concerning the zeros of
n(x) - A can be obtained by expanding the zeros about
infinity. By the method of undetermined coefficlents we see
that if deg h = n, then there exists a zero
X, = a_lf\"’i + ajt a,lk"k + azx“ + «++ wWith ay QK(a_l).
In addition, the other zeros are obtalned from Xq by re-
placing A® by 3A® where § is any n-th root of 1.

Conversely, if Q€ f((xl,'“.xn) is integral of degree n
over K(A], and QA= b-,/\t +bo* b,)\"* +*, then o 1is a
zero of Q"M+ (A)a™ 4 «o- + T (M) =0 where 1r,(A) € K LA
The values Vi (A) ah-i ‘oo », 1 =1,**,n are all distinct,
and 1f deg r (A)> 1 or deg ry;(A) >0 for i =1,°"",n-1
we get a contradiction to the polynomlial relation since

\d‘“\w = 1-(3)

o
3Glet L = U Lk. where L, is the field of all formal
K-

Laurent series in A™® with coefficients in Ko 1l is a
function from L into Q such that |z & NE L Y - S (CN Bk |
if a #0. Ifd,BeL, then |aBl, " g ml and

lot+ Iblo'énin(m\,,lalm).
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Lemma 5 - Let M,N be two subfields of K(x) of
degrees m,n respectively over K(A) where A 1s a
polynomial in x. Then: (1) MAN 1s a subfleld of
K(x) of degree (myn) over K(A), (2) MN is a

subfleld of K(x) of degree [m,n] over K().

Proof -

From Lemma 3 and Proposition 4, we may replace K Dby
{(. Also from Lemma 3 and the remarks precedlng thls Lemma,
we may choose o and QA ¢ K(xl) such that M = K(o{) and

N = K(B), where o= A™F + Qo +Q A+ oo

1 ]
Bz A +b + b‘/\~'*" +:+¢, and where m'r = m, n'r = n,
r = (m,n).
(a) The following procedure suffices to construct the

unique polynomial f(x) € R[x] of degree m' such that
flo) = A¥ + c‘/\‘i‘\'l'v--t- N

] F =
qm - Ap + mlchH+ s s O)

"\'_ [ '“'-\ - % = e a b
ot m' G, = AT +a ASE + ,

' i, ‘. Ao 'e
“m —m[chhl_Q:qm z:A"’ *Q':AH+COO,

s 0 LI I I I S a8 @

Similarly there is a polynomial g(x) € i[x] of
degree n' such that g(@) = AF + dl)\""‘""‘ + ¢e+ , But,
from Lemma 3, there exist polynomials r(x), s(x) € f([x]
such that ™ = r(xl). G = s(xl). Thus, f(r(xl)) -g(s(xl))

is a polynomial in X3 whose expansion is of form
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(clz\'&L'r + oeee) + (dy A@% + ++e) (i.e. no terms of

order 2 0). Since Xq is a transcendsntal, this implies

that f(r(x)) g(s(x)). Thus, f(x) = g(@). It follows
that M and N have an element in common which is a
Laurent expansion in A% where k 2 r. Since
f(d) € MAN, k must be a divisor of both m anrd n, and
so X|r. Thus k =r and MNAN 1s of degree T oOver
K(A).

(p) From Lemma 3, M'N = K(Y) where
Y=1c_4 AR+ co t cl}\-“" + +e+, where k 1s the degree
of M'N over K(A). Since o€ K(Y), O€¢K(Y) we know
that m|x,nlk. Thus f[m,n]{k. However, ® and 3 can be
regarded as Laurent seriles in ATwanl , and so every ele-
ment of MeN 1s a Laurent series in ATG®1 . Thus

x| (m,n}, and we conclude k = {m,n].

Q. E. D.

corollary 2 - If A¢Kix) there is at most one sub-
field of K(x) of degree d over K(A).

Proof -
Let [M: K(:\)] = [N: K(A)]. Then Lemma 5 lmplies
Men: K(A)] = [M: K(A)) = [N: K(A)] so MeN =M =N

Q. E. D.
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Theorem 2 - (J. F. Ritt) If we write

h(x) = hy(h, (e« (hn(x) ) = & (gy(* " (8g(x) ) where
hi.g1 are primely composite polynomials, then r = s
and the degrees of the hy's are the same as the
degree of the g;'s (although we need not have

deg g, = deg hy for each 1).

Proof -

From Lemma 3, if K(A)€ M S NC< K(xl) (where Xy is a
zero of h(x) -=A), then there exist o, B¢ K(x;), and
g(x) € K[x] such that N = K(x), M = K(B) and g(«) =@3.
Applying the statement of Lemma 3 where we let X, be X ,
Abve @ , we see that g 1s compositely prime 1f and only
if there are no proper fields between M and N. Thus we
conclude that each maximal chaln of subflelds starting with
K(A) and ending with K(xy) corresponds to a unique decom-
position of h(x) 1into primes. Conversely, the Laurent
series hil(A). hEl(hil(A))."' are generators of fields
forming e meximal chain between K(A) and K(xp).

Let M : Mc MyC +oe @My, L 219 +++ € Ly be two
maximal chains of subfields between K(A) and K(xj).

Let Xyy = My4p N(My°Ly), and Yy = Lyyy O(Ly My).

My € X9 € Xy, *°0 € Xyg © Myyq

Lyc Y © ¥y, *t0 © Yy C Ly

The deg h,'s are the quantities [My4q : My}. Since
1 i+l 1
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My.My4y @are a palr in a maximal chain, there exists an

integer t1 such that:

X11=‘.x12=-oo=x1t1_

X1t1+1 ceoae = Xls = M1+1 L]

We wish to show there exists an integer j such that

fMyeg : M) = [Lyeq : L] The integer 3 = t, works if

we show:

(9) [x13+1 : xij] = [thl : Y”] .

Denote [Mi : K(A)] by o4, [Lj : K(Af} by ng. From
Lemma 3, the left side of (9) is:

(my4q0 (my0n549]) _ m1+1‘[m1-n3+i1 _ [my47004] [m4.0449)
(04470 [m,045]) [my+10 (M2 03+1])] (@410 541) [m4004]

m1+1'[m1-n31
(ma+1- 12y.757)

By symmetry this is also the right side of (9).

Q. E. D.

We conclude this section with an example whose signifi-
cance will become most clear in Section III. We give two

polynomials hq(x), h,(x) such that hy(x) -, hz(x)-A
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have the same splitting field over Q(A), but hl'h2 are

not a composite palr.

Example - Let hl(x) = (xz-l)z. The zeros of hl(x) -A are
x1=Jl+'§x » xz=-J1+'rX. * 13""';1-'“ ]
xy = -41 =3X . We list the elements of

G(Q(x1 »Xp e X .xu)/Q(A)) as permutations:

g, =1, C,= (x1%,), q, = (x3x4). g, = (xlxz)(xBxu)
Oy = (xlx312xu). T = (xlxuxsz). G, = (xlxu)(xzxj').

da = (xlxj) (xle&) .

By applylng the d;'s to the element X4 + x., we find 1its

3

conjugates to be x1+ X Xy + X)p s x2 + x3. and so xl+x3
has degree 4. From the comments preceding the statement of
Lemma 5, X1 + x3 is a zero of a polynomial of form

hy(x) - A (since xy + X5 is integral over QIA] and it
has an expansion at infinilty of the form

a_y /\1/4 ta, t ay )\"1/4 + +++), It is easy to compute
hz(x). and 1t turns out to be 1/4 xl+ - x%, Clearly

hy (x), h2(x) are not a composite palr. Silnce

(x1 + xu) - (:1:2 + xb’) = 2xq, and (x2 + x3) + (x1 + x3) = 2x4,
we see that ﬂ\n‘-)«zﬂkl-A .



Section 111 - The Polynomial Conjecture

Wwe assume that we are given polynomials h, gl."' -
satisfying the hypothesls Vp(h)C L"J Vp(gl) (i.e. the hypo-
thesis of the polynomial conjecture). Our first task will
be to translate Theorem 1 into a theorem which is capable of
telling us something about the structure of the polynomials
h(x), gl(x)."',ga(x) under this hypothesis.

Let /L. be the set of integers A, such that
h(x)-A, g (x)=A, “°* g, (x)- A, are all irreducible over
Q. By Hilbert's irreducibility theorem /. has asymptotic
density one.

Consider the two conditions:

Loy
o+ PG, < ,H. P (@(esj-xg)) for all A, €A

PCH : V(h)c‘j V. (g,) for a.a
s p 53' p gj » .pa
Let A, be any fixed value of \. . If p ¢ P'(Q(ak-xq))
then h- A, has a linear factor mod p and consequently

A\ € Vp(h). Now, if PCH holds, then Aes Vplgy) for
some Jj. It follows that g4 A, has a linear factor mod p
and thus p & P'(@( ®g,.,)). Thus PCH implies GH. We
are not able to decide whether GH 1impllies PCH. However,

i1t 1s easy to deduce that GH 1s equlvalent to

31
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]
pcE* : vz(h)c U V;(gi) for a.a.p.
1

(where V;(h) is the collection of values assumed by h
with multiplicity one mod p).

Theorem 1 shows that condition GH for a fixed ASNA
1s equivalent to a condition on galols groups. We next ob-
tain a similar result for the condition PCH. The 1ldea for
the proof goes back to Hllbert, who proved his irreduclbil-

ity theorem for just such problems.

Theorem -~ Assume h, gl,"', g, € Z{x). Condition
GH 1impliles

A ?
PH : U G(I\A/Q(@hﬂ)c VR GEL/Qd .-ﬂ)
Q-2 ' @g;-2 %
where A 1is an indeterminate, &,.) & zero of
n(x)-A, and {1, 1is the composite of the splitting

fields of h-A, gl-A. vee, g‘-X over @(A).

Proof =~

From Theorem 1 we see lmmedlately that we must prove

that

2

Y G(S\-,\,/@(ek-;)) < L,Jg GUY,,/®(8q,-a)
h-), -2y

for each allowable A°¢.f\ (where the subscript Ao on

.flA.denotes the composition of the splitting flelds of

h- Ao' 81- A°| %y 8“’ XO) lmplies



U G /@@ n)c VU G,/0@4-4) .
On-1 ‘© 834

Let m(x,A) € @[{X,)] be an irreducible normal polyno-
mial, integral over Qf[A}, Whose splitting field over
ah) 10y (Y

From Kummer's Theorem we know that, with the exception
of finitely many additional values of Ao , the primes 1n.f\A
over the prime A=l in QL[A] are in one-one correspond-
ence with the irreducible factors of m(x,A) mod (A= A,),
hence with the lrreducible factors of m(x,A;). By the
Hilbert irreducibility theorem, m(x, A,) is irreducible,
except for a set of A, of asymptotic density zero.

Denote by Ox, the integral closure of @Q(A] in (1.
Thus, for a set of A, of denslity one, there 1s a single
unramified prime p,  over A=Ay, and L, = Qﬂs/g A, 1s
the splitting field of m(x,A)) over @. Let {3,)
generically represent the union of the zeros of
n(x)-X\, gl(x)-A. cer, gy(x)=), and {©..7 the union of the
zeros of h(x)=A, °°°, g'(x)-Ao. The elements of the set
{8,) are all integral over Qfi], and together they gene-

rate {1, over @(\). Thus, if we complete O, With

4As a polynomial in x, m(x,A) 1is integral over QIA]
if 1ts leading coefficient is in @. By normal we mean that
a zero of m(x,A) generates the splitting field of m(x,\)
over @(\). From galols theory, if L/K 1is a finlte alge-
braic and separable field extension, there exlsts oc L
such that K(®) = L. The polynomial for © over K 1is
normal, if L/K 1s galois.
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respect to ‘PAQ , then (with finitely many exceptional values
of A,), {9,T also generates the completlon, which we call
Qa,. Tus, o, /pr=Oa,/Ps, . and for a set of A,
of density one, the set (9,\0)‘ generates Gn,/_e,.f on .
But, by definition, the field generated by the set <o,y

1s {1, . Thus, for a set N of A, (of asymptotic density
one) there is a single unramified prime [P,  of {1, over

A=1,. We therefore conclude that
(10) [0, @] = [, @] for Age A

where J\f 18 & set of integers of asymptotic density one.
The group of automorphisms O of G(O\W/Q(AN)) fixing

p“ (1.e. the decomposition group of P, ) can be identi-

fied with the automorphisms 5 of G(ﬂA./Q) by the formula:

(11) S+ p, = Bint pa )= 3(R) ror Mela, .

From (10) we see that for A ¢ Al ,

GO /a(N)) = G((La, /@) and from (11) we see that
GeG(N/q(R)) 1If and only if O € G(NA/Q(R)) for any
ne C’}_n_) . The sets N\, A\ being of asymptotic density one,

have an intersection AN of asymptotic denslity one.

Thus, for A € Aa AN

U GULL/REw)E U Gy /Q(8q,-x,))
On-\, 94

(-]
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if and only 1if

U G(Oy/RE, )T U

GO/ (Bg.-1)) -
Sy A

U
93- -

Q. E. D.

As a start to an investigation of the polynomial con-
jecture, expand each of Ow., 9g.-a » '°, O3,-) at infinity.
From the discussion preceding Lemma 5, all these expanslons

are of the form:

Sy = O PRI U W Y SN

H . . i - .
ag-‘-,\: Q‘..‘)\“‘ +Q(°\* Q(\\)\ LI (2] .0,

Let N be the least common multiple of the integers
n,m,""*,n,, amd let §« Dbe aprimitive N-th root of 1.
The power series expansions for On.y, O3,-r,"**, 03,-1 glve
an embedding of {1, into Ly the fleld of all formal
Laurent series in A" W  with coefficlents in @. Let &

be an operator on Ly defined in the followling way:
o€ Ly , then O (A(AW)) = (B N N),

Since J is a change of varliable, it is obviously a fleld
automorphism of Ly, and the fixed field of  1s the set

of formal Laurent series in )\~'. We denote again by T
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the restriction of this automorphism to {1, , and we note

that G 1leaves @()A) elementwise fixed.

Corollary 3 - If h,gy,"* .8 ¢ Z[x] and if

Vp(h) c L:va(gi) for a.a.p., then there exists an

index 1 such that the degree of &g, divides the degree
of h. 1In particular, if h 1s linear, so 1s gy

for some 1.

Proof -

From Theorem 3, our hypothesis implies

RASSVAIEIS V) < uu S, /R(9q.-1) ).

If &L then T"(L(A™N) )-o«(l’ AT¥). Let m be

N.
the least integer such that A is expressible as
A(ATE) = R((ATRVF) (3°)% -
o = R . Then S)m=1 if and
only if m|n. So S™&) =z ot Af and only if a|n.

Each ©y.) 1s of the form

Opr = BINF) = B( (A 8)F)

Thus, C™(On-r) = eh-,\ . and therefore S" must fix

93_‘_,\ for some index i. For this integer 1, min.

Q- Ec Do

The polynomial conjecture 1s trivially true 1f one of
the gi(x) 1s linear, and from now on we will assume that
this is not the case. Let QS»* - .(\LS'-A s __(13'...

From Lemma 3 there exist polynomlals h*(x), v(x) & QIx]
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such that h = h*(v) and

RDna) N.LLqa T QLvidni)) :

From Lemma 1, the collection of elements obtalned by
restricting the elements of G(LA/ DO, 1)) to

.(\Lj,;‘ is just G(«rlg,x/@(eh-_kﬂ. Therefore our rela-
tion PH (see Theorem 4) ylelds

(12) Laj G(.(\LS\A/@(GVV\\\C Q '\9)3. %(‘Q-j,l,/@(as.\-,\}) .

L ¥

If we know that (12) implies the existence of an
index 1 and a polynomial r(x) & @[xX] such that
gy (r(x)) = h*(x), then h*(v(x)) = g (r(v(x))) = n(x).
Therefore we would know that the polynomial conjecture 1s
true. Since all further attempts to solve the polynomial
conjecture will be based on (12) alone, we are free to
assume that h*(x) = h(x).

Denote the field ..()_3‘;‘ Q by Zg,A . and the

field .ﬂh,;@ by Zw.A . From (12) we deduce

— | —_
(13) g G (ZS,A/Q (eﬁ,ﬂ)c L')gg.\-cx\:(zaﬂ/@ (83\"’\‘)

h-A

by considering only those elements in relation (12) which

are fixed on the algebraic closure of @ in (g, .
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Lemma 6 - If h(x) € Q[x] and G(Zw../Q(A)) 1is

abelian, then h(x) 1s a cyclic polynomial.

Proof -

Since Z._n» 1is the splitting field of h(x)- A over
2()\), our assumption that G(Zw-A/Q(A)) 1s abelian implies
that Z, ,= @(©wa). Thus G(Z..,/@(A)) 1is of order
n-= ?l'eg h and consists of powers of § , the automorphism
at infinity.

A cyclic group has exactly one subgroup of each order
k dividing the order of the group. Using Lemma 3 we decom-
pose h(x) into hl(hz(“'(hr(x)) where hl(hz('”(hi(x))
corresponds to the subfield of a(a.,-,\) of degree U; over
@(A), where 2;4./;[; (1 =1,°**,n=1) 1is a prime. Thus we
conclude that each hi(x). i=1,""*,r is of prime degree,
and G( zh;-.\/ﬁ(/\)) is cyclic of order deg hy.

In the discussion preceding Corollary 3, we showed how
to attach an automorphism T of G(Zn/Q(A)) to the rami-
fication that occured at infinity. Similarly, we are able
to attach such an automorphlism to any finlte ramified
place.(u) Suppose A, is a value of A such that h(x)- Ao
has a multiple zero .. Then h(x)= Ag= (x-oom(q)g(x).
where (g(x),X-&) = 1., Thus, x=-& 1is expandable in powers

of (\=- )‘.)l/m(u\) and no integer smaller than m(ot) will

The actlon of this automorphism on a Taylor series in
(A= A)1/t (where 7 is the ramificat}on index) is obtained
by sending (A=AJl/t into t('\ Al where 5t is a
primlitive t-th root of one.
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suffice. The sum Z (m(«)-1) = n-1, the number of values
Ao (counting with multiplicity) that satisfy h(x)-A, and
h'(x) have common zero & (cf. Walker - page 25).
We apply these remarks to the polynomials
hy(x), 1 = 1,°°°,r. Since the curve hi{(x)-A=0 has a
ramified place f\o and this place must be ramified of index
equal to the degree of hi(x) (from the fact that this
ramification corresponds to an automorphism of
G(Tu.x/B(X))) we conclude that hy(x)- Ag= a(x-b) “Ri.
for some a,b € &. Thus, hi(x) is a cyclic polynomial,
and therefore h(x) 1s a composite of cyclic polynomlals.
From the fact that G( Zm-a/@(A)) 1s cyclic of order
n = deg h, we shall deduce that h(x) 1s actually cyclic.
Let f£(x) = (g(x))%*d where g(x) = (x-b)+e. e
claim that G(Z;,/Q(A)) 1is cycllc only if e = O.
Changing A to A-d, X to xtb, we may with no loss

assume: f(x)-A= (xi+e)k-;\. The zeros of this polynomial
are:

Xys = Y8, A% - e ¥
where 53 ,5x are primitive % and k-th roots of one. If
G(t;.;/i()‘)) is cyclic, then E(xo.o) would contain all
the other zeros X, . However, letting Al/k =z, if

8
1 -
(5Kz~e) /A (3 Q((z-e)l/“ ), there exist polynomials r and

s such that
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r((z'e)l/l) = (.-‘;uz-e)l/g
s((z-e)/0)

We easily deduce in order that s 1s constant, 1r 18
linear, and then that e = 0. Applying this argument several
times to the decomposition of h(x) in terms of the

hl(X)’ i =1,**",r, we see that h(x) must be a cyclic

polynomial.

Q. E. D.

Lemma 7 - Let h(x), g (x),"**, g,(x) ¢ @{x] be cyclic
polynomials such that X, _,< ZS\" and

G( ZQ‘A/@(eh-ANSC L:JLQJS ?(ZS‘A/@(SSﬁA)) .

Then for some index 1, there exists r(x) ¢ Q[x]

such that gi(r(x)) = h(x).

Proof -

A cyclic polynomial is ramified over exactly one finite
prime. If h(x) = a(x-b)™c, by relabeling, we may assume
that N 1is the composite of the flelds 2;9:'* , 1=1,°*",s,
which are ramified over A-c. Using the remaining polyno-
mials, let Ni(i =1,**°,v) Dbe the composite of the fields

lei_A which have one common ramified prime among them.

If there exists an index 1 between 1 and s such

1 RS
that deg gl\deg h, then g, = a (x=b') “+c, niln, and it 1is
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easy to find the appropriate polynomial r(x). Since
there are no proper subfields unramified over

a()\). N "Nl"'Nv = @()\) and we see inductively that
G(Z3,A /8(A)) = GIN/Q(A))I*GINL/R(N) ) %= - *G(N;/R(A)).

Let k Dbe the l.c.m. of deg B1e " deg gg- Let T Dbe
the automorphism on N described by

T(a@h-¥) = (5,a-2)¥) . The aroup G(NE(N))
is cyclic of order k and generated by T . Similarly,
there exist automorphisms N ; (1 = 1,°**,v) which are
respectively, generators of the cyclic groups

G(Ny/B(A)) (1 =1,0°+,v). Let N =(n, """ N,) . The
automorphism ("I*'"‘r\) < G(ﬂg,x/@(,\)) is fixed on
B(Ow-2). Since Y\ fixes none of 633"\ for

j = stl,**+,Q the hypothesls limplies

(royn)e G (Z3,1 /'z-)(eg;-)” for some 1 = 1,°°",s.

For this index i, T" & GU\V@ (63;.)\))- and we conclude
that deg g |deg h.

Qn E. Do

. 1
Theorem 4 - If h,gy &y € 8[x] and Vp(h)Cl.JVp(gi)
for a.a.p., and if in addition, gl.-" &, are cyclic
polynomials, then there exists r(x) & {(x] and an

index 1 such that h(x) = g (r(x)).
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Proof -

Although no assumption was made about h, from the
remarks preceding Lemma 6, we may immediately presume that

On-a Eﬂs‘)\ , and thus that Z,_j < (1lg,A .
Therefore, G(Z..,/8(A)) 1is a factor group of G( Zq,A/QA)).
Since the latter is a subgroup of the direct product of the
cyelic groups G( =g,-¥@(A)) for 1 =1,'°*,&, we conclude
that G(Z,.,/@(A)) 1is abelian.

From Lemma 6, we see that h 1is a cycllic polynomial,

and from Lemma 7?7, the conclusion of the theorenm follows.

Qo Eo Do

Corollary 4 - Let R, R,  -*-| 49 by an increasing
sequence of integers such that: h(x) € 8{x] takes on
values mod p for a.a.p. which are all among

,,°°*, 0 ,~th powers. Then there exists

[}

a'c @, r'(x) ¢ Qrx] and an index 1 such that

h(x) = a' (' (x))% .

Proof -

From Theorem 4 above, we may conclude immedlately from
these hypotheses that there exlsts an index 1 such that:
h(x) = (r(x)) for some 7r(x) € §[x]. From Lemma 4, there
exist constants a,b € @ such that (x_;‘tg )‘;e Q[x] and
ar(x)t*b ¢ @[x]. Thus we conclude that ali ¢ @ and b < @.

Let r (x) = ar(x), and a~ % = a' to conclude the lemnma.

Q. E. D.
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The remainder of this section is restricted to the case
of the polynomial conjecture where f =1, and we bring to
bear only group theory to deduce consequences from relation
(12) in the case { = 1. The fact that such reasoning cannot
completely resolve even the case where 2 =1 will be
1llustrated at the end of thils section by an example which
Professor J. McLaughlin showed to me.

We start with a group theory lemma.

Lemma 8 - An intransitive permutation group G of de-
gree n has order dividing (S, ')(s,') +**(§+!) where the
n 1letters al."'.an are divided into r transitiv-

ity classes of which the 1-th contalns s1 elements.

Proof -

Writing each element of G as a product of dlsjoint
cycles, G has a representation as a direct product of
groups Gy, where G1 is a transitive permutation group on
83 letters. Thus the order of Gy is a multiple of 8y
and a divisor of S ! .

Q. E. D.

Proposition 6 - Let h,g & 8[x], and assume that

Vp(h)c Vp(g) for a.a.p. If G({l3.A/Q())) (when rep-
resented as a permutation group on the zeros of

g(x)=}A) 1is the symmetric group, the alternating group,
or any group of degree 2,3,4,5, then there exists

r(x)€ @lx] such that g(r(x)) = h(x).
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Proof =

From relation (12) we may assume ., <) 3.4 and

14) U G(Llg-a/@BA)) = § G (24-2/Q183-1)) -
-1 3-1

From corollary 3, deg gldeg h. But, ©Oh.A 1ls expressible

as a rational function of the 33-)‘ , which are in turn

Laurent serlies in .A‘fb where deg g = n'. Therefore

deg hldeg g, and so deg h = deg g.

For the rest of this argument, we will let
Hz GUya/QOwN) » G*= G13a/Q1054)) -

If H= G*, then the fundamental theorem of galols theory
implies that @( Ow.)) = @ 63-;\). and from Corollary 3,

this in turn implles the existence of a,b & @ such that

g(axtb)

h(x). 1In each of the cases below, we taclitly
assume H # G*. If H were a transitive group when repre-
sented on the letters ©g-a then we could conclude that
there exists <Ts H which moves each of the O4.1. For,
if A+ did not exist, the union of the stabillzers of the
Og3.x in H would be all of H. However, this would con-
tradict the fact that the union of the conjugates of a
proper subgroup cannot cover the group. The exlstence of
such a Te H would in turn contradict (14). Therefore, H

must be intransitive on the zeros of g(x)-=A.
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Case 1 - G is alternating or symmetric group of degree

n 2 6.

If the order of H were (n-1)!, then G would be of
order n! and therefore the symmetric group. Thus H
(being an intransitive group) would leave exactly one of the
letters fixed (being an intransitive group) and so H = G'
(where We have properly selected G* from among its possi-
ble conjugates). Thus, from Lemma 8 of thils sectlion, we may
assume the order of H 1is less than or equal to 21(n=2)i.
But, since G 1s assumed to be the alternating or symme tric
group of degree n, the order of H 2 (n-l)l. Thus, we are

done, unless n ¢ 5.

For n=2 or 3, we easlly deduce that we must have

H = Gg¥.

Case 2 = n =4

Repeating the argument of Case 1 for n = 4, unless H
fixes one of the Qg4.), We find that the order of H £y
and a divisor of 4. If the order of H were 4, then the
order of G would be 16 and G would not be of degree 4.
So the order of H 1is 2. Since each element of H must
fix one of the G}J'S (from the union of the conjugates of
H contalned in the union of the conjugates of G*) His a

stabllizer of some Og.).

Case 3 - n = 5

Again, as in Case 1 for n = 5, Wwe deduce that unless

H fixes one of the Qg ,, the order of H 1is a divisor of
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31(21). Thus, we automatically can exclude the case where
G 1s the symmetric group of degree 5.

If order of H 4is divisible by 4, we can argue 1ln the
following way: The 2-sylow subgroups of G are exactly the
conjugates of the group generated by {(12)(34), (13)(24{)
(where we have replaced the letters 633-; by the numbers
1,2,3,4,5 1in some order). G acts (by conjugation) on the
2-sylow subgroups in exactly the same way it acts on the

Qg.»» and since the order of H 1s divisible by 4, it
too must contain one of the 2=-sylow subgroups of G. Thus
H must be & stabilizer of one of the Og.a.

This leaves us to deal with the subcases where order of
H is 2,3, or 6 and order of G is 10,15, or 30. Since
each element of H fixes one of the 63“' if H were
cyclic it would be a stabilizer of one of 93-,‘ . If the
order of G 1is 30, by the Sylow Theorem, G must contaln
10 3-sylows (since 10 is the only number dividing 30 which
is congruent to 1 mod 3). But, if there were more than 5
2-cycles in G, we would contradlct order of G belng 30,
Thus G can be considered as acting on the 2-sylow sub-
groups by conjugation and since H contalns a 2-sylow,
H=G".

Qo E. Du

For our last proposition, we further speciallze the
hypotheses of the polynomial conjecture to assume

Vp(h) = Vp(g) for a.a.p.
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Proposition 7 - Assume h,g € &[x]. Then

Vp(h) = Vp(g) for a.a.p. implies: each decomposition
of h(x) into primely composite polynomials has a
corresponding decomposition of g(x) where the degrees
of the prime components of h(x) are the same in the
glven order as the degrees of the prime components in

the respective decomposition of g(x).

Proof -

From PH (see Theorem 3), we conclude that

4G/ Baua) = g GL-w/Biag.0))

and _(L%-A =({l,.. . From Theorem 2, we need only show
that to each subfield of @( ©w.) there corresponds a sub-
field of @(©3.») of the same degree.

Let M be a subfield of @( ®w.)) containing @(\).
Thus, from Lemma 3, M = @( ©,._,) where h = h*(r(x)). The
restriction of the elements of G(-ﬁ-g-)«/@(e s\-ﬂ) to .O..\,\ﬂ_,\
yields G(ﬂh--x/les“_,\)) , and from Lemma 2 the restric-
tion of elements of G(QS-J\/@(G"S-A)) to {Lya vilelds

Gl 3/Q(83+1)) where @(931)N (L) = B(Ogu).
We obtaln:

U Gy /Q®wn)) = U Gl /g(a4n)) .
ew'-)\ esa_x
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Repeating the argument of the first paragraph of Propositlon
6, we conclude that ﬂhi-) = ‘O'S“'A y and

deg h* = deg g .

Q. E. D.

Of the unresolved cases of the polynomial conjecture,
the simplest would seem to be that described by the hypo-
theses of Proposition 7 (i.e. Vp(h) = Vp(g) for a.a.p.).
From the example at the end of Section II we know that the
condition (iw., = {lg.a does not imply that
h(x) = g(axtb) for some a,b € Q.

The hypothesis Vp(h) = Vp(g) for a.a.p. does imply:

(15) Ll = (lgan

TP

(16) LGJG(’(\L\\-;\/@(Q\-A)\) = \éj G(.(LS-,\/Q(as.x))
%=1

(17) There exists ¢ G({13-2/Q(X)) such that T repre-
sented as acting on either the Ouw., , or 8g.) 1is

an n-cycle.

We now show that there does exlst a group G which may
be represented in inequivalent ways on two different sets of

letters {xl,"'.xn\[, {yl.‘“,yn} such that; G 1is primi-
n
tive on both sets of letters 0G,. = U Gy. (where
' ' ' ¢

Gxi denotes the stabillizing group of xl). and there 1s an
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element G € G such that Of(x )= X, Gly) = Yier
The projective group P(2.pk) acting on projective space
with coefficients in F'K is the group we desire. The
group P(Z.pk) s doubly transitive (and thus primitive)
on both points and lines (our two sets of letters being the
points <11-"'-xn) and lines (yl,-..yn} of this projec-
tive space).
Assume that a transformation T fixes a llne L. With
9

no loss, we assume L 1is the lilne X, = 0, so T (?ﬂ = (::) R

Thus, T 1s of the form:

Therefore, T fixes the point (1,b,c) where b and c¢
are glven as solutions of the equations ab = b1+ bbb+ b3c.
ac = ¢ t 02b+ c3c. Using the projective space duality be-
tween lines and points, we see that each transformation that
fixes some line fixes also some point, and conversely.

Thus, UG"; = UGH; . These representations for G are
not the same though because GN*G*: for 1 = 1,*°*°,n.
This can be seen by using our computation above, where we
assume wWith no loss that ¥1 is a letter representing the

line x = 0.

o

If we let A © FP. be a primitive generator of the

cyclic group of nonzero elements, then l, o, R is also a
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basis over ‘F—P" for lF’,:m . This gives us a very useful
representation of I?-'Pi . Multiplication by OGN\ on “:PJK
induces a projectlive transformation over Fpu , and if we
call this transformation T, T(«") : ot™, and so T 1is a
cyclic transformation of the points of thls vector space.
To show that T 1s also a ecyclic transformation on the
lines of projective space, 1 use a trick related to me by
Richard Misare. If we look at the affine space underlying
the projective space, and we denote by L any non-trivial
1inear functional such that L(1) # 0, then the functlonal
Lﬁ(x) = L(bx) has kernel (O '(ker L). Since a linear func-
tional is described by its kernel, and the value at one
point off the kernel, and since the linear functionals of
a finite field are all of form Lp. we see that the planes
of this vector space (through the origin) are cycllcally
permuted among each other by T, and therefore so are the
lines of the induced projectlive space.

This example shows that the complete resolution of the
polynomial conjecture will require additional study on the
nature of the fields ), ,-.



Section IV - Analysis of the Polynomial Conjecture

when All Polynomials Are Quadratic

Let I be the multiplicative group of non-zero
integers modulo the non-zero square integers. Let (}1.1)

denote the multiplicative group of two elements, and “:a
the field of two elements.

Lemma A - Let bl' s bn be distinct elements of 1.

Let dys *"*°+ Qg be the set of primes that appear in

at least one of the bl' i =1,**,n. There exists a

homomorphism 9 : I-v(-l.l)‘ such that ¢(p) =1 \if
p 1s a prime not among aq,, "". Qg and $(by) = -1
for 1 =1,***,n if and only if; there exists no

product consisting of an odd number of distinct b 's,

ré
)

-\
such that by, = |
\

.
1]

Proof -

Consider the following set of linear equations wlth

coefficients in F, .

(a) §£ (3)

a a,(j)x, =1 i=1,""",n
le 1 J

0 ir qJ does not appear in bi

wWher a =
© 1(3) {ll if a4 does appear in by

51
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x
Let ¢(qj) = (=1) J. If the equations (a) have

zQ'\(J)XJ . .1,

(xy0 *°*y Xg), then P(by) = (-1)
Conversely, 1f the desired ¢ of the lemma exists, there 1s
a solutlon vector (xl. tee, Xg) € 'Fas . A solution vector

for (a) exists if and only if:

] oy !
rank l Q;(J)‘ =rankl Q;lj) ‘\ .
If there exists a relation over [, among the rows of

ay(3) this relation may be expressed as

(ah(l)."'.am(s)) oot (aKt(l).“'.a“t(S)) = (0,%°+,0).

The rank of the two matrices is therefore the same if and
only if every relation of this form has t even. The

relation is equivalent to b‘\.“.b"t = 1.

Q. E. D.

Corollary A - Let bl. ***» b, Dbe a set of distinct
square-free integers. There exlsts an arithmetic pro-
gression A of primes p such that by, 1 = 1,*°°*,n,
is a quadratic non-residue mod p if and only if there
exists no product of an odd number of distinct by's
which is a square.

Proof -

ag+ |
If ™M b is a square, then for all primes
NEX] Jd
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different from qp, °°"s Qg (set of primes appearing in the
by's, 1 = 1,°**,n)

2R+
(_%LL):-I implies (_;mf_"i. = -! , which is &
P
contradlction.

In the other direction, if there exists no product of
an odd number of distinct by's which is a square, Lemma A
jmplies the existence of ®: I—{-1,1) such that
$(b,) = -1 for 1 =1,°**,n. If we can find an arithmetlc
progression A of primes p such that (%—*) = $(q:) for
j=1,""",s, then we have (%"} =<1 for 1=1,""°",n
Since ¢ was defined on all primes, we may wi thout loss
assume q; = -1, and q, = 2. We try to find an integer
x¥ such that primes p satisfying p E x* mod 8 a3 *"°° ag
form an arlthmetic progression satisfying our requirements.

Let x" = x, mod 8 so that (-'-D]—') = P(-1), (%) = $(2).

For § =3, "*", 8

(L) = €0 A (R) = ey T (L)

3 ‘TJ
* _
Choose x £ resldue or non-residue mod Q so as to

satisfy (‘l)bi_k' 3'*._‘ (-é-‘) = Q(Q_S) . By the Chinese

remainder theorem there exlsts an x* satisfylng these con-

gruences slmul taneously.

Q. E. D.
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Lemma B - (Extension of Lemma A)

- £ . - .
Let B = b, ,bn v By = Lbony, b o
*tcy B < {b"--."\ HN b“‘} be disjoint sets of

elements of I. There exlists a homomorphism

$: I—s(—l.l] such that d(b) = = ¢\b,“) = -1,

and dip, V= -0 = ¢(b"2u) (5) for

y =1, ***, k=1 if and only 1if there exlsts a sub-

collection By, By » ***» Bi, with
2 &1 - €14 ¢ k such that when a product

b, = | (where b‘,j are distinct) then
the total number of b"s‘f' , j=1, -+, 1in the

union of Bl' BL.- eee . B is even.

%
Proof -
As in Lemma A consider the set qye ***, qg of primes

appear in at least one of Dby, *°**, bn‘. Let

s
= 2 ai(J)x where again
=1 J

) {;O if a, does not appear in b,
a,(3) =
1 1 if q, does appear in Dy

5We have not specified the sign in the expression
¢(bn.+t)= "t =¢(bh_ Yfor v =1, °**, k-1.
\ -3
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¢ exists if and only if we can find €. =0 or1l for

1 =2, ***, k such that the linear equatlons

have the rank of thelr coefficient matrix equal to the rank
of thelr augmented matrix.
If (ag (1), **ry ay(s)) * (ap (1), +2*, &, (s))

teoet (a'v(l)’ e, ahv(s)) = (0, ***, 0) 1is a relation

among the rows of the coefficlient matrix, then the augmented
matrix will have higher rank unless the sum of the &, 's,
including repetitions, 1s even. Here E1 = 1 corresponds

to Li =] for 1 = 1.---,n1.

Qc Eo D-

Theorem A - Let h, B1r " &g be quadratic polyno-
mials ¢ 21x]1. Assume Vp(h)CZ\?Vp(gl) for a.a.p.

Without loss Wwe may assume

h=ax?+c, g(x) =ax +¢ (=1, «o+,1) with

a, a3, ***, 8¢ all square free.(é) Assume for

1 = 1.'°'.n1 that ¢, = ¢ and for 1 > Ny, Cy £ c.

For 1 > nl. further divide up the ci's, into classes

6To get the normalized foras ax? + ¢ Wwe complete the
square on the polynomials h, B1s ***e oo Thls may result

in polynomlals whose coefficients are not in &. 1In this
case, multiply all polynomials by scme one constant to put

them back in 8I(x]. This will change their value sets for
at most finitely many primes.
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- - ... =D
= -

such that Can.+ = Cn, Sy © “a

3 1

c“ ‘_‘3"‘22“ . Let b1=381.1=1."'.9\.

Va1 L3

and BF:{bh *".-Q’b“r> ' rgl. .... k.
Y

Then we conclude that for each subset of 1lndices

(1, =+++ 1q) with 2 L 1, & e Caq

&
Ab

exists some product of distinct by's, m b;J s |
Jd =

k there

mod squares such that the total number of bi's in
the product that are in the union of Bl' Bi,» """ B;T
1s odd.

Proof -
With no loss we may assume that each B1 consists of
distinct elements. Assume there exists a subset of indices

(11. ces, 1T) with ='2§11< cee & 1T ¢ k such that for
AA

(1]

every product of distinct by's, [T bs,
iz

! mod squares,
the total number of Dby's in the product, that are in one
of Bys By s Bi, is even. We shall show that there
exists an integer A and an arithmetic progression A of
primes p such that h(x)- A = 0 mod p, P € A, has a solu-
tion, but g, (x)= A 2 0 mod p has no solution for
1 =1, +++,. Since this would contradict the hypothesis,
our conclusion must hold.

Let. q1e ***» Qg be the primes which appear in
bps **°» by (including without loss q; = -1, q5 = 2). Let

® be the homomorphism given by Lemma B such that
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d(b,y = +.- = :D('b_ﬂ.): - \ P bn,n): ey = w(bn,) ,
" ) ¢(bn“_‘+\) e = Cb(bn‘)'
In a manner similar to that of corollary A we can find
an arithmetic progression of primes p (call this A.P. A%)

such that p = x* mod 8 Q3 *** dg for some integer x",
and (%‘): Tt =(§ﬁ=‘) :-‘ ) (bP“"") =...!(b?‘l)‘
(bn-*t) = e = (b-\.‘).

Tt +

Let pl. ***y Pk be distinct primes larger than both
|a-8-q,-- s am vg'ofx(lc.,v-cn.(l) . By

the Chinese remainder theorem there exists an integer
o 4 ~
such that C,. ~A ® p;mod p; . For ¥ 1, F‘J* (s.,,;—/\‘)
because . Cn. ~ .
P‘. * (\ahl Chj)
Define an arithmetic progression of primes A**. by the

following set of linear equations:
yo] = x* mod [8((]_3 PP qs)(ch.-/\/'p'\) [P (C““‘A/'PK)]

p ® my mod Py for 1 =1, ¢+, k,

where my 1s chosen soO that
-1 = () (- S B Qs { Q- 5. = (%a; C“i-x . .
=) T (S) (S e = (G NS ()
= (5 ().
For p satisfyiggw pE x* mod (Efn.qz/ Qg (Cn.-%')..,(in‘-%“\'}
the values of (‘-‘a“) and ( ____'F il P~> and =\ i3

are determined by the congruence alone.
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Since (%F)L%}) = (%?} = - for i =1,*°°,n, and
ay, C-2\ =
p € A**, we conclude that (Tr)(~F—) s l‘
Qn; cv\-‘ ‘l\ s - = qv\._-s cﬂ.-
(205)(Smg=A) = =1 = (Qmt) (S 2) :

for 1 =1, *°**, k.

Let A = A*. Then for primes p @ A,
n(x)- A = 0 mod p has a solutlion, but gi(x)- A 20 mod p
has no solution, 1 = 1, «ee, % . From the Dirlchlet Density
Theorem there exists infinitely many primes in the arith-

metic progression A¥*, This contradicts our assumption

that Vp(h)C @ Vp(gi) for a.a.p.

Q. E. D.

Corollary B - If h, 8y ***, g, are guadratic polyno-
q

mials such that Vp(h)c ¥} Vp(gi) for a.a.p. Then,
\

with the notation of the Theorem above, cy = ¢ for

some 1.

Proof =

If cy #c¢ for i = 1, *++, %, then By 1s the empty
set, and we apply the Theorem with the empty set of lndlces,
A .
to conclude that in any relation T by

1.8 2 | mod squares,

the total number of b.'s 1in By 1s even (since 0 is even).
J
Q. E. D.
Clearly the criteria of Theorem A to test for the

hypothesis of the polynomial conjecture 1s one which may be

verified in a finite number of steps.
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