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1. Introduction

In this paper the asymptotic behavior of the eolutions of the

matric differential equations

(B) x' = a(t)x
(FH) x' = A(t)x + £(t), ~nd
(NL) x' = A(t)x + £(x,t)
is considered. Here ' = d/dt, the n dimensionzl vector x hoe real or

comple:: comounents, the n by n metric fun-tion A(t) 2nd the n by 1
vector function r(t) heve real or cumplex valued elements which sre
definqd and continuous for ‘I‘o\< t < + ®», and the n by 1 vector function
f(x,t) has real or complex valued elemente which are defined and
continuoue for all (x,t) contained in scme suiteble domain D. Theorem
2.1 18 2 well known result (see referencec 8, 15, 24, and <6) wnica
gives up.er and lower “ounds {or the ncrnd of tre tolutions of (H);
thls paper expande upon Theorem 2.1.

The homogeneous equation. Lquution (H) is considered in Section 2,
Theoren 2.1 seéms tc have been first stoted in thie form by Wazewski

(reference 24).

‘Theorem 2.1. Let x(t;xo, to) be_the sclulici cf (H) such thet

x(to,'xo,to) = x_ ond_let A(t) znd A(t) be tic susremum end infimum,

respectively, cof theo clerscteristic roots of é»(A*(t) + A(t)) (# derotesc

0’

complex ccnjugete transpose). Then for t tc>, T

[% |exp f{:’)\(s)dsé lx(t;xo,to)lé |x_|exp [:A(s)ds,

(for_a _vector x, |x| = (*x)?; for & metrix A, |a] = Gup |ax]).

The corollaries of Theoren 2.1 trenslate the bourds of the theorenm
into the languege of stability theory, 1.e., they stute conditions om

1.'/\(s)de and {:’ A(e) ds which imply that x = C is o stable (or
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uniformly stable, or ecuiasymptotically ctable, or exponentially stable)
solution of (H), or that the norms of the nonzero solutions of (H) afe
bounded awey from zero or incresse exponentially. Corollery 2 is
typicel of these corollaries.

Corollary 2. If f;/\(t)dt = - @, then X = 0 is an equiasymptotically
stable solution of (E).

Direct converses of these corollaries ere not possible, but
Theorem 2.2 gives & wouk converse for three cf thea. For extmple, the
week converse of Corollary 2 would be: there exists & clase of n by
n mtrices, P , such thot the substitution x = P(t)y, P(t)€ £ , trens-
forme (H) into & new egustion
(1.1) y' = Cc(t)y
and thet 1) i1f y = 0 is un equizeymptotically steble solution of
(1.1), then x = 0 is en equiueyuwptoticelly stable solution of (H); und
2) if x = 0 s un equivsymptoticclly eteble solution of (H), then
there existe « P(t) € P such thet for the corresponding (1.1),
,QTI\C(t)dt = - = (/\p(t) ie the supremum of the characteristic roots of
5(C*(t) + c(t)). : ' -

If Theorem 2.1 yielde no inform.tion when epplied directly to (H),
end there are cusee where it does not, Theorem 2.2 showe the poesibility
of trensforming (H) into an equetion to which Theorem 2.1 mey be applied
with success. The proof of Theorem 2.2 1nvol§;s trunsforming (E) into
eén equation with e diagonal coefficient metrix; such transformations
neve been studied by Diliberto [lﬂ .

Theorems 2.3 and 2.4 both deel with the second order differential
equation. The theorems are mild improvemente of known resulte end the

proofe illustrete methods of transforming (H) and then epplying Theorem 2.1.



Theorem 2.5 is ueed in Section 3 and 4 to extend the results of

Theorem 2.1 to equations (NH) and (NL).

Theorem 2.5. Let X(t) be the fundamental metrix of (E) such that

X(t ) ie the identity matrix end let A(t) and A(t) be &s defined in

Theorem 2.1. Then for t 7t 2T,
exp I:X(S)ds < [X(t)] € exp J;ot/\(E)ds and
exp f:-/\(s)ds < 1Y) € exp f:- A(e)de.

The nonhomogeneoue equation. Equation (NH) is conesidered in

Section 3. Let A(t) and A(t) be es defined in Theorem 2.1 end let

(H:nh) denote the homogeneous equetion obteined from (NH) by suppreseing
f(t).

Theorem 3.1. If x( tix , to) is_the solution of (NH) such that

x(to;xo,to) = x_ end X(t) is the fundemental metrix of (H:nh) esuch that
X(to) is_the identity metrix, then for t> t.o>, To,

t t t .
Ixolexp Ito A(s)ds - j;o lf(s)lexp]; A(uw)du de € Ix(t,xo,to)l <

< Ixolexp {:/\(e)ds + f:lf(s)lexp j:'/\(u)du ds.

The proof follows from £pplying Theorem 2.5 to
t -1
x(t;xo,to) = x('l'.)x0 + ft, X(t)X “(=)e(=)ds.

Upper bounds for lx(t;xo, to)l may be deduced from Theorem 3.1; this
i1e done in the corollary (lower bounde are diecussed later). Twc of -
the results are stated here. o

Corollaxry. Let Kl, Ka, K3, Ku be cornstante.

D 1 [Pl#(t)]at < K) end [CA(udu< K, for ¢ 38 »T., then

(] R
the solutione of equation (NH) are bounded.

2) If |1£(t)]| < kK, ond A(t) < - K,< 0 for t 3 T, then for all
x,end t> t T, "

|x(t;x ,t )] < KK, + (|x | - J/K,) exp (K (t -t ))
(thie secand result ie extended in the corollary to Theorem 3.3).



Bellmen (reference 3) has shown that if an A(t), bounded and contin-
uous for t » T , is given, then (NH) has all its solutione bounded for
any f(t) such that [l;lf(t)ldt< @ if and only if |x(t)x'1(a)l < c for
some positive canstant ¢ end all t33 s » T, (here X(t) is any funda-
mental matrix of (Hinh)). Since |X(t)X X(s)| < exp LFA(w)ay, the
condition of (1) of the corollary (ét/\(u)du <KforelltyesyT)
implies that Ix(t)x-l(s)l < e for t 78 2T . The converse is not
true (ae is shown by example in Section 3).

Perron (end Bellmen, refersncee 3 and 21) hue proved that if A(t),
bounded and continuous for t > T, 1e given, then (NH) has all its
solutions bounded for any f(t) which is bounded and continucue for t » To
if and only if x = 0 is an exponentielly stable solution cf (H:nh).

The condition of part (2) of the corollery (A(t)€ - K< © for ¢t To)
implies, by Theorem 2.1, Corollery 3, that x = 0 is on exponentially
stable eolutiori of (H:nh). The converse is not true (as is shown by
example in Section 3).

There is a specialization of the Perron theorem by Bridgland
(reference 6). Let X(t) be the fundamental matrix of (H:nh) such that
X(to) = I; 1let Y(t,to) = {:X(t)x-l(s)de; and let x(t;xo,to) be the
solution of (NH) such that x( to;xo,to) = X . A vector or matrix
function convergee if it approaches a constent vector or metrix eiement-
wise. The theorem states: given A(t), bounded and cantinuous for
t 2 T, every solution of (NH) converges for every convergent f(t) if
and only if a) every solution of (NH) is bounded for every bounded
f(t) and Db) the matrix Y(t,To) converges. Moreover,

Ha x(tix,t,) = (1w ¥(v, 4] [1am #(0)].
If, in addition to the hypotheses of Bridglend's theoremn,



A(t)< K< o0 for ¢t » T, then
|x(t)x'l(a)| £ exp ]st/\(u)du £ oxp[l((e - t)] and

(¢t )< 4 *1x()x"L(e) |ae < [ Sexpfk(e - t}] ae = 1N - exp(K(t - t)))

Teking ncrme in Bridgland's reesult,
|pam x(esxg, )| € |tm ¥(e, ¢ )] [31m £(t)| € K™Y 11m 2()].

Thie is the bound obtained in the corollery to Theorem 3.3.

Compered with these earlier resulte, Theorem 3.1 and its corollary
have three disadvantages: 1) they give only sufficient conditioms;
2) in two instances, they require a etronger hypotheeis; 3) they
do not detect the convergence of =« eolution. But the theorem and its
corollary alsc have advantages: 1) they do not require that A(t) and
f(t) be bounded; 2) they give bounds for the norme of the eolutions
even if f(t) doee not converge; 3) they mey be applied to equatians
not covered by the theorems of Perron and Bellmgn (For example, assume
that (NH) 1is given with A(t) and f(t) specified, but that x = O ie not
an exponentially stable solution of (H:nh) and J;,:]f(t)ldt = w. In
such a case, &nd such a case ie given in Example 3.4, the theorems of
Perron and Bellman would not apply, dbut the equation could have bounded
solutions. The theorems of Sectian 3 would apply and might detect the
boundedness. ); u4) it is eagier, at least for eystems of order two or
three, to compute A(t) than 1t is to determine whether x = O is an
.exponentially stable solution of (H:nh) or whether |x(t)x‘ (8)] € ¢
for t2 s 2 T,

If equation (NH) ie restricted, the ineﬁualities given in Theorem
3.1 may be examined in more detail. In Theorems 3.2 and 3.3 it is
aesumed that A(t)< 0 for t > 2T, (Theorem 3.2 permits a elightly weaker

eassumption) and that £(t) 1s such that there existe & G(t), defined,



nen-negative, bounded, and continuous a.e. for t T, with [£(t)] =
~G(t)A(t) (If A(t)< -c <0 and |£(t)| < M for t> T, then G(t) =
[£(t)|/-A(t). The definition of G{t) becomes complicated in neighbor-
hoods of points where /A(t) = 0; thie is discuss;d further in Sectiom 3.).
Roughly speeking, Theorems 3:2, 3.3 and the corollary to Theorem 3.3
describe the behuvior of Ix(t;xo, to)l relative to whether |x(t;xo, to)l

1s greater than or lese than G(t): if Ix(t;xo,to)l Z G(t) for

T, < t;< t< t,< w, then lx(t;xo,to)l ie monotonic non-increesing for
€t<€t

t 3 Af Ix(tl;xo,to)l <€ &(t)) for T < t < t,< e, then

1l 2
Ix(t;xo,to)l < aup{G(e): t,< 8¢ tf for t » ti,’ and if {;/\(t)dt = -
and lim sup G(t) = U, U a non-negative constant, then Lim eup | x( t;xo,to)l
< U for all x, and t T, -

Theorems 3.2 and 3.3 analyzed the right inequality in Theorem 3.1;
Theorems 3.4 and 3.5 analyze the left inequality in a similar fashion.

The nonlinear equation. Equation (NL) is considered in Section k.
Let A(t) and A(t) be as defined in Theorem 2.1 and let (H:nf) denote
the homogeneous equation obtained from (NL) by suppressing f(x,t). If
X(t) ie the fundamentel matrix of (H:nt) such that X(to) i1s the identity
metrix and if x(t;xo, to) ls a solution of (NL) such that x(to;xo, to) =X,
thJen x( t;xo, to) satiefles the integral equation

x(t,‘xo,to) = x(t)xo + ]: x(t)x-l(s)f[x(s;xo,to),s]ds

(assuming that x( t;xo, t.o) exists for @1l t under discuesion).

Starting from thie point, the reasoning used in the five theorems
of Section 3 is repeated and five completely analogous theorems are
obtained for (NL) (In fact, the work of Section 3 may be considered as
an importent special case of the work in the first part of Section 4).

Only in dealing with (NL), cere must be taken in all theorems to insure



that x( t;xo, to) exists wherever it is discussed. The work of Bellman,
Perron, ond Bridgland also carries over to (NL) (Bridgland s work
requires a few more restrictions ) and the relation between their results
and the results of thie paper is ubout the saeme ag that discussed for
(NH). All this constitutes the first five theorems of Section 4.

In the remainder of Section 4 it is aesumed that |f£(x,t)| < g(t) x|,
where g(t) is defined, non-negative,and continuous for t 2 T, for all
(x,t) € D. Then Theorem 4.6 follows from Theorem k.1.

Theorem 4.6. If f(x,t) is as just described and if x( t;xo,to) ie &

solution of (NL)_such th'at x( to;xo, to) = x_ and x(t,‘xo, to) € D for
T,€ t,€ t<t € mw, then
|x |exp fti)\(e) - g(e)lde < Ix(tix ,t )] € |x_|exp ft{/\(s) + g(s)}de
ol T 4 %0’ Yo o 1,

’ £ t,.
for to‘< t tl

If, in addition to the hypotheses of Theorem 4.6,1(0,t) = 0 for t > T,
(and hence x = 0 is a =olution of (NL)), then Theorem 4.6 may be used to
diecues the etability (or wniform 8tability, or equiasymptotic stability,
or exponential stability) of x = 0 as & golution of (NL). These resulte
are stated in Theorem L4.7.

Theorem 4.7. Let equation (NL) be wiven and cesume that the hypo-

theses of Theorem 4.6 are satisfied. In addition, nssume that £(0,t) = 0

for t ;To.

> T_, then x = ©

1) If C{/\(s) + gle)}as < L(t) < @ for t 3

is_&a stable solution of (NL).

2) If in (1), L(to)é L for all t.7 T, then x = 0 i a wniformly

steble solution of (NL).

3) If the hypotheses of (1) are satisfied and if [r“ {/\(t) + g(t)} dt

= - o, then X = 0 ie an equiesymptotically stable solution of (NL).




k) Iz A(t) + g(t)< 0 for t > T, and x(t;x ,t )€ D for

t> t, > T, then |x(t;xo, to)l is monotonic non-increasing for t » t -

5) If A(t) + g(t) € - ¢, c a positive canstant, for t >’To’ then

= 0 is_un exponenticlly stable solution of (NL).

In the following discuseion of equution (NL) and of Lyapunov func-

tions, 1t is assumed that x', A(t), x, and f(x,t) hcve reel valued
©lements.

"Theorem %.7 1s similar to the work of seversl other authors. One
line of investigetion was started by Perran (in reference 21) and later
developed by Persidskii and Malkin. The'work of 8211 three 18 cummar-
1zed in reference 16, Chepter VII, =nd the following is the moet con-
venient theorem of their approcch.

fheorem. Let equation (ML) ve given =nd assume‘that A(t) i
bounded for t > T, end that [f(x,t)| = o |x|) wniformly in t, i.e.
[£(x,t)] € |x|r(|x]) where r(|x])—> 0 =s |x|=> 0 for ¢11 t 2T, If
(H:nl) has a Ly=punov functlon, V(x,t), such that V'(x,t) is negutive
definite, then x = O is an csymptotically st:ble solution of (NL).

A Iyspunov function for (H:nl) ic & real scalar function, V(x,t),
which 1is defined, positive definite, and hie continuous firet partiﬂl
derivatives with respect to x and t for 11 x =2nd t > To. Further,
V(o,t) =0 for t Z T  end vi(x,t) = Vx4 Vt = V- Ax + V.. The same
definition holds for (NL) except V(x,t) ic defined only on D end V'(x,t)
= vi.(Ax + f) + Ve

The uee of Lyapunov functione in gtebility theory has been exten-
sively Investigated, but most theorems require theat V'(x,t):§ o
This ie more than ie required in Theorem L.7. Recently Sell (reference

22) has studied Lyapunov functlons with wesker restriction on V'(x,t).



He considers the differential equation

(1.2) u' = H(u,t)

vwhere H(u,t) is 2 real valued scalar function of the reel ecaler variaoe
blee u and t which ie defined for (u,t)€ B = {(w,t): |ul < F t 32 qu i
Further, H(O,t) = O for t 2T, =nd H(u,t) ie such that {1.2) satisfiet;
the canditione for the existence and uniqueness of solutions on D.

An extended Iyspunov function, V(x,t), for (H) or (NL) is the same
as « Iyapunov function with the addition that

V'ix,t) € 3(V(x,t),t)
for some H(u,t) as defined in (1.2).

Theorem. 1Iet equation (NL) be given and =ssume that 1) the
solutlions of (NL) are unique; 2) £(0,t) = 0 for t > To,’ and 3) an
exténded Lyapunov function exists for (NL). If u =0 is a steble (or
uniformly stable, or agymptotically stable, or equiasymptotically stable)
solution of (1.2), then x = ¢ is a stable (ur uniformly stable, or
asymptotically stable, or equiasymptotically steble) solution of (NL)
(For uniform gtability 1t 1is also necessary to assume thet V(x,t) hae
sn infinitesimal upper bound.).

If (NL) ie o rezl valued equation and if the éoluti_ons of (NL) are
uique, the (1), (2), =nd (3) of Theorem 4.7 oey be derived from the
preceding theorem. et V(x,t) = |x] = (xTx)% (xT 18 x trenspose);
it ie eaey to verify that |x| is & Iyapunov function. It followe from
a derivetion similar to the proof of Theorem 2.1 that

Ix|* € (A(t) + g(t) Y] for a1l (x,t)€ D .
Then |x| 1s 2n extended Lyapunov function ond it 1s only necessary to
study the null solution of
(1.3) u' = (A(t) + g(t) )u.



The general solution of this equation is

u(t) = u(to)expj:(/\(s) + g(s))ds + ¢t to>/ T,
and conditions (1), (2), and (3) of Theorem b.7 are seen to be precisely
the candtions which imply that u =0 is a gtable, uniformly stable, or
equiasymptoﬁically cteble solution of (1.3).
Corollaries 1 and 2 of Theorem 2.1 mey «1so be derived in this manner
by simply repecting the preceding discussion with g(t) = 0 for t > ’1‘o
Also, some of the results of Section 5 may be obtained by using IP-lx
(P-l a nonsingular, constent matrix which ie defined in Section 5) as an
extended Lyapunov function.

Cesari (reference 9, p.94) and Golomb (reference 12) prove further
results for (NL). The following theorem is one of Cesari's results;
it is cimiler to (2) of Theorem k4.7.

Theorem. Assume the general hypothesee of Theorem L.7 are satisfied.
If f:og(t)dt <® &nd x =0 ie a uniformly etable solution of (F: nt ),
then ; = 0 1ls & uniformly eteble solution of (NL).

Theorem 4.7 deals with the right inequulity of Theorem 4.6; the
left inequality is trezated in Theorem 4.8. |

Variatione about & constant mztrix. Several ideas in thie gection

arose from remarks made by W. Kaplarn. -Some of these may be found in
reference 15, sections 8-10 -- 8-15.

In Section 5, the epecial cases of (), (NH), end (NL) are con-
eidered where A(t) = A + B(t), A « constant metrix and B(t) a continuoue
matric function. The theorems of Sections 2,3, end 4 are used to describe
the zsymptotic behavior of the eolutions of these gpecial tysteme in
terme of the charncteristic roots of A znd the metrix B(t).

The technique used is & substitution, y = P'lx, vwhere PT1AP = g



11

end J ie in Jordan form. Thie subetitution trensforme (H) from
¥t = (A+B(t))x  into  y' = (J+ PB(OP)y = (74 F(t))y = C(t)y.
Equations (NH) and (NL) =re transformed in = eimiler feshion.

A series of lemmas ehow. that

1) the theorems of Sectione 2,3, «nd 4 may be =pplied to the
transformed equatione;

2) the asymptotic behavior of the originel equatione can be
deduced directly from the asymptotic behevior of the treneformed
equations;

3) if /\X end >\X ers the supremum =nd infimum, respectively, of

~

the cherecteristic roote of 3(X* + X), where X = J, F(t), or ¢(t), then
N(t) € A+ Ap(t) wnd Aolt) > Aj o+ >\F(t)5
L) if R end r ere the maximum and minlmum, respectively, of the
reel varte of the chearacteristic roots of A and if € 7> 0 is erbitrary,
then P may be chosen such thet [/\J -R| <€ ernd | )\J -r|< € ; and
5) - Ag(t) ena A(t) < 12712 Jé

Using these lemmse, severcl theorems may be obtalired for the

1 lbiJ(t;[.
epecial cnses of (7), (NE), and (KL), but for gerierzl A end B(t) these
thecreme have been proved by other suthore. Part (1) of Theorem 5.1 is

typical of these resulte.

Theorem 5.1. 1) Let the equution

x'=(A+eB(t))x, €, c< €< w,n parameter,

be _given end eeeume that |B(t)|< M for t > T. If x = 0 is an _expcn-

entially stable solution of this equ.tion when ¢ = 0, then there existe

an 607 O guch thet for 0 € € < eo, X =0 is still un exponentislly

stable solution of this equr:tion.

Ae A and B(t) are restricted, the results of this method are improved.



One restriction ie to assume that the chearacteristic rootes of A are

distinct; enother restriction is to sesume thet

x' = (A + B(t))x

is 2 recl n-th order equation written in syestem form, i.e.

9

] ) Oy
Tx] ro 1 0 .. 07‘ ¢ ... 0 INEN
. 0 o) 1 . . il

. e SN

* |
| | *

1 i

L - - - - o e = |
:%L - a1 a, Lbn(t) bl(ti/ jgﬂ

where 81s+-,8 are reel constants und bl(t),.. .,bn( t) are reel velued

functions, defined #nd continuoue for t>» To' For thie lust case,

Theorem 5.3, (&) showe that if the Characterietic roots of (A + B(t)) are

"cloee enough"’ to the cheracterictic roots of A, then
x' = Ax »ond x' = (A + B(t))x
heéve the same ceymptotic behuvior.
Finally, the recl, second order differenti:l equation
x" + (ul + bl(t))x' + (u2 + bg(t))x = 0,

where &, @nd &, ere real constante und bl(t) and ba(t) sre real vslued
functions, defined and continucue for t >;TO, is studied. For this
equation, the computations involved in reducing A to Jordan form cen be
carried out in detsil. The bounde for /\C(t) and )\C(t) (C is the
coefficient matrix of the transformed equstion) which reeult are given
For exemple, Lemms 5.1b stctes: If the charac-

)\2+al>\ + e, = 0

&~

in I.Bmm!iE. 5.1"‘ - 5-160

teristic roots of =-call them )\l end >\2-—

&re complex, then the m:trix p mey be chosen such that
< -3 - A |7?

/\C(t) 2(2) + b,(t)) + X, - A [N o (t) + b,(t)].

The efficecy of these bounde zne = tool in stebility theory is then

demonstreted in Theorems 5.7 = 5.9.



2. Baeic Definitions end the Homogeneoue Linezr System

Definition 2.1. Let

{H) x' = A(t)x t?,To,
(NH) x' = A(t)x + £(t) t 2 T, «nd
(NL) x' = A(t)x + f(x,t) : (x,t)E D

be eystems of differenticl equatione in matrix notation. Here x' =
Col (dxl/dt,...,d.xn/dt) and x = Col (xl,...,xn) are vectors; A(t) =
(aij(t))’ i, = 1,...,n, 1is & metrix function of the reel varieble t
Wwith elements which are defined #nd continuous for Tos t < + »;

£(t) = Col (fl(x,t),...,fn(x,t)), vhere (x,t) = (xl,...,xn,t), is e
vector function of (x,t) with components which rre defined end contin-
uous for (x,t) € D. The componente of x m:y be reel or complex &nd the
furctione uiJ(t), fi(t), end fi(x,t), i, J=1,...,n, mey bve recl or
complex valued. The et DC EO X R is cpern #nd connected and ic such
thut there existe = constant, r,> 0, for which [{x: x€ E' erd

|x] < ro} X R] C D. Here E' is #n n-dimensional Euclides:n or unitary
vector epice, depending on whether x has resl or complex components,
&nd R 1s the renl intervel [To,cn). Let R_ = supilxl: (x,t) € D}; R
mey equel + oo,

Remexrks on Definition 2.1. The homogeneous li;near system, (H), end
the nonhomogeneous linear gystem, (N’H), gntiefy the conditione for the
existence end uniqueness cf coluticne for t To; the nonlinecr gystem,
(NL), satiefiee the conditione for the existence of solutione on the
set D. The vector x = ¢ ie an equilibrium colution of equation (H);if

£(0,t) = 0 for t 2 T,» the vector x = 0 i¢ an equilibrium solution of

equation. (NL).

Definition 2.2. 1) Ifx€ En, 5* 1z the complex conjugate

13



1k

P
transpoese of x (or simply the transpoee if x ie rezl) end [x] = (*x)2.
2) IfA-= (uiJ), i,4=1,...,n, then gt ie the complex conjugute
tranepose of A (or eimply the transpose if A is real), IAI =;fﬁ? IAx] )

n
«nd ||Al| = i..,};.1[;-.]..JI. Further, 1lﬁ end 21A are the supremum end infi-

~

num, respectively, of the characteristic roote of g(A* +A). IfA-=
ﬁh(t)and AA =

A(t), 1.e. A 1s ¢ metrix function of t, then ’\A

)\A(t) are functions of t.

[

-
M
N

o]
-

lemma 2.1. If A = (aiJ) and B = (biJ), i,3 =
x = Col (xl,...,xn), ond ¢ 1s @& scular, then

1) |aB| < |a||B];

2) |a+ B| £ [a] + |B];

30 eAl = [c]|al;

W) Ja] = |&*[;

5) lax| & [a[x];

6) 1f A = A%, then |A] equsle the mximum of the abeolute values
of the characteristic rocte of r;

) |al< ||a) .

Proof. These ure well known propertiec <f the norm; proofs of (1) -
(6) may be found in reference 13, py. 176 - 1681. To prove (7), note
that (by Schwerz inequelity) |

n n o n n , :
axl = (2 1 2y ey P2 <[ ) (e 1D E e 1] -
n .
= lxl(L)%;_'lz:ijl‘:)eé Al 1x]. &.E.D.

The following definition gives some of the usucl Lerms used to
describe the acymptotic behevior of golutions of differential equutione.
The terms ore defined for (NL), but they also apply to (H), with r_ = e.
The boundedness terms also tpply to (NH), with r = e In the defini-

tior, x(t;x ,t ) ies & solution of (NL) euch that x(t 5x ,t ) =x .
o O ¢ 0O 0 O



In (2), (3) end (&) of the following definition, assume that £(0,t) = ©
for t» To. |

Definition 2.3. 1) If there exictc a 50> ¢ such thrt le[ < 60
implies x(t;x_,t ) € D for t » t 2 T and If, given §, 0< § ¢ 50,
vrd t_ % T, there exicts an M( 8 ,to) 7 0 cuch that [xo|< 5 imsliee
lx(t;xo,to)l € M for t> t_, then the solutions of (NL) rre loctlly

bounded. If M = M(J ), then the solutions of (NL) are uniformly locclly

bounded.
2) I7, given €, (< e <1, ard t,7 T_, there exlste 2 d (e ,tc),
V< < r_, such thut lxol <§ implies lx(t;xo,to)l< € fortzt,

then x = O ls : gtable eclution of (NL). If § = §(g ), then x = G

fe . uniformly :table rolution of (NL). Fer (), locel boundedriess ic

equivelent to the st bility cf x = O snd wif . rm Loe 1 vowndedrene ic

e uivelent L0 the unifarm ¢t-bility of x = O.

3) If x = C it u steble sclution of (BL) aud if, for t 7 T,

there exicte - 5'(tc-)’ 0 < 60< ¥, zuch th. % be} < (5L Inpliec

iim x(t;x ,t ) = O, then X = ¢ ir »*1 veymrtotic: lly etuble eclution of
Te= o’ Co ’
(NL). If thie liwit is wniform for ¢11 x, |x |« 50, then x = C ig a5

equineyumptoticnlly estible eolution of (KL). Fer (H), equizsymptotic

stebility is equivalent to ey totic stability.
L) If there exists £ constent ¢ » ¢, =nd if, given €, C<e <L ro,

» guch thot ]xol <

~

end t.72 TC, there existe r § (¢ ), 0< b < v
impliec lx(t;;,,to)l < cexp(- c(t - tc)) Tor t 2 t , then x = € g -n

exponentinlly cteble solution of (NL).

5) If, given (xo,to) € D, there exiets & 5(xo) > 0 esuch thut
x(t;xo, tO)E D implies lx(t;xo,to)lzd‘ for t» t_, then Ix(t,‘xo,to)l

is bounded awey from zero.




6) Ir there exists ¢ poeitive constent ¢ and if, given €,
0<e < ro, end t T_ there exists o 6(e), 0<c 8 < r_, £uch thut
lxol > & and (x(t;xc,to),t) € D implies thet Ix(t;xo,to)l > e exp(c(t-t_))

for t » to, then lx(t;xo, tc)l increases exponentially. This property

i of interest primerily when roo=+ @,

The following theorem gives upper and lcwer bounds for the norms
cf the solutions of (F,. 1In the corolleries to the theorem, these
bounds ere trenslated into the terminology of Definition 2.3.

Theorem 2.1 (References: &, Sec. 2; 15, p. 500; 2k, Sec. 2; 26,Apperc.).

let x(t) ve = solution of (H) with x(to) = x_; let A(t) = /\A(t) and
A(t) = )\A(t). Then for t t_% T, |
|xlexp f: Ne)ds € [x(t)] € |x_[exp {:/\(s)ds.

Proof. 1If x, = 0, tke wriqueness of the colutions of (H) implies -
that xv(t) =Cfor iyt > T  &nd the theorem holds. Assume x, £ C end
thus x(t) £ C for t zt 2 T,

Let ue(t) = X*(t)x(t), 1.c. u(t) = [x(t)]; then for t t. 2T,

2u(t)ur(t) = x*(edxr(e) + [x*(t) ]x(t), or
u(e) = {(2[x(0)]®) U (6) [K%(e) + a(t)] () u(t) = B(x(+),t)u(t).
Therefore, u'(t) is defined and continuous for t 7t

The function H(x,t).is = Hermitean.fcrm evalu. ted on the wnit
ephere end is continucus in x and t. Thue lilli% F(x,t) existe end is
continuous in x and t and A(t) = Is}i% H(x(t),t) exists end is continuous
in t for t > to. Therefore,

u'(t) = A(t)u(t) + g(t): g(t)< 0 and continuous for t » t,
ut(t) = Alt)u(t) = g(t).
'i'he function exp {t'- /N(s)ds existe and is en Integrating factor for thie
o

equation; the solution is
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u(t) = u(to)exp f:/\(e)ds + {:‘ g(S)[exp fst/\(u)du]ds.
Since g(t) € 0 for t » t
|x(t)] < lxolexp {:’/\(s)ds.

In 2 similar fashion, teking ﬁ’?ﬁ H(x,t) = A(t), 1t followe thet
[x(t)] > |x | exp {:‘)\(s)ds. «.E.D.

Corcllary 1. If jt':'/\(s)dsé M(t) < = for T < t_ < t, then
[x(t)] |x_|exp M(t_), the solutions of (H) are locelly bounded, end
X = C is 2 stuble solution of (H). If M(tc) £ M for el1 ty > T, then
Ix(t)] £ [xoloM, the solutions of (H) are wniformly locally bounded,
and x = 0 is & wiformly stable solution of (F).

Proof. The proof follows directly frocm the theorem snd from
Definition 2.3, (1) and (2).

Corollsry 2. If [:/\(t)dt = - w, then X = 0 is an equissymptoticelly
stable colution of (H).

Proof. Since A(t) is continucue for t » T_ end {o/\(t)dt = -,
for t 7 T, there exists en M(t_) cuch that {:’/\(s)ds < M(t ) for
t,€ t. By Corollary 1, x = 0 is = etable colution of (F). Further,
[x(t)] < ]xolexp {:’/\(e)ds—>0 &6 t —> w for all Ixol< 50 ( 5(: en
erbitrary positive constant). This limit is uniform with respect to
x, for all |x | < 50. Q.E.D.

Corollary 3. If A(t)< - ¢, c a poeitive constant, for t 3 T,
then x = 0 18 an exponentially stadle solution of (m).

Proof. Given €3> C end to> T, let 8(€) = €. By the theorem,

ir |xo| < § » then [x(t)] £ lxolexp {A(s)dsé € exp(- c(t - to)). G.E.D.

t
Corollary 4. 1Ifr {b A(s)ds >/m(to) > - = for T g t < t, then
x(t)] 2 Ixolexp m( to). Ir m(to) Zzw for all t > T, ther [x(t)] > Ixolem

end the norm of every nonzero eolution of (H) is opounded eway from zerc.



Proof. The proof follows directly from the theorem and from

Definition 2.3, (5).

Corollary 5. If _L')\(t)dt = @, then the norm of every nonzero
solution of (H) is unbm;xded 2s t > e If A(t) 2 ¢, c & positive
constant, for t T,» then the norm of every nonzero solution of (H)
increases exponentially es t - w.

Proof. The first part follows directly from the theorem. Ir
ANt)>c for t 2 T,and 1If € > 0, t > T are given, lot &(c) = ¢.
Then 1f |x | 2 8 , |x(t)] % |x_|exp jt':)\(e)ds >€exp(e(t - t)). G.E.D.

If A(t) 1is periodic in t with period T, i.e. A(t + T) = A(t) for
t 2 To, then the hypotheses cf these corollaries mey be stated in more
convenient form. In each of the following corocllaries it ie acssumed
that A(t) 1s periodic in t with period T.

T+7T
Corollery 1'. If [ /\(t)dt €0, then x = ¢ 18 a uniformly
o

stable solution of (E).
Tot+T
Proof. Ifj;' A(t)dt £ 0, ther ,_f:/\(s)ds € (T) mex(/A\(t): Toé.
o
t <& T + T) for t 2 to> T, and, by Corollary 1, x = O is a uniformly

stable sgolution of (H). &.E.D.

To+ T
Corollary 2' - 3r, If{:o A(t)dt < G, ther x = 0 1s an expon-
1 ‘

entially stable egolution of (H).
T.+T ) To+T

Proof. If£ A(t)dt < ¢, thenj_'% N (t)dt = -cT, c 2 positive
constant. Let x(t;x_,t_ ) be the solution of (H) such that x( toix,t ) =x_.
Since the solutions of (H) depend continuously upor: their initial con-
ditions, for any € » C there exists a & (e)>0 (5 is independent of

t, since A(t) 1s periodic) such that |x0|<5 and t > T_ implies that

-. -CT -
[x(t;x_,t )] < €e™® for Y€ t<t +T. Foranyt »t, t=1+nT

o’

(n = non-negative integer). Then by Theorem 2.1,
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- t+nT - -
Ix(tixo)to)'< 'X(t}xo,to)'expfé A(t)at ¢ e CT)(B ch) =
o oM UT o meltete) o o

= €
To+T
Corollary L'. 1Ir [r A(t)dt » G, then thé norms of the nonzero
(-]

solutione of (H) are bounded away from zero as t—> e,
Proocf. The proof ie eimiler to the proof of Corollary 1°.

To+T .
Corollary 5'. If A(t)dt > 0, then the norme of the nonzero
axy

solutions of (H) increase exponentially ae t — .
Proof. The proof is similar to the proof of Corecllery 2' - 3¢,
Direct converses for these corollaries are not possible (Example

3.1 provides ane counterexample), but weak converses are (Oxcopt

for Corollaries 4 and 5 ). These will now be developed.

Definition 2.k. If (H) € cBl, then x = O is a stable solution of

(H); 1f (H) € BE’ then x = 0 1s a wniformly stable solution of (H); 1ir

(8) € (83, then x
(A) e B , then x

(H! € 65, then the norms of the nonzero solutioms of (H) are bounded

away from zero for all t; if () € @5, then the norme of the .nonzero

O is an asymptotically stable solution of (H); 1ir

0 is an exponentially stable solution of (H); 1r

solutione of (H) increase exponentially ag t —» ca.
Lot L,(t)) = 3im eup {: Mfedds and b(t)) = 11g tnr [* ), (e)e.
If (H) € Cl, then L, (T )< w; 1f (H) ¢ gé, then L(t )< L, s
constant, for all t'°>/ T it (B) € (‘33,' then L,(T ) = - «; 1f
(1) € C,, then A (t)< - c< 0, c constent, for t 3 T ; 1f (F) € 65,
then ZA(to) 7 €, a constent, for all t, 2 T if (B € Cs, then
}\A(t) %2 ¢ >0, c constant, for t > T, (B denotes behavior, C

denotes condition).

Now Corollaries 1 - 5 of Theorem 2.1 may be written as one corcllary

(Corollary 1 has been split into two parts).
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Corollary. If (H) € C,, then (H)e B, (1= 1,...,6).

Definition 2.5. Llet P = {P(t): P(t) 1s an n by n matrix which
1s defined, nonsingular, and has & continuous derivative for t » To;,’
let _(21 = ip(t): P(t)€P and |P(t)| is bownded for t To}; let
L, = Ixt): P(t)e P ana |P"X(t)] is bounded for t 3 Y5 let
£3" = ‘Pl n 632, |

A matrix P(t) will be called admiseible only in connection with
some equation (M) and only if that (H)€E @1 for some 1, 1 < 1<6. If
(B) € @,, 1 = 1,3, and P(t) 1s admissible, then P(t) € -691; ir (e &,
i=2,4,6, and P(t) is admissible, then P(t) € 633; ir (H) € ®5 and
P(t) is admissible, then P(t) ¢ ®,. |

If P(t) € P, then the substitution y = P 1(t)x transforms (H) into
(2.1) ' = BTHO)(ACEIR() - P'(%))y = B(t)y
where B(t) is continuocus for t 2 To' Ir x( t;xo,to) is the solution of
(H) such that x(to;xo,to) = X, then y(t;y_, ) = P'l(t)x(t;xo,to) is
the solution of (2.1) such that y(to;xo,to) =y, = P'l( t)x . If
x(t,to) l1e the fundamental matrix of (H) such thet x(to,to) ie the
identity matrix, then Y(t,t ) = P'l(t)x(t,to)P( t ) 18 the fundamentel
matrix of (2.1) such that Y( t,t,) 18 the identity matrix.

Lomme 2.2. Assume the substitution y = P'l(t)x, P(t)e P, has
been made to transform (H) into (2.1). If (2.1) € (51, and 1f P(t) is
an admiseible matrix, then (H) ¢ CBi’ 1=1,...,6. |

Proof. Since y(t;yo,to) = P'l(t)x(t,'xo,to) and x(t,‘xo,to) =
P(t)y(tsy,t,),

IP'l(t)l'lly(t,'yo,to)l < Ix(tix,t )] € lP(t)lly(t;yo,to)l-

Assume (2.1) € (B,, then P(t) € P, and |P(t)] < M for t » T -

let € » 0 and t,7 T, be given; let ¢' = €/M. Since (2.1) € (51,
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there exists a §'( €', ) = 6'(e,t,) > 0 such that Iyl < &°
implies Iy(t;y st ) < et tor t 3 o Let 5( &, t) = 8(e, t,) =
[P~ (t )W 15' (Note that even if §' did not depend on tg , 0 would
depend on t_.). Then Ixo|< 5 1implies [yOI\ |p~ (to)on[ < &
which implies that ly(t;yo,to)l < ¢' or Ix(t;xo,to)l < [P(t)lly(t;yo,to),
<€ fort: t, l.e. (B)e (Bl.

If (2.1)€ B,, then M(t) € Py ana [B(t)| < M, [PX(t)[< ¥ for
t 2 To' Now repeat the préceding Procf but note that 5' = 3'(6 ) and
let § = 8(8")=68(e)=n"1gr.

If (2.1) € Bi’ 1 =3 or k4, the proofs are much the same &s the
preceding proofs,

If (2.1) € B, then (t)e P, and [P"X(t)|< N for ¢ > T_. Let
(xo,to) be given; this determines Y, = P-l(t Jx_. 8ince (2.1)€ ﬁ
there existe a 5'(y ) = 6'(x_) > 0 such that |y(t;y ot ) 2 & for
b7 o Mhen [x(tixg, )] 2 1PN Mty 00| % N y(tiy_, )]

1 o = 5(:0) for t 2 t_ end (H) € @5.

Ir (2.1) € ®6’ the proof is similer to preceding proofs. Q.E.D.

Lemme 2.3. The substitution y = P'l(t)x, P (t)e P, trensforms
(H) into

(2.2) y' = D(t) y, where D(t) = Diag (dl(t),...,dn(t))
1s defined and continuous for t P2 To,

if and only if for t 2 to>, 0,
X(t,ty) = P(t)exp f D(s)ds P~ (t )
where X(t,t ) is the fundamental mat.rix of (H) such that X(t t, ) 1
the ldentity matrix and D(t) is defined end continuous for t > '1‘ .
Proof. If y = P~ (t)x, P(t)€ P, transforms (H) into (2.2), then
the discussion of equation (2.1) applies. First D(t) 1s defined and

continuous for t » T and second



22

X(t,t ) = P(_t)Y(i;,to)P'l(to) = P(t)exp j: D(s)ds p‘l(to).

Now assume D(t) ie defined and continuous for t To' Fix t°>, T
this determines X(t;to‘). Let P(to) be & constant, nonsingular matrix.
Then

P(t) = X(t,t )P(t_)exp I:-D(s)ds
1s defined and continuous for t 3 TO and P'(t) 1s defined and continuous
for t > T, i.e. P(t) € P . Further, y = P'l(t)x transforms (H) into
(2.1) and since Y(t,t ) = P'l(t)x(t,to)P(to) = exp jt:' DXs)ds, this
substitution must trensform (H) into (2.2). Q.E.D.

Theorem 2.2. If 1) (H) € &31, 1=1,3; or

2) (Me B, 1=2,4 and {: Tr A(c)ds > - =, then there exists
an admissible P(t) (which is not wnique) such that the substitution
y = P'l(t)x transféms- (H) into (2.2) and (2.2) € Ci'

Proof. In each section of the proof a diagonal matrix, D(t), is
constructed which is defined and continuous for t 2 To. Then P(t) is
defined as

P(t) = X(t,To)exp [;’ -D(s)ds
where x(t,To) is the same as in Lemma 2.3 (This definition of P(t) ie
taken from Lemme 2.3 with t_ = T_ end P(t_) the identity matrix.). By
Lemma 2.3, P(t)e P and the substitution y = P'l(t)x transforms (H)
into (2.2). It will then only be necessary to show that P(t) is con-
tained in the proper (Pi and (2.2) ie contained in the proper Ci.

. Let D(t) ve

1) Aseume (H) € B,; then Ix(t,'ro)l € Mfor t T

T
the zero matrix; D(t) is defined and continuous for t Z To' Since
/\D(t) =0, Ly(T ) = 0 and (2.2) ¢ Cl. Algo,
[B()] < |x(t,T_)] |exp {t -X(s)ds|< M for t 3 T_
(4

and P(t) € Pl.
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2) If (W) e ba » then the preceding proof will
apply if it cen be shown thet lr'l(t)l € N for t 2T . Since |P(t)]< M

for t 2 T, 1t will only be necessary to show that Det (P(t)) 2 ¢> ¢,

Q

constant, for t % T,. Now Det P(t) = Det x(t,'ro) X Det exp ft-D(E)ds
' T,

o

exp 1f"l‘r A(s)ds and since 4“ Tr A(e¢)ds > - w, Det P(t) > ¢ > 0 for

(-] ©
t 2T,

3) Assume (¥) € 153. Let xi(t) Ve the vector correspanding to
the i-th colum of X(t,To) (1 =1,...,n); then ]xi(t)l is defined,
lxi(t)l # 0, =nd [x,(t)]* = é--lxi(t)[-l(x‘fxi + x‘;'xi) is deflned and
continuous for i = 1,...,n and t » To'

n .1 R ,

Let d(t) = ({gllxi(t)l) (i;,l Ixi(t)l) » then d(t) is defined ond

centinuous for t 2 To,'

n
Ir: d(s)as = 10g(i§.l|xi(t.)[) - log(n) , ond expL:'d(s)ds =

Il
i;l]xi(t)l.n'l Let D(t) = Dieg (d(t),...,d(t)), then Dt) it qofined

and cor.tinuous for t 32 'I'o and
n
t . . <1 .

[B(t)] € lx(t,To)llexpjro -D(s)ds| = ]k(’t,TO)I(igl]xi(t)!) ‘n<nii.e. P(t) e e, .

Since /\D(t) = d(t) end Ixi(t)l——~> Ouas t —wfor i =1,...,n,

n
t fm o d S 1. o .

I.D(To) = %%3 sup {o /\D(e)ds = %ﬁ sup 105(12;1,-{1("”)““3“-"‘3"‘1 (2.2) € 63.

&) resume (H) € B),- Let x,(t) be =5 defined in part (3) of thie
proof. Then there exict positive constunts K and ¢ such that

Ixi(t),é Ke-c(t-T") for t » T and 1= 1,...,n.
Let D(t) = Dieg (-c,...,-c); D(t) is defined and continucue for t > To
and /\)(t) = -c for t 2T, f.e. (2.2) € Cp,- 4lso |B(t)] < [X(t,‘l‘o)l X
£-T

x |exp {t -D(e)as| = |x(t,T ) |e® %k for 7T, and B(t) € P,. The
reasoning of part (2) of thie procf mey asain be applied to show that
[P"Ht)| € K for ¢ z T_. Hence P(t) € PS' Q.E.D.

Remrks on Theorem 2.2. Thie theorem does not 'reully Provige «



constructive method for finding P(t) since to solve for P(t) explicitly
it is necessary to know X(t,to). However, if Theorem 2.1 yields no in-
formation when applied directly to (H), znd there are cases where it
ddes not, Theorem 2.2 shows the posslbility of transforming (H) into an
equatior to which Theorem 2.1 may be applied with success.

The process of diagonulization.used in Lomm= 2.3 hee been studied
by Diliberto (reference 11).

The following two theorems demonstrete the procecs of transforming
2 given equation and then 2pplying Theorem 2.1.

Definition 2.6. For a function £(t), let £'(t) = sup (£(t),0)
and £ (t) = inf (£(t),0).

Coneider the equation

x" + p(t)x' + q(t)x = 0: o(t) and q(t) ere defined, real-valued, and
continuous for t > To'

This equation may be written ae the gyetem

1 _

"xg'.’ ) -q(t) -p(t) 'L"ej

e

Theorem 2.3. Assume there exists a positive constant ¢ such that

(2.3) Mxt 0 1 ;'_xl—T
‘ i.e. x' = A(t)x.

[:lc - q(t)|dt < ., If {_:' P (t)dt > - e, then the solutions of
(2.3) are wniformly locally bounded; if {“ p (t)dt < + =, then the
norms of the nonzero solutions of (2.3) areo bounded away from zero as
t e,

Proof. Let y = P-lx vhere P = [k 0] » kK an arbitrary real

0 1
positive constant. Thie substitution transforms (2.3) into
(%) vy 0 k" [y]

, 1.e. y' = B(t)y.

2l |ae) o) | |,

Since B(t) is continuous for t P2 'ro, Theorem 2.1 may be applied to
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equation (% ) and since P € (P,, Lema 2.2 implies that if ()€ tbi,
=2 or 5, then (E) € @1, 1=2o0r 5. Itis therefore only necessary
to study equation (+ ).
Firat form

_ -1
0 (k = - kq(t))
$[B*(¢) + B(t)] - -1 : .
(k™" - kq(t)) -p(t)
The characteristic roots of this matrix are

A = a{- () « \A’p(t)] 2, Lkl ka(8)]2} 12 1,2

Hence,
N0 L #- p(e) + [p(0)] + K|k - o(0)|}

Apl8)z 3{- 2(8) - Ia(e)] - k[ - q(u)|}
If k= ¢ (1.0, k2 = ¢) and the hypotheses are satisfied, then

- p(t) + dk|k2 - g(1)],

- (%) - 3k|k2 - q(t)].

jB |k - q(t)]|dt < ». Further, {.lk - q(s)]as < Ir lk - a(e)|as,

{'b p (s)da<4 p (e)ds, and f P “(e)ds 2 f p (8)ds for t 7t 7 T,
If‘[r P (t)dt > - «, then {, /\B(s)de M for ty t 2 T, and by
Corollary 1 of Theorem 2.1 the solutions of (*) are wniformly locally
bounded; 1if 4; P (t)dt < e, then {’t)\B(s)ds > mfor t > to2 T, and
by Corollary 4 of Theorem 2.1 the norms of the nonzerc solutions of (¥ )
are bounded away from zero as t —» w, Q.E.D.

Remarks on Theorem 2.3. Included in Theorem 2.3 is the known
result: 1if 1f:,“lc - q(t)]dt €< = and {:'ld -pt)]at <= (c>0, a0
are canstante), then the solutions of (2.3) are bounded (rererence‘9,p. 36).

If k is negative or complex, it appears in the expressions for A(t)
and A(t) as |k|; hence k 18 mssumed real and positive.

Ir Tﬁeorem 2.1 1s applied directly to equatiom (2.3), 1.e. let k = 1,
the resulte are meager. For Instance, with p(t) = 3 and q(t) = 2 for

t 2 T,, in vhich case (2.3) has constant coefficients and reel, negative
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characteristic roots, Theorem 2.1 gives no information when .ueed
directly. But a simple substitution transforms (2.3) into an equation
to vhich Theorem 2.1 may be applied profitably.

Theorem 2.4. Let equation (2.3) be given and assume that q'(t)
existe and is continuous and that 0< 3 < q(t) € @, q and Q constant,
for t > T_. Let F(t) = p(t) + a'(t)/2q(t). 1) If [r:'r'(t)dt > e, then x=0
is 2 wmiformly stable solution of (2.3). 2) If J;F+(t)dt < +w, then the

norms of the nonzero solutions of (2.3) are bounded away from zero for all t.

Proof. let y = P Y(t)x where P(t) = (1 O | . This
Lo \?{(?)J

substitution transforms (2.3) into

(*) yﬂ [ o va(v)) [o 0 ] vy
v (WA e Lo ez ) |y,|
1.e. v' = P HE)(A(L)B(t) - P'(t))y = B(t)y.

Again, B(t) is continuous for t . T, and P(t) € (P3 and, ae in the proof
of Theorem 2.3, to prove the theorem it is sufficient to study equation (¥%).
Now 0 0 ‘
5(8%(t) + B(t))
L0 -p(t) - q'(t)/2q(t)’
- (p(t) + q'(t)/2a(t))",

- (p(t) + a'(t)/2q(t))".

q'(t)/2q(t))
Ag(t) = inf (0, - p(t) - a'(t)/2q(t))
Then {:'/\B(s)de < - {:’(p(e) + q'(8)/2q(8)) ds for t > t, 2 T, and

(1) followe from Corollary 1 of Theorem 2.1. In & similar fashion, (2)

and Ag(t) = eup (;), - p(t)

follows from Carollary 4 of Theorem 2.1. Q.E.D.

Remarks on Theorem 2.4. This P(t) was selected so that %(B*(t) + B(t))
would be diagonal and thus make /\B(t) and _AB(t) trivial to compute.

In part (1) of the theorem, if only 0 < q(t) £ Q for t 7 T, bolds,

then P(t) € (Pl. The same proof then shows that x = O 1is a stable
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solution of (2.3).

Contained in Theorem 2.4 is the result of Starzinskii (reference
23): 1if equation (2.3) 1s given and if 0 < g(t) € Q end p(t) >
-3a'(t)/q(t) for t T, then x = O is a stable solution of (2.3).

Starzinskii proved his result using ILyapunov functions and, as is
mentioned in Section 1 and in the remarks on Theorem k4.7, tﬁe results
of th;e section could also be proved by this method. It is necessary
to use extended Lyapunov functions (see the remerks following Theorem
4.7) and in this case |y| = IP-l(t)xI can be considered as such a
function.

The next theore;n is used in Sections 3 and 4 to extend the results
of Theorem 2.1 to equations (NH) and (NL).

Theorem 2.5. For t_7 T, let X(t) be the fundamental matrix of
(B) such that X(t_) 1s the identity matrix end let X" 1(t) be the inverss
of X(t). If A,(t) = A(t) end A (t) = A(t), then for t t

exp };:'/\(s)ds < li(t)l < exp {:‘/\(s)ds and
exp L:’-/\(s)ds < Ix'l(t)| £ exp {:- A(s)ds.

Proof. If t 7 T, then X(t)x_  is the solution of equation (H)

such that x(to)xo = X_. By Theorem 2.1,
Ixolexp j:)\(s)ds < IX(t)xol £ |x0]exp {:’/\(s)de
and since [X(t)| = sup |X(t)x°|, |
exp {:’ M(s)ds € |x(t)| € exp ft/\(s)ds.
To prove the secand part, note that .
Age(t) = = Na() = - A, (t) ana
Ar(t) = = Ap(t) = - N, (t);
further, by lemma 2.1, (&),
IxHl™) = X
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now [x7(¢ )r 18 the fundamental matrix for the adjoint equation of
(B) (t.e. x' = - A*(t)x) such that [x'l(to)]* 18 the identity metrix.
Then by the first part of the theorem

exp {t' )\_A*(s)ds < l[x-l(t)]*] < exp {:’/\_A*(a)ds
and hence

exp {t- /\A(s)ds £ Ix-l(t)l < exp ét- )\A(s)ds. Q.E.D.



3. The Nonhomogeneous Linear System

In thie section the resulte of Section 2 will be used tO describe
the asymptotic behavior of the solutions of the nonhomogeneoue linear
systen.

Coneider the system of differential equations
(NH) x' = A(t) + £f(t) : ¢t ;.Tc ,
as defined in Section 2. Let A(t) and A(t) be the supresun and
infimum, respectively, of the cheracteristic roots of %(A*(t) + A(t) ).

Definition 3.1. The homogeneous equetion associated with (NH)
is the equatian obtained by suppressing f(t). Denote this eguation

by (H:nh).
Theorem 3.1. If x(t;x ot ) 1s the solution of (NH) such thet
x(t ,xo,t ) = X, then for T Oé t '
[x, lexpf A(e) ds -to If(e)lexpf A (w)du ds < Ix(t,x ,t Jl <
lx lexpjt A(s) ds +] lf(s)lexpf A (u)du de .
Proof: For t.> T, , let X(t) be the fundamental matrix of (H:nh)
such that X(t ) is the identity matrix. Then (see reference y, p. 19),
(%) x(t,xo,t ) = x(t)x + [ X(t)x~ (s)f(s) ds .
Now x(t)x~ (a) is the fundemental mat.r;x of (H:nh) such that X(&)X~ (s)
is the identity matrix. Using Theorem 2.°
|x(tsx .t )] € [X(0)] ]| +j Ix(t)x-l(e)llf(s)l ds <
lx |expf N(e) de + ] If(s)]oxp,! A (u)du ds .
Starting agezin from (*) and ueing Theorem 2.5,

-1 boa1 o
X (t)x(t;xo,to) = X +t{ X “(s)f(s)ds ,

lx'l(t)llx(t;x t ) 2> |x, + f X" f(e) as|
Ix(t,xo,t )Iexp{n )\(e)de > | Ix | - l{bx Yie)e(e) as| |
lx(t,x ,t )lexpf ~A(e)ds > |x | - |£x (s)f(s)dsl

29
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t
zix | - [ |x (B)llf(e)l ds

|x(t;x st )|exp /\(e)ds lx | -{ expf A(u)du |2(8)] ds

Jx(t;x ot > Ix, lexp[ A(s) ds -I Ir(s)lexp[t A(u)du ds. Q.E.D.
orollL.rI Ict K, 1= 1 «ey T, be constante. Ir f/\(e)de K,

andL |f(s)|exp£ A(u)du de < K, for ¢ » T, , then the solutione of

equation (NH) are locally bounded. In particular

(o4

00
1) if{_ [r(t)]at < K, and [ A(u)dug €K, fort>»e»T; or
3 1 S o

2) if |£(t)| £ K. and { expf A(u)du ds £ K, for t >,To ,
(-]

p)
then the solutions of equation (NH) are locally bounded.

3) Ae & speciasl case of (2), 1r |£(¢)] ¢ l(5 and A(t) < -K7 <0
for t >,'.l’o, then

[x(t;x_,t )] € (X/k) + (x| - (K/K7) Jexp(-K (t - t ) )

for t 2 t, 2 T (The corollary to Theorem 3.3 gives a second version

of this part (3).).

Proof: The proof follows directly from the theorem.

Remerks on Theorem 3.1 and it corollary. Bellman (reference 3)
has shown that given A(t), bounded 2nd continucus for t > To » oquation
(NH) hes all its solutians bc;unded for any f{t) such that L [£(t)]|dt <
if and only if Ix(t)x'l(e)l £ ¢ for some positive constant ¢ and all
t>s > T, (Here X(t) is any fundamental matrix of (H:nh).). Since
|X(t)xnl(u)| £ expf/\ (u)du , the condition of (1) of the corollary
(f A(u)du< X for all t > s > T_,) implies that lx(t)x'l(s)l <
for t 2 8 2 To . The converse is not true as is shown in Example 3.1.

Perron (and Bellman, references 3 and 21)hae proved that given
an A(t), bounded and continuous for t 3 T, (FH) has all its eolutionms
bounded for any f(t) which is bounded and continuous for t > T if and

only if x = O ie an expomentielly stable solution of (H:nh). The
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converse is not true as is shown in Example 3.1.

There is a specia;lizatim of the Perron theorem by Bridgland
(reference 6). Let X(t) be the fundamental matrix of (H:nh) such that
X(t ) 1s the ldentity metrix; let ¥(t,t ) = f:x(t)x'l(s) de; and let
x(t,‘xo, to) be the solution of (NH) such that x(to,'xo,to) = X _. A vector
or matrix function converges if it approaches a constant vector or
matrix element-wise. The theorem states: given A(t), bounded and
continuous for t 27T, every solution of (NH) convergee for every
convergent f(t) 1f and only if ») every solution of (NH) is bounded
for every bounded f£(t) and b) the natrix.Y( t,To) converges. Moreover,

pim x(tix,t0) = ( Lim Y(t,8)) ) (U £(¢) ),

If, in addition to the hypotheses of Bri:igland'a theorem,

N(t) £ -K<0 for t > T, then
|x(6)x"}(8)| € expf A(w)au € exp(k(s - t) ) and
IY(t,to)I < {t IX(t)x'l(e)ldes{texp(K(s - t»)A )ds = I-(-l(l - exp(K(t_ - t)) ).
Teking norms in Bridgland's result,
I%;g x(t5x,t )| € | 1z Y(t,t )| [Um £(e)] £ x‘llgg r(t)| .
Ir |£(t)] € |31m £(t)| for ¢ T, this is the bound given by (3)
of the corollary of Theorém 3.1; otherwise, this bound will be obtained
in the corollary to Theorem 3'.3.

Compared with theee earlier results, Theorem 3.1 and its corollery

have three dieadvantages: 1) they give oniy sufficient conditions;
2) in tvo instances, they require a stronger hypothesis; 3) they do
not detect the convergence of a solution. But the theorem and itse
corollary also have three advantages: 1) they do not require that
A(t) and £(t) be bounded; 2) they may be applied to equations(even

with bounded A(t) and f(t) ) to which the thecrems of Perron and Bellmen
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do not apply (see Example 3.4); and 3) they give bounds for the norme
of the solutions even if f£(t) does not converge.

Example 3.1(Illustrating two preceding remarks).

x! 0 1l b 4
I B
ot -2t _
A fundamental matrix is X(t) = and
-t -2t
-9 -20
1 e-t e-2t ' 298 es 2ee-t_e2s-2t es-t_ezs-Zt
X(t)x (s) = 4 = . ’
-e t -2e 2t _625 _628 -295 t+zeas 2t _es t+2 28-2t

The vector x = 0 is ap exponentially stable solution of this equation

and [X(t)x~ (s)l c <ew fort>s> 0, but

% 0 3

A" +a) | » A(t) = (/10 - 3) for t 30, and f A(t)dt =
=2 -3

Next, by restricting f£(t), Theorem 3.1 will be extemnded.

Lemma 3.1(Reference 15, p. 496). Let u(t) and v(t) ve defined,
real valued, and continuous for T < t € t< 1;14 o ; let v(t) > 0
and ¢ be caonstant. If

u(t)< ¢ + {tu(s)v(s)ds , then
u(t) < cexp]:v(s)ds : t°< t £ b .

Proof: Let x(t) = u(t) + w(t) = ¢ + jiu(s)v(s)ds » where w(t)
is defined, continuous, and non-negative for t, $tg tl . The
integral equation

x(t) = c + jz(x(s) - w(s))v(s)ds
is equivalent to the differential equation and initial condition
x' - v(t)x(t) = -w(t)v(t) : x(to) =c .
The solution to the differential equation is

t t
x(t) = cexp{ v(s)ds -{ v(s)w(s)exp,fS v(u)du ds.
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Since w(t) > 0 and 1r(s)w(a)ex;:u{;t v(u)du > 0,
u(t) = x(t) - w(t) < x(t) cexpjfv(s)ds. Q.E.D.

Theorem 3.2. Let equation(NH) be given and g.et x(t;xo, to) be
the solution such that 'x( t5x o,to) = X . Assume that f£(t) is such that
there exists a G(t), defined, bounded, non-negative, and continuocus a.e.
for t > T, with |£(t)| = G(t)l/‘\(t)l.l Ir 6(t) £ |x(t;xo,to)| for
T, < t < tétl$~, then .

lx(t;xo,to)l < Ixolexp'{O (|A(8)]| + A(8) )de.

If, in additian, /A(t) £ 0 for t,€ t <t , then Ix(t;xo,to)l is
monotanic non-increasing for tos t < tl .

Proof: Under the hypotheses of this theorem, Theorem 3.1 gives

lx(t;xo,to)l < lxolexp{: A(s)ds + itG(sH A (e)lexp{ts/\(u)du ds ,
|x(t;xo,t°)|exp{ -N(s)as < lxol + { G—(s)[/\(s)lexp{a -A(u)du ds.
Ir ¢(t) € [x(t;xo,to)l for t € t< t, , then )
lx(t;xo,to)lexp}: -A(s)ds < |x | + ‘t}.; A (8)] |x(s;xo,to)|expf%-/\ (u)du de
and by Lemma 3.1,
|x(t;xo,to)|exp£ -/\(s)dst$ Ixolexp{t IA(s)|de for t €t g t, -
Then . lx(t,'xo,to)l £ Ixolexp{.(l/\(s)l + N(s) )ds for t €t étl .
Ir A(t) € 0 for t € t £ t,, consider t, and t3, t,< < t3< ty-

Using the first part of the thecrem, with (x(t.gsxo, to),tz) as an initial

Lrme existence of such a G(t) implies certain restrictions on r(t),
6.8 1if A(t) =0 for t = t , then £(t) = 0. It is not necessary to
explicitly define G(t) in either the statement or proof of the theorem;
in a simple situation this definition would suffice: assume the zeros
t A(t) are either isclated (i.e. if A (t) = 0, there exists a neigh-
borhood of t in which A(t) £ 0) or form closed intervals; 1f A (t) £ o,

let G(t) = |£(t)|/|A(t)]; 1£ 18 an isolated zero of A (t) and

&g_c(t) = L, and ggg(t = L, exist, let G(t) = min(Ll,I?),’ 1If A(t) =0

£ = = g =
for £, < t ¢ t, and %éut?(t) L, and %:%E.(t) L, exist, let G(t) min(Ll,I.a)

for t,< t< Y5, Here f(t) is restricted so that the limits exist.
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point, ‘
Ix(t3,‘x°,to)| < Ix(tajxo,to)lexp{’(|/\(s)| + A (8s) )ae = Ix(te;xo,to)l .
Q.E.D. *

Theorem 3.3. Given equation (NH), let x( t;xo,to) be the solution
such that x(to,'xo,t.o) = x_. Assume A(t) €0 for ¢ > T, end cesume £(t)
i1s such that there exists a G(t), defined, non-negetive, bounded, :nd
continuous a.e. for t » T, with |£(t)] = -G(t)A(t)L; 1et
H(t,,t,) = sup(G(t): T,€ t; €< 6, < ),

1) For T < t < t, |x(t;x°,to)| £ (Ixol - H(t ,t) )exp{t A (8)de +
+ H(to,t).

2) 1 |x | € H(t ,t ) = G(t ), then |x(t;xo,to)| < H(t,t) for t >t .

3) If B(t,t ) < Ixol < H(t_,=), then there exists a T, t < T<w,
such that Ix(t;xo,to)lé H(t_,t) for all t 2 T .

b) If Bt ,=) < |x°|, then there exists a T, t_ < T< =, such that
Ix(t;xo,to)l ie grecter than G(t) &nd non-increusing for t€tsr
end |x(t;xo,to)|$ H(T,t) for t > T (if T< =) .

5) It f:/\(t)dt

6) Iff/\(t)dc

°

then lim sup Ix(t;xo,to)l £ U

= , then lim sup Ix(t;xo,to)l < B(to,o) .

- and %.;g eup G(t) = U, & non-negutive comstant,

Proof: 1) Under the hypotheses on f(t), Theorem 3.1 gives
t t t
lx(t;xo,to)|< |x°|e1p£ A(s)ds + { G(s)(-/\(s))expjS A (u)du dg .
Since (-A(e))exp] /\(uw)du »0 , #
t t t
Ix(t;xo,to)l £ Ixolexp{v A(s)de + Hito’t){, (-/\(s))expj; A(u)du ds ,
]x(t;xo,to)l £ (Ixol - B(t_,t) )exp{o/\ (s)ds + H(t ,t) for t> t, 2> T

2) For t 2 toz T, H(to,t) is a monotonic non-decreasing function

lSee the footnote on pege 33.
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of t. If |"o| € H(t_,t_), then Ix | < B(t,t), or |x | - B(t ,t) < o,
for t 2 t, »nd, from (1), Ix(t;xo,to)l £ H(to,t) for t 2 ¢ _.

3) I E(t, b)) < |x0|< H(t_,=), then there existe a T > t, such
that |xo|< H(t ,t) for t > T; (3) now follows from (1).

L) If Ix(t;xo,to)l > 6(t) for t,€ t € T€ », then by Theorem 3.2,
|x(t5x_,t )| ie manotonic non-incrersing for t <€ t€ . I x| -

':((zjo,to)l = ®T) = H(T,T, for 2, t & T< w, then by (2) of thie

theorem, |x(t;x,T)| [x(t;xc,to)l < H(T,t) for t > T.
5) If {m/\(t)dt = - @, then .
. t - . oy
g ewp [x(esx e )< Lm (f x| - H(t_,t)}exp {b Ale)ds « H(t ,t) ) =
= H(to,oo).

6) Let X b, 2 T, ond € be given. Under the hypotheses, there
existe a T (€ ) > T_ such that for ¢ > T G(t) < U+ 5€; hence
H(Tl,co){ U~ 3€. Let x, = x(Tl,;xO,‘c.o) and apply (&) to x(t;xl,Tl) =

x(t;xo,to). There exists . Tz(e )X Ty = T2(€ ,xu,to) > T, such
thet for ¢ 3 T,, ‘Ix(t;xl,Tl)! < H(Tl,an) + 36 U+€, i.e.,
o sup |x(t,'xo,t0)|4 U. <.E.D.

Corollary. If lmeup A(t)= - o< 0 and iim sup |£(t)| = L >0,
then iim sup Ix(t;xo,tO)IS /ec. -

Proof. If Jim sup A(t) = - ¢ <€ 0, then !/\(t)dt = e I

- (4
additlonally, %_m sup |f(t)]=L 20, then for € > 0 chooee O < €l <1
[

°nd €, > 1 such that ( €./ €, -1 <ec/L, i.e.

621,/ €,c < I/c + €. There exists a T( € 62) =T(e) 3 T, such that
for t > T, A(t)< -€,c mnd [£(t)|< €,L; then G(t) = |£(t)]/-A(t)
is defined for t > T and G(t) < 621/ €,c < I/c+€ for t 3T, 1.e.
%;.g sup G(t) £ Ifc. The corollary now follows from (6) of the theorem.

Example 3.2. (In thie eguation, Theorem 3.1 is used to determine



36

the boundedness of the solutions; it is nn example to which Theorem

3.3 does not apply.)

x! -t t ein t [x 1
. ]_l +[ it 2T = 0.
1Y

12' 0 -t -t cos t I O

Let to = 0, then the solution is

2

xl(t;xcl),o) = xiexp(- t2/2) + Lt’(u gin u % xg(u;xg,O) + 1)exp( -é'-(ta — u2))du,
o] o 2
xe(t;xg,o) = xzexp(-t /2 -t eint - cos t + 1);
0 o

ag t—» e, xl(t,'xl,o) and xe(t;x2,0) are bounded.

Now * -t 5t sin t and the

FAT(t) + A(L)) =
st eint -t - tcost

churacterietic roots of this matrix ure given by

=]
A+ A2t + t cos t) + (t2 + tacoe t - tgsmat/k) = 0;

)\1 = 5(-(2t + t cos t) t/cacoeat + tzeinat), i=12;

Ay =3(-2t - tcost t+t), 1= 1,2.

Then /\(t) = (-t - t cos t).

Since |£(t)]/-A(t) = 2/(t - t cos t) ie unbounded for t = (2k + 1)x,
k =0,1,..., Theorem 3.3 will not apply; instead use Theorem 3.1.
First, [~ A(t)dt = - @; second, for t 3 2, A(t)€ - 1 - cos t
and Ltlf(t)lexp Lt/\(u)du de £2 exp ét/\(u)du de - f:exp ét(-l - coe u)dude
<2+ f: e% Y ¢8in & - sin tdsg 2 + 62(1 - e27Yy, Using Theorem 3.1,
Ix(t;xo,to)l < IxO]exp{:'/\(s)ds + J;:If(e)lexp ét/\ (wldu ds < @ as t —> a.

Example 3.3. (illustr=ting Theorem 3.3, (¢) - (6)).

dx/dt + x = sin t + coe t : t>T, = 0.

Let t = 0, then x(t;x,0) = x e™" + sin t. Here A(t) = - 1 and
G(t) = |sin t + cos t|; H(0,0) = 1 »na H(O,n/4) = H(O,m) = [Z .

2) 1If lxol < H(0,0) = 1, then: for0< t € .9, e‘tg coe t and

Ix(t;xo,to)[g fcoe t + sin t| = G(t); for .9< t, e ¥ .4 ana
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Ix(t;xo,to)ls'.h + 1<J2 = B(0,t).
3) If H(0,0) = 1 < [x |</2 = H(0,) and t 3 T = 1.2k, then
|x°|e-t</§ ot < .4 ena Ix(t;xo,to)|s -4+ 1<J2 = B(O,t) for t > T.
4) Assume x> H(O,m) =J2 : 1f x(t;xo,o) > G(t) = |etn t + cos t]
28int+coet for 0 t<£ T and x(T;xo,O) = G(T), then
1) x(t; xo,O) 0, x(t;x ,0) =Xxe Ty eint 2 eint + cost or
x'(t;xo,o) =-xe oy cos t £ 0, :nd hence lx(t;xo,to)l is monotonic
non-increasing for 0 € t £ T; and
11) for t 2 T, (2) of Theorem 3.3 applies.
Assume x_< - H(O,») = -J2 : 1f x(t;x o0 € - G(t) = - |sin t + coe t]
£ sint+ coet for 0 t<£ T and x(‘l‘,.c ,0) = G(T), then
i) x(t;xo,o) < 0, x(t;xo,o) = x_e t, ein t < sin t + cos t, or
x’(t;xo,o) = - xoe't + cos t > 0, und hence |x(t;xo,to)| is monotonic
non-increasing for 0 € ¢t € T; and
11) for t 3 T, (2) of Theorem 3.3 applies.
5 and 6) Since ] A(t)dt = - =, H(O,m) =/2, and iim sup G(t) =JzZ,
iim sup Ix(t;xo,to)l J_— for 11 t_ 2 T ond x
Example 3.4. (An example where the theorems of Perron and Bellmsn

do not apply, but where Theorem 3.3 does apply.)
x) -1 e X, 0
+ : t 2T = 1.
-1 -1 7
x2' 0 -t X t

2
The solution ise

t)

-(t-to) {t u-2c't+ux2(u,'x§,to) au,
.0 - (+° _ -1
xe(t,x2,t.0) = (x2 l)tot + 1.

o
xl(t x° x, e

l’
Since x = O is not an exponentirlly etable solution of the homogeneous
equation associsted with thie equation, the theorem of Perron does not

apply; since [ f(t)dt = I t Lot = o, the theorem of Bellman does
1
(]
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not apply.

Now -1 $t™  ana the characteristic

BN + a(e) - | 1
37 -t

roote of this matrix are
2, t.""), 1=1,2.

A o= a-0s v - oD

Then A(t)< (-(1+ t™1) + (1- ¢ . t2) - -1, $t2 and
G(6) = [£(6)]/-A(e) ema 79/t - 572) - (1 - (2)7)). Since
dim sup G(t) = 1 and {:’/\(t)dt = - = i@ sup |x(t;x,t )| < 1 for
all to) To and X,

Starting again from Theorem 3.1, the preceding work may be para-
phrased to develop lower bounds for the solutions of (NH).

Lemma 3.2. Let u(t) and v(t) be defined, real-valued, and contin-
uous for t > T ; acsume v(t) > 0. If

Cou(t) = 2u(t ) - f u(e)v(e)ds for t > to> T,

then u(t) u(t )expft-v(s)de.

Proof. Let u(t), satisfying the hypotheses, and ¢ 2 T, be given.
Let %(t) be the solution of

ﬁ(t) = u(to) - {:’ G(.s)v(s)ds, or
(t) = - G(t)v(e) : Ut) = u(t ).
The solution of this differentiel equation is defined #nd unique for
t 2 toi
a(t) = u(to)exp {:-v(e)ds.

If u(t) 2 u(t) for t > o’ the lemma is proved; aseume there exist tl
and t,, toé tl< t2< o, such that u(tl) = ﬁ(tl) and u(t) < §(t) for
t.< t< t.. Then

1 2
u(t ) - u(t ) 2 (u(t ) -f u(s)v(e)ds) - (u(t ) -f u(s)v(e)ds),

'
thie follows from the hypotheses on u(t) and by writing @(t) in ite
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integral form. Then
ta

u(t,) - ﬁ(t )2 J; (W(s) - u(e))v(e)ds »0
eince u(t) > u(t) and v(t) >0 fort, < t< t,; this contradicts

u(t,) < u(ta). Q.E.D.

Theorem 3.hk. Given equation (NH), let x(t;xo,to) be the solution
such that x(t ;X ,t ) = X, Assume f(t) is such that there existe a
g(t), defined, ncn-negative, bounded, and continuous a.e. fort>2 T o’
with [£(t)] = g(t)l)\(t)l If g(t) £ Ix(t,xo,tol for T,< t < t<t,< =,
then Ix(t;xo,to)] > |x_|exp ft:'( A(e) - | X(s)|)de. 1If, in aaditiom,
A(t) 20 for t,< t< ty, then |x(t;x t )| 1e monotanic non-decreasing
for t < t< t,.

Proof. (The proof is similar to the procf of Theorem 3.2.)

If £(t) satisfies the hypotheses, then Theorem 3.1 gives
‘ Ix(t,xo,t ) 2> Ix | exp ]fp N(e)ds -f g(e)l >\(5)|°XPL A(u)duds,
Ix(t,x t,)|exp {’ -A(s)de > ,Ix | -f g(s)| A(s)|exp !t )\(u)duds.
If g(t) € |x(t,xo,t6)| for to< t £ t, then
|x(t,‘x°,to)]exp ft:' - A(s)ds 2|x°| - j;°| )\(e)llx(s;xo,to)lexp _[:-)\(u)duds
and, using Lemms 3.3,
|x(t;x o ¥o) lexp '[t A(s)ds 2 lx | exp f -| A(s)|de
|x(t;x Xt ) 2 |x ]exp{‘(x(a) - I)\(s)l)ds, t, € t< e,

If, in addition, A(t)2 0 for t. < t< toand if ¢ < 5, < tg < t,
then, using the first pert of the theorem with (x(te;xo,to),te) a8 an
initial point, . ‘
lx(t Xyt )| Ix(t, ,xo,to)lexp {t: (AN(s) - [ N(e)])as 2 Ix(ta;xo,to)l.Q.E.D.

Theorem 3.5. Given equation (FH), 1let x(t;xo,to) be the solution
such that x(to;xo,to) = x_. Assume AN(t) 20 for t 2 T, and assume

f(t) is such that there existe a g(t), defineq, non-negetive, bounded,

l'rhe footnote of page 33 applies here too.
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and continuous a.e. for t » T_ with |£(t)] = g(t) A(t).! Lot h(t,t,) =
sup(g(t): TOS t, <t £ t2$ o).
1) For 1< t € ¢, |x(tix_,t )| > 2 (x| - h(to,t))oxpj:)\(s)ds
+h (to,t).
2) Ift > T, and |x°| Z h(t_,=), then |x(t;x AN h(t_,t) and
]x(t;xo, to)l is monotoni. non-decressing for t 3 t
3) Ifrt 02z T |x | 7 h(t o) zmd{ A(t)dt = @, then
o x(tx t )l
L) 1r &E sup g(t) € u, u = positive constent, then there exists
a T(u) > To such that for t 3 t2> T, h(t ,t) < u (then (2) and (3)
may be szpplied to {(x,t): x| Z2uand t» T}).
5) Under the hypotheses of‘(h), if T < t € T, then there exists
2 k(u,t) 2 u such that if |Xx| > k, then [x(t;x,t)] 2 ufor E<c t< T
(and (3) may be applied for t 2 T).
Proof. (The proof is similar to the proof of Theorem 3.3).
1) If £(t) satisfies the hypothesee, then Theorem 3.1 gives
Ix(t,'x t )| Ix | exp ft N(s)ds -] g(e))\(s)exp] A(u)dude.
Since A(s)exp é )\(u)du 20,
|x(t; ix ,t0)| 2 Ix lexpf A(e)ds - h(t_,t) f )\(s)exp] A(u)duds,
lx(t,x sty )| 2 lx Iexp f A(s)ds + h(t t)(l - exp f A(e)ds),
lx(t,x t))| 2 2 (Ix, | - h(t ,t ))expf A(sg)de + h(t t).
2) For t 3 to h(t t) is a monotonic non-decreasing function of
t. Hence lxol h(t_,») implies lx | > h(t_,t) for t 7t and by (1)
of this theorem |x(t;x ot Z n(t o t) for t 3 t . In this case,
Ix(t,x t. )] > &(t) too and using Theorem 3.4, Ix(t;xo,to)l is mono-

tonic non-decreesing for t > to‘

l'rhe footnote of page 33 applies here too.
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3) £t 3 T, x| > n(t ,«), and [r"Mt)dt = ®», then
dm [x(t; x,t)| = sz (x| - h(t_,t))exp j A(s)ds + h(t ,t)) = .
h) I1f égim sup g(t) €< u, u a positive consta.nt then there exists a
T(u) such that g(t)< u for t 2 T and hence h(t yt)€ u for t >,t°>, 7.
5) Assume the hypotheses of (4), let T,€ t< T, and k(u,t,T) =
k(u,t) = u+ n(E,T). Since n(f,t) 2 0 for t > >tand A(t) >
|x| 2 k tmplies [X]3 {(u - n(%,t))exp j_ ~A(e)ds + h(%, t)} for £ t¢m.”
This implies that {([xl - h(t,t )exp[ )\(s Jde + h(t, t)} 2u for
t<t<Tand hence, by (1) of thie theorenm, |x(t;x,t)| 2 u for

t< t< 7. Q.E.D.



L. The Nonlineur System

In this section the results of Section 2 will be used to desacribe
the asymptotic behavior of the solutions of & nonlinear system.

Consider the system of differential equations
(NL) x' = A(t)x + £(x,t) : (x,t) € D,
es defined in Section 2. Let A(t) :nd A(t) be the supremum and
infimum, respectively, of the charucteristic roots of -é—(A*(t) + A(t)).
The set D und the numbers T, and RO are the same as in Definition 2.1.

The first five theorems repeat the reaesoning of Section 3 and they
ure, in fact, generalizations of the theoreme of thut section. The
difference is that the solutions of equation (NL) mey escape from the
domain D. The following lemma is used in this connectian.

Lemme 4.1. ILet x(t;xo,to) be a solutian of equ:ztion (NL) such thet
x(t ;x t) = x, end let I(t )C [to,-) be the maximum interval such
that 1) t € I(to) and 2) 1if te I(to), then x(t,‘xo,to) € D.
If x(t;xo,to) is such that t € I(to) implies that lx(t;xo,to)l < rl(t;xo,to),
where rl(t;xo, to) 1s defined, cont'.inuous,v and rl(t;xo,to) < r_ for
t 7 t,, then I(to) = [to,-) and Ix(t;xo,to)l < rl(t;xo,to) for all t > ¢t .

Proof. Consider [to,-)with the usual topology. The set I(to) is
an open set und 1s not empty since t € I(to). Let J(to) c [to,o)
be the maximum interval such thet 1) t € J( to) and 2) if t€ J(to),
then Ix(t;xo,to)lé rl(t). The set-J(to) is closed since lx(t;xo,to)l
and rl(t) are cantinuous and J( to)c I( to). Ir x(t;xo, to) is such that
t € I(to) implies Ix(t,‘xo,to)l < rl(t), then I(tO)C J(to). In this
case, I(to) = J(to) end I(to) is a non-empty set which is both open and
closed, i.e. I(to) = [to,u). Q.E.D.

Definition 4.1. The homogenecus equation associated with equution (NL)

b2
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ie the equation obtained by suppresseing f(x,t). Denote this equetion
by (H:nd ).

Theorem 4.1. If x( tix , to) is a golution of equation (NL) such
that x(to,'xo, to) = X_ and if x(t;xo,to) € D for T,€ t €t < t) € -,
then Ixolexp f: A(s)ds - {:If(x‘(s;xo,to),e)lexp ét)\(u)du ds

< ]x(t;xo,to)l < |xo|exp j:‘/\(s)ds + {tlf(x(s;xo,to),s)lexp j;t A(u)du ds
for t < ¢t £ t,- .

Proof. Let X(t) be the fundumental m:trix of (H:nl ) such that
x(to) is the identity metrix. If’ x(p;xo,to)e D for t < t< t,
then (see reference 9, p. Y1)

Koy %) = X(t)xg + [* XX N e)rlxl iz, 8, ), 0)a8
The proof now proceeds the same as the proof of Theorem 3.1.

Corollary. Let equation (NL) be given :nd anssume thet |f(x,t)| <
F(t), where F(t) ie defined und continuous und non-negntive for t 3 T,
for all (x,t) € D.

1) If {t /\( e.)de < Kl(to) < o and {:'F(t)exp ét/\(u)du de <
K2(to) £ r fo;' ellt 2t 3 T, ond 1f l\xol < [exp( -Kl(to))] (ro - K’a(to))’
then Ix(t;xo,to)l < lxolexpﬁil(to)] + Ke(to) <r fort >t

2) 1r K (t) £ K3' for all t 3 T, jr:’ F(e)ds < K < roe'Ks,
~nd lxol < e'K’ro - K),, then Ix(t;xo,to)l < ex3(|x0| + K ) <r_ for
tyt, 2 T,

3) If [F(t)| € K, wnd A(t) € - K, < 0, where K /K < r,, for
t 7T, and if t 3 T, Ixol < r_, ther

Ix(t;xo,to)l £ max(lxoi, Kj/Ké) Lryfortzt..
(The corollary to Theorem 4.3 :mproves thic part (37.)

Proof. If f(x,t) sutlsfies the hygotheses of the corollary, let

t t \ t .
1«l(t;xo,to) = lxolexp {°A(e)de + {-,, F(e;expj; A(u)du dg;  then
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rl(t;xo,to) ie defined and continucue for t 2zt If, additicpally,
|x0|'< Tys then the intervul I(t ), ve defined in Lemma 4.1, exiets and
by Theorem 4.1, if t € I(to), then [x(t;xo,to)|<§ rl(ﬁ;xo,to). There-~
fore, 1if rl(t;xo,to) <r fort t_, then Ix(t;xo,to)lsg rl(t;xo,to)
for t 2>to.

1) If the hypotheses of (1) are satiefied, then |10|~< r_ end
rl(t;xo,to) £ ]xoleK1(t°) + K (t ) < r fort ZT,. ‘

2) The proof of (2) is esimilar to the proof of (1).

3) If the hypotheces of (3) ere satisfied, then lxo]~< r_ end
r(bix,t ) < K /R« e'x"(t't°)(]x0| - K/Kg) for t 2t . Further,
$K5/K6 + o Ke(t-to) ("‘o' 51(‘)/1(6)} < max (lxol,xijé) <r, fort >t . Q.E.D.

Thecrem 4.2. Given equation (NL), let x(t;xo,to) be u solution
such that x(to;xo,to) = X . Assum £(x,%) 1: such thet there exists &

G(t); defined, non-negative,vbounded, end continuous a.e. for t T,
with |£(x,t)| € a(t)|/\(t)] for all (x,t) € D_.l Ir G(t) £ lx(t;xo,to)l
and x(t;xo, to) € D for Toé to< t £ tlé o, then

[x(t;xb,to)lgg [xo|exp {t{/\(s) + '/\(5)|§d5-
If, in addition, /\(t) € 0 for t < T < t), then lx(t;xo,to)l ie mono-
tonic nonincreasing for toé t £ tl' "

Proof. With Theorem 4.1 used in pluce of Theorem 3.1, the proof
is the same as the proof of Theorem 3.2,

Theorem 4.3. Given equation (NL), let x(t,‘xo,to) be a eolution
such that x(to;xo,to) = x_. Assume A(t) € 0 for t'>,To end assume
f(x,t) is such that there exists = G(t), defined, ron-negative, ﬁounded
and continuous a.,e. for t >T, with [£(x,t)]< = 6(t) A(t) for all

1, _ ]
(,t) €D let H(t),t,) = sup{c(t-.). t < tg t2& .

lThe existence of such .. G(t, restricte £(x,t) in a manner similar
to that descrived in the footnote of page 33.
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1) If x(t;xo,to)e Dfor T < ¢t € t< tlé «, then
Ix(t;xo,to)l < {Ixol - H(to,t)}exp jt:/\(e)ds + E(to,t).
If ¢ > T, leI < r,, end H(t ,) < r,, then lx(t;xo,to)l < r_for
t 2 to.
2) Ir toy T lxolé H(t ,t ) = G(t ), and B(t ,=) < T, then
| Ix(t,‘xo,to)l < B(t ,t) for t 3 t,.
3) Ift % T, end B(t ,t ) < lxol < H(t ,») < r_, then there
existe & T, t < T< w, such that lx(t;xo,to)l < H(t_,t) for t > T.
L) 1r t, > T, and B(t_,=) <€ lxol < r_, then there exists a T,
t € T< w, euch that lx(_t;xo,to)l 2 G(t) and Ix(t;xo,to)l ie monotonic
nonincreasing for to‘ t £ T and Ix(t;xo, to)l < B(T,t) for t > T
(1f T < »).
5) If ¢ 2 T, |x | < r, B(t ,=)< r_, end L:/\(t)dt = -«
then lim sup |x(t;xo,to)| < H(t ;).
€) Ift 3T, |x]|< r, Ht,e)< r, [:/\(t)dt = - o, and
diz sup G(t) = U, & non-negative constant, then 4im sup Ix(t;xo,to)l < U.
Proof. 1) If x(t;xo,to) € D for T < t0< t < tl< w, the proof
of the first pert of (1) is the same as the proof of Theorem 3.3, (1).
Now zesume t_ > T, Ixol <r_, and H(to,n) < r . Let I(to) =
[to,tl) be as defined in Lemma 4.1 end let r (tx,t.) = max(E(t ,=), |x_|);
rl( t;xo,to) is defined, continuous, and less then ry for t ;to. ~ Using
the inequality Jjust proved, if t € I( to)

|x |-B(t_,t)}+H(t ,t)=]x |(since A (%) < 0)
lx(tsx ,t )< { ° o} © °:’1f x| Z B(t_,t) } < r (t);

H(to,t) if lxol < H(to,t)
by Lemma 4.1 then, lx(t;xo,to)l <r(t)<r forellt 2t

The second part of (1) may be used in (2) - (6) to insure that

x(t;x,,t,) €D for t > Yo: Then the proofs of (2) - (6) are the same
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es the proofe of Theorem 3.3, (2) - (6).

Corollary. Using the notation of the theorem, if there exist posi-
tive constants L and c with I/c < r_ such that [f(x,t)| < L for all
(x,t) € Dand N(t)< - ¢ for t 2T, end if Ixol <r,, t > T, then
im sup lx(t;xo,to)l < 1fc.

Proof. let G(t) =(8;p{|f(x,t)l= (x,t)e D})(-/\(t))-l; under
the hypotheses G(t) is defined, non-negative, continuous and less then
or equel to Ifc for t 2 T,- Then H(T ,=) < I/c < r_ end 4:/\(t)dt = - w
and hence the corollary follows from (S5) of the theorem.

Remarks on Theorem L.l end 4.3 and their corollaries.

Perron (reference 21) has proved (e) of the following theorem;
Bellmen (reference 3) has proved (a) and (b). Let the equations

1) x' = A(t)x + f(x,t) and

11) x' = A(t)x + F(t)
be &8 defined in (NL) and (NH) in Definition 2.1. In eddition, assume
that A(t) is bounded for t 2 T, end thet D = {(x,t): x| € =, t )Tog.
Theorem: A necesesery end sufficient condition thet the soluﬂions of
(1) are bounded for every f(x,t) such that

a) |f(x,t)] is bounded for all (x,t) € D;

b) [£(x,t)]| £ g(t) where [: g(t)dt < » for all (x,t) € D
is thet (11) hes only bounded solutions for 611 F(t) such thet

a) |F(t)| 1s bounded for all t > T ;

b) [6°|F(t)l;1t< .

Bridgland (reference 7) has proved the following theorem.

Theorem: If (a2) every solutian of (ii) is convergent (&pproaches a
limit vector element-wise) for every convergent F(t); (b) for

sufficiently emell |x], gig f(x,t) = f(x,®); (c) for sufficiently smell
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B, |£(0,t)]< p fort 2T (d) for € >0, there exists & » O end
T 2T, euch that [r(x),t) - £(x,,t)] < €lx, - x| for |x < § ,
1=1, 2, and t 2 T; then for every vector ¢ for which c| 18 surei-
clently emell & unique bounded solution x = x(t;T,c) of (1) eatisfying
x(T;T,c) = c existe on [T,=) and 211 such solutions converge to the same
limit vector, § » Wwhich mey be determined uniquely as the solution of
the equation § = Y(w) £(§ ,=). (Here Y(t) = Il; x(t)x'l(a)ds where
X(t) is the fundamental matrix of (H:nf) such that X(To) is the iden-
tity matrix.)

The comperison between these theorems and Theorems L.1, 4.3 and
their corollaries is much the same & thet mede in the remarks cn
Theorem 3.1. The theoreme of this section €lve orly sufficient condi-
tions for the boundednees of the solution of (NL), in two instances
they require a stronger hypothesis than the earlier theorems, and they
do not detect the convergence of solution of (NL). However, the
theorems of this section do rot require that A(t) and £(t) be bounded,
they apply to equatione not covered by the Perran-Bellmen theorem, and
they determine bounds for the solutions of equation (NL) under hypothezes
vhich are much weaker than those of the Bridgland theorem.

Example 4.1. (1llustrating Theorem k.3, (1) - (6)).

dx/dt + 3x =(1/3)12/3coe t: 2T =¢, |x[< r =27,
This is 2 Bernoulll equation; the method of solution is etandard (see,
for example, refererce 14, p. 57).
let z = xl/3 or x = z3, then
322 dz/dt = dx/dt = (1/3)zzcoe t - 323,
3ze(dz/dt + 2z =(1/9)cos t) = 0.

With t_ = 0, either z(t;0,0) = 0 for t »C, or
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2(t;2,0) = zoe't + ot £t(eu/9)cu u du = zoe't + (1/18)(#in t + cos t) -
- ¢"%/18, and the solutions to the original equation are

x(t;0,0) = ©

x(t;xo,o) = [e't'(xi/3 - 1/18) + (1/18)(8in t + coe t)]3.

Now apply Theorem 4.3: with A(t) = - 3, let G(t) = |cos t|;
then |(1/3)12/3 cos t|< 3|cos t| = - A(t)a(t) for all t 30, |x| < 27.

1) If t, =0 and |x| < r =27, then H(0,®) = 1< 27 and (1)
implies that Ix(t;xo,to)l <27 for t 20. That this is the case way
be seen as follows: let u(t,+27) = e't[(t27)]’/3 - 1/18:] + (1/18)(cos t +
+ sin t). For |x | <27, [u(t,-27)]3< |x(tsx;,0)| < [u(t,27)]3.

Now u'(¢,27) = (~u + (1/9)coe t) € 0, and hence u(t,27) ie
monotonic decreaeing for 0 £ t £ x/2; u(0,27) = 3. Further, for t 2 n/2,
u(t,27) < [(.23)(3 - ¥18) +J2/18] < 3. Thererore, u(t,27) < 3 for
t2o0.

Now u'(t,-27) = (-u + (1/9)coe t) > O, and hence u(t,-27) 1s
monotonic increasing for 0 £ t £ n/2; u(0,-27) = -3. Further, for
t 2 %/2, u(t,-27) > (.23)(-3 - 1/18) - J2/18 > - 3. Therefore, u(t,-27)
2> =3 for t 2 0.

2) 1f t, =0, HO,®) = 1 < r, = 27. Then Ixol < G(0) = 1 implies
that |x(t;x_,0)] € H(0,t) = 1 for t 2 0. This may be verified by en
analysis similar to that of (1).

3) 8ince H(0,0) = H(0O,»), (3) does not apply, with t = o.

L) 1f t =0, B(O,@) = 1< r_=27. Then 1< Ixol < 27 implies
there existe a T, 0 < T € w, such that lx(t,’xo,o)l > G(t) and |x(t;xo,‘o)|
1s monotonic non-increasing for 0 £ t € T and |x( t;x ,0)|< H(T,t) =
sup { [coe u]: Tgugt }for t 2 T. To verify this let

x(t;xo,o) = e't(xcl;/3 - 1/18) + (1/18)(sin t + cos t)]3 = [u(t,‘xo)]3.
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Then x'(t;x_,0) = 3[u(t;x°)]2[_ u(t,x ) + (}/9)cos t]. I Ju(s,x )| >
(1/9)|cos t], |x(t;x_,0)| 18 monotonic non-increasing.

Ir Ix(t;xo,to)| 2G(t) = |cos t] for 0 ¢ t £ T, then Iu(t,xo)|>
|cos t| (since |cos t| € 1) and |x(t;x_,%_ )| 18 monotonic non-increaeing
for 0 t< T, If Ix('l‘;xo,to)l = |cos T|, then for t 2 T, elther
Ix(t;xo,to)l £ |cos t| br, as above, Ix(t;xo,to)l 18 monotonic non-

increasing. From this it follows (omitting the proof) that | x( tix , to)l

< H(T,t) for t > T.

5 and 6) With t =0, H(to,co) = lim sup G(t) = 1. Then
Ir" A(t)at = - = tmplies thet Lim sup|x(t;x_,t )| € 1. In fact, from
A o’ "o
an inspection of the solution it follows that iim sup | x( t;xo,to)l <
( VZ/18)3. ,

Starting again from Theorem 4.1, the preceding work mey be para-
phrased to develope lower bounds for the solutions of (NL).

Theorem b4.4. Given equation (NL), let x(t;xo,to) be a golution

such that x(t;x ,t ) = x_. Assume f(x,t) 1s euch that there exists a
g(t), defined, non-negative, bounded, ‘and cantinuous a.e. for t >,T°, |
vith |£(x,t)] € g(t)| A(t)]| for all (x,t) € D.1 1If g(t) < lx(t;xo,to)l
and x(t;xo,to) € D for T, < tog t < tls o, then

Ix(t;xo,to)l # |x_|exp ];:{ A(s) - I)\(s)l}de for t < ¢ <t
If, in addition, A(t) >0 for t_£ t < t), then |x(t;x ,t )| is
monotonic nan-decreasing for tos t £ t,.

Proof. With Theorem L.l used in place of Theorem 3.1, the proof
is the same as the proof of Theorem 3.k.

Theorem 4.5. Given equation (NL), let x(t;xo,to) be a solution

such that x(to;xo,to) = X_. Assume A(t) 20 for t > T ; assume f(x,t)

lSee the footnote on page 33.
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1s such that there exists a g(t), defined, non-negative, bounded, and
continuous a.e. for t > T, such that [£(x,t)| € g(t) A(t) for all
(x,t) € D.1 Let h(t,,t,) = sup{g(t): T,< 4, € t< 44 -}_.
l) I1f x(t;xo,to) €D for T < t < tg t,€ @, then
Ix(t;xo,to)l >,(|xo| - h(t_,t))exp j;:‘)\(s)ds + h(t ,t).

2) If to> T, Ixol 2 h(t ,=), and x(t,'xo,to) €D for t € t< ¢,
then Ix(t;xo,to)| > h(t_,t) and |x( t;x ,t )| is monotonic non-decreasing
for toé t £ tl.

3) Ift 2T, h(t,=) < %I, ,[:)\(t)dt = @, and R_< =, then
x(t,‘xo, to) escapes from D.

L)y 1I1f sup g(t) < u, u a positive constant, then there exists
a ™(u) T, such that for all t> t,2 T, h(t_,t)< u (and (2) and
(3) may be applied to {(x,t): Ix| 2 u, t = T}).

5) Under the hypotheses of (3), 1 TOS t € T, then there exists
a k(u,t) 2 u such that if k < |x| and x(t;x,8) € D for £ € t € T, then
-|x(t,;3-c;£)l Sufort<tg T.(and (4) may be applied for t > T).

Proof. With Theorem 4.1 used in place of Theorem 3.1, the proof
is t_he same as the pz_-oof of Theorem 3.5 with the exception of part (3).
| In part (3), if x(t;x ,t ) € D for all t 2 t_, then as in Theorem
3.5, (3), &2 [x(t;xo,to)l = e; but thie contradicts Rc;< o,

If it 1s assumed thet |f(x,t)| <€ g(t)|x| for all (x,t) € D---an
often used technique for equation (NL)~-=-further results may be obtained
from Theorem 4.1.

Theorem 4.6. Given equation (NL), let x(t;xo, to) be a solution
such that x(to_;xo, to) = xa. If f(x,t) is such that there exists a g(t),

defined, non-negative, and continuous for t > T, with [£(x,t)]|< g(t)|x]

ISee the footnote of page 33.
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for all (x,t) € D end if x(t;x oY ) € D for TOS t‘o‘< t £ tlé =, then
|x [exp{ {7\(8) - g(s)}ds [x(t;x o Yo )] £ lxolexp ]:{/\(s) + g(e)g ds.

Proof. If |f(x,t)| < 8(t)|x|, vhere g(t) 1s ae defined in the
hypotheses, for all (x,t) € D and 1if x(t;xo,to) € D for t €t < ),
then the right inequality of Theorem 4.1 gives
|x(t;x o o )| € lx |exp | /\(s)ds + ] g(e)lx(e,x ,t )lexpé /A\(u)du ds,

lx(t,xo,t )Iexpf -NA(e)ds € lxol + 4'g(s)]x(e,xo,to)lexgg-/\(u)duds.
Using Lemma 3.1, ~
lx(t,xo,t )| exp 45 /\(s)ds lx | exp £g(s)ds ‘
Ix(t,xo,t )| expf {/\(s) + g(s)}ds.

Starting from the left inequality of Theorem 4.1 and using Lemma

3.3, a derivation similar to the one Just complete yields
lx(t;xo,to)[ > Ixclexp ft:'{/\(e) - g(s)}ds. Q.E.D.

The next theorem discusses the solution x = O of equation (NL) so
it 1s necessary to ussume £(0,t) = 0 for t 2 T .

Theorem 4.7. Given equation (KL), 1let x(t;xo,to) be a solution
such that x(tosxo,to) = X_. Assume f(x,t) is such that there exists a
g(t), defined, hop-negative, and continuous for t 3 T, with |[f(x,t)] <
&(t)[x] for all (x,t) € D (and hence £(0,t) = O for t >, > T;)-

1) Ir [ {/\(s) + &(8)fas < Ut )< = for all t 3 ¢ 0% T, (Lt )

t

-1(t,)

, then lx(t,x t )] < r,for t > t_. Further, x = 0

and [x [< r e

o o
1s a stable solution of (NL).

2) 1If in (1), I.(to)$ L for all toZ> T, then x = 0 1s & wniformly
stable solution of (NL).

3) If the hypotheses of (1) are satisfied and 1ff {/\(t) + g(t)}
= -w, then x = 0 is an equiasymptotically stable solution of (NL).

k) Ir At) + g(t) €0 for t > Z T, and !xo[ < r_, then Ix(t;xo,to)’
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is monotonic non-increasing for t >t 2 T,

5) If A(t) + g(t)< - ¢, ¢ & positive constent, for t » T, then
x = 0 is an expanentially stable solution of (NL).

Proof. If the hypotheses are setisfied and if x(t,’xo, to) € D for
t € I(to) = [to,tl) then Theorem 4.6 gives
(%) Ix(t,'xo,to)lé lxolexp {:{/\(s) + g(s)} ds for t € I(to).

1) Let > To be given, assume j:'{/\(e) + g(s)ids < L(to) for

~L(t,)

t 2t, and let |x |« r e be given. Let r(t) = lxoleL(t");

o’
then rl(t) is defined, continuous, and rl(t) < r_ fort> t . With
I(to) as defined above and t € I(to), (%) gives
. t L(ty)

Ix(t,xo,to)l < Ixo|exp !*o {/\(s) + g(s)} is < |x [e ™07 = ro(t).
Then by Lemma 4.1, lx(t;xo,to)l £ r(t)<r foralltyz t-

If €, 0<€<r, and t_ > T_ are given, let 5(€,to) =€e-I’(t°)
-L(t )

< re - Then |x_|< § implies 1) |x(t;xo,to)| <r fortyt,

(this was Just proved) and 11) from (%), Ix(t;xo,to)l £ lxoleL(to) < €
for t 2 t,- Hence x = 0 1s a stable solution of (NL).

2) If in (1), L(to) £ L for all t,% T, then the proof of (1)
may be repeated using L in place of L(to) end 1t will follow that x = ©
is a wmiformly stable solution of (NL).

3) If the hypotheses of (1) are satisfied, then x = 0 1s a stable

-L(t .
solution of (NL) and for t,Z T and Ixol <re K °), x(t;x ,t )€ D

for t > t_ . Then using (),

t
pal(uzg, e )1 < pallx lexe (4(Ae) + elo)la} = o;
further, thie limit is wuniform for all lxol < 50. Therefore, x-= 0 is
an equiasymptotically stable solution of (NL).
L) If A(t) + g(t) €0 for t T, then (1) may be applied with

Kt)) = 0; if t 2 T, end |x°| < r,, then x(t;x_,t ) € D for t > t.
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Further, if t, and t, t, <t < ty < =, are given, then ueing ()
Ix(t3;xo,to)| < Ix(tz;xo,to)lexp {:3{/\(1:) + g(t)}dt < Ix(ta;xo,to)l.

5) If A(t) + g(t)€ -¢c fort > T, and Ixol <r, t,» T, then
by (L), x(t;xo,to) EDfort2t . If 6, 0<E< r_, is given, let
5(6 ) = €; then from (), 1X| <S implies

lx(t;xo,to)l < lxolexp ft:{/\(e) + g(s)}de < go c(t-ts)
and x = O is an exponentially stable solution of (NL). Q.E.D.

Remarks on Thecrem 4.7. Three common restrictions on f(x,t) of the
type used in Theorem 4.7 are 1) |f(x,t)| = of|x|) wniformly with respect
to t, i.e. there exists an r(|x|) where r(|x|)—> 0 as |x|—> 0 such that for
t3 T ,|0(x,t)| < |x|r(]x]) 5 2) |£(x,t)] € k|x| for some constant
k >0 and given € > 0 , there exists a 0 > 0 and a T » T, such that
for lx|»< 0 and t2 T, |f(x,t)| < €|x]| ; and 3) [£(x,t)] < g(t)]x|
where g(t) is iefined, non-negetive, and continuous for t > T, . In
order of strength, (1) — (2) — (3). |

In the following discussion of equation (NL) and of lyapunov
functions, it is assume that x', A(t), x, and f(x,t) have real elements.
0 is
o(|x])

uniformly with respect to t, i.e. |f(x,t)| € |x|r(]|x|) where r(|x]) — o©

For the case of (NL) with A(t) constant for t 2T, if x

h

an asymptotically stable solution of (H:nl ) ana if If(x,t)l

as |x| > 0, for all t zi, then x = 0 is an asymptotically steble
solution of (NL). This was proved by Lyapunov and Perron (see references
9, p.92 and 10,p.314). This theorem does not carry over to variable A(t);
a counterexample was ﬁrovided by Perron (reference 21). The question
then arisgs, vhat conditions ere necessary to insure the asymptotic
stability of x = 0 in the case of variable A(t)?

Thie question wes anewered by Perron in the same pcper (reference 21)
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and further 1n§est13ations along this line were mede by Persidskii and
Malkin. The work of all three is sumparized in reference 16, chepter VII
and the following is the most convenient theorem of their approach.
Theorem. Let equation (NL) be given and essume, additionally, that
A(t) 1s bounded for t > T, and that |f(x,t)| = o(|x|) wiformly in t.
If (Hmnl ) has a Iyﬁpunov function, V(x,t), such that V'(x,t) is neg-
ative definite, then x = 0 1s an asymptotically stable solution of (NL).
Here a Iyepunov function for (H: nl ) 1s a real scalar function,
V(x,t), which ie defined, positive definite, and has continuous first
partial derivatives with respect to x and t for all x and t z-Tb. Further,
V(0,t) = 0 for t > T, 2nd V'(x,t) = Vext + Ve = V_ A + Vi . The same
definition holde for (NL) except V(x,t) is defined only on D and
Ve(x,t) = Vx-(Ax + f) + Vt - Several types of stability (stability,
uniform stability, asymptotic stabllity, equiasymptotic stability) mey
be deduced for (H) or (NL) by uging Lyepunov functions, but the theorems
usually require that V'(x,t) < 0 (For a survey of thie topic see refer-
ence 1.).
Recently, Sell (reference 22) has studied Lyapunov functions with
weaker continuity conditians (which will not be considered here) and
with weaker restrictions on V'(x,t). He considers the differential equetion
( %) w' = H(u,t)
vwhere u snd t are real scalar variebles and H(u,t) 1s a real scalar
fmction which is defined for (wt)€ B ={(u,t): [uf < 7 ,—tﬁ;»%} .
Further, B(0,t) = 0 for t Z T, nd H(y,t) 1s such that equation ( %)
satisfiee the conditione for the existence and uniquenees of solutions
on D.

An extended Iyapunov function, V(x,t), for () or (NL) is the samge
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as a Lyapunov function (V'(x,t) is defined with respect to (H) or (NL) )
with the addition thet there existe an H{ u,t), a8 defined for equation
(%), such that

V' (x,t) < B(V(x,t),t) .
There then follows a stability theorem (Sell states this theorem for
systems more general than (NL) ).

Theorem. 1Iet equation (NL) be given and assume thet: 1) the solutione
of (NL) are wnique; 2) £(0,t) = 0 for t > T, ; 3) an extended
Lyapunov function exists for (NL). If u= 0 is & stable (or uniformly
stable, or asymptotically stable, or equiasymptotically stable)solution
of (*), then x = 0 is 2 steble (or wniformly stable, or asymptotically
stable, or equiasymptotically stable) solution of (NL) (For wniform
stability it is also necéesary to assume that V(x,t) has an infirftes-
imel upper bound, i.e. there eiiste & real valued function, u(r), which
is defined, continuous, and strictly incresring for 0 < r< R with
u(0) = 0, such that V(x,t) € u(|x|) for all (x,t) € D.).

If x',x, A(t), and £(x,t) h=ve real velued elements and if the
solutions of (NL) are unique, then (1), (2), 2nd (3) of Theorem h.7
mey be derived from Sell's Theorem. Let V(x,t) = |x| = (x°x)Z (xT ie
x tranepose); then V(x,t) ie an extended Iyapunov function for

1) V(x,t) 1e & real scalsr function which is defined for all (x,t)€ D;

2) V(x,t) is positive definite;

3) v(0,t) = 0 for t zT

4) Vx(x, t) and Vt(x,t) exiet and are continuous for =11 (x,t) € D;

5) Vi(x,t) = |x]|'< (A(t) + g(t) )|x| for all (x,t)€ D (This
stetement is derived in & manner similar to the proof of Theorem 2.1;

the unigueness of solutions is used here.);
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6) |x| has an infinkesimal upper bound.

If |x| 18 considered as an extended Lyupunov function, it is cnly
neceseary to study the null solutdion of
(x¥) u' = (A(t) + g(t) ) u.
The general solution of this equation is

u(t) = u(to)expf:o(/\(s) + g(s))ds : t3> t 2 T,

and conditione (1), (2), and (3) of Theorem 4.7 are seen to be precisely
the conditions which imply that u = O 1s e stable, uniformly stable, |
or equiasymptotically stable solution of (¥%).

Corollaries 1 and 2 of Theorem 2.1 may also be derived from Sell's

theorem by using the preceding discussion with g(t) = 0 for t > To'
Theoreme 2.3 and 2.4 and the work of Section 5 may also be interpreted
in terme of extended Lyapunov functions ueing V(x,t) = |y| = |P™ x|

Cesari (reference 9, p. 94) gives the following theorem.

Theorem. f¢sume the general hypotheses of Theorem 4.7. If fg(t)dt < w
and if x = O ie a uniformly stadle eolution of (H: nf ), then x =°O is
a uniformly etable solution of (NL). If x =0 1s a uniformly esymptotically
stable solution of (H: nl), then x = 0 1s & uniformly asymptotically
stable solution of (NL).

This theorem ie an improvement on Theorem 4.7, (2) in ane sense,
for f A(u)du £ M < w for all t > 8 2T, (which together with rg( t)dt € =
satisfies the hypotheses of Theorem 4.7, (2) ) implies, by Corollary 1
of Theorem 2.1, that x = 0 18 & wniformly steble solution of (H:n€ ).
The converse ie not true as is shown by example in Section3. But if
{t/\(s)de—) == as t—> e, then Theorem 4.7,(2) permitc & weakening

of the restrictions on g(t).

Golomb (reference 12) gives further theorems along this line in
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vhich it is assumedthat x = 0 1s & restrictively stable solution of
(B: nf ) (i1.e. x = 0 18 a stable solution of (H:nl ) and of the adjoint
equation of (H:nf) ).

Theorem 4.7 deals with the right inequality of Theorem 4.6. In
Theorem 4.8 & similer ennlysis it made .of the left inequality and lower
bounds for solutions are studied.

Example 4.2. (illustrating Theorem .7, (3))

dx/dat + 5/2 x = x°cos t t2T, =0, |x[<xr =1.
Since l(xicos t - 3/2 xy) - (xgcos t - 5/2 x| = =, - xell(xl + x,)cos t -
- 3/2| < 3|xl - 2[ for all x,, x, € D, & Lipschitz condition 1s satis-
fied and the solutions are wnique. As in Example k.1, this is a Ber-
noulll equation; the subetitution z = x T (x £ 0) gives

| dz/dt - 3/2 z = - cos t
with solution

z(t;zo,to) = zoexp[§J§(t - to)] - j;: cos u exp[%ﬁ (t - u)] du.

With to = 0, the solution of the original equation is
x(t;0,0) =
1 /3730622 b, (2/3)(if2 cos t - ein t)]° 1, x_ # O.
[ j_/3)eéf— v, (2/3)(5/2 cos t - sin t)]
X[t /5130622 ¥ 4 (2/3)(-fZ atn t - cos ¢)]
x'(45x,0) = [x(t;x,0)]® [ -3v2){(x L3Pt o (2/3) x

X (3/2 cos t - sin t)} + cos t],

it
I'_'1

x(t;xo,o)

Now x'(t;xo,O)

x'(t;xo,o) = [x(t;xo,OX][x(t;xo,O)cos t - §J§].
Ir /2 > x(t;x_,0) > 0, then x'(t;x_,0) < 0; 1f 0 > x(tix ,t.) > - 4/2,
then x'(t;x_,0) > C; in both cases |x(t;xo,0)|is monotonic decreasing.
Further, by the uniquenese of the solutions, no solution crossee the

solution x = O. Therefore, x = O 18 & steble solution of this example.
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Further, bET x(t;xo,lto) = 0 and this limit is uniforn in x  for all
Ixol < Bo, 60 a constant. Therefore, x = 0 is en equiasymptotically
stable solution of this example.

Now apply Theorem 4.7; /\(t) = - 4/2 and 'xacoa t| < |x|]cos t]
or g(t) = |cos t|. Then {J“{/\(s) + gle)}de = lim :{nn{-rlé 2 + |cos tl}dt
= r]ég{ /2 nn + l&ni = %ég n(k - /2 1) = - w, By (3) of Theorem 4.7,
x = 0 is an equiasymptotically stuble solution of this example.

Theorem 4.8. Given equation (NL), let x(t;xo,to) be a solution
such that x(to;xo,to) = Xx_. hssume f(x,t) is such that there exiets e
g(t), defined, non-negative, and continuous for t 7 T, with l£(x,t)] <
g(t)|x]| for all (x,t) e D. N

1) For t,z T, if {:‘{ A(e) - g(s)§ 7m”7? -wfort»t  and
Lf x(t;x,t ) € D for t € t < t, < =, then Ix(tsx, 6 )] > |x_|e"
for t < t<t,.

2) If f;{ A(s) - g(s)}ds = R = sup{lxl: (x,t) € D}< o,
t > T, end Ixol £ O, then x(t;xo,to) escapee from D.

(o]
3) If A(t) - g(t) 2 ¢, a positive constent, x(t;xo,to) € D for

o o X

for t € t<€ ¢t..
o 1

Proof. If the hypotheses on f(x,t) acre seticfied and if x(t;xo, t.o)

Tt <€tgt, €« and x, £ 0, then lx(t;xo,to)l increasee exponentially

€D for T < t €t t, € =, then Theorem 4.6 gives
. t
]x(t,xo,to)! > Ixolexp ‘L { Ae) - g(s)}ds for t < t étl.
1) The proof of (1) is immedirte.
2) 1If x(t;x_,t_ ) € D for t,< t< o, then lim Ix(t;xo,to)| >
im |x_| exp C{A(s) - g(s)}de = =; thie contradicts R < w.
3) Given € >0, let § =¢. For to 2T, Ix |< 3, ana t, €t <t

Ix(t;xo,to)l A lxolexp f:{)\(s) - %;(s)}ds 2 € oc(t-ta), Q.E.D.



5. Variations about a Constant Matrix

In Sectione 2,3, and 4 the aeyﬁptotic behavior of (H), (NH) and
(NL) wae discussed in terms of the functioms A(t) and A(t). Another
way to deecribe this behavior is to use the characteristic roote of the
matrix A(t). In this section the two methods will be combined; the
special case of A(t) = A + B(t), where A 1s canstant and B(t) is a
“variation" about A, is coneidered and A(t) and A(t) described in
terme of the characteristic roote of A and the matrix B(t).

The method involves a change of variables, y = P-lx, P! 1s con-
stant end noneingular, vhich transforms A to Jordan form. Since P+
is constant and noneingular, the original and the transformed equatione
should have the same qualitative behavior and it should be necessary
to study only the latter equation. The first two lemmas show this is
80. The notation of Section 2 i1s used.

Lemma 5.1. let y = P'lx, where P! is a canstant, nonsingular, n
by n matrix, be a mapping of E° into E°. This wapping transforme (H),
(NE) and (NL) into equatione to which the theorems of Sectioms 2, 3,
and 4 may still be applied. Further, if x(t) is a solution of one of
the original equations, then y(t) = P-lx(t) 18 a solution of the tranes-
formed equation.

Proof. The mapping y = P'lx, as described in the hypotheses,

transforms (H) into
v' = P lA(t)py

and (NH) into
v' = P la(e)py + Polg(e).
Since P and P~ ! are constant, P'lA(t)P and P-lf(t) are continuous for

t ?'1‘0 and the transformed equations satisfy the same hypotheses as the

29



original_ equations.

Equation (NL) becomes

y' = r'lA(t)py + P'lf(ry,t).

Since P and P™' are canetent and noneingular, P IA(t)P ie cantinuous
for t> T _ and P'lf(Py,t) = g(y,t) 1e defined and continuous for all
(y,t)e D' = {(y,t): (Py,t) ¢ D}. Further, D' is open and conmected;
{y: lvl < ro(l‘l-"l)'l = ré} X RC D', eince |y|< ro(|P|)'l implies
|Py| < |P[ly| < r_; &(0,t) = 0 for t > T, if and only if £(0,t) = O for
t 7T, and B! = Sup{lylz (7,£) € D'} < = if and mly 1£ R < .
Therefore, the hypotheses satisfied by (NL) are also eatisfied by the
transformed equation.

If x(t) 1e a solution of one of the original equations, then y(t)
= P-lx(t) ies a solution of the transformed equation, as may be checked
by substitution.Q.E.D.

lemma 5.2. Iet y = Qx, where Q is a constant, nonsingular, n by
n matrix, be a mapping of E” into E°. Then lle = |Qx| defines a norm
for E® and (IQ'll)'llxl < leQS |Q}|x| (Since Q 18 nomeingular, |Q| £
0 # IQ'll.). Further, the norm |x|Q mey be used in place of the norm
|x| in Definition 2.3. |

g_:gp_g_t: A norm for E° 1e a function, v , mapping E° into the non-
negative real numbere, which is auch that for X, y€ E' and ¢ a scalar:

1) v(x) = 0 if and only if x = 0O;

11) v(x+y) € V() + v(y);
111) V(cx) = |c| V‘(x).
The function |x|, defined in Definition 2.2, ie a norm. for E°; hence

IxIQ = |ax| mape E® into the non-negative reals. Further, eince Q 1s

noneingular,
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1) lx|Q= 0 1f and only if x = 0;
1) |x+3lg = lQx + y)] = |&x + Qy] € |ex| + |Qy] = Ixlg + Iylys
111) chlQ = |eQx| = || |Qx] = chle.k
Therefore, |x|-Q 18 a norm for E°.
Using Lemma 2.1,
lxlq = |@x| € 'Q”xl
and
x| = 17l 10 fax) = 7Y fx -

The assertion about Definition 2.3 follows from the preceding in-
equalities. The detuils will be worked out for one case, the rest may
bv proved in a similar fashion.

Ueing the |x| norm, assume ‘the solutione o1 (NL) are locally
bounded. There oxiste a 5°> U such that |x | < 50 Lmplies
x(t;x, 8 )€ D for t 3t > T_end given 3, 0< & < 50, end t 7 T,
thore existe an M(§,t ) > G such that x| <& implies Ix(t;xo,to)l <
M for t 3t_. Let 55 = (lc:fll)'l d,; then lxo|Q< 0. implies
[x | < IQ-l, lxolQ < 50 vhich implies that x(t;x_,t_ )€ D for t > t, 2
T,- Further, given 0 < §' < d‘é and t_ 2 T, let § = lq’ll dt < 8,
With M( 9 yt ) = M( 5",t0) ee Just describved, let M'( 5't) = |Qm.
Then |x°|Q< d' implies lxo|< d which implies that [x(t;xo,to)l <M
and hence Ix(t;xo,to)lqs M' for t 2 t_ . Therefore, the solutions of .
(NL) are lccally bounded in the |x|Q norm.

A similar proof shows that if the eolutions of (NL) are lccally
bounded in the IxIQ norm, then they are locally bounded in the |x| norm.
Hence, either norm may be used in the definition of local boundedness. Q.E.D.

Lomme 5.3. If A(t) = B(t) + C(t), where A(t), B(t) end C(t) are

matrix functions, defined and continuous for t 3 T, end 1f A x and )‘x
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are the supremum and infimum, respectively, of the characteristic roots
of %(x* + X), for X = A(t), B(t), or C(t), then
Ay (t) € AL(t) + /\c(t) and X, (t) » >“B(t) + A (t) for ¢ T
Proof: For the functions f(t) and g(t), eup(f + g) < sup(f) + sup(g)

and inf(f + g) 2 inf(f) + inf(g). &.E.D.
Remerks on Lemmas 5.1 - 5.3. Lemmas 5.1 and 5.2 make it possible

to transform x' = [4 + B(t)]x into
vt = [Phap + P lB(4)B]y = c(t)y

and to determine the asymptotic behavior of the former equation from
thet of the latter. By Lemma 5.3, instead of /\C(t) 1t is sufficient

to compute AP'IA.P and AP']BP (or )\P-IAP and )\P'lBP instead of )\C).

1l

The matrix P will be chosen 80 that P AP is in Jordan form.

The next step is to determine bounds for the characteristic roots of
5[(?'1:@)" + (P'lap)] end 3 Br'ln(t)P)" + (P'ls(t)P)] for euch P.

The matrices in the following lemmas may have either real or complex

entries.
Lemma 5.4. If the matrix A = (aiJ) (1,3 = 1,...,n) is given, then

there exists & nonsingular matrix P = (piJ) (1,3=1,...,n), with

1l

pl- (p('l)) (1,3 = 1,...,n) as its inverse, csuch that P 1AP = J where

1]
J is in Jordan canaonical form. The matrix J may be written as
J= Diag(Jl,Ja, .. .,Ju)

vhere J) = Diag( \,;, >\12,..., )\lv(l)) and

1
r —
Ny By 0 ... 0
I I;j :
. 0
. i C
Ji- . : 03 ) 1=2,-..,u.
. . Ri
—o o o e e a Kiv(il

Here R1 (1 =2,...,u) are arbitrary namzero real numbers (P is & function
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of these constants) and )\11 B ... = )\:w(i) (1=2,...,u). The
)\ll’ caey '\lv( 1) are characteristic roots corresponding to olementary
divisors of A whose expanents are 1; A\ sevey A (2€1i<€u) 18 a
11 iv(1)
characteristic root carresponding to an elementary divisor of A with
expanent v(1i) >1 (This sentence will not be elaborated upon; for a
complete treatment of this topic the reader is referred to reference L,
chapter X. It will be noted, however, that the number of times a char-
acteristic root appears on the main diagonal of J is equal to its
multiplicity as a root of the characteristic equation of A.). These two
u  v(1)
classes include all of the cheracteristic roots of A and 1;,1 ;l l=n.
Proof: If Ry = 1fori=2,...,u, the lemma 1s well known (see

reference 4, chapter X) and will be assumed as proved. ~This case will

be written as

I\-l A N A A
PUAP = J = Diag(J,...,J ).

Given a set of nonzero real numbers R2""’Ru’ construct the follow-
ing matrices: D, equals a'v(1l) by v(1) identity matrix; for i = 2,00,

D1 = Diag(1, Ri,Ri,...,Rz(i)'l) (where u and v(1) are the same as in the

statement of the lemma). Each D, (1 =1,...,u) is noneingular and its

inverse can be constructed; Dll is an identity matrix and

D;I = Diag(l,RI]',---,Ri'v(i)) (1 =2,...,u).
_l/\ A
Then Dl JlDl =d; = Jl and
F')\il Ry, 0 ... 0 ]
1n °© N >\R1 : -
Dy7JyDy = .1 T3 =Jdp =250
* : Ri
_ 0 0 0 eesoe Alv(i)-‘

vhere Jl" . .,.J’u are defined in the statement of the lemme. Let

D = Dieg(D,,...,D ) and P = ¥p ,
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then D is nonsingular, P is nonsinguler,

- - - - - A-
pl. Diag(p;",...,00Y) , Pt = 0772, ana
la-1 1

-1 *dA=]1 A =12 =12 : «]lA ) ( J)-J
P AP‘D P m = D JD = Diag(Dl J1D1,000,Du JuDu = Diag Jl,c-o’ u =
where J is defined in the statement of the lemme. Q.E.D.

Lemma 5.5(References 5 and 12). If A 1s a cheracteristic root of
A = (aia) (i,J = l,...,n), thm
n, .
| N - a,,l < ;1"1.}' for some i, 1< 1< n
(where ' indicates that J=11is omitted from the summation).
n
Further, |\ | < Sup4) ,jé‘llai,j"
Proof: Let x = Col(xl,...,xn) be a cheracteristic vector corre-
n
sponding to A . Then >\x1 = Jél 8%y s
L
(A - a l)x, = ng 84%y P 1= 1,...,n.
Ir x| - m(i)lxil, then . .
] ]
1N - agllnl € Llagllxgl € 1nd Zrlal,
]
I A ol < Jéilanjl (since |x,| £ 0).

The second estimate follows directly from the first. Q.E.D.

Lemme 5.6. Let )\1, cony )xn be the characteristic roots of A =
(2,40 (1,3 = 1,...,n) and let L = Ro()\i) (1 =1,...,n); assume that
if L, = 0 (1€ 1€ n), then )\1 corresponde to 2 simple elementary divi-
sor of A (In particular, this holds if /\1 is a simple root of the
characteristic equatian of A.). ILet J 50 a metrix in Jorda.ﬁ form which
is similar to A and let ,ul,...,/u,n be the characteristic roots of
$(Jd* + J). Given c, an erbitrary positive constant, the matrix J may
be chosen such that ‘

l) 1if )‘i (1€ 1< n) corresponds to a simple elementary divisor
of A, then there o._iiltl a ,4.(.1 (1< 3£ n) such that /"'J = Li,'

2) 1if )\1 (1€ 1< n) correspands to an eslementary divisor of
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multiplicity m(1) > 1 (hence L # O), then there exist m #J"’
(1£ J€ n) such that
|z, |[s1en(L,) - c]«¢ Moy € 11, [B1en(L)) + c];
3) the two preceding classes account for all ,uJ's (1< ) €n).
Proof: Following Lemma 5.4, let P be such that

1l
AP = J = Diag(Jl,Ja,o--,Ju)o

P
Then (3% + J) = Dieg[(J] + ) $3Y+ 7)) ena
1l 17270 u u

» 17 H* _ * _
Det[3(1* + J) - pi] - Det[;(Jl +3) - I]x...met[i;(.ru +3) - p1)
where each I 1s an identity matrix of the same 8ize ae the J.

The roots of the equation
Det[4(s*+ J) - MI]=o0
coincide with the roots of the system of equations
: *
(*)  Det[¥(df+ ) -p Il=0 (1=1,..., w.
Let Re ()‘1,1) = L, (1=1,..0,u; 9=1,...,v(1)). For 1 =1,
*

and the roots of equation (*) are Lll""’I‘lv( 1) These are the
Characteristic roots described in (1) of this lemma. -

Fw 1 = 2’.'.’v,

- e

Lil zRi . . . .
L R L, ‘ .
3(.11 + Ji) = | ¢ éRi where L., = ...

= Liv(1) = Ly~

0 0 . . .

Ao -

Using Lemma 4.5, equation (%) has v(1i) roots satisfying
ILi -Mls IRI"
With L, # O and ¢ an arbitrary positive constent, let R, = cL,

(£ =2,...,u). Then
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L, -cly, ] pug L +clL,|

ILilfSIgn(Li) -c]<spus |L1|[51gn(1.1) +c] (1=2,...,u).
These are the characteristic roots described in (2) of this lemme.
Further, this accounts for all of the characteristic roots of (J* + J).
Q.E.D.

Remark on Lema 5.6. There 18 a simpler, but less accurate sub-
division of the characteristic roots of A. All of the simple roots of
the characteristic equation of A fall under (1) of tﬁe lemme; the mul-
tiple roote may fall under (1) or (2), but as long ae the real part of
the root is not zero the rougher estimate of (2) holds. Hence if A 1
(1< 1< n) 18 a root of the characteristic equation of multiplicity
M(1i) > 1 and 1if L, # O, then there exist M H'J'B (1 € Js.n) satisfy-
ing the inequalities of (2).

Definition 5.1. With A = (aiJ) (1,3 =1,...,n), MICR‘AH is the
ma.ximum‘ of the absolute values of the characteristic roote of A. If
the characteristic roots of A are real, them MCR(A) is the maximum

characterietic root of A and mCR‘A) is the minimum characteristic root

of A.
Lemma 5.7. If F = (fid) (1,3 = 1,...,n), then
MCR {{;(F* + F)}s MICR{ $(F*+ P} = |3(F* + F)| < |F] ¢ Ir|

and R {%(F“ + r)} > -M|CR ié(FN F)}l = -|3(F* + #)| > -|F| > -||F].
If F = P")BP, where P, B and P™' are n by n metrices, then
MR {#(F* + )} € |Fl < [27[3]|p] ¢ |2"Y|3)|2|
et wR {3(F* + B} 3-1m> -[E (3] [2] > -|2 s,
If P is witary (or orthogmal, if P is real), then |P| = |F¥| = 1
(or |P| = [PT] = 1). .
Proof. First, the derivation of the bound for MCR { 5(P* + F)} :
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the first inequality is trivial; the equality follows from Lemma 2.1,
(6); the mext inequality follows from Lemma 2.1, (2), (3) and (&), for
[4(F¥ + F)| ¢ $(IFY + [F]) = |F|;

the last inequality follows from Lemma 2.1, (7).

The derivatim of the bound for mCR {#(F* + F)l 1e eimilar to the
derivation just completed.

If F = P"1BP, then using Lemma 2.1

¥l = [27ep| < |27} |Bl12] < [27Y|B ][z

The remark an orthogonal and unitary P's is well known. Q.E.D.

The preceding lemmas will now be used to study the homogeneous
linear system. B;iret, a lemma which improves the wording of a subse-
quent theorem.

Lemma 5.8. Given the system of equaticms:

(%) x' = Ax, A = (aij) (1,3=1,...,n) 18 a constant matrix
(for a definition of the matrix equation x' = Ax, see (H), Section 2),
let Al”"’ )\n be the characteristic roots of A and L, = Re ()\1)

(£ =1,...,n).

"1) The vector x =0 is an exponent:laily stable solution of (#) 1f
and only if L, < O for 1 = 1,...,n.

2) The vector x = O is a stable solutim.of (%) 1f and anly if
1) L, £ O for 1 = 1,...,n and 11) 4 L, = 0 (1< i< n), then Xi
corresponds to a simple elementary divisor of A.
| 3) The norms of all the nonzero solutians of (*) are bounded away
from zero if and only 1if L1> Ofori=1,...,n.

L) The normes of all the nonzero solutions of (%) increase expon-
entially if and only 1f L,> O for 1 = 1,...,n.

Proof. This is a well known result. A proof of perts (1) and (2)
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may be found in reference 9, p. 20; the proof of parts (3) and (&)
- is similar to the proof of the first parts.
The asymptotic properties of the homogeneous linear system with
constant coefficients obtained in Lemma 5.8 prompts a similar attempt
for the system with variable coefficients. This attempt meets with two
complications: the transformation to Jordan form introduces new, un-
vieldy terms (the substitution y = P™1(t)x, where P 1(t)A(t)R(t) = J(t),
transforme x* = A(t)x into y* = [J(t) - P"Y(t)P'(¢)] y); and the proper-
ties of Lemma 5.8 do not carry over to the equation with variable coef-
ficimts,l An alternative approach is to start with a constant matrix
and see vhat sort of variable terms méy be added without changing the .
asymptotic behavior.
Consider the system of differential equatinone

(5.1) x' = [A + € B(t)]x

where A = (aiJ) (1,3 =1,...,n) 18 a constant matrix, B(t) = (bi,j(t))
(1,9 = 1,...,n) 18 a matrix function of t which is defined and contin-
uous for t » Ty and €, 0 € < @, 15 a real parameter (this matrix
notatian for systems of differential equations is defined in Section 2).
In particular, equation (5.1) is a special case of equation (H) and the
theorems of Section 2 apply to equation (5.1).

Theorem 5.1. Given equation (5.1), assume that IB(t)] < M, M a

lFor example, the equation x" + (1/b4t)x' + (1/8t2)x =0: t21
hae x =/t as a solution and yet the characteristic roots of
this equation, (-1 + /<7 )/8t, have negative real parts. As a

secand example, the system
xi -1 tet [ x 1
= Pt 330

2 Lo 2]l=
-t

has (-1) as a double characteristic root while xl (t-1) + e R
X, = e ~ 18 a solution. '
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constant, for t T

1) If x = 0 is an expaentially stable solution of equation (5.1)
when € = O, then there existe an €,” O such that for 0 € € < €,
X = 0 is st111 an exponentially stable solution of equaticn (5.1).

2) If x = 0 18 a stable solution of equation (5.1) when e = O
(which 18 equivalent to 1its being a uniformly stable solution) and if
f; [B(t)|dt < =, then x = 018 a wniformly stable solution of equatiom
(5?1) for any € 3 0.

3) If the norms of all the nonzero solutions of equation (5.1) are
bounded away from zero when € = O and if [* |B(t)|dt < =, then the
norme of all the nonzero solutions of equatigg (5.1) are bounded away
from zero for all € > O.

k) If the norme of the nonzero solutione of equatiom (5.1) 1in-
crease exponentially when € = 0, then there exists an 60 > 0 Buch
that for 0 £ € < eo’ the normg of the nonzero solutione of equation
(5.1) still increase exponentially.

Proof. Let equatian (5.1) be given. By Lemma 5.4, there exists a
canstant, noneingular P such that P'lAP = J where J is in Jordan form.
By Lemma 5.1, the mapping y = P~ x transforms equation (5.1) into

) 5 =[s+er B0y =[5+ Fit,e )]y = ct,e )y
where the theorems of Section 2 may be applied to equation (% ). Further,
if x(t) 1s & solution of equation (5.1), then y(t) = P-lx(t) is a solu-
tion of equation (% )and; by Lemma 5.2, if any of the conclusions of
(1) - (4) of this theorem is satisfied by the solutions of equatian (¥ ),
then it is also satisfied by the solutions of equation (5.1). It is
therefore necessary only to consider equation (% ).

1) Let )\1,..., )‘n be the characteristic roots of A and let
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L= Ma.x(i)Ro( )\1); the hypotheses of (1) and Lemma 5.8, (1) imply that
L<0. Let cl, 0< cl< 1, be an arbitrary constant; by Lemme 5.6, the
matrix P may be chosen such that if M 18 a characteristic root of

5(3* + J), then ME(1-c)L Let €, = (cl-l)L(MIP'lllpn'l,- if

0< € < €,, then ¢ = s eo where 0 £ c, < l. Using Llemma 5.7, if

0 €€ <€, and x(t,c ) is e characteristic root of %(F'(t, €) + F(t,e )),
then [n(t,e )] € |F(¢,€)] = |e P'Is(t)Pl £ o, eolp'llla(t)llpl, or
[x(t,e )] < cy(c,-1)L. Then by Lemma 5.3,

At e) s A+ Aplt,€)€ (1 - )L+ c2('cl-1)L = (1-c N1 -cy)L<0
and by Corollary 3 of Theorem 2.1, y = O is an exponentially stable
solution of equation ().

2) Let )‘l""’ )\n be the characteristic roots of A, L = Re() )
(1=1,...,n), and L = Ma.x(i)Li. The hypotheses of (2) and Lemma 5.8, (2)
imply that L £ O and that if )‘i is a characteristic root corresponding .
to a multiple elementary divisor of A, thenL, < 0 (L€ 1€n). By
Lemma 5.6, the matrix P may be chosen such that if JM 18 a characteristic
root of 3(J¥ + J), then M€ 0. By Lemma 5.7, if x(t,€ ) 18 a
characteristic root of £(F¥(t,e ) + F(t,e )), then

[n(t,e )| € |F(t,e )] = |e P'ls(t)rl € e |P‘1||p||13(t.)|.
By Lemma 5.3,
Aclt,€ )€ Ap+ Ayt,e )€ e B ]p][B(1)]
and since {: IB(u)|du < rlB(t)ldt< = for ell £ > t > T, Corollary 1
of Theorem 2.1 implies thoat x = 0 is a uniformly stable solution of (%),

3 and 4) The proofs of (3) and (4) are similar, respectively, to

the proofs of (2) and (1) and will be omitted. Q.E.D.

Remarks on Theorem 5.1. The matrix P, defined in the theorem, is

" not unique and for parts (1) and (4) it would be nice to specify an



71

“optimal" P. This is difficult; for instance in part (1) it would in-
volve minimizing the function

U(c,,P,€ ) = l-u-b-{ Asle)) + /\F(t,e »P(cy)) s T, < t < -}
(The notation is taken from part (1) of the proof.).

Parts (1) and (2) of Theorem 5.1 have been proved by several authors
(see, for example, reference 2) and a 800d sumnary may be found in
reference 9, pp. 33 - 37.

For part (2), it heas been shown that if x(t) 1s a solution of
(5.1) for sc;me € # 0, then there exists a solution of (5.1) with € =0,
say x(t), such that |x(t) - x(t)| - 0 as t — = (8ee references 17 and 25).

If the characteristic roots of A are distinct, then Theorem 5.1
may be improved upon. Consider the system of differential equatims
(5.2) . x' =[A+ B(t‘fjx
(this is equation (5.1) with € = 1). |

Theorem 5.2. Given equation (5.2), let )‘l""’ )\nbe the character-
istic roote of A; let R = Ma.x(i)Re( )\i) and r = Min(i)Ro(A i),' and assume
that A is similar to a diagonal matrix(Thie assumption will be satiefied
1f A, £ AJ for 1€ 14 J¢n.). Let P be & constant, nomsingular

lAP = J where J is in Jordan (diaganal) form; let

matrix such that P~
P IB(t)P = F(t); let Ag(t) and )\F(t) be the supremum and infimum,
respectively, of the characteristic roots of 3—(1‘-‘*( t) + F(t)); and let
H(t ) = [:{R + AF(t)}dt and h(t ) = f:{r + )\F(t)kdt for t 3 T_.

First, assume R < O.

1) Ir H(To) < =, then x = 0 is a stable solution of equation (5.2).
Ir H(f,o)s M, M a constant, for all t.2 T, thon x = 0 18 a uniformly
stable solut..icn of equation (5.2).

2) If H(To) = ==, then x = 0 is an equiasymptotically stable



12

solution of equation (5.2).

3) IfR + /\F(t) € -c, ¢ a positive constant, for t > T, then
X = 0 1s an expanentially stable solution of equatiom (5.2).

Now assume r ) O.

h) If h(t)) > m > - for all t,> T,, then the norms of the nonzero
solutions of equatic;:x (5.2) are bounded away from zero.

5) If h(To) = « , then the norme of the nonzero solutione of equation
(5.2) are unbounded 2s t—> @. If r + AF(t) 2> C, ¢ a poeitive canstant,
for t 2 T, , then the norms of the nonzero solutions of equation (5.2)
increase exponentially as t—> w.

Proof: Repeating the first part of the proof of Theorem 5.1,
equation (5.2) may be transtormed into

)y =[a+ BBy =[5+ ROy = c(e)y
and again, to prove the theorem for equation (5.2), 1t 1s sufficient to
prove the theorem for equation (% ). Here P-lA.P = J = Diag( A Ty ,\n).

By Lemma 5.6, mn{-s(.r*»r J)} = R and m{é(.r*,« J)} = r; by Lemma 5.3,

/\C(t)s /\J + /\F(t) =R + /\F(t) and

)\C(t) > AJ + AF(t) = r + XF(t.‘) for t > T,
If these bounds are used in Corollaries 1 - 5 of Theorem 2.1, then
(1) - (5) of the thecrem follow. Q.E.D.

Remaris on Theorem 5.2. Again, it would be nice, but difficult, to
specify an "optimal" P. For instance, in part (1) this would involve
minimizing the integral R

I(P) = E{R + A2} at.

The first advantage of this theorem over Theorem 5.1 is that [B(t)]

need not be bounded. For example, using part (1) and Lemma 5.7, it
t

j_;;IB(fc)ldts (-R/[F"Y]E[)(t - T) for sty >T,,
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T sufficiently large, then x = 0 1s a uniformly etable solution of
equation (5.2).

The second advantage is that in applications where P and Pt may
be computed the results may be further improved. For a useful example
of this, coneider the n-th order differential equation

x(n) + [al + bl(t)]x(n-l) fouot [an + bn(t)]x = 0,

or in system notation

O r— - - pu
(5.3) [x] 0 1 0... 0 o ... o7 [xg
. 0 o 1 . . . .
: = { . . C + > : ’
L] . . o .
L4 . L] l C o
_xx'xj %0 “%a-1 - - ey _-bn(t) . 'bl(t_)O) ,xx_ﬂ
i.e. x'= A+ B(t) x.

Here 8)s-+.,8 are real or complex constants and bl(t),...,bn(t) are
real or complex valued functions vhich are defined and continuous for
t 3 T,. Equation (5.3) is a special case of equation (5.2).

The notation of Definition 5.2 will be used without further men-
tion in Lemmes 5.9 - 5.12.

Definition 5.2. 1) With a, and bi(t), i=1,...,n, as just

n n-1
defined, let Ar) =r + ar oot A and
n Al1._n=-1
gbgr,tg = r o« [al + bl(t)]r 4 e + [an + bn(t)] vwhere r is an
indeterminate.

2) Let _&1 es A be the roots of Q(r) = 0 and #1“"21""‘45@

be the roots of Qb(r,t) = 0. Given equation (5.3), the A's are the
characteristic roote of A and the M '8, the characteristic roots of

[a + B(D)].
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3) Fori=1,...,n, letD - [( RN N VS VIR E

M) oo CAy = A )]

n

x (A -
4) Let & (M), 0g
function of the letters )\l,..., An,— .., g ,\n) = 1,

0'1()\n)= Al*----o- )\n, 0'2()\n)= )‘l )\Z+"'+)‘1)‘n+ .es
* A A o) = Al e g (AT

(0€ 1€ n-1,15 3¢ n) be the 1-th elementary symmetric function

1< n, be the 1-th elementary symmetric

of the lettOrB Al’coo, XJ-l, A'J‘fl’.‘., An'
Lemma 5.9. The coefficients in the polynomial equation Q(r) = 0
are given by a, = (-1)101(An), 1=1...,n. .

Proof. For a proof of this lemme, see referemce 18, p. 86. Q.E.D.

Lemma 5.10. For 1< i < n,
n
- n-3 _ - -
Qb( /\i,t) = "2—:-1 bJ(t-)>\1 = ()\1 }*l(t))”'( )\1 /u.n(t))o
- Proof. Note that ( )\1) =0 fori=1,...,n end substitute )‘1

ir?to Qb(r,t) =" [al + bl('l'.)]:rn'1 +oeee + [an + i)n(t)] = (r - }ﬁ(t))x
X oo (r - }Ln(t))o QoEch

Lemma 5.11. Given equation (5.3), aseume that )\1 # '\J for
114 35 n (i.e., the characteristic roots of A are distinct). Then

AP = J = Diag ( ApeeesAp) where = (p ) = (A}™Y) anapl.

-
(pgsl)) = ((-1)™9p;? GO A 1,3 = 1, ,n,
. Proof. (The first half vas proved by Perron in reference 20.)

1

If P AP = J = Diag ( Al,..., An), where A 1s given in equation

(5.3), then
AP = PJ,
(kg'nl a'ikpk,j) = Py /\J i 14,3=1,...,n;
since & 4,1 =1, a5 = Oforie= l...,n-1, J£1+1,

p1+1’J’p1JAJ : i= 1,..-,n'l;d= l"..’n.
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Let le = lmd piJ = Aj-l for 1 = 1,---’n; J = 1,-00,n¢

1l

Let (qi,n_l,...,qio) be the 1-th row of P — and let Fi()\) =

n-1 ne2 _ -
qio)\ + qilk *+eee*9 0 1=L..,n. Then P o1 mey

be written as "

F(AD =1
i=1...,n; = 1,...,1-1,1+1,...,n.
F(A) =0

Hence F,(A) = q, (A = A een (A - )\1_1)( NE Agpp)eee (X - >\n)

vhere ug = [(hy = ApeeelAy = ADOA = Ay eeelhy = A )]

= D;l, 1 = l,.oo,no Thm

n-1l n-2 _
DiFi(A) = A + (Diqil)>\ +"0+ (Diqi,n-l), i -~ 1, o",n.

Adepting Lemme 5.9 to this Polynomial,

D, , = ('I)JUJ()‘n' At 1=1..m5 3= L,..0,n-1

aleo, Da, = 1= (_-1)°o-°( Al AL

Since pgsl) = 9y
(-1) _ n-J -1 . _ .
Pyg " = (-1 ED T LA TA) ¢ 4,5 = 1,0 .,n. Q.E.D.

Lemma 5.12. With B(t) ae defined in equetion (5.3) and P and P %
as defined in Lemma 5.11,
P 1B(t)P = (- X Apt)), 1,9= 1,...,n.
Proof. With B(t) as defined in equatiom (5.3),
byg=0fori=1,...,n -1 §=1,...,n; Py = Ppe1-y 4= Lo
Then

n ) n .
PB(t)P = (e, 1 Pg;l)bm(t);?w) = (pil;l)agl “Bhe1-g Poy)s

- (-1) 5 . -
P 1B(t)p = (-pm k)=:‘1 bkpn+l_k,J) : 1,3=1,...,n.
By Lemmas 5.10 and 5.11,
; ,
P B(t)P = (-D; kgl bk)\g-k) = (-D;]Qb( }\J,t)) : 1,3=1,...,n.Q.E.D.
Theorem 5.3. Given equation (5.3), let )\1,..., Xn be the

characterietic roots of A and }‘ul(t), cee, },un(t) the characteristic roots
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of [A +B(t)]; assume /\:l # AJ for 1€ 1 # J< n. Let
'AMI = m(i)l >\1|: IbM(t)I = SUP(i)Ib (¢)], D = mx(i)-ﬂlz\ Jl
(' denotes that j = 1 is omitted), and d = min(i) ﬂ | )\ - |
- n-J
With  Q(A,t) = 321 LA TT (A, ;uLJ(t)), €1< .
(1.e. Qb( A ,t) is the characteristic poLvnomial of A + B(t) evaluated
at )\i), let Qb(t) = sup(i)IQb( )\i,t)l. Then Theorem 5.2 may be
applied to equation (5.3) ueing eany of the following estimates for
R + /\F(t) and r + )\'F(t).
1) R+ /\ plt) € R+ nd'lQb(t) and
r+ A (t) >r - nd lQ.b(t)
2) R+ A p(t) € R+ nd’ ma.x(lI/\ |7 1)321 lb(t)l and
r+ A\ ) 2r - nd’ ma.x(l |)\M|n y x lelb (t)].
Ap(t) € B+ na™HA-] Ay 1D a-| A D (5, (8) ]
r o+ )\F(t) >r - nd'l((l-l AMI?/(l-IAMI))[bM(t)I.

3)
Ir [ Al £ L, {

R+ A_(t) € R + n°a ‘llb (t)]

Ifl)\l=l) M
M r+/\(t) >r - n°d b(t).

M

L) If, as an additional hypothesis, I}Ji(t) - )\1| I A - A

J 1'

for 1< 14 J<nend t > T, then
R+ A plt) SR+ na” %" p [Eup(i)lpi(t) - A l] and
r+ Ag(t) > r - na"? LD[eup(i)I O
Proof. -Assume equation (5.2) 1s given and let P and P ! be as
defined in Lemma 5.11. Then P~ AP is in Jorden form and, as in

Theorem 5.2, P-]'B(t)P = F(t). Further, F(t) is given by Lemma 5.12.

\

Let n(t) be a characteristic root of 3[1"*(1;) + F(t)] and apply Lemma 5.5:

ln(t)l < eup(i){ﬁéllD;lQb( >\J,t) + Dleb( Ai,t)l},
Il < goup )| 1o A0l + 1930 A, 0




7

(here D, =T—T (A Then

n
In(t)] < { ;-1'%( )\J,t)l Qb(t)];'llndlli,
| n(t)] < na"H (¢) .
Then /\F(t)s nd'lQb(t) and )\F(t) 2 -nd'l&b(t) end (1) of thie
theorem follows.
Stnce G ( A,,t) = lebJ(t)}\n J | it follows that
Iyl Ayp8)] € max(1, ] A ™ l)J}_,1|b (t)] end
() & max(1,| A ™ l)lelb (0]
(2) then follows from (1).

From the seme expression for Qb( Ai,t), it also follows that
n
-y n_'
15,0 A 831 € Toy ()] 2, INT™Y] ana

n
Gp(®) € [0 (6] ) IAI™™ = (o001 - A - [ A D, or
$,(t) € no (8)] 1f I)\ | = 1 (3) then follows from (1).

Since G, ( )\i,t) -]gT( )\ - M,(t)), 1t follows that
J:I J

Wl At = (N pi(ml'T( Ay = Ay e Ay = p(e))
and I‘«éi.b()\i,t)I < | A }-Li(t)”—” >\ J|(l+ l()\J ,uJ(t)y(/\i' )\9')-
If llu.i(t)-)\ilél)\ -)\l for1<1,43 n, then

ley( A0 € 2" A, Mi(t)”—“ Ay - Ayl ena

0 (1) € 2" 1p eug(i)l A Hi(t)l

(h) then followe from (1). Q.E.D.

Remarke on Theorem ,.3. Peart (k) stutes thet if the charecteristic
roote of A + B(t) are "close enough" to the churacteristic roots of A,
then x' = (A + B(t))x and x' = Ax have the eame asymptotic behavior.
This houlaes for n-th order equatione written 1in ztystem 10orm; as the s=e.ond
example of the footnote on page 68 chowe, the statement i: not true

for general systems.
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Example 5.1.(Illuetreting Theorem 5.3).

X'+ bxt 4+ 6x' + (b + f(t))x =0 : t2T =0.

Assume f(t) = f/(t + T) for a1l t > 0. Writing this equation in the

form of equation (5.3),

x. ¢ 1 o0 c 0 0

1 1
x| = c o0 1] + C cC 0 X[ .
T S -f(t) o 0]) |x
*3 - 1(e) =/ '3
The churecteristic roots of the conetent matrix sre: /\l = -1+ 4,

Ay=-1-1, )\3=-2;alsoR=-l,n=3,d=2,andl)\M|=2.
By‘(2) of Theorem 5.3,

R+ Ap(t) & (-1) + (3/2)(W)] ()] = (-1) + 6]£(t)] .

Then by & modified version of Theorem 5.2 (Theorem 5.2 is eagily sdapted
to periodic systems by using Corollaries 1' - 5' of Theorem 2.1 in
place of Corollaries 1 - 5.): 1if j;T!f(t)l\dts (T/6) (or <), then

Z{R + /\F(t)}dt €0 (or <)} end x=0 i8 & stable (or exponentially
stable) solution of thie example.

The methods Just developed for the homogeneous lineer equation will
now be applied to the nanhomcgenecus linesr quation. Coneider the
equetion
(5.4) x' = (A + € B(t))x + f(t)
where this 18 the seme as equation (5.1) with the addition that
f(t) = Col(fl(t), ...,fn(t)) is s vector function of t which is defined
and cantinuous for t > To. Equation (5.4) is 2 special case of equetion
(NH) and thus the theorems of Section 3 apply to equation (5.4). Let
(H:5.4) be the homogeneous equation essoclated with equation (5.h4),

1.e. the equatian obteined by euppressing f(t).

Theorem 5.4. Let equation (5.4) be given and sesume thet [B(t)] £ M

and |£(t)| £ N, M and N constants, for t 2 To.
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l) If x = 0 is an expanentially stable solution of equation (B:5.4)
vhen ¢ = O then there sxists an € be 0 such that for 0 g ¢ < € , the
limite esuperior (as t—> ®) of the norms of all solutions of equetion
(5.4) are less than or equal tc some constant, Q.

2) If x = 0 18 a stable solution of (H:5.4) when € = 0, if
{ [B(t)|dt < @ , apna 11’{ [£(t)[dt < = , then the solutiome of equetion
(5.4) are locally bounded for any € > > 0.

M: Repeating the beginning of the proof of Theorem 5.1,
equation (5.4) mey be trensformed into

(%) y' = (PP + € P IB(0)P)y + P le(t) = (4 « F(t,€ ))y + g(t) =
= C(t,€ )y + a(t)

wvhere J ie»in Jordan form. By Lemme 5.1, the theorems of Section 3
mey be applied to equation (% ) and by Lemme 5.2, if either of the
conclusions of (1) or (2) of this tiaeorem holds for (), then it also
holds for (5.4) (with the exceptiton of the actuul value of the conetant
in (1); 1t will have ane value, Q', for (%) =md ancther value, ¢ < |P|Q,
foi' equation (5.4)). Therefore, it 1s necessary only to study equation ().
| 1) Under the hypotheses of (1), the proof of Theorem 5.1, (1) mey
be repeated to show f.hat there existe an € > 0 such that if C<¢g«x & >
then there exists 2 d(g ) > ‘0 with /\c(t, €)<£ -d .for t )To. Further,
le(t)]| = IP'lf(t)l < lp'lllr(t)ls NP Y forty T,- By the corollary
of Theorem 3.3, 1f 0 § € <€, sand if y(t) 18 a solutiomn of (%), then
L _sup|y(t)| < N[P"Y)/a = .

2) Under the hypotheses of (2), the proof of Theorem 5.1, (2) mey
be repeated to show that f A (s,e Jis € F(€ ) for all t > to> T,
and € » 0. Further, j lg(t)[dt < |P” |L [£(t)|dt < « and hence, by

(1) of the Corollary of Theorem 3.1, the solutins of equation (%)

are locally bounded. Q.E.D.
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Remarks on Theorem 5.4. With € = 0, parts (1) and (2) of this
Theorem are, respectively, the “sufficient half" of the Perron theorem
end the "sufficient half" of the Bellman theorem (both of which are
discussed in the remerke on Theorem 3.1) for the epecial case of
A(t) = A cms:tant.

The method of this sectian hus been used in conjunction with just
two of the theorems of Section 3. ©Several more theorems on the bound-
edness or the growth of the solutions of equation (5.4) may ve obtained
in bthe same mepmer from the remaining results of Sectiom 3. Also, 1ir
the characterietic rootes of A are distinct or if the equation is an
n-th order equatiom writtem ag a system, then improved versiome of
these theoreme mey be stated. |

So too with the nomlinear equation; the method of this eection
may be combined with results of Section U £o produce severasl theorems
on the asymptotic behavior of solutions. One such theorem will
be given here.

Consider the equation
(5.5) 2= (A 4+ elB(t))x + ezf(x,t)
vhere A = (aiJ) (1,3 = 1,...,n) 18 & metrix functiocm of t which 1e
defined and continucue for t > T, €, and €2 y 05 € 62 < ®», are
real parameters and f(x,t) = Col(fl(x,t),.. .,rn(x,t)) 1s a vector
function of (x,t) which is defined and contimuous for (x,t)e D (D 18
the same as in Definition 2.1). In particuler, equation(5.5) 1e a
special case of equation (NL) and hence the theorems of Section k4 apply
to equation (5.5). l

Theorem 5.5. Let equation (5.5) be given and assume that |B(t)] < M,

a constant, for t »T,. Further, assume that for all (x,t)e D,
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|£(x,t)| € P(t)|x] where F(t) is defined, contixiuous, and F(t)€ N, a
constant, for t )To.

1) If x = 0 18 an expcnentially stable solution of the equation
x' = Ax , then there exists an €, > O such that 1f 0 ¢ €€, < €,
then x = 0 is an exponentially stable solution of equation (5.5).

2) If x = 0 18 a uniformly stable solution of the equation x' = Ax

o0

o0
and 1f4 |B(t)|dt<ew and [ F(t)dt<ew , then x = O is a uniformly
[

ol

stable solutian of equation (5.5) for all 61, €, 20 .
| Proof: The proéf is much like earlier proofs and will just be
.8iven in brief. First, equation (5.5) may ﬁmefwmed into

(%) 7' = (T +€ 2 BR)Y + €27 e(R, 0) = 0(3,€,)7 + €,a(7,t)

where |g(y,t)| = |P'1r(1>y,t)l < IP'llr(t)IPyl < IP'lllPlr(t)lyl = G(t)|y]-

Second, 1t is sufficient to prove the theorem for equatian (% ).

1) Ae in the proof of Thecrem 5.4, (1), there exists an 63 >0

such that 1f 0 < €,< &, then A,(t,€,) < -d(€,) < 0 for t 3 T .

Let d = g.l.b.{d(€1): 0<eg < 63/2} (using 63/2 insures d > 0) and
&/@vlp’lllpl) end €, = min(€4/2,€,). Ten 0< e, 6, < g
impl:lee that ‘

/\c(t, €)) + €,{t)< -d(e) + (i<« 4d<cotarty T,

and by Thecrem 4.7, (5), y = 0 is an exponentially stable solution of (¥ ).

let eu

> t
2) As 1in the proof of Thecrem 5.4, (2), It.,/\c(s’ Gl)de < ¥ el)
o0 )
-1
for t > v, 2T, and €, >0. Aleo,t{ € 6(e)ds € ¢, |p ||P|I|;F(s)ds <w
for t >,to>,'1‘° and by Thecrem 4.7, (1), y = 0 is a stable solutiom of
(* )o QOE.D. ~

This section ende with a discussion of the real second order

~

differential equatiaon. First, the equation provides another examp le

for Theorem 5.3; second, the method of this section may be directly
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applied to the second order equation and the computations may be carried
owt in detail. The result is three lemmas; these lemmas provide a

method for determining the asymptotic behavior of the solutions of the

second order equatiom.

For another discussion of the same technique, a discussion to
which I am indebted, see reference 15, section 8-15.
Consider the equation
x'' 4+ (al + bl(t))x' + (a2 + ba(t))x =0
or, in system notatiom,
o

x c 1 C 0 x

(5.6) A + ’
x, -, =-a -’b2( t) -bl( t) x,

.—l
 ad

i.e. x'= (A +B(t))x,
where e, and a, are real constants and bl(t) and b2(t) are real valued
functions which are defined and continuous for t > To' '

Definition 5.3. If equation (5.6) is given, let )\J and )\2 be

the characteristic roots of A, 1i.e.

2 : [ 2 2
A é{'al '\/al’l‘ae}' Ao = #{-ap + fa] - by} ir el - e, 3 0 ad
1 / ' 2 = a{. / = - al
1 5{-81 -1 kae - alk ’ /\2 = 2‘{ a, + i l&a2 a1§ if ld-a2 a1> 0

and let }A](t) and E’Z(t) be the characteristic roote of (A + B(t)), i.e.

>
[

2
if (a.1 + bl) - h(a2+ b2) 20, then

By = -2y -by - (8 + b)) - b(a, + b,) ),
| mp = H{-(ay + o) + oy v )7 - b, + b,) i
and if (al + bl)2 - h(a2 + b2) < 0, then |
My = d{-ay + b)) - 1fus(ay + by) - (a) bl)?f,
Mo = ¥ -(a; + b)) + 1/b(s, + b,) - (a + bl)a}.

Let L = )\2 - /\l and R='max(Re()\l),Re( /\2)).

First Theorem 5.3 will be applied to equation (5.6); conditions
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will be derived to insure that R + /\F(t) € 0 (Recall that F = P~ IB(t)p
where P is such that P"MAP = J 1s in Jorden form.). This 18 not one
of the expression appearing in Theorem 5.2 (Theorem 5.3 18 used in
conjunctian with Theorem 5:2), but its use simplifies writing and permits
a geometric interpretation. Further, it 1s not difficult to modify
this expression to obt.aih any of the expreesions of Theorem 5.2. If
R + /\F(t) €0 fort > T, , then the solutions of equation (5.6) are _
manotonic non-increasing. Lower bounds for solutions will not be discussed.
Theorem 5.6. Let equation (5.6) be &iven and adopt the notation
of Definition (5.3); assume /\l,é A, end R<oO .
1 If Jvy(e)] + [o(e)[ < (-R| A, - A1)/ (2max(1, | A1) for
t>2 7T, , then R+ /\F(t)s 0O fort 2T,
2) If eup(lbl(t)l,lbe(t)])g (-R| A, - N D/e(L+ l)\ll) for
t >T_ , then R+ /\F(t)< 0 fort »T.
3) 1f | A
the region defined in part (1); if l)\ll # 1, then neither region is

1, the region defined in part (2) 1s a subset of

a subset of the other.
k) 1f sup(i)lp_i(t) - )\1|é inf’(-l-'t/lt,l)\2 - )\ll) for > T_,

then R + /\F(t)go for t 2 T .

Proof: If A, and A, are complex, | A o= |/\2l ; Af )\ and )\
are real, )\ < )\ < 0 ; hence, ma.x(l/\ll |/\2|) = I/\ 1|+ Aleo,
mex )l |>\ Ayl =Ihy = Ayl = (iﬂ;lu - Ayl -

1) From Theorom 5.3, (2},
R+ A(t)S R+ 2| A, - >\1|'lma.x(1,l A DB (8)] + [ () ]).
Hence, 1f [by(¢)] + [by(2)] < (RIA, - A, )/ (2wax(1,| A, [)) , then
R + /\F(t) £0

2) From Theorem 5.3, (3),
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1r l’)\lvl Fl,then Re A(t)eR+2h, - AlH1 - |A 1%
x(1 - |)\1|)‘lgup(1)|bi(t)|. Hence, if I/\ll f 1 and
sup( ) 1D (0 K (RI A, - A2+ | A1),
then R + /\F(t) <o.

If l)\ll = 1, then

R+ Ap(&) KR+ b\, - X Heup ) b, (0)] .
Bence, 1f | A,| = 1 and

)Py (LS CRIN, - N/ = (RIA, - A1+ [ A,
then R + /\F(t) < 0.
3) The region described in part (1) 18 2 equare in the bl,b2 - plane

with vertices at
C CRI A, - A1)/ (2max(1, | Aq11),0) 5 (0,(RI A, - A |)/(2max(1, | ALID) )
the region described in part (2) is a square in the b,,b, - plane
with vertices at ) |

CERIA, = AD/O TA D), RN, - A/ s A1) ).

Since 2(1 + | )\1|)> 2wmax(1, | )\ll) (because )\1 £ O) , the region
defined in part (2) does not contain the region defined in part (1).
Since 2max(1,| A,[) = (1 + | )\ll) » With the equality holding if and
only if l)\ll =1, 1.e.

%(-RI/\2—>\1| )/ (2max(1,| A [)) < (-R] Ay - )‘1| ) (2(1 + l)\ll)) ’

the region defined in (1) contains the regiox; defined in (2) if and only
1f |/\l| = 1.

L) 1f sup(i)l)ﬁ(t) - Nl g |>\2 - /\ll » then Theorem 5.3, (&)
applies to give

R + /\F(t)g R + 2|)\2 - )\1|-1(2)|)\2 - /\llsu'p(i)l Py (£ - )\1|.
Hence, if sup(i)l}*i(t) - A< Inf([ A, - Al R/,
then R + /\F(t) <0 . QE.D.
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'For results more precise than those of the preceding theorem, the
method of this section may be applied directly to equation (5.6).
Recall that the method involves substituting y = P-lx, where P is a
‘matrix such that P AP = J 1s in Jordan form, into equation (5.6) and
transforming 1t into |
(5T ¥ = (I+ PB(O)P)y = (5 + F(t))y = c(b)y .

Since equations (5.6) and (5.7) have the same asymptotic behavior, it
18 neceseary only to study the latter equation.

Lemma 5.13. Let equation (5.6) be €lven and adopt the notation of
Definition 5.3.

1) If /\1 # /\2 » equation (5.7) may be written as

- 1
¥, : ’\1 0 . ool bl/\l + b, bl)\2 + b, v,
Y o A, by Ao by b A, - b)) U2
2) If )\l = /\2 = A, equation (5.7) mey be written as
?
4 Ak sl bl/\ + b, bl/\ + Dyko+ bl |y
= »
¥ o A -bl/\ -b, b A - bk - b, |
where k is an arbitrary constent.
Proof: 1) Let 1 1 B -1
P = eand P 1 = L 1 2
Al /\2 -A 1
2) Let 1 1 -1 -1 | A+k -1
P = end P =k
)\ A+ k -/\ 1

(end note in the computation that )\ = -3al). Q.E.D.

Lemma 5.14. let equaticns (5.6) and (5.7) be given and edopt
the notation of Definition 5.3. If A\ , end )\2 are complex, then the
matrix P may be chosen such that

5 -1
Ag(0)€ =3(a) + b(2)) + LY Api(8) + vy(¢)] ,

Aglt) > (a, + b(v)) - LY A (8] + by(t)] for t>T_
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Proof: If A N # )\2 » P may be chosen such that equation (5.7)

hae the form given in Lemm= 5.13, (1). Since )\l and )\2 are complex,

-38 0
i"(J* +J) = ‘1 ’
0 -3‘-&1
b L iw. A, + b))
¥ + R = | 0 T te 2, ena
L™H(-by A, - b) 4b, '
-1
3(a) - b)) L7(b A, + b,)

3eMe) + o)) = | |
(-b, A, - %)) 4(a; + b))

The characteristic roots of this matrix sre given by
2 . (a + b )r + (((e + b]?/a) + L-"(b Al + b2)(bl/\2 + b2) ) =0,

ry= blay e B E LA v B0 A, e 0) B, e 02,
r, = ey + b))t (JL B A L* 550 = (e b)) LN A eyl
for 1 = 1,2. The lemmn follows from thies. Q.E.D.

Lemma 5.15. Let equations (5.6) and (5.7.) be given and adopt the

notation of Definition 5.3. If Al and )\2 are real snd distinct,
then the matrix P may be chosen such that
sy Nl iy dUb(0)] - By(0)) + HLTHER, () - appy(6) - 1,
A(®) > -3y + py(8)) - &b(8)| - 3|1 N2vy(t) - a1b () - L[.
If, in ndditliom, be(t) =0 for t > T_ and )‘1 and )\2 have the same
8ign, then the matrix P wny be chosen such theat
At € =3y + vy(€)) + 5L+ L Hep))]
Ag(t) 2 ey + by(8)) = 3|1+ L Hepp))]
Proof: If )\lf )\2 » P may be chosen such that equatiom (5.7)

has the form given in Lemma 5.13, (1). Since )\l and )\2 are real,

PN + () = LH| 1T , end
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Ao, AL+ b)) b./2
1l 2 1
5(eX(e) + c(¢)) = 1 N :
; b./2 . 2 "L 7(by 5+,
If r is a characterisfic Toot of this matrix, then by Lemma 5.5
Ir - (A, + (.1)1‘*11,’1(131)‘i +2,) ) | € |v,|/2 for some 1, 1¢ic2.
. _ _yiel -1 :
Then . A (t)< sup(y)( A, + (-1 (b A, + 0,0 )+ [ l/2,
’ . (I+L =1 v
and Aglt) > tnr CA, + (UM A+ b)) ) Ioyl/2.
. Since max(&,b) = %{a + b+ |a - bl} end min(a,b) = %{a +bd-|a- bl},
1 _ - -1 ) L
/\c(t)\( i{)\l+ /\2 bl+ I)\l )\2+_L (bl()\l+)\2) +2b2)| +
: + Ibll/e)
; el
AWCIPS -ay/2 + 5l ] - b))+ 5L (2b, - 2;b.) - L|, end
L i -1,
)\C(t); z(a; + b)) - 2—_|bl| - 3L (2v, - ab.) - Ll .
Now a«ssume b2(t) =0 for t > T, end )\l and )\2 have the sume sign.

Then Lemma %.13 has the form

i A o‘,+L_lAbl>\l nAL (o]
s o A by Ay hA, Yo

Let Q = \/)\2/)\ 1 0 and substitute w = Q-ly Into the preceding
0 1

. A 0 b, A b, VA A
[wl:l i {[ 1 RS IR P! 112 rl yice wi= G(t)w.

Then + b, A/L 0 end
) $6*(t) + o(t)) = A ) ’
0 o " b1A2/L
A€+ Agam e A - A e L Ho(AL < AL -
= - 5(:11 + bl) +3|L + L-l(albl)l s

i R "1
)\G(t) > Ti(&l + b)) -zlL+L (a;b)]. GQ.E.D.
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Lemma 5.16. Let equation (5.6) and (5.7)be given and adopt the
notation of Definition 5.3. If )\l und A2 are reul end identical
( )‘l = A2 = A ), the the mtrix P m2y be chosen such that

N (t)< -—%(al + b.(t)) + %Ibl(t.) + k| + (2k)°l|2b2(t) - ab (t) + kb, () |
1
Alt)> E(a) + v.(¢)

3o(6) + k| - (21)"H2v,(3) - a0, () + kb (v)]

0 fdrt?,To and k is such that /\(/\ + k)>0,

If, in additiom, ba(t)
then the matrix P m-y be chosen such that

Ale) € = oy + vy(6) + 4]by(2) - k™ la b (2)] » TR ,
2)

. -1 -1
> Jia - 4 - -
Proof. 1If )\l = )\2 = A, then P mry be chosen such that equation

(5.7) h~.e the form given in Lemwa 5.13, (2). Then

A 2
%(J**’ J) = [ k/ ] )

K2 A
ro-1 ~
“k (b A + b)) %b
$(FNe) + F(b)) = oo S ]
2by k (-bl)\ bk - b))
M -1 ;
and A+ kK (b A + 1) (b, + k)
5(c¥(t) + o(e)) = oo a2t
3(v, + k) M-k (b, A + bk + b))

Proceeding in the menner of Lemma 5.15,
/\C(t)éﬁ{e)\ - b+ lk'l(a(b A +b)) + 0 k)l} + zv) + x|,
A(t)> e - b, - |k (2(b A+p) b k)l} slv, + x|,
and since /\ —gal, (1) follows.

If b(t) = 0 for t > 2 T, and k 1s such that A( A+ k) > 0, then

by proceeding as in the second part of the proof of Lemma 5,15, with

\/)\-l()\+ k) 0

Q = » the equation
0 1
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Wl ,’A kA(A + k)L . (k-lbl)\ k'lbl\/m)_! v:
“2'_1 ) . o A L—k-lblVA()\ +k) -k-]fbl()\ +lc‘)_1 v,
i.e., w' = G(t)w is odbtained. _
@ (8) » 6(8)) - A+ k'%l)\ VA(A + k)7L
- sevAA+ 070 % - kh (A k)
and A (t) éi{z)\ - b+ lk'l(zbl)\ + blk)l} + [3kVA(A+ k)7L |,
Ag(t) 7 %{2,\ - vy - JkT @R+ b)) - 13k VA(A+ 07T L q.ED.

Remarks on Lemmes 5.14, 5.15 and 5.16. The five pairs of inequali-

Then

ties of the preceding lemmas may be combined with the nine corolleuries
of Theorem 2.1 to produce 45 theorems on the asymptotic dehavior of
equation (5.6); this will be left to the re=der. A 'Some interesting
special cases are considered here.

Conseider the d=amped Hill equation
(5.8) x" + ax' + p(t)x = 0
where a is a real constant and p(t) is & resl-valued funct;on vhich 18
defined and continuous for t > T_ «nd p(t + T) = p(t) for t > T, -

Th‘eorem 5.7. Let equation (5.8) be given.

1) Assume there exiets a comstunt c, c < ae/h, such that
£T |p(t) + c—%aeldtg %Iél'r\/aa =bc, (or < ). If a >0, then
x = 0 ie = wniformly (or exponentially) stable solution of equation
(5.8); 1f a < 0, then the norme of the nonzero solutione of equation
(5.8) are bounded away from zero (or increase exponentizlly).

2) Assume &T |p(t) - ae/hldt < ae'r/B (or < ). Ifa> o
then x=0 1ea wniformly (or exponentially) stable solution of
equation (5.8); if a < 0, then the norme of the nonzero solutions of
equation (5.8) are bounded away from zero (or increase exponentially).

3) Assume there exists a constant c, c> aa/h, such that
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LT [p(t) - clat < i|a|TJl4c - & (or < ).
If a >0, then x = 0 is a uniformly (or exponentially) stable solution
of equation (5.8); if a < 0, then the norms of the nonzero solutione of
equation (5.8) are bounded away from zero (or increase exponentially).
Proof. Write equation (5.8) as
x" + ax' + [(p(t) -c) =+ c]x = 0 : c constant
and consider this equation &s & special crse of equation (5.6) with
8, = a, a, = c, bi(t) = 0, and b2(t) = p(t) - c.
1) If ° - kc >0, then Leuma 5.15 applies and
As(t) € a4 (a%- ue) Fp(e) - ) - (42 - 20)| = -ba +
+ (62 - ko) p(t) + ¢ -ba?],
/\C(t) 2> -3a - (e2 - kc)-%l(p(t) -c) - (-é—n2 - 2¢c)| =
= <de - (a2 o) E[p(t) 4 o - 4a2).
If 2 > 0 and éT bo(t) + ¢ —é—aaldté_ ﬁaT\/a‘? - ke (or <),
then éT/\C(t)dté 0 (or <€) and by Corollary 1' (or Corollary

2' - 3')of Theorem 2.1, x = 0 is & wniformly (or exponentially) gtable

solution of equation (5.8).

If a € 0 and éT lp(t) + ¢ - i—aeldtz i(-a)7/e° - e (or > ),
then [)T )\C(t)dt >0 (or >) end by Corollary &' (or Corollary
5') of Theorem 2.1, the nonzero solutione of equation (5.8) are bounded
away from zero (or increase exponentially).

2) If 4° - b = 0, then Lemma 5.16, (1) uppliee end
Aglt) € ko ik + k7Y p(t) - cl}

where k 1s an arbitrary positive canstant.
Ao(t) 2 e - 4k - k7Y p(t) - ¢f
Let k = 4|a]; this is the optimal k for both cases.
Ifa>0ud  [T|p(t) - a?/blat< 2T/8  (or < ), then

[T A(t)at €0 (or <); 1f 2 €0 na [F1o(t) - o®/4at & e21y8 (ar < ),
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then LT )\C(t)dt 20 (or>). As in part (1), the conclusio:nv now
follows.
3) If a° - bc < 0, then Lemma 5.1k applies and
Agt) € 4+ (be - 2)F[p(s) - ¢f,
Aglt) 2 5o - (be - a2)7F|p(t) - of.

1
If a> 0 and LT Ip(t) - clat g 3aT(4c - aa)'é' (or < ), then

LT/\C(t)dté O (or <) ; ifacowna [T [p(t) - clat ¢ 4(-a)T b - o2
(or <), then LT)\c(t)dt > 0(or > ). The conclusion now follows as

in part (1). Q.E.D.
Remarke on Theorem 5.7. The substitution x = yo-%“', & >0,
reducee equation (5.8) to
(%) 7"+ (p(t) - &My = ¥+ g(t)y = 0
and further, if the solutions of equetion (X) are bounded, then x = O
1s an exponentially stuble solution of equstion (5.8). Thus, theorems
on the boundedness of the solutions of equation (*) muy be compared to
Theorem 5.7.
Lyapunov had proved thut if
q(t)#£ 0 for t > To, LT q(t)dt > 0, and éT [a(t)]dt £ 4/,
then the solutions of equation (%) are bounded, or if
p(t) £ aa/h for t 2 T, GT p(t)dt ;.aer/h,' and éT] p(t) - ae/hldt £ 4/7,
then x = O 1s an exponentizlly stable solution of equation (5.8).
This may be compared with Theorem 5.7, (2). (The preceding transforme-
tion and 'theorem mey be found in Referemce 15, section 8 - .]2.)
If p(t) is specified, the results of Theorem 5.7 may be improved.
Caonsider the equation
(5.9) x" + ax' + (& + cos™t)x = 0

vhere &, 5 snd € are real canstants, n is a positive integer, a > 0,



and t > To .
Theorem 5.8. Let equation (5.9) be given and assume thet n is a
poeitive odd integer. If either
1) §-|€|>0 end VI<asg/2(0 - le|) ; or
2) 020 and V2(J - lel)s# ; or
I Veex(0,2(§ - [e[)) < a < /200 + Je]) and
{ecoent dt - 8cos™® < i|e |~

(here @ = coe'l(isle I-]'(a2 - 25-”1/11 » 0< 0 < x) 1s satisfied, then
= 0 1s & uniformly st.ble solution of equation (5.9).
If, ndditionelly: in (1), /—< a; or in (2&,, d >0 ; or in (3),
f cos™t dt - gcos”e < xd /2]l€ | , then x = 0 is un exponentic 1ly stable
eolution of equation (5.9).
Proof: Equation (5.9) is » special ¢ se of equation (5.8), hence
Theorem 5.7 npplies. The choice of an optimel ¢ is dif:icult. Here
= 0 is used és & canvenient choice and Theorem 5.7, (1) is applied.
It is only necessesry to prove the theorem for ¢ > O since the sub-
stitution T = t - 1 in equatian (5.9) Just chenges the sign of ¢ .
If I-= f|5+€cost-a|dt\2—a2ﬂ (or <), then x = 0
ie a uniformly(or expanenti«lly) stable solution of "equation (5.9). .
1) If 4 -§~a2 2> €>0 ,1.e. 0 -€ >0 =and Jo(d -€ ) >a,
then I = f:t( ¢ +e cos™ - $a%)at = (6 - seP)m . 1, additianally,
a>,/5‘_ (or >) , then aen>/6u(or>) and %a2n>,(5~%a2)xz1
(or >).
2) 1r §a2-3>e > 0, 1.e.a>/2(5+s),thon
=-]((§+ecoet-5a)dt=(ﬁ-a -4 in .
If, additionally, d > O (or > ), then ¢ + € >0 and Ig 38°x (or<).
3 If | §-3° < €, te. 2(d - ¢ )< o< 28 +e) or
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Jm(O,E(J-e )) <a < /2(8 +€ ) , and if

6 = c:oe']‘(ée"l(a2 - 25))]'/n », 0< 864 n, then

8
I=f(5+€coent- a)dt-[(§+ecoet-3a)dt
I=(4 - %a)(Ee-u)+f€costdt-Ieuostdt

I= -2¢0cos’® - nd + —ua2 + 25{ cos™t dt.
Ir -2€9uoe e - nd -+ iua + 26{ cos™t dt & z-uaa (or <),
26([ coe™t dt - @cos "8) < x¢ (or < ), or
_E cos”t dt - @cos™s < xd /2  (or <) ,
then I ¢ ne /2 (or < ). Q.E.D.
Example 5.2(Illustreting Theorem 5.8).
x'' 4+ 2x' + (L+€ coe t)x = O : t>0.
Theorem 5.8 will be used to determine values of € for which x = 0
is an exponentially steble solution of this equation.
1) Since J1 €2 %JE(I -lel) , (l)_does not &pply.
2) First, § = 1> 0 ; second, J2(1+ [€ |) g2 i |e|<

Hence for |¢ |< 1, x =0 is an exponentially stable solution of

thies equation.

3) First, J mx(0,2(1 - [€ [))< 2 for ull ¢ end 2 < Va(1+ [e |)
if |€| > 1. The problem 1s now to find all € , |€] > 1, such that
sinf - @coed € n/2|€ |
Let F(6) = sind - 6cosd ; since F(0) = 0 and f"(e) = 08ing 2 0
(with F'(8) = © @1y et @ = n/2), the problem is to find the 6, such that
8ind - 0 cosd = n/2|€ | . Then sinp - Bco8 € nf2|€ | 1f and only
if (VG- X4 8, - Let €, be the velue of € corresponding to 6, and
“ssume that 0 < 6 _< x/2 . Then
cosd (tend - @ ) = n/eleql , or
l€ | Ntans, - 6_) = n/2| €.l = le | X5y .
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Let 6, = 1.22 , then (2.73) - (1.22) = 1.51~ 1.57 .
Therefare, 0 < 0 < 00 = 1.22,
= |'1,> cosd = 0.3k ,

1> cosd
1<|e|< 2.9.

If 1<]|e|< 2.9, x=0 1s «n exponentially stable solution of this

equation; if [€ | =2.9, x = 0 i = wniformly stable solution.
Theorem 5.9. Let equation (5.9) be given and assume that n is

a positive even integer let N = (n -~ 1, (2 - 3) (%), O<N<1,

and 6 = cos (%—6— Yn . If either

1) €>0,3> 0,amd V§ v€N¢e<daF ;or.
2) e >0, § +e N2 O(henv65+e>0),andm & ; or
3) € >o, d4€>0,\/max(025)<a<m
a.ndfcostdt-ea.osa (n/h)(N+J/€),or
4) € <0, 8+ € N > 0 (hence d > 0), and /2_6<a;or
] 5) e<o,6+e>o(henco5~en>o),und 8+eisasf2m;
or 6) €< 0, J>o, Vmx(0,2( € + 8 )) < a <37 ,

8§ - a°

and fcoet.dt-ecose ’J—»(N+——6_—)
ie satisfied, then x = O is a uniformly st:ble solution of equatian (5.9).
If, =dditionally: in (1), V@ +€N <u ;orin(2), 8 + eN>0;

e
or in (3), £ coe™ dt - @cos’ < f(N +5/e) ;orin(4), § +eN >0;

S e 3-a*
or in (5), d +eEN <a 5 or in (6), [ cos't dt - 8cos’e < E(N+ € ),
o
then x = 0 is «n exponenticlly stuble golution of equation (5.9).
Proof: Egquetion (5.9) is a specli.l case of equction (5.8), hence

Theorem 5.7 applies. Aguin, let ¢ = O znd apply Theorem 5.7, (1).

% ¢
If I=[714 ~ ecoasnt:-5¢12|dt,$-“£1;£ (or< ), thenx =0 ts=

)
wiformly (or expomentially) stuble solution of eyuation (5.9).

VIrd>0,€ >0, cna §d -%°30,1.6e.8>0,¢%0,
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and V28 > 4, them _
I=(4 -%ae)(:t/Z) +¢ of/zcoant dt = (d - %ae)(sr/z) + € N(=n/2)
If, edditionally, (6 + €N - 3a°)(n/2) € (e°n/4) (or <) , or
5 + ENE 2° (or <), or V§ +eNgu (or<), |
then . I < (aen)/h (or < ).
2)Ir€>C and § -4a°¢ -€, f.e. € >0 end 2(8 +€ ) < 85,
then I = (3a° - & )(n/2) - € N(n/2). If, edditicnally,
(%a -4 - EN)(n/2) < (azﬂ/h) (or < ), or
d+enzo0 (or >), then
ILs= n/lb {or < ).

3)If€>0 and -€< 8 -3°<0, i.e. €>0, S +€>0,

2
and  Vmax(O0, 26)<a<~/c(6‘#€ ), then0<9 coe-l(-&——:-?-é:-)l/n< .S
X2,
and1=£(5+€coet- dt-](5+ecost--—a)dt,
1\-/1
=(6’--§-a2)(29--)+€£coetdt-e£ cos™t dt ,
n e T2,
I=-2€ecoe9- 51t+(:te./1+ +_6fcoqtdt-€fcostdt,

M'

= 2€ (f cos t dt - @cos®) - (4 idn - (e. n/b) + € N(x/2) ) .
6
If, sdditionally, 2¢ (f coe®t dt - @cos’ ) - (300 - (ne /lt) + € L(-—) )

(xe%/4)  (or < ) , or

¢]
{,coetdt-ecose (n/h (N +&€) (oxr <),
then I( (a /) (or < ).
4) If €<0 and § -3¢ 0, 1.e. € <0 and 28 € o2,

,
.
then I = -of (3 + € cos™t - %a )it  end, as in the proof cf purt (2),

IS(azn/h) (or <) 1f (6 +€N) 20 (or>) .
5)If € €0, §+€>0,cnd -€¢ 6 -4° , 1.0.€<0,
d +e€ >0C,and V2(8 +€ )2 & , then
=f3(8+ecosnt-%a2)dt
and, &8 in the proof of part (1), IS(aen/h) (or <), 1ir V5+eN$z
(or <) .
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6)If ¢ < 0 and 0<§ -4a°<-€,106. €<0 ,8>0 ,

and JEJ:(O,Q(? + € )<a <JV28 , then
0< @ = cos'l( T - 24 y/n < (;:/2) and
I-= -{9(8 + € cost - 3a )dt+£ (5 + € cos™t - je)at
end ueing the proof of part (&),
I-= -Ee(j: cos™t dt - @coe™) + (%51! - (uaz/h) + e N(n/2) ) .
If, additianally,
-2€ (j; cos™ dt - @cos Po) + (30n - (ne /h) + €N(n/2) ) £ (ua /%) (or<),
or fcoe t dt - gcos’® ¢ (=/b)(N +A}e - (a¢/e J ) (or <),
then I € (ex/L) (or < ). Q.E.D.
These last theorems show how the method of this section turns

Theorem 2.1 into an effective tool for etudying the asymptotic beheviocr

of particular differential equatians.
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