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1. Introduction

In this paper the asymptotic behavior of the solutions of the 

metric differential equations

(H) x• = A( t )x

(NH) x’ = A(t)x + f(t), -nd 

(NL) x*  = A(t)x + f(x,t)

is considered. Here 1 = d/dt, the n dimensional vector x has real or 

complex components, the n by n metric function A( t) and the n by 1 

vector function f(t) have real or complex valued elements which are 

defined and continuous for Tq4 t + », and the n by 1 vector function 

f(x,t) has real or complex valued elements which are defined and 

continuous for all (x, t) contained in some suitable domain D. Theorem 

2.1 is a well known result (see references 8, 15, 24, and 26) whicn 

gives uprer and lower bounds for the norms of the solutions of (h); 

this paper expands upon Theorem 2.1.

The homogeneous equation. Equation (H) is considered in Section 2. 

Theorem 2.1 seems to have been first stated in this form by Wazewski 
(reference 24).

Theorem 2.1. Igt x(t;xQ,ty) be the solution of (E) such that 

t.) = xo and let A( t) and X(t) be the supremum and Infimum, 

respectively, of the characteristic roots of ^(A*(t)  + A(t)) (» denotes 

complex conjugate transpose). Then for t t > T , 
J^X(e)dB< |x(t;xo,tQ)| < |xo|exp ^A(a)ds, 

(for a vector x, |x| = x)^; for e matrix A. |A| = (su^ |Ax|).

The corollaries of Theorem 2.1 translate the bour.ds of the theorem 

into the language of stability theory, i.e., they state conditions on 

£ A(s)ds and X(e) ds which imply tha.t x = 0 is a stable ( or
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uniformly stable, or eculasymptotically etable, or exponentially stable) 

solution of (h), or that the norms of the nonzero solutions of (h) are 

bounded away from zero or increase exponentially. Corollary 2 is 

typical of these corollaries.

Corollary 2. If £ A(t)dt = - -, then x = 0 is an equlaeymptotically 

stable solution of (h).

Direct converses of these corollaries are not possible, but 

Theorem 2.2 gives a weak converse for three of them. For example, the 

weak converse of Corollary 2 would be: there exists a class of n by 

n mo. trices, (P , such that the substitution x = P(t)y, P(t)€ P , trans­

forms (h) into a new equation 

(1*1)  y' = C(t)y

and that 1) if y = C is an equiasymptotically stable solution of 

(1.1), then x = 0 is an equiasymptotically stable solution of (H); and 

2) if x = 0 is an equiasymptotically stable solution of (k), then 

there exists a P(t) E <P such that for the corresponding (1.1), 

Ac(t)dt = - * (A^(t) is the supremum of the characteristic roots of 
â(C*(t)  + c( t) ). . '

If Theorem 2.1 yields no information when applied directly to (H), 

and there are cases where it does not, Theorem 2.2 shows the possibility 

of transforming (H) into an equation to which Theorem 2.1 may be applied 

with success. The proof of Theorem 2.2 involves transforming (H) into 

an equation with a diagonal coefficient matrix; such transformations 

have been studied by Dillberto [1^ .

Theorems 2.3 and 2.4 both deal with the second order differential 

equation. The theorems are mild improvements of known results and the 

proofs illustrate methods of transforming (h) and then applying Theorem 2.1.
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Theorem 2.5 is used in Section 3 and 4 to extend the results of 

Theorem 2.1 to equations (NH) and (NL).

Theorem 2.^. let X(t) be the fundamental matrix of (h) such that

the identity matrix and let A(t) and A ( t) be as defined in 

Theorem 2.1. Then for t tQ > Tq,

exp X(s)ds < I X( t ) J 4 e^p g A(e)ds and
exp /-A(s)de 4 |x"\t)|4 exp f- X(e)de.

* * *
The nonhomogeneoue equation. Equation (NH) is considered in 

Section 3. Let A(t) and X(t) be as defined in Theorem 2.1 and let 

(H:nh) denote the homogeneous equation obtained from (NH) by suppressing 

f(t).

Theorem g.l. If x(t;xQ,tQ) is the solution of (NH) such that 

^o^o'-^ = xo ^(t) is the fundamental matrix of (H:nh) such that 

X(tQ) is the identity matrix, then for t°^ Tq,

I 4 " I If(e ) I exp X (u)du ds 4 |x( t;x , t ) I 4
o * 0 0

4 |xjexp f A(s)ds + f |f(s)|exp /^(ujdu ds. 
ta M S

The proof follows from applying Theorem 2.5 to 

x(t;xo,to) = X(t)xo + X(t)X-\s)f(s)ds.

Upper bounds for |x(t;xo,tQ)| may be deduced from Theorem 3.1; this 

is done in the corollary (lower bounds are discussed later). Two of 

the results are stated here.

Corollary. Let K , be constants.

1) If I f( t ) I dt 4 and A(u)du 4 for t s >Tq, then 

the solutions of equation (NH) are bounded.

2) If I f( t) I 4 Kg and A( t) 4 - K^ < 0 for t > Ty then for all 

xo and t > tQ > To,

|x(t;xo,to)| 4 + ( |xo| - K3/K4) exp ( -K^( t - tQ))
(this second result is extended in the corollary to Theorem 3.3).



Bellman (reference 3) has shown that if an A(t), bounded and contin­

uous for t > Tq, is given, then (NH) has all its solutions bounded for 

any f(t) such that ^|f(t)|dt< - if and only if |x(t)x"\s)| < c for 

some positive constant c and all t % s Tq (here X(t) is any funda­

mental matrix of (H;nh)). Since |x(t)x"\s)| < exp A(u)du, the 

condition of (1) of the corollaiy (^A(u)du < K for all t > s T ) 

Implies that |Z(t)X~\.)| < eK for t » s > Tq. The converse le not 

true (as is shown by example in Section 3).

Perron (and Bellman, references 3 and 21) has proved that if A(t), 

bounded and continuous for t > Tq, is given, then (NH) has all its 

solutions bounded for any f(t) which is bounded and continuous for t T 
o 

if and only if x « 0 is an exponentially stable solution of (H:nh).

The condition of part (2) of the corollary ( A(t)4 - K < 0 for t > T ) 

implies, by Theorem 2.1, Corollary 3, that x = C is an exponentially 

stable solution of (H:nh). The converse is not true (as is shown by 

example in Section 3).

There is a specialization of the Perron theorem by Bridgland 

(reference 6). Let X(t) be the fundamental matrix of (H:nh) such that 

X(tQ) = I; let Y(t,tQ) = ^X(t)X \s)ds; and let x(t;xQ,tQ) be the 

solution of (NH) such that x(t^;x^,t^) = xq. A vector or matrix 

function converges if it approaches a constant vector or matrix element­

wise. The theorem states: given A(t), bounded and continuous for 

t ^To’ every solution of (NH) converges for every convergent f(t) if 

and only if a) every solution of (NH) is bounded for every bounded 

f(t) and b) the matrix Y(t,TQ) converges. Moreover,

Ha - [Ha ^VHHa *%)]-
If, in addition to the hypotheses of Bridgland's theorem,
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A(t)< -K < 0 far t > T . theno
|X(t)X \b) | 4 exp A(u)du 4 exp jk(e - t)] and 

|Y(*,t o)|< ^|X(t)X \e) |de 4 ^exp^e - t)] de = K"^|l - exp(K(tQ- t))]. 

Taking norme in Bridgland'e result,

ly5x(t;xo,to)| |^m Y(t,g||^m f(t)|^ K^|^im f(t)|. 

Thie is the bound obtained in the corollary to Theorem 3.3.

Compared with these earlier results, Theorem 3-1 and its corollary 

have three disadvantages: 1) they give only sufficient conditions; 

2) in two instances, they require a stronger hypothesis; 3) they 

do not detect the convergence of a solution. But the theorem and its 

corollary also have advantages : 1) they do not require that A(t) and 

f(t) be bounded; 2) they give bounds for the norms of the solutions 

even if f(t) does not converge; 3) they may be applied to equations 

not covered by the theorems of Perron and Bellman (For example, assume 

that (NH) is given with A(t) and f(t) specified, but that x = 0 is not 

an exponentially stable solution of (Hînh) and £*|f(t)|dt  = «. in 

such a case, and such a case is given in Example 3.4, the theorems of 

Perron and Bellman would not apply, but the equation could have bounded 

solutions. The theorems of Section 3 would apply and might detect the 

boundedness.); 4) it is easier, at least for systems of order two or 

three, to compute A(t) than it is to determine whether x « O is an

, exponentially stable solution of (H:nh) or whether |X(t)x"\s)| c 
for t s > Tq.

If equation (NH) is restricted, the inequalities given in Theorem 

3-1 may be examined in more detail. In Theorems 3.2 and 3.3 it is 

"W™" that 0 for » »T0 (Theorem 3.2 permits a slightly weaker

assumption) and that f(t) is such that there exists a G(t), defined,
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nan-negative, bounded, and continuous a.e. for t> Tq, with |f(t)|
-G(t)A(t) (If A(t) < -c < 0 and |f(t)| 4 M for t Tq, then G(t) = 

It) |/-A(t). The definition of G(t) becomes complicated in neighbor­

hoods of points where A(t) = 0; this is discussed further in Section 3. ).

Roughly speaking, Theorems 3.2, 3.3 and the corollary to Theorem 3.3 

describe the behavior of |x(t;xo,tQ)| relative to whether |x(t;xQ,to)| 

is greater than or less than 0(t): if |x(t;xo,tQ)| > G(t) for 

To^ ^1 then lx(t;xQ, tQ)| is monotonic non-increasing for

S*  t t2; if |x(ti;xo,to)| < Gt^) for Tq tQ4 -, then 
|x(t;xQ,to)| 4 sup|o(s) : t^4 s < t| for t > t^ and if ^“A(t)dt = — 

and jlm sup G(t) = U, U a non-negative constant, then ym sup|x(t;xQ,t ) | 

4 U for all x and t T . O O ' O
Theorems 3.2 and 3-3 analyzed the right inequality in Theorem 3.1;

Theorems 3-4 and 3-5 analyze the left inequality in a similar fashion.

The nonlinear equation. Equation (NL) is considered in Section 4. 
Let A(t) and X(t) be as defined in Theorem 2.1 and let (H:nt) denote 

the homogeneous equation obtained from (NL) by suppressing f(x, t). If 

X(t) is the fundamental matrix of (H:n€) such that X(t ) is the identity 

matrix and if x(t;xQ, tQ) is a solution of (NL) such that x(tQ;xo,tQ) = x 

then x(t;xQ,tQ) satisfies the integral equation

x(t;xo,tQ) = X(t)xQ + X(t)X \s)f[x(s;x^,t^),s]ds 

(assuming that x(t;xQ,to) exists for all t under discussion).

Starting from this point, the reasoning used in the five theorems 

of Section 3 is repeated and five completely analogous theorems are 

obtained for (NL) (In fact, the work of Section 3 may be considered as 

an important special case of the work in the first part of Section 4). 

Only in dealing with (NL), care must be taken in all theorems to insure
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that x(t;xo,tQ) exists wherever it is discussed. The work of Bellman, 

Perron, ^nd Bridgland also carries over to (NL) (Bridgland s work 

requires a few more restrictions) and the relation between their results 

and the results of this paper is about the same as that discussed for 

(NH). All this constitutes the first five theorems of Section 4.

In the remainder of Section 4 it is assumed that |f(x,t)| 6(t)|x|,

where g(t) is defined, non-negative, and continuous for t> T , for all 

(x,t) e D. Then Theorem 4.6 follows from Theorem 4.1.

Theorem 4.6. If f(x,t) is as just described and if x( t;x ,t ) is a 

solution of_(NL) such that x(tQ;xQ,tQ) = xq and x(t;xQ,tQ) E D for 

To t tx then

- B(=)jae 4 |x(t;xo,to)| < |x^|exp + g(e))ds

tOT t «

If, in addition to the hypotheses of Theorem 4.6)f(O,t) = 0 for t T 

(and hence x = 0 is a solution of (NL)), then Theorem 4.6 may be used to 

discuss the stability (or uniform stability, or equiaeymptotic stability, 

or exponential stability) of x = 0 as a solution of (NL). These results 
are stated in Theorem 4.7.

Theorem 4.7. Let equation (NL) be given and assume that the hypo­

theses of Theorem 4.6 are satisfied. In addition, assume that f(O,t) = 0 
for t % T . — o

— £ Ws) + s(e)}dE L(to) < « for t > tQ Tq, then x = 0 

is a stable solution of (NL).

2) If in (1), L(tQ) L for, all t^ Tq, then x = 0 is a uniformly 

stable solution of (NL).

3) If the hypotheses of (1) are satisfied and if f" ^A( t) + g(t)|dt 

= - «, thw x = 0 is an equiasymptotically stable solution of (NL).
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M H A(t) + g(t) 4 0 for t T and x(t;x ,t ) e D for 

To' |x(t;xQ, tQ) | is monotonic non-increasing for t > t •

5) If A(t) + g( t) - c, c a positive constant, for t > T , thm 

x = 0 is an exponentially stable solution of (BL).

In the following discussion of equation (BL) and of lyapunov func- 

ticns, it is assumed that x', A(t), x, and f(x,t) have real valued 

elements.

Theorem 4.7 is similar to the work of several other authors. One 

line of investigation was started by Perron ( in reference 21) and later 

developed by Persidski1 and Malkin. The work of all three is sunmar- 

ized in reference 16, Chapter VII, and the following is the most con­

venient theorem of their approach.

Theorem. Let equation (BL) be given and assume that A(t) is 

bounded for t > Tq and that |f(x,t)| = o(|x|) uniformly in t, i.e. 

|f(x,t)| -4 |x|r(|x|) where r(|x|)-> 0 as |x|-> 0 for all t T . If 

(H:n£) has a lyapunov function, V(x,t), such that V'(x,t) is negative 

definite, then x = 0 is an asymptotically stable solution of (NL).

A lyapunov function for (H:n^) is a real scalar function, V(x,t), 

which is defined, positive definite, and has continuous first partial 

derivatives with respect to x and t for all x and t > T . Further, 

V(O,t) = 0 for t > To and W(x,t) = V^x' + = V^Ax + V^ The same

definition holds for (BL) except V(x,t) is defined only on D and V'(x,t) = 

= Vx- (Ax + f ) + Vt. .

The use of Lyapunov functions in stability theory has been exten­

sively investigated, but most theorems require that V*(x,t) 0.

This is more than is required in Theorem 4.?. Recently Sell (reference 

22) has studied lyapunov functions with weaker restriction on V'(x,t).
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He considers the differential equation

(1*2)  u' = H( u, t ) ~~

■where H(u, t) Is a real valued scalar function of the real scalar varia­

bles u and t which is defined for (u,t) E D = {(u,t): |u| < r, t>T j 

Further, H(0,t) = 0 for t > Tq and H(u,t) is such that (1.2) satisfies 

the conditions for the existence and uniqueness of solutions on D.

An extended Lyapunov function, V(x,t), for (H) or (NL) is the same 

as r Lyapunov function with the addition that

V'(x,t) H(V(x,t),t)

for some H(u,t) as defined in (1.2).

Theorem. Ix>t equation (NL) be given and assume that 1) the 

solutions of (NL) are unique; 2) f(O,t) = 0 for t> Tq; and 3) an 

extended Lyapunov function exists for (NL). If u = 0 is a stable (or 

uniformly stable, or asymptotically stable, or equiasymptotically stable ) 

solution of (1.2), then x = C is a stable (or uniformly stable, or 

asymptotically stable, or equlasymptotlcally stable) solution of (NL) 

(For uniform stability it is also necessary to assume that V(x,t) has 

an infinitesimal upper bound.).

If (NL) is a real valued equation and if the solutions of (NL) are 

unique, the (1), (2), and (3) of Theorem 4.f may be derived from the 

preceding theorem. Let V(x,t) = |x| = (xTx)? (x? is x transpose); 

it is easy to verify that |x| is a lyapunov function. It follows from 

a derivation similar to the proof of Theorem 2.1 that

M ' ( A(t) + g( t) ) |x| for all (x, t) 6 D .

Then |x| is an extended Lyapunov function and it is only necessary to 

study the null solution of

(1«3) u*  = (A(t) + g(t) )u.
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The general solution of this equation is

u(t) = u(t )expj (A(s) + g(s))ds : t > t > T 
t> o o

and conditions (1), (2), and (3) of Theorem 4.7 are seen to be precisely 

the ccxidticns which imply that u = 0 is a stable, uniformly stable, or 

equlasymptotically stable solution of (1.3).

Corollaries 1 and 2 of Theorem 2.1 may also be derived in this manner 

by simply repeating the preceding discussion with g(t) = 0 for T 
o 

Also, some of the results of Section 5 may be obtained by using |pS| 
(P 1 a nonsingular, constant matrix which is defined in Section 5) as an 

extended lyapunov function.

Cesari (reference 9, p.94) and Golomb (reference 12) prove further 

results for (NL). The following theorem is one of Cesari’s results; 

it is similar to (2) of Theorem 4.7.

Theorem. Assume the general hypotheses of Theorem 4.7 are satisfied. 
do

If < « and x = 0 is a uniformly stable solution of (H: né ),

then x = 0 is a uniformly stable solution of (NL).

Theorem 4.7 deals with the right inequality of Theorem 4.6; the 

left inequality is treated in Theorem 4.8.

Variations about a constant matrix. Several ideas in this section 

arose from remarks made by W. Kaplan. Some of these may be found in 

reference 15, sections 8-10 -- 8-15.

In Section 5, the special cases of (H), (NE), and (KL) are con­

sidered where A(t) = A + B(t), A a constant matrix and B(t) a continuous 

matric function. The theorems of Sections 2,3, and 4 are used to describe 

the asymptotic behavior of the solutions of these special systems in 

terms of the characteristic roots of A and the matrix B(t).

The technique used is a substitution, y = p-1x, where P^AP = j
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and J Ie in Jordan form. This substitution transforme (H) from

*' = (*  + ^to y' = (J + P-1B(t)P)y = (J + p(t))y = C(t)y.

Equations (NH) and (ML) are transformed in a similar fashion.

A series of lemmas show that

1) the theorems of Sections 2,3, and 4 may be applied to the 

transformed equations;

2) the asymptotic behavior of the original equations can be 

deduced directly from the asymptotic behavior of the transformed 
equations;

3) if Ax and are the supremum and infimum, respectively, of 

the characteristic roots of j(X  + X), where X = J, F(t), or C(t), then*

Ac(t)4 Aj + AF(t) and Xc(t) > Xj + \(t);

4) if H and r are the maximum and minimum, respectively, of the

real parts of the characteristic roots of A and if £ ? o is arbitrary,

then P may be chosen such that | Aj - R, < € and | -
51 ^(t) 6 Ip-1!!?! £

lJz ' 1J
Using these lemmas, severe 1 theorems may be obtained

r| < € ; and

for the
special cases of (H), (KH), and (KL), but for general A end B(t) these

theorems have been proved by other authors. Part (1) of Theorem I 1E
typical of these results.

Theorem 5.1. 1) Let the equation

x (A + £ B( t) )x, £ , C < £ < <«>, a parameter, 

be given and assume that |B( t) | < M for t » TQ. If x = 0 Is an expon­

entially etable solution of this equation Then € = 0, then there exists 

« eo > 0 such that for 0 < e < x - 0 is still an exponentially 

stable solution of thie equation.

Ae A and B(t) are restricted, the results of this method are improved
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One restriction is to assume that the characteristic roots of A are 

distinct; another restriction is to assume that

x' = (A + B(t))x

is a real n-th order equation written in system form, i.e.

0 0

where a^..^ «re real constants and bjt),...,bjt) are real valued 

functions, defined and continuous for t> Ty For this last case, 

Theorem 5-3, (M shows that if the characteristic roots of (A + B(t)) are 

close enough" to the characteristic roots of A, then

x’ = Ax and x' = (A + B(t))x 

have the same asymptotic behavior.

Finally, the real, second order differential equation 

X" + ^1 + \(t))x' + («2 + \(t))x = 0, 

where and are real constants and b^t) and b^(t) are real valued 

functions, defined and continuous for t Tq, is studied. For this 

equation, the computations involved in reducing A to Jordan form can be 

carried out in detail. The bounds for Ajt) and ^(t) (C is the 

coefficient matrix of the transformed equation) which result are given 

in Lemmas 5.14 - 5-16. For example, Lemma ).14 states; if the charac- 
torutic roots of X2 ♦ - 0 -call then Xæ and

are complex, then the matrix f may be chosen such that
Ac(t)< - i(=1 ♦ b/t)) . |X2 - X^|'i|x^(t) . b2(t)|. 

The efficacy of these bounds as a tool in stability theory is then 

demonstrated in Theorems 5.7 - 5.9.



2. Basic Definitions and the Homogeneous Linear System

Definition 2.1. Let

152 x' = A(t)x ; t T ,o'
1552 X*  = A(t)x + f(t) : t To, ;.nd

12111 x' = A(t)x + f(x, t) : (x, t) E D

be systems of differential equations in matrix notation. Here x' = 

Col (dx^/dt,.. .,dxn/dt) and x = Col (x^,... ,x^ ) are vectors ; A(t) = 

(aij(t)), 1,J = 1,...,n, is a matrix function of the real variable t 

with elements which are defined and continuous for T < t < + o " '
f(t) = Col (f^x/t),. ..,fn(x, t)), where (x, t) = (x^ ... ,xp, t), is a 

vector function of (x,t) with components which are defined and contin­

uous for (x, t)G D. The components of x may be real or complex and the 

functions a^t), f/t), and f.(x,t), i, J = l,...,n, may be real or 

complex valued. The set D C x R is open and connected and is such 

that there exists a constant, r^ > 0, for which [{xs x E E^ and 

lxl ro^ x r] C D. Here is an n-dimensional Euclidean or unitary 

vector space, depending on whether x has real or complex components, 

and B is the real interval [Tq,-). Let Rq - sup j|x| : (x,t)G Dp 
may equal + «>.

Remarks on Definition 2.1. The homogeneous linear system, (h), and 

the nonhomogeneous linear system, (MH), satisfy the conditions for the 

existence and uniqueness of solutions for t % Tq; the nonlinear system, 

(NL), satisfies the conditions for the existence of solutions on the 

set D. The vector x = 0 is an equilibrium solution of equation (H); if 

f(O,t) = 0 for t > Tq, the vector x = 0 is an equilibrium solution of 

equation (ML).

2.2. 1) If x £ E , x  is the complex conjugate*

13



transpose of x (or simply the transpose if x le real) and |x| = (x*x)^.

2) If A = i, J = 1, ... ,n, then is the complex conjugate

transpose of A (or simply the transpose if A is real), IaI = eup IAxl
n J—' ivin 1 1 ’

?md ||A|| = ( la^l. Further, and are the supremum and infi­

mum, respectively, of the characteristic roots of ^(A* ’ + A). If A = 

A(t), i.e. A is c matrix function of t, then A. = A.(t) and X =
A A A

t) are functions of t.

Lemma 2.1. If A = (a^) and B = (b^^), 1, J = 1, ...,n, 

x = Col (x^,.. .,x ), and c is a scalar, then

1) |AB | 4 |A| |B | ;

2) |A + B| 4 |A| + |B|j

3) |cA| = |c||A|j

4) |AI = |A|;*

5) |Ax| |A| |x|;

6) If A = A,  then Ja| equals the maximum of the absolute values 

of the characteristic roots of A ;

*

7) || A || .

Proof. These are well known properties of the norm; proofs of (1) 

(6) may be found in reference 13, pp. 176 - 161. To prove (7), note 

that (by Schwarz inequality) 
n n ,, r n n n

1A -

" 1^11 1^1 ' ^E-D- •
The following definition gives some of the usual terms used to 

describe the asymptotic behavior of solutions of differential equations. 

The terms are defined for (NL), but they also apply to (H), with r = ». 

The boundedness terms also apply to (M1), with rQ = «. In the defini­

tion, x(t;x^,tQ) is a solution of (NL) such that x(t ;x ,t ) = x .



In (2), (3) (4) of the following definition, assume that f(0,t) = 0

for t T . o
Definition 2.3. 1) If there existe a 3 > C such th? t lx I C 3 . o • 'o' o

implies x(t;xo,to)e D for t > t°> Tq and if, given 3, 0 < 3 J 

ta.d tQ > Tq, there exists an M( 6 , t^) ? 0 such that |x^| < 3 implies 

|x( t;xo,to) I M for t> tQ, then the solutions of (NL) are locally 

bounded. If M = M( 3 ), then the solutions of (NL) are uniformly locally 

bounded.

■-) lx, given 6, C G < r^, and tQ^ T^, there exists a 3 ( 6 , t ), 

8 < rQ, such that |x^| < 3 Implies |x( t;xQ, tQ) | £ for t >t , 

then x = 0 it ; stable solution of (NL). If 3 = 8(g), then x = 0

• unliQimly t ^able solution of (NL). Fei' (H), local boundedness is 

equivalent to the stsbxlity of x = 0 and uniform loc 1 boundedrest it 

equivalent to the uniform st bility of x = 0.

3) If x = 0 is a stable solution of (NL) and if, for t > T , 
û L- 

tker. exists ; - Sjtj, 0 < 5q < 2 , such ti t | X J < 3 fillet 

^im x(t;x^, t^j = 0, then x = Q /-n asymptotically stable solution of 

(KL). If this limit is uniform for til x^, |xj < 3^, then x = G is an 

e^uiasymptotically stable solution of (KL). Fer (b), equiasymptotic 

stability is equivalent to ; synq. to tic stability.

4) If there exists e constant c > 0, ^nd if, given g c < g < r 
c*

end t^ Tc, there exists r 3(e), 0 < 3 C r , such that |xj < 5 

implies |x(t;n ,tc)|< £ exp(- c( t - t^)) for t t^, then x = C Is -r 

exponentially stable solution of (NL).

5) If, given (xo,tQ) E D, there exists a § (xq) > 0 such that 

D Spiles |x(t;xo,to)|-> 3 for t > tQ, then |x(t;xQ,t )| 

is bounded away from zero.
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6) If there exists e positive constf ut c find If, given £ , 

0 < e < ro, and to> Tc there exists o <5 ( € ), 0 < 8 < rc, such that

e D Implies that |x( t;x^,t^) | > g exp(c(t-t^) ) 

for t tQ, then |x(t;xQ,tc)| increases exponentially. This property 

is of interest primarily when r =+ «.

The following theorem gives upper and lower bounds for the norms 

of the solutions of ( F \ in the corollaries to the theorem, these 

bounds are translated into the terminology of Definition 2.3.

Theorem 2.1 (References: 8, Sec. 2; 1% p. 5OO; 24, Sec. 2; 26,Append.). 

let x(t) be a solution of (h) with x(tj = x&; let A(t) = A (t) and 

À(t) = X (t). Then for t> t T .A C cr
l^c|exp £ X(s)ds Ix( t) I 4 [xjexp /tA(s)ds.

Proof. If xo = 0, the ^l^ueness of the solutions of (h) implies 

that x( t) = C for t t^ T^ and the theorem holds. Assume x$ / C and 

thus x(t) / C for t >.t T .G O
Let u (t) = x*(t)x( t), 1.g. u(t) = |x(t)I ; then for t & t T , 

c o' 
2u(t)u'(t) = x*(t)x ’(t) + [x*(t)]'x(t),  or

u’(t) = {(2|x(t)j2) \ x*(  t ) £a* ( t ) + A(t)] x(t))}u(t) = H(x(t),t)u(t). 

Therefore, u* (t) Is defined and continuous for t % t .o
The function H(x,t) is c. Hermitean form evalu ted on the unit 

sphere and is continuous in x and t. Thus sup F(x,t) exists and is 

continuous in x and t and A(t) = sup H(x(t),t) exists and. is continuous 

in t for t ^tQ. Therefore,

u'(t) = A( t)u(t) + g(t) : g(t)4 0 and continuous for t >, t , 

' U*(t)  - A(t)u(t) = g(t).

The function exp -A(e)ds exists and is an integrating factor for this 

equation; the solution is
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u(t) - u(tQ)exp f^A(e)ds + g(s) [exp /^A(u)dulds.
' tg L $ J

Since g(t) 4 0 for t t , •o 
k(t)| |xQ|exp £ A(s)ds.

In a similar fashion, taking inf H(x,t) = X(t), it follows that 
|x(t)| |xo|exp A(s)ds. Q.E.D.

Corollary 1. If ^A(s)ds< M(tJ < - for t^ t, then 

the solutions of (H) are locally bounded, and 

x = 0 is a stable solution of (H). If M(t ) M for all t T , then 

It)| |xo|c , the solutions of (H) are uniformly locally bounded, 

and x = 0 is a uniformly stable solution of (F).

Proof. The proof follows directly from the theorem end from 
Definition 2.3, (1) and (2). .

Corollary 2. If A(t)dt = - -, then x = 0 is an equiasymptotlce.lly 

stable solution of (h).

Proof. Since A(t) is continuous for t Tq and ^A( t)dt = - «, 

for To exists en M(tQ) such that ^A(s)de4 M(tQ) for

Corollary 1, x = 0 is a stable solution of (e). Further, 
|x(t)J |xc|exp A(6)ds—>0 as t —> - for all |xj < 5q ( 5 an

arbitrary positive constant). This limit is uniform with respect to 

Xq for all [xj < 5o. Q.E.D.

Corollary 3. If A( t) -é - c, c a positive constant, for t > T 
' o’ 

then x = 0 is an exponentially stable solution of (n).

Proof. Given G>C and tQ> Tq, let S(G) = C . By the theorem, 
lf ^o^ * them |x(t)|4 |xo|exp A(s)ds eexp(- c(t - tj). Q.E.D.

22101^7 4" If ^XWds ^m(t^) > - . for t^ t, then 

|x(t)| I xq I exp m(tQ). If m(tQ) m for all t^ Tq, then |x(t)| > |xo|em 

and the norm of every nonzero solution of (h) is oounded away from zero.
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Proof. The proof follows directly from the theorem and from 
Definition 2.3, (5).

Cprollar%^. If J \(t)dt = -, then the norm of every nonzero 

solution of (H) is unbounded as t If A(t) % c, c a positive

constant, for t Tq, then the norm of every nonzero solution of (H) 

increases exponentially as t -> —.

^oof. The first part follows directly from the theorem. If 

À(t) ÿ c for t > To and If e > 0, tQ> Tq are given, let ^(e ) = e. 

Then If |xo| » 8 , |x(t)| > |x lexp^MsJde >eexp(o(t - t )). q.E.D.

If A(t) is periodic in t with period T, i.e. A(t + T) = A(t) for 

t > Tq, then the hypotheses cf these corollaries may be stated in more 

convenient form. In each of the following corollaries it is assumed 

that A(t) is periodic in t with period T.

Corollary 1*.  If / A(t)dt 0, then x = C is a uniformly 
stable solution of (h).

T0fT
Proof. If A(t)dt C, then /^A(s)ds 4 (T) max( A(t) : T 4 

° ta O
t To + T) for t > tQ^ Tq and, by Corollary 1, x = 0 is a uniformly 

stable solution of (H). Q.E.D.
Corollary 2' ■ If ? A(t)dt < C, then x = 0 is an expon­

entially stable solution of (h).
' -%fT

» If { A(t)dt < 0, then A(t)dt - -cT, o a positive 

constant. Let x(t;xo,t_) be the solution of (H) such that x(t ;x ,t ) =x .
o o o o 

Since the solutions of (H) depend continuously upon their initial con­

ditions, for any € 7 0 there exists a S (6 ) > 0 ( & is independent of 

to since A(t) is periodic) such that |x^k 8 and tQ^ Tq implies that

for t 4 to + T. For any t >tQ, t = t + nT 
(n a non-negative integer). Then by Theorem 2.1, .
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= ee-c(n+l)T g@-G(t-to)

SSry^^T 1 • A(t)dt >0, then thé norme of the nonzero

solutions of (H) are bounded away from zero ae t —> m.

^oof. The proof ie similar to the proof of Corollary 1*.
To+T

Corollary %. If A(t)dt > C, then the norms of the nonzero 

solutions of (H) increase exponentially as t m.

Proof. The proof is similar to the proof of Corollary 2’ - 3».

Direct converses for these corollaries are not possible (Example 

3.1 provides one counterexample), but weak converses are ( except

for Corollaries 4 and 5 ). These will now be developed.

Definition 2.4. If (H) £ (Bp then x = 0 is a stable solution of
(H); if (H) £ (8g, then x = 0 is a uniformly stable solution of (h); if

(H) g @3^ x = 0 is an asymptotically stable solution of (h); if 

iS) £ 04, x = 0 Is an exponentially stable solution of (H); if 

tëLLÇ-jBy then the norms of the nonzero solutions of (H) are bounded 

away from zero for all t; if (E)£ then the norms of the nonzero 

solutions of (H) increase exponentially as t »

161 = US £ \(bHb and CA(tp) = inf AA(s)ds..

If W, e Cp then La(To)< if £ Ç then ^(t^ < L, a 

constant, for all tQ > Tq; if (H) £ Cy then La(Tq) - - if 

IhLG..^, then ^( t) - c < 0, c constant, for t 3. Tq; if (h) 6 Ç 

then £A(to) t, a constant, for all tQ Tq; if (h) g C,. then 

\(t) ° > 0, c constant, for t % T,. (6 denotes behavior, C 

denotes condition).

N<» Corollerlee 1 - 5 of Theorem 2.1 may be witter ne one corollary 

(Corollary 1 has been apllt Into two parte).
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Corollary. If (h) E then (H) £ (1 = 1,...,6).

Definition 2.^. Let (P_ = t): P(t) is an n by n matrix which 

is defined, nonsingular, and has a continuous derivative for t^ T 
let | P( t) : P(t) E (P and |P(t)| is bounded for t TQp let 

= |p( t) : P(t) E (P and |p \ t) | is bounded for t > T let 
£3 - 0

A matrix P( t) will be called admissible only in connection with 

some equation (H) and only if that (H)6 for some 1, 1 4 1 4 6. If 

(H) E 6)^ 1 = 1,3, and P(t) is admissible, then P(t) € & ; If (H) € 8 

i = 2,4,6, and P(t) is admissible, then P(t) £ if (h) £ and 

P(t) is admissible, then P(t) £ (P^.

If P(t) E P , then the substitution y = P \t)x transforms (H) into 

(2'D 7*  = P"\t)(A(t)P(t) - P'(t))y = B(t)y

where B(t) is continuous for t >, Tq. If x(t;xo,tQ) is the solution of 

(H) such that x(to;xQ,to) = xq, then 7<t;yo,tQ) = P-1(t)x(t;xQ,tQ) is 

the solution of (2.1) such that y(tQ;xQ,tQ) = y^ = P~\t )x . If 

x(t,tQ) is the fundamental matrix of (H) such that X(tQ,tQ) is the 

identity matrix, then Y(t,g = P^(t)X(t,t^)P( tj le the fundamental

of (2.1) such that Y(tQ,to) is the identity matrix.

Lemma 2.2. Assume the substitution y = P-1(t)x, p(t)£ P , has 

been made to transform (H) into (2.1). If (2.1) £ 8>v and if p(t) is 

an admissible matrix, then (H) £ ®1, 1 = 1, ...,6.

Pr£2£' Since y(t;y^,t^) = P“\t)x(t;xQ, tQ) and x(t;x^,g = 

P(t)y(t;yQ,to),
|t"1(t)r1|y(t;yo,to)| .4 |x(t;xo,to)| 4 |P( t) | |y(t;y0, tQ) |.

Aaeume (2.1) e 6V then F(t) £ and |p(t)| 6 M for t » T 

Let € > 0 and tQ To be given; let e' = g/M. Since (2.1) G £
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there existe a j-( e',\) . > 0 such that |yo| < J.

implies |y(t;yo,to)| < e' for t > tQ. Let S( S’, tQ) . SC Ê ,tQ) . 

If (to)|" S' (note that even If S' did not depend on t , 6 would 
o

depend on to.). Then |xj < 5 Implies (yj iF’^t^ | |xo| 

which Implies that |y(t;y^t^)| < e' or |x(t;x^t^)| C |P(t)||y(t;y^tJ| 
<€ for t tQ, l.e. °

If (2.1) e 62, then P(t)£ and |P(t)|^ M, |p_1(t)|< B for 

t To. Nov repeat the preceding proof but note that 6*  = £•( e ) 

let <5 = 6( 6') = 6 ( 6 ) = N"^ 6'.

If (2.1) £ 6^ 1 = 3 or 4, the proofs are much the same as the 

preceding proofs.

If (2.1) £ then P(t) 6 and |P~\t)| 4 N for t > Tq. Let 

^o^o^ be Given; this determines yQ = P"\t^)x^. Since (2.1) e 6 , 
there exists a 5»(y^) . that |y(t;y*,g|  fl

t tQ. Then |x(t;x^,t^)| 3. |p \t)|"b|y(t;y^t^)| ^N"b|y(t;y^t^)|^ 

N 5' = 5(xo) for t tQ and (H) e ft

If (2.1) G the proof is similar to preceding proofs. Q.E.D.

^'3' ^e substitution y = P"\t)x, P (t) e P , transforms 
(H) into

(2.2) y' = D(t) y, where D(t) = Diag ( d^ t),... ,d ( t) ) 
Is defined and continuous for

if and only if for t t 0,
o

X(t,to) = P(t)exp £ D(s)ds P’^t ) 

where X(t,tQ) is the fundamental matrix of (H) such that X(t ,t ) is 

the Identity matrix and D(t) is defined and continuous for t > T . 
Pro^. If y = P \t)x, p(t)e P , transforms (H) Into (2.2), then 

the discussion of equation (2.1) applies. First «t) Is defined and

continuous for t > Tq and second
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X(t,tQ) = P(t)Y(t,tQ)P \tQ) = P(t)exp D(s)ds

Now assume D( t) Ie defined, and continuous for t T • Fix t T ; o ox o
this determines X(t;tQ). Let P(tQ) be a constant, nonsingular matrix. 
Then

P(t) = X(t,tpp(gexp /-JXs)ds 
to

18 defined and continuous for t >z Tq and P'(t) is defined and continuous 

for t > Tq, i.e. P(t) e (P . Further, y = P-1(t)x transforms (h) into

(2.1) and since Y(t,tQ) = P"\t)X(t,t^)P(t^) = exp 0(s)d8, this 

substitution must transform (H) Into (2.2). Q.E.D.

Theorem 2.2. If 1) (H) £ 0 , 1 . 1,3; or

2) (H) 6 i = 2,4, and Tr A( s)ds > - then there exists 

an admissible P(t) (which is not unique) such that the substitution 
y = P \t)x transforms (H) into (2.2) and (2.2) e

^oof. In each section of the proof a diagonal matrix, D( t), is 

constructed which is defined and continuous for t T . Then P(t) is 
defined as

P(t) = X(t,To)exp -D(s)ds

where X(t,TQ) is the same as in Lemma 2.3 (This definition of p( t) is 

taken from lermna 2.3 with tQ = Tq and P(t°) the identity matrix.). By 

Lemma 2.3, P( t) e (P and the substitution y = p"\t)x transforms (H) 

into (2.2). It will then only be necessary to show that P(t) is con­

tained in the proper and (2.2) is contained in the proper

1) Assume (H) £ then |x(t,TQ) | M for t > Tq. Let D(t) be 

the zero matrix; D( t) is defined and continuous for t T . Since 
o

AD(t) = 0, Lg(T^) = 0 and (2.2) e Also,

|P( t) J 4 |x(t,To) 11exp -D(s)ds| 4 M for t Tq

and P(t) € <P .
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2) If (h) £ , then the preceding proof will

apply if it can be shown that |p"\t)| y for t > Tq. Since |P(t)| M 

for t & Tq, It will on I}- be necessary to show that Det (P(t)) c > Q, 

3 estant, for t^ Tq. Now Det P(t) = Det X(t,T ) x Det exp J^ejds 
t - To= exp ^Tr A(s)ds and since Tr A(s)ds > - Det P(t) > c >°o for 

t > T .o
3) Assume (H) € Let x^(t) be the vector corresponding to

the i-th column of X(t,T.) (i = l,...,n); then |x±(t)| is defined, 
|^i( t) | / O, and |x1(t)p = i|xi(t)|’1(x*xj  + x*'x 1) is defined and 

continuous for i = 1, .. .,n and t > T .
n n °

Let d(t) = (iZ1|x1(t)|) ki(t)|) , then d(t) is defined and

continuous

d(s)d=
•o

for t > To,' 
n

log(n)

1= I -n Let D(t) - Diag (d(t),

and expédie)ds = 
%

.,d(t)), then D( t) it defined
and continuous for t T and o

|x(t,To)||exP^.D(S)d6| » d(C^)|(^b^t)|)^n^n\l.e. P(t)e 

Since AD( t) = d(t) and |x1(t)|—> 0 as t —> œ for i = 1,

/^A^(s)ds = ^im sup log(1L1|x1(t)|)-lo?-.-»and (2.2) e C 

4) Assume (H) E &v Let x,(t) be as defined in part (3) of this

proof. Then there exist positive constants K and c such that 
|xr(t)|4 Ke~c<*-%»)  for t Tq and 1 = 1, ...,n.

Let D(t) = Diag (-c,. D(t) is defined and continuous for t>T

and Ag(t) . -c for t > l.e. (2.2) e C^. Also |P( t) | < |x( t.Tj | X 

X |exp -D(e)l6| , Ixtt.^JIo^nK for t 1Q and P(t) e The 

reasoning of part (2) of this proof may again be applied to show that 
|P ( t) | < N for t > Tq. Hence P(t) E (Py Q.E.D.

Remarks on Theorem 2.2. This theorem does not really provide a
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constructive method for finding P(t) since to solve for p(t) explicitly 

it is necessary to know X(t,tQ). However, if Theorem 2.1 yields no In­

formation when applied directly to (H), and there are cases where it 

does not, Theorem 2.2 shows the possibility of transforming (H) into an 

equation to which Theorem 2.1 may be applied with success.

The process of diagonalization used in Lemma 2.3 has been studied 

by Diliberto (reference 11).

The following two theorems demonstrate the process of transforming 

a given equation and then applying Theorem 2.1.

Definition 2.6. For a function f(t) 

and f“(t) = inf (f(t),O).

Consider the equation

let f+(t) = sup (f(t),O)

+ p( t)x ’ + q(t)x = 0: p(t) and q(t) are
continuous

defined, real-valued, and 
for t >. T .o

This equation may be written as the system

(2.3) 1 0 1

-q(t) -P(t)
i.e. x' = A(t)x.

Theorem 2.3. 

c - q(t)|dt < ».

Assume

If

there exists a positive constant c such that

then the solutions of
(2.3) are uniformly locally bounded; if Ç p+(t)dt < then the
norms of the nonzero solutions of (2.3) are bounded away from zero as

Proof. Let y = P ^x where P =

LO
an arbitrary realk 0

1
k

positive constant. This substitution transforms (2.3) into
-11

yl
1/2 J kq(t) -p( t)

i.e. 7*  = B(t)y.
0 k

Since B(t) is continuous for Theorem 2.1 may be applied too
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e qua tien (*  ) and since P e (P^ Leona 2.2 implies that if (*  ) E ft

1 = 2 or 5, then (H) £ i « 2 or 5. It is therefore only necessary 

to study equation (*  ).

First form

à[B*(t) + B(tg 0
àtk* 1 - kq(t))

^k'1 - kq( t) ) 

— p( t)
The characteristic roots of this matrix are

\ = sV P(t) * 2 + jk’1 - kq(t)]2}, 1 = 1,2.

Hence,

M- + |P(t)l * k|k’2 - q(t)|f = - p’(t) + jk|k’2 - q( t ) J, 

P(*)  * |P(t)| - k|k"2 - q(t)|} = - p+(t) - ^k|k"2 - q(t) J. 
If k - c“^ (i.e. k = c) and the hypotheses are satisfied, then

2 - *(*)|*t  < *•  Further, ^jk-2 - q(s)|ds < ^|k‘2 - q(s)|ds, 

C V p”(s)ds £ p"(s)ds for t tQ Tq.

If P (t)dt > " “» s)ds < M for t to^ To and by

Corollary 1 of Theorem 2.1 the solutions of ( *)  are uniformly locally 

bounded; if Ç p\t)dt < -, then ^%(s)ds^mfor t>t^T°and 

by Coronary 4 of Theorem 2.1 the norms of the nonzero solutions of (*  ) 

are bounded avay from zero as t —> *.  Q.E.D.

Remarks on Theorem 2.3. Included in Theorem 2.3 is the known 

result: if pc - q(t) |dt < - and pd-p(t)|dt<- (c^O, d>0 

are constants), then the solutions of (2.3) are bounded (reference 9,p. 36)

If k is negative or complex, It appears in the expressions forA(t) 
and A( t) as |k|; hence k is assumed real and positive.

If Theorem 2.1 is applied directly to equation (2.3), i.e. let k = 1, 

the results are meager. For instance, with p(t) = 3 and q(t) . 2 for 

t^. To, in which case (2.3) has constant coefficients and real, negative
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characteristic roots, Theorem 2.1 gives no information when used

directly. But a simple substitution transforms (2.3) into an equation 

to which Theorem 2.1 may be applied profitably.

Theorem 2.4. 1st equation (2.3) be given and assume that q’(t) 

exists and is continuous and that 0 < q < q(t) < Q, q and Q constant, 

for t > To. Let F(t) - p(t) + q'(t)/2q(t). 1) If j^V(t)dt > —, then x=0 

is a ixiiformly stable solution of (2.3). 2) If *̂F*(t)dt  < then the 

norms of the 

Proof.

nonzero solutions of (2.3) are

Let y = P \t)x where P(t) =

transforms (2.3) into

bounded away from zero for all t.

I1 ’
LO /q(t).

This

substitution

l.e.

Again, B(t) i 

of Theorem 2.

0

q'(t)/2q(t)l
J*  = P"\t)(A(t)P(t) - P'(t))y = B(t)y.

s continuous for t^T^

3, to prove the theorem

and P(t) e (P and, 

it is sufficient to

yl

as in the proof

study equation (*-).

0

0 L^J

0 0
f(t) + B(t)) =

0 -p(t) - q’(t)/2q(t)

Now

and Afi(t) « sup (0, - p(t) - q’( t)/2q( t) ) = - (p(t) + q'( t)/2q( t) ) ", 

XB(t) = inf (0, - p(t) - q'(t)/2q(t)) = - (p(t) + q*(t)/2q(t)) +.
Then /^AB(s)ds - T^pts) + q'(s)/2q(s) )"ds for t > t % T and 

to lo O^o
(1) follows from Corollary 1 of Theorem 2.1. In a similar fashion, (2)

follows from Corollary 4 of Theorem 2.1. Q.E.D.

Remarks on Theorem 2.4. This P(t) was selected so that |(B*(t)  + B(t)) 

would be diagonal and thus make AB(t) and Xfi(t) trivial to compute.

In part (1) of the theorem, if only 0 < q(t) Q for t % T holds, o * 
then P(t) € (P^. The same proof then shows that x = 0 is a stable
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solution of (2.3).

Contained in Theorem 2.4 is the result of 8 tar z in ski 1 (reference 

23)î If equation (2.3) Is given and if 0 * q(t) Q and p(t) > 

-gq'(t)/q(t) for t > To, then x = 0 Is a stable solution of (2.3).

Starzinskii proved his result using Lyapunov functions and, as is 

mentioned in Section 1 and in the remarks on Theorem 4.7, the results 

of this section could also be proved by this method. It is necessary 

to use extended Lyapunov functions (see the remarks following Theorem 

4.7) and in this case |y| = |p \t)x| can be considered as such a 

function.

The next theorem is used in Sections 3 and 4 to extend the results 

of Theorem 2.1 to equations (NH) and (NL).

Theorem 2.5. For tTq, let X( t) be the fundamental matrix of 

(H) such that X(tQ) is the identity matrix and let x"\t) be the inverse 

of X(t). If A&(t) = A(t) and X^(t) = A(t), then for t t^ 

exp A(s)ds |X(t) I exp A(s)ds and 

exp A(s)ds 4 |x \t)| 4 exp À(s)de.

Proof• If Tq, then X(t)xQ is the solution of equation (h) 

such that X(to)xQ = xq. By Theorem 2.1,
lxolexp ^X(s)ds < |x(t)xQ| Ixq|exp ^A(e)ds 

and since |x(t)| = sup^ |x(t)xQ|, 

exp 7*  X(8)de < I X( t ) I C exp ^A(s)ds.
%

To prove the second part, note that

^_A*(t)  = - X^*( t) = - XA(t) and 

^-A*(t)  = " ^A* = - A^(t);

further, by Lena 2.1, (4),

I I - |z-\t)|.
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Bow [x-1(t )J is the fundamental matrix for the adjoint equation of 

(H) (l.e. x*  = - A*(t)x)  such that £l Is the identity matrix.

Then by the first part of the theorem
exp X_^(s)ds^ |[r\t)]^ 4 exp ^A_^(e)ds 

and hence

exp t-AA(s)ds^ |x"l(t)|< exp - AA(e)ds. Q.E.D.



3« The Nonhonogeneoufi Linear System

In this section the results of Section 2 will be used to describe 

the asymptotic behavior of the solutions of the nonhomogeneous linear 
system.

Consider the system of differential equations 

(NH) x' = A(t) + f(t) ; t T ,c '
as defined in Section 2. Let A(t) and X(t) be the supremo and 

infimum, respectively, of the characteristic roots of j(A*(t)  + A(t) ).

Definition 3.1. The homogeneous equation associated with (NH) 

is the equation obtained by suppressing f(t). Denote this equation 
by (H:nh).

Theorem g.l. If %(t;x^,t^) is the solution of (NH) such that 

^Vo'V = xo ' then for Tq< tQ^ t
- / |f(®)|expj^ X (u)du ds < |x(t;xo,to)| 

l^o|exp/ A(s) ds + / |f(s)|exp^ A (u)du de .

^oof; For > Ty , let X(t) be the fundamental matrix of (H:nh) 

such that X(tQ) is the identity matrix. Then (see reference 9, p. 19),

(*  ) x(t;xo,to) = X(t)xQ + X(t)X* 1(s)f(s) ds .
Now X(t)X ^s) is the fundamental matrix of (H:nh) such that X(s)X~1(s) 

is the identity matrix. Using Theorem 2.^
•

IKDIkol + / |X(t.)X"\e)||f(B)| de f

A(e) de ♦ / I f(e) IexpZ A(u)du de . 
to to 5

Starting again from ( * ) and using Theorem 2.5,
X"1(t)x(t;xo,to) = xo +^X-\B)f(e)ds ,

|X (t) I |x(t;xo,tQ) I |xq * ^X ^(e) ds| 

Mtix^^Jlexp^ - X(e)de | |xq| - X"\s)f(e) de| |
lxol " |^X"\s)f(e)d8| >

29
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t

and

o>to)|exp/ - A(e)de 
.. . . .t . - / | f(s) j exp/ A(u)du de. Q.E.D. 

to s .
Corollary. Irtlj, 1 = 1,...,7, be constante. If f A(e)de 
t t I©

|f(e)|exp^ A (u)du de for t > Tq , then the solution»
" “1
of

equation (NH) are locally bounded. In particular

1) If Z | f( t) | dt K_ and / A (u)du K> for t > e T ; or 
* t t" *

2) If | f(t)| K and / expj A(u)du ds K. for t > T , > s o 'o'
then the solutions of equation (NH) are locally bounded.

3) Ab a epeclal case of (2), if |f(t)| and A (t) < 0

for t Tq, then

M^o'Vl 4 + ( l^| - (K^/K7) )exp(-K7(t - tQ) )

for t > t0 > Tq (The corollary to Theorem 3.3 gives a second version 

of this part (3).).

Proof; The proof follows directly from the theorem.

Remarks on Theorem 3-1 and it corollary. Bellman (reference 3)

has shown that given A(t), bounded and continuous for t T 
.. o equation

(NH) has all its solutions bounded for any f(t) such that T |f(t)|dt< * 

if and only if |X(t)X (s)| c for some positive constant c and all 

t % s > Tq (Here X(t) is any fundamental matrix of (H:nh). ). Since 
|X(t)X \s)I exp^ A(u)du , the condition of (1) of the corollary

A(u)du< K for all t > s > Tq) implies that |x(t)X-1(s)| eK 

for t > s Tq . The converse is not true as is shown in Example 3.1.

Perron (and Bellman, references 3 and 21)has proved that given 

an A(t), bounded and continuous for t > Tq, (NH) has all its solutions 

bounded for any f(t) which is bounded and continuous for t > T if and o
only if x « 0 is an exponentially stable solution of (H:nh). The -
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converse is not true as is shown in Example 3.1.

There is a specialization of the Perron theorem by Bridgland 

(reference 6). Let X( t) be the fundamental matrix of (H:nh) such that 

X(tQ) is the identity matrix; let Y(t,tQ) = j^X(t)X~\s) de; and let 

t^) be the solution of (HH) such that x( t^;x^,t^) = xq. A vector 

or matrix functlw converges if it approaches a constant vector or 

matrix element-vise. The theorem states : given A(t), bounded and 

continuous for t T^ every solution of (NH) converges for every 

convergent f(t) if and only if a) every solution of (»H) is bounded 

for every bounded f(t) and b) the matrix Y(t,TQ) converges. Moreover, 

tis - ( tis ) (y™ f(t) ),

If, in addition to the hypotheses of Brldgland's theorem, 

A(t) 4 - K 0 for t > Tq, then
|X(t)X \s) | 4 exp^ A(u)du 4 exp(K( s - t) ) and

|Y(t,tQ)| 4 / |X(t)X (s)|ds 4 J exp(K(s - t) )ds = 1 - exp(K( t - t) ) ).
s tg a o

Tmking norms in Brldgland's result,

|ym x(t;xo,to)| ÿ lygï(t,to)||ym f(t)| < K"1,^ f(t)| .

If |f(t)| 4 |ym f(t)| for t > Tq, this is the bound given by (3) 

of the corollary of Theorem 3.1; otherwise, this bound will be obtained 

in the corollary to Theorem 3.3.

Compared with these earlier results, Theorem 3.1 and its corollary 

have three disadvantages: 1) they give only sufficient conditions; 

2) In two instances, they require a stronger hypothesis; 3) they do 

not detect the convergence of a solution. But the theorem and its 

corollary also have three advantages : 1) they do not require that 

A(t) and f(t) be bounded; 2) they may be applied to equations(even 

with bounded A(t) and f(t) ) to which the theorems of Perron and Bellman
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do not apply (see Example 3-4); and 3) they give bounds for the norme

of the solutions even if f(t) does not converge.

Example 3* 1(Illustrating two preceding remarks).

0 1

-2 -3 o' 0

A fundamental matrix is X(t)
s'* e-2t

■2=-2t
and

Ktjx'^s)
e'4

B"1

e-2*

2e-2t

2eS

-e2B
eB

-e2B -ae8"^»28-24

s-t 2s-2t e -e
-e6‘WB-2t

The vector x - 0 is an exponentially stable solution of this equation 
and |X(t)X \s)| f c < • for t > s > 0 , but

0
> A(t) = ^(\/ÏÔ - 3) for t 0 oo

and / A(t)dt = 
o

Next, by restricting f(t), Theorem 3-1 will be extended.

I^mma j.Inference 1$, p. 4ÿ6). Let u(t) and v(t) be defined, 

real valued, and continuous for T^ tQ4 t < t^4 - ; let v(t) > 0 

and c be constant. If

u(t)^ c + £u(s)v(s)ds , then
u(t).< cexp? v(s)ds : t < t^ t, .

% o t I
Proof: Let x(t) = u(t) + w(t) = c + / u(s)v(s)ds , where w(t) 

to
is defined, continuous, and non-negative for t $ t t^ . The 

integral equation
, t

x(t) = c + f (x(s) - w(s))v(s)ds ,
t»

is equivalent to the differential equation and initial condition

x’ - v(t)x(t) = -w(t)v(t) : x(to) = c .

The solution to the differential equation is 
t t t

x(t) = cexpf v(s)ds - / v(s)w(s)exp/ v(u)du ds.
4, t- S
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Since w(t) 0 and v(e)w(e)exp^ v(u)du > 0, 

u(t) = x(t) - v(t)^. x(t) cexp^ v(e)de. Q.E.D.

Theorem 3-2. Let equation(NH) be given and let x(t;xQ,tQ) be 

the solution such that x(tQ;xo,tQ) = xq. Assume that f(t) is such that

there exists a G(t), defined, bounded, non-negative, and continuous a.e
for t with |r(t)| - O(t)|A(t)|J If 0(t) 5 |x(t;x0,t0)| for 

Tg to4 t 4: t^^ * , then

" 4 (M(e)| + A(s) )ds.
%

If, in addltlw, A(t) 0 for tQ^ tit^ then |x(t;xo,tQ)| is

monotonic non-increasing for tQ^ t < t^ .

Froof: Ihder the hypotheses of this theorem, Theorem 3.1 gives 
kol=^^( = )^ + {G(s)|A(s)|exp^ A(u)du de , 

MtjXo^oHexp/ -A(e)de 4 |xj + G( s) | A ( s) | exp/-A (u)du de. 

If G(t) |x(t;xo,to)| for to^ t , then 
k(t;xQ,t^)|exp^-A(s)ds |XQ| + / | A (b)| |x(e;xo,tQ) |exp^-A (u)du de

and by Lemma 3.1,

|x(t;xo,to)|exp£ -A(e)ds 4 |xo|exp^ |A(e)|de for tQ£ t 4 t^ . 

Then |x(t;xo,tQ)| 4 |xQ|exp^ ( | A(s)| + A(s) )ds for tQ 4 t 4 t^ .

If A (t) 4 0 for tQ4 t 4 tp consider tg and t^, tQ4 tg < t^ < t^. 

Using the first part of the theorem, with (x^x^, t^tg) as an initial

such a G( t) implies certain restrictions on f(t), 
«rniinui 3 7 ° = • then f(t) « 0. It is not necessary to

= 4 and |l^t) = 1^ exist, let G(t) = mln(L^,I^); if A (t) = 0 
for t^4 t 4 t2 and Mmg(t) = L^ and Mmÿ(t) = exist, let G(t) = min(L 
f r t^^ t4 t2. Here f(t) is restricted so that the limits exist.
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point,

|x(tyXQ,to)| |x(tg;xq,tQ)|exp/ ( | A (s) | + A (e) )de = |x(tgjx^,t^)| .

QeB.De

Theorem 3-3» Given equation (HH), let x(t;xo,tQ) be the solution 

such that t^x^,t^ - xo- Assume A ( t) 0 for t TQ and ussume f(t) 

is such that there exists a G(t), defined, non-negative, bounded, ;md 

continuous a.e. for t Tq, with |f(t)| = -G(t)A(t)^; let 

HCtptg) = sup(G(t) : Tq^ t < tg 4 -).
1) For Tq to^ t, |x(t;xo,tQ)| 4 (|xq| - H(tQ,t) )exp/ A (s)ds + 

+ H(to,t).

2) If koi Hko,to) = G(tQ), then |x(t;xo,tQ)| £ H(tQ,t) for t tQ.

3) If H( tQ,to) < |xq| < H( tQ,),  then there exists a T, t@ < T*

such that |x(t;xo,tQ)|4 H(tQ,t) for all t > T -

4) If H(tQ,«) 4 |xj , then there existe a T, tQ4 T 4 -, such that

| x( t;xQ, tQ) | is greater than G( t) and non-increasing for tQ4 t T

and |x(t;xo,to)| 4 H(T,t) for t > T ( if T < -) .

5) If A (t)dt = — , then sup |x(t;xQ, tQ) | 4 H( tQ,)  .*
6) If,/A  (t)dt = and J.im sup G(t) = U, a non-negative constant, 

then sup |x( t;xQ, tQ) | 4: U.

*

Proof: 1) Under the hypotheses on f(t), Theorem 3-1 gives 
ko|exp£ A (s)ds + G(s)(-A(s))exp^A (u)du ds .

Since ( - A ( e ) ) exp^ A(u)du > 0 ,

lx(tJxo,to)| 4 |xq|exp/ A(s)ds + H(t ,t)/ (- A (s))exp/ A(u)du ds , 
t 4» s

|x(t;xo,to)| 4 (|xo| - H(tQ,t) )exp/^A (s)dE + H(tQ,t) for t > tQ > Tq.

2 ) For t t^ T H( tQ, t ) is a monotonic non-decreasing function

See the footnote on page 33 .

QeB.De
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of t. If |xj H(to,to), then |xq|^ or |xj - H(tQ,t)« 0,

for t > tQ «nd, from (1), |x(t,xytQ)| for t tQ.

3) If H( tQ, tQ) < |xj < H(to,»), then there existe a T > tQ such 

that |xq|H(tQ,t) for t T; (3) now follows from (1).

M If I tQ) | >G(t) for tQ t T i •, then by Theorem 3*2,  

| x( t;xQ, tQ) | is monotonic non-increasing for t t^ T. If |x| = 

“ H(T,T, for to4 T< -, then by (2) of this 

theorem, |x(t;x,T)| = |x(t;x^,t^)| 4 H(T,t) for t > T.

5) If A(t)dt = - —, then ,

y™ sup |z(t;xo,to)|5 ({ |xq| - /^A(e)de * ,

- H(t -

6) I^t xq, tQ > Tj, and e be given. Under the hypotheses,there 

exists a Tq such that for t T , G(t) < U + 56 ; hence

H(Tp») U -r 2'6 - Let x^ = x(T^;x^,t^) and apply (4) to x(t;x^,T^) = 

x(t;xo, tQ)- There exists ». Tj€ ^.T^ T^(€ ,xo,tQ) > T} such 

that for t > T2, Jx(t;x1,T1)| < H(Tp») + ^6 U + 6 , i.e., 

|im sup |x(t;xQ,to)|< u. W.E.D. .

Corollary. If ^lm sup A (t) = - c < 0 and ^lm sup ] f( t) | = L > 0, 

then sup |x(t;xQ, tQ) | I/c.
Proof. If Bup A(t) - - c<o, then 7 A(t)dt = - *.  if, 

additionally, lia sup |f( t)| = L > 0, then for € > 0 "choose 0 < 6 < 1 
t—— 1

and €2 > 1 such that ( - 1) < £c/L, ,i.e.

€ 2I/ €ic < I/c + £ . There exists a T( Gg) = T(G ) > Tq such that

for t > T, A(t)< - G^c and |f(t)| G^L; then G(t) = |f(t)|/-A(t) 

is defined for t > T and G(t) < €^1/ e^c < l/c + G for t > T, i.e. 

tiS ^(t) I/o. The corollary now follows from (6) of the theorem.

jframgle 3.2. (in this equation, Theorem 3.1 is used to determine
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the boundedness of the solutions; it is /tn example to which Theorem
3*3  does not apply.)

-t t sin t

X2 0 -t - t cos t

1

0
t > T « 0. o

Let tQ = 0, then the solution is

x^tjXpO) = x°exp( - t2/2) + ^(u sin u x Xg(u;x°,0) + l)exp(^(t2 - u2))du, 

) = Xg0xp(-t /2 - t sin t - cos t + 1);

as t-> *,  x^(t;x^,0) and xg(t;x^,0) are bounded.

Now [ -t
|(A (t) + A(t)) = 

gt sin t

gt sin t

-t - t cob t

and the

characteristic roots of this matrix are given by

A- + À(2t * t cos t) + (t2 + t2coe t - t281n2t/4) = 0;

\ = i("(2t + t cos t) tVt2cos2t + t2eln2t), i = 1,2;

Aj = i(-2t - t cost t ± t), 1 = 1,2.
Then A( t) = g(-t - t cos t).

Since |f(t)|/-A(t) = 2/(t - t cos t) is unbounded for t = (2k + l)n, 

k = 0,1,..., Theorem 3-3 will not apply; instead use Theorem 3.1. 

First, £ A(t)dt = - -; second, for t > 2, A (t) £ - i - cos t 
md^lfltllexp^Atuldu de.< exp ^Atujdu de - /^exp ^(-1 . COE u)dude

+ C «"'x e=^ • - sin tds< B + e2(1 _ ,2-t,

|x(t;x0,tQ)| 4 |x jwpPAfelde + /|f(e)|exp f A (u)du de < - a= t

Example 3.3. (illustrating Theorem 3.3, (2) - (6j).

dx/dt + x = sin t + coe t : t > T = 0. o
Let to = 0, then x(t;xQ,0) = x^e^ + sin t. Here A (t) = - 1 and 

G(t) = I sin t + cos t| ; H(0,0) = 1 and H(0,h/4) = H(0,-) = J? .

2) If |xq| H(0,0) = 1, then: for 0 C t < .9, e"^ cos t and 

|x(t;xo,tQ)[Icoe t + sin t| = G(t); for .9 < t, e-t.4 and
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|x(t;x^t^)| .4 + i<Jïi = H(C,t).

3) If H(0,0) - 1 < |xo|</2 « H(0,«) and t > T « 1.24, then 
|xo|e t</2 e-t < .4 and |x(t;xQ,tQ)| .4 + 1 < = E(O,t) for t > T.

4) Assume xq > H(0,)  =/2 : if x(t;xQ,O) > G(t) - |sin t + cos t| 

sin t + cos t for 0 t 4 T and x(T;xq,O) = G(T), then

*

*l(tJXi, tQ) = x^ e (t u 2c ^^(ujx^, tQ) du,

x2(t;x°,to) = (x° - l)tot-1 + 1.

Since x = 0 is not an exponentially etable solution of the homogeneous 

equation associated with this equation, the theorem of Perron does not 

apply; since j. f(t)dt = J t dt = w, the theorem of Bellman does

i) x(t;xQ,O) 0, x(t;xQ,0) = x^e + sin t sin t + cos t or 

x'(t;xo,0) = - x^e + cos t 0, ind hence |x(t;xo,tQ)| is monotonic 

non-increasing for 0 < t < T; and

11) for t T, (2) of Theorem 3.3 applies.

Assume xq < - H(0,*)  = -/2 : if x(t;xQ,Oj - G(t) = - |sln t - cos t| 

sin t + cob t for 0 4 t< T find x(T;xq,0) = G(T), then

i) x(t;xQ,0) 0, x(t;xQ,0) = x^e + ein t 4 sin t + cos t, or
x'(t;xo,0) = - xQe 1 + cos t 0, and hence |x(t;x^,t^)| is monotonic 

non-Increasing for 0 4 t 4 T; and

ii) for t T, (2) of Theorem 3.3 applies.

5 and 6) Since f A(t)dt = - “j H(0,«) - xfs? and ^im sup G( t ) = ^2, 

|im sup |x(t;xo,to)| 4T for all tQ > Tq and xq.

Example 3-4. (An example where the theorems of Perron and Bellman

do not apply, but where Theorem 3.3 does

-1 -2

L 2J

x
-1

The solution is

apply.)
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not apply.

Now
£(A*(t)  + A(t)) - 

roots of this matrix are

-1

it"2
and the characteristic

\ “ z(-(l + f1) t - t"1)2 + t"U), 1 = 1,2.

Then A(t)^ i(-(l + t"1) + (1 - t’1) + t‘2) = - t"1 + ^t"2 and

G(t) = |f(t)|/-A(t) and t'VCt’1 - £t"2) = ]/(l - (2t)~l). Since 

ti*  = 1 41,1(1 £ A(t)dt = - », sup |x(t;xQ,tQ)| < 1 for

*o> To xo-

Starting again from Theorem 3-1, the preceding work may be para­

phrased to develop lower bounds for the solutions of (NH).

—3'2" ™ and v(t) be defined, real-valued, and ccntin 
uous for t Tq; assume v(t)0. If

u(t) u( t ) - /t u( e)v(e)ds for t > t > T 
° o^

^^^,l u( t) u( to)exp^-v( s)ds.

Proof. Let u(t), satisfying the hypotheses, and tQTq be given.
Let u(t) be the solution of

u(t) = u(t ) - ft u(s)v(s)ds, or 
%

u'(t) = - u(t)v( t) : u(t ) = u(t ). 
° o

The solution of this differential equation is defined end unique for
t tQ;

u(t) = u(tQ)exp /t-v(s)de.

If u(t) u(t) for t tQ, the lemma is proved; assume there exist t^ 

and t2, tQ< tx^ t^ -, such that u(t^) = H(t^) and u(t)< û(t) for 

\ < t < tg. Then

"^2^ " u(t2) ^^i) - / u(s)v(e)ds) - (u(t1) - u(s)v(e)ds);

thie follows from the hypotheses on u(t) and by writing û(t) in its
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integral form. Then

u(t ) - u(t ) > / (u(s) - u(e))v(e)de 0 
a

since u(t) > u(t) and v(t) > 0 for t < t^ this contradicts 

u(t2)< u(t2). Q.Ï.D.

Theorem 3.4. Given equation (HH), let x(t;xo,tQ) be the solution 

such that x(to;xo,tQ) = xq. Assume f(t) is such that there exists a 

g(t), defined, non-negative, bounded, and continuous a.e. for t T , 
with |f(t)| = g(t)|A(t)|^ If g(t) 4 |x(t;xQ,to| for Tq C tQ < t < tx< •, 

then |x(t;xo,tQ)| > |xjexp £( X(s) - | X(s)| )ds. If, m addition, 

X(t) 0 for 4 4 then |x(t;xQ, tQ)| is monotonic non-decreasing

for t 4 t 4 t.. o 1
Proof. (The proof is similar to the proof of Theorem 3.2. )

If f(t) satisfies the hypotheses, then Theorem 3.1 gives

M»)4« - ^gfe)! X(e)|«cp X(u)duds, 

C 8(e) I X( = )|exp -X(u)dude.

If g(t) < |x(t;xo,t6)| for tQ< tr then *

|x(t;xo,to)|«p £ -X(=)de >|xj - £| X(e)||x(e;xo,to)|exp ^-X(u)dude 

and, using Lemma 3.3, °

l^t^VlexP 4 ” X(s)ds > |xQ|exp ^-| X(s)|ds 

l^^o^o’l > l^l=p Ax(e) - I X(s)|)de, to< Y

If, in addition, X( t)> 0 for tQ4 t 4 t^ and if t 4 tg < t^ 4 tp 

then, using the first part of the theorem with (x(t2^,t°),t2) as an 
initial point,

^^2^o^ ( ( X(s) - I X ( s) I )ds |x( t2;xo, tQ) j.Q.E.D.

Theorem 3.5. Given equation (HH), let x(t;x^,t^) be the solution

such that x(to;xQ,to) = xq. Assume X(t) > 0 for t > Tq and assume 

f(t) is such that there exists a g(t), defined, non-negetive, bounded,

The footnote of page 33 applies here too.
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and continuous a.e. for t > Tq with |f(t 

eup(g(t): Tq^ t^ 4 t t^^ *).

- 8(t) A(t).1 Let h(tytg) =

1) For to< t, |x(t;xo,to)| ( (xj . h(to,t))exp f X(e)a« 

+ h(tQ,t).

2) If To 0X1,1 lxol > h(t^t) and

|x(t;xQ, tQ) | le monotonie non -decree a Ing for t tQ.

To*  lxo' h^o>—0,1(1 I*  A( t)dt = *,  then 
= “• °

4-) If ym sup g(t) < u, u a positive constant, then there exists 

a T(u) > To such that for t > tQ> T, h(tQ,t) < u (then (2) and (3) 

may be applied to {(x,t) : | x| >uand t>l)).

5) Under the hypotheses of (4), if Tq^ t < T, then there exists 

a k(u,t) u such that if |x| > k, then |x(t;x,t) | > u for t < t T 

(and (3) may be applied for t T).

Proof. (The proof is similar to the proof of Theorem 3.3).

1) If f(t) satisfies the hypotheses, then Theorem 3.I gives 

|x(t;xQ, t©) I > |xQjexp \(s)ds - g(s)X(s)exp ^A(u)duds. 

Since X(e)exp X(u)du 0,

> l^o|exp^tX(s)ds - h(tQ,t) j^X(s)exp ^A(u)duds, 

|x(t;xo,tQ)| > I x© I exp X(s)ds + h(t©,t)(l - exp A(s)ds), 

^Uxol - h(t©,t©))exp^A(s)dS + h(t©,t).

2) For t t©, h(t©,t) is a monotonic non-decreasing function of 

t. Hence |x©| > h(t©,-) implies |x©| h(t©,t) for t t© and by (1)

of this theorem |x(t;x©,t©)| h(t©,t) for t > t©. m this case,

l^t^o'toîl > 6(t) too and using Theorem 3-4, |x(t;x©,t©)| is mono­

tonic non-decreasing for t t .

^Thie footnote of page 33 applies here too.
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3) If o>  Tq^ lxol X(t)dt = ,  then* *

- tis ((koi - h(t^t))e%p ^X(8)de + h(t^t)) = ..

4) If eup g(t) < u, u a positive constant, then there exists a 

T(u) such that g( t) u for t > T and hence h( tQ, t) u for t > t > T.

5) Assume the hypotheses of (4), let Tq t < T, and k(u,t,T) - 

k(u,t) = u + h(t,T). Since h(t,t) 0 for t > t and A(t) 0, 

kl k Wiles |x|^ {(u - h(t,t))ezp ^-\(e)ds + h(t,t)} for t < t^T. 

This implies that {(|x| - h(t,t))exp £ X(s)ds + h(t,t)j ^u for 

t < t £ T and hence, by (1) of this theorem, |x(t;x,t)| u for 

t t < T. Q.E.D.



4. %e Nonlinear System

In this section the results of Section 2 will be used to describe 

the asymptotic behavior of the solutions of a nonlinear system.

Consider the system of differential equations 

(NL) x*  = A(t)x + f(x, t) : (x, t) e D,

as defined ill Section 2*  Let /A ( t) and X( t) be the supremum and 

infimum, respectively, of the characteristic roots of ^(A*(t)  + A(t)). 

The set D and the numbers tq and are the same as in Definition 2.1.

The first five theorems repeat the reasoning of Section 3 and they 

are, in fact, generalizations of the theorems of that section. The 

difference is that the solutions of equation (NL) may escape from the 

domain D. The following lemma is used in this connection.

I^mma 4 HL*  I^t x(t;xQ,tQ) be a solution of equation (NL) such that 

^o-^o’V = xo let l(to)C [tQ,«) be the maximum interval such 

that 1) tQ£ l( tQ) and 2) if t £ l(tQ), then x( t;xQ, tQ) € D. 

If x(t;xQ,tQ) is such that t C l(tQ) implies that |x(t;x^,t^)| r^(t;x^,t^),

where r^(t;x^,t^) is defined, continuous, and r^(t;x^,t^) < rQ for 

t^ tQ, then l(tQ) = [tQ,-) and |x(t;xQ,to)| < r^(t;x^,t^) for all t > tQ.

fy°°f» Consider [tQ,*)with  the usual topology. The set I(tQ) is 

an open set and is not empty since tQE I(tQ). Let j(tQ) c [t ,*)  

be the maximum interval such that 1) tQ€ j(tQ) and 2) if t € j(t ), 

then |x(t,xQ,tQ)|r^t). The set J(t^) is closed since |x(t;xQ,t )| 

and r^(t) are continuous and JftjG I(tQ). If x(t;x^,t^) is such that 

t€ l(tQ) implies |x(t;xo,to)| r^t), then l(tQ)C j(tQ). In this 

case, I(tQ) = J(tQ) and I(tQ) is a non-empty set which is both open and 

closed, i.e. l(tQ) = [tQ,«). Q.E.D.

Definition 4.1. The homogeneous equation associated with equation (NL)

42
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le the equation obtained by suppressing f(x,t). Denote this equation 

).

Theorem 4.1. If x(t;xQ,tQ) is a solution of equation (NL) such 

that x( to;xQ,to) - xq and if x(t;x^t^) e D for Tq tQ t t^ -, 
then |xo|exp £ Ms)de - ^|f(x(a;x^t^),s)|exp ^À(u)du ds

4 |x(t;xQ,to)| 4 |xq|exp A(s)ds + /^|f(x(s;x^,t^),s)|exp A(u)du de

for t 4 t 4 t,. o 1
FToof. Let X(t) be the fundamental matrix of (H:nê ) such that

X(tQ) is the identity matrix. If x(t;x^,t^) G D for tQ4 t 4 tp 

then (see reference 9, p. 91)

x^o'V = * £ X(t)x"1(s)f(x(8;io,to),s)ds

3) If IF(t) I 4 and A(t) 4 - < 0, where K^/K^ < tq, for

t >Tq and if to To, |xq| < r^, then

|x(t;xo, tQ) I 4 n»x(|xo|, K^) < rQ for t >tQ.

(The corollary to Theorem 4.3 improves this part (3).)

Proof. If f(x,t) satisfies the hypotheses of the corollary, let 

r^( t;xQ, tQ) = IxyJ exp J A ( a)ds -• F( s)exp A(u)du ds; then 
» h> 3 * s

The proof now proceeds the same as the proof of Theorem 3.1.

Corollary. Let equation (NL) be given and assume that |f(x,t)| 4

F(t), where F(t) is defined and continuous and non-negative for t > T ' o’
for all (x, t) 6 D.

1) If ^tA(e)de4 K1(tQ)<  and ^F(t)exp ^A(u)du ds 4*

ro for a11 ‘ lf 1^01 <
then |x(t;xo,to)| 4 |xo|exP]K1(to)] + Kj(to) < rQ for t

2) IfK^t^ K3 for all tQ ÿ Tq, J" F(e)ds^

lxol * - Klf> then |x(t;x°,tj| / e^(|x^| + ) < rQ for
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and continuous for t If, additionally,
l\l ro> the interval I(t^), as defined in Leona 4.1, exists and 

by Theorem 4.1, if t £ I(tJ, then |x( t;xQ, to) | < r^(t;x^,t^). There­

fore, if r^tjx^^) < ro for t tQ, then |x(t;xu,tQ) | r^tjx^)

for t "Xt . o
1) If the hypotheses of (1) are satisfied, then |xj < rQ end

2) The proof of (2) is similar to the proof of (1).

3) If the hypotheses of (3) are satisfied, then lx I < r and 
1 o1 o

K,/*6  + for t » to. Further,
lKA * e " K/V} * mM < ro for t » Q.E.D.

Theorem 4.2. Given equation (ML), let x(t;x^,t^) be a solution 

such that x(tc;xQ,to) = xq. Assume f(x,t) ic such that there exists a 

G(t), defined, non-negative, bounded, and continuous a.e. for t 
' o’ 

with |f(x,t)H G(t)|A(t)| for all (x, t) € D.1 If G( t) 4 |x(t;x^,t )| 

and x(t;xQ, tQ) £- D for Tq< tQ< t < t^< «, then

^^^o^o^^ l\hxp f {A(s) + |A(e)|^ds.

If, in addition, A(t) 4 0 for \ 4 tp then |x(t;x^,t^)| is mono­

tonic nonincreasing for tQ 4 t 4 tn.

Proof. With Theorem 4.1 used in place of Theorem 3.1, the proof

is the same as the proof of Theorem 3.2. .

Theorem 4.j. Given equation (ML), let xftjx^) be a solution 

such that x(to;xo,to) = xc. Assume A (t) 4 0 for t Tq and assume 

f(x,t) is such that there exists a G(t), defined, non-negative, bounded

and continuous a.e. for t ^T,, with |f(x,t)|4 - G(t) A(t) for 
(x,t) E D1 ; let E( t^, tg ) = supjc(t): ^4 t .4 tg .

4he existence of such ■■ G(t) restricts f(x, t) in a manner 
to that described in the footnote of page 33.

all

similar
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1) If (t;x o,to)E D for Tc^ to^ -, then*

l^^o'Vl " H(to,t)fexp ^A(e)d8 + E(tQ,t).

If *0^  TO* < ro> ro> then (x(t;xo, tQ)| < for
t > t . o

2) If tQ Tc, |xo| H(to,to) = G(to), and < rQ, then

|x(t;xo,to)|H(to,t) for t t^.

^^o* 4o^ lxol < rQ, then there

existe a T, tQ < T < such that |x(t;xQ, tQ)| < h( to,t) for t > T.

If ^0^ 6111(1 |xo| < rQ, then there existe a T,

to4 T< -, euch that |x(t;x^,t^)| ^G(t) and |x(t;x^,t^)| is mcnotcnic 

non increasing for tQ^ t 4 T and |x(t;x^,t^)| H(T,t) f or t > T 

(if T < *).

5) If Tc, |xj < rQ, H(to,-)< ro, and ^A(t)dt = - -, 

then sup |x(t;x^,t^)| < H(to,«).

6) If to^ To, |xo| < ro, H(to,-) < ro, ^A(t)dt = - -, and 

|im sup G(t) = U, a non-negative constant, then sup |x(t;xo,tQ)| u.

Proof. 1) If x(t;xo,to)e D for To4 tQ< t < < -, the proof 

of the first part of (1) is the same as the proof of Theorem 3.3, (1).

Nov assume tQ > Tq, |xq| < rQ, and H(t^,«) < rQ. Let I(t^) = 
[to,ti) be as defined in Lemma 4.1 and let r^tjx^tJ = max(H(tQ,«), |x 

t^) is defined, continuous, and less than r^ for t ^t^. Using

the inequality just proved, if t E l(t )

if Ix^| H(ty,t) 
H(to,t) if |xj < H(to,t) 

»

?
< r^t);

by Lemma 4.1 then, |x(t;xo,tQ)| < r^t) < rQ for all t > tQ.

The second part of (1) may be used in (2) - (6) to insure that 

^t^o'V e D for t > to. Then the proofs of (2) - (6) are the same
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ae the proofs of Theorem 3.3, (2) - (6).

Corollary. Using the notation of the theorem, if there exist posi­

tive constants L and c with l/c < tq such that |f(x,t)| < L for all 

(x, t) G D and A( t) < - c for t Tq end if |x^| < rQ, tQ T , then 

to 8UP k(t;x^t^)| I/o.

Let G(t) »(Bp{|f(x,t)|: (x,t)g Dp(-A(t))"\ under 

the hypotheses G(t) is defined, non-negative, continuous and less than 

or equal to l/c for t > Tq. Then H(Tq,-) I/c < rQ and J*A(t)dt  = - «

and hence the corollary follows from (5) of the theorem.

Remarks on Theorem 4.1 and 4.3 and their corollaries.

Perron (reference 21) has proved (a) of the following theorem;

Bellman (reference 3) has proved (a) and (b). Let the equations

i) x  = A(t)x + f(x,t) and*

11) x  = A(t)x + F(t)*

be as defined in (NL) and (NH) in Definition 2.1. In addition, assume 

that A(t) is bounded for t > Tq end that D = ^(x,t): |x| < *,  t & T 

Theorem: A necessary and sufficient condition that the solutions of 

(1) are bounded for every f(x,t) such that

a) |f(x,t)| is bounded for all (x,t)€ D;

b) If(x,t)I g(t) where f“ g(t)dt < « for all (x,t) £ D

is that (11) has only bounded solutions for all F(t) such that

a) IF(t ) I is bomded for all t Tq;

b) |̂F(t)|dt  < .* *

Bridgland (reference 7) has proved the following theorem.

Theorem: If (a) every solution of (11) is convergent (approaches a 

limit vector element-wise) for every convergent F(t); (b) for 

sufficiently small |x|, |im f(x,t) = f(x,«); (c) for sufficiently small
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P > |f(O,t) | P for t Tq; (d) for € > 0, there existe 8 > 0 and 

T >To such that |f(xrt) - f(x2,t)| ^|x^ - Xg| for 8 ,

i = 1, 2, and t T; then for every vector c for which |c| le suffi­

ciently email a unique bounded solution x = x( t;T,c) of ( 1) satisfying 

x(T,T,c) = c exists on [t,*)  and all such solutions converge to the same 

limit vector, 5 , which may be determined uniquely as the solution of 

the equation - Y(-) f( (Here Y(t) = f? X(t)X-1(e)de where

X(t) is the fundamental matrix of (H:nê) such that X(Tq) is the iden­

tity matrix.)

The comparison between these theorems and Theorems 4.1, 4.3 and 

their corollaries is much the same as that made in the remarks on 

Theorem 3.1. The theorems of this section give only sufficient condi­

tions for the boundedness of the solution of (NL), in two- instances 

they require a stronger hypothesis than the earlier theorems, and they 

do not detect the convergence of solution of (NL). However, the 

theorems of this section do not require that A(t) and f(t) be bounded, 

they apply to equations not covered by the Perron-Bellman theorem, and 

they determine bounds for the solutions of equation (HL) under hypotheses 

which are much weaker than those of the Bridgland theorem.

Example 4.1. (Illustrating Theorem 4.3, (1) - (6)).
dx/dt + 3x =( l/3)z^^coe t : t >Tq = C, |x| < rQ = 27. 

This is a Bernoulli equation; the method of solution is standard (see, 

for example, reference 14, p. 57).
Let t = x1/^ or x = then

3z2 dz/dt = dx/dt = (l/3)z2cos t - 3z3, 
2

3z (dz/dt + z -(1/9)cos t) = 0.

With tQ = 0, either z(t;O,O) = 0 for t %,0, or
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*(t;zo,O) “ Zo® + ° ^4 (®U/9)coe u du = zQe + ( 1/18)(eln t + cos t) 

- e V18, and the solutions to the original equation are

x(t;O,O) = 0

x(= [e - VIS) + (]/]B)(sln t + cos t)]^.

How apply Theorem 4.3: with A(t) = - 3, let G(t) = |cos t|;
then |(l/3)x2^ cos t|^ 3|coe t| = - A(t)G(t) for all t >0, |x| < 27.

D If tQ - 0 and |x| < rQ = 27, then H(0,«) = 1 < 27 and ( 1)

implies that |x(t;xQ,tQ)| < 27 for t >0. That this is the case may 
be seen as follows: let u(t,*27)  = - l/lfi] + (l/18)(cos t

+ Gin t). For |xo| < 27, |u(t,-27)]3 < |x(t;x^,0)| < [u(t,27)]3.

How u'(t,27) = (-u + (l/9)cos t) < 0, and hence u(t,27) is

monotonic decreasing for 0 t n/2; u(0,2?) = 3. Further, for t > «/2.
u(t,27) < jj .23)(3 - 1/18) + J2/18J < 3. Therefore, u( t,27) < 3 for

t > 0.

Now u'(t,-27) = ( -u + ( l/9)coe t ) > 0, and hence u( t, -27) is 

monotonic increasing for 0 t < n/2; u(0,-2?) = -3. Further, for 

t n/2, u( t,-27) > ( .23)(-3 - 1/18) - J2/18 > - 3« Therefore, u(t,-27) 

> - 3 for t 0.

2) If tQ - 0, H(0,)  = 1 < rQ = 27. Then |xq| < G(0) = 1 implies 

that |x(t;xo,0)| H(O,t) = 1 for t >0. This may be verified by an 

analysis similar to that of (1).

*

3) Since H(0,0) = H(0,),  (3) does not apply, with tQ = 0.*

If = 0, H(0,*)  = 1 < ro = 27. Then 1 < |x^| < 27 implies 

there exists a T, 0 T < *,  such that |x(t;xQ,0)| >G(t) and |x(t;xo,0) | 

is monotonie non-increasing for 0 t T and |x( t;xQ,0)|^ H(T,t) = 
sup { I cos u|: T u t I for t > T. To verify this let 

x(t;x@,0) = |e \x^3 - 1/18) + ( 1/18)(sin t + cos t)l3 = |u(t;xQ)j3.



Then x'(t;xo,0) . 3[u(t;xQ)]2[- u(t,xQ) + (l/9)coe t]. If |u(t,xQ)| > 

(V9) |cos t|, |x(t;xQ,O) I is monotonic non-increasing.

If |x(t;xQ,to)| >G(t) = J cos t| for 0< t 4 T, then |u(t,x°)|^ 

I cos t| (since |cos t| € 1) and |x(t;x^,t^)| is monotonic non-increasing 

for 0^ t < T. If |x(T;xQ,to)| = |coe t|, then for t > T, either 

Ix(t;xo,to)| I cos t| or, as above, |x(t;xo,tQ)| is monotonic non­

increasing. From this it follows (omitting the proof) that |x(t;xQ,tQ)|

H(T,t) for t > T.

5 and 6) With tQ = 0, H( to,*)  = ^im sup G(t) = 1. Then 

ly A(t)dt = - * implies that ^im sup|x( t;xo, tQ) | 1. In fact, from

an inspection of the solution it follows that |im sup |x(t;xo,tQ)| 4 
( /2/18)3. .

Starting again from Theorem 4.1, the preceding work may be para­

phrased to develops lower bounds for the solutions of (BL).

Theorem 4.4. Given equation (NL), let x(t;xo,tQ) be a solution 

such that x(to;xQ,to) = x^. Assume f(x,t) Is such that there exists a 

g(t), defined, non-negative, bounded, and continuous a.e. for t T , o' 
with If(x,t)I g(t)| X(t)| for all (x,t) £ D.1 If g(t) 4 |i(t;xo,tQ)|

and x(t;xQ,to) € D for Tq^ tQ< t < < *,  then
|x(t;xo,to)| > |xQ|eip X(s) - | X(s)||ds for tQ^ t < t^. 

If, in addition, A(t) >0 for tQ4 t< t^ then |r(t;xQ,tQ)| is 

monotonic non-decreasing for tQ t t^.

Froof. With Theorem 4.1 used in place of Theorem 3.1, the proof 

is the same as the proof of Theorem 3.4.

Theorem 4.$. Given equation (NL), let x(t;xo,tQ) be a solution 

such that x(tQ;xo,tQ) = XQ. Assume A ( t) > 0 for t > Tq; assume f(i,t) 

^See the footnote on page 33»
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is such that there exists a g( t), defined, non-negative, bounded, and 

continuous a.e. for t % T*,  such that |f(x,t)| £ g(t) A(t) for all 
(x,t) E D.1 I*t  h(tptg) = sup^g(t): To< t^^ t t^C

1) If x(t;xQ,to) £ D for To^ to4 t t^C -, then 

M^o'toM - h(to,t))exp ^\(s)ds + h(tQ,t).

2) If to^ Tq, |xo| > h(to,-), and x(t;xo,tQ) e D for tQ< t tp 

then |x(t;xo,tQ)| > h(tQ,t) and |x(t;xQ,tQ)| is monotonic non-decreasing 

for to4 t t^.

3) If tQ > Tq, h(tQ,-) < |xQ|, Ç X(t)dt = -, and Rq< -, then 

x(t;xQ,tQ) escapes from D.

M If |im sup g(t) < u, u a positive constant, then there exists

a T(u) ^Tq such that for all t^ tQ> T, h(tQ,t)^ u (and (2) and

(3) may be applied to {(x,t): |x| u, t t|).

5) Under the hypotheses of (3), if Tq4 t < T, then there exists 

a k(u,t) u such that if k |x| and x(t;x,t)E D for t t T, then 

|x(t;x;t)| u for t t T (and (4) may be applied for t T).

Proof. With Theorem 4.1 used in place of Theorem 3.1, the proof

is the same as the proof of Theorem 3.5 with the exception of part (3).

In part (3), if x(t;xo,tQ) E D for all t tQ, then as in Theorem 

3«5> (3), ^m |x(t;xo,to)| = *;  but this contradicts Rq< -.

If it is assumed that |f(x,t)| g(t)|x| for all (x,t)c D—an

often used technique for equation (BL)—further results may be obtained 

from Theorem 4.1.

Theorem 4.6. Given equation (BL), let x(t;xQ,tQ) be a solution 

such that x(to;xo,to) = xq. If f(x,t) is such that there exists a g(t), 

defined, non-negative, and continuous for t Tq, with |f(x,t)g(t)|x|

^See the footnote of page 33.
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for all (x,t) E D and if z(t;x^t^) e D for Tq t •, then
^{X(e) - g(8)|ds |x( t;xo,tQ)| 4 [xjexp J^{A(8) + g(e)j de.

Proof. If |f(x,t)| 4 g(t)|x|, where g(t) la ae defined in the 

hypotheses, for all (x,t) E D and if x(t;xQ, tQ) E D for tQ 4 t < tp 

then the right inequality of Theorem 4.1 gives

A(s)ds + g(8)|x(s;xo,to)|exp ^A(u)du ds, 
|x(t;xo,to)|exp^ -A(e)ds4 |xq| + ^g(a)|x(s;xo,tQ)|expf^A(u)duds.

Using Lemma 3.1, '

|x(t;xo,tQ)|exp -A(s)ds 4 |xQ|exp ^g(s)ds 

|x(t;xo,tQ) J 4 exp j A( e) + g( e)| ds.

Starting from the left inequality of Theorem 4.1 and using Lemma 

3-3, a derivation similar to the one Just complete yields

|x(t;XQ,tQ) f > lxo|exp \(e) - g(s)[ds. Q.E.D.

The next theorem discusses the solution x = 0 of equation (NL) so 

it is necessary to assume f(O,t) = 0 for t > T . 
o*

Theorem 4.J. Given equation (NL), let x(t;xo,tQ) be a solution 

such that ^(tQ;xo,to) = xq. Assume f(x,t) is such that there exists a 

g(t), defined, non-ne^tive, and continuous for t T , with |f(x,t)| 4 

g(t)|x| for all (x,t) E D (and hence f(O,t) = 0 for t T ).

D If {A(s) + g(s)j ds 4 L(to) < « for all t > tQ> Tq (1/tQ) > 0) 

and |xQ| < then |x(t;xo,tQ)| < rQ for t tQ. Further, x = 0

is a stable solution of (NL).

2) If in (1), Kto)4 L for all t^ Tq, then x = 0 is a uniformly 

stable solution of (NL).

3) If the hypotheses of (1) are satisfied and if J"|A(t) + g(t)ldt 

= - -, then x = 0 is an equlasymptotically stable solution of (NL).

If M + >T0 «1 IxJ < ro, then |x(t;x^t^)|
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is monotonic non-Increasing for t > t "x T . 
. 0 0

5) If A(t) + g(t) < - c, c a positive constant, 

X = 0 is an exponentially stable solution of (HL).
for t T , then o

Proof. 

tEKg =

If the hypotheses are satisfied 

tQ,t1) then Theorem 4.6 gives
and if x(t;xo,tQ)e D for

(*)  |x(t;xo,to)|^ |xo|exp0A(s) + e(s)|ds

1) Let t^^ To be given, assume ^|A(e) 

t tQ, and let |x^|< r^e be given. Let

then r^(t) is defined, continuous, and r^(t) < 

I(tQ) as defined above and t £ I(tQ), (*)  gives 

|x(t;xQ, tQ) J |xQ|exp ^A( s) + g(e)| ds

for t E I(tQ).
+ g(s)|ds L(tQ) for

rQ for t > tQ. With

Then by Lemma 4.1, |x(t;xQ, tj | r^t) < rQ for all t tQ.

If C, 0 < e < rQ, and t^ >, Tq are given, let S ( € , t ) = € e"^te 
< rQe o\ Then |xq| < S implies 1) |x( t;xQ, tQ) | < rQ for t > tQ 

(thie vas Just proved) and 11) from (*),  |x(t;xQ,t )H |x |e^^) < £ 
for t 3- ty Hence x = 0 is a stable solution of (NL).

2) If in (1), L(tQ)L for all tQTq, then the proof of (1) 

may be repeated using L in place of L(tQ) and it will follow that x = 0 

is a uniformly stable solution of (NL).

3) If the hypotheses of (1) are satisfied, then x = 0 Is a stable 

solution of (NL) and for t > T and lx I < r x(t t n00 1 o' o ’ ' o’ o' u
for t t^. Then using (*),

tis)ho|exp /^(A(a) + B(e))ds| . 0;

further, this limit is uniform for all |xj < 8Q. Therefore, x = 0 is 

an equlasymptotlcally stable solution of (NL).

4) If A(t) + g(t) < 0 for t Tq, then ( 1) may be applied with 

L(tQ) = 0; if tQ> Tq and |xq| < r^, then x(t;xQ,tQ) £ D for t tQ.
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Further, if tg and ty < -, are given, then using (*)
Ix(t3;xo,to)| |x(t2;xo,to)|exp ^A(t) + g(t)}dt < |X( t2;xo,tQ) |.

5) If A(t) + g(t) - c for t T and |r | < r , t > T , then O ' o o o o
by (U), x(t,’xo,to) £ D far t>to< If €, 0 <€ < rQ, is given, let 

5(6 ) = € ; then from (*),  |x^ <S implies

|x(t;xo,to)| < |xo|exp ^A(e) + g(e)|de < 6Q-c(t-to) 

and x = 0 ie an exponentially stable solution of (NL). Q.E.D.

Remarks on Theorem 4.?. Three common restrictions on f(x,t) of tbs 

type used in Theorem 4.7 are 1) |f(x,t)| = o( |x|) uniformly with respect 

to t, i.e. there exists an r(|x|) where r( |x| ) -> 0 as |x| —> 0 such that for 

t >To,|f(x,t)| |x|r( |x| ) ; 2) |f(x,t)| k|x| for some constant

k > 0 and given 6 > 0 , there exists a 3 > 0 and a T >Tq such that 

for |x| < 3 and t> T, |f(x,t)| €|x| ; and 3) |f(x,t)| g(t)|x|

where g(t) is defined, non-negative, and continuous for t > T . In 

order of strength, (1) —> (2)—> (3).

In the following discussion of equation (NL) and of lyapunov 

functions, it is assume that x’, A(t), x, and f(x,t) have real elements.

For the case of (NL) with A(t) constant for t ^To, if x = 0 is 

an asymptotically stable solution of (H:n& ) and if |f(x,t)| = o(|x|) 

uniformly with respect to t, i.e. |f(x,t)| |x|r(|x|) where r(|x|) —> 0

as JxJ —> 0 , for all t Tq, then x = 0 is an asymptotically stable 

solution of (NL). This was proved by lyapunov and Perron ( see references 

9, P*92  and 10,p.314). This theorem does not carry over to variable A(t); 

a counterexample was provided by Perron (reference 21). The question 

then arises, what conditions are necessary to insure the asymptotic 

stability of x = 0 In the case of variable A(t)7

This question was answered by Perron in the same paper (reference 21)



and further investigations along this line were made by Persidskil and 

Malkin. The work of all three is summarized in reference 16, chapter VII 

and the following is the most convenient theorem of their approach.

Theorem. Let equation (NL) be given and assume, additionally, that 
A(t) is bounded for t> Tq and that |f(x,t)| = o(|x|) uniformly in t. 

If (Hing ) has a lyapunov function, V(x,t), such that V'(x,t) is neg­

ative definite, then x = 0 le an asymptotically stable solution of (NL).

Here a Lyapunov function for (H: né ) is a real scalar function, 
V(x,t), which le defined, positive definite, and has continuous first 

partial derivatives with respect to x and t for all x and t > Tq. Further, 
V(O,t) = 0 for t To and V(x,t) = V^x" + = V^Ax f . The same

definition holds for (NL) except V(x,t) is defined only on D and 

V’(x,t) = Vx-(Ax * f) + Vt . Several types of stability (stability, 

uniform stability, asymptotic stability, equiasymptotic stability) may 

be deduced for (H) or (NL) by using lyapunov functions, but the theorems 

usually require that V'(x,t) C (For a survey of this topic see refer­
ence 1. ).

Recently, Sell (reference 22) has studied lyapunov functions with 

weaker continuity conditions (which will not be considered here) and 

with weaker restrictions on V'(x,t). He considers the differential equation 

( * ) u ’ = H( u, t )

where u and t are real scalar variables and H(u,t) is a real scalar 

function which is defined for (u,t) 6 5 = j (u,t): | uf < r , t j. . 

Further, H(O,t) = 0 for t^TQ ^d H(u,t) is such that equation ( * ) 

satisfies the conditions for the existence and uniqueness of solutions 
on D.

An extended lyapunov function, V(x,t), for (H) or (NL) 18 the same



55

as a lyapunov function (V'(x,t) is defined with respect to (H) or (NL) ) 

with the addition that there exists an H(u,t), as defined for equation 

(*■  )> such that

V' (x,t)C H(V(x,t),t) . 

There then follows a stability theorem (Sell states this theorem for 

systems more general than (NL) ).

Theorem. let equation (NL) be given and assume that: 1) the solutions 

of (NL) are unique; 2) f(O,t) = 0 for t Tq ; 3) an extended 

lyapunov function exists for (NL). If u = 0 is a stable (or uniformly 

stable, or asymptotically stable, or equiaeymptotlcally stable)solution 

of (*),  then x = 0 is a stable (or uniformly stable, or asymptotically 

stable, or equiaeymptotlcally stable) solution of (NL) (For uniform 

stability it is also necessary to assume that V(x,t) has an infliites- 

imal upper bound, i.e. there exists a real valued function, u(r), which 

is defined, continuous, and strictly increaping for 0 r^ B with 

u(0) = 0, such that V(x,t) u( |x| ) for all (x,t) € D. ).

A(t), and f (x, t ) have real valued elements and if the 

solutions of (NL) are unique, then (1), (2), and (3) of Theorem 4.7 

may be derived from Sell’s Theorem. Let V(x,t) = |x| = (xTx)$ (xT is 

x transpose); then V(x,t) is an extended lyapunov function for

1) V(x, t) is a real scalar function which is defined for all (x, t)ÇD;

2) V(x,t) is positive definite;

3) V(0, t) = 0 for t > Tq ;

M Vx(x,t) and ^(x,t) exist and are continuous for ell (x, t) £ D;

5) V'(x,t) = |x| • ( A(t) + g(t) )|x| for all (x, t) G D (This

statement is derived in a manner similar to the proof of Theorem 2.1; 

the uniqueness of solutions is used here.);



6) [x| has an infixtitesimal upper bound.

If |x| is considered as an extended lyupunov function, it is only 

necessary to study the null solution of

<**)  u*  = (A(t) + g(t) ) u.

The general solution of this equation is

u(t) = u(t )expf (A(s) + g(s))ds : t> t ) T ° % o o
and ccmditione (1), (2), and (3) of Theorem 4.? are seen to be precisely 

the conditions which imply that u = 0 is a stable, uniformly stable, 

or equlasymptotically stable solution of (**).

Corollaries 1 and 2 of Theorem 2.1 may also be derived from Sell's

theorem by using the preceding discussion with g(t) = 0 for t Ty 

Theorems 2.3 and 2 .4 and the work of Section may also be interpreted 

in terms of extended lyapunov functions using V(x,t) = |y| = .

Cesari (reference 9, p. 94) gives the following theorem.
œ

Theorem. Assume the general hypotheses of Theorem 4.7. If f g(t)dt< » 
*0 

and if x = 0 is a uniformly stable solution of (H: n 6 ), then x = 0 is 

a uniformly stable solution of (NL). If x = 0 is a uniformly asymptotically 

stable solution of (H• nE ), then x = 0 is a uniformly asymptotically 

stable solution of (NL).

This theorem is an improvement on Theorem 4.7, (2) in one sense, 

for A(u)du M < • for all t > s >Tq (which together with £g(t)dt < » 

satisfies the hypotheses of Theorem 4.7, (2) ) implies, by Corollary 1 

of Theorem 2.1, that x = 0 is a uniformly stable solution of (Hint ). 

The converse is not true as is shown by example in Section 3. But if

A (s)ds-> — as t-> • , then Theorem 4.7,(2) permits a weakening 

of the restrictions on g(t).

Golomb (reference 12) gives further theorems along this line in
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which it le assumed that x = 0 is a restrictively stable solution of 
(H: nl ) (i.e. x = 0 is a stable solution of (H:nt ) and of the adjoint 

equation of (H:n £ ) ).

Theorem 4.? deals with the right inequality of Theorem 4.6. In 

Theorem 4.8 a similar analysis is made of the left inequality and lover 

bounds for solutions are studied.

Example 4.2. (illustrating Theorem 4.7, (3))

dx/dt + x = x2cos t : t > Tq = 0, |x| < r = 1.

Since Kx^cos t - xj - (^cos t - Xg" “ 1*1  " * x2)cob t

” I - Xg| for all Xp x^ E D, a Lipschitz condition is satis­

fied and the solutions are unique. As in Example 4.1, this is a Ber­

noulli equation; the substitution z = x'1 (x / C) gives

dz/dt - g/2 z = - cos t 

with solution

t^) - ZQexpjè^(t - t^j] - cos u exp^V2 ( t - u)] du.

With tQ = 0, the solution of the original equation is 

x(t;0,0) = o

= [(%1 ■ * + (2/3)(2/2 cos t - sin t)]"\ xq / 0.

Nov x’(t;xQ,0) = -[(x"1 -/2/3)^ 1 + (2/3)(i/2 cos t - sin t)] *2 x

t + (2/3)(-^/2 Bin t - cos t 
x'(t;xo,0) = [%(t;x^,0)]2j(-gV2){(x^-^/3)^t (2/3) x

x (i/2 cos t - sin t)j + cos t], 

x'(t;xo,0) = [x(t;xo,0)] [x(t;xo,0)cos t - .

If ^/2 >x(t;xQ,0) 7- 0, then x'(t;x^,0) < 0; if 0 > x(t;xo,tQ) > - ±{2, 

then x'(t;xo,0) > C; in both cases |x(t;xQ,0)|is monotonic decreasing. 

Further, by the uniqueness of the solutions, no solution crosses the 

solution x = 0. Therefore, x = 0 Is a stable solution of this example.
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Further, = G find this limit is uniform in xq for all

I 3O> 5Q a constant. Therefore, x = 0 is an equlasymptotlcally 

stable solution of this example.

Now apply Theorem 4.7; A(t) = - g/2 and |x2cos t|< |x||cos t| 

or g(t) = |cos t|. Then / (s) + g(e)^ ds = lim / + |cos t||dt

~ n=2 j nn + = n(^ "" 42. x) = - m. By (3) of Theorem 4.7,

x = 0 is an equlasymptotlcally stable solution of this example.

Theorem 4.8. Given equation (NL), let x(t;xQ,tQ) be a solution 

such that x(to;xo,tQ) = xq. Assume f(x,t) is such that there exists a

e(t), defined, non-negative, and continuous for t > T z o’ with If(x,t)I £
g(t)|x| for all (x,t) E D.

1) For tQ Tq, if X( e) - g( e)^ m > -  for t tQ and*

if x(t;xo,tQ) € D for to^ t £ t^ -, then |x(t;x^,t^)| |x^|e" 

for tQ^ t C t^.

2) If fT { X(s) - s(0)| de = -, RQ = sup j I x | : (x, t) E D |< —,

*o> Tof lxol / 0, then x(t;xQ, tQ) escapes from D.

3) If X( t) - g(t) c, a positive constant, x( t;xQ, tQ) E D for 

To^ ^o^ t ti ’ xo / then |x( t;xQ, tQ) | increases exponentially *

for tQ^ 14 t^

f^oof- If the hypotheses cn f(x,t) are satisfied and if x(t;x ,t )

6 D f°r tQ^ t t^ —, then Theorem 4.6 gives ,

[x( t;xQ, tQ) I |xQJexp X(e) - g(s)^ds for tQ^ t t^

1) The proof of (1) is immediate.

2) If x(t;xQ, tQ) £ D for tQ4 t < -, then ^im ]x(t;xQ, tQ)| >
I Xo' eX^ |^(s) " g(e)|de = —; this contradicts Rq < *.

3) Given C >0, let 5 a . For tQ > Tq, |xq| < 3 , and tQ 4 t 4 tp 

|x(t;xo,to)| |xQ|exp J^X(s) - g( e)jds € ec^t-t°\ Q.E.D.



5*  Variations about a Constant Matrix

In Sections 2,3, and 4 the asymptotic behavior of (h), (HE) and 

(HL) was discussed in terms of the functions A(t) and X(t). Another 

way to describe this behavior is to use the characteristic roots of the 

matrix A(t). In this section the two methode will be combined; the 

special case of A(t) = A + B(t), where A is constant and B(t) is a 

**variation" about A, is considered and A(t) and X,(t) described in 

terms of the characteristic roots of A and the matrix B(t).

The method involves a change of variables, y = pS, p"1 18 con. 

stant and nonsingular, which transforms A to Jordan form. Since p’1 

is constant and nonsingular, the original and the transformed equations 

should have the same qualitative behavior and it should be necessary 

to study only the latter equation. The first two lemmas show this is 

so. The notation of Section 2 is used.

1- Let y « P ^x, where P 1 is a constant, nonsingular, n 

by n matrix, be a mapping of into E.  This mapping transforms (H), 

(HH) and (HL) into equations to which the theorems of Sections 2, 3, 

and 4 may still be applied. Further, if x(t) is a solution of one of 

the original equations, then y(t) = pS(t) is a solution of the trans­

formed equation.

*

Proof. The mapping y = P 1x, as described in the hypotheses, 

transforms (H) into

y' = P"\(t)Py 

and (HE) into

7*  - P-1A(t)Py + P-1f(t).

Since P and P"1 are cdistant, P^t)? and P-1f(t) are continuous for 

t To and the transformed equations satisfy the same hypotheses as the

59
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original equations.

Equation (NL) becomes

y' = P"^A(t)Py + P"^f(Py,t).

Since P and P 1 are constant and nonsingular, P-1A(t)P is continuous 

for t Tq and P f(Py,t) » g(y, t ) is defined and continuous for all 
(y,t) € D' « {(y^ t) : (iy, t) dJ. Further, D*  is open and connected;

{y: kl < ro(|P| ) 1 » x RC D', since |y| < rQ( |p|)-1 implies

|fy| |r| |y| < ro; g(O,t) - 0 for t > To if and only if f(O,t) = o for
t > Tq; and IT = Sup^|y| : (y,t) € D’^ < * if and only if Bq < *.

Therefore, the hypotheses satisfied by (NL) are also satisfied by the 

transformed equation.

If x( t) is a solution of one of the original equations, then y(t) 
-1

= P x(t) is a solution of the transformed equation, as may be checked 

by substitution.Q.E.D.

Lenma 5.2; Let y « Qx, where Q is a constant, nonsingular, n by 

n matrix, be a mapping of E*  into E*.  Then |x|Q = |Qx| defines a norm 

for E° and ( |Q | ) |x| |x|^ |Q||x| (Since Q is nonsingular, |Q| /

° / |Q 1| • Further, the norm |x|Q may be used in place of the norm 

|x| in Definition 2.3.

Proof: A norm for E^ is a function, "9 , mapping E^ into the non­

negative real numbers, which is such that for x, y € e” and c a scalar:

1) V(x) ■ 0 if and only if x = 0;

ii) V(x + y) V(z) + V(y);

ill) V(cx) = IcI v(x).

The function |x|, defined in Definition 2.2, Is a norm, for if; hence 

Mq - 10*1  maps if into the non-negative reals. Further, since Q is 

nonsingular,
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1) |x|g = 0 if and only if x « 0;

lX + fl*  - l«(x 4- y)| - IQX t Qy| ÿ |Qx| + |Qy| . 1x1$ ♦ |y|$; 

Hl) |cx|Q - |oQx| = |c| |Qx| = |c||x|Q.

Therefore, |x|Q is a norm for

Using Lemma 2.1,

I*I q = 10*1  < |Q||x| 
and

|x| . IQ’^UK IQ* 1) |Qx| . K1! |x|Q.

The assertion about Definition 2.3 follows from the preceding in­

equalities. Tae details will be worked out for one case, the rest may 

be proved in a similar fashion.

Using the |x| norm, assume the solutions oi (NL) are locally 

bounded. There exists a SQ > ü such that |xq| < J implies 

tQ) e D for t > tQ > T. end given 8, 0< 8 Z end tQ > T , 

there exists an M( 5 ,tj > 0 such that jxj < 8 implies |x(t;x^,t^)k 
M for t to. Let then |xj^< 8^ implies" "

|xo| |Q I |xo|Q < which implies that x(t;xo,tQ) € D for t t > 

To. Further, given 0 < 5' and tQ Tq, let 8 = |k^| .

With M( 8 ,to) = M( 8 *,  to) as just described, let M’( 8 ', tQ) - |q|m.

1*0^  Implies lxol < 5 which implies that |x(t;xo,tQ)| < M 

and hence |x(t;xo,to)|Q^ w for t ^tQ. Therefore, the solutions of 

(NL) are locally bounded in the |x|Q norm. .

A similar proof shows that if the solutions of (NL) are locally 

bounded in the |x|Q norm, then they are locally bounded in the |x| norm. 

Hence, either norm may be used in the definition of local boundedness. Q.E.D.

—BP® 5'3*  If = B(%) + C(t), where A(t), B(t) and C(t) are 

functions, defined and continuous for t T , and if A % and X



are the supremum and infimum, respectively, of the characteristic roots 

of £(Xr + X), for X = A(t), B(t), or C(t), then

AA(t) Afi(t) + Ac(t) and XA(t) > X^(t) + ^(t) for t TQ.

Froof: For the functlcne f(t) and g(t), eup(f + g) sup(f) + sup(g) 

and lnf(f + g) lnf(f) + lnf(g). Q.E.D.

Remarks cn Lemmas $.1 - 5*3-  Iemmas 5«1 and 5*2  make It possible

to transform x' = [a + B(t)Jx Into

y’ = [P-1AP + p"^B(t)B]y = C(t)y

and to determine the asymptotic behavior of the former equation from 

that of the latter. By Lemma 5.3, instead of A^(t) It is sufficient 
to compute A^l^ and Ap-^p (or Xp-1^ and Xp-l^ instead of X^).

The matrix F will be chosen so that F'^AP is in Jordan form.

The next step is to determine bounds for the characteristic roots of 
j[(P \pf + (P"^)] and g ^P’^tjpf + (p"^(t)P)] for such P. 

The matrices in the following lemmas may have either real or complex 

entries.

If the matrix A = (a^) (l,j = l,...,n) is given, then

there exists a nonsingular matrix P

n) as its inverse

,J = l,.. .,n), with 

such that P*̂  = J where

J is in Jordan canonical form. The matrix J may be written as

J = Dlag(J^,Jg,..•>Jy)

Here R (1 ■

where = Dlag( Xu, X^,..., lv( 1) > md
Xj. R. 0 ... 0

0 Xi2 :
: ° Ki3 0

: ’
L° ° 6 - 

2, ...,u) are arbitrary nonzero real

1 “ 2^ « • • 1 Ue

numbers (P is a function
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of these constants) and « ... = (1 « 2,...,u). The

, ^lv(i) are characteristic roots corresponding to elementary

divisors of A whose exponents are 1; 

characteristic root corresponding to 

exponent v(i)>1 (This sentence will 

complete treatment of this topic the

^il*  *“* iv(i) (2^ isa

an elementary divisor of A with 

not be elaborated upon; for a 

reader is referred to reference 4,

chapter X. It will be noted, however, that the number of times a char­

acteristic root appears on the main diagonal of J is equal to its 

multiplicity as a root of the characteristic equation of A.). These two 

classes include all of the characteristic roots of A and 1 " n

Proof. If = 1 for 1 = 2, ...,u, the lemma is well known ( see 

r*f*r*nc*  4, chapter X) and will be assumed as proved. This case will
be written as

F 1AF = J = Diag(j^,.

Given a set of nonzero real numbers F^,...,^, construct the follow­

ing matrices; equals a-v( 1) by v(l) identity matrix; for i = 2,...,u, 

^1 “ (where u and v( 1) are the same as in ths

statement of the letmna). Each (1 = l,...,u) is nonsingular and its 

inverse can be constructed; is an identity matrix and
= ,-..,R^ ) ( 1 = 2, ...,u).

Then = J and

^il R1 ° ... ° 1

-i. ? A :
% " . : Ay - Jp 1 . 2,...,u.

' ' : «1
L° ° ° - \r(l)_

where Jjy », are defined in the statement of the lemma. Let

D = DiagCDp ...,Dy) and P = PD ,
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then D le ncnelngular, P is nonsingular, 
D"1 - Diagto"1,...^* 1) , P-1 = and

P^AP-D P"\PD - - Diag(D-ljiDi,...,D^ = Diag(j^,...,jJ = J

where J is dsfined in the statement of the lemma. Q.E.D.

Learn 5»5(References 5 and 12). If K is a characteristic root of

A = (a^j) (i, J = 1,.. .,n), then

Ix ■ -ill * JXj for some 1, If 1^ n

(whore ' Indicates that j = 1 is omitted from the summation).

Further, | A | £ Sup(1) ^|a^|.

Proof: Let x = 

spending to X . Then

Col(x-,...,x ) be a characteristic vector cazro- 
x n n

Xli = AVj'

( X - * j£i ! 1 *

If |xM| = Max(1)|x1|, then

n I ^ll®Mjl lxjl f 1^1
,X 1^1 / 0)‘

The second estimate follows directly from the first; Q.E.D.

Lemma 5.6. Let X p ..., A be the characteristic roots of A = 

(^1 “ !>•••,n) and lot L^ = Ro( A ^) ( 1 = l,...,n); assume that

if L^ « 0 (if if n), then Acorresponds to a simple elementary divi­

sor of A (In particular, this holds if A^ is a simple root of the 

characteristic equation of A. ). Lst J be a matrix in Jordan form which 

is similar to A and let , •. t be the characteristic roots of 

i(j*  + J). Given c, an arbitrary positive constant, the matrix J may 

be chosen such that

1) if Aj (If if n) corresponds to a simple elementary divisor

of A,

2) if Aj (If if n) corresponds to an elementary divisor of
1



65

multiplicity m( 1) > 1 (hence / 0), then there exist m /X •e
(1^ J n) such that

3)

|Lj[sign(Lj - c]< 

the two preceding classes accotant for all *s  (1 
J J n).

|lj[Bign(L^) * c]

groofi Following Lemma 5.4, let P be such that
P-1AP = J = Diag(JrJ2,...,Ju).

Then |(J*  + J) = Diag[i(j*  + Jj,.. .,|(J*  ♦ Jj] and 

Det[i(j*  + J) - p ij = Det[i(j*  + j^) - ijx.. -XDet^( J*  + 

where each I is an identity matrix of the same size as the J

The roots of the equation

®et^( J + j) - p. = o 

coincide with the roots of the system of eqmtione

(X) Det^C^ + J^) - p ij = 0 (1 = 1,..., u)

Let Be ( = L±J (1 = 1, ...,u; J = 1, i)). For 1 = :

J1 + Jl^ " » "^lv(l)

and the roots of equatiai (*)  are Lir...,Llv(1). These are 

characteristic roots described in (1) of this letmna.
the

For 1 = 2

'u* - P l]

Lii ^i ’ • •

. _ w *1 L12
à(JA + Jj) =

1 o * « 
o

o.
 .

where 11

iv(l) = Lr

Using Lemma 4.5, equatlcxi (X ) has v( 1) roots satisfying

I “ /X | |Bi | •

With L± / 0 and c an arbitrary positive constant, let B£ = cL 

(i = 2,•••,u)• Then



4 - c|Lj + c|Lj
|L^|[sign(\) - c] |Lj[8ign(L^) + c] (1 = 2,...,u).

These are the characteristic roots described in (2) of this learn. 

Further, this accounts for all of the characteristic roots of g( j*  + j). 
Q.E.D.

Remark on Lemma 5*6.  There is a simpler, but less accurate sub-

division of the characteristic roots of A. All of the simple roots of

the characteristic equation of A fall under (1) of the lemma; the mul­

tiple roots may fall under ( 1) or (2), but as long as the real part of

the root is not zero the rougher estimate of (2) holds. Hence if X 

(1 $ 1 n) is a root of the characteristic eqwtlon of multiplicity

M(i) > l and if / 0, then there exist M *s  (1 j n) satisfy-
ing the inequalities of (2).

Definition 5.1. With A = (a J (l,j = 1, 
1J ,n), M|CR(A)| Is the

maximum of the absolute values of the characterIStic roots of A. If 

the characteristic roots of A are real, then MCR(A) is the maximum 

characteristic root of A and mCR(A) Is the minimum characteristic root 
of A.

Sf™ 5-7- If F = (f^) (i,J = l,...,n), then 
MCR {i(F*  + F)}^ M|CR{ ^(F*  + F)}| = ||(F*  + F)| < |f| |f||

and OCR {i(F^ + F)}^ -M|CR^(F* + F)}| = -||(F*  + F)| > -|F| > -|f||.

If F = P"^?, where P, B and P are n by n matrices, then

♦ F)} < |Fk IP^IIbIJpR Ip^IIbIIIpI 

and i>cr{4(f*.  p)| >-ipi> -|p‘x||b||p| » -|p"x||b||p|. 

If P is unitary (or orthogonal, if p le real), then |p| = |p*|  = i 
(or |P| = |PT| = 1).

Proof. First, the derivatlcn of the bound for NCR ^(F*  + F)^ : 
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the first inequality is trivial; the equality follows from 2.1, 

(6); the next inequality follows from Lemma 2.1, (2), (3) and (4), for 

li(F*  + F)|< i( |F*|  ♦ |f|) - |F|;

the last inequality follows from Lemma 2.1, (7).

The derivation of the bound for nCR { ^(F*  + F)^ is similar to the 

derivation just completed.
If F = P Sp, then using Lemma 2.1

|f| - IrSrl < |p-^| |B||P|« |p’^||b||p|.

The remark on orthogonal and unitary P's is well known. Q.E.D.

The preceding lennas will now be used to study the homogeneous 

linear system. First, a lenma which improves the wording of a subse­
quent theorem.

Lemma 5.8. Given the system of equations:

(*) % = A = (&ij) (ipj = 1, •..,n) is a constant matrix 

(for a definition of the matrix equation x’ = Ax, see (H), Section 2),

let Xp..., Xn be the characteristic roots of A and L 

( 1 = 1, • • •,n) •
= Re ( X1)

1) The vector x = 0 is an exponentially stable solution of (#) if 

and only if L± < 0 for 1 = 1, ...,n.

2) The vector x = 0 is a stable solution of (%) if and only if

1) 0 for 1 = l,...,n and 11) if L± = 0 (14 14 n), then

correspcxids to a simple elementary divisor of A.

3) The norms of all the nonzero solutions of (X) are bounded away

from zero if and only if L1 > 0 for 1 = 1,.. .,n.

4) The norms of all the nonzero solutions of ()  increase expon­*

entially if and only if L^ 0 for 1 = 1,... ,n.

Proof. This is a well known result. A proof of parts (1) and (2)
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may be found in reference 9, p. 20; the proof of parte (3) and (4) 
ie similar to the proof of the first parts.

The asymptotic properties of the homogeneous linear system with 

constant coefficients obtained in Lemma ^.8 prompts a similar attempt 

for the system with variable coefficients. This attempt meets with two 

complications: the transformation to Jordan form introduces new, un­
wieldy terms (the substitution y = p'\t)x, where P"\t)A(t)P(t) « J(t), 

transforms x' = A(t)x into y*  = [j(t) - P"\t)P'(t)]y); and the proper­

ties of lamma 5.8 do not carry over to the equation with variable coef­
ficients. 1 An alternative approach is to start with a constant matrix 

and see what sort of variable terms may be added without changing the 

asymptotic behavior.

Consider the system of differential equations

(5-1) x‘ = [a + e B(t)]x

where A = (a^) 

(i, J — 1,..., n )
,n) is a constant matrix, B(t) = (b. .(t))1 V

is a matrix functlw of t which is defined and contin­

( 1/ J = 1,

uous for t > Tq, and 6, 0 f E < is a real parameter (this matrix

notation for systems of differential equations is defined in Section 2).

In particular, equation (5.1) is a special case of equation (H) and the 

theorems of Section 2 apply to equation (5.1).

Theorem $.1. Given equation (5.1), assume that |B(t)| $ M, M a

For «cample, the equation x" + (l/4t)x’ + (j/8t2)x =0: t> 1 
has x = Vt as a solution and yet the characteristic roots of 
this equation, (-1 ±. v-7 )/8t, have negative real parts. As a 
second example, the system

0
t >0

has (-1^ as a double characteristic root while x = (t - 1) + e-t, 
*2 = * is a solution. *
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constant, for t % Tq«

1) If x = 0 Is an exponentially stable solution of equation (5.1) 

when € = 0, then there exists an €Q > 0 such that for 0 

x = 0 Is still an exponentially stable solution of equation (5-1).

2) If x = 0 is a stable solution of equation ($.1) when e = 0 

(which is equivalent to its being a uniformly stable solution) and if 

Jj |B(t) |dt < -, then x = is a uniformly stable solution of equation 
o 

(5-1) for any 6 > 0.

3) If the norms of all the nonzero solutions of equation (5.I) aie 

bounded away from zero when 6 = 0 and if J  |B(t)|dt < -, then the*
To norms of all the nonzero solutions of equation (5-1) are bounded away 

from zero for all 6^0.

U) If the norms of the nonzero solutions of equation (5.1) in­

crease exponentially when 6=0, then there exists an £q > 0 such 

that for 0 £ € < €q> the norms of the nonzero solutions of equation 

(5*1)  still increase exponentially.

Proof. 1st equation ($.1) be given. By Lemma 5*4,  there exists a 

constant, nonsingular P such that P^AP = J where J is in Jordan form. 

By Lemma 5.1, the mapping y = P-1x transforms equation (5.1) into

(*)  y' = [j + e p-1B(t)pJy = [j + F(t,6 )]y = c(t,e )y 

where the theorems of Section 2 may be applied to equation (*  ). Further, 
if x(t) la a solution of equation (^.1), then y(t) = P-1x(t) is a solu­

tion of equation (*  )and^ by Leona 5-2, if any of the conclusions of 

(1) - (4) of this theorem is satisfied by the solutions of equation (*  ), 

then it is also satisfied by the solutions of equation (5.1). It is 

therefore necessary only to consider equation (*  ).

1) Let Ap be the characteristic roots of A and let
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L = MaX()Re( X1); the hypotheses of (1) and Lemma 5.8, (1) imply that 

L < 0. Let Cy 0 < c1< 1, be an arbitrary constant; by Leuna 5.6, the 

matrix P may be chosen such that if p is a characteristic root of 
j(J*  + J), then 1 - cjL. Let 6^ = (c^-l)L(M|p"^||p|)"^; if 

° * 6 < , then £ = c2 €q where 0 c2 < 1. Using Lemma 5.7, if

0 £ € C €o and x(t, e ) ie a characteristic root of |(F*(t,  6 ) + F(t,e )) 
then |n(t,€ )| |F(t,€ )| = |6 p’^tjpj c2 €0|P"1| |B( t) | |p|, or

|x(t, G ) J c2(c^-l)L. Then by Lemma 5.3,

Ac(t,e ) Aj + Ay(t, € ) (1 - c1)L + = (1 - c1)(l - Cg)L< 0

and by Corollary 3 of Theorem 2.1, y = 0 is an exponentially stable 

solution of equation (*).

2) Let Xp..., Xn be the characteristic roots of A, L^ = Re(A; ) 

(1 = 1, ...,n), and L = Max^ . The hypotheses of (2) and Lemma 5.8, (2) 

imply that L £ 0 and that if A is a characteristic root corresponding 

to a multiple elementary divisor of A, thenL^ <0(l^i£n). By 

Lemma 5.6, the matrix P may be chosen such that if ju, is a characteristic 

root of j(J  + J), then pg 0. By Lemma 5.7, if x(t,e ) is a 

characteristic root of j(F(t,  € ) + F(t,€ )), then

*

*
|x(t,€ )| |F(t,G )| = |€P'\(t)P| £ |P^||p||B(t)|.

By Lemma 5.3,

Ac(t,e )< Ay. Ayd.e €|r1||p||B(t)| 

and since |B(u) | du $ |B( t) | dt < — for all t > tQ TQ , Corollary 1

of Theorem 2.1 implies that x = C is a uniformly stable solution of ( * ).

3 and 4) The proofs of (3) and (4) are similar, respectively, to 

the proofs of (2) and (1) and will be omitted. Q.E.D.

Remarks on Theorem 5.1. The matrix P, defined in the theorem, is 

not unique and for parts (1) and (4) it would be nice to specify an
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"optimal" P. Thia ia difficult; for inatance in part (1) it would in­

volve minimizing the function
€ ) = l.u.b.^ Aj(c^) + Ap( t, £ ,P(c1) ) : Tq t < 

(The notation ia taken from part (1) of the proof.).

Parte (1) and (2) of Theorem 5.1 have been proved by aeveral authors 

( see, for example, reference 2 ) and a good eunmiary may be found in 

reference 9, pp. 33 - 37.

For part (2), it hae been shown that if x(t) is a solution of 

(5«1) for some 6 / 0, then there exists a solution of (5.1) with € = 0, 

say x(t), such that |x(t) - x(t)| —> 0 as t —> • (see references 17 and 25).

If the characteristic roots of A are distinct, then Theorem 5.1 

may be improved upon. Consider the system of differential equations 

(5.2) x' = £ A + B(t jj x

(this is equation (5.1) with € = 1).

Theorem ^2. Given equation (5.2), let Ap.-.^be the character­

istic roots of A; let B = Max^Ref and r = Min^Ret A 1); and assume 

that A is similar to a diagonal matrix(Thie assumption will be satisfied 
if Xj / Àj for 1 1 / j < n. ). Let P be a constant, nonsingular

matrix such that P \p = J where J is in Jordan (diagonal) form; let 

P ^B(t)P = F( t); let A^( t) and A^ft) be the supremum and infimum, 

respectively, of the characteristic roots of £(F*(t)  + F(t)); and let 

^o^ “ + 811(1 h(t^) = ^^r + AF(t)|dt for t > Tq.

First, assume 0.

1) If H(Tq) < —, then x = 0 is a stable solution of equation (5.2). 

If H(to)M, M a constant, for all tQ Tq , then x = 0 is a uniformly 

stable solution of equation (5.2).

2) If H(Tq) = -  , then x = 0 is an equiasymptotlcally stable*
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solution of equation (5.2).

3) If R + Ay(t) ( -c, c a positive constant, for t T , then 

x = 0 is an exponentially stable solution of equation (5.2).

Now assume r 0.

^(tQ) m > ”* for all t^^ Tq, then the norms of the nonzero 

solutions of equation (5»2) are bounded avay from zero.

5) If h(TQ) = * , then the norms of the nonzero solutions of equation 

(5.2) are unbounded as t—» If r + Ap(t) > c, c a positive constant, 

for t Tq , then the norms of the nonzero solutions of equation (5.2) 

Increase exponentially as t—> *.

Proof : Repeating the first part of the proof of Theorem 5.1, 

equation (5-2) may be transformed into
(% ) y' =[j + P’^tjpjy = [j + F(t)]y = C(t)y

and again, to prove the theorem for equation (5.2), It is sufficient to
-l

prove the theorem for equation ( * ). Here P AP » J = Dlag( A p ..., A ).
By Lemma 5.6, MCR^A J)} = R and mCR^(j*+  J)} = r; by Lemma 5.3, 

Aç(t) Aj + A^,(t) = R + Ay(t) and

\(*)  \ + \(t) = r + Xy(t) for t T .

If these bounds are used in Corollaries 1 - 5 of Theorem 2.1, then 

(1) - (5) of the theorem follow. Q.E.D.

Remarks on Theorem 5.2. Again, it would be nice, but difficult, to 

specify an "optimal" P. For instance, in part ( 1) this would involve 

minimizing the integral
I(P) = £{r * Ap(t,P)}dt.

The first advantage of this theorem over Theorem 5.1 is that |B(t)| 

need not be bounded. For example, using part ( 1) and T^nwna 5.7, if
£ |B(t) |dt f (-R/|P l||p|)(t - TQ) for t T Tq,
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T sufficiently large, then x = 0 is a uniformly stable solution of 

equation (5.2).

The second advantage is that in applications where P and P may
be computed the results may be further improved. For a useful example
of this, consider the n-th order differential

Jn) . r . (n-l) r
equation

x n n = 0
or in system notation

xi

-a n n-1 “al

0

0

1

0

0 . . . 0

1

0
0

1

0 0

0

L n
i.e. B(t) x.

Here a are real or complex constants and b^t) b (t) area n
real or complex valued functions which are defined and continuous for

t Tq. Equation (5.3) is a special case of equation (5.2).

The notation of Definition 5*2  will be used without further men­
tion in Lemmas 5.9 - 5.12.

Definition 5.2 1) With a^ and b^t) as just
defined, let Q(r) = r" +

. X z.n n-1 .
f n 1

indeterminate.
an

a n
+ b n

and

where r is an

2) Let X—-i*  ' n 
be the roots of Q^r, t) = 

characteristic roots of A
0. Given equation (5-3), the A's are the

and the p•s, the characteristic roots of

1 = 1, ••.,n

n
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3) For 1 = let « [( A - X ) ...(1 -À.Jx
x (À, - ... (X, - XJ]. ’

4) let 0 1 n, be the 1-th elementary symétrie

function of the letters A^J i.e., Xn) = 1,

^n} = + ... + Xn, o-2( Xn) = Ai X^+ ... + X1An + ...
+ ^n-l^n'""' ^n^n^ M ^n1 \p

(OHf n • 1, 1 j n) be the 1-th elementary symétrie function 

of the letters Ap..X^, A>n.

Lemma 5.9. The coefficients in the polynomial equation Q(r) = 0 
are given by a^ = ( -I)1 y Aj, 1 = l,...,n.

^oof. For a proof of this lema, see reference 18, p. 86. Q.E.D.
Lemma $.ip. For 1 < 1 < n,

%( A1#t) = bj(t)\i~J = ( Ai -^i(t))...( Xi - ^n(t)).

^oof. Note that Q( A±) = 0 for 1 = l,...,n and substitute A 
into %(r,t) = r" + a^ + b^tj]?1"1 + ... + + bQ(t) = (r - ^(t^X

X ... (r - ^(t)). Q.E.D. ,

Lerna 5.11. Given equation (5-3), assume that A^ f A^ for 

/ J n (*•«.,  the characteristic roots of A are distinct). Then
P AP = J = Diag ( Ar ..., An) yhere P = (p^) = ( X^"1) and P* 1

Proof. (The first half was proved by Perron in reference 20.)

If P AP = J = Diag ( Xp ..., An), where A is given in equation 

(5.3), then

AP = PJ, 
(^1 *lkPkj)  = P1J : = " *,n;

since alfU1 - 1 , . 0 for 1 - l,...,n - 1, J / 1 + 1,

pl*  1, J “ pij ~ l,...,n - 1; j = l,...,n.
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Le*  plj = pij = A j"1 for 1 = J = 1,

b® the 1-th row of P* 1 and let F^lA ) =
1  + qi,n-r 1 = Then P-1P = I may*

be written as

Fl( )
... f 1 = 1, * *,n;  j « 1,...,i-1, i+l, .. ,,n.

À? -0 J

Hence X ) - (A - ... (A - X X- X^-MX - X„)
where . [( \± - AJ...C A, - At - A^)...^ - A ^)]

= 1 = 1,... ,n. Then

Xn’1+ <^)A-^...^ 1= l,...,n.

Adapting Lemma 5.9 to this polynomial, -

" (-l)-'aj(Agl A,) : 1 = l,...,n; J . l,...,n-l; 

elec, %» A^| A J.
Since p(^= qlnj,

* X--.,n. Q.E.D.
Lemma . 12. With B(t) ae defined in equation (5.3) and P and P-1

as defined in Lemma 5.11, ,

P"^B(t)P = Àj,t)), 1,J = 1,... ,n.

Proof. With B(t) as defined in equation (5.3),

\j ° I'""'*  ~ 1; J = 1, ...,n; bnJ - -bn+i j, J = l,...,n.
Then

’JiS?* ’’!? - -Vi-i

P ^(tiP - ("Pln \Pn+i-^j) 1 1)J " X...,n.

By Lemmas 5.10 and 5.11,
P ^(t)? - (-01^1 bkXj k) = Xj>t)) ; 1, J = 1, ...,n.Q.E.D.

Theorem 5.3- Given equation (5.3), let ..., \ be the 

characteristic roote of A and t),..., ^( t) the characteristic roots



or |_A + BttJJ; aeeume 

| ÀM| = max(1)| XJ, 

( * denotes that J = 1 
n

Let

la omitted), and d = 
. n

With

’ 1' 18 characterlet 1c polynomial of A + B(t) evaluated
at A1), let - 8uP(i)IS>( Xi,t)|. Then Theorem 5.2 may be

applied to equation (5.3) using any of the following estimates for

R + ^p(t) and r + Ay(t).

1) R + Ap(t) R + nd"\^(t) and

2)

3)

4)

r + AF(t) r - nd“\b(t).

R ♦ Ap(t) f R + nd-^l,| |bj(t)| and

r + XF(t) r - nd-1max( 1, | x ^Jb^t)!.

Ï |X I / 1J B +
M ’ U- Ap(t) »r - ni-\(l-|X^|'y(l-|AM|))|b^t)|.

" l^l - 1-
F + AF(t) R + n^d"^|b^(t)| 

r+ ÀF(t) % r - n^d"^|b^(t)|.

If, as an additional hypothesis, 

for 1 £ i / J £ n and t > T , then

R + AF(t) R + nd 12n JJ^( t) -

r + Xp(t) r - nd"12n":iD[eup(1)| ^t) -

I ^(t) -

and

Proof. Assume equation (5*3)  is given and let P and p”1 be as
defined in Lemma 5.11. Then P'^AP is in Jordan form and, as in 

Theorem 5.2, P ^(tjp = F(t). Further, F(t) is given by Leuna 5.12.

Let n(t) be a characteristic root of -^(t) + F(t)] and apply Lemma 5.5

|x(t)|ÿ Àj,t)| ♦ |D"\(
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n, 
(here -jÇl, ( - Xj) )- Then

|u(t)| < Xyt)| *

| n,(t)| C nd^Ct) .

Then /\p(t) nd"\^(t) and Xp(t) i -nd"\^(t) and (1) of thia

theorem follows.

Since X1#t) = *)  , it follows that

!%( Kpt), f max(l, | XJ""!)^|b^(t)| and

(2) then follows from (1).

From the same expression for t), it also follows that
IY Apt)| < |b^(t)|^|X^'| and 

n
-1 ami » -or

^(t) n|bM(t)| if | XM| = 1 ; (3) then follows from ( 1).

and

Since A1,t) = LT ( \ "/Aj(t)), it follows that 
n /

%( Apt) = ( A1 -^i(t)) n( Aj - Xj t Aj - ^(t))

I s | At - MjttJl rfl Xt - A jI (i + KAj^t^A,- Aj)|)

(4) then follows from (1). Q.E.D.

Remarks on Theorem >.3. Part (4) states that if the characteristic 

roots of A + B(t) are "close enough" to the characteristic roots of A, 

then x' = (A + B(t))x and x' = Ax have the same asymptotic behavior. 

This hulas for n-th order equations written in system i orm; as the second 

example of the footnote on page 68 shows, the statement is not true 

for general systems.
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Example 5.1.(Illustrating Theorem 5.3).

x”’ + Ux" + 6x*  + (U -r f(t))x = 0 : t £ T = 0. o
Assume f(t) = f(t + T) for all t >0- Writing this equation in the
form of equation (5.3),

0
X1
*2
X3

The characteristic roots of the constant matrix are:
^2 = f = -2 J also R=-l,n=3rd=2, and

By (2) of Theorem 5.3,

A = -i + i 
I XMI - 2 .

R + Ap(t) <(-l) + (3/2 )(U) I f(t) I = (-1) + 61 f ( t ) I .

Then by a modified version of Theorem 5-2 (Theorem 5.2 is easily adapted

to periodic systems by using Corollaries 1' - 5' of Theorem 2.1 in 
place of Corollaries 1 - 5. ): if £ |f(t)|.dt (t/6) (or < then

^|r + Ap(t)| dt 0 (or < ) and x = 0 Is a stable (or exponentially 

stable) solution of this example.

The methods Just developed for the homogeneous linear equation will 

now be applied to the ncnhomcgeneoue linear equation. Consider the 

equation

(5.4) x*  = (A + € B(t))x + f(t)

where this is the same as equation (5.1) with the addition that

f(t) = Coiffât), .. .,fn(t)) is a vector function of t which is defined 

and continuous for t % T,. Equation (5.4) is a special case of equation 

(NH) and thus the theorems of Section 3 aPPly to equation (5.4). Let 

(H:5.4) be the homogeneous equation associated with equation (5-4), 

i.e. the equation obtained by suppressing f(t).

Theorem 5.4. Let equation (5.4) be given and assume that |B(t)| M 

and I f( t) I N, M and N constants, for t ^To.
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1) If x = 0 18 an exponentially stable solution of equation 

when € = 0, then there exists an >o such that forcée < the 

limits superior (as t-» -) of the norms of all solutions of equation 

(5-1)  are less than or equal to some constant, Q.*

2) If x = 0 Is a stable solution of (5:$.4) when e = 0, if 
Ç|B(t)|dt<- , and if £|f(t)|dt< » , then the solutions of equation 

(5«M are locally bounded for any G > 0.

Proof: Repeating the beginning of the proof of Theorem 5.1, 

equation (5.4) may be transformed into

(*)  y*  = (P + P^tWy + f-lf(t) = (J + F(t,G ))y + g(t) = 

= C(t,e )y + g(t) ,
where J le In Jordan form. By Lemma 5.1, the theorem» of Section 3 

may he applied to equation (*  ) rod by Lerna 5.2, if either of the 

conclusions of (1) or (2) of this theorem holds for (*),  then it also 

holds for (5.U) (with the exception of the actual value of the constant 

m (1); It will have one value, Q', for ( » ) nd another value, q # |p|q.( 

for equation (5-4)). Therefore, It is necessary only to study equation (*)

1) Under the hypotheses of (1), the proof of Theorem 5.1, (1) 

be repeated to show that there exists an > o such that if 0 < c < ,

then there exists a d(6 )> 0 with Ac(t,€)^ -d for t^. further, 
|g(t)| - ip-^tJK ip-^llfdJK mp-lj fert» ^. By the corollary 

of Theorem 3-3, and if y(t) le a solution of (*),  then
h|p"l|/d » q-.

2) Under the hypotheses of (2), the proof of Theorem 5.1, (2) may 
be repeated to show that /A c(s,e)ds# P(e) for alitât XT 

and6»0. Further, |g(t)|dt ÿ |f^|f(t)|dt< . and hence, by 

(1) of the Corollary of Theorem 3.1, the solutions of equation ()  

are locally bounded. Q.E.D.

*

*
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Remarks cd Theorem $.4. With £ = 0, parts (1) and (2) of this 

Theorem are, respectively, the "sufficient half" of the Perron theorem 

and the "sufficient half" of the Bellman theorem (both of which are 

discussed in the remarks on Theorem 3-1) for the special case of 
A(t) » A constant.

The method of this section has been used in conjunction with Just 

two of the theorems of Section 3. Several more theorems en the bound- 

edness or the growth of the solutions of equation (5.4) may be obtained 

in the same manner from the remaining results of Section 3. Also, if 

the characteristic roots of A are distinct or if the equation is an 

n-th order equation written as a system, then improved versions of 

these theorems may be stated.

So too with the nonlinear equation; the method of this section 

may be combined with results of Section 4 to produce several theorems 

on the asymptotic behavior of solutions. One such theorem will 
be given here.

Consider the equation

(5-5)

where A = (a 
IJ

(A + e^t) )% + €gf(x, t)

= is a matrix function of t which is

defined and continuous for t To, and , 0 $ < », are

real parameters and f(x,t) - Coiffât),...,fjx,t)) is a vector 

function of (x,t) which is defined and continuous for (x,t)E D (D is 

the same as in Definition 2.1). In particular, equation(5.5) is a 

special case of equation (NL) and hence the theorems of Section 4 apply 
to equation (5.5).

Theorem 5 ^ Let equation (5.5) be given and assume that |B(t)| M, 

a constant, for t ^TQ. Further, assume that for all (x, t)G D,
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|f(x,t)| F(t)|x| where F(t) ie defined, continuous, and F(t)N, a

constant, for t >T . o
1) If X = 0 is an exponentially stable solution of the equation

then there exists an €o > 0 such that if 0 6^ 6^ < e

then x = 0 is an exponentially stable solution of equation (5.5).

2) If x = 0 is a uniformly stable solution of the equation x

and If / |B(t)|dt<*  and J F(t)dt<- , then x - 
To T

stable solution of equation (5.5) for all €V €2

0 is a uniformly 

> 0 .

^oof: The proof is much like earlier proofs and will just be

given in brief. First, equation (5.5) may transformed into
(*)  y - (j + e1p‘1B(t)p)y .e2r'xf(py,t) . c(t,e,), + e2B(y,t) 

where |g(yt)| - |p'Xr(Py,t)| < |p-X|F(t)|Py| & |p-X| |P|p(t)|y| . 0(t)|y|. 

Second, it is sufficient to prove the theorem for equation (*).

1) As in the proof of Theorem 5.4, (1), there exists an c3 > 0
such that IfO 4 6/ €3, then A^t^ ) x< -d<^J < 0 for t > T . 
Let d = g.l.b.{d(6t): 0 < 6^/2} (using £^2 insures d > 0) and

let €u = d/^BlP* 1! |P|) and Go = min( ^2, €^). Then 0$ Êp Ê2 < €( 

implies that

Aç(t, £^) + 6gQ(t) é -d(€ ) + |d -gd < 0 for t T

and

for

for

by Theorem 4.7, (5), y = 0 is an exponentially stable solution of (>).
2) As in the proof of Theorem 5.^ (2), £Ac(s, C^)ds F( 6^ 

to ^To and > 0. Also, f €2G(s)ds Cg|P^| |p|^F(s)ds <

>to>To and by 4.7, (1), y = 0 is a stable solution of
(% ). Q.E.D.

This section ends with a discussion of the real second order 

differential equation. First, the equation provides another example 

for Theorem 53; second, the method of this section may be directly

= Ax

t
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applied to the second order equation and the computations may be carried 

o*t  in detail. The result is three lemmas; these lemmas provide a 

method for determining the asymptotic behavior of the solutions of the 

second order equation. ~

For another discussion of the same technique, a discussion to 

which I am indebted, see reference 15, section 8-15.

Consider the equation

x” + (a1 + b^tBx' + (a2 + bg(t))x = 0 

or, in system notation,

-a. -a x

x

i.e. x'

-b2(t) -b^t) 

(A + B(t) )x ,

where a^ and a2 are real constants and b^t) and bg( t) are real valued 

functions which are defined and continuous for t > Tq.

Definition 5.3. If equation (5.6) is given, let and X2 be

the characteristic roots of A, i.e.
\ = ^{^1 ' ^2 = ^{‘al +\Ai - 4a2) if - 4a2 > 0 and

\= 2Hi - vS - 4 H ^2= ^V&i * 2 ■ 4\ if s • 4> 0

811(1 811(1 ^2^} be the characteristic roots of (A + B( t) ), i.e.
o

if (»j + b^) - 4(a2+ b2) ^0 , then
/Ai = K-»! - y (a^ + b^)^ - 4(a2 + b2) ) ,

m2=^H8i+bi^ 1

and if (a^ + b^)^ - U(a2 + bg) < 0 , then

Mi = à|-(ai * bP " (ai + b^)^ j,

Mg " + \) + ^(ag + b2) - (a^ + b^)^.

Let L = X2 - X1 and B = max(Re( X1),Re( Xg)).

First Theorem 5.3 will be applied to equation (5.6); conditions
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will be derived to insure that B + A_(t) 0 (Recall that F = ?S(t)P
where P is such that P XAP = J is in Jordan form. ). This is not one 

of the expression appearing in Theorem 5.2 (Theorem 5.3 is used in 

conjunct!» with Theorem 5^), but its use simplifies writing and permits 

a geometric interpretation. Further, it is not difficult to modify 

this expression to obtain any of the expressions of Theorem 5.2. If 

% + ^F^ 0 ' then the solutions of equation (5.6) are

monotonic non-increasing. Lower bounds for solutions will not be discussed.

Theorem ^.6. Let equation (5-6) be given and adopt the notation 

of Definition ( 5-3) J assume A and B < 0 .

1) If |b1( t) I + |bg( t) I £ (-B| Ag - )/(2max( 1, | )) for

t . then B + A _(t) 0 for t x T .* o
2) ir (.B| x2 . Xjj/Ud. I A J) for

t ^To , then B + A^(t) < 0 for t Tq.

3) If I À J = 1 , the region defined In part (2) le a aubeet of 

the region defined In part (1);. If | ÀJ / 1 , then neither region la 
a subset of the other.

M If eup(1)|M1(t) - lnf(-^U,| X2 . XJ) my t» TQ ,

then B + Ap(t) <0 for t^ T .

Proof: If A^ and Ag are complex, | A^| = | A^| ; if A^ and Ag 

are real, < Ag < 0 ; hence, max( | A |, | A | ) = | A J . Also,
n . n /-L

™(1)P 1^1 ’ Ajl - |X2 - A J = mln(1)p | A1 - Aj| . d.
1) From Theorem 5.3, (2),

* * AF(t) B + 2| A2 - X^r^ma%( 1,| A^| )(|b^(t)| . |b2(t)| ). 

Henoe, If |b^(t)| . |b2( t) | < (-B| A y - AJ)/(2^(1,|AJ)) , th«

B + A (t) ^0. •J
2) From Theorem 5.3, (3),
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if | XJ / 1 , then R + Ap(t) * R + 2|X2 - - | AJ2)x
x(1 - I A1|)‘1sup(1)|b1(t)|. Hence, if | A^| / 1 and

^(i)l\(t)|<(-R|Ag - XJ)/(2(1+ | AJ)) , 

then R + Ap(t) <.0.

If I XJ = 1 , then

R + Ap(t)4 R + 4| X2 - XJ 1eup^1Jb1(t)| .

Hence, If | AJ - 1 and

Bup(I)|b1(t)|4 (-E|x2 - XJ)/u - (-8| X2 - । XJ»,

then R + A p( t ) < 0.

3) The region described in part ( 1) is a square in the b^^ - plane 

with vertices at
( (^1 X2 - X1|)/(2max(l,| A1|)),0) , (O,(tR| Ag - A 1| )/(2max( 1, | );

the region described in part (2) is a square in the b^bg - plane 

with vertices at

( Cr|X2 - I x2 - Ajj/tad*  IÀJ)) ).
Since 2(1 + I A^| ) > 2aax(l,| XJ) (because A^ / 0) , the region 

defined in part (2) does not contain the region defined in part (1). 

Since 2idm(1, | AJ ) > (1 + | X J ) , with the equality holding if and 

only if | AJ = 1 , i.e.

à(-R|À2-X1|)/(2iBax(l,| X1|))<(-R| A2 - A1|)/(2(l+ |A1|)) , 

the region defined in (1) contains the region defined in (2) if and only 

if | ÀJ = 1.

4) If BUP( t J ^(t) - XJ 4 I X2 - A^| , then Theorem 5.3, (4) 
applies to give

F » \(t)<B + 2|A2 - XJ-\p)|X2 - AJsup^jl^tt) - xj.

Hence, If sup( 1} t) - A J < lnf(| X£ - X J, -B/U) , 

then R + A (t) < 0 . Q.E.D.
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For results more precise than those of the preceding theorem, the 

method of this section may be applied directly to equation (5.6). 
Recall that the method involves substituting y = P^x, where P is a 

matrix such that P 1AP = J is in Jordan form, into equation (5.6) and 

transforming it into

(5.7) y' = (J + pS(t)P)y = (J + F(t))y - C(t)y .

Since equations (5.6) and (5-7) have the same asymptotic behavior, it 

is necessary only to study the latter equation.

Lemma 5.1^. Let equation (5.6) be given and adopt the notation of
Definition 5.3.

1) if a2 , 
yi / X 0 ' 
yj I [0 A2.

2) if \ . A2 .

X

X 
where k is an arbitrary

equation (5.7) may be written as

A , equation (5.7)

* b2 
"blA2 ’ X) 1/2 

may be written as

-b^ A
biA

-bjA
constant.

+ b^k +

Proof:

2) Let 
P =

(and note in the computation that A

Lemma 5.14. Let equations (5.6)
= Q.E.D.

and (5.7) be given and adopt
the notation of Definition 5-3- If \ and A2 are complex, then the 

matrix P may be chosen such that

Ac(t)^ -z(a^ + bjt)) + L-1| A^Jt) + b2(t)| , 

Ac(t)^ -i(a^ + b^t)) - L-1| A^t) + b2(t)| for t^-To
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Proof î IfA^/ÀgjP may be chosen such that equation (5-7)

has the form given in Lemma 5.13, (1). Since A1 and A g are complex

i(J*  + J)
0

o

+ F(t)) 1 2r 2 and■1(-b1A1 - b2

2V 1
"1(-b1A1 - b2

2j(C*(t) + c(t))
-it6! + 1

The characteristic roots of this matrix are given by
r2 ♦ (81 + b1)r + (((e^ * + t'^b^A^ * b^(b^ + bg) ) - 0 ,

rl - -»("i * \) 4 (-l"2(b1À1 ♦ b^(b^ ♦ b2) )*  , 1 , 1,2 ,

rl ’ * \) i (|L'1(blAl * b2)|2)^ - ^(«t ♦ bp t |l-\b^A ^bjl, 

for 1 = 1,2. The lemma follows from this. Q.E.D.

Lemma 5•15• let equations (5»6) and (5-7) be given and adopt the 

notation of Definition 5*3*  If A and Xo are real and distinct, 

then the matrix P may be chosen such that

Ac(t)< -^1 * idb^tîl - b^t)) + i|L"\2b2(t) - u^t)) - L|, 

+ b^t)) - glb^t) | - HL-1(2b2(t) - a^Jt)) - L| . 

^f> addition, bg(t) = 0 for t Tq and and Ag have the same 

sign, then the matrix P may be chosen such that

2) 4 + bjt)) + &|L + L"\a^)| ,

Xc(t) -^a^ + b^t)) - j|L * .

j^orf: If A^ / Ag , p may be chosen such that equation (5.7) 

has the form given in Lemma 5.13, ( 1). Since A, and A , are real. 1 d 1

à(F*(t) + F(t)) = L"1

i( J*  + J) = 
blXl + b2

2^/ A 2 - A x)

J,
A 2 - A 1)

■blÀ2 ' "2 .
and



*«**)♦<>(»)).  A1 * 1>1 *1  * V V2 ■ 

' L A2 - L 1(b1 2 + b2)

If r 18 a characteristic root of this matrix, then by Lemon 5.5
lr ’ (’À1 + ( -1) + b2) ) I |b^|/2 for some 1, UU2.

Then A^t)^ suP(i)( + (-l)^Y\b^, + bg) j > |bJ/2 ,

and Ac(t) > lnf(i)( bg) ) - |bJ/2.

Since max(a,b) = ^|a + h + | a - bQ and mln(a,b) = ^a + b - |a - b|^, 

Ac(t)^ + Ag - bx + I Àx - X2 + L'^b^ÀjL + X2) + 2b2)I +

+ |bJ/2, 
Ac(t) < -a^/2 + i(|b1| - b^) + g|L"1(2b2 - - L|, and

Xc(t)^ + bx) - àjbj - j|L'\2b2 - a1b1) - L| .

Nov assume b^t^ = 0 for t T and A ^nd A2 have the same sign.
Then Lemma 5.13 has the form

0

0

and substitute

1-1 1 ' 1
Jbl^ 1

yl

_y2.

w = Q y into the preceding

equ tion

Then t nd
0

v2.
W1

V2

Then

0
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and

Let eqwtlcn (5.6) and (5.?)be given and adopt the 

notation of Definition 5-3- If and A^ are real end identical 
( Ai » Ag - A ), the the matrix P may be chosen such that

M»*  '^(al * Y*))  + ilYt! * k| + (2k)"l|2b2(t) - a^^t) + kb^t) I

%<*)»  * Y*"  - ilY") * "I - (2k)-1|2b2(t) - B^tt) * kb^t) I

If, in addition, bg(t) = 0 for t Tq and k is such that A ( A + k) > 0,

then the matrix P m,y be chosen such that

t) J + ^k^A (A + kf^ ,

L(t) I - gk/A (A + k)-1 . 

chosen such that equation 

Then 

>

^"Y *b1k - b2J ' 

+ k)
- k \b^A + b^k + b2)

A0(t) 4 ^2A - bx + |k"\2(b/ * b2) + b^>|| + ||bl » k|, 

Ac(t)i i(2X - bx - |k"l(2(b/ » b2) * b^Jlj - i|b1+ k|, 

and sinçe A = ( 1) follows.

If bg(t) = 0 for t > Tq and k is such that A( A + k) > 0, then 

by proceeding as in the second part of the proof of Lemma 5d5, with 
A’\ A + k) ol

■ i(ai + \(t)) + alb^t) - k~ a^ 

(Ac(t) ) + \(t)) - Hb^t) - k"\^b

Z£2£f • If A = Ag = A , then P may be 

(5*7)  h-e the form given in Lemma 5.13, (2).

A k/2 

. k/2 A _ 
^"^A + b2) 

_ ^l k"

k"\b/ + b2) 

g(b^ f k) A

i(F*(t) + F(t)) =

C(t)) = .

Proceeding in the manner of

0 1
, the equation
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k/Ü À + k/î 
À

A

o

1 e.f W = G(t)w le obtained.

Then

and

(t) + G(t)) =

Ag(t) A - bx

Xn(t) A - bnV ( 1

A + k'^À ^k\A(A + k)”1
gk^A(A + k) A - k \)(A + k) X____ *

+ |k‘1(2b1A + b^Jll +

- |k'\sb^A + b^k)|} - l^k /\(A+ k)"1 h Q.E.D.

Remarks on lemmas 14, 5-15 and 5.16. The five pairs of inequali­

ties of the preceding lemmas may be combined with the nine corollaries

of Theorem 2.1 to produce 45 theorems on the asymptotic behavior of

equation (5*6) J this will be left to the reader. Some interesting

special cases are considered here.

Consider the damped Hill equation

(5-8) x" + ax' + p(t)x = 0

where a is a real constant and p(t) is a real-valued function which is

defined and continuous for t > T and p(t + T) = p(t) for t > T .

Theorem 5*7 . Let equation (5.8) be given.

1) Assume there exists a constant c, c < a2/4, such that 
£T IP()  + c- ^a21dt i|a|T?a2 - 4c , (or < ). If a > 0, then 

x = 0 is a uniformly (or exponentially) stable solution of equation 

(5.8); if a < 0, then the norms of the nonzero solutions of equation 

(5-8) are bounded away from zero (or increase exponentially).

*

2) Assume £T |p(t) - a2/4|dt 4 a2T/8 (or < ). If a > 0, 

then x = 0 is a uniformly (or exponentially) stable solution of 

equation (5-8); if a < 0, then the norms of the nonzero solutions of 

equation (58)  are bounded away from zero (or increase exponentially).*

3) Assume there exists a constant c, c > a2/4, such that
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£T |p(t) - c|dt 4 UalT^^c - a2 (or < ).

If a > 0, then x - 0 la a uniformly (or exponentially) stable solution 

of equation (5.8); if a < 0, then the norms of the nonzero solutions of 

equation (5*8)  are bounded away from zero (or increase exponentially).

Proof. Write equation (5.8) as

x + ax + [( p( t ) - c ) * c} x = 0 ; c constant

and consider this equation as a special c^se of equation (5.6) with

B1 = *'  &2 = c' bl(t) = °» 61x4 “ P(t) - c.

1) If a - 4c > 0, then Lersma 5̂5  applies and 
^c(t) < + (a2- 4c)”^|(p(t) - c) - (ja2 - 2c)| = -^a + •

*

+ (a2 - 4c) 21p(t) + c -^a2J, 

^c(t) -|a - (&2 - 4c)"^|(p(t) - c) - (^a2 - 2c)I =

= ~éa " (%2 -4c) ^|p(t) + c - ^a2|.

If a > 0 and (p(t) + c - |a2|dt< ^al/a2 - 4c (or < ), 
m 

then £ /\c( t)dt 0 (or •< ) and by Corollary 1' (or Corollary 

2 )of Theorem 2.1, x = 0 is a uniformly (or exponentially) stable

solution of equation (5.8).

If a< 0 and £T |p(t) + c - |a2|dt^ K-aJl/a2 - 4c (or > ), 
T 1 then Ag(t)dt >0 (or > ) and by Corollary 4' (or Corollary 

5’) of Theorem 2.1, the nonzero solutions of equation (5.8) are bounded 

away from zero (or increase exponentially).
2

2) If a - 4c = 0, then Lemma 5.16, (1) applies and 

Aç(t) -ga +gk + k p(t) - c| )
X > io 1. . -1. 1 f k is an arbitrary positive cexistant.Agit; -$a - gk - k |p(t) - c| )

Let k = ||a|; this is the optimal k for both cases.
If a > 0 and £T|p(t) - a2/4|dt4 a2T/8 (or< ), then 

A^(t)dt <0 (or <); if a<o^d ^1 p(t) - a2/4|dta2T/8 (or < ),
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then P ,Ut)dt 0 v U
follows.

3) If a2 - 4c < 0, 

Ac(t)^ 

A.(t) >

(or > ). Ae in part (1), the conclusion now

then Lemma .14 applies and
-ja + (4c - u^)"^|p(t) - c|, 

-ja - (4c - a2)’2|p(t) - c|.

If a > 0 and |p(t) - c|dt^ ^aT(4c - a2)4 (Or < ), then 
T

{ /\c(t)dt^o (or < ) ; if a<o and |p(t) - c|dt |(-a)Tx/4c - a2 

(or < ), then Àc(t)dt > 0(or > ). The conclusion now follows as 

in part ( 1). Q.E.D.

Remarks on Theorem 5.7. The substitution x = ye"^a\ a > 0, 

reduces equation (5.8) to

y" + (p(t) - a2/4)y = y” + q(t)y = 0 

and further, if the solutions of equation (*)  are bounded, then x = 0 

is an exponentially stable solatia of equation (5.8). Thus, theorems 

on the boundedness of the solutions of equation (f) may be compared to 
Theorem 5.7. •

Lyapunov had proved that if 

«(t)^0 for t»To, 0, and |q(t)|dt< 4/T,

then the solutions of equation (*  ) are bounded, or if
P(t) * a2/l. for t ÿ To, p(t)dt ÿ =2T/U, and ^|p(t) - a2/4|dt^ k/T, 

then x = 0 is an exponentially stable solution of equation (5.8).

This may be compared with Theorem 5-7, (2). (The preceding transforma­

tion and theorem may be found in Reference 15, section 8 - 12.)

If p(t) is specified, the results of Theorem 5.7 may be improved. 

Consider the equation 

(5*9)  x” + ax' + ( (T + cos^t)x = 0

where a, 5 and 6 are real constants, n is a positive integer, a > 0,
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and t > T . o
Theorem ^8. Let equation (5.9) be given and assume that n is a 

positive odd integer. If either

1) 5 - I € I > 0 @nd # a $ /2( f - | € | ) ; or

2) > O and V^T^-TeT) a ; or

3) /max(0,2( J - |e J)) a < + |&|) ^d
0
/ coe^t dt - ecos^e < ||€ | 

(her. 6 = eoe^tile T^a2 - 2# ))Vn , 0 < e < ,) le eatlefled, then 

x = 0 is a uniformly st.ble solution of equation (5.9).

If, additionally ; in ( 1), < a; or in (2;, (T > 0 ; or in (3),
4 008  A  ~ ecos^O < x<T/2|€ I , then x = 0 is an exponentially stable 

solution of equation (5.9).

* *

Proof: Equation (5,9) is r special c se of equation (5.8), hence 

Theorem 5.7 applies. The choice of an optimal c le difficult. Here 

c = 0 is used as a convenient choice and Theorem 5.7, (1) is applied. 

It is only necessary to prove the theorem for e > 0 since the sub­

stitution t = t - n in equation (5.9) Just changes the sign of e .
If I = I f * e coe^t - &a2|dt C ( or < ) , then x = 0 

is a uniformly(or exponentially) stable solution of equation (5.9).

it ” ° , i■ e. $ - g >0 and ^2( â - € ) > a,
then I = ^ ( J + C cos^t - ^)dt = (f - &a^n . if, additionally,

a (or >) , then a2» 5 n (or > ) and ^a2n > ( J - ia2)x « I

(or > ).

2) If ja2 - $ € > 0 , i.e. a2 > 2( & + g ) , then
it

I =-/( 5 + € cosnt - |a2)dt = (|a2 - ^ )„ .

If, additionally, $ 0 (or > ), then J + g > 0 and I ja2n (or < ).

3) If I 5 - ja2| < 6 , i.e. 2( (T - £ ) < a2< 2( (F + € ) or
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A=(0'2( 5 - e n < U </2TTTT) , and If

6 = coe-^e-^a2 - 28 ))Vn , 0< 9< n , then

I “ ( J + € coent - ^a2)dt - / ( 8 + e coant - ja2)dt ,

1 “ ( " ia )(^8 - x) + jQ e cosnt dt - e cos^t dt,

I = -Ze 8oos^e - n$ + 5«a2 + 26 coent dt.

If -2€ 8coe^6 - itS + ^a2 + 2€ £ coent dt ^«a2 (or < ), or

26 coent dt - 0coene) n8 (or < ), or 
9

COB t dt - ©coene < n8 /2e (or < ) , 
o 

then I ne /2 ( or < ). Q.E.D.

Example 5.2(Illustrating Theorem 5.8).

x'' + 2x' + (1 4 € coe t)x = 0 : t > 0 .

Theorem 5.8 will be used to determine values of £ for which x = 0 

ie an exponentially stable solution of this equation.

1) Since V"T 2 ^2( 1 - | e | ) , ( 1) does not apply.

2) First, £ = 1 > 0 ; second, ^2(1 + |£ | ) ^ 2 if | £ | ^ 1 . 

Hence for |G | 1 , x = 0 Is an exponentially stable solution of

this equation.

3) First, x/ mnx(0,2( 1 - | £ | ) ) < 2 for all e and 2 < ^2(1 + |e | ) 

if |€ I > 1 . The problem is now to find all € , |e | > 1 , such that

Sine - ecoee < x/2| 6 | .

Let F(e) = Sine - ecose ; since F(0) = 0 and F’(e) = esine > 0 

(with F'(e) = 0 only at e = n/2), the problem is to find the e^ such that 

^^o " ^o^°^o = ”/2|e I . Then sine - euose f x/2|€ | if and only 

if 0 < e< eo . Let €o be the value of € corresponding to eQ and 

assume that 0 < eQ < n/2 . Then

coseo(taneo - eo) = n/2|6^| , or 
|eorx(taneo - eo) - ,/2| e°| . | .



Let 6o = 1.22 , then (2.73) - (1.22) = 1.51^ 1.57 .

Therefore, 0 < 9 < 9 = 1.22, "

1> coa9 = |e coaeo = 0.34 , 

1 < |€ I < 2.9 .
If 1 < I 6 I < 2.9 , x = 0 is &n exponentially stable solution of this 

equation; if |€ | - 2.9 , x - 0 is a uniformly stable solution.

Theorem Let equation (5.9) be given and assume that n is 

a Positive even integer. Let 1 = (2^-1;... (L, 0 < N 1 , 
and 9 = cos"^^- 26 n . If either

1) € > 0 , J > 0 , and \/6 + € N a vGf ; or

2)6>0, f + € N > 0 (hence $ + e > 0), and J^( f + g ) t ; Or 

3) € > 0, d 4 e > 0 , Vrnax (0,2 d ) < a < J2( (T + € ) ,

and cosnt dt - 9cosn9^(n/4)(B + %) ; or

4) € < 0, dt € N > C (hence d > 0), and V2Ï a ; or

. 5) e < 0, d + e > 0 (hence d - € N > 0), andVd + € N^a +g );

or 6) 6 < 0, J > 0 , x/^x^oTpr^TT-y) < a < V2 J
9 r 2 '

and / cos"t dt - 9cosn9 ^(n + ” £ a )

is satisfied, then x = 0 is a uniformly st bie solution of equation (5.9).

If, additionally: In (1), Vd + 6N <u ; or in (2), d + eK>0;
or in (3), co£wt - ecosn9 < f(N A) ; or in (4), d + G N > 0;

or in (5), 4 + G N < a ; or in (6), /cos"t dt - 9uos^ < ”(N+^\

then x = 0 is an exponentially stable solution of equation (5.9).

Proof: Equation (5.9) is a special case of equation (5.8), hence

Theorem ^7 applies. Again, let c = 0 and apply Theorem 5.7, ( 1). 
If I - / I d + € cos\ - ^|dt< Y ( or < ) , then x = C is a 

uniformly (or exponentially) stable solution of equation (5.9).
1) If d > 0 , 6 > 0 , and 8 - ga2 0 , i.e. d > 0 , G > 0 ,
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and v2# a , then
I « ( 5“ -ga^)(x/2) + c J coant dt = ( S - |a2)(s/2) + £ N(k/2) .

If, additionally, ( 6 + 6 N - ^a2)(n/2) (a2n/U) (or < ) , or

5 + 6 N ( or < ) , or Vf + g K a ( or < ) , 

then I (a^nJ/U (or < ).

2) If € > C and 5 - $a2 - 6 , i.e. € > C and 2( 5 + e ) a2,

then I = (ja - 5 )(«/2) - € N(n/2). If, additionally,

(ga - f - € B ) ( it/2 ) (a2«/4) ( or < ), or

+ € B 0 (or > ), then
I a2«/4 ( or < ).

3 ) If £ > 0 and - € < 5 - ^a2 < 0 , i.e. € > C , 5 + 6 > 0 , 
and Vmaj^2ôl < a < V2( f + 6 ) , then 0 < e = cqb'V^ ~ 2f )V"< 

e 26
and I ■ / ( S + € coe t - ga )dt - ^ ( f + £ coent - ^a2)dt,

I = ( f - 5a2)(20 - ~) + 6 coent dt - 6 coent dt ,

I = -2€ e coene - gf n + (ita2/U) + 2e / cosnt dt - € /\os"t dt , 
e o o

! = 2£ coe^t dt - 6coene) - (jf n - (e2k/4) + 6 N(n/2) ) .
6

If, additionally, 2£ (j^ coent dt - 6coene) - (| fn - (na2/4) + e K(r) ) 
(na2/4) (or < ) , or

rv
f«

/ cob t dt - ©coe 9 f (x/4)(N + ) (or < ),
p

then I ^ (a n/4) (or < ).

then I = -/ ( 5 + € cosnt - ^a2)dt and, as in the proof of part (2),

I (a^n/U) (or < ) if ( 5 + e N) > 0 (or > ) .

5) If € < 0 , 8 + € > 0 , and -6 £ <5 - ja2 , i.e. € < 0 , 
(5*  + G > C , and V2( f + £ ) a , then

I = ( S + e cosnt - |a2)dt

and, sb in the proof of part (1), I (a2n/U) (or < ) , if + e B a 
(or < ) .
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6) If e < o and 0 < <5  - ^a2 < - € , i.e. e < 0 , (T > 0 , 
and >Aax(0,2( a < , then

*

6 - 008-1(2» " 2^. )Vn < (^2) and

1 = v ( 5 * 6 c08nt - ga2)dt + 6 + e cosnt - ^a2)dt

end using the proof of part (4),
e

1 = -2^^ cos t dt - 9oosne) + QSn - (xa2/4) + e N(n/2) ) .
If, additionally, .

9
-2£ cos t dt - ecos^e) + 8 n - (na2/UJ + €M(n/2) ) (na^/4) (or<),

or coent dt - ecoa^ x< (x/4)(M - (a2/e ) ) (or < ) ,
p 

then I (a n/4) (or < ). Q.E.D.

These last theorems shov how the method of this section turns

Theorem 2.1 into to effective tool for studying the asymptotic behavior 

of particular differential equations.
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