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CHAPTER I

INTRODUCTION

1 .0 Abstract

in literat ure dealing with the general area of automatic control, 

information on the analysis and synthesis of a class of nonlinear 

systems using the partitioning techniques has appeared only recently. 

This introd ictory chapter is intended to provide adequate background 

information on this subject for the reader. The origin of the 

technique is discussed from the author's point of view and this is 

followed by a brief review of the theory and its limitations as 

presented by A. A. Wolf (41 through 4?). The author also gives 

specific considerations to questions and arguments that have been 

raised recently as a result of comparison of the partition theory 

with other analytical methods of analysis. Finally, the objectives 

of this dissertation are displayed and discussed.

1.1 Historical Origin and Review

During the past two decades, many papers have been written about

techniques for the analysis and synthesis of nonlinear systems. But

the techniques thus far developed are restrictive because each applies 

to a particular class of problems, each has its own particular value 

and usefulness, and each lacks an underlying or unifying theory that 

would join it_to^ others. However, there are some exceptions. One 

exception is the general theory of stability via Lyapunov's Second

1
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Method (14). This has recently attracted the attention of the 

engineering community of this country. Another exception is the 

technique of optimum control analysis. Generally, some of the 

methods of analysis of nonlinear systems are linearization techniques 

and others are approximation techniques, sometimes quite restricted. 

However, it is not the purpose of this dissertation to discuss - 

different possible approaches to the solution of nonlinear systems 
(since these approaches are adequately treated elsewhere (21,44)), 

but to present a detailed study of one approach, the partitioning 

technique. This technique is applicable to a class of nonlinear 

systems which contain some linear terms, some nonlinear terms, and 

a forcing function. However, the idea of separating the original 

nonlinear equation into linear and nonlinear terms is not original. 
It was first introd iced by Henri Poincare (33) at the end of the 

nineteenth century. In his classical researches on celestial 

mechanics, Poincare developed quantitative methods of approximations 

by expansicn in terms of small parameters. During the past thirty 
years or so, the methods of P jincar4 have ueen adapted to the 

problems of applied science in general. This was done as a result 

of the work of Mandelstom, Papalexi, Andronov, Krylov, Bogolyubov, 
and other Russian scientists working jointly in this field (15,19,28,33).

In a recent book by Cunningham (10), the idea of partitioning 

was mentioned while the author was explaining procedures for finding 

the approximate analytical solution for a nonlinear equation. The 

procedures are shown in Figure 1.1. In this diagram the original 

nonlinear differential equation is first separated into two parts: 

one part is a linear equation simple enough to permit exact solution;
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the other part contains any terms that are difficult to handle and 

usually involves the nonlinear terms but there may be other terms 

as well. Next, the linear equation is solved to give the zero order 

or generating solution. This generating solution is then employed in 

some way with the nonlinear terms of the original equation to produce 

first-order correction terms. Finally, these correction terms are 

combined with a generating solution to yield a first-order corrected 

solution which is an approximate solution of the original equation. 

The exact form of the correction terms depends upon the particular 

details of the met led being employed. In some cases, the correction 

terms are merely added to the generating solution. In other cases, 

toe correction terms prod ice changes in amplitude and phase of the 

generating solution. If the degree of nonlinearity is sufficiently 

small, a single application of this method will probably yield a 

first-order corrected solution of sufficient accuracy. If the degree 

of nonlinearity is large, it is sometimes possible to improve the 

accuracy by applying trie method a second time to obtain a second-order 
corrected solution (as shown in Figure 1.1). In theory, continued 

increases in accuracy are possible by further repeated applications of 

the metnod, but this is usually not practical because any small 

increase in accuracy is accompanied by a large increase in mathematical 

complications. Actually, an important uncertainty inherent in this 

kind of method is the error in the solution it yields, since this 

error is often difficult to calculate.

There are some well-known methods of analysis that depend on 

the above procedure, such as the perturbation, reverging, variation 

of parameter and averaging techniques by Galerkin and Ritz.

Although details of the different methods vary, most of them are
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rather similar and follow the steps diagramed in Figure 1.1. 

However, it should be noted that uniqueness of solution was assumed 

in the previous discussion. In his partition theory, A. A. Wolf 

studied conditions which must be satisfied by the linear, nonlinear, 

and forcing function terms of the system equation if the system is 

to yield a unique solution. Although nonlinear differential equations 

generally are known not to possess unique solutions (4?, Appendices A, 
B,C,E), it is apparent from physical conditions that, for a 

particular initial state, physical systems must possess unique 

solutions which exist in a domain to the right of that initial state. 

Tliis means that the solution of the given nonlinear differential 

equation corresponding to a given initial state should be unique 

otherwise the analysis given does not adequately describe the 

behavior of the system (29, p.36).

Since the publication of Wolf's dissertation (47), wldch gave 

a detailed account of the partition theory, many articles have appeared 

which expound the deterministic process of analysis of a class of 

nonlinear systems. With the aid of the statistical transform theorem, 

the theory of systems subjected to stochastic processes is 
extended (43,47).

Let us now consider a typical class of physical nonlinear systems 

whose behavior can be described by the following nonlinear equation;1 

Z(D)x(t) + N(x,x,...,x(m)) = g(t) (1.1.1)

The method of partitioning discussed in this chapter is 
applicable only to systems described by equations of the same 
type as Equation 1.1.1.
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where the following assumptions and restrictions which are sufficient 

but not necessary for the analysis are made:
(1) The operator Z(D) Is linear with constant coefficients 

and is restricted so that it has an impulse response 
y(t), defined as

1y(t) o*J*  st
/ —--- de
S-*  z(s) (1.1.2)

which is of exponential type and order at most^ one.
(2) The forcing faction g(t) is of exponential type and order

at most one.
(3) The nonlinear function N(s) is single valued, continuous, 

and satisfies the following condition:

Given a pair of positive constants M and a and two 
continuous functions v(t) and u(t), which are asymptotically 
like e , then N must satisfy the modified Lipschitz 

condition:

|lî[v(t)] - H[u(t)]| < Me"at |v(t) - u(t)|.
(1.1.4)

It Should be noted that condition (1.1.4) is true only when M 
is a function of x alone2, and dees not depend on x, x, or x^m\

As a result of imposing these three conditions on the system 
Equation (1.1.1) and applying the partitioning techniques described

, For a discussion of situations 
of x, see Reference 47, page 22. in which N contains derivatives
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later in this chapter, a system solution x(t) is found which is 

analytic and unique. The exact solution is represented as a limit 
of a sequence of iterates (x^) as n tends to infinity. Each of 
these iterates (xn) (for all finite n) is of exponential type and 

order one, and is given by the following recurrent equation:
t

xn+l = %o ~ / Mxn(r)] y(t-r) dT, (n = 0, 1, 2, ...) (1.1.5)
o

where, for the case of zero initial condition, x is defined by 
t

xQ(t) = / g(x) y(t-T) dt. (1.1.6)
o

Therefore

x(t) = Lim X (t), n > 1 (1.1.7)
U—- ”

and this limit was shown, in Reference 47, to be a uniquely convergent 

procedure which gives the required solution. In other words, a certain 
class of linear systems exists (not necessarily physically realizable) 
in which the response xQ(t), for n = 0, 1, 2, ... of each of these 

systems forms a point set, where the limit as n*#  is the response of 
the nonlinear differential Equation (1.1.1). The members of the set 

are generated according to Equations (1.1.5) and (1.1.6). Thus, 

among the sequence (x^), there is a particular x^ whose behavior 

approximates that of the actual response as closely as possible.

This means that the iterates xn for all n > q approximate the solution 
x(t) in such a way that the error as given by

|x(t) - x (t)| = g (t) 
n n (1.1.8)
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satisfies the inequality

< 6 (1.1.9)

where 6 and q are positive numbers. The physical meaning of the 

generation of the iterates is explained in Figures 1.2 through 1.5.

From these figures one can consider x^t) to be the response 

of a linear network having zero feedback, as shown in Figure 1.2. 

One may also consider the sequence of functions x^ as being 

generated by a collection of feedback systems, the response of one 

member of which depends on the response of the one just preceding it. 
The networks M^s) have the property that if x^t) excites Mr ^s), 

the response is N[xn_^(t)J. In this sense one may consider the 
networks M^(s) as linear, though, they may not be physically 

realizable. It should be noted that the method of analysis introduced 

above is similar in spirit to the techniques used in the so-called 

fixed point theorem in functional analysis. A detailed discussion 

of this appears in References 3 and 16.

The actual desired solution of the system equation can be 

obtained in the series form, to any degree of accuracy, by applying 

the rules of partitioning as follows:
(1) The dynamical equation representing the system is 

partitioned so that the linear terms involving the 

highest order derivative are contained in one member 

of the equation.
(2) A modified forcing function A(t) is then obtained which 

consists of the actual forcing term, the nonlinear term, 

and possibly some linear terms.
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e(t)e

Figure 1.2. A Physical Meaning of xQ(t)

e(xo(t))

Figure 1.3b. A Physical Meaning of Mq(b)
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Figure 1.4a. A Ftyelcal Meaning of Xg(t)

Figure 1.4b. A Physical Meaning of M^s)

Figure 1.5». A Physical Meaning of x^t)

»»<*> ■(ViC*»

Figure 1.5b. A Physical Meaning of M^Cs)
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(3) Next, the expansion of A(t) is determined by the particular 

properties of the linear terms, nonlinear terms, and 
driving function of the system, and the required form of 

the system solution. This may be clarified by a 

consideration of the different forms of expansion of 
A(t) given in Equations (1.1.48), (1.1.49) and (1.1.50).

(4) The properly partitioned differential equation is then 

solved.
(5) Certain coefficients which arise from the auxiliary equation 

can then be calculated.
(6) Finally, these coefficients, which appear in the partitioned 

equations, are eliminated tc obtain the exact solution.
Applying the partitioning rules to Equation (1.1.1) gives:

Z(D) x(t) = A(t) 

and

A(t) = g(t) - N(x(t)J 

(1.1.10)

(1.1.11)

where the latter equation Is the auxiliary equation and the former is 

the partition equation. The partitioned nonlinear system represents 
Equations (1.1.10) and (1.1.11) and is shown dlagranratically in 

Figure 1.6. To effectively use Equations (1.1.10) and (1.1.11) we 

must take advantage of the a priori properties of A(t) which were 
deduced by means of the conditions required of the linear and 

nonlinear parts of Equation (1.1.1) and its forcing function.

the 13 known as
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linear

x(t)

g(t)

nonlinear

bO x(t)

Figure 1.6. The Partitioned Nonlinear System

From these conditions x(t) is deduced to be analytic. Since g(t) 

is analytic and N is continuous, A(t) is analytic since it is the 

difference between two analytic functions.

Sy the above means, A(t) can be expanded into a power series. 

Under these conditions the solution of Equation (1.1.1) is given 

by the following:

A(t) « £ Cn tn (1.1.12) 

assuming zero initial conditions for the purpose of simplicity, 
x(t) is given by:

t
x(t) = / y(t--r) A(t) dT

o

t 00x(t) ■ / y(t-T) [ E C Tn] dT
o »=o n (1.1.13)

= 2 C J Tn y(t-T) dT. 
n^o o
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(1.1.14)

Therefore
x(t) - Jo Cn %

J>0

where

Qn = the nth moment of the impulsive response of the linear
part z(d) over the half open interval (o, t), i.e.,

tQ^Ct) = f Tn y(t--r) dt. 
o

(1.1.15)

It should be noted that if all but the highest order derivative 

is transposed to the right member, a power series solution results 

since the resulting moment function is a power series. This can 

be easily shown by the following reasoning:
Partitioning Equation (1.1.1) as shown below, gives

, m
—5 = g(t) - M(x) 
dt

where

(1.1.16)

M(x) = N(x) * linear terms. (1.1.17)

For this case, therefore, we have

tm“l
(m-1)!

(1.1.18)

applying Equation (1.1.15) gives

t T" ™-1 dT
o

therefore

V») nJ fcn+m
(m+n) !

(1.1.19)
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Equations (1.1.14) and (1.1.19) show the validity of the previous 

statements. Tie fact that under the conditions placed on the 
system Equation (1.1.1) and under a special type of partitioning 

(at the highest-order derivative) the solution obtained is in a 

power series form, gives rise to many questions concerning the 

analogy between the partition theory and the classical method of 
analysis by Frobenius (13)•

In a discussion of the partition theory (42), Professor 

R. L. Cosgriff (Ohio State University) stated tliat the partition 

theory could be avoided by extending the method of Frobenius to 

nonlinear analysis. He also stated that the present method only 

introduces a new facet concerning the solution of nonlinear 

equations, and that as each facet is exploited new insights and 

techniques develop, which expand our knowledge of nonlinear 

systems.
Also, E. V. Bohn (5), in his comments about partition theory 

and associated transform methods, stated that it is difficult to 

agree with A. A. Wolf on the usefulness of his methods for 

theoretical and systematic studies, and that a power series 

representation is generally of little use. Bohn also pointed out 

that there is equivalence between the conventional methods and the 

partitioning technique in the following manner :
The nonlinear differential Equation (1.1.1) can be put in 

the form

un = fn (uo' ul* un-l’ t) ' (1.1.20)
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(1.1.21)

where the notation

18 u88*'  The solution of Equation (1.1.20) can be represented by 

a power series

x(t) = Ê Î2 tn 
n=o n’ (1.1.22)

From Equations (1.1.21) and (1.1.22) it follows that

% - (1.1.23)
The values of bq, a1# ..., a^ can be specified as initial 

conditions and can be found by differentiating E nation (1.1.20)

successively with respect to t and then substituting t = 0, which 
yields

= fn+l V » ' un_v V t)
(1.1.24)

and for t = 0

fn al> an-V °)

an+l " fn*l  (ao*  al# * * *>  0) (1.1.25)

Equation (1.1.25) should then be solved for each a^.

To see the equivalence, assume Equation (1.1.1) is partitioned 
at the highest derivative as already shown by Equation (1.1.16)



m
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(1.1.26)

and let

dtm
E c,? 
k-o K

From Equation (1.1.26) and (1.1.22) the following relation Is obtained;

aa+k ,Ck “ — > °) (1.1.27)

However, the author feels that the criticisms of Bohn and 
Cosgriff are not totally warranted. A review of Wolf's published 

work would reveal that the method of Frobenius is a special case 

of the partition theory. The Frobenius method only gives rise to 

power series solution, but the partition theory gives rise to a 

general class of solution forms. Tae nature of these solutions 
depends on the point of partitioning and the form of expansion of 

the auxiliary forcing function which, together, provide flexible 

control of the nature of solution forms. Reference 43 contains 

examples which illustrate this. They show that although the 

solution exists and is unique, the form of the solution is not 

unique but is a function of the point of partition. Thus, by 

using the partition technique, the solution can be obtained as a 

power series, Dirichlet series, trigonometric series, or orthogonal 

series whereas the Frobenius method only permits a power series 

solution. Therefore, as a result of the partition theory, the 

following expansion of A(t), for example, can be justified:

A(t) = E Cn e n (1.1.28)
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(1.1.29)

and if

X = an n

the system Equation (1.1.1) now has the following solution:
CO

x(t) - L cn ?n(t) (1.1.30)
n^o

where P^t) are the exponent:al moments of the fulled impulsive

response of the 1: near part glven by

Pn(t) - / e~n*t  y(t-i)dt. (1.1.31)

It is evident from expanding e into a power series that a 

relation exists between the exponent:al and the impulsive moments 
of y(t-T), ^(t). gy choosing X^ 66 lb Equation (1.1.29) we 

have the special case of the Dirichlet series known as the power 

Dirichlet series. This terminology is adopted since the solution 
is given in a power series of Z, when z ■ e~*t  and X^ is given by 

Equation (1.1.29). As an example, consider a system described 

by (47):

+ 6x * a x2 = p (1.1.32)

where 6, a, p are constants. The Initial conditions are given as 
x(0) - 0. Equation (1.1.32) may be partitioned in two ways: one 

way would be at the highest derivative and the other way would 

include the x itself in addition to the derivative. Consider 

using the highest derivative first:

gf 9 - 5x - ox2 (1.1.33)
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(1.1.34)

Thus
Ê c 
_ n

The auxiliary function now becomes

cn ® Mt » 8 - Bx - ocx2
(1.1.35)

Integrating once, Equation (1.1.34) becomes

x = (1.1.36)

where k = constant of integration. Substituting Equation (1.1.36)

into Equation (1.1.3?) results in the following:

n-o n=l

c n -nat
£Te

/” C \ 2C e-™* 
n - P + 8

(1.1.37)
let

Z - (1.1.38)
so that

CM %" -E 
n=o

C zn 
n

00

E 
n=l

00

- a E 
n=l

8+6
2

« C
* 2a k E — Z - ok2 

n-1 na (1.1.39)

Upon integrating, we notice that the lower bound becomes unity 

instead of zero. This is necessary since CQ = 0. If C / 0, 

then the sum w uld become infinite at n = 0. A necessary requirement 

for all the coefficients is that they be finite. Therefore, the 

recursion formula is : For n > 0

c, . - 8k . %2) ,(0) + _ ^(2)



where

cto . Ê %=.-k .
“• k-o d^k(n-k)

For n ■ 0, we determine k as follows

0k2 ♦ ôk - p - 0

The second factor is not zero, hence

Cj = 0

For n

or

0

(1.1.41)

(1.1.42)

(1.1.43)

(1.1.44)
For n » 2, it is possible to determine the characteristic exponent . 
a:

° (1.1.46)

Either or both factors ,111 be zero. We shell assure that the second 

factor is zero to determine a. By taking - 0 from Equation (1.1.46) 

and substituting the value of k given by Equation (1.1.41), we get 

the result:



20

This result, is known to be correct since it can be compared with 

the solution obtained by separating the variables (see Appendix A). 

The characteristic exponent here has two values. Both must be used 
in Equation (1.1.36). This gives rise to two Dirichlet series. If 

the characteristic exponent had k values, then k series would be 

needed in addition to the constant of integration which may arise. 

This procedure is similar to the one used in linear differential 

equations. The remainder of the solution follows a procedure 

similar to that described elsewhere (13).

If the second partition scheme is used instead, a different 
form of x(t) is obtained; this is easily checked. Also, the 

equation of the auxiliary forcing term for A(t) in the following 
forms:

A(t) - £ 
n-o

A(t) = Z 
n=o

A(t) = Z 
n-o

eventually follows the same procedure and yields different, interesting 

cases for investigations. These cases enable the engineer to gain 
further insight in the nonlinear system under consideration. Suppose, 

e.g., the form of Equation (1.1.50) is chosen and the following results 
are obtained for the same system described by Equation (1.1.32). The 

moments are:

n+1
V*)  - (1.1.51)

Cn

Cn

Cn

tn

tn

tn

e

e*nat

(1.1.48)

(1.1.49)

(1.1.50)
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Thus

x(t) n+1
tn*l (1.1.52)

and it is possible to obtain the recurrence relations

n * ^0) * 6
(1.1.53)

Hence the first few coefficients are:

C1 ■ -60

r 6a3 - (1.1. A)

c3 . & ♦

For a better method of partitioning, Professor S. S. L. Chang (4g) 
(New York University) suggested that the partition should be made 

so that N, the nonlinear term, is the smallest possible.

Professor Chang offered the following illustration:

0.01 x + sinh i + x » 0 (I.I.55)

For this equation, it is better to use
Z(D) = 0.01 if + D + 1

N » (sinh x - x) (1.1.56)

than
Z(D) = 0.01 if + 1

N = sinh x (1.1.57)

It is important to mention here that the types of non-linearities 

which can be solved by use of the partition theory can be divided 

into two classes :



(1) Algebraic Nonlinearities : These are exemplified by a

polynomial in x and its admissible derivatives and they

described by:
NE»(x)

(b)

N(x) (m)(k)

(1.1.58)

(1.1.59)

(1.1.60)

■ E I k»o “

ME N

where x - x(t) and the superscript (k) Indicates the k-th 

derivative of x with respect to time.
(2) Transcendentlai Nonlinearities: These are restricted to 

functions of x(t), which have an Inverse whose derivative 

is a rational function, so that the system equation can 

be easily transformed to equations with algebraic 

nonlinearities. Typical examples are;
Z(D)x(t) ♦ be*(*)  « g(t)

Z(D)x(t) 4 C tan h x(t) * g(t)

j 5 ♦ r 3 ♦ a sin 9 ■ T 

(1.1.61)

(1.1.62)

(1.1.63)
where b, c, J, r, a, and T are constants.

Equation (1.1.61) occurs In the field of physical electronics, 

Equation (1.1.u2) in physical systems containing saturating types 

of nonlinearities, and Equation (1.1.63) in synchronous machinery.

To show how these types of equations can be transformed into

equations containing algebraic nonlinearities, let us take
Equation (1.1.61) as an example. If we assume

W » e (1.1.64)
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then

x » log W (1.1.6$)
Substituting Equations (1.1.65) and (1.1.tU) into Equation (1.1.61) 

gives :
Z(D) log (W) * bW - g(t) (1.1.66)

Differentiating Equation (1.1.00) with respect to (t) gives:

Z(D) + bW « g(t) (1.1.6?)

if we assume

Z(D) = ~ (I.I.08)
Y(D)

Substituting Equation (1.1.u8) into Equation (1.1.c>7) gives

W - W[Y(D)g(t)] + bW [Y(d)W] = 0 (1.1.69)

Certainly, Equation (1.1.69) cannot be solved for all forms of
Z(D) by the method presented, because the term Y(D)W which appears in 

the equation is difficult to handle. Moreover, Equati n (1.1.69), as 

, given, is an integral differential equation. For the special case
in which Z(D) is the first-order differential operator, Equation (1.1.69) 

reduces to the following form:

W - gtè(t)] W + bW ^w) - 0 • (1.1.70)

When the operator g is replaced by an integration operation, Equation 
(1.1.70) yields :

W - g(t)W + bW® = 0 (1.1.71)

Equation (1.1.71) can be solved by partitioning techniques. When

Z(D) is a linear combination of x and one or more of its derivatives, 

the problem is more complicated but can be explained by the case where
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z(D)x x (1.1.72)

Substituting for Z(D) from Equation (1.1.72) into Equation (1.1.6?)

Gives :

or

(D*l)  + bW « g(t) (1.1.73)

Equation (1.1.7 J can be put in the form:

| ♦ bW « g(t)
(1.1.74)

W* w (1.1.75)

Equation (1.1.76) is of the form:

w . û - ê(t)w ♦ . o (1.1.76)

where

Z(D)W + N(W,W) - 0 (1.1.77)

Z(D)W = (D® + D - g(t)]W 

and

condition.

N(W,W) . (w® W - w®)/w (1.1.78)

Further investigations of N(W,W) show ihat it satisfies the Lipschitz

A review of A. A. Wolf's published work by Professor L. F. Kazda 
and the author (43), revealed that certain questions have been left 

unanswered, which the novice, when trying to apply the method presented, 

would naturally like to have summarized. These questions are:
(1) What insight can be gained about the stability of a system

for a general class of forcing functions by using the 

partitioning method of analysis?



25

(2) Under what conditions would partitioning at points other 

than the highest derivative be desirable?
(3) How does the partitioning method help one to understand 

the behavior of the amplitude and frequency of 

oscillations with time. Consider, e.g., the following 

nonlinear differential equation:

X ♦ %x * - 0 (1.1.79)

Reference Uj gives answers to the above questions.

In the author's opinion the partitioning technique has not been 

used in the field of nonlinear synthesis as much as in the field of 

nonlinear analysis. However, Professor Y. H. Ku (Moore School of 
Electrical Engineering, University of Pennsylvania) has pointed out 

that it is precisely in the field of synthesis rather than the field 

of analysis that the new method is most useful. Dr. A. A. Wolf (43) 

has suggested a synthesis procedure as follows:
Let Y(s) be the transfer function of the linear part and let 

(Sn) be a set of singularities of the system response in the complex 

plane generally supposed to be finite in number. Then, given a 

specified forcing function g(t), what is the nature of the nonlinear 

part N that enables it to satisfy these conditions?

Hie synthesis procedure would be as follows:
(1) From the singularities and initial conditions, determine 

Cn in closed form as shown in Reference 2.
(2) Use the Cn coefficients to determine the resp nse of the

system by using the moment theorem.
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(3) Then, determine the nonlinear part of the system by 

using the canonical Equation (1.1.1).
(4) Finally, by considering Figure 1.6, the system is 

obtained easily.
As an example (43), let the linear part of a system be given as:

(1.1.80) 
If the system is forced by

GW = (1.1.81)

find the coefficients of the nonlinear terms so that the response 

lias a pole at s = -1 and the nonlinear part has no derivatives 

and does not exceed the second degree. The solution can be effected 

by using the recurrence equations of Reference 45, 46, and 47, or it 

may be solved directly. In the latter case, the solution is almost 

trivial. From

Z(s) = ~~~ = * + 2 (1.1.82)
Y^s)

the required system equation form is

= 2x + H(x) = g(t) (1.1.83)

H(x) = g(t) - x - 2x (1.1.84)

Note that

"(%) * xk (1.1.85)

so that
2 R

x = e(t) - x - 2x (1.1.86)
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From the problem, it is given that:

(1.1.87)

from which
x(t) « e"t (1.1.88)
so that
% + d t + ag e"^t “ - e~*

From the identity of Equation (1.1.89) it is clear that
(1.1.89)

ao » 0 (1.1.90)

a^ * -1 (1.1.91)

-1 (1.1.92)

Thus the nonlinear component satisfying the problem is:
N(x) ■ -x + x2 (1.1.93)

1.2 Summary and Research Objectives

A short review of a generalized mathematical theory for analyzing
a certain class of nonlinear systems has been presented. It was
stated that under a broad set of conditions, imposed on the linear, 

nonlinear, and forcing functions, a class of systems exists for which 
it is possible to develop exact and unique mathematical solutions. 

Although linear differential equations generally have unique solutions, 

examples show that nonlinear differential equations generally do not 

have such properties. The techniques of partitioning for systematic 

solution of actual physical problems in connection with feedback 

systems also were reviewed. Examples were shown to illustrate that 

a power series solution of differential equations is Just a special 

case of the partitioning technique.
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It is interesting to note that a complete synthesis theory can be 

developed by using the system shown in Figure 1.6 as a basis. In 

addition, it is possible to show that by appropriate partitioning 

almost any desired configuration can be obtained in both single 

and multiloop feedback systems, a fact of paramount importance in 

engineering today. For these reasons, the author felt that it would 

be of interest to the control engineers to extend Wolf's 

work to include this new class of nonlinear systems. The objectives 

of this extension are :
(1) To develop, by using the partitioning technique, a theory 

for the analysis of a certain class of systems, the 

behavior of which can be described by a single degree-of- 

freedom nonlinear differential equation, with time-varying 

parameters.
(2) To apply the partitioning technique and the state-variable 

approach in further investigation of the system’s 

behavior and stability.
(3) To extend items (1) and (2) above, to include systems with 

more than one degree of freedom.
(4) To analyze the system numerically by using a digital 

computer for systematic approximations of previous 

theoretical results. The Runge-Kutta methods of analysis 

are to be adopted for the purpose of comparison.



CHAPTER II

A THEORY FOR THE ANALYSIS OF A CERTAIN CLASS OF 

NONLINEAR TIME-VARYING PHYSICAL SYSTEMS

2.0 Abstract

In this chapter, the partitioning technique introduced in 

Chapter I is used to analyze a certain class of nonlinear physical 

systems, whose dynamic behavior can be represented by a nonlinear 

differential equation having some time-varying terms and a forcing 

function. Most of the material in this chapter describes work 

done under the guidance of Professor L. F. Mazda while the author 

was at The University of Michigan (2). It will be shown that by 

placing certain restrictions on the system equations a unique 
solution which belongs to Lg space can be obtained1. This result 

is useful because the analysis presented gives a means of controlling 

the amount of energy associated with the system response; but, it is 

also limiting because the shape of an Lg function may not be desirable 
in all applications. (This disadvantage will be discussed in 

Chapter III.) The exact analytic solution is given as the limit of 

a sequence of Picard iterates (xn) each of which is also an Lg function. 

Uniform convergence of these iterates is shown to be guaranteed by the 

above restrictions. The well-known mean square error criterion is

1For an explanation of Lg spaces, see References 4, 30, 38 and 
40. Also, Appendix B includes information on some of the properties 
of Lg spaces which are considered in this report.

29
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then applied to find the number of iterates necessary to approximate 

the solution of this class of nonlinear differential equations. An 
upper-bound function p(t), which also belongs to Lg space, is 

calculated. Variations of the solution with respect to initial 

conditions and the system parameters are investigated. Finally, some 

applications to specific nonlinear problems will be displayed to 

illustrate the method presented.

2.1 System Description and Definitions

Consider a certain class of physical systems that can be 

described by the general, nonlinear, time-varying differential 

equation of order n, namely:
G(x, x, K, ..., x^\) = 0 (2.1.1)

where x(t) and its first (n-1) derivatives are given at t = 0. Furtheimcse, 

assume that Equation (2.1.1) can be put in the form

n% (a(t)D™]x(t) + N(x, x, ..., t) =: g(t) (2.1.2)
m=o

where [D] * = the differential operator

a^(t), » time-varying parameters 

g(t) = the forcing function^ 

N(x, x, ..., t) = the nonlinear term 

t = the Independent variable
Equation (2.1.2) can be written in the following form:
L(D,t)x(t) + N(x) = g(t) (2.1.3)

^See Appendix C for situations in which there are forcing 
functions of the form K(D,t)g(t).
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where L(D, t) is the linear operator operating on the system output 

x(t) and is given by

nL(D,t)x(t) - E [am(t)Dm]x(t) (2.1.4)
neo

The following definitions (17,48,4$) can now be introduced;

(1) Let W(t,u) represent the impulsive response of the linear 

part of Equation (2.1.3) which is defined by Equation 
(2.1.5)\

L(D,t) W(t,u) . 6(t-u), (2.1.5)

where 6(t-u) is the unit impulse applied at t = u.

(2) Let xQ(t) be the response of the linear part with g(t) 

as the input forcing function and with the sane 
initial conditions as in Equation (2.1.1). If zero 

initial conditions are assumed, xQ(t) is defined as 

follows :

t
xQ(t) = / W(t,u) g(u) du (2.1.6)

o
This means that E uation (2.1.6) represents only the 

particular solution of the linear equation
L(D,t)x(t) ■ g(t). In general, the analysis is true when 

xQ(t) is the complete solution which contains the effect 

of initial conditions of the original nonlinear system 

and when the system restrictions given in Section 2.2 

are satisfied.

^See also Appendix C.
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(3) Let

m,u,x(t)J - W(t,u) H(x, i, x(”-l)f t) (2 

be a nonUnear function obtained by combining the 

actual system nonlinearity H and the weighting function 
W(t,u); hence, it can be called a weighted nonlinear 

function. In general, F depends on x, x, ..., and 
x("-D.

£.2 Mathematical Restrictions and the System Analysis

In order to present a theory that applies to a general class of 
problems, a number of mathematical restrictions are now placed on the 

system parameters and on x(t) and F(t,u,x), which were defined In 

Section 2.1. For simplicity of analysis, the weighted nonlinear 
function F is assumed to be a function of t, u, and x and is not 

dependent on x, Î, .... For example, F can assume the following 

forms,

F(t,u,x) ê W(t,n) £ « xk
k=l K

F(t,u,x) = W(t,u) [exp (x)] (2.2.1)

The restrictions required are:
(1) xQ(t) is an L2 function  in the interval of interest 

[o,T]

2

0 < T < + * (2.2.2)

Appendix^eXten£1On tO "°” nonlinearities Is explained In

2The definition of an Lo 
plane is given in Appendix Bt 
as: Xq(t) belongs to L2(o,T],

faction on the real line and on the 
Also, Restriction one can be written
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(2) For a given region D, [ |x| < d(t), 0 < u < t < T], 

the function F(t,u,x) satisfies the following conditions: 
(a) F(t,u,x) satisfies the modified Lipschitz condition;

namely, if the two triples (t,u,%p and (t,u,z2) ' 

are in the demain D, then

|F(t,u,21) . F(t,u,z2)| < K(t,u)|Z1-Za| (2.2.3

where K(t,u) is an L^ function in the given 

domain, that is, 
t
/ ^(t^u) du < of(t), 0 < t < T 
o ~ — —
and ,T (2.2.4
/ ^(t) dt < A2 = constant 
o 

t
(b) / |F(t,u,xQ(u))| du < n(t) (2.2.5'

where n(t) belongs to L2(o,T], that is, '

T
/ n2(t) dt < c2 = constant (2.2.6)

and A2 and C2 are two finite positive numbers.
(c) It is required that;

|xQ(t)| < d(t)

q(t) < d(t) (2.2.7)

where
△ t
= XqM - / F(t,u,x (u))du 

o °
(2.2.8) 

q(t) ^(t)! + c a(t) Ê 
k=o fk!

where A, C, and a(t) are as defined before.
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(3) %e Lg functions xQ(t), n(t), and a(t); the time-vary!ng 

parameters a^(t); and the enforced bound d(t) are assumed 

continuous and bounded over [o,T). (2.2.9)

It should be noted that the function d(t), appearing in the 

definition of the domain D, may or may not be an Lg function. This 

depends on the particular problem. Its use as a function of t gives 

flexibility to an analysis of problems in which the interval of 

interest is infinite. Unfortunately, it is not helpful for all 

problems, as illustrated by the following special examples:

Let
F(t,u,x) - W(t,u) H(x) = e’^^x (2.2.10)

Then
|F(t,u,z1) - F(t, u,Sg)| = e"^t'U^| z1-z2|<K(t,u)|;:1-z2| (2.2.11)

Therefore,
K(t,u) > (2.2.12)

Thus, in this particular case, K(t, u) is independent of the choice 

of d(t) and does not belong to Lo space for infinite intervals, 

but only for finite intervals. Consequently, for problems involving 

infinite intervals, the linear terms of x should be included in the 
linear operator L(D,t)x, and not in N(x).

Again, assuming that
CO

N(x) = E a xn (2.2.13)
n=2 n 

then
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F(t,u,z1) - F(t, u, Zg)

W(t,u)(zi«Zg) i -.'f n-2
2

^Zg-1] (2.2.14)

Letting |z| < d(t) > 0, gives:

+ vT2

|F(t,u,z1) - F(t,u,Zg)|

|w(t,u)| | Eat,”"1 
n=2 n

n-2 z2 Z1
♦ vî's

I

Defining:

Q(t) = max E 
\^< d(t) n^2 
iy<

n-1 
1 Z2 Z1 +

(2.2.16)

*

gives 

|F(t,u,zp - F(t,u,Zg)| < w(t,u)Q(u) |z1-z2| = K(t,u) Iz^Zgl

(2.2.17)
hence,
K(t,u) = W(t,u)Q(u) (2.2.18)
Therefore, for problems with infinite intervals, d(t) and hence Q(t)

should be chosen so that:
T1

/ ^(t, u)du 
o

11
/ W®(t,u) Q2(u)du 
o

2 = a(t) e Lg[0,«] (2.2.19)
t 2 t

Now, applying the partitioning technique to the system
Equation (2.1.3) yields:

L(D,t) x(t) = g(t) - N[x(t)] = f(t)

Equation (2.2.20) can be considered as a linear differential
(2.2.20)

equation
as an auxiliary forcing function. This function is not 
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unique since it depends on how Equation (2.1.3) is partitioned. For 

a particular choice of partition, N(x) may include some of the linear 
terms of Equation (2.1.3)\ Equation (2.2.20) is known as the 

linear partitioned system.

If zero initial conditions are assumed, x(t) can be obtained 

from: 
t '

x(t) « / W(t,u) f(u) du (2.2.21)

or, equivalently, from:
t 

x(t) = / W(t,u) (g(u) - N[x(u)]J du 
o
t tx(t) * / W(t,u) g(u) du - / W(t,u) N[x(u) ] du 
o o

t
x(t) = xo(t) - / Fit,u,x(u)J du (2.2.22)

o
Equations (2.1.3) and (2.2.22) are equivalent, and xQ(t) and

F are as previously defined. Also, Equation (2.2.22) still holds 

for problems with nonzero initial conditions when x (t) is the 

complete solution of the linear equation L(D,t)xQ(t) = g(t), ‘ 

which contains the effect of these initial conditions. Equation 
(2.2.22) is a nonlinear integral equation of the Volterra type 

(26,38,39), and it can be shown that for the class of systems 

represented by Equation (2.1.3) and the given system restrictions, 

theorems A, B, C, and D (which follow) are true-. In general, the 

proof of theorems A and C follows the method of Vito Volterra for

1See the rules of partitioning in Chapter 1, or see 
Reference 47.
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dealing with nonlinear integral equations (38). Since the proofs 

are important for an understanding of the next chapters, they are 

given in detail.

2.3 Theorem A 

Let a set of

function of time,
functions x , x^, ..., x^, each of which is a 

be defined according to the following recurrence
relation:

xnU(t) * '
t
J F[ t,u,x (u)]du 
o "

where n « 0,1,2,..., and xQ(t) is defined as in Equation (2.1.6). 

Then, under the restrictions placed on the system (Equations 
(2.2.2) through (2.2.9)), the sequence (x^) belongs to an Lg space 

and are

Proof

It

in the domain D g (|x|<d(t), 0 < u < t < r).

can be shown that when t lies in the interval [o,T], the 
sequence (x^) stays inside D.

Assume (as an induction hypothesis) that x^(t), x£(t), ... 
Xn^^ inside D, then Equation (2.3.1) shows that xn+^(t) is 

defined.

Replacing n+1 by n in Equation (2.3.1) gives: 
txn(t) = XQ(t) - / F(t,u,xn l(u)]du (2.3.2)

Subtracting corresponding sides of Equations (2.3.1) and (2.3.2) 

and squaring gives:

t t
/ F[t,u,xn(u)]du - / F[t,u,x (u)]du
O o n“x 

2

t
/ |F[t,u,xn(u)J - F[t,u,xn_1(u)]|du 2

(2.3.3)
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Iteking use of the restrictions gives:
"t
/ K(t,u) (2.3.4)

2

Applying Schwarz's inequality to Equation (2.3.4) gives:
t t

- «„(»)!' < / ^(t.uldu I (xn(u) - xn-1(u)]= du

< oF(t) / (xn(u) - 
o du (2.3.5)

for n » 1,2,..et For n • 1, Equation (2.3.5) gives: 

[^(t) - ^(t)!2 < cf(t) / (^ - xq)2 du *

The Integral on the right-hand side of Equation (2.3.6) can

(2.3.6)

be
obtained from Equation (2.3.1) by putting n = 0, as follows

t
%l(t) ■ *o(t) - / F[t,u,xo(u)l du 

o
(2.3.7)

Equation (2.3.7) gives:

T T
/ [^(t) - xQ(t))2 dt < / n2(t) dt < C2
° o
Thus,
[x2(t) - x1(t)]2 < C2 of(t)

(2.3.8)

(2.3.9)

and

T
/ (x2 - x^)2 d(t) < C2 A2 
o

Appendix D shows that

T
Hsj*)  - *n(t))=  dt <
° n - n'

(2.3.10)

(2.3.11)
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Equation (2.3.11) gives:

/ - x .Jt)]8 dt < C8 ^21
0 * (n-l)f

Substituting Equation (2.3.12) in Equation (2.3.5) gives:

^n+l^) ‘ x^t))8^^)^^ '
(n-1):

for n ■ 1,2,.. .«».

Now,
lxn+l^^ = * Exg(t) - ^(t)) + [x3(t) - x2(t)] + ...

(2.3.12)

(2.3.13)

* lxn»l<t> " \(t))|

< l^tJI  |Xg(t) - Yt)| +........^(t) - xn(t)|*

(2.3.14)
Substituting from Equation (2.3.13) into Equation (2.3.14) gives: 

l*n+l(t)l  < Ix%(t)l + C a(t) + c a(t) -Ar- + c a(t) + ....
1/17 ’

,n-l +.......  + c a(t) 4-——
^(n-l)!

■ ^(tJI + c a(t) £ -= = q(t) (2.3.15)
k=o yk!

But, condition (2.2.8) shows that q(t) < d(t), thus,

< d(t) 0 < t < T. (2 316)

Since i\(t) ncd x^(t) are In D, the sequence (x^t) ) given by 

Equation (2.3.1) is meaningful and is also in D.

Note that xo(t) Is assumed to belong to Lg[o,T] and Equation 
(2-3.8) shows that x1(t) also belongs to L£[o,T); hence,
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Equation (2.3*13)  shows that the sequence (xn(t)) is in Lg[o,Tl 

for n « 1,2,3,***

2.4 Tlieorem B
If conditions (2.2.2) through (2.2.9) are satisfied, then 

the sequence of functions x^, x^, x^, ..., xn of Theorem A 
converges in the quadratic mean t a function ^(t). It also 

converges uniformly in the ordinary sense to a function *(t) . 

The two functions ^(t) and ^(t) are identically equal to a 

function x(t) for all t in the region 0 < t < T, where T is 

the period of interest.

Proof

For convergence in the mean, we have to prove first that 
given two numbers m and n so that m > n,

T
Lin J (x (u) - x (u)]e du = 0 (2.4.1)
n — — o n
m *♦  « •

Now, since
- Vl> + ("n-1 - Vs5 + - - + <xn*l  ' xn) (2-4'2) 

Therefore

k=n
- xnl 2 % l\+i " (2-4-3)

k=m-l
Substituting Equation (2.3*12)  into Equation (2.4.3) gives

K - xnl < C a(t) 4^^) (2.4.4)k = m+1 ^(k-1).'

Substituting Equation (2.4.4) into the left-hand side of
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Equation (2.4.1) gives

T
Lim / (x (u) - x (u)]a du = Lim 
n - * o n n - *
■ * m -» *

T
J C2^ 
o

A8"1, 
k-m-1 V(k-l)!

n* Llm CeA2 E 
n -• * k=m-l 
m -» * *—

aM 1 (2.4.5)

Therefore, Equation (2.4.1) is satisfied.

Since x^ is an Lg function, xn is also an Lg function; hence, 

by using lemma 7 of Appendix B one can conclude that there exists 
a function <p(t) of Lg space to which the sequence (x^) converges 

in tae mean, and this function p(t) satisfies the following equation: 
T

nlI. o a*  " ° ■ (2.U.6)

or, in shortened notation,

.V") = ?(u) (2.4.7)

To prove convergence in the ordinary sense, one can form the series: 
X1 + ^2^^ + (2.4.8)

In this series,
/ An-2(x" ■ 5 c °")

Since a(t) and x^t) are assumed finite, one can easily conclude 

by the M-test the required uniform convergence. But, the n-th 

partial sum of the series (2.4.8) is given by:
%n = =1 + (xg-xi) + ... ♦ (xn - xnl) (2.4.10)

Therefore as n -*  *,  xn has a limit.
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Let

Llm xn(t) . *(t)  (2.4.11)
n »

It should be noticed that uniform convergence of the sequence x^, 
can be easily concluded from Equation (2.4.4), since this equation 

shows that the sequence xn is a Cauchy sequence in the ordlhary 

sense.
Now applying H. Weyl's lenmia (stated in Appendix B), we can 

conclude that
♦(t) « ?(t) (2.4.12)

almost everywhere. Let

V(t) « p(t) - x(t), 0 < t < T (2.4.15)

Equation (2.4.12) holds everywhere because the functions are continuous. 

The existence, uniform continuity, and boundedness of the first n 
derivatives of x(t) are discussed in theorem E of Chapter III.

2.5 Theorem C

Under the conditions placed on the linear, nonlinear, and forcing 
functions of the system given by Equation (2.1.3), the function x(t) 

as defined in Equation (2.4.13) is a solution of the differential 

Equation (2.1.3), and is the unique solution for a given initial state. 

Proof
To prove that x(t) is a solution of the differential Equation 

(2.1.3), one can easily form Equation (2.4.1), namely: 
t

[xn - q»(t)]^ = (<p(t) - xQ(t) + / F[t,u,xn l(u)] du)2 (2.5.1)
o

Integrating both sides of Equation (2.5.1) in the Interval (0, T) 

and using Equation (2.4.6) gives:



T ' T
Lin J [x . v(t))« dt - Lim J ([v(t) - x (t)] 
n -* ■ o n -» * o 0

t
♦ / F[t,u,x^(u)) du)® • 0 (2.5.2)

o
Since ‘ ‘ ’

L.i.m. x^ ^(^) ■ L.i.m. x (t) ■ <p(t) (2.4.?)
n • n * •
therefore, 

t*(t) - x@(t) + / F[t,u,V(u)] du - 0 (2.5.3)
o

hence, *(t)  eatlaflee the integral Equation (2.3-3). Consequently,

x(t) is a solution of the differential Equation (2.1.3). To prove 
*uniqueness, assume ^(t) to be another solution for Equation (2.1.3) 

with same initial conditions, therefore
- t

•(*)  - XQ(t) + jF[t,u,y(u)] du (2.5.4)
o

* ♦V (t) - xo(t) + / F[t,u,y (u)] du (2.5.5)
o

Subtracting Equations (2.5.5) and (2.5.4) and squaring gives
*tv (t) - tWl» = ( / (F[t,u,<p(t)] - F(t,u,/(u)I) du)® (2.5.6) 

o
Applying the restrictions on the system gives

(V*(t)  - <p(t)J® < I K®(t,u) du / [^*(u)]®  du 
o O

T #< ^(t) / [*  (u) - ç(u)]® du (2.5.7)
o

Let
T ,
/ tv (t) - v(t)F dt - s® (2.5.8)
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Therefore,

[/(t) . ,(t)] < s® a®(t) (2.5.9)

Substituting Equation (2.5*9)  into Equation (2.5*7)  and repeating 
n times1, gives

1 After the first substitution,

< S8of(t) J of(z) dz
o

By repeated substitution,
E?*(t) - <p(t))8 < S^t) / o®(Y) dY J of(z) dz ....

o o
Integrating both sides of this equation gives Equation (2.5.10).

T - .2n(*)
/ [q> (t) - at < s8 ------ (2.5.10)
o “ n! .

Letting n -*  * gives :

T ,
/ (? (t) - q»(t)]2 * * * * * at = o (2.5.11)
o
Hence <p = 9 , and the solution x(t) of the system equation is unique.

2.6 The Approximation of the Solution in the Mean Square Sense 

According to the preceding theorems, the solution x(t) of
the system Equation (2.1.3) was found to be the limit of a 

sequence of iterations (x^) in the Lg space as the value of n tends 

to infinity. it may be reasonable to ask whether there exists a 
number if such that for all n > H, the error Cn(t) remains within 

a specified value It is apparent from the mathematical definition 

that the number II exists. A reasonable error criterion for the 

calculation of H is the mean square error criterion. Thus, one can 

form the following equation:
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T
J C*(u)  d(u) < q2, for n > H (2.6.1)

where

Cn " (*  " xn>$ (2.6.2)

xn Is an approximation for the actual solution x(t) of the system 

under consideration, and q2 is a prescribed positive error•

It should be noted that the analysis also leads to an estimate 

of en itself. The author ses the mean square error in the analysis, 

because this leads to a result which is simple to use in the 

applications.

Now by making use of the following equation:

n
< E

k=a-l

C a(t) A^"1) 
VCk-1).’ (2.4.4)

holding n fixed, and letting m -*  », one gets

Therefore

2

Gn

Substituting Equation (2.6.5) into 
of Equation (2.2.4) gives;

(2.6.3)

(2.6.4)

. (2.6.5)

Equation (2.6.1) and making use
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T
/ e®(u) du < c2a®
O

2
- q2. (2.6.6)

however, Equation (2.6.6) is very difficult to solve for n if 
constants C®, A®, and q® are specified. But, a simplification 

for this situation can be obtained by making use of the following 
inequality (8, p.lj):

J ~=< Ê (2 6 7)k=n-l Æ J(n-1)! k-o >TkT '2 * "

Substituting inequality (2.C.?) int- Equation (2.6.6) gives:

2

Equation (2.6.8) gives an upper bo ind for the error when the actual 

solution x(t) is approximated by the function x^, in the sense of 

the mean square. The infini e series of Equation (2.6.8) can be 

shown to converge for all finite values of A. In addition, as 

the number of iterates n tends to infinity, the square of the 
error q® tends to zero. This condition is explained by theorem C 

since the actual accurate solution can then be obtained. In 

general, the resulting square error q® depends on the number of 
iterates n and on the constants A® and C®, already defined by 
Equations (2.2.4) and (2.2.6) respectively. Therefore, for a given 

mean square error q®, the number of iterates necessary to approximate 

the solution is dependent upon A® and C® and, hence, upon how the 

system Equation (2.1.3) is partitioned. When Picard iterates are 

to be used to yield the approximate solution of the system, it 

would be desirable to partition the equation so that fewer iterates 

are needed for a given mean square error q®. This would reduce



the amount of labor required for the solution of the system equation.

Unfortunately, it is very difficult to formulate a rule for choosing 

the partitioning so as to obtain the minimum number of iterates.

However, for a given n-th-order equation, there are an infinite 
number of choices for partitioning the equation1. At each choice, 

the number of iterates (n) necessary to yield a mean square error 
q8 is obtained by using Equation (2.6.8) calculating A8 and C8.

In order to compare two partitionings, let us assume that for the 
same q8 we have Cp A^ and C£, Ag, n^ as the C, A, n numbers 

for the first and second partitioning, respectively. Applying 
Equation (2.6.8) yields:

is. ^(1 ,

(n^-l).*  \k=o Jk!(ug-l)! \k=o Vk!^/ 

or
2n

(n£-l)Î p£

X fig

where

and
k

By examining Equation (2.6.10) it can be shown that in order to have

> ni> should be greater than A8 and C8 should be greater than C8. c ’ c l d l

See the rules of partitioning, Chapter 1.
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When A le leee then unity, the infinite series of Equation (2.6.8) 

vlU be very quickly convergent. For a given A8, C8, art q8, the 

value of n satisfying equation (2.6.8) is best obtained by the 

following graphical procedure: Consideration of Equation (2.6.8) gives

(2.6.12)

(2.6.13)

where

(2.6.14)

The left-hand side of Equation (2.6.12) can be drawn for different 

values of n by using a given value of A. A straight line drawn 

parallel to the n axis from a distance Q2, intersects the last 
drawn curve at the required point. As an illustration, the left-hand 

side of Equation (2.6.12) is drawn for the cases where A * 1 

A = .364 < 1 in Figure 2.1. The case where A = 2 > 1 is also 

plotted in Figure 2.1 but, for the purpose of convenience, not to the

same scale. The figure shows that if the values of Q8, 
Equation (2.6.14) are chosen so that Q8 < A2 = & 

(n-l)l
n=:.

as defined by

, then there

will be only one value of n corresponding to a given mean square value 

of error. This follows because a straight line drawn parallel to 
the n axis at a distance Q8 from it will Intersect the curve A* 

(n-l).’
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io

Versus n

0 i--- r
0 2 3

at one and only one point. If Q*  is chosen so that Q8 > a8 ■ 
(n-l)J 

ml
then the magnitude of A8 will determine which of the following 

situations will occur:
(*)  A8 < 1, then no solution will give a positive value of 

A^n
n because the curve — ■ ■ ■ is monotonic decreasing, anA 

(n-l).'
has a maximum value which is equal to A8 and occurs at

n » 1. Thus a straight line drawn parallel to the n axis 
2nwith Q8 > A8 will not intersect the curve A ■ for any 

, (n-l).'
positive value of n.

. . _ .2n(b) If Az > 1, then the corresponding curve — ■ increases 
(n-l).*

as n increases, until it attains its ' value at a

particular value of n. With this behavior of the function
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A2n
> one expects the following two situations to happen: (n-1).

^n(^) If QÊ > max ■ , then no solution will give a
(n-1):

particular value of n, because there will be no 
.2n

intersection of the curve ------with the straight 
(n-1)

line Qs drawn parallel to the n axis.
(2) If Qe lies between the value of the function - ----- 

(n-1).’
at n = 1 and its maximum value, that is 

&2n
A < Q2 < max ———, then there will be two values 

n (n-1)’
of n for a given value of Qs, that is, for a given mean 

square error. This is not surprising because it 
indicates that among the sequence (xn), there are two 

elements and x^ (n^ < n^) which will approximate 

vhe solution x(t) for trie same mean square error. For 

the purpose of simplicity, one should select x which 
nl 

has the smaller index n,.

2.7 Calculation of an Upper-Bound Function p(t) for the System 
Response x(t)

To calculate an upper bound f(t) for tne system response x(t), 

one should note that the sequence (xn(t) ) is uniformly bounded 
by q(t). This is given by Equation (2.3.15):

00lxn^^ - * l\(t)| + C a(t) E A— (2.3.15)
o l/k!

for n = 1,2, .

But theorem B shows that
Lim xfi(t) = x(t), uniformly (2.7.I)
n 00
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Therefore,

|x(t)| < q(t)

Also, since
t^(t) - xQ(t) - / F[t,u,xQ(u)]du 
o

It follows that

(2.7.2)

(2.7.3)

S lxo(t)l + |n(t)| (2.7.4)

How, define a function p(t) so that

P(t) = |xQ(t)| + |n(t)I + ma(t) (2.7.5)

where
” ■ C I ^7 (2.7.6)

and compare Equations (2.3.15), (2.7.4) and (2.7.5) which give: 

°M < p(t) (2.7.7)

Tne upper-bound function p(t) should obviously stay inside the domain 
bounded by the enforced bound d(t)\

° < l%(t)l < q(t) < p(t) < d(t) (2.7.8)

From Equation (2.7.8) it is obvious that both q(t) and p(t) 

work as upper bounds for the system response x(t) inside the enforced 
bound d(t). Although q(t) is a lower bound than p(t), and is a better 

bound from this point of view, the latter has the advantage that it 

may easily be obtained in calculations, as shown in Equation (2.7.5)

1See Figure 2.8.
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2.8 Variation of the Solution with Respect to Initial 
Conditions and the System Parameters (Theorem D)

Let the initial conditions «^(o), change to x^to) + ^^(o), 

(1 = 0,1, ...,n-l), then xQ(t), which was defined by Equation (2.1.6) 

and which in addition contains the effect of the initial conditions, 
will change to (xQ(t) + w(t)]. Instead of the solution x(t), there 

will arise a new solution x(t), as given by 
tX(t) = (xQ(t) + w(t)] - / F[t,u,x(u)] du (2.8.1)
o

If we require that Ax^fo) = j so that ||| < 8, and tliat this 

cnange in the initial conditions will keep [w(t)] € in the 
interval of interest1, then the existence and uniqueness of the 

system Equation (2.8.1) follows exactly as before. This particular 

cliange of initial conditions of the original nonlinear system requires 

an investigation of the behavior of the norm of the difference of 
the two solutions x(t) and x(t), symbolized as || x(t) - x(t) This 

investigation is carried on in the following theorem:

1Slnce XQ(t) e L2(o,T], and w(t) € L [o,T]; this implies that 
[xo(t) + w(t)] e Lg[o,T).

o t '
Mt) - x(t)p = / (x - x)2dt

Theorem D

Under the conditions (given by Equations (2.2.2) through (2.2.9)) 

placed on the linear, nonlinear, and forcing function of the system 
Equation (2.1.3), the system solution is uniformly continuous with 
respect to the initial conditions x^^o). If the system contains

o
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a parameter X, then the solution also is uniformly continuous with 
respect to X. Therefore, x(t, x^\o), x) is uniformly continuous 
with respect to xæ(o) and X.

Proof

Subtracting Equations (2.8.1) and (2.3.2) gives 
tlx(t) - x(t)J - v(t) - (/ (F(t,u,x(u)] - F(t,u,x(u)])au) (2.8.2)

Applying the Lipschitz condition to Equation (2.8.2) gives 
tWt) - x(t)J « (w(t)J - / (Kt(u) (x(u) - x(u))J du (2.8.3)

Squaring both sides and using the Schwarz inequality gives

(X(t) - x(t)]= < 2(w(t)z + ^(t) /[x(u) - x(u)£] du) (2.8.4)
o

t
Letting S2 = / lx(u) - x(u))2 du, and substituting in Equation (2.8.4) 

gives

[X(t) - x(t)]£ < 2(w(t)2 + sV(t)] (2.8.5)

Substituting Equation (2.8.5) into Equation (2.8.4) and repeating 

the first substitution gives

1 + 2^+^A
. If 2!

(X(t) - x(t))2 < 2 w(t)2 + 2 e2

2^(a2)3
3.'

2n|

n'
(2.8.6)

n
n

where
t

e2 = / w2(t) dt < * 
o (2.8.7)

The integral appearing in 

by definition, and e2 can
Equation (2.8.7) is finite since w(t) € t, 

arbitrarily be made small by a proper choice 
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of Ax' ' (o). As n tends to infinity the last term in Equation 

(2.6.7) drops out and we are left with:

W + M Ê(x(t) - x(t)J® < £
n=o n!

(x(t) - x(t)^ < E^t) + 26=0= e2^] (2.8.8)

Integrating both sides of Equation (2.8.8) in the interval 0 < t < T, 

gives:

II x(t) - x(t)|2 < 2 [1 + (2A2) e1(2A^] (2.8.9)

II x(t) - x(t)P<e2 (2.8.10)

where:

e2 = 2 e2[i + (2A2) e(2A2)] (2.8.11)

Equation (2.8.10) shows that the two solations x(t) and x(t) may be 

made to differ by a small quantity, as we please. A proof proceeding 

on similar lines as the above shows tiiat if the system equation 
involves a parameter X, then the solution x(t) is continuous with 

respect to X. hence the theorem is true.

2.9 Three Example Calculations

Example One

Let us consider a system whose behavior is governed by the 

following nonlinear differential equation:

(t = 0, x = -1) (2.9.1)

This can represent either the electric circuit of Figure 2.2 or the 

nonlinear feedback systems of Figures 2.3, 2.4, and 2.5.
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-2t

R - 1 
VW

R(i) - 1

Figure 2.2 An RL Circuit with a Nonlinear Resistor

e-2t

Figure 2.3
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w(y)

Figure 2.4

Figure 2.5

Figures (2.3), (2.4), an! (2.5) comprise equivalent block diagram 
representations of the system governed by Equation (2.8.1).
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Petitioning Equation (2.9.1) at the second term gives:

SE ♦ x • e"2t - Xe . f(t)
(2.9.2)

Ths impulse response of the left-hand side of Equation (2.9.2) is 

obtained by solving the following differential equation:

(2.9.3)
This solution is
W(t,u) = W(t-u) = +e"(t~u) 

(2-9.4)
The term xQ, as defined before, Is the solution of the linear equation 

dx , -2t ,3^ " (» ■ °. « - -1) (2.9.5)

Therefore, 
xQ(t) = -e"2t

How, since
F[t,u,x(t)J « e-(t-u)*2

(2-9.6) 
then
F[t,u,x (t)] = = e-(t-u) -4t

° (2.9.7)
Applying condition (2.2.5) of t:* restrictions to Equation (2.9.7) 
gives n(t):

n(t) = / F(t,u,xo(u)ldu , J e-(t-u)e-hu du _ V} (e.t.e.Mt) (2 9 8)

Also F(t,u,x) satisfies the Lipschitz condition in the domain

D = (x < 1, (0 < U < t < T)J, since

- ^*max e (2.9.9)
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Hence

^<*'"''1)  - (2.9.

Thus: K(t,u) > Sa ^"u\ It can easily be shown that xo(t), n(t), 

K(t,u) are Lg functions, in the interval 0< t <'T, where T is any 

finite period of interest. Therefore, we can conclude that there

exists a unique solution that belongs to an Lg space in th.____ 

interval. Moreover, an upper-bound function can be obtained by 

using Equations (2.7.5) and (2.7.6) as follows: Let
= |xQ(t)| * |n(t)| + no(t) 

and

». o Vk?

then to calculate C, use

C = 1/3 1 - 1/2

Also, applying Equations

2

Equation (2.2.6). This gives

(2.2.3) and (2.2.4) gives:
a(t) = 2(1 - @-2t)l/2

(2.7-5)

(2.7.6)

(2.9.11)

(2.9.12)
and

/ -2TX1/2
A = 2 /-I + t + —- \ and T is finite. (2.

Then choosing tel gives A = 0.364, C = 0.3, and m = 143. Sow, by 

substituting into Equation (2.7-5), we can conclude that the 

absolute value of the system solution x(t) will always retain

below an function p(t) given by:

i(t) < e(t) . e^ + 1/2 (e-VUt) . .ad-e'^Va
(8.9.14)
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It would be interesting to find the exact solution for the system 

given by Equation (2.9.1). It should be noted that the restrictions 

imposed by A. A. Wolf (stated in Chapter 1) m closely here, so 

that one can apply Wolf’s technique as follows: Partitioning the 

differential Equation (2.9.1) at the highest derivative gives:

(2.9.15)

V(t> °f the left-hand side of Equation (2.9.15) 
le h(t), a unit step function1, the solution x(t) can be written in 

the form of a power series as follows :

x(t)
00

« K + L c 
n=o n (2.9.16)

where the moment gt) i8 given by: 
t^(t) - / un W(t-u) du 
o
.n+1%(t) = ----
n+1

(2.9.17)

(2.9.18)

Therefore,

x(t) « K + L JL 
n«o n+1 (2.9.ly)

But when 

Equation

n=o

t - 0 and x = -1, the result is K - -1. Substituting 
(2.9.19) with K = -1 ^nto Equation (2.9.15) gives:

-2t 2 C » c+ i S — - (-1 + E JL t*+i)2  
n=o n+1 n=o n+1 (2.9.20)

kf»«ltion of the unit step function Is:

h(t) 1/2
0

t = 0
t < 0
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Now, recall that

. Ê M 

n=o nl
(2.9-21)

Substituting Equation (2.9-21) into Equation (2.9.20) yields:
® 00 / _ x Fl 00 P on ,E cntn = z LS1L + E JL - E c tn*̂
n-o n«o nl n*o  n+1 n-o n (2-9-22)

from which It is possible to obtain the recurrence relation (2.9-23)

(2)where explained in Reference 47, means

n(2) Cr Cn-r-2
ri r*l  n-r-1

(2.9.23)

(2-9.24)

The first few coefficients in this case are: CQ « 1, - 1,
Cg ■ 1/2, and = - 1/ù. The following solution is obtained when 

these coefficients are substituted into Equation (2.9.19):

x(t) = -1 + t - ?" * - .. = (2.9.25)

A comparison of the actual solution x(t), given in Equation (2.9.25), 

is found in Table 1. For comparison, x(t) and p(t) are also plotted 

in Figure 2.6.

Table 1. Some Numerical Values of |x(t)| and p(t) 
for the System Governed by Equation (2.9.1)

t 0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1
1 x( t) | 1 .91 .82 .75 .685 .62 .563 .512 -4u5 .62 .37

P(t) 1 .98 .915 .845 .772 .674 .614 .569 .52 .478 .437
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P(t)

2

2 5
0 + 0

Figure 2.6 A Plot of the Solution x(t) and the Upper-Bound Function
S(t) for the System Governed by Equation (2.9.1)

Example Two

As a second example, consider the nonlinear time-varying 

feedback control system shown in Figure 2.7. This can be described 
by Equation (2.9.26); -

+ &(t) x ♦ 0.2x*  ■ g(t) 

where
a(t) ■ time-varying parameter = - 

l*t 2

g(t) ■ forcing function ■ —
(ut*)«

(2.9.26)

(2.9.27)

and x(0+) » 1. Partitioning Equation (2.9.26) at the second term gives :

dx 
dt

* -2î-x(t) 
1+t* - 0.2 (2.9.28)

Hie next step is to determine the impulse response W(t,u) of the 

left-hand side of Equation (2.9.28). This can be obtained by solving



linear

Figure 2.7 A Block Diagram Representation of the 
System Governed by Equation (2.9.26)

the following differential equation:

^dt/U) * w(t,u) . B(t-u) (2.9.29)

The solution of Equation (2.9.29) is: ' .

w(t,u) ■ , u < t
1+t*

- 0 , u > t (2.9.30)
Hie term xQ(t), as defined before, is the solution of the following

linear differential equation:

$ * £ C-9-a)
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and le subject to the boundary condition x(t)
Solving for xo(t) gives :

x (t) . 1 + 0'2 tanS
° Uta (2.9-32)

Now, since

F[t,u,x(u) ] e 0.2 Xg(u) /Q Q
1+t® ^2*9*

Then

f(t,u,x (u)] . £^0*0.8
° (1«“) (!«») 12'9'

Applying condition (2.2.5) of the mathematical restrictions given in 

Section 2.2 gives

1 f 0.2 (2.9

Choosing a domain D . ( x| < 1, 0 < u < t < T] and prochaine as In 

the last example, it can be shown that:

x(t,u). sdl 
(i««) (2.9.36)

Recognition of xQ(t), n(t), and K(t,u) as functions in the interval 

0 < t < T leads to the conclusion that there exists a unique solution 

which belongs to the 1^ space in the same interval. The solution x(t) 

will always remain below an function 0(t), which can be calculated 

as follows :
T

C2 - / 
o

.04 tan-1(t) 
(l+t2)2

1 ♦ 0.2(tan ^t) + (tan'^t)2 2 

dt (2.9.37)
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. .ic tf #13 * (2.9.38)
(l*t 8)8 •

a» - .1- / LL#ll±_^2at (2.9.39)
O (1+t8)8

where T is finite. Hie choice of T • 1 gives A ■ .111, C « 0.093, 
and m - .012. Substituting XQ(t), n(t), m, and a(t) in Equation 
(2.7.5) gives the upper-bound function P(t):

P(t) = ~ 1 11+4 tan"\t) + .4 [tan’^Ct)]8 + (tan’\t)P 
1+t8 3

. œ (2.9.40)
1+t8 3 \

Therefore,

P(t) > ~^T (2.9.41)
1+t8

Inspection of Equation (2.9.2°) reveals that x(t) = —is the 
1+t8

exact solution. Hence, x(t) < p(t) for all t[0 < t < 1], as it 

should be.

Example Three

Remarks : In examples one and two, the interval of interest was 

chosen to be finite, and there was no difficulty encountered in applying 

the technique presented in this chapter. The following example, however, 

is intended to» illustrate to the readers how this technique can be 

applied to problems in the infinite interval of time. In the given 
domain D, one should ascertain that the functions xQ(t), n(t), and 
K(t,u) as previously defined, belong to space. Moreover, inequalities
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(2.2.8) should be satisfied; otherwise, the technique fails to work. 

It is obvious that example one works only for the case where T, as 

defined before, is finite; it does not work if T is infinite. This 

is because as T -*  », A tends to », as is clearly shown in Equation 
(2.9*13)•  The same problem presented in example one is again 

presented, but modifications have been made to permit work in the 
infinite interval of time:

The example can now be given. Consider the system whose 
behavior is governed by the following nonlinear differential 

equation:

+ x + ax*  = e**  (t . 0, x - -1) (2.9.42)

where a is a constant parameter. The parameter a must be chosen in 

such a way that the system response remains in a given domain D, 

as given by the following identity:

D - :|x| < d(t) - 2e*° ‘5t, 0 < u < t < »] (2.9.43)

Partitioning Equation (2.9*42)  at the second term gives 

dx -2t 2at - x ■ e - (a.».**)

The impulse response of the left-hand side of the above equation 

is given by

W(t,u) - W(t - u) = e"^^) (2.9.45)

The term xQ(t), as defined before, is found in example one to be^ 

x0(t) - -e^ (2.9*46)

IV*)!  no^ Inside d(t), the analysis falls.



Since
F[t,u,x(t)1 - a e~(t-u)^g (2.9.4?)

* 1n(t) cw be found by applying hypothesis (2.2.5) of the system 

restrictions :
n(t) - | (e-t - e“Ut) (2.9.48)

Sy following the same procedures used to obtain Equation (2.9-9) of 
example one, the weighted nonlinear function F(t,u,x) can be shown 

to satisfy the following condition:

. F(t,u,Xg)| < 2. Ix^l

< 2a d(t) |x^-Xg| (2.9A9)

Thus, K(t,u) can be given by the following equation:

(s.9.50)

and K(t,u) can easily be shown to belong to 1$ space in the given 

domain because :
td“(t) « / if (t,u) du = 16 a2 [e-t - e"21] (2.9.51)
o

and 
oo

A® - / o^(t) dt = 8a2 (2.9.52)
o

Also, XQ(t) and n(t) as defined by Equations (2.9.4b) and (2.9.48) 

can easily be shown to be L^(o,w).

Now, the parameter a must be chosen in such a way that the 
upper-bound function p(t,a), as defined by Equation (2.7.5), remains 
below d(t) for all t, [0 < t < »].
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Substituting for xQ(t), n(t), and a(t) in Equation (2.7.5) 

gives

|x(t,a)|<p(t,a) • |e^| ♦ & (eet - e^) ♦ m(e~*  - (2.9.53)

1Where this is true, p(t) may assume the shape of the curve
p (t), shown in Figure 2.8.

irtiere
"° Â & (•**)

and C la given by

ca - / n8(t) dt • S- . (2.9.55)
o 40

Th*  parameter a, as it appears in Equation (2.9.53), controls both 

the absolute value of x(t) and the upper-bound function p(t) in 

such a way that inequalities (2.2.8) must be satisfied. This, 

of course, gives flexibility in the application of the given 

technique. If the parameter a were not present, the inequalities 
(2.2.8) would not be satisfies and the technique would fail to work1 *.

An investigation of Equation (2.9*53)  reveals that a value of 

0.25 assigned to the parameter a satisfies inequalities (2.2.8) and

gives the following results : 
1

o(t) . (.*  . ^)S

=(t) - L (e't .I

c = 0.039

A ■ 0.707
m ■ .048 .

(2.9.56)



68

<n

Fi
gu

re
 2

.8
 A

 H
ot

 o
f 
d(

t)
 e

nd
 p
(t

) 
fo

r 
th

e 
Sy

st
em

 (
2.
9.
to
)



69

Substituting from Equation (2.9*5) into Equation (2.9»53)*eives
1
2|x(t)| < 9(t) . Ie^| + .083 (e-t - e"^) + .048 (e-t - e^t)

(2.9.57)

The upper-bound function S(t) and the function d(t) are plotted 
in Figure 2.8 for the purpose of comparison. Some numerical values 

of these two functions can also be found in Table II.

m
 

-d­m
 

01 

O
 

•p

00

d(t) 2 1.216 0.7220 0.4464 .2706 O.1638 0

P(t) 1 .1989 0.044? 0.0171 .00832 .00451 0

Table II. Some Numerical Values of , 
d(t) and p(t) for the System (2.9.42)

To obtain the approximate solution of the new system equation, 
namely:

one has to substitute for C and A in the error Equation (2.6.8)

3E + x + y- = (2.9.58)

Then, continuing the above substitution in Equation (2.6.8) gives

8® » £ ft
(n-l)J k=o

(2.6.8)

For n » 1, Equation (2.9.59) gives

= (.038)® (2.5522)® (0.5)® 
n (n-1)!

(2.9.59)

8® = .0039 (2.9.60)
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The first-order approximate solution x^t) for the above value of 
mean square error 6® can be given by:

x1(t) . xo(t) - n(t) (2.9.61)

Substituting from Equations (2.9.46) and (2.9.48) Into Equation 
(2.9*61)  gives:

x^t) » (e-t - e*̂)]  (2.9.62)

Inspection of Equations (2.9.62) and (2.9.57) reveals that the 

modulus of the approximate solution x^t) remains below the upper-bound 
function p(t) for all t, as it should be.

2.10 Conclusions and Remarks

The partitioning technique has been used to analyze a certain 

class of nonlinear systems whose dynamic behavior can be represented 

by a nonlinear differential equation. It was found that by placing 

certain restrictions on the linear, nonlinear, and forcing function 

terms, this equation has a unique solution which is the limit of a 
sequence of iterates (x^), each of which together with the system 
output x(t) belongs to an space. The solution was shown to 

remain below some upper-bound function p(t) in the space for 

every t in the period of interest 0 < t < T. The upper-bound 
function P(t) defined by Equation (2.7•5) can be easily calculated 

since it is a linear combination of functions defined by the class 

of system under consideration, and it may be changed by changing the 

system parameters. This method should help the control engineer gain 
insight into the stability and boundedness of the system response, 

and, hence, is a first step t ward solving the problem of synthesis.
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Equation (2.6.8) derived in this chapter, gives an upper bound for 

the error when the actual solution x(t) is approximated by the 

n-th iterate xq in the sense of the mean square. The number of 

iterations n required for a given approximation was shown to 
depend on how the system equation is partitioned and, therefore, 

one can compare, with the help of Equation (2.6.8) different 
partitions in order to have n as small as possible. It should be 

pointed out that since the space is a complete space, the 
solution x(t) is guaranteed to be in the same space of the 

sequence of iterates (j^), a fact which is not true for the case 
studied by A. A. Wolf in Reference 4?. This is because the limiting 

process of a sequence of functions of exponential type may give rise 
to functions of higher order but not of the same exponential type. 

The following example, introduced by A. A. Wolf (47, p.22), 

illustrates this: 

x + x2 = 

xQ(t) = 1 - e 

(2.10.1)

(2.10.2)

Xn+1^^ = (1 - e t) t
/ x^(u) du (2.10.3)

then as n - xr approaches infinity. The resulting limit is clearly 

of higher order and not of exponential type.

In a given domain D, the modified Lipschitz condition defined 
by Equation (2.2.2) is sufficient, but not necessary, for the 

existence of Picard iterates (x^. and the uniqueness of the solution 
x(t). The Lipschitz condition implies continuity of the weighted 

nonlinear function F[t,u,x(t)] with respect to x but not to t or u.
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The physical significance of the condition is that when t and u are 

fixed, the resulting function F(x) has bounded difference quotients; 

the bound is given by the function K(t,u) defined in this 
chapter (29, P*38).  If the domain D is convex (that is, D contains 

the line segments connecting any two points in D), then an 

application of the mean-value theorem of differential calculus will 

show that the existence and boundedness of the partial derivatives 
of F(t,u,x), with respect to (x) in the given domain, are sufficient 

for F(t,u,x) to satisfy the Lipschitz condition (8, p.^U). This 

means that the rate of change of the weighted nonlinear function 

should not be rapid. Nonlinearities with sharp breaks would not 

satisfy the Lipschitz condition and should be avoided, but since they 

are not too likely to occur in nature, the given theory can be applied 
to a broad class of physical systems (4?, p.191).

Although uniqueness does not always imply the convergence of 

successive approximations, the restrictions placed on the theorems 

given in this chapter are sufficient to assure convergence (8). 
(Examples of convergence are given in Appendix E.)

The conversion of the system differential Equation (2.1.3) into 

the equivalent integral Equation (2.2.22) proves an interesting 

relation between circuit configuration and feedback-system 

configuration. Equation (2.1.3) is composed of both a linear and 

nonlinear set of terms and a forcing function; therefore, it can 

represent the electric circuit of Figure 2.9. The Integral Equation 
(2.2.22) can represent the feedback system of Figure 2.10 which has 

the same output as the current flowing in the circuit of Figure 2.9. 

This establishes a relation between circuits and feedback systems.
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g(t)

x(t)

Linear 
Element nonlinear 

Element

Figure 2.9 Electric Circuit Configuration of Equation (2.1.3)

Input g(t)

H[x(t)l

L(D,t)

»(x)
x(t)

x(t) ■ output

Figure 2.10 A Feedback System Representation of the 
Nonlinear Integral Equation (2.2.22)
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The class of forcing functions g(t) allowed in this work is 
defined completely by condition (2.2.2). This condition states that 

the forcing function should be such that when applied to a linear 

system consisting of the linear terms L(D,t) (defined by Equation 
(2.1.4) and shown in Figure 2.11) the energy associated with the 

response xq of the linear system should be finite1. This condition 
includes many physical systems of interest. By an application of the 

Schwarz inequality to Equation (2.1.6), It can be shown that 

l*oll<  Il «I fo Ml (a.10.10

l.e., condition (2.2.2) can be satisfied by choosing functions g(t) 
and W(t,u) that have bounded norms.

g(t) # L(D,t) *o(0

Figure 2.11 A Linear System Representation of Equation (2.1.4)

„ Reference 25, page 123, for the following definition:
For an arbitrary real valued function of time x(t), ve call the 
quantity x(t) the instantaneous power associated with x(t). Die 
total energy associated with this function is the integral 
/x(t)*dt  when this integral exists."
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Finally, it is worthwhile to note that the method of analysis 

presented in this chapter is best suited for handling nonlinear 

systems with parameters, because it gives control engineers an 

easy and flexible means for choosing parameters that will satisfy 

certain requirements in operation during a specified time. This 

is clearly shown in example three and will be elaborated upon in 

the following chapter.



CHAPTES III

STABILITY ANALYSIS

30 Abstract

This chapter discusses the use of the partitioning technique 
and the state-variable technique to stidy a class of control systems 

whose behavior can be represented by Equation (2.1.3). Placing 

suitable restrictions on the system equation revealed that the 
state variables (v^ v^ ..., v^), which represent the statp of the 

system in the phase space, belong to an Lg space. These 

restrictions include those presented in Chapter 11 as sufficient, 

but not necessary, for the existence and uniqueness of the system’s 

response. Two definitions of the norm of the state of the system 
were used to study asymptotic stability in the Lyapunov sense. 
This method is useful for an analysis of the system trajectory at 

any time t in the period of interest. An expression for the 

upper-bound state is calculated, and an example is included to 
illustrate the method presented.

3.1 System Restrictions

The same notations, definitions, and system description 
introduced In Chapter 11 are followed in the present analysis. 

The system must satisfy a number of mathematical restrictions which 

define the class of admissible systems under consideration. These 

restrictions are:

76



77

(1) x^m\t) belong to an Lg space over an Interval [o,T], 

and are assumed bounded.
m - 0,1,...,(n-l), where n is the order of the highest 

derivative of the linear part of the system equation.
(m) = the mth order derivative with respect to the •

independent variable t. , (3.1.1)
(2) In a given region D; [|x| < d(t), 0 < u < t < T], 

F^Cty^x)1 satisfies the following two conditions:

(a) F^lt, u,x(u)] satisfies the modified Lipschitz 

condition; namely, if the two triples (t,u,z^) and 
(t,u,Zg) are in D, then

|/®\t,u,z1) - F^(t,u,z2)| < ^(t,u,)|z^-z2|

(3.1.2) 
where (K^(t,u)] are Lg[o,T], that is

/ du 5
T (3.1.3)

/ dt < Am

(b) / F^[t,u,xo(u)J du < nm(t) (3.1.4)

where n^(t) are bounded and belong to Lg(o,T), 

that is, 
T
I "mW 5 (3.1.5)

and, a. before, F Is a function of 
dt

x only, and not x, etc.
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where (m) and m are as defined above 

and C® are finite positive numbers

T is the period of interest (0 < T < + •) 
The functions o£(t), n^(t) are continuous 

and bounded over [o,T]
(3) Condition ( 2.2.8) of Chapter 11 is still required, that 

is, 
q(t) < d(t)

|x0(t)| <a(t) (3.1.6)

where xQ(t) and q(t) are as defined by Equations (2.1.6) 

and (2.2.7)•

(U) The time-varying parameters a^t) and |n(x,t)-g(t)| are 

bounded over [o,T]. (3.1.7)

It should be noted that when m = 0, the set of restrictions . 
(3.1.1) through (3.1.7) includes the set of restrictions, defined in 

Section 2.2. These restrictions, that is, those in which m = 0, were 

shown to be sufficient for the existence and uniqueness of the solution 
x(t), which is the limit of a sequence of iterates (xn(t)) 

belonging to the Lg space, and given by the following equation: 

t
Xn+1 = F[t,u,x^(u)] du (3.1.8)

o
(n=0,1,2,•••)

3.2 The State-Variable Representation

Consider the system described by Equation (2.1.3) under the 

restrictions placed on it by Equations (3.1.1) through (3.1.4), and 

let:



dt 2

dx^ 
dt^ n

These equations become

*1 

dt v2

dV2 

dt t3 (3.2.2)

Vg, • • . ,V^

2 n

% 

dt

where
= i^(x,t) = g-n (3.2.3)

V1 " ^-l^) V2* ' ' ï n 2 n

can be put into the following matrix equation form:Equation (2.1.3)

0

V.

V,
d 
dt

-%(t) N1

(3.2.4)

0
0

1

2

n

0
0

0

Again, Equation (3.2.4) can be 
(3.2.6) as follows:

represented by Equations (3.2.5) and

3% [V] = t a( t) ] [7] ♦ I nJ (3.2.5)

(3.2.6)
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where

(1) v is a vector made up of the state variables (v^Vg,... #vn)> 

and can be used to represent the state of the system in the phase 

space, in which each succeeding axis represents the rate of change of 
the quantity measured along the one preceding it.

(2) f is a column vector made up of the functions (f,,f„,...,f ), 
1  2 n'* *

as defined by Equation (3.2.2).
(3) [A(t)] is an n by n matrix, as defined by Equation (3.2.4).

3-3 The Properties of the State Variables (v^Vg,... ,v^)
of the Class of Systems Under Consideration (Theorem E)

Theorem E will summarize some of the properties of the state 

variables which are of interest in this study: 

Theorem E
Under the restrictions (given by Equations (3.1.1) through (3.1.7)) 

placed on the linear, nonlinear, and forcing function terms, the state 
variables v^(t) belong to I^[o,T], and are bounded by corresponding 

arbitrary Lg[o,T] functions ^(t). Since l^(t,v^) | and |a±(t) |, 

which were defined before, are assumed bounded over the interval 
(o,T), then the state variables v (t) are uniformly continuous1 over 

the same interval (o,T). In particular, if T = * », then it follows 

that
Lim v (t) = 0 (1-1,2,...,n). 
t - «

Proof

Hie following two lemmas are needed to prove the theorem:

^See Appendix H for the definitions of uniform continuity.
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Leuna One1

If a function f( t) has a bounded derivative on any interval 
(finite or infinite), then f(t) is uniformly continuous over the 

sane interval.
Lemma Two (50, p.86)^

if a function f(t) is uniformly continuous over the interval 

[°>*b  *nd  if / f*(t)  dt is finite, then it follows that
oLim f(t) ■ 0. 

t -• *

RecaH from Equation (2.2.22) that the state variable v^t) - x(t) 

can be given by 
t hx(t) - v^(t) - xQ(t) - / F[t,u,v^(u)] du (3.3.1)

and that 
d t t .
at 1 du - 8(t,t) + / g(t,u) dt (3.3.2)

o o

Upon differentiating Equation (5.J.I) and using Equation (5.5.2), the 

following equation is obtained:

a, a , t ,it " ~it— * at xo(t) * 'h.tv/t)] - ! ^F[t,u»Yu)]du (3.3.3)

However, since W(t,t) » 0, it follows that

F[t,tv1(t) ) » W(t,t) Nfv^t)) - 0 (3.3.4)

Equation (3*3*3)  can be put in the form:

x^una One can be easily obtained by an application of the law of 
the mean:|<t2) - f(tp| - f(t )|tg-t^| < K|tg-t^|, tx < t*  < tg.

See also Appendix H.
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- v2 - - x^tt) . / /1ht,u,v1(u)J du (3.3.5)

where, as defined before, the superscript (1) denotes the differential 
d •operator , and

F^’tt.u.v^u)) . w(l>(t,u) Mitv/u)) (3.3.6)

From the properties of the impulse response1, it follows that

w(t,t) - . ... - - 0

*("-!>((,t) . 0 <3'3'7)

Usine Equation (3»3«7) and differentiating Equation (3.3.1) % times 

yields :
- / F^kht,u,v1(u)] du (3.3.8)

Equation (3*3*8)  gives all the state variables, v^,Vg,...,v . When 

k = °» 1*  yields the state variable v , which was shown by theorems 

A, B, and C to exist, to be unique, and to belong to an 1^ space.

Now, to prove that all the v^, (1=1,2,...,n) in general belong 
to an 1^ space, it is necessary to define a sequence x^ according 

to the following recurrence relation:

xm*l  ’ £ F^k^t,u,xta(u)] du, (3*3*9)  

where k = 0,1,2,...,n-l

m = 0,1,2,•••
Equation (3.3*9)  can be used as follows to obtain x^k\

1See Appendix C.
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ik) - / T^ht.u.x^u)) du
(3.3.10)

Subtracting Equation (3.3.10) from Equation (3.3.9) and squaring gives

t t
/ K(t,u)= du / [x (u)
o K o ° (3.3.H)

Equation (3.1-3) can be used to put Equation (3.3.11) into the 
following form1:

<4% - - x^tuiF du

But Equation (2.3-12) gives
T g2 a®-2
1 Is «“ < -y-2-° (m-2)!

(3-3-12)

(3.3.13)

Therefore, substituting Equation (3-3-13) into Equation (3.3.12) gives

C2 Am-2

1^7^ (3-3-14)

m » 2,3,...

k = 0,1,...,n-l, n = the order of the system

Equation (3.3.U) shows that all are functions. It can be

easily proved that
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Ik) 1Lin x exists and is given by 
m — - •
Un J» - - v (3.3.15)
DI •

k"O,l,n ■ order of the system.

Therefore, it can be concluded that all the state variables v 
(i“l,2,...,n) belong to an space in the assumed interval of 

interest T (O < t < T).

Using Equation (6.5) of Appendix G, an upper-bound function for 

each of the state variables v^t) can be calculated so that: 

v/t) < P/t) for (i-l,2,...,n) (O < t < T) (3,3.16)

The functions ^(t) satisfying inequality (3-3.16) are given by:

♦ |nlwl(t)| * n|a^(t)| (3.3.17)

where (1) \t), n^_^(t), and _^(t) are functions defined by 

the restrictions placed on the system, and 1=1,2,...,n. (2) m is

a positive constant given by

m ■ Co
Ak 
o (3.3.18)

It is clear from Equation (3.3-17) that the functions ^(t) lie in 

the Lg space, since the right-hand side of Equation (3.3.16) is a 

linear combination of functions. Also, the upper-bound functions 

can be changed as desired since they depend only on known functions 

defined by the system restrictions.

^See Appendix G.
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If the period of Interest T is chosen to be infinite, then from 

the properties of the 1^ spaces, we can conclude : 

OD ..
/ dt < • (1-1,2,...,n). (3.3.19)

It is not necessary for a continuous function which is square 

integrable on the interval [0, + «) to have a zero limit at 
t « + œ1 since in general the limit may not exist. However, by 

considering the matrix Equation (3-2.4), it can easily be shown 
(since the time-varying parameters a^t) and the nonlinear function 

N^t) are assumed bounded) that each of the state variables v (t) 

has a bounded derivative in the interval of interest (assumed 
infinite). Thus temma One shows that v^t) for 1=1,2,... ,n are 

uniformly continuous over the same interval. Now by considering 
Equation (3-3-19), and by applying Lemma Two, it can be concluded 

that:

1 . See Appendix H.

- 0 for 1-1,2,...,n. (3-3.20)

3-^ Stability Considerations

Consider the system described by the vector Equation (3.2.0). 

An equilibrium position vq exists such that all the state derivatives 

dVi
dt 1-1,2,...,n are simultaneously zero. It can easily be seen 
from Equations (3-2.2) that, for the system under consideration the 

origin of the phase space v = (v.^,...,^) = 0 is a position of 

equilibrium if the condition
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■ 0 at v(t) - 0 (3.U.1)

Is satisfied. Thus, under condition (3*4.1)  the solution v • Ô is 

an equilibrium position of Equation (3*2.6)  and its stability is in 

question. With the passage of time, the state vector v whose 

components are v^Vg, • • • »vq traces a curve in the phase space known 
as the system trajectory which describes all possible states of 

the system. Figure 3*1  is a possible trajectory in the n-dimensional 

space. It may be thought of as the projection of a solution of 
the equation, plotted in a space containing the n-space axis and time 

axis, into the state space. This is shown in Figure 3.2.

A simple measure of the departure of one possible state v from 
the equilibrium position v ■ 0 can be obtained from the norm of v 
denoted by || v|| . The norm is defined as a function which assigns 

to every vector v in a linear space a real number denoted by || v|| 
so that (1, p.406);

II v|| is defined for every v in the space 

|| v|| « 0 if and only If v = 0

| v|| > Ô for an v >0 ,
(3*4.2)

II u ♦ v| < | v| ♦ || u| for all u and v

II ® vll " l®l ' I v | for an v, and a is a real constant.

Some commonly used norms are (8, p.l?):

1-1

max

(vp

....

(3*4.3)

(3*4.4)

(3*4.5)
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Figure 3.1 System Trajectory

Solution

Figure 3*2 Projection of a Solution Curve 
(From Reference 12)
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Il v|l " J ••• / ds^.lljds^ (3-4-6)

where R is a fixed region of the ...,sy space, and |v| denotes the 

modulus of the vector v in the usual way. It can be shown that the 
norms, as defined by Equation (3*4.3)  through (3.4.6), satisfy the 

conditions for the norm as stated under definition (3.4.2). Thus, 

it can be said that for the system under consideration an output 
state û is greater than an output state v if and only if fû|| > || v|| . 

If a system is perturbed slightly from its equilibrium state 

at the origin, it is desirable in many applications to have all 

subsequent motions remain in a correspondingly small neighborhood about 

the origin. This is shown dlagramatically in Figure 3.3 and means 

that the system under consideration is stable. However, in order to 

investigate stability it is necessary to define precisely the concept

of stability to be applied.

v(t)

o
O e

an upper bound state 
system trajectory 
initial state 
equilibrium state

Figure 3.3 Geometric Definition of Stability
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Definition of Stability (7,12,14) .

•Hie equilibrium position 7 - 0 is called stable in the sense of 
lyapunov if, for every € > 0, there exists a 6(<) > 0 bo that 
|| V(t)|| < € whenever Ro)| <6 for all t > 0. In other words, the 

equilibrium position v - Ô is stable if the initial magnitude of 

the norm of the state vector is small enough so that || 7J can be 

made to remain below an arbitrary upper bound. If v(t) approaches 

zero as t approaches infinity, that is, if the 
Lim v (t) = 0 (1-1,2,...,n), 
t ■*  —
the equilibrium position is called asymptotically stable. If 6 le 

Independent of the choice of the initial time, then it follows that 

the system is uniformly asymptotically stable.

It is necessary to confine the application of this definition of 

stability to those cases which satisfy the definitions of the norm 
||v|| given uy Equations 3.1.2. However, for the purposes of this 

dissertation, there are two reasons which make it desirable to 

study the behavior of the system under the two definitions of the 

norm given by Equations (3-^3) and (3.4.C):
(1) The Euclidean norm defined by Equation (3.4.3) gives the 

magnitude or length of the state vector 7(t) during the 

period of interest.
(2) The norm defined by Equation (3.4.6) ElveB a measure of 

the mean square value of the state vector v(t) during the 

period of interest.
Hence, the two definitions of the norm || v || adopted in this study 

govern the transient behavior of the system under consideration, 
at any particular time t and also on the average during a given
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interval of time; a situation which is of interest to many ays ten

engineers.

low, if the functions (t) for any initial state vQ, satisfy 
conditions (3.1.1) of the restrictions placed on the system, i.e., 
(m)xj '(t) belong to an Lg space, and if conditions (3.1.2) through (3.1.7)

are true, then it can be concluded that:
(1) the system under consideration possesses a unique solution 

existing in a domain to the right of the initial state.
(2) The system trajectory v(t) approaches 5 as the time t

approaches infinity.
(3) file norm || v||, as defined by Equation (3.4.3), is bounded

by an arbitrary upper norm | p(t)| given by:

Il3(t)|| -
n
E (9%t)) (3.4.7)

where pt(t) is as previously defined by Equation (3.3.17).

(M The norm || v| as defined by Equation (3-4.8) (a special
case1 of Equation (3.4.6)), namely

II’ll - 7 l?(t)|: at 1'*  • (3.4.8)

exists and is less than an arbitrary positive number N, 

given by the following equation:

* - 7 lë(t)|e at 
0

(3.4.9)

where

ror the special case, 
0 < t < •. V = 1, s * t, and R = the interval
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, n 1/2|p(t)| - p®(t) * (3.4.10)

The existence of the two integrals given by Equations 
(3.4.8) and (3.4.9) can easily be seen because both of 

the vector functions v(t) = [v^t),.. ,,vn(t)] and 
= t^(t) » • • ->Pn(t)] are Lg functions, as previously 

proved.
(5) The system trajectory v is uniformly continuous with 

respect to the initial conditions^".

Consequently, the system under consideration is asymptotically 
stable according to the definition of stability given previously. 

For autonomous systems which are free and stationary, asymptotic 

stability implies uniform asymptotic stability. This is not true 

for nonstationary systems which are, in general, the systems studied 

in this dissertation. Unfortunately, in nonstationary systems, 

asymptotic stability alone does not guarantee that bounded inputs 

will give rise to bounded outputs; uniform asymptotic stability is 

needed. This is indicated by the following example suggested by 

Kalman and Betram (14): Consider the nonstationary system 

as + % = s(t) 0 > to > t (3.4.11)

(For values of tQ below 0, this equation has finite escape time 

and does not define a dynamic system.) The impulse response of this 

system is given by 
^'V’t2 t > t^ > 0 (3.4.12)

^This statement is deduced from arguments presented in Section 2.8.
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Evidently, the system is asymptotically stable. However, the unit 

step response of this system, which corresponds to a zero state at 

some time t > 0, is given by
t

x(t) « / w(t,i) dv = (t-ge /et (3.4.13)

which tends to * with tZ

-3-5 An Example Calculation; The Analysis of a Second 
Order Nonlinear Control System 

Consider the system Equations;

dvl
ar = ° + ^2 = ^(vpvt),

% (3.5.:
ar • K21v1 ♦ ♦ K2H(t)n(v1,v2) = f£(tvv2,t),

and at t = 0, v^ = 1, v^ = 0

where K^^t) is a time-varying parameter 

Kæ, are constant parameters

v! and v2 "e the state variables that represent the state of 

the system in the phase plane at any instant of time
N(vi,vg) is a nonlinear term

at t « 0, v1 = 1, v2 = 0
Combining Equations (3-5.1) by eliminating v£ gives;

Equation (3.5.2) is equivalent to Equation (3-5-3);
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where

Again, consider the nonlinear control system shown in Figure 3.4.

Figure 3*4 A Second-Order Nonlinear Control System

where ■ r(t) - c(t) is the actuating error signal

r = the reference input
c(t) ■ the controlled variable

■ constant gains
J ■ the load moment of inertia

B ■ the viscous friction
N^) ■ a nonlinear element

■ a deterministic, multiplicative input disturbance 
that is external and time-varying
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The system shown in Figure 3.4 can be described as follows:

J aw + (B ♦ VbWt) + KaKc=(t) - Ka^(t) n(v1) 

Recall that:

Vy - r(t) . c(t)

- »(t) - 6(t)

Vx . r(t) - c(t)

Equation (3*5.4)  elves

J ^(t) ♦ (B » KaKb) v^t) + KaKc v/t) * KaK.;1(t) n^)

' J KU + (3 + %) r » r '

To study the homogeneous differential equation of the system 
(3.5.6), let r(t) = 0. This gives: 
v/t) *0^0  *i(t)  ■

Hie homogeneous Equation (3-5.7) of the second-order control 

system shown in Figure 3-4 is identical to Equations (3-5.1) 

their equivalent Equation (3.5.3) if;

(3.5.4)

(3-5-5)

(3-5.6) 

Equation

0
(3.5.7)

or

= -«21*12 (3-5.S)
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Equations (3 5.8) relate the parameters K^, K^, and of 

Equations (35.1) to the parameters B, K&, Kc, and J of the 

control system• This means that changing the set of parameters 
in Equations (35.1) 1c equivalent to changing the control system 

parameters; the converse is also true. From E nations (3.5.1) it 

can be seen that, if

«(v^Vg) . 0 (3.5.9)

at v1 = v^ = 0, then the origin of the phase space will be an 
dv dv

equilibrium position at which and will be simultaneously 

zero for all t.

Let the functions of interest for Nfv^Vg) and ^(t), be:

N(vvv2) = v^
^«> ■ °'””

where a is any arbitrary constant, yet to be determined. Now, the 

problem at hand is: Given a nonlinear function ^Kv^Vg) and the 
specific form of Kg^t) for the control system shown in Figure 3.4, 

choose the parameters K^, K^, 1^ and a so that:
(1) The actuating error signal v^ and the rate of changeof  

signal v^ belong to an Lg space in the interval 0 < t < ».

*

(2) Given two specific numbers and Hg, the system satisfies 

the following requirements :
(a) / v®(t) dt < H®

(b) 7 dt < H  <3'5*
o d
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nils means that the unknown parameters are required to keep the 

integrated square error (vjt)] and the integrated square rate of 

change of the error (^(t)) below certain specified levels.
Equations (3.5.11) also require that the state variables and 

v2 " *1  should finally reach the equilibrium position at the origin 

of the phase plane, shown in Figures 3.5a and 3.5b.

Figure 3 5»

Figure 3.5b

Figures 3.5a and 3.5b Required System Characteristics
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To solve the problem it is sufficient to choose the required 

parameters so that the system under consideration satisfies the 
restrictions already studied. Now, xQ(t) is the solution of the 

linear Equation:

B+K K KK
v,(t) + —♦ (t) » , V (t) - 0 (3.5.12)
x J * J *

with the initial conditions: t = 0, x =1, and x *0.  o o
Therefore xQ(t) and x^\t) are of the form:

= (-mge™1

nut2 ) (3.5.13)

where nu and nu are the roots of the characteristic Equation (35.12), 

as follows:

B + K K (B + K K )2 K K 
m ---------— + ------—------— (1=1 and 2) (3-5.14)
1 2J 4j2 J

Also, W(t,u) is the solution of the following equation:

B + KK K K
'▼^(t) + ——— v-(t) +----  v (t) = 6(t, u) (3.515)

J J J"
with the initial conditions that at t = u, w(t, t) = 0, W^\t,t) = 1

where ô(t-u) is the unit impulse applied at t = u. Therefore,

W(t,u) = W(t-u) e2 h(t-u)

where m^, are as defined before, and h(t) is the unit step 

function. The weighted nonlinear function F[t,u,x(t)] can

(3.5.16)



now be given:

F^u^)
" "i^ M1-")] «eau 
e - e e (3.5.17)

‘a
”3

where

(3.5.18)

Also,

e^ v^ (3.5.19)

Both F(t,u,v1) and satisfy the Lipschitz condition in

the domain D - [|x| < 1 (0 < u < t < •)], since

|F(t, u,x1) - F(t, u,x2)| < ^t -(mg-2a)u

(3.5.20)

^(t) -(m-2a)u 
: e

m2(t) -(mg-2a)u 
! C (3-5.21)

Therefore, from.Equations (3-5-20) and (3.5.21), we have:

Ko(t,u)
n^t -(m+2a)u m^t -(nu-2a)u" 
e e - e e (3.5.22)

(3.5.23)
m t -(m -2a)u 
e e

Also, applying Equations (3.1.4) of the restrictions gives:
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and

e

02 e
• (m^+n^+2a)t mt

!oue

(3-5.24)

- %i e

2t 5 2 nv,e e^au
o

2(nLw)t 2(^^)t (m.-HJu+a)t . m,t i 
' cne * cue + c^e »'u'

(3.5.25)
where:

C01

(3-5.26)

”3
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^14 * ®1 C04

(3-5.26)

C15 * C05

Applying condition (3*1.3)  of the restrictions gives:

og(t) - / K®(t,u) du 
o

and

where

that 
4°

<3.5.27)

(3.5.28)

(3.5.29)
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<1 . ■ " ' ■ + ———— ——————
8(^4») S(a^-ea)

dn " % doi

^3 ‘ d03

^--±5___ 1— + -I- . %.
(■^-e^)8 2(11^-80) 2(n^4a) «^«w^-Sa

1In evaluating these integrals, it was assumed that m., nu, and 
Ct are negative numbers. Use was made of the fact that (a+o+e+a+e)£ 
U(a8tb8tc8+2d8+2e8).

(3-5.29)

An examination of the functions x^Ct), ^(t) and a^t) for 

1 ■ 0 and 1 reveals that these functions belong to an space 
(in 0 < t < *),  if the values of and a (hence, the system

parameters) are properly chosen. These functions are also 

uniformly continuous and, if they belong to space in the infinite 

interval, they will have zero limits at t = * *.
In order to evaluate the two integrals in Equations (3.5.11), 

one has to make use of Equations (3*3.17)  and (3-3.16) to evaluate
the two numbers A and C as follows1: 

o o

Aq • J d?(t) dt (3.5.30)
o



102

/ »*(t)  dt 
o °

01 C®
(3.5.31)

Further, if the two integrated square error values and 1^ given 
by Equation (3.5.11) are specified as

= 12 and « 32 

then it can be shown that the following set of parameters satisfies 

the requirements :

B - K - 2 c

a - 1.5

The parameters of Equation (3 *5•32)  correspond to ;

= -1, nt, ■ -2, m_ = 1, and a = -1.5.

In terms of Equation (3•5•8), this also corresponds to :

*12 * +1

^”3

^1 * +2-

(3.5.32)

(3.5.33)

using the set of parameters derived in the previous analysis, the 
Runge-Kutta method, and a digital computer, the system was analyzed 

numerically. The values of v^t) and v^(t) for different time 

intervals are shown in Table III and are plotted in Figure 3.6.
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The phase-plane behavior of the system is shown in Figure 3,7.

Notice that this type of analysis in which the interval of interest 

is infinite is not suitable for digital computation from a 

practical point of view. However, in the example "hosen the values 
^(t) and Vg(t) happened to decay very quickly with time so 

that beyond a certain time interval the response functions v^t) 
and Vg(t) were considered approximately equal to zero.

Figure 3.7 phase Plane Trajectory of the Second 
Order Nonlinear Control System
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3*6  Conclusions and Remarks

The partitioning technique and the state variable approach 

have been used to analyze and study a system whose dynamic behavior 

can be represented by a nonlinear differential equation containing 

some linear terms, some nonlinear terms, and a forcing function 
term. Chapter 11 proved that this system possesses a unique 

solution which belongs to an space, and Chapter III proved 

that under suitable restrictions all the state variables y , Vg, 

..., v^ belong to an space. Sy studying the definitions of 
asymptotic stability in the sense of Lyapunov, the system, as 

restricted, was found to satisfy the definition. Hence, the 

restrictions placed on the system are sufficient, not only to 

prove uniqueness of a solution which belongs to Lg space, but 
also to produce asymptotically stable systems in the sense of 
Lyapunov. Further, by selecting two different definitions of 

the norm, it was possible to study the behavior of the system 

trajectory at any time t and on the average during the interval 

of interest. Studying the average behavior of the system 

trajectory is not usually désirable because in many applications, 

although the average value of the system trajectory cannot exceed 

a certain specified value, the actual system response may have an 
undesirable shape as shown in Figure 3.8. Therefore, an expression 

is obtained for an upper-bound state vector within which the 

system always remains during operation. This upper-bound state 

vector is found to depend only on the system restrictions;
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Actual System trajectory

Average Value

t T

v(t)

Figure 3.8 Actual and Average System Behavior

hence, it can be changed to suit a specific application. An 

example was given to illustrate the method presented. The author 

believes that the analysis presented herein should help system 

engineers to analyze or synthesize systems containing nonlinear 

characteristics.



CHAPTER IV

EXTENSION OF THE ANALYSIS TO MULTILOOP SYSTEMS

4.0 Abstract ’ .

This chapter extends the analysis to multiloop nonlinear 

systems whose dynamic performance can be represented by n- 

simultaneous nonlinear differential equations with time-varying 

coefficients. The procedures are similar to those used in the 

analysis presented in Chapter III. The new admissible class of 

systems is defined by placing suitable restrictions on the 

linear, nonlinear, and forcing function terms. These restrictions 

are found to be sufficient, but not necessary, to produce unique 

and stable multiple outputs all of which belong to an 1^ space in 

the interval of interest. The multiple outputs are t:iven as the 

limit in the mean and, in the ordinary sense, of a sequence of 

functions in the space.

4.1 Introduction

Thusfar we have analyzed a class of systems whose behavior 
is described by a single equation (Equation 2.1.3). That equation 

can be considered the canonical form for nonlinear systems since 

any such system can be described by an equation of that type. 

However, there are situations in which:

106
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(1) The system équation will not reduce easily to the canonic 

form.
(2) A system contains coupling between different subsystems.

(3) A system has more than one input (a multiple-input system). 

The input may be desired or undesired, for example, noise 

within the system would be undesired; the noise should be 

a known function of time.
(^) A system has more than one desirable output (a multiple- 

output system).

4.2 System Description and Definitions

It is of interest to control engineers to extend the analysis 

to include the situations cited. Therefore it is necessary to 

consider the general case of n simultaneous nonlinear differential 

equations of the following form:

^(Dvtlx^t) + L^(D,t)x^(t) + ... +

^ln^^n^ + Nln(x(t)) = g^t)

^(D,t)x^(t) + N^x^t)) + L22(D,t)x2(t) + ... +
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where L^(D,t) are the linear operators with time-varying coefficients: 

2, • • • ; n 

2, • • •j n 

nonlinear operators 

2 ) • • • j n 

2 j j n • 
x^(t), Xg(t), ..., xn(t) are the system output 

g^(t), gg(t), ^(t) are the system input

1-1, 

k ■ 1, 

are the

1 - 1, 

k • 1,

put in the matrix form:

x3 Hi

.nl

21

Equation (4.2.1) can be

11 N21'ln^D,t

&xn%M
(4.2.2) 

Further, Equations (4.2.2) can be put in the following compact form: 

(L(D,t)] x] + [N] x] = g] (4.2.3)

where, as defined in Equations (4.2.2), [L(D,t] is a square matrix of 

the linear operators, [n] is a square matrix containing the nonlinear 

operators, and x] and g) are two column matrices for the output 

variables (x^ and the deterministic input functions g^; the 

independent variable is the time t. If there is only one input 
g(t) and one output x(t), Equation (4.2.3) reduces to the special 

and simpler case analyzed in Chapters 2 and 3« Here, however, we 

are interested in studying the behavior of the complex system — 

represented by the matrix Equation (4.2.3) — when some specified
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constraints are placed on each
‘«p for k : i: :::: :

of the elements (L^), (F^), and 

a systematic manner. The author

believes that this will help solve problems of synthesis of 

complicated systems when deterministic inputs are assumed.

To simplify the analysis, the case of two simultaneous 
differential equations will be considered. (The generalization 

of the results to systems of n simultaneous equations should follow 

easily from these arguments.):

L11(D,t)x1(t) + N11(x1) + L^(D,t)xg + M^Xg) - 61(t)
(U.2.M

Lg/D,t)x/t) + Ng^xJ + I^2(D,t)x2 + N22(xg) = ^(t)

The following ei^t definitions use the same notations presented 
in Section 2.1:

(1) W^(t,u) = the impulse response of the linear term ^(D,t)

(2) W2g(t,u) = the impulse response of the linear term I^g(D,t)

(3) F^t.u.xp "l/xp, and a function

of x1 only

(^) F2g(t,u,Xg) = W^(t,u) [1^2(0,t)xg + N^2(xg)], and N^g(xg) 

is a function of x^ only

) Fgg(t,u,Xg) * Wgg(t,u) Ngg(xg), and Ngg(xg) is a function 

of Xg only
(6) F21(t,u,x1) = W22(t,u) [l^1(D,t)x1 + Ng1(x1)], and Ng^) 

is a function of x^ only
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(?) x^O 18 solution of the linear equation L^D, t)x1Q ■ g^(t) 

having the same initial conditions as x^t), that is 
x1Q(t) = / W11(t,u)g1(u)du + terms due to initial conditions 

o
(8) XgO 18 the solution of the linear equation ■ g^t)

having the same initial conditions as xo(t), that is 
t *

Xgo(t) = / Wgg(t,u)gg(u)du + terms due to initial conditions 
o

By applying the partitioning technique to Equations (4.2.4) in such 

a way that only the linear operators and Lgg remain to the 

left-hand side of these equations, and then by making use of the 
above definitions, Equations (4.2.4) can be transformed into 

the following equations in integral form:

t t%l(t) = ^(t) - / F11(t,u,x1(u))du - J F^g(t,u,Xg(u))du

t t (4.2.6)
Xg(t) - x20(t) - / F21(t,u,x1(u))du - J Fgg(t,u,Xg(u))du ' 

O o

The relation between circuit configurations and feedback system 

configurations for the single degree-of-freedom case has been 

investigated. Similarly, the n simultaneous nonlinear differential 

equations can be interpreted as representative of an n-terminal 
pair (n-port) network, and the equivalent integral equations as 

representative of a multiloop nonlinear system. To illustrate the 

latter, consider the system which has two inputs, g^(t) and gg(t), 
and two outputs, x^t) and xg(t). The differential equations which 

govern these f notions are given by Equations (4.2.4) and can be 

shown to represent the electric circuit of Figure 4.1.



Figure 4.1 A 2-Terminal Mr, Electric Circuit Representation 
of the Differential Equations (4.2.4)

Te
rm

in
al

 M
r (

2)

The circuit shown in Figure 4.1 has the following equivalences:
(1) EiW and gg(t) represent input voltages at termimls (1) and (2)

(2) x^t) and Xg(t) represent electric current at terminals (1) 

and (2)

(3) [L^D,!)^ + represents the voltage drop on the linear

and nonlinear elements of loop (1) due to the flow of current

(4) [Lgg(D, t)g   ^(x^)) represents the voltage drop on the Umar 

and nonlinear elements of loop (2) due to the flow of current 
(Xgto) •

* *

(5) (\g(D,t)xg + ^(xg)] represents, in a general sense, a voltage 

source in loop (1) that depends only on the current x-
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(&) ^^(^ t)x^ + ^21^1  represents, in the same way, a voltage 

source in loop (2) which depends only on the current (x^)

*

The integral Equations (4.2.6) can be shown to .represent the 

multiloop nonlinear feedback systems of Figure 4.2 or the 

equivalent conjugate system of Figure 4.3. The difference between 
Figures 4.2 and 4.3 arises from the difference between the elements 

in the two minor loops. in Figure 4.3, the linear time-varying 

elements of the minor loops, described by W^t, u) and Wgg(t,u) 
in Figure 4.2, are replaced by the inverse of the nonlinear 

elements and and are given the names and 

respectively. Similarly, the linear operators and in 
Figure 4.3 replace the nonlinear elements and H22 of Figure 4.2.

When the linear elements are time invariant, the following 

are trie:
relations

wn(t) = L’1 , a+J* ^ds (4.2.7)

, a+J* .
----  / Yggfs)
"" .-J.

w22(t) (4.2.8)

where L is the inverse Laplace transform operator and Y^(s) and 
¥22(s) are the linear system transfer functions. .

Equations similar to (4.2.7) and (4.2.8) can be derived for 

time-varying linear elements in terms of the system function (48,49). 

The system function of a time-varying system is defined as the
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function Y(s,t) so that Y(s,t) e represents the steady-state 

response of the system to the input g(t) = cGt. References 48 

and 49 show that Y(s, t) and W(t, u) are related to each other by the 

relations

Y(s,t) - / W(t,u) e-C^du (U.2w9)

and
1 o+J« ?. \W(t,u) = --- / Y(s,t) es' -u'ds ' (4.2.10)
M a-J,

The salient characteristic of Y(s,t) is that the response x(t) to 
any input g^t) may be expressed in terms of Y(s,t) and g(t) 

through the relation

x(t) = L [Y(s,t) g(s)] (4.2.11)

where G(s) is the Laplace transform of g(t) and, as before, L* 1 

represents the inverse Laplace transformation. In evaluating the 

inverse Laplace transform of Y(s,t) G(s), t should be treated as 

if it were a constant parameter.

k'3 Restrictions and the System Analysis (Theorems F

In this section, the new admissible class of systems is defined 

by placing suitable restrictions on the linear, nonlinear, and forcing 
function terms of the system equations. The physical meanings and 

the limitations in applications given in Section 2.2 apply here.

In Reference 49, L. A. Zadeb demonstrates that Y(Jus,t) is the 
steady-state solution of the differential equation 
L(D+Jh;t) Y(j<q,t) = 1.
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In particular, the remarks about problems involving the infinite 

interval of time are assumed to be understood by the reader. To 

simplify the analysis, the weighted nonlinear functions F^ and

Fgi are assumed to be functions of x^ alone, and Fgg and are 

assumed to be functions of x^ alone. However, this is not a serious 

restriction because the systems analyzed here are the same as those 
given in Figures 4.2 and 4.3. The only exception is that the linear 

branches Lg^ and L^g are omitted. Now the following three 

mathematical restrictions are required:
(1) x1Q(t) e Lg[o,t] 0 < T < +  (4.3.1)*

(2) For a given region D; [ |x^| < d1(t), |xg| < dg(t), 0 < u < t < T],

the weighted nonlinear functions (t,u,x^) are assumed to

satisfy these conditions:
(a) If the two triplets (t,u, and (t,u,Zg) are in D; then,

lFik(t,u,Zi) - Flk(t,u,Zg)| <Klk(t,u) Iz^-Zgl (4.3.2)

t
(b) / Fik(t,u,Xko(u)] du < ntk(t) 

o
(4.3.3)

where Klk € Lg(O,T), that is,

/ Sfc(t,u) du < o^k(t) < of(t) 
o

and
T T
/ Q^k(t) dt < f of(t) d(t) < A2 < *
o o __ >

nik - n(t) € Lg[o,T], that is,

T T
/ n2k(t) dt < C^k < / n2(t) dt < C2 < • 
o o

(4.3.4)

(43.5)

and 1 = 1 or 2, and where
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(c) Defining:

t txil(t) = x1Q(t) - J Fn(t,u,x^0(u))du - / F (t,u,3u.(u))du 
O o

^(t) |xu(t)| + C|a(t)| Ê (4.3.6)
uno Vm!

It is required tiiat:

kio(*)l  < *i(t)  

^(t)! < ^(t)

where 1 = 1 or 2

(3) The Lg functions x^t), n^(t), and a(t); the tine-varying 

parameters appearing in the system's equations; and the 
enforced bounds d^t) are continuous and bounded over [o,T].

(4.3.8)
The method of successive approximations will now be used to 

prove theorems which will describe some of the properties of the 

system under consideration. The following inequality will be 

used in the proof of the theorems :
(x + y)2 < 2(x2 + y2) (4.3.9)

Theorem F

Let a set of functions (x10,x11,.. .,xln) and (^x^, •. .,x2n) 

be defined by the following recurrence relations: 

*ln *̂10  " / Fn[t,u,Xi(u)n_i] du - / F^2[t,u,Xg(u)^du

t t (4.3.10a)
X2n “ *20  * / ^l^^^l^n-l^ / F^lt,^^(^J^i^ d.u

where n = 0,1,2,...
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Then, as specified by the restrictions placed on the system (given 
by Equations (4.3.1) through (4.3.8), this set of functions belongs 

to Lg space and is inside the domain D.

Theorem G

Under the restrictions specified by Equations (4.3.1) through 
(4.3.3), both sequences of iterations (^J and (defined by 

Equations (4.3.4)) converge in the mean to the functions 
^(t) and y2(t), respectively. They also converge in the ordinary 

sense to the functions ^(t) and ^(t), respectively. Hence, 

*%(4) = ^(t) ê x^(t) 

and 
♦2(t) = (p2(t) ^x2(t) 

Theorem H

Under the restrictions specified by Equations (4.3.1) through 
(4.3.3), the functions x^t) and x^t) (defined by Equation (4.3.5)) 

are the solutions of the system of simultaneous differential 
Equations (4.2.4) and are the unique solutions for a given initial 

state.

Proof of Theorem F

Let n » I in Equation (4.3.4). This gives:
*l0(u)]du + J F12lt,u,x20(u)]du^ 

t^(ujjdu + / F22[t,u,XgQ(u))duj
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The conditions (4.3.6) of the restrictions show that the elements 
*10^*  *11^)*  Xgo(t), Bn^ *21^^ inside D. However, it must 

be shown by induction that the two sequences (x^) and (xgn) are 

also inside D. Assume that the two elements x^t) and Xgn(t) are 
in D, then *ln+1(t) and ^^(t) are defined and are given by: 

t t*ln+l(*) * *10^) " Fl].(t;U,X].n(u)]du “ / 

t t*2n+l^^ * *20^) ‘ / ^2l^^ ^^(^))du - / ^(t,u,^(u)^du 
o o

(4.3.11)
Finally, it must be shown that xlrH1(t) and ^^(t) are in D. 
Equations (4.3.10c) give: .

ft t g
Ixll(b) - x10(t)]2 = * / F^lt, u,x^q(u) ]du * / ^x^fujldul 

rt t >2(x21(t) - ^(t)]2 c / F21[t,u,x10(u)]du + J F22(t,u,x20(u))dJ

(4.3.12)
Making use of the inequalities (4.3.9) and the system restrictions 
(4.3 4) and (4.3.5) gives;

[xu(t) - x^t)]2 < 4 n2(t) 

(xg/t) - x20(t)]2 < 4 n2(t) (4.3.13)

Equations (4.3.13) give:

T a -S
/ - *10^ “ - ^(t) . ^(1)11= <

T/ (xg^t) - ^(t))2 dt^ Hxg/t) - x^(t)||2<4o2^
(4.3.14)
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Subtracting x^t) from ^^(t), as given in Equations (4.3.10a) 

and (4.3.11), respectively, and then squaring gives:

" hnWl® * Ü <Fu(t,u,xln(u)l - ♦

/ jp1£(t,u,xg„(u)J . F12[t,u,x2n_1(u))

(u)l

F, pl t, U,

Making use of Equations (4.3-3) and (4.3.4) of the restrictions, 
Equations (4.3.15) gives:

< ^(t) / igu) - x^u))*  du .

du (4.3.16a)

By a similar argument, it can be shown that:

/ tgu) - x2n-1(u)]= du +

' *2n-l(")12  du (4.3.16b)

Letting n = 1 in the two equations above and using Equation (4.3.14) 

gives:
[xu(t) - ^(t))» < (2*)®  CWW

- Xgi(t)f < (2=)e cV(t)
• (4.3.17)
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Again, by following,the same argument, it can be shown that 

tx-Jt) . X-Jt))*  < (2s)3 Cfcf(t) / a=(u)du < 4^)3 
o 1 !

lx£3(t) . Xgg(t)]: < (2s)3 cV(t) / a“(u)au < Ie*

Also

i^w ■ : letessn-

In general, it follows that:

(4.3.18)

(4.319)

(4.3.20)

How

(4.3.21)

and

n. _/

n — 0,1,2,. ■ •

Substituting from Equation (4.3*20)  into Equation (4.3.21) gives:

* o(m*e) .m ]
Ix^JtJI < igt)| . Ca(t) E 2—JL < ^(t) 

uno Vm! (

* o(nM2) .m
l^nalWI < I^WI * Ca(t) E 2—1. < d£(t) 

UNO Vm! J

(4.3.22)
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Th**'  *ln+l^)  are in D, and it follows by induction 

* ^b)|| < €

for all n > N. Now, to prove convergence in the ordinary sense, one 

has to show that the infinite scries

that the two sequences (x^t)) and (Xg/t)) are in D for all n. 
Since x1Q(t) and Xg^t) are assumed I^[o,T], Equations (4.3.12) shows 

th**  *ll(t)  nnd.Xg^t) are I^[o,T]. In general, Equation (4.3.20) 

shows that (x^(t)) and (gt)) are I^(o,Th therefore, toe proof 

of the theorem is complete.

Proof of Theorem G

Py the same reasoning used to prove theorem B of Chapter II, 
(Xln) and 1,6 Proved to be two sets of Cauchy sequences 
or fundamental sequences1. Therefore, from the properties of the

space, it can be concluded that there exists two functions
çp^(t) and qp2(t) in the same Lg space in which (x^) 

converge in the mean. In other words,
T -,

Lim J [x (t) - ? (t)]*  dt = 0- 
n -» « o

T
him J [x (t) - 9 (t)]2 dt » 0 
n -» m o * _)

•nd

Equations (4.3.23) show that for every C > 0, there exists a 

natural number N such that :

(4.3.23)

(4.3.24)
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Xll^) * (Xu/t) - *u(t)l + [^(t)

are uniformly convergent. Equations (4.3.20) show that:

(4-3-25)

^In*!^  " xin^ - Ca(t) 2"*̂-].
(n-1)!

(4.3.26)

- gO) < Ca(t) 
(n-1).1

where a(t), C, and A are finite. Using Equations (4.3.26) and 

applying the M test on series (4.3.25), one can easily conclude the 

uniform convergence. From evidence that the nth partial sum of 

the infinite series (4.3.25) are and x^, it can be concluded 

that the two sequences (x^t)) and (x^t)) are convergent.

Let
Lim x (t) 
n -* *
and

Lim x (t) 
n -» <x> 1

(4.3.27)

From the use of H. Weyl’s lemma (Appendix B), it can be concluded 

that

= ^(t)

♦2(t) - q>2(t) (4.3.28)
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Proof of Theorem H
To prove that the limiting functions q^(t) and ^(t) are the 

solutions of the two simultaneous differential Equations (4.2.4), 

one can easily form the following equations:

[x^Ct) - ^(t)]® -

' t t * *\a

See, for example, Reference 30, page 169, theorem (2). If
*ln* V1 and Xin" vl# then < || * || Since the
right-hand side has a zero limit, it follows that ||^-^ = 0 and

" *1* 7116 earns is true for x_ .

' ^(t) " *io  * / r11tt,u,xln_1(u)]du ♦ J F^g[t,u,Xg^(u)]du>
- ° o . J 

[Xg/t) - Vgft)]® -

C t t ^2
~ *20  * F^(t,u,oc^^(u))du + J F2g( t,u,x2n_1(u) ]duk

(4.3.29)
Integrating both sides of Equation (4.3.29) between the limits 0 and 

T, and taking the limits as n one can obtain by making use of 
Equations (4.3.23) the following equations : 

t tv/t) - x10 + Lim / F [t,u,x (u)]du + Lim / F [t,u,îu .(u)]ài - 0 
n •**  o " n-*o  o «n-x

t t
^2 t) " %2o + Lim J F^lt^^^^u) )du + Lim / F22[t,u,x_ (u)]cki - 0 

n-»*  o n-»»o c «n-a
. (4.3.30)

Therefore, ^(t) and q^(t) satisfy the integral Equations (4.2.6) and 

are the solutions of the differential equations.

Uniqueness of the solution is assured since the sequences 
(XJ*)  and (x2n) « however, the proof can be easily demonstrated 

by considering the system's equations themselves :
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* ♦Assume two other solutions and and form the following 

equation:

(<?!-?{)*  - F11(1 »u>^)]du-/t,u,ip2)-F^(t,u,^)jdu|8

* *therefore, « <p^ end (Pg « hence the result.

^^2^ “^fai^’^l^ " Fgi(t,u,q>2)] t,u,(p2)-Fgg(t,u,<p* )]d^

(4.3.31)
Then, apply the Lipschitz condition; this gives

^l^l^ 5 2oF(t) J ♦ (ç2 - Vg)^) du

^2^2^ 5 ^(t) / ((^ - 9X)2 ♦ (9g - 9g)8) du
° —<■

Adding Equations (4.3.32) together gives

(4.3.32)

((9^^)2 + (9g - 9g)] < ^(t) / [9*  . (p^)8 + (9*  - cp2)2] du 

m (4.3.33)
T * *

letting ^(9^ - 9^)2 + (9^ - 9^) ]2 du = s2 gives

t(9*  - 9i)2 + (9g - 9g)2l < ^(t) s2 (4.3.34)

Substituting Equation (4.3.34) into Equation (4.3.33) and repeating 

the procedures n times gives

/ [(9% - 9J8 + (9g - 9g)2) du < -—---- (4.3.35)
° n!
and as n -» « gives

T * *
/ [(9i - 9i)2 + (9^ - 9g)2] du - 0 (4.3.36)
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4.4 Phase Space Representation and Stability Analysis (Theorem I)

Consider the system of simultaneous, nonlinear differential 
Equations (4.2.4). Assume that the order of the highest derivative 

in l^(D, t) is n, and that of Lgg(D,t) is m. Let

The system of Equations (4.2.4) can be transformed to a set of 
(n+m) first-order equations in the following form:

dvl —\
dT = fl^vl*  V V vn+m’

dv2
dFe f2<V V > V ' - VnW V

dv
= ^n-Hn^l' ^2' V vn+m^^ 

(4.4.2)

where (v^), 1*1,2,.. .,n+m, are the state variables which represent 

the state of the system in the phase space. Each member of the 

first n components represents the rate of change of the member 

preceding it. This is also true for the remaining m components.
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The transformation of the system of Equations (4.2.4) to a set 

of first-order differential equations, as given in Equation (4.4.2), 

can be illustrated by an example: Consider the following two 

simultaneous equations :

d8x- dx.
+ + + 4 dt

sin t

^1 . . x. d% dx,
—. . e . —i ♦ gt) — ♦ gt)xg 

(4.4.3)

and let n = 2 and m = 2. Then, let

dt

X2 = V3

dt

Now, Equation (4.4.3) can be put into the following form:

^1 ~'
Z' = r^vy...,^)

a»g— - sln(t) - v= - V1 - au(t) Vg = Uv^...,v^) I

*3 _
at " = f3(vv....v^)

% V,
— . co. t - v3 - a22(t) vu - a21(t) v^Vg - e 1 .

(4.4.4a)
The set of Equations (4.4.4a).can also be represented in the 

following matrix form:
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0

-1

22

(4.4.4b)

where Ng - sin(t) - v| - v® 
vi 

= cos t - e

In order to Investigate stability, as we did for the single 

degree-of-freedom case presented in Chapter III, we confine 

ourselves to the free system, represented by Equation (4.2.4), 
in which g1(t) = g2(t) = 0. We further assume that the origin of 

the phase space for the free system is an equilibrium position of 

uncertain stability. In other words, it is assumed that the function 
(Equation (4.4.2)) for 1=1,2,...,n+m is identically zero at 

v = 5 and for all t > t - 0. In order to study the properties of 

the state variables v^t) of the free system, this system must satisfy 

a set of conditions which are found nut necessary but sufficient and 

suitable for the present analysis. The required system restrictions 
are as follows (some proofs which are similar to those presented in 

Chapter III are omitted here in order to avoid repetition);

(1) e L^Jo, T], and are assumed bounded over the closed 

interval [o,T]

0 < t < 4- (4.4.5)
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where W - the pth derivative of x^(t) with respect to time

t, and

(2) In a given domain D ■ [|xj < djt), |xg(t)| < ^t^ 

0 < u < t < t], the nth derivative with respect to t 
of the weighted nonlinear functions, defined as F^ht,u,Z(u)], 

is required to satisfy the following conditions:
(a) If the two triplets (t, u,z^) and (t,u,z£) are in D, then

< Klk(t,u) |21 z2| (4A.6)
u

(b) / F^C^u^^tJJdu < nn.(t) (4.4.7)

where (t,u) e L2(O,t), that is, 

t
/ K^(t,u)du < o^k (t) < o^(t) € L2(o,T] (4.4.8)

nlk(t) € L2[o,T]

The functions , a^, and n^k arc continuous and bounded 
over [o,T].

i - 1 or 2, k = 1 or 2, as y is as defined above.
(3) Condition (4.3.7) is still req tired, that is,

5 a/t)
1^1)1 < at(t)_

where i = 1 or 2.
(4) The time-varying parameters and the nonlinear functions |N±k(z)| 

are assumed bounded over [o,T]. (4.4.10
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The physical meaning of the above restrictions is understood to be 

the same as in the previous analysis. Now, by differentiating 
Equation (4.2.6) u times and by making use of the above 

restrictions and Equations (4.3.20), one can proceed, in a manner 

similar to that used to prove theorem E, to find the following 

equations:

where of is as defined by Equation (4.4.7) and A2 and C2 are as 

defined by Equations (4.3.4) and (4.3.5), respectively. Equation 
(4.4.10) can be used to show that, for the class of systems defined 

by the above restrictions, the properties of the state variables 

can be summarized as follows:

Theorem I

Under the restrictions stated by Equations (4.4.5) through 
(4.4.10) for the system of two simultaneous, nonlinear differential 

Equations (4.2.4) the following properties of the state variables 
v^(t), 1=1,2,...,n+m, are true:

(1) v^t) e Ljo,T)

(2) vi(t) are bounded by corresponding L£[o,T] functions ^(t),

as given by



132

145

(t)|*l n12 (t)|+m|a (t)|,
-1 ^i-1 r

for i*l|  2, • « • j n

1 (^Îl+Kp (t)|«i|a (t)| 
i-n-1 “1-n-l r

for i=n+l,..n+m '

(4.4.12)
where:

(4.4.13)

and C, A, and ar(t) are as defined before.
(3) v^t) are uniformly continuous over [o,Tl

(4) If T -   ,  then it follows that* * *

Lim v, (t) = 0 
t -*  * 1 (4.4.14)

From theorem I it can be concluded that at any time t for which 

0 < t < T, the following inequality is true:

v1(t) < pf(t), 1=1,2,..., n+m (4.4.15)

where ^(t) are as defined in Equations (4.4.12). But v^t) are 

the limit of sequences (v^ft) ); where id, ...,n+m and n = 1,2, 

which belong to L^[o,T); therefore, we deduce that the norms 
II v^(t)|| are bounded. This can be concluded from the following 

corollary: 
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Corollary: The norme of the elements of a convergent sequence 
in Lg are bounded (30).

However, for the class of system under consideration, the 
upper-bound functions ^(t) can readily give the required upper­

bound norms of the state variables so that:

< || P±(t)| 1-1,2,(4.4.16)

It should be noted however, that where p(t) = (^(t)), the upper­
bound norms | p(t)|| are functions of the initial state

vq = (v1Q) at t = 0 and 1=1,2,...,n*m,  so that an exact definition 

of boundedness can be stated as follows:

Definition (31,p.377):

A motion is said to be bounded for every (vq, t$) if there is 
some constant p(vQ, tQ) so that ]| v(t; vq, tQ)| < p for all t > tQ. 

The motion is equibounded if p(vQ, tQ) < p(r, tQ) for all | vqJ < r.

How, by using the same two definitions of the norms that were 

used in Chapter III:
n+m
E v 
i=i

/ Çe V^(t) dt^

it can be concluded, just as it was for the single degree-of-freedom 

case, that the class of nonlinear systems considered here is 

asymptotically stable.
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4.5 Example Calculations

As an illustration of the method presented in this chapter, 

consider the multiloop system shown in Figure 4.4. In this system 

there is only one input g^t) and two outputs x^t) and xg(t). The 

two minor loops are coupled together by two nonlinear elements, each 
of which is of the form xs. The boxes marked "b" (b > 0) in 

Figure 4.4 represent variable gain amplifiers with amplifier gains 

b. Hie problem is to select the value of the amplifier gains b, so 
that the output x^(t) and Xg(t) of the multiloop system does not 

exceed a certain specified limit during an interval of operation T. 

The system shown in Figure 4.5 is equivalent to that shown in 
Figure 4.4, consequently the analysis will be applicable to either 

system. In addition, one can easily show that Figures 4.4 and 4.5 

are also equivalent to the nonlinear two- terminal pair network of 
Figure 4.6.

Analysis

The system of Figures 4.4 through 4.6 can be represented by 

the following two simultaneous, nonlinear differential equations:

(4.5.1)

Equations (4.5.1) can be partitioned at the linear terms and Xg
as shown below:
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2t

The eight definitions introduced in Section 4.2 are evaluated for 

this particular system as follows :
Wn(t,u) « e"(t-u)

Wgg(t,u) =

^(t) = e-t + b(e"*-  e"2t), [at t=0 ^(o*)  . i]

“ e t^O x^0(o+) = 1]

g-(t-u)

Fl£(t,u,x2(u)] xg(u)

Fg-ft, u,x2(u)] * e x2(u)

Fgj[t, u,x^(u)] t g-(t-u) X2ÇUJ -

If we Choose a domain D,[ I x11 <1, |XJ < b 0 < u < t < U, 

condition (4.3.2) will give:

%ij = e (t u) for or 2 '
for J-l or 2 (4.5.4)

“iJ = = ^-(1 - e~^) = ^(t) (4.5.5)

t _ _ g
AiJ * I ' ¥ <i + V) - (4.5.6)

Thus

Ajj - A c ,53b
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Applying conditions (4.3.3) and (4.3.5) gives: 
t , •n^t) « n^t) = / Fu[t,u,x10(a)]du

= | (1+b + - (l+b)2e~2t + b(1+b)e’3t _ ÿ e-4t

t (4.5.7)
«22 - Vt) " / Fgjt,u,x^(u)]du - | (e^ - e"2t) (4.5.8)

°21 = °11 = / ^(tjdt = (1+b)

1
C22 = Ci2 * / dt = «004b2

o

.432 - (2/3)(l+b)8 + 13^)3

' (4.5.9)

(4.5.10)

Qince for all t, 0 < t < 1, |^(t)| should be less than or equal to 

one, b can be chosen less than one. Thus, b can be chosen to satisfy 
the inequality: 
0 < b < 1.

Take b = 0.5 as a representative value. For this particular value 

of b, it is possible to choose C£ - - .004b2 = .0002 or
C = .014. It also follows that 2A = O.53. A check of inequalities 
(4.3.7) shows that they are satisfied. Now, use Equation (4.4.12) 

and notice that an upper-bound function for x^t) is obtained for 

1-1, and an upper-bound function for x^(t) is obtained for 

i=n+l=2. It can be shown that for the system under consideration 

and in the given interval, the required solutions x^t) and v (t) 

can never exceed the upper-bound functions pjt) and ^(t) as 
given by
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°ll^^ * I "left) I + m|cx^(t)|

I*2^)1  - Pg(t) ■ I^qC^)I + ln£i(t)l ♦ |n2g(t)| * m|o^(t)|
(4.5.11)

where m is given by;
*

m = 4c E 
k*O (4.5.12)

In our case, m = .003 and
< P/t) - 2e-t - e"2t + ,oi (l-e-^)l^ H

r (4.5.13) 
|x2(t)| < P2(t) « e-t + .> (e-t - e'2t) + a (l-e’^/ J 

for - < t < 1.

In order to check the validity of inequalities (4.5.13), it is necessary 

to find the exact sol étions x^t) and x^(t) for the system under 

consideration . The method of analysis used in this chapter readily 
leads to an approximation of the exact sol tiens of the system to any 

degree of accuracy by use of numerical techniques programmed for a 

digital computer. Thus, by substituting from definitions (4.5.3) 

into Equations (4.3.10a), the following recurrent relations can be 

obtained:

Xln+l^ = e + 0'5 (e - e _ 1 / e^ [x^fu) + x^n(u)]du
-t t . °

Xgn+l^) = e * "V e txin(u) - (u)]du

(4.5.14)
Since theorem H proves that the recurrent relations (4.5.14) will 

yield the exact and unique solution as n -» co, the convergence of the
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process is guaranteed. However, by stopping at the nth iteration, 
it is easy to prove tliat the error 6^, in the mean square sense, 

for the given class of multiloop system can, in general, be given 

by the following equation:

where

(4.5.15)

= / (x - xn)2dt (4.5.16)

and C2 and A2 are as defined before. The derivation of Equation

(4.5.15) follows essentially the same procedure iscd to obtain

Equation (2.6.8). Substituting ^or C2 ar^ A2 in Equation (4.5.1?)

gives :

B2 = .00063
n (n-1):

and for n = 1

(4.5.17)

B2 = .00017 (4.5.18)

Thus the solutions can be approximately given by x^t) and x^(t)
as follows:
^(t) 2 x11(t) = x10 - n11(t) - n^(t)

^(t) = ^(t) = XgQ + n21(t) - n^(t) (4.5.19)

Substituting in Equation (4.5.19) gives:

^(t) S x^t) - 0.85 e'1 + 0.318 .-21 . .189 e-3*  + .021

- %(t) - 1.15 e-t - 0.318 e'£t 4 0.189 . 0.021

for 0 < t < 1. (4.5.20)
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Note that the approximate solution (4.5.20) is valid only for the 

finite interval 0 < t < 1. Thus, the problem cannot be worked for 

the infinite interval of time (for the same reasons that apply to 
exainple one, Chapter 11). If an analysis of the problem is required 

for the infinite interval of time, some modifications are necessary. 
For example, ^(t) and d^(t) can be chosen so that d^t) « e and 
^(t) = e 2 , where a^ and a£ are finite positive numbers. This 

has been shown in detail in example three, Chapter II.

4.6 Conclusions and Remarks

The analysis developed in Chapters II and III was extended to 

include systems whose dynamic behavior can be represented by a set 

of simultaneous, nonlinear differential equations that are difficult 

to reduce to the canonic form of a single degree-of-freedom nonlinear 

equation. A class of multiloop systems whose exact analytic solutions 

can be obtained to any degree of accuracy within a prescribed error 

was found to exist. The type of error used to estimate the system 

response was the mean square error, since it was best suited to 
the method of analysis. The mean square error can be used when the 

instantaneous value of the error in the approximate system response 

is not as important as, for example, the value of the integrated 

square error in the interval of interest.

By placing suitable restrictions on the different terms appearing 
in the system equations, it was found tiiat the state variables 
(Vi(t), 1=1,2,...,n+m) of the system belong to an Lg space, and that 

each of these state variables is the limit of a sequence of iterates 

which also oelongs to L£ space. Convergence of these iterates within 
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the given restrictions was satisfied in two cases: (1) the mean and 
(2) the ordinary sense. Note, however, that convergence in the mean of 

a sequence of functions which belong to Lg space does not imply 

convergence in the ordinary sense. The converse is also true. (This 
fact is made clear by examples in Appendix I.) Because the norms of 

a convergent series in Lg are bounded, one can be certain that a 

system which operates within the given conditions will have a response 

which is bounded. If the interval of interest T is taken as infinity, 

and if the system satisfies the given conditions in that interval, the 

system will return to the equiliorium position — assumed to be the 

origin of the phase space — and give rise to asymptotically stable 

systems, in the sense of Lyapunov. As in the case of the single 
degree-of-freedom system analyzed in Chapter III, two definitions 

of the norm of the response functions were used to investigate the 

behavior of the system response at any instant and to estimate on 

the average, the upper-bound functions that belong toi Lg space. 

As a by-product of this work, some interesting relations between 

n-terminal pair circuit configurations and multiloop feedback system 

configurations were developed and fully explained. Also, the output 

responses of the feedback systems were shown to be equivalent to the 

responses of the currents in the circuits. Finally, an example was 

given to illustrate the method of the analysis presented.



CHAPTER V

SYSTEM ANALYSIS BY NUMERICAL TECHNIQUES -

5*0  Abstract

in the previous three chapters an analysis of a class of 
physical nonlinear systems represented by either a single degree- 

of-freedom equation or a set of simultaneous, nonlinear 

differential equations was presented. Attention was focused upon 

the properties of the system response when certain conditions 

were satisfied and upon the problem of how to choose system 

parameters to yield certain requirements. These considerations 

are an important step toward solving problems of synthesis. The 

exact analytical solution for the class of systems under study 

was shown to be obtainable from Picard iterates, and the , convergence 

of these iterates was assured. After a finite number of iterations, 

say N, is obtained from an appropriate formula, then the Nth 

iterate will provide the solution for a predetermined degree of 

accuracy. This chapter discusses the problem of obtaining a 

numerical solution for the class of systems under consideration, 

by using a digital computer to numerically evaluate the 

iterations. This reduces the complexity of a nonlinear system 

calculation almost to that of numerical integration. However, the 

accuracy of the method depends on the accuracy with which the 

superposition integrals appearing in the iterates are evaluated.

144
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Therefore, the problem now is to obtain approximations for Integrals, 

derivatives, and intermediate values (interpolation) of the 
continuous function x(t), at any time t, when given only a table 

of values xQ at discrete stationary points t « t^. This 

necessitates a discussion of interpolation, numerical integration, 

and differentiation. However, discussion here treats only the 

situation in which the spacing h between station points (h - t^- tg) 

is uniform, i.e., h is constant and Independent of s. Although 

there are various methods for solving ordinary differential equations 

numerically, a comprehensive treatment of each is beyond the scope 
of this work. Therefore, only the most pertinent are discussed, and, 

in particular, the fourth order Runge-Kutta method will be used. 

This chapter also discusses theoretical considerations of the 

accuracy of the iterative procedure and a method that has been 
devised for estimating "inherited” errors in terms of truncation 

errors. This, of course, enables one to choose an interval h so 

that a predetermined accuracy" can be maintained.

5.1 Introduction

Ry following Albert A. Bennett's classification (6, Chapter 2, p.65), 

approximate methods of integration of differential equations can be 

separated into two main types:

Type 1

The desired region of definition is assigned in advance or made 

as large as possible. For this region an assumed type of solution 

with infinitely many parameters is progressively ev ived, until a 

satisfactory preassigned degree of agreement is assured. This 
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method Includes, for example, power-series solutions by undetermined 

coefficients, if convergence through the region can be proved or is 

assumed. It also includes the Picard method of successive 

substitutions.

Type 2

An approximate solution, which is usually a polynomial of not 

more than sixth order, is chosen as a form suitable for each interval 

of not too great extent. The parameters in the solution and the 

length of an interval starting at the initial point are chosen so 

that a satisfactory preassigned degree of agreement is assumed in 

this interval; then, this procedure is repeated for each interval 

until the desired preassigned total region in the real axis is 

covered. Such a method can be called a step-by-step method, in 

the restricted sense. The use of quadrature formulas, expressed in 

terms of differences to proceed from one step at t to the next at 

%+l is essentially a type 2 method. The Adam's method, the Milne's 

method, and the Multon's method are all typical examples (27). 

One other interesting method that belongs to type 2 but differs 

from the processes which use quadrature formulas is the 

Runge-Kutta method (13).

This chapter deals principally with the type 1 method: the use 

of iterative procedures for the systematic approximation of the 

partition method used to analyze the class of nonlinear systems 

under study. A comparison with similar methods of analysis 

developed by Pipes (32), Stout (36), and Ku, Wolf, and Dietz (42), 

for the approximate solution of similar nonlinear integral equations 

of the c nvolution type is given. The accuracy of most of the above
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methods depends chiefly on the accuracy of the numerical evaluation 

of certain integrals and derivatives, (a brief discussion of some 

of the problems involved in handling discrete functions is useful 

for this analysis and is presented in Appendix J and, in more 

detail, in References 9, 27, and 34.) Some of the errors that can 

occur in the analysis are truncation errors, round-off errors, and 
discretization errors. Round-off and discretization errors are 

defined and discussed in Section 5-4 and truncation errors are 

defined in Appendix J.

5*2  The Estimation of Truncation Errors by Two Measurements 

It is not always possible for a computer to have an explicit 

formula which gives the value of the truncation error committed 

in the evaluation of a given result. Since truncation errors are 

important in providing tentative preliminary estimates of actual 

error propagation, a fairly simple method is given for the' 
determination of truncation errors and the determination of the 

exact value of a given quantity in the computation. The method is 

applicable to the computation of definite integrals and to other 

computations as well.

The Method

Let a quantity I be approximated by a quantity R^ with a 

truncation error E^ and by a quantity Rg with a truncation error 

Eg, in such a way that:

== * K E1 (5.2.1) 

where K is any given constant number. Then,
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R, - K R, 
l - —------ :

1 - K 

and

(5.2.2)

R2
(5-2.3)

The Proof
The proof of Equations ($.2.2) and (5.2.3) proceeds as follows:

! - Rl + El - R2 * E2 (5.2.4)

Using Equations (5.2.1) and (5.2.4) gives: 

(I - R^) - K(I - Rg)

or
1(1 - K) - RT - K Rg 

which proves Equation (5.2.2). Also,

R. - K R_ - R + K R. R. - R_
Ï-K

which proves Equation (5.2.3).

Equations (5-2.2) and (5.2.3) will now be used to obtain 

information about the truncation errors in the following three cases: 
(1) Application to the Trapezoidal Rule

Let a definite integral I be estimated by the two quantities R
and Rg by the trapezoidal rule using two different values of h in each
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computation. Equation (j-l5) of Appendix J shows that the truncation 

error is of the order of h». Hence equals 1/2 h^ corresponds to 
k - 1A, and, by its substitution into Equations (5.2.2) and (5.2.3) 

gives :

1 - 1/4 3 (5.2.5)

E, -1 4-1 3 (5.2.6)

(2) Application to Simpson’s Rule

Equation (J-15) of Appendix J shows that the truncation error

In Simpson's rule is of the order of ht Therefore, two measurements 
with hg . I hl Give a value of k - 1/16. Sow, substitutl n of this 

value into Equations (5.2.2) and (5.2.3) vlves;

,-"1-^2 16 "1-82

1 - 15 (5.2.7)

- 16 Eg
R1 "«2

16-1 (5.2.8)

Equation (5.2 8) is in agreement with the result obtained in .

Reference 35 (p.175).
(3) Application to the Runge-Kutta Process

The Bunge-Kutta method of the fourth order1 uses the first five 

terms of the Taylor series and, hence, includes an error of the order of h\

' V “ <1 'n f £ X™. 0 (h5)
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If two measurements of the ordinate x1 (as defined in Figure 5.1) are 

obtained, first in one step through an interval hg and second in two 

steps through two intervals, each of length h^, so that hg - 2^, the 

result will be a value of X « . Therefore, substitution of this
value into Equations (5*2.2)  and (5.2.3) give:

i - x1 - ù—EJk 16 \ - Rg

15
(5*2.9)

1 1/K- 1
A
15

(5.2.10)

where R^ and Rg

agrees with the
are the two computed values of Equation (5.2.10) 

result obtained by Ince in Reference %,, Appendix B.
Hits equation was used to solve a nonlinear problem on the digital

computer by means of the Runge-Kutta process, and its use' was helpful
in obtaining satisfactory results as 

checking the computed results during
well as providing a means for

the computation process.
Since the formulas, methods, and definitions usually associated 

with numerical data have now been explained, the remainder of this 

chapter will present the application of these rules to the numerical

solution of problems pertinent to this report.

Figure 5.1» Figure $.lb
Figures 5.1a and 5.lb The Measurement of x^ Through*  (a) Two 

Steps Each of Interval Length h^ and (b) One Single 
Step with Interval Leiyth hg = 2h^
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5*3  The Systematic Approximation to the Partition Method

first, consider the nonlinear system defined by Equation (2.1.3) 

together with the restrictions (2.2.2) through (2.2.9). For this 

class of systems, the solution was shown to be given by the following 

iterative procedure:

Vl<*)  ■ V*)  - / *('. ”) .... u)4u (5.3.1)

where

m ■ 0, 1, 2, ..., p, ...; 0 < t < T.

For a given mean square error q«, the pth iterate was shown to 

approximate the system solution in the mean square sense where the 

value of p, when H is a function of x alone, is obtained by solving 

for m as follows :

and CB and A8 have the meanings explained in Chapter 11.

To calculate the integrand of Equation (5.3.1) for each step of 

iteration, further expressions are needed for x^, xb, ..., and 
where n is the order of the system equation. Therefore, Equation 
(5.3«1) can be replaced by its equivalent relation

■ «b1’**)  - / (5.3.3)

i-o,l, • • •, < n-1

as was shown in Chapter III for a similar equation.
The solution of Equation (2.I.3) requires the evaluation of

Xo and the substitution of these functions in Equation (5.3.3) 
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to obtain a first approximation for the solution and so on 

for further approximations. This process is greatly expedited \y 

using a digital computer. Therefore, the interval in which the 
solution x(t) is desired is divided into continuous disjoint 

subintervals of equal length h. The solution then has the following 
approximate values: x/t), x^(t), x^(t), x^t), etc., for 

t « - kh; which are denoted by x^, x^\ x^, x^\ etc. In
particular, w(t,u) and N(xm, x^\ x^\ ..., t) are defined as 

follows :

W(t,u) - Wk£$, where (o < s < k < 2) (5-3^)

(5.3*5)
Then, for t = t^, Equation (5.3.3) becomes :

t^l^^ " xo1^tk^ ' £ Nm(u)du (5*3*o)

If the superposition integral appearing;: in Equation (5.3.6) is 

approximated by any particular rule of numerical integration (the 

general quadrature formulas are explained in Appendix j), Equation 
(5*3*6)  may be written approximately as follows:

(5-3.7)

where is a constant determined by the particular integration 

rule employed, as is shown in Appendix J by Equations (j-9), (j-10), 
and (J-11) for the special cases of trapezoidal, Simpson’s, and 

Weddle's rules, respectively. For a more convenient representation, 
Equation (5*3*7)  is given in the following matrix form:
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where each term is as defined before.

*(m+l)k Xk 1 Wkl

x(l)
(m+l)k

y(D 
wko

w(l) 
kl

_(n-l) 
(m+l)k

■

x(n-l) 
ok

-h
w(n*l)  
wko

u(n-l) 
kl

Wkk V
W(D 
kk

w(n-l) 
kk Jk

(5.3.6)

Equation (5.3.8) gives the (m+l)th iterate in terms of the
previous and known iterate of order m and gives the functional

values for each discrete value of k, (k-0,1, ,T/h), where T is
the period of interest. For example, the first iteration can be
obtained in terms of the known discrete values xok* & xok
in the following first-order iterative matrix:

be obtained:

xlk)

^(n-1]

a

-ok

1)

•h

Xo 

«kf

Wkl

wd) 
kl

W(n-D
wkl •“

w(l) 
kk

w(n-l) 
kk

—

yl

bk

N n 
00

»ol

Then, from this matrix, a second-order iterative matrix car
r— _ —— ■ -
^k xok Xo Wkl ”• Wkk 1 'yo Nio

w(l) 
ko

W(D 
kl

w(l) 
kk N11

■
a ■ -h 0 • • •• • • 0 -

x(n-l)
L^k j 1) / w(n-l)

_ ko
w(n-l) 
kl

„(n-l) 
kk "1k

1

(5.3.8b)
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and so on, until the pth order matrix which closely approximates 

the required solution to a given degree of accuracy is obtained.
Obviously, the column matrix [x^^ 

'Vand the square matrix
appearing in the right-hand side of Equation (5.3.1) remain the 

same in each iteration.

5-4 The Accuracy of the Approximate Solution

The accuracy of the method described above depends largely on 

the particular method of integration adopted and on the particular 
problem being solved. The errors in the quantities x^\ which are 

the ith derivative of x evaluated at the time tR in the mth 

iteration, are defined by:

'(!,&)„ ' (5.M)

These errors are due to the truncation errors in the approximate 

evaluation of different integrals in the kth step, and the 
”inherited" errors from similar approximations in the previous 

steps. The error defined in Equation (5.4.1) is sometimes called 
the discretization error (9, p.16), a name that was used by 

Crandall. The discretization error describes the actual propagation 

of the error at each discrete time in the calculation. Frequently, 

the discretization error is difficult to evaluate; consequently, 

the truncation error is sometimes used as a crude estimate for the 

discretization error. A qualitative argument (9, p.170) is used 
for its Justification1. Generally, it can be said that at the end

^ee, for example, T. M. Stout (36). 
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of n steps of calculations the total error should be of the order of 
n times the truncation error of a single step (9, p.16?). It is 

known that, for a given fixed total interval, the number of steps 

n is inversely proportional to h • This will reduce the order of 

dependence of the total error at the end of the interval on the size 

of the increment h. The following example illustrates this: 

Assume the use of the simplest form of Euler methods to obtain 
the numerical integration of the first-order differential equation

* = f(x,t). For a given reasonable value of h, we have;

X _ e X + hS) ♦ O(lf) (5.4.2)
n+1 n = nh

where 0(he) means that the added terms are of the order of hE. From

Equation ($.4.2) it can be seen that the truncation error in each
T step of the calculation is of the order of h2. At the end of

1. . ... T The total interval of interest Actually, n = = - - —..

subintervals, the error will be
T-©'’""’'® 

which is of the order of h only. An exact estimate of the - 
discretization error Cn was found to be (9# p.168)::

avg

where p =

Examination of this equation shows that if the value of hp is small, 

the discretization error is proportional to h, and this agrees 

The subinterval width
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with the previous intuitive argument. How, we can conclude that 

the discretization error can be decreased by using smaller increments 

of h, but the number of steps and hence the amount of computation 

required to cover a given interval are increased. When a large number 
of steps is required, there is a danger that round-off errors1 will 

build up to substantial proportions. However, since the magnitude of 

the round-off errors can be controlled by the number of decimal 

places to which the computation is carried, we can consider round-off 

errors negligible in comparison with the other errors mentioned above. 

Note that in the last example and in the special case in which the 

maximum possible round-off error Cr at the end of a fixed interval is 

inversely proportional to h and the maximum of the discretization 

error 6n is directly proportional to h (Figure 5.2), the minimum of 

the maximum of the total error e - Cr + 6n occurs when the round-off 

error E? and the truncation error of a single step are of equal 
magnitude; that is, when (9, p.169) E? Note that E? equals the 

greatest possible round-off error at each step and equals the 

greatest truncation error at each step. Thus when the round-off 

errors are neglected, the truncation errors are important in the 
evaluation of the discretization errors 6^%) , as defined by 
Equation (5.4.1). Therefore, the maximum absolute value of the 

truncation error for each step in the solution must be much less 

than the actual maximum discretization error in the solution.

^■Round-off errors are errors committed in rounding off results 
to a finite number of digits.
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h optima

However, a preliminary value of h can be derived from an estimte 
of the truncation error.

In the work that follows, the trapezoidal rule of integration 

is used. Although it is less accurate than other methods, it has 

been found to yield satisfactory results (36,U2). In this case 
Equation (j-13) will be used for the truncation error evaluation 

and in each iteration there will be integrands z of the fprm: 

z • W^\t,u) ^(u), where ((1)- (5.4.5)

If one takes the first derivative of Equation (5.4.5) with respect 

to the variable u,

a ■ (5.4.6)

lots t ■ nh, eubetitutee u ■ nh and u ■ 0 in equation (5.U.6), 
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uses Equation (J-13), one obtains the following expression for the 

truncation error;

^^l^^ 5 $2 ’ w^\nh,nh) I^(nh) ♦ Nm(nh) [W^\nh,mh)J ’

-W^^nh,©) NjO) - ^(0) (5.^7)

where the dashes mean differentiation with respect to u. (Nbte that 

the truncation error results from an approximation of the superposition 

integrals appearing in Equation (5-3-6) when the (m+l)th iterate is 

evaluated using the trapezoidal rule.) For the special condition 

in which we have a nonlinearity N which is a function of x only 
(therefore, only the iterates of x, and not its derivatives, are 

required) and a linear part with a constant coefficient (therefore 

W(t,u] = W[t-u] and W [t,u] = W (t,u]), Equation (5.4.?) reduces to:

(w(0)Nm(nh) - ^(nh)w'(O) - W(nh)l^(0) + N^(0)w'(nh)]

(5-4.8)
Equation (5-4.8) is in agreement with the one derived by T. M. Stout 

in Reference 36. Of course, the calculation of the derivatives of 
Nm(u) necessary for the evaluation of Equations (5.4.7) and (5.4.8) 

can be obtained to any degree of accuracy by the methods described 

in Appendix J. However, a satisfactory estimate of the derivatives 

can be obtained from the following equation:

If the necessary values are available. The error in Equation (5.4.9) 

is of the order of h2.



159

Now that the truncation errors in the approximations are known, 

the propagation of the discretization errors as given previously by 
Equation (5.4.1) can be studied. The truncation errors ^[^^^(nh)! 

are denoted by , so that the exact (m+l)th iterates of the

differential Equation (2.1.3) at t - kh can be obtained by applying 

the following equation:
xW(kh) = XW(to) - h E ,s . E( ) • (5.U.10)

s=o m

Substituting Equations ($.4.10) and (5*3*7)  in Equation (5*4.1)  gives :

e(M) , - '
' m+1 V 8=0

(5*4.11)

where, as before, the y's depend on the particular rule of integration 

used and i < n = the order of system.
Equation (5.4.11) gives a recurrent relation that represents

the propagation of the errors in the discrete values of any of the 

iterates, and that greatly controls the accuracy of the method 
presented. The method is applicable when the forcing function g(t) 

is specified graphically, tabularly, or by an explicit mathematical 
function. However, when g(t) is given by an explicit mathematical 

function, the accuracy of the method can be improved by using the 
exact response of the linear partitioned terms x^(kh), so that

- x^dch)] = 0, 

and Equation (5.4.11) reduces to:

eb,k)o+1
■ 'H £ 7b Was ’ V»")! ’ 

I s=o

(5.4.12)

(5.4.13)
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The errors in the discrete values of the nonlinear function 
represented by the terms - N^( sh) ] are nonlinear functions of 

the errors 6^ . Equation ($.4.13) can be simplified if the

approximate discrete values of the nonlinear functions are 

expanded in a Taylor series about the exact values x(t) and its 

derivatives appearing in the function. Therefore, we have 

”mk ' V&) ♦ % «(J,k) (5-U.U)
«J m m ,

in which
à^(t) 
àx^(t) kh

(5.U.15)
t =

so that

"W - V-» - J (5.4.16)

where J extends over the orders of all the derivatives of x(t) 

contained in the nonlinear function N^(t). The quantities A 
usually are functions of the x^(kh); but constant values A 

may be assigned over a limited range of the expansion. When this
is done, Equation (5.4.13) reduces to:

j *J '(J,“ke1 "(i'k). (5.4.17)

where, as defined before :
m+1 = 1, 2, 3,..q, (q is the qth iterate)

i = 0, 1,..., n-1, (n is the order of the system) 

k = 0, 1,— (t is the total interval)
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Again, denotes the discretization error in the (m+l)th 

iterate of the 1th derivative of the solution x(t), at the kth 

discrete station point. The truncation error E,, varies, of

course, at each point t^ = kh for each value of m, but a further
simplification.can be obtained by assigning a value E^kh) for each

of the quantities for all m.

takes the more simple form
In this case Equation (5.4.1?)

- Elk (5A.18)

Changing the order of summation in Equation (5.4.18) and approximating

the sum over s by an intergration process, reduces t’:.is equation

to the new form:

Letting Aj W^\t,u) = Wg(t,u),

Equation (5.4.20) reduces to the form:
j<n-l t

l’Ei(t)] - E / W .P(t,u) g. (u)du 
j«o o m

(5-4.19)

(5.4.20)

(5.4.21)

It was proved in Chapter IV that at the limit when n goes to infinity, 
Equation (5.4.21) yields the following equation:

n-1 t= (~E1(t)] - "E / Wtj(t,u) gj(u)du (5.4.22)
JsO O

1=0,1,2,..., < n-1 0 < t < T .
Equation (5.4.22) is known as a linear system of Vol terra's equation 

of the second type (24, p.17). Its solution represents the error 

propagation at the end of a sufficiently large number of iterations.



For simplicity, the solutions can be assumed to be adequate 

representations of the discretization error propagation at the 
end of the required number of the p iterations necessary to approximate 

the system solution by the method presented. For the special condition 

in which the nonlinearity N is a function o^ x only, Equation (5.4.22) 

reduces to:

t
e(t) - x / w(t,u) e(u)du = -c(t), o < t < t (5.4.23)

o

where

X = "A. = àSillU (5.4.2k)
^x(t)

Equation (5*4.23)  is a linear Volterra equation of the second type\

the unique solution of which can he given at once by the formula:

t
C(t) = (-E(t)J + / ll(t,u,x) E(u)du (5.4.25)

o
where the "resolvent kernel" H(t,u;x) is given by the series of

iterated kernels as follows:
00

-Il(t, u;X) = E x" %n+i(t,u) (5.4.26)
n=o

Series (5.4.26) converges almost everywhere. The resolvent kernel 

is known to satisfy the integral equation:
t -W(t, u) + H(t, u,x) = X / W(t, z) Ii(z,u, X) dz 
o 
t

= X / H(t, z,x) W(z, u)dz 
o ■

(5.4.27)

If E(t) = 0, Equation (5.4.23) reduces to an equation of the first 
type (3o, p.10). For the purposes of this dissertation, it is assumed 
that E^(t) will always have a certain value.
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Note that the iterated kernels W^^t, u) are defined as: 

t
• I & n=l,2,3,... (5.U.28)

o

where
Wj^u) = W(t,u) ($.4.29)

From the error Equation (5.4.25), It can be concluded that the error 

In the solution by the procedure presented, largely depends on the 
truncation error B(t), and then on trie nature of the problem at 

hand in the region of Interest. The dependence on the region of 
interest represented by the X term1 in Equation (5.4.25). If the 

truncation errors are reduced significantly, and this can be done 
by using more accurate rules of integration, then the effect of the 

X term will be negligible. For the general case, Equations (5.4.18), 
(5.4.21) or (5.4.22) can be used to give information about the error 

propagation. The choice of the particular equation depends on what 

is required: accuracy or simplicity of analysis.

1See Equation (5.4.24).

5.5 An Example Calculation Using the Digital Computer

To illustrate the use of the numerical analysis technique given 

in Chapter V, the technique is applied to the nonlinear system 

(given in Chapter H) by the following equation:

+ x + X® « and at t « 0, x = -1 (5.5.1)
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Partitioning this equation at the x8 term and using previous 

notations and definitions, adopted in Chapter 11, results in the 
following recurrent relation:

%n+l(*)  = *o(*)  - / *"(*"*)  x®(u) da (5.5.2)

where

" "e " (5.5.3)

How, substituting the values for C*(.O25)  and Ae(1.14) that were 

given in Chapter II into Equation (2.6.8) (also given in Chapter II) 

results in the following equation:

f (9-6) (1-1^ 
(n-1):

Equation (5*5*4)  is used to construct Table IV giving the required 

number of iterations n for a given mean square error q2.

n = the number of 
iterations

q2 = the mean 
square error

2 0.31 .
3 0.118
4 0.0635

5 0.018
6 0.004

7 O.OOO75

Table IV. The Mean Square Error q2 for 
Different Values of Iterations n
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Table IV shows that it is reasonable to ask the digital computer 

to perform the first seven iterations of Equation (5.5.2). If one 

assumes that the trapezoidal rule is used to evaluate the different 
integrals, Equation (5.4.8) can be used to give an estimate of 

the truncation error committed in evaluating the integral appearing 

in the first iterate at the end of the interval of interest I, which 

is assumed unity. For this purpose the following quantities are 

needed:

W(t) = e t ^(nh) = xf(t) = e"^
W’(t) = -e % N|(nh) = -4e~^ (5 5 5

Evaluation of these quantities at t = 0 and t = 1 gives:

W(O) = 1 W(l) =
W'(0) = -1 W'(l) =-l

^(0) = 1 ^(1) = \
e. (5.5.6)

n^(0) = -4 N{(0) =
e

Choosing h = .05 and substituting this together witn the quantities 
of Equation (5.5.6) into Equation (5.4.6) gives:

HjMl)] < .000218 (5.5.7)

After the required number of iterations have been made, an adequate 

estimate of the propagation of errors can be obtained by considering 
Equation (5.4.23) and assigning reasonable values for E(t) and X. Thus

N(x) = x2, and

= ~2x(t)

(5.5.8)

(5.5.9)
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Although X varies with time, a constant value is assigned over the 
limited range of the solution. Also, E(t) = E(kh) varies at each 

point in the solution so that e(O) = 0 (since the initial point is 

known exactly from the initial conditions). Thus, a function E(t) 

can be obtained if the tr meation error is known at each discrete 

point, in the first iteration, for example, and is considered as the 
required function E(t) over the required number of iterates to be 

substituted in the error Equation (5 A.23). However, the upper-bound 

of the error c(t) can be obtained quickly by assigning to E(t) a 

constant value equal to its worst value, such as that given by 
Equation (5«5«?)• Therefore, the actual error in the solution of 

the given example will be bounded by the solution of the following 
equation (obtained from Equation (5 A.23)), after the appropriate 

substitutions for W(t,u) and E(t):

C(t) + Aq / e*̂ ’u) C(u) = -.000218 (5.5.10)

where X is a constant parameter. Equation (5.5.10) can easily be

transformed to a linear differential equation: Let

.000218 e^, % -.000218fl(t)----------

(5.5.H)

Dividing both sides of Equation (5.5.10) by e and making use of
Equations (5.5.11) gives:

C1(t) + Aq / 61(u)du = -0 .000218 e+t 
0

(5.5.12)
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Differentiating both sides of Equation (5.5.12) gives

de^t) 
dt + Ao e^t) = - .000218 e+* (5.5.13)

In differential notations, Equation (5.5.13) takes the form 

(D + Aq) ejt) = -.000218 e+t

Equation (5.5*14)  has the following general solation: 

^(t) = Cx e-^ - .000218 —L— , A / -1
D + A 0 o

(5.5.14)

(5.5.15)

where is an aroitrary constant determined from the requirement that

at t = 0, = 8 = 0. Again, by using Equation (5.5.11), Equation
(5.5.I5) can be written in the following form:

e(t) = Ci
-(1+Ag)t 

e .000218 e-t (° < t < 1), A° y 1
D + A o

(5.5.16)
The information obtained from Equation (5.5*16)  about the actual 
error 8(t) depends on the choice of the value of the parameter A .

From the physics of the problem and a consideration of Equation (5.5.9), 

we can conclude that Aq is < 0, since x(t) 5 0. Figure 5.3 shows
different solutions for different reasonable values of A . It 

o
indicates that the value of the error 1.7 Ejxtl)] = .00037,
which gives results correct to the first three digits.

The method of successive approximation prescribed above is 

programmed for the 707 digital computer which solves the problem by the 

steps shown in Figure 5.4. The results are given in Table V which 

also contains the exact solution so that one can calculate the true 

errors resulting from the approximations. The true errors are also
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Figure 5.4 a Typical now 
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plotted in Figure 5*3.  The maximum value of the error is .000083 

vhich is much less than .00037; this agrees with the predicted 

results. Figure 5.5, which gives the different approximations of 

the actual solution, shows that the curve representing the fourth 

iteration approaches the exact solution of the nonlinear system in 

such a way that the curves representing the remaining iterations, 

corresponding to n = 5, n = 6, and n = 7, almost coincide.
Obviously, the curve corresponding to n = 0 gives the solution of 

the linear system:

ar + * ' (5.5

so that t = 0, x = 1.

5.6 Comparison with Similar Methods

Similar methods of analysis have been developed by Stout (36) 
and Wolf, Ku, and Dietz (te). These methods require the conversion 

of a nonlinear differential equation to a nonlinear integral equation 

of the convolution type. In the notations used thusfar, it is of the 

form:
t*(*)  = xQ(t) + / W(t-u) N(x,x,... )du (5.6.1)

in which xQ(t) contains the response of the linear portion of the 

system to both the forcing function and the initial conditions. 

A step-by-step method of analysis is then used to approximate the 

integrals. This method results in algebraic equations which, in 

general, are nonlinear and which must be solved for each discrete 

value of xk. Stout solved these nonlinear algebraic equations 

graphically; however, this method does not provide the means for
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eliminating extraneous solutions which can occur for certain 

nonlinearities. Wolf, Ku, and Dietz solved these equations 

analytically and suggested a method for eliminating the extraneous 

solutions by differentiating the original system equation. This, 

of course, increases the complexity of the problem. The difference 

between the methods of Stout and Wolf, Ku, and Dietz is that the former 

evaluated the integral between the limits t = 0 and t = kh, and the 

latter used the "m-point" integration rules in whlcn each step in the 

solution results in a new equation with a new set of initial 

conditions; this permits the computer to use more accurate rules of 

integration. Gtout was unaole to calculate the discretization 

errors in tae solutions because tie graphical procedures he used 

restricted him to working with a nonlinearity which was a function 

of either x or x, only. The method of Wolf, Ku, and Dietz requires 

a starting procedure to calculate the first (M-1) discrete values 
of the solution necessary to carry in the computations. The 

numerical analysis method presented herein differs from these 
ottier methods by using successive approximations of integral 

equations of the superposition type, e.g., 
t ,x(t) = Xg(t) + J W(t,u) N(x,x,...) du (5.6.2)

and by including, in the analysis, systems with time-varying 

parameters. Evaluation of the integrals of different iterations 

is accomplished by using a numerical procedure carried out on a 

general purpose digital computer. While investigating electric 

circuits, L. A. Pipes (32) adopted the same method for the
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approximation of integrals of the convolution type represented by 
Equation (5.6.1). This requires analytic expressions for the 

nonlinear function so that the integrand increases in complexity 

even under the best conditions. Thus, the method of Pipes is only 

suitable for very small nonlinearities which require one or two 

iterations, and does not provide the means to judge the accuracy 

of the solution obtained. In this dissertation, there is no 

complexity of integrals since numerical techniques are employed, 
and the errors committed during the solution can be evaluated. Thus 

the solution can be obtained ta any degree of accuracy. The need 

for a starting procedure and t: e possibility of obtaining extraneous 

solutions are eliminated. Further, the M-point integration rule, 

described by Wolf, Ku, and Dietz, can also be employed to make 

possible the use of more accurate rules of integration.

5*7  Conclusions and Remarks

A systematic method lias been presented for extending the general 

partition method to the numerical analysis of a broad class of 

physical systems described by higher order differential equations. 

The forcing function, the nonlinear function, and the time-varying 

parameters can be specified graphically, tabularly, or by explicit 

mathematical functions. A means of estimating the errors in the 

approximate solution lias been devised so that the accuracy of the 

results can be determined and the appropriate interval selected. 

Although developed for the analysis of systems described by a 

single equation, the method can be extended to the analysis of
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systems described by simultaneous equations. An example calculation 

using the digital computer was given, and the results compared 

satisfactorily with the exact results.

An important property of the analysis presented is that, for a 

given nonlinear term N, the complexity of the analysis does not 

increase greatly as the order of the system n gets higher. If the 

system is of a higher order, then the numerical solution of a linear 

equation of higher order should be found, a relatively simple 

procedure. This makes the method convenient and practical for the 

analysis of higher order systems.



CHAPTER VI

COKCUBIOHS, CRITICISMS, MD SU00ESTIO8S FOR WTURB EXTENSION 

6.0 Abstract

in thl. chapter, th. contribution. of thia dissertation are 

suenarlz.d and revised. Certain aspect. worthy of further 
investigation are discussed.

6.1 Summary ,

A abort review of the uae of the partitioning technique in 
nonlinear analyst. waa given and it was abated that under a broad 

claaa of condition., properly imposed on the linear, nonlinear, 

“a » dans of aystra. «lata for which

exact and unique solution. can be found. Mathematically, th. 

Cl... of =yat«. of interest can be represented by an equation, 

auch as Equation (1.1.1), which aati.fi.. the condition, of 
Equation. (1.1.2) through (1.1.4). The type, of nonlinearities 

allowed include algebraic nonlinearItle., that are in the fora of 

polynomial. of X and its admta.lble derivative, ano tranadental 

nonlinearltlea that are reatricted to function. of x(t) whose 

inverse has a derlvtlve which 1. a rational function. In th. 

author1 e opinion, th. prerant method will prov moat uraful for 

nonlinear ayntheala rather than nonlinear anuyala. A empiété 

synthasla theory could be devloped by ualng th. system shown
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in Figure 1.6 as a basis. Then, by appropriate partitioning, 

almost any desired configuration can be obtained for single and 

multiloop feedback systems. Arguments, both for and against the 

method of analysis were given in detail. Note, however, that 

the analysis given in Chapter I is confined to physical systems 

but does not include all physical systems. This is evident at 

once from the use of the Lipschitz condition (1.1.4) which is a 
sufficient condition for uniqueness only. Thus, any other 

condition which would assure uniqueness could have been selected 

and, from that, an analysis could have been made. Hence, in 

Chapter II, the analysis is extended to study the behavior of a 

class of systems that can be described by a nonlinear differential 

equation, with time-varying parameters, of the form of Equation 
(2.1.3). By placing certain restrictions on the linear, nonlinear, 

and forcing function terms, the equation was found to have a 

unique solution which is the limit of a sequence of iterates (x ), 

each of which together with the system solution belong to an L
l **

space . Under the conditions given, uniform convergence of the 
sequence (x^) to the solution x(t) is guaranteed in the mean and 

the ordinary sense . The solution x(t) was shown to remain less 

than some upper-bound function p(t) which also belongs to space 

in the period of interest 0 < t < T. The upper-bound function

^Appendix E shows that uniqueness does not imply the convergence 
of the iterates (x^j; the converse is also true.

2Appendix I shows that convergence in the mean does not 
imply convergence in the ordinary sense.
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P(t), which can easily be obtained, was shown to be a linear 

combination of some functions in L^[o,T], which are defined from 

the system restrictions and which depend on the system parameters. 

Thus, the control engineer can gain further insight into his 

system by examining the conditions imposed on the system equation; 
hence this technique should help solve problems of nonlinear 

synthesis. '

A study of the behavior of the admissible system with respect 

to initial conditions and the system parameters also was presented. 

The study showed that the system response x(t) is uniformly 

continuous with respect to both initial conditions and system 

parameters. Equation (2.c.8) gives an upper bound for the error 

when the actual solution x(t) is approximated by the nth iterate 

xn 1*  the sense of mean square. The number of iterations n required 

for this approximation was shown to depend on how the system 

equation is partitioned. Since the space is complete, the 
solution x(t) also will belong to 1^ space. This is not true for 

the case studied by A. A. Wolf (4?). Wolf demonstrated that the 

limiting process of a sequence of functions of zero order and 

exponential type can give rise to functions of higher order that 

are not of exponential type.

In Chapter III, the partitioning technique and the state­

variable approach were used to study the behavior of the system 
Equation (2.1.3) when it was governed by certain conditions. 

Under these conditions, the state variables (v^ vg, v ), 

which represent the state of the system in the phase space,



179

were shown to belong to space. By studying the definition of 

asymptotic stability in the sense of Lyapunov, it was found that 
the system, as restricted, satisfied that definition. Hence the 

restrictions placed on the system were sufficient not only to 

prove uniqueness of a solution that belongs to Lg space, but also 

to guarantee, in the sense of Lyapunov, asymptotic stability. 

By selecting two different definitions of the norm, the behavior 

of the system trajectory was examined for two cases : (1) At any 
time t and (2) on the average during the interval of interest.' 

In many applications, studying the system trajectory on the average 

is usually unsatisfactory, since the average value may not 'exceed 

a certain specified value, whereas, the actual system response may 

assume the undesirable shape given in Figure 3.8. For this reason 

an expression for an upper-bound state vector inside which the 

system will always remain during operation was obtained. The 

upper-bound state vector was found to depend only on the 

restrictions placed on the system; hence it can be changed to 

suit the specific application by changing the system parameters. 

Although matrices are valuable tools for simplifying the 

description and study of differential equations they were not 

used in this work because all the essential ideas and techniques 

of the previous analysis could be presented adequately without 

them. Further, in most engineering applications the common practice 

is to reduce each problem to the form of equations previously 

analyzed, therefore it was more useful to impose the restrictions 

on the system equations as they were (This procedure becomes more 

clear in the numerical analysis of Chapter IV.).
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In Chapter IV, the analysis which was presented in Chapters II 

and III was extended to include systems whose dynamic behavior can 

be represented by a set of n simultaneous nonlinear equations. 

Sometimes, it is difficult to reduce these equations to the canonic 

form of a single degree-of-freedom nonlinear equation of the form 

studied in Chapters II and III. Chapter IV also showed that a 

class of multiloop systems exists for which the exact analytic 

solution can readily be obtained to any degree of accuracy 

within a prescribed error. This class of systems is defined by 

the restrictions given in Chapter IV and the stability and 

boundedness of the solution are guaranteed under the assumed 

conditions that are given there. As an incidental result of 

the work in that chapter, the relations between n terminal-pair 

circuit configurations and multiloop feedback system configurations 

were investigated and explained. The outputs of the feedback 

systems were shown to be equivalent to the current response of the 

circuits and an example was given to illustrate the ideas and 

methods of analysis presented.

In Chapter V, a systematic procedure for extending the general 

partitioning method to numerical analysis was presented. The 

forcing functions, the nonlinear functions, and the time-varying 

parameters can be specified graphically, tabularly, or by explicit 
mathematical functions. Equations representing the propagation 

of the discretization error equations, in the approximate solutions 

were developed. This development made it possible to judge the 

accuracy of the results and to select the appropriate interval.
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Although the method is applicable to the analysis of systems 

described by a single equation, it can be extended to the analysis 

of systems described by simultaneous equations. A detailed 

discussion comparing the given method of analysis with similar 

methods by Stout and Wolf, Ku, and Dietz was given and arguments 

were presented in supp rt of the various approaches.

6.2 Questions for Future Work

This dissertation has discussed only a few of the many aspects 

of the analysis of nonlinear systems. Let us cite some of the 

aspects which still should be investigated:
(A) Exploration of other criteria to include a new class of 

nonlinear systems. For example, the system restrictions can be 

chosen so that the soluti n belongs to space for p > 1. The 
norm of the solution x(t), defined as || xH ■(/ [x (t)Pdt)^, 

$ o 0
is to be less than or equal to a given number. Reference 18 gives 

applications and physical interpretations of the meanings associated 

with these norms. They constitute an important class of constraints 

for the input or the output of a given system; a fact of paramount 

importance in many engineering problems today. We observe here that 

when p ■ l, p = 2, and p ■ »y the norm of x(t) is equal respectively 
to the area of x(t), the square root of the energy of x(t), and the 

maximum magnitude of x(t) in the interval [o,T]. (Actually, when 
p = °°, ||x|| is equal to the essential supremum of x(t) In the 

interval [o,T].)

In order to help the reader follow the analysis when p = 1, it 

may be c nvenient to make the following assumptions, as are suggested 

by H. T. Davis in Reference 11.
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(1) The function xQ(t) le integrable and bounded in the 

interval 0 < t < T, where xQ(t) has the same meaning 

as in our analysis.
(2) The weighted nonlinear function F(t, u,v) satisfies the 

following two conditions:
(a) F(t,u,v) is integrable and bounded, that is 

F(t,u,v) < M in a given domain, when M is a 

finite number.
(b) F(t,u,v) satisfies the Lipschitz condition 

|F(t,u,v^) - F(t,u,vg)| < L^-Vgl within its 

domain of definition.
(B) Expansion of the solution x(t), since x(t) € Lg(o,T) 

by a linear combination:
+ cg<P2(t) + ».

of an orthonormal system of functions (p^t) over [o,T], and 

development of methods for finding recurrent relations for the 

c*s and the general solution of these recurrent relations.

(c) Development of procedures for solving systems such 

as those discussed in this dissertation but with random excitations.

(D) Development of a stability theory along other lines 

of reasoning than those presented here.

(E) Extension of the discretization error equations of 

Chater V to include systems described by simultaneous differential 

equations.

(F) Application of partitioning methods to solve systems whose

linear parts consist of both lumped and 



distributed parameters which can be described by 

a lumped-distributed parameter nonlinear system 

as follows :
L^(D,t)x(t) ♦ L^(D,t)x(t-u) * N(x) • g(t)
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THE EXACT SOLUTION OF EQUATION (1.1.30)

Given:

|| + Bx + ax2 » 0, (A.l)

so that t = 0, x = 0.
Separating the variables in Equation (A.l) gives :

' " ■ ■■ = -dt (A.2)
cot8 + ôx-3

Integrating both s ides of Equation (A.2) gives :

log %) "^3 - -t ♦ C (A.3)
/B8 * LoB (6 + 2O0t) ♦ VB8 ♦ 200 

where C is a constant of integration.

Applying the initial conditions gives :

p 6 - ?B8 + 4oB
( A h\

/a8 ♦ B + /B8 + 200

Substituting for C in Equation (A.3) and solving for x gives:
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1
2o

where

8 - + 2cip g «at
B +/B*  + 2c^

C-At
(A.;)

a » ♦ 1/2 7b2 + 4c^ (*.6)

Is the characteristic exponent.



APPENDIX B

A SUMMARY OF THE Lg SPACE

Definition (1)

Dy an 1^ space, sometimes called the Hilbert space, we mean 

the totality of quadratic integrable functions f(t) defined in 

the closed interval [o,T] for which the norm, or the length 
II f 11 as given by

T
It II 2 - / f*(x)dx  

O
exists and is finite.

Definition (2)

The kernel g(t,u) defined in the square (0 < t < T, 0 < u < T) 

belongs to an 1^ space if the norm, as given by

T THe!2-// g8(t,u)dt du 
o o

exists and is less than a certain constant N®.

Fubines Lemma

For^the kernel g(t,u) as defined in Definition (2), the functions 
A2(t) - / g2(t,u)du and B®(u) - / g2(t,u)dt exist almost everywhere 

for (0 < t < T, 0 < u < T) and belong to an L space. Also,
T T

g2 = / A2(v)dv « / B®(v)dv 
o o
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Statement

If f la in Iç and g is in I^, then (f + f) are in 1^. in 

general, any finite linear combination of functions that are in 
*6 10 Y H< IlfII» Hall, th.t la, the

triangle inequality holds.

Statement •

If f 1. in and g 1, in !s, then the product rg le absolutely 
integrable and Schwarz's inequality is given by 
A \a T t
U (fe) duj < / f»(u)du / g®(u)du

Statement
If f(x)a is integrable over a finite interval, then f(x) also 

is integrable over a finite interval; but the converse is not 
true. (Note that this complete statement is not true for infinite 

intervals.)

Theorem

Clvm a sequence (g of function., If (f^J convergea m 

the mean to the function f, that is:
T

Lim / (f(t) . f(t))= dt - 0 
n -♦ « o w

it always follows that:
T

Lia / (fm*f n)a dt ■ 0 for m > n. 
n -*  * o 
m •*  •

The converse is also true.
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H. Weyl’s Lerna

°1™ * ""W™ ('.) of I» function, in „ lnterTal 
(0 < t < T), and if

Liu fa ■ v(t) (convergence in the mean)

fn " (convergence in the ordinary sense)

then p(t) ■ ^(t) almost everywhere»



APPENDIX C

THE IMRJL5E RESPONSE OF TIME-VARYING LINEAR SYSTEMS AND THE EXTENSION OF 

THE ANALYSIS OF CHAPTER II TO SITUATIONS IN WHICH THE FORCING

FUNCTION IS g1(t) « K(D,t)r(t) WHERE K(D,t) IS A 
LINEAR TIME-VARYING PERATOR1

The behavior of linear time-varying systems may be described in 

several ways. Usually, the behavior is described implicitly by means 
of a differential equation relating the input g(t) to the output 
x(t). This equation is, in general, of the form:

(an(t)l? + ... + a^t)D + aQ(t)]x(t) - [b^t)^ + ... + b^Dt * bot]g(t)

(C.l) 
where D » ~ and the a’s and b’s are known functions of time.

Equation (C.l) may be written more compactly as:
L(D,t)x(t) = Keo, t)g(t) (c.2)

where L(D,t) and K(D,t) represent the left- and right-hand operators, 

respectively, or Equation (C.1). A commonly used form of explicit 
description of the behavior of system (C.l) is based on the concept 

of the impulse response of the system. The impulse response w(t,u) 

is the solution of the equation:

Sfost of the material found here was obtained from Reference 49.
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L(D,t) W(t,u) * K(D,t) B(t-u) (g g)

subject to the homogeneous boundary conditions at t « u or, 

equivalently, to the following conditions :

W^\t,u) « 0 for k » 0,1,2,...,(n-2).

nx '
where 6(t-^ represents a unit impulse at t . u. The salient 

property of W(t,u) is that the response to any given input g(t) 

may be expressed in terms of W(t,u) and g(t) through the ' 

superposition integral
00

x(t) ■ / w(t,u)g(u)du (c.4)

Assuming that g(t) = 0 with t < 0 and that physically realizable 

systems, that is W(t,u) is always zero for t < u, Equation (C.4) 

reduces to
t

x(t) - J W(t,u)g(u)du (C.5)

In the analysis presented in Chapter 11, a special case of
Equation (C.2) was considered; namely, equations of the form: 

L(D,t)x(t) = g(t)

By definition, the impulse response of Equation (c.6) is identically 

equal to the Green’s function of Equation (C.2), which is denoted 
by G(t,u).
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bvlously, G(t,u) should have the same homogeneous boundary 

conditions given to Equation (C.3). Note that w(t,u) and G(t,u) 

are closely related to each other as shown:
Treating K(D,t) 8(t-u) as the input to the system Equation (C.6) 

gives:
00

w(t,u) = / G(t,T) (K(D,t) 6(T-u)]dT (c«7)

Where t is the variable of integration and D = ~. Making use of the 

identity

/ f(t) 8(i-u)dT = (-l)^ f(k)(u) (C.8)

permits Equation (C.?) to be reduced to the desired relation, namely:

W(t,u) - bQ(u) G(t,u) - [b^u) (c(t,u) ) ] + ... + (-l)m
du

[bm(u) g(t,u)] ' (C.9)

so that relation (0.9) may be expressed more compactly as: 

W(t,u) - K*(D,u) [G(t,u)] fc

where D should be interpreted as , and the operator K*(D,u)  is 

the adjoint of K(D,u). Equation (C.10) shows immediately that the 

analysis in Chapter 11 easily can be extended to a new type of 
forcing functions of the form:

B^(t) = K(D,t)g(t) (c.n)
It is only necessary to make a simple modification so that the

impulse response defined by Equation (2.1.5) is operated on by 
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the operator K (D,u) and make to yield the new weighting function 

vised in the analysis. No other changes are necessary.
Notice, also, that Equation (C.10) leads to another conclusion 

which is characteristic of time-varying linear systems; namely, 
that the Impulse response W(t,u) of the system Equation (C.l) can 

be obtained by making use of the impulse response G(t,u) of the 
simpler system Equation (C.6).



APPENDIX D

A WOOF FOR EQUATION (2.3-11)

It was proved that:

(^ - x^2 < C2 C^(t) (D.1)

Substitutint; Equation (D.l) into Equation (2.3-10) when n = 1 {lives:

(^ - Xg)2 < C2 0F(t) / Of(u)du (D.2)

Repeating the same procedure using Equation (D.2) and n ■ 2 gives : 
(x . X-)2 < c2 cf(t) / 0(u)du / (f(z)dz < C2 ^(t) £ (D.3)

4 3 ” o o

and it is known that: 
t tf oF(t)du < / O^(t)du < A2, and
o ~ o
t u z *2n/ Qp(u)du J 0^(z)dz J of(@) d(0) ... n times = (DA)
o o o

Then, by repeating the last two steps for n = 3, 5, L'^ves 
.(2n)

From Equation (D.$) it can be concluded that
T .2n
/ - xnW Ie dt i 77,O (n!) »

hence the result.
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UNIQUENESS AND SUCCESSIVE APPROXIMATIONS (8,p.53)

In order to show that the convergence of successive 

approximations does not imply uniqueness, let us consider the 
following familiar example;

dx 1/3 ,at • x (et t . O, X - 0) (E.1)

^1 - *0  + / txn(t)]V3du (E.g)

therefore,

*o"*l"^"*3"'-"\"0 (E.3)

so that the successive approximations are all zero; hence they 

converge to the identically zero solution. On the other hand, 
the function *p(t)  defined by:

(E.U) 

is another solution which exists to the right of the origin.

Also, uniqueness does not imply convergence of successive 

approximations, as shown by the following example;

^-r(x,t) (t - 0, x - 0] .

19U
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where:

[
° (t*0,  **<x<  -He)

2t (o<t<l*x<o)
(1.6) 

2t - —- (0 < t < 1 0 < x < t8)

(0 < t < 1 t8 < X < -He)

In the region [0 < t < 1, |x| < *];  the function f(x,t) la continuous 

and is bounded by the constant 2. Therefore, uniqueness is guaranteed 

since equation (E.$) is linear. The successive approximations given 

by: 
t

%n+l " *b  * / (for n - 0,1,2,...) (E,7)

becomes ,

Xo * °' *20-1^  " " -%*  (“ " 1,2,--.) (E.8)

Therefore, the sequence (x^(t)) has two cluster values for t / Oj 

hence the successive approximations do not converge. Also note that 

neither of the two convergence subsequences (x^ and (xg ) 

converge to a solution because

(E.9)



APPENDIX F

EXTENSION OF THE ANALYSIS TO MORE COMPLEX NONLINEARITIES

In the analyses given in Chapters II, III, and IV, the weighted 
nonlinear function F was assumed (in its domain of definition) to be 

a function of t,u, and one independent variable, say x. In order to 

extend the analysis to include more complex situations, that is, to 

include the situation in which F assumes the new form 
F - F[t,u,x(t), x^(t), ..., x^\t)]

(where (m) denotes the mth derivative of x with respect to the 

independent variable t, m < n-1, and n is the order of the system), 

one needs more complex conditions in order to prove convergence, 

uniqueness, and other properties. For example, consider the 
conditions required for an analysis when F contains x and x^. 

in other words, F may assume the form
F = F[t,u,x,x^^ ]

Thus, we need:
(1) ^(t) C I^[o,T], where i  0 or 1, as above, (1) denotes*

the ith derivative of xQ(t) with respect to the time t, and 
xQ(t) is as defined in previous analysis.
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(2) In a given domain D E [|x(t)| < d^t), < d^(t),
° < u < t < T), the function FltjU^uhx^Cu) ], and 

its first derivative with respect to t, may satisfy: 
(a) < K(t,u) E

t k»o
(b) / F^1^[t,u,z,(u),z^1\u) )du < n(t) 

o i

where n(t) and K(t,u) are continuous, bounded, and in I^[o,T].
(3) We also need the constraint conditions:

Ix^Ct)! < di(t)

kt(t) | < d1(t), where

q^t) is given by

q^t) - |x^\t) | + C o(t) L 

m-o vm!
where
C « [J n2(t)dt]l/2 

o

0<t) - [/ %2(t,u)du]l/2 
o

a - [/ ^(tJaCt)]1/2 
o

Xl1) * - J x^\u)]t

It is obvious from these conditions that the problem is essentially 

the same as that which was analyzed in detail in Chapter IV. Similar 

conditions are given by Equations (4.3.1) through (4.3.8). The results, 

method of analysis, and conclusions are the same.
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A JR F F EQUATION (3.3.14)

To prove that
Lim - v. )m - • m k+1

where and x^^ are given by:

x(k) e ^k+1 " - / F<k)[t,u,x(u)]du

(G.l)

(G.2)

requires two steps :
One

(2) One

^k'ft^x^tu) ]du

should prove

should prove

that Lim xx ' exists 
m -» « m

that the limit in step (1)

(g-3)

satisfies Equation

o

(G.l)

For step (1), one can form the infinite series :
*1 ) + ) * xlk^ * + ••• to an infinity of terms.

" (G.4)
Noticing that x^ is the mth partial sum of the above series and 

making use of Equation (3-3.13), one gets:

5 I’^l * %*  co Ê (0.5)
k^ V(k^) !
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«WW*  ». M-teet on Series (o.U) shove that as m - -, J*)  

has a limit, which prove, step (1). For step (a), subtract 
Equation (a.a) from Equation (0.3) and square the result. mis 

gives :

Sf1- V.
/ (F^ - F^kht,u,x(u)]} du

a
1“ ■ - x(u)I du (G.6)

Thus: 
f ■ J

du (G.7)

It was proved in Chapter II that:

Um .(u - x(t) 
m « (G.8)

Therefore, from Equation (G.3), it can be concluded that
Um x^k) ■ v 
m -♦ oe * 1

There is no need to prove that as m - », x£k) _ uniquely, 

since the uniqueness property was proved in Chapter 11 where it

was shown that:

“ a tends to infinity, v^tu) tends to v^u) uniquely.

a

a
0

T

o



APPENDIX H

A CONTINUOUS FUNCTION WHICH BELONGS TO I^[O,*]  '

AND DOBS NOT HAVE A LIMIT AT t ■ +•

A continuous function, which is square integrable on (0,4*),  

need not have a zero limit at t ■ 4—. Thia can be seen in

Figure H.I.

Figure Hei A Continuous Function Which Belongs to L„[0,*]  
and Does Nbt Heve a Limit tt t ■ *

From Figure H.I, we have:

/ f*(t)  dt - 1/4 E 
o n*l  n*

In this example the limit does not exist. In order for the limit to

200
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exist, the following lemma (50, p.86) is needed: If f(t) is 
uniformly continuous1 on [0, w), and if f(t) e L for 1 < n < *

P - ’then: Um*  f(t) . 0; a similar statement holds for a function of 

more than one variable.

If^) - f(xg)| < 6. Also, uniform continuity implies continuity, 
the converse is only true if A is compact.



APPENDIX I

CONVERGENCE IN THE MEAN AND CONVERGENCE IN THE ORDINARY SENSE

Hie following example shows that convergence almost everywhere 
does not imply convergence in the ordinary sense (50, p.169):

Let a sequence (fQ(t)) be defined in [0,1] by the 

requirements:

f (t) = n for (0 < t < -) n — — n

= 0 otherwise.

For arbitrary t e [0,1], Lin fn(t) = 0 almost everywhere, but, at 
n «

the same time
1 1/n
/ f^(t)dt = / nedt = n
o o

Therefore, fQ converges to zero almost everywhere, but does not 

converge to zero in the mean.

The following example shows that convergence in the mean does not

imply convergence everywhere (50, p.96):
For the half-open interval [0,1), define the k functions f^Ct), 

f2 (t)' • every natural number k, according to the

relation:
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0 otherwise
In particular ^(t) - 1 on (0,1).

Numbering all these functions
with Indices 1, 2, 5, .,the sequence;

e v/t) = fj2)(t), Vu(t) . f^3\t), ...

can be obtained. Mow, it can easily be shown that convergence In the 

mean is sero and that, at the same time,

Lim m (t) ■ 0 
n -• * “

is fulfilled for no point of t in the interval [0,1), in fact if 

e can find an i for every k so that

fl (\) = 1.

In other words, no matter how far we go in the sequence of numbers 
<p2(* 0)> W’ •••

we shall always encounter in this sequence numbers equal to 1. 

Therefore, convergence in the mean does not necessarily imply 

convergence in the ordinary sense.
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INTERPOLATION, APPROXIMATE DIFFERENTIATION, 

AND APPROXIMATE INTEGRATION

In calculating the derivative or the definite integral of a 

function by means of a set of given values of that function, the 

function is usually represented by an interpolation formula which 

can be differentiated or integrated as desired. Briefly, the 
general problem of interpolation is to represent a function f(t), 

known or unknown, in a form <p(t), chosen in advance, with the aid 

of given values which the function f(t) takes for discrete values 

of the independent variable t. For the purpose of our work the 
function q>(t) usually is chosen as a polynomial and the 

interpolation is known as polynomial interpolation. The justification 

for replacing a given function by a polynomial rests on a theorem 
given by Weierstrass in 1885. This theorem states:

Every function which is continuous in an interval (a,b) can 

be represented in that interval to any degree of accuracy by a 
polynomial p(t). It is possible to find this polynomial p(t) so 

that |f(t) - p(t)| < e for every value of t in the interval (a,b) 

where t is any preassigned positive quantity.

This is clarified geometrically in Figure J.I. The interpolation 

formula usually is given in terms of the first, second, and higher 

order difference which are obtained from a diagonal or horizontal 

difference table, shown in Tables VI and VIZ.
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Figure J.l Geometrical Meaning of the Weieretraee Theorem

y • f(t) ♦ e 
y- f(t) 
y - f(t) - e 
K*)

%ble VI Diagonal Difference Table

t x ZK △®x A a\ A A A A
•o *o

h
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”2

X3
“a

> >
 > 

> 
w 
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 o'* A 

A

h

A\
A
A A

A A
s ÙS s &
*6 x6

k
a\

-T
“6

A6
A^

*8 *8
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Table VII A Horizontal Difference Table

t X ^x V V V 1' V V V
‘o xo

*2

*2 X2 ^X2 ^2

h *3 1'3 ^X3 Va
x4 1a Vu Vu Vu

s “5 Vs Vs Vs
^6 x6 Ve Ve Ve Ve Ve Ve

x7 ^x7 ^X7 △3x7 Vt 11 V? △jPCy

*8 x8 Ve Ve Ve Ve 11 Ve Ve

From T: ble VI, the diagonal difference table, ve obtain:

First differences:

Second differences: A2x^ = = x_-2x, + x .
O 10 2 10

- x3-2x2 + x1, 
Third differences: A3xq = A^-A^ = x3-3x2 + 3^-Xq

= △%-^Px1 = xu-3x3 + 3x2-x1

From Table VII, the horizontal difference table, ve obtain:

First differences: Z^x. = x -x , A.x = x^-x^,..., Ax = x -x * * xvxc c x x n n n—
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Second, differences: ' « ^2^ * xq

Vs " + «1

Third differences: = x^-Sx^ + 3x1-xq

△jxU * “ X4-3X3 + 3x2-x1

Note that Z^x^ = Z^x^ and, in general, the relation between the Z/s 

with exponents and those with subscripts are:

= Z^xk+m (going forward from x^)

or (j.l)
Vn = ^n-m backward from x^) 

where m denotes the order of differences and k and n the number of 

tabulated values. In the solution of differential equations, the 

discrete values of the functions for previous times are always known, 

but those for future times are always unknown. The horizontal 

difference table shows all orders of differences in terms of the 

last known values of the function and these differences can be used 

to compute the next value of the function. For this reason, the 

horizontal difference table is more convenient than the diagonal one. 

In situations where it is necessary to interpolate data at the beginning 

of the table or near the middle of the tabulated set, one usually 

uses formulas containing differences given in the diagonal difference 

table. Thus, for example, Newton’s formula for forward interpolation 

is given by:
?(t) = <p(tQ + uh) = g(u) = (1 + A)u xQ = xQ + u^ + a8 xQ +

A ♦ ... ♦ ... . A5 o nJ “ *0 •
(J.2)
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where x is the value of the function at t = t ° o
h »= interval width = - xg and is assumed uniform, i.e.,

a constant independent of x, and s = 0,1,...,n-l 
t-t 

u ■ —r—- or t = t + hu n o
Z^x^ is as explained in Table VI.

Equation (j.2) is used when the interpolation is near the point

Note that the interpolation function <p(t) of Equation (j.2) 
is an nth degree polynomial representation of the original function 

which is given in terms of the values xq, x^..., etc., and which is 

the value of the function for the values tQ, t^..., etc. of the 

independent variable. If interpolation is required near the center 

of the given tabular set, a central difference formula is usually 

adopted. For example, we can use Bessel's central difference formula: 
x^yu^f ^11 —"J;/ A X° +

+ u(u-l)^u+l)(u-2) A X-2 + A X-1

i (u-l/2)(u)(u-l)(u+l)(u-2) 5
5 : -2 ,

6 6+ u(u-1 )(u^l^u-2) (u+2)(u-3) x-3 x-2

+ u(u*l)(u+l)(ü“2)(u+2) ... (u-n)(u+n-1) 
WF x

(j.5)

where the difference appearing in Equation (j.)) can be obtained by 

a special consideration of the quantities lying as near as possible
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to the horizontal line drawn halfway between xQ and x^.

quantities are shown in Table VIII.

Table VIII A Central Difference Table

X ^X △®x A A A A A A
'-4 •

*3 ^x-4

'2
*-3

^x-3.
△ -4

'.1
*.2

A-2
^"-3

^x-3
^"-2

^".2^
^-3

A-3x

^X.2

-A,
X1

^2 ^«1

-K 

A 

A

CM 
H

•a_8x 

*̂-1

*3
*3

*̂2
A •

x4

5
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If u - 1/2 in Equation (j.j), the formula of interpolating 

to halves can be obtained:

. (-1)^1 .3.5...., (2n-l)]=
22n(2n)J 5 (J.4)

If interpolation is needed near the end of a set of tabular values, 

of if extrapolation is required a short distance ahead, Newton's 

formula for backward interpolation should be used as given below 
(where use is made of horizontal difference tables): 

p(t) = <p(tn * hj . iKu)

* xn * " V. * Y.

+ a...

u(u+l)(u+2)...(u+n-l) nJ ' ' Vn (J.5)

The investigation of the relative accuracy of the interpolation 

formulas can be found in detail in Reference 35.

The problem of calculating the derivatives of a function by means 
of a set of given values of that function is solved by representing 

the function by an interpolation formula such as those given by 

Equations (J 2), (J.j), and (J.4), and differentiating this formula 

as many times as desired. The considerations governing the choice of 
a formula employing differences are the same as those which govern
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interpolation. That is, if the derivative of a function at a point 

near the beginning of a set of tabular values is desired, use is 

made of Newton’s formula (j.2) whereas if the derivative at a point 

near the end of a table is desired, use is made of Newton’s formula 
(J.5). For points near the middle of the table a central difference 

formula should be used, for example: Bessel's formula, (j.j). In 

using the above formulas to obtain derivatives, one should make the

following substitution:

t - t o
h a?= as ’ S = I (aâ

using Newton’s formula (j.2) to calculate the firstFor example,

few derivatives at t

I 
h

o, yields

2

At t x tQ, u = 0, and Equations (j.6) reduce to the following:

2t o

(J.7)

o
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Evidently} ve can find the derivatives in exactly the sense way by 

differentiating the other given interpolation formulas.

The problem of numerical integration, like that of numerical 
differentiation, is solved by representing the integrand by an 

interpolation formula and then integrating the formula between the 

desired limits. In this way a quadrature formula is derived and the

process is known as mechanical quadrature if it is concerned with
functions of a single variable, as is the present case. Integrating
Newton’s formula (j.2) with the limits of integration taken as
t ■ % and t = t@ + nh or u = 0 and u = n gives:

t +nho
I ■ J x(t)dt =

*0
uâx o △\ + 

o du •c o j:

or

I ■ h nx + ~ zsc + O d o
n^ n2
5 " 2 ? x? + n2

From Equation (j.8), several well-known special formulas can be
obtained, such as the trapezoidal rule, Simpson’s third rule,
Simpson’s three-eighths rule, Weddle’s rule and others. In the

case of the trapezoidal rule, for example, n = 1 is assumed and 

therefore all terms containg and higher differences are 

rejected, i.e., the curve joining the two points is assumed to be 

a straight line. Thus, it can be shown that:
t +h o h *o + i

1*0 fa r .= 2 [x^]
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Similarly:

t *2h  o
/ » 5 [x.*XoL  and bo on.t +h * 1 *o

Adding all such expressions gives integration from t to t +nh (when 
o*o  '

n is even or odd), as follows:

t +nh '
, hr _ , . n

J a 5 ^xo + * ••• * *nl = 5 È 7^ (J.9)
o 1=0 

where = (1, 2, 5,...). For Simpson's one-third rule, let n = 2 

and neglect all differences beyond the second In the general formula 
(j.8), then use three ordinates at one time to obtain

V*
/ X dt = j (xo * + x2)
o

t <4h o
/ X dt = | (Xg + Ux5 + x4), and so on. •
o

By adding all such expressions, the following formula by Simpson is 

obtained:
to+nh

I- {° »(t)« . £ txo +

h ÿ
3 ; 7ixr (j.io)

when y^ = 1, 4, 2,..., 4, 2, 1 and n even.

If n = 6 and all differences beyond the six are neglected, and the 

six coordinates (xQ, Xp ..., x6) are used at one time, Weddle's rule
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1s obtained. For the first six intervals, this gives

t +6h o
/ x dt + ^2 + 6x3 * x4 * 5x5+ x6]

and for the next six intervals, from x^ to x^, it gives

. x10 * 5xu ♦ x^)

Finally, adding these expressions ^ives:
t +nh o

f x dt
to

Th nto £V1 
o (j.ll)

where = 1, 5, 1, 6, 1, 5, 2, 5, 1, 5, 2, etc. and n is a 

multiple of six.

A computer should have some means of estimating the reliability 

of every computed result. There exists some means of estimating the 

magnitude of the majority of unavoidable errors. As an example, the 

error committed in the evaluation of an integral by using the
trapezoidal rule, usually known as the truncation error, is given by:

where T = nh - the interval of integration .
x"(t) = maximum value of the second derivative of the integrand

x(t).

A more optimistic estimate of the error is given by the equation

< + 577 Ix'(nh) - x'(0) ] 
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where x'(nh) and x'(0) are the first derivatives of the Integrand at 

the end and the beginning of the interval T. Since the first derivative 

is the integral of the second,
nh

x*(nh)  - x'(0) ■ J x”(t)dt « T x (J.14)

where x^ denotes the average value of the second derivative of 
the integrand in the interval T. Therefore, Equation (J.l}) can be 

written:
\ S * % (J-15)

Equation (J.l)) is much easier to use since it contains only the 

difference between two easily located first derivatives and not 

the maximum value of the second derivative, the determination 
of which is more difficult. Moreover, Equation (J.l)) gives a 

fairly accurate estimate of the truncation error for reasonable 
values of T. For these reasons, Equation (J.l)) was used in the 

calculations. Of course the first derivative can be easily obtained, 

to any degree of accuracy, fr m the previous considerations in 

this appendix. In estimating a given integral by Simpson's rule, 

the truncation errors committed are undoubtedly less than those 

resulting from use of the trapezoidal rule, but they are more 

difficult to obtain. It can be shown that the truncation error in 
Simpson's rule is given by the following equation (55, Chapter 8) :

n? x(iv)
180 max. (J.16)

is the maximum value of the fourth derivative of the

integrand during the interval T.
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It is not always possible for a computer to have an explicit 

formula which gives the value of the truncation error emitted In 

the evaluation of a given result. One example may be the Runge-Kutta 
method. It is true that Bieberback^ has found an expression that 

provides an upper-bound for the error at a given step in the 

Runge-Kutta process, but since this estimate depends on quantities 

that do not appear directly in the computation, some additional 

separate calculations are required. For this reason, the author 
suggests the use of the general method of Section 5.2 as a means 
for calculating truncation errors on the digital computer.

Bieberback, L., Théorie der Differentialglelehungen 
Mew Dover publication,Üev York, p.45. ' ----- *— Berlin (1946)
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