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FLUCTUATIONS IN RADIATION DISTRIBUTIONS
by

Robert J. Gelinas

This thesis is a theoretical study of fluctuations in the radia-
tion distributions from systems that are amenable to a transport
description. We proceed by a deductive approach in which the quantum
Liouville equation is used to generate a coupled set of transport
equations for the first and second moments of the appropriate num-
bers (in fact densities) of particles that adequately describe the
system. Particular attention is devoted to the description of the
observables of the experiments in terms of our theoretical quantities.

The specific applications that we consider are (1) a nuclear
reactor system on which we observe neutron correlation information
by measurements on the high energy prompt gamma radiation field
of the reactor core and (2) the Brown-Twiss correlator experiment.
The latter system measures fluctuations in a mercury arc source of
optical radiation by placing two photocathodes in the beam of radiation.
Their outputs are fed to a correlator which measures the expectation
value of the product of the fluctuations in the output currents. The
observables in the reactor noise experiment are a power spectral
density and the ratio of the variance to the mean of the accumulated

counts from the photon detector.



In our reactor noise analysis by photon observation, we
consider both a finite and an infinite reactor-detector model. It is
found that the information relating to the neutron correlations of the
system can in i)rinciple be observed as efficiently by photon detecting
techniques as by the conventional neutron-detecting experiments. A
significant advantage of a photon detecting noise experiment js that
the detector can be placed outside of the ré;ctor core proper and
thereby relieve the perturbing effects that are encountered when a
neutron detector is placed in-core. Also spatial effects can be
effectively smoothed out because the photon detector sees a larger
volume of the core than a conventional neutron detector. However
it appears that photon noise measurements must still be restricted to
cold, clean cores as in conventional neutron-detecting experiments.
Also if one is trying to see spatially dependent effects, itis a dis-
advantage to use photon detection. Furthermore it is found that low
power experiments are the only feasible ones (as in the conventional
case).

In the Brown-Twiss experiment we find that the correlation
they observed is interpretable to be due simply to geometric effects
and that stimulated emission effects are apparently of no consequence
in this application. In the final chapter we examine particular
properties of the radiation distributions and find that even when

stimulated emission is present, its effect on a fluctuation measurement



would not be seen if the energy of the radiation is much greater than
that of the emitting atoms. Such '"Poisson-like' sources are

found to fulfill Glauber's second-order coherence condition.
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LIST OF SYMBOLS

In order to achieve greater continuity in the presentation of

the main text, some of the more frequently used symbols are defined

here.

whenever possible.

We will list the equation in which a given symbol first appears
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different quantities, the appropriate meaning will be clear from the

context.

ADnD,)

B (%" £)d%

vi

Relative overlap of detectors 1
and 2, Eqn (153)

The probability that a fission in-
duced by a neutron with wave
vector & will produce J prompt
neutrons of which £  will have

ﬁéd"k , Eqn (17)

The probability that a fission in-

duced by a neutron with wave

vector £ will produce J prompt
neutrons of which «  will have
£ed’® and /B  will have

Ledk - Ween R= £ BLEEL),

———»é,,(lg cg(‘é"él) 55(7?'; é), Eqn (19)

Count rate due to gamma detec-
tion, Eqn (94)

Count rate due to neutron detec-
tion, Eqn (92)

Speed of light, Eqn (13)

Density operator for system,
Eqgn (1)



PR —t)dk

A
F, (3K, a.t)

AE ' '
FZ— (X_,t()a;zt('b;t

vii

Threshold energy of detection
process '

The probability that a photon with
wave vector %' will, upon
detection by a photoelectric
detector, produce a photoelectron
with wave vector K ed’k ,

Eqn (11)

The probability that a neutron
with initial wave vector ‘/;Q will

be scattered into a final wave
vector £ €d*£ , Eqn (17)

Coarse grained density of Ath
type particle or photon, with
quantum label "a.' Egn (1)

Coarse grained doublet or cross
density for ""A'" and ''B'" type
particles and/or photons with
quantum state labels ''a'" and "'b"
respectively, Eqn (2)

Singlet density for ''particles'' of
kind "A", Eqn (12)

Doubletor cross densities for‘
"particles' of kinds'A“and/or B,’
Eqn (11)

neutron singlet density averaged
over the volume Vs , Eqn (146)

Glauber's first order correlation
function, Eqgn (211)

Glauber's second order correla-
tion function, Eqgn (212)



G:}? ( % ) Js)d’sjc —— The probability that a fission
event induced by a neutron at
will produce exactly Q
photons, # of which have

* e€ed’kx . Eqn (13)

G.QV (@" k JS’) d}< d e ——  The probability that a fisgion event

g ! induced by a neutron at ‘é will
produce ()  photons, #} of
which have kx €ed*kx and V of
which have x'e d°k" When k- \75/

G':v(?“ %, %" )— Csb)v é(l“]{)G,Kéfg)

Eqn (15)
H —_ H.amiltonian for system, Eqn (3)
H(t) __ Unit step function, Eqgn (11)
OL —— Disadvantage factor, Eqgn (155)
S t) ——  Detector current, Eqn (56)
<T> —— Expected numbér of prompt

neutrons born per fission event

K —— Wave vector associated with
momentum H K

L: —— Dimension of cell in configuration
space
M —— Mean value of detected particles,
Eqgn (77)
mlg —— Mass of photoelectron, Eqn (11)
N
( /V f )R —— Total number of neutrons in the

reactor, Eqn (159)

N
(N i )s Number of neutrons in the volume
Vs . Eqn (158)

viii



Ko —k)

-
S(Ek)d’rd’k

ix

The ideal correlation factor in
the Brown-Twiss correlator
experiment, Eqn (181)

Reactor power (watts), Eqn (86)

Probability per unit X -volume
that a '"particle' of type"A”with
wave vector K is absorbed and
a '""B'"-type "'particle' is subse-
quently re-emitted, Eqn (10)

with x',

Interaction rate, Eqn (11)

The expected number of neutrons
produced per second in ¢’%
about X , and in ¢ '#4about £ ,
by means other than the fission
process, Eqn (16).

Source strength of photons from
mercury arc, Eqn (178)

Number of photons born per unit
volume per sec., Eqn (145)

Variable of Laplace transforma-
tion, Eqn (62)

Transition probability per atom
for the absorption o an ""A" type
particle with wave vector K and
quantum state label "'a.'" The
initial and final states of the
source atoms are designated by
K., 4, and ff , &4, respectively,
Eqgn (8)

Transition probability per atom
for the emission of an ""A" type
""particle, "' Eqn (8)



Uy or U)

V

V, <V, - R.V.

Vp = D.V.

Greek Characters

- &

oL (K)
oL ()

Transition probability per unit
time, Eqn (6)

Resolving time of the correlator
in the Brown and Twiss experi-
ment, Eqn (181)

Radiation energy density,
Eqn (208)

Contributions to the energy of
the system exclusive of the
particle kinetic energies, Eqn
(4)

Volume of reactor, Eqns (85),
(138a), and (156)

Volume of detector, Eqns (61)
and (84)

Volume seen by ith detector,
Eqn (144)

Variance of detected particles,
Eqn (73)

Velocity of ""Ath'"' type particle or
photon, Eqgn (6)

Position vector locating the center
of a spatial cell

Specific power, Eqn (86)
Photon absorption rate, Eqn (197)

Annihilation operator, Eqn (211)



aled
€y
€(x)

[E,x)d’xd’x

<>

<q>

<v]'z>

xi

Creation operator, Eqn (211)
Photon energy, Eqgn (204)
Photon emission rate, Eqn (197)

The expected number of photons
produced per second in d’x
about € and in d3k about X
by extraneous photon sources,
Eqn (13)

Photon polarization index

Absorption mean free path for
photons, Eqn (133)

First angular moment of the
neutron scattering frequency,
Eqn (121)

Expectation value of the effective
number of prompt photons born
per fission event, Eqn (27)

Expected square of the effective
number of prompt photons born
per fission event, Eqgn (29)

Direction of travel for particle
or photon

Solid angle efficiency factor,
Eqgn (151)

Frequency of power spectrum

Frequency of radiation with
polarization X\



@ (w) —— Power spectral density, Eqn (58)

CP( T) —— Autocorrelation function, Eqn
(56)
X .
Cp ($) — Flux of photons arriving at X ,
Eqn (144)

(x fj)a) —— Number operator of Ath type
particle or photon with quantum
label ''a," Eqn (1)

—— Macroscopic cross section

—— Energy of emitting atoms of the
photon source, Eqn (204)

x) —— Reactor modes, Eqn (138b)

xii



I. INTRODUCTION

In this dissertation we analyze the statistical fluctuations in
the radiation distributions of two specific systems. The first system
is that of a nuclear reactor in which the radiation of interest is emit-
ted characteristically By neutron-nuclear interactions. The second
system is one in which the radiation is emitted by a mercury arc dis-
charge. The observations on the latter system, which we will soon
discuss in greater detail, may be well known to some as the Brown-
Twiss experiment.

The approaches taken for interpreting fluctuation phenomena
are diverse in scope and most often phenomenological in nature. We
will not attempt to survey the literature on this point, but will give
adequate references for the particular applications which are of con-
cern subsequently. Of course in real (many-body) systems upon
which experiments are performed one is generally attempting to infer
information about microscopic causal mechanisms from observations
on macroscopic quantities. The main contribution of the present work
is to explore from the start, in a deductive manner, the connection
between experimentally observable quantities and their ''driving
mechanisms. "

The observation of fluctuations of a given quantity, say a
density of charged particles, about its mean value is a convenient con-

text within which to work, and we shall do so. The concept of
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fluctuations calls for the introduction of a joint probability density

that relates to the microscopic system. By a joint probability density,
we mean one which describes the probability for all "particles' of the
system to be jointly distributed in phase space in a given manner as a
function of time. The term ''particles' here is extended to refer to
photons as well as to ordinary particles. The deductive approach that
we employ departs from phenomenological approaches at the point where
phenomenological treatments arrive at an equation for the joint
probability density by various plausibility arguments. The deductive
approach recognizes that this probability density satisfies the Liouville
equation , and further deductions are drawn therefrom. Thus we
proceed from rather basic statistical axioms to deduce the appropriate
balance equations for relevant particle and photon densities that des-
cribe the system of interest to the order that the observations. are
carried out.

In particular in the quantum formalism, which we will employ
for reasons given below, the mean density (singlet density) of a given
type of ""particle' is expressed theoretically as the expectation value
of the appropriate number operator for the density of that type of
"particle.' This is a first order stochastic quantity and is just the
first moment of the probability density with the number operator. In
order to consider fluctuations about the mean, it is necessary to con-
sider second order stochastic quantities which we will refer to as

doublet densities. These are expectation values of second order
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monomials of the appropriate number operators. A measure of the
fluctuations of a given distribution of particles or photons can then be
obtained through a variance. The variance is defined as the difference
between the doublet density of interest and the product of the corre-
sponding singlet densities.

The work presented in this dissertation considers applications
to systems that fulfill conditions that render them amendable to
transport theoretic analysis. The term ''transport theory' is used in
the generic sense here, in that we are concerned with equations that
describe the averages of first and second order monomials of number
operators in phase space (higher orders are not considered because
the observations on the systems we consider are sufficiently described
by first and second order averages). Such a treatment is readily
adaptable to interpreting energy transfer fluctuation measurements,
and we shall concern ourselves exclusively with this class of systems.
That is, we are considering applications which clearly involve the
transfer of energy in rather discrete quanta from one type of "particle"
distribution to another. ''Particles" are simply thought of here as
well-lccalized concentrations of mass, or of charge, or of energy, etc.

The transport theoretic approach or particulate point of view
may be contrasted to the "field theoretic'approach. The field theory
(or wave theory) is couched in terms of averages of odd-order mono-
mials of creation and destruction operators. Terms that are first

order in creation or destruction operators are usually referred to as



field operators. In fact many physical measurements are indeed
sensitive to expectation values of field operators. A case in point is
the large class of experiments in electrodynamics which are sensitive
to expectation values of electric and/or magnetic field operators, which
are in turn described by Maxwell's equations. Another case where
field theory is useful is in neutron diffraction experiments. In this
case the observable is interpreted in terms of the expectation value of
the neutron field operator, < 1//> . A field equation for < /4' > can be
derived analogously to Maxwell's equations for electromagnetic fields.
What we are then saying is that the question of whether an experiment
is to be interpreted in terms of a transport theoretic formalism or by
a wave theoretic formalism is necessarily dictated by the nature of the
actual observation that is to be made on the real system, and whether
that observation is sensitive primarily to discrete energy transfer
phenomena or to wave phenomena. One can now recognize a very broad
"middle class' of experiments where both wave and particulate
phenomena are at play. These can be anticipated, perhaps, to be the
most troublesome experiments to interpret theoretically. The appli-
cations which are considered in the present work are felt to be very
definitely of the type that should yield to a transport theoretic analysis,
and we shall attempt to strengthen this point as the analysis is
developed in each case.

The organization of the material in this dissertation is as

follows. The general theory involv{ng the deduction of the appropriate



5
sets of transport equations for the analysis of fluctuations in radiation
distributions is presented in Chapter II. The first application, con-
sidered in Chapter III, analyzes fluctuations in the distributions of
gamma radiation from a nuclear reactor in order to obtain neutron
correlation information about the reactor system. In Chapter IV the
second application is devoted to an analysis of the Brown-Twiss cor-
relator experiment. This experiment observes the fluctuations in the
photon distributions from a mercury arc optical source. .

With regard to Chapter III it can be noted that studies of fluc-
tuations and correlations in neutron distributions are conventionally
approached from the point of view that an experimental investigation
will be based upon the direct detection of neutrons. *  Our work sug-
gests that in principle it is possible to perform reactor noise
experiments by detecting the high energy prompt fission gamma
radiation ( EO > 5 Mev) generated by neutron interactions within the
core. Gammas emitted by ( /1 , ¥ ) interactions will be seen to be-
have as prompt gammas accompanying fission events. Detection of
prompt gammas is possible in the type of experiments to be discussed,
namely those in which the ratio of the variance to mean and the power
spectral density are measured for the charged particles arising from
photon detections, because it is suggested that only delayed gamma

radiation emitted in the time interval between 10-4 seconds and 1 second

*An exception is an experiment performed at Pennsylvania State
University in which an attempt was made to observe neutron fluctua-
tions by monitoring the Cerenkov radiation.
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after a fission event affects the interpretation of the measurement
adversely. However, it is inferred from the work of Maienschein, et

(2)

al’”’ that there is negligible delayed gamma emission due to fission-
product decay in this time interval. Delayed gamma emission in
shorter time intervals (less than 10-4 seconds after fission) behaves
as prompt and it is also a negligible fraction of the total gamma energy
emitted per fission event. Long-lived fission products will be trouble-
some in the sense that they are the source of considerable background
due to low energy pile-up.

However, Chapman et al(3) show that for the Bulk Shielding
Reactor II the delayed gamma radiation with energies greater than
5 Mev is considerably less than that arising promptly (within
10-4 seconds) from fission and ( V1, Y ) interactions. Thus by suitable
photon energy discrimination techniques and adequate shielding (to
reduce low energy pile-up) it appears that the necessary information
may be obtained in practice for neutron noise analysis by photon detec-
tion. This type experiment will most likely be limited to clean
reactors for the present as in conventional neutron detecting noise
experiments. If suitable threshold detectors can be found, however,
this requirement could be removed to great advantage.

With these introductory remarks in mind on practical aspects
of the problem, the theoretical development will indicate the striking
similarity of neutron correlations by photon detection with the better-

known theory of conventional neutron correlation studies. An infinite
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reactor, infinite detector model and a finite reactor-detector model
will be examined.

In Chapter IV we apply transport theory to the analysis of the
Brown-Twiss correlator experiment.(4) In this experiment a beam of
light from a mercury arc source is filtered (4358 A) and imaged upon a
pinhole . 019 cm in diameter. The beam from the secondary source is
split with a half-silvered mirror, and the resulting beams are detected
with photocathodes located so that the optical paths from the source are
equal for each detector. The outputs of the detectors .are then fed to a
correlator which observes the expectation value of the product of the
fluctuations in the detector output currents as a function of the relative
positions of the two detectors. The absence of modal and diffraction
effects in this system suggest the relevance of the transport theoretic
approach that we employ. The transport theory also enjoys the facility
of convenient applicability to inhomogeneous systems such as this one.
The interpretation of the Brown-Twiss effect that we obtain from this
point of view, based upon our theoretical description of the actual
observables of their system, are in good qualitative agreement
with the experimental results they obtained. We then propose an
experiment that would interpret this effect from a direct measurement
of the ratio of the variance to the mean of the detected particle accu-
mulations as a function of the detector positions in the same

basic system as above. This measurement is attractive because the
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cumulants of the detected particles are the deduced quantities of the
theory and can be measured directly in principle as well.

In Chapter V we consider particular properties of the radia-
tion distributions. The characteristics of "Poisson-like' and non-
""Poisson-like'' radiation distributions are examined, and the relevamce
of these characteristics to measurements on given systems is dis-
cussed. Finally we indicate some connections between Glauber's

""coherence conditions' he formulates

field formalism (specifically the
in terms of his '""correlation functions'') and the results we have

obtained by a transport theoretic treatment.



II. GENERAL THEORY

Since a connection between the theory of fluctuations and their
measurement is conveniently established through the variance of the
detected particles or through the power spectral density of their
detection rates, this investigation proceeds from the appropriate
coupled set of singlet and doublet equations descriptive of the system.
The deduction of this set of transport equations can be accomplished in
various ways. One of the more familiar phenomenological approaches
was performed by Matthes. (5) Others(6)(7) employ the principles of
stochastic analysis. Still other viewpoints are adopted to this end in
the field of optics. The work of Glauber(8) has extensive references
to the latter. As was pointed out in the Introduction, we employ a
quantum mechanical treatment in which number densities are defined
as expectation values of appropriate operators, and the equations for
these densities are derived from the quantum Liouville equation.
There are at least three reasons for using a quantum approach.

In the first place the quantum formalism is naturally adaptable
to systems in which particles or photons are created or destroyed.
Both of the applications we consider are prime examples of such sys-
tems. Secondly, one is faced with the questionable interpretation of
an ordinary density in phase space. That is, ‘F (x,9.1) d’x dsp
is ordinarily taken to represent the expected number of particles, say,

3 43
to be found in the phase volume dxd P about ( X, p ) at time t.
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However in the limiting sense of small d3X d 3P the interpretation
breaks down, at least with regard to particle distributions, due to the
uncertainty principle; and if this density is not interpretable in the
limiting sense, then how? The quantum t;eofy averts this difficulty
by defining an appropriate number operator to represent the number
of particles (and photons) in a given phase cell of sufficient volume.
Finally it is expected that quantum mechanical distributions of
particles or photons should be implicit in the structure of the transport
equations. In the case of thermalized neutrons, for instance, the
neutron balance equations are expected to yield a Fermi-Dirac velocity
distribution as opposed to a Maxwellian. Of course the measurements
we consider on a reactor system will undoubtedly be insensitive to
this distinction. However in the case of photon distributions one might
expect quantum effects to have somewhat greater significance,and
these should therefore be examined.

It can be seen further that the applications considered in this
work are rather convenient special cases within the _l;road scope of the
many-body problem. First of all, both the reactor system and the
Brown-Twiss system that we consider are examples of systems in
which energy is transferred and in which modal and diffraction effects
are absent for all intents and purposes. Thus transport theory is
indicated at the outset. Furthermore, it can be recognized that in

these particular radiation systems it is a good approximation to

ignore the interactions of photons with other photons. Thus the
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mathematical description of photon distributions is linear up to the
point where the photons influence the particle distributions in the sys-
tem. It has been pointed out previously(g) that neutron distributions in
reactors are similarly one of the simplest many-body systems. In
addition to the fact that neutron-neutron interactions can be neglected,
such systems as a nuclear reactor also allow the binary collision
approximation. This is because neutron-nuclear forces are extremely
short range. Therefore with these general remarks in mind and in
light of our introductory remarks, we delve directly into the deduction
of the transport equations that will apply to the above-mentioned
systems.

The techniques employed in this procedure have been presented
in sufficient detail previously in applications to reactor systems(lo),
neutral gases(ll), and plasmas(lz)(w). Thus an attempt will be made
here to present the essence of the principles involved, and the calcu-
lational detail will be abbreviated in light of the references that deal
with these details. So let us proceed by dividing the six dimensional
phase space into hypercells of volume (2 7)3 where configuration

space is divided into non-overlapping cells of volume L3 and K-

(21)3
E

ated with a momentum ’f) K. The center of a hypercell is located by

space into cells of volume Here K is the wave vector associ-

coordinates (X ,K), and all "particles’ (recall that we include photons
in this set as well as ordinary particles) in the cell are located by

giving these co-ordinates.
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The singlet densities for particles of kind "A'" are defined

A ! A
[—T(;‘rg)a){)‘z'(z_ﬂ)'s Tr/p(x,ﬁ,a)D(l‘) (1)

and the doublet densities for particles of kinds "A" and "B" by

AB /! J
Fo (2K a;5%" b.t) = TF/OA(Z:’S,Q)/O%’:"»’S', b) Dit) .

(2)

A
The operators (0 (X,K, a) are number operators whose eigenvalues

in a diagonalizing representation represent the possible numbers of
particles of kind "A" in the phase-space hypercell centered at the
point ( X,K). The labels "a'" (and ''b'") specify the quantum numbers
necessary to complete the description of the particle's state. They
designate such things as polarization, spins, and internal states. All
particles in a given phase cell are assigned the coordinates of the
center of the cell, their momenta being given by E = h K. The
volume of the cells is (27)3, Evidently these phase points are dis-
cretely distributed; however, whenever appropriate, they will be
assumed to be sufficiently dense to be regarded as a continuum. The
quantity D is the density operator fo'r the system. The system is
comprised of all of the particles of all kinds necessary for a model

adequate to the interpretation of a given experiment.
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The density operator is assumed to satisfy the Liouville

equation given by

oD
9t "3 LD H]
(3)

where H is the Hamiltonian of the system. It is useful to write H

H= Z:/-/A +V ’ (4)

In this case H describes the kinetic energy of the ""A''-type

particle (this includes the contribution from the free photon field), and

V represents all cther contributions to the energy of the system.
The first step in the present derivation of a transport equation

is to display (generically)

F (4T -Fet) a_[ « SHOtY
T A M Y75 ]

a

(5)

for sufficiently small T and for densities which do not vary too

t/T

rapidly in time. For example, if F-(t) ~ Cc , then the above

approximation implies the neglect of a series of terms, the largest of
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which is (9 ( T/T ) for % < | . Anobvious lower limit for T
is interaction times; which, in the case that Qe will consider, will
not likely exceed 10~10 geconds. It is to be noted that this approxi-
mation (coarse-graining in time) is a necessity and not merely a
calculational trick, since it is meaningless to compare densities at
two instants closer together than an interaction time.

It can then be shown(®)(10) that, in a representation which
diagonalizes the number operator, the equation for the singlet density
of the '"A''-type particles can be written as

A
[g)—t— + 1[‘,9] F,(zka;t) :(ZL”), Z [,0,:,,:(!,5,&) —F:n (g}f_\')a)]«)
n

nl

(=) Tn'n Dnn(-t) La

+ terms dff'diagona/ in D)
(6)

A
We have introduced U to represent the velocity of the "A'"'-type

particles. Note that Y_IAE h E//n‘ when ""A'"' applies to an ordinary
particle, and /7], is the mass of the particle. When ""A" applies to
photons, 1_1'A’: C .C_2 and C= 3 x 1010 cm/sec because the medium is
non dispersive for the radiation of interest. The direction vector for
the photons is given by_{_l . Tn'n stands for the probability per
unit time for a transition to occur between an initial state designated

[
by /1 and a final state designated by /] . The summation over



15

F1 and f\l includes all initial and final states. Expressions for
T,;n can be obtained by conventional perturbation techniques. Many
approximations are required to go from equations (1), (3), and (5) to
equation (6). All of these approximations have been displayed else-
where explicitly, some interpreted qualitatively, but few estimated
quantitatively. Since many of these considerations have been dealt
with specifically in references (9). (10), and (13), which are directed

- more toward the actual development of a transport theory, we proceed
at this point to writing the generic doublet equation (neglecting terms

proportional to off-diagonal elements of D(f ) henceforth) as:

d_ vt B! | A8 .y I
[at PO U ]E (X563, K, b0 =z ). T
nn'

7?

A o .ot
w [ﬂl,,.@,'-‘ﬂ) i (B ,6',0) = 0,0 (xKa) ,0:,, @,":’.b)] Dadt).

(7)

Note that the gradients which appear in the equations at this point are
symbolic and have the meaning of a finite difference in the density of
interest at two adjacent cells in configuration space, divided by the
linear dimension of the cells. They will take on the usual meaning of
gradients when we pass to the continuum for densely spaced points.
Further specialization of these equations requires considering

individually the relevant interactions on the right hand side of the
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balance equations. To do this it is useful to restrict our attention
to the dependence of the transition probability, Th'n , upon occupa-
tion numbers only. Typically Th'n is proportional to (Onn for
processes in which a particle is destroyed. When a particle is
created, Th'n is proportional to [1 + (Onn] , where the plus
and minus signs go with bosons and fermions respectively. If, in the
creation of a particle, (Onn is not negligible compared to unity, the
effect of quantum statistics will be observed.

Incorporating these remarks into the computation which fur-

ther reduces the right hand side of equations (6) and (7), we get

0 A
e YR as D g Dot L1 P 38010
n.a

AI
(X)Z phh(-_z)’f,)a,) -’—e (a) t(,’_fl)al)' ’52)&:)
Ak, a,
Ez)at

A(
—_an (X L{,Q) (Dhn(z)g‘;al)Ta (d}ljlt\'.,ﬂ-:;t"z >af)
Ja‘
K

A)'Sl
2,2,
(8)
Note that
A A
FrXat)=2 F (XK a t)

G
(9a)
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and

o) (9b)

The quantity T; (a .K ‘ k. ; a, I:_(z ) az ) is the transition
probability per atom for the emission of an "A'"'-type particle with
wave vector K and quantum state label " Q.. " The state of the atom
prior to undergoing a transition is designated by ff ', a, . The wave
vector associated with the atom in its initial state is /f i , and a.
represents the initial internal state of the atom. . Then b’ , QZ
are defined analogously for final states of the atom (after a transition).
The quantity Ta. (a) K ‘ }5,) 4, t(z’o-z) represents the transition
probability per atom for the absorption of an "A'-type particle with
wave vector K and quantum labels, (L . The initial and final states
of the atom involved in the transition are designatéd by b’ ' ,a-p and
t( FE a—.c respectively as above. It can be noted that the transition
probabilities for absorption and emission processes are symmetric
under the interchange of the initial and final states. Since we are
considering emission and/or absorption of single particles, only
those final states for which [{0:',,: @“f)a) - {D:n (.E)t\’,(l)] is plus
or minus one, respectively, are contributors from the summation
over all states. In like manner as in (8) we can write the set of

doublet equations (once again restricting A and B to photons and
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particles relevant to our description of a given system) as:

A ' AS '
[5—;4—7_/“?4—’[[89}1-; (E_)fj)z)l_\’;l‘) :(2;)6 (x)
A B 0! AI
9 Zth (U{[I tfan,,(x,ﬁ,a)]/ﬂnn (z ,b)AZ“ 4 /0,,,, (XK, a,)v
n)ﬂ) =%
Kz, 4,

(X) Te(a_)ffl /;(l’a" : ’.(Z)a-z) + [It/Ohbn(;')t(') b)](l)

(x)ﬂ,ﬁ,(l,ma)z . (x b)) 7;(b) f_r'//_r.,b;; Kz,b,) —

B, i b
”fz bz
4

prissopiain]f, P

'.(z )a'z

(")T(a KIK a')KZ)a )‘*‘Z Pnn - ) - (K)

B n.,

w T (b, K Ik bk, b)]+(2n)c5(1 -2 805 K Yoo

(% 5/\3[(1 +/0 (XK ,a))z (On,, (%, K,8.) ©

) l I

KZ al
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A A
(‘)7;(0')‘5‘ ’5‘ ;al; =2 )al) +/th(z)5)a')A;( PVN’] (z) L(l )al)(K)
)-‘;al

sz,a,

o T, (a, K]k, ,a‘;m,az)] ~(em)’ o(2-3) (1 - dag) ®

<x>(a.fn (2K ) Ryg (K~K)

(10)

The quantity Tag(ff »k ')d SKI is simply the probability per unit
K -volume that a particle of type "A" with wave vector K is
absorbed and a ''B''-type particle is subsequently re-emitted with wave
vector f_‘_f ’€ d 3K , .
Further reduction of the transport equations from their
present form requires the consideration of the more specific charac-
teristics of a particular system; Chapters III and IV, whicp are

specifically devoted to applications, give such specializations.



III. APPLICATION TO REACTOR NOISE
ANALYSIS BY OBSERVATIONS ON HIGH
ENERGY GAMMA RADIATION

A. Descfiption of the System

The model we employ for the reactor system that is observed
by the detection of photons may be described in the following manner.
Only photons with energies greater than E o are observed. We
have seen that a judicious energy threshold for observing prompt
photons from a reactor is Eo Z 5 Mev, because only a small tail of
the distribution of delayed gammas occurs above 5 Mev in comparison
with the number of prompt gammas in this energy range. It is also
reasonable to assume that only a very small fraction of the photons
in this high-energy range have previously undergone a scattering
interaction and maintained a final energy greater than 5 Mev( 3. Also
bremsstrahlung (mean energy of . 5 Mev) is a negligible photon source

-

for E, = 5 Mev. For the sake of discussion it is assumed that a
scintillator is used to detect photons, and the photoelectrons that
result from the scintillations interacting with the photocathode
material are simply recorded and accumulate in time. Photo fission
is neglected, and photons are assumed not to interact with other
photons. The only photon interactions that are considered to be rele-
vant in this model are those events by which a photon appears to be

absorbed. Detection processes, photoelectric absorption, and pair

production are the obvious photon absorbing interactions. Photon

20
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scattering is also taken to behave as a means of absorption here,
because we assumed that a photon is removed from the energy range
of interest by a scattering interaction. The emission of photons and
particles by neutron interactions is taken to be isotropic, and
extraneous neutron and photon sources are assumed to be isotropic
and constant in time. Finally we neglect delayed neutrons and delayed

photons for expediency of calculation.

B. Specialization of the Transport Equations

In this system we are interested only in charged particles
from detection events, neutrons, and photons. All other distributions
in the system are assumed to be known. To deduce the interaction
terms on the right hand side of the balance equations, it is well to
restrict our attention to the dominant interactions that affect the sys-
tem. In the present case the dominant processes are neutron fission,
capture, and scattering; the production of gamma radiation by fission
and (/7 , Y ) events; the absorption of gammas by the medium; and
the detection process. Neutrons scattered by neutrons are neglected.

In the types of systems with which we are dealing, it has
been found{10)(12) that about all the information that is necessary re-
‘garding Tn' h 1is its dependence upon occupation numbers in the
types of interactions we are considering. For example, when particles
or photons are destroyed, Tn'n is proportional to the occupation

number of the particle or photon that is destroyed. In creation
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processes Tn'n is characteristically proportional to [l . p] ,
where the plus sign applies to bosons and the minus sign to fermions.
In the present application /D is neglected in comparison to unity in
the case of creation processes, because the measurements on these
systems will be insensitive to effects peculiar to quantum statistics.
This may or may not be allowable in other applications such as the
Brown-Twiss experiment to be discussed in Chapter IV.

The final reduction of equations (9) and (10) is carried out in
the same manner as employed previously in the literature(100(13),
Upon performing that task and passing to the continuum, where one
assumes that the discrete points in phase space are sufficiently
closely spaced that they can be treated as continuous, we can finally

write the set of working equations for this system as:
% ) ‘ / Pp‘ ’ ! 3,
[%+@(KY+EY>7EZ (2,1 ;X6 ) = [dK'®

e mx")[i'"(&"—-f:) [Pex,5 2, K51) + 2°(x =K

o 1(2"*'(;,,5 ,-z_'J_c"~f)]H<t> +J@-E )l - k)

0 A y
ol P ") P =r) 1, (3,% 9 Hit)

(11)
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J 9| r# 0
[9? *Frﬁ;“ "] FlE8 1) = [d el f. (e i

(12)

) )2 ’ '
= [d ey Pae=m) f, (2E 2 XD HD

o

q.h
+ f.ﬁcl,rs)t)fﬂ(z',x') - IE-X) V(&) Pk k)

) ﬁ, X(X_)\t;t) Ht)

)

(13)

J

W
/o
and 102 (X, %k ;Z , K t ) is obtained by interchanging argu-

ments.
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Bt‘ 2y @] £ @x ) = [dE ) g

&7 7@,?(&",1«) + (%) .
.1

(14)
L)%— re(@u +Q7 ) +@®) ¢ C(Jc')] F:\(Z)JE;K,?S'#) =
- PaetlE ) « TEOF et +[I4 itk

' )' il ' ' 1 '
o L. q{GQ(fé',Js)sz (Zk; 2 &;1) + G:;({?,Js 1
Q1 L
wh (3K TR )} +dE-1) | d% ) e e

0 70 VG (K 1RE) + dE-2) SE-£)
@,V

(v)[n(k)f,)(ggg)f) + F(X;i,JS)]

(15)
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where

Lyt @ k1) - o) Fla g - a4 rwys

Pk ~4) - }g(fe")go( B, (¥, é>} flaet).

(17)
[ (g +£0) Lty + L) £ Cx 4,5, 0):
[ 7x 6, ) SEE) + Sap ' E )« IE-Tw

—

IR -£)SE &) +SE-FIN(x R & 1)

(18)

where
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ANz e & 1) - é(é-@'){n(ﬁ)f,"(g,gt) +(d%" v w
of - K a0 - [t F-8) k)
oI A B LR [ f ) O

I &

WY <B4 % )] ety + | ) T 4 Ao
i 14

W B, (£ 1%, &) £ (2t t)

(19)

Em(

) w' oo
=fd31<”n<x")?’us ~m)f, (B =8 ) Ht) +

) | (4 )]I’gu,x,xé ) =

Al r0SEE)

(20)

N '
and 'Fz ( Y; , ‘@ ; Z kK ; t ) is obtained by interchanging arguments.
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J ' " - ' w' _yy _
L)_t_wf_uz BT +ruo + LB\ (x 3k ¢) -

Tapf, @) +1 @) S@%) + f d*£" ")

(21)
MY

and 1(‘2. (X, 'é ; XI, 1_'; 1 ) is obtained by interchanging arguments.
(Note that many of the terms in these equations were defined in the
List of Symbols, so that greater continuity could be attained in the
presentation of the text at this point.)

To this point the multiplet densities are general for all real
times. However, experiments will be interpreted in terms of
accumulations of charged particles in view of the fact that a physical
measurement is to run positively in time starting from, say, t = 0 to
time t. Thus the step function H (t) is employed above in expres-
skions describing the detection of photons. It is seen that the charged

particle multiplet densities are continuous functions in time and
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represent accumulations of charged particles. The rates of accumu-
lation, i.e., the first time derivatives of charged particle multiplets
are discontinuous, having been zero at times prior tot = 0 and non
zerofort = 0 dué to the observation starting at t = 0. It is then
noted that the second time derivatives of charged particle multiplets
are singular at t = 0. Thus we have seen that the consequences of
this restricted validity are conveniently accounted for by interpreting
the counting rate per photon, fD , as proportional to the step function,
H (t), which has the properties:
H®-=o0 t< 0 (22)
Hw =1 t=>o0, (23)

and

dHit) _
dt J(t) ' (24)

The following list defines the quantities appearing in the above
equations that were heretofore undefined:
(a) The superscripts on the densities designate the type of
! particle’/referred to as:

N ——e neutrons
/B ——« photoelectrons (are the detected particles)
X ——» photons

(b) i 5(‘é)is the probability per unit path for small paths

that a neutron with momentum of magnitude 71 é -will be

)
scattered. The interaction rates expressed by I' 3 are
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just the product of the macroscopic cross sections and
the mean speeds of the relevant particles. The subscripts
for interactions of interest are:
S ——= neutron scattering
-F —= figsion
Qn -——= neutron absorption
1 —_— total neutron events
C —» capture of neutrons
Q —— = photon absorption
D ——detection of photons by photoelectiric material

1. The infinite reactor, infinite detector model

Having the equations of the previous section, it is desired at
this point to reduce them to a form which is readily amenable to solu-
tion and is yet convenient for subsequent interpretation. The reduction
of the set of transport equations is gross in some respects and is per-
formed in many instances without a great deal of experimental or
theoretical justification. However, others(w) have shown that a
gross treatment is at least a reasonable first step in order to gain a
clear insight into the fundamental phenomena involved but yet does not

suggest that the omitted detail is, in the long run, negligible. So we

. obtain the set of equations appropriate to the infinite reactor and

infinite detector model by integrating the equations over all space and
directions and noting that there is no streaming. The photon detector

is assumed to be uniformly distributed over the entire reactor. Thus
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ZQ(I) is composed of Z-p&) plus the cross sections for all other
types of photon absorption. Neutron densities are integrated over all
energies, and both the neutron and photon densities are assumed to be
stationary. As indicated previously in the description of the system,
we wish to count only those photoelectrons that correspond to photons
with energies greater than 5 Mev. Therefore the relevant equations
will be integrated over the appropriate ranges of photoelectron and
photon energies. All system parameters such as reaction rates Vs ,
g, Van, (e, le )ra , Vo , and the mean neutron speed< Uy 2
have now become energy averaged quantities. When working with
singlet equations, singlet densities are the weight functions for this
averaging procedure. Likewise doublet densities are the weight
functions when these averages are taken in doublet equations. We
then assume that the energy-averaged system parameters are inde-
pendent of the density that is used as the weight function.
Performing this sequence of computations, the set of equations

becomes

.
oHt) _ r,f Hit)
at (25)

’
éfzfﬂ _.[2 n 5@ +nf Hit

(26)
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A M |
L‘?t—“ﬁlﬂ (1) =Fb[ﬁ A—{JH‘L‘) +<h>17 f;ﬂ?f) ﬂ‘:?t)f'

(27)
[g{ +a]1f (t) —rF Het) +7[(t)3
N (28)
AR :, <|]>E N <fIZ r" N
-{\2 C é f Zra' )C é—— _V:-[f‘ + ZL]
(29)
B0 A [ (B« S8 AT
at (30)
» <> VT
fo= Vo F' +?‘: (31)
I @
NN N R C, a, N
fz = H. ] + 2;‘ ‘ ) (33)

where we have used, in general, for the ""Ath" type of particle or
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photon

ff,A(t) = d'z [d’ f,A(;)ts)t) (K
(34)

The following notation has been introduced with the reduction:
(a) £J > is the expected number of prompt neutrons pro-
duced per fission.
(b) <V) > is defined as the expected effective nu*n‘pfr of
prompt gammas per fission event. That is if we let < V}%
be the expected number of prompt photons born per fission

event in the absence of ( /), ¥ ) interactions, <V}> can

be written as

<P‘)> _ </')>f Kf‘ +<V)>m rnn’
— ! ,
r,
(35)
where
<i"’>,1Y = expected number of prompt photons born per
(N, Y ) event. That this is permissible can be seen in
the course of deducing the equations where |,y < '7>nx
is recognized to be structurally analogous to V} < P)); .
RN ) :
(c) < h >1s defined as the expected square of the effective

number of prompt photons born per fission event.
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(d) 0.5 an - <JI>K '-Vau("k) (36)

(@ C, =V +(T-1Y>0 . (37

In addition to the present oversimplified infinite model, we
will also consider a more realistic system in which the spatially
dependent, finite features of the system will be retained. So before

finally going to the actual deduction of solutions for the equations we
have at present, let us first carry out the appropriate reduction for

the spatially dependent, finite reactor and detector model.

2. The spatially dependent, finite reactor and detector model

In this system the photon detectors are assumed to be

scintillators placed at points '_g, and X outside the core. The

equations are integrated over photoelectron energies and over rele-
vant photon energies. Once again a threshold detector is used to
detect photons with E, = hc J.= 5 Mev. Streaming of photo-
electrons is neglected, and consistent P-1 approximation procedures
are applied to the set of all neutron densities and cross densities.
Neutron quantities are again integrated over all neutron energies, and
energy averaged system parameters are taken to be independent of
the density that is used as the weight function. The emission of
photons and neutrons by neutron events has been assumed throughout
to be isotropic. Likewise the emission of neutrons by external

sources is taken to be isotropic, uniform, and constant in time.
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Photon and neutron densities and neutron currents are assumed to be
stationary, and the extraneous gamma source, F » i8 neglected for
expediency.

Performing this reduction, the set of equations becomes

s
| adff'("t) = Auf.)@) He) (38)

!

Pl’l 1 ! , 2
ofs ”‘»‘f) = {Aﬂx%_g,z’t) + D Qd(&,z_:é)}H(t) +

dt

+ é(z—‘é') AF.\@) Hit)y (39)

W 9Y
@T +Bx']ﬂp (2,39t) = M, (x;7 9 Hio)+

*f—;(zﬁ;l,x:t) -—é(g-g’)r;f,}(x Q" YH®) (40)

- ) -

A P‘r N
B,fi (2,2)= = (&) n
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[’BﬁBy]f z o =E,7{f <x;z’,@’>+£*<";:_z;g)}+

N

 Sx-1 { B 0) + o2y 11,9)

(42)
The following new notation has been introduced:
A 3 _F A
M@ = |dx LT @F)
’ (43)

The subscript has intentionally been deleted, because this notation

applies for all photon densities and cross densities.

Also

/ )’ / — 3, d \' ' '

AU PRI NN »
sz Q(_lg N n (45)

!
Bx' = C'Q" 7 Ve : (46)
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N N
P 1( X) = E(@)f@) EJd’fé" Q(é”)<;7(-<3)> ,C“Z;g)

= 2% {1y
4

(47)

where
< I’}(Q-)> = expected number of photons that are born into

dQ about <X by a fission event. (48)

Py N 3pn " J X
@ =Rele,a) [ =[at & <@

w § N(g)@")

= <—‘3—-> f%l) (49)

(ym)*

where
1 A !
< )’) QQ—)V@ > CjQ Q- expected product of the number of
photons,V] , born into A <2 about
<2. jointly with V' born into
[}
dﬂ' about <L by a fission

event. (50)
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It has been shown by Akcasu(l4) that the class of distributions

to which < r]@) V(Q.' )7 belongs has the property:

[dajda'q@ VY =<n'*> -

C. Solutions of the Equations

Before solving the sets of reduced equations, we should
briefly examine the observable quantities in the experiments that are
commonly used for noise analysis. The noise experiments we will
consider are those which measure the ratio of the variance to mean of
the charged particles and those which measure the power spectral
density.

The variance to mean experiment is conveniently performed by
recording the output pulses of the individual detection events by
some suitable means, such as on a recording tape. The variance is
computed by dividing the recorded data into equal time intervals of
width T . Then by squaring the number of counts in each interval,
summing these results, and dividing by the number of intervals, one
gets the mean square value of the counts accumulated in Z— . But
this is just f:/ﬂ(‘c 3 . By varying T, we get the detected
particle doublet as a function of (.\ . The mean value is obtained by
summing the number of counts in the intervals of width T and divid-

ing by the number of intervals. This is ‘F, ( T). The variance is
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AL P12 ’
'fz () - [ 'F. (T)] . As was indicated previously, -{:, (T) and
{2”.('(?) represent accumulations over the interval T because of
the initial conditions that were applied to all p densities.

These initial conditions are:

WF.F(O) =0 (52)
fzﬁ’d(o) z 0 (53)
£ = £y =0 (54)
,Pz'w(o) = ,C:P(O) =0 . (55)

The definition employed here for the power spectral density,

@( W), is the cosine transform of the autocorrelation function

Cp(f) . The autocorrelation function relevant to the measurements
with which we are concerned is the autocorrelation function of the out-
put current, }(‘t) , from the photon detector. The computation of
4}( W) can be performed analytically by processing the raw data
from an FM tape, for instance, which might be used to record the
output current from the detector; or suitable electronic equipment
utilizing a succession of filters among other circuitry can be used to
give ¢ (LW ) directly from the output current. The autocorrelation

function is given for stationary currents by:

(p(l‘) =< Jd@A) F+T)> . (56)
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It can be shown(ls) that

(T) _ Z'F;f,zt)
@ T2 5T? (57)

which then gives the power spectral density as:

o)

I
w) = 5 gdl“ coswtT = :
CI) < oT*H (58)

- o0
It is apparent that the connection between the experimental quantity

@(‘C) in (56) and the theoretical @(T) in (57) is through the observ-

e
able quantities ‘Fz (T)  and ‘r,?(f) . These are seen to be:

(59)

fl's(r) = [dz a0
DA'S

and

fj/s(‘c) :J ’xjd’x' £ x 3 7T) (©0)

}

where

D.V. = detector volume. (61)
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1. The infinite reactor and detector model

The solution of equations (25) to (33) is accomplished directly
by Laplace transformation, using the above boundary conditions. In

transform space the equations are:

¢ rnt
1f. «“) = A* (62)

N
r 2 VD 'FZF (4) _'_ VD F.X
, W) = 2 L (63)

)[/3(4)_4” {G(ﬁj ) L £ (4)“[(4)?—'}

AW .
Fﬂu) ’Aia {T + 1(,'6(4) S 3 . (65)

Performing the substitution for the stationary quantities and

taking the inverse, we find that

(<A e A At AL LA

(66)

F (t) ‘t ) (67)
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where

A =tk [ ,<n>"n2<c.-a.>§

Va* Va r(r*-af) (88)
2 2 2N
A _ (C.-&.)<’P £ 'Fl
2— aS(r£2 -a‘g) (69)
- o, rlR
a

N
- roz <V)>2n2(C|’a|) f| r2_ N r <hSY e }
A Fal_’{ al Pt d f?ﬂh & +{(171)

N
rd
A: —Y; )(' <']'z")>'} +<n>z'?z(fag~0.3)(cra.)
SRt fa Air, (G2 -4F) 2

a. The variance

The variance, V(t) , i8 defined as

4
\](t) = ‘F,z,‘,a(t) - [F'F({)] 5 (73)

and we find:
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-t -a,1 '
V(t) ‘—'A;e ) “'Aze ‘ +A4't +A5 .
(74)
Analysis of the variance:
It is straightforward to show that
A/ t AZ + A5 "0 )
(75)
and
Z
_.Y;A,~a,A21'A4:A3 .
(76)

Thus at t = 0 the variance is zero. At small times after t = 0 the
k2

variance is equal to A3 t . Using (76) it can also be shown that
dV/ d t is everywhere positive. Therefore the variance exhibits the
behavior expected of it. It is zero at t = 0 and positive definite at all
times thereafter.

Now let [-7 , the gamma source which has been arbitrary up
to now, be identified as fission product decay radiation occurring over
times greater than one second after fission. It can be shown that

in a well-chosen experiment there are negligible fluctuations

for the observable gate widths of interest. This is because delayed
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fission product radiation is a small fraction of the prompt gamma
radiation in this time range, and discrimination for high energy
photons is further beneficial for eliminating the effect of ‘_1 because
only a minimal number of delayed gammas are born with energies
greater than 5 Mev. For the sake of discussion from here on and for
the plotting of curves the following numbers will be used, as they are
reasonably illustrative of a typical large homogeneous graphite-
moderated reactor.
These are:

+ - .99

Ku = 1000 sec” 1

V¢ = 396 sec™!

< I> = 2.5 prompt neutrons/fission

A, = 10 sec”?
LI-0*>- 3.4
<I1%>-= 1.4
C, = 1950 sec™]

Va = 9 x 108 sec”!

' oa 1 for 5 Mev gammas
¥V = 39 x 108 sec™ =l

2
< l’)> = .04 is a reasonable illustrative value
< q)c = ,03

.01

A\
-
\N
-
v
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expression for the ratio of the

variance to the mean of the charged particles resulting from photon

detection events is:

-t -a,t
A‘e +Aze +

—

Aqt*As

—

A\
M A% 1
Using rl =0, >4,

terms it can be shown that

(77)

, and neglecting the appropriate small

r:%l r Lo <W2_h> (78)
A* re <n>
Q, AZ 4 o (C, -a.)<n>rf o (79)
A o af
3
Ad Ny raAa /* G,AZ (80)
y - Yz
A31 A3
_A_i'_v_:_ .LQL_.A_Z+_'GA' (81)
AZZ a, A'Qz £ A‘f ’



V. y_ 06 <qi-pr, l—e'nt <n>K . -ai) | =€ J
M I-G{érp’ D rat % "az [(‘ a,t .
(82a)

In most actual instances the first term of (82a) is negligible compared

to the second, and one can further reduce (82a) by utilizing (36) and

(37) getting:

_y__, — r1‘)<q>é2<.T(~T-l)>[, _ [— & l
M n<s 2 (1-4)* a.t

(82Db)

But from the space averaging procedure pointed out earlier, we find,
'F >
by considering the photon singlet density, T, (X) , which is defined

as the expected number of photons per unit volume and is a function of

the spatial coordinate, X , that

—

N , A
r;ﬂ(, =fd *x r, (%) 1[, (%) (83a)
Vy

and

07[/)‘ = j d’x C(Z){,ZZ) . (83b)
Va
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In the simplified case of a uniform photon distribution in a
homogeneous medium with isotropic photon detection and absorption

prbperties it follows that:

s Wh L@ - L
r& V,_ r‘a'l(‘,x(z) Va ra /

(84)

where

VA
\A

volume of detector

reactor volume.

Thus )Q/ﬂ is seen to act as an efficiency factor. The numerator
of equation (84) is simply the count rate of the detected particles. A
conservative upper limit on the count rate from a scintillator for the
purpose of discussion here is taken to be 108 counts per second.

The denominator of equation (84) can be written as

N N N
Vor £ @) =< @®V, = <q>rf,

(85)

But

e £

(86)
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where

&
L

reactor power (watts)

3 x 10”11 watts per fission/sec.

Then equation (84) becomes

fh - L(CR) _ 3x0(CR)
N 2 P )

(87)
where (C. R.) = resolved count rate.
In the limit of large times
im V| n ACR)<KII-D> £
t—oM P<TF(i-&)"
(88)

Using the typical numbers for the system parameters given above, it
is found that, for {‘:"Too/\l/’/— - | to be observable, )’;/[’é must be
greater than or equal to 10-3. This implies that in order to see cor-
relation information the reactor power should not exceed approximately
.1 watt for a maximum resolved count rate of 106 counts per second.
Figure 1 shows_Y. - plotted versus gate time for the numbers
used above.

It is perhaps possible in most instances to resolve the count

rate obtained from photon detection events more efficiently by operat-

ing on a current mode rather than by resolving individual pulses on a
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Figure 1. Ratio of Variance to Mean Minus One Versus
Gate Width for Photon Detecting Noise Experiment
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scaler.” The maximum tolerable reactor power level in these
instances probably cannot exceed a kilowatt.

It is clear in principle from this point of view how noise
experiments are limited in practice to low power ranges. First, from
simple geometric considerations, most experimental arrangements
are such that standard-sized detectors can ''see'' only a portion of the
reaétor. This results in reduced efficiency except for small special-
purpose reactors. Secondly, it is shown above that even if the
detector '"'sees'’' the entire reactor the resolving time and electronic
circuit limitations demand low reactor power levels. The use of
noise analysis by photon techniques for determining shutdéwn reactivity
on dirty cores is out of range at the present time because it is possible
to combat the pile up of low energy gammas only by sacrificing
efficiency with the detectors now available. Also the possibility of
monitoring reactors operating at full power is highly questionable.

The same limitations obtain in conventional neutron detecting noise
experiments, and comparison with the photon analysis can be made.

Now let us compare the conventional type of neutron noise
analysis experiment where a BF3 tube, fission chamber, or a com-
pensated ion chamber is used for neutron detection with the photon
detecting experiment discussed above. We start with the correspond-

ing expression for the ratio of the variance to mean of the charged

*Private communication with S. Hanauer.
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particles constituting the output of the neutron detector. This expres-

sion as obtained elsewhere(m)(”) is:

_\_[___I _— r‘b<cu"au) {‘ - /—e—a't}
a,t

M az
(89)
In the limit of large times
lim V] _ rE-a)
t—oo M v Q?
(90)

where the subscript N denotes the conventional neutron experiment.

Equation (90) reduces to

[Iim —\—[——] _ K <7(3-0> £
tweM ] T LI R)R

(91)
But as before
i AN
> _ Vol LX) _ _£(CR
e uri i@ P
(92)
Therefore,

[um Vo l] L CRWSIG- AT
N P<r>*(-£)°

(93)
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The observability of the fluctuations can be compared for the two
types of experiments by examining relative amounts by which the
variance to mean differs from unity for a given reactor operating at a
particular power level.

Define

vkl i,

(94)
where the subscript ¥ denotes the photon detecting experiment.
Then from equations (87), (88), and (91)

X _ (C.Rw _
(C. R-) ¥ (95)

In general, scintillators have a higher maximum count rate than can
be obtained with standard neutron detectors because of shorter resolv-
ing times. In a typical low power experiment, where neither of the

respective counters will approach saturation, 7( is ideally given by

t N -1
'X = r‘l;x ‘Fl V‘DX
Gou £ Vo

(96)

or



52

y = fortew <o)
v Vo <35V,

(97)
Using a typical value of r':m = 553 sec” ! we get
] Vnr -
K = %o V.
(98)

It should be kept in mind that this quick calculation utilized
< y-| > which includes prompt gamma contributions from (1 ,¥ )
interactions, so that the feasibility of a gamma detecting experiment
is further influenced favorably by the presence of high (N, ¥ )
intensities or unfavorably by the absence of ( /1, )f)) interactions in
the core. Of course < V] > can be enhanced significantly by lower-
ing the detection threshold to a level Eo < 5 Mev also. Thus it is
clear that in the last analysis an optimization of these factors will be
necessary in any given experimental situation to really determine the
feasibility of the method.

The volumes of the neutron and photon detectors are deter-
mined by the effective volume of neutrons or photons which they are
capable of ''seeing.'' A neutron detector "sees'' neutrons essentially
only in that volume which the detector itself occupies physically in the

reactor core. In the case of photons which have much greater mean
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free paths, the gamma detector is capable of receiving gammas
which have traveled considerable distances through the core. This of
course implies that the capacity to observe spatially dependent effects
is reduced. If a gamma detector is actually placed in the core such
that it is a "4 " counter, V,,,/V,., may typically be on the order of
50. In this case it could be argued that X would be on the order of
unity. However, the infinite reactor-detector model is misleading

if we are intending to place the detector outside the core, as might

be proposed in a realistic gamma detecting experiment. In this case
X would be increased further by an appropriate geometric
efficiency factor. It is therefore clear that it would not be feasible

to have the photon detector placed any great distance from the core
due to the effective solid angle considerations. This will be discussed

further in the more realistic finite reactor-detector model.

b. The power spectral density.

The power spectral density for photoelectrons is given by

oo

. R
ey = = gdt cos wt &%

- o0 (99)

Returning to equation (26) for the computation of the second

derivative in (99), and then using (66) and (67) we find that
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2
frn = {5

B Vo
2 (wrr? w*ia.‘ +B3Cj(w)}+ YZB" )
(100)
where
N 2% N
2 <K (c,-a.)f,
B,:<V) -Y)>V{{: r?-a?
(101a)
N
5 - <K -a)t,
’ 3 2
£ f” -4, (101b)
" R
B = Z M‘_ +£
3~ r‘a K; (101c)
N
B = {q)ﬁ«{l 4 F
4 - K; r (101d)
Qo
Again using ["=0;|Q>>a,'
quantities

and neglecting appropriate small

B2 <nt-n>i ]

(102)
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N
_g <V)>ZV;2(C|"a,3]CI _

B 2 r‘az

(103)
Then applying equation (71) for r{w / 71 we have
N
Cb(w) g<q>r.?,ﬁf. , +oL(C.R)K[ v; (¢, -4a,) .
2, P W+ a2
' 2 2
S L R ]
<‘q>2 w2+n2
(104)

Using the same typical numbers as before for the parameters above,
(t)(w) (with constant term subtracted off) is plotted in decibels
versus the frequency & in Figure 2. It is seen here that the in-
formation of interest from the power spectral density is obtained by
analysis in the frequency range from 1 cps to 104 cps. Clearly then
delayed gamma radiation from fission product decay poses no particu-
lar problem to the interpretation of power spectrum measurements,
because it has been shown that there is negligible gamma emission in
the time interval following fission which corresponds to the frequency
(2)

range of prime interest here'“’.

Furthermore, reduction of (104) gives
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Figure 2. The Power Spectral Density Versus
Frequency for Photon Detecting Noise Experiment
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z

N 2
_<L> bl 1 [, o((C.R.),[ £ <3(T-1)> Q,
Qlw) == n | Lar ik wha Y

t <"l'z'rl> ' ]
<V]>z (/Uz'l'raz

(105)

Summarizing Remarks

The theory which has been developed above for reactor cor-
relation studies by photon detectio; indicates that in principle informa-
tion relevant to dynamic reactor parameters may be obtained in some
instances as efficiently as in neutron detecting noise experiments.

It is seen that the stochastic information of the system resides in the
photon distribution of the reactor as well as in the neutron distribution.
It appears that for the present these observations will be limited to
clean cores as is the case in neutron noise analysis as well.

The fact that photons may in principle be used for noise
analysis as well as neutrons may become more apparent by examining
the following expressions for the ratio of the variance to mean and for

the power spectral densities for both the gamma detecting experiment

and for the neutron experiment.
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For Gammas:

<y,> m,n[" LCR), [ B3> ar
ey = {' ' T[«Oz(:-k)z wiva? "

<nf-n> 1 }
<ny*  wirf

(106)
Equation (82a) reduces to:
vV 1. oL(CR)y{'ﬁZ<J(J-I)> . e'at] .
M - P <3>%*(1-k)* a,t
. -t
<nf-n> o L-€
<> et .
(107)
For Neutrons:
These expressions may be obtained from (16).
Cp(w) - Fow (1 {l.p’dc'()u ‘é<J(J 1) > a.z
2 P <35 - wrHar )
(108)

and equation (89) reduces to:

_at
Y—-I L LER)y &2<J<,r-.)>[ _1-e a 1
MTIrTe <oR-erl! T at 1

(109)
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It is abundantly clear by comparison of the expressions above
that observation of reactor fluctuations by photon observation in the
range of gate times and frequencies that are practical is equivalent
to the observation by neutron detection to within an exceedingly small

" counters are used in each case.

term in each case if ''4 7T
A few general remarks can be made regarding the ramifications
of some of the assumptions that have been made in order to formulate
a reasonable working model that is at the same time readily amenable
to straightforward analysis. The applicability of the results that have
been obtained appears severely limited by the employment of kinetic
equations which contain no explicit information about the time-phase

space coupling that chracterizes neutron distributions in real systems.

The justification for such a simplified description of singlet densities

is usually accomplished in the context of bare, homogeneous, thermal
systems executing small temporal variations throughout which space-
time separability of these densities is realized to good approximation.
However, the analysis of noise experiments requires detailed con-
sideration of doublet densities, and the criteria which suggest the
utility of the ''point reactor' kinetic equations for the description of
the singlet densities are no guarantee that similar simplifications are
justified in this case. However, there is one practical situation in
which the use of ''point reactor'' kinetics to describe both singlet and
doublet densities has been demonstrated to be valid, provided the

parameters entering the equations are appropriately interpreted.
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Examples are small core, water moderated swimming pool reactors,
as has been demonstrated both experimentally(”)(ls) and theoreti-
cally(lo)(lg). The point is that, in these reactors, the two-point
space dependence of the neutron doublet density approximately
factors into the product of lowest mode reactor eigenfunctions. In
consequence, the ''point reactor'' kinetic equations become applicable
provided the lifetime and reactivity parameters entering therein are
appropriately corrected for fast and thermal leakage effects(10)(19)
These considerations are important to the analysis of neutron noise
experiments which employ neutron detectors, and they apply with
equal force to the present analysis of neutron noise measurements

relying on photon detectors. These considerations become more

apparent in the next section.

2. The finite reactor and detector model.

a. The power spectral density.

We now write the power spectral density as:

oo 2 {5/'
bw> = 5 Sdf cos wt C)d,\t/z ©

2
e (110)

(valid for non zero frequencies).

The quantity V/S/g ( t ) is the variance of photoelectrons defined

by
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[ dx ERS U:/S(
@v), V),
(111)

The equations for the variances that are needed are obtained

directly from our previously reduced multiplet equations. They are

o : oo
a\gt(E'zL‘f’--{A\/*ﬁ(z,z',t) A ViaT .

L IE-I) Awf,\(z)} Ht)y

(112)

and by differentiating

2\ fPrg ©° ' ,/ ’
O VIGEEL) :gAav"’@_x t), 8 IV ag)

43 ot pr;

Het)+

+ J(E-KI)A{,XQK) Jit)

(113)

To get this equation we have used the properties of the step function

and the initial conditions given as
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V'd(o) Vo = Vo) =V = V"0 =0

(114)
In like manner we have
& +F ]\/V(xe Ln=[AViae 1)
’ , X
Pevasn -da-n 6k @ of H
g ]
(115)
o o .
and V ( X X_ 1_2 t) is obtained by interchanging arguments.
We also have
ny
[a +B]V p't) = AV (xx)HL) .
(116)

If we apply the consistent P-1 procedure to reduce the neutron
equations, we can write the neutron Boltzmann operator, BN , as
N

B, (%) :[a, ~D,\‘/2]fN(_X)

(117)

where



63

<U>73 b, | (118)

O

A
<
V

mean speed of neutrons (119)

o

B U7 R AR VT

</‘A7

first angular moment of the neutron scattering

frequency. (121)

The details concerning the reduction of the neutron equations
have been given careful attention by Osborn and Natelson(lo) and
others(lg), and will n'ot be belabored by us at this point.

The equation forVFN(-g lzl“f ) is obtained by interchanging argu-
ments.

The solutions for these variances can be obtained by Fourier-

Laplace transformation.

(x)[l_’ ’ +pr V¥ 25 0
A peicka+V | i geicko t1 D

(122)

where it is noted that ‘k is the Fourier variable from here on.

-
/
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)\' , g '
VP(’@,Q-‘,X;A)-:—;‘f{\/f(li,ﬂ';X,’f)} =
oo ) -t —[g-l_ )1 '
=fdte”fd3ke Viza;xt
t=o0

(123)

If now we Fourier-Laplace transform equation (116) and let

b =, + D, %° (124)

we get:

( )\’ !
NV e x)
A (4+ b) (125)

V"’/"(% ,X’) 4) =

Then going back to equation (122) and taking the inverse

Laplace transformation, it can be shown that upon inversion the first

] |
term which is proportional to| <5 - - in equation
Prop [4 4+ickQ HQX 1

(122) will not contribute to the power spectral density at observable

frequencies and can therefore be neglected. This is because the first
term in brackets gives something proportional to Cﬁ LU) , and the

I
WEHILE which is

constant over the observable frequency range of Cb (w).

second term will give something proportional to

Substituting (125) into the remaining expression for
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V)PC_Q,Q-;X"J) we have

. N '
)\P' o _ "DX A V ('é, X )
2V (e a:L0)= 47 (4s icE2 +H)(4+ B)

(126)

’
A '
Using V (3( 'éf_l 0 X ) t- 0) = O the Laplace inverse of
(126) gives

’ , Y . _b
N¥k,2;20t)  RAV (%,1)€
ot 4r(ick-a+n) )

t

(127)

where we have neglected:
_r.t
(1) terms proportional to &

(2) b compred to r,,_ .

To take the Fourier inverse of (127), we use the relationship

& —

! - (4, o-lckarlp

(CR-G2 41, P e ' (128)
Po

It can be readily verified that the integrand of (128) vanishes

at F) = ©° as required.

Then
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[

WNM(za.1:t) -bt ik 2"
It i 471'(217)3J _fd ﬁjdx e T

PO—OO

X' " / llé' g’—c _CZ—
(x)VN(fé,X_ )€ L i ]
(129)

which can be written as

M ¢ -t
anSﬁ i ?Ae fdpfd L' d(x-2-cpa

V@ ne

(130)
If we let
£-X =3 (131)
and
| JE-p) d(as- -
S

we finally get
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)\f'xgz_.x—'t) i - bt R/\a NA
é>\i;it( S R - T%;Tr J\E%z__ \J’ (JK Ra XI)
R=0

(133)

_ We have replaced I X ‘ by K and used )\‘ = C/ra
The equation for v (I Rﬂ v ..Q ) is:

! )\I ' NN'
[BN F BB}VN<X'R@}§)Q ) = [E: V (2-rRQ2 1) -

N
/
-d8(x-Ra 1) i [ (z-rQ)
Y '
(134)
N
Recalling that BN [ becomes b \[ upon averaging over
energy and direction, and that b<< Y; , the solution to (134)

is readily found to be:

! ' ! Ty "R,/AL ‘ N' ‘ N
Vi-re T,a) - (Be (%V” (1-Ra ¥ -R2)-
R=0

-J(x-RQ - (Js'r-f?'{l'))t% fex ‘RQ)}

(135)

So we finally have:
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avv(l.fl-;}r';t) ) R R: Ale—btjd_ﬁ €_R/>.. d_RrC_R/x‘
a_t (4ﬂ->z ks C C (x)

R-o

N
m{\;"” -Rka I-Ra)-J(I-Ra - x-rg ), (1-F I@H(t).

(136)
{
b !
PAMLe SEURS
We have now solved for a and therefore for
/
°VF#(z x't)
0‘, t 2 in terms of the neutron variance and the

neutron singlet density, which have been worked out in detail in the

work of Natelson, Osborn, and Shure(19), They found:

N ;0
N’ Y ‘<J(J-a)>6A:%(x—m)’k(x-@h
V (2-Ra; X -RQ ) = h}zr:njicmm 2@*17.(5.«2*5,:)

¥ cT(Z-R’.(_l - (LI-R’Q'D{N(Z'R'Q‘) )
(137)

where

Corm = Sdzx 11* (¥) %(;) 2/’.:(13-)

RY. (138a)

and
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NG ZA(’C) (X)

(138b)

By using (136) and (137) in (113)

az\[’&gé) 3 d d __R/)‘( -R;}‘
ot’ fd fd {(Lfﬁ)z AA€ JE_ 'C_ € €
(o), (DV), R=0 R

; <J{J-H>V; A?%:(Z-R@) ¥ (x-r'a) 4
(x)[ZZ C. 2a, + D(B? +B2) Hit)+

nm
y

Jz1) ! AP, ngf e—R/h{”@-Rq)Jcmf |

R=0

(139)

To evaluate this expression further, consider detectors 1 and
2 to be placed outside the reactor core. The set of points {g,} de -
fine the volume occupied by detector 1, and the set of points {Xz}
correspondingly obtain for detector 2. Let a thickness Z of moder-
ator, say, water, lie between the detector and the core. The
detector will be able to "'see'' photons from within some given volume,

VS , of the reactor core and moderator as shown in Figure 3.
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Reactor Core

Detector 1 / ~

Vi = Volume "seen'
, A\ \ \\\\ ~
4 AN

by Detector 1
Water

Figure 3. Diagram of Finite Reactor, Finite
Detector System

If we let the set of directional vectors extending from points
{ Z,} into VS' be denoted by {_(‘2, g , the detection rate has the

following property:

o (X)

-

rm for X in { Lls and for photons along

vectors {Q,}

= 0 otherwise (140)

If we consider the detection rate to be effectively constant over

the photon energies of interest, we can write for detector 1, using (43):

A fo - [dx neof @

(141a)
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or

0 =@ [daf’(z,a)

{Q'} (141b)

and likewise for detector 2

P AR P
a ) =1 [ da' firq)

CQZ‘g . (142)

From here on we let \ét = VZDZ = V‘n and | = r:DZ r‘: ,

and for convenience each detector is assumed to ''see'’ the same

solid angle.

The power spectral density can then be written as:

Py = £ fd zjd’ ‘ ‘Q’("K'W{ ’2‘3(158“)”? Jdﬁfdam

(D V), (v, R0 fq.}

A ZC(~M,<J<:-1)> i A ba-ra) Y, @R

-R/n
m JC“? dq —~=— R4, +D,(B: +B2)

Nnmi
> )

O]

+ (- x>defda 3 ,N(z-RQB}

(143)
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Rather than attempt an exact solution for expression (143),
which would require numerical techniques and would not be particu-
larly illuminating, we will instead deduce an approximate analytic
solution. Let us first work on the second (and simplest) integral in
equation (143). We recognize that upon multiplying numerator and

z
denominator by R that
- RIx

Pw) evjd R @RS

(144)

represents the flux of photons arriving at g » having been born in
that part of the core that the detector is capable of "seeing." We now
proceed by utilizing a simplified model that is amenable to solution
by a standard shielding calculation(20)(21),

Assume:

(1) The density of neutrons is taken to be constant in \[3 of
the reactor core. [‘F,N(§)]Vs = (F,“ )3 denotes a
constant (averaged) density in VS

(2) Photons in the energy range of interest are born isotrop-
ically in the core, and it is assumed that none are
produced in the moderator.

(3)  Aa

,}\ o= 1 am in the moderator

)\ ac in the core

(4) The thickness of the core is on the order of several
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photon mean free paths.

We now use

SV = number of gammas born per unit volume

<t (R

per sec (145)

~

to develop an approximate equivalent isotropic plane source of

photons at the core moderator interface. This is denoted by ¢ i » and

N
CP ~ Oy Aac - C<P)>|?({; )S
h 2 2 r.
(146)
Thus we are effectively viewing at 'g a constant isotropic
source of photons from a finite plane located a distance Z  along

the normal from X to the plane source. See Figure 3.

The solution for CD'(]_;) is given by

(2%+a2)” _ i
W) x2r | rdr g S
d)(g) cpl 47Tr~2
re1
(147)
or letting X = r/xm we have
(Zz-l- a‘)&/kam
3 . -X
)~ Pi e
Cb(') R dx (148)

x= Z/Adr,
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But note that the integral in (148) is closely related to the N=|

member of the set of exponential integral functions defined by

oo

En( vam) =(z/>w)n_'f fh dx

-7
Xz ., (149)

The values for E,,(X) are tabulated in references (20) and (21).

Therefore we write equation (148) as

0oy 00
e[S o] & o |
x=%/>‘lm X "'(fz*‘az)’/z/)wm
(150)

or

CPY(E) % Eg_ {E,(Z/xm.) - E,([z’+a=J’=/>~.m)}=_ $: ().

(151)

The factor ,.().\ (Z,a-) is the ''solid angle efficiency factor. '

It was pointed out in reference (19) that for small reactors
whose dimensions are such that they do not greatly exceed the migra-
tion length of neutrons in the reactor, the zeroth reactor mode will

dominate the summation in (143). Then corresponding to detector 1

we have
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(f.N)S‘ = m)s = Ao (’V{n)s
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(152)
where Ap is just a number independent of spatial co-ordinates.
In the summation of (143) replace
for X in Z. and
Y(x-r2) w(W) £ iE]
< in{q]
and X:
C ' f A in) X
Y-Ra) by (W), T iEed o
Then . = {ﬂz}
(I)(w) =2_l <n>r( AV, ) ) (2 “){A(D nD,) +
<V)>Y;: V:D '_(L(% a (J(I—l)>r} Caoa (/yj )
la w?+p*
(153)

In this equation we have used A (D‘ N Dz) to represent the relative
overlap of the two detectors. Of course the extreme values of this
function are unity for complete overlap (or a single detector experi-
ment) and zero for no overlap whatsoever.

We have used

2
b=a+DB (154)
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We can write a disadvantage factor for the densities that

correspond io detector 1 as:

(155)

Also

—_ (N.N)Sl VR
S TN, VL

(156)

where

(f7),

the neutron singlet density appropriately averaged

over the entire reactor (157)

N
Z
-z
mv
"

= number of neutrons in the core volume seen by the

detector 1 (158)

N
<
x
N’
2
1]

total number of neutrons in the reactor . (159)

Now

Cooo (-/ZP_OZ‘)S = Cooo Az ( /4/02)1?
- Cooo JZ(TJ/:>R (160)

To evaluate Cooo ( W, )R , let us recall that

t
C.. = [dx b b ¥ ®
RN,

(161)
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From the orthonormality of the reactor modes we can see that /*,(.Z)

is of the form

'P( W)

(162)

For a cubic reactor, as an example, W(Z) is just the product of

three cosine terms.

Thus

[z ¥, (5-7a) = [ g WS
R.V. R.V. R

V(1) = WE

Therefore
(—Fj _\;.X'_/z_)_ - ( % )3 |'IZ
R ,

In the same manner we can find

COOO = "z Srr) '/2_

for a cubic reactor.

(163)

(164)

(165)

(166)
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Utilizing these results

Ca Ve %5

(167)

which leads to

oy = £ <22 “\X*’(N' 3. e [ ADND,) -

. <>rnR Vo & O ayEE> N J

2 2
n Vn w?*+ b
(168)
It can be seen that for detector 1 as an example
<>k NN, g 3, (2, a) 3 (C R >
r;VR | R
(169)

Also, using (156) for ;‘2 and multiplying numerator and denominator

by G; , we see that

<> 1, Vp ke (2 ,4) _ & 1; (CR)ye
(o Vy *

(170)

Then we can finally write the power spectral density as:
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,,((C R),. <T(T-1)>4£* b }
@(w) = {A(D nD ) <J'>2 (I A&)? W?+ bz '

) (171)

If we compare this result with that of equation (105) for the
infinite model, we find that the frequency behavior of the power
spectral densities corresponds very closely in each case. It is seen

that (4 , in the infinite case is replaced by b in the finite case

and that ‘ﬁ oo goes over to
_7%19___
[ + LE 802 , where

D,

: (172)
Yan

LZ
The only significant difference between equations (171) and
(105) for the finite and infinite cases, respectively, can Be shown to
involve the count rates that multiply into the frequency dependent
term of @ (UJ) in each instance. If we denote the count rate in the
finite model by (C.R.),¢ and in the infinite model by (CR.)y , it

is easily shown that

(C.R)n‘ _
(CR)ye 4tz

(173)
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Thus if JL (1) Q) becomes too small in a given one-
detector experiment, it is clear that the frequency dependence of the
power spectral density will not be observable in that experiment. In
order to get a feeling for the distance that a photon detector may be
placed from the core and the degree of photon collimation that is
allowable such that A—Q(?,Q)remains at a reasonable value, let us
consider the following example:

(1) a cubical reactor surrounded by a water moderator

(2) the detector is placed one photon mean free path

from the core

3 Q¢ =.707  ce. arctan % - I

™

Performing the necessary computation, one finds for this
example that .ﬁ)..(%) @)= .007. Applied to the example we considered
previously for the infinite model, it is apparent that the photon detec-
tor in a real experimental situation will most likely have to be placed
less than a mean free path, )\ H,0 , from the core and with very
little collimation imposed on the photons impinging upon the de‘tector.
Of course considerable optimization of the many factors considered
up to now must be carried out for each and any specific proposed
experiment of this type.

Because of the difficulties with solid angle efficiencies, it is
suggested from the theoretical expression for q—D(w) in equation(171)

that a cross power spectral density (C. P. S. D.) experiment be
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considered. In this case A(D‘ nDz)= 0, and

2

¢(w) _ o((C-R-)n(C.R.‘)xz LJI(I)> ‘kz b
=P <A (- wribt
(174)

Thus in principle it appears that a C. P. S. D. experiment will
yield information over a much broader range of power levels due to
the extra factor, (C‘ R>Y 2 » which now appears in the numerator
along with the fact that the frequency dependent part of (?(UJ) does
not have to compete with the constant term, presumably due to white
noise due to detector statistics, that previously appeared in (I)(‘“)
for the one detector experiment. However, in practice an error
analysis applied to the data handling process reveals that the
C. P.S.D. experiment does not in fact enjoy the clear-cut superiority

in all cases that is indicated by the above idealized theory.

b. The variance. (consider one detector experiment)

By integrating (139) twice from t = 0 to t, using the boundary
conditions, zeroth modes, and the averaging procedure of the pre-

vious section, we find in the same manner as above

y__l _ LER) k2<3u-13>[‘ _ btj

-
M P <-4 bt

(175)
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This result is seen to correspond closely to (129) for the
infinite model except that Q, is replaced by b , and%— -
is reduced by the factor ;CL('E) 4) as was the case for the frequency

dependent part of the power spectrum as well. Thus once again it is

virtually necessary to avoid very small solid angle efficiency factors

KLz @) .



IV. APPLICATION TO AN ANALYSIS OF THE
BROWN-TWISS CORRELATOR EXPERIMENT

A. Description of the System

We can note that the system of the Brown and Twiss correlator
experiment appears to possess similar basic features as the systems
we have investigated in previous chapters.and it should therefore be
amenable to a transport theoretic interpretation. That is, the
Brown-Twiss system is again one in which energy is transferred and
in which modal and diffraction effects are absent. In this experiment
a mercury arc source is filtered (4358 A) and imaged on a pinhole
.019 cm in diameter. The beam from this secondary source is then
split by a half-silvered mirror, and the resultant beams are observed
by photocathodes placed at equal optical distances from the source.
One photocathode is stationary in the transmitted beam and the other
photocathode is on a movable slide and can assume positions across
the reflected beam. The outputs from the detectors are fed to a
correlator which records the expectation value of the product of the
fluctuations in the detector output currents.

That diffraction effects are expected to be negligible in this
system is easily seen from the fact that all relevar:t dimensions of
the system are much greater than the wavelength of the radiation.
From a consideration of the radiation bandwidth used in this experi-

ment it is found that the lifetimes of emitting states are short
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compared to observation intervals. It can also be shown that coupling
effects between the radiation field and the source atoms can be
neglected. That is, the auto-covariance for source atoms and photon
densities is effectively zero. One can further note that dimensions of
the mercury arc source are small compared to the photon mean free
paths in the source. Thus it is a good approximation to neglect photon
absorption in the source, and it is also neglected in the interspace
between the source and the detectors. The half-silvered mirror which
splits the beam is considered to be a photon séatterer that deflects
approximately half of the photons from the incident beam into what
we have called the reflected beam. The photons from the beam inci-
dent to the mirror that are not scattered (reflected by the mirror) are

transmitted and constitute what we have called the transmitted beam.

B. Specialization of the Transport Equations

In light of the above remarks and referring to Figure 4, we
employ a model in which the photon source, S(X.,Q-) , is taken to be
a disc (.019 cm diameter) from which photons are being emitted
randomly by spontaneous emission. The photon and source atom
distributions are assumed to be stationary. However when photons
are detected by the photocathodes, the resultant photoelectrons are
simply recorded (assume no loss mechanism for ﬁ )S ); and the
number of photoelectrons recorded merely accumulates with time.

The same boundary conditions obtain for charged particle densities
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here as in Chapter III. We then neglect streaming of photoelectrons
and integrate their densities over their entire range of energies and
directions. The densities necessary for the interpretation of this
experiment are the singlets, doublets, and cross densities for
photons and photoelectrons. Taking proper acgount of photon scatter-
ing in the deduction of the transport equations for this system, the

reduced set of equations may then be obtained and written as:

offex ¢)
Jt

A
= A'f: () H#) (176)

6%
T

X /t ' ’ / A/
£.%.6) :{Aﬂv(gs,t)+Aff(2;!,§',é)}//(f) +

rJ(g-1) 2 @) Het)

(177)

[cavr m@/{ iz a)- S(za) +

SC by "
' f da’ 1,@ & @'-a i, @a)

(178)
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[C(Q--Y + Q0 ) + (D) + F(Z )}ﬂ (2,02,8 Q)=

" SC rt AX' [{] !’ ’
ﬂda (5 ¢ (@-arf: (xa';%,a)+

v Lo, , A o,
*f‘m (8¢ (e ~a)t, (22,5, )
¢Sz adf ey + £l S@Ea)y +

S (z-1{de- S5 « h G0 ¢

S¢

’ jda" Cx(z)ﬁsc(@"—»mf.\@,@"ﬁ - 'Gx@)&(@ﬁl?\q&,@'

A CHRTELS ff(-zﬁf_z')}

(179

and
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+ f,p();,t ) (x.2) +jdﬂ" K, (X) }S(C@“-,a )f (%,3Qt)-

(180)

sSc¢
The photon scattering frequency 2‘ (Q""’ Q) is defined
analogously to that which was used previously for neutrons in
equation (17), and Q,(g)represents the photon scattering rate per
photon. It is to be noted that r;, (.Z)is a very localized function of
position, in that it is zero everywhere except at the mirror. Also in
these equations C = 3 x 1010 cm/sec is the speed of light as the

media are assumed to be non-dispersive.

C. The Experimental Observables

It has been assumed up to now that the connection between the
actual experiment and the theoretical interpretation is accomplished
through the charged particle singlet and doublet density. That this is

in fact the case can be seen as follows:
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It is assumed that the correlator used by Brown and Twiss
measured the expectation value of the product of the fluctuations in
the output currents Aﬁ‘(t) and ASE(f +t), where the subscripts

designate the detectors. The observable, G , is given by

Tr
O = '%P— ] dT < A3, YA 3,@+T)> .
T=0 " (181)

Using Au}‘(t)= J(t) = <§(t)> , this reduces to

@:'_th dZ‘{<J,(t) ot +T) =<3 )I>< Sz(t»ft)?} .

T=o (182)

The angular brackets stand for the expectation value which is obtained
in practice by appropriate averaging procedures on the data from a
large number of experimental runs. P is simply a permutation
operator which interchanges 1 and 2. The integration over T
expresses the fact that the correlator performs the multiplication of
o?\, (t) and .3; (£+T) only for those detector currents arriving at
the correlator within times T between zero and 7; of each

other. 'T; is effectively the resolving time of the multiplying

circuit in the correlator. Of course we recognize Ig P<o’,(ﬂ %(tm)?
as Q({j) , the generalized cross-correlation function, which is a
function only of the lag time T for stationary processes. For

stationary currents we again use
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Yy
(,Z, - _I a 'Fz (T)
(183)
and
O
at ) = <§.,z(f)>fCOhStanf,
(184)

Utilizing equations (183) and (184) in the expression for the observable

given by (182), we find that the observable can be written as:

7
@’ J‘df 2 aav @ )

(185)

&
where the variance, v (T) was defined previously. The photo-
electronvariance has been integrated over detector volumes ( D.V ),

and ( DV. ), as shown in equation (186):

Ve = (o (40 Vi s o

) ' (186)
(D'V')l (D‘v').z
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D. A Qualitative Interpretation of the Results of Brown and Twiss

Brown and Twiss found that the measure of correlation observed
by their correlator was maximized when the position of the movable
detector, Dg , in the reflected beam corresponded identically to the
position of D, in the transmitted beam (as shown in Figure 4). As
detector D 2 Wwas moved to positions farther and farther out of cor-
respondence with detector D, , the correlation continued to decrease
more and more. Finally there was virtually no observable correlation
when Dz was out of those parts of the reflected beam that corres-
ponded to the position of Da in the transmitted beam. That is to say
there was relatively more (or less) correlation when DZ could ''see"
relatively more (or less) of the same region of the beam incident upon
the half-silvered mirror as was "seen" by D,

Since the photons in the incident beam have a random distribu-
tion (having been born by spontaneous emission from a randomized
assembly of source atoms) and since these photons are being detected
by two physically distinct and separated detectors, one can ask, ''Why,
in fact, should there be any correlation at all?' Rather than solving
the set of transport equations at this point (this is a straightforward,
but sizable, task that will be presented in a subsequent paper), we can
instead gain some insight into the physics of this problem by a
qualitative consideration of the set of transport equations (176)-(180)

and their associated boundary conditions. From the photon singlet



92

equation for this system, we can establish that subsequent to its
birth a photon is only able to stream and to be either transmitted or.
reflected by the half-silvered mirror prior to detection. Recall that
no photon absorption occurs in the interspaces. Thus a photon within
the shaded area (see Figure 4) incident upon the half-silvered mirror
must either be transmitted to detector D, or be scattered (reflected)
to detector Dz (provided Dz is not in a region of the reflected
beam that does not correspond to the same part of the beam seen by

_D, ). We therefore conclude that the correlation that is observed
in this case must be due to the fact that the photon events at the
mirror have altered the initially random distribution of the photons
(represented by X s in Figure 5) in the incident beam.

This conclusion can perﬁaps be amplified with the help of

Figure 5. We are considering now that portion of the incident beam
represented by Bg that is ''seen'' by detector D, . For illustrative
convenience consider the half-silvered mirror to be placed at an
angle of 45° to the line of sight between the centers of the photon
source and detector D‘ . Then assume that the mirror either trans-
mits photons of the incident beam or scatters them through an angle
of 90°. The photons scattered from BS then define the reflected beam
at 90° to the‘transmitted beam as shown in Figure 5. For the present
we are considering D 2 to be positioned directly in the reflected
beam (indicated in Figure 5 by position (a) ) so that it ''sees’ Bs

identically as D, ‘'sees'" it. We can now observe that the mirror
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functions in such a manner that the transmission of an incident

photon by the mirror, while introducing a photon into the transmitted
beam, at the same time accounts for the absence (represented by o’'s
in Figure 5) of a photon in the reflected beam. We might say that

the mirror creates an "either-or'' situation so far as the photons are
concerned. That is, "either' they are transmitted and arrive event-
ually at detector D. "or" they are reflected and eventually arrive

at detector D2 . It is because of this situation created by the

effect of the mirror that there is a one-to-one correspondence between
the photons in one beam and the absence of photons in the other beam.
We therefore conclude that this complete correspondence that has been
introduced into the distribution of the photons in the transmitted and
reflected beams accounts for the correlation that Brown and Twiss
observed.

If we now consider the case when the detector Dz is displaced
to a position such as that shown by (c) in Figure 5, there is no correla-
tion. This is because detector Dg is unable to ''see'’ that part of the
beam, Bs , that corresponds to the region of the beam that is detected
by D, . In other words the presence or absence of photons in the
beam arriving at position (c) is totally independent of the presence or

absence of photons in the beam striking detector D' . This can be

referred to as the condition of no ''correlation overlap. ' We have

already considered the condition of complete ''correlation overlap. "

This occurred when detector Dz was in position (a) shown by
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Figure 5. In this idealized case 'correlation overlap'' decreases
linearly (is a function of the area of ''overlap'') as detector DZ is
moved from position (a) to intermediate positions (b), and is of
course zero in position (c).

Our discussion up to now has been for an idealized situation
in which we have assumed for instance that the detection efficiencies
of D. and Dz are constant and uniform over the detector faces as
well as that the beam intensity of correlated photons is uniform for
all detector positions. Of course these conditions are not fulfilled
in practice. An additional factor is that in practice the half-silvered
mirror tends to spread the reflected beam so that the region of the
reflected beam containing ''correlated' photons is broader than the
beam seen by detector D‘ . In Figure 6 we plot the data points of
Brown and Twiss as well as what we shall call the ideal correlation
factor (dotted line) that represents our theoretical observable, (9’ .
This is seen to fall below their data points in Figure 6 and goes to
zero at d = 5mm (this is the size of the detector apertures used in the
Brown and Twiss experiment). Therefore when the region containing
"correlated' photons is broadened, as we have mentioned above, and
when we account for the fact that the intensity of ''correlated'' photons
is significantly reduced in the broadened regions of the reflected
beam {(as compared to that intensity in the central region) we expect
suitable agreement between our theoretical interpretation and the

experimental results of Brown and Twiss. The abscissa of Figure 6
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is referred to as the separation of the detectors, d. This is
effectively the separation of the centers of D‘ and D‘2 relative to
each other using the centers of the transmitted and reflected beams as
a reference point.

There is the implication from our interpretation that the effect
observed by Brown and Twiss is largely dependent upon geometric
considerations and is most likely insensitive to stimulated emission
(sometimes referred to as ''photon bunching'' effects due to quantum
statistics) and to coupling effects (or lack of them) between the

radiation field and the source atoms. It is furthermore interesting

(21)

to note that Brown and Twiss made the observation very early
that their results indicated this dependence upon the geometry of the

system.

Finally instead of using a correlator to determine the measure
of correlation, we can suggest an experiment which measures the
ratio of the cross-covariance of the photoelectron counts from D,
and D2 to the mean of the counts obtained from D, . This experi-
ment would seem to be more directly interpretable. That is, with the
appropriate data handling equipment the pulses generated by the detec-
tion events can be recorded directly onto a video tape, provided the
count rates do not get too high. This information can then be pro-
cessed to yield the quantities {;PQT), F,p("(\), and 'F,ﬁ’if) directly as a
function of gate width T  of the data processing operation and from

the displacement of detector Dz. . There would be no uncertainty then
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as to the connection between the experimental observables and the
L fe

theory, because the accumulants ')Qf(’c), ‘F, (T), and 'R (@) of

photoelectrons in an interval C are directly available both

experimentally and theoretically.



V. GENERAL PROPERTIES OF
RADIATION DISTRIBUTIONS

In this chapter we will briefly examine in finer detail some of
the rather interesting properties of exclusively the radiation distribu-
tions. It was indicated in Chapter IV that the Brown-Twiss correlator
experiment using a spontaneously emitting, random photon source
most likely gives no information about the dynamics of the source
system since it is ;‘argely a geometric effect. From here on we will
refer to random photon sources such as their mercury arc as
""Poisson-like' inasmuch as it can be shown that the variance of the
radiation distribution is equal to the mean. It is therefore implied
that non-'"Poisson-like'' radiation distributions in some ways may be
of more interest, so far as obtaining information about dynamic
parameters of a system is concerned, in the type of correlation
experiments that we'consider. A case that illustrates this point
occurred in the reactor noise applications where we saw that dynamic
parameters of the interacting system (the nuclear reactor) were
obtainable, in principle, from radiation with a non-'"Poisson-like"
distribution, as compared to the fundamentally simpler correlation
effect observed in the Brown-Twiss experiment. In the reactor noise
application the multiple production of photons and of neutrons from
neutron interactions accounted for the departure of the radiation dis-
tribution from Poisson. We then might ask, '""What type of correlation
properties might we observe in a fluctuation experiment if we use a
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different optical source, say, a black body radiating source, where
stimulated emission may account for a departure of the radiation dis-
tribution from Poisson; and what other relevant measurements might
thereby be suggested on such a system?'' The sections that follow in
this chapter deal with these matters and will examine some of the
ramifications that arise from considering the characteristics of
"Poisson-like' and non-''Poisson-like'" optical sources.

A. Specialization of the Equations for Photon Singlet and
Doublet Densities

In light of our above remarks let us consider a spatially
dependent model of an infinite homogeneous medium in which photon
scattering is neglected and photon occupation numbers are retained
(as compared to unity). This in effect accounts for stimulated emis-
sion. We use the conventional notation of & (k) to represent the
absorption rate of photons with wave vector l( and € (%) to
represent the emission rate of photons with wave vector 1( . Then
assuming that the photon densities are stationary, the reduced equa-
tions are obtained in the same way as previously. Thus the photon

singlet equation is given as

[c QY+ (%) - E(Js)] F,\CE k) = 5(7-‘)/Dk (187)

where the medium is again taken to be non-dispersive; and the photon

doublet equation is given as
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[C(_c_l-tz + QY )+ E) - €@)r (L&) - c@u)F (X)k)X,k):
o, N , ‘
, eo.c)(Okf, (%) + Fapexipy + 3@-£)w

(% - &'){[A(@) +€(@)J1(‘*@)£) + 6(95){0,(} |

(188)
If we introduce
Ax) = £(Xx) - E€(X) (189a)
and
Glx') = L&) - E(Jg’) (189b)
and
h
HE 0 = [<mrem]t, @o r ewipe o

we can write the equation for the photon variance as

[C(c_z.g +Q’.g')+a(z:>+a(d_<d}\/‘?g % X x) =

) ) )

=3@-1)0k-k) H(x %) .

(191)
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In the model we are using, the medium is infinite in the sense that
the photon singlet density is spatially independent. However the

photon doublet density is spatially dependent.

B. Solutions of the Equations and Discussion

The solution of (191) is straightforward by Fourier transforma-
/

tion with respect to both X and x; (as done previously), and the

result is

S-x) &%) Hx)
2 [A(k) - €] (192)

WX .
V CE)JE,'K)JE )=

) S(x-3)3k-&) A
\Y g)g).g):}_: DE 2Letr - €] {[A&)Jré(is)]ﬂ (;k)+€(d.<)/0k},

(193)

If we are looking at a black-body system in which the atoms are in

equilibrium at a temperature T , it can be shown that
XK(E) = E(x)2ap Ex[6 (199)

We have introduced
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Es

and

hck (195)

1]

9 - k"r‘ (196)

where "\‘ is Boltzmann's constant. Therefore the equilibrium

distribution for the photon singlet density is

(197)

)N
Recall that 7[, (JS) is defined to be a density per unit ,_( -volume.
This of course goes over to the more conventional form for black-body

radiation, by defining, as Klevans{!¥ did, an energy density

/ x 3
Uk],() = f')C k 7[: (%) . Then using (0 = //(ZIT) , transform-
ing to frequency space, using 2TV, = CXk , and summing
over polarizations, A , we get

3

Uw) - 8mh v

3 hy
C € /e - [ (198)

The expression for the ratio of the photon variance to the mean

becomes
Y . ! )
Vizx 2 &)  SE-1)dE-x)
£ e |- e /e

~—

(199)
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Recall that we are actually working with discrete points in phase

i /
space, and let X = % . Then integrating over X and averaging
equation (199) over X , considering the system to be large enough

that our prior assumptions for this model hold, we find

AR Y
Vi)
A - -E_k/ '
f @ [-e ° (200)

This result is in agreement with that of L.andau and Lifshitz(23), of
course the chemical potential, denoted by /‘4 , in their result for
Bose-Einstein particles becomes zero when considering radiation.
We now recognize from (198) or (199) that if Ek >> 6
the radiation distribution ig ''Poisson-like'' even in the presence of
stimulated emission. Recall that in the experiment performed by
Brown and Twiss there was virtually no stimulated emission in the
source. It appears now that, even if there were an appreciable
amount of stimulated emission in the source, a measurement on the
high energy tail of the radiation distribution would not be able to dis-
tinguish the effects of stimulated emission that are present. By
implication the measurement of dynamic parameters of the system
would not be feasible by this type of observation. On the other hand
it is expected that the fluctuations could be exceedingly large and
the stimulated emission effects quite pronounced in an observation if

this measurement were performed on the very low energy (£k<‘9 )
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radiation. To perform a more realistic calculation in a given
instance to get some quantitative estimate for the magnitude of the
fluctuations that might be expected in an actual experimental situation,
equation (193) can be solved for V\ (% ,‘15 )S:ﬂs) in a manner
analogous to our previous work on the finite reactor and finite
detector system that appeared in Chapter III.

Finally we can discuss the results we have obtained by a
transport theoretic approach and make a few observations regarding
the ""coherence properties'' of our photon distributions in the context
of Glauber's{8)(24) "correlation functions.' These "correlation func-
tions, "' or Green's functions, are expectation values of normally-
ordered products of creation and annihilation operators. The first

and second order correlation functions at points X and X at one

time, t, and for photons with energy he X are defined by Glauber as:

Tr '@ L&) Da)

1\

G("‘)(K_)X}f )

(201)

@2, L
G (x5t ¢): Tr« L E)xa@) «z)Dit)
(202)

Glauber points out that the first order correlation function

(v ! ) ’ '
G (l )Z )'6) (for X # X ) does not correspond to an ordinary
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measurement, and this is a motivating factor for the correlation
functions that he defines.

Now applying the commutation relationships

' . |
[« 4 @] =4 @-1) (209
and

[«@®), «)] =[«'®), oﬁ(z)] -0

(204)

and assuming the photons to be in a stationary state, it is seen that

(i) A
G’ (x%) -7 @ (205)
.0“)' t x’ /
G'Px'sy - £ @y (206)
and



* 107
Then considering Glauber's condition for second order coherence,

which is defined as
(2) , (1) ur), .,
G (21D =G"nG & 1) (208

we see that for the present case this condition can be stated as

N ,
\Y & ,%) =é(§'X) Pa)\(z) , (209)

Therefore Glauber's condition of second order coherence is satis-
fied by '"Poisson-like'' sources. Of course a spontaneously emitting
photon source with no photon absorption and no coupling between the
photon field and the emitting atoms is such a source. We have also
seen that a system that is observed by the detection of photons with
energies €k >> & , even in the presence of stimulated emis-
sion, is also expected to satisfy Glauber's second order coherence
condition. The analysis we have brought to bear earlier on the
observables of the Brown-Twiss correlator experiment indicates that
their experiment is dominated in the main by geometric considerations
for systems satisfying the second order coherence condition, and are
not expected to yield significant information regarding dynamic

parameters of the interacting source system.
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