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1. INTRODUCTION

The subject of this thesis is the problem of e#istence and approx-
imation of periodic solutions’'of nonlinear differential equations. This
problem, in its various forms,”includiﬁg_existéncé of:quasiéperiodic
sélutions and of invariant manifolds of solutions, became, in the last
few decédes, of the greatest importance in several branches of apﬁlied
mathematics such as electronics, econometrics, automatic controls,vétc..

- Tt has been investigated in many.different directions. We Just mention'
Poincare-Bendixson theory and N. Levinson's recent developments, the
extensions of Sturn theory to nonlinear problems, the bifurcation theory
qf Poincaré and its recent develbpﬁents by K. 0. Friedrichs and J.
Cronin. It should be pointed out, however, that most of the work done
so far concerns problems of the perturbation type, that is, the differ-
ential equaéiéﬁ contains aparameter, say €, such that when € = O the
equationvreduces tq a linear one and e is supposed to be ”sufficientiy
small.,"  No indication is given on the range of the values of € for
which the conclusions are valid. |

Recently, methodélbased:on functional analysis have beéh applied
extensively to the same problems. ' We mention here the method of Krilov-
Bogoliubov—Mitropolski5 for problems of the perturbation type, and the
méthod of Cesari (5, particularly Section 8.5). The latter was first.

applied—by Cesari, in collaboration with J. K. Hale and others—to an

existence analysis and approximation of periodic solutions of nonlinear
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~ ordinary differential equatiéné of the perturbation type. A bibliography
“of this early research is given in Ref. 5, Section 8.5, and.an exposi-
- tion has appeared in béok form.ll A recent version of Cesari's approachu

appiiés to nonlinear problems not necessarily of the perturbation type,

- -

6r, as we shall say} étraightforward nonlinear. Recenfly H. Khbbloéhi5
hés §b£ainedvb& this analytical method.existenéé’theoréms which are mdre'
cbmprehensive than aﬁal&gous oneé‘&ﬁich had been obtéined by Wazewski's
tbpological mefhod."The game method has been appiied'by'CeséFi to bound_
ary value problems for ordinary aﬁd bartial differential equ'ations= By
the previbus’feréion5‘for’probl¢ms of the perturbétion type, J. K. H'aielO
had proved the exiétencé of.fgmilies of péricdic solutions Vhich are
analogous to the ones well known-%érvlineap problems.

In the present work we investigate periodic solutions for second

order nonlinear differential equations of the type ..
X+ g(x,t) = 0,

where g(x,t) is periodic, in t, of a given period T. When g does not de-

pend explicitly on t the equation reduces to the equation
X+g(x) =0

of nonlinear "free oscillations." The periodic solutions of this equa-
" tion are well known and yield the oscillations of the_true‘pendulum in

the particular case

X+sinx = 0.



.Our method of investigating the problem above is connected with Cesari's
general approéa.chlL and with Gaierkin's method.

In Section 2 we describe Galerkin's method énd its relations with
thé better known Ritz method.

In Sectibn 3 we givé aﬁ account 6f-KEldishfs.reéént'préof of the con-
vergence of Galerkin's method fof linéar-nonpecessarily-self adjéint dif-
fgfential equations. |

In Section MVWe give.an account of thé known resulté conéerning the
periodic solutions of the equétibn X+g(x) = 0.

In Section 5 we‘giQe a few iemmés to be used in Section 6 concerning
the use of uniform and square norms in Fbufier ser;es.

In Section 7 we give existence the?rems for periodic solutions of
the équation

x + g(x,t) = 0
bj the use of the general ideas of Ceéari's approach. In these sections
we introduce convenient Hilbert, or Banach spaces, of pericdic functions.
The existence theorems are then obtained by first showing that certain,
mappings on convenient subspaces map these subspaces into themselves and
are contractions in thg corresponding metries of these spaces, and then
pro&e that an exact periocdic solution exists in a conveniently chosen
neighborhood of the first Galerkin's approximation; The size of this
neighborhood represents then an error bound for the same first Galerkin's

approximation.

In Section 7 we discuss a number of examples. In 7.l we discuss the



equation X+x-02x3 = 0 for O = 1/6. In 7.2 and 7.3 we deduce, from the
results of Section 6, very small error bounds for the sinusoidal approx-

imation

X = a sin wt

-

of the periodie solutions of the true pendulum, that is, for the equa-

‘tion
X+sinx = 0.

In Section 7.3 we obtain from the results of Section 6 criteria of exis-

tence and error_bounds for the periodic solutions of the equation

'

X+asinx = B sinwt ,

where O and B are given constants. This equation represents the forced
oscillationé of a true pendulum, as well as the working of sjnchronous
electrical machines. The numerical example chosen for study was inves-
tigated'recently,by W. Bader2 who determined numerically thg first five
Galerkin's approximations by means of a Telefunken electronic cdmputer.
‘In our work we obtain.at the first approximafion both a proof of the
existence of‘the exact solution and an error bound of the sinusoiéal ap-
proximatith The‘éppfoximate solution obtained by Bader'falls of course

within the narrow limits that we obtain by the present theoretical ap-

proach.



2. THE GALERKIN METHOD

2.1. GALERKIN AND RITZ METHODS ’

.In 1915 the RussianAehgineer V. G.'Galerkin9 introduced in his work
on plates and'beams ﬁhe méthod that bears his name for the approximate
solution of goundary &alue.proﬁiems; The method, besides being of easier
appliéation, is moré,gene£al than that of‘Ritz; presented in 1908 fér the
construction 6f a minimi;ing_sequéhbe in problems of calculus of varia-
tions. Afbllowing eésehtiéiiyl5 we ﬁreéenﬁ Erieflyfin thié“séctﬁon‘both
;etho&s and their relafions{

We consider the linear ordinary differential equatioh :
y) = 0, , (2.1)

where L is some differential operator, and we require a solution safis—’
“fying‘given boundary conditions, say, at & and b. Let {gi(x)) be a sys-
tem of linearly independent functions, and let y = ¢(x,a1,...,a,) be a
faq;ly of functions depending on fhe parameters-ay,...,a,, all satisfying
the given boundary conditions. We shail then seék fof an approximate

solution of the form
¥ = ¢(x,e3,...5cn), a<x<b, (2.2)

where the ¢y are to be determined, if possibleg by the orthogonality con-

ditions



. 1D : .

/\Mméﬂﬂ®<= 0,
A ,

- or

i=l,...,n . (2.3)

1]
(@]
.

b .
.b/ﬂ Lg(x,cq,...,c ) 1$5(x)dx

a
The system of finite equations (2.3) serves to the determination of the

Ci'.

- For instance, in case of homogeneous boundary conditions we can take
functions,éi(x) which satisfy these conditions, and then take for & the
family of all linear combinations aifi+...+apfy. In this'situaﬁion, Egs.
(2.3) are linear if L is a linéar differential operator.

In order to illustrate the Ritz method we consider the following

simple problem. To find a function yﬂ=-y(x) satisfying the boundary

. condictions y(a). = ¢, y(b) = B, which minimizes the functional

Ily]l =- u/\”F(x,y,y’)dx : " (2.4)

a
Let us assume that F(x,y,y'j is a éontiﬁuéus functioﬁ of x,y,y', and
that an exact solution y*(x) for this problem'éxists which is continuous
with its first‘derivative v'*¥(x). Let m = I[y*] be the value of.the min-
imuﬁ. We try to find a sequence {y,(x)) of functions which satisfy the
bpundary conditions and such that the sequence {I[yn]} converges in
some sense, tom = I{y*]. The sequence y,(x) is called a minimizing
sequence.

Ritz proposed the following_device to find a sequence {yn]. Let

y = ¢(x:al:'-°:an) (2.5)



be a family of functions depénding on the paraﬁeters 81,...,8, and satis-
- fying thg boundary conditiéns y(a) = a, y(b) =8, fof any value of
(a1,.+.,84) . If we substitute ¢ in (2.4) we obtain I as a function,
I=1Iay,...,a,), of the n parameters a,,...,8,. A necessary condition

~

for I to have a minimum is that ay satisfy the system of equations

T

= 0, k=1,...,n. ' (2.6)
aak_ .

~ We teke as y,(x) the functi¢n o) of;thé.family (2.5) for which a,,...,ay
.have the values obtained from (2.6).‘;The sequence {yﬁ(x)} so obtained
is'minimél provided that the foliowing condition is satisfied.

For every y = y(x) with a continuous first deriﬁative and satisfyiné
the boundary conditions, given ¢ > O there is an.n and a functioniih in

" the family (2.5) such that

e dyn  dy
[Favl<e, '-35 (<

Indéed, let us apply this condition to the function y = y*(x). There

is a function y* in the nth family (2.5), say

vx = op(x,81,...,8%) ,

such that

dy . dy*
dx - dx

<€

lyx-y*| < e,

Clearly, then, by continuity of ®x,¥,y') the number [Tlyx] -Tly*]] may

be made arbitrarily small. Since yX is in the nth family o(x, ay,...,an)



and the element ¥y of the minimizing sequence {yp} gives-i[y] its small-

est value.in comparison with all functions of'®(x,a1,...,an) we have
Ily*] < 1ly,] < 1lygl,
and so,.|I[y¥]-I[yn]|.is also arbitrarily small.

2.2. A CASE OF EQUIVALENCE OF GALERKIN AND RITZ METHCDS

We consider now the self adjoint differential equation

Ky = S (py) “ay-f =0 (2.7)
dx ‘

under the homogeneous boundary'conditions
y(o) = y(&) = 0. (2.8)

We assume that p = p(x) > 0 and q = g(x) > 0 on [o,£].

Equation (2.7), as is easily seen, is the Euler equation for the
real functional

L '
Ily] = f [py ' #+qy®+2fyldx , (2.9)

0
%ith_phe same boundary conditiomns (2.8). We showlhow that the nth approx-
imation for the solution of this problem is the same when we use Ritz's
or Galerkinfs method.
We may take for [dk] any system of liﬁearly independent functions

of class C} and satisfying the homogeneous boundary conditions (2.8).

We may, for example, put



Let the family ¢(x,81,...,8) of the precedihg section be

. . .. ~. ‘ n
fo = ) = ) ady . (2.0)
' i=1
If we substitute (2.10) in (2.9) we get
y)
Ily,] = ' / [pyr‘l2+q§+2fyn]dx
' o
., n n n
J] : \ 2 ; 2 d
= f P Z aiy,ﬁ:'i_ + q aiyﬁi + 2f ai;éi dx
°© i=1 i=1 i=1
n n

= Z Q4 jaiay + 2 Z Bidi. » , (2.11)

i)j=l .=l

~ where
L
aiJ' ' aJl = f (péifé‘;}'l'qgﬁlfé‘]) dx -,

o

] (2.12)
Bi = f féidx . '
o)

If we differentiate (2.11) with respect to aj we get the system (2.6)

in the forms

. or

Y .
1931 j ‘
L - [ gy < 0, g e
n
j{, Qijag + By = O, J=l,...,n. (2.14)
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We put a; = agn) for the solution of system (2.1L4) and so the nth approx-

imate solution is

n

Yo = Z a(in);éi .

i=1
This solution always exists uniquely as it is easy to show. 1Indeed, sup-

pose that the homogeneous system

1

z Olljal = O, j=_l,2,...,n
i=1 .

has a nontrivial solution a; = Ei; Then .
n A _. -
Z aij-é.-i = O P j= PR ,n )
i=1

and so, from (2.12),

I ,
z f (p¢i¢3+Q¢i¢J)Eidx = 0,
i, °© .
or
1
f (pﬂéij'inﬁj)dx = 0, Jj=l,...,n, (2.15)
o]

where

If we multiply (2.15) by Ej and add we obtain

£
-_— _
Jf (pyﬁ +q¥2)dx = O .
A

This implies §, = O, or @ f, = 0, which is impossible since the g

= >s
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are linearly ihdependent.

Now, integration by parts of the first term in the integrand of

(2.13) yields

) | |
/ <pyn¢'+qynys3+f¢J f [—(pynm o +f¢] 0,

%
that is

te ‘

[ [a; (Pyr'l) + qQyn + T ;ZﬁJ dXA = 0, J=l,2,..'._,n .

These afe«exactly the Galerkin eQuations for the bOundary:valﬁe problem.



3. THE CONVERGENCE OF GALERKIN'S METHOD

3.1 A THEOREM OF KANTOROVICH-

Kantorovich,l..2 proves a theorem concerning linear functional equatlons

of the type
Ke =¥

in convenient functioﬁ”spaces,_which we shall use in Section 3.2 to prove
& theorem of Keldish on the cénvergence bf_Gaierkin’s method.

iét'us consider the linéar-n;;méd spaces X, X', and iﬁ, n=1,2,...,
where X, is complete, X'(_ X, and there is an isomorphism Qon:X';in.4We'
shall assume that there exists a linear operator @n:X+in and that ¢gp is

the restriction of ¢, to X'. Let H and Hy be completely continuous lin-

ear operators, H:X»X and H,:Xp*X,,n=1,2,... f We consider'the equations
Kx = ‘I.- MNix = vy, . | | (3.1)
and the sequence of equations
KX = In - ABX = §=¢ny, n=l,i.s , ‘ (3.2)

where x,yeX, f,?éih, X = I-AH and Rh = In-Xﬁn, with A a number.
We state without proof (see Ref. 12) the following theorem:

TheoremAB.l.

Let us assume that the following conditions are satisfied:

12
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1. In Eq. (3.1) A is not an eigenvalue.

2. For each n=1,2,..., numbers €n, €1n, €2n can be found such that:

(a) llopHx'-Hpdnx'|| < enllx'|| for all x'eX';
(b) given any xeX there is an element x'eX' such that
lEx-x"|| < eanllx]| ;
(c¢) there is an element y'eX' such that
ly-y'll < eanllyll
where y is the second mémber of (3.1).
3. The relations

. 2, 1112 . 2, .42 . 2, 142
tim epllop) llog3ll” = 2im eypllon) lloghlT= 1im ean llon||"[logil™ = ©
‘N " N0 N0

hold.
Then, for n large enough, system (3.2) is solvable and the solutions

ixn) converge to a solution x* of Eq. (3.2) that is,
pim Jrr-os2X | = o .
no - :

3.2. A THEOREM OF KELDISH
M. V. KleldishllL proves the convergence of Galerkin's method in sev-
eral different cases. In this section we present one of his results for

the case of a secénd order differential equation with simple boundary

conditions.

Iet us consider the differential operator

y) = pa(x)y" + pa(x,Ny" +po(X,Ny



gers

where pp, py, and p, are continuous functions of x for xe[0,1] and A in
some interval [kl,ie], and»a;é twice continuously differentiable with
resﬁect to x; furthermore we assume that po(x) >a > O,_xe[O;i], d'é con-
étant;'

Let now f(x) be a given continuous function in [0,1]. We shall

study the differential equation

U = pal)y” + (N olxy = (9, (3.9
with the boundary'condiﬁion§A
¥o) = yi(a) = o - ; (3.4)
We‘shall write system (5.3).in thé form

Loy ]+ S laoNy] + sy = f5®), (3.5)

so that,

o(%) = pa(x), a(x,0) = Da(x,N) BA(0), TGN = o(x,0) -PA(x N +pA(%),

—

and, théfefére, p(x) and q(x,A) are gontinuous‘fupctions of x in [0,1],
p(x) of class C® and g of class cL.

We knéw that thié prqble@ either has -solutions for an& f(x).or’elée
the homogéheous.problem'[f(xj = 0] has noﬁtrivial solutions.

Iet {ﬁi, i=1,2,...} be a set of functions of class Cé in [0,1] satis-
fying the 5oundéry conditions (3.4). We cohsiaer an nth Galerkin's ap-

proximation, if any, to the solution of our problem in the form
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In 1

= (W) 4 cgn);én(X) ) (3.6)

-where the constants cin) are determined, if possible, by the equations

_ 1 ,
f [y, -Tlg;(x)ax = 0, i=1,2,...,n,
o} .

and these equations are of the form

. n
j=1 o

We now assume that the functions éi are so chosen that the functions

(1,f1,62,... ) (3.8).
are linearly independent and form a complete system in the nofm defined
by the inner product

) o |
= [ s | (5.9)

o)
where we use the weight function p(x). Without any lack of generality
_we may assume that the system (3.8) is orthonormal with respect to the
weight function p(x);:that is,

l .
t 1 . a
f p(x);lgi;éjdx = 845 ». l,J=O,l,2,..., o (3.10)
A .
whére we put éé = 1.

We. observe that.system (3.7) is now

1n A
JF-{S; (p(x) 73] + %; [Q(x,h)yn]+r(x,k)yn—f} $i(x)dx =0, i=1,2,...,n .
o : -
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. Also, we note that

1 !
‘ d > Iy
‘]F = [pd;1dsax = - &/\ pﬁééidx = <835, 1,3=1,2,...,n,
o _ ,

(o]

since the functiohs'éi, i=l,2;..;, satisfy the boundary conditions (3.L).

As a consequence we have
pl 4 , (n)
. n .
p/“ ax [pyﬁ]¢idx = "¢y ’ i=1l,2,...,n ,
o)

and system (3.7) takes the new form

n

n .

o™y Aijc(jn) -, = 0, i=,2,...,n, (3.11)
51

. where we put.

1 Ca '
Ay = Ag5(N) = 'f {%; [a(x,M) 851 + r(X,K))éj} $sdx, 1i,j=1,2,...,n ,
O .

1 : .
£ = -f fgidx , i=1,2,...,n . (3.12) .
o

We 'shall prove the following result.

_'Theorem 3.2,

. With the assumptions ﬁade.on the system of functions (3.8),‘if A is
not an eigenvalue of the boundary value problem (3.3) and (3.4), a solu-
tion is given by‘thé limitkdf the seqﬁence {yn], with coeffiq;ents defined
by (3.7).

Proo

 We start by writing in (3.12)

Aij = aij + bij P i,j=l,2,...,n >
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where

1
[ axn g pian :

aij
’ o

i,j=1,2,...,n .

. 1
by 4( r(x,x)¢3¢idx

Now, system (3.11) is obtained by truncation from the infinite system of

linear equations

_Héi'* }:»Aijcj’- f; = 0, 1=1,2,...., ) (3.13)
L =1 - '

where the Aid-ére given by (3.12) with 1,j=1,2,... . We will show first
that system (3.13) is equivalent to the original boundary value problem
in the following sense: +to a solution y(x) of the latter there corre-
sponds a.solution of'system (3.13),
1
ey = U/ﬁ pydsdx , 1=1,2,... , . (3.14)
o . ,

which is square summable.

o]

YodeEl<es, - ()
i=1

and conversely, to each square éummable solution of (3.13) there cor-
responds a solution of the boundary value problem.

Let y(x) be a solution to the boundary #aiﬁé problém. We expand X'
in a Fourier series with respect to the orthonormal system [¢i],
1=0,1,2,... , and, with cp defined by (3.1k) we obtain 8 series, conver-

gent in the square mean with weight function p(x),
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y:(x) ~ Z'cm;ﬁ;ﬂ(x) . - (3.16)A
4 m=1 ‘

Actually, from the asswnptjéon of the completeness of the system (3.8) we

obtain
(o]

FE o~ ot ) b0 (3.17)
m=1 m

but we proceed to show that cg = 0. Indeed,-if we put Sp(x) = c0+z emPm( %)
.and N = f p(x)dx, wehave _ ‘
) :

Qi+

1 . . a1l |
Sm(X)dx-f y'(x)ax f {Sp(x) -y ' (x) Jax
A

. |
< f"p(X)ISm(X)-y'(X)Idx'

o}

IA

1 . 1 1/2
[0 f<xns~m<>-y'<x>fdx

o

. e
é Nl/a(f ) [8p( %) -y (x) ]de> -

_and the last expressi_oh tends to zero as mro, This shows that

fsm<x>dx+_f e we

(o]

IN

We can, ‘thefefore,~ integrate term by term between O and 1 the series
(3.17) . We obtain successively
[>]
: 1 :
jﬁy'(x)dx = co + 2 e f $r(x)dx ,
o m o}

=1
¥(1) - y(0) + Z cn(#n(1) -An(0) ]

m=1
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and, because of the boundary conditions, cy = O.

By the same reasoning as before we have now that, for every xe[0,1]

X X 1 1 1/2
[suwas - [ vtmas] ¢ Bwla [ Can o et
o) o ' o

that is,
- N .
f sm(t)dt+f y'(t)dt ,
o ’ o)
uniformly in [0,1], as m. In other words
e - . m
. X - X .
C o pim JF }: e pi(t)at - Jf yr(t)dt| = o.
' Treo o) 1 _ )
By the boundary conditions,_we have thus
m .
q
£im }:’bi¢i(x) - y(xi] = 0
m-o0 : -
1 '
uniformly in [0,1]. In other words
- _ _ .
y(x) = z cfm( %) - (3.18)

m=1
where the series is uniformly cdnvergent in [0,1].
If we now multiply (3.5) by éi(x) and integrate from O to 1 we-get,

after integration by parts
1 o . : -
‘jp (-py'di-aydi+ryd;-fhsddx = o, i=1,2,... .  (3.19)--
o .

Substituting (3.16) and (3.18) in (3.19) we get (3.13). On the other

hand (3.18) implies (3.14) and (3.15).
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Conversely, we now assume that (cx) is a solution for system-(3.12)
which is square summable. Using the theorem of Riesz-Fischer we form

the function

00

)~ ) e (3.20)
: m=l
and set
0 = ) ena() (3.21)
- 1

with the same conventions as before. Then y(x) is absolutely continuous

in [0,1], series (3.21) converges uniformly as .proved, and we have
y'(x) = n(x)

élmost‘everywhere, where n(x) is of class IZ., Here y(x) satisfies clearly
the boundary conditions y(0) =0, y(1) = 0. Wé‘Will show that it satisfies
the differential equation (3.5),..

From (3.21) it follows'that we can write system (3.13) in the férm
(3.19)._ If we integrate by parts the two last terms of (3.19) we get

| 1l .: X )

f Py ' +ay+ [f (ry-f)ax|} gsdx = 0, 1i=1,2,...

° ‘ © ) .

Since the system (3.8) is complete the expression in square“brackets
must be a constant almost everywhere, that is,

py1 + ay + \/ _(ry_f)qx = k, a.e. (3'22)
(0] ' ’ f
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By differentiation we shall-see'that'y satisfies.equation (3.5). TIndeed,
q is of class C! and y is AC with y' of class I2. Thus gy is AC and

A(Qy)' = q'y+aqy', a.e., and this shows that (qy)' is of class I2. Thus
py' = '—qy:-J[ (ry-f)dx + k, a.e., (3.23)
o

where ry-f 1s of class C%, gy is AC, (qgy)' is of class L2, and hence py'’
coincides everywhere with a continuous function. Then y', as the deriva-
tive of its indefinite integral, is continuous and (3.23) is satisfied

everywhere. Al;o,vpy' is AC and
(py")' = -(a@y)' - (ry-f), oa.e.,
hence (py')' is of class I2. Also,
(py')' = -d'y-a@y' -ry+ £ ;

in other words, if py' = X(x), 0 < x <1, then X'(x) = -q'y-qy'-ry+f is

of class ¢° in [0,1] and

py' = X(0) + JF X'(t)at.,

. o]
VA= [%(o) + ;41 X (t)diJ

Since p is of class C2, p > Q> 0, and the bracket is of class ¢, we
conclude that y' is of class C, that is y is of class c2. By differ-
entiation of (3.22) we obtain (3.5) for every xe[0,1].

We have thus proved the statement that the system (3.13) and the
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given boundary value problem are equivalent problems in the sense indi-

cated.

We now apply Theorem 3.1 to our systems (3.11) and (3.13) which we

‘Wwrite as
‘ n
S Z Mgy = yi, i=L..om o (3.2h)
and
: =]
Xi -+ 1 Z Aijxj =A yl ) i=l,2,.-- F) (3'25)
j=1 |

where we take [ = 1. The hypothesis that A ié not an eigenvalﬁe fér the
given problem implies that ¢ = 1 is not an eigenvalue for the probiem
(3.25).

" The space X ié 52, ih is Rn, X' is tﬁe~sﬁbspace of elements
(X1,X2,¢¢0,%pn, 0,0,...) of - {2 for Which X3 = 0 for J >n. The operators
H and H, are defined by the matrices (Aij, i,j=l,2,..;) and (Aij,
i,3=1,2,...,n). The isomorphism ¢n:X'+§n is naturally defined by
$o(ny,. . ,xn,...) = (X1,%2,...,%y). In our case we have A= 1. To show
that H and Hp are complete;y continuous it is sufficient to show (see
Ref. l) that the matrix (Ajj) satisfies the Koch condiﬁidh
A Z |AiJ.|"2 <a . (3.26)

i,d ' : -
In order to do this we prove that the two series E: |aj ;1% and j{: by 5]%

i,J ‘ i,

converge. Consider the first of these two series. Since we have
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' . qéf ! - q¢7.‘ t
o = [Tr Bga - (%0 ),
Bessel's iﬁ’équalit& gives
Z ]alJl f [af x ,ﬁJ x) 12 =& j=1,2,... . (3.27)
Ly 1Pl o 7 7 L
From (3.2'-() we conclude that
e = 1
Z -l?‘ij[z Sz .f'[Q(X)?‘j(X) 1® ax_- | (3.28)
i,3=s1 . .+ 41 © | P(X) ‘

Now

ox) o |
4 sy P99

' X X
A0 = [ apmar = [ o)
. .. ’ ‘ ‘ O Y
and so, for every X, q(x)yﬂ.(x) is the Fourier coefficient of a function

oftequaltoq /pt) onO<t<xand equal to zeroon x <t <1, By

the i'ilequality"of Bessel we have then

oo}

. |
2 2 3t
2 la(x)é5(x) | < f lax) 1" 5 s 0gxsL,

j=1 o o -

and from (3.28)

o0

. | 1 ‘nX
Sy 2 s 2 dt 2 dt
Z lass1” < f p(x) f [a(x) ] ——) = f [a(x) ] 5‘(%— f O
i,J=1 o -0 © '
It follows that z !ai J|2 converges.
1,J ' 0
Now we consider the series Z |le| By Schwartz's inequality
i)j=l ' ‘ B o ’

and the definition of bjj we get
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Ib13| f (?5 ) Bax f (r¢3)2dx. .

o
Hence T ’ }
0 V Nk ’ o .
Z o 1 5 1 2
CIbgylT < Z f (4y) dx| z f (?553) dx
i,j=1 i=1.© j=1 ©

If we repeat for. the sum on the right the calculation made above we '

get , .
ilbij|2% \/‘éxfxl— dt fl[r(x) Pax fx dat
i,3=1 ‘ _ Ty % p(t) g S P(t)..

This shows that 2 !le| converges and SQ'Z |A1J|
i,J. ) i,J

- Now we verify conditions 2 of the theorem. éince,

n
opHx' = anbx' z leJ- 5 i=l,2,...,n
we see that (&) is satisfied tr1v1ally with ep = 0. 1In order to verify
(b) we take for each xeX an x' defined by

X" = (D;IJ; q’nHX »

that is, if x = (X1,X2,...,X,%n41s--.) We put

oe] o0 <o

‘Then we . have



[|Hx-x"

||
b
‘[\V<18

e

Cie .

L'N
N
H
~
\V]

f=n+1 J=1
< Z Z AT Z x5
‘i=n+l j=1 S
[e o] 0
E: }: 1/2
= A2 X
2 )"
i=n+l J=1
.00 ©
: . 5 1/2 :
We take thus eip = _ - Aj 5 . In order to verify (c), for
i=n+1 J=

any glven y = (yl,yg, .)ethe take y' = (yi,ys,...) with yi = y; for

i=1,...,n and yi = - 0 for i > n. Then

ly-y'll = i (yi-;fi)z /2 {iﬁ 1/2,

i=1 i=n+1

and SO we may'take €on = ” ” E: . Clearly €p, €1n and €gp
i=n+1
tend to zero as n +» o thus verifying condition 3 of the theorem. We have

hence proved the convergence of the Galerkin method for our boundary value

problem.



L. SOME KNOWN PROPERTIES OF THE EQUATION X+g(x) = O

We consider here the autonomous second order equation

Segd - 0, - . (kL

where g(x) is a continuous function of # with g(0) = C and xg(x) > b for
all x # 0 in a neighborhocd of x = O, say xe[-A,A]. Then Eq. (4.1), be-
sides the trivial solution x = 0, is known to have a two-pafameter family
of periodic solutions x - x(t+y,C), C,y arbitrary constants (see below),
representing a one-parameter family‘of closed trajectories in the phase
plane x%, linking the origin x = % = 0 (the origin x = % =-O'is a center) .

’In Section 6 we will discuSS'the first Galerkin approximation of
‘these periodic solutions by means of the method of Ref. 4. We will ob-
.tain an evaluation of how close the exact periodic solutions are from the
correéponding approximate solutions. Thislwill le;d to ra%her strinéent
estimates of the relations between amplitudes and periods of these solu-
tions.

We shall assume that g(x) éatisfies‘the'conditions:

1. g(x) is odd, thet is, g(-x) = -g(x) for |[x| s'A, and as already
assumed, g(x) > O for xe(0,A].

2. g(x) is Lipschitzian in [-A,A], that is, for some L > O,
6(x2) -e(x2) | < Tlxaxa| for Il |xal < &

3. For some integer k > 1, and constants bg > 0, by,...by_q, real;
and Bk > 0 we have | o

26
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Ek—l)l ]2k+l

le(x) - (box+byx2 Fouut by 1% < bylx

. for |x| <A
’ ) X . .
IF &(x) = 2_\[ g(u)du, |x| < A then, G(0) =0, by (4.1), &x) is
5 .

‘even, that is &(-x) = &(x), Ix| < A, and &(x) is strictly increasing in

[o,A]. Since 2% is an integrating factor for (4.1) we have successively

, ‘gfx)_ L 2xX +2 g(x)x .= 0,

| .

! : | 2 +ax) = ¢, ' (k.2)

» X
-

-B _

. d dx . i[C-G(x)]l/e;

| ’ | Ax ‘ d_JF' ' .

L G(x):EL/‘g(u)du . :
‘ : ‘b - For celo,a(a)], an arc of solution x = x(t,C)

| ; : T yx with x(0,C) = 0, x> 0 is the inverse func-
e o .

tion of the function't = t(x,C) defined by

t = t(x,C) =_+f" [c-6{x) 172/ dx- (k.3)

~ and this solution exists in the interval

| T/QA t l (-a,8) where C = g(a), ac(0,A].
o ‘ _
| : | -
I Note that the integrand in (4.3) is contin-
| | .
B ) L e uous and finite for xe(-a,a) but approaches
“F 1 3
: +o as X+ta., On the other hand G(a) = C,
SEE.

I . 6'(a) =2g(a) >0 and by the continuity of

g, there are constants 0,5 > O such that
2g(x) > p >0 for all xela-p,a]. Hence

by the mean value theorem
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&) - &x) = (ax)2a(¥)
or some ¥e(x,a),
C-ox) = oa) - &x) > plan)
| [6-6(x) 1% < [u(amx) 172

for xel[a-8,a].  This shows that the integral from O to a of [C—G(x)]-l/e

is finite, and the same holds for the integral from -a to 0, because of

symmetry. If

‘ - .
r - b [ o0 17 o
we seeAthayyt = t(x,c) ls a strictly increasing function of x for xela,b]
and that t(-a,C) = -T/k, t(a;C) = T/bL. Hence, the inverse function

x = x(t,C) is also a strictly increasing function of t with x(-T/4,C)=-a,
x(0,C) = 0, X(T/)"‘:C) = 8,y

x'(f'f/l*;c) - 0, =x'(0,0) = ¢/ ,  x'(T/4,0) = o .

‘Aiso x(t,C) satisfies (h.2);wifh + sign for ail te[-T/4,T/4], hence x(t,C)
satisfies Eq. (4.1) in the same interval. Finally, t(x,C) is odd, and
S0 x(t,C)vis odd. |

We may now define an analogous arc x = x(t,C) of solution with

x(T/2,C) = 0, dx/dt < 0, whose inverse function t = t(x,C) is defined by

v X
t = t(x,0) = - _/ [c-a(x) ]-1/2 + § . (4.5)
(o]

Then this solution exists in the interval -a < x < a, with the same a as
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before. Actually, (4.5) defines t = t(x,C) in the whole interval
-a < x < a, f(x,C} is stric£ly decreasing in this intéfvai, and so is
the inverse function. Also t(-a,C) = 3T/4, t(a,C) = T/k, and thus the
in&erse function x(t,C) satisfies x(T/4,C) = a, x(T/2,C) =0,
x(3T/4,C) = -a, x'(T/4,C) ;o, x'(T/2,0) = —Cl/g,:_x'(3T/l+,C) = 0. A_'l.so,..
x(t,C) satisfiesr(h.Q) with the mfhus.sign for all.te[T/h,BT/h], hence
x(t,C) satisfies Eq. (L4.1l) in the same interval, and the.valués of
x(t,0), x'(t,C) at t = T/L4 are the same of those of thebprevious arc at
t = T/L.

By the uniqueness theorem (which certainly holds by property 2) we
ha&é_defined the unique solutioﬁ bf (4.1) in [-T/k, 37/4] with x(T/k,
c) - a, x'(T/4,C) = 0.

If t;(x,C), ta(x,C) denote, for a moment, the two functions we have

now defined, we have

. ,
ti(a,C) - ta(x,C) f [e-G{u) ]-l/adu = ta(x,C) - tz(a,C) ,

X

that is,

T
- tl(X,C) = ta2(x,C) - E .

=13

Thus for the inverse functions x;(t,C), xz(t,C) we have

w(Een) = m(E-)

Tn other words the arc x(t,C) defined in [-T/L, 3T/4] is even with re-

speét to T/L. But we have also
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() o(2)- = o(@)e (D)0

Hence x(t) can now be defined in (-»,») by the periodicity of period T,
and this is the unique solution of (4.1) with x(0) = 0, x'(0).= c1/2,

Thus the period T of the so determined solution x(t,C) of (4.1) is
.t a '
T = L f [c-a(x) ]'1/2dx > 0
o

and x(t,C) is odd with respect to zero, even with respect to T/h, and

hence, also even with respect to 3T/4 and odd with respect to T/2, that

is, x(-t,0) = -x(t,C), x(T7/2+t,C) = -x(T/z:t,c), x(T/b+t,C) = x(T/k-t,C),

x(31/4+t,C) = x(3T/4-%,0). Indeed,

X(_-t) (—-t-T> - X(‘g"t> i -x<g+t>(u.6)

and

®
N
4rr»
=
I
~_"
»
P
N
+
=13
1
d.
N
I
»
T
1
N
1
13
N
S~
I
b
/\
1
+1
S—

(k.7)

1}

>
N

1

13

+
o

Il

>
{.—T\N\

[ |

+

N4

Note that. x(t) has a Fourier series of the form cisin wt+czsin Swt

+ Cssin Swt+... because of the symmetries above. Indeed

T T/2
Cop = g; L/ax(t)sin 2nwtdt = %; L/ﬁ x(t) sin 2nutdt
o -1/2

T/2 T/4 /2
@ f x(t) sin 2notdt [ f (t)sin 2natdt + [ x(t) sin 2nuytdt—‘
2 % i

L

Now,
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sin 2nw (}f— - t) sin(nmn-2nust) -(-1)"sin 2nat

and

sin(nx+2nat) (-1)"sin 2nut .

sin 2nw (g + t)

..

+ s in the sec-

1

.. m .
If we put t = L - S in pgg first integral above and t =

ond we get
r? T/MT L .m : 'T/‘LLT .
= Con = ;/ﬁ X(I -s)sin EnQ(E--s)ds +;/h x(£-+s)sin'2nuﬁz-+$)ds = 0.
o] o '
Since (4.1) is autonomous,ba two-parameter family of perigdic solutions
can always be Written as x = x(t+y,0). So far, we have‘proved the fol-
lowing: under the hyfbtheses 1 and 2, Eq. (4.1) has a two-parameter
family of nontrivial periodic solutiéﬁs of‘%he form x = X(F+7,C)”wﬁere
y is an arbitrary constant and Ce(0,G(A)) is also arbitrary. For every
Ce(0,6(4)), the function k(t,C) is 0dd with respect to O and T/2, even
with respect to T/h and 5T/h, and periodic of period

T = TC) = .k f [Cc-0(w) ]'1/2 du
. O

with G(a) = C and ac(0,4).

Since x(t,C) is, at least, of class C® in t we conclude that x(t,C)

has a convergent Fourier series, and- because of the symmetries, this

" .Fourier series is of the form

x(t,0) = bysin ab + bgsin 3wt +... with o = =%,

—

These results, which are well known, justify the treatment of Eq. (4.1)

that we shall use later din Section 6.



5. SOME PREPARATORY REMARKS ON FOURIER SERIES

5.1. SOME LINEAR OPERATORS WITH RESPECT Tb THE UNIFORM NORM

Let ﬁs consider real valued functions_x(t), -0 < ¢ <4+w; which are
periodic of period T = 2n/w, w > 0, which are L-integrable in [o,T] and
which are odd (with respect to the origin) and even with respect to T/k,

that is, for which

() = x(t), X(F-t = x(frv), x(T+) = (). (5.0)

As it was shown ih Section 4 we have also

T T 5T o3
X(2 - t) = 'X(2 + t)) : X(ll- = t) = x<)+ + t) ]
and x(t) has a Fourier series of the forn
x(t) ~ cysin wt + cgsin 3at +... . (5.2)

- We shall consider now the space S, of .all functions x(t),
o <t < ¥w, which are periodic of period T = 2x/w, continuous in (=w,+w); '
and satisfy the symmetry relations (5.1). We take in Se the uniform

topology by choosing the norm
x| = m%xlx(t)l ,  XeSg

Clearly S, is a normed linear space. Note'that Sc-is a subset of a
separable Hilbert space of all real-valued periodic functions, of period
T = 2n/w, 1Z-integrable in [0,T], and satisfying relations (5.1). This

30
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space has'( J§7E sin wt, J§7E sin 3u¢,;;.) as éﬁ.orthonormai'seéuence.
Also, for every a,B], =<« <-B <‘+w; everx'éiément x(t) of §,

defines an element x(t), a S t < B, of the usuél spéce cla,B] of all

continuous functions in [a,B].. |

Lemma 5.1. The space S, is completé;

Probf. "We first note that convergence in the norm means uniform conver-

gence in (-o,o). Since any Caucﬁy sequence {xp=xp(t), -» <t < oo,

n=1,2,...} in S defihes a Cauchy sequende of elements xp=xn(t),

o f't <B, n= l,2y;.. of thg space c[a,B}, for any a,é, - %.a <B <o,

the limit x(t) = £im xn(t) exists and is a continuous function in any
: 1100 . o

[@,8] and so in (-w,x). Now, the relations

Xn(f—)ﬂ+t) = xp(t), xn(-t) =  'Xn(‘t_) , Xn(ér;;,'- t) '=‘ Xn(g'JJth)l
imply
KZet) - x(t), x-t) - (), -t = ()

Thus x(t)eSq.

Definition 5.1. We define the operator P in S, as follows. If x(t)esc

is in the form (5.2) then

Px = c¢ysin wt

or

2n/w
Px(t) = % ;/ﬂ x(u)sin wudu)| sin at .
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Lemma 5.2. P is a bounded, idempotent, linear operator in Se -

Proof. Obviously P is linear and idempotent. Since

izs

- | T ~
”% ;Zq x(u)sin am dul| < % &£q|x(u)l |Sin'dn[du

| .
< 2 )] f stn wndu = & x(w]l

we have [[P| < % and P is bounded.

Definition 5.2. If x(t)eS; has the Fourier series (5.2), then we define

. I'I){ . - - —l Sin (Ut = Sin S(Dt e e . 5 a S

Since the sequence {c,} is bounded, the series (5.3) converges absdlutely
and uniformly in (;¥,+w), aﬁd hence Hx is & continuous function of 't.

- Also Hx obviously satifies the symmetry properﬁies (5.1) andqsoais an el-
emeﬁt of Sc;

Iemma 5.3. H is.a béunded linear Qperator in Sé and commuteé with P,

Proof. Obviously H is linear in S,. On the other hand

vl S o - 83 43
max sin wt sin 3wt -...
t | QuP I

Il = mgx- 2
. - 1 1
< w™( ey | +3§IC3|.+ 5—2|¢5| +o..)
Since .
. T
Con+1 = % u/‘ x(t)sin(2n+l)wt dt

o
" we get
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T | . . (en+l) 25
|°2n+1| 5% I:f |sin(2n+l)wt |at] |lx(t)] = wfx(t) ]| f [sin uldu
o] ) o]

x( 2n+1) w

. T '
= wox(t) ]| 2('2n+l),_./p sin u du = % lx(t) ] (5.4)
)

n’( 2n+1) w

.Thén'. )
o] < o2(leal 4 leal o le +> < L. h gy
. - 12 32 52 - w 8

Thus H is bounded and so éontinuoﬁs in the linear space S..

Finally HPX = o 2cysin wt = PHx fhat is H éné P commute in Sg. .
Lemma 5.4. If I denotes the idénﬁity operator in S, then H(I-P) is a:
linear, bounded operator in‘Sc,.and PH(I-P) = 0.

25292. The first part followéliﬁmediately from the previous lemmasf Now,

gsince P commutes with H we have

PH( I-P) x

P(E-HP)x ‘= P(E-PHx = P(I-P) (Bx)

(p-2)(E) = (P-B)(HO) = O.

We shall denote by ks the norm of H(I-P) or

ke = [[H(I-P)] .
Then k. is the smallest number such that

IB(I-B)x]| < ]l

for all x = x(t)eS,.



36

Let us discuss for.-a while the norm k, of H({I-P). An upper bound
of ke can be easily determined as follows.

If xeS, has the form of (5.2) then H(I-P)x has the form

H( I-P) x ~ --giz—sin 3ust -595-(5D-2-sin Sat -... . (5.5)

.

By Eq. (5.4) we have [cs | < %Hx(t)“. This result and Eq. (5.5)
yield

I I-P) x|

IA

ﬁ? .;_+é§+] =l - ;j;@-z— ]Hx’ll

0.29755 w =[x . | (5.6)

Thé number 0.29755 o2 is then an upper bound for kg. This~§alue may
be used in the épplicatiohs,but we shall give below (5.2) an integra;
représentation of ko from whiéh wé shall deduce the exact value of k,.
Let x(t)eS. have the form (5.2) and let
- t
nn - | xee, w6 - [ mea.
T/% ' ) 0
Since x(t) is odd with respéct to O and even with respect to T/h theﬁ
F1(t) will be even with respect to O and odd with respect to T/L. In
turn, Fo(t) will be odd with respect to 0 and éven with respect to T/L.
Integration of (5.2) term by term, f?om T/4 to t, is»justified by known

theorems on Fourier sefies (see Ref. 18, p. 40), and yields
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t : rt
Fi(t) = 4( x(t)dt - 4? [cysin wt + cgsin §wf +...]dt
/4 /4 |

= -1 cos at - £3 cos 3wt -}..
o W

Another integration, now from O to t, will give the Fburier series of Fo(t)

t
S 4 ) -
J/‘ [ o cos at Zg COS 3wt -...Jdt

Fo(t) =" f Fy(t)at

o o

-4 sin wt - <3 sin am'-. .
P 52w? 5

By cbmparison with (5.3) we have

. , .. e o

Fo(t) = He(t) = f dor 4 x(B)dp . (5.7)

. ' o.  1/k o

We shall use this formula later. o
In order to conclude this section we have two lemmas.

Lemma 5.5. If x(t)eS, then Hx is of class C= and e Hx = x,

d2
—z HI-P)x = (I-P)x .

dt :
Proof. It is a consequence of Eg. (5.7).

Iemma 5.6. If x(t)eS, is a function of class ¢?, then

HI-P)x" = (I-P)x .

Proof. If x(t)esc is of class €2 in (-w,+») and

x(t) ~ cysin at + cgsin 3wt +...
1

then

x"(t) ~ -ciofsin wt - 9caufsin Zat -...
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Indeed ,' by straightforwé.rd integration and integration by parts, we

have
1 T ) |
t [ emar - 2ot - x@1 - o0,
o T .
T - ' o T
2 f x"(t)sin nwt dt = - =2 f x'(t)cos nwt dt
T - T -
o )
2n2¢P T
= - . x(t)sin nwt 4t = -nfufc, ,
T 5 | .
5 T - .
T f x"(t)cos nwt dt = 0 .

o}

Finally, (I-P)x" ~ -9caufsin 3wt... and by (5.3) also
H I-P)x"(t) = casin 3wt + cgsin 5wt +... = (I-P)x(t)

5.2. DETERMINATION OF k.

We shall now determine the exact value of kc. We shall use the form-

ula (5.7) obtained above which we will write in the form (see sketch, p. 39)

.ftdal/a x(B)ap = -.ftdafT/im)ds

o I3 ' o [0

_"f‘J'GdB.‘fBJ‘c(S)da -.‘/q'T/gﬁ ‘ftx(B)da (5.8)
o o T ’ ' :

o}

o t T/k :
S f Bx(B)dB -t f x(B)dap .
. . . O t .

Fa(t)

]
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use the symmetries of x(t) we get

P

2T E—
| /t NI 7
T . :%55%21% }
ey = 2 f x(t) sin wt dt. ;5;25_
T . 174 |
[o) v | g
— 0 t /L o
T/2 _ T .
= 2 f x(t)sin @t dat + [ x(t)sin wt dt
T ) /2
[ pT/2 . pm/2
= 2 f x(t) sin wt dt - f x(7 +_§)sin wr arl ”
™% 5 , :
[ T/2 , " pT/2 _
= @ f x(t)sin wt dt + f - x(7)sin wr dT
T Lo fe)
T/k . T/2
= 2&) ‘ x(t) sin wt 4t + [ x( T)sin wt dT
n o /L
T/L o T
- 2w f %x(t)sin wt dt + f x(T - E)sin wr dT
T o) T/k
L T/h - :
= = f x(t)sin at dt . (5.9)
7t A .
Since Px = clsin.wt' implies HPx = - z—; sin wt we have from Egs. (5.8) and
(5.9) -
H(I-P)x = Hx - HPx Fo(t) + fj—)igk sin wt
-t : T/h ) T/}
= -fo(B)dB -t f x(B)dp + — sin am[ x(B) sin af 4dp
J ) w 0
/4

K(t,B)x(B)ap .

[

(5.10)
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where the kernel K(t,B) is given by

IA

ct+

IA
13

-B + =2 sin wt sin of for 0<B
A A _ T | T
K(t,8) = o | (5.11)

-t+%(;siriastéina’13 for 0<t<B<

+ 14

Note that, by teking oK = K, wt = £, af = n, y(t) = HI-P)x(t), arid
) = o E ‘ _ ok ”
X(E,) = X(w) ) Y(E,) = Y(O_J) s

we have successively

2
y(&y = / ke, Dyl 90
y(l) - . w ’ (L‘)X((.l)) w 4
o
5 : n:/2"_ ; :
Y(E) = w'zA f K(g,n)x‘(n)dn ,
5 ! !
where
._n+;~sin§sinn for Osqsgsg
K(E,,T]) = L o
- +v;sin'§sinq for OSEST]S%

The kernél X has obviously the properties:
' | (a) -K(gyn) = —K_(T],E,) P)
(b) XK(&,n) is continuous in the square [0, 0, n/2, n/2] ,

(¢) X(0,0) = K(&,0) = K(0,n) = 0.

Now, we have

or(£,0) -1 +% sin ¢

........
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v I
and this function of ¢ increases from -1 to -1 + 7 &8s & describes [o,n/2].
Thus, this expression is zero at the point ‘go, 0<E,< n/2 = 1.5708,
with ¢, = arc sin /b = arc sin 0.7854 = 0.9034. Finally, K(£,0) = O

for all 0 < ¢ < n/2 and

R e L .
aaiO) < 0 for 0<E<tEo, §%—%ﬂ-@->o for § <t < /2.
(5.12)

Now, for any £, O < € < n'/2, consider the expression

— J+ ' ;

S & ,n) -l+—singcosny for 0<n<g<w/2
S} = :
m %singcosn for 0<¢<n<n/2,

as a function of g for.O < n < n/2. This cierivative is positive as 5 de-
scribes (&; n/2). The same derivative decreases from -1 + %'sin £ to
-1+ -I-:E sin £ cos & as 7 describes [0,t). Thus K(&,n) as a function cﬁ‘
n alone, changes sign at most once between O and E.

Since for O < £ < £, we have JK(¢,0)/dn < 0, from (5.12), and since
OK( £ ,0) /n dec_mxr'e‘ases for 0 < n < & the fact that .R(g,n) =0 for n = 0 im-
plies tha:c K(g,n) <0 for O <n< é, 0 5 E < kg

1\.Iow we consider ‘g in the interval [.go,n'/Q]. First we recall that
K(&,0) = 0 and that‘B—K(E,,O)/aq >0 for £y < E < :%/2. Then K(t,n) is iaosi-_
tive for some regio-n of the strip £, < & < n/2. We show next that K(&,7)

is negative along the line 71 = ¢ on [0,0,n/2,x/2].
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" Indeed K(E,E) = -& + % sin2t, K(0,0) = O and K(n/2,n/2) = - -g-
L 2 4 x 8- '

+ — sin 5% "5 "

d = Lo .
. | . < 0. DNow, F7 K(u,u) = -1 + 3 sin 2u. and this

derivative is -1 at uw = 0 and u = n‘,/2; j.t is ze_ro. at the points where
sin 2u = /4 that is at the points £y = £o/2 = 0.4517 and Ep = & - &

- 1.1191. -‘The maximum value of K(u,u) is attained atv fhe "po:int U= ta
and is K(Eo,tn) = -to + % singgé = .-0.0885 < 0. Thus K(&,¢) <0 for all
0<E < w2 |

. Now, we have

Ren/2) = -t +2simg, Kom2) = o0,

and as we have seen K(x/2,n/2) ==(8-1r2)/2n < 0. Also we have

-g—g—ﬁ(g,n/e) = -1+ 'i-t cos £. If £, is the value of ¢ in (0,x/2) for which

-1+ % cos £ = O then &; = & - &g = 0.6674, and %E K(¢,x/2) > 0 for

0<E<¢t, and -g—g-'ﬁ(g,n/Z) < 0 for E <t < n/2. Thus K(&,x/2) > O for

0<¢t<E, K&,n/2) <O for € < & 5 5i/2, where T is the solution of
-t + % sin ¢ = 0 in [0,n/2]. We geﬁ E o= 1.1746.

nl -
: _ : This, for 0 < & < E,, K(&,n) as a

zr/2
/

' function of g chaﬁgés sign once;
// for £, < & <E, E(g,n) as a func-
1 tion of n changes sign twice; for

T<t<mn/2. K&, as a function

0 £ B 7r/2’

o

of 1 again changes sign once.

Iet us denote by V(&) the function
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n/2 . N
¥(e) f Ikem)fan, o<E<w/2 .

(o]

Obviously y(&) is a2 continuous function of ¢, and we take kg = max Y(E)

2

in [0,n/2], and k. = kow™. Now we have, for every function x(t) in 8

T/k
HI-P)x(t) = f K(t,8)x(B)ap ,

© )

/2
¥e) = o f K(&,n) X(n)dn ,

y(t)

o
lx(&)| < o ® fﬂ/glﬁ(g,n)l |X(n) Jdn
o
< & [max|x(n)|] fﬂ/glf(ém)ldn
b
< o |Ix(t) w(E)
< w® IIX(t; ko = elx(t) |l
ihus we have
Bl s Kol - )

Let us prove now that the value ko = kow‘2 now determined is the
best possible value, that is, kg = kow= is the norm of H(I-P). Iet &%

be a point where y(&*) takes its maximum value, hence

o n/2_
o<Ex< /2, w(EX) = max (&) = f [K(&x,m) [an

o)
Suppose, for instance, that for & = &%, K(t*,n) as a function of 71 changes
sign only once, say, K(&*,n) > 0 in (0,7), and X(e*,m) <0 in (7, n/2).

The other possible cases can be discussed analogously.



i

Let X(t) (not' in S.) be defined by %(t) = A in [0,t) end X(t) = -A
in (%, n/2) where A > 0 is arbitrary and © = n/w. Let us extend X(t) in
(~»,+0) by the periodicity of period T, by oddness with respect to 0, and

evenness with respect to T/4. Then

A for O0<¢t<T,

X(e) = 9. _
C -\ for M<E <2
and |
. - pT/k :
y(t) = HI-B)x = f CX(t,B)x(B)aB ,
. 5 o
_ o2
We) = v = o f K(g,m)X(n)dn ,
_ , 5
c pr/2
Y(ex) = o™ f K(&*,m) X(n)dn
. o
Y - N . |
= w® f CK(exman = aTN(EX)
A .
= kaow'z = koA .
and finally )
e > ker = Alxl, o<e<a/2,
Iv()| > xJxl , o<t<T/b),
or

I -p) | > Kl -
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This and (5.13) yield
|E(I-P)x| = kelx] .

This would prove our claim if we had ailowéd discontinuous functions in
the class 5. Therefore we shall néw reblace Exf) by a continuous func-
_ tion ¥(t) in S, which hasvthg same norm A-as X(t), and for which the
noﬁm of the cbrrespondiné function ?(t) differs as little as we want from
the ﬁorm of j‘r"(t). - Iet us take

P

At/e for 0<t<e
, A for e<t<t-c¢
x(t) = o ‘
NE-€) for t-e<t<t+e
5y for t+e<t<T/h

and let us extend x(t) in {(-w,+o) as before. Now, y(t) can be made as

close to koA as we want by taking € > 0O éufficiently small. Thus we
can take [ly| > (ko-0) |X|| for every fixed o> O while we know that .

“;” < kcﬂiﬂ. This choice of the fqnctioh §(t) corresponds to one of

.

the possible cases mentioned above. We shall proceed analogously in the

other»caées. This shows.that ke = kow'g, ko = max ¥(t) is the best pos-

‘sible constant, that is, [|H(I-P)| = ko = kgw™>

We now proceed to the déterﬁination of the exact numerical value of
'kc, by means of the considerations above. As we will see this value is

much smaller than the upper bound we obtained in (5.6). As mentioned

above we have only to find the maximum of the function y(t) defined by..
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!
)
+ -
6 )
Pl ll- - » Jf2_ '
- 3 —_— ‘lf(g) = f IK(E,T])IdT];
' § o) (5.14)
Ty +
l- 2 .
go 3 SR
where
-n + % sin ¢ sin ﬁ, 0<n<EL ﬂ/2,

.K(g,n) = (5.15)

-t + % sin ¢ sin M, 0< n/2 .

A
e
IA
s}

A

In order to perform the integration of (5.14) we divide the square
(0,0,7/2,7/2) into the regions 1...6 of the figure where I'y and I'; are
the curves n = no(E) and n = n,(&) defined as follows: For £y < & < n/2

the function ny(¢) is defined by

-n+;singsinn = 0

or _ (5.16)
— . E sin €& .
sin 7 T

Note that for &+E, we have successively sin ¢ + n/b, n/sin q + 1,
n > 0 and no(Ey) = 0. Alsoc for ¢ = /2, sin ¢ = 1, n/sin q = 4/x,
-n + % sin n = O and ny(n/2) = E.

For 0 < & < E the function n;(&) is given by



T

-§+%sin§sinn = 0

or

n__& |
4 sin ¢

sin n =

Note that for §0, sin gen/k, n+to and 13(0) = &,. Also, for & = E,
-E + -lyif sin £ =0, sinn =1, 1 = n/2 and 1,(%) = n/2. Finally we note
that sin ¢, = n/l and sin ¢ = -E €. Now we é.ompute integral (Slu) )

For 0 < £ < £, we take

e . ¢ _ .
f. IK_(E;H) lang = f [q - % sin ¢ sin nldn

Vi =
° o )
_ (5.17)
2 T]*g 2
= B—Jﬁ%smgcpsﬂ =é—+%sin§c055-%sin§-
n=0
For o < & < 7/2 we take
TIO(E)_ : no( &) N A
vz = f k(&) lan = f [-n + 7 sin & sin nldy
o] ) o] .
Tl=TIo(§)
:[—ﬂ-z-—isingcosﬂ :
) 2 n : T]=O
[no(8) 1% | |
= - —TE;——f— - —.sin & cos ny(¢) +‘% sin £ . - | (5.18)

For £, < & < n/2 we take
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Ta f . |R(E,n) dn = f [ - — sin & sin n]dq

(8 o(£)
| et
= [g—z—+%sing cosﬂ.
| n=no(¢)

. - T |
-§—+%sin§cos§-'l?—é-g-)—]f'%smﬁcosno(g) :

]

5 .
(5.19)
For 0 < £ <t we take
n1(€) _ _ 111(5). I
Vg = u/w- |K( &,q) |an = Jf - [& - 7 sin & sin nldn
3 ' € ‘ ‘
L ,TI=T11(§)
= En + — sin & cosi—l
. 7t
» : ' n=§
. N N - b .
= Ema(8) + - sin & cos ny(E) - €7 - 7 sin £ cos € . (5.20)
For € < & < n/2 we take
Vs = f |K(&,n) [an = f [¢ - = sin & sin qldy
4 £ ' :
o (5.21)
I n=n/2 ) .
=l:gq+;singcos1] =§£-§2~',?Sin'§0055-
t 2 .
n=§ _ ‘
"For 0 < & < E we take
| /2 _ n/2 "
Ve = f |K(&,n) [an = / [-& + 2 sin & sin nldn,
‘ n1(E) n1(t) . )
| . (5.22)
L T]=:nf/2 . e 4 .
- -gn-;singcosﬂ =g Bt ema(e) + % cin ¢ cos nalt) .
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Then, for 0 <& < §O we have from (5.17), (5'.20) and (5.22)°

: :t/2 _
V(E) = f |K(&,m) [dn = VY1 + ¥g + Ve
' o

2
_ 2
2

a1

sin £ cos & - % sin ¢ + Eny(E) + -?r- sin & cos ni(¢)

iy L , .
-2 - % sin &€ cos £ - ¢ ;—t+ Ena(E) + 7 sin € cos n1(&)
B 2 - . '
- Seinbeos ny(e) - eimg ram(y) - e X. (5.23)

At the points ¢ = O and £ = £, we have y(0) = O and

W(t)) = 8 sin g cos nalte) + % sin kg + 2tomalto) - g 3
gg bl A ALY
= 2 cos N1{kg) - 1 + 28oni(to) - 5> "tz o (5.24)

For Eu < £ < £ we have from (5.18) to (5.22)

V(E) = Va +V¥a + Vs *+ Ve
(O 1, ) 2
_._Tl.o.é.___-%singcos Mol &) + — sin § +—§_,—+-Esing cos &
C Ing(e) 1 b
- 7102 - _iri sin £ cos 1 (&) + gna(8) + 3 sin & cos n1(E)

L L
- & -;singcosg-g-g+§nl(§) + 5 sin g cos nl(g)

= - % sin ¢ cos T]O(g) + sin g + % sin g cos Tll(g)

(no(8) I° - &= + 26my(8) - & & . (5.25)

At the points &, and t. we get from (5.25)
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s » b .
\y(go) = = % s:_LnAgo cos no(Eg) +.-T—r>51n- Eo + % sin £, cos nai(€y)
2 gg . 14
- T}o(go) 5 + 2§o'fll(§(_3) - & >

€2
-1 + 2 cos n1(tg) - §Q' + 28om1(E0) - &g % ’

which agrees with (5.24). Since sin ¢ = E— E and 1,(E) = %we get

- % sin E cos 1o(E) + % sin & + % sin €& cos 11(E)

¥(E)

+

- . 2 _ e -
(817 - F= + 2Ena(®) - T 3

—_— — —_— —_ = —
- 2T cos no(B) + B+ ()12 - -+ 5 F . (5.26)

For &€ < £ < n/2 we have from (5.18), (5.19) and (5.21)

vu)(g.) = Va2 Vst Vs
= --—[h;lﬁ—%singcos No( €) +%.Sin§
+-§-+%sin§c’os§-M'%Singcosno(g)
+gg ga-%singcosg (5=é7)
- - [ng(é)?e -'% sin & cos no(E) + % sin ¢ - %i *5E .

From (5.27) we get at £ = E:aﬁd £ = n/2,

I'\)Ilmml
¥
o=
|

WD = [n (D)1 - 2F cos no(E) +F -

as in (5.26), and since ny(n/2) = E,



WP = -Beosn (B ri-oBP-FEF
lamebEef

A numerical calculation yields the following values

¢ 0o 0.2 0.4 0.4 0.5 0.55 0.6 0.8

¥(¢) 0 0.0883 0.1326 0.1380 0.1401 0.1386 0.1353 0,0989

£ 0.9034=¢ 1 1.1 1.17h602=f 1.2 1.3
v(E)  0.0676 0.0489 0.021 0.0606 0.0687  0.1060
£ - Lh . 145 1.5 1.55  1.5708=5

¥(e)  0.1257  0.1354  0.14132  0.14L3 0.1445

_After computation, ¥ takes its maximum ypgy = 0.14454 at & = 1.570. Thus

ke = 0.1445h0-2,

5;5. SOME LINEAR OPERATORS WITH RESPECT TO THE SQUARE NORM

Let us consider now the space 5y of all real valued funct;qns x(t),
-0 <t < +m,Awhich are perigdic:of preriod T = Eﬁ/w, w >0, whicﬁ ére '
IZ-integrable in [0,T], and which satisfy the symmetry relations (5.1).

We shall take in Sq the usual inner product.and square norm

, opT '
(x,5) = -;-_f x(t)y(t)at , (5.29)

: , o - e
1), = [(x01H2 [% f x%)a{,} .
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Thus Sq is a separable Hilbert space for which ( V2/T sin at,
'J2/T.sin 3wt,...) is an orthonormal system. If x(t)eSy and

x(t) ~ cysin wt + casin 3wt +... (5.30)

then

Hl~

| | T .—”4/2 , o | N

_T o b

Thus (Sq,u) is, in particular a normed linear'space. ‘Note that for the
elements x(t)eSq which are bounded we;ﬁay still define a norm ||| by

taking
= spplx0)]

We will see below & pfoperty of Sq where both normé, uwand || ||, are
beiné.used. Othe;wise; when we refer to properties "in Sq" wé will refer
exclusively'to thg.usual square norm u.

Theorem 5.1. The spaée.(Sq,u) is complete.

Proof. We first note that each function x(t)eSq induces a function of
Io(o,B) , namely, the restriction of x(t) to the interval [o,B] where o

, and_ﬁ are any two réal numbers and @ < B.

Let {xp(t) ], xn(t)eSq, n=1,2,... be é Cauchy sequence in Sq. Let

T x9(t) be the restriction of xp(t) to [0,n/2w]. Since Ix[0,n/2w],n=1,2,...
‘is complete the sequence (xR(t))}, xQ(t)elz[0,n/2w],n=1,2,... converges
to a square integrable function xO(t), te[0,n/2w]. We extend x°(t) to

the whole real line by defining
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x(t) = x°(t) for te[0,1/20] ané x(0) _ o ,
x.(-ga—) 1) = x(E ) t) 'for-ﬁe[o,isr/m];, .
x(-t) = -x(t) for te[c;_eﬁ/w] , |

3 g_( }) = v>.<(t) for all re'al T =1t (mod i—“)

and te[0,2n/w].
Now, x(t) is L-integrable with x2(t) in [0,2n/w] and since

rc/éw L /20
f [xn(t) - x(t) 1%t = f [x9(t) - x°(t) ]adtl,

(0] : 0

I

;.the norm ulxp(t)-x(t) ] tends to zero as now. Since xn(% - t) xn(% + 1)
- for te[O,T/Q]‘we"have xo(% - t) =.xo(% + t) almost everywhere for
te[0,7/2] and so x(1.- t) = x( +t) a.e., for telo,1/2]. If telT/2,T]

we have

x(% +1t) = g(% +t-T) = x(t - %!b = “X(%z - t)
- T oD - e - D
= x[- % -t + g] = ,x(% - 1) a.e,

T-kT for some

If T =% (mod T), T a real number and te[0,T] we have t

integer k. Then
T _ T _ _ T N T . _ T
X(E 'T) = X(H ‘t) = X('E + 't) —‘, X(4 + t+kT) = X(E + r) .
Finally, for T as above

| x(-1) = x(-T+kT) = x(—i) = -x(t) = -x(t-k7) = -x(71) .
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Hence x(t)esq .

Definition 5.3. If x(t)eSq has the Fourier series (5.30)ﬁwe define the

operator P by
Px = c3sin wt .

‘Lemma 5.7. 'P.is an idempotent linear bounded operator,
Proof. P is obviously idempotent and linear. It is continuous‘sinCe,

for any xeSq,

ar) = EHeDI? < E(reg ) - . 3)

‘Definition 5.h. If x(t)eSq has the Fourier series (5.30) we define

sin wt - gig sin 3wt -... . (5.32)

5
Ge

Lemma 5.8. H is a bounded linear operator in Sq and commutes with P.

Proof. If x(t) ~ cisin wt + cgsin 3wt +...

then
_ _C . _9.3__ . _
Hx = aﬁ sin wt 9w2_s1n 3t -, ..
and
Coog 2 2 1/2 ’
1 /¢ C3 ¢ 1 1 1l 1/2
p( Hx) =JL-§<‘E)%+-9-§E;+...>} < (—1—32-(1+9—2+-2-5—2'+...)/

[% (cZ+c3 +...)]1/2 = ié'gg u(x) = 1.0073 w2u(x)

and so H is bounded. Also p(Hx) < +e for xeSqg, and hence H:S5q+Sq as

stated in the definition of H. A simple verification shows that P and
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H commute; and H is obviously linéar.
Iemma 5.9. If I denotes the identity operator jin Sq then H(I-P) is a
linear bounded operator in Sq.

Proof. Linearity is obvious. Now, from (5.32),

LH(I-P)x = p [. -;amLz sin 3wt - e—gi—z— sin St -j
2 - 2 ‘l/*2 .
1 Ca3 Cs - 1
S GC A= -

and so H(I-P) is bounded., -
We denote by kg the (square) norm of H(I-P). Thus kq < 1/9F.

On the other hénd, for x(t) = ca sin 3wt, we have

H I-P)x(t) = - g—f—)e—'sin 3wt
1 (1
1
= 9?;_;)((1:) .
) ; 1 .
Thus kq.z 9_a>2- , and finally

1 -2

kg = GE 0.111...w™ .

Lemme. 5.10. If x(t)eSg, and y(t) = Hx(t), then y(t)eSq, y(t) is A.C.,
y'(t) is A.C. and y"=x.

Proof. It is a conseguence of (5.7).

Lemma 5.11. If x(t)eSq is A.C. with x'(t), if x"(t) is I2-integrable in

[0,2n/w] then H(I-P)x" = (I-P)x.
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Proof. It is the same as in Lemma 5.6.

Lemma 5.12. If x(t)eSq then there is a number k' such that
IB(1-P)x|| < k'u(x) .

Proof. Indeed, if x(t) ~ cisin wt+cs sin 3wt +... then by using Schwertz's

inequality we get

I 1-B)xl| < = |9”’ et

1.2 é /2.1 1 1 1/2
S QTE-IQ (C3+C5 +.-e)| l'2— (9—2+5—5—2-+,,,)| .

Since I% (c5+c2 +...)|l/2 < I% (cF+c3 +...)|l/2 = u(x), the lemma is

L '+...)|l/2.- We have then -

' 11,1
: d if t k' = =|= +

k' = 0.1694 w‘2



6. THE DIFFERENTIAL EQUATION % + g(x,t) = O

6.1.- THE FIRST GALERKIN'S APPROXIMATION
We shall now proceed to the study of -periocdic solutions of the

second order differential equation
% + g(x,t) = O. ‘ - (6.1)

We shall (a) prove the existence of periodic soldtioﬁs,l(b{ we
shall give sinusoidal approximafions of these solutions and tc) we
sha;l éive errbf.bounds for these sinusoidal approximations.

It will be assumed that g(x,t) is a real function of the real var-
jables x apd‘t; defined For all -A <% < A and < b < g,'that, for
éfery |x] g,A,g(x,t)‘is pefiodié?ith, of pe;iqd T = 2n/& > 0, and inte- -
grable .in (0,T] for every |x| < A. Herg T may not be thé mihimgm per-
;iOd, but it is assumed to be independent of x. |

~

The function g(x,t) always admit of the decomposition
Calx,t) = gi(x) + galx,t), (6.2)

where, for instance, gi(x) could be the average of g with respect to
t, or, what is the same, the constant term in the development of
g(x,t), as a function of t, in Fourier series. Under these condi-

tions we would have

. T T |
g.'L(X) = %f g(x,t)dt, '2T'f g2(x;t)dt = 0.

(o ‘ (e

o7
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If g(x,t) does not depend on t, then (6.1) reduces to an antonomous

equation
% +g(x) = 0, , (6.3)

‘and then T is undetermined. We have already seen in Section 4 that the
periodic solutions x(t) of (6.3) have period T = 2xn/w dépeﬁding upon the . .
'amplitudg. We also have seen that,vfor:g(x) odd in x, x(t) has the

” following symmetries -
x(-t) = -x(t), x(E.+ t) = x.(E -t), x(T+t) = =x(t).
T | (6.4)
As a consequencé x(t) has ﬁhe further symmetries
3T , | ' '
x(Fre) = x(@-w), x(@rt) = (@),
and the solutions x(t) have Fourier series of the form

x(t) ~ c¢i1 sin wt + c3 sin 3wt + ..

To simplify the present discussion we shall assume that g(x,t)
satisfies the same-symmetry conditions:

1.

g("‘xx‘t) = 'g(x;t)
Bt = ek - b, O (6.5)
g(x,T+t) = g(x,t), |

,

for all t and all |x| < A. We shall also assume that g(x,t) has a de-
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composition of the form (6.2), which we write as
8(x,t) = go(x) + R(x,t) + S(t), (6.6)

vwhere S(t) has a Fourier series A; sin wt+Az sin 3wt+... with A;,As,...
constants. Also we assume

2.

b %1 okel (6.7)

. ) o
go(x) ox + 5 x3 + ... (Z51)] | ,

for some constants k, 0 >0, O,..., O 1, 8nd all |x| f A. In additionm,
if (6.1) is autonomous we assume that go(x) > 0 for all xe(0,A].
3. For some fixed number L, for all x;,xzel-A,A] and for all t we _

have
lg(x1,t) - g(x2,t)| < L|xa ;_Xélf

We shall need hypothéges of ;ontinuity and measurability on g. The
disCussion’below'is divided into two parts where we use.respectively a
uniform norm and a square norm. We make correspondingly two different
hypotheses for the two parts:

la. The functions g(x,t), R(x,t), S(t) are continuous in (x,t)

for all (%,t), |x| <A, - <t < 4,

RGO | < Gt | |24, (6.8)

-

for all |x| <A, - <t < +o, and some constant £ and~a£ > 0.
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Yb. The functions g(x,t), R(x,t) are measurable in (x,t) for

>

o, ,
|x] €A, <@ <t < +o, S(t) is L®-integrable in (-o,+») and there is
some function A(t), of t, periodic in t, with period T = 2r/w and L-

intergrable on [0.T] such that

1, (6.9)

£
—
»
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for some constant; z and O& 2> 0. Under condition 2 Wg do not exclude
the case where the polynomial is replaced by a poﬁer series 1in x of the
same form, convergent in [-A,A], that is, the McLaurin series of the
(analytic).functioﬁ gé(x);i

In the autonomous case, the decomposition (6.6) reduces to
g(x) = go(x) + R(x), hypothesis 1 reduces to g(-x) = -g(x), hypothesis
2 remains the same, hypothesis 3 reduces to |g(x1)-g(xz) | < L]x;-xg]
for xl,xze[-A,A]; hypothesis 4 reduégs to‘the single assumption
1;12241’

R | S

where R(x) is assumed to.be cqntinuous under hypothesis 4a and only
measurable under hypothesis Eb.f

We shall consider approximate solutions of (6.1) of the férm
X = a sin wt, a constant. Ndfe that here we suppose T = En/w as given,
and hence we may be able.to determine a in order to sgtisfy the Galerkin
equation asvﬁe shall see below. The approximate solufion 50 determined
wi;l then correspond to a harmonic solution of Eq. (6.1) ér actually to

a subharmonic solution of (6.1) if T is not the minimum period of
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g(x,t). If g does not depend on t, that is, {6.1) is autonomous, then
both a and @ are undetermined, and we may be ahle to determine w as a
function of a in order to satisfy the Galerkin,equation.-

In general a sin wt is not an exact solution of the Eq. (6.1).

If |a|] < A, then the expression
e(a,t) = - aw® sin wt + g(a sin wt, t) (6.10)

is defined for all -» < t < 4w, but not necessarily identically zero for

any value of a # 0, and @ > 0. On the other hand, by (6.5) we have

o(a,T+t) = ©(a,t)
o(-a,-t) = - o(a,t), (6.11)
O(a, re) = s, £ - ),

and ©(a,t) is obviously L-integrable in [0,T]. Precisely, ©(a,t) is a
continuous function of a and t under hypothesis 4a and is L2-integrable

in t for every |a| < A under hypothesis Ub. From (6.11) we have
o(a,t) ~ ciy sin wt + cg sin 3wt + ...

where

Hlm

T T
f e(a,t) sin wtdt = f [-aw® sin wt+g(a sin wt,t)] sin wtdt. -
[¢) i (0] . ' ' ’

31

According to Galerkin's general approach we may request that the
' first coefficient ¢y is zero, that is, the Galerkin equéﬁion.for the

first approximation under étudy is
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T o
f [-aw® sin wt+g(a sin wt,t)] sin wtdt = 0. (6.12)
o]

H

- u(a) =

By using the decompositon (6.6) we have

n

T T
u(a) = % f - aw® sin® wtdt +F f go(a sin wt) sin wtdt
) o

+.
=NV

T
f [A; sin wt+As sin 3wt+...] sin wtdt
4 _

T
_f R(a sin wt,t) sin wtdt,
5 . .

=R Y

and thus u(a) decomposes into

u(a) = -aw® +2 + 4 +p, (6.13)

where
o T
Y, = E-\/h go(a sin wt) sin wtdt,
T J S
2 T L .
p = E-b/‘ R(a sin wt,t) sin wtdt,
o)

and A; is a constant. Thus Galerkin's equation (6.12) becomes
—a®? + L+ A +tp = O (6.14)

For the sake of simplicity we may prefer to take for a the value
.of & which satisfies, instead of (6,12) or (6.14), the simpler equa-

tion
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e + L+ A = O, (6.15)
or
> T ’
- aw® + Ay T Jf go(a sin wt,t) sin wtdt = O.
o)
If we use the expression (6.7) for g, we have
g(a sin wt,t) = o%a sin wt + %% a3 sin® wt + ...
%%-1  _2k-1 _, 2k-1
—_— a sin wt + R.(t) + S(t), .
ey o(1) +5(t),
where
' ] 25+1 Q, 2L0+1
(t)] = |R(a sin wt,t)| < ——=—— |a sin wt < —2* _|a .
|Ro(t) ] DU Fyeyy | | -(ez+1).'| |
By Moivre's inverse formulas
sin®u - L (sin 3u-3 sin u)
22 ’
5 1 . . . :
sin®u = =5 (sin 5u-5 sin 3u+l0 sin u),
sinTfu = - gg (sin Tu-7 sin 5u+2l sin 3u-35 sin u),
_ k-1 | i
sinE Ly = (-1) TiTz' [sin (2k-1)u-(2k-1) sin (2k-3)u
2

(2k-1)(21-2) . (2k-5)w + () LB o u}
o1 (k-1) k!
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we deduce

1

g(a sin wm,t) 51 2

622 sin wt + 2 & ] [3 sin wt - sin Bwt]

. _
+ 922 [10 sin wt-5 sin 3wt + sin Swt]

5124 )
+ %% %5 [35 sin wt-21 sin Zwt+7 sin'Swt - sin Twt] + ...
k-l = gge.q BK-1 1 T
+ (-1) Ok-1 azk—d [}-l)k T _(2k-1)! sin wt
(2k-1)! 2 k!(k-1)!
+ (-l)k-g (2k-1)!"  in Zwt .
(k+1) ! (k-2)!
(2k-1) (2k-2) . . .
+ o) sin (2k-5) sin wt-(2k-1) sin (2k-3)wt

+ sin (2k-1)an] + Ry(t) + S(t).

From this expression we obtain

vg(a sin wt,t)

2k-1

_ o a® 3!, opas 5! %-1 a (2k-1)! 0 .
_ {} 8T 3roE1er Tsratas T (aken): 2K E i(een).[ St
Sdmed e’y imeal L el o (k) | 3wt
3122 5124 7028 T (ek-1) ¢ 22K-2 (k41) ! (k-2) !
+ .
k-1 %-1, a°%-L
-1 : sin (2k-~-1l)wt + t) + S(t
(-1) or1): 2 gk 5 ( ) R, ( ) (t)
= (S;+A;) sin wt + (Sa+Agz) sin 3wt +...+ (S2k 1A l) sin (2k l)mt
+ R (t) + 2: Ay, sin (2r+l)wt, (6.16)

r=k
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where |R,(t)] S.az/(2l+1)1|a121+1 and Sy, Sg,---, Spi.; 8re the coef-

ficients of the harmonics in (6.16). Note that the polynomial Si(a) has

. the same expression as . in (6.13), that is

T
JF go(a sin wt) sin wtdt.
o B

=10V

Si(a) = 2 =

Thus, the Galerkin equation (6.15) reduces to

o e® 3! P, 'S a2l (ppa1)r o
3! 2 112! - (2k-1)! 22k-2 (k-1)!k! (6.17)

- aw® + Ay + o%a +

In the non-autonomous case, w is fixed and this relation represehts
an equation in the unknown a. We shall assume that Eq. (6.12) has a
root a in the intervall[-A,A]. Then; when we usekproperty La,b, for the
sake of-simplicity-we,assuﬁe as a first Galerkin appfoximation to the

periodic solution of (6.1) the function

Xq - xo(t) = a sin wt,

where a-is any of the roots of Eq. (6.17) in [-4,A] .
In the autonomous case, both w and a are undetermined, and there-
fore we may prefer to think of relation (6.17) as defining w as a func-

tion of a. We shall then write (6.17) as

2 = 02+£l_£+_Qg'aﬁ+ + %%-1 alk-1

e 6.18
li2r 22 2:3: 2% (k-1) k! 2°K-2 (6.18)

0 in the autonomous case.

Note that Ay
We shall prove next that, by restricting a, if necessary, to be

in an interval [-Aj,A,l, with Ay < A, the second member of (6.18) is
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- actually positive and thus (6.18) defines w > O as a single valued
function of a for -AA'E a < A,.
If o > O the statement 1s obviously true.

~If g =0 then not all real numbers al’aé""’ok-l are equal to zero

and we denote by 0@,-1 < q < k?l, the first one which is not zero. Then '

G = ... =0C

-1 = 0. From hypothesis 4a, (Eq. (6.8) for the autonomous

" case) we have

2k-1 24+1
X )lsbglxl' 2

2q+1
leg(x) - (qu foou. + bk-l’

where by = Oﬁ/(23+l), for all Ix! < A and, in particular, for O < x < A,.

Now we have for O < x <A

2q+1, ok+3, . _2k-1 20+1
(g(x)-qu arly (bq+lx 5+...+bk_lx ) = ob,|x| R
for some 0, -1 <0 <1, or
: Pk+l, 2041 2q+3 2k-1
lg(x) - bgx™" ~| < [o]by|x| + Ibq+lx e by X |.

_ -1 -1 .-1 »
If m = max [Ibq+l[bq ,...,lbk_llbq sByby ] then we have

2 ok-1 Y
oL | + mlbglx]|™"

iy 2q+
Je(x) - byx < m|glx] V24 s m|by [|x

24+1

2k—l+IXI }

|2q+5+...+|x|

IN

m|bg | (]x

2q+ D (kmae .
mbﬂx|qjuﬂﬁt,AA(kqumﬂquJ}

A

2qg+
< mlog|plx| 7,
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where D is the sum in brackets. This inequality implies that.

2
x2q+l

q

b 12q+3

< g(x) < bgx (LemD|x|Zsign by)  (6.19)

- m|bg |D[x q

for all xe(0,A]. If we take any B, O < B < Ay, B < (uD)"/2 then for
x€(0,B] we have mDIx[2 <1 and (6.19) says that g(x) has the same-sigﬁ.
2q+1 o '

of qu i.e., the sign of bq. Since g(x) > 0 for xe(0,A] we conclude

that'bq > 0. Thus, the first coefficient o& which is not zero is posi-
tive and sa,‘fér some Age(0,A] the expression (6.18) for uf is positive.
We shéli choose a such that this is the case. Thus, in the ;utonomous
case, When we ﬁselproperty 3, for the sake of simplicity, we assume as

a first Galerkin approximation to the periodic solution of (6.1) the

function
Xo = Xo(t) = ~a sin w(a)t,
where ae(0,4,] and ® = w(a) > 0 is the function of a defined by (6.18).

6.2. AN EXISTENCE THEOREM WITH THE USE OF THE UNIFORM NORM
‘Let us consider the space Sas discussed'inmSection-5.l df'élleuncf
t tions x(t) which are continuous in (-»,») and satisfy the symmetry con-

ditions (5.1), or

x(-t) = x(t), x(F+t) = x(G-t), x(T#) = x(t).-

Let 5& be the subset of all elements x(t)eS, such that |x(t)| < A.
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Let g denote the operator defined by taking
gx = glx(t),t], xeS,.

By use of (6.5) we have

glx(t+T),t+T] = glx(t);t],
glx(-t),-t] = -glx(t),t],
glx(} - ), £ - 8] = g[x(§+ 8),41,

Wﬁndfthusxéx is é function of(f sétisfying{symmeffy relations (5.1). ﬁy
hypothésiéfha then,gx,ié a coﬁtinﬁéﬁs‘fdnqtioh of t in (-o,m).- Thﬁé.gx.,
i%'an element of S, for every x(t)egé,.that.ié, é;gé‘+vsc., .
Lemma 6.1. g:Sg Sciis a céntinuous operator in'§;, in tﬁe égnéé'that>'
lext-gx®| < L||lx*-x3| for all x* = #i(t); X2f= xe(f) in g&., |
EEQE£~ We have |gxt-gxZ| =,m%k|g(xl(t),t)—g(x?(t),t)| < m%xlel(t)—xz(t)|

= LHxl-xeﬂ.

Definition 6.1. We define the operators f, F; and T by taking

fx = (I-P)gx,
Fx =-Hfx =-H(I-P)gx . (6.20)
Tx = Px +Fx = Px <+ Hfx = Px - H(I-P)gx ,

for all xegé. Clearly f, F and T map 5& into S,.
‘Lemma 6.2. The operators f, F and T are continuous operators in 5;.

Proof. A consequence of Lemmas 5.2, 5.3Aand Eq. (6.20).



Let us denote by b an undetermined number in a neighborhood of a.
‘In harmony with (6.10) let us denote by 6(b,t) the function of t that.
we obtain when x is replaced by x*(t) = b sin wt in the expression

R+g(x,t). Then
o(b,t) = =- bw? sin wt + g(b sin wt,t), (6.21)

and o(b,t)eS,. Also we shall denote by A(b,t) the function

A(b,t) = H(I-P)e(ﬁ,t). | 1 '(6;22)
Then we have
o .“".' i %'ng*(t),ﬁl - Q(b?té, , (6;25)v,
H(I-f)x*,+ H(I-P)glx*(t),t] = A(b,t). , ,’ (6.2&)
Since, by lemma 5.6
H(I-P)%* = (I-P)x*. = x* - Px¥,

we have from (6.2k)
x¥ = Px* - H(I-P)glx*(t),t] + A(b,t).
In particulér, for b = a, we have

Xo = Pxy - H(I-P)glxo(t),t] + Aa,t). (6.25)

This relation will be used later.
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Let

R
Q
it

”A(a,_t)” = mgx]A(a,t)l,

~ vhere |a| < A.

Let c,d, be positive constants, 0 < c¢ < 4, let b be any number with
[b-a|] <ec, |b| < a.

Let Vé be the set of all elements x* = x*(t) of S, of the form
x*(t) = b sin wt, with b as above. In other words

Vo = {x¥*|x*eSs,x* = Px*, |[P(x*-x5) || < c].
Indeed o«
[P(x*-x5) | = max|(b-a) sin wt| = b - a] <ec.
 Fbr every x*ch let Sgb denote the subset of S, defined by
8%, = [(x|xes,Px = Pxx,|jx-x,|| < dl.
We have to make sure that x*eSgb, Indeed Px* = Px* and
Ix* - xo || = max|(b-a) sin wt| = [b - a] <ec<a.

Thus x¥*eS3, agd hence S% is not empty. Also S:SC:EE since

maxlx(6)] = [l < fxol + - %ol <a's d

all we need is that a+d < AO. Thus the constants a,c,d must be taken

in such a way that 0 < ¢ < d, atd S Ag, and then we may taken fof b
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~any real ﬁﬁmﬁer with ]b-al <ec. Theﬁ, for every #*eV, the set Sgb is
.well defined, is not empty, and is a éubset of 5;5" We sﬁall denoﬁé
by”kc the number éiready intréduced under lemma 5.4.

Theorem 6.1. If c,d, are positive constants with O < c < d, a+di§ Ao,
if b is any real number with lb-al <c, and x¥ = b sin wt, if

c+7é S (l—de)d, kCL<lAthen T/Sgb is a.cpntraction and maps S&, into
S* .

“eo’

Proof. If xeS¥, and y = Tx, we have
y = Tx = Px - H(I-P)gx

hence.

Py = PPx - EH(i—P)gx

and by leﬁmas 5;2 and 5.4

Py = Px.+0 = Px*

Also we have, by comparison with (6.25) and by previous lemmes,

y = Px - H(I-P)ax,
Xo = Pxg ; H(I-é)gxo + A(t,a),
yo = Blx-xo) - H(I-P){gx-gxo) - 8(t,a),
Ny - %ol < [B(xoso)| + [(3-8) (gxmgxo) | + (5,01,

Iy = ol < IPGerxo) | + (1-8) ee-ano) | + (e )1,
Ny - Xo” <c + kcL”x - Xo“ + Yoy

ly - %ol < e + k,Id + y¢ < (1-k,L)d + k.Id = d.
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Thus T/SgO maps S¥, into SX%,. .For'ény two elements x,,x2eS%, we have

now
yi = Txs, i = 1,2,
and
yi = Pxy - H(I-P)gx,,
vz = Pxz - H(I-P)gxz,

where Pxy = Pxp = Px*. By comparison we.have -

y1 - ye H(I-P)(gxy-gx2),

|IE(T-P) (gx1-gx2) |l

lyy - vl
< IB(T-P) [lexy - exall

< kcL“Xl = X2H,

where k,L < 1. "This shows that T/Séb is a contraction:

Lemma 6.3. The subset Sgb of 5, is a complete metric space.

Proof. .Let {xn) 5e a Cauchy sequence of elements of S:b...Thgn the ,
iimit x exisfs and is an element of Sc. On the other hand, P is a
continuous operator, hence Pxn'= Py * iﬁblies Px = Px*. Also we have
I - xoll < lIx - xall + ln - %oll where [x-xall + 0 and [xp-xol < .
Hence ”x-xOH < d. This provés that the limit element x is in‘SgQ and
50 Sgb is a éomplete, metric, (nonlinear) sﬁbspacevof Sae

As a consequence of the two previous results and Banach's fixed
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point theorem we have the following corollary.
Corollary. Under the conditions of Theorem 6.1,_T[S* has a unique
co

fixed element y = Tyesgo.'

Let y be the fixed point of T| Then

5%’
y = Py - H(I-P)gy.
Thus y is the sum of an expression b sin wt, and of a funetion

(t) = H(I-P)gly(t),t] which is. of c¢lass C2. Then y(t) is of class C2.
v

By differentiation we have

y = Py - (I-Plegy,
¥ + gly(t),t] = Ply+eyl,
or
y + gly(t),t] = D,

where D has the simple form
D = Ply+gy] = U sin wt. (6.26)

Also y is a solution of (6.1) if and only if D = O, that is, U = O.

We denote this equation as the determining equation of (6.1). Since

x*¥ = Db sin wt, Px¥ = Py and y is determined by x* we have
Yy = b sin wt + bg sin 3wt + bs sin Sot + ...,

where bg,bs,... are functiorsof b, and also

gly(t),t] = B1 sin wt + Bg sin 3Bt + .3
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where again PB1,Pa,Bs,... are functions of b. Then, from Eq. (6.26)

AT
U = Uu(w) = 2 L/‘ (y"gly(t),t]) sin wtdt =  -0Pb+B; = -w“b+By (D)
: : T' 0 . Y (6.27) -

We have to prove that there exists some b with a-c < b < atec such that

U(b) = 0.

Let glx*(t),t] = Bio sin wt+Bso sin Zwt+... and note that by Eq.

(6.12)
u = u(b) % %Akéﬁ {x*"+g[fot),t]} sin wtdt = - &b + Byo _
= - 0% * Byo(b)
and
|U(b) - u(®)| = '|B1 - Brol = [Plgly(t),t] - é[x*(t),tJJH,
then by lemma 5.2,
U(o) - u(o)| <7 llaly(s),t1l < 7 Tliy(e) = x*(x)]. (6.28)

We have now

y = Ty = Py - H{I-Pgy, 7 Py = Px*¥ = x¥*, .
(6.29)

y(t) = x¥(t) = y - Py - - H(I-P)gy.

We have also from Eq. (6.25)

XO = PXO'- H(IfP)g[Xo(t),’G] - A(t’a))
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where

Xo = a sin wt = Px,.

Hence

0 = - H(I-P)gx, - 4(t,a),

and by comparison with Eq. (6.29)

y(t) - x*(t) - H(I-P)lgy-gxo] + A(t,a),

ly(t) - x*(8)]| < H(I-P) lgy-gx] + A(t,a)]
| (6.30)

< E(z-Pliley - exoll + la(s,a)l
< keLlly - Xoll + 70 <k La + o
Thus, from Eq. (6.28)

|u(p) - u(b)| < gﬁ (k Ld+ye). (6.31)

From (6.13) we have now

- bw® + 5.(b) + A1 +p

3 o/ _'
[}1—bw2+02b + —%%T-gz ...t LS l' ' 22k'2J
12! (k-1) k! (6.32)

T
2 ;/\ R(b sin wt,t) sin wtdt

u(b)
,2k-1

+

T
o]

up(b) + n(v),

where uo(b) is the polynomial in. b of degree 2k-1 above and n(b) is

the last expression. For b = a we have ug(a) = 0 and so u(a) = n(a).
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Now we have

R(b sin wt,t < b si b -
I ( 1)]_(22+l)! I Sln(l)l.
: é T g 214 _2é;2
)l <& [ B [P sin wn P
5 (2e+1) L
Hence
. Ty 2k+1 +1
[n(x)| < £ u/‘ : b | sin amﬁ dt
T ¢ (2k+l)!
T
2,
= 2_% ] |2£+l Jf | sin wt] e
T (2£+1)! 5 :
24+1
_ b ALl _
T [1.3..... (21+1) 12
’ 5 o I:b|2£+l : :
We call A the number = L If R(x,t) = 0 in the decom-
o [1.3..... (21+1) 12

position (6.6) then, of course, A = O.

Now, from (6.32), we have

uo(b) = A + b(c®-af) +

and by use of (6.17)

f\)lm
»

o1 o2

no

13!

| k-2
a

(k-1)!k!

- - o a8, o2 at, _hgkll__ +

2k-1

Qi b3 + A+ al(-l ‘b

Tror 22 T (ee1) ik 221 K

For b = a * ¢ we have

=2,3,...

(6.33)

o b° %y pEl
=L o+ LH Eoos K = 2,3, ..
112! 2 (k-1) k! 2¢%-

Ay
a
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2k-2
¢ (-2 az, o a* ot %1 a2k = + A
T\lier 28 213! o% (k-1) 'k! 22K~ a

' ' . ' -1 -
oy (ac)3-a% P %1 (aic)ek -a2k .

]
+1

up (atc)

120 227 L (k-1)!k!  2PK-2
- |ty o oat, e S G + A1l ¢
|1l2r 22 213! 2% (k-1) 'x! 2282 g. | ~
+ 5 (_X.La_ + O:2a3 a33~5
2 |2|22 124 3 )_“26
k-3
+ a.k la 1 cg + Q’ga
: (k-1)! k'edk“g 1'2'22 213104

_Qgat, 2k 1) _O%k- 1a2k"u 03 + 5‘) Cza
3:h128. (k-1) 'k!22k-2 \U 213104

’ < )ﬁgf—a— 21y Ogeaa L‘* .
b/ 34128 (k-1) 1k 122K-2
Ofe-1 - k-1 o
) 6.34
(k-1) 'k!2°K2 © . (6.34)

We denote by u,, and Uy, the two numbers us(a*tc). We shall assume that
Uoy and ugs have opposite signs and we denote by Q the minimum of |u01|

and [uozl, that is
Q@ = minl|uos1|,|uoz]]. (6.35)

Remark. If we assume that a is not only a root of Eg. (6.17), but a
simple root, that is, if we assume thét fhe coéfficient of *c in (6.34)
_is not zero, that is |

2k -2

- Ay L 2a® | bagat L (2k-2)! ox.ja '# 0
a 1llai22 213104 (k-1)!k!2°k-2

E A

then upi, Upz will be necessarily  -of oppdsite signs for c Sufficiently

small. S _ ’ .
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We have now the elements to prove the follbwing.theorem.

Theorem 6.2. Let a and o satisfy Eq. (6.17),

o as 3!, o, %1 _a®-leek.1):

- an® + Ay + og2a + - = 0.
- * 31 22 1120 (2k-1)! 22k-2(x-1) k!
Assume that é;d are positive constants, with 0 < ¢ < 4, at+d S Ao,
that ety < (1-kel)d, kel < 1, A < Q, and
ke L(k Ld+y.) < Q - A | (6.36) -
T c 7c - - y

where Q = min [lug(a-c) |, |us(atc) |] and we assume us(a-c), uy(a+e) to

.

be of opposite signs and

20 [b] 2441

xl1,3,...,(22+1)]2 ‘

7e = latea)ll,  »

Then, for some real number b, a-c < b < a+c, and X5 = a sin wt,

x* = b sin wt, the fixed element y = Ty of the map T/q4 satisfies the
, co

equation
y +ely,t) = 0,
with ) '
y(t) = b sin wt + bs sin 3wt + bg sin’5wt +ouu,
l(e) - xxe)ll =y - Byl < min _[kchwc,c+dJ,
and

ly(t) - x(t)]l < a.
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Remark. As pointed out before, in the autonomous case we may consider
o as a function w = w(a) of the parameter a definéd by (6.17). 1In the
periodic case, w is. fixed anq a is.assumed to be a root of‘Eq. (6.17).
Proof. We have only to prove'that U(b) haé opposite signs at the
points b = aiq. Indeed, if so; there is some b, a-¢c <b < atc, such
vfhat U(b)”="O,Ai.e., y(t) satiéfies the determining equation, U = O,
‘and hence the equation y+g(&)'= 0. We havé, oy hypotheéis; either

U1 < 0 < Ugz or upa } 0 > upz2. We gssume that the first'case holds.
The reasoning is the same in the second case. ‘Then, by the definition

of Q
W1 < 0 < upz2 (6.37)
implies
up(a-c) < - Q <0<Q<uyla+e). . (6.38)
 Now, by the definition of u, and 1
u(ate) = up(aze) + n(aic)
where n(atc) <A, and from (6.31)

|Uate) - u(ate) | < 22 (xLav,). (6.39)
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Since
U(axc) = ug(azc) + [U(ac)-u(azc)]
(6.40)
+ [u(aic)-uo(aic)-n(aic)]'+ n(atc) .

we have by using (6.33), (6.38) and (6.39)

U(ate) > uplare) + [Ulate) - ulave)| - 0 - |n(atc)]|

L, 4T,

>+ — (koldtye) - A >Q - — (kchWc) - A

Bj hypothesis this last expressiqn_is positive, i.e., U(a+c) > 0. Again

f;om (6.&0) we get
U(a-c) < ugla-c) + |U(a<c) - u(a-e)| + 0 + [n(a=c)|,
aﬁd by ﬁge of (6;58)
Ula-c) < - Q + % Lk Ld4y,) + A
and so U(a-c) < 0. Thus the theorem is proved.

6.3. AN IMPROVED FORM OF THE EXISTENCE THEOREM
Theorem 6.2 may be improved if we find a better evaluation for

|B1-B1o|. First we find a bound for bz in the expression
¥y = b sin wt + bz sin 2wt +... .

We have,
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AT R - . T -
by = %f (y-PBy) sin 3wtdt. = % f [-E(I-P)gy] sin 3wtdt
O
T
- 2 f & [-H(1-P)gy]l- cos 3wt]dt
) ﬁbt (o} dt - )
) . | T
2 . ’ 2 f o
= I-P tdt = -P tdt
%P (I-P)gy sin 3@ T Gemm / (gy-Pay) sin 3w

= 922T f ((gy-gx0) -P(gy-gx0) +(g%o-Paxo) ) sin 3wtdt,
(o] E

where we used twice integration by parts. Therefore
R ' ‘ : .

2 : oo
lbs[ < 2T ) - Play-gxo) + (gx0-Pexo)|| f | ‘sin 3wt |dt
";_.T ~ Ule- ng|l+llP(gy o) [+ llgxo-Pesol)
< b Ula-sroll + % lley-erolllro-pexl)
)+ {Iﬁ-h LIIY'xo|I+flgxo‘Péxoll} ’
9w T _
4 1
Soix |7 (ﬂ+4)La+hc} . (6.42)
where |

he = ”gxo "'ngo” = Hg(a)t)“
As we know Bj-fio is given by

. T T .
Br1 - Bio = % u/\ [Pgy-gPy] sin wtdt = % u[\ [gy-gPy] sin wtdt.
o o - ' (6.42)

Now, for any real number z

8o(z) = o 30 5!
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and so

g(By+(y-Py)) = o®[Py+(y-By)] + ‘5"—}[(Py)+(y-1>y)]3 + @2[Py+(y-Py) 17+, . 4Ry,
. . e

and
v(B) = OBy TE (B2 ¢ B ()S + 4o,
whére
' Roy = RIy(t),t] + 5(t),
Roz = R(Py,t) + 5(t),
-and hence
E = Ro:L - Rpo = R[Y(t))tJ - R[P_Y,’t]-
. Then .
ay) - a(By) = alye(y-Ry)] - a(By)
= o2(y-Py) + % ([By+(y-Py)] - (Py)3}
¥ ‘;‘—2 (y°-(Py)S) +...+ Roy - Roz ,
where

[Py+(y-Py) 1% - (By)® = y® - (By)® = 3(By)3(y-Py) + 3(Py) (y-Py)2 + (y-By)S

Since o®(y-Py) has no term in sin wt it does not affect the value of the

integral (6.42). We write



By - Pro

=i

8

T . _
-ET- f [gy-gPy] sin wtdt ; f X 3(Py)3(y-Py) sin wtdt
. (e}
> pT, ' AT ,
= f 2L 3 py(y-Py)2 sin wtdt + 2 j 2 (y-Py)3 sin wtdt
To3"._ o TO".B' .

k - .
j Z (2n+1) { entl (Py)2n+l] sin wtdt
- v

P
R

%’ sin wtdt = o0y + 02 + 03 + 04 + Os. (6.43%)

[0}

Now we evaluate each term of (6.43).

IUJ.I

IA

n’

. T .
l% f 5—‘}- 3(Py)®(y-Py) sin a)tdt |
0

a '\ « . . N .
|—T-lj (bZsin%wt) (bgsin 3wt+bssin Swt+. .. )dt]|

. > AT . 7
|9%:1—j (3 sin wt- sin 3wt)(basin 3wt+bssin Swt+...)dt|
[o] .
2 ‘ }
|b3|g |041| < E&Lgll {é + %Ld-f..hé} ) - (6.44)
- . T »
Joz| = IT.f % 3(Py) (y-Py)®sin wtdt|
. . O' . .
5 T, . o .
<2/ Lol siplly - ) s onjes (6.05)
o - : . . :

Al

ol [Byllly - Byl <% fou|b(xclatye)2.
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T AT _
f % (y-Py)3sin wtdt] 5% f loallly - 2y||®] sin wtdt|dt
3¢

o 3. ' o)

It
=N

|03]

(6.46)

1 3 . ’
g;loclllly - Pyll” < ﬁ—ﬁlall(kcm%)a.

--Now, we have for every m > 1

[1.°y+(_y-1>}y,)]IIl - (Py)m.
| mi (‘;‘)ts;.-Py)mfs(Py)s_'
s=o0 :

o-r) ) (e

yo - (Py)n,"

“and for every t we have also

. m=0
: - B i m-s=-1
@l <l ) @y -l Il
s=0 _

where

<§>- ) m(m-l)...(m;s+1) _ . .m (m-l)(m-E)...(m—s)'.

1l...s ' m-s .- 1l...s

ana m-s > l. Therefore
el
s/ — m-s s — ] -
and
' m-1 ; 1
-1 ] m-s- I
- ] <aly -yl ) ()l - m T ey
. 8=0

= nly - By|(ly-py+|By[)"
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finally wé have
™ - () < mlly - Byl -2yl +lByl)™

‘Therefore, the term o4 in (6.43) can be evaluated as follows

2
loa] = |5 V/\ }j TEE%%TT 2P (By)2*Y sin wtat|
. © n=2

A ) : o
: 2n+1 2n+l
) J-nl—(gaﬂ),uy C ()P sin wtlar
ke = n J

) |
) lonl - 2yl (- )"
= (2n)!

IA
=

I
A0

- By - By Z oL (ly-ry+lzvi)

In particular, sipce.“y—PyH'S kch+7c; and [[By|| = b, we have

Il

o4l

[2 U/\ }: Oh y2n+l (Py)2n+l} sin wtdt

2n+l

: k
2
< % Gctio) ) ol niaro”
n=2 )

For the term os in (6.43) we have
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los| = Ig ;/\ R sin wt dt]
T
. I% L/W Y(t) t] -R[Py,t]) sin wtdt
o
20+1 21+1
< % f [O‘ ey , 2By :] | sin wt|dt
) (2£+l)‘ (24+1)! : |
‘ . ,
< &ty UntP et f | sin wtlas
2 20+1 U
S
since vl < | y-xoll<lxoll < ava, and 7] = [By-xoll#a < cve, we bave
2. T 2 o
|Usl = IT &/“ R sin mtdt[ <= (2£il ' (d+a)2£+l+(c+a)2£+l]_

e}

Finally we have

|B1-

<

We dendte by B the second member of this ineguality.

Biol < loo| + |oz] + loa| + |oa] + |os

ol 6 Huass|

1 2
=|on [b(keLd+y,)

ol (kch+7c)3

% (koLdty,) Z (b +k Ld+7¢)
D 07) I+1 24+ y
o TN [(q+a) +(c+a) ]., (6.47)

With.these results

we may -state the improved version of Theorem 6.2,
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Theorem 6.3. Let a and w satisfy Eq. (6.17), namely

C e+ A +o%a +0 83 31 o Okl 27kl (oK)
-3 22 1!2! (2k-1)! o2k-2 (k-1)!k!

Assumé that c,d are positive constants, with 0 < c <d, a+d S Ay, that

ctyg < (1-koL)d, koL < 1, A < Q, and
B<Q- A, (6.18)

where Q = min[|ug(a-c)|,|uo(a+c)|] and we assume uo(a-c), uo(a+tc) to be
of opposite signs and

20,y [ 24+1
x[1.%....(20+1) 1%

e = lawall, x =

Then for some real number b, a-c <b < at+c, and X5 = a-sin wt,

x¥* = b sin wt, the fixed element y = Ty of the map T/S* satisfies the
o . . co

'equation
¥ +ely,t) = 0,
with
y(t) = b sin wt + bg sin 3wt + bg sin Swt,
() - el =y - < minlkIdiyg,ctal,
and

ly(t) - xg(t)“ < d.
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The proof of Theorem 6.3 is the same as that of Theorem 6.2 with B re-

placing % L(koLd+y,) .

6.4. AN EXISTENCE THEOREM WITH THE USE OF THE SQUARE NORM
We shall now consider,‘as in Sectioh.5.5, the space Sq of all real

' valued functions X(t)» <t < 4o, which are pefiodic of period f = énﬁm,

which are Lz-integrableAin [O;T], and satisfy the symmetry conditions

(5.1). We shall take in Sy the square norm. Therefore, if

x(t) ~ c1 sin wt+cs sin 3wt+... we have
T 1/2 2 2 1/2
u(x) = [% L/ﬂ xe(t)d{} /2 o lemi(cBeedr. . 1ME,
o

As it was pointed out in 5.3 the elements x(t) which are bounded
functions in (-w,+w) admit also a norm |x| = s%p]x(t)l. In particular

let

8g = [x(%)[x(t)esy,llx(t)]| < A.

-

Let g be the operator defined by
gx = g(x(t),t) x(t)egé.

From condition 1, (Eqs (6.5)), we see that E(t) = g(x(t),t) has the
same symmetries of x(t), that is

g(-t) = -&(t), & -t) = &L ++t) and glt+1) - = B(H).

3

Lemma 6. 4. g:Sq * Sq is a continuous operator in Eé.
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Proof.

T

INA
r‘?:f\lT—"\ e

‘u(gxl-ng) t]-glxa(t),t])%at 1/2

T

J
/

We now define the operators f, F and T by -
Cfx = (P-I)gx, Fx = Hfx = H(P-T)gx,
Tx = Px +Fx = Px + Hfx = Px + H(P-I)gx

for all xegé. Then

Lemma 6.5. The operators £, F and T are continuous - in gé.
Proof. An immediate coﬂéequehce of preceding lemmas.

Let x¥(t) = b sin wt be an element of 5@. Let

o(t,b) x*" + g(x*) = - bw2sin wt + glb sin wt,t].

Then e(t,b)esq. Let

A(t,b) = H(I-P)o(t,b)
By lemma 5.11

CH(I-P)x*" = (I-P)x¥ = x% - Px¥,

L2(x1 (t)-x2(t))%a :}1/2 = In(xi-x2).

H(I-P)x*" + H(I-P)g[x*(t),tj.

(6.49)
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and so
x* = Px* + H(I-P)x*" = Px* - H(I-P)glx*(t),t] + a(t,b).

For b = a we have
x*¥(t) = x5(t) = a sin wt
and

Xo = Pxo - H(I-P)glxo(t),t] + A(t,a). (6.50)

We denote by yi and y2 the numbers

1 = |la(t,a)], (6.51)
T . .
72 = u(A(t,a)) = %-\/p [A(t,a) 1%atLH/2, (6.52)
[}

Let c¢,d,r,R, be given numbers with 0<c<d,and 0 <r <Ry. Let gﬁo

be the set

By = [x]xeSgulx-x) < 4, lx-x]l < Ry - (6.53)

Let Vq be the set

<
i

[x]xesq,pP(x-xo) < o, ||P(x-x5) || < r}.

The sets Vq and 5&0 are not empty since xp belongs to both.

For any real number b with

b - u| <, 1'-—Ib - al < c; S (6.54)

V2
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let x* be an element of S, of the form x* = b sin wt. Sincé

q

[|P(x*-x5) || mex|(b-a) sin wt| = |b - a| <7

and

HP(x-%0) —{éxb-a)jb/"’ = #lb-al <o,

then x*¥ is an element of Vq. Conversely, if x¥

b sin wt, then b
satisfies (6.5k4).
Let Séb be the subset of géb with elements x such that Px = Px¥,

that is

8%, = (xlxesy,Px = Potulxeng) <d,llx - xoll <R (6.55)

The set S* 1is not empty since x*eS* . To assure that S¥CC5  we must
go Qo go aq

have R, chosen in such a way that Ry+a S A. Indeed
Ill < llx = %ol + lIxoll < Ro + & < A

We conclude that, if O < ¢ < d, a+R, < A, b is such that |b-a| < r-

and l—lb-al < ¢ then the set Séo 1s defined and not empty for eécﬁ
2

x*qu, and contained in gé. We shall denote by kq and k' the numbers

already introduced under lemmas 5.9 and 5.12.
Theorem 6.4. If ¢,d,r,R, are constants such that 0 < c¢c <d, 0 <r < Ry,
atRy, < A; if b is a real number such that |b-a| <c, L lb-al < r and
| J2 =
x¥ = b sin wt; if c+ys < (l—qu)d, r+k'Ld+yy < Ry, KqL < 1 then

*¥ into S* .
. qo

Tlséb is a contraction in the square norm and maps S
: qo
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Proof. Let
y = ™ = Px - H(I-P)gx,
© with xSy Then
Py = PIx = PPx - PH(I-P)gx = Px +0 = Px*
- By (6.25)
Xg = Pxgy - H(I-P)glx,(t)] + 0(t,a),
and so
Yy - % = P(x-x5) - H(I-P)(gx-g#o) - A(t,a),

w(y-x0) < WP(x-x0) + lE(I-P)(gx-gxg)] + wa(tia)
= WP(x*-xo) * ulH(I-P)(gx-gxg)] + ua(t,a)
< WP(x*-x5) + koIu(x-x5) + pa(t,a)

< ¢+ qud + 7.
| By'the hypothesis

p(§-xo) Sc o+ kgld + 72 < kqld + (1-kgL)d = é.
Also -

IP(x-x0) || + H(I-P) (gx-gxo) | + [|a(%,a) ]

In

Iy - %ol

<r +k'Ld + y; <R,.
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Hence T/S¥ maps S*_ into S¥

go qo go* Now, if x;, x2€53¢ and y1 = Txi,ye = Txaz,

we have
Y1 - y2 = H(I-P)(gxi-gxs),
n(y1-y2) < ulH(T-P) Ju(gxi-gx2) < kqIp(xy-x2) .

'Since, £y hypqthegis qu < 1 the theorem is proved.

Lemma 6.6. The subSéf’Sgb of Sq With;the metric of Sq is a COmp;gte. 
metric space.‘ | | |

Ezgég. We know that Sq is coﬁplete by-Theorem'5;7, that is, given a
Cauchy sequence (xp)} with xheSéb, n = 1,2,L.. there is an element

xe8y such that p(x,-x) tends to zero as n + ». All we have to prove

is that xeS§, that is, Px = Px*, u(x-xo)“s d and [x-xo| < Ry. Since

xnesgo we have, for all n = 1,2,...
- Px, = Px¥, g(xnfxo)'s d, and ||xp - Xl < Ro.
We first show that Px = Px*. Indeed, we have

u(Px-Px*) = u(Px-Pxp) = wP(x-xn) < p(x-xn).

Since p(x-xn) + 0 as n + » and p(Px-Px*) is a number, it must be zero.
Hence p(Px-Px*) = O and this implies Px-Px* = 0. Now we claim that

pn(x-xo) < d. Indeed,

p(x-%0) = p(x-xp+xpn-xn) < u(x-xn) + p(xp-xo),
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where p(x-xp) + 0 as n +» o, u(xp-x) < d for all n gnd.p(x—xo) is a
fixed number. We have p(x-x,) < d as claimed. Finally we have to show
that Hx-xO” < R, a.e. From integratioﬁ theory we know (see Ref. i5, P.
76) that convergence in the sduare norm implies convergénce in the mean,
and coﬁvergeﬁce in the mean implies convergence in measure. This means

that given any € > O there is an N such taht for n > N the set
(te[0,T1] |xu(t)-x(t) | > €}
_has measure less than €. Now,

Ix(t) - Xo(t)l < Ix(t) - xn(t)l + Ixn(t) - Xo(t)l:

- -

 for any n > N, wheré |x(t) -xn(t) | < € but in a set Ly 5f'méasure.les§
tnan e, and |xn(t)-xo(t) | < Ro for all t.__Thus |x(t)-x0(t) | < Rote
for‘all (0,T] but in a set Zn of measure leéss than €, with ¢ > 0 ar-
bitrary, n > N. Thus, |x(t)-xo(t)| < R, for almost all t. Since the
-spacé S(.._l is made up of equifaient c}gsSes of func?idns x(t), we may
‘well change the values of x(t)‘in a set of measure.zero if necessary,
..aﬁd assume lx(tj[ < R, for all t. This completes‘the.ﬁroof that the
limit x(ﬁj.of a Cagchy sequence iﬁ S¥, is an element x(t) of 55

As a consequence of the two previous results and Banach's fixed
point theorem we have the following corollary.
Corollary. Under the conditions of Theorem 6.k T/Séolhas a unique

fixéd element y = TyeSZl*o=
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As before, y is a solution of the differential -equation
X+ g(x,t) = 0
if

D.= P(y+tgy) = Usinwt = 0,

that is, if U= 0. This is equivalent to -w2B+Bl(b) = O vhere Pgy = B1(b).

We have to show that there is a bela-c,a+c] such that U(b) = 0,  We put

again
g(x*,t) = Bl; sin wt + 530 sin 3wt + : -(6:...‘56)
y = L sin wt + bs sin 3wt .o  (6-. 57)
gly,t) = 'e.l sin wt + Bz sin 3wt +..., (6.58)
and o
T
u(p) = %f (y"+gly(t),t]) sin wtdt = - w2 + By(b). (6.59)
4 o+ :
Now
| ‘u(’t;) = - o® +'B;o(b)

and
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u(e) - u(e) ] 81 - Brol = W2 [%(51-610)211/2

V2 uPlg(y)-g(x*)] <2 plgly)-g(x*)]

IA

V2 Lu(y-x¥).
From Eq; (6Q30) we have

y(8) - xX(t) = - H(I-P) [gy)-x(xp)] + A(t,a),
and hence

i(y-x%) < uB(I-P) [g(y)-g(x0) | + ua(t;a)

' S-quu(y-_xo) + ub(t,a) < kgLd+ye.
Finally
[u(b) - u(v)]| <v2 Likyla+yzl.

From (6.13) we have now

u(b) = - bw2 + S;(b) + A; + p
: 2k-1 ,
= [Al-ba)2+02b+ Oy b Tk-1 bgk 1] (6.60)
T 112! 22 (k-1) !k!-2%~ ‘
+ % f R(b sin wt,t) sin wtdt = us(b) + n(b),
5 A

where ug(b) is the polynomial in b of degree 2k-1 above and n(b) is the
last expression. For b = a we have uo(a) = O and so u(a) = n(a).
Now we have, by hypothesis Lb, Eq. (6.9)

| o | Q 2441 a 24+1
|R(b sin wt,t)| < ——=—| b sin wt]| A(t) < —2 || A(t),
~ (24+1)! — (22+1)!
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with

T
% b/\ Z(t)dt = 1.

(o]

Then

T
' 07 2L+1 2L+1
[n(v) | < % Jf ————1—7 [o] A(t)| sin wt] dt
O .

' AT
2 2
———EZ——Jb[2£+l 1 k/“ x(t | sin wtl bl dt

e}

o | T T
2041 1 2r ey aefr /2|1 Cain w8 /

e}

< '201 2£+1 (4£-lj(h£f;l /2 ; (6.61)
- (2z+:|_) ' e she(be+2) ' '

IA

We call A the number

24 '
20 b ] {:1,5....(hl-l)(h£+1{}}/2
(24+1) ! 2.4, ... b (he+2)

The formula (6.34) for uy(azc) remains the same in the present situation.
If upy = uola-c), up2 = up(atc) we denote by Q, as in (6.35) the number

Q = min [|upy|,|uc=|].” We state now a theorem analogous to Theorem 6.2.

Theorem 6:5. Let a and w satiéfy:equation

W

o a® 30 . %1 &a®Fleken)r

31 22 112! (2x-1) ! 22k-2(x-1) k!

- aw® + A; + oc2a +

Assume that c¢,d,r,Ry, are constants such that 0 < ¢ <d, O <r <Ry,

atRo < A, ctyz < (1-kglL)d, r+k'qu+7l < Ry, kgl <1, A < Q, and

JE'L[qud+72] <Q -, (6.62)
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where:
Q@ = minl|ug(ae)], luo(ate)|]

and we assume ug(a-ec), uy(a+c) to be of opposite signs, and

- 2a1|b|2£+l[(l.3....(Mz_l)(u£+l)]1/a.;
(22+1) 1[2.4. .. e (bee2) ]2/2

y1 = ||a(t,a)||, 72 = pa(t,a), A

Then, for some real number b, a-c < b < a+c, and xo = sin wt, x*

= b sin wt, the fixed element y = Ty of the map Tls* satisfies equation
co

¥ +"g(y,t) =0
with
y(t) = b siﬁ @t + ba sin 3wt + bs sin Swt +...,
ly(t) - x*(£)| = lly - Byl < minlkqLd+ya,c+d],

[MORENO]EEEE

Remark. 'As for Theorem 6.2, we note here that in the autonémous'éase w
is a function w = w(a) of the parameter a, defined by (6.17). In the
éeriodic case, w is fixed and a is assumed to be a root of Eg. (6.17).
Tﬁ?_proof of Theorem 6.5 is exactly the same as that of Theorem 6.2
.ana'ié hot repeated. |
As in the Section 6.3 this theorem may be improved by a better

evaluation of IBléﬁlol. For the evaluation.we -first need bounds for
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u(y-Py) = p(y-x¥)
and for |y-PyI.

Since

wly-Py) = {% (b§+b§+,__3jl;1/2

we first try to find bounds for bj.

T
2
by = g f (y-By) sin jotdt, J = 3,5,7,...

¢}

Since ¥-Py = gy-Pgy, integration by parts gives

o'
I

i
; 222 f (gy-Pay) sin wtdt
JwTYo

T

where 4(t) = gy-Pgy. Now we get

e g pT "
J%2< 55(’0)]269/ Gf sin® jwtd91{2

¢(t)) = yﬁ(t

LA

IA

IA
_—
Eol™
ml

j 0

Now,

]

np(t) pl(I-P) (gy-gx,) +(gxo-Paxg) |
< pley-gxyl + plexp-Paxg)

S I—#(Y'Xo) + hq)
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where hg i1s an upper bound for

n(gxo-Pagxs) = upé(t,a).
Hence
N2 oo
IbJI S 2 2 (Ld+hq)J Jd = 3,55Tsers (663)
Jw ’
and so
1/2
p(y-By) = {:%'(bs+b§+- {}"/
T1 2 (1. 1, \z/2
< {5 (Ld+hq; = (}_4 + ;‘T +>} / | (6.64)
= (L) 6-91/2 = fo%(Lathg)
6
with-
4
@— - >l/2 = 0.12115
6
Analogoﬁsly
ly - By| < Ibsl + [bs| +.
L1
2 ( Ld+hg <%§ 52 t 7= --E) (6.65)
.65
g sy |
with
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Now

(o}

, T :
.Blv' Pio = % U/\ (gy-gPy) sin wtdt

~and as before, in Eq. (6.43) we have

T : :
Br - Bio = ?T_ f A 3(Py)®(y-Py) sin wtdt
o 3!
T - T
+ % ;/\ 9% 5Py(y-By)® sin whdt + 2 b/\ ?{ (y- ry)S sin wtdt
o .
+ % f Z (2n+l (721 (Py)2m*L) sin wtdt
)
T
+ % u/\ Rsinwtdt = o1 + 02 + 03 + 04 + 05,
5 .

and we evaluate sucessively each term. We have as before

and by u51ng (6. 65) we have

|ov | <—]—4~N—_ [1a+n ] | . (6.66)

Also . -

|o2]

I'A

lon [mex | By | (n(y-By) 1% = |og|blu(y-x*)1%

< |on [b2%w*(1d+ny)?, ‘ (6.67)

IA

ldsl

Jg;i max |y-By | {u(y-Py))®

‘ | (6.68)
.< i—AJ-J"z'z 20" Ld+hq]
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Now, we have for every m > 1

(Py+(y-By) 1™ - (By)"

o (my)m =

m~-1

- ) @) mte®
.S=O A
-2 o

- ’E (&) 2™ )" + () =) (2)
5=0 . m-2 .

- ——m(m-1) _y)? ("'2 (yr-20)" (o)
(m-s)(m-s-1) (v-£y) '}z ° Y

+

/ m ) m-1
(m_1> (y-By) (By)" -,
and for every t we have also

L me2 -
. - -2-
- @ < bt ) ()l - w ™ ey

A

mly - By||py|"t

+

. , , -2 -
< % m(w-1) (y-2) gyl 12y )™+ mly - By | [y

Therefore, the term o4 can be evaluated as follows -

P
'|?_
T

A o0 (y27*lo(By)20*) sin wtat]

X
5 n;E (2ntl1)
s rt B lon| | en+1 2n+l
<z f Z (2n+l).’-,y - (Py) || sin wt|dt
- O n=2 .
T & oyl '
2 On
< E[ Z Ty (2n+l)2n(yPy 2 (Jy-By |+ |3y )
n=2

. (2h+l)|y-PyI|Py|2n}| sin wt|dt.

S

n-1
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If M = max|y-Py|, N = max|Py| = b, then

loa]| < s ‘(21?:;: (M+N)2n—l I;%\Z (y-Py)Edt-J |

(2n) !
n=2

C on] onifr T
Z (2n-1) ! (1) [5[ (y-Pt) dt}

k
2log| 2n 1 . 2 |1/2 (1 T .z 1/2
+ Z 2n) ! N2 [-E-['- f (y-Py) dt:, l:E [ sin (ntdt] /-,

k: 2lah| 2n 1
+ }: J/\ (y- Ry)l sin wtldt

IA

Thus we have

o |
loal < [u(y-Ey)1® Z (2;!;)' (M+N)en Ly lu(y-py) N2 Z J@{_Nzn
B n=2 ' n=2
: N (6.69)
< -62(0'4(Ld+hq)2 Z _Iq_an (M+N)2n— e (Ld+hq)@ Z loénl
= (2n-1)! | =
'where
N = maleyl = b, M,= max|y - By|] = iz w;Z(Ld+hq)f

Concerning the term og we have

IUSl

T .
I% f (Rl y(t),t]-R[Py,t]]} sin wtdt

(e}

11

F 10
OQ\\3 :

’ ]

= |

197}

-

5

&

o

t

I

.2 fT [leﬂe“lk(t) . By [# ()
e}

} | sin wt]at.
(22+1)! (240+1)!

We have
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y = By + (y-Py),
lyl < IBy| + |y - By] < W+ M,

w(y) < u(®y) + uly-By) < LN+ 2073(La+hy),
s = S

amd hence

e
ool & —2 (f > < x@
+>(2£+1) ( ‘/ ) d> <f o) 5

Since p(Py) < p(y) we get

Y
los] < (—e—‘f—aﬁ,—umm%w (),

2, 21 24

| os] < W{(WN) +N }B—-.g. N+£w'2(Ld+hq)]. (6.70)

From (6.66) to (6 70) we get our evaluatlon for lBl Blo[

[B1 - Bio| < __l‘LL—— [Ld+h ]

7202

+ lallbzew-‘*[Ld%h 1%+ J—;‘—li@ 1'2%7° [La+thy 1®

+ 250 [La+ng

llf\/jm‘
m
:j —_
l
E“
E
5
o]

' Kk
g (Ld_+hq) N2 Z IOlnl N°n
. . n=2
e
(24+1) !

{(M+-N)2'E+N2£] U—E— N+/Za)'2(Ld+hq)], - (6.71)

We call D the second member of this inequality and state the improved

version of Theorem 6.5.
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Theorem 6.6. Let a and w satisfy equation

CaeP + A +ofar @283 3L k1 a®l(z)r

30 28 1120 7T (2k-1) ! 2Rk-2(k-1) k!

Assume that c¢,d,r,Ry;, are constants such that 0 < ¢ <d, 0 <r < Ry,

a+Ro < A, c+72 < (1-kgL)d, r+k'Ldt+y; < Ros kgL <1, A < Q,', and
D<Q - A, | (6.72)
where
Q .= min( |us(a-c)|, ll;o(a+c) |

and we assume uo(é-c), us(a+e) to be of opposite signs, and

20, [b[BF* 115, (i) (bae1) ]2/ 2
(24+1)! 2.k, ... hg(hp+2)

Y1 =-.”A(t:a)”: 72 = HA(t:a): A=

Then, for some real number b, a-c < b < a+c, and x5 = a sin wt,

X* = b sin wt, the fixed element y = Ty of the map TIS* satisfies equa-
co

tion
v+ &ly,t) = 0,
with
y(t) = b sin wt + bz sin 3wt + bs sin 5wt +"T’
ly(t) - x*(t)| = ly - Byll < minlkqlatys, c+dl,

ly(t) - % ()] < a.
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The proof of Theorem 6.6 is the same as that of Theorem 6.5 with D re-
Placing 2 L[qud+72]. The better ev'élua'ting of IBl-Blol permits the
use of smaller values for R,, d and c and this means that we may get

smaller bounds for the exact periodic solution of‘“equa'tion

% + g(x,t) = 0.



7. EXAMPLES

T7.1. THE EQUATION X+x-02x3 = 0

- In this paragraph we ShglI study a few examples as gpplications of
Theorems 6.3 and 6.6. We start with an application of Theorem 6.3 to

the autonomous equation
X+x-22 = 0, a>o0. (7.1)

‘The function.g(x,t) of Eq. (6.1) is in this case g(x,t) = g (x) = x-0Zx>
and cbndiﬁions 1, 2,'5, of é.l‘érevclearly éatisfied by assuming !xl <A
for any fixed A > 0, and R(x) = O. On the other hand, if we take

A= J§75 1/c, then ‘from gé(x) = 1-302x2, we obtain 1-302(2/302) < go(%)
< 1, and hence |gé(x) < 1. since |g,(x1)-g5(x2) | = [x1-%2]g)(x) for
some x between-x; and xz, we conclude that leo(x1) ~go(x2) | < |x,-x2| for

all x4, xae[-A,A] and A dQ/j_lZa. Thus 3 of 6.1 is satisfied with

0. 1In the development (6.7) of gy(x) we have

~ IL=1. Also we have S5(t)
in our case o = 1, Oy = —3!&2 = -60F and o =0, k >2., We try to find
solutions of the form xol= a sin wt.

Galerkin's equation (6.17) is now
.a(-we-i-l—'?IQ{Eae) = 0,
which gives, besides the trivial solution a = 0O,

W? = 1-¢o2a? . (7.2)
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_ Note that the requirement |xo(t) | < A = ~2/3 1/a, imposes on & the

limitation

la] < VE55 1/a

hence

o = l-i—-o#ga2 > 1-202

FINY
oo
S
1
Ny =

- Since R(x,t) = O we have A = 0. Now we have -

A(a,t)

H( I-P) [a sin awt-03(a sin-:ar:t)s] _

-~ = H(I-P)[a sin wt+a2a3(%;- sin 3ut - % sin at) ]

- I I(e - 208 sin a . % 02aSsin 3at]
- H[% 02a3sin 3at ‘;‘2:)2 sin 3at .
Hence
e = laenl = 25
. Also |
n = lo(te)l = I ot sin sat] - Fofel .

Sinc.e; Q - min[ |ug( a+c) |, [ug(a-c)|] and we have
vuo(a;tc) = %daaac - %Otzacz - %azés s

fora >0, a>0, c >3 we put

(6.3)
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Q = 13;a2a2c +)2-a2ac2 +ga203 .
Accdfdiﬂg to -'..I‘heorem 6.2 we musi': verify the ffollowing' inequalities:
0<ec<d,atd < Ao, ety < (L-koI)d, keL < 1, X< Q,

and B <.Q-A where. B is given by (6.47).

With o2 = 1/6 our constants are: of = 1 - % a2 (hence, for a < 0.5,
' ‘o2a3 1 : . ,
1>aP >0.969), Ao =NB/3 -6 =2, y, = F T o o0 S 0.0052918,

he = % 0282 = 0.0416683 and Q = 0.1258%c+0,3758c2+0,125¢3,  The two

main inequalities are now (with ke = 0.16)
c + 0.005291a% < 0.8kd (7.4)
and

(0.04594a+0.0008419a3) b3

od
I

0.3183(0,164+0.00529183) b

“+

+

0.1061(0.16d+0.0052912%)° < Q

0.12582¢ + 0.3758c® + 0.125¢% . - (7-5)

If we put ¢ = 7&? and d = 5a2 the linear parts of inequalities (7.4), and

(7.5) are

. 7 + 0.005291 <--0.845

0.046868 + 0.0008588 < 0.1257
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wheré we sﬁppose ¢ < 0.0la. That is
5 > 1.197 + 0.0063 ,
& < 2.667y - 0.0183 ,

which are satisfied for }A= 0.03 and & = 0.05.

If we take ¢ = 0.03a® and 4 = 0.05a% both inequalities (7.4) and
(7.5) are satisfied as well as the remaining ones of Theorem 6.2 for
every 0 < a < 0,5.‘ Indeed, c < o,oié ana ¢ = o.o3é? implies a < 0.54 and

inequalities (7.4) and (7.5) become

" 0.03 + 0.0005291 < 0.042

0.003327a° + 0.000072727 + 0.000000358°

< 0.0037585 + 0.000337a” + 0.0000033782 .

- Then Eq. (7.1) has, for any a < 0.5, 02 = 1/6, a periodic ‘solution
¥ = b sin at+bgsin 3at +... with be(a-0.03a%, a+0.03a%]. The periocd

is T =-éﬂ/w with w = [1 -.% 2]1/2. Furthermore, if x, = a.sin wt
lyxoll < 0.058° .

7.2, THE EQUATION x+sin x = O

(a) The uniform norm.—In the case to be studied in this section f

the function g(x,t) of Eq. (6.1) is simply g(x,t) = sin x and we are in

the autonomous case of Eg. (6.3). Conditions 1, 2, end 3 of Section
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3 5
6.1 are.satisfied with A = n, g4(x) = x - %? + %T Y R(x) = 0 and
L =1 (since |sin x;-sinxp| < [|x;-x2]).
The Qalerkin equation (6.18) is now
1 ,a2 1 /a4 1 a8
o = 1 - - F — - —— Fee
112! @+ 55 @ 3101 @
a2  a%
= 1-8—+‘i§'§-.... o (7.6)

For = &) given by (7.6) we want to show that in a neighborhood of the

firgt Gelerkin approximatiqn
Xo = .g sin a{a)t 2
there is; for some A, > 0 end all ac[0,A;], an exact soiutién of
X + sin x = 0, ’ _.l | (7.75'

which is periodic, of period T = Eﬂ/w. We shall find estimetes for the
error of the approximate solution x5 = & sin w(a)t by use of Theorems
6.3 and 6.6, that is, using only the uniform norm in one case and both

norms in another case.

In order to apply the theorems we proceed to the determination of

the constants involved. We have
L=1, k,=0.16 and A =0, (7.8)
For the determination of 7, we have

e = laa,t) ] -
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Now, by (6,25)

Aa,t) X = Pxo + H(I-P) g(#o(t) ,t)

H(I-P)sin(a sin at) .

By (6.16)
A(a,t) = H{Szsin 3wt + Sssin Sat +...)
= =8a(3w) “2gin 3wt - SS(Sw'E) sin Swt =-...
with -
- 53 2 4 6
Sn = - —— & ., 8" ___ &
8 3122 L1 16 ' 840 " 16080 ey
_ as_ a2 a_4
S = 5124 (1 -5p+ T30 ~ 1,
) a? a2
Sz = - - =
7 716 1 3 + I,
S = a9 (1 -...]
289!
Then

|a(t,8) | < [Sa(3w) "] + |Ss(50) 7] +... .

Now, if ac[0,1), we have

3
155(30) 2| a el

2 1.2 1.2
2 (1 - % = + ——
|,3:22 (1 -8 (;503) | ¥ Shox3 ¥R (59

< 0.004920w72a® + —'—-—.a:-,-----(':'L—')2
6hox3ixe2 W, 7
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-2 v 2 5 a7’ l_]:_2
|Ss(5w) ™" < 0.0000208w™"a> = ST (55" »
-2 a7 1,2
st = 5 (59
' -2 a® 1,42 a7 1,2
ISS(9CD) | < 9128 (9—'“)) < 9108 (§L—0 P

Then we have

|a(t,a) | < 0.0049408w =a3 i{O,OOOOOTEBwZ + o.¢0000087m'2

(e-2.7180553) (

+

8
122_6) (F - l.l5ll)a)"2} a7

< 0.0049L08w=2a® + 0.000008kw™2a”
< 0.005w"2a® .
We take accordingly
7. < 0.005w°282 | ' (7.9)

The determination of h., which we also need, is quite similar. We
have h, = ||6(t,a)| and since by (6.10) o(t,a) = -suPsin wt+g(sin wt,t),
Eq. (6.15) shows that the coefficient of sin wt in the Fourier series

of e(t,a) is zero. Now

S < 1 -—| % < 0.04h26ha® + —=
Is] < '3:22( ® | Ghox2l = 640x3 %2
a5’ ‘a7 a7
S < + - < 0.0005208a° * ————
Iss| < 512% 7 2hx51x24 — 2 olxs 104

. a7
|S7l _<_. 7126 )
: : . S a7
Sq| < & <
.I | - 2%y ~ 289!
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Hence
'”,‘lé(a,t)[ < ‘o.ouh78u8a3 + {0.0000651 + 0.0000217
+ (e=2.7180553) x (1_2_6) a’ ,
and so
he < 0.0u:87a%",. - (7.10)

Now we find a lower bound for Q given by Q = min(-fus(a+e) |, [ug(a-c) | ].

From (6.3L) we have

r 2 - l

- ) 8
vofate) = * |- T et T T s o +'.;j i
.r‘ ‘lo' ? N .
+ |- b, a+.5__l£_].:___a3-Z'_6_l_a5+'” c2
| 112122 21 213124 2! 314128
+ |- SR LLL N a2 - Ziéié-——i—- at +...| c®
112122 31 213104 31 314108

M , . '
+ 5-he3.2 1 a -,..| c*
- Lt  or3z10%

Clearly the minimum of |ug(ac)| is obtained for the minus sign. If in

each coefficient of ck we stop at a negative term we get a partisl sum

which is less than Q. That is

Q > 2 s a2 - 4 a*| c - — ac® - L c® .
-7 122 - 21312 1i2122 Cq1p102 (7.11)

Now, with the values (7.8) to (7.11) for the constants we try to find
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a,c,d satisfying the conditions of Theorem 6.3 that is,
0<c<d,atd <Ay, ctyg < (L-koL)d, kL <1, y<Q

and B < Q-A with B = 0y+0p+03+04+05 given by (6.47). In this case we
have o5 = 0. After substitution the two main ineqaulities above reduce

to-

[0.0402d+0.000793582 6~ + 0.3183[0.164+0.005831°b + 0.1061[0.16d

+0,005a212 + 0.63662[cosh ¢ - gi - 11[0.16d+0.00583]

< [0.2582-0.0208a%]c - 0.3758c2 - 0.125c2 , (7.12)
where
o = b+kJId+ 9y = b+0.16d + 0.0058° ,
and
¢ +0.0058% < 0.84d . (7.13)

These inequalities are satisfled for a < 0.3, c = 0,007a2 = 0.000189,
d =0.016a® < '0.000432 and so, for some be[a-0.007a®, a+0.007a%], our

equation has, for every a < 0.3, a perilodic solution y of period 2ﬁ/w

with o = w(a) given-by (7.6) and Py = b sin wt.. Furthermore we have

ly(t) - xo(8)l| < 0.000432.

(D) The sguare nOrm.;—Now we apply Theorem 6.6 to the same equation
X+sin x = 0. We need some evaluations in addition to those ofv(a)

From Eq. (7.6) we see that, for |a] < 1 we have 7/8 < «® < 1 and 80
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1.<w?2 <8/7. Now, from the definitions we have

kq = 0.111...07% < 0.127 and k' = 0.169%™% < 0.193598 .

I

Also y; = ||a(t,8)|| = 7, = 0.00571a® from 7.2. Now, ¥ = p A(t,a)
= pH(I-P)8(t,a) and so we first calculate pe(t,a) = hy. From the expres-

sions of Sj in (a). we see that for |a| <1

J )
Is;1 < .,Zj-l S .Zj—l’ 4=3,5,1,
Jg! Ji
Then
o , 1/2
we(t,a) = u(Xgtsin xo) = -{% (s5+s2 +...{} -
a® oy -2 2y -2 1/2
<1z [(3:22)7° + (5:12%)7° +...1
< 0.02958° .
We take
hy £ 0.0295a° . _ (7.15)
Now, we,have
72 < 535 x 0.0295a% = 0.00374e® . (7.16)
[6V)

Agein, as in (&), we have A = 0, L = 1 end Q satisfying (7.11).
We have to find constants c,d,r,Ry such that for a in a convenient

neighborhood of the origin we have the following inequalities of Theorem

6.6 satisfied:
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0<ece<d, 0<r <Ry, atho < m, A<Q, kgL < 1,

ctye < (1-kgl)a, Tty Ky amd D < Qe

where D is given by (6.71).

After substitutions the three last inequalities become
c +0.0037ha® < 0.87% , . (7.17)
r +0,1936a + 0.00571a® < R, , (7.18)

o.oezhu78[dfo.o295a3]b2 + 0.0190690[d+0.0295a31%b + 0.002k009[4a
+ 0.0295a3]3:+ O.Ol9O69h[d+O;0295a3]2[sinh(M+N)-(Mﬂﬂ)]
L+ 0.1952422[3+0.0295a3] [cosh N-1- % N°] < Q, (?.19)

where

M = 0.3828754[d+0.0295a%], N

Il
o’

and -
Q > 0.25a% - 0.020833...a% - 0.375ac2 - 0.125¢3 ,

Inequalities (7.9) and (7.11) are satisfied if we put c¢ = 0.0043a3,
d = 0.005&2 for any a < 0.8. We must now find r and Ro so that (7.18)

holds. We have, for a and d as above
r + 0.00580682% < R, .

We may take r = ¢ JE.S 0.006081a® and Ry, > 0.012a® satisfying |b-a| < r

and atR, < n. Equetion (7.7) has then, for any a < 0.8 a periodic solu-
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2 4 "
tion y = b sin wb+bgsin 3wt +... with o = 1 - 3= + %55 ~+-- ond such that

|b-a] < 0.00438%, p(y-xo) < 0.00583

and
ly-xoll < 0.0128° .

Note that, by using Theorem 6.6 rather than Theorem 6.3 we have a larger

interval in which we may take a.

7.3. THE EQUATION X+sinx = o sin at

(a) The uniform norm.—In this section we consider the non-autonomous,

nonlinear; second order differential equation
¥+ sinx = asinat . N (7.20)

Our function g(x,t) of (6.1) is now sin x-C sin wt. In the decomposition
(6.6) go(x)'= sin x as in 7.2(a) and (b), R(x,t) is zero, but s(t)=-a sin at
rather than zero as in 7.2(a) and (b). All the conditions of 6.1 are sat-
isfied by g(x,t). In particular |g(xi)-g(x)| < L|x;-xz| with L =1 as in
the two preceding cases.

We"shall take the values @ = 0,21818, w = 0.7784* for an approximate

(harmonic) solution of (7.20) with the form x = a sin wt, Eq. (6.17) gives

¥Baderc studied the equation x+a sin x = b sin T using the values a = 1.65
and b = 0.36. This equation reduces to (7.20) by a suitable change of
independent variable and for the valuesof a and b chosen by Bader
has the value given in this example. v
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adaP-o? - o 28 +a = 0
1121 22 o

Since Q; = -1 we have

-9,39ha + 0.12583 + 0.218 = 0,
a3 - 3.152a + 1.7 = O .
A root of this equatiop is a = 0.65ﬁ2.
“Aihe function Q(t,a) is in this case
v o(t,a) = -(auf+0)sin at + sin (& sin wt)

and A(t,a) = H(I-P)é(t,a); Both ||6(a,t)|| and [|a(t,=)] are as in the pre-
vious examples. We have then he = 0.04L87a3 = 0.011445, 7, = 0.005w2a3
= 0.002104k. Also A = O.and ke = 0.2k, As for Q we have only to add to
the coefficient of ¢ in the e#pression of ug(a*c) the term A /a = a/a

= 0.34402. We have then
Q > 0.k41lce - 0.237802'-v0,12503v, (7.21)

Now we may apply Theorem 6.3.
We must find constants c,d such that 0 < c¢ <d, atd < w, keL < 1,
A< Q cty, < (1-k.L)d and B < Q-A with B given by (6.47)

The two last inequalities, after substitutions are

c + 0.002104k < 0.764 , (7.22)
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[b,o6635a+o.0003539]b2 + o.3183[o.2md+o.doelohh]2b + 0.1061[0.243+0.00210441°
+ 0.63662(cosh o - & - 11[0.24a+0.0021044]
< 0.4b1le - 0.2378¢2 - 0.125¢3  (7.23)

with

b + 0.164 + 0.002104k,

Q
Ii

The two inequalities (7.22) and (7.23) aré éatisfied for 4 = 0.017-and
c = 0,009,

We conclude that, for o = 0.21818, w = 0.778k4, the equation
x+sin x = @ sin wt has a periodic solution y = b sin wt+bgsin 3wt+...

. where b Iies in the interval [a-c,a+c] = [0.6252,0.6432] and the approx-

imate solution xg = a sin awt, with a = 0.6342, satisfies

ly(+) -xo(t)]| < 0.017 .

(b) The square norm,—We now epply Theorem 6.6 to the same Eq. (7.20).

We have the additional constants:

r2 = —55 x 0,0295a% = 0.00138 ,
Sw
hg = upe(t,a) < 0.0295a° = 0.00752L8 ,

besides the ones already used before namely: L =1, & = 0.6342, N = 0,

y1 = 0.00204k, kq = L -2 = 0.18333..., and k' = 0.1694s™2 = 0.27951.

9
Q is as in (7.21).

We have to find constants c,d,r,R; such that, the following inequal-
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ities are satisfied: 0<c <d, 0<r <Ry, atR, < x, A <Q, kgL < 1,
ctys < (1-kqL)d, r+k'Id+y; < R, and D < Q-A where D is given by (6.71).

After substitutions the three last inequalities become
c +0.00138 < 0.81667d , o (7.2L)
r + 0,27951d + 0.002044 < R, , (7.25)

0.013L13[d+0.0075248] + 0.025567[a+0.00752481% + 0.021675914

+0.00752L4812 + 0.3974[d+0.0075248 1% [ sinh(M+n) -(M+n) ]

+ 0.281881[d+0.0075248 ][cosh N-1 - % ] 5 Q, (7.26)

where

N=b, M = 0.54533[d+0.0075248]

and

Q > 0.4hlle - o.gj7ac2 - 0.125¢% .
Inequélities (7.24) and (7.26) are satisfied for
d =_0.0035, ¢ = 0.001 .
If wg now put in inequélity (7.25) @ = 0.0035, we get
r + 0.003%022° § 130 . | (7.27)
If we note that, froﬁ (6.54), r cannot be less than c N2 we may put

r = 0.001kl4 and Ry = O.OLkL .
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We know, then, that for a = 0.21818, o = Q.778h thexequatiovn 5('-_I-.st:.nAx

= Q@ sin wt has a periodic solution y = b sin mt+bésin Bajtjl—. .. where b lies
~invthe interval [0765278, 0.63565]‘énd'the epproximate solution ko=a sin wt,
with o = 0.6342 satisfies u(y(t)-xo(t)) < 0.0035 .

| In Bader's paper,2 he.used fhe first five Galerkin's approxirﬁations

and obtained for b the value b = 0.633 well within our result.
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