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PREFACE
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1. INTRODUCTION

The subject of this thesis is the problem of existence and approx­

imation of periodic solutions'of nonlinear differential equations. This 

problem, in its various forms, including existence of quasi-periodic 

solutions and of invariant manifolds of solutions, became, in the last 

few decades, of the greatest importance in several branches of applied 

mathematics such as electronics, econometrics, automatic controls, etc.

• It has been investigated in many different directions. We just mention 

Poincaré^Bendixson theory and N. Levinson's recent developments, the 

extensions of Sturn theory to nonlinear problems, the bifurcation theory 

of Poincare and its recent developments by K. O. Friedrichs and J. 

Cronin. It should be pointed out, however, that most of the work done 

so far concerns problems of the perturbation type, that is, the differ­

ential equation contains aparameter, say e, such that when e = 0 the 

equation reduces to a linear one and e is supposed to be "sufficiently 

small." No indication is given on the range of the values of e for 

which the conclusions are valid. .

Recently, methods based on functional analysis have been applied 

extensively to the same problems. We mention here the method of Krilov- 

Bogoliubov-Mitropolski^ for problems of the perturbation type, and the 

method of Cesari ($, particularly Section 8.5). The latter was first 

applied—by Cesari, in collaboration with J. K. Hale and others—to an 

existence analysis and approximation of periodic solutions of nonlinear 
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ordinary differential equations of the perturbation type. A bibliography 

of this early research is given in Ref. 5, Section 8.5, and-an exposi­

tion has appeared in book form.^ A recent version of Cesari's approach^ 

applies to nonlinear problems not necessarily of the perturbation type, 

or, as we shall say, straightforward nonlinear. Recently H. Khobloch-*-5  

has obtained by this analytical method existence theorems which are more 

comprehensive than analogous ones which had been obtained by Wazewski's 

topological method. The same method has been applied by Cesari to bound­

ary value problems for ordinary and partial differential equations. By 

the previous version^ for problems of the perturbation type, J. K. Hale-*-®  

had proved the existence of families of periodic solutions which are ' . 

analogous to the ones well known for linear problems.

In the present work we investigate periodic solutions for second . 

order nonlinear differential equations of the type ».

. % + g(x,t) = 0 , '

where g(x,t) is periodic, in t, of a given period T. When g does not de­

pend explicitly on t the equation reduces to the equation

x + g(x) = 0

of nonlinear "free oscillations." The periodic solutions of this equa­

tion are well known and yield the oscillations of the true pendulum in 

the particular case •

x + sin x = 0 .
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.Our method of investigating the problem above is connected with Cesari's 

general approach^ and with Galerkin's method.

In Section 2 we describe Galerkin's method and its relations with 

the better known Ritz method.

In Section 5 we give an account of Keldish's recent proof of the con­

vergence of.Galerkin's method for linear nonnecessarily self adjoint dif­

ferential equations. ■ ’

In Section 4 we give an account of the known results concerning the 

periodic solutions of the equation x+g(x) = 0.

In Section 5 we give a few lemmas to be used in Section 6 concerning 

the use of uniform and square norms in Fourier series.

In Section 7 we give existence theorems for periodic solutions of 

the equation •

x + g(x,t) = 0

by the use of the general ideas of Cesari's approach. In these sections 

we introduce convenient Hilbert, or Banach spaces, of periodic functions. 

The existence theorems are then obtained by first showing that certain 

mappings on convenient subspaces map these subspaces into themselves and 

are contractions in the corresponding metrics of these spaces, and then 

prove that an exact periodic solution exists in a conveniently chosen 

neighborhood of the first Galerkin's approximation. The size of this 

neighborhood represents then an error bound for the same first Galerkin's 

approximation. .

In Section 7 we discuss a number of examples. In 7-1 we discuss the
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equation x+x-a2x3 = 0 for a2 = 1/6. In 7.2 and 7-5 we deduce, from the 

results of Section 6, very small error bounds for the sinusoidal approx­

imation

' x = a sin mt .

of the periodic solutions of the true pendulum, that is, for the equa- 

•tion . . .

. x + sin x = 0 .

In Section 7-5 we obtain from the results of Section 6 criteria of exis­

tence and error bounds for the periodic solutions of the equation

x + a sin x = p sin mt ,

where a and p are given constants. This equation represents the forced 

oscillations of a true pendulum, as well as the working of synchronous 

electrical machines. The numerical example chosen for study was inves­

tigated recently by W. Bader^ who determined numerically the first five 

Galerkin's approximations by means of a Telefunken electronic computer. 

In our work we obtain at the first approximation both a proof of the 

existence of the exact solution and an error bound of the sinusoidal ap­

proximation. The approximate solution obtained by Bader falls of course 

within the narrow limits that we obtain by the present theoretical ap­

proach.



2. THE GALERKIN METHOD

2.1. GALERKIN AND RITZ METHODS '

In 1915 the Russian engineer V. G. Galerkin^ introduced in his work 

on plates and beams the method that bears his name for the approximate 

solution of boundary value problems. The method, besides being of easier 

application, is more general than that of Ritz, presented in 1908 for the 

construction of a minimising sequence in problems of calculus of varia­

tions . .Following essentially!? we present briefly in this section both 

methods and their relations. .

We consider the linear ordinary differential equation •

L(y) = 0 , (2.1)

where L is some differential operator, and we require a solution satis­

fying given boundary conditions, say, at a and b. Let (^(x) ) be a sys­

tem of linearly independent functions, and let y = 0(x,a1,...,an) be a 

family of functions depending on the parameters•ax,...,an, all satisfying 

the given boundary conditions. We shall then seek for an approximate 

solution of the form

ÿ = ®(x,Ci,. . . ,cn) , a < x < b , (2.2)

where the c^ are to be determined, if possibly by the orthogonality con­

ditions

5
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" .rb . ■
J L(ÿ)^(x) dx = 0 , 
a ■

or 

■
J L[j^(x,c1?. .. ,cn) ]/i(x)dx = 0, 1=1,...,n . (2.5)
a .

The system of finite equations (2.5) serves to the determination of the

Cj_. For instance, in case of homogeneous boundary conditions we can take 

functions ^(x) which satisfy these conditions, and then take for $ the 

family of all linear combinations . .+3^^. In this situation, Eqs.

(2.5) are linear if L is a linear differential’operator.

In order to illustrate the Ritz method we consider the following 

simple problem. To find a function y = y(x) satisfying the boundary 

condictions y(a). = a, y(b) = 3, which minimizes the functional 

p b ■■
l[y] = ' J F(x,y,y')dx .' ' (2.4)

a ■

Let us assume that F(x,y,y') is a continuous function of x,y,y', and 

that an exact solution y*(x)  for this problem exists which is continuous 

with its first derivative y'*(x) . Let m = l[y*]  be the value of the min­

imum. We try to find a sequence (yn(x)) of functions which satisfy the 

boundary conditions and such that the sequence {I[yn]} converges in 

some sense, to m = l[y*] . The sequence yn(x) is called a minimizing 

sequence.

Ritz proposed the following device to find a sequence (yn). Let 

y = $(x,ai,...,a^) (2.5)
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"be a family of functions depending on the parameters aT,...,3^ and satis­

fying the boundary conditions y( a) = a, y(b) = p, for any value of

( ax,. .. ,3^) . If we substitute $ in (2.4) we obtain I as a function,

I = l(ai,...,an), of the n parameters a1,...,an. A necessary condition

for I to have a minimum is that a^ satisfy the system of equations

= k — 1,...,n (2.6)

We take as yn(x) the function $ of. the family (2.5) for which a1,...,an 

have the values obtained from (2.6). The sequence (yn(x)) so obtained 

is minimal provided that the following condition is satisfied.

For every y = y(x) with a continuous first derivative and satisfying 

the boundary conditions, given e. > 0 there is an n and a function yn in 

the family (2.5) such that

<6 - sr ‘ S 56 •

Indeed, let us apply this condition to the function y = y*(x)  . There 

is a function y*  in the nth family (2.5), say .

• F*  = $n(x,a*)  ,

such that

23 . ay*y*-y*|  < e
dx dx

Clearly, then, by continuity of F(x,y,y') the number |l[y*]  -l[y*]|  may 

be made arbitrarily small. Since y*  is in the nth family $(x, ,an) 
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and the element yn of the minimizing sequence (yn) gives l[y] its small­

est value in comparison with all functions of ... ,an) we have

. i[y*J  < i[ynJ < ity$] ,

and so, |l[y*]-l[y  ] |.is also arbitrarily small.

2.2. A CASE OF EQUIVALENCE OF GALERKIN AND RITZ METHODS 

. We consider now the self adjoint differential equation

L(y) = — (py1) - qy - f = 0 (2-7)
dx

under the homogeneous boundary conditions ■

_ y(o) = y(j) = 0 . (2.8)

We assume that p = p(x) >0 and q = q(x) > 0 on [o,f].

Equation (2.7), as is easily seen, is the Euler equation for the 

real functional

i[y] = f lpy'Z+qy2+2fy]dx , (2.9)

o

with the same boundary conditions (2.8). We show now that the nth approx­

imation for the solution of this problem is the same when we use Ritz's 

or Galerkin's method. ' .

We may take for any system of linearly independent functions 

of class C1 and satisfying the homogeneous boundary conditions (2.8).

We may, for example, put
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= sin —, k = 1,2,...,n ..

Let the family $(x,a1;...,an) of the preceding section be

yn - /^n)

n

i=l

If we substitute (2.10) in (2.9) we get

iW = J [pyA^^n^^n]^

i,j=l i=l

where

«ij ’ = “Ji

Pi

o

j_dx .
o

If we differentiate (2.11) with respect to aj we get the system

in the forms

1 dl_
2 daj

J (PyA^j^9y^j+^j) dx = 0 , j=l,. . . ,n 

o

or
n .

C^ijai + Pj ~ 9 , J=l,...,n
1=1

■ (2.10)

A

(2.11)

(2.12)

(2.6)

(2.15)

(2.14)
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We put a^ = a^^ for the solution of system (2.14) and so the nth approx­

imate solution is

^n

n

i=l

This solution always exists uniquely as it is easy to show. Indeed, sup-

pose that the homogeneous system

n

L °ij^i 
i=l

0 >1,2 n

has a nontrivial solution a^ = a^.

n

Then

L °ij^i 
i=l

0 j —1} • • • y n

and so, from ( 2.12)

a<dx 0
°

or

I
dx 0, j=l n (2.15)

o

where
n

y =
i=l

If we multiply (2.15) by aj and add we obtain

[ ( py^+qÿg) ax

° n
0 .

This implies yn = 0, or ak/k = which is impossible since the

1
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are linearly independent.

Now, integration by parts of the first term in the integrand of

(2.15) yields

1 I

o
ax = J

o

d 
dx

(pyA) dx = 0 ;

that is

f+ qyn + dx — 0 , j—1,2,...
o

These are. exactly the Galerkin equations for the boundary value problem.



3. THE CONVERGENCE OF GALERKIN' S METHOD '

3.1 A THEOREM OF KANTOROVICH

] O
Kantorovich,. proves a theorem concerning linear functional equations 

of the type •

.Kx = y

in convenient function spaces, which we shall use in Section 5-2 to prove 

a theorem of Keldish on the convergence of Galerkin's method.

Let us consider the linear normed spaces X, X', and Xn, n=l,2,..., 

where ^is complete, X' C X, and there is an isomorphism $on:X'->Xn. We 

shall assume that there exists a linear operator 3>n :X-*X n and that 0on is 

the restriction of 0^ to X'. Let H and Hn be completely continuous lin­

ear operators, H:X-+X and Hn:Xn->-Xri,n=l,2, . . . . We consider the equations

. Kx = I - Mix = y , (3-1)

and the sequence of equations

Knx = Iq - KHnx y = $nX > n=l,;.j , (3»2)

where x,yeX, x,ÿeXn, K = I-XH and % = In-ANn, with X a number.

We state without proof (see Ref. 12) the following theorem: 

Theorem 3-1.

Let us assume that the following conditions are satisfied :

12
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1. In Eq. (5.1) X is not an eigenvalue.

2. For each n=l,2,..., numbers €n, Gln, €2n can be found such that:

(a) ||<6nHx' -Hn$nx' || < en||x'|l for all x'gX' ;

(b) given any xeX there is an element x'eX' such that

' ||Hx-x’ II < ein||x|| ; .

( c) there is an element y'eX' such that

' l|y-y’ II < eenllyll ,

where y is the second member of (J.l). '

' J. The relations '

Um en||on||2||^||2 = firn einll$nl^ll^6àll^ lim 6an H^n||^ôn||^ = ° 
n-x» n-x» n-*oo

hold.

Then, for n large enough, system (3.2) is solvable and the solutions 

x^^ converge to a solution x*  of Eq. (3:2) that is,

Hm ||x*-0^^ II = 0 • 
. n-*oo ■ '

3.2. A THEOREM OF KELDISH /

M. V. Keldish^ proves the convergence of Galerkin's method in sev­

eral different cases. In this section we present one of his results for 

the case of a second order differential equation with simple boundary 

conditions. . ■ • .

Let us consider the differential operator

L(y) = Pa(x)y" + Pi(x,X)y' + po(x,X)y ,
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where p2, Pi, and p0 are continuous functions of x for xe[O,l] and X in 

some interval and are twice continuously differentiable with

respect to x; furthermore we assume that p2(x) > a > 0, xe [0,1 ], 01 a con­

stant. . '

Let now f(x) be a given continuous function in [0,1]. We shall 

study the differential equation ■ ’

L(y)" = Pa(x)y" + Pi(xjX)y' + p0(x,\)y = f(x) , (5-5)

with the boundary conditions'

y(0) = y'(0) = 0. ' (3-4)

We shall write system (3-3) in the form .

f- tp(x)y' ] + f- [q(x,\)y] + r(x,X)y = f(x) , (3-5) .

so that, 

p(x) = p2(x), q(x,\) = pi(x,X)-p±(x), r(x,X) = P0(x,X)-pl(x,X)+Pa(x), 

and, therefore, p(x) and q(x,X) are continuous functions of x in [0,1], 

p(x) of class C2 and q of class C1. . .

We know that this problem either has solutions for any f(x) or else 

the homogeneous problem [f(x) = 0] has nontrivial solutions.

Let i=l,2,.. . ) be a set of functions of class C2 in [0,1] satis­

fying the boundary conditions (3-4). We consider an nth Galerkin's ap­

proximation, if any, to the solution of our problem in the form
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yn = c[n^x(x) +...+ c^n^n(x) , (5-6)

where the constants c^ are determined, if possible, by the equations

■ J [L(yn) -f l^Cx) dx = 0 , i=l,2,...,n ,

. o

and these equations are of the form •

. . n
V Cijc^^-fi = 0 , i=l,2,...,n . (5-7)

j=l

We now assume that the functions are so chosen that the functions

) (5.8)

are linearly independent and form a complete system in the norm defined 

by the inner product ' '

(u,v) = P p(x) u(x) v(x) dx , (5-9)

o ......... . '

where we use the weight function p(x). Without any lack of generality 

we may assume that the system (5-8) is orthopormal with respect to the 

weight function p(x), that is,

y p(x)^î^jdx = Bij ,. i,j=0,l,2,..., (5-10)

o

where we put = 1.

We.observe that system (5.7) is now

o

d 
dx

[p(x),yi] + [q(x,\)yn]+r(x,\)yn-f . ^i( x) dx = 0, 1=1,2, ,n •
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Also, we note that

J = - f p/j^dx = -6^j , ij=l,2,...,n ,

o o 

since the functions i=l,2,. .., satisfy the boundary conditions ( 3.4) .

As a consequence we have .

J [pyA^idx = -c|n^ , i=l,2,...,n ,

o

and system (5«7) takes the new form 

n
c^ + y A c(^) - f = 0 , i=l,2,...,n , (5.11)

J=1 

where we put

1

Aij = Aij(X) = -J
o

- + r(x,x)/j ■ /fdx, i >j~1>2}. .. fn }

1 . 
f^idx , i=l,2,...,n . (5.12)

. o .

We shall prove the following result. ■

Theorem 5-2.

With the assumptions made on the system of functions (5.8), if X is 

not an eigenvalue of the boundary value problem (5.5) and (5.4), a solu­

tion is given by the limit of the sequence (yn), with coefficients defined 

by (5-7). ,

Proof

We start by writing in (5.12) 

j = aij + bj_j , l,j=l,2,...,n ,
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where

o

dx

dx

Now, system (5.11) is obtained by truncation from the infinite system of

linear equations .

00 

■ ci + jGj - fj. = 0 , i=l,2,... , (5.15)

" j=l

where the are given by (5-12) with i, j=l,2,... . We will show first 

that system (3.15) is equivalent to the original boundary value problem 

in the following sense: to a solution y(x) of the latter there corre­

sponds a solution of system (5.13),

r1
=i = J py^dx , 1=1,2,... , : ■ (J.1M

o ■

which is square summable. .

00

|c^| < + 00 , . (5*15)

1=1

and conversely, to each square summable solution of (5•15) there cor­

responds a solution of the boundary value problem.

Let y(x) be a solution to the boundary value problem. We expand y' 

in a Fourier series with respect to the orthonormal system {^), 

1=0,1,2,... , and, with cm defined by (5.14) we obtain a series, conver­

gent in the square mean with weight function p(x) ,
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. 00 .

y'(x)/ = £ClX(x) .

; m=l

(3.16)

Actually, from the assumption of the completeness of the system ( 3-8) we

obtain ? ■ •

' 00
y'(^) « co + c^(x) , (3-17)

/ ? m=l m

but we proceed to show^that co = 0. Indeed, if we put Sm(x) = co+ 

and N = / p( x) dx, we; have 
o ?

pI
/ y'(x)dx

0 ■

1
(Sm( x) -y'(x) )dx

f P(x) |Sm(x) -y'(x) |dx

1 x
p(x) ^( x) -y'(x) ]2dx1 

a

and the last expression tends to zero as m-x» This shows that

as m-x» .

We can, therefore, • integrate term by term between 0 and 1 the series 

(3.17). We obtain successively

y\ y'(x) dx = co+I cm J ^'(x)dx , 

° - m=l 0
y(l) - y(0) = co + ) CmC^1) -41(°) ] 

m=l
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and, because of the boundary conditions, c0 = 0.

By the same reasoning as before we have now that, for every xe[0,l]

ox ox
/ Sm(t) dt - y'(t)dt 
o o ' Lo

- N1' a

1p(t) [^(t) -y'(t) ]2dt k

that is,

J' Sm(t)dt * y y'(t)dt , 

o o

uniformly in [0,1], as m-*».  In other words

x m . x -
Zim / c.^(t)dt - / y'(t)dt

|_o 1 o _ 0 ,

I m

0

1

In other words
00

y(x) Gm/m(x) (3.18)

By the boundary conditions, we have thus

jim 
m-^o

uniformly in [0,1].

'■ m=l

where the series is uniformly convergent in [0,1].

If we now multiply (3-5) by /^(x) and integrate from 0 to 1 we get,

after integration by parts . ' ’

f (-py'^î-qy^î+ry^-f^jdx = o , i=i,2,... . ( 3.19) '

o

Substituting (3-16) and (3-18) in (3-19) we get (3-13)• On the other 

hand (3-18) implies (3.14) and (3-15)•
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Conversely, we now assume that (c^) is a solution for system (5-12)

which is square summable. Using the theorem of Riesz-Fischer we form

the function
00

and set

n(x)
m=l

co

y(x)

with the same conventions as before.

cmi4n( -%)

cm^m(x)

Then y(x) is absolutely

(3.20)

(3.21)

continuous

1

in [0,l]/ series (3.21) converges uniformly as proved, and we have

y'(x) n(x)

almost everywhere, where q(x) is of class L2. Here y(x) satisfies clearly

the boundary conditions y(O) = 0, y(l) = 0. We will show that it satisfies

the differential equation (5.5).

From (5.21) it follows that we can write system (5-13) in the form

(3.I9). If we integrate by parts the two last terms of (3-19) we get

Since the

must be a

py'+qy+ J

-0

system (3.8) is

constant almost

py' + qy

dx ^dx 0 , i=l,2

complete the expression in square brackets

everywhere, that is,

dx a. e. (3.22)

o

1 x

x
k

o
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By differentiation we shall see that y satisfies equation (3-5)• Indeed, 

q is of class C1 and y is AC with y' of class L2. Thus qy is AC and 

(qy)1 = q'y+qy', a.e., and this shows that (qy)' is of class L2. Thus

py' = -qy - J (ry-f)dx + k, a.e., (3-23)

o

where ry-f is of class C°, qy is AC, (qy)' is of class L2, and hence py' 

coincides everywhere with a continuous function. Then y', as the deriva­

tive of its indefinite integral, is continuous and (3-23) is satisfied 

everywhere. Also, py1 is AC and

(py') ' = -(qy) ' - (ry-f), a.e.,

hence (py')1 is of class L2. Also,

(py')' = -q'y - qy' - ry + f ;

in other words, if py' = X(x), 0 < x < 1, then X'(x) = -q'y-qy'-ry+f is 

of class C° in [0,1] and

■ py' = X(0) + J X'(t)dt ,

o

r rx ~y' = — X(o) + / X'(t)dt . ■ .
p L { . J

Since p is of class C2, p > a > 0, and the bracket is of class C1, we 

conclude that y' is of class C1, that is y is of class C2. By differ­

entiation of (3.22) we obtain (3.3) for every xe[0,l].

We have thus proved the statement that the system (3.13) and the
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given boundary value problem are equivalent problems in the sense indi­

cated.

We now apply Theorem 5.1 to our systems (5.11) and (5.15) which we 

write as .

■ n ' "

xi + V Aijxj = yi , i=l/...,n (5-24)

j=l • - .

and . .

■ ■ 00
*1 * ' E = yi 1=1,2,... , (3.25)

j=1 .

where we take 1=1. The hypothesis that X is not an eigenvalue for the 

given problem implies that 1 = 1 is not an eigenvalue for the problem 

(3.25).

The space X is £2, Xn is Rn, X1 is the subspace of elements 

(xi,Xa,•••,xn, 0,0,...) of■I2 for which xj = 0 for j > n. The operators 

H and Hn are defined by the matrices (Ajj, i,j=l,2,...) and (Apj, ' 

i,j=l,2,...,n). The isomorphism $n:X'->Xn is naturally defined by 

Zr/ni' • • • ,xn, • • •) = (xr,x2,... ,xn) . In our case we have X = 1. To show 

that H and Hn are completely continuous it is sufficient to show (see 

Ref. 1) that the matrix (A±j) satisfies the Koch condition

I klj|2 < ” • (3-26)

' l,j ■

In order to do this we prove that the two series laij|2 and |2

converge. Consider the first of these two series. Since we have
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1
dx

Po O
ïj

Bessel's Inequality gives
CO

kijl" 1
(5-27)

1=1 o

From (5.27) we conclude that

00

d=l °

1
[q(x)^(x) ]2 

d p(x)
(5.28)

Now

q(x)/j(x) = j

■ . O.
dt

and so, for every x, q( x) ^(x) is the Fourier coefficient 
• J of function

of t equal to q(x) /p(t) on 0 < t < x and equal to zero on x < t < 1. By

the inequality of Bessel we have then
co
2 k(x)^j(x)|2 

j=L

2 dt
P(t)

and from (5.28) .
00 *

. ol nx

1 laul2 s f J
i,j=l 00

It follows that |aij|2 converges.
1, J 00

dt
P(x)

Now we consider the series By Schwartz's inequality

ij=l

2

x

o

0 < x < 1 ,
o

a

f X dt

I '

and the definition of we get
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Hence

o o

^dx2dx

00

I M2
i,j=l à-i °

If we repeat for the sum on the right the calculation made above ve 

get

Ewjl < , , it J Mx)] ax

i,j=l . ° ° R ; ° .

This shows that |b^j|2 converges and sq

i,J • i.

Now we verify conditions 2 of the theorem,

n

0nHx' = %$x ' = ^ijXj >

J=1 

we see that (a) is satisfied trivially with en

(b) we take for each xeX an x' defined by

• . -1
x' = $on ^nHx , .

that is, if x = (x^xg,. . . ,xn,xn+p,.. .) we put

00 00 co
X' = ( 2 AljXj' Z AzjXj,'.. Z 

\j=l j-1 • ,

Then we.have

fx^ .
O p(t) .

1 lAxjla <

. Since,

1—1,2,•••,n

= 0. In order to verify

^njXj, 0,0,...) .
■ /
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We take thus eln

i=n+l
00

j=l 

co

j=l

00

any given y = (yi,y2,...)eX,we take y' = (y£,y^,...) with y^ = y^ for

i=l,...,n and y{ = 0 for i > n. Then

• 00

'>2

i=l

and so we may take e2n =

tend to zero as n » thus verifying

i=n+l

co

condition J

Clearly 6%, ein 

of the theorem.

and e2n

We have

hence proved the convergence of the Galerkin method for our boundary value 

problem.



4. SOME KNOWN PROPERTIES OF THE EQUATION x+g(x) = 0

We consider here the autonomous second order equation

x + g(x) = 0 , ; (4.1) ■

where g(x) is a continuous function of x with g(o) = 0 and xg(x) > 0 for 

all x 0 in a neighborhood of x = 0, say xe[-A,A]. Then Eq. (4.1), be­

sides the trivial solution x = 0, is known to have a two-parameter family 

of periodic solutions x = x(t+y, G), 0, y arbitrary constants (see below), 

representing a one-parameter family of closed trajectories in the phase 

plane xi, linking the origin x = k = 0 (the origin x = X = 0 is a center) .

In Section 6 we will discuss the first Galerkin approximation of 

these, periodic solutions by means of the method of Ref. 4. We will ob­

tain an evaluation of how close the exact periodic solutions are from the 

corresponding approximate solutions. This will lead to rather stringent 

estimates of the relations between amplitudes and periods of these solu­

tions .

We shall assume that g(x) satisfies the conditions:

1. g(x) is odd, that is, g( -x) = -g(x) for |x| < A, and as already 

assumed, g(x) > 0 for xe(O,A].

2. g(x) is Lipschitzian in [-A,A], that is, for some L > 0, 

|g(xj-g(x2) | < L|x!-x2| for |xi|, |x21 < A.

J. For some integer % > 1, and constants b0 > 0, b^, ...b^-^, real, 

and b% > 0 we have '

26
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|g(x) - (box+b!X3 +...+ bk_jLx^-1) | < bk|x]2k+l

for |x[ < A

If G(x) = 2 J g(u)du, |x| < A then, G(o) = 0, by (4.1), G(x) is 

o
even, that is G( -x) = G(x), |x| < A, and G(x) is strictly increasing in 

[o,A]. Since 2x is an integrating factor for (4.1) we have successively 

a

dt 
dx

I 
I 
I

h

:-------->Xa

I 
T*x 
el

du

2xx + . 2 g(x)x = 0 ,

x2 + G(x) = C , (4.2)

— = ±[C-G(x) ]1/<2. 
dt

For Ce [o,G( a) ], an arc of solution x = x(t,C) 

with x(0,C) = 0, x > 0 is the inverse func­

tion of the function t = t(x,C) defined by 

t = t(x,C) =. + J' [C-G(x)]~i/z'dx - (4.3) 

o .

and this solution exists in the interval

( -a,a) where C = G(a) > ae(0,A].

Note that the integrand in (4.3) is contin­

uous and finite for xe( -a,a) but approaches 

+<x> as x^±a. On the other hand G( a) = 0, 

G' ( a) - 2g( a) > 0 and by the continuity of 

g, there are constants p, B > 0 such that

2g(x) > p > 0 for all xe[a-8,a]. Hence

by the mean value theorem
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G( a) - G(x) = (a-x)2g(%)

for some xe(x, a),

C - G(x) = G(a) - G(x) > p(a-x) , 

[C-G(x) ]"^ <

for xe[a-ô,a]. This shows that the integral from 0 to a of [C-G(x) Y^2 

is finite, and the same holds for the integral from -a to 0, because of 

symmetry. If

' T = 4 f [C-G(x) Y^2 dx , (4.4)

o
we see tha^:. t = t(x,c) is a strictly increasing function of x for xe [a,b ] 

and that t(-a,C) = -T/4, t(a,C) = T/4. Hence, the inverse function

x = x(t,C) is also a strictly increasing function of t with x(-t/4,C) =-a, 

x(0,C) = 0-, x(t/4,C) = a,

x*(-T/4,C)  = 0 , x1 (0,C) = C1/2 7 x'(T/4,C) = 0 .

Also x(t,C) satisfies (4.2) with + sign for all te[-T/4,T/4], hence x(t,C) 

satisfies Eq. (4.1) in the same interval. Finally, t(x,C) is odd, and 

so x(t,0) is odd.

We may now define an analogous arc x = x( t, C) of solution with 

x(T/2,C) = 0, dx/dt < 0, whose inverse function t = t(x,C) is defined by

f X -1/2 T
t = t( x,C) = - J [C-G(x) ] ' + g . (4.5)

o

Then this solution exists in the interval -a < x < a, with the same a as
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before. Actually, (4.$) defines t = t(x,C) in the whole interval

-a < x < a, t(x,C) is strictly decreasing in this interval, and so is 

the inverse function. Also t(-a,C) = JT/4, t(a,C) = T/4, and thus the 

inverse function x(t,C) satisfies x(T/4,C) = a, x(ï/2,C) = 0, 

x(3T/4,C) = -a, x'(T/4,C) = 0, x'(T/2,C) = -C1/2,. x'(5T/4,C) = 0. Also, 

x(t,C) satisfies (4.2) with the minus sign for all te[T/4,JT/4], hence 

x(t,C) satisfies Eq. (4.1) in the same interval, and the values of 

x(t,C), x1(t,C) at t = T/4 are the same of those of the previous arc at 

t = T/4.

By the uniqueness theorem (which certainly holds by property 2) we 

have defined the unique solution of (4.1) in [-T/4, JT/4] with x(T/4, 

C) = a, x'(T/4,C) = 0.

If tj(x,C), t2(x,C) denote, for a moment, the two functions we have 

now defined, we have -

ti(a,C) - t2(x,C) = y [C-G(u)] .'^du = t2(x,C) - t2(a,C) , 

x .

that is,

' rp T ’ • • .£ - t1(x,C) = t2(x,C) - £ . ' '

Thus for the inverse functions Xj/t,C) , x2(t,C) we have

In other words the arc x(t,C) defined in [-T/4, 3T/4] is even with re­

spect to T/4. But we have also
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Hence x(t) can now be defined in (-*,#)  by the periodicity of period T, 

and this is the unique solution of (4.1) with x(0) = 0, x'(o) = C1/2, 

Thus the period T of the so determined solution x(t,C) of (4.1) is

o

and x(t,C) is odd with respect to zero, even with respect to T/4, and 

hence, also even with respect to $T/4 and odd with respect to T/2, that 

is, x(-t,C) = -x(t,C) , x(T/2+t,C) = -x(T/2-t,C) , x(T/4+t,C) = x(T/4-t,C) , 

x(5T/4+t,C) = x(5T/4-t,C). Indeed,

and

x 1 
\2

xr— - t
\2 .

4- 
\2

Note that x(t) has a Fourier series of the form c^sin ut+casin Jcrt

+ c5sin 5æt+... because of the symmetries above. Indeed

cT
c2n = J x(t)sin 2nutdt = 

o

r t/2
= — / x(t)sin 2nmtdt = 

it Jo

Now.,

F T/2
/ x(t)sin 2nmtdt

2’ ll/2

1” p T/4 nT/2 -
— / x(t)sin 2nctdt + / x( t) sin 2natdt
" Lo t/4 _
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(f - t)

and

sin 2nœ = sin(nn-2nmt) = -( -1) nsin 2nœt

sin 2nn) (^ + t) = sin(nn+2nœt) = ( -1) nsin 2nmt .

x *2*  •
If we put t = r - s in the first integral above and t = y- + s in the sec­

ond we get

, . T riA.
— c2n = / x(p -s) sin 2nœ(p -s)ds + x( ■
CD J 4 ■ 4 'J •

O O

ds = 0 .

Since (4.1) is autonomous, a two-parameter family of periodic solutions 

can always be written as x = x(t+/,C). So far, we have proved the fol­

lowing : under the hypotheses 1 and 2, Eq. (4.1) has a two-parameter 

family of nontrivial periodic solutions of the form x = x(t+y,C) where

7 is an arbitrary constant and Ce(O,G(A)) is also arbitrary. For every 

Ce(0,G(A) ), the function x(t,C) is odd with respect to 0 and T/2, even 

with respect to T/4 and $T/4, and periodic of period

T =" T(C) = -4 J [C-G(u) ]-1^2 du 

. ° ■ .. .

with G(a) = C and ae(O,A) .

Since x(t,C) is, at least, of class C2 in t we conclude that x(t,C) 

has a convergent Fourier series, and because of the symmetries, this 

Fourier series is of the form

x(t,C) = b^sin cut + b3sin Jcut +. . . with co 2^
T

These results, which are well- known, justify the treatment of Eq. (4.1)

that we shall use later in Section 6.



5. SOME PREPARATORY REMARKS ON FOURIER SERIES

5.1. SOME LINEAR OPERATORS WITH RESPECT TO THE UNIFORM NORM

Let Us consider real valued functions x(t) , -00 < t < +«>, which are 

periodic of period T = 2n/co, œ > 0, which are L-integrable in [o,T] and 

which are odd (with respect to the origin) and even with respect to T/4, 

that is, for which

m mx(-t) = -x(t), x(^ - t) = x(^ + t), x(T+t) = x(t). (5.1)

As it was shown in Section 4 we have also ...

x(| - t) = -x(| + t) , x(^ - t) = x(j^ + t) ,

and x(t) has a Fourier series of the form .

. x(t) ~ Cisin mt + c3sin ^mt +... . (5-2)

We shall consider now the space Sc of all functions x(t),

-00 < t < +00, which are periodic of period T = 2^m, continuous in (-#,+«) , 

and satisfy the symmetry relations ($.1). We take in Sc the uniform 

topology by choosing the norm '

||x|| = max |x(t) I , xeSc . •

Clearly Sc is a normed linear space. Note that Sc.is a subset of a 

separable Hilbert space of all real-valued periodic functions, of period 

T = 2^m, L2-integrable in [o,T], and satisfying relations ($.1). This 

32



55 .

space has ( v2/T sin cut, Vs/T sin Jcnt,...) as an orthonormal sequence.

Also, for every [a,p], -oo < a < 3 < every element x(t) of Sc 

defines an element x(t) , a < t < p, of the usual space 0 [cx,P ] of all 

continuous functions in [a,p].

Lemma $.1. The space Sc is complete.

Proof. We first note that convergence in the norm means uniform conver­

gence in (-00,00) . Since any Cauchy sequence (xn=xn(t) , -00 < t < 

n=l,2,...) in Sc defines a Cauchy sequence of elements xn=xn(t) , 

O! < t < P, n •= 1,2y. .. of the space C[a,p], for any a,p, -00 < a < p < 00, 

the limit x(t) = firn xn(t) exists and is a continuous function in any 
n-xo

[a,p] and so in (-#,#). Now, the relations

= %n(t), xn( -t) = -xn(t) , xn(^ - t) = xn(2- + t) 

imply ,

x(^ + t) = x(t) , x(-t) = -x(t) , x(^ - t) = x(^ + t)

Thus x(t)eSc.

Definition $.1. We define the operator P in Sc as follows. If x(t)eSc 

is in the form (5.2) then

Px = Cisin cut

or

Px(t) = sin cuudu sin cut .
o
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Lemma $.2. P is a "bounded, idempotent, linear operator in Sc.

Proof. Obviously P is linear and idempotent. Since

oT pT ■
ll^ll = 11^ J x(u) sin œu du|| < J |x(u) j | sin uü |du 

o o .

< — ||x(u) || f sin wudu = ||x(u) || ,

n o

we have ||p|| < and P is bounded.

Definition $.2. If x(t)eSc has the Fourier series ($.2), then we define

H:SC^SC as

.Hx = - sin cut - ^3— sin Jœt . (5-5)
ar 9^ -

Since the sequence (cn) is bounded, the series (5-5) converges absolutely 

and uniformly in ( -o°, +œ) and hence Hx is a continuous function oft.

Also Hx obviously satifies the symmetry properties (5.1) and so is an el­

ement of Sc.

Lemma 5-5- H is a bounded linear operator in Sc and commutes with P,

Proof. Obviously H is linear in Sc. On the other hand

||Hx|| = max I - sin at - sin Josh -. . . | 
" 11 t 1 0)2 9a)2 ' ■

< a)-^( I ci I + ^|c3| + p^|c5| . ■
• ■ 5 ■ 5 ■

Since -

■ pT ■
' . c2n+i = J x(t) sin(2n+l)o)t dt

o
we get
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T
lc2n+J - at

Il / + > il r(2n+l)2% 
IM1» - 1""^^

O

_ ælIpsC^.lL.. . 2(2n+l) P sin u du = — ||x(t) || . (5«M
7t( 2n+l) œ -J %

Then

m-2 f hxl 
\ I2

W + kal
J2 52

1
CD2

• - ||x(t)||
8

— Ilx(t) || 
2^2

Thus H is bounded and so continuous in the linear space Sc.

Finally HPx = m~2c1sin cot = PHx that is H and P commute in Sc.

Lemma $.4. If I denotes the identity operator in Sc then H( I-P) is a 

linear, bounded operator in Sc, and PH( I-P) = 0.

Proof. The first part follows immediately from the previous lemmas. Now, 

since P commutes with H we have ... . .

PH( I-F) x = P( H-HP) x = P( H-PH) x = P( I-P) ( Hx) 

= ( P-P2) ( Hx) = ( P-P) ( Hx) = 0 .

We shall denote by the norm of H( I-P) or

kc = || H( I-P) U .

Then kc is the smallest number such that 

for all x = x(t)eSG.
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Let us discuss for a while the norm kc of H( I-P). An upper bound 

of kc can be easily determined as follows.

If xeSc has the form of (5.2) then H(l-P)x has the form

H( I-P)x ~ sin 5ut---sin 5mt -... . (5-5)
9m2 25m2

By Eq. (5.4) we have |c2n+11 < ^||x(t) ||. This result and Eq. (5.5)

yield • '

II H( I-P) x || < +... 11 x 11 = - 1 ||x|| .
rtm2 L9 25 J nm2 LP J ■

= O.29755 u)-2||x|| . . (5.6)

The number 0.29755 œ"2 is then an upper bound for kc. This value may 

be used in the applications,but we shall give below (5.2) an integral 

representation of kG from which we shall deduce the exact value of kc.

Let x(t)eSc have the form (5.2) and let 

p t' ■ p. t
• Fi(t) = x(p)dp , Fg(t) = / F^^da .

T/4 o

Since x(t) is odd with respect to 0 and even with respect to T/4 then 

Fi(t) will be even with respect to 0 and odd with respect to T/4. In 

turn, F2(t) will be odd with respect to 0 and even with respect to T/4. 

Integration of (5.2) term by term, from T/4 to t, is justified by known 

theorems on Fourier series ( see Ref. 18, p. 40) , and yields
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nt - nt _
Fi(t) = / x( t) dt = [cxsin cut + c3sln +.. . ]dt

4/4 4a

C i C g= - —' cos cut - —“ COS ... . .
• co 5co

Another integration, now from 0 to t, will give the Fourier series of F2(t)

' ft ' r*  c. Cq '
F2(t) = J Fi(t)dt = J [- æ cos cot - cos 5cot . ]dt 

o °

= - —è sin cot - —^3— sin $cot -.. . . 
co2

By comparison with (5.5) we have . '

" nt nt -
.. F2(t) = Hx(t) = da x(p)dp . (5.7)

‘ o. 4/4

We shall use this formula later.

In order to conclude this section we have two lemmas.

Lemma 5.5. If x(t)eSc then Hx is of class C2 and —— Hx = x, 
—— dt2

. H( I-P) x = ( I-P) x . .
' dt

Proof. It is a consequence of Eq. (5.7).

Lemma 5.6. If x(t)eSc is a function of class C2, then

H(I-P)x" = ( I-P) x . ’

Proof. If x(t)eSc is of class C2 in (-w,+00) and

x(t) ~ c^sin cot + c3sin ^cot +... 

then ■

x"(t) ~ -Cidfsin cot - 9c3co2sin Jcot -... • . .
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Indeed, by straightforward integration and integration by parts, we

have

rT 2
/ x"(t) dt = — [x'(T) - x' (O) ] = 0 ,
4 T

ta
 iro

T •
x"(t)sin not dt 

o
x'(t)cos ncot dt2nm 

T

2n2g)2 
T

sin nmt dt -n^afcn ;

2
T

T
x"( t) cos nuit dt = 0 .

Finally, ( I-P)x" ~ -9c3œ2sin Jost... and by (5.5) also

H( I-P) x"(t) = c3sin 5dt + c5sin 5œt +... = (l-P)x(t) .

5.2. DETERMINATION OF kc

We shall now determine the exact value of kc. We shall use the form­

ula (5.7) obtained above which we will write in the form (see sketch, p. 59)

F2(t)
pt rd .

da x( p) dp
o 't/4

pt pP pT/4 pt
J dp J x( p) da - J dp J x( p) da 
00 t ' o

pt ■ pT/4 ’
/ px(p)dp - t / x(p)dp . 

o t

(5.8)
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If we use the symmetries of x(t) we get TA

o
sin cot dt

t

%

_ œ 
ir

_ CD 

rt

= 2a) 
rt

= 2cd 
■st

_ 4cD 
Jt

Since Px =

( 5 -9) •

H( I-P) x =

T/2
x(t) sin cbt dt +

0

o

/T x(t) 

"T/2
sin œt dt

t tA Ct

n T/2
/ x(t) sin cot dt -

o o

T/2 r t/2
x(t)sin cut dt' + / xi

L_o o

T

sm

T—) sin cdt

CDT dT

dr

nT/4
/ x( t) sin cut dt' +

T/2
sin cdt dr

o

o

o

T A
sin ent dt

sin cDt dt .

p° T
x( t - —) sin CDT dT

-4/4 2

c^sin œt implies HPx = - sin cut we have from Eqs.

Hx - HPx F2(t) + sin cut

o

t tA 
x( p) dp 4 .

+ — sin 
neo

riA
cot / XI

o

(5.9)

(5.8) and

sin afJ dp

TA
(5.10)

o
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where the kernel K( t,p) is given by

K(t,p)

( 4 . „ , T--p + — sin cot sin cr^
JtCO

for 0 < p < t < ,

(5

4 ‘ " ■
+ — sin cot sin œP 

7TCD
T for 0 < t < p < — .

— — — 4

ii)

Note that, by taking cnK = K, cot = £, ccP = r]/ y(t) = H( I-P)x(t) , and

X(0 = x(^) , Y(|) = y(^ ,

we have successively

o

2 _ ;
y(i) = co-2 J K(s,n)x(n)dn ,

where

K(^n)

4 it
-T] + ~ sin g sin t) for 0 < T) < < g

-g + sin g sin r| for 0 < | < T] < .

The kernel K has obviously the properties :

(a) K(bn) = K(n^) ,

(b) K(bTl) is continuous in the square [o, 0, jc/2, %/2] ,

(c) K( 0,0) = K(|,0) = K(0,n) = 0.

Now, we have

^21 - -1 * t sin t 

on
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and this function of g increases from -1 to -1 + ~ as £ describes [o,n/2]. 

Thus, this expression is zero at the point £o, 0 < <o < %/2 = 1.5708, 

with go = arc sin jt/4 = arc sin O.7854 = 0.90)4. Finally, g ,0) = 0 

for all 0 < ^ < rt/2 and

—< 0 for 0 < g < go , > 0 for E < % < x/2 .

(5.12)

Now, for any E, 0 < E < %/2, consider the expression

4
+ — sin E cos-1

— sin E cos

t) for 0 < ti < E < ^/2

K . for 0 < E < n < n/2 ,

as a function of t] for 0 < T) < n/2. This derivative is positive as q de­

scribes ( E, Jt/2) . The same derivative decreases from -1 + — sin E to 
%

4 — ■-1 + — sin E cos E as n describes [o,E)• Thus K^E^n) as a function of

T] alone, changes sign at most once between 0 and E • -

Since for 0 < E < &o we have 8iK( E ,0) /&T] < 0, from (5.12), and since

ôK(E,O)/ôî] decreases for 0 < T] < E the fact that K( E>T)) = 0 for 7] = 0 im-

pla.es that K( E,q) < 0 for 0 < < E, 0 < E < ^o-

Now we consider E in the interval [Eo,#/^]. First we recall that

K( E,0) = 0 and that dK( E ,0) /di] > 0 for Eo < 5 < Jt/2. Then K( E,t]) is posi­

tive for some region of the strip Eo < E < V2* We show next that K( E ,t])

is negative along the line r] = E 'on [0,0,n/2,n/2].
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' Indeed K( = -g + sin2g, K( 0,0) = 0 and K( n/2,-n/2) = - ^ .

+ - sin2 " f = < 0. Now, K(u,u) = -1 + sin 2u and this

derivative is -1 at u = 0 and u = jt/2; it is zero at the points where 

sin 2u = k/4 that is at the points gx = go/2 = 0.4517 and g2 = ^ - gi

= 1.1191. The maximum value of K(d,u) is attained at the point u = g2 

_ 4 _ ■and is K(g2,g2) = -g2 + — sin2g2 = -O.O885 < 0. Thus K(g,g) < 0 for all 

0 < g < Jt/2.

. Now, we have ■

_ 4 — 'K(g,x/2) = -g + - sin g , K(0,jt/2) = 0 ,

and as we have seen K( n/2, it/2) = (8-^/2^ < 0. Also we have 

— K( g, it/2) = -1 + cos g . If g ! is the value

-1 + — cos g = 0 then gi = ^ - go .= O.6674, and

of g in (0,%/2) for which

K(g,V2) > 0 for

0 < g < g, and -- K( g, it/ 2) < 0 for g < g < m/2. Thus K(g,rt/2) > 0 for 
og '

0 < 5 < 5, K( g,n/2) < 0 for g < g < n/2, where g is the solution of 

-g + sin g = 0 in [0,rt/2]. We get

o

g =1.1746.

Thus, for 0 < g < go, K( g,-q) as a 

function of q changes sign .once; 

for gQ < g < g, K(g,q) as a func­

tion of q changes sign twice; for 

I < g < jt/2. K( g,q) as a function 

of q again changes sign once.

Let us denote by ÿ(g) the function
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pn/ 2 _ .
Ÿ(g) = . |K(g,n) Mn , o < g < x/2 .

.Obviously ÿ(&) is a continuous function of and we take ko = max ÿ(g) 

in [0,ir/2], and kc = koœ"2. Now we have, for every function x(t) in S

■ riA
y(t) = H( I-P)x(t) = J K(t,P)x(P)dP , .

, ° »
ptC/2 - •

y(g) = œ-2 J x(g,n)x(n)dn , . .

o 
px/2 .

|y(§) I < œ"2 J |%( W I |x(n) |dn ' ■
o

■ o 2 _
< cd" [maxIX( n) | ] J |K( ^,tj) |dT) 

- o

< cd"2 ||x(t) ||^( g)

< cd"2 ||x( t) ||ko = kc||x(t)|| .

Thus we have

||H(T-P)x|| < kc||x|| . (5.13)

Let us prove now that the value kc = koœ"2 now determined is the 

best possible value, that is, kc = kocD~2 is the norm of H(I-P). Let £*  

be a point where takes its maximum value, hence

. P^2_ '
0 <3* < it/2 i 5*) = max A = J |K( 5*,%) °

' o ■

Suppose, for instance, that for g = *̂,  K(as a function of q changes 

sign .only once, say, K( *̂,T|)  > 0 in (0,t[), and K( *̂, tj) < 0 in (t), it/2) - 

The other possible cases can be discussed analogously.
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Let x(t) (not in Sc) be defined by x(t) = X in [0,t) and x(t) = -X 

in jr/2) where X > 0 is arbitrary and t = ïj/co. Let us extend x(t) in 

( -oo,+oo) by the periodicity of period T, by oddness with respect to 0, and 

evenness with respect to t/4. Then

X(E)
X

-X

for 0 < < T] ,

for ïf < | < tc/2

and

. nT/4 •
ÿ(t) = ' K(t,p)x(p)dp ,

• ’ o
_ nV2 _
Y(g) = y(& = co-2 J K(^n)x(n)an , 

. o
rn/2 _

Y(g4 = m-2 J x(r*,n)x(n)d%
o

= xù2 J K(e%,n)d% = x^-^( 

= XkoCD~2 = kcX .

and finally

|YU) I > kcX = X||x|| , 0 < % < n/2 ,

|y(t) | > kc||x|| , 0 < t < T/4 ,

or

l|H( i-p) II > kc||x|| .



This and (5-15) yield

I|H(I-P)x|| = kc||x|| .

This would prove our claim if we had allowed discontinuous functions in 

the class Sc. Therefore we shall now replace x(t) by a continuous func­

tion x(t) in Sc which has the same norm X as x(t), and for which the 

norm of the corresponding function y( t) differs as little as we want from 

the norm of y(t). Let us take

Xt/e for 0 < t < e

x for 6 < t < t - €
x(t) = -

X(t-e) for t - e < t < t + €

-X for t •+ e < t < T/L

and let us extend x(t) in ( -oo,+oo) as before. Now, y(t) can be made as 

close to kc\ as we want by taking, e > 0 sufficiently small. Thus we 

can take ||y|| > (kc-o) ||x|| for every fixed o > 0 while we know that .

||yj| < kd|x||. This choice of the function x(t) corresponds to one of 

the possible cases mentioned above. We shall proceed analogously in the 

other cases. This shows that kc = koœ-2, ko = max £) is the best pos­

sible constant, that is, |,H( I-P) || = kc = k0œ-2. .

We now proceed to the determination of the exact numerical value of 

kc, by means of the considerations above. As we will see this value is 

much smaller than the upper bound we obtained in (5-6). As mentioned 

above we have only to find the maximum of the function defined by.,
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2

where

(5.15)

In order to perform the integration of ($.14) we divide the square 

(0,0,jt/2,ir/2) into the regions 1...6 of the figure where ro and Pt are 

the curves t] = t]0(^) t] = defined as follows: For < m/2

the function r]o( g) is defined by

4
-p + — sin g sin r, = 0

or (5.16)

n 4 . . .■ --- '— .= — sin I . .
sin n' ' .

Note that for we have successively sin g + jt/4, p/sin q + 1,. 

T] -> 0 and no(5o) = °» Also for | = n/2, sin ( = 1, T|/sin = 4/%, 

-H + “ sin Tj = 0 and t)0(jt/2) = J.

For 0 < g < g the function is given by
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or

Note that for £-H3/ sin Tj^o and T|i(O) = Bo. Also, for V =

-g + sin g = 0, sin = 1, = n:/2 and T]iCg) = x/2. Finally we note

that sin go = ir/4 and sin g = g. Now we compute integral (5.14) .

For 0 < g < go we take

H = J |K(g,T]) |dT) = J [% - sin g sin %]d% 

o o

£2 4
g- + - sin g cos g

(5.17)

- — sin g .

For g0 < g < ^/2 we take

r^oU) 4
*2 = J |K(g,T)) |d% = J [~n + sin I sin qjdq 

o " o

If - 4
2

sin g cos T]
n=n0(^

Tj=O

.sin g cos T]o( g) + sin g . (5-18)

For go < g < jt/2 we take
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Ÿ3 = / . '|K(E,n)|dn = Cq - sin % sin
Ve) ^o(E)

G& 4 "1 ■
= p + T sin | cos t]- J T)=no(^ .

= ~ sin g cos I - --- --  sin g cos t]0( .
2 " " (5-19)

For 0 < & < g we take

r m(B) 4
Ÿ4 = / ■ lK(bTl)|^H = [^ - - sin I sin T]]dTi

e g

gq + — sin I cos T]
n=ni(E)

= Em(&) + - sin & cos Tjjd) - I2 - 7 sin cos I . 
H . . ■ ■

(5.20)

For | < g < ^/2 we take

f V2_ . r*/ 2 4
Ÿ5 = / |K(hn)|dT] = / [E - - sin E sin q]dq

1 1 -
(5.21)

“4 “ W2 4 "
= Eq + — sin | cos q = E sin E cos E -

— — q=ê

For 0 < < ê we take

r^2 _ P"/2 4 - •
Ÿ6 = |K(E,q) |dq = / [-E + - sin E sin q]dq ■

ni(e) ni(g) " * -
. - . . (5.22)

— 4 - ^2 n 4 , x
= - Eq - sin E cos q = -Ê ?+ %qi(U + sin E cos qi(E)

T ■ _ n=ni(?) '



Then, for 0 < £ < £o we have from (5.1?), (5.20) and (5.22)

rn/2_
ÿ(£) = J |K(?,n) |dn = Vi + ^4 + ^6

o

= |- + - sin cos g - 7 sin g + g^i(g) + sin g cos t]i(0

- sin cos + %^i(g) + sin g cos %i(g)

= S cos ^i(g) - sin g + 2g^i(g) - — - g . (5.23)

At the points g = 0 and g = go we have ÿ(0) = 0 and •

' “ " g
^C&q) = S sin cos ni(Eo) + sin go + 2goT]1(go) - ~ £0 £

|2
= 2 cos %i(Eo) - 1 + 2goni(go) - ~ - |o ? • . (5-24)

For go < g < g we have from ($.18) to ($.22)

i|r( |) = Vs + + ^4 + Vs

= - --- sin g cos r)o(g) + sin g + |- + ^ sin g cos g

_ W   - sin g cos i]o(g) + gni(4) + 7 sin g cos rn( g)

- sin g cos g - g + gni(%) + % sin g cos %i(g)

= - I sin g cos %o(g) + sin g + sin g cos ni(%)

- ho(g) I2 - f" + • (?-2p)

At the points go and g we get from (5.25)
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Ÿ(g
- | sin &o cos %(gg) + .^ sin | s in cos ni(^o>

*2
“ “ 2^ + 2^ot)i^o) - lo 2

É2
-.1 + 2 cos ni(%o) - ÿ1 2&oni(So) - g rtSo ÿ ’

which agrees with ($.24). Since sin g = g and ^i(g) = | we get

*(ï) = - | sin f cos %(E + sin f + | sin f cos ni(î)

+ Eno(E) ] - + 2g^i(E) - ê

= - 2î cos T|o(î) + I + [no(i) ]2 -1- + | T . । .26)

For g < g < ir/2 we have from ($.18), ($.1$) and ($.21)

1K E) = ^2 + ^3 + ^5 .

4 . . 4 . ,=  --- -------- sin g cos T]0(g) + - sin g

+ |— + ^ sin | cos g - sin g cos t]o( g)

+ g - g2 - sin X cos | (

= - h0(l) I2 - ” sin g cos %o(g) + sin g -

.27)

From ($.27) we get at g = g and g = x/2,

t(£) = ho(g) ]2 - 2g cos no( g) + g - ^- + g g

as in ($.26), and since t]o(jt/2) = g,
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cos % (f) + ^ - [no (§) I2 -

= - cos ê + ” - I2 + ■ (5-28)

A numerical calculation yields the following values

6 0 0.2 0.4 0.45 0.5 0.55 0.6 0.8

*(6) 0 0.0885 0.1526 0.1580 0.1401 0.1586 0.1555 0,0989

% 0.9054=^0 1 1.1 1.174602=1 1.2 1.5

♦(£) 0.0676 0.0489 0.021 0.0606 O.O687 0.1060

§ 1.4 . 1.45 1.5 1.55 1.5708 it
"2

♦(S) 0.1257 0.1554 0.14152 0.1445 0.1445

After computation, takes its maximum i|rmax = 0.144$4 at | = 1.570. Thus

kc = 0.1445&D-2. . ’

5-5. SOME LINEAR OPERATORS WITH RESPECT TO THE SQUARE NORM

Let us consider now the space Sq of all real valued functions x(t), 

-00 < t < +00, which are periodic of period T = 2it/œ, a) > 0, which are 

L2-integrable in [0,T], and which satisfy the symmetry relations (5.1)•

We shall take in Sq the usual inner product.and square norm

p(x).

(*,y)  =

l(x,z) ]V=

(5.29)
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Thus Sq is a separable Hilbert space for which ( Vz/T sin mt, 

V2/T sin 3mt,.. .) is an orthonormal system. If x(t)eSq and

x(-t) ~ c^sin mt + c3sin 3^Jt +. .. (5.50)

then

h(x)
T / %2(t)dt 1 . 22 \(C1+C3 +...).

Thus (Sq,u) is, in particular a normed linear space. Note that for the 

elements x(t)eSq which are bounded we may still define a norm ||x|| by 

taking . . . . . '

||x|| = sup|x(t) I .

We will see below a property of Sq where both norms, q and || ||, are 

being used. Otherwise, when we refer to properties "in Sq" we will refer 

exclusively to the usual square norm q.

Theorem 3.1. The space (Sq,q) is complete.

Proof. We first note that each function x(t)eSq induces a function of 

La(a,P) , namely, the restriction of x(t) to the interval [a,p] where a 

and p are any two real numbers and a < p.

Let (xn(t)), xn(t)eSq, n=l,2,... be a Cauchy sequence in Sq. Let 

Xn(t) be the restriction of xn(t) to [o,jr/2m]. Since Le[o,7t/2m],n=l,2,... 

is complete the sequence (x°(t) ), x£(t) elgto,it/2m] ,n=l,2,. . . converges 

to a square integrable function x°(t), te[o,#/2m]. We extend x°(t) to 

the whole real line by defining
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x(t) = x°(t) for te[0^Jt/2œ] and x(o) =0 , -

+ = “ t) for te[0,5it/2^] . .

x( -t) = -x(t) for te[o,2n/co] , 

. x(t) = x(t) for all real t = t (mod

and te [0?2n/a)]= ■ . •

Wow,. x(t) is L-integrable with x2(t) in [o,2jt/œ] and since '

n m/2œ . p-n/ 2<n
J [xn(t) - x(t) ]2dt = J [x°(t) - x°(t)] dt ,

' o o

• " T Tthe norm pi[xn(t) -x(t) ] tends to zero as n-^. Since x^G^ - t) = x^(^ + t) 

for te [0,T/2 ] we „have x°(^ - t) =• x°(^ + t) almost everywhere for ' 

te [0, T/2] and so x(-^. - t) = x(J + t) a.e., for te[0,T/2], If te[l/2,T] 

we have . ‘ ...

x(^ + t) = x(j +t-T) = x(t - = -x(^ - t)

= -x[^ - (t - ~) ] = -x[^ + (t - S) ]

T T • T ■= x[- - t f = x(^ - t) a.e.

If t = t (mod T), t a real number and te [0,T ] we have t = T-kT for some

integer k. Then

x(S - t) = x(^ - t) = x(^ + t) = x(J + t+kT) = x(J + t) .

Finally, for t as above '

x(-t) = x(-T+kT) = x(-t) = -x(t) = -x(T-kT) = -x(t) .
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Hence x(t)eSq .

Definition $.7. If x(t)eSq has the Fourier series (5.30) we define the ' 

operator P by

Px = c^in cut .

Lemma 5.7. P is an idempotent linear bounded operator.

Proof. P is obviously idempotent and linear. . It is continuous since

for any xeSq,

n(Px) (|(cî) 1 (cl+c3 n(x) . (5.3I)

Definition $.4. If x(t)eSq has the Fourier series (5.30) we define

H:Sg+Sq by

Hx Cl Co
- —5 sin-cut - - p sin Jcut -.. œ2 9tif

(5.32)

Lemma 9.8. H is a bounded linear operator in Sq and commutes with P.

Proof. If x(t) ~ Cysin tut + c3sin Jut +. . .

then

Hx Ci . ,—g sin cut C'a .
SI"

and

p(Hx)
1 A1
2 (a)4 9^m4

and so

‘ (C1+C3 1 m2 |i(x) = 1.0073 œ-2p.(x)

H Is bounded. Also p(Hx) for xeSq, and hence H:Sq-»Sq as

3at -

1 1 1
92 + 25^

stated in the definition of H. A simple verification shows that P and
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H commute^ and H is obviously linear.

Lemma 5.9. If I denotes the identity operator in Sg then H(I-P) is a

linear bounded operator in Sg. . . ... .

Proof. Linearity is obvious. Now, from (5.52),

pH( I-P) x = p. _9s
25^

sin -

and so H( I-P) is bounded. .

We denote by kg the (square) norm of H(l-P). Thus kg < 1/9m2.

On the other hand, for x(t) = c3 sin 5mt, we have

H( I-P)x(t) - gZf stn 3a*

pH( I-P)x(t) . = 2

•

1/2

Thus kQ > -i— , and finally 
9m2

kq 1
9

0.111.. .cd'

Lemma 5.10. If x(t)eSg, and y(t) = Hx(t), then y(t)eSg, y(t) is A.C., 

y'(t) is A.C. and y"=x. ■

Proof. It is a consequence of (5-7)•

Lemma 5.11. If x(t)eSq is A.C. with x'(t), if x"(t) is L2-integrable in 

[0,2jt/œ] then H(l-P)x" = (l-P)x.
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Proof. It is the same as in Lemma 5.6.

Lemma $.12. If x(t)eSq then there is a number k' such that

IIH( I-P)x|| < k'n(x) .

Proof. Indeed, if x(t) ~ cxsin at+c3 sin J at +... then by using Schwartz's 

inequality we get

1 ,1

Since (c3+cf +...) J1/2 < ( c i+c3 +...) I1/2 = q(x), the lemma is

proved if we put k' = + ^,+...) | . We have then

k' = 0.1694 cd-2 .



6. THE DIFFERENTIAL EQUATION x + g(x,t) = 0

6.1 / THE FIRST GALERKIN'S APPROXIMATION

We shall now proceed to the study of periodic solutions of the 

second order differential equation

x + g(x,t) = 0. (6.1)

We shall (a) prove the existence of periodic solutions, (b). we . 

shall give sinusoidal approximations of these solutions and (c) we 

shall give error bounds for these sinusoidal approximations.

It will be assumed that g(x,t) is a real function of the real var­

iables x and t, defined for all -A < x < A and -co < t < t °°, that, for 

every |x| < A,g(x,t) is periodic in t, of period T..= 2jt/œ > 0, and inte 

grab le in [0,T] for every |x| < A. Here T may not be the minimum per­

iod, but it is assumed to be independent of x. * .

The function g(x,t) always admit of the decomposition

■ g(x,t) = gi(x) + g2(x,t), (6.2)

where, for instance, gi(x) could be the average of g with respect to 

t, or, what is the same, the constant term in the development of 

g(x,t), as a function of t, in Fourier series. Under these condi­

tions we would have

PT nT
gi(x) = | / g(x,t)dt, J g2(x,t)dt = 0.

T Jo

57
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If g(x,t) does not depend on t, then (6.1) reduces to an autonomous 

equation

x + g(x) = 0, (6.3)

and then T is undetermined. We have already seen in Section 4 that the 

periodic solutions x(t) of (6.3) have period T = 2n/œ depending upon the 

amplitude. We also have seen that, for g(x) odd in x, x(t) has the 

following symmetries . '

x(-t) = -x(t)., x(p + t) = x(p - t), x(T+t) = x(t).
.. - . (6-4)

As a consequence x(t) has the further symmetries .

*(^ + t) = x(|ï - t), x(| + t) = -x(| - t),

and the solutions x(t) have Fourier series of the form

x(t) ~ Cj. sin œt + c3 sin 3“^ + ... .

To simplify the present discussion we shall assume that g(x,t) 

satisfies the same symmetry conditions : " "" _

1. .

g(-x,-t) = -g(x,t) . -, ■

■ g(.x,^ + t) = g(x,£ - t), (6.3)

g(x,T+t) = g(x,t), ■ •

for all t and all |x| < A. We shall also assume that g(x,t) has a de­
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composition of the form (6.2), which we write as

g(x,t) = go(x) + R(x,t) + S(t), (6.6)

where S(t) has a Fourier series Ai sin œt+Ag sin 5œt+... with Ai,Ag,... 

constants. Also we assume

2. ' .

g0(x) = o^x + + ... + —x2k-1, (6.7)

for some constants k, a > 0, ay,and all |x | < A. In addition, 

if (6.1) is autonomous we assume that gQ(x) > 0 for all xe(0,A].

J. For some fixed number L, for all X!,x2e[-A,A] and for all t we 

have ' -

|g(xi,t) - g(x2,t) | < L|'Xj - x2|. ■

We shall need hypotheses of continuity and measurability on g. The 

discussion below is divided into two parts where we use respectively a 

uniform norm and a square norm. We make correspondingly two different 

hypotheses for the two parts :

4a. The functions g(x,t), R(x,t), S(t) are continuous in (x,t) 

for all (x,t), |x | < A, -co < t < -ko,

’ ~(2^+l)7 (6-8)

for all |x| < A, -co < t < -ko, and some constant L and > 0.
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4b. The functions g(x,t), R(x,t) are measurable in (x,t) for 

|x| < A, -oo < t < +oo, S(t) is L2-integrable in (-oo,-k») and there is 

some function X(t), of t, periodic in t, with period T = 2n/co and L- 

intergrable on [O.T] such that

If x2(t>dt = i, (6.9) 

o

for some constants I and > 0. Under condition 2 we do not exclude 

the case where the polynomial is replaced by a power series in x of the 

same form, convergent in [-A,A], that is, the McLaurin series of the 

(analytic) function gQ(x).

In the autonomous case, the decomposition (6.6) reduces to 

g(x) = go(x) + R(x), hypothesis I reduces to g(-x) = -g(x), hypothesis 

2 remains the same, hypothesis 5 reduces to |g(xT)-g(x2)| < b|x^-x2| 

for Xi,x2e[-A,A], hypothesis 4 reduces to the single assumption 

a, '

where R(x) is assumed to be continuous under hypothesis 4a and only 

measurable under hypothesis 4b.

We shall consider approximate solutions of (6.1) of the form 

x = a sin cut, a constant. Note that here we suppose T = 2%/œ as given, 

and hence we may be able to determine a in order to satisfy the Galerkin 

equation as we shall see below. The approximate solution so determined 

will then correspond to a harmonic solution of Eq. (6.1) or actually to 

a subharmonic solution of (6.1) if T is not the minimum period of
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g(x,t). If g does not depend on t, that is, (6.1) is autonomous, then 

both a and co are undetermined, and we may be able to determine œ as a 

function of a in order to satisfy the Galerkin equation.

In general a sin art is not an exact solution of the Eq. (6.1).

If |a| < A, then the expression

9(a,t) = - aœ2 sin cot + g(a sin art, t) (6.10)

is defined for all -œ < t < +m, but not necessarily identically zero for 

any value of a / 0, and œ > 0. On the other hand, by (6.5) we have

0(a,T+t) = 0(a,t)

0(-a,-t) = - 0(a,t), (6.11)

G(a, + t) = 0(a, - t),

and 0(a,t) is obviously L-integrable in [0,T]. Precisely, 0(a,t) is a 

continuous function of a and t under hypothesis 4a and is L2-integrable 

in t for every |a| < A under hypothesis 4b. From (6.11) we have

' 0(a,t) ~ ci sin cut + C3 sin jœt + ... .

where

nT nTg I 2 / 2
Cl - J ®(a,t) sin artdt = - J [-aœ sin œt+g(a sin œt,t) ] sin œtdt. • 

o o

According to Galerkin's general approach we may request that the 

first coefficient c% is zero, that is, the Galerkin equation for the 

first approximation under study is .
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2 P
' u(a) = — [-aœ2 sin œt+g(a sin œt,t)] sin œtdt = 0. (6.12)

2 P? , -
p = — / R(a sin cot,t) sin cotdt, 

T

and Ai is a constant. Thus Galerkin1s equation (6.12) becomes

- aco2 + Z + Ai + p = 0 (6.14)

For the sake of simplicity we may prefer to take for a the value

of a which satisfies, instead of (6.12) or (6.14), the simpler equa­

tion

By using the decompositon (6.6) we have

n T T
u(a) = J - aœ2 sin2 œtdt + go(a sin cut) sin mtdt 

o o

a P1
+ — / [Ai sin mt+As sin $mt+... ] sin cotdt

. T J

2 rT
+ -r / R(a sin œt?t) sin cotdt, 

' T .

and thus u(a) decomposes into

u(a) = - aco2 + Z + Ax + p, (6.15)

where •’

p T ■
£ = — go(.a sin cot) sin cotdt, 

' o ■
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or

aco2 + Ai

- ao)2 + Z + Ài = 0, (6.15)

y go(a sin œt,t) sin mtdt = 0. 
o

If we use the expression (6.7) for gQ we have

g(a sin œt,t) o2a sin ry.cot + —^ a3 sin3 cot
5.'

%-l
(2k-l)J

2k-l a sin^k-l œt + %(*) s(t), .

where

l^o(t)I IR(a sin œt,t)|
- (22+1)

. ,22+1
sin cot I

2^+1
“ (2£ +1)

By Moivre1s inverse formulas

sin3u = " ^2 (sin 5u-5 sin u)

sin5u = (sin 5u-5 sin 5^+10 sin u)

sin7u = - (sin 7^-7 sin 5^+21 sin 5u-55 sin u)
2°

sin^-1u k-1 1
22k-2 sin (2k-l)u-(2k-l) sin (2k-5)u

+ ^1(21-2) sln (2k.5)u t
2.'

-^12 sin u , 
(k-l).'k.'
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we deduce

g(a sin mt)t) a2a sin œt + Qi a3
22 [3 sin œt - sin 3^4]

— [10 sin cot-5 sin 3æt +. sin 5u>t]

^2 [55 sin cot-21 sin 3wt+7 sin 5^^
7-'

- sin + ••■

5 '

+ sin cot

+ (-1)% —(2k-l).----  sin 3^t + ...
(k+1)(k-2).' .

+ £2k l)(2k 2) s^n ^2k-5) sin cot-(2k-l) sin (2k-3)cot 
2.' .

+ sin (2k-l)cot + ^(t) + S(t) .

From this expression we obtain

g(a sin cot,t)

5.' % a5 5' 
5.' 24 2J 3 * (2k-l).'

«1 a3
3.' 22

«2^5 + 
5.' 24

%
7-'
— 21 +...+ 2e .

a^-1 (2k-l).'
(2k-l)J 22k~2 (k+1) .'(k-2).' sin 3ü)t

k-1
(2k-1)•

_2k-l a
22k-2 sin (2k-l)cot + ^(t) + S(t)

= (Si+Ai) sin cot + (S3+A3) sin 5cot +...+ (S +A ) sin (2k-l)cot 
^K. — JL cK—1

++
CO •
) A2r+i sin (2r+l)cot, 

r=k
(6.16)
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where |Ro(t) | <a1/(2l+l')l\&\2t+1 and Si, S3,..., are the coef­

ficients of the harmonics in (6.16). Note that the polynomial Si(a) has 

the same expression as Z in (6.15), that is

. n.T .
Si (a) = Z = — / gQ(a sin œt) sin œtdt.

. ■ T o .

Thus, the Galerkin equation (6.15) reduces to • .

- ao^ + Ai + a^a + ——— -2-— + 
5.' 2 l'2'

°k-l agk-1 (2k-l)' = 0 
(2k-l)J 22k-2 (k-l)JkJ (g.!?)

In the non-autonomous case, cd is fixed and this relation represents 

an equation in the unknown a. We shall assume that Eq. (6.12) has a 

root a in the interval [ -A, A]. Then, when we use property 4a, b, for the 

sake of simplicity we assume as a first Galerkin approximation to the 

periodic solution of (6.1) the function

xQ = xo(t) = a sin cot,

where a is any of the roots of Eq. (6.17) in [-A,A] .

In the autonomous case, both co and a are undetermined, and there­

fore we may prefer to think of relation (6.17) as defining co as a func­

tion of a. We shall then write (6.17) as .

œ2 = + ---8^
1.'2.' 22 225: 24 (k-l).'kJ

(6.18)

Note that Ai = 0 in the autonomous case.

We shall prove next that, by restricting a, if necessary, to be 

in an interval [-AO,AO], with Ao < A, the second member of (6.18) is
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actually positive and thus (6.18) defines co > 0 as a single valued 

function of a for -Ao < a < Ao.

If cr > 0 the statement is obviously true.

If o' = 0 then not all real numbers are equal to zero

and we denote by 0^,'l < q < k-1, the 

(%! = ...= = 0. From hypothesis 

case) we have

first one which is not zero. Then

4a, (Eq. (6.8) for the autonomous.

|g(x) - (b^^^ + ... +

where bj = aj/(2j+l), for all [x| < A and, in particular, for 0 < x < Aq.'

Now we have for 0 < x < A .

(g(x)-bq^+h - (\+^ =

for some 9, -1 < 0 < 1, or .

|g(x) bqX^^| < |@|bjx|2^1 + |b + ... + b%_ix2k-l|.

If m = max [ |b^+1 Jb"1,. . . Jbk_1 Ib^1,!^!"1] then we have

|g(x) - < m|b^||x|^ f ... f n|b^||x|^-l + m|bq||*|2'+l

< m|b^|:|x|^\...+h|2k-hh|2'+l)

m|bq|D|x| 2q+5 9
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where D is the sum in brackets. This inequality implies that

^q^^^ - m|bq|D|x|2q < g(x) < b^x % 1(l+mD|x|2sign bq) ' (6.19)

for all xe(O,A]. If we take any B, 0 < B < Aq, B < (^D) ~V2 then for 

xe(O,B] we have mD|x|2 < 1 and (6.19) says that g(x) has the same sign 

of b^x i.e., the sign of b^. Since g(x) > 0 for xe(Ô,A] we conclude 

that bq > 0. Thus, the first coefficient ay. which is not zero is posi­

tive and so, for some Aoe(0,A] the expression (6.18) for œ2 is positive. 

We shall choose a such that this is the case. Thus, in the autonomous 

case, when we use property 5, for the sake of simplicity, we assume as 

a first Galerkin approximation to the periodic solution of (6.1) the 

function

xo = x0(t) = a

where ae(0,AoJ and cd = o)(a) > 0 is the function of a defined by (6.18).

6.2. AN EXISTENCE THEOREM WITH THE USE OF THE UNIFORM NORM

Let us consider the space Sc, discussed in Section 5.1 of all-func­

tions x(t) which are continuous in (-00,00) and satisfy the symmetry con­

ditions (5.1), or ' ■

T Tx ( -t ) = —x(t), x(^ + t) = x(^ - t), x ( T+t ) = x(t). '

Let Sc be the subset of all elements x(t)eSc such that |x(t)| < A.
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Let g denote the operator defined by taking

. gx = g[x(t),t], xeSc. .

By use of (6.$) we have . ■ '

g[x(t+T),t+T] = g[x(t),t], '

g[x(-t),-t] = -g[x(t),t], 

g[x(^ - t), p - t] = g[x(^ + t),t], 
. 4 4 4

and" thus gx is a function of t satisfying symmetry relations ($.1). By 

hypothesis 4a then gx is a continuous function of t in (-»,*).  Thus.gx . 

is an element of Sc for every x(t)eSc, that is, g:Sc -*  Sc. ' ‘ "..

Lemma 6.1. g:SC + Sc is a continuous operator in Sc, in the sense that 

||gx1-gx2|] < L||x1-x2|| for all x1 = x1^), x2' = x2(t) in S^.

Proof. We have ||gx1-gx2|| = max|g(x1(t),t)-g(x2(t),t)| < maxLlx^t)-x2(t)| 
t t

= lIIxMI. - ,

Definition 6.1. We define the operators f, and T by taking

fx = (I-P)gx,

Ex = -Hfx =-H(I-P)gx (6.20)

' Tx = Px + Fx = Px - Hfx = Px - H( I-P) gx ,

for all xeSc. Clearly f, F and T map Sc into SQ.

Lemma 6.2. The operators f, F and T are continuous operators in Sc. 

Proof. A consequence of Lemmas $.2, 5-5 and Eq. (6.20).
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Let us denote by b an undetermined number in a neighborhood of a.

In harmony with (6.10) let us denote by &(b,t) the function of t that 

we obtain when x is replaced by x*(t) = b sin cot in the expression 

X+g(x,t). Then • ' -

' Q(b,t) = - bo)2 sin cot + g(b sin cot,t) (6.21)

and O(b,t)eSc. Also we shall denote by A(b,t) the function

• A(b,t) = H(I-P)0(b,t). (6.22)

Then we have . ■

x*  + g[x*(t),t]  - 0(b,t), (6.25)

H(l-P)x*.+  H(l-P)g[x*(t),t]  = A(b,t). (6.24)

Since, by lemma 5-6 _

H(l-P)x*  = (I-P)x*.  = x*  - Px*,

we have from (6.24) - ... '

x*  = Px*  - H(l-P)g[x*(t),t]  + A(b,t).

In particular, for b = a, we have

xo = ^o " K(l-P)s[xo(t),t] + A(a,t). (6.2$)

This relation will be used later.
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Let

• ■ 7C = ||A(a,t)|| = max|A(a,t) |,
. t

where J a [ .< A. . . . .

Let c?d, be positive constants, 0 < c < d,. let b be any number with

|b-a| < c, |b| < A. ■

Let Vc be the set of all elements x*  = x*(t)  of Sc of the form 

x*(t)  = b sin cot, with b as above. In other words

Vc = {x*|x*eSc,x* = Px*,||P(x*-xo) || < c). .

■ ' t. 'Indeed ’ . , ,

■ ||P(x*-xo)|| = max | (b.-aj sin cot | = |b - a] < c. . /

For every x*eV c let S* Q denote the subset of SQ defined by

sco = U|xeS;Px = Px*J|x-x o|| < d).

We have to make sure that x*eS*  . Indeed Px*  = Px*  and

. Ilx* - xo II = | (b-a) sin cot | = |b - a | < c < d.

Thus x*eS* Q and hence S*  is not empty. Also S*  Gs since 
■ co G

max|x(t)| = ||x|| < ||xo|| + ||x - xo|| < a'+ d

all we need is that a+d < AQ. Thus the constants a,e,d must be taken

in such a way that 0 < c < d, a+d < Ao, and then we may taken for b 
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any real number with |b-a] < c. Then, for every x*eV,  the set S* Q is 

well defined, is not empty, and is a subset of Sc; We shall denote -­

by ke the number already introduced under lemma $.4.

Theorem 6.1. If c,d, are positive constants with 0 < c < d, a+d- .< Ao, 

if b is any real number with |b-a| < c, and x*  = b sin cut, if 

c+7c 5 (l-kcL)d, kcL<L then T/S* q is a contraction and maps S* Q into 

%- ' . /

Proof. If xeS* 0 and y •= Tx, we have ’ ? . ......

' y = Tx = Px - H(l-P) gx ' 

hence

Py = PPx - Hl(l-P)gx

and by lemmas 5.2 and 5.4. . - . ■■

iy = Px .+ 0 = ■ Px* ■ .

Also we have, by comparison with (6.25) and by previous lemmas, 

y = Px - H(l-P)gx, .

xo = ^o ~ H(l-P)g%o + &(t,a), 

y-xo = P(x-xo) - H(l-P)(gx-gxo) - A(t,a), .

liy - ^oll 5 llp(x-xo) Il + ||H(I-P) (gx-gxo) || + ||A(t ,a) ||, 

- lly ~. xoll 5 llp(x*-Xo)  II + ||H(I-P) (gx-gxo) || + ]|A(t ,a) ||, 

lly - xoll < c + kcL||x - xo|| + 7C,

||y - xoll < c + kcLd + 7C < (l-k^d + kcLd = d.
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Thus T/S£o maps S* o into S* Q. .For any two elements we have

now ■ "

' = TXi, 1 = 1,2,

and ;

yi = Pxi - H(l-P)gXi, .

ya = ^a - H(l-P)gx2,

where Pxx = Px2 = Px*. Py comparison we have .

yi - ya = H(l-P)(gXi-gx2),

llyi - yall = ||h(i-p) (gxx-gx2) ||

< I|H(I-P)||||gx1 -gx2||

< kcL||x! - x2||, .

where k„L < 1. This shows that T/S* is a contraction'. " 
c ' co

Lemma The subset S* o of Sc is a complete metric space.

Proof. Let (xn) be a Cauchy sequence of elements of S* q. Then the ,

limit x exists and is an element of S . On the other hand, P is a ' 
. c

continuous operator, hence Pxn = Px*  implies Px = Px*.  Also we have

l|x - xo|| < ||x - xn|| + 11xn - xo|| where ||x-xn|| + 0 and ||xn-xo|| < d.

Hence ||x-xo|| < d. This proves that the limit element x is in S* o and 

so S* Q is a complete, metric, (nonlinear) subspace of Sc.

As a consequence of the two previous results and Banach's fixed
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point theorem we have the following corollary.

Corollary. Under the conditions of Theorem 6.1,.T|g*  has a unique 
co

fixed element y = iyeS*o. .

Let y be the fixed point of tL„ . Then 
■ -co

y = iy - H(I-P) gy.

Thus y is the sum of an expression b sin cut, and of a function

Ÿ(t) = H(l-P)g[y(t),t] which is. of class C2. Then y(t) is of class C2. 

^y differentiation we have

ÿ = Pÿ - (I-P)gy,

' ÿ + g[y(t),t] = P[ÿ+gy ],

. or '

ÿ + g[y(t),t] = D, 

where D has the simple form

D = P[ÿ+gy] = U sin cut. (6.26)

' Also y is a solution of (6.1) if and only if D = 0., that is, U = 0. 

We denote this equation as the determining equation of (6.1). Since 

x*  = b sin cut, Px*  = Py and y is determined by x*  we have

y = b sin cut + b3 sin 5^t + b5 sin $cut + . . . , •

where b3,b3,... are functions of b, and also

g[y(t),t] Pi sin cut + p3 sin 5^t +



7^ .

where again Pi,Pa,B5,... are functions of b. Then, from Eq. (6.26) 

p T "
U = U(b) = — ' (y"+g[y(t) ,t]} sin œtdt = . -œ^+Pi = -œ^b+Pi(b)

. T % - (6.27)

We have to prove that there exists some b with a-c < b < a+c such that 

U(b) = 0.

Let g[x*(t),t]  = Pio sin mt+Pgo sin 3^t+... and note that by Eq. 

(6.12)

2 rT
u = u(b) = — (x*"+g[x*(t)  ,t] ) sin œtdt = - cob + Pio '

T Jo ’ • . .

= - m^b + Pio(b)

and

|u(b) - u(b) | = |pi - Pio| = ||P(g[y(t),t] - g[x*(t)  ,t]}||,

then by lemma 5-2,

IU(b) - u(b) | < ||g[y(t) ,t]|| < L||y(t) - x*(t)||.  (6.28)

We have now

y = Ty = Py - H(l-P)gy, Py = Px*  = x*,
(6.29) 

y(t) = x*(t)  = y - Py = - H(l-P)gy.

We have also from Eq. (6.25)

.. xo = Pxo - H( I-P)g[xo(t) ,t] - A(t,a),
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■where .

xo = a sin œt = Pxo.

Hence

0 = - H(l-P)gx0 - A(t,a),

and by comparison with Eq,. (6.29)

y(t) - x*(t)  = - H(I-P)[gy-gxo] + A(t,a),

’ ||y(t) - x*(t)||  < H(I-P) [gy-gxo] + A(t,a)||
. . (6-30)

' ; . < i|H(l-P) llllgy - gxo|| + ||A(t,a) ||

< kcL||y - xo|| + 7C < kcLd + /c.

Thus, from Eq. (6.28)

|u(b) - u(b)| < (kcLd+7c). (6.51)

From (6.15) we have now

u(b) = - boo2 + Sj(b) + Ai + p

2 P ' * *
. '+ — R(b sin œt,t) sin œtdt .

o .
= Uo(b) + q(b),

where uQ(b) is the polynomial in. b of degree 2k-l above and 13(b) is

the last expression. For b = a we have u^a) = 0 and so u(a) = ^(a).
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Wow we have

|R(b sin œt,t)| |b sin mt 22+1

T ' ~ '
171(b) I <| I -—|b | 1 sin mtl^^clt.T Jo (22+1). ■

Hence

T
|n(b) | < 2 P --- |b|2k+1| sin mt^^lt

T (2k+l) J 
T

“ J 1 (6'33)

= 4 a,|b|2'+i

* [1.3..... (22+1) ]2

P ry» ll-> 12^+1
We call X the number------ S±2_L2J---------  . if R(x,t) =Oin the decom-

« [1.3.... (22+1) ]2

position (6.6) then, of course, X = 0.
Now, from (6.52), we have

Uo(b) Ai + b(c2-m2) + -^-
1'2'

b3 °k-l b^"1
2^ (k-l)JkJ 2^k“2' k = 2,5,...

and by use of (6.17)

uo(b) = 

+

Al , b 61- =( +
^..'2' 2^ 2.'5.' 24 (k-l).'k.' 2^k-2 a

0=1 b3 , 5.-1 b2^1
(k-l)Jk! 22k-!'

For b = a ± c we have
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+ C 6- aî + âl + + ^-1 aA
\U2J 22 2 J 3 J 24 '“ (k-l)JkJ 2^-2 a )

+ (a±c)3-a3 + .+ °k-l (aicl^'A^'1
1:2J 22 (k-l)Jk: 22k~2

«1 af + % + + °k-l aJ
1J2.' 22 2.'?.' 2*  " W2^ FJ °

3\ Qia + p\Qga3 + p\ %a3 + 
,2/ 1J2!22 \2/2!5J24 \2 A.'4J2s

-
(k-l).'k.'2^^

«1
l'2'22

5 
.5

O^a2 
2'9'2^

+ +... + ■/2k-lA_^-ia^^1 FA\ %a
)J4.'26 \J p (k-1) .'k.'22k-2j ^4 A-^-'24

z \ ' / \ 2k-5 -,
c4 + ^

^Jy.h'.2& \ 4 / (k-l).'k.'22k-2j

%-l_____-
(k-l^'k'2^^ ° (6.)4)

We denote by and u02 the two numbers u0(a±c). We shall assume that

Uoi and Uo2 have opposite signs and we denote by Q the minimum of |uol| 

and |uO2|, that is

Q = mint luoilJuoal ]. (6.35)

Remark. If we assume that a is not only a root of Eq,. (6.17), but a 

simple root, that is, if we assume that the coefficient of ±c in (6.$4) 

is not zero, that is .

2k-2_ Ai + 2^a2 + 4aga4 (2k-2) J Qk-ia / Q
a 1J2J22 2'3'24 (k-l)'k'2^-2 T ’ 65

then Uqj, Uq2 will be necessarily of opposite signs for c sufficiently 

small.
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We have now the elements to prove the following, theorem.

Theorem 6.2. Let a and <u satisfy Eq,. (6.17),

- aco2 + Ai + a2a + —— 
3*  22 U2r..  (2k-i)j

a2k-l(2k-l) :
22%-2(k-l) .'kJ 0.

Assume that c,d are positive constants

that c+/c < (l-kcL)d, kcL < 1, X < Q, and

L(kcLd+/c) < Q - X (6.36)

where

be of

Q = min [|uo(a-c)|,|uo(a+c)|] and we assume uo(a-c), uo(a+c) to

opposite signs and

7c X
a%|b|^

*[1,3,...;(22+1)]2

Then,

x*  = b sin cut, the fixed element y = Tÿ of the map T/g*  satisfies the 
co

equation

ÿ + g(y,t) = 0,

with .

for some real number b and Xn = a sin cut

y(t) = b sin œt + ba sin 3æt + b5 sin 5æt +...,

Ily(t) - x*(t)||  = ||y - iyf| < min [kcLd+7c ,c+d], 

and

||y(t) - xo(t)|| < d.
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Remark. As pointed out before, in the autonomous case we may consider 

œ as a function cd = co(a) of the parameter a defined by (6.1?). In the 

periodic case, cd is,fixed and a is assumed to be a root of Eq. (6.1?). 

Proof. We have only to prove that U(b) has opposite signs at the 

points b = a±c. Indeed, if so, there is some b, a-c < b < a+c, such 

that U(b) "= Ô, i.e., y(t) satisfies the determining equation, U = 0, 

and hence the equation ÿ+g(y) = 0. We have, by hypothesis, either 

Uqi < 0 < uqs or Uoi > 0 > Uq2. We assume that the first case holds. 

The reasoning is the same in the second case. Then, by the definition 

of Q

Uqi < 0 < Uq2 (6-37)

implies

uo(a-c) <-Q<O<Q< uo(a+c). (6.38)

Now, by the definition of uo and t]

u(a±c) = Uo(a±c) + ^(a±c)

where ^(a±c) < X, and from (6.31)

|u(a±c) - u(a±c)| < (kcLd+7c). (6.39)
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Since -,

U(a±c) = u0(a±c) + [U(a±c)-u(a±c)]
(6.40)

+ [u(a±c)-uo(a±c) -i](a±c) ] + ^(a±c) ■

we have by using (6.35), (6.38) and (6.39)

U(a+c) > Uô(a+c) + |u(a+c) - u(a+c)| - 0 - |^(a+c)| 

> Q f (kcLd+7c) - X > Q - (kcLd+/c) - X.

By hypothesis this last expression is positive, i.e., U(a+c) > 0. Again 

from (6.40) we get

U(a-c) < uo(a-c) + |u(a-c) - u(a-c)| + 0 + |^(a-c)|,

and by use of (6.38) . .

U(a-c) < - Q + L(kcLd+yc) + X

and so U(a-c) <0. Thus the theorem is proved.

6.3. AN IMPROVED FORM OF THE EXISTENCE THEOREM ■

Theorem 6.2 may be improved if we find a better evaluation for

IPi~PioI* First we find a bound for b3 in the expression

y = b sin cot + b3 sin yat +.. . .

We have,
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P / ô Ibs = — / (y-ïÿ) sin 3cotdt = — J [-H(l-P)gy] s in 5œtdt 
7) . o
rT '

= — 1_ [-H(l-P)gy][- cos Jœt]dt
3œt Jo dt -

' p T p T
= / (I-P)gy sin 3œtdt = / (gy-Pgy) sin ^œtdt

9œ2T . ■ 9œ2T

2 rT " -
■ ■ = / ((sy-gXo)-P(gy-gxo)+(gxo-Pgxo) ) sin 3ü)tdt,

J, .

where we used twice integration by'parts. Therefore 
' 1 ' ' : -

2 pT .
' Ib3j < ^2^ ||(gy-gxo) - P(gy-gxo) + (gxo-Pgxo)|| J I-sin 3mt|dt

^2^ ~ (Ilgy-gxoll+llPCgy-gxo) IHIgxo-PgxoID

T-j- (||gy-gxo|| + ||gy-gxo||+||gxo-Pgxo||)

*~2 " L||y-xo||+||gxo-Pgxo||V, 

æ « L - - . J

(n+4)Ld+hg, (6.41)

where

he = ||gxo - Pgxo|| = ||G(a,t)||

As we know Pi-Pio is given by

Pl - Pio
pT

[Pgy-gpy] sin cotdt 
o

PT
/ [gy-giy] sin œtdt.
t - (6.42)

Now, for any real number z

go(z) = a2z + 21 z3 + z5 +... 
D* >•
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and so

g(ïy+(y-iy)) = c^[Fy+(y-Fy)] + (ry)+(y-ry) J3 + ^+...
■ 5 • 5‘

and '

y(iy) = o2py + (?y)3 + — (ry)5 +...+R02,
5- ••

where . ' ■

' Roi = R[y(t),t] + S(tj, .  .

Roa = R(iy,t) + s(t), ■

and hence ' ■

R = Roi - Ros = Rty(t),tJ - R[iy,t].

Then ' ' ■ •

. g(y) - g(ry) = g[Py+(y-Ry)l - g(Ry)

■ = a^(y-fy) + ([ty+(y-iy) 1 - (Ry)3) .
5 ■

. + It (y5-(ïy)5) +...+ Roi - Ros , '
. >•

where ‘

[ry+(y-Ry)]3 - (Ry)3 = y3 - (Ry)3 = 5(iy)2(y-iy) + 5(Ry)(y-Ry)2 + (y-Ry)2

Since c^(y-Ry) has no term in sin cot it does not affect the value of the

integral (6.^2) , We write '
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Pl - Pio sin œtdt
p T
/ 5(Py)^(y-iy) sin mtdt
o '

+ 5 iy(y-iy)2 sin ootdt 3 sin œtdt

pT A • '+ m / 7 -——— sin œtdt

T J La (2n+l): .
n=l ... ....

2 p­+ — / R sin œtdt = Ui + a a + a3 + cr4 + cr5. (6.4$)
o .. . . ■ ■ . ' ' . .

Now we evaluate each term of (6.4$).

' p T
| oi I = It / 5(^)2(y-^) sin œtdt

■ Jo :

(b2sin3œt)(b3sin $œt+b5sin 5œt+,,.)dt|

($ sin œt- sin $œt),(b3sin $œt+b5sin $œt+... )dt |

= |b3|b2|ax| < b2|gx| 
8 - lSœ2n Ld+hc (6.44)

5(Py)(y-Fy)2sin œtdtI
5*  .

TP $||fy||||y - Fy||2|- sin œt |dt (6.4$)Vo 5.'

= 7 l^illl^lllly - |'ai|b(kcLd+/c)2.
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103I = S / — -lsil||y - ry||3] sin œtdt|dt
T 52 T Jo ?•'

(6.46)
= —killly - iy||^ <^-|aiKkcLd+7c)^. . -

• ■Now, we have for every m > 1

ym- dy)m = [My-iy)]™ - dy)m

.. : = % @(y-iy)^(iy)3 ,

• . 5=0 . ■
■ - - m-1

= . = (y-%r) y

and for every t we have also

... . - m=o
■ x 1 /fn\ m- s -1 a. ^-(^ri<|y<^lX(s)|y-iyl W,

s=o

where ' -

' _ m(m-l). - • (m-s+1) _ m (m-1) (m-2)... (m-s)
k/ 1...s m-s 1...s

and m-s > 1. Therefore •

and . ■ . ■

m-1
If - dyri < m|y - iy| £ |y - 

s=o
= m|y - iyj(ly-Py+liyl)™ 1.
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Finally we have

Il7 - (iy)mll < m||y - Mdly-M+IIM)111’1-

Therefore, the term Ü4 in (6.45) can be evaluated, as follows

' n T Xq
1^41 = l| J £ (2n%).' sinœtdtl

. 0 n=2 ’

r < I J sin œt|dt1 < (2n+l).° n=2
■ • ' k ■ ' '

= 7 F 4^4rlly - iyll(lly-^lkll^ll)^ ■ 
(2n) :

n=2 
k ।

= Jlly - M ) 4^4? (l|y-ry|HI^I)^'

In particular, since Hy-lVl] < kcLd+7c, and ||ïÿ|| = b, we have

j k
k41 = |§ P y (y^^-(iy)^^) sinœtdt|

■ ■. 1 Li (2n+l):
° n=2

k
< (kcLd+y^) W- (b+kgLd-fyJ^.

n=2 n ‘

For the term 05 in (6.45) we have
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ksi
O

nT
= || J (R[y(t) ,t]-R[iy,t] ) s in œtdt

2 f Qp |yk^ +
T O L (2Zfi)J (2^+1)_ | sin mt | dt

* ■ T§ y I 5in œt|dt

O

ItA Ulyl^^lliÿf'^).

Since ||y|| < || y-xo||+||xo|| < d+a, and ||ïy|| = ||ïy-xo||+a < c+a, we have

ksi = || J R Sin mtdt| < â fgTTïyT [(d+a)2^]-+(c+a)2-(+]-].
o ’

Finally we have

kl- Pio I < kl I + ksi + ks| + I04I + ks

<■ bgkil
- lSœ2jt

□. + zkd+hp
< jt/ L

“ki k(kcLd+7c)2 .

^hiKk^Ld^)^

k
| (kc“Ve) £ ^7 (b+k.Ld^)^

n=2

(6.47)

We denote hy B the second member of this inequality. With these results

.we may-state the improved version of Theorem 6.2.
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Theorem 6.j. Let a and œ satisfy Eq. (6.17), namely

- aœ2 + Aj. + ü2a
y. 22 l.'2'

%-l
(2k-l).'

a2k-l 
22k-2

(2k-l): 
(k-l)'k' 0.

Assume that c,d are positive constants, with 0 d. a+d < Ao, that

c+/c < (l-kcL)d, kcL < 1, X < Q, and

Q - X (6.48)

where Q = mint|u0(a-c)|,|uo(a+c)|] and we assume uo(a-c), u0(a+c) to be

of opposite signs and

7c
20=2 |b

rttl.3— -(2/+1)]2

Then for some real number b and xo = a sin cot

X

x*  = b sin mt, the fixed element y = iy of the map T/n# satisfies the 
°co

equation

ÿ + g(y^) 0,

with

y(t). = b sin mt + b3 sin Jmt + b5 sin 5mt, 

||y(t) - x*(t)||  = ||y - ry|| < min[kcLd+7c,c+d],

and

||y(t) - Xq(t) [I < d.
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The proof of Theorem 6.J is the same as that of Theorem 6.2 with B re­

placing L(kcLd+yc).

6.4. AN EXISTENCE THEOREM WITH THE USE OF THE SQUARE NORM

We shall now consider, as in Section 5.3, the space Sq of all real 

valued functions x(t),-=o < t < +oo, which are periodic of period T = 2#/œ, 

which are L2-integrable in [0,T], and satisfy the symmetry conditions 

(5-1)• We shall take in Sq the square norm. Therefore, if 

x(t) ~ ci sin œt+cs sin 3æt+... we have . .

x2(t)dt V2 = ^-^citc^+...^^.

As it was pointed out in 5.5 the elements x(t) which are bounded 

functions in (-00,+00) admit also a norm ||x|| = sup|x(t)|. In particular 
■ t

let ' ■ • '

Sq = (x(t) |x(t)eSq,||x(t)|| < A). .

Let g be the operator defined by

. gx = g(x(t),ti x(t)eSq. '

From condition 1, (Eqs (6.5)), we see that g(t) = g(x(t),t) has the 

same symmetries of x(t), that is

g(-t) = - g(t), g(^ - t) = g(^ + t) and g(t+T) • = g(t).

Lemma 6.4. g:Sq Sq is a continuous operator in Sq.

1 
T
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Proof.

n(gxi-gx2)

&p Jo

(6.49)

We now define the operators f, F and T by

fx = (P-I)gx, Fx = Hfx = H(P-l)gx, .

Tx = Px+Fx = Px + Hfx .= Px + H(P-l)gx

for all xeS^,. Then ' .' * • ... ■ ■

• "*  ^q ^q'

Lemma 6.5. The operators f, F and T are continuous•in 3^. 

Proof. An immediate consequence of preceding lemmas.

Let x*(t)  = b sin cot be an element of Sg. Let

0(t,b) = x*"  + g(x*)  = - bœ2sin œt + g[b sin mt,t].

Then 0(t,b)eSg. Let

A(t,b) = H(l-P)O(t,b) = H(l-P)x*"  + H(l-P)g[x*(t),t].

By lemma $.11 . . .

H(l-P)x*"  = (I-P)x*  = x*  - Px*,
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and. so

x*  = Px*  + H(l-P)x*"  = Px*  - H(l-P)g[x*(t),t]  + A(t,

For b = a we have

x*(t)  = Xo(t) = a sin 0)t

and '

xo = Pxo - H(l-P)gLxo(t),t] + A(t,a).

We denote by /j and 72 the numbers

71 = lk(t,a)||,

72 = n(A(t,a))

Let c,d,r,Ro be given numbers with 0 < c < d, and 0 < r < Bq.

be the set

sqp = (x|x€Sq,n(x-xo) < dj|x-xo|| < Bq).

Let Vq be the set '

Vq = (x|xeS^,pP(x-Xo) < c,||p(x-Xq)|| < r).

The sets and SqO are not empty since x0 belongs to both.

For any real number b with

(6.50)

(6.51)

(6.52)

Let Sqo

(6.53)

(6.54)
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let x*  be an element of of the form x*  = b sin cot-. Since

]|P(x*-x o) || = max| (b-a) sin cut| = |b - a| <r

and

|iP(x-xo) = -^.(b-a)^-1/2 = ^|b - a| < c,

then x*  is an element of V^. Conversely, if x*  = b sin cot, then b 

satisfies (6..

Let S* o be the subset of with elements x such that Px = Px*,  

that is

= {x|xeSq,Px = Px*,^(x-x 0) < d,||x - xo|| < Rq). (6-55)

The set S*  is not empty since x*eS*  . To assure that S*d^S  we must 
go 1° go %

have Rq chosen in such a way that Rg+a < A. Indeed

llxll < ||x - Xo|| + ||xo|| < Rq + a < A.

We conclude that, if 0 < c < d, a+Ro < A, b is such that |b-a| < f ' 

and ^Jb-a | < c then the set S*  is defined and not empty for. each 

x*eVq,  and contained in S^. We shall denote by kg and k1 the numbers 

already introduced under lemmas 5.9 and 5.12.

Theorem 6.4. If c,d,r,RQ are constants such that 0 < c < d, 0 < r < Ro, 

a+Ro < A; if b is a real number such that |b-a | < c, ^|b-a | < r and 

x*  = b sin cut; if c+y2 < (l-kgL)d, r+k'Ld+/i < Ry, kqL < 1 then 

T|s*  is a contraction in the square norm and maps S*  into S*  .
9.° go go
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Proof. Let

y = Tx = Px - H(l-P)gx^

with xeS* o. Then

py = PTx = PPx - PH(I-P)gx = Px + 0 = Px*.

By (6.25)

. xo = BXq - H(l-P)g[xo(t)] + &(t,a),

and so .

y - xo ~ p(x-xo) - H(l-p)(gx-gx0) - A(t,a), 

n(y~xo) < ^(x-Xq) + htH(l-P) (gx-gxo) J +' ^A(tja)

= ^P(x*-Xo)  + ^[H(I-P)(gx-gxo)] + nA(t,a)

< pP(x-Xo)  + k^(x-xo) + ^A(t,a)*

< c + kqLd + /s.

Py the hypothesis ■

n(y-xo) < c + kqLd + y2 < kqLd + (l-kqL)d = d.

Also ■

Ily “ xoll < l|F(x-xo)|| + ||H(I-P) (gx-gx0) || + ||A(t,a) ||

<r+k'Ld+y1<Ro.
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Hence T/S* o maps S* Q into 2^. Now, if xx, x2eS* o and yi = Txi,y2 = Tx2, 

we have

yi - y2 = H(l-P)(gx!-gx2), 

k(yi-ys) < p[H(l-P)]p(gxx-gx2) < kqLpfxi-Xg).

Since, by hypothesis k^L < 1 the theorem is proved. - • ...

Lemma 6.6. The subset S* o of Sq with the metric of Sq is a complete 

metric space. ' ' -

Proof. We know that Sq is complete by Theorem 5.7, that is, given a 

Cauchy sequence (xn) with xneS* Q, n = 1,2,... there is an element 

xeSq such that p. (xn-x) tends to zero as n •*  00. All we have to prove 

is that xeS* o that is, Px = Px*,  p(x-xo) < d and ||x-xo|| < Rq. Since 

xneS* 0 we have, for all n = 1,2,... ■ '- .

Pxn = P%*,  d(xn-x0)- < d, and ||xn - xo|| < Bq.

We first show that Px = Px*.  Indeed, we have

p(Px-Px*)  = p(Px-Pxn) = pP(x-xn) < p(x-xri).

Since p(x-xn) + 0 as n + » and p(Px-Px*)  is a number, it must be zero. 

Hence p(Px-Px*)  = 0 and this implies Px-Px*  = 0. Now we claim that 

p(x-xo) < d. Indeed,

p(x-xo) = p(x-xo+xn-xn) < p(x-xn) + p(xn-xo), 
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where |i(x-xn) + 0 as n + p.(xn-xo) < d for all n and n(x-xo) is a 

fixed number. We have p(x-xo) < d as claimed. Finally we have to show 

that ||x-x0|| < Fq a.e. From integration theory we know (see Ref. 15, p. 

76) that convergence in the square norm implies convergence in the mean, 

and convergence in the mean implies convergence in measure. This means 

that given any e > 0 there is an N such taht for n > N the set

[te[O,T]I|xu(t)-x(t)I > e)

has measure less than e. Now,

|x(t) - xo(t)I < Ix(t) - xn(t)| + |xn(t) - x0(t)I,

for any n > N, where |x(t)-xn(t)| < g but in a set Zn of measure, less 

than g, and |xn(t)-xo(t)| < Ro for all t. Thus |x(t)-xo(t)| < Rq+g 

for all [0,T] but in a set of measure less than g, with g > 0 ar­

bitrary, n > N. Thus, |x(t)-xo(t)| < Rq for almost all t. Since the 

space Sq is made up of equivalent classes of functions x(t), we may 

well change the values of x(t) in a set of measure zero if necessary, 

and assume |x(t)| < Rq for all t. This completes the proof that the 

limit x(t) of a Cauchy sequence in S* o is an element x(t) of S* Q.

As a consequence of the two previous results and Banach's fixed 

point theorem we have the following corollary.

Corollary. Under the conditions of Theorem 6.4 T/S* o has a unique 

fixed element y = l^ycS* 0. .
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As before, y is a solution of the differential equation

x + g(x,t) =0 .

if • •

D ■ = P(ÿ+gy) = U sin œt = 0,

that is, if U = 0. This is equivalent to -œ2b+p1(b) = 0 where Pgy = ^(b).

We have to show that there is a be[a-c,a+c] such that U(b) = 0., We put. 

again ' .

g(x*,t) = p10 sin o)t + P3O sin +... (6.56) .

y = b sin cot. + b3'sin Jœt +. .. (6.57)

g(y,t) = Pi sin dût + p3 sin 5cut +..., (6.58)

and so '

2 fT
ÿ J (y"+g[y(t),tJ) sin œtdt = - œ^b + Pi(b). (6.59)

Now

u(b) = - dû^b + PiO(b) .

and .
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|u(b) - u(b) | = ]Px - Piol = )2

= V2 pP[g(y)-g(x*)  ] <VÏÏ n(g(y)-g(x*)  ]

< V2 4i(y-x*) .

From Eq,. (6.30) we have ....

y(t) - x*(t)  = - H(I-P)[g(y)-x(xo)] + A(t,a),

and hence

n(y-x*)  < nH(l^P) tg(y).-g(xo) J + nA(t,a)

' < kqLh(y-x0) + nA(t,a) < k^Ld+72.

Finally ....

IU(b) - u(b) I <V2 Llk^Ld+ysJ.

From (6.13) we have now '

u(b) = - bmz + Si(b) + Ai + p .

= Ai-b^+o^b+ +. . . + --- b1 (6.6O), T 122s (k-1) .'kJ -^k-lj

+ — R(b sin œt,t) sin œtdt = Uo(b) + %(b), 
T Jo

where uo(b) is the polynomial in b of degree 2k-l above and T)(b) is the

last expression. For b = a we have uo(a) = 0 and so u(a) = ^(a).

Now we have, by hypothesis 4b, Eq. (6.9)

1 / \ I 1 121+1 Ctn 2£+lI R(b sin o)t,t) | < -------- b sin cot \(t) < ---- -— b X(t),
” (2!+l)J “ (24+1)J
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with

dt 1.

Then

%
(24+1).'

24+1 , x . .24+1
X(t)I sin cot| dt

We call

20% 21+1
(2t+i):

24+1 
dt

< ^4
“ (24+i):

< 2^ i
~ (24+1) .'

21+1 i

'1.5

J L o 
(44-l)(44+l)Vg

2.4....4X44+2)

X the number

dt

(6.61)

h^) | < - / 
- T o

T

o

T

o

o

2% |b |^^+1 P 1, $. . . . (44-!) (44+!)^/^ 

(24+1) .' L 2.4. . . .44(44+2) J

The formula (6.$4) for Uo(a±c) remains the same in the present situation.

If u01 = u0(a-c), uO2 = uo(a+c) we denote by Q, as in (6.35) the number

Q = min [ |uqi 13. |uO2| ]. We state now a theorem analogous to Theorem 6.2.

Theorem 6; 3. Let a and co satisfy, equation ■ ' .

- aco2 + A! + a2a + ^ ---- +...+ —--------(2k-l)' = 0
3.' 22 12.' (2k-l).' 22k-2(k-1) ik,

Assume that c,d,r,Ro, are constants such that 0 < c < d, 0 < r < Rq,

a+Ro < A, c+7a < (l-kgL)d, r+k'L^d+y^ < Rq, kqL < 1, X < Q, and

Vs L[kqLd+/2] < Q - X, (6.62)
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where

Q = min[ |uo(a-c) |Juo(a+c) H

and we assume u^a-c), Ug(a+c) to be of opposite signs, and

71 = l|A(t,a)||, 72 = p.A(t,a),
+1 i /p2q2|b| [(1.3....(42-1)(4!+1)] /

(2/+1).' [2.4. . . .4£(4f+2)]V2

Then, for some real number b, a-c < b < a+c, and x0 = sin mt, x*

= b sin mt, the fixed element y = iy of the map T|q# satisfies equation 
co

ÿ + g(y,t) = o,

with

y(t) = b sin mt + b3 sin $mt + b5 sin 5mt +...,

||y(t) - x*(t)||  = ||y - Fy|[ < min[kgLd+72,c+d], 

lly(t) - xo(t)|| < d.

Remark. As for Theorem 6.2, we note here that in the autonomous case m 

is a function m = m(a) of the parameter a, defined by (6.1?). In the 

periodic case, m is fixed and a is assumed to be a root of Eq. (6.17)• 

The proof of Theorem 6.5 is exactly the same as that of Theorem 6.2 

and is not repeated.

As in the Section 6.J this theorem may be improved by a better 

evaluation of |Si-P10l• For the evaluation we first need bounds for
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p(y-^y) = n(y-x*)

and for |y-3y |.

Since

n(y-Fy)

we first try to find bounds for bj.

2 rTbj = ï J (y-Ty) Sin jœtdt, j = 5,5,7,. •. 
o

Since ÿ-Fÿ = gy-Pgy^ integration by parts gives .

2 rTbi = / (gy-Pgy) Sin CDtdt
jVTJo

. 2 rT
= -TT ^(t) sin jœtdt,

. . j æ T J

where /(t) = gy-Pgy. Now we get . ■ .

< ~2^2 7= n(^(t)) = n[^(t)].
J-œ V2 .. .

Now,

H^(t) = |i[(l-P) (gy-gxo)+(gxo-Pgxo) ]

< P^gy-gXo] + b(gxo-Pgxo)

< 4i(y-Xo) + hq,
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where hg is an upper bound for

n(gxo-Pgxo) = pG(t,a).

Hence '

1^2I j I 5 7^2 ( M-+hg) ) j = $,5/7,-.., 

and so

(6.63)

with

n(y-iy) = | (bs+b5+. ..)T /

2 
œ4

(6.64)

Analogously

|y - iy| < |b3| + |b51 +. . .

(Ld+hg)^ + ^+^+..?j

Jo /
(M+h )r, .

(6.65)

with

1 1 = 3"2 + 5"2 +... = - 1 = 0.2337.
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Now

Pi - Pio
2 rT
ÿ J (gy-g?y) Sin wtdt 

o . . '

and as before, in Eq,. (6.^3) we have

Pi - Pio
r T

3(Fy)^(y-I^) sin œtdt
% 3J
pT ■ nT .

m / 5iy(y-iy)2 sin œtdt + 2 «i (y_jy)3 sin œtdt 
uo ■ o "5- .

1/ E sin mtdt

° n=l
* T2 r ~

- / R sin œtdt = ax + cr2 + cr3 + 04 + cr5,

and we evaluate sucessively each term. We have as before 

il <k!MW

and by using (6.65) we have

(6.66)

Also . ■

1^21 < I Qi I max I iy I (n(y-iy) )2 = |oi|b[^(y-x*)] 2

< iQilb^œ^tLd+h^}2, (6.67)

ksl < max|y-iyj {(i(y-fy) )2 .

lœ I r- ‘ (6.68)
. < V2 r £ 2œ"6 [ Ld+h^J ,

5 1
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Now, we have for every m > 1

y*  - (lyf = [%r+(y-^)]^ - (iy)m

m-1
- 2 (?) .

■ s=o ■

= Tj (^)S +

m-2 / \
■ sseh "-«■ z M 

' s=o -

and for every t we have also '

. m-2 v|ym - dy)m| < *-!Hy-W2 £ Q"^|y - ryr^lryr 

■ s=o .
+ m|y - iy| ]ry|m-1

' < m(m-l)(y-fÿ)Z(|y-Fy|+|Fy|) + m|y - Py\|iy|m 1.

Therefore, the term 04 can be evaluated as follows

.. . pT À .
I $41 = |ÿ ) -——— [y2"^l-(Py)2n+l] sin œtdt | '

j k . 1
- O L slnœtldt

° n=2

- T / X (2^^ (2n+l)2n(y-Fy)Z(|y-^

n=2
+ (2n+l) |y-iy I |iy |2nJ- I sin ent I dt.
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If M = maxly-iy|, N = max|Py| = b, then 

■ k
M < T 7 Fl / (y-iy)^t

(2n"l) ' LT o J

V 21^1 2n 1 . । ।
+ 1 W7 N T J (y-W sincDtldt 

n=2 °

- I ^7
n=2 
k , , r+ y 1 n2”
L (2n)J 
n=2

Thus we have

k I |
1’41 < I (2n-l)

n=2

< A £ ‘2

V -J

T -, r r> T -ij (y-iy) dt / t J sj-n2 œtdt 1/2. 

o J L o -

k
(M+w)2n 1 + ln(y-iy)]V2 y ■ zL 2n.'

n=2
(6.69) 

k
&L y Mi2-
-1) •’ 2n.'

n=2

where

N = max|Py | = b, M, = ma

Concerning the term 05 we have

p T_
1 O’s 1 = / R sin œtdt| = |Ê

n=2

x|y - ryI = f 'J2 œ-2(Ld+hq).

pT
(R[ y(t) ,t] -R[Py,t] ) sin cotdt

2 fT |y|2mx(t) atM2i+1 
— +T 0 " (24+1)J (24+1)J

x(t) . .
1 sin œt1dt.

We have
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y = ry + (y-iy), 

|y| < M + |y - ry| < n + m, 

n(y) < ^(Iy) + n(y-Fy) < — N + ^co""^(Ld+hg), 
' V2

amd hence '

■---- -— (MbN)^
(2/+1):

Since n(iy) < ^(y) we get

(27+1), C(M+N)2^My)

ksi
2CX » 0 p 2pûAî ™ 1 N4-fœ"^(Ld+h^) . (6.70)

From (6.66) to (6.70) we get our evaluation for |Pi—P1OI -

I Pi - Pio I < [Ld+hq]

I Qi Ib/2œ“ 4(Ld+hq)2 

' ’ k

+ r^œ-=[Ld+hq]"

^CD-4[Ld+hq]2 Z »»=-1
n=2

fœ"2( Ld+hn) 4z V -!^L 
■ Lx 2nJ

• n=2
2Cto n« pt T] -

(^+1) , ((MfN)^+N k N+/w-2(Ld+hq) (6.71)

We call D the second member of this inequality and state the improved

version of Theorem 6.5.
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Theorem 6.6. Let a and cd satisfy equation

- aœ2 + Ax + a2a + —22
. 5. 2s U2J

+ %-l a^~1(2k-l).'
(2k-l).' 22%-2(k-l) .'k.'

Assume that c,d,r,Bo, are constants such that 0 < c < d, 0 < r < Bq,

a+Ro < A, c+/2 < (l-kgL)d, r+k'Ld+/i < Bq, k^L <1, X < Q, and

D < Q - X, (6.72)

where

Q = mint|uo(a-c)I,|uo(a+c)|]

and we assume uo(a-c), Uo(a+c) to be of opposite signs, and

- Ik(t,a)|b x =
(2^+l)' L 2.4....(42+2) J

Then, for some real number b, a-c < b < a+c, and xo = a sin cot,

x*  = b sin cot, the fixed element y = Tÿ of the map tL*  satisfies eq.ua- 
bco

tion

• Ÿ + g(y,t) = 0,

with ■ . ' .

y(t) = b sin CDt + b3 sin jmt + b5 sin 5cot +...,

||y(t) - x*(t)||  = ||y - Py|| < min[kqLd+/2, c+d], 

||y(t) - xo(t)|| < d.
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The proof of Theorem 6.6 is the same as that of Theorem 6.5 with D re­

placing 42 L[kqLd+y2]. The better evaluating of |Pi-P10| permits the 

use of smaller values for Rq, d and c and this means that we may get 

smaller bounds for the exact periodic solution of equation

x + g(x,t) = 0.



7. EXAMPLES

7.1. THE EQUATION X+x-C^x3 = 0

■ In this paragraph we shall study a few examples as applications of 

Theorems 6=3 and 6=6= We start with an application of Theorem 6=3 to 

the autonomous equation

' x + x - c^x3 = 0 , a > 0 = (7 = 1)

The function g(x,t) of Eq. (6.1) is in this case g(x,t) = go(x) = x-Q^x3 

and conditions 1, 2, 3, of 6.1 are clearly satisfied by assuming jx| < A 

for any fixed A > 0, and R(x) = 0. On the other hand, if we take 

A = V2/3 1/a, then from g^(x) = l^Q^x2, we obtain l-3Q^(2/3a2) < gÿ(x) 

< 1, and hence |g^(x) < 1. Since |go(xi)-go(x2)| = |xi-x2|g^(x) for 

some x between-Xj, and x2, we conclude that |go(x1) -go(x2) j < |x1-x21 for 

all Xi, x2e[-A,A] and A = V2/3 1/a. Thus 3 of 6.1 is satisfied with 

L=l. ' Also we have S(t) = 0. In the development (6.7) of g0(x) we have 

in our case o2 = 1, Qi = -3'.0? = -6a2 and a% = 0, k > 2. We try to find 

solutions of the form xo .= a sin mt.

Galerkin's equation (6.17) is now

a( -m2 + 1 - O2a2) = O ,

which gives, besides the trivial solution a = 0,

m2 = l - a2a2 . (7-2)

107
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Note that the requirement |xo(t) | < A = V2/5 1/ct, imposes on a the 

limitation

|a| < V2/5 1/a

hence

co2 = 1 - r a^a^ > 1 - Ct2 — — = — •
4 - 4 5 q2 2

Since R(x,t) = 0 we have X = 0. Now we have

A(a,t) = H(l-P)[a sin ict-Q^fa sin.cub)3]

= H( I-P) [a sin sin Just - sin ut) ]

= H( I-P) [(a - sin ut + a2a3sin Jut ]

= H[r a2a3sin Jut] = -sin Jut .
4 J6o)

Hence

7C = l|A(a^)ll Q^a3 
j6œ2 .

(6. J)

Also

he = ||e(t,a) || = ||^ Q^a3 sin Jœt|| = O^a3 .

Since Q = mint|u0(a+c) |, |ug(a-c) | ] and we have .

uo(a±c) = ± Cü2a2c - Q^ac2 - CU2c3 ,

for Cü > 0, a > 0, c > Q we put .
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1 > of >0.969), Ao ^^/3 • = 2, 7C =

Q = 0!2a2c + O^aç2 + a2c3 . .

According to Theorem 6.2 we must verify the following inequalities :

0 < c < d, a+d < Ao, c+yc < (l-kcL)d, kcL < 1, X < Q ,

and B < Q-X where B is given by (6.4?). ' . •

With a2 = 1/6 our constants are : uf = 1 - — a2 (hence, for a < 0.5,

1 _ a3 < 0.005291a3, 
216œ2 -

he = i = 0.04166a3 and Q = 0.125a2c+0.375ac2+0.125c3. The two 
4 .

main inequalities are now (with kc = 0.16)

c + 0.005291a3 < 0.84d (7.4)

and ■

J B = (0.04594d+0.0008419a3)b2 .

+ 0.3185(0.16d+0.005291a3)2b

+ 0.1061(0.16d+0.005291a3)s < Q

= 0.125a2c + 0.375ac2 + 0.125c3 . (7-5)

If we put c = ya3 and d = 6a3 the linear parts of inequalities (7.4), and

(7.5) are

. 7 + 0.005291 < O.84Ô 

and '

O.O4686& + O.OOO8588 < 0.1257
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where we suppose c < 0.01a. That is

' 6 > 1.197 + 0.0063 , ...

6 < 2.6677 - O.OI83 ,

which are satisfied for 7 = 0.03 and 6 = 0.03.

If we take c = 0.03a3 and d = 0.05a3 both inequalities (7.4) and

(7.5) are satisfied as well as the remaining ones of Theorem 6.2 for 

every 0 < a < 0.5. Indeed, c < 0.01a and c = 0.03a3 implies a < 0.54 and 

inequalities (7.4) and (7.5) become

0.03 + 0.0005291 < 0.042

• and . '. '

0.003327a5 + 0.0000727a7 + o.00000035a9

< 0.00375a5 + 0.000337a7 + 0.00000337a9 .

Then Eq. (7.1) has, for any a < 0.5, Q!2 = 1/6, a periodic solution 

y = b sin mt+bssin 3^ +••• with be [a-0.03a3, a+0.03a3]. The period 

is T = 2%/m with œ = [1 - a2 ] ' . Furthermore, if xo = a sin cut

||y-x0|| < 0.05a3 .

7.2. THE EQUATION x+sin x = 0 ' . '

(a) The uniform norm.—In the case to be studied in this section

the function g(x,t) of Eq. (6.1) is simply g(x,t) = sin x and we are in 

the autonomous case of Eq. (6.5) . Conditions 1, 2, and 3 of Section
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x3 xs
6.1 are satisfied with A = n, g0(x) = x- —+ — -...,R(x) = 0 and

L = 1 (since ]sin x^-sinx^| < [x^-xg|).

The Galerkin equation (6.18) is now

For eu ='cô(a) given by (7.6) we want to show that in a neighborhood of the 

first Galerkin approximation

x0 = a sin œ(a)t ,

there is, for some Aq > 0 and all ae[o,Aq ], an exact solution of

x + sin x = 0 , (7-7)

which is periodic, of period T = 2it/œ. We shall find estimates for the 

error of the approximate solution xo = a sin co(a) t by use of Theorems 

6.5 and 6.6, that is, using only the uniform norm in one case and both 

norms in another case. ■

- In order to apply the theorems we proceed to the determination of 

the constants involved. We have

L = 1, kc = 0.16 and X = 0. (7-8)

For the determination of yc we have

7c ||a( a,t) || .
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Now, by (6,25)

A(a,t) = xQ - Pxo + H(I-P) g(xo(t) ,t)

= H(l-P) sin(a sin mt) .

By (6.16)

A(a,t) = H(S3sin Jmt + S5sin $mt +...)

= -S3(5<d) -2sln 5mt - S5(5œ~2) sin 5mt , 

with '

„ a3 r a2 a4 a6 , 1

S5 - [1 - BT * ÏJP» '

37 = ’ 11 ' ’

S9 = —— [1 .
' ?8g, - .

Then " ' ’

IA(t,a) I < IS3(5œ) -21 + |s5(5œ)"2| +... .

Now, if ae[o,l), we have

1^-1 < (i - §
o7 1 »
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I S5( 5œ) "2 | < 0.0000208cD~2a5
24x51x24 '5m

|S7(7m)-2k <

l8^)’2! - -
9128 9œ

Then we have

|&(t,a) | < O.OO49408m-^a3 ±4 0.0000072^ + 0.00000087a)-^

(e-sai&e^H^sKf- - 1.1511)0,-2 - a7

< 0.0049408aT2a3 ± 0.0000084œ"2a7

< 0.005m"2a3 .

We take accordingly

7C < 0.005m-2a3 . (7.9)

The determination of he, which we also need, is quite similar. We

have he = ||s(t,a)|| and since by (6.10) 9(t,a) = -aofsin mt+g(sin mt,t)

Eq.; (6.15) shows that the coefficient of sin mt in the Fourier series

of e(t,a) is zero. Now

|_ÉL 
J !22 
a5 '

5 !24 '

——— < 0.044264a3 ±
640x24 ”

1 s 0.0005208a5 ±

a7
640x31x2!

a7
712^

a9 
2^9'

a7
Bn 1
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Hence

< 0.0447848a3 ± O.OOOO651 + 0.0000217

+ (e-2.7180553) x ( 2~6 .
1-2-&

a7

and so

|e(a,t) I

hc < 0.04487a3 . (7.10)

Now we find a lower bound for Q given by Q = min[juo(a+c) |, |uo(a-c) | ].

From (6.54) we have

uo(a±c) Ü2122 21312*  a “ J'.412s

Clearly the minimum of |uo(a±c)| is obtained for the minus sign. If in 

keach coefficient of c we stop at a negative term we get a partial sum

which is less than Q. That is

Now, with the values (7-8) to (7.11) for the constants we try to find 
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a,c,d satisfying the conditions of Theorem 6.5 that is,

0 < c < d, a+d < Aq, c+^ < (l-kcL)d, kcL < 1, 7 < Q

and B < Q-X with B = Gi+02+03+04+05 given by (6.4?). In this case we 

have a5 = 0, After substitution the two main ineqaulities above reduce 

to

[0.0402d+0.0007955a3]b2 + 0.5185[0.16d+0.005a3]2b + 0.1061[0.16d 

+0.005a3]3 + 0.65662[cosh a - ~ - 1][0.16d+0.005a3] 

< [0.25a2-0.0208a4]c - 0.575ac2 - 0.125c3 , (7-12)

where '

. a = b + kcLd + 7C = b + 0.16d + 0.005a3 , 

and

■ c + 0.005a3 < 0.84d . (7.15)

These inequalities are satisfied for a < 0.5, c = 0.007a3 = 0.000189, 

d = 0.016a3 < 0.000452 and so, for some be[a-0.007a3, a+0.007a3], our 

equation has, for every a < 0.5, a periodic solution y of period 2%/u) 

with œ = œ(a) given-by (7.6) and Py = b sin ut.. Furthermore we have

||y(t) - xo(t)|| < 0.000452. ' .

(b) The square norm.—Now we apply Theorem 6.6 to the same equation 

x+sin x = 0. We need some evaluations in addition to those of (a) ■

From Eq. (7.6) we see that, for |a| < 1 we have 7/8 < < 1 and so
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1 < cd-2 < 8/7. Now, from the definitions we have .

kq = 0.111. . .co"2 < 0.127 and k' = O.l6^"^ < 0.195598 -

Also /J. = ||A(t,a) || = 7C = 0.00571a3 from 7.2. Now, 72 = |i A(t,a)

= nH( I-P)e(t,a) and so we first calculate |i9(t,a) = hq. From the expres­

sions of Sj in (a), we see that for |a| <1

>5,5,7,

Then

|i9(t,a) n(xo+sin xo) (Sg+Si +

= 6< - r [(5!2=) + (5!2<)-=

< 0.0295a3

We take

< 0.0295a3 .

Now, we have

72 < — x 0.0295a3 = 0.00574a2 
9cd2

(7.15)

(7-16)

Again, as in (a) , we have X = 0, L = 1 and Q satisfying (7.11).

We have to find constants c,d,r,Ro such that for a in a convenient 

neighborhood of the origin we have the following inequalities of Theorem 

6.6 satisfied: ;
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0<c<d, 0<r< Ro, a+Ro < n, X < Q, kqL < 1, .

c+y2 < (l-kqL)d, r+k'Id+7! < Ro and D < Q-X

where D is given by (6.71).

After substitutions the three last inequalities become

c + 0.00374aS < 0.873d , (7.17)

1 r + 0.1936a + 0.00571a3 < Ro , (7.18)

0.0221À78[d+0.0295a3]b2 + O.O19O69O[d+O.0295a3]% + 0.0024009[d

+ 0.0295a3]3 + 0.019069^[d+0.0295a3]2[sinh(M+N) -(MW.) ]

+ 0.1952422[d+0.0295a3][cosh N-l- In2] < Q , (7.19)

where

M = 0.3828754[d+0.0295a3]/ N = b , 

and 1 . .

Q > 0.25a2c - 0.020833...a4c - 0.375ac2 - 0.125c3 .

Inequalities (7-9) and (7.11) are satisfied if we put c = 0.0043a3, 

d = 0.005a3 for any a < 0.8. We must now find r and Ro so that (7.18) 

holds. We have, for a and d as above

r + 0.0058068a3 < Ro .

We may take r = c < 0.006081a3 and Ro > 0.012a3 satisfying |b-a| < r 

and a+R0 < it. Equation (7.7) has then, for any a < 0.8 a periodic solu-
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g,**

*Bader^ studied the equation x+a sin x = b sin t using the values a = I.65 
and b = 0.56. This equation reduces to (7.20) by a suitable change of 
independent variable and for the values of a and b chosen by Bader Ct
has the value given in this example.

tion y = b sin O5t+b3sin Jcut +... with or = 1 - g~ + "• • • such that

|b-a| < O.OOUja3^ n(y-x0) < 0.005a3 

and

l|y-xoll < 0.012a3 .

Note that, by using Theorem 6.6 rather than Theorem 6.5 we have a larger 

interval in which we may take a.

7.5. THE EQUATION x+sinx = a sin cut

( a) The uniform norm.—In this section we consider the non-autonomous, 

nonlinear, second order differential equation

x + sin x = a sin mt . . (7«20)

Our function g(x,t) of (6.1) is now sin x-a sin mt. In the decomposition 

(6.6) go(x) = sin x as in 7.2(a) and (b), R(x,t) is zero, but S(t)=-a sin mt 

rather than zero as in 7«2(a) and (b). All the conditions of 6.1 are sat­

isfied by g(x,t) . In particular |g(xi)~g(x) | < b|x^-X21 with L = 1 as in 

the two preceding cases. .

We shall take the values a = 0.21818, m = 0.7784*  for an approximate 

(harmonic) solution of (7.20) with the form x = a sin mt, Eq. (6.17) gives
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a 5 of - o2 1121 22 + a o .

Since ax = -1 we have

-0.591a + 0.125a3 + 0.218 = 0 , 

a3 - 5.152a + 1J14 = 0 .

A root of this equation is a = O.65I2.

The function @(t,a) is in this case

@(t,a) = -(aœ2+a)sin at + sin (a sin at)

and A(t,a) = H( I-P)@(t,a) . Both ||e(a,t)|| and ||A(t,a) || are as in the pre­

vious examples. We have then hg = 0.04487a3 = 0.011445, yc = O.OO5ot2a3 

= 0.0021044. Also X = 0 and kc = 0.24. As for Q we have only to add to 

the coefficient of c in the expression of uo(a±c) the term Ax/a = a/a 

= 0.51102. We have then ■

Q > 0.4411c - 0.2578c2 - 0.125c3 . (7.21)

Now we may apply Theorem 6.5.

We must find constants c,d such that 0 < c < d, a+d < x, kcL < 1, 

X < Q, c+/c < (l-kcL)d and B < Q-X with B given by (6.47)

The two last inequalities, after substitutions are

c + 0.0021044 < O.76d , (7.22)
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[0.06635d+0.0005559 ]b2 + 0.5185 [0.2^0.00210^4]% + 0.1061[0.24d+0.0021044]S

•+ O.65662[cosh o - g— - 1 ][0.24df0.0021044] ■

< 0.4411c - 0.2578c2 - 0.125c3 , (7.25)

with .

o = b + 0.16d + 0.0021044.

The two inequalities (7.22) and (7.25) are satisfied for d = 0.017 and 

c = 0.009.

We conclude that, for (% = 0.21818, cd = 0.7784, the equation

x+sin x = a sin cut has a periodic solution y = b sin ut+bgsin 5^+. • •

where b lies in the interval [a-c,a+c] = [0.6252,0.6452] and the approx­

imate solution xo = a sin cut, with a = 0.6542, satisfies

' ||y(t)-xo(t)|| < 0.017 .

(b) The square norm.—We now apply Theorem 6.6 to the same Eq. (7*20).

We have the additional constants :

72 = — x 0.0295a3 = 0.00158 , 
9^

hq = pO(t,a) < 0.0295a3 = 0.0075248 ,

besides the ones already used before namely: L = 1, a = 0.6542, X = 0,

71 = 0.002044, kq = cd"2 = 0.18555..., and k’ = 0.1694œ"2 = O.2795I.

Q is as in (7.21) . .

We have to find constants c,d,r,Rg such that, the following inequal­
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ities are satisfied : 0 < c < d, 0 < r < RQ, a+Ro < n, X < Q, k^L < 1, 

c+/2 < (l-kqL)d, r+k' Ld+/i < Ro and D < Q-X where D is given by (6.71) . 

After substitutions the three last inequalities become

c + 0.00138 < 0.81667d , (7.24)

r + 0.27951d + 0.002044 < Ro , (7-2$)

0.013413[d+0.0075248] + 0.025567[d+0.0075248]2 + 0.0216759[d 

+0.0075248]3 + 0.3974[d+0.0075248]2[sinh(M+n)-(M+n)] 

+ 0.281881[d+0.0075248][cosh N-l - N2] < Q , (7-26)

where

N = b , • M = 0.54533[d+0.0075248] 

and

Q > 0.4411c - 0.2378c2 - 0.125c3 .

Inequalities (7.24) and (7.26) are satisfied for

d =0.0035, c = 0.001 . ■ ■

If we now put in inequality (7.25) d = 0.0035, we get

r + 0.003022 < . Ro . • (7.27)

If we note that, from (6.54) , r cannot be less than cÆ we may put

r = 0.001414 and RQ = 0.0444 . .
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We know, then, that for a = 0.21818, œ = 0.7784 the equation x+sin x

= a sin cut has a periodic solution y = b sin cut+b3sin Jajt+... where b lies 

in the interval [0.65278, 0.65565] and the approximate solution xo=a sin cut, 

with a = 0.6542 satisfies n(y(t)-xo(t)) < 0.0055 •

p
In Bader's paper, he used the first five Galerkin's approximations 

and obtained for b the value b = 0.655 well within our result.
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