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1. INTRODUCTION

1.1 A BRIEF SURVEY OF THE HISTORY OF OZONE-METEOROLOGICAL RESEARCH

Ever since the first systematic measurements, by Dobson and his col­

laborators (1926, 1927, 1929, 1950), of the total amount of ozone in a 

vertical column of the atmosphere, meteorologists have been fascinated by 

the strong relationship between ozone amount and day-to-day weather var­

iations. Equally interesting are the pronounced seasonal and latitudinal 

variations in ozone amount with a spring maximum and autumn minimum at 

all latitudes. In all seasons, the ozone amount increases from the equa­

tor toward the poles.

The above discoveries were followed immediately by a series of pa­

pers by Chapman (1930), Mecke (1931), Wulf (1932, 1934), and Wulf and Dem­

ing (1936a, 1956b), in which the photochemical theory of ozone formation 

in the upper atmosphere was advanced, and the vertical distribution of 

ozone calculated on the basis of an equilibrium between the reactions 

producing and destroying ozone under the influence of solar ultraviolet 

radiation- The photochemical equilibrium theory suggested a vertical dis­

tribution in qualitative agreement with that deduced from the observations 

of E. Regener and V. H. Regener (1934), who employed a small ultraviolet 

quartz spectrograph sent aloft on a balloon to measure the vertical dis­

tribution of ozone up to 32 km. At the same time, Gotz, Meetham, and 

Dobson (1934) were able to infer the main features of the vertical dis­

1
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tribution from measurements of the Gotz (1951) Umkehr or inversion ef­

fect. These studies showed a maximum ozone density between 20 and JO km, 

the latter study indicating a rapid decrease with height above JO km, 

with most of the ozone in the atmosphere being below JO km.

In 19J7) Wulf and Deming calculated an approximate "rate of mainte­

nance" of the photochemical equilibrium. They found that the rate in­

creased with height and suggested that ozone below JO km was "protected" 

from the influence of the photochemical reactions and that air motions 

would be important in determining the vertical distribution in these 

layers. Taking advantage of later information available, Schroer (al­

though not published until 1949, his work was completed in 1944), Dûtsch 

(1946), and Craig (1948), independently, considered the effects of varia­

tion of solar elevation (and hence latitude) on the photochemical distri­

bution, as well as the reaction times. They found a summer solstice max­

imum and a winter solstice minimum of total ozone, with a latitudinal 

gradient such that ozone increased from the poles to the equator. These 

predictions are in distinct contradiction of the observations. However, 

the studies also showed that the time required to approach equilibrium 

decreased very rapidly as height increased, being of the order of a year 

or more at 20 km, of days at JO km, and hours at 40 km (Craig's results). 

Thus ozone is neither created nor destroyed at an appreciable rate below 

about 25 to JO km. These results led to the conclusion that ozone mixing 

ratio was a conservative property of the atmosphere below these levels 

and, hence, that the explanation for the observed seasonal and latitudinal



5

distribution of ozone must be sought in the general circulation of the 

atmosphere. Conversely, any acceptable theory of the general circulation 

of the atmosphere must also be consistent with the observed distribution 

of ozone. Thus ozone plays a unique role in general circulation research 

for not only does it influence, through its radiative properties, the dis­

tribution of heat sources and sinks in the stratosphere and mesosphere, 

but it is also important as a tracer in studies of atmospheric motions.

The period following the second world war has seen many advances in 

ozone-meteorological research. The global network of stations measuring 

total atmospheric ozone has greatly increased. The balloon observation 

technique of E. and V. H. Regener was continued (Paetzold, 19^4). The 

vertical distribution of ozone has been measured from rocket-borne equip­

ment (Johnson et al., 1952). Instruments for use with balloons have been 

developed by Kulcke and Paetzold (1957), Vassy (1958), Brewer and Milford 

(I960), and Regener (i960). With regard to indirect methods, the Umkehr 

technique has been improved by Putsch (1957, 1959a, 1959b) and infrared 

techniques have been developed by Epstein, Osterberg and Adel (1956), 

Goody and Roach (1956), and Vigroux (1959). Other methods proposed and 

used include lunar eclipse measurements (Paetzold, 1952), twilight balloon 

or satellite photometry (Pittock, 1961, 1965; and Venkateswaran, Moore 

and Kreuger, 1961), and measurements from a satellite (Singer and Went­

worth, 1957, Twomey, 1961, and Rawcliffe et al., 1965). During this 

period, further impetus was given to ozone-meteorological research by 

the discovery, reported by Teweles and Finger (1958), of the large in­
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creases in ozone amount which were associated with the explosive strato­

spheric warmings (Scherhag, 1952).

Most of these developments, and many others, have been recorded in 

greater detail in the reviews of Craig (1950), Gotz (1951) and Taba (1961).

1.2 A DESCRIPTION AND QUALITATIVE EXPLANATION OF THE UMKEHR EFFECT

The Umkehr effect is observed when measurements are made with an 

ultraviolet spectrophotometer,1 of the ratio of the zenith sky light in­

tensities of two wavelengths in the solar ultraviolet when the sun is 

near the horizon. The shorter of the two wavelengths (intensity I) is 

strongly absorbed by ozone, the other (intensity I') is weakly absorbed. 

If the value of log l/l1 is plotted against the sun's zenith angle, it 

is observed that this log-intensity ratio decreases as the zenith angle 

increases until a minimum is reached for a zenith angle of about 850 

(when the wavelengths are 5114 and 5524 Â). As the zenith angle increases 

further, the log-intensity ratio increases again. This effect, first no­

ticed by Gotz (1951), is illustrated in Fig. 1, where the quantity (-100.0 

log l/l' + constant, called the N-value) is plotted against the fourth 

power of the zenith angle. It is customary to use a high power of the 

zenith angle as abscissa so that the values obtained when the sun is close 

to the horizon are spread out on the graph.

brief description of the instrument, the terms, and the units used in 
ozone-meteorological research, insofar as used in this report, is given 
in Appendix A. ■



5

ZENITH ANGLE (DEGREES)

N
- V

A
LU

E

140

130

120

110
Cx (3114/3324)

100

60

7xl07

Fig. 1. Umkehr curve for observations at Edmonton on the afternoon of 
May 22, 1961.

(ZENITH ANGLE)4



6

The reason for the occurrence of this effect and for its sensitivity 

to the gross features of the vertical distribution of ozone were explained 

by Gotz, Meetham, and Dobson (193^) as follows. We first note the main 

features of the vertical distribution of ozone as shown in Fig. 2, with 

a maximum of ozone partial pressure just above 20 km and lower values 

above and below this level. Considering light which is scattered only 

once in the atmosphere, the light received by the instrument is contri­

buted by light scattered downwards from all levels in the atmosphere. 

The amount of light contributed by scattering at any particular level 

depends on (a) the number of air molecules available at that level to 

scatter the light, and (b) the absorption by ozone and the scattering by 

air molecules both before and after the scattering. For any given ze­

nith angle of the sun, the effect of (a) is to decrease the contribution 

as height increases, while the effect of (b) is to increase the contri­

bution, since more and more of the longer slant path of the direct ray 

before the scattering event is replaced by the shorter vertical path 

after the scattering event. It turns out (see Figs. 19-21) that, for 

a given zenith angle, the light contributing to the intensity comes from 

a fairly well-defined layer of the atmosphere and that it is possible to 

consider an effective scattering height. This effective scattering 

height depends on the ozone absorption coefficient and on the solar ze­

nith angle, increasing, in fact, with each of these. Hence, the effec­

tive scattering height will always be higher for the short wavelength 

which is more strongly absorbed. Thus, as the sun approaches the hori-
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zon, the two intensities decrease, but I more rapidly than I1, so that 

l/l' decreases. However, when the effective scattering height for the 

short wavelength is above the ozone maximum, I decreases more slowly 

than I', because the ozone absorption occurs mostly in the shorter ver­

tical path after the scattering event, and the ratio l/l' increases un­

til the effective scattering height for I' is also above the ozone max­

imum. Then the ratio l/l1 again decreases. For all pairs of wavelengths 

used with the ozone spectrophotometer, this second reversal occurs when 

the sun is below the horizon.

It is clear that the existence of the reversal or inversion in the 

Umkehr curve implies the existence of a maximum of ozone concentration 

at some level in the atmosphere. Moreover, one would expect the posi­

tion of the reversal to be related to the total amount of ozone and to 

the position of this concentration maximum in the atmosphere. Thus, it 

is reasonable to expect to be able to infer some information about the 

vertical distribution of ozone from measurements of the Umkehr effect.

l.J THE PROBLEM AND THE APPROACH .

In recent years, ozone workers have sought to extract more and more 

information about the vertical distribution of ozone from Umkehr obser­

vations . In particular, there has been considerable interest in the 

possibility that the main features of the lower stratospheric structure, 

viz., the existence or nonexistence of the so-called secondary maximum, 

might be inferred from such observations. The aim of the present study
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was to determine precisely how much information about the vertical dis­

tribution of ozone could be obtained from the Umkehr observations, with 

particular reference to the lower stratospheric structure. As a by­

product of this study, an extension of the Dütsch evaluation technique 

has led to the development of another method for estimating the vertical 

distribution. This method, which was developed independently of a very 

similar one proposed by Twomey (1965), takes into account the actual in­

formation content of the observations and, in addition, permits the in­

corporation of known facts about the vertical distribution and its vari­

ability as mathematical constraints on the solution.

Following a brief review of the literature pertaining to research 

on Umkehr evaluation techniques in the second chapter, the problem of 

determining the information content of the observations is approached 

from two quite separate points of view. First, in the third chapter, 

the problem of statistically deriving a linear transformation between the 

points on the Umkehr curve and the vertical distribution is considered 

by examining the curve to determine how many linearly Independent pieces 

of information may be derived from it. In this process, the character­

istic patterns of the Umkehr curve, and their relative importance, are 

determined. Second, in the fourth chapter, the linear physical-mathe­

matical transformation of Dütsch is examined by eigenvalue analysis to 

determine the number of pieces of information that may be deduced from 

the system. From this analysis, another method of solving for the ver­

tical distribution is developed and its approximate equivalence to the 
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method proposed by Twomey is indicated. Finally, in the fifth chapter, 

the imposition of constraints consistent with our independent knowledge 

of the vertical distribution is considered and results are presented 

showing the effects of these constraints on the derived vertical distri­

bution. The results are compared with those obtained by Dutsch. In ad­

dition, other possible solution methods are discussed and some results 

presented.



2. REVIEW OF UMKEHR EVALUATION TECHNIQUES

2.1 PRELIMINARY REMARKS

Certain basic principles are common to all evaluation techniques and 

it will be convenient to discuss these first. The evaluation of the 

Umkehr effect involves the computation, by numerical quadrature, of the 

quantity log I’/l plus an unknown instrumental constant. This constant 

is usually eliminated by taking a further ratio. Thus, if O is the solar 

zenith angle, we use (log I'/Dq - (log I'/l)^, where Go is a zenith 

angle such that the quantity (log I'/l)@ depends mostly on the total 

amount of ozone and very little on the vertical distribution.

Referring to Fig. J, if Io is the intensity in a narrow spectral re­

gion outside the earth's atmosphere, then the intensity, Is, at the scat­

tering point will be,

IB = Ioexp-< - J (ctr3^Hsec Opdh^ (1)

where depletion by ozone absorption and molecular scattering only are 

considered, and where

Ct = ozone absorption coefficient (gm-1)

r3 = ozone mixing ratio (mass of ozone/mass of air containing 

the ozone) at height h

3 = Rayleigh scattering coefficient (gm-1)

£ = angle of incidence of direct beam at height h, and

p = air density at height h.

11
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Fig. J. Schematic diagram showing the path of the direct solar beam 
to the scattering point and that of the scattered beam from there to 
the instrument on the ground.

The amount of energy scattered downwards in the direction of the instru­

ment from the air molecules in a layer of thickness dz is just

dig = Kf3(l+cos20 )lspdz (2)

where K is a constant. This energy will undergo further depletion in its 

vertical path from the scattering point to the instrument. The amount

of this energy finally received at the instrument is

dl dls
z

expj (5)

The total intensity received at the instrument, for light scattered down-
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wards at all heights in the atmosphere, is obtained by integrating (3) 

over the entire vertical column. Combining (1), (2), and (3), the total 

intensity I is then given by

I = IoKP(1+cos20) / exp 4- (ar3+0)pdh- (ar3+p)(sec Opdhkpdz .
Jo Jo 4 (4)

A similar expression is valid for I', the intensity of the longer wave­

length . The evaluation of (4) involves a double quadrature, since p, 

r3, and Ç are all functions of height. First, we have to evaluate the 

exponent in the exponential term by a quadrature. We may compute a 

source function

(ar3+p)(sec Opdh- (5)

and then perform a second quadrature to evaluate the integral of %(z) 

over all heights. The above expression may be simplified slightly by 

noting that multiplying factors common to both I and I' will cancel 

out when the ratio is taken. Moreover, multiplying factors common to 

all zenith angles will cancel out when the instrumental constant is 

eliminated. Thus we may omit from further consideration the quantity

K3(l+cos26)exp '- / (or3+p)pdh

The quantity remaining may be written as

/ exP-M -1^pdh^~ pdz
(6)
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and the source function of (5) redefined as

X(O,z) p(z)exp - (ar3+p)[(secÇ )-l]pdhp (T)

The quantity required for comparison with the instrumental observations

100 <log

2.2 METHOD A

The classical method A was developed by Gotz, Meetham, and Dobson 

(1954) and yields an approximate picture of the vertical distribution of 

ozone. The method has also been used by T/nsberg and Langlo (1944). More 

recently, Walton (1957) compiled instructions for use during the Inter­

national Geophysical Year (IGY). The method described here is that of 

Walton, which differs only slightly from the earlier methods. The atmos­

phere is divided up into five layers as shown in Fig. 4, which also indi­

cates the symbol used for the amount of ozone in each layer. The symbol 

n is used for the total amount of ozone and k is a constant derived from 

aircraft measurements, which have shown that ozone concentration in the 

troposphere is nearly proportional to the total amount (Kay et al., 

1954). The uppermost ozone-bearing layer, in which ozone decreases 

rapidly with height, is split up into three sublayers for improved ac­

curacy. The ozone concentration is assumed to be uniform in each of the 

layers or sublayers. For all rays scattered downwards within each layer, 

a mean ozone absorption path through each layer is computed by taking



15

Fig. 4. Schematic diagram showing the atmospheric layer division 
used in Method A" (after Walton).
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12 km
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the average of the geometric paths for rays separated by 1-km intervals 

in the vertical. Thus, if i refers to the layer in which the scattering 

event takes place, and j to a layer in which absorption occurs, we may 

define an ozone absorbing mass, 1^, as follows :

i «
^i = y K sec(;)-l]:LjXj (8)

■ jï

where the bar refers to an average for rays, through the jth layer, 

which are scattered downward in the ith layer. More generally, an ozone 

absorbing mass, t, and a Rayleigh scattering mass, L, may be defined as 

follows :

00
1 = y [( secÇ ) -1 ] r3pdh

00

L = / [(secÇ)-l]pdh (9)

Substituting these in (6), we get

Q(e) -a2-3Lpdz

zi-l
-a/i r -pi J e / e pdz 

^i

4 
z 

1=0

or

4
= y Aie"^l , (10)

1=0
where a is now in (m atm-cm)-1, because is expressed in m atm-cm.

Since pe"^ is always positive, the approximation of (10 ) is a legit­
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imate one, provided the correct value of i± is used. However, as de­

fined by (8) is not, in general, the correct value. Indeed, since the 

averaging is carried out over rather deep layers of the atmosphere, one 

would expect a not inappreciable error to be introduced.

It is customary to use tabulations of Bemporad's function, or Chap­

man's grazing incidence integral (Wilkes, 1%4), to get L. Finally, we 

may compute the quantity

n(Gk^,Xi,xs)

which we wish to have agree with the observed quantity

100

Walton provides tables for calculating q for Go = 60°, = 80°, and

Q2 = 86.5°. In their original paper, Gotz et al., recommended the use 

of an additional angle as a check. In practice, a series of values of 

Xi is chosen, then calculations are performed to find, by successive 

approximations, the value of xg, such that

I ) = N(0k,O,Xi,xg), k=l,2

The results are plotted in a graph as in Fig 5» The intersection of the 

two curves gives the desired solution.

The calculations are somewhat tedious and Walton (1959) has essen­

tially pre-computed all possible solutions and plotted the results on 

a series of graphs so that the points required to plot the curves in
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i)(80) = N ( 80 )

.05
.05 

0 10

Fig. $. Curves of n(9k,%Xi,X2) =
for ©i = 80° and Gg = 86.5°, on xi, xg diagram.

Fig. 5 may be read directly without computation. The resulting solu­

tion for the vertical distribution is usually plotted as a block dia­

gram, and a smooth curve, which leaves the same amount of ozone in each 

layer, is drawn through the block distribution.

Method A serves to give a rather crude picture of the vertical dis­

tribution. However, although the physical-mathematical model of the at­

mosphere is a little crude and the final solution depends on the layer 

division chosen, the method certainly has the advantage of objectivity in
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that a "unique" solution is obtained.

2.J METHOD B

The classical method B was also developed by Gotz et al., in an at­

tempt to use more information from the Umkehr curve to obtain greater de­

tail in the vertical distribution. The method has also been used by Kar- 

andikar and Ramanathan (194$). Instructions for use during the IGY were 

prepared by Ramanathan and Dave (1%7) and the summary given below fol­

lows these. .

The ozone-bearing atmosphere is divided into nine layers, each 6 

km thick, with ozone density assumed constant in each layer. In order to 

calculate the light scattered downward into the instrument, the entire 

mass of air in each layer is assumed to be concentrated at a height of 

2 km above the base of the layer. Thus only a single ray is traced for 

each scattering layer and, in the notation of this study, we have for 

the ozone absorbing mass

*i = KsecO-lJ.jXj (15)

J=i
for light scattered downward from the ith layer. In this case, .as op­

posed to method A, the layer number increases upwards. The quantity 

Li is determined from Wilkes tabulation and we get the equivalent of 

(10) to be

10
5(0) . £ (14)

1=1 .
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where mj is the mass of air in the ith layer, and the 10th layer em­

braces the entire atmosphere above $4 km. The final quantities to be 

compared are

n(> •••>) 1nn , VW , Q'(0o)
100 -log 0(9^"

and the observed quantity

100 (16)

Ramanathan and Dave present tables to assist in the computation of q for 

(®o>•••= (60°, 70°, 75°, 80°, 84°, 86.5°, 88°, 90°)• An additional 

requirement is, of course, that the sum of the layer amounts equal the 

observed total amount of ozone. In the suggested method of solution, a 

trial distribution is assumed and the associated Umkehr curve is calcu­

lated and compared with the observed one. Then adjustments are made in 

the distribution until the calculated and observed curves agree within 

experimental error. .

To facilitate this adjustment process, Mateer (i960) calculated 

values of q% = q(0^,xls,...,xgs) and of the first order partial deriv­

atives dq^/dx| for three "standard" vertical distributions of ozone. 

(The subscript s refers to layer ozone amounts in the standard distri­

bution of ozone. ) The evaluation then consisted of solving, by hand 

relaxation, a set of eight linear equations in nine unknowns, viz.,
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y 5xj, = n - ns
9 1-1 (17)

v
/ , dxi ~ ...,7
1=1 ’ 

where Ôx^ = Xi-xls represents the deviation of the solution from the 

standard distribution. This method has also been used by Muramatsu (1961) 

who calculated similar tables for three additional standard distributions.

Since the above system of equations is underdetermined, method B is 

a subjective one and "unique" solutions are not possible, regardless of 

whether the approximate linear method or the successive approximations 

method is used. This nonuniqueness was clearly recognized by Gotz et al., 

in the original paper on this method. They noted, for example, "we may 

conclude that the shape of the Umkehr curve depends mainly on the value 

of H. Moreover, they found that there was no advantage in using many 

points from the Umkehr curve because "more than six points would be much 

more interdependent. They worked mainly with mean Umkehr curves appro- 

priate to a specific small range of values of total ozone, thereby min­

imizing random errors. Using fewer layers than Ramanathan and Dave, 

they essentially attempted to obtain five unknowns from seven equations 

by a "least square" solution method. For a single Umkehr curve, they 

note that "the probable errors of values of x^... are so large that the 

resulting ozone distribution is almost meaningless." These "words of 

warning" should be kept in mind when reading the later chapters of this
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report.

2.4 METHOD OF DUTSCH

In a series of reports, Dütsch (1957, 1959a, 1959b, 1965) has intro­

duced a measure of objectivity into Umkehr evaluations by method B. In 

fact, the method is completely objective once the basic solution system 

has been selected. Dütsch divided the atmosphere up into layers approxi­

mately 2.5 km thick, such that the pressure at the bottom of each layer 

was VÏÏ times that at the top. He used three standard vertical distribu­

tions of ozone, with ozone in each layer up to 72 km. The ozone amounts 

in the upper layers were based on his photochemical calculations. With 

the assumption that ozone density was constant in each layer, and using 

Bemporad's function, his quadrature formula was 

where a^

n
IoKB(1+cos2G) Y —e exp

Z_j 
i=l

is the relative slant path through the

xk+ *ikxk (18)

kth layer for the ray

1 n
I

scattered downward in the ith layer, Ap^ is the pressure difference be­

tween the top and bottom of the ith layer, and pq = IOI5.25O mb, the sur­

face pressure in the standard atmosphere.

In calculating values of for comparison with the observations N^, 

Dütsch does not eliminate the instrumental constant but estimates it em­

pirically. Moreover, he does not use directly in the solution system the 

requirement that the vertical distribution be exactly equivalent to the 
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measured total amount of ozone. Instead, he uses the comparison between 

computed total ozone and observed total ozone as a check on the accuracy 

of his solution.

He defines

and

1 • (19)

Then, using Taylor's expansion, we have 

n $ n n 2
Nk " » + I $7 Sfi+ ? I I Ab 

i=l 1=1 j=l J

If we ignore the last term on the right-hand side of (20), the problem is 

reduced to one of finding the solution of a set of simultaneous linear 

algebraic equations. Assuming such a solution exists, using superscript

m to denote the mth iteration, and defining,

? É Z Ary
i=l j=l

(21)

then we have

n 
z 

1=1
dfi Afi k—112 (22)- - %k - Sk"1



24

(23)

as the basis for an iterative solution procedure. The iteration may be 

stopped whenever

where € is some suitably small number. Dutsch found that the tropo­

spheric layers could not be subdivided because the derivatives were too 

similar for these layers. He found the same to be true for the layers 

above 2 mb. Hence, he combined the tropospheric derivatives into a set 

for a single layer and did the same thing for the layers above 2 mb. In 

these combined layers, he assumed that ozone always appeared in the same 

relative proportions as in the standard distribution. This left the un­

known vertical distribution as a set of nine quantities to be determined.

Dutsch used a total of 12 zenith angles (60, 6$, 70, 74, 77, 80, 83, 

85, 86.5, 88, 89, 90) and computed Th., , and -—, for these 12 
dfi dfjdfj

zenith angles and for each of three standard distributions. In attempt­

ing to solve for the vertical distribution in the nine layers directly 

from a set of nine linear equations, he obtained physically unrealistic 

results, including negative ozone densities in certain layers, and solu­

tions that exhibited large variations in ozone concentration from one 

layer to the next. He attributed this difficulty to the inaccuracies 

of the measurement and to the linearity imposed on a nonlinear problem. 

To get around these difficulties, he gradually evolved a system whereby 

the nine atmospheric layers were combined into sets and subsets of over­



25

lapping layers. In each overlapping layer, he assumed that the fractional 

change in ozone content was the same in each of the original layers com­

prising the larger overlapping layer. In each subset, he effectively 

had a set of at most five linear equations in five unknowns. The solu­

tions for the subsets were averaged to get an average for each set and, 

finally, the set solutions were averaged to obtain the final solution 

for the linear system. The second order derivative corrections 
k 

were then calculated, the right-hand side of (22) adjusted, and the 

linear solution repeated, the iteration being stopped when the condition 

of (25) was met. The entire solution procedure as now used requires ap­

proximately 1.5 seconds of computer time on the IBM 7090, most of the 

time being taken up in the computation of the . Further details of 

the Dutsch method are given in Appendix B.

The procedure is clearly an objective one, once the basic systems 

of overlapping layers have been selected, and provides a smoothed picture 

of the vertical distribution.

2.5 SOURCES OF ERROR

2.5.I Multiple Scattering and Reflected Light

Quite apart from the fundamental mathematical difficulties in the 

solution of Eq. (22), which will be discussed later, there are a number 

of errors inherent in the physical-mathematical model used to compute the 

synthetic Umkehr curves. The major source of error, which has received 

much attention during the past decade, is the effect of multiple scattered
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wavelengths of a pair, then we have

P'P * pT (24)

light which contributes to the intensity of the light entering the in­

strument .

Following Ramanathan and Dave, if we let P, P' be the intensities 

of primary scattered light and M, M' the intensities of multiple scat­

tered light for the short and long 

that

I' _ P'+M'
. I P+M . , ,

Hence, if M/P and M'/P' were known, the observed Umkehr curve could be 

"corrected" to a basis of primary scattering and the computation, using 

P, P1, could proceed as previously.

Walton (1955) calculated the ratios S/P, S'/P', where 2,2' are the 

intensities of secondary scattered light. He assumed a plane parallel 

atmosphere with the total atmospheric ozone content concentrated in a 

thin layer at the center of gravity of the ozone distribution. He found 

that the corrections varied with solar zenith angle but were nearly con­

stant for zenith angles between 80 and 88°. The effect of the secondary 

scattering correction was to decrease the computed amount of ozone at 

higher levels and to increase it at lower levels. That is to say, the 

center of gravity was lowered by some 2-3 km. Walton's corrections are 

given in the first column of Table 1.

Ramanathan, Moorthy, and Kulkarni (1952) used simultaneous Umkehr 

curves for two pairs of wavelengths (3112/3323 A) and (3075/5278 A), to
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deduce an Umkehr curve for (5075/5112 A) by eliminating the effects of 

(5278/5525). They do not state how the effects of the latter pair were 

eliminated, but it appears likely that they used the "double" wavelength 

pair obtained by subtracting the N-values for the first pair from those 

for the second and assumed this to be equivalent to using (5075/5112 A). 

They reasoned that (5075/5112) are both strongly absorbed by ozone and, 

hence, that the effects of multiple scattering would roughly balance 

out. Similar considerations should apply when the weakly-absorbed wave­

lengths (5278/5525) are compared. They concluded that vertical distri­

butions calculated from (5075/5112) should, therefore, eliminate much of 

the effect of multiple scattering. They show results for Umkehr curves 

on three days and confirm Walton's result, namely that the effect of 

correcting for the higher order scattering is to lower the center of 

gravity of the derived vertical distribution. The corrections suggested 

for secondary scattering by Ramanathan and Dave are listed in the second 

column of Table 1.

Diitsch has also incorporated corrections for higher order scatter­

ing in his evaluation procedure, the effect being incorporated both in 

the standard Umkehr curves and in the first order partial derivatives. 

His quadrature formulation for computing the secondary scattering is 

given in Appendix B. If we let represent the contribution to I due 

to kth order scattered light, then Diitsch assumed Ik/lk_j_ = C, a con­

stant being determined as la/li- It follows then that
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I - Ii + Is + ... = Ii • (25 )

Multiple scattering corrections based on this assumption for Dütsch's 

first standard distribution, for the A, C, and D wavelength pairs, are 

listed in columns to $ of Table 1. This procedure appears to give too 

large a correction, that is to say, I2/li > I3/l4 > ... IkAk-l- Dütsch's 

current procedure is to assume I = Ii+Ig only. These corrections, for the 

C wavelength pair, are listed in the sixth column of Table 1.

Larsen (1959) has determined values of (l+M'/P')/(l+M/P) based on 

an empirical analysis of skylight observations at different wavelengths. 

His results necessarily incorporate the effects of all orders of scatter­

ing and are listed in the seventh column of Table 1.

Sekera and Dave (1961) have computed the effects of multiple scatter­

ing for a plane parallel atmosphere using the C wavelength pair. They 

reason that the effective height of secondary scattered light (and also 

higher orders ) is situated very near the ground and that the primary 

scattered radiation giving rise to the secondary scattering originates 

from a relatively narrow cone with its axis along the zenith. Conse­

quently , they divide the atmosphere into two layers, viz., an upper 

layer containing all the ozone in which only primary scattering is con­

sidered and a lower layer in which no ozone is present but all orders 

of scattering are considered. Their results are presented in the last 

column of Table 1.
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In comparing columns 1, 4, 6, 7, and 8 of Table 1, we note that 

there is fairly good agreement between Walton's results and those of 

Dütsch, in which only secondary scattering is considered. There is also 

moderately good agreement between the last two columns in which all or­

ders of scattering seem to be included. There appear, however, to be 

moderate differences between Diltsch's results and the other,s for zenith 

angles between 70° and 80° . However, there is good agreement that the ef­

fect of multiple scattering corrections on the derived vertical distribu­

tion is to decrease the ozone content at high levels (above about 20 km) 

and to increase the ozone content of the atmosphere below this level.

Dave and Furukawa (1964) have examined the effect of ground albedo 

on Umkehr observations. They consider only primary scattering and calcu­

late corrections applicable to the A and C wavelength pairs for a surface 

albedo of 80%, and total ozone amounts of 260 and 400 m atm-cm. Their 

corrections are shown in Fig. 6. They also show how the effect of low 

level clouds can be estimated from these results, when the clouds remain 

scattered to broken, so that zenith measurements can still be taken on 

blue sky. The corrections for ground reflection are somewhat smaller 

than those for higher order scattering and act in the opposite sense in 

that they are largest at 60° to 70°, and smallest when the sun is near 

the horizon, whereas the higher order scattering corrections are largest 

when the sun is near the horizon.
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Fig. 6. Corrections (to "be subtracted from ob­
served N-values) for ground reflection in the 
case of 80% albedo. (After Dave and Furukawa.)

2.5-2 Empirical Cloud Corrections and Large Particle Scattering

Dütsch has devised an empirical method for correcting Umkehr curves 

taken on cloudy zenith sky, based on a comparison of the intensities of 

visible to ultraviolet skylight. The corrections, which are always sub­

tracted from the observed values, are shown in Fig. 7 as a function of
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Fig. 7• Cloud corrections (N-units to be subtracted from observed 
values) as a function of luxmeter ratio and solar zenith angle.

luxmeter reading and solar zenith angle. The luxmeter readings used in 

the graph are deviations of the observed visible/ultraviolet light ratio 

from that obtaining under very clear sky conditions at the same zenith 

angle. The corrections are derived empirically. A sample Umkehr curve 

showing both the observed and corrected points is plotted in Fig. 8.

Dütsch finds this correction procedure satisfactory provided the cloud in­

terference (the magnitude and variability of the corrections) is not too 

great.
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Fig. 8. Sample Uinkher curve for Arose, March 30, 1962, showing observed 
values and corrected values. Total ozone is 394 m atm-cm.



The effects of large particle scattering on the Umkehr curve have nôt 

yet been considered in detail. By comparing Umkehr curves for Oxford and 

Tromso, Larsen (1959) found persistent differences of 7 and 8 N-units at 

sec G = 4 and 8, respectively. However, at least part of this difference 

is undoubtedly due to differences in the mean vertical distributions over 

these two stations. Diitsch1s cloud corrections include some large parti­

cle scattering effect, since he occasionally should apply a cloud correc­

tion on apparently clear sky, according to his luxmeter readings.



J. THE CHARACTERISTIC PATTERNS OF UMKEHR CURVES

5.1 PRELIMINARY REMARKS

It is a natural property of a geophysical variable, which is measured 

sequentially in time at a network of points, that a high degree of spa­

tial correlation will exist between the individual measurements over the 

network of points. In addition, a high degree of serial correlation will 

exist in the individual series of measurements at each of the fixed points. 

In the case of Umkehr observations, it is natural to inquire into the de­

gree of independence of the individual measurements in a single series 

of measurements on a given half-day. For example, is the measurement at 

a solar elevation of 1° independent of the observations at 0° and 2°? 

As noted earlier, Gotz et al. recognized a strong degree of interdepend­

ence between the points on the Umkehr curve and also remarked that the 

main features of its shape seemed strongly related to the total amount 

of ozone. There were, however, certain variations in the curve, total 

ozone remaining constant, that suggested a variability in the vertical 

distribution.

The question of interdependence also arises in the formulation of 

a purely statistical technique for evaluating the Umkehr effect. Sup­

pose we let Pi,...,pg be the mean ozone partial pressures in nine layers 

of the atmosphere, such that these nine numbers specify the complete 

vertical distribution. Suppose further than we have measurements at 12 

55
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points on the Umkehr curve Ui,...,uia. If we have a number of sets of 

observations of both these quantities, we may attempt to derive a linear 

statistical transformation to predict the p^ from the uj. Thus

^i = 2. &1JUJ (26)

j=I

where the p^ are the estimates of the mean ozone partial pressures in 

the nine atmospheric layers and the a^j are the elements of the coeffi­

cient matrix of the transformation. In matrix notation

P = AU (27)

where the elements of P are "p^ representing the estimate for the ith 

layer and the kth observation and the elements of U are Uj^ representing 

the jth point on the kth Umkehr curve. There is no loss in generality 

in letting the p^ and uj be measured from their respective means, in 

which case the least squares solution for A is simply

A = (PU*)(UU*)"^ (28)

where U* is the transpose of U. The transformation matrix A exists if 

and only if the inverse of UU* exists, that is to say, UU* must be non­

singular. If there are strong linear interdependencies between the 

points on the Umkehr curve, the matrix UU* will be singular or very 

nearly so and the matrix A will, for all practical purposes, not exist.
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5.2 THE STATISTICAL PROCEDURE

To investigate the degree of independence of the observations, we 

shall use the empirical orthogonal functions introduced to meteorolo­

gists by Lorenz (1956). According to Lawley and Maxwell (1965), the 

technique was put forward by Pearson in 1901, and later developed by 

Spearman in 1904 as Factor Analysis, which is much used by psychologists, 

and by Hotelling in 1955 as Principal Component Analysis. There is evi­

dence of some disagreement between statisticians (compare, for example, 

Kendall (1957) and Lawley and Maxwell) as to the precise differences be­

tween these analysis techniques. These differences need not concern us 

here and, following meteorological practice, we shall use the terms "em­

pirical orthogonal functions" (Lorenz) or "characteristic patterns" 

(Grimmer, 1965).

What we seek to do in this procedure is to effect a reduction in the 

number of variables required to describe the Umkehr curve so that the main 

features of the curve are retained and the random errors of measurement, 

the noise of the curve, are eliminated. This is essentially a filtering 

problem. To achieve this, we seek linear transformations, to a new set 

of variables yi, of the form

12
yik = X ^IjUjk (29)

where, as before, k represents the kth set of observations. In matrix 

notation
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y = bu . (50)

It follows immediately that, if üj = 0, then also y^ = 0. We shall now 

require that the new variables yi be uncorrelated. In matrix notation, 

this requirement may be written as

YY* = A (51)

where A is a completely diagonal matrix having nonzero elements on the 

diagonal only. Introducing (}0) into (51), we have

B(UU*)B* = A . (32)

This is the well-known problem of determining the eigenvalues and vectors 

(latent roots and vectors or characteristic roots and vectors) of the real 

symmetric matrix UU*, in which the elements are proportional to those in 

the covariance matrix of the points on the Umkehr curve. It can be shown 

that a solution exists in which the eigenvalues, the diagonal elements 

of A, are all real and nonnegative and the eigenvectors are stored in 

the rows of B. There is no loss in generality in assuming that the eigen­

values, i = 1,...,12, are stored in the diagonal elements of A in or­

der of decreasing magnitude, provided that the rows of B are arranged ac­

cordingly, nor in requiring that the eigenvectors, which are orthogonal, 

be also orthonormal. That is to say,

BB* = B*B = I
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where I is the identity matrix. These eigen, or characteristic, vectors 

are the spatial empirical orthogonal functions of Lorenz and have been 

dubbed "characteristic patterns" by Grimmer. We shall hereinafter refer 

to them as the characteristic patterns (C. P.'s) of the Umkehr curve. 

The reason for this nomenclature becomes clear if we expand the vector 

of points from each Umkehr curve in terms of these characteristic pat­

terns . Thus, from (50) and (55), we have

U = B*Y . ($4)

It is useful now to introduce the concept of the "total variance" of 

the Umkehr curve as

(55)
j=l

It follows directly, from (55) and (54), that

12

vk ■
1=1

Since y^ is the coefficient of the ith pattern vector of B in the expan­

sion (54), we have the result that the ith pattern "explains" y^/v^ of 

the total variance of the Umkehr curve. Moreover, since ,

n 
I 

k=l
and

n n 12

v"I
k=l k=l j=l■ 

(57)

12

k=l 1=1

n

ik (58)



we may say that the fraction of the total variance, V, of the Umkehr 

curves explained by the ith pattern is just X^/v. Hence the patterns 

occur in B in the order of their ability to explain total variance of 

Umkehr curves. It can be shown (see Lorenz, 1956 or 1959, or Kendall, 

1957) that the representation is an optimum one in the sense that among 

all possible linear combinations of the points on the Umkehr curve, these 

patterns account, successively, for the largest possible proportions of 

the total original variance.

5-5 the application of the statistical procedure

It was noted above that the solution procedure of Putsch involves 

the selection of 12 points, uj_,...,Uia, from each Umkehr curve. It was 

further noted that the more usual solution procedure of others would be, 

if U12 is the curve point corresponding to the greatest solar elevation, 

to use U1-U12, u2-ui2,..., U11-U12, with the total amount of ozone as 

the last number. Both of these procedures are used to represent the 

Umkehr curve in the present study. In addition, there are two possible 

choices for the matrix UU*, viz., the covariance matrix or the correla­

tion matrix of the points of the Umkehr curve. The covariance matrix is 

UU* with each element divided Dy n, the number of Umkehr curves used. 

The correlation matrix is obtained from the covariance matrix by dividing 

the (i,j ) element of the latter by the quantity
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When the covariance matrix is used and total ozone is one of the "points" 

of the Umkehr curve, some choice must be made with respect to the weight 

with which total ozone enters. In the studies reported here, total 

ozone was entered in m atm-cm and the Umkehr curve points in 1000 log­

units (as opposed to the customary 100 log-units).

Two basic data samples have been used. The first sample is from 

observations taken at North American stations, viz., Edmonton, Moosonee ■ 

and Toronto, Canada, and Sterling, Virginia, in the United States. The 

sample comprises data for $8 Umkehr curves on wavelength pairs A, C, and 

D. The second sample is from Arosa, Switzerland, and comprises 100 Um­

kehr curves for wavelength pair C. Both data sets cover a wide range of 

total ozone amounts. The North American total ozone data are based on 

AD double-pair direct-sun measurements, while those from Arosa are based 

on direct-sun measurements with the C wavelength pair. To make these 

data comparable, the Arosa measurements have been increased by 6% (a 

value suggested by Diitsch as appropriate for Arosa measurements ), where 

it was necessary to do so. Both sets of data have been carefully scru­

tinized (the former by the writer, the latter by Diitsch) to eliminate the 

spurious clerical errors which often arise in processing the instrument 

readings "through to the final data forms. In the case of the North Amer­

ican curves, the sample represents virtually all of the available data 

for three wavelength pairs when measurements were possible on all 12 ze­

nith angles. In the case of the Arosa sample, curves were selected from
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a large sample of over 500 taken during the period March, 1961, through 

July, 1962, inclusive. The curves were selected to include most of the 

low and high ozone cases from the larger sample. Finally, cards having 

odd numbers in the last position of two of the measurements were selected 

to represent intermediate ozone values.

The determination of the eigenvalues and vectors of the correlation 

and covariance matrices were carried out by the Jacobi method, more spe­

cifically using subroutine EIGN, which is directly available as a system 

subroutine on the IBM 7090, Computing Center, The University of Michigan.

The first eight eigenvalues, for the correlation matrices obtained 

when the entire Umkehr curve is used (i.e., without total ozone), are 

listed in Table 2. The computations have been carried out for the Arosa 

sample, for the North American sample on each wavelength pair separately, 

and for the latter sample with the wavelength pairs combined into one vec­

tor of 56 elements. The result is quite clear: some 95% or more of the 

normalized variance of the Umkehr curves is explained by a single charac­

teristic pattern. Moreover, this pattern is in all cases nothing more 

than a simple shift of the entire Umkehr curve. The correlation between 

total ozone and the coefficients of the characteristic patterns (when the 

Umkehr curve is expanded with respect to these patterns) is also given 

in Table 2 in brackets. We note that the coefficient of the first C. P. 

is highly correlated with total ozone and, hence, the amount that the 

Umkehr curve is shifted depends strongly on total ozone. Thus the state­

ment of Gôtz et al., that the shape of the curve depends mostly on the to-
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TABLE 2

THE FIRST EIGHT EIGENVALUES OF THE CORRELATION MATRIX OF THE POINTS 
ON THE UMKEHR CURVE, INCLUDING (IN PARENTHESES) CORRELATIONS 

BETWEEN THE EIGENVECTOR COEFFICIENT AND TOTAL OZONE

Eigen­
value 
Number

North America Arosa
A c D A-C-D C

1 .96716
( .916)

.96922
( .887)

.96518
( .799)

.94844
( .876)

.97767
( .988)

2 .02131
(-.279)

.01870
(-.517)

.02225
(-.050)

.02088
(-.450)

.01505
(-.056)

3
.00858
( .098)

.00814
(-.106)

.01007
( .485)

.01258
(' .012)

.00529
(-.074)

4 .00144
( .058)

.00264
( .191)

.00110
( .016)

.01002
(-.105)

.00114
(-.052)

5
.00065
(-.041)

.00050
( .013)

.00055
(-.022)

.00264
( .002)

.00054
( .008)

6 .00029
( .092)

.00025
(-.014)

.00025
( .021)

.00254
(-.077)

.00020
( .014)

7 .00016
(-.025)

.00018
(-.044)

.00018
( .000)

.00076
( -039)

.00009
(-.026)

8 .00016
( .005)

.00011
(-.021)

.00017
(-.025)

.00045
( .005

.00007
(-.015)
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tal amount of ozone, is quantitatively confirmed. The essential result of 

this analysis is shown graphically in Fig. 9 as "standard" Umkehr curves 

for the C wavelength pair for total ozone amounts of JOO, JJO, and 400 

m atm-cm. The correction of 6% has been applied to obtain the Arosa 

curves, and the curves for JJO m atm-cm have been made to coincide at a 

zenith angle of 60°.

In examining Fig. 9, we note in particular the difference in the po­

sition of the reversal which occurs, at Arosa, when the sun is closer to 

the horizon. This suggests that there is a difference in the mean verti­

cal distribution of ozone over Arosa compared to North American. However, 

neither of the two samples is completely representative. In particular, 

we note from Figs. 16 and 17 that although the two samples have about 

the same mean total ozone (near JJO m atm-cm), the standard deviation is 

6j m atm-cm for the Arosa sample compared to only 42 m atm-cm for the 

North American one. This undoubtedly plays some role in determining the 

difference in the mean curves and, as noted earlier, the curves of Fig. 

9 are relatively simple shifts of the mean curves.

Results for the Umkehr curves with the instrument constant removed 

(i.e., including total ozone) and using correlation matrices are given 

in Table J. In this case the correlations between total ozone and the 

pattern vector coefficients have not been computed. Results are included 

for the "double" pairs, AD, AC, and CD. A somewhat different picture 

emerges now because the variability of total ozone has been added to that 

of the Umkehr curve, but shifts of the entire curve have been eliminated.
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We find that three C. P.'s are required to explain 97% of the normalized 

variance of the single pair curves. The first three C. P.'s for each 

data "batch are shown in Figs. 10-12, inclusive (excluding the cases 

where the A, C, and D wavelength pairs are combined and the double pairs). 

In order to have something interpretable in terms of N-values, the pat­

tern vector elements have been multiplied by the standard deviation of 

the appropriate curve point and then the entire vector has been multiplied 

by the root mean square coefficient the C. P. would have if the Urnkehr 

curves were expanded in terms of these patterns. The "point" correspond­

ing to total ozone is not plotted on these diagrams. The dot product of 

the original orthonormal pattern vectors for the two C wavelength pair 

samples is shown on each of the figures. The high values of this product 

indicate that the patterns are essentially the same and strongly suggest 

that these patterns are fundamental properties of the Urnkehr curve, 

Finally, results for the Urnkehr curves with the instrument constant 

removed (total ozone included) and using the covariance matrices are 

given in Table 4. In this case, the Arosa total ozone values were in­

creased by 6% so that the results would be more nearly comparable= The 

mean Urnkehr curve variance and the root mean square curve-point devia­

tion from the mean are also listed in Table 4. It should be remembered 

that these deviations have to do with the shape of the curve since the 

shift of the entire curve with total ozone has been eliminated except 

insofar as total ozone itself is concerned.
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Fig. 10. First Characteristic Pattern of the correlation matrix, with the 
instrument constant eliminated.
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ZENITH ANGLE (Degrees)

Dot Product . 971

Arose 
X C

(ZENITH ANGLE)4

Fig. 11. Second characteristic pattern of the correla­
tion matrix, with the instrument constant eliminated.

ZENITH ANGLE (Degrees)
60 65 70 74 77 80 83 85 88 90

86.5 89

Dot Product .973 
Arose C

1-----------i'----------- 1-------- 1-------- 1--------1 2 3 4 5 6 7 x 107
(ZENITH ANGLE)4

Fig. 12. Third characteristic pattern of the correla­
tion matrix, with the instrument constant eliminated.
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TABLE 4

THE FIRST EIGHT EIGENVALUES FOR THE COVARIANCE MATRIX OF THE 
POINTS ON THE UMKEHR CURVE WHEN THE INSTRUMENT CONSTANT IS 

ELIMINATED AND TOTAL OZONE IS USED

Eigen­
value 
Number

North America Arosa
A c D A-C-D C

1 .90699 .65569 .70521 •77519 .80605

2 .06070 .29271 .25587 . .15858 .15576

5 .02022 .02975 .01858 .02765 .04425

4 .00449 .00890 .00905 .01655 .00849

5 .00259 .00570 .00446 .00715 .00289

6 .00202 .00192 .00190 .00550 .00145

7 .00114 .00180 .00152 .00246 .00100

8 .00082 .00118 .00127 .00214 .00067

Mean Curve
Variance 
(N-units)2 4o8.8 124.2 89.5 589.5 185.9

RMS Point 
Deviation 
(N-units) 5.8 5.2 2.7 4.2 5.9
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As "before, we find that most of the curve variance is explained by 

the first three pattern vectors. These patterns, suitably scaled, are 

shown in Figs. 1), 14, and 15, respectively. The dot product of the

ZENITH ANGl£( Degrees) 
60 65 70 74 77 80 83 85 88 90

6 Fl I I I I---- 1-- 1-- 1—I—rr i
Arose C

Dot Product .953

1 2 3 4 5 6 7 x 107
(ZENITH ANGLE)4

Fig. 15. First characteristic pattern of the covariance 
matrix, with the instrument constant eliminated. Com­
pare with Fig. 10 but note difference in scale.
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ZENITH ANGLE (Degrees) 
60 65 70 74 77 80 S 85 88 90

Dot Product ,950

7x10
(ZENITH ANGLE)4

Fig. 14. Second characteristic pattern of the covar­
iance matrix, with the instrument constant eliminated.

original orthonormal pattern vectors for the two C wavelength pair sam­

ples is shown on each of the figures. The high values of the product 

again attest to the similarity of the respective patterns. We note fur­

ther that the patterns are much the same, regardless of whether the cor­

relation or covariance matrices are used. As a matter of interest, the 

complete set of 12 characteristic patterns for the covariance matrix

of the Forth American data sample C wavelengths are given in Table 5•
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ZENITH ANGLE (Degrees)
60 65 70 74 77 80 83 85 88 90
i—i------- 1-------- 1------ 1------- 1--------1—I ill i

3
0

Arose C

Dot Product .965
2 I----------- '----------- 1----------- 1----------- 1----------- 1----------- 7

1 2 3 4 5 6 7 x 107
(ZENITH ANGLE)4

Fig. 15. Third characteristic pattern of the covari­
ance matrix, with the instrument constant eliminated.

In the 12 columns are listed the vector points corresponding to total 

ozone, and Q = 90, 89,..., 65°, respectively. The root mean square co­

efficient for each vector is obtained by multiplying the mean curve var­

iance (second last item of third column, Table 4), by the appropriate 

fractional eigenvalue, then taking the square root. For example, the 

rms coefficient for the first pattern vector is [(.65569)(124.2)J1/2 

= 9•02. If we multiply the element of the first C. P. corresponding to 

77°> by this number we get (9-02)(.j6O49) = 5.25, which is the value 

plotted in Fig. 15.
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The Umkehr curves have been expanded in terms of the C. P.'s of the 

covariance matrix in an attempt to find out how many patterns are re - 

quired to "explain" everything but the experimental error which might be 

expected in the data. In the present case, it was assumed that, when 

the total residual curve variance was less than 6.0 (N-units)2, we were 

down to the level of experimental error. (The total ozone residuals 

were in units of 10 m atm-cm.) In each expansion, the coefficients of 

all patterns and the variance explained by each were computed and the 

total variance explained was summed. The sum was tested after the ad­

dition of the variance explained by each C. P. and the series expansion 

was truncated when the residual variance was less than 6.0. In the case 

of the A wavelength pairs, a value of 12.0 (N-units)2 was used and, for 

the combined pairs (A-C-D), a value of 54.0 (N-units)2 was used for test­

ing purposes. These higher testing values were used in the latter cases 

because of an apparently higher noise level. .In addition, for the C 

wavelength pairs, the Arosa curves were expanded in terms of the North 

American patterns, and vice versa. The results are listed in Table 6, 

which gives the frequency distributions of truncation levels for the var­

ious expansions. The bracketed numbers in the C columns are the trunca­

tion levels when the Arosa curves are expanded in terms of the North 

American patterns, and vice versa. In general, most of the curves re­

quire only three characteristic patterns to explain all the variance ex­

cept that attributable to experimental error. Most of the remaining 

curves require only one additional characteristic pattern.
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TABLE 6

FREQUENCY DISTRIBUTIONS OF TRUNCATION LEVELS FOR EXPANSIONS 
OF UMKEHR CURVES IN TERMS OF THEIR CHARACTERISTIC PATTERNS

Characteristic
Pattern 
Number

North America Arosa

A c D A-C-D C

1 25 14 (0) 21 10 9 (7)
2 40 46 (8) 61 45 29 (12)
5 25 29 (73) 15 26 50 (59)
4 ' 6 6 (15) 5 15 11 (19)
5 2 5 (1) 0 4 1 (5)
6 0 0 (0) 0 1 0 (0)
7 0 0 (1) 0 1 0 (o)
8 0 0 (0) 0 0 0 (0)

We may conclude from the above results that at most four character­

istic patterns are required to explain variations in the shape of the 

Umkehr curve when the instrument constant is eliminated and total ozone 

is included. The first three patterns at least are fundamental proper­

ties of the Umkehr curve and there is some possibility that the fourth 

pattern is also important. The remaining patterns are mostly noise, 

particularly the higher order vectors, which exhibit sign changes from 

one angle to the next and explain virtually no variance. If we assume 

that the main information content of the Umkehr curve has to do with var­

iations in the vertical distribution of ozone, then we may further con­

clude that there are, at most, four'pieces of information about these 

variations that may be inferred from Umkehr observations. From the evi­

dence presented here, it appears that little or no additional information 

is to be obtained from observations on more than a single wavelength pair 
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at least when observations are available for all 12 zenith angles. Thus 

the existence of strong interdependence between the points on the Umkehr 

curve, first recognized by Gotz et al., has been quantitatively confirmed. 

Pictorial evidence is presented in Figs. 16 and 17 for the strong control 

of total ozone in determining the shape of the Umkehr curve. These fig­

ures are scatter diagrams in which the coefficients of the first C. P. 

(of the covariance matrix with total ozone included) are plotted against 

total ozone for the C wavelengths and for the North America and Arosa data 

samples, respectively. There is some redundancy here in that total ozone 

is also included in the first "point" of the pattern vector. However, 

total ozone does not dominate this pattern vector, and the high degree 

of correlation between the coefficient and total ozone could not exist 

unless total ozone also played a dominant role in determining the shape 

of the Umkehr curve.

5.4 PHYSICAL EXPLANATION

A simplified explanation of the above results, viz., the strong co­

linearities existing between the points on the Umkehr curve, may be found 

by referring to the development of Section 2.1, which considers only pri­

mary scattering. We may perform the numerical integration indicated by 

Eq. (7) and plot the "source function" x(@,z) as a function of height to 

see how broad a layer of the atmosphere actually contributes to the pri­

mary scattered intensity at the ground for each wavelength. This has been 

done for each of the 12 zenith angles used by Putsch, for each of the wave-
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lengths of the three pairs A, C, and D, for the vertical distribution of 

ozone shown in Fig. 18, which corresponds to about 560 m atm-cm of ozone. 

The quadrature formulation used is described in Appendix C. It will suf­

fice here to note that both refraction and the sphericity of the atmos­

phere have been taken into account in the calculations. The results are 

plotted in Figs. 19-21, inclusive, wherein the source functions have in 

each case been normalized so that the greatest computed value is unity. 

Since the source function curves overlap so strongly, only seven of each 

have been drawn. The resulting relative Umkehr curves and the relative 

intensities of the individual wavelengths are plotted in Fig. 22.

Referring to the source function curves we note that, as stated 

earlier, the "return" does indeed come from a definite layer of the at­

mosphere . However, the layer is an extremely broad one, the half-height 

(abscissae =0.5) points on each curve being separated by at least 10 km 

and as much as JO km. On this basis, we could say that at most three 

zenith angles provide return from the entire layer of atmosphere that is 

"sensed" in the zenith angle range 60° < 9 < 90°. If we are more lib­

eral and take the j/U height points, we might say that at most five ze­

nith angles are required. Since the long and short wavelength curves 

for 60° very nearly coincide, we may conclude that variations in the 

vertical distribution have little effect on the intensity ratio at 60°.

In view of the classical explanation for the Umkehr effect of 

Gotz et al., in Section 1.2, it is interesting to note the essentially 

double peaked nature of the source function curves for 70° and ?4° for
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the short A wavelength. The upper peak of these undoubtedly represents 

the predominating effect of decreased absorption path, whereas the lower 

one represents the predominating effect of greater atmospheric density. 

This effect is also to some extent observed on the 77° and 80° curves 

for the short C wavelength, but is heavily smoothed out on the short D 

wavelength curve. We may note further that the Umkehr effect does not 

occur until the scattering layer for the short wavelength is almost com­

pletely above the ozone maximum.

Because of the great similarity in the shape of the source function 

curves and the strong overlapping, it is not at all surprising that strong 

colinearities exist between the points on the Umkehr curve. Looking at 

it in another way, we may say that the Umkehr effect is an integrating 

effect and, since information is always lost when we integrate, the Umkehr 

effect can inevitably provide us with no more than a smoothed vertical 

distribution of ozone. A measure of the vertical resolution attainable 

in these solutions is obtained from the half-width of the source function 

curves.

We may note that measurements on the A wavelength pair are probably 

equivalent to observing on the C pair when the sun is about 20 below the 

horizon and that measurements on the U pair are equivalent to stopping 

C observations when the sun is still 20 above the horizon. Since the 

"return" for the C pair at 90° is already giving information about ozone 

content in an atmospheric layer which is very nearly in photochemical 

equilibrium, we may expect that the ozone layer sensed by the A pair at
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90° will have an ozone content considerably dependent on the ozone con­

tent of the lower layer sensed by the C pair at 90°. Hence, in effect, 

there is likely very little additional information to be gained by A 

pair measurements. The possibility of obtaining additional information 

by taking observations on more than one wavelength pair is discussed in 

a later section.

Since multiple scattered radiation originates mostly in the tropo- 

sphere from primary scattered radiation arriving from the ozone layers 

above (Sekera and Dave, 1961), we may conclude that the incorporation 

of multiple scattering in the source function curves will certainly not 

improve the independence of the points on the Umkehr curve. This is 

confirmed by the statistical analysis of the previous section.



4. DISCUSSION OF THE LINEARIZED EVALUATION METHOD

4.1 PRELIMINARY REMARKS

In the preceding chapter, it was shown that a linear statistical 

transformation between points on the Umkehr curve and the ozone content 

in a number of atmospheric layers can yield information on not more than 

four layers which should encompass the entire atmosphere up to about 50 

km. We saw also that, at least qualitatively, such a result is to be 

expected from consideration of a simple physical-mathematical model in 

which only primary scattering is considered. Moreover, we considered 

that the inclusion of multiple scattering was not likely to improve the 

resolving power, even though an increase in absolute accuracy might be 

expected. We may, therefore, anticipate some difficulty with the lin­

earized evaluation equations of Dutsch, which may be written

&ijPj - ui> i=l,-..,12 (59)
j=l

where pj is now the layer-mean ozone partial pressure deviation from the 

standard distribution value in layer j, u^ is the difference, N(Qi )-q(©x), 

between the observed N-value and the standard distribution N-value at 

zenith angle and d^ is dqi/dpj .

In practice, the u^ are not known exactly because of instrumental 

and "modeling" errors. The latter will include inadequate allowances 

for multiple scattering, no allowance for aerosol effects, errors due to 

68
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truncation of the Taylor expansion leading to Eq. (59) (these may be con­

sidered as errors due to the linearization of the basically nonlinear 

problem), errors in the quadrature formulation, and changes in the ver­

tical distribution over the period of observation. If we represent the 

instrumental errors by eand the modeling errors by then we have

dijPj ~ ^i ~ ~ • (40)

J=1

On the surface, it would appear reasonable to assume that the gare ran­

dom variables with zero mean and are uncorrelated. We should note, how­

ever, that is not the instrumental error for a single observation.

Each Umkehr curve consists of from 50 to 150 observations, and consider­

able smoothing of random errors is effected in the process of selecting 

the N-values for the 12 zenith angles to represent the curve. In addi­

tion, some of the random effects of aerosol scattering will be smoothed 

out in this process. If we lump together these residual errors into one 

error vector, e^ = where k, as previously, represents the kth

of n Umkehr curves, then it does not necessarily follow that

Î=0 

k=l

or that

n 
(eik-ëi)(ejk-ëj) = 0, j/i . . (41)

k=l

We may, of course, consider that some of the nonlinear effects are in­



70

eluded in our system, at least in the final iterative solution of the 

equivalent of Eq. (22), where an allowance is made for the second order 

derivative terms in the Taylor expansion.

4.2 THE "COMPLETE" SOLUTION OF THE LINEAR EQUATIONS 

Let us now write Eq. (59) in matrix notation as

Dp = u, . (42)

In the Dutsch system, this is a set of 12 equations in nine unknowns, 

and the least squares solution may be written directly as

£ = (D*D)-1D*u^ . (4?)

A unique solution exists if and only if the matrix D*D is nonsingular. 

In practice, however, difficulties arise when the matrix is nearly sin­

gular. In a recent paper of fundamental importance to the present dis­

cussion, Twomey and Howell (1963) have discussed the stability of‘solu­

tions of equations of this type, which arise in the attempt to evaluate 

indirect soundings of the atmosphere. They show, as found by Dutsch 

(1957), that the complete solution of the system leads to wildly oscil­

lating solutions, including the physically unacceptable result of nega­

tive ozone concentrations in some layers of the atmosphere.

In arriving at the result of Twomey and Howell, we shall follow a 

somewhat different procedure. First, we shall "normalize" or scale the 

solution vector by setting
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j? = & (44)

where E may be considered as a completely diagonal matrix, having as its 

diagonal elements the standard deviations of the ozone partial pressures 

in the appropriate layers. Then we have that

= Ü, (45)

where A = dE. The need for such a normalization or scaling is discussed 

later. Next, we shall expand the normalized solution vector in terms 

of a set of orthonormal vectors as follows :

' 1L = W*b, (46)

where the orthonormal vectors are in the rows of the matrix W and b is 

the vector of coefficients of the vectors in the expansion. This is 

perfectly general in the sense that any arbitrary vertical distribution 

of ozone (expressed in terms of the mean partial pressures in nine layers) 

can be expanded exactly in terms of such a set of vectors.

If we now substitute (46) into (4$), we have that

AW*b, = u^ (4?)

which has the least squares solution for the vector coefficients

b, = (WA*AW*)-1WA*^ . (48)

Let us next require that the contribution to the solution by each vector 
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shall also "explain" an independent portion of the total variance of the 

Umkehr curve.

The residual variance of the Umkehr curve is just '

• ( u - A W*b, ) * ( u - A W*b ) = u*u - bf (WA*AW*)jb (4?)

when we make the substitution of (47) for u and note that each term in 

the expansion is a scalar, and that the transpose of a scalar is Just the 

scalar itself. Thus, the solution contribution of each vector will ex­

plain an independent portion of the total variance of the Umkehr curve 

provided that

W(A*A)W* = A (50)

where A is a completely diagonal matrix. As in the previous chapter, 

this is Just the problem of determination of the eigenvalues and vectors 

of the real symmetric matrix A*A. As before, we shall specify that the 

eigenvalues, X^, i = 1,...,9, occur on the diagonal of A in order of de­

creasing magnitude and that the rows of W are numbered accordingly. 

Equation (48) now becomes

A ]"W(A*u) (51)

We note further that the coefficients bj are determined independently of 

each other, being just the product of the reciprocal of the corresponding 

eigenvalue, Xj, and the dot product of the vectors and (A*u), where
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is the jth row of W. That is to say,

(52)

In addition, it follows directly from (4$) and (50) that the variance 

explained by the jth vector is X.b^.
J J .

The eigenvalues and vectors for A*A for one configuration of Putsch's 

first derivative matrix, in which the instrument constant is eliminated, 

total ozone is used, and the scaling vector CI shown in the first column 

of Table 1? is used in the diagonal of E, are shown in Table 7. We note 

the following:

(i) There is a tremendous range in the eigenvalues of the matrix, 

from 46,8 to about 10~5, the ratio being 4.5 x 106.

(ii) The low order eigenvectors, corresponding to the larger 

eigenvalues, exhibit very few changes in algebraic sign from 

one element to the next. Thus their contributions to the so­

lution vector n will be "smooth."

(iii) The high order eigenvectors, corresponding to the very small 

eigenvalues, exhibit frequent changes in sign from one ele­

ment to the next. Their solution contributions will not be 

"smooth."

It is pertinent to consider what might be termed the "instability 

ratio" (Rj) for the normalized solution contribution by the jth vector. 

We may define this as the sum of the squares of the normalized solution 

contributions divided by the amount of the variance of the Umkehr curve
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that is "explained" by this solution contribution. It follows that

9

1=1 i
*.! ■ -' x7 ■ '53)

u d d

Thus the vectors corresponding to the large eigenvalues have a relatively 

small instability ratio, providing a large reduction in Umkehr curve var­

iance for relatively small contributions to the solution. Moreover, as 

noted above, these solution contributions are "smooth." On the other 

hand, the vectors corresponding to the very small eigenvalues have a very 

large instability ratio, providing always a relatively small or negli­

gible reduction in curve variance while introducing very large nonsmooth 

or oscillatory contributions to the solution. We may conclude that it 

is the solution contributions of these vectors which introduce the large 

oscillations into the "complete" solution of Eq. (4$).

Looking at the problem in another way, we might consider the "pre­

dictability, " Pj, of the coefficient of the jth vector as the inverse 

of the instability ratio. Thus, those vectors which explain little or 

no curve variance, but contribute much to the solution, are not really 

predictable from Umkehr observations. That is to say, the eigenvectors 

associated with the very small eigenvalues represent linear combinations 

of the unknown variables about which Umkehr observations contain no infor­

mation (Lanczos, 1956). The problem of deciding where the information 

ends and the noise begins must be decided by numerical experiment coupled 

with information about the probable experimental errors.
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4.J THE PROBLEM OF INFORMATION VERSUS NOISE

4.5.1 The Use of the Characteristic Patterns of the Umkehr Curve

In attempting to separate the noise of the Umkehr curve from the 

basic information, we may use the filtering device of the Characteristic 

Patterns introduced in Chapter 5. Let us expand the Umkehr curve points 

ui in terms of these C. P.'s, truncating the expansion by using only • 

the first four patterns. Thus

u = "B*y + Û, (54)

where now B is a matrix with only four rows each comprising 12 elements, 

y, are the points of the smoothed Umkehr curve, ü is the average Umkehr 

curve for the sample considered and

y, = B(uÆ) . (55)

The noise of the Umkehr curve may be defined as uj where

u, = + u? . (56 )

Substituting in (51) we get

b, + bj = A 1WA* (ju+u1 ) (57)

where

£ = A'^W(A^) (58)
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and

b' = A-1W(A*u') . (59)

The above quantities have been calculated for the Arosa data sample and 

are given in Table 8 as averages of w^A*u (mean smoothed dot product), 

WiA*u' (mean error dot product), X^/v2 (mean fractional variance ex­

plained by smoothed curve coefficient), and Xjbi/v (mean fractional var­

iance explained by error curve coefficient), and X^(b^+b^ ^/v^ (mean frac­

tional variance explained by combined curve coefficient) for each of the 

vectors w^, i = 1,...,9- We note that there is certainly no question 

about the information content of the smooth Umkehr curve as provided by 

the first three eigenvectors of the matrix A*A. Moreover, the error

TABLE 8

AVERAGES OF SMOOTHED AND EKaOR DOT PRODUCTS AND FRACTIONAL
VARIANCE EXPLAINED BY EACH AND BY THE COMBINED DOT PRODUCTS

Vector _ _____ Xi
V2

Xi bp M^i+bj )2
V2

Number 
_ i

Wi A* Û Wi i^* u1
V2

1 6.758 (1) -8.68 (-4) •51553 .00000 .51552
2 -1.755 (1) -2.74 (-3) .25212 .00000 .25214
3 1.718 (1) -3.53 (-3) .21654 .00001 .21627
4 -1.379 (0) 2.68 (-3) .01025 .00008 .01029
5 1.655 (-2) 1.40 (-2) .00054 .00124 .00179
6 -4.016 (-2) 2.84 (-4) .00058 .00072 .00129
7 -1.059 (-2) 4.27 (-4) .00057 .00057 .00076
8 4.450 (-5) 2.77 (-4) .00017 .00025 .00058
9 -6.191 (-4) 3-84 (-5) .00012 .00015 .00025

Number in parentheses is power of 10 by which preceding number is to be 
multiplied.
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curve contribution is much smaller than that of the smoothed curve for 

these eigenvectors. The smoothed curve also provides the bulk of the 

contribution to the fourth coefficient. However, on the average, the 

fourth eigenvector explains a rather small fraction of the total curve 

variance. For the fifth and higher order eigenvectors, the variance ex­

plained is negligibly small and more is explained by the error curve 

than by the smoothed curve. The mean total curve variance is 572.7 

(N-units)2; after the first three eigenvectors have been used, the mean 

residual variance is 6.0, after the first four, it is 1.2. In view of 

the uncertainties involved, we can certainly expect to obtain no addi­

tional real information by explaining this residual variance. We con­

clude that most of the information content of the Umkehr curve-about the 

vertical distribution of ozone is obtained when we solve for the coeffi­

cients of the first three eigenvectors. Perhaps there is some further 

information to be obtained by solving for the coefficient of the fourth 

eigenvector; at least we are sure that the fourth vector coefficient is 

not much contaminated by noise. However, there is no basis for inclusion 

of the fifth and higher order eigenvectors in the solution system. Thus 

there are, at most, four pieces of information about the vertical distri­

bution of ozone in the Umkehr observations.

4.5- 2 Stepwise Solutions Using the Eigenvectors of A* A

We may, of course, proceed directly from Eq. (52 ), determining the 
2 

coefficients bj and the variance explained Xjbj for each vector in turn.
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We test the residual variance after each calculation and, when it drops 

below some specified limit, truncate the solution procedure, considering 

that we have extracted all the available information about the vertical 

distribution. This has been done for the Arosa data sample, using a re­

sidual variance testing limit of 6.0 (N-units)2, although the solution 

contributions and explained variance were computed for all vectors. The 

frequency distribution of the number of vectors used in the stepwise so­

lution procedure, plus the average fractional curve variance explained 

by each eigenvector, are given in Table 9. The numbers in the third col­

umn of Table 9 represent the same thing as the numbers in the last col­

umn of Table 8. In the present case, however, the fraction is taken with 

each curve and the fractions are averaged. In the previous case, the ex-

TABLE 9

FREQUENCY DISTRIBUTION OF THE NUMBER OF EIGENVECTORS USED IN THE 
STEPWISE SOLUTION PROCEDURE AND AVERAGE FRACTIONAL UMKEHR CURVE 

VARIANCE EXPLAINED BY EACH VECTOR

Eigen- Frequency Distribution Average Fractional
vector of Solution Truncation Variance Explained
Number Levels by Each Vector

1 0 .4156
2 1 .2241
5 61 •5515
4 55 .0166
5 4 • 0035
6 0 .0030
7 . 1 .0016
8 0 .0013
9 0 .0007 .
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plained variance was summed directly and the fraction taken at the end.

To achieve the selected level for explanation of curve variance, we 

find that only five cases require more than four vectors, four of these 

requiring five vectors and the remaining one requiring seven. In the 

last case, the solution is quite ridiculous, the difficulty apparently 

being that there is a large residual for 0 = 65°, which is not satisfac­

torily explained by any number of vectors, but the residual variance is 

brought down just below the limit when the seventh vector is included. 

In the four cases requiring the fifth vector, there are a few moderately 

large residuals after four vectors have been used, such that the fifth 

vector was required to bring the overall residual variance down below the 

selected limit. As might be expected, all these solutions look a little 

queer, three of the four having negative tropospheric ozone.

The solution for March 21, 1962, is shown in Table 10. In this 

particular case, the inclusion of the fifth and sixth vector contributions 

would still leave a realistic looking solution. However, since very 

little variance is explained by these contributions, there is no reason 

for their inclusion. As indicated earlier, the seventh, eighth, and 

ninth vectors introduce the wild oscillations which must be excluded 

from the solution system.

The nonuniqueness of the "complete" solution arises from these high 

order vectors. They represent linear combinations of the unknowns which 

may be added to the solutions, without affecting, to any appreciable de­

gree, the residuals. Thus we have a triple infinity of solutions that
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are "plausible" from the point of view of explained curve variance by­

choosing 0 > b7 > - 15.49, 0 < ba < 33.87, and also 0 > b0 > - 43.79, 

in the particular case of Table 10. In general, similar remarks apply 

to the choice of bg and b6. Since there are at least an infinity of 

solutions within the above framework that are physically acceptable in 

that they "look reasonable," we can see clearly why solutions carried 

out subjectively (by, for example, solving (42) by hand relaxation) are 

not comparable with each other. Such solutions do not, in fact, obtain 

from the Umkehr curve the information that is really there, but have 

"noise" introduced, to an unknown degree, by the personal ideas of the 

evaluator about what the vertical distribution should look like.

4.4 OBJECTIVE METHODS OF SMOOTHING THE SOLUTION

4.4.1 Truncation of the Eigenvector Expansion

By now it should be clear that the Umkehr observations contain no 

information about variations in ozone content from one layer to the next. 

This information must be given by the higher order eigenvectors whose co­

efficients are not predictable from the observations. As noted in the 

last section, there is a multiple infinity of solutions which will sat­

isfy Eq. (42). Most of these solutions are physically unrealistic, but 

there remain at least an infinity of solutions which are physically plau­

sible. It is necessary, therefore, to devise some objective method for 

selecting a "best" solution, which is consistent with the information 

that we know we may infer from the Umkehr observations.
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One way of obtaining such a solution system is to expand the solu­

tion in terms of the eigenvectors of the matrix A*A, truncating the solu­

tion with either three or four vectors. It is evident from the preceding 

discussion that such a procedure will lead to the explanation of a satis­

factory amount of curve variance. Moreover, the solutions so obtained 

are physically plausible when a suitable normalizing procedure has been 

chosen. A discussion of the scaling problem (i.e., choosing a suitable 

normalizing procedure) and a more complete discussion of solutions act­

ually obtained by this method are given in the next chapter.

4.4.2 Twomey1s Method

In extending a paper by Phillips (1962) which dealt with a similar 

system of equations, Twomey (1965) introduced a method of objective 

smoothing which is particularly appropriate to the present case. Two­

mey and Howell (1965) have also discussed the application of this method 

in the evaluation of indirect soundings of the atmosphere.

Twomey starts with Eq. (4$) with an error vector, e,, added as 
*

follows

Air, = u + . (60 )

He imposes the condition that

12
y ef = constant (61)

1=1 *

and applies the constraint that the sum of the squares of the solution 
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deviations from a trial solution shall be a minimum. In our particular 

problem, an obvious choice for a trial solution is just the standard 

distribution for which the matrix D of partial derivatives has been cal­

culated. This is equivalent to requiring minimization of the following 

quantity.

9 12 -
Ê 4 * =2 (62)

j=l 1=1

where y is an undetermined Lagrange multiplier. To find the minimum, 

Twomey differentiates (62) with respect to the nj. Noting from (60) 

that

de^ 
âZ " 51J 

J

we get

12
7*j + ei&ij = 0 (64)

1=1 

or

A*e = - yn . (65)

Premultiplying both sides of (60) by A* and introducing (65), we have

(A*A+/I = A*u_

which has the solution •

& = (A*A+yl) A*u,

(66)

(67)
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To determine the precise meaning of this equation in terms of our 

previous discussion, it is instructive to expand the solution in terms 

of the eigenvectors of the matrix (A*A+yl). Let

V(A*A+yI)V* = A' . (68)

But

V(yl)V* = 71

whence

V(A*A)V* = A' - 71

However,

WA*AW* = A

and therefore

A ' = A + 71

and

W = V

provided we require that the eigenvectors in the rows of V be ortho­

normal . Thus we are expanding our solution in terms of the same eigen­

vectors as before, but now each of the eigenvalues has been increased 

by 7. The solution for the eigenvector coefficients may now be written 
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as

bj = • (69)

Thus, in the determination of bj, we now multiply by (Xj+y)"1 instead of 

The quantity 7 is, therefore, a smoothing factor which must be 

chosen sufficiently large that the high order eigenvector coefficients 

are effectively reduced to zero, but the low order vector coefficients 

remain essentially unchanged.

The stepwise solution procedure discussed in Section 4.3.2 and il­

lustrated in Table 10 may now be repeated for Twomey's method. The new 

vector coefficients are obtained from those in Table 10 upon multiplica­

tion by Xj/(7+Xj ) - The same multiplying factor is required for the var­

iance explained by each vector. In Table 11, the solution of Table 10 

is repeated using 7 =0.5. This value of 7 is sufficiently large to 

eliminate effectively the solution contributions of eigenvectors six 

through nine, inclusive. The contribution of the fifth vector is de­

creased to 20% of its original value, that of the fourth to 65%, while 

the contributions of the first three vectors are relatively unchanged. 

We may note that the smoothing accomplished by Twomey's method is 

achieved at the expense of some loss in explained variance. For ex­

ample, comparing the method of Table 10 with Twomey's, we find the re­

sidual curve variance here is 19.6 (N-units) , whereas three vectors 

left 8.2 and four vectors 2.1 in the previous method. The variance ex­

plained can, of course, be increased by decreasing 7, at some loss in
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the smoothness of the solution. The example presented here is an extreme 

one insofar as explained variance is concerned, since about 60$ of the 

curve variance is explained by the third eigenvector. Normally, only 

about one third of the curve variance is explained by this vector so that 

the loss is somewhat less.

As will be demonstrated later, Twomey's method is an extremely good one, 

providing good smoothing of the solution without a too large loss in ex­

plained variance. It has the distinct advantage over the method proposed 

in the previous section that the mathematical constraints applied to the 

solution are more clearly understood. In particular, the solution contri­

butions by the various vectors are diminished in accordance with the pre­

dictability of the vector coefficients. In the method proposed in the 

last section, we would like to include the fourth vector in the solution, 

yet the solution contributions seem rather large compared to the amount 

of variance explained. We should probably eliminate completely the con­

tributions of the fifth and higher order vectors. It also appears reason­

able to retain the first three vector contributions without reduction. 

Thus a combination of the two methods, wherein the first three vector 

contributions are retained with full weight, the fourth vector contri­

bution is retained at some reduced weight, and the remaining vectors 

eliminated completely, might prove superior to either of the above 

methods.

Our main concern here is to determine what information is contained 

in the Umkehr observations and how this information can best be inter­
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preted in terms of the vertical distribution of ozone. It may, there­

fore, be unwise to weight the eigenvector solution contributions accord­

ing to the size of the eigenvalue as in Twomey’s method, since the lin­

ear combinations represented by the eigenvectors almost certainly do not 

occur in the atmosphere with the same proportionate strength as indicated 

by the respective eigenvalues. Indeed, there is good numerical evidence, 

comparing the last columns of Tables 8 and 9 with the eigenvalues of 

Table 7, that they do not. Solutions computed according to the combined 

method are presented in the next chapter.

4.5 SOLUTION CONTRIBUTIONS ASSOCIATED WITH THE CHARACTERISTIC PATTERNS 
OF UMKEHR CURVES

It is of interest to consider the solution contribution associated 

with each of the Characteristic Patterns. Since these patterns represent 

deviations from the mean Umkehr curve, we may consider the associated 

solution contributions as deviations from the mean solution for the 

sample. If we combine Eq. ()4), (44), (46), and (51), the solution con­

tribution vector Ap^ associated with the ith C. P. is given by

Agi = Zw*A"1WA*3*1yi

where is the C. P. and y^ is the coefficient of this C. P. when the 

Umkehr curve is expanded in terms of the C. P.’s. The Ag^ have been com­

puted using the C. P.’s and the derivative matrix configuration used in 

Section 4.5.2. The truncated eigenvector expansion method of solution 

has been assumed with four eigenvectors used. Root-mean-square values 
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were used for the C. P. coefficients, y^. Results are plotted in Fig. 

2J for 1 = 1,2,5,4. Very similar solution contributions are obtained 

when Twomey’s method is used.

It has to be remembered that the contributions represent deviations 

from the mean solution. These solution contribution vectors appear with 

both positive and negative signs and, on the average for the entire sam­

ple, each contribution vector has zero mean. Since the coefficient of 

the first C. P. is strongly correlated with total ozone, we see that 

above-average ozone results in addition of ozone in the lower stratosphere 

(layers 2 and 5) and below-average ozone results in subtraction of ozone 

from the lower stratosphere.
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5- FURTHER REMARKS ON EVALUATION METHODS 
AND PRESENTATION OF RESULTS

5-1 THE SCALING PROBLEM

There are two scaling problems to be considered, viz., the weighting 

vector for the equations (the rows of the matrix D and the corresponding 

elements of u) and the weighting vector for the variables (the columns of 

D)« In the customary configuration of the matrix D as used in this report, 

the first equation (row) represents the conservation of ozone, i.e., the 

requirement that the vertical distribution should be nearly equivalent 

to the measured total amount. The remaining rows of the matrix D are 

those of Diitsch ’ s matrix (Tables B-J to B-7 ), but with the first row sub­

tracted from each of the others. This is equivalent to elimination of 

the instrument constant. In addition, since he solves for the fractional 

ozone change in each layer and we solve for the mean partial pressure 

change from the standard distribution, the elements of each column have 

to be divided by the mean ozone partial pressure in the various layers 

in the standard distribution.

The problem of scaling the ozone conservation equation deserves some 

discussion. If the equation is used in such a way that the observed re­

sidual entered in the vector is in m atm-cm, then ozone conservation 

dominates the solution procedure in such a way that solution total ozone 

is exactly (to the nearest m atm-cm) the same as the observed total 

amount. This is equivalent to claiming a priori knowledge that the total 

92
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amount of ozone is known without error. However, actual a priori knowl­

edge is that measured total ozone has a standard error of estimate of 

about 2 m atm-cm. It has been found by numerical experiment that, in the 

case of the C wavelength pair, agreement within a standard deviation of 

about 2 m atm-cm is achieved by using a total ozone weighting factor 

W# = 0.1. In all cases, the weighting factor used will be stated.

Apart from the ozone conservation equation, do we have a need for 

scaling the problem? There are two simple direct approaches. First, 

since we are solving for mean partial pressures in each layer, w^y not 

solve directly for these without scaling? This is equivalent to choos­

ing column and equation scaling vectors with all elements equal. The 

average solution and associated statistical data, for the Arosa data sam­

ple are given in Table 12. The solutions have been carried out using 

Twomey's method with a column scaling vector of 10 units, = 0.1, a 

scaling factor of unity for the remaining equations, and 7 = 0.5. The 

solution residuals are moderately large; moreover the ozone mixing 

ratios appropriate to layers 8 and 9 indicate a rather large increase 

of mixing ratio with height, which is not in conformity with photochem­

ical theory.

A second direct approach is to solve, as Kitsch does, for the frac­

tional change in the ozone amount in each layer. This is equivalent to 

using, in the present context, a column weighting vector having elements 

proportional to the ozone partial pressures of the standard distribution 

in the respective layers. The average solution, with associated statis-



TABLE 12

AVERAGE SOLUTION FOR AROSA DATA SAMPLE BY TWOMEY'S METHOD WITH 
COLUMN SCALING OF 10, W^ = 0.1, AND 7 = 0.5

Layer
Layer-Mean 
Partial

Pressures
(umb)

Standard Deviations 
of Layer-Mean 

Partial Pressures 
(dmb)

1 34 13-7

2 48 14.9

3 86 18.4

129 19.5

5 123 17.8

6 77 11.8

7 40 6.4

8 18 3.0

9 14 2.6

Mean Residual Variance (N-units)2 
RMS Residual (N-units)
Mean Total Ozone Residual (m atm-cm) 
RMS Total Ozone Residual (m atm-cm)

4.8
0.65
3.0
6.5
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tical data for solutions by Twomey's method, with 7 = 0.5, W# = 0.2 

(0.1 was too low), and other equations scaled with unity, are given in 

Table 15. The bracketed numbers in the table are for the case where W# 

=1.0. We note the improvement in the total ozone "fit" when the con­

servation equation dominates the solution with no real change in the mean 

solution. A positive total ozone residual means that the observed value 

exceeds the solution value. Thus the difference between the two solu­

tions, in the mean, is that the ozone solution deficit of 2.2 m atm-cm 

when Wq = 0.2 has been put into the lower atmosphere when W^ = 1.0.

Another obvious way of scaling the problem is to divide the elements 

of the ith row D (and the ith residual) by the quantity (Z^j to 

get matrix D'. Next, we may scale the Jth column of D' by dividing by 

the quantity (E d^)1/2 to get the matrix A. Then the matrix (A*A) is 

like a correlation matrix in the sense that the diagonal elements are 

all unity and the off-diagonal elements are less than unity in absolute 

value. The avera es obtained in this manner are given in Table 14. The 

solutions are unrealistic in that tropospheric ozone concentrations are 

frequently negative and the concentration in layer 7 is sometimes less 

than that in layer 8, something not anticipated from photochemical 

theory. In addition, the residuals are somewhat larger than we would 

care to accept. Otherwise the solutions seem not unreasonable. The 

individual solutions show a strong increase in lower stratospheric ozone 

when the total amount is large. These solutions have been carried out 

with the truncated eigenvector expansion (hereinafter TEVE) method using
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TABLE IJ

AVERAGE SOLUTION FOR AROSA DATA SAMPLE BY TWOMEY’S METHOD WITH 
COLUMN SCALING EQUIVALENT TO STANDARD DISTRIBUTION LAYER PARTIAL 

PRESSURES, Wh = 0.2 (1.0), AND 7 = 0.5

Layer
Layer-Mean 
Partial

Pressures
(dmb)

Standard Deviations 
of Layer-Mean 

Partial Pressures 
_ (pmb)

1 29 (50) 9.1 (10.9)

2 48 (49) 8.6 (9-7)

5 100 (100) 25.2 (26.8)

4 144 (144) 59.2 (59.5)

5 108 (107) 19.1 (19.0)

6 65 (64) 11.9 (11.9)

7 47 (47) 7.1 (7.4)

8 26 (27) 5.7 (5.7)

9 9 (10) 1.1 (1.2)

Mean Residual Variance (N-units)2 
RMS Residual (N-units)
Mean Total Ozone Residual (m atm-cm) 
RMS Total Ozone Residual (m atm-cm)

5.8 (5.4)
0.56 (0.55)
2.2 (0.1)
4.1 (0.2)
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TABLE 14

SOLUTION STATISTICS FOR AROSA DATA SAMPLE FOR SOLUTIONS BY TRUNCATED 
EIGENVECTOR EXPANSION METHOD WITH COLUMN AND EQUATION SCALING

VECTORS DETERMINED FROM DERIVATIVE MATRIX

Layer or
Equation

Equation 
Weights

1

Column
Weights

1
Layer-Mean 
Partial
Pressures

(limb)

Standard Deviations 
of Layer-Mean 

Partial Pressures 
(limb)

(S (L ayjvs

1 0.52 (=Wq) 1.91 50 21.1

2 0.69 2.59 65 40.0

5 0.88 1.81 95 55.9

4 1.09 1.52 150 24.6

5 1.41 1.52 120 15.5

6 l.?8 1.15 75 10.1

7 2.29 0.95 57 8.5

8 5.08 O.72 25 5.0

9 4.14 0.59 15 5.4

10 5-75

11 9.58

12 22.44

Mean Residual Variance (N-units)^ 15.8
RMS Residual (N-units) 1.08
Mean Total Ozone Residual (m atm-cm) -0.8
RMS Total Ozone Residual (n1 atm-cm) 5.8
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the first four eigenvectors.

Still another method of scaling would be to introduce an arbitrary 

value for Wg, but otherwise to scale only the columns of D by the method 

of the previous paragraph. Solution statistics for this procedure are 

given in Table 15• Both TEVE and Twomey methods have been used with 

Wg = 0.1, and 7 = 0.1 for Twomey's method. The solutions by the TEVE 

method are fairly reasonable, there being a few small negative ozone 

values in the troposphere and occasional low values in layer 6. The so­

lution residuals are quite reasonable. The average solution by Twomey's 

method is not greatly different from the previous one, but the differences 

are characteristic and persist through all solutions carried out by the 

two methods. TEVE method always gives less tropospheric ozone, more in 

the stratosphere (layers 2 and 5), less in layers 6 and 7, and more in 

layer 8 than Twomey's method. Thus the tendency toward solution insta­

bility in the TEVE method (because of the introduction of the fourth 

eigenvector with full weight) is eliminated by using Twomey's method, 

with a sufficiently large 7, at some expense in increased residual 

variance.

Looking back over Tables 12-15, inclusive, we note evidence of a 

correspondence between the column weighting vector and the variability 

of the solution amounts in each layer. This suggests an additional con­

straint which we may impose on the solution, viz., we may choose a column 

weighting vector such that the variability of our solution layer-mean par­

tial pressures approximates most closely that found in the atmosphere in
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TABLE 15

SOLUTION STATISTICS FOR AROSA DATA SAMPLE FOR SOLUTIONS BY TEVE AND 
TWOMEY METHODS WITH COLUMN SCALING VECTOR DETERMINED FROM DERIVATIVE

MATRIX, Wn = 0.1, AND 7 = 0.1

Layer Column
Weights

Layer-Mean 
Partial

Pressures 
______ (umb)_______

Standard Deviations 
of Layer-Mean 

Partial Pressures 
(limb)

TEVE Twomey TEVE Twomey
1 7.52 29 55 16.4 15.6

2 8.90 62 57 26.5 25.9

5 7.54 96 90 27.2 24.6

4 6.05 150 126 21.4 18.6

5 5.19 117 116 15.9 14.3

6 4.52 65 70 11.7 11.2

7 2.60 44 46 _ 5.7 5.8

8 1.10 26 25 5-2 2.7

9 0.48 10 10 1.7 1.5

Mean Residual Variance (N-units)2 2.5 4.7
RMS Residual (N-units) 0.44 O.63
Mean Total Ozone Residual (m atm-cm) -0.7 1.9
RMS Total Ozone Residual (m atm-cm) 1.7 5.4
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actual balloon soundings. The statistical parameters for the balloon 

sounding data available to the writer are given in Table 16. The method 

of processing the data is described in Appendix D along with a listing 

of the sources of the data. We find that two distinct patterns of var­

iability are in evidence in the lower layers of the atmosphere. The 

first pattern, applicable to moderate and large ozone amounts, indicates 

a maximum of variability in layers 2 or 3, while the second pattern, 

based, however, on relatively few soundings for low ozone, shows a maxi­

mum variability in layer 4.

Column weighting vectors actually selected for use in the solution 

procedures used for further work are given in Table 17. The solutions 

described in Chapter 4 were all calculated from Putsch's Standard Dis­

tribution I (hereinafter SI) using column weighting vector CI with 

= 0.1.

Statistics for solutions with column weighting vector CI, with 

= 0.1, for both TEVE and Twomey methods are listed in Table 18. Solu­

tions by the Twomey method have been carried out using 7 = 0.25, 0.5, 

and 1.0. The differences between the two methods, as described earlier, 

are readily apparent. In addition, as we decrease 7, we note the two 

solutions approach each other. When we increase 7, the persistent dif­

ferences increase in magnitude, the solution variability decreases, and 

the unexplained variance increases.

In Table 19, solution statistics are listed to demonstrate the ef­

fect of changing the weight W^ of the ozone conservation equation in the
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TABLE 16

AVERAGES AND STANDARD DEVIATIONS OF LAYER-MEAN PARTIAL PRESSURES 
FOR BALLOON SOUNDINGS AND UMKEHR DATA

Layer
Standard Deviations of

Layer-Mean Partial Pressures 
______________(pmb)________________

Layer-Mean Partial 
(umb)

Pressures

I II III IV V I II III IV V

1 14 12 6 18 15 25 22 13 32 23

2 35 26 13 26 36 57 49 22 97 46

5 31 22 19 30 14 104 102 68 130 91

4 28 22 27 23 17 149 145 128 174 141

5 (17) (17) (12) (20) (14) ( 116) (114) (Hl) (122) (116)

6 (11) (12) (8) (10) (10) (78) (79) (74) (80) (82)

7 (6) (6) (5) (6) (7) (48) (47) (45) (51) (51)

8 (2.5) (2.2) (2.5) (2.2) (3.2) (22) (22) (22) (22) (23)

9 (1.7) (1.8) (1.7) (1.3) (2.5) (11) (11) (10) (11) (H)

Average Total Ozone (m atm-cm) 345 354 279 408 333

I:
II: 

III:
IV:
V:

121 soundings
71 soundings
18 soundings
52 soundings
29 soundings

II + III + IV
500 < 0 < 575 m atm-cm

« < 500
o > 575 

simultaneous with Umkehr observations
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TABLE 17

COLUMN WEIGHTING VECTORS 
USED WITH DERIVATIVE MATRICES IN SOLUTIONS

Column 
(Layer)

Weighting Vectors
CI CII CIII

1 12 10 5
2 30 20 10
5 24 24 15
4 18 18 20
5 14 14 15
6 9 9 9
7 6 6 6
8 3 3 3
9 1.5 1.5 1.5

two methods. Except for an increase in the variability of the solution 

in the troposphere, a decrease in the variability of the total ozone re­

sidual, and in its average, the results are virtually the same, on the 

average, as Wq is increased. In the case of the TEVE solutions, the 

stronger forcing on ozone conservation gives ozone partial pressures in 

the troposphere which are just negative in two cases.

Next, we shall illustrate two effects. First, we have used column 

vectors CII and CIII, with WQ = 0.1 and 7 = 0-5, to obtain solutions by 

Twomey's method. Second, we have computed solutions with the combined 

method referred to in the last chapter, where only the first four eigen­

vectors are used but the fourth one is weighted by using 7 =0.5. Column 

weighting vector CI has been used in this case. These results are pre­

sented in Table 20. The solutions statistics for CII and CIII illustrate 

rather clearly the effect of the column weighting vector on solution vari-
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TABLE 18

STATISTICS FOR AROSA DATA SAMPLE SOLUTIONS CARRIED OUT BY TEVE AND 
TWOMEY METHODS USING COLUMN WEIGHTING VECTOR CI, Wq = 0.1, AND SI

Layer
Layer-Mean Partial Pressures
___________ (pmb)____________

Standard Derivations of 
Layer-Mean Partial Pressures 
___________ (pmb)_______

TEVE Twomey TEVE Twomey
7=.25 '^.5 7=1.0 7=. 25 7=.5 7=1.0

1 26 27 28 29 11.8 11.0 8.9 7.1

2 75 75 70 66 35-3 56.0 53.5 30.7

3 96 94 92 88 29.3 50.5 28.7 26.9

4 124 123 122 121 20.8 19.2 19.0 18.5

5 112 110 111 112 15.5 14.6 14.5 14.3

6 75 75 76 77 9.7 9.4 9.1 8.7

7 45 44 45 46 6.6 6.7 6.1 5-6

8 24 24 24 25 2.8 2.8 2.6 2.4

9 11 11 10 10 1.9 1.6 1.5 1.4

Mean Residual Variance (N-units)2 
RMS Residual (N-units)
Mean Total Ozone Residual (m atm-cm) 
RMS Total Ozone Residual (m atm-cm)

2.1
0.42
-0.5
2.4

2.2 
0.43 
0.1
2.5

3-4
0.53
0.9
3.8

6.4
0.75
3.0
6.3
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TABLE 20

STATISTICS FOR AROSA DATA SAMPLE SOLUTIONS USING CII AND CHI WITH 
TWOMEY’S METHOD AND USING CI WITH THE "COMBINED" TEVE-TWOMEY METHOD

(7 = 0.5 and Wq = 0.1)

Layer
Layer-Mean 'Partial

(umb)
Pressures Standard Deviations of 

Layer-Mean Partial Pressures 
___ ________ (lmb)_____________

Combined Twomey Combined Twomey
CII CHI CH CHI

1 30 29 27 8.8 8.7 5.0

2 76 60 51 33-2 20.9 H.3

5 94 97 98 28.4 34.5 25.2

4 122 123 131 19.8 20.6 34.3

5 110 111 110 15.3 14.4 16.3

6 74 75 74 9.4 8.9 8.2

7 44 45 44 6.0 6.0 5.6

8 24 24 24 2.8 2.6 2.6

9 11 10 10 1.8 1.5 1.6

Mean Residual Variance (N-units)2 2.7 3.7 5.4
RMS Residual (N-units) 0.47 0.55 0.67
Mean Total Ozone Residual (m atm-cm) -3.7 2.1 6.2
RMS Total Ozone Residual (m atm-cm) 5.7 5.1 11.6
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ability. We note also some tendency, with GUI, which has a large weight 

in the fourth column, to produce a more pronounced maximum in layer 4 

in the mean solution. It is also evident that a larger value of W$ needs 

to be used with Gill and possibly also with CII to improve the fit with 

total ozone. The "combined" method results are not much different from 

those with CI and TEVE or Twomey's methods. The explained variance is 

somewhere between the other two. The main difference is that ozone has 

been added in the troposphere and lower stratosphere in the mean and the 

resulting fit with total ozone is not as good.

Statistics for solutions with respect to Diltsch's Standard Distribu­

tion SII, for 42 Arosa curves when total ozone was less than JOO m atm-cm, 

are listed in Table 21. In view of the persistent secondary maximum ob­

tained when CI was used, this column weighting vector was considered un­

suitable for use with SII. Although there is not much to choose between 

CII and CIII, it was decided to use CII for future solutions with SII, 

largely because of the somewhat better fit obtained.

The CI column weighting vector has been used for solutions with 

Standard Distribution III with 7 = O.J and = 0.1 and the solution sta­

tistics are listed in Table 22. These quantities have been used in future 

solutions with Standard Distribution III. However, in view of the moder­

ately large mean residual for total ozone, it is evident that a larger 

value of Wq should have been used. Since these residuals are negative, 

we know from the earlier results that the effect of increasing Wq would 

be to decrease the solution values in the lowest layers of the atmosphere.
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TABLE 21

STATISTICS FOR AROSA DATA SAMPLE SOLUTIONS WITH RESPECT TO STANDARD 
DISTRIBUTION II WHEN TOTAL OZONE IS LESS THAN 300 M ATM-CM,WITH Wq = 0.5

Layer
Layer-Mean Partial Pressures
___________ (pmb)____________

Standard Deviations of 
Layer-Mean Partial Pressures 
___________ (pmb)

TEVE
CII

Twomey (7=.5) TEVE
CII

Twomey (7=.5)
CI CII cm CI CII cm

1 24 25 27 25 9.7 9.6 9.0 6.0

2 47 54 43 37 6.7 7.8 5.8 5.8

5 63 49 56 60 8.5 7.9 8.1 4.9

4 88 85 86 96 8.0 6.8 7.0 9.1

5 114 117 116 113 7.3 6.5 6.5 7.9

6 71 75 74 72 6.5 5.6 5.6 5.4

7 40 41 41 41 4.0 3.5 3.5 3.5

8 24 24 24 24 1.2 1.1 1.1 1.1

9 10 10 10 10 1.1 0.8 0.8 0.8

Mean Residual Variance (N-units)2 
RMS Residual (N-units)
Mean Total Ozone Residual (m atm-cm) 
RMS Total Ozone Residual (m atm-cm)

1.8
0.39
0.04
0.07

2.4 
0.45 
0.2 
0.2

2.5
0.46
0.2
0.2

5.4 
0.53
1.1
0.5
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TABLE 22

STATISTICS FOR AROSA DATA SAMPLE SOLUTIONS WITH RESPECT TO STANDARD 
DISTRIBUTION III WHEN TOTAL OZONE EXCEEDS 575 M ATM-CM

(CI, 7 = 0.5 and W^ = 0.1)

Layer
Layer-Mean Partial Pressures
___________ (limb)____________

Standard 
Layer-Mean

, Deviations of 
Partial Pressures 
(umb)

TEVE 1Forney TEVE Twomey

1 54 59 11.7 9.5

2 82 91 21.1 19.5

5 152 146 17.0 16.2

4 158 149 15.5 10.0

5 152 127 8.5 6.6

6 81 84 5.2 4.6

7 46 51 5.5 4.5

8 28 27 2.2 2.1

9 15 . 12 1.5 1.5

Mean Residual Variance (N-units)^ 5.0 4.8
RMS Residual (N-units) 0.50 0.65
Mean Total Ozone Residual (m atm-cm) -2.5 -4.0
RMS Total Ozone Residual (m atm-cm) 5.5 5.7
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5.2 THE EFFECT OF ADDING RANDOM NOISE TO THE OBSERVATIONS

In order to be sure that our solution procedure is a computationally 

stable one, noise has been added to the observations using a random num­

ber generation subroutine directly available as a system subroutine at 

the Computing Center, The University of Michigan; The random numbers 

generated had a normal distribution with zero mean and a standard devia­

tion of 0.5 N-units. Solutions have been obtained for these curves by 

the TEVE and Twomey methods, with respect to SI, using CI, Wq = 0.1, and 

7 = O.5. The solution statistics are given in Table 25. We find that 

the average solutions are virtually identical to their counterparts in 

Table 18. The solutions are, however, slightly more variable. The total 

ozone fit is about the same. The slight increase in tropospheric solu­

tion variability has given rise to a few very small negative ozone con­

centrations in the troposphere in the solutions by the TEVE method. The 

fact that the solution variability has increased by only a small amount 

indicates that the above procedures are essentially stable ones for eval­

uation of Umkehr observations.

5-5 THE NEED FOR MORE THAN ONE STANDARD DISTRIBUTION

5.5.1 Convergence of the Iterative Procedure Using the Second Derivatives 

One way of examining the need for more than one standard distribution 

is to look at the number of iterations required to achieve convergence 

when the second order partial derivatives are used as indicated in Eqs. 

(21), (22), and (25). To carry out such a test, the Arosa data sample
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TABLE 25

STATISTICS FOR AROSA DATA SAMPLE SOLUTIONS WHEN RANDOM NOISE HAS 
BEEN ADDED TO THE UMKEHR CURVES

(Solutions are relative to SI, with CI, Wq = 0.1, and 7 = 0.5)

Layer
Layer-Mean Partial Pressures
___________ (limb)____________

Standard Deviations of 
Layer-Mean Partial Pressures 
___________ (limb)

TEVE 'Twomey TEVE Twomey

1 25 27 12.2 9.1

2 72 71 35.1 33.1

5 97 92 29.8 29.0

4 125 122 21.4 19.5

5 112 111 15.9 14.9

6 73 76 9.8 9.3

7 45 45 6.7 6.5

8 24 24 2.8 2.2

9 11 10 1.9 • 1.6

Mean Residual Variance (N-units)2 4.5 5.8
RMS Residual (N-units) 0.61 0.69
Mean Total Ozone Residual ( m atm-cm) -0.8 0.6
RMS Total Ozone Residual (m atm-cm) 2.7 3.8
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was divided up into the following subsamples, according to the total 

amount of ozone : Bl(D < 275); BII(275 < 0 < 300); BIIl(500 < 0 < 575); 

BIV(375 < £2 < 410), BV(H > 410). Subsanrples BI and BII were evaluated 

with respect to SI and SII; Bill with respect to SI; and BIV and BV with 

respect to SI and SIII. The evaluation was carried out using both the 

TEVE and Twomey methods and the final solution was that obtained on the 

rath iteration, such that, in the notation of (2)),

12
V I (m) (m-1)1
2, |Sk " sk I < 1-0 N-units . (70)

k=l

The frequency distribution of the number of iterations required is given 

in Table 24. Looking at the frequency distributions, we note an increase 

in the number of iterations required as the total ozone deviation from 

the standard distribution value becomes greater (556 m atm-cm for SI). 

There is a marked improvement when three standard distributions are used, 

with 90 out of 100 cases converging in two iterations, whereas only 56 

cases converge in two iterations when SI is used alone. The above is for 

Twomey's method; for the TEVE method the corresponding numbers are 84 and 

59- Thus we note that the additional smoothing imposed by Twomey's solu­

tion method appears to be benificial in terms of reducing the number of 

iterations required.

5.3.2 Average Solutions

First, we shall consider those cases where total ozone is less than



112

TABLE 24

FREQUENCY DISTRIBUTIONS OF THE NUMBER OF ITERATIONS REQUIRED FOR 
CONVERGENCE WHEN THE SECOND ORDER PARTIAL DERIVATIVES ARE USED

Sample Standard 
Distribution

Frequency Distributions
Number of Iterations

1 2 5 4 5 6 __ I
Twomey1s Method

BI SI 0 0 1° 10 1 0 0
BH 0 12 7 2 0 0 0
Bill 2 22 4 0 1 0 0
BIV 0 14 2 0 0 0 0
BV 0 6 7 0 0 0 0
BI SII 0 19 2 0 0 0 0
BII 0 21 0 0 0 0 0
BIV SUI 0 16 0 0 0 . 0 0
BV 0 10 5 0 0 0 0

. TEVE Method
BI SI 0 0 2 10 9 0 0
BII 0 9 10 5 1 0 0
Bill 1 20 5 2 0 0 1
BIV 0 9 7 0 0 0 0
BV 0 0 15 0 0 0 0
BI SII 0 19 2 0 0 0 0
BII 1 20 0 0 - 0 0 0
BIV sin 0 15 5 0 0 0 0
BV 0 10 5 0 0 0 0
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500 m atm-cm, for which average solutions are listed in Table 25. The 

usual characteristic differences between the TEVE and Twomey methods are 

apparent. However, the main difference is between solutions carried out 

with respect to SI and SII. In every case, the ozone maximum is shifted 

from layer 4 with SI to layer 5 with SII. The difference cannot be at­

tributed to the choice of the column weighting vector (CI with SI and 

CII with SII) since the same pattern is evident when we use CI with SII 

(Table 21). The reason for the difference lies in the fact that we are 

obtaining a solution which represents a minimum deviation from a trial 

solution (Twomey), the trial solution being the standard distribution. 

Examining the standard vertical distributions in Table B-1, we find that 

SII does have a maximum in layer 5, whereas SI has a rather broad maxi­

mum with layers 4 and 5 having approximately equal concentrations. We 

must conclude that, if indeed there is a significant difference between 

the mean vertical distributions at low and moderate ozone values, then a 

separate standard distribution should be used. The evidence of Table 16 

is that the solutions with respect to SI are more nearly correct. How­

ever, the sample, on which the low-ozone means of Table 16 are based, is 

much too small and, in addition, contains more soundings for Liverpool 

(11) than for Arosa (5). Moreover, the concentration in layer 5 is based 

in part on average Umkehr results = Although Twomey's method as presented 

here, can be modified to obtain a solution which is a minimum deviation 

from a trial distribution other than the standard, we are in favor, in 

view of the iteration results, of using an additional standard distribu-
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TABLE 25

AVERAGE SOLUTIONS FOR AROSA DATA SAMPLE WITH SECOND DERIVATIVE 
CORRECTIONS INCLUDED WHEN TOTAL OZONE IS LESS THAN JOO M ATM-CM .

Layer-Mean Partial Pressures
Solution Method: TEVE Twomey
Standard Distribution: SI SII SI SII SI SII SI SII
Sub-Sample: BI BI BII BII BI BI BII BII

Layer

1 22 21 26 27 24 24 28 29

2 58 45 43 49 36 42 37 46

5 64 60 67 65 61 54 64 60

4 101 84 107 91 100 82 107 90

' 5 ‘ 95 109 104 117 95 111 106 120

6 65 66 74 75 68 70 77 78

7 40 58 45 42 41 40 45 43

8 24 25 23 24 23 24 23 24

9 11 11 10 10 10 11 10 10

Solution Total Ozone 2?64 264 287 288 264 263 286 288
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tion for low total ozone.

Next, we shall consider cases where total ozone exceeds 575 m atm-cm, 

for which average results are listed in Table 26. In this case, statis­

tics were computed for subsample BIV and for BIV + BV combined. Compar­

ing the differences between the SI and SIII solutions, we find them less 

pronounced. The major difference, in all cases, is that ozone is re­

moved from the lower stratosphere (layer 2) and added to the troposphere 

(layer 1) and to layer 5 in large amounts and to layers 4, 5, 6, and 7 in 

small amounts when solutions are with respect to SIII instead of SI. This 

difference is probably due to the nature of the CI column weighting vector 

used with both standard distributions. When much ozone has to be added 

to the standard distribution, as is the case when SI is used with high 

total ozone, there is a tendency to add it in layer 2 because of its 

larger weight in the solution procedure. Comparing these results with 

those of the balloon soundings as given in Table 16, we find that we ■ 

should probably have a more pronounced peak in layer 4 in our standard 

distribution SIII.

5.4 THE NEED FOR SECOND DERIVATIVE CORRECTIONS

What is the effect of applying the corrections for the second order 

’ derivatives in the Taylor expansion? Since we are already well aware of 

the differences between the two solution methods, TEVE and Twomey, aver­

age solutions with and without these corrections are given in Table 27 

for the Twomey method only. Moreover, since the differences will be
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TABLE 26

AVERAGE SOLUTIONS FOR AROSA DATA SAMPLE WITH SECOND DERIVATIVE 
CORRECTIONS INCLUDED WHEN TOTAL OZONE EXCEEDS 375 M AIM-CM

Solution Method:
Standard Distribution:
Sub-Sample:

Layer-Mean Partial Pressures
TEVE Twomey

SI 
BIV

Sill
BIV

• SI
BIV+V

Sill 
BIV+V

SI 
BIV

Sill 
BIV

SI 
BIV+V

Sill 
BIV+V

Layer

1 24 53 27 36 25 37 27 39

2 99 70 113 85 100 79 116 92

5 131 142 140 151 126 138 136 14?

4 150 152 153 156 145 145 148 149

5 129 129 129 130 156 125 125 125
6 80 82 78 81 82 84 80 83

7 4? 48 47 47 51 52 51 52

8 28 28 29 29 27 27 28 28

9 14 13 14 14 12 12 15 13

Solution Total Ozone 3>98 398 415 414 395 400 411 415
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TABLE 27

AVERAGE SOLUTIONS FOR AROSA DATA SAMPLE TO ILLUSTRATE DIFFERENCES 
BETWEEN LINEAR (L) AND NONLINEAR (NL) SOLUTIONS

Layer
Layer-Mean Partial Pressures

D < 300 au n Q :> 375
L NL L NL L NL

1 26 26 28 27 31 27
2 44 37 70 67 115 116
3 66 62 92 91 131 136
4 10 4 104 122 122 145 148
5 98 101 111 112 125 125
6 69 72 76 77 82 80
7 40 43 45 47 50 51
8 22 23 24 24 27 28
9 10 10 10 11 12 15

greatest when we use SI for low and high ozone, only solutions with re­

spect to SI are given. For low ozone, the effect of the second order 

derivatives is to transfer ozone from layers 2 and 5 to layers 5, 6, 

and 7. A similar comment applies, but to a lesser extent, when all 

values of total ozone are lumped together. The effect for high total 

ozone is less clear-cut. The influence of the corrections is to remove 

ozone from layers 1 and 6 and to add it in layers J and 4.

It is somewhat more instructive to look at individual solutions 

since, on the average, we might expect the effect of the second deriva­

tive corrections to cancel out. Solution instability first manifests 

itself, in the linear solution system, in the form of low ozone values 

in layers 6 and/or 7 and in the troposphere. Since these effects show 

up in a more pronounced manner in the TEVE solutions, examples of each 
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are shown in Table 28. The solution which required 7 iterations, which 

also suffers from low ozone in layers 6 and 7, is one of those listed.

We see that the effect of introducing the second order corrections is to 

improve the smoothness of the solutions. Thus, although we might be in­

clined to discard the second order corrections as unnecessary in viewing 

only the average solutions, they do serve a useful purpose in smoothing 

out unrealistic irregularities in some solutions.

TABLE 28

INDIVIDUAL SOLUTIONS CHOSEN TO ILLUSTRATE THE DIFFERENCES 
BETWEEN LINEAR (L) AND NONLINEAR (NL) SOLUTIONS

Layer
Layer-Mean Partial Pressures

4/4/61 10/20/61 ' 10/51/61
L NL L NL L NL

1 0 4 22 32 15 18
2 61 62 100 99 45 34
5 122 118 115 102 72 64
4 150 146 126 116 10 4 101
5 128 125 97 94 91 93
6 71 72 52 57 57 63
7 36 38 27 34 52 38
8 24 25 24 25 23 24
9 12 12 12 12 11 11

Observed Q 334 334 327 327 254 254
Solution 0 335 335 327 329 255 255
No. of iterations 3 7 5

5-5 COMPARISON WITH DUTSCH'S SOLUTIONS

Dr. Dutsch has kindly provided the writer with a duplicate card deck 

of solutions for the cases given in his 1965 report. However, the card 
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deck solutions had undergone a further processing to achieve a closer 

fit between observed total ozone and that implied by the solution. In 

selecting those cards which corresponded to the sample used in this study, 

it was found that our sample contained five duplicates, all for clear 

sky Umkehrs, where Umkehr curves had been included for the cases with 

and without luxmeter corrections. In addition there were two curves in 

our sample for which no solution card was available in Dutsch's solution 

deck. Thus the sample for which an exact correspondence existed was re­

duced to 95 cases. In setting up duplicate decks, the appropriate solu­

tion from SI, SII or SIII was chosen from the present work. Average so­

lutions and solution variabilities are listed in Table 29 for this sample, 

for the three methods: Putsch, TEVE, and Twomey. The individual solu­

tions are listed in Appendix E, which also includes the duplicates and 

the two missing solutions. The data are listed in order of increasing 

total ozone and, in the case of the duplicates, the first solution listed 

corresponds to Putsch's. Also listed in Table 29 are the fractional 

eigenvalues of the correlation matrix of the solution partial pressures. 

On the whole, we find only rather small differences between the solution 

statistics, indicating that Putsch's technique of averaging solutions from 

several systems of overlapping layers has been successful in eliminating 

the instabilities from the system. The correlation matrix eigenvalues 

are an indication of the number of independent linear combinations that 

are present in the normalized solutions. As it should, from its basic 

formulation, the TEVE solution method explains more of the normalized
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solution variance with the first four eigenvectors, but the differences 

do not appear to be significant.

5.6 ANOTHER ORTHOGONAL VECTOR EXPANSION FOR SOLUTIONS

Another possibility is to expand the vertical distribution in terms 

of its own characteristic patterns, or empirical orthogonal functions, 

truncating the expansion after the first three or four pattern vectors 

have been used. One of the problems here is to secure empirical data 

giving the vertical distribution in all of the nine layers of the atmos­

phere that are used in the current study. The data available for ozone­

sonde intercomparisons carried out at Arosa in July-August, 1958 (Brewer 

et al., 1960), in the summer of 1961, and again during the spring of 1962, 

with simultaneous Umkehr data on most occasions, provide the closest ap­

proach to the required information. A total of 29 such vertical distri­

butions were synthesized by matching up the balloon results for the lower 

atmosphere and the Umkehr results for higher levels. The correlation 

matrix, and its eigenvalues and vectors were calculated for this small 

sample. Solutions have been carried out using the first four eigenvectors 

of the correlation matrix. In this case, we set

= Z 1 (£-£)■ 

or -

p = Z& + p, (71)
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where E and are the standard deviations and means, respectively, of the 

ozone partial pressures in the various layers for the sample of 2?. These 

are given in the columns designated V in Table 16.

The linear equation system (42) now becomes

dEk, = u - Djj, . (72)

Setting

X = (75)

we have 

DEW*£ = AW*b, = u - 1^ (74)

with the least squares solution

b, = (WA*AW*)-1WA*(u-Dp) • (75)

In this case, the coefficients bj do not explain independent segments of 

Umkehr curve variance, nor can they be computed independently, since 

(WA*AW*) is no longer a completely diagonal matrix. It should be noted 

that the matrix W, as used in this context, comprises only the first four 

eigenvectors of the correlation matrix. Solutions have been carried out 

according to this scheme using the Arosa data sample for low ozone 

(12 < 500) re SII, for all ozone re SI, and for high ozone (0 > 575) re 

SUI. In each case, W# = 0.1 was used.
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In this section and the next one, average solution results are pre­

sented in the form of smooth curves on ozonagrams. In drawing these 

smooth curves through the block distributions implied by the actual so­

lutions , the smoothest curve which keeps the same amount of ozone in each 

layer is drawn subjectively. This is illustrated in Fig. 24 which shows 

the block distribution and the smooth curve for the case SI (TEVE) of 

Fig* 25. In drawing this curve, use has been made of our a priori knowl­

edge from balloon soundings that the tropospheric distribution tends to 

follow a constant mixing ratio line. The usual sharp increase in partial 

pressure at the tropopause has been smoothed out since we are dealing 

with mean solutions. A discussion of objective criteria for drawing these 

curves has been given by Godson (1962).

It has to be emphasized that all of the smoothed curves presented 

here are for average solutions and that the subtle changes in curvature 

of the curves from one layer to the next are properties of the solution 

system used. Inferences about differences in mean solutions (i.e., in 

solution systems) and about differences between individual solutions 

computed from the same system should be made only for rather broad atmos­

pheric layers.

Average solutions for 42 low ozone cases are shown in Fig. 25, where 

p has been taken as zero (reference CP, 0 in the figure). In addition, 

curves for average linear solutions from the previous work are shown.
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Fig. 24. Illustrating the smooth curve obtained from the original block 
distribution.
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The result using the characteristic patterns with respect to SI 

is quite ridiculous and indicates that the linear combinations implied 

by the characteristic patterns are not necessarily ones whose coeffi­

cients can be inferred from the Umkehr observations, at least when the 

C. P.'s are determined from such a small sample.

Average solutions for 29 high ozone cases are shown in Fig. 26. In 

one case (designated CP,V) £ has been set equal to the appropriate vector 

in Table 16. The characteristic pattern solutions, except perhaps for 

case GP, O re SUI, are considerably less smooth than those obtained by 

the linear TEVE method. The interesting feature of these solutions is 

the ozone maximum in the lower stratosphere in cases CP, O re SI and CP, 

V re SIII. There is, of course, also a suggestion of such a maximum in 

the TEVE solution. The reasons for a high ozone content in layer 2 in 

this case have already been discussed. The reason for the high ozone con­

tent in layer 2 in the other two cases is that the p vector corresponds 

to about the same amount of ozone as is present in SI. Moreover, the 

column weighting vector used here assigns a high weight to layers 2 and 

4, but a low weight to layer ). Thus, there is a tendency to add ozone 

in layers 2 and 4 in preference to layer ). Since much ozone has to be 

added for these high ozone cases, we end up with the double maximum 

structure. Thus we do not get the lower stratospheric maximum from the 

Umkehr curve, but rather because we said in advance that it would be there 

whenever total ozone is high.

In Fig. 27, average linear solutions, all with respect to SI, for



127

45

2

40

5
35

10

30

R

E 20

25

U

10R
50

20 G

H
100

200

10

500
5

50 200 250 300
PARTIAL PRESSURE OF OZONE Cam b)

S

S

1000L 
0

-----------Re sm (CP,O) 
----------- Re SI (CP,O)
-x—x-Re Sm (CP,V) 
.............Re SB ( TE VE) 
.............. Re SI (TEVE)

-LX2__ _
100 150

Fig. 26. Average solutions for 29 high-ozone cases at Arosa using the 
Characteristic Pattern method, with TEVE solutions for comparison.



128

Fig. 27. Average solutions for 100 Arose Umkehr curves using the Character­
istic Pattern method, with TEVE solutions for comparison.
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the entire Arosa data sample are plotted. The tendency toward a small 

hump in the lower stratosphere on the TEVE curve largely disappears when 

the curves for high ozone values entered in the average are replaced by 

those taken with respect to SUI,

Although the use of the empirical orthogonal functions or character­

istic patterns of the vertical distribution is an attractive way of im­

posing a priori knowledge on the solution system, it clearly requires 

a reasonably sized sample of complete vertical distributions for calcu­

lation of the Characteristic Patterns. In addition, the p vector should 

be used in the selection of the standard vertical distribution. Thus, 

with the column weighting vector also smoothed out by a larger sample, 

we should tend to have smooth solutions similar to those obtained by the 

previously discussed methods. The advantage of the previous methods is 

that the solution is expanded in terms of those linear combinations of 

the unknowns on which the measurements can provide information, within 

the restrictions of the physical-mathematical model used.

5-7 VERTICAL DISTRIBUTIONS USING OTHER WAVELENGTH PAIRS

Heretofore, only Umkehr observations on the C wavelength pair have 

been much used to estimate the vertical distribution of ozone. It is 

well known that discrepancies exist between observations of total ozone 

amounts on the different wavelength pairs, when the ozone absorption co­

efficients determined in the laboratory are used with the spectrophotom­

eter (see Appendix A for a brief discussion of this point).
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To gain some insight into this problem, solutions have been car­

ried out, using the Twomey technique (with 7 = 0.5) on wavelength pairs 

A, C, D, AD, AC, and CD, and on the combined pairs A-C-D, AC-CD, and 

AD-AC. The sample of 98 Umkehr curves from the North American network 

and Diitsch's first derivative matrices for Arosa have been used. Al­

though this procedure is not strictly correct because Arosa has a mean 

surface pressure of 814 mb, the differences are not large (see Diitsch, 

1957; and Mateer, 1960), and the results will serve to indicate the gen­

eral nature of the problem. Unfortunately, Diitsch’s second derivatives 

were not computed for the full range of zenith angle used here, so that 

only linear solutions are possible and these are all with respect to SI.

Column weighting vector CIII was used for these solutions since it 

was found that CI gave negative partial pressures in layer 2 for low 

total ozone due to the large weight assigned to that layer by CI. In 

addition, a value of Wq = 1.0 was used throughout. Total ozone amounts 

in the North American network are based on the double-pair AD measure­

ments . Corrections, indicated in Table 50 (after Dobson, 1965) were ap­

plied to the total ozone amounts to render them "compatible" with the 

ozone absorption coefficients actually used in the construction of the 

derivative matrices. The solution amounts were then "recorrected" back 

to the AD ozone scale. When multiple pairs were used, viz., A-C-D, AC-CD, 

and AD-AC, no corrections were applied. The average solutions are shown 

in Figs. 28, 29, and 50* In addition, solutions have been carried without 

corrections for total ozone, and the result for the C wavelengths is given
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TABLE 50

CORRECTION FACTORS FOR AD TOTAL OZONE MEASUREMENTS 
USED IN UMKEHR EVALUATIONS

Wavelength 
Pair

Correction Factor 
for AD Total Ozone

Re-Correction Factor 
for Solution Ozone

AD 1.00 1.000
A 0.99 1.011
C 0.95 1.076
D 0.95 1.056
AC 1.05 0.956
CD 0.92 1.091

in Fig. 51, for comparison with the corrected solution. For the C wave­

lengths, solutions were also carried out with the CI column weighting 

vector, using SI, Wq = 0.1, 7 = 0.5, Twomey's method, and applying the 

second derivative corrections. The average of these latter solutions is 

also shown in Fig. 5J, as Case III, and the solutions are listed in full 

detail in Appendix E.

Looking first at the individual wavelength solutions in Fig. 28, we 

note a progressive decrease in the amount of ozone at high levels as we 

go from A to C to D. The reverse is true at low levels. The main maxi­

mum on the A and C curves is at about the same level, but that for the D 

curve is a little lower. Referring to Fig. 51» where Case I is the curve 

of Fig. 28 and Case II is the mean curve when total ozone is uncorrected, 

we note a downward shift of the C curve maximum in the latter case, and 

an increase in the low-level concentration. Similar remarks apply to the 

uncorrected D curve (not shown). We note, however, that the application
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of the total ozone correction does not appear to change high level ozone. 

Actually there is a slight increase in high level ozone when the correc­

tion is applied, but it is too small to show up on the scale of the ozono- 

gram. We may conclude that the application of the total ozone correction 

in the solution acts to decrease the discrepancies that would otherwise 

be observed when we compare solutions for the individual wavelength pairs.

Referring next to Fig. 29, we again find differences in solutions 

with the double pairs. Comparing the AD and AC curves, we find a somewhat 

more flattened maximum and more ozone at high and low levels with the 

latter. Comparing AD and CD curves, we find that the latter curve has 

a sharper maximum at a slightly lower level, and slightly less ozone at 

high and low levels. The curves shown all embody the total ozone correc­

tions . If we do not include these corrections, the uncorrected CD curve 

(not shown), has a somewhat more flattened maximum at a lower level, with 

less ozone at high levels and more at low levels, than the corrected 

curve. In the case of the uncorrected AC curve (not shown), the maximum 

is somewhat more intense and there is a little less ozone at low levels. 

The effect of not applying the correction is to transfer ozone from levels 

below about 16 km to the 16-55 km layer. From Fig. 29 and the above de­

scription, we may conclude that the agreement is somewhat better perhaps 

when the corrections are not applied. However, it is quite clear that 

neither of the methods used is the "correct" one.

In Fig. 50, we again find differences between the various solutions. 

The AD-AC combination suggests more ozone above about 20 km and less be­
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low than either of the other two combinations and also has the sharpest 

maximum. The A-C-D solutions provide the other extreme with more ozone 

below 20 km and less above this level. All three curves show maxima at 

about the same level.

In Fig. 51, comparing the solutions with total ozone uncorrected 

but with the second derivative corrections applied and using CI as a 

column weighting vector, we find a tendency toward a maximum in the low 

stratosphere, characteristic of solutions using CI which also cover a 

wide range of total ozone. These characteristic differences should be 

borne in mind in examining the individual solutions of Appendix E.

We may inquire into the information that may be detected by the 

systems of linear equations with which the above solutions have been car­

ried out and into the goodness of fit of the solutions. The first four 

eigenvalues of A*A for each of the systems, together with the mean and 

rms residuals for the linear solutions, are given in Table 51. Statis­

tics on the solution residuals were not computed by the program used for 

the combined pairs, which also computes the solutions when the second 

order corrections are applied. We note that the first eigenvalue dom­

inates the trace of A when we choose W^ = 1.0. However, the third and 

fourth eigenvalues are about the same as those given for the C wavelength 

pairs in Table 7- Thus, although there is strong forcing on total ozone 

to be the same in the solution as observed, the predictability of the 

third and fourth eigenvector coefficients is not impaired. We note also 

that there is somewhat less information in the D measurements than in the
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TABLE )1

FIRST FOUR EIGENVALUES OF A*A WITH MEAN AND RMS RESIDUALS 
FOR THE VARIOUS WAVELENGTH COMBINATIONS

Wavelengths Eigenvalues Mean
Residual 
(N-units)

RMS
Residual 
(N-units)1 2 3 4

A 423.0 42.7 8.7 1.5 0.19 0.64
C 365.3 24.2 4.9 0.8 0.07 0.60
D 360.6 11.1 1.8 0.2 -O.O6 O.65
AD 475.0 52.4 10.0 2.1 0.46 0.88
AC 399.3 13.4 4.1 1.2 0.82 1.19
CD 368.5 8.5 3.1 0.7 0.28 0.60
A-C-D 427.2 42.2 14.9 1.8 — —
AD-AC 366.4 57.3 6.4 0.8 — —
AC-CD 379.2 22.9 7.9 0.9 - -

C, and less in C than in A, as evidenced by the magnitude of the fourth 

eigenvalue.

Insofar as the goodness of fit is concerned, we have about the same 

rms residual in each case for the single wavelength pairs, but the mean 

residual is considerably larger for the A pair, largely because of per­

sistent positive residuals for zenith angles of 6?°, 70°, and 74°. All 

of the double pair solutions show fairly large mean residuals and also 

rms residuals. We may attribute this, at least in part, to the use of 

incorrect tables for the standard distributions. As one might expect, 

the fit becomes quite poor in the case of the multiple pairs and double 

pairs, a visual examination suggesting that rms residuals will be of the 

order of 2 N-units. This may be attributed in part to the use of the 

Arosa tables, but is more likely due to absorption coefficient uncertain­

ties and modeling errors.
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Since we would expect the effects of multiple scattering and aerosol 

scattering to be somewhat less for the double wavelength pairs, the above 

difficulties should be further explored. The use of multiple pairs is 

particularly attractive for Arctic and Antarctic regions, where the range 

of solar elevation is small, because the A wavelength measurements are 

always sampling the atmosphere at a higher level, and the D at a lower 

level, than those of the C wavelength pair.



6. CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK

We have shown from a statistical examination of the Umkehr curves 

themselves, from a mathematical examination of the linearized solution 

system, and from studies of the curves plus the system, that there are 

at most four pieces of information about the vertical distribution of 

ozone to be obtained from Umkehr observations. Moreover, even when we 

solve for four pieces of information about the vertical distribution, the 

solution depends on the way in which the problem is set up, viz., on the 

standard distribution from which the solution is computed, and on the 

scaling of the equations and the variables. The main information con­

tained in the Umkehr curve concerns the total amount of ozone in the at­

mosphere and the fact that there is much more ozone between the tropo- 

pause and JO km than there is above and below this layer. Any intercom­

parisons between day-to-day changes in the vertical distribution and in­

ferences therefrom on atmospheric motions, as computed from Umkehr ob­

servations, are meaningful only when the solutions are computed by the 

same objective technique.

In addition, it appears that little or no additional information is 

obtained by observations on more than a single wavelength pair, except 

in the rather special circumstances of Arctic or Antarctic observations 

where the range of solar zenith angle is somewhat restricted. Even here, 

the additional information that may be gained is jeopardized by uncer-

140
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talntles in the ozone absorption coefficients that are used with the 

ozone spectrophotometer.

In setting up an objective solution technique, we should use more 

than one standard distribution. These standard distributions should be 

based upon information about the mean vertical distribution obtained 

from balloon soundings. If the vertical distributions of ozone obtained 

from Umkehr observations are to be compared with each other, then the 

same set of standard vertical distributions should be used for data from 

all stations. However (see below), if vertical distributions are to be 

compared with those obtained from balloon soundings, different criteria 

will have to be established.

We may well inquire into the present-day usefulness of Umkehr obser­

vations , now that the gross features of the vertical distribution have 

been known for some time and information on the finer structure must 

await the more wide-spread use of ozone sondes. First, the Umkehr eval­

uations do give fairly consistent results in the uppermost layers of the 

atmosphere and the relative seasonal variation in these layers may be 

inferred with some degree of confidence. These are also the layers which 

are most nearly in photochemical equilibrium so that comparisons may be 

made with photochemical calculations for the purpose of checking the 

latter.

Second, the absolute calibrations of the various ozone sondes still 

leave something to be desired. Thus, when Umkehr observations are com­

bined with sonde measurements, it should be possible to have the ozone 
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sonde measurements specify the fine structure and to use the Umkehr ob­

servations to infer an adjustment factor for this fine structure plus 

the distribution picture at higher levels. Third, since ozone sondes 

are still expensive and are not used every day, Umkehr observations 

should provide a useful means of interpolating between soundings so that 

some continuity may be maintained.

Finally, within the context of an objective evaluation system, the 

vast number of Umkehr observations now available may be used to determine 

the main features of the differences in the vertical distributions in 

different geographical areas. All of these are worthy of further work 

and investigation at the present time. Inevitably, in the future, as 

ozone sondes improve in reliability and become less expensive, as balloon 

performance improves, and as rocket techniques are developed, the Umkehr 

technique will gradually be replaced completely by these direct methods.



APPENDIX A

TERMINOLOGY AND UNITS USED IN OZONE-METEOROLOGICAL RESEARCH
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The instrument commonly used for the measurements discussed in this 

report is the Dobson (1931) ozone spectrophotometer, manufactured commer­

cially by R & J Beck, London. This is a double monochromator which com­

pares the intensities of two wavelengths in the solar ultraviolet. The 

shorter and less intense of these wavelengths is strongly absorbed by 

ozone, the longer and more intense weakly absorbed. The instrument, which 

employs a photo-multiplier as detector, is very sensitive and observations 

may be taken on the light scattered downwards from the zenith sky as well 

as on the direct solar beam. The use of the instrument and its adjustment 

and calibration have been described by Dobson (1957 a, b).

The measurements of the instrument, when taken on direct sunlight, 

are adjusted to read directly in units of 

I '
100 Ilog — - log Io'

To

where the logarithm is to the base 10, Io1, Io, are the extra-terrestrial 

intensities of the long and short wavelengths, respectively, and I', I, 

are the intensities at the point of measurement. The measured values 

are commonly referred to as N-values and the units as N-units and this 

procedure is followed throughout this report. Since I' > I and I'/l 

> Io’/lo, because of the greater absorption of the shorter wavelength, 

the N-values are always positive. Measurements on direct sunli^it are 

used for determination of the total amount of ozone in the atmosphere.

When the measurements are taken on zenith skylight, an additional unknown 
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constant enters into the picture and we may consider the measured quan­

tity, quite simply, to be

I ' 100 log + C 

where C is the unknown constant, now including the extra-terrestrial log­

intensity ratio. These measured values are also referred to as N-values.

Four pairs of wavelengths are used with the spectrophotometer, and 

these have been designated A (3055/5254 Â), B (5088/3291), C (5114/ 

5524), and D (3176/5598)- Most observations of the Umkehr effect have 

been taken (on zenith skylight) with the C wavelength pair, although a 

large body of data including the A and D pairs is being built up, par­

ticularly in North America. The B wavelength pairs are used rather in­

frequently. In most measurements of total ozone, the difference between 

two pairs of wavelengths is used (AD is standard) because the effects of 

scattering by air molecules, aerosols, and dust are largely eliminated. 

Unfortunately, the laboratory measurements of the ozone absorption coef­

ficients (Vigroux, 1955)j when used with the Dobson spectrophotometer, 

do not lead to consistent results. These inconsistencies have been sum­

marized recently by Dobson (1963 ). In the case of total ozone measure - 

ments, the problem of correcting the measurements to a uniform or stand­

ard scale is a relatively simple one, since one is concerned only with 

differences (a-ct') in the absorption coefficients for the short and long 

wavelengths. However, in the case of Umkehr evaluations, the two coef­

ficients a,a1 enter individually into the calculations and, since the
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corrections for the individual coefficients are almost certainly not the 

same, these corrections will also differ from that for the difference. 

This problem is still unresolved and is one of the reasons why the addi­

tional wavelength pairs are not much used in Umkehr evaluations.

The unit used to express ozone amount is the reduced thickness.

This is the thickness of the layer of pure ozone, at standard temperature 

(0°C) and pressure (101).250 mb), which would result if all the ozone in 

a vertical column (encompassing that layer of the atmosphere in which we 

are interested) were collected into such a layer. The reduced thickness 

is expressed in atmosphere-centimeters, abbreviated atm-cm, or milli at­

mosphere-centimeters , abbreviated m atm-cm. If all the ozone in the en­

tire atmosphere were collected into a layer of pure gas, it would occupy 

a layer between 2 and 6 mm thick. Consequently, total ozone amounts are 

between 200 and 600 m atm-cm. These units are occasionally referred to 

in the literature as Dobsons or Dobson units, as 10~3 cm STP, or just as 

10~3 'em.

Ozone concentrations are referred to in terms of ozone density (mi­

crograms per cubic meter or ng/m3), ozone partial pressure (micromillibars 

or pmb), or ozone mixing ratio (by mass : micrograms per gram or ng/g; by 

volume : parts per million or per hundred million). The only quantities 

used in this report are the partial pressure (p in pmb), the reduced thick­

ness for a layer (x in m atm-cm), or total amount (D in m atm-cm), and the 

mixing ratio (r3).

In order that vertical distributions of ozone might be displayed in
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a common format by all workers in the field, the International Ozone 

Commission asked Godson to prepare a suitable diagram for this purpose. 

This diagram, known as the ozonogram, was described by Godson (1962) and 

is gradually being adopted by most workers in published papers and in 

routine work. The ozonogram, or at least that portion of it used to 

plot the vertical distribution of ozone, is used exclusively in the pres­

ent report. It first appears in Fig. 2. The abscissa is ozone partial 

pressure in umb. The ordinate is the logarithm of atmospheric pressure 

in millibars (mb). Along the right-hand side of the diagram is a height 

scale (km) corresponding to the pressure-height relationship in the stand­

ard atmosphere. The curved lines which slope down from upper left to 

lower right are lines of constant ozone mixing ratio, r3, in ^g/g. The 

relationship between partial pressure, p, atmospheric pressure, P, and 

ozone mixing ratio is

r3 (pg/g) I.657 p(nmb) 
P(rnb)
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The material presented here is intended to supplement the descrip­

tion of the method as presented in Section 2.4 of the study. First of 

all, the standard distributions used are listed in Table B-1. The orig­

inal layers used were chosen such that the pressure at the bottom of each 

layer was VF times that at the top, with 500 mb as a reference. In act­

ual practice, these smaller layers have been combined into broader layers 

with bottom pressure twice that at the top.

The standard distribution Umkehr curves, which include the effects 

of secondary scattering, are listed in Table B-2. The first order par­

tial derivatives for the various standard distributions and wavelength 

pairs are listed in Tables B-5 through B-7, inclusive. As noted in the 

text, the derivatives have units : (N-units)/(unit fractional change in 

layer ozone content), and also have the effects of secondary scattering 

incorporated in them. It has to be emphasized that these tables contain 

data appropriate to stations at a mean surface pressure of 814 mb.

The formulation used by Dutsch to evaluate secondary scattering is 

summarized in the following equation:

n n 4
S = IoPk (0.025)3

i=l ° J=1 k=l 1

X exp - -3 1- £1 +(b. . ,) ~Pj । +e
Po Po

~ i j n
x exp4^ Y V £ W X

1 m=l m=i+l m=j+l

10

L pn Fk,z,e
=1 °

Pip^J -

aj,m,k, Z,G^m
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where quantities not previously defined are :

S = intensity of secondary scattered light at the instru­

ment

n = number of layers in scattering atmosphere. The scat­

tering atmosphere extends well above the ozone ab­

sorbing atmosphere.

i = index referring to zenith layer in which secondary 

scattering occurs

J = index referring to layer in which primary scattering 

occurs •

k = index referring to azimuth angle. Four azimuth angles: 

0°, 90°, 180°, and 270° were used.

1 = index referring to angle of incidence of primary scat­

tered beam arriving at secondary scattering layer.

Ten angles were chosen such that each was at the mid­

point of equal solid angles.

Gi,J,J = scattering volume determined by geometry

Fk,l,Q = scattering function (cf., l+cos^g for primary scatter­

ing in the zenith)

ti,j,/ = Bemporad's function for the path between primary and 

secondary scattering layers

ej}ifQ = Bemporad's function for the path from outer space to 

primary scattering layer
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cm = relative ozone absorption slant path through mth

layer between primary and secondary scattering layers.

aJ m k Z 0 = relative ozone absorption slant path through the mth

layer between the primary scattering layer and outer

space 

xm = ozone content of mth layer.

The numerical constant 0.025 (= 1/40) takes account of the fact that the 

contributions from 40 equal solid angles are being summed. This constant 

could equally well be incorporated in the quantity Ground reflec­

tion is not considered in this model for secondary scattering.

Also of interest is the elaborate system of overlapping layers which 

Dutsch has used to suppress the instabilities and obtain a smooth solution. 

One such system is shown in Table B-8. This system is used whenever all 

zenith angles are available. Each subset is solved as an even-determined 

system using the zenith angles shown in the individual columns. The final 

solution for the fractional change in layer 1, for example, is obtained 

by averaging the solutions over each set and combining these into a final 

average. Thus

1(1
4 2 fl(1*1)+f1(1-2) + fl (2.1 )+f i (2 .2 )

1
2 fi(4.1)+f1(4.2)+f1(4.5) -

According to Dirts ch, these smoothed solutions generally converge on the

second iteration.



152

K> 10 H CM Ch CM H 0
P■1 . 9 s< in KX 

-d-
lÔ 
rO

lÂ 
Ch

kA 
m 8 1

SI
II

X
q
 a
tm
-c
m)

18
.6

0 8

c6 
CM

? R

3

S 

s

R 

ô
3 8 

à

8 œ
Kh 5.

06 10
nA

w

US
ED

 B
Y 

DU
TS
C

Di
st

ri
bu

ti
on

SU

A

(quirl) 
(u

k

00
CM

m

Nh

Ch
®

MD 
od 

X

m
co

CM
S

m
6
CM

0
1

OF
 O

ZO
NE

St
an

da
rd

X

(m
 a
tm
-c CM

Ch % 

MD

S

Ch

IO 
MD
6
CM

0 
CM S 

é

g

uA
CM

m
CM

kA 5.
06 m

ir\ 
CM

g
g H m rH IO MD 0 CM H 0

S
A t lÂ

CM CM
CM â si tô 

10 uA
Ch

kA 
ir\ 8 b— 1

IR
D 
VE

RT
IC

AL
 D

IS
!

HCQ

X

(m
 a
tm
-c
m)

9.
65 co

CM

MD 
O 
tô 
CM

KO

8 

si

R

Kh

g

R

Si 

à

8 Œ 
kA 5.

06 co 
irA 
to 
m

ST
AN
D/

re
 R
an

ge

SI

O

1

R
CM

1

m 
%

1

Uh

s

1

CM

to

1

MD
Uh

1

00

1

Ch 
kA

1

10 
Ch

1 1

to 
0

1

î

3 
en 
en 
<D 
fi 81

4 g R
CM

Uh 
A

m
8

CM

tO

MD
Uh

CO Ox 
to

ir\ 
Ch ? <d

g
0 
N 
O

OJ
r4

>J 1 1—1 CM rO -4 m MD b- 00 Ch 1 48
S



155

TABLE B-2

UMKEHR CURVE POINTS FOR THE VARIOUS STANDARD DISTRIBUTIONS 
AND WAVELENGTH PAIRS, WITH SECONDARY SCATTERING EFFECTS INCLUDED

Zenith 
Angle 
(degrees)

Distributions:
Wavelengths:

N-Values for the Various Curve Points
I 
A

I 
c

I 
D

II 
C

III 
C

90 151.9 124.8 94.9 118.4 151.4

89 161.8 152.8 97.7 125.7 159.1

88 169.5 157.5 96.7 129.4 145.5

86.5 179.4 141.6 91.5 151.6 147.6

85 186.8 141.8 85.8 128.7 ‘ 148.9

85 192.5 156.8 75.5 119.2 145-9

80 195.5 121.8 59.6 100.7 154.2

77 185.0 105.7 49.0 84.7 119.7

74 170.8 91.7 41.1 72.2 106.1

70 150.4 77.1 55.5 59.5 90.9

65 128.7 64.1 26.8 48.7 76.5

60 111.9 54.6 22.1 41.0 66.5



TABLE B-5

FIRST ORDER PARTIAL DERIVATIVES FOR STANDARD DISTRIBUTION 1, 
A WAVELENGTH PAIR, WITH SECONDARY SCATTERING EFFECTS INCLUDED

♦Derivatives above have to be multiplied by 10~2 to get units specified in text.

Zenith 
Angle 

(degrees)
Derivatives*

Layers: 1 2 5 4 5 6 7 8 9

90 405 415 748 916 526 61 1 811 1849
89 405 402 666 768 470 156 515 1080 1497
88 400 588 654 758 554 526 675 1156 1241
86.5 400 569 615 775 565 655 1126 1120 981
85 594 560 621 869 878 1005 1414 1058 808
85 591 560 679 1051 1240 1488 1614 960 652
80 400 425 908 1584 2024 2100 1701 821 505
77 456 559 1270 2290 2750 2470 1688 717 414
74 486 680 1547 2?4o 5155 2550 1570 650 549
70 554 750 1690 2850 5090 2550 1579 555 288
65 555 746 1600 2641 2779 2044 1171 445 259
60 555 704 1450 2560 2445 1771 1005 580 205
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TABLE B-4

FIRST ORDER PARTIAL DERIVATIVES FOR STANDARD DISTRIBUTION I, 
C WAVELENGTH PAIR, WITH SECONDARY SCATTERING EFFECTS INCLUDED

♦Derivatives above have to be multiplied by IO-2 to get units specified in text.

Zenith 
Angle 

{degrees)
Derivatives*

Layers: 1 2 5 4 5 6 7 8 9

90 201 214 561 574 192 128 602 1158 1047
89 201 204 352 552 287'’ 387 1018 1082 822
88 201 197 526 412 435 735 1265 961 670
86.5 200 194 364 578 809 1230 1405 814 524
85 201 218 477 900 1322 1596 1417 701 422
85 212 290 718 1431 1921 1870 1344 587 554
80 246 405 1021 1922 2290 1882 1175 468 255
77 276 462 1106 1965 2190 1682 995 585 206
74 292 467 1070 1833 1972 1469 849 523 175
70 500 446 975 1619 1701 1240 707 268 143
65 297 4o4 856 1586 1428 1031 586 220 118
60 289 372 758 1205 1230 882 498 187 101
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TABLE B-5

FIRST ORDER PARTIAL DERIVATIVES FOR STANDARD DISTRIBUTION 1, 
D WAVELENGTH FAIR, WITH SECONDARY SCATTERING EFFECTS INCLUDED

♦Derivatives above have to be multiplied by 10~2 to get units specified in text.

Zenith
Angle 

(degrees)
Derivatives*

Layers: 1 2 5 4 5 6 7 8 9

90 89 98 180 241 559 766 1205 800 441
89 90 100 212 402 717 1157 1252 642 545

88 . 90 111 291 658 1105 1570 1150 525 281
86.5 95 147 451 1054 1475 1458 • 997 417 219
85 101 194 587 1249 1600 1570 865 540 179
85 114 256 665 1500 1520 1200 712 275 145
80 150 255 647 1170 1284 960 555 209 110

77 158 248 587 1010 1075 789 448 169 90
74 141 252 522 875 915 665 375 141 75
70 159 209 452 757 760 545 508 116 61
65 155 186 587 617 650 449 255 95 51
60 150 168 558 552 540 584 215 81 45
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TABLE B-6

FIRST ORDER PARTIAL DERIVATIVES FOR STANDARD DISTRIBUTION II, 
C WAVELENGTH PAIR, WITH SECONDARY SCATTERING EFFECTS INCLUDED

«Derivatives above have to be multiplied by 10~2 to get units specified in text.

Zenith 
Angle 

(degrees)
Derivatives*

Layers; 1 2 5 4 5 6 7 8 9

90 102 90 160 244 199 167 717 1195 1042

89 101 87 152 257 291 469 1072 1154 819
88 101 86 161 551 517 842 1257 1015 669
86.5 102 95 220 578 1082 1580 1552 852 520
85 10 6 121 551 960 1761 1776 1551 750 419
85 117 168 485 1591 2570 1990 1250 612 555
80 158 212 576 1575 2490 1864 1054 485 255
77 150 220 565 1465 2240 1604 876 595 206
74 152 215 519 1515 1964 1585 745 555 175
70 152 196 458 1150 1652 1150 614 274 145
65 151 178 595 956 1581 952 506 225 117
6o 148 160 546 827 1187 811 450 191 100
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TABLE B-7

FIRST ORDER PARTIAL DERIVATIVES FOR STANDARD DISTRIBUTION III, 
C WAVELENGTH PAIR, WITH SECONDARY SCATTERING EFFECTS INCLUDED

♦Derivatives above have to be multiplied by 10-^ to get units specified in text.

Zenith
Angle 

(degrees)
Derivatives*

Layers: 1 2 5 4 5 . 6 7 8 9

90 420 455 544 4o8 187 119 595 1160 1048
89 421 419 494 591 274 578 1014 1082 821

88 419 410 480 455 425 715 1256 965 669
86.5 416 595 504 576 770 1195 1591 805 520
85 415 409 597 .856 1211 1542 1400 697 421

85 420 490 845 1295 1754 1780 1520 584 355
80 475 682 1254 1818 2110 1810 1151 468 256

77 552 817 1451 1965 2090 1645 982 582 206
74 575 871 1474 1884 1929 1456 846 524 175

70 602 862 1586 1704 1680 1255 705 267 144
65 6o4 805 1254 1476 1421 1051 582 220 117
60 596 758 1095 1288 1222 880 496 187 100
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TABLE B-8

THE OVERLAPPING-LAYER ZENITH-ANGLE SYSTEM USED BY DÜTSCH 
TO OBTAIN SMOOTH SOLUTIONS

_________________ Zenith Angles Used_____________________
Set 1 2 5 4
Sub-Set 1.1 1.2 2.1 2.2 5.1 5.2 4.1 4.2 4.5
Layer

70
6o

65
74

77

70 65
60

74

1

2

5

4

5

6

7

8

77
77

80 80
80 80

85 85
85

85 85 85
85

86.5 86.5 86.5
86.5

88 88 88
88

89 ' 89 89 89
9 90

i
90 90 90

i
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The basic equations used in this computation are (6)- and (7) of 

Section 2.1. Pressure and density data were taken from U.S. Standard 

Atmosphere, 1962, for 1 km intervals from the surface to 80 km. Ozone 

mixing ratio values were used for the same height interval (Fig. 18). 

Values of the total atmospheric refraction were inferred from Table 

157, Smithsonian Meteorological Tables (List, 1958), for each of the 12 

zenith angles used by Diitsch. It was assumed that atmospheric refrac­

tive index could be represented by the simple formula :

T](z) = 1 + C1p(z) (76)

where the value Ci = 2,557xl0~4 m3/kg was taken from work by Komhyr (1956) 

on refraction of air in the ultraviolet. In a spherical atmosphere, we 

use the modified index of refraction M( z ),

M(z) = N(z)(1+z/R) (77)

where R is the radius of the earth. Snell's law now takes the form

(sin £z h)M(h) = Cz, a constant (78)

where is the angle of incidence, at height h, of the direct solar 

beam which is incident in the zenith direction at height z. The ray con­

stant Cz was calculated from (78), based on the assumed value of atmos­

pheric refraction for the appropriate zenith angle. It was further as­

sumed that the amount of refraction at level z was given by
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B(z) = 6(o) • (79)

The angle CZjh could then be computed from Eq. (78). Although the above 

model for atmospheric refraction is somewhat crude, it will suffice for 

the present purposes since the sphericity of the atmosphere is the dom­

inating influence.

The integral of Eq. (7) was evaluated for z = 0 (2) 80 km. Above 

80 km, only scattering is important and atmospheric attenuation of the 

incoming solar beam was assumed to be negligibly small. The integration 

was carried out using k-point Gaussian quadrature in each 2 km interval 

above the scattering point z. Quadratic interpolation was used, within 

each 2 km interval, to obtain values of p(h), r3(h) at the appropriate 

abscissas. Finally, x(Q,z) was calculated and the integration of Eq. 

(6)

00

Q(0) = J X(O,z)dz (80)
0

was performed using the 2-point Newton-Coates quadrature formula in each 

2 km interval (i.e., the trapezoidal rule). As Z-+80 km, it was found that 

x(O,z)*p(z). Hence, based on the densities at 70 and 80 km, an exponen­

tial density decrease with height was assumed to obtain a small correc­

tion for the downward scattering from the layer above 80 km.
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The ozone sounding data used here were mostly for the ozone sondes 

developed at Oxford by Brewer and Milford (1960) and by Griggs (unpub­

lished Ph.D. thesis). Most of the flights were made at Liverpool. In 

addition, data for 15 flights were kindly provided by Hering (personal 

communication) for Fort Collins during the winter 1962-65. Data for an 

additional 29 flights at Arosa during ozone-sonde intercomparisons were 

provided by Dtitsch.

The Arosa data were matched up subjectively with the corresponding 

results of the evaluation of simultaneous Umkehr observations.

The remaining data were treated as follows. No sounding was used 

unless it extended above the middle of layer 4, i.e., about 45 mb. An 

estimate of the ozone content for the layer in which the ascent term­

inated was made whenever the ascent went above the middle of the layer. 

The ozone content, or mean concentration, for each of the layers was 

read off and converted to layer-mean partial pressures, if not already 

in these units. When a total ozone measurement was not available, as 

was the case for seven soundings, an estimate was made based on the sum 

of the partial pressures in layers 1 through 4, inclusive. This estimate 

was based on the following equation which was derived from those cases 

where total ozone was available

n = n + b(Zpi-Zp1) + Nd(o,a) (81)
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where

= is the estimate

fi = average total ozone for the sample = 5U7 m atm-cm 

b = 0.507 (m atm-cm/pmb)

Zpi = sum of the partial pressures in layers 1 to 4 (pmb) 

Epi = mean sum for the sample (pmb)

Na(0,o) = normally distributed random variable with zero mean 

and standard deviation □ generated by random number 

’ generator subroutine

a = standard error of estimate of the regression equation 

= 51.4 m atm-cm.

The partial pressures in the layers above the top of the balloon 

sounding were estimated from a regression based on the Arosa solutions 

given by Putsch (1965), using only those cases where cloudiness (on his 

scale) was 0 or 1. The regression equation used was based on the total 

amount of ozone and is

Pj = Pj + bj(fl-fl) + Nd(0,Oj) (82)

where

Pj = the estimate of layer-mean partial pressure in layer j (pmb)

Pj - the average layer-mean partial pressure in layer J for the 

sample (pmb), tabulated in the second column of Table D-1 

bj = the regression coefficients, tabulated in the third column

of Table D-1.
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fl = total ozone for the case being estimate (m atm-cm)

fl = mean total ozone for the sample = )14 (m atm-cm)

Jj = standard error of estimate of the regression equation (mnb),

listed in the fourth column of Table D-1.

TABLE D-1

STATISTICAL PARAMETERS USED IN ESTIMATING LAYER-MEAN 
PARTIAL PRESSURES FROM TOTAL OZONE

Layer
Average Layer­
Mean Partial 

Pressure 
(umb)

Regression 
Coefficient 

(umb/m atm-cm)

Standard Error 
of Estimate 

(limb)

5 110.1 .0926 9.1
6 76.4 .0678 8.5
7 45.9 .0567 4.5
8 21.7 ■ 0057 1.8
9 10.5 .0051 1.5

The unusual procedure of adding random noise to the regression estimates 

was used so that the estimates would have the same variability as in the 

original sample. It was originally intended to derive characteristic 

patterns of the vertical distribution from these data and to use these 

patterns in the solution procedure outlined in Section 5-6. However, 

these solutions proved rather unstable and the method was discarded. In 

the present context, it is simply an elaborate way of ensuring that the 

"processed" balloon sounding data will have the same variability in the 

upper layers as the Umkehr solutions.

Finally, the synthesized vertical distribution was summed to obtain 
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a total amount of ozone and an adjustment factor for the balloon sounding 

portion was calculated to ensure agreement between observed total ozone 

and that in the synthetic distribution.
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