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CHAPTER I

INTRODUCTION

1l. The Problem -

In thisAstudy, we consider certain queueing situations in which
customers arrive at a two-stage queueing system according to a Poissoﬁ
process with constant arrival rate, A. FEach customer requires two
sequential types of servicings. Both servicings are performed by~a
single server, who switches from one type of service (one stage of the
system) to the other, according to some switching rule (policy). The
server can even be temporarily removed from the system and, therefore,
not available in either stage. The special case of instantaneous
switching will recieve most of our attention in this thesis, however,
for some switching rules, we shall consider the length of the switching
times (or simply the switching times) as random varisbles with arbitrary
distributions with finite moments.

The service time processes in each stage are assumed to constitute
independent renewal processes with distributions Sl(t) and Sz(t).

These processes are also assumed to be stochastically independent of
the arrival and switching time processes.

In the analysis of this problem we shall assume infinite queue
capacity in front of each service station. A customer arriving at the
system will wait for service in the first stage unless the server is
ready to service him in that stage, in which case, service immediately

begins. When a customer completes service in the first stage, he
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immediately goes to the second stage, where he will Join the second
queue, except that if the server moves with him (with zero switching
time) to the second stage and no other customer is already waiting
there, then his service in the second stage will commence without any
wait. 1In each stage, customers are served in their order of arrival.
How long customers wait depends somewhat upon the poliecy which the
server follows in switching from stage to stage. We will consider
several alternative policies, described below.

When a customer is in service in either stage the server waits
until the current servicing is completed and then decides whether to
remain in the present stage, switch to the other stage or remove
himself from the system (the three possible states of the server). When
the server is idle (removed or not busy because his present state is
empty) he waits in the stage until the next arrival and then decides
where to locate himself.

A criterion for these decisions by the server could be obtained
if we are able to attach a cost structure to the behavior of the system.
This structure would include, for instance, the cost of service in each
stage, the waiting costs, idle costs and switching cdéts. With such a
quantitative cost description we could use the expected average cost or
the expected total discounted cost, as optimization criteria, and apply
the techniques of Markov renewal programming (in the case of finite gqueue
capacities) to find an optimal decision policy. However, due to the size
of the state space (number of customers in each stage and the ;tate of
the server), the amount of calculation is very large. Also, aé we may
intuitively expect, an optimal poliey might be quite complex and difficult

to implement.
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‘An alternative to this situation is to restriet our attention
to "simple" decision policies for which a complete analysis of the
behavior of the system is feasible. These policies may be suboptimal,
but because we know better their effects on the system, we may consider
them for situations where only a qualitative aspect of the éosts is
known. This is the approach of this study.

We consider six policies. In fact three of these policies are
particular cases of one of the others, however there are advantages
to presenting all of them separately. Since we are only interested in
the steady-state effects of each policy, we assume that the policy
becomes effective when the system is first emptied. The six policies
are:

1. LNB (leaving no backlog). Switch to the other state vhenever
the number of customers in the present stage reaches the Qalue zero.

2. SSP (second gtage priority). Switch to the other stage
whenever a service is completed in the Present stage. In this case the
server follows the customers through the two stages of the system. This
is merely an M/G/1 queueing situation.

3. Fsp (g;rst stage priority). Customers in the first stage have
nonpreemptive priority over customers in the second stage. This means
that the server switches to the second stage when the first stage
becomes empty, and returns to the first stage when, at a departure from
the second stage, there is at least one customer in the first stage, or

when no customers are left behind in the second stage.



For the next two policies, define Qk to be the number of customers
in stage k, ¥k = 1,2.

L. sss (Q2 = N). Switch to the second stage when Q2 = N and
return to the first stage when all of these N customers are attended.
(If the initial value of Qz is greater than N, the server can, for
instance, start by attending all Q2 customers. )

5. ©SFS (Q1 z_N). The server switches to the second stage only
when the first stage becomes empty. He stays in the second stage until
it becomes empty, unless the number of customers in the first stage,
at service completion epochs in the second stage, is at least N. In
this case the sérver returns to the first stage. SFS (Q1‘Z N) stands
for switch to the first stage when Q] 2 N.

6. W FS (Wait for Ncustomers in the first stage). Switch to the
second stage when the number of customers in the first stage is zero;
attend all customers accumulated in the second stage (a total of at
least N) and then go back to the first stage if the number of customers
in it is at least N, otherwise remove the server from the system until
N customers are accumulated in the first stage (this wvalue, by the
nature of the arrival process, is reached with probability one in a
finite time).

Notice that under these policies, except the last one, the server
is never removed from the system. Notice also that LNB = WOFS (or INB =
WIFS), FSp = SFS(QI > 1), SSP = sss(c,z2 = 1) and LNB = sss(t:;,z2 = ),

Justifications for considering these switching rules are as follows:

If the switching costs are negligible when compared with waiting costs,



we may use the SSP policy in the case of high waiting cost in the
second stage, and the FSP policy in the case of high waiting cost in
the first stage. Under the LNB policy, as under the previous ones,
the server tends to switch too many times when the traffic intensities

A}

are low, however this may be a good policy when the switching costs are
small and the waiting cost in each stage are of the same order of
meagnitude. Policies SSS(QZ = N), SFS(Ql > N) and WNFS, which we call
"reluctant switching policies," are designed for situations of high
change over costs. The policy WNF§ is conv;nient when the server
charges for his services even if he is idle (but present) in the

system; under this policy the idle periods occur only when the server

is removed from the system and, therefore, free of charge.

2. Background

In this study it has not been our obJective to discover or
develop practical applications Qf the above queueing model. However
it seems that this model could represent various practical situations
of sequential service cperations. For example: a doctor who first
attends his patient for preliminary examination then, in a second
phase, takes care of more detailed diagnosis; a repair man who takes
care of machine breskdown 6n a provisory basis, until there are enough
machines with provisory repairs to Justify a second phase of service
where each machine is overhauled; a small computer installation where
the compilation and execution of program takes loading and unloading
of the compiler (which is stored in a deck of cards). An interesting

possible application is the case of two bridges over a river where ships,



in order to pass under each bridge must have each one of them open.
The automobile traffic over the bridges is interrupted when a ship is
passing under it. Suppose that at least one of the bridges must be
available for automobile traffic. Suppose that the arrival of ships
from one direction (the ships coming from the other direction can be
scheduled) is a Poisson process. Here the bridge open to ships
represents an available server.

The basic feature of our model is the fact that each departure
from the first stage corresponds to an arrival at the second stage.
This arrival need not be the same unit departing from the first stage.
Thus, it is not necessary, as in the examples sbove, to have a unit
(patient, machine, computer program or ship) flowing through the system.
We can imagine a situation where = repalr man uses a special set of
tools for each jJob. Each set of tools is used only in one job, and
they have to be cleaned up by the repair man and returned to a tool
crib. The cleaning operating can be performed at any time. Here each
completion of a repair generates a set of dirty tools which will joint
the gqueue of the second stage of the system.

Numerous investigators have studied sequential queueing systems,
but only Nelson [13] has considered the case of a single server. He
considers two service centers in tandem with Poisson arrivel and
exponential service times in each center. A single server switches
from one center to the other according to five switching rules, for
example: 1) when the server completes service, his next assignment is to

Perform an operation on that job which has spent the lcngest time



in the system; 2) when the server completes a processing operation,

his next assignment is to perform an operation on the Job that requires
the least service time; 3) the server switches to the other center when
the present center is empty. Nelson uses simulation in order to find
the mean and the variance of the time in the system, for various values
of the traffic intensities of each center. In another paper, Nelson [12]
studies the case of assigning a single server to one of two machines

in tandem, with the objective of minimizing total in~-process inventory
cost, over the time period 0 < t < T. He assumes deterministic arrivals
and the service times are known & priori. This is & case of what

Cooper [§] calls scheduled services (this means that the service times
are known when the customer or jJob énters the system. Nonscheduled
services is the case in which the service time is drawn from a certain
distribution at the time the service is initiated). Recently,

Sehney [17] studied the problem of two machines and one man with setup
times, where each Job is processed only in one machine. He assumes that
all Jobs are available for processing at the time zero, and obtains

an algorithm to solve the problem of finding the sequence of jobs which
minimizes the mean flow time of Jobs. This corresponds to the

scheduled situation of two parallel service stations and one server.

The nonscheduled case, in which the arrivals to each station are
independent Poisson procgsges, is quite relevant to this thesis because
the methods of analysis aré.somewhat related. In Section 3 of Chapter II
we shall refer to Takées' [20] work, where he examines the problem of

two queues in parallel, with independent Poisson arrival processes and



general renewal service time processes, attended by a single server,

who switches, without delay, from one queue to the other wheh the preseént
queue is empty. He obtains the Laplace-Stieltjes transform of the
waiting times in each queue. The case of random length of switching
times is studied by Eisenberg [8]. He considers two switching rules
(switch when present queue is empty, and the case in which one of the
queues has nonpreemptive priority over the other) and finds the Laplace-
Stieltjes transform of the waiting times. Recently, Eisenberg [9] has
extended his retults to a system of queues that are attended periodiecally
by a single server. Avi-Itzhak, Maxwell and Miller [3] consider the
problem studied by Takécs (above), and, by intuitive arguments, find

the expectations of queueing times ms well as the first two méments of
the busy periods.

As mentioned earlier, the problem of sequential queues has been
studied by numerous investigators. Reich [15] proves that the lifetimes
(service time included) of a customer in the two stages of a queueing
systém, with two exponential service stations in tandem, with infinite
queue capacities and Poisson arrivals, are mutually independent. In 1963,
Reich [16] generalizes this result for a sequence of m single-channel
facilities. In 1964, Burke [L4] shows that the waiting times (excluding the
“service times) in the stages of this system are stochastically dependent
and in 1968 [5] he generalizes Reich's result proving the independence of
lifetimes in the stages of a sequential queueing system, where the second
service time is not necessarily exponential. When intermediate waiting-

room capacities in a sequential queueing system are finite



the waiting times are quite dependent, since the size of queue depends
on whether there is space available downstream. Avi-Itshak and

Yadin [2] considered the particular case of two service stations and
no intermediate queue, with Poisson arrival and general service
distributions. They derived the transforms of the steady-state
distributions of the queueing times and the number of customers in

the system. Neuts [14] examines the case where the queué capacity in the
first stage is infinite and finite in the second stage. The service
time distributions in the first and second stages are, respectively,

of the general type and exponential. His results include the busy
periods, blocked time in the first stage, and the equilibrium conditions
of the system. The effect of blocking in the utilization of exponential
service stations in series is analyzed by Hunt [11] in one of the

pioneering investigations of queues in series.

3- Summary of Results and Organization

This thesis is concerned with the description of stochastic
aspects of the queueing system @bove, under each of the indicated
policies. We are interested in the state probablities of the system,
the waiting times until service begins in each stage, the busy period
of the server, and the busy pericds of each stage.

We assume steady-state conditions. For most of the cases the

sufficient condition for -existence of the steady state is 1 - pl -p >0,
2

where Py )\E[sl] is the traffic intensity in the stage k, k = 1,2.

We define:
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m(k,i,J) = steady-state probsbility of having i customers in the
first stage and J customers in the second stage, just
after a departure from stage k.
ng = expected number of customers in stage k just after

departures from stage R.

Wk = time that a customer waits until he commences service in
stage k (W includes S and W ).
2 1 1
BS = length of the busy period of the server. Time elapsed
since the server started attending a customer who, at his
arrival, found the system empty, until the next time the
system becomes empty again.
BI = 1interval of time during which the server is continuously
present at the first stage.
BII = 1interval of time Quring which the server is continuously

Present at the second stage.
In the case of random length of switching times the definitions
of B', B and BII are slightly different.
In the following table we indicate the number of the page where
each result can be found. In the table, R and 2 designate, respectively,
random and zero switching time.

I
Except where indicated in Table I, the distributions of BS, B

and BII are found explicitly. For the waiting times, Wk, we only
obtained their Laplace-Stieltjes transform and the mean value.

Chapter V contains some numerical calculations and concluding

remarks.
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Each chapter is divided into sections which may be subdivided
into subsections. The sections within a chapter are numbered by n(n =
1,2,...) and the subsections are numbered by n-k(n = 1,2,..., k = 1,2,...).
The equations are numbered within sections, for example, Equation (3.11)
means the 11th equation of section 3 of the present chapter. .References

to other chapters are made by stating explicity the number of the chapter.

4. Terminology and Methods
In addition to the symbols already defined the following

designations will be helpful:

l-customer: A customer in the system who has not completed service in
the first stage.

2-customer: A customer in the system who has completed service in the
second stage but not in the first stage.

T : Time at which the nth departure occurs (departure from

either stage).

En : Type of the customer departing at Tn'
Qk n : Number of k-customers in the system just after Tn'
2
Py, nl(6ras0) = (k5,5)] = PE ., =%0Q . LO, i = B, = 0 |

From the assumptions on the arrival and service processes, the
stochastic process (E_ Q 2Q } is a homogeneous Markov chain, that is,
n, l,n 2,1
the probabilities above are independent of n for all (f,a,b) and (k,i,3j).

When h = 1 we drop the subscript h in the notation above.
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The infinite system of linear equations

(2] 00

n(i,i,d) = 5? }; }: n{f,a,b) P[(£,a,b) - (k,i,jgj

2=1 a=0 b=0

(k = 1,2 ; i,J = 0,1,2,...)

with the restriction

2 ) ©
z Z Zﬂ(k:i:j) = 1 ,
i=o j=o

k=1

will be referred to as the stationary conditions (in the text the
restriction above is always implicit), and the set {n(k,i,j)} as
the stationary distribution of the chain.

In order to make sure that our policies are comprehensive as
described, we will simply confine attention to the stationary
distribution, i.e., the steady-state situation.

The analysis of each policy starts by writing down the stationary

conditions and then obtaining the generating functions

U (x,y) = }Z E: £y n(l,1,3) (k= 1,2)

i=o j=0

which are used for finding the expected values

= 3 1 o) a
%Ur = U,(L,1) ox%, Ul(xl’xz)lxl=x2=l (k2 = 1,2)
Q, = Q,+q, (=12,
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v (1,1)q,  + U2(l,l)Qk2 (k = 1,2)

o
ol
|

and

The waiting time distributions, Wk(t), are characterized by
their Laplace-Stieltjes transforms, ﬁk(s), in terms of Uk(x,y),
from which we can obtain the expected values ﬁk.

The distributions of the busy periods, B~(t), BI(t) and BTI(t),
are found in terms of n(k,i,j) and of the distribution of the busy
period of an M/G/1 queueing system with appropriate service time
distribution.

In general, given a random variable V, we use the symbols
V(t), V (or E[V]) and V(s) for the distribution of V, the expected
value of V, and the Laplace-Stieltjes transform of V(t), respectively.

We also define
o i =At
p. = f .(&.iL'e_ as (t)
0 ‘ 1

and
At

_ T _ow)t e
q; = fo i..e as_(t)

as the probabilities of having i arrivals during a service time of
a l-customer and 2-customer, respectively. The corresponding

generating functions are
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P(x) = px = § M1 - x)]

i=o

and o
Qly) = Z qiyi =§2[>»(1-X)] s

i=o

which converge for [x| < 1 and |y| < 1.

Additional symbols are defined in the text as they become

necessary.



l. Introduction

Under this operating rule the server remains in one stage until it is
empty (noc backlog), then he switches to the other stage.

separately the cases of zero switching times and random switching times.

of pertinent random variables,

finding the state probabilities, based on properties of the busy period

In this chapter we study the LNB policy (Leaving No Backlog).

We use transform methods in order to find the expected values

of an M/G/l system.

CHAPTER IT

LEAVING NO BACKLOG

We consider

We also present a direct approach for

2. Stationary Conditions (Instantaneous Switching)

second stage after he completes the service of the last customer present

In this case the server becomes immediately available in the

in the first stage, and vice-versa. We have

(2.1)

(a)

(b)

(c)

n(l,1i,1)

ﬂ(l’i’j)

n(2,i,j)

1

7

i+1

=1

e
A

o)
1l
[

ol
1t
(o]

p

p

i-a+1

i-a+1

q.

l—

ﬂ(l,a:j - 1)

-]16=-

“(2,310) + Pi K(E,O:O)

(1>0, §j>2)

a (2,a,§ + 1) + a 7(1,0,3 +71)

(1 >0, j=0)

(i > 0)

>

’



Multiplying both sides of these equations by xiyi and adding

separately
o i1 00
i i
(2.2) Ul(x,.V) = P at1 n(2,8,0)x"y + Z P, 7(2,0,0)x"y
i=0 a=1 i=o
o0 © 41
e Y YN o e - e
j=2 i=0 a=
and
[} 00
(2.3) UE(X:Y) = z Z 9 n(1,0,3 + 1)xlyj
j=o 1i=0

00 o0 i
+ Z Z Z q, _, (2,853 s )xy

co i+ oo oo

2. =

(2.%) Z Z fa,1 Z z fat1,i4a
i=0 a=1 i=o a=o

and the fact that =(1,1,0) =0, (i > 0), give

(x - 1)7{(210.’0) + U2(x,0) - Ul(O,Y)

(2.5) u (x,y) = yP(x)

x - yP(x)

and
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U (0,y) - U (x,0)
(2.6) U (x,y) = — = Q(x) .
2 y - a(x)

In order to characterize completely the distribution {n(k,i,j)}
by the transforms Uk(x,y), we need to determine Ul(O,y), U2(x,0-) and

n(2,0,0).

3. Determination of U, (0,¥), Uz(x,O) and m(2,0,0)

Since |Q(x)| < 1 for |x| < 1, it is clear that the denominator
of the right-hand side of Equation 2.6, for each x in the domain
|x| < 1, has only one root in the domain |y| < 1, namely y = Q(x).
The numerator of Equation 2.6 must vanish when y = Q(x) because

IUz(x,y)l < 1if |x| < 1 and |y| < 1. Thus, letting Q = Q(x), we get
(3.1) U (x,0) = U (0,Q) .
2 1

If |y| < 1, the inequality |x| > |yP(x)| holds on the boundary
of the domain |x| < 1. Therefore, by Rouche's theorem, the denominator
of the right-hand side of Equation 2.5 has Just one root in the-  domain
]xl < 1l. If Iyl = 1 we prove by the Taylor expansion of P(x) about
x = 1, that the inequality |x| > |yP(x)| = |P(x)| holds on the boundary
of the domain |x| < 1l + ¢, for small €, under the restriction
= (d/d.}»c,)P(x)lX=l < 1, which we shall assume. We have

o0

P(L +€) = 1+ p e + E: %?-P(n)(l)en

=2

<1+pl€+(l-pl)€ = 1+¢ ,
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for some € > O, Hence, by Rouche's theorem, the equation x = P(x)
has the same number of roots in the domain [x| < 1 + ¢ as the equation
x = 0, namely one root. Since x =1 is a root of x = P(x) we conclude
that x = yP(x) has just one root in the domein |x| < 1, given |y| < 1.
Denote this root by &(y).

When x = 8(y), that is x = yP(x), the numerator of the right-hand
side of Equation 2.5 must be zero, since IUl(x,xgl < 1 in the domain

Ix| < 1 and |y ] < 1. Thus, letting & = 8(y), we get
(3-2) Ul(O,Y) = U2(5,0) + (8 - l)ﬁ(2:0:0) .

Next we present an iterative scheme for determining Ul(x,y)
and Uz(x,y). A similar scheme is used by Takacs [20] in the case of
two queues in parallel attended by a single server.

Let X, =X and Vo =V with |x| < 1 and |y| < 1l. Define xi and

yi, i 2_0, by

(3.3) Xita = a(yi)
and
(3.%) Vi = Qfx) .

Substituting Equations 3.3 and 3.4 into Equations 3.1 and 3.2 we get

(3'5) Ul(o’yi) = Ug(xi-l-l’o) + H(E;O,O)(xiﬂ_ - 1)
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and
(3.6) u_(%,,0) = U (0,5;,) -

Adding Equations 3.5 for i = 0,2,...,2N-2, to Equations 3.6 for

i-= 1,3’---’2N"l, we Obtain

N
(3.7 U(05) = x(2,0,0) ) (xg - 1) +U Op) -
n=1

Similarly, let i = 1,3,...,2N-1 in Equation 3.5 and i = 0,2,...,2N-2

in Equation 3.6. Adding up these equations we get

N
(3.8) U0 = (2,000 ) (g - 1) +U_(x,0)

n=1i

We shall now show that X5 and Yon tend to one as N tends

i)

to infinity, and that the series

iﬁ (x2n-1 - 1) and ﬁi (x2n - 1)

n=1 n=1

are convergent. We will first study the behavior of the functions

v &) = ﬁﬂ and y(z)(X) = Q(x)

which have been used in definitions (3.3) and (3.4). We have the

following properties:
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y(,)©) = 0 5 oy @) =1 ; ygl)(o)=%: ;
v, )@ = 1 -0 5 ¥y )0 = a; 5 yyQ) = 1
V)@ = a5 oy @) = e, .

Also notice that y(l)(x) = y(a)(x) implies
x - P(x)Q(x) = 0 ,

which, by Rouche's theorem and the condition 1 - p1 - p2 > 0, has

just one root in the domain |x| < 1 (see arguments preceding Equation 3.2).
Since x = 1 is a root, we conclude that the graphs of y(l)(x) and

y(z)(x) have no intersection in the domain lil < 1, except at x = 1.

From the preceding properties and the fact that yl(x) is

convex and y(z)ﬁx) is concave (since P(x) is convex), we can sketch

the graphs of these functions as in Figure 1. It is clear from

the graphs above that the sequences {xn] and {yn} converge to one.

In order to prove that the series

N

E: (1 - x2n‘1)

n=i

is convergent we obtain

.

* e
y(x) = (L-p)x+p and y (x) = px+(1L-p) , .
1 1 2 2
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which are the equations of the tangents to y(l)(x) and y(z)(x),

respectively, at x = 1. Define

- _ P
g D S S S
i41 1 -p i l -p
1 1
and
Yigp = PX; ¥ (1 - pz)

for i = 0,1,..., with x_ =x_and y =y . By the convexity of y(l)(x)
* X
and the concavity of y(z)(x) we have y( )(X) 2y (x) and y(z)(x) <Yy (x).
1

This implies 1 - x_ =1 - E;, 1l - x2 <1l- E;,.... Therefore it suffices

o
to prove that
3
1 -%
L ( x2n‘l)
n=

=

converges. This can be easily seen from the definitions of E; and 5;,

from which we get

o n-i
- _ > )
1 x2n-l - (il -p ) (1 yo) :
1
N —
This proves the convergence of 2 (L -x ), since 1 -p -p > 0.
n=1 a2n=1 N 1 2
In a similar way we can prove the convergence of 2, (1 - E;n).
n=1
We may now write
o
(3.9) ) (1 -x_ )

n=1i

and
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00

(3.10) Az(x) = E: (1 - xzn)

n=1i

which are positive and finite for |x| < 1 and |y| < 1.

Hence, Equations 3.7 and 3.8 become

(3-11) Ul(O:Y) = '“(2:O:O)Al(y) + Ul(o:l)
and
(3.12) Uz(x,O) = -n(2,0,0)A2(x) +'U2(l,0) .

Setting x, =y, = O in Equations 3.3 and 3.4 we get X, = X’

n=0,1l,..., which implies A (0) =1 +_A2(O). Noting that Ul(0,0) =0
: 1

and UE(O,O) = n(2,0,0) we obtain

(3.13) Ul(O,l) U2(1,o) = Al(O)n(E,0,0)

which yields

(3.14) Ul(O:Y) = [Al(o) = Al(y)]n(Q,0,0)
and
(3.15) U(5,0) = [A(0) - A (x)]x(2,0,0). "

*
See remark following Equation 6.6 for the interpretation of Al(O).
g



The value of #(2,0,0) is found from the condition U (1,1) +
1
U2(1,1) = 1, where Ul(l,l) and Uz(l,l) are obtained from Equations 2.5

and 2.6 by applying L'Hopital's rule. We get
1
(3.16) 7(2,0,0) = (1 -p_ -p) .
1 2

We see that the conditionh for nonsaturation is 1 - p1 - p2 > 0,
The factor 1/2 in Equation 3.16 is due to the fact that the same
customer is considered twice in the embedded chain.

At this point we have completed the characterization of the
steady-state joint distribution of the number of customers in each stage
of the system and the type of departing customer, =n(k,i,j), which is
done by Equations 2.5 and 2.6 where the values of Ul(C,y), Ua(x,O) and
7(2,0,0) are given by Equations 3.14 through 3.16. In Section 7 we
shall present a preferable method for finding n(k,i,j). We shall also
give an example to show that the approach of this section is very
I I

efficient for calculating B and B1L,

4. Expected Number of Customers

In this section we shall calculate the expected values ka, Qk.,
6;1 and ﬁ; which are defined in Chapter I.

The partial derivatives of Uk(x,y) are obtained from Equations
2.5 and 2.6. The limits of these derivatives, as x and y tend to
one, are indeterminate; however LYHopital's rule can be applied in
order to resolve the indeterminacy. The first and second derivatives

of Uz(x,O) and U (O,y), which are necessary in the calculations, can be
1



T

obtained by using Equations 3.1 and 3.2. The derivatives of &(y) are
found, by implicit differentiation, from &(y) = yP[8(y)].
Let

xaE[(sl+ 32)2]
(¥.1) QW = T TR

This is the expression for the average number of customers waiting
in an M/G/l gueueing system whose service time distribution is the

convolution Sl*Sa(t) (Cooper [6], page 164). We get the following

results:
(+.2) Qll - (pl ¥ Qo) 1l-p +p_~°
1 2
(4.3) Q, = (M+e +Q) 75—,
1 2

_—_— 1

(4.4) o, = Q+e, +Q) 70555
1 2

- 1

(4.5) Q22 = (Dl + Qo) I-p *p °
1 2

g - L
(k.6) Q. =z *e *2) ,

- 1 1
(1#.7) Qz. = 2 (l + Dl + p2 * 2Q'O) m— ?

1 2

—_— ] i 1
(4.8) Q, = [L+p +p (@-p)+(2-p)Q] TS

- 1
(4+.9) Q, = e +@+0)p, +Q)] = I
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(k.10) Q = [1+ (o + 02)(2 -p * p) + (3 - P+ 02)Q0]

‘ 1
2(L -p +op)
1 2

In the following table we compare (when S and 82 are exponential)
1
some values of 6'2 obtained by Nelson [13] through simulation (32,000
arrivals), with the values calculated by Equation 4.9, for various

values of p and p .
1 2

Teble IT
Values of Q o Obtained by Simulation and by Equation 4.9
p 0.1 p =0.2 p =0.3 p =045 p =0.6 p =0.7 p =0.8
1 1 1 1 1 1 1
b =0.8 p =0.7 p =0.6 p =0.45 p =0.3 p =0.2 p =0.1
Simulation —2 = 2 £ = = £

(Nelson [13]) 8.51 8.50 8.86 10,14 13.13 18.04 19.96
Equation 4.9 8.54 8.38 8.73 10.90 13.11 17.96 29.80

5. Waiting Times

Let Wk denote the time a customer waits until he commences service
in stage k (W2 includes Wi and Sl). We can find the Laplace-Stieltzes
transform of W, by an argument that is also available for the M/G/1
queueing system. A customer departing from the first stage will leave
behind him i customers who arrived during his waiting time W and his

1

service time S . Thus
1

oo

] i -At
1 <oy (At)” e %
Ulz]-,l’ Z Jf(l}lrJ) - \./; i.l dwl Sl(t)

j=o
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which gives

Ul (x: 1) ~ ~
GITTTTT = WI[K(l -x)] - sl[h(l - x)]

or

2U1(1 - S/A,1)

S (s)
1

(5.1) ﬁl(S)

where RE(s) > O and [\ - s| < A,

Similarly, a customer departing from the second stage will leave
behind him (in both stages) i customers who arrived during his waiting
time W2 (which includes his waiting and service time in the first stage)

and his service time Sz' Thus

-0

i
) i -\t
1 . 3 (M) e
T (1,1) Z n(2,8,1 - a) = [ y, aw, *s.(t) ,

a=0

which implies

2u (1 - s/2,1)

(5.2) ﬁz(S) = ~
SI(S)

where RE(s) > O and |A - s < A,

The expected values of Wl and W2 are obtained by differentiation

of Equations 5.1 and 5.2. We get

Q- :
— . - d—N - 11 _ = wa— - — —
(5.3) W= - W), = 3-8 orQ =AW +5) ,

where 5'1 is given by Equation &.2.
1
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(5.4) o= -w(s)| _ = % g-x-U(x,x) o -

where 5‘2 is given by Equation 4.9.

6. Busy Periods

Clearly there are two different categories of busy periods. First,
" the busy period of the server, BS, is the time elapsed since the arrival
of a customer who finds the system empty, until the departure of a
customer who leaves an empty system behind him. Notice that at the
completion of a busy period of the server, regardless of the order in
which the customers are serviced, all of the customers have completed
their two-stage service, which has the distribution Sl * Sz(t).
Therefore, this busy period has the distribution of the busy period of
an M/G/1 queueing system whose service time distribution is Sl * Sz(t).
Its expected value is 8 - (5; +-§;)/(1 -e, - p2) (Cooper [6],
page 176).

We define BI and BII as the time the server is continuously
busy in the first and second stages, respectively.

The busy period BI starts immediately when the second stage is
emptied and 1 > 1 customers are present in the first stage. 1In this
case the distribution of BI will be Bi(t)’ the distribution of the busy
period initiated by i customers in an M/G/l queueing system with service
distribution Sl(t). When 1 = O the busy period starts at the time of

the next arrival and it has distribution B (t). Thus
1
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00

1 .
(6.1) | BI(t) = W [ﬁ(e,0,0)Bl(‘t) + Z 11:(2,1,0)Bi(t)] .
The Laplace-Stieltzes transform of BI(t) is
62 o) - grkoy { (20,08 + ) «2,1,0HE" |
2 i=1

= 172'(1_,6')' {%(1 - P - pz)[ﬁ(s) - 1] +U2[§(s),0]} ’

where B(s) = El(s) and gi(s) = ﬁ;(s)]i, since B, is the sum of i

independent initial busy periods (that is a busy period initiated by

Just one customer). The value of UZEE(S),O] is given by Egquation 3.15.
The distribution of the time the server is contimously servieing

2-customers is

(6.3) Bil(s) = U_'(%m' Z 7(1,0,3) S:'j(t) ,

J=1
x4
where S Y(t) is the j-fold convolution of the service distribution Sz(t)

with itself, The Laplace-Stieltzes transform of BII(t) is

00

T ) LOE ()
1 =2

|

(6.4) 8T (s)

1

TED Ve

1
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The expected values of BI and BII are

S
=L _ d 5T _ 1 1 _ _ 1
(6.5) B™ = -z B7(s)| . U—F 1,0 [2 (1 P =P ) = S

and
g
= d ~IT 1
6.6 Bl = . S §l(g - 2
( ) ds (s) 8=0 UliO,ls 2

3]

1 2
Ay T-p -0~
1 1 2

where Ul(O,l) and U2(1,O) were obtained from Equation 3.13 and A (0)
1

is given by Equation 3.0.

Remark

We notice that

]-B-I +B—II - 1 Sl +Sz - 1 ES
Al(O) 1l -~ pl - p2 A 105
1

This implies that Al(O) ="§'S/(]-3'I 4-511) is the average number of cycles

in the busy period of the server (a cycle starts wheﬁ the server commences
service in the first stage and terminates when all the customers, who
were served during the busy period in the first stage, have completed

service in the second stage).
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7. Alternative Approach for the Calculation of the State Probabilities

In this section we present a direct method for obtaining the

state probabilities n(k,i,j). It is based on known properties of the

busy period of an M/G/l system.

b (i)
a,; (n)

e, (n)

(7.1)

where

(7.2)
and

(7.3)

Define
= probability that i departures occur during a busy period of the
first stage that starts with m customers (i > m > 1).
= probability that n arrivals occur during the service time of i
2-customers (i > 1, n > 0).
= .probability that, starting with an empty system, the.termination
of the kth cycle occurs when there are n customers in the
first stage (k> 1, n > 0).
We have
o]
c (n) = Z b (i)a, (n) (n > 0)
1 1 1 -
i=
[+ ] [*]
(@) = ) ) e (mb (Va(m)  (k>1,n20) ,
m=1 i=m
oo i~-m .
- *
b(i):‘.ﬂf Qt)—-—e“dsl(t) (i >m> 1)
m 1 . N 1 - -
0 (i - m)!
0 n N
- *
a,(n) = L/ﬁ Légl- e ag ) .
l O nl 2



The state probabilities n(2,n,0) can be written as

00
(7.4 K(2m0) = x(2,0,0) ) e ()  (a>0) ,

k=1
where n(2,0,0) = 1/2(1 - o - pe). The probabilities n(1l,i,J), and
n(2,i,j) for j # O, can be calculated by Equations 2.1.

The average number of cycles during the busy period of the server

(7.5) c = Z ke, (0) .
k=1

8. Comparison of the Methods of Sections 3 and 7

With the objective of comparing the iterative approach of
Section 5 with the alternative approach of Section 7, we have made
a few experimental computations for the case of exponential service time.
Evidently, if we need to calculate each value of the state
probabilities, the method of the previous section is preferable. However,
P
when we need only Ul(O,l) = Ua(l,O) = .§ n(2,i,0), as in the cases
of the expected values EI, ﬁiI and E'(;;g Section 6), the iterative method
of Section 3 has some advantages. We shall illustrate this point by
the following computations.

Let A = 1 and, consequently, p1 = §; and p2 = Sz. We assume
that S1 and 82 are exponentially distributed and calculate the values
of ¢ (average number of cycles during the busy period of the server)

by each of the methods mentioned above, for various values of p and p2.
1
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a. Computations Using the Iteration Scheme of Section 3

We first obtain

P(x) = §l[7\.(1 - X)] = 1 + (i - Hp
and 1
Qlx) = 52[K(1 -x)] = 1 +‘(% =
- f-)

Using Equations 3.3 and 3.4 we get

X

- i+ _ - 2
Yy % Pin+17 = (1+ pl)xiﬁi plxiii
and
1
(8.1) y. = .
i+l
1+ (1 - xi)p2
Thus
1L+p, - Vi1 + pl)2 - lH)l:>'i

(8.2) Xigr = 6(yi) = 2p

1

(since ,Xi+1' < 1 for ]yil < 1). In order to calculate the quantity

¢ = A (0) (see remark following Equation 6.6) we construct Table III
1

from Equations 8.1 and 8.2, where Yo = 0. This table corresponds to

= = 0,k4,
pJ. p2
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Teble III

Illustration of the Iterative Scheme of Section 3 for p1= o = 0.k
2

i yi xi
0 0 _\&\\\\‘555.. -
1 - 0

2 0,713.}28 / B
3 - \ 0.62005
0.86807 P

i

5 N \ 0.80537
6 0.92777 4/ _—
7 e U 0.88798
30 0.99959 &

31 B \ 0.99932

=<

The value of c = A (0) is £ (1 - x°
1 i=o 2i-

values of p1 and 02 we get the values of Table IV, where i

£ 1.8787. For other
(0.0001) 1S the
number of terms in the series of A (0) for having an accuracy of

1

0.00021.
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Table IV

Values of Z" for Different Traffic Intensities

P =p e, P P, 1(0.0001) T
0.900 0.800 0.100 9 1.390

" 0.450 0.450 26 2.295

" 0.100 0.800 41 2. 895
0.500 0.k00 0.100 5 1.165

" 0.250 0.250 T 1.358

" 0.100 0.400 9 1.516
0.100 0.090 0.010 3 1.010

" 0.050 0.050 4 1.052
" 0.010 0.090 i 1.091

The values of Table IV were calculated by an IBM 360/67 computer
(MTS system of The University of Michigan). The CPU time for
calculating all the cases was about six seconds {including compilation

of the Fortran program).

b. Computations Using the Method of Section T

We first find

o i-m i
. _ m (2i - m-1 ] 1
bm(l) S <i—m )[1+p1 [1+p1] (izmzl)

from Equation 7.2, and

(ﬁ +i- %) o, Tn 1
a;(n) = n [1+0J [:l+pj
2



from Equation 7.3. Next, we use Equations 7.1 for calculsating ck(n).
Equation 7.5 is then used for obtaining c. Tsble V gives the values
of : (for the same values of the traffic intensities of Table IV),
where N is the number of terms of the summations of Equations T.1
through 7.5, and t is the approximated CPU time (in seconds) for
compiling the Fortran program and calculating the values of E, for all

traffic intensities.

Table V
Velues of ¢ Calculated by the Direct Approach, for Different Traffic
Intensities and Different Truncations of the

Infinite Summations

ol

D= p +p p o) N=5 N =10 N=15 N=20
1 2 ! 2 t =7 t=27 _t=122 %t = 200
0.900 0.800 0.100 0.90L 1.033 1.032 1.119
" 0.450 0.450 1.261 1.6k0 - 1.850 1.970
" 0.100 0.800 1.k27 1.991 2.309 2.500
0.500 0.%00 0.100 1.092  1.150 1.161 1.163
" 0.250 0.250 1.295 1.354 1.358 -
" 0.100 0.k0O 1.426 1.513 1.516 --
0.100 0.090 0.010 1.010 1.010 1.010 -
" 0.050 0.050 1.052 1.052 1.052 —

" 0.010 0.090 1.091 1.091 1.091 -
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Comparing the values of c in Tebles IV and V we see that this
second approach is quite inefficient for high values of the total
traffic intensity p = p1 + pz. In the first method the convergence
is quite satisfactory for all values of p.

In using the direct approach for more general cases, we expected
to have difficulties with the integrations of Equations 7;2 and T.3,
in addition to the large amount of calculations involved in the
recursive relationship (7.1). In using the iterative scheme of
Section 3 we, in general, expect no difficulties in obtaining P(x)

and Q(x), and the solution of x; G(yi) can be found by simple

+1=

search techniques, because of concavity of yi = xi+l/P(xi+1).'
Hence we conclude that, in general, the iteration scheme of

Section 3 is a better method for calculating the expected values of

8L, 8! ana 3.

2. The Case of Random Duration of Switching

In this section we shall review the rrevious sections under the
assumption that there is a random time Tkz with genersal distribution
Tk£(°) for switching the server from stage k to stage £ (k,% = 1,2 and

k # £). Define

kL ® ()\t)fL e-At
(9.1) t, -[ —T'_diz(t) R

the probability of having i arrivals during the switching duration

T

kL Also define



1

(.2)  Ry(x) = ) e e B x- 1))

i=o

In this case the stationary conditions are

i+; i-a+)

(9:3) (2) ma,1,0) = §7 )0 e .. 7m(2,8,0)
a=1

=0
i+
21 21
+ 57 42, L, T(2,0,0) + £2% p m(2,0,0)
b=

i+

(®) m(1,1i,3)

a=)
1 12

(e) m(2,1,3) = )t qyy m1,0,3 + 1)
b=o

i
+ Z a_, ™M2,8,3 +1) (120,320)

a=0o

from which we get

(x - 1)t;’ m(2,0,0) + R“(x)Uz(x,O) - UL(o,y) VP

(i >0)

3 By g, ML -2 (120,522

H]

(9.4) U (oy) = — x - yP(x)

R (X)U (O,y) - U (x,O)
12 1 2
y - Q(x)

Q(x)

(9.5) L8) (X,Y)
2

(x

)
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Notice that in the case of instantaneous switching we have t;l =R (x) =
12

Rzl(x) = 1, in vhich case Equations 9.4 and 9.5 reduce to Equations 2.5

and 2.6.

By the arguments used to derive Equations 3.1 and 3.2 we get

(9.6) U (x,0) = R (x) U (0,Q)
2 12 1

and

(9.7) U (0,y) = R (8)U (8,0) + (8§ - 1) t2! n(2,0,0) ,
1 21 2 (o]

where 6 = §(y) is the inverse function of y = x/P(x).

Using Equations 3.3 and 3.4 we get

(9-8) Uz(xiso) = Rlz(xi)Ul(O’yi"'l)
and
(9.9) U ©y;) = R (x, JU (x;, ,0) + (x5, = 1)t27 n(2,0,0) .

Set 1 = 0,2,4,... in Equation 9.9 and multiply each resulting
equation respectively, by 1, R (x )R (x ), R (x )R (x )R (x )R (x ),
12 1 21 1 12 1 21 1712773 21 s
..., set i =1,3,5, ..., in Equation 9.8 and multiply each resulting
equation by R (x ), R (x )R (x )R (x ), R {(x )R (x )R (x)
21 1 21 1 12 1 21 2 21 1 12 1 21 3

R (x )R (x ), ...; adding all together we get
12 2 21 s
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(9-10) UI(OJ) = -'"(2,090)% (Y) + Bl (y)Ul(oal) s

where

(9.11)  3() = |] R (e )R (x,,)

n=o

[=-]

21 -

(9.12) A1(y) t2 ;E: (1 X,y Rlz(x2i+1)R21(xzi+1) .
n=o

Similarly, set i = 0,2,4,..., in Equation 9.8 and multiply each
resulting equation, respectively, by 1, R;z(xo)sz(xz)’ Rlz(xO)sz(xz)
Rlz(x2>R21(xu)""; set i = 1,3,5,..., in Equation 9.9 and multiply
each resulting equation, respectively, by R (x ), R (x )R (x )R (x ),

12 0 12 0721 Ty

2 2
R (x )R (x )R (x)R (x )R (x )y «u0 adding all together we get
12 O 21 2 12 2 21 & 12 &

(9.13) U (x,0) = -m(2,0,0)A (x) + B (x) U (1,0) |,
2 ) 2 2 2
wvhere
(9.14) Bz(x) = I l R12(x2n)R21(x2n+2)
n=o
and
©0 n-,

(9.5 A G = w2R ) ) Q-x) [ R (R ),

n=, i=1
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where

i=a

when a > b.

The values of Ul(O,l) and Uz(l,o) can be found from Equations 9.10
end 9.13 by setting x =y = 0, and notiecing that UI(O,O)-= 0 and
UZ(O,O) = m(2,0,0). We have

A (0) 1 Az(o)
(9.16) Ul(O,l) = EjTET m(2,0,0) and Uz(l,O) = ——-32757— m(2,0,0) .

But when x =y =0 (xo =y, = 0) we have x n = x2n+1’ n=0,1,2,...,

which implies Al(o) = tél[l + Az(o)] and BI(O) = tngz(o). Hence

A (0)

(9-17) Ul(o,l) = Uz(lao) EI%)- TF(Q,0,0)

which substituted in Equations 9.10 and 9.13 yields

A (0)
(9.18) U (0,y) = ELTET B (y) -4 (y)] n(2,0,0)
1 1 1 1
and
A (0)
(9.19) U (x,0) = | =B (x) - A (x)] m(2,0,0)
2 BI(O) 2 2
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For the case of instantaneous switching we have t;l = Rl2(X) =

(o]

R“(x) = 1 and, consequently, Bl(y) = Bz(x) =1, Al(y)=2 (1 - x2n+1)

o0 n=o
and A (x) = I (1 - xzn). Therefore, Equations 9.18 and 3.19 reduce
2
n=

to Equations 3.14 and 3.15, respectively.

In order to determine =(2,0,0) we use the fact that U (1,1) +

U (1,1) = 1 and apply L'Hopital's rule to find

lim U (xy) k =1,2,

x> 1
y*1
we get
l1-p =p
(9.20) w(2,0,0) = 1 2 .

21 = — AI(O)
2 tO * A(le * T21) BI(O)

Notice that, independently of the switching times, 1 - p1 -
p2 > 0 is the condition for the system to be unsaturated.
9.1 Expected Number of Customers. Defining Og = )‘E[Tkl] and
using Equations 9.6 and 8.7 we obtain
2

(9.21) u" (0,1) = £y (o,y)l
1 @2 1

1
(1-p -0 )1-0 +p)
1 2 1 2

y=1
ANE[f +T )2]U (0,1) + (8 +8 ) (p + 20 U (0,1)
12 21 1 12 21 2 1 1

1
1 -

+ A2E[S?2]u (0,1)> +p0p + 2p t2! n(2,0,0)
1 1 1 2 1 ©

1-p

1 _.‘.).2. 21 i 2 2)
+ (2 +t2! w(2,0,0) + 5 A E[SZ]
1
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and
2
(9.22) v’ (@,0) = &y (x,0) = AZ2e[T? JU (0,1) + 8 P,
2 de 2 x=, 12 1 12
+ L a2g[52] + > —— | A2E[ (7 . T )2U (0,1)
2 2 (1-p -p)Q=~-p +p) 12 21 1
1l 2 1 2 - :
+ (86 +0 )(% + 20 U (0,1) + 1 A2E[S2]u (0,19
12 21 2 11 1- Ol 171
+pp +2p t2! w(2,0,0) + 1 (;Lp + t2! 5(2,0 oi)
1 2 1 0 > 1- P 2 ", o >
* A2g[s?] + & A2E[S?)] R
1 2 2
where
A (0)

and m(2,0,0) is given by Equation 9.20.

From Equations 9.4 and 9.5 we get

(1L - p )A" + A%E[S2]a!
1 1

2 _
(9.23) . Ul(x,y)'xfl 21— o )2 ,
y=1 1
3 1 1l .,
9.2 Euen|_ = 2+iven
y=1

1
B" - SA2E[s?
P, 2 [ 2]02

a -
9.25) & uz<x.y)|x=1 ,
y:l 202
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(9.26) g—xU (x,y) = -;-U"(O,l) s
2 x=, 1
=1
where
A" = (8 +6 U (0,1) + L, 4420 m2,0,0)
12 21 1 2 2 o]
A" = [X%E[T2 1+20 (8 +6 )+20 8 JU(0,1) + 6 0
21 1 12 21 12 21 1 21 2
+2p t2! 7(2,0,0) +p p +U"(1,0) ,
10 1 2 2
B" =

A2E[T2 JU (0,1) - p%- U"(1,0) .
12 1 2 2

The expected values a#l’ak s 5'2 and a'can be obtained by using
Equations 9.23 through 9.26.

9.2 Waiting Times. Equations 5.1 through 5.4 still hold for

this case of random length of switching. The quantities 5;1 and
5 of Equations 5.3 and 5.4 are obtained by the procedure indicated
.2

above.

9.3 Alternate Approach for the Calculation of the State

Probabilities. Let bi(n), ai(n) and ck(n) be as defined in Section 7,

and let t?z be defined as in Equation 9.1. We consider the server

busy during switching times. We have



- [T

(9.2 e(m) = 7 ) 3T e (tj%aln -2 (a20)
i=o J=i f=o
and

Zm O.Z Z ck_l(m)tilbim(J )t;‘zaj(n - 1)

m=o i=o J=i+m =0

]

ck(n)

(k>1, m>0) .

These equations represent the fact that new arrivals may occur during
the switching times le and T21° As in Equation 7.lL, the state

probebilities m(2,n,0) are given by

(9.28) m(2,n,0) = 1r(2,o,o)Z e ()
k=,

where m(2,0,0) is given by Eguation 9.20.

The quantity

8

(9.29) c = Z ke, (0)
k=

1

is the average number of cycles during a busy period of the server

The remaining state probabilities are obtained from Equations

9.3.
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9.4 Busy Periods. A busy period of the server, BS, commences
when the server is idle in the first stage and a new cuségger arrives,
it terminates when, at the end of a switching interval Tél, the system
is empty. BI is the time the server is continuously present in the

BII is defined

first stage including the switching interval le,
similarly.

Tet BE be the busy period of the server when the switching is
instantaneous. In the case of random duration of switching, in esach
cycle of the server, additional arrivals have to be served and each

of them will add a random time to Bi which has the distribution of Bi.

We conjecture that on the average we have

th

=S = = ==> — =\
B +A(T +T )B +(T +T ) ,
o] 12 21 o 12 21

(9.30) B® =

where Eﬁ = (§; + §;)/(l - pl— pz) and C is given by Equation 9.29.
However, we do not utilize this conjecture.

The distribution of BI and BII are given by

I = 3t ’
(9.31) B (t) = Uz(l,o) Z Z W(Z,i,O)tslBi+J*le(t)
i=) J=o0

oo

+ :Z: n(2,0,D)t;‘BJ*T12(t) + ﬂ(2,0,0)t;IBl*le(t)

J=)
1

and
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[+ ]

I1 _ 1 *
(9.32) B (t) = T To,1) Z m(1,0,3) 8.7 * T (t)
J=1

where Bi*le(t) is the convolution of the busy period distribution of
the first stage, initiated by i customers, with the switching time

*
aistribution T (t). sz'J * T (t) is the convolution of the distribution

Tzl(t) with the J-fold convolution of the service time distribution

Sz(t) with itself.

The Laplace-StieltJes transform of these distributions are

~

(9.33) B(s) = Uz—(io—, T ()R [B(s)] [Uz[ﬁ(s).ol-n(z,0,0)]
+T (s) [R [B(s)] - t21] m(2,0,0)
12 21 o

+ T (s)62'B(s)m(2,0,0)
12 O

and

~IT 1 o ~
.3k B = ———
(9.3 (s) Ul(O,l) sz(s) Ul[O,Sz(s)]
where Uz(x,O) and Ul(o,y), R21(x), tgl and m(2,0,0) are given by
Equations 9.16, 9.2, 9.1 and 9.20, respectively.

The expected values of BI and BII are

(9.35) Bl = -4 gl

s B_(0 P

2
+
) 2,(2,0,0)
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and
=II _ 4 3II
(9.36) B = - o B(s) oo
B (0) 5;
= T2]. + A (0) 2"(2,0,0)
1

where AI(O), B, (0) and m(2,0,0) are given by Equations 9.12, 9.11 and

9.20, respectively.

Note: Do not confuse Sl(O) of Equation 9.11 with the distribution of

the initial busy of the first stage at t = 0, which is zero.

Notice that when E21 =T _=0wehave B, (0) = t2! = 1 and
m(2,0,0) = 1/2(1 - P, - pz); therefore Equations 9.35 and 9.36 reduce

to Equations 6.5 and 6.6, respectively.



CHAPTER III

SIMPLE NONPREEMPTIVE PRIORITY

1. Introduction

In this chapter we determine the operating characteristiecs
of the SSP policy (second stage priority) and of the FSP policy (£irst
stage priority). Under the SSP policy the analysis of the behavier of
the system is quite simple since each phase of each customer's service
is performed without interruption. This is the case of an M/G/1
queueing system. However, in order to be consistent with the analysis
of the other policies, we shall choose the Markov chain embedded at
departures from either stage. The switching durations can be assumed to
be part of the service times, therefore we present only the case of
instantaneous switching. This policy eould also be called "follew
the customer," since the server switches +to the second stage when the
customer is served in the first stage. By contrast, in the FSP policy
the server switches to the first stage at the service completion of

2-customers if one or more l-customers are present.

2. The SSP Policy

Since there is no queue in the second stage, the state of the
system is characterized by the pair (k,i) where k = 1,2 indicates the
stage from which the customer is departing, and i = 0,1,... is the
number of qustomers left in the system by the departing customer. We

denote by m(k,i) the steady-state probabilities. We have

-50-
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i+,
Y. m2,edn 4 w200p, (21)

a=1

(2.1) (a) m(1,1)

i+

) e, (120) .

a=1

()  m(2,1)

Notice that a customer departing from the first stage is considered
[+~

to be in the system. The generasting functions Uk(x) = I n(i,i)xi,
i=o

k=1,2, are

(2.2) Ul(x) = P(x)[Uz(x) - m(2,0)] + xP(x)7(2,0)
and
(2.3) U (x) = =qx)U (x) ,

2 X 1

from which we get

x(x - 1)7{2,0)P(x)

(2.4) U (x)
1 x - P(x)Q(x)

The value of 7(2,0) is obtained from Equations 2.3, 2.1 and

the condition Ul(l) + Uz(l) = 1. We get
(2.5) m(2,0) = T (1-p -p)
. ) 2 l 2 .

The expected number of customers in the system at departure

epochs, a; is given by
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(2.6) Q = Ul(l)Ql + Uz(l)Q2 s

where

14
% = FAEY) ax %) |,

is the expected number of customers in the system Just after the completion

of service in the kth stage. We have

(2.7) Q = 1+p+Q ,
1 1 (o]
(2.8) Q = p +p +Q .,
2 1 2 (o]
= - 1
(2.9) e = 3 (1+ 20 + °2) + 9
where

A2E[(s + 5 )?%]
Q = 1 2 .
° 21-p -p)
1 2

Notice that Equation 2.8 is the Pollaczek-Khintchine formula for an
M/G/1 queueing system where the service time distribution is the
convolution of Sl(t) with Sz(t).

The time a customer waits until he commences service in the
first stage, Wl, and the time he waits until he commences service in
the second stage, Wz’ have distributions whose Laplace-Stielt]jes

transform are given by



Jae
- _ 1 1
(2.10) WI(S) = U (17 A . -

=5 (s)
and

A =58
. ~ 1 Uz( A )

(2.11) wz(s) = T é(s)

2

vhere RE(s) > 0 and |A - s| < A\. The expected values are

(2.12) W o= % (@ -1) -5
1 1 1
and
(2.13) W= %6 -5 .
2 2 2

The busy period of the server, BS, has distribution

S -Au . ¥*n *n

which is the distribution of the busy period of an M/G/1 system with

service time distribution Sl*Sz(t). The busy period of the stages, BI

and BII, have distributions Sx(t) and Sz(t), respectively.



3. The FSP Policy

Under this policy the server goes to the second stage only when
he has finished attending all of the customers in the first stage.
Once in the second stage, the server keeps attending 2-customers who
are present as long as no l-customers have arrived. If an arrival
occurs during the service time of a 2-customer, the server completes
serving that customer and then switches to the first stage. If he
succeeds in finishing all the present 2-customers and no l-customers
are yet present, he goes to the first stage and waits for the next
arrival.

We first study the instantaneous switching case. The stationary

conditions are

i+,
(3.2) (a) m(1,1,0) = p m2,0,00+ ) p_ . #(2,8,0) (1 20)
a=,
i+ i+
(b) "T(l:iuj) = Z Pi_a+lﬂ(lsasj - 1) + Z pi-a-h 1{(2,&.,,’] - 1)
a=1 a=, .

(i>0,3>2)

(¢) m(2,1,3) q;m(1,0,3 + 1) + q; 7(2,0,3 + 1) (1 >0,320) ,

from which we cbtain
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x1r(2,0,0) + Uz(xsy) - UI(O,y) - UZ(O’Y)

(3.2) U (x,y) = yP(x)
1 x - yP(x)

and

(3.3) U (xy) = QU (0,y) + U (0y) - m(2,0,0)] .

From the arguments preceding Equation 3.2 of Chapter II, and

Equation 3.2 we get
(3.4) UI(OJ) + Uz(osy) = 5“(230’0) + Uz(say) N

where 8§ = 8(y), as before, is the inverse function of y = x/P(x). The
value of m(2,0,0) is obtained from Equation 3.2 by applying L'Hopital's rule
whne x and ¥y tend to one) and the condition Ul(l,l) = Uz(l,l) = 1/2,

knowing that 8(1) = 1and 8'(1) = (1 -p_ ). We get

(3.5) m(2,0,0) = -;-(1- b -p) .
1 2
Remarks

This result and the results (3.16) of Chapter II and (2.5) of
the previous section are expected, since, under the corresponding
policies, the server is active whenever a customer is present in the
system. This does not happen when the system is controlled by the
policies ssP(a:,z2 > N) and W FS (Chapter IV). Under a SSP(Q2 > N) policy
the server is inmctive when he finishes serving all l-customers and

there are less than N 2-customers; under a WNFS policy he is insactive
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when he finishes all 2-customers and there are less than N

l-customers.

From Equation 3.3 and 3.4, when x = 6§ = §(y), we get

- ¥8-9(8)
(3.6) U (0,y) + U (0.y) ¥ - ) m(2,0,0)

which substituted into Equations 3.2 and 3.3 gives

= lr-o®lx-[y-a(x)] +0(8) - alx) piyy)n(2,0,0)

(307) U (XQY)
! [x - yP(x)]ly - Q(8)]
and
(§ -1)a(x) 1-p =-0p
(3.8) Uz(x,y) = : 1 2

y - (8) 2

This last equation, for y = O, gives

q
(3'9) “(2:1’0) = % (1 - pl - pz) ;i- .
(o]

Using Equations 3.1 we can obtain the remaining state probabilities.

3.1 Expected Number of Customers and Waiting Times. The expected

values of the number of customers in each stage at departure epochs are
found by the same procedure of Section 4 of Chapter II: from Equations
3.7 and 3.8 we find the derivatives of Uk(x,y), as x and y tend to unity,
by applying L'Hopital's rule. The derivatives of § = §(y) are calculated

from §(y) = yP[8(y)] by implicit differentiation. Letting
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A2E[(S + 8 )?]
1 2

Q =
© 2(1-p -p )
1 2
we get
= 1- p1 " pz
(3.10) Q = (p + Qo) s
11 1 1-op
- 1
(3.11) Q = (1+ Qo) s
21 1-p
1
(3.12) Q= p ,
. 12 2
and
5 = I
(3.13) Q,, (b +Q) 7= o

The quantities EL ’ E'k and E'can readily be obtained from the

above results.

The waiting times Wl and W2 are as in Section 5 of Chapter II,

where Uk(x,y), k = 1,2, is given by Equations 3.7 and 3.8.

3.2 Busy Periods

With instantaneous switching the busy period of the server, BS,
has the distribution of the busy period of an M/G/1 system with service
time distribution Sl*Sz(t). The reasoning for this is as in Section 6

of Chapter II. The distribution of BI is

(3.14) Bl(¢) = Z Z m(2,1,3)B, (£) + n(2,0,0)B(t)
i=; J=o
1

) Uz(l,l) - U2(0,1) + 7(2,0,0)
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and its Laplace-Stieltjes transform is

(3.15) B'(s) = [Uzlﬁ(s),ll - U (0,1) + ﬂ(2,0,0)§(s)]

2

. 2- - - ’
pl 92 q,

where ﬁ(s) is the Laplace-Stieltjes transform of B(t), the busy veriod
of an M/B/1 system with service time distribution Sx(t)' U2 (x,1) is

given by Equation 3.8. The expected value of BT is

.16 B = .
(3.16) 25 =P -3 s1
1 2 (o]

In order to find the distribution of BII, we see tha‘l;, when this
busy period starts, the state of system is (1,0,3) with probability
7(1,0,3 )/Ul(O,l) (conditional to the start of BII). The server will
complete service of just one 2-customer with probability (1 - qo)
and in ‘a time wWith the distribution Sz(t); of Just two 2-customers with
probebility (1 - qc’)qo and distribution S'z'z(t); of just k 2-customers
with probebility (1 - qo)qf:" and distribution s:k(t), 1<k <},

J 22; of Just J 2-customers with probability t_:_‘1 and distribution

o
S:'j(t). Therefore we get
T N J=1 T
(3.27) Br(t) = 5—(%—,ﬁ Z (1 - q.)m(1,0,3) Z ’q‘;“sgk(t)
L .
J=2 k=; .

00

+ Z (1,0, )qg“sgj(t) ,
J=



whose Laplace~Stieltj)es transform is

~IT 1 ot 1
(3.18) B (s) = (1 - qo)Sz(s) *T oD
1

1 - qoga(s)

. (1 - SZ(S))UI[O,QOSZ(S)]

and whose expected value is

=II _ 1 =
(3.19) B = o= —%5§ -
1 2 (o)

The average number of cycles during the busy period of the

server is
- B l-4q
(3.20) c = S - N 1+ 9
—T =II 1—01-02
B + B

3.3 The (ase of Random Duration of Switeching. In this

subsection we shall use the notation of Seection 8 of Chapter IT.
The server, after finishing all l-customers, goes to stage 2.
The switching duration is a random varisble le with distribution le(t).
During le some customers may arrive, but the server will attend to
the next 2-customer before switching back to the first stage.
The stationary conditions are

i+,

. (1.3 = p21 21
(3.21) (=) m1,8,0) = 2} p;m(2,0,0) + (2,0,0) )" &2y .,

: a=
i+, i-a+1 1

v Z Z t Pi-gps, M(2:2:0)  (L20) , -

a=; b=o



-60- /

i+1 i"’l i—a+1

(®)  m(1,1,3) = Z Pi_gs, (15855 = 1) + Z Z
a= a=; b=o
¢ tgl pi-&-b"'l‘"(2’x,d - 1) (i _>_09 j 2_ 2)
i ‘

()  m(2,i,3) = Z 2% g, ™(1,0,3 + 1) + q,m(2,0,3 + 1)
a=0

(i2>0,320)

which yield

(3.22) U (xy) = m[tgl xyP(x)m(2,0,0) + yP(x)
LR (x) - £2')m(2,0,0) + R (x)
21 o 21
" U (xy) - U (0,y) - R“(x)Uz(O.y)]]
and
(3.23) v Gxy) = =R U 0,y) + U (0.y) - (2,0,0))

Applying the arguments preceding Equation 3.2 of Chapter II to

Equation 3.22 we obtain
(3.24) U (0,y) = =R (8)U (0,y) + [(§ - 1)t2! + R (8)]n(2,0,0)
1 21 2 o 21

+ R21(6)02(6,y) ’



Bl

R (8o *(y-q)(8-2)t  +(y=q )R (8)-R (8)a(8)
y(y=a )R (8)g ti*-R_(8)a(8)[(y-a )R (6)+q t)?]

(3.25) UI(OJ) =

- ym(2,0,0) .

Equation 3.23, as y + 0, implies

(3.26) Uz(x,O) = aQ(x)Ru(x) + Ba(x) ,
where
a=§;‘ (0,y) a.ndB=%U(O,y) .
y=0 y=0
This means that
i
(3.27) 7(2,i,0) = a Z q.t;2 + Bq,
a=o0
The quantities & and B are given by
p g (t2! +t21)+pqt
(3.28) o = Polo "o — 121 ° w(2,0,0)
' %% a- poqoto to )
and
12
(3.29) B = i m(2,0,0) - ¢ a .
qo o

The remaining state probebilities are given by Equations 3.21.
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The quantity w(2,0,0) is obtained from Equations 3.23, 3.25
and the fact that Uz(l,l) = 1/2 (because each customer corresponds

to two departures). Letting ﬁk!. = AE[Tkl] = ﬁ"_z we have

12+
(1 q'o)(1 Bl,pz,elz 02l)+q9t° (1 px Qz)

1
(3030) "(23090) = 5
2 - 21 21,12
(1 qo)to *aots to

from which we see that the condition for nonsaturation is

12 =1
thO

1-qo

(3.31) p +p +(6 +6 )-|l1+
1 2 12 21

We notice that (612 + 9“)[1 + qotézll - qo]—lrepresents the poftion of
the total utilization of the system corresponding to thé switching
times. The quantity [1 + qotéz/l - qo]m1 is the "share" of each
customer ip that portion.

Using Equations 3.22, 3.23 and 3.25 we get

12 o
5 oo
. -.-U = -
(3.32) A% 2(:!:,y')’x=l 612 + p2 [1 T q°] U1 T-a, n(2,0,0)
¥=1
12
) 1% ' 1
. -— = + ——— L
(3.33) 5y Uz(x,y)|x=1 [1 T qo] (UV1 Ul) + 5 1 T (2,0,0)
¥=1
Q tl2
(3.34) % U (x,y)l = [1 + —2.9 ] u!
! *=1 1-4q, 1

=,

and



1
(3.35) S ouew)| = e as

where
_ 1 21, 1 - '
A' = > 921 + [to + T T (921 pz)] m(2,0,0)
q t12
. -0 0’0 J U
+[912 * pz (pz 21) 1-aq, 1
A" = Lazprr? . [2A2E[T2 1-2E[(T +7T )ZJJW(E,O:O)
2 21 21 21 12
+] A2E[(P +T +5)2]- [2A2E[T2 ]
21 12 2 21
) q 12
- A2E[(T + s )zﬂj-o 2 _ a2g[s?]| v
21 2 - qo 2 1
and
1]
U = U (0,1) = 2 m(2,0,0)
1 1 c
" "
v o= Sy (o,y), = [Bc' =B +§+] m(2,0,0)
1 dy 1 y=1 2012 C
with
_ 1 _ _ _ 21
B! = T-5 [1 P pz + (1 qo)to ]

1



-64-

1 -~ 4, + 924

1 12
B" = 0 + (2t2%+06 )+
21 1 o o 21 (1 - pl)z
. [2p +3 f 5 A2 E[szq] T AZE[T? ]
1 . 1 Q- pl)z 21
- A2E[(T + s )?]
, 21 2
1-gq 412
C'' = ==L (1-p -p =8 =8 )+=222 (1-p -p)
l- pl 1 2 21 12 1 -pl 1 2
" = 2 4+ T q tlz - 2 + — 1
P, ©° (1-0p )2 1-0

t125 - (1 - + 6
[qo o P, ( qo)(o2 -

+0 )]
12

)\2
(1-p )2
1

[(l - qo)E[(Tzl * le ¥ 82!2]

+

t12E[(T + 8 )2] - q t12g[T2 J
U, BT, +8,)%] - gt %E[T2 ]

- —2 (p +06 +8 ) .
1l - pl 2 21 12

The expected values of the number of customers at departure epochs
are easily found by using Equations 3.32 through 3.35.

The waiting times W1 and W2 are as ln Section 5 of Chapter II,

where Uk(x,y), k = 1,2, is given by Equations 3.22 and 3.23.
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The busy period of the first stage, BI, starts at the completion
of the switching time Tzl’ when the state of the system is (2,i,3}), with

i>21land ) 20,o0ori=]J=0. The probability of the set formed by all

of these states is

(3.36)

d
o
[}

Ua(l,l) - Uz(o,l) + m(2,0,0)

- - - - - - 1242
+ l p.L 92 912 . 621 q‘Q(l q‘O)H.'o )

21 21,12
- +
(l qo)to qoto to

I
e

During the switching time T21 new customers may arrive, say k customers.
The server will then be busy in the first stage for a time le plus

8 busy period initiated by i + k customers, Bi+k’ where i is the number
of l-customers present at the beginning of T21' By definition le is

part of BI. We have

(3.37) Bl(¢)

]
o0
—

M
™1
™
|
—w
N
[
<
o
&
&
~
<

+kz 'n(2,0,0)t]§1Ek*T12(t) + 1r(2,0,0)fngl*T12(t)]
=1

where Po is given above. The Laplace-Stieltjes transform of BI(t)

is
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3 ) . :
(3.38) B(s) = —-u—[a [3(s)1[ v [B(s),1] - U_(0,1)]
21 2 2

+ 7(2,0,0) [Ru[ﬁ(s)] - t:‘ + B(s)J]
and the expected value is

s
(3.329) EI = —l— [Poe . + ‘g';U (X-Y), + 7’(2,0’0)]
(1 - OI)PO 2 2 x=)

=1

1 - t21
+ T [ 14+ —L 17(2,0,0)]
12 P
o
where 3/9x Uz(x,y)|x=l, m(2,0,0) and P, are given by Equations 3.32,
3.30 and 3.36, respegiively.
The distribution of the busy period of the second stage (which

includes T2 )s BII(t), is
1

(- -3

IT = - 12
(3.%0) B = ) (- 2% 1,0, %5 (¢)
J=1
© 3=y - ,
.y Y 1% w(1,0,0 - a,)an ! ST (¢)
J=2 k=;

+ Z £12 ﬂ(l,O,J)qg-IS*'j*T“(t) ,
J=1
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where the first term of the right-hand side corresponds to the case
when new customers arrive during the switching time T ,? that is,
1
BII =8 +T (T . is considered part of the busy period of the second
2
stage); the second term corresponds to the cases when the server succeeds
. - . IT _ (1) (k)
in completing service of k 2-customers, that is, B = S2 + ... + S2
+ T21 where S(n) (n =1,...,k) have distribution S (t); the third term
2 2
corresponds to the cases when all of the present 2-customers are

serviced.

The Laplace-Stieltjes transform of BII(t) is

~ t12
s) = (1-+4}2)7 (s)S (t) + 2
(o} 21 2

1~ qOSZ(s)

(3.11) BTL(

: [(1 - qo)éz(s) + 5Ty (1 - 52(5)]
1

. UI[O,qosz(s)]J

and the expected value is

tl2g
(3.42) Bs) = (@-e2)(T +5)+2—a[p_ g .8 1
o 21 2 1 - a, o) '

where C' and B' are given following Equation 3.30.



CHAPTER IV.

RELUCTANT SWITCHING

1. Introduction

In the two previous chapters we studied three simple policies which
are quite likely to be considered for the control of owr queueing system.
In general we have to balance the behavior of the system, at least
qualitatively, in terms of switching costs, waiting costs and service
costs. We mentioned that the SSP-policy is good when the waiting cost
in the second stage is high, and the FSP-policy if preferable when the
opposite occurs; the LNB-policy is better when the switching cost is the
critical factor.

It is desirable to have some intermediste alternatives, for
example, how to avoid high queues in the second stage without incurring
high switching costs. To this end we shall now consider more general
control rules which can still be qualified as "simple" in the sense of
feasibility of implementation. Under these policies we shall see that the
server is comparatively reluctant to switching. We will examire three
policies, namely:

SSS(Q2 = N). The server continues available in the first stage until

the number of 2-customers reaches the value N. When this happens the server
goes to the second stage and serves all the present 2-customers before
switching back to the first stage. The label of this poliey iﬁtcnds

the rule "Switch to the Second Stage when Q, = N." Notice thet’ the SSP

4

policy is the SSS (c:z2 = 1) policy.
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SFS (Q@ > N). After finishing all of the l-customers (end of the
L =

busy period of the first stage), the server goes to the second stage. He
stays there until all of the present 2-customers are served, unless the
number of l-customers reaches the value N. In this case the server
completes the service of the present 2-customer and then goes back to

the first stage. The label of this policy intends to rule "Switch to the
First Stage when QI > N." The FSP policy is the SFS (Ql > 1) policy.

WﬁFS. After finishing all present 2-customers the server switches

immediately to the first stage only if the number of l-customers is
equal to or greater than N, otherwise he is removed from the system
(not available in either stage) and comes back to the first stage only
when the number of l-customers reaches the value N. The server stays in
the first stage until all of the l-customers complete service (end of
the busy period of the first stage), then goes to the second stage.
The LNB pdlipy is the WIFS Policy except for the fact that the server is
never removed under the LNB policy. (It would be better to define WOFS
as the LNB policy.)

We shall discuss the effect of these policies on the queue sizes,
waiting times and busy periods as we did in Chapters II and III, but

only the case of instantaneous switching will be considered.

2. The SSS (@ = N) Poli
The stationary conditions are
i+,

(2.1) (a)  m(1,i,1) = Z m(2,8,0)p; ., + 7(2,0,0)p, (120 ,

a=,

(Eq. 2.1 cont.)
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i+,
() w1, = ) m(Le.3 - Uy, + (1,0, - L),
8=1
(1 >0,2<3%<N) ,
(e) m(1,i,3) = O (1 >0, 32>2¥%4+1) ,
i
(@)  m2,1,3) = Z (2,8, + 1)g, , (120,0<3<N=-2) ,
a=0

. i
(e) m(2,i,N-1) = Z (18,88, . (1 20) ,
8=0

(£) m2,4,3) = 0 (120,320N) .

When G(x) = I x°m(1,a,N) is defined, we obtaein the following
. a=o .
generating functions:

(2.2) rUZ(x,O) - Ul(o,y) - yNG(x) + yin(l,O.NT

- m(2,0,0) + x[Ul(O.y) + m(2,0,0)

|~ yN'n(l,O,N)] y

yP(x)

U (x,y)
1 x - yP(x)

¥6(x) - U (x,0)
2

Q(x)

(2.3) U (x,5)
2 ¥y - Q(x)
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In order to completely characterize the state probabilities
T(k,i,J) we now need to determine m(2,0,0), UI(O,y), Uz(x,O) and
G(x):

Since |U2(0,y)| <1 for |y] <1, in particular when y - Gy

Equation 2.3 yields
_ N N
(2.4) m(2,0,0) = g, M1,0,N) = 1, 6(0)
and then, by taking the derivatives of UZ(O,Y) at y = 0, we get
1
(2-5) '"(2:0:3) = 'T '"(29030) .
qo

From Equations 2.2 and 2.3, using the arguments preceding

Equation 3.2 of Chapter II we get

N
U2(5,0) - vYa(s) +[(t) - :] (1 -8)n(2,0,0)

(2.6) UI (O,Y) = 1~
U_(8,0) - y'G(8) L\ ¥
= T3 ' +[qo) —ﬂ TT(Q,0,0)
and
(2.7) U (x,0) = [)1" a(x)

where § = §(y) is, as bef&re, the inverse funetion of y = x/P(x).
At this point it only remains to obtain G(x), since the quantity

7(2,0,0) is, from Equation 2.1, equal to qgé(O).
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We have

'I-'

3

=

oN
(2.8) 6(x) = Fr —F U (x55)
oy ! y=o

where, from Equation 2.2, we can write

N

3 vk
(2-9) - U (x’y) = P(x) ) -_'A(x:y') B(x’y)
ayN H kgo ayN k
with
Alx,y) = y[Uz(x,O) - (1 - x)n(2,0,0)]
+ 1 - 0m(1,0,0) - e B - y(1 - v (0,y)
& Aty oy = V00 + (- 0G00) - a] - 6(x)
- (1 - x)Ul(o,y)
_ N N
= -0 - (] 6(x) + (2 - x)[6(0) - q}]
- (1 - x)Ul(O,y)
k k
Tpan| = -a-wipuowm] = - - el
3y y=o dqy ! y=0
(2<kx <N
and
B(x,y) = 1

x - yP(x



N-k ' N-k
?'TV:EB("’V) = M-k [P (0 <k < N)
y=o N+
X
Hence
(1 - 0PI N © 1 K )
o e i [ By
[P(x)Q(x) TV - &7 ° Z k! | P(x) 1

k=,

gk) = (dk/dyk)Ul(O,y)|y=o are obtained from Equations

2.6 and 2.7 in terms of G(k)
(k)

The quantities U
= (da/ax)c 0 <kx <N -1 Th b
(a/ax) (X)lx-o’ - %2 . én, by

taking the derivatives G in Equation 2.10, we will have a system of

N linear equations and N unknowns, namely G(O), G(l),...,G(N;I).

We have

(2.11) U(k) = ak LQ(G)]N G(8) (1<k<N-1) .
dyk 1-946 y=o0 - -
The formula for differentiation of a function of a function is
k
(2.12) ic— (g) = Z f(m)( )Z (k;a ,a )?
. d_xkgg g ) 1’ 25-'->ak
mn=o

a a (k)%
. [g(l)] 1[3(2)] 240 [g ]

summed over a + 2a + ... + kak =kanda + 8 + ... + ak = m.
2 Lo 1 2

1
f(m) and g(k) denote the derivatives (dm/dgm)f and (dk/dxk)g,

respectively, and



~Th=

ki
1(7118 t{nr )8 1 {1t
a.l.(l.) 1a.z.(Z’.) 2 ... a.k-(k.)ak

(k;al,az,--.,ak)’ =

The coefficients 8 58 5...,8 and (k;al.az,...,ak)’, for each term of

the inner sum of Equation 2.2, are given by Table 24.2 or reference 1,

for 1 £ k £ 10.

With the sbove result we rewrite Equation 2,11 as

k
(k) _ &
(2.13) U = 2o —7 6(8) (1<k<N-1)
1 2 dyz =
=0 4
where
x dk—l s N l1<k<N-1
(2.14) e = W) TR T
dy y=o 0<2<N=-1
and
2
dz ; {(m)
(2.15) £ 6(s) = Z r, G (0<2<N-1)
mf R
dy y=o -
=0
with
-\ (0. o e (1)81 (2) .82 f(2),%2
(2.16) rpn = Z(R,al,az,...,az) 6771 18\ L. 1812
(0<2m<N-1)
summed over a +2a + ... + %28, =2 anda +a + ... + 8 =m,
1 1 2 1 2 )
and where
2
6(2) _ Q'T 5(y) .

& ¥y=o
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(2.17) Z Z % 0¥ g © (m) (1 <k<N-1) .

m=0Q

N
(2.18) o =" (c) Q.a_ Q_‘._x).LP;(.JS)_].__

ac & a® [P TN - Flamo
and
/
c
1 d X
(2.19) B TE S S (—— .
ck k! dxc

Then, using Equation 2.10, we obtain the system of N linear equations

(o) cl1) G(N—l),

with unknowns G seces
c
(2.20) Z Z Z Z acBrBie T am®
8=, £=0 m=o
N_.(o)

This is an indeterminate linear system. One additional equation is

obtained by using the fact that G(1) = 1/2N (which can be seen from

Equations 2.2 and 2.3 and the relatiionship U (1,1) + U (1,1) = 1).
1 2

Equation 2.10 and L'Hopital's rule give



N-)
(2.21) qfc(°) = m(2,0,0) = %—(1 =P, =P )= FU(k)
k=,
-1 k 2
= (l-o-o)-zz Z;—zk (m)
k=, g=0

2.1 Calcwlation of rzm, 2y » B, and o . Our first step is to

kR ck -ac
find the derivatives 6(2) (d /3y 2’ (y)-ly=o. We have § = yP(8) which
gives
(2) at1
(2.22) 8 = E—ri’(ﬁ) .
d&y y=o

vhere the derivative of P(§) are found by using Equation 2.12. For

example, using Table 24.2 of Reference 1 , and denoting

(dk/dxk)P(x)|F= P(k) = l:!pk we get
s = plo) ‘
%6(2) - G(I)P(l)

1,(s) . 6(2)17_(1)"' [s¢1)y% p(1)

%6‘(") _ 6(3)P(1) + 36(1)6(2)P(2) . [6(1)33 PCs)
%6(5) - 6(~)P(1) . {3[5,(2)]2 . 1&5(1)6(’)}?(2)*' 6[6(1)]
+ [6(‘)]“1,(‘*)

. ete.

2 (3)
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Thus it is possible to determine 6(2')

recursively. We can now calculate
Tom by Bquation 2.16.
The derivative of the expression for 20 (Equation 2.1L4) is

obtained as follows:

k
a  [Qs)]
(2.23) &rk e 6 Z a,bs
i=o
where
k i N X k-i
(2.24) &y = () ki [Q(8)] ( ) kiQ’N(s)
Y=o ay y=0
k-1 (m)
= (K m .
= (1)2 Q Z (k-i,al,az,...,ak_i)
m=o
R [6(1)131[6(2)132 e [a(k—i)]ak—i
with QN m! N, where {q_m } is the Nth convolution of {qm} with
itself, and
_ s ’
(2.25) | b, = :—y—i- 126, Z Z (1:a 28,0 ..,ai)
y=o m=o
. [5(1)']8-1 [6(1)]8'1
Hence
k
(2.26) 2, = (5 }: o g1 b

i=o



The quantity Bck is

O Y if c < k
(2.27) Bck = ’

dc—k K

[1/P(x)] » If e>k
C-k -

dx x=0

where
c-k

dc—k .

k
1 _ 1 )
ax Sk (P(x)) = Z Pk(m')"" Z (c-k,al,az,...,ac_k)
m=0

(o7 g0 * ... Ip, ] X
"R, pz or Py

with Pl({m) = m:p;k, where {p;;k} is the k-fold convolution of {pm} with
itself.
The quantity aac is
a
(2.28) a = (%8 > . |
ac a a N le=o
[Q(x)]" - [x/P(x)]

dx

a-1 1 ,

a— 1]
1 [ax) 1" - [x/P(x)]NIx=°

a
- Q4

where



a> 1 l

a® ()Y = [x/P(x) T xmo

(2.29)

a

a8 m
1 . “raal _ 1
Z Eg Z (a,al,az,---..aa) [q*; BIN]

=0

-3 8
S CL T R P R

a m
z ( -ii) Z (a;al,az,. . .,aa)
0

m=0

a
a a allq a
S CLa IR CUS LI

. - <.
since BaN 0 because a < N

2.2 Expected Number of Customers and Waiting Times. Using
Equations 2.2, 2.6, 2.7 and the relationship Ul(l,l) + Uz(l,l) =1

we, first get

G(l) =T,

Np2G(1)+G'(1) = %—p'z +G'(1) ,

&

Uz(x,O),
X=1

d # 1 _ - _
L ”1(°’y”y=l 3@ -p -0 )+ w100 - 1(2,0,0) .

Then, applying L'Hopital's rule in order to evaluate the partial

derivatives of Uk(x,y) at x =y = 1, we obtain
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_ l-p =-p p
(2.30) Q = Lb—2>= (p +Q )+ —2—[1/2(N - 1)p + 2NG'(1)] ,
11 1 - p 1 0 l - p 2
1 1
. - N+
(2.32) T = = (N+1)p +26'(1) ,
12 2 2
- _ N-1
(2.33) Q, = > >
where N
A2E[(S + 8 )?]
QA = 1 2 .
o 21 -p ~-p )
1 2

The expected wvalues a& . Q X and a.can be found easily from the
above results.
The waiting times, W1 and Wz’ are given as in Section 5 of

Chapter II.

2.3 The SSS (Q2 = 2) Policy

The long differentiation procedure used in the determination of
G(x), for an arbitrary N, is very simple for N = 2. In this subsection
we shall study this case.

Equation 2.10 reduces to

1

(2.34) 6(x) = Q=PI | o2gl0) o iniy yla)y
[P(x)Q(x)]? - x2 ° !

4
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where the quantity Ufl) = d/ay Ul(O,y)ly=° is obtained from Equation 2.6

in terms of ¢\°) = ¢(0) ana c(?) = G'(0). We have

(2.35) UE" - sl & U @0+ U (1,0)

which, combined with Equation 2.7, yields

(o) + G(l)

(1) _
(2.36) Ul- = 2poq°q1G

The quantity G(l) is calculated from Equation 2.38. We get

(2.37) el1) = _ 39_:;331.6(0) s 2 5 ()

Q 2 1
° poqo

which, combined with Equations 2.36 and 2.21, determines the quantities
(1)

1

G(O) and U of Equation 2.3L4. We get

l - x

[Q(x) ]2 - [Pxx)]

x
+
% po(qo * 2q1) P(x)

Z

(2.38) G(x) = %(1 -p -p)
. 1 2

q, + po(qo + 2q1)

and the probebility of an empty system,
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AN
q
(2.39) m2,0,0) = F(1-p - p) 2 .

1, *+ pla, * 2q)

Notice that the nonsaturation condition is still 1 —p1 - p2 > 0.

The expected number of customers given by Equations 2.30 through

2.33 are
- l-p =-p p 1
(2.40) e, = T °12 (b +@Q) + 71— 01[502 + 2G'<1)] ,
(2.41) Q21 = 3 o
(2.42) Q, = 2, +26'(1) ,
(243  § = %,

where, from Equation 2.38,

p (g +29 )(1~-p)
°© o .1 L+2(3p - P -1)+0Q .
2[qo + po(qo + 2q1)]

(2.4%4) G'(1)

2.4 Busy Periods. The busy period BII during which the server

is continuously working in the second stage has distribution

(2.b5) BII(t) = S
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The busy period BI is defined as the time necessary to accumulate
N customers in the second sfage. During this time the server may be
inactive in the first stage. This happens when the first stage becomes
empty and the number of customers in the second stage is less than N.
We see that if BI starts with i l-customers, its duration has the
distribution of the time until the Nth departure from an M/G/1 queue
having service time distribution S1(t)’ given that the system starts
with i customers.

Let Oge be the number of times the first stage becomes empty until
Just after the N - 1 first departures. Given GN = k, we see that BI

# » -
has distribution SlN * A k(t), where A(t) = 1 - e At

is the interarrival
distribution and Sx(t) is the service time distribution of the first
stage. If le is the number of customers in the first stage at the time

the server arrives from the second stage, we have

N=1 o
(2.146) Bl(t) = 5—%-1—’—07 Z Z 7(2,1,0)
2 k=o i=o

- = 51a"N g %k
- P_loy = k[QIz =1ils 7 * A (¢)

In Tekacs ([21l], page 98), we find
(2.47) Pr[aN > lelz =1i] = Pr[n < N|Q12 =1i+Xk] ,

where n is the number of customers served in s busy period. Thus

we have
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N-3 N-i
(2.48) BT (t) = —(1—0-5- Z Z m(2,1,0)
i=o k=0

.[{P[n < ﬂlQ12 =1i+k-1]~Pln< NIle =1+ k]}]

. S: Y X(t) + '7'1_07 Z m(2,1,0) S:N(t) .
i=N i
where N— n-J
P[n <Nla =3] = J—j“’ :M =, AT as':n(:r) (¥ > 3)
o (n - !
-0 . (v <3)

Simplification of the right-hand side of the sbove equation is not
apparent.

The busy period of the server, BS, is defined as the time elapsed
since the server starts the service of a l-customer that terminates
an empty period of the system, until the system becomes empty again for
the first time. This busy period msy contain, as for the busy period
BI, intervals corresponding to situations when the first stage becomes
empty and the number of customers in the second stage is less than N.

We have not succeeded in finding the distribution Bs(t), nor its

Laplace-Stieltjes transform.

3. The WﬁFS Policy
Under this policy the server switches from the first to the

second stage when the first stage is empty and returns to the first stage
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when all of the second stage is empty and if at least N l-customers
are present. Otherwise the server removes himself from the system,
and returns to the first stage when N l-customers are present. As
indicated in Section 1, the WNFS policy is a generalization of the LNB
policy discussed in Chapter II. For this reasson we expect to have

a solution procedure similar to the iterative scheme presented in
Section 3 of Chapter II. Some difficulties will arise with this type
of solution, but as in Chapter II, we are able to find the state
probabilities by a direct approach.

The stationary conditions are

(3.1) (a) m(1,i,1) 0 (i <N -1)

i+, N-,
()  71,1,1) = ) m2,800py_,, + Y n(2.8,0)
a=N a=o
i+ 1>¥-1)
(e)  w,i,j) = Z m(1.8,0 - Vpy ., O 20,5 2)
a=1
i
(@) m(2,1,3) = m(2,0,0 + gy + Y m(2,8,3 + g,
a=0

(1 >0, >0) .

The generating functions of {n(1,i,3J)} and {n(2,i,3j)} are

U (x,0) - U (0,y) + x'H(1) - H(x)

(3.2) U (x,y) = ‘yP(x)
1 x - yP(x)
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Q(x)[U (0,y) - U_(x,0)]
2 2

(3.3) U (xy) =
2 ¥y - Q(x)
N-1
where H(x) = & mu(2,a,0)x".
a=o

Using the arguments preceding Equation 3.2 of Chapter ITI, we

obtain
(3.4) U (0,y) = U (8,0) + 8'H(1) - B(6)
and
(3-5) U (X,O) = U (O:Q) ’
2 1

where, once again 8 = §(y) is the inverse function of y = x/P(x),
and @ = Q(x).
Let x = x and y_ =y with |x| <1 and |y| < 1. Define x; and

Y5120, by

(3.6) %, = 8G,)
and
(3.7) Yie, = Qlx) .

S'bstituting Equations 3.6 and 3.7 into Equations 3.1 and 3.5 we get

(3.8) U (0y) = U (x, 0+ Xy, H(L) - HOx, )

and



-87-

(3.9) U,(x.0) = U (0, )

Adding Equations 3.8 for i = 0,2,...,2N-2, to Equations 3.9 for
i=1,3,...,2N-1, we obtain

N-,

— N -~
(3.10) Ul(O,y) = Ul(O,y2N)+ [x2n+lH(1) H(

)1 .

Xon+1
n=o

Similarly, let i = 1,3,...,2N-1 in Equation 3.8 and i = 0,2,...,2N-2

in Equation 3.9. Summing these equations we get

N
_ N
(3.11) U,(x,0) = U G0 + ) [y (L) - HOxy)]
n=,
We proved in Section 3 of Chapter II that the sequences {xZN}

and {yQN} converge to unity. The sums in Equations 3.10 and 3.11 are

N
convergent, since IH(xi)l <1 for Ixi, < 1 and the sums I (x2n - 1)
N-) n=,
and I (x2n+1 - 1) are convergent (see Chapter IT).
n=o

Thus we may write

(3.12) Ul(o,y) = UI(O,l) -Al(y)
and
(3.13) U (x,0) = U (1,0) - A (x) ,
2 -~ 2 2
where
(3.14) AG) = N [H(xy,) - xy ()]

n=o
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and

N
(3.15) Az(x) = Z [H(xzn) —xanH(l)] .
n=

Notice that when N = 1 we have H(x) = m(2,0,0), consequently
Equations 3.12 and 3.13 reduce to Equations 3.11 and 3.12 of Chapter III,

respectively.

We now discuss the difficulties of determining H(x). First we

notice that

k
(3.16) g®) o) = & H(x) = &y (x,0)
dx X=0 dx 2 X=0

= Uik)(0,0) (0<k<N-1) .

One method to be attempted is to use Fquations 3.5, 3.4 and 3.16 in

order to relate the quantities H(k)(o). We have

(3.17) U;(x,O) = Q'(x)U;[O,Q(x)]
and
(3.18) Urf0,a(x)] = 8'fa(x)] vllslalx)],0] + n{s[a(x) 11"

- H'[8(Q(x)]] .

Unfortunately Q(0) = qg5 this means that, in general, H(k)(O) will appear

as functions of unknown quantities, H(k)(qo).
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Fortunately, however, the state probabilities n(k,i,j) can be
determined by the direct apprbach of Section 7 of Chapter II, which is
based on the properties of the busy period of an M/G/l system, Let

bm(i), ai(n) and ck(n) be as defined in Section 7 of Chapter II. We

have
(319) e (@) = ) bida(n) ,
i=N
N-1 o0 .
@ = [ ¥ @] Y oyle @
m=1 i=N :
+ Z z ck_l(m)bm(i)ai(n) (k >1) ,
m=N i=m

where bm(i) and ai(n) are given by Equations 7.2 and 7.3 of Chapter II,

respectively. The staté probabilities n(2,n,0) can be written as

(.20) x(2,m,0) = x(2,0,0) ) e fn)  (a>0),
k=1

where n(2,0,0) is determined by the relationship

N=-1 N-1
(3.21) NH(1) - H'(1) = N z n(2,n,0) - Z nn(2,n,0)
n=o n=1

= L., -
= 5 (l pl 92)

which is derived from Equations 3.5 through 3.5 combined with the fact
that Uz(l,l) = 1/2. The remaining state probabilities are found by

Equations 3.1.
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2.1 Expected Number of Customers and Waiting Times. Using

Equations 3.4, 3.5, 3.2l and the fact that 3'(1) = (L -p )-1, we
1

 find that U;(O,l) = 1/2 and U;(l,O)

o"(1) = (1 - p )7% [20, +A%E[sZ1(2

1/2 p_-*¥ Next, knowing that

pl)-l], we obtain

1 1
u"(0,1) = (p +Q) +
- +
1 1 o *tp, T o (1 -p)2-p2
1 2
- [N(N - 1)H(1) - H"(1)]
and
" — l 2 2 2rn
ur(1,0) = 3 E[S]] + anl(o’l) s
where

th[(Sl + 32)2]
Q. = .
© 2(1 - . - 02)

These derivatives are then used to obtain the expected values
§££ from Equations 3.2 and 3.3. It results that formulas %.1 through
4,10 of Chapter IT are also valid for this case if for QO we substitute

Q *+ (L -p -p)7 [N(N - 1H(1) - H"(D)] .

The probability distributions and expected values of the waiting

times h& and Wé are given as in Section 5 of Chapter II. The values of

Uk(x,y) are given by Equations 3.2 and 3.3; the quantities @ and Q o
11 .
are obtained as indicated above.
" :
U 0,1) = £ U (x,y) and  U'(1,0) = U (x,y)
1 v "1 o o\t 3x Yo EN et

y=r y=0
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5.2 Busy Periods. For this WNFS policy the busy period of the

server, BS, is the time elapsed from the moment the server returns to
the system (N l-customers and no 2-customers are present) until the
departure of a 2-customer who leaves behind him less than N l-customers
and no 2-customers. In order to find the distribution of BS we notice
that, if the same realizations of arrivals and services are simulated
in an M/G/l system, with service time equal to the sum of the service
times in both stages of our sequential system, and if at the termination
of BS the sequential system has i customers (l-customers), then the
M/G/l system will also have i customers (assuming N customers were
present at the beginning of the simulation), O < i < N, This occurs
with probability n(2,1,0) (unconditionally) and distribution B:(N-i)(t),
where Bo(t) is the distribution of the busy period of an M/G/1 system
with service time distribution Sl * Sz(t). Hence, conditional to the

set of all possible ways of starting the busy period BS, which has

N-1
probability H(1) = Y =n(2,i,0), we have
i=o
N-1
S 1 . *(N-i
(3.22) B”(t) = HE) Z n(2,1,0) Bo( 1)(t) .
i=o

The Laplace-Stieltjes transform is

.23 5 = I—{%-l-)-[ﬁ(s)]NH[ . ]

B(s)
go
ﬁTTT'[NH(l) - H'(1)]
§1 + §2

2H(1) ’

(3.24) 58
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because of Equation 3.21 and the fact that 1'3'0 = (é‘l + 52)/(1 -0 - pz).
A similar situation occurs with the distribution of the time

during which the server is removed, I(t). We have

-1
1 . * (-1
(5.25) M) - kg, @50 AT
o
where A(t) =1 - e->\'t is the distribution of the interarrival times.
We get
. S/ T HL) | X +s ™
and
(3.27) T = e (L-p -p) .
’ . 2AH(1) 1 2

T
The busy periods of the first and second stages, BI and B‘I, are

defined as before.

For the first stage we have

(3.28) BT(t) = I—J:&;W[H(l)BN(t) +Z n(2,i,0)Bi(t)J ,
1=N

where, as in Equation 6.1 of Chapter II, Bi(t) is the distribution of
the busy period initiated by i customers in an M/G/l system with

service time distribution S (t). We get
1



(5.29) 5() - 5oy [Hu)rﬁ(s)JN - HIE(a)] + u2r§<s>,o]] ,

where Uz(x,O) is given by Equation 3.13. Equations 3.2 and 3.21 and

the fact that U;(l,O) = 1/2 P s yield

S S
=T _ 1 _ 1
©-20) B - mhoy - @t

where Al (0) is given by Equation 3.1k,

For the second stage we have

(3.31) BII(t) = I?—é’—l)- i n(l,o,j)s:j(t) s
j=1

(3.32) CBM(s) = W}Tﬁul[o,ﬁz(s)]

and

(3.33) §II=2-W-§§E-=%—:;%67=2§‘72&'

The average number of cycles in the busy period of the server is

- Bﬁ Al(O) - H(xgn+l) o
(5.34) c = == =y = z [—}RT)'_'XEnﬂ]

n=o

= i kck(O) ’
k=1



L, The SFS @ 2 N) Policy

Under this poliecy the server switches to the other state leaving
no backlog in the present state, except when, at departure of a 2-customer,
at least N l-customers are present in which case the server switches to
the first stage. The analysis of this policy is similar to the analysis
of the WNFS policy. In this case the function H is two-dimensional.

The steady-state probabilities are related by

i+1
(k.1) (a) n(l,1,1) = “(2,O:O)Pi + Z ﬁ(eJaJo)Pi_a_'_l (i 2 0)
a=1
: i+l v
®)  «(L4,3) = Y xLag -Lp, ., (O<icN-2
a=1 j>2)
i+ i+
(e) (lyi,§) = z 7(l,8,5 - l)pi-a+1 + Z (2,8, - 1)
a=1 a=N
(i>N-1
: j22)
(a) w(2,i,3) = qi“(l;o.v-j + 1) +z 4; g (28,3 + 1)
a=0
(9<i<N-2
j 2 0)
N~-1
(e) w(2,1,3) = qiﬂ(lxonj +1) + Z 9 . n(25a,3 + 1)
a=0
(i>nN-1

j>o0) .



Letting
H(x, ) Z }: P w(2,1 + 8, 3)
—l a=0
we get
(k.2) U (xy) = (x - l)n(2,0,9) +;Eé‘x,0) - Ul(o,y) + H(x,y) P(x)
* x - yP(x)
and
U (0,y) - U (x,0) - H(x,y)
(+.3) U Gey) = A el el

y - a(x)

Notice that the two last equations have the same structure as
Equations 2.5 and 2.6 of Chapter II. This is expected since the present
policy, for N — o, is the poliey studied in Chapter II.

Applying once more the arguments of Chapter II we get

(k. 4) U (0y) = U_(8,0) + (8 - 1)x(2,0,0) + H(d,y)
and
(4.5) U (0) = U (0,Q) - H(x,Q) ,

1

where Q = Q(x) and & = 8(y) is the inverse function of y = x/P(x).

Using the same iteration scheme of Chapter II, we find

(4-6) Ul(O:Y) = Ul(O,l) - TT(2)O:O)A1(Y) ‘*‘Bl(X:Y)
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and
(4,7) U2(X,O) = Ug(lyo) - K(E:O)O)Ag(x) +32(X:y)‘ 2
where
(+.8) A(y) = Z (1 -xp4)
n=o
(4.9) A = ) (-
n=1
(4.10) B (x,5) = :E: [H(x2n+1’y2n) - H(x2n+1’y2n+2)}
n=o0
and
(%.11) Bz(x,y) = :E: [H(xgn’yzn_l) - H(X2n-2’y2n-l)J .

n=1

The value of x(2,0,0) can be determined analytically from the
equations above and the fact that Uk(l,l) = 1/2. However we can see
that its value is 1/2(1 - pl - pz) since, under this policy, the server
is active whenever customers are present in the system (see comments

following Equation 3.5 of Chapter III).
If we let x = y = O in Equations 4.6 through 4.11, we get
A (0) =1+ A2(O) and B (0,0) = B2(O,O) - H(1,1). Thus
1 1

(4.12) U 0,y) = 3(1-p -p)A(0) -3 (0,0

and
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(4.13) U(L,0) = 5 (1L-p -p)A(0)-B (0,0) - H(L,1) .

We shall now obtain the function H(x,y), by finding the state
probabilities n(2,i,j), using an approach similar to the determination

of the function H(x) of the previous section.

Let bm(i) and ai(n) be as defined in Section 7 of Chapter II,

and define
ck(m,n) = probability that, starting with an empty system,
the termination of the kth cycle occurs when
there are m l-customers and n 2-customers in

the system.,

We have

N-1 ]

() (2) e (mm) - Y Y. ey (e (m - x)
(®)  elmn) = Y ) ey (Wr0ID, (1)a; ()2 (m - r)

F 55 e,

where Iv =max{u + 1, n - v + 1}, From this we get
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(k.15) W2mn) = 5 (L-p -0) ) clumn) .
k=1

With this we can find H(x,y) from its definition.
The remaining state probability, if needed, can be found from
Equations k4.1,

4.1 Expected Number of Customers and Waiting Times. Let

o
H = 57 HGLY) s
x=1
y=1
and let H , H , H and H__ be similarly defined.
¥y oxx" Tyy Xy
=1
Using Equations 4.4 and 4.5 and the fact that 8'(1) = (1 -p )™,
1
we find Ul'(o,l) = 1/2 + H, and U;(l,O) = 1/2 p, - H,. Next, knowing

that 8"(1) = (1 - p )72 [20 + AZE[s2](1 - p )™!], we obtain
- 1 1 1 1

(0,1 = + + + H
,(0,1) T-o +p P, ") + T3 o, vy
and
1 2o
U"(1,0) = 5 A3B[S®] + p2u"(0,1) - = H. -H .
These derivatives are then used to obtain the expected values
ng from Equations 4.2 and 4.3, We get
- 1-p
4,16 = + + 20 H
( ) Qll (pl QO p2 xy) l1-p +p ’
1 2
(%.17) Q. = (L+p_+@Q +2H ) L s
21 2 (o} Xy 1 - pl + p2



-99-

- 2 P
= T —— i
(4.18) _le [1 tp, ¢t Q o ny ] R
1l 2
and
- _ 1
(4.19) o, = (o +Q, +2H. ) 7= RETH

The probability distributions and expected values of the waiting
times W and Wé are &s in Section 5 .of Chapter II.
1

4.2 Busy Periods. By the arguments of Section 6 of Chapter II,

the busy periéd of the sefver, BS, has the distribution of the busy
period of an M/G/1 system with service time distribution Sl * Sz(t).
Consequently its expected value is 8° = (§; + §;)/(l -p - p2).

The distribution of the time the server is continuously serving

l-customers is

(4.20) Bl(t) = 5T) 111 [0 [Z Z (2,1,3)B, (t)
, 2 i=N j=1
+ 2 n:(2,i,0)Bi(t) + ﬂ(Q,0,0)Bl(t)] ’
i=1

where Bi(t), as in Section 6 of Chapter II, is the distribution of the
busy period of the first stage initiated by i customers,
Knowing that Ul(O,l) = U2(1,0) + H(1,1) and 1?1 =B = §l/(1 - pl)

we get
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(k.21) Bi(s) = [-,-(é—,l-)-[n[ﬁ(s),n +u_[B(s),0]

1

ha-e - e)Be -]

which implies

(,-1-.22) B = ZU (0,1 Sl - (1 - pl - DZTAlré) - aBl‘(B,O) S1 ’

In order to derive the distribution of the busy period of the

second station, we first get

co n-1

Y e (1) - 12 Y §ii)

i= i=o

(4.23) A(n)

where

: o i |
s(1) f toas (v) .
2 O Lle 2

Now, noticing that BII starts when the state of the system is (1,0,j)
with conditional probability n(l,O,j)/Ul(O,l), and that the server
can complete service of k 2-customers (1< k< j - 1) with probability

N-1

(k.24) By = P, @AW 1),

r=0
and of J 2-customers with probability

N-1

(k.25) By = 2 gL

r=0
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we get
w J
II _ l . - *k
(4.26) BUNe) = gory . L0, ) a sTNCe)
1 J=1 k=1 '
Instead of obtaining ﬁiI from the equation above we can use the
relationship
o
- ) g5
(&.27) c = Z ke, (0,0) = —_—,
k BI +BII

k=1
where ck(0,0) is found by Equation 4.1%. We get

§ +58
(4.28) L - - M- - BT .,




CHAPTER V

DISCUSSION

1. Numerical Comparison of Policies

In this section we compare the effect of policies LNB, SSP and
FSP, for the case of exponential service times, on the aversge values
of the waiting time in the first stage (ﬁ;), the waiting time in the
second stage (W; = ﬁ; - ﬁ; - §;), the busy period of the Pfirst stage (§i)
and the busy period of the second stage‘(fiI). We consider three
situations of total traffic intensity, p = pl + pz, representing heavy
traffic (p = 0.9), normal traffic (p = 0.5) and light traffic (p = 0.1).
In each case we obtain curves of the pertinent average value as a function
of the traffic intensity in the first stage (pl) which varies from zero to
p (p2 varies from p to zero).

Assuming A = 1 and using the formulas of Chapters IT and III

(see Table I) we get

Q

R [p2-p (p =0 )1/(2=-p) .
1 1

LNB-Policy

|
"

(b +Q)(1=-p)/(L=-20 +p)=p
1 o] 1 1 1

W = [p2+(p-p)a1+p-p)+ Ql/1-20 +0p)
1 1 1 o} 1

BT = /(1 - p)/A (0)
§I=02N1-MMJM

where A (0} is obtained as in the example of Section 8 of Chapter II.
1

=102~
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SSP—Poligx
W1 = Qo
W' o= 0
2
B = )
-1
EEI =p
2
FSP-Poligx
W = (p +Q)a2-0){1-0)-p
1 o] 1 1

w; = °(°1+Qo)/(l'°1)
B =pl/[2-p—(l+o-pl)'l]

B =oZ/[2-p-(l+o—pl)'1]

The quantities above are plotted in Figures IT through VII. From
these figures we clearly notice that the effect of different policies
on the average busy period is negligible for low values of p. For all
policies, the average wait in the first stage is minimized near
p1 = p/2 and in the case of policies LNB and FSP we see that the average
wait in the second stage increases surprisingly fast as the traffic

intensity in that stage decreases (p1 increases).
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2. Practical Implications of Availability of Numerical Results

For practicai employment and engineering consideration the first
question that may be asked is: Are the average values numericglly
available? We shall now have a few remarks on this question and more
general aspects.

In the case of policies LNB, SSP and FSP, with instantaneous or
with random duration of switching, the average values of all considered
queueing properties can be easily calculated by the formulas of Chapters II
and III,which do not require calculation of the state probabilities.

The determination of the wvalues of 'EI and B-II

s in the case of the LNB
policy, takes a few more steps since they depend upon the guantity

©
Al(o) = Uz(l,O)/x(Q,0,0) =2 i§o “(21110)/(1 - Dl - pz): but, as
illustrated in Section 7 of Chapter II, the iterative scheme developed
in Section 3 of that chapter is very efficient for finding Al(O) without
explicit calculation of n(2,1,0).

For policies WNFS and SFS (Ql z_N) we need first to calculate
some of the state probabilities, =(2,1,0), for which we provided methods
of solution. These methods depend upon the values of the probabilities
bm(i) of having i departures from the first stage during the busy
period of that stage started by m customers. These values, in the case
of high utilization of the first stage, may be not negligible for large
i, therefore the nested summations involved must have large upper limits,
which implies a great amount of calculation, as, for example, in the
case of Equations 4.14 and 4.15 of Chapter IV, where we have five

nested summations. Although a straightforward computer program can be

written for these policies, we have not made any actual calculations.
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For the SSS (Q,2 = N) policy, even the calculations of average
values, for which we provided solutions depending on the function G(.),
inay be expected to encounter numerical difficulties. In this case the
use of special computer languages with capabilities of symbolice
differentiation might be helpful.

Next we shall comment on the feasibility of the calculation of
the distribution of the pertinent random variables: for the state
probabilities, except in the case of policy SSS (Q2 = N), we would
first find n(2,1,0) (0 < i < igs where i, is some truncating value which
depends on desired accuracy) for which we provided recursive schemes of
solution, then we use the corresponding stationary conditions for
calculating the remaining state probabilities. The distributions. of
the waiting times, W;(t) and W;(t), can be found by numerical inversion
of their Laplace transforms (an efficient algorithm is'given by Stehfest [18])
which are given in terms of the functions Uk(x,y). The distributions
BI(t) and BII(t) can also be found by the same approach, although explicit
expressions for these distributions are given in terms of the distribution
of the busy period of the NVG/l system started by i customers, which
may take great amounts of calculation in the case of high utilizations.
Evidently, in the case where BI(t) and BII(t) are given by simple
expressions like, for example, BII(t) = S:N(t) or BI(t);= sl(t), we would
not use this approach.

As shown in Teble I, we were not able to obtain the distribution
of the busy period of the server for the LNB and FSP policies for the

case of random duration of switching, and for the SSS (Q2 = N) policy.
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The difficulties in these cases are due to the fact that during these
busy'periods the cycles are not homogeneous in the.:sense that they are
formed, possibly, by the sum of distinct random variables., For example,
for the LNB policy with random duration of switching, the switching
intervals T12 are combined with the intervals during which the server

is working in each stage. We can say that each customer served during
BS has his average service time increased to 5; +'§; + So where So
represents the average "share" of each customer in the total duration
of switching. It is not clear how So can be obtained. In the case of
the SSP policy, since the server follows the customer through the
system, this "share" is simply 5;2 +»T;1 and, therefore, we can consider
that the service time distributions in the first and second stages are
Sl * le(t) and 82 * Tal(t), respectively. Thus, the busy period B> has
distribution equal to the distribution of the busy period of an M/G/1

gqueueing system whose service time distribution is the convolution

S ®*s *T *T (t).
1 2 12 21

3. History of the Work

At the beginning of this research we were concerned with two
sequential queues with exponential services and interarrival times,
where the service rates in each service facility could beAcontrolled,
at any time, depending upon the number of customers in each stage of
the system. We assumed at most two alternatives for the service
rate of each facility (which were allowed to operate similtaneously),
each alternative having a corresponding cost rate. Given linear waiting

costs and no setup costs, we intended to characterize the optimal
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policy of changing the service rates, so as to minimize the average
cost rate. Our first step was to consider special cases as, for exanmple,
the case of "local' optimization, in which the decision of changing the
service rate of one facility depends only on the number of customers
in the queue in front of that facility, independently of the number of
customers in the other (optimization by stages). The answer to this
problem turned out to be trivial, since, according to Reich [15]
the departure process of a state dependent M]M/l gueueing system is an
independent Poisson process with the same rate of the arrival process.
With this result we see that the two stages of the system are
stochastically independent, therefore, the optimal policy is as
characterized by Crabill [T], in each stage.

Another case is when the service rate in one of the facilities
is constant and the service rate in the other one may vary, depending
on the number of customers in both stages of the system; We did some
numerical experimentation, using Markov decision programming techniques
(Howard's and White's algorithms) in the case of finite queue
capacities. These indicated that the optimal policy is approximately
the same as the optimization by stages. Some theoretical characterizations
were attempted mainly because the algebraic structure of this problem
seemed to suggest some simplifications (the matrix of rate of
transitions is tridiagonal by blocks, each block being sparse and of
simple structure). TFitting to this same algebraic structure is the case
of an M/E%/l gueueing system where the rate in each phase of the Erlang

type of service is controllable. For this problem we:.-were able to
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generalize one of Crabill's [7] results of the controllable

M/M/1 system. 1In the case of monotone increasing holding costs, under
some restrictions, with two alternatives for service rate, it appears
that the optimal policy is characterized by the wvalues l* and N* such
that, if the number of customers in the system is n <'N*, then use

the slow service, if n > N*, then use of the fast service, if n = ﬁ*,
then use of the slow service when the service is in phase £ < z* and
use the fast service when £ > l*. However, we do not offer a proof
to this effect.

Still another interesting problem, which later led us to the
problem of this thesis, is the case where the chosen service rate
alternatives at a given time, say ul and “2’ must be such that alul +
a2u2 < ¢, where al and a_ are constants and c represents a certain
total service capacity.

Analytical results of the cases mentioned above were quite limited
and the numerical experimentations did not lead us to any discovery
of efficient methods of reducing the cost of the computations to the
point of usefulness. However, a simpler form of the problem with
limited total service capacity, with the additional restriction of My
being equal to c/a.k or zero, k = 1,2, opened up new possibilities, since
in this case simultaneous service in both stages was not allowed (this is
the case of a single server). It was then possible to assume more
general service time distributions keeping the analytical considerations
at a tractable level. Using departure epochs, this problem is a Markov

reneval programming problem and, in the case of finite queue capacities,
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the optimal policy can, at least, in principle, be obtained by Howard's
algorithm in any given case. However, in the meantime we became more
interested in the behavior of special policies that by their simplicity
promise to be of practical significance. This thesis has been

concerned with such policies.

4. Related Topics and Possible Extensions

Evidently, the six policies studied in this thesis do not constitute

all possible "simple" switeching policies. We can, for example, imagine

the case where the Servef,>uﬁbh coméieting the serving of a cﬁstomef'
in cne stage, remains in that stage only if the nunber of customers (Qk)
in it is less than the number of customers (Ql) in the other stage,
otherwise he switches. The "reluctant case" for this poliey would be:
The server remains in the present stage if Qk 3_(;2’Q + N, otherwise he
switches. Other policies could be obtained from the combination of the
previously defined policies, for examble, policies SSS(Q2 = M) and WﬁFS
can be followed simultaneously. These new rules can be analyzed by the
methods used in this thesis.

As mentioned in Section 3 of Chapter II, the methods of analysis
for parallel queues [Takacs [20] and Eisenberg [8,9]) are similar to
the methods of this thesis and, therefore, we may expecf that some more
general models, results of the combination of parallel and series gqueues
attended by one server, cé; ﬁe analyzed by similar methodology. An
interesting problem to consider would be the case where the sécond stage
of the sequential model receives, besides the customers Prom the first

stage, an independent Poisson stream of customers. We could also consider
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a parallel system with two serviée fﬁéiiitie; (F;'aﬁdif;S:yﬁﬁ;re a

customer departing from one service facllity, say Fl, is fed into thg queue
cf facility Fz, provided that the customer has not received service

in facility Fz. These two models are special cases of a . more general
situation where a custémer, upon completing service in facility Fk’ leaves
the system with prcbability Py and goes to facility Fo (2 # k; k = 1,2;

2 = 1,2) with probability 1 - P, > Provided that the customer has not

received service in Fi' The dimension of the state space for this model

would be quite large, since we have to keeﬁ tracg of all types of
customers in the queues and in service. A simple.case of this model
is when the arrival rate (of customers coming from outside the system)
to one of the facilities is zero. This corresponds to ‘thé model of this
thesis with the additional condition that a customer departing from the
first stage leaves the system with probability p1 and goes to the second
stage with probability 1 -~ pl. There should be no difficulties in
extending the results of this thesis to this model, for all of the six
policies. -
An important aspect‘to be considered is the numerical implementation
of the solutions, mainly the ones corresponding to the reluctant policies,
in particular policy SSS(Q2 = N). The assessment of the accuracies in the
calculation of the state probabilities is very important since all of the
prertinent quantities are expressed in terms of these probabilities. This
is a task that we expect to undertake in the near future. At the time this
thesis was concluded only a few numerical experimentations were made and
no conclusive answers were found. This is vhy we did not include the case

of reluctant policies in the numerical examples of Section 1.
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The method of analysis of.the éélicf—SSS(Qz = N) seenﬁ to be weak.
An alternative approach is to eliminate from the original chain the
departure epochs of the second stage, except the last departure. However
with this approach we would have a weeker description of the behavior of the
system.

An intriguing question is whether or not there is any relationship

between the iterative scheme of Bection 3 of Chapter II and the direct

approach shown in Section T of the same chapter.
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