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CHAPTER I

INTRODUCTION

1_. The Problem

In this study, we consider certain queueing situations in which 

customers arrive at a two-stage queueing system according to a Poisson 

process with constant arrival rate» A. Each customer requires two 

sequential types of servicings. Both servicings are performed by a 

single server, who switches from one type of service (one stage of the 

system) to the other, according to some switching rule (policy). The 

server can even be temporarily removed from the system and, therefore, 

not available in either stage. The special case of instantaneous 

switching will recieve most of our attention in this thesis, however, 

for some switching rules, we shall consider the length of the switching 

times (or simply the switching times ) as random variables with arbitrary 

distributions with finite moments.

The service time processes in each stage are assumed to constitute 

independent renewal processes with distributions S (t) and S (t).
1 2

These processes are also assumed to be stochastically independent of 

the arrival and switching time processes.

In the analysis of this problem we shall assume infinite queue 

capacity in front of each service station. A customer arriving at the 

system will wait for service in the first stage unless the server is 

ready to service him in that stage, in which case, service immediately 

begins. When a customer completes service in the first stage, he

—1—
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i mme di ate ly goes to the second stage, where he will join the second 

queue, except that if the server moves with him (with zero switching 

time) to the second stage and no other customer is already waiting 

there, then his service in the second stage will commence without any 

wait. In each stage, customers are served in their order of arrival. 

How long customers wait depends somewhat upon the policy which the 

server follows in switching from stage to stage. We will consider 

several alternative policies, described below.

When a customer is in service in either stage the server waits 

until the current servicing is completed and then decides whether to 

remain in the present stage, switch to the other stage or remove 

himself from the system (the three possible states of the server). When 

the server is idle (removed or not busy because his present state is 

empty ) he waits in the stage until the next arrival and then decides 

where to locate himself.

A criterion for these decisions by the server could be obtained 

if we are able to attach a cost structure to the behavior of the system. 

This structure would include, for instance, the cost of service in each 

stage, the waiting costs, idle costs and switching costs. With such a 

quantitative cost description we could use the expected average cost or 

the expected total discounted cost, as optimization criteria, and apply 

the techniques of Markov renewal programming (in the case of finite queue 

capacities) to find an optimal decision policy. However, due to the size 

of the state space (number of customers in each stage and the state of 

the server), the amount of calculation is very large. Also, as we may 

intuitively expect, an optimal policy might be quite complex and difficult 

to implement. ■
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An alternative to this situation is to restrict our attention 

to "simple" decision policies for which a complete analysis of the 

behavior of the system is feasible. These policies may be sub optimal, 

but because we know better their effects on the system, we may consider 

them for situations where only a qualitative aspect of the costs is 

known. This is the approach of this stu^y.

We consider six policies. In fact three of these policies are 

particular cases of one of the others, however there are advantages 

to presenting all of them separately. Since we are only interested in 

the steady-state effects of each policy, we assume that the policy 

becomes effective when the system is first emptied. The six policies 

are:

1. LNB (leaving no backlog). Switch to the other state whenever 

the number of customers in the present stage reaches the value zero.

2. SSP (second stage priority). Switch to the other stage 

whenever a service is completed in the present stage. In this case the 

server follows the customers through the two stages of the system. This 

is merely an M/G/l queueing situation.

3. FSP (first stage priority). Customers in the first stage have 

nonpreemptive priority over customers in the second stage. This means 

that the server switches to the second stage when the first stage 

becomes empty, and returns to the first stage when, at a departure from 

the second stage, there is at least one customer in the first stage, or 

when no customers are left behind in the second stage.



■

For the next two policies, define to be the number of customers 

in stage k, k = 1,2.

4. SSS (Q = N). Switch to the second stage when Q = N and 

return to the first stage when all of these N customers are attended. 

(If the initial value of Q is greater than N, the server can, for
2 

instance, start by attending all Q customers.) 
2

5. SFS (Q^ >_ N). The server switches to the second stage only 

when the first stage becomes empty. He stays in the second stage until 

it becomes empty, unless the number of customers in the first stage, 

at service completion epochs in the second stage, is at least N. In 

this case the server returns to the first stage. SFS (Q > N) stands
1 — 

for switch to the first stage when Q >_ N.

6. W^FS (wait for N customers in the first stage). Switch to the 

second stage when the number of customers in the first stage is zero; 

attend all customers accumulated in the second stage (a total of at 

least N) and then go back to the first stage if the number of customers 

in it is at least N, otherwise remove the server from the system until 

N customers are accumulated in the first stage (this value, by the 

nature of the arrival process, is reached with probability one in a 

finite time). .

Notice that under these policies, except the last one, the server 

is never removed from the system. Notice also that LNB = W FS (or LNB = 

\FS), FSP = SFS(Qi > 1), SSP = SSS^ = 1) and LNB = SSS(Q = ~).

Justifications for considering these switching rules are as follows : 

If the switching costs are negligible when compared with waiting costs, 
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we may use the SSP policy in the case of high waiting cost in the 

second stage, and the FSP policy in the case of high waiting cost in 

the first stage. Under the LNB policy, as under the previous ones, 

the server tends to switch too many times when the traffic intensities 

are low, however this may be a good policy when the switching costs are 

small and the waiting cost in each stage are of the same order of 

magnitude. Policies 222(^ = N), 2F2(Q% >_ N) and W^F2, which we call 

"reluctant switching policiesare designed for situations of high 

change over costs. The policy W^F2 is convenient when the server 

charges for his services even if he is idle (but present) in the 

system; under this policy the idle periods occur only when the server 

is removed from the system and, therefore, free of charge.

2. Background

In this study it has not been our objective to discover or 

develop practical applications of the above queueing model. However 

it seems that this model could represent various practical situations 

of sequential service operations. For example : a doctor who first 

attends his patient for preliminary examination then, in a second 

phase, takes care of more detailed diagnosis ; a repair man who takes 

care of machine breakdown on a provisory basis , until there are enough 

machines with provisory repairs to justify a second phase of service 

where each machine is overhauled; a small computer installation where 

the compilation and execution of program takes loading and unloading 

of the compiler (which is stored in a deck of cards). An interesting 

possible application is the case of two bridges over a river where ships, 
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in order to pass under each bridge must have each one of them open. 

The automobile traffic over the bridges is interrupted when a ship is 

passing under it. Suppose that at least one of the bridges must be 

available for automobile traffic. Suppose that the arrival of ships 

from one direction (the ships coming from the other direction can be 

scheduled) is a Poisson process. Here the bridge open to ships 

represents an available server.

The basic feature of our model is the fact that each departure 

from the first stage corresponds to an arrival at the second stage. 

This arrival need not be the same unit departing from the first stage. 

Thus, it is not necessary, as in the examples above, to have a unit 

(patient, machine, computer program or ship) flowing through the system. 

We can imagine a situation where a repair man uses a special set of 

tools for each job. Each set of tools is used only in one job, and 

they have to be cleaned up by the repair man and returned to a tool 

crib. The cleaning operating can be performed at any time. Here each 

completion of a repair generates a set of dirty tools which will joint 

the queue of the second stage of the system.

Numerous investigators have studied sequential queueing systems, 

but only Nelson [131 has considered the case of a single server. He 

considers two service centers in tandem with Poisson arrival and 

exponential service times in each center. A single server switches 

from one center to the other according to five switching rules, for 

example: 1) when the server completes service, his next assignment is to 

perform an operation on that job which has spent the longest time
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in the system; 2) when the server completes a processing operation, 

his next assignment is to perform an operation on the job that requires 

the least service time; 3) the server switches to the other center when 

the present center is empty. Nelson uses simulation in order to find 

the mean and the variance of the time in the system, for various values 

of the traffic intensities of each center. In another paper, Nelson [12] 

studies the case of assigning a single server to one of two machines 

in tandem, with the objective of minimizing total in—process inventory 

cost, over the time period 0 <_ t <_ T. He assumes deterministic arrivals 

and the service times are known a priori. This is a case of what 

Cooper [6] calls scheduled services (this means that the service times 

are known when the customer or job enters the system. Nonscheduled 

services is the case in which the service time is drawn from a certain 

distribution at the time the service is initiated). Recently, 

Sahney [ 17] studied the problem of two machines and one man with setup 

times, where each job is processed only in one machine. He assumes that 

all jobs are available for processing at the time zero, and obtains 

an algorithm to solve the problem of finding the sequence of jobs which 

minimizes the mean flow time of jobs. This corresponds to the 

scheduled situation of two parallel service stations and one server. 

The nonscheduled case, in which the arrivals to each station are 

independent Poisson processes, is quite relevant to this thesis because 

the methods of analysis are somewhat related. In Section 3 of Chapter 11 

we shall refer to Takacs’ [20] work, where he examines the problem of 

two queues in parallel, with independent Poisson arrival processes and 
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general renewal service time processes, attended "by a single server, 

who switches, without delay, from one queue to the other when the present 

queue is empty. He obtains the Laplace-Stieltjes transform of the 

waiting times in each queue. The case of random length of switching 

times is studied by Eisenberg [8]. He considers two switching rules 

(switch when present queue is empty, and the case in which one of the 

queues has nonpreemptive priority over the other) and finds the Laplace- 

Stieltjes transform of the waiting times. Recently, Eisenberg [9] has 

extended his retults to a system of queues that are attended periodically 

by a single server. Avi-Itzhak, Maxwell and Miller [3] consider the • 

problem studied by Takacs (above), and, by intuitive arguments, find 

the expectations of queueing times as well as the first two moments of 

the busy periods.

As mentioned earlier, the problem of sequential queues has been 

studied by numerous investigators. Reich [15] proves that the lifetimes 

(service time included) of a customer in the two stages of a queueing 

system, with two exponential service stations in tandem, with infinite 

queue capacities and Poisson arrivals, are mutually independent. In 1963, 

Reich [16] generalizes this result for a sequence of m single-channel 

facilities= In 1964, Burke [4] shows that the waiting times (excluding the 

service times) in the stages of this system are stochastically dependent 

and in 1968 [5] he generalizes Reich’s result proving the independence of 

lifetimes in the stages of a sequential queueing system, where the second 

service time is not necessarily exponential. When intermediate waiting- 

room capacities in a sequential queueing system are finite
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the waiting times are quite dependent, since the size of queue depends 

on whether there is space available downstream. Avi-Itshak and 

Yadin [2] considered the particular case of two service stations and 

no intermediate queue, with Poisson arrival and general service 

distributions. They derived the transforms of the steady-state 

distributions of the queueing times and the number of customers in 

the system. Neuts [ 14] examines the case where the queue capacity in the 

first stage is infinite and finite in the second stage. The service 

time distributions in the first and second stages are, respectively, 

of the general type and exponential. His results include the busy 

periods, blocked time in the first stage, and the equilibrium conditions 

of the system. The effect of blocking in the utilization of exponential 

service stations in series is analyzed by Hunt [11] in one of the 

pioneering investigations of queues in series.

Summary of Results and Organization

This thesis is concerned with the description of stochastic 

aspects of the queueing system above, under each of the indicated 

policies. We are interested in the state probablities of the system, 

the waiting times until service begins in each stage, the busy period 

of the server, and the busy periods of each stage.

We assume steady-state conditions. For most of the cases the 

sufficient condition for existence of the steady state isl-p - p >0. 
1 2

where p^ - XE[S^] is the traffic intensity in the stage k, k = 1,2.

We define:



—10—

7r(k,i,j) = steady-state probability of having i customers in the 

first stage and j customers in the second stage, just 

after a departure from stage k.

= expected number of customers in stage k just after 

departures from stage 2.

= time that a customer waits until he commences service in 

stage k (W includes S and W ).
2 11

g
B = length of the busy period of the server. Time elapsed 

since the server started attending a customer who, at his 

arrival, found the system empty, until the next time the 

system becomes empty again.

B = interval of time during which the server is continuously 

present at the first stage.

B = interval of time during which the server is continuously 

present at the second stage. '

In the case of random length of switching times the definitions
3 j j j

of B , B and B are slightly different.

In the following table we indicate the number of the page where 

each result can be found. In the table, R and Z designate, respectively, 

random and zero switching time.

Except where indicated in Table I, the distributions of BS, B1 

and B11 are found explicitly. For the waiting times, we only 

obtained their Laplace-Stieltjes transform and the mean value.

Chapter V contains some numerical calculations and concluding 

remarks.
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Table I

Results

'Chapter Policy n(k,i,j) wk BS B1 B11

i =/
LI© Z 32 26 27 29

...  —- - . -- ...

30

»■

30

LNB R . 4$ 43 45 47** 47 48
1 III ' SSP z 1 51 52 52 53 i 53 53

I SSP R । 1 53 1 53 53

ESP Z 56 57 1 57 57 38

ESP R 61 62 64 . *** ; 65 66 ;

: EJSS (Q^ = N) 69* 79 80 *** : 83 82

IV Vs 89 90 90 91 92 93 :

! SES (Q > N) '
1 ~ I 97 98 99 99 99 100 i

i — .......... . ----- .... . ... _ _ 1

Only characterized by the generating function, 
**

Conjecture.
***

Unsolved.
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Each chapter is divided into sections which may be subdivided 

into subsections. The sections within a chapter are numbered by n(n = 

1,2,.,.) and the subsections are numbered by n-k(n = 1,2,..., k = 1,2,...). 

The equations are numbered within sections, for example, Equation (3.11) 

means the 11th equation of section 3 of the present chapter. References 

to other chapters are made by stating exp li city the number of the chapter.

A- Terminology and Methods

In addition to the symbols already defined the following 

designations will be helpful:

1-customer: A customer in the system who has not completed service in 

the first stage.

2—customer: A customer in the system who has completed service in the 

second stage but not in the first stage.

: Time at which the nth departure occurs (departure from 

either stage).

E : Type of the customer departing at T .n n
: Murder of k-customers in the system Just after T^.

Ph,n[«.a.b) - (%,1,3)3 - P[En+h = = JlBn =

= = "J .

From the assumptions on the arrival and service processes, the 

stochastic process (E^Q^ is a homogeneous Markov chain, that is,

the probabilities above are independent of n for all (f,a,b) and (k,i,j). 

When h = l we drop the subscript h in the notation above.
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The infinite system of linear equations

2 00 CO

i a=o b=o
%(/,a,b) P[(/,a,b) (k,i,j)]

(k = 1,2 i,j = 0,1,2

•with the restriction

2 00 CO

4k,i,j) 1
k=i i=o 2=o

■will be referred to as the stationary conditions (in the text the

restriction above is always implicit), and the set {n(k,i,j)} as 

the stationary distribution of the chain.

In order to make sure that our policies are comprehensive as 

described, we will simply confine attention to the stationary 

distribution, i.e., the steady-state situation.

The analysis of each policy starts by writing down the stationary 

conditions and then obtaining the generating functions

00 00

Uk(x,y) = %\^(k,i,j) (k = 1,2)

i=o j=o

which are used for finding the expected values

U.(l,l) (k,ü 1,2)
* K 1 2

+ %, - 1'2) '
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%. = (k = 1,2)

and

Q = Q + Q . 
1 • 2»

The waiting time distributions, W^(t), are characterized by 

their Laplace-Stieltjes transforms, W^(s), in terms of Uk(x,y), 

from which we can obtain the expected values W^.

The distributions of the busy periods, BS(t), BI(t) and BIZ(t), 

are found in terms of n(k,i,j) and of the distribution of the busy 

period of an ïVg/1 queueing system with appropriate service time 

distribution.

In general, given a random variable V, we use the symbols 

V(t), V (or E[V]) and v(s) for the distribution of V, the expected 

value of V, and the Laplace-Stieltjes transform of V(t), respectively. 

We also define

pi = / ----- dS (t)
J Q 1

and
Si - f W

as the probabilities of having i arrivals during a service time of 

a 1-customer and 2-customer, respectively. The corresponding 

generating functions are
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oo

P(x) = P^1 = [X(l - x)]

1=0

and oo
Q(y) = q^yi = s^[x(i - x)] , 

1=0

■which converge for |x | <_ 1 and |y | <_ 1.

Additional symbols are defined in the text as they become

necessary.



CHAPTER II

LEAVING NO BACKLOG

L. Introduction

In this chapter we study the LNB policy (Leaving No Backlog).

Under this operating rule the server remains in one stage until it is 

empty (no backlog), then he switches to the other stage. We consider 

separately the cases of zero switching times and random switching times.

We use transform methods in order to find the expected values 

of pertinent random variables. We also present a direct approach for 

finding the state probabilities, based on properties of the busy period 

of an lV^/1 system.

2. Stationary Conditions (instantaneous Switching)

In this case the server becomes immediately available in the 

second stage after he completes the service of the last customer present 

in the first stage, and vice-versa. We have

(2.1) (a) n(l,i,l) = ) p. „ _ n(2,a,0) + p (2,0,0) (i > 0) ,*

i
(c) *(2,i,j) = Qi-a *(2,a,j + 1) + *(1,0,j +1)

a=o
(i > 0, j > 0) .

1 "CLtx X

a=i

i+i

(b) n(l,i,j) = Pi-a+i C1 1 1 '
a=i

—16—



-17-

Multiplying both sides of these equations by x y and adding 

separately

” i+i œ

(2.2) U^(x,y) = Pi-a+i + pi

i=o a=i i=o

co co j+1
+ I I I "i-a+i

j=s i=o a=i

and

oo co
(2.3) U2(x,y) = £qi rt(l,O,j + ijx^

j=o i=o

00 00 1
+ Z I Z ql-a + ’

j=o i=o a=o

which, in view of the property

(2.4)
i=o a=i

and the fact that n(l,i,O) = 0, (1 > 0), give

(x - 1)42,0,0) + U (x,0) - U (0,y)
(2.5) U (x,y) = --------------------------------- - -------------------------yP(x)

1 x - yP(x)

and
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U (0,y) - U (x,0) 
(2.6) U (x,y) = -------------------- --------- Q(x) .

2 y - Q(x)

In order to characterize completely the distribution ( it(k, i# j ) } 

by the transforms Uk(x,y), we need to determine Ui(O,y), U2(x,O) and 

*(2,0,0).

3, . Determination of U1 (0,y) , U^(x,0) and (2,0.0)*

Since |q(x) [ <_ 1 for |x| <_ 1, it is clear that the denominator 

of the right-hand side of Equation 2.6, for each x in the domain 

|x| £ 1, has only one root in the domain |y| <_ 1, namely y = Q(x). 

The numerator of Equation 2.6 must vanish when y = Q(x) because 

ju2(x,y) | <_ 1 if |x| <_ 1 and |y| <_ 1. Thus, letting Q = Q(x), we get

(3.1) U (x,0) = U (0,Q) .
2 1

If |y| < 1, the inequality |x| > |yP(x)| holds on the boundary 

of the domain |x| <_ 1. Therefore, by Rouche’s theorem, the denominator 

of the right-hand side of Equation 2.5 has just one root in the domain 

|x| <_ 1. If |y| = 1 we prove by the Taylor expansion of P(x) about 

x = 1, that the inequality |xI > |yP(x)| = |p(x)| holds on the boundary 

of the domain |x| <_ 1 + e, for small e, under the restriction

= (d/dx)p(x)|x=i < 1, which we shall assume. We have ,

00 ,
p(l + e) = 1 + P € + V l-p(n\i)€n

i Z—। H* .
n=2 '

< 1 + p^e + (1 - p^ )e = 1 + e , 
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for some e > 0. Hence, by Rouchefs theorem, the equation x = P(x) 

has the same number of roots in the domain |x| <_ 1 + e as the equation 

x = 0, namely one root. Since x = 1 is a root of x = P(x) we conclude 

that x = yP(x) has just one root in the domain |x| <_ 1, given |y| <_ 1. 

Denote this root by S(y).

When x - 5(y), that is x = yP(x), the numerator of the right-hand 

side of Equation 2.5 must be zero, since |U^(x,^ | <_ 1 in the domain 

IxI <_ 1 and Iy| <_ 1. Thus, letting 6 = b(y), we get

(3.2) U (0,y) = U (5,0) + (5 - 1)^(2,0,0) .
1 2

Next we present an iterative scheme for determining UL(x,y) 

and U^(x,y). A similar scheme is used by Takacs [20] in the case of 

two queues in parallel attended by a single server.

Let xQ = x and yQ = y with |x| <_ l and |y| <_ 1. Define x^ and 

i > °, by

(3.3) xi+i = 5(y^)

and

(3.4) y1+1 = Q(x£) .

Substituting Equations 3.3 and 3.4 into Equations 3.1 and 3.2 we get

(3.5) Ui(0,yi) = U2(xi+i,0) + ff(2,0,0)(xi+i - 1) 
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and

(3.6) U2(xi,O) = U^(0,yi+i) .

Adding Equations 3.5 for i = 0,2,... ,2N-2, to Equations 3.6 for 

i = 1,3,... ,2N-1, we obtain

V(3.7) UjO,y) = ^(2,O,O) 2, (x2n-i " + '

n=i

Similarly, let i = 1,3, ...,2N-1 in Equation 3. 5 and i = 0,2,... ,2N-2 

in Equation 3.6. Adding up these equations we get

(3.8) U2(x,0) = n(2,0,0) (^n ~ + ^(^°) •

n=i

We shall now show that x^ and y^^ tend to one as N tends 

to infinity, and that the series

A * 1) and £ ("2n ’ 1) 

- n=i n=i

are convergent. We will first study the behavior of the functions

y^^x) = and y^)(x) = Q(x)

which have been used in definitions (3.3) and (3.4). We have the 

following properties:
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y(ij(o) = o ; = i ; y^)(o) = j- ;

y^jW = i - px ; y(2)(°) = i0 ; y^/D = i ;

; y^W = p2 .

Also notice that (x) = j(x) implies

x - P(x)Q(x) = 0 ,

which, by Rouche *s  theorem and the condition 1 - p - p > 0, has 
1 2

just one root in the domain |x| <_ 1 (see arguments preceding Equation 3.2), 

Since x = 1 is a root, we conclude that the graphs of y^ (x) and 

y(z)(x) have no intersection in the domain |x| <_ 1, except at x = 1.

From the preceding properties and the fact that y (x) is 

convex and y^y(x) is concave (since P(x) is convex), we can sketch 

the graphs of these functions as in Figure !« It is clear from 

the graphs above that the sequences (x^) and {y^} converge to one.

In order to prove that the series

L (1 "
n=i

is convergent we obtain

y*(x)  = (1 - p )x + p and y**(x)  = p x + (1 - p ) ,
1 1 2 2
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Figure T. Illustration of the Iteration Scheme for Finding 1^(0,y) 

and U2(x,0).
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■which are the equations of the tangents to and y^2) (x),

respectively, at x = 1. Define

, P
X = -------— V-----------i-----
xi+i 1 - p yi 1 - p 

i i
and

Fi+i = + (1 "

for i = 0,1,..., with xq = xq and yQ = yQ. By the convexity of y^fx) 

and the concavity of y^^(x) we have y^^x) > y*(x)  and y^^(x) <_ y (x). 

This implies 1 - x = l- x, 1-x < 1 - x ,.... Therefore it suffices
O O 2 — 2

to prove that
N
I (1 -

n=i

converges. This can be easily seen from the definitions of x^ and y^,

from which we get

1 - *sn-i -M'1
1 - p /

This
N 

proves the convergence of E (1 
n=i

- x ), since 1 - p 
an-1 N 1

In a similar way we can prove the convergence of E (1-x 
n=i 2n

o

p > o
2

We may now write

co

(3.9) A/y) = (1 -

n=i

and
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00 

(3.10) a=(x) = (i - g

11=1

which are positive and finite for |x| 1 and |y| 1»

Hence, Equations 3.7 and 3.8 become

(3.11) U (0,y) = -n(2,0,0)Ajy) + uj0,l)

and

(3.12) U2(x,0) = -n(2,0,0)A^(x) + ^(1,0) .

Setting xo = yQ = 0 in Equations 3-3 and 3.4 we get x^ = 

n = 0,1,..., which implies A^(0) = 1 + A^(0). Noting that U^(0,0) = 0 

and U (0,0) = ^(^^O^O) we obtain 
2

(3.13) U (0,1) = Ua(l,0) = A^(O)^(2,O,O)

which yields

(3.14) U (0,y) = [AJO) - A^(y)] n(2,0,0)

and

(3.15) U (x,0) = [AJO) - A^(x) ] n(2,0,0).

* see remark following Equation 6.6 for the interpretation of A^O).
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The value of it(2,0,0) is found from the condition Ü (1,1) +

U (1,1) = 1, where U (1,1) and U (1,1) are obtained from Equations 2. 5 
2 1 2

and 2.6 by applying L’Hopital's rule. We get

(3.16) (2,0,0)  = i (1 - p - p ) .*
1 2

We see that the condition for nonsaturation is 1 - p - p > 0. 
1 2

The factor 1/2 in Equation 3.16 is due to the fact that the same 

customer is considered twice in the embedded chain.

At this point we have completed the characterization of the 

steady-state joint distribution of the number of customers in each stage 

of the system and the type of departing customer, 4k,i,j), which is 

done by Equations 2.5 and 2.6 where the values of U (0,y), U (x,0) and 
1 2

n(2,0,0) are given by Equations 3.14 through 3.16. In Section 7 we 

shall present a preferable method for finding «(k,i,j). We shall also 

give an example to show that the approach of this section is very
—I —IT efficient for calculating B and B .

4. Expected Number of Customers

In this section we shall calculate the expected values Q^, ,

Q i and Q, which are defined in Chapter I.

The partial derivatives of U^(x,y) are obtained from Equations 

2.5 and 2.6. The limits of these derivatives, as x and y tend to 

one, are indeterminate; however L’Hopital’s rule can be applied in 

order to resolve the indeterminacy. The first and second derivatives 

of U^(x,0) and U^(0,y), which are necessary in the calculations, can be
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obtained by using Equations 3.1 and 3.2. The derivatives of 5(y) are

found, by implicit differentiation, from ô(y) = yP[&(y)].

Let

(4.1)
x2e[(s + s )2]

o 1 2% = 2(1 - p - p ) •
1 2

This is the expression for the average number of customers waiting 

in an N^/g/1 queueing system whose service time distribution is the 

convolution S *S  (t) (Cooper [6], page 164). We get the following 

results:

1 - P
\ + %> i-p «

1 2

_ P
(4.3) Qia , (i + p^ + qo) ,

1 2

(4.4) = (1 + p2 + %) —’
1 2

(4.5) qe2 - (p +qo) rr-Thrr '
1 2

(4.6) Q = i- (p + p + Q ) ,
1. 2 ! 2 o

(4.7)

(4.8)

S. = ? (1 + P! + % + 1 - pl + P ’
1 2

Q = [1 + P +p(l-p)+(2-p )Q ] — 
• 1 2 1 1 l ° l

(4.9) e 2 = [p + (1 + P2)(P2 + qo)J _ 4-..
1 2
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(4.10) Q = [1 + (p + P ) (2 - p +p)+(3-p + p )Q ] 
1 2 12 1 2 0

. ' 1 '
2(1 - p + p ) 

1 2

In the following table we compare (when 8 and 8 are exponential) 
1 2

some values of Q obtained by Nelson [131 through simulation (32,000

arrivals), with the values calculated by Equation 4.9, for various

values of p and p , 
1 2

Table II

Values of Q Obtained by Simulation and by Equation 4.9 
• 2

p =0.1 p =0.2 p =0.3 p =0,45 p =0.6 p =0,7 P =0.8
1111 111

p =0.8 p =0.7 p =0.6 p =0.45 p =0.3 p =0.2 p =0.1
Simulation —- ------- —------- —------- —--------- —------- —------- —-------
(Nelson [13]) 8.51 8.50 8.86 10.14 13.13 18.04 19.96

Equation 4.9 8.54 8.38 8.73 10.90 13.11 17.96 29.80

5. Waiting Times 

Let denote the time a customer waits until he commences service

in stage k (W includes W and 8 ). We can find the Laplace-8tieltzes 
2 1 1

transform of W^ by an argument that is also available for the m/g/1 

queueing system. A customer departing from the first stage will leave 

behind him i customers who arrived during his waiting time W and his 

service time 8 . Thus • 
1

U 7TÏ) £ *(l,i,j)  = J t dw * s (t)
U L u q i- 11
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which gives

= W^[X(1 - x)] • S^[X(1 - x)] 

or 

_ 2U (1 - S/X,l)
(5.1) W (s) = —1---------- -------------- ,

1 Sjs)

where RE(s) > 0 and |X - s| <_ X.

Similarly, a customer departing from the second stage will leave 

behind him (in both stages) i customers who arrived during his waiting 

time (which includes his waiting and service time in the first stage) 

and his service time S . Thus 
2

I ^a,l - a) = / “ . s2(t) ,

2 a=o

which implies

~ 2U (1 - s/A,l)
/ C O \ T.T / - X . 2  

where RE(s) > 0 and |x - s | <_ X.

The expected values of W and W are obtained by differentiation 
1 2

of Équations 5-1 and $.2. We get

— d ~ I Q _
(5.3) W = - ~W (s) _ = - S or Q = X(W + S ) ,i as i ' s-o x i ii ii

where Q is given by Equation 4.2.
ii
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"a - ' " I

= Q - 5" or Q = + S’ ) ,
& B 2 2 • 2 2 2

where Q is given by Equation 4.$.
• 2

6. Busy Periods

Clearly there are two different categories of busy periods. First, 
g

the busy period of the server, B , is the time elapsed since the arrival 

of a customer who finds the system empty, until the departure of a 

customer who leaves an empty system behind him. Notice that at the 

completion of a busy period of the server, regardless of the order in 

which the customers are serviced, all of the customers have completed 

their two-stage service, which has the distribution S * S (t).
1 2

Therefore, this busy period has the distribution of the busy period of 

an îV(j/1 queueing system whose service time distribution is S * S^(t). 

Its expected value is B® = (S^ + S )/(l - - p^) (Cooper [6],

page 176).

I IIWe define B and B as the time the server is continuously 

busy in the first and second stages, respectively.

The busy period B1 starts immediately when the second stage is

emptied and i l customers are present in the first stage. In this 

case the distribution of B^ will be B^(t), the distribution of the busy 

period initiated by i customers in an ^G/l queueing system with service 

distribution S (t). When i = 0 the busy period starts at the time of 
1 .

the next arrival and it has distribution B (t). Thus
1
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(6.1) B1 (t )
u (1,0) 

2

oo

«(2,0,058 (t) + rt(2,i,0)Bi(t)

i=o

The Laplace-Stieltzes transform of B^(t) is

(6.2) BT(s)
CO 

üthr {+ £ 

2 1=1

*(2,l,0)[B(s)]i J-

v (lô) { ? - »2)[b(s) " U + UjB(s),O]} ,

■where B(s) = B^(s) and B^(s) = [B(s)]\ since B^ is the sum of i

independent initial busy periods (that is a busy period initiated by

just one customer). The value of U [B(s),O] is given by Equation 3.15.

The distribution of the time the server is continuously servicing

2-customers is

00

(6.3) BIZ(t) = - rt(l,0, j ) S^(t) ,

where S (t) is the j-fold convolution of the service distribution S^(t) 

with itself. The Laplace-Stieltzes transform of BZZ(t) is

00 

(6.10 B^(s) = >r(l,O,d)[S2(s)]j

1 j=l

= ü^TT .
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T II
The expected values of B and B are

(6.5)
■I d ~i, x i r ix S!

= - d?B W s=o = Ü (1 0) [ s (1 - P - P2) î-rg-
2 1

s S -I s

. % _S______

A (0) 1 - p - p
1 1 2

and

S
2

1 - P - P

where U (0,1) and U (1,0) 
1 2

were obtained from Equation 5.15 and A (0)

is given by Equation 5.9*

Remark

We notice that

B1 + B11 1
rtoj

S
1 2

1 - P - P
1 2

Â7ôTB

This implies that A (0) B6/ (B1 —II»
+ B ) is the average number of cycles

in the busy period of the server (a cycle starts when the server commences

service in the first stage and terminates when all the customers, who 

were served during the busy period in the first stage, have completed 

service in the second stage).
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7. Alternative Approach for the Calculation of the State Probabilities

In this section we present a direct method for obtaining the 

state probabilities n(k,i,j), It is based on known properties of the 

busy period of an ^G/l system.

Define

bm(i) = probability that i departures occur during a busy period of the 

first stage that starts with m customers (i > m >_ l).

a^(n) = probability that n arrivals occur during the service time of i 

2-eustomers (i >_ 1, n >_ 0).

c^(n) = probability that, starting with an empty system, the.termination 

of the kth cycle occurs when there are n customers in the 

first stage (k > l, n > 0).

We have

00

(7.1) c (n) = / b (i)a (n) (n > 0)
i=i 

00 00

c/n) = ck_i(m)bm(i)ai(n) (k > 1, n > 0) ,

m=i i=m

where

(7.2) b (i) = “ C ~— e"Xt dS^(t) (i > m > 1)
m 1 Jo (i - m); 1 “ “

and

(7.3) a (n) = e-^dS 1^) .*
i J 0 n. a
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The state probabilities it(2,n,0) can be written as

00

(7.4) rt(2,n,0) = Jt(2,o,o) c^(n) (n > 0) ,

k=i

where n(2,0,0) = 1/2(1 - - p^). The probabilities n(l,i,j), and

"(2,ifj) for j # 0, can be calculated by Equations 2,1.

The average number of cycles during the busy period of the server

is

00.
(7.5) C = kck(0) . 

k=i

8. Comparison of the Methods of Sections 5 and 7

With the objective of comparing the iterative approach of

Section 3 with the alternative approach of Section 7# we have made

a few experimental computations for the case of exponential service time.

Evidently, if we need to calculate each value of the state

probabilities, the method of the previous section is preferable. However,
00

when we need only U (0,1) = U (1,0) = E n(2,i,0), as in the cases 
1 f: i=o—eT T M , -.

of the expected values B , B and c (see Section 6), the iterative method

of Section 3 has some advantages. We shall illustrate this point by

the following computations.

Let X = 1 and, consequently, p = S and p = S . We assume 
11 22

that S and S are exponentially distributed and calculate the values 
1 2

of c (average number of cycles during the busy period of the server)

by each of the methods mentioned above, for various values of p and p .



a. Computations Using the Iteration Scheme of Section 5

We first obtain

Using Equations

P(x) . SjKd - x)] = ! + . x)p^

and

q(x) = - x)] = —-(y . xj .
2

5.5 and 5.4 we get

yi

and

- v (1 + p )2 - 4p y 
— 1 L—

________ 1  . 

1 + (1 - x )p 
1 2

Thus

1 + p 
(8.2) xi+i = 0(yi) = ---------

(since lx£+11 S 1 for jy| <_ 1). In order to calculate the quantity 

c = A^O) (see remark following Equation 6.6) we construct Table III 

from Equations 8.1 and 8.2, where yQ = 0. This table corresponds to 

p = p = 0,4. 
1 2
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Tàble III

Illustration of the Iterative Scheme of Section 3 for p = p = 0.4 
1 2

i

0

1

2

3

4

5

6

T

0

0.86807

0.92777

0.71.428

0

0.62005

0.80537

0.88798

30

31 0.99932

CO
The value of c = A (0) is Z (1 - x° ) = I.8787. For other 

1 i-o 21-1
values of p and p we get the values of Table IV, where innnix is the 

1 2 .UUUlJ

number of terms in the series of A (0) for having an accuracy of 
1

0.0001.
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Table IV

Values of c for Different Traffic Intensities

P = P +p 
1 2 P1 p 

2 40.0001) c

0.900 0.800 0.100 9 1.390
tv 0.450 0.450 26 2.295
It 0.100 0.800 41 2.895

0.500 0.400 0.100 5 1.165
ft 0.250 0.250 7 1.358
It 0.100 0.400 9 1.516

0.100 0.090 0.010 3 1.010
If 0.050 0.050 4 1.052
It 0.010 0.090 4 1.091

The values of Table TV were calculated by an IBM 360/67 computer 

(MTS system of The University of Michigan). The CPU time for 

calculating all the cases was about six seconds (including compilation 

of the Fortran program).

b_- Computations Using the Method of Section 7

We first find

V1’

from Equation 7.2, and

P2 
1 + P
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from Equation 7-3. Next, we use Equations 7-1 for calculating c^Cn). 

Equation 7-5 is then used for obtaining c. Table V gives the values 

of c (for the same values of the traffic intensities of Table IV), 

where N is the number of terms of the summations of Equations 7.1 

through 7-5, and t is the approximated CPU time (in seconds) for 

compiling the Fortran program and calculating the values of c, for all 

traffic intensities.

Table V

Values of c Calculated by the Direct Approach, for Different Traffic

Intensities and Different Truncations of the

Infinite Summations

c

p = P +p 
1 2 p 1 p 

2
N = 5
t = 7

N = 10
t = 27

N = 15 
t = 122

N = 20 
t = 200

0.900 o.8oo 0.100 0.904 1.033 1.032 1.119
fl 0.450 0.450 1.261 1.640 1.850 1.970
fl 0.100 0.800 1.427 1.991 2.309 2.500

0.500 0.400 0.100 1.092 1.150 1.161 1.163
If 0.250 0.250 1.295 1.354 1.358 — —

ff 0.100 0.400 1.426 1.513 1.516 — —

0.100 0.090 0.010 1.010 1.010 1.010 ——

fl 0.050 0.050 1.052 1.052 1.052

ff 0.010 0.090 1.091 1.091 1.091 — —
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Comparing the values of c in Tables IV and V we see that this

second approach is quite inefficient for high values of the total

traffic intensity p = In the first method the convergence

is quite satisfactory for all values of p.

in using the direct approach for more general cases, we expected 

to have difficulties with the integrations of Equations 7.2 and 7.3, 

in addition to the large amount of calculations involved in the 

recursive relationship (7-1)• in using the iterative scheme of

Section 3 we, in general, expect no difficulties in obtaining P(x)

and Q(x), and the solution of Xj = S(y^) can be found by simple

search techniques because of concavity of y. xi+i/P(xi+i

Hence we conclude that, in general, the iteration scheme of

Section 3 is a better method for calculating the expected values of
I II —B , B and c. ■ 

2- The Case of Random Duration of Switching

In this section we shall review the previous sections under the

assumption that there is a random time T. „ with general distribution

v-> for switching the server from stage k to stage & (k,& = 1,2 and

k # £). Define

(9.1)

the probability of having i arrivals during the switching duration

T kV Also define
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oo

(9.2) X1^ = Tk^[A(x - 1)] .

i=o

In this ease the stationary conditions are

i+i i-a+i
(9.3) (a) 7r(l,i,l) = t?1?. 7r(2,a,0)

/ . L_ i b i-a-o+1 
a= i b=o

+ £2 ‘bVwi ^<2.0.0) * t’* P1ir(2.0.0) (1 > 0)

b= i

~ (i > 0, J >2)

t^ qi-b tt(1,0,J + 1)

(b) 17(1,1,3) = 

a=i

i
(c) ir(2,i,j) = 7 

b=O

i

- E
a=o

qi-a ^(2,a,J +1) (i > 0, J > 0) ,

from which we get

(x - l)t^ 77(2,0,0) + R (x)U (x,0) - U (0,y)
te.M u (x^) = --------------s------------------- TT2^---------------- 1---------yP(x

and

(9-5) u (x,y) 
2 y - Q(x)
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Notice that in the case of instantaneous switching we have t21 = R (x) = 
° 12

i(x) = 1, in which case Equations 9.4 and 9-5 reduce to Equations 2.5

and 2.6.

By the arguments used to derive Equations 3.1 and 3.2 we get

(9-6) U (x,0) = R (x) U (0,Q) 
2 12 1

and

(9.7) U (0,y) = R (6)U (6,0) + (6 - 1) t21 ir(2,0,0) , 
1 21 2 O

where 6 = 6 (y ) is the inverse function of y = x/P(x).

Using Equations 3.3 and 3.4 we get

(9.8) U (x.,0) = R (x. )U (0,y. )
2 % 12 1 1 1+1

and

(9.9) U (0,y ) = R (x )U (x. ,0) + (x. . - l)t21 tt(2,0,0) .
1 1 21 1*1 2 1*1 1+1 O

Set i = 0,2,4,... in Equation 9.9 and multiply each resulting

equation respectively, by 1, R (x )R (x ), R (x )R (x )R (x )R (x ), 
12 1 21 1 12 1 21 1 12 3 21 3

. , set i = 1,3,5» ...» in Equation 9.8 and multiply each resulting

equation by R (x ), R (x )R (x )R (x ), R (x )R (x )R (x ) 
211 211121212 21 1 121213

R (x )R (x ), ...; adding all together we get 
12 2 21 5
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(9.10) U (0,y) = -tt(2,0,0)A (y) + B (y)U (0,1) ,
1 i 1 1

where

00

(9.11) B M = n

n=o

and 

oo n-1

(9.12) A/y) = .

n=o i=o

Similarly, set i = 0,2,4,..., in Equation 9.8 and multiply each

resulting equation, respectively, by 1, R (x )R (x ), R (x )R (x ) 
12 O 21 2 12 o 12 2

R12*2^21^4^*  ' "' = 1»3,5»• • - , in Equation 9«9 and multiply

each resulting equation, respectively, by R (x ), R (x )R (x )R (x ) 
12 o 12 O 21 2 12 2

^12^0^21 ^2 ^12^2 ^21 ^4^12 ^4^ ' all together we get

(9-13) U2(x,0) = -71(2,0,0)A2(x) + B2(x) U2(l,0) , 

where

CO

(9.14) B (x) = TT R (X )R (x )
2 I I 12 2Ü 2 1 2n+2

n=o

and

(9-15)
00 n-1

am - t-Rjx) £ (i.,2n) TT. 

n=i i=i
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where
b

i=a

1

when a > b.

The values of U (0,1) and U (1,0 ) can be found from Equations 9 «10 
1 2

and 9.13 by setting x = y = 0, and noticing that (0,0) = 0 and

U/0,0) = 71(2,0,0). We have

(9.16) U^O,!)
A (0)
^07 7r(2,0,0) and u (1,0) 

2

1 + A (0)
2

tt(2,0,0)
2

But when x = y = 0 (xo = yo 0 ) we have

which implies A (0) A (0)] 
2

and (0) = t21B (0). Hence 
o 2

(9.17) Ujo.l) u (1,0) 
2

(0)
B^O) ^(2,0,0)

x

o

A

B
1

which substituted in Equations 9-10 and 9.13 yields

(9.18) U (0,y)
A (0) 
6*707 B (y) - A (y) tt(2,0,0)

and

(9.19) U (x,0) 
2

A (0) 
b’(o) B (x)

2
- A (x) ?(2,0,0) . 

2

1 1
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For the case of instantaneous switching we have t21 = R (x) = 
o 12

R (x) = 1 and, consequently, B (y) = B (x) = 1, A (y)=E (1 - x ) 
21 00 12 i n_o 2n+i

and A (x) = E (1 - x ). Therefore, Equations 9-18 and 9-19 reduce 
2 n= i 2”

to Equations 3.14 and 3.15» respectively.

In order to determine «(2,0,0) we use the fact that U (1,1) +

U (1,1) = 1 and apply L’Hôpital’s rule to find

lim Uk(x,y) k = 1,2 ;
x •*  1

y 1

we get

1 - p - p
(9.20) «(2,0,0) - --------------------- 1--------2-----------------

" _ _ A (0)

Notice that, independently of the switching times, 1 - p
1

p > 0 is the condition for 
2

the system to be unsaturated.

Expected Number of Customers. Defining' 6^ AE[T, . ] and

using Equations 9.6 and 8.7 we obtain

(9.21) U” (0,1) d2

#2
U (0,y)

)2] u (0,1) + 
1

(1 ~ P - P ) (1 
1 2

(e
12

2p U 
1

(0,1)1 2
T

2 1 ) ( P2 1 V 2

1
P 1 2

1
1 - p

1
A2 + p p 

1 2
2Pjt21 71(2,0,0)

71(2,0,0) + J a2e[s21
C 2 i
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(9.22) ü” (1,0) = 
2

-W-

jZ
----- U (x,0) = X*E[T2  ]U (0,1) + e p 
dx2 2 X= i 121 12 2

, p
+ !p )ti.

1 2

(6 + 9 )(p + 2p U (0,1) +
12 21 \ 2 1 1

+ ^o1 + ÏT-J

5—7-(0,1)}

~ (| e2 ♦ t* 1 n(2,o,o)

)2]Ui(0,l)

X'Bts'] + 1 X=B[S:]
1 c 2

where

A (0) 
u/0»1) = ËUôT ^(2,0,0)

1

and 71(2,0,0) is given by Equation 9.20.

From Equations 9.4 and 9.5 we get

(9.23) 3 
dx

y=i

(1 - Pt)A" + A2E[S2]A' 

2(1 - p,)2

(9.24) ^u^x.7) X=1 = | + |d;(0,1) ,

y=i

p B" - ^2E[S=]p

(9.25) U2(x,y) - --------- ----------------------—-
9 x=i 2

y=1 2p2
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I U"(o,l)

y=i

1 2 1

(9.26) u2(x,y)

where 

A' = (6 _
12 21 i ' 2 2 ° ' »

A" = [A2E[T2 ] * 2p (6 + 0 ) + 26 0 ] U (0,1) + 6 p
21 1 12 21 12 21 1 212

+ 2p t21 ?(2,0,0) + p p + U"(l,0) ,
1 ° 12 2

B" = A2E[T2 ]U (0,1) - p2- U"(l,0) . 
12 1 2 2

The expected values , Q £ and Q can be obtained by using

Equations 9.23 through 9.26.

2112. Waiting Times. Equations 5.1 through 5.4 still hold for

this case of random length of switching. The quantities Q and 
_ 11
Q of Equations 5.3 and 5.4 are obtained by the procedure indicated 

above.

9.3 Alternate Approach for the Calculation of the State 

Probabilities. Let b^n), a^(n) and c^fn) be as defined in Section 7, 

and let t. be defined as in Equation 9.1. We consider the server 

busy during switching times. We have
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(9.2?)

OO 00 00

= E £ £ " (n >0)

i=o j=l £=O

and
OO oo

= £ £
m=o i=o

OO co

£ E - t)
j=i+m £=o %

(k > 1, m > 0) .

These equations represent the fact that new arrivals may occur during 

the switching times and T . As in Equation 7.4, the state 

probabilities 7r(2,n,0) are given by 

(9.28) ?(2,n,0) = tt(2,0,0)
£ Y")

k=i

where n(2,0,0) is given by Equation 9.20.

The quantity

00

(9.29) c = k=k(0)

k= i '

is the average number of cycles during a busy period of the server 

The remaining state probabilities are obtained from Equations

9.3.
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9 » 4 Busy Periods . A busy period of the server, , commences 

when the server is idle in the first stage and a new customer arrives, 

it terminates when, at the end of a switching interval T , the system 
! 21

is empty. B is the time the server is continuously present in the 

first stage including the switching interval T , B11 is defined
12 

similarly.
g

Let Bq be the busy period of the server when the switching is 

instantaneous. In the case of random duration of switching, in each 

cycle of the server, additional arrivals have to be served and each 

of them will add a random time to BS which has the distribution of BS. 
° o

We conjecture that on the average we have

_  g
(9.30) B^ = B^ + + T )F B + (T + T )C

° 12 21 O 12 21

where Bq ~ (S^ + )/(1 - p%- ) and C is given by Equation 9.29.

However, we do not utilize this conjecture.

The distribution of B1 and B11 are given by

(9.31) BZ(t) 1
U (1,0) 

2
7T(2,i,0)t^B. *T (t)

J l+J 12

A 7r(2,0,.0)t^B (t) + 7r(2,0,0)t21B *T  (t)
—J J 12 O 1 12

J=1

and



—48—

co

(9.38) = ÿ-T^ÏT Z '(l.O.J) S* J • T2i(t)
' J=i

where Bi* T12(t) is the convolution of the busy period distribution of 

the first stage, initiated by i customers, with the switching time 

distribution T^(t). S* J * T^(t) is the convolution of the distribution 

with the j-fold convolution of the service time distribution

S (t) with itself. 2

The Laplace-Stieltjes transform of these distributions are

(9.33) BT(s) 1
U (1,0) 

2
T (s)R [B(s)] 

l 2 2 1 U [B(s),0] - 
2 tt(2,0,0)

+ T (s) 
1 2

R [B(s )] - t21 
2 1 O

m(2,0,0)

+ Ti2(s)t21B(s)7r(2,0,0)

and

(9.34 i"(s) = (0,1 ) Tg/s) Ui(0,S2(s)]

where (x,0 ) and 0^(0, y), i (x), t^1 and tt(2,0,0) are given by

Equations 9.16, 9-2, 9.1 and 9.20, respectively.

The expected values of B1 and B11 are 

(9-35) B1 = - BI(s)

S
T + ~2-------

12 1 - 0^
A(T + T )

12 2 1 A (0)

p 2_____
2n(2,0,0)
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and

(9.36) B11 = -^-Bri(s)
ds s=o

_ B (0) S 
= m 4. —L— — .1

21 A (0) 211(2,0,0) •

where Ax(0), Bj (0) and n(2,0,0) are given by Equations 9.12, 9-11 and

9.20, respectively.

Note: Do not confuse 5^(0) of Equation 9.11 with the distribution of 

the initial busy of the first stage at t = 0, which is zero.

Notice that when T = T ~ O we have B. (0) = t21 = 1 and 21 12 i o
u(2,0,0) = 1/2(1 - Pi - p^); therefore Equations 9»35 and 9.36 reduce

to Equations 6.5 and 6.6, respectively.



CHAPTER III

SIMPLE NONPREEMPTIVE PRIORITY

1. Introduction

In this chapter we determine the operating characteristics 

of the SSP policy (second stage priority) and of the FSP policy (first 

stage priority). Under the SSP policy the analysis of the behavior of 

the system is quite simple since each phase of each customer’s service 

is performed without interruption. This is the case of an M/G/l 

queueing system. However, in order to be consistent with the analysis 

of the other policies, we shall choose the Markov chain embedded at 

departures from either stage. The switching durations can be assumed to 

be part of the service times, therefore we present only the case of 

instantaneous switching. This policy could also be called "follow 

the customer," since the server switches to the second stage when the 

customer is served in the first stage. By contrast, in the FSP policy 

the server switches to the first stage at the service completion of 

2-customers if one or more 1—customers are present.

2. The SSP Policy

Since there is no queue in the second stage, the state of the 

system is characterized by the pair (k,i) where k = 1,2 indicates the 

stage from which the customer is departing, and i = 0,1,... is the 

number of customers left in the system by the departing customer. We 

denote by n(k,i) the steady-state probabilities. We have ,

-50-
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i+i
(2.1) (a) 7r(l,i) = V n(2,a)p, + 7r(2,0)p. (i > 1) ,

L । 1—a i— i —
a=i

i+i
(b) tt(2,1) = V 7r(l,a)q, (i > 0) .

/ » 1—a+i —
a=i

Notice that a customer departing from the first stage is considered
QO

to be in the system. The generating functions U^(x) = E n(i,i)*i,  

k = 1,2, are

(2.2) U^x) = P(x)[U2(x) - it(2,0)J + xP(x)tt(2,0)

and

(2.3) U (x) = — Q(x)U (x) ,2 x i

from which we get

x(x - l)ir(2,0)P(x)
(2.4) U (x) = -------------------------------------------- .

1 x - P(x)Q(x)

The value of t(2,O) is obtained from Equations 2.3, 2.4 and

the condition U (1) + U (1) = 1. We get 
1 2

(2.5) t(2,O) = | (1 - p - p ) .

The expected number of customers in the system at departure

epochs, Q, is given by
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(2.6) Q = U (1)Q + U (1)Q ,
112 2

where

= üJïT x-

is the expected number of customers in the system just after the completion 

of service in the kth stage. We have

(2.7) Q = 1 + P + Q. ,i i o

(2.8) Q = P + P + (3
2 1 2 O

(2.9) Q = J(l+2p + p ) + Q_ ,
C 12 0

where
A=E[(S + 2 )2]

Q = -----------*-------2-----
° 2(1 - p - p )

1 2

Notice that Equation 2.8 is the Pollaczek-Khintchine formula for an

M/G/l queueing system where the service time distribution is the 

convolution of S (t ) with 2 (t). 
1 2

The time a customer waits until he commences service in the

first stage, W , and the time he waits until he commences service in 
1

the second stage, , have distributions whose Laplace-Stieltjes

transform are given by
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(2.10) 

and

(2.11) 1
U (1) 

2

where RE(s ) > 0 and |X - s | <_ A. The expected values are

(2.12) W = y (Q - 1) - S
1 A ! i

and

(2.13) W = y Q - S .
2 A 2 2

The
g

busy period of the server, B , has distribution

BS(t) = (Xu)»"'
(n - i)I

e-^ as"= * s^Cu) 

1 2

which is the distribution of the busy period of an M/G/l system with

service time distribution S^S^ft). The busy period of the stages, B1 

and B^, have distributions S (t ) and S (t ), respectively.



—5^“

3. The FSP Policy

Under this policy the server goes to the second stage only when 

he has finished attending all of the customers in the first stage. 

Once in the second stage*  the server keeps attending 2—customers who 

are present as long as no 1-customers have arrived. If an arrival 

occurs during the service time of a 2-customer, the server completes 

serving that customer and then switches to the first stage. If he 

succeeds in finishing all the present 2—customers and no 1—customers 

are yet present, he goes to the first stage and waits for the next 

arrival.

We first stu^ the instantaneous switching case. The stationary 

conditions are :

1+1 
(3.1) (a) ir(l,i,l) = p^ tt(2,0,0) + pi-a+ *(2,a,0) (i ,>0)

a= i

l+i i+i
(b) = y - 1) P1-ati n(2,a,j - 1)

a= i a= i

(1 > 0, j > 2)

(c) 7r(2,ij) = ^ird.O.j + 1) + ir(2,0,j + 1) (1 > 0, j > 0) ,

from which we obtain



-55-

xtt(2,0,0) + U (x,y) - U (0,y) - U2(O,y) 
(3.2) U (x,y) = ......................... 2-------- 1 " "" ............ yP(x)

1 x - yP(x)

and

(3.3) U (x,y) = 7 Q(x)[U (0,y) + U (0,y) - tt(2,0,0)] .
2 y i 2

From the arguments preceding Equation 3.2 of Chapter II, and 

Equation 3.2 we get

(3.4) U (0,y) + U (0,y) = Ôir(2,0,0) + U (5,y) ,
1 2 2

where 6 = ô(y ), as before, is the inverse function of y = x/P(x). The 

value of tt(2,0,0) is obtained from Equation 3.2 by applying L’Hôpital’s rule 

whne x and y tend to one ) and the condition U (1,1) = U (1,1) = 1/2,
I 2

knowing that (1) = 1 and Ô ’ (1) = (1 - ) 1 . We get

(3.5) 71(2,0,0) = | (1 - P - P ) .
C 12

Remarks

This result and the results (3.16) of Chapter II and (2.5) of 

the previous section are expected, since, under the corresponding 

policies, the server is active whenever a customer is present in the 

system. This does not happen when the system is controlled by the 

policies SSP(Q^ >_ N) and W^FS (Chapter IV). Under a SSP(Q^ >_ N) policy 

the server is inactive when he finishes serving all 1-customers and 

there are less than N 2-customers ; under a W_FS policy he is inactive 
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when he finishes all 2-customers and there are less than N 

1-customers.

From Equation 3.3 and 3.4, when x = € = 6(y), we get

(3.6) U^O.y) + U^(0,y) = ir(2,0,0)

which substituted into Equations 3.2 and 3.3 gives

(3.7) U (x,y) - ly - Wl  - b - yP(x),(2,0.0)*
1 [x - yP(x)][y - Q(6)]

and

(6 - l)Q(x) 1 - p - p
(3.8) U (x,y) - 1 ■ 1 ■ --------- 1------- &

2 y - Q(6) 2

This last equation, for y = 0, gives

(3.9) ^(2,i,O) = (1 - p - p ) — .
2 1 2 q

Using Equations 3.1 we can obtain the remaining state probabilities.

3.1 Expected Number of Customers and Waiting Times. The expected 

values of the number of customers in each stage at departure epochs are 

found by the same procedure of Section 4 of Chapter II: from Equations 

3.7 and 3.8 we find the derivatives of U%(x,y), as x and y tend to unity, 

by applying L’Hôpital’s rule. The derivatives of 6 = 6(y) are calculated 

from 6(y) = yP[6(y)] by implicit differentiation. Letting
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x2e[(s + s )2]
Q = .................  2-----
° 2(1 - p - p )

1 2

we get

_ 1 - P, ~ P.
(3.10) Q = (p + Q ) --------- 1------- 2- ,

11 1 ° 1 - P'

(3.11) Q = (1 + Q ) —----- ,
21 ° 1 - P

i

(3.12) Q = p , 12 2
and

(3.13) ?2 = (p, -qo)

Ihe quantities , Q and Q can readily be obtained from the 

above results.

The waiting times W and W are as in Section 5 of Chapter II, 

where U^(x,y), k = 1,2, is given by Equations 3.7 and 3.8.

3.2 Busy Periods 
g 

With instantaneous switching the busy period of the server, B , 

has the distribution of the busy period of an M/G/l system with service 

time distribution S *S  (t). The reasoning for this is as in Section 6 1 2
of Chapter II. The distribution of B^ is

*OO 00 •

?r(2,i,j)B. (t) + ir(2,0,0)B(t)
ui=i j=o -

_________________ 1______________
■ U (1,1) - U (0,1) + 71(2,0,0) 

2 2

(3.14) BX(t) = )
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and its Laplace-Stieltjes transform is

(3.15) BZ(s ) = |u2[B(s),1] - U2(0,l) + ir(2,0,0)B(s)

2

where B(s ) is the Laplace-Stieltjes transform of B(t ), the busy period 

of an M/B/l system with service time distribution S (t). U (x,l) is
1 2

given by Equation 3.8. The expected value of B1 is

in order to find the distribution of B11, we see that, when this 

busy period starts, the state of system is (1,0,j) with probability 

^(1,0,j)/U^(0,l) (conditional to the start of B11). The server will 

complete service of just one 2-customer with probability (1 - q ) 

and in a time with the distribution S^t); of Just two 2-cus;tomers with 

probability (1 - qQ)qo and distribution S* 2(t); of Just k 2-customers 

with probability (1 - q^q^ 1 and distribution S* k(t ), 1 £k < j, 

J 1 2; of Just J 2-customers with probability qJ and distribution

2^(t ). Therefore we get

(3.1T) B^Ct) - „ fJtl) J

. 1 J
co

+ 7r(l,0

J=1

“ J-l
- q.o)7r(l,0,j) ' q^-^S^(t)

~2 k=i •

.Jh^^ft) ,
O 2
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whose Laplace-Stieltjes transform is

(3.18) P(s)

• (1 - S (s))U [0,q S (s)] 
2 1 O 2

and Vhose expected value is

(3.19) B11 ________ 1_________ g
2 — p — p — a 1 2 O

The average number of cycles during the busy period of the

server is

(3.20) ----- --------  = 1 +  -------—y—
B-I + ÏÏII 1 “ “ %

3.3 The Oase of Random Duration of Switching. In this 

subsection we shall use the notation of Section 8 of Chapter II.

The server, after finishing all 1-customers, goes to stage 2.

The switching duration is a random variable T with distribution T (t).12 12
During T some customers may arrive, but the server will attend to 1 2
the next 2-customer before switching back to the first stage.

The stationary conditions are

(3.21) (a) 71(1,i,l)
l+i

= p.71(2,0,0) + 71(2,0,0) V*  t21 p. 
o i / _ a i—a+i
i*i  i-a+i a=1

* £ Z *b'  Pl-a-b+i *(2»s,0)  (1 >0)

a= i b=o
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(b)

a=i a=i
X

b=o

2 i P. tt(2,x,J - 1) (i > 0, j > 2)

which yield

(3.22)

7T(2,i,j)

i

E
a=o

»l-a qiir(2,0,j + 1)

(i > °, j > 0)

U^x.y ) 1
x - yP(x) xyP(x)7T(2,0,0) + yP(x)

•[(R (x) - t21 )tt(2,0,0) + R (x) 
21 ° 21

* U (x,y) - U (0,y) - R (x)U (0,y)] 2 1 2 12

and

(3.23) U2(x,y) = [R^(x)U^(0,y) + ^(O.y) - ir(2,0,0)] .

Applying the arguments preceding Equation 3.2 of Chapter II to

Equation 3.22 we obtain

(3.2M U (0,y) = -R (6)U (0,y) + [(6 - l)t21 * R («) ]ir(2,0,0) 
1 2 1 2 O 2 1

+ R (6)U (6,y) ,2 1 2
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(3.25) 0^0,7)
R (5)q + (y-q^)(6-1)t2(y-q )R (6)-R (6)Q(6)
21 - P ° ...... ° ° 2 1______ 21

-R^ i (ô )Q(d) [ (y-qQ)R^(6 )+q^t^ ]

Equation 3.23

(3.26) U (x,0) 
2

where

a

This means that

• yir(2,0,0)

as y + 0, implies

aQ(x)R (x) + 12

5ru.(o.y)
i

and 
y=o

6Q(x)

B

(3.27) w(2,i,0) a 1 2 «%
a=o

The quantities (X and p are given by

(3.28) a
%(1 - PoVo'ty

7r(2,0,0)

and

(3.29) B
1 12

7r(2,0,0) - t a .
Qo °

The remaining state probabilities are given by Equations 3.21.
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The quantity ir(2,0,0) is obtained from Equations 3.23» 3.25 

and the fact that U (1,1) = 1/2 (because each customer corresponds2
to two departures). Letting "aim

(3.30) tt(2,0,0)

from which we see that the condition for nonsaturation is

1
2

A

(3.31) "i (8 12P 2 2 1 1 - % 1

We notice

the total

that (6 *12
utilization of the

q ]"*  Represents the portion of

system corresponding to the switching

+ -

times. The quantity [1 + q^V2/! - q^]"^ is the "share” of each

customer in that portion.

Using Equations 3.22, 3.23 and 3.25 we get

(3.33)

â— 
9x u (x,y) 

2

u (x,y ) 
2

9 12 P2

V“1

1 - %.

(v;

P
i - ÏT”(2,o,o)

J + ÏT-T- ” (2,0,0) 
1 Ho

1 U

9

1 - %
y=i

9(3.34) U (x,y ) u*  1

and

1 - %



—63—

a P ..
(3.35) U (x,y) = - ---- 5“ A*  + - -------- -------

C, 2(1 -P)2 
tfs i 1

• [(1 - pjA” + A2E[SMa’] ,

where

A’ " 2 ^21 * pr * rrç - pj] ^0,0) 

r q t'2
* O Ar» a / rt _ a X ___ O O__ r.

A" = J A2Ê[T2 
-= 2 1

+ X2E[(T 
2 1

- a2e[(t 2 1

+ T + S )2] - 2X2E[T2 ] 
12 2 21

î q t12

and

U; - U/0,1) = «(2,0,0)

u; - * v°J)
r

B"C' - B'C" B'
- 2C’2 C’

f(2,0,0)

with

B' ■ p, - p2 + (i - 4o)t21]



b" = e + —21 1 “ P 1

1 — q + 6
(2t" * 6 ) + -------- 0 il

° 21 (1 - p J2

C" =

2p_ BIS2]

- a2e((t + s )2] 21 2

+----- - --------  
ci -

X^E[T2 ] 
21

(1 - Pj)2 L

a2e[s2]
___ ' 1
1 - P 1

• k t* 2p - (i - q )(p + e + e )] 
° ° 2 O 2 21 12

X2

(i - p y
(1 - a )E[(T + T + S )2]° 21 12 2

2
1 - PT (p + e + e ) 2 2 1 12

The expected values of the number of customers at departure epochs 

are easily found by using Equations 3.32 through 3.35.

The waiting times and W% are as in Section 5 of Chapter II, 

where U^(x,y), k = 1,2, is given by Equations 3.22 and 3.23.
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The busy period of the first stage, B1, starts at the completion

of the switching time T , when the state of the system is (2,i, j ), with 2 1
i >. 1 and j > 0, or i ® j ® 0. The probability of the set formed by all 

of these states is

(3.36) P - U (1,1) - U (0,1) + tt(2,0,0) ° 2 2

1 - p - p - 6 -0 - % (1 - q )(t^)^= A + ----A---- 2 12 2 1 O_______Q O
2

(1 - q )t21 + q t2^2 
o o o o o

During the swittiling time T new customers may arrive, say k customers.

The server will then be busy in the first stage for a time T plus 1 2
a busy period initiated by i + k customers, B. , where i is the number

of 1-customers present at the beginning of T . By definition T is21 12
part of B1. We have

(3.37)

CO 00 QB

i= j=O k=o
00

+ y TrCa.O.OÎt^R «T (t) 4- 7T(2,0,0)t2IB *T  (t) 
. .. * K K 12 O i 12

k= i ■

where P^ is given above. The Laplace-Stieltjes transform of B^t) 

is
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~T T (S ) F R -
(3-38) B (s) = -----  [ R2i[B(s)] [U2[B(s),l] - U2(0,l)J

+ ir(2,0,0) [ R [B(s) ] - t21 + B(s) 
L 2 1 O

and the expected value is

(3.39) B1 d-’p )po rA<

ir(2>0,0)

where 3/9x U2(x,y ) , tt(2,0,0) and Pq are given by Equations 3.32,

3.30 and 3.36, respectively.

Ihe distribution of the busy period of the second stage (which 
includes T ), B^(t), is 

2 1

co
(3.H0) BH(t) = Y*  (1 - t^2) ir(l,O,j)T *S  (t) 

4-4 ° 2 1 2J=1

” J- 1
* X X ’(1.0.JK1 - %)%"*  s^/t)

J=2 k=i 

00 
+ Y*  t^2 7r(l,0,j)q^^S^*T  (t) , 

C—1 ° o 2 1
j=l



where the first term of the right-hand side corresponds to the case 

when new customers arrive during the switching time T , that is,
II 12

B = S2 + T2i (T2i is considered part of the busy period of the second 

stage); the second term corresponds to the cases when the server succeeds 

in completing service of k 2-customers, that is, B11 =
(n) 2'2

+ where S% (n = have distribution S^(t ) ; the third term

corresponds to the cases when all of the present 2-customers are 

serviced.

The Laplace-Stieltjes transform of BIT(t) is

(3 Al) Bll(s ) = (1 - t12 )T (s)S (t) + --------- -----------
o 21 2 ~

! - qoS2(s)

• U [0,q S (s)]| 
1 o 2 J

and the expected value is

t12g
(3.te) bh(s) - (1 - t12)(T . s ) . =- / 2 - 0 - £1 -L­

° 21 2 1 - qQ I % B*  12

where C and B1 are given following Equation 3.30.



CHAPTER IV.

RELUCTANT SWITCHING

Introduction

In the two previous chapters we studied three simple policies which 

are quite likely to be considered for the control of our queueing system. 

In general we have to balance the behavior of the system, at least 

qualitatively, in terms of switching costs, waiting costs and service 

costs. We mentioned that the SSP-policy is good when the waiting cost 

in the second stage is high, and the FSP-policy if preferable when the 

opposite occurs ; the LNB-policy is better when the switching cost is the 

critical factor.

It is desirable to have some intermediate alternatives, for 

example, how to avoid high queues in the second stage without incurring 

high switching costs. To this end we shall now consider more general 

control rules which can still be qualified as "simple" in the sense of 

feasibility of implementation. Under these policies we shall see that the 

server is comparatively reluctant to switching. We will examine three 

policies, namely: «

J3SS£q^=N). Hie server continues available in the first stage until 

the number of 2-customers reaches the value N. When this happens the server 

goes to the second stage and serves all the present 2-customers before 

switching back to the first stage. The label of this policy intends 

the rule "Switch to the Second Stage when Q = N." Notice that the SSP 
2 

policy is the SSS (Q = 1) policy. '

-68-
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SFS (Q^ N). After finishing all of the 1-eustomers (end of the

busy period of the first stage), the server goes to the second stage. He 

stays there until all of the present 2-customers are served, unless the 

number of 1-customers reaches the value N. In this case the server 

completes the service of the present 2-customer and then goes back to 

the first stage. The label of this policy intends to rule "Switch to the 

First Stage when Q*  > N." The FSP policy is the SFS (Q >_l) policy.

W^FS. After finishing all present 2-customers the server switches 

immediately to the first stage only if the number of 1-customers is 

equal to or greater than N, otherwise he is removed from the system 

(not available in either stage) and comes back to the first stage only 

when the number of 1-customers reaches the value N. The server stays in 

bhe first stage until all of the 1—customers complete service (end of 

the busy period of the first stage), then goes to the second stage. 

The LNB policy is the W^FS policy except for the fact that the server is 

never removed under the LNB policy. (It would be better to define W FS 
o 

as the LNB policy.)

We shall discuss the effect of these policies on the queue sizes, 

waiting times and busy periods as we did in Chapters II and III, but 

only the case of instantaneous switching will be considered.

2- The SSS (Qg = N) Policy

The stationary conditions are

i+i
(2.1) (a) ir(l,i,1) = V 7r(2,a,0)p + ^(2,O,O)p. (i > 0) ,

taU 1 “ 8» ■ 1 1 *
8=1

(Eq. 2.1 cont. )
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(b) £
a=i

7T(l,aJ - l)Pi_a+1 * TTd.O J - l)p^7T(1,Ï,J)

(i > 0, 2 <5 < N)

(c) ird.l.j) = 0 (1 > 0  J > S + 1) ,*

i
(d) ir(2,i,j) « 7T(2,aJ + l)q^ (i > 0, 0 < j < N - 2)

a=o
i

(e) ir(2,i,N - 1) = V ir(l,a,JT^ (i > 0) ,
4>j l—•“*
B=0

(f) 7T(2,l,j ) = 0 (i > 0, j >, N) .

) 
00

When G(x) = E xaTr(l»a,N) is defined, we obtain the following 
a*o  

generating functions : '

(2.2) U^(.x,0) - U] (0,y) - y^G(x) + y^ir(l,0,N) 

- ir(2,0,0) + xfU^O.y) + 7r(2,0,0) 

r yN7i(l,0,N)]
U (x,y) = yP(x)--------------- --------------------------------------------------------

1 x - yP(x)

and

Iff
y G(x) - U (x,0)

(2.3) U (x,y) = ------------------ 2--------- Q(x) .
2 y - Q(x)
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In order to completely characterize the state probabilities

^(k»i,j) we now need to determine tt(2,0,0), U (0,y), U (x,0) and 
1 2

G(x):

Since | ( 0 ,y ) | <1 for |y | j< 1, in parti cular when y ** qQ,

Equation 2.3 yields .

(2.U) ir(2,0»0) = q^ ir(l,O,N) = q” G(0 )

and then, by taking the derivatives of U (0,y) at y = 0, we get

(2.5) ir(2,0,j) = ir(2,0,0) .

From Equations 2.2 and 2.3, using the arguments preceding

Equation 3.2 of Chapter II we get

(2.6) U^O.y)

U (6,0) - yNG(6) + 
2

1-6

N ~
- 1 (1 -6 )ttC2 ,0 ,0 )

and

(2.7) Ü (x,0) 
2

U2(6,0) - y^G(6)

1-6 tt(2,0 ,0)

[Q(x)f G(x)

N * 
- 1

where $ — 6(y) is, as before, the inverse function of y = x/P(x).

At this point it only remains to obtain G(x), since the quantity 

tt(2,0,0) is, from Equation 2.4, equal to q^G(0).
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We have

i aw I
(2.8) G(x) = — U (x,y) ,

’ By *y®o

where, from Equation 2.2, we can write

(2.9) 0

with

A(x,y) = y[U2(x,0) - (1 - x)tt(2,0,0)]

+ [(1 - x)7r(l,0,N) - Gtx)^* 1 - y(l - xjU^O.y)

A(x,y)
y=o

= U2(x,0) + (1 - x)[G(O) - q”] - G(x)

- (1 - x)U^(O,y)

= -<1 - [Q(x) A G(x) + (1 - x)[G(0) - q”]

- (1 - xJU^O.y)

3k , .
—7 A ( x ,y ) 
By y=o

= -(1 - x) U (0,y) = -(1 - x)kU^k"^
dy 1 y=o 1

(2 < k < N)

and

* —^P<z)
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I y=o xN-k+i
(0 S k < N)

Hence

(2.10) G(x) =
(1 - x)[P(x)]^ 

[P(x)Q(x) ]W - xN

N-1
+ È er 

k= i

The quantities = (d /(0 ,y ) are obtained from Equations

2.6 and 2.7 in terms of - (d/dx)G(x) | _ , 0 < k < N - 1. Then, by 

(k )taking the derivatives G ' in Equation 2.10, we will have a system of

N linear equations and N unknowns, namely G^, G^ \... ,G^"^.

We have

(2-11) U d^^-D .

The formula for differentiation of a function of a function is 

k
8(g) = (k;a^,a^..........

m=o

summed over a + 2a + ... + ka, = k and a + a + ... + el = 
(m) (k)1 2 k 12 it

f “ and gI ’ denote the derivatives (d™/dg^)f and (dk/dxk)g, 

respectively, and



(kja ,a $ «. • »a, )
i 2 &

_______________ k!_______________
! (11 )aia^I (2! )a2 ... q^KkD^k

The coefficients a ,a ,... ,a. and (k;a ,a »...,a. )*,  for each term of 
1 2 K 12 K

the inner sum of Equation 2.2, are given by Table 24.2 or reference 1, 

for 1 < k < 10.

With the above result we rewrite Equation 2.11 as

(2.13) = y . A-0(«) (1 < k < N - 1)

1 ~
where

(2.14)
k. [Q(6)f
V . k-£ 1-6

and

I
■ y (o < 1 < n - I)

7=0 m=o

with

(2.16) = y (tSai,a2.......... .. )  [«(«]»* *

(0 £ £,œ < N - 1)

summed over a + 2a + ... + Jla„ = JI 
i i x

and where

and a + a + 1 2 * a =• m, 
I

6w
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Henûe

k £
(2.17) = Y Y z r

i L kito
fc*  o m=o

(1 < k < N - 1) .

(2.18) 

and

(2.19)

(=) £_ (i - xiwxif
a" , a .,N N

k1 
k

Then, using Equation 2.10, we obtain the system of N linear equations
with unknowns G^°\g^ 1 .......... G^""1 \

c N-1 k £
(-°) °(c> ■ r Z E £ 

a= i k= i £=o m=o

^ac^aM (l£c<N-l) .

This is an indeterminate linear system. One additional equation is 

obtained by using the fact that G(1) = 1/2N (which can be seen from 

Equations 2.2 and 2.3 and the relationship U (1,1) + U (1,1) = 1). 
1 2

Equation 2.10 and L’Hopital’s rule give
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N-i
(2.21) qÿ ° = tf(2,0»0) = i (1 - p - p ) - y

12 Lj k» J 
k=i

N-i k l

■ >-£ £ Z ir '
k=i £=o m=o

2il Calculation of r^, z^, and a^. Our first step is to 

find the derivatives = (d£/<%r£)d(y)| . We have 6 = yP(6) whldi

gives

(2.22) n 9

where the derivative of P(8 ) are found by using Equation 2.12. For

example, using Table 24.2 of Reference 1 and denoting
(d^/dx^)P(x)|^=P^) = k*p k we get

6("> . p(=)

14C) . ,(.)/.)

= gG )p( 1 ) + 1 )]2 p(^)

♦ (/')]'pO 

• etc.
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(£ )Thus it is possible to determine 6k recursively. We can now calculate

r£m by Equation 2.16.

The derivative of the expression for (Equation 2.14) is

obtained as follows :

— £ M, -tv.- 

1=0

where

si ■ <ï>5ï 

ay y=o dy

k-i
~ ^i^ H (k-i,ai>a2,... ,ak_1)

m=o

• ...

with = m*  q* N, where {qJN} is the Nth convolution of {q^ with 

• [6^)]a: ... .

itself, and

i 1
1 ~ 1-*  E Z ..........ai)

y=o m=o

Hence

(2.26)
k-£

= X ^k-&,l bi •

i=o
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(2.27)

where

The quantity B . is

< k0 , if c

•*  -*

I ax°-k
[1/P(x)]k , if c > k 

x=o

9

(e-k;a ,a .,a .1 2 C-K

- m!p*̂  * where (p*̂ } is the k-fold convolution of {p^} with 

itself.

The quantity a is ac

(2.28) a = (c) —-------------------- 1--------------- 1
ac a , a .. „

[Q(x)] - [x/P(x)r=o

______ 1_____________

[Q(x)f - [x/P(x)f

where
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(2.29)
â!___________
dxa [Q(x)]N - [x/P(x)]N x=o

(a;a ,a 1 2
m=o

VW” -

••• kf -

a

£ *
2

1

m

%

a
2

a m

a
n^o

1 2

• ••• kf]""
1 2

since 6^ = 0 because a < N.

2^2 Expected Number of Customers and Waiting Times. Using

Equations 2.2, 2.6, 2.7 and the relationship U (1,1) + u (1,1) = 1 2
we, first get

G(l) 1 
2N

and

~ udx 2 Np G(l) + 2 G*(l) P + G'(l) 
2

id- + 7r(l,0,N) - tt(2,0,0)P - P ) 
2

1
2

Then, applying L'Hôpital's rule in order to evaluate the partial

derivatives of Uk(x,y ) at x = y = 1, we obtain
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(2.30)
_ 1 - p - p p
Q = --------- L-------2. (p + Q ) + ----- 2----  [1/2(N - l)p + 2NG*  (1)0 ,
11 1 _ n 1 ° 1 _ « 2

(2.31) Si N + 1 
2

(2.32) Q = (N + l)p + 2G’(1) ,12 G 2

(2.33) Q22 = ,

where

A^E[(S + S )2] 
% ■ 2(1 - p - p ) •

I 2

®ie expected values , Q and Q can be found easily from the 

above results.

The waiting times, W and W , are given as in Section 5 of 1 2
Chapter II.

2.3 The SSS (Qg = 2) Policy

The long differentiation procedure used in the determination of 

G(x), for an arbitrary N, is very simple for N = 2. In this subsection 

we shall study this case.

Equation 2.10 reduces to

(2.34) G(x) = ~ )[^(^)]^ ---- [q2G^°^ + x/P(x) ,*
CP(x)Q(x)]2 - x2 ° 1



—81—

where the quantity = d/dy U^O.y) |y=o is obtained from Equation 2.6 

in terms of = G(0) and G^ = G'(0). We have

(2.35) 'J') = +

which, combined with Equation 2.7, yields

(2.36) = 2p q q G^^ + G^^ .
i o o i

The quantity G^ is calculated from Equation 2.38. We get

(2.37) G^) = - G(°) + J:— y (i)
Po^: '

which, combined with Equations 2.36 and 2.21 determines the quantities
G(°) and l/ 1of Equation 2.34. We get

(2.38) G(x) = i (1 - p - p ) ---------- -  ~ x
2 12 r 1- [p^r]

. % * * s\1 pfer (
% * ’

and the probability of an empty system,
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(2.39) 7r(2,0,0) 1
2 p 1

P ) 
2

%
% + Vs + V1

Notice that the nonsaturation condition is still 1 -p

The expected number of customers given by Equations

p > 0. 2
2.30 through

2.33 are

(2.to) Q 11 1 -
P p

(s * %1 * iV-F
i

1
2 % + 2G* (1)

(2.41) Q 2 1
3
2

(2.42) is 2G’(1)

(2.43) Q 22
1
2

where, from Equation 2.38

(2.44) G’(l)
Vs 2qJ(i - p, ) i

2[S + S(S + 2 (3 P 2 b

2.4 Busy Periods. The busy period B11 during which the server

is continuously working in the second stage has distribution

(2.45)- B^(t)
2
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The busy period is defined as the time necessary to accumulate 

N customers in the second stage. During this time the server may be 

inactive in the first stage. This happens when the first stage becomes 

empty and the number of customers in the second stage is less than N. 

We see that if B starts with i l— customers, its duration has the 

distribution of the time until the Nth departure from an M/G/1 queue 

having service time distribution (t ), given that the system starts 

with i customers.

Let be the number of times the first stage becomes empty until 

just after the N - 1 first departures. Given = k, we see that B1 

*N *k  -1+
has distribution S * A (t), where A(t) = 1 - e is the interarrival 

distribution and S^(t) is the service time distribution of the first 

stage. If Q is the number of customers in the first stage at the time 

the server arrives from the second stage, we have

N- 1 00
(2.46) B^t) = —(ï'.o) E E

2 k=o i=o

• = kfQI2 = i]S* N * A* k(t) .

In Takacs ( [ 21], page 98), we find

(2.4?) Pr[aN > k|Q^ = i] = Pr[n < H|Q = i + k] , 

where q is the number of customers served in a busy period. Thus 

we have
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(2.48)

where

N-i N-i
Bl(t) - nhy Z X 

2 i=o k=o

• [{p[n < n|q - i + k - i] - p[n < n|q = 1 * k]}] 
12 12 J

00

• \ + ü"èôï X ’(2.1.0) S?(t) •
2 i=N '

«-1 *
P(n < n|q - j] = J* if" W " 'T™'as^m (n > j) 

12 V„ nJo (n- J)! ■

= 0 . (N < J)

Simplification of the right-hand side of the above equation is not 

apparent.

The busy period of the server, Bs, is defined as the time elapsed 

since the server starts the service of a 1—customer that terminates 

an empty period of the system, until the system becomes empty again for 

the first time. This busy period may contain, as for the busy period 
B1, intervals corresponding to situations when the first stage becomes 

empty and the number of customers in the second stage is less than N.

We have not succeeded in finding the distribution BS(t), nor its 

Laplace-Stieltjes transform.

3. The W^S Policy

Under this policy the server switches from the first to the 

second stage when the first stage is empty and returns to the first stage
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when all of the second stage is empty and if at least N 1-customers 

are present. Otherwise the server removes himself from the system, 

and returns to the first stage when N 1-customers are present. As 

indicated in Section 1, the W^FS policy is a generalization of the LNB 

policy discussed in Chapter II. For this reason we expect to have 

a solution procedure similar to the iterative scheme presented in 

Section 3 of Chapter II. Some difficulties will arise with this type 

of solution, but as in Chapter II, we are able to find the state 

probabilities by a direct approach.

The stationary conditions are

(3.1) (a) 71(1,1,1) = 0 (i < N - 1)

i+i N-i
(b) 7r(l,i,l) = £ 7T(2,a,0)Pi_a+i + pi-N+i £ tt(2,a,0)

a=N a=o

i+i (1>N-1)

(c) 77(1,i,j) = 7T(l,a,j - l)p1-a+ (1 1 0,j 2)

a=i
1

(d) 71(2,i,j) = 77(1,0J + l)q + V 77(2,a,j + l)q.
■ i Z i i—a

a=o

(i > 0,j > 0) .

The generating functions of (n(l,i,j)} and (n(2,i,j)} are

(3.2)
U (x,0) - U (0,y) + xNH(l) - H(x)

U (x,y) = yP(x) —2--------------- 1--------------------------------------
1 x - yP(x)

and



—86—

Q(x)[U (0,y) - U (x,0) ]
(3.3) U (x,y) = ------------ 1---------------- 2------------- ,

2 y - Q(x)

N— 1
where H(x) = S tt(2,a,0)xa. 

a=o
Using the arguments preceding Equation 3.2 of Chapter II, we 

obtain

(3.4) U (0,y) = U (6,0) + ÔNh(1) - H(0)
1 2

and

(3.5) U2(x,0) = U^O.Q) ,

where, once again 6 = 6(y) is the inverse function of y = x/P(x), 

and Q = Q(x).

Let x = x and yQ = y with |x( < 1 and |y| < 1. Define x^ and

y. , i >. 0, by

(3.6) xi+i = 6(yi)

and

(3.7) 7i+i = ^xi *

Sibstituting Equations 3.6 and 3.7 into Equations 3-4 and 3.5 we get

(3.8) U (0,y ) = U (x,. ,0) + xt H(1 ) - H(x.x )
1 1 2 1*  1 1 + 1 l+i

and
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(3.9) U (x ,0) = U (0,y ) .2 1 ! 1+1

Adding Equations 3.8 for i = 0,2,... ,2N-2, to Equations 3.9 for

i = 1,3,...,2N-1, we obtain

N-1
(3.10) U (0,y) = U (0,y ) + V [xH H(l)-H(x )] . 

1 2n+l 1
n=o

Similarly, let i = 1,3,... ,2N-1 in Equation 3.8 and i = 0,2..........2N-2

in Equation 3.9 • Summing these equations we get

N
(3.11) U2(x,0) = U2(x2N,0) + y tx^Hd) - H(x2n)] .

n=i

We proved in Section 3 of Chapter II that the sequences {x^} 

verge to unity. The sums in Equations 3.10 and 3.11 are 
N 

convergent, since |h(x ) | < 1 for |x. | < 1 and the sums L (x - 1) 
N-i 1 1 n=i 2n

and Z (x - 1) are convergent (see Chapter II). 
n=o

Thus we may write

(3.12) U^O.y) = ^(0,1) - A (y)

and

(3.13) U (x,0) = U (1,0) - A (x) ,
2 - 2 2

where

(3.1k) A/y) = - 4+1H(l)]

n=o
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and 
OQ .

( 3.15 ) A (x) = V*  [H(x ) - x” H(l)] . 
2 ' ■ cn dn

n= i

Notice that when N = 1 we have H(x) = 71(2,0,0), consequently 

Equations 3.12 and 3.13 reduce to Equations 3.11 and 3.12 of Chapter III, 

respe ctively.

We now discuss the difficulties of determining H(x). First we 

notice that

= U^)(0,0) (0 < k < N - 1) .
2 — —

One method to be attempted is to use Equations 3.5, 3.4 and 3.16 in
(k )order to relate the quantities H (0). We have

(3.17) U’(x,0) = Q'(x)U'[0,Q(x)]2 I

and

(3.18) U'[0,Q(x)] = 6[Q( x)] U'[6[Q(x)],0] + N[6[Q(x)]]^'*
1 2

- H’[ô(Q(x)B .

Unfortunately Q(0) = qQ; this means that, in general, H^\o) will appear 

as functions of unknown quantities, (q ).
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Fortunately, however, the state probabilities %(k,i, j ) can be 

determined by the direct approach of Section 7 of Chapter II, which is 

based on the properties of the busy period of an IV/g/1 system. Let 

bm(i)# ^(n) and c^(n) be as defined in Section 7 of Chapter II. We 

have

(5.19) c^(n)

co

i=N 
N-i oo

m=i i=N

00 co

+ E X (k>l) ,

m=N i=m

where b^(i) and a^(n) are given by Equations 7.2 and 7.5 of Chapter II,

respectively. The state probabilities ^(2,n,O) can be written as

00

(5.20) rt(2,n,0) = %(2,0,0) c^(n) (n > 0) ,

k=i

where n(2,0,0) is determined by the relationship 

(5.21) NH(1) - H* (1)
N-i

■X

n=o

it(2,n,0
N-i

n=i

n«(2,n,0)

= i (1 - P - P ) 
1 2

which is derived from Equations 5.5 through 5.5 combined with the fact 

that 0^(1,1) = 1/2. The remaining state probabilities are found by 

Equations 5.1.
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3.1 Expected Number of Customers and Waiting Times. Using 

Equations 3.4, 5.5, 5.21 and the fact that ô’(l) = (1 - p )-1, we 

find that U^(0,l) = 1/2 and (1,0) = 1/2 P^.*  Next, knowing that

*

UJ(O,1) = u (x,y) and U’(l,0)
x=o 2

^"(1) - (1 - P^) 2 [2p^ + X2E[S^](1 - p ) ], we obtain

u”(o,i)
—7 + p ("1+ %) 

1 2
\1 - P )2 - P2 

1 2

• [N(N - l)H(l) - H”(l)]

and

U^(l,0) = J X2E[S2] + p|u"(o,l) ,

where
X2E[(S + S )2]

% = ---------- - ------- - ----- • 
2(1 - p - p ) 

1--------- 2

These derivatives are then used to obtain the expected values 

Qkz from Equations 3.2 and 5.3. It results that formulas 4.1 through 

4.10 of Chapter II are also valid for this case if for 0 we substitute

% + “ px ’ Pg)"! " l)H(l) - H”(l) ] .

The probability distributions and expected values of the waiting 

times and are given as in Section 5 of Chapter II. The values of 

U,(x,y) are given by Equations 5.2 and 5.5; the quantities Q and Q 
11 • 2

are obtained as indicated above.

d , .
57

x=l
y=O
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3.2 Busy Periods. For this W^FS policy the busy period of the 
g

server, B , is the time elapsed from the moment the server returns to 

the system (N 1-customers and no ^-customers are present) until the 

departure of a 2-customer who leaves behind him less than N 1-customers 

and no 2-customers. In order to find the distribution of B we notice 

that, if the same realizations of arrivals and services are simulated 

in an I^G/l system, with service time equal to the sum of the service 

times in both stages of our sequential system, and if at the termination 
g

of B the sequential system has i customers (1-customers), then the 

n/g/1 system will also have i customers (assuming N customers were 

present at the beginning of the simulation), 0 <_ i < N. This occurs 

with probability rr(2,i,0) (unconditionally) and distribution B*̂ -i\t), 

where BQ(t) is the distribution of the busy period of an m/g/1 system 

with service time distribution S * S (t). Hence, conditional to the
g

set of all possible ways of starting the busy period B , which has 
N-i

probability H(1) = Z n(2,i,0), we have 
i=o

N-i
(3.22) BS(t) = £ 42,1,0) .

i=o

The Laplace-Stieltjes transform is

(3.23)

(3.24)

B^\s) = [B(s)]N H [

L B(s)

H B
= htit ■ H'(i)]

S + S
= 2^17 2 '
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because of Equation 5.21 and the fact that B = (S + S )/ (1 - p - p 
° 1 2 12

A similar situation occurs with the distribution of the time 

during which the server is removed, l(t). We have

N-1
(5.25) I(t) = y ^(2,i,o) A(^)(t)  , 

i=o

*

where A(t) = 1 - e is the distribution of the interarrival times.

We get

(3.26) I(s) .

and

(3.27) I = (1 - Pi - P2) .

T TTThe busy periods of the first and second stages, B and B , are 

defined as before.

For the first stage we have

r 00 -,(5.28) B1 (t ) = —^—^(1)8^^ rt(2,i,0)B.(t) ,

2 i=N

where, as in Equation 6.1 of Chapter II, B^t) is the distribution of 

the busy period initiated by i customers in an ]v/g/1 system with 

service time distribution S (t). We get
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(3.29) BZ(s) = - (^0) [h(1)[B(s)]N - H[B(s)] + UjB(s),O] , 

where U^(XfO) is given by Equation 3.13. Equations 5.2 and 5.21 and 

the fact that U^(1,O) = 1/2 p^, yield

_T S S
B = 2U (1,0) = 2A (0) '

2 1

where A (0) is given by Equation 5.14.

For the second stage we have

(5.31) Bn(t) = £ ,(l,O,j)S^(t) ,

1 j=l

(3.32) BIZ(S) = g-^yUjo,s/s)J

and

_TT s s s
B = 2rTTony = 2^(1,o) = 2A^y ’

The average number of cycles in the busy period of the server is

(3.34)

CO

- _ B6 _ _ C " H^n+J o

B1 + B11 H(l)
' n=o

L H(l) X2n+1

= E ^(o) , 

k=i
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4. The SFS (Qi > N> Policy

Under this policy the server switches to the other state leaving 

no backlog in the present state, except when, at departure of a 2-customer, 

at least N 1-customers are present in which case the server switches to 

the first stage. The analysis of this policy is similar to the analysis 

of the W^FS policy. In this case the function H is two-dimensional.

The steady-state probabilities are related by

(4.1) (a)

(b)

41,i,l)
i+i

= rt(2,0,0)pi + n

a=i
i+i

= n(l,a,j - l)pi
a=i

(2,a,0)Pi-a+i

_a+1 (° £ i S N -
j >2)

> 0)

2

(c) ir(l,i,d)
i+i

■ E

a=i
jt(l,a,J - l)p±

i+i
-a+i + E

a=N

- 1)

(d) *(2,i,j) = qi«(
i

i,o,j + i) + y 

a=o

(i > N - 1 
j >2)

q. _ ^(2,a,j + 1)

(9 £ i £ N - 
j > o)

2

(e) *(2,i,j)
N-i

= qin(i,o,d + i) +

a=o
9i-a x(2,a,j + 1)

(i > N - 1 
j > 0) .
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Letting

H(x,y)

00

I
00

£ x^ y^ jt(2,N + a, j) 

a=o

we get

(4.2) Ui(x,y)
(x - l)x(2,0,0) + U^XfO) - 1^(0,y) + H(x,y)

x - yP(x)

and

(4.5) U/x,y)
U (0,y) - U (x,0) - H(x,y)
J2---------;--------------- Q(x) .

y - Q(x)

Notice that the two last equations have the same structure as

Equations 2.5

policy, for N

and 2.6 of Chapter II. This is expected since the present

>, is the policy studied in Chapter II.

Applying once more the arguments of Chapter 11 we get

(4.4) U^(0,y) = Ua(6,0) + (B - 1)^(2,0,0) + H(B,y)

and

(4-5) U2(x,0) = U (0,Q) - H(x,Q) ,

where Q = Q(x) and 6 = 0(y) is the inverse function of y = x/p(x).

Using the same iteration scheme of Chapter II, we find

(4.6) UjO,y) = ^(0,1) - ^2,O,O)A^(y) + B (x,y)
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and

(4.7) U (x,0) = U (1,0) - *(2,0, 0)A (x) + B (x,y) 
2 2 2 2

where

(4.8) A^y) =

CO

X <1
n=o

00

' x2n+l’ ’

(4.9) A (x) =
2 X

n=i
00

(4.10) B (x,y) ■ X
n=o

H^n^.Van) " ^2n+l^2n+2^

and

(4.11) Bs(x,y)

co

■ X
n=i

_H(x2a,y2n.i) " ^^2n-2^2n-l^

The value of *(2,0,0)  can be determined analytically from the 

equations above and the fact that 11^(1,1) = 1/2. However we can see 

that its value is 1/2(1 - p - p ) since, under this policy, the server 

is active whenever customers are present in the system (see comments 

following Equation 5.5 of Chapter III).

If we let x = y = 0 in Equations 4.6 through 4.11, we get

A (0) = 1 + A (0) and B (0,0) = B (0,0) - H(l,l). Thus 
1 2 12

(4.12) U (0,y) = 1 (1 - p - p )A (0) - B (0,0)
1 1 2 1 1

and
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(4.15) U2(1,O) = | (1 - P1 - Pa)A (0) - B (0,0) - H(l,l) .

We shall now obtain the function H(x,y), by finding the state 

probabilities n(2,i,j), using an approach similar to the determination 

of the function H(x) of the previous section.

Let b^(i) and a^(n) be as defined in Section 7 of Chapter II,

and define

c^(m,n) = probability that, starting with an empty system, 

the termination of the kth cycle occurs when 

there are m 1-customers and n 2-customers in 

the system.

We have

(4.14) (a) c (m,n)

N-1 co

X - r)
r=o i=m+i

00 00 N-1

(b) X Z * r)
u=i i=I r=oo

00 00 00 1^-1

+ Z Z Z Z
n-N v=i i=I r=ov

. • a (m - r) (k > 1) ,

where I = max(u + 1, n - v + 1}. From this we get
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jr(2,m,n)

00

(1 - PT - Pg) ck(m,n)

k=i

With this we can find H(x,y) from its definition.

The remaining state probability, if needed, can be found from

Equations 4.1

4.1 Expected Number of Customers and Waiting Times. Let

Hx
X=1

and let H , H , H y xx' yy and be similarly defined.

Using Equations 4.4 and 4.5 and the fact that 6‘(1) = (1

we find U^(O,1) = I/2 + 

that 5"(1) = (1 - p )~2

H and 
y

[2p +

U^(1,O) = 1/2 p^

\^E[S^](1 - p )-1] we

Next, knowing

obtain

U^'(o,l) (p
p2

H 
yy

57

" Hx*

i i

and

- p ) 
1

_______1
1 - p + p

i .2
o + _____ 2

1 - p 
i

i X=E[S2]
2

pJj"(O,l)
2p _______2____

1 - P - p
1 2

Hxy

These derivatives are then used to obtain the expected values

from Equations 4.2 and 4.5. We get

(4.16) (p + Qo + 2p_H_Jxy
Pi

+ P2

U^(1,O)

Q
2

1

1 -
1 - p 

i

- H

(4.17) 1
1 - p + p

1 2

+% 2Hxy2
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and

(4.19) %2 = (p, + % * i - '

The probability distributions and expected values of the waiting

times W and W are as in Section 5 of Chapter II, 
1 2

4.2 Busy Periods. By the arguments of Section 6 of Chapter II,
- g

the busy period of the server, B , has the distribution of the busy 

period of an ^G/1 system with service time distribution S^ * S^t). 

Consequently its expected value is B6 = (S^ + S^)/(1 - - p^).

The distribution of the time the server is continuously serving 

1-customers is

00 co
(4.20) B^(t) = [ L X

2 i=N j=i

00

+ rt(2,i,0)Bi(t) + n(2,0,0)B (t) ,

i=i

where B^(t), as in Section 6 of Chapter II, is the distribution of the 

busy period of the first stage initiated by i customers.

Knowing that U (0,1) = U^(l,0) + H(l,l) and B^ = B = S^/(1 - p^) 

we get
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(4.21) BT(s)
^(0,1) H[B(s),l] + UjB(s),0]

+ g" (i - - P2)[B(s) - 1] ,

which implies

(4.22) 1 — 1 —
= 2U (0,1) Si “ (1 - p - p )A (0) - 2B (0,0) Si

1 12 11

In order to derive the distribution of the busy period of the 

second station, we first get

00 n-i
(4.23) A(n) = £ at(i) = 1 - X V" s^l)

i=n i=o

where
/ . \ p 00 . i

S' ' = / dS (t) .
2 U g 1* 2

Now, noticing that B11 starts when the state of the system is (1,0,j) 

with conditional probability n(l,0,j)/u (0,1), and that the server 

can complete service of k 2-customers (1 <_ k <_ j - 1) with probability

(4.24)
N-i

= X -r) ’

r=o

and of j 2-customers with probability

(4.25)
N-i 

r=o
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we get

00 j
(4.26) BZI(t) = Y» Y ^kj *

1 j=i k=i .

—TT
Instead of obtaining B from the equation above we can use the

relationship

(4.2?) ° = E = g-i + g-n '

where c^(0,0) is found by Equation 4.14. We get

-TT S + S(4.28) B11 = -------1-------2------- - B1 .
(1 - p - p )c 

1 2



CHAPTER V

DISCUSSION

I? Numerical Comparison of Policies

In this section we compare the effect of policies LNB, SSP and 

FSP, for the case of exponential service times, on the average values 

of the waiting time in the first stage (Wj, the waiting time in the 

second stage (W^ = - S ), the busy period of the first stage (B1)

and the busy period of the second stage (B11). We consider three 

situations of total traffic intensity, p = p + p , representing heavy 

traffic (p = 0.9), normal traffic (p = 0.5) and light traffic (p = 0.1). 

In each case we obtain curves of the pertinent average value as a function 

of the traffic intensity in the first stage (p^ ) which varies from zero to 

p (p% varies from p to zero).

Assuming X = 1 and using the formulas of Chapters II and III 

(see Table l) we get

% = (P2 - P/P - P )]/(l - p) .

LNB-Poli cy

W = (p + Q )(1 - p )/(l - 2p + p) - p 1 1 o i i i

W’ = [p2 + (p - pJ(1 + p - pj + Qo]/(1 - 2p + p )

Bx = p /(I - p)/A (0) 
i 1

—TT ’

B11 = p /(I - P)/A (0) 
2 1

where (0 ) is obtained as in the example of Section 8 of Chapter II.

102-
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SSP-Poli cy

”, - %

W' = o2

B1 = pi

B11 = p
2

FSP-Poli çy

W = (p + Q ) (1 — p)/(1 - p ) - p * 1 o i i

W = p(p + Q )/(l - p )2 1 O 1

B = pj /[2 - p - (1 + p - p^) ]

—TT

B = p /[2 - P — (1 + p - p ) ]2 1

The quantities above are plotted in Figures II through VII. From 

these figures we clearly notice that the effect of different policies 

on the average busy period is negligible for low values of p. For all 

policies, the average wait in the first stage is minimized near 

01 — P/2 and in the case of policies LNB and FSP we see that the average 

wait in the second stage increases surprisingly fast as the traffic 

intensity in that stage decreases (p increases).
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2. Practical Implications of Availability of Numerical Results

For practical employment and engineering consideration the first 

question that may be asked is: Are the average values numerically 

available? We shall now have a few remarks on this question and more 

general aspects.

In the case of policies LNB, SSP and FSP, with instantaneous or 

with random duration of switching, the average values of all considered 

queueing properties can be easily calculated by the formulas of Chapters II 

and III,which do not require calculation of the state probabilities.
—T —II

The determination of the values of B and B , in the case of the LNB 

policy, takes a few more steps since they depend upon the quantity 
00

A (0) = U (l,0)/rt(2,0,0) = 2 £ %(2,i,0)/(l - p - p ), but, as 
1 2 l=o 1 2

illustrated in Section 7 of Chapter II, the iterative scheme developed 

in Section 3 of that chapter is very efficient for finding A^(0) without 

explicit calculation of n(2,i,0).

For policies W^FS and SFS (Q^ > N) we need first to calculate 

some of the state probabilities, «(2,1,0), for which we provided methods 

of solution. These methods depend upon the values of the probabilities 

b (i) of having 1 departures from the first stage during the busy 
m 

period of that stage started by m customers. These values, in the case 

of high utilization of the first stage, may be not negligible for large 

i, therefore the nested summations involved must have large upper limits, 

which implies a great amount of calculation, as, for example, in the 

case of Equations 4.14 and 4.15 of Chapter TV, where we have five 

nested summations. Although a straightforward computer program can be 

written for these policies, we have not mad? any actual calculations.
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For the SSS (Q = N) policy, even the calculations of average 

values, for which we provided solutions depending on the function G(.), 

may be expected to encounter numerical difficulties. In this case the 

use of special computer languages with capabilities of symbolic 

differentiation might be helpful.

Next we shall comment on the feasibility of the calculation of 

the distribution of the pertinent random variables: for the state 

probabilities, except in the case of policy SSS (Q^ = N), we would 

first find n(2,i,0) (0 < i <_ i^ where i? is some truncating value which 

depends on desired accuracy) for which we provided recursive schemes of 

solution, then we use the corresponding stationary conditions for 

calculating the remaining state probabilities. The distributions of 

the waiting times, W (t) and W^t), can be found by numerical inversion 

of their Laplace transforms (an efficient algorithm is given by Stehfest [18]) 

which are given in terms of the functions U^(x,y). The distributions 

BI(t) and B^ft) can also be found by the same approach, although explicit 

expressions for these distributions are given in terms of the distribution 

of the busy period of the l^G/l system started by i customers, which 

may take great amounts of calculation in the case of high utilizations. 

Evidently, in the case where B^t) and B^(t) are given by simple 

expressions like, for example, B ^(t) = S^(t) or B (t); = S^(t), we would 

not use this approach.

As shown in Table I, we were not able to obtain the distribution 

of the busy period of the server for the LNB and FSP policies for the 

case of random duration of switching, and for the SSS (Q^ — N) policy. .
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The difficulties in these cases are due to the fact that during these 

busy periods the cycles are not homogeneous in the- sense that they are 

formed, possibly, by the sum of distinct randan variables. For example, 

for the LNB policy with random duration of switching, the switching 

intervals T are combined with the intervals during which the server 
12

is working in each stage. We can say that each customer served during 

BS has his average service time increased to + Sq where SQ

represents the average "share" of each customer in the total duration 

of switching. It is not clear how SQ can be obtained. In the case of 

the SSP policy, since the server follows the customer through the 

system, this "share" is simply T + T and, therefore, we can consider 
12 21

that the service time distributions in the first and second stages are 
g

S * T (t) and S * T (t), respectively. Thus, the busy period B has 
1 12 2 21

distribution equal to the distribution of the busy period of an l^G/1 

queueing system whose service time distribution is the convolution 

S * S * T * T (t).
1 2 12 21

3_. History of the Work

At the beginning of this research we were concerned with two 

sequential queues with exponential services and interarrival times, 

where the service rates in each service facility could be controlled, 

at any time, depending upon the number of customers in each stage of 

the system. We assumed at most two alternatives for the service 

rate of each facility (which were allowed to operate simultaneously), 

each alternative having a corresponding cost rate. Given linear waiting 

costs and no setup costs, we intended to characterize the optimal 
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policy of changing the service rates, so as to minimize the average 

cost rate. Our first step was to consider special cases as, for example, 

the case of "local" optimization, in which the decision of changing the 

service rate of one facility depends only on the number of customers 

in the queue in front of that facility, independently of the number of 

customers in the other (optimization by stages). The answer to this 

problem turned out to be trivial, since, according to Reich [15] 

the departure process of a state dependent ^/^/l queueing system is an 

independent Poisson process with the same rate of the arrival process. 

With this result we see that the two stages of the system are 

stochastically independent, therefore, the optimal policy is as 

characterized by Crabill [7], in each stage.

Another case is when the service rate in one of the facilities 

is constant and the service rate in the other one may vary, depending 

on the number of customers in both stages of the system. We did some 

numerical experimentation, using Markov decision programming techniques 

(Howard’s and White’s algorithms) in the case of finite queue 

capacities. These indicated that the optimal policy is approximately 

the same as the optimization by stages. Some theoretical characterizations 

were attempted mainly because the algebraic structure of this problem 

seemed to suggest some simplifications (the matrix of rate of 

transitions is tridiagonal by blocks, each block being sparse and of 

simple structure). Fitting to this same algebraic structure is the case 

of an m/E^I queueing system where the rate in each phase of the Erlang 

type of service is controllable. For this problem we were able to 
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generalize one of Crab ill's [7] results of the controllable 

M/M/1 system. In the case of monotone increasing holding costs, under 

some restrictions, with two alternatives for service rate, it appears 

that the optimal policy is characterized by the values I and N such 
* 

that, if the number of customers in the system is n < N , then use 
* * 

the slow service, if n > N , then use of the fast service, if n = N , 

then use of the slow service when the service is in phase I < L and 
*

use the fast service when 1 >_ 1 . However, we do not offer a proof 

to this effect.

Still another interesting problem, which later led us to the 

problem of this thesis, is the case where the chosen service rate 

alternatives at a given time, say n and M , must be such that a n + 1 2 1 1
an < c, where a and a are constants and c represents a certain 

2 2 ~ 1 2
total service capacity.

Analytical results of the cases mentioned above were quite limited 

and the numerical experimentations did not lead us to any discovery 

of efficient methods of reducing the cost of the computations to the 

point of usefulness. However, a simpler form of the problem with 

limited total service capacity, with the additional restriction of 

being equal to c/a% or zero, k = 1,2, opened up new possibilities, since 

in this case simultaneous service in both stages was not allowed (this is 

the case of a single server). It was then possible to assume more 

general service time distributions keeping the analytical considerations 

at a tractable level. Using departure epochs, this problem is a Markov 

renewal programming problem and, in the case of finite queue capacities, 
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the optimal policy can, at least, in principle, be obtained by Howard’s 

algorithm in any given case. However, in the meantime we became more 

interested in the behavior of special policies that by their simplicity 

promise to be of practical significance. This thesis has been 

concerned with such policies.

4^ Related Topics and Possible Extensions

Evidently, the six policies studied in this thesis do not constitute 

all possible "simple" switching policies. We can, for example, imagine 

the case where the server, upon completing the serving of a customer 

in one stage, remains in that stage only if the number of customers (Q^) 

in it is less than the number of customers (Q^) in the other stage, 

otherwise he switches. The "reluctant case" for this policy would be:

The server remains in the present stage if + N, otherwise he

switches. Other policies could be obtained from the combination of the 

previously defined policies, for example, policies SSS(Q = M) and W^FS 

can be followed simultaneously. These new rules can be analyzed by the 

methods used in this thesis.

As mentioned in Section 3 of Chapter II, the methods of analysis 

for parallel queues [Takacs [20] and Eisenberg [8,9]) are similar to 

the methods of this thesis and, therefore, we may expect that some more 

general models, results of the combination of parallel and series queues 

attended by one server, can be analyzed by similar methodology. An 

interesting problem to consider would be the case where the second stage 

of the sequential model receives, besides the customers from the first 

stage, an independent Poisson stream of customers. We could also consider
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a parallel system with two service facilities (F and F ), where a i 2 
customer departing from one service facility, say , is fed into the queue 

of facility F , provided that the customer has not received service 2
in facility F^. These two models are special cases of a more general 

situation where a customer, upon completing service in facility F%, leaves 

the system with probability p. and goes to facility F. (M k; k = 1,2; 

& = 1,2) with probability 1 - p , provided that the customer has not 

received service in F&. Hie dimension of the state space for this model 

would be quite large, since we have to keep track of all types of 

customers in the queues and in service. A simple case of this model 

is when the arrival rate (of customers coming from outside the system) 

to one of the facilities is zero. This corresponds to thé model of this 

thesis with the additional condition that a customer departing from the 

first stage leaves the system with probability p^ and goes to the second 

stage with probability 1 - p . There should be no difficulties in 

extending the results of this thesis to this model, for all of the six 

policies.

An important aspect to be considered is the numerical implementation 

of the solutions, mainly the ones corresponding to the reluctant policies, 

in particular policy SSS(Q% = N). The assessment of the accuracies in the 

calculation of the state probabilities is very important since all of the 

pertinent quantities are expressed in terms of these probabilities. This 

is a task that we expect to undertake in the near future. At the time this 

thesis was concluded only a few numerical experimentations were made and 

no conclusive answers were found. This is why we did not include the case 

of reluctant policies in the numerical examples of Section 1.
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ühe method of analysis of the policy SSS(Q = N) seems to be weak.
2

An alternative approach is to eliminate from the original chain the 

departure epochs of the second stage, except the last departure. However 

with this approach we would have a weaker description of the behavior of the 

system.

An intriguing question is whether or not there is any relationship 

between the iterative scheme of Section 3 of Chapter II and the direct 

approach shown in Section 7 of the same chapter.
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