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ABSTRACT

Approximations that result from the natural matching of two stable
dissipative difference schemes across a coordinate line are shown to be
stable. The basic idea is to reformulate the matching scheme consistent
to an equivalent initial boundary value problem and verify the algebraic
conditions for sfability of such systems., An interesting comparison to the
above result is the case of redefinition of a scheme at a single point. In
particular, w‘e show that some unstable perturbations do not upset the

stability of the Lax-Wendroff scheme.
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INTRODUCTION

A local regridding procedure for finite difference approximations,

referred to as a mesh refinement scheme, was analyzed by the author

in [1], [2] for hyperbolic partial differential equations, For parabolic
equations the mesh refinement technique has been analyzed by Osher [10],
Varah [11] and Ciment and Sweet [3]. The basic idea in the mesh
refinement teéhnique is to employ one underlying finite difference scheme
consistent to a given partial differential equation on what are essentially
two different grid patferns. In the above works it has been shown how to
relate a given difference scheme across neighboring uneven mesh points

in a stable and computationally efficient manner,

The mesh refinement technique was proposed to help in solving
problems where the solution has large gradients, discontinuities, or

generally what we call frontal effects in a localized region, In general,

use of a mesh refinement scheme for problems with moving frontal effects

will necessitate the following additional work:

1) Prediction of direction of frontal motion.
2) Interpolation and storage (regridding) of the pertinent variables
and data in advance of the frontal effect.
3) Special treatment for solving the resulting algebraic equations when

implicit schemes are used (as in the parabolic case).



Inspite of the above extra work, in cases where the frontal effect itself
causes changes in the grid domain, the mesh refinement scheme can be

very effective [4] .

Another approach for treating problems with frontal effects is what

we call the matching scheme technique. Here the strategy is to leave the
grid uniform, wherever at all possible, but to locally change the underlying
finite difference shceme to suit the local phenomenon. The matching tech-
nique, in the case of moving frontal effects, would also need feature (1)
above, but \&ould not suffer from the other two drawbacks. Thus, it is to

be expected that when applicable, the matching scheme technique should be
computé.tionally fnore efficient than the mesh refinement technique for moving
- frontal effects, In the future we hope to report on numerical experiments

comparing both these techniques.

This paper considers the L2 stability of an approximation to a pure
initial value problem which results from the natural matching of two difference
schemes across a coordinate line. As in our treatment of mesh refinements
[1], [2], s.tability is analyzed by reformulating the matching scheme as a
difference approximation to an initial boundary value problem for a system of
partial differential equations. General sufficient conditions for the stability

of such hyperbolic systems have been given by Kreiss [6] » [7] , and Osher



[9]. Using analogous results for parabolic systems obtained by Varah [11],

we verify that a large class of matched parabolic schemes are L, stable,

2
As an interesting comparison to the above result, we examine the

case of redefinition of a difference scheme at a single point. In particular

we show that even some unstable perturbations do not upset the stability

of the Lax-Wendroff scheme. Itis obvious from our presentation that our

approach can be used to study the stability of a given dissipative difference

scheme with a local perturbation or a discontinuity.

I. Formulation of Problem.,

Consider the Cauchy problem for the following hyperbolic equation

(1.1) u, = Aux + Buy + Cuz; u(x, y, z, 0) = ¢(x,v, z)
in the region -0 < x, y, z < ©, t>0. For simplicity, we take u
and ¢ scalar functions and A constantand B =C=0. Observe that

following Kreiss [6] and the author [l]‘, our results will hold for A,B,C
Lipschitz continuous diagonal matrices if the difference schemes are also
diagonal.

Consider a set of uniform mesh points (xj s tn) where

J

x. = jAx 5 j=0, 1 #2... 5t =nAt; n=0,1,2...



On this grid represent two different difference approximations consistent

to (1.1), (with B=C=0) as

. P
S |
(1.2a) e R R oL s
J 1] a jta
a=-r
1
. P,
(1. 2b) ™ - vt = 5 @yt
, J 2 a jta
. a==r
2
- where C(l) = C(l)(b) with b = Aé——t- , and where r, and p. are
o a Ax 1 i

positive integers.

By the matching of Q1 and Q2 » We mean the difference approximation

Q defined by

Our main result is that Q is L2 stable if both Q1 and QZ are stable
- and dissipative. For simplicity of notation we have considered explicit

schemes, but it will be obvious from our proof that the same result holds

for analogous implicit schemes.,



We treat this analytically by using an equivalent formulation as an

initial boundary value problem. It is convenient to obtain this by reflecting

and shifting the difference functions used on the left hand side. Defining
W;l = Ur_lj_i_1 gives

r
2
1
Moo wrs 2 ) wh
_ o Jta

a=-p,
as an approximation to wu( -(j - 1) Ax, (n+1)At ). Since V;l denotes

an approximation to u(jAx, nAt), near the interface the following over-

lapping identification of grid points is implied (see diagram)

(Wn = v =1, 2
_j+1 = j J = ’ y pz
{
| n n
\V-j-i-l = i j =1, 2, r1
n n n n n n n n n n
- = - = V
W3 WZ V-l Wl V0 WO V1 WO V2 3
' s : : : : s 4
X = O

We complete the reformulation of this matching scheme as an equivalent

system of difference equations for an initial boundary value problem by

introducing the matrix notation



V;ﬂ i=0, +1, +2,
n
zh =
j
W n=0,1, 2, -
L—J.—

Then the precise expression of the matching scheme Q is

Q 0 i=1, 2,

(1. 3a) z"th 7"
J J

0 Q'2 n=o0,1,2
with boundary conditions

0 1 |
(1. 3b) zr_’j - Z;IH S =0, 1, «ee, v -1

1 0

where r = max [r1 ' P, ]. I P, # r these boundary conditions identify
some additional overlapping points, but this does not alter the algorithm. Now
the matching scheme expressed in (l.3a, b) appears as an approximation to

the system

(1. 4) 7 = - z

with compatibility condition TU(0, t) = W(0, t)



Sufficient conditions for the L2 stability of dissipative difference
appro:iimations to initial boundary value problems of the above type have
been given by Kreiss [6] , [7] and Osher [9]. Accordingly, because
of the diagoné.l structure of our systems, to prove stability it suffices to
éhow that there are no eigensolutions of (1.3a, b) of the form

® 2
(1.5) Z., = N g ; Z |gl| <o

=1
for N # 1, |[XN| > 1, and furthermore, that X\ =1 is nota generalized

(approximate) eigenvalue in the sense of Kreiss [6].

In the following it is assumed that the reader is familiar with the
paper of Kreiss [6] or Corollary 1 of [2]. Briefly stated for our case,
these say that the eigensolutions of interest afe those where gj are formed
using the characteristic roots of (1.6) having absolute value less than one,
Furthermore, as \ —> 1, those characteristic roots in the component of
Z;l corresponding to the positive diagonal element of the leading matrix in

(1.4) must have a limiting absolute value strictly less than one.

Theorem.  Let Q1 and QZ defined by (1.2) each be a stable and

consistent dissipative approximation to (1,1). Then the matching of Q1 and

Q2 as defined in (1.3a, b) 1is a stable approximation,



Proof. To find all eigensolutions of the form (1.5) itis sufficient

to find all characteristics roots 'ri()\), p.i()\) such that

Py
(1. 6a) N =z c w1
a=-T a
1
T
2 (@
(1. 6b) A=z cT () g
a=-p,

with |Ti(x)| < 1 and Ip,i()\)l < 1. For %1, |N|>1,
dissipativity implies the separation of the roots property [1], [6] , thatis,

counting multiplicities there are only r linearly independent characteristic roots

1

o (p2 roots pi) such that | Til < 1 I p.i[ < 1). Furthermore, strict

inequality remains for either all T, Of all M roots as A\ —> 1.

All admissible eigensolutions can be expressed in the form

~ 7
4, j
= HO) ™
1=1

(1.7) ' z}‘:xn SN > 1, n4

do ]
2 ()
>
i=1




Here each distinct T solves (1. 6a) with multiplicity m,
is a polynomial of degree mi-l , and each distinct My

with multiplicity 11-1 , and hi(j) is a polynomial of degree Jziu 1, and

d d

1 2

Z = M =
Zomy =T 24 = p,
i=1 i=1

Substitute Z;l into the boundary conditions and find

d d
1 . 2 .
=) . J+1 =
(1.8a) T f(-))T." + Z h(j+ 1l)p = 0
. 1 1 . 1 1
i=1 i=1 :
>
q
1 1 4 .
(1. 8b) T LG+ 1)1"1 + 2 h(-)p b= o]
i=1 i=1 i

Now order the equations of group (a) from r -1

group (b) from O to r to obtain

d
1 . dZ :
. -r’] . -1.5-
Z £ + T h(-j+1)[p ]
. i i . i i
i=1 i=1
vanishing at the 2r consecutive integers j=-r +1, -

Despite the shift of indices, the set of difference functions

o . -1,j-1
fi(J)TJi U ho(-j+1) [, Ik

i=1 i=1

and

solves

-1, 0,

£(j)

(1. 6b)

and those of
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form a fundamental set for the linear homogeneous difference equation

whose characteristic polynomial is

d m % ’

- 177 -1
px) = || (x-7) " []
i=1 i=1

Observe that p(x) is of degree r_ + P, and the linear combinations (1. 8)

1

‘vanish at 2r consecutive points. Since r1+ P, < 2r, for a non-trivial

solution this can only occur (See Theorem 5.3 [5]), if there are repeated

d d
1 -1, 2
roots. Now the {Ti} and {pi } are separately sets of distinct
: i=1 i=1
roots by definition. Thus it mustbe for some i and m that T, = u;rll
This in turn implies that 1 = 7 p which implies that |+ | = |p_| = 1.
im i m

This establishes stability, since as remarked above all the roots of one group

must be strictly less than one in absolute value even as \ — 1.

We note that the same matching of two difference schemes with different
mesh spacings is easily seen to be stable for the case r_ = = 1 when
Axl/sz = 1/N, and N is a positive integer.

II. Parabolic Case.

Recent results obtained by Varah [11] allow a similar analysis for
the analogous matching scheme for second-order parabolic equations in one

space dimension, For the case of matching diagonal parabolic difference
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schemes, our above analysis remains valid and indicates

that there are no eigenvalues \ greater than one in modulus. Varah's
sufficient condition can be expressed in the form that the determinant of
essentially system (1.8) vanish of the order > O(m) as A—>1,

We found this hard to verify in general. However, if Py T, P,= T, = 2,

after some simple operations the determinant in question is of Vandermonde

form

det{ (TJl , M'J+4 , TJ -J +4

det SY 1 50 Ky

)j=0, 1, 2, 3}

w

(7 =D) (7)7,) (7, =D (L )y o (e, 1),

Varah shows that the separation of the roots for parabolic schemes is

such thatas N —> 1

say, T1=1+O(\l)\-1)then|1‘2|£p<l
say, by o= 1+O(YX-1) then IHZIEP < 1.

Only the first term in the expression for the determinant can vanish while
all others are bounded away from zero. The first term gives the desired
estimate. Thus, most of the well known schemes can be matched in a

stable manner.
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II1. Local Redefinition of a Difference Scheme

Consider the one dimensional case (l.1) with the Lax-Wendroff
scheme [8] used at all points except x=10. Then W? denotes an
approximation to u(jAx, nAt) andis given by

2 2

b -b n 2 n b +b n
w + (1 -b ‘
) -1 ( )WJ.+( 5 )ij

=
1]
L
z
=
e
]

for j=_‘|;1;i2,"' ; n=0,1, 2. , Here b = A%}E{ must be

restricted by I b | < 1 for stability of the pure initial value problem, We
consider a simple case of locally redefining our scheme by some 3-point
approximation which is also consistent to (l1.1) denoted by

(3.1) w =

Introducing a reflection of our problem, we express this locally

perturbed scheme as the system of difference equations

(3. 2a) | A 7"

with boundary conditions
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' 1
' 1
(3. 2b) AR A
0 . i1
i=-1
(1 -b-a) (1+b-a))
where by c‘on51stency @, = > and a = >
r
W;ﬂ u(x, t) jAx = x
Here erl N N Z(x, t) = ;
V‘; u(-x, t) nAt = t

Now one needs to consider all eigensolutions of the form (1.5)
for N# 1, ] A | > .1 . The separation of the roots property allows us

to express these in the form

(3.3) Zi = J.
P2 ™2 n=0 1

where | ™ | <1, I T, l < 1 are the characteristic roots of
i+ 1 j .

(3.4) A= Q)T b] A i=1,2

Observing that T, satisfies the reflected difference equation of T, » one

concludes that - T, can be expressed as the reciprocal of the separated
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m root, i.e. the inadmissible ™ root that is outside the unit circle.

Thus, by product of the roots rule

1
B -
b+1
1T2 +

Substitution of (3.3) into (3.2a, b) using this last relationship yields

1 b T

(3.5) | )x:aro[ aE N 2].

The table below lists the results of our stability analysis of the
locally perturbed Lax-Wendroff scheme for several local redefinitions.
The instabilities of (4) are apparent by the geometrical arguments of
C.F;L., For case (1), (3.5) implies N =0. Cases (2) and (3)
are more interesting since the perturbation schemes are separately

fz

2 -
unstable, However, for (2) we find that |)\| = (1 +b2) : 1

and for (3) a short calculation using (3.5) and (3.4) gives ])\IZ =

1.22
(1 - Eb ) . Since |b| < 1 this guarantees stability. For the locally
perturbed scheme, we have been unable to find any general result comparable

to our above theorem on matching schemes.
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Perturbation Scheme (3.1)

Redefined Scheme (3. 2a, b)

0
(1) 0 stable stable
(2) 1 unstable unless b =0(Ax) stable
(3) 1-b2/2 always unstable | stable
(4) 1-b stable for 1 >b >0 stable
unstable for b <0 unstable
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