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CHAPTER I 

INTRODUCTION

In order to safely and economically design and operate 
nuclear power plants, the neutron density distribution in 
the reactor core, as well as many other parameters, must be 

known very accurately. The workhorses of the core design 
industry are computer codes based on neutron diffusion 

theory, an approximation to the essentially exact transport 
theory. The neutron transport equation has almost always 
been used to find the distribution of neutrons in physical 
configurations ill-suited for the diffusion approximation; 
those with highly heterogeneous regions, such as localized 
sources, strong absorbers, or voids— features which tend to 
nullify the basic premise of diffusion theory that scatter­
ing tends to force the neutron density to be isotropic. 
Transport codes have therefore been used almost to the 
exclusion of all other types for the study of reactor 

shields, control rods and various thermonuclear applica­
tions. With the increasing sophistication of reactor cores, 
however, the need for transport calculations in this 
application is on the upswing.

The most popular transport methods are the determinis­

tic discrete ordinates method and the probabilistic Monte



Carlo method. The discrete ordinates or method provides 

a simple, effective, but potentially expensive means of 
solution. Even in one dimension, the mesh spacing of the 
spatial discretization must be a fraction of the mean free 
path of the neutron to provide point-to-point coupling.
Finer angular discretization requires correspondingly 

smaller spatial mesh spacing. The ray effect that plagues 
the method in two-dimensional geometries necessitates 
either a very fine angular mesh or elegant ray effect 
mitigation tricks; both increase computational costs.

A basic feature of the Monte Carlo method is its 
ability to represent any geometry exactly. Unfortunately, 
many neutron histories must be traced in order to reduce the 
statistical deviation to an acceptable value. Monte Carlo 
is usually reserved for only the most stringent transport 
problems or to benchmark other methods, although recent 

advances in the application of high-speed vector processors 
to Monte Carlo has resulted in its more efficient use in 
certain applications.

The two methods described above provide accurate solu­
tions to the transport equation but at a severe penalty in 
computational effort. This effort can be reduced greatly if 
either (1) the mesh spacing in a deterministic calculation 
can be decreased resulting in a coarse mesh, or (2) the 
solutions for several small regions can be combined to 

provide a solution for the entire system. With larger



problems being analyzed the need for increased efficiency is 
all the more obvious.

The purpose of this work is to develop a transport 
theory method that uses both of these ideas for reducing 
computational costs. This method is based on the 
philosophies of the response matrix method and the for­

malisms of a finite element method. In the remainder of 
this chapter, both of these techniques are discussed 
together with some related concepts.

The response matrix method and the closely related 
interface current method are techniques used to solve the 
neutron transport or diffusion equation by dividing a large 
spatial domain into smaller regions, arriving at a solution 
on each region, and coupling these regional solutions in 
some manner to obtain a global description of the neutron 
flux distribution on the large volume. In general, the 
regional solutions found by the response matrix method are 

expressed as matrices which represent the probabilities of 
transmission and reflection of incoming neutrons after any 
number of collisions in the region. These collisions may 
result in absorption, scattering, or even fission. An ele­

ment of a matrix, R^j, gives the probability of a neutron 
entering the region with state 'j' causing a neutron of 

state 'i' to leave the region. A state may be any dis­

cretized characteristic of a neutron distribution, be it 
energy, angle, or position along the boundary. The trans­

mission and reflection matrices generated in the interface



current technique, on the other hand, are first-flight prob­

abilities for the region. As noted in a review of the 

methods by Leonard [Leo76], the interface current method can 
be reduced to the response matrix method under certain con­
ditions.

Early application of the response matrix method to the 

one-dimensional transport equation used matrices that were 
calculated analytically. Matrices for thick regions were 
generated using clever doubling and adding relations from 
matrices of thin regions. These, in turn, were found from 
simple exponential attenuation rules [Fil73] or by use of 
invariant imbedding [Pfe69]. Invariant imbedding theory 
[Win62], an alternative to the conventional Boltzmann equa­
tion, is a natural candidate for use with the response 
matrix method because it is derived by examining the exter­
nal behavior, or response, of a system to incoming neutrons 

as its size is varied. Response matrices of the transfer 
matrix method [Aro67] are found by analytical solution of 
the transport equation via an eigenvalue method.

Doubling and adding rules can also be used to calculate 
response matrices representing the solution of the diffusion 
equation. Thin slab probabilities can be found, for 

example, by iterative use of adding relations themselves 
[Shi63a] or by direct analytical solution of the diffusion 
approximation [Aok65],

Once response matrices have been calculated for each 

region, the global solution proceeds by iterating on the



interface currents or fluxes by applying the following 
matrix equations in succession:

<1-21

where R is a concatenation of all regional response matri­
ces, H is a coupling matrix, is the discretized outgo­
ing interface current due to a fixed source, and and

are, respectively, the discretized incoming and outgo­
ing interface currents or fluxes for iteration n. The 
eigenvalue or multiplication constant, k, of a multiplying 
medium is determined from the ratio of interface currents or 
fluxes from two consecutive iterations

H J I " ’ n
,(n> . (1.3,

where is a summation norm. Because the response matri­
ces of a multiplying medium themselves depend on the eigen­
value of the entire system, they must be recalculated as 
updated eigenvalues are found. For the analytical methods 

mentioned above, this is only a slight inconvenience. It is 
more difficult for the modern numerical methods we turn to 
next.



Modern response matrix methods of solution of the 

multidimensional neutron transport equation utilize various 

means of generating the response matrices themselves. These 
include the collision probability method, current matching, 
discrete ordinates, and Monte Carlo [SajSl,Pry73,Lew77]. 
Different approximations are introduced to discretize the 

spatial and angular dependence of the flux. Saji, 
et al. [SajSl] divide the interface into many small segments 
and assume a flat spatial distribution on each segment. In 
the interior of the region, a high-order expansion of the 
flux distribution in space is used. The angular dependence 
is approximated by a first-order Legendre expansion in each 

half-space (DP^). Pryor and Graves [Pry73l assume the same 
spatial dependence on the interface, but only a flat dis­
tribution in the region interior. A DPq angular expansion 
is used. The dependence of the response matrices on the 
multiplication constant is eliminated by expanding the 
response matrices themselves in a series in terms of 1/k 
where the coefficients can be thought of as the response 
matrix for succeeding generations of neutrons. Weiss 
[Wei77] has reported two other methods of handling this 

dependence: expressing the k-dependence of the response
matrix analytically; or, calculating response matrices for 
several values of the multiplication constant and then 
interpolating as k is recalculated.

The formulation of the interface current method elimi­

nates the dependence of the pre-calculated probability



matrices on the multiplication constant. The interface cur­
rent method is a simplification of the classical collision 
probability method. Instead of allowing interaction between 
all spatial regions, only neighboring regions are coupled 
through their interfaces. This reduces the dense coupling 

of variables that plagues the collision probability method 
but results in some loss of accuracy and theoretical rigor 
[Lew77]. As mentioned earlier, this method is characterized 

by transmission and escape probabilities of particles to or 
from the interfaces without suffering any collisions. This 
results in two two-matrix equations: the first gives the 
outgoing interface angular flux, in terms of the
uncollided contributions from the incoming interface flux, 
4^^, and in terms of the volumetric source, S, which 
includes scattering and fission

4out ' Bsis + #slv a (1.4)

the second equation gives the volumetric flux, , due to 
the uncollided contribution from the same quantities

where the superscript 'FF' denotes first-flight matrices. 

The global solution proceeds by means of an inner-outer 
iteration process. Interface fluxes are found in the inner 
iteration (labeled 'n')



= b " s  4 - % - ' '  "  G s lv  < 1 - S )

After convergence, the volumetric source and multiplication 
constant are found in an outer iteration step (labeled 'm')

4'"’ ' II.S)
s'"’ = -TÏPÎT E 4'"’ (1-9)

me
l̂ (m) , k<m-l)— - (1.10)

where g is a matrix giving the fission and scattering source 

as a function of the volumetric flux. The inner-outer itera­
tion procedure is repeated until the volumetric source and 
multiplication constant have converged.

The matrices for the method are almost always derived 
from the integral transport equation [Dud79], The interface 
current method, it follows, shares with integral transport 

methods the difficulty of treatment of anisotropic scatter­
ing: with greater orders of anisotropy more balance equa­
tions must be solved and a correspondingly larger number of 

probabilities must be pre-calculated. For example, in a 
general geometry, linear anisotropic scattering necessitates



the solution of four integral transport equations: one for

the scalar flux and three for the first moments. The many 

applications of the interface current method vary primarily 
in their means of discretizing angle and space on the inter­

faces and interiors of the regions in order to provide ade­
quate accuracy while keeping the computational effort to a 
minimum. If the order of approximation is too low, an 
effect known as refraction occurs [Leo76] where, in a non­
scattering medium, the highly anisotropic nature of the flux 
distribution may be reduced, resulting in reflection rather 
than transmission through a region. The approximations used 

include various combinations of spatial treatments: constant 
or linearly varying flux on the interface or in the inte­
rior. Jonsson, et al. [Jon75] approximate the spatial 
dependence by means of a Fourier expansion and the angular 
dependence by spherical harmonics, although only DPq has 
been used. Chen, et al. [Che71] allow the angular flux to 
be linearly anisotropic; Mueller and Wagner [Mue72] con­
sider only isotropic flux; and Sanchez [San77] uses a DP^ 
approximation. A method that successfully reduces the 
refraction effect has been developed by Anderson and Honeck 

[And73]. The angular flux is approximated by a P^ expansion 
about a direction that is determined on the basis of the 

neutron flow. A directed anisotropic flux distribution can 
be better approximated with this method if the expansion 
direction is chosen correctly.



A method simialr to the interface current method has 

been developed for diffusion theory by Lawrence and Doming 
[LawSOa]. In this method, a multidimensional problem is 
reduced to two coupled one-dimensional problems by integrat­
ing over the transverse directions. Green's functions are 

used to relate volumetric (nodal) and interface fluxes.
This method has also been applied to the transport equation 
by the same authors [Law80b]. The flux distribution in the 

interior is expanded in terms of one-dimensional Legendre 
polynomials, the flux is assumed flat on the interface, and 
the discrete ordinates method is used to approximate the 
angular dependence.

The method described in this work uses the phase-space 
finite element method as the method of solution of the neu­
tron transport equation on each region. Finite elements are 
therefore the device of discretization of space and angle. 
Several methods have been developed based on the second- 
order, even-parity form of the transport equation 
[Mil73a,Mil73b] which has some advantages over the conven­
tional first-order form. The second-order form is self- 

adjoint, permitting use of a variational approach and itera­
tive solution schemes. The even-parity flux that is found 
using this equation is always positive and only half of the 
angular domain need be analyzed. The treatment of aniso­

tropic scattering, however, is prohibitively awkward. The 
first-order form, in contrast, can be formulated only 
through the Galerkin method. Moreover, the structure of the
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resulting matrix precludes use of iterative solution 

methods. Anisotropic scattering can be treated simply, 

however, and, because the first-order form is the conven­
tional formulation of the transport equation, it is well 
understood and the angular flux has the usual interpreta­

tion. The present method uses the first-order f-orm 
exclusively.

The phase-space finite element method has been applied 
to both the one-dimensional and two-dimensional first-order 
transport equations [Mar77,Yeh78]. In one dimension, the 

method is competitive with the discrete ordinates method.
The two-dimensional implementation is much less efficient 
than the two-dimensional discrete ordinates method because 
direct solution of large matrices is necessary. In order to 
increase computational efficiency, a segmented solution 
method [Lor79,Mar81] has been devised. Like the response 
matrix method, the volume is divided into segments and a 
global solution is found by converging on the interface 

fluxes. In contrast to the response matrix method, the 
interior fluxes must be found at each iteration. Instead of 
individual escape and transmission matrices for each seg­

ment, the contribution of each segment to the large finite 
element matrix is calculated. No efficiency is gained for 
the one-dimensional case but significant improvements are 
found in two dimensions.

The second-order, even-parity finite element method has 
been cast in a form similar to the response matrix method



known as the constrained finite element method [Bri77]. In 

its one-dimensional implementation, the spatial domain is 
divided into regions and the even-parity angular flux is 
constrained to be independent of angle at region interfaces. 
This constraint is equivalent to a approximation (cosine 
current) because odd moments in angle vanish in the even- 
parity formulation. In fact, as the region size is 
decreased, the method mimics a method. The two- 
dimensional method [BriSO] is similar to the one-dimensional 
case. Again, at the interface, the angular dependence is 
restricted to be independent of angle and thus isotropic. 
Furthermore, the spatial dependence of this "scalar" flux is 
constrained so that the flux can vary linearly between 
coarse nodal points on the interface. The even-parity angu­
lar flux varies linearly between points on a fine spatial 
and angular grid in the interior of the region; on the 
interface of the region, the flux is described on a coarse 
spatial grid and coarse angular (only one value specifies 
the flux shape in angle) grid. A response matrix method was 
developed for the second-order finite element method by 
forcing the incoming and outgoing angular fluxes to be 
independent of angle, in contrast to the constrained finite 
element method where the flux over the entire angular domain 
is constrained to be independent of angle. This method was 
found to be inferior to the constrained finite element 

method because such a requirement can only be approximated 
by the second-order, even-parity transport equation which



- J

cannot reproduce odd moments of angular flux. The method 
was therefore abandoned after one-dimensional testing.

The finite element response matrix method (FERM) for 
the solution of the diffusion equation [Nak83] incorporates 

some of the features of the interface current scheme, the 
classical response matrix method, and the constrained finite 
element method. Like the interface current method, a system 
of two equations each with two matrices is used as part of 
inner-outer iteration procedure to obtain a global solution

iout - Bs.s iin * 5s^V §

S ' S Î 4v (1.131

where and are the outgoing and incoming partial
currents, respectively, is the volumetric scalar flux, 
and 'D' denotes diffusion theory. The matrices represent 
transmission and reflection after any number of scattering 

collisions and can be thought of as diffusion escape proba­
bilities, in contrast to the first-flight escape probabili­
ties of the interface current method. The matrices, then, 
can be considered response matrices in the classical sense 
with one exception: the fission source is treated
separately. A novel local-global mesh structure, an
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elaboration of that of the constrained finite element 
method, is used by FERM. The solution of the diffusion 

equation is first found by application of the finite element 
method on a fine mesh on the interior and boundaries of each 
region. This solution is then projected onto a coarse mesh 
and incorporated into the four response matrices. The 
global solution is expressed on the coarse mesh, making FERM 
a method suitable for large scale, coarse mesh calculations 
of reactor cores.

The diffusion theory FERM serves as the inspiration for 
the transport theory method of this work. In it a set of 
four response matrices are found that represent transport 
escape probabilities after any number of scattering events. 
Angular fluxes, rather than partial currents, are found by 
means of an inner-outer iteration procedure using the fol­
lowing equations:

“ §S<-S^in §S»V- (1.14)

^  ~  ̂ =v<-V— (1.15)

In the following chapter, the method is developed for a 
general multidimensional geometry. The method of projection 
from a fine mesh to a coarse mesh and the iteration solution 

procedure is discussed. The application of the method to 

one- and two-dimensional geometries are discussed in detail 
in the third chapter. In subsequent chapters, the one- and
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two-dimensional implementation and its testing are 

described, including a discussion of the method's accuracy 
and efficiency.



CHAPTER II

GENERAL MULTIDIMENSIONAL DERIVATION OF THE METHOD

In this chapter, the response matrix method is devel­
oped for a general multidimensional geometry. After intro­
ducing the first-order transport equation and response ker­
nel equations, general response matrix equations are devel­
oped following the steps outlined by Nakata [Nak83]. The 
weak form of the transport equation is then derived. By 
application of the Galerkin phase-space finite element tech­
nique, a matrix approximation to the weak form is found.
This derivation of the Galerkin method follows closely that 
of Ukai [Uka72] and Martin [Mar77]. The response matrices 
are found by projecting the solution of this matrix equation 
onto coarse meshes on the surface and interior of the region 
again using the method developed by Nakata for the diffusion 
approximation. Finally, iterative schemes for the global 
solution are described for two classes of problems: fixed
source problems and multiplying medium problems.

1 6
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The First-Order Neutron Transport Equation

The spatial domain iR, over which a spatial and angular 

distribution of neutrons is sought, is divided into L dis­
tinct regions such that

L
A = u A. 

/=1 ^

and

A^nAj^ = 0 if / # m

where A^ is the spatial domain of region / .

Consider the first-order neutron transport equation for 
a single region /

n-V0(r,Q) + I^(r)0(r,Q) =
(2.1)

subject to a specified incoming boundary condition

0 (r,n) = on r~ (2 .2 )
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where *(r,Q) - angular flux

I^(r) - total cross section

Zg(r,0 ''0 ) - differential scattering cross
section

Fy - incoming boundary

The volumetric source, S(r,n), may represent a fission 
source

1 v L ^ i r )
S(r,fi) = ---- ----  /dfi’0(r,n') (2.3)

k 4? 4ir

where Ij(r) - fission cross section

average number of neutrons 
released per fission

multiplication constant or 
eigenvalue

or an external, specified source of neutrons

S(r,0) = Sgx(r,0 ) (2.4)

or a combination of both (if the medium is sub-critical).
For convenience the following additional notation is 

introduced:
4ir = angular domain

V = phase-space: Ax4n

Vy = phase-space of region /: AyX4?
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3Ay = boundary of region /

riy = unit outward normal to 3Ay

Py = 3AyX4ïT

Py = outgoing boundary;
all (r,Q) € Py for ny'O>0

Py = incoming boundary;
all (r,Q) € Py for ny'O<0

The Response Kernel Equations

Because the transport equation is linear, an expression 
giving the outgoing angular flux, that is

4/+(r,Q) = *(r,0 )
for (r,0),Py (2.5)

can be written in terms of the specified quantities
S(r,0),

*/+(r,0 ) = ;ds'dg'|ny.01|R^(r',0 '^r,0 )*.n y(r',0 ')
P:

/dr'dÇ-R^(r', 0 ' * r , 0 ) S ( r ' )

for (r,0)fPy

(2.6)
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where

= response kernel for outgoing 
angular flux due to the trans­
port of the neutrons entering 
region A

R^( r' ,0 ’-*r,fi) = response kernel for outgoing
angular flux due to the trans­
port of the neutrons produced 
within Ay.

In the conventional response matrix formulation *y+(r,Q) is 
written,

*/+(r,0 ) = ;ds'd0'|ny.gi|R'(r',g'^r,0 )*. y(r',0')

/ (2.7)
ext+ (r,g) for (r,g)ePy

where

R (r',g'-»r,g) = response kernel for outgoing
angular flux due to an arbitrary 
incoming flux

^  » outgoing angular flux due to
0y^ fixed source within Ay.

The primary difference between the two kernels Rg and 
R^ is that the latter represents the total contribution of 
the incoming flux to the outgoing flux through streaming, 

redirection through scattering, and, perhaps most sig­

nificantly, generation of secondary neutrons by means of 

fission. The kernel Rg, on the other hand, allows transport
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from surface to surface by all these processes except fis­
sion (and downscatter, in the case of a multi-group formula- 
tion). In a multiplying medium, then, R is dependent on 

the multiplication constant, but Rg is not.

Because the fission source is included in S(r,g) and 

not in Rg an ancillary equation must be used to find the 
angular flux in the interior of Ay, which in turn gives the 
fission contribution to S(r,Q):

0(r,n) = /ds'dg'lny•QllMg(r',g’^ r , g ) 0 . ^ ^ y ( r ' , Q ' )

, (2.8) 
+ J"dr'dg%(r' ,0'^r,g)S(r' )

f o r  ( r , g ) e V y



22

The Response Matrix Equations

The equations presented in the previous section provide 
a means of solution of the transport equation. But, in 
order to solve them on a computer some method of discretiz­

ing these equations must be chosen. The choice here is to 
approximate the functions of interest— *y+(r,0), S(r,g),
0^^ y(r,g), and 0(r,g)— as series expansions in terms of 
polynomials. The particular polynomials chosen are finite 

element basis functions which span subsets of two spaces of 
functions— one that exists only on the region interfaces and 
problem boundary, and the other on the interior of all 

regions. The two sets of functions are called the global 
surface basis functions and the global volume basis func­
tions. The details of the construction of the finite ele­
ment basis functions are left until the discussion of the 

formulation of the method in specific geometries, i.e., one 
and two spatial dimensions, in Chapter III. As will be dis­
cussed, the elements are piecewise continuous polynomial 
functions defined on a mesh that discretizes both the con­
figuration space and the angular space.

The fluxes defined on the interface of region A are 

expanded in terms of the global surface basis functions.

«S
1=1 1 ' 1 ( 2 . 9 )
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* ♦s’’ 4 +  (2.10)

where 'T' indicates transpose.

4 +  = col(*/+T' 4/+1.......... 4/+U, )

and

♦ s , ( r , n ) ,  i . 1 ,  2 ................. M g

are the basis functions of the Mg-dimensional global surface
5

function space, «= , where

s L
= ( * g ( r , 0 )  I ( r , n ) e ^ u ^ r y ,  < * g , * g > +  + < * g , * g > _  < * }
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and

* global surface inner product

L
=  I 

/=1
= local surface inner product

s /dsdg|n . •g|4»( r,0)4»{r,Q)
4

CThe value h characterizes the spacing of the support points 
of the global surface basis functions.

Similarly, the quantities defined on the region inter­
iors are expressed in terms of the global volume basis func­

tions ;

M V
S(r,g) . Z *.(r,0) Sy

i-1 1 ^i (2.11)

*(r,0 ) » 4  (2.12)

In this case, the M-dimensional global volume function space 
ST is a subspace of H - , where

H = {*(r,0) I (r,n)cV, (*,*) + (|V»|,|V*|) < »}
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and

($,*) = global volume inner product 
L

s Z (*,*),
/ = 1 ^

= local volume inner product

= / Jdrd0$(r,0 )*(r,0 ) 
V,

wV
The space is spanned by

*(r,0), i = 1, 2, . . . , M

The reasons for the restriction on the surface and volume 
inner products will become clear in the ensuing manipula­
tion.

Substituting these approximations into Eq. (2.2),

Z *Tn / /ds'dO'In .gil < (  r’ ,0 *-r ,g)1* (r',0 ')
1=1 i"'<i r- ' s s. (2.13)

M
+ Z ;dr'dg'ld(r',g'-r,g)*.(r',0 ')

i=l ^i Vy ^

for (r,g)erj
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by and |n,-Ol, and integrating over tbe

outgoing surface, (r,g)ery, yields a discrete form for 
Eq. (2.2):

4 .  = Bs^s4n,/ * Bs ^v4  (2-14)

y âThe exact definitions of the response matrices Rg^g and Rg^y 
will be presented later in this chapter.

The supplementary equation giving the interior flux 
(Eq. (2.8)) can be discretized as well by substituting the 
appropriate series approximation, multiplying by *j(r,0), 
and integrating over the interior, (r,0)eVy:

By combining the four response matrices found for each 
region into four global matrices and introducing an inter­

face coupling operator (H) and a fission source operator 
(£), a system of equations is formed which gives the global 
distribution of neutrons:
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“ =S+-S^in =S4-V-

(2.16)
4in - B a!

a* .

= ĵ TET :

Because these equations are solved iteratively, the effi­
ciency of the solution method is strongly dependent on the 
dimension of the finite element function spaces. If the 

dimensions are reduced— which implies the mesh spacings are 
increased— the computational requirements decrease. Hence, 
the global mesh size determines the computational efficiency 
of the global iterative solution scheme.

Implicit in the preceeding derivation is the assumption 
that the kernels— Rg, R^, Mg, and M^— are known. They are, 
of course, not magically known but must be calculated by 

some means. The method selected for this work is the finite 
element method of solution of the weak form of the first- 
order neutron transport equation. The following two sec­

tions give the derivation of this weak form and its solution 
method. The details of the response matrix derivation are 
presented in the third section.
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The Weak Transport Equation

The weak form of the transport equation is found by 
multiplying Eq. (2.1) by an arbitrary test function 0y(r,O) 
and integrating over the phase-space Vy

/ Jdrdn_O*V0(r,g)0y(r,g) +

/ /drdgi (r)0(r,g) 0y(r,O) =
Vy  ̂ (2.17)

; ;drdg*y(r,Q) ;dg'Z(r,g'.g)*(r,0')
Vy 4,

+ / /drdgs(r,g)0y(r,g) 
V, ^

This test function is required to be a member of the set of 
test functions contained in the space fii,:Là

= ( * / ( r , g )  I (r,g)(Vy, (4^,4y)y + (|?0yl,l2V,|)^ <

or, stated simply, the test function and its gradient must 
be square integrable. The streaming term can be integrated 
by parts resulting in two surface terms and the transfer of 
the divergence operator from the angular flux to the test 
function:
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/ /cirdg_g*V0(r,g) 0y(r,O) =

- / /drdO 0(r,g)n*V0y (r,g)
(2.18)

+ /dsdg|ny-g|0(r,g)0y(r,g)

- /dsdglny*g|0(r,g)0y(r,g)
rT

The integral equation is written

-(0,Q-V0y)y + <0,0y>+y

- <0,0y>_y + (Z^0,0y)y = (2.19!

(*SCat*'*/)/ (S,0y)y

with the introduction of the following simplifying notation; 

^scat ~ scattering operator, defined

*scat*(Z,0) = ;dO'Zg(r,g'-g)*(r,g')

The specified incoming boundary condition, Eq. (2.2), 
replaces the angular flux in the incoming surface term and 
this term together with the other known term, the volumetric 
source, is moved to the right side:
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-{0,g*V0̂ y)y + <0,0y>+y

- «scat»'*/'/ - . (2.20)

< * i n , * (S,*,),

or, introducing the bilinear functional a.;

- (*,i,n-V*^j), + <*,i'*/]>+/ (2.21)

Hence,

ay(0,0y) = <*in,/'*/>-/  ̂ (S,0y)y (2.22)

Thus, the weak form of the Eq. (2.1) is

Find 0(r,O)e#g, such that for all 0y(r,O)egg

ay(0,0y) = (S,0y)y (2.23)

Ukai has shown Eqs. (2.23) and (2.1) to be equivalent. 
This equivalence depends on the critical assumption that all 
test functions in Hg are used in the solution procedure. 
Because these test functions number infinity, this solution 
method is beyond the abilities of even the most sophisti­
cated supercomputer. By application of the Galerkin finite 

element approximation to Eq. (2.23), however, only a finite



number of test functions must be tried. This approximation, 
while permitting a solution, negates the exact equivalence 

of Eqs. (2.23) and (2.1); the solution is only approximate.

The Galerkin Approximation

Recall that the response matrices that were described 
earlier and will result from the current manipulations were 
expressed in terms of global basis functions. The larger 
the mesh size of the global support points, the more effi­
cient the global iteration procedure. To solve the trans­
port equation on the local region requires close spacing of 
the local mesh, however. The Galerkin approximation is for­
mulated in terms of local basis functions on a relatively 
fine mesh. The resulting matrix solution is projected from 
the local mesh to the global mesh as described in the next 
section on the generation of the response matrices them­

selves .
y

An N-dimensional subspace, S r <= is chosen with

basis functions

0y^(_r,g), i = 1, 2, . . . , N

which are referred to as local basis functions, where the 
parameter describes the spacing of the mesh on region /. 
The finite element approximation to the weak form 

(Eq. (2.23)) is
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Find 0(r,g)€S , such that for all 0yj(r,g)cS^

' < * l n , (2.24)

The angular flux, the unknown quantity, can be expressed as 
an expansion in terms of the basis functions because is 
finite dimensioned and 0(r,g)€S^ ,

N T
0(r,g) =4 . (r,g)0y. = (2.25)

where

Ĵ y = col (0yi, 0y2» . . . , 0yĵ )

^y = col (0y^, */2' • • • »

and T denotes transpose. Substituting the expansion into 
left side of Eq. (2.24)

N
' < * i n , - <S,4Vj)/ (2-26)
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and introducing some more notation

= - + <*yi,4yj>+y

■  (Kscat^/i'^/j)/ " (%t*/i'*/])/

Ay = {Ay } (N X N matrix)
ji

(2.27)

È

S/. =

Sy = COKSy , Sy , . . . , Sy )

results in the matrix equation

M /  = ^ i n , A  *  ^A (2-28)

It is easy to demonstrate that Ay is nonsingular and hence 
invertible. Note that the matrix Ay includes no provision 
for a reflecting boundary condition. The boundary condi­

tions for the global problem, i.e., on 3A, are treated
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during the iterative global solution procedure described 
below.

Response Matrix Derivation

By inverting the finite element matrix for region A

an expression is found that relates the angular flux on the 
interior of region A, which is expressed in terms of the 
local basis functions, to the incoming angular flux vector 
and the volumetric source vector. The incoming angular flux 
vector is defined as the surface inner product of the incom­
ing flux with the local basis functions. Similarly, the 
volumetric source vector is defined as the volume inner 
product of the volumetric source and the local basis func- 
t ions.

The local basis functions used thus far in the deriva­
tion are defined on a fine phase-space mesh on the interior 
of the region ( V y ) .  The fine mesh is necessary to achieve a 
suitably accurate solution. However, as mentioned previ­
ously, a coarser mesh— the global mesh introduced earlier—  

is desired to improve the efficiency of the response matrix 
iteration procedure used to find the global solution, i.e., 
the neutron distribution over the entire phase-space, V .

Both of these objectives can be met by projecting the fine 
mesh, local solution onto the coarse global mesh.
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Recall from Eq. (2.11) that the volumetric source dis­

tribution, S(r,n), can be expanded in terms of the global 
volume basis functions, and substituted into the expression 
defining

or

1 ^

M V
- Z Sy (*. . ). (2.30)

i=l i 1 •<

' s i

= =/,V — / (2.31)

defining ^ to simplify the expression. The superscript 
'V indicates global volume expansion coefficients. The 
mass matrix T^ ^ can be thought of as a means of projecting 
the expansion approximation from one set of basis functions 
to another, in this case from the global volume space to the 
local volume space.

Since the specified incoming flux, 0 ^^ ^(r,0), is 

defined only on the incoming boundary, rj, it can be 

expanded as before in terms of the set of global incoming 
surface basis functions, :
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Substitution of the expansion into the definition for 0. .
j

♦in,/. = <»in,/'♦/]'-/

' (2.32)

results in a relationship between the local incoming flux 
vector and the global incoming flux vector:

- I/.S 4 n , /  (2.33)

The superscript 'S' indicates global surface expansion coef­
ficients. Substituting Eqs. (2.31) and (2.33) into 
Eq. (2.29) results in an expression

4/ = 4 n , /  * S/ (2-35)

relating the local volumetric flux vector to the global 
incoming flux and volumetric source vectors.

The response matrices are found by projecting the local 
volumetric flux vector onto the global mesh. The angular 
flux was approximated in Eq. (2.25) as
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0 i r , Çl ) 2«

Because the outgoing surface flux, *^+(r,0) is just the 
angular flux evaluated on r^.

*,+(Z,0) = *(r,Q) +
(r,0) € r *  (2.36)

its approximation is written;

*/+(r,Q) » i / %  (r,0) C r *  (2.37)

An alternate approximation is an expansion in the local sur­
face basis function,

where

s

h/S yg
spans the local surface function space, 5  ̂ = # , which is
defined only on the boundary of /;

= {*^g(r,0 )
(r,0)<ry, ^
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These two approximations can be reconciled using the 
weighted residual technique. The residual, g(r,R), is 

defined as the difference between the two approximations 
Eqs. (2.37) and (2.38);

g(r,n) - 4 !  (2.39)

If g(r,n) is forced to be orthogonal to the local surface
basis function space, , a relationship between the two

■fSflux vectors, 4^^ and 4^, is found;

= <i/s,g(r,Q)>+y
(2.40)

or

4^ (2.41)

which can be expressed as

I/S,/S “ I/S,/ ^/ (2.42)

/cSolving for 4^+,

^/+ “ I/S,/S I/S,/ ^/ (2.43)
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We now have an expression for the local outgoing flux in 

terms of the internal flux. The next step is to express the 
global outgoing flux in terms of the local internal flux. 
Recall the expansion of the outgoing flux in the global sur­
face basis functions (Eq. (2.10)):

*/+(r,0) . ÿ J  4/+ (2.44

The residual

9(r,0) . 4Ï+ - 42!

is forced to be orthogonal to the space of global surface 
basis functions:

4 .  - 4 !  (2.45)

Iss ' Is,/s (2.46)

4 .  = lis Is,/s 4 !  (2-47)

By combining Eqs. (2.47) and (2.43) the global surface 
boundary flux can be expressed in terms of the local volume 
flux.

^/+ Iss Is,/s I/S,/S I/s,/ ^/ (2.48)
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or, defining Rg^,

4 .  = Bs/ i/ <2.49)

Combining Eq. (2.49) with Eq. (2.35)

4 .  - Bs/ 'b4I/,S 4n,/ " Bj'l/.V 4 '  (2.51)

results in the response matrix equation given previously 
(Eq. (2.14)) that gives the outgoing flux for region /:

4 .  = Bs.s4n,/ * Bi.v4 (2.52)

It should be noted that the response matrices implicitly 
include the effect of local variations within the region 

that can be resolved by the fine local mesh. This informa­
tion has been orthogonally projected onto the global mesh.

The response matrix equation that determines the global 
volumetric flux (Eq. (2.15)) is found by projecting the vol­
umetric flux from the local mesh onto the global mesh. This 
is accomplished by requiring the residual of two approxima­
tions of the volumetric flux, Eq. (2.25) and

0 (r,n) 4J (2.53)
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respectively, to be orthogonal to the global basis func­
tions. Here the residual is defined

g(r,Q) = 4% - ±4 (2.54

The requirement of orthogonality implies

I w  4/ = Iv,/ 4/ (2.56)

Iv , /  4 ; (2.57)

4^ = 4/ (2.58)

Again, substituting Eq. (2.35) into the above expression

4  " Bv/ <è4l/,S 4 n , /  * b4 I / , v  §''> <2-591

results in the ancillary response matrix equation;

4  * " M^.v4  <2.60)

The response matrix equations derived above 
(Eqs. (2.52) and (2.60)) provide a means of finding, for a 

single region /, the outgoing surface flux and the volumet-
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rie flux, both described on a coarse global mesh, from the 

coarse-mesh flux entering the region and the coarse-mesh 

source within the region. The response matrices, as well as 
the flux and source vectors, for a particular region have 
non-zero elements only in those locations corresponding to 
mesh points contained in the region or on its boundary. By 
combining the response matrices calculated for the remaining 

L-1 regions, a global system of response matrix equations 
can be found. If some regions are not unique, the matrices 
for these regions need be calculated only once and then used 

repeatedly for all identical regions. Global flux and 
source vectors are defined as the sum of all region vectors:

4! = Z 4^+ /=1 ^

4 n - J , 4 n , /  <2 -“ >

s'' = I sY 
/.I"'
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Global matrices are block diagonal matrices found by summing 
individual region matrices:

Bs-s '

Ss<-V " ^ 5s»V (2.62)< —i.

Bv-S '

Bv.v =

The global matrix equations are written

4  ' Bs.s4n " Bs .v4  (2.63)

4  = tfv.s4n »V-v4 <2-64)

The individual matrices that make up the global matrix 

=S«-S represent the transfer of neutrons from the incoming 
surface to the outgoing surface of each region. These neu­
trons may undergo absorption or scattering during the trans­

fer but may not experience a fission event (or a downscatter 
for multi-group problems). The fission process is treated 

explicitly, removed from the response matrices, as will be 

seen below. The response matrices, therefore, are independ-
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ent of the multiplication constant— a significant result.
The other response matrices, y^^g, and represent

the volume-to-surface, surface-to-volume, and volume-to- 
volume transfer of neutrons, respectively.

The response matrices would be subject to a different 
interpretation if, in Eq. (2.20), the inner product contain­
ing the scattering operator, K , were considered a known 
quantity, moved to the right side of the equation, and com­
bined with the source term. In that case, the scattering 
source and fission source would be treated similarly; the 

response matrices would represent the transfer of uncollided 
neutrons from surface-to-surface, volume-to-surface, etc.

Iterative Solution Scheme

The global response matrix equations can be formulated 
into an iteration solution scheme by considering the con­

tinuity of angular flux across the interfaces separating 
neighboring regions. A neighbor of region m is a region 
that shares a boundary or part of a boundary with region m.
To be more specific, part of the neighbor's outgoing bound­
ary and part of the incoming boundary of region m must 

intersect. The set of neighbors of region m is defined

(n}m = {nu; i=l, 2, ..., L | n^fm,
n r " #  0} n^ m



If one defines the following angular fluxes,

for (r,n)fr'

and

0_ . ( r , n )  = 0 ( r , n )  n • + — — — —

continuity of angular flux requires

for (r,n)er^ 
—  —  n .1

"in-- for (r,n)rrm

The angular flux can be expanded in terms of the global 
surface basis function (Eq. (2.44)) to obtain

îs’’ 4 n , m  = îs’' (2.66

A relationship between the incoming and outgoing flux vec­

tors is provided once more by the weighted residual tech­
nique. Here, require the residual

g(r,n) = î j  - ♦s’’ (2.67)

to be orthogonal to the global basis functions:
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4 n.m ' <2-65)

Iss ^in,m " Iss (2.70)

4in,m ' Iss" Iss 4(n,m+ <3.71)

4 n , m  = e 4 n ) „ .  “ = ^ ( " V

The coupling matrix is thus the identity matrix because the 
support points for the incoming flux vector and the neigh­
bor’s exiting flux vector are identical. The fact that H is 
actually the identity matrix leads one to the erroneous con­
clusion that the interface continuity condition is an essen­

tial, not natural, condition. This is not the case, 
however, because the weak form of the transport equation was 
solved with a natural, not essential, boundary condition.
The incoming angular flux distribution is, in fact, this 
boundary condition. Furthermore, the incoming flux vector 
for a particular region has components of value zero at 
locations corresponding to the outgoing boundary support 
points. In practice, however, in order to avoid storage of 

meaningless zeros, the incoming flux vector is shortened to 
just the components representing the incoming boundary sup­
port points. The outgoing flux vector is shortened 

likewise. The coupling matrix, then, is simply a renumber-



47

inq matrix that assigns the elements of the outgoing flux 
vector to the proper location in the incoming flux vector;

Mg M
H = {H..} (—  X —  matrix)= 1] 9 ?

H.
1 if (r,n)f = (r,0 )!*   1 ]

0 if (r,Q)?“ (r,0 )j"

(2.73)

where (r,Û)?~ is the mesh point associated with 4»_ on the— — 1  ̂ Û ̂
s+incoming boundary and (r,0 )j is that on the outgoing bound­

ary. This shortening of surface vectors reduces the storage 

required for the response matrices Rg^g, is-'-V' , as
well.

Consider now the angular flux impinging all L regions:

for (r,n) £ u r 
/=1

A relationship relating all the incoming interface fluxes to 
all the outgoing interface fluxes is written

(2.74)

The H matrix can also provide for reflecting or peri­

odic boundary conditions. In order to differentiate between 
the H matrix described above that accounts only for con-
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tinuity across interfaces and one that includes boundary 

conditions, the former is renamed B^ont" latter, then,
is the sum of and a boundary condition matrix,
described below:

H = Bcont " Hbc

The description of in the event of periodic boundary
conditions will be deferred until the discussion of imple­
mentation to specific geometries in Chapter III as it is 
difficult to specify periodicity in a general geometry. At 
present, consider a reflecting boundary condition.

and

Bbc * Brefl

where, recall.

(R = spatial domain of global region
= boundary of global region 

n = unit outward normal to
r = 9Ax4n
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= outgoing boundary;
r all (r,fi) € r for n*n>0

= incoming boundary:
r all (r,n) € r for n*n<0

é. = flux entering

4! = flux exiting 9<R

and is determined from 0. The angle of incoming neu­
tron travel can be broken into two components

where and o" are the components parallel and perpen­
dicular to n, respectively:

(85.4)
0 = (n«0 ) n

The outgoing angle is simply

Gout ' -û" " (85.5)

The matrix assigns elements of the outgoing flux vec­
tor that correspond to flux leaking from 3A, i.e., 
i r , ü )  e , to the proper locations in the incoming flux 
vector corresponding to reflected flux entering 3<R (T~).
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Another boundary condition, that of specified incoming 
flux, can be accounted for by adding to Eq. (2.74) an inter­
face flux vector, 4^-,

= H 4! + 4p- (2.75)

that has zero valued elements at all locations corresponding 
to interior interface fluxes and, at locations corresponding 
to the incoming boundary, the specified values of the flux. 
The remaining boundary condition— vacuum— is automatically 
provided for by Eq. (85), that is 4p- identically zero.

As mentioned earlier in this chapter, the source term 
may be due to either an external source or a fission 

source— or, if the alternative scattering treatment is used, 
a scattering source— or any combination. Consider the case 
for which the source is solely an external source. The 
iteration scheme depicted in Fig. 2-1 is constructed by com­
bining the response matrix equations, Eqs. (2.63) and 
(2.64), and the coupling equation, Eq. (2.75). The external 

source (S^^), an initial guess for the incoming flux dis­

tribution (4guggg), and appropriate boundary conditions (Hg^ 
and 4p-) must be specified. The maximum norm.

11411̂  = max|0^
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is used as the convergence test, with c as the convergence 
criterion.

If the medium contains multiplying material, the 
term of Eqs. (2.63) and (2.64) must include the fission 
source necessitating an additional iteration loop because 

the fission source is dependent on the volumetric flux dis­
tribution. Consider the case of no external source; the 
source is entirely due to fission. Recalling Eq. (2.3):

1 pZf(r)
S(r,0) = ----:----  ;dO'0(r,O' )

Ic 4? 4?

Inverting y in Eq. (2.31) results in a equation defining 
the global volumetric source:

4  = §/ (2.76)

Substitute the definition for sj and Eq. (2.3) into (2.76):

4  = I/.v"'
1 t'Zf(r)

=  1 /  V  (------- ------  ; d O ' 0 ( r , O ' ) , 4  ( r , 0 ) ) .
' k 4îr 4ir

The angular flux has been approximated in Eq. (2.53) as
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START

8 (0 )
in guess

—ex

n = n+1 <-

S n-1)

no

Fig. 2-1. Iterative solution scheme with external source
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Consider the i^^ component of sj;

yZf(r) , M
(— ---  /dO'* (r,0') Z 4Vm,fy.(r,Q)).

47t 4ir ^  m = l  ^

Moving the integral over dfi' within the summation over m and 
def ining

% ( r )  = f d O ' *  (r,0') (2,79)
^  4rr ^

and

Fjm = 47T

results in

i k j.l =''V m=l

or

or, introducing ,

(2.80)

V  ̂ -1 / V
S/ = - I/,v 4/ (2.82)

V  ̂ / V
s, = -  f  4/ (2.83)

k
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The global fission matrix, like all global matrices, is 
defined by summing individual region matrices:

f = Z f (2.84)
/ = 1"

The incorporation of the additional, outer iteration 
loop to the iteration scheme of Fig. 2-1 is depicted in 
Fig. 2-2. The norm fSf represents a weighted summation of 
components of S, for example, that results in an integration 
over phase-space of the finite element function approxima­
tion. The fission source iteration scheme requires guesses
for the multiplication constant (k_ ), the incomingguess =
interface flux distribution (4g^gss^' and the fission source 
(Sguess^* Convergence criteria for the same three quan­
tities (e^y and respectively) are used to ter­
minate the iteration loops.

Special Case: Identical Local and Global Mesh

Certain simplifying identifications can be made for 
many of the intermediate matrices used in the derivation 
(and, later, calculation) of the response matrices if the 
local and global mesh are identical. In that case, no dis­
tinction between local and global basis functions need be 

made and the local-global projection per se is not per­
formed. By identical, we mean

s*'' = «
/=1
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(0 )START guess
5(0)
in ■guess

-guess

I

m+1

Inner Iteration Loop (see next page)

V(m) S(n) V(m-1)

y(m)^
V(m-l),

(m-1) ^(m)

V(m)

II
v(m) V(m-l)

V(m) outOD

no
(m) (m-1 )

TinT

yes

END

Fig. 2-2. Iterative solution scheme with fission source,
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no

yes

n+1

S(0)
in

S(n)
in

S(n)
in

S(n)

S(n) _ S(n-l) y(m-l)

S(n)
in

sTn7
in

S (n-1) 
in

in

Fig. 2-2.(cont'd) Iterative solution 
scheme with fission source. 

(Inner Iteration Loop)
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The response matrices of Eq. (2.60) result from the two 

matrix multiplications in Eq. (2.35) without any further 
manipulation:

w4.s ' '2.85)

~ =/ =/,V (2.86)

The response matrices of Eq. (2.52) can be found simply 
from Eq. (2.35) as well if, in addition to the requirement 
that the local and global mesh be identical, the global mesh 
is constructed such that the surface and volumetric mesh are 
identical on the boundary and the basis functions are 
Lagrangian polynomials. The outgoing surface and volumetric 
mesh are said to be identical if

L
Jl;g(r,n) = Hg+ V  *(r,g) for (r,g) € u

-f = 1

where ^ is a renumbering matrix:

Mg+
=S+ V ~ fHuj] (--- X M matrix)

"ii =

1 if (r,0)Y = (r,g)^'" (2.87)

0 if (r,0)Y 5* (r,n)?''
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and (r,n)Y is the mesh point associated with (r,0 ) and : ] —s+(r,Q) . is that associated with (r,0) on the outgoing: Sj
boundary. Defining the outgoing surface flux vector

and the surface-to-surface and volume-to-surface response 
matrices

=S+S “ Ss+,v Z/,S (2.89)

Ss+V ~ Bs+,V è/ =/,V (2.90)

results in the first response matrix equation (Eq. (2.52)).

Table 2-1 provides a summary of the definitions of all 
the matrices needed to generate the four final response 
matrices, the interface coupling matrix, and the fission 
source matrix. Also presented in the table are comments for 
each matrix for the special case where the local and global 
mesh are identical.
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Table 2-1. Summary of Response Matrix Definitions

matrix
or

vector
def inition

if local 
and global 
are identical

no effect

^un,/

• I / ,S  4 n , /

no effect

2/,s

(S '4 / l ,  • I / , v  2 ^

no effect 

no effect

l / , v (4 , ,*7), no effect

l / s , /s  I / s , /  2/ §S+,V ^ / '

^^/S'^/S ^+/ no effect

2 /s , / no effect

^/+ Ss/ ^/

=8/ 2ss 2s,/s 2/s,/s 2 /s , / Ss+,v'
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Table 2-l.(cont’d) Summary of Response Matrix Definitions

matrix
or

vector
def inition

if local 
and global 
are identical

Sss unnecessary

=8,-̂ 8 ^-8'^/8 unnecessary

= 8»8 =8/ =/ =/,S 8s+,V =/ =/,8

=8^V =8/ =/ 2/,v Ss+,v =/ =/,V

Wv/ T~1 -p= W  =V,/ unnecessary

= W unnecessary

T=V,/ unnecessary

Wv/ s =/ =/,8

Wv/ =/ I / , v =/ I / , v

S =/ i/,V

.
a’^t
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Table 2-l.(cont'd) Summary of Response Matrix Definitions

matrix
or

vector
def inition

if local 
and global 
are identical

1 (r)

pZf(r)
(--2---  4,,*(r)).

4ir

J d Q ' * ( r , a ' ) 
i i r

a "^T

A-1?

notes :
 ̂ g matrices are simple renumbering matrices 
* fission source



CHAPTER III 

APPLICATION TO SPECIFIC GEOMETRIES

In this chapter the details of the application of the 

method to one- and two-dimensional geometries are discussed. 
Specific topics covered include the form of the transport 
equation, the configuration of the multi-regional spatial 
domain, the specification of the angular domain, and the 
definition of terms of the matrix equations. First, the 
one-dimensional application is presented, then the two- 
dimensional case.

Application of the Method in One Dimension

The one-dimensional slab geometry, to which the method 

is applied in this section, is constructed so that the spa­
tial variation of all physical quantities is specified in 
terms of one variable, x. The physical space extends from 
-00 to +=» in the other two dimensions, y and z. Because 

there is no variation in these directions, only a single 
angle is needed to specify the direction of neutron travel. 

This angle, 9, is defined as the angle of neutron travel 
measured from the x-axis, as shown in Fig. 3-1.

62
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VACUUM SLAB VACUUM

C O S #

0 X

Fig. 3-1. Physical domain of one-
dimensional slab geometry.
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The one-dimensional, first-order neutron transport 
equation is written

n—  + Z.(x)0(x,m) =
3x  ̂ (3.1)

1
/dtiZ (x, I m'-w I ) 0(X, ) + S(x,u)-1 s

where u = cos#. The two phase-space dimensions necessary to 
specify the angular flux distribution in one dimension are x 
and M.

The spatial domain, fi, which extends from x=0 to x=X is 
divided into L distinct, contiguous regions.

/ = 1, 2, . . . , L

such that X is in if

The interval ûx^ is defined

= x^+ - X/_ (3.2)

Furthermore, the regions are numbered from left to right, as 
shown in Fig. 3-2, such that
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==1- = 0

*3- ■ *2. ‘ =‘2- * ‘^^2

*L- ' X(L-1)+ ' =‘(L-D- " A^L-l

*L+ ' X ' *L- *

Here, we will consider isotropic scattering.

( 3 . 3 )

I_(x)

but the extension to general anisotropic scattering is 
straight-forward as demonstrated by Martin [Mar77], The 
transport equation for region /

30 , 1
u—  + Z (x)0(x,y) = -X /dit'Z (x)0(x,u* ) + S(x,m) (3.4) 
3x  ̂ ^ -1 s

subject to a specified incoming boundary condition

0( x ,m ) “
X  =  X y _ ,  * > 0 ,

. X = Xj+, U < 0
( 3 . 5 )

serves as the starting point for the response matrix 
development. The boundary condition applies to the analyti­
cal domain for region / shown in Fig. 3-3. As before, the
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'1- ' 2 - '3- 
2̂ + 3 + L+

Fig. 3-2. Division of one­
dimensional spatial domain.
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source, S(x,u), may represent any combination of external or 

fission source. The latter, in one dimension, is written

1 yZf(x) 1
S(x ,m ) = — ------ /dit'0(x,y') (3.6)

k 2 -1

The derivation of the finite element matrix representa­
tion of the transport equation proceeds analogously to the 
general derivation in the Chapter II. The weak form is 
written

-(0,U--- ) j  + <0,0y> y
dx  ̂  ̂ ^

Z=(x) 1
- (----- /dw'0(x,w'),0.(x,#)), (3.7)2 - 1  ^ ^

+ (Zt*,0,), . + (S,d^)y

where the local volume and surface inner products are 
def ined

1
(0,0), = / dx JdM0(x,M)0(x,u)

Ax^ -1

1
= /d%#0(x^+,*)0(x^+,w)

0
- /ditM0(x^_ , m )0(x ^_ , ii) -1

1
-0,0>_, = JduM0(x. ,m)0(x. , u )

0
0

- /dilM0(x^^,il)0(x^^,u) 
-1
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f M

+ 1
incoming
boundary

-1

incoming
boundary

V -

Fig. 3-3. Analytical domain for one-dimensional region /
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Approximating the angular flux by an N-term expansion

N T
0(x,w) = Z 0Y^(x,w)0y; = (3.8)

i=l ^

where N is the dimension of the basis function space
leads to the matrix equation.

= 4in,/ " (3.9)

which is made up of the terms defined in Eq. (2.26) and 
Eqs. (2.27) and repeated below with some minor modification.

V .  =

- (*scat*/i'*/])/ + (^t^/i'*/])/

A^ = {A^ } (N X N matrix)
j i

♦in,/. ' <»in,/'♦/]>-/

«in,/ * =°l'*in,/i' «in,/j.......... ♦in,/^'



70

= (S,0yj)y

S f — C O 1(S. f S. , • « « f Sy ) 
^ ^2 N

where the scattering operator, defined

1 1
*scat*(*'*^ = 2 Z^(x )0(x ,m ') (3.10)

-1

The response matrices are generated using the definitions of 
Table 2-1 with the one-dimensional interpretation of surface 
and volume inner products and making the proper substitu-

a
tions for the V dot product (m— ), the position vector r

3x
(x), and the direction vector Q (%).

Application of the Method in Two Dimensions

The application to a two-dimensional Cartesian geometry 
is significantly more complicated than the application in 
one dimension. In one dimension, two phase-space dimensions 
are considered: configuration space, x, and angle, y. In
two dimensions, four phase-space dimensions must be 
accounted for: two in configuration space, x and y , and two
in the angular domain, y and $. This complexity is 

reflected in the two-dimensional neutron transport equation 

with isotropic scattering:
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90 ___2- 30
y—  + j/l-y cos*—  + Z. (x,y)0(x,y;y,*) =
9x 9y ^

(3.11)
Z (x,y) 2x 1
-------  Jd*' /dy'0(x,y;y',*') + S(x,y;y,*)

47t 0 -1

where

d = polar angle of neutron travel 
with respect to x-axis

* = azimuthal angle of neutron
travel with respect to y-axis

y = cos#

Central to the concept of a two-dimensional geometry is 
the invariance in any physical parameter in the third dimen­
sion, in this case the z-direction. Because a neutron can­
not distinguish between up and down (+z and -z), there is 
symmetry in *; only half the *-domain, i.e., 0 to it, need 

be considered.
The spatial domain, A, is a rectangular region (Fig. 3-

4)

= {x,y 1 0 3 X 3 X, 0 3 y 3 Y} 

divided into L sub-regions, as shown in Fig. 3-5,



/ 1.

with sub-regions in the x-direction and in the y- 
direction so that each region can be uniquely specified 
by the pair pq:

" * p q  " I*p- 3 3 * p + '  ? q -  < y 3 y q + ) :

P = 1, 2, . . . , L^;

q = 1, 2, . . . , Ly

In two dimensions, the angular domain, 4x, is defined 

4ff = {y,* I -1 y < +1, 0 < * < x}

The orientation of y and * is shown in Fig. 3-6.
The specification of the outgoing and incoming boundary 

domains requires some care. For convenience, the convention 
of numbering the sides of the rectangular region shown in 
Fig. 3-7 will be used throughout this work. The angular 
domains distinguishing incoming neutrons from outgoing neu­
trons are summarized in Table 3-1 for each of the four sides 
together with the spatial specifications of all sides. The 
arrangement depicted in Fig. 3-8 provides a graphical 
illustration of the incoming angular domains.

Formally, we can write the boundary of region / as the 
union of all four sides.
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Fig. 3-4. Two-dimensional
spatial domain.
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/ = 2Ly • • •

. • • .
• • • •
• • • •

q=*2 /»2 /-Ly*2 • • • /=(Lx-l)L +2

q=l /=1 /-Ly+1 • • • /=(Lx-l)Ly+l

p=l p=2 P=L^

Fig. 3-5. Division of two-dimensional spatial domain,
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e>

0
Xo X

Fig. 3-6. Two-dimensional angular coordinate system.



76

side

side 1 s ide

y,q -
side 4

P- P+

Fig. 3-7. Side numbering conven­
tion in two dimensions.
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Table 3-1. Boundary Domains in Two Dimensions

side (m)

1

2

3

angular domain

incoming )

0 < y S +1
0 S < 7T

-1 S y < +1
7t/2 < * S IT

-1 S y < 0
0 ^ 4> 5 ÎT

-1 S y S +1
0 S 4> < 7t/2

outgoing (©"'’*’)

-1 S y < 0 
0 < $ 3 7T

-1 S y < +1 
0 S $ < r/2
0 < y S +1
0 S 4> S rr

-1 S y S +1
t s / 2  < * S IT

spatial domain (fî )

Xp-'*p+

p+

^p-'*p+

^q-'̂ q+

q+

^q— '̂ q+
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$  T / 2

0

■ ■■■
■ ■■■
■ ■■■
■ ■■■
■ ■■■

- 1 c +1

$ t /2

0

+ 1
T

■ ■■■
■ ■■■
■ ■■■
■ ■■■
■ ■■■

0
•1 0 +1

-1 +1

Fig. 3-8. Incoming boundary angular and 
spatial two-dimensional domain.
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where d(R̂ , 9(R̂ , 9(R̂ , and 9<R̂  are defined in Table 3-1. The 
phase space boundary, is defined as the tensor product
of the whole angular domain and the physical boundary:

Py = 9(R̂  X 4 7T

The outgoing/incoming boundaries are defined as the union of 
the respective boundaries of the four sides

P *  = p j "  u p j "  u p j -  u p 4 -

that are defined as the tensor product of the spatial and 
angular components:

The two-dimensional response matrices are found by 
first applying the finite element method to the neutron 
transport equation,

90 90
u—  + —  + Z. (x,y)0(x,y;y,$) *
9x 9y

(3.12)
Z_(x,y) T 1
-------- 2/d$' /dy'0(x,y;y',*') + S(x,y;y,$)

4t 0 -1

where

Tj = /1-y cos*
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subject to the specified boundary conditions on the incoming 

flux;

0(x,y;y,*) = ^(x,y;y,*) on (3.13)

If the source is solely due to fission, it is written

1 yZf(x,y) T 1
S(x,y;y,*) = - --------- 2jd*’ Jdy'0(x,y; y',*') (3.14)

k 47T 0 - 1

The weak form is

90y 30y
-(0,y ) j  - (0,q )y + <0,0y>.y

9x ' 9y f
Z ( x , y ) f f  1 (3.15)

- (-------  2/d*' /dy'0(x,y;y',*'),0y(x,y;y,*))y
47t 0 -1

+ (%t0,4y)y = < * i n , + (S,4/)/

where the inner products are defined

It 1
(0,0) . = / dx J dy 2/d* /dy0(x,y;y,*)0(x,y;y,*)
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<0/0>+y =
If 1

/ dy 2jd*/dyy0(x=x ,y;y,*)0(x=x ,y;y,*)
Ay 0 0 P P

T 0
- / dy 2/d* /dyy0(x=x ,y;y,*)0(x=x ,y;y,*)

Ay_ 0 -1 P‘ P"
^ 1 ff/2

+ / dx /dy 2 / d*T?0(x,y=y ;y,*)0(x,y=y ;y,*)
Ax_ - 1 0  ^ S

P 1 ir
- / dx /dy 2 / d*7?0(x,y=y__;y,*)0(x,y=y ;y,*)

AXp -1 jt/2 ^ 9

<0,0>_y =
ir 0

- / dy 2/d* /dyy0(x=x ,y;y,*)0(x=x ,y;y,*)
Ay 0 - 1  P P

^ ir 1
+ / dy 2/d*/dyy0(x=x ,y;y,*)0(x=x ,y;y,*)

Ay 0 0 P“ P~
^ 1  T

- / dx /dy 2 / d*7?0(x,y=y ;y,*)0(x,y=y ;y,*)
Ax_ -1 t/2 9+

P 1 t/2
+ / dx /dy 2 / d*i70(x,y=y__;y,*)0(x,y=y ;y,*)

Ax„ - 1 0  9P

The angular flux is approximated by an expansion in 

terms of the basis functions of the N-dimensional function
space

N T
0(x,y;y,*) a. Z 0y^(x,y;y,*)0y^ = (3.16)

i = l

Substituting this expression into the weak form, Eq. (3.15), 
results in the finite element matrix equation.

M /  = * §/ <3.17)



where Ay is made of elements Ay defined

'•'ji '

9 0 y -  9 0 y -

" + <4Vi'^/j>+/ (3.18)

where the scattering operator in two dimensions is written

Z_(x,y) ff 1
K ^-.0(x,yjM,*) = -2------  2/d*' /dy'0(x,y;y',*') (3.19:
scat 4T 0 -1

Response matrices for each rectangular region are cal­
culated using the prescriptions given in Table 2-1. Again,

3 3
substitutions must be made for the n*V (y—  + *— ), r (x,y)

3x 3y
and Q (y, *). Special attention must be paid the surface 
basis functions. Consider the volume and surface mesh 
depicted in in Fig. 3-9 where each represents the spa­
tial location of a support point for volume or surface basis 
functions. The outgoing surface basis functions, for 
example, are defined on the outgoing boundary, Fy. Recall:

Fy = all (r,n) e Fy for n y * n > 0

riy = unit outward normal to 3<Ry
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# e

 #'

■ #

(a) volume (b) surface

Fig. 3-9. Volume and surface support 
points in two dimensions.
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The difficulty arises at the corners of the regions where 
the meaning of n^ is ambiguous. The surface basis func­

tions, therefore, are defined at the corners spatial support 
points as the limit as the corner is approached along the 
side in question.



CHAPTER IV 

COMPUTER IMPLEMENTATION

The general features of the method as applied to a 
general multidimensional geometry as well as to specific 
one- and two-dimensional geometries were discussed in the 
previous two chapters. In this chapter, some specifics 
necessary to implement the method on a computer are 
addressed, such as the specification of the finite element 
basis functions, how the integrals of the finite element 
matrix are calculated, generation of the four response 
matrices, and various types of iterative solution methods. 
This information is presented first as applied to one dimen­
sion, then in two. In Chapter V, the effectiveness of the 
method and the associated computer codes will be discussed.

Computer Implementation in One Dimension

Finite Element Basis Function Construction

As mentioned earlier, the basis functions used in this 
work are Lagrangian polynomials. Multi-dimensional polyno­

mials are constructed by a simple tensor product of basis 
functions of lower dimension. Consider, for example, the 

one-dimensional basis function, ^y(z), with associated sup­

85



8 6

port point Zj . Because is a Lagrangian polynomial it has 

value 1 at Zj and 0 at all other support points, or

(4.1)

Linear basis functions vary to the first order with z and 
are written

(z) dy(z), Zj S z S z 
0, z < Zj_i, Zj+i < z

j+1'
(4.2)

where

z - z
^y(z) = 2 z l

- =i-l
(4.3)

and

*;(z) . fill
- z

(4.4)

Substitution of z^ into Eg. (4.2) verifies Eg. (4.1). A 
linear basis function is presented in Fig. 4-1.

Quadratic Lagrangian polynomials vary guadratically 
with the determining variable, z. They are defined
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.0

z .

Fig. 4-1. One-dimensional
linear basis function.
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^j(z) = '/'j (z) , 3 z 3 z^+2 '

0 ,
j+2

: < :j-2' :j+2 < =

(4.5)

for odd j's, and

^j(z) = 0

0 ,

^y(z), Zj_ 2  5 z S Zj^^,
(4.6)

for even j's, where

^y(z) =

^y(z)

V/:

z = 1-2 = =1-1

"j -
Zj_2 Zj - =j-l

= 1+2 - = =1+1 - z

=j + 2 -  :j+l ■ :j

=1+1 - z z - =1-1
=i+i - Zj Zj - "j-1

(4.7)

and the support points are numbered such that the edges of 
the z-domain coincide with odd numbered support points. For 

convenience, the even numbered support points are known as 
principal support points; odd numbered are interior points; 

and interior support points are usually placed at the mid­
point between adjoining principal support points. Examples 
of quadratic basis functions are shown in Fig. 4-2.



1.0 ..

Zj

p=principal, i=interior

Fig. 4-2. One-dimensional quadratic basis functions,
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The function f(z) can be approximated by an expansion, 
fexp(z), in Lagrangian polynomials.

where a particular expansion coefficient is simply the value 
of the function at that support point

fj = f(Zj)

For linear polynomials, the resulting expansion approxima­
tion will be piecewise continuous, with the derivative 
undefined at the support points. For the quadratic case, 
the approximation will be piecewise quadratic, with deriva­
tives undefined only at the principal support points.

In the one-dimensional implementation of the method, 
basis functions must be functions of two variables, x and m . 
A support point location in the x,^ analytical domain can be 
uniquely identified in two ways; as a single number, m, or 
a pair, ij:

The basis function for the support point (x,w)^ is the 

product of the one-dimensional basis function of x. and that 

of Mj :

4/ ^( x , u)  = ^^(x)^j(w)
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For linear basis functions, for example.

^^(x)^j( n ) , *i-l $ X £ *i'
s n S

u), *i X *i + l'
u <

= - ^u(x)^j( m ), *i s X < Xi+2, (4.8)
M *j+l'

m ) , *i-l s X <, *i'
s n s *j+l'

0, X < Xi-1 ' Xi+1 ^n < ni-1' ui+1 ^

An illustration of this basis function is presented in 
Fig. 4-3. Two-dimensional quadratic basis functions are 
shown in Fig. 4-4.

To complete the description of the basis functions a 
grid of support points in x and n must be specified. A set 
of intervals in each direction suffices. In principle, any 
arrangement of support points in the %-direction is per­
mitted. In practice, however, at least one support point 
coincides with m=0, as shown in Fig. 4-6. Moreover, because 
in a non-scattering medium there is no coupling between neu­
trons with M>0 and those with n<0, superior results have 
been observed if a discontinuity in the expansion approxima­

tion is allowed at m=0. This is accomplished by placing two 

support points at m=0: one extends toward m=-1, the other
toward m =+1. Fig. 4-5 shows typical support point arrange-
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Fig. 4-3. Two-dimensional linear basis function.
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? I

?

Fig. 4-4. Two-dimensional quadratic basis functions,
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Fig. 4-4.(cont'd .) Two-dimensional
quadratic basis functions.
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Fig. 4-4.(cont'd.) Two-dimensional
quadratic basis functions.
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ments of basis functions both with and without a discon­

tinuity at u=0; a two-dimensional grid is shown in Fig. 4- 

6.

Finite Element Matrix Calculation

Because the two-dimensional basis function is -
constructed from two one-dimensional parts, ^^(x) and 
two-dimensional integrals containing one or more basis func­
tions can be split into two one-dimensional integrals. Con­
sider, for example, the local volume inner product;

1
(V/ )/ = / dx Jdw^ (x,w)* (x,u)
""l "'2 ^ Ax^ -1 "'l "̂ 2

= / dx^. (x)^. (x) fdu^- ( u ) ^ -  (y) (4.9)
Ax, n  2̂ -1 Jl J2

The two-dimensional volume inner product is seen to be the 
tensor product of two one-dimensional inner products.

The individual integrals need not be calculated for 
each pair of one-dimensional basis functions. Instead, 
because each basis function is non-zero over only a finite 
interval, only a few pairs of functions will result in non­

zero integrals. In the case of linear basis functions, 

(^^,^j) will be non-zero only if i=j or |i-jj*l; only 
neighboring functions interact. For quadratic basis func­

tions, the one-dimensional inner product will be non-zero in
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] = 
n =

] = 
u -

0-1

(a) without discontinuity

34
0 + 1-1

(b) with discontinuity

Fig. 4-5. Arrangement of one-dimensional 
linear basis functions in angle.
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4 fl6
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j=2 #2 •6 • 10 • 14

*13
i*l

X/-

+1 j=5

i=l
V -

i-2 i = 3

(a) continuous support at u~0

i=2 1 = 3

(b) discontinuous support at y=0

i=4

i=4
*/+

Fig. 4-6. Volume one-dimensional 
phase-space support points.
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two cases: (1) |i-j|<2 and and Zj are both principal
support points and (2) |i-j|<l and either or Zj or both 
are interior support points. That is, support point inter­
action does not extend past adjacent principal support 

points. Furthermore, only a few unique integrals need be 
calculated on a standard interval— then transformed to the 
specific interval in x or y— because all the basis functions 
in a particular direction are of the same order. For 

example, to calculate the array of integrals 
linear basis functions, only two fundamental integrals must 
be calculated:

-1

and

1 +I = Jdf^ (()4 (() 
-1

where

and



1 0 0

as defined in Eqs. (4.3) and (4.4) where (^=-1 and as
seen in Fig. 4-7. The integrals and are calculated 
using Gauss's formula [Abr70]. The transformation to the 
inner product on x is

i-j1=1

(4.10)
■ + +

0 , Ii-jI>1

The calculation of the four components of each element 
of the matrix proceeds as described above. For all but 
one of the components, non-zero integrals will result for 

all but a few pairs of support points. The exception is the 
scattering term which, in effect, couples all angular sup­

port points. This is a consequence of the physical nature 
of the scattering process which redistributes neutrons to 
all angles— with equal probability in the case of isotropic 
scattering. Recall the scattering term:

(^scat^rn^'̂ mg^/

1 , 1
= / dx /dy-s- /dy'Z (x)i/̂  (x,y')i// (x,y)

Ax^ -1 ^-1 ® "*1 "*2
, , 1 1 

= j  S d x L  [ x ) h  (x)0. (x) J d u ' h  (y') J d u h  (y) 
Ax, ^ h  ^2 -1 ^1 -1 ^2

(4.11)

The angular coupling is a manifestation of the presence of 

two angular integrals each containing one basis function
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0

+1 
( 9

Fig. 4-7. Linear basis functions on 
the standard interval.
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rather than a single integral of a pair of basis functions. 

Note the inclusion of in the spatial integration.

Other terms in 6^ include physical parameters that may vary 
in space. Although, theoretically, most parameters may take 
any shape, for the sake of computational simplicity, mesh 
point positions are chosen so that spatially varying physi­
cal parameters are constant between principal mesh points. 
Hence, discontinuities in the cross section, for instance, 
may exist at mesh points.

Following the support point numbering scheme of Fig. 4- 
6 results in a band structure for that depends on the 
order of basis functions and the number of support points in 
the y-direction. Within this band structure is imbedded 
another if Zg=0. The bandwidth of A^, as defined in Fig. 4- 
8, is 3] for linear basis functions in x and forITiaX ITlaX

quadratic, where is the total number of support points
in the y-direction.

The matrix A^ is inverted by means of LU-decomposition 
[Dah74]. First A^ is decomposed using Gauss elimination 
into upper and lower triangular matrices

6/ " kW

during which the band structure of A^ reduces the com­

putational effort required and is retained in L and y.

Then, the inverses of L and U are found by means of repeated
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i = l 

2 

3 'max

bandwidth

max

(a) linear basis functions in x

i=l
2

3

max

<—  ĵmax

0
baridwicIth

0

(b) quadratic basis functions in x 

Fig. 4-8. Block structure of in one dimension,
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forward substitution and back elimination, respectively, 
These inverses are multiplied to find ^:

(4.12)

The band structure of 6^, U , and L is not, of course, 
preserved in ^.

Response Matrix Generation

Before the response matrices themselves are calculated, 
support points for basis functions other than local volume 
basis functions, as stated in Chapter II, must be specified. 
Examples are given in Fig. 4-9 where the following notation 
is used:

dimension of local volume function spaceN
i.max

'max

N,

number of x-support points in local 
volume functi-on space
number of y-support points in local 
volume function space
dimension of local surface function 
space
number of local surface support points 
(m>0 )
number of local surface support points 
(y<0)
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M

M

I

/

/
max

dimension of global volume function 
space
number of global volume support points 
in region /

number of global volume support points 
in x-direction in region /

max

M,

number of global volume support points 
in y-direction in region /
dimension of global surface function 
space
number of global surface support points 
(y>0) in a single region

number of global surface support points 
(y<0) in a single region

Surface basis functions are defined only at region boun­
daries and are thus one-dimensional basis functions in y.
In this work, surface basis function support points always 

coincide with those volume basis function support points 
that lie on the surface, although, theoretically, any 
arrangement is permitted.

Response matrices are found using the definitions of 
Table Tl. First, the J matrices are calculated as described 
below. Then, after multiplying the various matrices in the 

many combinations described in the table, the response 
matrices result. Throughout this manipulation the band 
structure of the matrices, which will also be discussed 

below, is utilized to reduce computational requirements.

The T matrices are calculated much in the same manner 

as were the components of A: the multidimensional inner
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j = 6

N = i j = 3 0  max -'max

(a) local volume

1 = 3 •
J

J

• 6
I
• 5
I
• 4

_i

(b) local outgoing surface

Fig. 4-9. Volume and surface one­
dimensional phase-space support points,
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(c) global volume

Fig. 4-9.(cont'd) Volume and surface 
phase-space support points.
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14 18

13
12

17 

16 ...

11 15

Mg
—  = L(J^+J ) = 4L 
2  ̂ ■

(d) global incoming surface

12 16

11 15
14 •

13 "

18

17

Mg
—  = L(J +J^) = 4L 
2 ■ +

(e) local outgoing surface

Fig. 4-9.(cont'd) Volume and surface 
phase-space support points.
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products are tensor products of one-dimensional inner 
products. For the purpose of illustration, consider  ̂
Recall

Hence, the element of ^ corresponding to support points 
at (x,y)^ and (x,y)^ is defined

,4.14)

Fig. 4-10 is an example of local and global basis functions 
in X. The one-dimensional integrals are, once again, found 

using Gauss's formula. Furthermore, when an inverse of a X 
matrix must be found, the entire matrix need not be 
inverted. Instead, the individual, one-dimensional matrices 
are inverted and then used to create the inverted multidi­
mensional matrix by tensor multiplication. An explanation 
follows.

Consider the meaning of the tensor multiplication of 
two matrices



.10

where indicates tensor product. A tensor product, or
direct product, is a term by term multiplication of cor­
responding matrix elements. The matrix ^ can also be 
considered the matrix product of two matrices

(T ) = T ( T  ) fT )=V,/ m^mg =x m^m, =* m^m;

The matrix T^ is made up of sub-matrices defined

^sub _ (T* ) I=x AB '=V,/^AB=

where T®^^ is the sub-matrix at position AB and T^ is a 
block diagonal matrix where each block is T^ . . Thus,

— V  f <

— 1 — 1 — 1 
2v:/ - I* ix

The inverse of T^ is a block diagonal matrix where each 
block is T* . 1. Moreover, t "^ has the same structure as T— y,< — X =X
but the sub-matrices of T  ̂ are defined

T Isub _ /,pX 1 » j 
=x AB '6V,/ ^AB±

Then
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X/-! +

(a) local

1211 1314 15 1517 18

(b) global

Fig. 4-10. Local and global one-
dimensional spatial basis functions
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which also results in a tensor product

For a particular region, many of the one-dimensional 
inner products are used more than once. Table 4-1 provides 

a list of the inner products that make up the T matrices 
where the following definitions for w-weighted one­
dimensional inner products are used:

J 1*— g J

0
Jduu^P- (m)'/'• iu) 

-1  ̂ ]

0
= - J d u u i / n )

+ Jduu4>- iu)^- (m)n 1 J

From Table 4-1, the following unique inner products are 
identified:

1)

2)

3)

4)



il.

Table 4-1. One-Dimensional Projection 
Matrices and their Inner Products

matrix definition inner products

= ,̂S <4/,±gT>_y

T=/,V

=ss <±S,*gT>+^

I s , /s

I w

Iv , /
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5) (±%+,*)

6)

7)

Because the surface and volume basis functions reside 
on the same support points at the surface, the only dif­

ference between matrices such as T^g ^g and I^g ^ is the 
location of matrix elements, not the values. For this 
reason, the product T^g ^g  ̂ ^ contains only zeros and
ones and acts as a renumbering matrix.

The band structure of the one-dimensional T matrices
for individual regions is determined by the order of basis 
functions and the number of local and global support points.
They all have structure similar to where each of the
blocks of Fig. 4-8 contains a single element; the matrices, 
however, are not necessarily square.

One of the advantages of a response matrix method, as 
mentioned earlier, is that identical regions share response 
matrices resulting in a reduction in the number of matrices 
that must be calculated in order to solve a global problem. 
Response matrices are thus calculated separately; the only 
information that must be shared by all regions during cal­

culation of matrices is the global specification of the 
angular mesh, and, in the case of two spatial dimensions, 
the global specification of the spatial mesh.
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The response matrix §5^5 has the following block 
diagonal structure:

=S«-S

is^s °
° Bs.s •

r L
=s^s

(4.15)

where the response matrix for region / is partitioned into 

four parts:

§s*-s

/ /The diagonal submatrices, r_^ and r^_, represent the reflec­
tion of neutrons striking region /. The off-diagonal sub- 
matrices, t and t^^, give the transmission of neutrons 
through the region.

Itérâtive Solution Method

The coupling and boundary condition matrix, g, that is 
used in the iterative solution procedure is a block matrix 
that has a modified block-tridiagonal structure:
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H =

gPefl g- 0

8+ 0 H.

0 0

H=per

Sper

yR= ref 1

(4.16)

Ail the sub-matrices are of size (J\+J )x(J +J\ ). The sub­
matrices H_ and represent the coupling of adjoining 
regions,

H =
0 0 
I 0

and

=
0
0 0

where I_ and I_̂ are identity matrices with dimensions J_ and
respectively. All elements of the left and right

L Rreflection matrices, and are zero unless a
reflecting boundary condition is specified. In that case,

if the left side is reflecting
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= refl i 0
0 0

if the right side is reflecting

Href 1
0 0 

0 P

where

0 0 
0 0

Ô i  
1 0

0 1 
1 0

and has dimension J^.

The periodic boundary condition is a means of simulat­
ing a repeating lattice. In the case of one dimension, the 

flux exiting the right edge is taken to be the incoming flux 
at the left edge and vice versa. If such a boundary condi­
tion is specified, Spĝ . and will take the form

g^er
0 I.
0 0



118

and

=per
0 0
I 0

Otherwise, all elements in and H will have value•~p0r —pel
zero.

The remaining boundary conditions— specified incoming 

flux and zero incoming flux— are accounted for by ^p~, where

ip- = col(i^, 0, . . . , 0, i*) (4.17)

and and are vectors specifying the incoming flux at 

the left and right and are of length and J_, respec- 

t ively.
In practice, the coupling-boundary condition matrix is 

never calculated nor the multiplication performed. Instead, 
since multiplication by H simply renumbers values of the 
interface flux, it is, in fact, this reassignment that is 
performed. The multiplication is, however, a convenient 
means of representing this reassignment and shall be used as 

such in the remainder of this work.
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In Chapter II, the iteration procedure used to find the 
interface flux distribution was written

l!'"’ - Bs.s4n"'^’ " Bs.v^''

' B a!'"' * v

By combining these two equations.

and defining

§ “ Sis4-s

and

^SV ' + iÈp- (4.19)

the familiar form of Jacobi's method [Dah74] emerges:

4 n " ’ = î4n"''’ + 4sv (4.21)

The iteration matrix is a block-triangular matrix with zero 
diagonal elements.



1 2 0

where

and

0 b 0 .

b^ 0 b^ 0 . . .

2 40 b/ 0 b . . .

. 0 b^ 0 b^ . .

(4.22)

bf
i L  ï l

0 0

t U  if.

It can thus be considered the sum of a lower triangle matrix 
and an upper triangle matrix

Ü S - S  = ^HR + ÜHR (4.23)
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which leads conveniently to a Gauss-Seidel method. If L^r 
operates on the updated flux, the Gauss-Seidel formulation.

represents a left-to-right sweep. A right-to-left sweep 
results with the interchange of g^R and Urrî

" isv <4-25)

/ JNote that if 2„=0, the reflection matrices, r  ̂ and r^ ,S  =  —+  =  4—

also become zero and a converged interface flux distribution 
can be found after at most a single iteration in each direc­
tion.

The logical extension of the Gauss-Seidel method is, of 
course, the successive overrelaxation (SOR) method which 
results from the simple inclusion of the relaxation parame­
ter, cj. The lef t-to-r ight SOR iteration is written

As before, a right-to-left scheme can be written by inter­
changing Lr r and Ur r .
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Computer Implementation in Two Dimensions

The implementation of the method to two-dimensional 

geometries is similar to that in one dimension with the 

added complexity of four phase-space dimensions rather than 

two.

Finite Element Basis Function Construction

As before, four-dimensional finite element polynomials 
are formed by a tensor product of one-dimensional basis 
functions. A support point in the x,y;p,$ phase-space is 
labeled in one of two ways, with a single index, m, or a 

group, i j k l z

(x,y;w,$)^ = (Xj,y^;w^,$j)

The four-dimensional basis function is written 

i//ĵ (x,y;y,4>) =

For linear basis functions this multidimensional "tent" 

function, although difficult to visualize, much less draw, 
has a unit value at (x,y;w,$)^ and value zero outside the 

range
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I Xj_^ < X 5 Xj+^,

y j - i  ^ y ^ y j + 1 '

*A-1  ̂  ̂*A+1'

* 1 - 1  ^ ^ *2*1>

A grid of basis function support points is established 
by specifying a set of intervals in each of the four direc­
tions. As was the case in one dimension, superior results 
are obtained when a discontinuity in angular flux is allowed 
at the angles distinguishing outgoing neutrons from incoming 

neutrons. For the rectangular regions considered in this 
work, these angles are m=0 and $=n/2. The two sample angu­
lar grids shown in Fig. 4-11 illustrate cases both with and 
without angular discontinuities. Also shown in Fig. 4-11 is 
a sample spatial mesh arrangement. Because the angular mesh 
is replicated at each spatial support point, the index of a 
particular mesh point is found from the following formula,

■" - " ^-l'^max *  ̂ <4.27)

where the subscript 'max’ indicates the maximum value of the 
one-dimensional index.
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1= 1 
X

5
X

2 3 4
p- --p+

(a) spatial support points

Fig. 4-11. Volume two-dimensional
phase-space support points.
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$= ir 1 -
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” 1 M=0 y= + l
(b) angular support points 

(discontinuous support at m=0, 4»=ir/2 )

4>=ir i= 4 t'— ♦ 
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$=?/2 2

4>=0

A= 1 2
M=-l

4
K = 0

5
M= + l

(c) angular support points 
(continuous support at n - Q , 4»=ir/2)

Fig. 4-11.(cont'd) Volume two- 
dimensional phase-space support points,
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Finite Element Matrix Calculât ion

The volume inner product, which has been defined in 
Chapter III,

n 1
= / dx / dy 2/d* /dw* (x,y;%,*)^ (x,y;%,*)

"*1 "̂ 2 ^ Ax_ Ay_ 0 -1 "'l *"2p q

is the product of four separate one-dimensional inner 
products ;

" / dx^., (x)*y, (x) / dy\ l / j . (y)^.. (y)
*1 *2  ̂ Ax -̂̂ 1 ^^2 Ay ^^2

^ 1  ̂ îr
J d u \ i / j ,  ( m )  2 / d * ^ y ,  ( * ) ^ y , ( * )

-1 '^^l ^^2 0 1 2

The surface inner products, too, can be separated into one­
dimensional components:
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n 1
/ dy 2/d*JdMy<// (%=x ,y;*,$)^ (x=x ,y;w,*)

Ay 0 0 '"l P P
ir 0

- J dy 2/d* Jduu\i/ (x=x ,y;%,*)^ (x=x_ ,y;w,*)
Ayq 0 - 1  "'l P "̂ 2 P"

1 ff/2
+ / dx jdu 2 / d*%^ (x,y=y ;w,*)^ (x,y=y ;m,*)

AXp -1 0 ""l 9+ 9+

1 IT
- / dx /dM 2 / d*%^ (X/y=y„_;M,*)</'_ (x,y=y ;#,*) 

Ax -1 ir/2 "'l 9 ^2 9-

<6 ,\L > . =+/

ff
/ dy^.. (y)^.. (y) 2/d*^., (*)*., (*)

f * =‘p+ > */ij ' V  ’
0

+ / dx^.. (x) /dw/l-w^^.. (m )
Ax_ '̂■̂1 -̂̂ 2 -1 ^^1 ^*2

? . */2
2 / d*cos*^yj^(*)^^j (*)

* **-fi2'*2l2’AXp '*^*2’"
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-e

where

-  4vi,(Xp+)*/j.(*p+) (dwfy* (w)4ya^(w)1 ^  ""2 ^  -1 ""1 ""2
1

*  * / i , * V * * / i , * ’‘p - ’ ( w )3, &  ( « I

and

(î2c o sW2A^,*^^^)4'^2-

Y (yo+)*/i (y^f) 2 j d*COS**.j (*)4yi (*)
^ J l q+ /Jg 9+ ,/2 -̂̂ 2

f f /2

The band structure of A. is like that of the one-= /
dimensional A^ presented in Fig. 4-8 with block size 

^max^max^max' Moreover, within each block is another band 
structure of the same type, dependent on the order of the 

basis function in y, with blocks of size max max
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Response Matrix Generation

In order to generate response matrices that simulate 

the transfer of neutrons to or from surfaces, a surface mesh 
must be specified in addition to the volume mesh already 

described. Fig. 4-12 illustrates example incoming and out­
going surface grids. Because a mesh which occupies one-half 
of the angular domain is repeated at every point on the sur­
face, the index written at each surface support point 
represents the starting index for the angular grid at that 
point. In this example, the outgoing mesh is of the same 
dimension as the incoming mesh, although this is not neces­
sarily always the case. However, the mesh structure must be 
consistent in a particular direction of neutron travel.

The global mesh structure is specified over the entire 
problem domain. Fig. 4-13 is an example of spatial volume 

support points; Fig. 4-14 shows a spatial surface support 
point grid. Again, at each spatial support point an angular 
grid exists: over the full angular domain in the case of
volume basis functions but over only half of the angular 
domain for surface basis functions.

The T matrices are calculated by combining a series of 
one-dimensional local/global inner products by taking tensor 

products. Table 4-2 provides definitions of the various 
matrices that are used according to the prescriptions of 
Table T1 to generate two-dimensional response matrices.
Some of the previously defined notation must be updated to
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Fig. 4-12. Two-dimensional surface support points,
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L • 57
J 0

+1 M 81 89 97 105 
n

60 64

59 63
58 62
57 61

— 1 0 4

4» n / 2

82 84 

81 83

86 88 
85 87

-1 +1 M
(b) outgoing surface

Fig. 4-12.(cont'd.) Two-dimensional surface support points.
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23 26 27

q=3 22 24 26

/=3

57 59 61 63

56 58 60 62

/ = 6

79 81
78 80

/=9

q=2

q=l

13 17 21
12 16 20
11 15 19
10 14 18

/=2

43 47 51 55
42 46 50 54

41 45 49 53
40 44 48 52

/ =5

30 33 36 39
29 32 35 38
28 31 34 37

/=4
P-2

73 77

72 76
71 75
70 74

/  ==8

66 69
65 68
64 67
/ = 
P=

7
3

Fig. 4-13. Two-dimensional spatial volume 
support point numbering system.
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29 30 31 69 70 71 72 103 104
28 33 68 74 102 106

/=3 /= 6 = 9
27 32 67 73 101 105

34 35 36 75 76 77 78 107 108
17 18 19 55 56 57 58 93 94

16 23 54 62 92 98
15 22 53 61 91 97

/=2 = 5 =8
14 21 52 60 90 96
13 20 51 59 89 95

24 25 26 63 64 65 66 99 100
4 5 6 40 41 42 43 82 83

3 9 39 46 81 86
2 / = 1 8 38 / == 4 45 80 = 7 85
1 7 37 44 79 84

10 11 12 47 48 49 50 87 88

Fig. 4-14. Two-dimensional spatial surface 
support point numbering system.
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account for surface basis functions that are defined only at 
region interfaces. A surface support point, m, can be 
represented by a group of four indices: either s ^ j k l or 
i s ^ k l where refers to side 1 or 3 and is 2 or 4. Then 
the weighted angular inner products are redefined,

=1 '"2

( f f (m )
^1 ^2 0 -̂ 1 ^ 2  

0
- (y (; (u)

^2 -1 ^^1 ^^2

(±2cos**,^ i

+ + '/22 / d$cos$^,, (*)^,, (4>) 
^1 ^2 0 ‘‘l -̂̂ 2

ir
2 / d$cos$^., (4>)

^1 ^2 tr/2 -̂̂ 1 '̂ -̂ 2
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where

- 2 / d$cos*^y, ($)*,, ($)
^1 ^2 ff/2 ■̂‘l -̂̂ 2

*/2+ 2 J d$cos*^^j (4>)
Jl J2 '/j.

"mn

"m_n

* t i  < v ’n ^
if
if ^n'^n
if Mn'Sn

*KR(Sn"2) if

if “n'-'n
if

if m =s* n n

if % * ^ n

The response matrix Bg^g has the same block diagonal 
structure (Eq. J29.1) in both one and two dimensions. The 
composition of the individual blocks, however, is different. 

In two dimensions, side-transmission (denoted below by the 
matrix §^) must be considered in addition to reflection (g^)

J
and through-transmission (t ):
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=S^S

i(2 i(4

i n i L t L

i L

i L i L 4

(4.28)

The subscript '12', for example, indicates neutrons exiting 
side 1 that originally entered side 2.

Iterative Solution Method

Recall that the H matrix is of the form,

8 " Bcont + Bsc

where the continuity matrix is block tridiagonal

=cont

Bo Bu 0 ' 

Bb Bo Bu 0 

0 Bb Bo Bu

(4.29)
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The block components are defined

and

Bd =

0 224 0 • •

242 0 224 0 '

0 242 0 224 '

Bu =

231 0
231 0

231

Ht

2i3 °
2l3 0

2i3
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where the permutation matrices contain the identity matrix 
at unique locations;

=13
0 0 i 0
0 0 0 0
0 0 0 0
0 0 0 0

= 24

0
0
0
0

0

0
0
0

231

0
0
0
0

0
0
0
0

242

0
0
0

0
0
0

The boundary condition matrix the sum of two parts.

=BC ~ Brefl  ̂ =per

that account for reflection and periodicity, respectively. 
The reflection matrix is the sum of four matrices, one for
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each side for which a reflecting boundary condition is 
specif ied,

where

Brefl “ Brefl Brefl Brefl Brefl (4.30)

Sref 1
0

0 0 (4.31)

=

H1' 0
0
0

0 0 
0 0 
0 0

H2'
0
0 H

0 0
2 "  n

0 0
0 0

0
0
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H1"

0 0
0 0

0 I
1 0

0 I
1 0

. 0

For side 2

Brefi

2 0
O H O (4.32)

0 . . . •
, ,2g = . 0 0

. . . 0 s''

H

P 0 .
0 P 0
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where P was defined earlier. The reflection matrices for 

sides 3 and 4 are

and

Grefl

0 .

(4.33)

=

3 ' 0

H3’
0
0
0
0

Brefl

0
O H O (4.34)
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=
4 ’ 0

0

H4'
0
0
0

0
0
0

0
0
0

0 0 H2 "

The periodic boundary condition matrix is the sum of 
two matrices if periodicity is desired in both x- and y- 
directions,

II
=per = h;per + H:per (4.35)

where

„x
=per

31
=per

h;13per
(4.36)
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and

„31
=per

«13
Sper

231 0 •
0 2si 0

• 0 231
• • .

2i 3 0 •
0 2i 3 0

• 0 2i3

H-r-per

S 0 .
0 gy 0
. 0 H?

(4.37)

=
0

g'' : . . 0



146

The product HRg^g, from which various iteration schemes 

can be formulated, has a block tridiagonal structure (if

SBC'O':

with

BBs>s

§D r 2
iu 0 • • •

ii ÎD -U 0 . • •

0 II I d iS • • • (4.38)

l^max

ÎD •
0 b f  0 b f

bE^max 0
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where

ÎU =

6?'
b f  0

4 ' 0
0 4 '

0 b^^max

6?" = 4

0 0 0 0
0 0 0 0
:i #12 = 13 §
0 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

r^=21 =2 -23 =24

fe?'* = 4
^31 #32 d i
0 0 0 0
0 0 0 0
0 0 0 0
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=i "

0 0 0 0
s' t' s' r'§41 =42 #43 =4
0 0 0 0 
0 0 0 0

Thus

The resulting Gauss-Seidel method

à
S(n)
in

_ . S(n) S(n*l)
■ ^HR^in  ̂MHR^in + 4sv (4.39)

results in a sweep through the regions as pictured in 
Fig. 4-15(a), i.e. sweeping each column bottom to top start­
ing with the left-most column. By interchanging L—  and—rlK — fiK
so that multiplies the updated interface flux vector,

(4.40)

the sweep scheme labeled 'b' results. Sweeps 'a ' and 'd' 
result if the regions are numbered from top to bottom rather 
than bottom to top before assembling H and Rg*.g. By impos­
ing other numbering conventions, the other sweeps can be 
obtained. But for the purposes of this work there is no 
difference between schemes 'a' and 'c', ' b' and 'f, ' c' and 

'g', 'd' and 'h'. That is, whether the rows are first swept
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or the columns is of no consequence to the numerical 
results.

The procedure chosen here is to use schemes 'a', 'b', 

'c\ and 'd' in a cyclical fashion. If a problem consists 
of purely absorbing material (E^=0), a converged solution 
can be found with at most one iteration in each of the four 

directions because, as was the case in one dimension, the 
reflecting sub-matrices, r', vanish.
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(a) (b)

(c) (d)

(e) (f )

(g) (h)

Fig. 4-15. Two-dimensional sweep schemes



CHAPTER V 

COMPUTATIONAL TESTING

The specific means of implementing the method, as dis­
cussed in Chapter IV, have been incorporated in two series 

of computer codes— one for the analysis of one-dimensional 
problems and the other for two-dimensional problems. The 
one-dimensional method served primarily as a testing ground 
of fundamental concepts for the potentially more rewarding 
two-dimensional method. In this chapter, the organization 
of these codes will be discussed. In addition, a collection 
of test problems, in both one and two dimensions will be 
described together with the results of the analysis of these 
problems by the response matrix method. The test problems 
enable verification of the coding and demonstration of the 
capability of the method. They provide a means to study the 
effects of parameters such as response matrix region size 
and the size of the local and global meshes in space and 
angle on solution accuracy. Other issues addressed are the 

computational efficiency of the method and the relative 
merits of the iteration schemes discussed in previous chap­
ters .

151
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Following this chapter is the final chapter presenting 
a summary of conclusions drawn from the current chapter and 
recommendations for future study.

Computer Code Orqanization

Two series of computer codes have been programmed in 
FORTRAN66 and are operational on the AMDAHL 5860 of the 
Michigan Terminal System (MTS), the operating system of The 
University of Michigan. The purpose of the two series are 
identical: generate response matrices and then find the
global neutron distribution of a physical configuration.

One handles one-dimensional problems, the other two- 
dimensional problems. Each series consists of four 
programs. Three programs are used to generate the response 
matrices; the fourth accepts response matrices as input and 
finds the global solution by the iteration technique 
described in Chapter II.

The interaction of the three codes which generate 
response matrices is depicted in Fig. 5-1. Using a common 
input file as their data base, the codes

1) generate the finite element matrix ^ on the local 
mesh,

2) invert 6, and

3) find the four global response matrices by project­
ing A  ̂ from the local mesh to the global mesh.

Data flows from one code to another via standardized binary 
files.
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-1

Response Matrix 
Input File 
for region /

computer code 
INVERT

computer code 
I NT

computer code 
BIGT

Fig. 5-1. Computer codes used to generate 
response matrices for region /.
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The global solution is found by specifying the problem 
configuration (iteration input file), reading in the 

response matrices, and iterating until a converged solution 
is obtained. Fig. 5-2 depicts this procedure.

One-Dimensional Numerical Experimentation

Four different one-dimensional test problems are 
analyzed here: two are problems with strong heterogene­
ities, another is a repeating lattice, and the fourth is a 
series of homogeneous eigenvalue problems

Reed* s Problem

Reed's problem [Ree71], as depicted in Fig. 5-3, was 

originally devised to test differencing schemes of discrete 
ordinates codes. It is a problem of four different material 
regions with a non-uniform, isotropic source distribution, a 
reflecting boundary condition on the left, and a vacuum on 
the right.

Fig. 5-4 is a plot of the scalar flux distribution in 
Reed's problem obtained with the Monte Carlo code TART 
lPle76]. The solution was provided by the authors of TART. 
This solution shall be considered a benchmark. The obvious 

features of this profile includes a peak at the source zone 
of the scattering material, a plateau in the void due to 

neutrons traveling from the scatterer on the right to the 
gray and black regions on the left, a depression to nearly 

zero in the sourceless gray region as the left-ward travel-
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solution

computer code 
MARCH

2S»S'=S»V'

=S<-S'=S«-V'

=S^S'=S<-V'global problem 
input file 
(L regions,
L' unique regions)

Fig. 5-2. Use of global solution computer codes.
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S=50 S=0 S=0 S=1 s=o

ref 1. Z^ = 50 vac

X (cm)

(units: Z^, S [cm~^])

Fig. 5-3. Reed's Problem.
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ing neutrons are absorbed, and another plateau of value 1.0 
in the intensely absorbing region with the large source. 

Examination of the angular flux profiles indicates that neu­
trons born in the region on the left are also absorbed 
there. For this reason, the flux distribution in both the 
void and gray region is due to neutrons from the scattering 

source. The flux, therefore, is extremely anisotropic 
throughout the problem, except in the scattering region and 
in the black absorbing region where the source itself forces 

isotropy.
Reed's problem has been analyzed using FTRAN [Mar77], 

the conventional one-dimensional finite element code, and 
using the response matrix method with two different 
approaches: (1) scattering included in the ^ matrix and
hence the response matrices, and (2) A including only 
absorption with the scattering source found in the outer 
iteration from the volumetric flux distribution. In case 

(1) the scattering operator is retained on the left side of 
the transport equation; in case (2) the operator is moved 

to the right. The local and global mesh structures are 
identical for both cases, with a spacing of 0.25 cm. The 

scalar flux profile (Fig. 5-5) and Table 5-1, which lists 
the errors of the finite element results with respect to the 

TART calculation, indicate that the three cases are nearly 

identical. Furthermore, they reproduce the benchmark 
results very well. The errors listed in Table 5-1 and suc­
ceeding tables of this type are defined
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relative error =
rgf(x) - *(x)]dx

/  ^j.effx)dx

and

1/2

RMS error =

L*a
1/2

where <̂ j.gf(x) is the reference scalar flux (TART), *(x) is 
the scalar flux in question, and x^ and Xĵ  are determined by 
the region definitions. The flux found is assumed to vary 
linearly between the points plotted in Fig. 5-4. The 
regions of Table 5-1 are the material regions as depicted in 
Fig. 5-3 numbered from left to right, with the scattering 
region divided into source and sourceless regions. For all 

of the response matrix cases listed in Table 5-1, a set of 
response matrices were generated for each region 1 cm wide. 
Five such sets were necessary for Reed’s problem.

Also shown in Table 5-1 are the errors for two cases in 
which the global mesh is 0.5 cm (cases 5/3 and 3/3). The 
local mesh size, however, is 0.25 cm for 5/3 and 0.5 for 3/ 
3, i.e. for case 5/3 a fine mesh local solution is projected 

onto a coarser global mesh. The RMS errors demonstrate that 

although both the coarse mesh solutions provide less agree-
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Table 5-1. Errors in Scalar Flux for Reed's Problem
(Errors with respect to Monte Carlo benchmark; 

angular support points: 6;
- 5Response Matrix convergence criteria: 10 )

error
case

total
region

1 2 3 4 5
relative error

FTRAN* 0.069% -0.002% -3.312% 0.039% 0.722% -0.216%
5/5* 0.069% -0.002% -3.311% 0.039% 0.723% -0.216%
5/5* 0.067% -0.022% -3.313% 0.036% 0.720% -0.220%
5/3 0.055% -0.024% -6.142% 0.038% 0.953% -0.294%
3/3 0.274% -0.025% -5.524% 0.621% 1.061% -0.243%

RMS error

FTRAN 1.169% 0.434% 8.522% 0.039% 1.556% 0.789%
5/5 1.169% 0.434% 8.522% 0.035% 1.556% 0.788%
5/5* 1.168% 0.434% 8.521% 0.036% 1.555% 0.780%
5/3 2.860% 0.483% 29.17 % 0.038% 3.128% 1.424%
3/3 3.317% 0.468% 26.21 % 0.621% 4.414% 1.672%

^FTRAN mesh structure: 5 support points/cm
*5/3 indicates Response Matrix mesh structure 
of 5 local support points/cm and 3 global sup­
port points/cm
^scattering source is calculated in outer, not 
inner, loop
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ment with the benchmark than the fine mesh solution (espe­

cially in the gray region, 2, although the per cent errors 

here are misleading because the flux itself is nearly zero), 
the 5/3 solution is in better agreement than the 3/3 solu­
tion in the void and region 4, the source-scattering region. 

Projecting the solution from a fine mesh, therefore, 
improves the results of a coarse mesh calculation. Fig. 5-6 

is a plot of these results.
To further demonstrate the local/global projection 

method, a series of coarse mesh calculations with a spacing 
of 1.0 cm were performed, as listed in Table 5-2. In all of 
the response matrix calculations, a global mesh of 2 support 
points per cm is used with each response matrix region span­
ning 1 cm. The local mesh, however, varies from a fine mesh 

of 5/cm to coarser meshes of 3/cm and 2/cm. The case in 
which the local and global mesh are identical (2/2) gives 
nearly identical results as the FTRAN calculation performed 
with the same 1 cm mesh spacing. With decreased local mesh 
size, however, better agreement is seen with the benchmark, 

even though the same coarse global mesh is used throughout. 
The overall improvement is not dramatic but in several 
regions— the void, in particular, and region 4— it is sig­
nificant. Differences between the cases are apparent in the 
scalar flux profiles of Fig. 5-7.

The results obtained by the response matrix method 

appear to be independent of the response matrix region size 
if the mesh spacing is held constant. The errors listed in
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Table 5-2. Errors in Scalar Flux for 
Coarse Mesh Reed's Problem:

Constant Global Mesh
(Errors with respect to Monte Carlo benchmark; 

angular support points: 6;
Response Matrix convergence criteria: 10~^)

case
error

total
region

1 2 3 4 5
relative error

FTRAN‘ 
2/2‘ 
3/2 
5/2

-2.190%
-2.104%
0.252%
0.071%

-0.046%
-0.055%
-0.004%
-0.004%

8.132%
8.133%

-0.249%
-0.064%

-2.104%
-2.126%
-0.621%
-0.038%

-5.918%
-5.958%
0.334%
0.342%

-1.700%
-1.176%
-0.011%
-0.101%

RMS error

FTRAN
2/2
3/2
5/2

7.392%
7.349%
6.322%
6.313%

0.604%
0.569%
0.557%
0.556%

60.39 %
60.39 % 
60.04 % 
60.03 %

2.104%
2.126%
0.621%
0.038%

9.579%
9.603%
7.565%
7.565%

3.783%
3.030%
2.685%
2.691%

‘FTRAN mesh structure; 2 support points/cm 
‘3/2 indicates Response Matrix mesh structure of 
3 local support points/cm and 2 global support 
points/cm
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Table 5-3 and the flux profiles of Fig. 5-8 indicate that 

nearly identical results are obtained with response matrix 
regions varying from as large as 2 cm to as small as 0.25 
cm. In all cases the local and global mesh are identical 
with 0.25 cm between support points.

In all the calculations described above, linear basis 
functions were used in space and angle. The cases presented 
in Table 5-4 provide a comparison between linear and quad­

ratic basis functions. For the cases marked "quad.", quad­
ratic basis functions are used in both phase-space dimen­
sions. Linear basis functions are used similarly. The 
cases plotted in Fig. 5-9 use identical local and global 
mesh spacing. Fig. 5-10 shows the flux profiles obtained 

with response matrices with which a local-to-global projec­
tion has been performed. In both situations the quadratic 
results are slightly superior to the linear results.
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Table 5-3. Errors in Scalar Flux for 
Fine Mesh Reed's Problem

(Errors with respect to Monte Carlo benchmark; 
angular support points: 6;

spatial support points: 5/cm;
convergence criteria: 10~^)

error
case region

total

relative error

9:9,5:5' 
5:5 
2 : 2

0.069%
0.069%
0.072%

-0.002%
0 .0 0 2%
0.053%

■3.312%
•3.311%
■2.975%

0.038%
0.039%
0.078%

0.722%
0.723%
0.720%

-0.213%
-0.216%
-0.226%

RMS error

9:9,5:5
5:5
2 : 2

1.169%
1.169%
1.064%

0.434%
0.434%
0.249%

8.522%
8.522%
7.724%

0.038%
0.035%
0.078%

1.555%
1.556%
1.422%

0.789%
0.788%
0.781%

^5:3 indicates Response Matrix mesh structure of 
5 local support points/region and 3 global sup­
port points/region



16R

X
Lu

_0 0\
eu

TJ

U

(N

091 090 090-
xn;j JD|D0S

Eu
in
(N

szwmE
(V
c

E<u
m-4
X Ioua,

h0)ILK

co
Iin
oi
u



169

m

• « cE oCL enenX) k eu0 JC 0 kk, k, ka  co kE 01M w x:- c u CNT3 0 C0) —' CLCL -P Xia u  mc o 1k 3 mH O0 tk k, m4kw co rH
ai uX ' ••3 W OJ COrH co -rHCk m  c k p-4o CL cok k 2E "P Jco 10 "ri 0I-H (L o k 4->CO C U

U --e
Ui Xi HJ 0)U UC r CL C en.11 t/j a  CL c> w en X
ai CL k M U Ek U  k CL 01 10 L
0 -r- > E a —'k 4-1 J= C Mk 10 - P OKl k .r4 UT3 >CO• 3 en r-
«tf O  k CO k 4- tn1 O a  CO k 4-1m  k rH C Ck o L 3 a-r^CL Kl c c en a  ofH ' c 3 a
Xi k CO enco aE- k tn& . H UT tn ck co 3O X) k4

01tncou

u
OuL,(U
(L>
4->m
L,

dP dP dP dP
CN en CNm rH O m
rH CN en rH

o  o O OI I 1 I
dt> dP liP dP CN ru rj< m  co ru m  ir> <o r~ r~ ô
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NSE 71 Problem

A second test problem, the NSE 71 problem [Alc79] (for 

lack of a better name), provides a vivid demonstration of 
the effectiveness of the response matrix method in solving 

coarse mesh problems. This problem, shown in Fig. 5-11, has 
been analyzed by three different local/global configura­
tions: 5:5, 5:2, and 2:2, where 5:2 indicates 5 local sup­
port points/region and 2 global support points/region. In 

all cases, regions are 3 cm wide and an angular mesh with 6 
support points is used. Fig. 5-12 shows the dramatic dis­
agreement of 2:2 with 5:5 and 5:2 in the region with the 

source and strongly scattering material. The latter two 
cases are drawn again in Fig. 5-13. Here, the agreement 
over the entire problem is obvious. Once again, the coarse 
mesh calculation using response matrices that have a fine 
local mesh produces superior solutions.
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vac S=0 S=1 S=0 S=1 vac

Z,=1.00

Z _ -0.05 Z, - 0.95

48
x( cm)

(not to scale; units; Z , Z , S [cm" ])

Fig. 5-11. NSE 71 Problem.
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Lattice Problem

The repeating lattice problem [Bri77] depicted in 

Fig. 5-14 provides a demonstration of the heterogeneous 
capability of the method. Plotted in Fig. 5-15 are two 
response matrix calculations, both with a local angular mesh 
of 10 support points but with different global angular mesh. 

Linear basis functions are used in all cases. One case uses 

a global angular mesh of 10 support points, the other one 
with 4 support points. Any differences between the two are 
indiscernible. Separate response matrix regions are used 
for the moderator and fuel regions with four spatial support 
points in each. This is the homogeneous region problem. 
Excellent agreement is seen between the region averaged flux 
of the 10/10 problem and the reference Sg calculation.

Results of a heterogeneous response matrix region 
problem are plotted in Fig. 5-16. A single set of response 
matrices is generated for a heterogeneous region consisting 
of two half-width moderator slabs and a fuel slab. Of the 

10 spatial support points, points 4 and 7 fall at the fuel- 
moderator interface and nodes 1 and 10 are located at the 
region edge, the moderator midpoint. Region averaged scalar 

fluxes for the heterogeneous case are also listed in Table 
5-5. The disagreement between the homogeneous and heteroge­
neous cases is due to the inability of the present implemen­

tation of the response matrix method to allow an internal 
discontinuity in the source distribution. Such a feature is
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cell cell cell cellcel

ref 1. mod mod mod mod mod mod mod mod mod mod vac

mat ' 1 abbre­
viation

1/2
width 
( cm) (cm"^) (cm'l)

fuel f 0.4 0.717 0.397
moderator mod 1.4 2.35 2.33

(source of value ] -1. 0 cm in moderator)

Fig. 5-14. Lattice Problem.
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Table 5-5. Lattice Problem Scalar Fluxes

fuel moderator

cell Sg'
ref. [Bri77]

response 
matrix 
method= ®8‘ 

ref. [Bri 77]

response 
matrix 
method=

homog. hetero. homog. hetero.

1 8.062 8.062 8.949 13.133 13.133 13.841
2 8.059 8.059 8.946 13.126 13.127 13.836
3 8.033 8.032 8.919 13.077 13.077 13.784
4 7.788 7.785 8.660 12.612 12.607 13.298
5 5.515 5.501 6.263 8.259 8.362 8.753

^normalized so Sg fluxes equal homogeneous fluxes at 
cell 1

=10/10 in angle
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necessary in order to truly simulate the source distribution 

of this problem.

One-Dimensional Eigenvalue Problem

The results of analysis of a series of homogeneous 
eigenvalue problems are presented in Table 5-6. For all 

cases the local and global mesh structures are identical and 
cross sections of Z^=1.0 cm 1^=0.5 cm and yZ^=0.5 cm~^ 

were used. Thus, one mean free path (mfp) is equivalent to 
1 cm. Scattering is included in the response matrices. 
Eigenvalues are presented in two forms: the conventional
multiplication constant, k, and the number of secondary neu­

trons required to obtain criticality, c. The response 
matrix method calculates k directly, as described earlier, 
from the ratio of the integrated fission source of consecu­
tive outer iterations. The value c can be calculated from k 
by

1
c = —  

Z

and is presented for comparative purposes.

It is apparent that the response matrix method calcu­
lates k quite well. For the smallest problem (1/2 
width=0.5mfp) poor results are obtained because the angular 
resolution is not fine enough. Note that the FTRAN case 
with 8 angular support points agrees well with the
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benchmark. For the largest problems, however, the small 
angular mesh is not as critical. Comparable, if not better, 

values are found using the response matrix method, par­
ticularly when a finer mesh is used. Such a fine mesh is 
feasible because many identical regions can be used in the 
global solution procedure but only one set of response 

matrices must be calculated.
The effect of problem size on iteration count and com­

putational costs will be discussed in the following section.

Computational Considerations

The computational cost associated with finding a global 
neutron flux distribution by the response matrix method can 
be divided into two components; the cost of generating one 
or more response matrix sets and the cost of the iteration 
solution procedure itself.

The response matrix generation cost is dependent on the 

local and global mesh size desired and if the two mesh 
structures are identical. Table 5-7 provides a break-down 
of these costs for various combinations of space and angle 
support point arrangements. The costs, of course, increase 
with the number of support points. If, however, the global 
mesh is identical to the local mesh, the costs are somewhat 

reduced because some calculations may be bypassed, as 
explained in Chapter II.

The costs of finding the global solution is dependent 

on a number of factors, including the number of iterations



184

Table 5-7. One-Dimensional Response Matrix Generation Costs
(AMDAHL 5860)

mesh structure CPU t ime (sec)
space angle finite

element
matrix
gener­
ation

finite
element
matrix

inversion

response
matrix
gener­
ation

local global local global
total

3 3 4 4 0.002 0.001 0.018 0.021
9 9 4 4 0.002 0.020 0.034 0.056
2 2 6 6 0.002 0.002 0.023 0.027
3 2 6 6 0.002 0.004 0.026 0.032
3 3 6 6 0.002 0.005 0.025 0.032
5 2 6 6 0.002 0.015 0.038 0.055
5 5 6 6 0.002 0.015 0.032 0.049
9 3 6 6 0.003 0.060 0.059 0.122
9 9 6 6 0.003 0.059 0.053 0.115
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required to reach convergence and the cost per iteration.
The iteration count depends on the number of regions in the 
problem, the physical characteristics of the problem, and 

the iteration scheme chosen.
Fig. 5-17 is a plot of the number of inner iterations 

required to solve Reed's problem (case 5/5/cm) as a function 
of the relaxation parameter (w) used by the successive over­
relaxation method. At the optimal w of 1.2 a minimum of 13 
iterations is required. For a Jacobi iteration procedure,
23 iterations are used. If the scattering is removed from 
the response matrices, a converged interface flux distribu­
tion is found in just 3 iterations given a source distribu­
tion, as promised in Chapter IV. To find a converged scat­
tering source distribution, however, many outer iterations, 
together with the associated inner iterations, must be per­
formed.

For most of the Reed's problem solutions, the iteration 
costs are much less than the cost of generating response 
matrices, as seen from Table 5-8. The only exception is the 
32 region problem. For that case the response matrix 
generation costs are less because the regions contain few 
support points. The iteration costs are high because the 
many regions cause an increase in both the cost per itera­
tion and the iteration count.

The iteration cost required with scattering calculated 
in the outer iteration is, of course, much greater than the 
alternative treatment. The cost of generating the response
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Fig. 5-17. Number of iterations vs. relaxation 
parameter (Reed’s Problem--5/5/cm)
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matrices is greater, too, because a scattering operator must 
be found. No advantage is seen for adopting this approach. 
Note, however, that the number of inner iterations per outer 
averages 3.

The FTRAN times quoted in Table 5-8 indicate that the 
response matrix method is not competitive with FTRAN for 
this type of problem. This is a consequence of the explicit 
inversion necessary to generate response matrices. FTRAN 
solves the finite element matrix directly (but does not 
invert it) while taking advantage of its band structure 
which results in a linear dependence of costs to the number 
of spatial mesh points. In two dimensions, as will be seen 
later, the response matrix method is more efficient than 
FTRAN2 (the two-dimensional version of the standard finite 
element code).

The iteration counts and CPU times quoted in Table 5-6 
were found using an optimal relaxation parameter of 1.0,
i.e. no relaxation at all. Once again, the inner iteration 
count increases with the number of regions. As the half­
width increases approaching a critical configuration, more 
outer iterations are required. For the eigenvalue problems, 
iteration is required to find the solution with both FTRAN 
and the response matrix method. In FTRAN the finite element 
matrix equation must be solved at each iteration, although 
only backsubstitut ions are required for each iteration 
because the 4 matrix is LU-decomposed in advance. The 
response matrix iteration consists of simple multiplication
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Table 5-8. Computational Costs to
(AMDAHL 5850)

Solve Reed's Problem

mesh structure

no.
regions

total 
response 
matrix 
gener­
ation 
time 
{sec )

iteration

total 
CPU 
time 
( sec )

local global no.
outers

total
no.

inners
CPU
time
(sec)

33 0.065'
5 5 *8 ÔÜ96 ’ *i *13 ôiôiê* 0.212
5 5 8 0.223 44' 132 0.088' 0.311
5 3 8 0.220 1 13 0.011 0.231
3 3 8 0.128 1 13 0.012 0.140

9,5 9,5 5 0.443 1 14 0.019 0.462
2 2 32 0.108 1 59 0.115 0.223

9 . .. 0.017'
2 2 8 0.108 i 13 ôiôôg’ 0.117
3 2 8 0.128 1 13 0.012 0.140
5 2 8 0.200 1 13 0.011 0.211

FTRAN

'scattering source is calculated in outer, not inner, 
loop
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of flux vectors by matrices. The cost of response matrix 
generation overhead is overcome by the cheaper iteration 
procedure which enables the response matrix method to be 
competitive with FTRAN.

Summary

The one-dimensional implementation of the response 
matrix method provides a solution identical to the conven­
tional finite element method regardless of the response 
matrix region size or the scattering treatment. The alter­
nate method of finding the scattering source from the inte­
rior flux is less efficient than including scattering in the 
response matrices. Improved coarse mesh solutions can be 
obtained using response matrices found by projecting from a 
fine local mesh. The most obvious improvement is in regions 
of scattering material containing a source. Quadratic basis 
functions yield slightly better solutions than linear basis 

functions. Only in some cases is the response matrix method 
computationally competitive with the conventional method, 
and then only marginally. This is expected on the basis of 
calculation of operation counts.

Two-Dimensional Numerical Experimentation

Due to the increased computational expense of the two- 
dimensional method over that of one dimension, numerical 
testing was limited to one test problem— the ray effect 

problem [Bri75]— under a variety of conditions.
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Ray Effect Problem

The two-dimensional configuration depicted in Fig. 5-18 
was devised to test the ability of neutron transport codes 
to eliminate the ray effect— a phenomenon characterized by 

incorrectly calculated distortions of the scalar flux due to 
the presence of localized sources. Because scattering tends 
to redistribute the neutron density toward isotropy, the 
effect is more pronounced in strong absorbers. The majority 
of the cases presented here are of the ray effect problem 
with c=l/3, a reasonably small scattering fraction.

To analyze this problem by the response matrix method, 
the spatial domain must be divided into a set of rectangular 
regions. If all of the regions are of the same geometry, 
only one set of response matrices must be calculated because 
the material properties of the problem are homogeneous. In 
order to maintain uniform geometry and allow a discontinuity 

in the source distribution at the source-sourceless region 
interface, the largest region possible is 1.0 cm square, 
resulting in a 2x2 array of regions.

The ray effect problem is used as originally intended—  
to test the response matrix method's susceptibility to the 
ray effect— as well as a general two-dimensional test 

problem. First, a series of calculations are presented that 
used a variety of response matrix region sizes, in order to 
test the basic premise of the method, i.e., the spatial 
domain can be subdivided with no adverse consequences.
Second, the effect of increasing the angular mesh and
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vac.

S=0.0 cm

y (cm)

vac
ref 1.

-3S=1.0 cm

X ( cm)ref 1

(uniform material: Z^=0.75 cm~^, c ~ L ^ /Z ^ )

Fig. 5-18. Ray Effect Problem.
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projecting from a fine local angular mesh to a coarser 

global angular mesh is studied. Here, ray effect mitigation 

is important. Lastly, the projection in space is examined.
A convention has been established to identify the dis­

cretization used in a particular calculation. The arrange­
ment of response matrix regions in a rectangular array is 
referred to as the problem's region configuration. A 2x6 
configuration indicates an array of 2 regions in the x- 
direction and 6 in the y-direction. The arrangement of sup­
port points in the four phase-space dimensions is described 
by a sequence of four digits indicating the number of sup­
port points in the x-, y-, u~ and ^-directions, respec­
tively. In all cases, constant intervals are used and dis­
continuities in angular flux are allowed at n=0 and 4>=ir/2.
In the event of projection with non-identical local and
global mesh, two sequences of digits are presented separated 
by a slash. The first describes the local mesh; the second 
describes the global mesh.

The Effect of Region Size

The intent of this section is to demonstrate the
ability of the method to analyze two-dimensional systems by 
subdividing the spatial domain into many small regions. No 

projection is performed; identical local and global meshes 
are used. The results of a series of calculations using 
square regions with angular mesh structures of 4x4 are 

presented in Table 5-9 and Figs. 5-19 through 5-23. The
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plots show the scalar flux at the edge of the problem along 

side 2 (the top edge). The dip in the scalar flux followed 
by a peak around x=1.0 cm is characteristic of the ray 

effect. The errors in Table 5-9 (and in all the error 
tables that follow) are calculated using the formulas 
presented earlier in this chapter along the top edge of the 
problem. Errors are calculated relative to the results of a 
fine mesh calculation (8x8-3344). Although the per cent 

errors are written out to two significant figures, these 
errors should be viewed carefully because the point-wise 
angular flux convergence criteria itself is only 1%.

The plots and errors indicate that for a given mesh 
size, results are consistent regardless of the size of the 
response matrix region and the number of support points in 
the region (Figs. 5-19 and 5-21). Solutions with mesh 

intervals larger than 0.1667 cm (Figs. 5-22 and 5-23) appear 
to differ greatly from the solutions with mesh intervals of 
0.1667 cm and 0.125 cm (Fig. 5-20).

Fig. 5-24 presents FTRAN2 [Yeh78] and response matrix 
results for the ray effect problem (c=l/3) analyzed with a 
mesh size of 0.25 cm and an angular mesh of 4x4. The two 

cases cannot be compared directly because the response 
matrix method, unlike FTRAN2, allows a discontinuity in the 
flux at x=1.0 cm. From the discontinuity to the vacuum 

boundary, the two results agree. From x=0.0 cm to x=1.0 cm, 

there is greater disagreement. The FTRAN2 results, however, 
must be viewed with skepticism because, as illustrated in
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Table 5-9. Errors in Scalar Flux of Ray 
Effect Problem (c=l/3): Local=Global

(side 2 traverse; errors relative to 8x8-3366-Ax,Ay=0.125;
convergence criteria = 1%)

conf ig- 
uration

mesh
struc­
ture

mesh spacing
error RMS error

Ax
(cm)

Ay
(cm)i j k J

4x4 5 5 4 4 0.125 0.125 -0.18% 0.65%
6x6 3 3 4 4 0.1667 0.1667 0.02% 1.23%
4x4 4 4 4 4 0.1667 0.1667 -0.14% 1.11%
4x4 3 3 4 4 0.25 0.25 0.23% 2.28%
2x2 3 3 4 4 0.5 0.5 0.15% 4.57%
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O  T' 
CN

Ray Effect Problem

X
* 8x8-33^4

O""

2.00ob.oo 1.501.000.50
x(cm )

Fig. 5-19. Ray Effect Problem (c=l/3)--scalar flux along
side 2; 8x8-3344 vs. 4x4-5544 (local=global).



196

CN
Ray Effect Problem

* 8x8-3344
♦  6 x 6 - 3 3 4 4

o “‘

i D - -

CÔ.00 0.50 2.001.00 1.50
x(cm )

Fig. 5-20. Ray Effect
side 2; 8x8-3344 Problem (c=l/3)--scalar flux

vs. 6x6-3344 (local=global).
along
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Ray Effect Problem

o"‘

2.001.501.00
x(cm)

0.50

Fig. 5-21. Ray Effect Problem (c=l/3)--scalar flux along
side 2: 4x4-4444 vs. 6x6-3344 (local=global).
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CN

Ray Effect Problem
* 3x8-3344

4x4~33^^

0“ "

m - -

0.50 1.00 1.50 2.00
x(cm )

Fig. 5-22. Ray Effect Problem (c=l/3)--scalar flux along
side 2: 8x8-3344 vs. 4x4-3344 (local=global).
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O-r<N
Ray Effect Problem

<t.00 2.001.501.000.50
x(cm )

Fig. 5-23. Ray Effect Problem
side 2: 8x8-3344 vs. 2x2

(c=l/3)--scalar flux along
-3344 (local=global).
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Fig. 5-25, the scalar flux profiles along y=2.0 cm are 

extremely sensitive to the choice of spatial support point 
spacing.

The consistency of results regardless of the response 
matrix region size indicates that good solutions are pos­
sible using the response matrix method if suitable mesh 
spacing is selected.

Ray Effect Mitigation; Local-
Global Projection in Angle

The ray effect can be reduced by increasing the number 
of angular support points from 4x4 to 6x6 (see Fig. 5-26). 
Fig. 5-27 is a plot of the scalar fluxes found using a 6x6 
angular mesh with 6x6 and 4x4 response matrix region con­

figurations. Note the severe discontinuity at x=1.0 cm, the 
flat from 0.0 to 0.5 cm, and the lack of the S-shaped dip 
and peak seen in the previous curves. The FTRAN2 results 
with the same angular mesh are also included in Fig. 5-27. 
Again a direct comparison cannot be made because of the dis­
continuity and because the scalar fluxes found by the 
response matrix method are along the line y=2.0 cm while the 
FTRAN2 plot is along y=1.875 cm.

Fig. 5-28 is a plot of three flux profiles found using 
the 6x6 response matrix region configuration. Two of the 

profiles have been presented in the preceeding figure (6x6- 

3344 and 6x6-3366). The third is the result of a projection 
from the fine 6x6 angular mesh to the coarser 4x4 global 

angular mesh. The fine-coarse mesh result appears to com-
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o
CN

Ray Effect Problem

FTRAN2 9944 y=2.0 cm 
4x4-3344

§ -

0.50 1.00
x(cm )

1.50 2.00

Fig, 5-24. Ray Effect Problem (c=l/3)--scalar flux
along side 2: FTRAN2-9944 vs. 4x4-3344.
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CN
Ray Effect Problem

FTRAN2 9944 y=2.0 cm 
FTRAN2 7744 y=2.0 cm

O "
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Fig. 5-25. Ray Effect Problem (c=I/3)--scalar flux
along side 2: FTRAN2-9944 vs. FTRÀN2-7744.
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M

(a) 4x4

u

(b) 6x6

Fig. 5-26. Two-dimensional angular mesh,
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Ray Effect Problem

Y FTRAN2 7766 y = 1.875cm
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x(cm )

Fig. 5-27. Ray Effect Problem (c=l/3)--scalar flux along
side 2, 6x6 angular mesh: FTRAN2 vs. response matrix

method.
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bine the features of the fine mesh and the coarse mesh.
Like the coarse mesh, the profile is high and curved at 
x=0.0 cm, but further along the traverse it falls between 

the coarse and fine mesh profiles. The S-shaped dip and 
peak is less pronounced. From the plot, the effectiveness 
of the projection procedure in angle is not apparent. The 
errors in Table 5-10 also indicate that the fine-coarse mesh 
results agree more closely with the fine mesh results than 
do the coarse mesh, although not dramatically. Similar 
observations can be made for the 4x4 configuration plotted 
in Fig. 5-29.

The selection of the angular mesh is seen to have a 
large effect on the results obtained by the response matrix 
method. Fig. 5-30 shows a similar behavior in the standard 
finite element method.

The ray effect is reduced by decreasing the angular 
mesh size; a result seen both in the conventional finite 
element method and the response matrix method. Some of the 
improvement due to the fine angular mesh is also seen in the 
coarse angular results obtained using response matrices 
generated by the fine mesh-coarse mesh projection technique.
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Ray Effect Problem

t 6x6-3344

* 6x6-3366 
z 6 x 6 - 3 3 c 6 / 3 3 4 -

2.001.501.000.50
x(cm )

Fig. 5-28. Ray Effect Problem (c=l/3)--scalar
flux along side 2: local-global projection in

angle (configuration = 6x6).
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Table 5-10. Errors in Scalar Flux of Ray Effect 
Problem (c=l/3): Effect of Fine Angular Mesh
(side 2 traverse; errors relative to 6x6- 

3366-Ax,Ay=0.1667-local«global; 
convergence criteria = 1%)

conf ig- 
uration

mesh
structure

mesh spacing

error RMS errorAx
( cm)

Ay 
( cm)

local global
i j k 1 i J k 1

6x6 3 3 6 6 3 3 4 4 0.1667 0.1667 -3.28% 8.08%
6x6 3 3 4 4 3 3 4 4 0.1667 0.1667 -6.42% 11.15%
4x4 3 3 6 6 3 3 6 6 0.25 0.25 0.43% 2.44%
4x4 3 3 6 6 3 3 4 4 0.25 0.25 -1.63% 6.63%
4x4 3 3 4 4 3 3 4 4 0.25 0.25 -6.20% 9.94%
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Fig. 5-29. Ray Effect Problem (c=I/3)— scalar
flux along side 2: local-global projection in

angle (configuration = 4x4).
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Ray Effect Problem
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Fig. 5-30. Ray Effect Problem (c=l/3)--scala:
flux along side 2: FTRAN2 results.
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The Effect of Spatial Projection

Figs. 5-31 and 5-32 indicate the effect of local to 
global projection in the spatial dimensions. The coarse 
mesh calculation with response matrices generated using a 
local mesh spacing of 0.125 cm and a global spacing of 0.25 
cm (4x4-5544/3344) agrees more closely with the fine mesh 

calculation (4x4-5544) than does the coarse mesh calculation 
(0.25 cm) where local and global mesh are identical (4x4- 
3344). Table 5-11 verifies this observation. In this case, 
the projection from a fine mesh improves the coarse mesh 
calculation.

To further test the spatial projection procedure, a 
series of calculations using oblong response matrix regions 
was performed. In all of the following cases, the length of 
a 1.0x0.3333 cm (or 0.3333x1.0 cm) rectangle is divided into 
a fine local mesh with 7 support points. Along the width, 
the local and global mesh spacing is kept constant at 0.1667 
cm. During the generation of response matrices the 7 point 
fine mesh is either retained in the global mesh or projected 
onto a coarser 4 or 3 point global mesh.

The oblong rectangles and the spatial projection along 
one side only are necessary because the computational 
requirements of a 7744 response matrix exceeds the 1 

Megabyte single matrix limit of MTS and the AMDAHL 5860.
Once again, the solution is not dependent on the size 

(or shape) of the response matrices if a constant mesh size 
is used (see Fig. 5-33). The effect of projection from the
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Ray Effect Problem

4-x̂  —55^^

o
m -  -

qb.OO 0.50 1.00
x(cm )

1.50 2.00

Fig. 5-31. Ray Effect Problem (c=l/3)--scalar flux
along side 2; local-global projection in space.
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Fig. 5-32. Ray Effect Problem (c=l/3)— scalar flux
along side 2: 4x4-5544 vs. 4x4-3344.
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7 support point fine mesh is seen in Fig. 5-34. The coarse 
mesh solution follows the fine mesh solution reasonably 
well, but comparing the coarse mesh calculation seen in 
Fig. 5-35 and examining the errors in Table 5-11 indicate 

the improvement of a fine-coarse mesh calculation over a 
simple coarse mesh calculation is insignificant.

The fine mesh 7344 and 3744 calculations are seen to be 
nearly identical in Fig. 5-36, as expected. The effect of 
increasing the mesh size from that of the 7 point mesh is 
less significant because the plots in Fig. 5-37 are along 
the x-direction, not the y-direction where the coarse mesh 
resides. Changes in the y-direction mesh spacing affects 
the x-direction errors nonetheless, as seen in Table 5-11. 
For these 7 point problems the local-global projection has 
little benefit.

The projection from a fine local spatial mesh to a 
coarse global spatial mesh is beneficial in one case 
presented but not in others. The 5544/3344 calculation 
provides a result superior to the 3344 calculation. But the 
projection from the 7 point fine mesh has little advantage 
over the coarse mesh calculation with no projection.

Three different calculations of the ray effect problem 
with the scattering fraction increased to 2/3 are presented 

in Figs. 5-38 and 5-39. In both figures, the S-curve has 

diminished due to increased scattering which reduces the ray 
effect.
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Ray Effect Problem

* 2x6-7344

t 6x6-3344

O "

2.001.501.000.50
x(cm )

Fig. 5-33. Ray Effect Problem (c=l/3)--scalar flux
along side 2; 2x6-7344 vs. 6x6-3344.



216

CM
Ray Effect Problem

*  2x 6-7344
+ 2x6-7344/4344 
X 2 x 6 - 7 3 4 4 / 3 3 4 4
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x(cm )

Fig. 5-34. Ray Effect Problem (c=l/3)--scalar
flux along side 2: projection in space from 7

point fine mesh (x-direction).



O-rcvi
Ray Effect Problem

X 2x6-7344/3344 
X 2x2-3344

U3 —

ct.OO 2.001.500.50 1.00
x(cm )

Fig. 5-35. Ray Effect Problem (c=l/3)--scalar flux
along side 2: 2x6-7344/3344 vs. 2x2-3344.
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Fig. 5-36. Ray Effect Problem {c=l/3)--scalar flux
along side 2: 6x2-3744 vs. 2x6-7344.
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Fig. 5-37. Ray Effect Problem (c=l/3)--scalar
flux along side 2: projection in space from 7

point fine mesh (y-direction).
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Fig, 5-38. Ray Effect Problem
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Ray Effect Problem
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Fig. 5-39. Ray Effect Problem (c=2/3)--scalar flux
along side 2: 8x8-3344 vs. 4x4-3344.
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Computational Considerations

The computational requirements of the two-dimensional 
response matrix method are much more demanding than the one­
dimensional method both in terms of CPU time and storage. 
Full fine mesh matrices must be stored during response 
matrix generation for two reasons: the scattering operator
couples all angular support points at common spatial loca­
tions, and explicit inversion tends to fill all matrix ele­
ments. Table 5-12 lists some storage requirements of square 
matrices. On the AMDAHL, a single precision word requires 4 
bytes.

Some response matrix generation times are presented in 
Table 5-13. The lion's share of costs belong to the matrix 
inversion. As was the case for the one-dimensional method, 
costs are greater if local/global projection is performed. 
The effect of the exploitation of matrix band structure is 
seen in the times of the non-symmetric response matrices.
The time required to invert a 7344 matrix is less than for a 
3744 matrix because for the latter matrix the y-direction 
block structure is imbedded in the x-direction blocks.

The analysis of the ray effect problem benefits from 
the use of a relaxation parameter different than 1.0, as was 
also true for Reed's problem. Fig. 5-40 and 5-41 shows the 
effect of varying the relaxation parameter for c=l/3 and 
c=2/3, respectively. If the problem contained no scatter­
ing, the optimal relaxation factor would be 1.0. For this 
reason, the weaker the scattering, the close to 1.0 the
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Table 5-12. Two-Dimensional Storage Requirements

local mesh structure matrix
storage

i j k 1 words (KBytes)

3 3 4 4 20,736 83.
4 4 4 4 65,536 262.
5 5 4 4 160,000 640.
7 7 4 4 614,656 2,459.
3 3 6 6 104,976 420.
4 4 6 6 331,776 1,327.
4 3 4 4 36,864 147.
7 3 4 4 112,896 452.
4 3 6 6 186,624 746.
7 3 6 6 571,536 2,286.
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Table 5-13. Two-Dimensional Response 
Matrix Generation Costs 

(AMDAHL 5860)

mesh structure CPU time (sec)
local global finite

element
matrix
gener­
ation

finite
element
matrix

inversion

response
matrix
gener­
ation

total
i J k 1 1 j k i

3 3 6 6 3 3 6 6 0.433 17.553 4.361 22.345
3 3 6 6 3 3 4 4 0.433 17.553 5.706 23.690
3 3 4 4 3 3 4 4 0.117 1.504 0.667 2.288
4 3 4 4 4 3 4 4 0.392 3.302 1.213 4.907
4 4 4 4 4 4 4 4 0.226 11.997 2.254 14.477
5 5 4 4 5 5 4 4 0.377 25.102 5.382 30.821
5 5 4 4 3 3 4 4 0.377 25.102 6.687 32.166
3 7 4 4 3 7 4 4 0.274 19.366 3.733 25.696
3 7 4 4 3 4 4 4 0.274 19.366 8.083 27.736
3 7 4 4 3 3 4 4 0.274 19.366 5.292 24.932
7 3 4 4 7 3 4 4 0.314 12.501 3.696 16.511
7 3 4 4 4 3 4 4 0.314 12.501 8.174 20.989
7 3 4 4 3 3 4 4 0.314 12.501 5.307 18.122
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optimal relaxation parameter. For c=l/2, ^^^^=1.1; for c=2/ 

3, Wgp^=1.2. Note, however, that as the response matrix 
regions decrease in size, the optimal relaxation parameter 
tends toward 1.0 because the effect of scattering diminishes 
for thin regions.

Table 5-14 is a compilation of the total CPU time 
required to solve the ray effect problem using various com­
binations of local-global spatial and angular mesh and 
response matrix sizes. With many small regions, the itera­
tion costs dominate; with few large regions, the response 
matrix generation costs dominate. An increase in the number 
of angular support points increases the computational costs 
greatly. The trade-off between iteration costs and response 
matrix generation costs favor many small regions as 
expected. The basic premise of the response matrix 
philosophy is to analyze a small region in detail and make 
use of the information in the solution of a large system.
The expense associated with the explicit inversion of the 
fine mesh finite element matrices compared to the relatively 
inexpensive iteration costs reinforce this philosophy.

Table 5-15 presents a listing of computational costs of 
equivalent calculations using FTRAN2 and the response matrix 
method. The times clearly indicate that the response matrix 
method is vastly more efficient, by as much as 6 times for 
the 9944 case. Lorence’s explicitly interfaced finite ele­
ment method [Lor84] is nearly 3 times faster than the stand­
ard FTRAN2 for the 7756 case.
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Table 5-14. Computational Costs to 
Solve Ray Effect Problem (c=l/3)

(AMDAHL 5860; convergence criteria = 1%)

conf ig- 
uration

mesh structure total 
response 
matrix 
génér­
ât ion 
time 
(sec)

iteration
local global

W
total 
no. 

inners
CPU 

time 
( sec )

total 
CPU 
time 
(sec )i J k 1 i j k 1

8x8 3 3 4 4 3 3 4 4 2.288 1.0 24 17.068 19.356
6x6 3 3 4 4 3 3 4 4 2.288 1.0 21 8.337 10.625
6x6 3 3 6 6 3 3 6 6 22.345 1.1 21 42.116 64.401
6x6 3 3 6 6 3 3 4 4 23.690 1.1 16 6.463 30.153
4x4 3 3 4 4 3 3 4 4 2.288 1.0 20 3.406 5.694
4x4 3 3 6 6 3 3 6 6 22.345 1.0 18 15.668 38.013
4x4 3 3 6 6 3 3 4 4 23.690 1.0 15 2.652 26.342
4x4 4 4 4 4 4 4 4 4 14.477 1.1 16 6.425 20.902
4x4 5 5 4 4 5 5 4 4 30.821 1.1 17 9.030 39.851
4x4 5 5 4 4 3 3 4 4 32.166 1.1 15 2.646 34.812
2x2 3 3 4 4 3 3 4 4 2.288 1.0 10 0.412 2.700
4x6 4 3 4 4 4 3 4 4 4.907 1.1 19 6.880 11.787
6x2 3 7 4 4 3 7 4 4 25.696 1.1 16 8.453 34.149
6x2 3 7 4 4 3 4 4 4 27.723 1.1 14 3.420 41.549
6x2 3 7 4 4 3 3 4 4 24.932 1.1 14 2.275 34.822
2x6 7 3 4 4 7 3 4 4 16.511 1.1 15 8.065 24.576
2x6 7 3 4 4 4 3 4 4 20.989 1.1 14 3.418 24.407
2x6 7 3 4 4 3 3 4 4 18.122 1.1 14 2.274 20.396
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Summary

Solutions of the ray effect problem can be found effi­
ciently using the response matrix method. The accuracy of 
these solutions is dependent only on the spatial and angular 
discretization chosen, not on the size or shape of the 

response matrix regions. The ray effect is reduced by the 
use of a fine support grid in angle. Some reduction, 
although slight, results in the coarse angular grid solution 
if response matrices are used that have been found by 
projecting the solution from the fine grid to the coarse 
grid. For some cases, spatial local-global projection is 
effective; for others it, is not. In two dimensions, the 
advantage of the response matrix method appears not to lie 
in its ability as a coarse mesh method but in the dramatic 
improvement in computational efficiency over the conven­
tional two-dimensional finite element method.



CHAPTER VI 

SUMMARY

In this work, a finite element response matrix method 
for the solution of the transport equation has been devel­

oped. It has been implemented and coded for use on a com­
puter in the analysis of one- and two-dimensional geome­
tries. The finite element method is used to solve the 
transport equation as a function of an arbitrary volumetric 
source distribution and an arbitrary incoming angular flux 

boundary condition on small regions of the spatial domain. 
The solution is described on a fine local mesh. By project­
ing this solution onto coarser meshes— one defined only on 
the region surface, the other defined on the entire volume—  
a system of response matrices result that is incorporated 
into an iterative solution scheme. This scheme is used to 

find a global distribution of particles in space and angle. 
Because the scheme is iterative, efficiency is increased 
with coarser global mesh.

If the effect of scattering is considered during the 
generation of the response matrices (i.e., the scattering 

operator is retained on the left side of the transport equa­
tion), the solution of a fixed source problem can be found 
with only one outer iteration and as many inner iterations
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as are necessary to meet the specified convergence criterion
on the interface fluxes. In contrast, if the scattering
source is determined explicitly from the volumetric flux 
distribution, many outer iterations are required to find the 
converged source distribution. The number of inner itera­
tions in each outer iteration, however, is reduced to a 

fixed number, 2, independent of the interface flux conver­
gence criterion, because the absence of scattering in the
response matrices eliminates reflection by the response 
matrix regions. If the problem contains a multiplying 
material, the fission source is found from the volumetric 
flux distribution in the same manner. A multiplication con­
stant, or eigenvalue, is calculated from the ratio of the 
fission source distribution found in successive outer itera­
tions.

The method uses multidimensional Lagrange polynomials 
as the basis functions not only for the determination of the 
finite element matrix but also as the basis functions for 

the global surface and volume series expansions. Because 
the multidimensional polynomials are found by taking the 
tensor product of one-dimensional polynomials, the inter­
mediate matrices and their inverses needed in the response 
matrix calculation can be assembled via tensor products of 
one-dimensional matrices and their inverses.

Computational testing of the method indicates that 

accurate solutions to the transport equation can be found by 
this method. If a consistent mesh is used, identical solu­
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tions can be found using response matrix regions of dif­

ferent sizes. In one dimension, the method works very well. 
The projection from a fine mesh solution onto a coarse mesh 

provides an effective coarse mesh transport method.
Response matrices have been calculated and tested for 
regions with internal heterogeneities although the current 
implementation of the method must be improved in order to 

allow discontinuous source distributions on the interior of 
response matrix regions. With this present limitation taken 
into account, equally satisfactory results are obtained with 
both heterogeneous and homogeneous response matrix regions.

For most one-dimensional problems analyzed, the 
response matrix method proved to be less computationally 

efficient than the conventional finite element method. The 
lone exception is problems that require iteration solutions 
by both methods— specifically, eigenvalue or criticality 
problems. For all problems analyzed, the effort required to 
generate response matrices far exceeds that required to find 
the iterative global solution. By decreasing the number of 

spatial support points in each response matrix region a 
large savings is realized. This is a consequence of the 
direct inversion involved in this part of the calculation.
In order to maintain a constant support point spacing, the 

number of response matrix regions must be increased accord­
ingly resulting in an increase in iteration costs, both in 
the number of iterations needed and in the cost per itera­

tion. The trade-off, however, favors response matrix
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regions with as few spatial support points as possible. The 
iteration costs can be reduced, however, by using a coarse 
global mesh.

The computational costs in two dimensions, in terms of 
both CPU time and memory requirements, are much greater than 
in one dimension, as one would expect. Due to storage and 
memory constraints, the local-global projection technique 
could not be tested to the extent it was examined in the 
one-dimensional implementation. For some cases the projec­
tion in the spatial dimension worked quite well. When 
projection was performed in only one spatial variable, 

poorer results were observed perhaps because the effect of 
the projection was overwhelmed by the absence of projection 
in the perpendicular direction.

Projection to a coarse mesh in angle was less satisfac­
tory. Again due to practical constraints, only 66 to 44 
angular mesh projection calculations were performed. A 

plausible reason for the disappointing results is that the 
66 angular mesh is already too coarse to provide an adequate 
solution. Projection to a still coarser mesh would, in that 
case, give poor results.

The two-dimensional response matrix method was found to 
give good solutions. Moreover, the increase in com­

putational efficiency over the standard two-dimensional 
finite element method is dramatic: for some cases, from 6

to 10 times more efficient. In two dimensions, the 

advantage of response matrix regions with as few spatial
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support points as possible is all the more apparent. In 

fact, with 3344 response matrices, the iteration costs for 
the ray effect problem exceed the matrix generation costs.
By just increasing the spatial mesh to 4444, this situation 
is reversed and the total costs increase.

Any further work with the response matrix method should 
be directed toward the two-dimensional implementation 
because there the greatest rewards might be gained. Beyond 
the needed additional verification of the method with a 
reliable two-dimensional benchmark solution, improvements 
could be made in the memory requirements, CPU requirements, 
and some theoretical aspects.

In all the cases examined in this investigation, sym­
metric response matrices were found. Although this is 
generally true for only single energy group formulations, 

this characteristic can be easily exploited to reduce the 
storage requirements of the matrices themselves. It is not 
obvious how one can utilize this feature to reduce the cal­
culât ional requirements, however.

The effect of scattering can be handled in two ways, as 
mentioned above. It was found that it is less expensive to 

include scattering in the response matrices than to calcu­
late the scattering source in the outer iteration from the 
volumetric flux distribution. No acceleration is included, 
however, in the outer iteration loop. With a simple 

acceleration scheme such as the asymptotic source extrapola­
tion method or the Chebyshev polynomial method, convergence
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could be reached more quickly with little or no additional 
work per iteration. Modern source iteration techniques such 
as synthetic diffusion would dramatically reduce the number 
of outer iteration, not without, however, an increase in the 
costs associated with each iteration. With these outer 

iteration acceleration techniques, together with the need of 
only a fixed number of inner iterations per outer, the 
explicit scattering source calculation in the outer loop 
could win out over the implicit treatment of scattering 
within the response matrices themselves.

In two-dimensional geometries, two angles are needed to 
describe the angular neutron distribution. In this work, a 
rectangular grid of u and 4> is used to discretize the angu­
lar variables. For the 44 angular grid used for most 
problems, only five distinct angular coordinate pairs serve 
as finite element support points, but 16 pairs are involved 
in the calculations. The discrepancy exist for two reasons: 
(1) double support points are required at angles where dis­
continuities are allowed, and (2) at the poles of the unit 
angular sphere (m=±D all of the support points in 
degenerate to one point— the pole itself. A systematic 
treatment of the degenerate poles would reduce the storage 
and computational requirements dramatically. Low-order 
spherical harmonics are possible alternatives to the use to 
Lagrange polynomials as basis functions.

The obvious extensions of the method to time-dependent 
problems, multi-group formulations, and curvilinear geome-



tries must be mentioned. The most straight forward multi­
group approach would be to find response matrices for each 
group and calculate the group-to-group transfer via in­
scattering explicitly in the outer iteration loop.

Finally, a word about implementation of the method on 
multi-processor or vector computers. It is not difficult to 
see how one would utilize a multi-processing environment. 
During the response matrix generation phase, each processor 
could be dedicated to calculating the response matrices for 
a unique region. Processor-to-processor communication would 
be necessary, however, during the global solution iteration 
phase. The method could be easily and efficiently converted 
to take advantage of a vector machine architecture. In 
fact, during the early stages of this investigation, the 
codes were run on the CRAY-1. All of the response matrix 
generation codes are easily vectorized if care is taken with 
the do-loops. The global iteration scheme is also easily 
vectorized if a Jacobi iteration is used. For the Gauss- 
Seidel and SOR iteration schemes, vectorization is a bit 
more complicated. A row-by-row or, alternatively, a red- 
black scheme would be necessary.
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