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PREFACE

This thesis presents research on collision-free trajectory generation and optimal
base placement for collaborative industrial robots, with a focus on robotic car paint-
ing. The work bridges the gap between robotics, automation, and optimization,
offering practical solutions for improving the efficiency and safety of multi-robot sys-
tems. Through this work, we sought to develop computationally efficient solutions
that integrate optimization algorithms and trajectory planning techniques to improve
the performance and safety of industrial automation systems.

The research reflects my academic journey and the insights gained through collab-
oration with my advisors, fellow researchers, and industry professionals. It is a result
of continuous exploration of challenges in flexible manufacturing and multi-robot co-
ordination.

The following section presents a comprehensive list of my publications during
my PhD. The first two papers are closely tied to the central theme of this disserta-
tion, which focuses on collision-free trajectory generation and optimal base placement
for collaborative robotic car painting. These publications address the challenges of
coordinating multiple robots with overlapping workspaces and propose innovative so-
lutions to ensure safe, efficient, and automated operations. Specifically, they explore
how geometric modeling, optimization algorithms, and motion planning techniques
can be applied to avoid collisions and improve task execution.

The final four publications included in this list represent research I contributed to

outside the scope of this dissertation. These papers highlight my broader work within

v



the field of robotics, covering topics such as the sonification of the motion of robots.
These publications delve into the challenges of monitoring the kinematic behavior of
robots with many degrees of freedom and propose innovative sonification techniques as
an alternative to traditional visual methods. Specifically, they explore how auditory
feedback can be effectively applied to hyper-redundant robotic mechanisms, providing

intuitive ways to interpret complex motion patterns and improve system monitoring.
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ABSTRACT

by
Khalil Zbiss

This study delves into the challenges associated with collaborative robotic car
painting, employing a team of industrial manipulators with potential heterogeneity.
The focus lies in two primary areas: efficiently generating joint trajectories for each
robot and finding the optimal fixed base positions within the factory space. Using
the given CAD model of the car, the objective is to maximize paint coverage while
minimizing the risk of collisions during the painting process, using nozzles attached

to the robotic arms.

Our proposed solution tackles the computationally demanding task of collabora-
tive coverage path planning by strategically separating collision avoidance from cover-
age path planning, leveraging the intrinsic two-dimensional structure of the problem.
We partition the reachable space of the forearms of the robots, project the resulting
volumes of intersection onto the sides and top of the car body, and subsequently con-

duct the coverage planning on these projected volumes.

XV



Additionally, we construct two types of cost functions that formally capture the
notions of paint coverage maximization and collision avoidance minimization. These
functions are used to formulate a multi-objective optimization problem, which is
solvable using any standard multi-objective optimizer. Our optimal base placement
algorithm decouples base placement from motion/trajectory planning, offering a hi-
erarchical solution where the generated results can be utilized within existing robotic

painting motion/trajectory planners.

The effectiveness of our approach is demonstrated through simulation results in-
volving several industrial robotic arms collaboratively painting a Ford F-150 truck,
validating both the innovative trajectory planning and optimal base placement strate-

gies.

Xvi



CHAPTER I

Introduction

Over the last few years, multi-robot collaborative systems have made major progress
in modern manufacturing. Modern warehouses are using robots to use fleets of robots
that can communicate with each other to quickly and efficiently pick, sort, and deliver
packages to reduce the time that it takes to execute each task. Robots are also widely
used in vehicle assembly. They can pass parts to each other, weld, and paint in a
perfectly timed sequence without human intervention. If one robot needs to stop,
others can adjust their tasks to keep the assembly line moving smoothly, ensuring

there are little to no delays in production.

1.1 Collaborative Robots

Collaborative robotics in flexible manufacturing involves a team of robots working
together to handle complex tasks beyond what a single robot can do. A team of
robots is crucial for tasks like intricate assembly or dealing with uncertainties in
processes such as welding, painting, or coating. In automated planned assemblies,
multiple robots collaborate to streamline the manufacturing process. This teamwork
not only boosts efficiency but also addresses challenges in modern manufacturing
8 9 [T0; 1T} 12 13].

Collaborative robotics aims to break away from traditional repetitive industrial



processes by focusing on flexible manufacturing systems. Unlike the rigid nature of
conventional methods, collaborative robotics targets agile customization of produc-
tion lines. In scenarios like flexible manufacturing-based car painting, where a robotic
arm may malfunction, the goal is to ensure uninterrupted operations. In such cases,
replacing the non-functional arms with different types from the inventory becomes a
practical solution, allowing the painting process to continue seamlessly. In another
scenario, the manufacturer might need to change the make of vehicles in their pro-
duction line on short notice. In both scenarios, a new collection of trajectories needs
to be planned in the least possible amount of time to address the agile manufacturing
requirements.

Planning the motion of a team of robots requires the computation of paths for
each robot, intending to achieve optimal or nearly optimal paths individually while
ensuring the collective path of all robots is optimal. This task is more complex than
single-robot motion planning, where coordination among robots is not a concern, and

each robot can independently compute its path.

1.2 Coverage Path Planning

Path planning is an important challenge in robotics, which aims to process high-
level actions into possible low-level motor instructions. Coverage Path Planning
(CPP) consists of identifying a route that traverses every point within a designated
area or volume, ensuring avoidance of obstacles. [14] defined the requirements for
the coverage of a mobile robot moving in a 2-dimensional environment that are also

applicable for robot manipulators:

e The robot must move through every point and cover the entire target area

without overlapping or repeating paths.

e The robot must avoid all obstacles.



e The robot preferably has simple motion trajectories for simplicity in control.

(e.g. straight lines)
e Under the available conditions, it is desirable to seek an ”optimal” path.

The CPP problem is a variant of the well-known traveling salesman problem where
a robot needs to visit a set of target points and return to its starting point, all while
minimizing the total distance traveled. The main objective of this NP-hard problem
is to find the most efficient path that allows the robot to visit each point exactly once.
The computational time required to solve this problem increases exponentially when

the number of target points increases.

1.3 Robots’ Base Placement

Robot base placement refers to the robot’s fixed bases within a workspace to
optimize its performance in a collaborative task. The positioning of a robot base
is an essential component of robotics that has a big impact on the functionality
efficacy and performance of robotic systems in various applications. The location of a
robot’s base is a fundamental factor that dictates its operational range stability and
interaction with the environment regardless of the application—industrial automation
service robotics or autonomous systems.

Base placement is crucial as it affects the robot’s ability to perform tasks correctly
and successfully. Finding the optimal base position is key to significantly reducing the
time and energy required to complete a task. An efficiently placed base minimizes
unnecessary movement, which directly contributes to better energy efficiency and
faster task completion.

Despite its importance, the optimal position for robot bases is not a straightfor-
ward task and depends on several variables, including the workspace’s shape, the

tasks to be completed, the kinematic and dynamic capabilities of the robots, and any



environmental restrictions like limited space or barriers. An optimal base placement
allows for coordination between the robots and guarantees that every robot can reach
its target areas with the least amount of effort and maximum precision.

The optimal base placement must also consider task-specific requirements. For
example, robots performing different operations—such as painting or assembly—may
need distinct base positions even within the same workspace. Environmental factors,
such as floor conditions and the presence of obstacles, must be accounted for to ensure

stable and efficient operation.

1.4 Motivation and Contribution

The increasing demand for flexible and efficient manufacturing processes has led
to significant advancements in multi-robot collaborative systems. Traditional robotic
systems often struggle with time-consuming trajectory generation and inefficient base
placement, which can lead to delays and suboptimal performance. Our main interest
is to address these challenges by developing computationally efficient algorithms for
both optimal base placement and automatic collision-free trajectory generation in
multi-robot systems. Our research aims to directly address these limitations by de-
veloping computationally efficient algorithms focused on two key areas: optimal base

placement and automatic collision-free trajectory generation for multi-robot systems.

One of the motivations behind this research is the ability to dynamically replace
robots in the manufacturing setup if a breakdown occurs. In a highly automated in-
dustrial environment, the sudden failure of a robotic arm can lead to significant delays
and interruptions in the production line. To mitigate this, our approach focuses on
developing algorithms that allow for the seamless integration of a new robot—either
of the same make or any standard 6-DOF (Degrees of Freedom) robot—without the

need to reconfigure the entire system. This flexibility not only ensures that produc-



tion continues with minimal disruption but also enables manufacturers to utilize a

diverse range of robotic arms available in their inventory.

We propose a computationally efficient approach to the multi-robot car-painting
problem. In the following paragraphs, we summarize the main contributions of our
work.

The first contribution is founded on proposing a computationally efficient, hierar-
chical, and versatile path-planning solution that relies on exploiting the geometrical
features of the car-painting problem. Our solution to this computationally intensive
problem relies on decoupling the collision avoidance objective in the 3D environment
from the coverage path planning objective on the 2D surface of the car while comput-
ing the solution in polynomial time complexity. Furthermore, our solution does not
require any communication in-between the robotic arms to prevent collision avoid-
ance. The second contribution is developing two types of cost functions specifically
designed for multi-robot vehicle painting scenarios. These cost functions can be ef-
ficiently computed iteratively. Consequently, they are well suited for being utilized
within any standard multi-objective optimization algorithm. A key advantage of our
proposed approach is that it primarily involves planar computations, except for a
one-time three-dimensional (3D) point cloud rendering and ellipsoidal fitting in its

pre-processing stage.

Considering the literature gaps, this study exclusively focuses on the collabora-
tive robotic car-painting application. This specific focus allows us to deviate from
generic base placement methods, which try to perform base placement and trajectory
planning simultaneously. Specifically, we leverage the unique geometric properties of
this industrial automation process to develop a computationally efficient algorithm

without the need for simultaneous path planning and base placement. Our hierarchi-



cal approach prioritizes determining optimal base positions before engaging existing
robotic painting motion/trajectory planners. The core challenge lies in quantifying
paint coverage maximization and collision avoidance minimization for multi-robot ve-
hicle painting without relying on prior knowledge or real-time data from motion/tra-
jectory planners. Furthermore, this quantification requires the design of cost functions
tailored to the collaborative robotic car-painting application, which can be efficiently
computed iteratively, hence making them well suited for being utilized within any

standard multi-objective optimization algorithm.

1.5 Dissertation Organization

The remainder of the dissertation is organized as follows. Chapter [Ilintroduces the

necessary background on robot kinematics and path planning, setting the foundation
for the computational solutions developed for efficient and collaborative robotic car
painting. Chapter defines the central problem, outlines the key assumptions,
and describes the step-by-step solution strategy that guides the development of our
approach.
Chapter focuses on the generation of automatic robot trajectories. We start by
Approximating the reachable Workspace of Robot Forearms. Then, we find the point
clouds of intersection in between the generated 3D point cloud and decompose the
vehicle grid map into cells using the Morse critical points decomposition algorithm
and applying the boustrophedon-like paths to these cells. The chapter concludes by
presenting how to create the 3D paths for the robots’ paint nozzles and assign each
painting task to the appropriate robot. We finish this chapter with a summary of the
algorithm and present the simulation result for a team of 4 and 6 robots.

Chapter V] addresses the optimization of the robots’ base placements. We render a
point cloud representation of the robot workspace. We define the cost functions, one

for minimizing the possibility of collisions and another for maximizing the possibility



of paint coverage. We define the multi-objective optimization problem and present
the simulation results for a homogeneous and heterogeneous robotic team. Lastly, we
present a discussion and comparison with the state-of-the-art methods.

Chapter [VI] is devoted to summarizing and discussing our works. After that, the

thesis concludes with a discussion about possible future works.



CHAPTER II

Background

2.1 Robotic Painting

Robotic spray painting, which is concerned with covering the object surface by
means of varnish/paint/ink, utilizes spray guns that are driven by compressed air.
These spray guns atomize the fluid particles and direct them onto the industrial target
surfaces [15} [16; [17]. A drawback of the conventional industrial painting automation
systems using robots is the time-consuming nature of trajectory generation for the
robotic arms [I8; 19]. In order to depart from the time-consuming procedure of direct
manual tool path operation, which is based on driving the robot arm by a human
operator through a complete spraying cycle, CAD-based (Computer-Aided Design)
methods have been considered a viable and less time-consuming alternative for gen-
erating proper trajectories for the painting robots [20]. In these CAD-based methods,
path planning for single industrial robots can be performed using alternatives such
as RRT-based algorithms [21], iterative schemes with adaptively changing spray-gun

stroke diameters [22], and path-constrained trajectory planning [I8], to name a few.



2.2 Collision avoidance in Collaborative Robotic Manipula-

tion

In the context of collaborative robotic manipulation, a plethora of modeling, con-
trol, and optimization algorithms have been developed in the literature. Fuzzy genetic
algorithms have been employed in [23] or trajectory planning for two collaborative
manipulators, where the robots considered each other as moving obstacles with un-
known behaviors. After the offline generation of the robot’s initial paths using ge-
netic algorithms, an online fuzzy algorithm-based decision maker corrects the robot
paths to prevent them from colliding with each other. Similarly, Safeea et al [24]
achieve collaborative task execution employing generating a collection of offline com-
puted nominal paths tailored to the industrial task at hand and generating on-the-fly
modifications by means of artificial potential fields for collision avoidance. Another
method was developed by Yoon et al [25] using the concept of manipulator shadow
space calculations along with modified genetic algorithms for the generation of an op-
timal collision-free sequence for executing planar tasks, where the manipulators are
assumed to only travel linearly from one point to another. Both manipulators start

moving at the same time.

To solve the problem of collision avoidance in unstructured environments, where
the robots might share the same workspace, the issues of timing for task allocation as
well as planning the robotic motion sequences become of immense importance [20; 27}
28]. Furthermore, having to consider other robots as moving obstacles and preventing
their collision in an online manner as manifested in [23] and [24] where hypothetical
attraction and repulsion vectors field attract the robot towards the goal while repelling
it from the obstacles. coupling this concept with a mathematical representation of the

robot’s kinematics achieved a task level of control with collision avoidance capability.



[25] used the concept of manipulator shadow space which is defined as a region that is
swept by the links and the end-effector of a robot as it travels between task positions.
[29] requires establishing secure and trustworthy machine-to-machine communication
while [30] requires establishing a machine-to-cloud communication protocol where the
robots share their status in real-time.

Reactive methods for collision avoidance are based on real-time decision-making
and immediate response to environmental changes. These methods do not require a
complete map or predefined path, which makes them adaptable in dynamic environ-
ments. One widely known technique is the Potential Fields Method [31], where robots
are treated as particles influenced by virtual forces that repel them from obstacles
or other robots. Fiorini and Shiller [32] proposed the velocity obstacle approach,
which computes collision-free velocities for robots by considering the velocity vectors
of other robots.

Path planning techniques for collision avoidance focus on generating a complete,
predefined path for each robot that is free from collisions with obstacles and other
robots. The A* algorithm is one of the most famous search-based planning methods
used for static environments. However, for dynamic environments, the D* algorithm
[33] was introduced, which allows real-time replanning as robots or obstacles move.

Decentralized methods distribute the decision-making process across multiple robots.
Each robot is responsible for maintaining a collision-free trajectory by communicating
or sharing limited information with other robots. Jager and Nebel [34] proposed a
decentralized approach for coordinating mobile robots to prevent collisions and dead-
locks. When two robots come within a certain distance, they exchange trajectory
information to assess collision risk. If a collision is possible, they adjust by adding
time gaps in their paths. For deadlocks, robots successively replan their trajectories
until the issue is resolved. Marcolino and Chaimowicz [35] developed a decentralized

algorithm to manage swarm robot traffic and prevent congestion when robots move
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in opposite directions. Robots detect potential collisions through local sensing and
communication and then adjust their paths to avoid congestion.

Recent advancements in machine learning have led to new approaches in multi-
robot collision avoidance. Long et al [36] demonstrated the use of deep reinforcement
learning for decentralized collision avoidance in complex scenarios. Their approach
allows robots to learn sophisticated behaviors that can be generalized to new sit-
uations. Li et al. [37] proposed a Graph Neural Network (GNN)-based approach
for distributed collision avoidance, which can effectively capture the relationships
between multiple robots and obstacles in the environment.

Despite significant progress, several challenges remain in multi-robot collision
avoidance. One of the foremost challenges is scalability. Most existing methods
struggle to handle systems involving large numbers of robots. Additionally, Balancing
safety and efficiency in fast-changing environments is an important challenge. Colli-
sion avoidance systems need to ensure that robots don’t get too close to each other
or nearby obstacles. However, this can’t come at the expense of slowing down oper-
ations or lowering the overall performance of the system, especially in time-sensitive
areas like industrial automation or autonomous vehicles, where speed and precision

are essential.

2.3 Coverage Path Planning

Coverage algorithms can be categorized as either heuristic or complete, based on
whether they reliably ensure complete coverage of the free space. Additionally, they
can be classified as either offline or on-line. We borrow this classification from a

survey by Choset [38] and by Galceran[39]
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(a) Typical back-and-forth motion (b) Adjacency graph

Figure 2.1: Cellular decomposition

2.3.1 Heuristic Algorithms

Heuristic algorithms play a crucial role in coverage path planning within robotics,
offering practical solutions for navigating intricate spatial environments. One notable
heuristic, the Greedy Algorithm, exemplified by Karabulut [40], has been effectively
applied to solve the Traveling Salesmen Problem (TSP). This algorithm prioritizes
selecting the nearest unexplored area at each step, making it particularly efficient
for traversing relatively simple environments. Additionally, methods such as Genetic
Algorithm (GA) [41], Ant Colony Optimization (ACO) [42], and Particle Swarm Opti-
mization (PSO) [43] are widely employed for finding near-optimal paths by efficiently
navigating large search spaces of potential solutions. However, it’s essential to note
that while these methods can efficiently explore solution spaces, they do not guarantee

the discovery of the optimal solution and may converge to local optima.

2.3.2 Cellular Decomposition

Exact cellular decomposition methods involve dividing the obstacle-free space into
distinct, non-intersecting regions referred to as cells. The collective union of these
cells precisely occupies the entire free space. These cell regions, devoid of obstacles,
are considered straightforward to cover. The robot can efficiently cover each cell by

employing straightforward back-and-forth motions shown in figure As a result,
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the task of coverage path planning is simplified to the planning of motions between
individual cells shown in figure After dividing the area into cells, we can cre-
ate an adjacency graph. Two cells are considered adjacent if they share a common
boundary, which is represented as an edge in the graph. Each cell is treated as a sep-
arate node in this graph representation. Typically, the exact cellular decomposition
methods follow two steps to output the coverage path. It starts by breaking down the
free space into cells generating the adjacency graph. Next, it exhausts all the possible
walks through the adjacency graph to get the optimal sequence of nodes and not the
direct coverage path. Consequently, a specific path for covering each cell needs to be

deduced separately.

(a) Two Cells (b) One Cell

Figure 2.2: Fewer cells mean more efficient path planning.

2.3.2.1 Trapezoidal Decomposition

The trapezoidal decomposition [44}; [45] is one of the simplest exact cellular de-
composition techniques, designed for planar, polygonal spaces exclusively. each cell
takes the form of a trapezoid. A back-and-forth motion is used inside each cell. The
assurance of complete coverage is achieved by identifying a thorough walk through
the adjacency graph associated with the decomposition. One of the limitations of this

decomposition method is that it creates too many small cells that could be combined
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(a) Trapezoidal cell decomposition (b) Boustrophedon cell decomposition
Figure 2.3: Difference between trapezoidal decomposition and boustrophedon decom-
position
to form a larger cell because the trapezoidal method only makes cells that are shaped

like simple boxes. This is not ideal because more cells lead to a longer coverage path

as shown in figure [2.2]

2.3.2.2 Boustrophedon Decomposition

To address this challenge, Choset and Pignon introduced the boustrophedon de-
composition [46]. The key difference between the two methods is in decomposing
the free space into cells. The boustrophedon method only considers vertices where a
vertical segment can be extended both above and below the vertex which are called
critical points. shows the difference between the trapezoidal decomposition and

the boustrophedon decomposition side by side

2.3.2.3 Morse-based Decomposition

While the boustrophedon decomposition enhanced the results of the trapezoidal
decomposition by consolidating unnecessary cells, both approaches face limitations in
handling non-polygonal obstacles. To address this, a more advanced technique was
devised by extending the boustrophedon method to a novel cellular decomposition
approach based on critical points of Morse functions [47;[4§]. This approach generates

different cell shapes, including spiked, polygonal, and even circular cells shown in [2.4]
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Figure 2.4: Morse decomposition

In theory, Morse decomposition is applicable in any n-dimensional space.

It’s important to observe that these exact decomposition methods presuppose
knowledge of polygonal obstacles and the terrain in advance. Consequently, it falls

under the category of off-line methods.

2.3.3 Contact sensor-based coverage

Contact sensor-based coverage in CPP involves robots exploring an environment
while actively making physical contact with surfaces to ensure complete coverage.
This approach is useful in cluttered or poorly lit environments where other sensing
methods may be unreliable. Butler et al [49] proposed an exact cell decomposition to
cover an unknown rectilinear environment. algorithm. The robot’s path is planned to
maximize surface area coverage, adjusting trajectory based on feedback from contact

SEensors.

2.3.4 Grid-Based Methods

Grid-based methods divide the space into smaller square [50] or triangular shape

[51] uniform-size grid cells. This grid contains information on whether an obstacle is
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present or not by assigning a binary value or probability to each cell depending on the
application [52]. These grid maps can be stored as arrays with each entry containing
occupancy information and the covered areas marked in the array.

The downside of this set of methods is the exponential growth of memory usage when

the represented environment becomes more complicated.

Different types of CPP were applied to the grid-based methods, Zelinsky et al [53]
used the wavefront algorithm in an off-line method with a known environment while
Shivashankar et al [54] generalized the method to an on-line coverage method applied

to a mobile robot.

Spanning trees were also used in the work of Gabriel and Rimon []. An online
approach was developed by dividing the environment into a grid map and applying
a Spriral Spanning Tree Coverage algorithm using the sensors attached to a robot.
Neural network was also used in the work of Luo et et al [55] and Yang and Luo [56]
in the application of robot floor cleaning equipped with sensors to validate this online

approach.

2.4 Robot Kinematics

Robot kinematics is a fundamental aspect of robotics. It is primarily divided into
forward kinematics (FK) and inverse kinematics (IK). Forward kinematics involves
calculating the position and orientation of the robot’s end-effector based on given
joint parameters, while inverse kinematics determines the necessary joint parameters
to achieve a desired position and orientation of the end-effector.

In understanding and controlling robots, two critical concepts come into play:
the Jacobian matrix and robot manipulability. These concepts provide the necessary

tools to evaluate and optimize the robot’s performance in its workspace.
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2.4.1 The Jacobian Matrix

The Jacobian matrix represents the first-order partial derivatives of a vector-
valued function with respect to another vector. It translates changes in the robot’s
joint angles into changes in the position and orientation of the robot’s end effector.

If 9 = (¢1,¢,---,q) represents the joint coordinates of the robot, and x =
(x,y,z,¢,0,1) represents the position and orientation of the robot’s end effector in
Cartesian space, then the vector-valued function x = f(q) describes the kinematics

of the robot. The Jacobian matrix J of this function is given by:

Oz . On
8‘]1 aQn
0x
J=— = (2.1)
dq
o 9y
8‘11 8‘171

This matrix transforms velocity vectors from joint space (joint velocities q) to
Cartesian space (end effector velocities), allowing the control system to compute how
changes in joint angles affect the position and orientation of the end effector [57].

Each element J; ; represents the instantaneous rate of change of the i-th task space

coordinate with respect to the j-th joint variable

2.4.2 Forward Kinematics

Forward kinematics involves calculating the position and orientation (pose) of
the robot’s end effector based on known joint parameters such as angles and dis-
placements. The typical approach to solving FK is through the use of the Denavit-
Hartenberg (D-H) convention, which simplifies the mathematical modeling of joint
and link parameters.

For a robotic manipulator with n joints, the position of the end-effector P in
Cartesian coordinates can be derived from the joint angles 61, 6,, ..., 0,. The forward

kinematics problem can be expressed as P = f(0) where f(+) is the forward kinematics
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function
The transformation from one joint to the next can be represented using a homo-

geneous transformation matrix that combines rotation and translation. The matrix

for joint ¢ to 7 + 1 is given by:

cosf; —sinf;cosa; sinb;sino;  a;cosb;
. sinf; cosf;cosq; —cosl;sine; a;sinb;
i+1 —
0 sin oy COS 4 d;
0 0 0 1

where «; is the link twist and d; is the link offset. To find the pose of the end effector,
multiply the transformation matrices of all joints:

Tn—l

n

=TTy ...

Where T? represents the transformation from the base frame to the end effector
frame [58}; 59
The basic equation for forward dynamics that describes the velocities of the end
effectors can be written as follows:
f=

J(6)0 (2.2)

The Jacobian leads to an iterative method for solving P = f(#). To increment

the joint angles, 6 by Af, we use
0:=0+ A0 (2.3)

From [2.2| The change in end effector positions caused by this change in joint angles

can be estimated as Af% A6
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Moreover, the FK problem can be approached using various mathematical tools,
including geometric methods, homogeneous transformation matrices, and even quater-
nions for representing orientations [60]. FK is utilized in robot programming and sim-
ulation environments, where the desired end-effector position is computed to ensure
that the robot can perform tasks accurately. For instance, in industrial automation [I]
it is crucial for path planning and trajectory generation, enabling robots to navigate

complex environments while executing precise movements.

2.4.3 Inverse Kinematics

Inverse kinematics is the process of determining the joint parameters that will
result in the desired position and orientation of the end effector. This is typically a
more complex problem due to the non-linear nature of the equations and the potential
for multiple solutions (or none at all).

There exist multiple to solve the inverse kinematic problem. The choice of method
depends on factors such as robot configuration, computational requirements, and

accuracy needs.

2.4.3.1 Analytical methods

The analytical methods provide exact, closed-form solutions when they exist.
These methods are computationally efficient but are only possible for certain robot
geometries, particularly those with special kinematic arrangements. They work best
for robotic arms with fewer degrees of freedom and specific geometries that simplify
the equations. This can be expressed as § = f~!(P) where f(-) is a highly non-
linear operator which is difficult to invert. However, there are cases where a solution
to the IK problem is unattainable, such as when the target position is out of reach
of the manipulator or when the optimal solution is not unique. Even under ideal

conditions, it’s often impossible to derive a closed-form solution. Iterative methods
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to approximate a good solution to the problem seem necessary in most cases (see
2.4.3.2).
2.4.3.2 Jacobian-Based Methods

The Jacobian solutions are based on the Jacobian matrix J 2.1 and are a linear
approximation of the IK problem. These approaches seek to choose Af to update the

joint angles using equation [2.3] to solve:

&= JAf (2.4)

The Jacobian transpose method was first used for inverse kinematics by [61%

62]. It uses the transpose of the Jacobian to solve the IK problem:

AO =aJ'e (2.5)

With a being an appropriate scalar. Updating the angles Af by a sufficient a > 0, the
end effector positions will be changed by a.JJT€. the scalar value a can be calculated

by reducing the value of the vector € after each update. Thus

(e, JJTE)
= —-—— 2.
T I JITe 28)

The Jacobian Pseudo-inverse, also known as the Moore-Penrose inverse of the

Jacobian [63], sets the value Af to

AG = Jte (2.7)

J'is an n x m matrix called the pseudo-inverse of J. This pseudo-inverse is defined
for all Jacobian matrice J, even ones that are not square nor full rank. This method

is widely used in the literature [64; [65] but often performs poorly because of its in-
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stability near singularities.

The Damped Least Squares method (DLS) was used by [66; [67] to solve IK
problems. It avoids many of the pseudo-inverse method’s problems with singularities
and can give a numerically stable method of selecting Af. Instead of directly com-
puting the change in joint angles Af that would lead to the desired solution to eq

[2.4] The DLS method seeks to minimize the expression

1720 — &]* + A% Ag|J* (2.8)

Here, A € R is a non-zero damping constant. This additional term A?||A@]|* helps
avoid issues with singularities by regularizing the problem. The damping constant
controls how much influence this regularization has on the solution. The DLS solution

is derived from the equation:

(JTT+ X2DA0 = J'e (2.9)

It is important to note that J¥J + A\%I is non-singular, thus making the system

more stable. The DLS solution for A# is:

AG = (JTT+ X1t Jre (2.10)

This form is advantageous because J7.J is a n X n matrix, where n represents the
number of degrees of freedom. By applying this regularization term, the DLS method

ensures that the matrix inversion is stable, even when near singular configurations.
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2.4.3.3 Newton Methods

The Newton family of methods is based on a second-order Taylor series expansion
of the object function f(x):

fe+0) ~ f(z)+ [V f(2)]To + %UTHf(x)o (2.11)

where Hy(x) is the Hessian matrix. However, calculating the Hessian matrix is
a complex task that leads to a high computational cost in each iteration. However,
since Newton’s methods approach the problem as a minimization task, they produce
smooth motion with no abrupt discontinuities. The gradient projection method,
introduced by Zhao in [6§], is the most straightforward approach for handling con-
straints. Newton’s methods have the added benefit of avoiding singularity issues,
like those encountered when computing the Jacobian inverse. However, they tend to
be complex, challenging to implement, and have a high computational cost for each

iteration.

2.4.4 Robot Manipulability

Robot manipulability is a fundamental concept in robotics that quantifies how
effectively a robot can perform tasks in various positions and orientations within
its workspace. It describes the ability of a robot’s end effector to achieve desired
velocities and accelerations in any direction from a given configuration.

The manipulability analysis is based on differential kinematics, which provides the

relation between joint space and task space velocities [69].

2.4.4.1 Manipulability Measure

Yoshikawa [70] introduced the manipulability index and indicates the distance to

singular configurations or in other words, the ease or difficulty of moving the end
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effector in particular directions. This measure is derived from the determinant of the

Jacobian matrix 2.1k

w = y/det(JJT) = s185...8,

Where s; are the singular values of J. Geometrically, the manipulability measure w
can be visualized as the volume of an ellipsoid in the Cartesian velocity space of
the end-effector. The result of this equation will be an ellipsoid, whose volume is
proportional to the value of w. A bigger volume means the robot end effector can
move in more directions.

The concept of manipulability can also be mathematically expressed as:

M(q) = /|3(@)"I(@)] = \/]IP

where M (q) represents the manipulability measure at a given configuration g

[7T}; [72]

2.4.4.2 Singularity

Singular configurations of a robot occur when the determinant of the Jacobian ma-
trix is zero (det(J) = 0) [(3;[71]. At these points, the Jacobian loses rank, and certain
directions of motion become impossible, constraining the end effector’s ability to move
or exert force in those directions. When a robot is near singularity, it loses force ca-
pabilities and certain motions become uncontrollable, limiting the robot’s operational
effectiveness. Small joint movements can lead to large, unpredictable motions of the
end effector causing potential instability in the control systems. For instance, in
parallel robots, singularities can be classified into various types, including boundary
singularities and configuration singularities, which are critical for understanding the

robot’s workspace and operational limits [74} [75]
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2.5 Multi-Robot Path Planning

Several methods for multi-robot path planning were presented in the literature,
and most of them extended the ideas applied to single-robot systems to multi-robot
systems. Rekleitis et al [76] presented a multi-robot boustrophedon decomposition
in an unknown environment using a team of mobile robots. The algorithm presented
uses the same boustrophedon decomposition method presented in The key dis-
tinction lies in how the robots handle covering a single cell, considering the absence of
communication among them. The robots assume two roles: explorers responsible for
covering the cell boundaries and coverers executing the boustrophedon back-and-forth
motion to cover the remaining part of the cell. This method is not straightforward
to apply to a team of robot manipulators as it will be very hard to guarantee a
collision-free path for the robots as all of them will be inside the same cell at a time.

Zheng et al [TT] generalized the spanning tree coverage method to a team of robots
in a known environment. and Luo and Yang [78] presented a neural network approach
inspired by biology where the other robots are considered as moving obstacles and
were improved in a more recent work [79] to surpass the limitation of the getting the

robots stuck in a deadlock situation.

Path planning using a team of robots can also be looked at as the Multiple Trav-
eling Salesmen Problem (mTSP) which is the generalization of TSP where multiple
salesmen, in this case, robots, have to visit a certain number of cities exactly once
and return to the initial position with minimum traveling cost. GA was widely used
to solve this problem [80; 8T} 82]. A random solution is selected to initiate the first
generation. Subsequently, a combination of crossover and mutation operations is
applied to get two new solutions, which become part of the next generation. This
process continues until the desired population size is achieved, ultimately leading to

the selection of a 'near-optimal’ solution. PSO [83] and ACO [84] were also used to
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solve the problem. The drawback of these mTSP implementations is that collision
avoidance is not considered in the proposed solution hence the need to combine them

with a collision avoidance algorithm.
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CHAPTER III

Problem Statement

The Collaborative Robotic Car-Painting Problem (CRCP) involves ef-
ficiently generating joint trajectories for a collection of heterogeneous articulated
robotic arms. The objective is to paint the car body using the nozzles attached
to the arms while avoiding collisions between the robots. This task is guided by the
CAD model of the car in figure to ensure precise and comprehensive coverage
during the painting process.

The Optimal Base Placement in Collaborative Robotic Car Painting
Problem ensures that each robot can reach its assigned areas of the car body effi-
ciently (see figure . The objective is to Compute the optimal fixed base positions
for a collection of heterogeneous articulated robotic arms on the factory floor/ceil-
ing to maximize the possibility of paint coverage and minimize the chance of robot

collisions.

Figure 3.1: Example of the CAD model of a Ford F-150 truck
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Figure 3.2: Mutli-robot car-painting base placement problem. The base positions
directly impact the quality of vehicle paint coverage and the possibility of robot
collisions during painting. For instance, robots placed on golden diamonds are more
prone to collisions. On the other hand, robots placed on red diamonds will not be
able to ensure complete vehicle paint coverage.

3.1 Assumptions
The following assumptions are made to solve the problem:

Al. The robotic arms are all of RRR articulated type (see, e.g., [85], Chapter 1
for classification of robotic manipulators based on their kinematic structures);
namely, their first three joints, which are called the body, shoulder, and elbow,

are of the revolute kind shown in figure 3.3

A2. The robotic arms are all either floor-mounted or ceiling-mounted with fixed base

positions.

A3. The robotic arms are arranged in two rows on either side of the car, leveraging
the vehicle’s inherent symmetry during car-painting operations. (see Figure

for an example).

A4. The robotic arms do not communicate with each other. In other words, the

manipulators are not aware of each other’s trajectories.
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Figure 3.3: Example of an RRR articulated arm. The robot arm in the figure is an
ABB IRB 4600 industrial manipulator.The unit lengths are in millimeters

A5.  For the given industrial robotic arms, there exist inverse kinematics solvers that
can generate the required joint positions from the provided end-effector poses
(see, e.g., [80], for the inverse kinematics of sixteen fundamental 6-DOF robot

manipulators).

AG6. There exists paint deposition modeling for spray painting on automotive surfaces

3.2 Solution Strategy

The proposed solution strategy for CRCP has three stages, which will be discussed

in chapter [[V]
Stage 1 Achieving the collision avoidance objective (4.1])

Stage 2 Achieving the paint coverage objective using the results from Stage 1 (4.2)
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Figure 3.4: Example of the arrangement of two rows of three robotic arms around
the vehicle.

Stage 3 Using the results from Stage 1 and Stage 2 to create 3D paths for the paint
nozzles attached to the robot end-effectors (4.3))

The proposed solution strategy for the Optimal Base Placement in a Collaborative

Robotic Car Painting (chapter @ Problem has four stages.

Stage 1 Devising a scheme for a point cloud rendering of the reachable workspace of the

forearms of the robotic arms and fitting ellipsoids to these point clouds. (5.3.3)

Stage 2 projecting the ellipsoids obtained from Stage 1 onto the floor/ceiling to obtain
planar ellipses. Using these ellipses, we construct a cost function to quantify

the possibility of robot collisions. ([5.4.1|)

Stage 3 Construct a class of cost functions to quantify the amount of vehicle paint

coverage. (5.4.2))

Stage 4 Formulating a proper multi-objective optimization problem using the cost func-

tions obtained from Steps 2 and 3. (/5.4.3)
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CHAPTER IV

Automatic Collision-Free Trajectory Generation

for Collaborative Industrial Robot

4.1 Achieving Collision Avoidance

we will present the 3D workspace calculations for the given robotic arms in order
to guarantee non-collision. These calculations unfold in three main steps; namely,
approximating the reachable workspace of the robot forearms using 3D point clouds
, finding the volumes of intersection in-between the generated 3D point clouds
(4.1.2), and fitting proper ellipsoids to the resulting volumes of intersection (4.1.3)).
The results of this section will later be utilized in the second stage of our algorithm,

to achieve the paint coverage objective on the car surface.

4.1.1 Approximating The Reachable Workspace of Robot Forearms Us-
ing 3D Point Clouds

To prevent the collision of the painting robots, we compute the reachable space
of the endpoint of the forearms of these robots [85]. In the computation of the fore-
arm reachable space, we do not consider the wrist of these painting robots since
the volume occupied by the wrists is negligible (see Figure . Furthermore, As

demonstrated later in the thesis, we exclude the volumes of intersection between
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the reachable spaces of the forearms through proper geometric calculations based
on convex hull computations [87] and Khachiyan’s algorithm [88]. The exclusion of
these volumes of intersection ensures that the wrist collision, which might happen on

the boundaries of the reachable space of the robot forearms, will not happen (see .

In this study, we are assuming that we are given M painting robots with articu-
lated RRR arms (Assumption A1). We denote the angular position of the j joint
angle of the i*" robot by 9;, where 1 <i < M and 1 < j < 3. therefore, the vector of

joint angles for the j'h robot is given by

01' = [01’ ‘9227 9§]T7 Qé,mm S 9; S 9;,maz (41)
where the constant angles 6%, .. and 0% .. determine the limits of the robot joint

motions.
We also assume that the base position of these robots are fixed and expressed with
respect to the origin of a common coordinate frame that is rigidly attached to the

factory floor/ceiling. We denote these base positions by

b'eR} 1<i< M. (4.2)

To investigate the reachable volume by the forearm of each articulated robot, we
use the Denavit-Hartenberg parameters (table associated with the first three
joints of these robots along with the forward kinematics maps that relate the joint
configurations to the position of the robot forearm tip. In particular, the forearm tip
position #* € R? of the i*" robot its base located at b’ € R? on the factory floor /ceiling,
1 <i < M, and forward kinematics mapping 7%(0") € R, which maps the angular
position of the first three joints to the orientation and position of the forearm tip,

can be computed from
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Table 4.1: DH parameters of ABB IRB4600

joint 6, li_q d;(mm)  «;_1(deg) range

16 0 0 0 ~180~180
2 0, =175 0 -90 -90~150
3 6y Iy=900 0 0 -180~75
4 6y ly=175 d4 =960  -90  -400~400
5 0 0 0 90 ~125~120
6 0O 0 0 90 -400~400
0
ti(0%) o b
=TH6H | | + . 1<i<M (4.3)
1 0 0
1

In order to keep the algorithms for computing the reachable space of the forearms
of the painting robots applicable to any given type of RRR industrial manipulator, we
will use a sampling-based numerical method to approximate these reachable spaces.
Using the sampling-based numerical methods such as the ones in [89], as opposed to
their analytical or geometric counterparts (see, e.g., [90]), will yield 3D point clouds
for which a plethora of numerically efficient algorithms such as the Quickhull [87] and
Khachiyan’s [88] can be invoked. Although we could have employed S-distribution-
based sampling for generating the reachable volume of the robot forearm tips as in
[89], we found out that uniform sampling of the joint positions for achieving the car-

painting objective in CRCP suffices.

The 3D point cloud #;, 1 <1 < M, associated with reachable volume of the i‘h

robot forearm tip (shown in is given by

P, = {ti(ek)}k:1 (4.4)

N;
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Figure 4.1: Point cloud representing the reachable workspace of ABB IRB 4600 ma-
nipulator.

Where t(6%) is the position of the forearm tip under configuration vector 8% and
determined from the forward kinematics mapping in , 0" in the k'h sample picked

from the interval [6] b naz) X 0% b maz) X [0 and the number of

1,min> ¥'1,max 2,min’ V2 mazx 3,min> g,max]’
samples in the point cloud, i.e., N, is given by
3 g g
N. = ML — LU | 4.5
= [T 2 (45)

j=1 gl

In equation [£.5] [.| denotes the floor function, and the constant ¢;; determines

the distance between the samples in each angular interval. For instance, if d;; = {5,

7

% ] s
1mins ¥V1,max

are - apart from each

we mean that the samples from the interval [0 1

other. The number of samples in the point cloud N; in equation in each of the
forearm point clouds determines the computational complexity of the overall CRCP
algorithm. Figure[4.2]depicts the point clouds that represent the reachable workspace

by the forearms of six ABB IRB 4600 manipulators.
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z-axis

0 X-axis

Figure 4.2: Example of the point clouds representing the reachable workspace by
the forearms of six ABB IRB 4600 manipulators. The point clouds in black represent
areas of possible collisions between the robots. The axis units are in decimeters (Note:
1 meter = 10 decimeters).

4.1.2 Finding The Point Clouds of Intersection in-Between The Gener-

ated 3D Point Clouds

In section we computed the reachable workspace of the robot forearms using
3D point clouds. In this section, we will compute the point clouds resulting from the
intersection of the point clouds from the previous step. Our method is based on using
the Quickhull algorithm [87], [91].

The Quickhull algorithm is an efficient method for computing the convex hull of a
finite set of points in n-dimensional spaces. The worst-case complexity for computing
the convex hull of N points in a 3-dimensional space can be shown to be O(Nlog(N)).
In our case, we need to compute the convex hull C%®; C R3 1 < i < M, associated

with the point clouds #; given by .4} In other words, we have

CP; = conv(P;), (4.6)
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where conv(.) is the convex hull associated with a given set of points. Therefore, the
worst-case complexity of computing C%; is given by O(N;log(N;)), where the number
of points IV; in the point cloud @; is given by [4.5

Having computed the convex hulls C#;, we compute their volumes of intersection
using a proper 3D-clipping algorithm [92]. Clipping refers to the process of deter-
mining what region of 3D space is contained within another region of 3D space. For
instance, one can utilize the extended Sutherland- Hodgman clipping algorithm for
computing the intersection in-between the robotic forearm workspace convex hulls to
obtain the convex sets

y-axis

Figure 4.3: Top view of the point clouds representing the reachable workspace by the
forearms of 4 ABB IRB 4600 manipulators.

which represent the intersection of 3D point clouds of the robotic forearm workspaces
represented with black dots in figure [4.3] for a 4-robot setup. In general, efficient 3D

polyhedral intersection algorithms enjoy linear-time complexities
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Remark - The computations in this section result in finding collision-free volumes

of intersection C#;| JCP;;, where CP; in equation is the convex hull of the reach-
J

able workspace associated with the i-th robot and | JC#;; in equation [£.7]is the union

J
of the volumes of intersection in-between the i-th robotic forearm and its neighbors.

4.1.3 Fitting Ellipsoids To The Volume of Intersection

Having computed the intersection of 3D point clouds of the robotic forearm
workspaces, we fit the ellipsoids to these volumes of intersection. The projection
of these ellipsoids on the 2D surface of the car body will later be utilized for achiev-

ing the painting coverage objective in the next section.
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Figure 4.4: A 2D top view and a 3D view of the point cloud of intersection in a 4
robot setup.

Consider the point cloud representing the intersection of the robot workspace
(shown in figure | Pij = {pk}ff:l of N;j points in R* where &;; is computed from
equation 4.7 In this section, we will use Khachiyan’s algorithm, which is widely
used in convex optimization [93], for fitting 3D ellipsoids to the point cloud ;.

Khachiyan’s algorithm [8§] is concerned with computing the Minimum Volume En-
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closing Ellipsoid (MVEE) of the point cloud #;; denoted by MVEE(%;;) which is

obtained by solving the optimization problem

Argmin log(det(A)),
A (4.8)

subject to (pr, — )T A(pr, — ¢) < 1, for all p, € CP;;
where c is the center of MVEE(C®;;) and the matrix A provides the shape of the
ellipsoid MVEE(C%;;). The MVEE of the point cloud in figure is shown in figure
. In particular by computing the singular value decomposition of A as U=V, the
radii of the ellipsoid are given by r, = ﬁ, 1 < k < 3, where & is the k-th component

of the diagonal of the matrix =. Furthermore, the orientation of the ellipsoid is given

by the rotation matrix V.

y-axis

z-axis
N
1

22 24 26 28 2 24 26 25 _1p y=axis
X-axis x-axis

Figure 4.5: A 2D top view and a 3D view of the MVEE of the point cloud of inter-

section in a 4 robot setup.

Khachiyan’s algorithm is based on solving the Lagrangian dual problem of equa-
tion by using a conditional gradient ascent. As it is demonstrated in [88], the orig-

inal Khachiyan algorithm for computing MVEE can be solved using O(Nf:fln(%))
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Figure 4.6: Grid map representation of the CAD model of a Ford F-150 truck

arithmetic operations to the relative accuracy of € in the volume. In this study, we

are using the MATLAB implementation of Khachiyan’s algorithm in [94].

4.2 Achieving The Paint Coverage

In this chapter, we will utilize the results from the previous section in order to
generate the nozzle footprint profile for achieving the paint coverage objective. The
calculations for achieving the objective unfold in two steps: namely, projection of the
fitted ellipsoids from onto the grid map representation of the sides and top of
the vehicle CAD model, and automatic decomposition of the resulting grid maps into
cells by utilizing the Morse critical points of the obtained map from the projection
step and assigning back-and-forth (boustrophedon-like motions) for covering the cells

by the motion of the applicator footprint [4.2.2

This study was tested on a Ford F-150 truck. Using the CAD file of the vehicle,

we were able to generate a side and top view of the vehicle shown in figure 4.6
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4.2.1 Projection of the Fitted Ellipsoids Onto The Car CAD Model

If we consider a 6-robot scenario with 3 robots on each side (depicted in figure
As the first step for achieving the paint coverage objective, we project the fitted
ellipsoids from onto the grid map representation of the sides and top of the
vehicle CAD model to obtain images like the one depicted in Figure 4.7, To obtain
the grid map of the sides and the top of the vehicle CAD model, one can employ
standard image processing algorithms such as the Moore-Neighbor Tracing algorithm

for tracing given contours and detecting the boundaries of objects in a given image

[95].

P
g

Figure 4.7: Example of projection of the fitted ellipsoids onto the grid map represen-
tation of the sides and top of the vehicle CAD model.

4.2.2 Decomposition of the Vehicle Grid Map Into Cells Using the Morse

Critical Points

After projecting the fitted ellipsoids from onto the grid map of the sides and
the top of the vehicle CAD model, we use the algorithm due to Acar, Choset, et al.
[48] for automatically decomposing the car grid maps, here the volumes of intersection

have been projected onto them, by utilizing the Morse critical points of the obtained
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map from the previous step. The Morse critical point-based decomposition is an
extension of the exact cellular decomposition due to Barraquand and Latombe [44].

The exact cellular decomposition represents a robot’s free space (here, the nozzle
footprint profile) by dividing it into regions with simple structures such that the union
of the regions is equal to the free space. The extension due to [48] relies on using
the critical points of Morse functions for indicating the location of cell boundaries.
Since we are using the projection of the fitted ellipsoids on the vehicle grid map,
these projections have non-degenerate critical points. Having M., critical points on a
planar grid map, the algorithm can decompose the surface into cells with complexity

O(M.log(M,.)). The MATLAB implementation by Horvath [96] was used to achieve

cellular decomposition.

o

-
um

Figure 4.8: Example of a cellular decomposition of the top of the car for a 4-robot
setup

After the computations associated with the cellular decomposition shown in figure
[4.8| we assign back-and-forth (boustrophedon-like) motions for covering the obtained
cells by the motion of the applicator/nozzle footprint using the prominent Bous-
trophedon Algorithm. The result of generating such boustrophedon-like paths for

6 robots is depicted in Figure The two top figures represent the trajectories of
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Figure 4.9: Example of assigning back-and-forth (boustrophedon-like) motions on the
side and top of the vehicle for the applicator/nozzle footprint on the grid maps. Each
colored boustrophedon path belongs to one of the six robots working on one side and
top of the car

the applicator/nozzle footprints obtained by assigning boustrophedon-like paths on
the sides and top surfaces of the vehicle, without the projection of the ellipsoids.
These trajectories comprehensively cover the entire vehicle without accounting for
any volume projection.

Additionally, the two bottom figures in Figure represent the boustrophedon-
like paths determined for the areas on the sides and top of the car that overlap with

the projection of the ellipsoid.

Aiming to identify trajectories for the void areas. The process involves taking the
union of neighboring cells from both the boustrophedon-like paths of the areas without
projection of the ellipsoids and those with the projection of volume intersections as
voids. The difference between these two unions represents the desired boustrophedon-

like trajectories for the void areas.
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Figure 4.10: Example of assigning back-and-forth (boustrophedon-like) motions on
the top of the vehicle for the applicator/nozzle footprint of the areas without projec-
tion of the ellipsoids (on the left) and those with the projection of volume intersections
as voids (on the right)

Figure illustrates the top of the car for both trajectories with and without the
void areas. In this figure, robot 1’s trajectory is depicted in red (denoted as Rj:
without projection and R;p: with projection), while robot 2’s trajectory is shown in
magenta (denoted as Ry: without projection and Rsp: with projection).

To determine the boustrophedon-like trajectories for the void areas between the
red-colored path and the magenta-colored path, we define the sets A; and B; as the
unions of trajectories Ry, Ry, Ri,, and Ry, respectively. Specifically, A1 = R U Ry
represents the combined coverage of the red and magenta paths, while By = Ry, U
Ry, encompasses the area covered by the projections of these paths. To isolate the
nozzle/applicator footprint paths specifically for covering the void areas (denoted as
V1), we take the set difference between A; and By, i.e., V) = A; — By. This operation
yields the trajectories required to ensure complete coverage of the void regions. This
iterative process is applied to all neighboring cells along both the sides and the top
of the car. By repeating the steps described above, boustrophedon-like paths are
generated to cover void areas until complete coverage is achieved.

we obtain nozzle/applicator footprint paths that effectively cover the void areas

but have not yet been assigned to any specific robot. These paths are illustrated
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Figure 4.11: Example of assigning back-and-forth (boustrophedon-like) motions on
the top of the vehicle for the applicator/nozzle footprint for R1 and R2. black-colored
applicator/nozzle footprint represents the trajectory that was not yet assigned to any
robot

in Figure , depicted with black-colored applicator/nozzle footprints. Once we
isolate these paths specifically for covering the void areas, we assign these areas to
only one of the robots. Figure contains the completed nozzle/applicator foot-
print paths where the boustrophedon-like paths are completed by creating proper
boustrophedon-like trajectories for the void areas (depicted with black-colored appli-

cator/nozzle footprints) and assigning them to the appropriate robot.
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Figure 4.12: Example of final set of collision-free nozzle /applicator footprint paths on
the side and top of the vehicle. black-colored applicator/nozzle footprints represent
the trajectory that was not yet assigned to any robot
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4.3 Task Assignment and Generation of Robotic Joint Tra-

jectories

In this chapter, we will allocate the painting tasks to the robots using the boustrophedon-
like motions obtained in [4.2.2] Additionally, we will generate 3D paths from the
resulting boustrophedon-like applicator footprints for the paint nozzles attached to
the robot end-effectors. These 3D paths will be used to derive the desired joint

trajectories for each robot in [4.3.2]

4.3.1 Assigning Robotic Tasks

Having obtained the boustrophedon-like paths of the applicator footprints on the
sides and the top of the car, we compute the centroid of the obtained paths, which
depends on the number of the painting robots. For instance, in the case of six robots,
we have six centroids associated with the sides of the car and six centroids associ-
ated with the top of the car. We then compute the Euclidean distance in-between
the centroids of the boustrophedon-like paths and the centroids of the collision-free
volumes of intersection C%; — UG@ij, where C%; in [4.6| is the convex hull of the
reachable workspace associated évith the i-th robot and UG\C% in is the union j

J

of the volumes of intersection in-between the i-th robotic forearm and its neighbors.

By utilizing the Euclidean distances in-between the centroid of the collision-free
workspace volumes and the centroid of the boustrophedon-like paths (see Figure,
the boustrophedon cells that are the nearest to a given reachable workspace point
cloud will be assigned to their respective robotic manipulators. The result of such
cell assignment is depicted in Figure [4.13] In Figure [4.13] we are using six different
colors to represent the six different nozzle/applicator footprint paths assigned to each

of the six robots.
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Figure 4.13: Example of assignment of painting tasks to the robots, which is done
based on computing the Euclidean distances in-between the centroids of the reachable
workspace point clouds of the robots and the centroids of the boustrophedon-like
motions obtained from Stage 2-Step 2. Each colored collection of paths corresponds
to one robot. For instance, the red paths on the side and the top of the car are
assigned to a single robot.

One collection of these footprint paths corresponds to the top of the car. In par-
ticular, considering the right plot in Figure 8, these nozzle/applicator footprints on
the top of the car are depicted (in clockwise order) by the red, magenta, green, yellow,
dark blue, and ceil blue (sky blue) paths, respectively. The other collection of these
footprint paths corresponds to the sides (the driver’s and the passenger’s sides) of the
car. In particular, in the left plot in Figure the three colored paths correspond
to the three nozzle/applicator footprint trajectories of the three robots that are lo-
cated on the driver’s side. In other words, the red, magenta, and green-colored paths
represent the nozzle/applicator footprint of the three robots that are painting the
vehicle on the driver’s side. Due to symmetry, we have omitted the plot containing
the three nozzle/applicator footprint paths (yellow, dark blue, and ceil blue) on the

passenger’s side.
It is remarked that due to the design procedure in [£.1] and [4.2] of our algorithm

when the robots are painting the sides and top of the car, they do not collide with

each other.
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Remark - Our idea of partitioning the 3D workspace of the painting robots
resembles the recent work by Kim and Son [11]. In that work, the authors propose
using a Voronoi diagram-based workspace partition algorithm for weak collaboration
of UGVs in the context of agricultural robotics. However, the algorithm in [I1]
relies on 2D node clustering calculations and covers a 2D agricultural land. On the
other hand, our workspace partitioning takes place in a 3D setting (achieved in .
Subsequently, path planning for the applicator footprint is performed in 4.2} Finally,

based on the computations from the previous stages, robotic task assignment is done

in 4.3

4.3.2 3D Path Generation For the Paint Nozzles and Generation of Joint

Trajectories For the Robotic Arms
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Figure 4.14: Example of generating 3D boustrophedon-like paths of the paint nozzle
3D footprints for four and six robots.

In this step, we utilize the 2D boustrophedon-like paths from the previous stage
to generate 3D boustrophedon-like paths for the paint nozzle footprints. To illustrate
this process, let us consider Robot 1 and its associated cells on the side and the top of
the car. Each of these cells are covered by 2D boustrophedon-like paths obtained from
[4.2] In order to generate 3D boustrophedon-like paths for the paint nozzle footprint

of Robot 1, we simply connect the last point of the boustrophedon-like path on the
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side cell to the first point of the boustrophedon-like path on the top cell associated
with Robot 1 by means of a straight line segment. The results of such process for 6

and 4 robots are depicted in Figure
After obtaining the 3D paths of the footprint of the nozzles, we can use proper on-
the-shelf algorithms that can provide us with the paint deposition model and robotic

arm joint trajectories obtained from efficient inverse kinematics solvers

4.4 Overall Algorithm and Simulation Results
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Figure 4.15: The flowchart associated with the proposed algorithm for CRCP.

The flowchart associated with the overall algorithm proposed in this paper is
depicted in Figure [4.15l The overall computational complexity of our algorithm is
determined by Khachiyan’s algorithm in {.1.3] In particular, we have a polynomial-

time complexity of O(N§?In(f2)), where € is the relative accuracy of the ellipsoids
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fitted to the volumes of intersection in-between the reachable workspace of the robotic
forearms, and the integer Ny is proportional to the number of points in point clouds
representing the reachable workspace of each robotic forearm, which is given by
For the particular case of collaborative robotic car painting, the obtained polynomial-
time complexity is quite manageable for a modest PC with only one of its cores per-
forming the required computations. For instance, the overall run-time of the algo-
rithm implemented on MATLAB for a group of six ABB IRB 4600 robots on an Intel
Core i7 CPU with an Ny of the order of 10 and an ellipsoidal fitting tolerance of
€ = 0.01 is less than four minutes.

The snapshots of a homogeneous team of six robots painting a Ford Motor Company

F-150 truck are depicted in Figure

Figure 4.16: Snapshots of six ABB IRB 4600 robots painting an F-150 truck.

Our algorithm can be applied to heterogeneous teams of robots as well. This is
particularly useful when one or more robotic arms become dysfunctional and there

is a need to continue the painting process without any disruptions, the manufacturer
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might need to replace the non-operational arms with robotic manipulators of a differ-
ent kind from their inventory. The snapshots of a heterogeneous team of four robots
painting a Ford Motor Company F-150 truck are depicted in Figure 4.17

For the interested reader, a movie clip associated with our numerical simulations can
be accessed through this link. The movie clip contains three painting scenarios: a
team of six homogeneous robots (six ABB IRB 4600 robots), a team of four hetero-
geneous robots (two ABB IRB 4600 and two FANUC R-2000iC robots), and a team
of four homogeneous robots (four ABB IRB 4600 robots).

. > \ : L o 3
By JEm EW
~
Figure 4.17: Snapshots of two ABB IRB 4600 and two FANUC R-2000iC/220U robots
painting an F-150 truck.

Remark - To cope with the existence of multiple inverse kinematic solutions
in path planning for serial robotic mechanisms and generating unique continuous
paths in the robot joint space from a collection of potential paths, the community
has proposed several solutions throughout the years. One of these popular solutions,
which is also employed by CoppeliaSim and utilized in our paper, is based on utilizing

damped least squares (DLS) numerical inverse kinematics solvers (also known as the
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Levenberg-Marquardt solvers), which were originally proposed by Wampler [66] Given
a sequence of desired end-effector positions and orientations, which form a continuous
path in the end-effector pose space, and an initial desired joint configuration, the DLS-
based inverse kinematics solvers are guaranteed to generate a unique and continuous
sequence of joint configurations that closely solve for the inverse kinematics problems
associated with the provided path in the end-effector pose space.

Another possibility, which is not utilized in this study, is based on the notion of aspects
originally proposed by Borrel and Liégeois [97]. In particular, they introduced the
notion of aspects to cope with the existence of multiple inverse kinematic solutions in
serial manipulators. The aspects are defined as the maximal singularity-free domains
in the robot joint space. For conventional industrial serial robotic arms, the aspects
are the maximal sets in the robot joint space where there exists only one inverse

kinematics solution.

20



CHAPTER V

Optimal Robotic Base Placement for Collaborative

Industrial Robot

5.1 Related Work

The optimal placement of robotic bases is a critical factor in enhancing the per-
formance and efficiency of collaborative industrial robots, particularly in tasks such
as car painting. The positioning of a robot’s base directly influences its reachabil-
ity, manipulability, and the overall coverage of its workspace, which are essential for
minimizing redundant movements and optimizing energy consumption in flexible pro-
duction lines. Over the years, various approaches have been proposed to address the
challenges associated with robot base placement, ranging from single-robot optimiza-
tion to multi-robot coordination. These methods often involve complex computational
algorithms, including genetic algorithms, particle swarm optimization, and sequen-
tial quadratic programming, to determine the best base positions that maximize task
efficiency while avoiding collisions and singularities. In the context of multi-robot
systems, the problem becomes even more intricate, as it requires balancing the com-
peting objectives of maximizing coverage and minimizing interference among robots.
This section reviews the existing literature on robotic base placement, highlighting

the key methodologies and their applications in industrial settings, and sets the stage
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for the proposed solution in this study.

5.1.1 Robot Base Placement

Base placement plays a critical role in optimizing performance across various
robotic application domains, including industrial manufacturing [98; 99]. In partic-
ular, the placement of a robot’s base affects the robot’s reachability, manipulability,
and workspace coverage during task execution [100]. These factors can, in turn, min-
imize redundant movements in flexible production lines with limited workspace and

further optimize the robot energy consumption profiles [101} [102].

Optimal base placement on a single robot has been covered in the literature in
different environments such as manufacturing environments [103] and underwater en-
vironments [I04]. The genetic algorithm was used in [I03] with a set of critical points
that belong to the robot workspace to optimize the base placement. The main issue
with finding the optimal base placement for a robot is that it can be computationally
expensive. Some techniques that were used in the literature to simplify the problem
by limiting the number of discrete end-effector positions [105] considered for base
placement optimization. Others used objectives optimization that is specific to the
task e.g. Maximizing manipulability for milling applications that require the robot’s
end-effector to move with precision to perform the task [106]. Fan et al [I07] devel-
oped a solution approach based on sparse uniform grid decomposition and Sequential
Quadratic Programming (SQP) to find the optimal base placement by considering the
manipulability of the robot manipulator and multiple constraints (e.g. joint velocity
and singularity avoidance...). Doan and Li [I08] used the Particle Swarm Optimiza-

tion algorithm to maximize reachability while avoiding singularities and collision.

Research in the literature has also focused on determining the optimal base posi-
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tions for multiple robots. Hassan et al [I09] used the Non-dominated Sorting Genetic
Algorithm (NSGA-II) by maximizing average and manipulability while minimizing
the makespan and joint torque. Kalawoun et al [I10] used a Hybrid: Greedy, Genetic
algorithm and Simulated annealing to minimize the number of robots while maxi-
mizing the coverage. Whale and Ant Colony optimization was also used to solve the

problem [I11] generating collision-free trajectories.

Table provides an overview of various industrial robotic base placement al-
gorithms that have been proposed in the literature. Many of these algorithms have
been designed to be general and applicable to a wide range of applications including
robotic welding, coating, and painting. Consequently, their generality prevents them
from leveraging the inherent geometrical and task-specific features in particular in-
dustrial applications such as robotic-based vehicle painting. Furthermore, a majority
of these algorithms take a holistic and centralized approach to the problem by combin-
ing base placement and motion/trajectory planning. However, centralized approaches
to multi-robot path planning is plagued by NP-hardness, where the computational

complexity grows exponentially with increasing robot numbers [112} T13]

5.1.2 Robot Workspace Computation

Robot workspace computation is a fundamental aspect of robotics. The workspace
of a robot manipulator is defined as the set of points that can be reached by its
end-effector. Accurately determining the reachable and usable workspace is of big
importance in optimizing robot performance, ensuring task feasibility, and avoiding
collisions in dynamic environments. Multiple methods have been proposed over the
years to tackle this problem, ranging from geometric and analytical approaches to
more sophisticated numerical and simulation-based methods.

Early works in workspace computation primarily focused on geometric and kine-
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References Number Algorithm Base Placement Objective
of Robots
[T06] Vosniakos and Mat- | Single Genetic Algorithms | Optimizing manipulability
sas (2010) and torque profiles
[114; 109] Hassan et al. | Multiple | Hybrid: Genetic Al- | Maximizing the  cover-
(2016, 2018) gorithm and simu- | age while minimizing the
lated annealing makespan
[108] Doan and Li (2017) | Single Particle Swarm Opti- | Maximizing  reachability
mization while avoiding singularities
and collision
[110] Kalawoun and al | Multiple | Hybrid: greedy, ge- | Minimizing the number of
(2018) netic, and simulated | robots while maximizing
annealing the coverage
[107] Fan et al (2021) Single Sequential quadratic | Maximizing the stiffness
programming performance index while
avoiding singularities and
collision
[TT1] Mutti et al (2021) | Multiple | Whale and  Ant | Ensuring kinematic feasi-
Colony Optimization | bility while checking for
collision-free trajectories
[115] De Caro et al. | Single Genetic algorithm Maximizing the available
(2022) workspace
[102] Ghungrad and | Multiple | Metaheuristic Search | Energy efficiency in additive

Haghighi (2024)

manufacturing

Table 5.1: A sample overview of robotic base placement algorithms proposed in the

literature.

o4




matic models of robots. Litvin proved in his work [IT6] that the robot manipulator
is in a singular configuration when it reaches the workspace boundaries. His find-
ing was used later in multiple studies [117; [118; 119; 120]. Kumar and Waldron
[T21] used reciprocal screws to describe the boundary surface of the manipulator’s
workspace. Freudenstein and Primrose [122] used skew-torus geometry to determine
the workspace’s boundaries of a three-link mechanism.

Forward kinematics plays a central role in calculating the reachable workspace by
determining the robot’s end-effector position for different joint configurations[123].
Zhang et al [124] proposed a method based on forward kinematics to generate the
robot workspace of a parallel robot.

Numerical methods have been widely used in the literature. Monte Carlo meth-
ods, introduced in [125], were used in [126] for solving mathematical problems by
means of random sampling to generate samples from a uniform distribution within
a specified range. 2D workspace generations were presented in [127; [128] and were
extended to 3D workspace generation in [129]. Monte Carlo S-distribution method
[89] involves drawing samples from a continuous probability distribution defined on
the interval [0,1] and Gaussian-Growth distribution [130] generates samples from a

Gaussian distribution with increasing variance, simulating a ”growth” pattern.

5.1.3 Multiobjective Optimization

Multiobjective optimization involves solving problems with multiple objectives,
often in conflict with each other, necessitating a trade-off. It differs from single-
objective optimization, which aims for a single optimal solution. Multiobjective opti-
mization seeks a set of optimal solutions, known as the Pareto front. These solutions
are considered optimal in the sense that no other solutions are superior without being

inferior in at least one other objective.
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5.1.3.1 The Weighted Sum Method

The Weighted Sum Method introduced by Churchman and Ackoff [I31] represents
one of the earliest and most fundamental approaches in multi-criteria decision-making.
The method is based on assigning weights to reflect the importance of each criterion.
Each normalized criterion value is multiplied by its corresponding weight and then

these products are summed to obtain a a single composite score for each alternative.

5.1.3.2 Evolutionary Algorithms

Evolutionary Algorithms are a class of metaheuristic optimization algorithms in-
spired by biological evolution [132]. They apply mechanisms such as selection, mu-
tation, recombination, and inheritance to a population of potential solutions to iter-
atively produce better approximations of a solution. The main advantage of these
algorithms is the ability to explore a large search space and maintain a diverse set of
solutions, which is crucial for identifying the Pareto front.

Non-dominated Sorting Genetic Algorithm II (NSGA-II) was introduced by Dab
et al [133]. It classifies the population (a subset of solutions) into different fronts
based on the level of domination. Then, the algorithm sorts the solutions and assigns
crowding distance to each individual, which measures how close an individual is to
their neighbors, to finish, the algorithm ensures that the best solutions from the
current population are carried over to the next generation, thus preserving the best
genes and enhancing convergence stability.

Strength Pareto Evolutionary Algorithm 2 (SPEA2), developed by Zitzler [134],
finds a diverse set of Pareto-optimal solutions through a robust mechanism for fitness
assignment and diversity preservation. The algorithm uses a technique based on the
k-th nearest neighbor to estimate the density of solutions surrounding a particular
individual while maintaining an external archive to store the best non-dominated

solutions found during the search.
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5.1.3.3 Goal Attainment Method

The goal attainment method was introduced by Gembiki [I35]. The method uses
a set of design goals, F* = F} Fy, ..., F , associated with a set of objectives, F'(z) =
Fi(z), Fy(x), ..., Fi(x). The core of the algorithm involves formulating the problem
such that the solution seeks to minimize the maximum relative difference between
the set of target goals and the actual performance measures. The mathematical
formulation of this problem involves introducing a slack variable v and a set of weights
w; to represent the relative importance of each objective.

The problem can be formulated as:

min subject to: Fi(x) —w; -y < Ff i=1,2,..m
¥,z

c(x) <0, Ceq(x) = 0, Az <b, Ay - = beg, [<z<u

This formulation allows us to express the goals with a degree of flexibility, enabling
the objectives to be over- or underachieved depending on the weight assigned.

The Goal Attainment method extends also to dynamic environments where ob-
jectives and constraints may evolve. This adaptability is crucial in fields like big
data optimization, where real-time data can significantly influence decision-making

processes [136].

5.2 The Base Placement Problem and High-Level Solution

Strategy

To solve the multi-robot car-painting base placement problem, we begin by devis-
ing a scheme in to render a point cloud representing the reachable workspace
of the robotic arms’ forearms and fit ellipsoids to these point clouds, a computation
performed only once. In [5.4.1] we project these ellipsoids onto the floor or ceiling

to derive planar ellipses and construct a cost function quantifying the potential for
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robot collisions, parameterized by the Cartesian coordinates of the planar ellipse cen-
ters. [5.4.2] we develop a class of cost functions to measure vehicle paint coverage by
projecting the point clouds from Section in[5.3.3|onto the vehicle’s sides and top. Fi-
nally, in[5.4.3] we formulate a multi-objective optimization problem incorporating the

cost functions from [5.4.1f and [5.4.2] enabling the use of any standard multi-objective

optimizer to determine the optimal fixed base positions.

In this work, we adopt a hierarchical optimization approach to vehicle paint, which
contrasts with methods that attempt to address base placement and painting objec-
tives simultaneously. Our approach prioritizes optimal base placement, minimizing
collision risk and maximizing the reachability of the robotic arms. This establishes a
strong foundation for the subsequent stages, where path-planning algorithms, drawn
from the existing literature, are applied to ensure complete paint coverage of the ve-
hicle’s surface. This approach offers two key advantages. First, by decoupling base
placement from path planning, we enhance both computational efficiency and prac-
tical effectiveness. While complete paint coverage remains a critical goal, treating
it as a constraint in the later stages of path optimization allows us to fine-tune the
robot’s trajectory while capitalizing on the earlier optimal base positioning. Second,
once base placement is determined, there is flexibility to choose from a wide range of

established path-planning algorithms in the literature such as [1}; [137]

5.3 Point Cloud Rendering and Ellipsoidal Fitting

In this section, we focus on the 3D modeling of the reachable workspace for the
robotic arms involved in the painting process. Specifically, we develop a numerical al-
gorithm to render point clouds representing the space that the forearms of these robots
can access. To further refine our model, we fit 3D ellipsoids to these point clouds,
providing a more precise mathematical representation of the workspaces. These com-

putations serve as a critical pre-processing step, setting the stage for subsequent path
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planning and collision avoidance tasks. The 3D computations in this section can be

considered as the pre-processing stage and need to be run only once.

We consider a team of M painting robots, each equipped with an articulated RRR
arm (See the assumptions in We describe the base positions of the robots relative
to a common coordinate frame rigidly attached to the factory floor/ceiling. Note that
some robotic arm manufacturers, such as FANUC with their R-2000iC/220U model
([138]), offer flip-over capability. This allows for ceiling installation in work cells
unsuitable for floor or wall mounting, accommodating narrower cell designs. Without
loss of generality, we consider the robots to be floor-mounted and assume that the
floor coincides with the plane z = 0. Accordingly, we can express the base positions

as

P’ = [Pais Pyir 0] €R®, 1 <0 < M, (5.1)

where ¢ is the enumeration index for the robotic arms. In base placement problem,
the coordinates p, ; and p,;, 1 <@ < M, are unknown and will be determined through
the optimal base placement algorithm.

Let 0 represent the angular position of the k™ joint angle of the i*" robot, where
1<i< M and 1<k <3. The joint angle vector for the ith robot is then expressed
as

0 = [921’ 6%? eé]Tv (52)

where 0, . < 0}, < 0} . Specifically, the constant angles 6; . ;, and 6}, .. represent

the minimum and maximum joint angle limits, respectively, for the k™ joint of the

i robot (e.g., see [139] for limit values of the ABB IRB 4600).

29



5.3.1 Robot Workspace Point Cloud Generation

To determine the reachable volume of each robot’s forearm, we employ Denavit-
Hartenberg parameters for the first three joints and forward kinematics mapping of
the robot. Specifically, the forearm tip position t? € R3 of the i*" robot with its base
at p' € R? on the factory floor/ceiling, 1 < i < M, can be computed from the forward
kinematics mapping T%(8%) € R**. This mapping relates the first three joint angles

to the forearm tip’s orientation and position. The forearm positions can be expressed

as o
0
t1 (0, p’ 10 p'
e _ rie)| |+ | | 1<i<m (5.3)
1 0
1

To maintain generality for any RRR industrial manipulator (see the assumptions
in Section , we approximate reachable forearm spaces using a sampling-based
numerical approach. Unlike analytical or geometric methods (e.g., [90]), sampling
techniques (see, e.g., [89; 140} [141]) generate 3D point clouds amenable to efficient
Khachiyan’s algorithm [88} [142]. It is remarked that while S-distribution or Gaussian
growth-based sampling algorithms (sed5.1.2) [89], [I30] are also viable options for
workspace point cloud generation, uniform joint position sampling proved sufficient
for our car-painting base placement application.

The reachable volume of the i*", where 1 < i < M, robot forearm tip is represented

by a 3D point cloud. This point cloud can be expressed as

N;

#(p') = {t'@.p)} . (5.4)

j=1

In Equation (5.4), t*(9%, p’) is the position of the forearm tip under base position p’

and joint configuration vector 0; that can be computed using the forward kinematics
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mapping in (5.3). Each of the configuration vectors 0;-, which is associated with the
ith robot, is a sample drawn from the cube

[‘91 ell',max] X [eg,minﬂ eé,max] X [eé,mim eé,max]' (55>

1,min>

Consequently, the number of samples N; in the point cloud @; (pl) is given by:

ez‘ _91‘ ) 9@‘ _ez‘ ) ei _01‘ )
Ni _ ( \‘ 1,max5i1 1,man + 1) ( \‘ 2,max6i2 2,m1nJ + 1) ( \\ 3,maX5i3 3,m1nJ + 1) (56)

In Equation ({5.6)), |- | denotes the floor function, and d;; is a constant that specifies

the distance between the samples in the j** angular interval. For example, if 6;; = 157

s
10

91’

1 max radians apart. As it will be seen

the samples from the interval [6: | are

1,min>

in what follows, the number of points V; in (5.6)) in each forearm point cloud directly

affects the computational complexity of the 3D ellipsoidal fitting algorithm.

As seen from Equation ([5.4)), the robot workspace point clouds depend on the
base positions. However, the base coordinates are not known beforehand. To address

this issue, we can express the relationship in (5.4)) as follows:
2,(p") = #:(0) + {p'}, 1 <i < M. (5.7)

This expression indicates that the point cloud %; (pz) can be obtained by translating
each element of a point cloud based at the origin. In particular, each element in
the set %; (pz) is the sum of one element from @i(O) and the base position vector
p’. Accordingly, in the pre-processing stage of the algorithm, we can carry out point
cloud rendering of the reachable workspace of the robot forearms at the origin without

the need to know the base positions. As it will be seen in Sections [5.4.1] and [5.4.2] the

base positions p’, 1 < i < M, can be considered as optimization decision variables.
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5.3.2 Ellipsoidal Fitting to the Robot Workspace Point Clouds

Consider the point cloud #;(0) associated with the i*! robot, which consists of N;
points in R®. This point cloud &;(0) is computed using by setting p; = 0 (also,
see |5.3.1)).

To fit 3D ellipsoids to the point cloud #;(0), we will use Khachiyan’s algorithm,
a widely used method in convex optimization [93} 88]. Khachiyan’s algorithm is de-
signed to compute the minimum volume enclosing ellipsoid (MVEE) of the point
cloud #;(0), denoted by MVEE(%;(0)), which is found by solving the following opti-

mization problem:

argmin log(det(A,;)),
A (58)
subject to  (tx —¢;)  Ai(ty —¢;) < 1, for all t; € #;(0)

where c; is the center of the ellipsoid MVEE (@l(O)) and the matrix A; provides the
shape of the ellipsoid MVEE (@Z(O)) In particular, by computing the singular value
decomposition of A; as U,Z;V,, the length of the ellipsoid semi-axes are given by
Thi = 1/\/5771-, k € {z, y, z}, where & ;’s are the components of the diagonal of the
matrix 2. Furthermore, the orientation of the ellipsoid is given by the rotation matrix

V..
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3D Point Cloud Generation MVEE Computation

Figure 5.1: Algorithm [1] generates a 3D point cloud and a minimum volume enclosing
ellipsoid (MVEE) for each of the robotic arms.

Algorithm 1 The pre-processing stage (run only once)

1: Input: The make of the M robotic arms and their kinematic parameters

2: Output: 3D point clouds %;(0) and 3D ellipsoids MVEE (#;(0)), 1 <i < M

3: for i < 1 to M do

4: if Make and kinematic parameters of the i robot arm are the same as the

4™ robot arm, where j < i then

5: %;(0) < »;(0)

6: MVEE(#;(0)) < MVEE(%;(0))

7: continue > Terminate the current iteration and go to the next one.
8: end if

9: Compute the 3D point cloud #;(0) associated with the reachable volume of
the i®® robot forearm tip. > Utilize [5.7 with p; = 0 and

10: Fit an ellipsoid MVEE(%;(0)) to the point cloud #;(0). > Solve [5.8| using
Khachiyan’s algorithm

11: end for

12: Return #;(0), MVEE(%;(0)), 1 <i < M.

Khachiyan’s algorithm solves the Lagrangian dual problem of ([5.8)) using a con-
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ditional gradient ascent method [88] (see also [142]). In this paper, we utilize the
implementation of Khachiyan’s algorithm provided in [I43].
Point cloud rendering of the robotic forearm reachable spaces and Khachiyan’s

algorithm result in M ellipsoids given by

_ )2 _ \2 _ 2
MVEE (2,(0)) = {(x’ v, 2) (x 2Cx,z) Y 2cy,z) L 202,1) _ 1}7 L<i<
T:r,i ry,i Tz,i

(5.9)

Algorithm 7?7 summarizes the computations needed for the pre-processing stage.

As depicted by Figure[5.1], Algorithm ?? generates a 3D point cloud and an MVEE for
each of the robotic arms. To prevent unnecessary computations, the if-conditional in
Algorithm ?? ensures that the point cloud rendering and ellipsoid fitting computations
are done only for robotic arms having different kinematic parameters. For instance,
if there are six ABB IRB 4600 robots, since their point clouds %#;(0), 1 < i < 6
and corresponding fitted ellipsoids MVEE(@i(O)), 1 < ¢ < 6 are the same, the

rendering/fitting computations in the for-loop are only run for the first robot.

5.3.3 Computational Complexity for Point Cloud Generation and Ellip-

soid Fitting

Computational Complexity for Point Cloud Generation. The forward kine-
matics for a RRR arm typically involves calculations using trigonometric operations
(like sine and cosine) and matrix multiplications. These calculations are generally
constant time operations, i.e., O(1) for each configuration. Since we are computing
forward kinematics for each configuration, the total computational complexity is the
number of configurations multiplied by the complexity of forward kinematics. Thus,
the total computational complexity for point cloud generation is O(XV;).

Computational Complexity for Ellipsoid Fitting. As demonstrated in [8§], the

original algorithm for computing MVEEs can be solved in O(N®In(£%)) arithmetic
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operations, achieving a relative accuracy of € in the volume.

5.4 Multi-Objective Optimization Problem

5.4.1 Cost Function 1: Minimizing the Possibility of Collision

In this section, we construct a cost function that quantifies the notion of collision
possibility in the context of multi-robot car painting, which is based on computing

the overlap area between planar ellipses.

Figure 5.2: Intuition behind the first cost function formulation. The ellipsoids in the
plots are the MVEEs that closely fit the reachable workspace of the robot forearms.
The larger the volume of the intersection of the ellipsoids, the higher the possibility of
robot collision during painting. Larger intersection volumes between the 3D ellipsoids,
in turn, correspond to larger overlap areas of their projections on the factory floor.

To provide the intuition behind our proposed cost function in this section, let
us consider the multi-robot arrangements depicted in Figure [5.2 The ellipses are
the MVEEs that closely fit the reachable workspace of the forearms of the robotic
arms. As it can be seen from these arrangements, larger volumes of intersection in

between the ellipsoids amount to a higher possibility of collision in-between the robots
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while they are painting the vehicle. Additionally, larger volumes of intersection in
between the 3D ellipsoids correspond to larger areas of intersection in between their
projections on the factory floor. Remarkably, the projection of these 3D ellipses
on the factory floor results in planar ellipses. Hence, the overlap areas of planar
ellipses can quantify the possibility of collision in-between the arms during painting
(see Figure . Additionally, there are very efficient computational algorithms in

the literature for computing the overlap area between ellipses as elaborated in what

follows.
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Figure 5.3: The planar ellipse overlap areas are employed to define the first cost
function, which quantifies the possibility of collision in-between the robotic arms
during painting.

To formalize this intuition, we first consider each of the ellipsoids MVEE(%;(0)),
1 < i < M, which are generated by the pre-processing stage summarized in Al-

gorithm ??. According to Remark [5.3.1} each computed ellipsoid MVEE(%;(0)) is
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obtained based on the assumption that its corresponding robot base position is lo-
cated at the origin. Considering the variable unknown base position vector p; given
by (5.1)), it is possible to translate the ellipsoid using this vector. In particular, the

ellipsoid associated with the ¢*® arm with base position p;, 1 < i < M, is given by

T = Cpi = Pai)’ —Cyi —Pya) | (2= )’
MVEE(®)(p)) = { (0, . o) T el y Ozl B2ped ),
Tx,i 7hy,i Tz,i
(5.10)

We project the translated ellipsoids given by ((5.10)) onto the floor/ceiling to obtain
planar ellipses, which are parameterized by the Cartesian coordinates of the robot
base positions. Specifically, we project the ellipsoid MVEE(@i(pi)), 1 <i< M,

given by (/5.10]) to obtain the planar ellipse

2 2 2
T — Cpi — Daji Y — Cyi — Dy, Crri

E(Pi(pi)) = {(x, y) ( 5 S| T - : } (5.11)
T:E,i ry,i rz,i

Having obtained the planar ellipses, we denote the overlap area between the 7"
ellipse S(QZ(pl)) and the ;" ellipse S(Qj(pj)), where 1 <i < j < M, by A, ;(pi, p;j)-
It can be easily seen that A;;(p;,p;) > 0 for all p;, p;, and 1 < i < 7 < M
(i.e., overlap areas are positive or zero). Moreover, A; ;(pi, P;) = A;i(pj, P;) due to
syminetry.

It is now possible to define the cost function quantifying the possibility of collision
between the M robots during painting. In particular, using the ellipse overlap areas,

we define the cost function F (-) according to

F(pr,--pu) = Y. Aii(Pipy)- (5.12)

1<i<j<M

There are a variety of ellipse overlap area computation algorithms in the literature
such as computationally intensive Monte Carlo methods [144], approximations based

on polyarcs [I45], and polygon-based methods [I46]. Since we will feed the cost
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Figure 5.4: The algorithm proposed by [7] distinguishes a variety of different ellipse
intersection cases. It computes the overlap area of any two general ellipses without
resorting to proxy curves.

function F(-) given by to a multi-objective optimizer, we need a fast and
accurate algorithm for computing ellipse overlap areas. A very appealing algorithm
suited for our needs is the one due to Hughes and Chraibi [7], which avoids the use
of approximating proxy curves. Rather, this algorithm, which is based on a strategy
that combines segment and polygon areas to compute the overlap, is applicable to
any two general ellipses. The algorithm distinguishes a variety of different ellipse
intersection configurations (see Figure and utilizes the Gauss-Green theorem to

compute segment areas (see [7] for further details).
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Remark: While the overlap of robotic arm workspaces provides a useful heuristic
for evaluating collision potential, it is important to recognize that the actual likelihood
of collisions is primarily influenced by the motion planning and control strategies ap-
plied after base placement. Workspace overlap alone does not directly correlate with
collision risk, as modern algorithms are capable of dynamically adjusting the robot
trajectories to avoid collisions, even in scenarios where significant overlap exists. How-
ever, poor base placement can negatively impact the performance of subsequent path
planning algorithms, potentially leading to suboptimal coverage or even failure in
certain areas. To address this, advanced collision avoidance strategies that operate
in densely populated robotic environments are applied after base placement. These
strategies mitigate the risks associated with workspace overlap while maximizing the
effective utilization of robotic arms. This hierarchical approach ensures that while
base placement reduces collision potential, the subsequent dynamic adjustments dur-
ing motion planning handle remaining collision concerns, thus optimizing both safety

and efficiency.

5.4.2 Cost Function 2: Maximizing the Possibility of Paint Coverage

In this section we construct a group of cost functions to quantify the amount of
vehicle paint coverage. These cost functions are obtained by projecting the point
clouds, which are computed in the pre-processing stage, onto the sides and top of the
vehicle.

We first create grid map representations of the top and sides of the car. These
grid maps are computed using standard image processing algorithms like the Moore-
Neighbor Tracing algorithm (see, e.g., [95]), which traces given contours and detects
object boundaries in the vehicle’s CAD model (see Figure . It is remarked that
the grid map computation is needed to be run only once.

After creating the grid maps from the vehicle’s CAD model, we consider the point
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Figure 5.5: Boundary detection in the vehicle’s CAD model and creation of the grip
map representations.

cloud representation of the reachable workspace of the robotic forearms. In particular,
we consider the point clouds #;(0), 1 < ¢ < M, obtained from the pre-processing
stage (see Section . Given a collection of base positions p;, 1 <1 < M, we
translate each of the given point clouds #;(0) to obtain their translated versions
Pi(pi), 1 < i < M, by utilizing Equation (5.7). Subsequently, we obtain a planar
point cloud by projecting %;(p;), 1 <1i < M, onto the sides and top of the vehicle.
This is equivalent to the projection of ﬁ P;(p;i) onto the car sides and top.
Focusing on the vehicle top for breZ\:filty, we can assess its coverage using a com-
putationally efficient technique like ray-casting (see, e.g., [147]). This method, which

can determine if a point lies within a traced boundary from the Moore-Neighbor algo-

rithm, can be used to provide a quantitative measure of the top’s (resp. sides’) paint
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Algorithm 2 Computation of the second cost function (the car’s top paint coverage
ratio)
Remark: The algorithm structure remains the same for the sides of the car.

1: Input: Base positions p;, 3D point clouds #;(0), 1 < i < M, and grid map of
the top of the vehicle CAD model of size M5P x N5P.

Output: The paint coverage ratio of the vehicle top given by F,°° (pl, e 7pM).
Compute #;(p;), 1 <1 < M, using (5.7).

Initialize covered_cells as an empty set.

Consider the vehicle top grid map of size Mg® x NgP.

M

6: Project |J %;(p;i) onto the top of the vehicle to obtain a 2D point cloud.
i=1

7: Run a ray-casting computation to add cells to the covered cells.

8: Compute the cardinality N'°P . of the set covered_cells.

covered
9: Calculate the paint coverage ratio as:

top

N
Szatop o covered
2 P1, yPMm) = .
( ) Mg)p X Ng)p

10: Return 5,°° (P1.-++ . Pm)-

coverage. Algorithm [2| provides the procedure for computing the top paint coverage
ratio. The same algorithm can be utilized for computing the paint coverage ratio of
the vehicle sides, which we will skip the details for brevity.

In summary, the second cost function I?’;Op (pl, P M), which is calculated ac-

cording to Algorithm [2] can be expressed as

top

o Ncovero
th p(pl; T apM) = Mtop < ]\(;top7 (513)
G G

where the resulting value of %, (p1,- -+ ,pam) lies in the interval [0, 1]. We can repeat
the same process (details omitted for brevity) for obtaining the coverage ratio of the

sides of the car to obtain the cost functions F3'* (-) and #'%*(-) according to

sideq
side _ covered
T, 1(p17 . 7pM) = M(S;idel » Ng}del’ (5.14)
. Nsideg
E}r;ldeg (pl’ . 7pM) — covered (515)

sides sides *
M9 N
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Figure 5.6: The overall proposed solution to the multi-robot car-painting base place-
ment problem.

Computational Complexity for Computing the Paint Coverage Ratios. The
overall computational complexity for testing the inclusion of N; points from a point
cloud in a boundary from a grid map of size M5® x Ni® is O(N;- MEP - NgP). Similar
computational complexity expressions can also be stated for computing Sf;idel () and

gzsideg () )

5.4.3 Multi-Objective Optimization Problem

In this section we formulate a proper multi-objective optimization problem using

the cost functions developed in Sections [5.4.1] and [5.4.2]

Considering the base positions p;, 1 < ¢ < M, as the decision variables, the cost
functions F(+), %P (), F5'91(+), F5'92(.) constitute a proper objective function vec-
tor. We recall that F(-) given by quantifies the possibility of collision between
the robots during painting. On the other hand, F°(-), F5'9°1(.), and F5'%2(-) given
by , 7 and , respectively, quantify the vehicle’s top and sides paint
coverage ratios.

We are interested in finding optimal decision variables p;, 1 < ¢ < M, such that
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F(-) is minimized while FP(-) (resp. F5'9°1(.), F52(.)) is maximized. Equiva-
lently, we can seek to minimize —F,°°(-) (resp. —F59° (), =F59(.)). Using the
cost functions F (+), —F (), =F591 (1), and —F5'9°2(.) we formulate the following

multi-objective optimization problem

min Qpr(pl, e ,pM) (516)

P1,,PM

where the objective function vector Fgp(-) is defined by

gl(pb'“ JpM)
—57t0p(p1>"' ,pM)
Fep(P1,-+  Pu) == 2_d : (5.17)
_‘7251 el(pla'” 7pM)

__g2sid62 (pla T 7pM)_

Having formulated the multi-objective optimization problem as in and ,
we can invoke any standard multi-objective optimizer for computing the optimal fixed
base positions. In this paper, we adopt the goal attainment algorithm [148], which
has an efficient implementation through the function fgoalattain in MATLAB. To
determine the goals in the goal attainment problem, we set the goal of the first cost
function equal to 0. This indicates a goal value of zero for the overlap area between
the projection of the robot workspace ellipsoids. Since we are minimizing the cost
functions —F,°P(-), —F9 (), and —F5'4(-) in the objective function vector given

by (5.17)), we set their associated goal values equal to —1.

Remark: As ensuring 100% paint coverage of the vehicle is a critical requirement
in any vehicle painting operation, our algorithm is designed to prioritize this objective.

To achieve this, we employ the goal attainment optimization algorithm in MATLAB,
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which uses a Relative Attainment Factor (weight) to balance multiple objectives.

Specifically, the algorithm finds the smallest multiplier v that satisfies the inequality:

F;(z) — goal; < weight, - v (5.18)

which allows for the flexible setting of weights on different objectives. In our case,
one of the key objectives is the maximization of paint coverage.

The weight used in the fgoalattain function differs from traditional weights that
simply prioritize objectives. Instead, the weight’s sign determines how the algorithm
treats the objective relative to its goal. When the weight is positive, the function
attempts to reduce the objective function’s value below the goal. Conversely, with a
negative weight, the algorithm works to make the objective function meet or exceed
the goal.

For our application, we set the weight in a way that ensures paint coverage is
treated as a constraint, driving the algorithm to achieve 100% coverage. This ensures
that the vehicle’s entire surface is painted while allowing us to optimize other factors,
such as minimizing the possibility of robot collisions.

Figure [5.6|illustrates the overall proposed solution to the multi-robot car-painting
base placement problem. The pre-processing stage (see Algorithm ??) performs point
cloud rendering of the reachable workspace of the forearms of the robotic arms and
fits ellipsoids to these point clouds. Using the constructed cost function in , we
quantify the possibility of collision between the robotic arms without any need for
planning their motion trajectories a priori. This cost function can be computed using
the projection of the ellipsoids on the factory floor/ceiling and summing the resulting
ellipse overlap areas. Similarly, using the constructed cost functions in , ,
and computed using Algorithm , we quantify the possibility of the vehicle
paint coverage. These cost functions can then be utilized within any standard multi-

objective optimization routine to compute the optimal robot base positions.
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Table 5.2: Impact of robotic base positions on paint coverage and manipulability
with the homogeneous robotic team consisting of ABB IRB 4600 robots. The blue
entries demonstrate the results obtained from our proposed optimal base placement
algorithm.

Base positions  (pg,py) for Overlap Areas Paint Coverage Mean Normalized Ma- NM Standard De-
R;1|R2|R3 (units: [m]) (units: [m?]) (%) nipulability (NM) viation

(—4.5, 1)|(0 0)|(4.5,1) 0 56.1 0.2476 0.1902
(—3.5,0)](0,0)|(3.5,0) 0 66.7 0.2669 0.2283

(—3.0 0)|(0,0)|(3 0,0) 0.4929 80.3 0.2831 0.2340
(—2.5,1)](0,0)](2.5,1) 2.05 98.5 0.6932 0.0974
(—2,1.3)](0,0)[(2,1.3) 4.12 100 0.7717 0.0919
(—1.5,0)](0,0)|(1.5,0) 9.13 90.9 0.4053 0.2428
(—1.0,1)[(0,0)|(1.0,1) 10.88 924 0.7211 0.1317
(—1.0,0)](0,0)|(1.0,0) 12.96 83.3 0.4886 0.2719

5.5 Results

In this section, we present the simulation results associated with our optimal base
placement algorithm. Our simulations are conducted using two different kinds of
robotic arms, namely, ABB IRB 4600 and FANUC R-2000iC robots, for painting an
F-150 truck produced by Ford Motor Company (see Figure . To demonstrate
the versatility of our proposed base placement solution, we apply our algorithm to
homogeneous as well as heterogeneous teams of robots. This is especially beneficial
when one or more robotic arms malfunction, where the manufacturer can replace
the faulty arms with alternative robotic manipulators from their inventory to avoid
disruptions in the painting process.

To further assess the impact of base positions on the performance of the robotic
arms during painting, we also compute the manipulability index (manipulability for
brief) of the robots in our simulations. Given the Jacobian matrix J(@) of a robotic

arm, where @ represents the configuration vector of the arm, the manipulability at

6 can be computed according to w(f) = /det(J(0)J(0)T) (see [85, Section 4.12] for
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further details). The normalized manipulability at configuration § during a certain
task such as car painting is then given by wpormalized (@) = %, where wpyay 1S the
maximum value of arm manipulability over all possible robot configurations.

Figure illustrates the overall algorithm for optimal multi-robot car-painting
base placement. The most computationally expensive part of the algorithm is the
pre-processing stage (Algorithm ?7?), which is needed to be run only once. Even on
a single core of a modest PC, this polynomial-time algorithm can efficiently handle
point cloud rendering and ellipsoid fitting. For instance, a MATLAB implementation
of Algorithm ?? was run on six ABB IRB 4600 robots on an Intel Core i7 CPU.
With point cloud sizes around 1000 and an ellipsoidal fitting tolerance of 0.01, the

pre-processing computations were completed in less than one minute.

5.5.1 Simulations with a Homogeneous Robotic Team

We first consider six ABB IRB 4600 robotic arms and compute their optimal base
positions using our proposed algorithm. Table[5.2|provides an overview of various base
positions, planar ellipse overlap areas, percentages of vehicle paint coverage, and the
mean and standard deviation values of the normalized manipulability of the robotic
arms during painting. Since the robot arms are positioned in a symmetric manner on
the sides of the F-150 vehicle, we are only including the information associated with
one side.

The blue entries demonstrate the results obtained from our proposed optimal base
placement algorithm. As shown in Table the optimal base positions (the blue
entries in the table) not only achieved complete paint coverage and minimal ellipse
overlap areas but also exhibited the highest mean normalized manipulability with a
low standard deviation. After base placement calculations, we utilize the multi-robot
path planning algorithm devised in our previous work [I] to determine the joint tra-

jectories of the robotic arms for painting the vehicle. In our previous work [I], we
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Table 5.3: Computational times.

Base Positions (p,py) for Overlap Area Paint Coverage Base Placement Al-
Ri|R2|R3 (Units: [m]) Computation Time Computation Time gorithm Computa-
(Units: [s]) (Units: [s]) tion Time (Units:
[s])
(—4.5,1)](0,0)](4.5,1)  0.2404 0.3550 -
(—3.5,0)(0,0)[(3.5,0)  0.2491 0.3538 ;
(—3.0,0)[(0,0)(3.0,0)  0.2588 0.3566 ;
(—2.5,1)[(0,0)](2.5,1)  0.2499 0.3664 :
(—2,1.3)/(0,0)](2,1.3)  0.2942 0.3664 197.24
(—1.5,0)/(0,0)[(1.5,0)  0.2363 0.3705 .
(—1.0,1)[(0,0)](1.0,1)  0.2975 0.3897 -
(=1.0,0)/(0,0)](1.0,0)  0.2825 0.3671 ;

assumed that the manufacturer would provide a suitable collection of base positions,
usually from experience and/or heuristics. However, as it will be seen in the simu-
lations, a poor choice of base positions for painting robots results in failure of the

motion/trajectory planning.

Table presents the computational times (in seconds) required to compute the
overlap areas and paint coverage ratios for various base positions, using an Intel Core
i7 CPU. Additionally, the multi-objective optimizer fgoalattain [135] took approxi-
mately 3.33 min to determine the optimal base positions, highlighted in bold in the
table.

Figure depicts the snapshots of the homogeneous team of six ABB IRB 4600
robots painting a Ford Motor Company F-150 truck where the robot base positions
were obtained from our proposed optimal base placement algorithm. Furthermore,
Figure depicts the snapshots of the same team placed at non-optimal positions.
The figures demonstrate that in the non-optimal case the robots failed to paint the
top of the vehicle completely, despite the fact that both painting scenarios were uti-
lizing the same motion planning algorithm. Furthermore, suboptimal base positions

forced the robots to traverse configurations close to elbow and shoulder singularities
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Figure 5.7: Snapshots of multi-robot car painting (a homogeneous team of robots)
utilizing the optimal robot base positions obtained from our base placement algo-
rithm.

during painting, which can be clearly seen when the arms have to overstretch to per-
form their painting task. Finally, the histograms in Figure depict the normalized
manipulability values of the robots during painting. The percentage values on each
bar in the histograms provide the painting durations in which the robot manipulabil-
ity belonged to a certain interval. For instance, a 50% value on the bar in [0.85,0.9]
for Robot 1 in histograms on the left, indicate that Robot 1 had a normalized ma-
nipulability value belonging to the interval [0.85,0.9] during half of the painting task

duration.
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Figure 5.8: Snapshots of multi-robot car painting (a homogeneous team of robots)
utilizing non-optimal base positions.
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Figure 5.9: The normalized manipulability of the robotic arms during collaborative
vehicle painting: (top) optimal; and, (bottom) non-optimal base positions. The per-
centage values on each bar in the histograms provide the painting durations in which
the robot manipulability belonged to a certain interval. In particular, a percentage
value of po% on a bar located in the interval [0y, 03] for the i robot, 1 < ¢ < 3, indi-
cates that the robot had a normalized manipulability value belonging to the interval
(01, 09] during po% of the painting task duration.

5.5.2 Simulations with a Heterogeneous Robotic Team

collection of simulation results consider six robotic arms of different types, namely,
four ABB IRB 4600 and two Fanuc R2000iC robots. Figure[5.10]depicts the snapshots
of the heterogeneous team of robots painting the Ford Motor Company F-150 truck
where the robot base positions were obtained from our proposed optimal base place-
ment algorithm. Furthermore, Figure depicts the snapshots of the same team
placed at non-optimal positions. The figures demonstrate that in the non-optimal
case the robots failed to paint the top of the vehicle completely, despite the fact that
both painting scenarios were utilizing the same motion planning algorithm. Further-
more, suboptimal base positions forced the robots to traverse configurations close to
elbow and shoulder singularities during painting, which can be clearly seen when the

arms have to overstretch to perform their painting task.
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Figure 5.10: Snapshots of multi-robot car painting (a heterogeneous team of robots)
utilizing the optimal robot base positions obtained from our base placement algo-
rithm.

Figure 5.11: Snapshots of multi-robot car painting (a heterogeneous team of robots)
utilizing non-optimal base positions.

5.6 Discussion and comparison with the state of the art

In developing our base placement algorithm for industrial painting robots, we
initially utilized ellipsoidal fitting and point cloud rendering techniques (Algorithm
??)during the pre-processing phase. This stage was critical for modeling the reachable
workspace of the robots, ensuring that we had an accurate geometric representation
to base further calculations on. Although this process involved polynomial time
complexity, it was executed only once, thereby minimizing its impact on the overall
computational load. Following the pre-processing, we implemented a multi-objective

optimization strategy by utilizing custom-designed cost functions specifically aimed
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Figure 5.12: Elbow singular configurations of (left) ABB IRB 4600 and (right)
FANUC R-2000iC robotic arms.

at minimizing collision risk (see section and maximizing paint coverage (see
Section . As it can be seen from Table the computation of each of these
cost functions took less than 0.4 seconds on a modest Intel Core i7 CPU. The primary
advantage of our approach is decoupling the base placement from trajectory planning.
Additionally, after base placement, one can choose from a plethora of robotic painting
path-planning algorithms available in the literature.

The method of base placement for single robot machining operation proposed by
[107] incorporates two main algorithms: sparse uniform grid decomposition (SUGD)
and sequential quadratic programming (SQP). Initially, the SUGD is employed to
identify feasible base positions within a defined search space. The SUGD requires
significant computational resources, largely due to its dependency on the resolution
of the grid and the extent of the search area. This approach serves as a preliminary
filter to establish a starting point for further optimization. Following this, SQP takes
over to find the optimal base positions using these initial guesses. SQP is well-suited
for handling the nonlinearities and constraints typical in such optimization scenarios,
offering an effective means to navigate through complex decision spaces. As for SQP,
while it is capable of achieving superlinear convergence rates, the complexity, and the
computational expense can escalate quickly depending on the size of the problem and
the intricacies of the constraints involved. In the base position optimization proposed

by [115], a GA was employed to iteratively evaluate and refine multiple solutions,
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aiming to find the optimal configuration. While a GA provides flexibility in exploring
various solutions, its iterative nature often results in higher computational demands,
particularly when multiple constraints like collision avoidance and workspace cov-
erage must be considered. Complementing the optimization, the Object Collision
Algorithm was used to detect potential collisions between robot arms and their envi-
ronment. This algorithm evaluated bounding boxes around objects with a quadratic
computational cost. To further ensure efficient and stable robot movements, Singular-
ity Detection through the Manipulability Index assessed the robot’s Jacobian matrix
for potential kinematic singularities. Additionally, Inverse Kinematics, often solved
using Powell’s method, calculated joint angles for specific end-effector positions. By
integrating these algorithms, especially within a GA framework, the overall complex-
ity increased, but the approach ensured a simultaneous optimization of robot base
placement while addressing collisions, singularities, and precise kinematic configura-
tions.

The authors in [I02] developed a comprehensive framework for optimizing robot
placement in large-scale manufacturing environments, utilizing an intricate blend of
energy consumption models and quality metrics like dimensional accuracy. Cen-
tral to this framework was the application of a simulated annealing algorithm—a
heuristic method celebrated for its ability to approximate global optima efficiently.
Complementing the simulated annealing was the Recursive Newton—Euler Algorithm
(RNEA), which calculated the energy requirements of robotic movements. Moreover,
the framework integrated a multi-objective optimization model that simultaneously
addressed energy conservation and printing quality, navigating the complex trade-
offs between these objectives. Additionally, the system incorporated task decomposi-
tion and scheduling algorithms to manage the assignment and coordination of tasks
among multiple robots, ensuring collision-free operation and optimizing production

timelines. The computational methods employed, like simulated annealing, can be
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resource-intensive and might not scale well with larger numbers of robots or more
complex tasks. Additionally, the effectiveness of these algorithms can depend heavily
on initial conditions and parameter settings, which may complicate their implemen-

tation and optimization in practical scenarios.

The proposed algorithm is designed to work with a variety of industrial robot
teams and vehicle models. Separating the task of base placement from motion and
trajectory planning offers a more efficient solution that doesn’t rely on motion plan-
ning data. This structured approach ensures that the results can be easily integrated

into current robotic painting and trajectory planning systems.
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CHAPTER VI

Future Work and Conclusion

This study has delved into collaborative robotic car painting, addressing the chal-
lenges posed by employing heterogeneous teams of industrial manipulators. By fo-
cusing on the efficient generation of joint trajectories for each robot, considering the
CAD model of the car, the diverse robotic arms, and their fixed base positions within
the factory, significant progress has been made toward optimizing the painting process
while actively avoiding collisions.

A novel algorithm with polynomial-time complexity was introduced, tailored for
collaborative robotic car painting, leveraging computational geometry and convex
optimization techniques. It facilitates the partitioning of reachable forearm space
and path planning for nozzle/applicator footprints on the car’s grid map. Classical
Morse cellular decomposition and boustrophedon algorithms, combined with off-the-
shelf inverse kinematics solvers, enable the efficient generation of joint trajectories.
This algorithm offers versatility by accommodating heterogeneous teams of industrial
arms and diverse vehicle models. Furthermore, its practicality is enhanced by the
absence of communication requirements among robotic arms during operation.

However, the algorithm also has certain limitations. For applications requir-
ing finer surface coating, such as stealth coating of fighter jets, alternative non-

boustrophedon-like paths are necessary to generate smoother applicator footprints.
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Additionally, exploring faster implementations of Khachiyan’s algorithm beyond the
standard one employed could enhance computational efficiency. Addressing the chal-
lenge of planning paths for interacting with moving targets is another important
future direction to expand the applicability of our approach.

This study also presented a multi-objective optimization framework for optimal
fixed base placement of articulated robotic arms, aiming to maximize vehicle paint
coverage and minimize the risk of collisions. Taking advantage of the two-dimensional
geometric properties of car painting, we developed cost functions for paint coverage
and collision avoidance. These were integrated into a multi-objective optimization
problem solvable using standard optimization techniques. Our hierarchical approach
decouples base positioning from motion and trajectory planning, enabling seamless
integration with existing robotic motion planning systems.

Future research will focus on extending our framework to mobile manipulators,
applying it to aircraft painting, and incorporating energy consumption optimization.
Although the current study concentrates on kinematic manipulability for noncon-
tact tasks like painting, we acknowledge the importance of force ellipsoid analysis for
contact-intensive applications, such as welding and assembly. The alignment of the
force ellipsoid with gravity can enhance the operational performance of the robot by
minimizing torque requirements and improving stability. As such, incorporating force
ellipsoid analysis into base placement and path planning algorithms is a promising di-
rection for future research, which we aim to explore in subsequent studies. In certain
industries, such as aerospace, special-shaped surfaces present unique challenges for
robotic painting due to their non-uniform and complex geometries. While our cur-
rent approach is designed for commercial vehicles, which generally have more regular
shapes, multi-plane base placements may offer advantages for these specialized ap-
plications. Specifically, the ability to position robotic arms in different planes would

allow greater flexibility in reaching difficult contours and ensuring full coverage.
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In summary, future investigations will address the parallelization of the algorithm
and the enhancement of manipulability to improve efficiency and precision in automo-
tive surface coating applications. These efforts will pave the way for a wider adoption

of robotic painting technologies across diverse industrial settings.
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APPENDICES
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.1 CoppeliaSim Simulation Code

% in a child script of a CoppeliaSim scene, add following command
% to be executed just once, at simulation start:

%

% simRemoteApi.start(19999)

%

% then start simulation, and run this program.

%

% IMPORTANT: for each successful call to simxStart, there

% should be a corresponding call to simxFinish at the end!

vrep=remApi(’remoteApi’); % using the prototype file (rem oteApiProto.m)

vrep.simxFinish(—1); % just in case, close all opened connections

load(robotTrajectories . mat)

routel = zeros(length(robotl));

for i = l:length(robotl)
routel(i) = i;

end

route2 = zeros(length(robot2));

for i = l:length(robot2)
route2(i) = i;

end

route3 = zeros(length(robot3));

for i = l:length(robot3)
route3(i) =i;

end

routed = zeros(length(robot4));
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for i = l:length(robot4)
routed(i) = i;

end

routeb = zeros(length(robot5));
for i = l:length(robot5)
route5(i) = i;

end

route6 = zeros(length(robot6));
for i = l:length(robot6)
route6(i) = i;
end
clientID=vrep.simxStart(’127.0.0.17,19999, true, true,5000,5) ;

isReachPoint = false;

if (clientID>—1)

disp(’Connected to remote API server’);

time = 0;
dt = 0;

position_x = 0.2750;

)

len_routel = length(robotl

bl

len_route2 = length(robot2

len_routed = length(robot4

)

len_routeb = length(robotb

b

( )
( )
len_toute3 = length(robot3);
( )
( )
( )

len_route6 = length(robot6

)

len = max([len_routel, len_route2, len_route3,len_route4, len_route5, len_route6]);

isFirstTime = true;

for i = 2:len
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% calcultate the figure eight path

if (i > len_routel)
start_position_x1
start_position_y1
start_position_z1
end_position x1 =
end_position_yl =
end_position_zl =
else
start_position_x1
start_position_y1
start_position_z1
end_position x1 =
end_position_yl =
end_position_zl =

end

if (i > len_route2)
start_position_x2
start_position_y2
start_position_z2
end_position_x2 =
end_position_y2 =
end_position_z2 =
else
start_position_x2
start_position_y2
start_position_z2
end_position_x2 =
end_position_y2 =
end_position_z2 =

end

= robot1(routel(len_routel),1);
= robot1(routel(len_routel),2);
= robot1(routel(len_routel),3);
robot1(routel(len_routel),1);
robot1(routel (len_routel),2);
)

robot1(routel(len_routel),3);
= robot1(routel(i—1),1);

= robot1(routel(i—1),2);

= robot1(routel(i—1),3);
robot1(routel(i),1);
robot1(routel(i),2);

robot1(routel(i),3);

= robot2(route2(len_route2),1);
= robot2(route2(len_route2),2);
= robot2(route2(len_route2),3);
robot2(route2(len_route2),1);
robot2(route2(len_route2),2);

)

robot2(route2(len_route2),3);
= robot2(route2(i—1),1);

= robot2(route2(i—1),2);

= robot2(route2(i—1),3);
robot2(route2(i),1);
robot2(route2(i),2);
robot2(route2(i),3) ;
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if (i > len_route3)

start_position x3 = robot3(route3(len_route3),1);
start_position_y3 = robot3(route3(len_route3),2);
start_position z3 = robot3(route3(len_route3),3);
end_position x3 = robot3(route3(len_route3),1);
end_position_y3 = robot3(route3(len_route3),2);

end_position_z3 = robot3(route3(len_route3),3);

else

start_position x3 = robot3(route3(i—1),1);
start_position_y3 = robot3(route3(i—1),2);
start_position-z3 = robot3(route3(i—1),3);
end_position x3 = robot3(route3(i),1);
end_position_y3 = robot3(route3(i),2);

end _position z3 = robot3(route3(i),3);

end

if (i > len_routed)

start_position x4 = robot4(route4(len_route4),1);
start_position_y4 = robot4(route4(len_routed),2);

start_position_z4 = robotd(route4(len_route4),3);

)

end _position x4 = robot4(routed(len_routed),1

)
end_position_y4 = robot4(routed(len_route4),2);
)

end_position_z4 = robot4(route4(len_route4),3

)

else

start_position x4 = robot4(route4(i—1),1);
start_position_y4 = robot4(route4(i—1),2);
start_position_z4 = robot4(route4(i—1),3);
end _position x4 = robot4(route4(i),1);
end_position_y4 = robot4(routed(i),2);

end_position_z4 = robot4(route4(i),3);

end
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130 if (i > len_routeb)

131 start_position x5 = robot5(route5(len_route5),1);
132 start_position_y5 = robot5(route5(len_route5),2);
133 start_position z5 = robot5(route5(len_routes),3);

134 end_position x5 = robot5(route5(len_routes),1);

135 end_position_y5 = robot5(route5(len_route5),2);
136 end_position_z5 = robot5(routeb(len_routes),3);
137 else

138 start_position x5 = robot5(route5(i—1),1);

139 start_position_y5 = robot5(route5(i—1),2);
140 start_position z5 = robot5(routeb(i—1),3);

141 end_position_x5 = robot5(route5(i),1);

142 end_position_y5 = robot5(route5(i),2);
143 end_position_z5 = robot5(route5(i),3);
144 end

146 if (i > len_route6)

147 start_position x6 = robot6(route6(len_route6),1);
148 start_position_y6 = robot6(route6(len_route6),2);
149 start_position z6 = robot6(route6(len_route6),3);

150 end_position x6 = robot6(route6(len_route6),1);

151 end_position_y6 = robot6(route6(len_route6),2);
152 end_position_z6 = robot6(route6(len_route6),3);
153 else

154 start_position x6 = robot6(route6(i—1),1);
155 start_position_y6 = robot6(route6(i—1),2);
156 start_position z6 = robot6(route6(i—1),3);
157 end_position_x6 = robot6(route6(i),1);

158 end _position_y6 = robot6(route6(i),2);

159 end_position_z6 = robot6(route6(i),3);

160 end

161

162 a = 1;
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163 sample = 50;

164 position_x1=linspace(start_position_x1 ,end_position x1,sample);
165 position_yl=linspace(start_position_y1 ,end_position_y1,sample);
166 position_z1 =linspace( start_position_z1 ,end_position_z1 ,sample);
167
168 position_x2=linspace(start_position x2 ,end_position x2,sample);
169 position_y2=linspace( start_position_y2 ,end_position_y2,sample);

170 position_z2 =linspace( start_position_z2 ,end_position_z2,sample);
172 position_x3=linspace(start_position_x3 ,end_position_x3,sample);
173 position_y3=linspace(start_position_y3 ,end_position_y3,sample);

174 position_z3 =linspace( start_position_z3 ,end_position_z3,sample);

176 position_x4=linspace(start_position_x4 ,end_position_x4,sample);

177 position_y4=linspace(start_position_y4 ,end_position_y4,sample);
178 position_z4 =linspace( start_position_z4 ,end_position_z4,sample);
179

180 position_x5=linspace(start_position x5 ,end_position x5,sample);
181 position_y5=linspace(start_position_y5 ,end_position_y5,sample);
182 position_zb =linspace( start_position_z5 ,end_position_z5,sample);
183

184 position_x6=linspace(start_position_x6 ,end_position x6,sample);
185 position_y6=linspace( start_position_y6 ,end_position_y6,sample);
186 position_z6=linspace( start_position_z6 ,end_position_z6,sample);
187

188 if position_yl < —0.9

189 eull = [-pi/2 0 0];

190 quatl = eul2quat(eull);
191 else

192 eull = [0 pi OJ;

193 quatl = eul2quat(eull);
194 end

195
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196

197

198

199

208

209

210

if position_y2 < —0.8

eul2 = [—pi/2 0 0];

quat2 = eul2quat(eul2);
else

eul2 = [0 pi 0];

quat2 = eul2quat(eul2);

end

if position_y3 < —0.9
eul3 = [—pi/2 0 0];
quat3 = eul2quat(eul3);

else
euld = [0 pi 0];
quat3 = eul2quat(eul3);

end

if position_y4 > 2.21
euld = [pi/2 0 0J;

quat4 = eul2quat(eull);

else
euld = [0 pi O];
quatd = eul2quat(euld);

end

if position_y5 > 2.21
eul5 = [pi/2 0 0];
quatb = eul2quat(eul5);
else
euls = [0 pi 0];
quatb = eul2quat(eul2);

end
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230 if position_y6 > 2.21

231 eul6 = [pi/2 0 0];

232 quat6 = eul2quat(eul6);

233

234 else

235 eul6 = [0 pi 0];

236 quat6 = eul2quat(eul6);

237

238 end

239 isReachPoint = false;

240

241 % R2000iC: [0 pi/2 0] Top of the car
242 % R2000iC: [0 0 —pi/2] Side of the car

244 while “isReachPoint

245 % calcultate the figure eight path

216 | vrep.simxCallScriptFunction(clientID, *Arm_3’,vrep. sim_scripttype_childscript
,’SetPos’ ,[1],] positionx1(a) , position_yl(a), position_zl(a),

quatl,eull],’” [}, vrep.simx_opmode_oneshot);

V)
~

245 | vrep.simxCallScriptFunction(clientID,” Arm_1’ vrep. sim_scripttype_childscript ,’SetPos’,
[1],] positionx2(a) , position_y2(a), position_z2(a),quat2,eul2],’” ]
,vrep.simx_opmode_oneshot);

249
250 | vrep.simxCallScriptFunction(clientID,’” Arm_5’ vrep. sim_scripttype_childscript
,’SetPos’ ,[1],] positionx4(a) , position_y4(a), position_z4(a), quatd,

euld],’” [], vrep.simx_opmode_oneshot);

V)
ot
%)

vrep.simxCallScriptFunction(clientID,’” Arm_4’,vrep. sim_scripttype_childscript
,’SetPos’ ,[1],[ position x5(a) , position_y5(a), position_z5(a), quath,

eul5],’” [], vrep.simx_opmode_oneshot);
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%)
ot
~

258

V)
ot
>

260

261

262

vrep.simxCallScriptFunction(clientID,’ Arm_6’,vrep. sim_scripttype_childscript
,’SetPos’ ,[1],] positionx6(a) , position_y6(a), position_z6(a), quat6,

eul6],’’ ,[], vrep.simx_opmode_oneshot);

returnCode,outInts,outFloats,outStrings,outBuffer] = vrep.simxCallScriptFunction
t Cod tInt tFloat tStri tBuff imxCallScriptFuncti
(clientID,” Arm_2’ vrep. sim_scripttype_childscript ,’SetPos’ ,[1],[ position x3(a),

position_y3(a), position_z3(a), quat3, eul3],”’ ,[], vrep.simx_opmode_blocking);

if isFirstTime
disp(”Press Enter to continue !!!”) ;
pause();
isFirst Time = false;

end

a=a-+1;
if a > sample
isReachPoint = true;
a=1;
end
% vrep.simxSynchronousTrigger (clientID);
end

% send the deired position to Vrep

% read the Vrep simulation timestamp
% vrep.simxSynchronousTrigger (clientID);

end

vrep.simxSynchronousTrigger(clientID);

vrep.simxGetPing Time(clientID)
% close the connection to CoppeliaSim:
vrep.simxFinish(clientID);

end
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289

290

%%% end coding

% Before closing the connection to CoppeliaSim, make sure that the last command sent out
had time to arrive. You can guarantee this with (for example):

vrep.simxGetPingTime(clientID)

% Now close the connection to CoppeliaSim:

vrep.simxFinish(clientID);

vrep.delete (); % call the destructor!

disp(’Program ended’);

.2 Ellipse Overlap Area of Intersection Code

function OverlapArea = EllipseOverlap(a, b, phi, c¢x1, cyl, cx2, cy2, intersectl , intersect2)

% Find the overlap area between the center robot and the robot on the right:
intersectX1=intersect1(1);
intersectX2=intersect2(1);
intersectY 1=intersect1(2);

(2)

intersectY2=intersect2(2);

E11 x1 = intersectX1;
E11 x2 = intersectX2;
El1l_yl = intersectY1;

E11_y2 = intersectY2;
E21 x1 = intersectX2;
E21 x2 = intersectX1;
E21_yl1 = intersectY2;

E21_y2 = intersectY1;

El1_thetall = FindTheta(E11x1, E11y1, cx1, cyl, a, b, phi);
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N

El1_thetal2 = FindTheta(E11 x2, E11_y2, cx1, cyl, a, b, phi);
E21 _thetall = FindTheta(E21 x1, E21_y1, cx2, cy2, a, b, phi);
E21_thetal2 = FindTheta(E21 x2, E21_y2, cx2, cy2, a, b, phi);

El1_SegmentArea = SegmentArea(E1l_thetall, E11_thetal2, a, b, E11 x1,E11 x2,cx1,
Ell y1,E11_y2,cyl);
E21_SegmentArea = SegmentArea(E21_thetall, E21_thetal2, a, b, E21 x1,E21 x2,cx2,

E21_y1,E21_y2,cy2);

OverlapArea = real(E11_SegmentArea + E21_SegmentArea);

function theta = FindTheta(x, y, cx, cy, A, B, phi)

xx = cos(phi)*(x—cx) + sin(phi)*(y—cy);

yy = —sin(phi)*(x—cx) + cos(phi)*(y—cy);

if (xx<0 && yy>=0)
theta = acos((xx)/A);
% %  theta = pi — asin(yy/B);a
elseif (xx>=0 && yy>=0)
theta = acos((xx)/A);
%  theta = asin(yy/B);
elseif (xx<0 && yy<0)
theta = 2xpi — acos((xx)/A);
% theta = pi — asin(yy/B);
else
theta= 2xpi — acos((xx)/A);
% theta = 2xpi + asin(yy/B);

end

function SectorArea = SectorArea(thetal, theta2, A, B)
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if (thetal > theta2)

SectorArea = ((theta2 — (thetal — (2+pi)))*xA*B)/2;
else

SectorArea = ((theta2 — thetal)xAxB)/2;

end

function SegmentArea = SegmentArea(thetal, theta2, A, B, x1, x2,cx, y1, y2,cy)

TriangleArea = 0.5 % abs(x1#(y2— cy) —x2x(yl—cy) + cx*x(yl—y2));

if abs(thetal — theta2) <= pi || abs((thetal—(2xpi)) — theta2) <= pi
SegmentArea = SectorArea(thetal, theta2, A, B) — TriangleArea ;
else
SegmentArea = SectorArea(thetal, theta2, A, B) + TriangleArea ;

end
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