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I. INTRODUCTION

Rate distortion theory as invented by C.E. Shannon 

([1b [2]) was proposed to address the problem of transmitting 

a message from a source across a disruptive medium at a rate 

higher than could be achieved with negligible error. This 

problem occurs most commonly when the source produces a con­

tinuous valued message, such as in the cases of speech and 

video. Since one must always sacrifice something in this 

situation, a distortion criteria, which may be specified by 

the user of the message, was introduced. With this criteria 

specified, the message could be modified by some means (cod­

ing for example) such that the average distortion be minimized 

at a given rate. Therefore, rate distortion theory is con­

cerned with source-user pairs.

To be specific, the source will be defined here as having 

an alphabet of letters from which it produces one at random 

at regular time intervals. The randomness is controlled by 

a probability law. A source will be said to have memory if 

there is a probabilistic dependence between the outputs at 

different times. The user will also have an alphabet and will 

receive one letter from this alphabet at regular time inter­

vals. Which letter is received is dependent on what was sent 

and the properties of the disruptive medium, which shall also

^Rate will ultimately be reduced to some physical concept such 
as symbols/sec or bits/sec. Since coding is not being 
addressed this will not be made precise. See [4] for the 
precise usage.

1
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be governed by a probability law. The disruptive medium is 

referred to as the channel. The distortion criteria shall 

be a function on the source and user alphabets into the real 

line.
In general, one cannot control the disruptive medium 

and, therefore, control can only be inserted between the 

source and channel and between the channel and user. The 

processing inserted shall be referred to as coding and 

decoding, respectively. It is convenient to think of the 

coding as being separated into two processes, namely, source 

coding and channel coding and similarly the decoding opera­

tion into channel decoding and source decoding.

Because of Shannon's work [1] and others on the problem 

of transmitting a message across a disruptive medium with 

negligible error (the channel coding objective), the source 

coding problem can be viewed as the reduction of the rate of 

the source to one which can be reproduced with negligible 

error (via channel coding) at the output of the disruptive 

medium, while introducing the smallest possible average dis­

tortion in doing so. As one might expect, there is a lower 

limit to the induced distortion at a particular rate. This 

lower limit is the subject to be considered here. It will be 

referred to as the rate distortion function for the source 

and user specified distortion criteria. The fact that this 

is the lower limit to the performance (as measured by the 

distortion criteria) of any strategy one might invent is made 

precise by a source coding theorem. The fact that one can 
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invent a scheme to get arbitrarily close to this limit is 

referred to as the source coding theorem. The fact that no 

scheme can do better is known as the converse source coding 

theorem. Precise statements of source coding theorems and 

their converses may be found, for example, in the books by 

Berger [3] and Gallager [4].

The subject to be considered here is the evaluation of 

the rate distortion function. This problem has proven to be 

extremely difficult even in the seemingly simple cases. To 

date, the solution to only a handful of memoryless sources 

and distortion criteria has been found analytically and the 

results for even fewer sources with memory are known. Berger 

[3] surveys this area up to 1971.

One might sight some of the progress that has been made 

in this direction and that is especially relevant here as:

. The evaluation of the rate distortion function for 
the memoryless Gaussian source and the squared error 
distortion criteria by Shannon [1]. (1948)

. The evaluation of .he rate distortion function for 
the Gaussian random process and the squared error 
distortion criteria by Kolmogorov (see [3]). (1956)

. The Shannon Lower Bound to the rate distortion func­
tion with difference distortion criteria by Shannon 
[2]. (1959)

. The variational equations are credited to Gerrish by 
Berger [31. (1963)

. Bounds on the rate distortion function of sources with 
memory in terms of the rate distortion function,of 
the associated memoryless source by Wyner and Ziv [7]. 
(1971)

. An iterative procedure for evaluating the rate dis­
tortion function by Blahut [5]. (1972)
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. Evaluation of the rate distortion function for the 
memoryless Gaussian source and the magnitude error 
distortion criteria by Tan and Yao [61. (1975)

One might note the continued interest in the continuous 

alphabet case after the appearance of Blahut's algorithm. A 

reason for this might be that Blahut's algorithm, which very 

nicely handles the discrete memoryless problem, is in prac­

tice subject to problems, which will be discussed later, when 

applied to the continuous alphabet source.

This dissertation concentrates on finding rate distor­

tion functions for continuous alphabet memoryless sources, 

although many of the techniques are applicable in the case of 

memory. Since the Wyner-Ziv [7] bound on sources with memory 

is expressed in terms of the rate distortion function of a 

memoryless source, this work is of interest from that aspect 

also. The approach followed is to carry the problem analyt­

ically as far as possible and obtain analytical expressions, 

where possible. This approach will often not yield an analyt­

ical closed form solution but will yield a procedure which 

is hopefully superior to a blind use of Blahut's algorithm.

To allow a certain completeness of the presentation, 

many results are repeated here with reference to Berger [3] 

or Gallager [4]. For historic credit,one should refer to [3] 

or [4] for the true origin of these results. Other proofs of 

standard results, such as Csiszar [8], are included not only 

for completeness but because they seem to be the nicest way 

(at present) of arriving at these results.

Chapter 2 presents the basic definitions and properties 
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of the rate distortion function. It considers the develop­

ment of the form of the solution. Csiszar's [8] recent 

approach to this form is utilized to develop the basic equa­

tions. This approach requires arguments that the solution 

exists (this will be made clear later) and results to this 

effect will be presented in Chapter 3. The necessity for the 

mathematical rigor used here seems unavoidable because of 

the nature of the solution. Chapter 3 should help to point 

out an aspect of the rate distortion function,which is not 

often mentioned in the literature and apparently not widely 

appreciated, that is,when the inf is achieved (see Chapter 2 

for the definition of the rate distortion function).

Chapter 4 considers the solution of the equations 

developed in Chapter 2 and discusses the possible role of 

estimation theory in aiding the solution. It primarily sets 

the stage for Chapters 5 and 6, which consider the two exam­

ples of magnitude and squared error distortion, respectively.

Chapter 5 considers the magnitude error distortion cri­

teria. In this example, integral equation techniques can be 

applied as illustrated by Tan and Yao [6]. In Chapter 5, 

the connection with estimation theory is demonstrated and 

used to eliminate one of the integral equations. Examples 

and discussion of the solution are presented.

Chapter 6 considers the squared error distortion criteria. 

In this case, the integral equation techniques utilized in 

Chapter 5 don't work. The analytic properties of the equa­

tions, however, require the solution to be of a very restric­
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ted form. An algorithm is presented based upon this work to 

find the solution. The algorithm presented has been utilized 

in slightly different form by Benjamin [9] in considering a 

discrete source and continuous reproduction alphabet with the 

squared error distortion criteria. The work here subsumes 

Benjamin's work and shows in a broader and more interesting 

setting the use and utility of this thinking.



II. THE RATE DISTORTION FUNCTION AND ITS PROPERTIES

The introduction described rate distortion theory as 

being concerned with source-user pairs. The mathematical 

definitions of what this shall mean here will be given in 

this chapter along with the definition of the rate distor­

tion function and some of its properties.

The source has an alphabet X governed by a probability 

law on the outputs. The source emits values from X at 

regular time intervals. On any N consecutive time intervals 

there is, therefore, an N-sequence of values from this 

source. The statistical properties of any N-sequence of 

values from the source is governed by the source probability 
measure P* on the sigma algebra A(^) of sets from the pro­

duct space X$. The source will further be required to be 

stationary and ergodic. The source alphabet shall be real 

valued. In Chapter 3, further topological requirements on X 

will be made, however, these need not be made at this point.

The user or reproduction alphabet Y is also real valued 

and will also have further topological requirements in 

Chapter 3. The user will receive,at regular time intervals, 

a value from Y. One value from Y shall be received for each 

value emitted by the source. An N-sequence of values from Y 

is denoted by
The statistical properties of any N-sequence of received 

values are governed by a probability measure P^ on the sigma 

algebra A(^x^) of sets from the space X^^1 with the

7



8

restriction that

P-f PN(A,d^) V AeAtf1) 
W

PN thus describes a probabilistic mapping between N source 

outputs and their corresponding reproductions. The induced 

probability measure on the sigma algebra A(Y ) of sets from 
ÿ shall be denoted by QN. The mapping governed by PN shall 

be referred to as a test channel and it will be a task of 

this dissertation to find the test channel which is optimum 

in a sense to be defined shortly.

To complete the source-user terminology,the user shall 

specify a class of distortion criteria D on N-sequences such 

that

0 = N=l,2,....}

will be constructed from the single letter distor­

tion measure d(x,y) such that

I N

d(x,y) shall be a mapping of values from XXY into the posi­

tive real line [0,”). Other restrictions on d(x,y) will be 

presented in the following,as needed.

In the following, the average distortion attributed to 
vr

a particular Pw shall be denoted by d(P ) where

d(PN) M
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The 1-divergence between two probability measures and 

on the same space Z shall be defined as

OO P, (A.)
kp1IIp2) = sup .^Px^îiogtp^Âj1

where the sup is over all partitions of Z such that A^eA(Z) , 

the sigma algebra of sets on Z. The mutual information 

between the random N-vectors from the source and reproduction 

can thus be defined as

<2-2)

where is the product measure generated from the margin­

als and is partitioned into rectangles in the defini­

tion of I-divergence above. The partition need not be rec­

tangular , however, as shown by Dobrushin (see Pinsker [101).

It is well known that

KPj |P2> > °

The other elementary properties of this quantity will be used 

throughout this dissertation without proof. The following 

theorem on the form of I(P^J |P2) is of importance here.

Theorem 2.1 (Gelfand-Yaglom-Perez)

If P1 is not absolutely

then KPj |P2) = If

continuous with respect to P2/

P1 is absolutely continuous with

respect to Pg (P^<<P2)r then

l^ote all logarithms,unless specified otherwise, shall be the 
natural logarithm.
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KP^IlPg) = I log[a(z)]P^(dz) 
J Z

(2.4)

where a(z) is the Radon-Nikodym derivative of P^ with

respect to P^.

Proof : See Pinsker [10] p. 23-25. ///

With this terminology defined, the rate distortion func­

tion R(d) may be defined as

R(d) = lim RUd) 
N-*—

(2.5)

where

R (d) inf i I(XN;YN)
pV

(2.6)

and

A" " 5 d

and PN has P^ as a marginal}

The companion function or inverse function,known as the dis­

tortion rate function,shall be defined here as

D(R) = lim Dn(R) (2.7)
N*=o

where 

Dn(R) - inf E{d^(x^y)
P«SB^

(2.8)

and

BN = {PNi I(X^;Y^) < R and P^ is given}
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The limits in these definitions exist for stationary 

sources,and for any N

^(d) > R(d)

This fact is stated in the following lemma.

Lemma 2.1

lim R-,(d) = inf RUd) (2.9)
N

Proof : See Gallager [4] Thm. 9.8.1. The proof uses 

the fact that I(X;YZ) > I(X;Y) and the definition of 

R^d) to obtain

(L+N) Rl+n (d) < L RL(d) + N RN(d)

Gallager1s [4] lemma 4A.2 is then used to prove the 

result. ///

If the source is memoryless then

R(d) = R1(d)

and

D (R) = DX(R)

Therefore, only R1(d) need be considered here although R^(d) 

will be considered through Chapter 3.

It should be noted that the definition of the rate dis­

tortion function is often stated in the form shown on the 

right hand side of equation (2.9). It should also be remem­
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bered that the rate distortion function as defined here 

gains physical significance from a source coding theorem. 

For example, see Berger [3] Chapter 7.

A basic property of R^d) is its convexity, which is 

stated in the following lemma.

Lemma 2.2 R^d) is a positive nonincreasing convex U 

function of d.

Proof: Follow the procedure of Gallager [4] 

p. 445-446. ///

The convexity of R^(d) has important consequences in the 

properties of R^d) to be developed. The following lemma 

states such a property.

Lemma 2.3 If there exists a PN which achieves the point 

RN(d2) / 0, then d(PN) = d2.

Proof: If there is a PN such that d(PN) - d^ < d2 and 

it achieves a point on R^d) , namely R^(d2) , then it 

must achieve the point R(d^) as well. This implies 

that RCd^ = R(d2) since the rate distortion function is 

nonincreasing. However, this can only happen at R=0 

because the rate distortion function is convex U. ///

In developing properties of the rate distortion function 

it is useful to parameterize it. That is, express R and d 

in terms of another variable, which will be called s. It 

will soon become apparent that s is related to the slope of
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^(d) . A point on R^d) will often be referred to as (Rs,dg) 

when that point can be associated with a particular value of 

s. The point (Rg,dg) shall be associated with a straight 

line with slope -s,lying strictly below R^d) , and touching

(d) at the single point (Rg,dg). In general, however, a 

single point on R^d) may have several s associated with it, 

as will become apparent. The following lemma will be helpful 

in proving results in this area.

Lemma 2.4 If a straight line lying strictly below and 

touching R^d) at a single point has slope

-s (not necessarily unique), then

R^d') + sd' > Rytd^ + sd1 ¥ d'

Proof: If one considers the rate axis as u and the 

distortion axis as v, then any point on a line touching 

RN(d) at d^ with slope -s is given by

u+sv = R^ (d^) + ^d^

For some point v = d1, let u be given by this equation. 

The convexity of R^(d) requires that Uj। < R^(d'), 

therefore

R(d') + sd' > R(dT) + sd^

and this argument holds for all d'. ///

The relationship s has to R^(d) should now be clear. It 

can be seen that because of the convexity of ^(d) that s 
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need only be positive. Fig. 2.1 shows a typical R^(d), which 

might be encountered.

It will now be useful to generalize the ideas presented 

in Lemma 2.4 and utilize some ideas introduced by Blahut [5] 

and extended by Csiszar [8]. The quantity J(P ,Q ,s) is 

defined as

J(PN,QN,s) = I(PN[|P^XQN) + s d(PN) (2.10)

where here PN and QN need not be related. That is, QN need 

not be the ^-marginal of PN. However, P^ is still required 

to be the XN-marginal of PN. In the case when QN is the 

yN-marginal of P^, the special symbol J(PN,s) shall be used. 

From J(PN,s) the important quantity (s) may be defined as

Fm(s) = inf J(PN,s) (2.11)

where the inf is over all PN with the proper XN-marginal and 

s is a positive real number. The following lemma establishes 

the relationship between (d) and F^(s).

Lemma 2.5 If P^ achieves F^fs) then it also achieves 

the point on R^(d) at d^ = d(P^). Further, if P^ 

achieves a point on R^(d) at d^ = d(P^)t then it 

achieves F^(s) for the s for which a straight line with 

slope ~s and lying strictly below R^(d) is touching 

RN(d) at the single point R^(dg).

Proof : For some P^ with d^ — d(Pg) and some s>0
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line with slope -s

max

Rs

Fig. 2.1 A Typical RN(d)
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JfpN'S) > RN(d3) + sd3

This follows from (2.11), (2.10),and the definition of 

^(d) . However, Lemma 2.4 requires

Md3> + Sd3 - + sds

Therefore, for any P3 and any s>0

J(P^,s) > R^(dg) + sds

and

Vs) + sds

Now assume Pg achieves ^(d) at dg = d(Pg) , which has 

a line with slope -s touching R^d) at only this point.

Then

J(Pg,s) = Vds) + sds - ^N^) - ^^s) + sds

Therefore, Pg achieves F^(s).
Now assume P^ achieves P^(s) and let d^ = d(P^) then

Fn(s) = J(PpS) = I(p“) + sdx

but this requires that

I(pN) = inf I(PN) = ^(d^) 
d(P^)<d±

thus P^ achieves (d). ///

Measures which achieve FN(s) are therefore related to 
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measures which achieve R^d) , however, the usefulness of 

Fn(s) and J(PN,QN,s) has not yet been presented. It will be 

shown that

F (s) = inf J(PN,QN,s)
N Q«,p"

and that the form which PN must have to achieve PNCs) is very 

restricted. To start in this direction, define Pg as the 
probability measure generated by a particular QN according to

P^ld^.d^) A (2.12)

where

This is easily seen to be a probability measure. However, 
note that its ^-marginal is, in general, not Q". Looking 

ahead, one might want to keep in mind that the problem in 

finding a PN which achieves R^(d) will become one of finding 
a QN which generates a Pg whose YN-marginal is QN. It is 

also useful to introduce the notation that Qp is the 

Y^-marginal of PN. For pj, this may be found by integrating 

the XN dependence out of Pq, i®*

, if C(^)e-^'^^'P^(^^(2- <2.14)
PQ Jf

The bracketed term is recognised as the Radon-Nikodym deriva­

tive of Qp with respect to QN and will be denoted by C^) , 
Q
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that is

(3N'%N>pN(dXQ) (2.15)

It is easily seen that for Qp$ to be equivalent to that 

C(2n) = 1 almost everywhere QN.

With this notation in mind and the requirement that

J(PN/QN,s) < « and,of course,s>0, it follows by substitution 

and algebraic manipulation that

J(PN,QN,s) = J(PN,s) + I(Qp||QN) (2.16)

= J(Pq,QN,s) + I(PNI|Pq) (2.17)

Since I-divergence is a positive quantity,it follows immed­

iately that

inf J(PN,QN,s) = J(PN,s) (2.18)

and

inf J(PN,QN,s) = J(Pq,QN,s) = flog[a(x^) ]P^(d^) 

pN * (2.19)

where the term on the right of (2.19) follows from (2.10). 

Further, applying the inf over P^ to (2.18) and over Q to 

(2.19) and using the definition of F^(s) gives

inf 
QN

(2.20)
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N 
It can be seen from (2.20) and (2.17) that if a measure P 

achieves FN(s), its YN-marginal must achieve (2.20).

The above argument also shows that for F^(s) to be 
achieved one must have a PN and an associated YN-marginal QN 

such that

Further, the YN-marglnal of p", 0? , must be such that

KQp I |Q*) = 0 (2'22*
Q

However, a PN such that (2.21) and (2.22) are satisfied does 

not guarantee that F_(s) is achieved.
N

One needs a necessary and sufficient condition on P to 

guarantee that F^fs) has been achieved. To consider this, 

note that equation (2.22) may be written with the use of

Theorem 2.1 and (2.14) as

KO? Iio") -f 1^^(^>)E(^)o"(d^) = 0 (2.23)

Q

The necessary and sufficient condition which shall be devel 

oped, is that

C(%) < 1 ’ (2‘2

Note that (2.23) requires that (See (2.14))

C(yN) = 1 almost everywhere QN (2*2

N
The requirement (2.25) is equivalent to saying that Qp$ - C 
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Further, a QN which generates a C(y^) satisfying (2.25), 

satisfies (2.23) and (2.22). If Qp = QN, then has 
Q

YN-marginal QN and therefore (2.21) is satisfied. Therefore, 

a measure Pg generated from a QN satisfying (2.24) will 

satisfy (2.21) and (2.22). The sufficiency of (2.24) shall 

be shown as follows.

Assume satisfies (2.24) and generates a^(x^) via 

(2.13). Any other QN generating an a(x^) is such that

/ 1og(u^(x^))P^(d^) -f logEat^lP^d^)

= f log u (^) e~^ x

a (25#)

Using x-1 > log x.

x" r
<f tf - 1

Because was assumed to satisfy (2.24) the term in the 

bracket is less than one for all ^eï , therefore

f logïa1 (s^j) ]P^(d5^j) < f lo.gEa(x^)]P^(dx^) V QN

By (2.20) the left hand side of this is F^(s) and there­
fore (2.24) is a sufficient condition on QN to achieve ^(s) .
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The above is summarized and the necessity of (2.24) is 

shown in the following theorem, Csiszar [8].

Theorem 2.2 PN achieves F^(s) iff its YN-marginal QN 

is such that

C(&;) < 1 V (2.26)

Further, if QN satisfies (2.26) then

P^d^rd^) = {2’21}

achieves F^(s) where

a(x^) = [f (2.28)

Proof : It has been shown (2.20) that

Fn(s) = inf ( logta^) IP^d^) 
qN J

M N
If achieves F^(s) then for any other Q

f logtatXyllP^ldx,,) > f log[aQ(xI,) IP^dx,,) (2.29)

Let

Ql = (1-6 )Qq + 65^

where 6y» is a point mass at some eÿ1 and 0<8<l. 
^o °

Then

= + Be ^(x^) 3
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Thus, using (2.29)

g(B)
-f log[1-6 + - 0

_____

Differentiating the left hand side of this with respect

to 6 one gets

g* (6)

At 6=0, it is recognized that

g* (0) = 1 - )
o

Note that g(0) = 0. Therefore as one moves away from 

6=0, g(6) must increase or stay the same to satisfy 

(2.30). Therefore

g* (0) > 0

or

1 > C(%N ) 
o

Since was arbitrary, the conclusion is that equation 
o NN(2.26) is a necessary condition on a Q (and thus P ) that

achieves F^(s). If (2.26) is satisfied, however, then 

it has already been argued that the condition is suffi­

cient. ///

A useful corollary of this theorem is :
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Corollary of Theorem 2.2 If one has a Q1 such that

C) > 1 for some eÿ1, then there exists a positive 
O o

number 3, 0 < 6 < 1, such that

J(Pq ,Q?,S) > J(Pq zQ-fS)

where

Qg = (1-3) Q? + 35^

Proof: From (2.19) J(Pq,QN,s) =f log[01(2^) ]P^(d^)

then J(pN ,QN,s) - J(p5? ,Q?,s) = -g(B) 
Q1 a2 2

where g is as defined in (2.30) with aQ replaced by .

Since

g' (0) = 1 - C(^ ) < 0 
o

then

-g' (0) > 0

which implies since g(0) = 0 that there is a 6>0 such 

that -g(B) > 0 or that

J(Po »QN»s) > J(PÎ! zQn/S) ///
Q1 q2 2

Theorem 2.2 gives the basic form PN must have if it is 

to achieve F^ts). In Chapter 3, the existence of p\ which 

achieves (d) and therefore F^(s), will be shown for the 

examples to be considered in Chapters 5 and 6. F^(s) is, of 

course, related to (d) by Lemma 2.5.
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A PN which achieves R^(d) might achieve F^(s) for more 

than one value of s. This is the situation which arises if 

the slope of R^d) is discontinuous. This will happen for 

the cases to be considered later at one point, namely, d^^ 

(see Fig. 2.1). In what follows, dmax will occur at the 

smallest d for which R^d) = 0. If dmax exists, then the 

point (R = 0, d = dmax) is achieved by mapping all source 

outputs into a point , which solves (see Berger [3] p.90) 
max

The following lemma considers the occurrence of discontinui­

ties in the slope of R^(d) for distortion values less than 

d . The proof generalizes that of Berger [3], Theorem 2.5.5.

Lemma 2.6 If there is an achieving measure for R^(d) for 

all values of d < d__v and such that R^d) < =», then 
IuqX w

R^(d) is continuous for all values of d satisfying these 

conditions.

Proof: If there is a PN which achieves R^(d), there is 

a PN of the form of (2.26) and (2.27) which achieves 

RN(d). For there to be a discontinuity in R^(d) at a 

point achieved by p\ PN must achieve F^(s) at two values 

of s. This requires that 
a^(x^)e~^l^ (x^)e~^2^ almost every­

where PXXQ^ by the uniqueness of the Radon-Nikodym

derivative. Therefore,
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21^1 =
«2^'

almost everywhere This can only occur if s1 = s2

otherwise, it implies that

is independent of almost everywhere QN which implies 

that the mutual information is zero. This can occur 

only at dmax by definition. ///

Lemma 2.6 has pointed out that for d < dmax and 

V*) < 00 there is a one-to-one correspondence between values 

of s and points on (d) , namely (Rg,ds), if R^(d) is 

achieved at every d < dmax. This prompts the following 

parametric form of (Rg,dg) and enhances the relationship to

Lemma 2.7 If R^d) is achieved for all d such that 

d < dmax and R^(d) < » then

R^(ds) = -s if ds < d^ , (2.32)

Rg = (s) - sdg (2.33)

and

ds = Fn(s) (2.34)

Proof: R*(d) is continuous by Lemma 2.6 and there is a 

line tangent to R^(d) at (Rg/ds) with slope -s, there­
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fore (2.32). Equation (2.33) follows immediately from

Lemma 2.5. Differentiating (2.33) with respect to s 

gives

«s dVs) _ dds 
ar" ■ —as— ds " 5 ar"

or 

dR dR dd dF_(s)
o - a^ - aa; a^ - -ar- - ds

therefore,

ds s ///

Lemma 2.7 indicates an important relationship between

RN(d) and F^fs) since both Rg and dg are expressed in terms 

of Fn(s). It is further interesting to note that if one 

knows the relationship between dg and s, one can find F^(s) 

by integrating.

It will be useful in considering lower bounds to RN(d) 

if Fn(s) is expressed in a different way than (2.20). The 

following lemma gives this form.

Lemma 2.81 If FN(s) is achieved then

FM(s) = max I log (a (Xj,) )P^(dxN) (2.35)
N

^This lemma,along with prior reasoning given here, is the 
basis for an alternate definition of R^(d) such as Theorem 
4.2.3 of Berger [3].
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where

—NiB = «(Xy) > 0; C(^) < 1 V ^eY }

Proof: This follows Csiszar [8]. If F^(s) is achieved, 

then there is an (x^) in B which yields (s) and an 

associated Q^. Now consider any other a(x^) from B and 

note that

f logtaf^UP^d^,) -f -

f «(x) m

now using log x < x - 1 one gets

C log [a (Xjj) ]P^ (dXjj) - F^fs)

' u(x^)e~^^'^N^F^dx^>^<^) - 1
XNxÿN '

but since a(x^)e®/ the right side is less than or equal 

to zero therefore,

PN(s) >( loglat^lP^Cd^) ’«ya ///

Lemma 2.8 suggests a possible optimization in terms of 

«(x^ directly (avoiding QN), however, no success has been 

achieved in this direction. The lemma is useful, however, in 

generating lower bounds to (d). One such bound is the
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Shannon Lower Bound (SLB) which is of interest here because 

it is sometimes tight and because of its link to the theory 

to be presented later. The following restrictions are made 

in illustrating this bound.

1. P^d^) = (x^) dx^ (Px has a density function)

2. d(x,y) = d(|x-y|) (Difference distortion measure)

3. and are RN (N-dimensional Euclidean space)

4. f e’sdN^^ dz^, < » V s>0 .

Following Berger [3], fix an s and choose

(2.36)

where Kg is a constant to be determined. For this a(x^) to 

be in the set B of Lemma 2.8, Kg must be such that

K ( e~^ dz^ < 1
V.N -

K is chosen to make this 1 and thus

PH(s) > log Ks -T log [p“ (dx,,) ] p” (dx,,)

and therefore

RN(ds) > log Ks " sas

Lemma 2.4 shows that
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R^d) > log Ks - J " sd V d '

and since this holds for every s>0f one may write

Rg(d) > log Kt -J log(p^(SN) " ta ¥ '

(2.37)

With d fixed in (2.37), Berger ([3], p. 92-93) shows that the 

right side is maximized, thus making the bound as good as 

possible, by relating t to d via the equation

a = d

This is Berger's [3] construction of the SLB. One should con­

sult Berger [3] for examples and more details.

When the SLB is tight, the optimum a(x^) will be related 

to p^tx^ via (2.36), which requires that

P^(^) =( e-^^^wVtd^) V xNeRN (2.39) 
%s * "N

Since d^(x^,^) is a difference distortion criteria, (2.39) 

suggests inversion by Fourier Transform techniques (if possi­

ble) to acquire a QN which may be tested to see if it satis­

fies the requirements of Theorem 2.2. This technique is 

explored in Berger [3] Chapter 4 and will not be repeated 

here. Integral equations of the type of (2.39) will appear 

in later chapters and the relationship of the solutions to 

the SLB when it is tight will become apparent.
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For most sources and distortion criteria, including 

those to be considered in the later chapters, the SLB will 

not be tight and it will be the subject of the later chapters 

to consider what is to be done in this case. In some cases, 

one may not want to seek an analytical solution to ly (d) or 

one may not exist. An algorithm in this case may be the only 

alternative. Blahut's [5] algorithm has become an important 

part of rate distortion theory and will be described here.

If one wants to pursue an iterative solution from the 

relationships which have been developed in this chapter, one 

might want to start with a reproduction measure and gen­

erate from it the associated joint measure Pq via (2.12).
vo 

That is

P% = a(x»)e"^N^'ZN) P^Qq 
"W a w

Now remember that

F - (s) = inf inf J(PN,QN,s) 
qn pn 

and that from (2.16)

J(Pq Q^s) > J(P^,Q^,s)

where

qim

therefore, one has reduced J and moved closer to F^(s) by
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replacing Qq by Q^. Generating Pg from and using (2.17)
1

results in a further reduction of J, that is

J(Pq ,Qi,s) > J(Pgi,QpS)

Therefore t one may continue to decrease J and thus approach 
(s) by generating a sequence of Q^'s starting with Qq and 

utilizing the recursive relationship

[J

or

=n+l " CN<XX

This iteration will proceed until, hopefully one approaches

NCn = 1 almost everywhere Qn*

This is Blahut’s algorithm [5].

Since J is nonincreasing at every point and is bounded 

from below (by zero), the sequence converges. The problems 

are showing that it converges to F^(s) and the speed of 

convergence. Clearly the starting must be considered 

when answering the first question since one can see cases 

where the wrong will be such that F^s) will not be the 

limit of the sequence of J's. Blahut [5] presents a theorem 

which shows convergence to FN(s) if 

qN(^) > g, Numerically, this will require a numerical inte­
gration for every carried in C^(y^) and since q^t^) > °
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¥ there are in any case many which must be carried to

keep the accuracy up. As will become apparent in the later 

chapters, the true solution,more often than not, will contain 

discrete points, that is Q^d^. Therefore, must be

approaching delta functions as it progresses. This fact makes 

a blind use of Blahut's algorithm in this situation subject 

to possible numerical problems. One cannot simply insert 

8-functions into qN to solve this problem,for Blahut’s 

algorithm can only adjust their weight and not their position 

and the algorithm will no longer converge to F^(s). More 

will be said about this in Chapter 6.

Blahut’s algorithm emphasizes the importance of C^). 

The importance of C(y^) in the remaining chapters will become 

apparent. The following lemma establishes the uniqueness of 

the optimum C .

Lemma 2.9 If (d) is achieved at some point,then the 

function C(y^) associated with that point is unique.

Proof: The convexity of mutual information implies that 

if two measures and P^ both achieve (d) at the same 

point then their weighted sum P^ must also achieve (d) 

at that point. The C(y^ associated with P^ must be
N Nequal almost everywhere to one for both and Qj•

( ax (xl.) N
Therefore, J ■ (dx^ = 1 and since a^(x^) and

a^(^) achieve F^(s) (see 2.20) the implication is that 
a(x^) must be unique with respect to P^. This requires 

C(y^) (see 2.15) to be unique. ///



III. THE EXISTENCE OF AN ACHIEVING MEASURE

Chapter 2 presented many properties of the rate distor­

tion function. Of specific interest for the remainder of 

this dissertation is Theorem 2.2, which specifies the form 

the achieving measure must have if it exists. This chapter 

is concerned with the existence of a measure which achieves 

R$(d). The arguments to be given here are topological and 

shall require and to be complete separable metric 
spaces. Note that RN along with the usual metric px^yj is 

such a space. Note also that the product space X^xÿ” is also 

a complete separable metric space (see Friedman [11], for 
example). In Chapters 5 and 6, and y” will be R and 

d(x,y) will be |ix-yj and (x-y)2, respectively, and therefore 

this chapter is directed toward this situation. The presen­

tation , however, is quite general and one should become 

familiar with what needs to be shown and can be shown for 

other situations which might occur.

The procedure to be followed here in showing the condi­

tions on which there is a PN which achieves R^d) (see (2.6) ) 

is to construct a weak topology of probability measures on 
N 

Xe1 xy® and to show that under certain conditions, the set A 

of equation (2.6) is a compact set with respect to this 

topology. Further, it will be necessary to show that 

j(X^* y^) is a lower semicontinuous function with respect to 

this topology. The following theorem can then be used to show 

that the inf in (2.6) is achieved.

33
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Theorem 3.1 A lower semicontinuous real valued function 

on a countably compact set assumes a minimum on that set.

Proof : For the relationship among definitions of com­

pactness see Hoyden [12]. Compactness implies countable 

compactness. Then use the same arguments as Hoyden [12] 

Prop. 10. Chapter 9 except for a lower semicontinuous 

function and the inf rather than an upper semicontinuous 

function and the sup. ///

NTo construct a topology of the probability measures P 

on the metric space the development shall follow

Parthasarathy [14] (see also Billingsley [13]). This topol­

ogy is referred to as the weak topology of the space of 

measures. C shall stand for the space of all bounded
_M _ NT .

real valued continuous functions on X *y . Convergence in 
the weak topology, denoted by P^ •* P^# shall mean that

V f EC (^xÿ1)

For further properties and equivalent constructions of this 

topology one should refer to [13] or [14].

Before presenting the results needed here, the two 

following definitions will be useful.

Definition 3.1 A probability measure P on a metric 

space X is said to be tight if for each e>0, there
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exists a compact set K Ç X such that P(K) > 1-e.

Definition 3.2 A family II of probability measures on 

a metric space X is said to be uniformly tight if for 

every e>0, there exists a compact set K Ç X such that 

P(K) > 1-e V Pen.

These definitions may be found in essentially the same form 

in Billingsley [13] and Parthasarathy [14].

Since the considerations have been restricted here to 

complete separable metric spaces, the following lemma will 

be useful.

Lemma 3.1 If X is a complete separable metric space, 

then each probability measure on X is tight.

Proof: Billingsley [13] Theorem 1.4. ///

The following theorem of Prohorov expresses the funda­

mental tool to be used here to show the compactness of the 

set AN of equation (2.6) .

Theorem 3.2 Let X be a complete separable metric space 

and F some set contained in the weak topology of 

measures on X, then a necessary and sufficient condition 

that the closure of F (i.e. T) is compact is that r be 

uniformly tight.

Proofs Parthasarathy [14] Theorem 6.7. ///
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To apply this theorem to

= {PN:f aN(xN,ZM)PN(dxN,dÏN) < d and p” given} 

(3.1)

It will be necessary to show that is closed and that A is 
uniformly tight since we have already assumed that ÿis 

complete and separable. It should be noted here thatf if

is restricted even further (compact, for example) , the 

conditions on A** can be weakened. For our purposes, however, 

the restriction of to be a complete separable metric

space and the requirements on d^(^f^) , which will be made 

next, will be adequate.

Remember that 

A , N

d(x,y) will be said to be nondecreasing if for all xeX, there 

is an associated yQ such that

d(x,yQ) < d(x,y) V YeY

and

|yo-yil » lyQ-ygl

implies that

d(x,y^) > d(x,y2)

The following lemma, therefore, addresses the uniform tight— 

ness of A .
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Lemma 3.2 If and are complete separable metric 

spaces equipped with the usual metric and d(xfy) is a 

continuous nondecreasing function with the property that 

d(x,y) + » as |y| + “ V xeX, then

AN = (PN: I < a and given}

is uniformly tight for all d < 00.

Proof: Consider the compact set Ç and let BN be 

the set

BN ■ %= 2 do V
where d is some finite constant. is compact because o
it is totally bounded with respect to the usual metric 

and is a closed subset of (remember is complete, 

see Friedman [11] Theorem 3.5.6 and Hoyden [12] p. 120).

Therefore, A^xbN is a compact subset of (see
N NHoyden [12] p. 143). Now, for all measures P eA

d -/L

and,therefore,

d
N

but
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f > dQ P^xtsV)
A“x( bN)°

therefore,

d/dQ > (A^x(B^)°)

dQ may be made as large as one wants or

d/dQ > e/2

and BN will remain a compact set. Thus, since

PN(A^*bN) = 1 - P%((Ai)C) - P^(A^x(B^)°)

then

P(A^xB^) > 1 - P%((Ai)C) - e/2

But is complete and separable, therefore, by Lemma
3.1, P^ is tight and P^((A?J)C) < e/2 since A^ is compact 

and may be chosen to satisfy this. Therefore,

P(A^xbN) > 1-e V PNeAN

and, therefore, AN is uniformly tight. ///

Under the restrictions of Lemma 3.2, one may conclude 

that the closure of AN is compact. It remains to show that 

AN is closed. The following lemma will do this.

N .Lemma 3.3 Under the conditions of Lemma 3.2, A is 

closed.
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Proof : To show closure, one need show that every con­
N Nvergent sequence of measures PneA converges to a 

NN NN N ~N N NP eA . If p“ * PM, where P^eA^ and P^eA , then 

N NN NX -marginal of P^ ■* X -marginal of P

(use Billingsley [13] Theorem 3.1 and Theorem 2.1 to 

prove this). The X -marginal for all P eAw is P^, 

therefore, the XN-marginal of all P^eA^ is p^. All 

measures in AN thus have the correct XN-marginals to be 

in AN. Now, with d^(^^^) continuous and positive, 

then

y N' „dN*^i'ÏN*P - iiSn

ZN

NN NNwhere P^eA by assumption and P -► P . This follows 

from Breiman [15] Corol. 8.13 p. 164. Therefore,

y* JJ
^N^'^N^ ^^N^^N^ - d

and thus PN is in AN. AN is, therefore, closed. ///

Lemma 3.3 may now be combined with Lemma 3.2 and

Theorem 3.2 to give:

Lemma 3.4 If and are complete separable metric 

spaces each equipped with the usual metric and d(x,y) 
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has the properties of Lemma 3.2, then A (3.1) is com­

pact for all d <

Proof: Follows immediately from the above. ///

One half the requirements of Theorem 3.1 have been met.

One need only show that mutual information is lower semicontin- 

uous with respect to the weak topology of probability measures.

Lemma 3.5 The mutual information is a lower semi- 

continuous function with respect to the weak topology 

of probability measures.

Proof: See Csiszar [8] or Dobrushin [16] who gives 

credit to Kolmogorov for this. ///

With Lemma 3.5, Lemma 3.4, and Theorem 3.1, the desired 

result of this chapter is achieved.

Theorem 3.3 If and are complete separable metric 

spaces equipped with the usual metric and d(x,y) has 
N .the properties of Lemma 3.2, then there exists a P in 

AN (3.1) which achieves R^d).

The conditions of Lemma 3.2 are satisfied by

d (x,y) = |x-y | and d (x,y) = (x—y) and R xR is a complete 

separable metric space topologized by the usual metric. 

Therefore, R^(d) and, therefore, (s) will be achieved in 

the cases considered in the following chapters and the 
results of Chapter 2 give the form the achieving PN must have.



IV. CONSIDERATION OF SOLUTIONS

In the introduction, it was stated that memoryless 

sources were to be considered. Up to now, R^(d) has been 

considered to illustrate the generality of the relationships 

developed. This chapter introduces ideas and terminology 

useful in finding the probability measure achieving R^(d). 

It will simplify matters if only memoryless sources are 

considered from here on and, therefore, let N=l. Most of 

the techniques to be discussed, however, are applicable when 

N>1. All superscripts will be dropped to denote N=l.

In the following, it will be useful to refer to the 

support of a measure and this will be defined now.

Definition 4.1 P is supported by all sets Ai Ç X 

such that P(AjJ = 1. The intersection of the closures 

of all such sets shall be called the support of P. A 

point on the boundary of the support of P shall be a 

point on tne smallest radius ball containing the support 

of P.

Definition 4.1 says that if P has a density function p 

(i.e. P<<dx),then the support of P is the closure of the set 

of x1s where p>0. If p is discrete,then the support of P is 

the set of positions of the discrete masses.

With the existence of an achieving measure P established 

(see Chapter 3), the equations such a measure must satisfy, 

may be repeated here. One will be required to find a repro­

41
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duction measure Q for a particular value of s>0, which gen­

erates the function a(x) such that

C(y) < 1 V yeŸ (4.1)

and

C(y) = 1 almost everywhere Q (4.2)

where

C(y) = / a(x)e ^^(^'y)p^(dx) (4.3)

and

a”1 (x) = f @-s^(x,y)Q(ay) (4.4)

J Ÿ

In all cases to be considered here, d(x,y) will be con­

tinuous . Therefore, C(y) will be continuous. Equation (4.2) 

will then require that C(y) = 1 over the support of Q.

If one knew the support of Q, then (4.3) and (4.4) would 

become coupled nonlinear integral equations, the analytical 
solution of which would depend heavily on the kernel e (x,Yj 

If integral equations of this type can be solved, one might 

then guess the support of Q, solve the integral equations, 

and test the resulting tentative solution to see if it satis­

fies (4.1) and (4.2). This technique requires two things : 

an intelligent guess of the support of Q and the ability to 

solve the integral equations. If the kernel of the integral 

equation is not of a form which can be handled by known tech- 
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niques, this method has little promise. This method shall 

be referred to as the integral equation method. Chapter 5 

considers an important example of this method's use.

When the integral equation method is not suitable, that 

is when the kernel (e~sd(x,y)) cannot be handled by known 

techniques, the approach must change. In some cases, the 

properties of the kernel which cause the integral equation 

method to fail also cause the solution to be of a particular 

form which simplifies finding the solution. The analytic 

properties of the kernel will be used to do this in Chapter 6 

To be specific, properties of the kernel will cause the 

support of Q to be discrete, and as in the integral equation 

method, knowledge of the support of Q will be of great use.

In Chapter 5 and 6, the distortion measures d(x,y) are 

difference measures, i.e. d(x,y) = d(|x-y|). They are also 

strictly increasing, i.e., if > z^ then d(z^) > d(z2) 

where d(0) = 0. The following lemma illustrates the impact 

on the support of Q which this has.

Lemma 4.1 If d(x,y) is a strictly increasing continuous 

difference distortion measure, then the support of Q 

which achieves R(d) must lie within the boundary of 

the support of Px-

Proof: C(y) = 1 on the support of Q and < 1 elsewhere. 
e-sd(|x-y|) decreases as y moves away from x. Therefore 

if y^ is outside the boundary of the support of Px, then 

there is a y2 on the boundary such that C(y2) > Cfyp.
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However, 1 > C(y2) > . Therefore, cannot be in

the support of Q. ///

Lemma 4.1 illustrates the effect that the properties of 
the kernel e~sd(|x-y|) and the requirements on C(y) have on 

the support of Q. This thinking will be expanded upon in 

Chapters 5 and 6.
Another useful concept relating the requirements on C(y) 

to the support of Q introduces the derivative of C(y). The 

following obvious lemma indicates this relationship.

Lemma 4.2 If C(y) is a continuous function with a con­

tinuous first derivative C'(y) then C'(y) = 0 at all 

points of support of Q providing Q achieves R(d).

Proof : C(y) = 1 at all points of support of the Q 

which achieves R(d). If C'(y) 0 at a point of support,

this implies that there is a y such that C(y) >1, which 

violates the requirement that C(y) < 1 V yeY. ///

The first derivative of C(y) will play a significant role 

in Chapters 5 and 6 and will be shown to be related to the 

optimum estimate of x given y with respect to the distortion 

measure d(x,y). The background for this relationship will be 

introduced at this time.
The problem in estimation theory is depicted in Fig. 4.1. 

In our case, the disruptive medium may be thought of as the 

probabilistic mapping specified by P. x and y are, therefore, 

as we have been using them.
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x Optimum 
estimate of 
x given y 
for d(x,y)

Disruptive 
medium

Fig. 4.1 The Estimation Problem
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Suppose one constructs the optimum estimate of x given 

y subject to the distortion measure d(x,y) and call this z. 

The form of this estimator is known in certain cases, includ­

ing those of the distortion measures to be used in Chapters 5 

and 6. Note, however, that if we have the P which achieves 

a point on R(d), then our estimate z cannot improve the aver­

age distortion. The average distortion between x and z must 

be the same as that between x and y. Further, the estimator 

cannot increase the mutual information, i.e.

I (X; Z) < I (X; Y)

The estimator also cannot decrease the mutual information 

because it would be achieving a point less than R(d). There­

fore,

I(X;Z) = I(X;Y)

and

E{d(x,y)} = E{d(x,z)}

These can be satisfied if the optimum estimator is an 

identity transformation, i.e. z = y. One might argue under 

what conditions the identity transformation is the only possi­

bility and, therefore, generate another potentially useful 

relationship in finding Q, however, the optimum estimator's 

relationship to C*(y) was recognized in the cases of the 

distortion measures to be considered in Chapters 5 and 6. 

C(y) will play an interesting role there.



V. MAGNITUDE ERROR DISTORTION

Chapter 4 presented the equations to be solved if one 

is to find the Q which achieves R(d). This chapter considers 

the particular case where d(x,y) = |x-y|. Equations (4.3) 

and (4.4) may, therefore, be written as

C(y) =I a(x)e slx y'px(x)dx (5.1)

and

a-1(x) Q (dy) (5.2)

where the restriction has been made that Px(dx) = Px(x)dx. 

That is, in this chapter the source will have a density func­

tion. Further, X and Y shall be the real line.

The magnitude error distortion measure results in a 
kernel e”s'।, which allows one to proceed by the integral 

equation method. Tan and Yao [6] have utilized this tech­

nique in solving the problem for the Gaussian source and 

have demonstrated its usefulness for similar sources. This 

chapter shall further this thinking by showing that the two 

coupled integral equations, which result by guessing the 

support of Q, as discussed in Chapter 4, may be reduced to 

one integral equation (Section 5.1) whose form may be used to 

infer the support of Q. Section 5.2 considers how to pick 

the support of Q. A procedure for solving the problem is 

developed and examples are given in Section 5.3.

47
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5.1 Reducing the Equations

If one were to follow the integral equation method as 

discussed in Chapter 4, one would guess the support of Q 

and then, since

C(y) = 1 almost everywhere Q (5.3)

for Q to be the solution, one would have in (5.1) and (5.2) 

two coupled nonlinear integral equations to solve. This is 

the approach of Tan and Yao [6].

Consider the function C(y), however. C(y) is a con­

tinuous function of y with a continuous derivative C’(y).

C (y) =-sf u(^)e ^^p^(^)d^

^(-“^y)

+ s f a(x)e slx y'px(x)dx (5.4)

C(y) also has a second derivative C"(y).

C"(y) = s’/ u(x)e~^x~^ px(x) dx - 2sa(y)px(y)

(-*,*) (5.5)

Lemma 4.2 applies to this situation, and therefore, C(y) = 0 

at all points of support of the Q which achieves R(d). There 

fore, from (5.4)

(* a(x)e~s|x-ylpx(x)dx = f u(x)e~^x~^Px(x)dx
•Ay,»)

V y in support of Q (5.6)
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(5.6) may be related to estimation theory as suggested 

in Chapter 4 since

f a(x)e~s|x~y'px(x)dx = f a(x)e"slx y*Px(x)dx
•Ax,») A—,x)

is the requirement on x for it to be the optimum estimate of 

x given y for the magnitude error distortion measure.

(5.6) shows that x = y is the optimum estimator as was sus­

pected in Chapter 4.

Equation (5.6) may be combined with (5.3) to give

I* a(x)e~s|x~ylpx(x)dx
Ay,00)

= f a(x)e slx ylpx(x)dx = 
^(-»,y)

V y in support of Q (5.7)

This may be written as

C a(x)e~sxpx(x)dx = | e“sy V y in support of Q
Ay,») (5.8)

and

(* a(x)eSXpx(x)dx = | esy V y in support of Q 
A—,y) (5.9)

Equations (5.8) and (5.9) will be referred to as the esti­

mation equations. They will be very useful in establishing 

a relationship between the boundaries of the support of Q and 
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the parameter s.

If any part of the support of Q is an open interval (a,b) 

for example, if there is a q(y) > 0 V ye(a,b) where q(y) is 

the density of the absolutely continuous part of Q with 

respect to Lebesgue measure, then because C(y) is continuous

C(y) = 1 V ye(a,b) and therefore

C'(y) = 0 V ye(a,b), 

and

C"(y) = 0 V ye(a,b) .

Equations (5.5) and (5.3) then require that

a(y)Px(y) = s/2 V ye(a,b) (5.10)

Note that if px(y) is piecewise continuous that (5.10) 

cannot hold in an interval where there is a discontinuity of 

px(y) since a(y) is continuous. If px(y) is continuous in

(a,b) however, then (5.10) becomes 

i =f e-sl*-y|Q(dy) V xe(a,b) (5.11)

where (a,b) is an interval in the support of Q.

(5.11) along with (5.8) and (5.9) give a set of condi­

tions from which a solution may be constructed. One still 

must guess the support of Q, but one has reduced the two 

coupled integral equations to one integral equation (5.11) 

(whose solution has a known form) and the estimation equa­

tions (5.8-5.9). (Integral equations similar to (5.11) are 
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discussed in Van Trees [17], for example.)

Before determining how the support of Q should be 

picked, one should note the resemblance of (5.11) to the 

integral equation given in discussing the SLB, (2.39). 

Situations for which the SLB is tight occur when Q has 

interval support over the entire line and then (5.11) may be 

solved by Fourier transform techniques as was suggested in 

Chapter 2 (see Berger [3], p. 95).

5.2 The Support of Q

In determining how one should guess the support of Q, 

it will be useful to consider the requirements which px(x) 

places on Q via equation (5.11). First, note that a(x) is 

a continuous function and (5.11) cannot hold in an interval 

where px(x) has a step discontinuity. Therefore, Q has no 

interval support about that type of discontinuity of px(y). 

Further, if (5.11) is to hold in some interval (a,b), then 

it follows that the derivatives of the right side of (5.11) 

must equal the derivatives of px(x) almost everywhere in the 

interval (a,b),assuming the derivatives of px(x) exist 

almost everywhere in (a,b).

If px(x) has a continuous derivative in (a,b), then Q 

cannot have any discrete masses in (a,b). This can be seen 
by noting that e*slxl has a discontinuous derivative at x - O 

and, therefore, a discrete mass in Q within (a,b) would 

require the right side of (5.11) to be discontinuous. Note, 

however, that a discontinuity in px(x) in (a,b) does not 

necessarily imply that Q has a discrete mass at that point 
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in (a,b). The Laplacian source density to be discussed 

later has this property.

To further consider (5.11) in some interval (a,b), one 

may write it as

ïï Px<%) - e”sx/* esyQ1(dy) + eSe syQ1 (dy) 

x) ~ix,°°)

N I I+ Y g-e"5^!1 V xs(a,b) (5.12)
i=l 1

where the discrete masses at the positions y^eY are 

separated out for clarity. is what is left of Q after

the discrete masses (if there are any) have been removed. 

Using the Lebesgue decomposition of (5.12) may be 

written as

| = e'sV e=?q(y)dX +

tx,”)

+e"sxQ^ (x) + esxQg (x) +

V xe (a,b) (5.13)

where q! and are positive Borel functions whose dériva­
s s ■

tives are equal to zero almost everywhere in (a,b) (see 

Rudin [21], Chapter 8). q(y) is the density of the absolutely 

continuous part of Q with respect to Lebesgue measure.

Providing the derivatives of px(x) exist almost every­

where in (a,b), (5.13) may be twice differentiated to give
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§ P%(x) = s2[^ px(x)] - 2s q(x)

almost everywhere in (a,b)

or

q(x) = p (x) - i p"(x) almost everywhere in (a,b) 
X s2 X

' (5.14)

(5.14) is most important for if p„(y) - -À- p"(y) is 
x g2 x

negative on a subset of (a,b) of positive measure, then (a,b) 

cannot be an interval in the support of Q. (5.14) also gives 

the form which the absolutely continuous part of Q must have 

if two derivatives of px exist and Q is to have (a,b) as an 

interval of support. The implication that there must be an 

absolutely continuous part in this case if px(x)- Px(x)>0
s 

almost everywhere in (a,b) is obvious.

Because of the occurrence of s in (5.14), it is possible 

that (5.14) will be positive for some values of s and not 

others. This suggests that the interval support of Q may 

change form with s. This situation will occur as a later 

example will demonstrate.

Fig. 5.1 shows a source density for which (5.14) is not 

positive in some regions. Fig. 5.1 also shows the regions 

(cross-hatched) for which (5.14) is positive. If one were 

to guess the interval support of Q for this source, one 

might guess it as disjoint intervals each placed in a differ­

ent cross-hatched region.

To pursue this point further, assume one has n disjoint 

intervals (c^dp i=l, ... ,n of interval support of Q.
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PY(x)

x

Fig. 5.1 A Possible Source Density



55

(5.12) may then be written as

i P%W = I f e“S I X"Y i q (y ) dy

+ J f e-slx~yIq (dy) (5.15)

Nii n+ X q.e~s|x-Yi' V xe U (c.,d.) 
i=l 1 1=1 1

where Qg is the continuous but singular part of Q, q(y) is 

the absolutely continuous part, and the discrete part is 

represented by the masses at the positions y^• If Px(y) 

and p"(y) are finite everywhere in u (c.,d.) and integrable 
x i=l

over (c.,d.) then one may use (5.14) in (5.15) and mte— 
1=1 1 1

grate by parts (see Titchmarsh [19], p. 368 and 375).

Therefore,
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( e-s|x-y|q(y)dy

(ci,di)

.-<°l-«’{ipx<c1) +^(=1)1

- {1 px(a1> + Pita.)}

X < c±

I PX(X) + e-5’*-0!'^ PitcJ - I Px(=i'l 
° s

- px(dl) + Pita^)}

xe(ci/di)

e-«(-a1><lPx(ai) -^Pitap}

_e-S(x-c.)(1 px(Oi) - 1 Pi(0^)}

X > d^

(5.16) suggests, because of the exponential terms, that a 

solution to (5.15) might be constructed by placing discrete 

masses at the points Ci, a. It should be noted

from (5.16) that if

% p^i' - i Px(oi> > 0 
s

_ ■ (5.17)and

i Px<ai) + ir Pi (di) < o

then (ci,di) is not an interval of support of Q. This occurs 

because (5.17) causes a contradiction in (5.15), i.e. a
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strictly positive function almost everywhere cannot be also 

equal to zero almost everywhere.

In the following, tentative solutions (Q) will be con­

structed using the principles discussed above. To be 

specific, intervals of support shall be placed where 

p (y)----L p"(y) is positive and discrete masses shall be 

placed at the ends of these intervals. The positions of the 

discrete masses must, of course, also satisfy the estimation 

equations (5.8-9) and (5.17). For a single interval (c^dj 

of support, one would, therefore, have a tentative solution

Q (dy) = [px(y) - \ Px(?) + a16(y-d1) + a^ty-c^ldy 
s

ye[c1,d1l (5.18)

where a^ and a2 may be found by substitution of (5.18) into 

(5.11) to get

al - Ï Px'dl' *

a2 * 5 Px<=l* 1

This will be pursued further in Section 5.3.

(5.14) is not the only key one may use in guessing the 

support of Q. Remember that Lemma 4.1 requires that, for the 

magnitude error distortion measure, the support of Q cannot 

exceed the boundary of the support of Px. Therefore, for a 

source, such as a source with a uniform density in the inter­

val (a,b), the support of Q must lie within the interval 

[a,b]. A source, however, need not have a finite boundary
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(see Definition 4.1) to restrict the support of Q to a

finite boundary. To see this, remember that the optimum Q 

satisfies
a f ii ( < 1 ¥ yeŸC (y) -I a (x) e s’x y * p (x) dx l
J— x I = 1 almost everywhere Q

If px(x) dominates a(x) outside some finite interval (i.e. 

p (x)a(x) + 0 as |x| ■* ~, which px(x) can do because from
S I X I the definition of «(x), a(x) can grow no faster than e 1 1) 

then outside some finite interval C(y) must be strictly less 

than one. This requires that there be no support of Q out­

side this interval. A source with the property that

px(x)esd^x^ * 0 as |x| •* «

shall be called a strong source (with respect to that partic­

ular value of s, of course). A source, which does not have 

this property, shall be called a weak source. Note that 

this definition depends on the distortion measure.

If a source is strong, then the support of Q is 

restricted to lie within a finite interval, and equation 

(5.14) may be considered to determine what type of solution 

might be expected within this interval.

5.3 Solving the Problem

Section 5.1 has reduced the integral equation method to 

constructing a tentative solution Q, which satisfies (5.8) , 

(5.9) and (5.11). Section 5.2 has considered how to pick 

the support of Q such that a tentative solution can be con­

structed. These ideas may be summarized in the following
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procedure :

1. Determine if the source is strong for any s > 0, 

and, therefore, if consideration of the support of 

q may be restricted to a finite boundary.

2. Consider the regions (c^dp where Px(y) is con­

tinuous and where px(y) - Px(y) is positive and 

finite.

3. Construct a tentative solution of the form

Q(dy) = {px(y)----\ P%(y) 
s

+ y[a.ô(y-d.) + b.S(y-c.)]}dy r x x i

V y e U [c.,d.]
i x

4. Evaluate the form of the a^ and b^ by substituting 

the tentative solution into (5.11).

5. Determine the d^ and c^ via the estimation equa­

tions (5.8-9).
6. If (5.17) is violated for some interval (c^djj , 

drop that interval from the support and construct 

a new tentative solution (step 3).

7. Test the tentative solution against the necessary 

and sufficient condition that C (y) $ 1 V y e Y.

8. If the necessary and sufficient condition is not met, 

consider the region where C(y) > 1. Insert a dis­

crete mass in this region, which must satisfy 

(5.8-9), and construct a new tentative solution.

(Return to Step 3.)
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No proof that this procedure will guarantee the solution 

is given. However, as the examples to follow indicate, one 

may expect the process to usually end after Step 7.

Once one has verified that a solution has been con­

structed, the calculation of R(d) follows. To do this, one 

may construct a(x) from Q and then use:

F(s) =1 log(a(x) ] Px(x)dx , (5.19)

ds =f I |x-y|e~s|x-YL(x) Q(dy)px(x)dx = ^F(s) , 
S -Vï (5.20)

and

Rg = F(s) - sdg (5.21)

Example 5.1 Uniform Source

The uniform source is specified by

Px(x) =
x e [a,b] 

elsewhere

This is a strong source and, therefore, one is assured that 

the support of Q is within the interval [a,b]. Px(x) — 0 

V X e (a,b) and, therefore, (5.14) is positive over (a,b). 

This suggests a single interval of Q support, [c^,d^] C [a,b]. 

(5.11) is then of the form (5.12) and a tentative Q may be 

specified by (5.18) as
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Q(dy)
[b^â + ai&(y-di) + a2ô(y-c1)]dy y e [Ci/d^]

elsewhere

(5.22)

where and a2 are given by (5.18) to be

(5.23)

Using the tentative Q in the definition of a(x) gives

Using a(x), the estimation equations (5.8-9) may be solved 

to establish that

I 
sa + (5.25) 

(5.26)

This illustrates the use of the estimation equations to 

locate the boundary of Q in terms of s.

The tentative solution is, therefore, complete. Sub­

stitution of this into C(y) verifies that the necessary and 

sufficient conditions on C(y) are satisfied and, therefore, 

the solution has been found. Substitution of (5.24) and 

(5.22) into the definitions of Rs and dg ((5.19), (5.20)) 

gives



62

Px(x) =

rs = log (^aL) - 1 + 
J • » /

ds = 5 t1 - ^ST’
This holds for Rs > 0, s > , or 0 < ds < = %,-

d , of course, may be evaluated via (2.31). (5.27) is

plotted along with the Laplacian source (to be presented) in 

Fiq. 5.2 for d = 1. This normalization is achieved by 3 max
making b-a = 4.

Example 5.2 One Sided Exponential Source

The one sided exponential source has density

I/o e-^0 x e [0, °°)

0 elsewhere

This is not a strong source because it decays only exponen­

tially, but it follows easily from Lemma 4.1 that there can 

be no Q support for y < 0.

(5.14) for x > 0 is given by

Px(x) - p£(x) e~*/*[l -
* s s a

This is positive if s > 1/o. If one assumes,for the moment, 

that s > 1/a, then a single interval of support is suggested, 

[□1^1] C [0,«) . Following example 5.1, the tentative Q (dy) 

is given by
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2.

RATE 
(nats)

1.

Uniform

Laplacian

DISTORTION

17

Fig, 5.2 The Rate Distortion Function for the 

Uniform Source and the Magnitude 

Error Distortion Measure for d =1.
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i/i _ 1 a„-y/g 

y £ 

elsewhere

(5.28)

(5.29)

(5.30)

The estimation equations (5.8-9) may be solved to find that

— o log(l + g~j) (5.31)

and

Q (dy)

a s^^

+ a^fy-dp + a2ô(y-c1)]dy

0

where

and

The

ai " (À sVle dl

a 1 e 1

d^ = » (5.32)

estimation equations, therefore, verify what was sug­

gested earlier, that this source is weak. (5.32), of course

demands that a^ = 0 

Q may be used in the definition of a(x) to give

-1 a

2 e-sdog(l+ ^)@sx x 
1+sa e [0,c1)

(5.33)

JL 
sc x £ [c^

a(x) may be used in the definition of C(y) to verify that
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this is the true solution, which it is. a (x) and q(y) may

also be used in (5.19) , (5.20) , and (5.21) to give

R = log (1+sa) - log 2
S (5.34)

dg = a log (1+ ^)

This holds for Rs > 0, s > I/o, and 0 < dg < dmax = a log 2, 

d being evaluated again by (2.31). Note that the original 

assumption that s > I/o was sufficient to guarantee that the 

entire R(d) curve was generated. (5.34) is plotted in

Fig. 5.3.
It is interesting to compare the one sided exponential 

with the two sided exponential or Laplacian density given by

px(x) = 2 V x s (-”,”)

The Laplacian is such that the SLB is tight over the entire 

R(d) curve as shown in Berger [3], p. 95, and is given by

R = - log (cd) 0 < d < i = dmax (5.35)

This is plotted in Fig. 5.3. It is, of course, noted that 

(5.14) is positive for all x e (-*,*) and, in fact, for the

Laplacian

g(y) = Px(y) - p- P£(y) V y s

Example 5.3 Rayleigh Source

The Rayleigh source is specified by its density
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2.

RATE 
(nats)

1.

OJ

One Sided Exponential

75

Laplacian

DISTORTION

Fig. 5.3 The Rate Distortion Function for the

One Sided Exponential Source and the

Magnitude Error Distortion Measure

&r W1-
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Px(x)

x -x2/2a2
x e [O,00)

0 elsewhere

It is easily seen that this is a strong source and, there­

fore, the support of Q must be contained in a finite inter-

val d1J Ç [0,°°) . (5.14) for x > 0 is such that

1 x -x2/2a2 2

as aas

which is positive for

0 < x < a

This implies a single interval [c^d^J of Q support such that

^,d^] Ç [0, or VS a +3 ]

Q(dy), therefore, follows as before from (5.18) to be

'/2^(1 3
77a2 A?'

Q(dy) a^ (y-d^ + a2ô(y-c1)]dy y£[c1,d1]

where
dl2 

s2a2

9 2
) 4 e-dl /2" 

a

and

elsewhere

(5.36)

(5.37)ai " <1 di

a2 = 'i =i

0

1
s

1
s

4? ) ,-c//2.2

s a a
(5.38)
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Of course, and d^ must be such that a^ and a2 are positive 

for this to be a solution.

Q may be used to find a(x) to give

a-1(x) =

2cl g-c^^a2 e-s|cx-x| 

sa
2x e-x2/2a2
s a^
2dl ^d^/202 e-s|x-dx|
sc2

xe[0,cx) 

xe[c1,d1] (5.39)

xe(d^,~)

The estimation equations (5.8-9) may be used to find 

that

s = (5.40)
O’

and

d^ = a2 s (5.41)

One, therefore, has a tentative solution which may be veri­

fied by considering C(y). This is the solution, and (5.36) 

and (5.39) may be used in (5.19-21) to find that
c,2 c, i c 2 x dx2

R = log (J) + —£ - log (-j) ~ 2" Ei (“jJ + 2 E1 
3 * 2a a 2a

dg » i (e~°l^^2^ -e’dl /2a ) + c - a erf (—-)

+ JIT a erfc (-~) (5.42)
" 2 ^2a

where
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f 2 
erf(x) = — I e t dt 

V^o 

erfc(x) = 1 - erf(x)

A fV
E^tx) = J —g— dt 

X

This holds for Rg > 0, s > 2 , or 0 < ds < where

d may be found via (2.31) to be max

d = a 5/2 log 2 + a [I-2 erf (^/log 2 ) ] . 
max ’ ’

With the aid of (5.40) and (5.41), (5.42) is plotted in

Fig. 5.4.

All the examples given so far have had a single interval 

of Q support. The Gaussian source (see [6]) also has this 

property. The next example will illustrate the method of 

solution when this is not the case.

Example 5.4 Squared Cauchy Source

The squared Cauchy source is specified by its density 

px(x) = 1 (1+x2)"2 x e (-=,")

This is a weak source and (5.18) is given by

I---- 1 2 4^
1rs2 (1+x2)

2 2- 24 x + 4(1+x )]

positive over the entire line and

Px(x)-----7 P" (x) - x--------------- *

[S2(l+x2)2

If s2 > 25/6, this is
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RATE 
(nats)

1.

Rayleiÿi

.5

Laplacian

DISTORTION

1.o._ 
0.

Fig. 5.4 The Rate Distortion Function for the 

Rayleigh Source and the Magnitude 

Error Distortion Measure for d^=l.
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the SLB is tight,as shown by Berger [3]. Therefore, as

discussed in Berger [3], p. 96

Rs log (J) + log (Sir) - 2 - sdg
s >

ds

dmax be evaluated by equation (2.31) to find that

dmax
2
IT

Comparing d 

not the entire 
2When s <

with dg of 

R(d) curve

25/6, px(x)

x2 -7"
2V6 
s2

(5.43) indicates that (5.43) is 
2

One must then consider s < 25/6.

- Ay p"(x) is positive when 
sz

./25 2Vt - 5

1 
s

1

and when

x2 10 2^6 
s2

s2

This shows that there are three regions of the real line

where (5.14) is
2 

positive if s < 25/6 This suggests three

intervals of Q support l^l1 [d2,=°) .

1
s

2
From the discussion of Section 5.2, Q(dy) is given by

{px(y) - px(y)

a^ (y-c2) + ajôîy-cp + a3S (y-d^J

Q(dy) = < ayô(y-d2)}dy

V ye{(~”,c2][c1,d1][d2,~ 

(5.44)

0 elsewhere
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Substituting an equation of the form (5.44) into (5.11), 

one may find that

1 i i
- s Px^c2^ + ^2^ + s sinh (s (o^-^o^) )

(5.45)

1 1 1
a2 “ s px^cl^ " “2 px^cl^ + s sinh(s(o^-o^)) 

(5.46)

1 1 1
a3 - s px^1^ + Px^P + s sxnhTsTd^d^T) 

(5.47)

1 1,1 Px^'e-s^l'-PxCli)
a4 = g px ^2^ " px ^2 + s sïnhTsTd^-d^T) 

(5.48)

(5.44) may be used in the definition of a(x) to give

" | Px(x) x e (-",c2J

9 px (C1 ) sinh (s (x-c2 ) ) +px (c2) sinh (s (c^-x) )

a”1(x)=i

s sinh(s(c^-c2))

X E (CgfC^)

I px(x) X E (c1,d1J (5.49)

9 px (d2) sinh (s (x-d^) ) +px (d^) sinh(s(d2-x))
s sinh(s(d2“d1))

x E (d^fd2)

I PX(X) X E (d2^)
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(5.49) may be used in the estimation equations (5.8-5.9) 

along with some further manipulation to yield

s sinh(s(c1-c2))

/l p (x)eS*dx
[ ________ _______ x________ _____ __________ (5 5Q)
J px(c1)sinh(s(x-c2))+p^(o^)sinh(s(c^-x)) "
C2

s f Px(x)dx = (px(c2)+px(c]))tanh[|(c1-c2)] (5.51)

C2

s sinh(s(d2-d1)

px(x)esxdx
J p„(d_)sinh(s(x-d.))+p (d.)sinh(s(d^-x)) 
d* X & 1 ** X “

x sd9 sd,
= e -e

^2 s
sj px(x)dx = (Px(d2)+Px(d1) ) tanh(^-(d2-d1) ) 

dl

(5.52)

(5.53)

Since the squared Cauchy density is symmetric about zero 

one need only consider finding d^ and d2 because c^ = -d^ and 

c2 = -d2. Using this fact and substituting a(x) and Q into 

(5.19-21), one finds that

Rg = log (4its) - 2

/^2 sinh(s(d2-d^))px(x)
+ 2J log tpx(d2)sinh(s(x-d1))+px(d1)sinh(s(d2-x))1 

dl
Px(x)dx - sdg (5.54) 
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ds = | - | J px(x)dx + - 

dl

^2 px(d^)cosh(s(d2-x))-px(d2)cosh(s(x-d^))
+ 2J x{pv(do)sinh(s(x-d^))+p (d^)sinh(s(d2-x))J 

dl
px(x)dx

These may be evaluated numerically once the relationship 

between s, d^, and d2 is found.

To find the relationship between s, d^, and d2, equa­

tions (5.52) and (5.53) must be solved. The integration in 

(5.53) can be carried out to give 

n dg
dn = (1+di ){------=-=- + arctan d, - arctan d1

1 1 (1+d/)

- | (px(d2)+px(d1) Jtanh^tdjj-dj^) ) } (5.55)

(5.55) and (5.52) may be solved numerically. The relation­

ship between s, d^t and d2 is shown in Fig. 5.5. Fig. 5.5 

indicates that d1 goes to zero at about s = 1.27524. It is 

seen that this point does not correspond to distortion dmax.

(5.54) can, therefore, hold only in the range

1.27524 < s < 5/ 6, which it does. For s < 1.27524, another 

solution must be constructed.

Since the three interval solution degenerates at

s = 1.27524 to a solution of the form
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10.

0

s

for the Squared Cauchy Source and the 

Magnitude Error Distortion Measure.
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Q(dy)

{px(y)~ P^(y) + a5S(y-c2) + a66(y-d2)}dy
s

y e [ (-°°,c2] [d2,=) ] 

a?ô (y) y = [0] (5.56)

0 elsewhere

one may construct a tentative solution of this form for 

s < 1.27524.

Again because of the symmetry of px(x),c2 - -d2 and 

a5 = ag. One may find by substituting (5.56) into (5.11) 

that

1 f2
px(d2)sinh(sd2)-J px(x)dx

a5 " a6 = cosh (sd2)-l 9x^2)

(5.57)

^2 2 .
2 cosh (sd2) J Px(x) dx " s ^x ^2^

a7 = -------------------9----- cosh(sd2)-l <5*58)

(5.59)a-1(x) =

a(x) is symmetric in this case and it follows from (5.56) 

that

I px(x) x e [d2,=)

l[8e~s(d2-x)+ge~sX] x e [0,d2)

where
sd2 f 2 

Px^2^ -D-sJ Px(x)dx 
a A __________________ °__________
° coshi(sd2) -1

(5.60)
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and

sd? sdo c 2
px(d2)(l-e )+se J px(x)dx

R △____________ i______
p cosh(sdg)-1

(5.61)

The estimation equation for this case may be put in the 

form

/2 esxp Mâx 
d2 = - i°g { i+Zsj e-s (a2-x) g+f3e-sx (5.62)

(5.62) may be solved numerically and Fig. 5.5 shows the 

results for s < 1.27524. Note that sd * « as s * 0.

Rs and d2 may be found by using (5.59) and (5.56) in 

(5.19-21) yielding
A 2p (x)

Rs « log (4irs) -2-sds+2l log ^xj- @ z v • e p

1 A 2
dg = |(1-2| Px(x)dx) + - d2px(d2) 

4)

. A x[e-^-e-=^2-^6]
% (e-^6+e-=^2^'e]

(5.63)

px(x)dx

It may be verified by considering C(y) that this is the 

solution for 0 < s < 1.27524. Note that by letting sd * » 

and s * 0 in (5.63) that Rg * 0 and dg * 2/tt = d^ as they 

must.
The complete solution of the squared Cauchy source is, 

therefore, specified and is plotted in Fig. 5.6 along with
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2.

TT

Cauchy

Laplacian

DISTORTION

RATE 
(nats)

Fig. 5.6 The Rate Distortion Function for the 

Squared Cauchy Source and the Magnitude 

Error Distortion Measure for d^=2/it .
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R(d) for a Laplacian source with dmax = 2/ir.

The examples demonstrate the use of the procedure for 

finding R(d) given in this section. The examples also demon­

strate the ideas of strong and weak sources. These ideas 

will also be of use in Chapter 6. The examples further 

point out the use of the estimation equations (5.8-9) (and, 

therefore, C(y)) in determining the positions of the dis­

crete masses. This will also be the case in Chapter 6 where 

an algorithm based on C (y) will be used to determine the 

positions of the discrete masses.

Another interesting observation is that the rate distor­

tion function for a weak source, such as the square Cauchy, 

must be tangent to the distortion axis at d . This is 

easily seen by noting that at dmax

C(y) =( es|x-™|e-s|x-y|px(x)dx

where m is the median of px(x), and if 

px(x)esl—। • as |x| * ® (5.64)

(px(x) is then weak) then the only s for which 

C(y) < 1 V y e Ÿ is s = 0. An exception to this is the 

Laplacian source, which is weak but does not satisfy (5.64).

The Laplacian source is special in other ways. It has 

been plotted in the Figures of this chapter for comparison 

purposes. Its significance is that it has the largest rate 

distortion function of any source with the same d^x. This
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property is stated in the following lemma.

Lemma 5.1 For any memoryless source with median m and

d = 1/a, the rate distortion function R(d) with max z
respect to the magnitude error distortion measure is

such that

d
R(d) < RL(d) = log (-^) (5.65)

where R^(d) is the rate distortion function of the 

Laplacian source with median m and d x = 1/a.

Proof:

F(s)

Equation (2.20) states that

log (a(x))Px(dx)

The reproduction measure which achieves the point 

(R2(dg),dg) on RL(d) generates the a(x)

a"1 (x) -

Therefore,

et /
F(s) < log (y) + al |x-m|Px(dx)

Now

I |x-m|P (dx) = d = 1/a
J ' A lllClA

J X

then
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R(ds) + sds = F(s) < log (|) + 1 = RL(dg) + sd^ 

(5.66)

Applying Lemma 2.4 to the right side of (5.66) gives 

the desired result:

R(<V < RL(ds)

In chapter 6, the Gaussian source will play the same 

role for the squared error as the Laplacian plays for the 

magnitude error. The analogous result to Lemma 5.1 for the 

Gaussian source and the squared error distortion measure is 

given in Berger [3], Thm. 4.3.3.



VI. SQUARED ERROR DISTORTION

In this chapter the squared error distortion measure 
2 .will be considered, that is d (x,y) = (x-y) . It is the 

most widely used distortion measure for continuous alphabet 

sources. The evaluation of the rate distortion function for 

a Gaussian source and the squared error distortion measure 

is a classic result in information theory. Outside of the 

Gaussian source, however, little is known of this problem. 

As may be seen from the discussion of Berger [3] p. 97-98, 

the SLB is usually not tight. For the SLB to be tight, a 

source must have a density function whose Fourier transform 

F (w) when combined with ew will result in a function
X 2

(?x(w)ew Z4®) which is positive definite.

Unlike the magnitude error distortion measure, the 

squared error distortion measure cannot be handled by the 

integral equation method. This occurs because the form of 
—s (x—v) 2 

the solution for integral equations with the kernel e J 

is, in general, not known. (One may refer to Shinbrot [18], 

for example, for a discussion of integral equations with 

difference kernels.) This chapter shall demonstrate what 

might be done if the integral equation method fails.

In some sense, the reasons that the integral equation 

method fails is the reason that the results to be presented 

in this chapter succeed. The primary reason for this is 
2

that the kernel is an entire function. Its Fourier

transform is also entire. Therefore,integral equation 

82
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methods based on Wiener-Hopf techniques (see Shinbrot [18]) 

do not work.

This chapter shall utilize the analytic properties of 

the kernel along with the requirement on C(y), to

make some very strong statements about the support of the 

reproduction measure Q. This unfortunately will not yield 

closed form expressions for the rate distortion function as 

were found in Chapter 5. However, the results to be pre­

sented offer an improved computational procedure over 

Blahut's algorithm as well as being of theoretical interest.

In this chapter, Section 6.I shall present the problem 

and discuss the requirements on the solution. Section 6.2 

shall consider solving the problem and related issues. 

Section 6.3 shall present an algorithm for solving the 

problem.

6.1 Requirements on the Problem's Solution

From Chapter 4, the equations to be considered are:

a-1(x) =1 e-s(x Q(dy) (6.1)

C(y) = f a (x)e s^x P (dx) (6.2)

C(y) < 1 V y e Ÿ (6.3)

C(y) = 1 almost everywhere Q (6.4)

Again in this chapter, X = Y = R (the real line).
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C(y) is obviously a continuous function of y. The 

following lemma establishes that at least for the measure 

which achieves R(d), C(y) has continuous derivatives of all 

orders.

Lemma 6.1 For a measure P which achieves R(d), the 

resulting C(y) has continuous derivatives of-all orders 

which may be evaluated by exchanging differentiation 

and integration in (6.2).

2
Proof: e“S(x-y) continuous for all (x,y) e X x Y.

2
The derivatives of e”s with respect to y exist

for all x e X and are continuous. There exist a finite 

a± and b± such that for any finite n and any y e Y

2 2b^e-s(x-y-ai) ; (y_y)ne-s(x-y) v x > y (6.5)

A straight forward expansion of the exponent shows this. 

Note that the b^ and ai depend on y. A similar rela­

tionship holds V x < y. That is, there exist bf and a* 

such that for any finite n

2 2bje-s(x-y-ap > (x-y)"e-=^-y) V x < y

2
The nth derivative with respect to y of e s y* is a 

sum of terms of the form
2 

(x-y)^e~^ where k < n .

One may then construct a dominating term of the form 

(6.5) for each term of the derivative such that
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n . . 2
y b.e-s<x-y-ai> >
1 1 "

and

y bte-=<x-Y-ai)^ >

i 1

Sl {e-s(x-y)2}

dl (g-s(x-y)^ 
dyn

¥ x > y

(6.6)

¥ x < y

Now form the differential coefficient

f(y+k)-f(y) 
k

a(x) (A(x,y+kji-A(x,y)]Px(dx)

where f and A will be some order of derivative with 
.2

respect to y of C(y) and , respectively. If

the derivative of A(x,y) with respect to y is h(x,y), 
2

then because of the properties of e s*x and its

derivatives

A (x,y+k^-A(x,y) _ h(x,y+9kk) 0 < 6^ < 1

Therefore

f (y)
k*0 k+0

a(x)h(x,y+9kk)Px(dx)

(6.7)

To finish the proof,the Lebesgue dominated convergence 

theorem will be applied to the right side of (6.7).

To do this note that

I a(x) [h(x,y) |Px(dx) < 66 
X

¥ y e Y
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because from (6.6)

|h(x,y) | <

V x > y 
i

(6.8)

V x < y

and using (6.3)

a(x)|h(x,y)|P^(dx)
n n

< I b^C (y+a^) + l bŸC (y+aŸ) < °°

V y e Ÿ .

(Note that in (6.8), the dependence of bi# b*z and 

a* on y has been displayed for future use.) If one is 

to use the Lebesgue dominated convergence theorem, one 

also needs a dominating function h*(x,y) such that

|h(x,y+6kk)| < h*(x,y) ¥ k < some A

and

| a(x) h*(x,y) Px(dx) < ».
J X

Since there are finite b^, bŸ, a^, and aŸ for all y in 

any closed interval [y,y+A], there are finite b^, bŸ, 

a, and a* such that

bi > bi(t) V t e [y,y+A],

bŸ > bŸ(t) ¥ t e [y,y+A],

a > a^(t) V i and ¥ t e [y,y+A],
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and

a* < af(t) ¥ i and ¥ t e [y,y+A] .

h*(x,y) may therefore be constructed to be

i

h*(x,y) = \

n A 2 ^-s(x-y-a*)

n A n A
I "1 + b* 
1 1

¥ x e (a,”)

¥ x e [a*,a]

I 
i

¥ x E (-°»,a*)

and therefore

a(x)h*(x,y)Px(dx) 
X

< I bj C(y+a*)

n a r
+ [J(b^+bJ)] I a(x)Px(dx)

1 . Aa*,a] 

n a a
+ % b^ C(y+a)

Since [a*,a] is a finite interval, a(x)Px(dx) <
Further, by (6.3) [a /a]

C(y+a) and C(y+a*) are less than or equal to one 

therefore,

a(x)h*(x,y)Px(dx) < ” . 
X

The above construction is good ¥ y e Y, therefore there
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is a dominating function h*(x,y) V y e Y and the

Lebesgue dominated convergence theorem requires that

f’ (y) a (x) h (x,y)Px(dx) V y e Y .

Remember that f is any order derivative of C(y) and

h(x,y) is the corresponding order derivative of 
2

e~s(x-y) . The continuity of any derivative of C(y)

follows from the existence of the integral and the 
2

continuity of any derivative of e s'x . ///

Lemma 6.1 is useful, as will soon be seen, in proving 

the analyticity of C(y), however, now consider the first 

derivative of C(y):

C*(y) = 2s f a(x)e-s(x~y) (x-y)Px(dx) (6.9)

At all points in support of Q, Lemma 4.2 requires that

C'(y) = 0 and C(y) = 1. Therefore, (6.9) becomes

y = f xa(x)e~^~^ Px(dx) V y in support of Q

(6.10)

The right side of (6.10) is recognized to be the condi­

tional expectation of x given y which is known to be the 

optimum estimate of x given y for the squared error distor­

tion measure. (6.10),therefore, shows that the optimum

estimate x of x given y is just y. This, as in Chapter 5,
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confirms the relationship between C1 (y ) and the results of 

estimation theory. (6.10) shall be referred to as the 

estimation equation, however, unlike in Chapter 5, the esti­

mation equation only presents one with another integral 

equation.

The second derivative of C(y) is also of interest,

C"(y) = 2s{2s f(x-y)2a(x)e~s(x~y) Px(dx)-C(y)} (6.11) 
h

Since C(y), C(y), and C"(y) are continuous and at the points 

of support of the Q which achieves R(d) C(y) = 1# C"(y) = 0, 

and C(y) < l ¥ y e Y, then at points of support of Q 

C"(y) < 0. Therefore,

0 > f C"(y)Q(dy) = 2s{2s d^-l} 

or
ds < 6

(6.12) therefore places an upper bound on the average dis­

tortion at a particular point, in terms of the slope of 

R(d) at that point. This result will be of interest later.

With the interest in its first two derivatives estab­

lished, an important property of C(y) may be given. To do
—s (x—z ) 2 . 

this, let z = u+jv and then recognize that e is an

entire function ¥ x e X. The following theorem makes a 

similar statement about C(z).
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Theorem 6.1 For a measure which achieves R(d), C(z) 

is an entire function.

Proof : C(z) may be written as

C(z) = f(u,v) + jh(u,v)

where

2 f 2
f(u,v) = eSV I cos(2sv(x-u))a(x)Px(dx)

2 r 2
h (u,v) = esv f g-s(x-u) Sin(2sv(x-u) )a(x)Px(dx) 

h

f(u,v) and h(u,v) exist V v e R because the integrals 

are dominated by C(u) which is constrained by (6.3) to 

be finite. f (u,v) and h(u,v) are obviously continuous. 

if âf, ià, 5^ all exist and may be evaluated by the 
3u 3v 3u 3v 
elementary properties of derivatives and the exchange 

of integration and differentiation whose proof is an 

identical argument to that of Lemma 6.1. Under these 

conditions, it is a straight forward exercise to verify 

that the Cauchy—Riemann conditions are met. Therefore, 

via a well known theorem (see Titchmarsh [19], p. 68) 

C(z) is analytic over the entire plane, or in other 

words, it is entire. ///

The analyticity of C(z) puts severe constraints on the 

support of Q. Since C(z) is entire, then so is C(z) - 1, 

and therefore, the points of support of Q are zeros of an 
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entire function.

The zeros of an entire function F (z) are isolated, that 

is if F(z) is not identically zero, there is a circle 

|z-a| = p > 0 about the point a such that F(z) has no zeros 

inside of this circle except possibly at a (see Titchmarsh 

[19], p. 88). The following Lemma expresses these ideas in 

terms of C(y).

Lemma 6.2 For a measure which achieves R(d), C(y) 

must be equal to one ¥ y e Y , or it must be equal to 

one at at most a countable number of isolated points, 

but not both.

Proof : C(z) is entire. Thus by Liouville's theorem, 

if it is constant over any interval, it must be constant 

over the entire plane. Therefore, if C(y) is equal to 

one over any interval it must be equal to one ¥ y e Y . 

If C(y) is not constant V y e Y , then since C(z)-1 is 

entire, the points where C(y) can be equal to one are 

isolated and there is at most a countable number of 

them (see Titchmarsh [19], p. 88). ///

If the first alternative of Lemma 6.2 is true, that is 

C(y) = 1 ¥ y e Ÿ , then the following statements are true :

1.1 C"(y) = 0 ¥ y e Ÿ and therefore from (6.11) 

ds = À •

1.2 C(y) e"S(%-y) a(x)Px(dx) = 1 V y e Ÿ
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and therefore r if the source has a density func­

tion p%(x), one may proceed by Fourier transform 

techniques to find that

I g 
a(x)px(x) =^—

This is the situation when the SLB is tight (see 

Berger [3]).

In most situations, as will be shown, the first alter­

native of Lemma 6.2 will not be the case. Therefore, C(y) 

can have at most a countable number of isolated points at 

which C(y) = 1. This restricts the support of Q to an at 

most countable number of discrete masses. This requires 

that C"(y) < 0 for all points in the support of Q, which 

requires via (6.11) that

ds <

other properties of C(z) which occur if the second alterna­

tive of Lemma 6.2 is true are:

2.1 C(z) - I is a real analytic function. That is, if

z is real, C(z) - I is real. (Actually true in 

general).

2.2 C(z) - I expanded in a Taylor series about one of

its real zeros y^ is
2

C(z) - 1 = a^ t ag(z-y^) + a3(z-yi) +

where the a^ are real.

2.3 a^ = 0 because y^ is a zero, and a2 = 0 because
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C'(y1) = 0. |a3| > 0 since C"(y^) < 0. Therefore,

the real zeros of C(z) - 1 are of multiplicity 2.

2.4 From the Taylor series expansion about a real zero

*1 
1 2C(z) - 1 = ? C"(yx)(z-y^) + ...

2.5 The number of zeros N of C(z) - 1 in a disk of 

finite radius r about z = 0 satisfies the follow­

ing (Jensen's Theorem, Rudin [21] , p. 330)

|C(0)-l|
N 
n 

n=l

7T
rîTT = exp{JL C logl c (re0 )-11 d0 } 
IDnl J

(6.13)
where C(0) -1^0 and b^ ... bN are the zeros of

C(z) - 1 within the disk. Zeros of multiplicity 

k occur k times.

Property 2.5 listed above cannot be used as it stands 

since one does not know that C(0) - 1 / 0, or any other 

properties of C(0). Therefore, if one wishes to bound the 

number of zeros of C(z) - 1 and therefore the number of 

support points of Q in any interval by using (6.13), (6.13) 

must be put in a different form. To do this consider the 

real zero of C(z) - I at y^ and the function

g^z) = Ctz+yp - 1 = C" (yp z2 + ...

Now gjz)/z2 is a real entire function to which (6.13) may 

be applied giving
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|ic"(y1)| n -r^-r- = X exp f log|g, (re^6) |d9} 
z x n=l iDn< r J-ir

N r
To handle the term n -fe—r , one may follow the procedure 

n=l 'Dn'

of Rudin [21], p. 332 to yield

IT
11 c" (yj) | 2N < -^ exp J log|gi(2rej6) |d9] 

“K (6.14)

Now 

. . 2 . 2
|g1(rej6) | < |C(rej6+yi) | + 1 < esr 6+ 1

therefore (6.14) becomes

" - 1^5-2

? 2.2+ J !°g [e*sr sin 6+l]d9} 

(6.15)

N is the total number of zeros (real and complex) in 

the disk of radius r and is larger than 2M-2 real zeros, 

where M is the number of support points contained in the 

disk of radius r (which have multiplicity 2) and the -2 is 

for the zero which was removed in generating g^. Therefore, 

the number of support points M in the interval of length r 

on either side of y^, is bounded by
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M - 1 + 2 log 2 ^^IC" (yi) | ]

2 2è flogte4- sin 9 

-TT (6.16)

4sr^
(6.16) gives

1 e4sr\l
M - 1 + 2 log 2 109 [2r2|c"(y1)| (6.17)

Now C"(y^) < 0 and as s increases, one expects that 

there will be more points of support within the disk of

radius r and therefore Icty^) | must increase. The term

log He” (yx) 11 ' therefore, is expected to decrease as s

increases. Therefore, since as s increases log
[e4sr2+l] ~ 4sr2 it is seen that M ceui grow no faster than

linearly with s. This presents a useful guide to how the 

number of support points of Q grows with s. At dmax, there 

is one support point. Thus as one moves up the rate distor­

tion curve, the number of support points of the achieving

reproduction measure grows (from one) no faster than linearly

with the slope of the rate distortion function.

The above discussion summarizes the consequences of the

two alternatives of Lemma 6.2. To determine which alterna­

tive of Lemma 6.2 is in operation, the following theorem 

will be most important. This theorem utilizes the idea of 

a strong source as introduced in Chapter 5, and demonstrates

? 2
Since =1" »
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the utility of this thinking again. In this case, a strong 
2 

source is one which dominates esx outside of some finite 

interval.

Theorem 6.2 The rate distortion function for any strong 

source and any s > 0 is achieved by a reproduction 

measure Q which is generated by a finite number of dis­

crete masses.

Proof: A strong source is one by definition which 

limits the support of Q to a finite interval. There­

fore, the first alternative of Lemma 6.2 is eliminated. 

The support of Q is, therefore, discrete. The support 

of Q is finite because the number of zeros of an entire 

function, which C(z)-1 is, in any finite circle in the 

complex plane is finite (see Markushovich [20], p. 43). 

Since the support is limited to a finite interval, it 

must be finite. ///

Theorem 6.2 is important in establishing the form which 

Q must have. In the next section, its use will be estab­

lished. 

6.2 Consideration of Solutions

Section 5.1 showed that there were two alternatives to 

the support of the Q which achieves R(d). The first alter­

native's solution (when C(y) = 1 V y e Y) was related to 

cases where the SLB is tight. The second alternative's 

solution (support of Q is discrete) gives equations to be
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solved of the form:

=f e~^ Px(dx) i=l...N (6.18)
Jx

1 =[a(x)e~s(*~Yi? P (dx) i=l...N (6.19)

4
where

= % q.e-s(x-ri)2 (6.20)
1=1 1

and and y^ must be found such that

N 
q. =1 (6.21)

i=l 1

and

C (y) < 1 ¥ y £ Y (6.22)

In general, integrations of the form (6.18) and (6.19) cannot 

be done analytically and, therefore, numerical techniques 

must be employed. To perform the numerical integrations, 

the source will be truncated (if it is not already). In 

fact, in the case of either alternative of Lemma 6.2, if 

numerical integrations must be carried out, the source will 

be truncated (if it is not already). This means that the 

source will be replaced by another source which has no 

support outside of some finite interval and is approximately 

equal to the true source in the finite interval. Note that 

this must also be done when Blahut's algorithm is to be used.
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However, if a source has no support outside of some finite 

interval, it is necessarily strong and, therefore, by 

Theorem 6.2 its Q support must be finite. The problem, in 

general, then becomes, in the case when the SLB is not 

tight, one of dealing with a strong source and, therefore, 

with a finite number of points of Q support. An algorithm 

for finding these points will be developed in Section 6.3, 

however, the remainder of this section will consider the 

error introduced in the rate distortion function by trun­

cating the source. An upper bound to the error will be 

developed in terms of the points where the source is trun­

cated.

To do this, the p-distance between two random variables 

(X and Z) will be introduced.

p(X,Z) = inf E{d(x,z)}

where the inf is over all joint probability measures P with 

marginals Px and ?z, and d(x,z) is the distortion measure 
2 

being considered. Here, of course, d(x,z) = (x-z) . The 

following Lemma relates the p-distance to the distortion 

rate functions of the memoryless sources X and Z and the 
2 

distortion measure (x-z) .

Lemma 6.3 For the squared error distortion measure

- Dz 1/2 I 2 5 P(X,Z) (6.23)

Proof : See Gray and Davisson [22]. A different proof
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shall be presented here. Consider Fig. 6.1. In

Fig. 6.1, Pxz is the joint measure between the random 

variables X and 3 with X and Z marginals given (P% and 

p%). is the joint measure between the random 

variables Z and T with the Z-marginal (P^) given. Let 

p be a measure with X and Z marginals P„ and P , 

respectively, and X,Z,T related as in Fig. 6.1.

Now consider the inequality

(x-t)2 < (|x-z|+|z-t|)2

and define the set A* as

A* = {Pxzt: I(Z;T) < R}

One may use these to give

inf E{(X-T)2} < inf E{(|X-Z|+|Z-T|)2} (6.24)
A' " A'

and applying Minkowski's inequality to the right side 

of (6.24) gives

inf E{(X-T)2} < inf [E{(X-Z)2}1/2 + E{ (Z-T)2}1/2J2
A' " A'

(6.25)
By the definition of A', (6.25) becomes

inf E{ (X-T) 2} < [ p(X,Z)1/2 + D W1/2}2 (6.26)
A' *

where D%(R) is the distortion rate function of the 

source z. Since
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Fig. 6.1 The Relationship Among

Random Variables X, Z, 

and T in Lemma 6.3
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I(X;T) < I(Z;T) < R

then

inf E{(X-T)2}> Dx(I(X;T)) > DX(R) (6.27)
A*

Therefore, (6.27) may be used with (6.26) to give

Dx(R) < [p(X,Z)1/2 + Dz(R)1/212

One may exchange the role of X and Z in the above

to give the similar result that

D2(R) < [p(X,Z)^2 + Dx(R) 1/2J2

(6.23) follows immediately. ///

One would like a quantity relating the difference 

between D (R) and D (R) rather than the difference between 

their square roots. To accomplish this note that

|DX(R) - Dz (R) | < P(X,Z)^2 (D//2(R) + DZ1/2(R))

now recognize that d^x is the largest distortion for R > 0, 

therefore

|DX(R) - Dz (R) I < -P(X,^2 td^x + a^xl (6.28)

(6.28) bounds the difference between the distortion 

rate functions (and, therefore, the rate distortion func­

tions) of two memoryless sources in terms of the p-distance 

between them. One now needs to be able to evaluate this 
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bound in order to bound the error between a source and a 

truncated approximation of it.

To do this choose a^ and b^ as the end points of the 

interval of support of the truncated source, and consider 

the mapping between X and Z such that

1. If a, < x < b, then z = x. 1 - -
2. If x / [ai'b]J ' then choose z at random from a 

uniform distribution over [a^bjJ.

The conditional distribution for this mapping is

P(dz| x) =
6 (x-z) dz

Pim O

x E [a-j^b-jJ

x t [a^b^
(6.29)

where

Pun(2) =

1 
bl”al

0

z e [a^b^J 

elsewhere .

It follows from (6.29) that

Pz(dz)

Px(dz) + [1- Px(dx)]Pun(z)dz 
bl>

% £ [a^b^ (6.30)

0 elsewhere

Z is, therefore, a truncated version of X, and since this 

mapping is in the constraint set of the definition of the
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p-distance between Z and X then

P(X;Z) (x-z)2 P(dz j x)Px(dx) (6.31)

Substituting (6.29) into (6.31) gives

p(X,Z) < (a.+b.)2 + △ / (x-
*'[a1,b1]C

a^+b 1 2 -rpx(dx)

(6.32)

where

△ = 1 -I Px(dx)

An example will illustrate the use of (6.32).

Example 6.1 One Sided Exponential Source

The one sided exponential source is specified by its

density function as

Px(x) =
x e [0f”)

elsewhere

Since one side is already truncated at zero a1 = 0, 

thus

r^l
A A 1 - J a = e-°bl

0

and

0
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2
J (X- —px(x)dx = e^lly + -A + ^) 

bl

Therefore 
b 2 b 

p(X,Z) < e 2^l [—y- + + (6.33)

One may, therefore, pick b^ large enough to make (6.33) 

(and, therefore, the difference between Dx and D^) as 

small as desired.

6.3 Evaluating R(d)

This section is concerned with evaluating R (d). From 

the arguments of the last two sections, one might anticipate 

constructing Q from a finite number of discrete masses, the 

number of which grows no faster than linearly with s. One 

also knows that at the point dmax, there is one discrete 

mass generating Q.

If Q is to be constructed from discrete masses, an 

iterative algorithm of the form (Blahut’s iteration)

9i+1 - «5 ck<yi>
where g± are the weights of the discrete masses generating 

Q, cannot be used by itself since it can only adjust the 

weights, q^, of the masses and not their positions. One, 

therefore, needs a way of finding the positions as well as 

the weights. To do this, consider F(s) (equation (2.20) )
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F (s) = log [a(x)]Px(dx) (6.35)

Since the achieving Q is made up of discrete masses, one 

may consider a(x) of the form

N 2
a"\x) = I g e-s (x-yp 

i=l

where N, q^, and are unknown. Therefore,

F (s) < J â -f log [ ! q,e-^-y/lP,c(dx) 

~ J— i=l 1

J is a nonlinear functional in terms of the y^ and . The 

minimization of functionals such as J is a topic in nonlinear 

programming (see Himmelblau [23], for example). In fact, 

one may approach the problem from here on in this context. 

The problem (of minimizing J and, therefore, finding F(s) ) 

may be thought of as a minimization over two vectors % and £ 

with % unconstrained and £ linearly constrained (by (6.21)). 

Solutions of problems of these types are discussed in [23], 

for example. One is hesitant to suggest a particular non­

linear technique at this point since this is a developing 

field in its own right and improvements are certain to be 

made. However, algorithms of this type can usually be put 

in the form

J**1 - / + w" (6.37)
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where Xk is a scalar to be chosen to maximally decrease the 
k .cost function (J) for the direction vector w . This is 

accomplished by a linear search varying X . The direction 

vector wk is chosen and updated at each iteration by a 

variety of schemes, many of which are discussed in [23], 
k • for example. The key element in the direction vector w is 

usually the gradient of the cost function, J. To consider 

this with respect to J, note that

W--qC'<y±) (6-38)
i j.

and

= -C(y.) (6.39)
dq±

(6.38) and (6.39) demonstrate the importance of C(y^) and

C'(y^). (6.39) should reemphasize the importance of Cty^)

in Blahut's iteration, (6.34), which has already been shown 

to decrease J (Chapter 2). In fact, (6.34) may be put in 

the form of (6.37) or

q£+1 = £ + gJtCjJyil-l] (6-40)

In (6.40), Xk=l and the one occurs in the right side of 

(6.40) to help satisfy the linear constraint (6.21).

(6.38) and (6.37) suggest an algorithm for positioning 

the y^s: of the form

y^+1 = y^ + C(y^> (6-41)

• k
where av is a positive gain factor (containing X ) to be 
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determined. (It should be noted that Benjamin [9] has 

utilized similar thinking in studying discrete sources.) 

The following lemma establishes (6.41).

T^mma 6.4 If C (yj) 1 0 1-1,...,N, then there exists 

a positive ak = [ak,...,a^l for which (6.41) generates 

a J. via (6.36) such that

Jk > Jk+1 *

Proof : From (6.36) and (6.41)

then
/* k+l

1

-à- ^x(W

ay^^ k
Since — = C (y,) this is oa^ *

ai-^k'^k+l^ " zsq^'(y^+1)c* (y±)

Therefore,

^k-^|a.-O^^i'^^i'^

The right side of this is greater than zero if
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C(y^) 0, therefore, because of the continuity of

j with a\ there must be a positive a such that 
k+1

Before developing a procedure for solving the problem 

of minimizing J, some specific ideas, which will be helpful, 

should be developed. Lemma 6.4 and Blahut's iteration 

(6.34) guarantee a decreasing sequence of Js. However, 

the sequence has not been shown to converge to F (s). One 

would like to specify a starting Q and be assured that the 

limit point of the sequence of Js is F(s). Blahut [5], as 

mentioned in Chapter 2, was able to do this if the starting 

Q was chosen to be absolutely continuous with respect to 

Lebesgue measure and the absolutely continuous part, q(y), 

was strictly positive V y e Y. (One now knows because of 

the idea of a strong source that this can be weakened such 

that the starting g(y) need be strictly positive only over 

the finite interval containing the support of the truncated 

source.) As has been shown, the limiting Q is discrete. 

Thus, although the seguence generated using Blahut's 

algorithm is converging to F(s) (without considering the 

numerical approximations), it must be attempting to approx­

imate a discrete support as it progresses. By starting 

from a discrete support, as suggested here, one gives up 

the general starting point for which convergence can be 

proved but gains computational advantages.

The problem of the limit point of the algorithm is of 
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importance; however, in practice one has an absolute measure 

of the error between any J and F(s) . To develop this 

measure, the generalization of an idea of Blahut [5] is 

useful. Define

C „ - max C(y) (> 1) (6.42)max yey -

Since truncated sources are being considered, C(y) will be 

finite and attain its maximum in the finite closed interval 

containing the support of the truncated source. Now let

f 2a* (%) * tcf .-<*-?> QtdyH-l = 
max

Clearly,a*(x) is in the constraint set of Lemma 2.8 since 

cmax - lf therefore,

F(s) >1 log[a(x) ]Px(dx) - log Cmax (6.43)
h

(6.43) implies that

F(s) + log C_,„ >1 log[a(x)]P (dx) > F(s) (6.44) 
* X

(6.44) indicates the importance of Cmax in evaluating how 

close any J is to F(s).

In general, evaluation of CmaY requires a search of 

C(y) over the closed interval bounding the support of the 

source. The algorithm (6.41) is, of course, attempting to 

position the y^ at points of local maxima, {C^} , of which 
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one may be Cmax- One hopes that as the iteration progresses, 

C will be in the set {C. } so that the algorithm has a max un
chance of stopping. For example, if Cmax is a local maxima 

of C(y), which does not have a point of Q support associated 

with it, then the algorithm will not converge to F (s). If 

this situation occurs,one may, of course, insert a discrete 

mass at this point (at Cmax) and proceed with the iteration. 

The existence of such a discrete mass, which reduces J, is 

assured by the corollary of Theorem 2.2.

If one is to use the nonlinear programming techniques, 

as suggested, the stopping conditions are usually given in 

terms of conditions on the gradient of J. These measures 

are in terms of tolerances on |l-C(y^)| and |C’(y^)| in 

this case. To relate tolerances on F(s) to tolerances on 

jl-C(yi)| and |C (yp | one should consider that the 

associated with the point y^ is such that

|clm-i| < AlcVYjH + lety^il

provided y^ is sufficiently close to the position of C^m so 

that (y^) < 0. A, here, is the interval of support of 

the source. Therefore, if C is in the set {C. } then 

using (6.44)

J-F(s) < max {A|C (y±) | + |C(yi)-l|} (6.45)

(6.45) suggests picking tolerances on the gradient of the 

order of the accuracy desired of F(s).
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One would like to find a starting Q such that after the 

tolerances on |C (y^ | and | C (y±)-11 are met is con­

tained in {Ciml and, therefore, the procedure may stop. 

Since one has a bound on the number of support points in 

the solution (for a particular s), one might wish to use this 

number uniformly distributed through the interval of support 

of the source as a starting Q. The bound on the support 

is, in general, larger than the actual support of the solu­

tion and, therefore, it would require carrying a larger 

number of points than is necessary. This can require con­

siderably more computation time. Further, since position 

points are certain to merge as the iteration progresses, 

there is no guarantee that they might not merge to a smaller 

set which cannot achieve F(s). For these reasons, this 

approach is not the most desirable.

It seems easier to proceed from the point at dmax in 

generating the rate distortion function, since one knows 

that at dmax there is a single point of support and as one 

moves away from d the number of support points can grow 

no faster than linearly with s. One may, therefore, con­

struct the solution by increasing s from d^x and using the 

preceeding solution as the starting point of the algorithm 

for the next s. If this procedure is followed, one can see 

that local maxima of C(y) that are not associated with a 

support point form as s grows until they become such that 

C(y) > 1 in their vicinity. This suggests that they then 

require a point of support. These ideas can best be demon­
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strated by an example. Before doing this, however, the 

following procedure summarizes the above thinking.

1. Construct the solution at d__„ by using

Q(dy) = ô(y-n)dy (6.46)

where n is the mean of the source.

2. Determine by plotting C(y) the maximum s (smax) 

for which (6.46) is the solution.

3. Consider an s slightly larger than smax and con­

sider the regions where C(y) > 1. Place discrete 

masses at the maxima of these regions and, there­

fore , construct a new Q.

4. Pick tolerances on |C(y^)| and |C(y^)-l| of the 

order of the desired tolerance of F(s) and use a 

nonlinear programming algorithm to iterate the y^ 

and q^.

5. Iterate until the tolerances have been met and plot 

C(y) to determine Cmax.

6. If C is such that the accuracy on F(s) is satis­

fied then stop. If the accuracy has not been met, 

then either continue the iteration if C„„ is in 

the set {C. } or insert discrete masses to assure im
that Cmax £ {C^mJ and continue to iterate.

7. When the tolerances are met again,determine Cmax 

and repeat step 6.

8. Use the resulting Q as the starting point of the
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procedure for the next value of s (increase s).

The procedure continues from step 2.

The following example and discussion should illustrate this 

technique.

Example 6.2 Uniform Source

The uniform source to be considered is given by

Px(x)

1
2/3 (6.47)

elsewhere

This has been chosen such that d___ = 1. This source has max
a mean value of zero and, therefore, the Q at d^^ is given

by

Q (dy) = S (y)dy (6.48)

From (6.48)

= sinh^VT sy] }
2^ sy (6.49)

Near s = .5, (6.49) may be shown to satisfy the necessary 

and sufficient condition that C(y) < 1 V y e Ÿ and, there­

fore, smax is near s = .5. If one considers s = .6, 

Fig. 6.2 shows C(y) for y > 0 (C(y) is symmetric about y = 0). 

Fig. 6.2 shows that two local maxima (the one for y < 0 is 

not shown) occur a distance from y = 0. One may insert 

masses at these points and iterate an algorithm. The algo­

rithm used to position the y^s in this example is the
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Davidon-Fletcher-Powell method as available in the IBMzSSP 

software package [24]. Table 6.1 indicates that the result­

ing solution for s = .6 consists of two discrete masses. 

Table 6.2 indicates the corresponding values of R, d, and 

F(s). The accuracy in Table 6.2 is to four places.

As Table 6.1 shows, the two point support solution 

continues to be the form of the solution until approximately 

s = 1.5 where a small discrete mass appears at y = 0. The 

three point support solution continues Until approximately 

s = 3. where two more points of support are needed. The 

pattern of growth of the support points should now be clear. 

The growth of the support points is one of spreading and 

filling. New points emerge by either the splitting of old 

points or they emerge to fill a gap created by the separat­

ing of old points. As is illustrated in this example for 

N = 4, all values of N need not have solutions associated 

with them.

It is also interesting to note how much of the rate 

distortion function is mapped out by such a small number of 

points of support of Q. R(d) is plotted in Fig. 6.3 for 

the uniform source along with the rate distortion function 

for the Gaussian source with d„„„, = 1. max
This example illustrates the use of the procedure pre­

sented in this section and the behavior of the solution. As 

was mentioned, the Davidon-Fletcher-Powell routine was used 

in determining the positions. The weights in this example 

can, of course, be determined by symmetry in the region of
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Table 6.1 Positions and Weights (y^g^) 
of the Reproduction Measure for the 

Uniform Source and the Squared Error
Distortion Measure for dmax = 1.

s
(y^i) (posit:ive y^ only)

.6

.7

.8

.9

1.

1.1

1.2

1.3

1.4

1.5 (0.,

(.5011, .5 )

(.6306, .5 )

(.6996, .5 )

(.7417, .5 )

(.7696, .5 )

(.7888, .5 )

(.8028, .5 )

(.8131, .5 )

(.8213, .5 )

.0224 ) ( .8390, .4888 )

1.6 (0. , .1048 ) ( .8914, .4476 )

1.7 (0., .1602 ) ( .9332, .4199 )

1.8 (0., .19 ) ( .9589, .405 )

1.9 (0. , .221 ) ( .9894, .3895 )

2. (0., .2406 ) (1.01 , .3797 )

2.1 (0. , .2556 ) (1.028 , .3722 )

2.2 (0., .26728) (1.0419, .36636)

2.3 (0. , .2769 ) (1.0545, .36155)

2.4 (0., .28416) (1.0644, .35792)

2.6 (0. , .2954 ) (1.0808, .3523 )

3.4 (0. , .15) (.4022, .121) (1.1633, .304)
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Table 6.2 Rate, Distortion, and F(s) 
for the Uniform Source and the Squared Error

Distortion Measure for d_=w = 1.

s F(s) d R

.6 .5862 .7489 .1369

.7 .6532 .6024 .2315

.8 .7085 .5106 .3000

.9 .7563 .4499 .3515

1. .7992 .4077 .3915

1.1 .8383 .3777 .4228

1.2 .8749 .3555 .4483

1.3 .9096 .3388 .4691

1.4 .9427 .3255 .4871

1.5 .9747 .3118 .5070

1.6 1.0047 .2887 .5428

1.7 1.0326 .2687 .5758

1.8 1.0586 .2552 .5992

1.9 1.0831 .2375 .6318

2. 1.1062 .2249 .6563

2.1 1.1281 .2141 .6786

2.2 1.1490 .2046 .6989

2.3 1.1691 .1959 .7185

2.4 1.1883 .1890 .7346

2.6 1.2249 .1770 .7648

3.4 1.3502 .1380 .8811
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Fig. 6.3 The Rate Distortion Function for 

the Uniform Source and the Squared 

Error Distortion Measure for d^=l.
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R(d) where a two point solution holds or by Blahut's itera­

tion in general. In utilizing these techniques one may want 

to alternate the iteration of the q^s and y^s or wait until 

after several iterations to switch. To utilize the full 

advantage of a nonlinear technique such as Davidon-Fletcher- 

Powell more than one iteration of the y^s is necessary before 

moving the q^s. For a small number of support points, one 

may find an interactive procedure quite satisfactory. That 

is, guess the q^ and use a nonlinear technique such as 

Davidon-Fletcher-Powell to give the y^ As the above exam­

ple indicates, this is a useful procedure over a large part 

of the curve when symmetry is also utilized since one has 

only a small number of variables to deal with.
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