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I. INTRODUCTION

Rate distortion theory as invented by C.E. Shannon
([11,[2]) was proposed to address the problem of transmitting
a message from a source across a disruptive medium at a rate1
higher than could be achieved with negligible error. This
problem occurs most commonly when the source produces a con-
tinuous valued message, such as in the cases of speech and
video. Since one must always sacrifice something in this
situation, a distortion criteria, which may be specified by
the user of the message, was introduced. With this criteria
specified, the message could be modified by some means (cod-
ing for example) such that the average distortion be minimized
at a given rate. Therefore, rate distortion theory is con-
cerned with source-user pairs.

To be specific, the source will be defined here as having
an alphabet of letters from which it produces one at random
at regular time intervals. The randomness is controlled by
a probability law. A source will be said to have memory if
there is a probabilistic dependence betwéen the outputs at
different times. The user will also have an alphabet and will
receive one letter from this alphabet at regular time inter-
vals. Which letter is received is dependent on what was sent

and the properties of the disruptive medium, which shall also

Ikate will ultimately be reduced to some physical concept such

as symbols/sec or bits/sec. Since coding is not being
addressed this will not be made precise. See [4] for the
precise usage.



be governed by a probability law. The disruptive medium is
referred to as the channel. The distortion criteria shall
be a function on the source and user alphabets into the real
line.

In general, one cannot control the disruptive medium
and, therefore, control can only be inserted between the
source and channel and between the channel and user. The
processing inserted shall be referred to as coding and
decoding, respectively. It is convenient to think of the
coding as being separated into two processes, namely, source
coding and channel coding and similarly the decoding opera-
tion into channel decoding and source decoding.

Because of Shannon's work [1l] and others on the problem
of transmitting a message across a disruptive medium with
negligible error (the channel coding cbjective), the source
coding problem can be viewed as the reduction of the rate of
the source to one which can be reproduced with negligible
error (via chaﬁnel coding) at the output of the disruptive
medium, while introducing the smallest possible average dis-
tortion in doing so. As one might expect, there is a lower
1imit to the induced distortion at a particular rate. This
lower limit is the subject to be considered here. It will be
referred to as the rate distortion function for the source
and user specified distortion criteria. The fact that this
is the lower limit to the performance (as measured by the
distortion criteria) of any strategy one might invent is made

precise by a source coding theorem. The fact that one can



invent a scheme to get arbitrarily close to this limit is
referred to as the source coding theorem. The fact that no
scheme can do better is known as the converse source coding
theorem. Precise statements of source coding theorems and
their converses may be found, for example, in the books by
Berger [3] and Gallager [4].

The subject to be considered here is the evaluation of
the rate distortion function. This problem has proven to be
extremely difficult even in the seemingly simple cases. To
date, the solution to only a handful of memoryless sources
and distortion criteria has been found analytically and the
results for even fewer sources with memory are known. Berger
[3] surveys this area up to 1971.

One might sight some of the progress that has been made
in this direction and that is especially relevant here as:

.« The evaluation of the rate distortion function for
the memoryless Gaussian source and the squared error
distortion criteria by Shannon [1]. (1948)

- The evaluation of .he rate distortion function for
the Gaussian random process and the squared error
distortion criteria by Kolmogorov (see [3]). (1956)

+ The Shannon Lower Bound to the rate distortion func-
tion with difference distortion criteria by Shannon
[2]. (1959)

« fThe variational equations are credited to Gerrish by
Berger [3]. (1963)

. Bounds on the rate distortion function of sources with
memory in terms of the rate distortion function of
the associated memoryless source by Wyner and Ziv [7]1.
(1971)

« An iterative procedure for evaluating the rate dis-
tortion function by Blahut [5]. (1972)



. Evaluation of the rate distortion function for the
memoryless Gaussian source and the magnitude error
distortion criteria by Tan and Yao [6]. (1975)

One might note the continued interest in the continuous
alphabet case after the appearance of Blahut's algorithm. A
reason for this might be that Blahut's algorithm, which very
nicely handles the discrete memoryless problem, is in prac-
tice subject to problems, which will be discussed later, when
applied to the continuous alphabet source.

This dissertation concentrates on finding rate distor-
tion functions for continuous alphabet memoryless sources,
although many of the techniques are applicable in the case of
memory. Since the Wyner-2iv [7] bound on sources with memory
is expressed in terms of the rate distortion function of a
memoryless source, this work is of interest from that aspect
also. The approach followed is to carry the problem analyt-
ically as far as possible and obtain analytical expressions,
where possible. This approach will often not yield an analyt-
jcal closed form solution but will yield a procedure which
is hopefully superior to a blind use of Blahut's algorithm.

To allow a certain completeness of the presentation,
many results are repeated here with reference to Berger [3]
or Gallager ([4]. For historic credit,one should refer to [2]
or [4] for the true origin of these results. Other proofs of
standard results, such as Csiszar [8], are included not only
for completeness but because they seem to be the nicest way
(at present) of arriving at these results. |

Chapter 2 presents the basic definitions and properties



of the rate distortion function. It considers the develop-
ment of the form of the solution. Csiszar's [8] recent
approach to this form is utilized to develop the basic equa-
tions. This approach requires arguments that the solution
exists (this will be made clear later) and results to this
effect will be presented in Chapter 3. The necessity for the
mathematical rigor used here seems unavoidable because of
the nature of the solution. Chapter 3 should help to point
out an aspect of the rate distortion function,which is not
often mentioned in the literature and apparently not widely
appreciated, that is,when the inf is achieved (see Chapter 2
for the definition of the rate distortion function).

Chapter 4 considers the solution of the equations
developed in Chapter 2 and discusses the possible role of
estimation theory in aiding the solution. It primarily sets
the stage for Chapters 5 and 6, which consider the two exam-
ples of magnitude and squared error distortion, respectively.

Chapter 5 considers the magnitude error distortion cri-
teria. In this example, integral equation techniques can be
applied as illustrated by Tan and Yao [6]. In Chapter 5,
the connection with estimation theory is demonstrated and
used to eliminate one of the integral equations. Examples
and discussion of the solution are presented.

Chapter 6 considers the squared error distortion criteria.
In this case, the integral equation techniques utilized in
Chapter 5 don't work. The analytic properties of the equa-

tions, however, require the solution to be of a very restric-



ted form. An algorithm is presented based upon this work to
find the solution. The algorithm presented has been utilized
in slightly different form by Benjamin [9] in considering a
discrete source and continuous reproduction alphabet with the
squared error distortion criteria. The work here subsumes
Benjamin's work and shows in a broader and more interesting

setting the use and utility of this thinking.



II. THE RATE DISTORTION FUNCTION AND ITS PROPERTIES

The introduction described rate distortion theory as
being concerned with source-user pairs. The mathematical
definitions of what this shall mean here will be given in
this chapter along with the definition of the rate distor-
tion function and some of its properties.

The source has an alphabet X governed by a probability
law on the outputs. The source emits values from g at
regular time intervals. On any N consecutive time intervals
there is, therefore, an N-sequence of values X9 from this
source. The statistical properties of any N-sequence of
values from the source is governed by the source probability
measure P§ on the sigma algebra A(ZF) of sets from the pro-
duct space g?. The source will further be required to be
stationary and ergodic. The source alphabet shall be real
valued. In Chapter 3, further topological requirements on z
will be made, however, these need not be made at this point.

The user or reproduction alphabet i is also real valued
and will also have further topological requirements in
Chapter 3. The user will receive,at regular time intervals,
a value from Y. One value from Y shall be received for each
value emitted by the source. An N-sequence 6f values from ¥
is denoted by e

The statistical properties of any N-sequence of received
values are governed by a probability measure PN on the sigma

algebra A(EFXE?) of sets from the space g§x2§ with the



restriction that

N - N =N
P_(3) -f _NP (a,dy,) V¥ AcA(X")
AXY

PN thus describes a probabilistic mapping between N source
outputs and their corresponding reproductions. The induced
probability measure on the sigma algebra A(EF) of sets from
z? shall be denoted by QN. The mapping governed by PN shall
be referred to as a test channel and it will be a task of
this dissertation to find the test channel which is optimum
in a sense to be defined shortly.

To complete the source-user terminology,the user shall

specify a class of distortion criteria D on N-sequences such

that

D= {dN(gN'XN) N=1,2,....}

dN(EN,xN) will be constructed from the single letter distor-

tion measure d(x,y) such that

N
izld(xi,yi)

= ]

dN(-}EN'Y-N) =
d(x,y) shall be a mapping of values from zxz'into the posi-
tive real line [0,»). Other restrictions on d(x,Yy) will be

presented in the following,as needed.

In the following, the average distortion attributed to

a particular PN shall be denoted by d(PN) where

—NdN (5N'1N) PN (d§N,dy_N)
Y

a@eh)

X

—



The I-divergence between two probability measures P, and

P. on the same space Z shall be defined asl

2

P, (A.)

A v 1771
I(p,||P,) = sup izlPl(Ai)loglngzzyl (2.1)

where the sup is over all partitions of Z such that AieA(Z),
the sigma algebra of sets on Z. The mutual information

between the random N-vectors from the source and reproduction

can thus be defined as
v 2 1) = 1@V ()Y (2.2)

where PI;:XQN is the product measure generated from the margin-
als and ggxzy is partitioned into rectangles in the defini-
tion of I-divergence above. The partition need not be rec-
tangular, however, as shown by Dobrushin (see Pinsker [10]).

It is well known that
I(P;llpy) 20 (2.3)

The other elementary properties of this guantity will be used
throughout this dissertation without proof. The following

theorem on the form of I(Pllle) is of importance here.

Theorem 2.1 (Gelfand-Yaglom-Perez)

If Pl is not absolutely continuous with respect to P,,

then I(P;||Py) = =. If Py is absolutely continuous with

respect to P2 (Pl<<P2), then

iNote all logarithms,unless specified otherwise, shall be the

natural logarithm.
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I(py|lPy) =Jf logla(z) 1P, (dz) (2.4)
A
where a(z) is the Radon-Nikodym derivative of Pl with

respect to P2'
Proof: See Pinsker [10] p. 23-25. ///

With this terminology defined, the rate distortion func-

tion R(d) may be defined as

A ..
R(d) £ 1im R_(d) 2.5)
N-];co RN (
where
Ry (d) 8 inf % 1 (xN; ¢V (2.6)
PNEAN
and

N N N
aN = {p": . (%.,v.) P {dx,.,dy.) < 4
L;Janiulu X9y’ 2

Y
A N N .
and P has P as a marginal}

The companion function or inverse function,known as the dis-

tortion rate function,shall be defined here as

D(R) £ lim Dy (R) (2.7)
N-»oo
where
A,
Dy (R) = ;anE{dN(EN’zN)} (2.8)
P eB
and

B” = {P: % I(XN;YN) < R and Pz is given}
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The limits in these definitions exist for stationary

sources,and for any N
Ry(d) > R(d)
This fact is stated in the following lemma.
Lemma 2.1

lim (d) = inf (d) (2.9)
N+ RN N RN

Proof: See Gallager [4] Thm. 9.8.1. The proof uses

the fact that I(X;YZ) > I(X;Y) and the definition of

RN(d) to obtain
(L+N)RL+N(d) <L RL(d) + N RN(d)

Gallager's [4] lemma 4A.2 is then used to prove the

result. ///
If the source is memoryless then
R(d) = R, (d)
and
D(R) = Dl(R)

Therefore, only Rl(d) need be considered here although RN(d)
will be considered through Chapter 3.

It should be noted that the definition of the rate dis-
tortion function is often stated in the form shown on the

right hand side of equation (2.9). It should also be remem-
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bered that the rate distortion function as defined here
gains physical significance from a source coding theorem.
For example, see Berger [3] Chapter 7.

A basic property of RN(d) is its convexity, which is

stated in the following lemma.

Lemma 2.2 RN(d) is a positive nonincreasing convex U

function of d.

Proof: Follow the procedure of Gallager [4]

p. 445-446. ///

The convexity of RN(d) has important consequences in the
properties of RN(d) to be developed. The following lemma

states such a property.

Lemma 2.3 If there exists a PN which achieves the point

Rg(d,) # 0, then aceV) = d,.

Proof: If there is a PN such that d(PN) = d1 < d2 and
it achieves a point on RN(d), namely RN(dz), then it
must achieve the point R(dl) as well. This implies

that R(dl) = R(dz) since the rate distortion function is
nonincreasing. However, this can only happen at R=0

because the rate distortion function is convex U. ///

In developing properties of the rate distortion function
it is useful to parameterize it. That is, express R and d
in terms of another variable, which will be called s. It

will soon become apparent that s is related to the slope of
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RN(d). A point on RN(d) will often be referred to as (Rs,ds)
when that point can be associated with a particular value of
s. The point (Rs,ds) shall be associated with a straight
line with slope -s,lying strictly below RN(d), and touching
RN(d) at the single point (Rs,ds). In general, however, a
single point on RN(d) may have several s associated with it,
as will become apparent. The following lemma will be helpful

in proving results in this area.

Lemma 2.4 If a straight line lying strictly below and
touching RN(d) at a single point (RN(dl),dl) has slope

-s (not necessarily unique), then
Ry(d') + sd' > RN(dl) + sd, ¥ 4’

Proof: If one considers the rate axis as u and the
distortion axis as v, then any point on a line touching

RN(d) at dl with slope -s is given by
ut+sv = RN(dl) + sdl

For some point v = d', let u be given by this equation.
The convexity of RN(d) requires that ug, < RN(d'),

therefore
R(d') + sd' > R(4y) + sd,
and this argument holds for all d'. /1

The relationship s has to RN(d) should now be clear. It

can be seen that because of the convexity of Rﬁ(d) that s
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need only be positive. Fig. 2.1 shows a typical RN(d), which
might be encountered.

It will now be useful té generalize the ideas presented
in Lemma 2.4 and utilize some ideas introduced by Blahut [5]
and extended by Csiszar [8]. The quantity J(PN,QN,S) is

defined as

N .N

J@¥,oN,s) &

12V [2Wx™) + s acet) (2.10)

where here PN and QN need not be related. That is, QN need
not be the YN-marginal of PN. However, Pﬁ is still required
to be the XN-marginal of PN. In the case when QN is the
YN-marginal of PN, the special symbol J(PN,s) shall be used.
From J(PN,s) the important quantity FN(s) may be defined as

Fy (S) 8 jng g2V, s) (2.11)

PN

where the inf is over all PN

with the proper XN-marginal and
s is a positive real number. The following lemma establishes

the relationship between RN(d) and FN(s).

Lemma 2.5 If P? achieves FN(s) then it also achieves
. _ N . e oN

the point on RN(d) at d1 = d(Pl). Further, if P2

achieves a point on RN(d) at d2 = d(Pg), then it

achieves FN(S) for the s for which a straight line with

slope -s and lying strictly below RN(d) is touching

Ry(d) at the single point Ry(d,).

Proof: For some Pg with d3.= d(Pg) and some s>0



P - > -

15

line with slope -s

Fig. 2.1

A Typical RN(d)
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N
J(P3.8) 2 Ryld;) + sdg

This follows from (2.11), (2.10),and the definition of

RN(d). However, Lemma 2.4 requires

Ry(dy) + sdy > Ry(dy) + sdg
Therefore, for any Pg and any s>0
J(P§,s),2 Ry(dg) + sdg
and
Fy(s) 2 Ry(dg) + sdg

. N .
Now assume Pg achieves RN(d) at d2 = d(Pz), which has
a line with slope =-s touching RN(d) at only this point.

Then
3(eY,s) = Ry(dg) + sd > Fyls) 2 Ry(d) + sdg

Therefore, P, achieves FN(s).

Now assume P

=2 N2

achieves FN(s) and let dl = d(P?) then

N A N

FN(s)

but this regquires that

1(e}) = int (") & r(a))
d(p) 24y
thus P? achieves RN(d). ///

Measures which achieve FN(s) are therefore related to
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measures which achieve RN(d), however, the usefulness of
FN(s) and J(PN,QN,S) has not yet been presented. It will be

shown that

F (s) = inf 3(@V,Q%s)
N N N
Q ,P
and that the form which PN must have to achieve FN(s) is very
restricted. To start in this direction, define Pg as the

probability measure generated by a particular QN according to
- N A -S(I)NN
P) (axy,dyy) 2 alxyle Ay (Zr Yn) PN (axy gy (2-12)
where

alx,) 2 {/ZNe-SdN(EN'zN)QN(de)]-l (2.13)
T

This is easily seen to be a probability measure. However,
note that its YN-marginal is, in general, not QN. Looking
ahead, one might want to keep in mind that the problem in
finding a PN which achieves RN(d) will become one of £finding
a QN which generates a Pg whose YN-marginal is QN. It is
also useful to introduce the notation that Qg is the

YN-marginal of PN. For Pg, this may be found by integrating

the XN dependence out of Pg, ie.

N =sd., (Xys¥Ya) pN N
gy = [ alxpe N XN IN P (dxy) 19 (2.14)
Q bl

The bracketed term is recognized as the Radon-Nikodym deriva-

tive of Qg with respect to QN and will be denoted by C(XN)'
Q
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that is

C(yy) %/:Na(EN)e_SdN(EN’XN)Pg(dgN) (2.15)
X

It is easily seen that for QgQ to be equivalent to QN that
C(yy) = 1 almost everywhere ON.

With this notation in mind and the requirement that
J(PN,QN,s) < o and,of course,s>0, it follows by substitution

and algebraic manipulation that

IV, oV, s)

gV, s) + I(lequ) (2.16)

it

J(Pg,QN,s) + 1(pN||pg) (2.17)

Since I-divergence is a positive quantity,it follows immed-

iately that

inf JeY,0Y,s)

QN

JeN,s) (2.18)

and

. N .N N N _ N
lgf J(P,Q ,s) J(PQ.Q /S) = _;og[a(gN)]Px(dgu)

B "X (2.19)
where the term on the right of (2.19) follows from (2.10).
Further, applying the inf over PN to (2.18) and over QN to

(2.19) and using the definition of FN(s) gives

Fy(s) = inf/. 1og[a(§N)]p§(d§N) (2.20)
oV /N
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Tt can be seen from (2.20) and (2.17) that if a measure PN
achieves FN(s), its YN—marginal must achieve (2.20).

The above argument alsoc shows that for FN(s) to be
achieved one must have a PN and an associated YN—marginal QN

‘such that
1(1=N||pg) =0 (2.21)

Further, the YN-marginal of Pg, Qg , must be such that
Q

I(Q§Q| Q%) =0 (2.22)

However, a PN such that (2.21) and (2.22) are satisfied does
not guarantee that FN(s) is achieved.

One needs a necessary and sufficient condition on PN to
guarantee that FN(s) has been achieved. To consider this,
note that eguation (2.22) may be written with the use of

Theorem 2.1 and (2.14) as

I(QI; 1) =[ 109[C(y_N)lC(y_N)QN(dy_N) =0 (2.23)
. i

The necessary and sufficient condition which shall be devel-

oped, is that

Clyy) < 1 b4 XN€2§ (2.24)
Note that (2.23) requires that (See (2.14))

C(zN) = 1 almost everywhere QN (2.25)

The requirement (2.25) is equivalent to saying that Qg = QN.

Q
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Further, a QN which generétes a C(XN) satisfying (2.25),
satisfies (2.23) and (2.22). If @ =Y, then P has
YN-marginal QN and therefore (2.21)Qis satisfied. Therefore,
a measure Pg generated from a QN satisfying (2.24) will
satisfy (2.21) and (2.22). The sufficiency of (2.24) shall
be shown as follows.

Assume Q? satisfies (2.24) and generates al(EN) via

(2.13). Any other QN generating an a(gN) is such that
[ 1oglay () 125 (am) = [ 10gla () 17, (axy)
S e :

oq (%)
=f 109[—]—'—?":N——]0t(§N)e_Sd'N(’—‘-N'Y-N) x
szzN o (xy)

PN xQ (dxy, dyy)

Using x-l1 > log x,

N N
log[a, (xy) 1P (dxy) - log o (xy) 1P (dxy)
'/-;?N 1= X '/E'N X

<

g

Ejf 0y () e~ 5% En I ol (ax) 10 (ag) - 1
=

Because Q? was assumed to satisfy (2.24) the term in the

bracket is less than one for all XNEEF, therefore

f Log[ay () 121 (dx) f_f_Nlo_g[u(ﬁN)]Pg(dgt_N) v o
z

X

By (2.20) the left hand side of this is FN(s) and there-

fore (2.24) is a sufficient condition on QN to achieve FN(s).
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The above is summarized and the necessity of (2.24) is

shown in the following theorem, Csiszar [8].

Theorem 2.2 PN achieves FN(s) iff its YN-marginal QN

is such that
Clyy <1 v y el (2.26)

Further, if QF satisfies (2.26) then

N

NxoM (axy dyy)  (2-27)

Pg(dﬁ],dxn) = a(ﬁ\])e-SdN(EN'Y-N)P

achieves FN(s) where

fic>

o (x,) [f_Ne'SdN‘ﬁN'Xn’QN (dgy) 17 (2.28)
Y

Proof: It has been shown (2.20) that

Fy(s) = i;f[ 1og[a(§N)]p§(d§N)
N S

If Qg achieves FN(s) then for any other QN

,/;N1°9[“‘§N>]P§‘diu’ 2 [ 10slog ) 17 (axy)  (2.29)
X

Let
N _ _ N
Ql = (1 B)Qo + BGXNO

where 8y, 1is a point mass at some y, ezF and 0<B<1.
o o
Then

o, (xg) = ag(xy) [1-8 + Be"'sa‘N(-’EN’Y-NQ)<>Lo(§N)]'1
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Thus, using (2.29)

g(B) j[Nlog[l-B + peSdy Xy XNo)a (XN)]P (ax,) 2 0

(2.30)
Differentiating the left hand side of this with respect
to B one gets
1-a (x) e "5 En iy )
g'(8) = Px(d§N)
 1-8 + e W Bt o (x)

At B=0, it is recognized that
g'(0) =1 - C(yy )
o

Note that g(0) = 0. Therefore as one moves away from
B=0, g(R) must increase or stay the same to satisfy

(2.30). Therefore
g'(0) >0
or
1> cC(¢ )
2 Cly_

Since XN was arbitrary, the conclusion is that equation
(2.26) 1s a necessary condition on a Q (and thus P ) that
achieves FN(s). If (2.26) is satisfied, however, then
it has already been argued that the condition is suffi-

cient. /77

A useful corollary of this theorem is:
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Corollary of Theorem 2.2 If one has a QT such that

C(yy ) > 1 for some yy egﬁ, then there exists a positive
o o

number B, 0 < B <1l, such that

N N N N
J(Perers) > J(PerQZIS)
where
N _ N
Q, = (l-B)Ql + BGzNO
Proof: From (2.19) J(Y,QY,s) =f loglo(x.) 1P (dx,)
* ° Q= ! N AN x \GEy
X
N N N N _. _ _
then J(PQl,Q ,S) - J(PQZ'QZ'S) = g(B)

where g is as defined in (2.30) with ag replaced by Q-

Since

g'(Q) =1~ c(zNo) <0
then

-g'(0) > 0

which implies since g(0) = 0 that there is a 8>0 such

that -g(B) > 0 or that

N

J(P
Q)

N N N
Q,8) > J(Polezls) ///

Theorem 2.2 gives the basic form PN must have if it is
N

to achieve FN(s). In Chapter 3, the existence of P, which

achieves RN(d) and therefore FN(s), will be shown for the

examples to be considered in Chapters 5 and 6. FN(s) is, of

course, related to RN(d) by Lemma 2.5.
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A PN which achieves RN(d) might achieve FN(s) for more

than one value of s. This is the situation which arises if
the slope of RN(d) is discontinuous. This will happen for
the cases to be considered later at one point, namely, dmax
(see Fig. 2.1). In what follows, dmax will occur at the
smallest d for which RN(d) = 0. If dmax exists, then the

point (R=0, 4 = dmax) is achieved by mapping all source

outputs into a point In , which solves (see Berger [3] p.90)
max

- 1 N
dmax = inf dN(gN,zN)Px(dgN) (2.31)
SN N
IneX /X
The following lemma considers the occurrence of discontinui-
ties in the slope of RN(d) for distortion values less than

d

max® The proof generalizes that of Berger [3], Theorem 2.5.5.

Lemma 2.6 If there is an achieving measure for RN(d) for
all values of 4 < dmax and such that RN(d) < «, then
R&(d) is continuous for all values of d satisfying these

conditions.

Proof: If there is a PN which achieves RN(d), there is
a PN of the form of (2.26) and (2.27) which achieves
RN(d). For there to be a discontinuity in Rﬁ(d) at a

point achieved by PN, PN

must achieve FN(s) at two values
of s. This requires that
al(gN)e-sldN(EN’zN) = az(EN)e-ssz(EN’XN) almost every-

where szQN by the uniqueness of the Radon-Nikodym

derivative. Therefore,
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almost everywhere P§XQN. This can only occur if S, = S,

otherwise, it implies that

al(x)e-sldN(§N'zN)

is independent of ¥ almost everywhere QN which implies
that the mutual information is zero. This can occur

only at d by definition. ///

max

Lemma 2.6 has pointed out that for 4 < dmax and
RN(d)~<w there is a one-to-one correspondence between values
of s and points on RN(d), namely (Rs,ds), if RN(d) is
achieved at every 4 < dmax' This prompts the following

parametric form of (Rs,ds) and enhances the relationship to

FN(s).

Lemma 2.7 If RN(d) is achieved for all 4 such that

da < dmax and RN(d) < « then
Rﬁ(ds) = -5 if ds < dmax ’ (2.32)
RS = FN(S) - sds (2.33)
and
a_ = £ Fy(s) (2.34)

Proof: R'(d) is continuous by Lemma 2.6 and there is a

line tangent to RN(d) at (Rs,ds) with slope -s, there-



26

fore (2.32). Equation (2.33) follows immediately from

Lemma 2.5. Differentiating (2.33) with respect to s

gives
dRs _ dFN(s) 4 - dds
ds ds s ds
or
o = dRS _ dRs dds _ dFN(s) 4
ds dds ds ds s
therefore,
dFN(s) _a
ds []

///

Lemma 2.7 indicates an important relationship between

RN(d) and FN(s) since both Rs and ds are expressed in terms

of FN(s).

It is further interesting to note that if one

knows the relationship between ds and s, one can find FN(s)

by integrating.

It will be useful in considering lower bounds to RN(d)

if FN(s) is expressed in a different way than (2.20). The

following lemma gives this form.

Lemma 2.8l If FN(s) is achieved then
N

F.(s) = max log(a(x,,) ) P_ (dx,,)

N o (%) eBJ N R

1

(2.35)

This lemma,along with prior reasoning given here, is the
basis for an alternate definition of RN(d) such as Theorem

4.2.3 of Berger [3].
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where

= {alxy): alxy > 0; Clyy) =1 vV y et}

Proof: This follows Csiszar [8]. 1If FN(s) is achieved,
then there is an al(gN) in B which yields FN(s) and an
associated Q?. Now consider any other a(xy) from B and

note that

logla( )]P (dx,) - [ logla,( )]P (dxy) =
fdosteten 8o - f 1ostey 1%

X

a (X,)
log [——— ?QN) 197 (ax, ,dyy)

T

.ﬁ

X

now using log x < x - 1 one gets

[ logla (xy) 1B} (Axy) - Fy(s)
z

<f a (x,) e S (B rIn) e (ax, ) 0] (dyy) - 1
XNXYN
but since a(gN)eB, the right side is less than or equal

to zero therefore,

Fy(s) Zf_Nl"g[“(i‘-N) ]Pz(d;gN) ¥ a(xy)eB /77
X

Lemma 2.8 suggests a possible optimization in terms of
a(xy) directly (avoiding QN), however, no success has been
achieved in this direction. The lemma is useful, however, in

generating lower bounds to RN(d). One such bound is the
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Shannon Lower Bound (SLB) which is of interest here because
it is sometimes tight and because of its link to the theory
to be presented later. The following restrictions are made

in illustrating this bound.

1. Pﬂ(dgN) = Pz(EN)dEN (Pg has a density function)
2. d(x,y) = d(|x-y|) (Difference distortion measure)

3. g? and EF are R' (N-dimensional Euclidean space)
4. fe-SdN(Z—N) dzy < ¥ s>0 .
N
R
Following Berger [3], fix an s and choose

K
a(§N) T —— (2.36)

pﬁ(gn)

where Ks is a constant to be determined. For this “(EN) to

be in the set B of Lemma 2.8, Ks must be such that

Kf e~Sdy(2Zy) gz <1
s Zy 2
R

Ks is chosen to make this 1 and thus

F(s) > log K -j:Nlog[pf‘((dEN)]pﬁ(dgN)
X

and therefore

Ry(dg) z log K -f_Nlog(pz(g:_N))Pﬂ(dgN) - sdg
X

Lemma 2.4 shows that
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RN(d) > log K —J[Nlog(pi(ﬁN))Pz(dgN) - sd v a4,
X

and since this holds for every s>0, one may write

Ry(d) 2 log K, -f_Nlog(pz(g_N))Pi(dgN) - td ¥ t>0 .
% (2.37)

With 4@ fixed in (2.37), Berger ((3], p. 92-93) shows that the
right side is maximized, thus making the bound as good as

possible, by relating t to d via the equation

-sd, (2,,) _
thNdN(g_N)e In(Zy)az, = a4 (2.38)
R

This is Berger's [3] construction of the SLB. One should con-
sult Berger [3] for examples and more details.
When the SLB is tight, the optimum a(gN) will be related

to pﬂ(gu) via (2.36), which requires that

Kl—s Py (%,0) =[_Ne-SdN(§N'zN)QN(dz_N) v xeR' (2.39)
Y
Since dN(EN'XN) is a difference distortion criteria, (2.39)
suggests inversion by Fourier Transform techniques (if possi-
ble) to acquire a QN which may be tested to see if it satis-
fies the requirements of Theorem 2.2. This technique is
explored in Berger [3] Chapter 4 and will not be repeated
here. Integral eéuations of the type of (2.39) will appear
in later chapters and the relationship of the solutions to

the SLB when it is tight will become apparent.
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For most sources and distortion criteria, including
those to be considered in the later chapters, the SLB will
not be tight and it will be the subject of the later chapters
+o consider what is to be done in this case. In some cases,
one may not want to seek an analytical solution to RN(d) or
one may not exist. An algorithm in this case may be the only
alternative. Blahut's [5] algorithm has become an important
part of rate distortion theory and will be described here.

If one wants to pursue an iterative solution from the
relationships which have been developed in this chapter, one
might want to start with a reproduction measure Qg and gen-
erate from it the associated joint measure Pg via (2.12).

(o)
That is

N - -sd ( ’ ) N__.N
PQo = a(gN)e N ‘Enr iy PXXQ°

Now remember that

F (s) = inf inf 7eN,dY,s)
N N
N P

and that from (2.16)

N N N N
Q ,s) > J(P, ,Q,,8)
Qo’ o - Qo 1

J(p

where

1

N
Q,(-) = P (dg&‘,')

therefore, one has reduced J and moved closer to FN(s) by
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replacing Qg by Q?. Generating Pg from Q? and using (2.17)
1

results in a further reduction of J, that is
N N N N

Therefore, one may continue to decrease J and thus approach
FN(s) by generating a sequence of QN's starting with Qg and

utilizing the recursive relationship

Q§+l = E[Nan(EN)e-SdN(EN'XN)Pz(dgN)]Qg
X

or

N N
Qn+1 = CN(XN)Qn

This iteration will proceed until, hopefully one approaches
= N
Cn(zN) = 1 almost everywhere Qn'

This is Blahut's algorithm [5].

Since J is nonincreasing at every point and is bounded
from below (by zero), the sequence converges. The problems
are showing that it converges to FN(s) and the speed of
convergence. Clearly the starting Qg must be considered
when answering the first question since one can see cases
where the wrong Qg will be such that FN(s) will not be the
1imit of the sequence of J's. Blahut [5] presents a theorem
which shows convergence to FN(s) if Qg = qg(zN)dzN and |
qg(xu) > 0. Numerically, this will require a numerical inte-

gration for every y, carried in cn(gN) and since qg(zN) >0
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4 XNEE§ there are in any case many which must be carried to
keep the accuracy up. As will become apparent in the later
chapters, the true solution,more often than not, will contain
discrete points, that is QNgkdzN. Therefore, qﬁ(zN) must be
approaching delta functions as it progresses. This fact makes
a blind use of Blahut's algorithm in this situation subject
to possible numerical problems. One cannot simply insert
§-functions into qN to solve this problem, for Blahut's
algorithm can only adjust their weight and not their position
and the algorithm will no longer converge to FN(S)’ More
will be said about this in Chapter 6.

Blahut's algorithm emphasizes the importance of C(zN).
The importance of C(xN) in the remaining chapters will become
apparent. The following lemma establishes the uniqueness of

the optimum C(XN)°

Lemma 2.9 If RN(d) is achieved at some point,then the

function C(XN) associated with that point is unique.

Proof: The convexity of mutual information implies that

if two measures P? and Pg both achieve RN(d) at the same

point then their weighted sum Pg must also achieve RN(d)

at that point. The C(XN) associated with Pg must be

equal almost everywhere to one for both Q? and Qg.

ay (xy)
(gc_N)

ay (%) achieve Fy(s) (see 2.20) the implication is that

Therefore,_l;_ P (d§N) = 1 and since a, (xy) and

“(EN) must be unigue with respect to Pz. This regquires

C(yy) (see 2.15) to be unique. ///



III. THE EXISTENCE OF AN ACHIEVING MEASURE

Chapter 2 presented many properties of the rate distor-
tion function. Of specific interest for the remainder of
this dissertation is Theorem 2.2, which specifies the form
the achieving measure must have if it exists. This chapter
is concerned with the existence of a measure which achieves
RN(d). The arguments to be given here are topological and
shall require RN and Y _N to be complete separable metrlc

spaces. Note that RN along with the usual metric Z[x -y;l is
such a space. Note also that the product space Z§XY is also
a complete separable metric space (see Friedman (11], for
example). In Chapters 5 and 6, zy and Zg will be R and
d(x,y) will be {x-y| and (x-y)z, respectively, and therefore
this chapter is directed toward this situation. The presen-
tation, hcwever, is quite general and one should become
familiar with what needs to be shown and can be shown for
other situations which might occur.

The procedure to be followed here in showing the condi-
tions on which there is a p™ which achieves RN(d) (see (2.6))
is to construct a weak topology of probability measures on
Z#xzs and to show that under certain conditions, the set a¥
of eguation (2.6) is a compact set with respect to this
topology. Further, it will be necessary to show that
I(XN;YN) is a lower semicontinuous function with respect to
this topology. The following theorem can then be used to show

that the inf in (2.6) is achieved.

33
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Theorem 3.1 A lower semicontinuous real valued function

on a countably compact set assumes a minimum on that set.

Proof: For the relationship among definitions of com-
pactness see Royden [12]. Compactness implies countable
compactness. Then use the same arguments as Royden [12]
Prop. 10. Chapter 9 except for a lower semicontinuous
function and the inf rather than an upper semicontinuous

function and the sup. ///

To construct a topology of the probability measures PN

on the metric space g@

XEF, the development shall follow
Parthasarathy [14] (see also Billingsley [13]). This topol-
ogy is referred to as the weak topology of the space of
measures. C(ngzy) shall stand for the space of all bounded
g,

real valued continuous functions on Convergence in

the weak topology, denoted by Pg + PN, shall mean that

N N
£ P (dEN,de) +./. £P (dgN,dXN)
f gha' el

¥ fsC(ZFXzF)

For further properties and equivalent constructions of this
topology one should refer to [13] or [14].
Before presenting the results needed here, the two

following definitions will be useful.

Definition 3.1 A probability measure P on a metric

space X is said to be tight if for each e>0, there
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exists a compact set K C X such that P(K) > l-e.

Definition 3.2 A family II of probability measures on

a metric space X is said to be uniformly tight if for
every £>0, there exists a compact set K C X such that

P(K) > l=¢ ¥ Pgll.

These definitions may be found in essentially the same form
in Billingsley [13] and Parthasarathy [14].
Since the considerations have been restricted here to

complete separable metric spaces, the following lemma will

be useful.

Lemma 3.1 If z is a complete separable metric space,

then each probability measure on X is tight.
Proof: Billingsley {[13] Theorem 1l.4. /77

The following theorem of Prohorov expresses the funda-
mental tool to be used here to show the compactness of the

set AN of equation (2.6).

Theorem 3.2 Let X be a complete separable metric space

and T some set contained in the weak topology of
measures on X, then a necessary and sufficient condition
that the closure of I' (i.e. T) is compact is that T be

uniformly tight.

Proof: Parthasarathy [14] Theorem 6.7. /77
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To apply this theorem to

N N N N .
AT = {P: (%..,V..) P (dx,.,dy.,) < d and P_ given}
_[—-N—NdN Zn’In Enr Sy’ =2 x
=y (3.1)

It will be necessary to show that AN is closed and that AN is

uniformly tight since we have already assumed that gfng is

complete and separable. It should be noted here that, if

iNxzy is restricted even further (compact, for example), the

conditions on AN can be weakened. For our purposes, however,
the restriction of nggF to be a complete separable metric
space and the requirements on dN(EN’XN)' which will be made
next, will be adequate.
Remember that
dy (X yy) = & iEld(xi,yi)

d(x,y) will be said to be nondecreasing if for all xez, there

is an associated Yo such that

d(x,y,) < d(x,y) ¥ yeY
and

ly,-vyl > lyg-v,l
implies that

d(x,y;) 2 d(x,¥,)

The following lemma, therefore, addresses the uniform tight-

néss of AN.
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Lemma 3.2 If ZF and EF are complete separable metric
spaces equipped with the usual metric and d(x,y) is a
continuous nondecreasing function with the property that

d(x,y) + = as |y| + » ¥ xeX, then

N N N _.
aN = {p i/:N _NdN(EN’zN)P (d§N,dzN) < d and P given}
¥

is uniformly tight for all 4 < =.

Proof: Consider the compact set A? - z? and let B" be

the set

N _ . N N

BY = {yy: dy(xyr¥y) 2 44 ¥ x €A}
where do is some finite constant. BN is compact because
it is totally bounded with respect to the usual metric
and is a closed subset of EF (remember zy is complete,
see Friedman [11] Theorem 3.5.6 and Royden [12] p. 120).

Therefore, A§XBN is a compact subset of g§x§§ (see

Royden [12] p. 143). Now, for all measures PNEAN

d zfiN,&NdN (_:g\,.zN)PN(dgN.dzN)

and,therefore,

d.{/:‘ . ch(EN:xN)PN(dgn,dzN)

A, x(B)

but
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N N N N, c

JfN Ayl P (i Oyg) > g B ATX () )
ax (%)

therefore,
N, N N, c
d/do > P (AIX(B ) )
do may be made as large as one wants or
d/do > g/2

and BN will remain a compact set. Thus, since

PN(AﬁxBN) =1 - Pﬁ((aﬁ)c) - pN(A§x(BN)°)

then

P(A?xBN) > 1 - Pﬁ((A?)c) - &/2

But EN is complete and separable, therefore, by Lemma

3.1, Pﬁ is tight and Pz((Ag)c) < g/2 since Ag is compact

and may be chosen to satisfy this. Therefore,

p(A)xBY) > l-¢ v pNeal
and, therefore, AN is uniformly tight. /77

Under the restrictions of Lemma 3.2, one may conclude
that the closure of AN is compact. It remains to show that

AN is closed. The following lemma will do this.

Lemma 3.3 Under the conditions of Lemma 3.2, AN is

closed.
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Proof: To show closure, one need show that every con-
N N
vergent sequence of measures PpcA” converges to a

PNEAN. If Pﬁ > PN, where PNeAN and PﬁeAN, then

XN-marginal of Pg - XN-marginal of PN

(use Billingsley [13] Theorem 3.1 and Theorem 2.1 to

prove this). The XN—marginal for all PNEAN is Pg,
therefore, the XN-marginal of all PNsAN is Pg. All

measures in AN thus have the correct XN—marginals to be
in al. Now, with 4. (x,,¥,) continuous and positive,

then

/

N .
(X r Yo) P (A%, ,dy,) < 1lim
dy (Xyr Yy vy = 228

4

T

dy (s ¥y ) B (A, dy )

r

e

X

where PigAN by assumption and Pﬁ - PN. This follows

from Breiman [15] Corol. 8.13 p. 164. Therefore,
a( )P (dx,,dy.) < d
N Enrdy XN Oy’ <
T

and thus PN is in AN. AN is, therefore, closed. ///

Lemma 3.3 may now be combined with Lemma 3.2 and

Theorem 3.2 to give:

Lemma 3.4 If g? and EF are complete separable metric

spaces each equipped with the usual metric and d(x,y)
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has the properties of Lemma 3.2, then AN (3.1) is com-
pact for all d < =,
Proof: Follows immediately from the above. /77

One half the requirements of Theorem 3.1 have been met.
One need only show tnat mutual information is lower semicontin-

uous with respect to the weak topology of probability measures.

Lemma 3.5 The mutual information is a lower semi-
continuous function with respect to the weak topology

of probability measures.

Proof: See Csiszar [8] or Dobrushin [16] who gives

credit to Kolmogorov for this. /77

With Lemma 3.5, Lemma 3.4, and Theorem 3.1, the desired

result of this chapter is achieved.

Theorem 3.3 If g? and zy are complete separable metric

spaces equipped with the usual metric and d(x,y) has
the properties of Lemma 3.2, then there exists a PN in

AN (3.1) which achieves RN(d).

The conditions of Lemma 3.2 are satisfied by
d(x,y) = |x-y| and d(x,y) = (x-y)2 and RVxRY is a complete
separable metric space topologized by the usual metric.
Therefore, RN(d) and, therefore, FN(s) will be achieved in
the cases considered in the following chapters and the

results of Chapter 2 give the form the achieving PN must have.



IV. CONSIDERATION OF SOLUTIONS

In the introduction, it was stated that memoryless
sources Were to be considered. Up to now, RN(d) has been
considered to illustrate the generality of the relationships
developed. This chapter introduces ideas and terminology
useful in finding the probability measure achieving RN(d).
It will simplify matters if only memoryless sources are
considered from here on and, therefore, let N=1l. Most of
the techniques to be discussed, however, are applicable when
N>1. All superscripts will be dropped to denote N=l.

In the following, it will be useful to refer to the

support of a measure and this will be defined now.

Definition 4.1 P is supported by all sets A, cCX

such that P(Ai) = 1. The intersection of the closures
of all such sets shall be called the support of P. A
point on the boundary of the support of P shall be a

point on tae smallest radius ball containing the support

of P.

Definition 4.1 says that if P has a density function p
(i.e. P<<dx) ,then the support of P is the closure of the set
of x's where p>0. If p is discrete,then the support of P is

the set of positions of the discrete masses.

With the existence of an achieving measure P established
(see Chapter 3), the equations. such a measure must satisfy.

may be repeated here. One will be required to find a repro-

41
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duction measure Q for a particular wvalue of s>0, which gen-

erates the function o (x) such that

C(y) 1 vV yeY (4.1)
and

C(y) =1 almost everywhere Q (4.2)
where

cly) & axe™34X¥p_ (ax) (4.3)

X

and

o1 (x) =[e-Sd(x’y)Q(dy) (4.4)

Y

In all cases to be considered here, d(x,y) will be con-
tinuous. Therefore, C(y) will be continuous. Equation (4.2)
will then require that C(y) = 1 over the support of Q.

If one knew the support of Q, then (4.3) and (4.4) would
become coupled nonlinear integral equations, the analytical
solution of which would depend heavily on the kernel e-sd(x,y).
If integral equations of this type can be solved, one mighﬁ
then guess the support of Q, solve the integral equations,
and test the resulting tentative solution to see if it satis-
fies (4.1) and (4.2). This technique requires two things:
an intelligent guess of the support of Q and the ability to

solve the integral equations. If the kernel of the integral

equation is not of a form which can be handled by known tech-
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niques, this method has little promise. This method shall
be referred to as the integral equation method. Chapter 5
considers an important example of this method's use.

When the integral equation method is not suitable, that

-sd(X,¥)) cannot be handled by known

is when the kernel (e
techniques, the approach must change. In some cases, the
properties of the kernel which cause the integral equation
method to fail also cause the solution to be of a particular
form which simplifies £inding the solution. The analytic
properties of the kernel will be used to do this in Chapter 6.
To be specific, properties of the kernel will cause the
support of Q to be discrete, and as in the integral equation
method, knowledge of the support of Q will be of great use.

In Chapter 5 and 6, the distcrtion measures d(x,y) are
difference measures, i.e. d(x,y) = d(|x-y|). They are also
strictly increasing, i.e., if z, > 2z, then d(zl) > d(zz)
where d(0) = 0. The following lemma illustrates the impact

on the support of Q which this has.

Lemma 4.1 If d(x,y) is a strictly increasing continuous
difference distortion measure, then the support of Q
which achieves R(d) must lie within the boundary of

the support of Px.

Proof: C(y) = 1 on the support of Q and < 1 elsewhere.
e-Sd(lx-YI) decreases as y moves away from x. Therefore,
if ¥y is outside the boundary of the support of Px’ then

there is a y, on the boundary such that C(y,) > C(y,).
2 2 1
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However, 1 > C(y2) > C(yl). Therefore, ¥y cannot be in

the support of Q. ///

Lemma 4.1 illustrates the effect that the properties of
the kernel e-Sd(Ix_YI) and the requirements on C(y) have on
the support of Q. This think;pg will be expanded upon in
Chapters 5 and 6.

Another useful concept relating the requiremenés on C(y)
to the support of Q introduces the derivative of C(y). The

following obvious lemma indicates this relationship.

Lemma 4.2 If C(y) is a continuous function with a con-
tinuous first derivative C'(y) then C'(y) = 0 at all

points of support of Q providing Q achieves R(d).

Proof: C(y) = 1 at all points of support of the Q
which achieves R(d). If C'(y) # 0 at a point of support,
this implies that there is a y such that C(y) > 1, which

violates the requirement that C(y) <1 ¥ ye¥. ///

The first derivative of C(y) will play a significant role
in Chapters 5 and .6 and will be shown to be related to the
optimum estimate of X given y with respect to the distortion
measure d(x,y). The background for this relationship will be
introduced at this time.

The problem in estimation theory is depicted in Fig. 4.1.
In our case, the disruptive medium may be thought of as the
probabilistic mapping specified by P. X and y are, thérefore,

as we have been using them.
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X Disruptive y Op timum
* medium estimate of

X given y

for d(x,y)

Fig. 4.1 The Estimation Problem



46

Suppose one constructs the optimum estimate of x given
y subject to the distortion measure d(x,y) and call this z.
The form of this estimator is known in certain cases, includ-
ing those of the distortion measures to be used in Chapters 5
and 6. Note, however, that if we have the P which achieves
a point on R(d), then our estimate z cannot improve the aver-
age distortion. The average distortion between x and z must
be the same as that between x and y. Further, the estimator

cannot increase the mutual information, i.e.
I(X;2) < I(X;Y)

The estimator also cannot decrease the mutual information
because it would be achieving a point less than R(d). There-

fore,
I(X;3) = I(X;Y)
and
E{d(x,y)} = E{d(x,2)}

These can be satisfied if the optimum estimator is an
identity transformation, i.e. z = y. One might argue under
what conditions the identity transformation is the only possi-
bility and, therefore, generate another potentially useful
relationship in finding Q, however, the optimum estimator's
relationship to C' (y) was recognized in the cases of the
distortion measures to be considered in Chapters 5 and 6.

C'(y) will play an interesting role there.



V. MAGNITUDE ERROR DISTORTION

Chapter 4 presented the equations to be solved if one
is to find the Q which achieves R(d). This chapter considers
the particular case where d(x,y) = |%x-y|. Equations (4.3)

and (4.4) may, therefore, be written as

c(y) =[a(x)e‘s|""Y'px(x)dx (5.1)
X
and
Y
where the restriction has been made that Px(dx) = px(x)dx.

That is, in this chapter the source will have a density func-
tion. Further, X and ¥ shall be the real line.

The magnitude error distortion measure results in a
kernel e-slx-yl, which allows one to proceed by the integral
equation method. Tan and Yao [6] have utilized this tech-
nique in solving the problem for the. Gaussian source and
have demonstrated its usefulness for similar sources. This
chapter shall further this thinking by showing that the two
coupled integral equations, which result by guessing the
support of Q, as discussed in Chapter 4, may be reduced to
one integral equation (Section 5.1) whose form may be used to
infer the support of Q. Section 5.2 considers how to pick
the support of Q. A procedure for solving the problem is

developed and examples are given in Section 5.3.

47
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5.1 Reducing the Egquations

If one were to follow the integral equation method as
discussed in Chapter 4, one would guess the support of Q

and then, since
Cy) =1 almost everywhere Q (5.3)

for Q to be the solution, one would have in (5.1) and (5.2)
two coupled nonlinear integral equations to solve. This is
the approach of Tan and Yao [6].

Consider the function C(y)., however. C(y) is a con-

tinuous function of y with a continuous derivative C'(y).

c'(y) =-sf a(x)e'slx"YIPX(x)dx
("°°pY)

+ sf a(x)e's'x’YIpx(x)dx (5.4)
(y,)

C(y) also has a second derivative C"(y).

c"(y) = szf a(x) e 8%yl p,(x)dx = 2sa(y)p,(¥)

(_wlm) (5.5)

Lemma 4.2 applies to this situation, and therefore, C'(y) =0
at all points of support of the Q which achieves R(d). There-

fore, from (5.4)

f o (x) e-six-YIpx(x) dx =f a(x) e-slx—ylpx(x) dx
(y,») (=,¥)

¥ y in support of Q (5.6)
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(5.6) may be related to estimation theory as suggested
in Chapter 4 since

f a0 e % ¥l (0 ax =f atre ¥ ¥lp (nax
(%)

(-°°I§)

is the requirement on x for it to be the optimum estimate of
x given y for the magnitude error distortion measure.
(5.6) shows that %X = y is the optimum estimator as was sus-

pected in Chapter 4.

Equation (5.6) may be combined with (5.3) to give

f a(x)e’slx‘Y|px(x)dx
(Yr°°)

=f a(x)e-slx-YIpx(x)dx = %-
(-°°rY)

¥ vy in support of Q (5.7)
This may be written as

f a(x)e-sxpx(x)dx _3!2-,e-SY ¥ y in support of Q

(y,°) (5.8)
and
Jf a(x)esxpx(x)dx = % e5Y w y in support of Q
(=r¥) (5.9)

Equations (5.8) and (5.9) will be referred to as the esti-
mation equations. They will be very useful in establishing

a relationship between the boundaries of the support of Q and
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the parameter s.

If any part of the support of Q is an open interval (a,b),
for example, if there is a g(y) > 0 ¥ ye(a,b) where g(y) is
the density of the absolutely continuous part of Q with
respect to Lebesgue measure, then because C(y) is continuous

C{y) =1 ¥ ye(a,b) and therefore

C'(y) 0 ¥ ye(a,b),

and

C" (y) 0 ¥ ye(a,b) .

Equations (5.5) and (5.3) then require that
a(y)p, (y) = s/2 ¥ ye(a,b) (5.10)

Note that if px(y) is piecewise continuous that (5.10)
cannot hold in an interval where there is a discontinuity of
px(y) since a(y) is continuous. If Px(y) is continuous in

(a,b) however, then (5.10) becomes

N

-s- —

Y

P, (x) =[ e's|x‘Y|Q(dy) ¥ xe(a,b) (5.11)

where (a,b) is an interval in the support of Q.

(5.11) along with (5.8) and (5.9) give a set of condi-
tions from which a solution may be constructed. One still
must guess the support of Q, but one has reduced the two
coupled integral equations to one integral equation (5.11)
(whose solution has a known form) and the estimation egqua-

tions (5.8~5.9). (Integral eguations similar to (5.11) are
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discussed in Van Trees [17], for example.)

Before determining how the support of Q should be
picked, one should note the resemblance of (5.11) to the
integral equation given in discussing the SLB, (2.39).
Situations for which the SLB is tight occur when Q has
interval support over the entire line and then (5.11) may be
solved by Fourier transform techniques as was suggested in
Chapter 2 (see Berger [3], p. 95).

5.2 The Support of Q

In determining how one should guess the support of Q,
it will be useful to consider the requirements which px(x)
places on Q via equation (5.11). First, note that a(x) is
a continuous function and (5.11l) cannot hold in an interval
where px(x) has a step discontinuity. Therefore, Q has no
interval support about that type of discontinuity of Px(y)'
Further, if (5.11) is to hold in some interval (a,b), then
it follows that the derivatives of the right side of (5.11)
must equal the derivatives of px(x) almost everywhere in the
interval (a,b),assuming the derivatives of px(x) exist
almost everywhere in (a,b).

If px(x) has a continuous derivative in (a,b), then Q
cannot have any discrete masses in (a,b). This can be seen
by noting that e-slxl has a discontinuous derivative at x = 0
and, therefore, a discrete mass in Q within (a,b) would
require the right side of (5.11) to be discontinuous. Note,
however, that a discontinuity in pé(x) in (a,b) does not

necessarily imply that Q has a discrete mass at that point
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in (a,b). The Laplacian source density to be discussed
later has this property.
To further consider (5.11) in some interval (a,b), one

may write it as

2 p 0 = e‘s"f e, (ay) + esxf e™%¥g, (ay)

(=, x) (x,%)

+ 3 qie“5|x‘Yi| ¥ xe(a,b) (5.12)

where the discrete masses q; at the positions yiez are
separated out for clarity. Ql is what is left of Q after
the discrete masses (if there are any) have been removed.
Using the Lebesgue decomposition of Ql' (5.12) may be

written as

2 p lx) = 7% e¥q(y)ay + es’i/ e ¥q(y)ay
("°°rx) (xlm)
-sx.1 sx 2 R -s|x-y. |
+e T Qg(x) + e Qg(x) + Y q.e i
L7
i=1
¥ xc(a,b) (5.13)

where Qé and Qg are positive Borel functions whose derivaf

tives are equal to zero almost everywhere in (a,b) (see

Rudin [21], Chapter 8). gq(y) is the density of the absolutely

continuous part of Q with respect to Lebesgue measure.
Providing the derivatives of px(x) exist almost every-

where in (a,b), (5.13) may be twice differentiated to give
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2 _ 2.2
ry Py(x) = s [-5 px(x)] - 2s g(x)

almost everywhere in (a,b)
or

g(x) = px(x) - 35 p;(x) almost everywhere in (a,b)
s

(5.14)

(5.14) is most important for if px(y) - ﬁf P, (Y) is
negative on a subset of (a,b) of positive measure, then (a,b)
cannot be an interval in the support of Q. (5.14) also gives
the form which the absolutely continuous part of Q must have
if two derivatives of Py exist and Q is to have (a,b) as an
interval of support. The implication that there must be an
absolutely continuous part in this case if px(x)- 35 p;(x)>0
almost everywhere in (a,b) is obvious. y

Because of the occurrence of s in (5.14), it is possible
that (5.14) will be positive for some values of s and not
others. This suggests that the interval support of Q may
change form with s. This situation will occur as a later
example will demonstrate.

Fig. 5.1 shows a source density for which (5.14) is not
positive in some regions. Fig. 5.1 also shows the regions
(cross-hatched) for which (5.14) is positive. If one were
to guess the interval support of Q for this source, one
might guess it as disjoint intervals'each placed in a differ-
ent cross-hatched region.

To pursue this point further, assume one has n disjoint

intervals (ci'di) i=1,...,n of interval support of Q.
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Py (x)

'/

Fig.

5.1 A Possible Source Density

X

v
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(5.12) may ther be written as

n

Zp,x) = ] e s1x ¥ig(y)ay

=1Jic, 14,
n

) e~slx¥lg_ (ay) (5.15)
i=1

(ci'di)

N. n

+ 1 q.e-slx-yil ¥ xe U (c..,d;)
4101 i=1 i’i

where QS is the continuous but singular part of Q, q(y) is
the absolutely continuous part, and the discrete part is

represented by the masses q. at the positioms y.. If p!(y)
i i X

n
and p;(y) are finite everywhere in () (ci,di) and integrable
i=1
n .
over L’(ci'di) then one may use (5.14) in (5.15) and inte-
i=1

grate by parts (see Titchmarsh [19], p. 368 and 375).

Therefore,
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jf sl ¥lg(yray
(c..,4;)
1 1

e™S(Ci™) (L p (c;) + ﬁ; p!(c)}
_ _=s(d;-x) 1 1 _,
e i {g Px(di) + ;7 px(di)}

X < C.
- 1

= ﬂ 2P0 + e-S(x-Ci){ff pylc;) = 5 Prley)]
s (d,- (5.16)
- es@mR el o ) + L pri@p)
S

L ax-
e s(x=a;) L 5 (a,) - 3 pyay)}
S

__~s(x-c.) 1 _ 1
e 1715 pygley) ) Py (c;)}

X > 4,
i

(5.16) suggests, because of the exponential terms, that a
solution to (5.15) might be constructed by placing discrete
masses at the points Cy di i=1,...,n. It should be noted

from (5.16) that if

33 Pylc;) - % p,(c;) > 0
S

and (5.17)

1 1 .
s Pylds) + ;7 Px(d;) <0

then (ci,di) is not an interval of support of Q. This occurs

because (5.17) causes a contradiction in (5.15), i.e. a
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strictly positive function almost everywhere cannot be also
equal to zero almost everywhere.

In the following, tentative solutions (Q) will be con-
structed using the principles discussed above. To be
specific, intervals of support shall be placed where
px(y) - JE p;(y) is positive and discrete masses shall be
placed at the ends of these intervals. The positions of the
discrete masses must, of course, also satisfy the estimation

equations (5.8-9) and (5.17). For a single interval (cl,dl)

of support, one would, therefore, have a tentative solution
Q(ay) = [Pe(y) = J7 pR() + 2 8(y=ay) + ap8(y-cy)ldy
ys[cl,dll (5.18)

where a, and a, may be found by substitution of (5.18) into

(5.11) to get

0=

1 .

ay = £ Byle)) - ‘52‘ Pglcy) -
This will be pursued further in Section 5.3.

(5.14) is not the only key one may use in guessing the
support of Q. Remember that Lemma 4.1 requires that, for the
magnitude error distortion measure, the support of Q cannot
exceed the boundary of the support of P. Therefore, for a
source, such as a source with a uniform density in the inter-

val (a,b), the support of Q must lie within the interval

{a,b]. A source, however, need not have a finite boundary
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(see Definition 4.1) to restrict the support of Q to a
finite boundary. To see this, remember that the optimum Q

satisfies

c(y) %/Pa(x)e-slx-YIpx(x)dx

X

N

1 ¥ ye¥

1l almost everywhere Q

If px(x) dominates a(x) outside some finite interval (i.e.
Py (x)a(x) > 0 as |x| > =, which p,(x) can do because from
the definition of a(x), a(x) can grow no faster than eslxl)

then outside some finite interval C(y) must be strictly less

than one. This requires that there be no support of Q out-

side this interval. A source with the property that

sd(|x]|)

Py (x)e + 0 as [x]| » =

shall be called a strong source (with respect to that partic-
ular value of s, of course). A source, which does not have
this property, shall be called a weak source. Note that

this definition depends on the distortion measure.

If a source is strong, then the support of Q is
restricted to lie within a finite interval, and equation
(5.14) may be considered to determine what type of solution
might be expected within this interval.

5.3 Solving the Problem

Section 5.1 has reduced the intégral equation method to
constructing a tentative solution Q, which satisfies (5.8),
(5.9) and (5.11). Section 5.2 has considered how to pick
the support of Q such that a tentative solution can be con-

structed. These ideas may be summarized in the following
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procedure:

l.

Determine if the source is strong for any s > 0,
and, therefore, if consideration of the support of
Q may be restricted to a finite boundary.

Consider the regions (ci,di) where px(y) is con-
tinuous and where px(y) - ﬁ? p;(y) is positive and
finite.

Construct a tentative solution of the form
p— l 1} ]
Q(dy) = {px(y) - =5 Py ly)
S
+ glaié(y-di) + b8 (y-c;)1}dy
¥ye LlJ [ci’di]

Evaluate the form of the a; and bi by substituting
the tentative solution into (5.11).

Determine the di and c; via the estimation equa-
tions (5.8-9).

If (5.17) is violated for some interval (c;,84)
drop that interval from the support and construct
a new tentative solution (step 3).

Test the tentative solution against the necessary
and sufficient condition that C(y) g1 ¥y ¢ Y.
If the necessary and sufficient condition is not met,
consider the region where C(y) > 1. Insert a dis-
crete mass in this region, which must satisfy
(5.8-9), and construct a new tentative solution.

(Return to Step 3.)
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No proof that this procedure will guarantee the solution
is given. However, as the examples to follow indicate, one
may expect the process to usually end after Step 7.

Once one has verified that a solution has been con-
structed, the calculation of R(d) follows. To do this, one

may construct a(x) from Q and then use:

F(s) =jr logla(x)] p,(x)dx , (5.19)

X
dg =f_f_ |x-y|e‘s|x‘Y|a(x) Q(dy)p, (x)dx = éigF(s)r
XY (5.20)

and
R = F(s) - sd (5.21)

S S

Example 5.1 Uniform Source

The uniform source is specified by

5%5 x ¢ [a,b]
Py (x) =
elsewhere
This is a strong source and, therefore, one is assured that
the support of Q is within the interval [a,b]. p;(x) =0
¥ x ¢ (a,b) and, therefore, (5.14) is positive over (a,b).
This suggests a single interval of Q support, [cl,dl] C [a,bl.

(5.11) is then of the form (5.12) and a tentative Q may be

specified by (5.18) as
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1
[E:E + alﬁ(y-dl) + azd(y-cl)]dy y € [cl’dl]

Qdy) =
elsewhere
(5.22)
where a, and a, are given by (5.18) to be
_ _ 1 1
al = a2 = -s— (B-_E) (5.23)

Using the tentative Q in the definition of a(x) gives

2 -s (a~x)

es (b-a) x ¢ [a,cl)

o tix) = aé'é'f x € leg,d,] (5.24)

2 eis(x~b)

es(b-a) * e (d,bl

Using a(x), the estimation equations (5.8-9) may be solved

to establish that

0] o)

(5.25)

d=b-

1 (5.26)

0~

This illustrates the use of the estimation equations to
locate the boundary of Q in terms of s.

The tentative solution is, therefore, complete. Sub-
stitution of this into C(y) verifies that the necessary and
sufficien£ conditions on C{(y) are satisfied and, therefore,
the solution has been found. Substitution of (5.24) and
(5.22) into the definitions of RS and ds ((5.19), (5.20))

gives
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s (b-a) 2
R. = log (=) - 1 + —p—=+
s 2 b-
s (b=a) (5.27)
= 1 -1
dg = 5 (1 s(b—a))
This holds for R. > 0, s > —2— , or 0 < d_ < 222 =4
s = ! - b-a '’ s - 4 max’

dmax' of course, may be evaluated via (2.31). (5.27) is
plotted along with the Laplacian source (to be presented) in
Fig. 5.2 for dmax = 1. This normalization is achieved by

making b-a = 4.

Examplie 5.2 One Sided Exponential Source

The one sided exponential source has density

1/0 "X/ x e [0,)
Py (x) =

elsewhere

This is not a strong source because it decays only exponen-=
tially, but it follows easily from Lemma 4.1 that there can
be no Q support for y < 0.

(5.14) for x > 0 is given by

Pt - L ppe = LV -

This is positive if s > 1/0. If one assumes,for the moment,
that s > 1/0, then a single interval of support is suggested,
[cl,dll C [0,). Following example 5.1, the tentative Q(dy)

is given by
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RATE
(nats)

Iaplacian

Uniform

DISTORTION

Fig. 5.2 The Rate Distortion Function for the
Uniform Source and the Magnitude

Error Distortion Measure for d___=l.
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1 1 -y/o
[=(1 - ——=)e
o] 5202
Q(dy) = + alﬁ(y-dl) + a26(y—c1)]dy Yy € [cl,dl]
0 elsewhere
(5.28)
where
1 1 -d./¢
a, = (— - —s—=x)e "1 (5.29)
1 sg 5202
and
- (1 1 -c /0
a, = (SG + ;7;5)6 1 (5.30)

The estimation equations (5.8-9) may be solved to f£ind that

(9]
]

1l
g log(l + —S-E) (5-31)
and

dl = o (5.32)

The estimation equations, therefore, verify what was sug-
gested earlier, that this source is weak. (5.32), of course,

demands that al = 0.

Q may be used in the definition of a(x) to give

1
2 e-solog(1+ EE)esx

T+so x ¢ [0,¢))
o tix) = | (5.33)
2 -x/o

o (x) may be used in the definition of C(y) to verify that
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this is the true solution, which it is. a(x) and g(y) may

also be used in (5.19), (5.20), and (5.21) to give

R, = log (l+sc) - log 2

(5.34)

dS

1
o log (1+ EE)

This holds for R 2 0, s > 1/0, and 0 < ds < dmax = g log 2,
dmax being evaluated again by (2.31). Note that the original
assumption that s 2 1/c0 was sufficient to guarantee that the
entire R(d) curve was generated. (5.34) is plotted in

Fig. 5.3.

It is interesting to compare the one sided exponential

with the two sided exponential or Laplacian density given by

o _-o|x|

px(x) =xe ¥ x € (=o,»)

The Laplacian is such that the SLB is tight over the entire

R(d) curve as shown in Berger [3]1, p.- 95, and is given by

= - 1_
R = log (od) 0 <d < 5 = dmax (5.35)

This is plotted in Figqg. 5.3. It is, of course, noted that
(5.14) is positive for all x ¢ (-»,») and, in fact, for the

Laplacian
aly) = p(y) - S pLly) VY (==
s

Example 5.3 Rayleigh Source

The Rayleigh source is specified by its density
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2 L]
RATE
(nats)
l.
One Sided Exponential
0-5: 5 T
DISTORTION

Fig. 5.3 The Rate Distortion Function for the
One Sided Exponential Source and the
Magnitude Error Distortion Measure

for 4 max=1 .



67

2 2
L e /20 x € [0,®)
p,(x) = g
0 elsewhere

It is easily seen that this is a strong source and, there-
fore, the support of Q must be contained in a finite inter-
val, [cl,dl] C [0,®). (5.14) for x > 0 is such that

2

2,,.2
1 ] - X _~x /20 1 X 3
P, (x) - =z py(x) = 2z e r - ) (;Z - ;7)]

which is positive for
0 < x < c\lszcz+3 .

This implies a single interval [cl'd1] of Q support such that

[clldll g [0' g 5262+3 ] .

Q(dy), therefore, follows as before from (5.18) to be

2 2 2
-y /20 3 _ Y
(e 1+ —— - 77
(s} S O S O
Q(dy) = ¢ + als(y-dl) + aza(y-cl)]dy Ye[cl.dl]
0 elsewhere
(5.36)
where
1 1 -dl2 1 -d.2/26%
al = (g dl + ;2- b p) 2) —i- e 1 (5-37)
S O [e)
and
2
o) 2 2
_ .1 _ 1 1 1 -c,"/20
a, = (g -=3+ 73y e (5.38)
S S C (o)
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0f course, = and dl must be such that a; and a, are positive

for this to be a solution.
Q may be used to find a(x) to give

2¢C 2 2
1 .c; /20 e-slcl_xi xe[0,c;)

2]

2% e-x2/202 xeley,dy] (5.39)
E‘nO’2

2d7  -3.2/95% -g|x-
1. d; /20 e s|x dll
sc2

o Lx) =

xe(dl,m)

The estimation equations (5.8-9) may be used to find
that
c

g8 = —% (e
g

2,2
¢7/207 -1 (5.40)

and

d, = a*s (5.41)

One, therefore, has a tentative solution which may be veri-
fied by considering C(y). This is the solution, and (5.36)

and (5.39) may be used in (5.19-21) to find that

2 2 2

c c c d

Ry = log (3) + 2—12 - 1oy (3) - %El('z"l?) +3 El('z—l'z)
c o] (o

a
2 2 2 2
d = .]:. (e-cl /20 -e'dl /20 ) +¢c - J-g— g erf (—9—)
s 2g

+ 412‘- o erfc (—=) (5.42)

Nz

where
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X 2
erf (x) A2 fe_t dt
T

"o

i

erfc(x) 1l - erf(x)

g
A e
El(x) = J.—E— dt
X

ThisholdsforRszo,s>—————W,or0<dsgd

> = nax’ where

d may be found via (2.31) to be

max
dmax=c\lzlog2 +\}21r o [1 - 2 erf (' log2 )1 .

With the aid of (5.40) and (5.41), (5.42) is plotted in
Fig. 5.4.

All the examples giver so far have had a single interval
of Q support. The Gaussian source (see [6]) also has this
property. The next example will illustrate the method of

solution when this is not the case.

Example 5.4 Squared Cauchy Source

The squared Cauchy source is specified by its density

2

px(x) = %.(l+x2)_ X g (=o,»)

This is a weak source and (5.18) is given by

1 2 1

P, (x) - plix) = [ ]

x ;7 x "52 (l+x2)4
(s2(1+x%)2 - 24 x% + 4(1+x°) ]

If s2 > 25/6, this is positive over the entire line and
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Fig. 5.4 The Rate Distortion Function for the
Rayleigh Source and the Magnitude

Error Distortion Measure for d max=1‘
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the SLB is tight,as shown by Berger [3]. Therefore, as

discussed in Berger [3]1, p. 96,

Rg

log (g) + log (8m) - 2 - sd_ |
s > 5Af6  (5.43)

ds =

0|

dmax may be evaluated by equation (2.31) to find that

_ 2
dnax = 7
Comparing dmax with ds of (5.43) indicates that (5.43) is
not the entire R(d) curve. One must then consider s? < 25/6.

When s2 < 25/6, Py (x) - 35 p;(x) is positive when

S
2 10 2V6 .[25 2
X243 -l+y—5 Y5 - s
S

S

x2 < l% -1- gﬂg ‘}%? - s2
T s g2

This shows that there are three regions of the real line
where (5.14) is positive if s2 < 25/6. This suggests three
intervals of Q support, (-«,c,] [cl.dl] [dy,) .

From the discussion of Section 5.2, Q(dy) is given by
- {p (y) - 3 p"(y)

X ;y Py Y
+ alé(y-cz) + azs(y—cl) + a36(y-dl)

Qlay) = (  +a,8(y-dylay (5.44)
v YE{ ('wlczl [cl'dl] [dz r°°)}

0 elsewhere




Substituting

one may find that

3 = % Px
a; = é Py
a3 = % Py
a4 = % Py
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an equation of the form (5.44) into (5.11),

-s(c,=C,) .
p.(c,)e S1€17C2 —p(cy)
(cy) +-lz-p'(cz) P 1IX 2 3 L
s X s 51nh(s(cl-c2))
(5.45)
(cy) 1 () 1 px(cl)e-S(cl-cz)'px(CZ)
o] - = pllc + = - —
1 s2 x'"1 s s:.nh(s(cl cz))
(5.46)
-s(d,-4,)
p.(d.)e %'%2™ % ~p_(4,)
(@) + 3 pplay + £ E— a2
s x' 1 s s;nh(s(dz-dl))

(5.47)

p (de 54279 p_qa))

n|=

1
(d,) - pld,) + : =
2 si x' 2 s:.nh(s(d2 dl))

(5.48)

(5.44) may be used in the definition of a(x) to give

a-l(x)=ﬁ

2
( s Bx(x) x € (==,C,]

_2_{px(cl) sinh(s (’f_CZ) )+p, (c,) sinh(s (cy-x)) :
s 51nh(s(cl—c2))

X € (c2,cl)
2

s Py (x) X € [cl,dll (5.49)
z{px(dz)sinh(s(x—dl))+px(d1)sinh(s(dz-x))}
S sinh(s(dz-dl))

X E (dl,dz)

L é Px(x) X € [dzr‘”)
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(5.49) may be used in the estimation equations (5.8-5.9)

along with some further manipulation to yield

s sinh(s(cl-cz))

1 Px(x)esxdx
i' Px(cl)sinh(s(x—cz))+px(c2)sinh(s(cl-x)) (5.50)
2
sc
- eSCl-e 2
<y |
sJ. P (x)dx = (px(cz)+px(cf)tanh[%(cl‘cz)] (5.51)
€2
s sinh(s(dy-d,)
A2 p, (x)e%"ax
g. px(dz)Sinh(s(x'd17)+Px(dl)Sinh(s(d2-x)) (5.52)
' sd2 sd1
d2 :
sf p, (x)dx = (P, (d5) +p, (d1) ) tanh (5(d,=d;) ) (5.53)
d
1

Since the squared Cauchy density is symmetric about zero,
one need only consider finding d1 and d2 because e, = -dl and
c, = -dz. Using this fact and substituting a(x) and Q into

(5.19-21), one finds that

Ry = log (4ms) - 2

4 .
. %I 2 51nh(s(d2-dl))px(x)

109 (53 ysInh (s (x=d;) ) ¥p,, (@, ) SiAA (5 (&%) |

4,

px(x)dx - sds (5.54)
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d = i1_2 d2 (x)dx + 2 (d (d,)-4a (dy))
s s s P (x)jdx + 3 2P {9y 1Px %1
dy
. dzx{px(dl)cosh(s(dz-x))-px(dz)cosh(s(x—dl))
] px(dz)sinh(s(x-dl))+px(dl)sinh(s(d2-x))
1

px(x)dx

These may be evaluated numerically once the relationship

between s, dl, and d2 is found.
To find the relationship between s, dl' and d2, equa-
tions (5.52) and (5.53) must be solved. The integration in

(5.53) can be carried out to give

a
4. = (1+d,%){——=2— + arctan d, - arctan d
1 1 3 2 1
(1+d,%)
- I (p,(d,)+p,(d,)) tanh(5(dy=d;))} (5.55)

(5.55) and (5.52) may be solved numerically. The relation-
ship between s, dl' and d2 is shown in Fig. 5.5. Fig. 5.5
indicates that d1 goes to zero at about s = 1.27524. It is
seen that this point does not correspond to distortion dmax'
(5.54) can, therefore, hold only in the range
1.27524 < s < 5/ 6, which it does. For s < 1.27524, another
solution must be constructed.

Since the three interval solution degenerates at

s = 1.27524 to a solution of the form
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Fig. 5.5 The Positions of the Discrete Masses
of the Reproduction Measure versus s
for the Squared Cauchy Source and the

Magnitude Error Distortion Measure.
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{p, (¥)- ;17 prly) + agdly-c,) + ags(y-d,)}dy
Y € [(-mlczl [dzrm)]
Q(dy) =
a8 (y) y = [0] (5.56)

0 elsewhere

one may construct a tentative solution of this form for

s < 1.27524.
Again because of the symmetry of px(x),c2 = -d2 and
ag = ag- One may find by substituting (5.56) into (5.11)
that
d,
1 .
5 px(d2)51nh(sd2)if. px(x)dx
- = 0 -
ag = ag = cosh(sd,) -1 -7 Px(d2)
(5.57)
d
2 2 .
2 cosh(sdz)J. px(x)dx -3 px(d2)51nh(sd2)
= 0
ag = cosh(sd,) -1 (5.58)
@ (x) is symmetric in this case and it follows from (5.56)
that
2, (x) x e [dy,®)
-1 s Px 27
a T (x) = (5.59)
%[ee_s(dZ_x)+Be-sx] x e [0,d,)
where
d
Sd2 2
P, (d,) (e —l)-sf p, (x)dx
g A 0 (5.60)

coshdsdz)-l
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and

_ d
1-e592) +se*02(
P, (d)(l-e ©)+se J. p, (x)dx
0

>

B cosh(sdz)—l (5.61)

The estimation equation for this case may be put in the

form

d2 esxpx(x)dx
log { l+2%[

0

d2 =

(5.62)

0|

e-s(dZ-x)9+Be-sx

(5.62) may be solved numerically and Fig. 5.5 shows the
results for s < 1.27524. Note that sd + = as s + 0.
R and d2 may be found by using (5.59) and (5.56) in

(5.19-21) yielding
d

2 2px(x)

R, = 1og(4ws)—2-sds+%£. log[e_s(dz_x)e+e_st]px(x)dx

d
a = i@-2 2 (x)dx) + 2 d,p_(d,) (5.63)

s s Py ix)dx s 2Py %) :
0
d2 -SX -5 (d,=-X)
+ %l. x[e_sxﬁ-e_s(d2_x)6] P, (x)dx
b [e B+e 2 8]

It may be verified by considering C(y) that this is the
solution for 0 < s < 1.27524. Note that by letting sd + «
and s -+ 0 in (5.63) that Rs + 0 and dS > 2/ = dmax as they
must.

The complete solution of the squared Cauchy source 1is,

therefore, specified and is plotted in Fig. 5.6 along with
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Fig. 5.6 The Rate Distortion Function for the
Squared Cauchy Source and the Magnitude

Error Distortion Measure for 4 __=2/= .
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R(d) for a Laplacian source with d__. . = 2/m.

The examples demonstrate the use of the procedure for
finding R(d) given in this section. The examples also demon-
strate the ideas of strong and weak sources. These ideas
will also be of use in Chapter 6. The examples further
point out the use of the estimation eqguations (5.8-9) (and,
therefore, C'(y)) in determining the positions of the dis-
crete masses. This will also be the case in Chapter 6 where
an algorithm based on C'(y) will be used to determine the
positions of the discrete masses.

Another interesting observation is that the rate distor-
tion function for a weak source, such as the square Cauchy,
must be tangent to the distortion axis at dmax' This is

easily seen by noting that at dmax

C(y) =[ eslx_mle-slx-YIPX(x)dx

X

where m is the median of px(x), and if

px(x)eslx_mI + o as |x| +» ' (5.64)

(px(x) is then weak) then the only s for which

Cly) <1 ¥WyeYiss = 0. An exception to this is the

Laplacian source, which is weak but does not satisfy (5.64).
The Laplacian source is special in other ways. It has

been plotted in the Figures of this chapter for comparison

purposes. Its significance is that it has the largest rate

distortion function of any source with the same dmax' This
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property is stated in the following lemma.

Lemma 5.1 For any memoryless source with median m and
dmax = 1/0, the rate distortion function R(4) with

respect to the magnitude error distortion measure is

such that
dmax '
R(d) < R;(d) = log (——) (5.65)

where RL(d) is the rate distortion function of the

Laplacian source with median m and dmax = 1l/0.

Proof: Eguation (2.20) states that

Q Jo

F(s) = inﬁ/. log (a(x))Px(dx)

>

The reproduction measure which achieves the point

(Rz(di),di) on RL(d) generates the a(x)

o lixy = 2§ e70lxmI;

Therefore,

F(s) < log (g-) + cf Ix-mIPx(dx)
X

Now

./; |x-m|P_(dx) = d . = 1/0
X

then
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- _ s _ L L
R(ds) + sds = F(s) < log (E) + 1 = RL(dS) + sds

(5.66)

Applying Lemma 2.4 to the right side of (5.66) gives

the desired result:
R(d,) < Rp(d,) /17

In chapter 6, the Gaussian source will play the same
role for the squared error as the Laplacian plays for the
magnitude error. The analogous result to Lemma 5.1 for the
Gaussian source and the squared error distortion measure is

given in Berger [3], Thm. 4.3.3.



VI. SQUARED ERROR DISTORTION

In this chapter the squared error distortion measure
will be considered, that is d(x,y) = (x—y)2. It is the
most widely used distortion measure for continuous alphabet
sources. The evaluation of the rate distortion function for
a Gaussian source and the squared error distortion measure
is a classic result in information theory. Outside of the
Gaussian source, however, little is known of this problem.
As may be seen from the discussion of Berger [3] p. 97-98,
the SLB is usually not tight. For the SLB to be tight, a
source must have a density function whose Fourier transform

w2/4s

Fx(w) when combined with e will result in a function

(Fx(w)ewz/4s) which is positive definite.

Unlike the magnitude error distortion measure, the
squared error distortion measure cannot be handled by the
integral equation method. This occurs because the form of
the solution for integral equations with the kernel e—s(x-y)2
is, in general, not known. (One may refer to Shinbrot [18],
for example, for a discussion of integral equations with
difference kernels.) This chapter shall demonstrate what
might be done if the integral equation method fails.

In some sense, the reasons that the integral equation
method fails is the reason that the results to be presented
in this chapter succeed. The primary reason for this is

2
that the kernel e~S(X-¥)" ig an entire function. Its Fourier

transform is also entire. Therefore,integral equation

82
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methods based on Wiener-Hopf techniques (see Shinbrot [18])
do not work.

This chapter shall utilize the analytic properties of
the kernel e"s(x-y)2 along with the requirement on C(y), to
make some very strong statements about the support of the
reproduction measure Q. This unfortunately will not yield
closed form expressions for the rate distortion function as
were found in Chapter 5. However, the results to be pre-
sented offer an improved computational procedure over
Blahut's algorithm as well as being of theoretical interest.

In this chapter, Section 6.1 shall present the problem
and discuss the requirements on the solution. Section 6.2
shall consider solving the problem and related issues.
Section 6.3 shall present an algorithm for solving the
problem.

6.1 Requirements on the Problem's Solution

From Chapter 4, the equations to be considered are:

2
o~ L(x) =f e~ S (X7¥) " g (ay) (6.1)
¥
s (xmy) 2 : o
c(y) --f a(x)e S\¥TY P, (dx) (6.2)
X
Cly) <1 VyedY (6.3)
C(y) =1 almost everywhere Q (6.4)

Again in this chapter, X = ¥ = R (the real line).
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C(y) is obviously a continuous function of y. The
following lemma establishes that at least for the measure
which achieves R(d), C(y) has continuous derivatives of all

orders.

Lemma 6.1 For a measure P which achieves R(d4), the
resulting C(y) has continuous derivatives of:-all orders
which may be evaluated by exchanging differentiation

and integration in (6.2).

2
Proof: e 3(X°¥)" ig continuous for all (x,y) ¢ X x Y.
2
The derivatives of e s (x-y) with respect to y exist
for all x ¢ X and are continuous. There exist a finite

a; and b; such that for any finite n and any y € ¥

b.%.,_-s(x-y-ai)2 -s (x-y) 2

s vx>y (6.5)

> (y-y)ne

A straight forward expansion of the exponent shows this.
Note that the bi and a; depend on y. A similar rela-
tionship holds ¥ x < y. That is, there exist b; and a;

such that for any finite n

b*e—s(x-y-a;_)2 -s(x—y)2

1 > (x-y)ne ¥x <y

2
The nth derivative with respect to y of e S(x=¥) " 55 4

sum of terms of the form

-s(x-y)2

(x-y)ke where k < n .

One may then construct a dominating term of the form

(6.5) for each term of the derivative such that
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n 2 n 2
) b,e~S(x-y=a;)" 5 1 & (osXY)y | g x5y
it = lay" -
and (6.6)
n 2 n 2
Z bie-S(x-Y-ai) > léLﬁ {e-s(x-y) }I Vx<y
i Y

Now form the differential coefficient

X

f(y+kl)<-f(x) =/ a (%) [A(x,y+k])<'A(x'Y’]px(dx)

where £ and A will be some order of derivative with

2
respect to y of C(y) and e—s(x-y) , respectively. If

the derivative of A(x,y) with respect to y is h(x,y).

2
then because of the properties of e S(*=¥)" 4n4 its
derivatives
A(xly+k) "A(XIY) =
. h(x,y+6kk) 0 < ek < 1
Therefore

£'(y) 4 lim[f(wk;)g_f(y’] = lim| a(x)h(x,y+8, k)P (dx)
k+0 k>0 |=
S (6.7)

To finish the proof,the Lebesgue dominated convergence
theorem will be applied to the right side of (6.7).

To do this note that

X

J[ a(x)[h(x,y)IPx(dx) < ® ¥yeX
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because from (6.6)

2 -5 (x-y-a, (y))
Zbi(y)e s (x-y-a; (v) ¥x>y
1

|h(x,y)| < , (6.8)
n
Zbi(y)e-s(x-y-ai(y)) ¥ x
i

IA
v

and using (6.3)

n n
J. a(x)lh(x,y)IPx(dx) < Z b;C(y+a;) + Z b¥C(y+a¥) < «
}—{' b e 1

¥ye¥.
(Note that in (6.8), the dependence of bi' bi, a;, and
a; on y has been displayed for future use.) If one is
to use the Lebesgue dominated convergence theorem, one

also needs a dominating function h*(x,y) such that
|h(x,y+6,k) | < h*(x,y) ¥ k < some A

and

J. a(x) h*(x,y) Px(dx) < ®,
X

Since there are finite bi’ b{, a and a; for all y in

any closed interval [y,y+A], there are finite bi, bz,

a, and a* such that

bi > bi (t) ¥t e [y, y+il,
# *
b;‘. > bi (t) ¥ te [YIY+A] ’

a 2 a;(t) ¥ iand ¥ t e [y,y+b],
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and

~

a* < a;(t) ¥ iand ¥ t ¢ [y,y+A]l .

h* (x,y) may therefore be constructed to be

P < S A" ~
! bje s (x-y-a) ¥V x e (a,®)
i
n . n a PN ~
h*(x,y) = < ] b, + ] b¥ ¥ x ¢ [a*,a]
i i
T4 -s(x-y-;*) o
q } bie ¥ x e (-=,a%)
i

and therefore

n A "N
a (x)h*(x,y)P_(dx) < ] b¥ C(y+a%)
i

B '

n a A
+ [Z(bi+b{)]JrA ) a(x)P_ (dx)
1

[a*,a]
n . ~
+ } b, C(y+a)
L M1
i
Since [a*,a] is a finite interval,.f a(x)Px(dx)< @,

Further, by (6.3) [a*,a]

C(y+a) and C(y+a*) are less than or equal to one

therefore,

J.a(x)h*(x,y)Px(dx) < o ,

X

The above construction is good ¥ y € z, therefore there
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is a dominating function h*(x,y) ¥ y € ¥ and the

Lebesgue dominated convergence theorem requires that

£ (y) i/.a(x)h(x,y)Px(dx) ¥ye z .

—

X

Remember that f is any order derivative of C(y) and
h(x,y) is the corresponding order derivative of
e-s(x—y)z. The continuity of any derivative of C(y)
follows from the existence of the integral and the

2
continuity of any derivative of e~S(x=y) " /77

Lemma 6.1 is useful, as will soon be seen, in proving
the analyticity of C(y), however, now consider the first

derivative of C(y):

2
C'(y) = ZS/a(x)e-s(x_y) (x-y)Px(dx) (6.9)

X

At all points in support of Q, Lemma 4.2 requires that

C'(y) = 0 and C(y) = 1. Therefore, (6.9) becomes

2
v i]ﬁ xa(x)e_s(x-y) P (dx) ¥ y in support of Q

X (6.10)

The right side of (6.10) is recognized@ to be the condi-
tional expectation of x given y which is known to be the
optimum estimate of x given y for the squared error distor-
tion measure. (6.10),therefore, shows that the optimum

estimate x of x given y is just y. This, as in Chapter 5,
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confirms the relationship between C'(y) and the results of
estimation theory. (6.10) shail be referred to as the
estimation equation, however, unlike in Chapter 5, the esti-
mation equation only presents one with another integral
equation. |

The second derivative of C(y) is also of interest,

X

2
c'(y) = 25{29[ (x-y) 20 (x) e~ S (¥7¥) P (dx)-C(y)} (6.11)

Since C(y), C'(y), and C"(y) are continuous and at the points
of support of the Q which achieves R(d) C(y) =1, C"(y) = 0,
and C(y) <1 ¥y e ¥, then at points of support of Q

C"(y) < 0. Therefore,

0 zf c" (y)a(dy) = 2s{2s d_-1}

I

or

d_ < (6.12)

L
2s
(6.12) therefore places an upper bound on the average dis-
tortion at a particular pbint, in terms of the slope of
R(d) at that point. This result will be of interest later.
With the interest in its first two derivatives estab-
lished, an important property of C(y) may be given. To do

-s(x-z)2 is an

this, let z = u+jv and then recognize that e
entire function ¥ x ¢ X. The following theorem makes a

similar statement about C(z).
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Theorem 6.1 For a measure which achieves R(d), C(z)

is an entire function.

Proof: C(z) may be written as

c(z) = £f(u,v) + jh{u,v)

where

e

|
()

2
e™S (X" "gin (25v (x-u) ) a (x) P (dx)

2 2
£(u,v) esv./.e—s(x-u) cos (2sv (x-u) ) a (x)P_ (dx)
X
2
h(u,v)
X

£(u,v) and h(u,v) exist ¥ v € R because the integrals
are dominated by C(u) which is constrained by (6.3) to
be finite. £(u,v) and h(u,v) are obviously continuous.
%%, %%, %%, %% all exist and may be evaluated by the
elementary properties of derivatives and the exchange
of integration and differentiation whose proof is an
identical argument to that of Lemma 6.1. Under these
conditions, it is a straight forward exercise to verify
that the Cauchy-Riemann conditions are met. Therefore,
via a well known theorem (see Titchmarsh [19], p. 68)

C(z) is analytic over the entire plane, or in other

words, it is entire. ///

The analyticity of C(2) puts severe constraints on the
support of Q. Since C(2) is entire, then so is C(z) - 1,

and therefore, the points of support of Q are zeros of an
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entire function.

The zeros of an entire function F(z) are isolated, that

is if F(z) is not identically zero, there is a circle

|z-a|

= p > 0 about the point a such that F(z) has no zeros

inside of this circle except possibly at a (see Titchmarsh

[19], p. 88). The following Lemma expresses these ideas in

terms of C(y).

C(y)

Lemma 6.2 For a measure which achieves R(d), C(y)
must be equal to one ¥ y ¢ ¥ , or it must be equal to
one at at most a countable number of isolated points,

but not both.

Proof: C(z) is entire. Thus by Liouville's theorem,

if it is constant over any interval, it must be constant
over the entire plane. Therefore, if C(y) is equal to
one over any interval it must be equal to one ¥ y € z .
If C(y) is not constant ¥ y ¢ z , then since C(z)-1 is
entire, the points where C(y) can be equal to one are
isolated and there is at most a countable number of

them (see Titchmarsh [19], p. 88). /77

If the first alternative of Lemma 6.2 is true, that is

=1%¥yeY, then the following statements are true:
1.1 C"(y) = 0%y e Y and therefore from (6.11)
L
s 2s °

d =

2
1.2 c(y) =fe's‘x"Y) a(x)P (dx) =1 W¥yed
X
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and therefore, if the source has a density func-
tion px(x), one may proceed by Fourier transform

techniques to find that

o (x)px(x) =‘1—ﬂ§

This is the situation when the SLB is tight (see

Berger [3]).

In most situations, as will be shown, the first alter-
native of Lemma 6.2 will not be the case. Therefore, C(y)
can have at most a countable number of isoclated points at
which C(y) = 1. This restricts the support of Q to an at
most countable number of discrete masses. This requires
that C"(y) < 0 for all points in the support of Q, which
requires via (6.1l) that

1
ds < 25

Other properties of C(z) which occur if the second alterna-

tive of Lemma 6.2 is true are:

2.1 C(z) - 1 is a real analytic function. That is, if

z is real, C(z) - 1 is real. (Actually true in
general) .
2.2 C(z) - 1 expanded in a Taylor series about one of

its real zeros Yy is
2
where the a; are real.

2.3 a; = 0 because Y1 is a zero, and a, = 0 because
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c'(y,) = 0. laj| > 0 since C"(y,) < 0. Therefore,
the real zeros of C(z) - 1 are of multiplicity 2.
2.4 From the Taylor series expansion about a real zero
Y1
= 1 An 2
2.5 The number of zeros N of C(z) - 1 in a disk of
finite radius r about z = 0 satisfies the follow-

ing (Jensen's Theorem, Rudin [21], p. 330)

™
N :
- r - L 38, .
|c(o)=-1| ngl TF;;T expl 5= J'logIC(re )-1|de}
- (6.13)

where C(0) - 1 # 0 and bl cee bN are the zeros of
C(z) - 1 within the disk. 2Zeros of multiplicity

k occur k times.

Property 2.5 listed above cannot be used as it stands
since one does not know that C(0) - 1 # 0, or any other
properties of C(0). Therefore, if one wishes to bound the
number of zeros of C(z) - 1 and therefore the number of
support points of Q in any interval by using (6.13), (6.13)
must be put in a different form. To do this consider the

real zero of C(z) - 1 at y, and the function

91(2) 4 C(z+yl) -1l=3 C"(yl) z2 + ...

=

Now.gl(z)/z2 is a real entire function to which (6.13) may

be applied giving
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T
l% C"(Yl)l ngl TﬁiT = fi exp {g? J;loglgl(reje)lde}
N r
To handle the term ngl TS;T , one may follow the procedure
of Rudin [21], p. 332 to yield
m
I% C" (y;) 12V < ﬁ- exp {%,;f loglgl(Zreje) |de}
- (6.14)

Now

j 3 2_. 2
lgl(reje)l < lc(reje+yl)l +1< ST Sin"o, 4

therefore (6.14) becomes

N < > L ]
2r®|c" (yy) |

1
2 Tog 2 {logl(

T 2 .2
+ %# J.log [e4sr Sin e+l]d9}

- (6.15)

N is the total number of zeros (real and complex) in
the disk of radius r and is larger than 2M-2 real zeros,
where M is the number of support points contained in the
disk of radius r (which have multiplicity 2) and the -2 is
for the zero which was removed in generating gi. Therefore,
the number of support points M in the interval of length r

on either side of Yy is bounded by
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1 1
M<1+ {logl ]
2 log 2 ZrZIC" (yl)l
L
2 ..2
+ %? J.log[e4sr sin e+l]de}
- (6.16)
2 .. 2 2
Since e4sr sin“6,, < elsT +1, (6.16) gives
2
4sr
M <1+ g log [ (6.17)
g 2r lcu (yl)l

Now C"(yl) < 0 and as s increases, one expects that
there will be more points of support within the disk of
radius r and therefore |C"(yl)| must increase. The term
log [TE“%§ITT]' therefore, is expected to decrease as s
increases. Therefore, since as s increases log
[e4sr2+1] ~ 4sr2, it is seen that M can grow no faster than
linearly with s. This presents a useful guide to how the
number of support points of Q grows with s. At dmax’ there
is one support point. Thus as one moves up the rate distor-
tion curve, the number of support points of the achieving
reproduction measure grows (from one) no faster than linearly
with the slope of the rate distortion function.

The above discussion summarizes the consequences of the
two alternatives of Lemma 6.2. To determine which alterna-
tive of Lemma 6.2 is in operation, the following theorem

will be most important. This theorem utilizes the idea of

a strong source as introduced in Chapter 5, and demonstrates
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the utility of this thinking again. In this case, a strong

sSX

source is one which dominates e outside of some finite

interval.

Theorem 6.2 The rate distortion function for any strong

source and any s > 0 is achieved by a reproduction
measure Q which is generated by a finite number of dis-

crete masses.

Proof: A strong source is one by definition which
limits the support of Q to a finite interval. There-
fore, the first alternative of Lemma 6.2 is eliminated.
The support of Q is, therefore, discrete. The support
of Q is finite because the number of zeros of an entire
function, which C(z)~l1 is, in any finite circle in the
complex plane is finite (see Markushovich [20], p. 43).
Since the support is limited to a finite interval, it

must be finite. ///

Theorem 6.2 is important in establishing the form which
Q must have. In the next section, its use will be estab-

lished.

6.2 Consideration of Solutions

Section 5.1 showed that there were two alternatives to
the support of the Q which achieves R(d). The first alter-
native's solution (when C(y) =1 ¥y ¢ z) was related to
cases where the SLB is tight. The second alternative's

solution (support of Q is discrete) gives equations to be



97

solved of the form:

2
Yy =J.xa(x)e-s(x-yi) P (dx) i=1...N (6.18)
X
-s (x-y,) 2
1 =[] a(x)e”S¥7Y; P _(dx)  i=l...N (6.19)
X
where
N 2
o tx) = } qe”s(x7Yy) (6.20)
i=1

q; = 1 (6.21)
and

Cly) <1 W%ye (6.22)

il

In general, integrations of the form (6.18) and (6.19) cannot
be done analytically and, therefore, numerical techniques
must be employed. To perform the numerical integrations,

the source will be truncated (if it is not already). In
fact, in the case of either alternative of Lemma 6.2, if
numerical integrations must be carried out, the socurce will
be truncated (if it is not already). This means that the
source will be replaced by another source which has no
support outside of some finite interval and is approximately
equal to the true source in the finite interval. Note that

this must also be done when Blahut's algorithm is to be used.
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However, if a source has no support outside of some finite
interval, it is necessarily strong and, therefore, by
Theorem 6.2 its Q support must be finite. The problem, in
general, then becomes, in the case when the SLB is not
tight, oneof dealing with a strong source and, therefore,
with a finite number of points of Q support. An algorithm
for finding these points will be developed in Section 6.3,
however, the remainder of this section will consider the
error introduced in the rate distortion function by trun-
cating the source. An upper bound to the error will be
developed in terms of the points where the source is trun-
cated.

To do this, the p-distance between two random variables

(X and Z) will be introduced.

p(X,2) 2 inf E{d(x,z)}

where the inf is over all joint probability measures P with
marginals Px and Pz, and d(x,z) is the distortion measure
being considered. Here, of course, d(x,2) = (x—z)z. The
following Lemma relates the p-distance to the distortion
rate functions of the memoryless sources X and Z and the

distortion measure (x—z)z.

Lemma 6.3 For the squared error distortion measure

o (R1Y? - b, (®17?|% < 5x,2) (6.23)

Proof: See Gray and Davisson [22]. A different proof
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shall be presented here. Consider Fig. 6.1. In

Fig. 6.1, sz is the joint measure between the random
variables X and %2 with X and Z marginals given (Px and
Pz). Pzt is the joint measure between the random
variables 2 and T with the Z-marginal (Pz) given. Let
szt be a measure with X and & marginals P and P,
respectively, and X,Z,T related as in Fig. 6.1.

Now consider the inequality
(x-t) 2 < (Ix—z|+|z-—t|)2
and define the set A' as
At = {P__,: I(Z;T) & R}

One may use these to give

inf B{(Xx-T)2} < inf E{(|x-2|+|2-1])%} (6.24)
Al Al

and applying Minkowski's inequality to the right side

of (6.24) gives

inf B{(%-T)2} < inf (B{(x-2)2}Y/2 + B{(z-1) 2}1/23)?
A Al
(6.25)
By the definition of A', (6.25) becomes
inf BLx-1 2} < [ px, 202 + p_(m) 1?17 (6.26)

Al

where Dz(R) is the distortion rate function of the

source z. Since
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¥ Xz >

Fig. 6.1 The Relationship Among
Random Variables X, Z,

and T in Lemma 6.3
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I(X;T) < I(Z2;T) £ R
then

inf E{(x-T)%}> D_(I(X;T)) 2 D (R) (6.27)
Al

Therefore, (6.27) may be used with (6.26) to give

b (R) < [p(x,2)1/2 + p (01?2

One may exchange the role of X and Z in the above

to give the similar result that

b, (R) < [p(x, 02 + b (m1/%?

(6.23) follows immediately. ///

One would like a gqguantity relating the difference
between DX(R) and Dz(R) rather than the difference between

their square roots. To accomplish this note that

i/2

I () - ()| < px, 22 02 + 0,2 m)

now recognize that 4 is the largest distortion for R > 0,

therefore

o ) - b ()| < s /? a2 + @21 (6.28)

(6.28) bounds the difference between the distortion
rate functions (and, therefore, the rate distortion func-
tions) of two memoryless sources in terms of the p-distance

between them. One now needs to be able to evaluate this
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bound in order to bound the error between a source and a
truncated approximation of it.

To do this choose aq and bl as the end points of the
interval of support of the truncated source, and consider

the mapping between X and Z such that

1. 1fa; 2 x2 b, then z = x.
2. If x ¢ [al,bll,ﬁthen choose z at random from a

uniform distribution over [al,bl].
The conditional distribution for this mapping is
§(x-2)dz X e [al'bI]

P(dz|x) = (6.29)
Pyn (2)4z x £ [a;,b;]

where
1
Br-a; 2 ¢ [a3/0y]
p_(2) = 171
un
0 elsewhere .
It follows from (6.29) that
Px(dz)+[l:/. Px(dx)jpun(z)dz
[allbl]
Pz(dz) = z & [al’bl] (6.30)
0 elsewhere

%z is, therefore, a truncated version of X, and since this

mapping is in the constraint set of the definition of the
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B-distance between Z and X then

p(X;2) fjpjp (x-z)2 P(dzix)Px(dx) (6.31)
XY

Substituting (6.29) into (6.3l) gives

2 a.+b
- A 2 1 71,2
p(X,2) & 73 (aj+h)” + Af = =) P, (dx)
[a; /by ] (6.32)
where
Ay -
A=E1 Px(dx)
[al'bll

An example will illustrate the use of (6.32).

Example 6.1 One Sided Exponential Source

The one sided exponential source is specified by its

density function as

o e %% x £ [0,%)

px(x) =

0 elsewhere

Since one side is already truncated at zero a; = 0,

thus

and
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© 2

b b b

1,2 _ —ob, 1,12
[ =P pax = PG 4 F 4 D)
Py

Therefore
2
b_< b

= -20b 1 1 2

< lfe— 4+ — + =
p(X,2) < e [+ 5 *+ 3! (6.33)

One may, therefore, pick bl large enough to make (6.33)
(and, therefore, the difference between Dx and Dz) as

small as desired.

6.3 Evaluating R(d)

This section is concerned with evaluating R(d). From
the arguments of the last two sections, one might anticipate
constructing Q from a finite number of discrete masses, the
number of which grows no faster than linearly with s. One
also knows that at the point dmax’ there is one discrete
mass generating Q.

If Q is to be constructed from discrete masses, an

iterative algorithm of the form (Blahut's iteration)

K+l _ k
g " = a; Cply;y) (6.34)

where q; are the weights of the discrete masses generating
Q, cannot be used by itself since it can only adjust the
weights, q, of the masses and not their positions. One,
therefore, needs a way of finding the positions as well as

the weights. To do this, consider F(s) (equation (2.20))
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F(s) = inf

log {a(x)]Px(dx) (6.35)
Q

|§T“\

Since the achieving Q is made up of discrete masses, one

may cbnsider o(x) of the form

N 2
a“l(x) = 3 qie~s(x—yi)
i=1

where N, q;r and y; are unknown. Therefore,

N 2
F(s) = J & -[ log { J qie-s(x-yi) 1P (dx) (6.36)
X i=1

J is a nonlinear functional in terms of the Y; and q; - The
minimization of functionals such as J is a topic in nonlinear
programming (see Himmelblau [23], for example). In fact,
one may approach the problem from here on in this context.
The problem (of minimizing J and, therefore, finding F(s))
may be thought of as a minimization over two vectors y and g
with y unconstrained and g linearly constrained (by (6.21)).
Solutions of problems of these types are discussed in [23],
for example. One is hesitant to suggest a particular non-
linear technique at this point since this is a developing
field in its own right and improvements are certain to be
made. However, algorithms of this type can usually be put

in the form

L= R AR S (6.37)
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where Ak is a scalar to be chosen to maximally decrease the
cost function (J) for the direction vector yk. This is
accomplished by a linear search varying Ak. The direction
vector.yk is chosen and updated at each iteration by a
variety of schemes, many of which are discussed in [23],
for example. The key element in the direction vector gk is
usually the gradient of the cost function, J. To consider

this with respect to J, note that

—— - '

3Yi qu (yi) (6.38)
and

od  _ _

aqi = C(yi) (6.39)

(6.38) and (6.39) demonstrate the importance of C(yi) and
C'(yi). (6.39) should reemphasize the importance of C(yi)
in Blahut's iteration, (6.34), which has already been shown
to decrease J (Chapter 2). 1In fact, (6.34) may be put in

the form of (6.37) or

q];+l = of + gflc ty;)-1] (6.40)

k=l and the one occurs in the right side of

In (6.40), A
(6.40) to help satisfy the linear constraint (6.21).
(6.38) and (6.37) suggest an algorithm for positioning

the yis: of the form

k+1 _ _k k k
yi = yi + ai c' (Yi) (6.41)

where ag is a positive gain factor (containing Ak) to be
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determined. (It should be noted that Benjamin [9] has
utilized similar thinking in studying discrete sources.)

The following lemma establishes (6.41).

Lemma 6.4 1If C'(y?) # 0 i=1,...,N, then there exists

a positive 2# = [a?,...,aﬁ] for which (6.41) generates
Jk+l via (6.36) such that
I ” g+l

Proof: From (6.36) and (6.41)

N k+1, 2
2 qie s(x Y )
Iy = T4l = 3 log [ 5 —s(x-yk)z ]Px(dx)
X 1 q;e
1=

then
k+1,2
_9 - _ Kt -5 (x=- Yy )
Ja. [Jk Tpe1l = qu%/; @y (%) (XY He
p.S
ayk+l
—35—— P (dx)
. BYE+1 Ry e s
Since Bai = C (yi) this is
o k+1 k
aa [J 1] = 2sqic'(yi )C' (Yl)
Therefore,

_ k,.2
aa 32 Jk” k+l]|ai=0 - qui[c'(yi)]

The right side of this is greater than zero if
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C'(y?) # 0, therefore, because of the continuity of

with g#, there must be a positive E# such that

- /1/

Ik+1

I 7 Ik+

Before developing a procedure for solving the problem
of minimizing J, some specific ideas, which will be helpful,
should be developed. Lemma 6.4 and Blahut's iteration
(6.34) guarantee a decreasing sequence of Js. However,
the sequence has not been shown to converge to F(s). One
would like to specify a starting Q and be assured that the
limit point of the sequence of Js is F(s). Blahut [5], as
mentioned in Chapter 2, was able to do this if the starting
Q was chosen to be absolutely continuous with respect to
Lebesque measure and the absolutely continuous part, gl(y),
was strictly positive ¥ y € z. (One now knows because of
the idea of a strong source that this can be weakened such
that the starting q(y) need be strictly positive only over
the finite interval containing the support of the truncated
source.) As has been shown, the limiting Q is discrete.
Thus, although the sequence generated using Blahut's
algorithm is converging to F(s) (without considering the
numerical approximations), it must be attempting to approx-
imate a discrete support as it progresses. By starting
from a discrete support, as suggested here, one gives up
the general starting point for which convergence can be
proved but gains computational advantages.

The problem of the limit point of the algorithm is of
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importance; however, in practice one has an absolute measure
of the error between any J and F(s). To develop this
measure, the generalization of an idea of Blahut [5] is
useful; Define

c.._ B maxcly) (1) (6.42)

max - *

} yveY

Since truncated sources are being considered, C(y) will be

finite and attain its maximum in the finite closed interval

containing the support of the truncated source. Now let

2
a*(x) & [cmaxf e 8 (x"¥) "g(ay)17t = %L’i)_
-Y- max

Clearly,a*(x) is in the constraint set of Lemma 2.8 since

Chax 2 1, and, therefore,
F(s) %/ﬁlog[a(x)]Px(dx) - log Cmax (6.43)
X

(6.43) implies that

F(s) + log C__. %/.log[a(x)]Px(dx) > F(s) (6.44)
X

(6.44) indicates the importance of Chax in evaluating how
close any J is to F(s).

In general, evaluation of Chax requires a search of
C(y) over the closed interval bounding the support of the
source. The algorithm (6.41) is, of course, attempting to

position the Yy at points of local maxima, {Cim}, of which



110

one may be Cmax‘ One hopes that as the iteration progresses,
Chax Will be in the set {Cim} so that the algorithm has a

chance of stopping. For example, if Chax is a local maxima
of C(y), which does not have a point of Q support associated
with it, then the algorithm will not converge to F(s). If
this situation occurs,one may, of course, insert a discrete
mass at this point (at cmax) and proceed with the iteration.
The existence of such a discrete mass, which reduces J, is
assured by the corollary of Theorem 2.2.

If one is to use the nonlinear programming techniques,
as suggested, the stopping conditions are usually given in
terms of conditions on the gradient of J. These measures
are in terms of tolerances on Il-C(yi)l and |C'(yi)| in
this case.f To relate tolerances on F(s) to tolerances on

Il-C(yi)I“and |C'(y;) | one should consider that the C;,

associated with the point Y; is such that
|Cim1l 3 Alc{y )| + |C(y;~1]

provided Y is sufficiently close to the position of Cim so
that C“(yi) < 0. A, here, is the interval of support of
the source. Therefore, if Cmax is in the set {Cim} then
using (6.44)
J-F(s) < max {a|C'(y))] + |cty;)=1]} (6.45)
i
(6.45) suggests picking tolerances on the gradient of the

order of the accuracy desired of F(s).
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One would like to find a starting Q such that after the
tolerances on [C'(yi)l and |C(yi)-1| are met C___ is con-
tained in {Cim} and, therefore, the procedure may stop.
Since one has a bound on the number of support points in
the solution (for a particular s), one might wish to use this
number uniformly distributed through the interval of support
of the source as a starting Q. The bound on the support
is, in general, larger than the actual support of the solu-
tion and, therefore, it would require carrying a larger
number of points than is necessary. This can require con-
siderably more computation time. Further, since position
points are certain to merge as the iteration progresses,
there is no guarantee that they might not merge to a smaller
set which cannot achieve F(s). For these reasons, this
approach is not the most desirable. |

It seems easier to proceed from the point at dmax in
generating the rate distortion function, since one knows
that at dmax there is a single point of support and as one
moves away from dmax the number of support points can grow
no faster than linearly with s. One may; therefore, con-
struct the solution by increasing s from dmax and using the
preceeding solution as the starting point of the algorithm
for the next s. If this procedure is followed, one can see
that local maxima of C(y) that are not associated with a
support point form as s grows until they become such that
C(y) > 1 in their vicinity. This suggests that they then

require a point of support. These ideas can best be demon-
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strated by an example. Before doing this, however, the

following procedure summarizes the above thinking.

l.

Construct the solution at dmax by using

Q(dy) = S§(y-n)dy (6.46)

where n is the mean of the source.

Determine by plotting C(y) the maximum s (Smax)

for which (6.46) is the solution.

Consider an s slightly larger than Smax and con-
sider the regions where C(y) > 1. Place discrete
masses at the maxima of these regions and, there-
fore, construct a new Q.

Pick tolerances on |C'(yi)| and |C(yi)-1| of the
order of the desired tolerance of F(s) and use a
nonlinear programming algorithm to iterate the Y;
and q; -

Iterate until the tolerances have been met and plot
C(y) to determine‘cmax.

If Cmax is such that the accuracy on F(s) is satis-
fied then stop. If the accuracy has not been met,
then either continue the iteration if Chax is in
the set {Cim} or insert discrete masses to assure
that C___ € {Cim} and continue to iterate.

When the tolerances are met again,determine Cmax

and repeat step 6.

Use the resulting Q as the starting point of the
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procedure for the next value of s (increase s).

The procedure continues from step 2.

The following example and discussion should illustrate this

technique.

Example 6.2 Uniform Source

The uniform source to be considered is given by

§ o

PX(X) (6.47)
elsewhere

This has been chosen such that dmax = 1. This source has
a mean value of zero and, therefore, the Q at dmax is given
by

Q(dy) = §(y)dy (6.48)
From (6.48)

2 .
cly) = e SY ¢ sinh [24/3 sy] } (6.49)

243 sy

Near s = .5, (6.49) may be shown to satisfy the necessary
and sufficient condition that C(y) <1 ¥y ¢ Y and, there-

fore, is near s = .5. If one considers s = .6,

Smax
Fig. 6.2 shows C(y) for y > 0 (C(y) is symmetric about y = 0).
Fig. 6.2 shows that two local maxima (the one for y < 0 is
not shown) occur a distance from y = 0. One may insert

masses at these points and iterate an algorithm. The algo-

rithm used to position the y;s in this example is the
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1.051

1.04
C(y)

1.03

1.02

1.01¢

1.00

Fig. 6.2 C(y) for a Uniform Source, a Single
Point of Support for Q, dmax=l’ ‘

and s=.6 .
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Davidon-Fletcher-Powell method as available in the IBM:SSP
software package [24]. Table 6.1 indicates that the result-
ing solution for s = .6 consists of two discrete masses.
Table 6.2 indicates the corresponding values of R, d, and
F(s). The accuracy in Table 6.2 is to four places.

As Table 6.1 shows, the two point support solution
continues to be the form of the solution until approximately
s = 1.5 where a small discrete mass appears at y = 0. The
three point support solution continues until approximately
s = 3. where two more points of support are needed. The
pattern of growth of the support points should now be clear.
The growth of the support points is one of spreading and
filling. New points emerge by either the splitting of old
points or they emerge to fill a gap created by the separat-
ing of old points. As is illustrated in this example for
N = 4, all values of N need not have solutions associated
with them.

It is also interesting to note how much of the rate
distortion function is mapped out by such a small number of
points of support of Q. R(d) is plotted in Fig. 6.3 for
the uniform source along with the rate distortion function
for the Gaussian source with dmax = 1.

This example illustrates the use of the procedure pre-
sented in this section and the behavior of the solution. As
was mentioned, the Davidon-Fletcher-Powell routine was used
in determining the positions. The weights in this example

can, of course, be determined by symmetry in the region of
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Table 6.1 Positions and Weights (yi,qi)
of the Reproduction Measure for the

Uniform Source and the Squared Error

Distortion Measure for dmax

(yi,qi)

= l.

(positive Yy only)

(0.,
(0.,
(0.,
(0.,
(0.,
(0.,
(0.,
(0.,
(0.,
(0.,
(0.,
(0.,

.0224
.1048
.1602
.19
.221
.2406
.2556

(.5011, .5 )

(.6306, .5 )

(.6996, .5 )

(.7417, .5)

(.7696, .5 )

(.7888, .5)

(.8028, .5 )

(.8131, .5)

(.8213, .5 )

)
)
)

)
)

.26728)

.2769

)

.28416)

.2954

.15)

)

( .8390,
(..8914,
( .9332,
( .9589,
( .9894,
(L.01 ,
(1.028 ,
(1.0419,
(1.0545,
(1.0644,
(1.0808,

(.4022, .121)

.4888 )
.4476 )
.4199 )
.405 )
.3895 )
.3797 )
.3722 )
.36636)
.36155)
.35792)
.3523 )
(1.1633,

.304)
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Table 6.2 Rate, Distortion, and F(s)
for the Uniform Source and the Squared Error

Distortion Measure for dmax =1,
_S_ _F(s) d R
.6 .5862 .7489 .1369
.7 .6532 .6024 .2315
.8 .7085 .5106 .3000
.9 .7563 .4499 .3515
1. .7992 .4077 .3915
1.1 .8383 .3777 .4228
1.2 .8749 .3555 .4483
1.3 .9096 .3388 .4691
1.4 .9427 .3255 .4871
1.5 .9747 .3118 .5070
1.6 1.0047 .2887 .5428
1.7 1.0326 .2687 .5758
1.8 1.0586 .2552 .5992
1.9 1.0831 .2375 .6318
2. 1.1062 .2249 .6563
2.1 1.1281 .2141 .6786
2.2 1.1490 .2046 .6989
2.3 1.1691 .1959 .7185
2.4 1.1883 .1890 .7346
2.6 1.2249 .1770 .7648

3.4 1.3502 .1380 .8811
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Fig. 6.3 The Rate Distortion Function for
the Uniform Source and the Squared

Error Distortion Measure for 4 max=l'
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R(d) where a two point solution holds or by Blahut's itera-
tion in general. In utilizing these techniques one may want
to alternate the iteration of the q;s and y;s or wait until
after several iterations to switch. To utilize the full
advantage of a nonlinear technique such as Davidon-Fletcher-
Powell more than one iteration of the ¥;s is necessary before
moving the q;s- For a small number of support points, one
may find an interactive procedure quite satisfactory. That
is, guess the q; and use a nonlinear technigue such as
Davidon-Fletcher-Powell to give the yij- As the above exam-
ple indicates, this is a useful procedure over a large part
of the curve when symmetry is also utilized since one has

only a small number of variables to deal with.
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