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PART ONE

NONLINEAR-WHIRLING MOTION OF AN INITIALLY

BUCKLED BEAM

1.1. INTRODUCTICN

Nonlinear transverse vibration of a beam whose ends are
assumed to remain a fixed distance apart during vibration, has been
studied extensively. The nonlinearity is introduced into the equa-
tions of motion by the extension of the neutral axis by the restriction
of immovable supports. References to early work on the plane vibra-
tion of unbuckled beams can be found in the thesis of Ho[1]. Eisley
[2] studied the large amplitude vibration of buckled beams and
rectangular plates. Min and Eisley [3 ] examined the theoretical
response and stability of free and forced vibration of a simply sup-
ported buckled beam. Tseng and Dugundji [4 ] studied analytically
and experimentally a buckled beam with fixed ends, excited by the
harmonic motion of its supporting base. Plane response and stability
regions were determined.

Early work on out-of-plane motions of strings has been reported
by Ames, Lee, Zaiser [5], Ames, Vicario, Jr. [6], Ames, Lee,
Vicario, [7], and Shih " ]. However, few such studies have
been reported for beams. In this area, Haight and King [ 9 ] examined
harmonic plane excitation of a cantilever beam and mentioned that in

certain circumstances the response was nonplanar. Rodgers and



Warner [ 10 ] studied the dynamic response and out-of-plane stability
of thin curved rods excited by a harmonic end force applied normal
to the cross-section. More recently Ho, Scott, and Eisley [11, 12 ]
studied the large amplitude nonplanar vibration of a simply supported
beam with immovable ends. Hamilton's principle was used to derive
the equations of motion and Galerkin's method was employed to reduce
the governing nonlinear coupled partial differential equations to
coupled ordinary differential equations. Stability analysis showed
that under certain circumstances planar motion was unstable to out-
of-plane perturbations. It was further found that the ensuing motion
could be of the steady state or beating type.

The present study is concerned with the effect of buckling on out-
of-plane stability. Governing equations of motion, which are original,
were derived using the equilibrium principle and certain kinematic
approximations. Galerkin's method is then employed to generate a
set of ordinary nonlinear differential equations. Response and
stability are investigated by means of an approximate method applied

to these equations of motion.



1.2. DERIVATIONS OF THE EQUATIONS OF MOTION

Consider a simply supported symmetric beam initially buckled

in the x-z plane'ﬁ, with the xy axes being in the plane of symmetry.

y=*
Uo

v

y};‘igure 1. 1. Initial buckling and deformation of a beam in

the x-z plane.

The distance L between the supports is fixed, after the beam is
buckled; u, v and w are displacements of an arbitrary point in the
cross-section in the x, y, z directions respectively. The equations
of motion for the initially buckled beam will be derived using
Lagrangian coordinates (based on undeformed shape) and equilibrium
eonditions-as follows: it is assumed that the forces in the x-z plane
and the moments about the y-axis are as givenin Figure l. 2. Note
in the ensuing equilibrium analysis no distinction is made
between the arc leagth ds and d=z.

= ~ N 2
This implies I >1 wherel = gg yZaA |1 =jj x“dA
xX vy XX A o yy A o
where Aois the area of the x-section. o o




A4

Figure l. 2. Force resultants and moments acting on an
infinitesimal beam element in the x-z plane.

Summation of the forces in the x-direction gives
2

8Nx an 9 u du

oz T3z ~° atZ Y -Fx(z't) (1.1)

where p is mass per unit length, c is viscous damping coefficient per

unit length, Fx is external force andu=u +u the subscripts o and

o By ZuB
B denoting a centerline quantity. Also note —>— = 0. Summation
at

of y-axis moments about the centroid gives (on neglecting the rotatory

inertia about the y-axis):

oM
—L_+q =0
0z b4

= (1. 2)
where for small slope (assumed)
o(u +u_)
o B
Nx = N 5z (1.3)
NZ * N (1. 4)
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Figure 1.3. Force resultants and moments acting on an
infinitesimal beam element in the y-z plane.

The forces in the y-z plane and the moment about the x-axis are shown

in Figure 1.3. Summation of forces in the y-direction gives:

2
aN_ - 2Q 87V Bv _
+ - - c = -F (z,t) (l.5)
0z 0z 8t2 ot v
av
where v 3V _ and N_= NTZ—P— (1. 6)

Summation of the x-axis moment about the centroid gives (on neglect-
ing the inertia about the x-axis):

oM
x

ry" -Qy: 0 | (1.7)



Summation of forces in the z-direction gives (on neglecting the

longitudinal inertia):

aNz 9 av¢:>
- +
9z 0z ( 0z Qy

Following the same assumption used by Herrmann [13] and

ou _
= Qy) =0 (1. 8)

other authors, the horizontal component of shear force is neglected

in eq. (l.8) hereafter. Then eq. (l.8) gives

Nz = K1 ) a constant. (1.9)

From eqgs. (l.1) and (1. 2) Qx and from eqgs. (l.5) and (1.7) QY can

be eliminated to give

ON_ BZMY 82uo G

8z | 5,2 P 52 c57 - = - Filzt) (1. 10)
N, BZMX 82v° v

3z 552 - P N -¢ = - Fylet) (1. 11)

1. 2. 1. RELATIONSHIPS BETWEEN FORCES, MOMENTS,
AND DISPLACEMENTS

The assumed deformation pattern is shown in Figures 1.4 and



*

oz
p—r 4
Uotls
e W«fu{, —i
R # + —— A

Figure 1. 4.

Deformation in the x-z plane.

y%—‘;——l
1

Deformation in the y-z plane.



where w3 is the initial displacement of the neutral axis in the x-z

plane due to buckling. The rotations of the element are taken in the
counter-clockwise direction in order to be consistent with the defini-
tion of positive slope.

Using Figures 1.4 and 1.5, the displacements can be written:

gu ov

= - — — 1.

w WO+WB x = ry (1.12)
u= uo+uB (1. 13)
v=v (1.14)

Nonlinearity is taken into account only through use of Green's strain

tensor in the z-direction

- 2 2 2
ow 1 du ov \ ow
== + = — — .
Ezz 0z 2 L(az) +(\8z/ +(8z ) ] (1.15)
ow
Subsequently, (a—z—) is taken to be small and is neglected.

The axial force can be written, on neglecting Poisson's effect
and considering only isotropic materials, so that the Kirchhoff stress
tensor component is S = E E, where E is Young's modulus, and

ZZ

noting again N ¥ N,

v =50,

Taking, for example, a beam of rectangular cross-section (as shown

EE,_dA (1. 16)
A

in Figure 1. 6) yields

~b ~a ~ 1

2 2
NZ=E5 5 L(g‘;’>+5 (g: ) +<\g:) }dxdy (1. 17)
-3




1
2:' & >\

—2a—

Figurel . 6. Geometry of cross-section of a beam element.

Substituting egs. (1.12), (1.13) and eq. (1.14) into eq. (1.17)

gives

2 2
, a Ab Fo(w +w_) 8 (u +tu) 9 v
'N = E o B _ o B - 0
z oz 2 Y 2
-a =b oz oz

8(ua +u_) 2 ov 2

1 o B o) .I
+ 3 ( 2 ) +(\ =2 ) | aa, (1. 18)

Carrying out the integrations over x and y results in

2 2
¢ -Ea [a(WQ+WB)+l (8(u0+uB) )+(8Vo ) }
z o 9z 2 . 9z y ‘9z
(1..19)
Note that
N =Nsin6. *N sin6, ¥N 22 (1. 20)
x 1 A 1 z 02z
and
N = Nsin6.% N sin0. % N 2L (1. 21)
v in6,= N_sin8,= N o= .
Further
a
Mx= (Zb)S‘ Szzydy (1. 22)
<a
~b

M = - (2a) S xdx (1. 23)
v zz
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or

~a
M_= (2b) éa EE_ydy (1. 24)

Substituting eqs. (1.12), (1.13), (l.14) and (1. 15) into eq. (1. 24)

gives

2 2 2
o B g u 8 v IJ’Bu
Mx'ZbE‘S L 2z "X TRV T Y3 (az)
) 9z L
-

+(g—;’) Jy dy (1. 25)

Noting that the cross-section is symmetric, this reduces to:

a 2
M=-2bES‘ (8v)y2dy (1. 26)
X \ 2
-a oz
azv
=-EI = (1. 27)
XX 2 ‘
0z
where
I o= opa’ 1.28
xx 3 & (1. 28)
Similarly
”~n 2
br 8w twp) 8 “u 5% 1 J/8u 2
mo=-zE) | (5 oy ) v gi(e)
¥ -b 9z 9z
H 2
av 2[ 9 (uo+uB)
(2 ]xdx:EI 2 (1.29)
z I Yy 9z
where -
I =‘-L- ab3 . (1.30)
yy 3
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By substituting eqs. (1.20), (1.21), (1,26) and (1. 29) into eqgs. (1.9),

(1.10), and (1.11), gives

aZu 82 azu 82uB Bzu 8uo
A L P L S
9z° 9z YV 52 9z ot
1.31)
2 (
0 vo 82 BZVO a?‘vo 3v°
N — -2 - E1I -0 -c = -F (z,t) (1.32)
2 522  8z° X g% at2 ot Y
. (EA B(WO+WB)+_1- <8(uo+uB) 2+( avo\Z ])-
z o dz 2 dz ) .8z !
(1.33)

The constant KI’ that is to say Nz, can be calculated from eq. (1.33)

on integrating from 0 to L:

AL(E (WO+WB) d (uo+uB) 2

NZL=EAO‘SO 1—5-2———— +%[(—é-z———>

+ ( = )2 ]} dz = SLKI dz (1. 34)

Now consider the first integral in eq. (1. 34).

~L 9w +tw_)

o B
‘3 —-———-—-dz:(wl -w )+_(W Y8 )
o 9z °l °1s . B I " _
o
(1. 35)
The boundary condition considered here is
W l =W | =0 (1.36)
L o
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which implies that the ends of the beam are held fixed, after buckling

has occurred. Then eq. (l.35) gives

TAW (1.37)

L
g‘ —_ (WO+WB) dz = WB | -w B
o) o

0z L

where A WB is the net axial displacement due to initial buckling.

Then eq. (1.34) gives

EAO ~L 8(11 +u )
N, = 2L (ZAWBJ' 3 ‘:( ) (az) ] )
© (1.38)
Substituting eq. (1.38) into egs. (1.31) and (1. 32) gives
: 2
EAo ~ L (u +u ) 0 (u-(l;uB)
saw e (TRl Y (e ) Jen p—o2
2L B o 0z aZZ
2 azu 82u azu du
8 {EI ( o, B)} sl o
3 - -
9z AP at2 ot
= -F_(zt) (1.39)
2
EA u+u ) av 2 v
S—>42 AWy +5 [( >+<—£> dz | ;’
2L oz 9z 9z
a2. ( azvo azvo avo
- El] —— ) - -cC = - F (z,t)
2 N 2 ) P s
dz ¥ 5z at2 at y

Note that when v, = 0, eq. (1.39) reduces to Min and Eisley's [3 ]
equation. Further, egs. (1.39) and (1. 40) are the same as those of

Ho, Scott, and Eisley [11] when A WB is set to zero.
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In non-dimensional form egs. (1.39) and (1. 40) may be written:

2 -le

9 u I -4 2 ( 1 v
0 vy (2 - - 29 - - 1 5 g o
>+ 2 L —— (@ +T )+ A —_2(u0+uB)] -3¢y |6 )

9T A 9z o B oz [_ ok 8Z
o]

+
+( u uB)) -l _ B u . : auo
0z My

) 1/2 L
= £L__ —_ = Z, 4
= Fx{z L, L(EA ) AL Fx(z,'r) (1. 41)
o o
255 I 8 %7 2% ~1 ov 2
o . _xx l: o +)\yzﬂ_2 o:I 1 S [( o
51 ar® Lezt 532 2‘ "o 9z /
0 -
8@ +ay) |2 13260 8V,
+\—"""'-‘_-—"a.z. ) ]di; _2 + c 9T
h _laz
1/2
- L
- FJzL, L L—) l—-—- =F (g, 1 1.42
y (AOE JAOE g =T (1. 42)
where
z = 2
T L
. (EAO 1/2_1:-
T\ p ) L
i-2 (1. 43)
v
=2
L
- c L
c A Ep)1/2
(o]
. AwB
T Aw
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2 EIl PCRL
and P _ =7 —JIL g the first buckling load and AW _ = =~ —="
cR LZ cR AoE

is the initial net axial displacement due to the first buckling load.

1.3. FREQUENCY-AMPLITUDE RELATION

Eqgs. (1.41) and (1. 42) are nonlinear -coupled partial differen-
tial equations. An approximate technique, such as Galerkin's method,

must be used. Displacements are assumed in the following form:

[o o]
3G 1) =; p_ (T _(2) (1. 44)
=1
0
v(z, T) = (T) ¥ _(2) (1. 45)
11251 % e
where 4) ./ (z) are functions of a space variable and must satisfy

the boundary conditions of the problem [14] ,

$(0) = &_ (1) = 0 (1. 46)

v (0) = ¥_(1) = 0 (1. 47)

Substituting eqs. (1l.44) and (1. 45) into eqs. (l.41) and (1. 42) gives

=2 ® [
2" A szzé 1(%?-+ "5 ¢;12ﬁ>-:41 %1 L,Z (‘/f
2 21 ) oo ©
+ ,%:1me Qbm) ] d;.jnzlcbm P+ EH%I P ¢ =F (G

(1. 48)
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. XX v 2 " 1 N2 1
nZl qnwn+AOLZ Zl(w 'y wn)nZl Q-3 S; [nzélqn Qﬁn)
0 1 oo o0
N 2 ! T . " - .
+Igélpm (¢m) J djnlen q + cnz='1 qnl// =F (z, 7)
(1. 49)
where
()=
' d (1. 50)
() = =

1.3,1. GALERKIN'S METHOD

Now Galerkin's method will be employed in order to reduce the

nonlinear-coupled partial differential equations to ordinary differential

For the simply supported beam, the mode shapes of the

equations.
linear problem are:
¢m(z) = sinmmwz (1.51)
(1. 52)

sinnmr z

<
sA

N
1

Egs. (1.51) and (1. 52) satisfy all the boundary conditions of the

problem.
Multiplying eq. (1.48) by ¢m(£) and eq. (1.49) by ¥ _(z) and

integrating from zero to one with respect to z, yields

e -~ 2 2

+ = ]
pm+cpm+ kx prn+£x(qn pm) Py me (1.53)
g +cq +k +1(2+2) = P
p7 €9 yqn v TPm % T Fyn (1. 54)
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where

4
w 2, 2
kx =37 em (m - \)
4
ko= T— 82n%m2y%n) (1. 55)
v 1
1 = m2ﬂ4/4
b+
2 = n21r4/4
y
A1 -
_ 2L - .. p . -
ern = AE.S F ZL’L‘:EA J) sin m mz dz
o o
2, (} -
P = 5 F(EMIJ[L—})Sansz (1. 56)
yn A E y EA .
o o o
a = (2b/L.)
B = (2a/L)

Eqgs. (1.53) and (1. 54) are nonlinear, coupled ordinary differential
equations. Note that for an unbuckled beam, i.e., A\ = 0, they reduce
to the equations given by Ho, Scott, and Eisley [ 11, 12 ] When q= 0,
then eq. (1.53) reduces to Min and Eisley's[3] equation. There are
no known exact solutions to these equations, but approximate solutions

are possible. Here the harmonic balance method will be employed

[15] -
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1.3.2 PLANAR VIBRATION

Consider now the special case of forcing in the x-direction only:

F .=F cosut, F , =0 (1.57)
xl ox yl
1
where F_ is a constant and w = — , W' being the frequency of the
ox —p W
' Ao o 1l/2 1
external force and w, = ( 5 ) I It is assumed that in

certain circumstances the response to such an input will be in the
x-direction only, i.e., q = 0 (planar-vibration). Moreover
n

attention is restricted to the casem = n= 1 and c = O.

From eq. (l.56)

4 Fox L
le = --rr_]*ro_- coswT (1.58)
Eq. (1.53) then gives the well known Duffing equation
2
?—pl—+k sl p = 2 g swT (1. 59)
N «P1 1 7 A_Er ox cosw ¥

An approximate solution can be obtained using the harmonic balance

technique. Assume

P, = AcoswTt c-:1 (1. 60)
It is important to note at this stage that two basic types of response
are feasible. One is a "local" vibration about the buckled position
(nonsymmetric vibration), and for this case the constant El #+ 0. The

other type is a so-called snap-through"' motion (symmetric vibration)

for which ¢, should be set-equal to zero. This case must be treated

1

with some caution, though, as pointed out by Tseng and Dungundji [ 4],

since it is unlikely that a perturbation scheme like the

% This phrase is used throughout to denote complete motions about the
z-axis.
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method of harmonic balance would give accurate results for such
violent oscillations. It may, however, work if the initial buckling
of the beam is small (i. e., \ is close to unity). Substituting eq.

(1. 60) into eq. (1.59) and equating the coefficients of coswT give

4 F L
2 3.3 -2 ox
-mA+kxA+1x<ZA +3c1A)= TE A (1. 61)
The constant terms are
- -3
k c1+l ¢y = 0 (1. 62)
* % ko (1/2
¢, = 0 or Cl=(-l_—) (1. 63)
x "
The case of nonsymmetric vibration is studied first:
1/2
c. = - 1 .
) ( K /2 ) (1. 64)
Egs. (1.61) and (1. 64) give the frequency amplitude relation:
4L F
2 3 3 ox
<-w .21<x>A+4 L A" = AvE (1. 65)

3
Note from eq. (l.65) on setting Fox = 0 and ignoring A , that the free
1/2

vibration frequency of the buckled beam is w' = W, ( - 2 kx ) .

Next the symmetric vibration case is considered. Egq. (1. 61)

with 51 = 0 gives the following expression for the frequency amplitude
relation:
4 LF
2 3 3 oX
(- +kx)A+4zxA - ErE (1. 66)

As noted previously, \ must be close to unity in order to obtain an
accurate result. Both eqs. (1.65) and (1. 66) will be explored numeri-

cally later.
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1.3.3 NONPLANAR VIBRATION

Now the case of nonplanar vibration, that is, the possibility of

a, =# 0, will be examined. Using eq. (1.57), egs. (l.53) and (1. 54)

become on setting c = 0, PYl =0
5.+tkop,+1 (2 +3)-4—I:‘—'F—"'O—X—OST (1. 67)
P17 %P x '9p Pp T PL)F mA_E cose :
g.+tk + 2 2+3)-0 (1. 68)
TR, Y Ty PTG E y

®
Harmonic balance will now be applied. Assume

P 1

n

9
Substituting these expressions into eq. (l.67) and equating the

coefficients of coswT to zero gives:

A cosuT+ ¢ (1. 69)

B cos (wT +b) (1.70)

(1.71)

4LF
2 -2 3 3.1 2 0X
(- w +kx+3c11x)A+ 4:1xA +ZIXB A(2+cos2d) _TTAOE .
Equating the coefficients of sinwT to zero gives:
sin 2¢ = O (1.72)
ord = + sw/2 wheres=20, 1, 2.
The constant term vyields:
- -3
= . .73
kxc1+ !xcl 0 (1.73)

Similarly, substituting eqs. (1.69) and (1. 70) into eq. (1. 68) and
balancing the coefficients of the same harmonics gives, after some

trigonometric manipulations,

*Note that there is no constant term in the expression for q;. This

stems from the fact that there was no initial buckling in the y-z
plane.
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- 3 2
( —w2+k +c2! )B + 3 Bt + —1-1 BA (24+cos2d )= 0 (1. 74)
y 1y 4 y 4y
the constant term yields eq. (1.72) again. Eq. (l.73) gives
- - 1/2
= = - / . .
€ 0 or ¢y ( kx !x) (1. 75)
Again El = 0 corresponds to the case of symmetric (snap-through)

vibration and El =# 0 corresponds to the case of nonsymmetric
vibration.
Consider first the case of nonsymmetric vibrations, c-:1 # 0.

Egs. (1.71) and (1. 74) with eq. (1. 75) become:

2 3 3 1 2 4FoxL
(- w -ka)A‘i'leA +ZIXB A(24+cos2¢) = ?A—O'E— (1. 76)
2 . 3.3 1 2
(-wk ~—2 k )B+=B 4 +=—1 BA“(2+cos2) = 0 1. 77)
vy 1 X 4 y 4 y

From eq. (1.77), either B = 0 (which corresponds to the case of

planar vibration already studied) or
4

2 4 2 v 1,2
B = -3—!}' (-w +ky-1x kx) -3 A (2+cos2d) (1. 78)

Substituting eq. (l. 78) into eq. (1. 76) gives the frequency amplitude

relation
2 .\ 1'% 2ty
[( -w -ka/,-gl—— (2+cosd) (-w +kY-1ka)]A
y (1. 79)
3 1 2 'l 3 4LF
+ [Z Ix 2 lx(2+c052¢>) | A = —__“AOE

Examining eq. (1. 79), it is found that two cases arise, namely
i) b= +sm./2 where s = 0, 2.
Then eq. (1. 79) reduces to
A= 4LF0x /m AOE(kX-I-ky). (1. 80)

This last equation requires A to be zero when Fox is zero and so
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precludes the possibility of large-amplitude free vibrations. Hence,
this possibility is unphysical and must be discarded.
ii) é=3s8r/2 wheres= 1.

Then eqgs. (l.78)and (1. 79)give

2
B2 .= (. %Kk -k)-L a (L. 81)
34 x 3
2 2 5 1 y 2 3 4LF o
(=30 ~TRIYYAILA T TET (1. 82)

Eq. (1.82) can be solved for A and from eq. (1. 81) B can be determined.
For the symmetric vibrations (snap-through) <-:1 = 0, egs. (L. 71}

and (1. 74) give

2ik)a+> 0 A+l B‘2A2+ 2¢)—4E—F;"i‘— . 83

(-w x 4 " x 4 " x (&tcos - -rrAOE (1. 83)

(cwtk )B+24 B> ++1 Ba%(2tcos2d) = 0 (1. 84)
y 4y 4 vy

From eq. (l.84), either B= 0 (which corresponds to the case of

planar vibration already studied) or

BZ = - 34! (-w2+k ) --I-A2 (2+cos2d) (1. 85)
Yy vo2

Substituting eq. (1. 85) into eq. (l. 83) gives the frequency amplitude

relation for symmetric (snap-through) vibration.
2
( CIN ) - = ( otk ) ( 2+cos2 1a
x 31 v y/ |

3 Ix 2 —] 3 4LFox
2y I (2reon ey,
+ [4 - T (2+cos ¢) la AE (1. 86)
Again examining eq. (l.86), it is found that two cases arise, namely

i) = + s—;— where s = 0,2 Then eq. (1. 86) reduces to
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4LF

A: oxX .
T A E (k K ) (1. 87)
o Xy

This equation again requires A to be zero when Fox is zero and so
precludes the possibility of large-amplitude free vibrations. Hence,

thi; possibility is nonphysical and must be discarded. (Same as the

unsymmetric vibration case.)

ii) When ¢ = S—g—- where s = 1. Then eqgs. (1. 85) give:

2 4 2 1 .2
B = - 31Y (-w +ky)-3 A (1. 88)

and eq. (l. 86) with¢ = % gives:

4F L
2 2 1 2 3 o
(- 5otk -3 ky)A+3 At = TAE (1. 89)

Eq. (1. 89) can be solved for A, and from eq. (1. 88) B can be

determined.

Eqs. (1.81), (1.82), (1.88), and (1. 89) will be explored numerically

later.
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1.4. STABILITY

Eqgs. (1.67) and (1. 68) are

. 2, 2
e 2 2
qp tkay tLo(ateda =Py (1.91)

Let a small perturbation be given to the steady-state response by
+ .
P,—» 80, TP, (1.92)
If 6p1 or 6q1 is unbounded (grow with time), the system is unstable.
Substituting eqs. (1.92) and (1. 93) into eqs. (1. 90) and (1.91) and

retaining only the first order terms gives

R 1 T..1 T ke 2 2 T T
1 0 ob, 1 x{!—+(3p1+q1} 20 piaq, 5p, 0
+ % -
k

_(-) 1- _621'1_ _21 TP {Izy+(3q12+p12)}.; -5q‘1— _0_{
1.4.1. PLANAR VIBRATION (1.94)

For planar vibrations, eqs. (1. 94) become (ql = 0)

1 o[ lop,| |4 x(;’-‘---+ 3p?) of [ ep, 0

. ' ) ky 2 - (1.93)
0 1 8q 0 ty(=+p)) 5q, 0
y

Substituting the steady state solution P; = AcoswT + c-:1 with A and w
related by eq. (1l.65) into egs. (1. 95) gives uncoupled Hill's equations

(which have been receiving more attention recently *).

#*See works by E. K. H. Hoehn[16 ] and W. Magnus and S. Winkler
[177 .
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— - - - — o - -
ee - 2 2 -
1 0 &p 1 6c1£ XAc:os<.o‘r‘+3A Ixcos w"l‘+kx+3c11x 0 Spl
* 2 2 2
0 1 6q1 0 21 YCI.A.COSO.)T‘l'!yA cos w"r-i-ky+clly 6q1
_ I I L - L
0
= (1. 96)
| O
Egs. (1. 96) can be rewritten
1 0] |6p ) (ax+elxcoswr+e 25 CO8 20t) O 6p1 0
+ —3
0 1 6q 1 0 (ay+€ lchSwT‘i'E zyCOSZQJT) 6q1 0
— b - - b - T
(1. 97)
where
= 31 & 4k 4
%% x°1 % €2x
-2
a = 1 c tk +e
y yl 'y 2y
2
€p, = (3/2) A Ix
5 (1. 98)
€ = (1/2) A™¢
2y y
€14 = (':CI.A.Cx
ely = ZCI.AIY

From the Floquet theory if ¢ is a characteristic exponent, then Hill's

eqs. (1. 97) have solutions in the form of:

—

6p1

CwT

I
®

qu

(1. 99)
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where Q1 and Q2 are periodic functions. An approximate scheme will
now be used (see Ho, Scott, and Eisley [11, 12 ] , Williams and Tobias
[18 ] and Efstathiades and Williams [19] ). Q, and Q, are taken to

have the forms

- - — - . -
Ql a1 a3 a5 COSWT
= (1.100)
Q2 a2 3.4 a6 sinwT
I _ - 1
where the ai's are constants.
Eqs. (l.99) with egs. (l.100) can be rewritten:
...6 - _; —_ _
P, 1 a3 ag coswT
= 797 sinwT (1. 101)
oq a a a 1

Substituting 6p1 in eqs. (1.101) into the first equation of (1. 97) and

balancing the coefficients of the same harmonics and neglecting the

s

higher powers " of ¢ gives

2 1
- += 0
W, +ax > € 25 0 Elx 0 1 O a1
2 1 2
- -— - =10
0 (-w +ay ZEZX) 0 +20w 1 0 O a,
elx 0 Aoex 0 0O 0 a5 0
e p— L p— L . N—
(1.102)

ats

% The reader should recall that in the undamped case, the stability
boundaries emanate from the €-axis in the ¢-¢ plane. Hence in the
vicinity of this axis ¢ may be taken to be small.
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Note that one equation above has been multiplied by 2 to preserve
the symmetry. In order to have nontrivial sclutions for the ai's, the

determinant of the coefficients must be equal to zero, which gives,

( Z+ + 1— ) 2 2
et ax 2 e-Zx gw €lx
2 2 1
- 20w (~w +ozx- > ezx) 0 = 0 (1.103)
e-lx 0 Zax

Expansion of this determinant yields the characteristic equation:

2
2 €
2 1 2 24 1 “Ix 2 1
(-wta) -Fe, +t40'w -3 — (-wta -7 €, )=0 (..104)

X ”
(The last term in eq. (1.104) is of higher order, and therefore neglected).

In order for the system to be stable, thevalues ofthe ¢'s must have

negative real parts or be pure imaginary. Eq. (1.104) gives

2 1/2
- 2 1 2 2
0'1’2 =+ [-—(-m +ax.) + 2 €ox ] / 2w (1.105)

Hence stability requires
2
2 1 2 .
(- v ta ) > T oy (L. 106)

Expression (1.106) with eqs. (1. 98) gives the stability boundaries

4
C A +C AZ +C =0 (1. 107)
4 2 o

where

* The term is of O(A6) which is negligible compared to the
other terms which are Q(A").
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2
cC = (- wz - 2k )
o X
2
CZ = 3 (-w - ka)ﬂx (1.108)
C4 = (27/16) Ix

Similarly, substituting qu in egs. (l.101) into the second equation of
(1. 97) and balancing the coefficients of the same harmonics and

neglecting the higher powers of ¢ gives

"2 4 ) T Tor o\R1 [
- +ay_+ > €2y 0 EIY o 1 O az 0
1 2
0 (-w +ay-é-€2y) 0 +2cw (-1 0 O a, = 0
€ 0 2o o 0 0 a 0
(1.109)

In order to have nontrivial solutions for the ai's, the determinant

of the coefficients must be equal to zero, which gives

2 1 _ 2
( ~w + ozy + > :Zy) 20w GIY
2 ‘
- 20w (o ta -6 O =0 (L.110)
€ 0 20
ly y
Expansion of this determinant yields thE characteristic equation:
2 €
2 1 2 24 1 "y 2 1
- - 4 - - - =
(- w +ay) 3 EZy + 40 w 5 ay (=w +c2:Y > €2Y) 0
(1. 111)

The last term in eq. (1.111) is of higher order and therefore will be
neglected. In order for the system to be stable, the values of the o's

must have negative real parts or be pure imaginary:

2 1/2
2 L ¢l :| /sz (1. 112)
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Hence stability requires:
2
2 1 2
(-0t a) I €2y (1. 113)

Eq. (l.113) with egs. (L. 98) gives the stability boundaries for the y-z

plane
DA4+DA2+D = 0 (1. 114)
4 2 o *
where
2 \ 2
Do =[-w +ky-uy“x)kx]
2
DZ = [ -w +ky-(.ly/lx)kx] IY (1. 115)
2
D4 = (3/16)1Y

Egs. (1.107) and (1. 114) define the stability regions for planar response.
Both eqs. (1.107) and (1. 114) will be solved numerically later.
Eqgs. (1.107) with 51 = 0 gives the in-plane stability boundaries for

symmetric vibration (snap-thr ough):

- 4 - 2 -

C,A+C,AT+C_ =0 (1. 116)
where
2

C = (-w2+k )

o) X
- 2
C, = 3o Tk )L (1. 117)
C, = (27116)12

4 x

Eq. (1.114) with c, = 0 gives the out-of-plane stability boundaries

1
for symmetric vibration (snap-through):

- 4 - 2 -
D4A + DZA + Do =0 (1. 118)

where
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- 2 2

D = (-w +k)

o Yy

DZ = (-w2+k 1. (1. 119)
y v

- 2

B, = (/16) 4

Eq. (1.116) and (1. 118)will be solved numerically later.
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1. 4. 2. NONPLANAR VIBRATION

Consider now the stability of the nonplanar response. Substituting

egs. (L.69) and (L.70), with $= S=, S=1, 3, 5 into egqs. (1.94)

gives the coupled Hill's equations

-— — —

1 of]sp (&;E

ZxcosZm T+ elxcoswf) (B 2xsm2w'r+[3 1xsmw'f) 5P1

+
0o 1 8q sin20THB . sinwT) (@ +€., cos2wTteE, sin wT)| |6
i JU%% [Pay Brysinem) (aghepycosdomre  oin o) P9
0-1
= (1. 120)
LO
where
2 2 B°
a = (3A /2 +3 c1+ —2—"') !x+kx
€lx= 6c1A! ,
- .2, B
2x (3A éZ- 2 ;!x
- - 3B : -2 A
R M +k
E]'Y = 2 clzlyA. . (1.121)
. = (A 3By
2y 2 2 y
Bix = "2 1B
pzx = - AB!
Bl T-28 1, B
ﬁz = - AB1?

Assume the solutions of eqs. (1.120) in the form of



i

(e0 ] o ]
5P, 11
oTWwT
= €&
5q, Qa2

(1.122)

where Q11 and sz are periodic functions. An approximate scheme

will be used (see Ho, Scott, and Eisley [11, 12]).

taken to have the form

Q and QZZ are

11

Q11 a,11 a33 a55 cCosSwT

ow T .
= e sinwT
Q22 | %22 244 %] | ']

Egs. (1.122) with eqs. (1.123) can then be rewritten

— = — — —_
Gpl al1 asg agg cCOSwT

Cw T .
= e sinwT

| %9y | %22 244 %0 !

(1. 123)

(1. 124)

Substituting 6pl and 6q1 in egs. (l.124) into eqs. (1.120) and

balancing the coefficients of the same harmonics and neglecting the

higher powers of o gives

B 2 1 1 |
(~w + ax+E- sz) 0 0 513 2%
0 (“F+%ﬁ252 ) %ﬁzy 0
0 156 - (-w’ta 'lz'ézx) 0
%—pzy 0 0 (~w +ay-%-ézy)
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0 0 1 0 all
0 0 0 1 a
2
+ 20w 22 = 0
-1 0 0 0 a33
0 -1 0 0 a
- _ |44 |

(1.125)

In order to have nontrivial solutions for the aij's, the determinant of

the coefficients must be equal to zero, which gives

g g b 0
g, & 0 B
= 0 (1.126)
h, 0 g g
0 h4 gz glcr
where
g = 2w
1 1
8,72P =3Py
2 - 1 -
hy = (ota -3¢ )
2 - 1-
h2 = (=W +ay-2 Ezy)
(1.127)
2 1
h. = (- 4z
3 (-w +a +2 €, )
2 - 1.
h4 = (~w +ay+2€2y)

Expansion of this determinant yields the characteristic equation

(g,0)* + R(go)* + 5= 0 (1.128)
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where
R=hh +hh -2¢
= My T Mg - 2B
S = (hh 2y mh 2 (1.129)
= (hh, - g;) (hh; - g, - .

Stability requires that the roots of eq. (1.128) must be imaginary.

o o= \1{. '\[R iVrZ.4s (1.130)
g Y2
The roots are imaginary if
i) | S>>0
ii) R>0 (1.131)

i) R%> 48
Setting S to zero yields stability boundaries. Consider nonsymmetric

vibration, i.e., El # 0. Then the coefficients h,, h,, h,, h, and g,

' 2 T3 T4
are determined from egs. (l.127) with (1.121, with ‘_’1 =# 0) and

(1. 81). They are as follows:

h1 = -;—.A.Z.!x-i- (-kx-ky)

hZ =-‘;— A21y+ 2(wz—ky+kx)

h4= %Az .!Y

gz - A% [ -5 (-w2+ky-kx) -5 A% }

Setting S = 0 then gives
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( %AZI x ) [% AZI %" %wz-% ky-% kx] [4 (w2+kx-ky)-A21 Y} :
[%(-%wz-%kx-%ky>+z§.21x] =0 (1. 133)
Equation (1. 133) gives three stability boundaries. Note that the first
factor is the same as the nonsymmetric nonplanar free vibration
response expression (1. 82) and the third factor is a derivative of this
expression with respect to amplitude A and is a locus of vertical
tangents. The second factor yields 1.113 again, that is, a factor
determining the stability of plane motion to out-of-plane perturb'ations.
Similarly, for symmetric vibration, i.e., El = 0, the stability

condition from expression (1. 131) can be written

S >0 (1. 134)
where
S= (h.h -éz)(ﬁﬁ -éz)- (1. 135)
174 2 23 2
The coefficients 1-11, 1-12, ﬁ3, 54 and éz are determined from egs.
(1.127) with (1. 121, with El = 0) and (1. 88), and are as follows:
}-‘1 = %Az 1+ (kx-ky)
B, = - —;-Azzy+ Z(wz-ky)
53 = -%m2+kx--;-ky+ 1-63—A21x (1. 136)
B, = ~a%
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The expressions for R and i2-4§ can be found from eqs. (1l.129),
q

replacing h; by 711, h, by T12, etc. Substituting expression (1. 135)

into (1. 134) gives the stability boundaries for symmetric vibration

(lAZI (E-AZI I A ) 4(mz-k)-A21 )
2 x . 3 x 3 37y 'x v y

[%(-%w2+kx-%ky)+Azzx]= 0 (1. 137)
Again eq. (1.137) gives three stability boundaries. Note that the
first factor is the same as the symmetric free vibration response
expression (1. 89) and the third factor is the derivative of this
expression with respect to amplitude A. Again the second factor isthe
out-of-plane stability equation for the planar vibration. It appears
that no general statements can be made regarding R> 0 and R2> 4S
in expressi.on (1. 131) and they must be treated numerically.

Similar conclusions apply to R, § and K% _ 43 for the case of

snap-through vibrations El = 0.
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1.5. NUMERICAL RESULTS AND CONCLUSIONS

In this section, fairly detailed numerical exploration of the response
and stability eqs. (1. 65), (1.66), (1.81), (l.82), (1.88), (1.89), o
(1.107), (1.114), (1.116), (1.118), (1.131), and (1. 134) will
be given. All of these equations are nonlinear algelraic equations, and
they were solved numerically using a program termed "POLRT' pro-
vided in the Scientific Subroutine Package. In all cases viscous
damping is taken to be zero.

Shown in Figures 1. 7 through 1. 10 are unsymmetric (51 + 0,
that is to say, local motion about the buckled position) plane response
curves for various force levels F (= 4LFox/AoTr E), =10x 10-6, 50x 10-6.
beam geometries a = . 005, .01 and § = .01, .02, initial buckling
states A\ = 2,4, and linear mode shapes (i.e., n = 1, 2)*.

The unprimed letters designate plane stability zones with points
inside corresponding to instabilities in that plane perturbations grow
there. That is to say, perturbations corresponding to these points
cause the initially plane forced motion to change to a different plane
motion.

Region ABC comes from expression (1.107) withm = 1. It
illustrates the well-known planar jump phenomena. As the frequency

decreases, the amplitude of the lowest branch slowly increases until

the point of vertical tangency is reached. Then the motion abruptly

* The previous analysis was for m= n= 1. However, it can be
extended in a straight forward manner to the case n = 2.
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jumps to one of larger amplitude. The region where this larger
amplitude ends up dictates the nature of the ensuing motion, depending
on the type of instability zone encountered. As will be seen, this de-
pends in a complicated manner on the force level F, the beam
geometry (a, B ) and the initial buckled state ()\).

Regions E'F'G' and I'J'K' stem from expression (1. 114) and the
analogous expression for n = 2. The primed letters designate out-of-
plane stability zones with points inside corresponding to instabilities
in that plane perturbations grow there. That is to say, perturbations
corresponding to these points cause the initially plane forced motion
to become 2 nonplanar one. Whether these are steady-state or not
depends on an examination of the stability of whirling motions. In
fact at this point a central issue of the work has been answered, namely,
whirling motion can occur even in the presence of an initial buckled
state, as the presence of these zones show.

One important general remark regarding the out-of-plane in-
stability zones can be made here. Using eqs. (1. 55) and (1. 98) the

equation for the out-of-plane stability zone, eq. (1.113) can be

written
[ 2% n4ﬁ2_‘_y t2 52,22 220 1
w‘-———lz -!xma- Y -~ m J_-ZGZV
On noting y:-z, a= 12-:9-, B = % , it is seen from the above equation

that the out-of-plane instability zones are independent of the initial

buckled state, i.e., A\, whenm = n. In particular this is true for the
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primary case under study here, namely, first mode interactions.
This may not be too surprising in that an effect of buckling is to
"stiffen'' the beam in the x-z plane.

Before proceeding, in order to give the reader a feeling for the
magnitudes involved in the sequel, the choice of parameters will now
be illustrated. Consider, for example, o ( =%—I;a— )= .005, B (=ZT?)= . 01
for a 100" long beam. The cross-section would have area (}i " x 1),
For such a beam, expression (l.63) with \ = 2 gives El = (-kx/!x)l/z

with kx =8.1 az(l-k) = -2.02x 10-4 and { . 24, 35, i.e., c-:1 = . 00288.

But Elis the dimensionless amplitude of q (= %) in the buckled state.
Thus for this beam, \ = 2 corresponds to an initial buckled amplitude
of . 29", Changing A\ from 2 to 4 changes this amplitude to . 50"

Note that @ = . 01, B = . 02 corresponds to (1" x 2'') cross-section

for a 100" long beam. The initial buckled amplitude for this beam,
with A = 4, is approximately 1'.

The curves for F = 10 x 10-6 will first be examined. For the beam
with o = . 005 and B = . 0l, Figures 1.7 and 1. 8 show that for both A=2
and \=4, the amplitudes (after the jumps) end up inside of the out-of-
plane instability zones so that whirling motions do occur. This new
type of jump phenomena was also found by Ho, Scott, and Eisley [11].
It is interesting to note that an increase in A\ moves the terminal point
away from these instability zones. Thus it appears that increasing the

initial buckling state makes whirling motion less likely. This trend



39

is also evident in Figures 1. 9 and 1. 10 which are for a beam with a
larger cross-section, i. e., @ = .01, B = .02. In factthe jump for
A = 4 ends up out of the non-planar instability zone.

The figures also show that the same pattern can be seen for the
larger force level F = 50 x 10-6, that is, an increase in A tends to
decrease the possibility of whirling motion. Up to now the discussion
has focused on the phenomena encountered in a hypothetical experi-
ment as the frequency is decreased from large values. It should be
noted that on increasing the frequency from zero, whirling motions
also occur, but are not generated by jumps. As soon as the boundary
E'F'is met, the initially plane motion slowly changes to a nonplanar
one.

Shown isolated in Figures 1.1l and 1.12 are the stability zones for
various values of the parameters. It is seen that increasing A causes
~ the planar instability regions to move to higher frequencies. Thus
buckling the beam results in jump phenomena occurring at higher
frequencies. It is also seen, as noted in general, that changing A
does not alter the out-of-plane instability zones. Further, it is seen
that making the beam thicker, i.e., increasing a and , though it has
relatively little effect on the width of the zones, moves them to higher
frequencies.

Shown in Figures 1,13 through 1. 14 are plane response curves for

the symmetric vibrations (c-:1 = 0, that is snap-through motions)



40

involving the first modes, i.e. m= n= 1. The same cross-sections
as before are treated, namely, a= .005 B = .0l and = .01, B = .02
However, now only \ = 1.1 is studied, this value close to l being in
deference to the fact that the approximate analytic scheme is likely

to be accurate only for mild snap-through motions. Superimposed

on the figures are the stability zones ABCD for plane perturbations,
as calculated from eqs. (l.116) and for out-of-plane perturbations
E'F'G!, as calculated from eqs. (1.118). It is interesting to note that
the free vibration curve F= 0, which is a stability boundary for ABCD,
intersects, in general, the IA I -axis at a non-zero value. This
shows, not too surprisingly, that free, snap-through vibration below
a certain amplitude cannot occur.. It should be stated here that

another central issue of the work has been answered at this stage.

The presence of the zone E'F'G' shows whirling snap-through motion

can also occur for symmetric motion.

The figures show that for the thin beam (a = . 005, 8 = .01), the
jumps at the vertical tangents end up in the zone E'F'G' for both
force levels, so that whirling motions develop. However, for the
thick beam (¢ = .01, B = .02), the jump for the low force level F =
10 x 10-6 ends up out of this zone, so that the resulting motion is
planar.

To close the comments on plane response, it should be noted that

the current analysis indicates the possibility of both snap-through
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and non-snap-through vibrations. However, it does not involve a
criterion as to which will occur for a given force level (though it
seems clear that a certain maximum force level would be required

for snap-through). In fact, criteria for dynamic snap-through of the
allied problem of arches aré a topic of current research in mechanics.
Shown in Figures 1. 15 through 1. 22 are nonplanar response curves

for the nonsymmetric local vibrations (El # 0) involving the first
modes (i.e., m = n= 1) and for two force levels, namely F = 10x10-6
and F = 50 x 10-6, the same beam geometries a = . 005, .01 and

B = .01, .02, and initial buckling states \ = 2, 4 as treated before.
Superimposed on the figures are the stability zones for nonplanar
perturbations. The stability zones in this case are quite complicated.

Consider first ''local’' vibration (i. e., c-:l=¥= 0). Recall from expres-

sion (1. 131) that three conditions must be simultaneously satisfied in

order for the nonplanar motions to be stable, i.e.,

S>0 (1. 138)

R>0 (1.139)
2

R” > 4S (1. 140)

It turns out that the situation for A = 2 differs somewhat from that for
A = 4 and the former will be described first. For \ = 2, the inequality
(1.139) is always satisfied. Examining expression (1.138), it is

found that S changes from positive to negative to positive to negative,
as the curves A"'B'", A"C'" and A"E'" respectively are crossed. Exam-

> :
ination of expression (1. 140) shows that R - 4S changes from positive
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to negative to positive as the curves Q''H'" and Q''B'" are respectively
crossed. Hence the only regions in which all the inequalities are
satisfied are the zone E"T"C' an d F'"Q"H'" indicated by cross-hatch-
ing on the figures. Inside these zones is the only place where the non-
planar motions are stable.

Since A""B'' is the locus of vertical tangents and response curves
must pass through this locus, it appears that the only region in which
out-of-phase* (i. e., after resonance or, equivalently, below the back
bone curve A''C'') motions can occur is in the vicinity of the point Q'
This region is so small that for all practical purposes, such motions
can be regarded as unlikely to occur. As Figures 1.15 an d 1.17 show,
this conclusion is valid for both the ''thin'' (= . 005, B = .0l) and
"thick" (e= .01, B = .02) cross-sections and both force levels (the
out-of-phase response curves for F = 50 x 10"'6 are off scale in Figure
1.15).

Consider now the higher initial buckling state, \ = 4. The inequali-
ties (1.138) and (1. 140) give the same results as discussed for the \=2
case. However expression (l.139) differs in that R changes from nega-
tive to positive as the curve A'"P'" is crossed. The only region in which
all the inequalities are satisfied is the zone F'"E"A''C", indicated by
cross-hatching on the figures. Inside this zone is the only place where
the non-planar motions are stable. This gives the same result as for

X = 2, i.e., no out-of phase nonplanar motions are feasible. It should

% This refers to the phase between the vibrations in the xz-plane and
the forcing function.
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be noted that these conclusions differ from these of Ho, Scott and
Eisley [ 11, 12 ] who found a very narrow region of stability in the
out-of -phase region in their work on unbuckled beams.
Consider the case of frequency increasing from zero. For the
thin beam and \ = 2 and 4, no nonplanar motions are possible until
the boundary T"E" is met. Thereafter, the planar motion changes

continuously with frequency to a whirling motion. This is further

attested to by the corresponding grow:h of the B curves, as seen in
Figures 1.18 and 1. 20. For both beam geometries one effect of
changing \ from 2 to 4 can be seen. Figures 1.19 and 1. 21 show
that for X = 4 low-frequency, low-force-level whirling motions are
possible. Thus increasing \ appears in this case to make whirling
motions more likely.

Response and stability curves for the snap-through vibrations,
¢. = 0, are shown in Figures (1. 23) through (1. 26).

Stability involves consideration of R>S and liz - 45 (see eq.
(1. 134) ) and the same general characteristics emerge, i.e., for
all practical purposes, out-of-phase nonplanar motions are impossible
for both thin and thick beams and for both force levels. Note that
thickening the beam drives the zone in which nonplanar motions are
possible toward higher frequencies.

In summary of the results, it is seen that for various beam geome-
tries and force levels, whirling motions of both snrap-through and non-

snap-through type can occur even in the presence of initial buckling.



PART TWO
STEADY-STATE NONLINEAR VIBRATION OF
VISCOELASTIC, LAYERED BEAMS

2.1. INTRODUCTION

Due to engine excitation or environmental disturbances, flexural
vibration control of structures, such as aircraft and missile frames,
automobile components, etc., has received considerable attention in
the literature in recent years. Principal goals of researchers in this
field were the construction of viable approximate theories and the
assessment of various families of viscoelastic materials used in
controlling vibration for constrained and unconstrained layers.

Linear and nonlinear flexural vibration of damped sandwich beams
and plates has been discussed by several authors. An extensive
review of this work can be foﬁnd in the paper of Hyer, Scott and
Anderson [20]. One important item that has not received attention
though is the use of unconstrained tapes in nonlinear vibrations.

The present study concerns the theoretical and experimental
investigations of forced, nonlinear, damped vibration of a sandwich
beam (i.e., steel elastic core coated with thin viscoelastic layers)
with fixed end conditions. Due to axial stretching of the elastic core,
nonlinearity is introduced into the problem. Damping effect of the
system is considered due to viscoelastic coatings. A set of three
coupled nonlinear partial differential equations is derived. Galerkin's

44
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method is used to eliminate the spatial variable. Then the frequency-
amplitude relation for a harmonic excitation force is obtained using
the harmonic balance procedure. The nonlinear frequency-amplitude
relation is explored numerically. The experimental results are
compared to analytical predictions in terms of resonant amplitude of

the frequency-response of the system.
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2. 2. DERIVATION OF THE EQUATIONS OF MOTION

In this chapter, a theory based upon assumptions similar to those
used by Kovac, Anderson, and Scott [21], and others, will be
developed. It is assumed that the elastic core experiences axial
stretching, bending, and shear deformation and that only planar
motions occur. The viscoelastic face layers are very thin, and
their flexural rigidities are negligible. This fact allows the face
sheets to be treated as membranes, an approximation used by Yu
[22 ] and Hertelendy and Goldsmith [ 23 ]. The resultant forces and
moment acting on a differential beam element are shown in Figure
2. 2. Modelled on Timoshenko beam theory, the shear and bending
deformations of an infinitesimal beam element are illustrated in
Figure 2.1:

a) The beam element béfore deformation, where h is the
thickness of the elastic core, T is the thickness of the
viscoelastic layers.

b) The beam element under shear deformation (i. e., ¢ is the
shear deformation). This figure assumes that the visco-
elastic face layers experience no shear deformation.

c) The beam element under shear and bending deformation, i.e.,

ow

- ¢ + © where dw is the slope of the deflection curve,

ox

8(x, t) is the slope due to bending only, and w(x, t) is the

transverse displacement of the middle surface.
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A set of three equations of motion (Figure 2. 2) is obtained by con-

sidering y-axis moments and summing forces in the x and z-directions:

A0+4Ad

[N (x+Ax, t)}+N (X“‘l'Ax,t)}COS(Q-PdH- N (x+Ax, t)cos(9+éz-q-)

-y

- [NT(X, t)+Nb(x, t)J cos(9+¢-ée;—A4-> )- Nc(x, t)cos(B-ATG)

- Qc(x-i-Ax, t)sin(6+-A2—§— )+Qc(x, t)sin(e-A—z-e- )

-

= Ax[p A {1 +p A +pbAbubJ| (2. 5)

Dividing both sides by Ax and taking the limit as Ax—»0 and
using

cos® = 1 , sin = ©

gives on noting p T p b, A= Ab

58; [WT+Nb+ Nc)_ch] - pcA +p TAT( . T ..b) (2. 6)
Note that in the inertia terms, u® is to be interpreted as a centerline

quantity. Similarly, summing forces in the z-direction gives

2

= [(N"+Nb)(¢+e)+N°e-Q°;l+a(x)q(t) = (p%a%+2, AW 2.7

Taking y-axis moments and assuming no rotatory inertia due to shear

gives
C
oM 1 veT .. b
e +Q%p 1€ e+2p TAT(rn) (@ T-8 ) (2. 8)

i c c . . .
In these equations, I, p , and A are moment of inertia, density
. . T b T b
and cross-sectional area of the elastic core; p ,p , A, and A are

the density and cross-sectional areas of the face layers, respectively;

q(t) stands for the time dependency of the exciting force, and a(x) its
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spatial dependency. The superscripts 7. b, and c stand for top,
bottom, and core, respectively. A dot stands for the time derivative.

To proceed further, relations between the stress resultants and
the displacements must be obtained. The damping effect of the
viscoelastic face sheets is taken into account by modeling the visco-
elastic layers as a Kelvin solid*

oo = E E + 1 Eg (2.9)
where ET and QT are material parameters, and E:;x is Green's strain
measure. A similar expression exists for crb.

Displacements are assumed of the form (see Figure 2. 1), on taking
the top and bottom layers to be the same so that the neutral axis is at
the geometric center,

uc = ul(x,t) - 28

u’ = u(x, t) + % 6+ T(d+6) (2. 10)

ub = u(x, t} - %9-‘1‘(4)'!'9)

Since T < < h, the last terms of uT, ub are neglected. Under this
assumption, the simplified displacement expressions are:

uc = u(x, t)-z6

u' = u(x,t)+%e (2. 11)

ub= u(x,t)-% (¢]

+*

This terminology, though common, is not strictly accurate in that
the material parameters are allowed to be frequency dependent
later. The procedure is adequate since only harmonic motions
are considered here. A sound general procedure is given in Hyer,
Scott and Anderson [ 20 ].
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o
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!

Figure 2.1. Shear and bending deformations of
an infinitesimal beam element.
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Figure 2.2. Force resultants and moments acting on an

infinitesimal beam element.
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In these expressions, it is assumed that the displacements are contin-

uous across the elastic-viscoelastic layers and the displacement of

face layers due to shear deformation of the elastic core is neglected.
The strain displacement relations are taken as (based on Green's

strain measure in the x-direction):

2

ou 1 ow

Exx - 8x+ 2 (ax)
and

E = E = E = E = 0 (2. 12)
vy zz xy yz

1 1 bw
Exz—2¢_'2(ax-e)

Eqs. (2.12) are based on the assumption that the dominant nonlinear
term is (%—:; ) . All other nonlinear terms are taken to be negligible.
Substituting the assumed displacements, eqs. (2.11), into the strain

displacement relation, eqgs. (2.12) yields

c du , 1 ow, oK)
Exx - 8x+2 (Bx' Y
T du ow 2 h 36
Exx - 5-;:+§(8x +E ox (2. 13)
2
Eb _ _6_1_1+ 1 (3W .li 290
xx 9x 2 ‘9ax’' ~ 2 8x
c 1 ow
Exz 2 ( x ®)

The nonlinearity in the above equations is needed to describe the
axial stretching of the beam. During large amplitude lateral displace-

men ts, the ends of the beam are restrained so that they remain a



fixed distance apart and this induces axial stretching.

The stress-displacement relations are obtained from eqgs. (2. 9)

and (2.12)
2
c _ glaw _, ae}l(aw) ]
Txx 9x \ ox 2 x
‘ . * 2
r . v[8u _h (88 \ 1 (8w\2 8u_ , h3 }_(glv']
Uxx_E[ax 2(..x)'+2\8x_> il+§{ x P2 8x " 2 8x>_‘
2 . o2
b b{ du h<ae 1 /8 ]Tauha 1 /aw
—_— - e = = 4 —_— . = ———1
x 3% 28x>2(3x> t"[x 2 o= 2 bx J
c ow
- _e .
oo =G (5o ) (2. 14)
The stress-resultants are defined by
NC= C dz
xx
c
NT=30'T dz
. XX
Nb=)bab dz
xx
(2. 15)
MC: O'C zdz
c XX

QC=S P dz
Xz
c
The integrations are over the thicknesses of the face layers; the thick-

ness of the core refers to the deformed configuration. Here it is
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assumed that for the relatively small deformation at hand, the
deformed configuration can be replaced by the initial configuration.
Here, and throughout all this work, the width of the beam is taken as
unity. |

Substitution of egs. (2. 14)‘into eqs. (2.15) yields, introducing the

2
Timoshenko shear coefficient k (k = 2/3 for rectangular cross-

section),
2
Nc=EcAc\:8u +}_ (3w) ]
ox 2 X
T T T|{du h ro6 178 2 TTauhab
N = EA[3X+E(X)+-2-\BX) ]+§A[8x+2 ) )+
lam}
2 Gx/
2 . .
b b blou h (06 1 /0w b bfoa h /9
N° o= EA [EX-Z 8x)+2(\8x) ]+§’Al_x‘2(\6x)+
;e 2]
Zax)
c c.c o6
- A 2.
M EI (ax ) (2. 16}

2
Q€= k thc(g—: -¢)
The nonlinear stretching force in the top and bottom viscoelastic
layers is small compared to that in the core, since E = E << EC;
therefore, the last term in the 2nd and 3rd equations may be deleted,
and this is done in the sequel.

Substitution of eqs. (2. 16) into eqgs. (2.6), (2.7), and (2. 8) yields
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c,c 2
9 T_T,,c_c\ du L  E'A dw ow T, Tdu
< 2 gu AL U v ou
ox l:(\ AE+AE) 8x+ 2 <3x> K(B 6)9+2Ag ax]
= mu
9 f T, Tdu T, Tou c,cf8u 1 /ow
— _— & — - [ 2D
= l:lZEA 22424 }@ G)+EA1 x+z(ax)z}9
-K(——- 9):]+a(x) q(t) = mw
- [E°1°39]+K( = 18 (2.17)
0x
or
c L]
o du E W ow T du _ .e
T ST AT
. r 2
0 r'r-rau T, TOu 9w c,c 1aw l
2 142 ou_ LR
ax[LEAax +2gTAT 250 2 +EA1 2(\}{).9
7
ow
-K(ax-e'):]-!-a(x)q(t):mw
(2.18)
1
--a—[D 28 J+K(—a-lv- - e) = 18
0x c 9x x
where
D = E°I°
[
K = kzth
C
m=p°A°+2,7A" (2. 19)
1= p1%+ 30 A (Btn)
B =2AE +E°AS

[+

Now as explained by Yu[ 22 ] , the nonlinear term K (Bw 9)9
in the lst equation of eqs. (2. 18) is less important than the other non-

linear term in that equation. He has shown that this nonlinear term
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is the horizontal component of the resultant shear force Q°. On the
other hand, the nonlinear terms in the 2nd equation of eqs. (2. 18)
are the vertical component of the normal resultant force N¢ which
contributes directly to the transverse flexural motion of the beam.
Hence the nonlinear term in the 1st equation of eqs. (2. 18) will be

%
omitted, resulting in the equations

C

5 [ su E€A
m— B joditunci
ox c

|
Q:‘Q,
™
|
o
0
|Q>
[ I
+
=
N
Im
g
|
[a»]
S
il
()
D2

(2. 20)

When damping and nonlinear terms are neglected in the 1st equation
of egs. (2.20), it becomes a simple linear extensional equation of

motion for a sandwich beam:

0 ou .
= (BC 8x) = mu (2. 21)

Then the 2nd and 3rd equations reduce to

# The reader should note, in contrast tothe equation of Part One, that
no integrals from () to L arise in the present formulation. Such
a simplification is not made here because of complexities intro-
duced by shear deformation.
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@
W

38—:—‘ [K(—g—xz -0 ) -J + a(x)q(t) = mw (2. 22)

Furthermore, if the rotatory inertia and shear deformation are

neglected, i.e. 0= 0, t = 0, egs. (2.22) reduce to

( D . ) ¥ a(x) q(t) = mw (2. 23)

This is a simple equation of motion for transverse vibration of a

sandwich beam.
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2. 3. FREQUENCY-AMPLITUDE RELATION

Eqgs. (2.20) are nonlinear partial differential equations. It is un-
likely that exact solutions of these equations can be obtained and so
approximate methods are used. The governing equations are first

reduced to ordinary differential equations using Galerkins
method.

Assume the dependencies;

w(x, t) = T(t) §(x)

u(x, t) n(t) y(x) (2. 24)

d(x, t) T (t) (%)
where £, vy, p are trial functions which should satisfy the boundary

conditions for a clamped-clamped beam, namely

w(o,t) = w(L,t) = 0

u(o, t) = u(L,t) = 0 (2. 25)
6o, t) = 68(L,t) = O

where 6 = %—Z—— . An alternative form of the last eq. in (2.24) is
6 = T(t) g(x) (2. 26)

Substituting eqs. (2.24) into the first equation of (2.20), multiply-
ing the first resulting equation of eq. (2.20) by y(x) and integrating
from O to L vield an equation of the form

2 Ld LEJ
Az-r +A3n+A4'r| +A511 = 0 (2. 27)

where



“Lcc ron
A2=5 E AE £ ydx
o
L "
A3= S.chy dx
o
(2. 28)
oL T, T "
A = 2¢ A'yy dx
4 o
nLZ
A5= -mj y dx
o

Values can be found for A2, A3, A4 and A5 once the form of the trial
functions has been specified.

Multiplying the second equation of the modified eqgs. (2. 20) by £ (x)

and integrating from zero to L yields an equation of the form

3 L] [ X ] 2
F1T+F2nT+F3n 1'+F4'r +F5'rn+F6q(t)+F7‘r +F8T‘r = 0 (2. 29)
where
L, L
F1=-KSp§dx ) orF1=KSg§dx
() fo}

b
0

c ¢ L, 1ot c cf{ mn t
,=-E A S‘(yp.§+'yp.‘g')dxorF2=EA5(‘l g-v g )g dx
o o

~L T ] o
F, = (ZETAT+ECAC)‘S (Y& E+y & £&)dx
0 (2. 30)
3..¢c.¢ cLou 2
F,= 3E°A° ) 68 £)ax

O

Llll T 1t
F, ZQTATS(\/!‘; £ +yE £)dx
(o]

sz‘g‘l;.g dx

(o]
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L2
F7=-m§§ dx
(o)

1, 2"
Fq gt3€ g)Edx

Again, Fl through F8 can be evaluated once the trial functions are

c an P 12 c an' '
--E°a%\ (et gt b )E dxor Fp= ECAS) (£ ¢
fe) (o]

specified.
Multiplying the third equation of the modified egs. (2. 20) by p(x)

(or g(x), if the alternate form eq. (2. 26) is used) and integrating from

zero to L yields

Ja
.

T+ B21’ + B =0 (2.31)

B. T+ B

1 3 4

where

~L 1 2 ~L 1
Bl = 5O(Dcp.p. +Kp )dx or Bl =-50(ch

2
gtKg ) dx

AL' ~
B2=- I jg pdx or B2 = 5 glg dx
o o

~L m
B_,,=-Dc Lpg dx or B, = K\E gdx

L2 ez
134:1.3 b dx orB4=-I5 g° ax
© ° (2. 32)

A discussion of the choice of the trial functions will now be given.

One set that was tried was

. X
£(x) = sin I
yix) = sin 2’;" (2. 33)
(x) = sin 20 %
glx) = L

These satisfy the boundary conditions of the problem, egs. (2. 25),



60

Moreover, they have the feature that the shear deformation angle ¢
is not zero at the boundary, which is physically reasonable. However,
severe problems arise in connection with eqs. (2. 33). These trial

=0, B,= 0in eq. (2.32). Now B, = 0 is a very

functions lead to B 5

2 3

poor feature since it involves the bending effect of the core. Another

bad aspect is that F, = 0 in eq. (2.29), so that the linear term would

1
be absent. Still another poor feature is that the choice does not lead
smoothly to the recovery of Euler-Bernoulli-Kirchhoff beam theory

in the limit as shearing deformation vanishes. The problem is
singular in the sense that the zero slope condition on 8 is maintained
by a non-vanishing ¢ as shearing effects vanish. These considerations
lead to abandoning the choice in eq. (2. 33). Another possible
approach is to modify Galerkin's procedure by taking weight functions
different from trial functions. (For references, see Crouch,

Anderson and Greenwood [ 14 ])- However, it was felt that sufficient

accuracy could be obtained on taking

E(x)=1 - cos sz
2
pk(x) = sin 'rI:x (2. 34)
(x) = sin drx
Y i L

Note that the same choice of £ was taken by Eisley[11] and[12],
by Yu[ 22 ] and Tseng and Dugundji [4 ]. These functions are such

that the boundary.conditions in eqs. (2.25) are satisfied.: However,
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they have the somewhat unsatisfactory feature that the shear deforma-
tion angle ¢ is zero at the boundary. It was felt that this unphysical
feature was acceptable since shear effects in the core are likely to be
small compared to bending effects. The factor 4 in the last of eqs.

(2. 34) is introduced since it is a form suggested by the differential
equation resulting from the first equation of (2. 20), on neglecting
damping.

For the choice of trial functions (2. 34), the various constants are

2
a . ZEcAc“3 N -—811' Bc
2 .2 ' 3 L
L
161, A" 2 mL
A = - T ’ A = -
4 L 5 2
y 4172D L
=(K' C) > B, = - In (2. 35)
2 < 2 2
L
3..2
B3 Dc’ﬂ' /L . B4 I1L/2
c.c 2
2ZE A nm
Fl = Km s F2 = - T
T T c.c 11-3 3 c, 4,3
F.= - RETAT+£E%A%) T— , F, = -2 EA°@ /L")
3 . 2 4 2
L
Fo=-2"a"n°/Lt , F =al
5 6
3 3 c,c_3,2
F7--2mL , FS-ZEA‘H/L

Approximate solutions to the eqs. (2. 27), (2. 29) and (2. 31) under

conditions of harmonic forcing will be sought as follows: a simple
* This assumes that the spatial dependency of the external force is
a constant, In the sequel a is set equal to one.
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s

approximate solution of eq. (2.29)1is

T(t) = W(w) coswt (2. 36)
Substituting eq. (2. 36) into eq. (2. 31) gives

- 2
B4T + BIT = (B2 w W coswt - B3 W coswt) (2. 37)

The steady-state solution of eq. (2. 37) is

Tss(t) = .A1 coswt= Y W coswt (2. 38)
where 2
_ Bzw ---B3
A = (———s YWE y W (2. 39)
1 2 1
Bl- B4w

Substituting eq. (2. 36) into eq. (2. 27) gives

. .e 1 2
A3n+A4'r| + A5n = -EAZW (I+cos Zut) (2. 40)

The steady-state solution of eq. (2. 40) is

nss(t)= A2 cos (2wt - az)+A3 (2. 41)
where
A
- 2 2 _- 2
Ay=-za. W E W
3
- 2 2\ 2 2
= = w
K= (pf + by )w= 8
wA A
24
D1= - -——A—z (2. 42)
(A, -40"A_ )
D, = 3 2 A
2 B A 2
2

2 2 2
A = (.A?,-‘lmA5)+4:¢.QA4

* It is assumed that no super or subharmonics arise in the response.
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-1
@, = tan (DI/DZ)
In summary:

T{t) = W(w) coswt

(2. 43)
T(t) = chosm: (2. 44)
n(t) = AZ cos (2wt - (12) + K3 (2. 45)

Note that the coefficients Kl’ AZ’ and £3 are frequency dependent.
Explicitly, suppose the forcing function is given by

g(t) = Hcoswt + Gsinwt (2. 46)

Substituting eqs. (2.43), (2.44), (2.45) and (2. 46) into eq. (2. 29)
yields, noting the trigonometric identities,

coswt cos(2wt. -az) = %cosaz(cos‘pt + cos3wt)

coswt sin(2wt - az) = - —12- sin az(cos.w’c + cos3wt) (2. 47)

+ —lz-cos afz(sinwt + sin3wt)

— - = {1 1 . . .
FlAlcostFZAZAI[E cosaz(costcos 3mt)+E-S1na2(s1nwt+s1n3wt):]

- ~ _T1 1, . . 1
+ F2A1A3coswt+F3A2W!-2 COSaZ(COSwH'COS 3wt)+231na2(81nwt+81n3mt)

- 2
+ F3WA3cos(.ot+F4W3(-2'COSwt+-l-c083wt)‘-F w Wcoswt

4 7

2— 3 1 .
+tF W Al(ZCOSwt"l‘Zc.OS3wt)+F6[HCQSmt+GSInwt |

- 1 . 1 . .
- ZmWAZ[-- 3 31na2(c03wt+cos 3mt)+icosa2(s1nwt+s1n3wt)i‘ =0

(2. 48)

The method of harmonic balance will now be employed. Equating

the coefficients of coswt and sinwt to zero and neglecting the higher
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order harmonics gives

1 - - _— - 1 = -
F1K1+-2- FzAlAzcosa2+F2A1A3+EF 3A2Wcosa2+F3WA3

o 3 3 2. 3_ -« 2
+ F5wWA251na2+4F4W -F7w W+4F8A1W = - FéH

1 e 1 - ) - _
3 FzAlAzsmaZ + > F3A2Ws1na2 - FsuaWAzcoscr2 = - F6G
(2. 49)

Squaring both sides of these two equations and adding them together

gives, after some lengthy algebra, the frequency-amplitude relation:

6 4 2
C7W +C5W +C3W +C1 = 0 (2. 50)
where
C1= -FzFZ wanere F2= H2+G2 (2. 51)
2
2
Cy= (Fyy-Faw )
2 - 3
C5 = (Flyl-F7w )[(F2y1+F3) (B ZCOSQZ+ZY3)+E (F4+F8yl)
, +2mF5[3 2sinc;r2 ]
; 3 -
C7— {9/16) CF4+F8Y1) +(F4F8Y1) [Z (F3+F2Y1) (g 2C0302+2Y3)
3 ) 2 1.2 - -2 .
+ 3 stﬁ 251na2 +(F2y1+F3) + (21‘62'*'303‘1’2[3 2'y3+\{3)+{F2‘Y1+
- ] 2.2 2
+ F3)2wB 2y3F551naz+w F5 [32

If the damping term is deleted in eq. (2. 49), then A4E 0,

Fg = 0 which implies @, = 0, and some simplifications can be

achieved, namely:
Let

2
(F,¥,-Fqw ) = Py

+F3) = P (2. 52)

(F >

2Y1
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B, 2Y5) P,

Py

(F4+F8y1)

Then the coefficients of eq. (2.51) become

2
c, = Pj
- P(P.P.+2 P (2.53)
Cy = Py(PPg+35 P .
c —(§P+lpp)2
7 = Pyt 3 PPy

and eq. (2.50) can be written

3 1 2 6 34 2.2 2 2 (2.54)

(Z P4 + EPZPE}) W+ PI(P2P3+EP4)W +P1W = F6 F

Taking the square root of both sides of eq. (2.54) yields

3

KW+K_ W+K = 0 (2. 55)
4 2 o)
where
Ko = F6F
K, = (F F 2)
2% WYy - #e@
3 1 -
K4 =2 (F4+F8y1)+—2-(F2y1+F3) (B+2y3) (2. 56)

The responses for the damped and undamped cases can be obtained
from eqs. (2.50) and (2.55), using, for example, the Newton-Raphson
iterative technique for nonlinear algebraic equations. Numerical

results will be given and analyzed in the next section.
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2.4. PARAMETRIC STUDY

One of the major goals of the present study is to assess the effect
of unconstrained damping tapes on the amplitudes of nonlinear vibra-
tion of beams. A commonly available damping tape is ISPD 111 and
this is the one chosen for study here. Its loss tangent § and shear
modulus G as a function of frequency are shown in Figure 2. 3*.
From such data the damping parameter{ can be calculated from the
relationship provided by the 3M Company

L = g 14.5 x 10 %tan &
where G is measured in psi and « in Hertz.

Shown in Figure 2. 4 are tbe variations of G and & at 100 Hz. with-
temperature. It is seen that § peaks in the vicinity of normal room
temperature.

The elastic core material chosen for the study was a steel with

Young's modulus E=30x1 06 psi and shear modulus G=10x10 psi and density
p=. 283#/in3. The length of the beam L was 12'%; its depth b was 1'.

The first puaase of the parametric study is the effect of one tape of
thickness . 008" (the thickness supplied) on beams of varying thickness
h. Shown in Figures 2.5 through 2.10 are the damped and undamped

frequency responses at the force level F = .1 lbs, as computed from

* The author is grateful to the 3M Company, Saint Paul, Minnesota,
for supplyine not only this data, but also actual tape samples.
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eqs. (2.50) and (2. 55)*. The first feature worthy of notice is the
rather pronounced nonlinearities involved. However, the most
important feature, as can be seen from a close inspection of the
figures, is the fact that one layer of the tape has very little effect on
the response. A more thorough assessment of the effect is given in
Figure 2.11. Shown there are theoretical plots of the amplitude at
70 Hz. (chosen since the loss tangent is maximum at this frequency)
as functions of the tape thickness for ¥ = .1 lbs. These curves were
computed using eqs. (2. 50).

A somewhat surprising feature of these curves is the nonlinear
relationship, to the scale of the figures, between response amplitude
and tape thickress. It is seen more graphically that the effect of taping,
though present, is quite small. The effects can be seen qualitatively
in Table 1. To achieve a reduction in amplitude of just 5%, layers
of at least the beam thickness must be applied.

In summary of the study, it is seen that unconstrained damping
treatment is not particularly effective, and the design or ''fix-it"
recommendations are to use constrained layers, if at all possible.
These recommendations are known for linear vibrations (see Plunkett
[ 24 ] ) and to the author's knowledge are here confirmed for the first

time for nonlinear vibrations.

* The heavy points in the figures are experimental points and will
be discussed in the next section.
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Percentage reduction in amplitudes

Beam “Vi5coelastic Face Layer-Thickness
Thickness || . 008" .016" | 032" | 064"
- | AMPLITUDE % REDUCTION
| .
. 018" 2.18 4.3 8.7 16. 8
. 022" 2 3.9 6.9 13.9
. 035 .8 1.9 4.1 9.1
TABLE 1
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2.5. EXPERIMENTAL RESULTS

To lend some further confidence to the theoretical model and to
test if indeed the effects of damping are small, an experiment was
performed. During the experiment, . 018", . 022" and . 035" thickand
12" long, 1'" wide steel beam samples were used. Each test sample
was coated on both sides with . 008" thick self-adhesive viscoelastic
tape ISPD 111. The bonding between viscoelastic faces and elastic
core faces and elastic core looked very good, and it was felt that the
zero relative displacement assumption used in the theory was justified.

The experimental facility originally was developed by Bennett [ 25 ]
for an experimental study of nonlinear mode coupling in homogeneous °
beams with clamped-clamped boundary conditions. Kovac, Anderson,
and Scott [ 21 ]ﬁsed the same facility for their experimental study of
forced, nonlinear damped vibration of a symmetric, three-layer com-
posite beam. Although the main ideas are the same, a new test
fixture was designed to overcome some shortcomings of the previous
set-up.

Each beam sample was clamped between L-shaped steel blocks,
which were bolted together rigidly to control the axial tension in the
specimen (see Figure 2.12). A yoke was then placed on these support
blocks to prevent the ends of the beam from moving towards each
other. This test assembly rested on the bed of a tensile machine. A
compressive load was applied to the yoke to keep the support blocks at

a fixed distance from each other. The distance between the support.
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blocks.was fixed at a 12" span using adjustment of the steel rods.

During the experiment, it was observed that the axial load, clamped
support condition, and the length of the beams had significant effect on
the response characteristics of the beam. An inexactness of the
boundary condition (namely, not peffectly clamped), small preload,
and a slight increase or decrease in the beam length from the desired
12" test length resulted in a substantial difference in the fundamental
frequency, nonlinear hardening, and amplitude.

In order to eliminate these undesirable effects, the following pro-
cedure was adopted. During mounting of the specimen into the support
blocks, the induced axial tensile and compressive load was maintained
at zero by adjusting the span between support blocks with the steel rod
screw arrangement. This condition of zero load was monitored by
two symmetric foil-type strain gages placed on opposite sides of the
beam.

A C-type 3" x 5' x 1" electromagnet was designed to excite the
beam. The magnet had no mechanical contact with the beamn sample,
thus eliminating extraneous inertia effects on the system. The
fundamental mechanical frequency of the magnet assembly was lower
than 5 Hz. The lowest frequency at which response measurements
were made was higher than 20 Hz. Therefore, there was no mechani-

e
-

cal interference between the magnet and the response of the beam. ’

# In situations where superharmonics are likely to occur, considerably
more care has to be taken. See Hyer, Anderson, and Scott [ 20 ]
for a description of a device involving feedback control.
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The force generated by the magnet was measured by an Endevco
Model 3300A accelerometer. However, the acceleration level was
low so the signal was amplified using an amplifier (Dana Model 3530).
Force calibration was achieved as follows. Since the magnet is sus-
pended by a frictionless pin as indicated in Figure 2. 12, it is free
to oscillate in response to the reaction force exerted on it by the
beam. The measured ac;eleration ""a'' at the accelerometer mount
on the magnet is converted to the excitation force by means of the
relation F = (I+ml 2)a/l f where 1 1 is the distance from the accelero-
meter to the pin, and £ is the distance from the center of mass of the
magnet assembly to the pin. The quantity ! was measured by hang-
ing the magnet assembly from two different attachment points, with
the intersection of the vertical lines determining the center of mass.
The moment of inertia I was also determined experimentally; the
magnet assembly was suspended as a pendulum by a 50'" long
weightless string and the period of oscillation determined.

One problem that arises in connection with electromagnetic
forcing, as Kung and Pao [ 26 ] point out in connection with their
experimental work on circular plates, is that the magnitude of
the forcing function changes with frequency. A constant force
level, as indicated by a display on an oscilloscope (see Figure 2.13),
was maintained by adjusting the gain on an amplifier in the oscillator

circuit for the various frequency settings involved in the experiment.
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The responses which were relatively free of distortion (see
Figure 2. 14) were measured by a Bently-Nevada proximeter-(Probe
Type Proximeter 308). This is an inductive proximity device which
did not come in contact with the beam. Before commencement of
the experiment, an accurate proximeter calibration was conducted.
A calibration plot of voltage versus distance curve was generated
by measuring the distance to a beam sample attached to the micro-
meter spindle. Micrometer readings were compared to the proxi-
meter output signal read on a DC voltmeter. The calibration curve
and device are shown in Figure 2. 15, As can be seen, the response
curve of the proximeter was linear between . 05'" and . 1' distance
from the beam sample. During the experiment, the proximeter
was placed approximately . 08" from the beam sample (i.e., in the
linear range). The response data, i.e., the RMS value of amplitude,
were determined by means of an RMS voltmeter.

Shown as heavy points on Figures 2.5 through 2. 10 are the values
determined experimentally. As the curves for undamped response
show, excellent agreement is found between the theory and experiment,
which supports the plausibility of the theory. The curves for the
damped response verify that the effects of damping by one layer are
indeed small as predicted by theory. Finally it is interesting to note
that, as found also by Kung and Pao [ 26 ], jumps from both low to

high and high to low amplitudes involve intervals in which the motion
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is not sinusoidal but the beating type (see Figures 2. 16a and b).
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FIGURE 2.12. EXPERIMENTAL TEST SET-UP
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FIGURE 2.l3. EXCITATION FORCE

FIGURE 2.]4. RESPONSE
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— L
A. JUMP FROM HIGH - LOW AMP.

B. JUMP FROM LOW - HIGH AMP.

FIGURE 2.16. JUMP-BEATING PHENOMENA



