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ABSTRACT

Although the average neutron density in a nuclear reactor operat-

ing at steady state does not change with time, the instantaneous neutron

density fluctuates about the average value. This study investigates the

fluctuations in a steady state suberitical reactor.

Goals of the investigation were,
A theoretical description of the fluctuations, which could be related
directly to an experiment.
Experimental validation of the theoretical model.
Experimental determination of the effect of an external reactivity
perturbation on the measured fluctuation data.
Experimental study of the dependence of the fluctuations on the rela-
tive position of the neutron detector to the maximum neutron density
in the reactor.

The results of this study can be classified broadly in terms of
above goals.
Using a model of the reactor which ignores spatial effects, a time
dependent description of the variance and of the mean of the neutrons
detected by a pulse type BF3 chamber, as a function of the detec-
tion time, is developed. A detailed probability balance making
use of probability generating functions is employed. The time
dependent results are specialized to the steady state, to obtain
an expression for the ratio of the variance to the mean number

of detections, as a function of the detection time. A relationship



between the ratio of the variance to the mean number of counts as a
function of counting time, and the autocovariance function associated
with the detected neutrons is derived. Expressions relating the power
spectral density function and the autocovariance function are used to
derive the expression for the ratio of the variance to mean number of
detected neutrons, by assuming that the reactor is driven by white
noise and that the reactor transfer function is known. This latter
expression contains less information about the reactor fluctuations,
but describes steady state behavior adequately.

The neutron fluctuations in the Ford reactor were recorded on magnetic
tape, using a BF3 pulse detection system, for k = 0.997 at steady state,
From the basic pulse data, three quantities, described below, were com

puted.

a. The ratio of the variance to the mean number of counts or detections

as a function of counting times from 0.001 to 9.999 seconds was
calculated.

b. The pulse data was converted to an "equivalent" continuous signal
proportional to the detection rate. This was accomplished by meas-
uring the inverse time between pulses and recording a proportional
voltage. The exponentially weighted autocovariance function of
this rate was determined for delay times from 0.0 to 0.33 seconds,

using an analog computer. Time compensation and frequency modula-
tion were employed to improve accuracy.

c. An exponentially weighted power spectral density function was deter-
mined from the continuous signal using the analog computer, from 5
to 60 cycles per second.

An external reactivity perturbation of approximately 10‘“ sin (wt) was
introduced with frequencies of 0.5, 1.0, 10 and 30 cycles per second.
The presence of this perturbation did not change the observed values

of the quantities described in 2.

xi



4. The position of the BF3 detector relative to the perturber and the
fissionable core material was varied. In all observed instances, the

position of the detector had no appreciable effect on the quantities
listed in 2.

xil



CHAPTER I
INTRODUCTION

A. General Remarks

The behavior of a nuclear reactor can be characterized by the
average distribution of the neutron density as a function of neutron
velocity, position, and time. The statistical behavior of the neutron
distribution may be characterized by its mean and variance, autocorrela-
tion function, power spectral density function, or other appropriate quan-
tity. An analysis of fluctuations in neutron density 1s of interest
because of the great amount of information about & nuclear reactor which
can be obtained. For example, withinthe limitations of the model used
to analyze fluctuation data, one can determine,

1. the transfer function of the reactor

2. the prompt neutron lifetime

3. the number of prompt neutrons per fission

4. the 6 delay group parameters

5 the multiplication constant

6. the worth of control rods

T. stability criteria in a power reactor

8. operating power level of a reactor.

This partial list illustrates possible applications of fluctuation

analysis which can result in useful information about a reactor system.

B. Background

A variety of approaches have been made in the past to the

theoretical problem of describing fluctuations in neutron density. At

-1-
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least, five different methods have been used to develop a theoretical
expression for the ratio of the variance to the mean number of detected
neutrons as a function of detection time. The central idea behind each
of these methods can be summarized as follows:

1. physical approach employing conditional probabilities

2. detailed probability balance employing probability generat-
ing functions

3. random variates

L. application of the Rice formulation of fluctuations in
electric circuits to a reactor

5. assumption of a transfer function and an input power spectral
density function

The original development of the physical approach was carried out by Feyn-
man, de Hoffman and Serberl. The probability balance concept was first
applied to fluctuations in a reactor by Courant and Whllacea. More recently,
larisse and Braffort5 used random variates to obtain the results of Courant
and Wallace. Bennett&applied the Rice formulation to the analysis of
reactor fluctuations. Moore6’7 developed the transfer function approach.
Albrecht5 applied the transfer function approach to arrive at an expression
for the ratio of the variance to mean similar to that of Bennett.

Methods 1, 4 and 5 have been restricted to an analysis of reac-
tors operating at steady state. A notable exception is Veleze’g, whose
adaption of method 1 allowed the calculation of a time dependent auto-
correlation function. Velez9 describes, in an annotated bibliography, the
works of Brownrigg and Littlerlo, Frisch and Littlerll, and Feiner, Frost
and Hurwitzle, which have received little attention but are important

contributions to this area of research. Péll3’lh is the only author who
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has not represented the reactor by a point model. The complexity of Pal's
representation is such that an application to a practical system is unlikely.
Ha.rrisl5 has made a valuable contribution to the analysis of power reactor
fluctuations. Both Pal and Harris employ the technigque of method 2. The
treatment of Cohn16 is novel, but inadequate for further generalization.

It is felt by the author that the method of a detailed probabil-
ity balance is the most powerful for analyzing fluctuations in a nuclear
reactor. The description of the fluctuations in the neutron density is
in terms of a probability distribution function. By appropriate manipula-
tion of this function, the mean value and the mean square value of the
neutron density can be found. Since the mean square value is related
directly to the variance and the mean value of the neutron density, one
can determine both the mean value and the variance of the neutron density
from the distribution function. The mean value and the mean square value
of the neutron density can be described by the first and second neutron
moments of the probability distribution function, respectively.

By comparing fluctuation data with the theoretical prediction
of the point model, a number of reactor parameters have been deduced in
the literature. The ratio of the delay fraction to the prompt neutron
lifetime has been determined from spectral7 and moment datale. From
bower spectral density data, the transfer function is determined under
the assumption of a white noise inputlg’eo. Cross correlation techniqueSZl
have been used to determine the transfer function. Recently, an auto-
correlation function was measured<c and the transfer function obtained

by Fourier transformation. Knowing the prompt lifetime from an independent
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measurement, the effective delay fractiona3 vas determined from spectra.
Using a non-linear regression analysis, two delay group parameters were
estimated from moment datas. Additional experimental work is presently

being conducted at several laboratories to refine and extend these pre-

liminary measurements.

C. Scope of Research

In the present work, the basic methodse'15 of a detailed prob-
ability balance are applied to a zerc power reactor monitored by a pulse
type BF3 chamber. With the exception of the term in the detailed balance
equation describing the detection of neutrons, the balance equation is
not newls. However, the specialization of the resulting system of time
dependent equations to the conditions under which the author performed a
fluctuation experiment does give an important new relation for the ratio
of the variance to mean number of detected neutrons as a function of
detection time. The ratio of the variance to mean is also derived using
the transfer function5 approach. The treatment is considered more rigor-
ous than previous work and, as such, is a new contribution. A new rela-
tion between the ratio of the variance to mean and the autocovariance
function is derived.

The Ford reactor from which fluctuation data was obtained in
this study, is an enriched, water moderated, graphite reflected system.
The physical dimensions of the reactor are approximately 10 migration
lengths for fast neutrons and, as a result, the reactor is highly coupled.
It is expected that normalized fluctuation data does not exhibit a high

- degree of space dependence, in a highly coupled system. No experiment
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has been done to verify this expectation. Also, it is expected that fluc-
tuation data will not depend appreciably on neutron energy, but only on
neutron density, since the macroscopic absorption cross section of the
detector is inversely proportional to neutron speed. Ko experiment has
been done to verify this expectation. Thus, the model chosen to study
fluctuations in neutron density ignores the complicating factors of spatial
and energy dependence. The validity of the model can be tested by compar-
ing experimental results with the model's prediction.
Fluctuation data was recorded from the Ford reactor, while
operating at a power level of less than 1/1000 of a watt, for k = 0.997.
A pulse type BF3 detector was used. It was convenient to obtain the data
in pulse form, in order to compute the ratio of the variance to mean num-
ber of detected neutrons as a function of detection time. A BF3 chamber
was used rather than a fission chamber, because of its higher detection
efficiency. It was necessary to operate at a low power level to minimize
dead time losses in the BF5 chamber. The detector was near the fuel
region of the reactor to increase the detection efficiency. The efficiency
1s defined as the ratio of the detection rate to the fission rate in the
reactor.
A reactivity oscillator was constructed and used to make pertur-
bations of lO-h sin(wt), about the mean multiplication constant of 0.997.
The purpose of the oscillator was to
1. study spatial effects due to the relative positions of the detector,
perturber and region of maximum neutron density in the fuel region

2. examine any observable non-linearities
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b

infer the effective input power spectral density function by treat-
ing the reactor as a linear system and separately studying the fluc-
tuation data with and without the perturbation.

The fluctuation data consisted of the neutron induced pulses

from the BF3 chamber. The position of the chamber relative to the region

of maximum neutron density in the fuel region was a parameter. The data

was recorded on magnetic tape, as it was obtained. Subsequently, the

data was used to compute the following three quantities:

l.

The ratio of the variance to the mean number of detected neutrons
as a function of detection times from 0.001 to 9.999 seconds.
An exponentially weighted autocovariance function for delay times

from 0.0 to 0.33 seconds.

An exponentially weighted power spectral density function from S
to 60 cycles per second.

The experimental contributions of this study include,
the first fluctuation experiment, from which moments, autocovariance
and power spectral density functions are determined from the same
data record
the first measurement of an exponentially weighted autocovariance
and power spectral density function of a nuclear reactor while
considerably subcritical and/or a power level less than 1/1000 of
a watt
the observation that, for the positions of the detector used, space
effects were not appreciable

two unexpected peaks in the moment data at approximately 0.3 and

3.0 seconds.
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that for the magnitude of the perturbation introduced, and the
frequencies considered, the effect of the perturbation was not
observable in either the moment, autocovariance or power spectral
density function representations of the fluctuation data.

that the prompt neutron lifetime of the Ford Nuclear Reactor is
130 t20 microseconds

-



CHAPTER II
THEQRY

A. Prelude

There are three quantities, well established in statistical

analysis, vhich can be determined from a record of the fluctuation in

neutron density in a nuclear reactor. Specifically,

l.

The mean value and the variance of the discrete data for a given
detection time are readily computed. Since the neutrons are
detected as discrete pulses in the moni toring equipment, the
number of detections depends on the length of time the detection
process is "observed," or the gate length.

The autocovariance function, i.e. the unnormalized autocorrela-
tion function, is a measure of the correlation of the fluctuation
with itself. It is a quantity which shows the effect of past
reactor operating history on the present.

The power spectral density function is a measure of the relative

importance of the frequencies making up the gross behavior of the

fluctuations.

The above descriptions indicate the kind of information which can be com

puted from fluctuation data. Hereafter, the above quantities will be

called observables.

A theory describing the observables is essential for interpre-

tation, and to gain insight for new applications of fluctuation informa-

tion to improve the operation and understanding of nuclear reactors.

-8-
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This chapter is devoted to the development of mathematical descriptions

of fluctuations. First, a description of the ratio of the variance to

the mean number of detected neutrons as a function of gate length is de-
veloped using the method of a detailed probability balance.2 This approach2
is chosen because the author believes it to be fundamental. The applica-
tion of this technique to include detected neutrons, as well as all the
other neutrons in the reactor, was first accomplished by Harrisls. In
considering a general biological life-death prccess, Kendallah had shown
that a quantity related to the net number of either living or dead units,
as a function of the life span of the system comprised of all the units,
could be manipulated using probability generating functions. The quantity
Kendall treated is cumulative, that is, the quantity is changing with time,
even vhen the biological system is in a steady state condition. The appli-
cation of this concept to a nuclear reactor system, where the cumulative
quantity is the number of detected neutrons as a function of gate length

or detection time, was straightforward. Harris considered a power reactor
with a fission chamber monitoring the fluctuations in neutron density,
Harris' concern was with the fluctuations in the reactor power level, at
high power levels.

In section B of this chapter, the method of a detailed probability
ba,lta.nce‘gj’15 1s applied to a zero power reactor monitored by a pulse type
BF3 chamber. With the exception of the term describing the detection of
neutrons, the detailed probability balance is not newls. However, the
speclalization of the resulting system of time dependent differential equa-

tions to the conditions under which the author performed a fluctuation
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experiment does give an important new relation for the ratio of the variance
to the mean number of detected neutrons as a function of detection time.
A complete description of the experiment is given in Chapter III.

In Section D of the present chapter, the ratio of the variance
to the mean number of detected neutrons as a function of gate length is
derived using the transfer function approachs. The treatment given in
Section D is considered more rigorous than previous work and, as such, is
& nev contribution. The remainder of the section explicitly describes
the autocovariance function, the bover spectral density function and their
relationship to the ratio of the variance to the mean. Another new result
presented in this chapter is the deri;ation of a relation between the ratio

of the variance to the mean number of neutrons as a function of detection

time and the autocovariance function.

B. General Time Dependent Moment Equations Using;g,BFj Detector

In this section, an analysis of the fluctuation of the neutron
population in a nuclear reactor is developed using a fundamental probabil-
ity balance. Since the development depends on a careful definition of all
the quantities required in making the det;iled probability balance, and,
later, the manipulation of this balance, the required definitions will be

given at the outset. For reasons described above, a point reactor model

with one neutron energy is employed. Let,

P(N, Cis *** Cp 25 t) = (2.1)
the probability that there are N neutrons, Cl precursor atoms with decay

constant A,,-.., and C; precursor atoms with decay constant Ay in the
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reactor at time t, and that there are Z neutrons detected in the interval

between t = O and t. Equation (2.1) describes the ensemble distribution

of neutrons, precursor atoms and detected neutrons, as a function of time.

For a reactor operating in steady state, ensemble and time averages are

identical. Let,
p(n, mys «es my) = (2.2)
the probability that n prompt neutrons, m, percursor atoms with decay

constant Al,---, and my precursor atoms with decay constant A_ are pro-

J
duced by a single fission event.

Define a probability generating function,
Cr .2
F(x, Yir vee Ypast) EZ Z'“Z z xNy ...yJJ 3 P(N,Ci,Z;t)
N=0 Cy=0 C;=0 Z=0
where x, yy and % are continuous variables. Define another probability

generating function,
£(x,y)5 ov yy) B z Z Z x y 2y pla,my) (2.4)
n=0 ml-O m —O

Define,

As N Bt = (2.5)
the probability that a fission event occurs in the reactor containing
N neutrons in the small time increment 5t. Let,

A, NBt = (2.6)
the probability that a neutron be lost from the system either by leakage
or non-fission capture during &t, excluding detections. Let,

Ay N 8L =" (2.7)

the probability that a neutron be detected by the detector during &t.

-

(2.3)
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S bt = (2.8)
the probability that a neutron enters the reactor as the result of some
non-fission source during bt.

The following fundamental parameters may be expressed in terms
of the functions previously defined. The arguments of (2.1) and (2.2),
as well as the summation notation, will be contracted for convenience.

Define the average number of prompt neutrons produced per fission to be,

n,mi=0
Let the average number of precursor atoms of type i produced per fission
be,
‘2
v, = / m; p (2.10)

n,mi=0
Let the difference between the average value of the square of the number

of prompt neutrons produced per fission and ;6 be,

o
Voo © Z_ n(n-1) p (2.11)
n,mi‘-o

Let the average value of the product of the number of prompt neutrons and

the number of percursor atoms of type i per fission be,

Vg T }:_ nm p (2.12)
n,mi-O

Let the average value of the product of the number of precursor atoms of
types i and j per fission be,

vy, ;1

mym, p (2.13)
n

=0
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Let the average number of neutrons in the reactor at time t be,

N(t) = ‘Z NP (2.14)
N, 1,Z=O
Let the variance in the number of neutrons in the reactor at time t, minus
N(t), be,
- -2 -
uyn(t) = £ (N-N)" P-TN (2.15)
N, 1,Z

Let the covariance between the number of neutrons and the number of pre-

cursor atoms of type i in the reactor at time t be,

e (£) = ; (N - N)(c, -C,) P (2.16)
¥ney ) v,&z ey - ¢y)

Let the covariance between the number of neutrons and the number of neutrons
detected in the interval from t = O to t be,
by (t) = i (N-M(z-2)p (2.17)
N, i,Z
Let the variance in the number of neutrons detected in the time interval

t, minus the average number of neutrons detected in the interval t, be,

2
o (t) = Z (z-2) P-2 (2.18)
a2, N,&5z

Let the covariance between the number of neutrons detected in the time

interval t and the number of precursor atoms of type i at time t be,

-]

Z (2-2Z)(cy -Cy) P (2.19)
122

Lastly, let the covariance between the number of precursor atoms of type

A

(t)
1 N,

1 and type j in the reactor at time t be,

pcicj(t) = N,;Z (ci - Ei)(cJ - EJ) P (2.20)
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A detailed probability balance can be written for the probability that there
are N neutrons and C1 precursor atoms in the reactor and Z neutrons have
been detected in the time interval from t = O to t + 8t. The balance is
written by assuming probabilities, in terms of N, C1 and Z at t, and dur-
ing 5t, which combine to give the desired probability at t + Bt. The
balance equation describes possible changes in N, Ci and Z. The terms on

the right hand side of the balance relation given below, (2.21), represent

the effect of
1. an external source
2. decay of a precursor atom of the I type

5. loss by leakage or non-fission capture

L. fission

5. detection

(o))

nothing happening during &t
P(N,Ci,2; t + &6t) = P(N - 1, Ci,2; t) S 8t

Y“\
+ [/, P(N - 1,C1s vuny C.+1, ..., Cpy2; t)(CI + 1) AI 5t
T

+

P(N + 1, Cy,2; t)(N + 1) A, &8t

+

. -]
/. P(N - n + 1, Ci -my, Z; t)(N-n+ l)Af p(n,mi)St (2.21)
n,m

+

P(N + 1, C;» 2 -1; t)(N + 1) Agq Bt

+

P(N,Ci,Z; t) [1 - {s + Z{: A G + N(A, + Ap + Ay} 8t]
: 1
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For later development, it is convenient to manipulate (2.21) into a more
tractable form. Define a detection efficiency, € = Ad/Af’ and substitute

into (2.21). Multiply (2.21) by
N Cl CJ Z
X Yi© oeee Yy 3
and sum over all values of N, Ci and Z. This operation converts (2.21)
from an equation in P to an equation in F and f, (2.3) and (2.4). Subtract
F from both sides, divide by &t and let 5t — O giving,

%}-—: (x-l)SF+; (x-yi))\i%

+ [Ac(l - x) +A(f - x) + € AC - x)) % (2.22)

Equation (2.22) is a time dependent partial differential equation for the
probability generating function, from which information about the fluctua-
tion in neutron population can be obtained.

The procedure used to extract the information about fluctuations
from (2.22), in a useful form, will be considered in detail. It is help-
ful to define a unit point at x = yp = een = yJ =% =1.0. It is conven-
ient to simplify the notation for partial differentiation. Let each sub-

script after a subscripted comma denote partial differentiation with

respect to that subscript. For example,

- 2
x5 " 3y
The evaluation of a function at the unit point is denoted as F «l1 This
2

means evaluate the partial derivative of F at x = Y4 = » = 1.0. Proceeding
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d
with the manipulation of (2.22), take 5 °f (2.22) and evaluate the result-

ing expression at the unit point. By inspection of (2.3), (2.9) and (2.10),

confirm that

1 N F’yill

F = C

=v; f =V
X

1 ° Yyl 1

Using (2.23) in the evaluation of §§ of (2.22) at the unit point obtain,

15 T x (2 23)

C -

R (7, -1- € - AT+ \%xiai ‘s (2.24)

Equation (2.2&) can be shown to be identical to the conventional point

kinetic equation describing the rate of change of the average neutron pop-

t.lla.t.ion‘es’eb’g7 as follows. Define the prompt lifetime, £, in terms of

the present model,

1

= - 1
£ Ao+ A, V[ZT + Zc] (2.25)

where v is the speed of the neutrons and the ZT and Zb are conventional
macroscopic cross sections. The conventional Bi, defined as the fraction
of the neutrons per fission emitted by precursor atoms of type i, and v,
defined as the total number of neutrons produced per fission, are needed

to make the comparison of results. The conventional point kinetic equa-

tion for neutrons can be written,

&= k(1 -8) -15, :i: \C, + S (2.26)

=)

£

The term k(1 - B) is the ratio of the production rate of prompt neutrons

to the rate of absorption and leakage, that is,

k(1 - B) = v, Ap/(Ap + A)) (2.27)
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Substituting for k(1 - B) and £, (2.26) becomes identical with (2.24), when

the detection term in (2.24) is included in A,-

- Proceeding with the manipulation of (2.22), take %i- of (2.22)

and evaluate the result at the unit point, obtaining,

= Ap vy N - 0Ty (2.28)

Using the above definitions for Bi» k and 2, (2.28) can be cast in the form

of the usual point precursor equation by making the observation that

v_A
k = o f (2.29)
(1 - 8)(A; + 1)

and, -

- Yo B (2.30)

Vi - l-B
To determine the average detection rate, take g—) of (2.22) and evaluate
the result at the unit point, obtaining,

Z = €A, N (2.21)

When the reactor is operating at steady state, i.e. N is constant, the
average detection rate is constant.

By taking single partial derivatives of (2.22) and evaluating the
result at the unit point, we have determined the rate of change of the aver-
age number of neutrons, precursor atoms and detected neutrons. By taking
two derivatives, it is shown below that we can determine the statistical
behavior of the system in terms of its second moments, or alternatively,
its variances and covariances, (2.9) to (2.20). For example, :'NN (t), (2.15),

&

can be determined by taking 32 of (2.22) which gives,
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Faxx = @F o + (x - 1) SF 4x * Z: Ai[aF,yix + (x-y,) Fyxx] (2.32)

+ Ac[-2F,xx + (1 - x)F’m] + Ap [f’xxF’x + 2(f’x - l)F,xx

+ (f - X)F,xxx] + el\f[-aF,xx + (% - x) F,xxx]

evaluating (2.32) at the unit point, realizing that

Fyx| =Ty 5 F o] = W - §; £ ol = Yoo (2.33)
1 1 1
gives,
F ixx| = 258 + 22 )y K, - 2Af(N2 ) (2.34)
1 T
+ AV N + 2(V - 1)(V - )] - 2eAf(N2 -
Also,

(P -F) =
F’txxll CHERUINER I N (2.35)

But from (2.15)

m =N  -28%N. -WN 2.36
“NN,t Jt )t t (2.36)

Substituting for S in (2.34) from (2.24), and utilizing (2.36), (2.15) and

(2.16) gives,

j o |

W, 2pNN [Af(vo -1-¢€) - A]

)

- Z _ (2.37)
+ N Afvoo + 2 - Ai “NCi

The modified variance in the number of detected neutrons can be determined

¥

by taking — of (2.22), evaluating at the unit point and substituting
oy
from (2.18) and (2.31),

Mg ¢ = 2€ A B (2.38)
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It should be noted that (2.31) and (2.38) represent observables since they

refer to detected neutron statistics.

¥

593 of (2.22), evaluating at the unit point and substi-

Taking
tuting from (2.24), (2.16), and (2.17) and (2.31) glves,

[A (v -1-€-A]+32 A
“Nz t = Yo € ¢! T hww € (2.39)

+ Nea +Zk "
f —~ "1 “zci

Taking & of (2.22), evaluating at the unit point and substituting from
Yy

(2.10), (2 28) and (2.31) gives,

“Zci,t = - “zci xi+ |.LNZAf'V1 + “Nci €A + N e 1\fv1 (2.40)

Taking m— of (2.22) evaluating at the unit point and substituting from
i
(2.12), (2.15), (2.16), (2.20), (2.24) and (2.28) gives,

rLIWCi,t 2 ;NCi[Af(;.O -1l-¢€)- Ac - N (2 41)

A
NN Af"i + N Afv + g 3 “Cic,j
52
Lastly, taking W of (2.22) and reducing, obtain,
J

ke, c = HcicJ[-li - Mgl Ay

3ot £ (2.L2)

+ “Nc'j vy YN vy AL

For the usual six group representation of the reactor , (2.24), (2.28),
(2.31), (2.37), (2.38), (2.39), (2.40), (2.41) and (2.42) are a set of Lk

simultaneocus first order differential equations.
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In addition to describing the average behavior of the reactor
system, these equations predict the variation about the averages, in terms

of the variances defined by (2.15) through (2.20).

C. Steady State Moment Equations

When reactivity and the average value of the external source are

constant,

N,t s Ci’t =2 uNCi

¢ PNN,t T “cicJ,t =0

2
Since

sy Hz2,¢? Yze, ,t and Wy ¢

describe a cumulative distribution, they are not zero, in general, unless

7 = O, which is true only at t = 0. For example, the average number of
detected neutrons increases linearly with time, since the average detec-
tion rate is constant when ﬁ’t = 0.

The constant values of N, Ci’ “NN’ “Nci and “cicj can te

determined by solving the appropriate equations. For example, from (2.24)

(2 25), (2.27) and (2.28),

St
T % (2.43)

From (2.37), (2.41) and (2.42) obtain,
) N Agv o+ 221 A “Nci

"N 20A, - (v, < 1 - €]

T -

(2.4L)

1 1“3
ey T oA+ a - AT -1 - )

- - - A -
Myhevy + WAV s+ LN B o
- (2.45)
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and _ ", vyt e, Aevy + By yhp (2.46)
TR § 2,
CicJ )‘i + )\j

The system of (2.44), (2.45) and (2.46) represents 28 equations in 28
unknowns, if a 6 delay group representation is used. The ratio of the var-

lance to mean number of detected neutrons as a function of detection time

Haz
is, by definition, = + 1.

This ratio can be determined by solving the set of differential

equations expressing "

22,4 :uz,t and :z for u,., and dividing by z.

c
i,t
The solution for sz 1s simplified by using the laPlace transform. Define

the laPlace transform, X{{ (t)} ={ (p). Take the laPlace transform of
(2.38), (2.39) and (2.40), to obtain,

= u i
Hyg P =2 €A uy (2.47)
- 1 )= _
- -1 - = = A A 2.8
Hyz | P Af(v 1 c)+Ac} o pNNef+N€f ( )
L) a3
T 1 Yoy
= = — 1l)-— . -
= =Y A
“zci(P + Ai) My Afvi *'I>§“Nci € Af + N € Afvi} (2.49)
Solving for ;ZZ ’
hpg = BRL (2.50)
p-h(p)
Where, A (Wi + RNC
2 )— - i
g(p) = 2(en,) {uNN + N+ D+ Ny ‘} (2.51)
and _
- )‘ivi
h(p) = p = Ap(vy -1 - €) + A, - AfZ (2.52)
p + }‘i



-22-

The inverse form of (2.50) can be found using the convolution theorem,

where‘il(p) = 35 , and-ié(p) = g(p)/h(p). The inverse of z (p) 1s t.
p° : L g 1
The inverse of {; p) is éga Ae vhere A, = {g(p)/h(p),p}lRk and

the Ry are the roots of (2.52), when h(p) = 0. Substituting (2.27),

(2.29) and (2.30), into (2.52) for h(p) = O,

k(1 -B) -1
Pow 2

k
i’

ST+ =0 (2.53)

— kiBi
Tr+N

Equation (2.53) can be put in a more recognizable form by multiplying by

£’k and rearranging,

' 2]

1l -k g 2 i

st ——Y (2.54)
1 i

which is the inhour equation. Thus, the R, are the roots of the inhour

equation. There are J + 1 roots.

Employing the convolution theorem,

- k
(0 =] {00 ) ae ) a (2.55)
o] k=
giving,
- Rkt
Hyo 1 o A, Ryt * Ay, (Rkt - le +1
—_—— = ——y Z —_ (e - l) - h— (2'56)
Z eAfN =1 Rk =1 Rk Rkt
For purposes of comparing the result with the literature, let Rk = =Ty
and rearrange,
- Jd+l A -rit
2z k (1L -e Tk )
Lo = 1.5 (2.57)
Z {5y ehgNry k
-— \‘ \\
Substitutin§+ior Ay, 5. iE AJ(NVJ + “NCJ | g . )
- " - .
_HZ_Z= 2€Af NN =1 )‘j - Ik ’x. L1 - Sl - € k ) (258)
Z N = |0 = 2 | rt
r k[1 + Af§ XJVJ/(AJ rk) ] ) k J
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Equation (2.58) is an expression for the ratio of the variance to mean
number of detected neutrons as a function of detection time, t, in terms

of all the system parameters defined above.

D. Transfer Function Approach

l. Random Processes

In order to derive an expression for the ratio of the variance
to mean number of detected neutrons as a function of detection time using
the transfer function approach, it is necessary to introduce the concepts
and formulations of correlation and power spectral density functions.

The use of these functions is common to all branches of science
and technology in which random pfocesses are studied.28’29 This section
is included for purposes of notation and unification of material presented

in subsequent sections.

Consider a function, y(t) = g(t) - E, generated by a stationary

process. The autocorrelation function, wyy(w), is defined,

¥y, (1) = M% (2.59)

The Fourier transform of y (t), Y (jw), is defined as,

fy(t) e ¥ tqy (2.61)

This can be used to write y(t) as a Fourier integral,

y#) =3 [ ¥(w) e*taw (2.60)

<00

Substituting for y(t) from (2.61) into (2.59),
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y(t)__[Y(Jw) eo(t + Daw at

$5g [4S—s

V(1) = = (2.62)
¥(t) [ ¥(j) e*taw at
ors .z 1¥(50)|° e¥F 4
Vyy (1) = o 3 (2.63)
x| a
Also, Find,
2 -]
_ YGw)|™ 4 V(1) &7 4 (2.64)
J ¥ ? @

where the l.h.s. of (2.64) is defined to be the normalized pover spectral

density, denoted as ny(w). Equations (2.63) and (2.64) are known as
6

Wiener's theorem".

Denote the unnormalized autocorrelation (autocovariance) and
pover spectral density functions as Wo and Go, respectively. In a linear

system, the relation between y(t) and a driving function, x(t) = a(t) - gd,
is

t
y(t) = jW(t - 1) x (1)dr = fw(T) x (t - v)ar (2.65)

o

where W is the system's Green's function. Forming the autocovariance

function using (2.65) and (2.63),

W;y(t') = jW(T)dT TW(TI) ‘V:x(t' + 7T - 'rl)d'rl (2.66)

o 0

Multiplying (2.66) by e~J®t' ang integrating, using (2.64), gives,

6o, (w) = { W(r) e T4y fw(ﬁ) e a1, &2, (@) (2.67)
(o]
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Recalling that the Fourier transform of the system Green's function is the
28

system transfer function®™, T(jw), simplify (2.67) to obtain,

Gy, (@) = IT(Jw)Ia 6> (o) (2.68)

The power spectral density can, also, be vritten,Bo

T
2
o = 1 -Jwt
ny(m) . li:: 5 | fy(t) e dt (2.69)
. 1

2. Application to a Reactor

Consider the special case of a reactor with an external driving
signal which has a zero mean, s(t), due to a reactivity oscillator, and
an independent driving function,x(t), due to the inherent fluctuations in

the neutron density. Since the ‘two functions are independent,

(o] = 4° o] o)
Vinput wss * vix * st * vxs (2.70)
Since, the two functions are independent,
w:x = 8(t) x (t +71) = 8(t) Xx (t + 1) (2.71)

1t 1s clear that the cross correlation terms are zero when either 5 or x
is zero. If x(t) is white noiseae, i.e., has a constant power spectral

density function, K, for the frequency range of interest, then

Vo, (1) = K 8(r - o) (2.72)

vhere 8(t - o) is the Dirac delta function.

Because white noise consists of independent random events,

vix(f) =xBF)x T+ 1) =x(v) x (t + 1) (2.73)
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In order for (2.73) to satisfy (2.72), 1t is necessary for x to be zero,
vhich agrees with our definition of x(t). Thus, the cross terms in (2.70)
are zero, whether or not s = 0. For these independent signals, (2.68)

becomes,

Gy (@) = 17,4 ()% 62 + |z ()]2 6o, (2.74)

The distinction between Tss and Tyx is considered in Appendix B, depend-
ing whether the driving functions are expressed in terms of neutron or

reactivity fluctuations.

E. No External Signal

With no external signal, using (2.63) and (2.68),
Y 2
w;’,y(r) fIT(Jw)I 6> () e (2.75)

¥° (r) is not an observable quantity, because it is the autocovariance
Yy
function of all the neutrons in the reactor, except those which are detected.

V° (1) can be written, alternatively,
Yy

w;y(w) = [Nt) - W) TN (x + 1) - W€ + 1] (2.76)

Note, N(t) = N(t + 1), giving

w;y(f) =N Wt + 1) - W (2.77)

In an experiment, if a(t) is the continuous instantaneous detection rate,

the observed autocorrelation function, wob’ is

v _lo(y) - alfalt + 1) - a)

Ob(T) ? ] ? (278)
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By definition,

a(t) = € As N(t) (2.79)
Thus,
v (1) - N(t) Nt + 1) - ©
ob )
N - W
Substituting from (2.77),
vo
Vp (1) = ﬁ (2.80)
and, 2
¥, (1) = (eng)® 42 (m) (2.81)

Note that w;y is dimensionless and wgb has dimensions of time'e.
In order to arrive at an expression similar to (2.58), it is
convenient to write the transfer function in terms of the roots of the in-

hour equation, =Ty

+

T(w) = /_ i’

— (2 82)
kil Tt

Introducing (2.82) into (2.75), and keeping the factor of 2n from (2.61),
® J+1 J+l

o
o 1 Ak AE erTGxx
v (1) = 5= ) (
yy k=1 g1 (@ + Jr )(w - jr))

dw (2.8%)

Assume G° = K, i.e., a white noise driving function. The integral in
XX

(2.83) can be evaluated directly using contour integration in the complex

plane. The poles of (2.83) in the upper half plane are at w = Jr . The
-r. t .
residues are e X /.j(rk + rz). Thus
J+1  J+1 -r, T
o 2: Ak Az e "k
.uyy(T) = K (2.84)

k=1 f=1 Y
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A relationship between *gb and the ratio of the variance to mean over an
interval is developed in Appendix E. Because of the number of steps re-
quired to complete the derivation, the details are given in the appendix.
However, the result of the derivation, (2.88), is vitally important to

the present development and is one of the contributions of this study.

For
o O -
vob(v) = *ob(te - tl) = a(t - tl) a(t - t; -F (2.85)
where,
t2
Z(ta) = f a(t) dat (2.86)
0
it 1s shown that,
oy -2 T t2
2c - Z o
= v, dt; at, (2.87)
2 .g ‘i ob

Thus, the ratic of the variance to the mean for an interval t is,

2 2 ¢ P
> (7) = = { L vgb dt, dt, (2.88)
Substituting for ng from (2.81) and (2.83),
2 T t! -rkt
2 2K(eA,) 5 A Ay e
2 VA é g K g I‘k + rl

Evaluating the integrals in (2.89), and substituting for Z(r) gives,
J+l  J+1

A -TLT
e, Kk % By 1.0 -e ¥ (2.90)
Z N k= rk(rk + 1‘15 T

A one has been added to the r.h.s. of (2.90) to take into account uncor-

related source neutrons, which obey a Poisson distribution.31 The ratio

of the variance to mean of a Poisson distribution is uni ty.
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Comparing the expressions obtained for the ratio of the variance
to mean number of detected neutrons as a function of detection time, using
the method of a detailed probability balance, (2.58), and the transfer
function approach, (2.90), it is seen that the expressions are identical

in form, and that the coefficients may be identified,

Z)‘i(ﬁ;i+:Nci)
Jz*ll by * N+ R —~KY AR,

5 Z AV N = rkzrk + 1,
rk[l + f\f T (}\i - rk)a ]

(2.91)

No assumption had to be made about the driving function of the
reactor using the method of a detailed probability balance. However, in
the transfer function approach, one can not proceed beyond (2.83) without
making an assumption on the form of G$,. By assuming that G9x is white
noise, i.e., has a constant value for the frequency range of interest,
(2.91) results. However, ng could have been represented by any function
which is finite when evaluated at the poles of (2.83) in the upper half
plane and still given the same form to the r.h.s. of (2“91), A test of

the validity of the present assumption that Gix is constant is given in

Chapter VI.
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CHAPTER III

THE EXPERIMENT

A. Condition of the Reactor

The experiment was performed in the Ford Nuclear Reactor at the
Phoenix Memorial Laboratory of the University of Michigan. The FNR is a
90% enriched swimming pool reactor. Graphite reflector elements are placed
around the fuel region. The reactor has a water reflector above and below
the fuel region.

The fuel elements and partial elements around two of the shim
rods and the control rod used for this experiment had been used previously
for low power operation only. As a result, the fuel elements did not serve
as a large gamma source. Also, three of the regulating rod partial elements
were low intensity gamma sources. However, the fourth partial had been
exposed to many megawatt-days integrated flux and was extremely radioactive.
An additional partial element with a low pover history was not available
to replace this element, so it remained in the reactor during the experiment
as the principal source of gamma rays and resultant photoneutrons. The
graphite elements were not replaced because their contribution to the photo-

neutron level was negligible compared to the partial elements.

B. Core Loading

The arrangement of the BF5 detector, reactor oscillator, reflectors,
fuel elements and regulating rods is shown for each of the five different
experimental conditions in Figures 3.1, 3.2, 3.3, 3.4, and 3.5. Note that

the experiments are numbered consecutively in Roman numerals from I to V,
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corresponding to each core loading. Different experiments are referred to,
hereafter, by the appropriate Roman numeral and a brief description off
whether or not the oscillator was making a perturbation while the data was
recorded. For example, I-Noise refers to data taken with core loading I,
with no perturbation due to the oscillator, and I-10c/s refers to the same

loading but with the oscillator making approximately 10 revolutions o;

cycles per second.

C. Control Rod Calibration

The control rod was calibrated using the stable positive period
method for each different core loading. For loadings I, II and III, the
oscillator's cadmium disk was positioned for mean worth prior to the cal-
ibration of the rod. The procedure was to go critical with the control
rod fully inserted and then withdraw the rod by an amount which was estimat-
ed from experience to give a stable period between 50 and 300 second. The
period was measured and the corresponding reactivity determined.53 The
rod was then reinserted to approximately the midpoint of the previous
initial position and the position for which the stable period was deter-
mined. The reactor was made critical by adjusting the shim rods. When
criticality was established, the control rod was again withdrawn by an
amount which gave a stable period between 50 and 300 seconds. The period
was determined for the rod movement over this new range. The procedure
of inserting the rod to the midpoint of initial and final positions,
going critical on the shims and then withdrawing the rod again was repeated

until the rod was fully withdrawn. By overlapping the distance through
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which the rod was moved during the calibration » 1t was possible to measure
the total worth of the rod within 110$.' Specifically, for loading I, the
results of the overlapping rod calibration are given in Table III.1, and
shown as reactivity per inch, p/inch, ve. rod position in Figure 3.6.

The integrated worth of the rod is obtained by integrating the
measured differential worth given in Figure 3.6. The regult of the graph-
ical integration is shown in Figure 3.7 as p vs. rod position.

TableITT.2 gives the results of the control rod calibration for

each core loading in terms of total rod worth. The control rod movements

overlapped only for loading I.

D. Calibration of the Reactor Oscillator

The reactor was taken critical, in the range 10-100 watts, with
the cadmium disk in a position of maximum worth relative to the fixed
cadmium piece, see Figure 3.8. The cadmium disk was then rotated through
some angle © measured from the Z axis to the point B on the disk, as shown
in the inset figure in Figure 3.8, in the direction shown. The stable
positive period was determined from the linear level trace. The control
rod movement required to reestablish criticality was also noted. The
results for loading I are given in Table III.3. The angular worth obtained
from the positive stable period is considered a better value than that
determined from the control rod movement required to reestablish critical-
ity, because of the uncertainty in rod worth between 16 and 19 inches. It
should be observed that the disk worth given by the control rod calibra-

tion is equivalent to that obtained from the stable period, within the

uncertainty of Figure 3.7.
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TABLE III.2

INTEGRATED CONTROL ROD WORTH FOR DIFFERENT CORE LOADING

Integrated Worth Number of Steps
Core of to Withdraw
Loading Control Rod Rod Fully

I 2.95 x 10~ 7

II 3.35 x 10 N
III 3.04 x 1077 3

v 2.83 x 107 3

' 3,04 x 1072 2

TABLE III.3

CALTBRATION OF CADMIUM DISK-LOADING I

Control Rod

© initial © final Stable Period 4 initial final pxloh
degrees degrees seconds px10 inches from Figure 3.7

1 90 1065 0.89 16 7/8 17 9/16 0.88+0.4

0 123 555 1.67 16 7/8 18 19/64 2+0.4

1 149 4ho 2.07 16 g% 18 3/8 1.75+0.b

0 179 387 2.35 16 7/8 18 23/32 2.6+0.4

-0 211 455 2.05 16 7/8 18 27/6k4 2+0.4

15

-0 273 1035 0.92 16 §& 17 11/16 0.89+0.4
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Figure 4.6. Control Rod Differential Worth, Loading I.
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32 28 . ) 20 1]
CONTROL ROD POSITION , INCHES
Figure 4.7. Integrated Control Rod Worth, Loading I.
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Figure 4.8. Worth of Cadmium Disk Compared to Sinusoid Normalized
at 9 = 123°,
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The results of the disk calibration are normalized to a'pure
sinusoid at © = 123° and a comparison made in Figure 3.8. The disk is seen
to introduce an approximately sinusoidal change in reactivity as a function
of exposed surface area. The maximum worth of the disk is for © = 180°.

The disk worth at © = 180° for the three core loadings in which the oscillator

was used are given in Table III.k4.

TABLE III.4

Cadmium Disk Worth at & = 180° for Different Loadings

STABLE PERICD

LOADING SECONDS DISK WORTH
I 387 2.33x10-%
11 738 1.26x10™
III 1018 0.95xlo'h

E. Reactivity Associated with the Equipment

A preliminary measurement of the worth of the oscillator and the
BF3 detector relative to a graphite reflector element was made for a modified
version of loading I (graphite elements replaced the oscillator and detector
shown in Figure 3.1). The reactor went critical with the three shim rods
98% withdrawn and the control rod fully inserted. Then one graphite element
was replaced by the oscillator, with the cadmium disk set for its mean worth.
The reactor went critical with all rods 100% withdrawn. The worth of the
control rod was measured to be about 3x10~> and the upper 2% of all the

shims was worth about 5x10'h, based on a separate calibration by the Phoenix
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staff. Thus, the oscillator was worth approximately -3-5x10'5 compared to
the graphite element. For loéding I, i.e. oscillator and detector inserted,
criticality was reached with shims A and B at 90% and shim C 89% withdrawn.
The control rod was 50% inserted. The difference between these critical rod
positions and the case with graphite in both positions was worth about
l,hxlo-i. Thus, the oscillator has negative worth about equal to the control
rod, and the BF5 detector has positive worth about one and one-half times

the control rod. The effect of the detector is positive relative to the
water which it is displacing, because the water in the central part of the
channel acts as a neutron sink. Relative to the displaced water the detector
is essentially a void space. The experiment as a whole has a positive worth

equal to about one-half that of the control rod, relative to graphite.

F  Experimental Procedure

After measuring the worth of the equipment and calibrating the
control rod and the cadmium disk for loading 1, data was taken on the fluc-
tuations in neutron level. The reactor was made critical, the Po-Re neutron
source removed, and the reactor was then made subcritical by fully inserting
the control rod. A relatively steady state in the mean neutron level was
attained within one hour after insertion of the control rod. Fluctuation
-data was recorded on magnetic tape for 12 minutes for each set of experi -
mental conditions. The decrease in the mean neutron level was less than 1%
during the 12 minutes the data was recorded.

A discriminator traverse on the AID amplifier was made for the

operating voltage of the detector to check its plateau characteristics.

The discriminator was set to give a mean count rate less than 2500 neutrons/
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second. Fifty one-second counts were recorded by hand. The ratio of the
variance to the mean was computed by hand to determine whether proper operat-
ing conditions existed. Since this ratio was significantly different from
one, conditions were considered satisfactory.

Individual neutron pulses were recorded on magnetic tape for
approximately twelve minutes, after having run the recorder for more than
one hour to insure its thermal equilibrium. Having obtained a record of
the neutron "noise", the cadmium disk was rotated at a fixed speed. After
allowing twenty minutes for the system to settle into "steady state" condi-
tions, a new magnetic tape was used for twelve minutes to record the neutron
fluctuations. This procedure was repeated for as many different rates of
roration as were desired. Usually four G\-%‘, 1, 10 and 30 cycles/second)
were used for each different core loading.

The number of shaft rotations in a two minute interval were
recorded using the photocell device described in the Chapter IV. At the
10 and 30 cycles/second rotation rates, a stroboscope was used as a check
on the photocell device.

The above procedure, with the exception of measuring the worth
of the equipment, was repeated for each new core loading. For loading IV

and V, only noise data was taken, since the oscillator was not in the core.

G. Experimental Difficulties

The Aluminum box in which the oscillator mechanism was placed
was not watertight with a head of 15 to 25 feet of water. The flaw in the
welded seams was not found. The leak was eliminated completely by pressur-

izing the box to 4-5 pounds per square inch (gage).
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The oscillator remained submerged in the pool at core level for
6 days. Because of the high humidity, the contact between the brushes and
the rotor of the selsyn introduced considerable noise into the photocell-
Schmidt trigger circuit. The noise increased as the shaft speed was in-
creased, because the rotor was not well balanced. For rotation rates greater
than 5§ cycles/second, the noise made it impossible to count shaft rotations
using the photocell circuit. . The stroboscope was used at the higher speeds.
The problem was corrected, after the experiment was concluded, by applying
a lubricant to the point of contact. In future experiments, a high conduc-
tivity grease is suggested which will minimize the effect of vibrations in
the rotor and humidity.

When 1600-2500 volts were applied to the BF3 detector, noise sig-
nals about equal in magnitude to neutron induced pulses originated from
its cathode follower preamplifier. The preamplifier was rebuilt several
times, using better component arrangement and design, in ar attempt to stop
the high voltage induced phenomena, but with no success. Finally, it was
discovered that* this problem was caused by high humidity. During the ex-
periment, a desiccar*t was placed around the preamplifier and in the tygon
tube connecting the detector to the surface equipment. The desiccant
eliminated the noise.

The gamma level in the reactor due to the hot partial fuel element
was high for this experiment. With a 1/4 inch lead shield around the
detector, the pulses caused by gamma pile-up were larger than the pulses
caused by neutron interaction. An additional 1/4 inch of lead shield was
added, lowering the size of the gamma induced pulses to a tolerable level .

The gamma field changed the characteristics of the tube
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markedly, destroying the plateau. For loading I, Figure 3.9 shows a dis-
criminator traverse for the detector at an operating voltage of 2325 volts.
Neutron level data was recorded using a discriminator setting of 46 volts.
The output of the detector was observed on a cathode ray oscilloscope. The
main gamma induced noise was easily separated visually from the larger
neutron pulses. Changes in the tube characteristics caused by the intense
gamma radiation were negligible during the 12 minutes data was recorded.
For loadings II and III, a 50 volt discriminator was used. For IV and V,
settings of 40 and 35, respectively, were possible because the gamma back-
ground was lower. The solution to this problem is to remove the gamma source.
An additional cold partial element should be obtained for future low level
experiments.

An additional problem generated by the hot partial was the high
photoneutron level in the core. The experiment was performed for all load-
ings with the reactor subcritical by the worth of the entire control rod.
One of the parameters, which was to have been varied, was the degree of sub-
criticality. Because of the inherent photoneutron source, and the limita-
tion on detector counting rate due to dead time losses, the experiment

could not be done for a less subcritical system with the detector used.
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DISCRIMINATOR, VOLTS
Figure 3.9. Discriminator Traverse for BF5 Detector, Loading I.



CHAPTER IV

EQUIPMENT

The equipment used to detect and record neutron density fluctua-
tions is independent of the equipment which introduces perturbations in
reactivity. Thé block diagram for the neutron detection and data reduction
system is given in Figure 4.1A. The block diagram of the reactivity per-

turbation system is given in Figure 4.1B. The remainder of this chapter

describes these figures.

A. Neutron Detection System

The system used to detect, record and optionally playback fluc-
tuations in neutron density in the reactor is basically the same as in
Reference 5, with modifications as noted below. A brief desceription of
the different components is given.

BF, Tube

The BF3 tube used in this experiment was made by N. Wood Counter
Laboratories, model G-10-12. The aluminum tube was 1" in outside diameter,
with a sensitive length of 12". The tube was filled with 96% enriched
BlOF3 gas, and a small fraction of quenching gas, at 40 cm. of mercury.

Its operating voltage was in the 2100 - 2500 volt range.

Preamplifier-A

Preamplifier-A, a transistorized, battery powered cathode fol-
lower preamplifier, is shown in Figure 4.2. It was mounted at the output
of the BF3 tube in order to match impedance. The cable from the BF3 tube

to the main amplifier was about 40O feet long, so that the millivolt pulses

~46-
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from the BF3 tube would have been lost without rreamplifier A. The gain
of the preamplifier was about 0.3,

Filter-Decoupler

The filter-decoupler shown in Figure 4.3 gerved to cut down some
small 60 cycle ripple in the BF3 high voltage supply, and to isolate the
high voltage from preamplifier-B.

High Voltage Supply

A Baird Atomic regulated high voltage power supply, model 318,

0-2500 volts, was used.

Preamplifier-B and Amplifier

A Radiation Counter Laboratories AID linear amplifier, and an
AID-P preamplifier with a gain of 20, were used. The blocking capacitor
at the preamplifier input was replaced by the decoupler shown in Figure 4.3,

Pulse Shaper and Tape Recorder

The pulse shaper converted the fast negative pulses from the AID
discriminator output to positive rectangular pulses. It was found that
pPulses 13 volts high and about 3x10'6 seconds wide could be recorded on
magnetic tape with no losses, if the pulses were separated by at least
].OxlO"6 seconds.

The tape recorder, an Ampex 307, had a bandwidth of 8OKC at a
tape speed of 60 inches rer second, and measured wow and flutter less than
O;lf. The wow and flut;er are caused by fluctuations in the tape speed.

Scaler-A
A Dymec model 2500 variable gate (0.001 to 9.999 in steps of

0.001 seconds) scaler was used. The display time was variable from 0.1 to
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10 seconds. Each of the 5 display columns gave a staircase voltage repre-
sentation for the digits O to 9, accessible at the rear of the scaler. The
conversion from pulses on the magnetic tape to numbers on an IBM card

utilized the decimal output of the scaler.

Converter - Power SuEE;I-Card Punch

The converter scans the display columns of scaler-A,one at a time
from the left. Its relays open or close in a predetermined pattern for
each different digit or voltage. The relay pattern is compatible with the
IBM-024 card punch machine. The converter translates the digital output
of the scaler to the equivalent number punched on an IBM card. Twelve dif-
ferent sets of numbers are punched on each card automatically. The display
time of scaler-A is adjusted to allow time for punching the displayed num-

ber and reéetting the converter relays.

B. OscillatorA§ystem

The oscillator and its container are shown in detail in Figures
L.4 to 4.7. The design considerations and features are briefly described
in the following sections.

The oscillator container, Figure 4.6, was made from an aluminum
alloy, 5056, which combined satisfactory mechanical properties with a low
activation cross section. The alloy had small amounts of elements such as
iron and tin which have long lived radiocactive isotopes.

The container was designed to fit into the matrix Plate of the
Ford reactor, like a fuel or reflector element, in either of two orienta-
tions. Because of the space limitations imposed by the presence of the

regulating rods and their guide tubes, the oscillator drive motor had to

be located about three feet above the core upper surface.



Figure 4.4, Oscillator Mount.
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Because the oscillator had to be removed from the container many
times, and because of its awkward size and shape, it was imperative to make
its removal as simple as possible, consistent with the problems of handling
the loaded container, and keeping it watertight. The oscillator was design-
ed to roll into the container. The container was welded together along all
seams, leaving only the top open. The top seal was dependent on a heavy
removable top plate, Figure 4.7a, through which all electrical connections
passed. The plate fit loosely into the top opening, but could be held
firmly in place by bolts to the container walls. The top was sealed by
filling the space between the plate and the container walls with & heavy,
pliable, caulk-like compound, Apeizon Q, usually used in vacuum systems.
The compound was pressed around the sealing edges until a depth of about
one inch was reached. This type of seal was very reliable. After the seal
was finished, the handling piece, Figure L.7B, was screwed on, supported by
the container's walls. The time required to prepare the container for pool

insertion was about 45 minutes.

Cadmium Absorbers

It was required that the change in reactivity introduced by the
rotating absorber in the reactivity oscillator be as close to a sinusoid
as possible. It was considered mechanically simpler to design a system in
which a shaft rotated at a high frequency than one in which an absorber was
pulled up and pushed down at a fast rate. Assuming a flat flux, the first
approach to the problem of what shape absorber to use was to find a surface
whose partially exposed area varied sinusoidally with fixed angular fre-

quency. A derivation for the general class of functions satisfying this

condition is given in Appendix A.
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A piece of cadmium, which is black to thermal neutrons, is held
stationary. Another black riece of cadmium is rotated so that part of its
surface is behind the fixed cadmium Plece and part is exposed to thermal
neutrons which would not have otherwise interacted with the fixed cadmium
piece. For this experiment, both cadmium pieces were 30 mils thick. The
fixed cadmium piece weighed 6.787 grams and the rotating piece weighed
6.839 grams. The fixed plece was glued to the carbon inserts described in
the next section. The rotating cadmium piece was glued to a lucite disk.
The lucite was chosen for its thermalization properties. The spacing be-
tween the two cadmium pieces was about l/6h inch. A 5.0 gram piece of lead
was inserted into the lucite, opposite the center of gravity of the cadmium,
to minimize shaft deflection at higher speeds.

When the oscillator assembly is positioned in the reactor, the

cadmium is located at a point corresponding to the center of the axial fuel

distribution.

Graphite Filler

In order to minimize the prerturbation in the neutron flux dis-
tribution of the Ford reactor, due to the oscillator apparatus, practicall&
all otherwise empty space inside the container was filled with reactor
grade graphite. The graphite filled the container from the matrix plug to
above the core surface. Three graphite pieces were machined, shown in Fig-
ures 4.5A, 4.5B, and 4.5C, in such a wey as to allow easy removal of the
lucite disk. The clearance between the graphite and the inside walls of

the container was about 1/16 of an inch.



Oscillator Mount and Shaft

The oscillator mount is shown in Figure 4.4, The long sides of
the mount were bent for strength. The mount was made by riveting three
pieces of 1/8 inch aluminum together, after the axles and vheels had been
positioned in the center piece, see Figure 4.4D. The distance between
shaft supports was made large to minimize-;he amout of iron, in the form
of ball bearings, in regions of high neutron flux. Most of the aluminum
in the mount was the same alloy used in making the container, 5056.

The drive shaft was made by connecting two pieces of drill rod.
At speeds above 50 cycles per second, the shaft vibrated, unless it was
very straight. Two additional bearings would relax this requirement. ¥
Eleven pounds of lead was added to the mount to improve underwater maneuver-

ability of the loaded container and insure good seating in the reactor matrix

plate.

Shaft Drive

A 1/8 horse power Doerr standard induction motor was connected
to a Graham transmission, model 20M. The motor operated on 3 phase, 60
cycle, 220/4l40 volts, at a constant speed of 3450 r.p.m. The Graham trans-
mission was chosen because its speed range was continuously variable from
O to 1100 r.p.m. The shaft speed was increased by a factor of 6 by a
Metron bantam gear connected to the Graham output shaft, giving a maximum
speed of 110 cycles per second at an output torque of 6 inch-pounds.

The Graham transmission was designed to operate in a vertical

position with its output shaft down. There was a rapid loss of transmission

fluid when the Graham was operated horizontally. The location of the

Graham on the mount is shown in Figure 4.4A.
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Speed Control .

Remote control of the shaft speed was accomplished by a Jordan
Shaftrol, model SM-10 and a Jordan Dialtrol, model d4-59-S. The Shaftrol
was mounted on top of the Graham transmission. A change in setting of a
reference potentiometer in the Dialtrol caused the Shaftrol to change the
speed position of the transmission, until the error signal between the
Shaftrol and the Dialtrol was effectively zero. The Dialtrol was calibrated
from 0-100% of maximum shaft speed.

Shaft Position and Speed Monitor
)

In order to calibrate the worth of the cadmium disk, the posi-
tion of the shaft must be known. A1l to 1l T-gear was attached to the out-
Put of the 6 to 1 speed stepup gear, and a synchro generator mounted on
1ts leg shaft, see Figure 4.4B. The sychro was made by Bendix, MK4, model
4, type SF, 115 volts, 60 cycles per second. It was heavy duty, weighing
about &4 pounds, and transmitted considerable torque through the correspond-
ing synchro motor located outside the pool. A disk, 10 inches in diameter,
vwas mounted on the output shaft of this latter synchro motor. The disk was
calibrated in 2 degree intervals from O to 360 degrees. Four holes were
made in the disk at spacings of 90 degrees. The position of the oscillator
shaft could be read within ¥1/2 degree from the calibrated disk.

The speed of the oscillator shaft was measured by means of the
Phototube-Schmidt trigger circuit shown in Figure 4.8. A small light was
Placed behind the calibrated disk. Aas each of the 4 holes in the disk
passed the light, the phototube, placed opposite to the light, would de-

velop a current and consequent voltage drop on the input grid of the Schmidt
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circuit. The Schmidt gave a voltage pulse when the light hit the phototube
and when the 1light stopped. The diode on the input grid of the output
cathode follower suppressed one of these pulses. The output pulses, about
-5 volts with a fast rise time, were fed to a Tracerlab utility scaler and
counted for a preset time. The number of ;ecorded counts (divided by &
times the counting time) gave the shaft speed within l/h of a revolution
per counting time. The synchro motor speed was checked with a stoboscope.
The oscillator shaft speed and the synchro speed were identical from O to

50 cycles per second. Higher speeds were not checked, since they were not

used in this experiment.

System Pressure

A 5/8 inch tygon tube was passed, along with all electrical con-
nections, through the 1 inch tygon tube from the surface to the oscillator
container. The small tygon tube was connected to a compressed air supply
available in the reactor building. The large tygon tube was clamped par-
tially shut on the surface end and a balance between air flow rate and
clamp pressure was reached which put about 4 to 5 pounds per square inch
(¢age ) on the container. The air flow at a positive gage pressure served
two purposes. First, was to insure that the container would not leak due
to the 25 foot head of water and second, to prevent the Doerr motor and
Graham transmission from overheating. As an additional safety feature,
cotton resistance wire was connected to the oscillator mount and its resist-
ance measured on the surface. If the measured resistance had dropped from
"infinity" to about 10,000 ohms. it would have shown that the container

was leaking. A thermocouple located on the base of the Jordan Shaftrol
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monitored the motor temperature throughout the experiment. Because of the
forced air flow, the temperature of the motor never exceeded the normal

operating level of 130 to 150 degrees Farenheit.
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CHAPTER V
EXPERIMENTAL RESULTS

A description of the methods used to compute the following results

is given in Chapter VI, Section A.

A. Moments

The ratio of the variance to mean number of detected neutrons as
a function of detection time was computed from the magnetic tape records of
the fluctuation in neutron density. The results are presented in Figures
5.1, 5.2, 5.3, 5.4 and 5.5 for lattice loadings designated in Chapter III
as I - Noise, I - 1/2 ¢.p.s., I - 10 ¢ p.s., IV - Noise, and V - Noise,
respectively. The number of data points or gates for each gate length, and
the calculated mean and ratio of the variance to the mean, from which these

figures were constructed, are listed in Appendix F.

B. Autocovariance Function

The exponentially weighted autocovariance functions, presented
in Figures 5.6, 5.7, 5.8 and 5.9, were obtained from data taken while using
lattice loadings I - Noise, I - 10 c.p.s., V - Noise, and the tape record

of Albrecht's data5 referred to as BFa-l, respectively.

C. Power Spectral Density Function

Exponentially weighted power spectral density functions are
presented in Figures 5.10, 5.11, 5.12, 5.13, 5.14%, and 5.15. These func-
tions were obtained from data taken while using lattice loadings I -

Noise, I - 1/2 c.p.s., I - 10 c.p.s., V - Noise, and BF3-1.
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CHAPTER VI

DATA ANALYSIS

The only fluctuation data taken was in the form of discrete pulses,

from a BF3 chamber, recorded on magnetic tape. The analysis of this data
has two distince phases,

A. Manipulate the original pulse data to obtain an experimental estimate

of the moments, autocovariance function and pover spectral density

function

B. compare these estimates with the prediction of a model describing

these quantities

A. Manipulation of Pulse Data

1. Moments

The first and second moments of the detected neutron population
can be obtained from the magnetic tape records of the fluctuation experi-
ment. Using the equipment described in Chapter IV, the number of pulses
occuring on the tape for a fixed counting time or gate length was deter-
mined repeatedly, until sufficient data had been obtained for a statistically
significant calculation of the ratio of the variance to the mean for that
gate length. An exhaustive theoretical study of the statistical properties
of this ratio is given in the litera.ture.jh As the gate length is increased,
fewer gates are required to obtain a significant estimate of the ratio. This

is convenient, because the time required to collect the data increases with

increasing gate length.
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The number of gates used in this work varied from approximately
100 for gate lengths near 10 seconds to greater than 1000 for gate lengths
less than 1 second. Gate lengths from 0.001 to 9.999 seconds were consid-
ered.

Appendix F lists the number of gates, the gate length, mean
number of detections and ratio of the variance to mean for the different
lattice loadings used in this experiment. The digital computer program used
to compute the mean and the ratio of the variance to mean from the gate data
is given in Appendix G under the name VAROMEAN-WESTERVELT .

2. Autocovariance Function

An autocovariance function is defined in terms of a continuous
function, rather than a series of discrete pulses. In order to compute an
autocovariance function, it was necessary to convert the pulse data to an
equivalent continuous function. The block diagram describing this operation
is given in Figure 6.1. The general procedure was to measure the inverse
time between successive pulses, i.e. an effective instantaneous detection
rate, and use the resulting continuous function to frequency modulate the
output of a voltage controlled oscillator. It is not necessary to record
the detection rate information as FM. However, by using FM rather than AM,
a more ‘pcurate estimate of the autocovariance function may be obtained,
see Figure 6.1. The process of converting the pulse data to a continuous
function and recording as an FM signal is described in more detail below.
The electric tachometer measures the inverse time between pulses and sup-
prlies a continuous voliage between O and 1 volt, proportional to the inverse

time, to the Kintel amplifier. The amplifier serves as an impedance match
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between the tachometer and the Dorsett voltage controlled oscillators. The
Dorsett oscillators have a 3.9KC and a T.5KC center frequency. Their fre-
quency modulated output may vary as much as ! 7.5% around the center fre-
quency, depending on the amplitude of the voltage from the Kintel amplifier.
Subsequent error in the computation of the autocovariance function due to
changes in tape speed are effectively eliminated by recording a 10.5KC sig-
nal, concurrently.

The actual computation of the autocovariance function is performed
by an analog computer. The FM signal is demodulated prior to the computation
as shown in Figure 6.2. Note the time compensation feature to correct for
small variations in tape speed during the computation.

As described in Figure 6.2, the demodulation system has 2 tape
heads which monitor different channels of the tape. The position of one
head is fixed. The other head can be positioned arbitrarily by means of a
mechanical drive. The position of the movable head relative to the fixed
head is known. To compute the autocovariance function, the average value
of the prodgct of the demodulated signal at both tape heads must be deter-
mined as a function of the time lag between heads. Two channels of in-
formation are required, because only one demodulation device was available
for each of the recorded center frequencies (7.5KC and 3.5KC) . Physically,
it was impossible to have both heads reading from the same location on the
tape. This difficulty was avoided by rerecording part of the FM tape in a
special way. The movable head was positioned at an arbitrary location
relative to the fixed head. Channels 1 and 2 of the original FM tape were

then rerecorded through the movable and fixed heads onto another tape. A
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30 second tape loop was made from a representative portion of the new tape.
Although the information in channel 1 and channel 2 is separated by the
distance between the heads as the tape recording was made, there is zero

time lag between the information seen by the heads in the reference position.

Since we have neither an infinite amount of data or time, 1t is

necessary to estimate the autocovariance function. A well established tech-

nique,35’36 for estimating the autocovariance function is to form an expon-
entially weighted autocovariance function from a tape loop. The basic
definitions which are required to describe this estimated function are
briefly outlined for completeness. For a continuous function, y(t), define

the exponentially weighted average, yll(T),

\
ll(t-T,dt 6.1)

yAl(T) =N JE y(t) e
0

This average is a function of the averaging time constant, Ail, and the
averaging time, T. Due to the exponential decay of the weighting function,
the weighting of values three time constants prior to t is 5% of the present
weighting. The choice of lil determines how much weight is given to past
events. Since the tape loops used are 30 seconds in duration, kil of 10
seconds was chosen. For this value of lil, the weight of past events has
dropped to 5% after 30 seconds. Define the difference between the function

and its average value to be

(8 = y(6) - H IO (6.2)

The exponentially weighted autocovariance function is defined by

the expression,
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T
vt T, 2, 29) = ‘I N, (4) Y, (¢ - 1) el - Dyt (6.3)
)

The product averaging time constant, 151, used in this work was 30 seconds.
For each delay time, T, the integration described by (6.3) was done for
T>2 minutes. The combination of a 30 second decay constant and greater
than 2 minutes integration gives an average in which past events contribute
less than 2%. The operations described by (6.2) and (6.3) were performed
on an analog computer, the Berkley EASE, model 1032. All multiplications
were performed using electronic multipliers. These multipliers were able
to follow frequencies greater than 60 cycles per second with no observable
loss. The analog circuits used to carry out these computations are given
in the literature.>”

Figures 5.6 to 5.9 were obtained by fixing the position of the
movable tape head, corresponding to a known delay time, T, and then inte-
grating (6.3) for several minutes. After several minutes, the analog solu-
tion for ;?T, T, ll, la) was plotted, using a Mosely Autograf X-y recorder.
For each T, the plotted result is a vertical straight line. The result
appears as a line, rather than a point, because of the finite sample of
data and the finite integration time. The pen of the x-y recorder plotted
;27, T, Ay, ;) for about 30 seconds, the length of the tape loop, after
an equilibrium was reached. In Figure 5.6, for values of 1'>l/20 of a
second, the movable recorder head was driven at a slow speed to give a
continuous representation of iﬁ The head was moving too fast, however,

(-]
to give anything but a Qualitative estimate of v(7, T, ll’ 12).
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3. Power Spectral Density Function
An exponentially weighted power spectral density function was

computed from the same tape loop used to determine the weighted autocovar-
iance function. The normalized Fourier transform of Yl (t) ts defined,
1
T Jwt
’:F {Yl (t)} = 1lim L -SY)‘ (t) e dt (6.4)
- M Ty 27 I 1
Letting A—) o, the square of the modulus of (6.4) becomes the classical

definition of a power spectral density function. The exponentially weighted

Fourier transform is defined,

T -
tF’ (w, lh: 11» T) = M, f Yll(t) gt e)\h’(t ™ dt (6.5)
o}

Thus, the exponentially weighted power spectral density function is given
o T 2

é}w, WY T) = Aﬁ j'Yll(t) e"’m'e)‘,"'(t - T) dt (6.6)

0

The frequency bandwidth of the analog filter used in the computation of
8@», Ny, A, T), or the filter width at half maximum, is given by 2A,
expresseq in radlans per second. The r.h.s. of (6.6) is the product of an
exponentlally weighted Fourier transform with its complex conjugate. These
functions are approximately sinusoidal for small lk, 90 degrees out
of phase, and of equal magnitude. Thus, the
sum of the squares of the real and imaginary parts is equal to the square
of the amplitude of either function. Recalling the trigonometric defini-
tion that sin wt = % (l - cos amt), and that the average value of cos 2wt

is zero, the amplitude of the function may be written alternatively as
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twice the average of the square of either function. The simplified calcula-

tion required to form the exponentially weighted power spectral density

function is,

° 7 Ag(x-T)( X 2
6o, 3y A5p Ay, T) = 2205 f e 3trt) { [ Iy M (tx)g1n (wt + glatFax
0 0

(6.7)
The effect of P on the calculated value of ékm, A,y 13, A, T) is not
cbservable for large time constant averaging, l3<< w. In Figures 5.10 to
5.15, kil vas 10 seconds, the same as during the calculation of the veighted
autocovariance function, and lsl was 30 seconds. The analog circuit for
computing (6.7) is in the 1iterature.-’

The effect of the chosen bandwidth on the computation of the
exponentially weighted power spectral density function for low frequencies
and the stability of the result is demonstrated in Figures 5.10, 5.11, and
5.12. In Figure 5.10, the fluctuations in the exponentially weighted spectra
are relatively small for all frequencies. For Figure 5.10, kﬁl is 10 seconds,
which corresponds to a bandwidth of about 3.2 cycles per second. The power
spectral density is an increasing function from zero to approximately 5
cycles per second. In Figure 5.11, the bandwidth time constant has been
reduced by a factor of 10 to lﬁl = 1 second, giving a bandwidth of about
0.32 c.p.s. The spectra has more fluctuation than in Figure 5.10 and builds
up to a "level" value in about 0.25 c.p.s. In Figure 5.12, l;l has been
reduced by another factor of 5, giving a bandwidth of about 0.066 c.p.s.
Since the tape loop is only 30 seconds long, it is meaningless to investi-

gate frequencies smaller than about 1/20 cycles rer second. Thus, for
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practical estimates of the power spectral density function, we chose a band-
vidth of 3.2 c.p.s., realizing that corrections had to be made to the low
frequency spectra.

A more complete discussion of the error introduced by using
exponentially weighted functions and tape loops to estimate autocovariance
and power spectral density functions is given in References 35 and 36. A

more detailed mathematical treatment of autocovariance and spectra is given

in Reference 37.

B. Coqparison of §§ggriment and Theorx

Albrecht5 investigated the relationship between moment data and

the point model theory in his doctoral research done at Michigan. By using
& non-linear regression fitting technique on the moment data, Albrecht con-
cluded that the prompt lifetime of the Ford reactor was 80 + 10 x 10-6
seconds. With the exception of the peaks in the moment data at approximately
0.3 and 3.0 seconds, the moment data presented in Figures 5.1 to 5.5 is sim-
ilar to Albrecht's. Since the theoretical expression for the ratio of the
variance to mean as a function of* gate length depends on the detection
efficiency, which is not known for this experiment, no attempt will be made
to repeat Albrecht's analysis.
The semi-empirical procedure required to obtain a comparison

between theoretical and experimental values of the variance to mean ratio
is outlined below for completeness.

a. For a gate length less than 0.0l seconds, where one of the exponential

terms in (2.58) or (2.90) is dominant, estimate the true value of the
ratio from the data.
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b. Choose values for the parameters required to determine the roots of
the inhour equation, and calculate these roots.

c. Equate the value obtained in a to an undetermined constant times the
time dependent part of (2.58) or (2.90). Using the roots cbtained
in b, calculate the above constant.

d. Calculate the ratio of the remaining J coefficients from (2.58) or
(2.90).

e. Using the'constant obtained in ¢, calculate the magnitudes of the J
coefficients from the ratios found in 4.

f. Using a non-linear regression analysis, feasible only on a high
speed digital computer, obtain estimates of the coefficients and
exponential arguments of (2.58) or (2.90) by fitting the data.

€. Using an iterative technique, choose new values in b » until the
agreement between the "theoretical" and fitted values is maximized.

During the course of the pulse data reduction to obtain moments,
care was taken that the scaler used to sum the pulses oﬁ the magnetic tape
was in proper operating condition. The scaler had a 100 KC internal oscil-
lator for the express purpose of checking the performance of the scaling
circuits. While the data for gate lengths of approximately 0.3 and 3.0
seconds was being taken, the scaler was checked repeatedly, using the 100
KC oscillator, and was found to be operating properly. The moment data was
obtained over a three month period. All the moment data is listed in Appendix F.
It should be noticed that there are not two peaks in each of the
Figures 5.1 to 5.4. This is because the data which caused the peaks, e.g.

an abnormally high number of pulses for a given gate length, was discarded
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in the early stages of the data reduction, before the author was convinced
that the equipment was working properly. An explan.tion for these peaks,
if they are not caused by equipment malfunction, is not available. Because
the peaks are present for the different detector positions used, they can

not be ascribed to the influence of the reflector region.

A sinusoidal reactivity perturbation introduces a sinusoidal
change in the local neutron density. Higher harmonics in the flux are
introduced, also, as explained in Appendix C. For the conditions of this
experiment, a computer computation based on the results of Appendix C,
showed that the ratio of the first harmonic to the fundamental was less
than l$ at 1 c.p.s. For higher frequencies, this percentage decreased.
Thus, the main effect of the reactivity oscillator on the observables will
be due to the fundamental mode.

Appendix D is a derivation of the effect a sinusoidal change in
the neutron population, superimposed on the natural fluctuation, would have
on the observed moments, if an unlimited amount of data were available.
The data was represented as a continuous variable, to allow the replacement
of summations by integrations. Appendix D shows that the effect of the
oscillator on the measured moments is negligible for frequencies above
about 0.5 c.p.s. For lower frequencies, the effect of the oscillator on
the moment data is theoretically observable. However, the finite amount
of data associated with the actual data reduction introduced a spread in
the moment datth, vhich masked the effect of the oscillator.

Qualitatively, we observe the expected behavior, (2.58), in

the moment data comparing Figures 5.1 and 5.5. By removing the detector
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from the region of high thermal flux, the detection efficiency decreased
and the ratio of the variance to mean decreased. Because of the high (7,
n) source present during the experiment, it was not feasible to make meas-
urements for k >0.997. To minimize dead time losses in the Bl"3 chamber,
the average count rate was kept below 3000 counts per second. If k had

been increased, the count rate would have increased due to additional sub-

critical multiplication. The experiment was performed as close to critical
as dead time losses would allow, so that the computed ratio of the variance
to mean would be significantly greater than unity.

Autocovariance Functions

The equation used to evaluate the autocorrelation function can

be deduced from (2.84) and (2.80), and 1s independent of the detection effi-
ciency, J+l J+1 Ak A‘

X

O (yy= ksl =1 Tkt Ty
*Ob(‘r) =

1 I
L L xM

“rET
e 'k

(6.8)

Based on the success of the 2 delay group model in predicting the behavior
of moment data ,5 all theoretical calculations using (6.8) were made for 2
and 6 delay groups. The 6 delay group parameters of Keepin et 2138 ana

an "effective" group” are used in this work, see Table VI.1. The effective
delay fraction takes account of the fact that delayed neutrons are born

with a lower energy spectrum than prompt neutrons. Employing the method
of Skinner and Cohen59 » 2 group parameters are computed from the 6 group
data of Table VI.1l. The program used to compute the 2 group parameters

1s given in Appendix F, and is called TWO GROUP. The calculated 2 group
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TABLE VI.1
6 DELAY GROUP PARAMETERS

) VIR By x 100 Bi x 100
seconds Keepin effective
0.0124k 0.021 0.025
0.0305 0.140 0.165
0.111k 0.125 0.148
0.301k 0.253 0.298
1.136 0.074 0.087
3.014 0.027 0.032
B = 0.640 B = 0.755
TABLE VI.2

2 DELAY GROUP PARAMETERS

A

1 - Ay B; x 100 Ay By x 100
SECONDS KEEPIN KEEPIN EFFECTIVE EFFECTIVE
0.02526157 .2969 0.189987 .2963 0.223692
0.56T4351 .T031 0.450013 L7037 0.531308

B = 0.640 B = 0.755
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parameters are listed in Table VI.2. ThejAi in Table 6.2 refer to the rela-
tive abundance of the i'th delay group. The roots of the inhour equation,
Rk = -r,, are required to evaluate (6.8). The programs to compute the roots
of the 6 and 2 delay group inhour equations are listed in Appendix F as
ROOT 6 and ROOT 2, respectively.

The J+1 values of Ay appearing in (6.8) were determined by solv-
ing (2.82) for J+1 different frequencies. The programs to compute the Ak
for 6 and 2 delay groups are given in Appendix F as CORR 6 and TWO GROUP
COEFFICIENTS, respectively. The form of the transfer function used in
(2.82) is given in Appendix B, (B.6).

Since the prompt neutron lifetime in the Ford reactor has been
estimated as 80 + 10 x 10'6 seconds’, the values used in evaluating the
theoretical expression for the autocorrelation function were 70, 80, and
‘90 microseconds. In order to see the effect of the delay fraction on the
calculated results, both Keepin and effective delay fractions were used.
The multiplication constants used in the calculations were 1.0, 0.998,
0.997 and 0.99. Although the experiment was performed at 0.997, the other
values chosen show trends and the sensitivity of the result to k. Table
VI.3 lists the roots of the 6 group inhour equation and the A, from (2.82),
for both sets of delay fractions, with the multiplication constant and the
prompt lifetime as parameters. Table VI.4 is a similar listing for the 2
group parameters of Table VI.2.

The theoretical autocorrelation functions are computed by CORR
6 and CORRELATION 7 for 6 and 2 delay groups, respectively. The roote of

the inhour equation and the Ak listed in Tables VI.3 and VI.4 were used to
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ROOTS OF THE 2 GROUP INHOUR EQUATION AND SOLUTIONS OF (2.82), FOR
KEEPIN (UPPER) AND EFFECTIVE (LOWER) DELAY PARAMETERS

-%-

TABLE VI.4

£ x 108 k= léo R R A A
X - - -
seconds seéonds'l 2 > aecox]ids'l A2 >
TL.52069 0.18535 0.0 109.76533 0.51433 0.0
90 84.2966F 0,18517 0.0 109.73451 0.43585 0.0
80 80.40725 0.18544 0.0 123.56526 O.Elhhl 0.0
94,7824  0.18523 0.0 123.51843 0.43592 0.0
10 91.83572 0.18554 0.0 141.3080 0.51450 0.0
108.2645 0.18533 0.0 141.2407 0.4k3599 0.0
= 0.998
90 93.50376 0.26968 0.01263 110.02916 0.33838 0.03249
106.2658 0.25893 0.01158 109.93418 0.20583 0.03219
80 105.1503% 0.26980 0.01263 123.8292 0.33829 0.03249
119.5084 0.25901 0.01158 123.71826 0.30578 0.03219
70 120.1274 0.26986 0.01263 141.57218 0.33821 0.03249
136.5349 0.25909 0.01158 151.44063 0.30573 0.03219
= 0.997
9 104.5106 0.30023 0.01523 110.1033%  0.2759%  0.02074
- 117.2624 0.28696 0.01420 109.99473  0.26515 0.02131
8 117.5372 0.30031 0.01523% 123.9034%  0.27584  0.02075
131 .8834 0.28703 0.01420 123. 77882 0.25610 0.02131
o 134 .2886 0.3003%9 0.01523 141.64637 0.27575 0.02074
T 150.6822  0.28710  0.01420  141.50120 0.2560k 0.02131
= 0.99
9% 181.6714 0.41349 0.02120 110.30168 0.09302 0.00356
194 .3357 0.39775 0.02060 110.17141 0.09691 0.00390
80 204 . 3580 0.41352 0.02120 124.10213 0.09438 0.00349
218.6056 0.39778 0.02060 123.95547 0.09687 0.00390
o 235.5294 0.41356 0.02120 141.84502  0.09434%  0.00349
7 249.8101  0.39782  0.02060  141.67782 0.09684  0.00390
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compute the autocorrelation function. The calculated autocorrelation func-
tions are li;ted in Tables VI.5 andVI.6, for 6 and 2 delay groups, respect-
ively. Except for delay times greater than 0.10 seconds, Tables VI.5 and
VI.6 show that the 6 and 2 group autocorrelation functions are for all
practical purposes, indistinguishable. As k decreases, the autocorrelation
function decreases for a given delay time. A change in B of approximately
20% 1s comparable to a 10% change in prompt neutron lifetime, for delay
times on the order of milliseconds.

The autocorrelation function drops to less than 2% of its orig-
inal value in 0.10 seconds. This is in sharp contrast to a power reactor
which may have appreciable correlation for several seconds.

The measured autocovariance functions are shown in Figures 5.6
to 5.9. The measured or analog computed functions have a characteristic
cyclic behavior, which has a frequency of 60 cycles per second. Upon
checking the equipment used to convert from pulse data on magnetic tape
to an FM signal, it was found that the Hewlett Packard electronic tachom-
eter, introduced the 60 cycle noise. Since the autocorrelation function
of a sinusoidal function is cosinusoidal, with amplitude independent of
delay time, it was straightforward to correct for the presence of the 60
cycle noise. The amplitude of the cosine function was estimated for delay
times at which the autocovariance function was approximately zero. It was
necessary to adjust the "zero" delay time by 1/600 of a second to account

for a systematic error in the referenced "zero" position, caused by a low

precision microswitch.
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The corrected, normalized autocovariance functions data, obtained
from Figure 5.7 and 5.9, is presented in Figure 6.3. The values used to
construct Figure 6.3 are listed in Table VI.T7. Theoretical autocorrelation
functions are presented in Figure 6.3, based on values in Table VI.5, for
the following parameters: k = 0.997, Keepin delay constants, and 2 = 70
and 90 microseconds. Qualitatively observe that there is more correlation
in the data entitled BFB-l than in I-10c/s. This behavior is predicted by
Table VI.5, since the data was taken for k = 0.999 and 0.997, respectively.
However, the disagreement between the data and the theoretical prediction
for £ = 70 and 90 microseconds is not within the error assignable to the
measured function. On the basis of Figure 6.3, it can be concluded that
the prompt lifetime of the Ford reactor is greater than 90 microseconds.
Theoretical autocorrelation functions are presented in Figure 6.3 for Keepin
delay data and prompt lifetimes of 110, 130 and 150 microseconds. A compar-
ison of theory and experiment,‘Figure 6.3, predicts a prompt neutron life-
time of 130 + 20 microseconds.

Power Spectral Density Functions

The experimental power spectral density functions are presented
in Figures 5.10 to 5.15. As explained in Section A.3, the observed spectra
below 10 cycles per second must be corrected to account for the finite band-
width determined by lh' Low frequency corrections for Figures 5.10 and
5.13 to 5.15 were estimated from the results of Figures 5.11 and 5.12.

The corrected and normalized values of spectra are listed in Table VI.8.

The theoretical power spectral density functions are computed

from (2.68) by TRANSFER 6, listed in Appendix F, for 6 delay groups. A
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Figure 6.3. Measured and Theoretical Autocorrelation Functions.
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TABLE VI.7

CORRECTED NORMALIZED AUTOCOVARIANCE FUNCTIOR AS A
FURCTION OF DELAY TIME, T

T seconds I - 10 ¢/s BF3 - 1
0 1.0 1.0
1/240 0.85 0.85
2/240 0.54 0.66
3/240 0.38 0.44
1/60 0.33 0.39
5/240 0.27 0.31
6/240 0.17 0.25
7/240 0.06 0.14
1/30 0.05 0.12
9/240 0.04 0.11
10/240 -0.01 0.09
11/240 -0.06 0.02
3/60 -0.06 0.03
13/240 -0.06 0.03

14/240 -0.06 0.02
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TABLE VI.8

MEASURED POWER smunmAnlnnmmr!rvnmuous
NORMALIZED TO 15 c.p.s.

c.p.s. I - Noise I - 10 ¢/s V - Noise qu',-_l
S est. 1.39 1.50 1.87 1.50
10 1.22 1.29 1,36 1.38
18 1.0 1.0 1.0 1.0
20 0.60 0.69 0.63 0.71
25 0.44 0.49 0.44 0.49
30 0.36 0.40 0.37 0.38
35 0.30 0.30 0.33 0.27
40 0.25 0.23 0.29 0.21
49 0.22 0.18 0.23 0.17
80 0.17 0.15 0.23 0.15
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similar program was written for 2 delay groups. The two calculations were
in agreement to + 5% over the frequency range from 5 to 60 cycles per second.
The calculated 6 group spectra is glven in Table VI.9, normalized to 15
cycles per second for £ = 70, 80 and 90 microseconds. The parameters chosen
in Table VI.9 illustrate the effect on pover spectra due to changes in k,
B and £.

The experimental and theoretical povwer spectral density functions
are plotted in Figure 6.4, using values from Tables VI.8 and VI.9. Table
VI.9 was constructed using (2.68). For a prompt neutron lifetime of 90
microseconds, theory and experiment agree for frequencies above 35 c.p.s.
However, for frequencies from 15 to 35 c.p.s., the theory and experiment
differ by as much as 20%. Figure 6.4 supports the conclusion drawn from
Figure 6.3 that the prompt lifetime of the Ford reactor is greater than Q0
microseconds. Theoretical power spectral density functions for £ = 110,
130 and 150 microseconds are, also, presented in Figure 6.4, A comparison
of theory and experiment, Figure 6.4, predicts a prompt neutron 1ifetime
of 130 + 20 microseconds. The data in the time (autocorrelation) and fre-
quency (power spectral density) domain predicts the same prompt lifetime.

The low frequency data in Figure 6.4, which was "corrected" on
the basis of Figures 5.11 and 5.12, illustrates that the corrections were
not sufficient. In other words, to determine low frequency spectra accuratély
requires a modification in the apalog computation procedure. For example,
a different combination of analog circuit time constants might be more ap-
propriate for low frequency spectra. Unfortunately, since the analog facility
was 1n heavy use by Chrysler personnel, the author did not have an opportunity

to make a more detailed investigation.
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30

25
0.47
0.50
0.59
0.62
0.63
0.67

TABLE VI.9

20
0.67
0.70

WITH £ AND k AS PARAMETERS

10
1.hko
1.31

k = 0,998

1.27
l.22
1.2
1.2

2
1.51
1.40
k = 0.997
1.53
1.43

KEEPIN (UPFER) AND EFFECTIVE (LOWER) 6 OR 2

k=1.0

THEORETICAL POWER SPECTRAL DENSITY FUNCTIONS NORMALIZED TO 15 c.p.s. USING

T0
70

L x lO6
seconds

0.33
0.37

~
!

oo

2
.33
k = 0.99

T0

0.73
0.75

—
@

(e o)

1.13
1.12

1.23
1.20

0.36
0.39

0.42

0.4k
0.70 0.62
0.6k

0.73

0.78

T0
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The 60 cycle noise introduced by the electronic tachometer is
clearly seen in Figure 5.15. The presence of this signal in the spectra
at 60 c.p.s. does not require that any corrections be made to the ampli-

tude of lower frequency spectra, because of the computational method used.



CHAPTER VII

CONCLUSIONS

A. Theory

In Chapter II, two different methods are used to obtain an
expression for the ratio of the variance to mean number of detected
neutrons as a function of detection time. The first method makes use of
a detailed probability balance on the number of neutrons, precursor atoms,
and detections in the reactor between the ensemble states represented by
time t and t + 8t. By introducing probability generating functions and
using a limiting process, the detailed balance equation is converted into
@ time dependent equation. By manipulating the time dependent equation, a
set of Ul first order differential equations is obtained for a reactor
model which assumes 6 groups of delayed neutrons. This set of equations
is necessary and sufficient to describe the average values and the var-
iances of the system parameters. This is in contrast to the 8 equations
needed to describe the average behavior of the neutrons, precursor atoms
and detected neutrons.

When the set of 44 equations is specialized to describe a reac-
tor operating at steady state, an expression is obtained for the ratio of
the variance to mean number of detected neutrons as a function of detection
time. The ratio is in terms of the 42 parameters described by the above
set of differential equations and quantities such as the number of prompt
neutrons per fission, the covariance between the number of precursor atoms
of group i and group j formed per fission, and the detection efficiency.

The value of the ratio for any given detection time depends on all these

=108~
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qQuantities, and can not be made independent of detection efficiency. The
coefficiehis'of the time dependent factors in the expression for the ratio
are uniquely determined.

The second method used to obtain an expression for the ratio of
the variance to mean number of detections as a function of detection time
requires assumptions for the form of the reactor transfer function and
for the driving function of the reactor. Having chosen a form for these
two functions, it is a straightforward procedure to arrive at a relation
for the ratio, for a reactor operating at steady state. This method is_
limited to steady state applications, because the form of the appropriate
time dependent driving function, GO, in (2.68), is unknown. This limita-
tion is inherent in the transfer function approach. The expression for
the ratio is in terms of the quantities associated with the transfer and
driving functions, and with the detection efficiency. However, the driv-
ing function is not known uniquely, and therefore the coefficients of the
time dependent factors are not known uniquely.

The form of the expression for the ratio of the variance to the
mean is identical in the steady state for both methods, (2.58) and (2.90).
The detailed probability balance method has the following advantages:

1. It allows a unique description of the coefficients in the relation
describing the ratio of the variance to mean number of detections.
2. No assumption of the form of the transfer function of the reactor

is required.

3. No assumption of the form of the driving function of the reactor

is required.
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Also, the results of the detailed probability balance are not limited to
monoenergetic neutrons. Using a l/v neutron detector, for example, the
detection term depends only on the neutron density. 1In order to evaluate
the theoretical expression for the ratio of the variance to mean, (2.58),
it is necessary to know values for Ac and As. By averaging these quan-
tities ove; fhe neutron energy distribution in the reactor, appropriate
weighted values can be obtained.

Theoretical calculations of the autocorrelation functions show
that a 2 delay group representation of the 6 delay group model agrees with
6 group results within 5% for delay times from 0.0 to 0.02 seconds. Also,

the power spectral density functions are within 57% for frequencies from

5.0 to 60.0 cycles per second.

B. gfpgriment
This research shows + e basic information available from an

analysis of reactor fluctuations in terms of its moments, autocorrelation

and power spectral density functions. For the data obtained in this work,
the following can be concluded:
1. Moments

With the exception of the peaks at approximately 0.3 and 3.0
seconds, Figures 5.1 to 5.5, the ratio of the variance to mean number of
detected neutrons as a function of detection time agrees qualitatively with
moment data taken by Albrecht,5 and with theory, for detection times from
0.001 to 9.999 seconds. The peaks remain unexplained and warrant further
investigation. Using a non-linear regression analysis of moment data, for
& two delay group model, Albrecht estimated that the Prompt neutron life-
time of the Ford Nuclear Reactor was 80 + 10 microseconds. The values

obtained in 2 and 3 below do not agree with Albrecht's result.
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2. Autocorrelation Function

Using Keepin delay constants, a comparison of theory and experiment,
Figure 6.3, predicts a prompt neutron lifetime of 130 + 20 microseconds

for the Ford Nuclear Reactor.

3. Power Spectral Density Function

Using Keepin delay constants, a comparison of theory and experiment,
Figure 6.4, predicts a prompt neutron lifetime of 130 + 20 microseconds for

the Ford Nuclear Reactor.

L. Effect of Reactivity Perturbation

For the frequency range from 0.5 to 30 cycles per second, the
presence of a sinusoidal reactivity perturbation of approximately lO'h sin (wt)
did not change the observed values of the ratio of the variance to mean,
of the autocorrelation or of the power spectral dens!‘; functions. In Appendix
D, it is shown that this could be expected, based on the limited quantity
of data obtained in this work.

5. Effect of Detector Position

The observed moments, autocorrelation and power spectral density
functions were not appreciably affected by the relative position of the
detector to the core. The positions used in this work are shown in Figures
3.1 to 3.5. No previous measurements of this kind are reported in the lit
erature. The observed lack of dependence on the position of the detector
substantiates the assumption in the development of the detailed balance

equation that space effects are of second order importance in a highly

coupled system.
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C. Future Research

1. Theorx

The theoretical description of fluctuations should be extended
to include the effects of neutron position, energy and direction, giving
the transport ecuation as a first moment. These effects might be included
in the argument of the ensemble probability distribution function, (2.1),
and an appropriate detailed probability balance equation could be developed
from this assumption. 1In attempting to make this extension, the author
has been unsuccessful to date in the formulation of the term in the de-
tailed balance describing the scattering of neutrons from an arbitrary
direction into the direction on which the balance is made. The solution of
this problem requires extremely careful consideration of the implication
of the terms in the detailed balance equation.

Methods for determining the power level of a reactor using
stochastic processes should be developed. A direct approach would be to
theoretically study the behavior of the ratio of the variance to mean
number of detected neutrons as a function of power level. An extension
of the initial study by H’arris15 would be an effective starting point.

Criteria for power reactor stability should be developed using
the methods of stochastic processes. Having obtained the necessary moment
equations describing the reactor, and the coupled feedback system equations
due to the external load, the most general method for studying overall
stability is the application of Lyapunov's second method. Since it is
difficult to obtain a Lyapunov function for this complex situation, a

parameter study of this set of equations could be obtained directly using

computers.
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By studying the theoretical description of fluctuations it may
be possible to deduce the subcriticality of a reactor. Preliminary work
by the author shows that certain ratios of the power spectral density
function are sensitive to k. For example, it was noticed during the
course of a computer study of spectra values that the ratio of two ratios
of spectra values was strongly dependent on k. The ratio of the value of
the ratio of the spectra at say 40 cycles per second to 1.0 c.p.s. at
critical to the value of the same ratio for k = 0.997 changed 100% when k
was changed to 0.99.

Cross correlation techniquesal should be investigated for pos-
sible improvements and new applications in the extraction of information

from a reactor, such as determining rod worths.

2. ggzgriment

Non-linear regression analysis was unfeasible before the advent
of modern computing machines. As faster digital computers and new non-
linear regression techniques are developed, it should be feasible to
determine the majority of system prarameters making up the moment equations,
including such parameters as By, li, and ;6, from fluctuation data. Equip-
ment and techniques should be developed to exploit the information avail-
able from both transient and steady state fluctuation data, in order to

gain more understanding of nuclear reactors.
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APPENDIX A
A SURFACE WHOSE PARTIALLY EXPOSED AREA VARIES
SINUSOIDALLY WITH ANGULAR FREQUENCY AND AFPLICATION

Consider a flat, fixed, semicircular area and an arbitrarily
shaped, symmetric flat surface rdtating about the midpoint, P, of the diag-
onal of the semicircle. Using an arbitrary shape, S, as illustrated in
Figure D.1, where R(0) is the radial distance from P to the boundary of S,
for that portion of S which is outside of the semicircle, as a function of

the angle measured with respect to any straight line through P, such as L,

in a clockwise direction.

Figure A.l. Explanation of Disk Notation and Geometry.
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The fraction of the total area of S which is outside the semicircle may be

designated A(Q), and in general,
Q' = O+x R(e')
A(9) = r(e') dr ae' (A.1)
o' =0 r=o
It is necessary to find the form of R(9) which will give a sinusoidally

varying exposed area, i.e.

A(Q) = K, + K, sin @ (A.2)

Integrating the general expression with respect tor,

Q+n
A(Q) = % j R2(') ae' (A.3)
e
It is clear that the only function g(o') = R2(0‘) which will integrate to

give (Kl *+ K, sin @) is of the form (K3 + K, cos ©). This may be showr.

to be true by direct substitution. Thus,

R() = [K3 + Kj, cos 0]1/2 (A.4)
Applying this result to an oscillating plate for the FNR, in a
- = "
fuel channel, let R , - R(0) = o", R oax.
in. and K), =-1/2 sq. in.

= R(n) = 1", giving Ky = 1/2 sq.

The shape of the exposed plate is approximately as follows,
being symmetric about the © = 0° line. Where R(30°) = 0.067, R(60°) = 0.5,
R(90°) = 0.707, R(120°) = 0.866, R(150°) = 0.966, R(180°) = 1.0.
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120° 60°

150°

180°

Figure A.2. Shape of Exposed Surface.

If the semicircular area is black to thermal neutrons, the
rotation of the S plate should result in an absorption of neutrons which
is approximately proportional to the exposed area for a flat neutron flux.
The shape used in the reactor oscillator was determined by (A.b4),

The author is indebted to Dr. Pawlicki of Argonne for suggesting (A.1).



APPENDIX B
NEUTRON-NEUTRON AND REACTIVITY-NEUTRON TRANSFER
FUNCTIONS
When investigating the reactor response to a periodic reactivity
driving function superimposed on the inherent fluctuations of the system,
does the same transfer function describe both effects? In other words, can
the noise fluctuations be thought of as arising from stochastic fluctuations

about the mean effective multiplication constant or as fluctuations in the

o]
number of neutrons due to an external source.

Writing the usual kinetic equations,

k(1 - B) -1
N,-= 7 N+ };kici+ s (B.1)
Ci,¢ = l‘l:l N - MC (B.2)

Linearize by setting k = ko + Bk, N = N, + BN, C; = Cio + 8Cy, S = So + B8,
N = C = 0., Neglect second order terms in & to obtain,
o,t io,t
-G-8 SN
BN ¢ = 22— (N Bk + kBN) - = + Ei M8C, + 85 (B.3)

Py
BCy ¢ = ~ (kBN + 8k N,) - A;8C, (B.4)

Taking the laPlace transform,({{(t)} =‘gkp) setting initial conditions to

zero, and substituting (B.4) into (B.3),

= (L -kx,) k
sz[1+_?_°_+7°JZ Bi/(p+>~1)]=

x

(B.5)
Nog—-l: (1 - pz By (p + )Li)] + 88
1
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For the reactivity-neutron transfer function, let ﬂ—) 0, giving,

= NJ1-p ;B;/(p +N)]

%_E_, (B.6)
k 5p[1+.(1_‘_k91+.k£ Zal/(p +))]
pl : i
and for the neutron-neutron transfer function let ﬁ( =0, giving,
)| (1 - x5) X
== N./[epf1 + 2=~ "0/ , © B,/p + A\ }] (8.7)
ﬁ o/ p{ P 2 ; 1/ i

If k is set equal to unity in (B.2), which introduces negligible

error for small changes in k, (B.6) and (B.7) become identical.



APPENDIX C
FLUX HARMONICS DUE TO SMALL SINUSOIDAL CHANGES IN REACTIVITY

The contribution of harmonics to the neutron population for a

small sinusoidal reactivity change can be determined in a direct manner.
Writing the kinetic equations,

N, = i!‘-_ﬂ N +Z MG, + 8 (c.1)
B, N

Let
Bk = Bk, ¥ 8Kk, edot

Nem Ny + Wy edo(t +0)) 4 o20(t +0y) , ... (g3
Cy = Cqq + Cp3 .J”(t +7n) e oo

Substitute (C.3) into(C.1) and (C.2), and equate the coefficients of equal

povers of the exponentials. The general terms are
8k
N (mp) ¢™¥%n % "% (p.ex) + W, Tl o(m-1) 300y

(c.4)
+ Zki Cim em7n

and

Cyp MID ¥ . ?‘l N, %% _ A Cip e™m (c.5)
Substituting for C;p from (C.5) into (C.4) gives, for m = 0, Ny = S‘/ Bk,
as expected. In general, -

Np @™%m o 8y R, o(m-1)300, ) / NB, ¢
[m*ﬂ*'bko-zim] (c.6)

-123.
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Substituting into the r.h.s. of (C.6) for values of m - i,1=1,2, ...,
m-l gives, '
m
Ny LN L. No(bkl)y ‘”; B, (c.7)
: K=
where '
kJo + B + Bk Z 2Py (c.8)
= + + - .
Bk o 1 Zk'p) + )‘1)
The magnitudes of the harmonics are,
m/ D
k=1 .

In a classic paperuo, the spatial dependence of the perturbed

neutron flux due to a reactivity oscillation is considered.



APPENDIX D
THE EFFECT OF A SINUSOIDAL FUNCTION, SUPERIMPOSED ON THE FLUCTUATION
DATA FROM THE REACTOR, ON THE CALCULATED RATIO OF THE VARIANCE
TO MEAN NUMBER QF DETECTIONS AS A FUNCTION OF DETECTION TIME
Consider a magnetic tape which gives an instantaneous count rate
represented by the continuous variable g(t). A scaler sums the pulses
occurring during a preset time, T, and then displays the result of the sum-
mation for a time, P, which is fixed, before starting another summation.

The initial summing position on the tape occurs at time, to. Figure D.1

illustrates the procedure,

-~
g(t)
a7
\ e
Yo
Figure D.1. Data Reduction Schematic.
where the cross-hatched areas indicate summation.
For a stationary process, let,
g(t) = A+ g(t) + a sin ot (D.1)

‘where A is the constant mean level, 5(t) represents noise fluctuation
about the mean, and a (sin wt) represents the effect of a periodic forcing

function. Define Zn(T) to be the number of counts displayed after the n'th

counting interval of duration, T.

=125~
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to+(n-1)P+nT

z (T) = g(t) at (p.2)
t +(n-1) (T+P)

Evaluating the integral,
2,(T) = AT - & cos w[t, + nT + (n - 1)P]
+ ‘% cos w[ty, + (n - 1) (T + P)] (D.3)

+3 [ty + (n - 1) P + nT) -3ty + (n - 1) (T + P))

If the quantity (T + P) # [n] x [frequency of the periodic func-
tion], for n = 1, 2, ..., then all portions of the reriodic function are
used as starting points for pulse summation as the number of summations, N,

goes to infinity. Thus, the inclusion of i, is immaterial and may be omitted

Sincei = 0, and sin wt = o,

N
Z(r) = 1 E:; z () = AT . (D.4)
n=

Note 2 is composed of two independent parts, that due to normal reactor

noise, R(t), and any effect caused by the periodic function, S(t).
3(1;5 =R(t) +8(t) =R+8=0 (D.5)

The sample variance, 0§ s is,

E(T) = (2,(1) - 2(T) 12 (D.6)

Equation (D.6) can be written compactly as,

2(T) = (A cos + A3 ]2 (D.7)
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wvhere,

A cos =(% [cos w{(n - 1)(T + P)} - cos m{n(T +P) - P}] (D.8)

and,

A3 = [n(T + P) - P) - [ -1)(T+P)). (D.9)

Since the cosine terms are assumed independent of the » terms,

Acos A= Acos Al = A cos (0) = 0,
(D.7) vecomes,

o§ = A cos? + EE (p.10)

Evaluate the terms on the r.h.s. of (A.10).

A cos@ = -2(%)2 cos w[n(T + P) - P] cos w[(n - 1)(T + P)])

+ (:—?5 [cos? w(n[T + P) - P) + cos? w(n - 1)(T +P)] (p.11)

The mean value of a periodic function, b(T + P), in the limit
as N 95 o, is

2
@ j'/w b(T + P) d(T + P) (D.12)
an

0

Performing the necessary integrations, using the trigonometric

relation for cos (a + B) and the orthogonality property of sine and cosine,

find,

A cos = (%)2 (1 - cos  T) (p.13)
Using (D.5),

A% = MR2 + 52 + 2MAS (D.1k)

but, ARAS = (AR)(AS) = 0. Thus, assuming that the form of AS® is the same

as OR° » a8 a first approximation, we find the ratio of the variance to the
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mean for the counting interval T is,

Lm el @ - cos om + (F) (0.15)
NOISE

The magnitude of "a" in (D.15) was investigated by evaluating
the point kinetic equations using six delay groups and a representative
source strength, on the nuclear engineering department’s analog computer.
For Bk = 0.00015 sin wt, a prompt lifetime = lO'h seconds, an average
Kre = 0.997, and a frequency of 0.25 c.p.s., % was about 3%. Thus the
maximum practical contribution of the oscillator to'?f for cos T = -1,
and Z = 2500 c.p.s. is about 1.8. For a frequency of 10 c.p.s., a/Z = 0.46%,
giving a contribution of about 0.00003. Considering deviations in (OZ/Z)NOISE

due to the low power level, the effect of the oscillator can not be seen

in Figures 5.1 - 5.5.



APPENDIX E
A DERIVATION OF THE RELATIONSHIP BETWEEN THE RATIO OF THE VARIANCE
TO THE MEAN OF THE DETECTIONS AS A FUNCTION OF COUNTING
TIME AND THE AUTOCOVARIANCE FUNCTION

The autocovariance function of the observed neutron population

was defined by (2.77), (2.79) and (2.81) to be:

v°b(1) =a A+ 7y - & (E.1)
[o]
I.ﬁt T = t2 - tl’

(o] -

Vop(ts - ty) = ale) alt + ty, -t - F (E.2)
change the dummy variable t to t - t2,

-2
o .
vob = a(t - t2) a(t - tp - (E.3)

Integrate (E.3) over t,5 0 < t, < tos

t

2 Fo 2
f vgb at) = aft - ) j alt - t)) ay - Tt (E.4)
0 0
or
’ t2 t‘t2

/ v° dt) = - a(t - t,) j a(t') dt* - a2t2 (E.5)
ob

) t

o

f v° dt, = - a(t - te)[z(t - t5) - 2(¢)] - 52t2 (E.6)

0 ob

Integrate over t2, 0< t2 £ 7, and changing variables as in (E.5) gives,

T t2 t-T1 t-7 22
[ J wzb dt,dt, = f a(t') 2(t') dat' - z(t) [ a(t') dt' - > (E.T)
0 0 t t

=129~
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Evaluating the first integral on the r.h.s. of (E.7) by identifying

a(t') at' = az(t'), (E.7) becomes:

Q

172 2

o~ 4
o~ ¢

Recall the basic definition of Zz(t),

T t
z2(r) =Tim~ 21—,1, -{[ {-T a(t') das')° at
or,
25(7) = (2(t) - 2(t - 7)]°
or,

72 (v 72 (+
v avat, - Elt-1) + 28 ey -

o),

22(7) = 22(t) - 22(t) 2(t - ¥) + 22 (5 - 7)

However, since

T ——————

T
22(t -T)= lim -2% fze(t - 1) dt

m—Q-a
=T
and, with a change of variable,
T-1
z2(t") = 1lim % z2(¢") at"
Ty
<T+r

one sees that,

E{(t) = Za(t - 1)
Substituting (E.14) into (E.11),

zﬁ(e') = 228(t) - 2z(t) 2(t - 1)

Substituting (E.15) into (E. 8) gives,

ts

22(7) 22 _2 ]]
o ‘%

10 = 5 Vop dt,dt,

which 1s the result quoted in (2.88).

(E.8)

(E.9)

(E.10)

(E.11)

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)



APPENDIX P

REDUCED PULSE DATA

I - ROISE
Rumber of Gates Mean Variance/Mean Gate L.ngh
804 2.5386 1.3348 .001
168 7.3809 2.6891 .003
6968 26.3113 4.4386 .010
288 80.8189 6.0304 .020
364 78.3873 6.3872 .030
468 88.9987 7.0988 .038
252 104.8333 8.3608 .040
300 133.6767 9.6378 .080
672 130.3843 8.1519 .0%0
276 181.4303 8.8379 . 060
253 183.0039 7.6893 .070
é36 193.8491 8.4268 078
132 208.4934 9.6633 . 080
193 229.7031 8.3482 .090
1440 257.7396 9.3380 .100
768 284.1384 8.7899 .110
600 309.0300 9.1078 .130
300 334.9033 9.8386 .130
648 364.8056 9.3448 140
1386 386.9381 9.9834 .180
684 413.7413 8.9686 .160
636 438.3563 8.7663 170
216 464 .3379 8.0269 .180
673 459.9438 8.0481 .180
336 490.9883 9.1503 .190
564 488.08)6 8.33238 .190
1384 518.0337 10.6889 .200
1384 648.8364 15.8497 .350
2328 663.4079 18.8800 .280
216 652.6828 24.8800 .28%0
600 643.4917 12.3766 .350
1372 774.2309 10.5842 .300
264 812.68%94 17.8734 .310
588 804.9915 ' 15,3979 .310
600 837 .79867 14 .6688¢ .320
156 850.9487 20.4800 .3%0
144 864 .3542 15.1178 .330
600 859.3333 14.46032 .330
600 889.3817 12.2283 .340
1092 900.9817 11.0341 .350
588 930.32704 12.5730 .360
564 989.8706 11.3714 .370
480 983.7938 10.2368 .380
552 1011.7917 11.1789 . 390
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I - ROISE
Number of Gates Mean
1164 1037.0747
1116 1163.3745
960 1288 .7488
913 1313.8330
o84 1333.1829
858 1382.3148
1033 1378.30888
936 1416.6403
1020 1438.5098
1336 1469.8934
1033 1488.3346
1044 1508.6351
804 1543 .83968
816 1673.5980
900 1801.3033
973 1930.0708
900 2083 .2144
804 2184.1448
528 2187.9961
780 2314.3049
960 2448.7791
1030 2873.73903
883 2830.9743
744 3093.3338
564 3337 .8447
564 35902.0748
388 3861.5374
768 3989.7630
slé 4101.6398
3324 4373 .9969
468 4361 .6933
33¢ 4631 .3690
4 4633 .4698
3 4894, 09856
444 4876.1779
456 8145.4608
672 8275.8871
300 5650.1899
264 6431.1136
102 7003.0831
264 6937 .4810
238 7201.1096
300 7769.9688
130 8175.5166
alé 7986.9398
238 8390.6184
240 8346.5381
240 8300.2749
228 9100.8789

-132.

Variance/Mean

10.46357
10,6343
10.8692
10.6831
9.9839
10.3969
10.0477
11.3139
10.9183
10,8272
9.6417
9.9681
11,0037
10.8071
10.3343
16.8199
11.21908
10.1899
11.3180
11.0736
11.687¢
11.1177
11.2139
11,5786
13.3286
12.6444
13.3393
13.7880
13.839¢
13.0631
13.69834
13.3629
12.8840
13.6378
12.30968
13,5986
12.8478
12.8136
13.1745
48.0388
14.8478
149.8932
41.7138
231.8381
132.2187
34.3505
59.8971
38.8366
33.2269

Gate Le :
. 400
. 450
. 300
.8510
.530
. 830

* * * L] * *
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1 - NOISEK
Number of Gates Mean

204 9076 .4901
216 8062.7348
144 9831.8880
276 93548 .9384
132 9613.5529
204 10308.0147
180 102986 .0085
96 10228. 9063
84 10741.7856
192 11873.1094
144 12181.0347
144 12832.7568
288 12882.3923
144 13609.1597
132 14108.2196
136 14817 .5641
144 18440.8780
132 15930.9393
120 16712.3166
144 17221.91658
132 17976 .0454
132 18704 .3257
96 19339.9478
120 21882.3582
168 23190.3154
144 24429.25%68
84 25658.0117
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Variance/Mean

31,5602
33.8910
20.3234
18.8318
31.6085
19.1199
16.4777
18.0948
16.2704
18.3619
16.33836
19.7298
18.7037
19.1299
17.5417
19.82235
18.5249
21,5628
22.8648
17.68837
18.6407
22.8983
19.7598
23,7165
22.2998
25.8109
24.7849

Gate lLength
(!30035!)
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I - 1/2 cps
Number of Gates Mean
348 2.5575
756 5.5661
468 24 .9081
324 48 .8673
288 48.0863%59
612 86.8938
264 101.72334
582 125.5417
264 147 .8409
576 186.9323
1008 347 .9554
1032 373 .2442
1104 497 .33158
984 634.0671
924 747 .6071
1020 8723.7618
996 990 .4337
1030 1112.9706
1032 1239.8073
1104 1362.5634
7923 1417 .68667
1032 1489.0271
1044 1617 .8368
1032 1731.2348
564 1835 .3464
840 1853 .8286
816 1987 .5490
444 2112.2252
512 2116.,6699
504 2103.3809
468 2245 .5043
984 2235.6921
924 2359.4307
492 2483 .2337
840 2479.3952
900 2721.6878
564 2980, 1489
816 2976 .7328
504 3221.9365
612 3480.7745
564 3719.6064
720 3850.1208
252 3975.6746
504 1962.1349
540 4218.3203
324 4334 .7963
492 4468 .5386
468 4708 .7414
480 4850 .2667
672 5087 .9523

_15);_

Variance/Mean

1.4623
3.3564
4.1211
5.9448
6.9108
7.7099
8.4903
8.8503
8.0422
8.58291
8.4676
8.9138
8.8721
10.6256
9.3241
10.5001
9.4418
10.3784
10.3760
9.8701
10.5698
10.7460
10.3666
10.5024
9.4756
15.8024
10.6602
12.92856
11.2714
12,2742
11.0576
10.639%
11.4586
10.6837
13.5654
11.0974
11.4734
12,1027
11.1807
11.6419
11.0933
11.6659
10.1789
13.3403
11.4070
13.1394
12.3721
12.5664
12.6898
12.6533

Gate Length
econde)
.001
. 003
.010
.020
.020
.035
.040
.050
.060
.07%
.100
. 180
.200
.230
.300
.350
. 400
.450
. 500
.380
. 570
.600
.650
700
750
750
.800
.850
.850
.850
. 900
.900
0.950
1.000
1.000
1.100
1,200
1.200
1.300
1.400
1,500
1.5580
1.600
1.600
1.700
1.750
1.800
1.900
1.950
2.050



I - 1/2 cps (con't)

Number of Gates

168
130
120

96

96
120
120

96
132
360
492
120

96
120
228
340
108
108
120
340
372
304
144
156
156
186
144
204
180

96
192
168
156

84

96
108
168
168

72
108
156
156
276
180

72
312
348

84

Mean

5214.5238
5437.9749
5661 . 5000
5882.0104
6172.1771
6434 .6749
6737.9166
7026.8958
7161.7954
7442 .9333
7600.1524
7617 .7916
8109.4479
8339,2333
8870.2719
9111.9417
9343.1574
9836.2318
9768 .23800
9988 .0458
10080.9086
10210.7388
10445.9813
10696 .3333
10933 .9614
11154.3013
11382.8250
11670.3774
11907 .93221
13173.9479
12395.8594
12541.6845
12666.4038
12660.9523
13224.7916
13389.0000
13633,0882
13909.4283
13846.5277
14143 .3981
14387 .6282
14697 .7756
14902.6558
17344 .4331
17404 . 9443
19859.0576
22350.3103
24782.1189
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Variance/Mean

14.1174
10.1737
12.3449
16.7018
12.9137
15.6576
33.4458
67.8129
12.7676
268.9948
99,5456
144.5249
111.4181
47.0732
56.1627
44.0847
37.2036
33.6368
36.7887
18.3369
31.3499
15,3173
14.1098
11.8085
13.6481
16.32812
15.4431
15,0878
16.1200
15.9029
13.3693
15.2381
16.9335
10.3460
19.2408
14.9829
15.3488
15.0867
20.5183
20.7513
15.2998
14,4239
16.0134
14.4547
14.8652
16.0279
16.7285
14,7431

Gate Length
Becond sy
2.100

2.200
2.300

8

. . . - .

* o .
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I - 10 cps
Number of Gates Mean Variance/Mean Gate Length
lszconggj
264 2.5341 1.59830 .001
216 10.0741 2.4317 . 004
108 14.4074 3.4925 .008
216 14.8341 3.6902 . 006
348 17.8881 3.3898 . 007
384 20.5104 4.6639 .008
768 25.2305 4.4108 .010
1044 50.0349 5.7574 .020
792 74.1906 7 .4306 .030
720 98.7264 7.6476 . 040
696 122.2514 8.5489 .05%0
768 144 .9887 8.3705 .060
744 173.2917 9.2634 .070
816 245.9129 8.835%6 .100
1140 269.7114 9.3046 .110
1152 295.3004 9.3885 .120
1104 320.8569 9.3391 .130
780 348 .7526 9.2919 .140
840 396.1357 8.7412 .160
840 416.9583 9.1396 .170
684 443 .6784 10.0488 .180
1104 469.3795 9.4843 .190
864 493.1840 9.3708 .200
300 514.5833 8.3419 .210
240 513.4708 9.9108 .210
228 540.7412 10,3316 .220
312 338.6731 10.1563 .220
276 870.7029 9.9059 .230
288 565.9271 9.1233 .230
240 589.6917 11.4119 .240
300 592.1867 9.0560 .240
264 614.9924 8.2898 .250
276 617.0615 9.9922 .250
288 639.6007 11,2534 .260
396 641.9192 10.8798 .260
144 663 .5277 9.4833 .2370
204 672.2696 15,5473 .270
252 699.3492 13.7133 .280
264 685.3068 10.4744 . 280
264 716.7311 14.5298 .290
276 714.7862 11.4458 .290
864 748 .5162 15,7243 .300
636 772.3616 17.7197 .310
540 807 .8518 18.5152 .320
396 828 .9899 16.0836 .330
600 849.8100 15,2600 .340
384 876.9583 15.5929 .350
540 8935.2426 12,9321 . 360
288 923.2431 13.9724 .370
588 942.8061 12.5602 .380
564 978.7287 11.6554 .390

780 992.8231 11,2021 .400



I - 10 cps (con't)

Number of Gates

264
264
253

Mean

1000.9166
1032.2879
1050.1349
1086.9378
1109.2304
1132,.5588
1183.0278
1181.0308
1210.1666
1235.7699
1331.0981
1244 .6295
1278.8499
1298 .2780
1323.7149
1341.3433
1355.8504
1373.3049
1394 .4706
1418 .4176
1444 .3789
1447 .8171
1469.9361

~1%7-

Variance/Mean

10.6962
10,5677
16.4913
10.8698
11.3740
9.0964
9.6879
10.8068
10.8816
12,2854
11.0627
10.0072
10.2750
10.8549
10.7237
17 .68338
10.1800
10.6291
10.5628
10,3616
13.9216
10.1649
11.1348

Catg Length
!Egc<ﬁiigz

.410
.430
.430
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IV - NOISE
Number of Gates Mean Variance/Mean Gate Length
lBooonS-S

636 22.1085 3.6495 .010
334 44 .1832 5.9579 .030
288 66.3128 7.53299 .030
300 85.0633 7.9682 .040
300 110.1367 9.4882 .050
360 130.68000 11.4124 . 060
238 173.32881 8.3784 .080
264 198.5038 9.1912 .090
6368 217.7389 9.4387 .100
264 432 .3447 10.3074 .2300
300 6588.6167 14.1192 .300
253 8832.3794 13.3869 . 400
312 1080.68603 11.4842 . 500
240 1307.290909 13.2989 .600
240 1531.41932 13.3873 .700
192 1740.7917 13.7811 .800
204 1958 .98314 11.1708 . 900
444 2189.1126 11.8230 1.000
216 2603. 8093 12.6738 1.200
193 3283.1408 15.1422 1.800
144 3737.9378 15.3803 1.700
180 4342 .0056 15.7682 2.000
186 4809.9294 15.7004 2.200
156 5443 .8769 15.8856 2.500
132 5893.9845 13.0476 32.700
108 6521.4166 19.3046 3.000
130 6957 .,6083 20.3721 3.200
73 8179.6805 91.3717 3.700
108 8721.8925% 25.1380 4.000
132 9151.3889 23.80239 4.200
108 9838.7684 20.8392 4.500
130 10296 .1832 18.3746 4.700

96 10794 .4898 21.1064 5.000
276 10881.1133 19.9164 5.000
180 11282 .2888 23.8090 5.200
130 12019,7583 31.6415 5.800
120 13291.3750 21.9664 5.700
108 13084 .7592 18.9873 6.000
73 13446 .6666 22.5866 6.300
144 14165.4930 22.4697 6.500
108 15189.0463 22.3564 7.000

96 15686 .4895 19,8661 7.200
130 16248 ,5333 24 .8309 7.5800

96 17379.6875 23 .6548 8.000
120 17776.1165 20.9011 8.200

96 18591.1875 23 .8447 8.500
132 18988.1816 26.1574 8.700
84 19483 .6069 27 .8478 8.000
120 20016 .4915 26.2015 9.200
108 20660.5554 29.1204 9.500
108 21106.3332 27.2830 9.700
72 21743.5415 25.4216 9.999



V - NOISE
Number of Gates Mean

456 21.3780
576 41.7413
348 63.4081
313 84.3048
253 105.6349
3123 129.8526
334 141 .8886
13 170.9711
3768 188.7382
538 212.8823
238 4326.5088
288 641.8730
a7é 860.8732
238 1064.0789
238 1277.1372
238 14832.1491
193 1699.2339
168 1921.34582
27¢ 2135.768)
204 2832.3647
192 3160.0416
186 3601.6184
156 4247 .76032
168 4677 .3380
132 83232.3408
168 5764.9484
132 6363 .3196
73 6871.7800
168 7488 .8811
1568 8019.7800
130 8540.6000
120 8938.04990
108 9621.0739
86 10017 .8437
84 10631 .42388
162 11041.4219
144 11667.7013
120 12130.1333
144 12703.9813
120 13114.1833
108 13867 .4722
132 14231 .8484
144 14891.7083
120 15294 .5999
168 15972.375%0
132 16365.6518
84 16996 .59582
108 17464 .3239
120 18089.0918

-1%9-

Variance/Mean

3.7734
6.2687
6.2869
6.8431
7.1761
8.3349
7.6584
9.0092
13.0381
8.2496¢
8.8731
18.3330
16.2483
9.98086
8.4880
8.9461
10.0743
13.8920
10.9850
10.6031
13.7027
12,0646
9.0687
11.9778
9.8843
13.6886
10,9111
12,0239
60.8032
93.1183
41.3043
14.2662
16.6371
16.5414
17.4601
15.1779
16.2718
158.72379
15.8582
14.8680
16.1718
15.9859
15.0348
16.0573
15.9556
16.8197
14.0974
14.9948
17.1308

Gate Length
!!Ecoéigz

.010
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II.
II.

II.

IT.

V - NOISE
Number of Gates Mean Variance/Mean Gate Length
(§ocongsi
108 18574.0183 17.3161 8.700
108 19108,1943 17.6388 9.000
108 19327 .5647 30.7306 9.200
120 20081.1083 15.7528 9.500
108 20558,8318 17.0879 9.700
MISCELLANEOUS RUNS
Run Gates Mean Variance/Mean Gate Length
— (Seconds)
1817 rpm 372 2440.5779 10.8787 . 000
Noise 456 2002. 4890 11.1758 . 000
712 420 1774 ,2929 12.8476 .000
180 °ps
640 rpm 420 1709.8381 10.1892 . 000
1915 rpm 384 1685.6693 11.7488 .000



APPENDIX G

DIGITAL COMPUTER PROGRAMS

The following programs are included to show exactly how the

computation in this thesis was accomplished. It is felt that such informa-

tion would be helpful for future workers in this area of study. Both the

FORTRAN and the MAD languages are used. These programs are written for

the Michigan executive system and specifically the IBM-709.

Contents Page
1. VAROMEAN - WESTERVELT

Computes the ratio of the variance to mean for a given gate length 142
2. ROOT 6

Computes the 7 roots of the 6 delay group inhour equation 143
3. ROOT 2

Computes the 3 roots of the 2 delay group inhour equation 145
4. CORR 6

Computes the 6 group autocorrelation function, given the roots of the

inhour equations 146
5. TWO GROUP

Computes the effective 2 group delay constants from 6 group data using

the method of Skinner and Cohen 151
6. TWO GROUP COEFFICIENTS

Computes the coefficients needed to calculate the 2 group autocorrela-

tion function 152
7. CORRELATION 7

Computes the 2 group autocorrelation function given the roots of the

2 group inhour equation and the results of program 6 154
8. TRANSFER 6

Computes the 6 group transfer function in d.b., phase angle and power

spectral density for a white noise input 155
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READ I1NPUT TAPE 7T+80 Mo (T(2)e lelym)
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$ COMPILE PORTRAN: PRINT OBJECTs EXECUTE:, OUMP» PUNCH 0JECTe1/0 DUWP

T PROQNAN MK TR WOOT W T T e Tttt
(] ION  Di6)r BE(6)s AllG)r RI{)S)
LLY A%
¢ 000 @ =(K=1e0)/7(BETASK) + ROTIML/(BETASK) + (R/BETA) X SUN OVER BETA(L})/
TUTUIR ST YRR TEL ¥ T -
C AND I8 THEN MANIPULATED TO PUT IN THE FORM
""" CTTATTIRSEY STATITINSEY 3 ATITHRES ¥ ATTTHNL 5 KTV THWRSY ¥ ATITIWRY &
+ - Q
< NG SUBROVTINE 2ER2
TTUTTTTTOY TERITARAY & W

~C THE ONLY PARY _
TETTHE WYR PORMAY Y ROV THAY AIEN T3 VORKTAS PWMESTELY W R Y TTTTTTTTTTTTTTTT
______________ 10 1= 29 1602 -
10 AT e Tel T o T
ﬁ 11 E-g.)ux
1 e U
77777777 *___'g( OUTPWN TAPE 6,9 _ e ~
FORNAY THRY PRSGSAR AN TS B0TY T T T T T T
READ IRPUT TAPE Tols TINE: BFFMULoiD(1) s 1o106)s(BE(1001=Lse)
TV VEMNAY * . o 77 . T
WRITE QUTPUT TAPE Golls TINEs EFFMULY (B(2)01o)ob) ofBR(R)slelos)
L (1 X
X Fl0e6/ 12HO LANBDAS = 6F10e9/ 10MO BETAS = 6F10,7)
______________ | 30 11 T Tt
BT ® Q60

"""""" géioﬁ'-rﬁ—"“"'_‘“”_'
T e *
3 BT = I; * HTU
______ A(l) o TINE/ (EFFMULORT)
CAMMA » <TEFFRRIL=T.07 / TRFFMRULYBY ] ¢ YU =~ 777 mmmommmmmmomoooooeoome s
rrrrrrrrrrrrr A(3) = A1) @ 0T + GAMMA
He d(LYMINHeDTTITY + POITWITY ¢ (OU1T F 0(TS ¢ BITHWEINY 7
X + (DT = D(3) = Di(6)) *D(3)
T =« BIIVEDTIY + DUITEBTYY IBTITODTZIT +TB(1T WIIIW(ITTHTE]
 HF = (D(L)*BI(3) + DI(2)8D(3)eD(1)20(2),90(4) + B(1)1e9(2)8D(3)
o DUITED{2IRDUI) T S e e
OO @ D(1) + D(2) + D(I) + D(&)
"""""""" L W T | € 22 2 0 8 27/

o P2 = -8E(2)%0(2)/87
3 e

Py o =BE(A)*D(4)/BT

hs e -—pE(dYeR(Bi/BY T EE
Po o =BE(6)%0(6) /0T
CA(E) e AITTE(ESOBADIT) + (DBIBIS)) ¥OUE) 5 + GRRMAWDY ¥ P14 PT ¥

X P + P4 + PS + Py
ATTT « ATIT &7
X #(DT=D(10) ¢+ P28(DT = B(2)) + PIS(DT « - P{3)) + Pae (DT = D(4))
""" ROPY W (DTSD(TIY ¥ PEMTOTSP(RIY T
H) & CoD(A) + HFRD(S)
””””””” s I € Y (8- I 1
Q= PI2ISD(I) + (0(2)+0!(3))2D(4) + (Di2)eD()eB(4))0n(3)
Hab o B{11#D(3) +(BI 1IN IeB BT« (OIS TRIBTIIToB (]
W ep
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""""" B e IDTITBTTY IO} « DTITOD(2T
Z =B ¢+ (D(1l) « D(2)eD(3))®D(3)

X  D(ONIRD(6)) +PIR(MAS +(0T = D(2) =BD(6))I®D(6)) +PI{We(PT=D(3)=D

X)19D(6)) +PooN
TTTTTTTRAT Y T U F T T INI YT T Ot YOT Iy et -
MAS © B(1)20(3)+(D(1)eD(B))®D(4)
8]
R e D(2)%0(3)%D(4) + (D(2)2D(3)+(0O(2)00(D))2D(A))OP(3)
RAT & FAY ¥ AR WOUST

_________ X ® D(2)80(2/8D(4) +(D(1)0D(2)+(D(1)48(2))80(4)1%0(8)
X OUEM) + PIciMATEMAGSD(6)) ¢ PIOIXIEBIE)) 4PA%IMAL +200(0M + Pe
+ THTRYY PPTWT
| MM D(2)#0(3)8D(4)
does LRI A48 100107 Bu—
19) = AL119CO0(4)0D(3)2D(6)  + GAMMASICHD(4)20(3) +HJe0(6)) +
STRDTY] + WD

»q

X XeD{(6)) +Pas(CoD(8) +uALED(6)) + PIR(CHD (&) *MFaD(b)) + PO @
J
A(l1S) o GAMMASC*D(4)nD(S)eD( ) + Pl 2MpED(3)0D(6) <P2eMALSR(S)
"""" XUPTE) IPHOWITITHN(ET & PRCEUTSTRD(ST & PV CHITATSO(S) -
X *Pea oD (4 )2D(S)
""""" W ETERITY 3 KXY
WRITE OUTPUT TAPE 6eBsiAll)y [=21,28,2)0iR(3)slm1p)a)

X(3)esecaecAlld)) /8C1047/314K0 THE REOTS OF THE ¢ CRADUP NNV
"""" TN IQWATTION TR TRUIGRTIT o TN T WRERE RSN IR ISRt IS SN0y —
XL0 BE 9ERO) /6€2067/682067/2020,7/762H0 1F N I3 UNITY:, ABOT
"""" XSUSNOUTING TS WORKING PROPERLY W8 -~ -~ ——gy-=r ---=------mmmmmmomeee
PUNCH 300 (R(1)eIml)yln,2)

oD}
60 70 1
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$ COMPILE MADy PRINT OBJECTe PUNCH OBJECTs EXECUTE)» OUMP, 1/0 DUNP
_______________ DIMENSTON ~~ ATIUTOTIOT+BETATIUI sNTIO) T
AM NAME 1S ROOT 2

enour INHOUR EQUATIONs [N THE FORM A(0)eYs®s + A(4)eY

___________________ Ty R AT g ATIoN: TN THE Tomn Alo)oYees ¢ Ala)ev
_no_t_:__rmt ALEVEN) CORRESPONDS TO AN INASINARY CORFFICIENT

"""""""""""" TAN AS THE m‘r‘mmrnm T

R
[
R LHliAabYo IiMN) WULD % ZERO AS A TEST ON T
R
R
[

LNTATIM MT!PLICATIQ CﬂSTMT > SEN) PROIPT

s . v REYATT] -~
Q00002 READ FORMAT QQO0003¢ GENeTAU D(l)ob(l)o BETA(1)e BETA(2)

vECToR VvALUES 606015! o § IFI0T7IFI072P10.7 ®

WRIT TAP [ ) 20008
Y L .

""""""""""""""" EXETUTE T TIEMN s TATU Y S sATIVYN T B T

"""""""""""""" MRINT mmﬂmmmmrm“—‘
ooooo’ = 5 38H0 MATI

e ______1ETAS ARE 2F10.7 e
AlU e TAD/GEN T
____________________ Al2)8(100~CEN)/GENCA(O)®(D(1)00(2)100ETAIL)SDETA(2)
) AR =T U-ERT 7R TOT I V0TIV «ATO VO (1 TSD (Y J«BETA(ITS0 (T 8E
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_____________________ MeZER2 of  DoAsR)
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___________________ 1] WORKING PROPERLY M e |3 g
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_____ ] _-_CMXLERHWIW_‘%?&G*: KXRCUTEr DUMP, [/0 Dume

R FOR & DELAY GROUPS, PROGR SETS THE REAL PART OF THE
’ VJr7
R (IW <R(J))o WERE R(J) 18 THE JTH ROOT OF THE INNOUR EG.

"7 EUY ARE SOLVYED EXPLICTTHMY POR THE" -
R US!D 70 COMPUTE A GlJle THEN USING THE R(J)y AA(J)s AND 6
R SMOULD 8€ 2ERO FOR NOAMALIZATION

R "{Y(J) e THE DELAY TINMES: READ [N-AS BATA
""""""""""" TPRINT TORNAY TAPP
VECTOR VALUES TAPP =g 33H1 PROGRAN NAME 1§ CORRELATION 6 o

] [ ]
; uuruh IN ADJUSTING THE uﬁuts OF THE ClJsl) MATRIX,
R DECIMAL PLACES A§ POSSIBLE.
T M'WW. POVPR o 4 40 010 | 3 [

_______________ SECTOR VALUES TAPas 13/ (TF10s4) ®8
‘‘‘‘ READ FOMNAT ROy FlITeeoF1T] I
YECTOR vALUES ADJK o3 7F10e1 4%

L)
VECTOR VALWS AMDJS OS”H THE RATRIX ADJUSTERS ARE /7
"""""""""" 1P10,T % T
Ql READ FORMAT DATAy GENe TAUs POPs D(1)esaB(6)s BETA(Ll)eeeBETA(
""""""""""" &)y T Tt

VECTOR VALUES DATA a32F1047/ £2063/ 6F1045/ 6F10.708

» . N

) 1 PIECE(10)e C(OP)DES) s F(10)s T(10)9 AA(LO) LERAOR(10)
_________________ VECTOR VALUEY DXESY 1 1,7 Tttt -
INTRGER DE€S» 1y Jo JTIMEr JaJds KKK

""""""""""" READ FURMAY TAPEy N{1TaeaRI Ty 7 - - -mm mmmmrmormoommos oo mm oo
VECTOR VALUES TAPE o3 TF10.9 L ]
PRIRNY FORRAT OO GENs TAU» PP, UlITes oD 8Ts ETATI T ea Bk TAT
16)sR{1)eeelR(T)

''''''''''''''''''' VECTOR VALVES TUY ¥ Z8HO MULTTPLITATIER FACUOR & FIO. 7y
1 13HO LIFETINE o €1l049s 1BHO NEUTAON LEVEL o E2065%/
oo 2 YSRU LANBBAT ARE  $F15:5/ T2WO BETAY ARE SFIST/38NU WY
3STS OF THE INHOUR EQUATION ARE /TPI4eY L
FIRZY = T U
W e =R(1)
e o IR T -4 17 7.1
CTe (140= GEN)/TAY
R LOOF YO Q30 TUMPUTES REAL PART UF TNANS TN EVALUATED
R AT ANGULAR FREQS = MINUS RGOTS OF INHOUR
TARIUGH T80 FOR JE1910JeGe7

80(0) = 0,0
TSHAPRQG0 T T T T e o S T e

R LOOP TO Q30 COMPUTES TERMS IN TRANS FM
T THROUGN U307 FOR INT§1+1eGe0
SHAP = BETA(L)/Z¢wu+D(1190 (1) )

7777777 BO(l)=s  BOlTI=1I) *+ ZRAP o o
CO = CO + SHAP®D!(I)

-1 Y. COmMTINVE T
I-g) s POP/TAUR (()40-WWEB0(6) )R (CTHCHNOWNWEBO(4)) —WWHCO¥(
11. * .

2 +CHRCO)®(1.0+CHRCONIRF (J)
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CPRIRY RESULTE W Y(J) T e e
We -R{J+1)

"""""""""""" THROUBH Q75 POR Jel vy [ JoBeY 7

CoNTImuE
R CALC THE COEFFS OF THE UNKNOWNS, STORE IN ClJoK)

T0¢ FOR Im1ploleGe?
%i.u” . -ll”?iil”ﬂlff +ww) oF1JY

CCOMYYINUE T T T T

CONTINVE

PRINT RESULTS C(1lrl)eeel(747)

X2 ® C(2e2) = S yIVOC(I YT, 1y
Y a 7(2) = C(2+1)@T(1)/Ci1s1)

Y2 = C(2o1)0C{108)/ClIH]} = CT20 )
12% C(2+1)8C(194)/C(102)= Cl{2+4)

"""""""""" PRINT RESULYS T XZeVeV2027 T T e

M2s C(201)8C(105)/C(101) = C(209)
P2 C1EHy IV (Y)Y YT T8y T
Q28 C(201)%C(1e7)/C( 10d) = C(2,7)

’ ’
R3 = C(3+2) = C(391)#Ci192)/C(101)
AP =CUSVTIRC(I4Y T7CTT 1) W3WIYT ™ " Y7X2 # TIB5¥)
B3 = T(3) =C( 3+1)8T(1)/C(101) =RISY/K2
Y S ORI ST AT IT = %I 17X S TIssT
PRINT RESULTS RI»X3+83+C3

D¥s CTTTH I TWTIsST/CTITIT =RIFTNZ T7X2 =¥ 3] -
€9 C (301)0C(196)/C(101) = RI®(P2 } /X2 = C(306)
TEIECTHITRC( YTV 7T T IT <R3® Q7 B2 ¢ 146 Y4
JI = Cl(4e2)/X2

""""""""""" PRINT RESULTS " OFESFI )Y T e e

G4e  C(401)8C(102)721CI101)2X2)

Jds C{4,2TEVYI/T X2¥XY)
XYZ @ C(491)8T(1)/Cl1sl) + U8y + C(493)803/XD =GAsY

L SCravIIaTYoy Ty ZITITHhTI¥RY| S UAWRY=TARYINBI/XY
XTlls  ~Clael)8C(103)/0C1100)00X3)
XVE2e™ TTSGARYI/RY T e

XYZ3s  =Gl4sd) 7 Cl1s})

XY2 4= Claesd)/n3

Gé= XVYZ1%D3 +J4RD) +XVI2#D3 + XW2IRC(1+9) +J30M2 +XYZA8D)
+ {74,877  -BaWNT
GT7= XYZ1%E3 <+ JARES + XYI24E3 <+ XYLI®C(1e6) ¢ JPOPQ

S8 XYL1#FS + JaBF3 +XYI2%F3 + XYLIRC(197) ¢ J30Q2 +
_____ b9 ¢ 2375 BN ol 1% 4 B - 7 ¥ - )
PRINT RE T$ Gr0b+687,68
YYs - Xv%

1
1

1 + XYZARES o Clao0) =T RAWRY T
1

KIO Ci591)8C(1+2)/(C(201)8X2 )

Ks CI8 17Ty e
K)- Cl592) /X2

TPRINY RESWTS YYoK1oRoRY T T

Ko= Cu‘bl/G
85 = K& *Y= o &) + *Ca

Bé= -K18#Y2 <=K&C(143) +C(5e3) + Y2y
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T BYe =K1e22 R3O T e e e
PRINT RESULTS KQOBSQBCOB"

B" -K10P2+K.C(106)067/6 -IQC(IOC) +KIRP2 «K4uGT + C(546)

B8 IR FXECI TN TR /0 = KWCTI T ) #KSWQIagy oG sty — - .
D= B6/X3

D2= 87/6
DI BEFTY7TXINE)
D4= B3 +0®B3 +DlevYy + YYSD2

88s C(601)/Cl1rl)
] N £
D7= «D14G8 +08F3 =Go#D2 + B2
____ s WI¥ Y/XY T T T T
PRINT RESULTS 8814070882988

884= %(602) /X2
a

B86= C(603)/X3
PRINY RESULTY " BES B% B0 BBF T
CCla BBRT(1) + BB1eY +B82203+08348) +BBASY +88528) +88698)

""" CTCZ8 BYZ¥CY FBBIFIZ7 FSUIFIIS BUSKY = BBIFCTI 4 3088y -~
l+ 886» C3 +C(6ed)

1 +8086+0) + C(6e9)

_____ CCRa" BEZVEY HIB1WPZ FOBEIFEY BB TFC(Ti8) FEBISEY FOBRWPY ~————~-—---
1 +O062E3  +C(696)

CCS= BR2#FY +881402 + BBI*FI ~pB14C(14s7) + BOS*FI +8849Q2
a9 TRQ

_CCéa  CC2/G

CCT=s =CCo®G7 +CCaH
""" PRIRT RESULTS (U3 LTSy CC T T Y s
CCos =CCo%G8 +CCh
-
i 002= T(6)=CCl =~ CCetYY=DDLI®(T(5)~Da)
~ DOSa SDOY#DE  HCCY T e
PRINT RESULTS CCoi00L1+002»00A
""" DOde =BD I W0 RN T T T T e e e
008s C(T791)/7C(101)
DO%s = CTTHh IR, Q) 7TCT Ty IT¥XT]
00é= DODS2Y2/X3
PRINT RESULYS DOA»DDYLOPS Y006 e
DOT= =C{To1l)®C(193)/(C(101)%X3)
____ TE€s TITe2Y7KZ oo I
DO%=s C(Te2)8Y2/7(X28X13)
L 03)/X3
PRINT RESULTS DOTH»EE»DDPWEE]
- EEZ = DOE¥TII) +00%¢4Y + DUMNBY+ DOTAES T4 EEFRY 3 DOYNBY
1+ EE1#8)
 EE3S DORRTY 4+ DOB¥IZ FOOTECY SDOSRCTIV®N)I® CEWZZ  +€EI®CY i
P +009#C) +Cl Tos)
N - -
1 +009#03 +EEMM2
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""""""""""" EEYs DO LY +ODI¥PT IDOTHEI-DDI*CTT§T ¢ DOVAEY +EE¥PT
.

- TR PR TCTE T TE e re
PRIN UL ’ ’ Y44

EEé= DD6*F3 +0050Q2 +DDT8F) ~DO8EC(147) «0OOPeF) +EE®Q2

T R TEI¥FY 1Ty B Tt T T
EE€7= £23/G

E¥be BETRGE/0F T T T e
EE9= EC4/09

’ ’ ’
FPF o EEQ + EETOYY +EEQ®T(8) =~ ECO#DA + EE9aT(35) ~-EEPSD
____________________ FFia <TETFDE -FET¥QT <EEYFOE ¥ CEY
FFle -EEQ#D7 -~ EE7e68 ~EE9eD? + EE6
- PRTRY RESULYS B Lt Lok
AT = (T(7)=FF=FF12002/003)/ (FF2=-FF14DD4/DO3)
A¥s (DOZ- DUR¥XTT/DOY
ASs (T(3) =D& =De®A6 ~ DT7#AT7) /DB
AR VY TTTTTTSGURNSS CTRAY T S OWEKYY 7% T -
Ads (B3 +C3%AA + DI®*AS + EJ®A6 + FI®AT) /X3

Al (T{]1) =C(1e2)%A2 =C(1+s3)8A3 =C(1eAh)BAN = C(193)8AS
1 =Cl1+0)%A% <C{IHTTHAT ) /CU1e 1
AA(l)= AL
B, Y- 25 J % 2t
AA(3)es A
Y { ® AR T T T T T T T T T T T T T T e e e oo -
AA(3)s AS
AMI{b)s As
AA(T)@ AT
PRTAY RESULYS [V N S P 7 Y i
THROWEN CMECK: FER JJiJ= 1eleddlel,e?
""""""""""" B 1.3 .Y S+
THRQUGH ADD» FORKEK=101l9 KKK oGa?

TRYAL = TRTAL + C(JJJy KRKIE A TREK]
ADO CONTINUE

""""""""""""" ERNOK { J3J S & TRYALU = Y( 7 JIJY T e
PRINT RESULTS ERROR(JYY)
R ERRBR (J) ARE ZERO IF THE SOLWIOR 1S EXACT
"R LOOF TO CI00 CONPUTES TRE &1 J)
THROUGH Q1004 FOR JslsloJeGe?

""""" tuM ebe0 T
____THROUGH Q90+ FOR 1=1sls1eGe?
““““““““““ UM 2UM = MITTZCRUIY S RUIY ) 7 e
1T COMT INVE
GlJT = Ty
~elo0  comTimug
PRINT RESULYS Glldeeel(Y) T e
_____________ R _NOY TO COMPUTE THE AUTOCOVARIANCE FN
""" R LOOF Y6 G160 VARYES THE TTNEs WRILH HAS BEEN NEAD IN
THROUGH Q1601 FOR JelsleJdebe JTINME
TONY = 0.0
THROUGH Q180s FOR I®lslsleGe?
PIECEITIs RATD)® SITYREXPTRUITHTY(UIY ~/FIRST
2UNMT = PuMT+ PIECE(1)
""" 0130 TORMTINUE =~ I e
. 2umMT




Uelyr T PRINY FORMAT ARSe COMeTV(JT 777777 ) Tt

VECTOR VALUES ANS 28 SPHO THE AUTOCORMRELATION FuynCTION IS
X ) . Az 2
260 CONTINVE
""""""""""" TRANSPER TO U1 - - T oo T -
_____________________ ENO_OF PROGRAM . e
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3 COMPILE MADs PRINT OBJECTs PUMCH OBJECTs EXECUTEs DUMP, [/0 DuNP

DA

.. ___PRINT FORMAT C

T PROGKAM NAME TS TWO GROUP ~~ 7w oo
THE TWO GROUP PARAME TERS ARE CALCULATED FROM THE & GROWP

’

Dl%gi[m AR()O}y BETA(G)y O(6)
NTESER J

INT_FORMAY COMEY
VECTOR VALUES E&;?(f’“ « SIPHT PNOTRAN WANE T3 Two SROUP o

READ FORMAT IwP

9 D(1)eeeD(6)s BETA(L) eoeBETA(S)

VECTOR VALUES TPUT o8 4F10.3/8F10.F #8 - mmmmmmmmmoooeee
PRINT FORMAT INPUTA DI

Jeoe AlllesoBETA(SG
VECTOR VALUES INPUTA =siaN S A Oe

____________________ 1€ &F10e7 o3
ALPHE @ 00 T
ALPY = 0,0

TAS = 040

L ’

JeleY e ele b

LOOPL  BETAS = BETAS + BETA(J)
""""""""" TANOUGH Lo T, FON Jel ¢l v d el e
MB(J) o BETA(J) /BETAS
____________________ RCPT & KLPL ¥ KBTI @O T~ - mmmmmmemmeemmemmem e .

ALPM] = ALPHM] + AB(

LOOP 2 CONTINVE

B = (ALPleALPM2 -

LAMB )= 8- MOOT

C & TALPT#AUPHT =107 7TALPN2 = AL PEIFALPMIT "

ROOT = SQRT,(8#8~C)
k LAW{'TmTltm"

JY/70(J)

ouJry

- PRINT WESULTY ALPT: ALPET ) AUPWZ 7 7 7777 - mmomooooooo oo

ALPH]1) /(2408 (ALPM2=ALPHL®ALPM]))

T LANBZe BeNBOT T ST e
INNER ® (ALPM14C=8)/ROOT

R AT ARD TAZARE YRE NELATTVE XBUNDARTES OF THE FINST KAD ~~ "~ -
R SECOND DELAY GROUPS

Al = D, 971,00 F TRNEX)
A2 QeS5#(]1e0=1NNMER)

R BET1 AND BET2 ARE THE EFFECTIVE TWO GROUP BETAS

- BEY] s XIWBETAS T
BETL = A2#BETAS

PRINT FORMAY RESULT, LANBT CANBZ,BETI,BETZ

VECTOR VALUES RESULT =3 24H TWO GROUP LAMBDAS ARE 2€20.8/

1 22H TWO GROUP BEYAS ARE ~~"Z€Z0,6 @8 T '

.. TRANSPER TO GO
END OF PROGRAN
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oA COMPILE O ST SIECH VG SECLY SIEQUE UL Lo pupe
Yﬁmrthb‘mrnmmrnm-m!—

4% THE AUTOCORRELATION FUNCTION IN CORRT
R ABUNDANCES NOT THE REAL BETAS
TTTTTTTTTTTTe W BETAT W SUNM OF BETATTY POR IS 3§~~~ == omm——mmmmeee
oK PRINT FORMAT NAME
"""""""""" TY SJRT PRUSRAN NARE IS TWO GRUUP COEFPECT
1ENTS L g )
’ 14 [ ] ’ [ 1
1 RU1)s R(2)s R(Y) » BETAT
[ ) [y [ [ ] [ ]
PRINT FORMAT DATB +GENs TAUs POPy D(1)s DI(2)s BETA(L) BETA(2
""""""""""" )0 RERERERRE {8 SN 18 2100 16 ) REE - T
VECTOR VALUES DATS o817H K EFFECTIVE = F15,0014H LIFETIN
€ = o0 U
2 13H LAMBODAS 2F10643/ 20H RELATIVE BETAS = 2F10e7
""""""""""" ¥ 73ITR WOUTE OF TRROUN & YFIDS
7_7__"_"_"_"_5_$AECUQA[§_TH!_!gﬁk‘gﬁglnpf THE TRANSFER FN FOR FREQS = -ROOT
] OF TAWGUR T T T T T e e
e *
—SH R
PRINT RESULTS PETA(L)+0LETA(2)
""""""""""" CH = SIR7TAU ) B Tttt
CT ®» (140~ GEN)/TAV
"""""""""" W e =mTIY - T T T T T
THROUGH REAL) FOR 12))1¢l1.843
Vel
CO0 = 040
““““““““““ SKAP % 0,0 - T
W o wWey
““““““““““““ THROUSN PART POR J W2 T3 JaBe Y~~~ oo
ITY o J=)
TITv ) 7
BO(J) = BO(ITT) + SHAP
““““““““““ T 8 O F SRAPODI T T ) T o e
PART CONTINVE
"""""""""" TITIN PP 7TAU & (31,0 WU¥BOTIVI F(CT ¢ CHeWWSBO I T) & ——--------—
1o Con | 1.0+ CHeCO3) 74t CT + CMOWSBO(D) ) (CT+Cha
. * |30 B}
PRINT RESULTS (1)
"""""""""" W e Y T T T s
REAL CONT INUE
""""""""""" T CTALCULATE CUEFFY OF THRE VRRMOWAS " - - ==--m—-omemsooeoeoo
THROUGH COOFy FOR 1=21sloleGed
’ SloleJelsed
ClleJdlo =RIJ)IZIRLIIORIY) « R{IVoR(1) )
""""""""""" PRINT RESULYS ClTsJ) oo
CooF CONTInwE
““““““““““ RL L3 -1 0 B [ i £ e
DIMENSION D(2)9s BETA(2)s R(3)s C(IsTYPE)sBO(3)s A(3)
B Bl &) L8 )
VECTOR VALUES TYPE = 2,1,3
‘R SOLVE FOR TRE UOMRMOWS DIRECTLY TO GET "~ - -~
D= 140/C(101)
""""""""""" B TIToZ 1 /CUIWTY 77 777777777 e e

Fa C{143)/C(1ed)
e {2, 1T Z72, )
He C(201)%D
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Y T [ o % 00 I
Ms C(301)%D®T(1)
Ks (C(3s2) = EaC{Hy1) 1/G
Ns =T(2) ¢ HeT(})
DIVe (N I V8F <TI0 3T ¢ R¥IT S RWCNZVyY)Y
_____________ _Al3) = (=T(3) 4+ MeK®N) /DIV
ATZY= U=Y{ZV "+ THEYIIT  =JRKINIF Ty TR Y76
All)e DRT(1) = A(2)%F = A(3)*F
PRIN SULTS ATITy A(2TV, A7)
__ SOME = 0,0
THROUGH CHECZTy POR Tal s Yo T Gy e
,,,,,,,,, THROUGH CHEC2y FOR JelsleJeGe)
CHeC2 CONTINUE
ERRORTITe SORE = T( 1)

~ PRINT RESULTS ERROR(1)eeeERROR ()
R ERROR(J) ARE ZERO IF THE SBLUTYON TS EXALY ~~ 7
TRANSFER TO OK
END OF PROGRAN
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e
_____ A _ComPILE IWIWWIMJMM-“-“"“_“
= COMPUTES THE AUTOCORRELATION
—¥N.__TWE KKTJT POUWD BY SETTTNG TRE UKL PART UF TRE TN
__________________ =m5nsm FN TO THE USUAL SUM AND SOLVING EXPLICITLY FOR THE
[ 4
R IN TME PRAOGAAN CALLED M SAOUP COBPFFS
___________________ x- S

READ FORRAT TAP,JTIMNE '"(NoooTT(JTlﬂ()

. 1 S READ FORNAT BATA. Mutuouuh RilleeeR(D) sGEN» TAM POP
DU 47 )4
____________________ VECTOR VALUES BATA®S 3E2048/3F10,/3F10.6/F10,6 *8
" ) ’ N Y RRTIOT
INTERER 1s Jo JTIME
______ VECTOR VALWES TAPPag 33M]1 PROGRAM NAME 1S COMRELATION 7 es
TAT
_____________________ PRINT RESULTS AA(Ll)ecedA()d)
™ T -
FIRSY = 140
)]
__________ THOOUEN 0100+ FOR JelsloJeBed
"""""" TR I00
___________ THROVEN 990+ FOR 1819l lele)d
""""" TN S g = 0 25
e COnTInE
eloe CONTINgE
Tttt TPRETAY TTPLYE W TleaYY
______ R NN TO COMPUTE THE AUTOCOVARIANCE PN
—- o “SEEW READ TN —
THROVEN 01409 FOR JeloleJobs JTIME
TURT & U,0
THADYEN Q1909 FPER 11914914603
"""""""""""" PICEITIS T R ITMEP TRV TR (Y Y T 7PIRST e
TUNT = DynTe PISCE(])
""" L Rt L 1 @ £ e b
CORe 2ynt
=V oVels
_____ FIRST = COR
wyy PRINY FORRAT ANEs CBRe TV JT 777 7 mmmmmmmooooomomoooem oo
______ VECTOR VALUES ANS =S 33M0 THE AUTOCORRELATION FUNCTION IS
"""""""" T EIUW 1R AT TTRE 8 FIUN: TOH “SECUMDY #§ - moooooeoee-
Q160 CanTlinge
T
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8 COMPILE MADs PRINT OBJECTs PUNCH OBJECTs EXECUTEs DUMP, [/0 DUMP

------------- N " PROSRAN NAME TS TRANSFER &% GIVEC THE TRANSFER FUNCTION
R IN DECIBELS NORMAL IZED TO FREQ(1) IN CPS

R OTHER FREQUENCZTES READ IN AS DATK IN THE FORH

R FREQ(2)eeeFREQ(NTOP) s CYCLES PER SECOND

¥ KLSO TOMPUTES 4 POWEN SPECTRAT DENSTTY FNv PS0 WORWNALIZED

R AT FREQ(1)

""""""""""" OYRERSION —  BETAIYOY.0TI0)T+80TI0Y,, PARTIIOU) , " -- - -=-m----m---

P d TRANS(300)s DECIB{300) sFREQ(300)
TRTESER NTOP, Jy |

_START  PRINT FORMAT MAME — 3
vECTOR VALUES NAWE o8 2UHT PROGRAM NAME T§ TRANSFERG g
______READ FORMAT OATA 'GENsTAUSD(1)000D(6)) BETA(Ll)eee

2 BETAL6) s nYob, Fi!SITT..;?IEb(nEBFi “““““““““““““““““““
YECTOR YALUES DATA =3
PRINT FORMAT DATBs GENsTAUSD(1)eosD(6) 00 A(6)
2 FREQ())

VECTOR VALUES DAYE o8 26RT MUUTIPLIZATION FAZTOR = T Fio Y13

&M LIFETIME =  E10e3/11H LAMBOAS =  6F1043/9H BETAS =
3 6F10.7/32H NORMALTZInG FREQUENCY (EPST = Fi0sa0sg

CH =
CT e (E.ozefu)/fib

,,,,,,,,,,,,,,,,,,,, PRINT FORMAT ANS
VECTOR VALUEY ANS =3 1UHU FREGUENCY(CPSY D3 L

20ECIOELS 1 23

"""""""""""""""" TARGUSH LOOP, FOR JoT s o JolaaNTOP —~~ ~ ~ 7 - - ommmmmmsssomooooeeo-ooooeoe
W s 2:,003,1419924%%FREQ(J)
W ¢ WY
80(0) e 0,0

"""""""""""""""""" -4 1« o
CO = 040

"""""""""""""""" THROUSH TALT 3 PO TaTsloTele¥ 777777 mmmormoomoommmssoooomoooo oo

SMAP = BETA(I)/¢w + D(I)*D(]))
~ BOTTY = BOTI=1T + SKAP

CALC €O e CO ¢ SWAPER4l)
8 s WMRBO [T T T T
C = weCp

BART(I) @ ( (T 0=817YAU #(140=B)/TAQ +THTITAUSTAUNY ~~
2 /70 (CT+CMEB)S(CT +CMEB)  +(W+CHEC) #(W+CHRC) )
TRARITJ) « S@RT.(PARYUJITI
7777777777777 _ PRINT RESULTS  BsCoPART(J) s TRANS ()
‘DECLN(J) & 20,0¥ELOG VTHANSIJI/TRANSITI) 72e0°
PRINT FORMAT RESMLTe FREQ(J) o DECIBI(J)
VECTOR VALUES RUSHLY a¥FY204 9818 F20,F ¥ 7 mmmmmmm oo
PSO & PART(J)/PART(1)

AMAS 140= WWEOBIET
CCCx  CT+ CMeWW®BO(6)

s WO+ OMee0 ST e
PHASE® ATANe( =[8BB#CCC + AAARDOD )/ (AAARCCC-g@B*DODY )

s ) . 265
PRINT RESULTS  PHASE
LeoP coNTINE @ .

TRANSFER TO START
"END OF PROGRAM a ) N T




