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CHAPTER 1

INTRODUCTION

Section 1.1 MOTIVATION

Over the past fifteen years a considerable research effort has
been focused by computer scientists on the problems of concurrent
computing. Many different aspects of concurrent computing, ranging
from the design and implementation of hardware structures capable of
performing computations in parallel to the control and coordination
of such computing systems, have been under study. One of the effects
of thfs research work has been the development of several distinct
abstract models of concurrent systems. The general goal of the devel-
opment of formal models is to obtain a clear, simple but nonetheless
valid abstract representation of systems exhibiting concurrency, based
on which certain analysis or synthesis questions regarding the modelled
real-life systems may eventually be easier to answer. Recent works
([PETE-73], [AGAR-75]) have shown that despite the fact that the vari-
ous models of concurrent systems use different approaches in their
way of representing the processes which can be encountered in a con-
current processing environment, they have a great deal in common. It
is apparent that earlier models were concerned mainly with the repre-
sentation and analysis of the sequencing of the various concurrent and
sequential computational steps of a program, in other words with the
study of the control flow in parallel programs. More recent studies
have considered the modelling of collections of programs which interact
with each other in a competitive as well as cooperative manner while
executing simultaneously. Gostelow ([GOST-71]) and Cerf ({CEERF-72])
have attempted to model well-known programming structures such as
subroutines, reentrant subroutines and recursive routines using the
UCLA Graph Model of Computation (GMC). The GMC is formed by a bilogic
directed graph in which the vertices represent computational steps and
the directed arcs which connecf the vertices to each other represent
precedence relations existing between the various computational steps.
In [GOST-~71] and [CERF-72] the GMC is extended to the so-called
"Complex GMC" by the introduction of complex arcs, that is directed arcs



which can have multiple source vertices and multiple destination
vertices. A certain precedence condition is said to hold if there

are tokens present on the corresponding arc of the Complex GMC. Each
node is associated with a fixed input and output logic which may be

of the AND (*) or OR (+) type. A node with AND input logic may begin
its execution if all its input arcs have tokens present on them. If
the input logic of a node is of the OR type, it may start its execution
if any of its input arcs contains tokens. A node is executed by
removing tokens from its input arcs according to the vertex input
logic and by placing tokens on its output arcs according to its output
logic. If a node has AND type output logic then all its output arcs
receive tokens at the termination of the vertex execution. On the
other hand, if the output logic is of the OR type then any one of the
vertex output arcs can receive tokens upon vertex execution termina-
tion. The number of tokens removed and/or placed by a node on a com-
plex arc is given by the degree of the respective arc.

Gostelow and Cerf were mainly interested in the analysis of the
control flow in parallel programs and therefore their studies use the
Complex GMC as an uninterpreted model of parallel computation.

In [GOST-71] it is shown that the introduction of complex arcs in
the GMC permits the correct modelling of subroutine calls in the con-
text of parallel programs, which would not have been possible 1f only
simple arcs were used. Complex arcs are credited with the capability
of correctly solving the problem of return of control from a subroutine
model which may be called from several distinct call vertices, without
violating the assumption that the model is uninterpreted. Both Gostelow
and Cerf, however, recognize that reentrant subprograms cannot be repre-
sented by the Complex GMC as neatly as ordinary subroutines.

In Gostelow's view "reentrancy is that property of programs which
allows a single program to be entered and to execute as a program,
while other independent entries and executions of the same program are
in progress."” Reentrancy 1s thus a special property of programs which
not every program can have, namely that more than one independent con-
trol flow streams operate simultaneously within the same program.

Since the Complex GMC i1s a model of control flow independent of inter-



pretation it should be able to represent the distinct control flow
streams acting in a reentrant subroutine only through a proper arrange-
ment of the arcs and vertices of the model, without relying on extra
information provided by some specific interpretation of the vertex
functions. The Complex GMC, as it is currently defined, cannot accom-
plish this task. Figure 1.1.1 exhibits an attempt to model a reentrant
subroutine using the Complex GMC, as given in [CERF-72]. The reentrant
subroutine formed by vertices 4 and 5 can be called concurrently from
vertices 2 and 3, respectively. If a token appears on arc D, it is
absorbed by vertex 5 which in turn places one token on arc R. Since
both arcs A and B may contain tokens simultaneously, the token on arc

R can be removed by either vertex 6 or 7. The choice of the vertex
which absorbs the token on arc R is completely arbitrary in this case,
according to the execution rules of the GMC. Therefore, vertex 5 may
fail to return control precisely to the calling routine which corres-
ponds to the control flow stream which has just terminated the execu-
tion (one of the two simultanecus executions) of the reentrant sub-
routine. The problem stems from the fact that the occurrence of a
token on arc D does not provide vertex 5 with enough information
regarding which of the two control flow streams operating concurrently
in the reentrant subroutine does that token represent; that is to which
call of the reentrant subroutine (from vertex 2 or 3) does the respec-
tive token belong.

This difficulty in modelling reentrant control structures is not
particular only to Complex GMC's. In fact, based on the results ob-
tained in [PETE-73], [AGAR-75], [MILL-74], where the modelling power of
the significant models of parallel computation such as Petri Nets, the
Complex GMC, Parallel Program Schema (Finite State), Program Graph
Model, Vector Addition Systems, etc. was compared, it appears that the
modelling difficulty mentioned above extends to all these formal models
as well.

Gostelow suggests the following solution to the problem of repre-
senting reentrant programs. Reentrant subroutines are a priori identi-
fied and distinct copies are made for each instance of reentrancy, that

is each call vertex which can initiate a reentrant execution of the sub-



Figure 1l.1l.1
Incorrect Modelling of a Reentrant Subroutine by the Complex GMC



Figure 1.1.2
"Copy" Method for the Modelling of Reentrant Subroutines



routine in question is linked to a separate, distinct copy of the
graph model of that subroutine. Since the number of call vertices
is bounded, the resulting graph model will remain finite, as
required. Figure 1.1.2 exhibits the method given above as applied to
the reentrant subroutine of Figure 1.1.1.

The main drawback of this solution is that it increases the
size of the respective graph model at an undesirable rate, especially
if subroutine calls are nested. Analysis of such a model would be at
the best difficult, especially if one is interested in modelling
real-life collections of programs such as reentrant portions of com-
pilers or reentrant operating system routines.

On the other hand, models of concurrent systems such as the Petri
Net Model for example, do not have to be viewed only as formal repre-
sentations of programs, but more generally, as formal counterparts of
arbitrary asynchronous, concurrent structures. Petri Nets were orig-
inally defined to represent relationships between events and conditions.
Instances of events are represented in the model by transitions and
instances of conditions are represented by places. Graphically, a
Petri Net 1s formed by a bipartite directed graph in which transi-
tions are represented by bars and places by circles. Directed arcs
connect transitions to places and places to transitions. Tokens are
placed in the circles to represent the holding of the corresponding
condition. As mentioned above, Petri Nets can be used to represent
formally coordination structures of asynchronous concurrent systems.
If we are seeking a physical implementation of a certain coordination
structure modelled theoretically, such as the hardware realization of
Petri Nets suggested in [PATI-70], then the number of places and tran-
sitions used in the model is of primary importance. Such general coor-
dination structures may also contain reentrant substructures and
Gostelow's method of representing reentrancy becomes inappropriate.

Another potential drawback is the fact that no interrelationship
exists between the subroutine copies which have replaced the instances
of reentrant calls. Let us consider a class of process coordination
structures which inherently contain reentrancy, namely the "pipelined"

coordination structures. In connection with pipelined synchronization



structures we would like to be able to model the interaction between
the different control flow streams operating simultaneously within the
collection of processes which form the pipeline. In particular, ome
would be interested in assigning different priorities to distinct con-
trol flow streams with respect to the activation of processes at cer-
tain points in the pipeline structure. This goal seems to be impos-
sible to achieve through Gostelow's method of representing reentrant
control structures.

As an alternate way of representing reentrancy which Gostelow and
Cerf suggest is to allow colored tokens to identify which control
stream it represents. Upon entry to a subroutine, the control token
is painted with a color which identifies the call vertex and upon
returning from the subroutine the token changes color again in the
reverse order. This method would eliminate the need of distinct
copies for distinct reentrant calls to a subroutine. Both Gostelow
and Cerf, however, do not pursue this method further as it would imply
changes to the original definition of their model.

As pointed out in [PETE-73], another assumption which limits the
theoretical modelling power of most models of parallel computation is
the assumption of a static system structure. This excludes all systems
that can only be modelled by dynamic comtrol structures, such as pro-
grams which use recursion, from the class of real systems which can be
formally modelled.

Recursive programs raise even more complex modelling problems than
reentrant programs. In [GOST-71] and [CERF-72] the following solution was
adopted in connection with the Complex GMC. Recursive subroutines are
represented by a "meta-description,’ that is whenever a call vertex to
a recursive subroutine is executed, the processing of the graph model
is stopped, the current state of the model is saved and the structure of
the graph is redefined: a copy of the recursive routine is substituted
for its dummy stand-in vertex. After the substitution of the subrou-
tine copy is made, the execution of the graph model is restarted from
the saved state. Figure 1.1.3 exhibits the meta-description of a
recursive routine and Figure 1.1.4 displays the same routine after two

levels of recursion have occurred. This example was originally



if n=0 go to 2 else go to 3;
F: = 1;
F: = F(n-1);

F: = n*F;

..

[SUE S I
e as e

return;

Figure 1.1.3

Meta~description of a Recursive Routine which Computes the Factorial
Function



T TF(1l) = vertex 3

N F(0) = vertex 3'

—

This branch can be ignored

since F(~1) is never

computed.

Figure 1.1.4
Execution of the Recursive Routine of Figure 1.1.3
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presented in [CERF-72].

This method of handling recursive routines in the context of the
Complex GMC is similar to the method used for reentrant programs:
recursive routines are a priori detected and coples are substituted
for each distinct call to a recursive routine. The main difference
is that it 1s not possible to state a priori how many levels of recur-
sion will occur during the execution of the model and thus how many
copies of the recursive subroutine must be made. Therefore the strue-
ture of the graph model must be redefined dynamically, during the
execution of the model. This rule certainly violates the assumption
that the Complex GMC is an uninterpreted model of control flow in
programs since vertices with special functions are used for all call
vertices to the recursive subroutines, namely dummy vertices which
merely stand-in for copies of the corresponding recursive subroutine.
Secondly, the user is required to follow the execution of the graph
model and to replace the dummy stand-in vertices of recursive subrou-
tines by copies of the called subroutine whenever the execution of the
graph model reaches such a call vertex. This meta-description of
recursive subroutines can neither be correctly represented merely by a
proper arrangement of the arcs and vertices of the graph model nor can

it be supported by the current execution rules of the Complex GMC. As

Cerf simply remarks "... there is no way wich the current GMC to
express recursion ... As a guess, the golution to this problem will
require a major quantum change in the nature of the GMC." The analysis

of recursive programs is then particularized in [CERF-72] where it is
proven by induction that the Complex GMC meta-description of certain
recursive functions is properly terminating (PT).

The difficulty in the representation of recursion discussed above
in connection with the Complex GMC is not specific only to this model
of parallel computation but seems to extend to all the other formal
models mentioned earlier whose representation power is equivalent to or
less than that of the Complex GMC. The drawbacks which we have exhib-
ited relative to the "copy'" method used for the representation of
reentrant subroutines in the Complex GMC apply as well to the meta-

description method suggested for the representation of recursion. One
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should notice that the graph model of a recursive program increases

in size at a very fast rate. The dynamic restructuring of the model
required by the meta-description method makes a physical implementation
such as that suggested in [PATI-70] of a recursive coordination struc-—
ture represented formally by a Petri Net impossible. In fact, even
more powerful versions of the Petri Net Model such as the Extended
Petri Model ([AGAR-75]) or the Priority Petri Model ([HACK-75]) fail
to offer a natural representation of reentrancy and recursion. This
statement will be reexamined in Chapter V. As an alternate method,
Gostelow suggests again the use of colored tokens in the representa-
tion of recursion but does not pursue this idea further.

So far we have discussed three types of control structures, namely
the reentrant, recursive and pipelined control structures, and we have
tried to emphasize the reasons for which the existing formal models of
concurrent systems have difficulty in representing these forms of con-
trol. We have also hinted on an intuitive basis that the use of colors
in the representation of flow of control may have a beneficial influence
on the representation capabilities of formal models of concurrent sys-
tems. It appears that none of the existing models of concurrent sys-
tems which we have mentioned earlier can handle in their original defi-
nition "colored" representations of control flow. There are however
in the literature pertinent to the field of formal models of parallel
systems a few reports on attempts to use colors in the modelling of
concurrent control structures,

The first formal model known to have indirectly used "colors" in
the representation of control flow is the E-Net Model developed in
[NUTT-72] and [NOE-73]. The E~-Net Model is a modified version of the
original Petri Net Model, created with the goal of having an inter-
preted model of parallel computer systems. E-Nets were meant to be
used as aids in development of simulations and planning of measurements
for examining characteristics of parallel computing systems such as
throughput, turnaround time and utilization of resources. An E-Net can
be constructed by using transitions from five primitive transition
classes and places. Tokens may move along directed arcs in the net,

being transferred by transitions from their input places to their
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output places. It is interesting to mention that a transition cannot
fire 1f its output places contain tokens. In this way it is ensured
that any place contains at the most one token at any time during the
execution of the net. It is also interesting to mention that the
tokens used in an E-Net can be of two types, namely simple tokemns such
as those used in the ordinary Petri Net Model (their presence in a
place of the net merely implies the holding of a certain condition) and
attribute tokens. The attribute tokens could be regarded as 'colored
tokens" since each attribute token is associated with a vector repre-
senting a set of attributes. As an attribute token flows through the
net, its attribute values may change as well as the attribute set
itself. A specilal type of places, called resolution places, may refer-
ence the attributes of attribute tokens present in the various places
of the net in order to evaluate certain predicates associated with the
respective resolution places. The E-Net Model represents a formalism
very similar to a simulation language such as GPSS for example,
oriented, of course, towards the modelling of parallel computing sys-
tems. The attribute tokens resemble closely to the dynamic entities of
the GPSS models, the so-called transactions.

Another model of parallel systems which makes explicit use of
colored tokens is the CL-Net Model presented in [SONN-75]. There the
CL-Nets were introduced as a modified version of the Petri Nets,
offering a more compact representation of systems with concurrency and
an increased representation power. The tokens present in a CL-Net
carry one of the colors of a finite set of colors associated with the
net. A partial ordering relation is defined on the set of colors such
that the set of colors forms a lattice. Each transition of a CL-Net is
also assigned a fixed color. Based on the colors of the tokens present
in the input places of transitions and on the colors of the transitionms,
a hierarchy of firing priorities is established for the transitions of
the net. This priority rule is used in solving conflicts among transi-
tions. A transition has also the capacity of deciding the color of the
tokens it will place in its output places upon firing. In this way the
tokens can be repainted while flowing through the net.

The CL-Nets were introduced as an auxiliary toocl, meant to be used
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as a compact representation of certain parallel algorithms presented
in [SONN-75]. Therefore, no in-~depth analysis of the CL-Net Model was
attempted there. We shall consider again the CL-Nets together with an
interesting remark made in [SONN-75] about their representation power
in Section 1.2.

In [DENN-75], based on the concept of data flow, a programming
language for parallel processing environments is defined. The language
is equivalent in expressive power to a block structured language with
internal procedure variables and permits the concurrent execution of
noninterfering program parts. The sequencing of the program steps is
determined based solely on the availability of the input data for the
particular computations.

A data flow program is graphically represented as a bipartite
directed graph where the two types of nodes are called links and actors.
Actors are connected to links and links are connected to actors by
means of directed arcs. The arcs of a data flow program are regarded
as channels through which tokens flow from each actor to other actors
by way of the links.

Values are represented by a "heap", a finite, acyclic, directed
graph having one or more root nodes, such that each node of the heap
can be reached via some directed path from one of the roots. The nodes
of the heap are of three types:

i. - elementary nodes - these nodes have no emanating branches
and contain a value of the type boolean (true or false), integer, real
or string.

ii. - structured nodes - these nodes contain pointers to the
nodes placed at the ends of the branches emanating from the respective
structured node and the values associated with the '"successor nodes."

iii. - text nodes - these nodes contain the text of some data
flow procedure as value.

The tokens flowing through a data flow program are "indirectly"
colored in the sense that each token carries a pointer to some node of
the heap structure., The actors perform operations on the values
associated with the nodes of the heap pointed to by the tokens present
on their input arcs. The links have only one input arc and possibly
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several output arcs. Their purpose is to distribute identical tokens
to actors. During the execution of a data flow program, nodes are

appended and/or deleted from the heap.

" operate on text-

A special type of actors, called "apply actors,
nodes. Each time such an actor is fired, the data flow procedure
pointed to by the token which has caused the apply actor to fire
begins execution. Since many concurrent activations of the same data
flow procedure may exist due to concurrent or recursive procedure appli-
cations, colored tokens are used in order to avoid the possibility of
confusing the tokens present in a data flow procedure on account of
two or more distinct activations of that procedure. That is, tokens
present in some data flow procedure carry besides the pointer to the
heap structure mentioned earlier, a color tag which uniquely identi-
fies the procedure activation the token is associated with.

The architecture of a parallel computing system capable of execu-
ting programs written in the data flow language is defined in [RUMB-751].

The data flow language defined in [DENN-75] can be viewed as an
interpreted model of parallel computation. For a general study of flow
of control in parallel programs, however, the data flow language model
has to be used rather as an uninterpreted model. The specific inter-
pretation of the actor nodes, the heap structure and consequently, the
pointers to the heap structure carried by tokens will not be included
in an uninterpreted data flow program scheme. It appears that the con-
trol coordination problems which may occur in such an uninterpreted
data flow program scheme are fairly simple. This fact is also empha-
sized by a restriction imposed in the definition of the data flow
language on the firing rules of the nodes, namely that any node can
fire if and only if its output arcs do not contain tokens. In this way
no more than one token can exist at any time on any arc of the model.
Complications may arise, however, if procedure calls are modelled in an
uninterpreted data flow program scheme because the procedures are
stored as text-nodes in the heap structure.

Another potential problem with the data flow language regarded as
a model of parallel computation is the fact that it can be only used to

represent parallel programs in which the sequencing of the computational
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steps is determined only by the data flow, that is by the availability
of the input operands of the respective computations. 1If one is inter-
ested to model coordination problems of asynchronous concurrent pro-
cesses in general, then the data flow language model becomes inappro-
priate. From this point of view it becomes apparent that the CL-Nets
of [SONN-75] represent a model of systems exhibiting concurrency whose
definition is very close to the original definition of the Petri Net
Model. 1In this way, the CL-Net Model maintains the generality of the
ordinary Petri Nets, namely the capability to represent asynchronous
concurrent systems in general. On the other hand, the modifications
introduced in the execution rules of the CL-Nets with respect to the
original execution rules of the Petri Nets are minimal, and thus the
CL-Net Model also has the advantage of a relatively simple represen-

tation of the modelled systems.

Section 1.2 OVERVIEW OF THE THESIS
In Section 1.1 we have explained how and why the idea of using

colors to represent distinct control flow streams operating simultan-
eously in concurrent systems was developed. We have tried to empha-
size the reasons why the use of colors would enable a simpler and more
natural representation of reentrancy, recursivity and pipe-lining of
control in asynchronous concurrent structures and which would also
eliminate some of the drawbacks of the other solutions to these prob-
lems known so far. Consequently, we have defined a model of concurrent
systems having the capability of handling 'colored”" representations of
control flow. We could have proceeded in this respect in two different
ways, that is we could have defined a completely new model or we could
have tried to extend the definition of an already existing model of
parallel systems in order to make it capable of handling "colored"
representations of control flow streams. We have chosen the latter
method in order to have a basis for comparison between our model and
other established models of parallel systems. Thus, we have selected
the Petri Net Model as the formal model underlying our extension. The
reasons for this specific selection were:

i) Petri Nets had been defined initially with a broad scope in

mind, namely to represent formally coordination schemes of asynchronous
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concurrent processes rather than specifically parallel programs. None-
theless, parallel programs themselves can be thoughtof as coordinated
collections of asynchronous concurrent processes where the processes
are the various computational steps of the program. In this way we
hope to increase the generality of an already quite general formal
model.

i1) More analytical work has been performed on the Petri Net
Model than on other formal models of concurrent systems.

We have modified the structure and the execution rules of the
Petri Nets in order to be able to handle colored tokens. From this
point of view our model is a generalization of the Colored Petri Nets
introduced in [SONN-75]. While extending the definition of the ordi-
nary Petri Net Model we have tried not to complicate our model beyond a
reasonable level. After all, any formal model of concurrent systems
is useful only as long as it offers a simple, natural and easy-to-
understand abstract representation of the real-life systems.

Further our objective was to analyze formally the modelling power
of the model we have defined and to find a measure of its representa-
tion capabilities, as accurately as possible. In more specific terms
we would like to get some insight into what is gained, as far as the
representation capabilities of the model are concerned, by introducing
colored tokens in the ordinary Petri Net Model.

We have mentioned earlier that our model is a generalization of
the model defined by Sonnenburg in [SONN-75]. There, Petri Nets aug-
mented with colored tokens (called CL-Nets) were used mainly as a more
compact representation of parallel algorithms than that offered by
ordinary Petri Nets. No further analytical analysis of the model was
pursued. However, it was shown that the cliss of concurrent systems
representable by the CL-Nets includes the class of concurrent systems
representable by ordinary Petri Nets (with uncolored tokens) as a
proper subset. This assertion was proven by showing that CL-Nets can
correctly model a producer-consumer problem mentioned earlier in
[KOSA-73]. Also in [KOSA-73] it was proven that ordinary Petri Nets
cannot represent correctly the same problem. It is interesting to men-

tion that the respective producer-consumer synchronization problem does
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not involve in any way reentrancy or recursivity of control flow.

This indicates that the use of colored tokens positively affects the
representation capabilities of the Petri Nets with respect to the
modelling of synchronization schemes in areas other than those envis-
aged in Section 1.1 (i.e., reentrancy, recursivity, pipe-lining, etc.),
and thus encourages one to attempt a more in-depth analysis of the
representation power of the model.

A general framework for the modelling of systems exhibiting con-
currency, called the Colored Petri Model, is defined in Chapter II.

The Colored Petri Model (CPM) has emerged from the association of the
Generalized Petri Nets with sets of colors. Starting with real-life
synchronization situations, two classes of the CPM having simple struc-
tures, namely the C-Colored Petri Model (C~CPM) and the EC-Colored
Petri Model (EC-CPM), are singled-out. The C-CPM and the EC-CPM are
defined such that they offer a compact and natural representation for
various coordination structures of practical significance.

In Chapter III we analyze in detail the representation capabilities
of the EC-CPM. For this purpose, the family of computation sequence
sets and the family of terminal computation sequence sets of the EC-CPM
are defined and their closure properties under various composition
operations and mappings as well as their extents are studied.

Chapter IV presents a study of the representation power of the
C-CPM. There, the C-CPM is compared with various other formal models of
concurrent systems. Chapter IV is concluded with the comparison
between the repregsentation power of the EC-CPM and that of the C-CPM.

Several modelling examples were designed in order to support the
necessity and appropriateness of the concepts of dynamic priority
hierarchy, conflict and queueing of control flow streams incorporated in
the C-CPM and EC~CPM, respectively. These modelling examples are
exhibited in Chapter V. |

Finally, Chapter VI presents a few conclusions which can be drawn
from this research regarding "colored" representations of control flow

in asynchronous concurrent structures.



CHAPTER II

THE COLORED PETRI MODEL

Section 2.1  INTRODUCTION AND PRELIMINARY DEFINITIONS

In this chapter we shall formally define the Colored Petri Model
(CPM). We shall also define two classes of the CPM, named the
C-Colored Petri Model (C-CPM) and the EC-Colored Petri Model (EC-CPM),
respectively. These two classes of the CPM are obtained by imposing
certain restrictions on the definitions pertinent to the CPM. Before

defining the CPM, however, we shall first give a few basic’'definitiomns

and notations.

Definition 2.1.1
A Generalized Petri Net (GPN) is a system N = (T, P, I, 0) where:

1. T is a finite set of transitions; T = {tl, vee tn}'
2. P is a finite set of places; P = {pn+l’ cer pn+m}

where n = |[T|, m = |P| and T N P = ¢.
3. I is an input incidence function; I: P x T + Zo

where 2° = {o, 1, 2, ...} is the set of nonnegative integers.
4. 0 is an output incidence function; 0: T x P ~+ z°.

A Generalized Petri Net is represented graphically by a bi-

partite directed graph where:

1. Transitions are represented by bars.

2. Places are represented by circles.

3. Circles and bars are connected by directed arcs. The set of
arcs assoclated with the sets T and P is denoted by A. Let tk eT
be a transition and let p__l € P be a place of the GPN N = (T, P, I, O).
For every such pair (pj, tk) e P x T, there are exactly I(Pj’ tk)
arcs directed from pj to E If I(pj, tk) > 0, pj is called an
input place if transition tk. The arcs connecting pjito tk are
denoted by ajk’ i=1, ..., I(pj, tk) and each arc a-_]k is called
an input arc of transition ck. Similarly, for every pair
(tk, pj) € T x P, there are exactly O(tk, pj) arcs directed from

18
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t, to pj. If O(tk, pj) >0, pj is called an qutput place of -

transition €t The arcs corresponding to such a pair (tk, pj) are

i
denoted hy akj’ i=1, ..., 0(;k, pj) and each arc akj is called

an output arc of transition tk

Definition 2.1.2
If tk € T, the bag of input places of transition tk is defined
to be:
s
I, = < € Pand I t =s5>0>

k
(for bag notations and definitions, see Appendix A)

Definition 2.1.3
If tk € T, the bag of output places of transition tk 1s defined
to be:

s
0, = < P | Py € P and O(tk, pj) =5>0>

Note: The definition of a GPN N = (T, P, I, O) does not impose
Ik n 0k = ¢ , for any tk € T. Thus, a place pj € P may be both an
input as well as an output place for some transition tk € T. Also,
I(pj, ck) may be different from O(tk, pj), i.e. the number of

input arcs from pj to tk is not necessarily equal to the number of

output arcs from tk to pj.

Definition 2.1.4

A marking of a GPN N = (T, P, I, 0) is a total, single-valued

mapping from P into z°. An arbitrary marking of N is denoted Mi,

where the superscript i distinguishes it from other possible, dis-
tinct markings of N. For each pj £ P, Mi(pj) indicates the number
of tokens present in place pj in the marking M~. Graphically, a
token is represented by drawing a dot in the corresponding place.

Figure 2.1.1 gives an example of a GPN.

Definition 2.1.5
A get of colors is defined to be a lattice C = (X,<) where:

1. X is a set.
2. = is a partial ordering relation defined on the set X.

An element of the set X is called a color.
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5
N= (T, P, I, 0)
T = {tl, t2’ t3, t4) ts} ; P = {p6’ P7s p8) pg}
1] e, e e, £, ¢t "1 % P7 Pg Py p | mt
1l 2 3 4 5 e,lo 0o 2 0
P/ 1L O O 0 O Pg| 1
e, 0 1 0 0
p,[1 1 0 0 O Pyl 1
;]2 0 0 0
pgl © 0 1 2 0 pgl 2
e, |0 O 0 1
Pgl © 0 0 0 1 Pg| O
t./l0 o o0 0
5
2
I, =<pgpy > Iy=<p,> Ig=<pg> [, =<pg> Ig=<pg?
2 2
= < o < = =
0 Pg > 0, P; > 03=<pg> 0,=<py> 05=9

Figure 2.1.1
Example of a Generalized Petri Net
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In the following definitions we shall assume that each token
present in a place of a GPN N carries a color from a unique color
set associated with N. The implications of this fact and the way

in which colors from the color set are assigned to tokens will become

apparent later om.

Definition 2.1.6
Let N = (T, P, I, O) be a GPN and let C = (X,<) be the set of

colors associated with N. Given some marking Mi of N, the color bag
of a place pj € P is defined to be:

n
Ci =< crr I c . €X and c. is the color of n_ tokens present

in pj in the marking Mi >.

By convention, 1if Mi(pj) = (0, then Ci = ¢, the empty bag.

Note also that following relation must hold:

Z #(cr, C;') = Z n_ = Mi(pj)

i i
c. e@(cj) c e@(cj)

where QD(C?) denotes as usual, the domain of the bag C;.

Definition 2.1.7
Let N = (T, P, I, O) be a GPN and let C = (X,<) be the set of
colors associated with N. Given some marking Mi of N, the correspond-

ing color marking of N is a total, single-valued mapping

i Lk *
CM™: P+ <X> where < X > denotes the bag closure of the set X.

For any place pj € P, CMi(pj) = C;.
fipit 2.1.8
= == !
Let N1 (Tl, Pl’ Il’ 01) and N2 (TZ, Pz, 12’ 02) be two GPN's,
and let Cl = (Xl,sl) and C2 = (XZ,SZ) be the sets of colors associated
with Nl and NZ’ respectively. Let us also assume that Pl N P2 = ¢
(this condition can always be achieved through appropriate renaming).

Given scme color markings CMi and CM; of Nl and NZ’ respectively,

we shall define the direct sum color marking of CMi and CMZ to be
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the total, single-valued mapping CMi \% CM;: P1 U P2 + < xl u Xz >*

such that for any place pj

i
cMI(p,) if p, € P
ot vt ) =( L1 i1

1072 Yaege,) if p, € P

273 j 2

The notion of direct sum color marking will be used in the study

of the composition properties of the EC-CPM, to be presented later on.

It can easily be extended to more than two GPN's.

Section 2.2 THE COLORED PETRI MODEL
Based on the definitions given in the previous section, we can

proceed now to define the Colored Petri Model.

Definition 2.2.1
A Colored Petri Net (CPN) is a system CN= (N, C, F, R, Q) where:

1. N= (T, P, I, 0) is a Generalized Petri Net. Let A be the

set of arcs associated with the sets T and P.

2. C = (X,s) is the set of colors associated with N.
3. F: A+ f ig a total, single-valued mapping. The range £
of the mapping F is a set of functions:

i i

£ = {fjk ik

| £, = F(ajk) for some arc ai € A and

1k

i i
fjk: éFkX) + X 1if ajk is an input arc or

i
fjk: Py x Py » x it a;k is an output arc}

Here é?kx) denotes the power set of the set X.
4. Re {R, R, Ry Ry, R.} where
R = {(e,c”) | ceX, c> e Xand.c < c’}
Rp = {(c,e’) | ceX, ¢’ eXand c £ ¢’}
Rp = R - R = {(c,e) | ¢ & X} (the identity relationm on the set X)

-1 ,
Rop = Rip = {(c,e’) | ceX, e’ eXand ¢ = ¢’}
Rg = Ril = {(c,c’) | ceX, ¢ eXandec>ch

5. Q: T*q 1is a total, single-valued mapping. The range g
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of the mapping Q is a set of functions:

q= {qk I q = Q(tk) for some tk £ T and qy ¢ g(x) +x} .
In other words, the mapping F associates with each arc

a1 € A a function fjk If ajk is an input arc of some transition

jk
£, € T, the corresponding function f;k is called the color threshold
function of the input arc a;k. If a;k is, on the caontrary, an

output arc of some transition tj eT, theifunction f;k is called the
output color function of the output arc ajk' R is a relation defined
on the set X, which is derived from the partial ordering = which
determines the lattice C = (X,=<). The definitions which follow will
explain the role of the functions fjk and of the relation R. The
mapping Q assoclates with each transition £, € T a function 9 called
the priority function of the transition tk. Further explanations

regarding the functions 9 will be given in Section 2.3.
Let CN= (N, C, F, R, Q) be a CPN and let us assume that the
GPN N = (T, P, I, 0) is in some color marking CMi. Consider some

transition t e T and suppose pj EQD(I ). Consequently, there are

k
m input arcs a y s from to t where m= I €
Then, for each input arc jk’ l=r= (@(C )) is a color
c_ € X.
r
Definition 2.2.2

A color c of a token present in place pj in the color marking

CMi is said to be the enabling color of transition t on input arc

_j.k.

c$c?, present in p, in the color marking CM , such that {(c,c’) € R
h|

if (c,c ) € R, and there exists no other token of color ¢?,

and (c’ ,cr) € R.
Note: The ordering relation = defined on the colors of the set

X is only a partial ordering. Thus, depending on the relation R
and on the particular color marking CMi, there may exist tokens of
colors c and c', in the color bag C; such that (c,c’) £ R,

(¢’,c) ¢ R and (c,cr) € R, (c’,cr) € R. In other words, ¢ and ¢’
are incomparable under the relation R and both colors are eligible
to become the enabling color of transition tk on the input arc a;k’

according to Definition 2.2.2. For a situation like this where
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there exists a set of several tokens of distinct colors,

all eligible to become the enabling color on some input arc a;k’

the general rule will be that the enabling color is selected arbi-
trarily from the set of candidate colors. We have to emphasize that
after the selection of the enabling color for some input arc a§k is
made, the selected color is the unique enabling color for the respec-
tive arc, regardless of how many colors were initially eligible to
become its enabling color. We should also mention that once the
enabling color for some arc a;k is selected, w= shall not differen-
tiate among the tokens of that color present in pj at that time.
Thus, we select an enabling coler for the arc a§k and not a particu-

lar token of that color. It should be noticed that if for some

color bag C?, frk(@ (C;L

)) = ¢, then ¢_ € X, but it is not neces-
jk 7 T T 1
sary that c. £ (Cj)' Also, if there exists no color c e@(cj)

such that (c,cr) € R, then simply there exists no enabling color for
a;k in the color bag Cj. Thus, the function f§k actually sets a
color threshold for the selection of the enabling color of a?k in
any color marking CMiof the CPN CN. The arc agk is said to ilahn

a token of color ¢ if c¢ is the enabling color of a§k.

Definition 2.2.

The ba ei of enabling colors of t, from the input place

is defined for some color bag Ci as follows:

3

i r
By =< ¢ | ¢ 1s the enabling cdlor of a5
i

For each color cg £ X, n, = #(cs, ij) indicates the number

>
l<r=s I(pj. tk)

of input arcs from pj to tk which claim tokens of the same color,
i
Cgs from Cj'

Definition 2.2.4

The bag of enabling colors of transition Ly in the color marking
i

CM™ 1is:
1 1
0 = U Ok
P, e@(rk)

We can now explain the role of the output color functions. Let
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us assume that Pg E:QD(Ok) where tk is an arbitrary transition of T.
Suppose also that O(tk, ps) = n. Consequently, there are n output

arcs ais, cen azs directed from t, to P, For each such output arc

k
a{s, the corresponding output color function fis determines the

color of the token placed by the arc a;S in the place Pg when tk

fires (an exact definition of the "firing of a transition" will be
given in the following section). Thus, the color of the token pro-
| on the output arc a;S is r (@ (6 ), D (c )) The
color of the output token is determined by the domain (9 ) of the

duced by t

bag of enabling colors of transition tk in the color marking CM and
by the domain of the color bag C: of the output place P> where

i- i i-

c, =C; if p_ ¢ (1) and SE c ekif P e@(lk). The
occurrence of the color bag Cs will be further explained in the next

section.

Definition 2.2.5

A Colored Petri Model (CPM) is a system.gD = (CN, °) where:
l. CN= (N, C, F, R, Q) is a Colored Petri Net.
2. CM° is the initial color marking of CN.

Section 2.3  EXECUTION RULES FOR THE COLORED PETRI MODEL

So far we have defined the structure of the CPM. We can present

now the dynamic behavior of the CPM which we shall call the "execu-
tion of the CPM."

Definition 2.3.1
Let CN = (N, C, F, R, Q) be a CPN in some color marking CMi. A

transition tk of N is said to be gpabled in the color marking CMi if

the following condition holds:

i :
C I
ejk Cj for every p £ QD( k)
where ejk denotes the bag of enabling colors of transition tk from
input place pj, as defined earlier.
In other words, a transition t, is enabled in some color mark-

k
ing cui if each input arc agk’ for all places pj € QD(Ik), can claim
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a distinct enabling token from the respective color bag C;' « Two
tokens of the same color, present in some color bag Cj’ are con-
sidered to be distinct from this point of view.

A transition t:k enabled in scme color marking CMi may be se-
lected to fire. The rule wunder which this selection is made will
be given later in this section. We shall first describe the effect

produced by the firing of a transition.

Definition 2.3.2

A trangition tk enabled in some color marking CMi fires by

performing the following operations:

1. For each color c. t-:@ (G;'k), n_ tokens of color c. are .
removed from the corresponding input place pj, where n_ = #(cr, ij).
This operation is performed for all p, s@(lk) and results in a new,
"intermediate" color marking CMi“ in ihich each place Py € P is

associated with some color bag Cj » Where:
i
c if D
c, -9 if € I
j ik Py (1)

2. For each output arc a ¢ A, for all output places
P, € @(Ok), a token of color f!is (@(eb, @(Ci‘-)) is placed

in the corresponding output place Py-

Before we proceed with the definition of the execution rule of
the CPM, we shall first make a few observations on the 'conflicts"
which may occur in the process of selecting the transition to be
fired.

Let CN= (N, C, F, R, Q) be a CPN in some color marking CMi.
We shall denote by Ei the set of transitions enabled in the color
marking CMi. Let us also denote for each place pj € P the set of
transitions for which pj is an input place by T(pj):

T(pj) = {tk I t:k e T and I(pj, tk) > 0}.

Definition 2.3.3

There exists a conflict at the place EI for the color ¢ in

the color marking Cl'ii if and only if:
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i

3

S i
’ #(cr, ejk) > #(cr, c
E™N T(pj)

In other words, we shall say that a conflict has occurred at the

place pj for the color c. if the number cf tokens of color c. claimed
from p, by the transitions enabled in the color marking CMi is larger

3

than the number of tokens of this color contained in the color bag

Ci. We note that in some color marking CMi, there may exist con-

3

flicts at the same place pj for several distinct colors.

Two transitions t, € T and ts € T are said to conflict in the

k
color marking CMi if the following conditions hold:

l.A t, € Ei and t € Ei
k s

2. There exists at least one place pj EQD(IR) ﬂ@(ls) such

that there is a conflict at p, for some color C.s where
c. e@Det) n Dt ).
r jk is

If two transitions t

K and ts conflict, this relation between tk

and ts is denoted by tk o ts. For convenience, we shall assume that
for every t, € Ei.
k k

We can extend the conflict relation defined above as follows.

£ ot

k

Let CONF be the relation on Ei such tat for any tk € Ei and t, € Ei,

(tk, tm) € CONF if there exists a sequence of transitions

t , L =t and t ot for 1 = j = n-1.
™m m r T

k" fr1’ G20 e
Lemma 2.3.1

CONF 1is an equivalence relation on Ei

Proof: We have to show that CONF 1is a reflexive, symmetric and

transitive relation on Ei.

3 j+1

i. By the definition of CONF, for every tk € Ei, (tk, tk) € CONF.

Thus, CONF is reflexive.

ii. We shall first remark that by Definition 2.3.3, if L

in CMi, then tm o tk in CMi as well. Let us assume now that

(tk, tm) € CONF. Consequently, there exists a sequence of transitions

t y £ 0= tn such that t, 0t for 1 = jJ = n-1.

k"~ fr1r Br2 vt rn 3 rj+l
<=3 <n- t follows that
341 o trj also, for 1 = j = n-i, it fo

(tm, tk) € CONF. Therefore, CONF is symmetric.

Since t
r
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1iii. Let us assume that (tk, tm) € CONF and (tm, ts) £ CONF.
Then, there exist the transition sequences
ra’ trn+1’ e tr = ts
for 1 = j < q-1. Consequently, (tk. ts) € CONF.

t t =t and t = ¢t
™m m m

L R Y LR

such that trj 0 trj+l’

Thus, CONF is transitive.

O

An equivalence class of the relation CONF is called a conflict
cluster. The quotient set of E:L modulo CONF, i.e. Ei/CONF, is called
the get of conflict clusters of the color marking CMi and 1is denoted

i
by CF™.

Lemma 2.3.1 immediately leads to the following fact:

Lemma 2.3.2

The set CFi of conflict clusters of some color marking CMi is a
partition of the set Ei of transitions enabled in CMi.
Let CF' = {CTi, cee cri} where CTi, 1 £ r £ m, denotes the

conflict clusters present in CMi.

Refipition 2.3.4
Given a conflict cluster CT:, a conflict subcluster is a maximal
i

subset SC'I‘i of CTi such that for any two transitions t_ € SCT and
1 rk T m rk

t e SCT,, t o t_.

s rk’ m s

In other words, the transitions which form a conflict subcluster

are all pairwise in conflict in the color marking CMi.

Definition 2.3.5

A transition tk is said to cover another transition tm in the

color marking CMi if the following conditions hold:

1.t € gl and ¢ ¢ EL.

i i
2. q (@) > q (9KED))
If tk covers tm in the color marking CMi, we denote this relation
between :k and tm by tk/tm. Equivalently, we shall say that :k has

higher priority than cm in the color marking CMi if tk/tm'

Definition 2.3.6

The set of majorants of a conflict subcluster SCT:_'k is a maximal
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i i
subset maj {SCTrk} of SCT ) such that if t € maj {SCT:’k}, then there

exists no other transition ts £ SCT:.' and t:S/t

A transition belonging to the slt:t: ma j {sc?f_‘k} is called a
majorant of the conflict subecluster SCTi’k.

Note: Since the colors of the color set C form only a partial
ordering rather than a total ordering, the majorant of a conflict
subcluster does not necessarily have to be unique. This is why
maj {SCTik} can be a set rather than a single transition.

In order to simplify notations in the following definitions, we
shall denote by SCF;:L the set of all conflict subclusters of a conflict
cluster CT:_'. Let SCF:_' = {SCT: see SCT:n}. From Definition 2.3.4

it follows that:

l’

1
[scF_|

U SCTi = C'I‘i
rk r

k=1

However, SCF: 1s not necessarily a partition of the parent con-
flicet cluster CT: since a transition ts € CT:_' may participate in
several distinct conflict subclusters.

With the definitions given above, we can proceed to define the

conditions under which a transition of a CPN can fire:

Definition 2.3.

A transition ty is firable in some color marking CMi if and only
if t:k is a majorant of all the conflict subclusters in which it :jl..s
contained. Any firable transition may be selected to fire in CM".

We shall sometimes refer to Definition 2.3.7 as to the "execution
rule of the CPM." The question can be raised whether the selection
rule of Definition 2.3.7 can always enable one to find a firable
transition from a non-empty set of enabled transitions. The answer

to this question is positive, as proved in the following lemma.

Lemma 2.3.3

There exists a firable transition in any conflict cluster.

Proof: Let CT:: be a conflict cluster.
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Let:

COLi = {qs(éﬁcez)) I £ € CT:}
Evidently, COL? is a finite subset of the set of colors X. Conse-
quently, COL: must have at least o:e maximal element. Let us assume
that ¢ is a maximal element of COLr and suppose tk is a transition
of CT:: such that qk(@ (6;)) = c¢. Hence, €y is a majorant of all the
conflict subeclusters in which it is contained and,. therefore, firable.

a

Note: qk(QD(ei)) 1s a maximal element of the set COL: is a

sufficient condition for tk to be firable in the color marking CMi,

but not a necessary condition.
We shall now give a few definitions which we shall make use of

in later sections. Suppose t is a transition firable in some color

marking CMi. Let us assume that CMi+1 is the color marking obtained

after the firing of t in CMi. We shall denote this fact by

CMi [t> CMi+l. We can extend this notion in the following definition:

Definition 2,3.8
Given an arbitrary color marking CMi, a firing sequence from gui

*
of transition names (Yj € T ) such that

is a string v, = t see t
[ B! ik o
there exist the color markings CM ,l<r=<k, and
CM1+r—l [tjr> CMi+r.
If CM:M'k is the color marking obtained after the execution of

the firing sequence y, from CMi, we shall say that Yy, leads from CMi
3 ]

to the color marking CMi+k and shall denote this fact by

ot tv,> adte

Definition 2.3.9
0
Given a CPM 9’- (CN, CM"), the set of firing sequences of g is

defined to be:
*
s(cM®) = {y | ye T and cM® [y> oM, for some arbitrary

color marking CM"}.
If we are given a certain final color marking CMf at which the exe-

cution of g has to stop, we can define the set of terminal firing

sequences:
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Definition 2.3.10

Given a CPM ?' (CN, CMO) and a final color marking CMf, the
set of terminal firing sequences ofg 1s defined teo be:

T, o) = {y | yeT" and a® [y> o'}

Note: The empty string A may or may not belong to T(CMO, CME)
depending on whether cM® = CMf or not. On the other hand, A is
always an element of S(CMO).

Definition 2.3.11

Given a CPM-? = (CN, CMO), a color marking CM 1s said to be
reachable from ng if there exists at least one firing sequence
Y € T* such that cM® [v> CM.

The set of all colox mrkings&m__iggﬂf is denoted by
R(CH").

Definition 2.3.12

Given a CPMg = (CN, CMO), the set of active color markings

reachable from g1_~1.° is the subset E(CMO) of R(CMO) such that:

E(cM®) = {CMi | ot e R(CM®) and o # ¢}
Definition 2.3.13

Let qn (CNl, CMi) and 92 = (CNZ’ CM§) be two arbitrary CPM's
and let }fCMi) and RZ(CMS) be the sets of all reachable color mark-

1 and .-?é, respectively. Then, the set of all reachable dj-
rect gsum color markings ofyi andgé is defined to be:

ings of

R (CM7) ¥ R,(QM)) = {cui v CM% l cni e R (CM]) and cu% e Ry(a)}

At this point, an explanation is required. In the definitions
pertinent to the CPM which we have presented so far, no assumptions
were made about the lattice of colors C = (X,<), and in particular
about the cardinality of the set X. Also, no restrictions were imposed
on the type of the color threshold, color output or of the priority
functions. In fact, any total, single-valued mappings can be used.
Such a wide selection range could eventually decrease the possibility
of developing effective analysis tools for the CPM. Our intention,

however, was to define a new, general framework for the modelling of
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systems exhibiting concurrency which then can be further restricted
according to the needs for modelling. We have defined two special
classes of the CPM, namely the C~CPM and the EC-CPM. The formal
definitions of these two classes of the CPM will be given in the
sections of this chapter immediately following. The properties of the
C—CPM and of the EC-CPM will be studied in detail in the sequel, Their
usefulness is implicity justified by their simplicity and will be
illustrated by means of numerous modelling examples. In spite of
their simplicity, the C-CPM and the EC-CPM are shown to be extremely

powerful models of concurrent systems.

Section 2.4 THE C-COLORED PETRI MODEL

The development of this particular class of the CPM was inspired
by the following producer-consumer synchronization problem reported in
[KOSA-73]. The coordination system contains two producer processes

P, and P., two buffers B, and B,, and two consumer processes C. and

1 2 1 2 1
CZ' The two buffers are not shared, that is producer process
Pi ({ = 1, 2) deposits items only in buffer Bi while consumer process

Ci attempts to consume items only from the assoclated buffer B .

Either producer process can be activated at any time and it produces
and deposits an item in the corresponding buffer. On the other hand,
a consumer process can be activated only if the associated buffer is
not empty. An additional constraint is imposed, namely if both Cl and
C, are activated, then C

2 1

viewed, Cl and C2 consume items from their associated buffers under

the control of a decider module which enforces the priority rule men-

has priority to consume over Cz. Otherwise

tioned above. This producer-consumer synchronization problem is repre-
sented schematically in Figure 2.4.1.

The basic coordination aspect of this synchronization system is
the fact that a priority hierarchy is imposed among the set of under-
lying processes. From this point of view, the decider module can be
regarded as a critical region with a priority rule over the competing
processes.

It has been proved ([KOSA-73)] that the producer-—consumer
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Decider

Figure 2.4.1

Schematical Representation of a Producer-Consumer Synchronization
Problem

Figure 2.4.2

C~-CPM of the Producer-Consumer Synchronization Problem of
Figure 2.4.1



34

synchronization problem described above cannot be modelled correctly
by any Petri Net. On the other hand, it was shown ([PETE-73],
[AGAR-75]) that the representation capabilities of the Petri Net
Model are equiyalent to the representation capabilities of several
other formal models of concurrent systems, such as the Complex Graph
Model of Computation, the P-Nets, the Vector Addition and Vector' Re-
placement Systems, etc. Consequently, these formal models cannot
represent correctly this type of synchronization systems, either.

In what follows we shall define a very simple class of the CPM,
called the C-Colored Petri Model, which can represent in a natural
way synchronization systems which incorporate priority hierarchies,

such as that described at the beginning of this sectionm.

Definition 2.4.1
A C~Colored Petri Net (C-CPN) is a Colored Petri Net

CN = (N, C, F, R, Q) where:

1. N=a (T, P, I, 0) 1s a GPN. Let A be the set of arcs asso-

clated with the sets T and P.
2. C = (X,=) is the set of colors associlated with N, where X

is a finite set.

3. F: A~ f is a total mapping. The range f of the mapping F
is a set of functions:

£ = {f;‘k I f;k = F(a;k), a;k €-A andifik: Py ~+ C;k
ii A 1s an input arci cjk eiX, or

fjk: P x P ~ Sk if 5k is an output arc}.

4. R= RGE = {(C:C’) | ce X, ¢’ € X and ¢ 2 c’}. Since all
models in the C-CPM class will employ the relation RGE for the selec-
tion of enabling colors, we shall omit it when defining a C-CPN in the
remainder.

5. Q: T +q 1s a total, single-valued mapping. The range q of
the mapping Q 1s a singleton set containing the function
g.2.b.: g(X) + X, where for any set D E?(X), D¥$, 8.2.b.(D) denotes
the greatest lower bound of the set D and refers to the ordering re-
lation = defined on the set X. By convention, g-L.b.(¢) = X, where

xo € X is arbitrarily selected. 1In the sequel, we shall omit the
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mapping Q from the definition of any C-CPN under the assumption that
the mapping Q for the respective C-CPN obeys the definition specified
above.

The definitions pertinent to the CPM given in the previous sec-
tions can immediately be translated to the case of the C-CPN (where
the color set is a finite lattice}.

Definition 2.4.2
A C~Colored Petri Model (C-CPM) is a CPM CP = (CN, CMO) such that:

1. CN = (N, C, F) is a C-Colored Petri Net.
2. cM° is the initial color marking of CN.

For convenience, we have not changed in the case of the C-CPM
the notations used with the CFM.

Regarding the dynamic behavior of the C-CPM, we note that given
a C-CPN CN in some color marking CMi and an arbitrary transition tk
of CN, enabled in Chi, the priority of the tramsition ty is
g.z.b.(@(ai)), where Gi represents the bag of enabling colors of
K in the color marking CMi. Thus, the priority of tk

depends both on the color marking CMi and on the particular selec-

transition t

tion of enabling colors in CMi. Consequently, the priority of a
transition may vary from one color marking to another.

Figure 2.4.2 displays the C-CPM representation of the producer-
consumer synchronization problem described at the beginning of this
section. In the figure, the color threshold and the color output
functions are marked adjacent to the corresponding arcs. The set of
colors is given in its Hasse diagram representation.

Transitions t, and t, represent the producer processes Pl and P2’

1
respectively. Similarly, transitions t., and t4 model the consumer

processes Cl and C2, respectively, Plaies Pg and Pg represent the
two buffers Bl and BZ’ respectively while place Py permits the imple-
mentation of the priority rule enforced, in the modelled synchroni-
zation system, by the decider module. If both places Ps and Pg are
not empty, then the conflict at place Py for the token of color cl

is always solved in favor of transition t3. It is easy to see that
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transition t4 can fire 1f and only if transition t3 is disabled or,
equivalently, if and only if place Pg is empty. Thus, the condi-
tions under which transitions t3 and t:4 can fire model exactly the
conditions under which the respective consumer processes C1 and CZ’
could have consumed an item from the associated buffers.

In order for the reader to gain familiarity with the C-Colored
Petri Model, we present another modelling example using the C-CPM.

We have selected a well-known coordination problem of practical
significance presented in [COUR-71], namely the readers-writers
synchronization problem. The coordination system involves two classes
of processes which access a shared resource. The first class of
processes is formed by the "writers.'" Each process in this class
must have exclusive access to the resource. The processes of the
second class are called the 'readers" and an unlimited number of pro-
cesses from this class may simultaneously access the resource. We
have chosen the case where the readers have priority over the writers,
i.e. no reader is kept waiting unless a writer has already gained
access to the resource. Figure 2.4.3 displays the original solution
using semaphores, as given in [COUR-71].

As stated in [PETE-73] and [CERF-72], the P-Net and the Complex
Graph Model of Computation, respectively, cannot provide a correct
representation of the interaction between readers and writers. Since
the Complex Graph Model of Computation and the Petri Net Model are
equivalent, as far as their capabilities of representation are con-
cerned ([PETE-73], [AGAR-75]), the difficulty of modelling the readers-
writers synchronization problem extends to the Petri Net Model as well.
The basic reason for the inadequacy of these models stems from the fact
that they cannot implement decisions of the form "if both readers and
writers are waiting to access the shared resource, then reader pro-
cesses have priority over writer processes." We note that in the
original solution of [COUR-71], the priority of the readers over the
writers could be established only through the use of conditional P and
V primitives.

The solution to the readers-writers synchronization problem
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READER

integer readcount; (initial value = 0)
semaphore mutex, w; (initial value for both = 1)

P(mutex);
readcount: = readcount + 1;
if readcount = 1, then P(w);

V(mutex);

reading is performed

P(mutex) ;
readcount: = readcount - 1;
if readcount = 0, then V(w);

V(mutex) ;

WRITER

P(w);

writing is performed

V(v::);

Figure 2.4.3

Sclution to the Readers-Writers Synchronization Problem Using
Semaphores.
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Figure 2.4.4

C-CPM Representation of the Readers-Writers Synchronization Problem
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using the C-CPM is exhibited in Figure 2.4.4. There, transitions

t. and t_ "generate" an unlimited number of readers and writers,

i%e. modll the unrestricted arrival of readers and writers to the
critical region. Transition t2 models the case where the first reader
enters the critical region while tramsition t3 models the subsequent
entrance of other reader processes in the critical region. Conversely,
transition t5 simulates the exit of reader processes from the critical
region while other reader processes are still accessing the shared re-
source. Transition te models the exit of the last reader from the
critical region. On the other hand, transitions t8 and clO model the
entrance and exit of a writer from the critical region, respectively.
Transitions t4 and tg represent the actual read and write operatious,
respectively. The markings of the places P11 and P16 indicate the num-
ber of reader and writer processes, respectively, waiting to enter the
critical region. Place P13 plays the same role as the variable read-
count in the original solution, namely indicates the number of reader
processes currently accessing the resource. Place Pis indicates the
status of the critical region and thus, combines the roles of the
variable peadcount and of the semaphore w. If a writer enters the
critical region, i.e. transition tg fires, the token of color cq in
place Pis is consumed without being replaced, thus inhibiting any
readers from entering the critical region. This token is restored
only after tramsition th has fired and thus, no reader, or for that
matter another writer, can galn access to the resource while a writer
is using 1it.

On the other hand, after a reader has entered the critical region,

i.e., transition t_  has fired, place p15 contains a token of color cz.

This color markinz maintains transition t8 disabled, thus preventing
any writer from entering the critical region while readers are ac-
cessing the shared resource. We note that transition t2 places a
token of color <, in place Pi3 while subsequent readers entering the
critical region, i.e. subsequent firings of transition t3, will place
tokens of color <, in the same place. On the other hand, transition

t. can select as enabling color from place P13 only the color <,

5
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AN

while transition t, can select as enabling color from the same place
only the color ey according to Definitions 2.2.2 and 2.4,1. If there
are several readers in the critical region, then t5 and t6 will always
become enabled simultaneously. Transition t5, however, will have
higher priority than transition t6. Consequently, transition t6 can
fire only if transition t5 1s disabled which occurs exactly when the
last reader exists from the critical region. The firing of transition
t6 restores the token of color Cq in place P1se and thus allows (after
all readers have left the critical region) the writer processes to
eventually gain control over the shared resource. We note that if
several readers and writers are waiting to enter the critical region
(places P13 and Pig are both not empty) but no readers nor writers are
in the critical region, then there exists a conflict at place P15 for
the token of color Cq among transitions t2 and ts. Since t2 has higher
.priority than t8’ readers will gain first access to the resource.

It should be clear by now that the C~CPM offers a simple and
correct representation of the interaction between readers and writers.
It also becomes apparent that the introduction of colors and of prior-
ity rules in resolving conflicts opens new possibilities with respect
to the representation capabilities of the Petri Net Model. As will be
seen later on, the fact that the transitions may dynamically change
their priorities adds to the versatility of the modelling capabilities
of the C-CPM. We shall examine in detail the representation power

of the C-CPM in Chapter IV.

Section 2.5 THE EC-COLORED PETRI MODEL

Originally, we were led towards the development of this particu-
lar class of the CPM by yet another synchronization problem presented
in [KOSA-73]. The synchronization problem we are referring to involves
two producer processes, P1 and P2, and two consumer processes, Cl and
CZ’ which share a common buffer. The buffer is accessed in a LIFOQ
mode. Thus, at any instant, a producer can be activated and it will
produce and deposit an item in the top position of the buffer. If the

buffer is not empty, either of the two consumer processes can be
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Figure 2.5.1

Schematical Representation of a Producer-Consumer Synchronization
Problem

£

2

[cl;l.u.b.+1] [cz;l.u.b.+l]

Figure 2.5.2

EC~-CPM Representation of the Producer-Consumer Synchronization
Problem of Figure 2.5.1
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activated and it will attempt to consume the item currently at the
top of the buffer. Nevertheless, consumer Ci (4 = 1, 2) is allowed
to consume the item in the top position of the buffer only 1if it was
produced by producer process Pi' This producer-consumer synchroniza-
tion system is represented schematically in Figure 2.5.1.

The coordinatlion problem described above involves two characteris-
tic aspects which must be incorporated in any correct modelling at-
tempt:

a) The consumer and producer processes are organized in pairs
and consequently, a consumer is allowed to consume from the common
buffer only those items which were produced by its associate producer
process. Therefore, each item in the shared buffer must uniquely
identify the corresponding producer.

b) The order of arrival of the items in the buffer must be re-
corded for subsequent use in the coordination of the consumer processes
or, equivalently, in the policy for the retrieval of items from the
buffer.

This synchronization problem can easily be extended to the case
where there are m producer processes (2 S m < ®), k consumer processes
(2 = k € ©) and where more than one consumer processes may be as-
gsoclated with the same producer process. Also, the policy for the
retrieval of items from the shared buffer can be modified from LIFO
to FIFO while preserving the basic characteristics of the original
problem.

As shown in [KOSA-73], this particular consumer-producer coordi-
nation problem cannot be represented by a Petri Net Model. Again,
in view of the equivalence relations among formal models of concurrent
systems presented in [PETE-73) and [AGAR-75], this assertion can be
extended to other well-known formal models such as the Complex Graph
Model of Computation, the Finite State Parallel Program Schemata, the
P-Nets, the Vector Addition and Vector Replacement Systems, etc. On
the other hand, we notice that the modelling characteristic a) men-
tioned above can easily be implemented in the C-CPM through the use

of colored tokens. Let us, however, mention at this point a drawback
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in the way the colored tokens are handled by the C-CPM. Consider an
arbitrary place pj in some color marking CMi. Let us assume that
the color bag of pj has the following configuration: C; = < ci cz e >
where ey 4 and Cq are colors of the fialte color set C assoclated
with the respective C-CFM. In most cases, it is impossible to deter-
mine the order in which the particular tokens of colors s C and e
have arrived in pj. In view of the modelling characteristic b) indi-
cated earlier, such information is esgential for a natural and correct
modelling of the synchronization problem we have described at the
beginning of this section. As will be proved later om, this producer-
consumer synchronization problem cannot be modelled in a manner which
preserves the ''matural structure" of the system even by formal models
which are strictly more powerful than the Petri Net Model, such as the
Priority Petri Model ([HACK-75]), the Extended Petri Model ([AGAR-75])
and the C-CPM.

In what follows, we shall define the EC-CPM, a class of the
CPM which can easily handle this type of synchronization situations
while preserving the natural structure of the system. The EC-CPM is
defined such that it has the capacity to "remember' the order of
arrival of colored tokens in the places of a net. As will be seen
later on, the availability of this kind of information positively
influences the representation capabilities of the EC-Colored Petri
Model.

The sets of colors which could be associated with the C-CPM
were lattices C = (X,<), where X was regtricted to a finite set. Let
us now consider such a finite lattice C = (X,=<) with a special con-

figuration:

n
(I1) The partial ordering =< defined on X is such that:

(I) Xﬂ{cl, s 9 c)cm) CM}

. = = < < .
IIa For any ci € X, 1 i n, we have cm ci CM

IIb. For any c, € X and any cj € X, where 1 £ 4 = n,

i
1=<3j=nandi?¥j, we have cy p 3 cj and cj 3 cys i.e. the elements

of the set {cl, cee s cn} are incomparable under the partial ordering
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We shall now define an extension of the color sets C = (X,=<

which satisfy conditions (I) and (I1I) mentioned above. Let
zt - {1, 2, 3, ...} be the set of positive integers.

Definition 2.5.1
Given a finite color set C = (X,=) which satisfies conditions

(I) and (II) specified above, the extension of the color set C is a

lattice U(C) = (U, is) where:

1. U={(c,m)|c€X,msZ+}, f.e. U=Xx2.
2, IE 13 a partial ordering relation defined on the set U as
follows:
If u, = (ci, mi) € U and uj = (cj’ mj) € U, then ug }S uj 1f

and only if ey = cj in C and m, g_mj (the latter « relation denotes
the usual "greater than or equal to" ordering relation of the positive

integers).

For convenience, we shall continue to call the two-tuples of
U(C) colors.

Note: The extension U(C) of some color set C = (X,S) actually
represents the direct product of the latices C = (X,=) and (Z+,99.
According to Theorem 7, Section I.4 of [BIRK-67], U(C) is certazhly
a lattice. By the use of positive integers as the second coordinate
of the elements in U(C), the extension of a color set C becomes in
fact an infinite set of colors. Figure 2.5.3 exhibits a typical color
set U(C).

Let us consider a GPN N = (T, P, I, 0) and let C = (X,<) be some
finite color set which satisfies the conditions (I) and (II) specified
earlier. In the following definitions, we shall assume that the ex-
tension U(C) of the color set C is the color set associated with N,
rather than C. For the sake of clarity, we shall adjust some of the
definitions pertinent to the CPM to this special case where the color

set is two-dimensional and infinite.

Definition 2.5.2
Given an arbitrary marking Mi of N, the color bag of some place

pj € P 1s defined to be:



cC= (X,):

Figure 2.5.3
Example of the Extension of a Color Set C.
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U; = < (cr, m)™" | c_ € X, m € Al and (cr, m) is the color of

n tokens present in p, in the marking Mi >

3
Then:

Definition 2.5.3
Given some marking Mi of N, the color marking of N is a total,

* *
single-valued mapping UMi: P~><U>. Again, < U > denotes the

bag closure of the set U.
We can proceed now to define the EC-CPM, as a class of the CPM

obtained by imposing additional restrictions on the structure of the
color set and on the type of mappings admissible as color threshold,

color output and priority functions of the CPM.

Definition 2.5.4
An EC-Colored Petri Net (EC~CPN) is a CPN CN = (N, U(C), H, RE’ Q)

where:

i, N = (T, P, I, 0) is a Generalized Petri Net.

2. U{C) = (U,E) is the extension of some finite color set
C = (X,<) which satisfies the conditions (I) and (II). U(C) 1is the
color set associated with the GPN N.

3. H is a total, single-valued mapping; H: A - h. A denotes
the set of arcs associated with the sets T and P. The range h of
the mapping H is the set of functions:

i i i i i i
h = {hjk | hjk (fjk’ gjk) = H(ajk) for some arc 2 € A,
i

where fjk: P ({cl, cee cn}) - c;k with cjksx - {cm, cM}

i

and g, : P H + 2).
Z denotes the set of integers.
The functions gjk are further restricted as follows:

i
3a. If ajk is an input arc, then gjk(B) 1s one of the following
functions:
L.ub.(B) =8, 5 s e2°
g.2.b.(B) +m m € z°
+

2 zi € 2

i ?

1 H
where B € g(z*').
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3b. If a._]k is an output arc, then g?k(B) is one of the

following functions:

L.ub.(B) +8, ;s € z°
g.2.b.(B) + m ; m, €2°

1 17,
z H z2 £ 2

i
where B EQ(Z.*-).

Here, for any set B € é;p (Z+), £.u.b,(B) and g.%.b.(B) denote
the lowest upper-bound and the greatest lower-bound of the set B,
respectively, and refer to the usual "greater than or equal to"
ordering relation on Z+. We shall make the convention that
L.u.b.(B) = g.2.b.(B) = 1 1if B = ¢.

4. Rp = {(ui, uj) | u €70, uy € Uand u = uj}. Since all
nodels in the EC~CPM class will use the relation RE’ we shall omit
it when specifying a particular EC-CPN in the sequel.

5. Q: T + {q} is a total, single-valued mapping, where q is
the function defined by

q: PW) ~ (¢ 1)

In the sequel, we shall omit the mapping Q from the definition
of any EC-&PN with the understanding that the mapping Q for the
respective EC-CPN obeys the definition given above.

As one can imagine, the mapping H associates with each arc
i
jk
function or the color output function of the arc ajk’ depending on

a, € A a two-tuple (fjk’ gjk) which is called the color threshold

whether ai is an input arc or an output arc, respectively. We shall

briefly eiﬁlain now how the selection of the enabling colors is

made in the case of the EC-CPM. Let us consider an EC-CPN

CN = (N, U(C), H) in some given color marking UMi. Let £, € T be an
arbitrary transition of N and suppose pj E@(Ik). Let us also

assume that I(pj, tk) = m and, consequently, that there are m input

m
arcs from pj to tk’ ajk’ oo ajk'

We notice that if Uj is the color bag of pj in the color marking

UMi, then@(U ) is in fact a binary relation. We can define
QZ%(U ) and (Uj) as the domain and the range, respectively, of
the relation :D(U ):

3
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gl(u;) ={c|ceXx- {cm, cM} and (¢, m) e@(U;') for some m € Z'}

@2@;’) ={y | me 2t and (c, m) € @(Ui) for some c € X - {cm, CM}}

Let us also define the following subsets of @l(Uj) for 1 = r = m:
B 0P = e | (e ], @) e Db

The mapping gjk gelects the second coordinate ¢f the enabling

color for the input arc ark, l=r= I(pj, tk) , in the given color

|
marking UMi. The first coordinate of the enabling color for a;k is
produced by the mapping fjk and is the color f;k(@ ;‘kwi)) = cf .,

k
Then, ] ]

Definition 2.5.5
A color (e, n) of a token present in place pj in the color marking

UMi is said to be t:he enabling color of transition tk on input arc

2 .1
g 1 (e m) = (e, 85 (D ).

Due to the type of functions £

j

and g and to the relation RE

jk jk
employed in the EC~CPM class, unlike the C-CPM class, the enabling

color of t, on some input arc ajk in a given color marking UMi, is

unique. T:is fact greatly simplifies the execution of the EC-CPM,
Let us denote by ij and 6; the bag of enabling colors of t

from input place p, and the bag of enabling colors of transition tk’

respectively., The domain Q(B ) of the bag of enabling colors of

transition t, is a binary relat:ion. Let @1(6 ) be the domain of the

relation @(gk
Consider an arbitrary tramnsition tk and suppose P, € @(0 ). Let

us assume that O(tk, P, ) = n and that there are n output arcs

akE S ’ aar from tk to P For each such output arc a; » the gair

(fkr’ gkr) H(a ) determines the color of the token placed by a

in the output place P, in case £y fires. The first coordinate of the

color of the token produced by t:k on output arc air, l=sc= O(t:k, pr),

is fzr ) l(9 )) = k » Where czr € X~ {cm, cM}. The second coordinate

of the color of the token produced by tk on the output arec Ay is

given by gzr (@), 2(Ui')), where:
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i
- 87, if p_¢ @(Ik)
T 4] otherwise.

We should mention here that the role of the g;k functions 1is

merely to structure the color bag of a given place in a desired

fashion (LIFO and FIFQ includeﬂ). Thua, the g;k function of some

input arc a,, permits the respective input arc to select its en-

r
jk
abling color only :{rom within the bag of tokens placed in a certain
position in the color bag of the input place pj. On the other hand,

8
an output arc a
P kr

a token in a certain position within the color bag of the output

uses the function g;r associated with it to place

place P The position of a token in some color bag 1s considered
to be given by the second coordinate of 1its color.

Finally:

Definition 2.5.6

An EC-Colored Petri Model (EC-CPM) is a system ECP = (CN, uM°)

where:

1. CN = (N, U(C), H) is an EC-Colored Petri Net

2. UM° is the initial color marking of CN. For any place
Py € P, @l(U;’) N {c_» et = ¢.

Let us consider next the dynamic behavior of the EC-CPM. The
definitions of "enabled transition" and of "firing of a transition"
given in Section 2.3 for the CPM can immediately be particularized
for the case of the EC-CPM. Note that in Definition 2.5.4, the
priority function q was defined from the power set g(U) into (CM’ 1).
Thus, given some EC-CPN CN = (N, U(C), H) in some color marking UMi,

for any two enabled transitions tk £ I:‘.:L and cs € Ei, we have:
Q@ 6D = (¢ D = (D (82))

Consequently, all transitions enabled in some arbitrary color
marking UMi have the same priority to fire. Certainly, the set of
enabled transitions Ei may still be partitioned in conflict clusters
which in turn may contain several conflict subclusters. Nevertheless,
any enabled transition is also a majorant of all conflict subclusters

in which it is contained. Therefore, the search for a firable
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transition reduces in the case of the EC-CPM to the search for an
enabled transition.

It should be clear by now that the places and tramsitioms of an
EC-CPM form rather general queueing mechanisms which include widely
used policies such as LIFO, FIFQ, ranked ingertion and any combina-
tion thereof. We hope that this approach to the modelling of systems
exhibiting concurrency will provide a modelling framework which will
preserve the natural process structure of many synchronization struc-
tures encountered in real-life. We shall proceed now to model the
producer-consumer synchronization problem described at the beginning
of this section. The EC~CPM representation of this coordination
system is given in Figure 2.5.2. The color threshold and color
output functions are marked adjacent to the corresponding arcs.
Transitions £ and t2 model the two producer processes P1 and P2,
respectively while transitions t3 and t4 represent the consumer pro-
cesses Cl and C2, regpectively. The place Pg models the shared buffer.

We shall conclude this section with another modelling example
using the EC-CPM. We have pointed out earlier that for any EC-CPN
CN in some color marking UMi, all enabled transitions have the same
priority to fire in UMi. Thus, the search for a transition firable
in UMi does not involve any priority hierarchy among the enabled
transitions. Nevertheless, one can still model in the framework of
the EC-CPM synchronization systems which inherently incorporate
priority hierarchies among the component subsystems. In order to
{1lustrate this assertion, we have selected for modelling the fol-
lowing coordination structure suggested in [CERF-72]. The synchro-
nization system contains k classes of accessors which compete for a
shared resource (e.g. a data base). The accessors can gain control

over the resource under the following constraints:

1) An accessor belonging to the priority class j, 1 =] = k -1,
can access the resource only if no accessor belonging to some priority
class 1, 1 > j, 1s waiting.

11) The resource 1s to be accessed in a mutually exclusive

fashion, that is no two accessors (even from the same priority class)
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should simultaneously have control over the shared resource.

This synchronization problem actually represents a generali-
zation of the readers-writers synchronization prohlem presented in
the previous section. We note that in [CERF-72], a correct solution
to the synchronization problem stated above could be given using the
Complex Graph Model of Computation only after the number of accessors
in each class was bounded by some giyen, fixed positive integer.

The EC~CPM representation of this synchronization problem is
exhibited in Figure 2.5.4. We note that in the figure certain color
threshold and/or color output functions do not have their second
coordinate indicated (i.e. the corresponding "g" function is missing).
In order to simplify notations, we have made the convention that
w?enever ior an arbitrary arc a;kithe corresponding function .
gjk: 9’(2 ) + Z is of the form gjk (B) = 1 for any set B e@(z ),
then it may be omitted from the specification of the respective EC-CPN.
This convention will be used throughout the remainder of this report.

In Figure 2.5.4 each transition ti’ 1 =1 =k, generates an
unlimited number of accessors, i.e. models the unrestricted arrival
of accessors from the priority class i to the critical region. On the

other hand, the transitions t k+1=41 = 2k, model the entrance

s
of an accessor belonging to ciass i = 1 - k to the critical region.
It is easy to see that the firing of a transition from this group
prohibits other accessors from gaining control over the resource.
The transitions ti’ 2k + 1 = 1 = 3k, model the actual access of an
accessor from the priority class j = i = 2k to the shared resource
while the transitiomns ti, 3k + 1 =1 = 4k, represent the exit of an
accessor belonging to the class j = 1 - 3k from the critical region.
The firing of a transition from the latter group reenables the waiting
accessors to eventually obtain control over the resource. It should
be obvious by now that our solution satisfies the mutual exclusion
requirement regarding the presence of accessors in the critical region.

Notice that place p,, ., is "structured" as a list with k ranks.
The occurrence in the system of accessors belonging to the i-th

priority class is modelled by transition ey by placing tokens in the
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[cl;l.u.b.]

L3+l

Figure 2.5.4

k~Accessor Classes Synchronization Problem
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i-th rank upon firing. On the other hand, the transitions tk+i’

1 <1<k, will extract a token only from the highest non-empty

rank. If j is the hizhest non-empty rank, 1 = j = k, then from the
latter group only transition tk+j is enabled. It can easily be
verified that the EC~CPM of Figure 2.5.4 indeed implements the
priority rule required in the statement of the problem. Thus, the
EC~CPM can correctly model synchronization structures which involve
priority hierarchies among the coordinated processes. The repre-
sentation capabilities of the EC-CPM will be analyzed in great detail
in Chapter III. In Chapter IV we shall compare the representation

power of the EC-CPM with that of the C-CPM.



CHAPTER III

THE REPRESENTATION CAPABILITIES OF THE
EC~COLORED PETRI MODEL

Section 3.1  INTRODUCTORY REMARKS

The Colored Petri Model has emerged from the association of the
Generalized Petri Nets with sets of colors as a compact and general
model of systems exhibiting concurrency. In Chapter II, two classes
of the CPM having simple structures, namely the C-CPM and the EC-CPM,
have been defined. Our next objective is to analyze the modelling
power of these two classes of the CPM and to find a measure of their
representation capabilities, as accurately as possible. Otherwise
stated, we would like to get some insight into what is gained, as
far as the representation capabilities of the model are concerned, by
introducing colored tokens in the Petri Net Model. In Sections 2.4
and 2.5 we have modelled several synchronization problems using the
C-CPM or the EC-CPM. As already mentioned, some of those synchroni-
zation problems, in particular the producer-consumer coordination
problems suggested in [KOSA-73], were proved (also in [KOSA-73]) not
to be correctly representable by the Petri Net Model, though there
exist more powerful versions of the Petri Net Model such as the Ex-
tended Petri Model ([AGAR-75}) or the Priority Petri Model ([HACK-75]})
which can represent these synchronization problems. This fact indi-
cates that the use of colored tokens positively affects the representa-
tion capabilities of the Petri Net Model and thus encourages one to
attempt a more in-depth analysis of the representation power of the
C-CPM and of the EC~CPM class.

Unfortunately, the term "representation power" of a formal model
of asynchronous concurrent systems 1s not yet precisely defined and,
consequently, there is no well-established method by means of which
the range of the class of systems representable by a particular formal
model can be precisely determined. One method which in our opinion
came closest to provyiding an answer to this problem was the study of

the formal language families which can be generated by the Petri Net

54
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Model ([PETE-73], [HACK-75]). In this context, each trangition of a
Petri Net can be considered to correspond to the activation of a
particular process of the gystem modelled hy the respective net (e.g.
each transition can he made to correspond to a computational step of
a parallel program). Then, a firing sequence of the net corresponds
to a process coordination sequence of the real-life system. From
this point of view, the structure of the net, that is the particular
arrangement of arcs, places and transitions models the constraints
existing in the real-life system, constraints which force the system
to execute only certain synchronization sequences over the set of
underlying processes and not all possible such sequences. It follows
that if the real-life system is correctly modelled by the Petri Net in
question, then there exists a one-to—one correspondence between the
coordination sequences compatible with the system and the firing se-
quences of the net which models it. Suppose now that each distinct
process occurring in the modelled system receives a distinct label and
that all transitions of the net which represent an instance of the
same process carry the label of that process. In this way, any firing
sequence of the net generates a string over the alphabet formed by the
process labels. In this context, a Petri Net can be viewed as an auto-
maton generating a particular language, namely the set of all strings
over the process label alphabet corresponding to all possible firing
sequences which can be performed by the net. The set of coordination
sequences representable by Petri Nets can thus be determined by study-
ing the language families which can be generated by Petri Nets.

We intend to employ this method in our study of the representation
capabilities of the C-CPM and of the EC-CPM. We shall first give a

few definitions with the intent to formalize the concepts discussed

above.

Definition 3.1.1
A Labelled Colored Petri Model is a system é?; = (é?{ L, L) where:

1. @ = (v, M is a ceM.
2. L is a finite alphabet.
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3. L 1is a total, single-valued mapping from the set of transi-
tions T of .@ into £; L: T » £. L is called the lahelling function

Ofégpz.

The definition of the lahelling function can easily be extended

to firing sequences. Let ty be a firing sequence ofg from some
arbitrary color marking CMi (Definition 2.3.7). Then L(ty) is defined
recursively as follows:

L(t) if vy = A

L(ty) =
L(t)L(Y) otherwise

where L(t)L(Yy) represents the concatenation of the strings L(t) and
L(y). By convention, L(Y) = A 1f and only if ¥ = A, the empty firing
sequence. We shall call L(Y) the label sequence of the firing se-
quence Y. Obviously, the label sequences corresponding to the firing
sequences compatible with some Labelled CPM form a language over the
alphabet L.

In what follows, we shall often use the term "family of languages."

If .;2/ is a family of languages, we shall assume that:

1) there exists A ¢ .M such that A ¥ ¢.
i1) 1if A ¢ -,M, then there exists a finite alphabet & such that
*
Aca.
In accordance with this convention, let us comnsider the following

families of languages:

Definition 3.1.2

,9715 the family of languages such that § ey if and only if there
exists a CPM P = (CN, M°) where CN = (N, C, F, R, Q), N = (T, P, I, 0)
and S = S(cx°). Obviously, S € ",

‘7;.» is the family of languages such that § ey; if and only if there
exists a CPM g = (CN, CMO) and a final color marking of e@,
CMf # GMO, such that § = T(CMO, CMf). Obviously, S € T*.

Notice that the labelling function L as specified in Definition

% *
3.1.1 is a non-erasing homomorphism from T into L , whose range
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contains only one-symbol strings. We shall call this type of homo-

morphism a A-free renaming. For any family of languages LQZZ we

shall define the image of ,QF under A-free renaming to be the set:
Jﬁﬁﬁs = {L(A) | A€ ¥ and L is a A-free renaming on Al.

The families of languages of interest ﬁo our study are then de-

fined as follows:

Definition 3.1.3
The family of computation sequence sets of the CPM is the family

of languages A, where A =eng75. Similarly, the f£amily of terminal

computation sequence sets of the CPM is the family of languages Ao’

where Ao =JQ990).

Note: The languages in Ao cannot contain the empty string A. This

constraint is motivated by the convenience which it introduces in cer-
tain proofs and comstructs which will follow. The language families
introduced above actually represent synchronization sequences com-
patible with asynchronous concurrent systems modelled by the CPM.

From this point of view, the empty string and, equivalently, the
"empty coordination sequence" are not of much practical importance.
Thus, this constraint is not exceedingly severe and does not influence
the generality of the results obtained. As opposed to Ao’ the lan-
guages in the A family must contain the empty string.

Similarly defined language families were studied in [HACK-75] with
respect to the Petri Net Model, the Extended Petri Model and the
Priority Petri Model. Thus, a common basis of comparison between these
models, the C-CPM and the EC-CPM is provided.

We point out that describing the coordination sequences of a sys-
tem by means of label sequences corresponds to a totally ordered
execution of the respective coordination sequences. Note, however,
that the label sequences which can be generated by a net are the
images under some A~free renaming of the firing sequences which can
be executed by that net. A generally accepted execution rule incor-
porated in the Petri Net Model and in the various modified versions

of it reported in the literature is that no matter how many transitions
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are simultaneously enabled, only one of them is chosen to be fired.
Consequently, firing sequences are totally ordered sequences of tran-
sition names. The execution rule mentioned above ig based on the
assumption that the operations of a system are modelled as instan-
taneous and non-simultaneous eyents. This assumption appears not to
restrict the adequacy of the Petri Net Model and of its variants for
the modelling of sysatems exhibiting concurrency. For a detailed dis-
cussion of this claim, the reader is referred to Section 2.4.1 of
[PETE-73].

All the definitions given in this section can immediately be trans-
lated for the C-CPM class and for the EC~CPM class. We shall denote
by A(C-CPM), AO(C-CPM), A(EC-CPM), AO(EC-CPM) the A and A0 language
families generated by the C—-CPM and EC~CPM, respectively.

In the remainder of this chapter, we shall study in detail the
closure properties and the extent of the family of computation sequence
sets and of the family of terminal computation sequence sets corre-
sponding to the EC-CPM. Similar problems, related to the C-CPM, will

form the subject of Chapter IV.

Section 3.2 COMPOSITION PROPERTIES OF THE EC-CPM
Let us first investigate the closure of the language families

A(EC-CPM) and AO(EC-CPM) under the operation of concurrency, de-
noted by A. Given some finite alphabet L, the operator A is recur-

sively defined (in terms of regular expressions) as follows:

i. aAX=)AAa=aforall act
i1, a'w' A a"w" = a'(w' 4 a"w'") + a'"(a'w' A w") for all
a', a" in I and all w', w" 1in Z*. If W' and W' are two languages
over the alphabet Z, then:
W AW = {w' Aw" | w eW, w'ew}
In words, if w' € W' and w" € W", then the language W'A W" contains all
possible interleavings of the strings w' and w".
Given a Labelled EC-CPM ECPZ, we denote by A(ECPZ) the l?nguage
in A(EC-CPM) generated by ECPZ. If a final color marking UM of
ECPZ is also given, then Ao(ECPZ’ UMf) denotes the language in



59

AO(EC-CPM) generated by E’C‘.Pz (similar notational conventions will be
used in connection with the C-CPM, as well),

Theorem 3.2.1
A(EC-CPM) and AO(EC—CPM) are closed under the concurrency opera-

tion,

Proof: Let ECR, = (ECP', £', L') and ECPy. = (ECP", I", L")
be two Labelled EC-CPM's, where ECP'= (CN', UMO’) and
ECP" = (CN", M° ). Let CN' = (N', U(C'), H') and
CN" = (N", U(C"), H") where N' = (T', P', 1I', O0') and
N' = (T, P", I", O").

We construct a Labelled EC-CPM ECPZ = (ECP, £, L) such that
A(ECTE;"= A(ECPZ,) A A(ECPz"). In case the final color markings UMf
and UM~ of EMTE, and ET?%", respectively, are also given, we define
a final color marking UM of ?CPZ such that .,

A (ECP., mn') = A_(ECPy,, W) & A (BCPL,, mi" ). Let
ECP = (CN, UM°) where CN = (N, U(C), H) and N = (T, P, I, 0).
We assume that T' N T" = ¢ and P' N P" = ¢; these conditions can

1

always be achieved through appropriate renaming.

Let us now juxapose the Labeiled EC-CPM's EZT%. and ECP_,, that
is let us consider ECTE, and EZT%" as parts of the same net. For
example, Figure 3.2.3 displays the juxtaposition of the Labelled
EC-CPM's of Figure 3.2.1 and 3.2.2. In the figures, the labels of
the transitions are indicated underneath the corresponding transition

names; i.e. FE means that transition tk carries the label a.
a
Next, let us introduce a new place, let it be denoted by P> in

the net obtained by the juxtaposition of ECPE' and ECPE"' Suppose
c' = (X', =') and C" = (X", ="), where X' = fci,...,cé,c&,cﬁ} and
X" = {c;,...,c",c;,ca}. Let us also introduce a new color, ¢, and
let X = {ci,...,c;} U {cI,...,c;} U {c,cm,cM}. Then, € = (X, <) and
the partial ordering = is defined such that it satisfies conditions
(I) and (II) given in Section 2.5. The extention U(C) is the set of
colors associated with the Labelled EC-CPM ECPZ'

For each transition ¢,, I(pc, tk) = O(tk, pc) = 1 and

k
H(aik) = H(aic) = [c;1]. Figure 3.2.4 exhibits this comstruct, as
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applied to the Labelled EC-CPM's of Figure 3.2.1 and 3.2.2. We say
that each transition "self-loops' on Pee Alternatively, we some-
times refer to a place, such as pc, on which all transitions of a
net self-loop as a "control place."

Let us now define the initial color marking m° of ECPZ' We set
m° (p ) = < (e,1) > and define the restriction of 1M° to P’ U P'",
i.e. UM /p' U P, by m/pt U P = v m° (see Figure 3.2.4).

This completes the construction of the Labelled EC-CPM ECPE'
The control place P, does not affect the conditions under which any
transition of ECPZ is enabled. Consequently, each reachable color
marking UMi of ECPZ will satisfy the following conditions:

i. UM(p)=UM(p)

ii. WM /P' P" ¢ R' (UM ) v R"(UM )
Hence, A(ECPE) = A(ECPZ') A A(ECPZH) The final color marking UMf

f' f'l
of ECP} 1is defined by UM (p_) = W (p,) and w1 ey s w Vot
Under this condition, A (ECPZ. wb) = A o (ECPs+» ot ) AA (EUPEH,UM ).

O

The construct of Theorem 3.2.1 allows for the arbitrary inter-
leaving of label sequences generated by ECPZ, and ECPZH. Taking
advantage of the control place P, and of the availability of colored
tokens we can, however, "force" the juxtaposed Labelled EC-CPM's
ECPX. and ECPz" to execute only firing sequences which follow a cer-
tain "pattern." One such "pattern”" is described by the perfect
shuffle operation, denoted by ¥. Let I be a finite alphabet and sup-

+
pose w' = a é...a and W' = az ; a are two strings in I . Then,

w' +u' = aiagaéag. a'a;

By convention, A + A = A, Note that the perfect shuffle operation can
be applied only to equal-length strings. Note also that the ¢ opera-

tor is not commutative. If W' and W" are languages over the alphabet
L, then:

W' 4 W = {wv ¢ ow" l w' € W', W e W"}

Corollary 1
AO(EC-CPM) is closed under the perfect shuffle operation. A(EC-

CPM) is not closed under the perfect shuffle operation.



63

Proof: Consider the following modifications to the construct of
Theorem 3.2.1. Instead of introducing one new color ¢ in the color
set C, let us introduce two distinct new colors, denoted by c' and

c", respectively. Next, for each transitionm tys let

H(alk) ='{[c ;1] if £, € T
¢ [e";1] if £y € T

"; f ]
H(ai)-{[c 1] i tkt-:'I'
¢ [c';1] 1f e eT"

The initial color marking M° becomes: UMo(pc) = < (c¢',l) >,
w/p' Up = ' v o

Thus, the control place is used to alternate the firing of a
transition of Et?z' with the firing of a tramsition of ECP_,,. 1In the
initial color marking UM®, only transitions belonging to ECPZ' can be
enabled and thus the first transition to fire in any firing sequence
must belong to ECP.,. The final color marking UMf of E"CPz is defined
by UM (p ) = < (¢',1) > and UM /P' UP" = UMf' V UMf". With this
£1nal color marking A, (ECP;, ndy = A (ECP,, mE'y ¢ A (ECP., mfy.
If instead we want E"CPz to generate A (ECP g UMf ) 4 A (ECP., , UMf'),
all we have to do is to modify the initial and final color markings,
respectively, as follows: UMo(pc) = UMf(pc) s < (e¢",1) >.

Let us now consider the language family A(EC-CPM). Note that
according to Definition 3.1.1, the labelling function L of any Label-
led EC~CPM must satisfy the following condition:

If Y is a nonempty firing sequence and Yy = &0, then
L(Y) = I.(§)L(0). 1In particular, if y = €1+ Eys then
L(y) = L(ckl)...L(ckm), where L(t:kj) €I, for 1 <3 =m (£ is the
finite label alphabet associated with the respective Labelled EC-CPM).

Let ECPE' and ECPz" be two arbitrary Labelled EC-CPM's and sup-

pose there exists a Labelled EC-CPM ECPZ such that

A(ECP ) = A(ECT’ D)+ A(ECPZH) Let w' = ai...a; and w" = a'i...am
be two nonempty strings in A(ECPZ.) and A(ECPz"), respectively. Hence,

there exists a firing sequence Y = tLICEZ km km in S(UM°) (here

uM° denotes the initial color marking of ECPE) such that
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L{Y) =w' ¥+ ¥ = aiag.. a'a;. Consequently, the prefix
Y' = tilt;l" &m of v, for example, is in S(UM ) as well. There-
fore, L(Y') = alag.. a ig contained in the language AOECP ). This

fact contradicts, however, the assumption that
MECP;) = A(ECPy,) + M(ECPgn) since ajaj... .ar & A(ECP.,) ¥ A(ECPg,,) .
' |

"patterns," more complicated than the perfect shuffle can cer-
tainly be imagined. A more general result will be proved in Theorem
3.3.3.

Let us now investigate the closure of the language families
A(EC-CPM) and AO(EC-CPM) under the ypion operation. If W' and W"
are languages over some finite alphabet I then,

W UW' ={w | weW orwe W or both}

Theorem 3.2.2
A(EC-CPM) and AO(EC-CPM) are closed under union.

Proof: Let us first consider the language family A(EC-CPM).
Let ECPZ, and ECPz" be two arbitrary Labelled EC-CPM's. We construct
a Labelled EC-CPM ECP; such that A@ECPL) = AECP,) U A(ECPg,). The
construct employed is basically the same as that of Theorem 3.2.1,
with the following modifications. In addition to the color c, we
introduce two new distinct colors c¢' and ¢" in the color set C. Next,

for each transition tk’ we set:

[e';1) 1fe e T'

[e";1] if tk e T"
’
Let now E° denote the set of transitions of ECPZ' enabled in the

1 1
H(ack) = H(akc) =

initial color marking UM . For each transition t € E , Wwe add to
EUPZ a transition crs which has the same label, the same input and
output connections as well as the same corresponding color threshold

and color output functions as the transition t;, except for the input
arc from the control place P where H(ac rs) = [¢;1]).

The transitions t;s introduced above are sometimes referred to
in the literature as "start transitioms." A similar comstruct 1s per-

11] "
formed for the transitions in Eo , Where Eo denotes the set of
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transitions of EaPz" enabled in the initial color marking UMO".
Finally, the initial color marking WM° of ECPE' is defined by
UMO(PC) =< (c,1) > and /P UP" = 1° Vv o®', 1In the initial
color marking UMO, due to the color bag of P> the only enabled
transitions are the start tramnsition corresponding to ECPZ, and
ECPEH. The firing of some start transition tjs will change the
color bag of the control place to < (e¢',1) > or < (c",1) > de-

pending on whether t, corresponds to EGPZ' or ECPZ"’ respectively.

By our construct, afin a start transition has fired, E’CPz can exe-
cute a firing sequence in either ECPZ' or ECPZ" (but not both) de-~
pending on the respective start transition. Moreover, no start
transition can fire again along that firing sequence. We can con-
clude that the label sequences generated by E'C'.Pz form the language
A(ECP.,) U A(ECPZH).

The construct presented above is schematically presented in
Figure 3.2.5.

For languages from the family AO(EC-CPM) we can employ the same
construct as above with certain modifications required by the fact
that we have to ensure a unique final color marking for ECPZ.

If tés is a start transition of ECPZ corregponding to ECPZ"
then (in addition to the places in P') we coanect the places of ECPZ",
whose color bags are nonempty in UMd', to t;s as input places. We al-
so connect the places of ECPZ" which contain nonempty color bags in
UMf" to t;s as output places. The input incidence function I of ECPZ
and the color threshold functions of t;S are defined such that when
fired, t;s collects from the places of ECPZ" all the tokens present
in the initial color marking UMO" (thus leading to an intermediate
color marking in which all places of ECPZ" are empty) . The output
incidence function O of EC‘Pz and the output color functions of t;s
are defined such that t;s deposits upon firing the final color marking
UMf" in the places of ECPE"' We have already shown that the firing
of t;s triggers off a firing sequence in ECPZ,, which does not affect
the color marking of ECPZ"' With the alteration described above, the

on
firing of t;s also changes the color marking of ECPz" from UM~ to
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11]
UMf . If the firing sequence started off by t;s 1s a terminal firing

sequence of E(CP.,, then the restriction to P' U P" of the color
marking obtained in ECPZ at the end of that firing sequence is
wt' v,

A similar modification, with respect to ECP.,, 1s performed on
all start transitions of EUPZ corresponding to ECPZ"'

We still have to arrange for a unique final color marking of the
control place P For this purpose, for each transition t, we add

to EZTE a copy of tk‘ denoted by t The transition t

kstop”’ kstop
has exactly the same label, the same input and output connections as

well as the same corresponding color threshold and color output

functions as tk’ except for the control place P.- The transition
tkstop has P. only as an input place, 1i.e. O(tkstop’ pc) = 0.
Obviously, tkstop

tion tk is enabled. Moreover, the firing of tkstop produces the

same color marking change as the firing of ty> with the exception

is enabled exactly when the corresponding transi-

of the place P.’ The firing of tkstop removes the token from P,
and, therefore, leaves all the transitions of ECPz disabled. The

transitions tkstop are sometimes referred to in the literature as

"stop transitions."

Let us now define the final color marking UMf of ECPE by
UMf(pc) = ¢ and UMf/P' UP" = UMf' v UMf". It should be easy to see
that this final color marking can be reached only through the firing
of a stop transition. Hence, for any nonempty firing sequence

0 £ o i
Gtkstop’ w (6t : > M~ if and only if UM {Gtk> UM~ and
uMi/p' U P" = uME' V UM

kstop £
any occurrence of a stop transgition.
f fl UMf"
We conclude that A (ECP;, WM') = A ECPgy, MM ) u Ao(ECPE"’ ).
O

Note that the prefix § cannot contain

Let us now investigate the closure of the language families
A(EC-CPM) and AO(EC-CPH) under the operation of concatenation. If

W' and W" are two languages over a finite alphabet I, then the con-

catenation of W' and W' is the set:
AR A LU {wlwll I w' E W', w' e W'},
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Theorem 3.2.3

A(EC-CPM) and Ao(EC—CPM) are closed under concatenation.

Proof: Let ECPy, and ECPgsn be two arbitrary Labelled EC-CPM's.
We construct a Labelled EC-CPM ECPy, such"that A(ECPZ)=A(ECPZ')A(ECPZ")'
If the final color markings UMf and UM'f of ECPZ, and ECPeys

respectively, are also giyen, then we define a final color marking
M’ of ECP; such that A (ECPy, WM°) = A (ECPy,, ) @epp,, w).
The construct employed here is a simplified yersion of the construct
used in Theorem 3.2.2 in order to show the closure of the language
family A(EC-CPM) under union.

Thus, suppose we have juxtaposed the Labelled EC-CPM's ECPZ.
and ECPgu and let the transitions of ECPE' and ECPE" self-loop on
a common control place P. We introduce two distinct new colors,
¢' and c", in the color set C formed as shown in the proof of

Theorem 3.2.1 (instead of only one new color, c). For each tran-

sition tk:

1 1 [c';1] ift, e T'
Hlag) = Hlag) =

[e"31] if ty € T"

Next, for each transition t; e E%”, let us add to ECPZ a start
transition t;s which has the same label, the same input and output
connections as well as the same corresponding color threshold and
color output functions as t:, except for the control place P.: We
set H(aclrs) = [c';1]. In the case of this construct, it is not

necessary to introduce in ECPE start transitions corresponding to

ECPZ"

The initial color marking M° of ECP_ is defined by
w’(p,) = < (c',1) > and wC/p U P = v o™

The transitions enabled in UM° either belong to ECPZ' or are
start transitions corresponding to ECPz". Let us assume that a tran-—
sition ti of ECPE' is selected to fire in UM°. Then, té starts off
a firing sequence §' in ECPE" which does not alter the color marking
of the places of ECPZ"° At any time, §' can be terminated hy the

firing of some start transition t;s of F g Upon the firing of
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tgs, the color bag of the control place P, becomes < (c",1) >
which leayes all the transitions of ECPb, and the start transitions
corresponding to ECPZ" disabled. The firing of t;s also triggers
off a firing sequence §" in EZTE“, which does not affect the color
marking of ECTE,. We can conclude that each firing sequence y of
ECPz is of the form y = §'§" where §' is a firing sequence of ECP_,
and 8" is a firing sequence of ECP_,. If 18> M'[6"> UM", then
M'/P" = UM and UM'/R' = UM'/P'. Thus, ACECPy) = ACECE,)A(ECPg.).
I1f the final color markings UMf' and UMf" of ECT%. and EZT%", re-
spectively, are also given, then UMf is defined by
UMf(pc) = < (c",1) > and UMf/P' U p" = UMf' v UMf". A firing se-
quence Y = §'8" of EfTE is a terminal firing sequence, i.e.
UMO[Y> UM% if and only if UM9[6'> UM'[8"> IM" where UM'/P' = UMf',
UM"/P" = UMf", i.e. §' and 6" are terminal firing sequences of ECPy,
and ETT%", respectively. Th?fefore, .
A (Bcpy, we) = A_(ECEL,, M’ A (ECPy., 1),

Figure 3.2.6 demonstrates the construct of this proof.

a

Before showing the closure of the language families A(EC-CPM) and
AO(EC-CPM) under the operation of intersection, we introduce a lemma.

Let ECP. be a Labelled EC-CPM and let uM° and UMf be its initial

z
and final color marking, respectively. Let us assume that |Z| >1

and suppose d is a label in Z. Let ECPE’ denote the Labelled EC~CPM
obtained by removing from ECPZ all transitions labelled d (' = I-{d]).

Then:

Lemma 3.2.1
AECPy,) € MECP;) and A_(ECP;,, W") < A (ECPy, U').

Proof: The proof is by induction. Obviously, E° ¢ E°. Ac-
cording to Definition 2.5.4, all enabled tramsitions of an EC-CPM
have the same priority to fire. Consequently, if v € S'(UMO) is a
firing sequence of length 1, then Y € S(UMO). Let us now assume that
if vy e S'(UMO) is a firing sequence of length k, k > 1, then
Y E S(UMO). But 1f UMO[Y> UMi, then Eiig Ei. By the same argument as
aobve, if tr € Ei'is gselected to fire in ECPZ,, then tr can be fired
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in ECPX, as well. Hence, all firing sequences of length k+ 1 from
s'(uM°) are in s(m®). We can conclude that §'(M°) < s(uM®) and,
in particular, T' (UM , UM ).E T(UM , UM ).

It is interesting to mention the following fact. It is un-
decidable whether the removal of a transition changes the language
generated by a Generalized Petri Net (Theorem 8.4 [HACK~75]). On
the other hand, it should be obvious that A(GPN) < A(EC-CPM) and
A (GEN) < A (EC-CPM) Hence, it is undecidable whether A(E(Py,) and
A (ECPZ,, UM ) are in fact proper subsets of A(ECP ) and A (ECPZ, UM )

O

Let us now consider the operation of intersection. If W' and W"

respectively.

are languages over some finite alphabet I, then
WNW ={w]weWw and w e W'}

ransitions
Transition§ of ECPZ"
Of ECPZ' : \
‘ i
! |
N I\
, :Start
i |Transitions
! |of ECPy.,,
»
ECPZH

Figure 3.2.6

Construct for the Operation of Concatenation



71

Theorem 3.2.4

A(EC-CPM) and Ao(EC-CBM) are closed under intersection.

Proof: Let us first consider the language family A(EC-CPM).
Let ECP;, and ECPy, be two Labelled EC~CPM's and suppose
W= aja,...a is a string in A(ECP.,) N A(ECP ") Consequently,
there exist the firing squences Y' = tkl k2...tkm and
Y"' = tﬁlt§2"'t;m in S(M®') and s(uM° ), respectively, such that
L'(y") = L"(Y") = w. Obviously, [y'| = |y"| and
L'(tij) L"(t;j) = aj, for 1 = j = m.

Our construct is based on the above remarks. We define a
Labelled EC~-CPM ECPZ such that A(ECP ) = A(ECP DN A(ECPZ") 1f
c' = ({ci,...,c , c , cM} =') and C" = ({cl,...,cp, c" o CM <"
then C = (X, <) where X = {cl -esc) '} u {cl,...,c"} U {cm, cM}
and the partial ordering < satisfies the conditions (I) and (II)
given in Section 2.5. U(C) is the color set associated with ECPZ.

The Labelled EC-CPM ECPZ preserves the places of both ECPZ.
and ECPZH, i.e. P = P' U P" (again, we assume that P' N1 P" = ¢).
In addition, we combine the transitions of ECPZ, and ECPz" in such
a way that ECPz is forced to perform only firing sequences whose
corresponding label sequences are common to A(ECPZ,) and A(ECPz").
Let té and t; be two transitions of ECPZ' and ECPZ"’ respectively,
such that L'(té) = L"(t;). We introduce for this pair of transitions
one tramnsition, let us denote it by tkr’ in ECPZ' The transition
ckr has the input and output comnections of both té and t: as well
as the same corresponding color threshold and color output functions.
Moreover, tyr is assigned the common label of both té and t;.
Figure 3.2.8 exhibits the transition e obtained from the sample
transitions té and t; of Figure 3.2.7. The transition Cr is enabled
exactly when both té and t; are enabled and its firing has the com-
bined effect of the firings of tﬂ and t: (or, the effect produced by
the simultaneous firing of ti and t;). This construct 1is performed for
each pair of identically labelled transitions from ECPZ' and ECPZH,
respectively. Based on Lemma 3.2.1, transitions which carry labels

not in L' N I" are eliminated since they cannot possibly participate
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in the generation of label sequences in A(E'C?z,) n A(ECPE,.)
Finally, the initial color marking n° of IZ’C'I-"Z is defined hy
° . UM V UMO". The complete construct is presented in Figure
3.2.10 for the sample Labelled EC-CPM's of Figure 3.2.9 and 3.2.1
We can see that A(E’CPZ.) N A(E’C‘Pz.,) < A(E’CPZ) . We now show
that it is not a proper subset. It is easy to see that
R(M%) c R'(M°') 7 R(UM"). Let uM" € E(M®) and let £y EL.
Then, by our construct, there exist the transitions tl'c in E'C'Pz.
and t:" in ECP.... such t:hat: L(t ) L' (t: ) = L"(t"), tk is enabled
in t:he color marking 18 /P' of ECPZ. and t" is enabled in the color
marking UM /P" of EC‘PZ,,(recall that E(UM ) C R(UM ) by Definition
2.3.12). Therefore, the composite net does not generate any new
label sequences. Hence, A(ECP ) = A(E‘C? o n A(ECPZ..)
The above construct applies to the language family A (EC-CPM),
as well. 1If U'Mf UMf' v UMf" then
A (ECP;, ') = A (BCPy,, wt') n A (ECPL., wt ).

O

rt

(h",g")

w

h" 8’4) (h3i83 (h'z':g'z'

"
n

Figure 3.2.7
Sample Transitions
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Figure 3.2.10

Construct for the Intersection Operation

Let us now proceed to investigate the closure of the language
family AO(EC-CPM) under indefinite concatenation. First, we pre-
sent a few introductory remarks.

Let ECPZ be a Labelled EC-CPM in some colorimarking UMi.
Suppose tk is a transition of ECPz enabled in UM . According to
the definitions given in Section 2.5 (especially because of the fact
that the relation RE is used in the selection of enabling colors),

if UMi[t:k>‘UMj then the color marking UM:l is uniquely determined by

UMi and tk.

Suppose now that we are given a fixed color marking UMj and

suppose there exists a color marking UMi such that UMi[tk> UMj.
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Let U'Mi- denote the inteérmediate color marking obtained after tk
has removed its enabling tokens in UMi but before 1:k has deposited

its output tokens (see Definition 2.3.2).

Lemma 3,2,2
The intermediate color marking UMi- is uniquely determined by

UMj and t, .
k -
Proof: We give a procedure for obt:aining UM’i . Let P, be a
place of E’C’Pz. If O(tk, p ) = 0, then U = U:l Let us assume that
O(tk, p ) = m, m> 0. Consequently, there are m output ares,

seves , from £, to p . Obviously, we must have
ak ak k

Z #(up, U‘l) =n>n
u e g

If m = n, then U:_- = ¢. Let us then suppose that n > m, i.e.

Ui- # ¢. We consider the following possible cases:

1. H(a.ir) = [cs; zs] for all s, 1 = s = m, where z £ Z+.

Consequently,

U*1=U1-U<(c,z)|lSsSm>

Thus, the color bag Ui is obtained by removing the output tokens of

fromU:l
U1-=Uj—<(c z) | Lsssm>
r r s’ s =T

2. H(air) = [cs; g.2.b. + mS] for all s, 1 £ 8 < m, where
m £ 2°. Then
° Uj=-Ui-U<( zb(QZz(Ui'))+m)]1<s<m>

r c ’8. + U r s - -—

Since m 0 for 1 £ 3 £ m, we have

g.2.b. <.,@2(ui ) = gkeb. (@l = x
Hence,

i- = j - rt

U, UL <(cs,\+ms)|lgsgm>

3. H(a:r) = [cs; L.u.b. + ms] for all s, 1 £ s = m, where

ms € Zo. Then!
i i 2, i- e
vl = U7 U< (e, L.u.b. (P w,))) + m) | 1<s<m>

Let K'" = ma:rc{m5 | 1 =s =m}. Since m_ 20, we must have:
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-

b @) = k7 = Lo @P ) +
Hence,

b, @) = k" -k =N
and U =Uj-<(c,M+m)|l <ss m>

4. The color output functions H(ak ), 1 =8 =m, are a combina-
tion of the three cases examined above. Note that the colors of the
output tokens in the case 1 above do not depend on the color bag Ui—.
Thus, these tokens can immediately be identified in the color bag
Ui. Let Ui' denote the color bag obtained by removing from Ui
the colors of all tokens corresponding to arcs of type 1. The colors
of the output tokens corresponding to arcs of type 2 are determined
as shown above using Uj' instead of U"l i.e. taking
K' = g.2.b. (EZ#(Uj ). Let Uj" denote the color bag obtained by
removing from Uj the colors of all tokens corresponding to arcs of
type 2. Then, che colors of the tokens corresponding to arcs of
type 3 are determined as shown above using Uj instead of Uj, i.e.
taking M = L.u.b. (QDZCUj )) = K". A little consideracion wIll show
that the color bag obtained by removing from Uj the colors of all
tokens corresponding to arcs of type 3 is U:.

O

We note that given an arbitrary color marking UMJ and a tran-

sition t, of ECP

i- k z j
UM~ which generates UM~ after t

there may not exist any intermediate color marking
K has deposited its output tokens.
Not only must the procedure of Lemma 3.2.2 be applicable to the

transition t. and the color marking UMj but the following two

k
conditions must be satisfied by the resulting color bag Ui and

the intermediate color bags Uj and Uj , for all places P, € P:

1. %.u.b. (@zcu-'i - K" 2 g.8.b. (@z(uj ).
2. g.2.5.(D? (uE )) = g.&.b. (@2(Uj ) and
b (DA = owb. (P cuj )) - K".

Note also that even though UM is unique, there may exist none or
i
one or more than one color markings UM~ which generate the same inter-

mediate color marking UMi— after tk has removed its enabling tokens.
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If one or more such color markings UMi exist, one passible color
marking UMi can be constructed from UMi- using the following
method. Let P, be a place of EGPE. If I(pr, tk) = 0, then

Ui = Ui—. Suppose now that I(p tk) = m, m > 0, and that

s . 8 = -
H(a ) [cs, 25], 2 E Z for 1 g =v, H(ark) [cs, g.%.b. + ms],

o < § = . -
m E Zo for v+ 1 <s =v+ w and H(ark) [cs, L.u.b. ms],
m_ eZ, forv+w+l =8 =m Let:
L
U: = U1 U< (c y 2 ) , l=s v >

and let Lo = g.4%.b. GQDZ(U )),
Hi = %.u.b @z(u ))

Let us also introduce the notations
K' = max{mB | v+ 1<s=sv+w}

and K" = max{mS | v+w+1=3s <m}

Then, 1if:
i. K' = Hi - Lo and K" = HL - Lo, then
l
Ui’_-UiU<(c8, Lo+m8)lv+1~_=35v+w>

U<(cs,Hi-ms),v+w+lSSSm>
ii. K" < Hi - Lo but K' > Hi - Lo, then
U =U:'U<(cs, Lo+ms)|v+1585v+w>
U< (cs, Lo + K'= ms) | viw+ls<s<m>
i1i. K' = Hi - Lo but K" > Hi - Lo. Note that if K" = Hi, then
there does not exist any color marking UMi which produces the given
intermediate color marking UMi- after tk has removed its enabling
tokens. If Hi - Lo < K" < Hi,
Ui-uli_ U< (e, HL - K" + m ) | v+lss=v+w>
U< (e, Hi-ms)|v+w+lSsSm>
iv. K' > HiL - Lo and K" > HL - Lo. If K' 2 K", then
Ui = Ui' VRS (cs, Lo + ms) | vedlss = v+w>

r
U< (cs, Lo + K'- ms) | v+w+l=s=mn>

If R" > K' and K" = Hi then again there does not exist any color
marking UMi which generates the given intermediate color marking UM -
after t. has removed its enabling tokens. If Hi > K" > K', then

Ui‘=Ui'U<(cs,Hi-K"+mS)|v+1585v+w>

U< (cs, Hi - ms) | v+w+lss=sm>
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This contruct is applied to all places P, of EGPZ. The method
can certainly be particularized for the case when one or two of the
categories of color threshqld functions considered aboyve is missing.
It should be clear that tk isienabled in UMi and thit the given
intermediate color marking UM~ 1is obtained from UM~ after tk Te-
moves 1ts enabling tokens. Hence, UMi[tk > UMj.

We conclude this discussion with the remark that even if a
color marking UMi can be formed using the above methods that does
not mean that UMi is a reachable color marking of ECPZ.

The results presented above are important in the following
perspective. Suppose we are given a fixed color marking of ECP,,
gsay the final color marking UMf Let €y be a transition of “CPZ for
which we have determined that there exists at least one color marking
UMi such that U'Mi[tk
color marking UMi- which augmented with the output tokens of tk

> UMf and, hence, there exists an intermediate

produces the given color marking UMf. Thus, tk is one of the transi-
tions which may fire last in a terminal firing sequence of ECPZ.
Suppose now that we want to construct a Labelled EC-CPM ECPE, whose
final color marking is UMf' where for each place P, of ECP' (p =9,
and which generates the same language in AO(EC-CPM) as ECP (UMf
will also be referred to as the 'zero marking"). This can be ac-
complished by means of the following construct.

First, we introduce a new color, c, and a new place p, on which
all transitions of ECPZ self-loop. For each transition tq, let
H(aiq) = H(aic) = [c3;1]. The introduction of the control place P.
does not modify the Ao-language of ECPZ.

Next, we add to E’C‘Pz a copy of £, where £ is a possible "last"
transition, denoted by tkstop' The transition tkstop will have
the same label, the same input connections and the same corresponding
color threshold functions as ck. On the other hand, for each place P,
of ECPZ,
we connect as input places to tk to all places P, of Ef?z for

including the control place P.s O(tk, pr) = 0., In addition

which UM (p ) ¥ ¢. The input incidence function of ECPZ and the
corresponding color threshold functions are defined such that tkstop

i_
removes from each such place P, the color bag Ur upon firing. Thus,
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if (c, q) is a color in U:- then there exists an input arc

] s
a kstop such that H(ar ksto ) = [e; ql.
In any color marking in whick tkstop is enabled the bag of
enabling colors of tkstopifrom the input E}ace P, is
Br kstop= erk v Ur

where B:k is the bag of enabling colors of t from the input place
p.. Hence, tks ig enabled in UMi only if t, is enabled in UMi.
r top k £

Moreover, UM [tkstop >,UMf' if and only if UMi[tk > M.
Suppose now that this construct is performed for all transitions

£ of ECPE which can lead to the final color marking UMf. Let ECP&

be the resulting Labelled EC-CPM. Then, Ao(ECPE’ UMf) = AO(ECP', UM

1]
Note that in the color marking UMf , all transitions, including the

f').

stop transitions, are disabled. Moreover, only the firing of a stop
transition can lead to the color marking UMf' since only stop transi-
tions remove but do not restore the token in the control place P,
The type of stop transitions described here is employed in the
construct to be presented next in connection with the operation of
indefinite concatenation (+).
Let W be a language over some finite alphabet I. The indefinite

concatenation of W is defined to be the set:

o0
wh -k\,) wt
i=1
where
i

W = {wlwz...wi | vy € W,1=<js=s1}

Theorem 3.2.5

The language family AO(EC-CPM) is closed under indefinite con-
catenation.

Progf: Let ECPE = (ECP, L, L) be a Labelled EC~-CPM, where
ECP = (CN, UM®), CN = (N, U(C), H) and N = (T, P, I, 0). Let UM® be
the final color marking of ECPZ. Then

£.1 £

A (ECBL, W)™ = {LGyILCY,) .- L(Y,) | Y, € T, M), L =4 < 1}

= L, wh
Hence, Ao(ECPZ’ UMf)+ = L(T(UMC, UMf)+)
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Our construct implements this definition. Let us first pre—
sent a few language preserving transformations on ECPZ. Suppose

we add to ECPz a copy of each place pj € P, denoted by pjj' We

shall refer to p,, as to the "counter place corresponding to pj.'

13

Let P' denote the set of all such counter places; obviously,
|p| = |p

colors, denoted by c, ¢' and c¢", respectively. The initial color

. Next, let us introduce in the color set C three new

]
marking °  of the resulting net is defined by:

w®'/p = w®
of MO(P )
UM (pjj) = < (c,1),(",2) j’ > for all places pjj e P'.,
For each transition ty and all places pjj £ P', we set:
s ", < <
H(ajj k) [e";2] for all s, 1 =8 = I(pjj’ tk)
H(aksjj) = [c";2] for all s, 1 =38 < O(tk, pjj)

The counter place pjj is meant to keep a count of the number of
tokens present in the corresponding original place pj' The input
and output connections of each transition tk to the places in P' are
defined such that the effect of the firing of tk on the color marking
of each counter place pjj reflects the marking change produced by the
firing of tk

Suppose t, 1is a transition enabled in the initial color marking

k )
uM®  and UMO'[tk> UMl . Thgn, for all places pjj EP',
1

UMl (p.,) = < (c,1), (c",2) i, where

on the corresponding place pj € P.

33
or
nj =M (ij) -1- I(ijo tk) + O(tk’ ij)

o1 ) ol
M (pj) I(pj K’ pj) M (pj)

Suppose now that for each firing sequence y of length m, m > 1,
t

where UM?'[Y> UMi s 40
ot (pjj) = < (c,l),(c",Z)M (pj) > for all places'pjj g P'.

Let tk be a transition enabled in the color marking UM and suppose
1] 1)
UMi [tk> UMi+1 . Then, by the same argument as above,
i+l 1 i+l '

M (pij) = < (c,l),(c",Z)M (pj) > for all places pjj € P',

, tk) + 0(t
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]
We can conclude that if W 1is a reachable color marking of the

modified net, then .
r! v oM (2,
™ (.ij) = 5 (e,1), (c",2) j7 > far all places Pyj e P'.

t 1
obyiously, UM 0y = < (es1) > 4 and only if i @) = ¢
K be a transition of the original Labelled EC-CPM
E'CPZ, enabled in the initial color marking 1) o Then, for each

Let now t

lace € P'
P ij

" o!
#((c",2), U.'ij 5 3

¥
Since UMO /P = UMO and since the transitions of the modified net

o > =
) = M (P ) = I(P ’ tk) I(ij’ tk)

are connected to the places in P exactly the same way as the tran-
sitions of the original net, tk is also'enabled in UMO' . Moreover,
1€ o(c,> WM in ECP; and UM’ [t,> UM’ 1in the modified met, then
wt /e = ol

Suppose now that for each firing sequence Y of length m, m > 1,
if Y can be executed in E’C’Pz, then Y can also be executed in the

modified net. Suppose also that 1if ° [v> UI'I"L in E’C’Pz, then in the
1]

1 '
modified net UM’ [y> UM:L s where UMi /P = UMi. Let £, be a transi-
tion of EC‘PZ enabled in the color marking UMi. According to our

previous result, for all places pjj € P’

i'

i3
1

By the same argument as above, t. 1s enabled in UMi and if

[} k [
UMi[tk> o ECP, and et [t,> oM™ in the modified net, then

i+l e = ot
We can conclude that if y is a firing sequence of E'C'Pz, then v

H(e",2), b = M () =t p,) 2 TGy, £) = LRy s )

can be executed in the modified net as well. Moreover, if
UMO[Y> UM:j in E'C'Pz and UMO' [y> v ' in the modified net, then
UMj'/P = UMj.
Using a similar induction argument, one can show that if vy is a
firing sequence executed by the modified net and UMO' [vy> UMj ' , then
Y can be performed by the original net E’CI.“.'-’z as well and ‘
UMo[Y> UMj where UMj is the restriction of the color marking UMj to P.
Let us define the final color marking UMf' of the modified net

by:
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UMf'/P = mf
e .

and for all places Pyy € P', UM (p ) = < (c,1),(",2
From the ahoye discussion, we conclude that UM Iy> UMf in ECPZ if
and only if e’ [Y> UM ‘in the modified net.

Suppose now that tk ig a transition of the modified net for
1 1 fl

which there exists a color marking UMi such that UMi Itk> ™

(note that t, is a "last" transition of the modified net if and only

if ¢, 1is a "last" transition of the original Labelled EC-CPM ECPZ).

For each such transition tk’ we add to the modified net a distinct

stop transition t of the type discussed in connection with

kstop
Lemma 3.2.2. For the purpose of this proof, we alter, however, the

transitions tkstop as follows. Each stop transition removes from

the places in P' only the tokens of color (c'",2) but not the (single)

token of color (c,1). Let then UMf be the color marking defined by:

1"
UMf (pj) = ¢ for all places pj e P

£" '
UM (pjj) < (¢,1) > for all places pjj EP

Consequently, if &tk is a firing sequence such that uM° [6t > UMf ,
fll

then UMO'[Gt > . If, however, UMj is some color marking
kstop £

1
such that UMj [tk> UMr , mt # oM , and tkstop
1
also fire in UMj » then the firing of tkstop in UM?' does not lead
1"
to the color marking UMf . In particular, there exists a place

can

pjj € P' which will contain tokens of color (c¢",2) after the firing
1

of tkscap' Thus, the color marking UMf can be obtained only if

tkstop fires in a "proper" pre-final color marking.

Let us now introduce a new place P, on which all transitions,
including the stop transitiomns, self-loop. For any transition tq,
let:

1, ',

H(acq) (c';1]

fe';l) if tq is not a stop transition

H(al ) =

Qe [e;l] if tq is a stop transition
Initially, P contains a single token of color (c',1). Let also
"t
UMf be the color marking defined by:
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fll )
M /PUP' =UM

™ "‘(_pc) = < (csl) >

Note that the color marking UM can be reached only after the

. s
firing of a stop tramsition. Moreover, in UMf all transitions,

fll

including the stop transitions, are disabled (due to the color bag
of the control place).

Let us now consider the set of transitions of the original
Labelled EC-CPM ECPz enabled in the initial color marking UMO, i.e.
the set E®. For each transition tr £ E°, we add to the modified net
a distinct start transition tr which carries the same label as

start’
t . We set:

r
I(pj, t ) = 0 for all places pj eP

rstart

) =1 for all places pjj € P' and

trstart

) = [c¢; L.u.b.]

I(ijn

1
H(ajj rstart

1
I(pc’ trstart) 1 and H(ac rstart) [e;1]

The control place P, is used to ensure that the firing of a
stop transition can be followed only by the firing of a start
transition. Note also that any start transition is enabled, and,
therefore, firable, if ﬁ?d only if the current color marking of

the modified net is UMf . Thus, t
rstart
the stop transition preceding it has fired in a "proper" pre-final

can fire if and only if

color marking; otherwise, there exist places p € P' which contain

33

tokens of color (¢',2) in which case all start transitions are

disabled.

Let us now define the output connections and the corresponding
output color functions of the start transitions. 1If UMo[tr> UMl in
ECPZ, then the color marking UMl is uniquely determined by m° and

tr. Consequently, the output connections of the corresponding start

transition tzstart are defined such that trstart deposits u;?n
firing in the places of the modified net the color marking UM~ , where
]
et /P = e

1 Ml(p )
UM (pjj) = < (c,1),(c",2) 37 > for all places Pyy E P'.
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() = < (e',1) >

Thus, the firing of trstart triggers off a (terminal) firing

sequence of the modified net. A similar comstruct is performed for
each start transition.

Note that due to the color bag of the control place P> all
start transitions are disabled after the firing of either one of them.

We can now explain how the modified net generates the language
Ao(ECPZ’ UMf)+. Let us denote by ECPE the Labelled EC-CPM obtained
as the result of applying the modifications presented above to the
original Labelled EC-CPM ECDZ. Let UM°° be the initial color marking

of ECP!

g where:

™%/ U P = 0M®
UM°°(pc) =< (c',1) >

(note that the start transitions are disabled in the color marking

tM°°). The final color marking UMff of ECP% is defined by:

L]
ot upt =
w i) = < (') >

nEf 4 M since vM° # wM, by definition.
Let us first assume that there are no terminal firing sequences

of the original Labelled EC-CPM E'C‘Pz of length 1, i.e. there does mnot

exist any transition tr € E° such that UMo[tr> UMf. Let Y be a

firing séquence of ECPZ. According to our induction argument,

°[y> W' in BCP, if and only 1f UM’°[y> w'f in ECPL (note that
the presence of the control place P. does not affect the respective
argument). Consider now a composite firing sequence Y € T(UMO, UMf)+:

L L
o f
where UM [trjsjtkj> UM for all j, 1 =j =m.

According to our previous discussion, there exists the firing sequence
y' of ECTE:

lllt

' =
Y trléltklstop rm-lstartdm-ltkm-lstoptrmstartdmtkm

and WO°[y'> UMEF.  Hence, L(Y) € A_(ECPy, .
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We note that any terminal firing sequence of ECPé cannot
start with the firing of a start transition or of a stop transi=
tion. Moreover, the firing of a start transition or of a stop
transition cannot lead to the final color marking UMff. Consequently,

any terminal firing sequence of ECP& which contalng start and stop

trangitions must be of the form:

. 5
§ tr1 1tklstoptr25tart62tk23top'"trm-lstart6m~l

tkm—lstoptrmstartamtkm
where the start and stop transitions appear explicitly. Since it is

assumed that UM °[6'> UMff, we must have:

fl"

oo
M [trléltklstop> UM

UMEHO [t

>
rjstartdj:kjstop
fll' f
R [trmstartGmtkm> UMf
Consequently, there exist the terminal firing sequences of E'CPz
+
15jSm Therefore, L'(8') € A (ECP, w7’

11t
UMf for all j, 1 <j <m

trjéjtkj’
We can conclude that Ao(ECPZ' UMf)+ = AO(ECP', M ).
Suppose now that there exists a transition tr of the original
Labelled EC~-CPM E’C‘Pz such that UMo[tr> UMf. This case can easily be

f£

taken care of in our construct, as follows. The Labelled EC-CPM

L
ECPE rstart

transition t corresponding to t_. We add to ECP! yet another
rstop r z

start transition corresponding to tr’ denoted by trs' The transition

already contains a start transition ¢ and a stop

t is assigned the same label as tr' We set:
rs

I(p trs) = 0(tr s pj) = 0 for all places pj £ P

3’ 8
i3’

1 . 1 - ]
and H(ajj rs) = [¢; L.u.b.], H(ars jj) [e;1]

1]
I(p trs) O(trs’ pjj) 1 for all places pjj € P

I(pca trs) = O(Crs! Pc) =1

and H(aclrs) a H(arslc) = [c;1]

Clearly, €g is enabled only in the color marking UM .
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1t iy
Moreover, UMf [t > UMf . This consatruct is performed for all

transitions such as t . As an example of the use of the transition

trs’ consider the following firing sequences in T(UM UM )

t

Llh
r161 kl

L_JL_______J

tcSt L eee & S t

l..__.JL—'L_.l u_.sL._..__k‘.“_i

... £ 6 ¢t t U
|_m_1_<m_n_.! :_u__n

... £t 6.t oo t t bt
ijj,L_.J LI XL kJijij

(above, the individual firing sequences in T(uM°, UMf) are bracketed).

These firing sequences are simulated in our construct by:

t
L

8 .
frstog,trlstart lcklstop.

t 6t t t ees t t §t
L Kstop., IS, IS LISy, rmstart m kmstop
R S t t t e

L_rmst:art m kmstop“_rs,lrs, .trs,frstart,

..t l-.t o0
‘rjstart j kjstop” rs, ,rs,,trst:art&kstop,.trjst:art(sjtkjstopJ

O

Note that if in the construct of Theorem 3.2.5 we set
e = UMff - UMf"', then clearly AO(ECP', UMf"') = Ao(ECPZ’ UMf)*
(* denotes the Kleene Star). Note, however, that the empty firing
sequence is now a terminal firing sequence of the Labelled EC-CPM

ECP& which is not permitted by the strict definition of the

language family AQ(EC-CPM).

Section 3.3 CLOS P -
In this section we investigate the closure properties of the

family of terminal computation sequence sets of the EC-CEM under
various substitution and transducer mappings. Let us first prove

the following result we shall make use of later in this section:

Theorem 3.3.1
Any M-free context~free language is in AO(EC-CPM).
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Broof: Let W be a A-free context-—free language, l.e. A £ W.
By Theorem 4.6 of [HOPC-69], there exists a context-free grammar
G = (VN, o P, S) in Greibach normal form which generates W.
Here, VN denotes the set of variables, VT denotes the set of terminal
symbols, P denotes the set of productions and S denotes the start
symbol of the grammar G. Even though we use the same notation, P,
for the set of productions of a grammar and for the set of places of
a GPN, the distinction will be clear from the context. Since G is
in Greibach normal form, each production in P is of the form A + aa
where A € VN’ ae VT and o € VN*. We construct a Labelled EC-CPM
E'CPZ = (ECP, £, L) and a final color marking UMf of E'C'Pz such that
A (ECP;, UM') = W. Lét ECP = (CN, UM®) where CN = (N, U(C), H)
and N = (T, P, I, 0).

Let us first form the set of colors C = (X, =<). Suppose
v, = {a

N l"i.’
a distinct color cj, 1l =3<n. Thus,

An}. For each distinct variable A, we introduce in X

]

C= ({cl,...,cn, o’ cM]', <) where the partial ordering < satisfies
the conditions (I) and (II) given in Section 2.5. The extension U(C)
is the color set associated with EC’PZ.

Next, let us construct the GPN N and the mapping H. N will have
only one place, let us denote it by P,- For each production
Aj - aaj of G, we introduce a distinct transition t:k in T. For
1
each such transition tk’ I(ps, t:k) 1l and H(ask) [cj,ﬂ..u.b.]
(c, is the color introduced for the wvariable A_j)' 1f OLj = A, then

h|
O(tk, ps) = 0, otherwise, O(tk’ ps) = Iajl. Let us assume that

aj = Ajl"'Ajr’ r > 0. Consequently, there are r output arcs from
i .
t:k to p_ and H(aks) [cji,ﬂ..u.b. + q] where cji denotes the color

introduced for the variable Aji’ l<i=<r,andq=1r-141+1.

We set £ = VT and define the labelling function L by L(tk) = a
where a is the terminal symbol appearing in the production Aj - aaj
for which the transition tx has been created.

The initial color marking M° 1s defined by UMo(pS) = < (cs,l) >

where cs is the color introduced for the variable S. The final color

marking is given by UMf(ps) = ¢.
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This construct is examplified in Figure 3.3.1 for the context-
free language {WWR | WE {a,b}+}.

A stralghtforward induction argument will show that
Y € T(UHO, UMf) if and only 1if there exigts a leftmost derivation
of L(y) in G. Consequently, AO(ECPZ’ UMf) = W. 0

Let us assume that the context-free grammar G above does not
contain variables from which no terminal string can be derived.
According to Theorem 4.2 of [HOPC-69] this can always be arranged
for a context-free grammar (without affecting the requirement that
G be in Greibach normal form). Note also that the Labelled EC-CPM
ECPz produced by the construct of Theorem 3.3.1 actually simulates
leftmost derivations in G. Each terminal firing sequence of E‘C’.Pz
leaves the place Py empty so that the respective firing sequence

cannot be continued. Some thought will show that

%*

*
A(ECPZ) = PREF(W) = {w' [ w' g VT and there exists w" € VT

such that w'w" ¢ W}

Letqgfﬁr denote the family of context-free languages and

PREF(@&F) = {PREF(W) | W ¢ @F}

In connection with Theorem 3.3.1, we obtain:

Corollary 1:
PREF(% ) < A(EC-CPM).

Let A and I be finite alphabets. A substitution 8 1s a mapping

*
from A onto subsets of £ . Thus, the mapping 8 associates with each

symbol of A a language over the alphabet I. We proceed now to in-
vestigate the closure of the language family AO(EC-CPM) under various

types of substitution mappings.

Theorem 3.3.2
AO(EC-CPM) is closed under substitution.
Proof: Let W be an arbitrary language in Ao(EC-CPM) over some

alphabet A. Let 8 be a substitution mapping such that for each
aymbol a € A, 8(a) € AO(EC—CPM). We show that s(W) € AO(EC—CPM).
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[cz;l.u.b.+l]
[cl;Z.u.b.+2]

t [cz;l.u.b.+l]

]
a
:2 [cl;z.u.b.]
/ 2.

[cl;l.u.b.]

g :
[cl;L.u.b.] o [c,3%-u.b.]
—1
[cl;l.u.b.+2] EQ c3;2.u.b.+1]
b -

[c3;2.u.b.+l]

W {wwt | we {a,b}}

P: A > ah A, (tl) A > bA3 (ta)
Al + bAlA3 (cz) Az + a (ts)
Al -+ aA2 (t3) A3 +b (t6)
A, 1s the start symbol

1

Figure 3.3.1
Sample Labelled EC~CPM Generating a Context-Free Language
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Let ECPA be a Labelled EC-CPM and let UMZ be the final color
marking of ECPA such that AOCECPA, UMg) = W. For simplicity,
suppose that g(b) = {b} For all b € A, except for a distinguished
symbol a € A for which s8(a) is an arbitrary language in AOCEC-CPM),
not necessarily a singleton set. Suppose also that ECPA contains
only one transition, let us denote it by ta’ which has the label a.
At the end of this proof we remove these constraints and extend our
construct for the general case.

Let now ECPz be a Labelled EC-CPM and let UMf be the final color
marking of ECPZ. Let 8(a) = Ao(EGPZ’ UMf).

Suppose we perform on ECPZ the construct of Theorem 3.2.5. Let
ECPi denote the resulting Labelled EC~-CPM. If we define the initial
color marking uM°° and the final color marking UMff of ECPE by
= o f = ™, chen A _(ECPp, wiff) = A (EcP, W), Here,
UM " has the same meaning as in the proof of Theorem 3.2.5 (in the
remainder of this proof the notational conventions regarding the
places, transitions and color markings of E’C‘Pz and ECPé are those
employed in the proof of Theorem 3.2.3).

Let us now compose the Labelled EC-CPM's ECPA and ECP% in order
to obtain a Labelled EC-CPM which generates g(W) as an Ao-language.
First, we eliminate the transition ta from ECPA. Next, we let all
remaining transitions of ECPA self-loop on the control place P,

of ECP.. For each such transition tq we set:!

b
Hlag)) = H(ag) = [c31)

Let us denote by P" the set of places of ECP,, by P the set of
places of the original Labelled EC-CPM ECPE and by P' the set of

counter places introduced in ECP% . We connect each start transition

of ECPé

Consequently, a start transition of ECPE is enabled if and only if

to the places in P" the same way as t, was connected.

the places in P" contain a color marking in which t, would have been

enabled and the places in P U P' U {pc} contain the color marking
ne

UMf . Also, the firing of a start transition has the same effect

with respect to the places in P" as a firing of L,
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Let ECP,. be the Labelled EC-CPM obtained by interconnecting

A
ECPA and ECP% as shown above. The initial color marking UMZz
of E‘CPAz is defined by:
S /P" = tM (UM is the initial color marking of ECP,)
AZ A STA g A
o , L
UMAZIPUP U{pc} 11

The final color marking UMiz of E'C'PAZ is given by:

UMf /" = UMA
' { } f'll
UMAZ/P ue' U f{p }t=u .

Note that UMZz ¢ UMiz since UMZ # UMZ, by definition.

Since UMZz(pc) = < (c,1) > the transitions enabled in the initial
color marking UMZZ can be transitions of ECPA and/or start transitioms
of ECP&.
this color bag of the control place P. Only the firing of a start

The firing of any transition corresponding to ECPA preserves

transition of ECP& can change the color bag of P, to < (e',1) >

in which case all transitions corresponding to ECPA and the start
transitions of ECP& are disabled. At the same time the firing of the
respective start transition triggers off a firing sequence in ECPé.
Thus, a substitution firing sequence cannot be interrupted by firings
of transitions from ECPA. Only the firing of a stop tramsition of
ECPé
and thus eventually reenable the transitions of EGPA. If the stop

transition fires in a "proper" pre-final color marking, then the

will restore the token of color (c,l) in the control place P,

restriction of the color marking obtained upon its firing to
PUP U {pc} is UMf"'. In this case, the Labelled EC-CPM ECP& can
be reused to generate subsequent substitution firing sequences.
Otherwise, the start transitions of ECPé cannot become enabled again
ané therefore, ECP& cannot be restarted along the respective firing
sequence of ECPAZ lioreover, that firing sequence cannot leaa to
the final color marking it f since et /P ue'u {p } = f .

Suppose now tuat tie Labeiled EC-CPM ECP, contains m transitions,
»E vhich carry the same label a. In this case we have to

| S
al’
grovide the substitution Lobellecd EC-CPI ECPE with a separate set of
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start transitions corresponding to each such transition taj’

1 = 3j =m. Each set of start transitions is connected to the places
inPUP' U {pc}.as shown. in the proof of Theorem 3.2.5. 1In
addition, the.start transitions corresponding to taj’ 1=4=m,

are connected to the places in P" the same way as taj'

The construct described above is applied for each symbol in 4.

O

A substitution mapping 8 on A is called a substitution with A-free

context-free languages if for all symbols a € &, 8(a) is a A-free con-

text—free language., Similarly, the substitution mapping 8 is called
a substitution with A-free regular languages if g(a) is a A-free

regular language for all a € &. Obviously, substitution with A-free
regular languages is a particular case of substitution with A-free

contexXt-free languages.

A substitution mapping & is called a non-erasing homomerphism if
for all a € A, g(a) is a singleton set containing a2 nonempty, finite-
length string. Clearly, a non-erasing homomorphism 1s a special case
of substitution with A-free regular languages.

From Theorems 3.3.1 and 3.3.2 we immediately have:

Corollary 1
AO(EC-CPM) is closed under substitution with A-free context-free

languages, A-free regular languages and non-erasing homomorphism.

In Section 3.4 we shall show that the language family A(EC-CPM)
is not closed under any of these well known substitution types.

The quasi-realtime languages are the languages accepted by nen-—

deterministic multitape Turing machines in real time. Following char-
acterization was given in [bOOK-70b]:

Every quasi-realtime language can be expressed as the length
preserving homomorphic image of the intersection of three ccntext-free

languages.
From Theorems 3.3.1, 2.2.4 and Corollary 1 above we have:

Corollary 2
Every A-free quasi-realtime language is in AO(EC-CPM).
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Let us now investigate the closure of the language family
AO(EC-CPM) under transducer mappings. We start with pushdown

transducer mappings,

A pushdown transducer (PDT) can be viewed as a pushdown auto-

maton with an output, On each move, the PDT generates a finite-
length output string. In what follows we briefly define the PDT, For
a more detalled discussion on this sutject the reader is referred to
[AHO-72]; our notations are compatible with the notations employed
there.

A PDT is a system P = (Q, L, T, 4, §, q;, Z,) where Q is a
finite set of states, L is a finite input alphabet, I is a finite
pushdown store alphabet and & is a finite output alphabet. The
initial state of P is qleQ and the initial pushdown store symbol is
yA eP The mapping 5 is defined from U x (£ U {A}) x T into finite
subsets of Q x T A+. Even though we use the same-symbol P to
denote both a PDT and the set of places of a GPN, the distinction
will be clear from the context.

A ccnfiguration of the PDT P is a é4-tuple (q, w, a, y) where qeqQ,
w€2 denotes the input string remalning to be read, aEF the current
content of the pushdown store and and y € A denotes the output string
emitted so far. If (r, Q, z)e 8(q,a,Z) then we write
(qa, aw, 2% ¥) b (r, w, oY» yz) for allwe I s Y E r* and y € N .

The translation defined by P by emfty pushdown store is:

Te(P) = {(w, ) | (ql, W, Zl, A) = (g, A, A, y) for some q € Q}
Given a language W € I , the image of W under the translation defined
by P is:

HP(W) ={y | (w, y) ¢ Te(P) for some w € W}

Ve note that in the above definition, the PDT P generates a
nonempty output string on each move. Sucii a PDT is called a A-output
free PDT. In our study, we consider cnly A-output free pushdown

transducers.
Theorem 3.3.3

AO(EC~CPM) is closed under A-output free PDT mappings.
Proof: Let ECP. be an arbitrary Labelled EC-CPM and let UMf be

L
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the final color marking of ECPy. Let P = Q, Z, T, a, s, 15 2;)
be an arbitrary PDT. We want to conatruct a Labelled EC-CPM E'CPA
and a final color marking UMff of E’CPA such that
A (EcP,, WT) = u,(A (BCPy, WeD)).

First we construct a Labelled EC-CPM ECP& which simulates the
PDT P. The construct is similar to that of Theorem 3.3.1. For
simplicity, let us first assume that the PDT P generates only one-
symbol output strings on each move; at the end of this proof we shall

discuss the general case.

The states of P and the symbols in the pushdown store alphabet T
are encoded in terms of colors from the finite color set C of ECP&.
Suppose Q = {ql,...,qr} and T = {zl,...zn}. For each state qy e
introduce a distinct color cj, 1 =3 =r, and for each symbol Zj
we introduce a distinct color cj, r+1=3j=r+n. Thus,

C = ({cl""’cr+n’cm’cM}’ =) where the partial ordering < satisfies
the conditions (I) and (II) given in Section 2.5. The extension U(C)
is the color set associated with ECPé.

Next, let us construct the underlying GPN N of ECPé. N will have
two places, denoted by pQ and Pg» respectively. Suppose now that
(qi, Y. a) e G(qs, b, Zj)' We introduce in N a transition, let us
denote it by tq, which simulates this move of P, We set:

I(p%, tq) = O(tq, in =1
and H(aqq) = [cs;ll, H(an) = [ci;ll
where ¢ and c, are the colors introduced for the states qq and q
respectively. In addition, we set:

I(ps, tq) = ] and H(aéq) = [cj;2.u.b.]
where ¢, 1is the color introduced for the pushdown store symbol Zj. If
Y, * A then O(t_, ps) = 0. Suppose now that Y, = zrl"'zrt’ t > 0.
Then O(tq, ps) = ’le and H(a:s) = {crs;l.u.b. +m)] wherem = t - s + 1
and 1 =8 = t. Here, Crs denotes the color introduced for the pushdown
symbol er, 1 <s =<t. The transition tq is assigned the label
be (CU{A}). This consturct is performed for each 3-tuple
(qs’ b, 2,) € Q x (ZU {A}) x I for which the mapping § 1is defined and

for all 3~tuples (qi, Yo a) e G(qs, b, Zj)'
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In our construct we use the color marking of the place pQ to
encode the current state of the PDT while the color marking of the
place Pg is used to encode the current content of the pushdown store.
The color bags of these places in the initial and final color markings
will be defined accordingly.

Let us now corelder the problem of providing the PDT P with an
input. Recall tnat the translation Te(P) is to be applied to the
Ap-language generatad by the Labelled EC-CPM ECPZ. Thus, the label
sequences corresponding to all terminal firing sequences of E'CPz are
the input strings of P. On tie other hand, if tcl is a transition of
tlie Laltelled EC-CPM ECPE and tq has been introduced for some 3-tuple
(qi, Ypr a) é(gs, b, Zj) then tq carries the label b, i.e. the input
correcpernding to the move of the PDT P siuulated by tq. Consequently,
for each symbol b € I, we combine the transitions of ECPé carrying the
label b with tine transitions of ECPZ carrying the label b the same way
as in tne construct for the intersection operation. UNote, however,
that for the transition tq above the label b may be A. 1In the case
of a A-input move, the respective move depends only on the state of
the PDT P and on the sywmbol in tiie top position of the pushdown store.
Consequently, in our construct the transitions which simulate A-input
moves of P are carried over directly to the composite net, without
being combined with any transitions of ECPZ. The enabled status of a
transition in this category depends only on the color markings of the
places pQ and Pg-

After the composite EC-CPM has been formed, all transitions are
relabelled according to the one-symbol output strings generated by the
corresponding moves of the PDT P. Thus, the transitions obtained by
eventually combining the transition tq above with transitions of the
Labelled EC-CPM ECPE are zssigned the latel a. Since we have assumed
P to be A-output free, after relabelling, all transitions must have a
label other than A. lioreover, the label sequences generated by tie
composite Labelled EC~CPM are in A+.

The initial color marking tM°° of the composite net is:

/P = m°
W (py) = < (eg,1) >
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W eg) = < (e, n1) >
where P denotes the set of places of the Labelled EC-CPM ECPE, m°
denotes the initial color marking of E'C’.PZ and ] and C o1 denote the
colors introduced for the initial state 94 of P and the initial push-
down store symbol Zl’ respectively.

Let us now consider the final color marking UMff of the composite
net. For the places of the original Labelled EC-CPM ECPZ we set
UMff/P = UMf. Since we are simulating a PDT tramnslation by empty
store, UMff(pS) = ¢. Note, however, that at the end of a successful
computation, the PDT P may be in any state qj £ Q. In order to en-
sure a unique final color marking of the place pq, we introduce a set
of stop transitions. Consider the transition tq of ECP& corresponding
to the 3-tuple (qi, Y,» a) € G(qs, b, Zj)' The transition tq can
leave upon firing the place Pg empty only if Yr = A, 1,e. only if
O(tq, ps) = 0. Consequently, only this type of transitiomns is likely
to fire "last." Therefore, in the composite net, for each transition
which does not have Pg as an output place, we add a copy of it with
the same label, the same input and output connections and the same
corresponding color threshold and color output functions, except for
the place pq. These coptes, which are the stop transitions of the
composite net, remove but do not restore upon firing the token in pq,
thus leaving all transitions of the composite net disabled. Then,
UMff(pQ) = 9.

Each stop transition can fire exactly when the tramsition it
"parallels" can fire and with the same effect (with the exception of
pQ). Nevertheless, if a stop transition fires prematurely, for
example the place Pg does not become empty upon its f£iring, then the
respective firing sequence cannot be continued and, therefore, cannot
lead to the final color marking UMff.

This completes the construction of the Labelled EC-CPM ECPA.

At the beginning of this proof we have assumed that P emits only
one-symbol output strings on any move. Let now
P=(Q, L, I', A, 6§, qq5 Zl) be a A-output free PDT which can emit out-—

put strings containing more than one symbol. Let
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P'=(q, L, T, &', & 4> Zl) be a PDT obtained by modifying P such
that each move of P' generates a distinct one-symbol output string.

*
Clearly, for each language W € I :
up (W) = by, (W)

where h is a non~erasing homomorphism. Since AO(EC-CPM) is closed

O

Let us now consider another class of transducer mappings, namely

under non-erasing homomorphism, Theorem 3.3.3 follows.

the finite state transducer (FST) mappings. An FST is a finite state
automaton with an output (a detailed definition of the FST can be
found in [AHO-72]). On each move, the FST emits a finite-length out-

put string. The construct of Theorem 3.3.3 can easily be particu-—

larized for this type of transducers. Since an FST does not incorpo-
rate a pushdown store, the place Pg is not required any more. Conse-
quently, the transitions of the Labelled EC-CPM ECPi merely self-loop
on the place PQ’ each simulating a state transition of the FST. In
order to ensure a unique final color marking for the place pQ the re~
spective FST can be modified such that it has a unique final state
rather than a set of final states. Alternatively, we can introduce
stop transitions corresponding to the state transitions of the FST in
final state. The stop transitions remove upon firing the token from
the place pQ and thus leave the entire composite net disabled. Thus:

Corollary 1
AO(EC-CPM) is closed under A-output free FST mappings.

In Section 3.4 we show that the language family A(EC-CPM) is not

closed under PDT or FST mappings.
Large systems are in general constructed from the composition of

several smaller subsystems. If we imagine these component subsystems
as being represented each by individual EC-CPM's, it is useful to know
what interconnections are possible among EC-CPM's and how do they affect
the language generated by the resulting net. This point of view is
especlally relevant when one is interested in a top~down hierarchical
modelling of concurrent systems. Comparing the results presented in

Sections 3.2 and 3.3 with the results presented in [HACK-75] and
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[PETE-73] relative to the GPN's, we see that the EC~CPM's preserve the
closure properties of the GPN's under the usual composition operations
of union, intersection, concatenation, etc., and for certain operations
extend these closure properties. For example, the language family Ao
generated by the GPN's is not closed under indefinite concatenation
and substitution ([HACK-75]). From the results of [HACK-75] it also
follows that this Ao language family 1is not closed under PDT mappings

either.

Section 3.4 THE EXTENTS OF THE LANGUAGE FAMILIES A(EC~-CPM) and
AO(EC-CPM).

A question which can naturally be asked is how do the language
families A(EC-CPM) and AO(EC-CPM) relate to the family of regular
languages G;ﬁb, the family of context-free languages (QKQZ) and the
family of context-sensitive languages a@ggp). A partial answer to
this question was given by Theoren 3.3.1. 1In this section, among

other things, we further pursue this topic.

Theorem 3.4.1
ACEC-CPM) NI # ¢ bur IR ¢ A(EC-CPM)
ACEC-CPM) N @ F-IR) #+ ¢ but EFR) ¢ AEC-CPM)
AEC-CPM) N @F-CF) + ¢ but c@g’-*@g') ¢ A(EC~CPM).
Proof: Consider the regular language a c + A. Using an argument

similar to that of Corollary 1 of Theorem 3.2.1, we show that this

language is not in A(EC-CPM).

Suppose there exists a Labelled EC-CPM ECPZ such that
A(ECPZ) = a*c 4+ A. Let m be a positive integer. Obviously, the string
a™c must be in A(ECPZ). Consequently, there exists a firing sequence
Y = tkl"'tkmtj in S(UM°) such that L(Y) = L(tkl)"'L(tkm)L(tjg = a"c.
But, the prefix firing sequence Yy' = tkl"'tkm of vy 18 1in S(UM") as
well. Hence, the string*L(Y') = a" is in A(ECPZ). Since any non-empty
string in the language a ¢ + A must end with the symbol ¢, it follows
that A(ECPZ) ¥ a*c + A, which contradicts our assumption.

We note that, in particular, all regular languages of the form
{w}, where w is a finite~length string and |w| > 1, are ot in

A(EC~-CPM).



99

By the same argument, it can be shown that the context-free
language W = {anbn | n = 0} and the context-sensitive language
w' = {a"p"" | n = 0} are not in A(EC-CPM) either.

On the other hand, it is trivial te construct a Labelled EC-CPM
ECP; such that A(ECP;) = a". Thus, A(EC-CBM) N # ¢. Also, by
Corollary 1 of Theorem 3.3.1, the language PREF(W) = {a"b" | 0 =m <n}
is in A(EC~CPM). Since PREF(W) is strictly a context-free language,
i.e. PREF(W) is context-~free but not regular, it follows that
AEC-CPM) N @HF-R) # ¢. Finally, consider the Labelled EC-CPM
ECP& of Figure 3.4.1. It can be seen that AO(ECP', UMf') =W - {A}
while A(ECP&) = {a"p"c? | 0 £q=m=<nl. A(ECP&) is strictly a con-
text-sensitive language and, therefore, A(EC-CPM) N 0@&5;“2%2?3 # 0.

-

Consider the regular language W = {a}. By Theorem 3.3.1
We AO(EC-CPM) and by Corollary 1 of Theorem 3.3.1 the language
W' = PREF(W) = {A,a} is in A(EC-CPM). Let W" be an arbitrary language
and let & be the substitution mapping defined by s(a) = W'. Hence,
a(W') = W" U {A}. From Theorem 3.4.1, we immediately’ have:

Corollary 1
A(EC-CPM) is not closed under substitution with (A-free) context-

free languages, (A-free) regular languages and non-erasing homomorphism.

Note, however, that A(EC-CPM) is closed under A-free renaming.

Consider now the regular language W = a*. We have already men-
tioned that W € A(EC-CPM). It can be shown that for any context-free
language W' there exists a PDT P such that uP(W) = ¥' (A-output free
if A £ W'). A proof is omitted since it would basically parallel the
proof of Theorem 3.3.1. Similarly, it can be shown that for any regular
language W'", there exists an FST F such that uF(W) = W' (A-output free
if A £ W'). Hence, we obtain:

Corollary 2
A(EC-CPM) 1s not closed under (A-output free) PDT mappings and

(A-output free) FST mappings.
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From Theorem 3.3.1 we already know that all A-free context-free
languages are in Ab(EC—CPM). From the proof of Theorem 3,4.1 we see
that there exist context-sensitive languages, such as
{a"b"" | n > 0}, which are in A (EC-CPM) as well.

Let no: EGPE be an arbitrary Labelled EC-CPM and let w be a
string in £ . Since the labelling function L corresponding to E‘C'Pz
is a A-free renaming, w is in A (ECPZ, UMf) (A(ECPZ)) if and only if
there exists a firing sequence Y in T(UM UM ) (S(UM )) such that
L(Y) = w. The firing sequence Y need not be unique, nevertheless, all
firing sequences which gene are w must have the same length, namely

[wl. There are at most IT[ v firing sequences of length |w|, where T

m (pg) = < (ep,1) > 5 W' (py) = Lon = T (By) = 0 .
UMf'(p6) - ,,, = mf'(pg) - ¢; UMf'(plo) = < (cl,l) >
AO(ECP', UMf') = {a""%" | n > 0}

A(ECPS) = {a"m"% | 0sq=m=nl

Figure 3.4.1
Sample Labelled EC~CPM
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denotes the set of transitions of ECPz. Consequently, the languages
A(ECPZ) and AOCECPZ, UM:) are recursive gets. We have, however,

proved the following stronger statement:

Theorem 3.4.2

rEc-cey) < DESF
A_(ec-cew) < DE &

where qugézhenotes the family of deterministic context-sensitive

languages.
Proof: See Appendix B.
d
Let us define
TIME(f) = {W(TM) | T™ is a non~deterministic multi-tape Turing
acceptor which operates within time bound £}

Corollary 1
A(ECc-CPM) < TIME(xz)
AO(EC—CPM).S TIME(xz).
Proof: See Appendix B.

Let A and I be finite alphabets. We shall call a homomorphism
* *
h from A into I a renaming if for each symbol a € A either h(a) = b,
for some b € £, or h(a) = A. Obviously, a A-free renaming (as defined

in Section 3.1) is a non-erasing renaming.
For any family of languages Lﬁﬁz the image of Lﬁﬁfunder renaming

is the set:
HAGJ3f3 = {h(A) | A € and h is a renaming on Al}.
Let Eﬁ?d?denote the family of recursively enumerable languages.

Theorem 3.4.3
H, (A_(EC-CPM)) = RE.
Proof: By Theorem 1.1.1 of [SALO-73] each recursively enumerable

language W can be expressed in the form:
W=nhW, NW,)
where h is a homomorphism and Wl and Wz are context—free languages.

In fact, from the proof of that theorem appears that h is a renaming
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and Wl and Wz are A-free context-free languages. But, for any two
A-free context~free languages Wl and WZ’ by Theorems 3.3.1 and 3.2.4,
Wl N WZ is a language in Ao(EC—CPM). Hence, z%éa_c_ HA(AO(EC-CPM)) .
On the other hand, by Theorem 3.4.2 any language W € AO(EC-CPM)
is deterministic context-sensitive and, therefore, a recursively
enumerable language. Moreover, the family %(g is closed under

arbitrary homomorphism (Corollary 9.1 of [HOPC-69]). Hence,
H, (A_(EC-c2M)) < Ré&.

Corollary 1
AO(EC-CPM) is not closed under arbitrary homomorphism.

Let ECPz be an arbitrary Labelled EC~CPM generating some language
W over the alphabet L. Let h be a renaming on W. Applying the re-
naming h to W amounts to relabelling the transitions of ECPZ according
to the definition of h. If h is not a A-free renaming then some
transitions of ECP. will receive the label A in the process of re~

z
labelling. We shall call such transitions A-tramsitions. In the

string generated by a firing sequence of an EC-CPM with A-transitions,
only the occurrence of transitions whose label is different from A

is recorded. Note that a string generated by an EC~CPM with A-
transitions can in fact correspond to an arbitrarily long firing se-
quence, the number of A-transitions fired between the consecutive
firing of two transitions whose label is not A being transparent.

Note also that a Labelled EC-CPM with A-transitions 1s not a
Labelled EC-CPM in the strict sense of Definition 3.1.1 since the
labelling function is required to be a total mapping from T into z.
Nevertheless, the labelling function can be extended into I U {A}.



CHAPTER IV

THE REPRESENTATION CAPABILITIES OF THE
C-COLORED PETRI MODEL

Section 4.1 INTRODUCTION
In this chapter we shall investigate the extents of the language
families A (C-CPM) and AO(C-CPM). In our study we shall compare the

C-CPM to several other formal models of asynchronous concurrent sys-

tems. In this introductory section we shall define two of these
models, namely the Priority Petri Model ([HACK-75]) and the Extended
Petri Model ([AGAR-75]). The forms of these definitions are our own.

Definition 4.1.1
A Priority Petri Net (PPN) is a system PN = (N, Pr, Y) where:

1. N= (T, P, I, 0) is a Generalized Petri Net.

2. Pr=(Q, ) is a finite partially ordered set.

3. Y: T+ Q is a total, single-valued mapping. For any transi-
tion t, € T, Y(tk) is called the priority of tk.

As with any GPN, a marking of a Priority Petri Net is defined as
a total, single-valued mapping from the set of places P into Z°, the

set of nonnegative integers. Then:

Definition 4.1.2
A Priority Petri Model (PPM) is a system PN = (PN, M%) where:

1. PN = (N, Pr, Y) is a Priority Petri Net.
2. M° is the initial marking of PN.

Definition 4.1.3
A Labelled Priority Petri Model is a system PNZ = (PN, I, L) where:

1. PN = (PN, M%) is a PPM.
2. I is a finite label alphabet.
3. L: T+ I is a A-free renaming called the labelling function of

PNs..

Let PN = (N, Pr, Y) be a PPN in some marking Mi.

103
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Definition 4.1.4

A transition tk £ T is said to be enabled in the marking Mi if
and only if Mi(pj) > I(pj, tk) for each place py EEZKIR).

A transition tk’ enabled in some marking Mi, may be selected to
fire.

Definition 4.1.5
If an enabled transition £y fires in the marking M; and
Mi[t

k > Mi+1 then for each pj e P:

M) = M) - Ty, ) + 0GBy

Let Ei denote the set of transitions enabled in the marking Mi.
Let us also define for each tk € T the set:

T, = {tg | t, € T and ¥(t) o Y(t))}
(Note that for any t, € T and t, € T, Y(tk) o Y(ts) means that

Y(tk) a Y(ts) and Y(tk) # Y(ts)).

Definition 4.1.6

A transition tk can be selected to fire in the marking Mi (i.e.,
e is firable in ML) if and only if the following conditions hold:
i

i
2. T, N E .

Otherwise stated, a transition tk is firable in the marking Mi if
and only if no transition te» whose priority Y(ts) is strictly higher

than Y(tk), is also enabled in Mi.
We shall proceed now to define the Extended Petri Model.

Definition 4.1.7
An Extended Petri Net (EPN) is a modified Generalized Petri Net

EN = (T, P, I, 0) such that:

1. T is a finite set of transitions; T = {tl, cery tn}

2. P is a finite set of places, P = {Pﬂ+1, ooy pn+m} where
n=|T|, n=|P| and TN P = ¢

3, I: PxT-+2°U {z} is a total, single-valued mapping called

the input incidence function. [ 1is a special symbol, ¢ z°,
4, O0: T x P + Z° is the output incidence function.
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Let (p,, tk) eP xT. If I(p,, tk) = g, where s € Z+, then p, is
i i 1 i

called a normal input place of tk and S directed arcs Bypr cv s a?k
connect pj to t, . If I(pj, tk) = 7 then pj is called an inhibitor
input place of tk' In this case pj is connected to tk by a unique arc
of a special type, called an inhibitor arc or a zero testing arc.
Graphically, an inhibitor arc is represented as a directed arc with a
slash across it (Figure 4.1.1). Since the mapping I 1s single-valued

we notice that a place pj cannot be both a normal and an inhibitor

input place for some transition tk. Nevertheless, pj may be a normal
input place for some transition tk and an inhibitor input place for
some other transition tS.

A marking of an EPN is defined as usual, namely as a total, single-
valued mapping from the set of places into Z°. Thus:

Definition 4.1.8
An Extended Petri Model (EPM) is a system EN = (EN, M°) where:

1. EN= (T, P, I, O) is an EPN.
2. M° is the initial marking of EN.

Definition 4.1.9
A Labelled Extended Petri Model is a system ENz = (&N, L, L)

where:

1. EN = (EN, M°) is an EPM.
2, I is a finite label alphabet.
3. L: T+ I is a total, single-valued mapping called the labelling

function of ENZ'

Let EN = (T, P, I, O) be an EPN in some marking Mi and let € be
an arbitrary transition of EN. We shall denote by P; the set of normal

input places of tk and by P; the set of inhibitor input places of tk'
n

v K4 n z
Obviously, @(Ik) Pk U Pk and Pk n Pk ¢.
Definition 4.1.10
A transiction t, E T is enabled in the marking Mi if and only 1if
n z
Mi(pj) > I(pj, tk) for each pj € Pk and Mi(pr) 0 for each P € Pk-
Any transition tk’ enabled in the marking Mi, may be selected to

fire. Thus, in the case of the EPM, the notions of firable transition
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and enabled transition coincide.

Definition 4.1.11
If a transition s enabled in the marking M; fires in Mi and

Mi > Mi +1 then for each pj £ P:

M1+]_ ) ='{Mi(pj - ey, 1) +0(g, p))  ifp, P - Py
M) +0C,, p) = Oy, p) i py € B
We can see now that the inhibitor arcs are indeed a special kind
of arcs since they do not carry tokens during the process of firing of
a transition. The function of an inhibitor arc is only to ''sense"
whether in the current marking a certain input place of the corres-

ponding transition is empty.
Figure 4.1.1 exhibits a sample EPN. 1In the given marking transi-

tion tz is enabled while tl is disabled.

Figure 4.1.1

Sample Extended Petri Net

The families of languages A {(PPM), AO(PPM), A (EPM) and AO(EPM) are

defined completely analogous to A(C-CPM) and AO(C-CPM).
The PPM was introduced in [HACK-75] and the EPM was first defined
in [AGAR-75]. Following result which relates the PPM to the EPM was

reported in [HACK-75]:

Theorem 4.1.1
a. A(EPM) = A (PPM) and AO(EPM) = AO(PPM).
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b. HA(Ao (EPM) ) 3%" where % denotes the set of recursively
enumerable languages. HA(A(EPM)) = PREF(éﬁ&gﬁ.

We have mentioned this result here because we shall refer to it
during our study of the language families A (C-CPM) and AO(C-CPM).
Before we proceed to investigate the latter language families we shall
first introduce in the following sections a few modifications to the
EPM and to the PPM. The resulting models will facilitate our study of
the relationship among the C-CPM, the EPM and the PPM.

Section 4.2 CLOSURE UNDER k-LIMITED ERASING OF A (EPM) and A_(EPM)
The distinguishing feature of the EPN is the fact that given some

arbitrary transition t, and an inhibitor input place p, € pZ t, 1is
k 3 k> "k
enabled in some marking Mi only 1f Mi(pj) = 0. On the other hand, if
P, € P;, then t, is enabled in e only if Mi(pr) > I(pr, tk). The
i i
two separate conditions M (pr) = I(pr, tk) and M (pr) > I(pr’ tk)
cannot be distinguished by tk.

structs to be able to model the following modified firing rule:

It is however useful in certain con-

Let tk be an arbitrary transition and let pr e£2k1k); we want tk
to be enabled in some marking Mi only 1if Mi(pr) = m, for some given,
fixed positive integer m. In particular, we want tk to be disabled if
i ! ]
M (Pr) =m', for any m' > m.
These concepts are formally expressed below, in the definition of

a modified EPM which we shall call EPM(I).

Definition 4.2.1
An Extended Petri Net (I) (EPN(I)) is a modified EPN

EN = (T, P, I, O) such that:

1. T is a finite set of transitions.

2. P is a finite set of places.

3. I: pxT+2°U {z}u ({o} X z%) is a total, single-valued
mapping called the input incidence function. £ and 0 are special
symbols; & ¢ 2° and o # Z°.

4. 0: T x P + 2° is the output incidence functionm.

Let (pj, tk) eP xT. If I(o ,tk) = g3, where s € Z+, then pj is a

3
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normal input place of ty If I(pJ, t ) = ¢ then pj is an inhibitor

input place of tk. Finally, 1f I(pj. t ) = (g, m) for some m € Z
then p, is connected to tk by a special kind of arc, called a

3

positive testing arc. Graphically, a positive testing arc is repre-

sented as a directed dotted arc. The integer m is marked adjacent to
the corresponding positive testing arc (Figure 4.2.1). Let t; be an
arbitrary trangition of some EPN(I) and let Pi be the set:

k
Since I is a single-valued mapping we shall have for each & € T,
,gﬂ(I ) = Pk U Pk U Pp where Pk’ P; and PE are pairwise disjoint.

Here, Pz and Pi have the same meaning as in the case of the EPM.

A marking of an EPN(I) is defined as a total, single-valued

PP = {pj | pj € P and I(pj, tk) = (g, m) for some m € Z+}

mapping from the set of places P into z°.

Definition 4.2.2

A transition t:k € T is enabled in the marking Hi if and only if:

1. Mi(p ) > I(pj, t ) for each place pj E Pﬁ.
2. Mi(p ) = 0 for each place pj € Pk
3. M (pj) = m for each place pj € PE: where I(pj, tk) = (g, m).

As in the case of the EPN, any enabled transition of an EPN(I) may

be selected to fire.

Definition 4.2.3
If a transition t,, enabled in the marking Mi, fires in Mi and

k
Mi[tk > mitl then for any p, € P

z P
M1+l(p . Mi(pj) - I(pj, tk) + O(tk, pj) if pj € P - (Pk U Pk)
ki

ot,, py) 1f p, € (P U PP)

We notice that there exists a difference between zero testing arcs
and positive testing arcs. Thus, a zero testing arc merely checks
whether the respective input place 1s empty in the current marking. On
the other hand, a positive testing arc "senses" whether the input place
to which it 1s connected contains in the current marking exactly m
tokens, where m is a predefined positive integer associated with the

arc and also removes those m tokens in case the transition fires.
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Figure 4.2.1 exhibits a sample EPN(I). In the specified marking

transition tl is enabled while tz 1s disabled.

Figure 4.2.1
Sample EPN(I)

Definition 4.2.4
An Extended Petri Model (I) (EPM(I)) is a system EN = (EN, M°)

where:

1. EN= (T, P, I, O) is an EPN(I).
2. M° is the initial marking of EN.

A Labelled EPM(I) is defined completely analogous to a Labelled
EPM. Similarly, we can define the families of languages A(EPM(I)) and
AO(EPM(I)) the same way we did in the case of the EPM.

As will be seen later on, the introduction of the positive testing

arcs facilitates certain proofs. Nevertheless this feature does not
bring any additional power, as far as the representation capabilities

of the EPM(I) are concerned, over the EPM or, equivalently, the PPM:

Theorem 4.2.1
A(EPM) = A (EPM(I)) and AO(EPM) = AO(EPM(I)).

Proof: Obviously, any EPM is an EPM(I) as well. Consequently,
A (EPM) E A (EPM(I)) and AO(EPM) c AO(EPM(I)). Therefore, we have to
show only that these inclusions are also true in opposite direction.
For this purpose it is advantageous to introduce the concept of a
closed subnet. Thus, given a GPN N = (T, P, I, 0) a closed subnet of
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N 48 a GPN N' = (T', P', I', O') such that:

1. P' cP.

2. T =" { l t, € T and there exists a place p, € P' such that
e 1 B s i

3. I' is the restriction of I to P' X T'.

4. O' is the restriction of 0 to T' X P'.

The definition of a closed subnet of a GPN can immediately be
extended to the case of an EPN(I). In what follows we shall describe
the conversion of one-place (|P'| = 1) closed subnets of an arbitrary
EPN(I) to A-transition free, language equivalent EPM's. Next, the con-
structs will be generalized to suit entire EPN(I)'s.

Consider a one-place closed subnet EN' of an arbitrary EPN(I) EN,
i.e. EN' = (T','{pj}, I', 0'). Let

T: ='{tk | t, € T' and I'(pj, t) = s, s¢ A

T ={ck| tkeT' and I'(pj,tk)='¢‘;} .

TP ='{tk | t € T' and I'(pj, tk) = (6, m), me 2}

ince the subnet contains only one place, we have T' = ™y 1t u TP
and T", T

=max{s | s = I'(p,, t, 0}, n, = max{m | (o, m) = I'(p,, £, )}
TJ. i’ 7k 2 $ 3tk

tke t, €T

k
and K = max{nl, nz}.

’ TP are pairwise disjoint. Let then:

|

We shall replace p:l by three places: pjl’ pj2 and pJ3. Our con-
struct will implement the following encoding of any reachable marking

M(pj) in terms of the markings M(pjl) and M(pj3):

M(p,) = M(pjl) + K - M(pj3)

]
where 0 < M(pjl) < K and M(pjl) = 0 if and only if M(pj) = 0, Also,
M(sz) =K - M(le)'

For example, if the initial marking M°(pj) = (0 then
Mo(pjl) = M?(pj3) = 0 and M°(pj2) = K, Otherwise, we rewrite
Mo(pj) =k, +k, - Kwhere 0 < k;
integer which satisfies this equation. We emphasize that if Mp(pj) is
a multiple of K, 1i.e. Mp(pj) = r - K for some integer r > 1, then

kl K and k, = r -~ 1. Then, we set M (pjl) k1. M (sz) K kl

< K and k2 is the largest nonnegative



1i1

and Mp(pj3) = k,-
Let us now modify the transitions of T' in order to implement the

encoding rule discussed above. We have to consider following three
cases:
A. Es e T". 1In this case there are three possible interconnec-
tions between tg and pj:
Al. 1'(p., ts) >0 and 0'(t , p.) >0 (t:S self-loops on pj).
J =]
We shall replace tg by K transitions tgys oo 0 Cgge The input con-

figuration of these transitions 1s defined as follows:

I(pjl, tsi) =i

1<1<K<{I(p,, t ) =K -1
- - jz° sl 1 if1<1i<T t
I(Pj3, tgy) = £1s 1'(pys ts)

0 if I'(pj, ts) <1<K

In order to determine the output configurations of these K
transitions we shall first write the following K relatiomns, for

1<1i<K:
i+ ki * K - I'(pj, cs) + o'(ts, pj) = kli + kzi * K
where
1 if1 <1< I'(pj, ts)
ki =
0 if I'(pj, ts) < 1<K,
0 <Ik11 < K and k21 is the largest nonnegative integer which satisfies
the i-th equation.
Then:
O(eggr Pyp) = Ky
1<1i<K O(tsi, pjz) = K - kli
0Ctgys Py3) = Kpy

It can easily be verified that 1if M(pj) =0
= = = !
(M(pjl) M(pj3) 0, M(pjz) K) or M(pj) <1I (pj, t.)
(M(le) = M(Pj). M(pjz) = K - M(pj), M(pj3) = 0) then none of the K
transitions is enabled. If M(pj) > I'(p,, ts) then we can rewrite
M(pj) = k1 + k, ° K where 0 < kl < K and k2 > 0. In this case

2
M(pjl) = kl' M(pjz) = K - kl, M(pj3) = kz and consequently exactly one
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transition tsi is enabled, namely the one for which I(pjl’ tsi) = kl
and I(pjz, tsi) = K - kl. The output configurations of the transitioms
tsi’ 1<141¢< K, has been designed such that the firing of any tsi
redistributes the tokens of pjl’ pj2 and pj3 according to the encoding
rule discussed earlier. In particular, we notice that for any i,
1< 1<K, we must have

i+ ki + K- I'(pj, ts) + 0'(ts, pj) >0
and therefore the firing of tai will never leave pjl empty. (Remember,
we do not want M(pjl) = 0 and M(pj3) > 0 simultaneously.)

Consequently, the transitions tsl’ ere g tsK simulate the firing
of the original transition tg while preserving the desired encoding of

the marking of pj in terms of the markings of pjl’ pj2 and pj3'

A2. I'(pj, ts) > 0 but 0'(:3, pj) = (

Let r = I'(p,, ts), r < K. We shall replace ts by K + 1 transi-

Let us first con-

h
L] 17"
tsr-l’ tsr’ tsr’ tsr+1’ see s boge

for 1 <1< Kand{i ¢ I'(pj, ts)’ We

tions tsl' e 3
sider the K - 1 transitions tsi’
set:

I(pjl’ tsi) = {

I{p,,, t ) = K- 1
j2* sl 1 1f 1 <4< I'(py, tg)
I(PjB’ tsi) = - j 8

0 £ 1" (o, e) <1 <K
In order to determine the output configurations of these transitions

we shall form following K - 1 relations (1 < i < K but 1 # I'(pj, ts)):
. - 1! o .
i+ ki K-1I (pj, cs) kli +kyy * K

where
i

0 1f I'(p,, £) < 1<K

3
0 < kli < K and kZi is the largest nonnegative integer which satisfies

the i-th relation. We notice that for the K - 1 values of i specified
above

. - T
0< 1+ ki K~-I'(p ts) < K

j’
and therefore 0 < kli < K and kZi = 0. Then
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o(t 1) = k

» P
<{<K si” ¥4 11
-7 - 0(t ., P,,) =K~k
{41 , si' 42 1i

The case where 1 = r = I'(pj, ts) requires special treatment. We
have introduced the two transitions t;r and t;r’ where:

,t)

I(pjl. t;r) = I(pjl’ t;r) == I'(pj

I(pjzs t;r) = I(szs t;r) = K-r
I(pj3’ t;r) = T3 I(Pj3) t;r) =1

Regarding the output configurations, let:

O(C;r, pjl) jl) = K
O(t?r, pjz) = K; 0(t ., pjz) =0
o(tsr’ pj3) = o(tsr’ pj3) =0

= 0; o(t;t’ p

We notice that the transitions tsl’-"' s tory tsr+1’ cer s top
are defined and operate analogous to the transitions introduced in the
case Al. On the other hand, it is easy to see that t;r and t;r cannot
be simultaneously enabled. Thus, t;r is enabled if and only if the
marking M(pj) =r I'(pj, tS) or, equivalently, M(pjl) = r,

M(pjz) = K - r and M(pj3) = 0, If ts fires in M and M [t8 > M' then
M'(pj) = 0. This fact was taken into consideration in the definition

of the output configuration of t;r. Transition tgr is enabled if and
only if M(pjl) = r, M(ij) = K - r and M(ij) > 1 or, equivalently,
M(p,) =t +n + K for some n > 1. If t, fires in M and M [:s > M' then
M'(pj) = n * K. In our encoding we must then have M'(pjl) = K,

M'(pjz) = 0 and M'(pj3) = n - 1. Again, this redistribution of tokens
has been considered in the definition of the output configuration of
t"

sr’

A3. I'(pj, ts) = () but 0'(53, pj) > 0. In this case the
firing of t, does not depend on the marking of p,. Nevertheless, if ty
fires, tokens will be added to the marking of pj which requires a
redistribution of the tokens in pjl’ pj2 and pj3' Consider following
K + 1 relations, for 0 < 1 < K:

1) = .
i+0 (ts, pj) k 1 1 k K

1 21
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where 0 < kli < K and kZi is the largest nonnegative integer which

gatisfies the i-th equation. We note that for any value of 4,
0<1ic<K,1i+ 0'(ts, pj) > 0 and thus kli > 0. Consequently, we shall
replace tg by K + 1 transitions whose only function is to redistribute

tokens among pjl’ pj2 and pj3' We shall have:

Iyys tgp) =1 5 0(tgy, pyy) =k
0<1<K I(pjz, tsi) =K -1 O(tsi, PjZ) =K - kli
I(pj3. t,y) =0 3 0(t s pj3) = kyy

B. t_¢ Tz, i.e. p, is an inhibitor input place of t_. Conse-
B ] s
quently tg, can fire in some marking M, if and only if M(pj) = 0 or,
= = - ]
equivalently, M(pjl) 0, M(pjz) K and M(pj3) 0. If M [ts >M
then M'(pj) = 0'(c,, pj), In case 0'(t_, pj) = 0 then M'(pj) = 0 and

we shall replace ts by a single transition t; where:

I(pjl, t)) =g 0(tl, pjl) =0

I(sz’ tl) = K; 0(c, sz) = K

Ipyqs £g) = &5 O(ty, pyg) =0

Obviously, t; can fire if and only if M(pjl) = 0, M(pjz) = K and
M(pj3) = 0. In fact, 1if M(pjz) = K we must have M(pjl) = M(ij) = 0 and
thus it is not really necessary to connect pjl and pj3 to t; by zero
testing arcs.

On the other hand, if 0'(ts, pj) > 0 then we can rewrite 0'(:8, pj)

as 0'(ts, pj) = kl + k2 + K where 0 < kl < K and k, 1is the largest
nonnegative integer which satisfies this relation. In this case, we
shall replace tg by a single transition t; which has the same input

configuration as t; but where:

" =

" = -

" =

P ' = +
c. t €T, 1.e. I (pj, ts) (0, m) for some me Z . In this

case t_ can fire in some marking M if and only if M(pj) = m or, equiva-
lently, M(pjl) = m, M(pjz) = K -~ m and M(pj3) = 0 (remember, m< K). If
t, fires in M and M [t:8 > M' then M'(pj) = 0'(:8, pj). In case
0'(ts, pj) = 0 then M'(pj) = 0 or, equivalently, M'(pjl) = 0, M'(pjz)= K
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M'(pj3) = (0. Consequently, we shall replace t, by a single transition

t'! where:
]
1y .= . ' =
I(le, tS) m s O(tS’ le) 0]
I(ij’ t)) =K-mj; 0(, sz) = K
1 ' =
Otherwise, 1f 0'(ts, pj) > 0 then we can rewrite as in the prev-
ious case 0'(ts, p,) =k, + kz + K where 0 < k, < K and k2 > 0. Then,

3 1 1~
we shall replace tg by a single transition tg having the same input

configuration as t; and:
1" =
" = -
O(ts, pjz) K-k
0(tl, p,g) =k

1
i3 2

It is obvious that any arbitrary one-place closed subnet of an
EPM(I) can be converted into an EPM with three places and no
A-transitions. Figure 4.2.2 exhibits a sample EPM(I) while Figure
4.2.3 displays the two one-place closed subnets (and the corresponding
initial markings) which can be formed from the given EPM(I). Applying
the transformation procedure to these two closed subnets we obtain the
EPM's displayed in Figure 4.2.4 a) and b), respectively.

The conversion procedure discussed above can easily be extended
to transform EPM(I)'s with more than one place. Thus, given some
arbitrary EPM(I), the conversion procedure is separately applied to all
one-place closed subnets which can be formed, or at least to all such
subnets which contain positive testing arcs. Given initial and/or
final markings are also redistributed according to the encoding rule
specified earlier. Next, the resulting EPM's are recombined into a
composite EPM by a procedure which can be regarded as the "inverse" of
the procedure by means of which the original EPM(I) was divided into
one-place closed subnets. Thus, distinct copies introduced for the
same transition of the original net (relative to distinct closed sub-
nets) are replaced by a unique transition having the same input and
output connections as the eliminated transitions. If a tramsition tg
is contained in m one-place closed subnets of the original EPM(I) then
we shall form all possible distinct combinations of m replacement

transitions of Lgs each combination containing exactly one transition
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from each of the m distinct EPM's obtained from the transformation of
the subnets in which ts participates. For example, in Figure 4.2.4 we
would have to combine each of the transitions thys téz and tgz with
the transition té. The pair t22, té would be replaced by a single
transition, let us denote it by t;, where I(pGl’ t;) = 2, I(p62, t;) =
I(p63, t") =1, I(p7l, t'? = 2, I(p72, t;) = 0, I(p73, t") =« ¢ and

" = " = ] =
0(t2, 961) = 2, 0(t2, P62) O(tz, P63) 0, 0(t2, P71) 0(t2, P73) 0,
O(tz, p72) = 2, The pairs thys té and téz, ti are replaced in a simi-

lar manner. The complete construct is given in Figure 4.2.5.
Finally, each transition introduced as a2 replacement transition
for some transition of the original EPM(I) is assigned the same label
as the respective original transition. The theorem follows immediately.
We shall proceed now to prove the main result of this section,
namely the closure under k-limited erasing of the language families
A (EPM) and AO(EPM). Let I be a nonempty, finite alphabet and suppose
c ¢ L. Given a language W<c (Z U {c})* and a homomorphism h defined
on (Z U {c})*, h 1s said to be a k-limited erasing on W if following

conditions are satisfied:

1. h(c) =X and h(a) = a for all a € L.
2, There exists a nonnegative integer k such that for all strings

w € W, h does not erase more than k consecutive symbols of w.

There is no loss in generality in this definition. Thus, consider
a language W € E and let h be a homomorphism from E into Z where
Zl < I, which either erases or maps into itself each symbol of L but
does not erase more than k consecutive symbols from any string in W,
for some nonnegative integer k. Let c be a new symbol, ¢ £ L, and let
h1 be a homomorphism on Z such that h (a) = ¢ 1f h(a) = A and
hl(a) = h(a) octherwise. Next, let hz be the homomorphism on (2 U {c})
defined by hz(c) = A and hz(a) = a for all a € Zl. Clearly, h, is a
k~limited erasing on hl(W) in the sense of the previous defirnition and
hz(h (W)) = h(W).

Let us consider an arbitrary language W in A(EPM) or A (EPM). We
shall assume that W < (Z{ A, ¢, ... , ck}) where Z is a nonempty
finite alphabet, ¢ ¢ L and k is8 a nonnegative integer. Let h be a

homomorphism on (Z U {c})* defined by h(c) = A and h(a) = a for all
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Figure 4.2.2
Sample EPM(I)

n, = 2 n, = 1

n, = 1 n, = 2

K= 2 = 2
Figure 4.2.3

One-Place Closed Subnets of the EPM(I) of Figure 4.2.2
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a € £, Otherwise stated, we assume that there are no strings in W
which contalin more than k consecutive symbols c; such strings would not
be in the domain of the k-limited erasing h. Let us define the finite
set W' = {ciacj | a€land 0< 1, j< k}. A string of W' may be
generated by several distinct firing sequences of the Labelled EPM
that generates W. Since for any Labelled EPM, the labelling function
L is a A-free renaming, if Y is a firing sequence such that L(Yy) € W'
then |Y| = |L(Y)] and therefore for each such firing sequence v,

0 < |Y| < 2 * k+ 1. Thus, there are only a finite number of firing

sequences which can produce label sequences in w'.

Theorem 4.2.2

The language families A(EPM) and AO(EPM) are closed under
k-limited erasing.

Proof: The general idea behind the construct which we shall
employ is to modify the given EPM such that during the execution of
the resulting Labelled EPM(I), each possible firing sequence Yy of the
original net for which L(Yy) € W' is substituted by the firing of a

single transition T, where:

1. T is enabled in some marking Mi if and only if the entire
firing sequence Y could have been fired from Mi.
2. it > M if and only 1f wi[y > ML,
3. L(t) = h(L(Y)) (We note that for all strings w € W',
h(w) € Z).
h|

Since the set W' contains all the strings of the form ciac ,
0< i, j < k, the construct applies to both language families A (EPM)
and AO(EPM).

We shall first investigate the conditions on the marking and the
structure of a net under which a finite-length firing sequence Y is
firable.

Let ENZ' = (EN, Z', L) be the Labelled EPM which generates the
language W, where I' = L U{c}, EN = (EN, M°) and EN = (T, P, I, 0).

Suppose Y, = t is a finite length firing sequence in .

.llt
3 il Jm
Let us assume that P, is some place of the net which is not an inhibi-
tor input place for any transition in Yj' We shall denote by

Min(pr, YJ) the minimum marking required in P, in order to fire the
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entire firing sequence Yj. Min(pr, Yj) can be determined by the
following straightforward algorithm which simply simulates the effect

of the firing sequence Y, on the marking of Pt

]
initial Min(p., Y;), M(p)) = I(p,, £y,)
while 1< k < m do
if I(pr, tjk) =0
then M(pr) = M(pr) + O(tjk’ Pr)
elgse if M(pr) > I(Pr, tjk)
then M(pr) = M(pr) - I(pr, tjk) + o(tjk’ Pr)
else Min(p_, Yj) = Min(p_, Yj) + I(p ., tjk) - M(p)
M(p,) = Oty )

end

M(pr) denotes the "current'" marking of P, along the firing
3 We shall define Min(pr, A) = 0.

Thus, Yj can be fired from some marking M only if

M(p,) > Min(p,, Y,)-

sequence Y

h|
Let us now suppose that Yj = cjl"'tjk-ltjktjk+1"'
-] ! = PR
tjs—ltjstjs-i-l'”tjm and let us denote Gj i1t -1
"o P . Also, let us now assume that is a
6j tjk+1 js-1 s0 u a a pr n

inhibitor input place of tjk but P, is not an inhibitor input place for
any transition in 65. Then, Yj is a valid firing sequence of EN
(i.e., Y, can be fired from some marking M) only if:

3 k-1
M (e, 83 = P 3R £y - oe, 5 P]

If the above condition is satisfied then Y, can only be fired from
those markings M for which M(Pr) = Min(pr, 65). In particular, 1if
65 = A or if Min(pr, 65) = 0 then Yj can only be fired from those

markings M for which M(pr) = 0.

1f k-1
= 'y = -
M(p,) = Min(p, 8)) = P e £yg) = 0Cey, p )]
then the marking M"(pr) obtained at the end of the firing sequence
§'tc, 6V is:

373k
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g -1

M'(p,) = O(ty, p.) - E . £I(pr. tn) ~ OCt

We can see that the firability of the transition t

o’ Pp) ]

is from the point of
view of the input place P, depends only on the particular connections
to p_ of the transitions in the subsequence tjkag and not on the
marking M from which Yj is fired.

With the above preparation we are now ready to modify the original
Labelled EPM. First, we eliminate all transitions labelled c and the

corresponding input and/or output arcs. Further, for every valid
firing sequence Yj of EN such that L(Yj) € W' we introduce a transi-
tion T,. The input and the output connections of the new transition
T, to an arbitrary place p_ are determined as follows. We first con-

h|

sider the input arcs. There are two cases to be considered:

1. P, is not an inhibitor input place for any transition in Yj.
In this case I'(pr, Tj) = Min(pr, Yj) where I' denotes the input inci-
dence function of the modified net.

2. P, is an inhibitor input place for at least one transition in

Y Suppose tjk is the first transition in the sequence Yj such that

j.
P, € P;k’ i.e. P, is not an inhibitor input place for any transition
''= “ s .
in the prefix firing sequence Gj tjl tjk~1 Then
! =
z if Min(pr, 6j) 0
' o (zero testing arc)
I'(p.s Tj)
(o, m) if Min(pr, 65) =m>0
(positive testing arc)
Let us now consider the output arcs of the transition Tj:
' = - -
0'(tys B) = m - 2” [1( ty) = 0Ctys p)]
jk ]
where
1
Min(pr, Yj) 1f I'(p,, rj) >0
m= 0 if I'(pr, Tj) = 7
m' if I'(pr, rj) = (0, m')

for some integer m' > 0.

For the purpose of this summation I(pr, tjk) = [ has been replaced by 0.
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Our construct preserves the places of the original Labelled EPM
as well as the transitions whose label is different from the erased
symbol c.

Let us now show that the resulting Labelled EPM(I) generates
exactly the language h(W). From the above discussion it should be
clear that for any two markings M and M', "M[Yj > M' in the original
net if and only if M[Tj > M' in the modified net. Let T' denote the
set of transitions of the original Labelled EPM whose label is differ-
ent from c; T' contains the transitions common to the original net and
to the EPM(I) resulting from our construct.

Consider an arbitrary firing sequence of the original EPM:

Y = 61Y162"'6kYk6k+1"'GmYmanﬂd

*
where Gi eT' , for 1< 1< mtl, and Yi is a firing sequence such that
L(Yi) €W, for 1 < 1< m. Let us suppose that:

M°[61 > Ml[‘Yl > Ml'[cs2 > M ... Mk'l'[ak > M“[yk > Mk:[dkﬂ > Mt

m-1"' m+l
> > >
, o M8 Mm[Ym M (8, > X
Since 51 e T, for 1 < 1< m#l, if M[Gi > M' in the original net
then M[Gi > M' in the modified net as well. Consequently, there

exists the firing sequence in the modified net:

' =
Y 61T152'"5ka6k+1"'6me6m+l

such that

w[s, > Ml[Tl > Ml'[az > M ... Mk"l'[ak > M?[rk > M6, . > Mt

k+1
1’ ' m+l
oo ME [s_> Mm[Tm > M° (6, > M

The firing sequence Y' generates the string:
L(Gl)h(LCYl))L(SZ)...L(Gk)h(L(Yk))L(6k+1) ‘s
i.e. h(L(Y)).
For the sake of clarity we emphasize that given such a firing
sequence Y there may exist more than one distinct firing sequences y'

which generate the same string h(L(Y)). For example, consider the
following subsequence of Y and the corresponding label string:

“oe tatcltCZtCStb cea
.o 8a¢C ¢ ¢ b ...
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¥ iginal
Obviously, i1if tatcltCZtthb is a valid firing sequence of the origina

net then so are the firing sequences given in the leftmost column of

the following table:

tatcl Tl a
tate1te2 T2 a
tatcltc2tc3 T3 a
teite2%c3® Ty D
tea®eaty s b

tc3tb T6 b

All these firing sequences generate a string in W'. The middle columm
of the table indicates the corresponding replacement transitions Ti
while the rightmost column indicates the label of each of these replace-
ment transitions. Then, the following firing sequences of the modi-

fied net simulate the given firing sequence ... tatcltcztc3tb ces

D TlTS LI )

o e thﬁ LA BN J
* o8 T3tb...

ees € cee
aTA

Each of these firing sequences generates the label sequence ... ab ... .
Note that the firing sequence ... T1T6 ... for example, can be execu-
ted in the modified net only if the firing sequence ... tatcltc3tb .
can be executed in the original rnet.

Conversely, let Y' be some arbitrary firing sequence of the

modified net:

y'=68.1.68,...6 186 § 18

171%2° % Tk Ok+1" *  Om mCm1
*
where 51 e T, for 1< 1 < mtl, and Ty

occurrence of a replacement transition introduced by our comstruct.

for 1 < i < m, denotes the

Then, there exists the firing sequence of the original Labelled
EPM:

1Y182 -8 YieSpry s SVl 1

such that M° [y > Mm'l 1f M° [y' > Mm+1 and h(L(Y)) 1s the string gener-

ated by v'.
Thus, the Labelled EPM(I) resulting from our construct can gener-

Yy = 6,v,6 8 v, 8
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ate all the label sequences in h(W) and no other label sequences. By

virtue of Theorem 4.2.1 the theorem follows.

O

Section 4.3 THE PRIORITY PETRI MODEL (I)

In Section 4.1 we have defined the Priority Petri Model. We have
seen that given some Priority Petri Net PN = (N, Pr, Y) and a marking
Mi of PN, a transition tk of N is firable in Mi if and only if tk is
enabled in Mi and no transition with higher priority than tk is also
enabled in Mi. In the present section we shall modify this rule for

the selection of a transition to be fired. The resulting model, which
we shall call Priority Petri Model (I), will be useful in our study of
the relationship between the PPM and the C-CPM.

Let PN = (N, Pr, Y) be a PPN in some marking Mi, where
N=(, P, I, 0) is a GPN, Pr = (Q, &) 1s a finite partially ordered
gset and Y is a total, single-valued mapping from T into Q. Let us
define for each place pj € P the set:

T(pj) = { t, | t, € T and I(pj, t) >0 }

Definition 4.3.1
There exists a conflict at the place pj in the marking Mi if and

only if

) I(p,, £ > M (5

i
t € E n T(pj)

Thus, two transitions tk € T and ts € T are said to conflict
(denoted by Ee © ts) in the marking Mi if:

1. tk € Ei and ts £ Ei.

2. There exists at least one place pj € Ik n Is such that there

is a conflict at pj in Mi.

We can extend the conflict relation in the case of the PPN the
same way we did in Section 2.3. Thus, let CONF be the relation on Ei
such that for any tk £ Ei and tg € Ei, (tk, ts) € CONF 1if there exists

-]
a sequence of transitions tk = trl’ cee trn = ts such that trj crj+1

for each j, 1< j < n. By convention we assume that tk CONF ty for all

t, € Ei. Using the same argument as given in Lemma 2.3.1 one can

k
easily show (proof omitted) that CONF is an equivalence relation on Ei
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in the case of the PPN as well. We shall continue to call an equiva-
lence class of CONF a conflict cluster. The set of all conflict

clusters in some marking Mi will be denoted by CFi. Obviously, CFi

is a partition of Ei.

Let us suppose that there are m conflict clusters in the marking
Mi, i.e. 1 = { CTl, cen s CT;}. For each conflict cluster CTi, a
conflict subcluster of CTi is a maximal subset SCTik of CTi such that

all transitions in SC'l'ik are pairwise in conflict in Mi.

Definition 4.3.2
A transition t. €T is said to cover another transition t ETin

k
the marking e (denoted by tk/t ) if:
1. t € Ei and t_ € Ei.
k s

2. Y(cs) o Y(:k).

The set of majorants of a conflict subcluster SCT ck is defined in
the case of the PPN analogous to Definition 2.3.6 and is denoted by
maj{SCTik}- Each transition of maj{SCTik} is called a majorant of
the conflict subcluster SCTik. Due to the fact that the priorities of
the transitions contained in a conflict subcluster form a nonempty
subget of the set Q (where Pr = (Q, @)) there may exist more than one
majorants of a conflict subcluster.

We notice that the set SCF: of all conflict subclusters of some
conflict cluster CT: is not necessarilz a partition of CTi. Also, two
transitions tk and ts may belong to CT and still have 1k n I = ¢,
On the other hand, if t, and t are in the same conflict aubcluster of

k

CT then Ik n I # ¢ since tk ° tg- Given some marking M; let us

define for each transition ts € T the set:

1 1
vie {serl |t e scTy, )

According to the previous remarks, we must have for any transitions

t €T and t € T:
m [

i
t, € k\‘) SCT_,. only if Im n I # ¢

i i
SCTrk (4 YS

Consequently, in any marking Mi, a transition ts can participate in at
most m_ distinet conflict subclusters, where m, = |£2K18)| , a finite
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nonnegative integer, fixed by the structure of the respective GPN.,

Therefore we must have:

1 1
SCT, € Y Py € @(Is)

Using the concepts of conflict cluster, conflict subcluster and
majorant of a conflict subcluster one can immediately translate the
execution rule given for the CPM in Section 2.3 for the case of the
PPN. Accordingly, the new definition of a firable transition is:

Definition 4.3.3
A transition tk is firable in some marking Mi if and only if t

.

is a majorant of all the conflict subclusters in which it participates

in Mi.

With these introductory definitions we can now define a Priority
Petri Net (I) (PPN(I)) as a PPN PN = (N, Pr, Y) such that in each
reachable marking of PN the transition to be fired is selected accord-
ing to Definition 4.3.3. The effect produced by the firing of a tran-
sition of a PPN(I) is as described in Definition 4.1.5.

Definition 4.3.4
A Priority Petri Model (I) (PPM(I)) 1s a system WV = (PN, M°)

where:

1. PN = (N, Pr, Y) is a PEN(I).
2. M° is the initial marking of PN.

A Labelled PPM(I) is defined analogous to Definition 4.1.3.
Similarly, the language families A (PPM(I)) and AO(PPM(I)) are defined
completely analogous to A (PPM) and AO(PPM).

In the remainder of this section we shall show that these modi-
fied execution rules do not alter the representation capabilities of

the Priority Petri Model.

Lemma 4.3.1
A (PPM(T)) < A(EPM(I)) and
AO(PPM(I)) c AO(EPM(I)).

Proof: We begin by introducing a few notations. Let PN= (N, Pr, Y)
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be a PPN(I) where N = (T, P, I, 0) is the underlying GPN. Suppose
PN is in some marking Mi. Rephrasing Definition 4.3.3, a transition
tg € T is firable in the marking Mi if and only if Y(ts) is a maximal
element of the set:

i
rk’

Let us define for each trangition tB e T the sets:

ey = \ T(p,)

pj e gi1)

{Y(e)d | t_ € SCT for some conflict subcluster SCTi £ Yi}
m m rk s

s
H(t) = {tm | t € T(e)) and ¥(t ) o Y(e )}

Then, t, can be selected to fire in the marking Mi if and only if
t € Ei and
s

He) N e |t ot inM}=¢ (*)

Obviously, 1if H(t ) = ¢ the relation above is satisfied and t, can
be selected to fire in the marking Mi if 1t is enabled in M ’ regard-
less of the transitions with which it may conflict in Mi.

Let us now assume that H(ts) # ¢ and suppose Mi(pj) < Mj for some

pj £ @(IS), where
g £ é T(py) eyt

In this case there may exist a conflict at p, in the marking Mi,
depending on the status of the transitions in T(pj). Consequently, the
firability of t, may depend on the priorities of the tramsitions with
which it conflicts. If t_ o t in Mt and Py is a place in I_ n I such
that there is a conflict at pj in Mi, then we shall say that ty and t
"eonflict at pj". We shall also say that tgs and for that matter L
"participates in a conflict at pj". Let us denote for each t € T:

() = ) [a ) - 9a)

t, € T(ts)

= !
(e ) =G ) U m'(t).
In order to simplify notations let us suppose that

= .. e %
n(ts) {pjl’ cee qu. qu+1’ . ’ Pjn} such that pjk kaIs) for
1< k< q and Py € ﬂ'(ts) for q+1 < k < n. Let us also define for
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' .
each tg € T and all pjk ET (ts).

s
m,, = max{I(p | t, € T(ts) n T(pjk)}

k jk* o)

At this point it is advantageous to view the ranges of the mark-
ings of a PPN(I) as vectors of nonnegative integers. Thus, the range
of the restriction of any marking Mi of PN to ﬂ(ts) can be represented
as a vector with n coordinates, where the k-th coordinate equals

i
< k <

M (pjk)’ 1< k<n,

In this spirit let us form the finite set of vectors:

M(e) = (B, «ov s By Boygs +ev s B) | I(pjk’ £) < B < My

for 1< k< dand0<B <o

ik for

9+l < k < n} -

s
ce Bn) | o < Bk < m for

Ly

- {(Mjl’ ter o Byq Bae1?
g+l < k < n}

From the analysis of the vectors in the set M(ts) we shall deter-
mine the set of markings of PN in which the transition ts is firable.
First, we explain the particular selection of the vectors in M(ts).

We notice that for any transition t; € T, the set H(ts) is fixed
by the definition of the respective PPN(I)., On the other hand, in any
marking Mi

e [t ot in m'} c gt n T(t)
and moreover, t, can participate at the most in conflicts at places
pj EEZXIS). Therefore, in order to determine whether ts may be selec-
ted to fire in the marking Mi, it is sufficient to examine the restric-
tion of Mi to W(ts).

Consider a transition t_ € T(ts)’ t # te and let
Pyk © (e )NGNL), L.e. Pik aQZ(Im) but pyy ¢gX1). Obviously, tg
azd t, cannot conflict at pJk but tS ° t in some marking Mi only if
M (pjk) > I(pjk’ tm). Suppose now that Mi is a marking of PN such that
the restriction of to ﬁ(ts) is a vector in M(ts) and Mi(pjk) = m?k.
Let M' be another marking of PN such that for any pjr £ ﬂ(ts), r # k,
M'(pjr) = Mi(pjr) and M'(pjk) > Mi(ij)' Since m?k > I(pjk, tm) for
all t, € T(ij) N T(ts), tg ot in M' 1if and only 1if e, oty in Mi.
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Otherwise viewed, tg is firable in any such marking M' if and only if
tg is firable in Mi. Therefore, it is sufficient to consider only
vectors B for which 0 < Bk < m?k, for q+1 < k< n.

Suppose now that pjk EEZXIS). Then, ts ° tm in some marking Mi,
where t € T(pjk)’ t # to only if Mi(pjk) < Mjk' Suppose on the
other hand that Mi is a marking of PN whose restriction to ﬂ(ts) is a
vector in M(ts) and Mi(pjk) = Mjk’ Let M' be another marking of PN
such that M'(p r) = Mi(pj jr
M'(pjk) > Ejk' Then there is no conflict at pjk either in Mi or in M'
and ts is firable in any such marking M' if and only if ts is firable
in Mi.

In particular, if in some marking Mi, Mi(pjk) > Mﬁk for all
places pjk EQEXIS) then tg is firable in Mi independent of the status of

any other transition of the net. Since we are interested at this

r) for all p, € ﬂ(ts), r # k, and

k|

point in markings Mi such that for at least one place pjk EEEXIS).
Mi(pjk) < Mjk’ we have excluded from M(ts) the vectors (Bl, e Bq,
Bq+1, e Bn) for which Bk = Mjk for each k, 1< k < q.

Let ﬂ(ts) denote the subset of M(ts) such that 1if B € ﬂ(ts) then
for any marking Mi of PN whose restriction to ﬂ(ts) is B, ty is firable
in Mi (ﬂ(ts) is determined by eliminating from M(ts) the vectors which
do not satisfy the condition (*) given at the beginning of this proof).
Suppose B = (Bl, cen Bq’ Bq+1’ cee s Bn) is a vector in ﬂ(ts). A

vector B' = (B!, ... , B&, B&+1, cee B;) is called an extension of B
1 o ' -
if for each k, 1 < k < q, either Bk Bk or Bk > Mjk if Bk Mjk and

< L= ')8 as.
for each k, q+1 < k < n, either Bk Bk or Bk mJk if Bk mjk

According to the previous discussion, ts is firable in some mark-

ing Mi if and only if the restriction of Mi to w(ts) is a vector in

jk) > M for all

n(ts) or an extension of a vector in ﬂ(ts) or 1f Mi(p "

places pjk EEEXIS).

With these remarks we can now present a conversion procedure by
means of which a given Labelled PPM(I) can be converted into a
A-transition free, language equivalent Labelled EPM(I). The essential
factor in our procedure is the fact that the set ﬂ(ts) is finite for
each tramsition t_ of the original PPN(I). Our construct will preserve
the places of the original net. If ty is a transition such that
H(tg) = ¢ then we shall introduce in the EPN(I) EN = (T', P, I', 0') a
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transition t; which is the exact copy of the original tramsition tos
i.e. t; has the same input and output connections as t..

Let now t, be a transition such that H(ts) # ¢. For each vector
B = (B.., «e-»B._ BV 12 0 o an) in M(ts) we shall introduce a

v v vq
transition t;v in T' such that:

g if ka = 0

It(pjk, ts'w) =4 (o, ka) 1f 0 < ka < Mjk 1<k<q
B 1f B = My (P eN1))
g if Bok ™ 0

'y toy) = @ By £ 0< By < my  Wl<k<im
ka if ka = mjk (pjk e (ts))

4 1 = -
I (pj’ tsv) 0 for any Py eP n(ts).

0'(:; = ka - I(pjk’ ts) + O(ts, ij) for all pjk £ w(ts)

] ] = -
0 (tsv’ pj) O(ts, pj) for any pj e P ﬂ(ts).
Finally, we shall introduce for t, one more replacement transi-

tion, let it be t;, such that:

M Lf I
I'(p . t') ,{ j Pj E@ S)
3" s 0 1€ p, € P -gK1)
0'(t!, p,) = {MJ - I(pys g + 0Cegs By LE oy eIy
8" "] O(ts, pj) if pj g P -EZXIS)

Our construct preserves the places and the set of reachable mark-
ings of the original PPN(I). In any marking at most one replacement
transition introduced for a transition of the original net can be
enabled (and consequently firable). The input connections of each
replacement transition were determined such that the tramsition can be
enabled only in a marking in which the corresponding transition of the
original net is alsoc firable. The output connections of each replace-
ment transition ensure that the firing of that transition in some mark-
ing Mi produces the same effect on Mi as the corresponding original
transition. It can be verified that the resulting EPM(I) generates the
same language as the given PPM(I) 1if all replacement transitions carry

the same label as the original transition to which they correspond.
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Figure 4.3.1 exhibits a sample PPN(I). The associated partial
ordering Pr = (Q, @) is given in its Hasse diagram representation. 1In
the given marking Mi, all transitions are enabled and form a unique
conflict cluster CT; (marked in the picture with solid line). CTi in
turn contains two conflict subclusters, SCTi1 and SCTi2 (marked in the
picture with dotted line). It can easily be seen that tl and ty are
firable in M; while t2 and t4 are not. Figure 4.3.2 depicts the EPN(I)
obtained by applying the construct of Lemma 4.3.1 to the PPN(I) of
Figure 4.3.1. Since the output arcs of a transition are irrelevant
from the point of view of the firability of that transition in any
marking, we have deliberately omitted from Figure 4.3.2 all output arcs
in order to simplify the picture. In the given marking, ti and té are
enabled and therefore, firable. It can be verified that none of the
replacement transitions introduced for the transitions L, and t4 of the
original PPN(I) is enabled.

Let us examine for a moment the differences between the Priority
Petri Model and the Priority Petri Model (I). Clearly, there are no
"structural" differences, the only distinction consists in the rule
applied for the selection of a tramsition to be fired. Figure 4.3.3
depicts a Priority Petri Net. According to Definition 4.1.6, in the
given marking, let it be Mi, only transition t, is firable. If we con-
sider the same net as a Priority Petri Net (I) (Figure 4.3.4) then it
can be seen that in the same marking Mi the transitions of the net are

partitioned into two conflict clusters CTi and CT;, which in turn

contain three conflict subclusters SCTil, SC’I‘i2 and SCTél, regspectively.
According to Definition 4.3.3, in the given marking, both t, and t, are
firable. Obviously, the same net may generate distinct firing sequences
(and for that matter distinct label sequences if, for example, :2 and
t, carry different labels) depending on which execution rule is used.
Nevertheless, one can show that:
Lemma 4.3.2

A(PPM) < A(PPM(I)) and AO(PPM) < AO(PPM(I)).

Proof. Let PNz = (PN, L, L) be a Labelled PPM where PN = (PN, MP),
PN = (N, Pr, Y) and N = (T, P, I, O). Suppose PN is in some marking Mi.
According to Definition 4.1.6,ia transition tk € T is firable in Mi if

and only if t, € £l and TkFW E” = ¢ where
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t, T(:s) H(ts) Hs =2
t; Tys o By By ¢ M, = 2
t, Eys Ty By tyr By K, =4
tJ Cl, tz, t3' t‘. ¢ HB =1
t, tys Eas s
) 2
' - - -

E m™(t,) {97} m(e,) {ps. Pg p7} m) = 2
”(tz) Ps P6 P7

1 1 0

1 2 0

2 1 0

2 1 1
[:;] m(e,) = {pes gl (e,) » {Pes Prs Pqs Pgl 2t =1, & a1

4 5! 6 ‘. sl 6! 7' 8‘ 5 » 6
H(z,): Ps Pg P; Pg| P Pg Py Pg

0 0 1 1 0 1

1 0 1 1 0 1

0 1 1 1 1 1

1 1 1 1

0 0 2 1

1 0 2 1

Figure 4.3.1
Sample PPN(I)
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Al
e

h Figure 4.3.2
EPN(I) Obtaiued from the PPN{I) of Figure 4.3.1
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Figure 4.3.3
Sample PPN

i
maj {SCT;;} = £, maj{scriz} =t
maj{SCT;l} =, '

Figure 4.3.4
Sample PPN(I)
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T, = {t, I ty € T and ¥(t,) & Y(e )}
Let us form a Labelled PPM(I) PN;': = (PN', I, L) where
PN' = (eN', M), BN' = (N', Pr, ¥) and N' = (T, P', I', 0'). We shall

have P' = P U {po}, where p_ ¢ P, and for each t, € T:

J

&

L___

maj{SCTi} =t

Figure 4.3.5
PPN(I) Obtained from the PPN of Figure 4.3.3
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I(p,» t,) if p, € P
L' ey tk)={1 nE 1f j
P, =P,
ot,, ».) 1f p, € P
' = k| h|
0" (5 py) {1 if
Py = P,

Moreover, M?'(pj) = MP(pj) for each pj € P and MP'(po) = 1. In other

words, we have introduced in the GPN N of PN a control place p, om
which all transitions of PN' self-loop. Obviously, the control place
does not alter the conditions under which a particular transition t € T
is enabled but, as we shall see, Po drastically changes the structure

of the conflict clusters and subclusters which can be formed in any

marking Mi.

Since all transitions t € E1 conflict at p, Ve shall have in any

k

marking Mi for which Ei # ¢ a unique conflict cluster, let it be CTl,
such that CTi = Ei. From the definition of a conflict subcluster

follows that we shall also have only one conflict subcluster, let us

i i i
denote it by SCTll’ such that SCT11 E”.

Definition 4.3.3 becomes: a transition N € T is firable in Mi if and
is a majorant of Ei. Equivalently, t:k € T 18 firable in the

i i

only if tk
marking ML if and only 1if tk € E* and Tk N E- = ¢, where Tk has the

same meaning as in the case of the PPM. This is, however, exactly the

Therefore, in the case of PN',

rule for the selection of a firable transition in the PPM. Conse-
quently the Labelled PPM(I) PNE generates the same firing sequences,
and therefore the same label sequences, as the Labelled PPM PNz.

O

The PPN(I) of Figure 4.3.5 examplifies the comstruct of Lemma 4.3.2
as applied to the PPN of Figure 4.3.3. We have seen (Lemma 4.3.1) that
A (PPM(T)) < A(EPM(I)) and AO(PPM(I)) c AO(EPM(I)). From this and
Theorems 4.2.1 and 4.1.1(a) we then have A(PPM(I)) < A(PPM) and
AO(PPM(I)) c AO(PPM). Lemma 4.3.2 proves the containment in reverse

direction. Consequently, we can now state the main result of this sec-

tion:

Theorem 4.3.1
A(PPM) = A(PPM(I)) and AO(PPM) = AO(PPM(I)).
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Section 4.4 THE C-COLORED PETRI MODEL (I)

In this section we shall introduce another class of the CFM, closely
related to the C-CPM, which we shall call the C-Colored Petri Model (I)
(C-CPM(I)). The C-CPM(I) will be used in our study of the relationship

between the C~CPM and the PPM.

Definition 4.4.1

A C-Colored Petri Net (I) (C-CPN(I)) is a Colored Petri Net
CN = (N, C, F, R, Q) where:

1. N, C, F, Q are as in Definition 2.4.1.

2. R = RE is the identity relation on the set X.

Since all models in the C-CPM(I) class will employ the relation RE for
the selection of enabling colors, we shall omit it when defining a
C-CPN(1).

Clearly, the C-CPN(I) resembles closely the C-CPN, the only distinc-
tion consisting in the rule used for the selection of enabling colors.
Thus, let CN = (N, C, F) be a C-CPN(I) in some color marking CMi.

Let N = (T, P, I, 0) be the underlying GPN and suppose t, € T, pj € P

d p
an j

for some integer m > 0, and consider an arbitrary input arc ajk ’

is an input place of tk. Let us assume that I(pj, tk) = m,

1l <r <m. Let us denote by f;k the color threshold function

r T

ith fr X .
a:sociated wit ajk where ik é?% ) -+ cjk for some color
cjk
Definition 4.4.2

A color ¢ eEZ&Zi) is the enabling color of transition tk on

r r
the input arc ajk if and only if ¢ cjk .

As we shall see, this rule for the selection of enabling colors

£ X. Definition 2.2.2 becomes:

will influence the execution rules of the C-CPM(I). We can already
notice that irrespective of the color marking CMi , there cannot exist
a set of distinct, incomparable colors which are all eligible to bhecome
the enabling color of t, on the input arc a;k . Thus, in the case
of the C-CPN(I), unlike the case of the C-CPN, there does not exist
a choice in the selection of enabling colors. Consequently, the bag

of enabling colors of tk from the input place pj becomes:
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I(pj, tk)
i r
Ok = W, ik

r=1

r o r
where fjk : g@(x) -+ cjk . cjk € X, foreach r, 1 =r = I(Pj’ tk).

Hence, the bag of enabling colors of ty is:

I(pj. tk)
6;’ = U U crk
Pj € @(Tk) r=1 13

We notice that in the case of the C-CPN(I), as opposed to the C-CPN,
neither G;k (for each Py € @(Ik)) nor Gi depends on the color
marking cMl; therefore we shall drop the superscript i. We can
now rewrite the condition for a transition t, € T to be enabled as

follows:

Definition 4.4.3
A transition tk of the C-CPN(I) CN is enabled in some color

marking CMi if and only 1f for each Py € @(Ik):

I(pjn tk)
- r i
%1k U °jk € G
re=1
Let us denote for each place G @(Ok)
G'kj a U c:j (bag union)
r=1

where fl:j: ,?(x) X 9(}() + c;j. clij € X, for each r, 1 sr = O(tk, pj).
Let us also make the convention that ejk = ¢ 1f pj A @(Ik) and
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akj = ¢ 1if pj £ SEKDK). Then:

Definition 4.4.4
If a transition tk is enabled in the color marking CMi and

CHi[tk > CMi+1

then for each p, € F

J
ot ) = @) - 8,0 U oy

We notice that in the case of the C-CPN(I) the effect of the
firing of a transition in any color marking CMi is fixed and therefore
if CMi[tk > CM1+1 then the color marking CMi+1 is uniquely deter-
mined by CMi and tk

Regarding the dynamic behavior of a C-CPN(1), we notice that
the priority of a transition e is g. 2 .b(@(ek)) and therefore
fixed and independent of the color marking of the net (we remember that
in the case of the C-CPN the priority of a transition depends on the

particular selection of enabling colors and therefore may vary from one

color marking to another and even for the same color marking) .

The execution of a C-CPN(I) follows the execution rule given for
the CPM in Section 2.3, hence an enabled transition is firable
in some color marking CMi if and only if it is a majorant of all the
conflict subclusters in which it is contained. The definitions of
Section 2.3 can immediately be particularized for the case of the C-CPN(I).
Finally, a C-CPM(I) is defined analogous to Definition 2.4.2.

Figure 4.4.1 exhibits a sample C-CPN(I). All transitions, with the
exception of tsi, are enabled in the given color marking,ilet us
denote it by CM . There are two conflict clusters in CM~ , which we
have denoted by CT: and CT; , each of which contains a conflict
subcluster, SCTi and SCTi1 , respectively. It 1s easy to see that

11 2
transitions t,, t2 and t, are firable while t, is not.
A Labelled C-CPM(I) is defined completely analogous to a Labelled
C-CPM. Similarly, the language families A(C-CPM(I)) and AO(C-CPM(I))

are defined the same way as A(C-CPM) and AO(C-CPM) , respectively.

Lemma 4.4.1
A(C-CPM(1)) € A(PPM(I)) and AO(C-CPM(I)) c Ao(ppn(z)).
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ty B,  8:-2.b.(Z(0))

tl <c2> €2 q\ conflict at the place Pg
t, ey, > c, j for the color <,

3 3 °3 conflict at the place Pg
t, <egy €> c, for the color c,

ts <c2> °2

Figure 4.4.1
Sample C-CPN(I)
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Proof: Let (py = (GF, L, L) be an arbitrary Labelled C-CPM(I)
where (P = (CN, ¢cM°) , CN = (N, C, F) , N= (T, P, I, O) 4is the under-
lying GPN and C = (X,S) is the set of colors associated with N.

We want to construct a language-equivalent, A-transition free Labelled
PPM(I) PN = (PN, L, L'). Ler PN = (my, M°) where
PN = (N', Pr, Y) and N' = (T', P', I', O').

We shall first define the structure of the GPN N'. Let IT'[ = ITI,
i.e. for each transition tk € T we shall introduce a transition
ti in T' (ti will be called "the transition of T' corresponding
to t, € T"). Next, for each place Py € P we shall introduce in P'

a set of places {pjl""" pjlxl}. In order to simplify the notations
we shall make use of the following mappings:

a),_?’:? + 9P (GP(p') denotes the power set of the set
P') such that for each place Py € P we have éztpj) = {le,..., pj[xl}

b) For each color c. € X let egg : P+ P' be the function defined
by ¢92(pj) = Pyp for all Py E P.

c) F: T+ T' such that SZIck) = tk' for each t,_e T, and té
is the transition of T' corresponding to £y

The mapping 3719 both one-to-~one and onto while the mappings ._7;
(for each c. € X) and Jgpare only one-to-one.

d) Let R(CMO) and R(Mo) denote the set of reachable color
markings and the set of reachable markings of CP and PN, respectively.
Let @: R(CMO) -+ R(MO) be a mapping such that given some marking
Mi £ R(Mo) and some color marking cM® ¢ R(CMO) then Mi = @(CMS) if
and only 1f for each pj € P and any c. € X

M (P, = Hey, €]

We can proceed now to define the input and output incidence
functions of N'. Suppose t, € T and let us assume that pj £ @(Ik).
We shall denote for each color c. € X, #(cr, ij) = m;'k; certainly

r L

Z mjk I(pj, t:k). For each <. £ X, let:
c £€X
r : 99 r
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This rule is repeated for all 1:0._j E gk_lk) and all transitions tk e T,
Suppose now that p_e€ @(0k) and let mll;s = #(cr’aks)' In PN

we shall then have:
) r
o) (g'(tk),,?g(ps)) = W oo for each c¢_ € X.

This rule is repeated for all Pg E QZ(Ok) and all t, € T. The defini-
tion of the GPN N' = (T', P', 1I', 0') 1is now complete. Let us next
set Pr = C and define the priority function Y by

Y(ep) = g.z.b.c@(egﬂl(t,))),
k

for each tramsition tl'( e T'.

Figure 4.4.2 displays a typical transition of a C-CPN(I) while
Figure 4.4.3 illustrates the result of the construct given above,
as applied to the transition of Figure 4.4.2.

Suppose now that the C-CPN(I) CN is in some color marking CMi
and let t ET be a transition enabled in CMi. Hence, for each place
Pj £ @(Ik) and for all colors cr € X, we must have:

i
) > #c_, 8

#(cr, C.‘l

31’
Let M® be the marking of PN such that Ms = @(CM:L). Then, for
each place Pyp = ‘-Z(Pj) in .?(pj), for all Py £ @(Ik), we must

have:

i
]

r
=m

]
M Fp)) = #ley, € 2 He, T

Y
= I'(Z,6,), Fl))

Therefore, g.(t:k) is enabled in the marking MS and consequently
the set of transitions of PN enabled in Ms is g(Ei) , where Ei
denotes the set of transitions of CN enabled in CMi and the mapping

ghas been naturally extended to a set.

1f V= {t,, ,..-5 £t )} 1is an arbitrary subset of T then

¥
FW) = (e, g O = (e s e FMS T
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B, =< c¢c,, ¢,y C,y &, > > g.l.b.(EZkB H =c
k 102 3t 4 Figure 4.4.2 k 4

Tvpical TransZtZon of a C-CP(I)

Figure 4.4.3
Transition of a PPN(I) Obtained from the Transition of Figure 4.4.2



145

Let us now suppose that pj € P1s aplace of CN such that there

exlsts a conflict at p__l for the color c. in the color marking

CMi. Let us define for each p:l e p and for all c. € X the sets:

Tr(pj) = {e, | t, € T and #(c_, 8 > 0}

Certainly, Tr(pj)ET(pj). Then:

T Heps 0y0 = D Hen 0 > pe, e

£, € T(pj) n gt t, € Tr(pj) n gt

For each t, and t_ in Tr(pj) N E* we shall say that "tk and tg
conflict at the place pj for the color c. in the color marking

CM ."
Since 9 is an isomorphism we must have:

r i .
FT e N E) = G e)) 0 Fh) = 1P, 6,0) 0 GFED)

Hence

DTS, ) = D e, 8,

t € NS N GED ke T(p,) N E'

Since M® = @(CM:L) we must also have
1 ( 1
Y ey ) > ke, ) = (P p,))

ey € T(F () N FEh

Hence there is a conflict at o.gf(pj) in the marking Ms. Using a

similar argument it can be shown that tk and € conflict at p__j for

the color c. in the color marking CMi if and only if g'(t:k) and
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,%tm) conflict at 'Z(pj) in the marking M. It is therefore easy to
see that t:k ° t:In itil CM:L if and only if g-(t:k) ° og'(tm) in MS.
It follows that SCTrn is a conflict subcluster of CN in the color
marking CMi if and only if éﬁQSCT:n) is a conflict subcluster of
PN in the marking Ms. Conversely, €y participates in CMi in a
conflict subcluster SCT:.'n if and only if J;?ktk) participates in M?
in the conflict subcluster éﬁ?SCT:n). According to the definition of
the priority function Y, éﬁ?tk) can be a majorant of all conflict
subclusters in which it particpates in M? if and only if tk is a
majorant of all conflict subclusters in which it participates in CMi.
We can conclude that ¢@'(t:k) is firable in M 1if and only if £, 1is
firable in CMi , where M° = ??(CMi).

Prom the definition of the functions I' and O' follows that if
on'le, > o't then € (M) FFr > € @y, Thus, if M° = &)
and L'(éﬁﬁtk)) o L(tk) for each tk € T then PMZ generates the same

language as GPZ (1f a final color marking CMf is given then, obviously,

ut = @ (cub)).
a

Note: The number of places of PN 1is considerably larger than
the number of places of (7, i.e. [P'| = IXI-IP]. We can, however,
reduce the number of places used in our construct by introducing in P'
Places pjr only for the colors c. € X which may occur in pj (in any
reachable color marking ), for all pj £ P. Thus, suppose pj € P and let

!
% >0} U LJ@(&

)
3 e, er B

(remember that akj = ¢ 1if pj ¢ .EZXOk)). Then, the mapping &L is

redefined as follows:

Xj = {cr | c. €X and #e ., C

J;ipj) = {pjr | c € Xj} for each p, € P.

Also,.gz(pj) is undefined 1if c. ¢ xj.
The complete construct employed in Lemma 4.4.1 is examplified in

Figure 4.4.4 as applied to the sample C-CPN(I) of Figure 4.4.1. It is
eagsy to verify that only transitions ti ’ Cé and té are firable 1in

the given marking.
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Figure 4.4.4
PPN(I) Obtained from the C-CPN(I) of Figure 4.4.1
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Lemma 4.4.2

A(EPM) € A(C-CPM) and AO(EPM) E_AO(C-CPM)

Proof: Let ENz = (EN, £ , L) be an arbitrary Labelled
EPM where EN = (EN, Mo) and EN = (T, P, I, 0) 1is the underlying
EPN. We want to build a language-equivalent, A-transition free
Labelled C-CPM (Pp = (CP, I, L'). Let (P = (CN, cM®) where
CN= (N, C, F) , N= (T', P', I', O0') 1is the underlying GPN and
C = (X,<) is the color set associated with N.

We shall introduce for each place pj € P a distinct place pj
in P'. Moreover, the set of colors X will contain two distinguished
colors ce and o by means of which any reachable marking Mi(pj)

i
will be encoded in terms of the color marking CM (pi) as follows:

i s
i) if Mi(p ) =0 (i.e. p, is "empty") then CM (pg) =<c, >

*y h| J .
ii) 41if M (bj) >0 (l.e. P, is "full") then CM (pj) =< e >.

Our construct will ensure that no tokens of other colors will ever

occur in any such place pj.
Let us now define for each transition t € T the following sets:

+
P, = @(ok) n e

AN "D

P. = @(ok) ne

~

+ -
Certainly, Pk n Pk = ¢, Comnsider an arbitrary tramsition th of EN and
let us briefly examine the effect of the firing of €y in some marking
Mi with respect to the places to which tk is connected:

n -+
a) pje Pk - Pk' Thus, I(pj’ tk) > 0 and O(tk, pj) =0, i.e. pj

is only a normal input place of tk. If Mi(pj) = I(pj, tk) then the
will change the status of Py from "full" to "empty."

R tk) then pj will remain "full" even after the firing

firing of ¢t

1 k
IfF M (p,) > I(p
of ¢

3 3

k'
+
b) Py € P, . In this case both I(pj, t,) > 0 and 0(t, » pj) >0,
Consequently, the firing of €y maintains the "full" status of pj.
z - - o
c) Py £ Pk - P Thus, I(Pj’ tk) g and O(tk, pj) 0, i.e. Py
is only an inhibitor input place of tk' Therefore, tk can fire only
if Py is "empty'" and the firing of t, Will not alter this status of Py~
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d) pj E P;. In this case I(pj, tk) a 7 and 0(;k, pj) > 0. Thus,

e, can fire only if Py is "empty" but the firing of ty will always

switch the status of pj to "full".

e) pj g @(Ok) - (P: u P;). Therefore, I(pj, tk) = 0 but
O(tk, Pj) > 0. After the firing of t the status of pj will always be
"full" but the firing of t
depending on Mi(pj).

We shall introduce for each transition t, € T a set of replacement

k
transitions; each replacement transition will simulate . the firing of

k May cause a change in the status of Pj’

£y with respect to a certain distinct category of markings of EN. Of
primary importance to our construct will be to properly detect the

changes in status which the firing of t, may cause for the places to
which it 1s connected.

In order to simplify notations let us suppose that PE - P: = {pjl’
feey pjs}.i Obviously, Ik is enabled (and therefore firable) in some
marking M~ only if M (pjr) Z_I(pjr, tk) for each r, 1 <r < s,

The restriction of any such markingM to P; -P: can be represented by an

s-tuple of binary digits B = (Bl, cee s Bs) where:

i
1 if M (pjr) > I(pjr’ tk)

B, = l<r<s
i

Let us call B the "binary representation of the restriction of Mi to

{pjl’ voes pjs}'" We note that if Br =0 for some r, 1 <r < s, then
the firing of £ in Mi will produce a change in the status of pjr ’
namely from "full" to "empty'". On the other hand, 1if Br = ) then the
status of pjr will remain "full’ after the firing of € A similar
binary representation of the restriction of the color markings CM~ of
¢cN to {p', ,-.., p!. } can be defined (remember that we shall have
1 I " ylp, 38

CM (pj'r ) = <cg "ir) > foreachr, l=r= s).

For each s—-tuple of binary digits Bv = (Bvl’ coey Bvs) we shall
introduce in T' a replacement transition tév of tk. For each r,

l1<r<s, let:
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I ’ =
I'(Pjr’ tl'cv)‘ (pjr tk) i Bvr °
Py, ) + 1 1f B, = 1
fjrnkv : P Cg for 1 < n < I'(pjr. ;iv)
O'(tl'cv’ p_‘;l’.') =~ 1
fogr P P X PR > e, 1f B, = 0
froge | PO x PR + 1£ B, = 1

Obviously, we have introduced 2% distinct replacement transitions tév.

We notice that the 2° tuples Bv can be grouped into exactly s + 1
groups, all tuples in a group having the same number of digits 1. 1If
]

Bv belongs to group q, 1 < q < s + 1, and tkv is the replacement

transition corresponding to Bv then:

1) tiv can be enabled in a color marking for which the binary
representation of its restriction to {p51 goacy pss } belongs to some
group r, r > q.

ii) tév cannot be enabled in any color marking whose restriction
to {pjl yo ooy pjs } has a binary representation which is a tuple in
groups 1, ..., q but different from Bv'

Nevertheless, in order to correctly implement the encoding rule
*) given at the beginning of this proof, we want each replacement
transition tév to be firable only in those color markings whose
restriction to {p;l 3o eny p}s } has Bv as binary representation and
in no other color markings. We shall achieve this by manipulating the
priorities of these replacement transitions. Thus, all transitions t;v
corresponding to tuples Bv belonging to the same group q, 1 < q < s + 1,
will have the same priority to fire in any color marking (in which they
are enabled) and thelr priority will be strictly less than the priority
of any enabled replacement transition corresponding to some tuple in the
group q + 1. Let us therefore introduce the colors Cpp?e"» cks+1 in
X and let us (temporarily) set Cq < ckq+l for 1 <49 <s + 1. Next,
we shall introduce a place pék in P' on which each replacement

transition tév self-loops:

I'(pyy» tév) = 0'(tiv. p;k) =1
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1 . - . 1 - -
ok kv P “kq’ fkv ok’ P x P “kq

where q is the group of blnary s-tuples to which Bv belongs. Finally,
we shall introduce a new color ¢y in X and another place pio in

P', on which all replacement transitions tév self-loop:
1ot ' = O (¢! ' =
' (P, By) = O CEpys Pp ) =1

1 1 .
fro kv P - 15 frv ko' P x Px) ¢,

o
If CM (p;k) =<c > and CMO(péo) = < ¢, > then these

k1’ "' Ske+l 1
color bags of pgk and pﬂo , regpectively will be preserved unaltered
in any other reachable color marking of CN. As already mentioned, the
sole purpose of the places Pék and péo is to enforce the priority
rule among the replacement transitions tiv discussed earlier. In any
reachable color marking pﬂo creates a conflict for the (unique) token
of color c, among all replacement transitions tév enabled in
that color marking. Therefore, in any reachable color marking all
enabled transitions tév are in the same conflict subcluster.

This construct is applied to all transitiomns tk of EN for which
P?‘ - P: # ¢. Note, however, that we want to enforce a priority
hierarchy only among the replacement transitions introduced for the
same transition tk of the original net but not among replacement
transitions introduced for different transitions of EN (remember that in
EN any enabled transition can be selected to fire). Therefore, we shall

impose the following partial ordering among the colors of the set X:
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The colors c, and c3 were introduced in order to obtain a lattice,
as required by the definition of the C-CPM. From the construct presented
so far it follows that X will be a finite set. For each of the replace-
ment transitions t&v’ due to the particular structure of the lattice
= (¥,=) and to the corresponding color threshold functions,

g.z.b.(QD(Giv)) = g.l.b.({cl, Cer Cp }) = g in any reachable color
marking cMl  in which tév is enabled where q 1s the group of binary
s-tuples to which the tuple B (corresponding to tév) belongs.

In case Pz - P: = ¢ for some transition tk of EN, we shall
introduce a single replacement transition, say til’ in T' and one
color, say Cry? in X. The transition til will self-loop on the
place p;k as described earlier but will not have any other input or
output connections. The place Pio is certainly not needed any more.

In what follows, we shall "refine" the replacement transitions tﬂv
introduced so far in order to simulate the firing of ty with respect
to the other categories of places to which £ is connected.

Let pj € P: and suppose p5 is the place of CN introduced for
p.. For each replacement transition tiv introduced at the previous

step of our construct we shall in addition set:

I'(py, ) = Ilpy, £)5 0" (kg ,, PY) = 0(ty, py)

n
£t PR > g for 1 2 n 2 T'(pj, £ )
fry y? PX X FPX) » g for 1 < n < O'ey . pl)
Suppose now that pj £ Pk - P;. For each replacement transition tév
we shall set:
] t 1 = l =
PX) e £ RN 2SI S GO
Let now pj € P; . Then, for each replacement transition tév we shall
have:
1
' 1 ' = 1= .
1 (pj, tkv) 1; fj v’ Px) -+ <,
t 1 ) =
0" (tp s Pj) o(t,, pj)
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£, PX) X GR) + . for 1 =n = 0'(¢) ).

kv j kv’ Pj
Let us now consider the last category of places connected to tk' Sup-
pose first that there exists only one place Pj in QZKOk) - (P: u P;).
In order to simulate correctly the status change which the firing of tk
may cause for pj, we shall replace each transition tiv by two copies,
tivl and CLVZ’ which will have exactly the same input and output con-

nections as t'! . In addition:

kv
I'(pj', tyy1) = I'(pj', t:l'c 2) =1
jkl Fx jkv2 PE) > e,
0'(tkvl. p;) = O(tk, pj) +1; 0" (ep ,» pj) = 0(t,, pj)

kvlj P x GAX) +cg for 1 =a=0'(g ., p:;)

fkvznj: Px) x Px) + ce for 1 <n < 0 (t:k 29 pj)

Obviously, tévl and té 2 cannot be simultaneously enabled in any
reachable color marking of CN. If there are more than one places in
QDU%J - (P: U P;) then the resulting transitions are further refined
according to the above construct for each such place in turn.

We note that the refinements which we have presented above cannot
change the priority of any replacement transition, in any reachable
color marking of CN. If each replacement transition introduced for some
transition t, of the original EPN EN carries the same label as ty then

k

the resulting Labelled C~CPM CP. will generate the same language as ENZ'

O

Figure 4.4.5 illustrates a sample EPN. In the given marking only

transition tz is enabled. Figure 4.4.6 displays the C-CPN obtained

by applying the construct of Lemma 4.4.2 to the EPN of Figure 4.4.5.

z

It is easy to see that both replacement transitions tll and tiz
introduced for the transition t1 of the original EPN are disabled. On
the other hand, both replacement transitions introduced for transition
€, of the original net are enabled. Due to the conflict at the place
péO’ only téz is firable.

We notice that, in general, 1f the Labelled C-CPM CPz produced by

the construct of Lemma 4.4.2 1is executed according to the execution
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Figure 4.4.5

Sample EPN

rules of a C-CPM(I) (i.e., we use the relation RE rather than RLE

for the selection of enabling colors) CPZ will perform the same firing
sequences, and therefore generate the same label sequences, as before.
Due to the particular structure of the color set C = (X,S) and to the
way in which the color threshold and color output functions of the
particular transitions were defined, in any reachable color marking of
CPZ there does not exist any ''choice' in the selection of enabling
colors. Thus, each transition is forced to select as enabling colors
exactly the colors of its own (constant) color threshold functions which,
in fact, 1s the rule governing the selection of enabling colors in a

C-CPM(I). Consequently, we can state:

A(EPM) € A(C-CPM(I))

and
A 4(EEM) c A, (C-CPM(I))

Combining this result with Lemma 4.4.1, Theorem 4.3.1 and Theorem

4.1.1(a) we can conclude:
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Theorem 4.4.1
A(PPM) = A(C-CPM(I}) and AO(PPM) = AO(C-—CPM(I))

O

Figure 4.4.6

C-CPN Obtained from the EPN of Figure 4.4.5
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Section 4.5 THE RELATIONSHIP BETWEEN THE C-CPM AND THE PPM

Based on the results presented in the previous sections of this

chapter we can finally proceed now to investigate the relatiomship
between the C-CPM and the PPM. First, let us however introduce the
following composition operation on lattices we shall make use of later
in this section.

It is known that any nonvoid, finite lattice C = (X,<) has a
least element (denoted by 0) and a greatest element (denoted by I)
([BIRK~67]). Even though we shall employ similar notations for the
least and greatest elements of a lattice and for the output and inmput
incidence functions of a GPN, respectively, the distinction will be
clear from the context.

Let C1 = (Xl,sl) and 02 = (Xz,sz) be two arbitrary nonvoid,

finite lattices such that Xl n XZ = ¢ (this condition can easily be
met through appropriate renaming). We shall define the concatenation

of Ci and 02 , denoted by Cl + CZ’ to be the partially ordered set

C = (X,=) where:

1. X = X U X,
< =
2, < 51U52 v {(12,

The concatenation of two (finite) lattices can be schematically repre-

0}

sented in terms of their Hasse diagrams as in Figure 4.5.1.
It can easily be verified that C = C1 + C2 is a lattice itself
and that I = Il and 0 = 02, where Il denotes the greatest element
of the lattice Cl and 02 denotes the least element of the lattice
C2. We notice that in general Cl + C2 ¥ C2 + Cl’ i.e. the concatenation
operation on lattices is not commutative. On the other hand, the
concatenation operation 4 can easily be seen to be associative, i.e.
(C1 + C2) 4 C3 = C1 4 (02 4 C3) = C +C, ¢ C3 for any arbitrary

1 2
finite lattices Cl' Cz and C3.

Lemma 4.5.1

A(C-CPM) < A(C-CPM(I)) and AO(C-CPM).E AO(C-CPM(I))

Proof: Consider an arbitrary Labelled C-CPM CPt = (CP, L, L) where
CP = (CN, c¥°), CN = (N, C, F), N = (T, P, L. 0) is the underlying GEN
and C = (X,<) is the set of colors assoclated with CN. We shall first
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Figure 4.5.1

The Concatenation of Two Finite Lattices

> C=¢C, *+C

= (X,3)

construct a Labelled C-CPM(I) C’Pz'. =(CcPL',L") w'hich generates through
)
erasure the language of CPZ' Let CP' = (CN', CM™ ) where

CN' = (N’', CI' F') and N' = (T', P', L', O").

We shall first build the set of colers CI =

Consider the set of colors

c = (X,=

of CN.

(XI,sI) of CN'.
C 1s by definition

a finite lattice.

morphic to

Let then C' = (X',s')

be a lattice iso-

C; hence, there exists an order preserving isomorphism

h: X+ X'.

Since C'

is a finite lattice, there exists the dual of C',

let us denote it by C" = (X',s).
([BIRK~67]).

We note that the bijection h :

Obviously, C" must be a lattice too

X+ X' 18 a dual isomorphism

between C and C" .

Thus, for each x € X and y € X we shall have

x <y if and only if h(x) <' h(y)

if and only if h(y) <"

hx).

Suppose now that A 1is the set of directed arcs associated with

the GPN N. 1

Let h' be a bijection from at
r r

h'(ark) = xjk , xjk € A', for each are a

b

r

ik and let X'

€ Ai

Let A" C A be the set of input arcs of the GPN N.
onto A', A'N Ai = ¢, defined by

be the set:
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xlll = A' U {I'", 01‘"’ x}

We shall define the following finite lattice C'™ = (X', <'"):

r i q i r "e q

1. For each a4k €A and a €A, Xk £ X
and X g xF where x. = h’(ar ) and x3 = h'(acl )
mn — jk °? ik ik mn mn’ "

r i T r
2. a (4 A b'q " "
For each arc 1k ’ Jk £™ x and x { x_]k’ where
r o4, T
3. I'"™ and 0" are the greatest and the least elements of C'",
respectively. )

Finally, let ci' = ({c*},=™) and ¢" = (e}, <¥) be two
lattices, where the partial ordering relatiomns _<_Iv and _<_V are trivially
defined on the singleton sets {c'} and {c7}, respectively.

Then, C_ = ¢V actrcm rct + ¢’ (Figure 4.5.2 displays the
finite lattice CI

Consider now a transition t:k of the original C-CPM CN and suppose

schematically).

b o
P:l £ @(Ik). Let ajk be an arbitrary input arc of te from pj,
l<r<I(p,, Ct
37 . 1k r r
cv®. We note that if fjk : 9’(}() + ik is the color threshold function
associated with the arc al, then the color threshold imposed. by

jk
for the selection of the enabling color is in fact independent

). Let us also assume that CN 1s in some color marking

r
fik
of the color bag C;. Moreover a color c € @(C;') can be selected as

enabling color of t:k on the input are a;k only if ¢ 2 c;k. Let then

r r
XK {c |ceXande2 Cjk}'
The set X', contains all the nodes of the Hasse diagram of

ik
C = (X,<) which lie in the paths between c;k and I. We note that
the Hasse diagram of C 1s an acyclic finite graph and thus there are
only a finite number of distinct paths between any element c;k € X and I.
r r r
Since c;k € xjk we must have g.l.b.(xjk) = cjk.’
Let us extend the bijection h : X + X' to a set. Thus, if

X, € X then:

h(xi) = {h(c) I cE Xi}
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Figure 4.5.2

The Set of Colors C; = (X;,5.)

Since h 1s the dual isomorphism between C and C" we must

have:

= {c' | c' €X' and ¢' =" h(c’ )}

r
h(xj jk

1)
and l.u.b.(h(xgk)) = h(cgk) (see Figure 4.5.2).

Our construct will preserve the places of the original C-CPN CN.
Thus, for each pj € P we shall introduce a corresponding place pj’ in

P'. Our construct will also ensure that the restrictions of the
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reachable color markings of (P}, to the set of these places ps are
exactly the set of reachable color markings of the ofiginal net (Py.
The initial and final color marking of the C-CPM(I) (P}, are defined

accordingly.
Consider the input arc a§k of the transitiom t € T.. For each

color c e xf we shall introduce in T' a distinct transition t;c-

jk
These transitions will simulate the enabling color selection function
of the arc a§k. Therefore, we shall set:
' t ' = ' 1 t =
I (pj’ trc) o (trc’ p:]) 1
1, . 1., g
Elpet PEY > o5 £ P x FPx) + e
Thus, all transitions t;c
dealing with a C-CPM(I), in any color marking CMi each t;c must

select as enabling color from pi exactly ¢, i.e. the color for which

self-loop on the place pj. Since we are
1

;c has been introduced.

Next we shall introduce a place pé in P' on which all transitions

t

t;c’ introduced for all input arcs agk of the original net, self-lcop.

We shall set:

1, r 1, r+l
fo re! g(xI) T ¥k fre e MXI) % '?(XI) "
L S r r+l
where xjk h (ajk). The presence of the colors xjk and xjk in the

above functions implies an ordering of the input arcs of the original net
which will be explained later on. We note that if pé contains a single
token of color x§k then at the most the transitions t;c introduced
for the arec a§k can berenabled and all such enabled transitions conflict
at p; for the color xjk' The role of the place pé will also be
further discussed later on.

In addition, we shall make each transition t;c
self-loop on a separate place of P', let us denote it by pé. Let:

el P ~he); £ N PR x PR > he).

c

introduced above

In the initial color marking the place pé contains a single token,

of color h(ec). It is easy to see that erc = < ¢, xgk, h{c) >
(remember that in a C-CPM(I) the bag of enabling colors of a transition
does not depend on the current color marking of the respective net).
Hence, g.2.b. (@(em)) = h(c) and thus the place p; determines the
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L
priority of t;c' We can see now that in any color marking CMi ,
at most one transition t;c introduced for some arc a?k can be fired
(assuming that the place p' contains only one token, of color

jk ) namely the one which corresponds to a color c such that
c € Qa«% }, c2 c in C and there exists no other color

i’ jk r
c' e QDUJ ), c>c' 2 cjk in C. This is so because if there exists
T
such a color ¢' in p! in the color marking CMi , then
< <
h(c) I h(e') h(cjk
introduced for c', is also enabled and has higher priority than t
Neverrheless, if there exist the distinct colors ¢ ¢ .dﬂ(c ) and
c' € QD(C ) such that ¢ 2 ¢' and ¢' # ¢ in C then by the same
argument both transitions trc and t o1 are enabled and have the same

priority to fire in CM~ . Thus, the transitions t;C truly simulate

) and correspondingly the transition t;c,,
1
rc’

the enabling color selection function of the arc a;k'

For each input arc a’.  of the original C-CPN we shall introduce

a distinct place, let us di:ote it by ijr’ in P'. Whenever any of
the transitions t;c introduced for a§k fires it will:

1. put a token of the (selected enabling) color c¢ in pjkr' The
place pikr thus "remembers" the enabling color selected by the

transition t;c.
2. restore the token of color c¢ in pj. Consequently, the process

of selecting an enabling color for some other input arc is not impaired.
3. put a token of ceolor xgzl in the place pé, thus disabling all

transitions th introduced for the arc a§k and, at the same time,
T+l

enabling the transitions ¢t introduced for some other arc a .
r+lc r+1 ik

The selection of the particular color xjk will be discussed in more
detail later on.

The construct presented so far is exemplified in Figure 4.5.3.
This construct will be performed for all input arcs a;k of A.

We note that there exists the possibility that in the given color
marking CMi', Cj ('\ xjk ¢, 1.e. no color in @(C;') is eligible
to become the enabling color on a;k. In this situation none of the
transitions t;c discussed above can be enabled. We shall introduce
an additional transition t'8 in T' (called the "service transition"

corresponding to the arc ajk)' This transition is connected as shown
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Figure 4.5.3
Simulation of the Enabling Color Selection Function of the Arc a§k
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in Figure 4.5.3. Let p; contain in the initial color marking of CN'
only one token, of color ¢ . Hence, in any reachable color marking
g.i.b.GZb(Grs)) = g.l.b.({x;k, ¢ }) =¢ . But ¢ <; ¢, for anmy color
cE XI and therefore t;s has lower priority than any enabled transi-
tion t;c introduced for the arc a;k. Therefore, t;s can fire if and
only if all the other transitions t;c introduced for the arc a;k are
disabled. If t;s fires it will put in p;kr a token of color x (we
shall call x the "neutral color"). Thus pjkr will "remember" that
there exists no enabling color on the arc agk in the given color
marking.

Informally, we shall refer to the transitions t and tl_, and the
places pé s p; and P&kr which we have introduced in order to simulate
the enabling color selection function of the input arc a;k as to the
"enabling color selection subnet" corresponding to the arc a;k'

We have seen that in any reachable color marking CMi of the
original C-CPN CN, the enabling color of a tramsition ty of CN on
some input arc a;k must be selected from the set X§k. At this point
it is advantageous to represent the bag of enabling colors of tk from
the input place pj, i.e. G;k s, a8 an mj—ruple of colors, where
m:l = I(pj, t:k)r and the r-th coordinate represents the enabling color
selected by ajk y1 <r §_I(pj, tk). Then, in any reachable color

marking CMi , we must have:

. L(pys &) ]
05 € >< X
r=1
Consequently, the bag of enabling colors of t, can be viewed as an
n-tuple of mj-t:up'les of colors, where n = |@(Ik)| and some total
ordering has been imposed on the set of input places of ty- Hence, in

any reachable color marking CMi :

I(pj, tk)

i T
8 € j>X<: :>X<: X
k ik

r=1



165

Let

Ky
pj GEEXIk) r =

Certainly Kk is a finite number. 1In the C-CPN(I) CN' we shall

introduce in T' Kk replacement tramnsitions for tk g T, which will
simulate the firing of t (for different bags Gi of enabling colors).
Let Bv = (Bvl,..., an) be one of the Kk combinations of colors
from X mentioned above and suppose ij ™ (cvjl""’cvjm)’ for some j,
1<j<n, where m= I(pj, tk). Let us dencte by tév the transition

introduced in T' for the tuple Bv' We shall set for each place P} € P'

corresponding to some place pj £ P:

I'(p}s &) = I(pys ) = m5 07 (ep, py) = 0(t, Py)
fjrkv: ,O](XI) * Cyir for 1<r<m

r . 4 oF
fev 37 Pxp x PEp k3
where, in CN,

f;j: ,?(X) Xg(x) > c;j, c;j EX, forl srs=s O(tk, pj)

Consequently, ijv = ij. We remember that we have introduced for each
T ' ' -
input arc ajk of £, 3@ distinct place pjkr in P'. Each transi

' - ' .
tion v will self~-loop on each such place pjkr and:

1 .
f_1k1:' kv’ '?(XI) Svir

for 1 <r<m

1 R
Bev qer’ PED X PED * ey

This part of the construct is exhibited in Figure 4.5.5 for the sample

C-CPN of Figure 4.5.4.
]
Let us denote by ekv
places p! such that pj is a place of P' corresponding to some place

the bag of enabling colors of tiv from all

Py € QE(Ik). Also, let BEV be the bag of enmabling colors of t&v from

the places p;kr introduced in P' for the input arcs a;k of the
LN | B

original transition €y’ By construct, we have ekv Gkv Bv and the
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1 - 1 11
bag of enabling colors of tv is ekv ekv Liekv (bag uniom).
Since each replacement transition téy has been introduced for

a distinct combination of colors Sv and since we are dealing with

a C-CPM(I), at most one transition tév can be enabled in any reachable
t

color marking of CN'. Let CMi be a color marking of CN' and

let pj' be an input place of t&v corresponding to some input place
T

Py of the original transition t,. Then, tLv is enabled in CM

only if the bag of colors deposited by the corresponding enabling color

selection subnets in the places pSkr corresponding to all input arcs

of' t from pj is ij and ij is also contained in the color bag

Cj of pi. This condition must be satisfied for all such places ps
to which tév is connected and the corresponding places p;kr' In

particular, we notice that if some enabling color selection subnet
could not select an enabling color, i.e. the corresponding place pjkr
contains a token of the neutral color x, then none of the replacement

transitions tév can be enabled.

Figure 4.5.4
Sample C-CPN



167

'
Py
al
38
1 Enabling 3r )Enabltng
l a;s Color J%’fcolor (am
Selection —  |Selection ik
! Subnet Subnet
t!
su
/
c
c-jn
‘\-/
\ —
)c{—'-"cu_jn
gjn c
-1
Cujr ujr
c P\ G

Enabling
Color

Selaction™ 2
Subnet *ys
1
(ajs)
ij = (cvjl’ vess cvjr’ cees cvjm)
Buj = (cujl’ ooy cujr’ ceny cujm)
q
cvjq 2 xjk s, 1L £q=m
q
cujq 2 xjs , 1 =q=n

Figure 4.5.5

Sample Replacement Transitions
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For each tl'cv we shall have g.%.b. (9(9 )) = g.%.b. (@(9' uer.))
= g.E.b.(@(Bv)). By construction, the ;:ransition tl'cv can conflict
with some othher replacement tramsition Cay (introduced for some
other transition t of the original net) only at some place pJ € p' such
that the corresponding place pj of P is an element of @(Ik) n @(I ).
Moreover the priority of tkv is the same as the priority of the
original transition ty if Er would have selected Bv as its bag
of enabling colors. Since our construct imposes that the set of reach-
able color markings of each place p! € P' 1is the same as the set of
reachable color markings of the corresponding place pj € P, tLv is
firable if and only if £ with the bag of enabling colors Bv is
firable. The output connections and the respective output color functions
of each replacement transition t&v with respect to the places pi € P'
are the same as those of the original transition t with respect to

the corresponding places Consequently, the firing of t&v

pj € P
produces the same effect as the firing of t with Bv as its bag of
enabling colors.

In the sequel we shall refer to the set of replacement transitions
tév introduced for a transition tk of the original net as to the
"firing subnet" corresponding to the transition ¢, .

Let us now put together the constructs presented so far and explain
the mechanism for the simulation of the execution of the original C-CPM.
The simulation of the firing of a transition of CPZ is performed in
three phases.

Phase I 1In this phase, an enabling color (if any) is selected
for each input arc jk of CN. This operation is implemented by the
enabling color selection subnet corresponding to each such arc aik We
note that according to the execution rules of the CPM given in Chapter
II, the enabling color has to be individually selected for each input arc
a?k of each transition tke T, in particular, independently of the other
input arcs of tk from the same place pj. Moreover, the selection
procedure does not discriminate among tokens of the same color present
in pj in the respective color marking CMi. Consequently, it is pos-—
sible for two distinct input arcs ;k and ajk, where
l1<r, 8% I(pj,tk), to select as enabling color from pj the same

color ¢ when in fact #(c, C ) = 1. Evidently, the order in which the

3



169

particular input arcs select their enabling colors is not important
(1.e. does not affect the particular selections). We can therefore
define a total ordering on the set of arcs Ai of CN, for the purpose

of selecting the enabling colors. If ajk is the first arc to select

its enabling color according to our ordering then we shall have
p; contain a single token of color xjk in the initial color marking

O
CM~ , where xjk = h' (ajk

enabling color selection subnet in CN' has selected an enabling

color it will put in p a token of color x§;1 » where xgzl = h'(a§:l)

r+l r
ik is the arc following ajk

enabling colors, according to our ordering. The last enabling color
selection subnet to "fire'" will place in pé a token of color x
thus disabling all enabling color selection subnets, including itself.

We shall introduce in T' a new transition, let it be ti , and

). As we have already explained, after its

and a in the process of selecting the

we shall append to P' a distinct place p;kv for each replacement
transition t&v of the firing subnet corresponding to the transition
tk’ for all tk € T. The transition ti will collect the token of color
x from pé and will place a token of color c+ in each place pokv

Thus:
1
1ot 1y o « O (¢! LA . . ,
' =
I (pokv tI) 0; o (tI’ pokv) 1

£rl gy ¢ PP X P = &

Each replacement transition tﬂv willl self-loop on the correspon-

ding place pokv and:

P P st ) x Pap » e

okv kv

Clearly, after the last enabling color selection subnet has "fired",
the only enabled transition is ti. By firing, ti disables itself

(note that ti does not restore the token of color X in pé) and

enables all the transitions tév of the firing subnets introduced for

the transitions €y € T from the point of view of the corresponding

places p;kv (which were empty so far). Of course, the enabled status

of such a replacement transition tév depends also on the other conditions
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mentioned earlier. Note that the place p;kv does not affect the
firability of the respective replacement transition tév since

c+ = for all c ¢ XI and moreover, tév does not conflict at this
stage with any other transition at pékv'

The firing of ti marks the end of Phase I and the beginning of
Phase II. At this stage each place p;kr must contain a token, possibly
of the neutral color x, as produced by the respective enabling color
gselection subnet.

Phase I1 In this phase, the firing of some transition tk of
the original C-CPN CN is simulated. One of the replacement transi-
tions tLv belonging to some firing subnet is selected to fire according
to the execution rules of the C-CPM(I) (note that at this stage no
transitions other than those belonging to firing subnets can be enabled).
Since we want to fire exactly one such transition t&v at a time,

we shall introduce in T' a new transition, , and a new place p;II

t'
II
in P'. Each replacement transition tév of the firing subnet corres-
ponding to transition e for all tk.e T, will deposit upon firing a
token of color c+ in p;II' On the other hand, tiI will have as

] 1 .
input places all the places Pokv as well as poII' Formally:
1 1 1 = . [] . ] +
I'(Pgpys t1p) =13 0'(tgqs plpp) = 05 £ /b ¢+ GPERD »c
1.
and for each place Poiv’

+
' 1 ' - N L ' ' = . .
I'(Ply trp) = 13 0'(tpps Py 03 £ it PED ~ e

Also, for each replacement transition :Lv we shall have:
1 +

' ' ] - . ] J ' = . : "
I'(Phyys ) = 05 0'(Es Pory) = 15 Bi7 gy 8 PR xPxrp) e

Thus, after any replacement transition tLv has fired, tiI becomes
enabled (p;II was empty so far) and has higher priority than any other
enabled transition. This 1s so because ¢ 1is the enabling color of
tiI from each of its input places. Moreover, tiI conflicts with all
enabled transitions tév at the corresponding input places p;kv for
the color c+. Hence, the firing of any replacement tramnsition tﬂv is
necessarily followed (in case of a language from the Ao family) by

the firing of tiI' By firing, tiI disables all the replacement
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transitions tév (tiI consumes the token of color c+ from the input
place p;kv of each transition t&v) and also disables itself, We shall

introduce yet another place, demoted by p;c, in P' and we shall set:
' v 1 = . ' = .
I'(pl s L) = 0 5 0'(eyp, L) = L Eppto s PRp x PR > xy

where x?k h' (ajk) and a;k is the first arc of CN t; select its
enabling color according to our ordering of the ares in A”. The firing
of tiI marks the end of Phase II and the beginning of Phase III.

Phase III The purpose of Phase III is to 'clean up'" the net, that
is to empty the places p&kr corresponding to each enabling color
selection subnet.

Consider the enabling color selection subnet introduced for some

arc a?k ¢ Al. We shall introduce q transitions in T', where

J
q= | l + 1. Each such transition té will have:
H Yy = . ' ' t =

where c € xjk U {x} is the color for which té has been introduced.

Also, the transition té self-loops on p;c and:

1 . 4 1 . r+l
£ : ?(xl) Xy 3 £, : Q(x[) xg’(xl) + x

oc C oc

r+l _ ., T+l T r+1 i
where xjk h (ajk ), xjk h' (ajk) and ajk iis the arc of A

following at, in our ordering of the arcs in A".

jk
This construct is performed for each distinct enabling color selec-
tion subnet contained in CN', i.e., for each arc a;k £ Ai. We shall

refer to the set of tramsitions té introduced for some enabling color
selection subnet as to a "cleamup subnet'. Figure 4.5.6 displays a
sample clean-up subnet.

We remember that after Phase I each place pikr contains a single
token, possibly of color x. Phase II preserves these tokens. In Phase
III, for each place ijr’ only one transition té of the corresponding
clean-up subnet can be enabled, namely the one corresponding to the
color c¢ of the token in pjk By firing, t' empties the
respective place pjkr and also enables the transitions of the clean-
up subnet corresponding to the 'mext" place pjkr+1' The place poc
plays the same role as pé in this respect. The transitions of the
"last" clean-up subnet are slightly different in the sense that they
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Figure 4.5.6

Sample Clean-Up Subnet

will place a token in pé rather than p;c. This token will enable the
transitions of the enabling color selection subnet corresponding to the
"first" arc agk in our ordering. Thus, Phase III terminates and Phase
I is restarted. Figure 4.5.7 depicts schematically the simulation of
the firing of a transition of CN by CN'.

It can be verified that the construct of this proof works both in
the case when CPZ generates a language in the family A and when
the language generated by C'Pz belongs to the Ao family. The initial
and the final color marking of CPé' can be derived from the above

discussion. Let us now define the Labelling function L' of CPg,.
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Let L' = f U {d} where d # L. The transitions contained in all enab-
ling color selection subnets, ti ’ tii and the transitions contained in
all clean-up subnets will receive the label d. All replacement transi-
tions tiv belonging to the firing subnet corresponding to transi-

tion t:k will receive the label L(tk), for all tk € T. Obvioui:y, the
C-CPM(I) which we have bullt generates a language over (I U{d}) ,

let us denote it by W'. 1In Phase I, we fire one transition from each
enabling color selection subnet followed by one firing of ti, thus

|A1| + 1 firings of transitions labelled d. 1In Phase II we fire
exactly one tramsition tiv (whose label is in ZI) followed by a firing
of tiI’ thus only one synbol d c¢an be generated. In Phase III, we
fire exactly one transition from each clean-up subnet, thus a total

of |Ai| symbols d are generated during Phase III. Evidently,
between the firing of two transitions labelled by symbols from I we
generate (at the most) 2 -|Ai| + 2 symbols d (depending on whether

W' isin A or Ao).
Let W € £* be the language generated by the original Labelled

C-CPM CPz and let h" : (z LJ{d})* + Z* be a homomorphism defined by
h(d) = A\ and h(a) = a, for each a € L. Obviously h"(W') = W and h
is a k-limited erasing on W', where k -Z-IAiI + 2.

By Theorems 4.4.1, 4.4.1(a) and 4.2.2 the lemma follows.

By Lemma 4.5.1 and Theorem 4.4.1 we have:

A(C-CPM) & A(PPM)
and
Ao(C-CPM) c AO(PPM)

From Lemma 4.4.2 and Theorem 4.1.1(a) follows that the above contain-
ment relations hold true in opposite direction also. Hence, we can state:

Theorem 4,5.1
A{C-CPi1) = A(PPH{) and Ao(C-CPM) = AO(PPM).

0

Some thought will show that part b) of Theorem 4.1.1 is true in the

case of the C-CPM as well. We can therefore state:

Hy (A (C-CPM)) = RE.
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Evidently, the same statement also applies to the other formal models
we have defined so far, i.e. the PPM(I), the EPM(I) and the C-CPM(I).

The above construct can be extended for a more general class of the
CPM. Let C'Z:’z = (CP, L, L) be an arbitrary Labelled C-CPM where
cP = (cN, ¢cM®), CN = (N, C, F}, ¥ = (T, P, I, 0) is the underlying GPN and
Cc = (X,5) is the set of colors associated with N. Let A be the set
of arcs of N. Suppose the definition of the C-CPN has been extended
in order to accept the following type of color threshold and color output
functions:

- if a;k € A is an inp;n: arc and F(a;'k) = f;]):k then f_-lj.k: H(X) + X
and in any color marking CM~ of CN, the color threshold for the selec-
tion of the enabling color on the arc ajk is fjk(@(cj))

- if a‘k.s € A ig an output arc and F(aks) = fk then
ka ?(X) x c@(K) + X and in any color marking CMi, the color of the
token produced on the arc a'ks in case €, fires in CMi is ks(QZ(Sk)).

We are interested to know to what extent are the language families
A(C-CPM) and AO(C-CPM) affected by this modification.

We shall construct, as in Lemma 4.5.1, a Labelled C-CPM(I)

é, = (CP', ', L') which will simulate the execution of C'Pz. Let
CP' = (cN', cM°') where CN' = (N', s F'), N' = (T, ', I', 0') and
c, = (XI,SI).

We shall first define the set of colors CI Let XVI = {y ,

caesy ylxl} and suppose h'"" 1is a mapping from Bz‘(x) onto )yf

defined by h"' (B) = y 8 for each set B € GP(X). We shall define

the finite lattice CVI = (XVI,SVI) such that §VI 18 a total ordering

V1 VI
on the set X 7, 1i.e. Y. < Y4l for each r, 0 <r < [X|

Suppose now that V is a set such that there exists a bijection
VII VII VII

V:,?(X)+v and VN GAX) = ¢. Let then C = (X 7,2 7)
be the finite lattice defined by:

VII =V U{IVII VII} ; IVII ¢ V and 0VII £ V.

1' x

2, For eachv, gV andv, ¢ V, Vi # ]:v2 and v, iVII V-
VII vit 2

3. I and O are the greatest: and the least element of

CVII, respectively.

Consider now the set P of places of CN. Let p be the subset of
P defined by:
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p = {pj | I(pj, ;k) > 0 for some t, € T}

Suppose V' i1s a set such that V') p = ¢ and there exists a

VIIT _ VIII’EVIII) be the

bijection h' : p +V'. Let then C (X

finite lattice defined by:
1. xVIII =y L){IVIII, OVIII} .

2. For each v! € V' and vé € V', v! and vé are incomparable

VIIL

IVIII ¢ V' and O g v,

1 1
under the relation SVIII.
VIII VIII are the greatest and the least element of
3. I and O
VIII
c , respectively.

v
Then C; = VeI 4 s VI 4 VT 4 ¢ 4 C" 4 C where
c, ¢, C"', ¢IV and ¢' have the same meaning as in Lemma 4.5.1.

Our construct will preserve the places of the original C-CPN CN.
Thus, for each p; € P we shall introduce a place p! in P'. Our construct
will also ensure that the restrictions of the reachable color markings of

CP%, to the set of these places pi are exactly the set of reachable
color markings of the original net. The initial and final color marking
of CP&, are defined accordingly. For each place pj € p we shall
introduce a distinct place p;j in P'. The role of the places péj

will be explained later omn.
Next, to each place p'! € P' corresponding to some place p:l EP

h|
we shall attach in T' a separate group of transitions which have the
1
task to "detect"” in any color marking CMi , what particular combination

1] il
of colors from X forms @(C.:_]L ). Since @(Cj ) € g’(X) we shall
introduce in T' one transition tgv for each set Bv € QFKX). In order

to simplify notations, suppose Bv = {cvl""’ cvm}' Hence, we shall

set:

I'(pls £3,) = 0" (el B} 18|

r
fj v’ gf’(xl) re .
T, y 1=r

S P x P&+ cw}
Thus, the bag of enabling colors of tjv from pj is always Bv

(remember that we are building a C-CPM(I)). We also have ajv 3 = Bv
and consequently the firing of tjv does not alter the bag of colors

=m

in p5.
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Next, we shall introduce a place p; in P' on which all transi-

tions t! self-loop. Let:
jv

s . -pe . l . |}
£ vt P vis £, P x gPEL) + Vi
VIII

where v3 = hv(pj) and v5+1 = hv(pj+l) are colors from the set X .
The place p; plays a role similar to that of pé or p;c in the
construct of Lemma 4.5.1. The particular selection of the colors vi
and v5+1 will be explained later on. ,

Let us assume now that in the given color marking QZ(C; ) = Bv'
Consequently, tjv and all the transitions tiu introduced for sets
Bu £ y(x) such that Bu c BV are enabled. Nevertheless, we want to
have only the transition tgv’ i.e. the transition introduced for the
particular set of colors Bv, firable in order to properly "detect" the
set @(C;"). We shall achieve this by manipulating the priorities of

the transitions t;v' For this purpose we shall have each transition

' - ' t
tjv self-loop on a ?epargte place pojv ¢ P' and we shall set
1 . "e
fojv jv y(xl) + bR
l . "y

where h"'(Bv) = yIB I is a color of XVI. In the initial color marking
' v

cM® we shall put in each such place p;jv a token of color h"'(Bv).

It is easy to see that the bag of enabling colors of tiv is
ij = Bv U< v5 > U< yIB | > and thus g.E.b.(QD(ejv)) = ylevl.

But, if B C g, thén |8, | < IBVI and therefore y g | ‘t Ys |.
Consequently, assuming that the place p; contains a single Boken, of v
color v3, only t3V is firable.

We shall make each tramsition tjv deposit upon firing a token of

color th(Bv) in the place p;j. Thus, p;j "remembers" that in the
current color marking the place pi has the set Bv as domain of its

bag of colors.
Informally, we shall refer to the set of transitions t3V and the

place p;j as to the ''detection subnet' corresponding to the place pj.

Figure 4.5.8 exhibits a sample detection subnet.
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veey e}

Figure 4.5.8
Sample Detection Subnet

Note that it is possible to have in the given color marking CMi.,
EZXCJ') = ¢. Let t3° be the transition introduced for t%ﬁs
situation. We notice that Yo <1 Yo for all Ys eX and thus
t3° is firable 1if and only if all the other tramnsitions tjv of the
respective detection subnet are disabled.

We shall introduce in CN' a separate detection subnet for each
distinct place pJ gP.

The remainder of the construct of CPé, follows rather closely
the mainline of the construct of Lemma 4.5.1. 1In what follows, we shall

sketch the construct of CPév without going into details, which are

tedious though straightforward.
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Suppose c, is a color of X and let Xr ={c| ceXandcz= cr}.
;k f;:k be the color threshold

function associated with a;k' For each color vu in the set V, i.e.
for each distinct set Bu QQFKX), we shall introduce in CN' a separate

Consider an input arc a € Ai and let

enabling color selection subnet corresponding to a§k. Each such
enabiing color selection subnet is designed for the particular set Xr
corresponding to c. = f;k(Bu), where th(Bu) = V,+ Which enabling
color selection subnet actually '"selects" the enabling color for a;k

in some given color marking will depend on the color of the token in

the respective place p;j. This can easily be achieved by having all the
transitions from each of these enabling color selection subnets self-
loop on p;j and assigning appropriate color threshold functions to the
input ares from p;j. We notice that due to the particular design of

the set of colors C the color of the token in the place p;j cannot

’
affect the priority gf any such transition.

This construct is repeated for all input ares of the original C-CPN
CN. We have to emphasize that throughout our construct we assume all
color threshold and color output functions to be total.

Let Kk denote the number of distinct replacement transitions tév
of ¢, € T, as determined by the method of Lemma 4.5.1 but taking into
consideration that in any reachable color marking CM

I(P’t)
1 jk[
c_E€

ik U r xs]

r =1 a Rjk

where R;k.c. X denotes the range of the color threshold function f;-k.

We remember that each such transition tiv is introduced in T' for

some distinct tuple of colors Bv such that @(ekv) = @(BV).
Consider now an output arc a;s of tk and suppose fis is the

associated color output function. As we have stated, the color of the

token produced by tk on the arc a; in case tk fires in some

color marking CMi is f;g(@:ﬁ;)). Hence, in our construct all we

have to do is to modify the color output functions of the replacement

transitions t&v accordingly. Thus, we shall set for all output arcs

J ' ]
of tey O Pgo for all places P, E@(Okv) corresponding to output
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places Py of tk’
r

Frv o | PED x GPX) + £ (DB))

for each r, 1 <r <0(t, p,) = 0'(ty , p)) (B, 1s the tuple of colors
for which the replacement transition tﬂv has been introduced in T').

Let us now briefly examine the mechanism for the simulation of the
execution of CP by the C-CPM(I) CP'. As in Lemma 4.5.1 the simula-
tion of the firing of a transition of CP will be performed in three
phases.

Phase I starts with a process of "detection'" of the domains of the
bags of colors for the places pj € p. Suppose p = {pl,pz,...,pm} , that
is we have imposed a total ordering on the places of p such that Py
will be ''detected" first while P w%ll be last. Consequently, we shall
put in the initial color marking CMO a token of color Vi > XVIII,
where vi a hv(pl), in p;. Thus, the detection subnet corresponding to
pi will be enabled while all other detection subnets will be disabled.
After the detection subnet corresponding to pi has "fired" it will
"shift" the control to the next detection subnet by placing in pé a
token of color vé, where vé = hv(pz) and P, is the place of p
following Py in our ordering. The process continues in this manner
until the detection subnet corresponding to p; becomes enabled. This
detection subnet will act slightly different, in the sense that it will
deposit a token in pé rather than p;. In this way the detection
process is terminated (all detection subnets are now disabled) and the
enabling color selection subnet corresponding to the first input arc
agk to select its enabling color is activated.

At this stage, each place p;j contains a token whose color corres-
ponds to the domain of the bag of coclors of pj in the respective color
marking.

Phase I continues now as in Lemma 4.5.1 the only exception
consisting in the fact that an input arc will have several enabling
color selection subnets corresponding to it. Nevertheless, as we have

seen, ouly one such enabling color selection subnet can be active at a

time.
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Phase II 1s executed completely analogous to Lemma 4.5.1. Phase
III is slightly modified in the sense that the places p;j have to be
cleaned-up as well.

Let L' =% U{d} where d ¢ L. If we label each replacement
transition tév corresponding to some transition t, € T by L(tk)
(L(tk) € L) and all other tramsitions by d we see that the number of
symbols d generated between two consecutive symbols from LI in any
firing sequence of C?E, is still bounded by a comstant which is
predetermined by the structure of CN. In fact, ome can verify that at
the most 2 - IAiI + 2. |p| + 2 symbols d can be generated in between
two symbols from I (|p| transitions have to be fired in the "detec-
tion" process of Phase I and |p| tramsitions must be fired during
the clean-up process of the piaces p;j).

Let then W'S (E U{d}) ©be the language generated by CPz' s
Wec £ the language generated by C'Z-"z and h" : (ZU{dH* + T the
homomorphism defined by h"(d) = A and h"(a) = a, for each a € L.
Again, h"(W') = W and h" 4is a k-limited erasing on W' with
k=2. [Ail + 2 . |p| + 2. By the same argument as in Lemma 4.5.1 and by
Theorem 4.5.1 there exists a A-transition free Labelled C-CPM (without
modified color threshold and color output functions) which generates the
language W. Thus, the modification regarding the color threshold
functions and the color output functions under consideration does not
affect the language families A(C-CPM) and AO(C-CPM).

In fact, one can show using a similar construct that the language
families A(C-CPM) and AO(C—CPM) are not affected even if we allow
the following more general type of mappings as color output functions:

. - if ais € A is an output arc and F(a;s) = f;s then
fks: g’(x) x g’(x) + X and in any color marking cMl the color of the
token produced on the arc a;s in case t fires in CMi is

£ (@(ei) , @(c:"') ), where

A c if p, ¢ D (1))
S

i
- esk

@ 0

if pg e @(Ik)

In this case we have to introduce in CN' a separate detection

subnet for each place pj of the original net.
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The construct of CN' is further complicated by the fact that there
may exist places P, om which some original transition ty self~loops.

In this situation we cannot use a detection subnet in order to "detect"
the domain of the bag of colors in the corresponding place p; before the
firing of any replacement transition tév of e because the firing of
tiv itself modifies the bag of colors in p; and possibly the domain of
the respective bag of colors. This inconvenience can be however overcome
by the following procedure:

a. The simulation of the firing of L, € T is performed as before,
up to the point where the replacement transition tév selected to fire
has collected its input tokens. The simulation of the firing of tk
stops and the simulation net CN' "memorizes"  which transition tév
has fired.

b. A clean-up process is started for the places pés of each detec-
tion subnet or at least for the detection subnets corresponding to places
pe1) n Doy -

c. The domains of the bags of colors in this "intermediate' color
marking are "detected'.

d. The simulation of the firing of tk resumes. The output tokens
produced by tév are now deposited in the respective places. The color
of each output token is, however, decided based on the results of the
last detection process, i.e. corresponding to the intermediate color
marking.

The number of consecutive firings of transitions labelled d will
still be bounded by a constant predetermined by the structure of the
original net.

This completes the discussion regarding these extended versions of
the C-CPM.

Two other formal models of concurrent systems, namely the Coordi-
nation Nets ([PATI-70]}) and the Petri Nets with switches, disjunctive
logic and token absorbers, were shown in [AGAR-75] to be '"complete'.

In the terminology of [AGAR-75], a given formal model is "complete with
respect to the representation of flow of control in concurrent systems
if and only if it is equivalent to the Turing machine central control

model". Translated to the framework of our study, the completeness of
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a formal model implies that the respective model can generate under
unrestricted erasure the set of recursively enumerable languages. A
tighter relationship between the Coordination Nets, the Petri Nets
with switches, disjunctive logic and token absorbers and the C-CPM can,
however, be exhibited. Thus, in the following two sections we shall
relate the language families A(C-CPM) and AO(C-CPM) to the A and
Ao language families generated by the Coordination Nets and the Petri

Nets with switches, disjunctive logic and token absorbers, respectively.

Section 4.6 COORDINATION NETS REVISITED
As we have already mentioned, for any GPN which models a certain

process synchronization system, the particular arrangement of arcs,
transitions and places of the respective net implements the constraints
existing in the modelled system, constraints which force the system to
execute only selected synchronization sequences over the set of under-
lying processes rather than all possible such sequences. In the case of

the Coordination Nets, the same constraints are represented implicitly

through the structure of the net and explicitly via a constraint set.

Thus:

Definition 4.6.1
A Coordination Petri Net (COPN) is a system CON = (N, Ct) such that:
1. N= (T, P, I, 0) 1s a GPN.
2, Ct S gP(P) 1is a constraint set. If w € Ct then the subset w of

P 1is called a constraint.

A marking of a Coordination Petri Net is represented by a total,
single-valued mapping from P into z°. Given a marking Mi of CON,
a transition tk € T 1is enabled in Mi if and only if for each pj £ P
Mi(Pj) 2 I(Pj, k). enabled in Mi, fires in Mt and
Mi[t > Mi+1 then for each p, € P,

1+1% 1 ] 1
M (pj) =M (Pj) - I(pj, tk) + O(tk, pj)' Let us denote by NZ~ the set

€ P such that Mi(pj) > 0. Then:

t If a2 transition t

k

of places pJ

Definition 4.6.2
A transition tk enabled in Mi may be selected to fire in the marking

Mi if and only 1if:
ce n Pazitty = 4.
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If Mi+1 is a marking such that Ct N é;D(NZi+1) = ¢ then we shall
call Mi+l an admissible marking. Thus, tk € T may be selected to
fire in some marking Mi if and only if tk is enabled in Mi and the

firing of ty leads to an admissible marking.

Definition 4.6.3
A Coordination Petri Model (COPM) is a system €N-= (CON, M°)

where:

1. CON = (N, Ct) 1is a Coordination Petri Net.

2. M° 1is the initial marking of CON. M° must be an admissible

marking.

We can see that the execution of a Coordination Petri Model proceeds
from the initial marking M° such that in any reachable marking M*
(including Mo), for each constraint w € Ct, there exists at least one
place pj € w such that Mr(pj) =0 (i.e, w 1is not "violated" in
M),

A Labelled Coordination Petri Model is defined the same way as a
Labelled C-CPM, for example. Similarly, the language families A(COPM)
and AO(COPM) are defined analogous to A(C-CPM) and AO(C-CPM),

respectively.

Figure 4.6.1

Sample COPM
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The marking given in Figure 4.6.1 is evidently admissible. Transi-
tions ty and ty are firable while t, is not.

Some of the definitions pertinent to the COPM, as given here, are
slightly different from those employed in [PATI-70]. Later on in this
section we shall elaborate on the differences between our version of
the COPM and the original version.

Let us introduce the following notations. For each pj e P:

Q(pj) = {w | wect and Py E W }.

Consider now an arbitrary transition tk €¢ T. Then:

IC(tk) = U Q(pj)

Py € @(Ik)

oc(t,) = U ﬂ(pj)

Py € Do)

We shall proceed now to investigate the ranges of the language

families A(OPM) and AO(COPM).

Lemma 4.6.1

A(COPM) & AEPM(I)) and A (COPM) & A (EPM(I)).

Proof: Let CNZ = (CN, L, L) be a Labelled COPM where
CN = (CoN, 4°), CON = (N, Ct) and N = (T, P, I, 0). Consider an
arbitrary transition tk € T and let w be a constraint in Ct. It is easy
to see that if w ¢ IC(tk) U OC(ck) then the firing of t, in any admis-
sible marking ML cannot violate the constraint w. Hence, the firability
in Mi depends only on the constraints in IC(tk) LJOC(tk).

Suppose now that w € IC(tk) U OC(ck). There are only three pos-

of tk

sible cases to be considered.
A. we IC(t,) - OC(t, ). Suppose Mi is an admissible marking of

CON in which tx is enabled. Let us denote by Mi+1 the marking which

i
would be obtained upon the firing of €y in M.

Since Mi is assumed to be admissible, there exists a place P, EW

such that Mi(pr) = 0. But, p_ ¢ @(Ik) because £y is assumed to be
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enabled in Mi. Also, p_ £ @(Ok) because w N @(Ok) = ¢. Hence:
W) = wte) - 16, £) + 0, p) = MR = 0

Consequently, the constraint w 1s not violated in the marking Mi+1-

We can conclude that the firability of t is independent of the

constraints in this category.
B. we chti) - IC(t,). Let Mi and Mi+l be as in case A. Since

w M @(Ik) = ¢, we must have for each P E w:
+1
ut (p,) Mi(pr) +0(t,, p)-

If p. € @(Ok) then M1+1(pr) > 0 independent of Mi(pr). Therefore:

1+ i
@*(p ) = 0) 1f and only 1f (' (p) = 0) A\ (o £ HOL)
uit
Consequently, the constraint w 1s not violated in the marking if

and only 1if

Mi(pr) = ( (inclusive or)

p, € w- 0,)

r

C. we IC(L ) N OCQt1 ). There are four possibilities to be

examined. Suppose Mi and Mi+l are as in case & and let pj be a place
in w.

Cl. e (1) and e Po,). Thus, ty self-loops on Py-
Consequently, j'ﬂ“(P ) > 0 always.

c2. E' Q 12 Ej £ @( . Then:

+1
(pj) mt (pj) + O(t ' pj)

and thus Mi+1( ) > 0 independent of ut (p ).

2 % I! El @—k- Thus:

*+ (pj) - it (pj - I(P £
Consequently, uitl (p ) = 0 if and only 1if e (pj) - I(Pj, tk)o
Cé. £ Gt ¢ 900,). As shown in case A we shall
have Mi+l(pj) = Mi(pj) and thus Mi+l(pj) = 0 if and only if Mi(pj) = 0.
We can conclude that the constraint w is not violated in the

marking Mi+l if and only if:
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i i =
[\/ M (py) = I(py» tk):] vV [\/ Mi(py) = 0

py £ w P (D) - Do) py €0 - (1) U Do)

We can now summarize the results obtained so far as follows:

is admissible) 1if and only if

ANk

w € oc(t) - Ic(e) p, € w - GO

/\ {;\/M (pj) = I(pj, tk)]vl_\/ M (pj) OJ}

w e IC(t) NOC(E) Py €w N (D)) - Do) Py e - @Ik) u Zxo, ))

(Mi+l

This condition can now be put in disjunctive form. Each term of
1 1+1
the disjunctive form will represent a condition on M under which M

is an admissible marking. Let us consider such a term of the disjunc-

tive form. In general, it will involve several places, let us denote

them by p s for which it is required that

FERIRERE pjr
Mi(pjs, tk) = I(pjs, tk), l =8 =r, and several places, let us denote
ja) = 05

r+ 1 =3 =mn. We emphasize that no contradition can occur because

them by Pjr+1’ ceey pjm for which it is required that Mi(p

we can have only the following two cases:
i. For each s, 1 <8 <T, py €W N (.@(Ik) - @(Ok)) for some

constraint w € IC(tk)n OC(tk). Hence, Pyg € @(Ik) but Pis ¢ @(Ok)-
ii. For each s, r+ 1 =8 =m, p g EW- Ezkok) fér some con-

jo B0 (@(Ik) U @Ko, )) for some

constraint w € IC(tk) n OC(ck). In either case pjs ¢ QZKIk) ana

Pig £ (0.

It is easy now to construct a A-transition free Labelled EPM(I)

straint w € OC(tk) - IC(ck) or p

E.—'~1z = (EN, £, L') which generates the same language as CNZ' Let

0
EN = (EN, M) where EN = (T', P', I', 0'). Our construct will
preserve the places of P, i.e., for each pj € P we shall introduce a
corresponding place pj in P'. Consider now a transition t, of the

k
original COPN and .suppose we have determined the condition under which
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tk is firable. For each term in the disjunctive form we shall intro-
duce in T' a separate replacement transition. Let tis be such a
replacement transition. The input and output connections of tés are
determined as follows:

1. If p is a place for which we require in the respective term

of the disjunctive form Mi(p) = I1(p, tk) = m then:

I'(p’', tLB) = (G, m) ; i.e. p' and tés are connected by a
positive testing arc.
2. If p is a place for which we require in the respective term

of the disjunctive form Mi(p) = 0 then:

I'(p’, tﬂs) =7 ; i.e. p' and tis are connected by an inhibitor

arc.,
3. If p is an input place of £ other than the places considered

in case 1) above then:

I'(p', t&s) = I(p, tk) , i.e. p' is a normal input place of the
replacement transition tis'

4. For each place p' € P':

0'(tp s P') = 0(t), P).

We note that if OC(tk) = ¢ for some transition t:k € T then the
firability of tk
is firable in some admissible marking Mi if and only if t is enabled

in Mi. Consequently we shall introduce in T' only one replacement

does not depend on any constraint w £ Ct. Hence, t:k

transition of t
shall have

" let it be t&, such that for each place p' € P' we

I'(p', ) = I(p, t,) and O'(ty, p') = 0(ty, P).

On the other hand, if OC(tk) # ¢ but there exists a constraint w
in Oc(tk) such that w - QZXOk) = ¢ then t, can never become firable.
Consequently, we can remove tk from T without modifying the language
generated by CNZ' We shall certainly introduce no replacement transi-
tions for t; in T'.

The initial and the final marking of EN are the same as the
initial and the final marking of the original COPN, respectively.

The labelling function L' is defined such that all replacement

transitions t&s introduced for a transition Er of the original net are
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assigned the label L(tk).
It is easy to verify that the Labelled EPM(I) ENZ generates the
same language as CNZ' The construct applies to both language families

A (COPM) and AO(COPM).

-

Figure 4.6.3 depicts the EPM(I) obtained by applying the construct
of Lemma 4.6.1 to the COPM of Figure 4.6.2. Note that transition tg in
Figure 4.6.2 can never become firable and therefore can be removed.

We shall proceed now to prove the converse of Lemma 4.6.1. For
the sake of simplicity we have chosen to show how EPM's can be converted
in a A-transition free, language preserving manner into COPM's. The
construct is nevertheless still rather complex and therefore we shall
first give an example of it. Consider the sample EPM of Figure 4.6.4.
Both transitions self-loop on a control place II. Evidently, such a con-
trol place can be introduced in any EPM without altering the firing
sequences which can be performed by the respective net (assuming that II
contains one token in the initial marking).

If no final marking is given, the nonempty label sequences gene-
rated by this EPM are of the form ayby+l, where 0 =y < x and x is
the initial marking of the place Pge It can easily be verified that
the COPM of Figure 4.6.5 generates exactly the same label sequences.

Transition t, can fire in some marking Mi if and, only 1if
Mi(pr) = 0 and Mi(ps)'i 1. The transitions té, t; and t;' can fire only

under these conditions also or else one of the constraints would be
”

violated. Transition té simulates the first firing of ty while £y and

tg’ simulate subsequent consecutive firings of tk. For example a

firing sequence of the original EPM starting with the prefix

thktktk oo would be simulated in the COPM of Figure 4.6.5 by a

firing sequence with the prefix tit;t;'t; ce Evidently, the maximum

number of passes through the "circuit” formed by t; and :E' (or,
~quivalently, the maximum number of consecutive firings of tk in the
original EPM) is bounded by the markings of the normal input places of
t,» in this case by the marking of p_. We shall call té as the "first"
replacement transition of ty -
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Figure 4.6.2
Sample Coordination Petri Model

Figure 4.6.3

EPM(I) Obtained from the COPM of Figure 4.6.2
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£ = {a, b}

Figure 4.6.4
Sample Labelled EPM

I = {a, b}
ce = {{p}, M}, {p., M}}

Figure 4.6.5

Language Equivalent Labelled COPM
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On the other hand, transition t of Figure 4.6.4 can fire if and
only if in the current marking Mi, M (pj) > 1. Transition t; of
Figure 4.6.5 can fire under exactly the same condition. The additional
transitions ték and t;k are used to simulate the firing of t_
immediately following an odd or even number of consecutive firings of
tk, respectively. From this point of view t; simulates the firing of
tm in case £ has not fired and/or any subsequent firings of toe For
example, the firing sequences of the original EPM starting with the
prefixes tm’ t, t t or t, t t t t t t .+, would be simulated

k'm k'kkkm
] 141 t
by firing sequences starting with the prefixes the tktmktm and

kt;t;'tﬂt;kt t' ... , respectively. OJtherwise viewed, t', and
t;k are used to "break" the "circuit" formed by t§ and tk , thus
avoiding the violation of any constraint and restoring the token in
the control place II'.
This example, even though it is rather simple, displays the basic
problems encountered when converting EPM's to COPM's without the use
of A-transitions. In what follows, we shall generalize the construct

presented above in order to suit arbitrary EPM's.

Lemma 4.6.2

ACEPM) € A(COPM) and AO(EPM) c Ao (copM)

Proof: In order to simplify our construct we shall make use of
the following result regarding the structure of the EPM's reported in
[HACK-75]:

Any EPM can be converted in a A-free, language preserving manner
into a Restricted EPM.

A Restricted EPM (REPM) is an EPM EN = (EN, M’) where
EN = (T, P, I, 0) is such that:

1. I(pj, tk) < 1lor I(pj, tk) = ¢ for each pair (pj, tk) EP xT.

2. O(tk, pj) < 1 for each pair (tk, pj) ET x P.

3. D) NG)oy) = ¢ for each ty € T.

Thus, in an REPM multiple arcs and self-loop places are not allowed.

Without loss in generality we shall restrict our comnstruct to
REPM's. Consider a Labelled EPM ENz = (EN, L, L) where
EW = (EN, MO) is an REPM. Let EN = (T, P, I, O0) and suppose we intro-
duce in P a new place Il on which all transitions of T self-loop. Let
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also Mp(Hj = 1. Certainly, this modification does not affect the
firing sequences which could be executed by EN. With this change,

EN remains an REPM with the exception of the control place II. In
fact, we are not interested in converting strict REPM's, we rather want
to avoid the cases where part of a self-loop is an inhibiter arc
(condition which is still satisfied by EN).

Let us now proceed to build a COPM CN;. = (CN, Z, L") which
generates the same language as ENZ' Suppose CN = (CON, M° ) where
CON = (N, Ct) and N = (T', P', I', O') is the underlying GPN.

Our construct will preserve the places in P u {mn}, i.e., for each
p € P U {lI} we shall introduce a corresponding place p' in P'. Im
particular, let II' be the place of P' corresponding to the control

place Il of EN.
Let us denote by 7% the following subset of T:

2 - {c | t, € T and Pz # ¢}

(P denotes the set of inhibitor input places of tk). In order to
simplify notations let us assume that T = {tl, ces s ta}. Consider
now a transition tk £ T . We shall replace tk by three transitions
in CON, denoted by té, t" and tﬁ'. We shall also introduce two new

places in P' denoted by Hk and Hk The transitions tk, t; and tﬁ' will
have the following input and output connections:
1. For each place p} € P' corresponding to some place pj € PE (Pz
denotes the set of normal input places of the original transition tk):
L ' ) = L] 1 " o 1} L} ”"e =
I'(pys te) = I'(ys te) = I'(pys £ ) Ilpy» £,) i
2. For each place p} € P' corresponding to some place pj € Pk'
[} t ) = T ] " = t 1 1114 =
3. For each place pi € P' corresponding to some place pj eP

L} = lfl =
o' (tp» pj) o' (tk, pj) o(t K’ pj) O(tk. pj)
[ ] 1" " 111]
To ', Hk and "k the transitions tk’ tk and tk are connected exactly

as shown in Figure 4.6.5.
Next, we shall introduce in Ct the constraints wﬂj = {péj, Hé}

and w;j = {Péj. H;}, for 1 < § < r, where we have assumed

r4

Pk = {pkl’ o e » pkr}c

This construct is performed for each transition tk € T?, The
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transitions t&, t; and tg' play the same role as in the example we have
examined earlier.

Finally, for each transition tk € T° we shall introduce 2 . (8 = 1)
more replacement transitions in T' denoted by téq and tﬂ , 1<q=<s8and
q # k. All these replacement transitions have the same input and output
connections as té except for the place II'. The replacement transitions
téq and t;q have Hé and H; rather than II' as input places, respectively.
The complete set of replacement transitions introduced for some transi-

€ T2 is 1llustrated in Figure 4.6.6. The role of the transi-
tions téq and t{q is to simulate the firing of the original transition
t

immediately following an arbitrary number of consecutive firings of

tion tk

k
Z
some other transition tq eT .

Consider now a transition tm € T which does not have any inhibitor

input places. We shall introduce in T' for ﬁm2 . 8 + 1 replacement
L} ) t .

transitions denoted by tm’ tmq and tmq’ for 1 = q = s. We shall set:

1. TFor each place pj € P' corresponding to some place p:j eP

' ' ™ & T'(n! ' = T'(n' " =

1 (pj, ) =1 (pj, tmq) I (pj. tmq) I(pj, t)

t ' 'Y = o' (¢! 'Y = 0OV (" 'y =

0" (s pj) 0 (tmq, pj) 0 (tmq, pj) o(e , pj)

In addition, the transitions t;, té and t;q are connected to II',

q
H& and H;, for each q, 1 < q < s -as shown in Figure 4.6.7,

The initial marking of CON will be as follows:

' 1. For each place ps € P' corresponding to some place pj € P,
M2 ()) = ¥(p,).

2. W) = P = 1, W) = M0 (W) = 0 for each g,
1<qZs.

It 1s important to see that in any reachable marking of CON one
and only one of the places II', H& and H;, 1 < q < 8, contains a token.
Consequently, at any time at most one of the replacement transitions
introduced for some transition of the original EPM can be enabled.

Suppose for example that in the current marking Mi', Mi'(Hé) =1
for some q, 1 < q < 8, and consider the replacement transitions intro-

duced for the transition t_, where th € T- TZ, Certainly, only céq can

t
be enabled. If Hi+1 is the marking obtained upon the firing of

L] ] L} L
té in Mi , then Mi+1 (') = 1 and Mi+1 (H;) = Mi+1 (H:) = 0 for each

q
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Replacement Transitions of t:k € 1%
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from p5

corre- ‘<
sponding to

P e D)

to p! corresponding

to py € D (1)

Figure 4.6.7

Replacement Transitions of tm e T-T%
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r, 1 < r <s. Thus, the firing of t;q cannot violate any constraint
and for that matter the firability of t;q is independent of any con-
straint.

Consider now the replacement transitiomns introduced for some
t:ransition'tk eT, k#q. In Mi', only tﬂq can be enag%ed. Let
again M be the marking which the firing of tf in M will lead
to. Then M +1 (') = Mr+l (H;) = pitl (H;) = Mi 1TH;) = 0 for each
r, l<r<sandr # k. Also Mi+1'(ﬂi) = 1, It follows that the
firing of téq is independent of any constraint of the form £péj, Hé}
or {Péj' H;} for 1< q<s8, q# kand for all j, 1 <] §_|Pq|. The
only constraints which influence the firability of téq are the con-
straints introduced for tk’ in particular the constraints of the form
{pij, Hi} where péd is a place of P' corresponding to a place p € Pi.

Finally, the firing of tu and tﬂ' follows the pattern explained in our

earlier example.

The construct presented so far shows that A(EP-M)-é A(COPM). For
languages in the family AO(EPM) the construct does not guarantee unique
final markings due to the places Hé and H;, 1 < q < s. In what follows
we shall describe a method to solve this problem.

Consider the original EPM EN = (EN, Mo) and suppose we are given
a final marking Mf of EN. Let t, be a transition of T such that there
exists a marking Mf-l of EN and Mf-l[tS > Mf. The transition t_ will
be called a "last" tramsition. Certainly, given Mf the set of all
"last'" transitions can be determined.

Let us introduce in EN a distinct "stop" transition t for

sstop
each "last" transition tg- We shall set:

1. For each place pj EP

I(Pj) t ) = I(pjl ts)

sstop
and

O(tSBCOP’ Pj) = o(ts, Pj)

2. I, tsstop) =1 ; o(tsstop, Mm =0
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Thus, tsstop can fire exactly when t, can fire but does not restore

upon firing the token in the control place II. In particular, if
Mf-l[tSsto >»Mf' then Mf'(pj) = Mf(pj) for each pj e P and Mf'(H) = 0

{(rather thgn Mf(H) = 1). We shall have Mf' be the finai marking of EN

rather than Mf. We note that in this new final marking all transitions
of EN are disabled. Nevertheless, if each "stop" transition tsstop is

assigned the same label as the corresponding ''last" transition t, then

the language generated by ENZ is not altered.

Suppose now that tg is a "last" transition with inhibitor input
places. Then, for each place pj E Pz we must have Mf-l(pj) =0 in
order for t_ to be enabled. But ts self-loops ?nly on [[ and therefore
if py ¢ P then p, £ ZKO). Hence Mf(pj) - uf (p,) = 0.

Suppose now that t_ is "lagt" transition of EN, t. # tg- Then for
each pj £ P:, pj ¢ EZXOr) as well or else t. cannot lead upon firing
to Mf (it is however possible to have Py belong to EZXII)). If we denote
by T the set of all "last" transitions and by 7 the subset of

last last

Tias¢ Containing all "last" transitions with inhibitor input places

then we can conclude that: .
1 Mf( ) = 0 for each place p, € P where P = 7.
' pj 3 last’ last 8

t
s € last

(*)
and
2.

[U @(or)]”[ U st] = ¢

tr € Tlast ts € fiast

The same remarks can be made for the set of "stop'" transitions
corresponding to the transitioms in T

last’
In the COPN CON, we shall introduce in P' a new place II" and we

shall introduce in T' 2 , s + 1 replacement transitions for each "ston'
transition of EN. In Figure 4.6.8 c;f, téfq and t;fq denote the replace-

ment transitions introduced for some 'stop' transition tmstop without

h ! ' "
inhibitor input places while tef ? tqu and tqu denote the
replacement transitions introduced for some 'stop" transitionm tkstop

with inhibitor input places, 1 < q < s. We shall also introduce in Ct

a constraint {p', "} for each place p' in P' corresponding to some
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plﬁce p of P;ast' Finally, we shall define the unique final marking
ut of CN by:
£ ' f

1. M (p') = Mt (p) = M (p) for each place p' € P' corresponding

to some Place p £ P.
£ £ £

2. M (I')y =M (') =M (") = 0 for each q, 1 < q < s.

s M@y =1 !

It is easy to see that any replacement transition introduced for
some stop transition can fire only if its firing leads to a marking in
which each place p' corresponding to a place p € Pzast is empty or,
else, one of the constraints introduced aboye would be violated. By
condition (*1.) and by construction, however, M " must satisfy this
condition. On the other hand, by condition (*¥2.) and by our construct,
no replacement transition introduced for some "stop" transition can
deposit upon firing tokens in places p' corresponding to places
pE 34 Thus, no contradiction can arise and the final marking M

last’
can indeed be attained as an admissible marking.

"

We note that the important factor in our comstruct relative to the
final marking is the fact that we can avoid having inhibitor arcs as
part of self-lcops in EN. In fact, this assumption stands at the basis
of the sinulation of any transition with inhibitor input places of EN.

B

Based on Lemmas 4.6.1 and 4.6.2 and on the results reported

earlier in this chapter, we can conclude:

Theorem 4.6.1

A(COPM) = A(C-CPM) and AO(COPM) = AO(C—CPM).
At the beginning of this section we have mentioned that there exist

differences between our definition of the Coordination Petri Model and
the original definition of it, as it appears in [PATI~70]. In the re-
mainder of this section we shall briefly examine these differences.

Thus, in [PATI-70] the process of firing an enabled transition of a
COPM encompasses two phases:

1. The transition initiates by claiming tokens from each of its
input places.

2. The transition terminates by removing tokens from its input

places and depositing tokens in its output places.
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Our definition of the firing of a transition follows the same
pattern except that phase 1 does not occur explicitly.

Another distinction consists in the fact that the set T of transi-
tions was originally defined to contain three categories of transitions:

1. TInput transitions. An input transition does not initiate until
the external world has reached a certain condition associated with that
input transition.

2. Output transitions. The initiation of an output transition
indicates to the external world that it should proceed with a certain
event associated with that transition. An output transition termi-
nates only after the associated event has occurred. A transition of
the COPM may be both an input and an output tramsition.

3. Internal transitions. These transitions do not take part in
the interaction with the external world and can initiate and terminate
freely, independent of external events.

Input and output transitions were introduced in order to provide
a COPM with communication facilities to the external world, i.e., to
the collection of processes to be coordinated by the respective net.

Certainly, the EPM, EPM(I) and for that matter the C-CPM can be
provided with similar input and output transitioms. In this case
Lemmas 4.6.1 and 4.6.2 as well as the corresponding constructs remain
applicable to these extended versions of the EPM and EPM(I). In our
study, however, we are interested in comparing the intrinsic repre-
sentation capabilities of the COPM with thogse of the other models
considered in this chapter and in particular with the representation
power of the C-CPM. From this point of view, it is the internal transi-
tions which gain relevance. This is why we have treated all transi-
tions of a COPM as internal transitions.

In [PATI-70], multiple input and/or output arcs were not consi-
dered. TFor the sake of modelling convenience, we have removed this
restriction. COPM's without multiple arcs are certainly a particular
case of the model which we have considered. Consequently, Lemma 4.6.1
remains true in this special situation. On the other hand, we note
that the COPM's resulting from the construct of Lemma 4.6.2 do not
employ multiple arcs. Hence, we can conclude that the introduction of

multiple arcs in the COPM does not affect the language families
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A(COPM) and AO(COPM).

Even though not explicitly stated it appears that in [PATI-70]
only "safe" Coordination Petri Models were considered (a COPM is
"safe" if any of its reachable markings M" is safe, that is Mt(pj) <1
for each place pj of the respective net). This assertion is based on
the statement "... a place [of a COPM] is either empty or it has a
stone [i.e., a token] ...". encountered in [PATI-70]. Moreover the
initial marking M° is required in the original definition of the COPM
to be safe. We note, however, that a safe initial marking is only a
necegsary but not a sufficient condition for a COPM to be safe. We
also note that for safe COPM's, the language families A and A are
equal to.% and PREFQ%, respectively where ,%denotes the set of regu-
lar languages. Indeed the set of distinct reachable markings of a safe
COPM 1s finite and, therefore, the firing sequences of the respective
net can be simulated by a finite state automaton. In this case, A(COPM)
and A (COPM) are proper subsets of A(C-CPM) and A (C~-CPM), respectively.
In fact, as shown in [HACK-75] the sets .%and PREF(,% can be generated
as Ao and A language families, respectively by safe GPN's. Hence, in
this case, the presence of the constraint set does not increase the
representation capabilities of the (safe) GPN's. In our definition of
the COPM, the safeness restriction has been removed which in turn lead

to the result announced in Theorem 4.6.1.

The last distinction between our definition of the COPM and that
given in [PATI-70] consists in the fact that in [PATI-70] input and
output places of a transition were not allowed to be part of the same
constraint. In our definition of the COPM we have removed this topo-
logical restriction regarding allowable constraints. It is easy to
see that 1if £y is a transition of a COPM whose constraint set obeys
the restriction mentioned above then IC(tk)IT OC(tk) = ¢. Lemma 4.6.1
and the corresponding construct apply directly to this case. Conse-~
quently, the topological restriction under consideration does not
extend the ranges of the language famililes A(COPM) and AO(COPM).

Let us now examine how the construct of Lemma 4.6.2 violates this

topological restriction of [PATI-70]. Let {r', H&} be one of the

constraints which we have introduced. Let us examine first the

replacement transitions introduced for a tramsition t, of the original
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EPM which does not have inhibitor input places (Figure 4.6.7).

Evidently, Hé is an input place only of the replacement transition
t;q and is not an output place for any replacement transition of t
On the other hand, p' cannot be both an input and an output place of
any replacement transition of cm' Hence, the topological restriction
on {p', né} can be violated only if p' is an output place of tmq or,
equivalently, if p, the place of EN corresponding to p', is an output
place of the original transition tm'

Consider now the replacement transitions introduced for some
transition tk £ 72 (Figure 4.6.6). Again, H& is an input place only of
t! and is not an output place of any replacement transition introduced

kq
for t,. Since no replacement transition of t:k can self-loop on p'

it foglows that the topological restriction on the constraint {p', Hé}
can be violated only i1f p' is an output place of tiq' By a similar
argument we see that the replacement transitions of tk cannot violate
the topological restriction on any constraint involving HL or H; and
in particular, the replacement transitions ti, tﬂ and tﬂf cannot
violate the topological restriction on any of the constraints which
we have introduced in Ct.

The same remarks apply to constraints of the form {p', H;} R
l<qc<s, as well.

We can conclude that a violation of the topological restriction
on constraints occurs only 1f a place of the original EPM is both an
inhibitor input place and an output place for different transitions.
As an example consider the place P, of Figure 4.6.4. As a consequence

'

of that particular structure, the transitions tmk and t;k of Figure

4.6.5 violate. the topological restriction on the constraints {p;, Hi}
and {p;, Hﬁ}, regspectively. Finally, replacement transitions introduced

for a "stop" transition of the original EPM may violate the topological
restriction on constraints of the form {p’', H&} or {p', H;} the same way
as the other categories of replacement transitions discussed above. In
addition, however, replacement transitions of a "stop" transition may al-
so violate the restriction on constraints of the form {p', NN"} if p' is
an input place of the respective replacement transition (p' denotes a

place of P' corresponding to some place p € Piast)'
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Nevertheless, it appears that the construct of Lemma 4.6.2 can be
modified in order to avoid these violations of the topological restric-
tion concerning allowable constraints. The resulting construct
is fairly complex, especially in the case of languages from the

Ao family, and for the sake of brevity will not be given here.

Section 4.7 A RESULT CONCERNING THE LANGUAGE FAMILIES A(C-CPM)
AND A (C-CPM)
In this secti;ﬁ we shall introduce yet another variant of the EPM,
which we shall call the EPM(II). The EPM(II) is a fairly interesting
model in itself. Moreover, it will enable us to easily establish a

result about the relationship between the language families A(C~CPM)
and AO(C-CPM). We shall also use the EPM(II) in our study of the
relationship between the C-CPM and the Petri Nets with switches,
disjunctive logic and token absorbers.

The EPM(II) is obtained by appending token absorbers to the EPM.
Thus:

Definition 4.7.1

An Extended Petri Net (II) (EPN(II)) is a modified EPN
EN = (T, P, I, O0) such that:

1. T is a finite set of transitions.

2. P is a finite set of places.

3. I :PxT=+ 22U {z} is the input incidence function.

4. 0: T xP~2°U {£} is the output incidence function.

The sets T and P and the mapping I are defined exactly as in the
case of the EPM. Suppose now+that (tk, pj) is a pair in T x P. If
O(tk, pj) = g, for some s € Z , then pj is called a normal output place
of t,. Lf, however, o(t,, pj) = £ then the transition £, is connected
to the place pj by a special type of arc called a token absorber.
Graphically, a token absorber is represented as a double arc with a
small circle instead of an arrowhead (Figure 4.7.1). We note that
the mapping O is single-valued and therefore a place pj cannot be con-
nected to the same transition ty both by output arcs and by a token
absorber. We shall define for each transition t the set:

a

Py

{pj l pJ € P and O(tk. pj) = £},
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A marking of EN is defined as a total, single-valued mapping from
the set of places intorzo. Given an arbitrary marking Mi of EN, a
transition e is enabled in Mi under the same conditions as in the
case of the EPN (Definition 4.1.10). Any transition enabled in

Mi may be selected to fire in Mi.

Definition 4.7.2
If a transition tk’ enabled in the marking M fires in Mi and

M [t > Mi l, then:

i z a
M (pj) - I(pj, tk) + O(tk, pj) if Py €P - (P LJPk)

Pa

i+l
k

M (pj) = {0, pj)
0 if Py €P

if pj eP

A RN

We note that the token absorbers are indeed a specilal category
) =&, upon the firing of tk in Mi the

of arcs. Thus, 1if O(tk, pj
Equivalently,

place p, will become empty, irrespective of M (py)-
h| J

"absorbs" all the tokens (if any) present in pj in the marking Mi.

T
Figure 4.7.1 exhibits a sample EPN(II). The firing of transition
in any marking will empty place Pg- We note that the marking of Pg

t
3
may grow unboundedly.

igure 4.7.1

Sample EPN(II)
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Definition 4.7.3

An Extended Petri Model (II) (EPM(II)) is a system EN = (EN, M°)
where:

1. EN = (T, P, I, 0) is an EPN(I).

2. M° is the initial marking of EN.

A Labelled EPM(II) is defined completely analogous to Definition
4,1.9. Similarly, the language families A(EPM(II)) and AO(EPM(II)) are
defined the same way as A(EPM) and Ao(EPM), respectively.

The following theorem states a rather interesting result regarding

the EPM(II), namely that the introduction of token absorbers does not

affect the language family Ao generated by the EPM. Thus:

Theorem 4.7.1

AO(EPM(II)) = AO(EPM).

Proof: Obviously, any EPM is an EPM(II) as well. Consequently,
AO(EPM) c AO(EPM(II)). Therefore, we only have to show that this
inclusion relation is also true in opposite direction. The proof relates
the EPM(II) and the EPM to the family of multi-counter E-acceptors

operating in quasi-realtime. In order to preserve the continuity of the

presentation, the detailed proof appears in Appendix C.

g

Theorem 4.7.2

{w-{A} | we A(c-ceM) } C A (C-CPM).

Proof: Consider an arbitrary Labelled EPM EN; = (EN, I, L)
where EN = (EN, M°) and EN = (T, P, I, O). Suppose W = A(EHZ)'

By definition, A € W.

We shall construct a Labelled EPM(II) ENé = (EN', L, L') and
define a final marking Mf of EN% such that AO(EN', Mf) =y - {A}.
Let EN' = (EN', MO') where EN' = (T', P', I', 0'). Our construct
will preserve the places of P, that is for each place pj £ P we shall
introduce a corresponding place p5 in P'. Moreover, we shall intro-
duce in P' a new place, let us denote it by Il. For each transitiom

t, ¢ T, we shall introduce in T' two distinct replacement transitions,

té and t!, and we shall set:
"(p', t!) = I'(p’', t") = I(p,. t,) for each p! € P', p; # I.
1. I (pj. tk) I (Pj tk) (Pj k) o Py Pj
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I'(I, té) = I'(1, t;) = ]
2. 0'(té, pj) = O(tk, pj); 0'(t§, p%) a £ for each p5 e P', p5 # 1
O'(té, M = 1; 0'(t£, m=20
' 'Y = 1YY o
3. L (tk) L (tk) L(tk)
Thus, the transitioans té self-loop on II while the transitioms

t" have Il only as an input place. Finally, let us define the markings

k' £
M° and M by:

) 1
1. M° (pj) = Mo(pj) for each place pj € P' = (I} and ¥° () = 1.

2. Mf(pj) = Mf(H) = 0 for each place pj € P', pj # 1.

According to our construct, the replacement tramsitions té and tﬁ
can fire only under the same conditions a8 the original tramnsition ¢t .
Moreover, the firing of té in some marking produces the same effect

as the firing of t, in the respective marking (except for the place m.

On the other hand,kthe firing of t; in any marking leads invariably to
the final marking Mf. We note that Mf can be reached only through the
firing of some transition t; and that in Mf all transitions of T' are
disabled (no firing sequence can be continued from Mf). We also note
that if p' is an inhibitor input place of t; then we can in fact set
O'(tﬂ, p') = O (rather than 0'(t§, p') = £) without altering the
effect produced by the firing of tﬁ.

in order to simplify notations, let us define the injections
S' : T+ T' and S": T+ T' such that for each t; € T,.S'(tk) = té
and S"(tk) = t;. One can easily verify that if vy = 6tk is a firing
sequence of EN from M°, d.e. Y€ S(Mo) then thre exists a firing
sequence Y' = S'(G)S"(tk) of EN' ¥ and y' € T(Mo ' Hf). Hence, each
nonempty string w €W is also in AO(EN', Mf). Let now
y' = 6't; be a terminal firing sequence of EN'. According to our

previous remarks &' cannot contain any of the replacement transitions
y

¥
The mappings S' and S" can be naturally extended to firing sequences,
+
i.e. 1if & = tkl .os tkm is a firing sequence in T then

S'(8) = S'(tkl) ves S'(tkm) and S"(S) = S"(tkl) ces S"(tkm).
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t:. Clearly, there exists a firing sequence Y = S'—l(d') S"-l(tﬁ) of
EN. Thus, W - {A} = A_(EN{, uty.

We can conclude that A(EPM) & AO(EPM(II)), up to A. Then, from
Theorems 4.7.1, 4.5.1 and 4.1.1(a), we have:

{w - {A} | w e A(c-CPM)} & A _(C-CPM).

Some thought will show that the context-free language
W' = {a"" | n > 1} is contained in AO(C-CPM) but W' U {A} is not
contained in A(C-CPM). Hence, the inclusion is proper.

(]
Corollary 1
{w-{A} | we A(EPM(II)} C A CEPM)
Proof: Let ENZ = (EN, L, L) be a Labelled EPM(II) and let
W= A[ENE)- Using a construct analogous to that of Theorem 4.7.2 one

can build a Labelled EPM(II) ENj such that W - {1} = A (BN, Mf)
where Mf is the zero marking. By Theorem 4.7.1, we have
{(w- {7} | we ACBRM(II))} C AO(EPM). By the same argument as in

Theorem 4.7.2 the inclusion is shown to be proper.

O

Regarding the language families A(EPM(II)) and A(EPM), evidently
AEPM) & A(EPM(II). Unfortunately, we do not know whether
A(EPM(II)) € A(EPM), as well. Appendix C contains further comments
pertinent to A(EPM) and A(EPM(II)).

Let us now briefly examine the Petri Nets with switches, disjunc-
tive logic and token absorbers. The formal definition of this model
is given 1in Appendix D.

It has been shown (Section 3.7 of [AGAR-75]) that the 'zero testing'
function of the inhibitor arcs can be simulated (in a A-transition free
manner) using disjunctive input logic. On the other hand, it is easy to
see how switches and transitions with AND and EOR input and/or output
logic can be simulated using inhibitor arcs and no A-transitions.

Since token absorbers were directly carried over to the EPM(II),

Labelled Petri Net Models with switches, disjunctive logic and token
absorbers can be transformed into language equivalent Labelled EPM(II)'s,
in a A-transition free manner. Thus, the EPM(II) and the Petri Net
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Model with switches, disjunctive logic and token absorbers generate
the same A and Ao language families. 1In view of Theorem 4.7.1 and
Corollary 1 of Theorem 4.7.2 the Petri Net Model with switches,
disjunctive logic and token absorbers and the C~CPM generate the same
language family Ao while the A language family generated by the Petri
Net Model with switches, disjunctive logic and token absorbers is a

proper subset of AO(C-CPM).

Section 4.8 THE RELATIONSHIP BETWEEN THE C-CPM AND THE EC-CPM
In this section, we shall examine the relationship between the

various language families generated by the C~CPM and the EC-CPM.
Following characterization was given in [HACK-75;.

The language families A(EPM) and AO(EPM) are the closure
under finite substitution, restriction and A-free renaming of the
language {-} and Q, respectively Q-

Given two languages L1 and L2 over alphabets Zl and 22, respectively,
the restriction operat‘.icm()cmLl and L2 is defined by:

L ® Ly = (L, A (F, - ED)O N, & (E - L)%

The language Qo mentioned above is defined as Qo = (POO)*P° where
0 is a terminal symbol and Po 1s the complete parenthesis language
over the alphabet {+, -}, as generated by the context-free grammar:
S + sS
S + +5-
S+ A
(S denotes the start symbol of the grammar.) Obviously, Qo is a context-
free language. Q denotes the language containing all the prefixes of
Qo, i.e., Q= PREF(QO).
We note that in the characterization given above Po and therefore
Qo are not Ao languages in the strict sense of the definition since they
both contain A. Thus, AO(EPM) actually contains only the A-free lan-
guages from this family.
If we extend the definition of the language family AO(EC-CPM) in
the same sense (by removing the restriction that the final color marking
UMf be different from the initial color marking UMO) then we immediately

have A(EPM) & A(EC-CPM) and Ao (EPM) © AO(EC-CPM). This is so because
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in this case Q € Ao (EC-CPM) and Q € A(EC-CPM). Moreover, the language
families generated by the EC-CPM contain regular languages of the form
(21 - 22)* and are closed under concurrency, intersection, finite
substitution and A-free renaming. We stress that in the above charac-
terization, the operation of finite substitution 1is restricted to one-
symbol strings only (see [HACK-75]) and thus the closure under this
operation extends to the family A(EC-CPM) as well.

In fact, one can use an alternate, direct method in order to reach
to the same conclusion. Thus, let EN_, = (EN, I, L) be an arbitrary
Labelled EPM where.EY = (EN, Ho) and EN = (T, P, I, 0) is the under-
lying EPN. We can easily construct a Labelled EC-CPM E’C‘PE = (ECP, L, L")
which generates the same language as ENZ' Let ECP = (CN, UM°)
and CN = (N, U(C), H). The GPN N = (T', P', 1I', 0') is defined as
follows. For each place pj € P we shall introduce in P' a correspon-
ding place p5 and for each transition t, € T we shall introduce in T'

a corresponding transition té carrying the same label as tk.

Let C = ({ce, Ces C s CM}’ <) be a finite set of colors where the
partial ordering < satisfies the conditions of Section 2.5 (the Hasse
diagram of C appears in Figure 4.8.2). The extension U(C) is the set
of colors associated with CN. We shall use the colors . and Ce to
encode the "empty" and '"full" status of any place p, of the original

EWN. Thus:
1. If Py is "empty" then the color bag of pi will be < (Ce’l) >.

3

2. If p, is "full", i.e., p, contains x tokens then the color bag

of p5 will be < (cf,Z)x, (ce,l) >. The initial and the final color

£

marking of CN are formed from M° and the final marking M~ of EN, respec-

tively according to this rule.

Figure 4.8.1 is our example. The sample transition given there
exhibits all possible interconnections of places to a transition in an
EPN. The corresponding replacement transition is given in Figure 4.8.2.
Using the encoding rule given above as a correspondence between the
markings of EN and the color markings of CN, one can easily verify that
t! can fire exactly under the same conditions as tk and the effect of

k

the firing of té ig the same as that produced by the firing of €
The construct works for both language families A(EPM) and AO(EPM).

We can conclude that A(EPM) £ A(EC~-CPM) and'Ao(EPM),E'AO(EC-CPM).

V4
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Figure 4.8.1

Sample Transition of an EPM

]
i.;k

L'(tL)'L(tk)

Figure 4.8.2

Replacement Tramsition for the Transition of Figure 4.8.1
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Obviously, the same inclusion relations hold between A(C-CPM), AO(C-CPM)
and A(EC-CPM), AO(EC-CPM), respectively.

Consider now the context-free language W = {wwR | we {a, b}+}.
As noted in [HACK-75] the number of distinct intermediate markings
needed to generate such palindromes of length n grows exponentially
with n while the number of distinct markings reachable by a A-transi-
tion free EPM during the generation of a string of length n grows
as a polynomial function of n. Hence W ¢ AO(EPM) but since AO(EC—CPM)
contains all A-free context-free languages, W € AO(EC—CPM); Therefore,
AO(EPM) and for that matter AO(C-CPM) are properly contained in
AO(EC-CPM).

Note, however, that the above argument depends only on the length
of the firing sequence and not on whether the respective firing sequence
leads to a final marking or not. Therefore, the same argument can be
applied to the A language families as well. Consider the language
PREF(W') where W' = {wcw | we {a, b} }. 1If wcw is a string in W',
with |w| = n, then all its prefixes, including the string chR itself,
are in PREF(W'). Suppose now that PREF(W') € A(EPM). Then, there
exists a A-transition free EPM which can generate by means of firing
sequences of length n a sufficiently large number Nn of intermediate
markings in order to properly "remember" all the strings w € {a, b}
of length n (Nn is exponentially related to n). By the same token
this is, however, not possible and thus PREF(W') £ A(EPM). Since
PREF(W') € A(EC-CPM), we have A(EPM) C A(EC-CPM).

As a bonus of the discussion presented above we obtain two
more results regarding the language families generated by the EPM and
the EC-CPM.

We have seen that 1 o (EPM) € A (EC-CPM). By Theorem 4.7.2
ACEPM) C-A (EPM), up to A Hence, A(EPM)(: A (EC-CPM), up to A.

Consider now the language families A (EPM) and A(EC-CPM). We
already know that the context-free language {a"p" | n > 1} for example,
is in A (EPM) but, according to Chapter III, is not in A(EC-CPM). On
the other hand, using the same argument as in the case of the family
A(EPM), one can show that the language PREF(W') 1is not 1in AO(EPM).
Since PREF(W') & A(EC-CPM), the language families AO(EPM) and A(EC-CPM)

are incomparatble.
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We can summarize these results as follows;

Theorem 4.8.1
a) Ao (c-ceM) C Ao (EC~CPM)
b) A(C-CPM) C A(EC-CPM)
c) AO(C-CPM) and A(EC-CPM) are incomparable.
d) A(c-ceM) C AO(EC-CPM) (up to A).

O

We have already mentioned that the AO language family generated by
Generalized Petri Nets properly contains the family of regular languages,
up to A ([PETE-73], [HACK-75]). Hence, all the A-free regular languages
are in Ao (C-CPM) as well. On the other hand, the languages in Ao (C-CcPM)
are deterministic context-sensitive. The relationship between Ao (C~CPM)
and the families of regular Q%), context-free (@g) and deterministic
context-sensitive (W) languages is exhibited in Figure 4.8.3 (where
we have ignored for a moment the absence of the empty string A from the
languages in I\O (C-CPM)). Regarding the language family A(C-CPM), the
following can be stated:

i. There are regular languages (e.g. a*) which are contained in
A(C~CPM) but not all regular languages are in A(C-CPM) (e.g. a%*c).

ii. The intersection between the family of strict context-free
languages and A(C-CPM) is not empty (the context-free language
{a"p™ | 0 =m =n} for example #s in A(C~C?M)).

iii. There are languages in A(C-CPM) which are context-
sensitive but not context-free (e.g, {a"™™c’ | 0 < r < m < n}).

Note, however, that the conteXt-sensitive language {a"b"d' |n > 1} is in
Ao (C-CPM) but not in A(C-CPM).
The relationship between A(C-CPM) and the families r%, Wand

@@yis also displayed in Figure 4.8.3.
In the previous sections of this chapter, the Ao language family

generated by the C-CPM was shown to be equal to the language family
Ao of the EPM, PPM, COPM and of the Petri Net Model with switches,
disjunctive logic and token absorbers. Another common characteristic
of these formal models is the fact that they can generate under unre-
stricted erasure the set of recursively enumerable languages. Hence,

each language 1in AO(EC-CPM) and/or A(EC-CPM) can be expressed as the
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Figure 4.8.3

nelationship of Ao(C--CPM) and A(C-C2l) to Other

Lanzuaze Fanilies

image under some erasing homomorphism of a language ir AO(C-CPM).
Since the languages in A(EC-CPM) and AO(EC-CPM) are still context-
gsensitive the question which naturally arises is whether the erasing
needed to generate them is bounded and if so what are the necessary
and sufficient bounds. This question has a certain practical signifi-
cance. We recall that our interest in the study of the A and Ao
language families was motivated by the fact that they provided a
theoretical framework within which the "representation power" of
various formal models of concurrent systems can be "measured" and
"compared". In this context the C-CPM, EPM, PPM. COPM and the Petri
Net Model with switches, disjunctive logic and token absorbers proved
to be fully equivalent models with respect to the Ao language family
generated but strictly weaker than the EC-CPM. Thus, it appears that

there are synchronization systems whose coordination sequences can
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be correctly modelled without the aid of A-transitions by the EC-CPM
but not by any of the other formal models mentioned above (we shall
reexamine this statement in Chapter V). On the other hand, any such
synchronization system can be modelled by the C-CPM and/or the other
models equivalent to the C-CPM with the aid of A-transitions. From
this point of view, A-transitions can be considered to correspond
merely to internal operations of the model; they do not represent
processes of the modelled system. By answering the question which we
have raised earllier regarding the bound on the erasing homomorphisms
required to generate A(EC-CPM) and Ab(EC-CPM) we shall also determine
the bound on the number of intermal (A-transition) firings necessary
to simulate arbitrary EC-CPM's by C-CPM's. This will provide insight
to the degree of difficulty encountered by C~CPM's in simulating
arbitrary EC-CPM's or, equivalently, to the degree of difficulty
encountered by C-CPM's in modelling synchronization systems which

can be modelled by EC-CPM's without the aid of A-transitions.
Let us first examine how EPM's augmented with A-transitions can

generate the family of context-free languages. We shall assume that
each context—free language W is generated by some context-free grammar
G in a special type of Greibach normal form. Thus, G may contain only
productions of the form:

A *a

A + aB

A -+ aBC
where A, B , C are nonterminal symbols and a is a terminal symbol.
Such a grammar can be found for any context-free language (see
Exercise 4.11 of [HOPC-69) for example).

Let G = (VN’ VT’ P, S) be a context-free grammar as described
above. Our construct will define for any such grammar a Labelled
EPM(I) ENZ = (EM, I, L) which simulates leftmost derivations in
the respective grammar. Suppose EN = (EN, Mo), where EN = (T, P, I, O)

is the underlying EPN(I). L = V. U {d} where d is a new symool,

not in VT. Each such EPM(I) will be composed of three interconnected

parts, which we shall informally call:
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i. the control subnet
ii. the concatenation subnet
1ii. the deletion subnet.

The control subnet will contain a distinct transition for each
production of G and six places, denoted by P,» Pg» Pys Pm’ P4 and P

All transitions of the control subnet will have p, as an input
place.

Suppose Aq+1 d aAQ+2 is a production of G. Then, the control
subnet will contain a transisition for it of the form presented in
Figure 4.8.4. Similarly, if Aq+1 + aAq+3Aq+2 is a production of
G, the corresponding transition of the control subnet is displayed
in Figure 4.8.5. Figure 4.8.6 exhibits a transition corresponding to
a production of the form Aq+l + a.

The places p_ and p_ are used to "remember" the nonterminal part
of the sentential form obtained along any leftmost derivation in G.

Suppose G has r - 1 variables. Then, each variable A, can be uniquely

3

represented by an integer IAjI = j, where 1 < j <r - 1l. Let
Aq+lAq ves Ale be the nonterminal part of a sentential form. It
also can be uniquely represented by an integer: q+ 1
q+1 . q 1 . ° =2 »
la =0 + o loet + e+ |Aq|-r + |Aq+1| r j EOIAjI r
This encoding is rather common for automata with counters. In our case

we shall have the marking of P, be |Aq+1| tokens and the marking of
Pg be q

IA |.rq-j
j = 0 j
tokens, i.e., P, always "remembers'" the leftmost variable Aq+l' Conse-
quently, at this stage only the transitions of the control subnet
corresponding to productions having Aq+1 on the left side can be
enabled.

Suppose the next production to be applied is of the form

A

Aq+1 +> atgyr After applying this production the nonterminal part
of the sentential form becomes Aq+2Aq cos Ale. i.e. only the left-
most variable is possibly changed. Also the terminal a is generated.
The transition of Figure 4.8.4 performs exactly these operations, by

replacing the |Aq+1| tokens in p_ by |Aq+2| tokens and generating a.
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L(ts) = g
1= lag,l
O(ts’ Pt) = IAq+2l

Figure 4.8.4
Sample Transition

L(tm) = a
i i=lagl
m o(tm’ Pt) = ]Aq+3|
ot , p) = 1Al
Pn Figure 4.8.5
n

Sample Transition
()
\
\
\
\
- t\o

L(tn) = a

1= lal

Figure 4.8.6

Sample Transition
Pa
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-
Suppose now that we apply the production Aq+1 aAq+3Aq+2.
The nonterminal part of the sentential form becomes Aq+3Aq+2AQ'°' Ale.
Accordingly, we must change the marking of P, to IAq+3| tokens and the
marking of pg to
¥l ol ol 1. =
[Ao r + |A1] r*+ ... + |Aq| r- + !Aq+2| r

q
= ( ) ]Ajf-rq-j)-r + IAq+2| tokens.
j=0
The transition of Figure 4.8.5 initiates these operations. Thus, it
replaces the |Aq+1| tokens in P, by lAq+3| tokens, it consumes the token
in P, (and thus disables all the transitions of the control submet), it
deposits IAq+2| tokens in P, and it "starts" the concatenation subnet by
placing a token in Py The concatenation subnet will duplicate the
tokens in Pg T times and will add to them the |Aq+2| tokens stored in
P_» thus simulating the concatenation of Aq+2 to the nonterminal part
of the sentential form.

Let us now assume that the production A *+ a 1s applied. 1In

q+1
this case the nonterminal part of the sentential form becomes

Aqu-l ces AJAO’ i.e. the leftmost variable is deleted. Consequently,
the marking of P must become IAql tokens and the marking of Pg must

become
q-1

I |a [-rq-l-j tokens.

j=0 3

The transition of Figure 4.8.6 partly performes these operations by
consuming the IAq+1| tokens in P, and placing a token in Py- In this
way the deletion subnet is activated and it will divide the number of
tokens in 18 by r. The remainder will be deposited in P, and the

quotient will be placed back in ps.
Let us now present the concatenation and deletion subnets. Our

constructs can be viewed as extensions of the multiplication and
division nets used in [AGAR-75].
A sample concatenation subnet is displayed in Figure 4.8.7. Let

us assume that the concatenation subnet has been activated by the
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Figure 4.8.7

Concatenation Subnet

transition of the control subnet corresponding to some production

Aq+1 M aAq-+-3Aq-i-2

tontained m tokens. Transition tml transfers the m tokens to the

1)
place Pn while tm3 performs the actual multiplication, i.e., tm3 de-~

of G. Let us also assume that at that stage, P,

posits m. r tokens into p_. Transitions ti, cee s t;-l are used to
"srop” the concatenation subnet after the multiplication has been
performed. This group of transitions contains a distinct transition
for each variable of G. Thus, t! corresponds to the variable Aj'
1<j<r-1and I(p,, tj) = (g, lAjI) = (g, j). Due to the positive
testing arcs at the most one of these transitions can be enabled at

a time, in this case the transition corresponding to Aq+2. By firing

this transition, the IAq+2| tokens will be removed from P, and added
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to the place P> thus completing the concatenation operation. At the
game time, the concatenation subnet becomes disabled and the control
subnet is reactivated (each of these "stop" transitions restores the
token in po). We note that the concatenation subnet operates rather
deterministically. The inhibitor arcs and the positive testing arcs
ensure that the execution of the concatenation subnet ends only after
the concatenation operation has been fully executed. One can easily
see that exactly 2 . m + 2 transition firings are required by each
execution of the concatenation subnet.

We shall assign the label d to all transitioms of the concatena-
tion subnet.

Figure 4.8.8 displays a sample deletion subnet. Transition tdl
transfers the m tokens irom Py to p& while td3 performs the actual
division. Note that in our encoding each division operation must have
a remainder, and the remainder must be greater than or equal to 1.

The transitions t{, veos t;-l are used to "stop" the deletion subnet.
For each variable of G there exists a distinct "stop" transition in
this group. Thus, t! is the transition corresponding to the nonter-
minal A, and I(py» :_]') (o, IA |) = (o, 3) for each 3, 1 <3 <r - 1.
As in the case of the concatenation subnet, at the most one of these
transitions can become enabled at a time. Moreover, these transitions
can become enabled only when the marking of pé is positive but strictly
less than r (in which case td3 is disabled). The purpose of these
"gtop" transitions is to transfer the remainder of the division opera-
tion from pé to p,- At the same time they disable the deletion subnet
and reactivate the control subnet. All transitions of the deletion
subnet carry the label d.

One can easily verify that each execution of the deletion subnet
requires exactly m + quotient (m/r) + 2 transition firings. In fact,
if we complicate the structure of the concatenation subnet, the number
of transition firings necessary to simulate the concatenation operation
can be lowered to this bound as well. It is more important, however,
to notice that the number of transition firings required by an execu-

tion of either the concatenation or the deletion subnet will always

have an upper bound of the form ¢ * m, for some constant c > o.
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Figure 4 .8.8

Deletion Subnet

Let us now put together the three subnets examined above. Figure
4.8.9 displays schematically the typical structure of a Labelled EPM(I)
simulating the leftmost derivations of some context-free grammar G.

In the initial marking all places are empty, except P, which contains
a token and P, which contains ]S| tokens, where S is the start symbol
of G.

We note that a derivation in the grammar G ends when the nonter-

minal part of the respective sentential form becomes empty. Moreover,

the production used at the last step in the derivation must be of the
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Generation of a Context-Free Language
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form Aq+l + a. Hence, we shall have in the f£inal marking all places

empty, except p, which will contain a token (recall that we are gene-
rating an Ao langu:ge).*

Let now h : I =~ VT be the erasing homomorphism defined by
h(a) = a, for all a € VT, and h(d) = A. If W is the context-free lan-
guage generated by G and W' is the language generated by ENZ then by
our construct h(W') = W.

For languages in A(EC-CPM) we must be able to generate the empty
string A as well. For this purpose we shall assume that the start
symbol S of G does not appear on the right side of any production of G.
If A € W then G must contain the production S + A. For this production
we shall introduce in the control subnet a transition of the form pre-
sented in Figure 4.8.6, labelled d.

Let us now determine the bound of the erasing homomorphism h.

For this purpose we shall make use of the following definition of
[BOOK-~70a]:

if h : I'* + A* is a homomorphism, L © I'*, and £ is a function
such that for some k > 0 and all we L, |w| < k* £(|h(w)]), then h is
f-bounided on I, (equivalently, we shall say that h is bounded on L by f).
Here, f is assumed to be a real~valued function of a single real
variable.

In view of the previous discussion, we can assume for simplicity
that the number of transition firings required by each execution of a
concatenation or deletion subnet is bounded by 2 - m. If the nonterminal

part of a sentential form is Aq+1Aq cee Ale. then:

q q
m= ) IAj|'rq_j <r-} N PR L (note that r > 1)
i= 0 j = 0

Thus, the number of consecutive d symbols generated for each concate-
nation or deletion operation is upper-bounded by 2 - rq+2.

On the other hand, due to the special form of the grammars G
under consideration, if w € W then each derivation of w in G wust have
exactly |w| steps. Also, the nonterminal part of the sentential form
along any such derivation cannot contain more than l;l variables,

where [l;L] denotes the smallest integer larger than or equal to ;
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Hence, q < [l§d1 . We can conclude that:

Lemma 4.8.1

If W is a context-free language then there exists a language
W' e AO(EPM), a homomorphism h and a constant ¢ > 1 such that
W= h(W') and h is bounded on W' by £(x) = c”.

a

Let us now examine how EPM's augmented with A -transitions can
generate the set of quasi-realtime languages. As we have already
mentioned, according to [BOOK-70b], any quasi-realtime language can
be represented as the length-preserving homomorphic image of the inter-
section of three context-free languages. Suppose now that
G, = (Vo, Vs Py, §)) and G, = (V2, v, Py,
grammars over the same terminal alphabet VT' Let us also assume that
G, and G, are specified in the special type of Greibach normal form

1 2
mentioned earlier in this section. Let then wl and W2 denote the lan-

52) are two context-free

guages generated by Gl and Gz, respectively and suppose

w=aa, ... a_ja is a string in Wl n Wz. Hence, we must have the

172 m~-1
leftmost derivations:
L L1 11 _ 1
S1 8 21MM1 8 2128Y, 8 v B 212 +e- 3 A
1 1 1 1
El 818y +-r 2 1%m
_ 2.2 2 _ . 2
Sp 8, 218171 B, 21382 8 - B 23y - 3 A0
2 2 2 2
62 8182 PR am_lam .

Each derivation of w in either G, or G, must have exactly |w] = m steps.

1
Moreover, at each step k of such a derivation, 1 < k < m, the produc-
tion employed at that step must have the terminal symbol a, on the right

side, where a, is the k~th symbol from the left of w.

These obﬁervations can be extended te the intersection of three
or more context-free languages. Our construct for the generation of
quasi-realtime languages 1s based on the construct presented earlier in
connection with the generation of context-free languages and will employ

the remarks on the intersection of context-free languages given above.
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Suppose we are given the context-free grammars Gl’ G2 and G3
which generate the languages Wl, W2 and W3, regpectively. Suppose also
that EN EN  and ENZ are the Labelled EPM(I)'s obtained by

> 9
our previo%s const%uct which generate Wl, WZ and W3, respectively under
bounded erasure. Let ENz denote the Labelled EPM(I) which we are
constructing.

We shall preserve the places of ENE , ENz and ENZq as well
as the respective concatenation and deletion subneéts. In  addition
we shall combine the transitions of the particular control subnets in
such a way that the resulting Labelled EPM(I) generate only the strings
common to Wl, W2 and W3. From this point of view, our construct is
similar to the construct used in Section 3.2 in order to prove closure
under the operation of intersection.

Let a be a terminal symbol common to Gl’ G2 and 63 and suppose
c;, tf and tz are transitions of the control subnets of ENZ , ENE
and EN£ , respectively each carrying the label a. We shalllreplace
this combgnation of three transitions by a unique transition of the
control subnet of ENZ’ let us denote it by . The firing of the tran-
sition ta will have the same effect as the combined firings t:titz and
is assigned the common label a. A sample transition ca is exhibited in
Figure 4.8.10. This reduction will be performed for each possible com-
bination of three equally-labelled transitions, each belonging to a dif-
ferent control subnet. Certainly, transitions whose labels are not ter-
minals common to all three grammars Gl’ G2 and G3 will be discarded
since they cannot possibly lead to label sequences in w n w n W3.

The initial and the final markings of EN are defined as
M v M v M3 and M v Mf v Mf respectively where Mi and Mf denote the
initial and final marking of EN,, respectively, 1 = 1, 2, 3 (the
direct sum operation can easily:%e particularized to the '"one-color"
markings of the EPM(I)).

We note that a transition of the control subnet of ENZ‘ for
example the transition t of Figure 4.8.10, may simultaneously "start"
up to three of the six distinct concatenation and deletion subnets

incorporated in ENE' Nevertheless, the control subnet of ENZ is
reactivated only after all the "active' concatenation and/or deletion

subnets have terminated their iu.dependent executions. Let us also
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recall that each transition ti of the control subnet of ENZI congi-
dered in the definition of t a4’ i=1, 2, 3, has been introduced for

some production of the grammar G,. In this regard, ENy may be viewed

as a synchronous simulation of t;ree distinct leftmost derivations

(in Gl’ G2 and G3, respectively) "running" in parallel. This is possible

only because of the special characteristics of the derivations in either

grammar of the strings in W n W2 n W3, which we have mentioned earlier
If W' is the language generated by EN and h : 2 - (V n V n VIS

is a homomorphism defined by h(d) = A and h(a) = a, for all

a € V% n V% n Vi (V% denotes the set of terminal symbols of Gi’ 1= 1,2,3'

and d denotes the label common to all transitions of the concatenation

and deletion subnets incorporated in ENE) then h(W') = W n W, n W3.

This is so because 1f w € Wl n WZ n W3 then there exists at

least one leftmost derivation of w in each of the grammars G,» G2 and

G3.

yields w under the erasing homomorphism h. It can also be verified

Therefore there exists a terminal firing sequence of ENZ which

that conversely, if there exists a terminal firing sequence of ENZ
and w' is the associated label sequence then there exists a
(leftmost) derivation in Gl’ G2 and G3 for w = h(w').
We note that 1if w € Wl n Wz N W, then the length of the nonterminal

3
part of the sentential form obtained after k steps of some derivation of

w in G1
terminal part of the sentential form obtained after the same number

y k< lwl, does not have to be equal to the length of the non-

of steps along a derivation of w for example in G2. It is important to
observe, however, that the nonterminal parts of the respective senten-
tial forms must simultaneously become empty.

Let us now consider the empty string A. If Atzwl N W2 n W3 then
the production Si - A must be contained in Gi’ i=1, 2, 3, where Si
is the start symbol of Gi' Our construct is applied to the transitions

introduced for these productions in the corresponding control subnets
of ENzl. Esz and EN23 and the resulting transition of EN; 1s
is assigned the “label d.

This completes the description of the construct employed for the
generation of the intersection of three arbitrary context-free lan-
guages wl, WZ and W3. In order to generate quasi-realtime languages we

must be capable of generating the image of Wl n Wz n w3 under arbitrary
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length-preserving homomorphisms as well. This can, however, be easily
achieved by simply relabelling the transitions of the control subnet
of ENZ‘

Let us now examine the bound of the erasing homomorphism h. We
shall again assume that the number of transition firings required by
an execution of a concatenation or deletion subnet is bounded by 2 * m,
where m, is the number of tokens in the corresponding place Pgy at the
beginning of the execution of the submet (i =1, 2, 3). Consequently,
the number of d symbols generated by the EPM(I) of Figure 4.8.10
between two consecutive firings of transitions from the respective
control subnet has the upper bound:

2 .m +2.m, +2.m <2 - (rlq1+2 + 1,2c12+2 + r3q3+2)
Since each derivation of some string w € wl n W2 n W3 in either grammar
G;> Gz'or G, has exactly |w| steps it follows that q < ; ,

i=1, 2, 3. Let R = max{r 93 r3}. Then:

[Let]

1’ *t

2 . . .
my + 2 m2 + 2 m3 < 6.

We can therefore conclude that:

Lemma 4.8.2
If W is a quasi-realtime language then there exists a language
W' e A (EPM), a homomorphism h and a constant c > 1 such that W = h(W')

and h is bounded on W' by f(x) = c*.

0

Theorem 4.8.2

If W € A(EC-CPM) or W € A (EC-CPM) then there exists a language
W' e A (EPM), a homomorphism h" and a constant d2> 1 such that
W= h"(W’) and h" is bounded on W" by £"(x) = d*

Proof: By Corollary 1 of Theorem 3.4.2 A(EC-CPM) € TIME(xz)

and A (EC-CPM) & TIME(x ). Consequently, by Theorem 1.7 of [BOOK-70a],

if W € A(EC-CPM) or W € AO(EC-CPM) then there exists a quasi-realtime
language W' and a homomorphism h such that W = h(W') and h is bounded
on W' by £(x) = x2.
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But if W' is a quasi-realtime language then by Lemma 4.8.2
there exists a language W' € AOCEPM), a homomorphism h'! and a constant
¢ > 1 guch that W' = h'(W'") and h' is bounded on W" by f'(x) = cx.
Hence, W = h(W') = h(h'(W")) = h"(W'"). We must also have the

positive integer constants k and k' such that for all w € AL
lal <k - £ (ln' @) = k' - b @
and

') < k- g(lha' @)]) =k - w02

Thus,

2 2
o < k' . K @ [® e L a6 here a2 6 > 1.

We can conclude that h" is bounded on W" by the function

2
£"'(x) = as , for some constant d > 1.

|

Note: Consider the languages W' = {wewt | we {a, b}*}
and PREF(W') in AO(EC—CPM) and A(EC~CPM), respectively. Using an argu-
ment similar to that of Theorem 1.3 of [FISH-68] in combination with
the definition of bounded erasing homomorphism one can show that W' and
PREF(W') can be generated as images under bounded erasing homomorphisms
of languages in AO(EPM) only if the amount of erasing is bounded by

functions of the form f£(x) = cx, ¢ > 1. Hence, the exponential bound

is a necessary bound.



CHAPTER V

MODELLING WITH THE C-CPM AND THE EC-CPM

Section 5.1 MODELLING WITH THE C-~CPM
In Chapter IV we have shown the following formal models:

i. Priority Petri Model
ii. Extended Petri Model
iii. C~Colored Petri Model
iv. Coordination Petri Model
v. Petri Net Model with switches, disjunctive logic and token

absorbers

as well as various variants of some of these models (introduced by us

in order to simplify certain constructs) to be completely equivalent
from the point of view of the Ao-language family generated. This fact
is rather surprising 1f one considers that these models were intro-
duced both independently and for distinct purposes. Thus, each of the
medels listed above was defined in order to offer natural representation
and modelling ease with respect to a certain class of synchronization
systems of interest to the respective authors.

From this point of view, the study presented in Chapter IV pro-
vides insight to the capabilities as well as to the limitations common
to all these models. On the other hand, it is our belief that the
equivalence results given in Chapter IV do not diminuish the usefulness
of any of these models, mainly because, as we have already mentioned,
their principal merit is their adequacy for the modelling of a certain
class of control structures. The latter statement is supported by the
congsiderable complexity of some of the conversion procedures presented
in Chapter IV by means of which instances of the models in the above
list can'be converted into each other in a language preserving manner.
Evidently, the numerous additional places and/or transitions which
eventually have to be introduced for this purpose do not contribute to
the clarity and simplicity of the representation offered by the respec-
tive models. Thus, even if any control structure representable by one
of the models mentioned above is also representable by any other model

in the 1list, the representation offered by some models may be more
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cumbersome than the representation offered by other models, for the
same coordination system. This fact may be considered a drawback from
the pragmatic point of view.

In the following three sections we shall present a few synchroni-
zation situations which can be modelled in a natural and simple way by
the C~-CPM. These examples (as well as the other modelling examples to
be presented in the remainder of this chapter) were selected with the
following statement from [PATI-70] in mind:

"Any improvement that leads to a reduction in details and simpli-
fication of representation is valuable, especially because the repre-
sentation scheme is being developed for specifying and formalizing

coordination relating to practical problems."

We note that in view of the proper inclusion relation between
A (C-CPM), AO(C-CPM) and A (EC-CPM), AO(EC-CPM), respectively, the exam-
ples to be presented next can be modelled in a A-transition free manner
by the EC-CPM as well. Nevertheless, the C-CPM offers in these cases
a natural, clear and correct representation and therefore the additional

complexity of the EC-CPM is not needed.

Section 5.2 A PRODUCER-CONSUMER SYNCHRONIZATION PROBLEM WITH DYNAMIC
PRIORITY HIERARCHY
Consider the following refinement of the producer-consumer synchron-

ization problem presented in Section 2.4. Suppose the coordination

system contains two buffers, Bl and BZ' Two producer processes, Pil

and PiZ’ and a consumer process, Ci’ are connected to each buffer Bi’
i =1, 2. A producer process can be activated at any time and it pro-
duces and deposits an item in the associated buffer. A consumer pro-
cess becomes active only 1f the associated buffer is nonempty.
Following rules govern the access of the consumer processes to the

1 may consume from Bi items
deposited there by P11 only 1if Bi does not contain any item produced
by PiZ'
the corresponding buffers only through a channel with capacity 1, i.e.,

regspective buffers. Consumer process C
Moreover, it i1s assumed that C1 and C2 can consume items from

through a channel which can accomodate only one consumer process at a
time. Following priority rule determines which consumer process can

seize the channel in case both Cl and 02 are simultaneously active:
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- 1if C1

attempts to consume an item produced by P21 then either consumer pro-

chooses to consume an item produced by P12 while C2

cess can gain control over the channel.

= in all other cases C, has priority over CZ' This producer-

consumer synchronization problemlis repregsented schematically in Figure
5.2.1. The shared channel plays the same role as the decider module of
the original producer-consumer synchronization problem but a different

priority hierarchy is imposed on the competing processes. In fact, we

note that the present system incorporates two interrelated but distinct
priority hierarchies:

i. The consumer processes must select items from the respective
buffers according to a fixed priority assignment to the parent producer
processes.

ii. Control over the channel is obtained in accordance to a vary-
ing priority hierarchy among the consumer processes.
These coordination aspects can be modelled in the C-CPM in a natur-
al way mainly due to the following specific features of this model:
- the rule used for the selection of enabling colors.
- the priority of a transition depends on the current color
marking and on the particular selection of the enabling colors (is not

fixed "a priori").

Figure 5.2.2 exhibits the C-CPM representation of this producer-
consumer synchronization system. There, transitions tl’ t2, t3 and ta
model the producer processes Pll’ P12’ P21 and P22, respectively while
the transitions te and te model the consumer processes C1 and C2’
regspectively. The places Py and Pg represent the buffers Bl and BZ’
respectively while Py can be viewed as the implementation of the
shared channel. It can easily be verified that the firing sequences of
the C-CPM of Figure 5.2.2 model correctly the coordination sequences
which can be executed by the producer-consumer system under considera-
tion. Using the C~CPM one can model correctly even more sophisticated
producer-consumer synchronization problems of this type, involving
several producer and/or consumer processes and more complicated priority
hierarchies (as long as the respective priorities can be encoded as

finite lattices of colors).
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Figure 5.2.1

Producer-Consumer Synchronization System with Dynamic
Priority Hierarchy

Figure 5.2.2

C-CPM of the Producer-Consumer Synchronization System
of Figure 5.2.1
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This type of synchronization problems can actually be encountered
in computing environments. Consider for example the following multi-
processor computing system configuration. Suppose the system contains
k memory units and m processors, m > k. The set of processors is
partitioned into k classes such that the members of each class may
access a single memory unit, designated to that particular class.
Moreover, a memory unit may not be accessed by processors from differ-
ent classes. We shall assume that all processors and memory units are
connected to a unique bidirectional bus which can accomodate only one
data transfer between a processor-memory unit pair at a time.

In order to solve conflicts for access to the associated memory
unit, a fixed priority hierarchy is imposed among the processors within
each class. Since processors from various classes may simultaneously
attempt to gain control over the shared bus, another priority hierarchy
among the processors has been designed for solving this type of con-
flicts. We can agsume that a separate arbitration logic determines
within each processor class which of the processors requesting to access
the respective memory unit may first proceed to do so. Another, "global"
arbitration logic polls the processors designated by the particular
arbitration logics corresponding to each processor class and decides
which processor can actually seize the bus. After the respective pro-
cessor has executed the data transfer the bus is released and the pend-
ing access requests are reconsidered. In this perspective, there does
not exist a fixed priority hierarchy among the k processor classes or,
for that matter, among the k memory units. Actually, the priority of
a clags is determined for each "poll" by the priority of the particular
processor from that class designated by the corresponding arbitration
logic to access the memory unit associated with the class. This dynamic
priority hierarchy enhances the flexibility of the system and in fact is
quite reasonable if one considers the fact that the processors were
separated into classes only with respect to the memory unit which they
may access but not with respect to their function, i.e., their
"priority", within the system.

Suppose for a moment that we want to model the producer-consumer
synchronization problem presented at the beginning of this section using
one of the other models examined in Chapter IV. Due to the priority
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hierarchies involved, the PPM of [HACK-75] and the PPM(I) and the
C-CPM(I), which we have introduced, appear to be the logical first
choices. Nevertheless, in the remainder of this section we shall
informally argue that these models cannot provide a natural representa-
tion of this synchronization problem.

Figure 5.2.4 displays a possible PPM representation of the syn-
chronization system of Figure 5.2.1. Transitions tl’ tz, t3 and t4
model the producer processes Pll’ P12’ P21 and P22, respectively. We
note that in the problem statement, the producer processes Pil and PiZ

share the buffer B, and that the consumer process Ci must recognize

i

which items present in B, were produced by Pil and which by PiZ’

i =1, 2. Therefore, itims in the shared buffer must uniquely identify
their parent producer process. This modelling characteristic can easily
be taken care of in the C-CPM by placing distinctly colored tokens in
the place which models the shared buffer. In the PPM, however, since

we lack colored tokens, 1t appears that we have to use two separate
places in order to model a buffer which contains two categories of

items (places Pyo and Py3 model the buffer Bl while Py, and Pys model
BZ).
cesses deposit items in the same buffer. This inadequacy carries over

This drawback is amplified in case more than two producer pro-

to the PPM(I) but not to the C-CPM(I).

Next, let us examine the modelling of the consumer processes. Due
to the fixed and dynamic priority hierarchies incorporated in our
producer-consumer system, on one hand, and to the fact that the transi-
tions of a PPM are assigned fixed priorities, on the other hand, it
appears that we cannot model each consumer process by a single transi-
tion, as we have done in Figure 5.2.2. Figure 5.2.3 displays all possi-
ble contents of the buffers Bl and BZ' For each situation, the table
indicates which consumer process can proceed and what item it has to
consume as well as the tramnsition which models the respective operation
(note the relationship between the leftmost two columns of the Table
and the input/output connections of the transitions ts, Bgs o0 s oy of
Figure 5.2.4). The Table also indicates the priority assignment to the
transitions which ensures that the PPM of Figure 5.2.4 functions correct-
ly.

Thus, even if the PPM can correctly model the producer-consumer



236

Py Py Py Pas Consumer Transition Priority (Y)
0 0 0 0 - - -
0 0 0 1 C22 tg
0 0 1 0 Coy te a,
0 1 0 0 C12 t,
1 0 0 0 Cll tg
0 0 1 1 022 ty
0 1 0 1 012 to
0 1 1 0 C12 or C21 t;3 OF t, 9,
1 0 0 1 C11 13
1 0 1 0 (.311 ty
1 1 0 0 C12 tis
0 1 1 1 C12 ti6
1 0 1 1 Cll ty5 4y
1 1 0 1 C12 ti1g
1 1 1 0 012 or C21 t1g OF 0
1 1 1 1 012 tyy q,
; {:empty (zero marking) <= 0 Pr = ({ql,qz,qB,qa,qs} 2 )
2t \_full (positive marking) <> 1 q,
r = 2,3,4,5 G4
Cij <—> Consumer Ci consumes q5° 42
an item produced by Pij 9
i=1,2 Y(e)) = ¥(ty) = ¥(t,) =
j=1,2 = Y(t,) = qq

Figure 5.2.3

Buffer contents for the Producer-Consumer

Synchronization System of Figure 5.2.1
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problem under consideration, it fails to offer a natural and easy to
understand representation. Without the aid of the table of Figure 5.2.3
it is rather difficult to establish a correspondence between the transi-
tions and places of the PPM of Figure 5.2.% and the entities of the
modelled system (Figure 5.2.1). From this point of view, the PPM(I)
and the C-CPM(I) present the same inadequacies since in both cases

transitions have fixed, predetermined priorities.

Section 5.3 A PROCESS COORDINATION PROBLEM WITH CONFLICT

Let us examine the following process coordination problem, depicted

schematically in Figure 5.3.1. Suppose the system contains four
buffers, denotedhyBl,Bz,B3 and B. Three processes, denoted by Pil’
Piz and Proc(i), are connected to each buffer Bi’ i=1, 2, 3. The
buffer B can be accessed only by the three processes Proc(i) and is
assumed to contain initially two undistinguishable items. Any of the
processes Pij’ j =1, 2, may be activated at any time and it produces
and deposits an item in the associated buffer Bi' The process Proc(i)

becomes active only if the associated buffer B, and the shared buffer

i
B are nonempty. If active, Proc(i) attempts to consume an item from
both B and B with the restriction that it may consume from Bi an 1item
11 only if Bi

Moreover, the following priority rule is imposed:

produced by P does not contain any items produced by P12'

i. If the number of items currently contained in the buffer B is
(strictly) less than the number of active processes Proc(i) then we
shall say that a conflict situation has arised. In this case Proc(l)

has highest priority to proceed, Proc(3) has lowest priority and
Proc(2) has lower priority than Proc(l) but higher than Proc(3).
ii. Otherwise, either active process Proc(i) may proceed.

We note that in both situations only one process Proc(i) may pro-
ceed at a time. After the chosen process, say Proc(k), has consumed
the respective items from Bk and B it will temporarily deactivate itgelf.
For example, we can assume that Proc(k) initiates at this stage an
abstract operation assocliated with it which requires an arbitrarily long
(possibly null) period of time to execute. Only after the abstract
operation is terminated will Proc(k) restore the item consumed from B
and regain its active status, as soon as both Bk and B are nonempty.

Meanwhile, however, the pending active processes Proc(i), 1 # k,
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are polled again in order to determine which process proceeds next.
From this point of view the processes Proc(i) operate asynchronously
and concurrently.

The characteristic aspect of this process coordination problem is
the conflict situation which arises in case the number of available
resources in a shared pool of homologous resources 1s less than the
number of processes competing for the resvective resources. The
priority rule designed for solving the conflict situation can be repre-
sented in the C-CPM in a natural way mainly due to the conflict struc-
ture (conflict cluster, conflict subclusters, etc.) employed for the
selection of a transition to be fired. Figure 5.3.2 exhibits the
C-CPM representation of the coordination system of Figure 5.3.1. We
have indicated adjacent to the places and transitions of Figure 5.3.2
which entities of the coordination system they model. Let us examine
closer the modelling of the processes Proc(i). For example, transition
t, may be congidered to model the initiation of the abstract operation
associated with Proc(l) while tg may be assumed to model the termination
of that operation. The presence of a token in place P17 gignifies
that the abstract operation is in execution. Conversely, the occurrence
of a token in place Pl8 gignals that the respective operation is ter-
minated. An analogous approach has been taken to the modelling of the
processes Proc(2) and Proc(3).

This type of coordination problems can certainly be further exten-
ded. In particular, we note that we have used a totally ordered
priority hierarchy for solving the conflict situation at the buffer B
only in order to have a simple problem statement. Actually, more sophis-
ticated priority hierarchies can be used. For example, we can make the
priority of the processes Proc(i) depend on the particular selection of
items from the associated buffers Bi' In this case the conflict situa-
tion could be solved according to a dynamic priority hierarchy similar
to that described in Section 5.2.

This kind of process coordination problem can again be recast
to the computing system structure described in Section 5.2. In this
case, however, we shall assume that the bus is formed of n bidirec-
tional, parallel lines, n < k. Each line may comnnect any processor-

memory unit pair (as long as the connection is legal from the processor
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class point of view). After the "local" arbitration logics corres-
ponding to each class have designated a processor from the respective
class to be connected to the associated memory unit, the "global" arbi-
tration logic assigns one of the free lines to one of the designated
processors. If the number of available lines is greater than or equal
to the number of processors requesting to be connected, either processor
may selze a communication line. Otherwise, the "global™ arbitration
logic enforces the priority hierarchy designed for solving the conflict
situation.

Once a processor has seized a line, it will not release it until
the data transfer to the corresponding memory unit has been performed.
After the data transfer 1s terminated, the line will be returned to the
pool of available communication lines. Meanwhile, since the memory
unit is busy, no other processor from the respective class may ask for
another line. Nevertheless, processors from other :classes (for which
the corresponding memory unit is not occupied by a data transfer) can
seize the remaining available lines (if any). Therefore,after a line
has been assigned, the remaining pending processors and the pool of
communication lines are again "polled" by the "global" arbitration logic
in order to assign another line.

Suppose now that we want to use the PPM for the modelling of the
synchronization system of Figure 5.3.1. We note that the buffers Bi’
i=1, 2, 3, may contain two distinct categories of items at a time.

As in Section 5.2, due to the fact that the PPM does not incorporate
colored tokens, the easiest solution to this modelling aspect appears
to be the use of two distinct places for the representation of each
buffer Bi' Let us simplify for a moment the original synchronization
problem and suppose that only one process Pi deposits items in the

buffer Bi’ i
5.3.4 exhibits a PPM representation of this restricted version of the

i.e. the items present in B, are undistinguishable. Figure
synchronization system under consideration. In the figure, we have
indicated adjacent to the places and transitions of the net which
entities of the modelled system they represent. Let us have a closer
look at the modelling of the processes Proc(i). We note that in the
synchronization system of Figure 5.3.1, even though we have used a
simple (totally ordered) and fixed priority hierarchy for solving the
conflict situation at the shared buffer B, the processes Proc(i) are
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not assigned a fixed priority. In fact the priority to proceed of a
particular process Proc(i) depends both on the current content of the
buffer B and on the status (active versus disabled) of the other pro-
cegses Proe(j), 1< j< 3 and j # 1. On the other hand, the transi-
tions of a PPM carry a fixed priority, in particular, independent of the
markings of the respective net. Therefore, it appears that we cannot
model the initiation of the abstract operation assoclated with a

process Proc(i) by a single transition, as we have done in the C-CPM

of Figure 5.3.2. The Table of Figure 5.3.3 considers all possible situ-
ations of the particular processes Proc(i). In each case the Table
indicates (second column) which process Proc(i) can proceed and which
transition models the initiation of the particular abstract operation
agsociated with that process (for example, transitions tes t9 and th
model each the initiation of the abstract operation associated with
Proc(l) in distinct situations). The size of the PPM of Figure 5.3.4
would be approximately doubled if we would have modelled the original

system where the buffers B, may contain two distinct categories of

items. The size of the PP; of Figure 5.3.4 would also increase consid-
erably 1f the modelled synchronization system contained more than three
procesges Proc(i) and more than two items in the buffer B.

We can conclude that the PPM fails to offer natural representation
for conflict situations such as that examined in this section. The
PPM(I) and the C-CPM(I) which we have defined in Chapter IV appear to
be more adequate for this purpose since they incorporate the concepts
of conflict cluster, conflict subcluster, etc. in a manner similar to
the C-CPM. Nevertheless, as we have mentioned in Section 5.2, the
PPM(I) and the C-CPM(I) would fail to offer a natural representation in
case the priority hierarchy designed for solving conflicts would vary
dynamically (i.e., would depend on the particular items selected from

Bi by the processes Proc(i)).

Section 5.4 MODELLING REENTRANCY
In this section we shall examine the modelling of a special kind of

concurrent control mechanism in software systems, namely the reentrant
subroutines. As pointed out in [GRIE-71], this programming feature is
"most useful in a multi-programming or time-sharing environment, where

several programs may call, say, a SIN routine which is reentrant. Only
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one copy of the routine need be kept in memory, no matter how many
people are executing it."

The efficient and clear modelling of reentrancy becomes especially
important when one is interested in modelling real~life collections
of programs such as compilers or reentrant portions of operating sys-
tems.

Let us reexamine the example presented in Section 1.1. Figure
5.4.1 exhibits our approach to the modelling of the flow of control in
the reentrant subroutine of Figure 1.1.1. Our only requirement is that
distinct control flow streams operating in a reentrant subroutine be
represented by distinct colors. We note that upon firing, transition
tg places in Py4 8 token of color ¢, or ¢4, depending on its enabling
color. On the other hand, due to the particular structure of the lat-
tice of colors, the transitions t6 and t7 can select as enabling colors

from Py only the colors c, and Cas respectively. Thus,control is

2
always returned from the reentrant subroutine to the proper calling

routine.

We note that the purpose of the color output functions f4113 and
1
fS 14
and ts

by the respective transitions from their input places. In this way,

is to "paint" the output tokens produced by the transitions t,

, respectively with the same color as that of the tokens absorbed

the continuity of the control flow streams operating concurrently in the
reentrant subroutine is ensured. In view of the equivalence results
presented in Section 4.5 the usage of this type of mappings as color
output functions does not alter the representation power of the C-CPM
but, we believe, enhances the naturalness of the representation of
reentrancy.

Our method applies equally well to nested reentrant subroutines.
Consider for example the synchronization situation depicted schematically
in Figure 5.4.2. There, both subroutines A and B may be invoked con-
currently by different calling programs. Figure 5.4.3 displays the C-CPM
representation of the flow of control in this synchronization system,
Note that due to the structure of the lattice of colors, the return of
control from subroutine B is correctly modelled, that is the control
flow stream originating from PROGRAM 3 can never be routed to subroutine

A upon termination of the execution of subroutine B and vice-versa.
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In the examples presented above we have attempted to show that the
use of colors enhances a natural representation of the distinct control
flow streams which operate concurrently in reentrant programs. Without
going into details, we argue informally that the EPM, PPM or any of
the other models examined in Chapter IV whicﬁ do not incorporate
colored tokens fail to cffer a natural representation of reentrancy.
Thus, due to the lack of colors, it appears that any of these models
will have to approach the modelling of reentrancy in a manner similar
to the "copy" method of [GOST-71] and [CERF-72] which we have described
in Section 1.1.

Section 5.5 MODELLING WITH THE EC-CPM
We have shown (Theorem 4.8.1) that the language families A (C-CPM)
and AO(C-CPM) are properly included in A (EC-CPM) and AO(EC-CPM),

respectively. On the other hand, we have also shown

that any recursively enumerable language can be generated as the image
under (possibly unrestricted) erasing homomorphism of a language in
AO(C-CPM). Thus, according to Theorem 4.8.2, given any Labelled
EC-CPME%T% one can construct a Labelled C-CPM CPy which will simulate
the firing sequences Y ofEIT% using at most dlY, A-transition firings
in order to do so, for some constant d > 1, We have also mentioned
that there are languages in Ao(EC-CPM) and A(EC-CPM) for which an
exponential bound on A-transition firings is necessary. Thus any
Labelled EC-CPM can be simulated by a Labelled C-CPM but not without
considerable difficulty. As pointed out in [MILL-74]): "A problem with
such a construction, however, is that one no longer has a one-one
relationship, between "processes" in the two models. Here, additional
"dummy" transitions and places are required, and in comparing the behav-
iors in the two models a distinction has to be made between dummy tran-
sitions or places and real transitions or places. This distinction is
somewhat unnatural both from the viewpoint that the formal Petri Net
model makes no such distinctions, as well as that the naturalness of
the process structure is either lost or hidden.”" 1Indeed, we recall that
each labelled transition was assumed to correspond to the activation of
a particular process of the system modelled by the respective net. In
this perspective, A-transitions do not correspond to any process of the

modelled system, they merely serve as internal operations of the net.
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Thus, even though the introduction of A-transitions extends the set of
languages which can be generated by the C-CPM, it impairs the clarity
and naturalness of the representation offered by the C-CPM. It is
therefore only natural to conclude that a formal model which can repre-
sent in a A-~trangition free manner a class of systems as large as
possible, is desirable. This viewpoint adds relevance to the results
which we have mentioned earlier regarding the relationship between the
C-CPM and the EC-CPM. At the same time, the equivalence results of
Chapter IV also show that the language families A and Ao generated by
any of the "complete" formal models examined in [HACK-75] and [AGAR-75],
i.e., the PPM, EPM, Coordination Petri Model and the Petri Nets with
switches, disjunctive logic and token absorbers, are properly included
in the respective language families generated by the EC-CPM.

In the remainder of this chapter we illustrate the validity of our
viewpoint regarding the natural representation of coordination systems.
We shall present synchronization systems which can be modelled in a
natural way by the EC-CPM and which do require the additional represen-
tation power of the EC-CPM.

Section 5.6 A PRODUCER-CONSUMER SYNCHRONIZATION PROBLEM WITH LIFQ STRUC-
TURED BUFFER, REVISITED

Let us reexamine the producer-consumer synchronization problem

described at the beginning of Section 2.5 (represented schematically in
Figure 2.5.1). Let us assume for a moment that the following additional
restriction is imposed oﬁ the system. The producer processes are
disabled after either consumer process, Cl or CZ’ has consumed an item
from the shared buffer until the buffer becomes empty. With this
restriction, the synchronization system is forced to (repeatedly)
execute the following basic "cycle". First, the producer processes P1
and P2 produce and deposit in the buffer B an arbitrary number of items,
until an item is consumed by one of the consumer processes. After that,
the producer processes are disabled and must wait until the consumer
processes have emptied the buffer. All this time, the buffer B is
accessed in a LIFO mode. The producer processes may eventually restart
to produce and deposit items as soon as the buffer becomes empty and
therefore, a coordination sequence of the system may be viewed as an

arbitrarily long sequence (repetition) of such "cycles".
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Let us now label the processes Pl and Cl with the label a and the

processes P2 and C2 with the label b, It is easy to see that if we
record the labels of the processes occurring along one of the execution
"ecycles'" mentioned above, the resulting string is of the form wwR,
where w £ {a, b}+. Consequently, the set of strings generated along
all possible coordination sequences of the system is the language

W' = (w°)+, vhere W_ = f | w e {a, p}ty.

Let us now remove the restriction mentioned earlier, i.e., the
producer processes may produce and deposit items at any time, indepen-
dent of the content of the buffer B. In this case, the coordination
sequences performed by the system follow the same basic pattern as in
the restricted case except that execution "cycles' may be nested.

Thus, the language W generated becomes:
+
W= (S(Wo))
where S is the substitution mapping defined by:

S(a) = {a}(Wo)*
S() = bW )*

The language W has the simple context-free grammar:

S + aAS S -+ bBS

S + aA S -+ bB
A -+ aAA A -+ bBA A+ a
B - bBB B + aAB B+b

where S denotes the start symbol.

We already know that the language Wa is not contained in A (C-CPM)
or AO(C-CPM). The techniques mentioned in Section 4.8 can be applied
in order to show that W is not in A (C~CPM) or AO(C*CPM), either.
Moreover, one can show that if W is expressed as the image under an
erasing homomorphism h of some language W' £ AO(C-CPM) then h must be
exponentially-bounded on W', The reason is again the fact that the
number of distinct intermediate markings necessary to generate strings
w from W grows as an exponential function of lwl while the number of
distinct markings reachable by a A~transition free Labelled C-CFM
grows as a polynomial function of the length of the respective firing

sequences.
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On the other hand, the EC-CPM can model this type of synchroni-
zation systems in a natural way, which preserves the process structure.
This is mainly due to the fact that the EC-CPM has the capacity to
"remembexr" the order of arrival of colored tokens in the places of a
net. Such information is essential for the correct modelling of the
consumer processes, l.e., for the correct modelling of the policy for
the retrieval of items from the buffer.

The type of synchronization problems under consideration in this
section has practical significance and actually can be often encoun-
tered in computing environments. For example, they can easily be recast
to operating system scheduling problems. Thus, imagine a multi-
programmed computing system in which several user-job processes operate
concurrently. Each job process has input and/or output files stored
on external memory units (disks, tapes, etc.). At any time, a job
process can produce an output message which is stored in a private
memory area owned by it. As soon as such an output message has been
assembled, the respective job process will lodge an output request with
the supervisor process SV. Similarly, a job can request at any time for
an input message to be transmitted from one of its input files into a
memory region owned by that job process. Input requests are lodged
with the supervisor process as well. The requests for I/0 operations
are stored in the order of their arrival in a buffer shared by all
user-job processes present in the system.

Concurrently, the supervisor process SV examines the shared buffer
and routes the I/0 requests to the appropriate I/0 channels, according
to a LIFO or FIFQO retrieval policy. It is assumed that several I/O
units are controlled by one I/0 channel. Therefore, it is possible for
several job processes to have their I/0 files under the control of the
same I/0 channel. Since the affiliation of I/0 units to the particular
I/0 channels is transparent to the user-job processes, the system
requires the intervention of the SV process in the distribution of the
job process I/0 requests to the corresponding I/0 channels. Also, due
to the fact that the job processes and the I/0 channel processes oper-
ate asynchronously and concurrently at independent speeds, each 1/0
channel process may be provided with its own LIFO or FIFO structured

buffer in which the supervisor process can store the I/0 requests
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pertinent to that particular channel. Figure 5.6.1 depicts schemat-
ically the transfer of requests for I/0 operations from the job pro-

cesses to the I/0 channel processes via the SV process.

Section 5.7 MODELLING OF THE FLOW OF CONTROL IN RECURSIVE SUBROUTINES

In this section we present a different approach to the represen-

tation of the flow of control in computer programs. The method origi-
nates with [URSC-72] and has been applied to the exploitation of maxi-
mum parallelism in flow diagrams ([URSC-72] and [URSC~73]) and to the
automatic structuring of programs (URSC-75]). We slightly modify and
extend this representation method in order to employ it in the modelling
of the flow of control in recursive programs by the EC-CPM.

Programs are assumed to be represented by uninterpreted flow dia-
grams, i.e., by finite, directed, labelled graphs which satisfy the
following conditions:

1. A flow diagram contains exactly one begin node (denoted by s)
and one exit node (denoted by x).

2. Each node in the flow diagram is reachable from s and X can be
reached from it.

3. Edges with the same source have different targets.

Figure 5.7.1 exhibits a sample flow diagram.

Ramification nodes (also called decision nodes) are the sources of
at least two different edges, correspond to the decision statements of
the underlying program and are represented as diamond shaped boxes.
Nodes which are the source of a single edge only are called elementary
blocs and correspond to "basic" (data oriented) statements of the
underlying program. Elementary blocs as well as the begin and exit
nodes are represented as rectangular boxes. The nodes of a flow dia-

gram are labelled by distinct lower-case letters.

Definition 5.7.1

A node n, is a successor of a node ny if there is an edge in the

graph with source ny and target n,. A path is a sequence of nodes each

of which (except for the first node) 1s a successor of the node immed-

iately preceding it in the path.

A path is called cycle-free if it contains no node twice.
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Definition 5.7.2
is a post dominator of a node n, if each path from ny

A node n,
to x contains n,; 0, is said to be the immediate post dominator of n,
if in each path from n, to x, n, is the post dominator of o, occurring

first.

The immediate post dominator of an elementary bloc is its successor.
The immedlate post dominator of a decision node d is the junction point
of all the cycle-free paths from d to x. It has been shown ([URSC-72])
that each node has a uniquely determined immediate post dominator,

except for X.

Definition 5.7.3
The scope of a decision node d is the set of all nodes which:

i. are successors of d or are post dominators of successors of d

ii. are not post dominators of d itself.

Definition 5.7.4
The control history of a node n is a list consisting of n as top

element and all post dominators of n in the order in which they occur
in any cycle-free path from n to x. The control history of n restricted
to the scope of a decision node d is the 1list obtained by deleting
from the control history of n the elements not belonging to the scope
of d. .

Using these concepts, the flow of control in a flow diagram can
be expressed in terms of the productions of a context-free grammar.
For this purpose, the capital labels of the nodes contained in the flow
diagram are considered to be the nonterminal symbols of the grammar
while the lower-case labels of the nodes define the terminal alphabet.
S serves as the start symbol of the grammar. The set P of productions

is formed as follows:

i1, X -+ x is in P.
i1. If n is an elementary bloc then N + n is in P.
iii. S + 88 is in P where § is the tail of the control history of
s {(i.e., the control history of s with the top element, s, deleted)

written in capital symbols.
iv. 1If d is a decision node then P contains a production for
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each successor of d. Each such production 18 of the form D + dY where
Y 18 the control history of the respective successor of d restricted

to the scope of d and written in capital symbols (if not empty).

The productions corresponding to the flow diagram of Figure 5.7.1

for example, are:

S > sABDEFX A*a F~>F§ E+e
B -+ BbC C—+c X+ x
B+b D~+d E -+ eCDE

As shown in [URSC-72] the construction of the production system is
an effective and unambiguous procedure. The main difference between
the set of productions obtained by our construction algorithm and that
described in [URSC-72] is that here the grammar is obtained directly in
Greibach normal form.

In what follows, given an arbitrary flow diagram F, we shall refer
to the grammar obtained by applying the above algorithm to F as to the

"context-free grammar corresponding to F."

Definition 5.7.5
Given a flow diagram F, a computation in F is a path from s to x

in F.

Let F be an arbitrary flow diagram and let G be the context-free
grammar corresponding to F. Using arguments similar to those of Sen-
tences 2.4 and 2.5 of [URSC-72] one can show (proof omitted) that
w € W(G) 1if and only if w is the label sequence of a computation in F.

The method described above does not handle specifically the repre~
gsentation of subroutine calls. Nevertheless, it can be extended in
order to accomodate this form of flow of control in computer programs,
as well. Suppose we are given a calling program and the corresponding
subroutine represented as the flow diagrams F and F', respectively (see
Figure 5.7.2, for example). An instance of a call to subroutine state-

ment is represented in F as a bloc of the form:

="

]
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Each such bloc is called a "call" bloc and is associated with a pair of
labels (a, s'), where a denotes the label of the call bloc while s'
denotes the label of the begin node of F'. Note that a call bloc is
the source of only one edge. Therefore, as in the case of the elemen-
tary blocs, a call bloc has only one successor which is also its immed-
iate post dominator.

Suppose we treat the call blocs the same way as the elementary
blocs. In this case, we can apply the algorithm given earlier to F
and let G = (V_, V., P, S) be the resulting grammar. Let
G' = (V', Vi,
the flow diagram F'. According to our construct, for each call bloc
a G must contain a production A + a, and this is the only production
of G having the nonterminal A on the left hand side. The occurrence
of the call bloc a in a path in F is marked in the corresponding label
sequence by the occurrence of the symbol a. However, we are interested

in representing execution paths of the composite system formed by the

P', 8') denote the context-free grammar corresponding to

flow diagrams F and F', that is we must associate each occurrence of a
call bloc with a path from s' to x' in F' (s8' and x' denote the begin
and the exit node of F', respectively). Let us call a flow diagram
containing call blocs, such as F, a composite flow diagram. Let us
also call F' an associate flow diagram of the (composite) flow diagram
F.

A path in F is defined as in Definition 5.7.1 and a computation
in F is defined as in Definition 5.7.5.

Definition 5.7.6
A composite computation in F is a computation in F where the

occurrence of any call bloc a has been replaced by a sequence of nodes

ay, such that Yy is a computation in F'.

We shall continue to call the grammar G obtained by applying our
previous construct to the composite flow diagram F while treating all
call blocs as elementary blocs, the context-free grammar corresponding
to F. W(G) is the language of the label sequences correspona.ug to all
possible computations in F. According to Definition 5.7.6, the language
of the label sequences corresponding to all composite computations in
F is S(W(G)) where S is the substitution mapping defined by:
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{a}w(c") if a is the label of a call bloc
S(a) =

{a} otherwise
Here, G' denotes the context-free grammar corresponding to the associate
flow diagram F' of F,

One can easily construct the grammar G" = (V, V;, P", S8") such
that W(G") = S(W(G)) (we shall call G" the composite context-free
grammar corresponding to the flow diagram F). Without loss in gener-
a}ity we assume that VN n Vﬁ = ¢. Let then V§ = VN U V&, V; = VT ] V%
and 8" = S. The set of productions P" contains all the productions in
P except for the productions A + a, where a is the label of a call
bloc in F. Moreover, P" contains all the productions in P' and in

addition, the set of productions:
"{oA+ as' | a is the label of a call bloc in F},

It can easily be verified that W(G") = S(W(G)). Note also that G"
remains a context-free grammar in Greibach normal form. (See Figure
5.7.2, for example.)

The construct given above can immediately be extended to the case
where there are several associate flow diagrams of F. This method can
also be used to represent the flow of control in recursive subroutines.

We shall call a composite flow diagram F recursive if it contains
call blocs whose associated label pair is of the form (a, s) where s
denotes the label of the begin bloc of F. Such a call bloc will be
called a "recursive" call bloc.

A path in a recursive flow diagram F is defined as in Definition
5.7.1 and a computation in F is defined as in Definition 5.7.5. Given
a sequence Y of nodes from F, the occurrence iny of a recursive call
bloc a is said to be a free occurrence of a 1f and only if the node

immediately following a in Y (if any) 1is not s.

Definition 5.7.7
A composite computation is a recursive flow diagram F is:

i. a computation in F
ii. a composite computation in F in which a free o:zcurrence of
some recursive call bloc, say a, has been replaced by a sequence of

nodes ay, such that Y is a computation in F.
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S -+ sABDEX
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B-+b
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E -+ eS8’
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S' -+ s'GKX'
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G+gi K-k
H=-+h X' - x'

Figure 5.7.2 (Continued)



263

Definition 5.7.8
A composite computation § in a recursive flow diagram F is said

to be terminal if and only if § does not contain any free occurrence

of a recursive call bloc.

Note that a computation in F is a terminal (composite) computation
in F if and only if it is a path from s to x in F which does not incor-
porate any recursive call bloc.

Let G = (V,, V.., P, S) be the context-free grammar corresponding
to the recursive flow diagram F. G is comstructed by applying the
algorithm given at the beginning of this section to F while treating
the recursive call bloecs in F asg elementary blocs. W(G) is the language
of the label sequences corresponding to all computations in F. The
composite context-free grammar G' = (V_, VT’ P', S) corresponding to F,
i.e., the grammar which generates the language of the label sequences
corresponding to all terminal composite computations in F, is con-
structed as follows. G' is obtained from G by replacing the productions
A + a, where a is a recursive call bloc, by the productions A + aS. As
an example of this construct consider the recursive subroutine given in
Figure 5.7.3. The subroutine gearch locates the variable item in the
ordered vector array using the binary search method. When a match is
found, the respective entry in the vector is deleted. At the same time,
the subroutine returns in the parameter count the number of items which
had to be inspected in order to find a match, i.e., the number of
recursion levels needed in order to locate the given item. Figure
5.7.4 exhibits the uninterpreted flow diagram of this subroutine and
the corresponding composite context-free grammar.

Consider an arbitrary recursive flow diagram F and let G' be the
composite context-free grammar corresponding to F. Let us examine
closer the representation of the flow of control in F by means of the
productions in G'. We shall first make the following notational con-
vention. The variable A denotes the upper case label of the node a,
i.e., of the node whose lower-case label is a.

We define a restricted derivation in G' to be a derivation in G'
such that at no step in the derivation has a production A -+ aS been

used, where a is a recursive call bloc in F. A terminal sentential



264

begin
search (item, array, %, m, count)

j: = (%4m)/2

< >
0 item ~ 0
\\\i:i?y &
call j\\\ call
gearch (item, array, %, search (item, array, j+1,
j-1, count) J/// m, count) J///

count: = count + 1 count: = count + 1

array (j): = 0

count: = 1

return

Figure 5.7.3

Sample Recursive Subroutine
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P': S - sABX A—+a K+
B + bEF D-d X -
B —+ bCD E->e C—+cS
B - bGK F-~+¢£ G+ g$s

Sample derivation:
S = gsABX = saBX = sabCDX = sabcSDX =
> sabcsABXDX = sabcsaBXDX =
= sabcgsabGKXDX = sabcsabgSKXDX =
= sabcsabgsABXKXDX =
= sabcsabgsaBXKXDX =
= sabcsabgsabEFXKXDX =

g%

gabcesabgsabefxkxdx
—_—

L - |
L —

Figure 5.7.4

Uninterpreted Flow Diagram of the Recursive
Subroutine of Figure 5.7.3
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form is a sentential form & such that:

i. A is a variable in § only if a is a recursive call bloc in F.
ii. b is a terminal symbol in 6 only if b is not a recursive call

bloc in F.

Let us also define the homomorphism h on VT by:

A if a is a recursive call bloc in F
h(a) = a otherwise

We note that along a restricted derivation in G' only productions com-
mon to both G and G' can be used. Thus, the productions used along a

restricted derivation in G' must belong to the set:
P-{A~+a | a is a recursive call bloc in F}.

(P denotes the set of productions of the context-free grammar G corres-
ponding to F). Recall also that W(G) is the language of the label
sequences corresponding to all possible computations in F. Hence, § 1is
a terminal sentential form obtained by means of a restricted derivation
in G' if and only if § = h(w), for some w € W(G). In particular, ¢

is a string in W(G') 1if and only if there exists a string w € W{(G) such
that é§ = h(w) = w. This happens, however, if and only if w is the
label sequence corresponding to a computation in F which does not con-
tain any recursive call blocs. Thus, a terminal sentential form
obtained by means of a restricted derivation in G' is a string in W(G')
if and only if & is the label sequence corresponding to a computation
in F which is terminal.

Consider now an arbitrary composite computation § in F, For sgim-
plicity, let us assume that Y contains only one free occurrence of a
recursive call bloc; the argument applies to the case where there are
several free occurrences of recursive call blocs, as well. Thus, let
v = Ylayz where a denotes the free occurrence of the recursive call
bloc a. Suppose that a sentential form 6 can be reached in G' such
that § = YlAYz, that is the free occurrence of the recurgsive call bloc
a has been marked in § by the variable A. According to Definitiocn
5.7.7 the composite computations which can be generated fromy are of
the form YlaY'Yz, where yY' is a computation in F. On the other hand,
the only variable contained in the sentential form § is A. The only
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production with the nonterminal A on the left hand side contained in G'
is A + aS. Applying this production in 6 we obtain the sentential

form YlaSYZ. If Y' is a computation in F then there exists a
restricted derivation in G' which leads to the terminal sentential

form 8', such that ' = h(y'). Thus, we can obtain in G' the sentential
form YlaG'YZ in which the variables contained mark the free occur-
rences of recursive call blocs in Ylay'yz. . In particular, if v'

is a computation in F which does not contain any recursive call blocs,
YlaY'Yz is a terminal composite computation in F and

Ylaé'yz = Ylay'yz is a string in W(G').

We can conclude that if Yy is a composite computation in F then
there exists a sentential form § which can be derived im G' such that
the variables in 6 are placeholders for the free occurrences of recur-
sive call bloes in Y. Moreover, if Yy is a terminal composite compu-
tation in F then § = v is a string in W(G'). A similar inductive
argument can be used in order to show that if w € W(G') then there
exists a terminal composite computation Y in F such that w is the label
sequence corresponding to Y.

We note that the composite grammar G' corresponding to a recursive
flow diagram F remains in Greibach normal form. The grammar G'
represents the flow of control within the recursive flow diagram F. If
F is invoked as a subroutine by some other composite flow diagram F', the
flow of control in the composite system formed by F and F' is repre-
sented as before, namely as a substitution with W(G') in W(G"), where
G" is the composite context—free grammar corresponding to F'.

If the recursive flow diagram F also contains non-recursive call
blocs then the composite grammar G' corresponding to F is further
modified according to the construct presented for the representation
of simple (non-recursive) subroutine calls.

We can conclude that the flow of control in programs calling sub-
routines, including recursive subroutines, can be represented using the
substitution operation with A-free context-free languages (note that
according to our comstructs the empty string A cannot be generated by
the context-free grammars associated with flow diagrams). We already
know that the language family AO(EC—CPM) contains all A-free context-

free languages and 1s closed under substitution. Consequently, the
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EC-CPM can represent the flow of control in programs calling recursive
subroutines. However, the construct presented in Section 3.3 for
proving the closure under substitution of the language family AO(EC-CPM)
is rather complicated. Nevertheless, taking advantage of the special
structure of context-free productions, the construct can be considerably
simplified in the particular case of the stubstitution with A-free
context-free languages. In this way, the natural representation of the
flow of control in programs can be preserved. In the remainder of this
section we present the simplifications mentioned above. We first exhib-
it a language preserving modification on context-free grammars.

Let G = (V, Vs
form. Suppose S does not appear on the right hand side of any produc-

P, S) be a context-free grammar in Greibach normal

tion in P (this condition can always be arranged for any context-free

= L
language). Let Vy {s, Ay -ve 5 Al 1, M { Bis +ee s Bm}-and let

us form the following set P' of productions:

L) ¢ o0 A
i. If s ~» aiAil Aik—l ik is a production in P, where

1
k > 1, then we introduce in P' the production S * aiAil ces Aik-lBik'
Any production S + a, of P is transfered unmodified to P'.

i

i1. If Aj -+ ajAjl ces Ajr—lAjr is a production in P, where

Aj # S and r > 1, then we introduce in P' the production
a - B, .
Bj -+ jAjl jr-1 3T If Aj - a:j is a production in P then we
introduce in P' the production Bj - aj.
iii. P' contains all the productions of the form Aj -+ 35y of P

where Aj # S (Y can be A).

Let G' = (Vﬁ uv', VT’ P', S) be a new context-~free grammar. Then,
W(G') = W(G).

Suppose w € W(G'). If w= a, for some a € VT, then w can be gen-
erated only by the production S + a, common to both G and G'. Hence,
w € W(G). Suppose now that |w| > 1 and consider a leftmost derivation

of w in G'. The first step in the derivation must be of the form:

S =2 a ees A

B
111 1§-1"17
According to the construction procedure of G', no production of G'
having a variable A € VN on the lefthand side, A # S, contains a

1
variable B € VN on the right hand side. Thus, All’ vee Alj-l cannot
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introduce any variable from V& in the derivation. Let then

S =2 a where o_ E V,’f..

*
=
1811 o0 2151815 3;% By 1
On the other hand, any production in P' having B., on the left hand

1j
side is of the form B ses A + a,, Thus,

13 + ajAjl jr-lBjr or Blj 5

B1j introduces at the most one variable from Vﬁ in the derivation, in
the rightmost position of the sentential form. Let then
* %*
> = ©
S alalBlj alalazA21 v A2r—182r alalaZaZB2r
*
= = =
alcxlaza2 cene apapoS alala2a2 . apapa 1 w

At the last step in the derivation, a production of the form Bps - ap+l

has been used.
It is easy to see that we can form a leftmost derivation of w in G:

* *
S =» alAll Alj-lAlj > alalAlj > a1a1a2A21 AZr-lAZr
* * .
> alalazazAZr e alc:r.lazot2 e apcr.pAps = alonlazm2 eee
LN AN J a a
“ppp+l

Hence, w € W(G) and thus W(G') < W(G).

Using a similar argument it can be shown that W(G) < W(G') as

well and therefore W{(G) = W(G').
Note the following facts about the grammar G':

i. at each step of a derivation in G' the corresponding senten-
tial form contains at the most one variable from V!, in the rightmost
position.

1i. for any w € W(G'), where [w| > 1, the last production used in
any leftmost derivation of w is of the form Bj -+ a, for some Bj £ Vﬁ.
Moreover, no production of this form has been used at any previous step

in the derivation.

Consider now a A-free context~free language L and suppose G' is
a grammar in Greibach normal form which generates Wa. Let G be the
context-free grammar obtained from G' after the application of the
construct described above. G 1s still in Greibach normal form.
According to Theorem3.3.l we can construct a Labelled EC-CPM E'C'Pza such
that Ao(ECPZa’ UMf) = Wa. Moreover, UMf is the zero marking. The
typical structure of such an EC-CPM is exhibited in Figure 5.7.5. The
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Figure 5.7.5
Sample Labelled EC~CPM Generating a Context-Free Language

Figure 5.7.6
Sample Transition of a Labelled EC-CPM
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net contains a distinet transition for each production of G. According
to our discussion, given some string w € Wa the production used at the
last step (and only at the last step) in any leftmost derivation of w

j if |w| > 1 and s + a_ if lw| = 1. Recall also
that the EC-CPM ECPZ simulates exactly leftmost derivations in G.

a
Thus, we can identify the transitions which can fire last in any

is of the form Bj + a

terminal firing sequence generated byEUPQ; More important, the
firing of any such transition necessarily leads to the zero marking.

This fact guarantees in caseEfTEa is used as a substitution net that

the net can be reutilized as many times as needed along a firing sequence
of the EC-CPM in which the substitution is performed.

Let EZT%be a Labelled EC-CPM which generates some context-free
language. Let t be a transition of ECPZ and let a be the label of t.
Suppose that we want to perform a substitution of the type encountered
in this section. Thus, let S(a) = {al¥W_.

Figure 5.7.6 exhibits a sample transitiom t of ECPZ' We assume
that all transitions of E'CPz self-loop on a control place p . The
substitution net is given in Figure 5.7.7, Thus, we replace transition
t by t' where t' has the same input and output connections as t excep-
tion making the places P, and . Therefore, the firing of t' has the
same effect as the firing of t but t' does not restore the token in the
control place p_, leaving all the tramnsitions of ECPZ disabled. More-
over t' places in T the initial marking of ECPEa' Only after ECPZa has
executed a complete terminal firing sequence will the "last" transitions
of ECPZ restore the token in the control place p, allowing ECPZ to
continue its firing sequence.

Note that if ECPZ contains several transitions with the same label
a, the same construct is performed for each of them but only one copy
of ECPEa is needed.

We can see that the construct for the substitution operation with
context-free languages is in fact very simple and requires minimal
modifications to the EC-CPM ECPZ. This fact is of importance in a
top~down, hierarchial approach to the modelling of software systems.

We shall conclude this section with two final remarks. We have
shown that context-free languages can represent the flow of control in

flow diagrams, including recursive flow diagrams. The context-free
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grammars obtained by means of the algorithms presented here are in
Greibach normal form. Thus, at each step in a derivation one terminal
symbol is generated. Nevertheless, the order in which terminal sym-
bols are generated along a derivation corresponds to the order in which
nodes are passed by the flow of control in the corresponding computa-
tion only if the derivation i3 leftmost. This is exactly the approach
taken in the EC-CPM.

Next, consider the recursive flow diagram F of Figure 5.7.4. We
show that the language W of the label sequences corresponding to all
terminal composite computations in F is not in AO(C-CPM). Suppose for
a moment that W € AO(C-CPM) and let us define the homomorphisms hl and
h2 by:

hl(s) = g, hl(a) = 3, hl(b) = b, hl(e) = e, hl(f) a f

h, (x) = x, hy(c) = ¢, h;(g) = g, hy(d) = ¢, hy(k) = g
and hz(s) hz(a) = hz(b) = hz(f) = hz(x) = A

hy(c) = c, hy(e) = e, hy(g) =g

Obviously, h1 is a A-free renaming homomorphism while h2 is a
k-limited erasing on W (in fact, here k = 3).

The language family AO(C-CPM) is closed under A-free renaming
homomorphism and by Theorem 4.2.2 AO(C-CPM) is also closed under
k-limited erasing. Hence, 1f W € AO(C-CPM) then hz(hl(W)) must be in
A_(C-CPM), as well. But hy(h, (W) = { wew® | w e {c, g}*} which we
have already shown not to be AO(C-CPM). Thus, we reach a contradiction.

We can conclude that the C-CPM and the other models examined in
Chapter IV cannot model in a A-free manner the flow of control in any

recursive flow diagram.

Section 5.8 A PRODUCER-CONSUMER SYNCHRONIZATION PROBLEM WITH GENERAL-
IZED QUEUEING MECHANISM.
Consider the following producer-consumer synchronization problem.

Suppose the coordination system contains two producer processes, P1 and
PZ’ and two consumer processes, C1 and C2' All processes are connected
to a shared buffer B. The buffer B is structured into "slots" such that
each slot may contain either a single item produced by P1 or an arbi-
trary number of items produced by P2 but no other combination of items.

A producer process may be activated at any time and it produces and
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deposits one item in the buffer B. Producer Pl always creates a new
slot at the top of the buffer in which it deposits the newly produced
item. On the other hand, producer P2 first checks the content of the
buffer B. If B is empty or the slot currently at the top of the buffer
B contains an item produced by P1 then P2 creates a new slot, the new
top slot of B, in which it deposits the item it has just produced.
Otherwise, P2 deposits the new item in the slot currently at the top
of B. The consumer processes Cl and C2 become active as soon as B is
nonempty and they attempt to consume items from the slot at the bottom
of the buffer B. C1 can consume only items produced by Pl while 02
can consume only items produced by P2. Thus, the buffer B is accessed
similar to a FIFO queue except that the slots of the queue may contain
more than one element.

The producer-consumer synchronization problem described above can
be further extended. The coordination system may involve several
producer-consumer process pairs, possibly partitioned into two classes.
The producer-consumer pairs belonging to one class behave like the
10 C1 while the producer—consumer pairs belonging to the
other class behave similar to the pair P2’ CZ' In this way, a slot of

the shared buffer B may contain either one item produced by a producer

process pailr P

process from the first class or an arbitrary number of items produced
by various producer processes belonging to the second class.

The EC-CPM representation of the producer-consumer synchronization
problem described at the beginning of this section is given in Figure
5.8.1. There, the place Py represents the buffer B. The transitions

tl and t2

te models the consumer process C2 while ty, t, and tg model the producer
process P2. Thus, t3 simulates the activation of P2 in case the buffer

model the processes Pl and Cl, respectively. The transition

B is empty and transitions t, and ts model the activation of P2 in
case the top slot of B contains an item deposited by Pl and in case the
top slot of B contains items produced by PZ' respectively. The place
Pg acts as a counter of the number of items contained in the buffer B.
The EC-CPM can model correctly this synchronization problem mainly
due to its capabiltiy of structuring the color bags of its places
according to some desired queueing discipline. Nevertheless, one may

(justifiably) argue that the counter at the place Pg does not have a
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Figure 5.8.1

EC-CPM of a Producer-Consumer Synchronization
System with Generalized Queueing Mechanism
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direct counterpart in the modelled system. One could also object to
the use of three transitions for the modelling of the producer pro-
cess Pz. We note that the place Pg has been introduced as one possible
solution to the modelling of the operation of the process P2 in case
the buffer B is empty. It appears that if the EC-CPM would employ more
sophisticated "f" and "g" mappings as color threshold and/or color out-
put functions, these defficiencies could be avoided. This example

thus goes to show that there are synchronization situations which could
be modelled in a more natural way by classes of the CPM even more com-
plex than the EC-CPM.

The producer-consumer synchronization problem described in this
section was not artificially created, but, as in the case of the other
modelling examples examined in this chapter, can actually be encountered
in computing systems. Consider, for example, the computer architecture
developed in [DENN-70] in order to "illustrate the principles of a
machine with multiple functional units, especially the central pro-
cessor of the Control Data 6600."

The processor incorporates four value registers which hold data
values. Two functional units perform arithmetic operations on the
values contained in the value registers. The system also incorporates
a load/store unit, which transfers data between the value registers
and main memory, and a transfer unit, which implements conditional con-
trol transfer instructions. An instruction queue unit fetches instruc-
tions from memory and assigns them for execution to the appropriate
execution units. The system can be extended by adding more value regis-
ters and more execution units, either homogeneous or specialized.

Instructions are assigned to execution units exactly in the sequence
specified by the respective program. Moreover, no instruction is allo~
cated until it is known that its execution is required. The main con-
trol problem is to sequence the access to the value registers of the
execution units operating in parallel in such a way that the intent of
the program 1s preserved. This task is accomplished by the part of the
control structure called the scoreboard. The scoreboard enforces

following constraints with respect to each value register:

1. Instructions which modify the content of the register are

executed in the order in which they are allocated.
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2. The sequencing of instructions which modify the content of the
value register and of instructions which examine the content of the

value register at allocation is preserved.

The scoreboard contains one identical section for each value regis-
ter. Such a section can be viewed as a queue of the type described at
the beginning of this section. The instruction allocator deposits
items at the top of the queue in accordance with the instructions allo-
cated to the execution units. Each item carries a tag which identifies
the execution unit and the type of access it has to perform on the
respective value register (the execution unit can either modify or
examine the content of the value register)., Execution units consume
items from the bottom slot of the queue. An execution unit can proceed
only when it has collected the items corresponding to the register
accesses incorporated in the instruction it has been allocated.

Note that instructions which only examine the content of a value
register may be executed in any order without altering the intent of
the program. Therefore, items corresponding to register content
examine operations which are issued in consecutive order by the instruc-
tion allocator are placed in the same slot at the top of the queue. In
this way, when that slot advances to the bottom position of the queue,
the respective items are simultaneously available to the pertinent
execution units. On the other hand, items wﬁich correspond to register
accesses which modify the content of the register are always deposited
in a new slot at the top of the queue in order to satisfy comstraint 1
above. In order to satisfy constraint 2, two items corresponding to
register accesses which examine and modify the content of the register,
respectively and which are issued in consecutive order by the instruction
allocator are also deposited in distinct slots at the top of the queue
(in the order in which they were issued).

In this perspective, the instruction allocator can be viewed as a
collection of producer processes, where each producer process generates
items with a fixed tag. Moreover the producer processes are divided
into two disjoint classes. The processes in the first class are the
"write" processes, i.e., they generate items corresponding to register

accesses which modify the content of the value register. The processes
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in this class behave like the producer process P1 of our synchronization
problem. The processes in the second class are the "read" processes,
that is they generate items corresponding to regigter accesses which
examine but do not alter the content of the value register. The read
processes operate the same way as the producer process PZ' On the

other hand, each execution unit can be viewed as a collection of con-
sumer processes, such that there exists a consumer process which can be

paired with either a write or a read producer process.



CHAPTER VI

CONCLUSIONS

Section 6.1 OVERVIEW OF THE RESEARCH
At the beginning of this report we have suggested that the use of

colors to represent distinct control flow streams operating simultan-
eously in concurrent systems would enable a simpler and more natural
representation of tbhz flow of control in various synchronization
structures, in particular of reentrancy and recursivity in programs.
Our objective was to develop a model of concurrent systems having the
capability of handling "colored" representations of control flow and
to analyze the modelling power of the respective model. Let us now
examine to what extent we have succeeded in achieving these goals.

We have defined the Colored Petri Model as a general framework
for the modelling of systems exhibiting concurrency. Deliberately,
as few constraints as possible were incorporated in the CPM in order
to obtain a general model which then can be further restricted according
to the modeller's needs. We in turn, starting with synchronization
structures of practical significance, have singled out two classes of
the CPM, namely the C-CPM and the EC-CPM. The representation powers
of the C-CPM and of the EC-CPM have been analyzed by studying the
closure properties and the extents of the family of computation
sequence sets and of the family of terminal computation sequence sets
corresponding to these two classes of the CPM.

From our study it follows that the A and Ao language families
generated by the EC-CPM preserve and for certain operations extend
the closure properties of the corresponding language families generated
by the GPN's. Thus, even though the EC-CPM is a more complex model it
not only preserves but in certain cases amplifies the modelling
flexibility offered by the GPN's. This fact is important when one is
interested in the top-down hierarchical modelling of large concurrent
systems. More important, from the analysis of the extents of the
language families A(EC-CPM) and AO(EC-CPM) it follows that the
EC-CPM is strictly more powerful, as far as its representation

capabilities are concerned, than the C-CPM, EPM, PPM, COPM and the
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Petri Net Model with switches, disjunctive logic and token absorbers.
Hence, there are synchronization systems whose coordination sequences
can be modelled without the aid of A-tramnsitions by the EC-CPM but
not by any of the latter models (recall also that the C-CPM and the
other formal models examined in Chapter IV are already strictly

more powerful than the GPN's, the Complex GMC, the Finite State
Parallel Program Schemata, etc.). Various coordination structures
which can be modelled in a natural manner by the EC-CPM and which

do require its additional representation power were presented in
Chapter V. In particular, we have shown that the EC-CPM can indeed
model in a natural and systematic way the flow of control in recursive
programs.

Regarding the C-CPM, we have related the language families A(C-CPM)
and AO(C-CPM) to the corresponding language families generated by the
EPM, PPM, COPM and the Petri Net Model with switches, disjunctive logic
and token absorbers. During our study of the C-CPM, we have introduced
various variants of the above models such as the EPM(I), EPM(II),

PPM(1I) and the C-CPM(I). These new models were not only useful in the
constructs we have employed but also contain a few interesting features
of their own. Our study of the C~CPM has led to some rather interest-
ing results. Thus, we have concluded that the "conflict structure"

as well as the "choice" in the selection of enabling colors incorporated
in the C-CPM do not extend the representation capabilities of this

model with respect to the representation capabilities of the less
complicated PPM, for example. Also, the representation capabilities

of the C-CPM -are not altered if more sophisticated color threshold and
color output functions than the constant mappings of Definition 2.4.1
are used. Other features, such as the positive testing arcs or the
token absorbers do not affect the language families in question, either.
We have also shown that the C-CPM and the other formal models considered
in Chapter IV can simulate the behavior of arbitrary EC-CPM's only

with considerable difficulty. Nonetheless, we have presented examples
of coordination systems which can be modelled in a natural way by

the C-CPM and which do not require the additional representation power

of the EC-CPM. At the same time, we have argued that the respective
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coordination systems cannot be modelled in a simple and natural manner
by the EPM, PPM, COPM or the Petri Net Model with switches, disjunctive
logic and token absorbers. In particular, the C-CPM has been shown to
be well-suited to the modelling of reentrancy.

Inevitably, our work has not covered all aspects of the problem

under study. The following are a few of the more challenging open

research problems:
1. Find a characterization of the language families A(EC-CPM) and

AO(EC—CPM). One possibility would be to eventually relate these
language families to restricted types of scattered context grammars
([GREI-69]).

2. Determine whether A(EPM(II)) <€ A(C-CPM).

3. Determine whether it is possible to convert Labelled EC-CPM's

and/or Labelled C-CPM's in a A-transition free, language preserving

manner into restricted form, i.e., no multiple arcs and no self-loops.



APPENDIX A

BAG NOTATIONS AND DEFINITIONS

This appendix presents the concept of a bag and pertinent nota-
tions and definitions. For a more detailed discussion on this topic,
the reader is referred to [CERF-72]. Ve mention, however, that we have
introduced a few new definitions and that we have altered some of the
definitions with respect to [CERF-72] in order to better serve our pur-
pose.

Let P(x) denote any predicate and let S be the set defined by 1it,
i.e.. S={x | P(x)}. Let F: S - z° be a function.

Definition A.1
The bag B over the set S determined by the function F is a collec-

tion of elements of S where:

i. If F(b) > O then b is an element of the bag B, denoted b € B.
ii. If F(b) = 0 then b is not an element of the bag B, denoted

b ¢ B.

For each b € S, F(b) is the number of occurrences of b in the bag
B and is also denoted by #(b, B). Formally, the bag B is specified as

follows:

B =<x | x € S and y = #(x, B) = F(x)}.

A bag is similar to a set except that it may contain more than one
occurrence of the same element. The order of occurrence of the ele-
ments in the collection which forms the bag is not important.

Alternate ways of writing the bag B are:

B = <xF () | P(x)>
or B =<x | P(x), y = F(x)>
or B =<x | P(x), F(x)>.

If the function F is understood, it may be omitted from the specifica-
tion of the bag B. In this case:

B = <x | P(x)>.

Sometimes, it may be more convenient to specify the bag B by sim-
ply listing the collection of elements which forms the bag B. For
example, let S = {a,b,c,d} and let F(a) = F(b) = 2, F(c) = 3 and

282
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F(d) = 0. The following are equivalent descriptions of the bag B over
the set S determined by the function F:

<a,a,b,b,c,c,c>,

<a,b,a,b,c,c,c>,

<¢,c,a,b,c,b,a>,

<azsb2’c39d0>,

<a2,c3,b2>,

<b,b,az,c3>, etc.

Definition A.2
The domain of the bag B is the set:
GB) = b | beBl="{b ! besand F(b) = #(b, B) > 0}
The empty bag ¢ is a bag which contains no items.

Definition A.3

The bag closure of the set S is the set of bags:

<s>x= {8 | 9(B) c s}

Obviously, the bag closure of the set S contains all possible bags
which can be formed with the elements of S. The bags in <8>* differ

only by the corresponding functions F: § + z°.

Definition A.4
Two bags, B1 and Bz, are equal if and only if:

. 9(s)) = D8, = D.
ii. For each element b € D, #(b, Bl) = {(b, BZ)'

Definition A.5
A bag B
1
if for each item b € @(Bl)
#(b,'Bl) < #(b, BZ)
Obviously, @(Bl) c giB,) if B, < B,.

B1 is a proper subbag of BZ’ denoted by Bl C BZ’ if and only 1if:

is a subbag of a bag BZ’ denoted by B1 c Bz, if and only

i. B, ¢ B,

1i, There exists an element b € Eszé) such that
#(b, Bl) < (b, BZ)‘
Definition A.6

Given two bags B1 and B2 the bag B is the union of B1 and B2, i.e.,

B = Bl U B,, if and only if for each element b € D)
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#(b, B) = #(b, Bl) + #(b, Bz)
Obviously, JkB) = (B,) U Xs,).

B is the intersection of Bl and Bz, i.e., B = Bl n B2’ if and only
if for each element b € QXB)

#(b, B) = min{#(b, B;), #(b, By}
Obviously, ZJB) = @(Bl) n @(32)

B is the difference of Bl and BZ’ i.e., B = Bl - BZ’ if and only
if for each element b € @(B)

#(b, B) = max{#(b, B,) - #(b, B)), 0}
Obviously, @J(B) = b | #(b, Bl) > #(b, BZ)}




APPENDIX B

TAPE AND TIME COMPLEXITY OF THE LANGUAGE
FAMILIES A(EC-CPM) AND A (EC-CPM)

We begin this appendix by giving a concise definition of the

Turing machine model employed in our proofs.

Definition B.1
An n-tape Turing machine is a (nt+6)-tuple

™= (K, £, T

IR Fn, 8, q, F, n) where:

i. X, L, T cee Fn are finite sets, q, € K, FCKand n is a

l’
non-negative integer.

ii. 6 is a function from
Kx (ZU {(A}) x (r,u A}y x ... x (Fn U {A})) into the finite subsets

of K x ((T; x {1, 0, -1}) U 1"’{) X Lo (T x {1, 0, -1h U rs).

™ is deterministic if for all q € K, Ai e T, U {A}

i. &6(q, A, A
for all a € £, and
i1. for all a € L U {A}, | 8(q, a, Aps vee s A) |< 1.

LRI An) # ¢ implies 6(q, a, Al’ cee s An) = ¢,

Definition B.2
A configuration of TM is a (2n+2)-tuple

(q, w, Yo voe 0 Yo il’ ces s in) where:

i. qe K, we T*
* = =
ii. Yy € Fk, 0< ik < |yk| and ik 0 1f and only if Yy A, for
all k, 1 < k< n.

The relation |— between configurations is defined as follows. Let
(q, aw, Yio tee o Yoo 11, e s in) be a configuration, a € £ U {A}.
vet (q', Ol, ey on) be in 6(q, a, Al' ces s An). Then,
(@, aw, ¥ys wev s Yoo 19 eee 1) - €'y wy yis eee 5 ¥ps 19 een 510D
if for each k, 1 < k <m, either:

1. A el, 0 =, 1),y =xAy, vy =xby, 1 = [x| +1,

'H
0< i =1 +1< [yl

2. A‘k')"yk'ok"zkerﬁ' yl’cﬂzkandil'cvlzk|
3. oA el, 0 =Z el y =34, ik=[x|+1, ¥y = ¥2, and
'ﬂ
iy |xzk|.
285
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%
The relations|Z (m > 0) and |— are defined as follows. For any
. o
configuration C, C}2cC. If Cy |—le—- ++.|=c, then Col-m. C, and if
CO = (qo, W, A, ve. 4, A, 0, ..., 0) then Co> Cl’ cee Cm is called
an m-step computation on w. If Cm = (q, Ay +s. 5, A, 0, ... , 0) with
q € F then it is an accepting computation (on w). For configurations

* m >
C1 and C2’ ClL— C2 if ClL_ CZ’ for some m 2 0. If C0 F—-Cll-... I---Cm
and k > 0 1s a constant such that for each configuration

= e s <
Cj (q, Wj, Yys » Yo» 11, s in) every y_ is such that |yr| < k

then TM visits no more than k tape squares on any of its storage tapes

in the computation CO’ ces g Cm'

Definition B.3
The language accepted by TM is the set:

%
WD) = o e 2% | (g, w, Ay «en , A, 0, oa 0
(g, A\, A, ..., X, 0, ..., 0) for some q € F}

Definition B.4
A multitape Turing acceptor TM operateg within tape bound £ if for

each input string w accepted by TM, every accepting computation of T™
on w visits no more than max{]wl, f(lwl)} tape squaresg on any of its

storage tapes (f is a real-valued function of a real variable).

Let
DetTAPE(f) = {W(TM) | TM is a deterministic multitape Turing acceptor

which operates within tape bound f}.

Definition B.5
An online multitape Turing acceptor TM operates within time bound £

if for each input string w accepted by TM, every accepting computation

of ™ on w has no more than max(lwl, f(|w|)} steps.

Let us now determine a suitable "Turing machine encoding'" for an
EC-CPM. Let E'C‘Pz = (ECP, £, L) be an arbitrary Labelled EC-CPM where
ECP = (CN, UM°), CN = (N, U(C), H) and N = (T, P, I, 0) is the underlying
GPN.

We have already mentioned that given a color marking UMi and a
transition ty of ECPE if UMiitk > UMi+l then the color marking UMi+1
is uniquely determined by UM~ and By This remark can be extended to

firing sequences as well. Thus, let Yy = tkl cee tkm be a nonempty
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firing sequence in S(UM°®). Suppose

UM"[tkl > o ... ot [ > ) Ve

The color markings UMj, 0 < j < m, are uniquely determined by UM° and
Yk' In this sense, an EC~CPM behaves similarly to a deterministic
automaton. On the other hand, in each of the color markings UHj-l
above, other transitions than tk may also be enabled, some of which
may be in conflict. Nevertheless, all enabled transitions have the
same priority to be selected to fire in the respective color marking.
From this point of view, E’C'Pz behaves like a nondeterministic automaton.
Let us assume that T = {to, Els eee s tn}. Let Y; be the m-digit
number (in the basis nt+l) k1k2 .o km formed from the indices of
the transitions contained in the firing sequence Yy Obviously,
0...0¢< Y; <m...om IfY;
then YI # Y;. Moreover, by virtue of the remarks made above, one can

and YZ are distinct firing sequences

associate with Y; the (unique) sequence of reachable color markings

wt, ..., o
Let us now make a few observations regarding the way in which the
color bags of the places of E'CPz vary along the firing sequence Yy This
will enable us to determine the amount of Turing machine tape required
in order to simulate Yk' ,
Let:
0= max{O(tk, p.) | g €T, pj € P}
and M° = maxﬁﬁ°(pj) 1 Py € P}
Then, for all places p, € P,
Mm(pj) <M Hiy] -0
M° and 0 are constants depending on the initial color marking of ECPy; and
the structure of the underlying GPN N, respectively. We conclude that
the number of tokens present in any place of ECPZ at the end of the
firing sequence Yy is linearly bounded by the length of Yy !
Let A denote the set of arcs of Z(Py and let:
A r r
Z a max{zr | H(a' % - [cr; zr] for some arc 841
£ = max{2.u.b.( (Uj°)) | Py € P}
R = max{Z, 2}
S = max{sr | H(a;k) a [cr; L£.u.b. + sr] or H(a;k) =

€A, 2, € 2"}

= . r o
le.; g.2.b. + sr] for some arc ajk €A s €2 }
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Then, for all places p, € P,
Lub DPUP) SRA Iyl - s,

i.e. 2.u.b. (EE‘(U?)) is bounded by a linear function of the length of

the firing sequence Yy
Let C = (X, <) be the finite set of colors whose extension U(C) is
the set of colors associated withc.CPz Let us assume that

= {cl, ces 5 Cp cm, cM}. Let also Uj be the bag of colors

corresponding tc some place p, £ P in one of the color markings

3

UM" reachable along the firing sequence Yk. We want to represent vt
"on a Turing machine tape whose associated tape alphabet ' contains the
symbols Cys oo s C and the special markers § and ¢. Let for all k,

1< k< %.u.b. (@2(Uj))

r nk r r
W =< e q | (egr ®) € @(Uj) and n.kq = #eg, W) =

= #((cq, k), Ug) >

Then the color bag u" can be represented on tape as follows:

h |
r r
Stwlt...twkt...tw,ropts

If for some k w; = ¢ then on tape we have the following configuration:

T r
cen B L £ ¢ Vil £ ..
Thus, the tape can contain substrings of adjacent £ markers. For
reasons to become apparent later on, we assume that within the bags w;
the colors are grouped together and placed in order, i.e.:
a3
wr=<c ql, qu qs >
k 9, qs
where 1 < 9, < q2 eee < q < u.

With this preparation we can now determine the number Xj of tape
squares needed in order to encode the color bag Uj’ for any place pj € P.
Thus,

x‘;' = Mm(pj) + n.u.b.(EZ"“cu‘;‘)) + 3
Therefore,

-] » . .
Koyl osr+Inl s+3ca Iyl

for some nonnegative integer constant «.
Thus, the number of tape squares needed in order to store the bag

of colors of some place pj € P along the simulation of some firing



289

éequence Y is linearly bounded by the length of Yk. Note that this
bound depends only on the length of the firing sequence Yk and not on
the particular firing sequence. Therefore, all equal-length firing
sequences require the same amount of tape.

With the above preparation we can now proceed to construct a
deterministic Turing acceptor TM such that W(TM) = Aﬂﬂﬁpz). Based on
our construct we shall determine the amount of tape required in order
to accept any language from the language family A (EC-CPM). Finally,
we shall extend our discussion to the language family AO(EC-CPM).

Given a string w € I*, w € A(BCP;) if and only if there exists a
firing sequence Y € S{UM°) such that L(Y) = w. Moreover, all such

firing sequences must have the same length, lwl. Consequently, in
order to check whether w € A(ECPZ), T will sinulate in turn firing
sequences of ECP; of length |w| until either a firing sequence Y with
L(Y) = w is found or all such firing sequences are exhausted. In the
latter case, obviously w ¢ A(ECPZ),

™ has 2 - |P| + 3 tapes, where P denotes the set of places of
éCPZ. Tape k, 1< k < |P|, is8 used to store the color bag of the place
Py along the simulation of any firing sequence of ECPZ' For this
purpose, the encoding presented earlier is used. Tape IP] + k,
1<k< [P|, is used as an auxiliary tape for rearranging the content
of the tape k. In general, the pair of tapes k and |P| + k, for each
k, 1< k< |P|, will work in a "head-to-head", pushdown manner.

Tape 2 - IPI 4+ 3 is used to store the input string w. Tape
2 - IP| + 2 will contain at the end of the simulation of a firing
sequence § the corresponding label sequence L(8). By comparing the
contents of the tapes 2 * |P| + 2 and 2 * |P| + 3 we can determine
whether the firing sequence § generates the given string w.

Finally, ™ will generate in turn on tape 2 ° IPI + 1 all
|w|-digit numbers in the basis ITI, gtarting with 0 ... 0. For each

‘e klwl, TM will attempt to deterministically simulate
klwl. This mechanism

such number kl .
the firing sequence Yy, where Y; = kl cee
permits us to simulate all firing sequences of ZCP; of length |w| in a
deterministic manner.

In the initial configuration T™ has all its storage tapes empty.

TM starts its computation on w by depositing in one move the initial
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color marking UM° of E’CPZ on the tapesk, 1 <k < IPI . Next, TM copiles
the input string w from its read-only input tape onto tape 2 °* |P| + 3.
At each step during this copy-process, TM also writes a digit 0 on

tape 2 ° |P] + 1 while moving the head on this tape to the right.

Thus, at the end of this phase:

- the head on each tape k corresponding to some place Py € P for
which UM°(pk) # ¢ scans the rightmost nonempty position on the respec-
tive tape.

~ the tapes |P| + k, for all k, 1 < k< |P[, and the tape
2- |P| + 2 are empty. .

- tape 2 ° |P| + 1 contains lw| digits 0 and the respective head
is positioned on the |w|-th tape square.

- tape 2 ° |P| + 3 contains the input string w and the correspond-
ing tape head is positioned on the tape square containing the rightmost

symbol of w.

At this point TM is ready to simulate the firing sequence
Y = tg..-ty (Y"= 0...0). The simulation of the firing sequence Y is
performed by simulating in turn the firing of the transitions con-
tained in Y, in the order in which the corresponding indices occur on
the tape 2 - |Pl + 1 from right to left (in this particular case, T™
will attempt to simulate Iw[ consecutive firings of the transition to).
During the simulation of each tramsition firing, TM will write the
corresponding label on the tape 2 - |P| + 2. At the end of the simu-
lation of the firing sequence Y the tapes k, 1 <k < |P|, will contain
the color marking UHm, where UMO[Y > tM". On each such tape corre-
sponding to some place Py € P for which UMm(pk) ¢ ¢. the corresponding
tape head will be positioned on the rightmost nonempty tape square.
At the same time, the tape 2 - [PI 4+ 2 will contain the label sequence
L(y) and the respective tape head is positioned on the rightmost
symbol of L(Y). TM will now scan in parallel the tapes 2 * [P| + 2
and 2 * |P| + 3 in order to compare L(Y) with w. If L(Y) = w then TM
stops in an accepting configuration. Otherwise, TM "jumps” to the
subroutine EXIT, preparing for the simulation of another firing
sequence of length |w|. In the subroutine EXIT, TM increments the

|w|-digit number contained on tape 2 - [P| + 1 by 1. Let N be the
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new number contained on tape 2 + |P| + 1 . If N is less than or
equal to the |w|-digit number |T|...|T| then TM proceeds to simulate
the firing sequence §. for which §"= N. Before doing so, however,
TM moves the head on the tape 2 ]P| + 3 back to the right end of
the tape, erases all its tapes but the tapes 2 - |P| + 1 and 2 el + 3
and deposits on the tapes k, 1 < k < ]PI, the initial ceolor marking uC.
The above algorithm is executed repeatedly until either a
firing sequence §' with L(§') = w is found or the number reached on
the tape 2 - |P| + 1 exceeds the |w|-digit number |T]...{T]. 1In the
latter case, obviously w ¢ A(ECPE) and TM stops without accepting the
input w. ’
We note that there may exist |w|-digic numbers N' such that
y' ¢ s(uM°), where y'~ = N'. Let us suppose that
Y' = tkl...tkrtkr+l...tk|w| where UM°[tk1...tkr > UM" and the

transition tk is not enabled in the color marking UM
T+l

case, TM will be able to simulate the prefix firing sequence

. In this

t but will not be able to complete the simulation of the

i.'t
k1 kr

firing of the transition €y in the color marking UM" (the simula-
T+l
tion of the firing of a transition is explained below). Consequently,

T will simply abort the simulation of the firing sequence Y' and will
proceed to execute the subroutine EXIT.

We conclude the description of TM by explaining the simulation
of the firing of some aribtrary transition t_ of ECPZ. First, ™
writes the label L(tr) on the tape 2 - |P| + 2 while advancing the
respective tape head one position to the right. Next, TM checks
whether t,. 1is enabled in the current color marking. Let Py be an
input place of t,. For simplicity, let us assume that I(pk,tr) =3
and that H(air) = [c%; L.u.b. - 9%], H(agr) = [cg; g.2.b + s%] and
H(air) = [cg; 33]. Assuming that in the current color marking,
let it be UM-, the place Py is not empty, the head on the correspond-
ing tape k is placed on the rightmost nonempty tape square (which
contains a § marker). TM checks first whether there exists an
enabling token (of color (ci;, E.u.b.(gz(Ui)) - s%_) = (c%, TOP - s]r-))

for the arc air. In order to do so, TM scans the tape k from right



292

to left, counting the number of ¢ markers encountered. The fixed
integer s% is stored in the finite memory of the control of ™. After
the head on tape k has passed s% + 1 ¢ markers it reaches the color

bag The head continues to scan through the bag w,,, _ 1
r

“rop - sl
r

until it encounters the first symbol c%, in which case it replaces

that symbol by a special "erase" marker #. We recall that the colors

in the bag Woop - gl 3T€ grouped together and placed in order. This

rule is meant to facilitate the search through the color bag

Yrop

which request the same enabling color, (c%, TOP - s%). After the

_ S1 if, for example, there are several input arcs of ty from

Py
symbol c% has been "marked" TM continues to move left on the tape k,

without counting the ¢ markers, until the left end marker § is reached.
Next, TM checks whether there exists an enabling token (of color

(cg, g.2.b.( QDZ(Ua)) + s%) = (c%, BOT + sg)) for the input arc

aﬁr. In order to accomplish this, the head on tape k is moved right.

Adjacent ¢ markers immediately following the left end marker & (if

any) are ignored. As soon as the respective tape head encounters

a ¢ marker immediately followed by a symbol other than a ¢ marker, TM

starts counting the number of ¢ markers passed by the tape head. After

it has passed s% + 1 ¢ markers, the head on tape k reaches the color

2
bag YBOT + s%' The first symbol cs encountered is replaced by the

“"erase" marker #. From this point on, TM simply moves the head on
the tape k to the right, without counting ¢ markers, until the right
end marker § is encountered.

In order to check whether there exists an enabling token for the
input arc air, TM first moves the head on the tape k to the left end
of that tape. Next, TM proceeds as in the case of the input arc

air except that adjacent ¢ markers immediately following the left end

marker § are also counted.
After TM has marked the '"enabling tokens" for the input arcs of

ty from the place Py it proceeds to erase the marked symbols (this
corr?sponds to t. removing its enabling tokens when firing). The head
of the tape k scans the content of that tape from right to left. At
each step, the symbol read on the tape k is erased from the tape k
and written on the tape |P| + k (the tape |P| + k is empty at this
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stage). Obviously, the head on the tape |P| + k moves in opposite
direction i.e., from left to right. Whenever a # marker is
encountered, it is erased from the tape k but it is not copied on the
tape |P| + k. When the head on the tape k erases the left end marker
8, tape k becomes empty while tape |PI + k contains the color bag:

uj - <(cl, ToP - sD), (2, BOT + s2),(c,s3)>.
At this point the roles of the tapes k and IPI + k are reversed, that
is the content of the tape IP[ + k 1is copied back on the tape k while
the tape |P| + k is erased. Note that the process of removing "the

bag of enabling tokens of t. from the input place pk" may generate

adjacent ¢ markers immediately preceding the right end marker g. All
such ¢ markers are now erased from the tape k (without using the
auxiliary tape IPI 4+ k). This operation may require an additional
scan of the tape k.

We also note that "enabling tokens'" of tr cannot be erased from
the tape k before all such '"tokens" have been marked. This is so
because the removal of an enabling token may generate an intermediate

1

color bag U'l‘(' for which g.l.b.(@z(ui')) and/or 2.u.b.(@2(uij{'))
are different from g.ﬂ.b.(@z(Ulj()) and 2.u.b.(@ 2(Ulj‘)) respectively,
which in turn would influence the selection of the remaining enabling
tokens.

If TM cannot mark an "enabling token" for some inéut arc of
the transition t, then tp is not enabled in the current color marking.
In this case, as mentioned earlier, TM aborts the simulation of the
firing of t, and proceeds to execute the subroutine EXIT. The
mechanism for the simulation of the firing of the transition t,. can
easily be extended to the case when there are more than three input
arcs of t, from the place Py Nonetheless, still only four scans
of the tape k are sufficient in order to mark all the "enabling tokens"
of t. from Py- Also, only up to three more scans are required in
order to erase (remove) these "enabling tokens.”

In case t, has other input places than Py these operations are
performed concurrently on the corresponding tapes.

If "enabling tokens' could be marked (and subsequently removed)

for all input arcs of t., TM proceeds to deposit the "output tokens"

of t.. At this stage, the tapes k, 1 < k < |P|, contain the
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intermediate color marking UMj-. For each place Py e P for which
UMj-(pk) # ¢, the head on the tape corresponding to P, Scans the
rightmost nonempty tape square.

TM deposits the "output tokens' of the tramsition t | following
an algorithm similar to that used for removing the '"enabling tokens"
of t.- Let P be an output place of £, TM determines first the
positions on the tape m in which the corresponding "output tokens"
of ty have to be inserted by counting ¢ markers. Next, TM writes
in the selected tape squares symbols corresponding to the first
coordinates of the colors of the respective tokens. In this case,
however, it is not necessary for TM to execute separate scans of
the tape m during which the affected tape squares are marked and then
additional scans during which the insertion of the respective "output
tokens" is actually performed. These two operations can in fact
be performed simultaneously. Thus, using the auxiliary tape IPI + m
as shown earlier (except that here symbols are added rather than
eliminated) each "output token" can be inserted as soon as its
position has been determined. In order, however, for the "output
tokens" to be inserted in the correct "slots", "tokens" corresponding
to arcs of ty carrying output color functions of the form
[ci;z.u.b. + s:] must be deposited first. '"Tokens' corresponding
to output arcs carrying output color functions of the form
[c:;g.l.b. + s:] must be deposited second while '"tokens' corresponding
to output arcs carrying output color functions of the form [c%;s%]
must be deposited last. It can be verified that four scans of the
tape m are sufficient in order to deposit all "oucput tokens' of t.
corresponding to the place Py

This completes the description of the Turing acceptor TM. It
can be verified that the operations described above can be executed
by ™ deterministically. Moreover, in view of our earlier discussion
regarding the amount of tape required by our encoding of the
color bags corresponding to the places of E’C‘Pz and of the fact that
all firing sequences which generate the given input string w (if any)
have the same length, le, it follows that every accepting computation
of TM on w visits no more than o - fw| tape squares on any cape, where

o is a nonnegative integer constant. Hence
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A(EC-CPM) € DetTAPE(a - 1)

where i(x) = x is the identity function on the set of real numbers.
According to [BOCK-70a], for any real-valued function f of a single
real variable and for any constant k > O,

DetTAPE(k - f) = DetTAPE(f).
Therefore, A(EC-CPM) C DetTAPE(i). But DetTAPE(i) is the family of
deterministic context-sensitive languages. Moreover, the language
{a"b"c"|n > 0} is contained in PEF vut not in A(EC-CPM). Thus,

we actually have:
A(EC-cPM) < DES
Let us now consider the language family A,(EC-CPM). Suppose UMf

is the final color marking of the Labelled EC-CPM E‘C’Pz considered

at the beginning of this appendix. For any string w € L%,
wE A (ECP Z’ UMf) if and only if there exists a firing sequence

Y € T(UM UM ) with L(y) = w. Moreover, all firing sequences which
generate w must have the same length, |w|. Since T(UMO,UM£)<:S(UM°)
the deterministic Turing acceptor TM can easily be modified in order
to accept the language AO(ECPZ, UMf). Thus, whenever T finds a
firing sequence Y with L(Y) = w it checks in addition whether the color
marking UM stored on the tapes k, 1 <k < |P], at the end of the
simulation of the firing sequence 7Y equals UMf. This check can be
performed deterministically and certainly does not require any
additional tape space. Hence, we can conclude that

Ao(EC-CPM) < PGS

The Corollary 1 of Theorem 3.4.2 follows in a rather straight-
forward manner from the construct presented so far in this appendix.
Without going into details, let us tranform the deterministic multi-
tape Turing acceptor TM into a nondeterministic multi-tape Turing
acceptor TM' which recognizes the same language as TM. For this
purpose, we eliminate the tapes 2 + [P| + 1, 2 -+ |P| + 2 and

|P| + 3. The tapes k and |P| + k, 1 < k < |P|, are used
the same way. '

TM' incorporates a distinct subroutine for each transition of
ECPZ. Each such subroutine simulates the firing of the corresponding
transition. For any string w € L*, TM' checks whether w € A(ECP )
(w e AO(E'C‘PZ UM )) by simulating firing sequences of length [wl from



296

suM®) (r(o®, ). Here, the firing sequence simulated by TM' is
determined by the input string w. Thus, TM' scans the input tape
from left to right. For each symbol a read by TM' from its input
tape, TM' enters the subroutine corresponding to some transition of
ECPE labelled a. During the execution of the respective subroutine,
the head on the input tape is not advanced. In case there are several
transitions of ECPZ carrying the same label a, the choice of the
subroutine entered by TM' is nondeterministic.

We have seen that the simulation of the firing of a transition
requires a fixed number of scans of the tapes k and IPI + k,
1 <k< |P|. Since the number of nonempty tape squares on any of
these tapes is bounded by o - ]wl and since all firing sequences which
generate the input string w have the same length, |w|, it follows that
every accepting computation of TM' on w requires no more than
a' - |w|2 steps, where ¢ and &' are nonnegative integer
constants. Note that in the case of the language AO(ECPZ, UMf) after
the simulation of any firing sequence Y, TM' must check whether Y
leads to the given final color marking UMf. This operation requires,
however, only a fixed number of steps. Since for any real-valued
funccion f of a single real variable and for any constant k > 0,
TIME(f) = TIME(k - £) ([BOOK-70a]) it follows that:

A(EC-CPM) € TIME(x%)

and A, (EC-CPM) ¢ TIMB(xz)

.



APPENDIX C~

MULTI-COUNTER E-ACCEPTORS

The objective of this appendix is to show that
AO(EPM(II)) c AO(EPM) and to discuss the relationship between A (EPM(II))
and A(EPM). In order to do so we shall first introduce the family of
multi-counter E-acceptors, a variant of the multi-counter acceptors
([BOOK-72]). The notations employed in this appendix are compatible
with those of [BOOK-72].

Definition C.1
An n-counter E-acceptor is a system A = (K, Z, Z, §, d,s F, n)

where:

1. K is a finite set of states, 9 € K is the initial state and
F ¢ K 1s the set of final states.

2. I is a finife set of symbols, called the input alphabet, Z is
an abstract symbol called the storage symbol, n is a positive integer.

3. & 1s a (possibly partial) mapping from K x (X U {A}) x {(z, A} (@)
into the finite subsets of K x {0, A, Z, E}(n).

Definition C.2
A configuration of A = (K, Z, Z, &, g0 F, n) is an n + 2~-tuple

(q, w, Yo eee s yn) where q € K denotes the state of A, w € l* denotes
the input remaining to be read and for each k, 1 < k < n, Y £ Z*

denotes the content of the k-th storage tape.

Let ldenote the following relation among the configurations of A.
For configurations C1 = (q, aw, yl, ces o yn) and
C, = (q', w, yi, cee s y;) where a € L U {A}, c; F—Cz 1f there
exists (q', 01, ven s cn) in 8(q, a, Zl’ oo Zn) such that for each
k, 1 <k = n, one of the following conditions holds:
L
a) Zk =2, yk xkzk’ U = 0 and Yk ' yk
b) z, = A, Yy = X, g, € {Z, A} and Y = Oy
= U =
c) Zk = Z, Ve = kak, Op A and yl'c Xy
d) Zk = Z, Ve ™ kak, 9 = Z and Y © ykZ
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e) Zk = ), Y = A, qk = E and yé = )\

f) Zk = Z, Ve = kak, o) = E and yi = A

Informally, a multi-counter E-acceptor A is a modified one-way,
nondeterministic multi-counter acceptor., Each storage tape is a
pushdown tape of the form Zi (Z fixed). It 1s assumed that whenever
Yie # A, A scans the rightmost nonempty square of the k-th storage tape,
for all k, 1 < k < n. -On the other hand, A also has the capability to
sense if Y = A. In addition, however, a multi-counter E-acceptor can
execute ganeralized erase moves (conditions e), f)) also called E-moves.
From this perspective, a multi—coynter accepter ([BOOK-72]) can be

viewed as a multi-counter E-acceptor which does not perform E-moves.

Definition C.3
A computation of A of length m is a sequence of configurations

Co, Cl’ e Cm such that Cif' Ci+l’ 0< i < m. If A moves from
some configuration Ci to a configuration Cj via a computation of
*

length m.,> 0, we shall denote this fact by Ci}— Cj' In case we want
to stress the length of the particular computation we shall use the
m
notation CiL— Cj'
Definition C.4
The language accepted by an n-counter E-acceptor

A= (K, L, 2, 6, q, F, n) is the set:

L(A) = {w e I* | (qo, w,'{A}(n)) Fi(q, A, {A}(n)) for some q € F}

Definition C.5

Let d be a nonnegative integer. An n—counter E-acceptor

A= (K, %, 2, 6, 9, F, n) is said to operate with delay d or, equiva-

lently, has delay d, if for all configurations C1 = (q, A, Fys c0e s yn)
and C2 a (q', A, yi, e s y;) such that Cl}JECZ, we must have m < d.
If A has delay d for some d > 0, then A is said to be quasi-realtime.

The definition of a quasi-realtime multi-counter acceptor is

analogous.
 For each n > 1 let us define the language families:
CE = {L(A) | A is a quasi-realtime n-counter E-acceptor}
Cn = {L(A) | A is a quasi~-realtime n-counter acceptor}
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©

cE= \UJ CE_, C = \J c

n=1 n=1

We note that the definition of acceptance (Definition C.4)
demands both final state and empty storage tapes. In Section 4 of
[BOOK-72] it was shown that acceptance by final state alone of a
quasi-realtime n-counter acceptor is equivalent to acceptance by final
state and empty store. The arguments presented there can actually be

extended in order to prove a more general result, namely that CE = C:

Lemma C.1

CEl c Cl'

Proof: let A= (K, L, Z, 6, q, F, 1) be a quasi-realtime
l-counter E-acceptor. Let A' = (X', I, Z, ¢&°', 9, F, 1) be a

l-counter acceptor where:

1. K' = K U K" where:
K" = {[q, q'] | (', E) € 8(q, a, y) for q, q¢' in K, a € LU {A},
v e {A, z}}
2. &' is defined by:
2i.for all q € K, ae LU (A}, y e A, 2}
§'(q, a, y) = 8(q, a, y) - {(a', E) | q' € K}
2i1.1if (q', E) € 6(q, a, y) where q' € K then
([q, q'1, A) € 8'(q, a, ¥)
24ii. for all (q, q'] € K" and all b € Z
§'(lg, a'1, A, 2) = {([q, q'], M}
§'(lq, q'1, A, ) = {(q', M}
6'(lq, q'], b, ¥) = 9.

Thus, A' simulates the moves of A until A performs an E-move.

In that case A' enters an "erase loop" in which it erases its storage

tape. As soon as the storage tape 1s empty, A' resumes the simulation

of A.
Clearly, L(A') = L(A) but A' may not be quasi-realtime. Neverthe-

less, any language accepted by a l-counter acceptor is accepted by some

quasi-realtime l-counter acceptor ([GINS-74]1). Thus, L(A') € Cl'

O
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Lemma C.2

If L € CEn’ n > 1, then there exist Ll’ cee Ln in CEl, a
A-free renaming homomorphism h2 and k-limited erasing homomorphism h1
on hz( L1 nN... N Ln) such that L = h1(h2(L1 n...n Ln)).

Proof: Let A = (K, I, Z, 8, s ¥, n) be an n-counter E-acceptor
which operates with delay k, for some k > 0. Let
A' = (K, L', Z, &', q,s F, n) be an n-counter E-acceptor which has
delay 0 and for which:

i. I' = LU {c} where ¢ is a new symbol, not in I.
11, ForallqeK,aeZlandZ € {4, 2}, 1< 3§<n

§'(q, a, Zl, oo s Zn) = 6(q, a, Zl, eee s 27)

and §6'(q, c, Zl, cee Zn) = &6(q, A, Zl, cer Zn)

Let h1 be a homomorphism on (L U {c})* defined by hl(c) = A and
hl(a) = a, for all a € L. Clearly, hl(L(A')) = [(A) and since A is

quasi-realtime, h. is a k-limited erasing on [(A').

1
Consider now an n-counter E-acceptor'A" = (K", ", 2, &", q;, F", n)
which operates with delay 0. We shall define n l-counter E-acceptors
Ak, 1< k < n, such that Ak simulates the k-th counter of A". Let
22 = {[ql, a, Zl’ oo s Zn, Qs Tys ooe s Un] | (qz, Oys wee s on) €
€ d(ql, a, Zl, i Zn) where ;5 4y € K", ae ",
z, e 2}, 00 € {0, 4, 2, E}, 1< i< n}
Then, Ak = (K", 22’ Z, Gk, q;, F", 1) where Gk is defined by:
1. gy, o) € 5k(ql, (a5 85 295 oo s 25 Qg5 Ogs -ev s on], Zk)
for all [ql, a, Zl’ ces Zn, 9y, 01, vee cn] in 22.

Let h, be the homomorphism on 23 defined by:

2
h2([q1t a, zl’ es e Zn’ qzt Uls cee Un]) = a

for all [ql, a, Zl’ cer s Zn, dys 01, e s cn] £ 22. Evidently, h2 is
a \~free renaming homomorphism. It is easy to see that
"y o - .
L(A") hz(L1 n...N Ln) where Lk L(Ak)’ l1<k<n
O
Lemma C.3
CE = C.

Proof: For any L ¢ CEn, n>1, we have L = hl(hz(L1 n...n Ln))

where h,, h, and Lk' 1< k< nare as in Lemma C.2. By Lemma c.1,

1’
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Lk € Cl, 1< k< n. On the other hand, Cn = H(Cl A ... A Cl) ¥

where Cl occurs n times in the last expression ([BOOK-72]). Conse-
quently, h,(L, N ... n Ln) E Cn. Also, Cn is a principal AFL
([BOOK-72]). By Theorem 2.1 of [GINS-69], Cn is closed under k-~limited
erasing. Thus, hl(hz(L1 n...n Ln) € Cn and therefore CEn c Cn.

On the other hand, n-counter acceptors are a particular case of

the n-counter E-~acceptors and therefore Cn c CEn'

We note that the family of languages realtime recognizable by EJ
deterministic multi-counter acceptors with generalized erase moves
properly includes the class of languages accepted in realtime by
deterministic multi-counter acceptors without E-moves ([FISH-68]). For
the nondeterministic case, quasi-realtime acceptance is equivalent to
(nondeterministic) realtime acceptance ([BOOK-72]). 1In light of
Lemma C.3, E~moves do not increase the recognition power of nondeter-

ministic multi-counter acceptors.

Lemma C.4

Ao (EPM(II)) < CE.

Proof: Let EN2 = (EN, I, L) be a Labelled EPM(II) where
EN = (EN, M°) and EN = (T, P, I, O). Let Mf denote the final marking
of ENZ' It is rather straightforward to show that Ao(ENZ’ Mf) e CE.
We shall construct a quasi-realtime n-counter E-acceptor
A= (K, L, Z, §, q,» F, n) where n = |P|, which simulates firing se-
quences of ENZ' A contains a distinct storage tape for each place in
P; tape j, 1L =3 = |P|, will store the markings of pj € P along any
firing sequence of ENZ'

Given an input string w € L* A will check whether there exists a
firing sequence vy £ T(M°, Mf) such that L(Y) = w. The simulation of a
firing sequence requires three phases.

Phagse I Let m = max M°(pj) | Py € P}. Phase I requires
m + 1 states, denoted by q_, Ays ove s qmo-l’ q, = Q- For all i,

1< i<m, °
- ="0

¥ For each family.)&?%f languages lﬂ;ﬂ@ = {h(l) | L€ Lﬁkﬁ h is

-

a A-free homomorphism}. For all familiestzéi, . ,tgyg of languages
'Q/lA...A,,%'-{Lln...nLn]Lie,g/i,lsisn}.
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S(qi_l, A, 2110 0 o Z 1 D= {(qi, Ty voe s °1n)}

where for eachr, 1< r<n, Zor = A,

YA if M°(pr) >0

zir =
A if M°(pr) =0
A if 1 < M°(pr) and M°(pr) >0
and Gir a 0 if 1 > M°(pr) and M°(pr) >0
A if M°(pr) =0

The function 6 is not defined for tuples from the set
{q,» Qgs =t s } x I x {A, Z}(n) (A does not accept any inputs
from I in Phase I) Thus, in Phase I A performs the computation

(4, W, {l}(n)) L— (q A AT A ) where y__ M (P, )
1<r<mn. Evidently, this phase is completely deterministic and
requires exactly o, A-input moves. At the end of Phase I A is in a
distinguished state, qp'

Phase II During Phase II, A performs the actual simulation of a
firing sequence. For each transition T € T, the control of A contains
a separate subroutine. Suppose A is currently in some configuration
(q , aw', Yo c0r 0 Yy ) where a € I' and v, € Z%, 1 < r< n. At this
stage A can enter (nondeterministically) the subroutine corresponding
to either transition £ such that L(t ) = a. Let tg be such a transi-

tion. Let m_ = max{I(pj, tg ) | pj € P 1} and

n = max{O(t , P.) | pL E P - P ay, The subroutine corresponding to
s P Py .
ty requires exactly m + ng states, denoted by A7y cer q , ql, cee s
o Let - 8 P
g - Let g 41T

First, A checka whether "ts is enabled". Thus
(qi, Ops woe s on) € G(qp, a, Zl, oo s Zn)
where for each r, 1 < r < n, Zr = Z and Gr = 0 1if P, € Pz, Zr = A
and o_=Aifp € P2,z ¢ (A, 2}, 0, =0 (1f2 =2) and 0 = A
(ifz =A)1fp t@(l)
For all §, 1 < § < m s

i 1
S(qj, Zygs wee zjn) {(qj+1, Ogpr o0 ojn)}
where for each r, 1 < r<mn, er = Z and cjr = X if I(p, t)) 2 3

zjr e {z, AL, cJ = 0 (if zj = Z) and °jr = )\ (if zjr = )\) if

I(pr, t ) < j or P, t QD(I ), Z jr = )\ and ojr = \ 1if I(pr, ts) =7,
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Also, for all j, 1< J < n, - 1,
o . [s]
G(q:], )\, Zjl, cse Zjn) {(qj+1) cjl, ces g an)}
where for each r, 1< r < m, er e (A, 2}, Ujr = 2 if O(ts, pr) > 3,
ojr = g (if er = 0) and er = A (if er = A) if O(ts, pr) < j or
P, € Ps.
The last move of the subroutine 1is:

(o] .
G(qns, A, Zjl’ cen s Zjn) = {(qp. Uys coe s Un)}

a
such that for eachr, 1 < r < n, er e {», 2}, cjr E1if p_ € P,
Gjr = Z if O(ts, pr) = n_ and g, = 0 (1f 2 " Z) or g,_ = A

A h jr
(if er = }\) if O(ts, pr) < o,

A does not accept in the subroutine any inputs other than A. Thus,
the subroutine attempts to perform the computation

@@y @'y ¥p0 v s ¥y) F8(ad, 'y y]s oo 0 ) FoGa, 'y vy,
g ese y:) where for each r, 1 < r< m, y;ZI(pr’ g’ = V. if
P E Pg or y; =y 1if p, # PZ and y! = y;ZD(ts’ P yf p, ¢ P:
or y; = )\ 1f P, E P:.

The subroutine is executed deterministically and requires exactly
mg + ng A-input moves.

After the entire input string w is read, A reaches a configuration

of the form (qp, As Yeps *o0 o yfn) and enters Phase III.

Phagse III Let m = mak{Mf(pj) | Py E P}. Phase III requires
£

4 f £
+ 1 states, denoted by qp q, » ql, cee qu-l’ 9, qf. Let

mf c

F={q;}. Foralli, 1<1<m,
£ -7 £
G(qi_lt A’ zi"‘l 19 sess g Zi-l n) = {(qi’ O'il, as e oin)}
where for each r, 1 < r<n, Ofp = A and

A if Mf(pr) <1

YA =
i-lr z if Mf(pr) >1

In this phase, A does not accept any input symbols from f. Thus, A
attempts to perform deterministically the computation

(qp’ X, Yeps <o yfn)l'uf(qf, A, {A}(n)). Evident%y, the configura-
tion (qf, A, (A} n)) can be reached only if y. = 7? (pr), 1< r< n.
Exactly me A-input moves are required for this purpose.

Let m = maxﬁms-+ ng | tg € T} and p = max{m, LI mf}.. Evidently,
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w € L* is accepted by A if and only if there exists a firing sequence
Y e T(M®, Mf) such that L(y) = w. Moreover, A operates with delay u.
O
We shall now present a refinement of the result given in
" Theorem 9.2 of [HACK-75]:

Lemma C.5
A (ERM) = {W | we Cand A ¢ W

Proof: By Theorem 3.1 of [BOOK-72], if W € C then there exists an
n-counter acceptor A, which operates with delay 0, such that W = L(a).
Without loss in genmerality, let us then consider such an n-counter
acceptor A = (K, L, Z, 6, 4, F, n) and suppose A £ L(A). we shall
build a Labelled EPM(I) ENZ = (EN, I, L) such that A (ENE’ M ) = [(A)
where Mf denotes the final marking of ENz. Let EN = (EN, M°) where
EN = (T, P, I, 0) is the underlying EPN(I). ENZ simulates computations
of A.

We shall introduce a distinct place in P for each of the n
storage tapes of A; place pj ¢ P "remembers" the contents of tape },
1 < j<nm, along any computation of A. In addition, we shall intro-
duce in P a place denoted by 7, whose markings encode the current state
of A. Suppose we have ordered the states in K such that each state qq
can be uniquely represented by an integer tag |qﬂ|, where
1< Iq | < [K|. Thus, the markings of ﬂ i.e. Mi(m), are always
bounded through our conmstruct by: 1 < ut (my < [K].

Let (qs, a, @) € Kx L x {i, Z}(n) be a tuple such that
G(qs, a, a) is defined. Let o = (Zl, cee s Zn). Suppose
(qm, R) € 5(q8, a, a) and let 8 = (01, e s on)' We shall introduce
in T a transition tk such that:

1. I(m, t) = (o, lq 1); o(t, ™ = la,|
ii. For eachr, 1< r< n,
1 ifZ =12
r
I(p_, t ) =
ok & ifz_=)
2 if o =2 and Z_ = 2
r r
O(tk. pr) ={ 1 if o. = 0orog_-= Z and z_ = A
0 if o, = X.
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Let also L(tk) = a. We shall introduce such a transition for all
tuples (qm, B) € G(QS, a, o), for all tuples (qs, a, o) for which the
mapping ¢ is defined. Evidently, each transition simulates one possi-
ble move of A and at the same time generates the symbol a € I which is
read in by A during that move (recall that A must advance its input
head at each move, i.e. A-input is not permitted). The initial marking
M° is defined by M°(m) = ]qo[ and M°(pr) = 0 for all p_€ P, p, #F m.

If w ¢ L(A), then there exists a computation of A
(qo, W, {A}(n))"3 (qf, A, {l}(n)), for some q; € F. In ENE’ the
firing sequence which simulates this computation leads to a marking M
where M(m) = |qf|‘and M(pr) = 0 for all p.E P, P, # m. Since A may
have several final states, firing sequences which simulate distinct
accepting computations of A may lead to distinct markings. In order to
secure a unique final marking Mf, we shall introduce a set of "stop"
transitions. Thus, let 9 € F and suppose tn is a transition such that
O(tn, m = qul , L.e., tn has been introduced to simulate a move of A
which leads to SPE We shall introduce a transition tnstop in T which
has exactly the same input and output connections as tn except for T;
we shall set o(tnstop’ m) = 0. We note that the firing of tnstop in
any marking leaves the place T empty and therefore disables all the

transitions of EN (all transitions of EN, including tnscop’ are
connected to T by positive testing arcs). Moreover, the firing of
tnstop in some marking leads to the zero marking (all places of P are

empty) if and only if the firing of tn in the same marking leads to a
marking in which 7 contains qu] tokens and the remaining places of P
are empty (which corresponds to the last move of an accepting computa-
tion). Let also L(tnstop) = L(tn).

This construct is applied for all transitions of T such as tn, for
all q € F. Finally, we shall set Mf to be the zero marking. Then,

A (BN, u) = L(a).

Since the multi-counter acceptors are similar to the multi-counter
E-acceptors in every respect except for the E-moves, the construct of
Lemma C.4 can immediately be particularized in order to show that if
We AO(EPM) then there exists a quasi~realtime n-counter acceptor A

such that W = L(A). Since for any such language W, A £ W by definition,

tlie theorem follows.
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IfWe AO(EPM(II)) then by definition, A ¢ W. By Lemma C.4,
we actually have A_(EPM(II}) c'W | WweCEand A ¢ W}. But by
Lemma C.3, W | We CEand A ¢ W} = W | We Cand A £ W}. Hence,
by Lemma C.5, AO(EPM(II)) - AO(EPM).

Let us now examine the relationship between the language families
A(EPM(I1)) and A(EPM). For each n—-counter acceptor
A= (K, L, 2z, 6, q,» F, n) let

L (A) = {we z* | (q v Wy {A}(n))F- (q, A, Vys =ov s yn) for q € F,

Y. eZ,lS < n}.
Suppose A i1s an n-counter acceptor with delay 0. A sufficient condi-
tion for Lf(A) to be in A(EPM) is that K = F, 1.e. each state of A is
a final state. In this case, for any w € Z*, w € Lf(A) if and only if
there exists a*computation of A on w, that is if and only if
(qo, w,’[k}n)F- (qs A, Yys cee o yn). Equivalently, each computation
of A is an accepting computation in the sense of Lf(A). Note that if
w E Lf(A), then all prefixes of w, including A, are in Lf(A) as well
(qo is also a final state).

Let A be such an n-counter acceptor and let us apply to A the
construct of Lemma C.5 while ignoring the final marking and the perti-
nent set of "stop" transitions. Let ENZ = (EN, I, L) be the resulting
Labelled EPM(I). A straightforward induction argument can show that
for any w € I* there exists a computation of A on w if and only if
there exists a firing sequence Y € S(M°) of EN; such that L(y) = w.
Hence, w € Lf(A) if and only 1if w € A(ENZ) and thus Lf(A) € A(EPM).

Let us now consider a language W € A(EPM(II)). By Corollary 1 of
Theorem 4.7.2, W - {A} € AO(EPM). By Lemma C.5, We C. By
Theorem 3.1 of [BOOK-72] there exists an n-counter acceptor A, with
delay 0, such that L(A) = W. Evidently, there exists an n-counter
acceptor A', with delay 0, such that Lf(A') = L(A) (A' simulates A but
enters an accepting state if and only if A enters an accepting state
with all counters empty). Let us consider the computation tree of A'
with input w. Each path in the tree corresponds to a computation of A'
with input w. Each node corresponds to a configuration of A' along one
such computation. Let us organize the nodes in levels, that 1s level k,
0< k< |lw|, contains the set of configurations which can be reached by

A' after reading in the k leftmost symbols of w.



307

We note that if w € W then all prefixes of w must be in W. Conse-
quently, in the computation tree of w each level must contain at least
one accepting configuration. Conversely, if there exists a level such
that no node on that level corresponds to an accepting configuration
then w £ W. Unfortunately this fact does not imply that all states of
A' are final states or that there exists an n-counter acceptor with

delay 0 which has this property.



APPENDIX D

THE PETRI NET MODEL WITH SWITCHES
DISJUNCTIVE LOGIC AND TOKEN ABSORBERS

This appendix defines the Petri Net Model with switches, disjunc-

tive logic and token absorbers, an extension of the model described in

[BAER~73].

Definition D.1
A Petri Net with switches, disjunctive logic and token absorbers

is a system SPN = (SN, Log+, Log-) where:

1. SN = (T, P, I, 0) is a modified Generalized Petri Net, where:
la. T is a finite set of transitioms.
1b. P is a finite set of places. Let S C P be the set of
switches, a distinguished category of places.
lc. I: P x T~ 2° is the input incidence function.
1d. O0: TxP +2°U {e, £, £} is the output incidence function.

Following restrictions are imposed on the input and output inci-

dence functions. Let tk be an arbitrary transition in T:

i. If there exists a switch 8 € S such that I(sj, tk) >0
then I(s ot ) = 0 for all s € S, s, # sj. Moreover, I(Sj’ t ) = 1.
Thus, a transition can have at most one switch as input place, in
which case the switch is connected to the respective transition by a
single input arc. In order to distinguish the switches from the
"regular" places, switches are represented graphically as triangles,
rather than circles (in Figure D.1l, for example, sj denotes the input
switch of tk)

ii., 1f tk has a switch as input place then there exist P.E P
and P, € P such that O(tk, P, ) = e and O(tk, Pg ) = £. The Cransition
k is connected to p.. and Py by special directed arcs, labelled e and
f, respectively (see Figure D.1). In addition, for all p e P,

Pq # P, and Pq d Py either O(tk, p ) =0 or O(tk, p ) = 5
If O(t . p ) = £, for some pair (t p ) eTx P then £, and pq
are connected by a special type of arc, called a token absorber. A

token absorber 1s represented graphically as indicated in Section 4.7.
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2. Log+: T+ PP - ) is the input logic function. Here
9P (P - 3) denotes the power set of the set of "regular" places. For

each tramsition t, € T, Log (t ) = w where w € QD(I ).
3. Log-: T -+ é?D(P) is the output logic function For each

transition t, € T, Log (tk) = W where
+
w < {pr | 0(t,, p) =5, s€Z 1.
A marking of a Petri Net with switches, disjunctive logic and

token absorbers is a total, single-valued mapping from the set of

places P into Z°.

Definition D.2
A transition L, € T is enabled in the marking Mi 1f and only if:

1. For all places P, such that I(pr, tk) >0, P, £ S and

¢ Log (t ), M (p ) > I(p t )
2. 1If Log (tk) # ¢, there exists a place Py € Log (t ) such that

mt (p ) > I(p , L ) and ut (p ) = 0, for all Pq € Log (tk), Pq # Pg

Condition 1 above is also referred to as conjunctive, or AND, input
logic while condition 2 is referred to as disjunctive, or EOR, input
logic. Note that if t has a switch as input place, the marking of the

k
Log+(tk) - {pu.pv}
Log (r,) = o

4%

Figure D.1

Sample Transition
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respective switch does not influence the enabled status of tk' For
example, in Figure D.2 transition t is enabled while transition ty is
disabled (because condition 2 is not satisfied).

+
Log+(tk) = {ps.pj} Log (tn)~(pr.ps}

t

Log_(tk) = Log-(tn)'fr

Figure D.2

Sample Transitions

Any transition enabled in some marking Mi may be selected to fire

in Mi. Suppose Ly is enabled in Mi and let Mi+1 denote the marking

obtained after firing ty in Mi. Let Mi— denote the "intermediate

marking'" obtained after collecting the corresponding tokens from the

input places of tk but before tokens are placed in the output places of

tk. Thus:
i. for all places pj € P such that I(pj k) = 0,
i
) = ut ).
(p Py (pj

i1. for all places p such that I(p y € ) >0, P, £ S and
p, ¢ Log" (e,), M (p ) = Mt (p ) - I(p ' t )
iidi. for all places Pg € Log (t ), M (p ) = 0 if mt (p ) =0 or
(p ) = M (p ) = I(p , t ) if M (p ) >0 (recall however, that all
places in Log (t ) but one must have a zero marking in order for t, to

be enabled in M )
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iv. if s is the input switch of tk then
" 1
0 if M (su) =0
Mi-(gu) - i i
M7 (s )-1 if M(s) >0
u u
i+1
We can now define the marking M as follows:
i. for all places p, £ P such that O(t
1+1 i- J
i+l _
ii. for all p, € P such that O(tk, pr) = £, M (pr) =
iii. 1f tk has a switch as input place, let it be sj, then let
P, € P be such that O(tk, pm) = e and let p, € P be such that

O(tk, pn) = f. Then

K’ pj) =0,

wi= i
" < M (pm) if M (sj) >0
() = 1
iM “(p) *+ 1 1f M (s,) = 0

i 4
J’u () +1 if M (sj) >0
(py) =

M) if Mi(sj) =0

iv. 1if e doee not have a switch as input place then for all

places Pq such that O(tk, p ) > 0 and Pq ¢ Log (t ), M (p ) =

= M “(p ) + O(tk, p ). If Log (tk) # ¢, for some place P e Log (t ),

Mi+l(ps) M (ps) + 0(tk, ps) while for all P> Py € Log (t ) and

Py # ps, i+1(p ) = M (p ). The place P is arbitrarily selected

Notice that if tk has the switch s, as input place then P, receives

a token upon the firing of £ in Mt only if M (sj) =0, i.e. only if
s, is "empty" in the marking Mi (whence the label e of the arc connect-
to p_). On the other hand, if Mi(s ) >0, i.e. sj is "full" in

k m k|
the marking Mi, then p, receives a token upon the firing of tk in Mi

ing t

(whence the label £ of the arc connecting € to pn). Thus, the place
s acts indeed as a "switch" directing the output token of £, to p, oT
Py (but not both) depending on its marking prior to the firing of tk'

Figure D.3 examplifies the operation of a switch.
Figure D.4 examplifies the firing of a transition which does not

have a switch as input place and for which Log (t ) and Log (t ) are
not empty. We emphasize that upon the firing of e only one place from
Log (c ) receives tokens, the selection of that place being arbitrary.

This conscraint is referred to as disjunctive, or EOR, output logic.
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K] K~
(3] 4}
s} &
ol L)
<3 3
(%] 7]

> L]
Ful i
=9 =}
E Ul
[+¥] -

Figure D.3
Operation of a Switch
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Figure D.4 also examplifies the operation of a token absorber. Note
that a token absorber performs exactly as described in Section 4.7.
Thusg, if O(tk, pr) = £, for some place I P, then upon the firing of

t in Mi all tokens present in p_ are "absorbed'" such that Mi+l(pr) = 0,

i
irrespective of M (p ).

Definition D.3
A Petri Net Model with switches, disjunctive logic and token

absorbers (SPM) 1is a system: SPM = (SPN, M°) where:

1. SPN = (SN, Log+, Log-) is a Petri Net with switches, disjunc-

tive logic and token absorbers.
2. M° is the initial marking of SN.

Definition D.4
A Labelled Petri Net Model with switches, disjunctive logic and
token absorbers is a system SPMz = (SPM, I, L) where:

1. SPM = (SPN, M°) is a Petri Net Model with switches, disjunc-

tive logic and token absorbers.
2. L is a finite label alphabet.
3, L: T+ £ is a total single-value mapping, called the labelling

function of SPMZ.

Figure D.4
The Firing of a Transition without a Switch as Input Place



314

The families of Languages A(SPM) and AO(SPM) are defined
analogous to A(C-CPM) and AO(C-CPM), respectively.



BIBLIOGRAPHY

[AGAR-75] Agarwala, T.K.M., "Towards a Theory for the Analysis and
Synthesis of Systems Exhibiting Concurrency,' Ph.D. Thesis,
The Johns Hopkins University, Baltimore, Maryland, 1975.

[AHO-72] Aho, A.V. and Ullman, J.D., "The Theory of Parsing, Trans-
lation and Compiling," Vol. I, Prentice-Hall, Series in
Automatic Computation, 1972.

[BAER-73] Baer, J.L., "Modeling for Parallel Computation: A Case
Study," Sagamore Computer Conference on Parallel Processing,

1973.

[BIRK-67] Birkhoff, G., '"Lattice Theory,' American Mathematical
Society Colloquium Publications, Vol. XXV, 1967.

[BOOK-70a] Book, R.V., Greibach, S.A., and Wegbreit, B., "Time- and
Tape-Bounded Turing Acceptors and AFL's," Journal of Com~
puter and System Sciences: 4, 1970.

[BOOK-70b] Book, R.V. and Greibach, S.A., "Quasi-Realtime Languages,"
Mathematical Systems Theory, Vol. 4, No. 2, 1970.

[BOOK-72] Book, R.V. and Ginsburg, S., "Multi-Stack-Counter Languages,'
Mathematical Systems Theory, Vol. 6, No. 1, 1972.

[CERF-72] Cerf, V.G., "Multiprocessors, Semaphores, and a Graph Model
of Computation,”" Ph.D. Thesis, Computer Science Department,
ucLA, 1972 (UCLA-10P14-110).

[COUR~-71] Courtois, P.J., Heymans, F., and Parnas, D.L., "Concurrent
Control with '"Readers" and "Writers",' CACM, Vol. 14,
No. 10, October 1971.

[DENN-70] Dennis, J.B., "Modular, Asynchronous Control Structures for
a High Performance Processor,” Record of the Project MAC
Conference on Concurrent Systems and Parallel Computation,
Woods Hole, Massachusetts, June 2-5, 1970.

[DENN-75] Dennis, J.B., "First Version of a Data Flow Procedure Lan-
guage,' MAC Technical Memorandum 61, Project MAC, MIT,
Cambridge, Massachusetts, May 1975.

[FISH-68] Fisher, P.C., Meyer, A.R., and Rosenberg, A.L., "Counter
Machines and Counter Languages,'" Mathematical Systems
Theory, Vol. 2, No. 3, 1968.

[GINS-69] Ginsburg, S. and Greibach, S.A., "Abstract Families of
Languages,"” Memoires Americ. Math. Soc., No. 87, 1969.

[GINS-74] Ginsburg, S. and Rose, G.F., "The Equivalence of Stack-

Counter Acceptors and Quasi-Realtime Stack-Counter Accep-
tors," Journal of Computer and System Sciences, 8, 1974,

315



[GOST-71]

{GREI-691]

[GRIE-71]

[HACK-75]

[HOPC-69]

[ROSA~73]

[MILL-74]

[NOE-73]

[NUTT-72]

[PATI-70]

[PETE-73]

(RUMB-75]

(SALO-73]

[SONN-75]

316

Gostelow, K.P., "Flow of Control, Resource Allocation, and
the Proper Termination of Programs,"” Ph.D. Thesis, Computer
Science Department, UCLA 1971 (UCLA ENG-7179/UCLA-10P14-106).

Greibach, S.A. and Hopcroft, J.E., "'Scattered Context
Grammars," Journal of Computer and System Sciences, Vol. 3,
No. 3, August 1969,

Gries, D., "Compiler Construction for Digital Computers,"
John Wiley, 1971.

Hack, M., "Petri Net Languages," Computation Structures
Group Memo 124, Project MAC, MIT, Cambridge, Massachusetts,
June 1975.

Hopéroft, J.E. and Ullman, J.D., "Formal Languages and
their Relation to Automata,’ Addison-Wesley, 1968.

Kosaraju, S.R., "Limitations of Dijkstra's Semaphore
Primitives and Petri Nets,' The Johns Hopkins University,
Baltimore, Maryland, May 1973.

Miller, R.E., "Some Relationships between Various Models of
Parrallelism and Synchronization,” RC 5074 (i#22391),
Mathematical Sciences Department, IBM Thomas J. Watson
Research Center, October 1974.

Noe, J.D. and Nutt, G.J., "Macro E-Nets for Representation
of Parallel Systems," IEEE Transactions on Computers,
Vol. C-22, No. 8, August 1973.

Nutt, G.J., "The Formulation and Application of Evaluation
Nets," Ph.D. Thesis, Computer Science Group, Univ. of
Washington, Seattle, 1972 (TR. 72-07-02).

Patil, S.S., "Coordinatiou of Asynchronous Events," Ph.D.
Thesis, Project MAC, MIT, Cambridge, Massachusetts, 1970

(MAC-TR-72).

Peterson, J.L., "Modelling of Parallel Systems," Ph.D.
Thesis, Department of Electrical Engineering, Stanford
University, 1973.

Rumbaugh, J.E., "A Parallel Asynchronous Computer Archi-
tecture for Data Flow Programs," Ph.D. Thesis, Project MAC,
MIT, Cambridge, Massachusetts, May 1975 (MAC-TR-150).

Salomaa, A., "Formal Languages,'" ACM Monograph Series,
Academic Press, 1973.

Sonnenburg, C.R., "A Configurable Parallel Computing
System," Ph.D. Thesis, Program of Computer, Information and
Control Engineering, The University of Michigan, Ann Arbor,
Michigan, February 1975 (RADC-TR-74-353).



317

[URSC-72] Urschler, G., "The Inherent Parallelism of Flow Diagrams,"
Technical Report TR 25.129, IBM Laboratory Vienna, July 1972

[URSC~73] Urschler, G., "The Transformation of Flow Diagrams into
Maximally Parallel Form," Sagamore Computer Conference on
Parallel Processing, 1973.

[URSC-75] Urschler, G., "Automatic Structuring of Programs," IBM
J. Res. Develop., March 1975.



