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ABSTRACT

Time delay systems widely exist in many research domains and they exhibit complex dynamic
behaviors which may be challenging to model from first principles. A scalar system with one
single delay can produce chaotic dynamics (generating never-repeating trajectories, which
are sensitive to initial conditions), and the system behaviors may change qualitatively by
only varying the delay. Therefore, it is important to utilize data and prior knowledge about
delays when modeling time-delayed systems.

The abundance of data in the last decade has been fostering the development of data-
driven methods. Many methods, including machine learning with neural networks, require
a significant amount of data while the models may still have poor performance outside the
training data despite employing thousands of or even millions of parameters. In contrast,
this dissertation aims at using simple neural network structures with trainable time delays
(Tr'TDNN) to reproduce complex delayed dynamics. With explicit delays, the interpretabil-
ity and generalizability of data-driven models can be improved.

In this dissertation, we propose a gradient-based training framework for learning the time
delays together with nonlinearities using a continuous-time perspective. Multiple loss func-
tions, training algorithms are provided and tested on various systems to learn the meaningful
time delays. The trainable delays significantly simplify the structure of conventional time
delay neural networks (TDNNs) by reducing the number of delayed inputs. This gives many
advantages such as faster simulation, better interpretability and generalizability. Moreover,
having trainable sparse delay lowers the chance of the network converging to undesired local
minima.

By using time delay neural networks with trainable delays (TrTDNNs) in continuous time
as neural delay differential equations (NDDEs), many tools developed for analyzing delay
differential equations (DDEs) can be applied directly to evaluate the trained networks and
further improve the data-driven methods. We propose to examine the maximal Lyapunov
exponent (MLE) of the trained networks as an indicator of the richness in the training data
dynamics. It is demonstrated that the richness of the data plays a crucial role in the gener-
alizability of the trained model. The proposed method for learning the time delay systems

are applied on various systems such as the regulation of hematopoiesis in physiology and the

XV



climate model describing the irregular phenomenon of the El Nino Southern Oscillation.

Another important contribution of this dissertation is that we apply the proposed methods
on learning the delayed dynamics of intelligent vehicles from experimental data to obtain
simple but informative models for control design. In the domain of automotive engineering,
time delays are very common and important in safety and performance. This especially
holds for intelligent vehicles which may be connected, automated, or driven remotely. In
addition to the actuation delays present in the lower-level actuators of vehicles, there are
also delays originating from perception and processing time of the planning and control
unit. Furthermore, communication latencies may occur if the vehicle is transmitting and
receiving information over a wireless network. Substantial delays can greatly compromise
control performance, and may lead to unsafe behaviors.

In the dissertation, the effects of these time delays on vehicle stability and performance
are studied both analytically and numerically. We provide the closed-form solution for the
control gains which leads to the fastest convergence under constant time delays. We also
show how robust the fastest-convergence gains are against the variations of the time delays.
The results are extended to periodic time delays and the numerical simulations are provided
for the stochastic time-varying delays as well.

Since many control strategies designed for time delay systems require an accurate estima-
tion on the delays, learning the delays and vehicle models from the trajectory data may be
necessary. This dissertation provides examples of learning delays in both longitudinal and
lateral dynamics, using the developed data-driven method. This enables the evaluations of
the driving performance under delays and the possibility of improving the controller. In the
end, we present the act-and-wait method to mitigate the negative effect in steering with the

knowledge of the time delay.
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CHAPTER 1

Introduction

Time delays appear in many real-world applications including cryptography [71, 106], epi-
demiology [128, 87|, ecology [94], climate models [63], machining processes [85], vehicle
dynamics [76, 3], and transportation systems [93, 1]. On one hand, these systems often have
complex dynamics which are hard to model from first principles, and challenging to capture
and generalize from data due to the mixture of nonlinearities and delays. Even with one
delay in the state, the dynamical system becomes infinite dimensional (the initial condition
is a continuous function instead of a point). A scalar system with one time delay could ex-
hibit chaotic behavior. On the other hand, the delays in dynamical systems are meaningful
and provide valuable insights. Many control strategies designed for time delay systems re-
quire the knowledge of the delays in the states or/and inputs to achieve better performance.
Therefore, it is important to model the time delay systems with the awareness of the delays
and with the help of the data.

In this chapter, we first briefly demonstrate the rich dynamics that time delay systems
may exhibit. Then we motivate the use of neural networks to learn the dynamics of time
delay systems. We also discuss the sources of time delays in vehicle dynamics and their
potential effects. In the end, we summarize the main contributions and outline the structure

of the dissertation.

1.1 Rich Dynamics in Time Delay Systems

Time delay systems are dynamical systems that involve time delays in their states or inputs.
Those delays are usually sparse and have clear physical meanings. For instance, the time
delay in a predator-prey system can represent the time needed for the predator to mature
and the prey to reproduce. In a climate model describing the depth of the ocean layer where
the temperature changes drastically, there are time delays associated with the positive and

negative feedbacks.



Time delays in the system can lead to rich dynamics. For example, the Tkeda system [49]
is a scalar system and it has only one time delay associated with the state. The nonlinearity

in the system is a squared sin function, as described by

@(t) = Bsin®(x(t — 7)) — yx(t). (1.1)

This system exhibits chaotic behavior for certain parameters, as shown in Figure 1.1 (a).
Moreover, the system behavior may change qualitatively with the change of the delay value

7, see the periodic trajectory in Figure 1.1 (b).

1 2 3 4 1 2 3 4
z(t—71) x(t—7)

Figure 1.1: Simulation data of Ikeda equation (1.1) with 8 = 8, v = 2. (a) A never-repeating
trajectory generated by 7 = 1. (b) A periodic trajectory generated by 7 = 0.5.

Without the knowledge of the time delay, one may use a high-dimensional model to
approximate the dynamics of the system from the data on the left, which can be redundant
and inefficient. Although the data on the right may be reproduced using a low-dimensional
model, such a model is typically not generalizable to reproduce the data on the left. Including
the correct delayed information into the data-driven models is very helpful when modeling
the time delay systems from the data. We aim at using trainable delays in data-driven

models, such as neural networks, to capture the dynamics and learn the time delays.

1.2 Neural Networks and Dynamical Systems

In recent years, data-driven methods have been applied to dynamical systems, and among
those methods, neural networks have shown their power in function approximation [96, 12].
However, they are also among the most criticized methods since they involve a tremendous

number of parameters, which makes their analysis difficult [16]. Moreover, generalizability



of the trained network can be an issue if “big data” are not available. That is, neural
networks can have poor performance outside the domain of the training data. Recent works
made improvement by embedding prior knowledge gained from first principle models into
the network design; see [55, 122, 66, 37, 72] for instance.

Different from the classification and regression problems, which normally aim to obtain
maps between individual samples, learning dynamical systems involves sequential data re-
ferred to as trajectories. In order to learn the underlying dynamics, neural networks should
consider the time dependency in the data. In discrete time, recurrent neural networks such
as long short-term memory (LSTM) networks [45] or residual neural networks (ResNet) [44],
which consist of many layers, can be used to represent the information flow going through
time. In continuous time, neural ordinary differential equation (NODE) [20, 114, 104] di-
rectly models the underlying dynamics using a neural network. These networks capture the
right-hand side of differential equations, that is, their input is typically the state of a dynam-

ical system, while their output is the time derivative of the state, as shown in Figure 1.2.

Dynamical delays Time delay
systems Systems
Ordinary differential equations Delay differential equations
=g(x,u) =g(e(t), x(t —1),ult),ult —1))
Neural delays Time dellay
networks nedra
networks

x(t)
X x(t — 1) ‘
% % > u(t) % >
“ u(t — 1)
Figure 1.2: Relationships between dynamical systems and neural networks without and with

time delay. The input of time delay neural networks on the right involves the past states
and inputs.

Adding time delays to neural networks as additional parameters can increase their ca-
pability of approximating the dynamics while keeping the network structure simple. The
theoretical background of time delay systems has a rich history [22, 40, 82, 69, 51, 29, 10]. In-
corporating time delays into the data-driven models can help to interpret the models [56, 57]
and generalize for multiple scenarios without requiring additional data [58].

In this dissertation, we take the form of time delay neural networks (TDNNs) to explicitly
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model the delays and use neural networks in continuous time to approximate the right-hand
side of delay differential equations (DDEs). The use of TDNNs in continuous time results
in neural delay differential equations (NDDEs) [132, 133], which are used to address the
problem of intersecting trajectories, as the corresponding dynamical system has infinite di-
mensional state space. It was also shown that NDDEs can be used to capture the latent
dynamics of complex systems [41, 42]. Figure 1.3 shows the overview of the learning frame-
work. Instead of deriving the relationship between the state derivative and the past states
using first principles, one may use flexible function approximators (i.e., TDNN) to learn the
relationship from the data directly. In addition, it is usually helpful to convert the delay
differential equation (DDE) into an ordinary differential equation (ODE) via discretization
for the purpose of analysis and simulation. The same technique can be applied to convert
the neural delay differential equation (NDDE) into a NODE.

approximation

5 N\

Time delay system Delay differential NDDE direct map Derivative

(Trajectory data) equation (DDE) loss function

J
dlscretlzatlon discretization . . )

Simulation
. it | : loss function |

Ordinary differentia
equation (ODE) HODE

approximation

Figure 1.3: Overview of modeling time delay systems with neural networks and differential
equations

We propose to use the time delay neural network with trainable delays (TrTDNN), a time
delay neural network with trainable delays, which reduces the size of the network and further
simplifies the simulation and evaluation of the NDDE. We put forward a gradient-based
training framework for NDDEs, enabling the simultaneous learning of time delays and the
nonlinearities from trajectory data. The training algorithms proposed for this framework
in the dissertation can be categorized by the choice of loss functions, as shown on the
right of Figure 1.3. If the loss function involves network simulations, one may simulate the
NDDE directly or simulate an equivalent NODE (for which the training algorithms are well-
developed and intensively studied). If the loss function only contains a direct map between
the data and the state derivatives, the conversion between the NDDE and the NODE is not



necessary. We demonstrate that using such framework, complex dynamics can be learned
via neural networks of simple structure. Additionally, we can evaluate the trained NDDE
with existing tools developed for DDEs. It is shown that the nonlinearities are well-captured
and the networks can generalize well at different delay values if the networks are trained

with dynamically rich data.

1.3 Control of Intelligent Vehicles with Time Delays

In the operation of conventional vehicles, time delays appear due to the human driver’s
reaction time and the actuation time of lower-level actuators, such as delays in the power-
train. Intelligent vehicles, that is, vehicles with different levels of autonomy, connected
vehicles and teleoperated vehicles, are under development for replacing or assisting human
drivers. These blooming technologies may remove the reaction delay of the human driver,
but in the meantime other sources of delays are introduced.

Actuation delay Remote center

B &

Uplink latency

@ CAV 7 CHV

Loss of packets

4

|

I
Va2v !

I

I

I

I

I

I

Downlink latency Processing time

Figure 1.4: Latency components in the control loop of teleoperated driving.

In Figure 1.4(a), we illustrate that in the case of connected automated vehicle (CAV)
following a connected human-driven vehicle (CHV), additional time delay is introduced by
the communication network, which is usually not negligible (significant packet loss may
happen due to surrounding environment). In the control loop of a teleoperated vehicle as

shown in Figure 1.4(b), the overall latency originates from multiple sources:

(i) Time needed to send and receive data packets [126, 79];
(ii) Processing time of the remote operator [91, 97, 26];

(iii) Actuation delay of the vehicle [125, 88].

In addition, the increase of the latency can result in packet loss that strongly impacts the
teleoperated driving (ToD) service performance [79, 101]. While researchers and engineers
have been working on designing low-latency communication networks and on reducing la-

tency in video streaming [127, 23], the overall latency cannot be eliminated due to the latency
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sources (ii)-(iii). For example, an automated vehicle typically has non-negligible delay in the

longitudinal dynamics of around 0.6 seconds [57].

Figure 1.5: The delay in drive-by-wire steering command leads to unstable behaviors in the
experiments at MCity.

Latency in the longitudinal dynamics may lead to rear-end collisions and degradation
of energy and time efficiency [32], while latency in the lateral dynamics can lead to lane
departure and loss of control. Figure 1.5 illustrates when a vehicle is unable to follow the
desired trajectory due to the time delay in the steering actuation [3].

The analytical study of constant latency in vehicle dynamics has been carried out in [3].
Periodic and stochastic latency is considered in [86, 101] for longitudinal dynamics of a
connected automated vehicle, due to the packet loss in the communication network and
the zero-order-hold implementation of the control commands [79, 101]. The stochasticity
in latency can lead to unstable behaviors even when the system is stable under its average
latency [112].

In this dissertation, we extend the analysis to lateral dynamics under periodic and stochas-
tic latency and present simulations for teleoperated driving. We show that it is crucial to
account for the overall latency when evaluating the controller’s performance [34], because
many control methods require accurate model and delay value to enhance control perfor-
mance. We will use the NDDE with trainable delays to learn the delayed dynamics of
intelligent vehicles. Moreover, we present a way of using the act-and-wait algorithm to

mitigate the effect of delays on steering control in ToD, once the latency is known.



1.4 Dissertation Contributions and Outline

1.4.1 Contributions

The first main contribution of the dissertation is a data-driven framework for learning time
delay systems in continuous time, by introducing trainable delays into the neural networks.
This simplifies the structure of the conventional time delay neural networks (TDNNs) and
brings advantages such as generalizability and interpretability.

By formulating the TDNNs as neural delay differential equations (NDDEs), we can eval-
uate the dynamical behaviors of the trained networks. For example, we utilize bifurcation
diagrams and maximal Lyapunov exponents to characterize the network dynamics. This
serves as a second contribution of this dissertation. With these methods, we can quantify
the quality of the training dataset in terms of the “richness” of dynamics and see how the
data quality affects the generalizability of the trained time delay neural network (TDNN)s.
Moreover, we also compare the proposed method with other state-of-the-art methods such
as sparse identification of nonlinear dynamics (SINDy).

As a third contribution, the last part of this dissertation focuses on the control of in-
telligent vehicles with time delays. The effects of time delays on stability are studied in
details. Then our data-driven method is applied to learning the vehicle dynamics and the
delay. With the knowledge of the delay, we demonstrate that the control performance can

be improved by implementing advanced control algorithms.

1.4.2 Outline

The dissertation is organized as follow. In Chapter 2, we introduce the formulation of
time delay systems and time delay neural networks in continuous time. We propose to
use trainable delays for learning the dynamics of time delay systems from trajectory data.
We compare the different loss functions and discuss both advantages and limitations of the
proposed learning framework. We also compare the performance of our method with another
state-of-the-art method developed for learning delayed dynamics.

In Chapter 3, we implement the proposed framework on learning the dynamics of the
delayed logistic equation, Mackey-Glass system, Ikeda system, a climate system, a predator-
prey system and a multiple-delay Rossler equation. We provide evaluations on the network
generalizability and the training algorithm under noise. The results for the multiple-delay
Rossler equation are compared with SINDy method.

In Chapter 4 and Chapter 5, we focus on the effect of time delays in longitudinal dynamics

and lateral dynamics of the vehicles, respectively. Detailed analysis on the lateral dynamics



are presented for varies types of latency profiles. We apply the proposed learning framework
on the delayed dynamics of a connected automated vehicle and the behavior of teleoperated
vehicle.

Lastly, we demonstrate an example of using act-and-wait control strategy to mitigate the
effect of latency with known latency value in Chapter 6. The dissertation is concluded with

discussion of future directions in Chapter 7.



CHAPTER 2

Neural Delay Differential Equations with
Trainable Delays

In this chapter, we start with a brief introduction of time delay systems with discrete delays
and establish a formulation of the problem in the context of neural networks. We empha-
size the use of time delay neural networks in continuous time which leads to neural delay
differential equations in Section 2.1. We incorporate the trainable time delays in time de-
lay neural networks formulation and the training algorithms for learning the dynamics with
trainable delays. Two main types of loss functions are introduced in Section 2.2 based on
whether simulation is performed during training or not, and a training algorithm is provided
in Section 2.3. Learning results are presented in Section 2.4 followed by a discussion. We
introduce the evaluation of trained neural delay differential equations in Section 2.5 and
another state-of-the-art method for learning delayed dynamics in Section 2.6. Our proposed
method is compared to SINDy in a multiple-state example in Chapter 3.

We consider time delay systems in continuous time which can be cast in the general form
&(t) = G (@, we), (2.1)

where x € R™, and the latter z; € C([—Tmax, 0], R™) represents the space of continuous func-
tions. Namely, we define x;(¥9) := x(t + 9), ¥ € [—Tmax, 0] where Tpax > 0 is the maximum
value of the delay. Similarly, for the control input we have u € R?, u; € C([—Tmax, 0], R?),
and uy(9¥) := u(t + 1), ¥ € [—Tmax, 0]. That is, the right hand side is given by the functional
G : C([~Tmax, 0], R™") X C([~Tmax, 0], R?) — R™. Specifically, we restrict ourselves to point

delays, that is, to cases when (2.1) can be written as

i(t) = g(z(t —70),2(t — 1), ..., 2t — 1a),u(t — o), u(t — o1),...,ult — a,)), (2.2)

where g : RM4D+p@t) 5 R™ and 75 = 0y =0, while d and ¢ represent the number of



(nonzero) delays in the state and the input, respectively. Our goal here is to learn the nonlin-
ear functional G, or equivalently, learn the nonlinear function g and the delays 79,71, ..., 74

and 0y, 01, ..., 04, simultaneously.

2.1 Time Delay Neural Networks with Trainable De-
lays

Learning the functional G in (2.1) means finding a functional G such that the norm
1G (24, uy) — G (¢, uy)|| remains small while considering the set of states X C C'([—Tmax, 0], R")
and set of inputs U C C([—Tmax, 0], R?). These sets will be specified with the available data.

For the specific form (2.2) we shall find a function ¢ such that the norm ||g(-) — g(-)|| remains

small for the set of arguments specified by the data, and also find time delays 79, 71, ..., 74
and 69, 01, . . ., 0, which are close to the true delay values. In [18], a method was proposed to

identify the time delay and the plant’s parameters for a linear system using transfer function
estimation. Here we will obtain the nonlinear function ¢ and the delays 7, 71, ..., 74 and
00,01, . ..,0, directly from states and inputs.

In order to achieve this, we construct time delay neural networks (TDNNs) in continuous
time. The inputs of such a neural network are the current and past values of the state and
the control input, and the output of the network is the state derivative. First, we start
with the conventional TDNN in the continuous time and then propose the time delay neural
networks with trainable delays (TrTDNNs).

2.1.1 Conventional TDNN

Time delays have been introduced into neural networks for speech recognition in [119]. The
corresponding TDNNSs are essentially feed-forward neural networks with delayed information

flow. These can be expressed as

A= h (Y whe ),
k=0

Z;:fl(m/lszl—i_bl)a l:27"'7L7

(2.3)

where z] represents the (potentially vector valued) output of layer [ at time ¢, fi(-) is the ac-

tivation function which is applied element-wise and has well-defined derivative f/(s) = %@,

wh is the weight matrix associated with delay index k, while W, and b; are the weight and
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bias used in layer [. Defining the augmented vector
20

zf = , (2.4)

equation (2.3) can be re-written as

Si = lef) + b1
Zi - fl(si>7

. , (2.5)
Sl = M/lzl_l + b[
zf:fl(s}f), l=2,...,L,
with Wy = |w? wi, ... ,wﬂ . Here we introduce the compact notation
2t = net(z})), (2.6)

which captures the functional relationship between the input z{ and the output z¢ of the
network.

The time history of the state x and the control input u is often referred to as memory.
These are usually available in discrete time and the output can be very general such as letters
or words. Since our goal is to represent the dynamics of the dynamical system (2.2), we can
discretize time and assume that the delays coincide with the discrete time steps jAt, j € Z

were data is available. Then one may construct

()
u(t)
x(t — At)
zh = | u(t—At) |, (2.7)
x(t — rAt)
u(t — rAt)

where T, = rAt. Different from the typical use of TDNN many applications in discrete

time, we view the TDNN as a delay differential equation, whose output is the predicted state
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derivative at time ¢, i.e.,

(). (2.8)

2

The conventional TDNN sometimes leads to computational issues. Namely, considering
small At values result in a large weight matrix ;. This is not necessary for systems with
discrete point delays, since many of these weights shall approach zero during training that
requires extra regularization. At the same time, simulating the system with the large number
of delays is also computational expensive. Instead, we propose a new architecture which can

accommodate trainable time delays as laid out in the next subsection.

2.1.2 Constructing TrTDNNSs

Different from the conventional TDNNs, the time delays in the Tr'TDNNs are continuous
variables that evolve through the learning process. The concept of TrTDNN is shown in
Figure 2.1(a). There is still a window of sequential data available to the network at each
time moment ¢, but the trainable delay parameters 7y, 71,...7, “select” the relevant ones
as the network input. As these time delays evolve during the training, the inputs change
as indicated by the blue arrows. After training, similar to the weights and biases, the time

delays are fixed when using the network to predict future states of the dynamical system.

(a) input: layer 0 (b) (C) [dt
layer1 | | I -,
= a(t) 0 a(t) 200)
output: layer L : TrTDNN —> 2 TrTDNN
1 Wi, Wi ot )| M| ]
: b b5z,
u Zt=Tm ” v 2(0) u(t) - u(t — Tmax) 2(0) u(t) o ult — Tmax)
20y =l wlh, ] #(~Te) &~ Tanse)

Figure 2.1: (a) Time delay neural network with trainable delay for predicting state derivative
at time ¢ (The actual inputs to the network move along the history vector, depending on
the trainable delays); (b) use of Tr'TDNN as feed-forward mapping during training; (c) use
of TrTDNN for simulation: gray color means inputs from data and the yellow color means
the inputs obtained from simulation.

TrTDNNs also take the form (2.5) but how the input z{ is constructed in the two cases
differ. TDNNs utilize the whole memory (2.4) while for Tr'TDNNs we construct the sparse
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memory

zé = ' , (2.9)

with flexible delays which will be learned from data. By constructing such flexible delayed
inputs, the number of delays in Tr'TDNNs can be much smaller than the number of dis-
cretization points (m < r). This allows us to greatly simplify the network structure and
customize using prior knowledge, which also improves the interpretability of the results.
The arrangement of the delayed states and control inputs is also flexible, i.e., the delays do
not have to be in an ascending/descending order, they can be assigned as zero, the delays
in v and s may be different, and their number can be overestimated. For instance, when

learning the dynamics of (2.2), one may construct the input of the TrTDNN as

7l = : (2.10)

where the delays 7, and 6, are continuous variables learned from the data. Since the state
x and the control input u are typically available at time moments jAt, j € Z, we will use
linear interpolation to obtain their value.

We remark that the form (2.6) can be viewed as a recurrent neural network if the output
of the network is used as input in the next time moment. Depending on whether the output
is the state derivative at current time or the state itself at next time moment, the network
can be used to capture the dynamics of continuous-time or discrete-time dynamical systems.
In this dissertation, we only consider the former one, that is, the outputs of the TDNNs and
TrTDNNs are used as the state derivatives to resemble the delay differential equations in
the continuous time.

When the TrTDNN is used for simulation, the output of the network simulation will

become the input of the network at the next time moment. Therefore the corresponding
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neural delay differential equation (NDDE) can be described as

~

z(t) = net (2g) , (2.11)

where

ot — [’A‘ﬂ , (2.12)

u(t)
. T(t — 1) u(t — o4
x(t) = : and u(t) = : : (2.13)
(t — 74) u(t — a,)

The simulation of the NDDE is performed by using the DDE solver
&(t) = DDEsolver(net, xq, u;), (2.14)

where z is the initial history of the state and wu, is the sequence of control input available

at time £. For autonomous systems without external inputs, we have

~

#(t) = net(x(t)), (2.15)

and
z(t) = DDEsolver(net, xo). (2.16)

Learning the dynamics of the time delay system (2.2) is equivalent to sequentially adjust-
ing the weights W;, [ =1,2,... L and biases b;, [ = 1,2,... L in net as well as the delays 7%,
k=0,1,...d and 63, k=0,1,...q such that the error ||@(t) — #(t)|| decreases. Moreover,
the delays 75 and &3 should converge to the true delays 7, and o5 and the Tr'TDNN should

also give small error in ||Z(t) — x(t)]|.

2.2 Loss Function Design

In this section, we construct the loss functions for network training and illustrate the training
algorithms based on discrete delays. We categorize the training algorithms based on whether
the simulation of the NDDE is involved in the training process, which is also related to the
type of loss functions, see Figure 1.3. Figure 2.2 illustrates the difference between the two
loss functions.

The loss functions presented in this section are based on L; norm evaluation of the
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[dt
z(t) Q(t (t) B
3 oy : T TDNN ]
Tt Tmad| Bt =Tmax)| |
(0) w(t) - u(t — Tmax) ;t 2(0) u(t) o ult — Tmax)
-z'(_”-'max) Z(*'T.-max)

Figure 2.2: Comparison between two loss functions. The derivative loss function £; takes
in the data directly without simulation and compares the output (state derivatives) to the
ones in data (which may be calculated from numerical differentiation). The simulation loss
function £, compares the simulated state to the data.

difference between the prediction and data, which results in the mean squared error. In
practice, one may also use other loss functions such as L; norm and assign weights to errors
according to time, depending on the data and the application. This will be discussed later

in this section and more details can be found in [59].

2.2.1 Derivative Loss

First, let us consider the derivative loss, where no simulation is performed during training
and the network predicts the state derivative directly from the data. The direct map state
derivative is given by

~

@(t) = net(z)) = net(x(t), u(t)), (2.17)
whose inputs are directly from the data. The derivative loss takes the form

n

N
L, = % ; z; (;%,-(to + JAL) — di(to + jAt))Q, (2.18)

where z; refers to the i-th element of vector x and IV is the number of samples considered
in each update (batch size). Observe that the prediction starts from tg > 7., because we
need a segment of data of length 7,,., as the history. It is necessary to have a upper bound

on the time delay 7.y, so that not all the data end up being used as history.
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2.2.2 Simulation Loss

Alternatively we define the simulation loss

nI:lfN > 2> (iﬁ(tm +JAL) = it + jAt))2, (2.19)

méebatch j=1 i=1

L, =

where HAt is the simulation horizon and N is the number of segments (batch size) used
for one update. To obtain Z(t), one may use either the existing neural ordinary differential
equation (NODE) solver by constructing augmented NODE, see Appendix D, or use the
NDDE solver provided in [60] and in Appendix C.1.

2.3 Training NDDEs

Regardless of loss functions (£ in this section can be either £; or £,), all the gradient-based
training methods require the gradients of loss respect to parameters including delays. In
this section we derive the gradients with respect to delays for the autonomous system (2.15)
and provide the adaptive moment estimation (ADAM) method as the parameter updating
rule [65]. Other parameter updating rules such as gradient descent (GD) and Levenberg-
Marquardt (LM), and two more training algorithms for the derivative loss function are
collected in the Appendix A. A detailed derivation for gradients is given in the Appendix B.
Consider the autonomous system (2.15), the gradient of the loss with respect to the time

delay at time t is given by
oL oL  Ox(t — ) oL

or. ox(t—1,) Ok ox(t — ) (

— &t — 7)), (2.20)

where % is the gradient with respect to the delayed state and #(t — 74) is the time

derivative of x at ¢t — 7. The gradients of the loss with respect to the weights, biases and

oL oL oL

7 OW? 8_1)1 and al‘(t—Tk)7

obtaining the gradients, we can update the parameters using any gradient-based training

historical states, i.e. can be calculated via backpropagation. After
algorithms.

Here we provide the adaptive moment estimation (ADAM) algorithm devised in [65].
In the implementation, we use the adamupdate function from MATLAB Deep Learning
Toolbox. The formula for updating each individual parameter with ADAM is given by

041 = 0, — g, (2.21)

7
Vo + €
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with
m
A q
m, =
q q’
1- 1
Oy = 2
q_l— q’
2

(2.22)

where ¢ is the iteration number, m, and v, are the first moment estimate and second moment

estimate, respectively. The updates for m, and v, are given by

oL
myg = /Blmq—l + (]- - 61)%7
q
2.23
Vg = Bovg1 + (1 — B) 2. )
q
using the gradient information g—é at iteration gq. The parameters n, €, 51,52 in

(2.21,2.22,2.23) can be tuned by the user to achieve better performance; see [65].

In addition to the parameter updates with the gradient information, we restrict the delay
value to be between 0 and 7, considering the positivity of the delay and the length of
memory. An example of the NDDE training algorithm [60] is illustrated in Algorithm 1.
One may customize the training algorithm by designing different loss functions, selecting pa-
rameter update rules and the hyper parameters, and implement parallel training techniques.
We provide the MATLAB codes for some of test cases.

Note that our algorithms allow the delays to vary continuously during the learning process,
therefore the value z(t — 7) may not be available directly. (The subscript of 7 is dropped to
simplify the notation.) Recall that the state is only observed at the time moments t = jAt,
t = jAt, j € Z. Considering that 7 € [[At, (I + 1)At), we may define a € [0,1) such that

T = (I + a)At. Then the delayed state can be approximated using linear interpolation:
z(t—7)~ (1 —a)z(t —IAL) + az(t — (I + 1)At), (2.24)
and similar procedure can be followed for the input yielding
u(t —o) = (1 = Pu(t — IAL) + pu(t — (I + 1)At), (2.25)

where o = (I + 5)At and € [0,1). Having a linear interpolation is equivalent to assuming
a constant derivative of the state between two time moments. Thus, the derivative of the
state at time ¢ € [jAt, (j + 1)At) is the same as the derivative at time jAt, that is

(1) ~ i (jAL). (2.26)
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https://github.com/Jxb814/ch9_NDDE_sample_code/tree/main

Goal: Learn 0 = {W;,b;,7x},l=1,...,L,k=1,...,d from data.

e Choose the hyper parameters according to the loss function. Choose the
learning rates 7, and 7 for delays and other parameters.

e Set the maximum iteration number ¢u., and the maximum allowed delay

Tmax .

e Initialize 6y, e.g., initialize 7, uniformly between [0, Tiax], b; as zeros and W,
using Glorot initialization [36]; see Appendix C.2 for an example of initializa-
tion code.

for g =1,..., ¢max do
e Randomly take NV segments or samples from the training data.
e Calculate the loss L.

e Back-propagate to get the gradients with respect to parameters using
dlgradient.

e Update 6, from 6, ; using adamupdate and impose positivity constraint to
delays 74.

if g>1and L, < L, then
‘ ebest = eq
end

end
0 = Opest, evaluate the NDDE on testing datasets

Algorithm 1: Training algorithm for NDDE with trainable delays

In general, we assume that we only observe the state and the input at time moments
t = jAt. In this case, the state derivative can be approximated from data using finite

differences. For example, using Euler method’s, the state derivative can be obtained as

J+ 1)At) — x(jAL)
At ’

i(jan ~ =0 (2.27)

but one may also use more sophisticated methods to obtain the derivative. In case the state
derivative is available directly at t = jAt, one can use those to achieve better approximation

of the derivative at other time moment.
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2.4 Comparisons between NDDEs of Different Archi-

tectures

Consider an autonomous delayed dynamical system which has quadratic and cubic nonlin-

earities in two delayed terms:

iC(t) = a2:1:2(t — Tg) + CL3.TJ3(t — T3>. (228)
We choose the parameters ay = a3 = —1, 7 = 1 and 73 = 0.5 for which the system has two
equilibria at * = 0 and x = —1. We are interested in how well shallow networks with input

delays can learn the nonlinearity from a limited number of trajectories and whether such

networks can learn the delays in the system.

S, 21

S2,22

Figure 2.3: Schematic diagrams of network architectures: (a) deep neural network with one
delayed input; (b) fully-connected shallow network with two trainable delayed inputs; (c)
decoupled shallow network with two trainable delayed inputs; (d) conventional TDNN with
a window of fixed delayed inputs.

We simulate (2.28) to obtain four batches of data for training by using constant values
¢y = {0.8,1.0,1.2,1.4} as histories, i.e, x(¥) = ¢, for ¥ € [—Tax, 0]. Simulation data with
constant history c¢,, = 1.1 is used for validation and we test the trained networks using
the constant history ¢z = 1.3. Each batch of data contains the state information z(t) over
0 <t <5 with a time step At = 0.01. We obtain the time derivative from state through the
forward Euler method.

The derivative is used both as output and for calculating the gradient with respect to
delay in (2.20). We normalize the input and output between [0, 1] and choose the learning
rate ng(n) = 0.1 for all parameters including delays. During training, we also include the
initial constant history in the data so that the shift between inputs and outputs does not
affect the length of prediction. Another reason for including the history in the training data
is the fact that for autonomous delayed dynamical systems the solutions get smoother as time
t increases [83, 51]. Thus, the initial segments of the solution contain the “richest” dynamics

for a stable trajectory without excitation. This indicates that having longer trajectories do
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Fully-connected network:
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Figure 2.4: Evolution of the loss (left) and delays (middle) over the iterations during training,
and the equivalent approximation F' of the nonlinearities given by trained networks (right):
(a)-(c) fully-connected network; (d)-(f) decoupled network.

not necessarily mean better data, as the initial segments have less weight. It also suggests
that one may assign time-dependent weights in the derivative loss function.

We implement the delay training algorithm 2 with a fully-connected network and a de-
coupled network shown in Figure 2.3(b) and (c). Both are shallow neural networks and
the difference is the structure of the hidden layer. The fully-connected network does not
contain any prior knowledge about the form of (2.1), while the decoupled architecture im-
plies that there is no cross term between delayed states. The number of neurons in the
hidden layer is {; = 30 for fully-connected network and {; = [20, 20] for the two parts of the
decoupled network. Both networks use ReLLU as activation function in the hidden layer, i.e.,
f(2) = max{z,0}, and we set Tpax = 2.

The evolution of the loss £ and the learned delays 7, and 7, along the iterations of
one training process is shown in Figure 2.4(a,b) for the fully-connected architecture and in
Figure 2.4(d,e) for the decoupled architecture. We also show how the true nonlinearities are
approximated by these two networks in Figure 2.4(c) and (f). Note that the neural networks

do not distinguish the order of the two delays, that is, 7, and 7, can approach 75 and 73
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Figure 2.5: Static mapping and simulation results for the trained networks: (a), (b) perfor-
mance for a trajectory with ¢, = 1.4 in the training dataset; (c), (d) performance on testing
dataset with ¢;s = 1.3.

or, alternatively, 73 and 75. Nevertheless, the two delays converge to the true values 1 and
0.5 with both architectures. The delays in the input layer can be learned and they can be
interpreted clearly as the trained networks represent the delayed dynamical system. The
nonlinearities are also recovered from data with the meaningful learned delays. One may
observe the piece-wise property of the network approximation given by the ReLU activation
function in the hidden layer.

To investigate the performance of the trained networks, we analyze the system
(t) = net(z(t — 7,),x(t — 1)), (2.29)

with histories ¢, = 1.4 and ¢ = 1.3, where net(-) is the nonlinear function of the neural
network given by trained weights and biases, 7, and 7, are the learned delays. First, we
inspect the input-output relationship between z(¢) and @(t), which we refer to as static
mapping, or direct prediction. Then, we simulate system (2.29) using the learned parameter
values which we refer to as the neural network simulation results. Both of these results are
compared to the those obtained from simulating the original system (2.28).

For further comparison, we also consider a conventional TDNN which uses x(t), z(t —
At), ..., z(t — Tmax) as inputs and & (t) as output. Since At = 0.01 and 7. = 2, this TDNN
has 201 inputs where 200 of them are delayed with different quantized delays. Here we use
a shallow TDNN with 12 hidden neurons and ReLU activation function to learn from the

same data.
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Standard TDNN  Fully-connected TrTDNN  Decoupled TrTDNN

Training direct mapping (&) 0.0229 0.0102 0.0106

Ly Simulation (x) 00 0.0514 0.0676

Testing  direct mapping () 0.1453 0.0096 0.0085

VL Simulation () 00 0.0305 0.0143
/T - 0.505,/1.005 0.996/0.495

Table 2.1: Performances of different networks on training and testing trajectories. The
normalized root-mean-square deviations are calculated based on & for the performance of
static mapping and on x for the performance of neural network simulation.

The three trained networks are compared to the data in Figure 2.5(a) and (b) in terms of
static mapping and simulation results of the trajectory with ¢, = 1.4 from training dataset.
Figure 2.5(c) and (d) show the performance of the trained networks on testing data. All
three networks have good static mapping performance on both training and testing dataset.
In neural network simulation, the networks with two trainable delays give reasonable simu-
lations close to the data, while the conventional TDNN with 200 delays fails (the simulation
blows up). This shows that with trainable delays, the networks have the capability of approx-
imating the true dynamics given by (2.28). Also, the simulation of the conventional TDNN
with 200 delayed inputs is more time-consuming compared to the other two networks. The
root-mean-square deviations on training data /L, and on testing data /L of all trained
networks are collected in Table 2.1. Since we normalize all data before training, /L, and
VL are also normalized values according to the maximum and minimum values of & and z
in the training set. From the table we notice that two networks with trainable delays out-
perform the conventional TDNN on testing data in both static mapping and neural network

simulation.

2.5 Evaluation of the Trained NDDEs

After the training is complete, one may test the accuracy of the learned nonlinearity and
delays by either comparing the derivatives & and @ or comparing the solutions #(t) and z(t),
obtained via numerical simulation, along some time horizon. To further investigate how well
the learned dynamics matches the ground truth, one may also study the stability properties

and the nonlinear dynamics of the trained NDDEs.

22



2.5.1 Spectrum Examination

One may compare the spectrum of the trained NDDE to the one given by the true dynam-
ics to determine how well the NDDE approximates the true dynamics locally around the

equilibrium. Linearizing the dynamics (2.2) around an equilibrium we obtain

d q
B(t) =Y Aga(t—m) + Y Bru(t — o), (2.30)

where A;, € R™"™ and By € R™*? and we used ¢(0,...,0) = 0 to simplify the notation. This

results in the characteristic equation

d
det [AI - Ake’\T’“} =0, (2.31)

k=0

see [82], which has infinitely many solution for the characteristic roots A, see [51, 10]. Com-
puting the rightmost characteristic roots (rightmost spectrum) allow us to compare the
asymptotic behavior of the learned system to that of the ground truth.

For example, consider the system
@(t) = —w(t — 1.5) + 2%(t — 1) — 2*(t — 0.5), (2.32)

with the equilibrium at z(t) = 0. The approximated spectrum of this system is shown in
Figure 2.6 as the black crosses. For neural networks in the form of delay differential equations,
similar spectrum can be obtained by linearizing the dynamics around the equilibrium and

computing the characteristic roots.

Spectrum Approximation
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Figure 2.6: Spectrum approximation of (2.32) around its equilibrium x(t) = 0.
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2.5.2 Bifurcation Analysis

Bifurcation theory in the dynamical systems is the mathematical study of changes in the
qualitative behaviors of the systems as parameters are varied. This can lead to the appear-
ance of new equilibria and periodic orbits, the change of stability of equilibria or periodic
orbits, and the birth of chaos. In many time delay systems, bifurcations occur when the
delay is varied.

One may summarize the change of steady state solutions versus the change of time delays
in bifurcation diagrams, which can be obtained by well-developed numerical toolboxes such
as DDE-BIFTOOL [24]. For instance, in Mackey-Glass system [81],

L_T)) — (), (2.33)

#(t) = T+a20(t—71
with g =4,7 = 2,0 = 9.65, the system’s behavior changes drastically as the time delay 7 is
varied. When the time delay is small, for instance 7 = 0.2, the system has a stable equilibrium
at x(t) = 1, as shown by the numerical simulations in Figure 2.7(a). As the delay increases,
the equilibrium loses the stability and a stable limit cycle rises, whose amplitude grows with
the delay. Such a stable limit cycle is shown in Figure 2.7(b) for 7 = 0.5. Increasing the delay
further, the system becomes chaotic as illustrated in panel (c¢) for 7 = 1. The appearance and
stability change of equilibria and limit cycles are summarized in the bifurcation diagrams in
Figure 2.7(d). The amplitude of oscillations is shown as a function of the time delay 7. The

green/red color indicates the stable/unstable limit cycle.

2.5.3 Maximal Lyapunov Exponent

Lyapunov exponents represent the rate of separation of infinitesimally close trajectories
in dynamical systems. Positive maximal Lyapunov exponent (MLE) Ay, > 0 is used to
characterize the sensitivity to initial conditions in chaotic dynamical systems [113]. Thus,
we use the MLE to characterize the richness of the dynamics. In this section we introduce
how to calculate the MLE for time delay systems. For more details about the numerical
algorithms; see [8].

Consider a nonlinear autonomous time delay system whose time evolution is given by
() = G(z), (2.34)

where x € R" and () = z(t +9), ¥ € [—Tmax, 0] with maximum delay 7., > 0. That

is, x; € X where X denotes the space of continuous functions & = C([—Tmax, 0], R") and
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Figure 2.7: Qualitative changes in behavior when varying the time delay. (a)-(c) trajectories
generated by the Mackey Glass equation for delay values 7 = 0.2,0.5,1, respectively. (d)

Bifurcation diagram summarizing the change of steady state solution and periodic orbits as
delay increases.

G: X — R" is a functional. For initial history z,, let us denote the solution as ¢(zo,1),
that is, z,(9) = ¢(2(9),t). Then for initial history xy + dxo, which is in the close vicinity
of zo for small ||0xo||, we have the solution ¢(zo+ dzo,t). The MLE for the time delay
system (2.34) is defined as:

1 dxg,t) — t
)\max =lim lim -1 H@(I‘O + Lo, ) SO(‘I(); )H ’
t—00 ||dmo|—0 ¢ | 60]|

(2.35)

where |[0xo]| = Supye(_r,....0] [[0Z0()[]2 and the condition for the existence of the limit is given
in [120].
By linearizing the autonomous nonlinear time delay system (2.34) about a time-dependent

solution, one may obtain the linear nonautonomous system

with the time-dependent linear operator A : R x X — X. Then, by discretizing time, this

infinite-dimensional system can be reduced to a system of M + 1 nonautonomous linear
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ordinary differential equations (ODEs):

$t<190) l’t(790)
OO a0 xt(f%) , (2.37)
() i (Vnr)

with mesh — 70 = U < - -+ < 91 < Y9 = 0. The simplest, uniform-mesh discretization uses
¥; = ih with distance h = Ty,.x/M between the mesh points; see [58]. In this dissertation,
we use the Chebyshev mesh

V; = TH;X (cos (%) — 1), (2.38)

which provides higher accuracy [10].
The Lyapunov exponents can then be calculated using discrete QR method [8]. One can
factorize the fundamental matrix X (¢) of equation (2.37), at a strictly increasing sequence

of time instances {t} with to = 0:
X(ty) = Qi Ry, (2.39)

where () is an orthogonal matrix and Ry, is an upper triangular matrix. The matrix Ry can

be expressed by the product of a series upper triangular matrices R; ;_;:

e

The matrix R;;_; is computed from factorizing the solution ¢, () of the system

f[ Rj,jl)Ro. (2.40)

j=1

Yoy (1) = An (), (1), T € [t 1y, (2.41)

with initial condition ¢, ,(t;_1) = @Q;—1, yielding

i () = Qi Rjja- (2.42)

at time t = t;.
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The Lyapunov exponents are then recovered as

k
1
A =i — 1 ] 2.4
; = lim sup P El n[R;;-1l;, (2.43)

k—o0

i = 1,...,M + 1 is the i-th diagonal entry of R;; ; [21]. When com-

puting (2.43), one should truncate the time at a large enough value t; = 7" and choose a

where [Rj,j—l]i,z"
sufficiently large mesh size M in (2.37) to obtain good approximation of \; for the nonlinear
time delay system. With larger T" and larger M, the MLE A, = A1 can be represented with
higher accuracy; see the evaluation in [8]. In later examples, the MLE A.x is obtained with
T = 10* and M = 10. These two parameters are chosen to balance approximation accuracy
and computation efficiency. Such computation of Lyapunov exponents is also applicable for
time delay systems with multiple discrete delays and even distributed delays, as long as the

system can be linearized around a given solution.

2.6 Alternative Method for Learning DDEs

Sparse identification of nonlinear dynamics (SINDy) [13, 12, 17] is a data-driven framework
for discovering governing equations of dynamical systems. By assuming that the dynamical
system has an underlying sparse structure in terms of its right-hand-side (RHS) description,
SINDy constructs interpretable models from time-series data. Assuming that the system
state x(t) is measured at discrete time points t1, ..., t,, and its evolution is governed by the
ODE

i = f(o), (2.44)

with an unknown RHS f : R — R, SINDy expresses each component f;(z),i=1,...,n, as

a sparse linear combination of p candidate basis functions §,(z):
p
file) = 0;(0)&. (2.45)
j=1
Here, the functions 0y, ...,0, serve as building blocks for approximating the underlying
system behavior and they are chosen in accordance with the expected characteristics of

the system. They typically include polynomials, with possible additional terms such as

trigonometric functions, exponentials, rational or other nonlinear functions.
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The measurement data are arranged in a matrix

ri(t1) o0 wa(t)

x1(tm) 0 zp(tn)

where rows correspond to time points and columns to state variables. Similarly, a matrix

t1(t1) -+ dn(ty)
X = : : e R™™,

5t1<tm) T xn@?ﬂ)
is defined to collect the derivative values, which may be directly available from measurements
or estimated using numerical differentiation techniques. A library matrix O(X) € R™*? is

introduced, containing the p candidate basis functions evaluated at all m time points. For

instance, a polynomial library with additional trigonometric terms is defined as
OX):=1 X X? ... X4 ... gin(X) cos(X)

Above, X% denotes a matrix containing all possible polynomial combinations of degree D in

the components of . For example, for D = 2,

zi(t)  w(t)za(ts) A (t1)
X2 . 3 (ta) wl(t2).$2(t2) a(t2)
x%(tm) Il(tm)xQ(tm) T xi(tm)

Similarly, for trigonometric functions we have

sin(ml(tl)) T Sin(xn<tl))
sin(X) := : ' :

sin(zq(t)) -+ sin(x,(tm))

The total number of basis functions of a polynomial library of degree D for a system of

nJlr)D) )

To determine the coefficients &;; in (2.45) we assemble them into vectors §; € RP for each

physical dimension n is p = (
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1 =1,...,n and the overall problem is formulated as
X =0(X)z, (2.46)

where = € RP*"™ is the matrix Z = [§ & -+ &,] with columns &;, ¢ = 1,...,n. The coeffi-
cients for each column &; are identified by solving independently the following optimization

problem:
& = argmin (|| Xi - o(x)¢| +Alel ) (2.47)

€ERP

where Xi is the i-th column of X.
In the case of DDEs with a finite number of constant discrete delays, the SINDy frame-
work can be extended by incorporating delayed copies of the state variables into the library

functions [68, 95, 107]. Explicitly, the problem can be reformulated as:

X = O(X, X,)=(r), (2.48)

where X is a shorthand for X, ,..., X, , with

ity —7) o wp(ti— )
Xﬂ‘ = . T : y
Ti(tm — 7)) o Tp(tm —Ti)
for i = 1,...,d, containing the delayed samples z(t — 7;). The augmented library matrix

O(X, X,) € R™*? ig constructed by combining basis functions of both the current data and
the delayed data, e.g.,

O(X, X,) = [1 X X, X* XX, X2 - sin(X) sin(X,) }

The sparse regression problem (2.48) now depends on the known delay values 11,...,74

and is solved column-wise:

&(r) = axganin (1% — (X, X)ell + Al ) (2.49)
cR4

The notation =Z(7) highlights the dependence of the sparse solution = on the given vector

of delay values 7 := [ry, ... ,Td]T. Note that including delays increases the dimensionality of

a polynomial library, with the number of terms growing from ("BD ) to ((d“})”JFD ) when k

delays are considered with polynomials of degree D. The corresponding reconstruction error
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is denoted as

e(r) = [|X = O(X, X,)E(7) 2. (2.50)

This error can be used to optimize the delay value and hyper parameters of the basis functions
in the library. One may call external optimizer such as particle swarm optimization (PS)
or Bayesian optimization (BO) to find the optimal delay values and hyper parameters by
minimizing (7). This method assumes the number of delays is known and directly recover
the DDE, therefore it is called expert SINDy (E-SINDy).

Pragmatic SINDy (P-SINDy) method is introduced to learn the ODE discretization of
the DDE, when the number of delays is unknown [7]. This method reduces the problem to
a finite-dimensional systems of ODE, through pseudospectral collocation in [9]. Unlike E-
SINDy, which relies on prior knowledge of delay parameters to reconstruct an interpretable
RHS, P-SINDy adopts a “black-box” approach, aiming only at matching the observed trajec-
tory and then simulating beyond the measurements time span. While P-SINDy sacrifices the
interpretability of the reconstructed RHS, it requires no prior information on the number or
values of delays and thus achieves enhanced computational efficiency by possibly optimizing
only the maximum delay 7. One may choose the dimension of the ODE (M + 1), and the

size of a corresponding polynomial library of degree D becomes ((M +B"+D )

2.7 Summary

In this chapter, we established the link between time delay systems and time delay neural
networks. Using a time delay neural network (TDNN) to approximate the RHS of a DDE
results in the NDDE. We proposed to use time delay neural networks with trainable delays
(Tr'TDNN) instead of the conventional TDNN with fixed delays. Most of the real-world time
delay systems have meaningful but limited number of time delays, which can be captured
by TrTDNNs in continuous time with much fewer delayed inputs at the right values. We
introduced derivative and simulation loss functions and provided an example of learning two
delays with nonlinear terms to demonstrate the advantage of using Tr'TDNN over conven-
tional TDNN. With our proposed approach, the architecture of the corresponding neural
networks can be greatly simplified and the chance of converging to undesired local minima
is reduced. We introduced three evaluation methods for NDDEs, which will be implemented
on the examples in Chapter 3. We also introduced alternative data-driven method called
SINDy for learning DDEs. We will compare our proposed method to the SINDy on the

example of learning double delayed Rossler system in Chapter 3.
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CHAPTER 3

Examples of Learning Time Delay Systems

from Trajectory Data

In this chapter, we show the performance of the proposed learning methods on various
types of nonlinear time delay systems, including scalar autonomous systems with multiple
delays, systems with chaotic behavior induced by a single delay, a system with external input
and multiple-state autonomous systems. Several of these systems are widely employed in
the literature to model biological processes (e.g., the hematopoiesis), climate changes (e.g.,
the El Nino phenomenon), and ecological systems (e.g., predator-prey dynamics). Others
hold significant importance in mathematics and physics, particularly in the study of chaotic

behavior.

3.1 Simple Nonlinear Autonomous Systems

First, we consider the following nonlinear autonomous systems with multiple delays:
i(t) = —x(t) + 2(t — Da(t — 0.5) — 2°(t — 0.5), (3.1)

and
@(t) = —x(t — 1.5) + 2*(t — 1) — 2*(t — 0.5). (3.2)

In system (3.1), there are two delays (not including the delay-free term) and a “cross-term”
containing both delays. In system (3.2), there are three delays and no delay-free term.
These systems are constructed for testing the proposed learning algorithm with multiple
time delays. In both cases, we use the same network architecture (one-hidden-layer TrTDNN

with three input delays and only three neurons in the hidden layer) which can be represented
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as

Bt —7)
i(t) = Wasig(Wh {2t = #) | + b)) (3.3)
Bt — )

to learn the dynamics from simulation data, where W; € R¥3 W, € RY3, b, € R®*! and
sig(z) =1/(1+e%).

The training dataset contains seven trajectories created by numerical simulation using
the constant histories x(¥) = ¢, ¥ € [—Tiax, 0] where ¢ = {1,1.1,1.2,1.3,1.4,1.5,1.6}. The
simulated trajectory with constant history ¢ = 1.25 is used for validation and we test the
performance on the trajectory with constant history ¢ = 1.35. The time step in all datasets
is At = 0.01. The initial time delays are chosen between 0 and 7,,,,x = 2. Both the GD and
LM methods were tested with Algorithm 3 and the LM method converges much faster. Thus,
the results are presented here for LM method with g = 0.01. During training, we start from
ten different initializations and choose the best result from them as our final trained results.
We show below that more attempts in training provide better convergence in the time delay.
As a trade-off, having more attempts makes the training process slower.

0.02

(a) 1 attempt (b) 5 attempts (c) 10 attempts (d) 20 attempts

0.015

0.005

Figure 3.1: Convergence of learned delays in 100 runs: (a) 1 attempt; (b) 5 attempts; (c) 10
attempts; (d) 20 attempts. The color indicates the training loss.

To illustrate the necessity of using multiple attempts in the gradient-based training al-
gorithms, we show the final learned time delays with different number of attempts in each
training in Figure 3.1 for system (3.2). 100 runs of training are performed and the final
delays are shown in the 3D plot while the color bar shows the final training error. Panel (a)
shows that while training the networks multiple undesired local minima can be discovered.
As we increase the number of attempts, we explore more places in the parameter space and
some of these local minima can be filtered out. We can see that with 10 attempts in the
training process, the delays converge to the true values. That is, multiple initializations in
the training help to search globally. At the same time, the gradient information obtained

from approximate state derivatives helps in local exploitation.
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Figure 3.2: Normalized RMSE and learned delays along training iterations for system (3.1)
(a)—(b), and system (3.2) (c)—(d). While only first 700 iterations are shown in the figure,
the actual training stops later based on the validation loss criterion.

The training iterations of the selected attempt in one run are shown in Figure 3.2 for
systems (3.1) and (3.2). Panels (a) and (c) show that the loss decreases rapidly within a
few hundred iterations for both systems. Panels (b) and (d) depict the learning paths of the
time delay parameters. Observe that the delays converge to the true values, i.e, to 0, 0.5
and 1 in case of (3.1) and to 0.5, 1 and 1.5 in case of (3.2). To highlight the performance of
the trained Tr'TDNN, we display the simulation results of the trained networks in Figure 3.3
and in Figure 3.4 for training data and testing data, respectively. Static mapping refers to
the input-output mapping at each time step, where the inputs are always from the data;
cf. (2.17) and Figure 2.1(b). Simulation refers the case when the neural delay differential
equation is simulated with given initial history; cf. (2.16) and Figure 2.1(c).

A conventional one-hidden-layer TDNN is also trained using MATLAB Deep Learning
Toolbox with LM method for comparison. The conventional TDNN also has three neurons
in the hidden layer and the same sigmoid activation function sig(-), but with 201 inputs, i.e.,
x(t) = [z(t), x(t —0.01), ..., 2z(t —2)]" and W; € R*™3  compared to the 3 inputs with
3 trainable delays in the Tr'TDNN. The quantitative analysis of the training and testing
performances are collected in Table 3.1. Since the conventional TDNN has a large number
of inputs, the complexity of the network is much larger, even though the number of neurons
in the hidden layer is the same as for the Tr'TDNN. Thus, the conventional TDNN can
achieve a better fitting in terms of static mapping, i.e., capture & better. However, when

the networks are used for simulation, the conventional TDNN fails to capture x due to
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Figure 3.3: Performance of Tr'TDNN and conventional TDNN on the training data for
system (3.1) (a), and for system (3.2) (b).
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Figure 3.4: Performance of Tr'TDNN and conventional TDNN on the test data for sys-
tem (3.1) (a), and for system (3.2) (b).

overfitting, while the TrTDNN is able to reproduce it with high accuracy. This highlights
advantages of the sparsity and trainability of the proposed Tr'TDNN.

To emphasize that the trained Tr'TDNN can capture the true dynamics we also demon-
strate that it reproduces the nonlinearities in the system as well as the spectrum when
linearizing around equilibria. Since the delayed components in system (3.2) are decoupled,
we plot them separately as shown by the solid curves in Figure 3.5(a). Also, by activating
each delayed channel in the network inputs, we can plot the nonlinear approximation given
by the trained network, as shown by the dashed curves. Thus, with sigmoid function sig(-)
and only three neurons in the hidden layer, the Tr'TDNN can learn the nonlinearities and

the delays simultaneously. In order to check the transient dynamics around the equilibrium
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System (3.1) System (3.2)
TDNN TrTDNN TDNN TrTDNN

RMSE

Training z 0.0081 0.0177 0.0176 0.0381
(c=1.6) 26.2978 0.0069 31.8429 0.0266

8

Testing z 0.0046 0.0071 0.0115 0.0183
(c=1.35) 25.6948 0.0029 28.8596 0.0095

8

Table 3.1: Training and testing results for the two systems
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Figure 3.5: (a) Approximation the nonlinearities in (3.2). Solid curves represent the ground
truth while the dashed curves are extracted from the TrTDNN. (b) Approximation of the
spectrum in (3.2). Black crosses show the ground truth while the green crosses are from the
trained network.

x(t) = 0 in system (3.2), we compare the spectrum, i.e., the eigenvalues of the trained net-
work and that of the original system in Figure 3.5(b). The spectrum given by the trained
network is very close to the ground truth, i.e., to the solutions of A\ +e~1%* = 0. That is,

the Tr'TDNNs approximates the underlying transient dynamics well.

3.2 Delayed Logistic Equation

The delayed logistic equation, also known as the Hutchinson equation [48], is one of the most

well-known DDEs. It is given by

i(t) = ra(t) (1 - @) , (3.4)
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where » > 0 is the intrinsic growth rate of the population, K > 0 is the carrying capacity
and 7 > 0 represents the time delay in the feedback mechanism corresponding to internal
competition. The qualitative behavior of the solution of the corresponding IVP depends on
r and 7: monotonic when 77 < 1/e and oscillatory when 1/e < r7 < w/2. In both scenarios,
the solution converges to the unique nontrivial equilibrium point z = K as t — +oo and K
also determines how fast the system converges. At the critical parameter value r7 = 7/2 a
Hopf bifurcation [70] occurs and for r7 > /2 the solution tends to a limit cycle. The limit
cycle can be represented using the Lambert W function and, as r increases, the structure
of the cycle varies, resulting in sections with steep derivatives that are interspersed with
plateaus [39].

By choosing K = 1,7 = 1 and initial history z(¢) = cos(?), we generate simulation data
with a sampling time At = 0.5. The first Ti, = 30 data including the initial history are used
as training dataset and the next Ty = 5 is used as testing data to examine the performance
of trained model. The data is shown in Figure 3.6 (a) as a function of time and the training
data is also demonstrated in panel (b) in state space.

For this problem, we use NDDE with one trainable delay in the form of

it

it — 7)

:i(t) = W5 tanh <W2 tanh (W1

+b) + 62), (3.5)

where W; € R>¥2 W, € Rizxb Wy € R b € Rh*! by, € R2*! and [y, [, are the number
of neurons in each hidden layer. Algorithm 1 with derivative loss £; is implemented to train
the NDDE from one trajectory. The training results for different sizes of the network are
compared in Section 3.8 and here we present the results for [, = I, = 10.

The initial delay of the NDDE is set to be 0.5 and it converges to the true value 7 =1
during training, see panel (c¢). The maximum training iteration is gma.x = 8000 for this
example and the dotted vertical lane indicates the iteration with minimum training loss
(yielding the parameters Opes ). Panel (d) shows the simulations of the trained NDDE with
parameters # = 6. on testing dataset, i.e, only the data before the dashed vertical line
is provided as history in the simulation. Moreover, the direct prediction from the testing
data to the state derivatives by the trained NDDE is shown in panel (e), where z(t) =
net(xz(t),z(t — 7)). Note that the network direct prediction does not solve the differential
equation, therefore the NDDE prediction in the panel (e) is not the numerical differentiation
of the simulation result in panel (d).

When the dynamics of the data is not rich enough, the NDDE can possibly learn a “wrong”
delay while still recover the data in both simulation and direct derivative prediction. To

demonstrate this, we generate another trajectory using K = 10,7 = 1, where the training
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Figure 3.6: Training the NDDE (3.5) (2 hidden layers and 10 neurons in each layer, i.e.,l; =
lo = 10) with two different datasets of delayed logistic equation.
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data is concentrated around the limit cycle, although the length of the data is the same.
The training data is presented in Figure 3.6(f) and (g) and the convergence of the learned
delay is shown in panel (h). Without any prior knowledge or restrictions on the network
design, the delay 7 = 1 is not learned correctly. However, the network simulation and direct
prediction are both close to the testing data, as shown in panels (i) and (j). This means that
both simulation and derivative loss surface has local minima at this delay. From the point
of view of approximating the data, the algorithm delivers good results while the truth can

still remain hidden.

3.3 Mackey-Glass Dynamics

Now we examine the NDDE approach when learning the dynamics of the Mackey-Glass

system [81], a scalar autonomous time delay system modeled by the equation

i0) = T = ), (3.6)
with 8 =4,v=2,0 = 9.65. This mathematical model is used to describe the complex be-
havior in physiological systems with delayed effects, for example, the control of arterial CO,
concentration and the regulation of hematopoiesis. This is a classical time delay system,
known for the simplicity of its structure and for the complexity of its behavior. It exhibits
different qualitative behaviors as the time delay 7 is varied.

We use a time delay neural network with 2 hidden layers, 5 neurons in each layer, tanh
nonlinearity, and 1 trainable delay to learn from four different datasets, shown in Figure 3.7.
The data generated by (3.6) is captured by the NDDE

(%)

Tzt — T

(t) = Wy tanh <W2 tanh (W,

+hy) + 52), (3.7)

where W, € R?2, W, € R35, W3 € RY5, by, by € R,

Note that the datasets shown in Figure 3.7 are not combined during training, i.e., only
a single trajectory is used in each case. By doing so, we examine the effect of datasets in
the training procedure as well as the generalizability. The results presented in this section
are obtained by implementing Algorithm 1 with simulation loss L., while the comparison
between the simulation loss and the derivative loss and study on different size of networks
are presented later in Section 3.8. The training horizon is chosen to be H = 10, HAt =1
and the simulation time step in the DDEsolver is ¢ = 0.01. The learning rate for weights
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Figure 3.7: Training datasets generated by the Mackey-Glass system: each dataset
contains one trajectory generated for a different delay value using the initial history
(V) = 0.3,9 € [~Tmax, 0] sampled with time step At =0.1. (a)-(c) has the same length
Tir = 15, while (d) has the length Ti, = 30 since the richer dynamics takes more time to
present.

and biases is chosen to be 0.01. The learning rate for delay is 0.01 for the limit cycle dataset
(generated at 7 = 0.5) and for the chaotic datasets (generated at 7 = 1,1.5), but it is 0.001
for the stable equilibrium dataset (generated at 7 = 0.2), because the target delay value is
smaller. The batch size N = 10 is used for training, while the maximum number of iterations
is set to be 2000 for the datasets generated at 7 = 0.5, 1 and 5000 for the datasets generated
at 7 = 0.2,1.5. The networks with smallest training loss along the iterations is used as final
trained network for prediction and evaluation.

Algorithm 1 with simulation loss £, performs well on the all four datasets. The trained
neural network captures the trajectory for the training data and accurately predicts the
future trajectory for a short time period. With a larger simulation horizon HAt, the network
can be used to predict the chaotic oscillations more accurately for a longer period. However,
using larger horizon significantly increases the training time, and the prediction error still
increases in the longer term due to the sensitivity to initial conditions in chaotic systems. To

examine the performance of the trained networks, we test them for different initial histories
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Figure 3.8: Learning the Mackey-Glass dynamics. (a) Training loss along the iterations. (b)
Learned delays along the iterations. (c) Derivative prediction on test data. (d) Simulation
prediction on test data.

and compare the MLE of the data as with the MLE of the trajectories given by the NDDE.
We use bifurcation diagrams to demonstrate that rich data (with positive MLE) yields good
generalizability. When the bifurcation diagram of the approximated system matches the
bifurcation diagram of the original system, one may use the trained NDDE outside the
domain of training data.

There are cases when the number of delays in the system is unknown. A demonstration
of the developed algorithm under such a scenario is shown in Figure 3.8. Here we initially
overestimate the number of delays to be four while there is only one delay in the system.

The corresponding NDDE is now given by

>

z(t —71)
i‘(t) = W3 tanh <W2 tanh (W1 ig : :z; + bl) + bz), (38)
T(t — 74)

where 1V, € R>** and the dimensions of the other weights and biases are the same as in (3.7).
As a result, some of the delays converge to the true value 7 = 1, while others converge to
zero (representing the nondelayed terms). The training loss and learned delays are shown

in panels (a) and (b), respectively. The dotted line indicates the minimum training error
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where the parameters used in the NDDE (3.7) are taken. The direct network prediction of
the derivative  and the simulated state & are shown as a function of time in panels (¢) and
(d) as blue curves, in comparison with the test data plotted as gray dots.

We show the learning path of the delay and the performance of the trained networks (3.7)
on test data in Figure 3.9. The performance of the network trained on limit cycle data
(generated at 7 = 0.5) is presented in orange on the left, and the performance of the network
trained on chaotic data (generated at 7 = 1) is presented in yellow on the right. Panels
(a)-(b) show how the delay value is learned along the training iterations. In both cases the
delay starts from initial value 7 = 0.57 and approaches the correct delay value 7 through the
iterations. Both networks are tested on initial history z(J) = 0.9 that differs from the initial
history z(9) = 0.3 used for generating the training data; see panels (c)-(f). One may observe
from the phase portraits in panels (c¢) and (f) that both networks give good predictions for
the delay value they are trained at.

The trained NDDEs are also tested for another delay value, without retraining, i.e., by
keeping the same trained weights and biases; see the phase portraits in panels (d) and (e).
The network trained on chaotic data at 7 = 1 can predict the limit cycle observed for 7 = 0.5,
but the network trained on limit cycle data fails to predict the chaotic behavior observed for
7 = 1. This indicates that the networks trained on datasets with richer dynamics generalize
better. Moreover, we present the difference of the state derivative between the original
system and the NDDE in panels (g) and (f). Observe that the network trained on chaotic

data 7 = 1 has a better approximation of the nonlinearity, as indicated by the blue color.

7 (DATA) 0.2 0.5 1 1.5
# (NDDE)  0.18 0.5 1 1.5

Amax (DATA) —0.66 —7.3x10~* 0.143 0.155
Amax (NDDE)  —0.77 —4.7 x 107° 0.140 0.153

Table 3.2: Delays and maximal Lyapunov exponents of the original Mackey-Glass system
and the trained NDDEs for the four data sets in Figure 3.7 generated for initial history
xo = 0.3, while using mesh size M = 10 and truncation time 7" = 10%.

The richness of the training data affects the learning performance. To evaluate the rich-
ness, we calculate the maximal Lyapunov exponent MLE of the original data and compare
it to the MLE of the trajectories generated by the trained networks. The calculation fol-
lows the method described in Section 2.5.3. For the four networks trained on the datasets
shown in Figure 3.7, the delays and MLEs are collected in Table 3.2. All networks fit their
corresponding training data, thus, the delays and the MLEs are recovered by the NDDEs.
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Figure 3.10: Maximal Lyapunov exponents computed for the Mackey-Glass system and the
trained NDDE. Panel (a) shows the MLEs as a function of the truncation time 7" for delay
7 =1 and history zp = 0.9. Panels (b) and (c) show the exponents at T' = 10* for delays
7 =1 and 7 = 1.5, respectively, while considering the initial histories 2y = ¢, ¢ € [0.1,0.9] in
the testing data.

The MLE and the learned delay for the network trained on stable equilibrium data are less
accurate as most of the stable trajectory is around the equilibrium, which makes the learning
difficult.

The computation of the MLE requires the simulation of the system with a given initial
history [8]. The computed MLEs are shown in Figure 3.10 for different time delays and
for different initial histories. The approximate MLEs of the Mackey-Glass system and the
learned NDDE are shown in the panel (a), as a function of the truncation time 7" for 7 = 1.5
and history xo = 0.9. Both systems require a large truncation time to obtain good estimates
(convergence) on MLEs. The MLEs are compared at T = 10* for different initial histories
and different delays in panels (b) and (c). Observe that the NDDEs trained on chaotic data
estimate well the MLE of the true system regardless of the initial history of the testing
trajectory. One may also observe slightly larger MLE in the case 7 = 1.5 compared to the
case 7 = 1.

To illustrate the generalizability of NDDEs, we generate the bifurcation diagrams us-
ing DDE-BIFTOOL [24, 110] and compare those to the bifurcation diagram of the original
Mackey-Glass system in Figure 3.11, also see in Section 2.5.2. We plot the peak-to-peak
amplitude of the limit cycle (Zymax — Tmin) as a function of delay and indicate the stabili-
ty /instability of limit cycles by green/red color. The equilibrium x(t) = 1 loses its stability

via Hopf bifurcation and a stable limit cycle appears at 7 = 0.24. The limit cycle undergoes
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a period-doubling cascade with the first two bifurcations located at 7 = 0.61 and 7 = 0.84.
Beyond 7 = 0.87, the system has chaotic attractor, which is indicated by grey shading in
Figure 3.11. From panels (a) and (b), we can see that the NDDEs with Ay < 0 have
poor generalization for delay values greater than the delay in the training data. Contrarily,
panels (c) and (d) demonstrate that the NDDEs with Ap.x > 0 predict the appearance of
Hopf and period doubling bifurcations and capture the amplitude and stability of the limit
cycles for other delay values without retraining. The network trained on data with larger
MLE (7 = 1.5 case) has better generalization, i.e., better approximation of the bifurcation
diagram. Thus, the MLE can be used as a metric to evaluate the richness of the training
data as well as the generalizability of the trained NDDE. Introducing time delays into the
systems may help to improve the richness of the data.

We also present the learning performance under different levels of measurement noise in
Fig. 3.12 for this system. As shown in the top row, the delay is still learned when small
noise is added to the data, however, the noise does affect the learning of the nonlinearity
as shown by the decreased accuracy of prediction in panels (b) and (¢). The bottom row
demonstrates that for stronger noise, the state derivatives fail to guide the learning of the
delay. The gradients of the loss function with respect to the delay heavily rely on the state

derivatives, which are sensitive to the noise.

3.4 Ikeda Dynamics

We train the same neural network (3.7) on a simulation trajectory (with 7' = 30, At = 0.1)

for the Tkeda system [49, 37], which describes the dynamics of passive optical resonators

@(t) = Bsin*(x(t — 7)) — y2(t), (3.9)

with parameters § = 8,7 = 2,7 = 1 and initial history z(¢t) = 1. This is another classi-
cal time delay system whose dynamics change qualitatively when the time delay is varied.
Again, Algorithm 1 is used for training the NDDE with simulation loss £,. In the training
process, the simulation time step for the DDE solver is set to t = 0.01, while the horizon
is H =10, HAt = 1. The learning rate for delay is 0.01 and for weights and biases is 0.1.
Maximum number of iterations is set to 5000.

The network successfully learns the delay 7 = 1 from the data and the predictions obtained
by the trained network are given in Figure 3.13(a) and (b). The bifurcation diagrams of
the original and the learned systems are compared in panel (c¢). Note that the network is

only trained on data generated at 7 = 1. The bifurcation diagrams match well for smaller
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Figure 3.12: Training performance under two different levels of white noise. Both networks
have the same initial delay 0.8 and are trained on chaotic data using weighted derivative
loss.

delay values, while there are some differences for larger values of the delay (where even
the bifurcation analysis of the original Tkeda system becomes numerically challenging). The
transition between limit cycles and chaotic attractors in the ITkeda system is fast compared to

the Mackey-Glass system, which makes the numerical bifurcation analysis more challenging.

3.5 Climate Model with Seasonal Excitation

Besides nonlinear autonomous systems with single delay, such as Mackey-Glass system and
the Tkeda system, we can extend the training algorithms to systems with multiple delays and
external forcing. In this section, we use a time delay neural network to learn the dynamics

of the climate model

& =aA(k,z(t — 1)) — bA(K,z(t — 7)) + cu(t), (3.10)

d,tanh(f-x), if 2 >0,
Ak, z) = g (3.11)
dytanh(gz), if z <0,

from a single trajectory where the input u(t) = cos(27t) represents the seasonal forcing.
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Figure 3.13: Training and testing performance of the Ikeda system. (a) Derivative prediction
on test data. (b) Simulation prediction on test data. (c¢) Bifurcation diagram.

This model describes the deviation of thermocline depth from its long-term mean at the
eastern boundary of the equatorial Pacific Ocean. The chaotic behavior of this simple delay
differential equation is used to demonstrate the irregular phenomenon of the El Nino South-
ern Oscillation (ENSO). More detailed explanations of this model can be found in [64, 108].
In our example, the positive and negative feedbacks are associated with two different fixed de-
lays 71 = 0.0958 and 7, = 0.4792, while other parameters are a = 2.02, b = 3.03, ¢ = 2.6377,
d, = 2.0, dy = —0.4. With these parameters we generate a trajectory using the constant
history x(t) = 1 as illustrated in Figure 3.14(a). The data are sampled with At = 0.05, in-
dicated by grey dots. We again use Algorithm 1 and the simulation loss £, to train the

NDDE on a single trajectory in this section. The training under derivative loss L; is shown
in Section 3.8 for comparison. The simulation time step is 6t = 0.01 and simulation horizon
is chosen to be H = 10.

For this learning task, we use a time delay neural network which takes the forcing u(t) and
state history x(¢) as input and gives state derivative 4(¢) as output. The network consists
of 2 hidden layers, 5 neurons in each layer and 3 delays in the state. Note that the true
number of delays in the system (3.10) is two (and there is no non-delayed state). That is, we
moderately overestimate the number of delays. With three trainable delays, the dynamics
of the NDDE takes the form

Bt — )
n vt — T
$(t) = Wy tanh (W2 tanh (17, zét ? +by) +52), (3.12)
]
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Figure 3.14: Training and testing performance of the climate model. (a) Training and testing
datasets obtained from a single chaotic trajectory. (b) Training loss along the iterations. (c)
Learned delays along the iterations. (d) Derivative prediction on test data. (e) Simulation
prediction on test data. (f) Maximal Lyapunov exponents of the climate model and the

learned NDDE while using M = 10.

where W, € R4 W, € R>*5 W3 € RY*5 by, by € R®*!. Here u(t) is obtained from interpo-

lating the recorded external forcing data. Thus, with a given initial history z(¢J) and forcing

u(t), one can simulate the NDDE as (2.14).

Here we present the training results with simulation loss (2.19) and Algorithm 1 on single

4
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trajectory in Figure 3.14. The learning rates for all parameters are set to 0.01, the batch size
is chosen to be N = 10, and the maximum number of iterations is set to 10000. From panel
(c) we can see that two of the three delays converge to the same value 7, and the third one
converges to 7,. The final parameters of the NDDE are determined by the minimum training
loss which is indicated by the dotted lines in panels (b) and (c¢). The derivative prediction
and closed-loop network simulation on the test data set are shown in panels (d) and (e),
respectively. This example shows that the developed algorithm can be extended to systems
with external forcing where using a chaotic trajectory still provides good performance due
to its rich dynamics. The MLE of the trained network is compared with that of the true
system in panel (f). The network trained on one chaotic trajectory can reproduce the MLE

of the original system.

3.6 Predator-Prey Model

Here we learn the dynamics of a two-state autonomous nonlinear delay system, which is used

to model the time evolution of the species in a predator-prey system

. , (3.13)
To(t) bpxi(t — T)xo(t — 7) — dao(t) — ma3(t)

[sz:l(t)] _ [ ray(t) — sa3(t) — pry (t)2a(t)

where the time delay 7 indicates the maturation time of the predators. Simulation trajecto-
ries are generated with parametersr =1,a=1,p=4,b=12,m =0.1,d = 1,7 = 2 and con-
stant histories x(¢) = 0.1,0.2,0.3,0.4. The training data set contains trajectories of length
34 (t € [~Tmax, 30]) with time step At = 0.1. A two-hidden-layer network with tanh type
nonlinearity, one fixed zero delay and one trainable delay is used considering 7y,.c = 4. The

corresponding NDDE is given by

=

A~

1(t)
(t)

>

+by) + b2>, (3.14)

=

[‘f ] — Wy tanh (W tanh (W |
2(t —
To(t —7)
where W, € R?29%4 W, € R20*20 W, € R?*20 by by, € R2°*!. Training is performed with
Algorithm 1 and weighted derivative loss based on L; norm, maximum iteration 5000, batch
size N = 50, and learning rates 1y = 0.01, 7, = 0.001.
Figure 3.15 shows the training result with no noise added to the data. The initial delay is

set to 3 and it converges to the correct value of 7 = 2 during learning. The trained network
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Figure 3.15: Training performance of the predator-prey model.
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Figure 3.16: Evaluation of learning the delay from noisy data. (a) success ratio of learning
the delay for different levels of noise; (b) distribution of 100 learned delays. All the training
runs are initialized with different weights and biases but with the same initial delay 3.

gives good predictions on the state derivative, however, the simulation of the network on the
last trajectory is not so accurate. We remark that part of the last trajectory is very close to
the boundary of training data set and the portion of training data at that part of the state
space is small.

To show how the delay learning algorithm performs under noise, we conduct another 100
training runs from different initial weights and biases but same initial delay 3 when different
levels of noise are added. We define the success ratio of learning the delay as the number of
learned delay falling in the interval 2 4 0.15 divided by the number of conducted runs. One
may observe from the Figure 3.16 that the success ratio of learned delay drops sharply as

the noise level exceeds some limit.
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3.7 Double-Delayed Rossler System

In this section, we compare the NDDE approach with the SINDy approach on the 3-state

delayed Rossler system. The reconstructions of the time delays and the trajectories, as

well as the computation time, are compared between different methods. In addition, the

advantages and shortcomings of the different approaches are also discussed in the section.
The double-delayed Rossler system [123, 35, 124] is given by:

11(t) = —xo(t) — x3(t) + arzy (t — 71) + agxy (t — 72),
Io(t) = 21 (L) + Braa(t), (3.15)

This is a variation of the Rossler system, which simplifies the Lorenz model of turbulence
(as it contains only one second-order nonlinearity in one variable). When a; = 0.2, oy = 1,
b1 =0=02 v=12and 7, =1, 7, = 2, the system exhibits chaotic behavior. We collect
data generated when starting from the constant initial function ¢(s) = [1.5,0.4,0.9]". The
resulting dataset is a single trajectory with a section of length 73, = 30 used for training and
section of length Ti; = 5 used for testing. The data are sampled with At = 0.05 and central
difference is used to calculate the state derivatives numerically.

In this example, we compare the performance of the NDDE with both expert SINDy (E-
SINDy) and pragmatic SINDy (P-SINDy) approaches when the delays are optimized using

the particle swarm optimizer (PS).
NDDE with trainable delays We consider the network structure
#(t) = W tanh <W2 tanh (Wik(t) + by) + bQ>, (3.16)

with different inputs and different number of neurons in the hidden layers. Depending on

whether we know that the delays only enter the state z;, or consider that they may enter
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1, To and x3, we can construct different network inputs:

) ]
2109
[ (t) ] x3(t
10 21 (t — 71)
X; = x3(t) , Xy = |zo(t — T1) (3.17)
x1(t —71) w3(t —71)
(71 (t — 72) z1(t — 72)
To(t — 72)
| z3(t — 72) ]

We refer the first input as simplified input and the second as full input and we will use both
networks to learn from training data considering the derivative loss. While training with
derivative loss, the input vector is from data (x; instead of X; in (3.16)) and the output

vector is the predicted state derivative 2(t).

SINDy for DDE approach We optimize both delays 71 and 7, and compare the results
when using different degrees of polynomial libraries with D = 2,3,4. All of these libraries
include the true second-degree nonlinearity that appears in the RHS of (3.15), but for D =3
or D =4 the library also contains many other terms that are missing from (3.15). When
using E-SINDy, all delays are simultaneously optimized, and when using P-SINDy, only the
maximum delay is optimized. For E-SINDy, candidate delays for 71 and 75 are uniformly
sampled from the intervals [0.1,1.5] and [1,3]. For P-SINDy, the candidate for the maxi-
mum delay 7 is uniformly sampled from the interval [0.1,2.5]. Particle swarm optimization
is utilized to search for the unknown delays. For P-SINDy, the degree of pseudospectral
collocation for the discretization from DDE to ODE is set to M = 5.

Comparisons of SINDy and NDDE approaches The trajectory recovery is shown in
Figure 3.17 for the E-SINDy approach (with PS and polynomial libraries of orders 2 and
4) and for the NDDE approach (with simplified input, 5 neurons per layer and derivative
loss). When the degree of the SINDy library is 2, it outperforms the NDDE in terms of
prediction accuracy, while for degree 4 the SINDy predictions are less accurate than the
NDDE predictions.

The E-SINDy approach with low order library can recover the data very well since the
components at the RHS of (3.15) exist in the library and no higher-order nonlinearities are

attempted to fit the data. However, when these higher-order terms are also included, the
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Figure 3.17: Trajectory reconstruction for the Rossler model (3.15) showing the true trajec-
tory (gray), E-SINDy trajectory when using library with polynomial degree 2 (red), E-SINDy
trajectory when using library with polynomial degree 4 (green), and NDDE trajectory (blue).
The true delay values are (71, 72) = (1,2). The optimized delay values obtained through PS
optimization for E-SINDy are (71, 72) = (1.0001,2.0000) when using polynomial library of
order 2 and (71, 72) = (1.0004, 2.0000) when using polynomial library of order 4. The NDDE
approach yields (71, 72) = (0.2309, 1.9064) when using simplified input and 5 neurons in each
hidden layer.
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Figure 3.18: Learned delays and particle filter errors along the iterations when applying
E-SINDy with polynomial library of order 2 to the Rossler model (3.15).
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Figure 3.19: The learned delays along the iterations for the two-delay case when applying
the NDDE approach to the Rossler model (3.15). (a) Simplified input and 5 neurons in each
hidden layer, trained on one trajectory. (b) Simplified input and 20 neurons in each hidden
layer, trained on ten trajectories.

prediction accuracy decreases, as E-SINDy tries to capture the behavior by blending polyno-
mials of different degrees. In the meantime, the PS optimization still accurately captures the
time delays in both cases. For the limited amount of data utilized the accuracy of NDDEs
predictions fall between the two SINDy cases while the learned delays remain somewhat far
from the true values. However, by including more training data, the performance of the
NDDE can be significantly improved as will be demonstrated below.

The training procedure for E-SINDy with particle swarm optimization is shown in Fig-
ure 3.18. One may observe a clear minimum around the true delay values, which can be
approached within a few hundred iterations with the help of the PS optimizer. For the
NDDE, we depict the iterations in the trainable delays for different training datasets in
Figure 3.19. While for the limited data described above only one the two delays is cap-
tured accurately, see panel (a), both delays can be recovered when the amount of training
data is increased 10 times (by using 10 different initial conditions to generate 10 distinct
trajectories), as shown in panel (b).

Table 3.3 summarizes the E-SINDy results and the P-SINDy results (with colocation
mesh size 5) while using the particle swarm (PS) optimizer. It includes the absolute errors
on both delays 7 and 7, as well as the reconstruction error RMSE,, for training and the
errors RMSE,, and RMSE,, for testing. Different libraries of polynomial orders are compared
in the table. Both methods achieve excellent reconstruction accuracy for polynomial order
2. E-SINDy shows superior computational efficiency but P-SINDy achieves slightly better
delay estimation accuracy in most cases. When the order of polynomials increases in the
library, the delay estimation remains accurate, while the reconstruction accuracy drops.
This illustrates that having the right set of nonlinear functions in the library is important
for SINDy to accurately identify the underlying dynamics of time delay systems.

The NDDE results are collected in Table 3.4. For each network input choice, we test

o4



SINDy Training Testing
|71 — 71 |70 — T2 RMSE; RMSE; RMSE,

Order 2
E-SINDy 6.73x 1072  3.16x107° 431 x10™® 2.82x1073 817 x 1072

P-SINDy - 3.63x1077 5.33x107° 649x107° 5.84 x 10~
Order 3

E-SINDy 589 x10™%  9.36x107° 155 x 1072  4.88 x 1072

P-SINDy - 275 x 1077 4.84 x 1073 6.38 x 1073 3.20 x 1072
Order 4

E-SINDy 7.32x107*  1.04x107° 3.02 x 10~1 2.64 5.36
P-SINDy - 6.42x1077  7.66 x 107! 9.63 3.28

Table 3.3: Performance of E-SINDy and P-SINDy (with collocation mesh size 5) and different
polynomial orders for the Rossler system (3.15), spelling out the absolute error between the
true and optimized delays, the RMSEs for training and testing phases, the number of SINDy
calls and the CPU time while employing particle swarm (PS).

NDDE Training Testing

|’7’1 — ’f‘1| ”7’2 — 7A'2| ﬁm RMSEQ; RMSEw
Full (5) 8.70 x 1071 1.10 453 x107°  4.67 x 1072 1.86 x 107!
Full (20) 461 x 1071 6.32x1071  553x107%  7.09 x 107! 2.79

Simplified (5)  7.69x 1071 936 x 1072 191 x107%*  6.84x 1072 8.96 x 1072
Simplified (20)  3.24 x 107! 3.29x 107! 4.15x10°¢ 169x 107! 1.87x 107!
Simplified* (20) 1.39 x 107! 2.30 x 1072 1.73x10™° 221 x 107!  1.24 x 107!

Table 3.4: Performance of NDDE for the Réssler system (3.15), spelling out the absolute
error between the true and optimized delays and the errors in training and testing phases.
The last row (Simplified*) is trained on a larger dataset, where 10 trajectories are generated
from 10 different constant histories.

two different network sizes, i.e., the number of neurons in each hidden layer is either 5
or 20, as indicated in the first column. The networks with simple input structure lead to
smaller errors in the learned delays, that is, having restriction on the network input helps
regulating the network. In addition, increasing the number of neurons in each hidden layer
from 5 to 20 yields better predictions on the testing data. Training the NDDE on a dataset
consisting of 10 different trajectories results in more accurate learned delays and simulation
results compared to the NDDE trained on only one trajectory. That is, while learning
from a single trajectory is challenging for neural networks (without any knowledge about

the nonlinearities), utilizing data with multiple trajectories stemming from different initial
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histories improves the learning performance. In summary, having richer training data may

compensate the missing apriori knowledge about the form of the RHS.

3.8 Discussion

In this section, we first discuss the size of the NDDE on the training performance for Mackey-
Glass dynamics, logistic equation and climate model and compare the performance of the
NDDE under derivative and simulation loss functions for the Mackey-Glass dynamics. We
also summarize potential challenges in learning the time delay systems with NDDE and
provide insights for the future work.

The training results of the NDDE in different sizes under derivative loss are compared on
all three examples when applying Algorithm 1 with derivative loss £; on different sizes of
fully-connected 2-layer networks. The learned delay and the RMSE on the testing dataset
are collected in Tables 3.5, 3.6 and 3.7. As we increase the number of neurons in the hidden
layers, the performance of trained networks improves. It improves significantly as we increase

the number of neurons from 2 to 5, however, the improvement is not significant after 5.

Loss Size RMSE; RMSE, 7 (r=1)

2 0.3421  0.1825 0.8298
5 0.0619  0.0338 0.9824
10 0.0243  0.0245  0.9948
20  0.0224 0.0214 0.9931

L;

Table 3.5: RMSE of trained NDDEs with different size on testing data from delayed logistic
equation (3.4). All the NDDEs have two hidden layers while the number of hidden neurons
(I = l3) in each hidden layer is indicated in the first column.

Additionally, in Table 3.6, we compare the results given by different loss functions for
the Mackey-Glass example. Once the delay is correctly learned, the performance of trained
networks are similar, regardless of the loss function. The computation time is also examined
in this case. Since the size of the networks is still relatively small even if we have [; = [y = 20,
it is not a main factor that affects the computation time. The computation time mostly
depends on the batchsize and the number of iterations. For the simulation loss function, the
computation time also depends on the simulation horizon H. Using derivative loss leads to
a much faster training process compared to the one using simulation loss.

From all the examples provided in this chapter, we summarize the following challenges in

learning time delay systems with NDDE.
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Loss Size RMSE; RMSE, 7 (r=1) Iterations Time

2 0.1626  0.0813 0.9886
> 0.0413  0.0114 1.0017
= 10 0.0340  0.0079 1.0024 2000 bk

20 0.0307 0.0077 1.0016

2 01357 00524  1.0053
5 00353 00117  0.9949
Lo 10 00337 00178  0.9977 2000 ~ 100 s

20  0.0231 0.0037  0.9972

Table 3.6: RMSE of trained NDDEs with different size on testing data from Mackey-Glass
equation (3.6). All the NDDEs have two hidden layers while the number of hidden neurons
(I; = l3) in each hidden layer is indicated in the first column.

Loss Size RMSE; RMSE, 7 (71 =0.0958) 7o (1o = 0.4792)

2 0.4937  0.4807 0 0.3086

r. ) 0.0577  0.1927 0.1175 0.4717
* 10 0.0293  0.0389 0.1116 0.4752
20 0.0177 0.0155 0.0540 0.4851

Table 3.7: RMSE of trained NDDEs with different size on testing data from climate model.
All the NDDESs have two hidden layers while the number of hidden neurons (I; = l3) in each
hidden layer is indicated in the first column.

Data Quality and System Complexity We remark that autonomous systems with high
behavior complexity typically generate “high quality” data for learning. For instance, models
learned from chaotic attractors usually generalize well [74, 58, 37]. Contrarily, the models
trained by data concentrated around the equilibrium or the limit cycle may generalize poorly.
In such cases, we consider the data is of “low quality” (even if it does not contain noise).
Incorporating more transient data can be achieved by setting the initial conditions further
away from the attractors. While higher behavior complexity facilitates better learning,
increasing the system complexity typically makes learning more difficult. For example, a
scalar system is easier to learn compared to a system with vector valued states, as in the latter
more local minima were introduced when the complexity of data-driven model increases. To

address this, the amount of high-quality training data should also be increased.

Learning the Numerical Differentiation It is possible to learn numerical differentiation

schemes when training NDDESs because those schemes indeed constitute local minima of the
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derivative loss function, see the study in [56]. For example, the NDDE can approximate

F= o)~ Lae—#), (3.18)
T T

instead of the right hand side of the differential equation. This can happen when data is
sampled densely (the undesired solution may be the global minimum) and when the initial
delay is small (starts too close to the undesired solution). Therefore, obtaining a small
derivative loss does not guarantee that the network has learned the right hand side of the
differential equation. The network may approximate any linear combination of the right
hand side and the numerical differentiation scheme, when the are more delays (typically
small delays) allowed in the network. Such behavior was also observed in [37], where a one-
step-ahead prediction loss, which is equivalent to the derivative loss, was considered, and
the loss function had a local minima at a very small delay value. To avoid this problem, one

can consider the simulation loss, limit the number of delays and use multiple initial delays.

Robustness to Noise One may observe from the gradient calculation (2.20) that the
gradient-based algorithms rely heavily on the state derivatives. If the states are measured
with added noise, the time derivatives obtained via numerical differentiation and the state
estimates obtained via linear interpolation are largely affected by the noise and the time
step used. Smaller time step At leads to larger noise in the derivative, while larger time step
leads error in the differentiation. For example, consider that white noise with zero mean
and standard deviation o, = 0.02 is added to x through the measurements, then the time
derivatives obtained from Euler’s methods with At = 0.05 results in additive noise with zero
mean and standard deviation o; = % = 0.57 for z. If the central difference method is
used to obtain the derivative, the standard deviation of the noise added to & reduces to 0.28.
Thus, choosing a robust numerical differentiation method and applying appropriate filtering
are critical for calculating the time derivatives accurately, which is an important research

topic on its own; see [28, 115].

3.9 Summary

In this chapter, we have shown that the NDDE can be used to learn the dynamics of time
delay systems from data. The trained NDDE can reproduce the dynamics of the original
system and the learned delays are close to the true values. The good generalizability was
demonstrated by showing that NDDEs can be used to predict the dynamics of the system
outside the training data. We also compared our method to the SINDy methods on a
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multiple-state multiple-delay example. We remark the keys to the success of many data-
driven methods are the richness of the training data and the amount of embedded knowledge.
We pointed out potential challenges in the NDDE implementation and provided solutions to
overcome these.

The choice of data-driven methods is usually problem-dependent and it should be cus-
tomized based on the objective of the tasks. There are still many open questions in this
topic. For example, how to quantify the amount and the quality of the training data which
is sufficient to learn the time delay systems, and how that is related the amount of knowledge
embedded in the data-driven model. The proposed NDDE methods can be improved, for
instance, restricting the NDDE for specific training tasks (to employ domain knowledge) and
equip it with gradient-free delay learning. The studies on stochastic and distributed delays
can be further explored, as well as the methods for neutral delay differential equations. It
would be interesting to see applications on real-world data, even though the ground truth is

normally unknown.
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CHAPTER 4

Learning the Longitudinal Dynamics of a
Connected Automated Vehicle

In this chapter, we first introduce the longitudinal vehicle model with time delays for a con-
nected automated vehicle (CAV). We perform stability analysis for the delayed longitudinal
dynamics, and then we use a NDDE with a trainable delay to learn the dynamics of the

CAV from experimental data.

4.1 Delayed Longitudinal Dynamics

Considering a simple case where the air drag, rolling resistance and road grade are all ne-
glected, one can model the longitudinal dynamics of a connected automated vehicle (CAV)
as

s =,

(4.1)

0 =u(t —71),

where s is the position of the rear bumper of the vehicle, v is the velocity, u is the acceleration
command, and 7 is the delay in the feedback loop. Define the distance headway h as
h = s; — s — [, where s; is the position of the rear bumper of the leading vehicle that is a
connected human-driven vehicle (CHV), and [ is the length of CAV. Then, one can rewrite
the model (4.1) as

il =V — U,
(4.2)

0 =u(t—T1),

where v; is the velocity of the leading vehicle. The illustration of the system is shown in

Figure 4.1. Assume the longitudinal controller is designed for car-following scenario and it
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Figure 4.1: Car-following scenario of a connected automated vehicle following a connected
human-driven vehicle.

is in the form of a proportional-derivative controller, i.e., the acceleration command is given
by
U= Oz(li(h — hg) — v) + ﬂ(vl — U), (4.3)

where hg is the desired minimal distance between two vehicles (the vehicle intends to stop
below this distance), x represents how the desired distance changes linearly as the velocity
increases and a and [ are the control gains. Note that ax is equivalent to a proportional
gain and a + [ is the equivalent to a differential gain.

This model is a simplified version of the longitudinal dynamics of a connected automated
vehicle (CAV) in a car-following scenario and serves as a good approximation of the vehicle
dynamics in the presence of time delays. Saturation and nonlinearities can be added to the
model, while these are usually omitted when performing stability analysis. We study the
plant stability of the system (4.1)—(4.3) while varying the time delay 7 and the control gains
a and B. The plant stability is defined as the asymptotic stability of the equilibrium without
external disturbance, which characterizes the transient response of the system. To quantify
plant stability, we consider small perturbations around the constant speed equilibrium. The

system can be expressed as

e N

where o7 = vy —v*, 0 = v —v*, h = h — h* and h* = v*/k + hg. The stability of the

system (4.4) can be analyzed based on the characteristic equation

h(t —7)
o(t — )

1
0

+ 1~)1 + 1~)1 (t - 7')7 (44)

M+ ake ™ 4 B = 0. (4.5)

The equilibrium is plant stable if and only if all the characteristic roots of Eq. 4.5 have
negative real parts, i.e., Re()\;) < 0,i = 1,2,.... A stronger stability condition can be

obtained by requiring that all the roots have real parts smaller than a certain value, i.e.,
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Re(\;) < p,i =1,2,..., where p is a negative constant. The real parts of the leading roots
indicate how fast the system converges to the equilibrium.

Substituting A = 0 and A = jw into the characteristic equation (4.5), we obtain
a=0, (4.6)

and

w2

a=— cos(wT), (47

f = wsin(wr) — a,

that describe the stability boundaries in the («, 5) plane. As the delay 7 increases, the
stable region shrinks and the system may become unstable if the control gains land outside
the stable region.

Substituting A = p and A = p + jw into the characteristic equation (4.5), we obtain

P
P+

(B + pe™), (4.8)

o =

and

2 2
= —elT <p d sin(wT) + 2p cos(wr)) —q,

that bound the region in the (o, ) plane where real parts of the leading roots are smaller
than p. Indeed, p = 0 gives the stability boundaries (4.6)-(4.7).

Figure 4.2(a) and (b) shows the curves (4.8)-(4.9) for 7 = 0.5 and 7 = 0.6 seconds,
respectively, while using different p values. In each panel, as p decreases, the region within
the curves shrinks and eventually disappears at

V2 -2
Prast = - y (410)

which is indicated by the star. The corresponding fastest-convergence control gains are given
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Figure 4.2(c) illustrates that the control gains move along the black curve (from top to down)
as the delay increases. Note that this curve intersects with the stability boundaries. This
means that, if the fastest-convergence control gains are chosen for a certain delay, the system
may still lose stability at a larger delay 7.,. We can analytical derive the critical delay 7., by
equating (4.11) at 7 and the stability boundary (4.7) at 7,

Olfast, (T) - a(wcra Tcr)v

(4.12)
5fast (7—) = 5(wcr7 Tcr>'
Let p = ¢V272 (2v/2 — 2) and ¢ = ¢V>72 (10v/2 — 14) in (4.11), then we have
% = w2 cos(WerTer ),
-
— = Wer Sin(wchcr>7
J
which yields
_ 9
Wer = —,
T
1 (P (4.14)
T = —SIin” | = )| 7~ 2.5232 71,
g g

p2+ /p4+4q2

2
One may also study the string stability of the systems, which characterizes the attenuation

where g =

of the speed fluctuations of the leading vehicle [27, 99]. As string instability corresponds to
the growth of the oscillations along the chain of vehicles, it degrades the energy efficiency
and results in traffic jams. The detailed analysis on the string stability is given in [3]. As the
time delay increases, the string stability region also shrinks and may even disappear above
a certain value.

The stability analysis demonstrates that the time delay has a significant impact on the
performance of the vehicles and if one can learn the time delays from the data, the information

can be used to improve the controller design.
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Figure 4.2: Stability charts under different delays. (a) 7 = 0.5s. (b) 7 = 0.6 s. (¢) The
curve of the fastest-convergence gains intersects the oscillatory stability boundaries around
Ter = 2.527T.

4.2 Learning the Delayed Longitudinal Dynamics

In this section, we use a NDDE with a trainable delay to learn the longitudinal dynamics
of a CAV following a chain of CHVs from experimental data. The scenario is shown in
Figure 4.3(a) where a connected automated vehicle (CAV) is inserted to a chain of CHVs.
Via vehicle-to-vehicle (V2V) communication, the CAV is made aware of the velocities and
positions of the vehicles ahead and it also measures its own velocity and position.

The details of the controller design and experiments are given in [32]. Here we provide
a brief overview of the design procedure, while our main goal is to learn the dynamics from
data. The longitudinal dynamics of the CAV can be modeled by

h(t) = v (t) — v(t),

(4.15)
o(t) = —p(v(t)) + sat(u(t — 7')),

where h is the distance headway to the CHV1 immediately ahead, v is the speed of the CAV,
and vq is the speed of the CHV1. Moreover, p(v(t)) represents the loss term which depends
on the CAV’s current velocity while u represents the commanded acceleration that is limited

by the saturation function

Qmin if u < Gmpin,
Sat('U/) = u lf Amin S (% S Amax, (416)

Umax 1 U > Amax,

to keep it within the limits given by the road friction and driver comfort. Finally, 7 represents
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the time delay in the control loop resulting from V2V communication, on-board computation,
and actuator delays. Neither the resistance term p(v) nor the time delay 7 was known while
designing the controller. Here we will identify these from the data collected through the

experiments.

e
vz CHV3 v3_
(b) sat A
Qi ars 1
| a u
|
i 1
A Qpin

Figure 4.3: (a) Experimental setup where a CAV follows CHVs based on the data transmitted
through V2V connectivity. (b) Nonlinearities used in the model.

The control law used in the experiments [129, 32, 43, 1] is given by:

u=a(V(h)—v)+ Z B (W (vg) — v), (4.17)

(c.f. (4.3)), where « is the control gain used to regulate the headway h while (i, 35, f5 are
the control gains used to respond to the velocities vy, v, v3 of the CHVs ahead. The control

law includes the range policy

0 if h < hg,

V(h) = k(h—hy) if hg <h<h (4.18)

g0»

VUrmax i B> Ry,

which gives the desired speed as an affine function of the headway. It also contains the speed
policy
Vg, if UV S Umax
W (vg) = ¢ (4.19)
Umax if Vg > Umax;
which is introduced to avoid following leaders whose speed exceeds the maximum desired

speed Vpax. The functions V', W and sat are depicted in Figure 4.3(b).
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Figure 4.4: NDDE training results on dataset 500 and dataset 233. Panels (a) and (d) show
the training and validation loss; panels (b) and (e) display the evolution of the time delay;
(c) and (f) depict the simulation of learned NDDE (black) together with the simulation given
by the nominal model (light blue) and the experimental data (red). Note that panels (a),
(b), (d) and (e) only show the first 600 iterations of training, but the actual training stops
later based on the validation loss criterion. The RMSE of the quantities plotted in panels
(c) and (f) are collected in Table 4.1.

As shown in Figure 4.4, we utilize two experimental datasets with different controller
settings. In ‘dataset 500°, the CAV only responded to the CHV immediately ahead using
(B1, B2, B3) = (0.5,0.0,0.0) s, while in ‘dataset 2337, the CAV responded to all three CHVs
ahead with (81, 2, 33) = (0.2,0.3,0.3) s~!. Both settings shared the same a = 0.4s™'. When
simulating the nominal model we use 7 = 0.6s and p(v) = a + cv® with a = 0.0981 m/s? and
¢ = 0.0003m™'; see [56]. The delay and the loss term were unknown in the experiments and

some unmodeled dynamics (e.g., powertrain) is not represented in the nominal model (4.15)—
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(4.17). This can be observed when comparing the experimental data (red) and the simulation
of the nominal model (light blue) in Figure 4.4(c), (f). Our goal here is to learn the overall
dynamics of the CAV and the time delay 7 simultaneously from the experimental data.

A NDDE with three neurons in the single hidden layer is used when learning the dynamics.
The number of the inputs depends on the availability of the data and the number of the time
delays in the systems. We presume that one dominant time delay appears in the feedback
loop through the inputs h(t — 7),v(t — 7),v1(t — 7),v2(t — 7),v3(t — 7) and we also set a
time delay to zero corresponding to the loss term containing v(t). There are altogether
6 inputs to the NDDE, 5 of which share the same trainable delay. The output of the
NDDE is the acceleration ©(t), since the kinematic part of equation (4.15) does not require
further learning. The NDDESs are trained using Algorithm 3 with LM method, ¢ = 0.01 and
10 attempts. The initial delays for those attempts are chosen uniformly between 0 and 2
seconds and the maximum allowed delay is set to 3s.

Approximately five hundred seconds data (with a time step 0.1 second) are utilized from
each experiment. The first 70% was used for training, 15% was used for validation, and
15% was used for testing. The training processes and delay learning path are shown in
Figure 4.4(a)—(b) for dataset 500 and in Figure 4.4(d)—(e) for dataset 233. In both cases the
delay value converges to a number around 0.65s. In panels (c¢) and (f), the simulations from
the trained NDDE are shown as black dot-dashed lines capturing the experimental data (red
circles) well. The simulation results of the nominal model are plotted as light blue solid
curves. From panel (c), we can see that the trained NDDE can capture the headway and
velocity well in the training segment and gives good predictions in validation and testing
segments. The difference between the model based simulations and the learned dynamics is
more pronounced for the dataset 500 than for the dataset 233 since in the former case the
CAV performed more aggressive maneuvers. The simulation-based root-mean-square errors
between prediction and data are collected in Table 4.1 for headway, velocity and acceleration.
To show the convergence in the time delay parameters, we run the training algorithm 100
times and plot the distribution of the final learned delay in Figure 4.5. For both datasets,

the delay converges to a distribution concentrated around 0.65s.

4.3 Summary

In this chapter, we showed the importance of time delays in the longitudinal dynamics of
connected automated vehicles by performing stability analysis on a car-following model.
We demonstrated that the time delay can affect the stability and the convergence rate of

the longitudinal dynamics. With the knowledge of the time delay, the fastest-convergence
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Dataset 500 Dataset 233
NDDE Nominal NDDE Nominal

RMSE

hm]  2.7682 7.9383  1.6971 1.7633
v [m/s] 0.5865 1.1765  0.3680 0.3884
o [m/s?] 0.6057 0.6933  0.4383 (.4423

Table 4.1: Testing results for the two datasets.
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Figure 4.5: Distributions of learned delay in 100 runs for the two datasets.

control gains can be derived analytically. We also studied the robustness of such gains against
changes in time delays and unveiled that the critical delay where the system loses stability is
around 2.5 times of the time delay used in the design (this constant linear relationship does
not depend on other parameters).

We also showed that the time delay can be learned from experimental data using a NDDE
with a trainable delay. In the example, the delays converge to a value around 0.65 second
consistently for two datasets and the networks give better results compared to the nominal
model with the consideration of the resistance terms. This aligns well with the study in [57]
where the time delay was treated as a random variable. With the knowledge of the time

delay, one can design better controllers for connected automated vehicles.
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CHAPTER 5

Learning the Lateral Dynamics of a

Teleoperated Vehicle

As the deployment of artificial intelligence in autonomous driving has been accelerated in
the past decades [25, 78, 105], the risk and safety concerns of driverless vehicles also grew,
especially when these vehicles experience onboard system failures. Teleoperated driving
(ToD) may be utilized to help automated vehicles in such emergency situations. In addition,
ToD may be used in other applications such as fleet delivery and valet parking [47].

In this chapter, we analyze the effects of delays in the lateral dynamics of vehicles, specif-
ically on the stability and the steering control performance in ToD. Analytical studies on
the effects of constant and saw-tooth periodic latency are presented, offering insights into
numerical investigations under stochastic, time-varying latency. Moreover, we construct a
NDDE with the help of known physics-based nonlinearity and apply our learning algorithm
to identify the overall latency in the ToD system from human-in-the-loop data. Evaluation of

the ToD system is performed after the latency and the equivalent control gains are learned.

5.1 Latency in Teleoperated Driving System

Latency causes significant challenges in ToD design and operation. As illustrated in the
top of Figure 5.1, the overall latency in ToD is composed of the communication latency,
the actuation latency, and the processing time of the remote operator. Communication
latency refers to the time required to transmit the information through the mobile networks,
including the time needed for encoding/decoding as well as the travel time of packets [62,
38, 5, 6]. The actuation latency [33] arises from the time required for the actuator to
execute the control command. For example, delays may arise in steering controllers and in
mechanical actuators [77, 3, 117, 116, 118]. The processing time is the time required by

the remote operator to generate control commands based on the input information. This
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Figure 5.1: Components in a ToD control loop.

includes the image processing time [26], operator sampling time [67] and/or human reaction
time [100, 98]. In this chapter, we consider the overall latency in the ToD system as the
sum of the communication latency, actuation latency and processing time, and this overall
latency may vary in time as explained below.

For instance, packet loss may occur in the communication network when the transmission
data demand is high and the bandwidth is limited. This reduces the video quality, making
teleoperation challenging for a human operator. If ToD is performed by an automated
system, the latencies arising due to packet loss may lead to large state estimation errors
and, in turn, to performance degradation. In response to this, the video frame processor
may choose to reduce the update frequency in order to improve the video quality or state
estimation [19]. However, such infrequent updates reduce the rate at which new control
commands are generated. Assuming that the vehicle actuator continues to execute the same
command until a new one is received, the latency increases linearly in time between command
updates [112, 102, 52]. Once a new command is put in place, the latency drops to its base
value, creating a sawtooth-shape profile as illustrated in the top right of Figure 5.1. The
effects of such sawtooth-shape latency on the longitudinal vehicle dynamics has been studied
in the context of controlling connected automated vehicles [92, 86].

In this chapter, we first analytically study the effect of constant latency on the lateral

dynamics. Then, to bridge the gap between the constant delay and actual latency in the
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teleoperated driving loop, we consider periodic latency approximations of the time-varying
latency. We provide detailed stability and performance analysis for periodic latency profiles.
This is followed by the study of stochastic time-varying latency via numerical simulations
and compared to the average constant latency. In the end, we present how to use a NDDE

and a trainable delay to learn the ToD behavior from human-in-the-loop data.

5.2 Stability of Lateral Vehicle Dynamics under La-

tency

5.2.1 Effect of constant latency

We start the analysis with a simple maneuver, where the teleoperated vehicle follows a
straight path, and extend the study to the circular path following. Simulations are provided

to validate the analytical results.

Following a straight path

Figure 5.2: Kinematic vehicle model with respect to point R.

Consider the kinematic vehicle model [73]

yr(t) = vsin(y(t)), (5.1)
d(t) = 7 tan(y(1)).
shown in Figure 5.2 with controller
v(t) = arctan ( — kyyr(t — 7) — kg0 (t — 7)), (5.2)
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aiming to stabilize the rectilinear motion yg = 0, ¢» = 0. Here (zg,yr) are the coordinates
of the center of the rear axle, ¥ is the yaw angle, and ~ is the steering control input. The
parameters are the longitudinal velocity v, the wheelbase, [, the time delay 7, and the control
gains ky, ky.

We first nondimensionalize the system using the dimensionless quantities ¢ = tv/I,
7 =710/l, = yr/l, T = xx/l, ¥ = ¢ which yields

7' (1) = sin(¥(1)), (5.3)

—_ - _ —_ _

V(1) = —lkyy(t =7) — ky(t = 7),
where the prime represents derivative with respect to the dimensionless time ¢. Then we
linearize the system around the steady state 75 = ¢ + Z(0), 7* = 0, ¢ = 0. By defining the
perturbations © =7 — x*, y =y — v, 1; = 1) — ¢*, we obtain the linear and dimensionless

system

() = 9(1), (5.4)

The nondimensionalization does not alter the stability properties of the original system (5.1),
but demonstrates that the velocity and the latency has the same effect on stability. In fact,
varying v and 7 such that 7 = 7v/l is kept the same means that the vehicle is running along
the same trajectory in space, see the example in [53].

The stability of lateral dynamics is given by the characteristic equation
A2+ kye A+ kyle ™ =0, (5.5)

that is obtained from the second and third rows of (5.4). It has infinitely many characteristic

roots A in the complex plane due to the delay. The rightmost roots give the dominant

behavior of the system. The state 7* =0, ¢ = 0 is asymptotically stable if and only if all

characteristic roots of (5.5) have negative real parts, i.e., Re(\;) < 0,i=1,2,....
Substituting A = 0 yields the stability boundary
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and using A = jw, w > 0 results in the stability boundary

ky = wsinwt,
(5.7)

Lk, = w? COSWT,

which is parameterized by the angular frequency w. The stability boundaries related to

different levels of the dimensionless delay are shown in Figure 5.3(a). The stable region

shrinks as the dimensionless delay 7 increases. Since T = v7/l, increasing the velocity or

increasing the actual delay in the system has the same effect on stability.
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Figure 5.3: (a) Stability boundaries for different dimensionless delays 7. (b) Performance
curves for different convergence rates p values when 7 = 0.5. (c) The fastest convergence
rate prs as a function of 7. (d) The control gains which give pgg are plotted as the black
dashed-dotted curve. This curve intersects the stability boundary of 7., = 1.2616 (grey solid

curve) when 7 = 0.5.

The real parts of the rightmost roots indicate how fast the state of the dynamical system

converges to the steady state given an initial error. By substituting A = p+ jw,p < 0,w >0
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into the characteristic equation (5.5), one can solve for the curves with respect to each p.
For w = 0, we have
Lky = —pe” (p + kye ™), (5.8)

and for w > 0, we obtain

ky = = ((p° — w?) sin(wT) + 2pw cos(wT)) /w, (5.9)
Lky = —e" ((p* — w?) cos(wT) — 2pwsin(wT)) — kyp.

These so-called performance curves are plotted for different p values in Figure 5.3(b) when
7 = 0.5. Note that the curves (5.9) are parameterized by the angular frequency w such that
w — 0 locates at the left corner of the performance domain.

Indeed, the performance curve for p = 0 is the stability boundary. As the p decreases, the
region enclosed by performance curves shrinks and eventually disappears at pg.s, which gives
the fastest convergence rate. This happens when the slope of (5.8) and the slope of (5.9) for
w — 0 become equal. This yields

V2 -2
Pfast = = ) (510)

which only depends on the dimensionless delay 7, as depicted in Figure 5.3(c). Substituting

this into (5.9) and using w — 0, we obtain the gains corresponding to pg.s as functions of 7:

kw,fast -
(5.11)

Ul IS

[ ky,fast =

where p = ev2-2 (2\/§ — 2) and q = ev22 (10\/§ — 14). This is plotted as a dotted-dashed
curve in Figure 5.3(d).

This curve intersects all stability boundaries, which means that the fastest-convergence
gains designed for a given delay T are located on the stability boundary of another (larger)

delay 7T.,. We can derive the analytical relationship between 7 and 7., by equating (5.7)
and (5.11):

kw,fast (?) = k'd; (wcr, ?cr)a

(5.12)
l ky,fast (?) =1 ky (Wcm ?cr)7
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which yields

9
Wer = =,
T
1., (p (5.13)
T =—sin" | = | T~ 252327,
g g
where g = piypitie °§4+4(12. Observe that the coefficient giving the linear relationship between

7 and T does not depend on any parameter. In Figure 5.3(d), we mark the gains that
give the fastest convergence for 7 = 0.5 (black star), which is indeed located on the stability
boundary for 7., = 2.52327 ~ 1.2616 (gray curve). One may notice that the results presented
here are analogous to those in Section 4.1.

These results quantify the robustness of the fastest-convergence gains against the change
of the dimensionless delay 7 = v7/l, i.e., against the change of the velocity v and actual delay
7 in the remote-driving control loop. If the fastest-convergence gains are chosen, the system
can maintain stability even when either the velocity or the delay or their product increases
up to 2.5 times. Note that, in case of human operator, the fastest-convergence gains may

not be achieved and stability may not be guaranteed for larger delays.

Following a curved path

Figure 5.4: Rewrite the kinematic model with respect to the path.

If the vehicle is following a pre-defined path, we can formulate the model (5.1) in the path
coordinate system, see Figure 5.4. The closest point to R along the path is point C, which
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is located at (¢, yc) and has the tangential angle ¢ and the curvature . Thus, the lateral

deviation from the path is defined as
e = —(zr — zc)sinvc + (yr — yc) cos Y, (5.14)
and the relative yaw angle is defined as
0 =1 —1c. (5.15)

With these coordinates, the model (5.1) can be written as

vcosf
S:
1—ke’
¢ =wsinb, (5.16)
L v Kk cosb
0 = —tanvy — ,
) 1—ke

where s is the arclength at point C.

Inspired by the controller in [103], we use the controller
74 = arctan (l k— k(0 + arctan(k‘zg))), (5.17)

to assign the desired steering angle, where ki, ks are the control gains. In real-world im-
plementations, the velocity and steering angle commands may not be achieved immediately
due to the latency. Here we assume that the vehicle can realize the desired velocity vq and
steering command 4 with some delay, that is, v(t) = va(t — 7), ¥(t) = va(t — 7). Then the

closed-loop system can be represented by the delay differential equations

1
E(t) =vq(t—7)sind(t), (5.18)

— Ud(tl_i :(f))zz):)e(t) + Ud(tl_7> (l K(t—T) — k1 <9(t—7) + arctan (kQE(t—T))>).

For the stability analysis, we assume that the vehicle is running at a constant velocity
v(t) = v, while trying to approach a circular reference path of constant curvature k(t) = k..

The system (5.18) has a desired steady-state solution

Se(t) =wvit, e.(t) =0, 6.(t)=0. (5.19)
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By defining the perturbations § = s — s, € = ¢ — &,, 0=0— 0., we can obtain the linearized

system

5(t) =v.r4E(1),
£(t) =v.0(t), (5.20)
B(t) = — var2e(t) — SRz gy _URigy oy

l

Again, this can be nondimensionalized by using the scaled quantities t = tv,/l, T = Tv,/I,
§=35/1,6=2/1,0=0:

A

(1) =0(1), (5.21)
Pr2e) — kiko LE(T —T) — k10 — 7),

where the latency is now the dimensionless delay 7.

To simplify the notation, we utilize the dimensionless gains

k@ = kla

(5.22)
ke = kyksl,

corresponding to the yaw angle error and lateral error, respectively. As the lateral stability

is determined by the second and third rows of (5.21), we arrive at the system

x'(t) = ax(t) + bx(t — 7),

é 0 1 0 0 (5.23)
X=|.l, a= , b= :
0 —1252 0 k. —ky

The constant overall latency results in a constant dimensionless delay 7 = 7v,/l. The

characteristic equation of (5.23) is given by
N+ kphe ™ + ke + 22 = 0. (5.24)

Again, we quantify the control performance using the real part of the rightmost roots. When
the leading roots are on the negative real axis, the system converges to the steady state
without oscillations. When the imaginary parts of the rightmost roots are nonzero, oscillatory
behavior is observed (see Figure 5.8(b) and (c) for demonstration).

By substituting A = p + jw,w > 0 into the characteristic equation (5.24), one can solve
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for the gains ky and k. as a function of p and w. We compute performance boundaries on
the plane of the gain parameters as curves that belong to a given convergence rate p. For

w = 0, we have the performance boundaries

ko = —¢” ((p* + PK2)T + 2p),

) (5.25)
k. = —e(p* + I2k%) — pky,

that are straight lines in the (ky, k.) plane. For w > 0, we obtain

e (w? — K2 — p?) sin(wT) — 2pw cos(w?)7
w (5.26)

k. = e’ﬁ<(w2 — PPk} — p?) cos(wT) + 2pw sin(w?)) — pke,

which are curves parameterized by the angular frequency w such that the angular frequency
increases from w = 0 as moving along the performance boundary.

Substituting p = 0 yields the stability boundaries
k. = —1*K2, (5.27)

and

) sin(wT)
w (5.28)
ke = (w? = 1K) cos(wT).

ko = (w2 — k2

The stability boundaries of different scaled delays are plotted in Figure 5.5(a) and (b)
for curvatures x, = 0 m~! and k, = 0.2 m~!, respectively. The stable region shrinks as the
scaled delay increases and increasing the curvature shifts the stable region downwards. In
panels (c)-(f), we show the numerical simulations of the original nonlinear system (5.18) with
gains kg = 1, k. = 0.45, latency 7 = 0.5 s, and wheelbase [ = 2.73 m while following a straight
path (k, = 0 m™!) and a 5-meter-radius circle (k, = 0.2 m~!). The initial position and the
orientation of the vehicle are visualized using black arrows. By choosing different velocities
v, = 2.73 m/s and v, = 5.46 m/s, the scaled delays are 7 = 0.5 and 7 = 1, respectively. For
7 = 0.5 the control gains are located within the stability boundary in panels (a)-(b) and the
trajectories converge to the desired paths in panels (¢) and (e). For zero curvature, as the
scaled delay increases to 7 = 1, the stability boundary gets close to the selected gains while
still enclosing them in panel (a). This results in the oscillatory (but still stable) motion
in panel (d). That is, increasing the scaled delay leads to performance degradation. For

nonzero curvature, the same gains fall outside the stable region in panel (b) and simulations
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Figure 5.5: (a)-(b) Stability charts for curvatures x, =0 m™' and x, =02 m™'. (c)-(d)
Simulations when following a straight path (r, = 0 m™') under different scaled delays. (e)-
(f) Simulations when following a circular path (k. = 0.2 m™!) under different scaled delays.

in panel (f) show that the system no longer converges to the circular path. The performance
of the controller is largely affected by the scaled delay, i.e., the longitudinal velocity and
the overall latency in the loop. The path curvature can also limit the performance in the
presence of the latency. The stability analysis provides insights about the behavior of the
original nonlinear system and informs us about the performance of a given controller for

different maneuvers.
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Figure 5.6: Performance boundaries and stability boundaries for 7 = 0.5 (I = 2.73 m, v, = 3
m/s and 7 = 0.46 s). The stars indicate gains of fastest convergence. Different panels
correspond to different curvatures: (a) r, =0, (b) kx = 0.125 m™', and (c) Kk, = 0.2 m™".

The performance boundaries of different convergence rates (including the stability bound-
aries) are shown in Figure 5.6(a), (b) and (c) for curvatures k., =0 m™!, k, = 0.125 m™!
and k, = 0.2 m~!, respectively. The other parameter are chosen as [ = 2.73 m, v, = 3 m/s
and 7 = 0.46 s, yielding 7 = 0.5. The outmost boundaries (p = 0) are the stability bound-
aries enclosing the stable (lightly shaded) area, for which p < 0. As p decreases, the region
enclosed by performance curves shrinks as illustrated by darker shadings.

Eventually the area disappears at p = pg.st (When the slope of (5.25) and the slope of (5.26)

for w — 0 become equal), which gives the fastest convergence rate in space. This yields

2 /2
Ptast = _% + 7___2 - ZQ’%za (529)

when 7 < v/2/(lk,). For 7 > v/2/(lk,) the fastest convergence rate can be determined nu-
merically but in this case the longitudinal velocity is so large that the kinematic bicycle
model loses its validity. According to (5.25) the control gains corresponding to the fastest

convergence are

k,gast — _epfasﬁ ((p?ast + ZQRz)? + 2pfast) y

_ (5.30)
kiaSt = _epfaStT(p?ast + lQﬁi) - pfastkgaSt'

When following a straight path (k. = 0), the fastest convergence rate (5.29) and gains (5.30)
are simplified to (5.10) and (5.11) with kg = ky, k, = k..
The fastest convergence rate (5.29) is plotted as a function of 7 in Figure 5.7(a) for different

curvature values. For small dimensionless delay values 7 < 0.5, the fastest convergence rate
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Figure 5.7: (a) Fastest convergence rates for different curvatures as a function of the dimen-
sionless delay. (b) Fastest convergence gains for different curvatures.
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Figure 5.8: Stability chart, characteristic roots and simulations of following a circular path
(radius 5 m) under 7 and 7., while using the same control gains. (a) The fastest-convergence
gains obtained for 7 are located on the stability boundary for 7.,. (b) The leading character-
istic roots for the same gains under different dimensionless delays. (c) Simulation of lateral
error while using the two different delays.

changes rapidly and the influence of the curvature is negligible. Note that for k. = 0, past
increases monotonically with 7, while for k, > 0, the curve has a maximum. The location
of fastest convergence gains (5.30) are shown in Figure 5.7(b) for different curvature values.
Along each curve, the dimensionless delay increases from right to left and stars mark the
fastest convergence gains when 7 = 0.5 (also shown in Figure 5.6 and Figure 5.8).

Since these curves intersect the stability boundary (5.28) for other delay values, the fastest
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Figure 5.9: (a) Critical dimensionless delay as a function of the dimensionless delay. For the
straight path (k. =0 m™!), the slope is constant. (b) Robustness coefficients as a function
of the dimensionless delay.

convergence gains for a certain 7 may still lead to unstable behavior if the dimensionless delay
is increased to T¢,. For example, in Figure 5.8(a), the blue star marks the fastest convergence
gains for 7 = 0.5, and this is located on the stability boundary of the larger delay 7., = 1.38.
The same control gains correspond to different leading characteristic roots in panel (b), due
to the change in the dimensionless delays. For 7 = 0.5 the leading roots are given by a triple
root with negative real part, while for 7., = 1.38 two of these roots form a purely imaginary
complex conjugate pair. Simulations of the lateral error under different dimensionless delays
are shown in panel (c). For 7 = 0.5 the error decays, while for 7., = 1.38 periodic oscillations
develop, whose angular frequency is close to that of the leading roots.

One can derive the critical dimensionless delay 7., for which the stability is lost when the
fastest convergence control gains are chosen for a certain dimensionless delay 7. By setting
the equation (5.28) equal to (5.30) yields

kfaSt T) =k Fcrawcr )
) =k .

et (7)

(?cra wcr) )

which can be solved for 7¢;, we, given 7, as shown in Figure 5.9(a) for different curvatures k..
We define a robustness coefficient 7., /7 to represent how much increase in the dimensionless
delay the system can withstand before it loses stability. The robustness coefficients shown in
panel (b) correspond to the slope of the curves in panel (a). For circular paths (k. > 0), the
coefficient first increases and then decreases with 7. These changes occur faster for larger

values of curvature. For x, = 0.2 m™!

and 7T = 0.5, the coeflicient is around 2.73, yielding
T = 1.38. For straight paths (k. = 0), equation (5.31) can be solved analytically, giving

the universal constant in (5.13). This is reflected as the straight black lines in Figure 5.9.
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5.2.2 Effect of time-varying latency

In this section, we study the stability and convergence of system (5.23) under periodic saw-
tooth latency profiles analytically. We also perform numerical simulations to demonstrate
the effect of latency on the ToD performance and extend the numerical study to stochastic
time-varying latency. For the periodic latency, a corresponding discrete-time system is de-
rived by discretizing time and the stability is studied via the state transition matrix of the
augmented state over one period.

First, we consider the latency profile where the delay increases from 7, t0 Tmax With
gradient 1 before dropping back to T, see Figure 5.10(a),(b). The period of these oscilla-
tions is T = Tyax — Tmin While the average delay is Taye = (Tmax + Tmin)/2. Rescaling the time
by v/l, the dimensionless delay increases with slope 1 from 7T, t0 Thax Within each period
of T = Trnax — Tmin. This variation is a result of the zero-order hold applied on the input,
which is equivalent of making x(f — 7) constant over T € [Timin, Tmax)-

We discretize time while choosing the time step At such that T, = nAL, Trmax = MAL
where n,m € Z*.  Due to the zero-order hold, for ¢ € [kAEZ, (k+ 1)At), we have
x(t —7) = x((k — i)At) = x4_;, where 7(t) =t + (i — k)At and i =n + (k mod (m —n)).

Using semi-discretization [51], we can obtain the discrete-time system
Xk+1 = PXk + RXk_i, (532)

where

, AT
P=c"*  R= / eaA=9dsbh = (P —I)a !b, (5.33)
0

with a and b from (5.23). The last equality only holds when a is invertible, which is the

case when k, > 0. For k, = 0 (straight path) a is not invertible and we have

1 At —koAt/2 —k.At/2| -
P = : I 2| ar (5.34)
0 1 —ky —k.
From the system (5.32), we construct an augmented system
X.kJrl - Asza (535)
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Figure 5.10: Two examples of stochastic time-varying latency under different communication
network conditions. Data 1 and Data 2 are obtained from communication network simula-
tions with different packet loss rates in [54]. These are compared to their constant latency
approximations (black lines) and periodic latency approximations (red and blue curves).
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where

X - -
y PO--0RUO -0
Xk—1
_ I 0 0
X, = ' c R*™, A, =101 0, (5.36)
Xk—i . . . . .
00 I 0
_kaerl_ - -

and the matrix R is located in the (i 4+ 1)-st block column of A;. This system describes
the discrete time dynamics between ¢ = kAt and ¢ = (k + 1)At, while the index ¢ changes
periodically with k. The computation cost increases with the decrease of discretization time
step At. We choose At such that the greatest common divisor of m and n is 1 to achieve
the minimum computation cost while maintaining the accuracy of the stability boundary
calculation.

For stability we look at the discrete-time system over one period T = (m — n)At:

m—1
Xism—n = AXy, A= ]] A (5.37)

i=n

where k is the starting index of each period. This system is stable if and only if all the
characteristic multipliers (i.e., the solutions of det(ul — A) = 0) are within the unit circle,
that is, |u| < 1. To determine the fastest convergence with periodic sawtooth latency profile,
we minimize the absolute value of the outermost multiplier.

The same methodology can be applied for other periodic sawtooth type delay profiles.
For instance, we consider the case where two teeth of different sizes are contained with a
period, as shown in Figure 5.10(c) and Figure 5.13(a). Assume that the delay first increases
from a minimum value Ty, tO Tmax1 and then again increases from 7, to another value
Tmax,2- Lhe period of this profile is T = Tiax1 + Tmax,2 — 2Tmin- When Timax1 = Tmax,2 = Tmax
one obtains two periods of the one-tooth periodic delay profile. The average delay can be
calculated as

(Tmax,1 + Tmin) (Tmax.1 — Tmin) + (Tmax,2 + Tmin) (Tmax.2 — Tmin)

ave — . 5.38

After rescaling time with v/l, we discretize it with time step Af such that
Tmin = PAL, Tmaxa = MiAL and Tpaco = moAt where n,my,me € Z*. Then we have

T = (mq +my — 2n)AL. Again, we can construct an augmented system similar
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to (5.35), (5.36), where m = max{m;, ms}. Then the discrete-time system over one period

T gives

mi1—1 mao—1

Xipmrmo—2n = AXp, A= [] A [] A (5.39)
i=n j=n

Stability again can be determined by examining whether the outermost characteristic mul-

tipliers (i.e., the largest solutions of det(ul — A) = 0) are within the unit circle.

Comparison of performance under constant and periodic latencies

To compare the stability under constant latency (which was analyzed in continuous time) to
the stability under periodic latency (which was analyzed in discrete time), we need to convert
the characteristic roots of the continuous-time system into the characteristic multipliers used
in the discrete-time system. Namely, 1 = e*T which yields || = /T where T is the period.
That is, the fastest-convergence rate pgs in the continuous time corresponds to

oPtast T

. (5.40)

|,uc,fast| -

Below we show that if the fastest convergence control gains are chosen based on the constant
latency analysis, the performance drops under the periodic latency.

The sawtooth latency profile in Figure 5.11(a) has a minimum value 7,;, = 0.25 s and
the maximum value T, = 0.54 s. The corresponding stability boundaries are shown in
panel (b) together with the stability boundaries (5.27), (5.28) of the continuous time system
with constant average latency Ty = 0.395 s. The fastest convergence gains k2!, k2t under
the constant latency are marked by the black star. The characteristic multipliers of these
gains are plotted in panel (c) under constant latency (black) and periodic latency (red).
The periodic latency results in (2m — 3) characteristic multipliers which are either zero
or very close to zero where 2m is the dimension of the augmented state in (5.36). These
(2m — 3) multipliers correspond to characteristic roots with large negative real parts, which
are indicated as black stars around the origin. One of the three leading multipliers is located
at the real axis and the other two form a complex conjugate pair. The real multiplier has
the largest magnitude and this is denoted by p,. There are also three leading multipliers for
the constant latency in the discrete-time representation corresponding to the three leading
characteristic roots in Figure 5.8(b). These coincide at the real axis and are denoted by
Uefast- As shown by the zoom in panel (c), pic fast is slightly closer to the origin than p,, i.e.,
o] — [pte o] = 0.0013.

The sawtooth latency profile in Figure 5.11(d) also has minimum value 7,;, = 0.25 s but

now the maximum value is Ty.x = 1.4 s, yielding the average latency T, = 0.825 s. The
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Figure 5.11: Comparing the stability boundaries and the characteristic multipliers under
constant and periodic sawtooth latency profiles, when the gains are chosen based on the
fastest convergence under the constant average of the periodic sawtooth latency for v = 3
m/s, k, = 0.125m~!. Case A (panels (a)-(c)) and Case B (panels (d)-(f)) differ in the value
Tmax- (&) Difference in the magnitude of the largest characteristic multiplier when considering
constant vs. periodic latency.

corresponding stability boundaries are shown in panel (e) and these indeed show significant
deviations between the constant delay and the periodic delay cases. The multipliers corre-
sponding to the fastest convergence gains (calculated for constant delay) are plotted in panel
(f), where the difference between the leading multipliers becomes |pp| — |pe fast| = 0.1512.
The positive value indicates that the periodic latency model converges to the steady state

slower than the constant latency model. To further illustrate this performance degradation,
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Figure 5.12: (a)-(c) Three different sawtooth latency profiles with same 7y, but different
Tmax- (d)-(1) Comparing stability charts for periodic sawtooth latency profiles and the corre-
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[ =273 m.
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in Figure 5.11(g) we plot the difference |pp| — |fte fast| @s a function of the maximum latency
Tmax Petween 0.26 to 2 s, while keeping the minimum latency at 7,;, = 0.25 s. This becomes
more pronounced when the difference between 7p,;, and 7.« is large. The periodic latency
profiles of Case A and Case B are marked on the curve.

To further illustrate the behavioral differences between the constant and periodic latencies,
we plot the stability boundaries for different values of 7., in Figure 5.12. As 7, is kept the
same, T,ye increases with 7,... The charts in each column correspond to the latency profiles
in the first row. As the average latency increases (from left to right), the stable regions
shrink. The stability boundaries of the constant latency and the periodic latency remain
close unless Ty., is significantly larger than 7,,;,. Moreover, we demonstrate the impacts
of curvature and longitudinal velocity while increasing the curvature from 0 to 0.125 m™!
(from the second to the third row), and increasing the velocity from 3 m/s to 6 m/s (from
the third to the fourth row). The increase of curvature shifts the stable region down while
the increase of velocity reduces the size of the stable region. We can observe that the black
stability boundaries in the panels (i) and (j) are identical as these correspond to the same
dimensionless delay T,ye.

For the case of periodic latency in discrete time, its fastest convergence gains correspond
to the smallest leading multipliers denoted by |pp fast|. These can be obtained numerically
and are marked by red stars in Figure 5.12(d)-(1). These are close to the fastest convergence
gains obtained under the constant delay approximation, marked by the black stars. Still,
the convergence at the black star (under constant latency) is always faster than at the red
star (under periodic latency). That is, although having periodic latency instead of constant
latency may increase the size of stable region and enable the use of larger control gains, the
best performance becomes worse since the maximum latency increases.

Different sawtooth latency profiles have different stability boundaries, even when their
average latency is the same. The three profiles in Figure 5.13(a) have the same average
Tave = 0.5 s, and the two periodic profiles share the same minimum latency 7, = 0.25 s.
The one-tooth latency profile has the maximum 7,,,x = 0.75 s (yielding the period 0.5 s),
while the two-tooth latency has the maxima Tya1 = 0.45 s and Tax2 = 0.85 s (yielding
the period 0.8 s). The corresponding stability boundaries are depicted in panel (b). As in
the two-tooth latency profile, the maximum latency is greater than in the one-tooth latency
profile, the stability boundaries deviate more from those obtained for constant delays.

To further interpret the stability chart, we select two sets of control gains from different
regions of the chart and perform numerical simulations for the nonlinear system (5.18). The
vehicle starts from a position of (0, —0.3) m (i.e., small lateral deviation) and having 0 yaw

angle (i.e., aligning with the path). The trajectories of the simulations are shown in panels
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Figure 5.13: Stability and simulations under latency profiles for v = 3 m/s, s, = 0.125 m~!.
(a) Three delay profiles share the same average latency T,y = 0.5 s. (b) Stability charts for
three latency profiles. Two gain combinations marked as P and Q are selected for simulations.
(c)-(e) Simulations with gains P under different latency profiles. (f)-(h) Simulations with
gains (Q under different latency profiles. Dotted sections of the trajectories indicate that the
steering angle exceeds 45 degrees.

(c)-(e) for gain combination ky = 2.5,k. = 1.9 (marked by P in panel (b)) and in panels
(f)-(h) for gain combination ky = 3.4, k. = 0.1 (marked by Q in panel (b)). Note that in
the system (5.18), there is no additional saturation on the steering angle (except the arctan
which saturates at + 90 degrees). For this reason, the unstable trajectories may reach
unrealistically large steering angles. We use dotted line for the part of the trajectory after
the steering angle exceeds the limit of 45 degree. Since point P is within the stable region
of two-tooth latency profile but outside the other two stable regions, the trajectory only
converges to the path in the former case. For point Q, which is located within the stable
region of one-tooth latency profile but outside the other two stable regions, the trajectory
only converges under the one-tooth scenario. This demonstrates that with periodic latency,
a larger stability region can be possibly achieved, and that the shape of the periodic latency

plays an important role when 7, < Tiax-
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Simulations of teleoperated driving for a parking lot maneuver

We perform numerical simulations of ToD maneuvers to demonstrate how the latency and

speed impact the performance. We relate these simulations to the stability analysis.
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Figure 5.14: Path reference used for simulations. (a) Reference path (brown curve) of the
rear axle center point with the vehicle depicted as moving along the path (b) Curvature
plan for a left turn path. (c) Two velocity plans defined along the path. (d) Three types of
latency profiles with 7., = 0.46 s.

We consider the task of maneuvering a vehicle in a parking lot, following the desired path
indicated by the brown curve in Figure 5.14(a). The map of the parking lot is generated
from measurements of a real lot. The curvature along the path is shown in panel (b) with
maximum value Kpax = 0.2 m~! which corresponds to a typical minimum turning radius
for a conventional automobile. Velocity plans along the path are shown in panel (c) for
two different maximum velocities vyax = 3 m/s and vya = 6 m/s. The simulations are
conducted under three different latency profiles as shown in panel (d). These all possess the
same average Ty = 0.46 s. For the two periodic latency profiles we set 7, = 0.26 s. For the
one-tooth profile we have Ty, = 0.66 s (yielding the period 0.4 s) while for the two-tooth
profile we have Tyax1 = 0.42 s and T2 = 0.74 s (yielding the period 0.64 s). They are also
shown in Figure 5.10(b) and (c) as examples to approximate the stochastic delay Data 2.

The control gains are selected as k. = 0.5, kg = 1.5 and these are marked in the stability
charts in Figure 5.15(a), (d), (g) as a blue diamonds. When simulating the system (5.18) we
also include the same delay for realizing the desired velocity. That is, we use v(t) = vq(t — 7),
where vq(t) = v(s(t)) is given by the velocity plan along the path. Without any latency the
vehicle can follow the path and the velocity plans perfectly.

Considering a constant non-zero latency, the vehicle starts to deviate from the path,
as shown in Figure 5.15(b) and (c). Since having larger velocity corresponds to a larger

dimensionless delay and a smaller stable region in panel (a), the control gains, which are
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Figure 5.15: Stability charts and simulations under different latency profiles and velocity
profiles. The stability charts correspond to constant curvature k, = Kma = 0.2 m~* and
a constant velocity v, = Umax = 3 M/S OF Vs = Upmayx = 6 m/s as indicated. (a)-(c) Stability
charts and simulations under constant latency 7. = 0.46 s. (d)-(f) Stability charts and
simulations under one-tooth latency profile. (g)-(i) Stability charts and simulations under
two-tooth latency.
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Figure 5.16: The lateral and yaw errors along the path under different latency profiles.

inside the stable region for smaller maximum velocity, are located outside the stable region
for larger maximum velocity. Correspondingly, the vehicle is not able to follow the desired
path in panel (c) even though the latency is the same as in panel (b). When ToD is performed
under one-tooth periodic latency and two-tooth periodic latency, the corresponding stability
charts and simulations are depicted in panels (d)-(f) and panels (g)-(i), respectively. The
vehicle exhibits similar behaviors under the three different latency profiles when trying to
follow the same path and the same velocity plan.

We show the lateral error and the yaw error between the realized trajectory and the
closest point on the desired path under different delay profiles in Figure 5.16. The lateral
and yaw errors along the path for the sawtooth latency simulations are close to those under
constant latency. Panels (a) and (b) indicate that the effect of sawtooth variation in latency
on the trajectory is negligible for smaller maximum velocity. For larger maximum velocity,
the deviations between the trajectories obtained for different latency profiles become more
significant as demonstrated in panels (c) and (d). As the constant latency results in the
smallest stability region, see Figure 5.15(a), (d) and (g), it also has the largest lateral error
along the path among three cases, see Figure 5.16(c). This shows that using the constant
average latency approximation for the actual time-varying latency may expect a worse per-
formance, depending on the choice of the control gains. Lastly, observe that the yaw error
is not smooth along the path in panels (b) and (d). This is due to the discontinuities in the
sawtooth latency which directly affects the yaw angle.
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Figure 5.17: Simulation results for different latency profiles and velocity plans. (a) Two
time-varying latency profiles both have 7,,, = 0.46 s. (b) Reference path (blue solid curve)
and the simulation of the ToD without any latency. (c¢) The curvature function along
the reference path with |fpax| = 0.1245 m~!. (d) Two velocity plans along the given
path with v, =3 m/s and V. =6 m/s.  (e) Stability chart for s, = 0.1245 m™!,
T7=046 8,0, =3m/s=7=0.5, and 7 =046 s,v, =6 m/s=7=1. (f)-(i) Simulation
results for the different velocity plans, with latency profiles 71(¢) (red) and 7»(f) (green)
respectively.

Effect of stochastic time-varying latency

Here we demonstrate the effect of stochastic time-varying latency via simulation results
of ToD for a different scenario in the same parking lot. The vehicle’s goal is to go from
one parking spot to another following a given curved path, see Figure 5.17. This case can
be generalized to many low-speed maneuvers with predefined curvatures and velocity plans
along the desired paths. The two stochastic latency profiles shown in panel (a) are generated
for the same network configuration with average overall latency 7, = 0.46 s. This case is
chosen since the effects of the stochastic latency are more pronounced due to the high packet
drop ratio. The vehicle starts from standstill at a spot on the right and terminates its motion
at the spot on the left following the blue path in panel (b), with two different velocity plans.
The desired path is determined by a continuous curvature function shown in panel (c), using
the 3-clothoid method [4, 90]. The maximum curvature of the path is fpay = 0.1245 m™!
and the maximum velocities for the two velocity plans are vy, = 3 m/s and vy = 6 m/s,

as depicted in panel (d). When there is no latency in the teleoperated control loop, the
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vehicle can follow the path perfectly for both velocity profiles, see the light blue simulation
in the panel (b).

The stability boundaries for constant curvature s, = 0.1245 m~!, constant scaled delays
7 =0.5 and 7 =1 are shown in panel (e). The two scaled delays correspond to the same
latency 7 = 0.46 s, wheelbase | = 2.73 m, but different velocities v, = 3 m/s and v, = 6 m/s.
We choose the control gains ky = 1.5, k. = 0.5 in the controller (5.17) as indicated by blue
diamond, which is inside the stable region for 7 = 0.5 but outside the stable region of
7 = 1. We simulate the nonlinear closed-loop system (5.18) with time-varying 7(¢), v(t)
and «(t). The simulation results for vy, = 3 m/s are shown in panels (f) and (g), with the
latency profiles 71 (¢) and 75(t), respectively. The difference between the vehicle trajectories
is small in these two simulations. On the contrary, the simulations for the larger velocity
Umax = 6 m/s look very different in panels (h) and (i), which means that this maneuver
is more sensitive to the stochasticity in the latency profiles. The linear stability analysis
for the constant parameters (overall latency, longitudinal velocity and path curvature) still
provides useful insights regarding the qualitative results of the nonlinear simulations with

time-varying parameters.

5.3 Learning the Delayed Lateral Dynamics

In this section, we utilize the physics-based form (5.1)-(5.2) to construct a neural delay
differential equation (NDDE) with a trainable delay. Then we train the NDDE to learn the
dynamics of the vehicle and the remote operator, including the overall latency. The learned
weights and biases carry physical meanings, such as the longitudinal velocity and the steering
control gains.

Consider the following NDDE

i(t) = net (z(t), 2(t — Test)), (5.41)
with © = [zR, YR, w]T representing the position and yaw angle of the vehicle, and

wy cos (z3(t))
net = wy sin (z3(t)) , (5.42)
2 tan (sat (Wizas(t — Test) + b1)>

where the wheelbase [ is assumed to be known and the rest of the trainable NDDE parameters
are the weights wy € R, W) = [wy1, wis] € R'2) the bias b; € R, and the overall latency

Test € R. The saturation function sat(-) = < arctan(r) limits the steering angle between
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Figure 5.18: (a) Kinematic vehicle model. (b) Structure of the NDDE. The trainable param-
eters are indicated in red. As the trainable delay in the NDDE updates, the delayed input
to the NDDE changes accordingly.

+28.65 degrees, taken from [103]. This model is built based on the kinematic model (5.1)-
(5.2), and thus, the NDDE parameters have physical meanings. For example, wy represents
the longitudinal velocity, —WW; represents the control gains in the steering controller and 7.
represents the overall latency in the loop. The bias b; represents the lateral offset of the
straight path y* = —b; /w1, which may not be zero when the remote operator is a human
(who may follow the straight path with some constant lateral deviation). The structure of
NDDE (5.42) is visualized in Figure 5.18. The input data is the state trajectory and the
output is the time derivative of the state, which can be estimated by numerical differentiation.

We consider the derivative loss function

N n

L % INCOE @(@-))2, (5.43)

j=1 i=1

where N is batchsize (the number of samples used for one update) and n is the dimension
of the NDDE state x(t), in our case n = 3. In the training process, the predicted state

derivative

m?(tj) = net(x(tj),x(tj — Test)), (5.44)
is directly calculated from data.

We utilize experimental driving data where a human operator drives in a high-fidelity
simulation environment. In particular, we establish a remote driving simulator using TELE-
CARLA [46], in which we can introduce an additional delay as the communication latency.
As shown in Figure 5.19, the experimental setup consists of three parts: the client com-
puter, the Ethernet wire connection, and the server computer. The CARLA simulations
are running on the server computer and the data is transmitted to the client computer via

the Ethernet wire with a network emulation Web-GUI. The network emulation introduces
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Figure 5.19: TELECARLA setup used for collecting experimental data.

a constant delay A7 to represent the communication latency. The client computer shows a
driver’s view to the remote operator and the steering commands generated by the operator
are recorded and sent back to the server for execution.

In the experiments, the human operator performs a lane change maneuver after the ve-
hicle reaches an equilibrium speed. The speed is maintained at a constant value around
4 m/s by a controller during the lane-changing maneuver and the human operator is only
controlling the steering wheel. Multiple experiments are conducted under different values of
the communication latency A7 =0,0.15,0.3,0.4 s. Each set of experiments contains three
runs. The trajectory data are presented in Figure 5.20 under different introduced latency
AT. It can be observed that when A7 > 0.4 s, the human operator starts losing control of
the vehicle.

When training the neural networks, we do not combine the data from multiple runs since
human behavior may differ even under the same driving conditions. Figure 5.21(a) and (c)
depict runs under A7 =0 and A7 = 0.4 s, respectively. The NDDE (5.42) is utilized to
learn from individual trajectories, each containing 24-seconds of data with sampling time

0.05 second (480 data points), see the segment between 0 and the second vertical black line.
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Figure 5.20: Experimental data of a lane-change maneuver with a human remote operator
in the loop. Different network latencies A7 were introduced in the experiments and three
runs of data were collected under each condition.

The maximum allowed latency is set to be 3 seconds, so the first 3 seconds of training data
(the segment between 0 and the first vertical black line) is not included in the loss (5.43).
After training, the NDDE is simulated to predict the trajectory from the given history,
beyond the training data. This allows us to examine how this simplest nontrivial model cap-
tures the complex dynamics of the human-operator-in-the-loop TELECARLA experiments,
under different latencies. Since the simulation error is not considered in the loss function
during training, it is necessary to examine the simulations even on the training data. When
the latency is small, as in Figure 5.21(a), the NDDE aligns well with the data. When the
latency is larger and the trajectory is unstable, as in Figure 5.21(b), the NDDE still captures
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Figure 5.21: Simulations of trained NDDE are compared to the experimental data on the left
and the stability charts of the learned remote human operator are shown on the right. (a)-(b)
a run of data collected under A7 = 0s. (¢)-(d) a run of data collected under A7 =0.4 s

the unstable behavior qualitatively, while the prediction accuracy decreases.

Stability and performance analysis can be done for the trained NDDE in the same way as
for classical delay differential equations since the data-driven model is in the form (5.1)-(5.2).
Figure 5.21(b) and (d) show the stability boundaries and the fastest-convergence gains (blue
stars) under the learned scaled latency T = Tegws /I where 7o is the learned overall latency
and wy is the learned speed. The equivalent control parameters k,, b, can also be extracted
from the learned weight W;, which are indicated as blue circles. When the human gains are
close to the fastest-convergence gains, the trajectory of the teleoperated vehicle converges
to the straight line quickly without oscillations. When the learned human gains are located
outside the stability boundary, the ToD trajectory is indeed oscillatory and unstable.

We plot the stability charts and the learned human gains of all runs in Figure 5.22. When
the introduced latency is 0, the overall latency in the loop is small. Then the stable region is
large and the human can perform close to the fastest-convergence gains. However, when the
introduced latency is large, the stable area is small, and the human gains are located outside
or near the stability boundaries. We remark that similar behavior is observed in balancing
problems where human reaction delay also plays an important role [14].

We show the correlation between the learned latency and the communication latency
for all experiments in Figure 5.23. The learned delay 7. increases with the introduced

communication latency A7 and it varies under same A7. This indicates that the human
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Figure 5.23: The overall latency in the loop estimated from individual trajectories for dif-
ferent values of the communication latency Ar.

reaction time may differ in individual experiments, under same network conditions.

5.4 Summary

In this chapter, we provided the detailed analysis of the stability of teleoperated driving
systems under various types of latency profiles. By rescaling the system, we summarized
the effect of the latency and longitudinal velocity into one variable, the dimensionless delay.
We demonstrated the similarity between longitudinal and lateral dynamics and obtained the
same results in the performance and robustness study, when the curvature is zero. Moreover,

we showed that the curvature also plays an important role and we derived fastest convergence
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rate (gains) analytically. In the case of periodic latency, we showed that the stability region
may increase, but the best performance usually decreases compared to the constant latency.
The difference between the constant and periodic latency is small unless the variation of the
latency is large in the periodic latency profile. The stochastic latency profiles were examined
via numerical simulations and it was shown that the stability analysis under their constant
average values can still provide insights on the ToD performance.

We also proposed to use a neural delay differential equation (NDDE) to learn the dynamics
of the vehicle and the remote operator, including the overall latency. The nonlinearity
from a kinematic vehicle model was embedded in the NDDE structure. Experiments with
human remote operators were conducted in a high-fidelity simulation environment with an
added latency. The NDDE was able to learn an overall latency and equivalent control gains
from one trajectory. It was shown that the human operator’s behavior can be captured
by the NDDE and the learned parameters can be used to analyze the stability and the
performance of the teleoperated system. Human operators may perform differently under
the same network conditions, and as future direction, we will consider the uncertainty and
time-varying characteristic in the NDDE parameters. More complex model and experimental

data in the real world will be considered in the future work.
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CHAPTER 6

Mitigating the Effect of Delay with
Act-and-Wait

To address the negative effects of the overall delay in the ToD control loop, some researchers
have been trying to reduce the delays [121, 11]. Others tried to work with the inevitable
delay. For example, a predictive display system [109] was developed to compensate the
communication latency in teleportation using model-based extended Kalman filter. The
Smith predictor [89] can be used to achieve delay-free performance if the delay and the plant
model are accurately known. Intermittent control [31, 75] reduces the infinite-dimensional
time delay system to finite dimension, by utilizing predictive control intermittently. Other
methods include optimal control [15] and H,, control [130, 80]. These methods result in
standalone controllers and are not applicable on top of an existing automatic controller or
on a human operator.

In this chapter, we will study the act-and-wait control strategy [50, 30, 84, 131], in the
context of ToD. Compared to the mitigation methods mentioned above, act-and-wait algo-
rithms can be directly implemented as an add-on to the existing controller. By switching the
control on and off periodically, the original infinite-dimensional delay system can be reduced
to a finite-dimensional system. As illustrated in Fig. 6.1(b), when the act-and-wait signal
G(t) is used on top of the remote operator the systems achieves superior control perfor-
mance. For large enough delay, the original controller may lose stability (gray curve). With
the act-and-wait algorithm applied on the same controller (same control gains), the system
converges to the steady state much faster (red curve). Besides addressing the delays in the
control loop, one also needs to evaluate the robustness of the controller against the changes
in the delay. Methods for examining the stability and the performance of time delay systems
are well established [51] and these can be generalized to study the robustness of stability
against changes in system parameters, including the delay.

We first introduce act-and-wait algorithm and study the effect of the delay and velocity on

ToD in terms of stability and convergence rate analytically with the act-and-wait algorithm.
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Figure 6.1: (a) The framework of ToD with delays. (b) Using act-and-wait strategy on top
of existing remote operator to stabilize the system under large delay. Top: Simulations of
a vehicle following a straight line y = 0 under different delays. The nominal control gains
chosen for delay 7 = 0.5 s (black) lose stability when the delay increases to 1 s (grey). After
applying the act-and-wait signal on top the nominal controller (without changing the control
gains), the system becomes stable again. Bottom: The periodic act-and-wait signal used in
the simulation.

Then we derive the robustness coefficient that represents how much delay the system may
tolerate before losing stability. In the end, the advantages of using the act-and-wait algorithm

on top of a nominal controller are demonstrated.
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6.1 Act-and-wait Algorithm

Consider a generic linear system with feedback control based on the delayed state [50]:

X(t) = AX(t) + BU(1),

(6.1)
U(t) = Gt)KX(t — ),

where X is the state, U is the control input, K contains the control gains, and G(t) is the

act-and-wait signal defined as

0, if0< (tmodT) < t.,
G(t) = (6.2)
1, ifty, <(tmodT)<T.

Here, T' =1, +t, is the period, t,, is the waiting time, and ¢, is the acting time. The

closed-loop dynamics are given by

X(t) = AX(t) + GOAX(t — 1), (6.3)

where A, = BK.
With the assumptions t,, > 7 and 0 < t, < t,,, one can convert the continuous-time sys-
tem (6.3) into a discrete-time map linking the state at the beginning of the act-and-wait

interval to the state at the end of that interval:
X(kT+T)=®X(kT), k=0,1,..., (6.4)

where the monodromy matrix ® is derived as
T
o =eAT 4 / AT=IA Al s, (6.5)
tw

The stability of the discrete-time linear system (6.4) is determined by the eigenvalues of the
monodromy matrix ®, also known as the characteristic multipliers.

6.2 Act-and-wait Steering Control

In the ToD application (5.1), (5.2), we apply the act-and-wait signal G(t) to the argument of
the “arctan” function in the controller. We further assume t,, = 7 and use the act-wait ratio

a=t,/ty, 0 <a <1, to tune the act-and-wait signal. Then the closed-loop dynamics (5.1)-

104



(5.2) become
sin(¢(t)), : (6.6)

After nondimensionalization and linearization, the stability of the lateral dynamics (given

by the last two rows in (6.6)) are characterized by the monodromy matrix

_ T
P = AT +/ AT A_ AT (s, (6.7)
tw

0 1 0 0 — _
where A = 0 ] , A= [ , T=(14+a)7 and t, = 7. The analytical form of

0 Uk, —ky

the monodromy matrix is

lkya2F2 0 . (68)

1 kya®72 — kypa®T? 1kyd’T
) ll_T (a 1)7— ko™ _ thaeirs
2

—lky a7 1 —kyat —

The eigenvalues 1, po of this matrix can be obtained analytically and the discrete-time
system (6.4) with X = [y, d]T is exponentially stable if and only if |p;| < 1 and |us| < 1. As
shown by [2], this is equivalent to satisfying inequalities |tr(®)| — 1 < det(®) and det(P) < 1,

which result in the stability conditions

1 4 » 1 _ 1_ 2
kw < ﬂang(lky) —§arlky+57lky+§,

1
by > o5 a*7(1 k) + 7Tk, (6.9)

[k, > 0.

The stable regions enclosed by these three boundaries are shown in Figure 6.2(a) and (b)
for different values of the dimensionless delay 7 and different choices of the act-wait ratio
a. Comparing these to the chart in Fig 5.3(a), one may observe that applying the act-and-
wait strategy significantly increases the stable region. The stable region still shrinks as 7
increases, and it expands as a decreases. Therefore, adjusting the act-and-wait signal could
help to stabilize the system under large delay.

Moreover, if p; = po = 0, the solution converges to zero after two periods (since ®* = 0),

which we refer to as dead-beat (DB) control. The corresponding control gains can be calcu-
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Figure 6.2: (a) Stability boundaries for different values of the dimensionless delay 7 when
a = 1. (b) Stability boundaries for different values of the act-wait ratio a when 7 = 1. (c)
The control gains which give the dead-beat (DB) control are plotted as a red dashed-dotted
curve for a = 1. The DB curve intersects the stability boundary of 7., = 0.6731 (red solid
curve) at 7 = 0.5. (d) The DB curve (red dashed-dotted curve) for a = 0.7 intersects the
stability boundary of 7., = 0.6865 (red solid curve) at 7 = 0.5.

lated analytically:

—6a — 6 + 2v/12a% + 18a + 9

e T | (6.10)
8a+6— 21242 + 18a + 9 '
Ky, = 2T )

and these depend on a and 7 only. The DB control gains are shown in Figure 6.2(c) and (d)
as red dashed-dotted curves for a = 1 and a = 0.7, respectively. Similar to the continuous-
time system, these curves intersect the stability boundaries. The DB gains for 7 = 0.5 are
marked by red starts and these are located at the stability boundary of the critical delay

value 7... However, the relationship between 7 and 7., now depends on the choice of a.
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Figure 6.3: Robustness coefficient 7., /7 as a function of the act-wait ratio a.

From (6.9), the right boundary is given by

1 1 1 2

—. 2 — —
ky = ﬂa37'i’]r(l k,)” — éaTcrl ky + §Tcrl k, + o (6.11)
Therefore, substituting (6.10), we obtain the fourth-order equation
2 /= 4 — 2 —
cr 2 —2 cr cr
I <TT) L= e (;) — (da+4r)E +4a =0, (6.12)
3a\ T a T T

where r = 3a + 3 — V/12a% 4 18a + 9. This can be solved numerically, for 7, /T and the
solution is plotted in Figure 6.3 as a function of a. The coefficient 7.,/7 decreases with
a, changing from 2 to 1.3463. Recall that this coefficient is a constant around 2.5 for the
continuous-time system without act-and-wait, cf. (5.13). Although the robustness coeffi-
cient is smaller, applying act-and-wait greatly increases the absolute stability region and
significantly improves the performance.

We simulate nonlinear system (5.1), (5.2) and the nonlinear system (6.6) with different
choices of control gains and relate the linear stability charts with the nonlinear behaviors.
In the simulation, we use the constant longitudinal velocity v = 2.5 m/s, the wheelbase
[ = 2.5 m, and the delay 7 = 1 s, which give the dimensionless delay 7 = 1. For the act-and-
wait algorithm, we select @ = 1 and ¢, = 7. This means that the acting period is the same
as the waiting period, as well as the delay in the system. Although the system is nonlinear,
the effect of the nonlinearity is small as we consider small yaw angles.

First, we compare the performance of the original system without act-and-wait control to
the one with act-and wait. In Figure 6.4(a), we compare the stable domain of the original
system (bounded by the black curves) to that of the system with act-and-wait on the top of
the same controller when using a = 1 (bounded by the red curves). Observe the significant

expansion of the stable domain due to act-and-wait. The black star corresponds to the fastest
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Figure 6.4: (a) Stability boundaries and selected control gains for scenarios with and without
act-and-wait algorithm shown by red and black colors, respectively. (b) and (c¢) Simulation
results for different choices of control gains with and without act-and-wait algorithms.

convergence rate pr.ss = —0.5858 for the original controller, and the red star corresponds to
the dead-beat control gains for act-and-wait enhanced controller. The lateral error and the
control input are shown in Figure 6.4(b) and (c), when the “best-performance” gains are
chosen in both scenarios. With act-and-wait algorithm and the DB gains, the system can
converge in 4 seconds (two periods), while the fastest convergence without act-and-wait takes
around 10 seconds (and is only asymptotic in nature).

The system may lose stability for some control gains, see, for instance, the gains marked by
the black dot just outside the stability boundary in Figure 6.4(a). One can apply act-and-wait
on top of the current controller to stabilize the system. Additionally, the final control input
can be amplified by multiplying a coefficient to achieve better performance while exploiting
the larger stable region under act-and-wait. This is equivalent to increasing control gains
along the dotted black line. We amplify the control input by different coefficients 1, 1.2

and 1.4 as indicated by the red circle, square and diamond, respectively. In Figure 6.5, we

108



B — 0O A&W gains 1

® Original gains

0 2 4 6 8 10
t[s]
(€) 2 — : : :
\\ ‘_ ...... o A&W gains 3
— 1} \‘s B
E)
= gl ‘\ '/.—— """" N

Figure 6.5: Simulations when using the act-and-wait algorithm with different amplifications
of the control gains. (a)-(b) No amplification of the control gains. (c)-(d) Amplification with
coefficient 1.2. (d)-(e) Amplification with coefficient 1.4.
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show the simulation results for those three gains with act-and-wait (red curves) and compare
the results to the original system without act-and-wait (black curves) to demonstrate the
performance improvements in terms of convergence time. These highlight the benefits of
modulating the control signal without changing the original controller, which can potentially
be applied on top of a human remote operator to assist ToD. Note that the location of the
original gains also influences the performance of the act-and-wait algorithm. Thus, to achieve

the best performance, it is necessary to tune the two gains individually.

6.3 Summary

In this chapter, we provided the act-and-wait steering control strategy as a solution to
mitigating the effect of delay on the lateral dynamics with the knowledge of learned delay.
With act-and-wait strategy, the stable region in the parameter space increases while the
robustness coefficient decreases. The system with act-and-wait strategy also converges much
faster at its best performance. It means that the act-and-wait could potentially stabilize the
system and achieve better control performance, but the performance is also more sensitive
to the change of delay and velocity. As future directions, one may advance the act-and-wait
strategy to generate smoother and more realistic input signals and compare the results to
other delay mitigation methods. The implementations on other maneuvers such as following
a curved path need to be studied. Moreover, it would be interesting to integrate the act-
and-wait strategy with the data-driven model. For example, one can linearize the trained
NDDE of the vehicle dynamics and adjust the act-and-wait parameters based on the learned

delay.
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CHAPTER 7

Conclusion

In this dissertation, we proposed to learn the time delay systems from trajectory data with
the time delay neural networks and trainable delays (TrTDNNs). We focused on capturing
the time delay systems in continuous time, which results in neural delay differential equa-
tions (NDDE) and we highlighted the trainability of the delays in the neural networks. The
proposed methods are applied to learn the delayed dynamics of intelligent vehicles, includ-
ing a connected automated vehicle and a teleoperated vehicle with human operator. This
dissertation contributes to the field of data-driven methods for learning time delay systems,
and provides insights on the effects of latency on vehicle control.

Compared to the conventional time delay neural networks (TDNNs) with fixed time de-
lays, we demonstrated that TrTDNNs can greatly reduce the complexity of the neural net-
works. It was shown that the simpler structure of the Tr'TDNN enables fast simulations and
allows more sophisticated analysis on the trained model for further improvement. We un-
veiled the fundamental problem of converging to the undesired local minima and showed that
the sparsity of the trainable delays in the network can mitigate this situation. Although the
TrTDNNs do not fully remove the chance of converging to undesired local minima, multiple
algorithms with different loss functions were presented to improve the training performance.

We provided various examples of learning the time delay systems with our proposed meth-
ods, demonstrating that with the trainable delays, both delays and the nonlinearity can be
learned simultaneously. The independence of delay learning improves the generalizability of
the network. We evaluated the trained TrTDNNs in continuous time (which become neural
delay differential equations, NDDESs) using well-developed tools for delay differential equa-
tions (DDEs), such as spectrum analysis, bifurcation diagrams and the maximum Lyapunov
exponent (MLE). We showed that a NDDE trained on one single chaotic trajectory at a cer-
tain delay can reproduce the behavior at other delay values. This indicates that the quality of
the training data is crucial, especially for autonomous systems without excitation. The pro-
posed method was compared with the sparse identification of nonlinear dynamics (SINDy)

method, which is a well-known data-driven method for learning the nonlinear dynamics from
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data. The SINDy method requires a library of candidate functions which includes the cor-
rect nonlinearities (while not including similar functions) to restrict the search space. The
NDDE with trainable delays provides interpretable results without the need of a library and
the learning performance can be improved by increasing the amount of high-quality training
data.

As future work, we can improve the training algorithm for the NDDE approach, by re-
stricting the nonlinearities and adapting different parameter update algorithms. For instance,
one may use external optimizers for the delays and extend the current algorithms to online
training. Moreover, the extension of the NDDE to other types of delay differential equations
such as distributed delays and time-varying delays is also very intriguing. Other potential
future directions include applying the proposed NDDE with trainable delays on typical ma-
chine learning problems such as image classification and natural language processing. With
the delays in the differential equations, the size of the model can be reduced significantly
while still exhibiting rich dynamics. Additionally, one may apply the existing algorithms on
reduced state space or latent space, though the advantage of having interpretable learned
delays in the neural networks may diminish.

Besides putting forward the data-driven methods for learning the time delay systems, we
also studied the effects of latency thoroughly on the vehicle control in this dissertation. We
considered the acceleration and the steering angle as control inputs in the longitudinal and
lateral control, respectively. We demonstrated through analytical studies that the choice
of control gains can be determined to achieve fastest convergence with the knowledge of
time delays in both longitudinal and lateral dynamics. For the lateral dynamics, one can
nondimensionalize the system and summarize the effect of longitudinal velocity and the
overall latency in a scaled delay. The similarity of the scaled delay in the lateral dynamics
and the actual time delay in the longitudinal dynamics indicates the same generic results in
both analytical studies. If the control gains are selected under a nominal (scaled) delay to
achieve the fastest convergence, the vehicle can maintain stability up to 2.5 times of that
nominal (scaled) delay. In addition, the road curvature can play a crucial role in the stability
of the lateral dynamics.

In the context of teleoperated driving (ToD), we showed the change of stability and
performance under periodic time delays and stochastic time-varying time delays arising in the
communication network. The presented comprehensive stability and performance analysis
can be used to select appropriate control gains, maneuvers, and wireless network resources
for different ToD scenarios. This work can be extended to more complex vehicle models in
the future. For instance, studying the joint effects of different delays in the longitudinal and

lateral dynamics is particularly intriguing.

112



Equipped with the knowledge of vehicle dynamics and time delays, we were able to embed
the delay and nonlinearities in the NDDEs to learn the overall latency and an equivalent
controller from limited trajectory data. The stability analysis also enabled us to evaluate the
learned model and the controller, especially when the controller is a remote human operator.
The method was applied to the data generated from human-in-the-loop experiments, in high-
fidelity driving simulator with the addition of a constant communication delay. After the
delayed dynamics are learned, stability and performance analyses were performed to evaluate
the ToD behavior under latency. We also proposed an act-and-wait algorithm to improve
the stability and achieve deadbeat control, with the knowledge of delay value.

In the future, we can study the uncertainty in the human behavior though experiments in
simulation environment, implement online training and evaluating algorithms for NDDEs.
Our results showed that even under the same wireless network conditions, human may behave
differently. It is necessary to learn the time-varying parameters in the real-world deploy-
ments. Apart from the act-and-wait algorithm presented in this dissertation, more advanced
control methods should also be integrated to improve the performance of the teleoperated
driving behaviors and ensure safety, by utilizing the knowledge of time delays. It would be
also valuable to embed more complex vehicle models in the NDDE, explore other data-driven
methods including “end-to-end” modeling and compare those methods on intelligent vehicle
applications. The current NDDE model designed for learning ToD behaviors is restricted by
the embedded physics, so the accuracy of the model largely depends on the correctness of
this knowledge. In general, data-driven methods involve a tradeoff between the amount of
data required and the reliance on prior knowledge. Future work is needed to strike a balance
between these two aspects and to adapt data-driven approaches for various vehicle-related
applications. High-quality data is especially vital and valuable in advancing the field of
intelligent vehicles. It is important to collect and utilize such data wisely, with the aid of

domain knowledge.
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APPENDIX A
Training Algorithms Used in the Examples

We first present the mini-batch gradient descent (GD) training algorithm proposed for the
derivative loss and GD updating rule in Algorithm 2. In this section, we specify £ = £; and
consider the training loss Ly, over training dataset and a validation loss L, over validation
dataset, which are both based on L, norm evaluation on the state derivatives. In both
algorithms [56], the inputs and outputs of the network is normalized between [0,1] and
the training stops when the validation loss L., starts increasing consecutively. This is the
algorithm used in the example in Section 2.4 and it is extend to the Algorithm 3 for addressing
undesired local minima [61]. We also introduce the Levenberg-Marquardt (LM) method as
an alternative update rule. The details of the gradient calculation are given in Appendix B.

In the GD method, the updating formula of parameter § € RM at iteration ¢ + 1 uses the

gradient of the loss function at iteration ¢:

oL

Og1 =0y — 56,

(A.1)

The learning rate 7y can be a constant or be adaptive during the training. In order to

calculate the gradient g—eﬁq we reformulate the cost function(2.18) as

1

L(0) = BT (0)E), (A.2)
where
E(9) = 622 € RV, (A.3)
and
eF = @(to + jAL) — @(to + jAL). (A.4)
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Then the updating formula (A.1) becomes

2 OFT

0,.1=0,—nyg— E(0 A5
o+l 1 779N 00, ( q>’ (A.5)
which contains the Jacobian matrix —85; € RMx(Nn)

For the LM method, we use the formula

T -1 T
2 0F' OF I) 2 0K (A.6)

Og41 =04 — (N 99, 8_9(1 +p N o8, (),

where o is the tuning parameter and I denotes the M x M identity matrix. For large p,

the LM method approximates the GD method with a small learning rate. For small pu, it

approximates Newton’s method with an approximate Hessian matrix %%—? € RMxM _Both

algorithms (A.5) and (A.6) contain the Jacobian matrix

aaEQT: [(%)T,...,(%)T}, o

which requires the calculations of the gradients %_e@j’ j=1,...,N.
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Data: training data and validation data
Goal: learn § = {W,, b, 7.}, l=1,....L,k=1,...,d
e Normalize inputs and outputs between [0,1] and get derivatives of
normalized inputs.

e Choose the learning rate 7y and learning rate updating method.

e Set maximum iteration number ¢.,, maximum violation number v,
and maximum allowed delay 7.

e Initialize W, between [-1,1], b = 0 and 75, within interval [0, Tyax],
v=0.

for ¢ = 1,..., gmax do

e Randomly take one batch of data from the training set.

e Construct the input z for selected trajectories based on 7y.

e Calculate the losses L, and L., for training and validation data.

e Obtain the gradient information and update parameters 6,1, < 0,,

using (A.5).
if £, Increases consecutively for vy, times or any 75 € [0, Tyax] then
| break loop
end
end
6 =4,

Algorithm 2: Mini-batch GD training algorithm for NDDEs with trainable
delays
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Data: training data and validation data
Goal: learn 0 = {W,, b, 7.}, l=1,....L,k=1,...,d
e Normalize inputs and outputs between [0, 1] and obtain the derivatives
of the inputs.

e Choose the updating formulas (A.5) or (A.6) and tune parameters 7
or fi.

e Set maximum iteration number ¢,.,, maximum violation number vy,
maximum allowed delay 7y,ay.

e Choose different initializations for W, uniformly between [—1,1], set
by = 0, and initialize 75, within interval [0, Tyax]-

For each initialization, set v = 0 and start training
forg=1,...,¢m. do

e Construct the input z for selected trajectories based on 7y.
e Calculate the losses L, and L, for training and validation data.

e Obtain the gradient information and update parameters 6,.; < 0,
using (A.5), (A.6) or (2.21)-(2.23).

if L., Increases consecutively for vy, times or any 75, € [0, Tyay] then
| break loop
end

end
After collecting all parameters from multiple attempts at the end of training,
choose the set of parameters # which gives the smallest £, among them.

Algorithm 3: Multi-attempt gradient-based training algorithm for NDDEs
with trainable delays
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APPENDIX B
Analytical Derivation of the Gradients

The analytical derivation of the gradients of the derivative loss function £; is given by the
follow. To simplify the notation we drop the superscript j. Also, we vectorize the weight
matrices W; € R™*™-1 into the vectors

1/ T nn

Wl = W11, Wiy, W21, ,Wap_q,° " e R™ l_l7 (B]')

where n; denotes the dimension of z. Then the gradients with respect to weights WW; and

biases b; can be expressed as

Oe de . 0s

— = hy—— = hy (L xn @ 2" 4), B.2
o, ~ 0w, U @) (B2)
and 5 5 5
e e S
—=—n =h B.3
861 GzL l@bl b ( )
respectively, where
85, 821
hy = hygq 8,; 95, = hip A Wi fi (s1), (B.4)
foril=1,...,L—1 and
hy = fi(SL) = IannL7 (B5>

cf. (2.5). Note that ® denotes the Kronecker product so that (I x,, ® 2/ ;) € RM>mm-1,

h; € R"c*™ therefore 8‘?; € Rrexmm-1 gnd ae € R™:*™ _ In our case, the dimension of the

last layer is equal to the dimension of the state derivative z, i.e., ny, = n.

In case of the time delay parameters we define the vector
T:[%(J?"'77A—d76-07"'76-q]T€RD7 (B6)

with D = d + q + 2, which is part of the parameter . The gradient with respect to the delay
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vector T can be calculated as

0 0 0s1 0z 0z
g gy %z _ gy w220 (B.7)
oT 0z, 0z¢ 0T or
Here the network input zg = | 20,1, - - -, 20.n, ]T € R™ is an augmented vector of states and
control inputs corresponding to each delay value, where ng = D(n + p) and n and p are the
dimension of the state x and the input u. The matrix % € R™*P can be written as
0 0 0
g _ | TZ (B.8)
6T 67'1 aTD
Each element zp,,9=1,...,n9, is a scalar associated with one specific delay
neT,b=1,...,D. Thus, we can write
0z i 0z i t— 0z i t— .
oo Groillon) _ Gallon) s, (5.9)

877, 87’1) ot

where Zo,;(t — 1) is the time derivative of the network input at time ¢t — 7,, which can be

approximated from the data. We can set 85;’; = ( if we regulate the network to have a delay-

free input z(t) or u(t). We also remark that to ensure the non-negativeness of time delays,
after using the updates (A.5) or (A.6), we apply max{0, Ty} element wise; cf. (B.6).
Recall that in the formulas above, the parameter vector 6 collects vectorized weights and

biases and the time delays. Therefore, we obtain

Oe de Oe Ode Oe Oe

p— — ———  * . —_— — — nLXM .
a0~ oo o, o or| ST (B.10)

and concatenate the e/-s of different time steps as in (A.7) to construct the Jacobian

% € RMx(Nnr) with n; = n.
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APPENDIX C

MATLAB Codes of NDDE Solver for

Simulation Loss Training Algorithms

C.1 Example code for NDDE solver

A% 4 step Adams-Bashforth scheme to solve DDEs
A% with multiple delays
function xsolu=dl_ddeab4 (fun,par,delay,hist,time)
dim=length (hist (time (1)));
h=time (2)-time (1) ;
Maxdelay = max(ceil (max(delay)/h)*h,h);
timehist=fliplr (time (1) -Maxdelay:h:time (1)) ;
z0=dlarray (zeros (dim,length(timehist)));
for i=1:length(timehist)
z0(:,i)=hist(timehist (i));
end
z0=z0(:);
xsolu=dlarray(zeros(dim,length(time)));
for kk=1:1length(time)
timestep
tnew=time (kk) ;
if kk==
znew=2z0;
else
xold=z0l1ld(1:dim) ;
Z = reshape(zold,[dim length(timehist)]);
xdelay = interpl(fliplr(timehist),...
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fliplr(z)', time (1) -delay)';
xdelay = reshape(xdelay,[],1);
rhsl=fun(told, xold,xdelay, par) ;

/4 calculation of the solution

if kk==

xnew = xold+hx*rhsil;
elseif kk==

xnew = xold+h*(3*rhsl-rhs2)/2;
elseif kk==

xnew = xold+hx*...

(23*¥rhs1-16*rhs2+5%xrhs3)/12;
elseif kk>4
xnew=xold+hx*...
(66*%rhsl1-59%rhs2+37*xrhs3-9*rhs4) /24;
end
znew=[xnew;zold (1:end-dim)];
end
if kk>3
rhs4=rhs3;
end
if kk>2
rhs3=rhs?2;
end
if kk>1
rhs2=rhsli;
end
told=tnew;
zold=znew;
xsolu(:,kk)=znew(1:dim) ;

end

C.2 Example code for the NDDE initialization

A% an ezample of function
4% as the input of DDE solver abowve
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function dx=fun(t,x,xdelay,par)

dx = par.fc3.Weights*tanh(par.fc2.Weights...
xtanh (par.fcl.Weights*...
[x;xdelayl+par.fcl.Bias)...

+par.fc2.Bias);

end

function bias = initializeZeros (sz)
bias = zeros(sz, 'single');

bias = dlarray(bias);

end

function weights = initializeGlorot(sz)

Z = 2xrand(sz, 'single') - 1;
bound = sqrt(6 / (sz(2)+ sz (1)));
weights = bound * Z;

weights = dlarray(weights);

end

A% initialization of the parameters

/4 guess the number of delay 'nd’',

4 initalize randomly as dlarray

/4 NDDE will be the par in the fun

tau = dlarray(tau_max*rand(1l,nd));

/4 an example of network

NDDE = struct;

NDDE.fcl = struct;

sz = [hiddenSize nx*(1+nd)];
NDDE.fcl.Weights = initializeGlorot(sz);
NDDE. fcl1.Bias
NDDE.fc2 = struct;

sz = [hiddenSize hiddenSize];
NDDE.fc2.Weights = initializeGlorot(sz);
NDDE.fc2.Bias
NDDE.fc3 = struct,;

sz = [nx hiddenSizel];

initializeZeros ([sz (1) 1]);

initializeZeros ([sz (1) 1]1);
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NDDE.fc3.Weights = initializeGlorot(sz);

C.3 Code snippets for training

4 xsolu s from dde solver 'dl_ddeabs '
/4 z_target is the observed data

loss = 12loss(xsolu,x_tartget)

grad_par dlgradient (loss,par);

grad_tau dlgradient (loss,par);

/4 adamupdate as an ezample
[par,averageGrad_p,averageSqGrad_p]l =
adamupdate (par,grad_par ,averageGrad_p, ...
averageSqGrad_p,iteration);
[tau,averageGrad_t ,averageSqGrad_t] =
adamupdate (tau,grad_tau,averageGrad_t,...
averageSqGrad_t ,iteration);

tau = min(max(le-5,tau) ,tau_max-1e-5);
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APPENDIX D

Creating NODE from TrTDNN

D.1 ODE Approximation of DDE

Consider an autonomous time delay system

&(t) = g(x), (D.1)

where x € R" and z; € X. Here X = C(|—Tmax, 0], R") is the space of continuous functions,
e, z(0) == z(t + 1), ¥ € [—Tmax, 0], and Tyax > 0 is the maximum delay. The system (D.1)
contains the functional g: X — R™ and it can be re-written as an operator differential equa-
tion:

T = G(xy), (D.2)

where the operator G : X — X is defined as

) 19 - 07
6(p) = | 1%) D3
Eg? Y S [_Tmaxao)u

see [111, 10].

We discretize in the variable ¢ using a mesh of size M + 1 and define the vector

xm=| 7 | = | (D.4)
Xun)|  |a(t— Mh)

where h = 7. /M. This way we can approximate (D.2) with the ordinary differential equa-
tion

X(t)=G(X(1), (D.5)



where the function G: R*M+1) — RrM+D) g oiven by

9(X)

G(X) = DX

. (D.6)

Here §: R*™+1) 5 R” is the approximation of the functional g: X — R"™. For example,

considering
g(xt) = f(x(t), :L'(t - (] =+ a)h)a :L‘(lf - TmaX)) (D'7)
with j € {0,1,...,M — 1}, a € (0,1), and f: R3 — R", one may use linear interpolation
to obtain
z(t—(j+a)h) = (1 —a)x(t — jh) + ax(t — (j + 1)h), (D.8)
yielding
9(X) = f(X1, (1 = a) X1 + aXjio, Xaria). (D.9)

The matrix D), € RO-DM+1)xn(M+1) yepresents the numerical differentiation scheme used
to approximate the time derivative of past states. For instance, choosing the forward Euler

method to approximate the time derivative

i(t —jh) = +(z(t — (j — 1)h) — z(t — jh)), (D.10)

gives ‘
Xj+1(t) - %(X](t) - Xj+1(t)), (Dll)

yielding
I -1
1 I I
Dy = 7 , (D.12)
I —I

where I € R" "™ is the n-dimensional unit matrix and only the nonzero blocks of D), are
spelled out.

In summary, (D.5,D.6) discretizes (D.2,D.3) in the history variable 9. As illustrated
in Figure D.1, we still maintain the continuous dynamics in time ¢. This enables us to
propagate the state forward with high accuracy, which will be beneficial for learning. Note

that, however, data samples will only be available with sampling time h.
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continuous dynamics

Figure D.1: Illustration of discretization of a DDE in history.

D.2 NODE approximation of TrTDNN

We define a matrix which allows us to approximate the delayed states z;, ™ in (2.5) with the

components X; in (D.4), namely
7y = PX(t), (D.13)

where P € R&™M+1) and since typically d < M, P is a wide matrix. For the case of the

linear interpolation given in example (D.7,D.8,D.9) we have

I
P = (1—a)l ol (D.14)

where the block (1 — «)I is the j + 1-st column and the block af is the j + 2-nd column.
Indeed, one may use higher-order interpolation methods which result in more nonzero blocks
in P.

The output of the neural network (2.3) is set to be the derivative

i(t) =2 = net(PX(t)), (D.15)
and thus the neural ordinary differential equation becomes

X(t) = G(X(1)), (D.16)
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where the function G: RMM+1) — RM+1) g oiven by

net (PX )

Gx) = DuX
M

, (D.17)

cf. (D.5,D.6). We remark that to obtain D), instead of the forward Euler method we will

use the central difference method which yields
I O -1
Dy = — R : (D.18)

2h I O -—I
oI —2I

where O € R™" is the n-dimensional zero matrix while the other nonzero blocks are not
spelled out; cf. (D.12). Note that the last row in D), is still derived from forward Euler
method.

When training the NODE (D.16,D.17), the weights W, and biases b; in (2.3) as well as

the delays 7; are updated at every iteration. The update in 7; iteratively changes P defined
in (D.13).
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