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ABSTRACT

A recent study design for clinical trials with small sample sizes is the small n, sequential, multiple assignment, randomized

trial (snSMART). An snSMART design has been previously proposed to compare the efficacy of two dose levels versus placebo.

In such a trial, participants are initially randomized to receive either low dose, high dose or placebo in stage 1. In stage 2, par-

ticipants are re-randomized to either dose level depending on their initial treatment and a dichotomous response. A Bayesian

analytic approach borrowing information from both stages was proposed and shown to improve the efficiency of estimation. In

this paper, we propose two sample size determination (SSD) methods for the proposed sSnSMART comparing two dose levels with

placebo. Both methods adopt the average coverage criterion (ACC) approach. In the first approach, the sample size is calculated

in one step, taking advantage of the explicit posterior variance of the treatment effect. In the other two step approach, we up-

date the sample size needed for a single-stage parallel design with a proposed adjustment factor (AF). Through simulations, we
demonstrate that the required sample sizes calculated using the two SSD approaches both provide the desired power. We also
provide an applet to allow for convenient and fast sample size calculation in this sSaISMART setting.

1 | Introduction

Patient recruitment to a placebo-controlled randomized clinical
trial (RCT) is especially challenging in rare disease clinical tri-
als because of the limited number of eligible study participants.
Thus, novel clinical trial designs that reduce the required sam-
ple size while efficiently estimating treatment effects are in great
demand. The small n, sequential, multiple assignment, random-
ized trial (snSMART) [1] is such a design that provides efficient
treatment effect estimates in small samples. As a variation of a
sequential, multiple assignment, randomized trial (SMART) de-
sign [2], an snSMART design is a multi-stage clinical trial design
where there are at least two randomizations in sequence, often

with subsequent randomization depending on response to initial
treatment. The goal of an snSMART is to obtain more informa-
tion on a small group of individuals through multiple stages to
identify the best first stage intervention by incorporating infor-
mation from multiple stages. The goal of a SMART design is to
identify the most effective dynamic treatment regimen or tailored
sequence of treatment across both stages. Hence, SMART designs
are typically placebo-free and do not seek to provide evidence of
a (dose of) drug relative to placebo. Fang et al. [3] developed an
snSMART design and a Bayesian analytical approach with the
aim of extracting information from two stages, from which they
also demonstrated gains in efficiency of treatment effect esti-
mates as compared to one-stage designs with placebo control.
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Sample size determination (SSD) is a decision feature that
seeks to determine the number of human participants needed
for an experiment. Frequentist SSD methods have existed for
decades [4], and most of the classical frequentist parametric
methods are based on power and size control (PSC) rules [5] to
determine the required sample size. Given a hypothesis test,
statistical power is defined as the probability of correctly re-
jecting the null hypothesis. Since the determination of sample
size is made prior to the collection of data, investigators have
to choose a single specific value of the effect size of interest
and the variability of the effect based on previous knowledge
or data.

Bayesian SSD approaches handle prior information about the
parameters of interest differently than frequentist approaches.
Bayesian approaches account for uncertainty in unknown pa-
rameters through the use of prior distributions and determine
the required sample size through a variety of performance cri-
teria. Adcock [6] first proposed the average coverage criterion
(ACC) rule, which determines sample size by controlling the
average coverage rate of posterior credible intervals with fixed
length. Joseph, Wolfson, and Berger [7] developed the average
length criterion (ALC) method, choosing sample size by con-
trolling the average length of posterior credible intervals with
fixed coverage rate. Joseph and Belisle [8] proposed the worst
outcome criterion (WOC) rule, which is a more conservative
approach that controls both the expected coverage rate and the
posterior interval length.

Methods have also been developed to account for hypothesis
testing or model selection using the Bayes factor [9, 10]. In
addition to these performance based approaches, Lindley [11]
argued that SSD is a decision problem and proposed a deci-
sion theoretic approach with utility theory. More recent work
includes simulation-based Bayesian SSD approaches [12-14],
evidence-based approaches [15], approaches using historical
data [16, 17], and Bayesian-frequentist SSD approaches [18].
Simulation-based approaches are often implemented when
using a complicated hierarchical Bayesian model since sim-
ulations do not require approximating the posterior distribu-
tions with explicit expressions. However, the computational
burden required for repetitive simulations is considerably high
despite increasing computational speed over the past few de-
cades. When alternative explicit sample size calculation meth-
ods are available, these methods can be used more extensively
than simulation-based methods. In the simulation-based ap-
proach by Wang and Gelfand (2002) [12], a framework with
two distinct prior distributions was proposed: one for fitting in
Bayesian analysis and another for sampling to generate data.
This two-prior framework has also been adopted in other
Bayesian SSD approaches [13, 16]. In this article, we employ
a hybrid Bayes-frequentist approach, utilizing a sampling dis-
tribution with fixed parameter values and a single fitting prior
for Bayesian inference with several considerations: (1) justi-
fication complexity for the chosen sampling prior, (2) mitiga-
tion of potential bias introduced by the sampling prior, and (3)
advocacy for wider adoption in clinical trial practices. While
our approach is a Bayesian conditional approach to SSD, it is
important to note that many investigators are still navigating
the incorporation of Bayesian concepts into conventional trial
design. Hence, we aim for our method to help bridge this gap

and facilitate a smoother integration of Bayesian approaches
in practice.

Most of the SSD methods we have described are concerned with
the comparison of two population means with known sample
variance or applications in linear regression. Applying these
SSD methods to trials involving repeated measurements in
multiple stages requires further consideration and derivation.
Available SMART SSD methods [19] are not appropriate in this
setting due to the very different objectives and models used for
an snSMART. In traditional 2Xx2 crossover designs, patients
are randomized to receive a sequence of two study treatments.
Inference is based on the comparison of effects within each pa-
tient removing the intersubject variability, simplifying the sam-
ple size calculation [20]. In cluster randomized controlled trials,
researchers take advantage of the intra-cluster correlation (ICC)
coefficient and update the sample size derived for independent
data with the estimated variance inflation factor (VIF) and the
average cluster size [21]. Researchers then construct frequentist
or Bayesian SSD approaches based on these fundamental deri-
vations [22, 23].

In this article, we address SSD for an snSMART of placebo, low
and high doses, applying the ACC to the difference between the
treatment effect of low dose and placebo. First, we derive the
posterior distribution of the difference between mean outcomes
of low dose versus placebo. We then investigate two alternative
ways of calculating sample size for the proposed snSMART.
The first approach is to directly apply the existing Bayesian SSD
method to the posterior difference as the outcome in one step.
The second method is motivated by cluster randomized con-
trolled trials. We calculate the sample size needed for the first
stage, and adjust this sample size to account for the extra in-
formation contained in the second stage in two steps (i.e., we
adjust by a deflation factor as opposed to the VIF used in cluster
randomized controlled trials). The two-step approach explic-
itly quantifies the savings in sample size for a traditional one-
stage trial due to the two-stage sSnSMART design and Bayesian
analysis.

In Section 2.1, we review the study design and statistical model
of interest. In Sections 2.2-2.3, we present the details of the two
candidate SSD approaches. In Section 3, we conduct simulations
to demonstrate the performance of our calculated sample size in
an snSMART that analyzes data using the proposed joint stage
Bayesian model from Fang et al. [3] The two SSD approaches
proposed in Sections 2.2-2.3 are available through an interac-
tive applet: https://umich-biostatistics.shinyapps.io/snSMART _
doseversusplacebo_SSD/.

2 | Methods

2.1 | ARevisit of the Study Design
and the Bayesian Model

We consider the snSMART design proposed in Fang et al. [3]
(Figure 1). A total of N patients are enrolled in the trial. In
stage 1, N/ 3 patients are randomly assigned to each of placebo,
low dose, and high dose of the study treatment, respectively.
At the end of stage 1, a binary endpoint is measured for each
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FIGURE1 | Study design of the proposed snSMART. Participants are equally randomized (R) to one of the first stage treatment arms, placebo,
low dose or high dose. At the end of stage 1, patients are re-randomized to their second stage treatment based on their response status. Outcomes are

collected at the end of stage 1 and stage 2.

participant, which determines the reallocation of treatment in
stage 2. Patients receiving high dose in stage 1 who do not re-
spond will continue to receive high dose in stage 2. All other
participants are randomized to either low dose or high dose of
the study drug in stage 2 with equal probability. The continu-
ous endpoint of primary interest is collected at the end of both
stages.

To estimate the first stage treatment effects, we adopt the
Bayesian joint stage model proposed in Fang et al. [3]. For pa-
tient i=1, ... ,N in stage j=1,2, we denote T; as the treat-
ment assigned and denote Yj; as the observed continuous
outcome. Z; =0,1 is the binary intermediate endpoint mea-
sured at the end of stage 1 that is used for re-randomization.
The conditional model for stage 1 data is written as
Y, ~N(my(Ty),0%), in which my(Ty) = Xul(T, =k), for
the three treatment arms k € {P,L,H}. In stage 2, we adopt
the conditional model Y}, ~ N(m, (T, Ty, Y;),0?), in which
My (T, T, Y ) = mpI(Ty = K') + a + B(Y; —my (T;)) and k' € {L,H).

Based on the Bayesian joint stage model construction, with a
multivariate normal prior distribution of g = (p, uy, ys @) s
we obtain their posterior also following a multivariate normal
distribution. See Appendix A for the derivation details.

Before data collection, we approximate the expected number
N, according to the prespecified randomization scheme and
obtain the approximate posterior variance-covariance matrix
of the mean outcome parameters u. Given the multivariate nor-
mality of u, the posterior distribution of any weighted linear
combination of the three parameters is normal. We deploy this
property for the sample size calculation approaches described in
the following sections.

2.2 | One-Step Approach Based on the Joint Stage
Posterior Distribution

Since the purpose of our design is to demonstrate the effi-
cacy of dose levels against placebo, our hypotheses of interest
are based on y; — up and uy — pp. For SSD, we consider the

difference between the mean outcomes of low dose and pla-
cebo as it will provide a conservative sample size assuming
the lower dose is not more efficacious than the higher dose.
For the purpose of illustration, u; — up will be denoted as §; in
the rest of this paper.

Like in Wei et al. [24], we follow the ACC rule [6] to determine
the required sample size to guarantee a desired “significance
level” of ¢ given a desired “power” of y. We refer to “signifi-
cance level” as one minus the coverage rate of the posterior
credible interval of the outcome parameter of interest. We de-
fine “power” as the probability of rejecting the null from the
1 — ¢ credible interval with the proposed Bayesian analysis
when a prespecified treatment effect is present. For a fixed
length [, the determined sample size is chosen as the smallest
integer N that ensures

q+l/2
J {J f(6,12.N)ds,, }f(z)dz >1—¢,

q-1/2

where z = (z,,z, ) denotes the integrated data from two stages of

a trial; 9 denotes the posterior mean of ;. We choose length [ as

%, such that the sample size guarantees a power of y with
-y [ Z1-¢/2

the credible interval of length I in order to detect the treatment

effect as specified in the prior mean of 6;.

2.3 | Two-Step Approach Based on an Adjustment
Factor (AF)

In this approach, we focus on quantifying the separate benefits
of (i) having two stages in an sSnSMART and (ii) using a Bayesian
analysis as compared to a single stage RCT using a frequentist
analysis. That is, we quantify sample size savings from the two-
stage study design and contribution from the prior distributions
used in analysis.

The first step of this approach is to calculate the sample size
needed for a traditional one-stage design that mimics the first
stage of the snSMART. Given the proposed Baysian joint-stage
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TABLE1 | Presumed scenarios 1-10 for sample size calculations.
Sample size calculation inputs
Re-randomization scheme Within-subject correlations Outcome parameters
Scenarios P R.:Ry, B p(Yu,Yy) wp up Mg o« c
1 0.6 0.5:0.5 0.5 0.45 0 2 4 0 4
2 0.6 0.5:0.5 0.5 0.45 0 1 4 0 4
3 0.6 0.5:0.5 0.5 0.45 0 3 4 0 4
4 0.6 0.5:0.5 0.5 0.45 0 2 3 0 4
5 0.6 0.5:0.5 0.5 0.45 0 2 4 -1 4
6 0.6 0.5:0.5 0.5 0.45 0 2 4 0 3
7 0.2 0.5:0.5 0.5 0.45 0 2 4 0 4
8 0.6 0.7:0.3 for responders 0.5 0.45 0 2 4 0 4
0.3:0.7 for non-responders
9 0.6 0.5:0.5 0 0 0 2 4 0 4
10 0.6 0.5:0.5 1 0.71 0 2 4 0 4

Note: r, represents the response rate of observing Z = 1 for patients on high dose in stage 1. R; : Ry; represents the ratio of the probabilities for patients who are re-

randomized to low and high dose in stage 2. f is the linkage parameter as defined in Section 2.1, where p(Yil, Yiz) =p/

1+ f? is the within-subject correlations

between observations in two stages. For treatment k € P, L, H, u, denotes the true value the mean outcome parameter. o stands for the standard deviation of the
observed outcomes. a is the true value of the shift parameter. Scenario 1 is the benchmark scenario. Any variation of the other settings from Scenario 1 is highlighted

in bold.

model and a normal likelihood with normal conjugate priors for TABLE 2 | Presumed scenarios 1, 11-15 for sample size calculations.
the mean of each dose level, the posterior distribution of u, and - -
. Parameters in data generation
y; are derived as
Scenarios Hp Hr Hy a c p
2+ ’(Pﬂg
sin | X015, 0% ~ N i€I(P) o2 1 0 2 4 0 4 0.5
p1X1,Y1,Kp, 0~ s
N/3+wp " N/3+kp 11 0 2 3 0 4 05
12 0 1 4 0 4 0.5
T yntKiHg 13 0 2 4 -1 4 05
P O_ZNNtEI(L) c
Hp 1 X1:Y1: KL N/3+x, 'N/3+x, | 14 0 2 4 0 6 05
15 0 2 4 0 4 0.3

where x,,y, denotes the data collected until the end of the first
stage. Similarly, we apply the ACC rule for SSD.

The second step updates the sample size computed in the first
step with an AF. The AF assumes a fixed # and is defined as the
expected ratio of the posterior variance derived from the joint
stage model over the posterior variance derived from the first
stage model. The AF (ranging from 0 to 1) roughly quantifies the
sample size savings from the two-stage design as compared to
the conventional one-stage design. The AF is:

=J Var(6,|z)f(z) .
z Var(5L| zl)f(zl)

where the posterior variance of mean outcome difference from
the stage 1 modelisVar(6,|z,) =02/ (N/3+xp) + 62/ (N/3+ k1),
and its counterpart from the joint stage model Var (6, | z)is derived
in Section A given a fixed . Given the complexity of integration,

Note: rr, represents the response rate of observing Z = 1for patients on high
dose in stage 1. R; : Ry represents the ratio of the probabilities for patients who
are re-randomized to low and high dose in stage 2. g is the linkage parameter
as defined in Section 2.1, where p(Y;;, Y;;) = #/ V1 + p* is the within-subject
correlations between observations in two stages. For treatmentk € P,L, H, u;.
denotes the true value the mean outcome parameter. ¢ stands for the standard
deviation of the observed outcomes. a is the true value of the shift parameter.
Scenario 1 is the benchmark scenario. Any variation of the other settings from
Scenario 1 is highlighted in bold.

we approximate the expected ratio of posterior variances by the
average ratio of variances given a large number of random draws
of hypothetical study data that follow the sample size calculation
assumptions. Furthermore, in order to reduce the processing
time, we approximate the AF using the ratio between the poste-
rior variances computed given simulated exemplary data z, that
reflects the expected treatment allocation in two stages. This ap-
proximation by exemplary data is a similar idea as described in
Shieh and O'Brien [25]. Through simulations, we demonstrate
that the approximation through exemplary data provides an AF
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value very close to the one computed from approximating the
expected ratio through simulations, and significantly reduces the
computation time (results not shown). Then, the total sample
size needed is the product of the AF and the number of patients
needed to satisfy the ACC criterion using the posterior distribu-
tion from stage 1 data.

3 | Simulation Design

In this section, we perform simulations regarding a hypotheti-
cal snSMART that compares low and high dose of a drug with
placebo to illustrate the performance of our proposed SSD ap-
proaches. All of the scenarios considered are summarized in
Tables 1 and 2 and described in more detail below.

3.1 | Main Analysis: Scenarios 1-10

To select the sample size for a hypothetical SASMART, research-
ers specify parameter values related to features that best describe
the study. In the proposed sSnSMART design, the first-stage treat-
ment assignment is fixed, while the allocations of second-stage
treatments are influenced by the response rate and the probabil-
ity of participants being assigned to either low or high dose in
stage 2. The variability in observed outcomes and the underlying
correlation between observations from each stage are also critical
factors that affect the precision in estimation. Finally, the mean
outcome parameters p, y; and uy determine the magnitude
of the effect size, and thus, determine the desired sample size.
Based on all these factors, we examine scenarios with varying
inputs for the two proposed SSD approaches.

We first define a standard input setting (Scenario 1 in Table 1).
In this scenario, the response rate to high dose in stage 1 is 0.6,
meaning that 40% of the participants who received high dose in
stage 1 continue to receive the high dose in stage 2. We do not
set constraints based on the response rate to placebo or low dose,
because all participants who receive placebo or low dose in stage
1 are rerandomized to low or high dose with equal probabilities,
no matter how they respond to stage 1 treatment. We assume
an ineffective placebo (up =0), a moderately efficacious low
dose (u;, =2), and a high dose with greatest efficacy (uy = 4).
The standard deviation of the stage 1 outcome Y}, is 0 = 4. We
set the true value of the shift parameter a to be 0, meaning that
the treatment effects are not shifted in stage 2. We assume the
linkage parameter f to be 0.5, indicating a moderate amount of
within-subject correlation (p(Y;;, Y},) = 0.45).

Given Scenario 1 as a benchmark, we examined 9 additional sce-
narios as specified in Table 1 varying the inputs of key elements
of the study, including effect sizes (Scenarios 2-4), value of the
shift parameter a (Scenario 5), standard deviation of the obser-
vations ¢ (Scenario 6), randomization schemes (Scenarios 7-8),
and values of the linkage parameter § which determines the
within-subject correlation (Scenarios 9-10). All inputs match the
true underlying parameters used to generate the simulated data.

Under each setting, we calculate the sample size needed to
satisfy the pre-specified criteria of the chosen operating char-
acteristics (coverage rate and power) using the two Bayesian

SSD approaches. We then repeatedly simulate 6000 data sets
of that calculated sample size from each SSD approach. We
analyze each data set with the statistical method described in
Section 2.1. The estimated power is computed as the proportion
of the 100(1 — ¢) % posterior highest density interval (HDI) of
low dose versus placebo not covering 0 among these Bayesian
analyses among 6000 repeats, which indicates that we expect
the true underlying power to be within plus or minus 0.01 of
the 95% confidence level of the simulated power. We quantify
sample size savings by comparing (1) the sample size needed
for a traditional one-stage design versus the proposed two-stage
snSMART design, and (2) the sample size calculated using a
conventional frequentist analytical method versus the proposed
Bayesian methods. In all scenarios, we assume that the input pa-
rameter values are correctly specified and are equal to the prior
means. The prior standard deviation is set to = = 2 for all mean
outcome parameters. Therefore, the effective sample size of the
prior distribution of each mean parameter is x, = 6% /7% = 4 for
k=P,L,H [26], providing information as if from four extra pa-
tients besides the ones enrolled in the trial through the Bayesian
analysis. The estimated power is computed with the simulated
data of the required size for each scenarios. The shift parame-
ter a follows a normal prior distribution with standard deviation
7, = 2. The prior distributions for ¢ and g are Gamma(4, 1) and
N(0, 1), respectively. We conduct all simulations using R (ver-
sion 4.02).

3.2 | Sensitivity Analysis: Scenarios 11-15

As asensitivity analysis, we apply the study inputs from Scenario
1 and further explore the performance of our SSD approaches.
In Table 2, we define scenarios that have (1) misspecification
in either the mean outcome parameter or the shift parameter
a (Scenarios 11-13), (2) misspecified variance of the observed
outcome (Scenario 14), and (3) misspecified linkage parameter
p which determines the within-subject correlation (Scenario 15).
In these scenarios, the design parameters used in the two SSD
methods differ from the data generation parameters, and the
size of each simulated data set aligns with the computed sam-
ple size from the SSD process. Similar to the main analysis, we
analyze the generated data and evaluate the performance of our
methods in terms of the simulated power.

4 | Simulation Results
4.1 | Main Analysis: Scenarios 1-10

Suppose we are interested in finding the minimum sample
size needed to guarantee the desired power of 0.8 and the
coverage rate of 0.9. Table 3 presents the calculated sample
size using several approaches regarding the scenarios listed in
Table 1. In Table 3, Ng.q and Np,,, are the sample sizes needed
for a traditional one-stage design computed using the classic
frequentist formula and the Bayesian ACC approach, respec-
tively. Considering a two-stage snSMART design instead, Ng,
and Ny, are the sample sizes computed using the one-step and
two-step approach (based on the AF) accordingly. In gen-
eral, sample sizes using both approaches (N, and Np,) are
extremely close, while the two-stage approach requires one
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TABLE 3 | The estimated sample size that ensures the desired power at 0.8 and the coverage rate at 0.9 and corresponding estimated power to

demonstrate low dose effectiveness is given.

Two-stage snSMART design

One-stage design

One-step approach

Two-step approach

Scenario Nrreq Ngayes Ny, Simulated power AF Np, Simulated power
1 50 46 31 0.814 0.693 32 0.823
2 197 194 133 0.804 0.687 134 0.814
3 22 18 12 0.830 0.707 13 0.838
4 50 46 31 0.812 0.693 32 0.824
5 50 46 31 0.814 0.693 32 0.824
6 28 26 18 0.808 0.694 19 0.820
7 50 46 31 0.813 0.690 32 0.824
8 50 46 31 0.816 0.695 32 0.829
9 50 46 38 0.806 0.847 39 0.809
10 50 46 20 0.804 0.459 22 0.850

Note: We consider Scenarios 1-10 as defined in Table 1 under two study designs. In a one-stage parallel design, Ng,, stands for the sample size calculated from the
classical frequentist approach, and Np,., stands for the sample size computed using ACC approach as if there is only one-stage of data. Under the two-stage snSMART
design, Ny, and Np, are the sample sizes computed using the proposed one-step approach and two-step approach as in Fang et al. [3] AF is the adjustment factor used
in the two-step approach. Simulated power is computed as the proportion of the 95 % posterior HDI not covering 0 among the Bayesian analyses conducted on 6000

simulated datasets compatible with each scenario.

more subject in almost all scenarios. Both SSD methods give
reasonable sample size estimates when assumptions of the cal-
culation hold.

In Scenario 1, we assume a moderate amount of true treatment
effect of 6, = p; — up = 2 that correctly reflects our assumptions
(prior mean), and assume that ¢ and g are fixed and known. In
a traditional one-stage design analyzed by the classical frequen-
tist method, we need 50 patients in each initial treatment arm
to achieve the prespecified power. A Bayesian model for a tra-
ditional one-stage design reduces the required sample size by
4 patients per arm, which is the prior effective size of the prior
distribution for each mean outcome parameter (up, iy, and py).
The two-stage snSMART design further reduces the required
sample size from 46 to 31 or 32 (_65%-70% to the original size in
a one-stage design). Both approaches proposed for the two-stage
snSMART design yield a sufficient sample size to detect the dif-
ference with 80% power.

Scenarios 2-4 explore different magnitudes of responses, as-
suming the true responses are identical to the ones used for
SSD. With a smaller presumed treatment effect in Scenario 2
(61, = py, — pp = 1), we require a much larger sample size as com-
pared to Scenario 1. The proportion of participants saved from the
usage of a two-stage design still holds, such that there is substan-
tial reduction in the number of participants required (from 190+
to 130+). Similarly, a larger presumed treatment effect as shown
in Scenario 3 (6, = pu; — up =4) leads to a smaller sample size
while exhibiting a similar level of reduction in sample size from
the one-stage design. Since the sample size consideration is based
on the difference in treatment effects between low dose and pla-
cebo, changes in uy and up (Scenario 4) and the shift parameter

a (Scenario 5) make no difference in the required sample size as
long as all treatment effects are correctly specified. Lower variabil-
ity in the observed outcomes (Scenario 6) makes the difference
more easily detected and thus fewer participants are required.

Scenarios 7-8 adjust prespecified factors that are relevant to the
treatment allocation in stage 2, including changing the expected
intermediate response rate for patients receiving high dose in
stage 1 from 60% to 20% and varying the re-randomization
probabilities to low and high dose in stage 2 given the response,
while holding all other factors the same as Scenario 1. There are
minor changes in AF values but not enough to affect the sam-
ple size in this case. We observe sufficient estimated powers for
both scenarios.

Scenarios 9-10 are designed to examine the impact of the cor-
relation between observations from two stages on the power at
extreme values. When g =0 (Scenario 4), two within-subject
observations are completely independent of each other. As com-
pared to Scenario 1, more participants are needed in the trial to
achieve the expected power, while still decreasing the required
sample size to 85% of the size for a one-stage design. Assuming
p =1 induces a high correlation in the observations with cor-
relation coefficient of 0.71. Given such a high correlation, we
observe a substantial shrinkage in the required sample size, and
more than half of the participants required in a traditional one-
stage design are no longer needed.

In addition, the proposed SSD approaches account for various
amounts of prior information. For instance, we applied nonin-
formative prior distributions for all mean outcome parameters by
changing the prior standard deviation z from 2 to 100. Naturally,
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the sample size required for a one-stage design analyzed using
the Bayesian method is the same as the conventional frequen-
tist sample size. With both SSD approaches, 34 participants are
expected in a two-stage design, which shows that the reduction
in the sample size is induced from the design with two stages.
Moreover, we tried to place a concentrated mass on the prior dis-
tribution of @ = 0 with an extremely small prior standard devia-
tion at 0.01. Such a prior distribution is shown to not only reduce
the uncertainty in the estimation of & alone, but also impact the
estimations of the other mean outcome parameters of interest.
Fewer participants are required as compared to Scenario 1 to re-
tain the desired power.

4.2 | Sensitivity Analysis: Scenarios 11-15

We also explored additional settings with varying prior distri-
butions and parameter values used in generating the simulated
data. Results can be found in Table 4.

Scenario 11 displays the case when the presumed value of u
used for SSD and prior mean is slightly higher than the underly-
ing parameter value in data generation. The misspecification of
uy not only induces biased estimation of yj; but also impacts the
estimation of §;, and thus, the simulated power. In this scenario,
the simulated power is slightly above 0.8.

Scenario 13 explores the case when a is overestimated in the
prior distribution for analysis. Since the point estimation of « is
not a deciding factor in SSD, the required sample size stays the
same as Scenario 1. Given the calculated sample size, the esti-
mated power decreased by a small amount, but the confidence
interval of power still includes 80%.

Scenarios 12, 14, and 15 focus on the misspecification of a few
key components that determine the effect size, including the
overestimation of y;, underestimation of ¢, and overestimation
of p. All three scenarios show great loss in simulated power,
which is expected.

5 | Discussion

Although the two SSD approaches both provide adequate sample
sizes that meet specific requirements, they are distinct from each
other in several ways. The one-step approach directly applies
the ACC rule using the posterior distribution of the expected
treatment difference based on the two-stage data. In contrast,
the two-step approach updates the desired sample size using
the ACC rule for a one-stage design and intuitively quantifies
the sample size savings from adding a second stage through the
AF, as a smaller AF indicates more savings. Motivated by the
VIF as defined in cluster randomized controlled trials, the AF
for an snSMART sample size calculation quantifies the sample
size savings of both the multi-stage, multi-treatment design, and
the prior information deployed in the Bayesian analysis. In gen-
eral, with the same inputs, the two-step approach is slightly more
conservative than the one-step approach, as two approximations
are used. Moreover, the two-step approach does not necessarily
require the input of the values of uj; and a, which may obscure
the power loss due to the biased estimation caused by model
misspecification. In that sense, the one-step approach is likely
to provide the minimum sample size required when models are
correctly specified. The two-step approach, in contrast, relies less
on the model assumptions and gives intuitive quantification of
the contribution of the second-stage data and somewhat more
conservative estimations of the sample sizes.

Efficient sample size calculations for Bayesian analysis of novel
study designs are greatly needed, because often simulations are
difficult to perform and require computational time that is not
available. A well-chosen closed-form posterior distribution al-
lows us to apply the fundamental SSD criterion under Bayesian
framework without additional approximations, which enhances
the accuracy of the calculation, allowing for ease of use for in-
vestigators in future applications.

An alternative way of doing power analysis is to utilize Markov
Chain Monte Carlo (MCMC) procedures and draw inference
from the constructed posterior samples. However, MCMC can be

TABLE 4 | The estimated sample size that ensures the desired power at 0.8 and the coverage rate at 0.9 and corresponding estimated power to

demonstrate low dose effectiveness in one-stage parallel design setting and two-stage sSnSMART design.

Two-stage snSMART design

One-stage design

One-step Approach

Two-step approach

Scenario Nereq Niayes Ny, Simulated power AF Ny, Simulated power
1 50 46 31 0.814 0.693 32 0.823
11 50 46 31 0.822 0.693 32 0.830
12 50 46 31 0.378 0.693 32 0.382
13 50 46 31 0.799 0.693 32 0.810
14 50 46 31 0.555 0.693 32 0.569
15 50 46 31 0.774 0.693 32 0.783

Note: We consider Scenarios 1, 11-15 as defined in Table 2 under two study designs. In a one-stage parallel design, Ny, stands for the sample size calculated from the
classical frequentist approach, and Ng,y., stands for the sample size computed using ACC approach as if there is only one-stage data. Under the two-stage sSnSMART
design, Ny, and Np, are the sample size computed using the proposed one-step approach and two-step approach as in Fang et al. [3]. AF is the adjustment factor used
in the two-step approach. Simulated power is computed as the proportion of the 95 % posterior HDI not covering 0 among the Bayesian analyses conducted on 6000

simulated datasets compatible with each scenario.

70f11



computationally burdensome. In our study, we simulated data
and used MCMC to evaluate the power under certain settings.
Although performed on a high performance computing (HPC)
cluster, the time cost for 6000 simulations in each setting still re-
quired more than 6h for a sample size of around 30 per arm.
In contrast, our SSD approaches utilize the explicit expression
of the posterior distribution, thus saving the need for repetitive
simulations. Meanwhile, we avoided using extensive grid search
and minimized the number of repeated loops in our program,
reducing the required computational time to calculate a sample
size down to seconds, significantly increasing the computational
efficiency as compared to simulation-based SSD approaches that
depend on MCMC.

Furthermore, our approaches can be adapted to other multi-
stage, multi-treatment designs with repeated measures. In par-
ticular, crossover designs [27] share several properties with an
snSMART. For instance, both designs lead to a data structure with
multiple stages (periods). Also, participants may receive more
than one treatment in the study. Specifically, complete crossover
designs in which each patient receives all treatments sequen-
tially may not always be feasible, especially in trials with more
than three treatments. As an alternative, similar to an snSMART
design, patients in an incomplete crossover design only receive
a subset of all treatment options, requiring less resources than a
complete crossover design. Moreover, both sSnNSMART and cross-
over designs apply statistical approaches that account for the
treatment effect, period effect and carryover effect. Potentially,
a similar SSD approach will be helpful in crossover studies that
are analyzed under a Bayesian setting. Besides the crossover
designs, the sequential parallel designs involve multiple stages,
often without treatment switching during the study. Widely used
sample size calculation in sequential parallel designs relies on
the control of family-wise type I error [28, 29] with certain as-
sumptions of the joint distribution of the sequential test statistic.
Different boundaries can be applied to make flexible interim de-
cisions. Our Bayesian approach, on the other hand, can be con-
sidered as a Bayesian alternative with an explicit derivation of
the posterior distribution of data from both stages to potentially
help determine the sample size that guarantees the desired per-
formance across stages.

To summarize, the SSD approach we proposed in this manu-
script can be extended to meet a variety of purposes. For in-
stance, it can be applied directly to find the appropriate Bayesian
sample size for either a traditional one-stage design or a two-
stage design as illustrated in this manuscript. And, the explicit
posterior distributions for data from both stages have a great
potential in further developing approaches to apply in clinical
trials share similar properties, such as the crossover designs. In
addition, it can be used to find the explicit posterior distributions
for data from multiple stages under proper assumptions, which
enables applications including but not restricted to SSD.

We acknowledge a few limitations in applying our SSD ap-
proaches and offer suggestions to mitigate problems. First, the
elicitation of parameter values used for SSD is not always clear.
In Section 4, we show that misspecification can lead to some
power loss. Identifying the sensitivity of the calculation to dif-
ferent magnitudes of the effect size of low dose versus placebo
and the within-subject correlation are of most importance since

other parameters are shown to have limited impact on the sam-
ple size. To deal with the uncertainty in prior beliefs on the ex-
pected treatment response, researchers can consider applying
more than one possible value of the desired treatment response
and take the average sample size needed among all attempts.
Similarly, investigators may struggle to specify the correlation
in observations between two stages as it affects the variance of
the estimations. We can assume a positive correlation to narrow
down the range of the coefficient of correlation and pick a few
values for the corresponding g in SSD. Investigators can assign
reasonable weights to each guess of the parameter values and
compute a weighted average of the desired sample size. Another
typical concern in designing studies with a complex structure
is participant retention. Normally, one can obtain the adjusted
sample size by inflating the required number of participants by
one minus the expected dropout rate. Further investigation is
required to identify other approaches to handle missingness in
SnSMARTS. As such, our future work includes investigating the
extension to other multi-stage, multi-treatment clinical trial de-
signs, and exploring approaches to handle missing data.
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Appendix A
Derivation of the Posterior Variance-Covariance Matrix

Based on the Bayesian joint stage model construction, the observed outcomes from the two stages are assumed to jointly follow a bivariate normal

distribution as:
Y, Hpyn( oo
i1 12|T1—k I TN } e +a ’ ﬂ02 (ﬁ2 +1)62

Suppose we denote the N observed outcomes at the end of stage j = 1,2as Y}, that s, Y, = (Y11, Yy, ... Yy) Tandy, = (Y15, Yoy, - YNZ)T. Similarly,
we denote treatment assignments in stage j = 1,2 as TjTWith Ty = (T, Toys - TM) and T, = (Ty5, Ty, -, Tyy) - To help clarify the derivation, we
define the (N x 4) matrix X, = (I(Tl =P)"1(T,=1)",1(T,=H)",0" ) and the (N x 4) matrix X, = gl(T2 =p)" 1(T,=1)",1(T,=H)", 1T) where
I ( V= k) are indicators of receiving treatment k at stage j,0Tand 1" are Vectors of length N. Denoting the parameters relevant to the expected values
of outcomes as the (4 x 1) matrix g = (pp, iy, pp, @ ) thenY = (Y3, Yz) has a bivariate normal distribution with mean (le,Xzy) and a (2N x 2N)
covariance matrix

o2 0 po? 0
Z 0 .. o 0 po?
-~ |pe? 0 (1+4%) 0

0 ... o’ 0 o (148%)0?

We partition the inverse matrix of ) by four N x N square block matrices, that is, = < Tn Lo
221 222

We assume a priori that 4 has a multivariate normal distribution with mean y, = ( ;45 s Mé, ;45’ R yg) and covariance matrix X, where

2 0 0 0
0 2 0 0
20:= 0 0 74 O
0 0 o0 7

with prior effective samTple size of the mean outcome parameters as k, = 62 / 12 for treatment k and x,, = o2 /12 for the shift parameter a. For known
valuesY =y = (yl, yz) the posterior distribution of 4 assuming g and o are known is

T
1| (Y1 —Xu 1 N—Xiu
p(u|Y=y,2> o exp —5< )Z < (n—Ho) Z H—Hy)

Y2—X,u Y2—Xou
1
exp{ — 5[(y1 ~X,0)" Y 0 —Xy1) + (- Xm) " Y01
1 12
(yl—le)TZ(yz _Xzﬂ) Xzﬂ z Xzﬂ (A1)
21 22

aexp{—%[yT<Xf X, +XT Y X, +XT Y X, +XT ZX2+ZOI>/1+
11 12 21 22
WXL Yy +X] Yy +X] Yyt X] Yya+X; Yy
11 12 12 21 21
X Yy, +2 3 wpl).
22

Let A:Xf YuX1 +X§ YX1 +Xf YnXs +X§ Y0Xs +Z(;1 and B=(1/2)(2XI 211Y1+X2T Zuy1+X1T le,Y2+XI 2213’2
+XT Y, +2XT Yy, +2 20 ! Uy ), then the posterior distribution can be written as

p(ﬂIY=y, Z) «eXp{ —%(#TA’lﬂ—ZﬂTB)}

o<exp{_%(”_A—lB)TA(m_AAB)} (A2)

Thus, the posterior distribution of u is multivariate normal with posterior mean fi = A" B and posterior variance V = AL, Specifically, given the
observed dataY =y,
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n= %V<2Xf ;yl +X7T §y1+Xf §y2+X1T ;y2+X2T ;yl +2x7 Zy2+22;1v0>

22

{ Z [(1+5%)y1 — Bys] +M§KP}/62

Ty =P

{ Z [(1+ﬂ2)yil_ﬂyi2]+ Z [_ﬂYil"'in]"'”](;KL}/o—z
T, =L

iT;,=L

{ z [(1+ﬁ2)yi1—ﬁyi2]+‘ z [_ﬁYi1+yi2]+/4€IKH}/52

i:Ty=H i:Tp,=H

{

-1
and V = <Xf YX, + X5 DX, + XT )X, + X] X, + y;‘)
11 12 21 22

™=

Il
—

(_ﬂyil +Yiz) + UK, }/02

(4P )Ny, +5p —P Nu —B Neu —f Np,

o2 o2 52 o2

—B Np, (1+p°)Np, +N, —26 Ny + K ~B (Npy+Ny) Ny —-B N,
o o? o2 o2

vV = )

P New =8 (Nysr+Ni) (148?)Npgy + N,y —=2f Ny + kg N,y —P Ny,
o2 o2 o2 - 2

—f Np, Ny =B Ny Nyy =P Ny, Np, + Np, + Ny, +x,
o2 2 e g

N I(Ty =k T,=K), and N,, = ¥} I(T;, =k), N, = X, I(T;, = k). For instance, Np; is the number of partici-

In the expression of V, Ny = ). A AN

pants who receive placebo in stage 1 and are re-randomized to low dose in stage 2, and N,; represents the total number of participants who receive
low dose in stage 2. Before data collection, we approximate the expected number N, according to the prespecified randomization scheme and ob-
tain the approximate posterior variance-covariance matrix of the mean outcome parameters u. Given the multivariate normality of u, the posterior
distribution of any weighted linear combination of the three parameters is normal. We deploy this property for the proposed sample size calculation

approaches.
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