thy

[
T
"
)

v
1
'

Wl i

i



AN INVESTIGATION OF CORNER EDDIES
AND

FREE-SURFACE INSTABILITY

Aris Constantine Spengos

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy in the
University of Michigan
1959

Doctoral Committee:

Professor Victor L, Streeter, Co-Chairman
Professor Chia-Shun Yih, Co-Chairman
Associate Professor Jack A, Borchardt
Professor Ernest F, Brater

Professor Jack R, Britton



ACKNOWLEDGMENTS

The writer wishes to express his gratitude and deep apprecia-
tion to Professor C. S. Yih not only for his guidance, numerous
suggestions and criticisms during this investigation, but also for
the inspiration and scientific enthusiasm which the writer enjoyed
during his association with Professor Yih,

Appreciation and gratitude is also extended to Professors
V. L. Streeter and E, F, Brater for their willingness to review
the manuscript before its final typing. The writer also wishes to
thank his Doctoral Committee as a whole for their cooperation in
supervising his work.

This investigation was partly supported by funds of the
Technical Association of Pulp and Paper Industry made available
through the UMRI Project No. 2719. The writer wishes to thank the

representatives of this organization for their cooperation,

ii



TABLE OF CONTENTS

ACKNOWLEDGMENTS. c4cccosasccececasonsssnncccnscassasscosancsss ii
TABLE OF CONTENTS...cceceececcsccssvassosscasaconsssnsansssss 1ii
LIST OF ILLUSTRATIONS..cceveeacscescavsscnorascscscancsasese iv
I, INTRODUCTION .0 cecevsconsanosssocsssasssccssscacesns 1

I1. CORNER EDDIES ..¢00sceccosotsereeascasccscsesncoeas 5

A. Head Box with Asymmetric Line Sink...cccococee.

Bo Head Box With Finite Slot.............lo.......
C. Discussion of ReSUltS..eeeescoscoccoscresesocens 1

W oW,

III- FREE-SURFACE INSTABILITY-....QQ.Q.....-oooooco.-o.. 15
A, TFree-Surface Instability with Downward
Accelerationl.o.......’.‘.....'..l.“.....". 16
B, Free-Surface Instability Due to Abrupt
Change in Boundary GeometrY.eceeccococcscovsass 31
C. Experimental ApparatuS......ceececsccecoececoace 33
D. Discussion of ReSUltS..cceccevevcssocconscocnses 37
IV' CONCLUSIONSIUOOOOOOOCUDC...l'l........C..O...'!..t' 41
BIBLImRAP}IYQOCOCOQO‘..CI...Q“O.‘C....'....0....0..0..‘.0.. 43

APPENDIx.......C..C.l'.'.'0...0'.0..'...0‘0..'."....O'lc... 52

iii



Figure 1,
Figure 2,

Figure 3.

Figure 4,
Figure 5.

Figure 6.

Plate 1

Plate 11

LIST OF ILLUSTRATIONS

Sketch of the Experimental Apparatus.........

Definition SketcheS.....vieeeeecconcccococnee

Corner Eddies (a) With a Line SinkK...c.eecve.

(b) With a Slot.ooo-oooooonoatc

Growth of Disturbances Over the Table Roll...

Growth of Two-Dimensional Disturbances ......

Growth of Disturbances Downstream from

the Table ROll---o.-....o----.ooc.-oo—o--o-ao

® 005 50600008480 0000C0000P 08 OSPLOGRss LR ReRE

-
LI BCAC BUIE B BN JC U R I AN BN B IY B I N B S IR IR IC L BRI BRI BC Y B O Iy

iv

4
45

46
46

48

49
50

51



I. INTRODUCTION

The formation of eddies at the corners immediately preceding an
abrupt contraction in the flow area, the instability of a free surface
due to a downward acceleration, and the instability of a free surface
due to an abrupt change in boundary geometry, are the phenomena investi-
gated in the present study.

These phenomena have often been observed in the flow of paper
stock in a Fourdrinier paé;r machine and, among other things, affect
adversely the quality of the paper produced. Corner eddies form in
the head box of the wmachine just ahead of the discharge opening. At
tliis location therc is an abrupt reduction in the flow area. The
presence of these eddies, along with other disturbances in the head
box, gives rise to the continuous shedding of vortices which upon their
emergence from the discharge opening with a relatively high longitudinal
velocity, take the form of vortex tubes, DBecause the depth of flow
after the discharge opening is small (of the order of one inch), these
vortex tubes frequently manifest themselves as surface disturbances.
Such disturbances not only disturb the even distribution of the pulp
fibers but also provide the initial perturbations that are amplified
as a result of the subsequent free-surface instability.

The free-surface instability of the paper stock occurs in the
vicinity of the table rolls of the Fourdrinier paper machine. These

rolls support the wire-screen of the machine on which the paper stock

is carried, the whole arrangement resembling an open channel with a

-1-



movable bottom, The elasticity of the wire~-screen, along with the
downward suction that it experiences at a table roll, causes a small
amount of wrapping of the wire-screen on the periphery of the table
roll downstream from its center. This wrapping of the wire-screen,
and its subsequent abrupt rise, provide, respectively, the necessary
downward acceleration ahd abrupt change in boundary geometry which
cause the amplification of the surface disturbances emanating from the
head box. The amount of wrapping and the speed of the paper stock
and wire-screen determine the rate of the amplification of the dis-
turbances. Higher speeds and slacker wire-screen produce greater
amplification.

In the investigation of the free-surface instability the region
downstream from the top of a table roll has been divided into two
parts., The region at which the wire-screen partially wraps on the
table roll is referred to as the region with a downward acceleration,
the acceleration being the centripetal acceleration of the fluid as
it flows around a convex surface. The remaining region is re‘erred
to as the region with an abrupt change in boundary geometry.

A few other instances of the occurrence of these phenomena may
be mentioned here. The formation of eddies in the flow of a viscous
fluid in a channel or pipe with an abrupt contraction in the flow
area at the corners immediately preceding that contraction has been
observed frequently. The instability of a free surface when
accelerated in the direction of the denser fluid has also been found
to be relevant to such phenomena as underwater explosions and rockect

combustion. In the case of the underwater explosions, an expanding



sphere of gas provides the free surface and the proper acceleration;
the amplification of the disturbances in the interface plays an
important part in the possible break-up of such bubbles. 1In the
rocket combustion problem the behavior of the free surface of a.
combustible liquid may play a controlling part in a rocket's per-
formance; the particular type of rocket which will be affected by
this phenomenon consists of a combustion chamber originally filled
with a combustible liquid. Rapid increase of the surface area of
the fluid, due to the amplification of disturbances as the rocket
accelerates, will cause a more rapid burning of the fuel to take
place and hence, an even further increase in the acceleration.

In Chapter II the effect of rotationality of the upstream flow
on the formation of a corner eddy in the head box of a Fourdrinier
paper machine is analytically demonstrated. Two-dimensional flow
with two different conditions at the discharge opening of the head
box were considered; in the first the discharge opening is replaced
by a line sink, and in the second by a finite slot. For both condi-
tions the velocity of the flow was assumed to have a sine distribution
far upstream from the discharge opening. This assumption was neces-
sary in order to obtain a linear differential equation, Since one is
looking for the effect of the non-uniformity of the upstream velocity
distribution, the assumption of a sine distri£ution can advantageously
illustrate the effect of upstream rotationality of flow on eddy forma-
tion although such a distribution is different from that for uniform

flow (turbulent or laminar) in a channel.



In Chapter I11 the analytical and experimental investigation of
the two types of the free-surface instability encountered on the wire-
screen of a Fourdrinier paper machine is presented. For the instability
due to downward acceleration, an analysis considering the effects of
surface tension and depth of fluid, but neglecting those of the Coriolis
acceleratiom and of viscosity, has been carried out for three-dimen-
sional disturbances, This analysis also includes the effects of higher
order terms in the differential equations; thus, a non-linear solution
of the problem is obtained. 1In the case of the instability of a free
surface due to an abrupt change in the boundary geometry, the lack of a
theory made it necessary to resort to a dimensional analysis of the
problem. This analysis provided a guide for experimentation.

The experimental equipment built for the investigation of the two
types of free-surface instability closely resembles a section of a
Fourdrinier paper machine; a head box and a single table roll, without
a moving wire-screen, were built. The wrapping of the wire-screen was '
simulated by a step on the bottom of the channel immediately after the

table roll, and water was used in place of paper stock.



II. CORNER EDDIES

The formation of eddies at the corners immediately preceding an
abrupt contraction in a conduit, in which a viscous fluid is flowing
is a consequence of the rotationality of the flow far upstream and

the subsequent action of viscosity. To demonstrate the effect of

(n

upstream rotationality on eddy formation, Yih obtained the exact
solutions of the governing differential equation for the cases, (a)
of a two-dimensional flow with a line sink symmetrically located
with respect to the longitudinal boundary, and (b) of an axis-symmetric
flow with a point sink located on the axis of symmetry. In these
solutions viscosity was considered only as far as its effect in pro-
ducing rotationality of the flow is concerned, and it was neglected
in setting up the differential system,

In the following parts of this chapter the differential systems
(with appropriate boundary conditions for the flow in the head box)

and their exact solutions for two cases of two-dimensional flow,

different from those mentioned above, will be presented.

A. Head Box with Asymmetric Line Sink

The head box under consideration can be described as a two-
dimensional conduit of width equal to unity and terminating in a
wall with a line sink located asymmetrically at the corner. Such a
head box resembles that of a Fourdrinier paper machine with the line

sink replacing the discharge opening. The trace of the line sink is

5=



taken as the origin of a Cartesian system of coordinates, with the
y-axis extending along the wall, and the negative x-axis extending
along the lower boundary of the conduit (see Figure 3).

Making the same assumptions as those mentioned previously,

i.e., rotational flow of an inviscid fluid, and if ?U is Lagrange's

4 p. 24y . .
stream function, the equation( » P 24 governing the two-dimensional

flow is:-
v Ox? ¥ 2y* {( ) e

Equation (1) states that the z-component of the vorticity along a

streamline is constant and is therefore a function of 9" only,

The velocity distribution far upstream from the sink should be
parabolic if a laminar flow of a viscous fluid is considered. But
a parabolic distribution of the upstream velocity would make Equation
(1) non-linear and thus preclude the possibility of a simple solu-
tion. Instead, it is assumed that the velocity distribution far up-
stream has a sine distribution, which is a distribution nearly
parabolic but makes Equation (1) linear. Such an assumption can be
tolerated since one is seeking to find the effect of non-uniformity
of the upstream velocity on the flow pattern in the vicinity of the
line sink, If Upyy 1is the velocity at the center line of the head

box, i.e. at half-width, the dimensionless upstream velocity is then

U = = 5‘(‘“%, (2)

which vanishes at y = 0, and y = 1, The corresponding dimensionless



stream function upstream is then

A l /

= ’-9. = — O—

Y ) nTT G "b’ cosTToU r— (3
Substituting Equation (3) in Equation (1), one has, for a sgction far

upstream,
Z
Y = —TTrcosIr o . (4)

But cos‘\'ﬂ{‘-ﬂy/ from Equation (3), (iﬁ-#is neglected), thus

) -y,

which is valid not only far upstream but also everywhere downstream,
since the vorticity remains constant along a stream line. Equation

(1) then becomes

Vi =-Trry (6)
and is valid for the whole field of flow, far upstream as well as
near the line sink.

If $0 is dimensionless, and L is the length of the head box,

the boundary conditions for 50 are:

(ii) ¢=-— _,-l_;_
(iii) Y= —7'7

(iv) SIJ=-—-7LT

as X > -L_,

for X< O and cf.—-l.,
for X < O and %¢=Q9
for X= O  and %70.

Now, to take care of the conditions near the line sink one may

assume that

&



|

¥- T cosTT Y + ¥ . 7

Substitution of Equation (7) in Equation (1) yields
ViY - -1y (8)

and the boundary conditions for ¢4 are
(i) LP,—'O for x—b—\_,

(ii) ‘;”,—O for x £ O and ‘j"’
(ii) ¢, =0 for X £ O and «..b“. Q.

(iv) 90'"14?'1—"1“"”“‘{ for X= Q and O‘Lﬂél.

The boundary conditions for ‘)", were obtained by consideration of
Equation (7) and the boundary conditions for @ .

Solution of Equation (8) by the method of separation of variables(Z)

yields

‘-f, = C, (\—I--E-\) 5°\n"\T'Lﬁ -+
(9)

€ . Lot mlat-nzied
N nz’z C. [—z —e ]-:m ey

and is valid for O € x = ~L. This limitation on the values of x
was found necessary in ordes to obtain a Fourier series type of solu-
tion, ‘Equation (9) satisfies Equation (8) and the boundary conditions
(i), (ii), and (i.ii.) for ‘;”, . The coefficients C, and Cp are

determined from the boundary condition (iv) for W in the following

manner:

»



9=

C =2 o——_r‘?(l-u-cos‘rnj) 5?nﬂtidl‘j = "1'4.\-'2 ’

[.]
and

Ch= ZJ:-# (\ +Cosﬂ’.£1)<\—

- (=2) ) (2 r2+cos rr-1) (- & Zmln®- ik )

NNt - |

z_|\4 |
g2mLin -1 ) ain Ty dczr

for n = 2, 3’ 4’ * &« 0 L]
Thus, the stream function 99 defining the flow pattern in a

head box, or conduit, of length L is
| 4 ( X\
= —— cosTNYy — == (l+5F)snTTy +
v T Y e ‘-> Y (10)

oo Ve M
o LG b S GLE R 7 E ) i N
e

The flow pattern for L = 5 is shown in Figure 3(a), in which
the corner eddy is evident. The point of separation is of course at

x = -5, because at this section the velocity has been assumed to have

a sine distribution,.

B. Head Box with Finite Slot

The geometry of the head box considered in this part is the same
" as that in the previous case except that the line sink at the origin
has been replaced by a two-dimensional finite slot opening of width
B. Thus, the head box has nhow a closer resemblance to that of a

Fourdrinier paper machine, N
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The velocity far upstream iaragain assumed to have a sine dis-
tribution, while the horizontal coﬁponent of the velocity at the slot
is assumed to have a cosine distribution, If Uhmax is the velocity
at the bottom of the slot, the dimensionless horizontal component of
the velocity at the slot is then

-“h = Ub - C cos __‘T_ _9: (11)
Uh max 2B

and vanishes at y = B, while it has the value C at y = 0. To

determine C the continuity equaEion is used in the following manner:

/ ’
o - sf;,,,acjo con T dy - ZBC,

in which the stream function values are taken at x = -L. From the
previous part, for a sine distribution of the velocity far upstream,

the value of # s
=
= ST

therefore

2.2BC . oo

™ ™ K B
and
uh=—lé- cos %. ’ (12)

/
The boundary conditions for 9” are

@ Wk comy XL

(ii) SUI- _# for R& QO and L«"-—"\,



©:
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(iii) }A = _n_'- for X< Q and Lﬁ/'o,

(iv) ‘. ___’_ for K=0 and P < %é l.
w uil ®

Again, in order to take care of the conditions near the slot opening

one may assume that
¢ o+
e
T coS L.af 1 9 (13)
and consequently

1 /
v° ¥ = -7? ‘7‘: . (14)

The boundary conditions for SU| in this case are

(1) (k'_,,o o asx———v-—\_,
(ii)(fl o) forx<& O and L{-=-|,
(iii)

=0 e for X< QO and Lﬂ”oﬁ

7
’ L _L
(iv) = - - cosTr for X=0 and < < |
b o=-7-% X f 9=
]
and for x = 0 and Of-'éa’éB, % is obtained from the assumed
distribution of the horizontal component of the velocity at the slot

and the boundary condition of w at this section; therefore, this

yields
/ ¥ T \
$V|=LoCCaglztgAiﬁ+——J—CO5TbXa

So, the last boundary condition is

) ’- M-{-_‘
(v ‘/’ £ sin e t T
for x =0 and O = LﬁéB.

\
-—— m1s
cCoS L.]
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Solution of Equation (14) by the method of separation of varia-

(2) °

bles yields

i Ci(1+8) sy +

& 1 2. Vt - Z. %
+) Cq [zv(” Vex_ gmilne-) s X)]ﬁin ey,
N=2

which is the same as Equation (9) and satisfies Equation (14) and

'
the above boundary conditions for 90‘ .

The coefficients (:4 and (::1 are determined from the boundary
°

conditions (iv) and (v) for qu':
\
C: =2j5’%(\+m-n‘1> :Jm'\TL{ AL'U +
B _—
| .
+ ZL—?!‘_(Z -5un-2—‘g - \+co::'m.ax) 5m1\'b8&£7,

C“ _4cos‘WB
VY omE(1-4m7) !

/ r

Cn= 2 =z (resmy) (- 2L P1)")

sin n-ncgdtrl-

B \
() o —z-nL(n’-l)l’ :
+Z O—F(Z = 1g -ig - \+coﬁ1\’c7X\ -2 )6nn nﬂl{ld“ﬁg
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' [_ Z+Zcos rTT beos i B ;J(\-e._z"l‘(nz-') '/2)
n- AT 2 (n2-1) nTrZ(1 4B2nt ?

/
Thus, the stream function 9” defining the flow pattern in a
(-]

head box with a slot opening of width B is

¢ A costB X\
‘;U =—T—‘_—cos‘ﬂ%f—_n_z(\—4bz> (\ + \_) sm'\'rk.x-l—

(16)

: z_\Ve _r{nz_ )2 +
+OZOC;\[J(n —Yex_ Trinz- )%l X)]sin oy

mn=-2

The flow pattern for L = 5 and B 5 0.15 is shown in Figure 3(b),

in 'which the corner eddy is again evident.

°
°

C. Discussion of Results

A coéparison of the two flow patterns in Figure 3, indicates
that for B = 0.15 there is very small difference in the size of the
corner eddies. Therefore, the use of a line sink is justified for
discharge openings of smali width, For large discharge openings it
is expected that the corner eddy will be smaller.

Tge analysgs in this section clearay indicate that the formation
of the corner eddies is partly a consequence of the rotationality of
the flow.

In the design of the apparatus used for the experimental study

o of the instability phenomgnon it was found necessary to modify the
-]
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head box in such a way that the space that would have been occupied
by the corner eddy was blocked-off by modification of the upper
L]

boundary. °

The asymmetric location of the line sink, or slot opening, made
it necessary to specify a finite value of x at which the velocity
has the assumed distribution, if a simple Fourier series type of
solution is desirable. This limitation was not necessary in the cases

(7)

considered by Yih ® Similar limitations are necessary in the solu-
tion of rany problems of mathematical physics.

The solution of the basic differential equation, Equation (1),

2 4 22 - f(¥)
o d x? o4’
for actual velocity distributions, i.e. when this equation is non-
linecar, can be accomplished with ‘the use of computing machines, or
the methnd of relaxation. It should be kept in wmind though, that no
matter how realistic a solution of Equation (1) might be, still it
does not govern the flow inside :he eddies. This ?s so because the
flow of the eddies d;es not originate far upstream. The details of
the flow inside the eddies may be different from those given by
solutions of Equation (1). Thus, solutions of Equation (1) are
likely to be valid only for the region outside the corner eddie§ at

high Reynolds numbers (since viscous effects have been only partially

taken into account),
-]



II1. FREE-SURFACE INSTABILITY

The instability considered in this chapter is that observed on
the free surface of the paper stock as it flows over the table rolls
of a Fourdrinier paperemachine. Small disturbances on the free sur-
face are greatly amplified as the flow of the stock carries them over
the table rolls. The area over which this amplification occurs can
be divided into two regions, the region directly above the table roll
and that downsﬁfeam from it. 1In the former, the partial wrapping of

°

the wire-screen around the table roll, caused by the slackness of the
wire-screen and the suction at the table roll, subjects the free
surface of the paper stock to the full centripetal acceleration due
to the rotation of the table roll; since the arc over which this
acceleration is applied is relatively small, and it is located imme-
diately downstream from the top of the table roll, one could refer to
this region as that with a downward acceleration. Downstream from
the table roll, the wire-screen travels in an almost horizontal direc-
tion. Over this second region further amplification of the disturbances
occur without the apparent application of an external acceleration.
Thus, the amplification appears to be caused by the abrupt change of

°

the boundary geometry.

In the®following parts of this chapter, the above described regions
of amplification are considered separately. The analyses, as well as
the experiments, refer toothe experimental apparatus (see Figure 1),

-15~
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which simulates the operation of one table roll of a Fourdrinier

paper machine, with water as the fluid.

A, Free-Surface Instability with DownwardeAcceleration
4

The instability of a free surface of a fluid wﬁgn it is sub-
jected to a downward acceleration larger than that of gravity was
first investigated by Taylor(s). Since then approximately a dozen
papers hgve appeared dealing with this subject. A review of most
of these papers is given by Watson(ﬁ).

Ih dealing with the instability problem, Taylor predicted that
the interface between two fluids will be always unstable when
accelerated in the direction from the lighter toward the heavier
fluid with an acceleration larger than that of gravity, To deter-
mine stabi{ity, Taylor used a méthod of small perturbations; he
considered that the otherwise flat surface has a small sinusoidal
displacecuent at time zero. "With the application of an acceleration
in the proper directiona these small waves were found to increase
in amplitude, with the shortest waves growiné faster.

Taylor's work, as well as that of the others, dealt with two-
dimensional perturbation, and with fluids of infinite depth. 1In
the following analysis three-dimensional perturbations will be con-
sidered, and the effect of the depth of the fluid, and that of gthe
surface tenéion, will be included.

The downward acceleration that the fluid of thickness d °(see

Figure 2-a) ewperiences as it passes over the table roll of the

experimental apparatus is



-17

a=-w’r . (17

in which r, is the radius of the table roll, and "W’ is its angu-

lar speed. The angular speed of the table roll is adjusted so that

U=s—wr , (18

o
in which U is the mean velocity of the flow in the channel. 1In

dealing with the behavior of fluids which have a mean acceleration
and are also acted upon by gravity, it is convenient to replace the
acceleration by an equivalent gravity; the mean position of the free
surface will be considered stationary in an accelerating coordinate
system, ;nd the fluid will be considered as being acted upon by a
virtual gravity field which is the sum of the earth's .gravitational
tield and the gravity equivalent of the applied acceleration(3),

In the case under consideration, neglecting the effect of curvature
of the cylinder, the problem can be treated as one in which a layer
of fluid with thickness d is turned uﬁside down, Figure 2(b), with

the solid boundary on top, and is acted upon by a virtual gravita-

tional acceleration of

car’ = C1~-—0C3/ , (19)

in which g is the actual gravitational acceleration exerted by the
(-]

earth, °
L

1f the viscosity of the fluid®is neglected, and the motion is

.
assumed irrotational, the Laplace equation
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¢”+ ¢‘{7+ Fuz = O, (20)

in which subscripts indicate partial differentiation, must be satis-
fied by the velocity potential ¢ for the disturbances, The
boundary condition at the solid boundary is, with u, v, and w
denoting the velocity components in the direction of increasing ;,

y, and z,

W=—¢2=Q, at z2«d . (21)

The kinematic condition at the free surface is, for a frame moving

with velocity u ,

—D—% —Wt"@ 77X ¢7"7(1, ¢2 3 a'f‘z -‘)Z’ (22)

in which 7? is -the dev1at10n (1n the z - direction) from the mean

surface, and t is the time. The pressure just inside the free sur-

face is
, O 1 '
P=rt+T (g *=;) > 2

in which p, is the atmospheric pressure, T is the surface tension,

and Ry and Ry are the principal radii of curvature. For finite

surface disturbances, one haa(l P.169)

|

-z.“’“a'z‘z" (—‘) + (’72_1) o
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witere M= (l +77:+7?°r2 ) 2

Equation 23) yields o

[
. Substitution of Equation (24) iy

P= P°7+T[%x(%) N %;J( :y')] : (35)

On the other hand, Bernoulli's equation yields, with ﬁ denoting

the density,

E-b-97-2 (4% Bpdic, o

so that the dj;namic boundary condition to be satisfied at the free

surface is, combining Equations (25). and (26), .

1[50+ 3 (M 497 04l

°

Pa
if the constant C 1is taken to be —P_ .

(-]
Solution of the differential system-consisting of Equations
(20), (21, (22), and ‘(273 will yield the ?quations for , ¢ and
72 , whicci’l“willp describe the motion of the free surface.
In the fololowing paragraphs tt:e linear anc; nonn-l.ine%r solu-

tions of the above system will be presented.

1. Linear Solution’

If the higher order terms are omitted, Equation (22) takes the
]

form

f;zt.—. - ¢? y ot z- /R (22a)



=20~

To lineariz® the dynamic boundary condition, the sfuared terms in the
[}
expression

M= (\ +'>7,f+7z,;)"z

are dropped and thus M becomes equal to unity. Likewise, the
velocity squared terms in Bernoulli's equation are dropped, and

Equation (27) becomes

g’@xxg.f 777#) = Qét "CJ"? ? ,a‘t z=7. | (27a)

The li?earized differential system, then, consists of Equations

(20), (21), (22a), and (27;3, and describes thg motion of.three- .
dimensional disturbances. The expression for ¢' ;that satisfies
such a system (with the motion starting from rest) can Pe obtained

: (2)

by the method of separation of variables  °, and is

¢. = Qéinh?TcoﬁV\ k(2-4) cos mx cos ny o (28)

in which ¢ 1is a constant, and

kZ=mz +n? , . (29)

°

withom-Z‘ﬂ/a' , and N= 2'1\'/12"’ , 0 7‘! and '}gz_ being the wave
lengths in the directions of x and y, respectively.

o °
The growth rate C%(, can be readily found from Equations (22a),

(27a) and (28) to be

%1=’(kcx'-—7l;—\2) tanh kd . (30
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In the process of simplification in obtaining Equation (30), it was

assumed that 7?<< d , and thus Tanh k("? -CD- = *‘Onb wd.

The initial three-dimensional disturbance on the free surface

will be assumed to be of the form

77L=1?(x,q(,o)=77° cos mx cosnyy, (1)

which after the application of the downward acceleration’ takes the

° [~
° (-]
form ° ° o

© o - ]

77; Ze?) ./ (t) cCOS MY cos nL{ % ] 0(32)

°

.Substitution of Equations (28), and (32) into Equation (27a), and

simplificatioq yie1dé° L . | .

-

72( ‘%’ G-Oﬁh %t 5\nh kc\ . | ‘(3.;»'5.

Agaxn, in the, process of smpllflcatlon it’ was. assumed that 72<<A

and thus Coﬁh kf)? d) cosh k& Subsntutl.ng Equatlon (33) mto

Equation (32) qpe obtams « T L. .. ; "

°

?Z|= 779 Caah Cg,t CO‘-> mu( ccasn"g,x.q o ‘,(054)

in which o

° > . ck .
7 =76\n\n \cc\ - V!

o

with 7?0 denoting the amplitude of the initial’ disturbance. Dividing

(-]
Equation (34) by Equation (31) one obtaigs

°
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° o °
°
_7?_' = Cosh %'t ° s (35)
e o

which could be referred to as the magnitude of amplification of the
initial disturbance,
. . ° °
An inspection of Equation (30) indicates that for cértain values

of * k the growth number q vanishes. .[These values of k carf be -

readily obtained b}: equating eqfation (30) to zero. Obviously, one

such value is k, = 0,5 while thé other is kC =‘C%F/T . The

°

first value, .ko = 0, indicat’eq thaat for an undisturbed free surface,

,naturally, the growth probl'erhudoes mot arise. , The second value,

L ° ° . ©

kC‘QCK‘P/‘T , ind'icg;es that for disturbances with vailues of k

larger than Kkg.-this analysis fails tt; predict their growth,
The value of k for the most unstable disturbance can’be ob-
tained by differentiating Equation (30) with respect to k- and

°
° °

equating the resulf to zero: o ( ,

ds a.’-s-l-.z,' '_-0’.-__—‘:3 2 o
,Z%Ak O (% > k.)‘tap):\ kc\tc\u(%k Fk)ﬁzch kd .

I1f it is assuthed that kd is very large, one obtains, aftér simplifica-

°

tion, ° .

: .’ °L= i@ o . (36)

° 3T

whi;:h actually gives the maximum of the curve for Equation (30).
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2, Non-Linear Solution
For finite amplitudes of the inigial disturbances, the higher

order terms in the kinematic and dynamic boundary conditions cannot
(-] °
be ignored. zhe variable M' in Equation (27) can be approximated

by the first two terms of=a’Binqmia1 expansion with n = -% .

e e L (e ng) o

Other terms in the expansion are omitted because they are of the
fourth and higher orders. -Cémpleting the differentiation on the left

hand side of Equation (27F, and substituting in it Equation (37), one

o 2

obtains, after’ simplificatich,

%Em*%-%’zfz;f7%'7:%-'3?25 7;3';'
: [ ° T (38

7‘“’ 72&71,?#&] ¢t ?7__(¢2+¢z ¢)

° °

In -the process of sxmpllflcaglop, terms of thenfourth and higher orders’

°

have been omitted from équg;ion (38). With the linear solution as

first approximation,.omission of such higher order terms limits the
=2 [+] 00 © °

non-linear solution to a second and third approximation only:,

. -] °
The non-linear solution of the differential system consisting of

Equations (20), (51), (22), and (38) will be constructed in, the form of

¢‘¢l+¢2+¢50 ’ (39)
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and
°

° NG AT+, (40)

T8® obtain the second approximation, only first and second order
terms will be considered in Equations (22) and (38). Equation (38)

reduces to

| _
¢ ¢ (41)
200 2y~ B4 5 (+ B+ | Cﬂ% cms

Now, substituting

: P&+ B
N : . 1:7 = :72| ’F°7E;; ° 9 ° °n .

in Equations (22) and (41), and collecting second order terms only,

°
one obtains, after *rearrangement of the terms,

®
°e [ ]

7?2::+E¢2? 2:0 (@7, "J?' ‘l]z=5 [¢"’-]z’2 -

l and

%r (772xx+72«17) t 72-"[%%:];,0 =
=.[¢JZ-77— l?.g |:.+ t; t @i]z.o )

(43)
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°
The right hand sides of Equationg (42) and (43) consist of terms that

are functions of the figst approximation (linear solution) only.

a

Substituting .
4 ) ° °
c 1 — ° °
¢’ =3 e’ coshk.(z @l.cosrnx’coﬁru{ ’ (ui)
° ® "‘ . * | .
and . . - @ °

i 77,; 226: %tsmh d cosmxcosh% . (45).

(as obtalned ln the* lxnear soluytion) lnto Equatlonb (42). and (43)

. ° . . . .

one obtains “after simplification T .
. . | t .
R th. E@Zi‘] -o ;'- z@‘ [G H co= me + . )
G . e C(u6)

Lo +I'6032hc{ +j_3'cqa;2'n§>§-'c'052 huﬂ

and

T@,« zw%ﬂ [@Jf‘ e

° 47)

-]

el ' .
+ D'cos’z mx + E cosZn%+ F cos 2mx coschﬂ.
o * o °

°
L] *

The coefficients of the right had sides of Equations (46) and (47)
are given in the Appendix along with some of the lengthy details that

are involved in the non-linear solution.g



°

It should be mentioned here that the form of 94 and 2?' as
given by Equations (44) and (45) is not exactly the same as that given

in Equations (28) and (32). The growth factors sinhqt in Equation
qt

é28) and coshqt in Equation (33) have been changed to 53— . This

was done to simplify the somewhat lengthy and involved mathematical

procedure in obtaining the second and third approximations. As far as

the growth of the disturbances is concerped, the exponential t%pe

-]
°

factor dividedq by 2 yiefas approximately the same result as the hyper-

bolic for large values of qt. But, for values of qt close to zero,

o o o o °

°

and particulaily‘@t qt = 0, the change to an exponential factor ‘is

©
L] ° °

not congistent with the assumption that ethe motion starts.from rest,

o Ld
L] . .

- o

This is because the hyperbolic factors at qt = 0 are considerably

o
-

° o « *

o ° .

o [ & . .
«Jifferent than the exponential. Therefore, °in forming the “non-linear

solfition Equations (28) and (32) will be used a5 the, first approxima-

o o ° » .. .. .
tion, ° e R . .
° [ ] .

" Guided by the form of the terms in the right hand sides.of

° o . e, T
Equatiogs (46) and (47),- the second approximations for 96 dnd 7?

»

can- be ‘constructed as follows: . .

% N %qu’t‘:%oo +Byppcomh Zm(z -d) CBs Zmx+

°

!

(48)

+ Bz cosh Zn (= -d) Co&ZﬂL{ +

+Bz@cosh 2 Eé(i- -:c” cosZmx conln Lﬂ. o
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z
.772= % zzft[p\w—r Azog'thmd.cosme + o

+ Ay sinhZnd conzn o + (499

+ A, 50h Zkd cosZmxn co:>2mj] -

°
The wave numbers of the hyperbblic factors einvolving the depth of

°
©

the fluid d -were determined by substitution of each term of Equation

°

°

o L4 M o
(48) into the, Laplace equation.. Thus it was made sure that Equation

° ey s @
(48) satisfies the°Laplace eqliation. To determine the coefficients
° ° * ¢ o6

of Equationge(iﬁ) and  (49), these expressions for gé and 77 ,
e e ¢ . . 2 2

at =z =0, are substituted -in tHe ' left hand sides of Equations (46)

and (47); tﬁen, terms of "the rigﬁt hand side of each equation «with °
the knewn coefficients) are equated to the corresppndiﬁ% terws on

the left hand side. ‘Thus, for each pair, A j and Bij, of the un-

known coefficients two equations are obtained; the simultaneous

solution of these two equations makes it possible to determine the

o o

values of the coefficients Ajij and® Bij in terms of the known

right hand side coefficients of Equations (46) and (47). The values
°

°

of the coefficients for §é and are given in the Appendix.
2 "l g PP

For the third approximation, the equations

b"%o* G+ D5 s
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and L

° ()7=7Z*77z+,75

are substituted in the boundary conditions given by Equations (22)

and (38). Collecting third order terms only, one obtains, after re-

Q

arrangeﬁent of® terms,

7Zat [gbaz]zo [¢”‘ -7”‘ ¢”‘J'7?“3] ‘7

(50)

+[¢x77zx+ 2x7ix ¢z17u3 2. O[Q& zzL,;Z

TI:?Z 73'1'1] %7‘5 [¢]z- 2’7030&4:' °

zm,x 57 Ty zww ’Wauﬂ*

(51)

+l:§{3 +¢é,¢]z7 2[ |2+9.b;:]2;72 .
B ¢m¢ ¢%¢2.7 ¢l zzja o | .

Substituting in the might hand sides of the above eguations the expres-
sions for ¢' , 77| , %0' and 72 given by Equations (43), (45),
(48) and (49) respectively, and after considerable number of substitu-

tions and simplifications one finally obtains
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s
C 57_-: i

+[ J =—g +
773c g 2.0 a [G] cosmxcosnLJ

I
+ H,cos mxcos 5ntar+I”Co53mx Coﬁnl.a*l' (52)
TR .
+J cosBmxcoan%]D,

0673"« 7577)4'?73, [@J —°“°Z% [Cco:mxc.osmr"

°
. o

prs D commy cos 5m1+E.coe3mxcosnLg+ * (53)

o

_-i-F”.'co"s. 5mx'-<:’oa5on%j .. .

. e . ¢ L] - . a
- The coefficients of the right hand sides of Equations (52). and ¢(53)

, are giver; .in ‘the Appe’ndix' T °
° t

Gu1ded by the form of the terms in the nght hand’ sides of Equa- °

tions (52) and (53) the third approxlmat:.ons can be constructed as
< o o [ ]
follows: . .

° o L]
..

3 ) '
g = —cai- z"l‘t[B“ cosh k{z-d) coomx cosn o +

. ¢ °
(54)

+Byg cosh (m?+ qnz)yz &-d) cosmx cos Bmﬁ +
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+Bb| cosh @ mz-rn‘)yz (E-d) cos dmx comn Lﬁ +

+Bya codn 3k(z-d) com 3mx co‘:5m1] o °
and .
773= -Céiea%t[l\“ sinh kd cosmf cosnyy +
° o A sinh (mzt‘irfy/’cl co® mx c6s3nyy +
. (55)

M Aﬁ,‘-"""-““ (4 m‘+n‘§v‘3,cos"3mx cp.-_; " Y +

+ Auasinh-3kd.cos'3mx cos Snﬂ] .

° * °
o ° °

Equation (54) satisfies the Laplace, equation: -TRe wave numbers of the
hyperbolic factors invol&ing the. deptﬁ of the Elpid d were deter-

mined in the same fashion as those ‘for the second approximation.

°

To determine the coefficients incEquations (54) and (55) the same

°

proceduép wés used as thatofor the second apprgximation. The values
°of ghese coeffi&&ents as .well a; ;etails of the process for their
determination are éivéh in the Appendix. °
An examination;of Equaéions (49) and (55) shows th;t the secopd
and third harmonics of the}wave numbeis of the initial 1}sturbancéb
. [}
will sontribute in the amplitude growth. It is known that such
harmonics will tend gto make half of the wave narrow and high while

[-]
the other half broad and sha%low. This is in accordance with the
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(-]
physical observations made in previous experiments where the dis-
turbances take the form of spikes, Thus, the non-line:F solution
provides the theoretical justification of such a form. Also, in the
third approximation it is interesting €o note that there is a tet?: ]

with the same wave numbers as those of the initial disturbance; this

indicates that there is a feed-back to the linear solution of the
[ -]

problem, e
_ °
B. PFree-Surface Instability Due to Abrupt Change in Boundary Geometry
In a Fourdrinier paper machine immediately aft;; the tazle roll,
* the disturbgncfa which already have been amplified while passing over
the table roll contgnue to grow. The rate of growth over this second
region is considerably largér than ghat in the previous region, This
phenomenon has been found to depend on the speed of the stdck as
well as the slackness of the wire-screen. Since there is no apparenf
dovnward acceleration fhat is applied to the paper stock, the instability
in this region is attributed to the change of the boundary geometrft
The stock approaches the tabl& roll in a horizontal path, passes over
the tabI; roll, which is a convex boundary, and then follows again a
horizontal path after the wire-acree: ceases to wrap on the periphery’
o of the tab;e roll. This ab;upt change in the geometry from a convex
shape to a horizontalocauses the further amplification of theedis-
turbances. At present, this type of instability is not amenable to
a q?thematical analysis. Instead a dimensional analysis has been per-

[
formed, to guide the experimentatiqg, and is presented in the follow-

©  ing paragraphs,
]



° °
Referring to Figure 2(a), and with the maximum amplitude %ax
of the disturbance in th flow subsequent to the table roll as the

°
dependent variable, one has

7":0)\’{‘(77L’d’h’r°’ U9 F’,T, /L(,.?) ’ (56)

in which h is the step height, corresponding to the wrapping of

the wire-screen, /‘l is the dynamic viscosity, T the surface ten-
sion, and 77 is the initial amplitude of the disturbance measured
at the top of the cylinger. In a linear theory the above functlonal

relationship ‘can be¢ simplified to

%’"—a—x:f:(d,h,a,u, Fa—r,/‘l,‘qf). (57)
v .

Using the Tr -theorem of dimensional analysis, the independent varia-

bles of Equation (57) can be grouped into the dimensionless numbers

of the following functional :elationshi.p

Do (G 0 G0 TR oRF),

in which

° Ude

R (Reynolds number) = —2; — ?

2
° | U

(59

F (Froude number) = -
X ]
w ? o o
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° 4
°

°
In the experiments perfomfd, T, df To» /0, and /a have been
°

kept constant, so for these exﬁ;riments.

7?rmm - \'\° {2 F
e =Fa(w ) e

1f it is assumed that the effect of viscosity can be neglected, the

°
equation to be used for organization of the experimental data reduces

s o
to

:;r:«ax F% __ . F>° . (31)

Equation (61) %indicates that the growth of the disturbances depends

on the radius of curvature of the table roll in terms of h, ang on

°

the Froude number. ¢

C. Experimental Apparatus
The experimental apparatus, a sketch of which is shown in Figure

1, was built to simulate flow conditions in a Fourdrinier paper
machine. The head box consisted of a conduit 30 inches long with a
o flow area of 6 inch®s square. It was comnected to the 6 inch pipe

[
of the water supply system of the laboratory, and the flow was regu-

. (] (]
lated through a valve located upstream from the head box. On the

top of the head box two bleeding lines provided the necessary passages
(-]

ofor removing the trapped air, The formation of a corner eddy was

avoided by installing a perforated inclined plate immediately upstream

° °
from the discharge opening., This plate, vith a bleeding line attached
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to the end plate of the head box, l:ade it possible °1:o obtajn a rela-
tively undisturbed free surface downstream from the discharge opening.
The top arrd bottom 8f the head box were made of brass plates of a
quarter inch thickness an; its s:l.;es were made of plexiglass plates
three-quarters of & inch thick. o

The channel, after the head box, had a brass plate a quarter
inch thick as the bottom and side walls m:de of plexiglass one inch .
high and a quarter inch thick. The side walls were so adjusted that
°he width of the channel, within which the flow occurred, was 6
inches wide to match the wi.dt% of the head box. Every effort :ras
made to avoid abrupt or gradual changes in ahe channel walls. This
was necessary in order to reduce the generation of waves that wéuld
be carried downst:eam because of the high Froude number that char-
acterized the flow,

The table roll consisted of a plexiglass cylinder 8-3/4 inches °
long and 8.8 inches in diameter; the thickness of the cylinder wall
was one quarter of an inch, The.shaft of the cylinder, pass’i.ng
through the en: plates, was supported I;y self-a’ligning ball bearings.
A variable speed electric motor drive, connected to the cylinder
shaft through pulleys and a V-belt, made it possible to vary the
speed of rotation of the cylinder from about zero revolutions puir
minute up to 600. ) ’

The clearance between the table roll and the upstream bottom
oplate of° the ch‘:mnel was approximagely 0.035 inch, and that between

the table roll and the downstream plate approximately 0.060 inch,



°
o
The amoynt of water leaking from the ‘do%nstream clearance when the
table roll was rotating, whs approximately nine percent of the total
(-]
discharge. o
Two water tanks, one underneath the table roll and another at
the end of the channels provided the means by which the digcharge

°
through the apparatus was measured,

The initial disturbances on the free surface of the flow were
created by saw-teeth (23 teeth in 6 inches) extending along the top
of the dischar%F opening. Each of the saw-teeth was 3/8 inch long
and 1/4 inch wide, and they were cut on a 1/32 inch thick brass
plate. This glate was attached tﬁ the end plate of the head box eand
by sli8ing it.up or down the size of the exposed teeth could be
vgried;

The velocity of thje water in the channel was measured with a
pitot tube located immediately upstream from the table roll and.in
the middle of the channel., The velocity distribution of the flow
~ upstream from the table roll was approximately uniform. gThe ratio
of the mean vekocity, as dete:mined by measuring the diec%grge and
the flow area, to the maximum velgcity, as dgtermined by the pitot
-tube, was about 0.9.

The average amplitude of the disturbance was measured by a
point gage that was electrically insulated except ﬁﬁ:a small length
of itsotip. A voltage potenéial was connected aéroas the point gage

and the flowing water with the negative terminal of the voltage

(-]
connected to the point gage. Contact og the top of the°point gage
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°
°
with the crest of the disturbances was inditated by the deflection

of the electron beam on the screen of an oscilloscope (the oscillo-
°

sc8pe was connected across a resistance in series with the point

°
° gage). This indicated the elevatipn of the crest relative to an

arbitrary datum. The elevation of the trough o% the disturbances
o Was obtained, simi®rly, by moving the point gage downward until
the continuoyg electrical contact was interrupted intermittently.
An arbitrary number of contacts per second at the crest, ancl°
wihtérruptions at the trough, were decided ypon as the indication of

°
the respéctive elevations, This number was kept the same for

measurements at the -top of the table roll, over the table roll, and

°

downstream from it.- Sucl measurements, of course, did not make it
o . .

" possible to obtain the exacs ampligude of the disturbances, but it
is believed that the ratio oé the amplitudes 7/7 was quite :
o s ° (3

faccuratély determined? . .
. °

The wave ‘lengths of th; disturbances were estimated by visual

observation and from photographs taken with the aid of a high %pged

flashlight with a period of 1/15,000 second.
°

In preparing the apparatus for the collection of® the experi-

- mental data, first the speed of rotation of the table roll was
°
set at the desired angular speed and then the flow was adjusted®so

that its velocity, at the uniform part of the flow, wgs the same as
o the peripheral speed of the tgble roll, Measurement of the depth
of flow was made at severa‘l‘ locations. The amplitude of the dis-

turbances was measured at the, top of the table roll, to determine



o ]
the initial yalue of it, and at several locations over the table roll

and downstream from it, The discharge at the end %f the channel,.and
[ ]

°
that through the clearances at the table roll, was measured with the

use of a weighing tank,
° °

Although the experimental appargtus did not have a moving wire-
screen to simulate exactly the flow c:mditiona at a Fourd°ri.ni.er *
machine, comparison of pictures gaken of an actual machine wi.tl: thoee°
taken of this apparatus indicated that a duplication of the. phenomenon
was obtained. This was made possible by replacing the wrapping of
the wire-screen on the periphery of the’ fable roll, with a step at
;:he bottom of the channel right after the table r&l1. Thus, the glovw
in th.e experimental apparatus £811owed a convex bgundary over the

table roll as it does in the case of a Fourdrinief paper machine with
a slack wire-screen. ®
D. Discussion of Results

The experimental data for the growth of the disturbances over
the table roll (the region characterized by a downward acceleration)
are plotted in Figure 4. For comparison, the linear solutiom of
the di.ffetenfial system, in the form of Equation (35), has been
plotted also.

The comparison of the glinear solutiom with the experimental
results is based on the following understanding of the initial condi-
tion and interpretation of the {ime ¢t. 1In the a‘r'lé'lysis itohas beeq
assumed that the flow has a mean velocity U , and it is subjected

°
uniformly to an acceleration gl. Starting from t = 0, the®free

s
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°
surface has aocorrugation but.the perturbation velocity in the

g-direction is assumed to be zero.° In the experiments the ac‘é’%lerg-
tion was applied to the fluid as it reached the t8p of the table
roll, oAt thi;s lo:ation the time av:rage of the initial amplitude
°77L was measured. Subsequent time-average measurements of ”Z
were made at various values ::of o X Thus, the c:rrespondi.n% t owas
taken to be x/U and it is indicated as such in Figure 4,

The scatter o.f the experimental points is primarily due to the
experimental error in determining the value of k as given by °
Equation (29), The measurement of the wave lengths of the dlsturbances
was not accurate because of the difficulties involved in making such
measurement at high Froude numbers. The experimental error was further g

magnified in the comput:tion of the growth number q as given by

o -]
Equation (30). In this equation the term for the effect of the sur-

face tension is proportional to %he thi.rdopowet of k. The accuracy
°
o
for the measurement of the ratio /72. was considerablyobettér.
[
o
Most of the data were takerf twice in order to check the reproducibility
°

°
of this ratio. As ityis seen in Figure 4, the variation in such .

°
measurements was on the average about 5%. Nevertheless, the experi-

Jguental ge:ults verify the trend pred:cted by the linear solution. ®
A comparison®f the data shown in Figure 4 with the non-linear
solution was °not: attempted because of the large sc:ttgr of the
experimental points; fur.;thermore, this solution has been constructed
for large values of qt only (greater than 2). It has already been

explained, in this ch:pter, that the hyperbolic growth f8ctors of



-39- °

[ °
the linear solution were replaced®by eqt/2 in order to facilitate
o

the construction of the non-linear solution, Such‘a change is con-
trary to the assumption that motion starts from rest. For large
values of qt, however, the exponential gr;;th factor gives approxi-
mately the same results as the hyperbolic. Experimental data for
values of qt larger':han 2 were not obtained because of the
limitations of the experimental equipment; for larger values of qt
eddies generated in the flow upstrgam from the head box manifested
themselves as vxolent disturbances on the fyee surface of the water
and made the measurement of the ratio 7?7/th. very inaccurate. °

In an effort to evaluate the non-linear soltion, data for

©(6)

two-dimensional disturbances given by Watson were plotted in

Figure 5. These data were obtained under considgrably better experi-

mental conditions and for large values of qt. His expegimental

setup consisted of a rectangular container, partly filled with a

fluid, which was accelerated downward, Elaborate instrumentation
°

was used to measure the wave length and amplitude of the two-

-}
dimensional sinusoidal disturbance®. In this case, however, the

scatter of the experimental points glso is consigetable. °

oe
The linear and non-linear solutions for the two-dimensional
(-] [ ° ]

case, plotted in Figure 5, were obtained by substitution of
°

n=0 in the equations for the thgee-dimensional case. In the
non-linear solution on1§°the first‘?ndosecond approximatiofs were

used; the tedious and long computations for the third approximation

were not considered justifiable after the comparison shown in

Figure 5. It can, however, be stated that for values of qt lafger
° °
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than approximately 4.5, the linear :nd non-linear solutions give
values of amplitude larger than €hose obtained experimentallys

The egperimental data for the growth of the diaturbaﬂégs down-
stream from the table roll are shown in Figure 6, Erom which it can
be seen that :hav are consistent with Equation (61). The ratio ©
7man /7? L is indeed increasing®with both® h/r,  and Froude num-
ber. In thié’region,too,most of the experimental points were taken
twice to check their reproducibility. o

Plates I and II show picts;es of the growth of the disturbances
for the two values of h that were used in the experiments, and
for only three values of ®U . From these pictures it is obvigus
that the growth of the disturbances downstream from %he tdble moll
is considerably larger than that ovexr the table roll, This has
also been observed in the operation of the Féurdriniet paper méchine.
At hiéi speeds of flow (U = 30 fps) in aapaper machine the dis-
turbances grow to the extent that they break up into drops that jump

as high as two feet above the surface of the paper stock.



IV. CONCLUSIONS

°
Promothe foregoing chapters of this investigation it can be

concluded t%at: L

1. The° formation of the corner eddies in the head box
° °

qf a Fourdrinier paper machine, or in any®theg

conduitewith an abrupt contraction, is partly a
° o

consequence of the rotationality of the flow.

2. The free-surface instability of the fluid, as it
°
°
flows directly over the table rolls of a Fourdrinier

paper machine, is essential%y caused by the downward °

°

acceleratidn indueed by the curvature of the wire-
°
screen as it wraﬁ% around the table rolls,
. o °
3. The free-surface instabili%y occurring downstream

from the table rolls is a consequence of the abrupt
° o
change in boundary geometry caused by the leveling
° °
of the wire-screen subsequent to the partial wrapping
°

®
of it around the table rBlls. Thg degree of wrapping

of the wire has been found to®have a pronounced°effect

°
on the growth of tﬁf disturbances.

°
For a better ®valuation of the mathematical analysis for the

o
growth of the disturbances over the table rolls further experi-

mentation is needed. Better controlled -experiments, preferggly
© °
without a horizontal flow velocity, will provide data for the

) -41- o O
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determination of the accuracy of the non-linear solution., Also, an
o (]

) o
adequate mathematical analysis for the growth ofothe disturbances

° .
due to an abrupt change of the boundary geometry is very desirable.
°
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Figure 5, Growth of Two=Dimensional Disturbances o
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° 12-d
i

Plate I. (1-d) g' 3.4 fps, flow is to thegleft

0, h

0.2 in., U

[
(6-d) g' =5.0g, h =0.2 in., U = 8.4 fps, flow is to the left
(-] o
[
(12-4) g' = 14.0 g, h = 0.2 in., U = 13.3 fps, flow 1sgto the left o
[ (-]



® Plate II. (10-c) g'
(5-c) g'
(13-c) g'

e ek R B e 15

"

O h=0.1$ in-,U
[

o
5.0 h=0.41in., U

o
14 0 g, h, = 0.% in., U
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TN ey

- P
I

°
3.4 fps, flow is to the left

(-]
8.4 fps, flow is to the left

(]
13.3 fps, fdow is to the left
°
o o



° | APPENDIX ° °
o o

The coefficients, and some of the dotatp, of the non-linear
°

solution of the differential system consisting of Equations (20), (21),

(22), and (38) are given below.

Second Approximation o o °
-
(]
The coefficiepts of Equations (46) and (47) are: * °
°
[ o

G=-o

W = —‘j—'q“—; 5’mh°2:c.d .
I'--—li'%z sinh 2kd e N
J'=- £ %inh 2kd
? (-]
° (Cle- %‘-25'mhz kd - 4§ k% cosh? kd .

D' = -2k sinhikd + 5 (m?-ri®) cosh® kd

° . E'=- kz{mnhzkd--é (mz-rt)cosh? kd

o Fl=- -35— sinh% kd +—é k% coah? kd e

The coefficients of liqnat::l.ono° (48) and (49) were determined

from the following equations:

1) For Agg ad Bgo .
. Aocb %f = Boo Z % = C, |
/ﬁfoo 22(1: -L;Gi’ ' o ° °

=52= °



c=53=

simultaneous solution of these equations yields °

Ao, = O, and B»-—-z—% °

[
2) Por Azo and °B20

-‘5202% cosh 2md= D}
A 55 ZCL, sinh 2md ~Bop 2m sinh 2md = W,

simultaneous solution of these equations yields

W 2mD - H'-g (9’ - 45m7)

Ao= ZgSh zoed ¥ Zen (g - 47y B ~4g¥ cosn Zmd

° 2q D' - H/(¢- ) :

Co” 2m (g'=ELm" ) sinh Zend - 447 coth Zmd

)
3) For Aoz and B.oz

oz.(% 4Tn >5mh2n& Bozz%waHans °

Acs ZOK snh 2nd ~Boz 2n sinh 2nd=T'

®
simultaneous solution of these equations yields

' ' ) 2z
¢ p- T -2nE'-T'§ (§'- 432)
o2 Z%G\ﬁh 2nd Zn(ca!- f}_"(l'_nssmh 2nd -4%24‘9&12 nd

=0 2 Z%E'—I'(%l-ggi)
B°2 Zn (%’—4%&2> sinh 2nd - 4%3 cosh 2nd




4) Por A4, and B2z
' r A - .
Azz (o'~ i;_k_ )sirh2kd -B,; 24 cosh 2kd F,
Azz 24 sinh Zkd ~Bp2kinh2kd =T

simultaneous solution of these equations yields
L]

A= T 2KF- J’""(? -45=)
22 Zgsinh 2kd Zk(ci 4‘;l'k=)=mh21rd 41}cosh2kd

5 = 24F - J'a'- )
22 Zk.(? 4T\cz) 6mh 2kd - 4CBzcoﬁ\n 2 kd

Third Approximation ®
The coefficients of Equation (52) are:

G'=-12a,- 2b - 4{c+3e,+f,+h) + 4(L,+ £) + 2%p +4r,
H' =-a(a,+c)+12e,+4(f+h+4)+ 1Zp, + 4r,

I' = 1Za,+2b+4(c-e-F+4) +12R+4n

J'a 4(a,+c .+ e, ++ + P+ r‘,) ©,

in which

= kom? sinh 2 d
(AC}A W kd snhZmad tBzo cothZmd snh \::\
D, = - mZRze co3 anh£Lmag - zo ¢ &n

C.--_m%g cosh kAénthA—_\&%{%g_zcmeH sinh kd
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€= %;;-2 “inh > kd . e o

£, =-n?Acz cooh kd sinh zkd - khz%gz cosh 2kd sinh kd

hy= ~-ntAoz cosh kd sivh Znd - ken?Boz wsh 2nd sinh kd
& . TZkT
Lt "1.&!2‘ codh kd sinh Zmd - kemr® Beo cosh;ZmA <irh k.d

'C,- ~kZAoz coshlkdsnh2nd - k;j%?o& cosh 2nd sinh kd

P = l %:‘-z sinh? kd

= - k=g coshn ld sinh Zkd - k*:;; cosh Zkd sinh kd .

° The coefficients of Equation (53) are:
C'=-12(atby ) +hc, + Dle, +4(E 4 +L,)-24,- 4 PoArat3,)
D'e —Ao,+12by —4ey +12e5 + 4(Lp-Patry +52)
E' 120, -4(by+c,)+12ep+4 0y 424, +4(py-32)

F”- 4—(42+ bz+Cz+ 22_+‘p2_+l’)9_+ LZ+P2+51) %

in which *
a( 3_%@4' k2m Inz sinhkd - kzmz cosh ked sinh? kd
(3Kt mEa?) sinh3kd - Q 2 cosh kd sinh? kd

Cz- I \<="’W\7‘nz snh>kd
| e 32 %5



e,- \,; E" cosh kd ainh?kd .

-pz -(—- k.ai Aze - 5\:02:1 b.g) E'MH kd sinh 2md
h, = (—k#aAoz - ‘_’:k\l'bg-zf.) snh kd =nh 2 nd .

L.az- (-— k—lgAz}. -3 k;B:z) snh.kd snh £ kd

‘e.z‘ %:@ cosh kd cosh Zmd °

Fi,’ maszz cosh kA cosn Zléa

I"2= n® Bo‘z ccﬁh kcl co=hn ZV\A

Sy= Nt Bzz coth kd cosh 2kd , *
e s
[
The coefficients of Equations (54) and (55) were determined from
the following equations:

1) Por A ogndB“ o .
A“(%‘ = __"F\g?) sinh ked -B, 3% coth kd = C"

Ay 3q drin Ld B ksinh \d = Q"

-]

sigul taneous solution of these equations yields

A\\= 51 sci‘uln"h kd * "2 (;?;})G;hg kd :%‘:205h d
‘ ~ .
. 4 " ! e
_B“:. \4 (7’5:-%’Sk‘-)— 5?»:\«, cli :-;;‘)C-O‘bh led
N
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®

2) For A‘5 and as )
A [ T 02 s o4 B gt D

®

s B (s e d ENTRR RVL) iy

simul taneous solut;.ion of these equations yields
. AL 5%5mw\2n=+qn=) " * . @
(mz‘.—qntj’:D"— Hd ( Z*qnzy&l _.% (ml .‘.qnl)]
(m*An2)"2[g’ - T(m44n) | sinh (o +An e -..qilml{nm%

.. 35D wIg-F ] :
15 (mz_,,qﬂt)'lz{?"-‘;_ (muqn*)] sinh (mt43nt)d - 9 %‘weh(m‘-&qn')v‘d

3) FOI‘ ()] A 5‘ and —Bs‘

o (- T (- 0?)] sinh (Gmtene)d _B,,s?w(qmu?z)'@ - E"

Asy 31, sinh Hm‘l‘m")y‘cl -—-’B,.(‘fm‘-m‘)v’a'mlg @ m‘-t»n’-)yﬁ =T,

simul taneous solution of these equations yields
- 1
Abl- 31,5'mhﬁm‘+n'-)'/zc{
(e E" - T (Fgizt) (4 - 7 (Tt +0)]
@,Mt* ne) Vz[q" —%’?m’m’)] 5inh(4m‘ +n)k ] - ‘ffcosh(ﬂn?-wf)v‘d

By= 34 E' - T'[ 4 -F (dm>+n?) |
| (7m'2+n'l) V"’C?' .:;_ (qmg +n¢)] sinh (4m'+n‘)°"t<] o_q 1’3 c “h(qmqnzm

®

-]
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4)*For A3?> and ng

Az (GJ -1 q’k'z) sinh 3kd Bags 3% cosh 3kd= F"

Ass g sinh Sked —Byy 3k sinh 3kd= J",

[C]

simul taneous aolution of thesse squations yields @ ®

j-ﬂ o @+ j BkF" I'I%(q -— ‘7‘:2

@

A= Sqann K Seg ) 303 - q%m5hs\<d
L 2= J(a-F97) oo

Bb:f 3k (7 T C(\cz) sinh3kad - Cl%"@aosh 3kd

®




