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CHAPTER I

THE LINEAR REGRESSION MODEL:
ASSUMPTIONS AND BELIEFS

In this study we analyze the properties of the estimator
which minimizes the sum of absolute errors. We use the nota-
tion L.A.E., for least absolute error, to refer to this esti-
mator. We are primarily interested in comparing the proper-
ties of this estimator with the widely used least squares
estimator under alternative assumptions on the probability
distribution of the data generating process in economic models.

The assumptions which are used throughout this study are
presented in this chapter. The prior beliefs which motivate
our study of the L.A.E. estimator are also described. We
have adopted a set of assumptions which leads to the choice of
the least squares estimator, except we allow for the possi-
bility of a nonnormal probability distribution. We arque
that for economic models the normality assumption is not
necessarily justified so that it becomes necessary to examine
the properties of alternative estimators under a range of
probability distributions. The optimal properties associated
withthe least squares estimator which are conditional on the
normality assumption therefore become only one input into
the problem of choosing an estimator.1 Within this frame-

work, the choice of an estimator depends on, among other



factors, the prior beliefs concerning the probability distri-
bution of the data-generating process. These considerations
lead to the study of alternatives to the least squares esti-
mator.2

We consider the L.A.E. estimator as an alternative to
the least squares estimator for two reasons. First, the prac-
tical application of the L.A.E. estimation method is feasible
in the sense that computational costs are not significantly
greater than for least squares. Second, for the set of pro-
bability distributions which we argue is appropriate in
economic models, the L.A.E. estimator, at least intuitively,
appears to possess desirable properties. It is by studying
the properties of the L.A.E. estimator that we attempt to
give this intuition some guantitative content.

This chapter is divided into seven sections. In Section
1 the linear regression model is defined, and we introduce
our assumptions on the probability distribution. In Section
2 the properties of the least squares estimator are discussed.
These properties are used in Section 3 to construct a prefer-
ence ordering with which to rank estimators. In Section 4
we briefly indicate the nature of the decision problem which
arises when there is uncertainty concerning the probability
distribution of the data generating process. Section 5 in-
cludes the theoretical and empirical reasons for our assump-
tions on the probability distribution. In view of these as-
sumptions, Section 6 presents at an intuitive level the rea-

sons for studying the L.A.E. estimator. The conclusions to



this chapter are summarized in Section 7, along with a pre-

view of the remaining chapters in this study.

l. The Linear Regression Model

Assumptions

Given T observations on a dependent variable Yo and K
explanatory variables X, » We assume the observations obey

the linear relationship:

K
E Xy Bk + u, t=1,...,7T

y =
t 1

k
where u, is an unobservable random error term. This assump-

tion in matrix notation is written:
Al. Y = XB + u .

The linear regression model is defined by Al along with the
following assumptions on 8, X, and u. The problem is to
estimate the parameter vector B, and the error term u.

For B and X the following assumptions are used:

A2. B is a completely unknown vector in RK
A3. rank X = K < T

Ad4. X is fixed; or

Ada. (X,u) are statistically independent.

Assumption A2 implies no prior knowledge is used to estimate
B. Assumption A3 excludes any cases in which the columns of

X are linearly dependent, and thereby rules out perfect



multicollinearity. Assumption A4 implies the values of X can
be controlled or predetermined, while Ad4a allows X to be ran-
dom, but independent of u. We will use A4, although all of
the analysis remains valid under Ada, conditional on the |
observed X.

For u = (ul,...,uT) we assume:

AS5. u, t=1,...,T, are independent, identically

distributed random variables.

Finally, the standard assumption for F(u),3 the proba-
bility distribution of u, is that F(u) is a normal distribu-

tion, or F(u) is contained in the set of probability distri-
butions F which is defined by;

~

Properties of F

1. E(u) =0

2. Var(u) = 02 < o

where E(+) and Var(*) are the expectation and variance opera-
tors, respectively. We modify this assumption in two primary
ways. First, we exclude asymmetric probability distributions
from E, and second, we include probability distributions with
undefined expectations or infinite variance. This set of
probability distributions is denoted by F* and it is defined
by;

Properties of F*

1. F(u) has continuous density, f(u).

2. f(u) = £(-u)



3. f(0) <€ = .

Properties 1 and 3 are included for mathematical convenience.
We assume F(u) is in F*; the reasons for this assumption are
described in Section 5 below.

For our purposes, the linear regression model is defined

by assumptions Al to A5 along with F(u) in F*.4

Comment

Assumptions Al to A5 are used in this study so that the
L.A.E. and least squares estimators can be compared under
alternative assumptions on F(u), while maintaining the other
assumptions which lead to the choice of the least squares
estimator. Assumptions Al to A5 simplify the comparison,
and they are not intended to be an adequate description of
the experimental situation in economics. For example,
assumption A2 is inappropriate when economic theory implies
restrictions on B, or when previous estimates of B exist.
Assumptions A4 or Ad4a may also be inappropriate since theory
implies that economic variables are interdependent. Finally,
economic data are usually autocorrelated and this violates
assumption AS.

Most of the work in econometrics has focused on these
problems as evidenced by the study of Bayes estimators,
simultaneous equation systems, and autocorrelation. To my
knowledge, the normality assumption has been maintained in

these studies so that the resulting estimators are



generalizations of the ordinary least squares estimator which
is obtained under assumptions Al to AS.S In this study we
ignore issues dealing with simultaneous equations, autocor-
relation, and prior information on B, and expect that these
can be ewvaentually dealt with using the L.A.E. estimator in

ways that are analogous to the generalization of the least

squares estimator.

2. The Least Squares Estimator

Definition and Properties

The least squares estimator, B8, is defined as the solu-

tion to:

min (Y-Xb) ' (Y-Xb) .
beRK

This minimization problem always has a unique solution, and
yields a well-defined estimator. A simple consequence of the
qguadratic minimization problem is that the solution is a
linear function of Y.

One of the well-known properties of E is:

Theorem 1 (Cramer-Rao). Given Al to A5 and F(u) is
the normal distribution implies E is the minimum variance
estimator in the class of all regular6 unbiased estimators.

Proof: See Theil (1971), p. 390.

We assume that this theorem along with the belief that
F(u) is normal provides the primary justification for the

widespread use of the least squares estimator.



As is also well-known, the hypothesis in Theorem 1 can
be weakened to include F{(u) in E with the conclusion then
being strengthened to linear estimators. That is:

Theorem 2 (Gauss-Markov). Given Al to A5 and F(u) in
; implies g is the minimum variance estimator in the class
of all linear unbiased estimators.

Proof: See Theil (1971), p. 119.

The preference orderings implied by the choice of the
least squares estimator on the basis of Theorems 1 and 2 are

described below. Before looking at this ordering we briefly ex-

amine the characteristics; unbiasedness, variance, and linearity.

Unbiasedness. To choose an estimator which, on the aver-

age, is the correct value of a parameter at least casually
seems preferable to choosing an estimator which on the average
is incorrect. This reasoning, however; does not lead to the
exclusive consideration of the class of unbiased estimators,
unless one is willing to ignore all of the other character-
istics that might be relevant in choosing an estimator. This
seems to be a restrictive constraint, and yet, to my knowledge,

it is necessary for the choice of the least squares estimator.

Minimum Variance. The significance of the variance of

alternative estimators is based upon the asymptotic normality
of a large class of estimators for B. The dispersion of a
normal random variable is a function of the variance so for
large T the dispersion of estimators is a function of the

asymptotic variance. This measure of dispersion loses its



significance when the number of observations is not large
enough to justify the normal approximation (or when the finite
sample variance does not converge to the variance of the
asymptotic normal distribution). The measure of dispersion
then makes a difference since the minimum variance (unbiased)
estimator may not be minimum dispersion when dispersion is
measured by, say, mean absolute deviation. In order to con-
form to the least squares approach, we adopt the variance as
the measure of dispersion even though a mean absolute devia-

tion measure would probably be more favorable for L.A.E.

Linearity. Two practical considerations dictate a pre-
ference for linear estimators. First, the computational
costs of nonlinear relative to linear estimators are usually

prohibitive. Second, the mathematical intractability of many
nonlinear estimators makes the derivation of sampling proper-
ties difficult, if not impossible. For these two reasons, one
may want to restrict attention to only linear estimators. The
dilemma which arises in attempting to calculate the opportunity
cost of this restriction (in terms of, say, increased variance)
is that one has to face the computational and mathematical
difficulties which originally led to the preference for
linearity. The L.A.E. estimator provides a partial solution
to this dilemma since the computational costs are not signifi-
cantly different than for least squares. Also, while the
L.A.E. estimator is mathematically more complicated than

least squares, there are methods which can be used to obtain



sampling properties, and developing these methods is one of

the aims of this study.

3. A Preference Ordering for Least Squares

In order to compare estimators, we need a preference
ordering with which to rank estimators. We adopt a preference
ordering implied by the choice of the least squares estimator
under the normality assumption, and then given this ordering
examine the L.A.E. and least squares estimators as F(u)
varies in F*. Here we describe an ordering which follows
trivially from the choice of the least sguares estimator on
the basis of the Cramer-Rao Theorem.

We associate with any estimator, ;, the set of charac-

teristics bias squared and variance. That is;
~ 5 ~
((E(B=-B))", Var(8)) .

(When E is a vector then (E(é-B))2 is a vector and Var(é) is
the variance-covariance matrix.) Estimators with the same
bias squared and variance are considered equivalent even if
they differ on some other characteristics. To obtain a pre-
ference ordering first rank estimators according to bias
squared; for example, every unbiased estimator is preferred

to any biased estimator, irrespective of the corresponding
variances. Second, for any given bias squared, rank esti-
mators according to variance. For this ordering the preferred
estimator corresponds to the minimum variance estimator in the

set of all unbiased estimators. By Theorem 1 these



characteristics correspond to the least squares estimator
when F(u) is the normal distribution.

The distinctive feature of this preference ordering is
that it is lexicographic. That is, preferences arise by con-
sidering bias and variance in order; no tradeoffs between the
two are allowed. An unbiased estimator is preferred to a
biased estimator even if the bias is small and the variance
of the biased estimator is small relative to the unbiased
estimator. Also, we have used the term preference ordering
instead of utility function because of the fairly well-known
result that lexicographic preference orderings cannot be
represented by utility functions (see, for example, Gorman
(1972)).

In this study we adopt the above lexicographic preference
ordering and thereby focus on the unbiasedness and variance of
the L.A.E. estimator. Later we show that for F(u) in F* the
L.A.E. estimator is unbiased so that the comparison of the
L.A.E. and least squares estimators reduces to a comparison
of their respective variances. This provides a simple frame-
work in which assumptions on F(u) can be translated into a
ranking of the L.A.E. and least squares estimator. By adopt-
ing the lexicographic ordering over unbiasedness and variance
we can investigate, to the extent that this ordering actually
reflects the process which leads to the choice of the least
squares estimator, those F(u) which lead to the choice of the

L.A.E. estimator.7
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In adopting the above lexicographic ordering, we ignore
the Gauss-Markov Theorem as a basis for choosing the least
squares estimator. This conflicts with most discussions in
which least squares is viewed.as a desirable "nonparametric"
estimator since the conclusion to the Gauss-Markov Theorem
holds for all F(u) in E. We think the use of "nonparametric"
in these discussions is misleading. To investigate nonpar-
metric properties requires an analysis of the properties of
estimators over some range of F(u). The conclusion to be
drawn from the Gauss-Markov Theorem therefore is that in in-
vestigating alternatives to the least squares estimator we
can ignore all other linear éstimators. However, there may
exist a nonlinear unbiased estimator with a much smaller
variance than least squares fbr all but those F(u) in some
small neighborhood of the normal distribution. This possi-
bility is not ruled out by the Gauss-Markov Theorem and,
other things equal (for example, computational costs), we
think most would consider this a desirable (in terms of the
above lexicographic preference ordering) nonparametric esti-

mator.

4. A Decision Problem

We noted above that for F(u) in F* and the lexicographic
preference ordering over unbiasedness and variance, the com-
parison of the L.A.E. and least squares estimators reduces
to a comparison of their respective variances. We can there-

fore define,
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Var B*
var B

G(F) =

where B* is the L.A.E. »stimator, and G(F) indicates that the
relative variances de, on FP(u). Then for any given F(u);
G(F) < 1 implies B* is preferred to B8

G(F) = 1 implies B* is indifferent to B

G(F) > 1 implies B is preferred to B*.

This provides an ordering of B* and é conditional on F(u).
We now outline the problem which arises when there is uncer-
tainty concerning F(u).8 This problem, along with the argu-
ments presented in the next section, motivates our study of
the L.A.E. estimator by providing ‘a framework in which it
becomes necessary to analyze estimators under a range of
F(u).

We first introduce the function P(F). This function can
be viewed as a way of representing prior beliefs on F{(u), or
as merely a device for analyzing G(F) for a range of F(u).
In either case, P(F) has all the properties which define a
probability distribution, and therefore G(F) is a random
variable. This makes the choice of an estimator depend on
P(F) as well as G(F).

An example in which the use of P(F) does not complicate

the choice of an estimator is when;

G(F) > 1 for all F(u) such that P(F) > 0

and, in particular, this occurs when;



P(F is the normal distribution) = 1 .
Here the least squares estimator dominates the L.A.E. esti-
mator. This can be viewed as the classical assumption since
it leads to the.choicebof the least squares estimator.

The use of the above assumption demonstrates the asym-
metric treatment of the unobservable parameters in the usual
treatment of the linear regression model. Extensive ration-
alization for the normality assumption is usually presented
so that investigators at least act as if F(u) is the normal
distribution with probability one. This is in contrast to
the other unobservable parameter, B8, which is usually assumed
to be with equal probability anywhere in rK. This diffuse
prior on B and strong prior on F(u) conflicts with most eco-~
nomic models since there is usually prior knowledge concern-
ing B, and as we argue in the next section, there is no reason
to believe that F(u) is a normal distribution with probability
one.

In general, the choice between the L.A.E. and least

squares estimator becomes more complicated when;

G(F) < 1 for some F such that P(F) > 0 and,

G(F) > 1 for some other F such that P(F) > 0.

Here neither estimator is dominant, and a new objective func-
tion has to be introduced with which to rank estimators.

For example, one possibility is to rank estimators by mini-
mizing the maximum variance over all F such that P(F) > 0.

That is, if we maximize G(F) over all F(u) such that P(F) > 0



and if the maximum G(F) < 1 then the L.A.E. estimator is
preferred to the least squares estimator. Alternatively, one
may want to minimize the expected value of G(F). For a dis-
crete P(F) we have;

E(G(F)) = pX G(F) P(F)

P(F)>0

and if E(G(F)) < 1 then the L.A.E. estimator is preferred to
the least squares estimator.

Except for an example presented in Chapter V, we do not
formally analyze the decision problem which arises when
there is uncertainty concerning F(u). At present, this
analysis is impossible because the properties of the L.A.E.
estimator are not sufficiently well-known. However, this
decision problem motivates our study of the L.A.E. estimator

since we assume;

P(F is the normal distribution) # 1

and so the least squares estimator is not the .(unconditionally)
"best" estimator.
We now present the reasons for assuming F(u) in F*, and

describe qualitatively our P(F).

5. Assumptions on F(u) and P (F)

In restricting F(u) to F* we have attempted to charac-
terize a wide class of distributions which are consistent
with the casual reasoning used in economic models. The re-

striction to symmetric distributions (Property 2 of F*) is a
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consequence of the following;

Since many factors may be at work [in determining

ul]...many may be pulling in opposite directions,

we should expect small values of u to occur more

frequently than large values. We are thus led to

think of u as a variable with probability distri-

bution centered at zero.... (Johnston (1963, p. 6).)
This quote implies Property 2 of F*, and it does not lead to
a consideration of the asymmetric distributions in F. How-
ever, F only contains distributions with finite variance, and
this is usually used along with a central limit theorem to
obtain the normality assumption. For example, Johnston con-
cludes the above guote with;

...and [u] has finite variance 02.... In view of

the many factors involved an appeal to the Central

Limit Theorem would further suggest a normal dis-

tribution for u.
In terms of P(F) this leads to the classical assumption. 1In
this section we present theoretical and empirical evidence
to show why it is necessary to study the properties of the
L.A.E. and least squares estimators under alternative F(u)
in F*., Qualitatively, our P(F) allows for the possibility
that F(u) is some nonnormal member of F*, and special atten-

tion is given to those F(u) which are more-peaked and fatter-

tailed than the normal.

The Normality Assumption

As is evidenced by the quote from Johnston, the nor-
mality assumption arises by making assumptions on the unob-
servable error term which are sufficient for an appeal to the

central limit theorem. Typically, the error term is taken to



be the standardized sum of a large number of independent and
identically distributed random variables with zero mean and
finite variance; these conditions being sufficient for the

asymptotic normality of F(u).9

These arguments lead us to
include the possibility that F(u) is normal, but they do not
lead to the exclusive consideration of the normal distribution.
The above central limit theorem implies that F(u) ap-
proaches, and is not identical to the normal distribution.lo
Therefore, even if one adopts all of the above assumptions on
the unobservable factors which determine the unobservable
error term one is led to consider F(u) which are in a neigh-
borhood of the normal distribution (see Huber (1964) and
Rice and White (1964)). Also, an appeal to a central limit
theorem without the further assumption that u has finite vari-
ance does not necessarily lead to the normal distribution.
That is, the normal distribution is not the only limiting
distribution of a standardized sum of random variables. For
economic experiments there does not appear to be any com-
pelling reason to assume Var (u) < «, and this leads to a con-
sideration of all limiting distributions of a sum of random
variables (see discussion below). Finally, unlike some con-
trolled experiments in the physical sciences, it is possible
that the probability distribution in economic experiments,
especially time series, is not determined by a central limit
theorem. These factors lead us to consider the possibility

that F(u) is not a normal distribution, and so we allow F(u)

to be any distribution in F*,
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In practice, it is likely that investigators do not
literally believe the assumptions made on the unobservable
factors which determine u. Instead, these assumptions are
introduced as ex post rationalizations for the choice of
least squares. As Box and Tiao (1962) point out;

Classical statistical arguments lead us to treat
assumptions as if they were in some way axiomatic
and yet consideration will show that, in fact,

they are conjectures which in practice may be ex-
pected to be more or less true.... If we assume
normality, we can proceed with an 'objective'
classical analysis...however...as seems to be in-
evitably the case in other problems as well as

this one, our 'objectivity' is gained by pretending
to knowledge we do not have.... (p. 419.)

It is also interesting to note that historically the
normality assumption was used to rationalize the choice of
the least squares estimator. We quote Gauss' reasons for
using the normality assumption.

The author of the present treatise, who in
the year 1797 first investigated this problem
according to the principles of the theory of
probability, soon realized that it was impossible
to determine the most probable value of the unknown
quantity, unless the function representing the pro-
bability of the errors is known. But since it is
not, there is no other recourse than to assume such
a function in a hypothetical fashion. It seemed
most natural to him to take the opposite approach
and to look for that function which must be taken as
a base in order that for the simplest of all cases a
rule is obtained which is generally accepted as a
good one, namely that the arithmetic mean of several
observations of equal accuracy for one and the same
quantity should be considered the most accurate value.
This implied that the probability of an error x must
be assumed progortional to an exponential expression
of the form e~hh22  ang that then just the same method
which he had found by other considerations already a
few years earlier, would become necessary in general.
This method, which afterwards, in particular since
1801, he had almost daily opportunity to use in



diverse astronomical computations, and which in the
meantime also Legendre had happened upon, now is in
general use under the name method of least squares.
(See Huber (1972).)
This is in contrast to the usual presentation in which least
squares follows as a consequence of the strong prior belief

in normality.

Symmetric Stable Distributions

The belief in a central limit theorem along with the sum-~-
metry of F(u) leads to the symmetric stable class of distribu-
tions. These distributions generalize the classical central
limit theorem to include cases in which the necessary condi-
tions for a normal distribution are violated (for example,
when the variance of one of the factors which determine u is
large). These distributions are defined by the log charac-

teristic function:

log ¢, (t) = w(t,a) [=o]t|?]

tan ma/2 for a #1
w(t,a) = {

27 log |t| for a =1
where o > 0 is a scale parameter, and 0 < a < 2 is the char-
acteristic exponent. A discussion of these distributions can
be found in Gnedenko and Kolmogorov (1954) or Feller (1966).
Here we briefly indicate some properties.

Closed form expressions for the symmetric stable den-

sities are known in only a few cases; a = 1 is a Cauchy and

a = 2 is a normal distribution. Fama and Roll (1970) have



tabulated these densities for selected a by using Taylor
series approximations. Some of these densities are plotted
in Figure 1. The densities for a < 2 are all more peaked
and fatter-tailed than the normal. Also, if u is symmetric

stable then for a < 2;
$ .
Eju|” < = iff § < a .

That is, the normal is the only distribution with finite
variance which can arise as the limiting distribution of a
standardized sum of random variables. This is the reason
why we do not put any restrictions on the convergence of
moments in defining F*,

The infinite variance of the nonnormal stable distribu-
tions has resulted in some objections being raised to the
plausibility of these distributions. These objections have
centered around

a. Boundedness

b. Mixtures.

These objections are now briefly reviewed.

Boundedness (see Roll and Fama (1970)). This argument

says that the processes generating economic data must have
finite variance because the relevant variables are bounded.
In response, we offer two reasons for considering infinite
variance distributions. First, the boundedness of observa-
tions does not rule out the use of unbounded random variables

since the probability of impossible events can be set
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Fig. l.--Symmetric Stable Densities

These are standardized symmetric stable densities.
That is,

log ¢ (t) = -lt]®

where ¢(t) is the characteristic function.
Source: Fama and Roll (1968, p. 824).
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arbitrarily small. Second, random variables which are un-
bounded or have infinite variance while perhaps not a literal
description of reality may work well (see tha comment by
Tsiang (1973) and reply by Fama (1973)). For example, the
boundedness argument implies that current actuarial tables
are "incorrect"” or "not useful" since they predict with pro-
bability greater than ze .o that some person will live until
age 1000. The probability of this event is roughly 1 in

l036

10 (see Feller, 1968, p. 7) and this statistical descrip-

tion does not conflict with any observations yet.

Mixtures. This argument says that the peakedness and
fatter-tails of empirical frequency functions can be ex-
plained by a mixture of normal distributions instead of some
symmetric stable distribution. This conclusion is valid; but
unless the factors that lead to the mixture can be pointed
out, it is also vacuous since any distribution can be approxi-
mated by combining normal (or any other) distributions. A
mixture of normal distributions is then equivalent to some
symmetric stable distribution, and it does not matter how we
view F(u). (For some interesting attempts at unmixing, see

Clark (1973).)

Empirical Evidence

Most of the direct empirical evidence on F(u) has cen-
tered on estimating the characteristic exponent o, given F (u)

a member of the symmetric stable class. These tests have
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been mostly applied to price changes in speculative markets;
see Mandlebrot (1963), Fama (1965), although the first evi-
dence of nonnormality goes back to Pareto's investigation of
income distribution. The evidence from these studies suggest
that F(u) is a nonnormal stable distribution with o in the
range (1.5 to 1.7). This evidence is also consistent with
the common result in which empirical frequency functions have
too many small and too many large deviations relative to the
normal distribution.ll

For our purposes the indirect evidence is more valuable
since it is based on a comparison of the least squares and
L.A.E. estimators. Oveson (1968) used the L.A.E. estimator
and estimated the equations in Houtthaker and Taylor's (1965)
study of consumer demand, and then compared the forecasting
accuracy of the resulting equations with the least squares
equations. He found L.A.E. had smaller mean absolute and
smaller mean squared forecasting error than least squares.
Similar results have been obtained by Meyer and Glauber (1964)
and Arrow and Hoffenberg (1959). These results provide some
evidence that F(u) is nonnormal since, other things equal,
least squares should outperform L.A.E. if data are generated
by a normal distribution. It is possible that the specifi-
cation of the models or assumptions Al to A5 were incorrect
in these studies, but this only implies that L.A.E. is less
sensitive to these assumptions than least squares.

We therefore consider F(u) in F* and in particular con-
sider the possibility that F(u) is more-peaked and fatter-

‘tailed than the normal distribution.



6. Intuitive Reasons for Studying L.A.E.

In view of our P(F) we now present at an intuitive level
the reasons for studying the L.A.E. estimator.
In Figure 2 we have plotted some observations for the

model;

We have also indicated the L.A.E., least squares, and true
relationships. Here least squares yields a poor estimate
since in minimizing squared deviations the estimate is
affected greatly by large values of u. On the other hand,
the L.A.E. estimate is not so strongly influenced by large
values of u so that in this example the L.A.E. gives a better
estimate than least squares.

We know that when F(u) is the normal distributioﬁ,
least squares is the minimum variance unbiased estimator.
Situations like that depicted in Figure 2 can occur, but they
occur with such a small probability that their contribution
to variance is small. However, when F(u) is allowed to vary
in F* so that it becomes more-peaked and fatter-tailed, the
probability of observations as in Figure 2 increases. One
might then expect the least squares variance to increase
relative to the variance of the L.A.E. estimator, and after
some point for the variance of the L.A.E. estimator to be
less than the variance of least squares. The variance of the
L.A.E. estimator might also be expected to be less sensitive

than the least squares variance as F(u) varies in F*.
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Fig. 2.--Comparison of L.A.E. and Least
Squares Estimates
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7. Summary

In this chapter we have set out the assumptions which
are used throughout this study. Our only departure from the
classical assumptions which lead to the choice of the least
squarcs estimator is that we assume F(u) is some unknown mem-
ber of F*. This provides a framework with which we can com-
pare the L.A.E. and least squares estimators. We believe the
assumption that F(u) is in F* with F(u) possibly more-peaked
and fatter-tailed than the normal may provide an adequate
description of the data-generating processes in economic
models. This leads to a consideration of alternatives to
least squares and the L.A.E. estimator, in particular.

A necessary first step in analyzing sampling properties
is a characterization of an estimator in terms of the data.
For least squares this is a simple exefcise since the least
squares minimization problem can be readily solwved, and the
solution expressed in terms of Y and X. The corresponding
situation for L.A.E. is complicated by the fact that there is
no known closed form expression for the L.A.E. estimator in
terms of Y and X. Therefore, a large part of this study is
devoted to obtaining an explicit characterization of the
L.A.E. estimator. This is the subject of Chapters I1I, III,
and 1IV.

In Chapter II the L.A.E. estimator is defined and some
properties are derived. 1In Chapter III an equivalent defi-
nition is presented in which the L.A.E. estimator is the

solution to a certain linear programming problem. This



result, due originally to Charnes, Cooper and Ferguson (1955),
brings the computational costs of L.A.E. in line with least
squares and, more importantly, allows us to use linear pro-
gramming methods in analyzing the L.A.E. estimator. In Chap-
ter IV we use these methods and obtain an explicit character-
ization of the L.A.E. estimator in terms of Y and X. 1In the
remaining chapters we use this characterization to derive

some sampling properties.

In Chapter V we deal with the case in which the least
squares estimator is the sample mean and the L.A.E. estima-
tor is the sample median (see Property 7, Chapter III).

This simple case serves as a prototype for the general com-
parison of the L.A.E. and least squares estimators.

Sampling properties in the general case are investigated
in Chapter VI. Some properties are derived and we point to
some, as yet unsolved, mathematical difficulties which are
needed for a complete sampling theory for L.A.E.

Finally, a summary of findings along with some sugges-

tions for future research are included in Chapter VII.



Footnotes

lWe note that the Gauss-Markov Theorem is sometimes pre-
sented as a justification for the choice of the least squares
estimator and this justification does not depend on the nor-
mality assumption. However, this justification is relevant
only if one restricts attention to linear estimators, and
apart from mathematical or computational considerations there
appears to be no reason for introducing this restriction (see
the discussion in Section 2 below).

2Least squares is sometimes viewed as the (uncondition-
ally) "best" estimator. 1In this chapter we assume that this
means; first, there is a strong belief that data-generating
processes are adequately described by the normal distribution,
and second, there is a preference ordering under which least
squares 1is the best estimator. This assumption motivates our
discussion of alternatives to the normal distribution in
Section 5.

31n some cases the symbol u is used to represent a ran-
dom variable and in cthers, for example F(u), it represents
a real number in the range of a random variable. It is
hoped that this ambiguity is resolved by the context in which
u occurs.

4We note that in assuming F(u) in F* our definition of
the linear regression model differs slightly from the stan-
dard one in which E(Y) = XB8.

5For a Bayesian analysis of the multivariate linear re-
gression model, see Lindley and Smith (1972).

6See Theil (1971), p. 384 for the definition of regular.

7For the mean squared error objective function;

min E(B-E(B))2 = E(B)2 + Var B

Stein (1956) showed that for K > 2 least squares was not the
best estimator even when F(u) is the normal distribution.
Heuristically, the reason being that it is possible to trade
some bias for a larger decrease in variance. To my knowledge
the lexicographic preference ordering over unbiasedness and
variance is the only ordering over these characteristics which
leads to the choice of least squares.



8Box and Tiao (1964) have studied this problem in test-
ing the equality of means by considering Bayes estimates for
a parametric family of probability distributions. They es-
sentially use a P(F) to represent prior beliefs on F(u), and
then update this prior in light of sample information. To
use such a scheme in a multivariate regression problem re-
quires an examination of the frequency of estimated residuals,
but these residuals depend on the estimation method used in the
first place. The process to be used in updating the prior on
F(u) is therefore not obvious. An alternative is to use
robust estimators where "robust" is defined in terms of P(F),
certain characteristics such as variance, and a new objective
function; see, for example, Huber (1972). This is the approach
we adopt.

9For a discussion of other sufficient conditions, see
Dhrymes (1970, p. 103).

loHowever, if it is also assumed that all of the random
variables which determine u are normal, then F(u) is normal.

llAlso, the fact that empirica% economic relationships
are frequently reported with high R® and significant coeffi-
cients, but yield prediction errors which are inconsistent
with these results, might be explained as departures from
normality. That is, we might isolate three sources of pre-
diction error: first, sampling error of estimates; second,
neglect of future disturbance term, given F(u) normal; and
third, departures of F(u) from the normal distribution. When
F(u) is fatter-tailed than the normal, these sources of error
imply larger prediction errors than is the case when F(u) is
normal.



CHAPTER 1I1I
THE L.A.E. ESTIMATOR: DEFINITION AND PROPERTIES
1. Introduction

The L.A.E. estimator was initially proposed in the late
eighteenth century prior to the discovery of least squares,
and some properties were derived by Gauss and Laplace (see
Plackett (1972)). L.A.E. estimation was rejected in favor of
least squares because of a special property of L.A.E. to be
described in the next chapter, and more importantly, because
the computational costs of L.A.E. were far greater than
least squares. This situation did not change until 1955 when
Charnes, Cooper and Ferguson (1955) realized the L.A.E. esti-
mate could be obtained by the linear programming techniques
which were then coming into widespread use. This finding
brought the computational costs of L.A.E. in line with least
squares, but it did not lead immediately to the discovery of
sampling properties. Since 1955 a variety of conjectures
concerning the sampling properties have been obtained via
extensive Monte Carlo investigations (see especially Taylor
(1970), and Rosenberg and Carlson (1971)), and recently some
exact sampling results have been obtained.

In this chapter the L.A.E. estimator is defined as the

solution to a certain minimization problem. Some properties



which follow directly from this definition are derived so that
no prior knowledge of linear programming is required. We also
indicate the nature of the computational and mathematical dif-
ficulties associated with the L.A.E. estimator. The equi-
valence between the L.A.E. estimator as defined in this chap-
ter and the solution to a linear programming problem is des-

cribed in Chapter III.

2. The L.A.E. Minimization Problem

Definition

The L.A.E. minimization problem is defined by:

min T | K l
(1) K pX Y. - I x,,b
beR t=1 & k=1 tk'k

where the notation is the same as in Chapter I, and is

the absoclute value function. Letting,
Ve T Yy - L x..,b t=1...T

we can rewrite (1) as:

T
min S(bl'...'bk, Vl'ooova) = Z |th .
t=1
Finally, in matrix notation we obtain;
Problem 1.
(2) min S(b,v) = i'}|v] such that
(3) Y =Xb + v

where i' = (1,...,1) and |v| = (lvll,...,lvT|)'
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The set of feasible solutions to Problem 1 is denoted by

C(Y,X) where;
C(Y,X) = {(b,v) : Y = Xb+v} .

A (optimal-feasible) solution to Problem 1 is a (B*,

u*) in C such that;
S(B*,u*) < s(b,v) for all (b,v)eC .

By assumption A4, X is considered fixed and so we write
(B*(Y), u*(Y)) to denote the dependence of the solution on
Y. When it is necessary to account for the dependence on X
we write (B*(Y:X), u*(¥Y:X)).

A (B*,u*) is the unique solution to Problem 1 if (B¥*,

u*) is in C(Y,X) and:
S(B*,u*) < S(b,v) for all (b,v)eC; (b,v) # (B*,u*) .

The solution to Problem 1 is not necessarily unique
(see Property 1 below), and therefore (8*,u*) is not neces-
sarily an estimator. For (B*,u*) to be an estimator we have
to place certain restrictions on X so that there is a unique
solution to Problem 1. These restrictions are derived in
Chapter 1IV.

For the multivariate regression model we show that non-
ﬁnique solutions to Problem 1 are unlikely so that the
restrictions on X do not seriously limit the applicability
of the L.A.E. estimation method. However, this situation is

in contrast to the least squares estimator which is defined
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for all X. 1In the remaining sections of this chapter (8%,
u*) are referred to as the L.A.E. estimators for the parame-
ters (B,u), although (8*,u*) may be more properly viewed as

a (not necessarily unique) solution to Problem 1.

Geometry

In studying the properties of (8*,u*) we use the alge-
braic properties of the solution to Problem 1. However, the
geometry of Problem 1 provides an alternative view of the
L.A.E. estimator which can be compared with the geometry of
the least squares estimator (see Malinvaud (1965), Chapter 5).
Here we reformulate Problem 1 in terms of convex sets in the

metric space (RT,d*) where d* is the distance function;

a*(y,¥) = i'|y-¥| v, Yer® .

Some of the properties of the L.A.E. estimator which are de-
rived in this chapter are illustrated for the case T = 2 and
K = 1. The reader can then extend this to higher dimensional
spaces, and also apply the geometry to results derived in
later chapters.

The linear subspace spanned by the columns of X is given
by:

T

LX) = {YeR :Y = Xb, beRK} .

Given a point (observation) YeRT, and the distance function

d*, we can rewrite Problem 1 as:
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min d*(Y,Y) such that
Y € L(X) .

To define Problem 1 in terms of the intersection of
convex sets, we define the convex set D* (centered at Y)

with radius r as; (see Figure 1)
-~ T ~
D* = {YeR™ : d*(Y, ¥) <r} .

Problem 1 can then be written;

min (D*;qL) such that
r

D;"‘L £ ¢

where ¢ is the empty set.
Least squares also minimize distance, but the distance
function is given by:
A - — . — -— T
da(y,Y) = (Y-Y)'(Y-Y) Y, YeR .
We can then define the set Dr as: (see Figure 1)

ﬁr = {YeR™ : d(Y,Y) < r} .

Therefore the difference between the L.A.E. and least squares
estimators can be traced to the different characterizations

of the sets D* and D.

3. Properties of B*,u*

Here we derive some properties of (B*,u*) which follow

directly from the feasibility and optimality requirements
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Fig. 3.--The Sets D and D*

>

D*
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which define the solution to Problem 1.l

Property 1. (B*,u*) is not necessarily unique.

Proof: The simplest case in which (B*,u*) is not unique

is when;

y; = B8 +u

Yp = B +u, .

The solution to Problem 1 for this model is B* = (Yy1 + (l—y)yz)
and u* = (Y - X3*) for any y; 0 < y < 1. The value of S

evaluated at 8*,u* is;

S(B*,u*) = |y, - vy, - (I-v)y,| + |y, - vy, - (1-y)y,]|
1 1 2 2 1 2

| A=v) (yy=y ) | + |v(yy-y, |

= |y;=y,l|

To show that this is the solution, suppose Y] > Y, and take

b' > Yy Then (b', ¥Y-Xb') is a feasible solution and;
s(b', v') = lYl'b'I + lyz'b'l > IYZ -b'| > IYl-Yzl

so that
S(b', v') > S(B*,u*) .

Now let b" < Yy- Then (b", Y-Xb") is a feasible solution and;
5(b",v") = |Y1'b"| + 'yz-b"l > lyl—b“l > ]Yl‘yzl

hence,
S(b",v" > S(B*,u*) .
Similar relations hold when Yy < Yoye Therefore (B8*,u*) is

the solution set for Problem 1.
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Fig. 4.--Illustration of Property 1

Observ?tion 2

Observation 1

Fig. 5.--An Example of a Unique Solution
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In Figure 4 the above case is illustrated, and in Figure
5 we illustrate a case in which the solution to Problem 1 is
unique. In R2 the restrictions on X which are needed for
the solution to Problem 1 to be unique imply that L cannot
be parallel to an edge of D* (see Chapter IV), and this is
easy to see in Figures 4 and 5.

Property 2. A(B*(Y),u*(Y)) = (B*{(AY),u*(\Y)), where A

is real.

Proof: From the definition of C it follows that:

C(AY,X) {A(b,v) : AY = XAb + Av, (b,v)eC(Y,X)}

AC(Y,X)

and in particular;
A(B*(Y),u*(Y))eC(rY,X) .
This feasible solution is also optimal since,
S(AB*(Y),Au*(Y)) = i'|Au*| < i'[Av]| = S(Ab,Av)

for (Ab,Av)eC(A¥,X). This shows that for the data ()\Y,X) a
solution to Problem 1 is A (B*(Y),u*(Y)) where (B*(Y),u*(Y))
is a solution given (Y¥,X). To show the converse let (8*(\Y),
u*(AY¥)) be a solution given the data (AY,X). Since the first
part of the proof holds for all A, take A~l. Then for (Y, X)

the solution is A~ L1(B*(AY),u*()Y}). Therefore,
A(B*(Y),u*(Y)) = (B*(AY),u*(AY))

and this proves Property 2.
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Property 2 holds for all linear estimators, and in parti-

cular, least squares. Property 2 is illustrated in Figure 6.

Property 3. (B*{(u), u*(u)) = (B8*(Y) - 8, u*(y)).

Proof. First, express the set of feasible solutions in

terms of (u,X) using assumption Al. We get;
C(u,X) = {(b-B,v) : (b,v)eC(Y,X)}
and, (8*(Y) - B8,u*(¥))eC(u,X). Also,
S(B*(Y) - B,u*(Y)) = i'ju*(Y)| < i'|v| = s(b-g,V)

for (b-B,v)eC(u,X). Therefore, (B*(Y) - B,u*(Y)) is a solu-
tion given (u,X). To show the converse, suppose (B8%* (u),u*(u))
is a solution given (u,X). Then (B*(u) + B8,u*(u)) is a feasi-

ble solution given (Y,X) and,
S(B*(u) + B,u*(u)) = i'lu*(u)|< i'|v] = s(b,v)

for (b,v)eC(Y,X). Hence, B*(Y) - B = B*(u).
This property does not hold for every linear estimator,
but it does hold for least squares.2 The property is illus-

trated in Figure 7.

Property 4. A-IB*(Y:X) = B*(Y:XA), where A is a K x K

matrix and rank A = K,
Proof: 1If (b,v) is in C(Y,X) then Y = Xb+v and

Y = XA(A-lb)+v so that;

c(Y,xA) = {((a71b,v) : (b,v)ec(y,X)}



- 39 =

Observation 2

l Observation 1

Fig. 6.--Illustration of Property 2
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Observation 2

Ob;érbation 1

e
// X(8*-8)

Fig. 7.--Illustration of Property 3
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In particular, (A—lB*(Y:x), u*(Y:X)) is in C(Y, XA). This

feasible solution is also optimal since;
s(ATlg* (v:x), ur(¥:x)) = i'jur ()] < i'|v] = s ib,v)

where (A_lb,v) is in C(Y,XA). This shows (A_IB*(Y:X), u* (Y))
is a solution given the data (Y,XA). To show the converse
suppose (B* (Y:XA) ,u*(Y:XA))is a solution given the data
(Y,XA). Then(AB*(Y:XA), u*(Y:XaA)) is a feasible solution
given the data (Y,X) and by the first part of the proof, it is

also an optimal solution. Hence,
* = a~lgw
B*(Y:XA) = A "B*(Y:X) .

This property also holds for the least squares estima-
tor,3 and it implies that if the explanatory variables are
multiplied by some factor (that is, A diagonal) then the
L.A.E. estimates are multiplied by the inverse of this fac-

1 then

tor. Also, if A is chosen so that AA' = (X'X)
(XA) ' (XA) = I, and the transformed explanatory variables are
orthogonal. We can therefore use A to transform X and there-
by restrict attention to orthogonal explanatory variables.
However, this device is not as useful for the L.A.E. estimator
as it is for least squares since we show later that the esti-
mators (Bi,...,sﬁ) are correlated even when X is orthogonal.
Properties 2, 3 and 4 are all shared by the least sguares
estimator. To the extent that these properties are considered
desirable for least squares they must also be considered de-

sirable for the L.A.E. estimator. We now show one of the

ways in which the L.A.E. and least squares estimators differ.
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It is well-known that the least squares estimator is a
linear function of Y for any X. That is, B(Y1+Y2) =
B(Yl) + B(Yz). The corresponding situation for the L.A.E.

estimator is more complicated as is evidenced by the next

property.

Property 5. B*(Y:X) is a nonlinear function of Y for

some X, and is linear for some other X.

Proof: We first present two examples. In the first B*
is nonlinear and, in the second it is linear. We then take
the general case and show the difficulties which arise in
attempting to show nonlinearity.

For the first example take X = (1,1,1)'. 1In the next
chapter we show that for this case B* is the median observa-
tion on Y. The nonlinearity of the median is easily demon-

strated by the following example.

v! = (4,5,8) ; syl =5
¥? = (6,8,7) ; B*(¥Y%) = 7
v+ v? = (10,13,15) ; B*(¥y' +v%) =13 £12 .
For the second example take X = (3,1,1)'. The value of

S at B*= yl/3 is;

ly, = 38*] + |y, - 8*| + |y, - 8*] =

gl + |ugl

To show that this is the L.A.E. estimator, consider the value

of S at B* + A where A # 0. We get
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|Y1-38*-3A|+IY2-B*-A|+IY3-B*-A|=

- 3a] + |us - a] + |uy - 2] > |ug] + [ug] + &
> Jugl + lut| .
Therefore, B*=(%,O,0)-(yl,y2,y3)' = yl/3 and B* is a linear

function of Y.

In the general case we have by definition:;

ciyl + ¥3,%) = {(,v) : ¥+ ¥? = xbav) .
But
vl = xplevl  for (bl,vlyec(¥!,x)
v2 = xb%+v?  for (b2,v?)ec(¥?,x)
and
Xb+v = X(b1+b2) + (vl+v2)
so that

crt+y?,x) = covl,x) + cxdx) .

Hence, (8*(Yl) + g*(¥?), u*(¥!) + ur(¥?)) is in c (vt +v2,x).

To see whether this feasible solution is optimal we calculate

the value of S which is;

itfur(el) +ur ()| < itfurely | o+ it urv?) |

< i'lvll + i'|v2| .

But

i'[vll + i'|v2| > i'Iv1 + vzl = S(b,v) .

Therefore g* is not necessarily a linear function. But the

inequalities are not strict and so the possibility that gt
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Observation 2

LQX)

”/’,,f”'// Observation 1
%

Fig. 8.--Illustration of Property 5
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is linear cannot be ruled out. The fact that B* can be
linear is demonstrated by the above example.

For our purposes it is especially important to isolate
the cases in which B*(Y) is a linear function. If B*(Y) is
linear then according to the Gauss-Markov Theorem, it has
at least as large a variance as the least squares estimator
for any F(u) in F*.4 In Chapter IV we derive the conditions
under which B*(Y) is linear. We show that in almost all
cases B*(Y) is nonlinear so that the Gauss-Markov Theorem
cannot be used to exclude the L.A.E. estimator.

In Figure 8 we illustrate a case in B*(Y) is linear.

By trying other examples the reader can easily discover that
in this case the linearity of B*(Y) does not depend on L,

Yy, Or y, SO that for T = 2 and K= 1, 8* is always a linear

estimator. This result is generalized in Chapter 1IV.

4, Computational and Mathematical Problems

The computational and mathematical difficulties asso-
ciated with the analysis of the L.A.E. estimator arise be-
cause the absolute value function is not continuously differ-
entiable and therefore the solution to Problem 1 cannot be
obtained by the standard Lagrangian saddle point method.

To calculate the L.A.E. estimate one essentially has to
search by some trial and error method over the infinite num-
ber of elements in C(Y,X) for the (B*,u*) which minimizes S.

Until recently the computational costs associated with this
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search ruled out the L.A.E. estimator as a practical alterna-
tive to least squares,

Two related events changed this situation. 1In 1955,
Charnes, Cooper and Ferguson showed that the L.A.E. estimator
was the solution to a certain linear programming problem. It
is well-known that any linear program can be solved in finite
time; the reason being that it is only necessary to examine a
finite number of points in the set of feasible solutions.
This along with the development of high-speed and low-cost
computers which could be used to rapidly search for feasible
and optimal solutions has brought the computational costs of
the L.A.E. estimator close to the costs of the least squares
estimator.5

For analytical purposes the nondifferentiability of the
absolute value function implies there is no obvious way of
obtaining a closed form expression for B* in terms of Y and
X. Without such an expression it is unclear how F(u) is
transformed under the function B*. This is in sharp con-
trast to the linear least squares estimator whose properties
can be obtained by using the theorems on linear transforma-
tions of random variables.

Closed form expressions for 8*, however, are not neces-
sary in order to obtain the sampling properties of L.A.E.
Properties 1l to 4 indicate some results on L.A.E. which can
be obtained without such an expression, and some are readily
transformed into sampling results. For example, Properties

2 and 3 along with F(u) symmetric implies (B*-B) is
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symmetrically distributed about zero, and B* is therefore
unbiased (if the expectation exists). Also, the formulation
of the L.A.E. estimator as the solution to a linear program-
ming problem allows us to apply the methods associated with
these programs in analyzing the sampling properties of the
L.A.E. estimator. The development of these linear program-
ming methods as they apply to the L.A.E. estimator is pur-
sued in the remaining parts of this study. In Chapter IV

we obtain conditions which characterize 8* explicitly in
terms of Y and X and this provides the first stage in the

development of a sampling theory for the L.A.E. estimator.
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Footnotes

lProperties 2, 3 and 4 are equivalent to Theorems 1 and
3 in Rosenberg and Carlson (1972). It is likely that these
properties along with properties derived in Chapter III were
known by Gauss and Laplace in the early nineteenth century.
See the discussion in Chapter III, Section 3.

2Any linear estimator can be written B = AY, where A
is a K x T matrix. 1In terms of the model we have, 8 = X
AXB + Au and B - B = (AX-I)B + Au. Therefore, Property 3
holds for all linear estimators such that (AX-I) = 0. It
is well-known that this_is satisfied by the least squares

estimator since, (X'X) *X'X-I = 0.

3The least squares estimator given the data Y, XA is;

((xa)* (xa)) " toxay 'y
A’l(x'X)'lA"lA'x'Y
A'l(x'X)'lx'Y

= a~lg(y:x) .
Hence Property 4 is shared by the least squares estimator.

E(Y:XA)

4The Gauss-Markov Theorem holds for F(u) iR F. How-
ever, the only F(u) which are in F* and not in F are those
with infinite variance, and here the variance of any linear
estimator is infinite. This extension of the Gauss-Markqv
Theorem implies that if B* is linear then Var(8*) > Var(8)
for F(u) in F*.

5Rosenberg and Carlson (1972, p. 3) report that for a
seven-variable regression with eighty observations computa-
tion time for L.A.E. is 2.866 seconds as compared to .348
seconds for least squares. It is probable that this dif-
ference can be reduced by taking advantage of the particu-
lar form of the L.A.E. linear programming problem. For ex-
ample, see Property 7 in Chapter III and the accompanying
footnote.



CHAPTER III
THE L.A.E. LINEAR PROGRAMMING PROBLEM

In this chapter we demonstrate the result due originally
to Charnes, Cooper, and Ferguson (1955) which shows that the
solution to Problem 1 can be obtained by solving a linear pro-
gramming problem. This result greatly alleviates the compu-
tational difficulties associated with L.A.E., and brings the
computational cost of L.A.E. in line with least squares.

More importantly, the equivalence between Problem 1 and a
linear programming problem allows us to use the analysis
associated with linear programs in our study of L.A.E.

This chapter is divided into five sections. In Section
1 the L.A.E. linear programming problem is defined, and we
demonstrate its equivalence with Problem 1. Section 2 in-
cludes a statement of the dual L.A.E. linear programming
problem, and two linear programming theorems. 1In Section 3
some properties of L.A.E. are derived by using the L.A.E.
linear programming problem. Section 4 presents a summary of
the Monte Carlo findings and conjectures which have been
obtained by Taylor (1970), and Rosenberg and Carlson (1972).

The conclusions are included in Section 5.
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1. A Linear Programming Problem

Definition

A linear programming problem consists of a linear objec-
tive function which is minimized (or maximized) subject to
linear equality and/or inequality constraints. Problem 1
does not satisfy these requirements since the objective func-
tion, i'|v|, is not a linear function of v. Iﬁ is possible,
however, to create a linear programming problem whose solu-
tion is equivalent to the solution to Problem 1. (The pre-
cise meaning of equivalent is made clear in Theorem 1 below.)
The importance of this result is that the computational and
mathematical analysis associated with linear programming can
be used in studying the L.A.E. estimator. Here we indicate
the reasons for the equivalence between these two apparently
different definitions of the L.A.E. estimator.

The L.A.E. linear programming problem is defined by:

Problem 2
(1) min S(b,r¥,r") = i'rt + i'r~  such that
(2) Y=Xb+r -1
(3) beRN; £y > 0; r 20 t=1,...,T .

Rewriting (1) and (2) we obtain:

(4) min S(b,rt,r") = (0',i',i")-(b,x’,r")"

(XTI - I]-(b,xt,c)"' .

(5) Y
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This is a linear programming problem in (K+2T) variables,
and T equality constraints.1
To show equivalence between the solutions to Problem 1

and Problem 2 we first prove the following lemma.

* -
Lemma 1. If (B*,r+ ,¥ ) is a solution to Problem 2,

. S
then min {rt 2

* -*
Proof. Suppose (B*,r+ .Y ) is a solution to Problem 2,

} =0 for t =1,...,T.

* -
and for some t, say t = 1; rI > 0 and ry > 0. Let

X +%  -x% .
min {r1 Ty } = a, and define,

+ % -

(6) (r1 -a, r, - a) .

(6) still satisfies the first constraint,

_ * + +* -
Yy ® XkB'x * Ty ry

o~ R

1

g s 4 (e -*
= xlks K (r1 a) ry a) .

The objective function with (6) is:

+* -k T +* T -% -— +% -k —_
r -=a r -a r r = o X T - a < .
(ry -a) + (x]'-a) + Irg + Exg = 5(e* ) - 2a <5

* -
So (8*,r+ ,f ) is a solution only if a = 0. The same method
can now be applied to any particular t, or any subset of

t=1'o-.'To

Lemma 1 shows that the constraint:
(7) min {rf,r .} =0 t=1 T
r’' t recc

can be added to Problem 2 without altering the solution.
The equivalence between Problems 1 and 2 is now easily demon-

strated.
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Theorem 1. (B*,r+*,r_*) is a solution to Problem 2 if
and only if (B*,u*) = (B*,r+* - r-*) is a solution to Problem
1.

Proof. Let (b,r+,r-) be a feasible solution to Problem

2; that is, it satisfies (2), (3) and (7). Then,

+

itet 4 ivrT = et - 27 .

* -
Now let (B*,r+ T ) be a (feasible and optimal) solution to

-

x *
Problem 2. Clearly (B*,r+ - r ) is a feasible solution for

Problem 1, and

ser, e ey = et - <z et - T

* *
Hence (B*,r+ - r ) is also an optimal solution to Problem 1.
To show the converse let (b,v) be a feasible solution

to Problem 1. Let

(8)

o+
|

=0 r, = -v if v, <0

r t t

ot

so that (b,r+,r-) satisfies the constraints (2), (3) and (7)
in Problem 2. Suppose (B*,u*) is a solution to Problem 1.
Using the construction in (8) we obtain a feasible solution

to Problem 2, and,

+ % - . + % -k
r

S(B*,u*)= i'|u*| = i'| -r =i'r 4+ i'r < i'|v|

and therefore this feasible solution is also an optimal solu-

tion to Problem 2.



Comments

Theorem 1 shows how the L.A.E. estimate can be obtained
from the solution to Problem 2. This, along with high-speed
low-cost computers and the simplex algorithm, solves the com-
putational problems associated with L.A.E. At least as an
approximation method, L.A.E. becomes a practical alternative
to least squares.

As an estimation method, the equivalence Lketween Prob-
lems 1 and 2 does not immediately make L.A.E. a practical
alternative to the least squares estimator. We have to
characterize the L.A.E. estimator in terms of the data, (Y,X),
and then see how F(u) is transformed by the function B*. The
equivalence between L.A.E. and the solution to a linear pro-
gramming problem, however, allows us to use the analysis
associated with linear programs to characterize B8*. This
analysis is used repeatedly in the rest of this study, and it
leads eventually to the sampling properties of the L.A.E.
estimator.

A practical consequence of Theorem 1 is that linear in-
equality and/or equality constraints can be imposed on the
L.A.E. estimates without significantly changing computaﬁional
costs, or the analysis of sampling properties. To introduce
the constraints we merely add them on to Problem 2 so that
the constraints to Problem 2 become

Y | = !-X I -I- b

3]
IA
>




where Zi and Ai express the constraints on the L.A.E. estimates,
and vector inequalities are read componentwise. Alternatively
one may want to weight the observations differently, and this

is accomplished by changing the objective function to:

min S = (0, Cyr C,) (b, r+. r)’

where (Cl' C2) are the weights. 1In either of these cases we
have a linear programming whose solution can be obtained in
the same fashion as the solution to Problem 2.

The ease with which constraints can be introduced into
Problem 2 permits the inclusion of prior knowledge (which is
believed with probability one) directly into the estimation
method. For example, in estimating a quadratic production
function the decreasing marginal productivity assumption can
be introduced directly into Problem 2 in the form of linear
inequality constraints (see Ashar and Wallace (1962)).
Another production function example arises when one wants to
estimate the most-efficient unit isogquant, and not just the
"average" isoquant for an industry. This problem is easily
handled by imposing constraints on the residual u:.z The
constraints might also be used to handle the common problem
of multicollinearity by introducing new information in the
form of linear constraints.

The ease with which linearly constrained estimates are
obtained for L.A.E. is in contrast to least squares where

inequality constraintson 8 or u require the solution of a

quadratic programming problem subject to linear inequality



constraints. A discussion of the computational and mathe-
matical difficulties associated with the constrained least
squares estimator can be found in Malinvaud (1965, Chapter
9).

In this study we concentrate on the unconstrained L.A.E.
estimator. However, since we study the L.A.E. estimator as
the solution to a stochastic linear programming problem, the
properties of the linearly constrained estimator can be ob-
tained by merely reanalyzing Problem 2 with constraints. 1In
the constrained and unconstrained case the method of analysis
is the same. Therefore, for linearly constrained estimation
problems, the L.A.E. estimator solves the computational, and
some of the mathematical difficulties, which are associated

with the constrained least squares estimator.

2. The Dual L.A.E. Problem

In some cases the properties of the solution to Problem

2 are more easily obtained by using the well-known duality
correspondences associated with linear programs. In this
section the dual L.A.E. problem and two linear programming
theorems are stated, and these are used to further charac-
terize the L.A.E. estimate in the next section. For a dis-
cussion of duality in linear programming, see Spivey and
Thrall (1970), and for the general case, see Rockafeller

(1970) .3



The dual L.A.E. problem is obtained by applying the dual

transformation to Problem 2; we get,

max Y'd .such that
Xd = 0
I
a <1
-I
deRT .

Simplifying the inequality constraints yields:

max Y'd such that

-1< 4 <1 t=1,...,T .

The dual L.A.E. problem is a linear maximization problem in
T bounded variables, and K linear homogeneous constraints.
Geometrically, the constraint X'd = 0 implies that 4 is
contained in the subspace orthogonal to the subspace spanned
by the columns of X, L(X). This orthogonal subspace is de-
noted L(X)l (see Figure 9). Let d* be a solution to the
dual L.A.E. problem, and let Y* = XB8*, It then follows that

for the random variables d* and Y*,

d*.y* = 0 for all Y in RY

and, in particular,
E(d*.Y*) = 0 .

-~ ~

This is analogous to the least squares result in which Y, u
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L(x):
oY
g . /
M -
1
|
—
/ \

\
\

M={a|-1] <ad, < +1}

Fig. 9.--Geometry of the Dual L.A.E. Problem



are uncorrelated, and it raises the question of whether the
dual variables, instead of the estimated L.A.E. residuals,
might be used along with B* to obtain a statistic for testing
hypotheses when the dispersion of F(u) is unknown. The ans-
wer to this question awaits further study.

The dual L.A.E. problem can be interpreted by first ex-
pressing it in terms of u. For the objective function we

have;

(XB+u)'d = u'd + 8x'd .

Therefore, the dual L.A.E. problem in terms of the unobserv-

able error term can be written:;

max u'd such that
deL(x):

-1 <a <1 t=1,...,7 .

t

. 1l .
If the constraint deL(X)= is, for the moment, ignored then

u'd = Zutdt is maximized subject to, -1 < dt < 1 by setting,

a* = +1 ifu, >0

d = -1 if u, < 0 .

Here the dual variables indicate the sign of u In the dual

t.
L.A.E. problem the dz continue to be indicators, but subject

to the additional, d*eL(x)L constraint. Heuristically, if

dg = 1 the sample information indicates u, > 0, and we should

t

then let u* > 0; and similarly'for dg = =1, That this inter-

t
pretation is valid is shown by;
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Theorem 2. (complementary - slackness). If (B*,u*) is
the unique solution to Problem 1 (or Problem 2 via the trans-
formation in Theorem 1) and 4d* is the solution to the dual

L.A.E. problem, then;

* 1 * =
uf > 0 iff dt 1l

* 3 X = -
uf < 0 1ff dt 1l
ur = 0 iff |d€|< 1 .

Proof: See Appendix I.

Finally, we state the following well-known linear pro-

gramming theorem using the notation in Problem2.

Theorem 3. If the (T X (K+2T)) matrix [X,I,-I] has
rank T, then there is a solution to Problem 2 with at least

*
(K+T) of the variables in (B*,r+

,r-*)_equal to zero with
the nonzero variables being linearly independent.4

Proof: See Spivey and Thrall (1970), Chapter 3.

This theorem is completely general, and a further discus-
sion can be found in the next chapter. The theorem implies the
well-known result that for a linear technology with T resources
and (K+2T) activities the economy will use at most T acti-

vities. Also, note that the lemma to Theorem 1 is a special

case of this theorem since we showed the linear dependent

£’ could not both be positive.

. . +*
variables, r

g+ T
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3. Properties of the L.A.E. Linear

Programming Problem

Inthis section we obtain further properties of the L.A.E.
estimator which follow from the L.A.E. linear programming
problem. Unlike Properties 2, 3 and 4, none of the proper-
ties in this section are shared by the least squares estima-
tor.

Property 5. If (B*,u*) is a solution to Problem 1, then

at least K of the ug = 0.

Proof: This follows directly from the equivalence be-
tween Problems 1 and 2 along with Theorem 3. According to
Theorem 3, at least K+T of the variables in (8*, r+*, r-*)
are zero and at most T are nonzero in a solution to Problem 2.
Of these T nonzero variables, K will correspond to B* since
the corresponding "cost" in the objective function is zero.
(Here we use assumption A3, rank X=K, so that the K columns
of X are linearly independent.) Therefore, at most (T-K) of
the variables in (r+*, r-*) are nonzero. The equivalence be-
tween Problems 1 and 2 then implies at most (T-K) of the
u; # 0 and at least K of u; = 0.5

According to Property 5, the L.A.E. estimator may be
viewed in the following manner. Let hi be a set of K integers

taken from the set, {1,2,...,T}. Let H be the set of all hi'

T, _ T! . . . .
There are (K) = =0T ways of choosing K integers in this
way, so,
H = {h,,h h: 2= (9} .
1772712 K



T

We can now identify with each hi the subset of R™ such that

for the K observations corresponding to hi' = 0. That is,

ug
define the random variable H* whose range is H, and Pr[H* =
hi] is the probability that the K observations corresponding
to hi have ug = 0. We can now view the L.A.E. estimator in
two stages. At the first stage we find hieH, and at the
second stage we solve for B* by setting ug = 0 for the K ob-
servations corresponding to hi' The importance of this view
arises because we can derive the sampling properties of B*
by solving for the necessary and sufficient conditions such
that H = hi' This is done in the following chapter.

Property 5 shows that in a sense the L.A.E. estimator
finds some set of K observations, and then discards the re-
maining (T-K) observations in order to solve for B8*. This
characteristic is perhaps the most distinguishing feature of
the L.A.E. estimator, and it has led some to exclude L.A.E.
from further consideration. For example, Wonnacott and
Wonnacott (1970) after observing that the L.A.E. estimated
regression hyperplane always contains K observations, write;

But [L.A.E.] is not a good commonsense solution

to the problem (of curve-fitting) since it pays

no attention whatever to [excluded observations].

(p. 5.)
It therefore seems that some have rejected L.A.E. because it
"ignores" some of the observations in the sample.

The reason why Property 5 cannot be used to exclude
L.A.E. from consideration is that, except when L.A.E. is a

linear estimator (see Chapter 1IV), the L.A.E. estimator does

not ignore any observations. The function (estimator) B8*(Y)



is a function of all the observations on Y, even though for
any given Y, the estimate 8* is determined by only K of the
observations. The crucial point is that the set of K obser-
vations which determines the estimate B* is itself a random
variable determined by all of the observations on Y.

Another property of the L.A.E. estimator which follows
from the linear programming problem is that we can interpret
K of the constraints in (5) as "binding" or "tight" (uz = 0)
and (T-K) constraints as being slack. For linear programs
it is well-known (see Spivey and Thrall (1970), Chapter 3)
that any increase in a resource which is not already being
fully utilized (slack) will lead to no change in technique.
We now show how this applies to the particular L.A.E. linear
program.

Suppose we have the L.A.E. estimates, (B*(Y), u*(Y)),
given the data (Y,X). We construct a new observation Y'

by setting;

Y' = XB*(Y) + Z u*(Y)

where 2 is a TxT diagonal matrix all of whose diagonal ele-
ments are greater than or equal to zero. In terms of the

individual observations we have;
] * 3 *
Y 2 thkB K if ug >0
' = * i * =
(9) Ye thkB Kk if u 0

' .
Yt < thkB*k if u* < 0 .
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This is illustrated in Figure 10. For these new observations
we obtain;

Property 6. B*(Y) = B*(Y') where Y' = XB*(Y) + 2 u*(Y).

Proof: See Appendix I.

This property shows that the L.A.E. estimate does not
change in response to changes in Y, so long as (9) is satis-
fied. This property is not shared by least squares. Also
note that this property is consistent with the interpretation
given in Section 2 where the dual variables indicate the
sign of u, -
Finally, it is well-known that for the model;

(10) Y, = 8 +u, t=1,...,T

the least squares estimator is the mean observation on Yo

It also is well-known that the L.A.E. estimator is the median
observation on Yo We show how this follows directly from
Theorem 2 and also the way in which it eéxtends to the multi-
variate case.7

Property 7'. Given (10) and T odd the L.A.E. estimator

is the median observ ation on Yo

Proof: Let P denote the number and the set of u;

and N the number and set of ug < 0. Since K =1, u; = 0

for one of the observations, and for notational ease suppose

> 0;

hi = 0. From the constraints to the dual problem we get;

+3

=d*+ [ d*+ T a*=10 .
1 ¢ep ¢ ten ¢

i'd*= ¢ d

*
t=1 °©

From Theorem 2 (complementary-slackness) we obtain,
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XB*

X Yy

Fig. 10.--Illustration of Property 6



dt =N - P| ,

-1 < di <1 ,

and this implies, N = P. Therefore, B* is chosen so that the
number of positive and negative ug are equal and such that

one of the uz = 0. But this implies that 8* is the median

Y-

The reason for assuming T odd is that when T is even, the
solution to Problem 1 (or Problem 2) is not unigque, and there-
fore the L.A.E. estimator (or equivalently, the median yt)
is not well defined. The case T = 2 has already been illus-
trated in the demonstration of Property 1.

In the multivariate case the linear regression model

with a constant term is written:;
(11) Y= (i,2) B+ u

where Z is a (K-1)XT matrix of nonconstant explanatory vari-
ables (and B is partitioned, (Bllez,...,Bk)). We then obtain
the following generalization of Property 7°'.

Property 7. Given the model (11), B* is chosen so that

K > |P-N| where P and N are the number of positive and nega-
tive estimated errors, respectively.

Proof: Since ug = (0 for K of the observations, reorder

the observations so that ug =0; t=1,...,K (this again, is

for notational ease). The dual constraints are:

0
o

(12) itd*
(13) 2'a* = 0 .
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Rewriting (12) we get:

T K
I d¥*= [ d* + I 4d*+ I d* =0 .
t=1 © t=1 % teP © ten °
Using Theorem 2 we obtain:
K
| £ ap] = |p-N|
t=1

-l<dt*:<l t=1'ouo'K .

Hence,

K > |zd?| = |p-N| .

It is easily seen that for K=1, Property 7 is equivalent
to Property 7°'.

Combining Properties 5 and 7 we see that when X includes
a constant B8* is chosen so that K of the ug = 0 with almost,

in the sense of Property 7, the same number of positive and

negative ug.

4. Monte Carlo Results

In this section we summarize the Monte Carlo results ob-
tained by Taylor (1970), and Rosenberqg and Carlson (1972) (for
some other results see Blattberg and Sargant (1970), and Smith
and Hall (1972)). These particular experiments are reviewed
since the properties derived in latter chapters explain some
of the Monte Carlo findings, and our approach to L.A.E. has

been motivated by these findings.
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Taylor (1970)

In his experiments Taylor investigated the properties

of the random variable H*, The model was:

Ye = 2x1t + lxzt + ut t=1,...,5

so that H contained (g) = 10 elements. The problem was to
discover how Y was mapped to hieH via the function H*,

Taylor investigated this problem under alternative assump-
tions on F(u). A description of the various Monte Carlo
experiments is included in Table l. The motivation for these
experiments was the belief that the sampling distribution of
B* might be found by first examining the sampling distribu-
tion of H¥*.

Taylor's main finding was that certain pairs of observa-
tions never determined the L.A.E. hyperplane. This result was
completely unexpected. In our notation there were some hi
such that, Pr[H* = hi] = 0. Taylor conjectured that this was
not a sampling result, but instead, there was something in the
solution to Problem 1 which excluded certain pairs of observa-
tions from ever determining the L.A.E. estimates.

The attempt to discover whether Taylor's conjecture was
true provided the initial motivation for our study of the
L.A.E. estimator. (The prior belief was that the conjecture
was almost certainly false.) In Chapter IV we derive the
necessary and sufficient conditions such that H* = hi' and

these conditions show that Taylor's conjecture is valid.
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More importantly, the conditions enable us to show explicitly
how B* depends on Y and X, and, therefore, allows a represen-
tation of the sampling distribution of B*.
In summary, Taylor's findings were:
1. For some hi: Pr [H* = hi] = 0.
2. Pr[H*] is independent of F(u), and is determined
solely by X.
3. E(B*) = B if F(u) is symmetric.
4. When F(u) is the bilateral Pareto distribution then
the distribution of 8* is symmetric, but is not Pareto.

We will see that only conjecture 2 is incorrect.

Rosenberg and Carlson (1972)

In seeking an easily computed approximation for the
L.A.E. sampling distribution, Rosenber§ and Carlson conjec-
tured: (1) the variance-covariance matrix of B* is propor-
tional to (x'X)'l; (2) the scaling factor for the variance-
covariance matrix is A (F(u),T), where )A/T is the variance of
the median for samples of size T, and the distribution F(u);

and (3) the distribution of B* is approximately normal.

The distribution of B* was therefore conjectured to be:

c : N(B, A(F(u),T) (x'x)"}

L.A.E. )

where N(e,v) is a normal distribution with expectation e, and
variance v. Except for the scale factor this is the asymp-
totic distribution of the least squares estimator (given the

well-known conditions on X and F(u); see Dhrymes (1970),



Chapter 4). The least squares approximation is,

c . N(B,02 (F(w),T) (x'x)" L

L.S. )

where 02/T is the variance of the mean for some size T and
distribution F(u) (hence, 02 is the variance of F(u)).

As Rosenberg and Carlson point out:

This approximation has the great virtue of compu-

tational simplicity, since tables of (F(u),T) can

be computed.... Moreover, since the approximate

distribution differs from the normal approximation

to the least squares sampling theory only in the

scale factor, all of the familiar hypothesis tests

and inference procedures of least squares can be

applied as an approximation to L.A.E., with only

this scale factor changed.
The validity of the conjecture would also imply that L.A.E.
has smaller variance than least squares for those F(u) such
that the median has smaller variance than the mean. Given
the preferences discussed in Chapter I, one could therefore
easily translate beliefs concerning F(u) into a choice be-
tween L.A.E. and least squares.

To test their approximation, Rosenberg and Carlson tried
a number of different experiments, computed L.A.E. and least
squares estimates, and then compared the critical regions,
using CL.A.E. and CL.S.' with the known values of the pa:am—
eters. The Kolmogorov statistic was used to test the distri-
bution as a whole. The experiments were conducted for alter-
‘native T, K, X, and F(u). The various experiments are sum—

marized in Table 2. Note that for each experiment X was

fixed, but that the nonconstant explanatory variables were
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TABLE 1

TAYLOR'S MONTE CARLO EXPERIMENTS

Explanatory variables: X =

N N W N
W U s 9

F(u): Uniform in (-1,1)
Triangular in (-1,1)
Laplace
Two-tailed Pareto

Number of replications per experiment: 100

TABLE 2

ROSENBERG AND CARLSON MONTE CARLO EXPERIMENTS

Explanatory variables (fixed):

(a) K=1
l. constant
2. normal
3. widely-dispersed with high kurtosis

l. constant; normal; normal

F(u):
(a) normal (kurtosis = 3)

(b) contaminated normal (kurtosis = 11.8)
(c) contaminated normal (kurtosis = 13.4)

Sample Size:

(a) T = 31
(b) T = 59
Estimator:

{a) L.A.E.
(b) Least Squares

Number of replications per experiment: 1000
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alternatively drawn from a normal and a widely dispersed,
high kurtosis distribution.

For C the sampling results were consistent with the

L.S.
conjectured variance, although when F(u) had high kurtosis

the null hypothesis that g was normally distributed was re-
jected 19 out of 32 times at the 99 percent level. 1In con-
trast, the null hypothesis that B* was normally distributed
was never rejected at the 99 percent level. However, when

the kurtosis of F(u) was high, the variance in CL.A.E. under-
estimated the variance of B*, and this underestimate increased
as the kurtosis of X (not F(u)) increased and decreased as T
increased. In all other cases CL.A.E. and CL.S. are roughly
consistent with the sampling results. Rosenberg and Carlson
concluded that the CL.A.E. is an acceptable approximation,

but that when the dispersion and kurtosis of X is high the
variance estimate for 8* must be revised upward.

The Monte Carlo results obtained by Rosenberg and Carlson,

and Taylor raise two questions. First, why does Pr [H* = hi]

f

0 for some hi; and second, why does the dispersion or kurto-

sis of X affect the variance estimate in C We will see

-
L.A.E."
that the answer to either of these apparently different ques-
tions provides the answer to the other. This is accomplished
in the next chapter where we derive the conditions such that

.
H hi'



5. Conclusion

In this chapter the L.A.E. estimator was defined as the
solution to a linear programming problem, and this was shown
to be equivalent with the definition of the L.A.E. estimator
given in the previous chapter. Further properties of L.A.E.
were derived using the linear programming problem. We have
also described some important findings obtained via Monte
Carlo methods. The importance of the L.A.E. linear program-
ming problem is illustrated in the next chapter where we de-
rive conditions which yield an explicit characterization of

the L.A.E. estimator.
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Footnotes

lProblem 2 can be put in standard form where all the

variables are subject to nonnegatively constraints by defin-
ing; + -

b=Db -b
b" >0 ;b >0 .
(See Ashar and Wallace (1964). The standard form is the
starting point for many of the algorithms used in solving
linear programs. For our purposes we do not need the standard
form since the "cost" of b is zero in (1).

2see Aigner and Chu (1968).

3'I'he dual L.A.E. problem was first analyzed by Wagner
(1959) and later by Appa and Smith (1971).

4Note that rank [X,I,-I] = T even when rank X < K.

5In this study we assume f{u) is continuous so that the
probability of (K+1l) or more of the y_ lying in the same
hyperplane is zero. With probability one, K of the u} = 0,

and we ignore cases in which more than. K of the ug = 0.

6Properties S and 6 follow directly from the L.A.E.
linear programming problem, and one might therefore think
that until recently they were unknown. That this was not the
case is evidenced by the following quote from Gauss, taken
from Plackett (1972):

Laplace made use of another principle for the
solution of linear equations, the number of which is
greater than the number of unknown quantities, which
had been previously proposed by Boscovich, namely
that the differences themselves, but all of them
taken positively, should make up as small a sum as
possible. It can be easily shown, that a system of
values of unknown quantities, derived from this prin-
ciple alone, must necessarily exactly satisfy as many
equations out of the number proposed, as there are
unknown quantities, so that the remaining equations
come under consideration only so far as they help to
determine the choice: if, therefore, the equation
V = M, for example, is of the number of those which
are not satisfied, the system of values found accord-
ing to this principle would in no respect be changed,
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even if any other value N had been observed instead
of M, provided that, denoting the computed value by
n, the differences M - n, N - n, were affected by
the same signs.

The remarkable fact about this quote is that it is a complete
statement of Properties 5 and 6 made in the absence of any
knowledge of linear programming.

7To my knowledge, Property 7 and 7' were first demon-
strated by Appa and Smith (1971).



CHAPTER IV

SOLUTION TO THE L.A.E. LINEAR
PROGRAMMING PROBLEM

In this chapter we solve the L.A.E. linear programming
problem for the conditions such that any set of K observa-
tions determines the L.A.E. estimate. These conditions show
explicitly the dependence of the L.A.E. estimator on Y and X,
and they are used in Chapter VI to derive the sampling pro-
perties of the L.A.E. estimator.

The chapter is divided into seven sections. Section 1
is an introduction to linear programming methods and it is.
presented to illustrate the methods used in Section 2 where
we solve the L.A.E. linear programming problem. In Section
3 we obtain the restrictions on X which are required for the
solution of the L.A.E. linear programming problem to be an
estimator. 1In Section 4 the L.A.E. estimator is characterized
as a linear function over certain subsets of RT. This char-
acterization is used in Chapter VI to analyze sampling proper-
ties. In Section 5 we prove a mathematical theorem relating
to the characterization of the L.A.E. estimator. In Section
6 we isolate the special cases in which the L.A.E. estimator
is a linear function. The conclusions are presented in Sec-

tion 7.
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l. Linear Programming

In this section we outline a method, the simplex algo-
rithm, for solving linear programming problems. With a slight
modification, the simplex algorithm yields the conditions
which we use as a starting point in developing a sampling
theory for the L.A.E. estimator. The outline illustrates
the approach we use to solve the L.A.E. linear programming
problem, and it is not intended as a complete review of linear
programming: The outline follows the presentation in Spivey
and Thrall (1970).

In this section we analyze the following linear program-
ming problem;1

Problem 1

(1) minS(z) = v + C2
(2) Y = A2
(3) Z>0

Y is a constant; C is a given (1 x M) vector; A is a given
(T x M) matrix with M > T, rank A = T; Y is a given (T x 1)
vector; and Z is a (M x 1) variable vector. The solution to
this problem is a 2 = 2* satisfying (2) and (3) (feasible)
such that S is a minimum (optimal).2 We are interested in
characterizing Z*, and the conditions such that 2* is a unique
solution.

The linear equality constraints in (2) are a system of

T equations in M variables. Since rank A = T the system can
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be solved for T of the Zn in terms of the remaining (M - T) Z

Partitioning (2) gives:
(4) Y= (A, A, (2], Z,)

where Al is (T x T), rank Al = T, A2 is (T x (M-T)), Zl =

(zl,...,zT), and Z2 = (ZT+1""’ZM)' Premultiplying (4) by
All yields:

-1, _ -1
(5) Al Y = (I, Al A2) (Zl, ZZ)

so that (z,, 2Z,) = (AIlY, 0) satisfies (2). This is called

the basic solution corresponding to Zl' or equivalently, the
basic solution corresponding to the T columns in Al. (The T
columns form a basis.) The nonbasic variables (columns) are
the z in Z, (the (M-T) columns in AZ). Any basic solution
can be found by choosing T linearly independent columns from
A, and then solving for the corresponding basic variables by
setting the nonbasic variables equal to zero.

Note that the set of basic solutions is finite since
there are at most (g) ways of choosing T linearly independent
columns from A.

The importance of the set of basic solutions is given
by ; |

Theorem l. There is a basic solution which is a feasi-
ble and optimal solution to Problem 1. This is called a
feasible-optimal basic solution.3

Corollary 1. If the solution to Problem 1 is unique then

it corresponds to a basic solution.
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Corollary 2. The set of feasible-optimal solutions to

Problem 1 is a convex combination of the feasible-optimal
basic solutions.

The proofs of the theorem and corollaries can be found
in Spivey and Thrall (1970, Chap. 3).

The theorem and corollaries show that a solution to Prob-
lem 1 can be found by listing the (finite) set of basic solu-
tions in terms of increasing S, and then finding the first
element in the list which is feasible. Alternatively, a solu-
tion can be found by searching the (finite) set of feasible
basic solutions for the element such that S is a minimum.

In fact it is never necessary to examine every basic solution
since necessary and sufficient conditions exist which indicate
when a basic solution is feasible and optimal. These condi-
tions along with some efficient search method provides an
algorithm for solving any linear program. The simplex, dual-
simplex, and revised simplex algorithms are merely different
ways of proceding through the list of basic solutions. For
our purposes we are interested in the conditions such that a
basic solution is feasible and optimal.

1

In order to find the conditions such that (AI Y, 0) is

feasible and optimal the usual approach is to express (1)

solely in terms of 2 Using (5) we obtain;

5°
Problem 2

-1 1

S =Y+ CA"Y + (Cz'clAI A,)Z,
-1, _ -1
A|TY = 7, + AlTA,Z,
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(2, 2,) 20 .

In the terminology of linear programming the transformation
from Problem 1 to Problem 2 represents a simplex iteration.
The transformation is important because feasibility and opti-
mality can be easily checked in Problem 2.

The above transformation can be more easily represented

by matrix multiplication. Problem 1 can be written;

Y Al A2
Z >0

and using partitioned inverse rules;

i -1
-1 [P 6
Q== -1

o0 Aj

gives,
P | I IS |
S - y-C,A["Y 0 C,-C,AI"A,| (2;,3,)

-1 = -1

ALY I AjA,
z2>0 .

Feasibility follows directly from the nonnegativity

constraint on 2. We get:



1l

Feasibility Condition. (AI Y,0) is a feasible solution

if aJly > o.

The optimality condition is obtained by asking whether
the objective function in Problem 2 can be decreased by mak-

ing some element in Z2 positive. This is clearly not possible
1

if (C2 - ClAl Az) > 0. Hence:
Optimality Condition. (AIIY, 0) is an optimal basic

. . -1
solution if (C2 ClAl Az) > 0.

Combining these two conditions yields:

Theorem 2. If the feasibility and optimality conditions
are satisfied then (AIIY,O) is a solution to Problem 1.

For the complete set of conditions for unique optimality
the reader is referred to Spivey and Thrall (1970). Here we
state a sufficient condition which follows directly from Prob-
lem 2.

Unique Optimality Condition. If (C, - ClAIlAZ) > 0,
1

then (AI Y,0) is a unique optimal basic solution.

This condition is slightly stronger than the optimality

condition since it requires every element in (C2 - CIAIIAZ)

to be greater than zero. This condition is only sufficient

for uniqueness since it is possible for some element in

1

(C2 = ClAI Az) to be zero with a unique solution. This occurs

when some of the elements in Z, and 22 are linearly dependent.
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2. The Solution to the Linear

Programming Problem

In this section the above linear programming method is
used to solve the L.A.E. linear programming for the conditions
such that any set of K observations determine the L.A.E. esti-
mate. We need a substantial amount of notation, and unfor-
tunately this tends to obscure some of the results. We have
therefore included in Appendix II a parallel presentation
using the linear regression model which Taylor (1970) used

in his Monte Carlo experiments.

Notation

T=(1,...,T}.
h; is a subset of T containing K elements (integers).
Hi is the complement of h,; that is, the (T - K) integers
not in hi‘
H is the set of all hi. This set contains (g) elements;
_ . _ T
H - {hl'o.o'hz, Z -— (K)}-
Given Y =(y1,...,yT), Y(hi) is the K dimensional vector

which contains Y, for tehi.

X(hi) is the (K x K) matrix containing the K rows of X

corresponding to hi'

T

The function (random variable) H* maps Y in R™ to hi in

H where:

H*(Y) = h, if B* = x(hi)"l

i Y(hi)
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where B* is the L.A.E. estimate. The function H* identifies
the K observations which determine the L.A.E. estimate.
T is the set of all (T - K x{T - K) diagonal matrices

2 (T-K)

with +1 or -1 along the diagonal. There are elements

in T, and the typical element is denoted I*.

The Solution

To solve for the conditions such that H* = hi we reorder
the observations so that;
Y (h.) X(h,)
y=| _* x=| _* .
Y(hi) X(hi)
The L.A.E. linear programming problem (see Chapter III) can

now be written in the following partitioned form:

- - -~ -
S 0 g 1p-x 1 1ok

(6) Y(hy)| = |X(h;) 1, O -1, 0 ¢
Y (h)) X(h) o0 Ipg O IT-SJ

_ + + - - =
¢ = (b, r (hl)l r (hi)' r (hl)' r (hl))

berK, rt >0, r” > 0

where I is an identity matrix, i = (1,...,1), and subscripts
denote the dimension of the vector or matrix. We are inter-

ested in the conditions such that 8* = x(hi).1

Y(hi). (We
assume rank X(hi) = K.)4 The first K estimated residuals
therefore are zero, and in (6) this implies we are interested

-t
in the conditions such that (r+*(hi), r (hi)) = 0,



Note that (6) differs from Problem 1 in the preceding
section in that b is unconstrained. This causes no diffi-
culties since the "cost" of b in the objective function is

zero.

In order to find the conditions such that H*(Y) = hi we
have to choose T linearly independent columns (a basis) from
the constraint matrix in (6). However, we cannot choose any

of these columns from:

i .
1k 1k
Iy o ~Ig
0 0

since we want the corresponding variables (r+(hi), r-(hi)) to
be nonbasic, and equal to zero.

Of the remaining (K + 2T) columns inthe constraint matrix
every optimal-feasible basic solution will contain the K
columns of X since the "cost" of b is zero (by assumption, the
K columns of X are linearly independent). The remaining
(T - K) columns for a basic solution must be linearly indepen-

dent and come from;

r .
i i

(7) 0 , 0
Ipek "Ik

(T=K) ways of choosing (T-K) linearly independent

There are 2
columns from (7), and we account for all these possibilities

by using:
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i
0

I*

where I* is in I. The T linearly independent columns which

form a basis are then given by;

X(hi) 0

(8) B N
X(hi) I

One can view (8) as a variable basis since a different basic
solution for the linear program is determined by each I* in T.

In terms of the L.A.E. problem the reason we make the

basis a variable is that we can have ug = 0; tehi, in ZT-K

different ways. That is, u* for teﬁi can be positive or nega-

t

tive for all teﬁi. By defining I* as some element in I we
allow for all of the different ways in which u = 0; teh,.
Following the approach discussed in the previous section,

(6) can now be solved by premultiplying by Q_l where;

1 o il
Q=10 X(h) 0 .
0 x(Hi) I*

Using partitioned inverse rules (see Goldberger (1964), p. 27);

and noting that for any I*, I“f-1 = I* yields;
I R -1 .
1 iI X(hi)X(hi) -ix
ol =|o X(h) "1 0 :
= -1
-T%
LO I X(hi)X(hi) I* |
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Premultiplying both sides of (6) gives;

I 1 P . . o
Dl 0 1+:LD3 i-iI* i 1D3 i4+il
-1 _ -1 _ -1
(9) X(hi) Y(hi) = |I X(hi) 0 X(hi) 0
LD2 0 -D3 I* D3 -I%*
= es = -1 s =
Dl = 8 J.I*X(hi)x(hi) Y(hi) 1I*Y(hi)
- £ -1 K
D2 = I*x(hi)x(hi) Y(hi)+I*Y(hi)
— = -1
Dy = I*X(h;)X(h) .

This represents a simplex iteration on (6). All we have done
is transform (6) into an equivalent problem where feasibility
and optimality can be easily checked. From (9) we want to

know whether B* = X(hi)-1

Y(hi) is an optimal and feasible
solution.

From the previous section it folléws that this solution
is optimal if every element in the first row of the right
hand side of (9) is nonnegative. This condition is satisfied
by (i - iI*) and (i + iI*) since for any I* every element is

5

0 or 2. The crucial condition for optimality is given by:

1

v
o

] ] * oyl -
i+ iz x(hi) x(hi)
i - iI*X(F,) X(h,)"L > 0
i i =~ :
Combining these conditions gives;

Condition 1. (Optimality). A necessary condition for
1

B* = X(h;) "Y(h;) is;

. . — -1 .
iz 1I*X(hi)x(hi) <i
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for some I* in I.
The unique optimality condition is given by;

Condition 1' (Unique Optimality). A necessary condition
1

for B8* = x(hi)- Y(hi) to be the unique solution to the L.A.E.

linear programming problem is;

. . —_ -1 .
*
i < iI X(hi)x(hi) < 1

for some I* in T.
Note that these conditions do not depend on Y.
The feasibility condition follows directly from the

+

(r’, r') > 0 constraint. We get;

Condition 2 (Feasibility). A necessary condition for
1

B* = X(hi)‘ Y(h,) is;

~I*x ()X (h) 1Y (hy) + I (R > o

from some I* in T.®

By combining these conditions we obtain the following
necessary and sufficient conditions for the solution to the
L.A.E. linear programming problem.

Theorem 3. If there is an I* in T which satisfies both
Conditions 1 and 2 then B* = x(hi)_lY(hi) is a solution to
the L.A.E. linear programming problem, and conversely.

Theorem 4. If there is an I* in T which satisfies Con-

dition 2 and;
-i < iI*X(F)X(h.)" Y < i

then B* = x(hi)-lY(hi) is a nonunique solution, and conversely.



_87_

Theorem 5. If there is an I* in T such that both Con-
1

ditions 1' and 2 are satisfied then R* = x(hi)- Y(hi) is the
unique solution to the L.A.E. linear programming problem,

and conversely.

We now examine some of the consequences of this theorem.

3. Conditions for a Unique Solution

Using the above conditions we can now derive the restric-
tions on X which insure that the solution to the L.A.E. mini-
mization problem is an estimator.

Theorem 6. The solution to the L.A.E. linear programming

problem is unique for all Y in RT iff for every hi;

(11) -i < iI*X(hi)x(hi)-l < i

for every I* in I which satisfies Condition 1.

Proof: If for every hi' (11) is satisfied by every I*
in I which satisfies Condition 1 then, according to Theorem 5,
B* will be unique. The converse follows from the fact that
if (11) is not satisfied for some hi' then there must exist

an I*, such that

. . = -1 .
- *
i< 1Il x(hi)x(hi) < i .

Then for all Y such that:;

1

~1% x(hi)x(hi) Y(hi) + IiY(Ei) >0 .

Condition 2 is satisfied. It follows from Theorem 4 that for

these Y, B* is not unique. Hence (11) must be satisfied for
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all hi to insure uniqueness.

Theorem 6 implies that if we want a well-defined esti-
mator we have to exclude those X which do not satisfy (11).
In the multivariate case this does not appear to be a serious
restriction. 1If it turns out that X does not satisfy (1l1)
then to get uniqueness one only has to slightly change the
values of some explanatory variables. This might be accom-
plished by measuring or recording the values of the (noncon-
stant) explanatory variables to one more (or less) decimal
place.7 This option for the multivariate regression problem
is always available, and, therefore, 8*(Y) can be made a
well-defined estimator.

In the rest of this study we assume that X satisfies (11)
so that B* is an estimator. We have not examined all of the
consequences of (l11) except for the following two examples.
The first example illustrates a well-known case in which X
does not satisfy (11).

Example 1. In Chapter III, Property 7', we showed that
for X = (1,...,1) the L.A.E. estimator was the median obser-
vation on Y. As is well-known the median is not well-defined
when T is even. We show here how this follows from Theorem 6.

Let X = (1,...,1) and T = 2n where n is a positive inte-

where ¢t = 1,...,2n-1

ger. Let the diagonal elements of I* be e,
and e, = ks 1. Then for any hi:
- -1 2n-1
iI*x(hi)X(hi) = I e, .
t=1
When n of the e = +1 and (n-1l) of the e, = -1 we have
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Xet = +1. When n of the e, = -1 and (n-1) of the r, = +1 we
have, Zet = -1. Here it is impossible to satisfy (11) (for

any hi) so that B* is not unique. It is also easy to show that
for T = 2n+l1, (ll) is satisfied for every hi'

Example 2. Let I* = I and suppose;

(12) iIX(Hi)x(hi)-l = -i

so that (11) is not satisfied and nonunique solutions are pos-

sible. We can rewrite (l12) as;

iX(hi) = -iX(hi)
or -

1X(hi) + 1x(hi) =0

l[x(hl)l x(hl)] =0

ix=0
and this implies;
T
I x =0 k=1l,...,K .
£=1 tk

Therefore, the L.A.E. estimator is not well defined if for
each explanatory variable the sum over the T observations is
zero., From Condition 2 we know that the Y in RT which lead
to nonunique solutions are given by;

1

(13) -X(h;)X(h;) "Y(h,) + Y(R,) >0 .

An example is presented in Appendix III.

Note that when the L.A.E. estimated hyperplane is forced
through the point of means we have, glxtk = 0. In this case,
however, the domain of Y is no longe:-RT since Y has to satisfy;

(14) Eyt =0 .

(Here Xe ) and Yy represent observations expressed as deriva-

tions from their respective means.) With this restriction on
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Y, Theorem 6 is only a sufficient condition for uniqueness
and forcing the L.A.E. hyperplane through the point of means
does not necessarily lead to nonunique solutions. To demon-
strate this we show that with probability zero there are no
Y which satisfy both (13) and (14)

Suppose there is a Y which satisfies (13). It then fol-
lows that;

i-x(ExM) ) + YED] > 0

and using (12) we obtain;

il¥(h;), Y(hj)1 > 0

or
Zyt >0 .

But this must be an equality if (14) holds and therefore,

- - -1 _
(15) X(h;)X(h,) Y(hi) + Y(Hi) =0 .
Since Y has a continuous density function the probability of
T
(15) is zero. In this case, then the fact I Xep = 0 does
t=1

not imply that nonunique solutions will occur. This is

illustrated in Appendix III.
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4. A Characterization of B8*

In this section we use Conditions 1' and 2 to show that
8* (Y) can be written as a linear function defined on certain
sets which partition RT. This follows from the fact that
Condition 1' is independent of Y and therefore the space RT
can be partitioned independently of the realizations of the
random variable Y. This particular representation of B8*(Y)
is known as a linear bifunction; see Rockafellar (1970, Chap-
ter 31).

In order to partition the sample space RT we (implicitly)

solve for all I* in I which satisfy;

(14) i< ATYEDxMHEHY T <1

First notice that if I* satisfies (14) then so does -I*. We
can therefore restrict attention to those I* in T such that
the first diagonal element is +1. If such an I* satisfies
(14) then so does -I*.

For any h, we define f(hi) to be the set of all I* in T
with first element +1, and which satisfies (14). Let W, be
the number of elements in this set. When f(hi) is empty we let
W, = 0. The typical element in ‘f(hi) is denoted by I*(h ,w,)

so that;
. . =1 .
- *®
i < iz (hi,wi)x(ﬁi)x(hi) < i for Wy #0

and
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I(hi) = {I*(hi,wi):wi = 0,1,...,Wi; Wi # 0}

¢ (empty) if Wi =0 .

The set of all I* in I which satisfy (14) for a given hi is

then;

I(h)p| /- T(h))

The reason for not excluding Wi = 0 in the above is that,
depending on X, there may be some hi for which (14) is not

satisfied by any I*. This means that the K observations cor-

responding to hi can never satisfy Condition 1' and therefore
never yield the L.A.E. estimate. This gives the answer to

Taylor's Monte Carlo result in which he found certain sets of

observations never determined the L.A.E. estimate (see Appen-
dix II). Taylor's conjecture that this was not a sampling
result, but a property of the L.A.E. estimator is correct.

Using I*(hi,wi), we define the sets (empty if wi = 0);

lY(hi) +

P(h,w,) = {yerT; - I* (hy W )X (B )X (h)~
1* (h, W)Y () > 0)

and

P(hi) = {P(hi'wi) : W, = 1,...,wi}

and finally;
(15) P(hi)\y)' P(hi) .

Notice that for a I*(hi,wi) which satisfies Condition 1°',
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P(hi,wi) is the set of all Y which satisfy Condition 2. Simi-
larly, (15) is the set of all Y in RT such that the K obser-
vations corresponding to hi determine the L.A.E. estimate.

Therefore;
P(h)\ /-P(h;)= {verT : H*(Y) = h.} .

All we have done here is partition8 the sample space into

those sets such that B* = )'{(hi)-1

Y(hi). We can therefore
characterize the L.A.E. estimator as a linear function of Y,

given Y in P(hi)\,/_P(hi)' That is;

1

(16) B* = x(hi)' Y(h,) if YeP(h;) or -P(h;) .

The characterization of the L.A.E. estimation error,
(B*-B) is identical to (16) except that u is in the place of
Y. This follows from Property 3, Chapter II, but it can be

shown directly here. Suppose Y is in P(hi) and substitute

Y(h;) = X(h;)B + u(hy)

Y (hy) X(h;)8 + u(h;)

into (16). We get;

1

1 -
X(h )8 + X(h;) “u(h;)

B* = X(h;)~

or

_ -1
B*-B = X(hi) u(hi) .

Also,
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1

—I*X(Hi)xmi)' X(h;)8 - I*X(Hi)x(hi)‘lu(hi)e+ I*x(h;) +

1

T*uh;) = -I*X(h;)X(h;) Tu(h,) + I*u(h;) >0 .

Hence;

1

B*-B = X(hi)' u(h;) if wueP(h,) or -P (h;)

Again, this is just a restatement of Property 3, Chapter II.

We now examine the way in which the P(hi) partition RT.

Properties of P(h;)

Property 1. If Y is in P(hi,wi) then AY is in P(hi,wi)
for A > 0, and AY is in -P(hi,wi) if X < 0.

Proof: By assumption there is a I*(hi,wi) such that;
— -1 ‘ —
(17) -I*(hi,wi)x(hi)X(hi) Y(hi) + I*(hi,wi)Y(hi) >0 .

Multiplying both sides by A > 0 leaves (17) satisfied so that
AY is in P(hi'wi)’ Multiplying both sides by A < 0 reverses
the inequality, but since I*(hi,wi) satisfies Condition 1°
then so does -I*(hi,wi) and this gives the required result.
Notice that this property implies Property 2, Chapter II.

1

Property 2. If Y ,Y2 are in P(hi,wi) then (Y1+Y2) is

Proof: By assumption:
(18) -I1*(h,,w )X ()X, ) "ty (h,) + 1%(h, ,w.)vi(E.) > 0
e R R i ivi il 2

and
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(19)  -I*(hy ,w)X(EDX) Y2 (h)) + 1*(h ,w)YP(E) >0 .

Adding (18) and (19) gives the required result.

Properties 1 and 2 imply that P(hi'wi) is closed under
addition and positive scaler multiplication; that is, P(hi,wi)
is a convex cone,

Heuristically the L.A.E. estimator can now be viewed in
the following manner. For any given X we use Condition 1' to
partition RT into the convex cones P(hi,wi) and -P(hi,wi).
We associate with each P(hi,wi) the linear function X(hi)-l.
Then for any Y in RT we find the set P(hi'wi) in which it
is contained and apply the linear transformation x(hi)_l.

This yields the L.A.E. estimator. This is the characteriza-

tion we use in analyzing sampling properties.

5. A Mathematical Reéult

In order to derive all of the sampling properties of
the L.A.E. estimator the only mathematical problem which
remains is an explicit characterization of all those I* in
T which satisfy (11). This problem is described and dis-
cussed in Chapter VI. Here we present a result concerning
the (T-KxK) matrix, X(Hi)X(hi)_l, which appears in (11).
The result is used below in analyzing those cases in which
B* is a linear function.

1

Theorem 7. Every element in the matrix X(Ei)X(hi)_ is

of the form;
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T |xX(h.)|

TREOT G

where IX(hj)I is the determinant of the (K x K) matrix X(hy) .

Proof: For notational ease let hi = h, = (1,2,.

-— l ..'K).

Then,

ey
X(hl) =

XKl eesssssssees X

KK
L d
-1 _ 1 . .. C .
and X(hl) = X(hlfT adj x(hl) where the adjoint matrix is
given by;
| 7
1Cyy ! 1Cq | veve ICky |
adj X(hy) = Jlc,,1  [c,,l

.ICIKI ..I...'QIDOOOICKKIJ

where ICijl is the determinant of the ijth cofactor.
The matrix X(Ei) is;
r -

*)+1,1  *k+1,2 " *gel,T
X(h

*R+2,1  *gr+2,2

T'l o..o.....o.o-oox

T,K

Multiplying X(Ei) adj X(h;) then gives;
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[ & K
I x I oS D T jc, .|
i=1 K+1,i'711i i=1 K+1,1i"7K,1
(20) . .
K | K I
I x C,. | S N S oA
Li=l T,i'711i i=1 T,1'"N,1i
Now look at X(hz) where h2 = (2,3,...,K, K+1), or
- -
x21 x22c¢.x2K
X
_ 31
X(hy) = | - .
xK+1,l xK+1,K
L

To find IX(h2)| expand by the last row. Except for the sign,

this gives;

[ -

Xge1,i /€14l

i=1

where the cofactor matrix is the same as in (20) (except pos-
sibly for a sign change). Hence this is the first element

in (20). This process can now be repeated for any hi‘

Therefore, every element in )((Hi)x(hi)-'l is of the form;

|X(h.) |

* xEST -

An illustration of this result can be found in Appendix
II.
This theorem shows that in "solving" (11) for I* the

relevant data are the Ix(hi)l.
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6. B8*(Y) As A Linear Estimator

In this section we examine the special case in which
B*(Y) is a lincar function. When B*(Y) is linear we know
from the Gauss-Markov Theorem that for any F(u) in F*,
Var(a) < Var (B*) so that it is important for these cases to
be isolated. The conditions such that 8* is linear provides
the initial insight into the way in which X affects the sampl-
ing properties of B*, and also begins to demonstrate the re-
lationship between Taylor's and Rosenberg and Carlson's Monte
Carlo results.

From the representation of B8* in (16) we easily obtain;

Theorem 8. If for some hi'

(21) P(h;)\ J-P(h) = RT

then,

1

B* = (X(h;y) 7,00+ (¥(h;),¥(F;)) = X(hy) 1y (n,)

for all Y; and conversely. That is, B* is a linear function
of Y.

Proof: If (21) holds then from (16) it follows that;

1 T

B* = x(hi)' Y(h,) if YeR

and this proves the first part of the theorem. Since,

B* = x(hp) ™t

Y(hi) for YeP(hi) or -P(hi)' the only way for Bg*
to be linear for Y in RT is for (21) to hold. This proves

the converse.



Note that if (21) holds for some hi' say hl' then the
sets P(hi), i # 1 must be empty. The K observations cor-
responding to hl always determine the L.A.E. estimator. This
is the limiting case of Taylor's Monte Carlo result where he
found that some of the P(hi) were empty.

Also, when B* is linear the approximate sampling distri-
bution conjectured by Rosenberg and Carlson (1972) will lead
to poor results. They conjectured that Var (R*) is scaled by
the variance of the median, and therefore if this variance is
less than the variance of the mean one would conclude that
Var (B*) < Var(g), By the Gauss-Markov Theorem this conjecture
is incorrect when B* is linear. However, when B* is the median
none of the P(hi) are empty (see Chapter V). One might there-
fore conjecture that the comparison of the median and mean
becomes less relevant as a way of comparing the multivariate
L.A.E. and least squares estimators as the number of P(hi)
which are empty increases. If widely-dispersed, high kurtosis
explanatory variables imply that "a large number" of P(hi) are
empty then the conjecture would provide an explanation of
Rosenberg and Carlson's Monte Carlo results. This conjecture
and explanation are discussed in the following chapters.

We now derive some consequences of Theorem 8.

Corollary 1. If K = T-1 then R* is linear.

Proof: 1I* is (T-KxT-K) = 1 x 1, a scalar, and T contains

the two elements, {+1, -1}. Find an h,, say h;, such that;
(22) | -i < x(Kl)x(hl)‘l < i

so that I* = +1 satisfies Condition 1'. Then,
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T 1

P(h;) = {¥YeR" : =X(h))X(h;) "Y(h,) + Y(h;) > 0}

T 1

=P (h;) = {YeR : X(hy)X(h;) Y(h;) - Y(Hi) > 0}

and note that, —}((l_ii)}((hl)-l

_ T
fore, P(hl)LJ/-P(hl) = R

Y(hy) + Y(Hi) is a scaler. There-
and B* is linear.

For the case in which K = T-1 we can use the result of
the previous section to indicate precisely which K observa-
tions determine the L.A.E. estimator.

When K = T-1 there are (TTI) elements in H. That is,
H = {hl'o.-'hT} .

Let |X(h,;)| be the absolute value of the determinant of X(hy).

Arrange these determinants so that;
(23) |x(hy) | > [ X(h,) | 00> |X(thgy)| >0 .

We then show;

Corollary 2. If K = T-1 and the [X(h;)| are arranged

lY(hl) for all Y in RT.

as in (23) then 8* = X(h;)”
Proof: From Corollary 1 we know that B8* is linear.

Therefore we have to show;

-i < x(Apxmp Tt <1 .
Using Theorem 7 we can write the (1 x T-1) vector X(Hi)x(hl)-l

(except for sign) as

|X(hy) | [X(hj) | |X(hy) |
TXEPT * TXGT o TRGpT
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From the construction in (23) it follows that

-1 < IX(hi)I <
lx(hl)l

for i = 2,...,T. Therefore B* = X(h;) l¥(h,).

In practice, Corollary 2 is of no use since for K = T-1
no one would ever be led to choose the L.A.E. estimator.
(The L.A.E. estimator actually ignores the one observation cor-
responding to Hi.) However, since the L.A.E. estimator is
determined by the T-1 = K observations with the largest deter-
minant it minimizes the generalized variance for all linear
estimators which are functions of (T-1) observations. 1In
other words, B* at least chooses the best set of (K-1) obser-
vations.

We now present a sufficient condition such that g* is
nonlinear.

Corollary 3. For the model;

Y= (i,2)B + u

and K < (TEI), B* is a nonlinear estimator.

Proof: To prove the corollary we show that there is an
I* in T which cannot satisfy Condition 1' for any h;. From

Property 7, Chapter III we know:
|P - N| < X

where P and N are the number of positive and negative up,

respectively. Let I* = I so that this corresponds to having
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(T-K) of the uz > 0 and none of the u*

hd < 0 (see footnote 6

this chapter). Hence:
[P-Nl =T-K<K .

But this is impossible if K < (Egi). Therefore, I* = I cannot
satisfy Condition 1' for any hi' and (T-K) of the “E > 0 is
1 T

impossible. Therefore, B* # x(hi)_ Y(hi) for every Y in R

and B* is nonlinear.

2

This corollary implies that for almost all regression
models in economics B* is nonlinear, and the Gauss-Markov
Theorem therefore cannot be used to exclude B*. For example,
if the model contains a constant explanatory variable and,
say, 10 nonconstant explanatory variables (for economic time

series there are few, if any, models with 10 or more explana-

tory variables) then for T > 23, B* is nonlinear.

7. Conclusion

In this chapter we solved the L.A.E. linear programming
problem for the conditions such that any set of K observations
determine the L.A.E. estimate. The conditions show explicitly
how B8* depends on Y and X and they are used in Chapter VI to
analyze the sampling properties of B*. We have also derived
the restrictions on X which are needed for B* to be an esti-
mator, and also the conditions such that B* is linear.

In the next chapter we begin to analyze the sampling pro-
perties of B8* by focusing on the simple case in which B* is

the median.
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Footnotes

1Vector inequalities are defined by:

X >Y iff Xy > Yy

X>yYy iff Xy > Yo

X2>Y iff X > Y and X, = ¥
least one t.

for at

2Problem 1l is actually quite general since the constraints
for any linear programming problem can be put in the form of
(2), (3).

3Here we have implicitly assumed that there exists a
feasible and optimal solution.

4If rank X = K and rank X(h.,) < K then the K observations
corresponding to hi never determine the L.A.E. estimate.

5The fact that some of these elements are 0 causes no
problems for unique optimality since the corresponding vari-
ables rt, r; are linearly dependent.

6Note that if a diagonal element of I* is +1 (-1) then

the corresponding u: is positive (negative).

7The only case in which this cannot be done is when X
only contains a constant vector (or dummy variables).

8For any_Y there is some B8* so that the union of all
P(h-,wi) is RT. Also, since the L.A.E. estimator is assumed
to be well defined there is a unique P(hi,w. which contains
Y. Therefore, the sets P(hi,wi) partition RT,



CHAPTER V
THE L.A.E. ESTIMATOR: THE MEDIAN

In this chapter we examine the sampling properties of
the L.A.E. estimator for the special case in which X =
(1,...,1)"' so that the L.A.E. estimator is the median. The
median serves as a prototype for our study of the L.A.E.
estimator. Insights are obtained in the same way that in-
sights into least squares are obtained by studying the mean.

The primary reason for studying the median is to illus-
trate how sampling properties can be derived from the char-
acterization of B* presented in Chapter IV. Another reason
for studying the median is that for the preferences described
in Chapter I the choice between the mean and median is a
relatively simple problem to analyze. Whether this analysis
can be extended to the general case is discussed in the next
chapter.

The chapter is divided into six sections. In Section 1
we show how the median estimator follows from our characteri-
zation of B*. This characterization is used in Section 2 to
.derive the sampling density of (B*-8). 1In Section 3 we state
some of the properties of the median sampling density. 1In
Section 4 we examine the F in F* such that the variance of

the median is less than the variance of the mean. In Section
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5 we analyze the median and mean when F(u) is a Student dis-

tribution. Conclusions are included in Section 6.

1. The Median

Definition

In this chapter we deal exclusively with the simple model:
(1) Yy = B + u, t=1,...,T : T = 2n+l

where n is a positive integer. 1In Chapter III we demonstrated
the well-known fact that for (1) the L.A.E. estimator is the
median Y- We now briefly show how this follows from the
characterization of B* presented in Chapter 1IV.

In the previous chapter we showed;

g* = X(hi)-lY(hi) if yep(hy) or -P (h;)
where,
(2) P(h;) = {P(hy,w;) & w, = 0,1,...,W,}
and
(3)  {P(hy,w)l= {YeR" : ~I*(h; ,w)X(EDX(h) tymy) +

I*(h;,w.)Y(hy) > 0} .

and where I*(hi,wi) satisfies Condition 1'. Using (1) we

can write Condition 1' as;

-1 < iI*(1,...,1)'*1 < + 1
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where (1,...,1) contains (2n) ones. Let the diagonal ele-

ments of I* be e, where e, = 4+l ande_ =% 1, £t =1,...,(2n)

t t

so that Condition 1' is;

Since (2n) is even this is satisfied if and only if n of the
e, = +1 and n of the e, = -1. Therefore, I*(hi,wi) is a
(T-1 x T-1) diagonal matrix with first diagonal element
equal to +1, (n-1l) of the remaining diagonal elements equal

to +1, and n of the remaining elements equal to -1. This

. (T-1) 1
can occur in 54— ways so that
_ (T-1)!
(4) Wi = 2nin! y

Also note that this holds for each hi’ i=l,...,T.

We note that while the calculation of I*(hi,wi) is tri-
vial for the model (1) it is much more complicated in the
general case. For an arbitrary X the sets T(hi) will in
general not be identical for every hi' and they cannot be
easily characterized in terms of the number of +1 and -1 in
I*(hi,wi). These issues are discussed in the next chapter.

Using I*(hi,wi) we can write (3) as;

T .

(5) P(hi,wi) = {YeR -I*(hi,wi)Y(hi)

+ I*(h,,w)Y(h) > 0} .

For example, if hi = h; and;
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I*(hl,wl) = -1

then (P(hl,wl) is the set of all Y such that;
Yy 2 Yyieeei¥pyy 2 Y17 Yppp S Ypieeci¥p 2 ¥y o

This is easily recognized as a sufficient condition for the
first observation to be the median. Another sufficient con-

dition is given by Y in -P(hl,wl). Therefore
=¥y if YeP(hl,wl) or -P(hl,wl) .

In a similar fashion we obtain the necessary and sufficient

conditions such that Yy is the median;

B* = Y, if YeP(hl,wi) or -P(hl,wi)

1
for wi = 1'...'wi.

It is then easy to see that

(6) B* = Y(hi) if YeP(hi,wi) or —P(hi,wi)

for hi = 1,e..,T; w, = 1,...,Wi; is the definition of the

median. Also the median estimator error, (B*—-8) is;

(7) Br-B = u(hi) if YeP(hi,wi) or -P(hi,wi) .

2. Sampling Density of (8*-8)

In this section the sampling density of (B*-8) is derived

using the above characterization of the median. This
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illustrates the method used to derive the sampling density in

the general case.

To obtain the probability density of (8*-8) we calculate

the probability of the event;

(8) (B*-R) ae:t%-do .

From (7) it follows that the events which are equivalent to

(8) are:;

(9) (B*-B) = u(hi) e 8 % d e and

ueP(hi,wi) or —P(hi,wi); hi = 1,00.,T; W 1,...,Wi
Since the sets P(hi,wi) partition RT we have;

Pr[ueP(hi.wi)f"\P(hj,wj)] =0 i#3

and therefore (9) represents the T.wi mutually exclusive
events which lead to (8). Therefore, the probability of

(8) can be written;

W.
T i
(10) I T pPrlu(h,)e 8 *Ld 6 and ue(P(h,,w,)
- _ 1 2 i’"i
h.=1 w,=1
i 1
or -P(hi,wi))] .

To obtain the probability of one of the terms in this
sum we write the joint probability as the product of mar-

-ginal and conditional probabilities;

(11) Pri{u(h,)e 8 t

N =

4 6] Pr[ue(P(hi,wi)

1
or =P(h;,w;))|u(h;)e o % 3 4 6] .
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For the first factor in (11) we get;

Priu(h;)e @ * %_— d 6] =¢£ (8)d o = £(0)as )
1

where fh is the density of u(hi). We have used assumption

1
A5 (u(hi) = u.;

not depend on hi‘

identically distributed) so that f does

h,
i

For the conditional probability in (ll) we have;

1

5 d 8] +

(12) Pr[ueP (h;,w,) |uc 62

Prlue-P(h;) ue gt % ae] .

Substituting (5) for P(hi,wi) in the first term yields;
- e + 1
Pr[-I*(h,,w;)u(h;) + I*(h ,w.)u(h;) > OJu(h;)e 6 = 54 8]

or,
(13) Pr[-I*(h;,w;)8 + I*(h;,w.)u(h;) > 0] =

*x ¢ . *
Pr[1 \hi,wi)u(hi) >1I (hi,wi)el .

To simplify (13) we use assumption AS (u(hi) independent
and identically distributed). Notice that when the diagonal

element in I* is +1 the corresponding term in (13) is;
Pr[ut > 8] = (1-F(8))
‘and when the element is -1 we have

Pr{=-u, > =96] = F(9) .

t

Since n of the elements in I*(hi'wi) are +1 and n elements
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are -1 we can write (13) as;
F(e)"(1-r(e))" .

A similar relation holds for the second term in (12).

Combining these results allows us to write (10) as;

W.
T 1 n n
) z 2f(6)d 6 F(8) (1-F(6)) .
hi=l wi=l

The terms in the sum do not depend on hi or w; so we have
n n
T’Wi°2f(6)d 8 F(B) (1-F(8)) .

Substituting (4) for wi gives;

(14) g(e)d e = n?—;,- F(8)?(1-F(0))P£(0)ds .

This is the well-known expression for the median sampl-
ing density. The expression can be obtained in a more
straightforward fashion than we have presented (see Kendall
and Stuart (1958), p. 329). Again, we have derived tﬁe
median sampling density from our characteriéation of B since

it illustrates the methods used in the next chapter.

3. Properties of g(6)

In this section we present some well-known properties of

the median, for F in F*.

Finite Properties

1. Symmetry: g(0) = g(-8). This is a consequence of

the lincar homogeneity of (R*-8), and the symmetry of f(u).
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2. From symmetry it follows that if E(8*-B8) exists
then E(B*~8) = 0, and B* is unbiased. We show in the next
section that the existence of E(u) is not necessary for the

existence of E(B*-R).
- T!f(0)

nint4

3. g/(0)
£(0) < .

< o, This follows from the assumption

4. g(6) is continuous. This follows from the continuity
of £ and F, and the fact that a product of continuous func-
tions is continuous.

5. Let G(6) be the probability distribution of (B*-8).
Properties 1, 3, and 4 then imply G is in F*,

Property 5 shows that all of the properties of F* are
preserved by the transformation, (8*-B8). This is surprising
in view of the fact that the median is a relatively compli-

cated nonlinear function.

Asymptotic Properties

l. If £ is continuously differentiable then
(15) f£(0)2/ T(B*-B)

is asymptotically normal with expectation zero and variance
one.
Proof: We outline the proof in Cramer (1946, p. 368).

The density of (15) is:

T!
n!n!2/T]"2"

f(s
I 5oy

(16) [ L] [2F(s6)2(1-F(s6)]"
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where s = (£(0)2/F)" L. For any fixed 6 take limits as

1/2 and the second

T > », The first factor goes to (2m)
factor goes to one. For the third factor expand 2F (s8)

about zero. Neglecting terms which go to zero gives;

2F(s6) = 1 + 2> .
YT
Substituting this into the third factor in (16) and taking
2
.. . - 2
limits gives e X~/ .

2., From the above it follows that B* is a consistent
estimator of B.

We note that the differentiability assumption is not
necessary for asymptotic normality. For example, Chu
and Hotelling (1955) show that if F(u) is a Laplace distri-
bution (which is not continuously differentiable) then the
sampling density of the median is asymptotically normal.

Also note that the consistency of the median, as opposed
to the mean, does not require any assumptions on the moments

of u.

4. Variance of B*

In this section we characterize a subset of F* such that
var(g¥*) < var(g), and a subset such that Var(g*) > Var(g).
.For the preference ordering discussed in Chapter I, we can
then translate an assumption on F(u) into a preference for

B* or'g.
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3 *
F(u) in Fl

Let Fi be the set of all probability distributions in
F* such that var(u) = «, Included in Fi are all nonnormal
symmetric stable distributions. To obtain a sufficient
condition for var(B*) < «, given F(u) in F{ we use the fol-
lowing result due to Rosenberg and Carlson (1972).

Lemma. If E|u|” <  then lim u’(1-F(u)) = A < =

u-+w

for ue(0,+=).

Proof. See Rosenberg and Carlson (1972, p. 18) and for
a partial converse see Cramer (1946, p. 71).

We now use this lemma to obtain a sufficient condition
for var (B*) < w.z

Theorem 1. Given F(u) in F* and E|u|’ < = implies

E|8*-8|™ < .

Proof:
4o
elg*-8|"7 = 2L 1 ¢™e(e)r(0)"(1-F(9)) a0 .
Inf 2

We now use the facts:

F(O)" <1 for 6 €(0,+x)
and

0™ (1-F(6))™ = AN < = for 0 e(0,+=) .

This last step follows from the assumption E|u|J < » and the
above lemma. Substitution then yields;

211N

nJ
ElB*'B' < nin!

[ £(8) d 8 < =»
0
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Theorem 1 implies that if Var(u) = » and the E(u) exists

than Var{g*) < o for T > 5. For F(u) in F}{ we therefore ob-
tain:

Corollary. For F(u) in Fi (that is, J < 2);

Var(B) = o if T <

vVar (B*)

var (8) o jif T >

A

Var (8*)

FFNFTS

Hence for the preference ordering described in Chapter I
and F(u) in Fi the median is preferred to the mean (or in-
different if T < 3 + 1).

We recognize that, for F in Fi no one who uses the esti-
mator E will continue to use the variance as a criteria for
deciding among alternative estimators. Instead, preference
might be determined by using EIE-BIJ as a measure of dis-
persion where ElulJ < ». For example, if E|u| < = then one
might use a mean absolute deviation criteria. The examina-
tion of ; and B* for these other measures of dispersion,
while straightforward, is beyond the scope of this study.

The fact that Var(g) = o for F in Fi, however, is impor-
tant if there is uncertainty concerning F in F*, and the
possibility that F is in Fi is not excluded. Then, given
the preferences discussed in Chapter I, it is not at all
obvious that there are any objective functions which lead to
‘8 being preferred to B*. The preference for the mean in this
framework is analogous in game theory to choosing an act

whose payoff (var(8)) is an infinite loss for certain states

(FEF}). 1In contrast, the median because it has finite
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variance for moderate T provides some insurance against
these states. We return to this point below when discussing

the Student distribution.

F(u) in F§

A

We now examine B and 8* for F in F; where F; is the set
of all finite variance distributions in F*, The variance
of the median, unlike the variance of the mean, cannot be
easily expressed in terms of characteristics of F(u), and
it is therefore not possible to completely partition F§ into
the subsets such that Var(8*) < Var(a) and Vvar(B*) > Var(g).
The integrand in Var(B*) involves F(*) so that except when
F(-) can be expressed without integrals, approximation
methods and bounds must be used in evaluating var (B*). Be-
fore reviewing these approximation methods, we obtain an
exact result which shows that the set of F in F§ such that

Var (B8*) < Var(8) is not empty.

The Laplace Distribution. This distribution, sometimes

called the bilateral exponential (Feller (1966), p. 48) has

density and distribution functions,

-a|u]

f(u)=%—ae o > 0
F(u) =1 - ze % u>o0
= %e+au u<ao .

The variance of this distribution is Za-l. An exact expression
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for var (B*) can be obtained since F(u) does not involve (ex-
plicit) integration. Note that the median is the maximum

likelihood estimator for the Laplace distribution.

Given T = 2n+l, Vvar(B*) can now be calculated directly
as,
Q0
T! 2,1 =-ab,,1l -ab.,n 1 -afB.,n
* — hd -
Var (B*) = ——= zée (Sae ) (Fe ) (1-3e ) de .
However, since,
l -af.n n n l.s -afs
(-3¢ %)% = 1 (D) (-3)
s=0
and therefore,
1
T!2a (=)n+1l o
_ 2 n, , 1l/s,.2 =6 (anta+as)
var (g*) = TRl z(s)( 2) ge e d9 .

From the properties of the gamma distribution (see Feller

(1966), p. 48), it follows that:

f Ze-e(an+a+as)de - 2

0 a3 (n+s+1) 3

Substituting this into the above yields:

(1-n) n
var (8 = 22— 5 (@) (-3)S(n+s41)3 .
nin'a s=0

For the mean we have:

var (8) = 25— .
a T
Finally,
* ' n -
Yar(fD) - Tz (M (-2)S(es+l)”3 .
Var (8) n!n!2" s=0

In Figure 11 this relation is plotted and we have also

graphed the standardized normal and Laplace densities so that
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one can see a type of density relative to the normal which

leads to Var(8*) < Var(R).

A Iower Bound. We now state a result due originally to Chu

(1955) which gives a lower bound on Var(g*).

Theorem 2 (Chu). For F(u)eF*;

var (8%) > £(o)~2(4(T+2))" L .
Proof. For u > 0, F(u) - % equals,

u u
[f(s)ds < [£(0)ds = £(0)u
0 0
since (by assumption) f(0) > f(s); s # 0. A similar rela-
tion holds for u < 0 so that:

ul > f(O)-z(F(u)-%)z ]

Substituting this into var (B*) we obtain:

4+

Var B*> £(0)"2 | H%%T (F(B)-%)ZF(G)R(I-F(O))ndF(e)
= £(0)~2 } T (F-1) 2F" (1-F) "aF
= £(0) o nin? 2 ) :

The integral is the variance of a beta distribution with
parameters (n+l, n+l) and this variance is (see Cramer (1946),
pP. 252):

(4(2n+3)" 1 .

Hence:

Varg > £(0) " 2(4(2n+3)) "}

or in terms of T:
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Var 8 > £(0)"2(4(T+2))"L .

Notice that this lower bound is almost identical with
the variance of the asymptotic normal distribution. For
finite T then, the variance of the median is greater than the
asymptotic variance so that in using the asymptotic distribu-
tion for hypothesis testing one must make sure the finite
sample distribution is "close to" the asymptotic distribution.
Otherwise, the finite sample variance will be understated.

Since Var(g) = 02/T where o is the variance of u, we
obtain:;

Corollary. If f£(0) 2(4(T+2)) % > 02/T then Var (B*) >
'var(é). |
In Figure 12 this relation is plotted for ¢ = 1 and

various T. PFor the standardized F in F; we see that

var (R*) < Var(a).

£(0) < v3/20
£(0) < YI/4 = .50 ; for T = o .

.387 ; for T = 3

~

This lower bound identifies a subset of F3 such that Var(B)
< Var (B*). However, it does not completely characterize all
of the F(u) such that Var(a) < Var(B*). For example, if F(u)
is normal then for all T, Var(g) < Var(g*), and yet f(0) =

172

(Zn)- = .399 so that for T = 3 the lower bound does not

exclude the possibility that Var(gB*) < Vvar(B).

An Approximation. Here we assume f'(u) and £"(u) are contin-

uous. To obtain an approximation for Var (B*) we expand u(F)2
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around F = % where u(F) is the inverse of F(u). This is
known as Pearson's expansion (see Kendall and Stuart (1957),
p. 328), and the approximation method has been used by David
and Johnson (1954).

Expanding u(F)2 around F = % yields;

2 5

2

_ =2, 102 _ 1 .0)75 cu 1,4
u” = £(0) " (F 2) 3f(O) £"(0) (F 2) + R .

The remainder term is complicated, and it is dropped (see
Kendall and Stuart (1958)). Substituting the approximation

for u2 yields;

1
var (8%) = £(0)"2 Tt [ (r-2) %" (1-F) "aF
Int §
1
1 ¢ -5 _T! ~1,4.n o0
- 3 £7(0)£(0) ~TY g (F-3) "F (1-F) dF.

The integrands in this expression are the second and fourth
moments about the mean of a beta distribution with parameters
(n+l, n+l). Substituting these moments into the above even-

tually yields:

1 £" (0)

£(0) 24 (T+2)  £(0)°16(T+2) (T+4)

{(17) varf* =

Kendall and Stuart (1957, p. 329) report that for T = 11 and
F(u) = normal, the approximation gives a variance of .137
agreeing to three decimal places with the known variance of
.137337. The accuracy of the approximation for other FeF§
is not known.

From the approximation we see that Var(B*) decreases as

T and £(0) increase, and Var(B*) increases as |f"(0)| increases.
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In Figure 13 the approximation is plotted and compared with

Var(g).

5. The Student Density

To illustrate the above approximation we take the Student

density and compare Var(B*) and Var(B). The Student density

is:
2 -—
f(u) = V“l/za(%,%v) 1(1+%7) 1/2(v+l)
where v > 1
1 v
11, _ I'(3)T(3)

l.v
P(§+i

where I'(¢) is the gamma function. For v = 1 this is the

Cauchy density, and v = ® is the normal density. Also,

- v
var (u) = v v > 2
= o v <2 .
Substituting £(0)~2, £(0) >, and £"(0) into (17) yields:
vB(3.5v)°  viiBG,dn
Varg* = = + e = .
3 (T+2) T6 (T+4) (T+2)

In Figures 14, 15 and 16 this approximation is plotted and
compared with Var(g).

The figures illustrate how beliefs concerning FeF* might
be translated into a choice of B8* or é. We might characterize
our beliefs by assigning probabilities to the parameter v of

the Student distribution. For example, if probabilities
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A= {£(0),£"(0),T : Var(g) < Var(B*)}
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Fig. 13.--An Approximate Partitioning of F5
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are assigned so that Pr[l < v < 5] = 1 then the preference
for minimum variance implies B* is preferred to E. Similarly,
if Pr[5 < v < »] =1 then é is preferred to 8*. In these
cases one estimator dominates the other. (See Figure 17 for
a plot of the Student densities.)

If probabilities are assigned to v in (l,») so that the
probability that v is in any interval is nonzero then neither
estimator dominates. Howev;r, it is difficult to think of
any standard objective function which leads to § being pre-
ferred to B*. A "minimize the maximum variance for v in
(1,°)" rule never leads to 8 sinca for, 1 < v < 2; var(g) = =,
Also, a "minimize the expected variance" rule does not lead

A

to B8 since:
Pr(l <v <2) >0
var(B; 1 < v < 2)+Pr(l < v < 2) == .

It appears that one must believe that v is almost certainly
greater than 5, or alternatively, F is almost certainly nor-
mal for E to be preferred to B*. The appeal of B* is that
it is better than E for some v; it is not too much worse than
E for some other v (for v = =, T = =, Var(B*)/Var(g) = 1.57);
and most importantly, it is not as sensitive as E to v
(1,»). For economic models, these properties seem desirable

in view of our ignorance concerning FeF*.
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6. Conclusion

In this chapter we have shown how the sampling distribu-
tion of the median follows from the characterization of the
median presented in Chapter IV. In the next chapter we show
how this characterization extends to the multivariate L.A.E.
estimator.

We have also indicated some of the properties of F such
that Vvar (8*) < Var(é). Hopefully these properties aid in
making the transition from beliefs concerning F to a choice
of B8* or é. We might also expect, subject to certain quali-
fications (for example when B* is linear), that these proper-
ties may extend to the multivariate case.

We now examine the properties of the L.A.E. estimator
for arbitrary X by using the methods outlined in this chap-

ter.
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Footnotes

lFrom (4) it follows that Wi # 0 and so we have ex-
cluded zero in W, -

2To my knowledge Theorem 1 was first proved by
Rosenberg and Carlson (1972).



CHAPTER VI

THE SAMPLING DISTRIBUTION OF THE
L.A.E. ESTIMATOR

In this chapter we derive the sampling density of the
L.A.E. estimator. The derivation is a straightforward gen-
eralization of the methods used in obtaining the sampling
density of the median.

The chapter is divided into five sections. Section 1
includes the derivation of the L.A.E. sampling density. 1In
Section 2 we present some comments on the mathematical and
computational problems involved in analyzing B8* for arbi-
trary X. Section 3 includes some finite sampling properties
of the L.A.E. estimator. 1In Section 4 we illustrate some re-
quirements which are needed for B* to be a consistent esti-
mator of £. Whether these requirements are sufficient for
consistency is not known. A summary is presented in Section

5.

1. The L.A.E. Sampling Density

In this section we derive the probability dersity of
the L.A.E. estimation error using the characterization of
(8*-8) presented in Chapter IV. We begin by introducing the

following notation.

129 -
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Notation

We have previously used f(-) to represent the probability

density of u In the following we also use f (<) to denote

£
the density of the K dimensional random variable u(hi). " Here
we use assumption AS (ut; t=1,...,T; independent and iden-

tically distributed) so that f(-) does not depend on hi’ In

a similar fashion we use F(*) to represent both the proba-

bility distribution function of u and the (T-K) dimensional

t'
random variable u(Hi). Any ambiguity in this notation is
resolved by specifying the argument in f£(-) or F(-).

The probability element of f is defined by (see Cramer,

1946, p. 167);
(1) £40)d0 = Prluco * 2do] .

When u is a vector random variable, say u(hi), (1) is the
probability that u(hi) falls in an infinitesimal region
in RK.

In the following we need an expression for the proba-

bility element of the K-dimensional random variable,

X(hi)-lu(hi), and this is given by:
- -1 +l
(3)  [X(hj) [£(X(h;)¢)d$ = PrX(h;) “u(h;)ed I 5d¢] .
We assume F in F* and in particular, f(u) = £(-u). 1t
follows that, 1 - F(u) = F(-u), and this along with assump-

tion A5 gives the following identity:;

(4) Pr[I*u(h,) > I*X(h;)¢] = F(-I*X(h;)¢)
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where I* is in I and X(Hi) is a (T - K x K) matrix.

The Density of (B*-B)

Let g(¢) be the probability density of (8*-8). The pro-

bability element is then given by;

(5) g(6)d¢ = Pri(8*-g)es * 1do]

From our characterization of (B8*-8) in Chapter IV, the event;
* e +1

(6) (B*-B)e¢ = §d¢

is equivalent to the events;

1

(7) x(hi)' uthj)e ¥

N+~
g

and ueP(hi) or -P(hi)

for all hieﬂ. (7) can be viewed as merely a list of all
the events (realizations of u in RT) which lead to (6).
From the definition of the (mutually exclusive) sets

P(hi) we can write the event ue(P(hi) or -P(hi)) as;

(8) uE(P(hi,wi) or -P(h;,w;)

for all w, = 0,1,...,wi. The index W, includes zero to allow

for the possibility that P(hi) is empty; that is,
(9) P(h,,0) = (empty) .

The sets P(hi'wi) and -P(hi,wi) for all (hi'wi) parti-
tion RT and so the events in (8) are mutually exclusive.

Therefore we can write;
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B i 1 )
(10) g(¢)dp = £ I Pr[X(hi) u(hi)eqb ¥ §d¢ and
h, w,
1 1

ueP(hi,wi) or ue-P(hi,wi)] .

Writing this joint probability as the product of marginal

and conditional probabilities gives;

(11) g(¢)de = = & Pr(A){Pr[ueP(hi,wi)IA] + Pr[ue
h.
i

W,
1

=P (h,,w;) |A]

where A is the event, X(hi)-lu(hi)e¢ Ly %d¢. This is the gen-
eral expression for the probability density of the L.A.E.
estimation error. We now introduce our assumptions on u so
that (l11) can be eipressed in terms of f, F, and X.

From (1) we have;
(12) Pr[a] = IX(hi)If(X(hi)¢)d¢ .
For the first conditional probability in (11) we get;l
Pr[ueP(hi,wi)lA] =
Pr['I*(hi.wiSX(Hi)¢ + I*(hi'wi)u(ﬂi) > 0] =
Pr(I*(hj,wilu(hy) > I*(h;,w,;)X(R,)¢]
and using (4) we have;

(13) F(-I*(hi.wi)X(Hi)¢) .

In a similar fashion we obtain;
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(14) Pr[ue-P (h;,w;) |A] = F(I*(hi,wi)x(ﬁi)m .

Substituting (12), (13), and (14) into (11) then yields;
Theorem 1. Given assumptions Al to A5 and F in F*, the

probability density of the L.A.E. estimation error (B*-B8) is;

(15) g(¢) = g: ;Ilx(hi)lf(x(hi)¢)[F(I*(hi,wi)X(Ei)¢ +
i’
F(-I*(h;,w;)X(H;)¢]

where I*(hi,wi) satisfies;

(16) -i < iI*(hi,wi)x(Hi)X(hi)—l <i.

In order to illustrate Theorem 1 we present two simple
examples.

Example 1. When X = (1,...,1) and T is odd we know that
for any hi' every I*(hi,wi) contains an equal number of +1

and -1 so that;
F(I*(h;,w;)i¢) = F(6) (1-F(6))" = [F(4)F(-¢) 1" .

Also, [X(h;)| = 1, and £(X(h;)¢) = £(¢). The indices h,,w,

are given by;

i
= (T-1)!
wi - 0'..-’2n!n! .

Substituting into (15) then yields the median sampling density.

Example 2. Suppose B* is a linear function of Y so that;

1

B* = X(h,) "¥(h;) all Y in RT .
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From the discussion in Chapter IV, Section 6, we know that

. . _
only P(hl) is nonempty and P(hl)\,/'p(hl) = R°. We can there

fore write (15) as;

(17) g(9) = [X(h;) |[£(X(h))¢) Z [(F(I*(hy,w;)X(h))¢) +
Vi
F(-I*(h; ,w)X(h)e)] .

Using (13) we can write the summation in (17) as;
Prlue(P(h;) or =-P(h;))]|A] =
Pr[usRTIA] =1 .

Hence,

g(¢) = [X(hy) |£(X(hy)¢)

and this is just the density of the random variable,

1

x(hl)“ u(h;).

2. Some Mathematical Problems

Theorem 1 shows how one can, at least in principle,
calculate the sampling density of the L.A.E. estimator. We
say "in principle" because even with computers this calcula-
tion will probably be too costly. The primary difficulty is
in the calculation of the I*(hi,wi) in (16). To find all the
I*(hi,wi) requires an examination of every I* in I for every

T=K =

h.. Since there are (i) of the hi and 2 elements in I

i
it takes,
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27 Kpy

KT (T-K) T
steps to find all of the I*(hi,wi). For 5 explanatory vari-
ables and only 20 observations this requires more than 750
million steps. For practical purposes the search for
I*(hi,wi) is an impossible task, unless there is some other
method besides trying every possibility which can be em-
ployed.

The calculation of I*(hi,wi) also illustrates the one re-
maining mathematical problem which must be solved in order to
obtain a sampling theory for the L.A.E. estimator. What is
needed is an expligit relation for f(hi) in terms of x(hi).
In the special case of the median such an expression was

available; namely,
(18) f(hi) = {I*¢TI : the number of +1 and -1 are equall .

This essentially allowed us to substitute (16) into (15)

and thereby obtain an expression for g(¢) which did not depend
on I(h;). For arbitrary X an explicit relation like (18) is
unknown and this severely restricts the general results which
might be otherwise obtained from Theorem 1.

In analyzing the sampling properties of the L.A.E.
estimator we therefore have to separate the consequences of
Theorem 1 into two categories. The first includes those re-
sults which only depend on the general definition of I*;

namely as a (T - K x T - K) diagonal matrix with +1 or -1
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along the diagonal. Here we do not have to consider the par-
ticular I* which satisfy (16). The second category includes
those results which depend on I*(hi,wi) and in this category
are the results relating to the variance-covariance matrix
of B*. Here the only way to procede at present is by con-
sidering special cases of X. Again, this problem arises be-
cause we do not know how to characterize the general relation-
ship between I*(hi,wi) and x(hi).

Two results in this study may however provide some in-
sight into the solution to this problem. The first is Pro-
perty 7, Chapter I1I, which showed that for models with a

constant term;
(19) |P - N| <K

where P and N are the number of positive and negative u*t,
respectively. For I*, P is the number of +1 and N is the
number of -1l. This property might be used in the following

manner.

Suppose we have the model
Yy = Bl + Bzxt + u, t=1,...,T
where T is an even number. Using (19) we get;
[P - N| < 2
or

|lp - N| =0

since P + N is an even number. Therefore, for this model we

know that I*(hi,wi) has to contain an equal number of +1 and
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-1. We therefore do not have to search over every I* in T
for the solution to (16). (This case is not equivalent to
the median since some f(hi) may be empty.)

The second result which gives some insight into the de-
termination of I*(hi,wi) is Theorem 8 in Chapter V, Section

5. We showed that the elements in X(Ei)X(hi)-l were;

|x(hy) |

g i#3j .
TX(hT

These determinants therefore are the data which are used in
checking whether I* satisfies (16). 1In Appendix II it can
be seen that the determinants |x(hi)| continually recur in
calculating I*, and it may be that there is some method
which caﬁ be used to find I*(hi,wi) without trying every I*

in I.

3. Finite Properties of g(¢)

In this section we present some properties of g(¢) for
F in F*. The results only depend on the general definition
of I*, and therefore they hold for any X.

l. Symmetry. g(¢) = g(-¢). This follows from the sym-
metry of f£(-), and the result is obtained by substituting =¢
into (15). This result does not require an expression for
g($) as it can be obtained from the linear homogeneity of
B*(Y) (Property 2, Chapter II).

2. Unbiasedness. E(B8*-B8) = 0 if the expectation exists.

This follows directly from Property 1. The conditions for the
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existence of the expectation depend on the particular X, and
therefore we cannot obtain general results which are analog-
ous to the case of the median.

3. Continuity. g(¢) is continuous. This follows from
the assumed continuity of £ and F along with the fact that
the product of continuous functions is continuous and the sum
of (a finite number of) continuous functions is continuous.

%)T-K-l < w, This follows

4. g(0) = I |X(h))[£(0)w,(
h.
from the assumptidns; F(C) = 1/2 and £ (0) < .
5. Let G(¢) be the probability distribution of (B*-B).

The above properties thea imply G(¢) is in F*,

4. Consistency of B*

In this section we present some examples which illustrate
the nature of the restrictions which have to be imposed for B*
to be a consistent estimator of B. Whether these restrictions
are sufficient for consistency is unknown. The primary dif-
ficulty in deriving asymptotic properties can be traced to

the problem of characterizing the I* in I which satisfy (16).

A Restriction on f (u)

Consider an f(u) with the following property;

(20) f(u) =0 for wue(-C, +C) C > 0 .

Note that probability distributions with this property are not

contained in F*, (20) implies:;
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Pr{-ci <Y - XB < ci] =0

where ci (cy...sc)’'. This means that with probability zero
none of the observations on y, are within some distance ‘de-
termined by c) of the "true" relationship, XB. This is illus-
trated in Figure 18. The L.A.E. estimator is determined by

the K observations corresponding to hi' and therefore for any

T.
(21) Pri-ci < Y - XB* < ci] =0 .

Consistency requires that for any 8§, € > 0 there exist some

T such that for t > T;
(22) Pr[lB; - Bl <€} >1 -8 .

It can now be seen that by choosing an € which satisfies (21)
that (22) can never be satisfied, and therefore 8* is not a
consistent estimator of B.

This example shows we have to assume f(u) > 0 for u in
some neighborhood of zero in order for B8* to be consistent.
This also holds for the special case of the median where the
variance of the asymptotic normal distribution is given by,
(4£(0)21)™!; this being undefined when £(0) = 0. However,
when f(0) > 0 the median is consistent, independently of any
assumptions on the moments of u.

We might conjecture that a similar relation holds for

the multivariate L.A.E. estimator (subject to certain other

restrictions on X discussed below). This is in contrast to
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XB + C

X8

e

Fig. 18.--An Example Where B* is Inconsistent
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the least squares estimator which is consistent when f(u) = 0,
but which requires assumptions on the convergence of the

moments of u; see Theil (1971, Chapter 8).

Restrictions on X

To show that certain restrictions must be put on X to
insure consistency we illustrate with an example taken from
Theil (1970, p. 364).

Consider the model;

(23) Yy = th + u t=1,2,...

where Xy = 3 and X, = (1/2)t.l for t = 2,3,.... The variance

of the least squares estimator for any T is given by;

T T
6% ( % xi) 1 - 629+ 1 (%)t 1,1
t=1 =2
5 1-(%)11'l 1
= g“(9 + 13 )
= o?( li =1 -
109- (E)

Therefore, the least squares estimator has a variance which
is never less than 02(12/109) for any T and is not consistent.

In this example we have;
T
9+
t=

1,t=-1
(7)
2 4

lim T 3(X'X) = lim(

T+ T->o

T

Theil uses the example to illustrate a case in which the suf-

ficient condition;



- 142 -

(24) lim T 3(X'%X) =A 0 <A < =

T+

for least squares consistency is violated. We now show that
some type of condition like (24) also has to be imposed for
the L.A.E. estimator to be consistent.

We show that B* is not a consistent estimator given the

model (23) by showing;

B* = y1/3 for all T .
Take x(hi) = X) = 3 so that for Condition 1' we have;
(25) -1 < iI*X(E)F < 1 .

Denote the diagonal elements of I* by e, , where e = +1.

Rewriting (25) then gives;

T
1 1,t-1
(26) 1 < 3 E e, (3) <1 .
t=2
. T 1,t-1 .
The expression I et(f) is maximized by setting e, = +1
=2
for all t, but then
T
(27) -1<3 2 Tt
t=2

and (27) holds for all T. Therefore, any combination of
e, = +1 and e, = -1 satisfies (26), and every I* in I satis-
fies Condition 1'. We can then always find an I* which

satisfies

-1*x(B) (3) (yy) + I*¥(E) >0 .

Hence,
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B* = y1/3 for all T.

Theil's intuitive reason for the inconsistency of the
least squares estimator for the model (23) is that the
values of Xe "converge to zero so rapidly that from a certain
point onward, the contribution of all later observations to
precision is negligible." A similar interpretation holds

for the L.A.E. estimator. The values of x,_ converge to zero

t
so rapidly that after the first observation, the contribution
of all later observations to precision is zero.

Note that for (23) the L.A.E. estimator is a linear
function for all T, and this leads to the inconsistency of B*.
In proving consistency we have to impose (at least) some
restrictions on X so that B* will be nonlinear. In Chapter
IV, Section 6, we presented a corollary which stated that
for models containing a constant 8* is nonlinear for all
T > 2K + 1. In these cases then the nonlinearity restriction

is satisfied. Whether this alone is sufficient for consis-

tency is not known at present.

5. Summary

In this chapter we have derived the sampling density of
(B*~B). However, few general results were obtained from this
density because of the complex relationship between 8* and X.
We could only get results which do not depend on X, or by
considering particular X show when certain properties failed
to hold. In the next chapter we offer some suggestions which

might be used in obtaining further consequences from Theorem 1.
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Footnotes

lHere we have used the identity;

Pr[ul > u2|u2€¢ * %d¢] = Prlu;, > ¢]



CHAPTER VII
SUMMARY AND SUGGESTIONS FOR FUTURE RESEARCH

In this chapter we compare our findings to previous
studies of the L.A.E. estimator. We also examine the ways
in which L.A.E. might be used as an alternative to the least
squares estimator given the decision problem posed in Chap-
ter I.

The chapter is divided into four sections. In Section
1l the properties of the L.A.E. estimator are summarized.
Section 2 includes an explanation of the Monte Carlo results
obtained by Taylor (1970) and Rosenberg and Carlson (1972).
In Section 3 we indicate some directions which might be
taken in obtaining further properties of the L.A.E. esti-
mator. Finally, in Section 4 we offer some conjectures on
the ways in which the L.A.E. estimator might be used when

there is uncertainty concerning F(u).

1. Summary of L.A.E. Properties

Chapters II and III include properties which follow
directly from the definition of the L.A.E. estimator. Most
have been derived previously (some date back at least to
Gauss; see footnote 7, Chapter III), although there is no

single statement of all of the properties in the literature.
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For Property 1 we used the well-known and obvious re-~
sult in which the median is not unique for a sample of size
two to show that the solution to the L.A.E. minimization
problem is not necessarily unique. Previous studies have
noted this possibility, but no one has analyzed the condi-
tions under which unique solutions occur. Finding these con-
ditions would seem to be a trivial first step in analyzing
L.A.E.; otherwise we do not even know whether we are dealing
with well-defined estimators.

Property 2 establishes that B8*(Y) is a linear homogene-
ous function of Y; Property 3 shows that the L.A.E estimation
error (B*-B) is independent of B; and Property 4 shows that a
linear transformation of the explanatory variables (that is,
XA) results in the same linear transformation of the L.A.E.
estimator. These properties are all shared by the least
squares estimator. Rosenberg and Carlson (1972) have most
recently derived these properties by focusing on the objec-
tive function, Z|V|, in a neighborhocd of the minimum value.
We derived the properties by using the feasibility and opti-
mality requirements which define the solution to the L.A.E.
minimization problem. This parallels our approach in Chapter
IV where we apply the feasibility and optimality conditions
to the L.A.E. linear programming problem.

In Property 5 we showed that B8*(Y) could not be classi-
fied as a linear or nonlinear estimator independently of X.
This property gives the first hint at the way in which X might

affect the sampling properties of B8*, and also raises the
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possibility of rejecting the L.A.E. estimator via the Gauss-
Markov Theorem. 1In all of the previous studies with which
we are aware it has been either explicitly or implicitly
stated that L.A.E. is a nonlinear estimator. This conclusion
has probably resulted from the known nonlinearity of the
median along with the belief that a nonlinear estimator for
some X must be nonlinear for all X. Property 5 shows that
this conclusion is invalid.

Properties 6 and 7 in Chapter III follow directly from
the result due originally to Charnes, Cooper and Ferguson
(1955) in which the L.A.E. estimator is redefined as the solu-
tion to a linear programming problem. These properties, how-
ever, are not recent and were known by Gauss in the early
nineteenth century.

Our derivation of Property 8 follows the original deriva-
tion by Appa and Smith (1971). The property shows one way in
which the properties of the median extend to the multivariate
L.A.E. estimator (for models containing a constant). The pre-
cise relationship between the L.A.E. estimator and its special
case, the median, however, is left unanswered. That is,
exactly what properties of the median extend to the multivari-
ate L.A.E. estimator? An answer to this question would allow
us to apply the intuition and known results of the median to
the L.A.E. estimator.

The results in Chapters II and III can be viewed as fall-
ing into two categories according to whether the properties

do or do not depend on X. The latter category includes
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Properties 2, 3, 4, 6 and 7 and most of the previous studies
of L.A.E. have focused on these properties. Since the proper-
ties do not depend on X, they can be derived without explicitly
characterizing B* in terms of Y and X, and it is possible that
these exhaust all of the nontrivial properties in this cate-
gory.

Properties 1, 5 and 8 fall into the first category since
they depend on X. Whether L.A.E. is well-defined or linear
or shares a median property depends on the particular X under
consideration. The Monte Carlo findings of Taylor (1970) and
Rosenberg and Carlson (1972) also fall into this category
since their unexplained results depend on X. An understand-
ing of these properties and results requires some representa-
tion of B* in terms of Y and X, and this was obtained in
Chapter 1V.

In Chapter IV we derived an explicit characterization of
B* in terms of Y and X. This was accomplished by essentially
solving the L.A.E. linear programming problem using a variant
of the simplex method. To apply the simplex method we had to
make the basic solution a variable, and this was accomplished
by introducing I*. The feasibility and optimaliﬁy conditions
for the linear programming problem provided the two conditions
which we used to obtain further properties.1

In Theorem 6 we applied the uniqueness conditions fcx
linear programs to obtain the uniqueness conditions for B8*.
The hypothesis of the theorem only depends on X so that when

L.A.E. is well-defined for some X it is well defined for any
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F(u) (or any domain on Y). However, in the accompanying
example 2 and in Appendix III, we showed that restrictions
on the domain of Y (for example, Zyt = 0) could lead to
uniqueness even when the hypothesis of Theorem 6 is violated.

Using the uniqueness conditions we were also able tb
represent the L.A.E. estimator as a linear function defined
over certain sets (convex cones) which partition the sample
space RT. The partitioning of RT only depended upon X and
this provided the conditions under which B* is linear. That
is, when R is partiticned into the single set RrY then B* is
a linear estimator. Some of the consequences of this were
examined in the corrollaries to Theorem 7. We obtained
Corollary 2 which showed that for models containing a con-
stant and T > 2K + 1, B8* is nonlinear so that the Gauss-
Markov Theorem cannot be used to reject the L.A.E. estimator.

The representation of the L.A.E. estimator as a linear
function defined over certain sets also applies to the median,
and this provided an explanation of the relationship between
the median and the general L.A.E. estimator.

In Chapter V we presented a variety of results on the
median. Most of these results are well-known. We attempted
to provide some intuition concerning those F(u) such that
L.A.E. is better than (where "better" is in terms of the pre-
ferences in Chapter 1) least squares by comparing the median
and mean.

In Chapter VI we derived the sampling density of B*, and

presented some cases in which 8* is not a consistent estimator.
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We also showed that B* is unbiased for F(u) in F*, although
this result follows directly from Properties 2 and 3 and does

not require the results in Chapter VI.

2. Explan-tion of Monte Carlo Results

In his Monte Carlo experiments, Taylor found that certain
sets of K observations never determined the L.A.E. estimate.
He conjectured that this was not a sampling result, but in-
stead would hold for any Y. 1In Appendix II we applied Condi-
tion 1 to the explanatory variables used by Taylor to show
that his conjecture was correct.2 The reason certain observa-
tions never determ;ne the L.A.E. estimate can be found in the
representation of B* in Chapter IV. That is, B8* # x(hi)-lY(hi)
when the set, P(hi)L) - P(h;), is empty. In Chapter IV, we
also showed that in the limiting case where P(hi)\) = P(hi)
is empty for all but one h,, the L.A.E. estimator is linear.

As we indicated in Chapter III, Rosenberg and Carlson
conjectured;

(1) Var (B*) = A(F,T) (x'X)"*

where A/T is the variance of the median given F. When
X=(l,...,1) the L.A.E. estimator is the median and the con-
jecture is correct. The question is whether (1) extends in
some approximate way to arbitrary X. Rosenberg and Carlson
found that (1) worked well except when the values of the
explanatory variables were widely dispersed. We now present
an example of extremely dispersed X, which shows how (1) can

fail to be an adequate approximation.
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Suppose we have the model;

Ye = xtB + u, t=1,...,T .

Order the observations so that;

|% 1 2 Ix,0 20002 |xq] .

and assume that;

T
(2) E R b B
t=2

We take this as a model of extremely dispersed x We now

t.
show, B* = yl/x1 for all Y.
Let x(hi) = X and let the diagonal elements of I* be

denoted by e For Condition 1' we have;

t.
(3) -1 < iI*X(R)X(h,) L <1
i i
or,
T
gop St
-1« m <1
1l
and finally,
T
(4) | £ e x| < |x,] .
tog t'E 1
Now using (2) we get;
T
|Ze x| < Zle x| = z |x | < [%q] .
t=2
Therefore (3) is satisfied by any e, = ¥ 1 and every I* in

I satisfies Condition 1'. Hence B* = yl/x1 for all Y.

Here we have a case in which extremely dispersed Xy

lead to B* being a linear function, so that
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Var (B*) = oz(xi)-1 .

The use of (1) in this case will therefore lead to poor re-

sults. For example, if F(u) is a distribution such that:;

Var (median) < Var (mean)

then the use of (1) would lead one to incorrectly conclude;

Var (B*) < Var(g) .

3. The Relationship Between B* and X

The above example along with the results in Chapters IV
and VI illustrate what is perhaps our most important find-
ing; namely the crucial role that X plays in determining the
sampling properties of the L.A.E. estimator. This is in
contrast to most of the Monte Carlo work which has focused
on the sampling properties of B* for a restricted number of
X. For example, in a recent Monte Carlo study, Smith and
Hall (1972) take the Laplace distribution and ask whether
the maximum likelihood estimator (L.A.E.) has smaller vari-
ance than the best linear unbiased estimator (least squares).
(They find that L.A.E. has smaller sample variance.) From
our investigation of the L.A.E. estimator we know that the
question posed by Smith and Hall does not have an answer
independently of X. That is, if X = (1,1,1) then from Chap-

ter V we know;
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Var (B*) _ 23

Var (8) 4 .

But from the above example we know that if X = (3,1,1) then;

Var(8*) _ 11

Var (8) 9
This suggests that in future Monte Carlo investigations one
should take some F(u) and examine the properties of B* under
a wide range of alternative X.

The problems which arise in analyzing the relationship
between 8* and X are in some respects analogous to the prob-
lems faced by Durbin and Watson (1950). They obtained a
statistic, d, to test for first-order autocorrelation of the
u, . The statistic d however depended on X in a complex
fashion, and so instead of calculating the sampling density
for every X they calculated the sampling density of 4,, and

U

d, so that for any X;

L

dL<d<dU .

It is not known whether a similar method can be used for
the L.A.E. estimator. The problem is that we do not know the
X which might lead to upper and lower bounds on the distribu-
tion of B*., If we did have this information, however, we
could use Theorem 1 in Chapter VI to calculate the sampling
density of B* for the bounding cases, and thereby avoid the

relationship between B* and X.
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In a sense we have adopted the methods used by Durbin
and Watson by focusing on two extreme cases; namely, B* as
a linear estimator and B* as the median. These two cases
lead to widely different sampling properties, but whether

they are the bounding cases is unknown.

4. The Use of the L.A.E. Estimator

In Chapter I we attempted to motivate the study of alter-
natives to least squares by introducing a decision problem in
which there is uncertainty concerning F(u). 1In particular,
we considered the possibility that for economic models F (u)
is more peaked and fatter tailed than the normal distribution,
and on an intuitive basis this led to the study of the L.A.E.
estimator. We also adopted a lexicographic preference order-
ing over unbiasedness and minimum variance so that the L.A.E.
and least squares estimators could be compared. Within this
framework the choice of an estimator depends on beliefs con-
cerning F(u) (as well as X; see discussion below), and a solu-
tion to the decision problem would allow one to translate
beliefs on F(u) into a choice of the L.A.E. vis-a-vis the
least squares estimator.

In an attempt to solve this decision problem, we have
essentially analyzed the validity of the following statements:

S1. The solution to the decision problem only depends

on the beliefs concerning F(u).
S2. Therefore, Var(f*) < Var(g) and B* is preferred to

§ if var(median) < Var (mean).
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If statement S1 was valid we could ignore X and use the com-
parison of the median and mean as a way of deciding between
the L.A.E. and least squares estimators. 1In previous studies
statements Sl and S2 have been implicitly analyzed as evi-
denced by the attempts to extend various properties of the
median to the multivariate L.A.E. estimator.

Based on the above examples in which B* is linear, we
know that statements S1 and S2 are in general false. This
seems to be a surprising result since it is not at all obvi-
ous from the formulation of the decision problem that the
Particular X under consideration should play any role whatso-
ever in determining the choice of L.A.E. vis-a-vis least
squares.

The reader should note that our only counterexamples to
statements S1 and S2 have involved cases in which B* is a
-inear estimator (such a case was also used to illustrate a
necessary condition for the consistency of 8*). This sug-
gests that statements S1 and S2 might be modified in the fol-
lowing manner:

S1l'. When B* is a nonlinear estimator, the solution to

the decision problem only depends on the beliefs
concerning F(u).
S2'. Therefore (when B* is nonlinear), Var(8*) < Var(B)
and B* is preferred to é if var(median) < Var (mean).
Here we restrict the domain of B8* so that it is nonlinear.
From Theorem 8 in Chapter IV we know that this is equivalent

to a restriction in the domain of X, and furthermore for
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models containing a constant and T > 2K + 1 the restriction
is vacuous since B* is nonlinear. Whether statements S1' and
S§2' are valid, however, is unknown. The validity essentially
involves the question of whether Var(f*) is a discontinuous
function of x3e

As we have already indicated, Smith and Hall found that
the L.A.E. estimator had smaller (Monte Carlo) sampling vari-
ance than the least squares estimator for an F(u) (the Laplace
distribution) such that Var (Median) < Var (mean). This pro-
vides support for the validity of statements S1' and S2', and
suggests that at least as a rough first approximation the com-
parison of the median and mean is relevant for the choice be-
tween the L.A.E. and least squares estimators. In Chapter V
we showed that in terms of our assumed preference ordering
the median was significantly better than the mean for a range
of F(u) in F* and not too much worse than the mean for some
other F(u) in F*. In view of the uncertainty concerning F (u)
in economic models, this provides some support for the use of
the L.A.E. estimator,4 and suggests further research into the
properties of the L.A.E. estimator as an alternative to the

least squares estimator.
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Footnotes

1By analyzing I|v_| in a neighborhood of the minimum
value, Rosenberg and Carlson (1972) obtained in their Lemma 4
an equivalent statement of Conditions 1 and 2. They do not,
however, use their Lemma to analyze the conditions under which
B* is linear or well-defined. They also fail to realize that
Conditions 1 and 2 provided an explanation of Taylor's Monte
Carlo results.

zln a recent letter to Professor Taylor, G. Appa shows
that the conjecture is correct since certain bases cannot
satisfy the constraints in the dual L.A.E. problem.

3That is, if B*(Y:X,) is a linear L.A.E. estimator,
B*(Y:xz) is nonlinear and X, is "close to" X. (here we view
the (TXK) matrix X as a vec%or in RTXK) then‘is Var (8*(Y:X,))
"close to" Var(S*(Y:xz))?

4The reader will note that we have been almost solely
concerned with estimation problems. The related areas of
inference and data reporting generate other problems as well
as potential applications for the L.A.E. estimator, but these
areas are beyond the scope of the present study. However, we
briefly point to one potential application which might be
justified by the low computational costs of L.A.E.

The least squares estimates provide all of the relevant
sample information contained in the sample when F(u) is the
normal distribution (that is, the least squares estimates are
sufficient), but when F(u) is not normal the least squares
estimates hide sample information. Strictly, the only way to
report data when there is uncertainty concerning F(u) is to
actually report all of the sample data and this is usually
infeasible (without some method of organizing the data it is
also probably useless). A potential solution to this problem
is to report both the least squares and L.A.E. estimates.

This might be viewed as a way of conveying sample information
conditional on the normal distribution and conditional on dis-
tributions which are more peaked and fatter tailed than the
normal. The low computational costs associated with the
L.A.E. estimator make this a feasible method of conveying sam-
ple information.
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In this appendix we show how Theorem 2 and Property 6
in Chapter III follow from the solution to the L.A.E. linear
programming problem.

The solution to the dual L.A.E. problem can be read
directly from the first row of (1ll) in Chapter IV. This
duality result is discussed in Spivey and Thrall (1970, Chap-

ter 5). That is, if,

1

B* = X(h;) "Y(h,)
then
(1) a*(hy) = ix*x(Hi)x(hi)'l
(2) d*(Hi) = I*j .

Since the diagonal elements in I* indicate the sign of ug

we have for (2);

x = 1 x*
dt l iff ut > 0

©
*
I

- 1 %*

1 iff ug < 0 .
From the optimality condition we know that;
1

-1 < 1I*x(hi)X(hi) < i

so that for the d(hi)* in (1) we get;
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-1l < d; <1l iff u* =0 .

£
Here we see the general result in which the optimality condi-
tion for the (primal) L.A.E. linear programming problem is
the feasibility condition for the dual problem.

Property 6. B*(Y) = B*(Y') where Y' = XB*(Y) + Zu*(Y)
and Z > 0.

Proof: We first write Y' in terms of Y using the charac-

terization of B*(Y);

1

(3) B*(Y) = X(h;) “Y(h;) if

— -1
(4) -1*x () X (hy)

*
Y(hi) + I Y(hi) > 0
where I* satisfies Condition 1'. We get;

Y' = XB*(Y) + Z(Y-XB*(Y))

ZY + XB* - ZXR* .
Using the same hi as in (3) we get;

-
Y' (h,) Z(h;)¥Y (hy) Y (h;)

= + -
Y'(Ei) Z(Hi)y(ii) X(Ei)x(hi) lY(hi)
L

FZ(hi)Y(hi)

Z(Ei)x(ﬁi)x(hi)-lY(hi)J

{Y(hi) + 0

[Z(Hi)Y(Hi) + X(B ) X(hy)~

ty(ny)

: |
‘Z(Hi)x(ﬁi)x(hi)-lY(hi)J
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Now using the same I* as in (4) we obtain for Condition 2;

1 1

-I*x(Ei)X(hi)' Y(hi) + I*Z(Ei)Y(Hi) + I*x(Hi)x(hi)' Y(hi)

1

- 2RO XE) M) T (hy) = 2 (E)) [-I*X(Hi)xmi)‘l

Y (h;)
+ I*(Y(h;))] > 0 .

The last ster follows from (4) and the fact that all the
elements in the diagonal matrix Z are greater than or equal

to zero. Hence;

1

B*(Y') = X(h;) “Y(hy) = B*(Y) .
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The model studied by Taylor (1970) was;

Yo = ByXyp + BoX,p *u.  t=1,...,5
where,
Observation fl fz
1 6 1
2 2 7
3 3 4
4 7 5
5 2 3
There are (g) = 10 elements in H. Let
h1 = (1,2) h6 = (2,4)
h2 = (1,3) h7 = (2,5)
hy = (1,4) hg = (3,4)
h4 = (1,5) h9 = (3,5)
h5 = (2,3) th = (4,5)

I* is a (3 x 3) diagonal matrix with +1 or -1 along the
diagonal. There are eight elements in I and four elements

such that the first diagonal element is +1. That is,

iI* = +1, +1, +1

+1, +1, -1
+l' -l' —1
+1, -1, +1

- 161 -



162 -

If one of these I* satisfy Condition 1' then so does -I*.

We now solve for the I* satisfying Condition 1°'.

hl = (1,2)
X(h,)X(h,)"t = (13 21
1) X(hy
1
& 139 23
8 16
= -

iIw iI*X(Hl)X(hl)-l satisfy -i < iI*X(R)X(h;) < i
+++ 60/40 , 60/40 no
+4- 44740 , 28/40 no
+-- =34/40 , -18/40 yes

+-+ -18/40 , 14/40 yes

In a similar fashion we oObtain;

B,
X(h,)X(h,) ! = (13 a0
2 2
1
31 13 23
-1 le6
il* satisfy Condition 1'
+++ no
++- no
+== no

+-+ no
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m -1 _ [
x(h3)x(h3) = 39 40
1
33 13 21
-11 16
iI* satisfy Condition 1°
+++ no
++- no
+-= yes
+-+ no
x(Fxt,) =[-8 a0
4 4
1
e 1 21
11 23
L -l
iI* satisfy Condition 1°'
+++ no
++= no
+== no
+-+ no
X(R)X(ho) L = 21 40l
5 5
1
i3 13 39
1 8
iI* satisfy Condition 1'
+++ no
++- Lo
+-- yes

+-+ yes



X(HG)X(hG)

iI*

+++
+4-

+-4+

x(H.,)x(h.,)

l—

X(He)}((ha)

iI*

+++
+4+-

+-+

1

1

=23
1
39 13
11

l64 -

-y

40
13
8

-

satisfy Condition 1'

~

-16

-1

|

-11

-

no
no
yes

yes

40
13

39

o

satisfy Condition 1'

-23

1
i3 39
11

no
no
no
no

21
-13
-1

-

o

satisfy Condition 1°

no
yes
no

no
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hg ) _
—— —1 - -
x(hg)x(hg) = |16 21
-8 13
11 -13
iI* satisfy Condition 1°
+++ no
+4+- no
+=-- no
+-+ no
Bio
— -1 [~ 7
x(hlo)X(hlo) = 16 =23
1
1T 8 39
1 13
iI* satisfy Condition 1'°
+++ no
++- yes
+-- no
+=-+ no

Since for hz, h4, h7, and h9 there are no 1I* which

satisfy Condition 1' we have;

P(h,) = ¢
P(h,) = ¢
P(hy) = ¢
P(hg) = ¢

where ¢ is the empty set. These sets of observations never

determine the L.A.E. estimator.
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Also notice that the elements in X(Ei)x(hi)_l are of the
form;

{X(h.) |

M TXTH%TT i#3]



APPENDIX III

In this appendix we illustrate the result in Chapter 1V,

Section 3, example 2. We first examine a case in which
T T
) Xeg = 0 and I Yy # 0 and show that the solution to the

t=1 t=1
L.A.E. linear programming problem is not unique. We then
show that uniqueness results when Zyt = 0.

Suppose we are given the following observations;

Observation Yy Xy X,
1 0 2 1
2 -2 -4 -6
3 2 -1 +1
4 1 3 4

For hl = (1,2) we have for Condition 1;

+1 0 -2 5 1
i -5 = (-1,-1) .
0 +1 10 3

And for Condition 2;

I
+
i
| v

,-+1 o -2 s] [ o -1 +1 o| |2 3/4 0
[ 0 +1| |1 1/4 ~ 0

L 0 +1 10 3

Therefore,

2 1l 0 -1/4

R*
-4 -6 -2 +1/2

is a solution to the L.A.E. linear programming problem.
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Now for h2 = (2,3) we have;
+1 0 3 8T -1
1 T(T = (-l,—l)
0 +1 7 2
J ]
and
+1 0 3 8 -2 -1 +1 0 0 1 0
1o * P '
0 +1 7 2 2 0 +1 1 0 0
Therefore,
[—4 -6]'1 [-2 1
g = [ -
-1 +1 2 -2/5
i J Y

is another solution to the L.A.E. linear programming problem.
Hence, B* is not unique and is not a well-defined estimator.

Now suppose Yg = 0 with all other observations un-

changed. Then Eyt = 0.

For h, = (1,2) Condition 1 is still satisfied, but for

1
Condition 2;

[ I | I 0 PN R B

Hence Condition 2 is not satisfied. From the example in
Chapter IV, we know that this will never be satisfied when

Zyt = 0.

For h2 = (2,3), Condition 1 is still satisfied with

I* = I but for Condition 2;

R e NN
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Hence Condition 2 is not satisfied.
In a similar fashion the reader can verify that it is
not possible to satisfy both Conditions 1 and 2 for any hi

when I* = I.

The reader can also verify that with h2 = (2,3) and;

+1 0
I* =
0 -

both Conditions 1 and 2 are satisfied and the solution to the

L.A.E. minimization problem is uniquely given by;

ER N N
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