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CHAPTER I. INTRODUCTION

1.1 The Problem

The subject matter with which this dissertation is concerned is
the investigation of the phenomenon known widely as the diocotron ef-

Figure 1.1 is a sketch useful in describing the phenomenon. An
electrostatic field is maintained between two plane electrodes (plate
and sole, respectively) and directed toward the sole. A uniform mag-
netic field, directed into the page, completes the establishment of a
crossed d-c electric and magnetic field enviromment within the struc-
ture. An electron stream, launched from a zero-reference-potential
cathode along a trochoid-like arc, is injected into the plate-sole space
and continues along a trajectbry corresponding more or less to recti-
linear Brillouin flow. The stream terminates, after traversing the
plate-sole space, on a collector.

The term diocotron effect has been applied to the observation of a

current to the sole even though that electrode may be at a considerably
negative potential relative to the cathode. The negative-sole current

is indicative of electrons gaining energy in excess of that which would
correspond to d-c motion in the electrostatic field. This excess energy
is too great to be attributable to such diverse effects as initial ther-

mal emission energy or contact difference of potential.

L.2 ég Outline 9£ Previous Studies 9£ the Diocotron Effect

1.2.1 The Measurements gi Rstrom. The earliest observation of the

diocotron effect, per se, was noted in a collection of papers on the

1
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theory and applications of trochotronsl*. Trochotron is a generic name
for a multi-channel electronic switching tube utilizing the trochoidal
motion of electrons in crossed electric and magnetic field environments
such as that illustrated by Fig. 1.1. In the course of studying the
trochotron & negative-sole current was néted, and a number of measurements
of the phenomenon were reported by ﬁstrﬁm in the papers cited above.

The geometry of the experimental tube used by ﬁstrﬁm is illustrated in
Fig. 1.2. It is similar to that shown in Fig. 1.1 except for the loca-
tion of the cathode and the division of the sole into seventeen electri-
cally insulated segments. The cathode was located midway between the
plate and sole; the plate-sole spacing was 10 mm. Sixteen of the sole
segments were 5 mm long, and the seventeenth, located beneath the cathode,
was longer (see Fig. 1.2).

For one experiment the plate was operated at 400 volts and the cath-
ode and sole at zero potential. A magnetic field of 640 gauss was used
to focus the stream. Cathode emission was controlled by temperature-
limiting the oxide-coated nickel cathode ribbon. Measurements were taken,
for various cathode currents, of the current to each sole segment. Each
segment current, as a function of cathode current, first increased, reached
a maxXimum, and then decreased fairly slowly. The greater the distance
from the segment to the cathode, the smaller the maximum current, and
the further it was displaced towards smaller cathode emission.

When, on the other hand, the cathode current was kept constant and
the sole current distribution along the sole was measured, it was found
that the sole current first increased with distance from the cathode,

reached a maximum, and then decreased. The maximum sole current increased

*Superscript numbers refer to references listed in the bibliography.
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more than linearly with an increase of cathode current, and was dis-

placed toward the cathode for increasing emission.

A similar set of measurements was also obtained with the cathode
potential raised to 100 volts and the magnetic field increased to 1130
gauss. The sole current as a whole decreased considerably. The seg-
ment currents increased rapidly as a function of the cathode emission,
reached a maximum toward the end of the tube and then decreased. The
sole current also increased very rapidly with distance from thé cathode
before a maximum was obtained.

Estr6m concluded from these measurements that the process causing
the sole current took place in the electron stream during the traversal
of the plate-sole space and not at all, or only partially, near the cath-
ode. This conclusion is contradicted by the results of the investiga-
tion described subsequently in this dissertation.

Rstrom's experiment is certainly indicative of a diocotron effect
inasmuch as about two percent of the cathode current reached the sole
when it was 100 volts below cathode potential. The anode potential, it
will be noted, was only 300 volts above cathode potential. However, a
number of characteristics of the measured data leave open to question
the conclusion noted above, that the process causing the sole current
occurs in a region remote from the cathode. As background for this
questioning, we note that the stream trajectory would follow, approxi-
mately, an equipotential line. We can use the space-charge~free cy-
cloidal trajectory of a single electron in the same flelds as above as
an approximate measure of the actual stream trajectoryE. The period of
such a trajectory in the given fields is of the order of 1 mm and the
height of such a trajectory is of the order of 0.1 mm. The equipotential

on which the stream "rolls" would then be at about the cathode potential.



The stream would therefore follow a path which would be midway between
the sole and plate in the immediate vicinity of £he cathode and move
down to approximately one-quarter of the plate-sole spacing above the
sole.

The fact that current reached the sole at all bespeaks a large
energy exchange between electrons. Even more spectacular is the fact
that there was a significant current to the first few segments near the
cathode. This would seem to indicate a rather large energy exchange in
the immediate vicinity of the cathode, contradicting Astrém's conclusion
mentioned above. The fact that the current distribution along the scle

"reaches a maximum also casts doubt on his conclusion. The total current
drawn to the sole is a small fraction of the stream current. It is,
therefore, difficult to see why any process occurring in the uniform
plate-sole region should suddenly alter its characteristics in that re-
gion, |

Similar questions can be raised concerning the data taken with the
sole and cathode at the same potential.

Another interesting experiment described in ﬁstrﬁm's paper was a
measurement of sole-current characteristics of three tubes having di-
mensions in the ratio of 1l:4:16. The voltages on each of these tubes
were the same but the magnetic fields used were inversely proportional
to the tube dimensions. The fraction of the cathode current going to
the sole was essentially the same for all three tubes, suggesting the
applicability of scaling rules to the diocotron phenomenon.

Measurements were also made on the noise characteristics of the elec-
tron stream. The measurements indicated that, above a certain level of
stream current, the noise level increased quite rapidly. It was noted
that nothing particularly remarkable happened to the frequency spectrum

of the noise in the neighborhood of the cyclotron frequency.



Unfortunately, the main concern of the paper related to the per-
formance characteristics of trochotrans and the data covered only a
small range of parameters pertinent to the diocotron effect.

1.2.2 The Measurements 9£ Guenard and Huber. The diocotron effect

was subsequently noted in the course of a study of carcinotrons, which
are nonre-entrant magnetron-type oscillators. In a paper by Warnecke,
Huber, Guenard, and Doehler” the negative-sole current is explained as
a manifestation of a growing-wave electron interaction (described in
Chapter III). A measurement'is described on two tubes having a geometry
similar to that illustrated in Fig. 1.1l except that the smooth plate is
modified. In one of the tubes the plate was modified by‘the introduc-
tion of two short lengths of slow-wave structure (interdigital lines)
at either end to provide an r-f signal input and output. The second
tube was identical to the first except that the smooth plate was removed
and the slow-wave structures brought together. Comparison of the signal
gains of the two tubes under the same operating conditions then provided
a measure of the effect of the stream traversal under the smooth plate;
It was observed that an additional gain of the order of 10 to 20 db could
be obtained in the tube having the central smooth plate. It is in this
paper that the term diocotron (from the Greek word diwkeiv, to pursue )
is applied to one cause of a growing-wave phenomenon. The application
of this term to the observation of a negative-sole current, while of
common usage, will be shown to convey an erroneous suggestion of a cause-
effect relationship.

The experiment above, and others, were later amplified in a paper
by Guenard and Huberh. In this latter paper, measurements of the nega-
tive=sole current are also presented. These measurements were also made

on a tube of the same general geometry as illustrated in Fig. 1.l except



that the smooth plate was replaced by an interdigital line. However,
the line was made highly lossy (more than 50 db at a wavelehgth of 25
em) by a lossy coating covering all of the dlgits except the part seen
by the stream. In addition, the sole had a single electrically insu-
lated segment inserted approximately halfway down its length. Meas-
urements were taken of the current to this sole segment as a function
of its potential; all other operating parameters of the tube were held
fixed during each such measurement. A semi-log plot of segment current
against its potential turned out to be linear, indicating a Maxwellian
energy distribution for the segment current. Depending on particular
operating conditions, the average energy of the energy distribution was
from 10 to 4O electron volts. If the negative-sole current maintained
an average energy of this order of magnitude over the éntire sole, then,
for some operating conditions described, a power of about one watt was
delivered to the sole by the negative-sole current! This is rather dif-
ficult to explain in terms of gains of 10 to 20 db due to growing-wave

amplification.

1.2.3 Associated Phenomena. There are a number of phenomena which

appear likely to be different manifestations of the same general process

of which the negative-sole current is one indication. It.has been observed,
for example, that the anode current in a preoscillating cylindrical mag-
netron does not cease abruptly at a certailn critical magnetic field as
simple theory predictsui5. The cutoff occurs at a higher value of mag-
netic field than is predicted and is neither abrupt nor complete. The
"backheating" effect in magnetrons, where cathode-emitted electrons re-
turn to the cathode with rather large energies, also bespeaks an energy
exchange process. Measurements of the space=-charge density distribution

in preoscillating magnetrons have indicated substantial space charge in



regions where simple theory provides no explanation of their presence.
The étudy of these phenomena is, however, somewhat different from that
of the diocotron phenomena because of the re-entrant nature of the elec-
tron streams and slow-wave structures. For re-entrant crossed-field de-
vices, electrons, in general, spend rather long times in the device,
whereas for nonre-entrant devices the electron trajectory is generally
such as to remove the electron from the system in a relatively short
time. Consequently, cumulative small effects which are of importance

in re-entrant devices are negligible in nonre-entrant devices.

The recent observations of the breakup of hollow electron streams,
focused by a longitudinal magnetic field, into a discrete set of vortex
filaments has been generally ascribed to the same cause as the diocotron
effecté. However, as is subsequently pointed out, this phenomenon is
caused neither by the same mechanism as causes the negative-sole current

nor even by a "slipping stream" amplification.

1.3 Outline of the Present Investigation

To provide a background for the interpretation of the investigation
described in this dissertation,the next two chapters present a theoreti=-
cal study of the motion of electrons in electric and magnetic force flelds.

Chepter II is a discussion of the time invariant motion of charged
particles. A number of d-c stream models, having relatively simple mathe-
matical characteristics, are described in detail.

After the establishment of these several stream models, Chapter III
presents a description of the propagetion of electromagnetic fluctuations
on these models in terms of the well-known "small-signal" perturbation
procedures. Particular emphasis is applied to a description of the propa-
gation of electromagnetic waves along an electron stream in crossed dec

electric and magnetic flelds.
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To provide more detailed and more extensive data on the diocotron
effect, a crossed-field stream analyzer was designed and constructed.
Chapter IV describes the device and the assoclated measuring circuitry.
In addition, the results of a study of the motion of a single electron
in the geometry of the stream analyzer are presented. This study is
subsequently useful in the interpretation of the experimental data.

Chapter V presents and interprets the experimental data obtained
from the stream analyzer. It is shown that the common belief that nega-
tive-sole current is caused primarily by a "slipping stream" type of
amplification is incorrect. A more plausible mechanism to account for
the phenomenon is described and related to supporting experimental
evidence. Also, several suggestions for the continuation of the

investigation are presented.



CHAPTER II. D-C MOTION OF ELECTRON STREAMS

2.1 Sumary

The d-c motion (3/3t = 0) of a single charged particle in given
electric and magnetic force fields has been understood for some time.
The simultaneous d-c motion of large numbers of charged particles in
given electric and magnetic force fields has likewise been long under=-
stood, although to a somewhat lesser extent. The following discussion
reviews and extends a portion of the understanding of the d-c motion of

charged particles pertinent to the subsequent development of the dis-

sertation.

2.2 D-C Motion of a Single Charged Particle; Electron Ballisticse’7’8’9’lO

The familiar Lorentz force and Newton's laws of motion describe the
motion of a single nonrelativistic charged particle in the region of an
electric and magnetic force field by the equation

av

-a[E+vVxBl=m3p , (2.1)
where E = electric intensity vector,*
B = magnetic density vector,
v = particle velocity vector,
m = particle mass, and
-q = particle charge (a negative quantity for electrons).

For time invariant motion (B/Bt = 0) the scalar product of the equation of

motion, Eq. 2.1, with v leads to the statement of the conservation of energy

V(-Q¢+gV'V) = 0 , (2.2)

*A bar over a quantity indicates a vector.

11



12

where the electric field potential ¢ is def'ined from

E = -V¢ . (2-5)

Some simple solutions of the equation of motion (Eg. 2.1) are well

known:

a).

If the electric field is a constant and the magnetic field
vanishes, the charged particle undergoes uniformly accelerated
motion.

If the magnetic field is constant and the electric field
vanisﬁes, the charged particle follows a helical trajectory.
The component of the velocity parallel to the magnetic field
is unaffected by the field. The velocity component normal to
the magnetic field causes an acceleration normal to itself,
leading to a circular component of motion with an angular
velocity equal to the cyclotron frequency qﬁ/m. An impor-
tant property of the motion, characteristic of the spatial
asymmetry produced by the magnetic field, is that the motion
is not reversible.

If both the electric and magnetic fields are constant and non-
vanishing the trajectory is trochoidal in nature. If the
frame of reference for the motion is shifted to one advancing

with the velocity E x B/B‘B, the description of the motion
becomes

- - ave
' xB = m— , (2.4)

where V', the velocity as seen in the advancing frame of refer-

ence, is

=l
S
]

. (2.5)

o
wi
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Equation 2.4 corresponds to a helical trajectory in the ad-
vancing frame of reference. The motion in the stationary
reference frame is therefore a superposition of a linear
trajectory normal to the electric and magnetic fields and
a helical motion about the magnetic flux lines. The char-
acteristic velocity E x ﬁ]ﬁ;ﬁ corresponds to that elec-
tron velocity which results in a uniform rectilinear tra-
jectory (v' = 0).

In general the motion of a single charged particle in a specified
force field of more complex form than 1llustrated above can be obtained
in a straightforward manner, analytically in some cases, and by numeri-
cal or machine computation of as great an accuracy as desired in less
tractable cases.

The analogy between the motion of charged particles in electric and
magnetic force fields and the ballistic motion of projectiles has led to
referring to the former as "electron ballistics." While the analogy is
somewhat strained by the introduction of magnetic forces (corresponding,

after a fashion, to a Coriolis force), its usage 1is sanctioned by custom.

2.3 D-C Motion of Electron Streams; Electron Hydrodynamicsll’le’lB’lh

When the Coulomb interaction forces between charged particles can
be neglected the motion of a stream of particles can be described by a
multiplicity of ballistic trajectories with varying initisl conditions;
such an approximation has been usefully applied to beam dynamies in cath-
ode ray tubes, for example. However, the long-range effect of the Coulomb
forces, the presence of different types of charged or neutral particles,
and the scattering due to the discrete nature of the particles are often

important characteristics of electron streams. The detailed description
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of the d-c motion of a number of charged particles, accounting for in-
verse-square law Coulomb forces depending on the instantaneous positions

of the particles, is enormously complicated compared to that for a single
particle. It is often found, however, that the particles are sufficient=-
ly numerous that an averaged motion of the particle stream, rather than
a detailed accounting of each trajectory, provides an adequate descrip-
tion of the motion. Under certain conditions, then, the net effect of
the complex interparticle interaction can be replaced by a statistical
average interaction.

A situation of particular interest here occurs when the momentum
transfer due to close collisions is negligible compared to the net mo-
mentum interchange due to the slmultaneous interaction of a particle
with all the other particles through the long-range nature of the Coulomb
forces. Ignoring the infrequent large fluctuations associated with close
collisions, the cumulative effect of the long-range interactions is re-
placed by a space-averaged momentum transfer. In less esoteric language,
the discrete superposition of Coulomb's law is replaced by the "smoothed-
out" behavior described by Poisson's law. In what follows the particle
flow will be supposed to be satisfactorily described in terms of'only
the smoothed~out forces,

To simplify a complex problem further it will be assumed that all
the charged particles originate from a zero-potential surface with zero

velocity. For d-c motion under these conditions, the statement of the

conservation of energy, Eq. 2.2, becomes simply
m = -—
af+zv-.v = 0 . (2.6)

Since the potential @ is, in general, a function of position, the indi-

vidual particle velocities are also functions of position, Moreover,
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Eq. 2.6 requires, to a first-order approximation, that all particles
occupying an infinitesimal volume element have the same magnitude of
velocity. There is, however, no restriction implied by Eq. 2.6 as to
direction of the various particle velocities, 1.e., no information is
conveyed by Eq. 2.6 about the components of the velocity vectors. It
is, therefore, possible that a number of different velocity directions

might be associated with a given magnitude of velocity in a volume ele-

ment of the stream.

Figure 2.1 illustrates the nature of the multi-directed velocity
concept, described above, in a particular case. The sketch in Fig. 2.1
rebresents a portion of an electron stream flowing in d-c electric and
magnetic fields (not shown). The stream boundaries are indicated and
possible trajectories are shown for two of the electrons comprising the
stream. In general, all the electrons follow some sort of trochoid-like
trajectory similar to those shown. A volume element containing a portion
of both trajectories is also shown. The size of the volume element is
chosen so that there is no first-order potential variation within its
boundaries. Hence Eq. 2.6 requires both electrons to have the same
magnitude of velocity within the volume element. However, as Fig. 2.1
illustrates, the direction of motion of the two electrons need not be
the same. This dispersion of direction of travel can come about, for
example, because the electrons experience different forces along their
trajectories.

The usual way of describing a velocity distribution, such as that
above, associated with an infinitesimal volume element located by a co-
ordinate reference vector ;, is by means of a distribution function,

F(v,r,t) dv. A convenient definition of such a distribution function is



\STRE AM BOUNDARY

TRAJECTORIES
OF TWO OF THE
ELECTRONS
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STREAM.

\ STREAM BOUNDARY
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INSIDE THE VOLUME ELEMENT

\ ENLARGEMENT OF VOLUME ELEMENT
OF THE STREAM.

FIG. 2.1 ILLUSTRATION OF MULTI-DIRECTED VELOCITY
CONCEPT.
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F(v,T,t) dv = the electric charge density associated with
the particles in the volume element at T, at
time t, which have a velocity in the range
between v and ¥ + dv. (F is a negative
quantity for electrons.) (2.7)

Since all the particles have some velocity we require

fpa? = Po (2.8)

where p, is the total charge density associated with the volume element
at r. The integration 1s to be performed over all possible velocity
directions. For a sufficiently high particle density, the distribution
function provides a statistically definite and continuous description
of the velocity distribution. It is convenient for the following dis-
cussion to define the following velocity parameters:

The mean velocity associated with a given volume element is .

-— 1 -— -—
Vom = 5; vFdv ; (2.9)

The deviation of a particular particle velocity from the mean velo~

city V_, is denoted by u, i.e.,

U= vy, . (2.10)

The mean value of u is, using Eq. 2.9, zero. Figure 2.2 is a vector
diagram illustrating the relations between the various velocities for
the electrons in a glven volume element. The average velocity';gm is
used as a reference vector. The individual particle velocity vectors
¥ lie on a locus which is a circle whose radius is found from Eq. 2.6
evaluated in the volume element. For convenience, Fig. 2.2 illustrates
a two=-dimensional flow. The difference between an individual particle

velocity and the average velocity, E, is the vector difference between
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]L:CUS OF v IS A CIRCLE WHOSE

RADIUS IS DETERMINED FROM THE
CONSERVATION OF ENERGY

REQUIREMENT -q¢ + 2.v.7 : 0

FIG. 22 VECTOR DIAGRAM ILLUSTRATING THE
RELATIONSHIP BETWEEN V, Vo, AND T
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V and Vgp. It should be noted that, since
Ml > Foml » (2.11)

the average velocity vector never extends outside the circle. Figure
2.2 indicates that u assumes its maximum and minimum magnitudes when
it is antiparallel and parallel, respectively, to Vgp.

The representation of Fig. 2.2 suggests a convenient method of in-
dicating the velocity distribution function F dv. This method is shown
in Fig. 2.3. The charge density associated with a given velocity range
is indicated by the radial height of the curve labeled F above the locus
circle of the particle velocities.

The representation of the distribution function in Fig. 2.3 suggests
expressing F dv in a polar form as & function of the angle ¥ which a
given velocity v mekes with the average velocity in the volume element,

Vém. Accordingly, we have the following parsphrasing of the definition

qu 207:

F(T,¥,t) av F(r,v,t) dv

"

= the electric charge density assoclated with
the particles in the volume element at r, at
time t, which have a velocity in the angular
range between ¥y and ¥ + dy. (2.12)
In general, the veloecity distribution function can have any shape.
Two special cases which produce simplifications in the mathematics can
be noted. If the distribution function 1s symmetrical about some velo-
city, the average velocity is parallel to that velocity. This can be
readily shown by interpreting the distribution function as a function
of ¥ rather than v. An example of a symmetrical distribution function

is illustrated in Fig. 2.k4a.
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F,T,1)

FIG. 2.3 REPRESENTATION OF THE VELOCITY
DISTRIBUTION FUNCTION FdV.
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AXIS OF

SYMMETRY

a. SYMMETRICAL DISTRIBUTION.

fls(v-vo)
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b. LAMINAR FLOW.

FIG. 2.4 ILLUSTRATIONS OF SPECIAL VELOCITY
DISTRIBUTION FUNCTIONS.
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If the electron velocity is required to be a single-valued function
of position, so that all particles associated with a given volume ele-
ment have the same vector velocity, the flow is said to be laminar, TFor
laminar flow, electron trajectories do not cross, and u is identically
zero for all the electrons. The distribution function consisﬁs in this
case of a single "spike" (& function) located at the average velocity.

Figure 2.4b illustrates such a distribution function. It can be noted
that the distribution function éan consist of a number of "spikes" as
contrasted with the' continuous distribution illustrated in Fig. 2.ka,
This might be the case in, for example, a two-stream electron tube of
the Haeff type>.

Ths equation describing the average motion of the stream is obtained

in exactly the same manner as the equation of conservation of momentum

is obtained from the Boltzmann transport equationll. The resulting

equation is

-9 (E + ‘—’-om x B] = d¥om V'(QDP) , (2.13)
m
dt Po

where the electric intensity E includes the smoothed-out Coulomb forces,
and P is defined below. 1In deriving Eq. 2.13, it should be noted that
the vector components of the velocity of each electron are independent
of position in the stream. The average velocity, me, associated with
a volume element, on the other hand, is a function of position and hence
so is the relationship between U and ng. The quantity ; appearing in
Eq. 2,13 is a symmetric tensor having components in an orthogonal co-

ordinate system (coordinates a, B, 7),
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The integration is carried out over all values of u. The other com-
ponents of P are defined by appropriate substitution of subscripts.
The term containing ® in Eq. 2.13 represents a contribution to the av-
erage momentum change in moving out of %he volume element due to change
in the distribution function F d§} i.e., to a change in the number of
electrons which have a given velocity V. Equation 2.13%, suitably in-
terpreted, is identical to the hydrodynamic equation of flow; the con-
tribution of the tensor P is analogous to a fluid pressure tensor.
Because of this formal identity in mathematical description, the study
of electron streams is often referred to as electron hydrodynamics.

For laminar flow the stream velocity is single-valued and the pres-

sure tensor is identically zero. Equation 2.15 can be reduced to the

same form as Eg. 2.1 except that the electric field includes the space-

charge forces. In the following sections laminar streams are considered

first, and subsequently, nonlaminar streams.

2.4 ggpiltonian Formulation 32 the Equations 9£ Motion for Laminar Streams

The equations of motion in the Newtonian form of Eq. 2.1 can ad-

vantageously be transformed, through the use of a different set of vari-

ables, in a manner corresponding to the Hamiltonian formulation of clas-

sical mechanics.
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The electric and magnetic fields can be described in terms of a

scalar and vector potential, @ and A respectively, defined convention-

ally by
VXA = B (2.16a)
TN ,
-yp = E + — .[¢ is generalized from
ot 'Rq. 2.3 to include time (2.16b)
varying motion.]
On substituting the expansion
dA A — -,
= v .v)A', (2.17)

at - ot T

into Eq. 2.1, the following expression is obtained;

—q[-vp + (v + V) B+ 7V x (VxA)]

dp (2.18)

where p = mv - gA is the electromagnetic "total" momentum.

Consider a function H, known classically as a Hamiltonian function,

defined as

1=

v v -aqf

[P + gA).[P + gA] - af . (2.19)

Pl

It should be noted that, while the Hamiltonian has the same value whether
expressed in terms of 5 or V, it is a different function in the two ex-
pressions. We can choose not only to regard the spatial coordinates of
the stream as independent variables but also to elevate the electromag-

netic momentum to this special status. By so doing we change the
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description of the motion from a set of second-order differential equa-
tions to a set of twice as many first-order equations. Considering the

Hamiltonian as a function of both p and position we have

[(P + qA)*V](ah) - qvf . (2.20)

1
VH = o

Equation 2.20 may be evaluated in terms of v and position as
VH = (v'V) ¢& + vV x (Vx ga) - avf . (2.21)

Comparison of Eq. 2.21 with Eq. 2.18 indicates that the latter may be

simplified to
ap
dt

-VH = (2.22)

The companion set of equations, obtained directly‘from the definition

of the Hamiltonian function, is

V—H = v , (2.23)

i
where V§ is & momentum gradient operator in momentum space corre=-

sponding to the familiar gradient operator in configuration space.

(In rectangular coordinates, Vg = d/dp, X + 5/8py ¥ +9/dp, z.)

The function v should properly be regarded as the time derivative of the
configuration variables, thus emphasizing the symmetry of Egs. 2.22 and
2.23, It is worthwhile emphasizing that Eq. 2.22 and 2.23 describe the
stream motion in a six-dimensional phase space with both position and
momentum as independent coordinates.

Equation 2.22 leads directly to an invariant of the motion, known

as Lagrange's invariant, Taking the curl of this equation we have
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= 0 . (2.211-)

(Vig) p+vx (vxp) = 0 , (2.25)

obtained by recognizing that p is independent of the positional coordinates
in the Hamiltonian formulation. Stoke's Theorem leads to the represen-

tation of Eq. 2.24 in the integral form

% peds = 0 , (2.26)

where ds is a differential element of any closed-configuration contour
of the stream. As applied to cylindrically symmetrical electron streams,
Lagrange's invariant is known in the study of electron stream focusing
as Busch's Theorem. Iagrange's invariant is applicable to any stream
for which the stream velocity is a single-valued function of position,
i.e., a laminar flow.

Another useful invariant of the stream motion, known as Liouville's

invariant, expresses the conservation of volume in phase space,

e gp dr = 0 , (2.27)

where dp dr is a differential volume element in phase space (in rectan-

gular coordinates dE ar = dpy dpy dpz dx dy dz). The integration is

over any volume of phase épace. Equation 2.27 follows on noting that



27

dp ar - -
J{‘Eé 3 TV E%] dp dr

f [v5 * (-VH) + V- (V5H)] dp dr

e [
Qg‘)
5
o
|
i]

- 0 . (2.28)

2.5 D-C Irrotational, Laminar Flow

The d-c characteristics of an electron stream are of considerable
importance in the analysis of r-f propagation along the stream if only
for the reason that essentially all the analyses appearing in the litera-
ture take the form of a first-order perturbation of the d-c stream.

Under the assumption of d-c flow, the Hamiltonian becomes the total
energy of the system and, assuming the stream originates with zero veloc-
ity from a zero-potential surface, is conveniently equal to zero. La-

grange's invariant, which is an alternative statement of the conserva-

tion of energy, reduces to
v, x (VxDby) = O. (2.29)

The particular case where Eq. 2.29 is satisfied by
VXDy = O (2.30)

is of special importance. Streaﬁs for which this condition is satisfied
are said to be irrotational. It can be shown that the stream will be
irrotational if there is no magnetic flux normal to the unipotential
cathode where the stream originatele. The sufficiency of this condi-
tion follows from the integral form of Lagrange's invariant, Eq. 2.26,
If the integral vanishes anywhere, it then necessarily vanishes every-

where, and, since the contour of integration is arbitrary, Eq. 2.30
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follows. The validity of Eg. 2.30 at the stream cathode under the con-

ditions stated above is established by assuming a finite non-zero veloc-
ity of emission normal to the cathode surface and noting that Eq. 2.30
requires that the component of v x 55 parallel to the cathode surface
vanish. The velocity of emission can then be made arbitrarily small so
that Vv x Vo vanishes on the cathode surface. The validity of Eq. 2.30
under the specified conditions follows directly.

The importance of this special case is due to the fact that many

electronic devices satisfy this condition.

The irrotational condition of Eg. 2.30 can be expanded to

o]

v XV, = mﬁc , (2.31)

and separated into transverse (subscript t) and axial (subsecript z) com-

ponents in an axial coordinate system, i.e.,

ZUxVy = T (VoxZz) = %Boz , (2.32a)
(VxTo), = [Zx (7x7%)] xZ

= [v Vo -%]xz

- %Eot . (2.32b)

2.5.1 Rectilinear, Irrotational, Laminar Flow. The only laminar

irrotational rectilinear flow is the familiar Brillouin flow. Assuming
no variations parallel to a i—directed uniform magnetic field and a

uniform velocity normal to the magnetic field (g}directed), we have from

Bg. 2.32
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We (2.33)

_ 4
w = EB . (2.54)

The space-charge density p, can be obtained from Poisson's equation, or,

for convenience, from the form of Poisson's equation obtained by taking ‘

the divergence of Eg. 2.1,

V3(Vo' Vo) = E_mZEQ - 202 , C (2.35)
(@]

where wpz is the electron density (plasma) radian frequency. Substituting

Eq. 2.33% into Eq. 2.35, we obtain

wp2 = w2 . (2.36)

C

The flow may be made skew to the magnetic field, by adding a constant
velocity component parallel to the magnetic field, without altering the
above conclusions.

A transverse electric field normal to the magnetic field is required
to balance the magnetic and space-charge forces. This type of flow will
be discussed in further detail subsequently in connection with the de-
sign of a crossed electric and magnetic field stream analyzer.

2.5.2 Axially Symmetric, Irrotational, Laminar Flow. In this in-

stance we apply Eq. 2.30 to cylindrically symmetrical axial flow (coor-
dinates r, O, Z), assuming no variation of velocity and space-charge

density parallel to a uniform axial magnetic field. The magnetic field
must, of course, be so oriented or shielded with respect to the cathode

as to establish the irrotational character of the flow.
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From Eq, 2.32a we have

olrvee) . o (2.57)
or

1
T

where we is redefined, analogously to Eg. 2.5#, as

®o = %BOZ . (2.38)

Integration of Eq. 2.37 yields

w C
Vog = =Tt , (2.39)

where C is a constant of integration. The information obtained from

Eg. 2.32b,
v ov
0z or _
S TS, o , (2.40a)
oo - o , (2.40b)
oz

shows the constant of integration C to be independent of z.

Substitution of the above equations into Poisson's equation, Eq.

2.35, glves
1 d ¢y 2 * 2 2y _ 2 o _ hc?
r[r'é—r' (’or"'voz:I +5;2 (Vor= + Vgz2) = 2 w,® - w, —
(2.41)

Several special cases of Egs. 2.39, 2.40, and 2.41, of particular im-
portance, involve the assumption of no radial veiocity. Equation 2.40
indicates that if the radial velocity vanishes, the axial velocity is
independent of transverse dimensions, and, since we have assumed axial
uniformity, is therefore simply a constant. Equation 2.41 reduces, for

the condition of zero radial velocity, to
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2
P wg? - W - e = 0 . (2.42)

An additional boundary condition, necessary to determine the constant of
integration C, differentiates various types of irrotational, axially
symmetric, laminar flows.

A familiar special case is that for which the constant C is zero.
Such a condition is necessary, for example, for a stream whose interior
includes the axis in order to maintain a finite kinetic energy; this is
indicated by Eq. 2.39. If the axial velocity is not zero, the flow is
called axial Brillouin flow. From Eq. 2.42 we obtain the well-known

relation between the magnetic field and the space-charge density for

this type of flow,

2w = w2 . (2.43)

It is, of course, not necessary that the stream include the axis;
various types of hollow-stream flow are possible. One hollow-stream
flow occurs when the stream is launched in such a manner as to maintain
the constant C zero. Such a flow is a circumferential counterpart of
rectilinear Brillouin flow. This relationship is particularly evident
if the axial velocity, for which no restrictions other than that it is
constant have been made as yet, is chosen to be zerc.

Another hollow-stream flow of some interest occurs if the circum-

ferential velocity is supposed to be zero on a cylinder bounded by radius

Y. Within the stream the angular velocity at an arbitrary radius r is

then given by

where
r > I'k . (2.]4)4-)
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The relationship between the magnetic field and the space-charge den-

sity is
4
2wy = w2 1 +IKY . 2.k
wp (1 (2.45)

These relationships reduce to those for axial Brillouin flow if the

radius Tk becomes zero.

If the axial velocity for the above flow is zero it is known as
single-stream magnetron flow. The radius rk corresponds to the inner
of two cylinders between which the flow takes place. The vanishing of

the circumferential velocity at this radius represents a statement of

the conservation of energy requirement on the magnetron cathode which

forms the inner cylinder.

A special limiting case of Egs. 2.45 and 2.46 occurs when the stream
is confined between two cylinders whose radii approach infinity concur-

rently. The circumferential Brillouin flow approaches rectilinear Bril-

louin flow in this limiting case.

The laminar irrotational flow is also possible if the magnetic field

vanishes. In this case the constant C is necessarily non-zero. The space-

charge density is not constant over the cross section of the flow but

varies, as seen from Eq. 2.42, as

2C (2.146)

The space-charge repulsive forces are balanced by the centrifugal

force of the stream rotation. If the axial velocity is not zero, this

type of flow is known as Harris flow. If the axial velocity vanishes,

the flow is one which has been discussed in the literature under the

designation E flow. A radial electric field is necessary to supply the

energy for this motion.
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The laminar irrotational streams considered above are useful in
analyzing microwave interaction with electron streams because of the
relative simplicity of the motion. In practice, however, the realiza-
tion of laminar motion is a difficult matter involving the launching
of the stream in a particular precise manner. Ordinarily one is satis-

fied with the focusing of the stream if the perturbation, or scalloping,

of the stream is within acceptable limits,

2.6 Magnetically Confined Flow

Axial Brillouin flow, discussed above, involves the balancing of
space-charge forces by a combination of centrifugal force and magnetic
force. A magnetic field can also be used to focus an axial flow by
limiting the energy available to the nonaxial motion. The stream flow
is no longer irrotational; rather, some magnetic flux is allowed to
pass through the cathode surface. Applying Lagrange's invariant, Eq.

2.26, to a circular contour transverse to the axis of symmetry we have

Voo - L [y T g 2.47)
r 2 <\Ck TZ ?) ’ ( T

where vog/r is the angular velocity acquired by an electron at radius r
and the subscript k indicates a quantity is to be evaluated at the cath-
ode for the same electron. If no flux links the cathode we have, of
course, the irrotational flow previously discussed, in which the stream
rotates with a constant angular velocity. If magnetic flux links the
cathode, however, the constancy of the angular velocity necessary for
uniform flow is not obtained and a radial perturbation of the stream en-
sues. The radial perturbations are bounded, however, as follows. From
Eq. 2.48 it is noted that the kinetic energy of rotation increases in-

definitely as the radial position of a stream particle either increases
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or decreases. Since the total energy is limited there must be an upper
and a lower bound to the radial perturbation. For small perturbations
the axial space-charge forces due to the axial irregularity of the stream
can be neglected, and hence the action of the magnetic field taken to be
that of interchanging radial and angular kinetic energy. Increasing the
magnetic field enhances the rate of energy interchange and hence reduces

the extent of the radial perturbations. It is evident that the radial

perturbations cannot completely vanish as they form a necessary part of

the focusing mechanism.

2.7 Nonlaminar Streams

The laminar stream models discussed above are, of course, ideali-
zations of practically obtainable streams. The rather critical conditions
necessary to launch and maintain these streams are much too onerous to
be met exactly in engineering devices. It is therefore pertinent to
examine the effects of modifications of the idealized stream models. One
type of modification can be described as an environmental change. This
canbe illustrated by the substitution of periodic electric and magnetic
fields for uniform focussing fields. The general description of the
stream model is not changed by this substitution; i.e., the stream is
assumed to remain laminar. Ancther type of modification which retalns
a laminar description of the model can be described as a relaxation of
constraints. The previous discussion of magnetically confined flow is
an example of this modification; a radial motion is permitted, as con-
trasted with the radially invariant motion of an axial Brillouin stream.
A more fundamental stream model modification, requiring a modification
in the mathematical description of the model, is typified by the multi-

directed velocity streams suggested by the discussion in section 2.3.
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In the following sections the multi-directed velocity concept is ex-
panded and stream models involving this concept are described.

2.7.1 The Design of Nonlaminar Stream Models. It is often true

that many gross external characteristics of ‘an electron stream are not
critically dependent on the detailed internal structure of the model.
Unfortunately, the inverse is also, all too often, true. In the case
of electron streams flowing in crossed electric and magnetic fields it

is the latter situation which must be considered.

To discuss nonlaminar flows we make use of the complete hydrodynamic

equation of motion, which is repeated below,

V-(p_ P)

g = = = &

2 E 4 Vo X Bl = o2 (2.13)
dt Po

In order to deal with Eq., 2.13 it is necessary to have some sort
of information about the pressure tensor.

To determine the pressure tensor directly would require a detailed
knowledge of the motion of the particles comprising the stream and is,
in general, a formidable undertaking. However it is possible to circum-
vent this difficulty in special cases in two related ways.

One procedure which can be used is to assume, more or less arbi-
trarily, a distribution function Fdv and determine from Eq. 2.13 a stream
model compatible with this assumption. The initial assumption can be
developed either on the basis of experimental measurements or from purely
heuristic considerations. The effects of various general types of multi-
directional velocity distributions can be examined for the purpose of
obtaining at least a qualitative picture of the effects of similar dis-

tributions in actual streams.
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On the other hand, we can more or less arbitrarily assume a stream

model having certain parameters describing its average motion. The

relations between these various stream parameters can then be established
using Eq. 2.13. In the first procedure described above, we start out
with a knowledge of the details of the motion of each electron, and cal-

culate the average motion of the stream. In this second method, we de-

termine if a stream model, whose average motion is postulated, 1s com-

patible with physical laws.
In the following sections both procedures are illustrated for elec-
tron streams flowing in crossed electric and magnetic force fields.

2.7.2 Rectilinear, Nonlaminar, Stream Model. In this section the

method used is the one wherein the general character of the model is
postulated and the various stream parameters then determined from the
laws of nature and Eq. 2.13. The first model considered describes recti-
linear nonlaminar flow in crossed eiectric and magnetic fields.

Figure 2.5 relates a Cartesian coordinate system to the stream model
to be analyzed. An electron stream confined within plane boundaries
y =a, b (a sb) has an average motion voy in the positive Z direction
only. A uniform magnetic field B, is directed in the negative Z direc-
tion, and plane electrodes not shown supply the necessary transverse
electric field E,. The average stream motion is assumed invariant in the
X and z directions (3/d0x = 3/dz = 0). The average space-charge density
is assumed uniform across the stream.

The model described above is often used in the literature, although
without the detailed nonlaminar sfudy, which is presented here. The
analysis wiil show the impropriety of assumptions which are sometimes

made about various stream parameters.
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For the model described above, the components of Eq. 2.15 are:

a—ay (Ié\uy) = 0 , g component ; (2.48a)
-q a /'/\ —
- [Eg + vox Bol - > (uya) = 0 , y component. (2.48b)

Since all particles have identical vector velocities at the stream
boundaries it follows that, at y = a, b,

N 2N\
w o= v o= wE o= ny? = G h o= 0 . (2.49)

These boundary conditions, together with Eq. 2.48a, require uy uy to be

identically zero.

It is convenient to make use of Poisson's equation,

OE
2= B, : (2.50)
By €0
to put Eq. 2.48b into the form
av 2/>
wp2 = g Tox = 9 o, (2.51)
y oy2
where, as before,
wp2 = ~dPo (2.52)
me
o]
and qQ
(.l)c = ;’Bo . (2.53)

We now assume, subject to consistency requirements, a linear variation

of Vox

VOX = Qy 2 (2 . 5)4' )

where Q is a constant. Substitution of Eq. 2.54 into Eq. 2.51 shows 6;3

to be a quadratic function of y., The constants of integration are
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determined by the boundary conditions, Eq. 2.49, and we have

G;E = % (w2-wo2) (y-a) (y-b) . o (2.55)

> ' ‘
The quantity u,® does not appear in Eq. 2.48 since aauxz/axa = 0. To
: P
determine ux2 we make use of the conservation of energy principle, which

requires of each particle that
-9 l== :
F¢ tz VeV = o, (2.56)

where Vv = 56 + U is the individual particle velocity.

Averaged over the velocity distribution, Eg. 2.50 becomes

- VAN
_m_q_ ¢ + VOX2 + uxé + uy_z = 0 » (2'57)

where the potential @ is related to the electric field by

3
EO = - -Q . (2.58)

oy
Poisson's equation, Eq. 2.50, shows ¢ to be a quadratic function of y.
The constants of integration can be calculated from Eg. 2.54 evaluated

at the stream boundaries, Thus, it is found that
g& ¢ 2_p2 2
P = (0p=-0%)(y-8)(y-b) + v~ . (2.59)

N\
The function uxa can now be found using Eqs. 2.55, 2.57, and 2.59;

>
u,? = %(wpz«ncﬂ-Qﬂa)(y-a)(y-b) . (2.60)

We have described the various parameters of a nonlaminar stream model
which are consistent with the equation of motion, Poisson's equation, and
the appropriate boundary conditions. There is one further implicit re-

striction with very interesting consequences. This implicit restriction
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is derived from the fact that‘ﬁ;é and'ﬁ;E‘are inherently positive quan-

tities. Since the stream is confined to the interval asysb, the prod-
uct (y-a)(y-b) is always negative (since y-a gz O, y-b = O) within the

stream, The coefficients of this product in the expressions for uy? and

2, Egs. 2.60 and 2.55, must therefore alsoc be negative quantities.

To satisfy this requirement it is necessary that

2
az2(% 2,61
2(2) (2.612)
and
2z o, - (2.61b)

The equal signs in the above inequalitiles correspond to the conditions

for rectilinear Brillouin flow; in this case both ux2 and uy2 vanish and

The present stream model contains a mechanism whereby effects oc-
curring at a given position in the stream (for example at the upper
stream boundary) are distributed across the stream. We might discuss
the effects of such a mechanism in the model above and expect that the
discussion would provide at least a qualitative picture of similar mech-
anlisms in actual streams. This will be done in the next chapter.

It is useful to have some idea of relative magnitudes of comparable

quantities. To that end it can be noted from Egqs. 2.55 and 2.60 that

> 2 (2 -)

_x_=1+2‘_°c_“’_°_2. :1 . (2.62)
Q

32 5 (&)

It is also found that
VANVAN 2
0= ux2+uy2 = (%2'92)(Y‘a)(y'b) <1 :]_-(”1’12 (l -%) .- (2.63)
Vox® (2y)2 R & a/o .

This latter inequality is formed by finding the maximum value of the ratio,

which occurs at y = 2abf{a+b). For thin streams (a/b ~ 1), the perturbation
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from the mean stream motion will be small. For thick streams (a/b < 1),
the average stream motion can be a very poor description of individual
particle motion.

Figure 2.6 illustrates the types of motion appropriate to these
two extremes. For thin streams, particle motion is restricted to the
near vicinity of the average motion; for thick streams individual par-
ticles may oscillate across the entire stream. In effect there is, in
the latter case, a periodic interchange of position (but not history)
between electrons at the top of the stream and those at the bottom of
the stream. In all cases, of course, the model requires that the elec-
tron trajectories be superimposed in such a manner that the average space-
charge density across the stream is constant.

2.7.3 Axial, Nonlaminar Stream Model. An analysis, similar to the

preceding one, can be carried out with relative simplicity for an axial
flow. Figure 2.7 describes the geometry of an annular axial stream
confined between cylindrical surfaces of radii a,b (a < b). A uniform
magnetic field B,, directed along the positive E'direction, maintains
an axially and circumferentially uniform average flow (3/dz = 3/38 = 0).
The space-charge density is assumed uniform throughout the stream. Sub-

ject to consistency requirements, we assume the average stream velocity

is given by
Vo = Vg Z2 +1Q e , (2.64)

where both v, and Q are constants of the model. There is no average

radial motion.

Within the above assumptions the components of the equation of

motion, Eq. 2.13, are the following:
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FIG 2.6 PARTICLE MOTION IN RECTILINEAR
NONLAMINAR STREAM MODEL.
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%% [Epo + 1 By) = %'5% (rﬁgéj - r02 , T component. (2.65a,
é% (x‘fg;g) = 0 , © component. (2.65b;
3 (1-{f:;\) = 0 , z component. (2.65¢);
or rz - -

Since none of the stream particles has any radial velocity at the stream

boundaries Egqs. 2.65b and 2.65c require that

’ﬁl}e—{u\=o

T rig

. (2.66)

For convenience we take the divergence of the equation of motion,
Eq. 2.13, so that, by use of Poisson's equation and Eq. 2.6L4, we can
transform Eq. 2.65a into the form
2 .
1 9 /’é 2
u)pz-EQ(Dc=;aTz'(I‘ur)-29 . (2.67)
Equation 2.67 can be easily integrated, and, on substitution of the con-

S
ditions that w.® vanish on the stream boundaries, we obtain

2
1'1;;? =:<%?2'2:D0+2Q j)(r+a+b)(r-a)(r-b) . (2.68)

S
To evaluate ug® and u,® we proceed, as before, to make use of
Poisson's equation, and of the conservation of energy requirements at
the stream boundaries. There are, however, no restrictions in the model
> >
which require ug2 and uz2 to vanish on the stream boundaries in general.
. N
Instead we suppose that the partial energy, u92 + uz2, has the values

U2(a) and UP(b) respectively at the indicated stream boundaries. The

potential p is then given by the expression
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29
m P - Voz

_ (%2 ] Qa)[ 2 azln(b/r{n?b}’z)l“( r/a) }

, UP(0)in( r/i)l(;-/g?(b)ln(b/r) : (2.69)

Equation 2.68 can be used to find the quantity ug® + u,Z from Eq. 2.69.
We have, as noted above, no requirements which separate thése two quan-
tities. Such a requirement can be introduced as an additional specifi-
cation of the stream model. For example, if we assume ur2 = O by making
the coefficient in Eq.2.68 zero, we can envision this as describing a
flow where electron paths lie on cylindrical surfaces about the axis.
Another model can be formulated by requiring all particles to have the
same vector velocity on the stream boundaries. In this case ugz = uz2 =0
on the boundaries, and hence U®(a) = U®(b) = O. This latter case occurs
when the cathode is magnetically shielded. Then, because of the circum-
ferential symmetry, all electrons acquire the Larmor angular velocity
w./2 and hence ug? = 0. Since u,® = O on the stream boundaries, it then
follows that uz2 is also zeroc on the stream boundaries.

We can apply the above analysis to a solid stream by reconsidering

the boundary conditions applied to the solution of Eq. 2.67. For a solid

stream we obtain

(e (“’P2‘2“°c+2“2> G (2.70)
6

A\
In obtaining Eq. 2.71, the conditions that ru,2 vanishes at r = O,b have
been applied. The potential variation, calculated in the same manner as

before from Poisson's equation, is
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2
= ¢ - Vozz - Q2r2 Ug

i}

(ﬁ - 92>(r2-b2) + UB(b) . (2.71)
2

The boundary conditions used to evaluate the constants of integration

involved in obtaining Eq. 2.71 are that ¢ is finite at r = 0 and that

A N
ug® + U2 = U2(b) at r = b. Substituting Eq. 2.70 into Eq. 71 yields

~

'ueg + éz\2

=<“>p2"*92+“”c> (r2-b2) + U2(b) . (2.72)

Since the coefficient in Eq. 2.70 must be negative (for the same
reasons as described for the rectilinear nonlaminar flow), the value of

2 must lie between the quadratic roots of that coefficient, i.e.,

/ u)c -wP wc +/ wc +wP ; (2.73)

Since { must also be real, Eq. 2.73 requires that

(Dca

abpz

= 1 . (2.74)

The equalities are appropriate for laminar, axially symmetric, Brillouin
flow. In this case @ = we/2 and 2 wp2 = we2.

If the stream is launched from a shielded cathode all electrons ac-
quire the Larmor angular velocity we/2. For this case{.} = 0 and, since
all the electrons will have the same velocity on the stream boundary,

U3(b) = 0. We have then, fromEgs. 2.70 and 2.72,

2 6

2 . O E’i.b_a) , 2,
@p ..2_X5 (2.75b)

W - (& -2 (=) (2.752)
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Bpov () - ) (555) - e

m

It is interesting to compare this last nonlaminar stream model with an
axially symmetric, laminar, Brillouin flow. For this comparison the two
streams are assumed to have the same geometry, boundary potential, and

space-charge density. The cyclotron frequency of the laminar stream

is denoted by w,g- Since it has been postulated that both streams have

the same space-charge density, we can substitute for wp2 in Egs. 2,75

from the relation (obtained in section 2.5.2)

2

a? = wg® (2.76)

As one index of comparison between the two streams we can use the
AN ,ﬁé
ratio, denoted by R,, of the partial energy upr2 + uy® to the total energy

2qf/m integrated over the cross-sectional area of the nonlaminar stream,

i.e., b
Jf (G;E}G:}) 2nr dr L
o
R = b = v, = (2'77)
y f (%q_ ¢) 2nr dr 26.-&- - \
o 14 wczba)

1-!9225 2
\ae

Tt should be noted that Eq. 2.76 has been used to obtain Eq. 2.77. The
factor 2v,,2/w.2b2 appearing on the right of Eq. 2.T7 is one-half the
ratio of the axial to rotational energy at the stream boundary. A not
unreasonable value for this ratio might be ten. Assuming that the ratio
(ch/wc)2 is O.4, substitution in Eq. 2.77 shows that R, is only 0.05.
While the comparison of these two streams is oversimplified, the example
above does illustrate the large effect a small nonlaminar motion can have

on the stream characteristics (in the example, the magnetic focussing
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field required). In this respect Eq. 2.75 can alsoc be used to compare
the two stream currents. The ratio of the currents will be proportional
to the ratio of the axial velocities since both streams have the same
geometry and space-charge density. Using Egq. 2.75c and the condition

that both streams have the same boundary potential, we have

v @ _Zb 2
(ozB) 3 (‘%c_g_ - 1) . (2.78)
0Z C

The subscript B denotes the cyclotron frequency of the laminar stream.
Using the same numerical order of magnitudes as in the previous calcula=
tion (wczba/lwoz2 = 0.1, wep?/we2 = 0.4), Eq. 2.78 indicates approximately
a three percent lower current for the nonlaminar stream.

2.7.4 Rectilinear Flow Model Re-examined. This section describes

in a different manner the rectilinear nonlaminar flow having the geometry
shown in Fig. 2.5. In this case the analysis will begin with the assump-
tion of a velocity distribution function from which the averaged parameters
of the stream motion will be calculated. For simplicity the distribution’
function, shown in Fig. 2.8, is chosen to be symmetrical about the veloc-
ity component in the E'direction. The distribution function is also as-
sumed to be uniform over an angle of 2WM, where WM is, in general, a
function of position. The nature of the variation of Vy with position
will be specified later. It is convenient to express the distribution
function in terms of the angle between the velocity Vv and the average
veloeity Vo, 1.e., in the polar form defined by Eq. 2.12.

The distribution function can then be evaluated in terms of the

average space-charge density in the following menner: from Eq, 2.8,
VM

Fdy = 2y = o, , (2.79)
= VM _
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FIG. 28 UNIFORM SYMMETRICAL DISTRIBUTION FUNCTION
FOR NONLAMINAR RECTILINEAR STREAM MODEL.
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where the uniform distribution function described by Fig. 2.8 has been

used. Therefore

F =§F_:M' ’ -WM§W§WM 3
F = 0 , elsewhere . (2.80)

The various parameters needed to make use of Eq. 2.13 can be calculated

in a straightforward manner. From Fig. 2.8 we have

v = |v] (cos ¥x +sinyy) , (2.81)
and hence
Vo == f‘”M v Fay
Po _wM
= |v] B1% Vm X . (2.82)
M
Similarly,
u, = |v] cos ¥ - vy
= |v| (cos ¥ -m> , (2.83)
M
and

VY,
> L " ey

_ va] <%M _ 2 sin® yy , sin 2wﬁ>

2¥y ¥M 2
v 2 2
= oX + ¥, cot M - 2 . (2.814»)
2 sin WM M
From Fig. 2.8 we have
u, = [v] sin v , (2.85)

and hence
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_ VOX2 M & - WM cot WM . (2.86)
2 sin WM

From the conservation of energy requirement averaged over the stream

(BEq. 2.57), it follows that

w- 2
24 - @x#@ : (2.87)

Because of the symmetry of the distribution function, the off-diagonal
N\
terms of the pressure tensor, uuy, are identically zero. Substitution

of the above quantities in the equation of motion, Eq. 2.13, gives

wp? = we Mox - Sl L 2o (w2 u/y\z)] s (2.88)

where mpz and w, are defined in the same manner as before (Eq. 2.53).

One more relation between the variocus stream parameters is provided by

Poisson's equation

29 o%¢ _ 2
e 2 wp . (2.89)

Equations 2.86, 2.87, 2.88, and 2.89 form a set of equations which
can, at least in principle, be solved for v,,2 andtgpa. In this connec-
tion it should be noted that the spatial variation of yy is assumed to

have been given, although such a specification has not yet actually been

made.
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In general, solving the above set of equations involves the study
of nonlinear differential equations with variable coefficients. To
avoid this coﬁplication in the present illustration, we shall again make

use of the technique practiced in the previous two sections. We assume

the following forms for sz and Voy

constant (2.90a)

mp2

Vox = Qy (2.90b)

~and solve for the form of Yy necessary to satisfy Egs. 2.86 and 2.89.

Substituting from Egs. 2.86, 2.87, and 2.88 into Eq. 2.89, we obtain
3202
Y = (_Dp2 - .
oy*

C
E M f 2 2 '
- 7 |32 YoxWM\" _ Vox~ y, cot yy

dy= sinyy 2
- 2 _ 52 v_ 2 t
B e = Y Ot Yy | (2.91)
Therefore
2 2 ’
9 Jox Yy oot Yy | = o & . (2.92)

o |2

The bracketed quantity in Eg. 2.92 is seen to be a quadratic function
of y. The constants of integration are determined from the condition
that both GZE and G;E'vanish on the stream boundaries. (See Eq. 2.50.)
Equations 2.84 and 2.86 show that this requirement is equivalent to the

requirement that Yy be zero on the stream boundaries. Applying these

conditions to the solution of Eg. 2.92 we obtain

Wycot ¥y = 1+ “3-1) {y-a)(y-b) (2.93)
Q y2
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Alternatively, we can substitute Eq. 2.92 into Eq. 2.91 to obtain the

equation
2 2
a—a; L/ Yox¥u = w2 . (2.9%)
Y 2 sinyy ;
i

The solution of Eq. 2.94, subject to the boundary conditions on Vs is

() () el

On substituting Eq. 2.93% and Eq. 2.95 into the trigonometric identity

2

2 . (M) . t uy,)7 2.9
W (simm) (¥y cot w)® (2.96)
we obtain ( _ -
2_. 2
WMg _ (Y'a)éY'b) <‘9Q4;mc 1@ q! 1. y-a)QY-b) . (2.97)
Y L & & y
VAN
Evaluating uxz, uy2 and @ as functions of y, we have
N
= 2 (ep® e -20%) (y-a)(yp) (2.962)
a 1 2
ws = E((Dp - wel) (y-a)(y-b) , (2.98b)
2
;q-?j = (wp? -0%)(y-a)(y-b) + Vo, ® . (2.98¢c)

These are, of course, the equations obtained previously, since the
stream model is the same as before. However, there is now available at
least one distribution function which produces the flow. We are, there-
fore, in a better position from which to consider, for example, pertur-
bations from the d-c flow and the effects of the pressure tensor on the

perturbations.
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2.8. Application of the D-C Stream Models

The purpose of this chapter, and the succeeding one, is to gain an
understanding of some of the types of interaction which can occur be-
tween electrons. Certain of the d-c stream models discussed in this
chapter, namely those which are mathematically relatively simple, are

used in the next chapter to study wave propagation on electron streams.



CHAPTER III. WAVE PROPAGATION ON ELECTRON BEAMS

3.1 Summary

The subject matter which is discussed in this chaepter is a study of
general conditions under which perturbations propagete in idealized sys-
tems consisting of streams of electrons flowing in uniformly bounded
wmedia under the influence of electric and magnetic force fields.

The predominating internal stream forces are assumed to be the
smoothed-out Coulomb interactions between the charged particles, and
the stream flow is described in terms of the hydrodynamic analogy dis-
cussed in Chapter II.

The use of the word "perturbations"” above implies a réstriction of
any stream disturbance to an amplitude small compared to the average mo-
tion of the stream; this restriection is stated more rigorously in the
course of the discussion.

The motivation for a small-signal, greatly oversimplified theory
is the hope that the results, after comparison with experimental datsa,

may make it possible to reach a better qualitative understanding of re-

alizable systems.

3.2 Equations of Perturbed Laminar Stream Motion

We consider, because of their relative mathematical simplicity,

perturbations of laminar electron streams.

The mathematical description of the d-c stream motion is then given

16

in terms of the Lorentz forces and Maxwell's equations™~;

| - _ = d
.8 [Bo + Vo x Bol = E‘%i , (3.1)

25



and

where
Eo
Bo
To
Po
Vo

€osHo

56

aBo
vV xE =
O Tt ]
B 3E,
Vv x g = JO + €O ?_t— »
V * §O = O P
V . -E-;o = DO/GO s
= P
v - Jo + €¢ o = 0 I
t

electric field intensity,

magnetic flux density,

convection current density = p, vg,
space-charge density,

stream velocity,

charge-to-mass ratio of the particles com-
prising the stream (a positive gquantity for
electrons), and

permittivity and magnetic permeability of

free space, respectively.

N

(3.22a)

(3.2p)

(3.2¢)

(3.24)

(3.2e)

Equations 3.2, while not all independent, are often used forms of the

basic equations.

The subscript zeros refer to the assumed basic d-c

stream (9/dt = O) satisfying Eqs. 3.1 and 3.2.

A perturbation, or departure of the stream from d-c flow, is char-

acterized by its appropriate symbol with the subscript one.

Because of

their linearity, Maxwell's equations are satisfied by the perturbation

quantities alone.

Equations 3.2, with subscripts one, may, therefore,
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be used to describe the perturbation. The equation of motion, Eq. 3.1,

becomes

- - ov
[Ey + V1 x Bg] = —‘ar% + (Vo * OV + (¥ - V)vo (3.3)

'
=3t

under the conventional assumptions

(V. + V1) x (B, +B1) = ¥vi x 56 +V x 55 ’ (3.ka)

(Voo NIV + (V1 V)V + (Vo W)V

(3.4p)

[(Vo +7V1) - V] (Vo+ V1)

1]

The first assumption neglects the force effect of the perturbed magnetic
field in comparison with the force due to the perturbed electric field.
The second assumption neglects the change of the perturbed velocity due
to the perturbation of the position at which the velocity is evaluated.

The perturbed current density, subJject to similar linearizing as-
sumptions, is

Ji1 = po V1 +p1Vo - (3.5)

5.3 Perturbations of an Electron Plasma

5¢5.1 Plasma-Stream Perturbations in the Absence of a Magnetic

giglg.l7 A particularly simple model to analyze is one wherein the d-c
stream has a single uniform velocity component, v,., constrained to the
direction of axial uniformity. Such a model can be envisioned physical-
ly in terms of a completely neutralized plasma-stream. The plasma is
supposed to consist of superimposed streams of ions and electrons of

the same charge density. The charge-to-mass ratio of the ion stream,
however, is assumed to be sufficiently small that the ions do not par-
ticipate significantly in the perturbation: they simply neutralize the

electric field of the d-c electron stream.
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The simultaneous satisfaction of Maxwell's equations and the equa-
tion of motion leads, after appropriate mathematical manipulations, to
the wave equation. In the present instance, this will be a linear dif-
ferential equation with constant coefficients having simple exponential
solutions. Advantage can be taken of this hindsight by initially assum~
ing (and subsequently verifying) a solution of the form exp j(wt - ox -
By - 7z), where @, B, and ¥ are constants (wave numbers along the co-
ordinate axes).

It is also convenient in discussing the equations of motion to ob-
serve the motion in a coordinate system traveling with the average stream

motion. Such a transformation is implied by the substitution for

d o) -
& =3t rv)  of L= jlwovgy) (3.6)
(in the stationary (in the moving

reference) reference)

In the moving coordinate system the equation of motion becomes, as-

suming that no static magnetic field is present,

2 - -
Wp € E1 = Jug J1 , (3.7)
where
31 = 9071 = convection current density as seen in
the moving reference frame, (3.8a)
w?E = - %o = electron density (plasma) radian fre-
‘meEq quency, and (3.8v)
Wwg = ® - avyy = Doppler frequency, i.e., the fre-

quency of the perturbation as seen
by an observer in the moving coor-
dinate system. (3.8¢)

The equation of continuity, as seen in the moving coordinate system, is
VeJi+Joger = O . : (3.9)

Taking the divergence of Eq. 3.7 and substituting Eq. 3.9 we obtain
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(wpe N wda)pl = 0 , (3.10)

corresponding to two possible modes of propagation

wpa - wdz = 0 , [space-charge waves] : (3.11a)

and

[solenocidal waves] . (3.11b)

@]

P1 =

The waves described by Eq. 3.lla have no net current density asso-
ciated with them; i.e.,
Ji+ Jwgeg Ex = 0 . (3.12)
Hence Vv x ﬁl = 0 and, since no external magnetic fields have been postu-
lated, there is no magnetic field associated with these waves. The en-
ergies involved in the perturbation alternate between the perturbed

electric field and the perturbed velocity of the space charge; it is

noted that
l 2— —
peak electric energy storage _ 2 @g®|Ex|«|Ey] - 1. (3.13)
peak kinetic energy storage 1 = .15 - * .
' 5 [Ja|*]Ea]

In the simplified model described above there is no convection of
momentum from one region of the plasma to another. A more detalled
model including a thermal velocity fluctuation accounts for such a con-
vection coupling adjacent regions of the plasma and organizing the
plasma oscillation. (In this connection, note that the group velocity
is aw/dx = vox; ise., energy is transported by the average stream motion.)
The effect on the dispersion relation, Eq. 3.1lla, is negligible for pres-
ent purposes except to provide a basis for assuming that the plasma vi-
brates as an organized unit.

Waves of the type given by Eqg. 3.1lb correspond to electromagnetic

propagation as distinguished from the electrokinetic propagation described
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gbove, and are characterized by the absence of any perturbed space-charge

density in the stream; i.e., there is no bunching. For the solenoidal

waves, one obtains from Maxwell's equations,

VX(VXE]_) = 'V2E1= -j(.DdVXBl

- Jog M, (T1+ jwaeo Ei)

E . (3.14)

2
= WU € (wg° - wp,
Substituting the exponential form of the perturbation into Eq. 3.14 gives
o + B2 + 7% + (wp® - wg¥luge, = O . (3.15)

Note should be taken of the special case of Eq. 3.15 which occurs when
wp2 - wd2 = 0. This particular wave, for which the electric field is
both solenoidal and irrotational, will subsequently be of interest.

Substituting appropriately, we have

peek kinetic energy storage _ _ |d9al+|Ea] = _ 92; (3.16)
= (D L] .

peak electric energy storage  wge,|E1l«|E1] a

The energy storage in the magnetic field is

wdeolﬁl|°lﬁll .

(3.17)

peak magnetic energy storage = ?Q |§l

—_ 2
-|Ba| = |1 - %p_
Ko wg®

d

The propagation can, if convenient, be regarded as occurring in a medium

' 0)2
€ = - P ey - (3.18)
wg2

The energy of the electric field is greater than that of the magnetic

of permittivity €;, where

field, with a fraction 1 - Wp contributing to the electromagnetic
wg2
fields and a fraction ®p?  pound to the kinetic energy of the charge.
s
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3.3.2 Plasma Perturbation in Rectangular Coordinates. Figure 3.1

relates a Cartesian coordinate system to the geometry to be studied. Be-
tween two plane parallel admittance sheets at y = a, y = -d, a neutral-
ized stream of electrons occupies the volume bounded by the planes y =
th. The stream has a uniform velocity vox in the direction of the X
axis.

We consider first the space-charge waves described by Eq. 3.1lla,
i.e., those satisfying the dispersion relation wp2 - wdz = 0. Since these
waves have no electromagnetic energy associated with them, it is to be
expected that their influence will be restricted to the interior of the
stream. The lateral boundary problem associated with the stream illus-
trated by Fig. 3.1 is shown in Fig. 3.2.

The boundary ripple produced by the perturbation of the space-charge
density is considered to be equivalent to an alternately positive and
negative charge representing the net effect of the perturbed electrons
and the immobile ions. If the wavelength associated with the perturba-
tion is considerably greater than the maximum deviation of the charge
from the unperturbed stream boundary, the net effect may be regarded, to
a first-order approximation, as an equivalent surface-charge density.
This is the well-known approximetion introduced by HahnlB. The height

of the ripple, calculated to the first order, is

by = fvlydt = Yy . (3.19)
Jog

The surface-charge density, corresponding to the charge enclosed

under the ripple, is

PoV 2
o1 = % pdy = ifj)_a:ix - ¥€oa%E1y = 7 e Eiy . (3.20)

The surface-charge density is + p,Ay on the upper boundary, where a pos-
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FIG. 3. GEOMETRY OF PLASMA PERTURBATION
DESCRIBED IN SECTION 3.2.2.
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itive perturbation of an electron's position carries it outside the stream,
and hence produces an accumulation of charge. On the lower stream bound-
ary, a positive perturbation of an electron's position carries it further
into the stream, leaving behind a deficiency of charge. The surface-
charge density corresponding to this decrease is therefore -p,Ay.

The fields are evaluated at the unperturbed boundary position.
Equation 3.20 shows that the boundary ripple terminates the internal
electric field normal to the stream boundary. From the Gauss theorem it
follows that the tangential field outside the stream boundary is also
zero. This tangential field must be continuous across the stream bound-
ary. In general, the space-charge waves do not have zero tangential
fields at the stream boundaries. However, -the continuity of any tangen-
tial component of the field at the boundary can be assured by use of
that particular space-charge wave, described in connection with Eq. 3.15,
whose electric field is also soleno&dal. The component of this space-
charge wave normal to the boundary is matched by the ripple corresponding
to it, and the wave has no space charge associated with it. Its tangen-
tial component may therefore be chosen arbitrarily to satisfy any tan-
gential boundary conditions. The presence or absence of any boundary
external to the stream, therefore, does not influence the propagation of
the space-charge waves. This conelusion is not restricted to the simpli-
fied geometry for which it is 1llustrated; it depends only on the absence
of any net current in the stream (Ji + jwgegE1 = O).

The electromagnetic waves satisfying the dispersion relationship
Eq. 3.15b, are, however, intimately affected by external boundaries. Con-
sider a TM wave propagating parallel to the Z axis with a phase velocity

much smaller than that of light. Therefore

Z-9YxE = 0 . (3.21)
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The impedance sheets are represented by their respective normalized trans-

verse electric fields

Y = E_l_X . (3.22)

yrux 21 . . é% (?55> - s lz . JwegE1y . (3.23)

Therefore, the quantity Y is equal to the normalized E mode admit-

tance,

o Biz
Y = -, .
Sigts Eyn (3.24)

In rectangular coordinates, the normalized admittance of the plane at
y = a, as seen at the plane y = h, is given by

J Yg + tanh aa-h)

3t = T737, temn Aa-n) (5.25)

The stream boundary-ripple is replaced by an equivalent normalized sur-

face-charge density in the manner previously described;

2
oL - + B By | (3.26)
€oB1x w32 Eix

As noted previously, the = sign corresponds to the fact that a positive
perturbation of charge position on the upper side of the stream 1s in-
dicative of the presence of charge, whereas on the lower stream boundary
it corresponds to the absence of charge. Matching admittances at the

stream boundaries, we obtain

. mp2
Y$, = Y, <1 - ——) ’ (3.27)

(.Dd2

where the superscript indicates the gquantity is to be evaluated on the

external or internal side of the stream boundary, respectively.
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It is interesting to consider Eq. 3.27 in the special case of a

symmetrical external admittance arrangement, i.e.,

Y, = -Y, = K . : (3.28)

For such a symmetrical arrangement the internal stream admittances on
the boundaries can differ only by a phase shift, so that they may be

described as

YL = Aexp (j0) , (3.29a)
= Aexp (-0) . (5.290)

From the sum and difference of Eqs. 3.29, making use of Eqgs. 3.27 and

3.28, we obtain

2
A1 -2 Jecoso = 0 , (3.308)
wy2
wpa
A( -2 )sine = -3K. (3.30p)
wg2
Equations 3.30 admit of two types of solutions,
w2
1-2 = 0; K=0 , (3.31a)
wa2
d
* JK '
6 = (aN#l)r/2; A = T oZ , (3.31b)
1 -
og®

where N is any integer.

The first solution is the space-charge solution previously discussed.
In general, © can have an arbitrary value. ~However, it is convenient to
I
assume the transverse field to be expanded in terms of orthogonal trig-

onometric functions. We can then, with complete generality, regard 6 as

some integral multiple of n radians. The second solution corresponds to
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the propagation of solenoidal waves; the internal admittances at the
stream boundaries differ only by an odd multiple of n radians in phase.

Figure 3.3 illustrates the appearance of the perturbed stream for the

two solutions.

In the more general case, corresponding to the geometry of Fig. 3.1,

the compatibility of Egs. 3.25 and 3.27 requires

w2 hy
P _1 = h 'h anh® o(3.32
wa= J 5 ann Zon 2 tanh 20h ta.nh eom ( \/ (Yh-Y_n)2 ¢ aoh (3.32)

For the special case considered above where Yﬁ = -th = K, Eq. 3.32 re-

duces to

w2 .
P .1 = sinh 20h _. cosh 20h¥F1 . .
wg® JK cosh 20h*l JK sinh 2ch (5.33)

If the admittance sheets are removed, i.e., if the stream is bounded by
free space so that Y, = ¥j, the appropriate dispersion relation is

sinh 20h _ cosh 20h7l (3.3L)

= -1 = = .

2 cosh 2ch#l sinh 20h

For "thick" streams (2ch >> 0) Eq. 3.34 reduces to

wp=

T+ ooth oam ~ ¥ = O (3.35)

If the admittance sheets are perfectly conducting planes located at

y = #d respectively, then th = 7j coth a(d-h), and for "thick" streams

the dispersion relation is

wp? >
1 7 coth ofd-n) coth Zom ~ ¢ = 9 - (3.36)

Since thé normalized boundary charge perturbation is proportional to

wpe , the effect of the conducting planes is seen to be one of increas-
w2
d
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ing the perturbation as the planes are brought closer to the stream.
This effect can be visualized physically in terms of the image forces of
the stream boundary-ripple in the conducting planes.

Equation 3.34 indicates that the stream by itself propegates an un-
amplified disturbance, a not unexpected result since, in the plasma sys-
tem described, the disturbaence is not coupled to any energy source.

3.3.3 Mutual Interaction of a Binary Plasma System. The possi-

bilities of the mutual interaction between plasmas of different char-
acteristics have been described by Haeffls. The model considered is
that of two plasmas, whose characteristics are distinguished by sub-
scripts a and b, occupying the same volume and mutually coupled
through their common electric field. In view of the linearization of

the equations of motion we have

J Wag Pog Vie s (3.37a)

oS e E1 = Jo v (3.37)
pb €0 B1 T db Pob Vib * .
From the equation of continuity we have
v *» (poa ¥ia + Pob Vib) = = Joda P1a - JOdb P1b (3.38)

Noting that
€V *Eyl = pia+P1b (3.39)
we obtain, on substitution into Eq. 3-37,

wza Pia » (3'“‘08')

2
wpe (P18 + Pib)

wgb P1p (3.40p)

wgb (P1a + P1p)

The compatibility of these homogeneous equations requires either of the
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.conditions
o wz
8. b space-charge
= *+ - 1 [wave coupling] (5-4a)
®3q db
solenoidal
_ -0 b
Pia = Paib ? mee couplin;] ' (3 )

corresponding in the first case to a coupling of space-charge waves and
in the second case to a coupling, through the stream boundaries, of the
solenoidal waves.

The coupling associated with the first case produces no fields ex-
ternal to the stream since the boundary-ripple equivalent charge density
terminates the normal electric field; i.e.,

2 2
A'
o1 = + p_O_E.__l_La + M) = =+ u% + (—D%’tz eoEly = F EoEly .
(3.42)

The continuity of the tangential electric fields at the stream boundaries
can be assured in the same manner as described previously for the space-
charge waves.

Figure 3.4 is a sketch of the nature of the variation of the two
terms on the left of Eq. 3.4la as a function of the propagation constant
. This function goes to zero as O approaches * « and has second-order
poles at & = Bgg = ®/Voxa and O = Bep = ®/Voxp; the minimum between the

poles is located at

2/ 2/3

3
o = Pob Pea * Ppa Pep
630> + 822

where PBpg = Wpa/Voxa &nd PBpb = ®pp/Voxhe The magnitude of this mini-

2

mum is
S
(Bea = 5eb)2
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The intersections of the curve sketched in Fig. 3.4 and the ordinate
unity determine the real roots. of Eq. 3.41la. A pair of complex conJju-
gate roots exist if the minimum between the poles is greater than unity,
i.e., if

- 2/s 2/a7?
tepa +pr] = 1 . (3.43)

(Bes - Beb)z

Stated otherwise, complex roots exist in the frequency range

3
(o )2/3 . )2 3

)2

(Vob = Voa

It has been tacitly assumed that vgy - Veg # O. For the degenerate case,
the two poles merge, the "minimum" between the poles is infinite, and the
corresponding complex roots vanish. The expressions above are symmetri-

cal between the two plasmas so that if either plasma is stationary, e.g.,
2 <

Vop = 0, the frequency range in which complex roots exist is O = W

wgb, and the propagation constant is

Ppa.
a = Bea ] /('D.ST_ L . (3')4'5)
VoZ

The intersection of the curve sketched in Fig. 3.4 with the ab-

scissa & = O occurs at

Ppa 2 Bpﬁ>2 _ wﬁa + w%b "
<Pe;> * et B w2 ) (5.46)

If the value of this quantity exceeds unity one of the real roots of
3.40a occurs for negative @, which suggests a backward wave, i.e., one
for which the phase and group velocities are in opposite directions.

The group velocity, obtained by differentiating Eq. 3.4la, is



>

2 2
Bpa + pr
: 2 2
w _ (Zea-a) (Beb-g) -, (3.47)
Ppa Bpb

Voxa(Bea'O‘)3 ¥ voxb(Beb-a)s

For streams in the same direction, i.e., vog and vgp 2 O, the group ve-

locity is positive for negative 0. A specilal case, amenable to algebraic
manipulation, occurs when Bpa = pr Q Bp. For this case Eq. 3.41a can

be written as

1 + 1
EE_% ] ﬁ)z _Bib, _ g->£ = 1 . (5-’4—8)
Bp Pp Bp Bp

It is convenient to make use of the following variables:

1 (Pea * Beb\ -1
¢ = 23\" B J Bp’

s

(3.49a)

v
|

1 (Bea - Peb
L (Ben Ben) (5.490)

Substitution of these variables in Eg. 3.48 yields
£2 = 1 4 (2 £41 442 (3.50)

and hence

/ . -
o _ Pea t Bep ., Pea-Peb 2 Bea'ﬁeb 2
—_ = === I ]l 4| s 1 + (== . (3.51
Bp 2B v/ \ 2Bp ) N/[ ( Bp (5.51)

2
Complex roots occur for (Bea’ﬁeb = 8; i.e., there is a maximum
Pp

velocity differential beyond which no gain occurs. It is convenient to

define a velocity parameter, K, arbitrarily taken as greater than or

equel to zero, as

Voxb - Voxa . Pea - Beb = K
Voxa ‘Beb

(3.52)

hY)
o




Th

Using a superscript prime to denote normalization of a quantity with re-

spect to Bp, we can write Eq. 3.51 in the form

] ! 2
o - (Besz> (1,,%) . \/1 +(5e2bK> £ VT + (BEpK)” - (3.53)

Figure 3.5 is a plot of the imaginary part of @' as a function of BdpK.

’

The coupling associated with the second case of Eq. 3.41, describ-
ing electromagnetic wave propagation, leads after matching the stream

boundaries to free space, to the dispersion relation

2 2
w w

pa pb  _ + cosh 20h 2 1 . .5k
wgg wgb sinh 20h (3.54)

The sketch of Fig. 3.4 applies to the equation above except that the real
roots are determined by intersections with the more complicated function

on the right of Eq. 3.54. For "thick" streams, i.e., 20h >> 0, Eq. 3.52

simplifies to

2 2

W w

L2, PPz o2 . (3.55)
®3g Ddp

Within the thick-stream approximation the previous discussion of space-
chargé waves carries over to the present case upon replacing the actual
plasma frequencies involved with reduced, i.e., "effective," plasma fre-
quencies equal to 0.707 the actual values. (Compare Eq. 3.4la with Eq.
3.55.)

Coupling between two plasmas does not require intermixing of the
two streams. If the plasmas are spatially independent the coupling can
occur through the solenoidal electromagnetic waves only and not by means
of the space-charge waves. A simplified model describing such a coupling

is illustrated in a succeeding section for plasmas in a uniform magnetic

field.
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3.3.4 Plasma Perturbation in a Static Magnetic Field. The dis-

cussion above has charagterized an elementary plasma, viewed in an ad-
vancing frame of reference, as an isotropic elastic medium with a natu-
ral frequency given by the electron density frequency'mp.

The introduction of a static magnetic field creates a spatial an-
isotropy by establishing an orientation of the plasma in space. The com-
ponents of the velocity in a plane orthogonal to the magnetic field are
coupled. This is reflected in the equation of motion, written in an ad-

vancing frame of reference,

(Dpa ) E.'l. = Jog ‘-]:l ) 31 X Z 2 (5‘56)

where g = (g/m)B, is the cyclotron frequency. The equation refers,
for simplicity, to a plasma having a uniform charge density and a uniform
velocity. The magnetic field By is parallel to the Z axis and directed
negatively.

Equation 3.56 can be brought into a convenient form through the fol-
lowing manipulations. From the vector product of Eq. 3.56 with the unit

vector z we obtain

wpg € E1 x Z = W, J1 + Jwg J1 X Z - W, J1z Z . (3.57)
Elimination between the two equations formed by taking the divergence of

Egs. 3.56 and 3.57 leads to the relations

- (Dc Z « ¥V x ;-I.l = .Dl ((Dpe - wda) » (5'585-)

w 2 OJ1z

(3.58p)

From Mexwell's equations we have

o

:B;_l 2 - - § \
vx (quo>=-v T vx J1 o+ Jug € VxE1=k2[o',(3-59)
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where the last expression is a consequence of the linearity 'of the equa-
tions and the uniform conditions assumed; k2 is & constant equal to the

sum of the squares of the propagation constants along the coordinate di-
rections. Since h

- 3Bz = Z-*YxE , (3.60)
an equation releting 2 « V x E; .and z+Vx J,. cen be obtained from
Egs. 3.58 and 3.60. On substitution of this relation into Eq. 5.37a we

obtain

| k2 = = 2 2
Wa (?md + EEEE;E; € 2z «- VXE = p;(mw -wg-) . (3.61)

On substitution of Eq. 3.6l into Eq. 3.57a we obtain

1
2 2
- Jogea (1-‘°d2)1+ k2 wg® ) + 2 = ®_ iz |
®p= ®pPHoto  ©p2/)  ©p wp? "Jz

(3.62)
It will be noted that if the magnetic field vanishes the solutions re-
duce to those previously obtained. Also, in another limiting case, if
propagation is confined to the Z direction only, then, from the equation

of continuity,

oJ1z
gz

Equation 3.62 then has the previously obtained solution for no magnetic

= - Wwgp1 -  (3.63)

field, since the magnetic field does not influence the motion in this

case.

For simplicity we consider only propagation normal to the magnetic

field (9/9z = 0), so that

aJZ | )
—— = 0 . .6h
Y (3.64)

Equation 3,62 indicates the solutions for this case to be



w2\ (. L w2 A
-1 ke wa? |y S5 - o (3.658)
———— (D
®p ®pPHo€o  ®pT P .

pl = O . . (5‘65b)

Substitution of the solution Eq. 3.65b into the wave equation

- - v : - - .
Vx (VxE,) = - vE,; + -Si = - Joguo (J1 + Jog € E1) « (3.66)
leads to the dispersion relation
. 2
J T
wg®J1 + k= wg wca
— ——2-—— - —2 = . ‘ (3067)
wpa L ®p~Ho€o Wy 5;2 ,

Equation 3.65a is plotted in Fig. 3.6, which shows wda/mpz as a
funection of k2ﬁ»p2uoeo. This figure may be interpreted as applying to a
stationary plasma with the Doppler frequency wg as the perturbation fre-
quency. For zero magnetic field (wcﬁwp = 0), Eq. 3.658 separates into

the two independent solutions previously obtained,

2 .
ald? = 1 (3-688.)
®p
and
wae
—d‘? = —2£'— + 1 s (5068b)
Wy, W Ho€q

which describe the longitudinal and transverse oscillations of the plas-
ma. The effect of the magnetic field is to couple these oscillationms,
producing two branches to the dispersion relation corresponding/to a

modification of each type of oscillation. The two branches produced

are asymptotic to the lines

z 2 ’ ( )
p p

and
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wg? | w,®
(-1.)-;2 - (;5-5 + 1 ’ (5.69b)

respectively. Although we do not consider the question, it would not be
surprising if the modified waves partook of the character of the longi-
tudinal and transverse oscillations from which they are derived.

Equation 3.67, corfesponding to the solution Eq. 3.65b, is plotted
in Fig. 3.7 in a fashion similar to that of Fig. 3.5. For zero magnetic
field the solution degenerates into the two independent branches,

2

w 2
Lo K1 (3.70a)
") ®p=Ho€o ‘
and
2
®g
—s = 0 , (3.70D)
©p

corresponding to a transverse oscillation and a nonpropagating disturb-
ence of the simple plasma. In the presence of the magnetic field the

dispersion relation separates into three branches, two of which are

asymptotic to the line

12
p2 TIPS t1, (3.71)

and one which is asymptotic to the line

o H (3.72)
— - 1 L ] [ ]
wp® ®p

The difference between the propagation characteristics of the first

two modes (asymptotic to Eq. 3.71) can be found from Eq. 3.67,

K2 wg® 1
. = L. =, (3.73)
®pHofo  Up 1+55

and corresponds to the differential phase shift between the two modes
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prer unit length. Propagation in a frequency range encomﬁéssing these
modes‘permits a Faraday rotation effect similar.to that observed in
ferrite.materiﬁls.

The mode of propagation described by Eq. 3.72 corresponds to a modi-
fication of a static perturbation due to the cyclotron rotation of a
charge in the magnetic field.

The character of the motion of a unit of charge can be described in
terms of a particle moving under tie impress of an alternating electric
field of frequency wg. To a first approximation we ignore the effect of
the motion of the charge on the nature of the field; i.e., the nature of
the motion is assumed to be consistent with the net field of the total
stream. Considering the motion in a plane perpendicular to the magnetic
field and denoting quantities in this plane by a subscript T (for trans-
verse), we obtain from Eqs. 3.56 and 3.57

(042«0a2)Tar = - JogopZey EaT + Owp €0 ExT x 2« (3.74)
Since, in the édvancing frame of reference, the current density is pro-
portional to the perturbed velocity, Eq. 3.74 shows that the orthogonal
components of the velocity vector in the plane transverse to the magnetic
field are, in general, unequal in magnitude and ﬂ/2 radians out of space
phase. This corresponds to an elliptical polarization of the Velocity
vector in this plane. For frequencies above the cyclotron frequency the
velocity components have opposite phase relations to the electric field

than they do below the cyclotron frequency.

3.3.5 Quasi-Stationary Approximations. In dealing with the inter-
action of streams, interest centers mainly on waves propagating with
phase velocities small compared to the velocity of light. The heuristic

Justification for such a simplification is rooted in the fact that an
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energy interchange between an electron and a wave occurs because of the
‘motion of the electron through the electric field of the wave. For a
net average energy to be exchanged the particle musf, on the average,
spend more time within one phase of the wave than the other and hence,
the wave phase velocity and the charge velocity must be»of comparable
megnitudes. Stream velocities of interest here lie in a range about,
roughly, one-tenth the velociﬁy of light so that one can usually assume
the above simplification when dealing with wave interaction mechanisms.

The usual statement of the quasi-stationary approximation is
VxEr T O , (3.75)

corresponding to waves propagating with a phase velocity much smaller
than that of'light. The corresponding form of the solutions of the

wave equation aré obtalned by the substitution of the approximation Eq.

3.75 into Eq, 3.55b; these are

2 2 "
Wy Wq space-charge
— = —3+1 , |waves ] (3.768)
. ®p ©p
-
solenoidal
= 0 . .
P1 vaves ] (3.76b)

'Within the quasi-stationary approximation the first solution is a-
modification of the simple plasme space-charge wave and the field does
not extend beyond the boundary of the stream. This can be verified by

noting that the normalized surface-charge density equivalent to the bound-

ary-rippie is

03 . ;!mz g Eyr + 1
€ Eirxn- Z We2 =g Joq Y OET xa-z | * (3.77) .

where the subscript T refers, as before, to a plane transverse to the
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direction of cylindrical uniformity z, and 0 is a unit vector normal to
the stream boundary. The components E;T . i and. EIT X E . Z = EIT X
Z . E are the normal and tangential components, respectively, of the
transverse electric field on the stream boundary. |

For solutions of the type described by Eq. 3.76a the above expres-

sion reduces to

EaT °n

6] . = .

— i = i wc ; e ——————— . (3'78)
€c EaATX D+ 2 Jog  EiTxn -2z

The net field leaving the stream normal to the boundary is therefore

g1 . @ Qe = .z Pe E 5.3
_— TN = — . = * L] .
o VBT TR T qpg BT XECE I (o )72 BaT x e 2

(3.79)
With zero tangential field on the stream boundary, the normal field is

also zero as it must be, since the dispersion relation is independent of

the stream geometry.

As was done for the space-charge waves of the simple plasma, it may
be noted (using Egs. 3.56 and 3.57) that the ratio of the kinetic energy

to the electric field energy stored per unit volume is

peak kinetic energy storage - ljll=f |E1|=__ =1 . (3.80)
peak electric energy storage wg €0 |E1] - |E1] *

The second type of solution corresponds, within the quasi-stationary
approximation, to a solution of Laplace's equation subject to the con-
straints imposed by the plasma boundary-ripple charge distribution. A

solution of this type, confined entirely within the stream boundaries,

and subject to the condition

w32  we® 1
-z = —=3*t ’

may be used as an alternative means of matching the space-charge waves
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discussed above.

Figure 3.1, modified by the introduction of a static magnetic field,
-Boz , affords a simplified linear geometry for which the propagation of
the electromagnetic waves may be investigated. Assuming, for simplicity,

that the plasma is bounded by free space (for which the normalized admit-

tances are * j), we have from Eq. 3.79

(Dp2 l W .E-:lT i i 1 -E-:LT n
*d o= mca-wdz‘}-:md EJ.TXY_I_"Zl Exrxn+Z
L B
2 -
w Ey w,2 w
= (1 +—P—2-) = _P c (3.81)

U.)ca-(nd

where the subscripts x and y refer to the geometry of Fig. 3.1. The nor-
malized admittance Ely/Elxlih is evaluated at the upper or lower stream
boundary corresponding to the + and - sign, respectively. Since the
field is Laplacian, the surface admittances are related by Eq. 3.24, ob-

tained previously and repeated below;

Eay
E J Fixl +h + tanh 2dh |
ad = (3.24)
—_— = E, . 3.
E1x|-h 1+ J=—Y|- tanh 20h
BEix|+h

Equation 3.24 supposes propagation of the form exp j(wt-ox) and a stream
thickness of 2h. On eliminating the stream admittance between Eqs. 3.81
and 3.24, the dispersion relation for electromagnetic wave propagation

is obtained,

2 2 =2 2,2 2 wp*
2oq = op e i\/(wpa*‘”c ) - Tvotmen + (3:82)

The negative term under the radical has, for real values of &, maximum
and minimum values of wp4 and zero, respectively. The roots of Eq. 3.82
are then all real as they necessarily must be since the physical model

precludes any coupling to a source of energy to feed a growing wave.
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For "thin" streams, i.e., 20h ¥ O, the dispersion relation is
2 . 2 2
o T ooy +a” ) - (3.83)
indicating that the fields are confined to the near vicinity of the

stream.

3.3.6 Coupling of Plasmas in a Static Magnetic Field. As an inter-

es£ing, although greatly oversimplified, illustration of theAcoupling of
two plasmas, we examine a system, illustrated by Fig. 3.8, consisting of
two plasmas of equal space-charge density and different average veloci-
ties separated by a spacing 2h. For a pseudo-physical manifestation of
such a model we can suppose the plasmas to be separated by a positive ion
stream with a spece-charge density équal to the plasma density and moving
with the mean velocity of the two plasmas. To maintain such a laminar

ion flow a static y-directed electric field of magnitude

Eo = (E&;PB) Bo (3.84)

2

is required.‘ Subséripts a and b differentiate characteristics of
the two plasmas.

To maintain the plasmas in rectilinear motion under the combined ex-
ternal static electric field E, and the electric field of the positive

ions it is necessary that the net transverse force on the plasmas vanish,

i.e.,
poh Von +
2 62 + q ( oa 5 Vob) Bo = q vVgg Bg » (3.85a)
-9 zoh + g (Toa ; VO?) Bo = qQ Vg, By (3.85b)
5 :

These conditions are simultaneously satisfied provided

Voa - Vob = a_z)ﬁ no. (3.86)
C
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If the plasmas are supposed to be thin, i.e., to have transverse dimen-
sions of a much smaller order of magnitude than the perturbations, the
effect of the perturbations mey be replaced by an equivalent surface-

charge density distribution

2
01 - ""P D Ely
- - + —— ° .8
€, Eix W, 2-wg2 Jog Eix (5.87)

Matching the boundary admittances to free space gives

2
5 o= (3R Bw| o g % 88
J <wc2-0)g& Elx a a)ce_a)daZ dea » ( 3 . a)
2 2
_ wE E _ %E e . ( 3. 88b )
fT CDCZ*Dgg) Eixlb we“=wip Jodp

Since there is no perturbed space-charge density between the plasmas, Eq.

3.24 is appropriate to transform the stream admittances between the two

boundaries, i.e.,

3 %iﬁla + tanh 20h

1y = . .8
Yl © 1+ 359 tomn o (5.89)
ixla

Elimination between Egs. 3.88 and 3.89 leads to the dispersion relation

tanh 2m¢!

a'2(1-m2) + (m-w')a' +w'2 = 1
( y+ ( ) 2 1 + tanh 2ma' °’ (5.90)
where
o' = w, , (3.91a)
04 -
* = <.___v°a Vﬂ) , (5.91b)
(o] 2
v -V
Osm = 98 _ 0 < 5 | (3.91c)
- Voa * Vob

In obtaining Eq. 3.90 it has been assumed that



89

2

(f,—d) <1, (3.92a)
(o]

wp2 = we? . (3.92b)

Equation 3.91 is identical to the result obtained in a subsequent dlscus-
sion of a perturbation of rectilinear Brillouin flow. Comment on it will
be deferred, except for noting that the propagation constant turns out to
be complex over a frequency range extending to approximetely twice the
cyclotron frequency. The perturbation propageates with a phase velocity

approximately equal to the mean of the plasma velocities.

3.4 Perturbation of Irrotational Streams

3.4.1 The Secular Equation. The artifice of an ion-neutralized

stream permits & perturbation analysis accounting for the effects of the
space-charge forces on the character of the propagation of the perturba-
tion. However, the neutralization of the d-c stream eliminates forces
resulting from the space-varying d-c electric field of an unneutfalized
stream. In general, a perturbed electron will see an r-f force as a re-
sult of a perturbation of position in a space-varying d-c field. This
field provides a coupling between the d-c energy of the stream and the
energy of the perturbation. The possibility exists, under these condi-
tions, of a self-amplifying stream perturbation feeding itself from the
d-c energy of the stream.
Consider, because of the relatively simple mathematics involved, ir-

rotational streems, for which

VxB, = Vx(mVo -qh) = 0 . (3.93)
The irrotational character of the stream is preserved under the pertur-
bation and, neglecéing fhe perturbed megnetic field consistent with the

slow-wave approximetion practiced in obtaining the equation of motion, we
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have
gxvi = 0 . (3.94)
Substitution of Egs. 3.93 and 3,94 into the equation of motion, Eq.

3.33, leads to the result

%’.t + T+ 7)) = SE . (3.95)

Use has been made of the vector identity
v(EB) = A.VB + B.v&E + Ex(vxB) + Bx (vx&) (3.96)
in obtaining Eq. 3.95. Equation 3.95 may be put into the convenient

form

V[% + (vor V)Sl] = %El ’ (3.97)

vhere the scalar stream velocity potential S;1is defined by
71 = -AVS;L . (3'98)
Equation 3.98 is a consequence of the irrotational character of Vi

From the divergence of Eq. 3.97 and Gauss' law we have

va{ég_% ¢ (ToeW)saf = aes . (5.99)
(o] .

From the equation of continuity we have

- é%‘t = vopovl + V'pro = V'pov.l + (Vo‘V)pl . (3.100)

The last form of Eq. 3.100 requires the d-c stream velocity to be sole-
noidal, a conditiop which is verified by the equation of continuity for
the d-c stream on the assumption of a uniform d-c charge density pge.
This assumption is justified for certain of the irrotational streams

discussed in Chapter II and limits the following discussion to those

streams.



91
Elimination of p; between Egs. 3.99 and 3.100 yields

-{% + (Vo'V)]‘{VZ [% + (vo-v)]sl} = -~02vs . (3.10)

Defining the hydrodynamic stream operation D/Dt as

D

5% (3.102)

= SBE + (VO'V)
permits Eq. 3.101 to be written in the form
D 2 (DS 2_2

3.4.2 Axially Symmetric Brillouin Flow. We consider Eq. 3.105 in

cylindrical coordinates (r, ©, z), corresponding to axially symmetric

Brillouin flow (see section 2.5.2). A perturbation of the form
perturbation ~ exp J (wt - B - 7yz) (3.104)

is assumed. Since the d-c velocity is

VO = ©Pc r 6 + Vpg z » (3.105)

EQ. 3.102 indicates that the hydrodynamic stream operator, operating
on a scalar, is equivalent to an algebraic multiplication; i.e.,

w,

T J\» - 7; B - Voz %) = Jbg (5.106)

The Doppler frequency, wg, is that frequency which the perturbation ap-
pears to assume for an observer traveling with the d-c motion of the
stream. It is significant to note that the Doppler frequency is inde-
pendent of the position of the observer in the sfream. As a consequence

of'this, the Laplacian and hydrodynamic operators in HEq. 3.103 commute;

i.e.,
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%{ve (%1)} - (in;jg) . (3.107)

Therefore Egq. 5.103 can be written as

D2 o
sts (va3s,) +a>p2 (v3,) = 0 , (3.108)

indicating that D/Dt2 and.wP2 commute. Equation 3.108 therefore has the

two solutions

wp? -wg® = 0 , (3.109a)
and
v8s, = 0 . (3.109b)
As seen from the equation of continuity, Eq. 3.100, the Laplécian char-
acter of the stream velocity potential is equivalent to having zero per-

turbed spece-charge density. The two solutions can be characterized
then as

w2 = w2 , [space-charge waves] (3.110a)

p1 = 0 . [solenoidal waves] (3.110b)

It should be noted in connection with Eq. 3.1lla that, for axially sym-
metric Brillouin flow, wpz = we2/2. The two solutions sbove are those

found by Rigrod and Lewis in their study of wave propagation on én axial

Brillouin streamla.

Since the hydrodynamic operator operating on a scalar is equivalent
to multiplication by a constant in eylindrical coordinates, Eq. 3.97 be-

comes simply

g P V1 = o e E . (3.111)

For waves of the type described by Eq. 3.110, Eq. 3.111 becomes

Po V1 + Jd o E1 = O , (3.112)
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which shows that there is no total current density associated with this
perturbation when viewed in a frame of reference advancing (and rotating)
with the average stream motion. There is no external field from the
stream since the flux terminates on the boundary equivalent surface-

charge density; i.e.,

J
91 _ Po Vir _ ir _ _ g . (3.113)
€5 Jvg €o Jog €o W

The similarity between the dynamics of a space-charge wave in the

present case and the space-charge waves for a plasma-stream without mag-
netic field is striking. The unique balancing of the space-charge, mag-
netic, and centrifugael forces is maintained during the perturbation.

The second solution of Eq. 3.110 corresponds to electromagnetic wave
propagation along the stream.

To simplify the mathematics we make use of the quasi-stationary hy-
pothesis

VxE = 0 , (3.11%)

and, on this basis, define a potential function @i as

E, = -v¢g, . (3.115)

Because the electric field intensity for the solution being considered

is solenoidal, the potential function satisfies the Laplace equation both
within and without the stream, i.e.,

v2g, = 0 . (3.116)
The appropriate solutions for ¢1 in cylindrical coordinates, omitting a
fector exp j (wt - Bo - 7z), are the modified Bessel functions of the
first and second kind, I and K, respectively. Consider a hollow stream
of radii a and b respectively (a > b) and, for simplicity, assume free

space external to the streams. The geometry 1s illustrated by Fig. 3.9,
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In the region for which R = yr £ ya, the potential variation is giv-

en by
g, = AK(R) . (3.117)

For the region ya 2 R & b, the potential variation is
§1 = BIg(R) + CKg(R) , (3.118)
and for the region R = 7b, the potential variation is
g1 = DI(R) . (3.119)

From the requirement of continuity of potential at the stream boundaries

we obtain
AK; = BIS%CKZ , (3.120a)
b b b
DIz = BIg +CKg , (3.120b)

where Ig refers to the B order of the indicated modified Bessel function
with argument ya, and similarly for the other symbols.

Two additional equations are obtalned from the requirement on the
continuity of the normal derivatives of the potential at the stream bound-
aries (including the boundary surface-charge density). The boundary-rip-

ple charge density is

o .
g1 Po Vir ‘BB %h '

— = = 0121
€O :V-“d eO wda T b4 (5 )

and the equations obtained are
. a a
-4 (B + 52
) (3 1222)
b b b b b b
D (Ifs+1 + IB-l) = {B (Ia+1 * IB-l) - C (Ka+1 * KB-l)J'{L - %;3} y

Equations 3.120 and 3.122 are a set of four linear homogeneous equations

n
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o~
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in four unknowns; their compatibility requires the determinant of the

coefficients to vanish. After some algebraic manipulation of the deter-

minant, it can be put into the form

s wg® 1 K§+1-+ Kg-l
P aF 8 (1Ba ¢ ) Kge1 + ¥p-1
= 0 .
IB+1 + 18-1 1.2 wg® 1
Ina + Ipa ™ Op” I8 (KEH. + Ke-1>
(3.123)

If we suppose the inner stream radius to go to zero, i.e., if we

consider a solid stream, the determinental equation becomes

“e 15, + I3 2 -0 (3.124)
o2 B+l * Ig.1) - 955 = . 3

It should be noted that the Doppler frequency wg contains the axial prop-
agation constant (see Eq. 3.106). Examination of Eq. 3.124 shows that
the axial propsgation constant is real, and no growing waves exist on
the solid Brillouin stream.

As another relatively simple case we consider a hollow stream and
a perturbation for which there is no circumferential variation, i.e.,

B = 0. The determinental equation, Eq. 3.123%, reduces to

2
a W b _a
Iy K5 78 w2 Io Ka
= 0 3,125)
a b .o wd2 ’ (
I, K Io K ;ST;;E

and leads to the following expression:



= al> ¥ + b0 K&

2
\/ (aﬁ‘ &+ bl K?_) - bebIo K2 (I'i K0 - 18 Ki’)

H

= al? k2 + bI2 K&
a a b b\2 P a b a
* (aIl Ko - bIo Ki) + LabIp Ko Inx K1 (3.126)

The second form of the right-hand side of Eq. 3.126 shows the radical to
be a real quantity under the tentative assumption of real y. On noting

that
a._b b .a
I . Ky -In Ky 20 , (3.127)

the first form of the right-hand side of Eq. 3.126 is identified as a
positive real quantity. Comparison of the left-hand side of Eq. 3.126
with the conclusions sbove indicates their compatibility. It seems rea-
sonable to coﬂclude that Eq. 3.126 has only real roots which are of sig-
nificance.

For a more general perturbation of a hollow cylindrical stream the
determinant, Eq. 3.123, becomes more difficult to interpret. It appears
probable, however, that a similar conclusion will be reached upon criti-
cal examination, i.e., that growing waves do not exist on the perturbed
hollow axlal stream. Such a conclusion is apparently in contradiction
to the experimentally observed phenomenon of hollow-stream breakupé.
This discrepancy is discussed subsequently. For the present we consider
only why, experimental evidence to the contrary, a lack of instability is
plausible for the model considered. To provide an instability a source
of energy must be coupled to the perturbation; this coupling is general-
ly attributed‘to the "slipping stream" nature of the flow. Actually an

axial Brillouin flow does not slip; all the electrons have the same axial
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velocity and the seme angular velocity. A sector (wedge-shaped slice of
the stream) ﬁaintains its identity throughout the flow. Since no one
segment of electrons "slips" past any other, there is no coupling between
electrons. If we assume that a significant perturbation (in the present
discussion) is carried along by the éerturbed electrons. at approximately
the electron axial velocity we implicitly also assume that none of the
electrons move through the perturbation.

As a preliminary to reconciling the above discussion with the in-
controvertible experimental observations we consider a different model
of a hollow-stream perturbation: a so-called "thin" stream model.

In this model the hollow stream is assumed to be sufficiently lim-
ited in thickness that the various fields can be approximated by the
average of the fields on either side of the hollow stream. A perturba-
tion of the stream is now assumed to be of a much larger order of mag-
nitude than the stream thickneés A. The resulting boundary value prob-
lem is illustrated in Fig. 3.10. The discussion of the first few para-
graphs of section 3.3.2 remains valid for this model in that, for elec-
tromagnetic wave propagation, the perturbed space-charge density is zero.
As a first-order approximation the.r-f boundary conditions at the stream
may be obtained by superimposing on the unperturbed stream position a
similar stream of positive ions. This artifiée provides a convenient
method of subtracting the d-c field from the total field of the perturbed
stream. The d-c volume charge density p, can be replaced for the "thin"-
stream analysis by an equivalent surface-charge density, oy, given by the

expression

m €.A P

2% | p2 , (3.128)
o .

As 1llustrated in Fig. 3.10, the resulting configuration, to a first-
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order approximation, is equivalent to a surface dipole moment distribu-

tion. This dipole layer causes a discontinuity in potential given by

Fig - P2 = 20 5r (3.129)
€o

where the subscript u applies to quantities evaluated Just above the
stream and the subscript ! refers to quantities evaluated just below

the stream. In accordance with the initial assumptions above,

Pau + P12 = 285 , (3.130)
where the subscript s refers to quantities evaluated within the stream.

Making use of Eq. 3.11, we have

_ GV 203 7 '
By - Py = i(ﬁf - \%_;”_ﬂ) . (3.131)

As before, the potential functions describing the perturbation are
solutions of Laplace's equation in cylindrical coordinates, i.e.,

A KB(7r) (above the stream) , (3.132a)

g1
g1

Since there is no space-charge bunching in the stream, we have, at the

B IB(7r) (below the stream) . (3.132b)

stream,
op op
u L
—2 = = ., 3.133)
on on (
Substituting Eq. 3.132 into Eq. 3.135 gives
e a
I + I
% = -8+ " Bl (3.134)

Kg+1 + K§-1

where the quantities have been evaluated at the mean stream radius, a.

Applying this result to Eq. 3.132 we have
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8
ety L B
wg2? 2 K§'+1 + Kg-l Inql + 11

: 2

8 a ) (3-135)
78 (I§+1 + 15-9 (K8+1 + ng].) ,
where use has been made of the Wronskian

a a 1
Ia KS+1 + Ia_'_l Kg = ;—; . (5.136)

It is convenient to make use of the relation between the plasma and cy-

clotron frequencies, and the definition of the Doppler frequency, to
write Eq. 3.135 as
27 v 2 2 /.8 a a a
(_oz +pB - ?‘_D> = -14 (ya) (IB"’]- + 15_9 (KB.,.]_ + Kg-]) . (3.137)

We We 2 a

Since the stream has been assumed "thin," i.e., A/a << 1, the value
of y obtained by setting the left side of Eq. 3.136 equal to zero can be
substituted for the y appearing on the right side, as a first-order ap-

proximation. The resulting equation is

, 7 B 4 A
R L O R[S

where
W
Te = Yoz ’ (3.139a)
y = (3.139b)
¢ Voz

The "thin"-stream analysis thus shows an instability to be present in
the stream. However, the "thin" stream represents a different model from
that considered previously. In this connection we can study the deter-

minental equation, Eq. 3.123, in the limiting case where & approaches

b. We set
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b - 8 = A ’ (5’11‘0)

and assume that the Bessel functions have essentially the same value at

b as at a for small A. Equation 3.125 then reduces to
g Ay 15 (3.141)
L = 1+815 (K3 +K3,) - 3.
iV 2

p .
This result is considerably different from the "thin'"-stream result,
Eq. 3.135.
This apparent contradiction is also encountered in the more easily
visualized case of circular Brillouin flow discussed below.

3.4.3 Circular Brillouin Flow. A somewhat simpler model to analyze

than the preceding case, and one which exhibits similar apparent contra-
dictions, is that corresponding to circular Brillouin flow. As far as
the d-c stream behavior is concerned, circular Brillouin flow can be re-
garded as the special case of axially symmetric Brillouin flow which re-
sults when the stream has zero axial velocity. Figure 3.11 illustrates
the geometry of a circular Brillouin flow. A perturbation is assumed
to propagate circumferentially. As in exial Brillouin flow the pertur-
bation propagates elither as a space-charge wave for which the total cur-
rent density as viewed in a frame of reference rotating with the elec-
trons is zero, or as an electromagnetic wave for which the space-charge
density of the perturbation is zero. The general discussion of the
space-charge waves of an axially symmetric Brillouin flow is applicable
to the space-charge waves of the present case and need not be repeated;
the solenoidal waves are discussed below.

Within the quasi-stationary hypothesis, the two-dimensional Laplace
equation in cylindrical coordinates describes the fields in the circular

Brillouin flow model (illustrated by Fig. 3.11) by a potential function
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@1, such that
¢, = ArP , rza , (3.142a)
gy = BrP +crP , a zrzv , (3.142b)
31 (3.1k2¢)

"
-
o
w
e

The above solutions correspond to a stream confined between redii a and
b, a > b, and bounded externally by free space. A common factor, exp

J (wt - B), is omitted in Egqs. 3.142. In the same manner as before,

the boundary conditions on the potential and potential gradient evalu-
ated at the stream boundaries lead to four linear homogeneous equations

in four unknowns:

Aa'B = Ba.B + C&-B ’ (3.114-38.)

P = P +mP , (5.145p)
2

- paa-Pl - (BBaB'l - BCa'B'1> < - %) , (5.1k3¢)
-1 -1 -B- 2

Bob’ = (ﬁBbB - pevP 1) ( - %) ‘ (3.1434)

The requirement that the determinant formed from Eq. 3.143 vanish leads

to the result

2 g
(a-e_ﬂl) = 1¢(1_7) . (3.1h44)
Wa a
We now make use of the power serles representation
[ 00 bn
b In —
(‘g) = X LB_EL : (3.145)
n=0 n!
On the assumption
b
2 ¥1, - (3.1L6)

the first two terms of the series provide an adequate approximation so
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that we have

"

1 1(1 +51n1§) . ] (3.147)

2
w
<? -2 _;>

The quadratic equation above has the solutions

2
1 b b 1 b
B = 2 £% +351n 2 ey /2 [} + £% 1n (;)] + (? In a) s (3.148a)
® _1lq.D ® . b 1. Bb\Z
= w _ 1 Dy, /o208 LY 2
B 2‘% 2lna 2wc1na+(21na> . . (3.1L8p)

Neither solution indicates the existence of growing waves consistent
with the approximations made in obtaining them.

The field solution above may be compared with a "thin"-stream solu-
tion as was done in the case of an axially symmetric Brillouin flow.
Equations 3.131 and 3.132 are also appropriate in the present case.

The fields are described in terms of a potential function obtained from

Laplace's equation in polar coordinates. Assuming free space external
to the stream we have

(3.149a)
(3.1L90)

¢l = AI‘-B K] r =

¢1 BI‘B » r

where & is the mean radius of the stream. On eliminating between the

Y
o
-

IA
®
-

equations obtained from satisfying the boundary conditions in the same

manner as before, we obtain

-~z
3:20%-2%1,\/-25“’:%+(-2%) . (3.150)

Here also the existence of growing waves is predicted in contrast to the
conclusions of the previous field analysis of a "thick" stream.

3.4.4 Rectilinear Brillouin Flow. In further consideration of the

discrepancy between a '"thick"- and "thin"-stream analysis, we apply Eq.
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5.103 to the rectilinear Brillouin flow described in Section 2.5.1.
If a plane wave perturbation varying as exp J (wt - ax - yz) is

assumed, the hydrodynamic stream operator becomes

Dt J (o - avey - 7vg,) = Jog (5.151)

When propagation is confined to a direction parallel to the magnetic
field (a = 0) the hydrodynamic operator becomes independent of position.
Equation 3.103 then leads, as in the case of axial Brillouin flow, to

the two solutionms

w? = o , © (3.152a)
p1 = O . (3.152b)

The discussion of a plasma perturbation in rectangular coordinates (sec-

£ion 3.2.2) describes these solutions also. The space-charge neutraliza-
tion mechanism of the plasma is replaced, in the present case, by a bal-
ancing between the electric and magnetic field forces.

In general, however, the hydrodynemic stream operator is not inde-
rendent of position (7 f 0). Substitution in Eq. 3.105 leads to the gen-

eral equation
v 28 dvyx _ 7240R _
=5t TP h v =0, (am)

vhere ¢ = wy/w, and g = ® - Qvgy - YVoz. The same equation is obtained
for viz. The remaining velocity component Viy is related to viy and viz
by the condition that the velocity is irrotationsl. For simplicity, only
the case where propagation is normal to the magnetic field is considered

(7 = O). Equation 3.155 then reduces to the differential equation stud-

ied by>Bungman20, and by MacFarlane and Hayzl,
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9—%’? + g—ﬁ% .aéu - vix = 0 . (3.154)

Particular interest concerns wave solutions of Eq. 3.154 with a phase
velocity approximately equal to the d-c stream velocity, i.e., waves for
which

¥ <1 . ‘ (3.155)

SubJject to this approximation, and with the hindsight afforded by the
previous studies of Eq. 3.154, we neglect the second term in that equa-

tion. An approximate solution to Eq. 3.154 is, therefore,
Viz = Acosh Qy +B sinh ay , (3.156)

where A and B are constants and the space variation is stated directly

in terms of y, rather than the normalized varisable g, for convenience.

Since the perturbed velocity is irrotational we have
-’ ‘
Viy = 'Tsli = J (A sinh oy + B cosh ay) . (3.157)
Y a y

The normalized surface-charge density equivalent of the stream boundary-

ripple is
0y _ Po Viy _ W vy 1 v)
= = .= A - = .158
€ Exz Jog €0 Eiz w32 vVaiz 3 Viz (5.156)

If free space external to the stream boundaries is assumed, matching

of the fields at the stream boundaries requires

v -
- o ot the upper stream boundary , (3.159a)
viz 1+
Yy _ - at the lover stream boundary . (3.159b)
vViz 1-¢

Compatibility of Egs. 3.154, 3.155, and 3.159 requires

E_. - &, 1 tanh 20h |
+ 2= 5+ 1 =
S+ 5 2 2 1 + tanh 20n ° (3-160)
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_subscripts + and - are used to distinguish between quantities eval-

X

where

uated at the upper and lower stream boundaries, respectively, and where

2h is the stream thickness.

Equation 3,160 can be put into a convenient form by defining the

normalized variables

o _

a' = m (Vvoy + Vo) (3.161a)

w' = o/w, (3.161b)

0sm = ‘o " Vo- < 1 , (3.161c)
Vo+ * Voo

Substitution of these variables into Eq. 3.160 allows it to he rewritten

as

(l-mz)a'z + a'(m‘ab') + (D'a - -2- 1 + tanh zna' = O . (5‘162)

Under the assumption that 2mx' is sufficiently small, the hyperbolic tan-
gent functions in Eq. 3.162 can be replaced by their arguments snd Eq.
3,162 rewritten as

(1+m@)a' - w'a' +w'2 = 0 . (3.163)

The roots of Eq. 3.163 are

@' = 1= (1%gm) . (3.164)

In interpreting Eq. 3.164 it is useful to note that the parameter m is

Voyr = V
m = _Ot o- _ b-a (
= ’ 5.165)
Vor ¥ Voo b+a

where b and a are the coordinate locations of the upper and lower
stream boundaries. Equation 3.165 describes a pair of waves propagating

with approximately the mean velocity of the stream. One of the waves is
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a growing wave and the other is a declining wave.

A more detailed investigation shows that Eq. 3.163 is valid only for
small values of w'. Figure 3.12 is a plot of more accurate solutions of-
Eq. 3.162 for m = 0.25. Also shown is the corresponding plot obtained by
MacFarlane and Hay21 using a more precise series approximation to the so-
lution of the differential equation, Eq. 3.154.

As before, the solution above can be compared with the solution for
a8 "thin"-stream model of rectilinear flow. Figure 3.l13 represents the
geometry of the stream model considered. The stream is assumed to have
a thickness A sufficiently small that the perturbation quantities do not
vary appreciably across the stream. As before, space-charge effects are
accounted for by replacing the d-c volume-charge density by an equivalent

surface-charge density o, defined by

- 3% _ @2 . (3.166)

m €ph
The average d-c stream velocity is
Vo = Vox X = WebX , (3.167)

where b 1is the average stream position.
Solutions of Laplace's equation, describing the transverse varia-

tion of the perturbed potential field outside the stream, are

Acdyb) | yz20 (3.168a)

fa

g = Bea(y-b) » Y=0 , (3.168b)

where waves are assumed to propagate as exp J (wt - ox). It is assumed
that there is a negligible error in evaluating quantities at the mean
position of the stream rather than at, for example, the stream boundaries
b £ A. In the same menner as was described for the case of axial streams,

r-f boundary conditions are determined by superimposing & positive ion
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stream on the unperturbed stream position. This is the physical equiva-
lent of subtracting the d-c field of the unperturbed stream from the total

fields of the perturbed stream. The resulting dipole layer, illustrated

in Fig. 3.13, causes a discontinuity in potential

1)
B -y = 0¥ - W (3.169)
€o Jog €0

where the subscripts indicate the potential is to be evaluated at the
upper and lower edges of the stream respectively. The normal electric

field (potential gradient) is discontinuous across the stream by an amount

equal to the perturbed surface-charge density oi, i.e.,

ag ag
u _: _ a .
o + 3 . ° (3.170)

The surface-charge density o3 is the "thin"-stream equivalent of the per-

turbed volume-charge density pi, i.e.,

op = p1d . (3.171)

From Eq. 3.95 we have
Jog vix = I% %i—s , (3.1.728.)
We Vix + g Viy = % %%; ’ (3.172b)

where the subscript s refers to & quantity evaluated within the stream.

From the equation of continuity we have
VeooVa+dog0 = O . (3.173)

Elimination between the above equations,taking note of the fact that

w2 = wa?, leads to the equation
1 (®a\* 1 (@q\?
E(E;' “2Gs) T 1 = 0 . | (3.174)

Bquation 3.1T4 has roots for Ax << 1 which are
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1
od :e.<.s“_°_ /. (3.1758)
®q Vo ‘

1/a -
- S ﬂ) , (3.175b)
) Vox

Using the parameters defined by Eq. 3.161, we have as corresponding

quantities

(3.176)
A+ 2maxt .

Substituting these expressions into Eq. 3.175b we have for the growing

1/4
Q' = |:1 + J((f,‘%) ] . (3.177)

There is another stream model which has appeared in the literature

(and decaying) wave

as a description of rectilinear Brillouin flow22. This is a one-dimen-
sional thin-stream model. Figure 3.14 and the boundary conditions de-
scribed in that figure are appropriate to this model. It is usually as-
sumed, without specific Justification, that the d-c stream velocity does
not vary across the stream and also that the perturbation quantities in-

side the stream do not vary in the y direction. Because of these assump-

tions Egs. 3,172 are replaced by

de Vix = ®¢ Vy = % %‘iﬁ ’ (3.178a)
@ vix + wemy = & Fo (5.1780)

The equation of continuity, Eq. 3.173, is replaced by its one-dimensional

counterpart

a (0’0 le)

— + Jwg 01 = 0 . (3.179)
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Elimination between Egs. 3.178 and 3,179, and application of the bound--

ary conditions leads to the result
a' = o' (1L jm) . (3.180)

This solution is obtained under the approximation (wg/we)2 << 1 and cor-

responds to the field solution as given by Eq. 3.16k.

This last model, however, is not representative of rectilinear Bril-
louin flow. Rather, it describes a perturbation of a thin plasma stream.
It is under the condition of a neutralized d-c electric field that the
d-c velocity gradient across the stream can be made zero and hence Egs.
3.178, rather than Egs. 3.172, applied. There is, nevertheless, a cor-
relation between the mechanism by which growing waves occur in this plas-
ma model and the mechanism by which waves grow in the "thick"-stream

model. This is discussed in the following section.

3.5 Energy Exchange Mechanisms Between Electrons

In this section the mechanisms by which electrons can exchange‘en-
ergy are discussed. In particular the distinctions between the mecha-
nisms acting, or not acting, in the stream models described above are
brought out.

We consider a system consisting of an electron stream flowing in
ecrossed d-c electric and magnetic fields. Collisions between electrons
are assumed to be of negligible effect. The system is also considered
to be closed, in the sense that the only "external" energy source which -
may be present is a d-c electric field which results from potentials on
an electrode configuration bounding the system; in particular, no r-f
energy source introduces power into the system.

To simplify the following discussion it is assumed that such "in-

ternal" r-f fields as arise are describable within the gquasi-stationary
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hypothesis 9¢x El 2 0., This assumption is basically a limitation of
the discussion to waves which have a phase velocity much less than the
speed of light. As a result of this condition, the r-f magnetic field
is ordinarily of negligible effect in comparison to the electric field.
The effect of a change in the energy density of,the electric field is
instantaneously communicated everywhere. Physically this means that the
electric field distribution can be viewed as a sequence of steady states;
at any instant the field pattern resulting from a distribution of r-f
charge 1s the same as that of an identical distribution of d-c charge.
With the above simplification in mind, consider the transfer of en-
ergy between the electrons comprising the stream of the system described
above. In particular, consider two volume elements of the stream chosen
at random. The volume elements are assumed to be sufficiently smell so
that the space-charge density, velocity, etc., associated with each ele-
ment does not vary spatially within the element. Because Maxwell's equa-
tions are linear, we can discuss the part of the total electric field
due to the space charge in any one volume element separately from all
the other volume elements comprising the total stream; i.e., we apply
the principle of superposition. Further, we can say the partial elec-
tric field associated with one voiume element moves with the average
velocity associated with that Qolume element. This is in accordance
with the quasi-stationary hypothesis made above. It then follows that
the electrons in one volume element experience an electric field force,
due to the charge in the other volume element, which moves past them
with the relative average velocity of the two volume elements. If this
relative velocity is zero there can be no energy exchange between the
electrons in each volume element which uses the d-c kinetic energy of the

electrons as a source.
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Tn a neutralized electron stream (plasms flow) having a uniform ve-
locity none of the electrons move relative to each other. Hence there
is no coupling to an energy source in such a flow and there cen be no
growing waves. On the other hand the double-streeam plasma model described
previously has two distinct velocity components in the flow. Growing
waves are possible in such a model and, indeed, they do exist. The mech-
anism of the energy exchange in this case is the transfer of energy from
the d-c stream motion into the r-f field of the perturbation in a manner
similar to that occurring in a traveling-wave tube. As a matter of fact,
there is a double transfer of energy in this case. The slower stream ex-
tracts energy from the r-f wave as in a linear accelerator. The faster
stream is the source of energy for the perturbation.

There has been a tacit assumption made in the preceding paragraphs
gbout the nature of the perturbation. It has been assumed that the
stream boundaries are not diéturbed significantly by the perturbation.
(Using Hahn's equivalent surface-charge density concept, the stream
boundary is not affected by the perturbation. Only the charge distribu-
tion on the same boundary as the unperturbed stream is affected.) If
this constraint is relaxed, there is a source of energy available to a
perturbation of even a single velocity stream. This source is the po-
tential energy involved in the relative positioning of electrons in the
stream.

The type of perturbation referred to is exemplified by the second
type of thin-stream model described in section 3.4 for a rectilinear
Brillouin stream. (Figure 3.13 is a sketch of the model.) This model
is actually not appropriate es a description of the Bfillouin stream
since it assumes a uniform velocity across the unperturbed stream. It

is actually a model of a boundary perturbation of a plasma flow. More
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accurately, since the ion stream is assumed immobile, the boundary of
only the electron stream is perturbed. As avresult of the stream per-
turbation the space-charge forces are no longer balanced, and they act

in such a way as to enhance the perturbation. If no megnetic field is
present the perturbation is evidently simply a failure of the focusing
mechanism. This is also true, although perhaps less evident, when & mag-
netic field is present. The action of the magnetic field is to limit the
rate of increase of the electron separation.

This’last energy exchange mechanism is basically different from the
first mechanism described.

Consider now the axially symmetric stream models discussed in this
chapter. First consider perturbations under the constraint that the
stream boundaries do not change. Since, in the axially symmetric stream
models considered, electrons do not move relative to each other, a per-
turbation is not coupled to the d-c kinetic energy of the stream. There
can be no growing waves depending on this energy source.

If we now allow a boundary perturbation as in a "thin" hollow stream
we encounter, as described in section 3.3.2, a failure of the stream focus-
ing mechanism. The space-charge field is not balanced by the magnetic
field when the perturbation is present and the stream defocuses. The en-
ergy source is, in this case also, the d-c potential energy associated
with the relative positions of the electrons.

The reason for the apparent anomaly in the results of "thick"- and
"thin"-stream perturbation analyses is now clear. These analyses con-
sider different kinds of perturbations. There is no reason to expect
similer results. It is reasonable to expect that the "thick"-stream an-
alysis would, in the limit, pass over to the "thin" stream analysis. Un-

fortunately, the boundary conditions which are applied in the two types
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of analysis are basically different, and must be reconsidered on passing,
in the limit, from a "thick" to a "thin" stream.

The same conclusion as above.;Eplies to the consideration of the
rectilinear Brillouin stream models. First, we consider perturbations
within fixed stream boundaries. There is, because of the velocity slip
across the stream, a coupling of a perturbation to the d-c kinetic energy
of the stream. There is also an indirect coupling to the d-c electric
field. When the perturbation extracts energy from the d-c stream.veloc-
ity, the focusing system forces the electrons to regain this energy from
the d-c electric field estab;ished by the electrode potentials. In this
somewhat complicated process, the d-c kinetic energy of the stream acts
only as an energy dispenser. Actually there is a two-way energy exchange.
Electrons at the top of the stream extract energy from the perturbation
and return this energy to the d-c electric field. Electrons at the bot-
tom of the stream act in Just the opposite fashion.

The rectilinear Brillouin stream is also unstable under a boundary
prerturbation. This again is a failure of the focusing system.

The discussion of this section has been thus far confined to laminar
stream. When the possibility of nonlaminar streams is entertained, the
entire discussion must be reconsidered. Unfortunately the problem is
quite complex both from a physical and from a maethematical point of view.
If we return to the introductory discussion of this section, and again
consider two volume elements of an electron stream, it is not true that
the d-c kinetic energy of volume elements having no average relative ve-
locity is not coupled to a perturbation. Individual electrons in the
volume méy have a relative velocity even though there is no average mo-
tion between voluﬁe elements. Other complex effects are Possible. For

example, in rectilinear flow electrons near the top of the stream give



119

energy to the d-c‘eiectric field'whereas electrons near the bottom of the
stream extract energy from this field. In a possible nonlaminar stream
a given electron may, at different times, be in both positions. That is,
a given electron might move across the stream. The effects of various
degrees of nonlaminar motion under different focusing systems have not,
as yet, received adequate attention. Since essentially all electron
streams obtained in practice are unavoidably nonlaminar, the consequences

and importance of nonlaminar motion should certainly be investigated.



CHAPTER IV. THE CROSSED-FIELD STREAM ANALYZER

4.1 The Purpose of the Crossed-Field Stream Analyzer

As noted in section 1.3, the usual interpretation of the diocotron
effect as a manifestation of a "slipping-stream" amplification process
does not account for the order of magnitude of the negative-sole cur-
rents observed. For the further study of the diocotron phenomena it
was necessary to extend the limited data availlable in the literature.
For this reason an experimental crossed-field stream analyzer was de-
signed and built.

The stream analyzer is specifically designed to study the char-
acteristics of the negative sole current as a function of distance
along the sole. To do this the sole is divided into a number of elec-

trically insulated segments each of which can be individually monitored.

4.2 Description of the Stream Analyzer and Experimental Setup

4,2.1 Over-All Geometry of the Stream Analyzer. Figure 4,1 is an

assembly drawing of the crossed-field stream analyzer. The active por-
tion of the stream analyzer is of the same general geometry as illustrated
in Fig. 1.1. The vacuum envelope is fashioned in the form of a box; each
wall and the two ends of the box constitute a subassembly on which var-
ious parts of the internal structure are mounted. In Section B-B of

Fig. 4.1, two of the walls (number 3) are copper-plated hot-rolled steel.
These walls are the magnetic pole pieces for an external electromagnet,

In addition, these walls are used to space the electrodes on the other

two walls properly. Both the remaining walls are OFHC copper. One of
these walls (number 2) is the base plate'on which the anode assembly is

mounted. The anode consists of four copper segments, each mechanically

120
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supported by two Stupakoff vacuum feedthroughs. The segments are insula-
ted from one another and from the base plate. Figure 4.2 shows photographs
of the entire anode subassembly.

The other wall is the mouhting for the sole and cathode (number 1 in
Fig. 4.1). The sole consists of thirty-one copper segments (or probes)
electrically insulated from one another and from the base plate. Each seg-
ment can be water-cooled; the cooling pipes also serve as electrical
connections to the segment. Figure 4.3 is an assembly drawing of a
sole segment and its associated cooling pipes. The segments are mechan-
ically supported by two "L'"-shaped side pieces (number 8 in Fig. L.1).
Corresponding notches in the sides of the segments and the L supports
serve as guides for sapphire rods which provide the mechanical constraint
and maintain the electrical isolation of the probes. The sole segments
are spaced from one another by ground pyrex washers hung on the sapphire
rods. Figure 4.4 is a photograph (prior to assembly) of the stream ana-
lyzer cross section corresponding to section B-B of Fig. 4,1. Figure 4.5
shows photographs of the completed sole assembly. One of the L supports
has been removed so as to exhibit greater detail of the structure. (This
has produced some distortion of the assembly. With both L supports pres-
ent, however, the maximum variation in height along the sole is less than
0.005 inch. The plate-sole spacing is 0.20 inch.)

Figure 4.5 also shows the cathode assenbly which is mounted on one
end of the sole base-plate. Figure 4.6 is an isometric view of the cath-
ode block and the filament. The block is copper and is mechanically
fastened to the sole base-plate. The filament is a tungsten tape fas-
tened to the cathode block at one end and riding in a trough flush with
the upper surface of thé block., The other end of the filament rides free

in a notech cut in an insulated molybdenum plate. This plate is used as a
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FIG. 42 STREAM ANALYZER ANODE SUBASSEMBLY.
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FIG. 4.3

SOLE SEGMENT SUBASSEMBLY
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b. FRONT VIEW OF SOLE AND BASE PLATE.

FIG. 45 CROSSED-FIELD STREAM ANALYZER.
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FIG. 46 CATHODE BLOCK AND FILAMENT ASSEMBLY.
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flat spring to maintain tension on the filament. The vacuum envelope
of the stream Analyzer is one terminal of the filament and a lead
brought from the spring through the rear of the cathode block is the
other filament terminal. The spring itself is brazed to a sapphire rod
which is supported by the cathode block (see Fig. L4.6).

One of the two ends of the vacuum envelope houses the collector
(numbers 14 and 15 in Fig. L4.1). The collector is water-cooled; the
cooling pipes are also used as electrical connections to the otherwise
insulated collector. The other end of the vacuum envelope mounts the
vacuum feedthroughs for bringing out the filament lead fastened to the
filament spring, and the exhaust port (number 5 in Fig.'4.1).

The ends of the box and the magnetic pole pleces are silver-soldered
together to form a frame on which the anode and sole base plates are
mounted. Figure 4.7a is a photograph of the several stream analyzer
subassemblies prior to final assembly. (The collector is soft-soldered
into place as a part of the frame of the box.) The plate and sole sub-
assemblies are indium-soldered onto the frame so that they can be inde-

rendently removed.

L.2.2 Experimental Test Setup. Figures 4.8a and 4.8b are photo-

graphs of the stream analyzer mounted in its electromagnet, and some of
the associated wiring. The pipe coming out of the end of the stream ana-
lyzer is the exhaust tubulation leading to the vacuum station. The sole-
segment cooling pipes and the electrical connections to them ére visible
in the center of Fig. 4.8a. The sole segments were not water-cooled for
the experiments described subsequently in this dissertation. Figure 4.9
is a photograph of the entire experimental setup (except for éuxiliary
measuring equipment on a movable table.) The metering and switching

panel can be seen directly in front of the stream analyzer. On the far
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b. CLOSE-UP OF STREAM ANALYZER IN MAGNET
FIG. 48 STREAM ANALYZER EXPERIMENTAL SETUP.
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FIG. 4.9 EXPERIMENTAL TEST SETUP.
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right, below the table, the cooling hose for the collector is wrapped
around a wood support. Ann Arbor tap water has a year-round resistivity
of about 5000 ohms per centimeter cube. Six feet of cooling hose suf-

fice to keep leakage currents negligible relative to the collector cur-

rents involved in the measurements.

4.3 Uniformity and Calibration of the Magnetic Field

It is necessary to maintain a uniform magnetic fleld in the region
in which the electron stream flows. This was accomplished simply by
making the pole pieces much larger than the electron stream region. For
example, where the pole pieces had a width of 1.968 inches,the correspond-
ing dimension of the stream region, the plate-sole spacing, is 0.20 inch.
The pole pleces are 9.0 inches long; the distance from cathode to col-
lector is somewhat under 5.20 inches. Of course, it is desirable to
keep the spacing between the pole pieces small to maintain field uni-
formity and to minimize the magnet current needed to produce a given
field. The spacing between pole piecés is 1.175 inches and the nominal
stream width, the stream dimension corresponding to this, is 0.75 inch,
The magnetic field, measured with a Hall effect gaussmeter, variles less
than five percent/along the direction of the stream motion and less than
two percent across the stream width. There is negligible variation of
the magnetic field between the plate and sole.

Since the stream analyzer is completely enclosed during operation
it was necessary to precalibrate the magnetiec field produced by the pole
pleces agéinst the current to the magnet. This was done after the frame
of the vacuum envelope of the tube was soldered together so that the mag-
netic field geometry was fixed. There is a small amount of hysteresis in

the pole pieces, which leads to an uncertainty in the magnetic field for
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a given current setting of about ten percent at LOO gauss, six percent

at 1000 gauss, and three percent at 1500 gauss.

L .4 Geometry of the Interaction Space

Figure 4.10 is a sketch showing the dimensioning of the plate-sole
space and the cathode region. The design of the stream analyzer devel-
oped basically in two steps; first, the plate~sole region was designed,
and then, the cathode system for injecting the electron stream into the

plate-sole space was designed.

L., 4,1 Design of the P ute-Sole Space. The first dimension chosen

was the plate-sole spacing of 0.2 inch. Such a spacing would not be un-
usual in a crossed-field oscillator or amplifier designed for L or S-band
operation. The diocotron phenomenon has been observed in such tubes.
The remaining dimensions were then chosen to obtain a wide range of op-
erating conditions. A useful criterion of "wide range” is the cycloidal
motion of a single electron in uniform crossed electric and magnetic
fields.

In section 2.2, it is shown that; in general, electron motion in uni-
form crossed f}glds consists of a superposition of a linear motion at a
velocity %ﬁ-%—%g, and a circular motion at an angular radian frequency
% 55. The sketch shown in Fig. 4.1l represents a uniform crossed-field
environment. A difference of potential ¢oa exists between two parallel
planes a distance d apart. A uniform magnetic field By is directed into

the page. For this environment the linear motion of an electron is in

the z direction and has a magnitude given by .

AN

[}

linear velocity component = == (4.1)
)
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The angular frequency of rotation around the magnetic flux lines is
angular frequency of rotation = w, = % By . (4.2)

An important property of the motion is suggested by Eq. 4.1 and 4.2.
The time to complete one cycle or period of the motion is a function only
of the magnetic field. The velocity at which the electren advences is,
for a given geometry, a function only of @,q/B,. Hence the distance ad-
vanced by an electron in the course of one cycle is a function of the
ratio @y5/Bs5. It can be shown, in fact, that the shape of any trajectory
traced by an electron in a fixed geometry of any configuration is a func-
tion only of the ratio ¢oa/B°2.8 The time taken for a particular electron
to trace out a given portion of a trajectory 1s, however, inversely pro-
portional to the magnetic fleld. A relatively simple possible electfon_
motion is the cycloidal motion of an electron released from a zero-poten-
tial plane with zero initial velocity. The trajectory traced by such an

electron is described by the parametric equations

Poa

X = (B_JB-;E (a)ct - sinwct) y ()-1-.38.)
¢
y = ‘ﬁ% (1 - cos wet) . (4.3b)

. The length of one period of this cycloidal motion, L, is

2mm ¢
T 5 (1)

and the helght of the cycloid is simply l/n of the length of one period
of the motion. The cycloidal period corresponding to electrode spacings
of 0.2 inch and 0.306 inch are plotted in Fig. 4.11 as functions of the
scaling ratio ¢°a/B02:7 (These spacings correspond to the plate-sole and

plate-cathode spacings, respectively, of the stream analyzer.)
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The conditions under which an electron, leaving the lower plate in
Fig. b4.10, just grazes the upper plate are useful in design considera-
tions. These conditions can be obtained by setting y in Eq. 4.3 equal

to the electrode spacing 4, i.e.,

¢oa

525355 = 1 (grazing condition) . (4.5)
For electrode spacings of 0.2 inch and 0.306 inch, the scaling parameters
for a grazing trajectory are 0.0226, and 0.0529 volt/gaussz, respectively.
The corresponding period lengths are n times the electrode spacings. The
grazing trajectory conditions represent a measure of the limits of pos-
sible operating conditions (as specified by the scaling parameter @oq/BoZ).

The sole, as described above, consists of thirty-one segments.. The
period of the sole segmentation was chosen so that operating conditions
could be obtained involving cycloidal periods both less than and greater
than the sole segment period. The segment period is 0.12 inch. Compari-
son with the cycloidal period as a function of the scaling parameter can
be made on Fig. 4.10. The segment itself is 0.10 inch wide and the spacing
between segments accounts for the remaining 0.020 inch. The length of the
sole was chosen so that several cycloldal periods, even at high values of
the scaling parameter (0.02 to 0.03 volt/gauss2), would be completed be-
fore collection at the end of the plate-sole space. The length of the
sole is 3,72 inches. Actually, the presence of the collector at the énd
of the sole distorts the electric field in its immediate vicipity. The
last few sole segments are therefore in a different environment than the
other sole segments. This, however, is not an important problem, as the
measurements described later show.

The anode in the stream analyzer 1s formed by four copper segments.
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This was done so that operating conditions could be separately adjusted
in different sections of the stream analyzer.

4,4.2 The Electron Stream Injection System. The electron gun is a

Charles gun, a type frequently used in rectilinear crossed-field tubes.
It is based on the idealized cycloidal injection system lllustrated by
Fig. 4.12. The plane in which the cathode is located (in the idealized
system) is twice as far from the plate as 1s the sole. It is assumed
that the electric field is uniform in both the cathode region and the
plate-sole space, i.e., that the transition field between the two regions
is concentrated in a very narrow band as indicated by the dotted line in
Fig. 4.12. The cathode is located at a distance from the entrance plane
of the plate-sole space that corresponds to one-half the cycloidal period
- of the space-charge-freemotion of an electron in the fields of the cathode
region. An electron originating in the cathode will therefore enter the
plate-sole space normally at the end of one-half a cycloidal period. Its
entrance height above the sole, obtained from Eq. 4.3, 1is shown in Fig.
4.12. Differentiation of Eq. 4.3a shows that the entrance velocity is
Poa/Bod. This is exactly the velocity for which the trajectory in the
plate-sole space is recfilinear.
There are various omissions which meke the ideal injection system

sbove academic for the purposes of the present investigation. Neglect

of space-charge forces is, at least for low-current-density streams, not
too serious an omission. There will be a broadening of the stream be-
cause of emission along a cathode of finite width. However, cathodes of
small widths can be used for low-current-density streams. In additioq,
.there is a certain degree of convergence of trajectories originating
from different points along the cathode. This can be seen by sketching

several cycloidal trajectories. The transition of the fields between the
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cathode region and the plate-sole space will, in general, occur over a
significant distance., However, several trial designs using the actual
electric fields in the design geometry to compute electron trajectories
can produce a reasoneble approximation to the ideal injection system.
From the point of view of the purpose for which the stream analyzer
is designed the most serious difficulty with the ideal system 1is that
the cathode location is proportional to the scaling parameter f,,/B,Z.
Since the stream tester is to be operated over a wide range of values
of the scaling parameter, the cathode will, for the most part, be 1in the
"wrong" position. However, focussing of the stream can be maintained at
the expense of having electrons move along trochoidal rather than recti-
linear trajectories in the plate-sole space. If operating conditions
(as measured by @,,/B,>) are limited to the range for which the height
of the trochoidal trajectory is much less than the plate-sole spacing the
stream will traverse the plate;sole space in the general fashion illus-
trated by Fig. 4.13. Electrons will "roll" uphill into the plate-sole ‘
space along an equipotential (approximately). If the sole potentilal is
less than the cathode potential, no electrons can reach the sole. Hence
almost any value of scaling parameter for which the amplitude of the tro-
choid-like electron motion is much less than the plate-sole spacing will
focus the stream. |
A number af electron trajectories for various éeometries were calcu-
lated by hand. On the basis of these calculations the cathode dimensions
shown in Fig. 4.10 were chosen. It might be noted that the cathode as-
sembly is easily removable from the base plate. Except for the delay
following from losing the vacuum in the stream analyzer, there is no

difficulty in changing cathode  dimensions without altering the remainder

of the geometry.



]

ZERO POTENTIAL 7777

%E
7
%
%
7

FIG. 413 TROCHOIDAL STREAM FOCUSSING.



142

4.5 Space-Charge-Free Electron Trajectories in the Stream Analyzer

Subsequent to the design and construction of the stream analyzer
an electron trajectory’computer developed by Rowe and Mart:ln25 became
avallable for computation of electron trajectories. The equations de-
scribing the motion of a single electron normal to a uniform magnetic
field were programmed on an analogue computer. A conducting film.ana-
logue of the stream analyzer geometry was constructed to obtain the equi-
potential pattern. Information on the electric field components and po-
tential is taken off the analogue by means of a four-contact traveling
probe and fed into the computer. The computer output (coordinate posi-
tion of fhe electron) is then used to control the movement of the probe.
The probe, starting from an initial position correspdnding to a point on
the cathode, then follows a trajectory which is the analogue of the elec-
tron motion. An auxiliary recorder duplicates the probe motion to form
a permenent record of the motioﬁ.

Before the results of the computer computatidns are presented the
general characteristics of the motion will be described. Figure 4.14
is a sketch of the stream analyzer geometry with several representative
electron trajectories (for different values of the electrode potentials
and magnetic field) superimposed. The dotted lines in the figure illus-
trate the general configuration of the equipotential lines. The electric
field is essentially uniform after the first sole segment and also, it '
is uniform in the immediate vicinity of the cathode. Due to the uniform
conditions in the plate-sole space all trajectories in this region will
describe some sort of trochoidal motion. The details of the motion in
this region will depend on the direction and magnitude of the eiectron
velocity as 1t enters. Because of this, attention can be directed pri-

marily to the characteristics of trajectories in the cathode region.
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STREAM ANALYZER.



Lk
Since the electric field is also uniform in the immediate vicinity of
the cathode, the initial part of a trajectory will be cycloidal in nature.

It is convenient, in describing the nature of the electron trajec-
tories, to imagine the electrode potentials to be held fixed and the mag-
netic field to be increased, in steps, from zero. For no magnetic field
the trajectory would be more or less stralght up into the anodg. As the
magnetic.field is increased a trajectory such as illustrated by curve A
in Fig. 4.14 is obtained. The electron moves relatively rapidly into the
plate-sole space through a region of slowly space-varying electric fields.
This sort of trajectory is an approximation to the ideal injection system
described previously.

As the magnetic field is increased further the electron is forced in-
to the region where the equipotentlals have a'steep slope {curve B). This
is a region of lower potential than that traversed by the first curve;
hence, in general, a longer transit time is involved in going from the
cathode into the plate-sole region. Another result of the lower poten-
tials along the trajectory is the appearance of loops in the trajectory.
This corresponds to the electron having a rotational velocity greater than
its translational velocity. As described previously, the general char-
acter of the trajectory can be approximated in a series of increments.
Each increment of the motion is taken over a relatively uniform section
of the electric field. The initial conditions of one increment are taken
as the final conditions of the previous increment.

For a sufficiently strong magnetic fleld, an electron will be
forced into the potential valley between the cathode and the first sole
segment. If the potential difference between the cathode and sole is

small compared to the potential difference between the anode and cathode,
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the potentials in the valley will be relatively quite low and the elec-
tric field intensity will also be very low. As a result, an electron
will tend to follow an equipotential line (approximately the zero equi-
potential), executing a series of tight loops. This is 1llustrated by
curve C in Fig. 4.14. The transit time from the cathode to the plate-
sole region becomes extremely long. (In 6ne case, the computer'time to
accomplish this transit was eight minutes compared to sbout eight seconds
for a transit by electrons following curves such as A or B.)

The transition from one curve to another, as the magnetic field is
increased, is not as smooth as might be inferred from the discussion
above. In the immediate neighborhood of the edge of the cathode block,
and, also, of the first sole segment, there is a strong electric field.
If the magnetic field is such as to force an electron close to these cor-
ners some rather striking changes in the character of the motion occur
abruptly. This will be evident from some of the computed trajectories.

Figures 4.15 to 4.23 present the results of the computer study. Each
£rajectory is characterized by the value of the scaling parameter,
fos/Bo2, for which it was computed. In addition the value of the mag-
netic field used to obtain a given value of scaling parameter is noted.
Two trajectories are shown for each value of scaling parameter. These
correspond to emission from either edge of the filament. For all the
trajectories the cathode and sole are at the same potential.

qu trajectories of type C in Fig. h.lh{ the computation was dis-
continued usually soon after the electron entered the potential valley.
The buildup of error in the computer during the extremely long transit
of the electron through the valley made the continuation of the trajec-

tory into the plate-sole space difficult to interpret.
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Figure 4.19a 1is an éxample of the anomaly which occurs in the
neighborhood of the edge of the cathode. The motion of one electron is
such that it is carried away from the valley_by the edge fields. The
other electron is cafried further into the valley.

| A more detailed discussion of the trajectory computations isAde-
ferred until Chapter V. The discussion is carried further there in cor-

relation with the experimental measurements of the negative-sole current

phenomenon.
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CHAPTER V. EXPERIMENTAL INVESTIGATION OF THE DIOCOTRON PHENOMENON

5.1 Introduction

The crossed-field stream analyzer was designed principally for the
purpose of determining the characteristics of the negative-sole current
phenomenon as a function of distance along the sole. In addition to
measurements of this type, data were obtained concérning r-f signals
generated as an additional manifestation of the process causing the
diocotron effect.

The following types of measurements were made:

(2) Preliminary measurements were made, more or less at random,
to establish the existence of the phenomenon in the stream anaiyzer and
to determine the general range of parametérs (voltage, current, magnetic
'field) over which it occurred, With this information as a guide, data
were obtained on the gross nature of the negative-sole-current phenom-
enon. In particular, the total current to the sole as a function of
various parameters was measured.

(b) Detailed measuréments of the distribution of current along
the sole were then made over the range of parameters which the previous
measurements had shown to be significant.

(c) With one of the sole segments being used as a probe, the energy
distribution in the stream as it passed over this probe was measured.
Also, the effect of a modification of the stream as it passed over one
probe on the properties of the stream as it passed over subsequent probes
wvas investigated.

(d) In addition to the above d-c measurements, r-f data were ob-

tained from a coaxial probe (electric) inserted just behind the filament.

156
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For all the measurements reported, the cathode of the stream analyzer
was operated space-charge-limited.

The data are presented in the order described above. To a certain
extent, data are interpreted when presented. However,'because of the
complexity of the phenomenon, the principal discussion of the date is

deferred until after all the measurements have been presented.

5.2 Definition of Certain Symbols

For convenience, the symbols used to denote the principal voltages
and currents measured are defined below. Additional symbols of less

frequent occurrence are defined in the text. All potentials are meas-

ured relative to the cathode.

¢oa = d-c anode potential. All the anode segments were operated
at the same potential for all the measurements reported
here. )

fos = d-c sole potential. This refers to the potential of the
sole when all the segments have the same potential, or
when only one or two specifically noted segments have dif-
ferent potentials from the remaining segments.

fosn = d-c potential of the nth sole segment. The sole segments
are numbered one to thirty beginning with the segment ad-
Jacent to the cathode block. -

foc = d-c collector potential. For all the measurements here
reported @, = foqa-

I,a = de-c current to all the anodes,

Ie = de=c current to the collector.

= de-c current to the entire sole.
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= d-c current to the nth sole segment.
30 v
Ios = L Tggn - - (5.1)

n=1l

IOSH

I,x = d-c cathode curreﬁt. Ik = Iog + Ioe + Ioge It is possible,
and even likely, that some current from the cathode is col-
lected on the cathode support structure. Since the cathode
and its supporting structure are internally connected, this
current is not measurable. Cathode current, as used here,
refers to current which returns to the cathode through ex-

ternal circuitry.

d-c current remaining in the stream after it has passed

otn
over the nth sole segment and before 1t passes over the

(n+4l)st sole segment.

Figure 5.1 is a sketch illustrating the measuripg circuitry employed

and the symbols defined above.

5.3 D-C Characteristics of the Electron Gun

Since the stream analyzer construction does not permit actually
viewing the electron stream it is necessary to rely on indirect measure-
ments to obtain some idea of the stream geometry. One such type of
measurement is a study of the characteristics of the eleétron gun.

It is quite difficult to predict the detalled performance of the
electron gﬁn. Part of the difficulty lies in the fact that there is no
analytic model of the stream flow which is a satisfactory approximation
of the actual stream flow. Calculations based on a rectilinear Brillouin
stream model, for example, give quite different results from measured

values.

Nevertheless, it 1s possible to establish the limiting behavior of

the electron gun and to obtain some idea of its behavior. A good index
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of the performance of the electron gun is the.perveance Iok/¢oa3/2- It
can be shown that in a fixed geometry, and for space-charge-limited op-
eration, the perveance is a function only of the scaling parameter ¢oa/302
discussed in section 4.4. (This assumes that the ratio @,5/@,g is con-
stant, i.e., the shape of the electrical equipotential lines is unchanged. )
As one extreme, we can calculate the value of perveance for an infinite
value of scaling ratio, i.e., when there is no magnetic field. In this
case the electron gun is, except for end effects, essentially a parallel-
plane diode. Applying the Child-Langmuir diode current law we have, for
the dimensions of the stream analyzer,

I : W
ok _ 2.33 x 100 TX4
8

¢oa3;2

0.647 x 107® pervs , (5.2)

where

w = filament width = 0.04O inch,

t = active filament length = 0.65 inch, and

8 = anode-filament spacing = 0.306 inch.
As another extreme, we have for a value of scaling parameter equal to
zero, e.g., for zero ¢oa’ a value of perveance equal to zero. For inter-
mediate values of the scaling parameter we can say, not altogether tritely,
that the perveance will generally increase. Physically, the effect of
increasing the magnetic field (or, specifically, decreasing the scaling
parameter) is, in general, to bend electron paths into lower-potential,
and hence, lower=-velocity regions. For space-charge-limited operation
this results in a higher space-charge density in the vicin;ty of the
cathode and hence in a lowered cathode current. Figure 5:2 is a plot of
the measured gun perveance as a function of the scaling parameter. For

the data shown, the sole potential ¢os was zero., Superimposed on the
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plotted points is the curve given by

Iok _ -8 E&)l/a
L = 5x10 (Boz : | (5.3)

Over the range of the scaling parameter for which data were taken, this
curve fits the data extremely well. It is not applicable, of course,
for all values of the scaling parameter since the perveance has an up-
per limit.

In the course of making measurements, a high-voltage breakdown of
one of the anode feedthroughs led to a loss of the filament. While the
nominal dimensions of the replacement parts were the same as for the
original parts, it was not possible to duplicate the original geometry
exactly. For example, the heat capacity of the filament assembly was
not the same as in the first construction. Hence, because of less ef-
ficient heat conduction, the effective filament length changed signifi-
cantly (from 0.65 to 0.70 inch). Also the geometrical position of the
filament relative to the sole was somewhat different. Figure 5.3 is a

plot of the perveance characteristics of the second cathode. The super-

imposed curve is given by

Iok -e.( ¢oa 1/2
)z 7.25 x 107°( — . (5.%)
¢oa3 2 BOZ

The calculated value of perveance for f.,/B,® = ®, shown in Fig. 5.3, is
obtained from Eq. 5.2, using an effective cathode length of 0.70 inch.
The dat; shown in Fig. 5.3 were taken for three scalings of the sole po-
tential, that is, three values of the ratio fos/Pog+ For anode poten-

tials of 1000 volts, these would correspond to sole potentials of 0, -20,

and -40 volts, respectively.
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It is seen from Fig. 5.3 that the perveance is relatively insen-

sitive to small changes in sole potential.

To differentiate data taken with the original cathode from those
taken with the replacement assembly, fhe former are labeled "cathode
No. 1" and the latter, "cathode No. 2."

Figure 5.4 is a plot of the volt-ampere characteristics of cathode
No. 1 for zero sole potential. This figure shows the general range of
voltages, currents, and magneticvfields used in obtaining data.

With the help of the trajectory plots of Chapter IV (Figs. 4.15 to
4,23) we can, in a general way, interpret the perveance characteristics
of Figs. 5.2 and 5.3. For high values of the scaling parameter foq/Bo?
> 9 x 10~ volts/gauss?), electrons are drawn away from the filament

relatively rapidly and the limiting perveance is (approximately) ob-
tained. As the scaling parameter is made smaller §.,/B,2 < 6 x 1072

volts/gauss®) the space-charge density near the cathode increases, and

causes a reduction of cathode current.

ﬁ.h Gross Characteristics of the Negative-Sole Current

Preliminary measurements of the negative-sole current were made
primdrily for the purpose of obtaining general information about the
order of magnitude of the effect under various operating conditions.
Gross measurements of the negative-sole current were made, 1l.e., data
were taken in the following fashion: for a given measurement the stream
analyzer was operated with fixed vdltages and magnetic field, and the
total currents to the sole, anode, and collector (I,g, Iog, and Iz,
respectively) were individually measured. In addition, the cathodé cure-

rent, I, x, was measured as a running check on the other currents.
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Significantly, it wﬁs found that all the data could be summarized
by plotting the fraction of the cathode current going to the sole as 'a
function of the scaling ratio f,/B,?. Figure 5.5 is & plot of data ob-
tained with cathode No. 1. The sole potential was zero for all the data
shown. In interpreting these data, it should be kept in mind that no

anode current was observed for EEZ.EQ the data. As shown on Fig. 5.5,

the data were obtained by varying the anode voltage at a fixed magnetic
field. This was done for several values of magnetic field.

Similar data were obtained for cathode No. 2. Moreover, in addi-
tion to data for zero sole poteﬁtial, data were also obtained for two
scaled valueé of sole potential, f,/# o = -50 and -25. (These values
correspond to sole potentials of =20 and -40 volts, respectively, when
the anode potential is 1000 volts.) These data are plotted in Fig. 5.6.

Some data on gross sole=-current maghitudes were obtained from a
C.S.F. .report on the development of carcinotrons. These data were taken
with the sole at cathode potential and, for a fixed anode voltage, over
a range of magnetic field strengths. These data are replotted in Fig.
5.7 in the same fashion as the previous two figures. It 1s seen fram
the figure that these data are also scaleable.

The fact that the data are scaleable implies that the diocotron
effect 1s not significantly associated with the r-f properties of the
stream analyzer geometry. Rather, it implies that the negative-sole
current 1is associated with the geometry of the stream trajectory. We
will therefore seek to assoclate the nature of the electron trajectories
described in Chapter IV with the nature of the data presented by Figs.
5.5 and 5.6.

figures 5;5 and 5;6 show that the negative-sole current is a size-

able fraction of the cathode current up to a value of scaling parémeter
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of about 0.006 volt/gauss=. Above (about) this value, there is an ex-
tremely sharp reduction in the magnitude of the effect. Figure 5.6
shows the same type of behavior even for negative sole potentials.

There are two requirements to be met before an electron can reach
a negative sole. One requirement is that the electron must necessarily
have gained extra energy corresponding, at least,to the potential 4if-
ference between the cathode and sole. This, however, 1s not sufficient
to insure its being collected on the sole. In addition to having suf-
ficient energy to permit collection by the sole, the electron must.also
follow a trajectory which intercepts the plane of the sole. The space=-
charge-free trajectory plots (Figs. 4.15 to 4.23) do not indicate any
radicalichange in the nature of the trajectories in the plate-sole space
which might account for a sharp reduction in sole current. There 1is,
on the other hand, a significant change in the nature of the trajectories
in the cathode region. For values of the scaling parameter less than
about 0.007 volt/gauss2 electrons become trapped in the potentialvvalley
between the cathode block and the first sole segment.

Figure 4.19a (for $,a/Bo® = 0.00726 volt/gauss®) can serve to show
some order of magnitudes. The transit time from the cathode into the

plate-sole space can be computed approximately by counting the number
of trochoidal loops in a trajectory. Each loop represents, roughly, a
time interval equal to the period of the cyclotron frequency w,. The
trajectory (in Fig. 4.19a) which is forced into the potential valley
haé about five times as long & transit time into the plate-sole space
as the other trajectory. For lower values of scaling parameter the
differences in transit times are further emphasized. For example, the

trajectories shown in Fig. 4.15b (¢oa/302 = 0.00294 volt/gauséa) indicate
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that the lower traJectpry requires a transit time about fifty times as
long as the uppef trajectory.

One interesting aspect of the near trapping of electrons between
the cathode block and the first sole segment can be observed in Figs.
k.15 to 4,19. For low values of the scaling parameter, electrons origi-
nating from the left-hand side of the cathode are trapped. As the value
of the scaling parameter is increased, the trapped electrons are those
originating on the right-hand side of the filament. As the value of the
scaling parameter is increased further, electrons emitted from the left-
hand side of the cathode are trapped again.

'The trajectory plots are, of course, computed without space charge
present. However, even at very high current densities the actual stream
behavior will be of the general nature shown by the space-charge-free
computations.

The above discussion ﬁas, of course, presented no direct evidence
linking the electron trapping with the negative=-sole current. There 1s,

however, in the data presented, a strong indication of a correlation be-

tween the two effects.

2;2' Distribution gz.the Sole Current Along the Sole

Because the diocotron phenomenon is scaleable, a éoncise set of meas-
urements of the distribution of current along the sole can be made.
Me#surements vere made in the following manner:

(a) For a given measurement, the stream analyzer was operated at
e fixed value of the scaling parameter §oq/Bo2, 1.e., at & fixed anode
voltage and magnetiq field.

(b) The sole was. held at a fixed potential, and the currents to
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all the electrodes were measured. The current to each sole segment was
measured separately. Current measurements were made vith e number of
values of sole potential for each value of the scaling parameter.

(¢) The measurements were made, as described above, over a range

of values of the scaling parameter.

For all the data presented there was no anode current. Hence the

cathode current was collected either by the sole or by the collector.
(Actually it is possible, and even likely, that a small fraction of the
emitted current was collected on the cathode block. Since the cathode
is internally connected to the cathode block, it was not possible to
measure such a current. Cathode current, as used here, refers to cur-
rent which returns to the cathode through external circuitry.)

It is convenient, particularly because of the division of cathode
current between only the sole and collector, to present the data in the
form of an integrated distribution curve, i.e., in the form of a plot
of Igtn/Iok @s & function of distance along the sole. The stream cur-
rent loss factor, Igtn/Ioks, is the fraction of the cathode curreht re-
maining in the stream after it has passed over the nth sole segment,
but before it has reached the(n+l)st segment. Since there is no anode

current, I, ., is related to the sole segment current by the equation

Totn - 1l - ﬂ Tosm . (5.5)
m=1
Tok Tok

(See section 5.2 for definition of all current symbols.) Distance along

the sole is measured in terms of "probe units," i.e., intervals of dis-

tance corresponding to the period of the sole segmentation (0.120 inch).
The data are presented in Figs. 5.8 to 5.21. All the data shown

are for cathode No. 2. Similar, although less complete, data were obtained

with cathode No. 1.
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The anode voltage and the magnétic field used to obtain a given
value of f,q/Bo2 are indicated on eéch figure. Also shown on each
curve 1s the value of solé potential for which the data were taken.
To scale the data to other values of ¢oa and B,, it is necessary also
to scale the sole potential so és to keep the ratio P, /8. constant.
This scaling requirement shoullbe kept in mind also when comparing one
figure with another. (The appropriate value of the ratio f.,/f.g is

shown for each curve.)

One very interesting characteristic of the data, exhibited striking-
ly by most of the curves, is the large change in slope of the curves
after one third or less of the sole has been traversed, Most of the
current collected by the sole .is collected‘almost immediétely after the
stream enters the blate-sole space, This is true even when the sole
has a considerably negative potential. It is evident from these data
that a considerable part of the cathode current acquires the energy nec-
essary to reach a negative sole before the stream enters the plate=-sole
space. There is therefore a significant energy exchange mechanism func-
tioning in the cathode region.

Another characteristic of the data is the fact that all the sole
current is not collected on the first few sole segments. Essentially,
‘uniform field conditions exist in the plate-sole space after the first
one or two sole segments. It would ordinarily be expected that if an
eléctron had sufficient energy to reach the sole it would be ‘collected
the firét time its trajectory intercepted the sole. In Fig. 4.11, it
is seen that the period of trochoidal motion in the plate-sole .space,
even at the highest values of the scaling parameter for which data are
shown, 1s less than two probe periods. It is, therefore, interesting
that e small current is collected by sole segments relatively far from

the cathode.



188

5.6 Energy Distribution Measurements

In the measurements described in the previous section, the sole
segments were used to make passive measuvements, 1.e., the entire sole
was an actual part of the stream analyzer environment. In contrast,
the sole segments can be used actively to sample certain characteristics
of the stream. One such type of measurement is to examine the various
sole-segment currents as a function of the potential of one sole seg-
ment, all other potentials and the magnetic field remaining fixed. Fig-
ures 5.22 to 5.2L4 show the results of such a measurement made with cath-
ode No. 1. These figures correspond to data taken by varying the poten-
tial on sole segments 4, 7, and 13, respectively. Figures 5.25 and 5.26
show similar data taken with cathode No. 2.

Since all the figures exhibit similar characteristics, the discus-
sion of the data will be illustrated by particular reference to Fig.
5.22; the general observations made will be applicable to all the fig-
ures. Figure 5.22 presents data taken for a value of the scaling param-
eter of 2.133 x 10™° volts/gauss® (f,q = 1200 volts, By = 750 gauss),
and with a sole potential (except for the fourth sole segment) of =20
volts. The curves show the variation of current of the first twelve
sole segments as a function of the potential of the fourth sole segment.
Also shown is the variation of the total sole current (including the cur-
rent to the fourth sole segment).

Before referring specifically to the data, it is useful éo consider
the effect of varying the potential of a single sole segment on the stream
analyzer environment. Consider first the case when the segment has a
potential less negative than the remainder of the sole. For this condi-

tion the equipotentials are depressed in the neighborhood of the segment,
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forming a trough. Because of the tendency of the electrons to follow

Vthe.equipotentiél lines, the stream is brought closer to the segment by
the potential depression. To a lesser extent, depending on how strong
a depression is formed, the stream is brought closer to segments adjacent
to the particular segment whose potential is being varied. Bringing the
stream closer to the sole causes some electron trajéctories to inter-
cept the sole whereas normally they would not do so. Consequently the
currents infercepted by those sole segments in the vicinity of the po-
tential depression will increase as the depression is increased. In
addition, of course, raising the potential of a sole segment allows it
to collect electrons of lower energy. The’converse situation occurs
when the segment has a more negative potential than the remainder of

the sole. In this case a potential hump forms in the neighborhood'of
the segment,

' Referring now to Fig. 5.22,Awe see that there are signilicant changes
in the distribution of current along the sole as a result of varying the
potential of the fourth sole segment. However, the total sole current
is unaffected. Also, the currents to the first two sole segments do not
vary. The curve for the current to the third sole segment, however, has
a small positive slope; this is what is expected on the basis of the ef-
fect of the alteration of the shape of the equipotentials as described
above. The current variation of the fourth sole segment is approximately
linear, which (since Fig. 5.22 is a semi-log plot) is characteristic of
a Maxwellian energy distribution, It is seen that current to the fourth
sole segment increases at the expense of current to succeeding segments,
particularly the immediately succeeding segments. The further a segment

is from the fourth segment the less it is affected. Conversely, raising
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the energy requirement for collection of current by the fourth sole ség- :
meht increases the current to the immediately succeeding segments.

The data support the previous conclusion that nearly.all of the
energy exchange occurs in the cathode region. If current, which would
ordinarily be intercepted by the fourth segment, is denied access to
that segment (by making ¢os4 < ¢os)’ it is then collected bj the next
few segments. On the other hand, if 1is withdrawn prematurely (by mﬁking
¢os4 > ¢os) there 1s no energy exchange méchanism of sufficient influence
to cause it to be replaced.

Since the curreht characteristic for the segment whose potential is
being varied (¢os4 in Fig. 5.22) is approximately Maxwellian, the slope
of the curve is approximately the voltage equivalent of the temperature
of the electrons collected by the segment, and is half the average energy
of the electrons. In Fig. 5.22 the voltage equivalent of temperature 1s
2% electron~volts, correspoﬂding to an average energy of 46 electron-
volts. Actually, the average energy 1ls somewhat lower than this because
of the deficiency of low-energy electrons in the distribution; i.e., the
distribution is not exactly Maxwellian.

The average energy, calculated in the approximate manner described
above, does not change to any great extent as a function of distance along
the sole. This can be seen from Fig. 5.27, which is a plot of the energy
distribution for a number of sole segments, using the same voltages and
magnetic field as were used to obtain the data of Fig. 5.22. Another
interesting fact shown by these data is that not all the current corre-
sponding to electrons which have gained extra energy is collected by the
sole. For example the curve for the last sole segment (No. 30) shows

that an appreciable‘humber of electrons, which would ordinarily not be
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lcollected by the negative sole, had considerable excess energy.

This last point was explored further with reference to the data
presented in Figs. 5.25 and 5.26. Under the same operating conditions
as used for these data (fog = 900 volts, fog = =30 volts, Bg = 500 gauss),
measurements were made in the following fashion: for the above operating
conditions the potential of the fourth sole segment was set at a given
value (not, in general, the same as fos), and the current to the seventh
sole segment was measured as a function of the potential of the seventh
sole segment. Measurements were made with several different values of
potential on the fourth sole segment. The data obtained are shown in
Fig. 5.28.

It is seen that when part of the excess energy of the stream on the
fourth probe is withdrawn (by making ¢os4 less negative), there is a
consequent reduction of excess energy in the stream at the seventh probe;
i.e., the energy loss is not replaced during the transit of the stream
betweén the probes. On the other hand, if the fourth probe is made suf-
ficiently negative so that it no longer collects a significant amount of
current, then a further decrease in its potential has little effect at
the seventh probe.

It is interestihg that the average energy of the electrons collected
by the seventh probe is, roughly speaking, the same for all values of
the potential of the fourth probe. Consideration of this point will be

postponed until later, when an overall evaluation of the measurement

is made.

5.7 ReF Measurements

In the course of replacing the cathode No. 1 assembly, advantage

was taken of the opportunity to insert an r-f probe between the anode
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and cathode block. The probe is actually an extension of the center con-
ductor of a coaxial Yine. The coaxlal line consists of a copper outer
conductor concentric with a tungsten inner conductor. The inner conduc-~
tor 1s supported by two glass beads; the beads also serve as vacuum sealé.
Figure 5.29 is a sketch of r-f probe assembly, showing its dimensions and
its location relative to the geometry of the stream analyzer. While the
location and orientation of the probe are not the most desirable, fhey
have the merit of not requiring any modification of the stream analyzer
geometry.

It was obvious from the rather large energy involved with the nega-
tive-sole current that there must exist strong r-f fields inside the stream
analyzer, as only by such fields could the energy exchange between elec=-
"trons take place. The r-f probe was inserted for the purpose of obtain-
ihg information about the nature and frequency of the spectrum of the
r-f fields. The voltage standing-wave ratio (with the stream analyzer
"cold"), looking into the stream analyzer through the probe, is less than
3:1 from about 2‘to'h kilomegacycles/second. This, however, provides
scant information about the coupling of the probe to r-f signals generated
inside the stream analyzer,

Relatively weak signals (estimated to be fractions of a microwatt)
were detected in the range of values of'the scaling parameter corre-
sponding to high sole current. Depending on particular operating condi-
tions, the frequency of the observed signals was in the range of 2 to 3
kilomegacycles/second, typically about 2.5 kilomegacycles/second.

The frequency was observed to be sensitive to the value of the scaling
parameter. A ten percent change in the value of the scaling parameter

produced, roughly, a l0-megacycle/second frequency change. Similarly,
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the frequency of thé observed signal is sensitive to the potential on
the first sole segment. It was noted that a change in the potential

of the second sole segment, or any other but thevfirst sole segment,

had no effect on the detected signal. This last observation lends em-
phasis to the conclusions drawn from the previously presented data; i.e.,
the behavior of the electron stream in the region between the cathode
and the first sole segment is the key to understanding the diocotron
effect.

Another interesting observation was made by introducing a l-watt
signal (from an external generator) of approximately the same frequency
as the signal emenating from the stream analyzer. Depending on the fre-
quency of the applied signal, the negative-sole current could be signi-
ficantly increased or decreased compared with the sole current for no
applied signal. This variation occurred over a frequency range of about
100 megacycles/second.

The frequency spectrum of the observed signal was investigated by
displaying it on a spectrum analyzer (Polarad Model TSA, R-F Tuniﬁg Unit
STU-2A), after the signal was first amplified by an S-band traveling-
wave tube (Hewlett-Packard 490B). Because of the observed sensitivity
of the signal to variations of sole potential and magnetic field, both
these quantities were obtained using batteries as sources. The high-
voltage anode and collector power supply is quite well filtered. The
cathode supply (d-¢ generator) had some ripplej however, no change in
source was made for the cathode. Figure 5.30 shows typical photographs
of the spectra observed. The particular photographs shown are for the
following conditions: @gg = TOO volts, fog = =35.5 volts, Ioc = 6 ma,

I,s = 1.8 ma, By = 500 gauss, foa/Bo® = 2.8 x 1072 volts/gauss®. Figure
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5.30a was taken with the spectrum analyzer sweep speed adjusted to ob=-
tain a stationary pattern on the screen. Figure 5.30b is a trace ob-
tained with a single sweép of the spectrum analyzer beam.

The spectrum shown in Fig. 5.30 is characteristic of a frequency-
modulated signal. Because of the sensitivity of fhe pattern to sweep
speed, it is likely that some 60-cycle modulation is occurring in ad-
dition to that evidenced in the photographs. However, it is clear that
the signal is a very narrow-band one, and further £hat it 1s not an in-
coherent oscillation. (In this last respect, note that the spectrum
analyzer resolution is approximately 25 kilocycles/second.)

It was difficult to extend the frequency measurements with the present
experimental setup because of the extreme sensitivity of the signal to
voltage and magnetic field. Also, the magnetic field strength is uncer-
tain to within about + five percent due to hysteresis in the pole pileces.
As noted above, this represents a comparatively large frequency shift.
The most significant aspect of the measurements made is the qualitative
observation of a narrow-band coherent signal which is sensitive to the

potential of the first, and only the first, sole segment.

5.8 Further Interpretation of the Experimental Evidence

In this section we shall develop a theory, based on the experimental
evidence, which is able to account for the observed phenomena., The theory
is not able to provide a cémplete quantitative description of the dioco=-
tron effect; i1ts purpose is primarily to provide a coherent interpreta-
tion of the data from which further, more refined, experiments can be
devised.

Thgvdata have shqwn that nearly all of the energy exéhange implied

by the appearance of a negative-sole current occurs in the cathode region
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“prior to the entrance of the electron stream into the plate-sole space.
Since this energy exchange forms the prelude to the diocotron effect,

we shall consider it first.
5.8.1 The Cathode Region. We have, as a basis on-which to initlate

a study of the energy exchange mechanism in the cathode region,'three
important experimental facts. These are: |

(a) the diocotron phenomenon is scaleable,

(b) a narrow-band, coherent, r-f signal is generated as a part of
the diocotron effect, and

(e) the energy distribution of the sole current is approximately
Maxwellian, with a temperature on the order of 300,000°C.

Because of the scaleability of the phenomena, we can deduce that
the r-f properties of the geometry of the structure (vacuum envelope,
electrodes, etc.) are not a significant aspect of the diocotron effect.
This deduction follows from the fact that the r-f properties of the
structure are not changed in the scaling process; i.e., the geometry
of the stream analyzer is fixed, Further, the scaling property sug-
gests that the phenomenon 1s associated not merely with the electron
stream as a whole, but, in particular, with the trajectories of the
electrons compfising the stream, It 1s rather difficult to determine
electron trajectories in crossed electric and magnetic fields taking
space-charge forces into account. On the other hand, space-charge-
free trajectories are not likely to correspond in detail with the cor-
responding trajectories computed with space-charge forces accounted
for. However, the general trends of the trajectories computed with and
without space charge as a function of, say, the scaling parameter ¢°a/Bo2
should be very similar. We shall, therefore, continue to make use of the

trajectory computations presented in Figs. 4.15 to 4.23 as a guide to a
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qualitative understanding of thé actual'tfajectories in the stream an-
alyzer.

In correlating these trajectories wifh the diocotron effect we note
that the negative-sole current falls off extremely rapidly when the
scaling parameter fon/Bo2 exceeds & certain critical value. It is there-
fore interesting to observe a similar critical behavior of the space-
charge-free trajectories. Up to a certain value of scaling parameter,
which is very nearly the same as the experimentally observed value re-
ferred to above, electrons are nearly trapped in a potential valley between
the cathéde block and the first sole segment. It is tempting to assoclate

the negative-sole current with the near trapping of the electrons; this

is Jjust what we do.
Trajectories of electrons passing through the slow-drift region be-~

tween the cathode block and the first scle segment are characterized by
very long transit times. Therefore, a large space-charge density builds
up in this region. The order of magnitude of this space-charge density
can be estimated fairly easily. As an illustration, consider the tra-
Jectories shown in Fig. 4,16b, The transit time from the cathode into

the plate-sole space can be estimated by counting the number of trochoidal
loops in.the trajectory. Each loop corresponds, roughly, to a time in-
terval equal to the cyclotron period. From Fig. 4.,16b, it is seen that
one trajectory takes about six cyclotron periods and the other about fif-
teen. For an order-of-magnitude figure, we will use ten cyclotron periods
as an average transit time. We shail want to compute the average drift
velocity of an electron between the cathode and the first sole segment.

To do so, the length of the path along which the electron drifts is needed.

We shall take the path length as the length of the trajectory along which
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the electron moves in the above transit time (ignoring, however, the
trochoidal looping of the trajectory; i.e., we use the distance along
the path in the direction of the average forward motion of the electron).
We shall use an average path length of 6 millimeters. This number is
obtained by measuring off the path length on Fig. 4.16b. (To écale
dimensions in Fig. L.16b note that the length of a sole segment is 0.10

inch.) From the experimental date we have the following measurements

(cathode No. 2):

foa/BoZ = 0.005 volt/gauss?,

fon = 800 volts,

fos = O volts,
Eo = 400 gauss, (w, = 7 x 10° radians/second), and
Iox = 12.9 milliamperes. (5.6)

Then, approximately,

number of cyclotron
average transit time = <cyclotron per:l.ods) ( period)

(10) (2n/w)

8.9 x 10'9vseconds, (5.7)

The average velocity with which the electrons drift along their trajec-

tories is, therefore,

average path length
average transit time

average drift velocity ’

6 x 107>
8.9 x 10’9

6.7+ x 105 meters/second.(5.8)

This drift velocity corresponds to about 1.1 electron-volts.
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We shall need some idea of the cross-sectional area of the stream.
For the width of the stream we use the value 0.7 inch. This is the ef-
fective width of the cathode. From Fig. L4.16b, we estimate an average
stream thickness of 1.5 millimeter. The average space-charge density

can now be - calculated from

o, = stream current
o average drift velocity x stream cross-sectional area

12.9 x 10™2
6.T4 x 10° x 0.7 x 2.54 x 1072 x 1.5 x 10°®

7.17 x 104 coulomb
meter3

It is convenient to state the space-charge density in terms of a corre-
sponding electron density radian frequency; the electron density radian

frequency corresponding to the above space-charge density 1s

w = <q 951/2 = 3.78 x 10° radians/second . (5.10)
me,

The above calculation provides an approximation to the space-charge
density (or equivalently, the electron density radian frequency) in the
slow=-drift region.

The point of computing the space-charge density in the slow=-drift
region is to discover whether there is a correlation between the plasma
oscillation frequency and the r-f.signal observed experimentally. How-
ever, because of the presence of the magnetic field, we must modify the
concept of a simple plasms oscillation, . As shown in section 3.3.5, in
the presence of a magnetic field the dispersion relation’for space-charge

wavé propagation is

wg2 = w2 + w2 . | (5.11)
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For the calculation above, this leads to a value for wy of
wg = 8 x 10° radians/second. | (5.12)

The Doppler frequency wg (the electron oscillation frequency as
seen by an observer advancing with the average drift velocity of the

stream) is related to the frequency as seen by a stationary observer

through the formula

(Ddz = (w - avo)z » (5‘13)

where 0 is the propagation constant of thé electron oscillation and v,
is the average electron drift velocity. We can estimate a value of Q
by noting that the high space-charge density is concentrated in a length
approximately equal to the average path length as defined above. Since
there is a large change in space-charge density in the stfeam as it
passes out of the cathode region in the plate-sole space, it is rea-
sonable to assume that the electron oscillation has a wavelength in

some way related to the dimensions of the stream in the cathode region.
In order to facilitate an energy exchange the wavelength would pre-

sumably be of the same order of magnitude as the average path length.

Hence, approximately,

a = 2% . 2x = 1.05 x 103 meter™® . . (5.14)
N 6x10-3

[N

The factor QVy appearing in Eq. 5.13 is therefore equal to 0.7 X 10°

radian/second. Since this is small in coﬁparison to Wy the observed

frequency should be approximately equal to the célculated value of wg.
This very rough estimate of frequency is within a factor of two of

the experimentally observed frequency reported in section .5.7.
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In the simple model used for the above calculation it was assumed
that it is permissible to view the crossed-field electron flow in the
slow-drift region as being similar to an ion-neutralized electron flow
in a magnetic field. This assumption is Justified in the following '
menner; the presence of positive ions in a plasma flow cancels the
space-charge forces of the electrons. This same effect can be achieved
without positive ions by balancing the space-charge forces against ex-
ternal d-c focussing fields. Axielly symmetric Brillouin flow, described
in Chépters II and III, is a good example of this. For this type of flow,
the d-c force balance is maintained during the perturbation. Rectilinear
Brillouin flow, to which the flow in the stream anslyzer may be likened,
is another example of a balapced flow. However, the d-c force balance
is not maintained in a perturbation of rectilinear flow. Nevertheless,
if the velocity difference across the stream is small enough, the unbal-
sncing of the d-c forces is small (see section 3.3.4). We are assuming
this to be the case in our discussion. Therefore, an observer advancing
with the average velocity of the electrons in the slow-drift region would
see much the same electron oscillation as if the stream were neutralized
by positive ions. On this basis we can apply, as an approximation, the
dispersion relation used to calculate wg above.

Thus far we have advanced the hypothesis that an electron oscilla-
tion occurs in the cathode region with a sp@ce wavelength comparable to
the dimensions of the stream in this region. We will now relate such
an oscillation to & mechanism of enérgy exchange.

While, of course, electron trajectories in the slow-drift region
will not correspond in detail to the space-charge-free trajectories, the
motion will be grossly similar; i.e., electrons will have a more or less

looping motion superimposed on an average forward drift. The fact that
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a large energy exchange is accomplished in a very short distance suggests
some sort of synchronization effect. In particular, it suggests that

the loop-like motion of the electrons is (approximately) synchronous
with the space-charge oscillation described above; i.e., the energy ex-
change occurs through a cyclotron resonance of the d-c stream motion with
the electron oscillation. In this way an electron could maintain the
proper phase to extract energy from the electron oscillation for a rela-
tively long time interval.

It is useful to have some idea of the order of magnitude of the elec-
tric field of the electron oscillation which would be necessery to ac-
count for the observed energy exchange. To estimate this field, we ex-
amine a system consisting of an electron rotating with a uniform d-c
angular velocity (at radius r) in an r-f electric field of the same fre-
quency. The field and the electron motion are assumed to be in phase;
this will provide the maximum energy exchange. The energy exchange dur-
ing one cycle of the r-f field (or one revolution of the electron) is pro-

portional to the integral of the product of the velocity and the elec-

tric field; i.e.,

2n
Energy Exchange = f q (rw sin w,t) (E sin wet)dt .
w,t=0

arrE . (5.15)

In this expression the electric field is assumed to be of the form

E sin wet. We now calculate the electric field which would lead to an
energy exchange of 40 electron-volts. (This is the general magnitude
of the average energy exchange measured.) As a value for the radius,
we use 0.2 millimeter; this value corresponds'to the smallest loops

measured in Figs. h.l5 to 4.23 in the cathode region. The electric field
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i1s then
_ 20 _ 4 volts
E = 5rx10% ° 6.36 x 10 meter
_ volts
= 636 centimeter ° (5.16)

Of course, 1f the angular frequency of rotation of the electron and the
frequency of the electric field are not synchronous, & stronger electric
field than that calculated above would be necessary to account for the
observed energy exchange. On the other hand, it was supposed that the
entire energy exchange occurred during one r-f cycle. It is much more
likely that the energy exchange occurs over considerably more than one
cycle. Thus, an electric field strength significantly smaller than the
value calculated above would account for the observed energy exchange;
we can roughly estimate the field strength to be between, say, 60 and
600 volts/centimeter. A field strength of this order of magnitude is
not unreasoneble. In this respect it is interesting to estimate the
magnitude of the transverse d-c electric field in' the slow-drift region.
This cen be done by noting that the average drift velocity in this re-
gion is approximately equal to the ratio of the transverse d-c electric

field to the d-c magnetic field. Using the value of the average drift

velocity calculated by Eq. 5.8, we have

average drift velocity x By

=
(o]
]

6.74 x 105 x .Ok

2.7 x 10* volts/meter

270 volts/centimeter . (5.17)

Hence the strength of the r-f field calculated above is, roughly speak-
ing, of the same order of magnitude as the d-c electric field.

The prediction that a strong coherent r-f field exists in the slow-
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drift region appears, at first, to be at variance with the experimentally
observed facts that only weak signals were detected with the r-f probe,
and that a near-random distribution 6f énerg& among the electrons was
measured. It is not difficult, however, to see, at least qualitatively,
why there is actually no inconsistency.

"As pointed out earlier, the electron stream in the slow-drift region
can be regarded as being similar in behavior to an ion-neutralized stream.
The discussion presented in Chapter III showed that the fields associatéd
with fhe space-charge oscillations of an ion-neutralized stream are con-
fined entirely within the boundaries of the stream. Hence, it is not
unreasonable to expect that a probe outside the stream would detect only
relatively weak signals.

The fact that a near-random energy distribution is measured can be
attributed to the nature of the electron interaction. The nature of the
electron trajectories indicates the highly nonlaminar motion of the
stream as it enters the slow-drift region. Following along the lines
of the discussion of nonlaminar motion in Chapter II, we might expect
the electrons in a given volume element to have a distribution of veloc-
ity directions. It would not be surprising if the distribution itself
wvere near-Maxwelllan with a mean velocity in the direction of the average
stream motion. The distribution in direction produces a dist;ibution in
phase between the space-charge oscillation and the electron motion, which
leads to a distribution in the amount of energy exchange undergone by
electrons originating in the same volume element. 1In addition to this
initial tendency toward randomization there is another, probably more
significant, randomiziné mechanism. This mechanism is the energy ex-
change itself, which produces a strong scattering of electron trajector-

ies. As & result, the phasing between the electron motion and the space-
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charge osciliation is further randomized. It has been suggested by W. G.
Dow that as a result of the energy exchange electrons are temporarily
"kicked" outside the stream. Since the space-charge oscillation fields
are essentlally confined within the streem, this means that electrons
would "dip" into the space-charge oscillation in é random fashion.

The environment of the slow-drift region is sufficiently chaotic
that, rather than it being remarkable that a random energy distribution
1s obtained, it would be remarksble if one were not obtained.

The theory¥*, thus far, describes the phenomenon in the cathode re-
glon. We now extend the analysis into the plate-sole space.

5.8,2 The Plate-Sole Space. We have thus far described a mecha-

nism by which electrons exchange large amounts of energy in the cathode
region. Related to this process, and depending on it, is the collection
of current by a negative-potential sole. However, while an increase in
energy 1s a necessary condition for an electron to reach the sole, it
.18 not a sufficient condition. In addition, the trajectory followed by
the electron must be such as to intercept the sole. Therefore, much of
the plate-sole space phenomenon must be related to the electron trajec-
tbries in this region.

A simple explanation of the distribution of current collected by
the sole would be to say that electrons travel uninterrupted along same

trochoid-like trajectory in the uniform fields of the plate-sole space;

*It hes been recently repor‘l:.eclz)+ that a carcinotron operated with a tem-
perature-limited cathode produced significantly less sole current than
vhen 1t was operated space-charge-limited. This is what would be ex-
pected in terms of the theory presented sbove. Under temperature-lim-
ited conditions the potential minimum in front of the cathode would
vanish and electrons would be accelerated out of the cathode region
with less likelihood of passing through a slow-drift region. Of course,
if the scaling paremeter were made sufficiently small the conditions
for an energy exchange in the cathode region could be obtained even
vith temperature-limited operation.
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' those'electrons following trajectories intercepting the sole constitute
the sole current. Unfortunetely the data show this cannot be more than
a partial description. The period of a trochoid-like trajectory in the
plate-sole space, for the values of scaling parameter entering into the
data, would be about two sole segments or less in length. Hence, if an
electron trajectory were going to intercept the sole, it would do so in
a distance less than the lengﬁh of, say, the first four sole segments.
While the data (Figs. 5.8-5.21) show a generally high current to the
first few sole segments, there is, in addition, a significant current
collected along the rest of the sole (at least, for certain values of
the scaling parameter).

This anomaly suggests that the electron trajectories are not as sim-
ple as described above, i.e., that an additional energy exchange occurs
in the plate-sole space, altering the electron trajectories.

An additional energy exchange process is also suggested by the data
obtained in the energy distribution measurements, Figs. 5.27 and 5.28.
Figure 5.27 shows that the near-randomness of the energy distribution is
maintained along the entire sole. Figure 5.28 shows that the energy dis-
tribution of the current collected by one sole segment remeins approxi-
mately random even when'the stream is strongly perturbed by a preceding
sole segment. Two possibilities suggest themselves:

a) the current collected by a sole segment is a smell
fraction of the total current, or
b) the electrons are continuously randomized.
With respect to the first possibility, the measurements show the energy
distribution to be approximately Maxwellian at, say, the fifteenth or
twentieth sole segment even though a considerable fraction of the cathode

current has already been collected. Moreover, Fig. 5.27 shows that the
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‘temperature 1s‘rough1y the same for all of the sole segments. for these
reasons the secondvposéibility is the more likely one. We are thus led
to the conclusion that an energy exchange process continuously rendomizes
the enefgy distribution of the electrons.

However, the energy éxchange process does‘not add a significant
amount of energy to the stream. In the measurements illustrated by
Figs. 5.22 to 5.26, the total sole current remains constant even thqugh
the distribution of sole current along the sole 1s radically altered by
varying the potential of one of the sole segments. For example, consider
Fig. 5.25, which presents data taken for the same value of scaling parame-
ter as the current distribution curves shown in Fig. 5.15. Figure 5.25
shows that the sole current is not dependent on the potential (in this
figure) of the fourth sole segment. This segment was used because it is
sufficiently far from the cathode region so that the initial stream cur-
rent loss to the sole has élready been collected, gnd nét so far but
that a significant amount of current remaiﬁs to be collected (see Fig.
5.15). Figure 5.26 shows the same behavior for the seventh sole segment,
which is definitely not receiving a significant amount of the initial
sole current. The fact that the total sole current remains constant sug-
gests that the energy exchange process in the plate-sole region is pri-
marily a randomizing process, i.e., that the fraction of the cathode cur-
rent which will reach the sole is determined in the cathode region.

It is not unlikely thet the energy exchange process in tﬁe plate-
sole space is related to the "slipping stream" amplification described
in Chapter III, although significantly modified by the nonlaminar nature
of the electfon motion. To illustrate the process we have in mind, we
can meke use of the nonlaminar stream model described in section 2.7.2.

By analogy to the laminar Brillouin stream model, we can say that energy
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is transferred from electrons on the faster side of the stream to elec-
troﬁs in the slower side of the stream. However, in the case of a non-
laminar stream, the same electron can, at different times, be on both
sides of the stream. It is possible to visualize & situation where
there is a large energy exchange between electrons, and yet where not
very much energy is added to the stream; in other words, a situation
where the energy exchange process simply reshuffles energy among the
electrons.

An energy exchange process of the sort described above could very
easily account for the sole-current characteristics observed. It is
| more than likely that a reshuffling process would randomize the energy
distribution; the more so if the initial energy distribution is already

approximately random.

The above discussion leads to the following description of the phe-
nomena occurring in the plate-sole space:

a) As a result of an energy exchange process in the cathode region
‘electrons enter the plate-sole space with & near-Maxwellian energy dis-
tribution. A temperature on the order of 300,000°C is attained.

b) The éxcess energy of these electrons allows a certain fraction
of them to be collected on the first few sole segments. The‘number of
electrons collected by & sole segment is determined by two factors: how
many electrons have sufficient energy to overcome the negative bias of
the sole segment, and how many of these are directed so as to intercept
the sole segment.

c¢) Because of the continuous loss of high-energy electrons to the
sole, the energy distribution of the electrons tends to lose its random-
ness. However, an additional energy exchange process in the plate-sole

space rereandomizes the electrons. This rerandomization is accomplished
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without significantly increasing the total amount of energy.

This process continues as the stream progresses along the sole.

5.9 Summary

We have, in this chapter, presented and interpreted data obtained
from a crossed-field stream analyzer pertaining to the diocotron effect.
In addition a phenomenological theory, explaining the measurements, has
been presented.

In reviewing the contents of this chapter, the subject matter can
be divided into two parts. First, there are the experimentally observed
facts. Perhaps the single most lmportant point which the data show is
the incontrovertible fact that the significent energy exchange between
electrons occurs in the cethode region. Two other most interesting ob-
servations are the appearance of a narrow-band r-f signal, and the near-
Maxwellian energj distribution of electrons collected by the sole. In
addition to these general observations, detalled measurements of the
negative-sole current characteristics over a wida range of operating con-
ditions were obtailned.

The second part of the subject matter of this chapter is the presen-
tation of a theory which provides a reasoneble explanation of the meas-
urements, and is qualitatively in agreement with their general behavior.
We believe the theory provides a framework within which further experi-
mental and theoretical investigation can be developed. The basis for
this belief is the opinion that any theory which ties together a broad
range of phenomene in a consistant manner is bound to be reasonably close-
ly related to the observed phenomena. _

The next step in the study of the diocotron effect would be to veri-

fy and extend the theory. The next section discusses several ways in

which this can be done.
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5.10 Suggestions for the Continuation of the Investigation

The most straightforward extension of the present investigation is
an experimental one. The present investigation has shown the importance
of the cathode region in the energy exchange process. It would be use-
ful to have a more detailed knowledge of the behavior of the electrons
in the slow-drift region than was obtained with the present stream an-
alyzer design. A modification of the present design so as to provide
a slow-drift reglon about, say, halfway down the sole would allow inves-
tigation of the characteristics of the stream both before and§ after it
passed through the slow-drift space, In addition, provision could be
mede for probing the strea.ni in the sldw-drift space itself, At the same
time, the r-f signals associated with the energy exchange could be stud-
led, and also the effect of an injected signal could be studied.

A separate phenomenon from that involved above is the energy ex-
change process occurring in the plate-sole space. It is, however, d4if=-
ficult to isolate this phenamenon from the cathode region phenomena
which determine the state of the stream as it enters the plate-sole
space. Nevertheless it would be interesting to study the propagation of
r-f signals along the stream in the plate-sole space. Such r-f signals
could include, in addition to signals generated‘in the cathode region,
externally applied r-f signals.

There are a number of theoretical problems asspciated with the above
experimental studies. The form;la.fi‘dn of a more preclse model to de-
scribe the energy exchange in the cathode fegion would 'Be most desirable.
Such a model would necessarily be a most complex one, involving the con-
cept of nonlaminar streams. The formulation of d-c nonlaminar-stream

models 1s a formidable undertaking. The study of the propagation of
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perturbations on nonlaminer streams is even more formidable. Neverthe-
less, such a study would be most revealing in understandiﬁg many anoma-

lous effects in devices utilizing electron streams.
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LIST OF SYMBOLS

In choosing the various symbols, certain general principles have
been followed. A vector is denoted by a bar placed over the symbol for
the physical quantity. The components of a vector are denoted by the
symbol for the vector without the bar, and with subscripts to distin-
guish between different components. The subscripts used most often are
the following:

a) o denotes a d-c¢ quantity,

b) 1 denotes an r-f quantity, and

c) x,¥,z,r,0 refer, respectively, to coordinate
directions in rectangular and cylindrical
coordinates.

Thus E,, is the magnitude of the radial component of the d-c electric
field intensity. i

The following list of symbols includes the most important symbols,
and those which may possibly give rise to ambiguity.

K vector potential

A coefficient used in the representation of r-f potential
a particular value of a space coordinate

B (also with subscripts) magnetic flux demsity vector

B (with subseripts) component ot B

B coefficient used in the representation of r-f potential
b particular value of a space coordinate

Cc coefficient used in the representation of r-f potential
c velocity of light in free space

D coefficlent used in the reprgsentation of r-f potential
d -anode-sole spacing

E (also with subscripts) electric intensity vector
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(with subseripts) component of E

superscript indicating a quentity is evaluated outside the
electron stream

velociﬁy distribution function

Hamil tonian funetion

particular value of a space coordinate

d-c anode current

d-c collector current

d=-c cathodé current

d-c sole current

d-c current to the nth sole segment

d-c current remaining in the stream after 1t has passed over the
nth sole segment and before it passes over the (n+l)st sole seg-

ment

modified Bessel function of the first kind, of order B with argu-
ment 7ya

superscript indicating a quantity is evaluated inside the electron
stream ’

(also with subscripts) convection current density vector
(with subseripts) component of J

Ny

normalized surface immittance

modified Bessel function of the second kind, of order B with ar-
gument 7a

wave number of a plane wave in free space

subscript indicating a quantity is evaluated at the lower (or inner)
stream boundary

mass of an electron
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unit vector normal to stream boundary

subseript indicating & d-c quantity

pressure tensor

generalized momentum

electron charge magnitude

vector location of a volume element

radial unit vector in cylindrical coordinates
radial space coordinate, cylindrical coordinates

subscript indicating a quantity associated with the E component
of a vector

arbitrary vector

scalar velocity potential

subscript denoting the part of a vector in a plane transverse to
the d-c magnetic field .

time coordinate

root-mean-square excess velocity of electrons at stream boundary

subseript denoting a quentity which is evaluated at the upper (or
outer) stream boundary

excess over average velocity of an electron (vector)
0f component of pressure tensor
(also with subscripts) electron velocity vector

mean d-c vector velocity associated with a volume element of a
nonlaminar stream

d-c vector velocity of a laminar stream
(with subseripts) component of ¥
unit vector, rectangular coordinates

space coordinate, rectangular coordinates
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subscript indiceting a quantity associated with the X component
of a vector

normalized surface immittance
unit vector, rectangular coordinates
space coordinate, rectangular coordinates

subseript indicating a quantity associated with the i component
of a vector

an incremental change in y

unit vector, rectangular or cylindrical coordinates

space coordinate, rectangular or cylindrical coordinates
subscript indicating a quantity associated with the Z component

of a vector

direction

1+l

wave number in X or
wave number in i or _b: direction

vave number in z direction

thickness of "thin" stream

permittivity of free space

angular unit vector in cylindrical coordinates

engular space coordinate, cylindrical coordinates

subseript indicating a quantity assoclated with the § component
of a vector

permeability of free space

(with subscripts) space-charge density
(wi_'th subscripts) surface-charge density
(also with 'subsc;!ripts) scalar potential

d-c anode potential
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d-c collector potential
d-c sole potentisl
d-c potential of the n th sole segment

angle between the d-c vector velocity of a single electron and
the average d-c vector velocity associated with & volume element

maximum value of'v

constant of proportionallty used in describing d-c stream velocity
radian frequency

cyclotron frequency

Doprler frequency

electron density (plasma) frequency

momentum gradient operator in momentum phase space

subscript denoting an r-f quantity



