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CHAPTER I. INTRODUCTION

1.1 The Problem

The subject matter with which this dissertation is concerned is 

the investigation of the phenomenon known widely as the diocotron ef­

fect .

Figure 1.1 is a sketch useful in describing the phenomenon. An 

electrostatic field is maintained between two plane electrodes (plate 

and sole, respectively) and directed toward the sole. A uniform mag­

netic field, directed into the page, completes the establishment of a 

crossed d-c electric and magnetic field environment within the struc­

ture. An electron stream, launched from a zero-reference-potential 

cathode along a trochoid-like arc, is injected into the plate-sole space 

and continues along a trajectory corresponding more or less to recti­

linear Brillouin flow. The stream terminates, after traversing the 

plate-sole space, on a collector.

The term diocotron effect has been applied to the observation of a 

current to the sole even though that electrode may be at a considerably 

negative potential relative to the cathode. The negative-sole current 

is indicative of electrons gaining energy in excess of that which would 

correspond to d-c motion in the electrostatic field. This excess energy 

is too great to be attributable to such diverse effects as initial ther­

mal emission energy or contact difference of potential.

1.2 An Outline of Previous Studies of the Diocotron Effect

1,2.1 The Measurements of Ostrom. The earliest observation of the 

diocotron effect, per se, was noted in a collection of papers on the

1
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ELECTRON STREAM

COLLECTOR

FIG. 1.1 ILLUSTRATION OF ELECTRON STREAM MOTION 

IN A CROSSED ELECTRIC AND MAGNETIC FIELD 

ENVIRONMENT.
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1*  theory and applications of trochotrons . Trochotron is a generic name 

for a multi-channel electronic switching tube utilizing the trochoidal 

motion of electrons in crossed electric and magnetic field environments 

such as that illustrated by Fig. 1.1. In the course of studying the 

trochotron a negative-sole current was noted, and a number of measurements 
oof the phenomenon were reported by Astrom in the papers cited above. 

The geometry of the experimental tube used by Astrom is illustrated in 

Fig. 1.2. It is similar to that shown in Fig. 1.1 except for the loca­

tion of the cathode and the division of the sole into seventeen electri­

cally insulated segments. The cathode was located midway between the 

plate and sole; the plate-sole spacing was 10 mm. Sixteen of the sole 

segments were 5 mm long, and the seventeenth, located beneath the cathode, 

was longer (see Fig. 1.2).

For one experiment the plate was operated at 400 volts and the cath­

ode and sole at zero potential. A magnetic field of 640 gauss was used 

to focus the stream. Cathode emission was controlled by temperature- 

limiting the oxide-coated nickel cathode ribbon. Measurements were taken, 

for various cathode currents, of the current to each sole segment. Each 

segment current, as a function of cathode current, first increased, reached 

a maximum, and then decreased fairly slowly. The greater the distance 

from the segment to the cathode, the smaller the maximum current, and 

the further it was displaced towards smaller cathode emission.

When, on the other hand, the cathode current was kept constant and 

the sole current distribution along the sole was measured, it was found 

that the sole current first increased with distance from the cathode, 

reached a maximum, and then decreased. The maximum sole current increased

Superscript numbers refer to references listed in the bibliography.
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more than linearly with an increase of cathode current, and was dis­

placed toward the cathode for increasing emission.

A similar set of measurements was also obtained with the cathode 

potential raised to 100 volts and the magnetic field increased to 1150 

gauss. The sole current as a whole decreased considerably. The seg­

ment currents increased rapidly as a function of the cathode emission, 

reached a maximum toward the end of the tube and then decreased. The 

sole current also increased very rapidly with distance from the cathode 

before a maximum was obtained.

Astrom concluded from these measurements that the process causing 

the sole current took place in the electron stream during the traversal 

of the plate-sole space and not at all, or only partially, near the cath­

ode. This conclusion is contradicted by the results of the investiga­

tion described subsequently in this dissertation.

Âstrom’s experiment is certainly indicative of a diocotron effect 

inasmuch as about two percent of the cathode current reached the sole 

when it was 100 volts below cathode potential. The anode potential, it 

will be noted, was only 500 volts above cathode potential. However, a 

number of characteristics of the measured data leave open to question 

the conclusion noted above, that the process causing the sole current 

occurs in a region remote from the cathode. As background for this 

questioning, we note that the stream trajectory would follow, approxi­

mately, an equipotential line. We can use the space-charge-free cy­

cloidal trajectory of a single electron in the same fields as above as 

an approximate measure of the actual stream trajectory2. The period of 

such a trajectory in the given fields is of the order of 1 mm and the 

height of such a trajectory is of the order of 0.1 mm. The equipotential 

on which the stream "rolls" would then be at about the cathode potential.
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The stream would therefore follow a path which would be midway between 

the sole and plate in the immediate vicinity of the cathode and move 

down to approximately one-quarter of the plate-sole spacing above the 

sole.

The fact that current reached the sole at all bespeaks a large 

energy exchange between electrons. Even more spectacular is the fact 

that there was a significant current to the first few segments near the 

cathode. This would seem to indicate a rather large energy exchange in 

the immediate vicinity of the cathode, contradicting AstrSm’s conclusion 

mentioned above. The fact that the current distribution along the sole 

reaches a maximum also casts doubt on his conclusion. The total current 

drawn to the sole is a small fraction of the stream current. It is, 

therefore, difficult to see why any process occurring in the uniform 

plate-sole region should suddenly alter its characteristics in that re­

gion.

Similar questions can be raised concerning the data taken with the 

sole and cathode at the same potential, 
oAnother interesting experiment described in Astrom's paper was a 

measurement of sole-current characteristics of three tubes having di­

mensions in the ratio of 1:4:16. The voltages on each of these tubes 

were the same but the magnetic fields used were inversely proportional 

to the tube dimensions. The fraction of the cathode current going to 

the sole was essentially the same for all three tubes, suggesting the 

applicability of scaling rules to the diocotron phenomenon.

Measurements were also made on the noise characteristics of the elec­

tron stream. The measurements indicated that) above a certain level of 

stream current, the noise level increased quite rapidly. It was noted 

that nothing particularly remarkable happened to the frequency spectrum 

of the noise in the neighborhood of the cyclotron frequency.
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Unfortunately, the main concern of the paper related to the per­

formance characteristics of trochotrcns and the data covered only a 

small range of parameters pertinent to the diocotron effect.

1.2.2 The Measurements of Guenard and Huber. The diocotron effect 

was subsequently noted in the course of a study of carcinotrons, which 

are nonre-entrant magnetron-type oscillators. In a paper by Warnecke, 

Huber, Guenard, and Doehler^ the negative-sole current is explained as 

a manifestation of a growing-wave electron interaction (described in 

Chapter III). A measurement is described on two tubes having a geometry 

similar to that illustrated in Fig. 1.1 except that the smooth plate is 

modified. In one of the tubes the plate was modified by the introduc­

tion of two short lengths of slow-wave structure (interdigital lines) 

at either end to provide an r-f signal input and output. The second 

tube was identical to the first except that the smooth plate was removed 

and the slow-wave structures brought together. Comparison of the signal 

gains of the two tubes under the same operating conditions then provided 

a measure of the effect of the stream traversal under the smooth plate. 

It was observed that an additional gain of the order of 10 to 20 db could 

be obtained in the tube having the central smooth plate. It is in this 

paper that the term diocotron (from the Greek word ôiuiKeiv, to pursue) 

is applied to one cause of a growing-wave phenomenon. The application 

of this term to the observation of a negative-sole current, while of 

common usage, will be shown to convey an erroneous suggestion of a cause­

effect relationship. -

The experiment above, and others, were later amplified in a paper 
by Guenard and Huber\ In this latter paper, measurements of the nega­

tive-sole current are also presented. These measurements were also made 

on a tube of the same general geometry as illustrated in Fig. 1.1 except 
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that the smooth plate was replaced by an interdigital line. However, 

the line was made highly lossy (more than 50 db at a wavelength of 25 

cm) by a lossy coating covering all of the digits except the part seen 

by the stream. In addition, the sole had a single electrically insu­

lated segment inserted approximately halfway down its length. Meas­

urements were taken of the current to this sole segment as a function 

of its potential; all other operating parameters of the tube were held 

fixed during each such measurement. A semi-log plot of segment current 

against its potential turned out to be linear, indicating a Maxwellian 

energy distribution for the segment current. Depending on particular 

operating conditions, the average energy of the energy distribution was 

from 10 to 40 electron volts. If the negative-sole current maintained 

an average energy of this order of magnitude over the entire sole, then, 

for some operating conditions described, a power of about one watt was 

delivered to the sole by the negative-sole current! This is rather dif­

ficult to explain in terms of gains of 10 to 20 db due to growing-wave 

amplification.

1.2.5 Associated Phenomena. There are a number of phenomena which 

appear likely to be different manifestations of the same general process 

of which the negative-sole current is one indication. It has been observed, 

for example, that the anode current in a preoscillating cylindrical mag­

netron does not cease abruptly at a certain critical magnetic field as 
simple theory predicts^'% The cutoff occurs at a higher value of mag­

netic field than is predicted and is neither abrupt nor complete. The 

"backheating" effect in magnetrons, where cathode-emitted electrons re­

turn to the cathode with rather large energies, also bespeaks an energy 

exchange process. Measurements of the space-charge density distribution 

in preoscillating magnetrons have indicated substantial space charge in 
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regions where simple theory provides no explanation of their presence. 

The study of these phenomena is, however, somewhat different from that 

of the diocotron phenomena because of the re-entrant nature of the elec­

tron streams and slow-wave structures. For re-entrant crossed-field de­

vices, electrons, in general, spend rather long times in the device, 

whereas for nonre-entrant devices the electron trajectory is generally 

such as to remove the electron from the system in a relatively short 

time. Consequently, cumulative small effects which are of importance 

in re-entrant devices are negligible in nonre-entrant devices.

The recent observations of the breakup of hollow electron streams, 

focused by a longitudinal magnetic field, into a discrete set of vortex 

filaments has been generally ascribed to the same cause as the diocotron 

effect^. However, as is subsequently pointed out, this phenomenon is 

caused neither by the same mechanism as causes the negative-sole current 

nor even by a "slipping stream" amplification.

1.3 Outline of the Present Investigation

To provide a background for the interpretation of the investigation 

described in this dissertation,the next two chapters present a theoreti­

cal study of the motion of electrons in electric and magnetic force fields.

Chapter II is a discussion of the time invariant motion of charged 

particles. A number of d-c stream models, having relatively simple mathe­

matical characteristics, are described in detail.

After the establishment of these several stream models, Chapter III 

presents a description of the propagation of electromagnetic fluctuations 

on these models in terms of the well-known "small-signal" perturbation 

procedures. Particular emphasis is applied to a description of the propa­

gation of electromagnetic waves along an electron stream in crossed d-c 

electric and magnetic fields.
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To provide more detailed and more extensive data on the diocotron 

effect, a crossed-field stream analyzer was designed and constructed. 

Chapter TV describes the device and the associated measuring circuitry. 

In addition, the results of a study of the motion of a single electron 

in the geometry of the stream analyzer are presented. This study is 

subsequently useful in the interpretation of the experimental data.

Chapter V presents and interprets the experimental data obtained 

from the stream analyzer. It is shown that the common belief that nega­

tive-sole current is caused primarily by a "slipping stream" type of 

amplification is incorrect. A more plausible mechanism to account for 

the phenomenon is described and related to supporting experimental 

evidence. Also, several suggestions for the continuation of the 

investigation are presented.



CHAPTER II. D-C MOTION OF ELECTRON STREAMS

2.1 Summary

The d-c motion (d/dt = 0) of a single charged particle in given 

electric and magnetic force fields has been understood for some time. 

The simultaneous d-c motion of large numbers of charged particles in 

given electric and magnetic force fields has likewise been long under­

stood, although to a somewhat lesser extent. The following discussion 

reviews and extends a portion of the understanding of the d-c motion of 

charged particles pertinent to the subsequent development of the dis­

sertation .

278g 10 2.2 D-C Motion of a Single Charged Particle; Electron Ballistics '''

The familiar Lorentz force and Newton’s laws of motion describe the. 

motion of a single nonrelativistic charged particle in the region of an 

electric and magnetic force field by the equation

-q[E + v x B] = m ” , (2.1)

where E = electric intensity vector,*  '

*A bar over a quantity indicates a vector.

B = magnetic density vector,

v = particle velocity vector,

m = particle mass, and

-q = particle charge (a negative quantity for electrons).

For time invariant motion (d/dt = 0) the scalar product of the equation of

motion, Eq. 2.1, with v leads to the statement of the conservation of energy

V(-q v • v) = 0 , (2.2)

11
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where the electric field potential f is. defined from

E = - V 0 . (2.5)

Some simple solutions of the equation of motion (Eq. 2.1) are well 

known;

a) . If the electric field is a constant and the magnetic field 

vanishes, the charged particle undergoes uniformly accelerated 

motion.

b) . If the magnetic field is constant and the electric field 

vanishes, the charged particle follows a helical trajectory. 

The component of the velocity parallel to the magnetic field 

is unaffected by the field. The velocity component normal to 

the magnetic field causes an acceleration normal to itself, 

leading to a circular component of motion with an angular 

velocity equal to the cyclotron frequency qB/m. An impor­

tant property of the motion, characteristic of the spatial 

asymmetry produced by the magnetic field, is that the motion 

is not reversible.

c) . If both the electric and magnetic fields are constant and non­

vanishing the trajectory is trochoidal in nature. If the 

frame of reference for the motion is shifted to one advancing 

with the velocity Ê x B/B-B, the description of the motion 

becomes

— — dv*-qv*  x B = m , (2.4)

where v’, the velocity as seen in the advancing frame of refer­

ence, is
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Equation 2.4 corresponds to a helical trajectory in the ad­

vancing frame of reference. The motion in the stationary 

reference frame is therefore a superposition of a linear 

trajectory normal to the electric and magnetic fields and 

a helical motion about the magnetic flux lines. The char­

acteristic velocity Ë x B/B’B corresponds to that elec­

tron velocity which results in a uniform rectilinear tra­

jectory (v*  = 0).

In general the motion of a single charged particle in a specified 

force field of more complex form than illustrated above can be obtained 

in a straightforward manner, analytically in some cases, and by numeri­

cal or machine computation of as great an accuracy as desired in less 

tractable cases.

The analogy between the motion of charged particles in electric and 

magnetic force fields and the ballistic motion of projectiles has led to 

referring to the former as "electron ballisticsWhile the analogy is 

somewhat strained by the introduction of magnetic forces (corresponding, 

after a fashion, to a Coriolis force), its usage is sanctioned by custom.

2.3 D-C Motion of Electron Streams ; Electron Bydrodynamics^^^^^^ 

When the Coulomb interaction forces between charged particles can 

be neglected the motion of a stream of particles can be described by a 

multiplicity of ballistic trajectories with varying initial conditions; 

such an approximation has been usefully applied to beam dynamics in cath­

ode ray tubes, for example. However, the long-range effect of the Coulomb 

forces, the presence of different types of charged or neutral particles, 

and the scattering due to the discrete nature of the particles are often 

important characteristics of electron streams. The detailed description 
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of the d-c motion of a number of charged particles, accounting for in­

verse-square law Coulomb forces depending on the instantaneous positions 

of the particles, is enormously complicated compared to that for a single 

particle. It is often found, however, that the particles are sufficient­

ly numerous that an averaged motion of the particle stream, rather than 

a detailed accounting of each trajectory, provides an adequate descrip­

tion of the motion. Under certain conditions, then, the net,effect of 

the complex interparticle interaction can be replaced by a statistical 

average interaction.

A situation of particular interest here occurs when the momentum 

transfer due to close collisions is negligible compared to the net mo­

mentum interchange due to the simultaneous interaction of a particle 

with all the other particles through the long-range nature of the Coulomb 

forces. Ignoring the infrequent large fluctuations associated with close 

collisions, the cumulative effect of the long-range interactions is re­

placed by a space-averaged momentum transfer. In less esoteric language, 

the discrete superposition of Coulomb’s law is replaced by the "smoothed- 

out" behavior described by Poisson’s law. In what follows the particle 

flow will be supposed to be satisfactorily described in terms of only 

the smoothed-out forces.

To simplify a complex problem further it will be assumed that all 

the charged particles originate from a zero-potential surface with zero 

velocity. For d-c motion under these conditions, the statement of the 

conservation of energy, Eq. 2.2, becomes simply

• v = 0 . (2.6)

Since the potential f is, in general, a function of position, the indi­

vidual particle velocities are also functions of position. Moreover,
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Eq. 2.6 requires, to a first-order approximation, that all particles 

occupying an infinitesimal volume element have the same magnitude of 

velocity. There is, however, no restriction implied by Eq. 2.6 as to 

direction of the various particle velocities, i.e., no information is 

conveyed by Eq. 2.6 about the components of the velocity vectors. It 

is, therefore, possible that a number of different velocity directions 

might be associated with a given magnitude of velocity in a volume ele­

ment of the stream.

Figure 2.1 illustrates the nature of the multi-directed velocity 

concept, described above, in a particular case. The sketch in Fig. 2.1 

represents a portion of an electron stream flowing in d-c electric and 

magnetic fields (not shown). The stream boundaries are indicated and 

possible trajectories are shown for two of the electrons comprising the 

stream. In general, all the electrons follow some sort of trochoid-like 

trajectory similar to those shown. A volume element containing a portion 

of both trajectories is also shown. The size of the volume element is 

chosen so that there is no first-order potential variation within its 

boundaries. Hence Eq. 2.6 requires both electrons to have the same 

magnitude of velocity within the volume element. However, as Fig. 2.1 

illustrates, the direction of motion of the two electrons need not be 

the same. This dispersion of direction of travel can come about, for 

example, because the electrons experience different forces along their 

trajectories.

The usual way of describing a velocity distribution, such as that 

above, associated with an infinitesimal volume element located by a co­

ordinate reference vector r, is by means of a distribution function, 

F(v,r,t) dv. A convenient definition of such a distribution function is
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F(v,r,t) dv = the electric charge density associated with
the particles in the volume element at r, at 
time t, which have a velocity in the range 
between v and v + dv. (F is a negative
quantity for electrons.j (2.?)

Since all the particles have some velocity we require

F dv = po , (2.8)

where po is the total charge density associated with the volume element 

at r. The integration is to be performed over all possible velocity 

directions. For a sufficiently high particle density, the distribution 

function provides a statistically definite and continuous description 

of the velocity distribution. It is convenient for the following dis­

cussion to define the following velocity parameters :

The mean velocity associated with a given volume element is

= J7 F ; (2.9)

The deviation of a particular particle velocity from the mean velo­

city vom is denoted by u, i.e.,

(2.10)

The mean value of u is, using Eq. 2.9, zero. Figure 2.2 is a vector 

diagram illustrating the relations between the various velocities for 

the electrons in a given volume element. The average velocity v^ is 

used as a reference vector. The individual particle velocity vectors 

v lie on a locus which is a circle whose radius is found from Eq. 2.6 

evaluated in the volume element. For convenience, Fig. 2.2 illustrates 

a two-dimensional flow. The difference between an individual particle 

velocity and the average velocity, u, is the vector difference between
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RADIUS IS DETERMINED FROM THE 
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v and vom. It should be noted that, since

Fl > Foml , (2-U)

the average velocity vector never extends outside the circle. Figure 

2.2 indicates that u assumes its maximum and minimum magnitudes when 

it is antiparallel and parallel, respectively, to vom.

The representation of Fig. 2.2 suggests a convenient method of in­

dicating the velocity distribution function F dv. This method is shown 

in Fig. 2.5. The charge density associated with a given velocity range 

is indicated by the radial height of the curve labeled F above the locus 

circle of the particle velocities.

The representation of the distribution function in Fig. 2.5 suggests 

expressing F dv in a polar form as a function of the angle $ which a 

given velocity v makes with the average velocity in the volume element, 

vom. Accordingly, we have the following paraphrasing of the definition 

Eq. 2.7.

F(r,i|f,t ) d*  = F(F,v,t) dv

= the electric charge density associated with 
the particles in the volume element at r, at 
time t, which have a velocity in the angular 
range between * and f + di|r. (2.12)

In general, the velocity distribution function can have any shape. 

Two special cases which produce simplifications in the mathematics can 

be noted. If the distribution function is symmetrical about some velo­

city, the average velocity is parallel to that velocity. This can be 

readily shown by interpreting the distribution function as a function 

of t rather than v. An example of a symmetrical distribution function 

is illustrated in Fig. 2.4a.
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FIG. 2.3 REPRESENTATION OF THE VELOCITY 
DISTRIBUTION FUNCTION FdV.



21

vom
AXIS OF 
SYMMETRY

a. SYMMETRICAL DISTRIBUTION.

om

3 (v-

b. LAMINAR FLOW.

FIG. 2.4 ILLUSTRATIONS OF SPECIAL VELOCITY 
DISTRIBUTION FUNCTIONS.



22

If the electron velocity is required to be a single-valued function 

of position, so that all particles associated with a given volume ele­

ment have the same vector velocity, the flow is said to be laminar. For 

laminar flow, electron trajectories do not cross, and u is identically 

zero for all the electrons. The distribution function consists in this 

case of a single "spike" (5 function) located at the average velocity. 

Figure 2.4b illustrates such a distribution function. It can be noted 

that the distribution function can consist of a number of "spikes" as 

contrasted with the continuous distribution illustrated in Fig. 2.4a. 

This might be the case in, for example, a two-stream electron tube of 

the Haeff type1^.

The equation describing the average motion of the stream is obtained 

in exactly the same manner as the equation of conservation of momentum 
is obtained from the Boltzmann transport equation11. The resulting 

equation is

H [E + vom x B] = ^om VW) , (2.15)
m at po

where the electric intensity Ë includes the smoothed-out Coulomb forces, 

and P is defined below. In deriving Eq. 2.15, it should be noted that 

the vector components of the velocity of each electron are independent 

of position in the stream. The average velocity, vom, associated with 

a volume element, on the other hand, is a function of position and hence 

so is the relationship between u and vom. The quantity P appearing in 

Eq. 2.15 is a symmetric tensor having components in an orthogonal co­

ordinate system (coordinates a, p, y),
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where

F du

(2.14)

(2.15)

The integration is carried out over all values of u. The other com­

ponents of P are defined by appropriate substitution of subscripts. 

The term containing ? in Eq. 2.15 represents a contribution to the av­

erage momentum change in moving out of the volume element due to change 

in the distribution function F d7, i.e., to a change in the number of 

electrons which have a given velocity v. Equation 2.15, suitably in­

terpreted, is identical to the hydrodynamic equation of flow; the con­

tribution of the tensor P is analogous to a fluid pressure tensor. 

Because of this formal identity in mathematical description, the study 

of electron streams is often referred to as electron hydrodynamics.

For laminar flow the stream velocity is single-valued and the pres­

sure tensor is identically zero. Equation 2.15 can be reduced to the 

same form as Eq. 2.1 except that the electric field includes the space­

charge forces. In the following sections laminar streams are considered 

first, and subsequently, nonlaminar streams.

2,E Hamiltonian Formulation of the Equations of Motion for Laminar Streams 

The equations of motion in the Newtonian form of Eq. 2.1 can ad­

vantageously be transformed, through the use of a different set of vari­

ables, in a manner corresponding to the Hamiltonian formulation of clas­

sical mechanics.
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The electric and magnetic fields can be described in terms of a 

scalar and vector potential, 0 and A respectively, defined convention­

ally by

V x A =

-V0 =

(2.16a)
ÔA 
at

. [0 is generalized from 
Eq. 2.5 to include time 
varying motion.]

(2.16b)

On substituting the expansion

dt = It + (V * V ) A , (2.17)

into Eq. 2.1, the following expression is obtained;

-q[-V0 + (v • V) A + v x (V x A) ]

= (mv - qA)

= (2.18)
dt

where p = mv - qA is the electromagnetic "total" momentum.

Consider a function H, known classically as a Hamiltonian function, 

defined as

H = 2 v • v - q0

= — [p + qA]•[p + qA] - q0 . (2.19)
2m

It should be noted that, while the Hamiltonian has the same value whether 

expressed in terms of p or v, it is a different function in the two ex­

pressions . We can choose not only to regard the spatial coordinates of 

the stream as independent variables but also to elevate the electromag­

netic momentum to this special status. By so doing we change the 
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description of the motion from a set of second-order differential equa­

tions to a set of twice as many first-order equations. Considering the 

Hamiltonian as a function of both p and position we have

VH = [(p + qÂ)’V](qÂ) - qV0 . (2.20)

Equation 2.20 may be evaluated in terms of v and position as

VH = (v- V) qÂ + v x (V x qÂ) - qv# . (2.21)

Comparison of Eq. 2.21 with Eq. 2.18 indicates that the latter may be 

simplified to

-VH = — • (2.22)
dt

The companion set of equations, obtained directly from the definition 

of the Hamiltonian function, is

Vp H = v , (2.23)

where V— is a momentum gradient operator in momentum space corre­

sponding to the familiar gradient operator in configuration space. 

(In rectangular coordinates, V^ = d/dpx x + d/dpy y + d/dpz £.)

The function v should properly be regarded as the time derivative of the 

configuration variables, thus emphasizing the symmetry of Eqs. 2.22 and 

2.23. It is worthwhile emphasizing that Eq. 2.22 and 2.23 describe the 

stream motion in a six-dimensional phase space with both position and 

momentum as independent coordinates.

Equation 2.22 leads directly to an invariant of the motion, known 

as Lagrange’s invariant. Taking the curl of this equation we have
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= 0 (2.24)

Use has been made of the vector identity

(vv) p + vx(?xp) = 0 , (2.25)

obtained by recognizing that p is independent of the positional coordinates 

in the Hamiltonian formulation. Stoke's Theorem leads to the represen­

tation of Eq. 2.24 in the integral form

— 9 p-dF = 0 , (2.26)
dt J

where ds is a differential element of any closed-configuration contour 

of the stream. As applied to cylindrically symmetrical electron streams, 

Lagrange's invariant is known in the study of electron stream focusing 

as Busch's Theorem. Lagrange's invariant is applicable to any stream 

for which the stream velocity is a single-valued function of position, 

i.e., a laminar flow.

' Another useful invariant of the stream motion, known as Liouville's 

invariant, expresses the conservation of volume in phase space,

. — y dp dF = 0 , (2.27)

where dp dr is a differential volume element in phase space (in rectan­

gular coordinates dp dr = dpx dpy dp% dx dy dz). The integration is 

over any volume of phase space. Equation 2.27 follows on noting that
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dr dp 
dt

dr 
dt dp dr5 + v

J [V- * (-VH) + V • (V^H)] dp dr

= 0 . (2.28)

2.5 D-C Irrotational, Laminar Flow

The d-c characteristics of an electron stream are of considerable 

importance in the analysis of r-f propagation along the stream if only 

for the reason that essentially all the analyses appearing in the litera­

ture take the form of a first-order perturbation of the d-c stream.

Under the assumption of d-c flow, the Hamiltonian becomes the total 

energy of the system and, assuming the stream originates with zero veloc­

ity from a zero-potential surface, is conveniently equal to zero. La­

grange's invariant, which is an alternative statement of the conserva­

tion of energy, reduces to

vQ x (V x po) = 0. (2.29)

The particular case where Eq. 2.29 is satisfied by

V x Po = ° (2.50)

is of special importance. Streams for which this condition is satisfied 

are said to be irrotational. It can be shown that the stream will be 

irrotational if there is no magnetic flux normal to the unipotential 

cathode where the stream originates^. The sufficiency of this condi­

tion follows from thg integral form of Lagrange’s invariant, Eq. 2.26. 

If the integral vanishes anywhere, it then necessarily vanishes every­

where, and, since the contour of integration is arbitrary, Eq. 2.^0 
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follows. The validity of Eq. 2.50 at the stream cathode under the con­

ditions stated above is established by assuming a finite non-zero veloc­

ity of emission normal to the cathode surface and noting that Eq. 2.50 

requires that the component of 7 x po parallel to the cathode surface 

vanish. The velocity of emission can then be made arbitrarily small so 

that 7 x vo vanishes on the cathode surface. The validity of Eq. 2.50 

under the specified conditions follows directly.

The importance of this special case is due to the fact that many 

electronic devices satisfy this condition.

The irrotational condition of Eq. 2.50 can be expanded to

V x vo = ^Bo , (2.51)

and separated into transverse (subscript t) and axial (subscript z) com­

ponents in an axial coordinate system, i.e.,

z *7xv 0 = 7*( vox£) = Boz , (2.52a)

(7 x 7O) = [z x (7 x v0)] x z

= Fv voz - 5° x z

L dzJ
= % Bot « (2.52b)

2.5.I Rectilinear, Irrotational, Laminar Flow. The only laminar 

irrotational rectilinear flow is the familiar Brillouin flow. Assuming 

no variations parallel to a ^-directed uniform magnetic field and a 

uniform velocity normal to the magnetic field (x-directed), we have from

Eq. 2.52
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dvox 
dy

œc (2.33)

where the cyclotron frequency œc is defined as

æc — B m oz
(2.34)

The space-charge density po can be obtained from Poisson’s equation, or, 

for convenience, from the form of Poisson's equation obtained by taking 

the divergence of Eq. 2.1,

9z(Vowo) » ~2 qp° - am,2 , (2.35)
meo

where mp^ is the electron density (plasma) radian frequency. Substituting 

Eq. 2.33 into Eq. 2.35, we obtain

0)p2 = 0^2 . (2.36)

The flow may be made skew to the magnetic field, by adding a constant 

velocity component parallel to the magnetic field, without altering the 

above conclusions.

A transverse electric field normal to the magnetic field is required 

to balance the magnetic and space-charge forces. This type of flow will 

be discussed in further detail subsequently in connection with the de­

sign of a crossed electric and magnetic field stream analyzer.

2.5.2 Axially Symmetric, Irrotational, Laminar Flow. In this in­

stance we apply Eq. 2.30 to cylindrically symmetrical axial flow (coor­

dinates r, 0, z ), assuming no variation of velocity and space-charge 

density parallel to a uniform axial magnetic field. The magnetic field 

must, of course, be so oriented or shielded with respect to the cathode 

as to establish the irrotational character of the flow.
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From Eq. 2.52a we have

1 a(™oe) = œc , (2.57)
r dr

where æc is redefined, analogously to Eq. 2.54, as

œc _ ~ Boz • (2.58)

Integration of Eq. 2.57 yields

voe = t 2 , (2.59)

where C is a constant of integration. The information obtained from

Eq. 2.52b,

dr dz

±22 = 0 , 
dz

(2.40a)

( 2.40b )

shows the constant of integration C to be independent of z.

Substitution of the above equations into Poisson’s equation, Eq.

2.55, gives

+ r-g (^o/ + voz2) = 2 * %2 -? r +

(2.41) 

Several special cases of Eqs. 2.59, 2.40, and 2.41, of particular im­

portance , involve the assumption of no radial velocity. Equation 2.40 

indicates that if the radial velocity vanishes, the axial velocity is 

independent of transverse dimensions, and, since we have assumed axial 

uniformity, is therefore simply a constant. Equation 2.41 reduces, for 

the condition of zero radial velocity, to
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h p2
2 oûp2 - (Dc2 - = 0 . (2.42)

An additional boundary condition, necessary to determine the constant of 

integration C, differentiates various types of irrotational, axially 

symmetric, laminar flows.

A familiar special case is that for which the constant C is zero. 

Such a condition is necessary, for example, for a stream whose interior 

includes the axis in order to maintain a finite kinetic energy; this is 

indicated by Eq. 2.59. If the axial velocity is not zero, the flow is 

called axial Brillouin flow. From Eq. 2.42 we obtain the well-known 

relation between the magnetic field and the space-charge density for 

this type of flow,

2 (Dp2 = (Dq2 . (2.45)

It is, of course, not necessary that the stream include the axis; 

various types of hollow-stream flow are possible. One hollow-stream 

flow occurs when the stream is launched in such a manner as to maintain 

the constant C zero. Such a flow is a circumferential counterpart of 

rectilinear Brillouin flow. This relationship is particularly evident 

if the axial velocity, for which no restrictions other than that it is 

constant have been made as yet, is chosen to be zero.

Another hollow-stream flow of some interest occurs if the circum­

ferential velocity is supposed to be zero on a cylinder bounded by radius 

rk. Within the stream the angular velocity at an arbitrary radius r is 

then given by

VoS % /
T ' T V - ~) «

where
r > ?k (2.44)
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The relationship between the magnetic field and the space-charge den­

sity is
2 0>p2 = 0)c2 (1 + . (2.45)

\ r4 '

These relationships reduce to those for axial Brillouin flow if the 

radius r^ becomes zero.

If the axial velocity for the above flow is zero it is known as 

single-stream magnetron flow. The radius r^ corresponds to the inner 

of two cylinders between which the flow takes place. The vanishing of 

the circumferential velocity at this radius represents a statement of 

the conservation of energy requirement on the magnetron cathode which 

forms the inner cylinder.

A special limiting case of Eqs, 2.45 and 2.46 occurs when the stream 

is confined between two cylinders whose radii approach infinity concur­

rently. The circumferential Brillouin flow approaches rectilinear Bril­

louin flow in this limiting case.

The laminar irrotational flow is also possible if the magnetic field 

vanishes. In this case the constant C is necessarily non-zero. The space­

charge density is not constant over the cross section of the flow but 

varies, as seen from Eq. 2.42, as

. 2C2
a>n2 = --- • (2.46)

r4

The space-charge repulsive forces are balanced by the centrifugal 

force of the stream rotation. If the axial velocity is not zero, this 

type of flow is known as Harris flow. If the axial velocity vanishes, 

the flow is one which has been discussed in the literature under the 

designation E flow. A radial electric field is necessary to supply the 

energy for this motion.
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The laminar irrotational streams considered above are useful in 

analyzing microwave interaction with electron streams because of the 

relative simplicity of the motion. In practice, however, the realiza­

tion of laminar motion is a difficult matter involving the launching 

of the stream in a particular precise manner. Ordinarily one is satis­

fied with the focusing of the stream if the perturbation, or scalloping 

of the stream is within acceptable limits.

2.6 Magnetically Confined Flow

Axial Brillouin flow, discussed above, involves the balancing of 

space-charge forces by a combination of centrifugal force and magnetic 

force. A magnetic field can also be used to focus an axial flow by 

limiting the energy available to the nonaxial motion. The stream flow 

is no longer irrotational; rather, some magnetic flux is allowed to 

pass through the cathode surface. Applying Lagrange's invariant, Eq. 

2.26, to a circular contour transverse to the axis of symmetry we have

= I ^ck ' (2-47)

where vog/r is the angular velocity acquired by an electron at radius r 

and the subscript k indicates a quantity is to be evaluated at the cath­

ode for the same electron. If no flux links the cathode we have, of 

course, the irrotational flow previously discussed, in which the stream 

rotates with a constant angular velocity. If magnetic flux links the 

cathode, however, the constancy of the angular velocity necessary for 

uniform flow is not obtained and a radial perturbation of the stream en­

sues. The radial perturbations are bounded, however, as follows. From 

Eq. 2.48 it is noted that the kinetic energy of rotation increases in­

definitely as the radial position of a stream particle either increases 



or decreases. Since the total energy is limited there must be an upper 

and a lower bound to the radial perturbation. For small perturbations 

the axial space-charge forces due to the axial irregularity of the stream 

can be neglected, and hence the action of the magnetic field taken to be 

that of interchanging radial and angular kinetic energy. Increasing the 

magnetic field enhances the rate of energy interchange and hence reduces 

the extent of the radial perturbations. It is evident that the radial 

perturbations cannot completely vanish as they form a necessary part of 

the focusing mechanism.

2.7 Nonlaminar Streams

The laminar stream models discussed above are, of course, ideali­

zations of practically obtainable streams. The rather critical conditions 

necessary to launch and maintain these streams are much too onerous to 

be met exactly in engineering devices. It is therefore pertinent to 

examine the effects of modifications of the idealized stream models. One 

type of modification can be described as an environmental change. This 

can be illustrated by the substitution of periodic electric and magnetic 

fields for uniform focussing fields. The general description of the 

stream model is not changed by this substitution; i .e., the stream is 

assumed to remain laminar. Another type of modification which retains 

a laminar description of the model can be described as a relaxation of 

constraints. The previous discussion of magnetically confined flow is 

an example of this modification; a radial motion is permitted, as con­

trasted with the radially invariant motion of an axial Brillouin stream. 

A more fundamental stream model modification, requiring a modification 

in the mathematical description of the model, is typified by the multi­

directed velocity streams suggested by the discussion in section 2.5.
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In the following sections the multi-directed velocity concept is ex­

panded and stream models involving this concept are described.

2.7.1 The Design of Nonlaminar Stream Models. It is often true 

that many gross external characteristics of an electron stream are not 

critically dependent on the detailed internal structure of the model. 

Unfortunately, the inverse is also, all too often, true. In the case 

of electron streams flowing in crossed electric and magnetic fields it 

is the latter situation which must be considered.

To discuss nonlaminar flows we make use of the complete hydrodynamic 

equation of motion, which is repeated below,

— [E + vo x B] = ^2. + P° F) * (2.15)
m ° dt Po

In order to deal with Eq. 2.15 it is necessary to have some sort 

of information about the pressure tensor. .

To determine the pressure tensor directly would require a detailed 

knowledge of the motion of the particles comprising the stream and is, 

in general, a formidable undertaking. However it is possible to circum­

vent this difficulty in special cases in two related ways.

One procedure which can be used is to assume, more or less arbi­

trarily, a distribution function Fdv and determine from Eq. 2.15 a stream 

model compatible with this assumption. The initial assumption can be 

developed either on the basis of experimental measurements or from purely 

heuristic considerations. The effects of various general types of multi­

directional velocity distributions can be examined for the purpose of 

obtaining at least a qualitative picture of the effects of similar dis­

tributions in actual streams.
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On the other hand, we can more or less arbitrarily assume a stream 

model having certain parameters describing its average motion. The 

relations between these various stream parameters can then be established 

using Eq. 2.15. In the first procedure described above, we start out 

with a knowledge of the details of the motion of each electron, and cal­

culate the average motion of the stream. In this second method, we de­

termine if a stream model, whose average motion is postulated, is com­

patible with physical laws.

In the following sections both procedures are illustrated for elec­

tron streams flowing in crossed electric and magnetic force fields.

2.7.2 Rectilinear, Nonlaminar, Stream Model. In this section the 

method used is the one wherein the general character of the model is 

postulated and the various stream parameters then determined from the 

laws of nature and Eq. 2.15. The first model considered describes recti­

linear nonlaminar flow in crossed electric and magnetic fields.

Figure 2.5 relates a Cartesian coordinate system to the stream model 

to be analyzed. An electron stream confined within plane boundaries 

y = a, b (a sb) has an average motion vox in the positive x direction 

only. A uniform magnetic field Bo is directed in the negative z direc­

tion, and plane electrodes not shown supply the necessary transverse 

electric field Eo. The average stream motion is assumed invariant in the 

and 7 directions (d/dx = d/dz = 0). The average space-charge density 

is assumed uniform across the stream.

The model described above is often used in the literature, although 

without the detailed nonlaminar study, which is presented here. The 

analysis will show the impropriety of assumptions which are sometimes 

made about various stream parameters.
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FIG. 2.5 COORDINATE SYSTEM FOR RECTILINEAR 

NONLAMINAR FLOW MODEL.
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For the model described above, the components of Eq. 2.15 are;

("% uy) x component; (2.48a)= 0

~ [Eo + vox Bo] - (uy2) = 0 , y component. (2.48b)

Since all particles have identical vector velocities at the stream 

boundaries it follows that, at y = a, b,

ux = Uy = ux2 = Uy2 = u^Uy = 0 . (2.49)

These boundary conditions, together with Eq. 2.48a, require ux uy to be 

identically zero.

It is convenient to make use of Poisson's equation,

- £2 , (2.50)
oy go

to put Eq. 2.48b into the form

œp2 - We ^ox = a2 Uy2 (2.5!)
dy dy2

where, as before, 
^p2 = 2^2 (2.52)

% EQ

q , .œc = — Bo . (2.53)

We now assume, subject to consistency requirements, a linear variation 

of vox
vox = , (2-54)

where fl is a constant. Substitution of Eq. 2.54 into Eq. 2.51 shows Uy2 

to be a quadratic function of y. The constants of integration are
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determined by the boundary conditions, Eq. 2.4?, and we have

Uy2 = g (WpZ<UcO)(y-a)(y-b) (2.55)

The quantity ux2 does not appear in Eq. 2.48 since d2ux2/dx2 =0. To 

determine u^ we make use of the conservation of energy principle, which 

requires of each particle that

0 + 5 v-v = 0 , (2.56)

where v = vo + u is the individual particle velocity.

Averaged over the velocity distribution, Eq. 2.^0 becomes 

+ ^ox^ + + ^y^ = 0 > (2.57)

where the potential 0 is related to the electric field by

Eq = - • (2.58)
oy

Poisson's equation, Eq. 2.$0, shows 0 to be a quadratic function of y. 

The constants of integration can be calculated from Eq. 2.^4 evaluated 

at the stream boundaries. Thus, it is found that

0 = ((Dp2-fi2)(y-a)(y-b) + vox2 . (2.59)

The function ux2 can now be found using Eqs. 2.55, 2.57, and 2.59;

(u^^^-2^2)(y-a)(y-b) . (2.60)

We have described the various parameters of a nonlaminar stream model 

which are consistent with the equation of motion, Poisson's equation, and 

the appropriate boundary conditions. There is one further implicit re­

striction with very interesting consequences. This implicit restriction 
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is derived from the fact that and Uy^ are inherently positive quan­

tities . Since the stream is confined to the interval a S y s b, the prod­

uct (y-a)(y-b) is always negative (since y-a & 0, y-b s 0) within the 

stream. The coefficients of this product in the expressions for ux2 and 

Uy2, Eqs. 2.60 and 2.55, must therefore also be negative quantities. 

To satisfy this requirement it is necessary that

2
SI cd (2.61a)

X CDC/ 
and

ft a cdc . (2.61b)

The equal signs in the above inequalities correspond to the conditions 
for rectilinear Brillouin flow; in this case both u^ and Uy2 vanish and

CDp = CDC .

The present stream model contains a mechanism whereby effects oc­

curring at a given position in the stream (for example at the upper 

stream boundary) are distributed across the stream. We might discuss 

the effects of such a mechanism in the model above and expect that the

discussion would provide at least a qualitative picture of similar mech­

anisms in actual streams. This will be done in the next chapter.

It is useful to have some idea of relative magnitudes of comparable

quantities. To that end it can be noted from Eqs. 2.55 and 2.60 that

SL (JLJL = 1 + 2 We VDc 7 è 1 . (2.62)

$ £ <
It is also found that

0 g = (op2-ft2)(y-a)(y-b) 1 /^2\ "g) .. (2 63)
vOx2 (fty)2 4 \ T/ a/b '

This latter inequality is formed by finding the maximum value of the ratio, 

which occurs at y = 2ab/(a+b). For thin streams (a/b ~ 1), the perturbation 
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from the mean stream motion will be small. For thick streams (a/b « 1 ) # 

the average stream motion can be a very poor description of individual 

particle motion.

Figure 2.6 illustrates the types of motion appropriate to these 

two extremes. For thin streams, particle motion is restricted to the 

near vicinity of the average motion; for thick streams individual par­

ticles may oscillate across the entire stream. In effect there is, in 

the latter case, a periodic interchange of position (but not history) 

between electrons at the top of the stream and those at the bottom of 

the stream. In all cases, of course, the model requires that the elec­

tron trajectories be superimposed in such a manner that the average space­

charge density across the stream is constant.

2.7.3 Axial, Nonlaminar Stream Model. An analysis, similar to the 

preceding one, can be carried out with relative simplicity for an axial 

flow. Figure 2.7 describes the geometry of an annular axial stream 

confined between cylindrical surfaces of radii a,b (a < b). A uniform 

magnetic field Bo, directed along the positive 7 direction, maintains 

an axially and circumferentially uniform average flow (d/dz = d/d© = 0). 

The space-charge density is assumed uniform throughout the stream. Sub­

ject to consistency requirements, we assume the average stream velocity 

is given by
vo = vQZ £ + r 12 © , (2.64)

where both vQZ and 12 are constants of the model. There is no average 

radial motion.

Within the above assumptions the components of the equation of 

motion, Eq. 2.1?, are the following :
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STREAM BOUNDARY

STREAM BOUNDARY

a. THIN STREAMS, (a/b » i)

STREAM BOUNDARY

STREAM BOUNDARY

b THICK STREAMS, (a/b << l)

FIG 26 PARTICLE MOTION IN RECTILINEAR 

NON LAMINAR STREAM MODEL.
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FIG. 2.7 GEOMETRY OF ANNULAR AXIAL NON LAMINAR
FLOW.



[Bro + n r BO1 - <r4^) " r component. (2.65a]

0

à 
dr 6 component.

z component.

(2.65b:

(2.65c:

Since none of the stream particles has any radial velocity at the stream 

boundaries Eqs. 2.65b and 2.65c require that

. 0 . (2.66)

For convenience we take the divergence of the equation of motion, 

Eq. 2.15, so that, by use of Poisson's equation and Eq. 2.64, we can 

transform Eq. 2.65a into the form

u>p2 - 2 0 ( r ur2 ) - 2 . (2.67)

Equation 2.67 can be easily integrated, and, on substitution of the con­

ditions that vanish on the stream boundaries, we obtain

r 'u^X = (r+a+b)(r-a) (r-b) . (2.68)

To evaluate u^ and u^ we proceed, as before, to make use of 

Poisson's equation, and of the conservation of energy requirements at 

the stream boundaries. There are, however, no restrictions in the model 
which require "u^ and^u^ to vanish on the stream boundaries in general. 

Instead we suppose that the partial energy, + has the values 

U2(a) and U2(b) respectively at the indicated stream boundaries. The 

potential 0 is then given by the expression
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VOZ - fi2r22

ÿ2 _ oa\ [ _2 a2ln( b/r) + b2ln( r/a)
2 " H ln(b/a) _

U2(b)ln(r/a) + U2(b)ln(b/r) , (2.69)
+ ln(b/a) ' ’

Equation 2.68 can be used to find the quantity uq2 + Ug2 from Eq. 2.69• 

We have, as noted above, no requirements which separate thèse two quan­

tities . Such a requirement can be introduced as an additional specifi­

cation of the stream model. For example, if we assume ur2 = 0 by making 

the coefficient in Eq.2.68 zero, we can envision this as describing a 

flow where electron paths lie on cylindrical surfaces about the axis. 

Another model can be formulated by requiring all particles to^have the 

same vector velocity on the stream boundaries. In this case Uq2 = u^ = 

on the boundaries, and hence [^(a) = U2^) = 0. This latter case occurs 

when the cathode is magnetically shielded. Then, because of the circum­

ferential symmetry, all electrons acquire the Larmor angular velocity 

œc/2 and hence uq2 = 0. Since ur2 = 0 on the stream boundaries, it then 

follows that Ug2 is also zero on the stream boundaries.

We can apply the above analysis to a solid stream by reconsidering 

the boundary conditions applied to the solution of Eq. 2,67. For a solid

stream we obtain
^-2^+2^ (/_b2

6 /
(2.70)

In obtaining Eq. 2.71, the conditions that rur2 vanishes at r = 0,b have 

been applied. The potential variation, calculated in the same manner as 

before from Poisson's equation, is
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21 0 . voz= - Si=r= + uz2

2
- O2)(r2-b2) + U2(b ) (2.71)

The boundary conditions used to evaluate the constants of integration 

involved in obtaining Eq. 2.71 are that 0 is finite at r = 0 and that 
uq2 + u^2 = U2(b) at r = b. Substituting Eq. 2.7O into Eq. 71 yields

u02
/ç^2-^+^ \ (r2_b2) + U2(b)
\ 5 >

(2.72)

Since the coefficient in Eq. 2.7O must be negative (for the same 

reasons as described for the rectilinear nonlaminar flow), the value of 

2 must lie between the quadratic roots of that coefficient, 1.e.,

; n . (2.75)

Since 0 must also be real, Eq. 2-75 requires that

(Dq2
2 a 1 . (2.74)

The equalities are appropriate for laminar, axially symmetric, Brillouin 

flow. In this case 2 = œc/2 and 2 o>p2 = œc2.

If the stream is launched from a shielded cathode all electrons ac­
quire the Larmor angular velocity <jdc/2. For this case 'uq^ = 0 and, since 

all the electrons will have the same velocity on the stream boundary, 

^(b) = 0. We have then, from Eqs. 2.7O and 2,72,

u/ = /ai2 - , (2.75a)
V 2 A 6 /

O' = (æp2 ' , (2.75b)
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It is interesting to compare this last nonlaminar stream model with an 

axially symmetric, laminar, Brillouin flow. For this comparison the two 

streams are assumed to have the same geometry, boundary potential, and 

space-charge density. The cyclotron frequency of the laminar stream 

is denoted by œcB. Since it has been postulated that both streams have 

the same space-charge density, we can substitute for in Eqs. 2.75 

from the relation (obtained in section 2.$.2)

2 0^2 = œcB2 . (2.76)

As one index of comparison between the two streams we can use the 
ratio, denoted by Rc, of the partial energy u^ + u^ to the total energy 

2q0/m integrated over the cross-sectional area of the nonlaminar stream, 

I .C • , pt
/ (u^+Ua2 ) 2ar dr

v o 1 _____% = Pb/g x = / 2voza^ (2.77)
( „ 0) 2nr dr 2( 1+———j

JQ ' I (Bp2^2)1+ W2
V Ob /

It should be noted that Eq. 2.76 has been used to obtain Eq. 2.77. The 

factor 2v0Z2/œc2b2 appearing on the right of Eq. 2.77 is one-half the 

ratio of the axial to rotational energy at the stream boundary. A not 

unreasonable value for this ratio might be ten. Assuming that the ratio 

(a>cB/a)c)2 is 0.4, substitution in Eq. 2.77 shows that Rc is only 0.05. 

While the comparison of these two streams is oversimplified, the example 

above does illustrate the large effect a small nonlaminar motion can have 

on the stream characteristics (in the example, the magnetic focussing
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field required). In this respect Eq. 2.75 can also be used to compare 

the two stream currents. The ratio of the currents will be proportional 

to the ratio of the axial velocities since both streams have the same 

geometry and space-charge density. Using Eq. 2.75c and the condition 

that both streams have the same boundary potential, we have

(■.*>
02 x C '

2

02

The subscript B denotes the cyclotron frequency of the laminar stream. 

Using the same numerical order of magnitudes as in the previous calcula­

tion (œ^^b^/4v^^^ = 0.1, œCB2/œc2 = 0.4), Eq. 2.78 indicates approximately 

a three percent lower current for the nonlaminar stream.

2.7.4 Rectilinear Flow Model Re-examined. This section describes 

in a different manner the rectilinear nonlaminar flow having the geometry 

shown in Fig. 2.5. In this case the analysis will begin with the assump­

tion of a velocity distribution function from which the averaged parameters 

of the stream motion will be calculated. For simplicity the distribution ' 

function, shown in Fig. 2.8, is chosen to be symmetrical about the veloc­

ity component in the x direction. The distribution function is also as­

sumed to be uniform over an angle of 2^, where is, in general, a

function of position. The nature of the variation of i|rM with position 

will be specified later. It is convenient to express the distribution 

function in terms of the angle between the velocity v and the average 

velocity vo, i.e., in the polar form defined by Eq. 2.12.

The distribution function can then be evaluated in terms of the 

average space-charge density in the following manner: from Eq. 2.8, 
Pm
/ FdV = 2^ = p (2.79)
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FIG. 28 UNIFORM SYMMETRICAL DISTRIBUTION FUNCTION 
FOR NONLAMINAR RECTILINEAR STREAM MODEL.
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where the uniform distribution function described by Fig. 2.8 has been

used. Therefore

F = 0

■*M  s * S ' 

elsewhere . (2.80)

The various parameters needed to make use of Eq. 2.15 can be calculated

in a straightforward manner. From Fig. 2.8 we have

v = |v| (cos i|r x + sin ÿ , (2.81)

and hence

70 VFdik ‘
po

= |v | x . (2.82)

Similarly,

Ux = |v| cos i|r - vox

= |v | /cos l|f - , (2.85)

and
'u2^ = — P M ux2 Fdi|r 
x p° 

2 sin2

IM
sin

From Fig. 2.8 we have

2 sin ŸM/
cot ŸM * 2 (2.84)

Uy = |v| sin ÿ , (2.85)

and hence
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vo x2 
2

— P Uy2 Fdl]f

(2.86)

From the conservation of energy requirement averaged over the stream

(Eq. 2.57), it follows that

2
(2.87)

Because of the symmetry of the distribution function, the off-diagonal

terms of the pressure tensor, u^Uy, are identically zero. Substitution

of the above quantities in the equation of motion, Eq. 2.15, gives

(2.88)

where o)p2 and œc are defined in the same manner as before (Eq. 2.55)*  

One more relation between the various stream parameters is provided by

Poisson's equation

p ’ • (2'89)

Equations 2.86, 2.87, 2.88, and 2.89 form a set of equations which 

can, at least in principle, be solved for vox2 and cDp2. In this connec­

tion it should be noted that the spatial variation of is assumed to

have been given, although such a specification has not yet actually been 

made.



52

In general, solving the above set of equations involves the study 

of nonlinear differential equations with variable coefficients. To 

avoid this complication in the present illustration, we shall again make 

use of the technique practiced in the previous two sections. We assume 

the following forms for and vox

2 = constant

ox = ny

(2.90a)

(2.90b)

and solve for the form of necessary to satisfy Eqs. 2.86 and 2.89»

Substituting from Eqs. 2.86, 2.87, and 2.88 into Eq. 2.89, we obtain

dy2
— (Dq 02

d2
Sy2

= . Vo/

2 - X1 57
ox2 cot 
2

cot

(2.91)

Therefore

(2.92)

The bracketed quantity in Eq. 2.92 is seen to be a quadratic function

of y. The constants of integration are determined from the condition

that both u/ and u/ vanish on the stream boundaries. (See Eq. 2.^0.)

Equations 2.84 and 2.86 show that this requirement is equivalent to the 

requirement that be zero on the stream boundaries. Applying these 

conditions to the solution of Eq. 2.92 we obtain

cot = 1 + -A (y-a)(y-b) 
\ 0 / y2

12.95)
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Alternatively, we can substitute Eq. 2.92 into Eq. 2.91 to obtain the

equation
d2 
dy2

an
(2.94)

The solution of Eq. 2.94, subject to the boundary conditions on |M, is

2 (y-a)(y-b)
(2.95)

On substituting Eq. 2.95 and Eq. 2.95 into the trigonometric identity

we obtain

- (♦„
sinŸM/ 11

cot VM)2 (2.96)

(y-a)(y-b) 
y2

(2.97)

Evaluating u^2, u^2 and 0 as functions of y, we have

u^ = - ^2 + æc2 -2Q2) (y-a) (y-b) , (2.98a)

Uy2 = I (op2 - mc2)(y-a)(y-b) , (2.98b)

— 0 = (uip2 -^2) (y-a) (y-b) + vox2 . (2.98c )

These are, of course, the equations obtained previously, since the 

stream model is the same as before. However, there is now available at 

least one distribution function which produces the flow. We are, there­

fore, in a better position from which to consider, for example, pertur­

bations from the d-c flow and the effects of the pressure tensor on the 

perturbations.
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2.8. Application of the D-C Stream Models

The purpose of this chapter, and the succeeding one, is to gain an 

understanding of some of the types of interaction which can occur be­

tween electrons. Certain of the d-c stream models discussed in this 

chapter, namely those which are mathematically relatively simple, are 

used in the next chapter to study wave propagation on electron streams.



CHAPTER III. WAVE PROPAGATION ON ELECTRON BEAMS

$.1 Summary

The subject matter which is discussed in this chapter is a study of 

general conditions under which perturbations propagate in idealized sys­

tems consisting of streams of electrons flowing in uniformly bounded 

media under the influence of electric and magnetic force fields.

The predominating internal stream forces are assumed to be the 

smoothed-out Coulomb interactions between the charged particles, and 

the stream flow is described in terms of the hydrodynamic analogy dis­

cussed in Chapter 11.

The use of the word "perturbations" above implies a restriction of 

any stream disturbance to an amplitude small compared to the average mo­

tion of the stream; this restriction is stated more rigorously in the 

course of the discussion.

The motivation for a small-signal, greatly oversimplified theory 

is the hope that the results, after comparison with experimental data, 

may make it possible to reach a better qualitative understanding of re­

alizable systems.

5.2 Equations of Perturbed Laminar Stream Motion

We consider, because of their relative mathematical simplicity, 

perturbations of laminar electron streams.

The mathematical description of the d-c stream motion is then given 
in terms of the Lorentz forces and Maxwell's equations^;

_ £ [Eq + vo x Bo] = , (3-1)
m ut

55
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and
_ dB

V x Eo = f (5-2a)

Bo _ dË^
V x — = Jo + eo , (5-2b)

V ’ Bo = 0 , (5.2c)

V • Eo = Po/€q , (5.2d)

V • Jq + £q = 0 j ( 5 • 2e )

where

Eo = electric field intensity,

Bo = magnetic flux density,

Jo = convection current density = pQ vQ,

po = space-charge density,

vo = stream velocity,

q/m = charge-to-mass ratio of the particles com­

prising the stream (a positive quantity for 

electrons), and

eo,Po = permittivity and magnetic permeability of 

free space, respectively.

Equations 5.2, while not all independent, are often used forms of the 

basic equations. The subscript zeros refer to the assumed basic d-c 

stream (d/dt = 0) satisfying Eqs. 5.1 and 5«2.

A perturbation, or departure of the stream from d-c flow, is char­

acterized by its appropriate symbol with the subscript one. Because of 

their linearity, Maxwell's equations are satisfied by the perturbation 

quantities alone. Equations 5*2,  with subscripts one, may, therefore, 
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be used to describe the perturbation. The equation of motion, Eq. $.1, 

becomes

- [Ei + vi x Bo] = + (vo • V)vi + (v% • V)vo (3.5)

under the conventional assumptions

(vo + V1) X (bo + Bl) = V1 x Bo + v x Bo , ().4a)

((vo +V1) . V] (vo+vi) ~ (vo • v)vi + (vi. v)vo + (v0 • v)v0 .
(5.4b)

The first assumption neglects the force effect of the perturbed magnetic 

field in comparison with the force due to the perturbed electric field. 

The second assumption neglects the change of the perturbed velocity due 

to the perturbation of the position at which the velocity is evaluated.

The perturbed current density, subject to similar linearizing as­

sumptions, is

Ji = po vi + pi vo . (5.5)

3.5 Perturbations of an Electron Plasma

3.3.I Plasma-Stream Perturbations in the Absence of a Magnetic 

Field.A particularly simple model to analyze is one wherein the d-c 

stream has a single uniform velocity component, vox, constrained to the 

direction of axial uniformity. Such a model can be envisioned physical­

ly in terms of a completely neutralized plasma-stream. The plasma is 

supposed to consist of superimposed streams of ions and electrons of 

the same charge density. The charge-to-mass ratio of the ion stream, 

however, is assumed to be sufficiently small that the ions do not par­

ticipate significantly in the perturbation: they simply neutralize the 

electric field of the d-c electron stream.
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The simultaneous satisfaction of Maxwell's equations and the equa­

tion of motion leads, after appropriate mathematical manipulations, to 

the wave equation. In the present instance, this will be a linear dif­

ferential equation with constant coefficients having simple exponential 

solutions. Advantage can be taken of this hindsight by initially assum­

ing (and subsequently verifying) a solution of the form exp j(œt - ox - 

Py - ?z), where a, p, and 7 are constants (wave numbers along the co­

ordinate axes).

It is also convenient in discussing the equations of motion to ob­

serve the motion in a coordinate system traveling with the average stream 

motion. Such a transformation is implied by the substitution for

A = + (^0 ' V ) of A = J^-^ox) (5-6)

(in the stationary (in the moving
reference) reference)

In the moving coordinate system the equation of motion becomes, as­

suming that no static magnetic field is present,

cop2 eo Ei = J “d Ji , (3-7)

where

J1 = povi = convection current density as seen in 
the moving reference frame, (5.8a)

œp2 = - qPo = electron density (plasma) radian fre- 
meo quency, and (5.8b)

= co - avox = Doppler frequency, i.e., the fre­
quency of the perturbation as seen 
by an observer in the moving coor­

dinate system. (5.8c)

The equation of continuity, as seen in the moving coordinate system, is

V ' Ji + j Pi = ° (5.9)

Taking the divergence of Eq. 5.7 and substituting Eq. 5.9 we obtain
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(tüpZ - ^a2)Pi = 0 * (5.10)

corresponding to two possible modes of propagation

CDp2 - œd2 = 0 , [space-charge waves] (5-Ha)

and

Pi = 0 [solenoidal waves] . (5-llb)

g wdz|Ei|.|Ei|
1 . (5-15)

above there is no convection of

to another. A more detailed

The waves described by Eq. $.lla have no net current density asso­

ciated with them; i.e.,

J1 + j O)d €0 Ë! = 0 . (5.12)

Hence V x Bi = 0 and, since no external magnetic fields have been postu­

lated, there is no magnetic field associated with these waves. The en­

ergies involved in the perturbation alternate between the perturbed 

electric field and the perturbed velocity of the space charge; it is 

noted that

peak electric energy storage 
peak kinetic energy storage

In the simplified model described 

momentum from one region of the plasma 

model including a thermal velocity fluctuation accounts for such a con­

vection coupling adjacent regions of the plasma and organizing the 

plasma oscillation. (In this connection, note that the group velocity 

is doo/da = Vox; i.e., energy is transported by the average stream motion. ) 

The effect on the dispersion relation, Eq. 5.11a, is negligible for pres­

ent purposes except to provide a basis for assuming that the plasma vi­

brates as an organized unit.

Waves of the type given by Eq. 5.11b correspond to electromagnetic 

propagation as distinguished from the electrokinetic propagation described 
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above, and are characterized by the absence of any perturbed space-charge 

density in the stream; i.e., there is no bunching. For the solenoidal 

waves, one obtains from Maxwell's equations,

V x (V x Ë1) = - V2 Ei = - j 0)d V x B1

= - J (Ji+ jcDd^o Ei)

= ko €o (^d2 * œp

Substituting the exponential form of the perturbation into Eq. 3*14  gives

+ ^ + (wpZ - œd2)poeo = 0 . (5-15)

Note should be taken of the special case of Eq. 5.15 which occurs when

mp " % ~ This particular wave, for which the electric field is

both solenoidal and irrotational, will subsequently be of interest.

Substituting appropriately, we have

peak kinetic energy storage 
peak electric energy storage

I Jib Êil 
œdeo|Ei -|Eil

<5-16)

The energy storage in the magnetic field is

peak magnetic energy storage = |Bi|’|Bi| =
ko

1 - P ^dGolEi b I Ei I • 
“d2

(3-17)

The propagation can, if convenient, be regarded as occurring in a medium

of permittivity where

(3-18)

The energy of the electric field is greater than that of the magnetic

field, with a fraction 1 - contributing to the electromagnetic
#d2

fields and a fraction ^P2 bound to the kinetic energy of the charge.
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j.3.2 Plasma Perturbation in Rectangular Coordinates. Figure $.1 

relates a Cartesian coordinate system to the geometry to be studied. Be­

tween two plane parallel admittance sheets at y = a, y = -d, a neutral­

ized stream of electrons occupies the volume bounded by the planes y = 

±h. The stream has a uniform velocity vox in the direction of the x 

axis.

We consider first the space-charge waves described by Eq. J.Ila, 

i.e., those satisfying the dispersion relation o)p2 - = 0. Since these

waves have no electromagnetic energy associated with them, it is to be 

expected that their influence will be restricted to the interior of the 

stream. The lateral boundary problem associated with the stream illus­

trated by Fig. J.l is shown in Fig. 5.2.

The boundary ripple produced by the perturbation of the space-charge 

density is considered to be equivalent to an alternately positive and 

negative charge representing the net effect of the perturbed electrons 

and the immobile ions. If the wavelength associated with the perturba­

tion is considerably greater than the maximum deviation of the charge 

from the unperturbed stream boundary, the net effect may be regarded, to 

a first-order approximation, as an equivalent surface-charge density. 
This is the well-known approximation introduced by Hahn1®. The height 

of the ripple, calculated to the first order, is

Ay = P Viydt = V1y • (3«19)
J M

The surface-charge density, corresponding to the charge enclosed 

under the ripple, is

01 = ± PoAy = ± = + £q ^2— E^y = + €q E^y • ( 5 • 20 )

The surface-charge density is + p0Ay on the upper boundary, wHere a pos-
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FIG. 3.1 GEOMETRY OF PLASMA PERTURBATION
DESCRIBED IN SECTION 3.2.2.
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UNPERTURBED 
UPPER STREAM 
BOUNDARY

FIG. 3 2 SKETCH OF BOUNDARY PERTURBATION FOR 

STREAM OF FIG. 3.1.
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itive perturbation of an electron's position carries it outside the stream 

and hence produces an accumulation of charge. On the lower stream bound­

ary, a positive perturbation of an electron's position carries it further 

into the stream, leaving behind a deficiency of charge. The surface- 

charge density corresponding to this decrease is therefore -p0Ay.

The fields are evaluated at the unperturbed boundary position. 

Equation 5.20 shows that the boundary ripple terminates the internal 

electric field normal to the stream boundary. From the Gauss theorem it 

follows that the tangential field outside the stream boundary is also 

zero. This tangential field must be continuous across the stream bound­

ary. In general, the space-charge waves do not have zero tangential 

fields at the stream boundaries. However, the continuity of any tangen­

tial component of the field at the boundary can be assured by use of 

that particular space-charge wave, described in connection with Eq. 5*15,  

whose electric field is also solenoidal. The component of this space- 

charge wave normal to the boundary is matched by the ripple corresponding 

to it, and the wave has no space charge associated with it. Its tangen­

tial component may therefore be chosen arbitrarily to satisfy any tan­

gential boundary conditions. The presence or absence of any boundary 

external to the stream, therefore, does not influence the propagation of 

the space-charge waves. This conclusion is not restricted to the simpli­

fied geometry for which it is illustrated; it depends only on the absence 

of any net current in the stream (Ji + Jü)^goEi = 0).

The electromagnetic waves satisfying the dispersion relationship 

Eq. 5.15b, are, however, intimately affected by external boundaries. Con­

sider a TM wave propagating parallel to the x axis with a phase velocity 

much smaller than that of light. Therefore

z • V x El sr o . (5-21)
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The impedance sheets are represented by their respective normalized trans­

verse electric fields

Y = . (5-22)
Eix

Since the waves considered are solenoidal in the entire space we have

- Bi2 • V x-
d = JœeoEiy (5-25)

Therefore, the quantity Y is equal to the normalized E mode admit-

tance

In rectangular coordinates the

y = a, as seen at the plane

d Yh

a 
a)po€o

Biz 
^ix (3.24)

normalized admittance of the plane at

h, is given by

a + tanh a(a-h)
1 + j Ya tanh a(a-h) (3.25)

Y

y =

j

The stream boundary-ripple is replaced by an equivalent normalized sur­

face-charge density in the manner previously described; 

p
01. = . (3.26)

CoEix tDd2 Eix

As noted previously, the ± sign corresponds to the fact that a positive 

perturbation of charge position on the upper side of the stream is in­

dicative of the presence of charge, whereas on the lower stream boundary 

it corresponds to the absence of charge. Matching admittances at the 

stream boundaries, we obtain

Y±h = 41 (1 - - (5-27)

where the superscript indicates the quantity is to be evaluated on the 

external or internal side of the stream boundary, respectively.
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It is interesting to consider Eq. J.27 in the special case of a 

symmetrical external admittance arrangement, i .e.,

%h = - Y-h = % ' (5-28)

For such a symmetrical arrangement the internal stream admittances on 

the boundaries can differ only by a phase shift, so that they may be 

described as

Yj = A exp (J6) , (5.29a)

= A exp (-JG) . (5.29b)

From the sum and difference of Eqs. 5*29#  making use of Eqs. 5*27  and 

5.28, we obtain

/ m_2 \A 1 -X cos 0 = 0 , (5.50a)
\ ^d2/

(m a\
1 - -2L sin 0 = -jK . (5.50b)
k ^d2/

Equations 5*50 admit of two types of solutions, •

m 21 - ^P_ = 0 ; K = 0 , (5.51a)
æd2

± jK
0 = (2N+l)x/2 ; A = o)p2 , (5• 51b)

1 * - —
V

where N is any integer.

The first solution is the space-charge solution previously discussed.

In general, © can have an arbitrary value. However, it is convenient to
/

assume the transverse field to be expanded in terms of orthogonal trig­

onometric functions. We can then, with complete generality, regard © as 

some integral multiple of n radians. The second solution corresponds to 
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the propagation of solenoidal waves; the internal admittances at the 

stream boundaries differ only by an odd multiple of « radians in phase. 

Figure 5*3  illustrates the appearance of the perturbed stream for the 

two solutions.

In the more general case, corresponding to the geometry of Fig. 3*1

the compatibility of Eqs. 3*2?  and 3*27  requires

V-1

For the special case considered above where = -Y®h = K, Eq. 3*32 re­

duces to

mp2 _ i _ sinh 2Qh _ cosh 2oh+l 
" cosh 2oh±l sinh 2ah

If the admittance sheets are removed, i.e., if the stream is bounded by 

free space so that Y+h = +j, the appropriate dispersion relation is

m 2P _ sinh 2Qh _ cosh 2oh+l 
cd^2 cosh 2oh±l sinh 2dh (3*34)

For "thick" streams (2oh » 0) Eq. 3*34  reduces to

œp2
1 + coth 20h - md2 (3*35)= 0

If the admittance sheets are perfectly conducting planes located at 

y = ±d respectively, then Y®h = +j coth a(d-h), and for "thick" streams 

the dispersion relation is

1 + coth a(d-h) coth 2ah - 0 . (3*36)

Since the normalized boundary charge perturbation is proportional to 
œp2 , the effect of the conducting planes is seen to be one of increas- 
œd2
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SPACE-CHARGE WAVE PROPAGATION, u>p = 
(9 = EVEN MULTIPLE OF n)

SOLENOIDAL WAVE PROPAGATION, PrO 2
SPACE-CHARGE WAVE PROPAGATION, wj = ay
(9 = ODD MULTIPLE OF TT)

FIG. 3.3 ILLUSTRATION OF PLASMA CONFIGURATIONS 

FOR THE TWO TYPES OF WAVE PROPAGATION. 
------ UNPERTURBED STREAM BOUNDARY 
XX PERTURBED STREAM BOUNDARY 
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ing the perturbation as the planes are brought closer to the stream. 

This effect can be visualized physically in terms of the image forces of 

the stream boundary-ripple in the conducting planes.

Equation 5.54 indicates that the stream by itself propagates an un­

amplified disturbance, a not unexpected result since, in the plasma sys­

tem described, the disturbance is not coupled to any energy source.

5.5.5 Mutual Interaction of a Binary Plasma System. The possi­

bilities of the mutual interaction between plasmas of different char­
acteristics have been described by Haeff15. The model considered is 

that of two plasmas, whose characteristics are distinguished by sub­

scripts a and b, occupying the same volume and mutually coupled 

through their common electric field. In view of the linearization of 

the equations of motion we have

u^a go Ei = j o)da poa via , (3-37a)

Wpb =0 Ëi = j w&b Pob vib • (3-37b)

From the equation of continuity we have

V (poa via + Pob vib) = - j^da Pia - J^db Pib • (5.38)

Noting that

€o V • Ei = pia + Pib , (3*39)

we obtain, on substitution into Eq. 5-57#

œ^a (Pia + Pib) = œda Pia # (5-toa)

Wpb (Pia + Pib) = œdb Pib (3*tob)

The compatibility of these homogeneous equations requires either of the 
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conditions

^6 + 6,1 , r^Pace-charge ] ( taa)
“da “db [yave coupling J

Pia ■ Pit = 0 , pTXj O-41t)

corresponding in the first case to a coupling of space-charge waves and 

in the second case to a coupling, through the stream boundaries, of the 

solenoidal waves.

The coupling associated with the first case produces no fields ex­

ternal to the stream since the boundary-ripple equivalent charge density 

terminates the normal electric field; i.e.,

.1 - + i eoEiy .\ ^da «J^db / \œda œdb/
(3.42) 

The continuity of the tangential electric fields at the stream boundaries 

can be assured in the same manner as described previously for the space­

charge waves. .

Figure }»4 is a sketch of the nature of the variation of the two 

terms on the left of Eq. 5•41a as a function of the propagation constant 

«. This function goes to zero as a approaches ± co and has second-order 

poles at a = Pea = œ/voxa and a = Pet = æ/vox-b; the minimum between the 

poles is located at

a , Pea + Ppa*  Peb

* P^3 ’

where ppa = mga/voxa and Ppt = ^pbAoxb*  The magnitude of this mini­

mum is
[p^3 * ^3]3 .

(Pea "" ^eb)
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The intersections of the curve sketched in Fig. 3*4  and the ordinate 

unity determine the real roots, of Eq. 3.41a. A pair of complex conju­

gate roots exist if the minimum between the poles is greater than unity, 

i.e., if
IB2/3 +

i . (3.45)
(Pea “ Peb)

Stated otherwise, complex roots exist in the frequency range

(3.44)

It has been tacitly assumed that v^ - voa / 0. For the degenerate case, 

the two poles merge, the "minimum" between the poles is infinite, and the 

corresponding complex roots vanish. The expressions above are symmetri­

cal between the two plasmas so that if either plasma is stationary, e.g., 

v^ = 0, the frequency range in which complex roots exist is 0 cd2 â 

and the propagation constant is '

Ppa
° = Pea * J • (3-W

\ - 1 
V œ

The intersection of the curve sketched in Fig. 3•4 with the ab­

scissa a = 0 occurs at

æpa + æpb 
œ2

(5.46)

If the value of this quantity exceeds unity one of the real roots of 

3.140a occurs for negative a, which suggests a backward wave, i.e., one 

for which the phase and group velocities are in opposite directions. 

The group velocity, obtained by differentiating Eq. 3* 41a, is
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Ppa
2+ Ppb

(Pea~^)2 (Peb-«)1 2

Ppa
2 Ppb

Voxa(PeaT^) ^oxb(Peb~^)

1 /Pea - Peb\Pp J '

Substitution of these variables in Eq. 3•48 yields

= l + ± Vl +4^ (5.50)

and hence

a _ Pea + Peb + . L + . Pea~Peb\2 ± A + /Pea~Peb\2
Pp 2Pp y \ 2pp / y y Pp /

(5-47)

For streams in the same direction, i.e., voa and vob - 0> the group ve­

locity is positive for negative a. A special case, amenable to algebraic 

manipulation, occurs when £ya = = Pp. For this case Eq. 3» 41a can

be written as

Ppa 
■ Pp

It is convenient to make use of the following variables:

(5.49a)

(5.49b)

Complex roots occur for Pea~Pebj g 
. Pp /

velocity differential beyond which no gain

8; i.e., there is a maximum 

occurs. It is convenient to

define a velocity parameter, K, arbitrarily taken as greater than or 

equal to zero, as

voxb ~ voxa = Pea ~ Peb _ . (3,52)
voxa Peb
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Using a superscript prime to denote normalization of a quantity with re­

spect to gp, we can write Eq. 3*51  in the form

% y \ / / \ g
5^5) (1 + j) ± \ ± V1 + (^bK)*  . (J.53)2 / \ K / V \ c /

Figure 3.5 is a plot of the imaginary part of a' as a function of p^bK.

The coupling associated with the second case of Eq. 3-41, describ­

ing electromagnetic wave propagation, leads after matching the stream 

boundaries to free space, to the dispersion relation

2 2
^pa + » 1 + cosh 2oh ± 1
œ§a *db sinh 2oh (3-54)

The sketch of Fig. 3*4  applies to the equation above except that the real 

roots are determined by intersections with the more complicated function 

on the right of Eq. 3*54.  For "thick" streams, i.e., 20h » 0, Eq. 5*52  

simplifies to

= 2 . (5-55)
% *db

Within the thick-stream approximation the previous discussion of space- 

charge waves carries over to the present case upon replacing the actual 

plasma frequencies involved with reduced, i.e., "effective," plasma fre­

quencies equal to 0.707 the actual values. (Compare Eq. 3.41a with Eq. 

3-55.)

Coupling between two plasmas does not require intermixing of the 

two streams. If the plasmas are spatially independent the coupling can 

occur through the solenoidal electromagnetic waves only and not by means 

of the space-charge waves. A simplified model describing such a coupling 

is illustrated in a succeeding section for plasmas in a uniform magnetic 

field.
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3.^.4 Plasma Perturbation in a Static Magnetic Field. The dis­

cussion above has characterized an elementary plasma, viewed in an ad­

vancing frame of reference, as an isotropic elastic medium with a natu­

ral frequency given by the electron density frequency

The introduction of a static magnetic field creates a spatial an­

isotropy by establishing an orientation of the plasma in space. The com­

ponents of the velocity in a plane orthogonal to the magnetic field are 

coupled. This is reflected in the equation of motion, written in an ad­

vancing frame of reference,

o>p2 eo Ei = Ji - Ji x z , (3.56)

where œc = (q/m)Bo is the cyclotron frequency. The equation refers, 

for simplicity, to a plasma having a uniform charge density and a uniform 

velocity. The magnetic field Bo is parallel to the axis and directed 

negatively.

Equation 3-56 can be brought into a convenient form through the fol­

lowing manipulations. From the vector product of Eq. 3.36 with the unit 

vector ïï we obtain

cüp2 €0 Ei x z = toc Ji + Ji x z - a)c Jiz £ . (3.37)

Elimination between the two equations formed by taking the divergence of 

Eqs. 3.36 and 3.37 leads to the relations

- % . v x Ji = pi (d)p2 - œj2) , (3.58a)

- Jœj Pi (u>p2 + œc2 " æd2) = - æc Wp2 €o z .Vx Ei + o)c2 .

(3.38b)

From Maxwell's equations we have

V x (v x = - v2 = V x Ji + Ju)^ e0 V x Ëi = k2 , (3.39)
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where the last expression is a consequence of the linearity of the equa­

tions and the uniform conditions assumed; k2 is a constant equal to the 

sum of the squares of the propagation constants along the coordinate di­

rections . Since
- Ju>a Biz = £ • V X E1 , (5«6o)

an equation relating • V x Ei and z • V x Ji can be obtained from 

Eqs. 5.58 and J.60. On substitution of this relation into Eq. 5 «57a we 

obtain •

<dc f joùd + * é ) eo z • V x Ëi = Pi(<Dp2 -<od2) • (3.61)

On substitution of Eq. J.61 into Eq. 5.57a we obtain

. x J (5.62)

It will be noted that if the magnetic field vanishes the solutions re­

duce to those previously obtained. Also, in another limiting case, if 

propagation is confined to the z direction only, then, from the equation

of continuity,

- Md Pi * (5.65)

Equation 5.62 then has the previously obtained solution for no magnetic 

field, since the magnetic field does not influence the motion in this

case. .

For simplicity we consider only propagation normal to the magnetic 

field (d/dz = 0), so that

8 z

Equation 5.62 indicates the solutions for this case to be

(5.64)
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Substitution of

V x (V xEi)

1 
ka 

^p2^o^o
(5.65a)

Pi = (5.65b)

the solution Eq. 5.65b into the wave equation

- JaWo (Jl + €q E>1) • (5.66)

5-7 0

0

leads to the dispersion relation
2

^d2
2

k5 CD^2
^0^0 O^2

%2 
“p5

(5-67)

Equation 5.65a is plotted in Fig. 5*6 which shows ci^/ajp2 as a

function of k2/a)p2no€o. This figure may be interpreted as applying to a

stationary plasma with the Doppler frequency as the perturbation fre-

quency. For zero magnetic field (o)c/o)p = 0), Eq. 5.65a separates into

the two independent solutions previously obtained

^d2 1 (5.68a)

and

œp
k2

*p2^o
(5.68b)

which describe the longitudinal and transverse oscillations of the plas-

ma. The effect of the magnetic field is to couple these oscillations

producing two branches to the dispersion relation corresponding to a

modification of each type of oscillation. The two branches produced

are asymptotic to the lines

%2
+ 1 (5.69a)

and



T9

N

N

wp Mo *o

w
H

> 0

5 «0

&

------ "P

%"

__ il___
«p® Mo «0 Wp

-3 ‘

FIG. 3.6 DISPERSION RELATION FOR PROPAGATION OF SPACE- CHARGE 
WAVES IN A MAGNETIC FIELD, EO. 3.63 o.



80

œd2 %2 
œp2 (5.69b)

respectively. Although we do not consider the question, it would not be 

surprising if the modified waves partook of the character of the longi­

tudinal and transverse oscillations from which they are derived.

Equation 5.67, corresponding to the solution Eq. 5.65b, is plotted

in Fig. 5.7 in a fashion similar to that of Fig. 5»5*  For zero magnetic 

field the solution degenerates into the two independent branches,

“d2 k2 , .
. V = +1 (3-7Oa)

and - 
2<Dd

^-5 = 0, (5.70b)

corresponding to a transverse oscillation and a nonpropagating disturb­

ance of the simple plasma. In the 

dispersion relation separates into 

asymptotic to the line

=4 - *1,
Up “p^o

presence of the magnetic field the

three branches, two of which are

k2 . _

and one which is asymptotic to the line

(5.72)

The difference between the propagation characteristics of the first 

two modes (asymptotic to Eq. 5•71) can be found from Eq. 5.67*

if _ _ 1
“pWo ' ' 1 '

— "d
and corresponds to the differential phase shift between the two modes

(5.75)
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per unit length. Propagation in a frequency range encompassing these 

modes permits a Faraday rotation effect similar to that observed in 

ferrite materials.

The mode of propagation described by Eq. J.72 corresponds to a modi­

fication of a static perturbation due to the cyclotron rotation of a 

charge in the magnetic field.

The character of the motion of a unit of charge can be described in 

terms of a particle moving under the impress of an alternating electric 

field of frequency To a first approximation we ignore the effect of 

the motion of the charge on the nature of the field; i.e., the nature of 

the motion is assumed to be consistent with the net field of the total 

stream. Considering the motion in a plane perpendicular to the magnetic 

field and denoting quantities in this plane by a subscript T (for trans­

verse ), we obtain from Eqs. 3.56 and 5*57

ÊiT + æc^p2 €o ÊiT x z . (5.7M

Since, in the advancing frame of reference, the current density is pro­

portional to the perturbed velocity, Eq. 5.74 shows that the orthogonal 

components of the velocity vector in the plane transverse to the magnetic 

field are, in general, unequal in magnitude and it/2 radians out of space 

phase. This corresponds to an elliptical polarization of the velocity 

vector in this plane. For frequencies above the cyclotron frequency the 

velocity components have opposite phase relations to the electric field 

than they do below the cyclotron frequency.

5'3<5 Quasi-Stationary Approximations. In dealing with the inter­

action of streams, interest centers mainly on waves propagating with 

phase velocities small compared to the velocity of light. The heuristic . 

justification for such a simplification is rooted in the fact that an
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energy interchange between an electron and a wave occurs because of the 

motion of the electron through the electric field of the wave. For a 

net average energy to be exchanged the particle must, on the average, 

spend more time within one phase of the wave than the other and hence, 

the wave phase velocity and the charge velocity must be of comparable 

magnitudes. Stream velocities of interest here lie in a range about, 

roughly, one-tenth the velocity of light so that one can usually assume 

the above simplification when dealing with wave interaction mechanisms. 

The usual statement of the quasi-stationary approximation is

V x Ei ? 0 , (3-75)

corresponding to waves propagating with a phase velocity much smaller 

than that of light. The corresponding form of the solutions of the
I

wave equation are obtained by the substitution of the approximation Eq.

3.75 into Eq. 3.55b; these are '

“a*  _ œc2 1

œp2 (Dp2

Pi = 0

space-charge 
waves

solenoidal 
waves

(3.76a)

(3.76b)

Within the quasi-stationary approximation the first solution is a 

modification of the simple plasma space-charge wave and the field does 

not extend beyond the boundary of the stream. This can be verified by 

noting that the normalized surface-charge density equivalent to the bound­

ary-ripple is

eo Bit x n • z
œp2 

CD^Dd5
-O)G 
ju)d

EiT . n
Bit xn. z

where the subscript T refers, as before, to a plane transverse to the

(5.77)
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direction of cylindrical uniformity 7, and n is a unit vector normal to 

the stream boundary. The components Eii • n and Epp x n » £ = EiT x 

z . n are the normal and tangential components, respectively, of the 

transverse electric field on the stream boundary.

For solutions of the type described by Eq. 3» 76a the above expres­

sion reduces to

—_ _ _ = ± + =r^-== . (3.78)e0 EiT x n • z Jcoa EiTxn-z ' *

The net field leaving the stream normal to the boundary is therefore

+ ÊiT * n = ExT x n • z = ± J (^2^%) 1/2 ËiT x n. z .

• (5.79)

With zero tangential field on the stream boundary, the normal field is 

also zero as it must be, since the dispersion relation is independent of 

the stream geometry.

As was done for the space-charge waves of the simple plasma, it may 

be noted (using Eqs. 3*56  and 3*57)  that the ratio of the kinetic energy 

to the electric field energy stored per unit volume is

peak kinetic energy storage 
peak electric energy storage

1511- 
U)d €0 Ell . Ell (5.80)

The second type of solution corresponds, within the quasi-stationary 

approximation, to a solution of Laplace's equation subject to the con­

straints imposed by the plasma boundary-ripple charge distribution. A 

solution of this type, confined entirely within the stream boundaries, 

and subject to the condition

“d2 _ %2
■ t 1 ,

^p ^p

may be used as an alternative means of matching the space-charge waves
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discussed above.

Figure 5.1, modified by the introduction of a static magnetic field, 

-Boz , affords a simplified linear geometry for which the propagation of 

the electromagnetic waves may be investigated. Assuming, for simplicity, 

that the plasma is bounded by free space (for which the normalized admit­

tances are ± j), we have from Eq. 5*79
æp2 | wc ÊiT » n 1 ËiT 'n

± 1 = ^2^2 ] " Jcüâ + ËxT x n • z | + ËiT x n • z 
L J

= f 1 + _EiZ ¥ V œc
\ ^2^d^Z E1X ±h ^2^5 jCDd ’

where the subscripts x and y refer to the geometry of Fig. $.1. The nor­

malized admittance Eiy/Eixl±h is evaluated at the upper or lower stream 

boundary corresponding to the + and - sign, respectively. Since the 

field is Laplacian, the surface admittances are related by Eq. 5.24, ob­

tained previously and repeated below;

J
Eix -h

(5.24)

Equation 5 «24 supposes propagation of the form exp j(æt-ox) and a stream 

thickness of 2h. On eliminating the stream admittance between Eqs. 5.81 

and 5*24,  the dispersion relation for electromagnetic wave propagation 

is obtained,
2 “d " "p2^2 - ^/^P^o2^ • (3'82)

The negative term under the radical has, for real values of Ct, maximum 

and minimum values of 0)p4 and zero, respectively. The roots of Eq. 5«82 

are then all real as they necessarily must be since the physical model 

precludes,any coupling to a source of energy to feed a growing wave.
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For "thin" streams, i.e., 2oh = 0, the dispersion relation is

s <dp2 + ^2 , . (5*85)

indicating that the fields are confined to the near vicinity of the 

stream.

5.5.6 Coupling of Plasmas in a Static Magnetic Field. As an inter­

esting, although greatly oversimplified, illustration of the coupling of 

two plasmas, we examine a system, illustrated by Fig. 5*8,  consisting of 

two plasmas of equal space-charge density and different average veloci­

ties separated by a spacing 2h. For a pseudo-physical manifestation of 

such a model we can suppose the plasmas to be separated by a positive ion 

stream with a space-charge density equal to the plasma density and moving 

with the mean velocity of the two plasmas. To maintain such a laminar 

ion flow a static ^-directed electric field of magnitude

Bo - / Bq (3.84)

is required. Subscripts a and b differentiate characteristics of 

the two plasmas. .

To maintain the plasmas in rectilinear motion under the combined ex­

ternal static electric field Eo and the electric field of the positive 

ions it is necessary that the net transverse force on the plasmas vanish, 

i.e.,

- qvoaBo, (3.85a)

. q P2h + q A* + vob\ Bo . 1VobBo . (3.85b)
eo X J

These conditions are simultaneously satisfied provided

voa - vob = h .<dc
(5.86)
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If the plasmas are supposed to be thin, i.e., to have transverse dimen­

sions of a much smaller order of magnitude than the perturbations, the 

effect of the perturbations may be replaced by an equivalent surface­

charge density distribution

ai
Co Six

(3.87)

Matching the boundary admittances to free space gives

- J

+ J

Ely _ œP2
Eix a w^-^da2

æc 
J^da

' u>p2 \ 
p o I 
-"4b)

- -Âr

Eix b æc "^db
coç
J^db '

(3.88a)

(3.88b)

Since there is no perturbed space-charge density between the plasmas, Eq.

$.24 is appropriate to transform the stream admittances between the two 

boundaries, i.e.,

a
1 + j y tanh 2oh Eix a

(3.89)

Elimination between Eqs. $.88 and $.89 leads to the dispersion relation

a'2(l-m2) + (m-an’)a' + œ'2 = 1 tanh 2ma'
2 1 + tanh 2ma’

where

co*  = 0)/d)c , ($.91a)

a' = — /voa ~ vob\ , ($.91b)
œc I 2 J

0 g m = g 1 . ($.91c)
voa + vob

In obtaining Eq. $.90 it has been assumed that
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(5.92a)

U)p2 = 0)c2 . (5.92b)

Equation 5.91 is identical to the result obtained in a subsequent discus­

sion of a perturbation of rectilinear Brillouin flow. Comment on it will 

be deferred, except for noting that the propagation constant turns out to 

be complex over a frequency range extending to approximately twice the 

cyclotron frequency. The perturbation propagates with a phase velocity 

approximately equal to the mean of the plasma velocities.

$.4 Perturbation of Irrotational Streams

5.4.1 The Secular Equation. The artifice of an ion-neutralized 

stream permits a perturbation analysis accounting for the effects of the 

space-charge forces on the character of the propagation of the perturba­

tion. However, the neutralization of the d-c stream eliminates forces 

resulting from the space-varying d-c electric field of an unneutralized 

stream. In general, a perturbed electron will see an r-f force as a re­

sult of a perturbation of position in a space-varying d-c field. This 

field provides a coupling between the d-c energy of the stream and the 

energy of the perturbation* The possibility exists, under these condi­

tions, of a self-amplifying stream perturbation feeding itself from the 

d-c energy of the stream.

Consider, because of the relatively simple mathematics involved, ir­

rotational streams, for which

V x po = 7 x (m vo - qA) = 0 . ( 5 • 95 )

The irrotational character of the stream is preserved under the pertur­

bation and, neglecting the perturbed magnetic field consistent with the 

slow-wave approximation practiced in obtaining the equation of motion, we
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have
V x vi = 0 . (5.9^)

Substitution of Eqs. 5.95 and 5<94 into the equation of motion, Eq. . 

5.55, leads to the result
Si + V(7O • Vi) = IË1 . (5.95)
at ° m

Use has been made of the vector identity

. ? (Â.B) = Â«VB + B*VÂ  + Âx (Vx B) + Bx (VxÂ) (5-96)

in obtaining Eq. 5.95. Equation 5*95  may be put into the convenient 

form

V |"^S1 + (v0. V)S11 = a Ë1 , (5.97)
dt m

where the scalar stream velocity potential Si is defined by

Vi = - V Si • (5«98)

Equation 5.98 is a consequence of the irrotational character of vi.

From the divergence of Eq. 5*97  and Gauss' law we have

V2- + <Vo *V)Si -q pi 
m eo

(5-99)

From the equation of continuity we have

_ ÈÈ1 = VP0V1 * V-pivo = V.povi + (vo*V)pi  . (5.100)
dt

The last form of Eq. 5.100 requires the d-c stream velocity to be sole­

noidal, a condition which is verified by the equation of continuity for 

the d-c stream on the assumption of a uniform d-c charge density po. 

This assumption is justified for certain of the irrotational streams 

discussed in Chapter 11 and limits the following discussion to those 

streams.



91

Elimination of pi between Eqs. 3*99  and 3*100  yields

(vo*v)  Si - <np2 V2 Si (3*101)

Defining the hydrodynamic stream operation D/Dt as

D
Dt

(3*102)

permits Eq. 3.101 to be written in the form

D
Dt

P p 
■ + V Si (3*103)= 0

3.4.2 Axially Symmetric Brillouin Flow. We consider Eq. 3*103  in 

cylindrical coordinates (r, 9, z), corresponding to axially symmetric 

Brillouin flow (see section 2.3.2). A perturbation of the form

perturbation ~ exp j (œt - p9 - yz) (3*104)

is assumed. Since the d-c velocity is

vo = r 9 + voz % , (5*105)

Eq. 3.102 indicates that the hydrodynamic stream operator, operating 

on a scalar, is equivalent to an algebraic multiplication; i.e., 

- voz 0 = * (5*106)

The Doppler frequency, is that frequency which the perturbation ap­

pears to assume for an observer traveling with the d-c motion of the 

stream. It is significant to note that the Doppler frequency is inde­

pendent of the position of the observer in the stream. As a consequence 

of this, the Laplacian and hydrodynamic operators in Eq. 5*103  commute; 

i • s • f
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D 
Dt = V2 (5.107)

Therefore Eq. 5*105  can be written as

(9%i) + a)/ (V2Si) = 0 , (5*108)

indicating that D/Dt2 and 0)p2 commute. Equation 5*108  therefore has the 

two solutions

u)p2 - ^2 = 0 , (5.109a)

and

V2Si = 0 . (5.109b)

As seen from the equation of continuity, Eq. 5*100,  the Laplacian char­

acter of the stream velocity potential is equivalent to having zero per­

turbed space-charge density. The two solutions can be characterized 

then as

Wj2 = Op2 , [space-charge waves] (5* 110a)

Pi = 0 . [solenoidal waves] (5.110b)

It should be noted in connection with Eq. 5*Ha  that, for axially sym­

metric Brillouin flow, o)p2 = <dc2/2. The two solutions above are those 

found by Rigrod and Lewis in their study of wave propagation on an axial 
18Brillouin stream1 .

Since the hydrodynamic operator operating on a scalar is equivalent

to multiplication by a constant in cylindrical coordinates, Eq. 5*97  be­

comes simply

>d Po vi = (Dp2 €o Ë . (5*111)

For waves of the type described by Eq. 5*110,  Eq. 5*111  becomes

Po vi + Eo Ëi = 0 , (5*112)  
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Po vir 
€O (3.113)- EnJ“d Go

which shows that there is no total current density associated with this 

perturbation when viewed in a frame of reference advancing (and rotating) 

with the average stream motion. There is no external field from the 

stream since the flux terminates on the boundary equivalent surface­

charge density; i.e.,

ai 
€o

The similarity between the dynamics of a space-charge wave in the 

present case and the space-charge waves for a plasma-stream without mag­

netic field is striking. The unique balancing of the space-charge, mag­

netic, and centrifugal forces is maintained during the perturbation.

The second solution of Eq. J.110 corresponds to electromagnetic wave 

propagation along the stream.

To simplify the mathematics we make use of the quasi-stationary hy­

pothesis

V x Ei ? 0 , (3.114)

and, on this basis, define a potential function 01 as

Êi = - V 0i . (3.115)

Because the electric field intensity for the solution being considered 

is solenoidal, the potential function satisfies the Laplace equation both 

within and without the stream, i.e.,

. v2 0i = 0 . (3-116)

The appropriate solutions for 0i in cylindrical coordinates, omitting a 

factor exp j (cot - (39 - yz), are the modified Bessel functions of the 

first and second kind, I and K, respectively. Consider a hollow stream 

of radii a and b respectively (a > b) and, for simplicity, assume free 

space external to the streams. The geometry is illustrated by Fig. 3*9»
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FIG. 3.9 GEOMETRY OF AXIALLY SYMMETRIC 
HOLLOW-STREAM FLOW DISCUSSED 

IN SECTION 3 3.2.



95

In the region for which R = yr £ ya, the potential variation is giv­

en by

01 = AKp(R) . (5-117)

For the region ya è R yb, the potential variation is

01 = BIp(R) + CKp(R) , (5-118)

and. for the region R yb, the potential variation is

01 = DIp(R) . (5.119)

From the requirement of continuity of potential at the stream boundaries 

we obtain

ÀK^ = Bip + CK^ , (5.120a)

b b b , .Dip = Bip + CKp , (3.120b)

where 1^ refers to the & order of the indicated, modified Bessel function 

with argument ya, and similarly for the other symbols.

Two additional equations are obtained from the requirement on the 

continuity of the normal derivatives of the potential at the stream bound­

aries (including the boundary surface-charge density). The boundary-rip­

ple charge density is

£1 _ Po vir 
€o J^d Go ^d2

(5.121)

and the equations obtained are

(5.122b)

q>p2

(5422'a)

Equations 5*120  and 3*122  are a set of four linear homogeneous equations
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in four unknowns; their compatibility requires the determinant of the 

coefficients to vanish. After some algebraic manipulation of the deter­

minant, it can be put into the form

2 , 1 ,
1 7a <Dp2 Kg ^Ip+i + ^4-1 +^-l

= 0 •
^1 + Ip-1 , _ 2_ 1
Ip+1 + Ip-1 7b Ip (^+1 + ^-1)

(5.125)

If we suppose the inner stream radius to go to zero, i.e., if we 

consider a solid stream, the determinental equation becomes

œp ^a /_a _a \ 2 _ _
¥ VP+1 + " 7^ ' (5.124)

It should be noted that the Doppler frequency o)^ contains the axial prop­

agation constant (see Eq. $.106). Examination of Eq. J.124 shows that 

the axial propagation constant is real, and no growing waves exist on 

the solid Brillouin stream.

As another relatively simple case we consider a hollow stream and 

a perturbation for which there is no circumferential variation, i.e., 

0=0. The determinental equation, Eq. 5.125,reduces to

Il Ko

Io K?

Tb ,b ma2
T° K1 " 7b^

(5-125)- 0 ,

and leads to the following expression:
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= alî Ko + bio kJ

H a a b b^ , baba .± a/(all Kb - blo KiJ + 4ablo Ko Ii Ki . (5-126)

The second form of the right-hand side of Eq. 5*126  shows the radical to

be a real quantity under the tentative assumption of real 7. On noting

that
IÎ kJ - ij kJ è 0 , (5.127)

the first form of the right-hand side of Eq. 5*126  is identified as a 

positive real quantity. Comparison of the left-hand side of Eq. 5.126 

with the conclusions above indicates their compatibility. It seems rea­

sonable to conclude that Eq. 5*126  has only real roots which are of sig­

nificance.

For a more general perturbation of a hollow cylindrical stream the 

determinant, Eq. 5*125  > becomes more difficult to interpret. It appears 

probable, however, that a similar conclusion will be reached upon criti­

cal examination, i.e., that growing waves do not exist on the perturbed 

hollow axial stream. Such a conclusion is apparently in contradiction 
to the experimentally observed phenomenon of hollow-stream breakup^. 

This discrepancy is discussed subsequently. For the present we consider 

only why, experimental evidence to the contrary, a lack of instability is 

plausible for the model considered. To provide an instability a source 

of energy must be coupled to the perturbation; this coupling is general­

ly attributed to the "slipping stream" nature of the flow. Actually an 

axial Brillouin flow does not slip; all the electrons have the same axial 
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velocity and the same angular velocity. A sector (wedge-shaped slice of 

the stream) maintains its identity throughout the flow. Since no one 

segment of electrons "slips" past any other, there is no coupling between 

electrons. If we assume that a significant perturbation (in the present 

discussion) is carried along by the perturbed electrons, at approximately 

the electron axial velocity we implicitly also assume that none of the 

electrons move through the perturbation.

As a preliminary to reconciling the above discussion with the in­

controvertible experimental observations we consider a different model 

of a hollow-stream perturbation : a so-called "thin" stream model.

In this model the hollow stream is assumed to be sufficiently lim­

ited in thickness that the various fields can be approximated by the 

average of the fields on either side of the hollow stream. A perturba­

tion of the stream is now assumed to be of a much larger order of mag­

nitude than the stream thickness A. The resulting boundary value prob­

lem is illustrated in Fig. 5.10. The discussion of the first few para­

graphs of section 5.5.2 remains valid for this model in that, for elec­

tromagnetic wave propagation, the perturbed space-charge density is zero. 

As a first-order approximation the r-f boundary conditions at the stream 

may be obtained by superimposing on the unperturbed stream position a 

similar stream of positive ions. This artifice provides a convenient 

method of subtracting the d-c field from the total field of the perturbed 

stream. The d-c volume charge density po can be replaced for the "thin"- 

stream analysis by an equivalent surface-charge density, ao, given by the 

expression

= Y-<1 Qq 
m €oA

(5.128)

As illustrated in Fig. 5-10, the resulting configuration, to a first-
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'UNPERTURBED 
STREAM 

(THICKNESS A)

PERTURBED 
STREAM

FIG. 3.10 PERTURBATION OF A "THIN" AXIALLY SYMMETRIC 
HOLLOW STREAM.
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order approximation, is equivalent to a surface dipole moment distribu­

tion. This dipole layer causes a discontinuity in potential given by

0iu - 0i1 = 5r ; (5-129)

where the subscript u applies to quantities evaluated just above the 

stream and the subscript t refers to quantities evaluated just below 

the stream. In accordance with the initial assumptions above,

0iu + 01/ = 2 0B , (5.150)

where the subscript s refers to quantities evaluated within the stream.

Making use of Eq. $.11, we have

0u " 0/ _ Qq vxr _ ^p2 & d / 0u + 01 \
j^d go dr 2 ) (5.151)

' As before, the potential functions describing the perturbation are 

solutions of Laplace's equation in cylindrical coordinates, i.e.,

0X = A Kp(yr) (above the stream) , ($.l$2a)

01 = B Ip(yr) (below the stream) . ($.l$2b)

Since there is no space-charge bunching in the stream, we have, at the 

stream,

. (5.155)
dn on

Substituting Eq. $.1$2 into Eq. 5*155  gives

A = _ 4+1 + 4-1 , (5.154)

B 4+i+ 4-i
where the quantities have been evaluated at the mean stream radius, a.

Applying this result to Eq. 5*152  we have



101

ya

Ip

Ip+1 + Ip-1

(3-1Î5)

where use has been made of the Wronskian

Ip 4+1 4+l 4 ‘à • (3-136)

It is convenient to make use of the relation between the plasma and cy­

clotron frequencies, and the definition of the Doppler frequency, to 

write Eq. 5*155  as

Since the stream has been assumed "thin," i.e., A/a « 1, the value 

of 7 obtained by setting the left side of Eq. 5*156  equal to zero can be 

substituted for the 7 appearing on the right side, as a first-order ap­

proximation . The resulting equation is 

where

7 = > (5.159a)e voz

7 = — * (5.159b)
c voz

The "thin"-stream analysis thus shows an instability to be present in 

the stream. However, the "thin" stream represents a different model from 

that considered previously. In this connection we can study the deter- 

minental equation, Eq. 5*125,  in the limiting case where a approaches 

b. We set
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b - a = A , (J.Ito)

and. assume that the Bessel functions have essentially the same value at 

b as at a for small A. Equation 3.123 then reduces to

—1 ip ^+l + ^-1) * (5.1^1)

This result is considerably different from the "thin"-stream result, 

Eq. 3.135»

This apparent contradiction is also encountered in the more easily 

visualized case of circular Brillouin flow discussed below.

3.4.3 Circular Brillouin Flow. A somewhat simpler model to analyze 

than the preceding case, and one which exhibits similar apparent contra­

dictions, is that corresponding to circular Brillouin flow. As far as 

the d-c stream behavior is concerned, circular Brillouin flow can be re­

garded as the special case of axially symmetric Brillouin flow which re­

sults when the stream has zero axial velocity. Figure 3.11 illustrates 

the geometry of a circular Brillouin flow. A perturbation is assumed 

to propagate circumferentially. As in axial Brillouin flow the pertur­

bation propagates either as a space-charge wave for which the total cur­

rent density as viewed in a frame of reference rotating with the elec­

trons is zero, or as an electromagnetic wave for which the space-charge 

density of the perturbation is zero. The general discussion of the 

space-charge waves of an axially symmetric Brillouin flow is applicable 

to the space-charge waves of the present case and need not be repeated; 

the solenoidal waves are discussed below.

Within the quasi-stationary hypothesis, the two-dimensional Laplace 

equation in cylindrical coordinates describes the fields in the circular 

Brillouin flow model (illustrated by Fig. 3.11) by a potential function
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FIG. 3.11 GEOMETRY OF CIRCULAR BRILLOUIN
FLOW.
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01, such that

0i = Ar"P , r è a ,

0i = Br^ + Cr"^ , a è r è b ,

0i = Dr^ , b 6 r •

(3.142a)

(3.142b)

(3.142c)

The above solutions correspond to a stream confined between radii a and 

b, a > b, and bounded externally by free space. A common factor, exp 

j (mt - 00), is omitted in Eqs. 5*142.  In the same manner as before, 

the boundary conditions on the potential and potential gradient evalu­

ated at the stream boundaries lead to four linear homogeneous equations 

in four unknowns :

- pAa^-1

0DbP-1

The requirement that the

to the result

We now make use

Aa-P

Db^

Ba^

Bb^

P-1 -

P-1

+ Ca-P

+ Ob^

pCa-P-1

ecb"3"1

(3.143a)

(3.143b)

(3.143c)

(3.143d)

determinant formed from Eq. 3.143 vanish leads

\2
- 2 JL ) (3*144)

of the power series representation 
a , ,n/bf ? fo in

( — ) = L \ a / ,
n=0 n!

(3*145)

On the assumption

(3*146)

the first two terms of the series provide an adequate approximation so 
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that we have

(ç, - 2 = 1 ± /1 + 0 In —. (3.147)
l œj ay ’

The quadratic equation above has the solutions

P = ^^ + ^a 1 m (^) +(1^1) , (3.143a)

P = ' (3.148b)

Neither solution indicates the existence of growing waves consistent 

with the approximations made in obtaining them.

The field solution above may be compared with a "thin"-stream solu­

tion as was done in the case of an axially symmetric Brillouin flow. 

Equations 3-131 and 3-132 are also appropriate in the present case. 

The fields are described in terms of a potential function obtained from 

Laplace's equation in polar coordinates. Assuming free space external 

to the stream we have

0i = Ar"P , r a , (3.149a)

0i = BrP , r g a , (3.149b)

where a is the mean radius of the stream. On eliminating between the

equations obtained from satisfying the boundary conditions in the same 

manner as before, we obtain

/----------------------- ;—Tg
+ * (3'150)

Here also the existence of growing waves is predicted in contrast to the 

conclusions of the previous field analysis of a "thick" stream.

$.4.4 Rectilinear Brillouin Flow. In further consideration of the 

discrepancy between a "thick"- and "thin"-stream analysis, we apply Eq.
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5*103  to the rectilinear Brillouin flow described in Section 2*5.1.  

If a plane wave perturbation varying as exp j (cut - ax - yz) is 

assumed, the hydrodynamic stream operator becomes

= d (® - OVox " Tvoz) = J Ofl • (3*151)

When propagation is confined to a direction parallel to the magnetic 

field (a = 0) the hydrodynamic operator becomes independent of position. 

Equation 3*103  then leads, as in the case of axial Brillouin flow, to 

the two solutions

“p2 = 2 ' (3.152a)

Pi = 0 . (3.152b)

The discussion of a plasma perturbation in rectangular coordinates (sec­

tion 3*2.2)  describes these solutions also. The space-charge neutraliza­

tion mechanism of the plasma is replaced, in the present case, by a bal­

ancing between the electric and magnetic field forces.

In general, however, the hydrodynamic stream operator is not inde­

pendent of position (7 / 0). Substitution in Eq. 3.IO3 leads to the gen­

eral equation

-0 '

where g = <Dà/œc and = o - avox - tvoz* The same equation is obtained 

for vlz. The remaining velocity component viy is related to vlx and viZ 

by the condition that the velocity is irrotational. For simplicity, only 

the case where propagation is normal to the magnetic field is considered 
(7 =0). Equation 3*1.55  then reduces to the differential equation stud­

ied by Buneman20, and by MacFarlane and Hay^,
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+ - Vix = o . (3'154)

Particular interest concerns wave solutions of Eq. J.154 with a phase 

velocity approximately equal to the d-c stream velocity, i.e., waves for 

which

« 1 (3-155)

Subject to this approximation, and with the hindsight afforded by the 

previous studies of Eq. 5*154,  we neglect the second term in that equa­

tion. An approximate solution to Eq. 5*154  is, therefore,

viz = A cosh ay + B sinh ay , (5*156)

where A and B are constants and the space variation is stated directly 

in terms of y, rather than the normalized variable §, for convenience. 

Since the perturbed velocity is irrotational we have

Vly 2 dyiz 
a " j (A sinh ay + B cosh ay) . (5*157)

The normalized surface-charge density equivalent of the stream boundary­

ripple is

oi
Go Eiz

Po v%y
Go Eiz

= - À 
% Viz 5 Viz (5*158)

If free space external to the stream boundaries is assumed, matching

of the fields at the stream boundaries requires

at the upper stream boundary , (5.159a)

lay = zik
Viz l-£ at the lower stream boundary . (5.159b)

Compatibility of Eqs. 5*154,  5*155,  and 5*159  requires

5 Ê + ~ ~ _ 1 tanh 2Oh
+ " 2 2 l + tanh 2oh (5*160)
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where subscripts + and - are used to distinguish between quantities eval­

uated at the upper and lower stream boundaries, respectively, and where 

2h is the stream thickness.

Equation 5.160 can be put into a convenient form by defining the 

normalized variables

vo+ + vo-

(^0+ + Vo.) , (5.161a)

CD ' = 0)/(Dc , (5.161b)

0 m = vo+ " vo- g 1 . (5.161c)

Substitution of these variables into Eq. 5-160 allows it to be rewritten 

as

, . » 1 tanh 2mal . , .(l-m2)a’2 + a'(m-aD') +cd' - 2 i + tanh 2mQ' ~ ° * (3-162)

Under the assumption that 2ma' is sufficiently small, the hyperbolic tan­

gent functions in Eq. 5-162 can be replaced by their arguments and Eq. 

5*162  rewritten as

(l+m2)a' - an'a' + cd'2 = 0 . (5.165)

The roots of Eq. 5-165 are

CD * a*  = 1^2 (1±>) • (3-164)

In interpreting Eq. 5.164 it is useful to note that the parameter m is

■ ° = ’ (^5)

where b and a are the coordinate locations of the upper and lower 

stream boundaries. Equation 5-165 describes a pair of waves propagating 

with approximately the mean velocity of the stream. One of the waves is 
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a growing wave and the other is a declining wave.

A more detailed investigation shows that Eq. 3*163  is valid only for 

small values of m'. Figure 3«12 is a plot of more accurate solutions of 

Eq. 3.162 for m = 0.25. Also shown is the corresponding plot obtained by 

MacFarlane and Hay^ using a more precise series approximation to the so­

lution of the differential equation, Eq. 3.154.

As before, the solution above can be compared with the solution for 

a "thin"-stream model of rectilinear flow. Figure 3.13 represents the 

geometry of the stream model considered. The stream is assumed to have 

a thickness A sufficiently small that the perturbation quantities do not 

vary appreciably across the stream. As before, space-charge effects are 

accounted for by replacing the d-c volume - charge density by an equivalent 

surface-charge density ao defined by

• V • .
The average d-c stream velocity is

v0 = vox x = b x , (3.167)

where b is the average stream position.

Solutions of Laplace's equation, describing the transverse varia­

tion of the perturbed potential field outside the stream, are

0i = A €-a(y-b) , y è 0 , (3.168a)

01 = B , y S 0 , (3.168b)

where waves are assumed to propagate as exp j (mt - cot). It is assumed 

that there is a negligible error in evaluating quantities at the mean 

position of the stream rather than at, for example, the stream boundaries 

b ± A. In the same manner as was described for the case of axial streams, 

r-f boundary conditions are determined by superimposing a positive ion
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stream on the unperturbed stream position. This is the physical equiva­

lent of subtracting the d-c field of the unperturbed stream from the total 

fields of the perturbed stream. The resulting dipole layer, illustrated 

in Fig. 5.13, causes a discontinuity in potential

0u * 01 - ----— = - ----, (5*169)
e0 J^d =o

where the subscripts indicate the potential is to be evaluated at the 

upper and lower edges of the stream respectively. The normal electric 

field (potential gradient) is discontinuous across the stream by an amount

equal to the perturbed surface-charge density ai, i.e., 
d0 dp, „

The surface-charge density ai is the "thin"-stream equivalent of the per­

turbed volume-charge density pi, i.e., 

01 = Pi A . (3'171)

From the equation of continuity we have

From Eq. 3.95 we have

«^d vix = m > (5.172a)

œc V1X + J^d Viy = J , (5.172b)

where the subscript 5 refers to a quantity evaluated within the stream.

Elimination between the above equations,taking note of the fact that

V * oo vi + Ju)^ u = 0 . (3*175)

Equation 3*174 has roots for Act « I which are

= wc2 , leads to the equation

■ 1(4) ■1 ■ 0 ■
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%

(3.175a)

(3.175b)

Using the parameters defined by Eq. 5.161, ve have as corresponding 

quantities

(3.176)
Aa + 2ma' .

Substituting these expressions into Eq. 5.175b we have for the growing 

(and decaying) wave

(5-177)

There is another stream model which has appeared in the literature 
PPas a description of rectilinear Brillouin flow . This is a one-dimen­

sional thin-stream model. Figure 5.14 and the boundary conditions de­

scribed in that figure are appropriate to this model. It is usually as­

sumed, without specific justification, that the d-c stream velocity does 

not vary across the stream and also that the perturbation quantities in­

side the stream do not vary in the y direction. Because of these assump­

tions Eqs. 5.172 are replaced by

JcDd vix - œc viy = , (5.178a)

œc vix + J^c viy
S, 80s 
m dy (5.178b)

The equation of continuity, Eq. 5.173, Is replaced by its one-dimensional

counterpart 

8 (ao vix)
3x + Jæa 01 (3.179)= 0
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Elimination between Eqs. 5*178  and. 5.179, and application of the bound­

ary conditions leads to the result .

a1 = o' (1 ± jm) . (5.180)

This solution is obtained under the approximation (a)d/<uc)2 « 1 and cor­

responds to the field solution as given by Eq. 5*184.

This last model, however, is not representative of rectilinear Bril­

louin flow. Rather, it describes a perturbation of a thin plasma stream. 

It is under the condition of a neutralized d-c electric field that the 

d-c velocity gradient across the stream can be made zero and hence Eqs. 

5.178, rather than Eqs. 5*172,  applied. There is, nevertheless, a cor­

relation between the mechanism by which growing waves occur in this plas­

ma model and the mechanism by which waves grow in the "thick"-stream 

model. This is discussed in the following section.

5.5 Energy Exchange Mechanisms Between Electrons

In this section the mechanisms by which electrons can exchange en­

ergy are discussed. In particular the distinctions between the mecha­

nisms acting, or not acting, in the stream models described above are 

brought out.

We consider a system consisting of an electron stream flowing in 

crossed d-c electric and magnetic fields. Collisions between electrons 

are assumed to be of negligible effect. The system is also considered 

to be closed, in the sense that the only "external" energy source which 

may be present is a d-c electric field which results from potentials on 

an electrode configuration bounding the system; in particular, no r-f 

energy source introduces power into the system.

To simplify the following discussion it is assumed that such "in­

ternal" r-f fields as arise are describable within the quasi-stationary 
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hypothesis 7 x Ei = 0. This assumption is basically a limitation of 

the discussion to waves which have a phase velocity much less than the 

speed of light. As a result of this condition, the r-f magnetic field 

is ordinarily of negligible effect in comparison to the electric field. 

The effect of a change in the energy density of,the electric field is 

instantaneously communicated everywhere. Physically this means that the 

electric field distribution can be viewed as a sequence of steady states; 

at any instant the field pattern resulting from a distribution of r-f 

charge is the same as that of an identical distribution of d-c charge.

With the above simplification in mind, consider the transfer of en­

ergy between the electrons comprising the stream of the system described 

above. In particular, consider two volume elements of the stream chosen 

at random. The volume elements are assumed to be sufficiently small so 

that the space-charge density, velocity, etc., associated with each ele­

ment does not vary spatially within the element. Because Maxwell's equa­

tions are linear, we can discuss the part of the total electric field 

due to the space charge in any one volume element separately from all 

the other volume elements comprising the total stream; i.e., we apply 

the principle of superposition. Further, we can say the partial elec­

tric field associated with one volume element moves with the average 

velocity associated with that volume element. This is in accordance 

with the quasi-stationary hypothesis made above. It then follows that 

the electrons in one volume element experience an electric field force, 

due to the charge in the other volume element, which moves past them 

with the relative average velocity of the two volume elements. If this 

relative velocity is zero there can be no energy exchange between the 

electrons in each volume element which uses the d-c kinetic energy of the 

electrons as a source.
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In a neutralized electron stream (plasma flow) having a uniform ve­

locity none of the electrons move relative to each other. Hence there 

is no coupling to an energy source in such a flow and there can be no 

growing waves. On the other hand the double-stream plasma model described 

previously has two distinct velocity components in the flow. Growing 

waves are possible in such a model and, indeed, they do exist. The mech­

anism of the energy exchange in this case is the transfer of energy from 

the d-c stream motion into the r-f field of the perturbation in a manner 

similar to that occurring in a traveling-wave tube. As a matter of fact, 

there is a double transfer of energy in this case. The slower stream ex­

tracts energy from the r-f wave as in a linear accelerator. The faster 

stream is the source of energy for the perturbation.

There has been a tacit assumption made in the preceding paragraphs 

about the nature of the perturbation. It has been assumed that the 

stream boundaries are not disturbed significantly by the perturbation. 

(Using Hahn's equivalent surface-charge density concept, the stream 

boundary is not affected by the perturbation. Only the charge distribu­

tion on the same boundary as the unperturbed stream is affected.) If 

this constraint is relaxed, there is a source of energy available to a 

perturbation of even a single velocity stream. This source is the po­

tential energy involved in the relative positioning of electrons in the 

stream.

The type of perturbation referred to is exemplified by the second 

type of thin-stream model described in section ).4 for a rectilinear 

Brillouin stream. (Figure J.1J is a sketch of the model.) This model 

is actually not appropriate as a description of the Brillouin stream 

since it assumes a uniform velocity across the unperturbed stream. It 

is actually a model of a boundary perturbation of a plasma flow. More 
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accurately, since the ion stream is assumed immobile, the boundary of 

only the electron stream is perturbed. As a result of the stream per­

turbation the space-charge forces are no longer balanced, and they act 

in such a way as to enhance the perturbation. If no magnetic field is 

present the perturbation is evidently simply a failure of the focusing 

mechanism. This is also true, although perhaps less evident, when a mag­

netic field is present. The action of the magnetic field is to limit the 

rate of increase of the electron separation.

This last energy exchange mechanism is basically different from the 

first mechanism described.

Consider now the axially symmetric stream models discussed in this 

chapter. First consider perturbations under the constraint that the 

stream boundaries do not change. Since, in the axially symmetric stream 

models considered, electrons do not move relative to each other, a per­

turbation is not coupled to the d-c kinetic energy of the stream. There 

can be no growing waves depending on this energy source.

If we now allow a boundary perturbation as in a "thin" hollow stream 

we encounter, as described in section 3«3«2, a failure of the stream focus 

ing mechanism. The space-charge field is not balanced by the magnetic 

field when the perturbation is present and the stream defocuses. The en­

ergy source is, in this case also, the d-c potential energy associated 

with the relative positions of the electrons.

The reason for the apparent anomaly in the results of "thick"- and 

"thin"-stream perturbation analyses is now clear. These analyses con­

sider different kinds of perturbations. There is no reason to expect 

similar results. It is reasonable to expect that the "thick"-stream an­

alysis would, in the limit, pass over to the "thin" stream analysis. Un­

fortunately, the boundary conditions which are applied in the two types 
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of analysis are basically different, and must be reconsidered on passing, 

in the limit, from a "thick" to a "thin" stream. -

The same conclusion as above applies to the consideration of the 

rectilinear Brillouin stream models. First, we consider perturbations 

within fixed stream boundaries. There is, because of the velocity slip 

across the stream, a coupling of a perturbation to the d-c kinetic energy 

of the stream. There is also an indirect coupling to the d-c electric 

field. When the perturbation extracts energy from the d-c stream veloc­

ity, the focusing system forces the electrons to regain this energy from 

the d-c electric field established by the electrode potentials. In this 

somewhat complicated process, the d-c kinetic energy of the stream acts 

only as an energy dispenser. Actually there is a two-way energy exchange. 

Electrons at the top of the stream extract energy from the perturbation 

and return this energy to the d-c electric field. Electrons at the bot­

tom of the stream act in just the opposite fashion.

The rectilinear Brillouin stream is also unstable under a boundary 

perturbation. This again is a failure of the focusing system.

The discussion of this section has been thus far confined to laminar 

stream. When the possibility of nonlaminar streams is entertained, the 

entire discussion must be reconsidered. Unfortunately the problem is 

quite complex both from a physical and from a mathematical point of view. 

If we return to the introductory discussion of this section, and again 

consider two volume elements of an electron stream, it is not true that 

the d-c kinetic energy of volume elements having no average relative ve­

locity is not coupled to a perturbation. Individual electrons in the 

volume may have a relative velocity even though there is no average mo­

tion between volume elements. Other complex effects are possible. For 

example, in rectilinear flow electrons near the top of the stream give



119

energy to the d-c electric field whereas electrons near the bottom of the 

stream extract energy from this field. In a possible nonlaminar stream 

a given electron may, at different times, be in both positions. That is, 

a given electron might move across the stream. The effects of various 

degrees of nonlaminar motion under different focusing systems have not, 

as yet, received adequate attention. Since essentially all electron 

streams obtained in practice are unavoidably nonlaminar, the consequences 

and importance of nonlaminar motion should certainly be investigated.



CHAPTER IV. THE CROSSED-FIELD STREAM ANALYZER

4.1 The Purpose of the Crossed-Field Stream Analyzer

As noted in section 1.5# the usual interpretation of the diocotron 

effect as a manifestation of a "slipping-stream" amplification process 

does- not account for the order of magnitude of the negative-sole cur­

rents observed. For the further study of the diocotron phenomena it 

was necessary to extend the limited data available in the literature. 

For this reason an experimental crossed-field stream analyzer was de­

signed and built.

The stream analyzer is specifically designed to study the char­

acteristics of the negative sole current as a function of distance 

along the sole. To do this the sole is divided into a number of elec­

trically insulated segments each of which can be individually monitored.

4.2 Description of the Stream Analyzer and Experimental Setup

4.2.1 Over-All Geometry of the Stream Analyzer. Figure 4.1 is an 

assembly drawing of the crossed-field stream analyzer. The active por­

tion of the stream analyzer is of the same general geometry as illustrated 

in Fig. 1.1. The vacuum envelope is fashioned in the form of a box; each 

wall and the two ends of the box constitute a subassembly on which var­

ious parts of the internal structure are mounted. In Section B-B of 

Fig. 4.1, two of the walls (number 3) are copper-plated hot-rolled steel. 

These walls are the magnetic pole pieces for an external electromagnet. 

In addition, these walls are used to space the electrodes on the other 

two walls properly. Both the remaining walls are OFHC copper. One of 

these walls (number 2) is the base plate on which the anode assembly is 

mounted. The anode consists of four copper segments, each mechanically

120
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supported by two Stupakoff vacuum feedthroughs. The segments are insula­

ted from one another and from the base plate. Figure 4.2 shows photographs 

of the entire anode subassembly.

The other wall is the mounting for the sole and cathode (number 1 in 

Fig. 4.1). The sole consists of thirty-one copper segments (or probes) 

electrically insulated from one another and from the base plate. Each seg­

ment can be water-cooled; the cooling pipes also serve as electrical 

connections to the segment. Figure 4.3 is an assembly drawing of a 

sole segment and its associated cooling pipes. The segments are mechan­

ically supported by two "L"-shaped side pieces (number 8 in Fig. 4.1). 

Corresponding notches in the sides of the segments and the L supports 

serve as guides for sapphire rods which provide the mechanical constraint 

and maintain the electrical isolation of the probes. The sole segments 

are spaced from one another by ground pyrex washers hung on the sapphire 

rods. Figure 4.4 is a photograph (prior to assembly) of the stream ana­

lyzer cross section corresponding to section B-B of Fig. 4.1. Figure 4.5 

shows photographs of the completed sole assembly. One of the L supports 

has been removed so as to exhibit greater detail of the structure. (This 

has produced some distortion of the assembly. With both L supports pres­

ent, however, the maximum variation in height along the sole is less than 

0.005 inch. The plate-sole spacing is 0.20 inch.)

Figure 4.5 also shows the cathode assembly which is mounted on one 

end of the sole base-plate. Figure 4.6 is an isometric view of the cath­

ode block and the filament. The block is copper and is mechanically 

fastened to the sole base-plate. The filament is a tungsten tape fas­

tened to the cathode block at one end and riding in a trough flush with 

the upper surface of the block. The other end of the filament rides free 

in a notch cut in an insulated molybdenum plate. This plate is used as a
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FIG. 4.2 STREAM ANALYZER ANODE SUBASSEMBLY
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FIG. 4.3 

SOLE SEGMENT SUBASSEMBLY
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Q. END VIEW OF SOLE AND BASE PLATE.

y*

«F

? a::'/

b. FRONT VIEW OF SOLE AND BASE PLATE.

FIG. 4.5 CROSSED-FIELD STREAM ANALYZER.
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FIG. 4.6 CATHODE BLOCK AND FILAMENT ASSEMBLY.
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flat spring to maintain tension on the filament. The vacuum envelope 

of the stream analyzer is one terminal of the filament and a lead 

brought from the spring through the rear of the cathode block is the 

other filament terminal. The spring itself is brazed to a sapphire rod 

which is supported by the cathode block (see Fig. 4.6).

One of the two ends of the vacuum envelope houses the collector 

(numbers 14 and 15 in Fig. 4.1). The collector is water-cooled; the 

cooling pipes are also used as electrical connections to the otherwise 

insulated collector. The other end of the vacuum envelope mounts the 

vacuum feedthroughs for bringing out the filament lead fastened to the 

filament spring, and the exhaust port (number 5 in Fig."4.1).

The ends of the box and the magnetic pole pieces are silver-soldered 

together to form a frame on which the anode and sole base plates are 

mounted. Figure 4.7a is a photograph of the several stream analyzer 

subassemblies prior to final assembly. (The collector is soft-soldered 

into place as a part of the frame of the box.) The plate and sole sub­

assemblies are indium-soldered onto the frame so that they can be inde­

pendently removed.

4.2.2 Experimental Test Setup. Figures 4.8a and 4.8b are photo­

graphs of the stream analyzer mounted in its electromagnet, and some of 

the associated wiring. The pipe coming out of the end of the stream ana­

lyzer is the exhaust tabulation leading to the vacuum station. The sole­

segment cooling pipes and the electrical connections to them are visible 

in the center of Fig. 4.8a. The sole segments were not water-cooled for 

the experiments described subsequently in this dissertation. Figure 4.9 

is a photograph of the entire experimental setup (except for auxiliary 

measuring equipment on a movable table.) The metering and switching 

panel can be seen directly in front of the stream analyzer. On the far
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0. STREAM ANALYZER IN MAGNET.

b. CLOSE-UP OF STREAM ANALYZER IN MAGNET

FIG. 4.8 STREAM ANALYZER EXPERIMENTAL SETUP.
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FIG. 4.9 EXPERIMENTAL TEST SETUP.
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right, below the table, the cooling hose for the collector is wrapped 

around a wood support. Ann Arbor tap water has a year-round resistivity 

of about 5000 ohms per centimeter cube. Six feet of cooling hose suf­

fice to keep leakage currents negligible relative to the collector cur­

rents involved in the measurements.

4.5 Uniformity and Calibration of the Magnetic Field

It is necessary to maintain a uniform magnetic field in the region 

in which the electron stream flows. This was accomplished simply by 

making the pole pieces much larger than the electron stream region. For 

example, where the pole pieces had a width of 1.968 inches,the correspond­

ing dimension of the stream region, the plate-sole spacing, is 0.20 inch. 

The pole pieces are 9.0 inches long; the distance from cathode to col­

lector is somewhat under 5.20 Inches. Of course, it is desirable to 

keep the spacing between the pole pieces small to maintain field uni­

formity and to minimize the magnet current needed to produce a given 

field. The spacing between pole piecês is 1.175 inches and the nominal 

stream width, the stream dimension corresponding to this, is 0.75 inch. 

The magnetic field, measured with a Hall effect gaussmeter, varies less 

than five percent along the direction of the stream motion and less than 

two percent across the stream width. There is negligible variation of 

the magnetic field between the plate and sole.

Since the stream analyzer is completely enclosed during operation 

it was necessary to precalibrate the magnetic field produced by the pole 

pieces against the current to the magnet. This was done after the frame 

of the vacuum envelope of the tube was soldered together so that the mag­

netic field geometry was fixed. There is a small amount of hysteresis in 

the pole pieces, which leads to an uncertainty in the magnetic field for
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a given current setting of about ten percent at 400 gauss, six percent

at 1000 gauss, and three percent at 1^00 gauss.

4.4 Geometry of the Interaction Space

Figure 4.10 is a sketch showing the dimensioning of the plate-sole 

space and the cathode region. The design of the stream analyzer devel­

oped basically in two steps; first, the plate-sole region was designed, 

and then, the cathode system for injecting the electron stream into the 

plate-sole space was designed.

4.4.1 Design of the Plate-Sole Space. The first dimension chosen 

was the plate-sole spacing of 0.2 inch. Such a spacing would not be un­

usual in a crossed-field oscillator or amplifier designed for L or S-band 

operation. The diocotron phenomenon has been observed in such tubes.

The remaining dimensions were then chosen to obtain a wide range of op­

erating conditions. A useful criterion of "wide range" is the cycloidal 

motion of a single electron in uniform crossed electric and magnetic 

fields.

In section 2.2, it is shown that, in general, electron motion in uni­

form crossed fields consists of a superposition of a linear motion at a 

velocity Io-*  and a circular motion at an angular radian frequency
_ Bo • Bo

2 B„. The sketch shown in Fig. 4.11 represents a uniform crossed-field 
m °
environment. A difference of potential 0oa exists between two parallel 

planes a distance d apart. A uniform magnetic field Bo is directed into 

the page. For this environment the linear motion of an electron is in 

the x direction and has a magnitude given by

linear velocity . rpa component = (4.1)
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The angular frequency of rotation around the magnetic flux lines is

angular frequency of rotation = <oc = Bo . (4.2)

An important property of the motion is suggested by Eq. 4.1 and 4.2. 

The time to complete one cycle or period of the motion is a function only 

of the magnetic field. The velocity at which the electron advances is, 

for a given geometry, a function only of 0Oa/®o*  Hence the distance ad­

vanced by an electron in the course of one cycle is a function of the 

ratio 0oa/^o^• It can be shown, in fact, that the shape of any trajectory 

traced by an electron in a fixed geometry of any configuration is a func­

tion only of the ratio 0oa/Bo2.® The time taken for a particular electron 

to trace out a given portion of a trajectory is, however, inversely pro­

portional to the magnetic field. A relatively simple possible electron 

motion is the cycloidal motion of an electron released from a zero-poten­

tial plane with zero initial velocity. The trajectory traced by such an 

electron is described by the parametric equations

0
x = (OgBpd - sinœct) , (4.3a)

0
y = (1 - COS (0ct) . (4.3b)

The length of one period of this cycloidal motion, L, is 

and the height of. the cycloid is simply 1/n of the length of one period 

of the motion. The cycloidal period corresponding to electrode spacings 

of 0.2,inch and 0.306 inch are plotted in Fig. 4.11 as functions of the 

scaling ratio 0oa/®o2, (These spacings correspond to the plate-sole and 

plate-cathode spacings, respectively, of the stream analyzer.)
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The conditions under which an electron, leaving the lower plate in 

Fig. 4.10, just grazes the upper plate are useful in design considera­

tions. These conditions can be obtained by setting y in Eq. 4.J equal 

to the electrode spacing d, i.e., 

!
-----2^ = 1 (grazing condition) . (4.5) 
wcB0d2

For electrode spacings of 0.2 inch and 0.506 inch, the scaling parameters 

for a grazing trajectory are 0.0226, and 0.052? volt/gauss2, respectively. 

The corresponding period lengths are it times the electrode spacings. The 

grazing trajectory conditions represent a measure of the limits of pos­

sible operating conditions (as specified by the scaling parameter 0oa/®o2)• 

The sole, as described above, consists of thirty-one segments. The 

period of the sole segmentation was chosen so that operating conditions 

could be obtained involving cycloidal periods both less than and greater 

than the sole segment period. The segment period is 0.12 inch. Compari­

son with the cycloidal period as a function of the scaling parameter can 

be made on Fig. 4.10. The segment itself is 0.10 inch wide and the spacing 

between segments accounts for the remaining 0.020 inch. The length of the 

sole was chosen so that several cycloidal periods, even at high values of 

the scaling parameter (0.02 to 0.05 volt/gauss2), would be completed be­

fore collection et the end of the plate-sole space. The length of the 

sole is 5«?2 inches. Actually, the presence of the collector at the end 

of the sole distorts the electric field in its immediate vicinity. The 

last few sole segments are therefore in a different environment than the 

other sole segments. This, however, is not an important problem, as the 

measurements described later show.

The anode in the stream analyzer is formed by four copper segments.



138

This was done so that operating conditions could be separately adjusted 

in different sections of the stream analyzer.

4.4.2 The Electron Stream Injection System. The electron gun is a 

Charles gun, a type frequently used in rectilinear crossed-field tubes. 

It is based on the idealized cycloidal injection system illustrated by 

Fig. 4.12. The plane in which the cathode is located (in the idealized 

system) is twice as far from the plate as is the sole. It is assumed 

that the electric field is uniform in both the cathode region and the 

plate-sole space, i.e., that the transition field between the two regions 

is concentrated in a very narrow band as indicated by the dotted line in 

Fig. 4.12. The cathode is located at a distance from the entrance plane 

of the plate-sole space that corresponds to one-half the cycloidal period 

of the space-charge-free motion of an electron in the fields of the cathode 

region. An electron originating in the cathode will therefore enter the 

plate-sole space normally at the end of one-half a cycloidal period. Its 

entrance height above the sole, obtained from Eq. 4.3, is shown in Fig. 

4.12. Differentiation of Eq. 4.3a shows that the entrance velocity is 

0oa/Bod*  This is exactly the velocity for which the trajectory in the 

plate-sole space is rectilinear.

There are various omissions which make the ideal injection system 

above academic for the purposes of the present investigation. Neglect 

of space-charge forces is, at least for low-current-density streams, not 

too serious an omission. There will be a broadening of the stream be­

cause of emission along a cathode of finite width. However, cathodes of 

small widths can be used for lôw-current-density streams. In addition, 

there is a certain degree of convergence of trajectories originating 

from different points along the cathode. This can be seen by sketching 

several cycloidal trajectories. The transition of the fields between the
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cathode region and the plate-sole space will, in general, occur over a 

significant distance. However, several trial designs using the actual 

electric fields in the design geometry to compute electron trajectories 

can produce a reasonable approximation to the ideal injection system.

From the point of view of the purpose for which the stream analyzer 

is designed thé most serious difficulty with the ideal system is that 

the cathode location is proportional to the scaling parameter 0oa/Bq2, 

Since the stream tester is to be operated over a wide range of values 

of the scaling parameter, the cathode will, for the most part, be in the 

"wrong" position. However, focussing of the stream can be maintained at 

the expense of having electrons move along trochoidal rather than recti­

linear trajectories in the plate-sole space. If operating conditions 

(as measured by 0oa/Bo2) are limited to the range for which the height 

of the trochoidal trajectory is much less than the plate-sole spacing the 

stream will traverse the plate-sole space in the general fashion illus­

trated by Fig. 4.15. Electrons will "roll" uphill into the plate-sole 

space along an equipotential (approximately). If the sole potential is 

less than the cathode potential, no electrons can reach the sole. Hence 

almost any value of scaling parameter for which the amplitude of the tro­

choid-like electron motion is much less than the plate-sole spacing will 

focus the stream.

A number of electron trajectories for various geometries were calcu­

lated by hand. On the basis of these calculations the cathode dimensions 

shown in Fig. 4.10 were chosen. It might be noted that the cathode as­

sembly is easily removable from the base plate. Except for the delay 

following from losing the vacuum in the stream analyzer, there is no 

difficulty in changing cathode dimensions without altering the remainder 

of the geometry.
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FIG. 4.13 TROCHOIDAL STREAM FOCUSSING.
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4.5 Space -Charge -Free Electron Trajectories in the Stream Analyzer 

Subsequent to the design and construction of the stream analyzer 

an electron trajectory computer developed by Rowe and Martin^ became 

available for computation of electron trajectories. The equations de­

scribing the motion of a single electron normal to a uniform magnetic 

field were programmed on an analogue computer. A conducting film ana­

logue of the stream analyzer geometry was constructed to obtain the equi­

potential pattern. Information on the electric field components and po­

tential is taken off the analogue by means of a four-contact traveling 

probe and fed into the computer. The computer output (coordinate posi­

tion of the electron) is then used to control the movement of the probe. 

The probe, starting from an initial position corresponding to a point on 

the cathode, then follows a trajectory which is the analogue of the elec­

tron motion. An auxiliary recorder duplicates the probe motion to form 

a permanent record of the motion.

Before the results of the computer computations are presented the 

general characteristics of the motion will be described. Figure 4.14 

is a sketch of the stream analyzer geometry with several representative 

electron trajectories (for different values of the electrode potentials 

and magnetic field) superimposed. The dotted lines in the figure illus­

trate the general configuration of the equipotential lines. The electric 

field is essentially uniform after the first sole segment and also, it 

is uniform in the immediate vicinity of the cathode. Due to the uniform 

conditions in the plate-sole space all trajectories in this region will 

describe some sort of trochoidal motion. The details of the motion in 

this region will depend on the direction and magnitude of the electron 

velocity as it enters. Because of this, attention can be directed pri­

marily to the characteristics of trajectories in the cathode region.
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FIG. 4. 14 

SKETCH ILLUSTRATING THE NATURE OF SPACE-CHARGE- 
FREE TRAJECTORIES AND EQUIPOTENTIALS IN THE 

STREAM ANALYZER.

o o



JM

Since the electric field is also uniform in the immediate vicinity of 

the cathode, the initial part of a trajectory will be cycloidal in nature.

It is convenient, in describing the nature of the electron trajec­

tories, to imagine the electrode potentials to be held fixed and the mag­

netic field to be increased, in steps, from zero. For no magnetic field 

the trajectory would be more or less straight up into the anode. As the 

magnetic field is increased a trajectory such as illustrated by curve A 

in Fig. 4.14 is obtained. The electron moves relatively rapidly into the 

plate-sole space through a region of slowly space-varying electric fields. 

This sort of trajectory is an approximation to the ideal injection system 

described previously.

As the magnetic field is increased further the electron is forced in­

to the region where the equipotentials have a steep slope tcurve B). This 

is a region of lower potential than that traversed by the first curve; 

hence, in general, a longer transit time is involved in going from the 

cathode into the plate-sole region. Another result of the lower poten­

tials along the trajectory is the appearance of loops in the trajectory. 

This corresponds to the electron having a rotational velocity greater than 

its translational velocity. As described previously, the general char­

acter of the trajectory can be approximated in a series of increments. 

Each increment of the motion is taken over a relatively uniform section 

of the electric field. The initial conditions of one increment are taken 

as the final conditions of the previous increment.

For a sufficiently strong magnetic field, an electron will be 

forced into the potential valley between the cathode and the first sole 

segment. If the potential difference between the cathode and sole is 

small compared to the potential difference between the anode and cathode, 
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the potentials in the valley will be relatively quite low and the elec­

tric field intensity will also be very low. As a result, an electron 

will tend to follow an equipotential line (approximately the zero equi­

potential), executing a series of tight loops. This is illustrated by 

curve C in Fig. 4.14. The transit time from the cathode to the plate­

sole region becomes extremely long. (In one case, the computer time to 

accomplish this transit was eight minutes compared to about eight seconds 

for a transit by electrons following curves such as A or B.)

The transition from one curve to another, as the magnetic field is 

increased, is not as smooth as might be inferred from the discussion 

above. In the immediate neighborhood of the edge of the cathode block, 

and, also, of the first sole segment, there is a strong electric field. 

If the magnetic field is such as to force an electron close to these cor­

ners some rather striking changes in the character of the motion occur 

abruptly. This will be evident from some of the computed trajectories.

Figures 4.15 to 4.25 present the results of the computer study. Each 

trajectory is characterized by the value of the scaling parameter, 

0oa/BoS for which it was computed. In addition the value of the mag­

netic field used to obtain a given value of scaling parameter is noted. 

Two trajectories are shown for each value of scaling parameter. These 

correspond to emission from either edge of the filament. For all the 

trajectories the cathode and sole are at the same potential.

For trajectories of type C in Fig. 4.14, the computation was dis­

continued usually soon after the electron entered the potential valley. 

The buildup of error in the computer during the extremely long transit 

of the electron through the valley made the continuation of the trajec­

tory into the plate-sole space difficult to interpret.
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Figure 4.19a is an example of the anomaly which occurs in the 

neighborhood of the edge of the cathode. The motion of one electron is 

such that it is carried away from the valley by the edge fields. The 

other electron is carried further into the valley. -

A more detailed discussion of the trajectory computations is de­

ferred until Chapter V. The discussion is carried further there in cor­

relation with the experimental measurements of the negative-sole current 

phenomenon.
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CHAPTER V. EXPERIMENTAL INVESTIGATION OF THE DIOCOTRON PHENOMENON

5.1 Introduction

The crossed-field stream analyzer was designed principally for the 

purpose of determining the characteristics of the negative-sole current 

phenomenon as a function of distance along the sole. In addition to 

measurements of this type, data were obtained concerning r-f signals 

generated as an additional manifestation of the process causing the 

diocotron effect.

The following types of measurements were made:

(a) Preliminary measurements were made, more or less at random, 

to establish the existence of the phenomenon in the stream analyzer and 

to determine the general range of parameters (voltage, current, magnetic 

field) over which it occurred. With this information as a guide, data 

were obtained on the gross nature of the negative-sole-current phenom­

enon. In particular, the total current to the sole as a function of 

various parameters was measured.

(b) Detailed measurements of the distribution of current along 

the sole were then made over the range of parameters which the previous 

measurements had shown to be significant.

(c) With one of the sole segments being used as a probe, the energy 

distribution in the stream as it passed over this probe was measured. 

Also, the effect of a modification of the stream as it passed over one 

probe on the properties of the stream as it passed over subsequent probes 

was investigated.

(d) In addition to the above d-c measurements, r-f data were ob­

tained from a coaxial probe (electric) inserted just behind the filament.

156
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For all the measurements reported, the cathode of the stream analyzer 

was operated space-charge-limited.

The data are presented in the order described above. To a certain 

extent, data are interpreted when presented. However, because of the 

complexity of the phenomenon, the principal discussion of the data is 

deferred until after all the measurements have been presented.

5.2 Definition of Certain Symbols

For convenience, the symbols used to denote the principal voltages 

and currents measured are defined below. Additional symbols of less 

frequent occurrence are defined in the text. All potentials are meas­

ured relative to the cathode.

0oa = d-c anode potential. All the anode segments were operated 

at the same potential for all the measurements reported 

here.

0OS = d-c sole potential. This refers to the potential of the 

sole when all the segments have the same potential, or 

when only one or two specifically noted segments have dif­

ferent potentials from the remaining segments.

0OSn = d-c potential of the nth sole segment. The sole segments 

are numbered one to thirty beginning with the segment ad­

jacent to the cathode block.

0OC = d-c collector potential. For all the measurements here

reported 0OC = 0oa.

loa = d-c current to all the anodes.

IQC = d-c current to the collector.

Ios = d-c current to the entire sole.
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Iosn = d-c current to the nth sole segment.

50
Iqs = ^osn • (5*1)

n=l

Iok = d-c cathode current. Iok « + Ioc + Io8. It is possible

and even likely, that some current from the cathode is col­

lected on the cathode support structure. Since the cathode 

and its supporting structure are internally connected, this 

current is not measurable, Cathode current, as used here, 

refers to current which returns to the cathode through ex­

ternal circuitry.

Iotn = d-c current remaining in the stream after it has passed 

over the nth sole segment and before it passes over the 

(n+l)st sole segment.

Figure 5*1  is a sketch illustrating the measuring circuitry employed 

and the symbols defined above.

5.) D-C Characteristics of the Electron Gun

Since the stream analyzer construction does not permit actually 

viewing the electron stream it is necessary to rely on indirect measure­

ments to obtain some idea of the stream geometry. One such type of 

measurement is a study of the characteristics of the electron gun.

It is quite difficult to predict the detailed performance of the 

electron gun. Part of the difficulty lies in the fact that there is no 

analytic model of the stream flow which is a satisfactory approximation 

of the actual stream flow. Calculations based on a rectilinear Brillouin 

stream model, for example, give quite different results from measured 

values.

Nevertheless, it is possible to establish the limiting behavior of 

the electron gun and to obtain some idea of its behavior. A good index
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of the performance of the electron gun is the perveance lok/0oa3'2* It 

can be shown that in a fixed geometry, and for space-charge-limited op­

eration, the perveance is a function only of the scaling parameter 0oa/®Q2 

discussed in section 4.4. (This assumes that the ratio 0oa/0Os is con­

stant, i.e., the shape of the electrical equipotential lines is unchanged.) 

As one extreme, we can calculate the value of perveance for an infinite 

value of scaling ratio, i.e., when there is no magnetic field. In this 

case the electron gun is, except for end effects, essentially a parallel- 

plane diode. Applying the Child-Langmuir diode current law we have, for 

the dimensions of the stream analyzer,

lok

V7*
2.33 x 10"*

s

= O.64J x 10”6 pervs , (5.2)

where 

w = filament width = 0.040 inch, 

I = active filament length = 0.6$ inch, and 

s = anode-filament spacing = O.)O6 inch.

As another extreme, we have for a value of scaling parameter equal to 

zero, e.g., for zero 0oa, a value of perveance equal to zero. For inter­

mediate values of the scaling parameter we can say, not altogether tritely, 

that the perveance will generally increase. Physically, the effect of 

increasing the magnetic field (or, specifically, decreasing the scaling 

parameter) is, in general, to bend electron paths into lower-potential, 

and hence, lower-velocity regions. For space-charge-limited operation 

this results in a higher space-charge density in the vicinity of the 

cathode and hence in a lowered cathode current. Figure 5*2  is a plot of 

the measured gun perveance as a function of the scaling parameter. For 

the data shown, the sole potential 0OS was zero. Superimposed on the
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plotted points is the curve given by

Ipk

vla (5.3)

Over the range of the scaling parameter for which data were taken, this 

curve fits the data extremely well. It is not applicable, of course, 

for all values of the scaling parameter since the perveance has an up­

per limit.

In the course of making measurements, a high-voltage breakdown of 

one of the anode feedthroughs led to a loss of the filament ■ While the 

nominal dimensions of the replacement parts were the same as for the 

original parts, it was not possible to duplicate the original geometry 

exactly. For example, the heat capacity of the filament assembly was 

not the same as in the first construction. Hence, because of less ef­

ficient heat conduction, the effective filament length changed signifi­

cantly (from O.65 to 0.70 inch). Also the geometrical position of the 

filament relative to the sole was somewhat different. Figure 5*3  is a 

plot of the perveance characteristics of the second cathode. The super­

imposed curve is given by

The calculated value of perveance for 0oa/Bo2 = ”, shown in Fig. 5-3, is 

obtained from Eq. 5.2, using an effective cathode length of O.7O inch.

The data shown in Fig. 5.5 were taken for three scalings of the sole po­

tential, that is, three values of the ratio 0oa/0os. For anode poten­

tials of 1000 volts, these would correspond to sole potentials of 0, -20, 

and -40 volts, respectively.
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It is seen from Fig. 5.5 that the perveance is relatively insen­

sitive to small changes in sole potential.

To differentiate data taken with the original cathode from those 

taken with the replacement assembly, the former are labeled “cathode 

No. 1” and the latter, “cathode No. 2.“

Figure 5.4 is a plot of the volt-ampere characteristics of cathode 

No. 1 for zero sole potential. This figure shows the general range of 

voltages, currents, and magnetic fields used in obtaining data.

With the help of the trajectory plots of Chapter IV (Figs, 4.15 to 

4.25) we can, in a general way, interpret the perveance characteristics 

of Figs, 5.2 and 5.5. For high values of the scaling parameter 0oa/®o2 

> 9 x IO* 3 volts/gauss2), electrons are drawn away from the filament 

relatively rapidly and the limiting perveance is (approximately) ob­

tained . As the scaling parameter is made smaller 0oa/Bo2 < 6 x 10 3 

volts/gauss2) the space-charge density near the cathode increases, and 

causes a reduction of cathode current.

5.4 Gross Characteristics of the Negative-Sole Current

Preliminary measurements of the negative-sole current were made 

primarily for the purpose of obtaining general information about the 

order of magnitude of the effect under various operating conditions. 

Gross measurements of the negative-sole current were made, i.e., data 

were taken in the following fashion: for a given measurement the stream 

analyzer was operated with fixed voltages and magnetic field, and the 

total currents to the sole, anode, and collector (Ios, 1^, and Io*, 

respectively) were individually measured. In addition, the cathode cur­

rent, Iq^, was measured as a running check on the other currents.
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Significantly, it was found that all the data could be summarized 

by plotting the fraction of the cathode current going to the sole as a 

function of the scaling ratio • Figure 5.5 is a plot of data ob­

tained with cathode No. 1. The sole potential was zero for all the data 

shown. In interpreting these data, it should be kept in mind that no 

anode current was observed for any of the data. As shown on Fig. 5«5# 

the data were obtained by varying the anode voltage at a fixed magnetic 

field. This was done for several values of magnetic field.

Similar data were obtained for cathode No. 2. Moreover, in addi­

tion to data for zero sole potential, data were also obtained for two 

scaled values of sole potential, 0oa/0os = "50 and -2$. (These values 

correspond to sole potentials of -20 and -40 volts, respectively, when 

the anode potential is 1000 volts.) These data are plotted in Fig. 5.6.

Some data on gross sole-current magnitudes were obtained from a 

C.S.F. report on the development of carcinotrons. These data were taken 

with the sole at cathode potential and, for a fixed anode voltage, over 

a range of magnetic field strengths. These data are replotted in Fig. 

5.7 in the same fashion as the previous two figures. It is seen from 

the figure that these data are also scaleable.

The fact that the data are scaleable implies that the diocotron 

effect is not significantly associated with the r-f properties of the 

stream analyzer geometry. Rather, it implies that the negative-sole 

current is associated with the geometry of the stream trajectory. We 

will therefore seek to associate the nature of the electron trajectories 

described in Chapter IV with the nature of the data presented by Figs. 

5.5 and 5.6.

Figures 5.5 and 5.6 show that the negative-sole current is a size­

able fraction of the cathode current up to a value of scaling parameter
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of about 0.006 volt/gauss2. Above (about) this value, there is an ex­

tremely sharp reduction in the magnitude of the effect. Figure 5.6 

shows the same type of behavior even for negative sole potentials.

There are two requirements to be met before an electron can reach 

a negative sole. One requirement is that the electron must necessarily 

have gained extra energy corresponding, at least,to the potential dif­

ference between the cathode and sole. This, however, is not sufficient 

to insure its being collected on the sole. In addition to having suf­

ficient energy to permit collection by the sole, the electron must also 

follow a trajectory which intercepts the plane of the sole. The space- 

charge-free trajectory plots (Figs. 4.15 to 4.25) do not indicate any 

radical change in the nature of the trajectories in the plate-sole space 

which might account for a sharp reduction in sole current. There is, 

on the other hand, a significant change in the nature of the trajectories 

in the cathode region. For values of the scaling parameter less than 

about 0.007 volt/gauss2 electrons become trapped in the potential valley 

between the cathode block and the first sole segment.

Figure 4.19a (for ^oa/Bo^ " 0.00726 volt/gauss2) can serve to show 

some order of magnitudes. The transit time from the cathode into the 

plate-sole space can be computed approximately by counting the number 

of trochoidal loops in a trajectory. Each loop represents, roughly, a 

time interval equal to the period of the cyclotron frequency œc. The 

trajectory (in Fig. 4.19a) which is forced into the potential valley 

has about five times as long a transit time into the plate-sole space 

as the other trajectory. For lower values of scaling parameter the 

differences in transit times are further emphasized. For example, the 

trajectories shown in Fig. 4.15b (0oa/Bo2 = 0.00294 volt/gauss2) indicate
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that the lower trajectory requires a transit time about fifty times as 

long as the upper trajectory.

One interesting aspect of the near trapping of electrons between 

the cathode block and the first sole segment can be observed in Figs. 

4.15 to 4.19. For low values of the scaling parameter, electrons origi­

nating from the left-hand side of the cathode are trapped. As the value 

of the scaling parameter is increased, the trapped electrons are those 

originating on the right-hand side of the filament. As the value of the 

scaling parameter is increased further, electrons emitted from the left­

hand side of the cathode are trapped again.

The trajectory plots are, of course, computed without space charge 

present. However, even at very high current densities the actual stream 

behavior will be of the general nature shown by the space-charge-free 

computations.

The above discussion has, of course, presented no direct evidence 

linking the electron trapping with the negative-sole current. There is, 

however, in the data presented, a strong indication of a correlation be­

tween the two effects.

5.5 Distribution of the Sole Current Along the Sole

Because the diocotron phenomenon is scaleable, a concise set of meas­

urements of the distribution of current along the sole can be made. 

Measurements were made in the following manner:

(a) For a given measurement, the stream analyzer was operated at 

a fixed value of the scaling parameter J^ja/Bo2, i.e., at a fixed anode 

voltage and magnetic field.

(b) The sole was. held at a fixed potential, and the currents to
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all the electrodes were measured. The current to each sole segment was 

measured separately. Current measurements were made with a number of 

values of sole potential for each value of the scaling parameter.

(c) The measurements were made, as described above, over a range 

of values of the scaling parameter.

For all the data presented there was no anode current. Hence the 

cathode current was collected either by the sole or by the collector. 

(Actually it is possible, and even likely, that a small fraction of the 

emitted current was collected on the cathode block. Since the cathode 

is internally connected to the cathode block, it was not possible to 

measure such a current. Cathode current, as used here, refers to cur­

rent which returns to the cathode through external circuitry.)

It is convenient, particularly because of the division of cathode 

current between only the sole and collector, to present the data in the 

form of an integrated distribution curve, i.e., in the form of a plot 

of Iotn/lok as a function of distance along the sole. The stream cur­

rent loss factor, lotnAok*  is the fraction of the cathode current re­

maining in the stream after it has passed over the nth sole segment, 

but before it has reached the(n+l)st segment. Since there is no anode 

current, IQtn is related to the sole segment current by the equation

- 1 - 2 . (5.5)

lok Tok

(See section 5.2 for definition of all current symbols.) Distance along 

the sole is measured in terms of "probe units," i.e., intervals of dis­

tance corresponding to the period of the sole segmentation (0.120 inch).

The data are presented in Figs. 5*8  to 5*21.  All the data shown 

are for cathode No. 2. Similar, although less complete, data were obtained 

with cathode No. 1.
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The anode voltage and the magnetic field used to obtain a given 

value of 0oa/Bo2 are indicated on each figure. Also shown on each 

curve is the value of sole potential for which the data were taken. 

To scale the data to other values of 0oa and Bo, it is necessary also 

to scale the sole potential so as to keep the ratio 0oa/0os constant. 

This scaling requirement should be kept in mind also when comparing one 

figure with another. (The appropriate value of the ratio 0oa/0os is 

shown for each curve.)

One very interesting characteristic of the data, exhibited striking­

ly by most of the curves, is the large change in slope of the curves 

after one third or less of the sole has been traversed. Most of the 

current collected by the sole .is collected almost immediately after the 

stream enters the plate-sole space. This is true even when the sole 

has a considerably negative potential. It is evident from these data 

that a considerable part of the cathode current acquires the energy nec­

essary to reach a negative sole before the stream enters the plate-sole 

space. There is therefore a significant energy exchange mechanism func­

tioning in the cathode region.

Another characteristic of the data is the fact that all the sole 

current is not collected on the first few sole segments. Essentially, 

uniform field conditions exist in the plate-sole space after the first 

one or two sole segments. It would ordinarily be expected that if an 

electron had sufficient energy to reach the sole it would be'collected 

the first time its trajectory intercepted the sole. In Fig. 4.11, it 

is seen that the period of trochoidal motion in the plate-sole space, 

even at the highest values of the scaling parameter for which data are 

shown, is less than two probe periods. It is, therefore, interesting 

that a small current is collected by sole segments relatively far from 

the cathode.
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5.6 Energy Distribution Measurements

In the measurements described in the previous section, the sole 

segments were used to make passive measurements, i .e., the entire sole 

was an actual part of the stream analyzer environment. In contrast, 

the sole segments can be used actively to sample certain characteristics 

of the stream. One such type of measurement is to examine the various 

sole-segment currents as a function of the potential of one sole seg­

ment, all other potentials and the magnetic field remaining fixed. Fig­

ures 5.22 to 5.24 show the results of such a measurement made with cath­

ode No. 1. These figures correspond to data taken by varying the poten­

tial on sole segments 4, 7, and 15, respectively. Figures 5.25 and 5.26 

show similar data taken with cathode No. 2.

Since all the figures exhibit similar characteristics, the discus­

sion of the data will be illustrated by particular reference to Fig. 

5.22; the general observations made will be applicable to all the fig­

ures. Figure 5.22 presents data taken for a value of the scaling param­

eter of 2.155 x 10"3 volts/gauss2 (0oa = 1200 volts, Bo = 750 gauss), 

and with a sole potential (except for the fourth sole segment) of -20 

volts. The curves show the variation of current of the first twelve 

sole segments as a function of the potential of the fourth sole segment. 

Also shown is the variation of the total sole current (including the cur­

rent to the fourth sole segment).

Before referring specifically to the data, it is useful to consider 

the effect of varying the potential of a single sole segment on the stream 

analyzer environment. Consider first the case when the segment has a 

potential less negative than the remainder of the sole. For this condi­

tion the equipotentials are depressed in the neighborhood of the segment,
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forming a trough. Because of the tendency of the electrons to follow 

the equipotential lines, the stream is brought closer to the segment by 

the potential depression. To a lesser extent, depending on how strong 

a depression is formed, the stream is brought closer to segments adjacent 

to the particular segment whose potential is being varied. Bringing the 

stream closer to the sole causes some electron trajectories to inter­

cept the sole whereas normally they would not do so. Consequently the 

currents intercepted by those sole segments in the vicinity of the po­

tential depression will increase as the depression is increased. In 

addition, of course, raising the potential of a sole segment allows it 

to collect electrons of lower energy. The converse situation occurs 

when the segment has a more negative potential than the remainder of 

the sole. In this case a potential hump forms in the neighborhood of 

the segment.

Referring now to Fig. 5.22, we see that there are significant changes 

in the distribution of current along the sole as a result of varying the 

potential of the fourth sole segment. However, the total sole current 

is unaffected. Also, the currents to the first two sole segments do not. 

vary. The curve for the current to the third sole segment, however, has 

a small positive slope; this is what is expected on the basis of the ef­

fect of the alteration of the shape of the equipotentials as described 

above. The current variation of the fourth sole segment is. approximately 

linear, which (since Fig. 5*22  is a semi-log plot) is characteristic of 

a Maxwellian energy distribution. It is seen that current to the fourth 

sole segment increases at the expense of current to succeeding segments, 

particularly the immediately succeeding segments. The further a segment 

is from the fourth segment the less it is affected. Conversely, raising
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the energy requirement for collection of current by the fourth sole seg­

ment increases the current to the immediately succeeding segments.

The data support the previous conclusion that nearly all of the 

energy exchange occurs in the cathode region. If current, which would 

ordinarily be intercepted by the fourth segment, is denied access to 

that segment (by making 0OS4 < 0OS), it is then collected by the next 

few segments. On the other hand, if is withdrawn prematurely (by making 

0os4 > 0OS) there is no energy exchange mechanism of sufficient influence 

to cause it to be replaced.

Since the current characteristic for the segment whose potential is 

being varied (0OS4 in Fig. 5.22) is approximately Maxwellian, the slope 

of the curve is approximately the voltage equivalent of the temperature 

of the electrons collected by the segment, and is half the average energy 

of the electrons. In Fig. 5.22 the voltage equivalent of temperature is 

25 electron-volts, corresponding to an average energy of 46 electron­

volts . Actually, the average energy is somewhat lower than this because 

of the deficiency of low-energy electrons in the distribution; i.e., the 

distribution is not exactly Maxwellian.

The average energy, calculated in the approximate manner described 

above, does not change to any great extent as a function of distance along 

the sole. This can be seen from Fig. 5.27, which is a plot of the energy 

distribution for a number of sole segments, using the same voltages and 

magnetic field as were used to obtain the data of Fig. 5*22.  Another 

interesting fact shown by these data is that not all the current corre­

sponding to electrons which have gained extra energy is collected by the 

sole. For example the curve for the last sole segment (No. 50) shows 

that an appreciable number of electrons, which would ordinarily not be
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collected by the negative sole, had considerable excess energy.

This last point was explored further with reference to the data 

presented in Figs, J.2 J and 5-26. Under the same operating conditions 

as used for these data (0oa = 900 volts, 0OS = -JO volts, Bo = JOO gauss), 

measurements were made in the following fashion: for the above operating 

conditions the potential of the fourth sole segment was set at a given 

value (not, in general, the same as 0OS), and the current to the seventh 

sole segment was measured as a function of the potential of the seventh 

sole segment. Measurements were made with several different values of 

potential on the fourth sole segment. The data obtained are shown in 

Fig. J.28.

It is seen that when part of the excess energy of the stream on the 

fourth probe is withdrawn (by making 0OS4 less negative), there is a 

consequent reduction of excess energy in the stream at the seventh probe; 

i.e., the energy loss is not replaced during the transit of the stream 

between the probes. On the other hand, if the fourth probe is made suf­

ficiently negative so that it no longer collects a significant amount of 

current^ then a further decrease in its potential has little effect at 

the seventh probe.

It is interesting that the average energy of the electrons collected 

by the seventh probe is, roughly speaking, the same for all values of 

the potential of the fourth probe. Consideration of this point will be 

postponed until later, when an overall evaluation of the measurement 

is made.

J.7 R-F Measurements

In the course of replacing the cathode No. 1 assembly, advantage 

was taken of the opportunity to insert an r-f probe between the anode
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and cathode block. The probe is actually an extension of the center con­

ductor of a coaxial line. The coaxial line consists of a copper outer 

conductor concentric with a tungsten inner conductor. The inner conduc­

tor is supported by two glass beads; the beads also serve as vacuum seals. 

Figure 5.29 is a sketch of r-f probe assembly, showing its dimensions and 

its location relative to the geometry of the stream analyzer. While the 

location and orientation of the probe are not the most desirable, they 

have the merit of not requiring any modification of the stream analyzer 

geometry.

. It was obvious from the rather large energy involved with the nega­

tive-sole current that there must exist strong r-f fields inside the stream 

analyzer, as only by such fields could the energy exchange between elec­

trons take place. The r-f probe was inserted for the purpose of obtain­

ing information about the nature and frequency of the spectrum of the 

r-f fields. The voltage standing-wave ratio (with the stream analyzer 

"cold"), looking into the stream analyzer through the probe, is less than 

5:1 from about 2 to 4 kilomegacycles/second. This, however, provides 

scant information about the coupling of the probe to r-f signals generated 

inside the stream analyzer.

Relatively weak signals (estimated to be fractions of a microwatt) 

were detected in the range of values of the scaling parameter corre­

sponding to high sole current. Depending on particular operating condi­

tions, the frequency of the observed signals was in the range of 2 to 5 

kilomegacycles/second, typically about 2.5 kilomegacycles/second.

The frequency was observed to be sensitive to the value of the scaling 

parameter. A ten percent change in the value of the scaling parameter 

produced, roughly, a 10-megacycle/second frequency change. Similarly,
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the frequency of the observed signal is sensitive to the potential on 

the first sole segment. It was noted that a change in the potential 

of the second sole segment, or any other but the first sole segment, 

had no effect on the detected signal. This last observation lends em­

phasis to the conclusions drawn from the previously presented data; i.e., 

the behavior of the electron stream in the region between the cathode 

and the first sole segment is the key to understanding the diocotron 

effect.

Another interesting observation was made by introducing a 1-watt 

signal (from an external generator) of approximately the same frequency 

as the signal emanating from the stream analyzer. Depending on the fre­

quency of the applied signal, the negative-sole current could be signi­

ficantly increased or decreased compared with the sole current for no 

applied signal. This variation occurred over a frequency range of about 

100 megacycles/second.

The frequency spectrum of the observed signal was investigated by 

displaying it on a spectrum analyzer (Polarad Model TSA, R-F Tuning Unit 

STU-2A), after the signal was first amplified by an 2-band traveling­

wave tube (Hewlett-Packard 4gOB). Because of the observed sensitivity 

of the signal to variations of sole potential and magnetic field, both 

these quantities were obtained using batteries as sources. The high- 

voltage anode and collector power supply is quite well filtered. The 

cathode supply (d-c generator) had some ripple; however, no change in 

source was made for the cathode. Figure 5.JO shows typical photographs 

of the spectra observed. The particular photographs shown are for the 

following conditions : 0^ = 7°0 volts, 0OS = -55*5  volts, IOc = 6 ma, 

Ios =1.8 ma, Bo = 500 gauss, 0oa/Bo2 = 2.8 x 10"3 volts/gauss2. Figure
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5.50a was taken with the spectrum analyzer sweep speed adjusted to ob­

tain a stationary pattern on the screen. Figure 5«30b is a trace ob­

tained with a single sweep of the spectrum analyzer beam.

The spectrum shown in Fig. 5«30 is characteristic of a frequency- 

modulated signal. Because of the sensitivity of the pattern to sweep 

speed, it is likely that some 60-cycle modulation is occurring in ad­

dition to that evidenced in the photographs. However, it is clear that 

the signal is a very narrow-band one, and further that it is not an in­

coherent oscillation. (In this last respect, note that the spectrum 

analyzer resolution is approximately 25 kilocycles/second.)

It was difficult to extend the frequency measurements with the present 

experimental setup because of the extreme sensitivity of the signal to 

voltage and magnetic field. Also, the magnetic field strength is uncer­

tain to within about t five percent due to hysteresis in the pole pieces. 

As noted above, this represents a comparatively large frequency shift. 

The most significant aspect of the measurements made is the qualitative 

observation of a narrow-band coherent signal which is sensitive to the 

potential of the first, and only the first, sole segment.

5.8 Further Interpretation of the Experimental Evidence

In this section we shall develop a theory, based on the experimental 

evidence, which is able to account for the observed phenomena. The theory 

is not able to provide a complete quantitative description of the dioco- 

tron effect; its purpose is primarily to provide a coherent interpreta­

tion of the data from which further, more refined, experiments can be 

devised.

The data have shown that nearly all of the energy exchange implied 

by the appearance of a negative-sole current occurs in the cathode region
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prior to the entrance of the electron stream into the plate-sole space. 

Since this energy exchange forms the prelude to the diocotron effect, 

we shall consider it first.

5,8.1 The Cathode Region. We have, as a basis on which to initiate 

a study of the energy exchange mechanism in the cathode region, three 

important experimental facts. These are :

(a) the diocotron phenomenon is scaleable,

(b) a narrow-band, coherent, r-f signal is generated as a part of 

the diocotron effect, and

(c) the energy distribution of the sole current is approximately 

Maxwellian, with a temperature on the order of 300,000C .*

Because of the scaleability of the phenomena, we can deduce that 

the r-f properties of the geometry of the structure (vacuum envelope, 

electrodes, etc.) are not a significant aspect of the diocotron effect. 

This deduction follows from the fact that the r-f properties of the 

structure are not changed in the scaling process; i.e., the geometry 

of the stream analyzer is fixed. Further, the scaling property sug­

gests that the phenomenon is associated not merely with the electron 

stream as a whole, but, in particular, with the trajectories of the 

electrons comprising the stream. It is rather difficult to determine 

electron trajectories in crossed electric and magnetic fields taking 

space-charge forces into account. On the other hand, space-charge- 

free trajectories are not likely to correspond in detail with the cor­

responding trajectories computed with space-charge forces accounted 

for. However, the general trends of the trajectories computed with and 

without space charge as a function of, say, the scaling parameter ^qq/Bq2 

should be very similar. We shall, therefore, continue to make use of the 

trajectory computations presented in Figs. 4.15 to 4.2) as a guide to a
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qualitative understanding of the actual trajectories in the stream an­

alyzer .

In correlating these trajectories with the diocotron effect we note 

that the negative-sole current falls off extremely rapidly when the 

scaling parameter 0oa/Bo2 exceeds a certain critical value. It is there­

fore interesting to observe a similar critical behavior of the space- 

charge-free trajectories. Up to a certain value of scaling parameter, 

which is very nearly the same as the experimentally observed value re­

ferred to above, electrons are nearly trapped in a potential valley between 

the cathode block and the first sole segment. It is tempting to associate 

the negative-sole current with the near trapping of the electrons; this 

is just what we do.

Trajectories of electrons passing through the slow-drift region be­

tween the cathode block and the first sole segment are characterized by 

very long transit times. Therefore, a large space-charge density builds 

up in this region. The order of magnitude of this space-charge density 

can be estimated fairly easily. As an illustration, consider the tra­

jectories shown in Fig. 4.16b. The transit time from the cathode into 

the plate-sole space can be estimated by counting the number of trochoidal 

loops in the trajectory. Each loop corresponds, roughly, to a time in­

terval equal to the cyclotron period. From Fig. 4.16b, it is seen that 

one trajectory takes about six cyclotron periods and the other about fif­

teen. For an order-of-magnitude figure, we will use ten cyclotron periods 

as an average transit time. We shall want to compute the average drift 

velocity of an electron between the cathode and the first sole segment. 

To do so, the length of the path along which the electron drifts is needed. 

We shall take the path length as the length of the trajectory along which
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the electron moves in the above transit time (ignoring, however, the 

trochoidal looping of the trajectory; i.e., we use the distance along 

the path in the direction of the average forward motion of the electron). 

We shall use an average path length of 6 millimeters. This number is 

obtained by measuring off the path length on Fig. 4.16b. (To scale 

dimensions in Fig. 4.16b note that the length of a sole segment is 0.10 

inch.) From the experimental data we have the following measurements 

(cathode No. 2):

^oa/Bo^ = 0-°°5 volt/gauss2, 

0oa = 800 volts, 

0OS = 0 volts, 

Bo = 400 gauss, (coc = 7 x 10® radians/second), and 

Iok = 12.9 milliamperes. (5*6)

Then, approximately, 
(' number of \ /cyclotron\
cyclotron periods/ Ç period / 

= (10) (2x/m)

= 8.9 x 10~9 seconds. (5-7)

The average velocity with which the electrons drift along their trajec­

tories isf therefore, 

. . .. average path lengthaverage drift velocity = * t
average transit time

6 x IO"3 
— “““ 9

8.9 x 10T

= 6.74 x 10s meters/second.(5.8)

This drift velocity corresponds to about 1.1 electron-volts.
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We shall need some idea of the cross-sectional area of the stream. 

For the width of the stream we use the value 0.7 inch. This is the ef­

fective width of the cathode. From Fig. 4.16b, we estimate an average 

stream thickness of 1.5 millimeter. The average space-charge density 

can now be calculated from

__________stream current 
average drift velocity x stream cross-sectional area

__________________12.9 x 10-3_______________
6.74 x 10s x 0.7x 2.54 x 10"2 x 1.5 x 10"® '

= 7.17 x 10"4 coulomb
meter3

It is convenient to state the space-charge density in terms of a corre­

sponding electron density radian frequency; the electron density radian

frequency corresponding to the above space-charge density is

3.78 x 109 radians/second (5.10)

The above calculation provides an approximation to the space-charge 

density (or equivalently, the electron density radian frequency) in the 

slow-drift region.

The point of computing the space-charge density in the slow-drift 

region is to discover whether there is a correlation between the plasma 

oscillation frequency and the r-f signal observed experimentally. How­

ever, because of the presence of the magnetic field, we must modify the 

concept of a simple plasma oscillation. • As shown in section 3»5«5# In 

the presence of a magnetic field the dispersion relation for space-charge 

wave propagation is

= (Up2 + C^2 . (5.11)
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For the calculation above, this leads to a value for of

= 8 x 109 radians/second. (5.12)

The Doppler frequency o)£ (the electron oscillation frequency as 

seen by an observer advancing with the average drift velocity of the 

stream) is related to the frequency as seen by a stationary observer 

through the formula

_ (co - avo ) , (5.15)

where Ct is the propagation constant of the electron oscillation and v0 

is the average electron drift velocity. We can estimate a value of Ct 

by noting that the high space-charge density is concentrated in a length 

approximately equal to the average path length as defined above. Since 

there is a large change in space-charge density in the stream as it 

passes out of the cathode region in the plate-sole space, it is rea­

sonable to assume that the electron oscillation has a wavelength in 

some way related to the dimensions of the stream in the cathode region. 

In order to facilitate an energy exchange the wavelength would pre­

sumably be of the same order of magnitude as the average path length. 

Hence, approximately,

a = — =  —— = 1.05 x 103 meter-1 . (5.14)
X 6xl0-3

The factor Ovo appearing in Eq. 5.15 is therefore equal to 0.7 x 109 

radian/second. Since this is small in comparison to a^, the observed 

frequency should be approximately equal to the calculated value of

This very rough estimate of frequency is within a factor of two of 

the experimentally observed frequency reported in section.5*7.
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In the simple model used for the above calculation it was assumed 

that it is permissible to view the crossed-field electron flow in the 

slow-drift region as being similar to an ion-neutralized electron flow 

in a magnetic field. This assumption is justified in the following 

manner: the presence of positive ions in a plasma flow cancels the 

space-charge forces of the electrons. This same effect can be achieved 

without positive ions by balancing the space-charge forces against ex­

ternal d-c focussing fields. Axially symmetric Brillouin flow, described 

in Chapters II and III, is a good example of this. For this type of flow, 

the d-c force balance is maintained during the perturbation. Rectilinear 

Brillouin flow, to which the flow in the stream analyzer may be likened, 

is another example of a balanced flow. However, the d-c force balance 

is not maintained in a perturbation of rectilinear flow. Nevertheless, 

if the velocity difference across the stream is small enough, the unbal­

ancing of the d-c forces is small (see section ).4)« We are assuming 

this to be the case in our discussion. Therefore, an observer advancing 

with the average velocity of the electrons in the slow-drift region would 

see much the same electron oscillation as if the stream were neutralized 

by positive ions. On this basis we can apply, as an approximation, the 

dispersion relation used to calculate o>^ above.

Thus far we have advanced the hypothesis that an electron oscilla­

tion occurs in the cathode region with a space wavelength comparable to 

the dimensions of the stream in this region. We will now relate such 

an oscillation to a mechanism of energy exchange.

While, of course, electron trajectories in the slow-drift region 

will not correspond in detail to the space-charge-free trajectories, the 

motion will be grossly similar; i.e., electrons will have a more or less 

looping motion superimposed on an average forward drift. The fact that 
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a large energy exchange is accomplished in a very short distance suggests 

some sort of synchronization effect. In particular, it suggests that 

the loop-like motion of the electrons is (approximately) synchronous 

with the space-charge oscillation described above; i.e., the energy ex­

change occurs through a cyclotron resonance of the d-c stream motion with 

the electron oscillation. In this way an electron could maintain the 

proper phase to extract energy from the electron oscillation for a rela­

tively long time interval.

It is useful to have some idea of the order of magnitude of the elec­

tric field of the electron oscillation which would be necessary to ac­

count for the observed energy exchange. To estimate this field, we ex­

amine a system consisting of an electron rotating with a uniform d-c 

angular velocity (at radius r) in an r-f electric field of the same fre­

quency. The field and the electron motion are assumed to be in phase; 

this will provide the maximum energy exchange. The energy exchange dur­

ing one cycle of the r-f field (or one revolution of the electro:^ is pro­

portional to the integral of the product of the velocity and the elec­

tric field; i.e.,

Energy Exchange = / q (iwc sin œct) (E sin œct)dt .
Jmct=0

— qnrE • (5*15)

In this expression the electric field is assumed to be of the form 

E sin coct. We now calculate the electric field which would lead to an 

energy exchange of 40 electron-volts. (This is the general magnitude 

of the average energy exchange measured.) As a value for the radius, 

we use 0.2 millimeter; this value corresponds to the smallest loops 

measured in Figs. 4.15 to 4.25 in the cathode region. The electric field
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is then

20
2*  x 10-4 6.56 x 104 volts 

meterE

636 volts
? centimeter (5.16)

Of course, if the angular frequency of rotation of the electron and the 

frequency of the electric field are not synchronous, a stronger electric 

field than that calculated above would be necessary to account for the 

observed energy exchange. On the other hand, it was supposed that the 

entire energy exchange occurred during one r-f cycle. It is much more 

likely that the energy exchange occurs over considerably more than one 

cycle. Thus, an electric field strength significantly smaller than the 

value calculated above would account for the observed energy exchange; 

we can roughly estimate the field strength to be between, say, 60 and 

600 volts/centimeter. A field strength of this order of magnitude is 

not unreasonable. In this respect it is interesting to estimate the 

magnitude of the transverse d-c electric field in the slow-drift region. 

This can be done by noting that the average drift velocity in this re­

gion is approximately equal to the ratio of the transverse d-c electric 

field to the d-c magnetic field. Using the value of the average drift 

velocity calculated by Eq. 5.8, we have

Eo = average drift velocity x Bo

= 6.74 x 10s x .04

= 2.7 x 104 volts/meter

= 270 volts/centimeter . (5.17)

Hence the strength of the r-f field calculated above is, roughly speak­

ing, of the same order of magnitude as the d-c electric field.

The prediction that a strong coherent r-f field exists in the slow- 
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drift region 'appears', at first, to be at variance with the experimentally 

observed facts that only weak signals were detected with the r-f probe, 

and that a near-random distribution of energy among the electrons was 

measured. It is not difficult, however, to see, at least qualitatively, 

why there is actually no inconsistency.

As pointed out earlier, the electron stream in the slow-drift region 

can be regarded as being similar in behavior to an ion-neutralized stream. 

The discussion presented in Chapter III showed that the fields associated 

with the space-charge oscillations of an ion-neutral!zed stream are con­

fined entirely within the boundaries of the stream. Hence, it is not 

unreasonable to expect that a probe outside the stream would detect only 

relatively weak signals.

The fact that a near-random energy distribution is measured can be 

attributed to the nature of the electron interaction. The nature of the 

electron trajectories indicates the highly nonlaminar motion of the 

stream as it enters the slow-drift region. Following along the lines 

of the discussion of nonlaminar motion in Chapter II, we might expect 

the electrons in a given volume element to have a distribution of veloc­

ity directions. It would not be surprising if the distribution itself 

were near-Maxwellian with a mean velocity in the direction of the average 

stream motion. The distribution in direction produces a distribution in 

phase between the space-charge oscillation and the electron motion, which 

leads to a distribution in the amount of energy exchange undergone by 

electrons originating in the same volume element. In addition to this 

initial tendency toward randomization there is another, probably more 

significant, randomizing mechanism. This mechanism is the energy ex­

change itself, which produces a strong scattering of electron trajector­

ies. As a result, the phasing between the electron motion and the space-



215

charge oscillation is further randomized. It has been suggested by W. G.

Dow that as a result of the energy exchange electrons are temporarily 

"kicked” outside the stream. Since the space-charge oscillation fields 

are essentially confined within the stream, this means that electrons 

would "dip" into the space-charge oscillation in a random fashion.

The environment of the slow-drift region is sufficiently chaotic 

that, rather than it being remarkable that a random energy distribution 

is obtained, it would be remarkable if one were not obtained.

The theory*,  thus far, describes the phenomenon in the cathode re­

gion. We now extend the analysis into the plate-sole space.

5*8.2  The Plate-Sole Space. We have thus far described a mecha­

nism by which electrons exchange large amounts of energy in the cathode 

region. Related to this process, and depending on it, is the collection 

of current by a negative-potential sole. However, while an increase in 

energy is a necessary condition for an electron to reach the sole, it 

is not a sufficient condition. In addition, the trajectory followed by 

the electron must be such as to intercept the sole. Therefore, much of 

the plate-sole space phenomenon must be related to the electron trajec­

tories in this region.

A simple explanation of the distribution of current collected by 

the sole would be to say that electrons travel uninterrupted along some 

trochoid-like trajectory in the unifonn fields of the plate-sole space;

*Tt has been recently reported^ that a carcinotron operated with a tem­
perature-limited cathode produced significantly less sole current than 
when it was operated space-charge-limited. This is what would be ex­
pected in terms of the theory presented above. Under temperature-lim­
ited conditions the potential minimum in front of the cathode would 
vanish and electrons would be accelerated out of the cathode region 
with less likelihood of passing through a slow-drift region. Of course, 
if the scaling parameter were made sufficiently small the conditions 
for an energy exchange in the cathode region could be obtained even 
with temperature-limited operation.
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those electrons following trajectories intercepting the sole constitute 

the sole current. Unfortunately the data show this cannot be more than 

a partial description. The period of a trochoid-like trajectory in the 

plate-sole space, for the values of scaling parameter entering into the 

data, would be about two sole segments or less in length. Hence, if an 

electron trajectory were going to intercept the sole, it would do so in 

a distance less than the length of, say, the first four sole segments. 

While the data (Figs. 5.8-5.21) show a generally high current to the 

first few sole segments, there is, in addition, a significant current 

collected along the rest of the sole (at least, for certain values of 

the scaling parameter).

This anomaly suggests that the electron trajectories are not as sim­

ple as described above, i.e., that an additional energy exchange occurs 

in the plate-sole space, altering the electron trajectories.

An additional energy exchange process is also suggested by the data 

obtained in the energy distribution measurements, Figs. 5*27  and 5*28.  

Figure 5.27 shows that the near-randomness of the energy distribution is 

maintained along the entire sole. Figure 5.28 shows that the energy dis­

tribution of the current collected by one sole segment remains approxi­

mately random even when the stream is strongly perturbed by a preceding 

sole segment. Two possibilities suggest themselves:

a) the current collected by a sole segment is a small 

fraction of the total current, or

b) the electrons are continuously randomized.

With respect to the first possibility, the measurements show the energy 

distribution to be approximately Maxwellian at, say, the fifteenth or 

twentieth sole segment even though a considerable fraction of the cathode 

current has already been collected. Moreover, Fig. 5*27  shows that the
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temperature is roughly the same for all of the sole segments. For these 

reasons the second, possibility is the more likely one. We are thus led. 

to the conclusion that an energy exchange process continuously randomizes 

the energy distribution of the electrons.

However, the energy exchange process does not add a significant 

amount of energy to the stream. In the measurements illustrated by 

Figs. 5.22 to 5.26, the total sole current remains constant even though 

the distribution of sole current along the sole is radically altered by 

varying the potential of one of the sole segments. For example, consider 

Fig. 5.25, which presents data taken for the same value of scaling parame­

ter as the current distribution curves shown in Fig. 5*15*  Figure 5*25  

shows that the sole current is not dependent on the potential (in this 

figure) of the fourth sole segment. This segment was used because it is 

sufficiently far from the cathode region so that the initial stream cur­

rent loss to the sole has already been collected, and not so far but 

that a significant amount of current remains to be collected (see Fig. 

5.15). Figure 5.26 shows the same behavior for the seventh sole segment, 

which is definitely not receiving a significant amount of the initial 

sole current. The fact that the total sole current remains constant sug­

gests that the energy exchange process in the plate-sole region is pri­

marily a randomizing process, i.e., that the fraction of the cathode cur­

rent which will reach the sole is determined in the cathode region.

It is not unlikely that the energy exchange process in the plate- 

sole space is related to the "slipping stream" amplification described 

in Chapter III, although significantly modified by the nonlaminar nature 

of the electron motion. To illustrate the process we have in mind, we 

can make use of the nonlaminar stream model described in section 2.7*2.  

By analogy to the laminar Brillouin stream model, we can say that energy 
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is transferred from electrons on the faster side of the stream to elec­

trons in the slower side of the stream. However, in the case of a non- 

laminar stream, the same electron can, at different times, be on both 

sides of the stream. It is possible to visualize a situation where 

there is a large energy exchange between electrons, and yet where not 

very much energy is added to the stream; in other words, a situation 

where the energy exchange process simply reshuffles energy among the 

electrons.

An energy exchange process of the sort described above could very 

easily account for the sole-current characteristics observed. It is 

more than likely that a reshuffling process would randomize the energy 

distribution; the more so if the initial energy distribution is already 

approximately random.

The above discussion leads to the following description of the phe­

nomena occurring in the plate-sole space:

a) As a result of an energy exchange process in the cathode region 

electrons enter the plate-sole space with a near-Maxwellian energy dis 

tribution. A temperature on the order of 300,000C  is attained.*

b) The excess energy of these electrons allows a certain fraction 

of them to be collected on the first few sole segments. The number of 

electrons collected by a sole segment is determined by two factors: how 

many electrons have sufficient energy to overcome the negative bias of 

the sole segment, and how many of these are directed so as to intercept 

the sole segment.

c) Because of the continuous loss of high-energy electrons to the 

sole, the energy distribution of the electrons tends to lose its random­

ness. However, an additional energy exchange process in the plate-sole 

space rerandomizes the electrons. This rerandomization is accomplished 
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without significantly increasing the total amount of energy.

This process continues as the stream progresses along the sole.

5.9 Summary

We have, in this chapter, presented and interpreted data obtained 

from a crossed-field stream analyzer pertaining to the diocotron effect. 

In addition a phenomenological theory, explaining the measurements, has 

been presented.

In reviewing the contents of this chapter, the subject matter can 

be divided into two parts. First, there are the experimentally observed 

facts. Perhaps the single most important point which the data show is 

the incontrovertible fact that the significant energy exchange between 

electrons occurs in the cathode region. Two other most interesting ob­

servations are the appearance of a narrow-band r-f signal, and the near- 

Maxwellian energy distribution of electrons collected by the sole. In 

addition to these general observations, detailed measurements of the 

negative-sole current characteristics over a wide range of operating con­

ditions were obtained.

The second part of the subject matter of this chapter is the presen­

tation of a theory which provides a reasonable explanation of the meas­

urements, and is qualitatively in agreement with their general behavior. 

We believe the theory provides a framework within which further experi­

mental and theoretical investigation can be developed. The basis for 

this belief is the opinion that any theory which ties together a broad 

range of phenomena in a consistant manner is bound to be reasonably close­

ly related to the observed phenomena.

The next step in the study of the diocotron effect would be to veri­

fy and extend the theory. The next section discusses several ways in 

which this can be done.
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5.10 Suggestions for the Continuation of the Investigation

The most straightforward extension of the present investigation is 

an experimental one. The present investigation has shown the importance 

of the cathode region in the energy exchange process. It would be use­

ful to have a more detailed knowledge of the behavior of the electrons 

in the slow-drift region than was obtained with the present stream an­

alyzer design. A modification of the present design so as to provide 

a slow-drift region about, say, halfway down the sole would allow inves­

tigation of the characteristics of the stream both before and after it 

passed through the slow-drift space. In addition, provision could be 

made for probing the stream in the slow-drift space itself. At the same 

time, the r-f signals associated with the energy exchange could be stud­

ied, and also the effect of an injected signal could be studied.

A separate phenomenon from that involved above is the energy ex­

change process occurring in the plate-sole space. It is, however, dif­

ficult to isolate this phenomenon from the cathode region phenomena 

which determine the state of the stream as it enters the plate-sole 

space. Nevertheless it would be interesting to study the propagation of 

r-f signals along the stream in the plate-sole space. Such r-f signals 

could include, in addition to signals generated in the cathode region, 

externally applied r-f signals.

There are a number of theoretical problems associated with the above 

experimental studies. The formulation of a more precise model to de­

scribe the energy exchange in the cathode region would be most desirable. 

Such a model would necessarily be a most complex one, involving the con­

cept of nonlaminar streams. The formulation of d-c nonlaminar-stream 

models is a formidable undertaking. The study of the propagation of
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perturbations on nonlaminar streams is even more formidable. Neverthe­

less, such a study would be most revealing in understanding many anoma­

lous effects in devices utilizing electron streams.
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LIST OF SYMBOLS

In choosing the various symbols, certain general principles have 
been followed. A vector is denoted by a bar placed over the symbol for 
the physical quantity. The components of a vector are denoted by the 
symbol for the vector without the bar, and with subscripts to distin­
guish between different components. The subscripts used most often are 
the following:

a) o denotes a d-c quantity,
b) i denotes an r-f quantity, and
c) x,y,z,r,0 refer, respectively, to coordinate 

directions in rectangular and cylindrical 
coordinates.

Thus Eor is the magnitude of the radial component of the d-c electric 
field intensity.

The following list of symbols includes the most important symbols,
and those which may possibly give rise to ambiguity.

A vector potential

A coefficient used in the representation of r-f potential

a particular value of a space coordinate

B (also with subscripts) magnetic flux density vector

B (with subscripts) component of B

B coefficient used in the representation of r-f potential

b particular value of a space coordinate

C coefficient used in the representation of r-f potential

c velocity of light in free space

D coefficient used in the representation of r-f potential

d anode-sole spacing

E (also with subscripts) electric intensity vector

222
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E (with subscripts) component of E

e superscript indicating a quantity is evaluated outside the 
electron stream

F velocity distribution function

H Hamiltonian function

h particular value of a space coordinate

Ioa d-c anode current

Ioc d-c collector current

Iok d-c cathode current

Ios d-c sole current

Iosn d-c current to the nth sole segment

Iotn d-c current remaining in the stream after it has passed over the 
nth sole segment and before it passes over the (n+l)st sole seg­
ment 

a
Ip modified Bessel function of the first kind, of order 0 with argu­

ment ya

i superscript indicating a quantity is evaluated inside the electron 
stream

J (also with subscripts) convection current density vector

J (with subscripts) component of J

j

K normalized surface immittance

Kp modified Bessel function of the second kind, of order P with ar­
gument ya

k wave number of a plane wave in free space

I subscript indicating a quantity is evaluated at the lower (or inner) 
stream boundary

m mass of an electron
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n unit vector normal to stream boundary

o subscript indicating a d-c quantity

p pressure tensor

p generalized momentum

q . electron charge magnitude

r vector location of a volume element

r radial unit vector in cylindrical coordinates

r radial space coordinate, cylindrical coordinates

r subscript indicating a quantity associated with the r component 
of a vector

s' arbitrary vector

S scalar velocity potential

T subscript denoting the part of a vector in a plane transverse to
the d-c magnetic field 

t time coordinate

U root-mean-square excess velocity of electrons at stream boundary

u subscript denoting a quantity which is evaluated at the upper (or
outer) stream boundary

ü excess over average velocity of an electron (vector)

u^p Op component of pressure tensor

v (also with subscripts) electron velocity vector

voin mean d-c vector velocity associated with a volume element of a 
nonlaminar stream

vo d-c vector velocity of a laminar stream

v (with subscripts) component of v

x unit vector, rectangular coordinates

x space coordinate, rectangular coordinates
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x subscript Indicating a quantity associated with the x component 
of a vector

Y normalized surface immittance

unit vector, rectangular coordinates

y space coordinate, rectangular coordinates

y subscript indicating a quantity associated with the g component 
of a vector

Ay an incremental change in y 

unit vector, rectangular or cylindrical coordinates 

z space coordinate, rectangular or cylindrical coordinates 

z subscript indicating a quantity associated with the ? component 
of a vector

a wave number in x or r direction

p wave number in or Q direction

7 wave number in £ direction

A thickness of "thin" stream

eo permittivity of free space

0 angular unit vector in cylindrical coordinates 

0 angular space coordinate, cylindrical coordinates 

0 subscript indicating a quantity associated with the 0 component 
of a vector .

Ho permeability of free space

p (with subscripts) space-charge density

a (with subscripts) surface-chargé density 

0 (also with subscripts) scalar potential

0Oa d-c anode potential
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0OC d-c collector potential

0OS d-c sole potential

0O8n d-c potential of the n th sole segment

♦ angle between the d-c vector velocity of a single electron and 
the average d-c vector velocity associated with a volume element

maximum value of *

Q constant of proportionality used in describing d-c stream velocity 

0) radian frequency 

o>c cyclotron frequency 

a>d Doppler frequency

electron density (plasma) frequency

momentum gradient operator in momentum phase space 

subscript denoting an r-f quantity


