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INTRODUCTION

The purpose of this paper is to derive and study a system of equations
for relativistic, non-equilibrium fluids. Each chapter deals with a
slightly different aspect of the theory and therefore has its own intro-
duction in which the background, methods and main results are summarized.
For the present we will give only a general outline.

We begin by developing a covariant formulation of the theory in the
style used by Lichnerowicz for relativistic hydrodynamics [17]. The
thermodynamic states are characterized by a relaxation variable in addi-
tion to the density and the entropy. Linear phenomenological laws are
assumed and the basic results obtained by De Groot for multi-component
reacting systems [1] are extended to the genmeral theory of relativity.
When diffusion effects are ignored we obtain the equations used by
various authors [2],[7] to study general relaxation phenomena in
Newtonian fluids.

As is well known, interesting mathematical and physical properties
of a system of partial differential equations can be obtained by studying
the surfaces over which its solutions can have discontinuous derivatives.
Using a technique of Coburn [5,6,7] we will find a system of algebraic
equations for the discontinuities corresponding to various (Cm,Cn)
classes of solutions. The magnitude of the discontinuities is expressed
in terms of a single unknown scalar whose behavior is studied later in
the paper. From the discontinuity system we also show that the charac-
teristic equation can be simply expressed in terms of certain limiting
speeds of propagation and thus we find relativistic analogues of earlier
work for the Newtonian case [1],[7]. The significance of the bicharac-

teristic directions, which are needed for the work of Chapter III, is
1



discussed.

In Chapter III we obtain a differential equation for the growth and
decay of the discontinuities along the bicharacteristic curves. This
equation depends on the mean curvature of the history of the wave and is
valid for an arbitrary flow ahead of the disturbance. When the wave
propagates into a uniform fluid, it is shown that the mean curvature
and the Gaussian curvature of the wave are governed by a pair of non-
linear ordinary differential equations. The exact proper time 8, at
which the singularity occurs is explicitly calculated from the three
ordinary differential equations. In an appropriate series expansion of
s, we see that the first term is the proper time that would be observed
for a similar wave in flat space-time, and the second term is a correc-
tion due to the presence of the fluid. This provides the theoretical
basis for a test of the general theory oé relativity in which Einstein's
field equations must take into account a non-vanishing stress—energy
tensor.

The final chapter contains the proof of a local existence and unique-
ness theorem for the Cauchy problem with sufficiently smooth data. The
technique is that of Lichnerowicz and is based on Leray's results for a

strictly hyperbolic system of partial differential equations.



CHAPTER 1

A SYSTEM OF EQUATIONS FOR NON-EQUILIBRIUM RELATIVISTIC FLUIDS

I.I. Introduction

In this section we will obtain a system of equations for a relativ-
istic fluid in which diffusion and a single chemical reaction are oc-
curring. This work extends to an arbitrary space time the work of
de Groot [1] for the case of special relativity. Rather than employing,
as de Groot does, coordinates dependent 3-velocities and mass densities,
our formulation is in terms of the tangents to world lines in 4-space
and certain invariant scalar functions. One problem in extending
de Groot's theory to curved space-time is providing appropriate inter-
pretations of these functions as densities of proper mass. Once this is
done, the equation of conservation can be derived. In order that this
be done in a convenient way, a modified form of de Groot's definition of
the barycentric 4-velocity is given. The time orientability [2] of the
manifold (which is understood in special relativity) is explicitly
postulated so that the barycentric 4-velocity will be time like.

| A heuristic discussion of the type used by physicists 1s given to
make :he necessary identifications and justify the definitions. Then
using the basic properties of the barycentric 4-velocity, the form of
the stress—energy tensor is deduced. We then derive some basic results,
already obtained by de Groot [1] for the case of flat space-time;
namely the following: the equation of mass conservation, the existence
of a scalar function called the rate of reaction, and the entropy bal-
ance equation. For the first and second of these results we assume that
the proper rest mass of each atom is a constant and is independent of

3



the manner in which it is combined with other atoms.

The linear phenomenological laws are discussed and then the system
of equations which governs a relativistic chemically reacting fluid with
diffusion can be written down. In the final equations, the ldea of a
chemical reaction manifests itself in the conservation of mass law which
is a consequence of the chemists stoichiometric equation. It 1is then
seen that the equations studied by Stupochenko and Stakhanov {3], Yuan
(4], Coburn [5,6,7] are valid only under special conditionms, the simplest
of which is when the microscopic velocity of all the chemical components

is the same, i.e., no diffusion effects occur.

I.1I. Specification of the Reacting Mixture

Consider a fluid consisting of a mixture of chemical components
undergoing a single chemical reaction. 1In order to account for observed
phenomena [8], we think of each chemical component as having a well de-
fined velocity. Thus to specify a reacting mixture one thinks of a
4-manifold on which there are given the unit tangents dxik)/ds for the
world lines of the kth chemical component and scalar functions pgk)

which will be interpreted as giving the proper density of proper mass

of the kth constituent.

(k)

a
fined as wgk) = pgk) dxgk)/da = p§k> uik), where pgk) is a given

Definition 1: The kth flow vector is denoted by w and is de-

scalar function and uik) a given timelike vecior field of unit length.

It is natural to try to refer the motion of the various chemical
components to a common reference system which is determined by the mix-

ture. From the mathematical point of view the simplest procedure is to



add the w(k)a and take the result as a reference. For our later work it

will be necessary that this sum is time-like, thus we require that the

u(k)a (k)a

are such that Ek u is time-like. In particular, it would be

sufficient to assume that the manifold is time oriented at each point

(Ka

and that the given u are future pointing. We adopt the following

slightly simpler version of de Groot's procedure.

Definition 2: Let the vector wa = Zk wgk) be time-like with

w = (wa wa)1/2. A barycentric coordinate system is a coordinate system

which has the vector u = Wa/W as the tangent to one coordinate line.

From Definition 2 we can derive the following physical interpreta-

tion of w.

Proposition 1: Suppose S is a barycentric coordinate system and p

the relative density of proper mass as measured by instruments at rest

in S. Then w = p.

Proof: From Definition 2, in a barycentric coordinate system,

dxp
= (k)
v, = (k - po(k),0,0,0].

Let S9 be an inertial rest frame for the kth component. By definition
(k)
pgk) has the following interpretation: If the volume of a fluid element,
- [-]
as measured by instruments fixed in S%k)’ is dV%k), and this fluid element

contains n(k) molecules of the kth constituent, then

k) S0 = (k)
(1.1 Po dV(k) = n(k) My
where Mgk) is the rest mass. From a known result [9] for the generalized

Lorentz contraction we have in a barycentric frame



dt
20 _ (k)
(1.1a) dV(k) = dv i

where dt2 = ds? and t = ®9. Hence (1) is

w . 9w _ (k)
(1.1b) po dv d’l'_ = n.k MO .
Now
(k)o
d
w = wa.ua =7 _x_ds__ ogk)-
Hence
(k)0
w dv = E%—pék) av

which by (1.1b) becomes

(1) dx(k)o -1

w dv ds Tk 0 ds

[]
=

w dV = E s "k M, &Eﬂ = E n
This proves the assertion.

I.I1T1. Chemical Reactions and Reaction Rate

Consider the chemical reaction

(1.2) ayay; + c0 4 % 181 > oo a + e + @ a

where a, are non-negative integers and a are the symbols for the kth

chemical constituent. For convenience we define

(1.2a) b, = -a

(1.2b)

o
I
R

As an example of (1.2)-(1.2b) we have the reaction
21'12 + 02 - 2H20

Choose an arbitrary point P in a Newtonian reference frame, and a



volume V enclosing it. The change in the number of moles of the kth

constituent is governed by

(1.3) ’%E n(k) dv = (-1) f n(k)v(k)ds + AN(k)
A S

(k) (k)

where n is the molar density of a(k) and AN is the rate of change

of the number of moles produced in V. The chemist's notation in (1.2)

means that for all k,p

)

(1.4) =
AN(p) b(P)

Substituting (1.4) into (1.3) yields

(1.5) b(p){%z n(k)dv + f n(k)v(k)ds} = b(k){%z ! n(p)dv-ff n(P)V(p)ds}
v S v S
or with the divergence theorem

(osa) P 1@y + aie(n®v®} 2 b By a3y PP
ot ot s

Introducing the 4-velocity [10], (p. 130),

(k)a

dx

—=v0 W a=1,2,3
(k)

dx0 W . 1

as ! IR

(k)

where dxgk)/ds is the velocity of the kth substance (relative to the co-

ordinate system of (1.5)). Then (1.5a) takes on the 4~dimensional form

(k) (p)
dx dx
k) (k)-1 k -1
b P 3a(n( ), (k) d: ) - p (K aa(n(p)Y(p) d: ).

Now using the standard result [10], (p. 260), that avl = dv Y(k) the

last equation becomes



® 5 0 Fay @, @ S

p k a - 1k P

(1.6) b? 3_(ng ) = o (ng® 2

where ngk) is the number density of the species k measured by an observer

moving with the species k and dxik)/ds is the velocity relative to the

Newtonian coordinates of (1.5). The function n(k) 18 a well defined

0
scalar function, ngk) dxgk)/ds is a 4-vector and so according to the

usual principle for extending classical equations to special relativity

we regard (1.6) as valid in any Lorentz frame and the following as the

form for general relativity:

(k)a

wn b® g (n (0 Y

(pa
= 1 (p) dx "7
b Va(no ds )'

Assuming that the rest mass of all componments is constant (conditions
under which this is valid are discussed in [10], p. 166) we find that

for all k,p
(k)a
ds ek

(p)a
(1.8) u(®) p(Pg (p (k) o M b1 g (P

ds

Thus there exists a scalar function J such that for all k

(K)a
k) d k
(1.9) v_(, (k) E—) = Mg ) p) 5,
where pék) is the proper density of proper mass measured by an observer

moving with the kth chemical component.

Definition 3: Given the chemical reaction (1.2), the scalar J defined

by (1.9) is called the rate of reaction.

Assuming that the rest mass of each atom is constant regardless of
how it is combined with other atoms we have from the stoichiometric

equation and (1.9) that

(k)a
(1.9a) 0=z ™y o gy (I &g



Proposition 3: In a relativistic chemically reacting fluid we have

(1.10) v_(p v?) = 0.

Proof: From Definition 1 and Definition 2,

z ng) -—Skli = L w(k)a = p u?,
k ds k

Thus (1.10) follows from (1.9a).

I.IV. Thermodynamic Considerations, Stress-Energy Tensor and Basic

Equations.

Remarks: The following relation is taken over into the theory of

equilibrium relativistic fluids [11],[12] directly from classical physics:
(1.10a) de = §-5 dp + T ds.

To generalize (1.10a) to the non—equilibrium case we take p, s, C(k)

= w(k) u?/o as thermodynamic variables and postulate the relation (Gibb's

a
relation)
(1.10b) de =B do + T ds + ) gz ] dC .y
e (k) s,p

We point out that since C(k)/M%k) is the same as the mole number of
the k™ chemical constituent, 1t follows that the partial of e with C(k)

held constant is the same as the partial with the kth mole number held

constant. This justifies denoting the coefficient 25)

a8 P ’C(k)
the symbol T which by definition is the partial of e at constant mole

in (1.10b) by

number and density. Similarly for the coefficient of dp in (1.10b).
To determine the form of the stress—energy tensor T8b we consider the
physical situation in barycentric coordinates. By the definition of bary-

centric coordinates there is no net flow of matter relative to an observer



10

at the origin. Since there is no heat transfer or viscosity and since the
chemical reaction occurs pointwise (i.e. internal energy is not exchanged

between neighboring fluid elements) we have that T, =0, o = 1,2,3, and

4a
Ty, gives the density of energy as measured by an observer B whose velocity
is u., The energy density has a contribution due to the mass density p as
measured by B (see Proposition 1) and a contribution due to the internal

energy of the fluid. We assume that the mechanical properties of the fluid

are those of a perfect fluid so that the stress-energy tensor is [11]

(1.10¢) Tab = nuu - P8y
nzp(l+e+ '5)

where e is the specific internal energy.
The conservation law

(1.104) u 7 73 _ ¢

will now be used to derive the following useful relation.

Proposition 4: For a chemically reacting fluid we have

(1.10e) p g—et—+ P, u? = 0.
Proof:
ab, _ ab ab
(1.11) Va(ub T57) = u Va ™ 4+ T Va .
Hence (1.10d) is equivalent to
ab ab _
(1.12) Va(ub T) - T Va W = 0.

We will calculate each of these terms separately.
Recalling that uaua = 1 gives

(1.13) u Tab = uap(l + e).
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d/dt we have

Writing u? Va

(1.14)

L]

L 73y = (1 + e) v (%) + o %E e.

The second term of (1.12) is

ab _ >
(1.15) T v, u = (9, w)(-pg )
and
(1.16) v (-p) gab = -p v u
* a b a '
Substituting (1.16) into (1.15)
(1.17) T.2v = -pv u®
' b a a :
Now putting (1.14),(1.17) into (1.12) we find
a de a
(1.18) 1+ e)Va(u p) + p at + p Va u = 0.

But for a chemically reacting fluid the first term on the left vanishes
by Proposition 3; thus

de

(1.19) P 3¢

a
+p Va u = 0.

Proposition 5: For a chemically reacting fluid we have

de ds a dC
at S P Tag PV teEu T
where u(k) = ae/ac(k).

Proof: The expression (1.10b) is

(1.20) de =T ds +2, dp +1 u® ac®,
P k
Now
de _ a _ .aroe de de
(1.21) o= u de=u (Ge 3.8 + 50 a° * I 5e aac(k))
k ¥ k)
de _ a (k)
(1.22) PR =P U (T Bas + E{'aap + Iy aac(k))
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de ds 2_ o dcgk!
(1.23) P t P v u = p V u? + pT £2 at + 9 P +p L u(k) TG

The first and third terms on the right side of (1.23) combine to give

P Va(pua)/p which vanishes by (1.10). Thus (1.23) is

dc
de - ds (k)
(1.24) P 3t +pV u oT 3t +p L u(k) It

which is the required expression.

Proposition 6:

ds dcgkz

(1.24a) T — dt + I u(k) Tt

= 0.

Proof: 1If we substitute the expression for p gt in (1.24) into (1.19),
we obtain (1.24a).

The entropy balance equation is formulated in terms of

Definition 4: The flows of matter relative to the barycentric

4-velocity are defined by

(1.24b) g =y ) &)y,
a 8 a

a
These matter flows have the properties listed by de Groot 11,

(2.23),(2.24)) for his vectors Iék), [1], ((2.21)), namely
Proposition 7: The vectors Hgk) have the following properties:

(1) H;k) u® = 0;

(k)
(11) i H 0.

Proof: Taking the scalar product of (1.24b) with u? and recalling
uaua = 1 proves (1). To establish (11), sum (1.24b) over k and use

Definition 2 in the result to obtain
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z H(k) =w - (wsuu
8 w
= - L—E =
Ya Oﬁaw w 0-

The following can be easily verified:
Proposition 8: In a barycentric Lorentz frame H(k) reduces to

a
de Groot vector Iik) ék) is the form of ng)

, and therefore H suitable

for general relativity.

Remark: For the sake of completeness it should be pointed out that
the definition of barycentric coordinate system glven above is also a
barycentric system in de Groot's semse [1]. For in barycentric coor-
dinates we have, according to Definition 4, that 0 = w, = z pgk)wik),
a = 1,2,3, which for the case of flat space time implies v, = 0, a =
1,2,3, and thus de Groot's definition is satisfied.

Following de Groot we make

Definition 5: The thermodynamic forces are defined by

vT 4
(1.25) Ygo) = (—1)(%%— - 3;5 a=1,...,4
(k)
(1.26) vz (pw B a=1..4 k=1

Progositionv9:

(k)
ac” _ 1 (ka (k), (k)
(1.27) at " p [VaH -M"7'b7J].
Proof:
o L oa w0 a2
(1.28) aH = Va{po T (w . u)ua}
(k)a (k)
k) dx
(1.29) - P = - v, .

Using (1.8) to evaluate the first term, we find
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(k)
(1.30) vaH(k)a = Mék)b(k)J - v (E— %

(1.31)

(k) (k)
M[()k)b(k)J - E— vt 4wty )

By Proposition 3, Vawa = 0. By the interpretations already given
(k), p, we know p(k)/p reduces to de Groot's C when evaluated in

(k)
p(k)/p and obtain

to p

a barycentric Lorentz frame. Hence we write C(k)

(ka _ ,(k), (k). _ a
(1.32) VaH = MO b J w VaC(k).

By Proposition 2 the above relation becomes

dcC
Ka _ k), (k). _ (k)
(1.33) VaH = MO b J o] Fre

from which the conclusion follows.

Definition 6: Define the scalar function A by

- de (k), (k)
(1.33a) A=zX M:b .
X ac(k) 0

Proposition 10: The entropy balance equation is

ds 13e (ay _ 1. (kKak)_15 o _
(1.34) pdt+§VaTaC(k)H ) -13zH Y, '-TAT=0.

Proof: We will rewrite the terms of (1.24a) using Definition 5.

From Proposition 9 we have

dc
Jde (k) 1 de (k)a (k), (k)

(1.35) 2y == vV H - MY g,

T 3C,, dt T 3 ac(k)( a 0 )
Rewriting (1.35) we have,

se  9Ca0) de  Li.(Ka (k) de 1
(1.36) gy 5— =1 {v.(&Z—3In -y (—2g

T BC(k) dt k a BC(k) T a BC(k) T.

1l de (), (k)
_———-—M b J.
T BC(k) 0 }
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Using (1.26) and (1.33a) we find

dc
p . de (k) _ de .1 _(k)a Kal (K, _ 1+
(1.37) T 1y A £ {VaCEEz;; TH °) +H T Y. -1 A

Substituting (1.37) and (1.25) into (1.24a) yields

(1.38) ST = -

ds 1
dt p

129
{v _._e_H(k)a) _,_H(k)a_%_Yik)} +

1 =
—= AJ,
a‘T SC(k) pT

)3
k

which is the desired equation.

I.V. Linear Phenomenological Principle and Basic Equations.

Certain experimentally determined physical laws, for example
Fourier's Law of Heat Flow, Fick's Law of Diffusion and Ohm's Law of
Electrical Conduction, express the proportionality between the flow of
some quantity (e.g. heat) and the gradient of some intensive thermo-
dynamic variable (e.g. temperature). As a generalization of these
results it is postulated [8] that for systems which remain sufficiently
close to equilibrium the flows are proportional to a linear combination
of the affinities which appear with them in the entropy balance equation.
The justification for this postulate rests on its success in predicting
the results of experiments. De Groot points out [8] that a linear
phenomenological law is not completely satisfactory for chemical re-
actions.

Applying the phenomenological principle to affinities and corres-

ponding fluxes in the entropy balance equation (1.34) we obtain

(1.39) i =9—RT-J

W= F § W@ (W
(1.39a) gk = ¥ ) L@ @)
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where K, L(g)(k) are known functions of the thermodynamic variables and
are referred to as phenomenological coefficients.

For convenience we define the relaxation scalar K by

(1.39b) K

v |

At this point we follow earlier workers ([3],[4],[8]) who have
introduced a new thermodynamic variable which together with the

phenomenological laws essentially replaces the C(k) (see Remark below).

Definition 7: Let ¢ be a function whose values on an initial

hypersurface are prescribed and which everywhere satisfies

(1.40) g—% = J.

The function z is called the relaxation variable.

Remark: By substituting (1.40) and (1.39a) into (1.27) we see that
¢ and C(k) determine each other (up to initial values) and thus the

thermodynamic variables p, 8, T are equivalent to the variables p, s,

C(k)'

Proposition 11: For a relgtivistic fluid undergoing a chemical re-

action in the region for which the phenomenological laws (1.39),(1.39a)

are valid, the following hold:

dg _K Jde (k)a
(1.41) —2) =3 V H =0
( ) P,8 dt P k (k)]p’
dsy 2 2 gs 1cdey2 de (k) a
(1’42) 88 | === 5 — v H = 0.
( (ae) th pT 3‘);,,3 ac(k)]p, a

Proof: Regarding e as a function of s, p, ; we have

de _ 3= do , 3 ds 2 gz
(1.43) dt ap] at * a—:) ac T i) dt °
L8 p L P8
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Also from (1.27)

d d d
(1.44) 5= LE%* T84 p 22— ] %Va‘*a(k) __pl_z e (()k) (k)
k (k) p,s (k)
Using (1.33a) and (1.40), this becomes
de _p_do ds e 1_.a(k) _1,dc
(1.45) dt = oZ dt +Tdt+§ac(k)pvan = Age -

Equations (1.43),(1.45) are valid for any change of the system from one
state to another. In particular, they are valid for ds = dp = 0. Hence
equating the right sides of (1.43),(1.45) and putting ds = dp = 0, we

find

(1.46) p 28— vyl _1,do a_e] de
B8

ac(k))p,s p a ) dt ag

’

The equation (1.46) is a point function which does not depend on the
choice of paths and so is valid in general. Using (1.39b) and %% =

in (1.46) we obtain

3 k
(1.47) L ) g 1 ) ] &
(k)’p,s P8
Putting (1.27) into (1l.24a) yields
ds _ =1 _ 2de (k)a , 1 . 3e (k), (k)
(1.48) =T L —ac(k) v_H t gy T b M 3,
ds _ -1, 3e (kK)a , 1
(1.49) at To L —— BC( o v H pT A J.
Using (1.46)
(DAd  1ldey do
1.50) praai b ar,] e toT Al

ds _-13 dz
(1.51) @~ T3) _at -
0.8
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To eliminate 14 we proceed as follows for és_* 0:

at Az
do _ _p deyl ds
(1.52) =T aﬁ]p _ae
2 2 ds 2
(1.53) € - 22y @y°,
dt 3';},3,3 dt

Put (1.52),(1.53) into (1.47) and get

1. de (K)a 1., -27dsy2 _ oy -1 ds
(1.54)  oE T v_H 2 e, G - e De, -
Remarks: In the special case that I de v H(k)a = 0 the equa-
—_— BC(k) a

tions (1.47),(1.54) reduce for Newtonian physics to the equation studied
by Stakhanov and Stupochenko [3] and Coburn [6],[7]. Specifically these
authors have assumed that all the chemical components have the same

(k)a (k)a

3-velocity so that H =0, a =1,2,3, which implies Vaﬂ = 0.

Below we collect togefher and write out the Einstein field equa-
tions for the form of the stress-energy tensor derived in (1.10c) and

the results of Proposition 3 and Proposition 11.

Proposition 12: TFor a relativistic fluid undergoing a chemical

reaction in the region for which the linear phenomenological laws (1.39)

and (1.39a) are valid the following hold:

1 -
(1.56) Tik = nu;u - P 81
(1.57) n = p(l+e)+p
a
(1.58) uu = 1.

Conservation of mass:



(1.59) Va(p ua) =

Rate equation:

(1.60) ( ) 39 ac _13_ de v H(k)a.

Entropy equation:

dsy?2 _K o ds . K _ 3e (k)a
(1.61) @ T atz z oy LB
Linear phenomenological laws:
10 - (k) (3) ()b
(1.62) H, Z 2 L,

3=1 b=1

Various authors [11] have analyzed the equilibrium system by con-
sidering the equations of motiom, i.e.

v P =

(1.63) YVs

(1.64)

gab T Y%

which follows directly from the fact that the left side of (1.55) has

Yab

vanishing divergence. TFor a chemically reacting fluid it follows from

(1.10) ,(1.19) ,(1.56)-(1.58) and (1.63) that the equations of motion are

1 a
. v = =
(1.65) u ub = b AVap + BVas + CVaC)
where
- 9p - 9p = 9p
(1.66) A = 30 ° B = 5 C = T

We will put the relevant equations in a form which will be con-
venient for much of our later work. To do this we introduce some

notation.
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Definition 8: Let A? be the array

u pdi 0 0
a a a a
(1.67) A2 = [Ty A nugyy, Y, C oY, B
0 0 u? 0
0 0 0 u?

and denote by u the 4x1 column matrix of unknown functions defined by
- i t

(1.68) us (o, u, 5,8

where tr means matrix transpose.

Proposition 13: If all the chemical components have the same

4-velocity then

(1.69) AaVa u+D=20
where
-Ke2
_ t
(1.70) D = [0,0,Kec, —T-E) L

Proof: Expand (1.69) by formal matrix multiplication. The re-

sulting equations are (1.10),(1.65),(1.61),(1.62).

In the next two chapters we shall be concerned with solutions of
(1.69) which have discontinuous second derivatives over some hyper-
surface. Thus we will study the following differentiated form of (1.69)

which we write out for ease of reference:

a a
(1.71) A vaa u + Vb A Va u + Vb D= 0.



CHAPTER 1I

DISCONTINUITY SURFACES

IT.I. Introduction

From both the mathematical and physical point of view it 1s fruitful
to study, for a given system of partial differential equations, the sur-
faces over which the solutions may have discontinuous derivatives. Such
surfaces which are referred to as surfaces of weak discontinuities (or
somewhat loosely as discontinuity surfaces) are thought of as limits of
thin layers of space-time in which the derivatives of the solutions are
changing rapidly. These surfaces have been investigated by a number of
authors [7],[12],[181,[19] to determine their mathematical and physical
properties. For example it is known, in the case of classical equilibrium
hydrodynamics, that the boundary of a region of rarefying flow is a sur-
face of weak discontinuity [20] and that discontinuity theory can be
used to obtain waves which propagate relative to the medium with the
velocity of sound [7].

Using a completely different approach (small perturbation theory)
Stupochenko and Stakhanov [3] established the existence of certain speeds
of propagation corresponding to the low and high frequency limits of
plane wave solutions to the linearized equations of relaxation hydro-
dynamics. Later Coburn [7], using discontinuity theory, showed that for
the non-linear case another limiting speed exists and that the partial
differential equation for the discontinuity surface can be given a
simple expression in terms of these limiting speeds. Below we will
derive relativistic generalizations of these limit speeds and the
equations for the assoclated discontinuity surfaces corresponding to

21
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various (Cm,Cn) classes of solutions and of the relaxation scalar K.
For purposes of interpretation the discontinuity conditions for the
isentropic system will be derived first.

From the equation for the discontinuity surfaces we obtain certain
well known curves (the bicharacteristics) which are known to play an
important role in various aspects of the theory, particularly in the
propagation of discontinuities. We will find a useful representation
for the tangents to these curves which generalizes work due to Courant
and Hilbert [18]. In addition we establish certain relationships be-
tween the bicharacteristic directions, the relativistic velocity of

propagation and the Newtonian idea of wave motion.

II.II. Equation for the Surfaces of Discontinuity

We recall the following basic definitions [13].

Definition 1: Let U be an open set of RF, V an open subset of RS

and f: U+ V defined by £(x!,...,x") = (£fl,...,£°). Suppose ¢ is a real
valued function of class C! defined on U, and let S(c) denote the hyper-
surface defined by ¢(x1,...,ur) = c. The function f is plecewise of
class C" (0 <m <« in U if and only if: (1) f is of class c® on

U - S(0), and (ii) the functions given by f and its partial derivatives,
of order < m, restricted to S(c) converge uniformly as c approaches

zero. The surface S(0) is called a discontinuity surface of the function
f and will be denoted by Z. If f is of class c" on U and also piecewise

c® on U, we write f € (Cm,Cn) on U.

Definition 2: Whenever f is a function (or more generally the com-
ponent, with respect to some local coordinates) defined on U c R and ¢

is a discontinuity hypersurface we define the jump of f across I, denoted
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[£], by the equation

(2.1) [f] = 1lim f - 1im_ f.
0t c0

In the first part of this chapter we will be concerned with the
algebraic decomposition of jump quantities and with applying the repre-
sentations to derive a partial differential equation for the discontinuity
surfaces. An elementary but basic tool which is used throughout is

the following [7]:

Proposition 1: If f, g e (cl,c3), then there exists a function F
ab

defined on I such that
[Vabe] = naan.
In a recent work, Coburn [15] has obtained representations for the
discontinuities in the second derivatives of the metric provided the
coordinate transformations on the manifold are (C3,Cm). Thus we will

assume the foregoing smoothness requirement. We will also assume that

the discontinuity hypersurfaces are nowhere null, i.e.,

N = nan = *1
a
where
_ aa¢
Mg = be 1/2
(lg" 73,03 0])

Proposition 2: If 8> UE (ct,c?) is a solution of (1.71), then

there exists a scalar § and a tensor Ump defined on I such that

(2.2) [ij up] = njnk{NnmUmp - np&},

Proof: The fact that g . ¢ (C1,C3) implies that [r® ] vanishes.
I ab kp

This and the hypothesis u ¢ (Cl,C3) gives
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k| h| O 8
(2.3) n- [V [ajk up] n [ajrkp]u .

jk up] -n 8

It is well known [15] that there exist scalars<z,'5 and a vector t

tangent to I such that
(2.4) nj[a r° 1= N{g-n nn® +Dnn ts}
j kp 2 kp Doy P

which when substituted in (2.3) yields

3 - | _ A 8 =8
(2.5) n [ij up] n [ajk up] Nnknp(2 n + Dt )us.
Again from the class of up and Hadamard's Theorem [13] we know
(2.6) -y
for vj tangent to I. This means there is a tensor Akp such that
2.7 v u =N .
(2.7) [jk p] jﬁm

From (2.5),(2.7) we conclude

< h| _
(2.8) [ij up] = N{n [8jk up] Nnknp&}
where
(2.9) @ = %nsus +Dt u_-

Also it is known [15] that u (c!,c3) implies that there exists a

[u]

tensor U such that
kp

(2.10) up] =n,U .

3 kp

The smoothness of up allows us to interchange the order of differentiation

[ajk

to find
"Usp = Pry %1 = %%
- h|
(2.11) U, = Ny n'U

Substituting (2.11) into (2.10) and the resulting equation into (2.8)
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yields the conclusion.
Suppose we take the right and left hand limits (in the sense of
Definition 2) of a solution to (1.71) and subtract. Then because of

Proposition 1 and Proposition 2 there exist scalars P, Q, S, k and

a vector

such that the resulting system can be written in the form

(2.11a) A? n, T+ vt = 0
where
(2.11b) r=(p, U, q s)F

3

2.11c) = ke (0, 0 ot
(2.11c V-ec(,.l,—T—)
and

(2.114d) [V, K] = n k.

The system (2.1la) and the following generalize, to the inhomogeneous

case, a definition originally due to Courant [18].

Definition 3: Let the matrix r in (2.11b) and 2 = (21,mb,22,23),
where mb is a vector and Ea, o =1,2,3, are scalars, denote solutions to

the equations (2.1la) and
(2.11e) R.Aana +vs=0.

The equations which determine the discontinuity surfaces are ob-
tained by studying (2.1la). The solutions to (2.1lle) will play an
important role in the next chapter.

In order to interpret results which will be proved subsequently for
the non-equilibrium system and to motivate the choice of the continuity

class of K we will first derive some results for the equilibrium systems.
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Definition 4: The function L is defined on a neighborhood of I

according to

(2.11f) L = naua.

Definition 5: The system for a perfect fluid consists of (1.55),

(1.56),(1.58) together with the definition n = p + p [17].

Proposition 3: If 8.p © (ct,c3) and u ¢ (c%,c2) is a solution for

a perfect equilibrium fluid, then L = 0 or L2/N = A/A - 1.

Proof: If we take the left and right hand limits of (1.55),(1.56)

and subtract, we find that (2.11a) has the form

In order that this have a non-trivial solution the determinant must

vanish, and this requirement proves the assertion.

Definition 6: The isentropic equilibrium system comsists of

(1.55)-(1.59) and

ds _

The proof of the following is essentially the same as that of

Proposition 3 and is omitted.

Proposition 4: Let Bik E (cl,cd) and u e (c%,c2) be a solution of
the isentropic equilibrium system. Then the discontinuity surfaces are

given by L = 0 or

pA - n ’

2
(2.12a) & s%—-—&L—

Remarks: The velocities of propagation [17] corresponding to the
results of Proposition 3 and Proposition 4 are respectively A1/2,

(pA/n)I/Z. In the non-relativistic limit it is known [6] that n + p s0
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that both these speeds reduce to the Newtonian speed.

The results in Proposition 3 and Proposition 4 are for equilibrium
systems; however as stated in the next result, the same characteristic
condition will hold for the non-equilibrium system (1.71) if K is
smooth. Later we will treat the case where K is not smooth in order to

include non-equilibrium effects.

Proposition 5: TFor K ¢ (c!,C?) and u, 8.p € (c!,c3) a solution of

(1.71) we have L = 0 or

(2.12b) & = 0.

The equilibrium speeds which are introduced below are the relativ-
istic equilibrium speed pA/n (see Remark following Proposition 4)

modified by non-equilibrium contributions.

Definition 7: The limiting speeds ¢y C, are defined by

2
2 = pA _ &0 -
(2.13) 0= Ty Tone > € F ey
2 - pA _BC_ -
(2.14) coo - n pnF s F = ecc.

Furthermore, for ease in comparing our results to the work of others [5],

we write

(2.15) a = (-1)GT b = eqF.

Proposition 6: 1If u, Bap © (cl,c3), K e «c2,cly, e; € C? is a
solution to (1.71), and £ is a non-equilibrium hypersurface, then
(2.16) 0= a{£2(1 - ) + 3} + b{Lz(l - ¢2) + 2}

. N 0 0 N @ wd

Proof: As in the proof of Proposition 3 we are led to a system of
equations of the form (2.11a) . The first and second equations of this

system are, respectively,



28

st m a
pg n (Nn'U_, néi) +unpP =0
a a a
nu na(NnmUmi - nfi) + (uu” - 8)n_(AP + BS + CQ) = 0

which can be rewritten
(2.17) pN(ntnmUmt -@) +1P =0
a a
(2.18) nL(Nn“‘Umi - nfﬁ) + (uu” - 8)n_(4P + BS + CQ) = O.

Forming the scalar product of (2.18) with ni and using the resulting

equation (for L # 0) to eliminate the first factor of (2.17) we find
(2.19) P{nL? - (L2 - N)pA} - p(L2 - N)(BS + CQ) = O.

From the second and third equations of (2.1la) we have respectively

2
ke
(2.20) Ls:—Tq-
(2.21) 1Q = —keq.
Thus
e

(2.22) s = (-1) 7 Q.
The condition eg e (2 implies

. P+e S+ = 0.
(2.23) eCD egs eCCQ 0

Eliminating P, S from (2.19) by means of (2.22),(2.23), dividing the

resulting equation by Q and rearranging yields (2.16).

Remarks: In the classical limit, the speed ¢, reduces to the low
frequency limit speed first obtained by Stupochenko and Stakhanov [3]
for the linearized Newtonian system. The second limit speed reduces to
that obtained by Coburn [7] for the non-linear Newtonian case.

The same condition (2.16) results for u ¢ (Co,Cl), K plecewise

continuous and eq e cl,
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IT.ITI. Bicharacteristics

We begin with a standard definition [18].

Definition 8: Let Q(xa,u,ga) £ 0 where ga = aa¢ be the character-

istic equation for a system of differential equations. The integral

curves of ao,@ga are called the bicharacteristic of the system.

Courant [18] has found another representation for the tangents to
the bicharacteristics which he showed is useful in studying the propaga-
tion of discontinuities. We will now obtain a generalization of his
representation. To do this we will list some obvious facts about the
solutions 2, r to systems (2.1lla), (2.1lle). The first result
(Proposition 7) is for propagation with equilibrium speed while

Proposition 8 treats the non-equilibrium speeds.

Proposition 7: For & =B = C = 0 and K ¢ (Cl,C2) we have

c - -A
(2.24) r=n Uc S—%l{l, ;E(Lui - ni),0,0)
(2.25) Ry =23 =0, m = -ﬁ% 29y

where ncUc and 21 are undetermined.

Proof: With k =B = C = 0, the equations (2.1lla),(2.1lle) are

homogeneous systems which can easily be solved to give (2.24),(2.25).

Proposition 8: If & # 0 and K ¢ (c%,Cl), then

LZ -N Be Be e -1 tr
(2.26)  r = ke, @ EFFE - 0, 1) (F - 9L D

ke e
(2.27) 2 = —==(0, 0, 7%, -1).

’,T’

Proof: Since & # 0, it follows from the first two equations of

(2.11le) that 21 =m, = 0. The last two equations of (2.1le) are
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ke
- -5k

(2.28) L22 =7
(2.29) L23 = —keC

which proves (2.27). Again using & # 0 we can solve the inhomogeneous
system (2.11a) in terms of k and find (2.26).

The notion which generalizes Courant's [18] representation for the
tangents to the bicharacteristics is

=i

Definition 9: Let b~ be defined by

(2.30) 5l = al - ol9)t
where for 6 =0

s - (Ve A - tr
(2.31) t = (1, iy n,),0,0)
and for & # 0, we write r = E.

Proposition 9: The tangent to the bicharacteristics determined by
a solution u, gab € (Cl,Ca) of the equilibrium system or a solution
u, g4 € (ct,c3), Ke (,C2) of the non-equilibrium system (1.71), is

colinear with 51. Furthermore, for & = 0 we have

i (=2)p%A 1 4 . i
(2.31a) bY =gy S GFu +n)

and for & # 0 2 )
bl =—Lf—9(1+;-§] (% ot + ob).

Proof: From Proposition 5 and Proposition 6 we see that the char-
acteristic condition for the equilibrium speeds and the non~equilibrium
speeds can be put in the form
(2.32) Q=AL2+B=0
where the functions A, B are independent of ga. Thus the tangent to the

bicharacteristic is given by
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- - a a
(2.33) ig— = AL %— = A2 il—:—l‘-‘-‘-;lz.
a a (-€ Es) /

Now substituting k = 0, (2.31) and (2.25) into (2.30) we find
1
= de 0 (-2)p2A 1
(2.34) BY = aa’r = p) S50 G+ n)

which proves (2.31a). |

Similarly, substituting (2.26),(2.27) into (2.30) we have for
&40 2 2
k e e i
=i i
(2.35) b =—1—5(1+5§“]G:—+ n")
which proves (2.31b). The colinearity of the bicharacteristic direc-

tion and b1 follows by comparing (2.33),(2.34) and (2.35).

IT.IV. Bicharacteristic Directions and the Relativistic and Classical

Notions of Wave Propagation

The bicharacteristic directions obtained above can be given a simple
but interesting interpretation which does not seem to have been previously
noted. Let us first recall that Lichnerowicz [17] defines the relativis-

tic speed of propagation v of the family of hypersurfaces f(xi) equals

constant, by

2
2
(2.36) v2 = lim gl = R
e>0 t ta

where ny is the distance, along the normal, from the hypersurface given
by € equals zero to a nelghboring hypersurface, and ta 18 the difference
between the vectors representing the separation measured respectively
along the normal and along u,. We then observe that it follows easily
from the relations given by Lichnerowlicz that t, lies along Ea' Thus we
see that definition (2.36) is equivalent to saying that the speed of

propagation of a family of hypersurfaces is the speed, as measured by an
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observer moving along the bicharacteristic, of a point which moves
along the normal to the given family of hypersurfaces.

For applications in the next chapter we will establish the rela-
tionship between the relativistic speed v defined above and the Newtonian
notion of wave propagation. Specifically, suppose that there exist
local, orthonormal, flow oriented coordinates in which the hypersurface
in 4-space has the representation
(2.37) ¢ = Y(x,y,2) —wt =0
where v is constant. Classically (2.37) is regarded as defining a one
parameter family of surfaces S(t). The speed of propagation, say "a"
of S(t) is determined by the motion, parameterized by t, of a point

moving along the normal, in 3-space to S(t). Then "a" must satisfy

3 R
(2.38) X - Joya—g2 - w =0
=1 [ I (21"
B=1
Note that (2.38) expresses the orthogonality, in flat 4-space, of the
AV
normal vector (Baw, w) and [a 3 = s
[ 2 (3,121%
o=1
Furthermore, a short calculation using nini = -1 and the fact that in
flow oriented coordinates L = nos yields
2 2
(2.39) a2 L L 2

3 =Z+1- Vv
2
£ owm

Thus if the flow oriented coordinates are regarded as an inertial frame,
the classical speed agrees with the relativistic speed.

With the above as motivation we can arrive at a more abstract model
of wave motion which again shows the basic role of the.bicharacteristic
direction and proves that v may be interpreted as the speed of the wave

relative to the fluid. Thus denote by W the tangent to the path of a
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point on the history I of the wave, and by Ni the vector
4n
Vi a

si
ns)

N, = .
i a %
(-Yi n Y
a

We require that the velocity of the wave relative to the flow be along

Yaina. (This is the case in (2.39).) Thus there is an "a" such that
(2.40) wi - ui = 8Ni.
Since vy is tangent to I we can solve (2.40) subject to niwi = (0 to find
(2.41) a=——p =v.

(L™ + 1)

If we substitute the value of "a" in (2.41) into (2.40) we find that

vy is along the bicharacteristic and

_ L Ui
(2.42) Wi —Ez'+—f(r-+nj).

Thus the classical velocity, a, along Ni relative to ui agrees with v.



CHAPTER III

GROWTH AND DECAY OF THE DISCONTINUITIES

ITI.I. Introduction

In this chapter we will consider the geomet;ical and analytical
aspects of the growth and decay of the discontinuity. The geometrical
considerations are concerned with the behavior of the mean curvature of
I along the bicharacteristics. We begin by deriving an ordinary differ-
ential equation which governs the eigenvalues of the tensor VatC where
t€ 1s tangent to a geodesic. Next we show that under reasonable physical
hypotheses the bicharacteristics are geodesics in the metric 8.p° These
hypotheses also enable us to prove the integrability of the distribution
bl N £ and thereby recover a moving two dimensional wave. Using these
results together with Einstein's field equations and the Bianchi iden-
tity we obtain a system of two non-linear ordinary differential equations
for the mean curvature and Gaussian curvature of the wave. The solutions
of this system of differential equations allow us to explicitly calculate
the proper time, 8,, at which the mean curvature becomes unbounded. This
in turn (see below in introduction) means that the discontinuity r be-
comes unbounded at 8- The value of 8, is compared, by an appropriate
series expansion, to the corresponding Newtonian value. The role of the
mean curvature in the Newtonian theory of the propagation of discontinu-
ities was established, by quite different methods, in the work of
Thomas [22].

Section III.III is devoted to obtaining and studying the differential
equation which governs the discontinuity, and in which the mean curvature
plays a basic role. The analytical aspect of our method originates with

34
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the treatment of linear partial differential equations by Courant and
Hilbert [18], and was applied to a special case of the non-linear
Newtonian equations in Coburn and Sommerfield [16]. The solutions of
the final equation become unbounded at the finite proper time 8y, 1f the

mean curvature becomes {negatively) unbounded at s,.

IITI.II. Mean Curvature and Wave Motion

When dealing with an indefinite metric it is convenient to agree
on the following

Convention: Given a vector va, such that vava ¥ 0, we define
e(v) to be *1 according to whether vava is greater than or less than

a a
zero. For an arbitrary vector w , we will refer to w w_ as the magni-

tude of wa.

Proposition 1: Let yc, v be orthogonal vector fields defined on
an open set U, where v? is of constant magnitude. Furthermore suppose

that the integral curve C of yc is a geodesic. If Vayc is a symmetric

tensor on C, such that on C,
(3.1) v37y = kv

: ac c’
then along C the function k satisfiles

dk 2 = (—1yv% Py RS
(3.1a) e(v)ds + e(v)k -1v YgY er ub*

Proof: From the orthogonality of vs, y8 on U we have
8 8
(3.2) v Vuys + ysVuv 0
which by (3.1) and the symmetry of Vuys implies
8
(3.3) kvu + ysVuv = 0,

Operating with vubeb on (3.3) we find
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u., b b b 8 b 8
(3.4) v [ky vau + vy ka + Yy Vbuv + (y bes)Vuv ] = 0.

The first term vanishes because v" 18 of constant length, and the last
term vanishes along C since C is a geodesic with tangent ys. Hence

along C

b u b 8
(3.5) e(v)y ka tvyy Vbuv 0.

On the other hand, as in (3.3), we have

8
(3.6) kvb + ystv = 0.

Applying ybvuVu to this equation and using the orthogonality of yS and
s
v~ we see
b u b 8 b 8,.u
3.7) ky v Vuvb + vy ysvuvubv + (y va v VuyB 0.

Rewriting the last term with the aid of (3.1) yields

u_ b b u 8 b 8
(3.8) (-l)kvbv Vuy +y YgV Vubv + (y va )kvs 0,
2 . h u 8
- Ze (v VN = .
(3.9) (-1)k¢e(v) + 3 ysV Vubv 0

Subtracting (3.9) frown (3.5) we obtain
b u b, .5 2 _ b, U 8 _
(3.10) e(v)y ka +v YoY by’ + e(v)k Yy Vubv 0.

Using the basic formula for interchanging the order of covariant differ-

entiation, (3.10) becomes

(3.11) s(v)be k + e(Wk? + vuysyberrs = 0,

b ub
which is the desired equation.

Standard references [20],[22] for Newtonian fluid mechanics discuss
disturbances which propagate into a region which is at rest and in which
the thermodynamic variables are constant. A four dimensional formulation

is the following.

Definition 1: We will say that a disturbance, with history I, is
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propagating into a fluid which is uniform provided that at each point

m € I we know Vauc and vae (where 6 is any thermodynamic variable) vanish.

Under the conditions of Definition 1, we can prove directly from the
Hamiltonian system determined by (2.32) that the bicharacteristics (i.e.,
the integral curves of Ea) are geodesics on I. However, we will obtain

this result and additional useful information by introducing another

vector field.

Definition 2: Let M® be defined on a 4-neighborhood U of I by
taking M? to be the tangent to the geodesic whose initial tangent at

m€& I is the vector na. Denote by %a the vector field on U defined

by
(3.12) gd = L g2
B
where
(3.13) g2 = L @ 4 u?
S
Mu
S
(3.14) B = (BaBa)l/z.

Remark: On I, the scalars MSus and BaBa have -the values L # 0 and
L2+ 1)/L2 respectively. Thus there is a neighborhood, say U, on which
B # 0, and thus B2 is well defined. It follows from Proposition 9 of

Chapter II that, on I, the vector ﬁais collinear with the tangent to the

bicharacteristic.

Proposition 3: If a wave moves into a uniform fluid, then there
exist, on I, orthogonal vector fields va, wo € bl 1\ £ and scalars k, £

such that on E

w23

=1
(3.15) v = (—1)(kvavc + Rwawc) =3 VaMc

= a = -
(3.15a) vy =W, (-1).
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Proof: According to Definition 2, we have

(3.16) B°B = 51 + i u™M -1
¢ M us)2 M u, ¢

c _ (e s -3 s
(3.16a) Va(B Bc) -2)ym us) Va(M us)'
By hypothesis Vauc vanishes on I, thus on X
c _c
(3.17) Va(M uc) =u VaMc'

. . - . a .
Since Mc is tangent to the geodesic whose initial tangent is n , it

follows from (3.16a),(3.17) that on I
c —
(3.18) naVa(B B.) = 0.

Furthermore, n and Ma agree on I; thus if t? is any vector tangent to I,
(3.17) implies

(3.19) £v_01%u) = ut% n_ = (t%_L - t% v u)

which also vanishes by the hypothesis. Thus on I

f =1
(3.20) vB. =F VM

which proves the equality of the first and third members of (3.15).

To prove the first equality in (3.15) recall the well known fact [23]
that VaMc is symmetric, and thus on I, the tensor Vaﬁc is also symmetric.
Now ﬁcvaﬁc vanishes and as a consequence the linear space bl is an in-
variant subspace of Vaﬁc. Since ﬁa is time like, the metric restricted
to bl is negative definite. Thus there exists an orthogonal set
va,wa,ma e bl of eigenvectors of vaﬁc with eigenvalues k, £, u and
vava = wawa = mama = (-1). On the other hand from (3.20) it follows that
navaﬁc vanishes; thus one of the eigenvalues, say u, vanishes and we con-

clude that on I

(3.21) Vch = (—1)(kvavc + lwawc)
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where va,wa e bt N . This completes the proof.

Corollary 3.1: When a wave propagates into a uniform fluid, the

bicharacteristics are geodesics.

Proof: From Proposition 3 it follows that on I

Aa ~
(3.22) B Vch = 0.

Equations (3.12),(3.13),(2.33) imply that on I, we have 8¢ = f(e)an/agc.

The conclusion follows from the hypothesis and (3.22).

We will take a moment to point out in the next proposition that a
classical two dimensional wave can be recovered in the present context.

Its existence will be used in the main results.

Proposition 4: The space-like distribution defined on I by

m -+ va(m),wa(m) is involutive at each point of L.

Proof: It follows from Proposition 3 that Bdﬁwyc and ncf;wc vanish.
Then since we know vc, W span vl n L, we conclude that £vwc is a

linear combination of v® and w© which proves the assertion.

We will need one more intermediate result which will be used in

this and in the next section.

Proposition 5: If u, 81k € (Cl,Cs) is a golution of (1.69), then
the Riemannian tensor is continuous across I, that 1s,

(3.23) = 0.

[Ryyxed
Proof: The continuity of u, Bix implies the continuity of the

stress energy tensor. Then from a known result [15], we have

(3.23a) Z[ijqk] = anqu - anjqk'

Substituting the known values [15] for &qu, equation (3.23a) becomes
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(3.23b) 2 1=

R n
jpgk |
-n{n@G, -nG, +n,G,}
p g ik T "kiq jqk}
When the ajk are replaced by known expressions [15], the right side of
(3.23b) vanishes, proving (3.23).
Definition 3: Let D denote the standard connection induced on I by

(a)R for the Riemannian tensor

the connection V of M* and write
aByd

corresponding to D.

Proposition 6: If a wave propagates into a uniform region, then

the following holds along the integral curves of B%:
(3.24) S(ki) + k(e +2) = 0
where s is arc length.

Proof: By Proposition 5, the tensor (R)Rijkz is well defined on L.

Then the Gauss—-Codazzi equation can be written, in Gaussian coordinates
based on I, [23] as

ON ON

(3.23) agys = Ragys * NgyPes ~ Paghey)
where
(3.26) hab = vaMb'

Operating on both sides of (3.25) with the tangential operator

vavadeﬁuVu we have

> L ~
(3.27) vavaBwaBuvu( )R = vavaBwaB“vu{(3)R

aBys§ (h

agys ~ Paylgs 'haGhBY)}'

As each of the vectors Vs Vo ﬁa is tangent to I, it follows from the

definition of the induced connection D that (3.27) reduces to

~ ~ 3
v VB SEty (g = v YwPulBD {( )R (h_ h, . -h h, )}
u aBy$ u

aByS ~ “ay BS T Taé By
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Permute the indices y,8,p cyclically, add the three equations and apply
the Bianchi identity to the left side and to the first member of the

right side to obtain

. a y B Sou _ -
(3.28) Cysé:c vv'wwB Du(haYh85 huﬁhﬁy) 0.

The operators in (3.28) are tangential so (3.28) is an equation along I
and therefore the hypothesis implies that haB has the form given in

Proposition 3. Substituting (3.15) into (3.28), and applying the results

of Proposition 3, we find that (3.28) reduces to

I
o

zﬁ“nuk + kﬁuDuk + k2% + 2%

I
o

ﬁ“nu(kz) + ke(k + 2)

and this proves (3.24).

Proposition 7: 1If a wave propagates into a uniform region, then

the following equation is valid along the integral curves of B%:
(3.29) Lo+ + (k+ )2 -2 =

where s is arc length and

(3.30) £z 2 n(n fiﬁﬁ)_+pi§(n - pA)}.

Proof: A choice of Gaussian coordinates based on I depends on a
given coordinatization of I. For the present proof a simple choice for
these coordinates is to take them to be the local Gaussian coordinates,
in I, based on an integral 2-submanifold determined by Proposition 4.
Then one set of coordinate lines, say those given by xo, will be the
integral curves of ﬁa. In these coordinates the metric, on I, satisfies
goo = 800 = 1, and goa = 8og © 0 for a = 1,2,3. This form of the metric

implies that on I we have the identities
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- By By aé
(3.31) R = 2g ROBYO +g'g R(IB'Y5
and
_ ad
(3.32) Rey = Rogyo ¥ 8 Rygye

Substituting (3.31),(3.32) into the definition of the Einstein

tensor, G = R -4 g R, we obtain
oT a1 2 ot

oT oT at_aé 3
(3.33) g GUT g RoUTO +g g Raoré s R.

Solving (3.31) for its last member and putting the result in (3.33)

yields

o1 o (130T 1
(3.34) g Gor (-1)g ROGTO 5 R.

Since va, wa, n? form a space—like orthogonal basis of bl-(see Proposi-~

tion 3) we have on I
(3.35) g% = 1) %" + w%" + n%").

Recalling that R = (—l)ROOTO’ and then substituting (3.35) in (3.34)

0o10
we find that on %

(3.36) gGTG = (-1)(v°vT + wow' + nonT)R -

ot o010 R.

N

Using the Gaussian coordinates (on M%) we can extend v? to a vector field

v? defined on a 4-neighborhood U of I and having the property that ;aﬁa

0 on U. The x? coordinate lines are integral curves of ﬁa, and by
Proposition 3, the tensor Vaﬁc is symmetric on I. Then the hypotheses
of Proposition 1 are satisfied so by (3.1a), with ﬁa playing the role of
ya, we have along the x0 curves that

-d—'l-c- 2 - _ al\ Ab rs
(3.37) t-:(v)ds + e(v)k (-1)v BsB er ab®

A similar equation holds when v is replaced by w and k by 2. The

vector field Mc extends nc to U and satisfies M,CBc = 0 on U, Butn VB
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vanishes on £, so for this field Proposition 1 yields

AAb
(3.38) n®8_B'n Ry = 0.

In the present coordinates, A v0 = 8% = Ba = 0 and By = B = 1.

Using this and substituting (3.37),(3.38) into (3.36) yields

T lR-= dk | g2 CLIY
(3.39) g’ 6 +3R=eWm(Z+k ) + e (g + 22).

From Einstein's field equations

ab
(3.40) R= (-1)g Gab'

Again the choice of coordinates implies
(3.41) ¢ = g% . - B8

Substituting (3.40),(3.41) into (3.39) and recalling e(v) = e(w) = -1

we find

(3.42) (DG e, - 8%, ) = TEEE 4+ )2 - 2.

According to the field equatioms, Gab is proportional to the stress energy
tensor defined in (1.56). Calculating the left side of (3.42) with this
definition we arrive at the desired equation (3.29).

The system (3.24),(3.29) determines k+ % and k2 for given initial
values. These, as will be shown later, are essentially the mean curvature
and Gaussian curvature of the two dimensional wave front. We will now
solve (3.24),(3.29) and compare the results (see Remarks following
Proposition 8) to the Newtonian formulas for the case of cylindrical
waves, that is, waves for which 2(0) = 0. We are especially interested
in finding the value of s for which the solution becomes (negatively) un-
bounded. In the Newtonian case the formulas can be obtained without
solving differential equations [21].

Before proceeding with the solution, we note that A in (3.29) is
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1 = —
such that Rik 5 gikR ATik. In the proof below A < 0. A new justi

fication for this choice is given in the remarks after Proposition 8.

Proposition 8: A cylindrical wave moving into a uniform fluid

satisfies
(3.43) k(s) = (-1)m tan{ms + tan_lﬂi:lﬁkiglﬂ}
where m = (-f)llz. In particular, if k(0) < 0, then
(3.44) lim k(s) = -=

s * 8,

where the critical time s; is positive and is given by
_1lgqm -1 (-1)k(0)
(3.45) S1 = E {E - tan [-—m—-]} > 0.

Proof: Clearly (3.24) and the initial condition 2£(0) = O are satis-
fied if we put %2(s) = 0 for all s. Then by separating the variables and
integrating, keeping in mind A < 0 (that is, f < 0) we find that the

solution of (3.29) is (3.43). Then putting
1 ¢m -1 (-1)k (0
e R

we see that (3.44) follows. The critical time s, is positive because

K(0) < 0 and tan ' & < X

Remarks: Let us compare (3.45) to the classical result. Expand
tan_l[(—l)k(O)/m] for the case (-1)k(0)/m > 1 which approximates the

Newtonian limit of low energy density. We find

(3.46) 5 = gt + I e

The first term on the right is the proper time as would be measured
in flat space-time. Remembering that k(0) < O we see that the relati-

vistic value of s,, which is the proper time as measured by a comoving



45

observer with world line ﬁa, is less than its classical value. There 1is
a contribution to the deficiency in both the first and second terms of
(3.46).

A singularity also exists for a negative value of s, (which can
also be calculated easily) for waves having k() > 0.

We point out that the condition A < 0 (that is, £ < 0) in Proposi-
tion 8 is essential. For A > O there are unbounded solutions only when
k(0) < (—l)(f)llz, which disagrees qualitatively with Newtonian theory.

The quantity which enters into the considerations of the next sec-

tion is Vana. We now relate Vana to k and %.

Proposition 9: On I we have

(3.47) Vn VM +AnB +Cnv +Dnw

ac ac ac ac ac
where
(3.48) A= ﬁancv n, CZ:Z v#n®v n , D = wnvn .

ca ca ca
In particular, on I
2 1/2

(3.49) v.n? = EH k+w - S+ 0.

Proof: According to Definition 2, n? and M° agree on L. Thus if

t? is any vector tangent to I,
t3v n€ = tqv S,
a a
c _a, .C c
In addition chan , N VaM and chaM vanish on E. Thus representing

Vn in terms of the pseudo-orthonormal get B, n , v, w we have on I
ac a’ a’ a’ 'a

(3.50) Vn =VM +AnB +Cnv_ +Dnw
ac ac ac ac ac
where A, C, D have the values given in (3.48). This proves (3.47).

Equation (3.49) follows from (3.47) and (3.15).
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For later reference we rephrase Proposition 8 in terms of Vana by

making use of (3.51).

Proposition 10: If a cylindrical wave moves into a uniform fluid,

then

- _1F(-D)vv.n?(0
(3.51) Vana(S) = L—%lg-tan{ms + tan l[f )vman ( )]}

Furthermore for Vana(O) < 0, we have

(3.52) lim Vana(s) = —w

where

_ X -1
(3.53) sy = E{E-— tan [

(—1)vVana(0)J

— } > o.

In order to be able to make useful predictions from Proposition 10,
we would like to be able to interpret the geometrical objects Vana, Vs
W, in terms of quantities observable to an experimenter whose world line
is ui. Such an interpretation is as follows. The proof is similar to

that of Proposition 3 and is omitted.

Proposition 11: The eigenvectors v _, W, are in ul and hence are
observable to an experimenter with world line u,- Also the vector Ni
(see 2.39a) is the unit normal in ul to the 2-wave spanned by va, wo
and IIJ VaNa = vVana (where v is the velocity of wave propagation). In

particular this means that the initial value Vana(O) needed for pre-

dicting the behavior of Vana(s) is observable, and has value (k + &)/v.

IITI.III. The Behavior of the Discontinuity Along the Bicharacteristic

One preliminary definition and calculation will be needed.

Definition 4: Let Wi am denote the operator defined by

wbamu = Vbamu - vambu'
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Proposition 12: Suppose g4 € (c1,c?) 1s a solution of (1.69).

Then on I we have

(3.54) 24wy _ul = (12, & oPu VIV RS ).

vmb

Proof: We can write

(3.55) w, u_ = (V

bam v bam abm)u + (V -V )uv

bm amb

and by the application of a standard formula find

_ 8 8 8
(3.56) Ybam''v (VguR ap + pugdR gap * V(R vab)'
Taking the jump of equation (3.56), applying Proposition 5 and remembering

U8y e ¢! we find

(3.57) [w, ul]= uS[VaRS

bam v vmb]'

For the scalar entries p, 8, £ of u we have by a similar procedure that

(3.58) [wbam

pl = [w, 8] = [w 2] =20
From (3.57),(3.58),(1.67) and the form of & given in Chapter 1I, Defini-
tion 3 it follows that

b vb
24 [wbamu] = (leg + nu m )u [V R vmb]

Since 8.b € C! this becomes

b - b v
(3.59) RA [wbamu] = llpuS[VaR ] +nmum u_ [V R vmb]
Again Einstein's field equations

1
(3.60) R~ 5 Reyp = ATy

imply R = (-1))\Tkk = AM{p(1 + e) - 3p}. Thus u € cl implies [VaR] vanishes
which by (3.60) gives [VaRik] = 0. With this last equality, (3.59)
becomes

b _ _.byv 8
(3.61) LA [wbam] = nu m us[VaR vmb]'
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The value of m' given in (2.25) proves (3.54).

We recall from the algebraic solution (2.24) and the definition

(2.31) that the discontinuity r ncUc; is known when ncUc is known.

A differential equation, along the bicharacteristic, for this latter

quantity will now be derived.

Proposition 13: Let K ¢ ¢! and B4y 2 € (Cl,Cs) be a solution of

(1.69). Then n°Uc satisfies
d_ .8 8 d p. b v 8 _
(3.62) nno = (n Us) +n Us{dg(nanm) + Mam} +-£1L u'un [VaR vmb] 0

where

(3.62a) M 2V A%)nn 5 + 2(V AP nn ¥ + nn 24P 7 + [V & 1% u
' am n " a a™ '"pm am amAb

b
and
(3.62b) 4 -5
db S.
Proof: We know from (2.11la) and (2.24) that
8. ~
(3.63) [Vamu] nnmn Usr.

Further, according to (2.1lle) the operator EAP is a tangential operator
and therefore it can be applied to both sides of (3.63) to obtain
b b 8,
(3.64) LA Vb[vamu] LA Vb(nanmn Usr).
Again, since QAbe is tangential, we can, by Hadamard's Theorem, inter-

change this operator and the operation of taking the limits which define

the jump. Hence (3.64) implies

b b 8.,
(3.65) [RA vaamu] LA Vb(nanmn Usr).
Expanding the left side of (3.65) we have

b b b
(3.66) [RA Vbamu] = 2[A Vambu] + LA [wbamu]

which implies
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b _ b _ b b
(3.67) [2A Vbamu] = R[Va(A Vmbu) VaA Vmbu] + 2A [wbamu]'

Using the fact that u satisfies (1.71) on each side of I, we get

b

(3.68) [T°V b b

bamu] = 2[(-1)Va(VmA Vbu + VmD) - VaA

b
Vmbu] + RA [wbamu]'
Inspecting the form of % given in (2.25) and the form of D in (1.70) we
see that 2[VanD] vanishes. Using this fact and expressing the last term

in (3.68) by use of (3.54) we find

(3.69) [2a°7 _u] = D217 "7 ul + v ALY ul + v ALY ul)

1.

_ p. b v 8
21 L uugn [VaR

vmb
Now expand the right hand side of (3.65) and equate the result to the

right hand side of (3.69) to obtain (3.62).

The next two results will put (3.62a) in a form which is suitable

for geometrical and physical interpretation.

Proposition 14: The sum of the first and second terms of (3.62a)

may be written

b -~ b ~
2(VA)nnr + 2(VA)nnr
(3.70) m pMa a tm

2 Cc
= (- A u_ o
= (2, E2lan v T+ p Y, T ).

Proof: Since n2 is assumed to satisfy L2(n - pA) —pA=0o0n a
4-neighborhood of I it is clear that

(3.71) AFnc} = 0
(3.72) EAcnc = 0

hold on a 4-neighborhood. The matrices AF, L, ; are differentiable

across L because u € ¢! and therefore

c,_ = c ~ c ~
(3.73) (ViA )ncr + A (Vinc)r + A chir = 0
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c, =~ c ~ c -
(3.74) R(ViA )ncr + 24 (Vinc)r + A chir = 0,
The third term of (3.74) vanishes due to (3.72). Then using Definition

9, Chapter II for Ea, equation (3.74) becomes
N =C
(3.74a) E(ViA )ncr (-1)b Vinc.

Substituting for b€ from (2.3la) and using the orthogonality of 5¢ and
nc, and ncncw—l, we have

L(v Ac)n r = (-2)2 2A nv fl u +n )

i c 1 nL i\L ¢ e/’
Hence
~ 2
c A ¢ 1
naR(ViA )ncr = na(—Z)JL1 niZ ™ Vi(L uc)
from which (3.70) follows.
In the following computation we use (2.31) to evaluate E, (2.25)

for ¢ and (1.67) for Ab. The calculation is straightforward but rather

long and the equations involved are cumbersome. The details are omitted.

Proposition 15: The sum of the third and fourth terms of $3.62a)

may be put in the form

nn 2APY 7 4 o[V K 7P
am b amAb
= 8. {(£, +£)b°V p - £2 409 o4 £,5% 8 + £,55
(3.75) = D Rttty THDVE T T cP g V8 T LD VL
A ¢ “mc 2 c
- P—J—UL (b°v L b"b vou) - ﬂ’i-,nL v_nl
where
_ 3p3A%(n +pA) oL -1 2 34
. £, = 2L, f = —==(3pA2 - np == - 2nA
(3.76) 15 17m2(h - pA) 20 2 = al3e " 3, nA)
_ 2p%A%(n+pA) 3L | _ 2p"A3(n + pA) 3
(3.77) £, = 5,2 o £y, = 18,2 3t

(3.78) E = %-u +n .
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Remarks: If we form the scalar product of (3.62) with u?u™ we ob-
tain a linear differential equation, whose solutiomn is determined by the
integrals of the terms in (3.70) and (3.75). The function %,, which
appears in each term of (3.62), is undetermined by the algebraic solu-
tion (2.25). The proper choice of 2, makes the parameter along the curve

arc length. With this choice all but two of the terms in (3.75) are of

the form
s . 8(s)
(3.79) [ f£B°V 8ds = [ £ de.
=0 6(0)

Assuming bounded values of the thermodynamic variables, this integral can
become unbounded at a finite time, Sys only when f does so. Considering

the form of the functions fi in (3.76),(3.77), this can only occur if

(3.80) lim (n - pA) = 0.

s + 8,

Taking into account Lz(n - pA) = pA, there are two possibilities:
Case (i) 1lim L = *e and Case (ii) lim L is finite. In the first case we
see that the speed, L2/L2 +1, of the wave approaches unity, the speed of
radiation. In the second case, using n = p(l + e) + p we see either A
tends to zero or p and p tend to zero, all of which are ruled out on
physical grounds. Since n? is orthogonal to b2 the terms in (3.70) and
the sixth term on the right of (3.75) are observable quantities and in
any case are regular by the hypothesis u € cl. Thus the singularities,
if they arise, are due to the remaining term which involves the quantity
Vana. Even in the Newtonian case the behavior of the analogue of this
term is only known for the case of disturbances propagating into fluids

at rest.

Proposition 16: Let K € c! and u,g,I' € (cl,c3) be a solution of
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(1.69) corresponding to a disturbance propagating into a uniform fluid.

Then the discontinuity is governed by

' S

c e (-v) a
(3.81) n Uc(s) = n UC(O) exp{ 7n g v n ds}
(3.82) Vol =i+
a v
(3.83) g(k_d:_&)_+ (k + 2)2 ~ 2k2 = £
(3.84) ddI;’“ + ka(k + 2) = O.
Proof: Form the scalar product of (3.62) with u?u®. The term
uaumubuSnV[VaRSvmb] vanishes because the Riemannian tensor is skew in

its last two indices. By the uniformity hypotheses all the terms in

(3.70),(3.75) vanish except the final term of (3.75). Making the choice

- (=1) L3 1
(3.85) 2, =3 i) a2

the parameter in (3.62) becomes arc length and (3.62) is
d .8 1Y 9.3, =
(3.86) dS(n Us) + - v o n v, 0
which proves (3.81). Equations (3.82),(3.83),(3.84) were proved in

Section III.II.

Corollary 17: A cylindrical wave solution with u,g,T € (c1,c3) and
K € ¢! and initial mean curvature negative, develops a singularity at

the finite time §y3 that is,

(3.87) lim ncUc(s) =

8 * s
1
where

_1[(-1)v¥,n?(0)
(3.87a) s, = - tan 1[ Vmén J} > 0.

5 e
|3

Proof: The assertions follow directly from Proposition 16 and

Proposition 10.
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Remarks: The unboundedness of the jump in the second derivatives
is interpreted to mean that first derivatives of u become discontinuous
at s,. We emphasize that the relationship of s, to its Newtonian value

is discussed following Proposition 8.

Corollary 18: The discontinuity associated with a disturbance
(not necessarily a cylindrical wave) propagating into a uniform fluid is
an increasing function of proper time, provided its mean curvature is

initially negative.

Proof: Rewriting (3.83) as

(3.88) 9__(1&3'_;'_&1 = (-1) (k2 + 22) + £

and using (3.82) with v constant and f < 0 we have that Vana is a

decreasing function. The conclusion follows from (3.81).



CHAPTER IV

SOLUTION OF THE CAUCHY PROBLEM

IV.I. Introduction

We will obtain a local existence and uniqueness theorem for the
Cauchy problem, with sufficiently smooth data, for the non—-equilibrium
system. The basic technique follows that developed by Lichnerowicz [12].
All the relevant notions pertaining to strictly hyperbolic Leray systems
which are not presented below can be found in [12] and [25]. To

facilitate the discussion we introduce two definitions.

Definition 1: A local coordinate system, xl, will be called

harmonic if

on the domain of the xl.

Definition 2: The following equations, for the unknowns 8.p° Ya

a
o, S, L, together with the compatibility conditions will be referred to

as system I.

m
w0
|
I~
=
[}
>
e ]

(4.1 S

ab ab Zgab ab
(46.1a) T, = MU u - ey
(4.2) vl =1
(4.3) uaVaC = —Keg
(4.4) W s = -1(—‘;%-
4.5) Va(pua) = 0.

Compatibility conditions to be satisfied on the initial surface I:

54
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(4.6) F' =0

4.7) 5.0 = Mao

(4.8) %%ffiz 1

(4.8a) 2%%,u,g%0 - (1- 232 4 0.

To prove the existence of a solution to I, we introduce a related

system which implies I.

Definition 3: System II will consist of (4.3)-(4.8) and the

following:
(h) _ _ et

(4.9) Ry A{pfuaub +(p -3 )gab}

c _ ¢ _ _
(4.10) fu cha = v a(Bcf Tacs ecac;)
where
(4.11) f51+e+§
(4.11a) uaua =1 on Z.

We will show that, for analytic data, the Cauchy Problem corres-
ponding to II has a unique local solution. Then a third system will be
derived from II and will be shown to be a strictly hyperbolic Leray
system. Leray's Theorem gives a solution of III for sufficiently smooth
data. This solution, together with the fact that II admits a solution
for analytic data, allows us to infer the existence of a solution to II
for sufficiently smooth data. The last solution also solves I with the

same data.

IV.II. Existence Theorem

Proposition 1: A solution of system II is a solution of system I,

and conversely.
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Proof: We will begin by proving that II implies I. Since (4.2)-
(4.8) are common to I and II we must only show (4.1) holds. It is well
known [12] that a solution to (4.9) which satisfies (4.6),(4.7) together
with

(4.12) v T = Q

is a solution of (4.1). To prove (4.12) it suffices to show

(4.12a) u.bVaTab =0

v Tac

(4.12b) Ype'a

0.

Since utyct = 0, it follows from (4.10) utuchut vanishes. This and
(4.11la) imply uaua = 1 everywhere. Using this last fact, we find from
(4.1a),(4.2) that

(4.13) u.bVaTab = pu'Ve + (L+e)uV p + [(L+e) + pIv u’.

From (4.5) we see that Vaua can be replaced by (-l)uaVap/p. Carrying
out this substitution and simplifying the result gives

(4.14) ubVaTab = puv e - % w7 p.

Recall from (1.43) that

(4.15) v e = B ¥y p+Tu' Vs +e
2
0 a a

a
a u Vag

g
and substitute from (4.3),(4.4) for the last two members of (4.15) to
obtain

a a
(4.16) 'V e %z u®v p.
Putting (4.16) into (4.14) we find ubVaTab vanishes. Thus a solution of

IT implies (4.12a) holds. To prove (4.12b) we note that from (1.63) we

have

ac
(4.17) Yyl

- a -
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Carrying out operations similar to those above, (4.17) becomes

ab __ a _ .a _ _
chVaT = fu Vaub Y b(aaf ecaac Taas).

Thus if (4.10) is satisfied so is (4.12b), which completes the first
half of the proof.

To prove the converse, recall [12] that (4.1),(4.2),(4.5)-(4.7)
imply that Fi = 0 everywhere. Using this to express (4.1) in harmonic
coordinates we find (4.9). Finally, the geometric identity VbSab =0

b

implies VbTab = 0 and hence YachT ¢ a 0, which by calculations similar

to those above lead to (4.10). Thus II implies I, and the proof is

complete.

In the next three propositions we will derive a system which is a
consequence of II, and is a strictly hyperbolic Leray system. To avoid

writing cumbersome expressions we adopt the following notation:

Convention: An expression such as E (3 in 8ap 5 2 in f, s, ub)
means that E 1s a known, regular function of its arguments and depends

on the partial derivatives of 8ap of order at most three, etc.
Definition 4: Denote by Aab the tensor

(4.18) A% = (E 8- 1)ud® + g™

Proposition 2: If II holds, then the scalar f satisfies

(4.19) Aabucaabcf =EGing,; 210, s, 3, o).

Proof: Taking the divergence of (4.10) we have

a b a b a b
(be)u Vau + f(Vbu )Vau + fu Vbau
(4.20) = (-D)[(V. u®)e® +udV P13 £-e 3 £ - T3 &)
) b b a z a a

ab
+ v [vabf - Vb(e;Ba;) Vb(TBas)].
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Applying Va to both of (4.5) gives

b b b b
(4.21) pVabu + (Vap)Vbu + (Vau )pr +u Vabp = 0,

From the standard formula for interchanging the order of differentiation
we know
b _ b _ c
(4.22) Vbau = Vabu ucR al
Put (4.21) into (4.22) to find

| b _ (-1) b b b
(4.23) V., u = 5 [(Vap)Vbu + (Vau )pr +uV

c
ba ucR a

abP]
Now considering p as a function of f, s, g ,which we denote by Bi, we can
expand the last term of (4.23) and substitute the result into (4.20) to
obtain

a b a b
(be)u Vau + f(Vbu )Vau

a (-1 b b 29_
Gazay  FEC STV W+ (7, 00) Y o +u [ae ab%k T30 96, °a 3,090,681

c _ b - _
- fucR a F(1 in u ,f,s,7) + Y (V f e;Vb z TVbas).

Solving (4.24) for the terms containing the second derivatives of

f and using (4.18), equation (4.24) becomes

(f QE. u yabT]V s + [f -3-3 u yabec)Vab;

ab
(-1)a Vabf p Bs o] a;

(4.25) + F(1 in ub,f,s,;; 2 in gab)'

Now operate on (4.25) with uch to get

ab oSV f op ab ab.y ¢
(-1A cabf = [-‘-)- g U Y T]u Vcabs
(4.26)
f3p ab __ab c
+ [p ng U U Y e;]u.Vcab;

+ H(2 in ub,f,s,;;3 in gab).

Differentiating (4.3),(4.4) each twice we find
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c b
(4.27) u vcabs =D(2 in f,s,Z,u 3 2 in gab)

c = b
(4.28) u Vcabg = D(2 in £,8,Z,u ; 2 in gab).

Substituting (4.27),(4.28) into (4.26) yields (4.19), which completes

the proof.

Proposition 3: Given a solution of II, we have

abuca ut = Ht(2 in f,;,s,ub; 3 in gab)'

(4.29) fA abe

Proof: Apply (—1)AabV to both members of (4.20) to obtain

ab

ab c t __ct ab _ _
(-1)fA "u vabcu = v (=1)A (vabcf Tvabcs egvabcC)

(4.30) ¢ b
+ F (2 in £,8,5,u ; 2 in gab).

Operating on (4.25) with YCtVC gives

_ ab_ct _ (£ ab __ab ct
LAYV f = (p = - YT s
(4.31)
f 3p a b _ab ct =t b .
+ (p ac U u -vy eC)Y Vcabc-+F (2 in u ,f,8,; 3 in gab)'

Interchanging the order of differentiation in (4.22) and substituting

the result for the second term on the right of (4.29) yields

_ ab c t _ f 9p ab _ _ab ct
(-1)fA u Vabcu (p 3g U U vy T)y Vcabs
f 3p a b _ _ab ct =t b ]
(4.32) + > BC uu Y eC)Y vcab; + F (2 in u ,£,5,833 in gab)
ct,ab
+ vy A (ecvabc + TVabcs).

Using the definition of'A.ab in (4.18), equation (4.32) simplifies to

- ab_c t £ abectp . 3p _
CLEATUEY p u = Sty (5> + 57 D8

abc abce
(4.33)

fe3p | 90 ab ct =t b .
+ T + Y ec)u uy Vabcc + F (@2 in u ,£,8,5;3 in gab).
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The terms in (4.33) involving the third derivatives of s, § have the
form of the terms in (4.27),(4.28). Therefore, using (4.27),(4.28),

equation (4.33) can be put in the form given in (4.29).

Proposition 4: When II is satisfied we have

ab

c
(4.34) ug aabcglm =

b
Fzm(l in £,8,5; 0 in u ' ; 2 in gab)'
Proof: Equation (4.9) implies

c (h) _ c _1
u ch ab = XY Vc{pfuaub + gab(p 5 pf)}.

Using (4.5) to replace u Sy a by (- l)u v p/p, and expressing R(h)

in terms of B.ab and its partial derivatives [12] we arrive at (4.34).

Definition 5: The system (4.19),(4.29),(4.34),(4.3)(4.4),(4.6)-

(4.8a) will be referred to as system III.

Proposition 5: If I is given locally by x0 = 0, then the Cauchy
problem, with analytical data, for system II has a unique analytic solu-

tion provided the data satisfy the compatibility conditions and on I

(4.35) 800: u? ’ g [1 = '5 af]( 0)2 ¥ 0.

Proof: From the compatibility condition
(h) - - P__
(4.36) ap = xlpfuu + (p )8 1» on I
and the expression for R(:% (see [12]) we have immediately that
00 =
(4.37) g aoogab d

where d is known from the Cauchy data. By (4.35) we have g%0 # 0, so
aoogab is known from (4.37). Also by hypothesis ul ¥ 0 on I and there-
fore from (4.3),(4.4) we can find respectively the derivatives 3,C, 3,8

in terms of the data. Hence putting t = 0 in (4.10) we have
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(4.38) £u03 00 - [g90 - (u0)2] £ = d.
From (4.5)
- a, ,2rp 3p 3p
(4.39) 0=pVu” +u(zE0f+:E00s+ 5 aaz;].

Again using (4.3),(4.4), equation (4.39) becomes
9 0 _ 3
(4.40) pagu® + £2 ul3,f = d.

Equations (4.38),(4.40) determine aou° and Bof provided the deter-
minant of u® and f is non-zero. This determinant is the third member of
(4.35) and thus aouo and aof can be expressed in terms of the Cauchy data.

Putting t = 1 in (4.10) we have

(4.41) £ulByu) +u*d u)) = y{(3 f - e3¢ - 9 s).

4

Since aof is now known and u® is non-zero by hypothesis, we conclude
that Boul i1s known. Similarly for Bouk for k = 2,3. By a similar recur-
sive argument the higher order derivatives, in the direction x? trans-
verse to I, can be determined and therefore by the Cauchy-Kovelewskil
theorem a unique local analytic solution exists.

In order to fix notation and state our final results precisely, we

will give some basic definitions from [12].

Definition 6: Let V = (va(x)) be a matrix, defined on a 4-neighbor-
hood W, of I with locally square integrable derivatives of order < s(o) +1.
The matrix V is called a data matrix for the system A(x,U,3)U = B(x,U)
provided the following hold:

(1) The matrix A(x,V,d) is strictly hyperbolic in W and I is space=-
like with respect to A(x,V,3).

(11i) The quantities aT(x,V,a)vT - bT(x,V) together with their
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derivatives of order < t(t) - 1 vanish on I.

If a Leray system, AU = B, admits such a V, it is called a strictly

hyperbolic Leray system.

Remark: Suppose V is a matrix, defined on I, satisfying (i) and
such that aT(x,V,a)vT - bT(x,V) vanish on L. Then if V is sufficiently
smooth, it is known [12] that it can be extended to a 4-neighborhood so

as to satisfy all the above requirements.

Definition 7: Let V be a data matrix for AU = B and U a solution
of this system having locally square integrable derivatives of order
< s(o). If the quantities u, T Vv, together with their derivatives of
order < s(o) - 1 vanish on I, then U 1s called a solution to the Cauchy

problem with data V.

Remark: Leray's theorem states that the Cauchy problem for a
strictly hyperbolic Leray system has a unique local selution in the
class of all U having locally square integrable derivatives of order

< s(o) + 1.

Proposition 6: The Cauchy problem corresponding to I has a unique
local solution U, in the class of all U with locally square integrable
derivatives of order < s(o) + 1, provided the data are sufficiently
smooth, b is a normal hyperbolic metric on I and I is space-like with

respect to g_, .

Proof: We will first establish uniqueness. Thus suppose U, U are
two solutions of (I,d) where d denotes the data. Then hy Proposition 1,
U, U satisfy (II,d). From this and the method of arriving at III, it

follows that U, U also satisfy III. Now on I, we have FF = 0, so (4.7)
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implies (4.9) holds on I. Equation (4.9) and goo ¥ 0 give the second
derivatives of Bap O I. Equations (4.3),(4.4) determine the first
derivatives of ¢ and s. Then using (4.8), equations (4.5),(4.10) deter-
mine the first derivatives of f and u?, Knowing the first derivatives
of £, s, ¢, the equations (4.3),(4.4) give the second derivatives of
S, L and (4.34) yields the third derivatives of Bap* Thus the deriva-
tives of order < 8(g) - 1 are determined on £. Then by the uniqueness
assertion of Leray's theorem we conclude U = U,
To prove existence, we consider the assignment of Leray indices

glven by

s(gab) =4, 8(f) = s(s) = g(zg) = 3, s(u?) = 3,

t(4.34) = 2, t(4.19) = t(4.29) = 1, t(4.3) = t(4.4) = 3,

By inspection of III it is seen that the indices satisfy Leray's
requirements.

Also the set of differential operators in III, subject to the con-
dition (4.7), coincides with a set of operators which is known from [12]
to define a strictly hyperbolic system. Thus IIT 18 a strictly hyper-
bolic Leray system and as such its associated Cauchy problem has a unique
local solution in the class specified. Now let a, be analytic Cauchy
data for II such that a, + d, and sufficiently many derivatives of ay,
converge uniformly to the corresponding derivatives of d. By Proposi-

tion 5 there is a unique analytic solution Sk for (II,ak). Let d4' de-

k
note the Cauchy data for the corresponding problem with III. In the
uniqueness proof above we showed Sk satisfies III and that d'k is deter-

mined by d and Sk so that Sk satisfies (III,d'k). Due to the uniform

convergence of 8 and its derivatives, d'k converges to d', which is
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Cauchy data for III. Since III is a strictly hyperbolic Leray system,
there exists a solution S of (III,d') such that Sk + S and d'k + d'.
Hence S satisfies (I1II,d) which by Proposition 1 implies S satisfies

(I,d). This completes the proof.
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